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Abstract

The back-propagation of Recurrent Neural Networks (RNNs) is computationally costly and

unstable, resulting in vanishing and exploding gradients. Echo State Networks (ESNs) are a

modern method of training RNNs that is computationally efficient. Unlike RNNs, the ESN

has an untrained RNN called a reservoir, and the reservoir to output connection are the only

components of the ESN that are trained using a linear approach (i.e. linear regression) without

using back-propagation. However, setting up the parameters of the reservoir in order to achieve

optimal results is a challenge.

This research aims to investigate the merits of using ESNs as an alternative approach to training

RNNs, through a comparative study, applied to iterative segmentation problems. Under this

iterative segmentation, we propose a novel approach to the current deep learning Variational

Level Sets (VLS). The variational level set is formulated as a learnable spatiotemporal data-

driven approach under ESNs. We investigate five approaches for learning the VLS Convolutional

ESN (CESN), RNN (CRNN), Gated Recurrent Network (CGRU), Long Short-Term Memory

(CLSTM), and a 3D Convolutional Neural Network (3DCNN).

The CGRU and CLSTM are shown to be the best architectures for learning data-driven spa-

tiotemporal VLS on four different databases in our experiments. Significant improvements in

the segmentation results are achieved with an increase in data size. The memory of the ESN

is related to the leaking rate and spectral radius of the reservoir. These parameters are major

contributors to the low performance of the CESN in learning the VLS.

Contributions of this research include a novel formulation to learnable deep learning VLS as a

spatiotemporal data-driven method; the investigation of the ESNs hyper-parameters and how

they relate to the memory and performance of ESNs.
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1 Introduction

1.1 Problem statement and motivation

The modeling of temporal (i.e time dependent) tasks forms a vital part

of many fields of research (e.g speech recognition, character recognition,

dynamical system). The problem of modeling temporal tasks is referred to

as time series prediction (i.e to forecast possible events of the time series

based on previously observed events). Such estimates may be obtained

from a mathematical model of the mechanisms which generate the time

series.

In practice, insufficient or no physical knowledge of the processes gener-

ating the time series is often available, making the deductive approach

to modeling impractical. In this case, the rules that govern these pro-

cesses must be deduced from historical observations. These laws may be

defined as an inferred functional relationship between the previous and

future events of the time series.

Over the past decade, a successful implementation of these functional re-

lationships which provide a mapping from previous observation onto esti-

mates of future events, is artificial neural networks (ANNs), particularly

feed forward networks (FNNs) as shown in Figure 11 (right). These net-

works have proven to be reliable tools in many problems. FNNs are state-

less (i.e. have no memory) networks, they have been applied to time series

problems, however due to the lack of memory they are not best suited for

1



time series problems. This issue was solved through the introduction of

feedback connections (i.e. loops) from the output of the units back to their

inputs in the connectivity of the FNNs, referred to as recurrent-neural net-

work (RNNs). The advantage of RNNs compared to FNNs is their ability

to model temporal events (i.e. time dependent) due to the internal memory

introduced by the feedback connections as shown in Figure 11 (left).

Figure 1: Schematic of a neural network. (left) Recurrent Neural Network (RNN). (right) Feed-
forward neural network (FNN)

RNNs were proposed in the 80’s for solving time series problems [2020, 6060,

7878]. RNNs have a configuration similar to a multi-layer perception or feed-

forward network, with the exception that the latter has cycles (loops) in

the hidden units. [4343], as shown in Figure 11. RNNs can retain temporal

information between events that are separated from each other, because

of these cyclic (i.e recurrent) connections, allowing them to preserve infor-

mation about the past [5555]. These cyclic connections are important due

to the following:

2



• Even in the absence of input, RNNs may establish self-sustaining tem-

poral activation along their recurrent connections [4343]. These recur-

rent connections make RNNs dynamic systems 11, while feed-forward

networks are non-dynamic system. Non-dynamic systems output is

determined by the current input, while dynamical systems output is

determined by both the current and previous inputs.

• RNNs can preserve a nonlinear transformation of their input history

in their hidden state, giving them a dynamic (i.e. complex) memory

and allowing them to process time-dependent information [4343].

For two purposes, RNNs are a valuable method for working with nonlinear

time series applications. RNNs have been found to be universal approxi-

mators 22 of dynamical systems, and the brain’s neuronal structure exhibits

recurrent pathways [2121]. Both findings show that RNNs have the ability to

be useful tools in engineering applications [4343]. Gradient descent is a tra-

ditional approach to supervised learning in neural networks that involves

recursively updating the input, internal, and output weights in accordance

with their predicted gradients in order to decrease the output error. The

following are few classic examples of such methods:

• Real-time recurrent learning (RTRL): The gradients with respect to

the weights at any time t are computed with respect to weights from

previous steps t− 1 [55]. This strategy is appropriate for applications
1A dynamic system is one in which a mechanism explains how a point in a geometrical space changes over

time.
2Universal approximations theorem states that a feedforward network with a single layer containing a finite

number of neurons can approximate continuous functions on a compact set of recurrent neural network is neural
network IRn, under the condition that the activations function is assumed to be simple.

3



which require online learning. This methods of O(N 4) computational

complexity, which means computations are performed per data points

where N denotes the number of units in the network [8181].

• Backpropagation through time (BPTT): The fundamental idea is to

convert the RNN to FNN by unfolding time iteration into layers, each

layer layer have the same weights [7979]. The equivalent feed-forward

network is trained using the back-propagation algorithm. For the of-

fline applications, the method requires O(N 2) computations for each

data point. Conversely, for online applications, the method is com-

putationally expensive, since the gradient is propagated for each data

point through time t = 1 [5959].

• Fast forward propagation (FFP): The gradients are computed recur-

sively, and is thus an online technique [6969, 7070]. The FFP method is

based on the principle of recursively obtaining the boundary condi-

tions of back-propagated gradients at time t = 1. Instead of using

BPTT, this allows the gradient to be measured forward in time. This

method has a computational complexity of O(N 3).

• Green’s function (GF): This approach extends upon FFP, by com-

puting the output gradient recursively [6666]. This method is an online

approach, and the complexity is O(N 3). The gradients are updated

in a online manner.

• Block update (BU): This method updates the weights by combining

FFT and BPTT, and it has a computational complexity of O(N 3) per

data point [8080, 6363, 8282].
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• A new method known as Atiya-Parlos recurrent learning (APRL) with

a O(N 2) complexity was created to unify the above-mentioned ap-

proaches [55]. The basic idea is to approximate the gradients in terms

of the activations of the neurons and change the weights incrementally

to converge toward the optimal activation [55]. This method converges

faster than previous methods, and as a result, it could be able to close

the gap between traditional gradient descent trained RNNs methods

and reservoir computing methods.

Other than the approach mentioned above, there are other ways to train

RNNs. This involves using algorithms like Expectation-Maximization or

Extended Kalman filters [4444, 5757]. While some of the algorithms discussed

above can effectively calculate the gradient using gradient descent, it is dif-

ficult to train RNNs using gradient descent-based methods in practice [4343]

due to the following drawback:

• An infinitesimal change of the parameters of the network during learn-

ing results in bifurcation 33 in the networks dynamics. This can of-

ten results in unstable gradient, thereby becoming non-convex in the

weight space. As a consequence, gradient descent algorithms may not

converge [1818].

• The recurrent connections limits the size of RNNs since performing

a single parameter update is computationally expensive, so training

RNNs takes more time [4343].
3Bifurcations result in a change in the topological structure of a network.
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• Owing to the exponential loss of gradient information over time due

to BPTT, learning long-term temporal dependencies becomes diffi-

cult [4343].

• Advanced training algorithms can be computationally expensive and

require a large number of parameters to be optimized [4343].

RNNs remain promising approaches and their ability to approximate any

dynamical system, due to the possessions of cycles, which enables them

to retain history information. It is in this context of slow progress in the

development of an effective way to train RNNs, that a new approach was

discovered referred to as reservoir computing (RC) [3030, 4646].

This study is primarily concerned with a comparative analysis between

classical RNNs and RC methods. We explore the advantage of using these

methods in solving iterative image segmentation problems.

1.2 Research aims, questions, objectives and hypothesis

1.2.1 Aims

This research aims to comparatively investigate the performance of ESNs

to that of state-of-the-art RNNs for learning the variational levelset. And

how to formulate classical variational levelset problems under deep learning

frameworks as a data-driven approach.
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1.2.2 Objectives

The above aim of this research will be achieved through the following

objectives:

• To generate a sequence of images using the variational levelset method,

this will serve as a spatiotemporal dataset for learning the VLS seg-

mentation problem.

• To learn the evolution of the variational levelset using deep learning

methods.

• To compare the ESN’s performance in learning the variational levelset

to that of state-of-the-art RNNs on different databases.

• To extensively study and investigate how the ESN parameters are set

up and what effect they have on performance.

1.2.3 Research questions

Here we present the research questions that will guide us through the

research process. The questions we are aiming to answer are:

• If we consider the reservoir (i.e. recurrent layer) to have a similar up-

dating mechanism as the variational levelset γt. How do we represent

a single image I as spatiotemporal data Xt in ESNs?

• Is it possible for the ESN to learn the variational levelset? And even

outperform the most advanced RNNs?
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• Which of our proposed deep learning architectures is the most effective

at learning the variational levelset? Is this deep learning architecture

better than the current existing state-of-the-art deep learning varia-

tional levetset methods?

• Is it possible to empirically determine which set of optimal parameters

satisfy the echo state property described in Section 2.5.22.5.2?

1.2.4 Research hypothesis

The hypothesis of this research is:

• The ESN can learn the evolution of the variational levelset from the

generated data.

• The CESN is computationally less expensive to train than RNNs.

However, finding a set of optimal hyper-parameters such that the echo

state property is satisfied is nontrivial, resulting in sub-optimal per-

formance.

1.3 Research significance and limitations

1.3.1 Research significance

Image segmentation is an essential preprocessing step for many computer

vision problems such as object detection/classification. These problems

find many applications in self-driving cars, medical imagining, and more.
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However, in practice, particularly for supervised machine learning prob-

lems, we often have limited annotation (i.e. labeled) segmentation databases.

As a result, iterative segmentation methods can be appropriate in such

cases.

Several studies have proposed reformulating classical variational levelsets

methods as learnable deep learning methods referred to as deep learning

variational levelsets. Deep learning variational levelsets propose a com-

bined hybrid architecture between deep learning and variational levelsets

methods in an end-to-end trainable deep learning variational levelset. The

variational levelset component is either used as a preprocessing or postpro-

cessing step. However, there are few, if any, studies that propose learning

the variational levelset independently as a fully data-driven approach. The

computational cost of training a fully data-driven deep learning variational

levelset reduces as a result.

1.3.2 Limitations

Our investigation of variational levetset reformulated as a deep learning

framework is limited to the following problems: Can the future state of

a variational levelset be predicted using deep learning given the historical

states of the variational levelset?
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1.4 Thesis outline

The following is how the content in this study is organized:

• In Chapter 11, I begin by stating the research problem, aims, objectives,

hypothesis, research significance, limitation and the questions I plan

to answer in this research.

• In Chapter 22 I provide detailed literature review:

– In Section 2.12.1, I establish the theoretical basis of different RNNs.

I also discuss the benefits and drawbacks of each method for mod-

eling sequential problems.

– In Section 2.22.2, I establish the theoretical basis for a full under-

standing of Reservoir Computing (RC). The fundamental aspects

of pertaining to various RC techniques are developed and dis-

cussed in detail in this chapter, which are discussed in the follow-

ing sections:

– In Section 2.52.5, I provide a comprehensive discussion on the dy-

namic properties of the reservoir, and the best practice for select-

ing their parameters based on literature.

– Section 2.32.3 consists of a detailed theoretical framework for learn-

ing the reservoir. I discuss the various forms of offline and online

learning approaches, along with their advantages and disadvan-

tages. In the online approach, I demonstrate how to derive the

gradient descent approach in this research, while clearly stating

the assumptions considered.
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– In Section 2.42.4, I address the relevance of the hyper-parameters on

how they contribute to performance and memory of the reservoir.

– In Section 2.62.6, For active contours applied to image segmentation,

I present both a specific and a generic theoretical context.

• Chapter 33 I provide a detailed research design. I begin with the for-

mulation of neural network as levelset, and also provided the data

acquisition procedure and evaluation metrics to validate our experi-

ments.

• Chapter 44 I present results of various experiments performed on differ-

ent databases and compare the performances of the CESN to CLSTM,

CGRU, CRNN and a 3DCNN. I also investigate the relationship be-

tween the parameters of the reservoir and it’s ability to learn the LS

segmentation process.

• Finally, in Chapter 55, I conclude with a discussion of the implications

of the analyses presented in this research, and discuss how the work

detailed in it can be developed developed in future studies.
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2 Background and Literature Review

2.1 Recurrent Neural Networks (RNNs)

2.1.1 Introduction

RNNs (recurrent neural networks) are neural networks that are used to

learn sequential data (e.g., speech, videos or text) [3030]. Their internal

memory (self-hidden state) retains the temporal (i.e. time varying) state

of an input sequence, allowing them to predict the corresponding future

observations ȳn based on the previous states (i.e. history) of the sequence.

2.1.2 Formalism

Consider an RNN with a discrete time 44 input signal un, as shown in

Figure 22. The current hidden state is given by:

xn = f(Θinun +Θxn−1 + b) (1)
4Discrete time refers to the discrete nature of sequences (i.e. they are made of data indexed by integers).
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Figure 2: Schematic of an RNN. The hidden layer’s recurrent connections enable information
to be passed from one input to the next. The arrow indicate the information flow.

where n = 1, ...N , andN represents the number of instances in the training

set {(un, ȳn)}, and xn−1 is the hidden recurrent state, which represents

a state in the past (i.e. history). The input-hidden and hidden-hidden

weight matrices, as well as a bias vector, are represented by Θin, Θ and b,

respectively. A sigmoid or hyperbolic tangent is a non-linear activation f .

The experimenter chooses the initial hidden state x1 , which is normally

set to zero or random [5656]. The output at any time n is computed as

follows:

yn = f(Θoutxn) (2)

where Θout is the hidden-output weight matrices. One approach of train-

ing RNNs (i.e. learning optimal weights for a given task) is through back-

propagation through time (BPTT) [5959, 6060], where the RNN is unfolded

13



through time and represented as a feed-forward network (with an un-

bounded number of layers) and back-propagation is applied on the unrolled

RNN as shown in Figure 22.

However as discussed in Section 1.11.1, RNNs are unable to accurately cap-

ture long-term temporal dependencies (i.e. remembering state of longer

sequences), and this is due to the gradient information either decaying

or exploding exponentially during training. The vanishing and exploding

gradients are two phenomena that have been well studied in RNN prob-

lems [5656].

The exploding gradient problem refers to the significant increase in the

norm (i.e magnitude) of the gradient during training, such that long-term

temporal dependencies increase in magnitude exponentially than short-

term temporal dependencies from one RNN cell state to another. In con-

trast to the vanishing gradient problem, where long-term temporal de-

pendencies decrease exponentially to a magnitude close to zero, making

it difficult to train RNNs to learn correlation between temporally distant

events.

As a result, RNNs are unsuitable for problems requiring long-term memory

(e.g., speech processing, text and video summarization), and thus suffer

from short-term memory.
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2.1.3 Long short-term memory (LSTM)

Long Short-Term Memory (LSTM) was introduced by Hochreiter et al.

1997 to overcome RNNs failure to handle with problems that involve long-

term memory [6363]. Because of the gating mechanisms implemented in the

hidden state of LSTMs, they can preserve both short and long-term mem-

ory. These gating addresses the short-term memory dilemma in RNNs.

Consider the LSTM cell in Figure 33, at each time step n, three inputs

are given to the LSTM cell, the current input signal un, the short-term

memory (hidden state) xn−1 and the long-term memory (cell state) cn−1.

The gates control the flow of information from one LSTM cell to another,

ensuring that it is retained if it is significant and discarded if it is redundant

at each time step n.

In this study, a traditional LSTM architecture is investigated [2626]. Con-

sider the following LSTM cell in Figure 33, which has three gates: an input

gate i, a forget gate f, and an output gate o which are used to updates the

memory c at any time n.
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Figure 3: Schematic of an Long Short-Term Memory Cell.

The input gate determines which new state are preserved in the long-term

memory c. Given the most recent input input signal un and the previous

hidden state xn−1, a sigmoid function f is applied to give values in the

range [0,1], where values close to zero indicate discarded states, and one

states that will be kept for the next step. Back-propagation is applied in

this layer in order to learn which states to keep or remove. The states are

computed as follows,

i1 = f(Θin
i1
(xn−1,un) + bi1) (3)

In the second layer a tanh function is applied to xn−1 and un.

i2 = tanh(Θin
i2
(xn−1,un) + bi2) (4)
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Multiplying the outputs of the preceding two layers decides which states

should be preserved in the long-term memory, as follows:

iinput = i1 × i2 (5)

The forget gate determines whether long-term memory information ought

to be retained or discarded, and it is calculated as follows:

iforget = f(Θin
iforget

(xn−1,un) + biforget) (6)

This new long-term memory is computed as follows,

cn = cn−1 × iforget + iinput (7)

Then the new short-term memory is generated by the output gate, and is

computed as follows,

y1 = f(Θin
o1
(xn−1,un) + bo1) (8)

y2 = tanh(Θin
o2
cn + bo2) (9)

yn = y1 × y2 (10)
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The recently computed long-term and short-term memory are fed from

one LSTM cell to another. The short-term is exposed for each time step.

However, these gating mechanism increases the number of parameters to

be learning, therefore, training LSTMs is both computationally and time

intensive.

2.1.4 Gated recurrent unit (GRU)

Gated Recurrent Units (GRUs) is another variate RNN, introduced by

Kyunghyun et al. 2014 [66] to solve the vanishing and exploding gradients

during back-propagation through time. GRUs, like LSTMs, use a gating

mechanism to control the flow of information across cells 55. But, unlike

LSTMs, which have two states passed across cells, the cell and hidden

state, GRUs only have one hidden state, resulting in fewer parameters to

learn. As a result, they are faster to train than LSTMs and need less

computing memory. The architecture in the gates in GRUs enable the

hidden state to capture both long-term and short-term memory.

Consider the GRU cell in Figure 44, at each time step n, the cell is given two

inputs, the current input signal un and the previous hidden state xn−1. The

GRUs consist of two fundamental gates, the update z gate and the reset

gate r. The update gate functions similar to the forget and input gate in

LSTMs, it decide what information to discard and what new information

to keep. The update is computed as follows,
5Cells are objects with a single scalar output.
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zn = σ(Θin
z un +Θzxn−1) (11)

where Θin
z ,Θz are the input and internal weights respectively in the up-

dated gate. The reset gate determines how much past information to forget

and it is updated as follows,

r(n) = σ(Θin
r un +Θrxn−1) (12)

where Θin
r ,Θr are the input and internal weights respectively in the reset

gate. And lastly, tanh is applied to results in Equation 1212 such that,

r̃(n) = tanh(Θinun +Θ(rn−1xn−1) (13)

The linear combination between the previous activation xn−1 and r̃n is the

new hidden state, and it is computed as follows,

xn = (1− znxn−1)) + zn)r̃n (14)
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Figure 4: Schematic of an Gated Recurrent Memory Cell.

Compared to LSTMs, GRUs are faster and need less computing memory

to train. LSTMs still remain state-of-the-art in long-term memory prob-

lems, especially in cases where the performance outweighs computational

expense.

2.1.5 Conclusion

The fundamental distinction between regular RNNs and LSTMs/GRUs is

that the former uses gating of mechanism, this gates determine when and

how the hidden state is updated. Standard RNNs and LSTMs/GRUs still

remain powerful tools for modeling sequential data, however training these

models is computationally expensive and unstable during the optimiza-

tion of larger hidden weights through back-propagation [3232]. Therefore, a

cheaper and efficient alternative is required for training RNNs.
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2.2 Reservoir Computing (RC)

2.2.1 Introduction

Reservoir computing (RC) is a computing paradigm based on neural net-

works that allows for the efficient processing of temporal problems [1919]. RC

introduces a dynamic reservoir having a short-term memory 66 to transform

features from the temporal inputs into a high-dimensional feature space.

To learn the projected features for any temporal problems (i.e. classifica-

tion and regression) a readout layer is used. Since only the readout layer

is trained using a linear approach, RC systems can effectively capture

auto-correlated events within the data, and training such systems is com-

putationally cheap compared to RNNs which use back-propagation [2525].

2.2.2 Formalism

Consider a temporal task 77 of learning a functional relationship f between

a discrete time input signal un and a discrete time target output ȳn such

that the error E(y, ȳ) is minimized. Then the learned output y will be

given by,

yn = f(...,un−1,un) (15)
6Short-term memory is when the current outputs yn depend on earlier values of the input un−k and/or earlier

values from the outputs yn−k.
7A temporal problem is one in which un and ȳn are discrete time domain signals n = 1, ...N , and N , and the

aim is to learn a functional y = y(...,un−1,un) that minimizes the error E(y, ȳ).
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Most problems are non-linear, and solving them with a linear relationship

between the input un and output signal yn is difficult.

yn = Θout xn (16)

where Θout and xn are the output (i.e learned) weights and the reservoirs

activation’s, respectively. This is because the error E(y, ȳ) is big regardless

of Θout.

Using the reservoir xn to spatially transform the history input signal un,

one can resort in the transformation of the input un into a high-dimensional

feature vector un ∈ RNu, and this feature vector serves a transformed (i.e

new) input that is used by a linear method. This approach is referred to

as a kernel method with a called kernel function K, then xn is in the form,

xn = K(un) (17)

The function to be learned in any temporal task depends on the past states

of the input signal,

xn = K(...,un−1,un) (18)
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and returns the high dimensional current input signal and its potentially

infinite previous states [4343]. K has the potential of having an infinite num-

ber of parameters, practical implementations normally require the function

to be defined recursively as,

xn = K(xn−1,un) (19)

We can then use xn and a linear method in Equation 1616 to approximate

yn, as follows,

yn = Θout xn

yn = Θout K(xn−1,un)
(20)

The purpose of learning yn is then to determine the output weights Θout

such that the error E(y, ȳ) is minimized . It is important to state that the

K function of Equations 1818 and 1919 represents a dynamic system driven by

the input signal un.

This method, along with several main streams of RC are described in more

details below.

2.2.3 Echo state networks (ESNs)

Jaeger et al. 2001 suggested a radically new approach to RNN architec-

ture and training called Echo State Networks (ESN) in 2001 [3030]. The echo

state approach is based on the observation that if the RNN is initialized at
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randomly, then the training of the linear readouts is adequate to achieve

optimal performance in practical applications with a simple model [4343].

The untrained RNN is called a dynamic reservoir 88 and the resulting acti-

vated reservoir states xn are referred to as the echoes of the input history

as shown in Figure 55.

Definition 1. A Echo State Network is a recurrent and random sigmoidal

neural network which is excited by an input signal in the discrete time, and

the activations of the neurons are treated with a linear method. The reser-

voir is a nonlinear dynamic filter that uses a high-dimensional temporal

map to transform input signals. [3030].

u0

u1

u2

uNu

Nu input units

x0

x1

x2

xNx

Nx internal reservoir units

θ0,1

θ1,Nxθ

θ2,0
θNx,0

y0

y1

y1

yNy

Ny output units

θinn,n

θinn,1

θinn,2

θinNx,Nu

θout0,n

θout1,n

θout2,n

θoutNy ,Ny

Figure 5: Schematic of an Echo State Network.

This new approach aims to overcome the shortcomings of RNN training

mentioned in Section 11, by setting up RNNs in the as follows:
8The reservoir is similar to the hidden layer in RNNs.
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• The RNN is created with random dynamic parameters and connec-

tions.

• The reservoir acts as a complex, high-dimensional, non-linear dynam-

ical system.

• The input excites the reservoir, which preserves a non-linear transfor-

mation of the entire input history in its state.

• The reservoir has to be exponentially stable (i.e. fading memory over

time).

• A linear combination of the input-reservoir signals are used to compute

the target output signal.

• Optimal output weights are learned through linear methods (e.g., re-

gression ) as shown in Figure 55.

Consider the ESN shown in Figure 55, which is derived directly from Equa-

tion 1919. The reservoir of the ESN is exited by input signal un with Nu

input neurons, and the corresponding activations of Nx neurons in the

reservoir at any time n are given by,

xn = (x1,n, ..., xNx,n)
T (21)

similarly, the output activations or readouts yn ofNy neurons in the output

layer at any time n are given as,
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yn = (y1,n, ..., yNy,n)
T (22)

where Θin are the input-reservoir connections, Θ recurrent connections in

the reservoir and Θout are the reservoir-output connections , respectively

defined as follows,

Θin = (θin1 , ..., θinNu
)T (23)

Θ = (θ1, ..., θNx
)T (24)

Θout = (θout1 , ..., θoutNy
)T (25)

When the output to reservoir feedback is not taken into account. The

following is a description of the reservoir’s temporal neural state,

xn = f((1− τ)xn−1 + τ(Θinun + αΘxn−1 + λn) (26)

where n denote the discrete time, τ is the leaking rate, α is the spectral

radius and λn is a regularization parameter (noise) and f is a nonlinear

activation function, typically the positive sigmoid or the symmetric tanh

[4343]. Equation 2626 represents a dependent dynamical system (i.e time-

dependent dynamical systems) excitable by the external input signal un.
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The reservoir then functions as a non-linear time expansion mechanism

with a memoryless output, allowing it to learn the output states yn [6161].

This implies that RC methods are able to understand,

• xn : as a vector expanding the history of the input signal (...,un−1,un).

• ȳn : as a linear combination of reservoir neural state activation xn

and the approximated signal to be learned yn.

The readouts from the reservoir are linear, where the reservoirs state xn

is included as part of the input states un. The outputs are given as linear

combination of the neural states of the reservoir, input signal and the

output weights expressed as,

yn = g(Θout[xn,un]) (27)

where g is the activation function, usually taken to be the unity and [ ]

represents the vertical concatenation of vectors.

In supervised learning, the output weights Θout are learned such that the

error E(y, ȳ) is minimized at a given time [4343]. The ESN’s performance

is determined by the reservoir’s configuration. The ability of the ESN to

approximate any temporal input, the reservoir should satisfy the echo state

property stated in Definition 33.

A detailed discussions on the spectral radius is covered in Sections 2.52.5
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2.2.4 Liquid state machines (LSMs)

Wolfang Mass et al. 2002 proposed a reservoir methods called Liquid State

Machines (LSMs) independently of ESN [4646]. LSMs origins are found in

computational neuroscience , with the main focus of understanding com-

putational properties of neural microcircuits [4545, 4646, 4747, 5151]. The LSM

model is founded on the idea of multiple cycles that form a large complex

network making up more than 80% of all synapses in a neocortical col-

umn and it demonstrates how multiple outputs can be learned to perform

various tasks on the same series of states as shown in Figure 66 [6161].

Figure 6: Liquid State Machine.

28



Definition 2. A Liquid State Machine is a three-dimensional, locally con-

nected network that is generated at random using biologically-based param-

eters influenced and excited by sequences of external inputs. Both neu-

ron responses are projected to the next cortical layer, where learning takes

place [4646].

In the LSMs, the reservoir is referred to as a Liquid, based on the intu-

itive comparison of excited states as ripples on the surface of a pool of

water [4343]. Formally, an LSM is characterized by the state of the liquid

uM
t at continuous time t, where M denotes relation to the liquid state

machine. The Liquid activation are in the form,

uM
t = (LMx)t) (28)

where LM denotes a liquid (e.g. dynamical system), xs is the input signal

at time s ≤ t. The output yt of the network can then be calculated using

an output function fM for the target function, given by,

y(t) = fM(u(t)) (29)

In literature the terms reservoir in ESNs and liquid in LSMs are used

interchangeably in the context of reservoir computing. Although, several

differences between ESNs and LSMs exist:
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• The use of LSMs make a model based on spiking neurons, these neu-

rons use a threshold that once exceeded by the accumulation of inputs

produces a pulse at the output of the neuron. The outputs are pulse

sequences based on a Poisson process. The ESNs primarily use sig-

moid neurons, but they can also use other types of neurons.

• LSMs use a broader set of output type functions. A linear combination

is widely used by ESNs, LSMs generally admit outputs in the form of

layer networks [6161].

• The internal structure of ESNs is mainly based on a random archi-

tecture, while that of LSMs is based on the observation of micro-

neocortical columns and has the following structure of biological con-

straints [6161]. The network nodes are placed on a 3D grid based on

microcolumns located in the cortex as shown in Figure 66.

As previously mentioned, the reservoir in LSMs employs the Leaky Inte-

grate Fire neuron model, which is a relatively basic spiking neuron model.

The term ’leaky’ is a threshold for which the liquid has a fading memory

of the driving input.Spiking neurons in LSMs are more complex to im-

plement, set up, and tune than ESNs, and they are often more costly to

simulate on modern computers, so they are used less commonly in practice.

[4343].
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2.2.5 Evolution of recurrent systems with linear output (Evolino)

Evolino fundamentally extends the idea of short-term memory ESN from

a RNN to a LSTM. Evolino combines neuroevolution (i.e. the evolution

of neural networks) and linear methods (e.g., linear regression) to solve

time-dependent problems [5050]. The readouts in Evolino is learned using

evolutionary techniques [4343].

2.2.6 Various types of reservoir

The reservoir can comprise of different neurons structures. Furthermore,

different reservoirs exist due to the different topologies, and activation

functions used to construct the reservoir. This includes, Quantized-ESNs

which are ESNs whose node states take discrete units, where the number

of possible states of a single unit is controlled by a parameter called quan-

tization level [6464]. SHESN (Scale-Free clustered ESN) are ESNs whose

degree of connection follow a power law [6161]. The NWESN, BAESN and

MESN are respectively are those ESNs using the Newman-Watts’ small-

world model (small-world), BarabasiAlbert’s scale-free model, and a mixed

topology of these two models [1717, 6161].

2.2.7 Conclusion

Reservoir computing methods offer a cheaper alternative for training of

RNNs, firstly by only training the readout layer which is computational

inexpensive. Secondly, the reservoir does not use back-propagation to
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learn the weights, therefore does not suffer from vanishing and exploding

gradients. And also due to it’s simplistic nature, it is easy to implement

in hardware and prototyping.
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2.3 Learning from the reservoir

2.3.1 Introduction

Learning weights associated with reservoir readouts can be done in two

ways, through an online and offline approach. The offline method, or batch

mode, consists in collecting all the states u(t) of the reservoir during the

learning phase in a matrix U ∈ RN×T , and all the target y(t) results in a

matrix Y ∈ RM×T , to compute the output weights Θout.

The online mode consists of calculating the weights at each new state of

the reservoir and to update the output weights Θout. This section presents

a brief introduction to three offline methods: linear regression, Moore-

Penrose pseudo-inverse, and regularization of Tikhonov, followed by a brief

overview of online methods.

2.3.2 Offline learning

In offline (i.e. batch) learning the weights associated with the reservoir

readouts are updated after passing the entire training set.

2.3.2.1 Linear regression

Learning the output weightΘout can be coined as solving a system of linear

equations such that the error E(Y,ΘoutU) is minimized.
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ΘoutU = Y (30)

representing the above equation as a normal equation, we obtain

ΘoutUUT = YUT (31)

A naive solution to compute Θout would be

Θout = YUT (UUT )−1 (32)

Since YUT ∈ RM×N and UUT ∈ RN×N are independent to the number

of training examples T , they can be computed iteratively as the training

data passes through the reservoir [4343]. As a result, the complexity of

Equation 3232 solution is independent of the number of training examples

in space and time.

2.3.2.2 Moore-Penrose pseudo-inverse

The Moore-Penrose pseudo-inverse is an alternative method for solving 3030

U+ of U, and Θout as

Θout = YU+ (33)
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This approach offers numerical stability compared to Equation 3232, but is

more expensive for large state collecting matrix U ∈ RN×T , As a result,

this technique is limited by the size of the reservoir N or the number of

training examples.

2.3.2.3 Tikhonov regularization

The numerical stability of Equation 1919 can be improved by using Moore-

Penrose pseudo-inverse (UTU)+ instead of the real inverse (UTU)−1. In

addition, this approach uses ridge, or Tikhonov as regularization, defined

as follows,

Θout = YUT (UUT + α2I)−1 (34)

where I ∈ RN×N is the identity matrix and α is a regularization parameter.

The regularization reduces the over-fitting during training.

2.3.3 Online learning

In online learning the weights associated with the reservoir readouts are

updated iteratively (i.e per training example).

2.3.3.1 Gradient descent

Online learning aims to update Θout over time rather than only once in

the learning phase. The easiest method compute Θout is to use stochastic
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gradient descent, but this does not ensure convergence. The advantage

of gradient descent algorithm is the low computationally complexity [3737].

Consider the cost function (i.e. error function),

E =
1

2
eTnen (35)

where en = ytarget,n − yn is the error. In the classical gradient descent

algorithm, the weights are updated as follows,

Θout
n+1 = Θout

n − α∇Θout
n
En (36)

where α is a small positive constant, called the learning rate. The partial

derivative of En with the output weight matrix Θout
n must be derived, that

is,

∇Θout
n
En =en

∂en
∂Θout

n

=en
∂(ytarget,n − yn)

∂Θout
n

=− en
∂yn

∂Θout
n

=− en
∂(Θout

n Un)

∂Θout
n

=− en[
∂Θout

n

∂Θout
n

Un +
∂Un

∂Θout
n

Θout
n ]

(37)
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Where

∂Un

∂Θout
n

=


∂un

∂Θout
n

∂un

∂Θout
n

∂yn−1

∂Θout
n

 (38)

Let

Let δ denote the second term in Equation 3737. Since the network’s weights

are selected from distribution in the range [−1, 1] and Θ is a sparse matrix

with many zero elements, consequently |δ| << |enUn| and thus it can be

ignored δ ≈ 0. Thus, the output weights can be learned as follows:

Θout
n+1 = Θout

n + αenUn (39)

2.3.4 Conclusion

Learning the output weights is computationally cheaper both through the

offline and online approach, compared to RNNs. However, the online ap-

proach has an advantage over the offline approach when working with

larger reservoir sizes, since it is computationally cheaper 99.

9It should be noted that the computational expense in RNNs refers to the optimization of the weights during
back-propagation while in reservoir computing it refers to the size of the network
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2.4 Global parameters of the reservoir

2.4.1 Introduction

The construction of the reservoir depends on the parameters, and an op-

timal reservoir depends on the tuning of these parameters. The defining

global parameters of the reservoir are the size of the reservoir (i.e. N),

spectral radius, the sparsity of the reservoir, connectivity of the reservoir

(i.e distribution of nonzero elements), input scaling (i.e. Θout) and the

leaking rate.

2.4.2 Size of the reservoir

The size of the reservoir refers the number of hidden units in the reservoir.

The larger the reservoir space xn, the simpler it becomes to find a linear

combination of the predictions yn. The computational expense associated

in training ESNs compared to RNNs techniques, reservoir sized of order

104 are common. In literature, larger reservoirs are mostly employed for

demanding problems.

Nonetheless, computational trade-offs are important. Starting with a large

reservoir from the beginning in order to achieve better performance is cum-

bersome since the optimization of reservoir parameters vary only slightly

with the size, it is advisable to optimize them in a small reservoir and

then to create a larger reservoir with the same parameters [6464]. The num-

ber of independent real values that the reservoir must remember from the
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feedback to effectively learn the task can be used to approximate a lower

bound for the reservoir size N . Finally, in ESNs, the maximum number

of storage values, known as memory capacity, is limited to the number of

neurons N [6161, 4242].

2.4.3 Sparsity of the reservoir

The sparsity of Θ ensures loosely coupled reservoir activation signals and

reduces the cost of using large reservoirs. Jaeger et el. (2001) recommends

making the reservoir connection sparse (i.e making most of the elements

in Θ zero). The sparsity of Θ results in fast reservoir updates, irrespective

of the reservoir size the computational cost of the network state update

increases linearly with the size of the network instead of quadratically [4242,

4343].

A uniform distribution centered around zero is used to generate a ran-

dom reservoir weight Θ and input Θin matrices, the former being more

dense [3030, 4242]. Thus, with a representation of sparse matrices, a randomly

connected reservoir result in faster reservoir update states.

2.4.4 Spectral radius

The spectral radius impacts the ESNs short-term memory, spectral radii

close one increases the ESN’s long-term memory [4242]. A more detailed

explanation is presented in Section 2.5.22.5.2.
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2.4.5 Leaking rate

The leaking rate determines the rate at which reservoir dynamics are up-

dated (i.e how slowly or how fast the reservoir neurons react to the incom-

ing inputs signal ut) [4242, 3333]. For difficult problems which require more

memory, a lower leaking rate is suitable and a high leaking rate is suitable

for problems that require less memory [6161].

2.4.6 Input scaling

The amount of non-linearity in the reservoir is regulated by input scal-

ing [4242]. Higher input scaling results in a reservoir based on the hyper-

bolic tangent tanh activation function’s zero point. This indicates that the

reservoir units will have been running in the tanh curve’s linear regions.

As a consequence, it is critical that the data be normalized; otherwise,

memory loss can occur.

2.4.7 Conclusion

Setting the reservoir’s hyper-parameter is critical for achieving achieve

optimal performance, but it also requires domain expertise. These param-

eters are crucial for determining the echo state property, which is linked

to the reservoir’s chaotic nature and, as a result, its performance.
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2.5 Reservoir dynamics and properties

2.5.1 Introduction

The generic approach to generate a reservoir in ESNs consist of:

1. Generating a random reservoir (Θin,Θ).

2. Computing the state of reservoir with input signal un and store the

corresponding states and xn in some reservoir state matrix Θ.

3. Computing the output weights Θout from the collected states in (step

2), using a linear model (e.g., offline or online approach), while mini-

mizing the error E(y, ȳ).

A significant amount of consideration is taken when developing the reser-

voir due to the optimization of many parameters that is required. Al-

though, perhaps the most fundamental principal of a optimal reservoir in

ESNs is the satisfying the Echo state property [3030].

2.5.2 Echo state property and spectral radius

The reservoir is naturally a dynamic system, due to the recurrent connec-

tions in the reservoir, however chaotic properties are inherently adopted by

the reservoir. Consequently, initial conditions tend to drive the reservoir

instead of the input signal xn, this is often not desired since it results in

sub-optimal performance.
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Definition 3. (Echo State Property) A network F : X × U → X (with

the compactness condition) has the echo state property with respect to U :

if and only if for any left infinite input sequence u−∞ ∈ U−∞ and any two

state vector sequence x−∞, y−∞ ∈ X−∞ compatible with U−∞, it hold that

is x0 = y0 [3030]

Intuitively, the echo state say; if the ESN has been operating for a while

the current reservoir state xn is uniquely determined by the previous state

of the input xn−1 and output yn−1. The existence of the echo state property

is due to the fading effect of initial conditions on the network over time

state in Theorem 11.

Theorem 1. (State Contraction) A network F : X × U → X (with the

compactness condition) satisfies the echo state property with respect to U

if and only if it has the uniform state contracting property,.i.e if there

exist a null space (δL)L ≥ 0 such that ∨u−∞ ∈ U−∞, ∨x−∞, y−∞ ∈ X−∞

compatible with U−∞, it holds [4343].

In order to create a non-chaotic reservoir, it is necessary to define con-

ditions for this property in order to ensure its existence. This argument

requires careful consideration because it has been the source of much mis-

understanding in many journals, resulting in sub-optimal reservoir. We

firstly look at the spectral radius as one of the parameters to establish the

echo state property.

Definition 4. (Spectral Radius) The spectral radius of the weight vector

Θ, note ρ(Θ), is its largest eigenvalue in absolute terms.
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The echo state property is satisfied if the reservoir weight matrixΘ is scaled

such that its spectral radius ρ(Θ) satisfy ρ(Θ) < 1 [3030]. The mathematical

connection between the spectral radius and echo state property is that

reservoirs using the tanh as neuron activation function and for zero input

ut = 0 the condition ρ(Θ) < 1 is violated. The optimal values of ρ(Θ) is

usually set depending on the amount of memory [4343, 3030].

2.5.3 Conclusion

The echo state property is a fundamental and necessary prerequisite for

reservoirs to function optimally. However, there is some debate in the

literature about the required and proper criteria for determining the reser-

voir’s echo state based on the parameters mentioned in Section 2.42.4 [2323].

While this property has led to a broader acceptance of ESNs due to their

efficiency in training and stable gradients, the amount of parameters that

must be optimized in order to satisfy the echo state property is more likely

to result in sub-optimal performance, hence failing to outperform the ex-

isting state-of-the-art RNNs listed in Section 2.12.1 that have less parameters

to optimize.
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2.6 Image Segmentation

2.6.1 Introduction

Dividing an image into a set of pixels that represents meaningful regions

that are simpler to analyze is referred to as image segmentation, as shown

in Figure 77. In computer vision problems like object tracking and recog-

nition, image segmentation is a critical processing phase. Over the years,

there has been significant advances in developing image segmentation al-

gorithms, however achieving accurate segmentation is still a challenge.

Input Image Segmented Output Image 

Segmentation algorithm 

Figure 7: Binary Image Segmentation. The task is to group the pixels into foreground (i.e
object of interest Giraffe) and the background.

44



There are five major categories of image segmentation: thresholding, edge,

clustering, region pixel classification, and partial differential equation based

segmentation methods.

Thresholding segmentation changes an image into a binary image using a

threshold value [77, 3636]. Thresholding is sensitive to noise and is unable to

detect edges. Region-based segmentation groups pixels into homogeneous

regions, this methods is both computationally and compute (i.e. slow)

expensive. Clustering based segmentation groups similar pixels into clus-

ters, however finding the optimal number of cluster is difficult and also it is

computationally expensive. Edge-based segmentation, groups pixels based

on discontinuities such as texture or intensity in the image, this method

is computationally expensive and finding robust edges is non-trivial [7474].

PDE based segmentation methods are considered in this study, due to their

sequential nature in performing image segmentation and therefore can be

framed into a sequential problem, such that a RNNs based methods may be

used to learn the PDE process for performing image segmentation. PDE

based segmentation are also computationally expensive.

2.6.2 Partial differential equations for image segmentation

Several partial differential equations (PDEs) image segmentation based

methods have been implemented. This includes Geometric Active Contour

Model (GACM) which are widely adopted for image segmentation [1515, 8585,

7373, 22, 1212, 1414] and are categorized into region-based and edge-based mod-

els [88, 99, 5454]. An energy functional of the image is formulated by these
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models, thereby obtaining an active contour using variational principles 1010

and gradient flow methods (i.e. gradient descent). By using difference

methods an iterative formulation is derived, the choice in using gradient

information to represent the levelset is what differentiate region-based and

edge-based levelset formulation. The gradient in formation is used to con-

trol the evolution of the curve in edge-based levelset formulations, the

boundaries are detected using a positive and decreasing function called

Edge-Stopping Function (ESF) such that the boundaries of an object are

detected when it equal zero, thereby stopping evolution of the curve [1616].

However, in practice the ESP may never be zero of edges therefore un-

able to contours of the object. This is because digital images imposed

as discrete gradient. In contrast to edge-based, region-based models take

advantage of the statistical information, this make them less sensitive to

noise especially for images with weak or without edges [1616]. And also

are not dependent on the location of the initial curve shown in red in

Figure 99. Even though the region-based GACMs provide better segmen-

tation results, they cannot effectively segment images with intensity in-

homogeneity (i.e smooth intensity change inside originally homogeneous

regions) [1616].
10Variational principles allows the problems to be solved using calculus of variations.
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2.6.3 Variational levelset (VLS)

The implicit implementation of active contours (AC) is called a variational

levelset (VLS). The fundamental principles of using AC for image segmen-

tation is to begin with an arbitrary initial closed form curve C as shown

in Figure 99 in red. Therefore images-driven forces are used to expand or

shrink the curve until the curves extends to the boundaries of the object

and this procedure called curve evolution or contour evolution, denoted as

∂C
∂t .

Active contours are categorized into levelsets and snakes. Levelset meth-

ods the curve is defined as higher dimensional function than the image I

and the curves are evolved implicitly, while snakes methods evolve pre-

defined snake points based on an energy minimization scheme. Levelset

based curve evolution models are a more flexible and convenient imple-

mentation of active contours, therefore, have a wider adoption in image

processing [4141].

Consider Figure 88, let C denote an initial curve that implicitly represent

an active contour, within a higher dimensional function called a levelset

function γ(x, y) : Λ → R, such as C = (x, y) : γ(x, y) = 0,∀(x, y) ∈ Λ,

where Λ denotes the whole image plane.
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Figure 8: Representation of a implicit levelset. The image is defined on the image plane (red),
the high dimensional levelset function (gray cylinder) and the zero levelset function (green) C.

The intersection of the levelset function and the image plane is called a

zero levelset function and it is used to represent the contour, the contour

evolution is equal to the evolution of the level set function i.e., ∂C
∂t = ∂γ(x,y)

∂t

as shown in Figure 88. The contour can be defined as the boundary between

a positive and a negative field, which is why the zero levelset is used. As a

result, everything on the zero area belongs to the contour, which is defined

as follows using the oriented distance function:

γ(x) =


D(x,C) x insideC

0 x onC

−D(x,C) x outsideC
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where D(x,C) is the distance between any point and the curve. Chan-

Vese proposed a widely adopted region-based active contour segmentation

method [1212].

2.6.3.1 Chan-Vese image segmentation

The Chan-Vese algorithm is a region-based segmentation algorithm that

incorporates contour evolution, the levlset of Osterand Sethian’s and the

Mumford-Shan functional [1212, 6767, 99]. The gradient-dependent informa-

tion is supplemented by a parameter based on region homogeneity, which

provides the following benefits.

• it is possible to distinguish between contour regions with and without

strong gradient detail.

• interior contours can be detected.

• the initial curved can be initialized anywhere on the image.

• the images is divided into two regions, object of interest as foreground

and everything else as the background.

• Noise removal and other preprocessing steps are not necessary in ad-

vance.
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Figure 9: The image is defined on Λ (the big rectangle), the (arbitrary) red curve is C.

Let Λ ∈ R2 be a open and bounded set and I : Λ → R be a difference

image consisting of two homogeneous regions Λ1 and Λ2 (Λ = Λ1

⋃
Λ2).

The Chan-Vese algorithm detects a contour that divides the difference

image into two sub-regions Λ1 and Λ2, that defines the image’s optimal

piece-wise 1111 constant approximation. By minimizing energy of the seg-

mentation, the contour C is calculated[1212],

E(C, ϵ1, ϵ2) =λ1

∫
Λ1

(I(x, y)− ϵ1)
2dxdy+

λ2

∫
Λ2

(I(x, y)− ϵ2)
2dxdy + µLength(C)

(40)

where ϵ1 and ϵ2 represent the weighted intensities in the regions inside

Λ1 and outside Λ2 C respectively, and λ1, λ2 and µ are the averaging

parameters for the fitting terms and regularization, respectively. When µ
11A piecewise-defined function is a function that is defined by several sub-functions, each of which applies to

a sub-domain of the main function’s domain.
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is small, objects of smaller size are also detected, when µ is large, larger

objects are detected,

The Chan-Vese algorithm uses the level sets of Osher and Sethian not

arbitrary point to control the contour C [99]. The contour C is a zero level

set function γ over the domain of Λ that satisfy the following conditions:

∀(x, y) ∈ Λ


γ(x, y) < 0 in Λ1

γ(x, y) = 0 on C

γ(x, y) > 0 in Λ2

Using the Heaviside function Π, is defined by

Π(z) =


1 z > 0

0 z ≤ 0

and it’s distributive derivative σ = ∂Π/∂z, thus the following is a repre-

sentation of Equation 4040,

E(γ, ϵ1, ϵ2) =

∫
Λ

(
λ1I(x, y)− ϵ1)

2(1− Π(γ(x, y))+

λ2(I(x, y)− ϵ2)
2Π(γ(x, y))

)
dxdy

(41)

The energy functional E(γ, ϵ1, ϵ2) can be minimized with respect to the

constants ϵ1 and ϵ2 for a fixed γ, according to Osher and Sethian [99].
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
ϵ1 = Ψ(I) γ ≥ 0

ϵ2 = Ψ(I) γ < 0

The weighted pixel pixel intensity of image I is calculate by Ψ(I) for a

specific region. The Euler-Lagrange equation for the levelset γ can derived

be derived by minimizing the energy functional E(γ, ϵ1, ϵ2) in relation to

to γ. The mean curvature and error for a constant ϵ1 and ϵ2 [88, 1010] defined

as,

∂γ(x, y)

∂t
= δγ(x, y)[kγ(x, y)−µ−λ1(I(x, y)−ϵ1)

2+λ2(I(x, y)−ϵ2)
2] (42)

where k, δ is the curvature and Dirac delta function respectively. The

curvature k is given by,

k(γ(x, y)) = −div(
∆γ

|∆γ|
) = −γxxγy

2 − 2γxγyγxy + γyyγx
2

(γx2 + γy2)1.5
(43)

where ∂xγt and ∂xxγt, ∂yyγt are the first and second derivatives of γt with

respect to x and y directions. Intuitively the curvature k tells us by how

much the tanget is changing along the curve. We use γt to denote γ at

the tth iteration. Now, intuitively the curve evolution can be represented

as time series process, such that γt is updates as,
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γt+1 = γt + α
∂γt
∂t

(44)

The VLS at time t+1 determined by the previous VLS at time t, as well as

the curve evolution ∂γt
∂t with a learning rate α. The VLS is computationally

costly and takes time to converge, this is because the it computed on the

space as the image plane Λ.

2.6.4 Variational level set as a trainable deep learning methods

The variational levelset segmentation are known to be sensitive to initial

settings and highly depend on the number of iterations. Recent stud-

ies, have proposed reformulating the variational Levelset as an end-to-end

trainable deep learning architecture applied to binary, instance and se-

mantics segmentation [7777, 8686, 6868, 2828, 2929, 4040].

However, the end-to-end trainable deep learning VLS are a hybrid archi-

tectures that embed the levelset component within these deep learning

architectures. And within these hybrid architectures the levelset is pro-

posed as a preprocessing or postprocessing step under these formulation.

These deep learning VLS architectures are computationally expensive and

require longer training time, this is because to the number of of param-

eters introduced by the embedded levelset. Therefore, the formulation of

the VLS as a trainable deep learning method is considered state-of-the-art

in this study.
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2.6.5 Conclusion

The levelset methods are computationally expensive and also the conver-

gence rate is quite slow, this is due to the computation being performed

on the same dimension as the image plane Λ. Levelset methods are also

highly dependent on the initialization of the velocities for propagating the

levelset function, if the velocity flow is not constant the levelset function

becomes strongly distorted, which mean that its gradient may become very

large or very small around the edges [5353].

Although there has been recent proposals of trainable deep learning Lev-

elset approaches, these methods are extremely computationally expensive,

because they incur the both the computational cost of the classical lev-

elsets and that of deep learning methods under the formulation of the

trainable deep learning levelset methods. Le et al. 2018 [3939] suggest re-

formulating the levelset as a trainable recurrent architecture under GRUs

called Recurrent Level Set (RLS), which is used as a benchmark in this

study.
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3 Method

3.1 Introduction

The methods and experimental setup are described in detail in this chap-

ter. In Section 3.23.2, we begin by reformulating the variational levelset as a

fully data-driven 1212 learnable approach under deep learning frameworks.

We then provide details on the databases used for our various experiments

in Section 3.33.3. We present and derive different metrics used in the iterative

segmentation problem, as well as a comprehensive interpretation of each

metric, in order to be able to determine the effectiveness of our approaches

in Section 3.43.4. Finally, in Sections 3.53.5 and 3.63.6, we present and explain the

formulation of learning the variational under a data-driven deep learning

framework, as well as the optimization and data preprocessing techniques

that were employed.

As a result, the two important components of this research are data gen-

eration and image segmentation, which will enable us to determine which

of the proposed deep learning architectures are best suited to learning the

variational levelset.
12Fully data-driven in this study, means that the variational levelset is learned from data that is generated by

the variational levelset instead of an end-to-end deep learning VLS. End-to-end deep learning VLS combines the
VLS and deep learning model as a hybrid model.
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3.2 Formulating the levelset as a ESN

3.2.1 Introduction

The variational levelset introduced by Chan et al. 2000 [1111] is used to

demonstrate how to formulate the variational levelset as a data-driven

learnable neural network (i.e ESN). As a result, one of our research ques-

tions is answered:

• If we consider the reservoir (i.e. recurrent layer) to have a similar up-

dating mechanism as the variational levelset γt. How do we represent

a single image I as spatiotemporal data Xt in ESNs?

We begin by formulating the overall learning procedure in Section 3.2.23.2.2,

then explain how the data is generated in Section 3.2.33.2.3, finally answering

the question in Section 3.2.43.2.4 by showing how to represent the data in our

new formulation for learnable ESNs. Finally, the different architectures

used to learn the variational level are presented in Section 3.2.53.2.5.

3.2.2 Formulation

Consider the following variational levelset (VLS) formulation under ESNs 1313

shown in Figure 1010:
13The ESN can be replaced with any deep learning method.
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PDE 

LOSS(𝒀  t, Yt) 

ESN 

Input Image I 

  𝒀  t 

Xt 

Yt 

Et 

Figure 10: Iterative segmentation architecture.

• A single input image I is fed into the VLS (e.g., PDE in Figure 1010),

which produces a series of segmented images (i.e. spatiotemporal

dataset) Xt of length t steps.

• The VLS generated images Xt serve as ground-truth samples Yt for a

deep learning model (such as ESN, as shown in Figure 1010) to learn.

• The VLS segmentation mechanism is learned by using a stochastic

gradient descent method to minimize the binary-cross entropy loss

function (e.g., error) Loss(Ȳt,Yt) , where Ȳt represents the predic-

tions.
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• The learnable parameters (e.g., weights) of the ESN are adjusted using

the error/loss Et.

3.2.3 Data generation

Consider a grayscale 2D input image I and an initial binary mask M0. The

binary mask M0 is used to initialize the VLS function γ0 such that the

outer boundary approximates the object of interest in the image I to be

segmented. M0 is defined as a checkerboard with the same dimension as

the input image I as shown in Figure 1111. The initial binary mask is created

using a binary step function because it is easier to generate new contours

and faster to compute the gradients as compared to a signed distance map.

Figure 11: LS Generated training dataset. An input image I and initial binary mask M0, are
feed into the VLS, and at each time step t a corresponding binary mask Mt is generated, where
t is the number of iterations to the final optimal segmentation.
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The inner Λ1 and Λ2 pixels, are computed as Λ1 being composed of

Λ1 = M, and Λ2 as the set Λ2 = Λ \M. Λ1 is assumed to be a connected

component [2424]. The evolution of the curve is based on the gradient homo-

geneity and heterogeneity of the pixels to detect continuous objects and

edges on the image space, by optimization of gradient descent to minimize

the energy of the curve, such that Λ1 and Λ2 are computed for each step

of the gradient descent, as mentioned in Section 2.6.22.6.2

In this experiment, the VLS parameters are initialized as follows: λ1 =

λ2 = 1, a 2D convolution with a 3×3 kernel, stride of ∆x = ∆y = 1 is

used to compute the gradients and ∆t = 0.5 as the time step used for

the gradient descent optimization of the energy functional. The weights

of the length term µ = 0.2. The number of iteration is 100, which means

for each input image we generated 100 segmentation images [11]. These

generated images form an iterative sequence for image segmentation using

the VLS. The implementation of the levelset is adapted from [1111, 7575] and

it is implemented in MATLAB [4949]. Figure 1111 shows the sample VLS

generated dataset that is used to learn the VLS. As shown in the figure

the segmentation has the same dimension as the input image, and it is

initialized as a cheakerbox at iteration X0. The evolution of the PDE

evolved the curve to regions of uniform gradient.

3.2.4 Data representation

In Le et al. 2018 [3939] the input image I is passed from the VLS module

to the GRU when reformulating the VLS as Recurrent Level Set (RLS),
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such that the VLS module pre-processes the input image and transforms

it into a levelset image γt. When the 2-D levelset image γt is fed to the

GRU module, we believe it is collapsed into a 1-D vector and represented

as such.

However, since our approach is not an end-to-end RLS and the variational

levelset is not embedded into deep learning architectures. Therefore, data

representation forms an critical component for reformuating the levelset as

a fully data-driven approach. We propose representing the input image I

and levelset image γt as image channels, as shown in Figure 1212, where I is

the input image and M is the VLS generated segmentation image masks,

such that Xt ∈ {x0,x1, ..,xt}, where xt = [I,Mt] is the concatenation of

the input image I and mask M at any time step t.

60



I 

M0 
M1 Mt 

Time evolution 

1st image channel 

2nd image channel 

Figure 12: Input image representation.

In our representation, a single example is a 2-channel image. The first

channel is a grayscale input image I, and the second channel is the seg-

mentation maskMt, as shown in Figure 1212. The input image I andMt im-

plicitly represent the evolution of the variational levelset at any time step

t, and can be considered as an alternative to embedding the variational

levelset component in deep learning frameworks under deep variational

levelsets methods.

Both the input and target images are resized to 64 × 64. The input images

are passed into the model as a 2D vector of 64 × 64 × 2 pixels, which then
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are mapped to target pixels of 64 × 64. Convolutions are used to embed

spatial features mentioned in Section 3.2.53.2.5.

3.2.5 Model architecture

We use two types of architecture specialized for spatiotemporal problems,

a convolutional recurrent neural network (CRNN) and a 3D-convolutional

neural network (3DCNN) since the VLS is formulated as a spatiotemporal

problem. The CNN component in CRNNs is used to learn the spatial infor-

mation of the VLS and the RNN component is used to learn the temporal

evolution of the VLS [3434, 7676, 1313]. 3DCNNs applies the convolution and

pooling operations on volumetric spatiotemporal data [7171, 3434, 3535]. Both

these methods have are known for state-of-the-art results in spatiotempo-

ral problems and thus are considered in the study.

The 3DCNN architecture consist of 2 3D-convolutional blocks (Conv3D

→ BatchNorm3D → ReLU → MaxPool3D →Dropout3D), followed by a

4096-units fully-connected layers and a 4096-units output layer, as shown

in Figure 1313. The input is a t×64×64, where t is the number of time

steps. Both 3D-conv consist of 32 filters each with a kernel 3×7×7, stride

2×2×2, padding 0×0×0 and dilation rate 2×2×2. The conv1 and conv2

inputs channels are 2 and 32, respectively.
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Figure 13: 3DCNN architecture.

The CRNN architecture consist of 4 2D-convolutional block (Conv2D →

BatchNorm → ReLU → Dropout → Conv2D → MaxPool), an RNN layer

with 512 ESN/GRU/LSTM units, followed by a fully-connected layer with

4096 units, and a 4096-units output layer, as shown in Figure 1414. The input

is a t×64×64, where t is the number of time steps. The first 2D-conv block

consists of 2 inputs channels 32 filters each with a kernel 7×7, stride 2×2,

padding 0×0, and dilation rate 2×2. The second 2D-conv block consist of

64 inputs channels 64 filters each with a kernel 1×1, stride 1×1 , padding

0×0 and dilation rate 1×1, The third 2D-conv block consist of 64 inputs

channels 128 filters each with a kernel 7×7, stride 2×2 , padding 0×0 and

dilation rate 1×1. The fourth 2D-conv block consist of 128 inputs channels

128 filters each with a kernel 1×1, stride 1×1 , padding 0×0 and dilation

rate 1×1.

63



Figure 14: CRNN architecture.

3.3 Data acquisition

The Weizmann Segmentation Database (WSD), Berkeley Segmentation

Dataset and Benchmarks (BSD), CIFAR-10, and CIFAR-100 databases

were used in this study for model training, validation, and testing [33, 44, 3838].

The CIFAR-10 consists of 60000 32 × 32 RGB images divided into ten

classes, each with 6000 images. The CIFAR-100 database is identical to the

CIFAR-10 database, except it contains 100 classes, each with 600 images.

The WSD database consists 200 300 × 200 RGB images that specifi-

cally represent one or two foreground object/s that are distinguished from

their surroundings by intensity, texture, or other low-level cues. The BSD

database has 500 481 × 321 RGB images. These databases consist of

natural images.
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3.4 Model evaluation

To have a guided analysis for the segmentation task, the following met-

rics are defined in the context of learning the evolution of the variational

levelset. Consider a segmentation task such that the positive class is the

foreground pixels (1’s) and the negative class is the background pixels

(0’s). The following metrics are defined as follows:

3.4.1 Confusion matrices

Consider the following confusion matrix between the predicted and the

actual classified pixels. It describes the performance of a model on the

validation and testing sets, where the actual true pixels are given. Table 11

shows a generic confusion matrix diagram such that:

Predicted

Negative: Background pixels Positive: Foreground pixels Total

Actual
Negative: Background pixels a b a+ b

Positive: Foreground pixels c d c+ d

Total a+ c b+ d N

Table 1: Confusion matrix.

• a is the number of correct predictions of a foreground pixel called true

positive (TP).

• b is the number of incorrect predictions of a foreground pixel called

false positive (FP).
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• c is the number of incorrect predictions of a background pixel called

false positive (FN).

• d is the number of correct predictions of a background pixel called

true positive (TN)

3.4.2 Precision

Precision is the proportion of predicted foreground pixels in the segmenta-

tion results that match with the ground truth. Precision (P) is calculated

as follows,

P =
correctly Predicted Foreground Pixels

total number of Predicted Foreground Pixels
=

d

b+ d
(45)

The precision is a function of FP, which means it measures the rate of

falsely predicting foreground pixels as background, and therefore segmen-

tation performance is sensitive to over-segmentation [4848].

3.4.3 Recall

Recall is the proportion of ground-truth foreground pixels in the segmen-

tation results that were correctly identified. Recall (R) is calculated as

follows,

R =
correctly Predicted Foreground Pixels

total number of Actual Foreground Pixels
=

d

c+ d
(46)
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The recall is a function of FN, which means it measures the rate of falsely

predicting background pixels as foreground, and therefore the segmenta-

tion performance is sensitive to under-segmentation [4848].

3.4.4 F1 Score

The trade-off between precision and recall is summarised using the F1Score

which is a value that can be described as the harmonic mean of precision

and recall, it is calculated as follows,

F1Score = 2 ∗ P ∗R
P +R

=
2a

2a+ b+ c
(47)

The F1Score takes FP and FN into account and is always between preci-

sion and recall, and is useful for contour or boundary matching between

predicted segmentation and ground-truth segmentation.

3.4.5 Intersection over union (IoU)

For image segmentation problems, the IoU score is a widely used metric.

The IoU is a metric that measures the similarities between ground-truth

and predicted segmentation. It is defined by the equation below [5858].

IoU =
a

a+ b+ c
(48)

For object detection problems, the IoU can be used to calculate precision

and recall for a given threshold. Such that, if the IoU for a predicted
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segmentation is above the threshold, we can classify the prediction as True

Positive (TP) and as a False negative if the IoU is below the threshold.

3.4.6 Conclusion

The ability of a model to solve a task is positively correlated to the score

of the metric. The metrics used to evaluate the final results on the val-

idation and testing data are precision, recall, F1Score, and IoU. Recall

and precision are related to under-segmentation and over-segmentation

of the images. Over-segmentation results in low precision, while under-

segmentation results in low recall [4848].

IoU is used to measures the overall quality of boundary or contour segmen-

tation, while F1 is used to measures the trade-off between over-segmentation

and under-segmentation. As seen in Equation 4848 and 4747, the distinction

between IoU and F1Score is that IoU penalizes inaccurate predicted seg-

mentation classes more than. All metrics can be monotonic or positively

correlated to one another.

3.5 Training and inference

Learning the variational levelset as a data-driven approach is formulated

as follows: Given a sequence of input frames x0, ...xt and target frames

y0, ...yt with t = 100 steps (i.e. samples), we treat the VLS evolution as

a spatiotemporal problem such that given n previous frames we want to

predict the t+ n frame, where n = 1 [5252].
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During training and inference, the input sequence is x0, ...xt and the task

is to predict yt+n, the model has to see the entire input history of length

n steps as shown in Figure 1212. The total number of time steps used is

t = 100 and future steps n = 1.

3.6 Learning and optimization

3.6.1 Loss function

The binary-cross entropy is used as a loss function, defined as follows,

L =
2∑

i=1

[Ȳilog(Yi) + (1− Ȳi)log(1− Yi)], (49)

where Ȳi and Yi represent the ground-truth and predicted class i. In-

tuitively the cross-entropy measures the amount of information (i.e.bits)

required to represent a given pixel (i.e. background or foreground) from

a probability distribution Ȳi as that of probability distribution Yi. And

thus a higher cross-entropy value results in a model that is unable to dis-

tinguish between the background and foreground pixels, in contrast to a

lower cross-entropy value.

To ensure that the model learns, we need to minimize the loss function and

stochastic gradient descent with momentum is used as the optimization

functions as discussed in Section 2.32.3. .
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3.6.2 Optimization

To apply the previously mentioned techniques, we used a parallel hyper-

parameter search optimization on a cluster of compute nodes to choose

the optimal parameters of the CESN in a search space given by a leaking

rate lk ∈ {0.0078125, 0.078125, 0.78125, 1}, sparsity s ∈ {0.2, 0.4, 0.6, 0.8},

spectral radius sp ∈ {0.09, 0.9, 1} and input scaling is ∈ {0.5, 1}. The

total number of hidden (reservoir) neurons is 4096. We use Stochastic

Gradient Descent (SGD) to optimize our models on a computing cluster.

We use mini-batches of 32 examples, momentum of 0.9, and weight decay

of 0.1.

The models are initialized with learning rates of 0.1 this value is further re-

duced for
Nepoch

5 steps during training, where Nepoch is the number of epochs.

Parallel runs for each parameter search, are monitored using Tensorboard,

and the optimal parameters are selected based on the minimization of the

validation loss and maximization of the IoU, for each of the databases used

presented in 66, 88, 44 and 22

3.6.3 Data augmentation and preprocessing

The total number of generated VLS examples for each database WSD,

BSD, CIFAR-10, and CIFAR-100 is 20 000, 50 000, 5 000 000, and 6

000 000, respectively. However, due to the computational resources con-

strained in terms of computing time, the CIFAR-10 and CIFAR-100 datasets
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were limited to only 200 000. Each database was randomly split into the

training, validation, and testing set of 70%, 10%, and 20%, respectively.

CIFAR-10 and CIFAR-100 training, validation, and testing set sizes are

140 000, 20 000, and 40 000, examples respectively. And the sizes of

the WSD training, validation, and testing sets are 14 000, 2 000, and 4

000, examples respectively. The sizes of the BSD training, validation, and

testing sets are 35 000, 5000, and 10,000, examples respectively.

To reduce the effect of over-fitting we applied data augmentation. Be-

fore presenting an example to a model, we pre-process all the images

by resizing them to 64×64 pixels, randomly flipping the images hori-

zontally, vertically with probability 50%, adding Gaussian noise with a

variance of 0.01, and randomly rotating the images for different angles

a ∈ {60◦, 90◦, 180◦, 270◦, 360◦}. These preprocessing and data augmenta-

tion procedures are done such are they are similar to Le et al. 2018 [3939].

And lastly the pixels of the input images I as shown in Figure 1212 are

normalized between [-1, 1], as follows,

x =
x−Xmean

Xstd
(50)

where, x, Xmean and Xstd is the input image, mean and standard deviation

images of the entire training set. A total number of 500 epochs is used,

with early stopping, to prevent over-fitting.
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4 Results and Discussion

4.1 Introduction

In this chapter, we present the experimental results and thorough analysis,

which addresses a research question posed in Section 1.21.2, namely:

• Which of our proposed deep learning architectures is the most effective

at learning the variational levelset? Is this deep learning architecture

better than the current existing state-of-the-art deep learning varia-

tional levelset methods?

This is achieved by comparing the performance of three recurrent neural

networks (RNN, LSTM, and GRU) described in Chapter 2.12.1 with that of

an ESN described in Chapter 2.22.2. However, as discussed in Section 3.2.53.2.5,

we compare architectures specialized for learning the spatiotemporal evo-

lution of the VLS, such as the convolutional RNN (CRNN), convolutional

LSTM (CLSTM), convolutional GRU (CGRU), and 3DCNN, to a convo-

lutional ESN (CESN). This investigation is conducted on four databases,

WSD and BSD, which are small segmentation databases, and CIFAR-100

and CIFAR-10, which are larger databases.

We also investigate the configuration of the reservoir’s global parameters

mentioned in Sections 2.42.4 and how they impact the performance of the ESN

introduced, as well as the echo state property mentioned in Sections 2.5.22.5.2,
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and how they affect reservoir performance, as well as short-term and long-

term memory. As a consequence, we can answer the following research

question:

• Is it possible to empirically determine which set of optimal parameters

satisfy the echo state property described in Section 2.5.22.5.2?

4.2 WSD

4.2.1 Introduction

In this experiment, we consider the WSD database, where there is a clear

distinction between the foreground and background, the images consist

of one or two objects. The database consists of 200 images in total and

therefore the smallest database in our experiments.

4.2.2 Results and discussion

Table 22 shows the optimal hyper-parameters for each model selected based

on maximizing the IoU on the validation set.

Table 2: WSD dataset optimal parameters for the CESN, CRNN, CLSTM, CGRU and 3DCNN

Model Hidden size Leaking rate Sparsity Spectral radius Input scaling

CESN 4096 0.0713 0.8 1 1

CRNN 4096 - - - -

CLSTM 4096 - - -

CGRU 4096 - - - -

3DCNN 4096 - - - -
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In Table 22, the number of fully-connected hidden units for the CESN,

CRNN, CLSTM, CGRU, and 3DCNN are 4096 as stated in Section 3.6.23.6.2,

and the optimal leaking rate, spectral radius, sparsity, and input scaling

for CESN are 0.0173, 1, 0.8, and 1, respectively.

The training and validation loss curves for the CESN, CRNN, CLSTM,

CGRU, and 3DCNN are shown in Figure 1515 as a function of the number

of epochs 1414.

Figure 15: WSD validation loss curves for the CESN, CLSTM, CGRU, CRNN and 3DCNN.

As shown in Figure 1515, in the early training stages, the models 1515 poorly

define the relationship between training inputs to their corresponding
14Epochs is the number of data passes during training.
15The CESN, CRNN, CLSTM, CGRU, and 3DCNN are referred to as models for brevity.
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ground-truth, this is observed with the high error rate in the learning

process.

As the networks learn to generalize better parameters and describe the

relationship between the inputs and the corresponding ground-truth seg-

mentations, the error begins to decrease, this can be attributed to 1) a

decaying learning rate that aids in the convergence of models to global

minima and the avoidance of oscillation [8484] 2) dropout connections with

a probability of 50% between the convolutional layers help with over-

fitting, especially when working deep learning models that have a large

number of parameters as the one considered in this study [2727].

Both the validation and training losses decrease for all the models, this

indicates their ability to learn the evolution of the VLS. The CESN has

the lowest starting loss, but a low convergent rate in comparison to CRNN,

CLSTM, CGRU, and 3DCNN.

Figure 1616 shows the precision, recall, F1Score and IoU for the CESN,

CRNN, CLSTM, CGRU and 3DCNN on the validation set.
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Figure 16: WSD validation performance curves for the CESN, CLSTM, CGRU, CRNN and
3DCNN.

In Figure 1616, we observe that with a single pass of the data, the models

have a lower performance, but with further training, their performance

improves until it reaches a point where further training has no effect on

the performance.

The CGRU has the highest IoU, F1Score, recall, and precision, followed by

the CLSTM, 3DCNN, CRNN, and CESN. The precision is higher than the

recall for all the models, which implies that the models are more sensitive

to under-segmentation than over-segmentation [6565, 7272] as previously dis-

cussed in Section 3.43.4. The F1Score is higher than IoU for all the models,
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this makes sense since there is a heavy penalty for incorrectly classifying

foreground pixels as background pixels by the IoU.

We used a threshold 1616 of 50%, such that if the probability of the predicted

segmentation classes is above the threshold the pixels are considered fore-

ground (i.e object of interest) and background if less than the threshold.

The average IoU for all the models during the entire training procedure

is less than the threshold, this implies that the majority of predicted pix-

els are false negatives, i.e., background pixels are incorrectly predicted as

foreground, resulting in under-segmentation.

Table 33 shows the performance of the CESN, CRNN, CLSTM, CGRU and

3DCNN on the testing set.

Table 3: The performance of the CESN, CLSTM, CGRU, CRNN and 3DCNN on the testing
set.

Methods IoU Precision Recall F1Score

CGRU 64.3% 76.8% 79.3 76.8%

3DCNN 61.9% 75.5% 77.0% 76.0%

CLSTM 61.6% 75.5% 79.2% 75.7%

CRNN 37.4% 60.6% 66.5% 63.7%

CESN 21.9% 53.0% 63.2% 58.0%

White Noise 35.4% 50.0% 50.0% 48.2%

16The threshold value is used a cut-off between foreground and background pixels.

77



White noise 1717 is measured on the test set as shown in Table 33, and to

measure the predictability of the evolution of VLS. If the IoU of a model

is less than that of white noise, then temporal states 1818 of the VLS cannot

be predicted by the model.

With an IoU of 64.3% the CGRU is the best performing model, followed

by the 3DCNN, CLSTM, CRNN, and CESN, with an IoU of 61.9%,

61.6%, 37.4% and 21.1%, respectively. The CESN is unable to learn the

temporal states of the VLS, this is seen with an IoU less than white noise.

The CGRU, CLSTM, 3DCNN, and CRNN are able to capture temporal

states, however, since the recall is higher precision, the models are prone

to over-segmenting. These observations can be due to the threshold value

used and most definitely the small data size.

Figure 1717 shows sample segmentations, the 1st, 2nd, 3rd, 4th, 5th, 6th and

7th columns are the input images, ground-truth (i.e. VLS), CESN, CRNN,

CLSTM, CGRU, and 3DCNN, respectively.
17If a time series is white noise, it is a sequence of random numbers and cannot be predicted.
18Temporal states of the VLS refers how the initial conditions of the levelset γ affect the trajectory of the

segmentation process.
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Figure 17: WSD examples of iterative segmentation. 1st column input, 2nd Chan-Vese, 3rd

column CESN, 4th CRNN, 5th column CLSTM , 6th column CGRU , 7th column 3DCNN.

In 1st, 2nd, 3rd and 4th row, the models are able to localise the object in the

image, but due to over-segmentation fine structures of the segmentation

are lost. The image on 5th row is inverted and incorrectly segmented by

the VLS, the CRGU can differentiate the two objects, this is not surpris-

ing since the majority of the pixels are backgrounds pixels due to class

imbalance.

4.2.3 Conclusion

Considering that the WSD database consists of only 200 images, this

means that 200 different sequences each with a length of 100 steps of
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the VLS segmentation, and including the augmented images. Since only

a fraction of these samples, 80% were used to train the models, their

generalization capability is limited by the size of the training data. Since

the IoU of white noise is 35.4% and less than our threshold of 50%, this

means the noise of the segmentation images is insignificant. Therefore, the

observed CESN poor performance is due to the optimal hyper-parameters

in Table 22, do not satisfy the ESP presented in Section 2.5.22.5.2, even though

the spectral radius which is less than one as recommended in the litera-

ture, although this is not a necessary and sufficient condition [3030, 3131]. We

will look at it in more detail in Section 2.42.4. The observed CRNN’s poor

performance is attributed to the exploding and vanishing gradients [5656].

Therefore, CGRU is the best architecture for learning VLS under the con-

ditions of the experiment. The CGRU does not outperform the state-of-

the-art deep recurrent levelsets (RLS) proposed in Le et al. 2018 [3939],

which achieves an F1Score of 99% on the WSD for binary image segmen-

tation.
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4.3 BSD

4.3.1 Introduction

In this experiment, we use the BSD database images and which consist of

500 images. The images in this database consist of images of more than

one overlapping object. Therefore, the BSD database is more complex and

has more samples compared to the WSD database.

4.3.2 Results and discussion

Table 44 shows the optimal hyper-parameters for each model selected based

on maximizing the IoU on the validation set.

Table 4: BSD optimal parameters for the CESN, CRNN, CLSTM, CGRU and 3DCNN.

Model Hidden size Leaking rate Sparsity Spectral radius Input scaling

CESN 4096 0.0713 0.8 0.9 0.5

CRNN 4096 - - - -

CLSTM 4096 - - -

CGRU 4096 - - - -

CGRU 4096 - - - -

In Table 44, 0.9 and 0.5 are the CESN’s optimum spectral radius and input

scaling, respectively. The other parameters are the same as the previous

experiment in Section 4.24.2.

The training and validation loss curves for the CESN, CRNN, CLSTM,

CGRU, and 3DCNN are shown in Figure 1818 as a function of the number

of epochs.
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Figure 18: BSD validation loss curves for the CESN, CLSTM, CGRU, CRNN and 3DCNN.

As shown in Figure 1818, both training and validation loss decreases with

further training as in the WSD experiment mentioned in Section 4.24.2. How-

ever, the CLSTM and 3DCNN converge towards similar validation loss.

Figure 1919 shows the precision, recall, F1Score and IoU for the CESN,

CRNN, CLSTM, CGRU and 3DCNN on the validation set.

82



Figure 19: BSD validation performance curves for the CESN, CLSTM, CGRU, CRNN and
3DCNN.

In Figure 1919, the CGRU still has highest IoU, F1Score, recall, and preci-

sion, followed by the CLSTM, 3DCNN, CRNN, and CESN. The models

are still sensitive to under-segmentation seen with a low recall. We see an

improvement in performance for the CESN and CRNN, this can be due to

the increased data size.

Table 55 shows the performance of the CESN, CRNN, CLSTM, CGRU,

and 3DCNN on the testing set. The presence of white noise in the data is

taken into consideration.
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Table 5: BSD testing results. Here we compare various models and noise is also included.

Method IoU Precision Recall F1Score

CGRU 56.7% 73.4% 76.1% 73.6%

CLSTM 54.8% 71.1% 73.4% 71.4%

3DCNN 53.5% 70.7% 73.1% 71.0%

CRNN 49.7% 69.4% 71.8% 70.1%

CESN 37.5% 60.0% 61.1% 62.0%

White Noise 44.9% 50.0% 50.0% 43.4%

In Table 55, we see that the CESN and CRNN improved in performance

compared to the WSD experiment, while the CRGU, CLSTM, and 3DCNN

decreased in performance. And since the IoU of the CESN is less than the

white noise, it’s unable to learn the temporal states of the VLS. We also can

see that the CGRU with IoU of 56.7% outperforms, the CLSTM, 3DCNN,

CRNN and CESN with IoU of 54.8%, 53.7%, 49.7% and 37.5%, respec-

tively. The recall is still higher than precision, indicating that the models

are prone to over-segmenting.

Figure 2020 shows sample segmentations, the 1st, 2nd, 3rd, 4th, 5th, 6th and

7th columns are the input images, ground-truth (i.e. VLS), CESN, CRNN,

CLSTM, CGRU and 3DCNN, respectively.

84



Figure 20: BSD examples of iterative segmentation. 1st column input, 2nd Chan-Vese, 3rd

column CESN, 4th CRNN, 5th column CLSTM , 6th column CGRU , 7th column 3DCNN.

For overlapping objects like the image on the 5th row, the human and the

ground are not correctly segmented. The CLSTM, 3DCNN, and CGRU

can distinguish between the sky and the snow on the 3rd row. And for

the other images, the model fails to localize and segment the images. The

localization of objects in the images is an issue for the models and the

segmentation as well. This means that images having more than one over-

lapping object are challenging to localize and segment.
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4.3.3 Conclusion

We still observe similar characteristics to the WSD experiment. Consider-

ing that the BSD database has 300 more images than the WSD experiment

and the added complexity of the overlapping objects. It is not surprising

that the performance of the CGRU, CLSTM, and 3DCNN decreased since

these models would require a large number of training examples for a chal-

lenging dataset.

The poor performance of the CESN is attributed to the optimal hyper-

parameters in presented Table 44 do not satisfy the echo state property.

While the CRNN’s poor performance is attributed to the exploding and

vanishing gradients [5656].

Under the conditions of this experiment, the CGRU is the most effective

architecture for learning the evolution of the VLS. However, it does not

outperform the state-of-the-art deep recurrent levelset (RLS) proposed in

Le et al. 2018 [3939], which achieved a F1Score score of 99% on the WSD

for binary image segmentation.
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4.4 CIFAR-10

4.4.1 Introduction

In this experiment, we used the CIFAR-10 database, this database is sig-

nificantly larger than BSD and WSD.

4.4.2 Result and discussions

Table 66 shows the optimal hyper-parameters for each model selected based

on maximizing the IoU on the validation set.

Table 6: CIFAR-10 dataset optimal parameters for the CESN, CRNN, CLSTM, CGRU and
3DCNN

Model Hidden size Leaking rate Sparsity Spectral radius Input scaling

CESN 4096 0.713 0.2 0.9 1.0
CRNN 4096 - - - -
CLSTM 4096 - - -
CGRU 4096 - - - -
3DCNN 4096 - - - -

In Table 66, we see that with an significant increase of data the optimum

leaking rate, sparsity and input scaling of the CESN are 0.713, 0.2, 1.

Therefore, the leaking rate increase and sparsity decrease compared to the

two previous experiments

The training and validation loss curves for the CESN, CRNN, CLSTM,

CGRU, and 3DCNN are shown in Figure 2121 as a function of the number

of epochs.
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Figure 21: CIFAR-10 validation loss curves for the CESN, CLSTM, CGRU, CRNN and 3DCNN.

As shown in Figure 2121, training on a larger dataset resulted in a decrease

in the loss of all the models, more especially the CRNN compared to the

WSD and BSD experiments. The CGRU has the lowest validation loss,

followed by CLSTM, 3DCNN, CRNN, CESN. And all the models except

the CESN converge towards the same loss, indicating that they are more

likely to have comparable performance.

Figure 2222 shows the precision, recall, F1Score and IoU of the CESN,

CRNN, CLSTM, CGRU and 3DCNN on the validation set.
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Figure 22: CIFAR-10 validation performance curves for the CESN, CLSTM, CGRU, CRNN
and 3DCNN

The CLSTM has the highest F1Score, IoU, recall, and precision, followed

by CGRU, 3DCNN, CRNN, and the CESN. The precision and recall curves

are equivalent to each other, this means we should observe a balance be-

tween under-segmentation and over-segmentation [6565, 7272]. The most in-

teresting observation is that the CGRU, CLSTM, CRNN, and 3DCNN

converge towards a single recall and precision as compared to the previous

two experiments, this validates that these models require large amounts of

data to achieve state-of-the-art results and better generalization capabil-

ities to unseen observations. The CGRU, CLSTM, CRNN, and 3DCNN

have IoU larger than the threshold of 50%, which means we have a large
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number of true positive predictions, however, the CESN IoU is still below

the threshold.

Table 77 shows the performance of the CESN, CRNN, CLSTM, CGRU and

3DCNN on the testing set.

Table 7: CIFAR-10 testing results. Here we compare various models and noise is also included.

Method IoU Precision Recall F1Score

CLSTM 68.8% 82.8% 83.8% 82.5%

3DCNN 68.7% 82.5% 83.4% 82.2%

CGRU 68.3% 82.4% 83.0% 82.2%

CRNN 68.0% 81.9% 82.9% 81.9%

CESN 44.9% 65.1% 65.7% 66.4%

White Noise 30.3% 50.0% 50.0% 49.5%

In Table 77, with a IoU of 68.8% the CLSTM outperforms, the 3DCNN,

CGRU, CRNN and CESN with IoI of 68.7%, 68.3%, 68.0% and 44.7%,

respectively. All the models can learn the temporal states of the VLS, this

seen with IoU higher than white noise. The recall is higher than precision,

indicating that the models are prone to over-segmenting.

Figure 2323 shows sample segmentations, the 1st, 2nd, 3rd, 4th, 5th, 6th and

7th columns are the input images, ground-truth (i.e. VLS), CESN, CRNN,

CLSTM, CGRU and 3DCNN, respectively.
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Figure 23: CIFAR-10 examples of iterative segmentation. 1st column input, 2nd Chan-Vese, 3rd

column CESN, 4th CRNN, 5th column CLSTM , 6th column CGRU , 7th column 3DCNN.

Even though the CESN can localize the object in the images. The reservoir

seems to be highly driven by the initial state of the VLS and struggles

to segment the objects in the images. This is seen by the checkerbox

structures in Figure 2323 since the VLS is initialized as checkerbox, and

these structures are common in all the samples in the data and the models

are more likely to memorize these type of structures.

The CRNN, CLSTM, CGRU, and 3DCNN can localize and segment the

objects in the images, but due to over-segmentation as seen from a higher

recall than precision in Table 77, the segmentation boundaries are not well-

defined and the fine details of the segmentation are lost. By up-scaling the
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image from 32× 32 to 64× 64, the quality of the input images is reduced,

this is seen by the poor contrast between inhomogeneous objects for all in

the 1st column, especially the image in the 5th row, it is difficult to separate

the bear from the surrounding. The ground-truth images are very noisy

compared to the WSD and BSD databases, artifacts were introduced when

up-scaling the images.

4.4.3 Conclusion

The data size is increased to 2000 images, thus, we have 2000 different

sequences each with a length of 100 steps of the VLS segmentation, and

including the augmented images. This a significant increase in the training

data than the experiments conducted on the WSD and BSD databases.

This validated our claim that CLSTM, CGRU, 3DCNN, and CRNN re-

quire large training examples to learn the VLS. The significant increase

in the data resulted in an exponential improvement in the performance of

the CRNN. The CESN still is unable to learn VLS.

We still observe over-segmentation because of the high false positive rate.

This is because we have more background than foreground pixels.

Under the conditions of this experiment, CLSTM is the most effective

architecture for learning VLS; however, it does not outperform the state-

of-the-art deep recurrent levelsets (RLS) proposed in Le et al. 2018 [3939],

which achieved a F1Score score of 99% on the WSD for binary image
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segmentation. These results can be improved with further training up

5000 epochs similar to Le et al. 2018 [3939]

Although our proposed approach is benchmarked on the CIFAR-10 database

not the WSD database in this experiment, it is still important to compare

our proposed approach to RLS. As suggested in the previous experiments

in Section 4.24.2 and 4.34.3.
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4.5 CIFAR-100

4.5.1 Introduction

In this experiment we used the CIFAR-100 database, this database has

ten times more classes than the CIFAR-10 and more data samples than

the BSD and WSD.

4.5.2 Results and discussion

Table 88 shows the optimal hyper-parameters for each selected based on

maximizing the IoU on the validation set.

Table 8: CIFAR-100 dataset optimal parameters for the CESN, CRNN, CLSTM, CGRU and
3DCNN

Model Hidden size Leaking rate Sparsity Spectral radius Input scaling

CESN 4096 0.0713 0.4 0.9 1.0

CRNN 4096 - - - -

CLSTM 4096 - - -

CGRU 4096 - - - -

3DCNN 4096 - - - -

Table 88, the optimum leaking rate and sparsity of the CESN are 0.0713,

0.4, respectively. The leaking rate decreased, while the sparsity of the

reservoir increased compared to the CIFAR-10 experiment.

The training and validation loss curves for the CESN, CRNN, CLSTM,

CGRU, and 3DCNN are shown in Figure 2424 as a function of the number

of epochs.
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Figure 24: CIFAR-100 validation learning curves for the CESN, CLSTM, CGRU, RNN and
3DCNN

As shown in Figure 2424, Both the validation and training losses decrease for

all the models, which indicate their ability to learn the VLS segmentation

process, except the CRNN. The CGRU has the lowest validation loss,

followed by 3DCNN, CLSTM, CESN and interestingly the CRNN has the

largest loss. The observed CRNN characteristics indicate unstable gradient

information during back-propagation, and it is explained in Section 2.12.1.

This problem is known as the vanishing and exploding gradient problem in

RNNs [5656], which results in sub-optimal performance as seen in Figure 2525.

Figure 2525 shows the precision, recall, F1Score and IoU of the CESN,

CRNN, CLSTM, CGRU and 3DCNN on the validation set.
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Figure 25: CIFAR-100 validation performance curves for the CESN, CLSTM, CGRU, RNN and
3DCNN

In Figure 2525, the CGRU has the highest F1Score, IoU, recall, and precision,

followed by 3DCNN, CLSTM, CESN, and lastly the CRNN. The precision

and recall curves are equivalent to each other, this means we should observe

a balance between under-segmentation and over-segmentation [6565, 7272].

The CRNN performance decreases with further training, this phenomenon

is due to an initial high learning rate, which causes the network to become

unstable and results in vanishing and exploding gradients [5656]. The decay-

ing learning rate procedure mitigates this problem, as a result, the CRNN

precision, recall, F1Score and IoU increase with further training [8484].
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The CESN is performing better than CRNN, and this advantage is due

to the sparsity that decouples the states of reservoir units, and since the

readout layer is not trained using back-propagation, therefore, the CESN

does not suffer from the vanishing and exploding gradients [3030, 3131, 4343].

Table 99 shows the performance of the CESN, CRNN, CLSTM, CGRU,

and 3DCNN on the testing set.

Table 9: CIFAR-100 testing results. Here we compare various models and noise is also included.

Method IoU Precision Recall F1Score

CGRU 71.5% 84.2% 85.0% 83.9%

3DCNN 69.4% 82.8% 84.0% 82.6%

CLSTM 65.3% 79.9% 81.8% 79.8%

CRNN 48.7% 68.0% 69.3% 69.7%

CESN 44.5% 64.8% 65.4% 66.0%

White Noise 30.2% 50.0% 50.0% 49.5%

As shown in Table 99, with a IoU of 71.5% the CGRU outperforms the

3DCNN, CLSTM, CRNN and CESN with IoU of 69.4%, 65.3%, 48.7%

and 44.5%, respectively. All the models can learn the temporal states

of the VLS, this seen with IoU higher than white noise. The recall is

still higher than precision, indicating that the models are prone to over-

segmenting.
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Figure 2626 shows sample segmentations the 1st, 2nd, 3rd, 4th, 5th, 6th and

7th columns are the input images, ground-truth (i.e. VLS), CESN, CRNN,

CLSTM, CGRU and 3DCNN, respectively.

Figure 26: CIFAR-100 examples of iterative segmentation. 1st column input, 2nd Chan-Vese,
3rd column CESN, 4th CRNN, 5th column CLSTM , 6th column CGRU , 7th column 3DCNN.

Even though the CESN can localize the object in the images. The reservoir

seems to be highly driven by the initial state of the VLS and struggles

to segment the objects in the images. This is seen by the checkerbox

structures in Figure 2626 since the VLS is initialized as checkerbox, and

these structures are common in all the samples in the data and the models

are more likely to memorize these type of structures.
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The CRNN, CLSTM, CGRU, and 3DCNN can localize and segment the

objects in the images, but due to over-segmentation as seen from a higher

recall than precision in Table 99, the segmentation boundaries are not well-

defined and the fine details of the segmentation are lost. By up-scaling

the image from 32 × 32 to 64 × 64, the quality of the input images is

reduced, this is seen by the poor contrast between inhomogeneous objects,

especially in the 1st, 2nd and 5th rows. The ground-truth images are very

noisy compared to the WSD and BSD databases, this means artifacts were

introduced when up-scaling the images. In the 2nd the CESN, CGRU, and

CLSTM can segment the tree, although the details are lost and 3rd row

the CGRU and CLSTM can segment out the telephone, even though the

is originally incorrectly segmented by the VLS.

4.5.3 Conclusion

The CGRU outperforms the 3DCNN, CLSTM, and CRNN. The addi-

tional data samples improved the CGRU, 3DCNN, CLSTM, and CESN

segmentation results when compared to the previous two experiments in

Section 4.34.3 and 4.24.2. The CESN performed better than the CRNN on the

validation than the testing set. The CESN segmentation results are better

in comparison to all the previous experiments, although not optimal, this

validates that the reservoir is task-specific and requires domain expertise

to find optimal parameters [3131, 4343].
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Under the conditions of this experiment, CGRU is the most effective ar-

chitecture for learning VLS. However, it does not outperform the state-

of-the-art deep recurrent levelsets (RLS) proposed in Le et al. 2018 [3939],

which achieved a F1Score score of 99% on the WSD for binary image

segmentation. Although our proposed approach is benchmarked on the

CIFAR-100 database not the WSD database in this experiment, it is still

important to compare our proposed approach to RLS. As suggested in the

previous experiments in Section 4.24.2 and 4.34.3.
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4.6 CESN global parameter optimization

4.6.1 Introduction

In this section we aim to answer one of our research question mentioned

in Section 1.21.2, namely:

• Is it possible to empirically determine which set of optimal parameters

that satisfy the echo state property described in Section 2.5.22.5.2?

Investigating this question will enable us to understand the relationship

between the configuration of the reservoir parameters and the performance.

We look at how the main global parameters described in Section 2.42.4 and

how they impact the performance of the CESN in learning the evolution of

the VLS. When optimizing one of each parameter on the WSD database,

we used a reservoir size of 4096, a spectral radius of 0.9, a sparsity of

0.8, and a leaking rate of 0.01. For each hyper-parameter optimization,

we used 100 epochs with a decaying learning rate.

4.6.2 Results and discussion

Figure 2727 shows the relationship between reservoir size, sparsity, leaking

rate, and spectral radius, and how they impact the CESN performance in

learning the LS.
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Figure 27: CESN hyper-parameter optimization

The reservoir size is proportional to the CESN’s capacity, so more compli-

cated problems necessitate larger reservoirs [3030, 3131]. According to Jaeger

et al. 2000 [3030], increasing the reservoir size improves performance (recall,

accuracy, IoU, and F1Score). Due to the complexity of optimizing larger

reservoirs, as reported by Jaeger et al. 2007 [3333], the observed improve-

ment in performance is insignificant.

The reservoir’s sparsity is related to the reservoir’s rich feature representa-

tion and short-term memory [2222]. The efficiency of the reservoir decreases

as the sparsity of the reservoir increases; this means that the more sparse

the reservoir is, the less capacity it has and this has been shown by Luko-

sevivius et al. 2012 [4242].
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The rate at which the reservoir units react to the input is determined by

the leak rate [3030, 2323]. Quick reservoirs with short-term memory result from

high leak rates, whereas slow reservoirs with long-term memory result from

low leak rates [2323, 6262]. We believe this trade-off makes solving problems

that require both short-term and long-term memory challenging. As the

leakage rate increases, performance improves; however, when the leaking

rate increases above 0.4, performance decreases slightly, this indicates a

transition between the reservoir states updates by the input.

In practice, the spectral radius should be close to one for problems that

need long-term memory and similarly for tasks where too much memory

may be harmful [4343]. As described by Jeager et al. 2001 [3030, 3131], a spectral

radius greater than one results in a decrease in performance, as observed

in Figure 2727. Recent research by Yildiz et al. (2012) [8383] shows that a

reservoir matrix with a spectral radius less than one is insufficient to satisfy

the echo state property described in Section 2.5.22.5.2.

4.6.3 Conclusion

As a result of the above observations, we respond to the following research

question:

• Is it possible to empirically determine which set of optimal parameters

satisfy the echo state property described in Section 2.5.22.5.2?

The spectral radius and leakage rate have a significant effect on the reser-

voir’s performance and, as such, should be given further consideration
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when configuring the ESN. However, it is unclear how the spectral radius

influences reservoir’s performance from literature, in this study we see

that a spectral radius greater than one results in poor performance of the

reservoir. While large reservoirs are typically used for difficult problems,

optimizing a large reservoir to satisfy the echo state is difficult. The spar-

sity of the reservoir is related to the short-term memory of the reservoir.

Please keep in mind that the performance is used as a proxy for determin-

ing if the echo state property exists. This may not be a robust indicator

to determine whether the echo state property exists, but we able are to

identify the impact of the parameters of the reservoir on the ESN perfor-

mance.
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5 Conclusions, Contribution and Future Work

5.1 Overview

Training RNNs is computationally expensive. During training, the RNNs

gradient information can explode or vanish, resulting in sub-optimal per-

formance. ESNs were proposed as a computationally cheaper approach

to training RNNs, however, finding a set of hyper-parameters of the ESN

such that we have can achieve optimal results in a challenging and open

problem to this day.

This research is twofold, 1) to investigate in detail the merits of using ESNs

introduced in Chapter 2.22.2, as an alternative approach in training RNNs

introduced in Chapter 2.12.1 in a computational inexpensive, and 2) proposal

of a novel approach to contour evolution in VLS methods applied to binary

image segmentation and how it compares to the current state-of-the-art in

deep learning VLS mentioned in Section 2.6.42.6.4.

5.2 Research achievements

This study aims to compare the performance of ESNs and state-of-the-

art RNNs in learning the variational level set. And to investigate how to

formulate variational level set problems using deep learning frameworks as

a data-driven approach. These research questions were explored to achieve

the goal.
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• If we consider the reservoir (i.e. recurrent layer) to have a similar up-

dating mechanism as the variational levelset γt. How do we represent

a single image I as spatiotemporal data Xt in ESNs?

Section 3.23.2 we presented the formulation of the variational levelset as a

learnable data-driven approach via deep learning approach. Where the

Chan-Vese implementation of the VLS is used to generate a sequence of

segmented imagesXt from a single image I. Then the VLS is formulated as

a spatiotemporal data-driven approach. As a result, the CESN is used to

learn the spatiotemporal evolution of the VLS. The data is represented as

a 2-channel input image I, where the first channel is the input image, and

the second channel s the VLS segmentation mask Mt. This representation

has proven to be robust since the model can capture the evolution of the

VLS, although other input representations need to be investigated.

• Which of our proposed deep learning architectures is the most effective

at learning the variational levelset? Is this deep learning architecture

better than the current existing state-of-the-art deep learning varia-

tional levetset methods?

In Section 4.24.2, Section 4.34.3, Section 4.44.4 and Section 4.54.5, a comparative

study was conducted on different databases with varying data samples,

where we explored five architectures a CESN, CGRU, CLSTM, CRNN,

and 3DCNN. The experimental results showed that using small databases

such as WSD and BDS, the CGRU is the most effective deep learning

architecture for learning the evolution of the VLS. And on large databases,
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CIFAR-10 and CIFAR-100, the CLSTM, and CGRU are the most effective

architecture for learning the evolution of the VLS. Furthermore, the results

also showed that these models can localize the objects in the images, but

fail to capture the boundaries of the objects.

We assume that long-term memory is required to preserve the initial state

of the γt because the VLS is extremely reliant on the initialization of the

velocities for propagating the levelset. The CGRU and CLSTM both have

the advantage of being able to process long-term memory, making them

ideal architectures for studying the evolution of the VLS. Both the CESN

and the CRNN have short-term gradients, but unlike the CRNN, the CESN

does not have vanishing and exploding gradients. However, our proposed

approach does not outperform the state-of-the-art RLS proposed in Le et

al. 2018 [3939]. This may be as a result of the training being terminated too

soon.

• Is it possible to empirically determine which a set of optimal param-

eters that satisfy the echo state property?

Finding a set of parameters that satisfy the echo state property can be diffi-

cult, particularly in complex architectures. The experimental results show

that the leakage rate and spectral radius are the reason for the sub-optimal

results. These parameters are connected to the reservoir’s memory, and

although they can be used to mitigate short-term memory in ESNs, tun-

ing them also requires domain expertise. As a result, when using ESNs,

the leakage rate and spectral radius should be given more consideration.
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The sparsity is related to the amount of short-term memory in the reser-

voir. While the complexity of CLSTM, CGRU, and RNNs required a

large amount of training to achieve optimal performance, the simplicity of

CESN will limit its generalization capabilities, due to the large number of

parameters that must be optimized to achieve optimal results.

In conclusion, since the ESN was unable to learn to solve the VLS iter-

ative image segmentation, we reject the research hypothesis presented in

Section 1.2.41.2.4. The second research hypothesis presented in Section 1.2.41.2.4 is

accepted because the large number of hyper-parameters made it hard to

ensure that the echo state property described in Section 2.5.22.5.2 is satisfied,

resulting in the CESN failing to outperform the CLSTM, CGRU, CRNN,

and 3DCNN.

5.3 Contributions and Future Work

By proposing a data-driven approach for learning VLS that has not yet

been explored, this work contributes a novel approach to deep learning

VLS and iterative segmentation methods. We are the first to suggest such

an approach, to the best of our knowledge. The data-driven recurrent VLS

has several limitations that will be addressed and investigated in future

research:

• To use different threshold values for the predicted segmentation so

that we can see if we obtain the same results for all threshold values.

In our study, we only used a threshold of 0.5.
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• The use of large, higher-resolution segmentation databases, such as

PASCAL VOC 2012 and MS COCO 2014, will improve the results.

In our current approach, there was a trade-off between the size and

resolution of the image.

• To explore other alternatives of data representation of formulating

VLS as a spatiotemporal problem.

• The current formulation of our deep recurrent VLS as a spatiotem-

poral problem is that the task is to predict the n + 1 frame given

the historical VLS segmentation (i.e. n previous frames). Since our

proposed method is limited in practice. We aim to introduce a slid-

ing window approach of length L in which the initial levelset M0 and

input image M0 are given as input to the deep recurrent VLS during

inference. Therefore the prediction from the n step is used as an input

level set segmentation mask for the n+ 1 step.

Appendices

The code used to perform and generate the experiments and results pre-

sented in this work is available here:

https://github.com/LeparaLaMapara/ESNIterativeSegmentationhttps://github.com/LeparaLaMapara/ESNIterativeSegmentation
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segmentation evaluation based on the segmentation covering measure.

International Conference in Central Europe on Computer Graphics,

Visualization and Computer Vision, 2015.

[66] Guo-Zheng Sun, Hsing-Hen Chen, and Yee-Chun Lee. Greenś func-
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