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ABSTRACT

The ergodic theorems of Hopf, Wiener and Birkhoff were extended to the context of
Riesz spaces with a weak order unit and conditional expectation operator by Kuo,
Labuschagne and Watson in [Ergodic Theory and the Strong Law of Large Numbers
on Riesz Spaces. Journal of Mathematical Analysis and Applications, 325, (2007),
422-437.]. However, the precise concept of what constitutes ergodicity in Riesz
spaces was not considered. This omission will be filled in and some explanations
of the choices made will be given. In addition, the interplay between mixing and
ergodicity in the Riesz space setting is considered. In order for this to happen,
the Koopman-von Neumann convergence condition on the Cesaro mean must be be
extended to the context of a Dedekind complete Riesz space with weak order unit.
As a consequence, a characterisation of conditional weak mixing is given in the Riesz

space setting. The results are applied to convergence in L.
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Chapter 1

Introduction

1.1 A Brief History

As a loose and physical interpretation, a dynamical system studies the movement of
a particle in space. In other words, a dynamical system studies what happens to a
particle under a transformation. We can then say that if 2 is a set and 7 : 2 — Q
is a map, a dynamical system studies what happens to x € {2 under 7. We will have
that 7°(z) := x and 7" (x) is the n-th function composition of 7 applied to x for
some n € Ny. As per [25], we can studies various types of dynamical systems, but the

one of interest for this thesis is the case of measure preserving dynamical systems.

Let (€2, A, ;) be a measure space and let 7 : 2 — Q, then we say that (2, A, u, 7)
is a measure preserving dynamical system if u (771 (A)) = p(A) for each A € A.
where 771 (A) == {z € Q|7 (z) € A}. As an intuitive example to the meaning of
this, suppose that we have a bathtub with a certain volume of water in it and we
add some paint to the water (we will also assume some ideal conditions such as none
of the liquid being lost to evaporation and such). We then have a set, €2, which is all
of the liquid in the bathtub (the water and the paint, where we are treating paint
as a liquid). If our transformation, 7, is to stir the liquid and we require that we do

not let any of the liquid leave the bathtub (no spilling, no splashing, no evaporation,



etc.), then we see that 7 : Q — . Furthermore, since none of the liquid is being
lost, we have that any chosen volume of liquid has that its volume is unaffected
by the transformation; i.e., if we consider a “patch” of liquid then this “patch” is
definitely a subset of all of the liquid and the volume of this patch is the same after
stirring as it was before stirring, then we that pu (771 (A4)) = u(A). If we can do
this for all “patches” of liquid, then we have u (771 (A4)) = u(A) for all A € A, and
so this system is a measure preserving dynamical system. A more relevant example
would be the case of allowing gases to mix. This is more relevant as it relates to
thermodynamics and thermodynamics was a key influence in the development of

ergodic theory.

We recall the symmetric difference of sets, A: let A, B C Q2 be sets then AAB :=
(A\ B)U (B\ A). Furthermore, if there is a mapping 7 :  — Q, then we define
7(A) == {7 (z)|x e A}. If (Q, A, p,7) is a measure preserving dynamical system,
then we say that A € A is invariant under 7 if (77! (A) AA) = 0.

We say that a measure preserving dynamical system, (2, A, u, 7), with p(Q) =1, is
ergodic if every A € A which is invariant under 7 satisfies that p (A) € {0, 1}.

In the study of ergodic theory, a crucial result is developed, see [5, 16, 25, 26], which

asserts that (Q, A, u, 7) is ergodic if and only if

lim lzu(f—k (A)NB) = pu(A) pu(B), (1.1)

for all A,B € A. This result is then used to define two more processes: strong
mixing and weak mixing. This thesis will not study strong mixing in the setting of
Riesz spaces, but the classical definition will be provided. Weak mixing is defined as

follows: the measure preserving dynamical system (€2, A, u, 7) with p (2) = 1 is said



to be weakly mixing if

T 23 (0 B) (4 (B)] =0, (12)
k=0

for all A, B € A. The definition of strong mixing is given: the measure preserving

dynamical system (€2, A, u, 7) with p (X) =1 is said to be strongly mixing if

lim | (77" (A)NB) — u(A) u(B)| =0, (1.3)

n—00

for all A, B € A.

In order to study such systems in Riesz spaces, a generalisation of the idea of a
measure preserving system must be defined and, on this system, the transformation
will be a Riesz homomorphism . Recall from [34, Definition 19.1] that if £ and F'
are Riesz spaces and S : I — F'is a linear operator, then S is said to be a Riesz
homomorphism if S (fV g) =S (f) V.S (g) holds for all f,g € E, where f V g is the
supremum of f and ¢ in E and S (f) VvV S (g) is the supremum of S (f) and S (g) in
F. Furthermore, it must be noted that S is a positive operator (that is, S (f) > 0
in Fforall0< f € E).

The advantage of generalising ergodicity and weak mixing to Riesz spaces is that a

conditional version of these processes is developed, as will be shown.

1.2 Outline of this Thesis

This thesis extends the study of ergodic theory and weak mixing found in dynamical
systems to the case of a Riesz space setting. A survey of the contents of this thesis

is provided.

Chapter 2 presents the necessary preliminaries of Riesz spaces, f-algebras, bands



and band projections and convergence results.

Chapter 3 presents the Koopman-von Neumann Theorem for the Riesz space setting.
This result is key for further work, but it is an interesting enough result as it stands.

To demonstrate this, an application to measure theory is presented in Section 5.1.

Chapter 4 presents the Riesz space definition of ergodicity and, as an application,
defines conditional weak mixing in a Riesz space. An application to measure theory

is presented in Section 5.2.

Chapter 5 contains the aforementioned applications to measure theory.

Chapter 6 provides the concluding remarks to this thesis as well as the outline of

potential areas of further research.



Chapter 2

Preliminaries

Preliminary results on Riesz spaces and f-algebras are presented. For details see
Aliprantis and Border [1], Fremlin [7], Meyer-Nieberg [24], and Zaanen [33] and [34].

Some key definitions and results are presented.

2.1 Riesz Spaces

Definition 2.1 Let V be a real vector space with a partial ordering, <, such that,
if f,g,h € V with f < g,then f+h < g+ handif f >0and 0 < a € R, then

af > 0. The pair (V, <) is called a partially ordered vector space.

Definition 2.2 Let (V, <) be a partially ordered vector space and let D C V. The
supremum of D (respectively, infimum of D), written as sup (D) (resp. inf (D)), if
it exists, is defined to be f € V such that f > g (resp. f < g) for all ¢ € D and if
h > g (resp. h < g) for all g € D, then h > f (resp. h < f).

When dealing with pairs (say, of elements f,g € D), then the supremum of f and g
(typically written sup {f, g}), will be written as f V g. Similarly, the infimum of f
and g (typically written as inf { f, g}), will be written as f A g. Furthermore, suppose

that there is a collection of n elements, fi, fa,...f,, then the supremum (sup), of
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these elements shall be written as \/ fx- Similarly, the infimum (inf), will be /\ fr

k=1 k=1
(the typical notation is sup { f1, fo, ... fn} and inf { f1, fo, ..., fu}).

Definition 2.3 Let (V, <) be a partially ordered vector space in which each pair
of elements has a sup or inf compatible with <. In this case, (V, <) is called a Riesz

space .

Remark 2.4 A Riesz space will typically be represented by a single character, such
as F, rather than by the pair (F, <).

Subsets of a Riesz space are assumed to inherit the ordering of the Riesz space.

A subset of a Riesz space, say, D, is called “order bounded from above” if there is
a vector that dominates each element of D. Subsets that are “order bounded from
below” are defined similarly. A subset that is both order bounded from above and

order bounded from below is called “order bounded” .
Definition 2.5 Let E be a Riesz space, let S be a non-empty subset of £ and let
V be a vector subspace of E, then we have the following definitions.

i. V is a Riesz subspace of E if, for all f,g € V we have that f Vg € V and
fAgeV.

ii. S is solid whenever f € S and |g| < |f| implies g € S.
iii. I is said to be an ideal in E whenever I is a vector subspace of E and [ is

solid.

11



iv. B is said to be a band in F whenever B is an ideal in F and any subset of B

with a supremum has that this supremum is in B.

Definition 2.6 Let E be a Riesz space and let A be a non-empty subset of F.
The smallest ideal in £ which contains A is said to be the ideal generated by A and
the smallest band in F which contains A is said to be the band generated by A .
Furthermore, if f € E, then the ideal generated by f (that is, the ideal generated by
{f}), is called the principal ideal generated by f and the band generated by f (that

is, the band generated by {f}), is called the principal band generated by f.

Definition 2.7 Let E be a Riesz space, then any 0 < e € E is said to be a weak

order unit of ¥ whenever B, = E, where B, is the band generated by e.

Definition 2.8 Given a Riesz space, FE, if there is a band , say, M, such that
E = M ® M4, then M is called a projection band . Any f € E can be uniquely
written as f = f1 + fo, where fi € M and f, € M<. A band projection , say, P,
satisfies P: E — F and Pf = f.

1
Definition 2.9 A Riesz space is called Archimedean if inf {—u
n

nEN} = 0 holds

for all u € F,.

Definition 2.10 A Riesz space is called Dedekind complete if every non-empty
subset that is order bounded from above has a sup (equivalently, if every non-empty

subset that is order bounded from below has an inf).
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Theorem 2.11 In a Dedekind complete Riesz space, every band is a projection

band.

We recall that if £ and F' are Riesz spaces then T : E — F is said to be a linear
operator from E to F' whenever T'(af + Bg) = oT (f) + BT (g) for all f,g € £ and
for all o, 8 € R. If F' = E, then we say that T is a linear operator on E. We now

define the following operators.
Definition 2.12 Let E and F' be a Riesz spaces and let T': E — F' be a linear
operator.

i. T is said to be positive whenever T (|f|) > 0in F for all f € E.

ii. T is said to be strictly positive whenever T is positive and T'f = 0 in F' implies

f=0in E for f € E,.

iii. T is said to be order continuous whenever, for each ) # A C E with A | 0 in

E we have inf {|T'(f)||f € A} =0in F.
The definition of a conditional expectation operator is recalled from [17].
Definition 2.13 Let E be a Riesz space with weak order unit. A positive order
continuous projection 7': ' — E, with range, R (T'), a Dedekind complete Riesz

subspace of F, is called a conditional expectation if Te is a weak order unit of F for

each weak order unit e of .

From [4], we recall the definition of an f-algebra.

13



Definition 2.14 Let E be a Riesz space, then E is said to be an f-algebra if there

exists an associative multiplication, -, such that
i. if f,g€ F, then f-g € F, and
ii. if f,g,h € E; with fAg=0then (f-h)Ag=(h-f)ANg=0.

We recall that, for e € F a weak order unit, £, = {f € E||f| < ke for some k € R, },
the subspace of E of e bounded elements of F, is an f-algebra , see [2, 31, 33]. The
f-algebra structure on E. is generated by setting Pe - Qe = PQe for all band pro-
jections P and ) on E (here, - represents the f-algebra multiplication on E.). The
linear extension of this multiplication and use of order limits extends this multiplica-
tion to E.. We refer the reader to Azouzi and Trabelsi [2], Venter and van Eldik [31]

and Zaanen [33, Chapter 20| for further background on f-algebras.

If T" is a conditional expectation operator on E with T'e = e, then T is also a
conditional expectation operator on E,, since, if f € FE,, then |f| < ke, giving

T f| <T|f| <Tke = ke. Further T is an averaging operator on FE., that is

T(f-g9)=f-Tg

for f,g € E. with f € R(T), see [17]

2.2 Convergence in Riesz Spaces

We recall the definition of order convergence of a sequence from [34].

Definition 2.15 Let E be a Riesz space and let (f,),cy € £ be a sequence in F,

then the sequence is increasing if f, < f,41 for all n € N, denoted by f, 1, and

14



decreasing if f,, > f,.1 for all n € N, denoted by f, {.

Furthermore, if f, 1 and f = \/, .y fn exists, we write f, 1 f and say that f,
converges (monotonely), to f. If f, | and f = A, oy fa, then we write f, | f and

say that f, converges (monotonely) to f.

Finally, if (f,),en € E is a sequence and f € E, then we say that f, converges, in
order, to f, denoted f,, — f, in order, or f, — f, in order, as n — oo, whenever

there exists a sequence u,, J 0 in E such that |f — f,| < u, for all n € N .

Some convergence results are presented. By an application of [23, Theorem 16.1,

page 78], we have the following lemma.

Lemma 2.16 Let £ be a Riesz space and (f,),,cy, @ sequence in F, then, as order

limits,

lim |f,|=0< lim f, =0.
n—oo n—oo

In real analysis, one would be familiar with the idea of absolute convergence of a
sum and conditional convergence of a sum and, in particular, the result that absolute
convergence implies conditional convergence. This property holds in Riesz spaces.

We will first note the following: if (f,,) is a sequence in a Riesz space E, then,

n€Ng

as an order limit,

D Fui=lm Y o
k=0 k=0
Lemma 2.17 Let ( f”>n€N0 be a sequence in F, a Dedekind complete Riesz space,

15



then order convergence of Z | fx| implies the order convergence of Z fr.

k=0 k=0
n—1
Proof. Suppose that Z |fe] = £, in order, as n — oo. Then ¢ is an upper bound
k=0
n—1
for the increasing sequences (Z f,f), which, from the Dedekind completeness of
k=0

n—1 n—1 n—1

E, have order limits, say, f*. Thus, ka = Zf,j — ka_ — f* — f7, in order,
k=0 k=0 k=0

as n — oo. 0

From Lemma 2.17 and [19, Lemma 2.1}, we have the following theorem.

Theorem 2.18 Let E be a Dedekind complete Riesz space and ( fn)neNo a sequence
n—1
in F with f,, — 0, in order, as n — oo, then — Z | f| = 0, in order, as n — oc.
n
k=0

Corollary 2.19 Let E be a Dedekind complete Riesz space and ( fn)neNo a sequence
n—1
in F with order limit f, then, as an order limit, we have — Z fr — f in order, as
n

k=0
n — o0.

Proof. Let g, := f, — f for each n € Ny, then (|g,|), ey, is order convergent to 0,

by assumption. Thus, by Theorem 2.18,

n—1 n—1
1 1
0<|f==Y fl<=>
> f n jk = n ’gk‘__> 07
k=0 k=0
in order, as n — 0o, and the result follows as E is Archimedean. n

Finally, the idea of the convergence of a sequence of band projections is defined as

follows: if £ is a Riesz space with weak order unit, say, e, and (P,),,cy 18 a sequence

16



of band projections in F, then the sequence is convergent if the sequence (Ppe), cno

is convergent.
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Chapter 3

The Koopman-von Neumann Con-

dition

3.1 Density Zero Sequence of Band Projections

n—1
In [25], a subset IV of Ny is said to be of density zero if — Z Xy (k) = 0asn — oo,
n

k=0
where Xy (k) = 0if £ € Ng\ NV and x,y (k) = 1 if £ € N. The Koopman-von

Neumann Lemma [25, Lemma 6.2] asserts that if a sequence (a, )nen, of non-negative
n—1

real numbers is bounded, then - Zak — 0 as n — oo if and only if there is N, a
subset of Ny, of density zero, suchkt:}?at a, = 0asn— oo, ne€Ny\N.

We recall that E, = {f € E||f| < ke for some k € R, }, the subspace of E consist-
ing of the e bounded elements of E is an f-algebra , see [2, 31, 33]. For all band
projections P and @) on E, we set Pe - QQe = PQe. Here, - represents the f-algebra
multiplication on E.. The linear extension of this multiplication and use of order

limits extends this multiplication to the f-algebra multiplication on E.. Further, the

weak order unit, e, is the multiplicative unit of the f-algebra.

In a Riesz space, E, foru € E,, p € FE, is called a component of u if u A (u — p) =0,

18



see [34, pg. 213]. Furthermore, if E has the principal projection property , then p is a
component of u if and only if p = Pyu, for some principal projection Py, [34, Theorem
32.7]. If E has a weak order unit, say e, then p is a component of e if and only if
there is a band projection P on F with Pe = p. Further, e — p = (I — P)e and
p-f = Pf for each f € E. We note here that E is an E, module since the f-algebra
multiplication in F is a restriction of that in E, and if f € E, with |f| < keand g € E
then |f-g| < kl|g| so f-g € E. Any s € E for which there exist pnairwise disjoint

components pr, ..., p, of e and real numbers aq, ..., o, such that s = Z agpy is called
k=1
an e-step function . Notice that if £ has the principal projection property, then there
n

exist principal band projections P, ..., P, such that s = Z ar Pre, where the band

projections are pairwise disjoint. Consequently, if F is a Dedekind complete Riesz

space with weak order unit, say e, then B, = F O E, (where B, is the principal band

generated by e), and any e-step function s € F can be represented by s = Z ag Pre.
k=1

In order to extend the Koopman-von Neumann Lemma to sequences in a Riesz space,

we define a density zero sequence of band projections as follows.

Definition 3.1 (Density Zero Sequence of Band Projections) A sequence (P,),cy,

of band projections in a Riesz space E with weak order unit e is said to be of density
n—1

zero if — E Pre — 0, in order as n — oo.
n
k=0

The above definition could be rephrased as saying that a sequence of components of

e is said to be of density zero if its Cesaro mean tends to zero in order.
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3.2 The Koopman-von Neumann Lemma

Having defined what a sequence of density zero band projections is, it is now possible

to give an analogue of the Koopman-von Neumann Lemma in Riesz spaces.

Theorem 3.2 (Koopman-von Neumann) Let E be a Dedekind complete Riesz

space with weak order unit, say e, and let (f,)nen, be an order bounded sequence
n—1
in the positive cone, E,, of E, then — Z fr = 0, in order, as n — oo, if and only
n

k=0
if there exists a density zero sequence of band projections (F,), ¢y, on E such that

(I = P,) fn — 0, in order, as n — oo.

Proof. Suppose that (f,)nen, € F+ and there exists g € F, with f, < g, for all

TZGN().

If (P,) is a density zero sequence of band projections with (I — P,)f, — 0, in

neNp

order, as n — oo, then

1 1 1
0<— = = . - _ .
k=0 k=0 k=0
n—1 n—1
< |- P . — — .
(5 ne) i u-nn b
k=0 k=0
n—1
Since (P,)nen, is of density zero, —ZPke — 0, in order, as n — 00, giving
n
1 n—1 h=0
(—ZPke> -g — 0, in order, as n — oo. Furthermore, by Theorem 2.18, as
n
h=0 1 n—1
(I—P,)f, — 0,in order, as n — oo and (I — P,) f, > 0, we have — Z (I —P) fr —
n
k=0

n—1

1
0, in order, as n — oo. Thus, by (3.1a)-(3.1b), as E is Archimedean, — E fre — 0,
n
k=0
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in order, as n — oo.

n—1
1
Conversely, suppose that —ka — 0, in order, as n — oo. Let P, ; be the
n
k=0
band projection onto the band generated by ( fi— %e)Jr and p,,; = Pie. Let
k—1

Upj 1= ilip z mel Let R, ; be the band projection onto the band generated
=) =0

by (um,j — %e)Jr and 7, ; = Ry je. As 0 < pn,,; < e, we have that 0 < u,,; < e.
Further, since p,,; is increasing in m for fixed 1, it follows that w,, ; is increasing in
m for fixed j and hence u,, ; — %e is increasing in m for fixed j, giving that r,, ; is

increasing in m for fixed j.
Since {k € Z|k>j+1} C{k € Z|k > j}, it follows that

1
Um,j+1 = SUPp — E pmz >~ Sup E Pmi = Umj,
k>j41 k> K —

giving that u,,; is decreasing in j. Hence, 1, ; is decreasing in j, for fixed m. We
now show that, for fixed m, r,, ; | 0, in order, as j — oo. Since f; > P, f; > %pm,i

(as P,,; is the projection onto the band generated by (fZ — %G)Jr), we have

sup —- Zfl - Sup mez = um,] (32)

k>]

However,
1
Um,j Z B jtm,j 2 T (3.3)

(since R, ; is the band projection onto the band generated by (um,j — %e)Jr), so, by
(3.2) and (3.3), we have
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in order, as j — 0o. Thus, for fixed m, 7, ; | 0, in order, as j — oo.

Observe that R ; = 0, since R, ; is the band projection onto the band generated by

(ur; —e)" = 0. Let H; := sup R,,;, for j = 0,1,..., then H; | H, say, in order,
meN
as j — oo. Here, the band projections H; and H can be explicitly determined from

their components h; := Hje = supry,;, for j = 0,1,..., and h; | h := He, in
meN
order, as j — oo. Further 7,41 ;- (e — 1 ), m € N, is a partition of h; for each

7 =0,1,..., that is,

(Tmr1g (€ = Tmg)) A (Tnyry - (€ = 1ny)) = 0, for m #n, (3.5)
and

M-1

Z Tmt1j * (€ = Tmj) = rarg Tar by, (3.6)

m=1

in order, as M — oo, giving

S st (€ = mg) = b, (37)

meN
Let

Qi =\ PugRoii; (I = Rug) =Y PrjRusij (I = Riny) s (3.8)
meN meN
by (3.5), and in terms of components we have

q; = Qje = \/ DPmj * Tma1j - (€ — Tmj) = Z P Tm1j - (€ —Tmj ). (3.9)

meN meN
Further, as 0 < p,,; <e, by (3.8),
G = P w1y (€= Tmi) <D Tmprj- (6= 7Tmj) = hj. (3.10)
meN meN

Hence, subtracting the left-hand side of (3.10) from the right-hand side of (3.10), we
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obtain

(e —gqj) = (e=hj)+(hj—q;) = (e=h;)+ Y (€ = Pmj) Tmsrj- (€ = Fmyj) . (3.11)

meN
For m > 57+ 1, 7 € Ny, we have that ]% > % Now, from the definition of u,, ;, we
have
k—1 j
1 1 1
Um, sup — m,i = . 1 m,i m,J s
I 27 TP yqPmi

1 .
thus P, jum ; > 7+1Pm.j, 8IVING

1 + 1 1 1
P, ; (Um,j — Ee) > P (Um,j - E€> > <m - E) Pm,j-

1 \T 1 1 1 1 :
Hence, (up; — =€) > (m - E) Pm,j- Further, —5 — -5 >0, so, for m > j 41,

DPm,; is in the band generated by (umJ - %e)ﬂ giving R, ; > P, ;. Applying the

above to f;, we have

rm,j . fj Z pm,j . fj' (312)

Taking the supremum over m € N in (3.12) gives h; - f; > f;, since supry,; = h;

meN
and sup p,, ;- f; = f;. Further, h; <e, hence, (e — h;) - f; = 0, so multiplying (3.11)
meN

by f; gives

(e—q) fj= Z Tma1j - (€ = Tmj) - (L — Pnj) fj (3.13a)
meN
1

< % — T (€= Tmg) (3.13b)

1

where we have used that (I — P, ;) fj < —e. Now, from (3.6), (3.7) and (3.13a)-
m

(3.13b), for k < j,

k—1 [e's)
1 1
e—q)- ;<) —Tmi1g (€ = Tmg) + > —Tmt1g (€ = Tmg)
m=1 m=k
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k—1
1
<Y g (€= Tmg) + 7
m=1

< r..e+ —e.
— kmj k

So, taking the limit supremum as j7 — oo, we obtain

1 1
0 <limsup(e —¢;) - f; < € +limsuprg; = —e, (3.15)

j—o0 Jj—o0 k
for each k € N. Thus, as E is Archimedean, limsup (I — Q) f; =0and (I — Q,) f; —
Jj—0o0
0, in order, as j — oo.

n—1
It now remains to show that — qu — 0, in order, as n — co. For j < n and
n
j=0
m > M + 1, we have ryp1, < 7Ty, giving rai1, - (€ — 7)) = 0. Thus, for

M,n € N, we have

n—1
1
TMin (€= Tarm) - (ﬁ Z %)

j=0

n—1

1
o ZTM—I—LTL (e —=Tan) - (\/ Py Tmr1,y - (€ — Tm,j)>
j=0

meN

1 n—1
= - Z \/ 41 (6 = TMm) * Py Tma1j - (€6 — Tmj)
n 7=0 m<M

IN

n—1

1

- § T™Mi1n (€= Tan) - D
=0

n—1
1
= TMy1nc (€ = Tarn) - <ﬁ ZPM,j)
j=0

<rrmtipn - (L — Ryn)Unin
1

< — n (I — Ryne.

< MTMH, ( Mn)e€
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Summing the above over M > K gives

n—1
1 1
(hn = Trn) - (E Z Qj) < E A M+l (e = Tarn) (3.16a)
j=0 M>K
<L )< - (3.16b)
=K n TKn) > Ke' :

We recall, from (3.10), that Q; < Hj, so if j > |/n] then Q; < H; < HL\/EJ and
Q;H lva| = Qj, that is, (e—ht\/ﬁj)-qj:(). Hence,

14 1 Lva] 1
(e—hL\/ﬁJ)- (ﬁ;%) = Z_; q; < %e. (3.17)

Combining (3.16a)-(3.16b) and (3.17), we have, for each K € N,

1 () + Oy 1)+ s ) (150 )
(3.18a)

1 1

Here, h,, and hL N both converge, in order, to h, so thJ h,, converges to 0, in
order, as n — oo, as does rg,. Thus, taking the limit supremum as n — oo in

(3.18b) gives

n—1

1
0 < limsup — Zq] < —e (3.19)

n—oo 1 - K

for each K € N. Hence,

li
Jim Z%

in order, as E is Archimedean.
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Note 3.3 If (f.)nen, in Theorem 3.2 is not assumed to be order bounded, but
n—1
1

—Z fr — 0, in order, as n — oo, then it still follows that there is a density
n

k=0

zero sequence of band projections, (P,) such that (I — P,)f, — 0, in order, as

n€eNp?

n — 00, but one cannot conclude boundedness of (P, f,)nen,. Further, the converse
need not hold. In particular, if (f,)nen, is not bounded and there is a density zero

sequence of band projections (F,), oy, such that (I —P,)f, — 0, in order, as n — oo,
n—1

then one cannot conclude that — Z fx is order convergent to 0 as n — oo.
k=0

For example, working in the classical case of F =R, for 1 < p < 0o, we have

» ) n J=I[n"],n€eNy,
9; =

0, otherwise

is unbounded and N = {|n”| |n € Ny} is a set of density zero. Here g = 0 — 0
n—1
for 7 € Ng\N as j — oo but — Zgi is convergent to 0 for p > 2, convergent to a
n

k=0
non-zero value for p = 2 and divergent to co for 1 < p < 2.
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Chapter 4

Ergodicity

Let (€2, A, 1) be a probability space , that is, € is a set, A is a o-algebra of subsets
of Q and p is a measure on A with p (£2) = 1. The mapping 7 : Q@ — Q is called
a measure preserving transformation if u (771A) = u (A), for each A € A, in which
case (2, A, u, 7) is called a measure preserving system . Further details may be found

in [5, 16, 25).

The measure preserving system (€2, A, 1, 7) is said to be weakly mixing if

n—1

Zm(fl (A)NB) —pu(A)p(B)]—0 (4.1)

k=0

S|

as n — oo, for each A;B € A. To give a Riesz space analogue of a measure
preserving system and weak mixing, we recall from [17] the definition of a conditional

expectation operator on a Riesz space.

We recall Definition 2.13, the definition of a conditional expectation operator on
a Riesz space. Let F be a Riesz space with weak order unit. A positive order
continuous projection 7: F — FE, with range, R (T'), a Dedekind complete Riesz
subspace of F, is called a conditional expectation operator if Te is a weak order unit

of E for each weak order unit e of E.
If T is a conditional expectation operator on E with Te = e, then T is also a
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conditional expectation operator on E., since, if f € E, then |f| < ke, giving

Tf| <T|f| <Tke=ke.

The Riesz space analogue of a measure preserving system is introduced in the fol-

lowing definition.

Definition 4.1 Let FE be a Dedekind complete Riesz space with weak order unit,
say, e, and T" be a conditional expectation operator on F with T'e = e. If S is an
order continuous Riesz homomorphism on E with Se = e and T'SPe = T Pe for
each band projection P on F, then (E,T,S,e) is called a conditional expectation

preserving system .

By Freudenthal’s Spectral Theorem, see [34, Theorem 33.2], the condition 7'S Pe =
T Pe for each band projection P on E in the above definition is equivalent to T'S f =
Tf for all f € E. In [18, Theorems 3.7 and 3.9] various generalisations of Birkhoff’s

ergodic theorem to conditional expectation preserving systems (F, T, S, e) were given,

n—1
1
resulting in convergence conditions for (— E Sk f), fekE.
n
k=0

We are now in a position to define conditional weak mixing on a Riesz space with a

conditional expectation operator and weak order unit.

Definition 4.2 (Conditional Weak Mixing) The conditional expectation preserving
system (E, T, S, e) is said to be conditionally weak mixing if, for all band projections

P and @ on F,

n—1

> |7 ((S*Pe) - Qe) — TPe - TQe| — 0, (4.2)

k=0

S|

in order, as n — oo.
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We note that for £ = L'(, A, i), the band projections on E are of the form
Pyf = X4f, for f € E and A € A. Definition 4.2 now gives a conditional weak
mixing condition on F, conditioned by 7' = E[- | B], for B a sub-c-algebra of A. If
B={Q\C|CeAu(C)=0}U{C € Al 1 (C) = 0}, then conditional weak mixing

coincides with the weak mixing on (2, A4, u).

We recall, [34, pg. 49], that if E is a Riesz space and (z,),.y C E converges to
x € F, we say that z,, converges to x w-uniformly for given 0 < v € F if for each

0 < e € R, there is some N, € N such that |z, — z| < eu whenever n > N..

Theorem 4.3 Given the conditional expectation preserving system (E, TS, e),

then the following statements are equivalent.
i. (E,T,S,e) is conditionally weak mixing.

ii. For all f,g € E., we have that

YT ((84) g) =71 Tg] >0

k=0

in order, as n — oo.

iii. For each pair of band projections P and () on F, there is a sequence of density

zero band projections, (R,) in £ such that

neNg?
(I = Ry) [T ((S"Pe) - Qe) =T (Pe) - T'(Qe)| — 0,
in order, as n — oo.

Proof. (i)=(ii): Suppose that (E, T, S, e) is conditionally weak mixing. Let s,t € E
be e-step functions with s = Z a;Pe and t = Z B;Q;e, where P; and (); are band

i=1 j=1
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projections on E and «; and 3; are real numbers, ¢ =1,...,m, j =1,...,7, then

LS 7 (85 (9) 1)~ T (5) - T 9) (4.38)

= Z_; Z i3] %Z T ((S* (Pie)) - Qje) — T (Pie) - T (Qye)| — 0, (4.3b)

in order, as n — oo.

By Freudenthal’s Spectral Theorem, [34, Theorem 33.2|, f,g € E. can be expressed
as e-uniform order limits of sequences, say (s;),cy; (tj)jeN, of e-step functions in F,
and there is K > 0 so that |s;|, [t;],|f|,|g| < Ke, for all ¢, j € N. This implies that
T|s;|,T|t;],T|f],T|g] < Ke, for each i,j € N. For each € > 0 there is N, € N so
that |s; — f| < ee and |t; — g| < ee for each 4,7 > N, € N. Hence, T|s; — f| < ee
and T'|t; —g| < ee for each 7,57 > N.. Let b, := T(Sk (f) -g) —Tf-Tg} and
brij = |T (S* (si) - t;) — T's; - Tt;|, then

[bri,; — i
= [T (8" (si) - t;) = Tsi - Tty| = |T(S*(f) - 9) = Tf - T
<|T (8" (si) - tj) = Tsi - Tt; =T (S*(f) - 9) + Tf - Tg|
<|T(S5(f) 9= 8" (s0) - 45)| +|TF - Tg = Tsi - Tt}
ST(S*(f =s0) 9| +T]S*(s5) - (9 — t))| + TIf = 5] - Tg|
+ Ts| - T'lg — t;]
< Ke- (T|S*(f =si)| + Tlg = t;| + T|f = s: + Tlg — t;])

< 4Kee.

Hence, b, < by, ; + 4Kee, for all 7, j € N with 4,5 > N, so

3
—_
3
—_

0< b <

0

SRS
SRS

bk,Ne,Ne + 4K€€,
0

>
Il
>
Il
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n—1

1
for all n € N. By (4.3a)-(4.3b), — E bi.N..n. — 0, in order, as n — 00, so
n
k=0

n—1
1
0< limsup—Zbk < 4Kee,
k=0

n—oo TN

n—1
1
for all € > 0, implying that — E b — 0, in order.
n
k=0

(ii) = (i): Choosing f = Pe and g = Qe, the result follows directly.

()< (iii):  Taking f, = |T'((S"Pe) - Qe) — T Pe - TQe|, the result follows from
Theorem 3.2.

The reader is referred to Aliprantis and Border [1, pages 263-300], Fremlin [7, Chapter
35, pages 219-274], Meyer-Nieberg [24], and Zaanen [34] for background in Riesz

spaces.

Let (E,T, S, e) be a conditional expectation preserving system. For f € EFandn € N

we denote
1 n—1
Suf ==Y S*f, (4.5a)
=0
Lgf := lim S, f, (4.5Db)

where the above limit is the order limit, if it exits. We say that f € F is S-invariant
if Sf = f. The set of all S-invariant f € E will be denoted Zg := {f € E|Sf = f}.
The set of f € E for which Lgf exists will be denoted £s and thus Lg : £ — E.

Lemma 4.4 Let (E,T,S,e) be a conditional expectation preserving system and

define Zg and &g as before, then Zg C Eg and Lgf = f, forall f € Zg, so Zs C R(Lg).

31



n—1

1
Proof. If f € T, then S¥f = f, for all k € No. Thus S,f = = > f = f, for all
n
k=0
n € N, giving S,f — f, in order, as n — oo. Hence f € £ and Lgf = f, thus
Is C &s. ]

We recall Birkhoff’s bounded ergodic theorem from [18, Theorem 3.7].

Theorem 4.5 (Birkhoff’s (Bounded) Ergodic Theorem) Let (E,T,S,e) be a con-
ditional expectation preserving system. For f € E, the sequence (S, f), oy is order
bounded in E if and only if f € £. For each f € £ we have Lgf = SLgf and
TLsf =Tf. If E = &g then Lg is a conditional expectation operator on E with

Lse = €.

Note 4.6 If we restrict our attention to E., then (S, f), oy is order bounded in
E. for each f € E., so E. C £s. Furthermore, Lgf € E., giving that Lg|g, is a

conditional expectation on F..

E is said to be universally complete with respect to 7" (T-universally complete) , if,
for each increasing net (f,) in £, with (T'f,) order bounded, we have that (f,) is

order convergent in F.

We recall Birkhoft’s ergodic theorem for a T-universally complete Riesz space from

[18, Theorem 3.9].

Theorem 4.7 (Birkhoft’s (Complete) Ergodic Theorem) Let (F,T,S,e) be a con-
ditional expectation preserving system with £ T-universally complete then £ = &g
and hence Lg = SLg. In addition, TLg = T and Lg is a conditional expectation

operator on F.
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4.1 FErgodicity on Riesz Spaces

Consider the Riesz space E = L'(Q, A, i), where y is a probability measure and T is
the expectation operator T' = E[|1, where 1 is the equivalence class, in L'(Q, A, ),
of function with value 1 almost everywhere. For 7 a measure preserving transforma-
tion on Q setting Sf = f o7 we have that (E,T,5,1) is a conditional expectation
preserving system. The definition of ergodicity as for = f for measurable f only if f
is almost everywhere constant, can now be written as Sf = f only if f € R(T). This
leads naturally to the following definition in Riesz spaces, for conditional expectation

preserving systems.

Definition 4.8 (Ergodicity) The conditional expectation preserving system

(E,T,S,e) is said to be ergodic if Lgf € R (T) for all f € Zs.

As will be seen later, this definition preserves the original philosophy of an ergodic
process as one in which the time mean (the Cesaro mean) is equal to the spatial

mean (conditional expectation) in the limit.

We note that E, is a R(T)-module, see [20], an hence, when dealing with conditioned
systems, the role of the scalars (R or {ke|k € R}) is replaced by the ring R(T").

Theorem 4.9 The conditional expectation preserving system (E, T, S, e) is ergodic
if and only Lgf =T f for all f € Zs.

Proof. Let (E,T, S, e) be ergodic and f € Zg, then, by Theorem 4.5, Lg [ exists and
TLsf=Tf. As (E,T,S,e) is ergodic Lgf € R(T), so there exists g € F such that
Lsf =Tg. As T is a projection TTg=Tgqg,so Tf =TLsf =TTg=Tqg= Lsf.
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Conversely, if f € Zg then, as Zg C &g, Lgf exists and if we assume Lgf = T f then
Lsf € R(T). Thus (E, T, S,e) is ergodic. O

For (E,T, S, e) a conditional expectation preserving system we denote by B the band
projections on E, by P := {P € B|TPe = PTe = Pe} the band projections on E
which commute with 7" and by A := {P € B| SPe = Pe} the set of S invariant band
projections on E. Since S is a positive operator with Se = e and P is positive and
below the identity, we have that SPe, Pe € E,, for all P € B. Hence, Lg can always
be applied to SPe and Pe. We now show that A characterises Lg.

Theorem 4.10 For (E, T, S, e) a conditional expectation preserving system we have
that P C A = F where F := {P € B| Pe = LgPe} is the set of band projections on

E which commute with Lg.

Proof. For the purpose of this theorem we can assume that £ = FE, as the sets
A, B,P do not change when E is replaced by E.. Further, by Theorem 4.5, Lg
restricted to FE. is everywhere defined and a conditional expectation on FE. with

SLg = Lg.

If P € A then Pe € Zg, so, by Lemma 4.4, LgPe = Pe, hence P € F. Conversely,
if P € F then LgPe = PLge = Pe, so SPe = SLsPe = LgPe = Pe, giving P € A.
Hence, A = F.

From Theorem 4.5, LT = T = TLg giving that if P € P then TPe = Pe so
LsgPe = LsTPe=TPe = Peand P e F. O

The following corollary to Theorem 4.10 is critical when applying the concepts of
ergodicity in Riesz spaces, further to this, it shows that ergodicity is equivalent to

the time and spatial means coinciding in the limit.
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Corollary 4.11 The conditional expectation preserving system (E,T,S,e) is er-

godic if and only if T'= Lg, where E = &g.

Proof.Theorem 4.5 gives that SLg = Lg, hence R(Lg) C Zs. However, by Lemma
4.4, Ts C R(Lg). Hence Ts = R(Ls).

If (E,T,S,e) is ergodic, then Tf = Lgf = f, for all f € Zg, so f € R(T), giving
R (Ls) =Zs C R(T). Hence, R (Ls) =R (T), but LgT =T = TLg so, from [32],
Ls=T.

Conversely, suppose that T' = Lg, then by Theorem 4.9, (E,T, S, e) is ergodic. ~ [J

The following theorem will be seen to be fundamental in linking the concepts of

ergodicity and conditional weak mixing in Riesz spaces.

Theorem 4.12 A conditional expectation preserving system (E, T, S, e), where T'
being strictly positive, is ergodic if and only if

n—1

Y T (S*f-g) = Tf-Tg, (4.6)

k=0

S|

in order, as n — oo, for f,g € FE..

Proof.For f, g € E., we note that

n—1

% T ((S*f) - g) :T((%nz_ls’“f) -g) =T (Suf-9),

k=0

and in E,, S, f — Lgf, in order, as n — oo. Thus (4.6) is equivalent to

T(Lsf-g)=Tf-Tg. (4.7)
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Suppose that (E, T, S, e) is ergodic. As Lgf € R(T') and T is an averaging operator
T(Lsf-g)= Lgf-Tg. Again from the ergodicity of (E, T, S,e) we have Lgf = Tf.
Thus (4.7) holds.

Conversely, suppose that (4.6) or equivalently (4.7) holds. As T is an averaging
operator , T'f - Tg=T(Tf -g), which combined with (4.7) gives

T((Lsf—=Tf)-g)=0. (4.8)

Taking ¢ = Pre where P, are the band projections onto the bands generated by
(Lsf —Tf)* in (4.9) gives

0=T((Lsf =Tf) Pee) =T(P(Lsf = Tf)) =T((Lsf —Tf)*). (4.9)

The strict positivity of T now gives that (Lgf — T f)= =0, hence Lgf = T'f. O
We then have the following corollary.

Corollary 4.13 The conditional expectation preserving system (E,T,S,e) is er-
godic if and only if

nz_l T ((S*Pe) - Qe) — TPe - TQe, (4.10)

k=0

S|

in order as n — oo, for all band projections P and () on E.

4.2 Application to Conditional Weak Mixing

We recall from Chapter 3 the definition of conditional weak mixing in Riesz spaces.

Various other types of mixing in Riesz spaces were studied in [20].
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Definition 4.14 (Weak Mixing) The conditional expectation preserving system
(E,T, S, e) is said to be weakly mixing if, for all band projections P and @ on E,

n—1
> |7 ((S*Pe) - Qe) — TPe - TQe| — 0, (4.11)

k=0

S|

in order, as n — oo.

From Theorem 4.3 we have (4.11) is equivalent to

%Z|T S*f)-g) —=Tf-Tg| —0 (4.12)

for all f,g € E,, in order as n — oc.

Combining Theorem 4.12 with Lemma 2.17 and (4.12), we have the following.

Corollary 4.15 If the conditional expectation preserving system (F, T, S, e), with

T strictly positive, is conditionally weak mixing then it is ergodic.

Proof. If (E,T,S,e) is conditionally weak mixing, then by (4.12),

%Z|T S*f)-g) —Tf Tg| — 0,

in order, as n — oo, for all f, g € E., which, by Lemma 2.17 gives

,_.

IS (st -0 -1 1= 2 @ (5 -0) 14 19) 50

in order, as n — oo, for all f,g € E,. That is

n—1

D T((S*f)-9) > Tf-Tg,

k=0

SRS

in order, as n — oo, for all f,g € E, giving that (F,T,S,e) is ergodic, by Theorem
4.12. O
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Chapter 5

Application to Measure Theory

5.1 Application of Theorem 3.2

If we consider the Riesz space F of equivalence classes of almost everywhere identical
functions in L'(2, A, 1), where p is a finite measure (the case of p o-finite is an easy
extension of this case), then F is a Dedekind complete Riesz space under a.e. point-
wise ordering and 1, the a.e. equivalence class of the constant function with value 1,
is a weak order for F/. Here the band projections, P, on F are multiplication by the
characteristic functions of measurable sets, i.e., P is of the foom Pf = x,f, f € E,
for A € A. We recall from [1, Lemma 8.17] and [24, pg. 9, Example (ii)] that a se-
quence (gn)nen C LY (2, A, 1) is order convergent in L*(€, A, u) if and only if g,, — ¢
a.e. pointwise and there exists h € L'(Q2, A, ) for which |g,| < h a.e. for all n € N.

If (fn)nen, is @ non-negative order bounded sequence in E| i.e., f,, > 0 a.e. and there

exists g € LY(Q, A, i) so that f, < g a.e. for all n, then, by Theorem 3.2,
1 n—1
n = — =0, i der, — 00, 5.1
s n;fj in order, as n — oo (5.1)

if and only if there is a density zero sequence of band projections (P, ),en, such that

(I — P,)f, — 0, in order, as n — oo, i.e., there is a sequence of measurable sets
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n—1
ZXA]' — 0 in order as n — oo, (5.2)

J=0

1

Cp = —
n

with Xq\ 4,fn — 0 in order as n — oo.

In the above, 0 < s, < gand 0 < ¢, < 1, for each n, so (s, )nen and (¢, )nen are order
bounded and thus order convergent if and only if they are a.e. pointwise convergent.
Further, Lebesgue’s Dominated Convergence Theorem is applicable. Thus we have

the following.

Corollary 5.1 If (f,)nen, is a non-negative sequence in L'(Q, A, u), where  is a

finite measure, and there exists g € L'(Q, A, p) so that f, < g a.e. for all n € Ny,

n—1
then — Z fi — 0 as n — oo, if and only if there is a sequence of measurable sets
n

Jj=0
n—1

1
(Apn)nen, with — E Xa, = 0 and Xq\ 4, fn — 0 as n — oo. Here, the limits can be
n n
=0

taken as either a.e. pointwise or in norm.

Remark 5.2 The comment preceding Corollary 5.1 coupled with Lebesgue’s Dom-
inated Convergence Theorem permits the limits in Corollary 5.1 to be taken a.e.

pointwise or in norm.

5.2 Conditional Weak Mixing Application

Proceeding as in [20, Section 5], the conditional weak mixing of Section 4.2 can be
carried over to L'(£2, A, 1) to give a characterisation of conditional weak mixing in
measure spaces. As per [20, Section 5|, let (2,4, ) be a o-finite measure space

and let 11 (€2) = co. Let (€;),y be a p-measurable partition of € into sets of finite
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positive measure and let Ay be the sub-o-algebra of A generated by (£2;),.y. We can
then set £ = L' (Q, A, p). In this case, E is a Dedekind complete Riesz space. We

construct the conditional expectation operator

1
1 (§2)

Let 7 :  — Q be measure preserving, that is, u (771 (A)) = pu(A) for all A € A,

T(f(w) =

/Q fdu, for w e Q. (5.3)

then we have that (E,T,S,e) is a conditional expectation preserving system, where
E =L (Q,A, pn), T is as constructed, S : Q —  satisfies Sf = f o7 and e is the

constant 1 on 2.

Consider B, a sub-o-algebra of A which contains A,. Then we can consider the
conditional expectation E; [ f| B] = E; [ Xq,| B], the conditional expectation on §; of

f restricted to €2;, where we use the probability measure

oy HANGQ)
i (d) = 1 ($2:)

and the o-algebra {ANQ;| A € B}.

In the system, band projections are of the form X ,, where A € A and ), has
been defined as in Section 3.1. We then have that, for P = X, and Q = X3,
T (Pe) = Ei [X4] B] = pi (A B).

Consequently, we have the following condition for weak mixing condition, for the

conditional case:

LSS (P ()N B B) — i (A | B) s (B | B)] = 0

n

as n — oo, for A, B € B. Furthermore, we have the condition for ergodicity as
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follows:

n—1

S (P (AN B[ B) = i (A|B) i (B B)

k=0

S|

asn — oo, for A, B € B.
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Chapter 6

Conclusion

The consideration of this thesis concluded with linking weak mixing and ergodicity in
Riesz spaces, however, it managed to define conditional versions of these processes. A
characterisation of weak mixing by means of the tensor product is presented in texts
covering ergodic theory, such as [5, 16, 25, 26]. The Riesz/Fremlin tensor product as
developed in [3, 4, 6, 15, 29, 30] requires further work in order to generalise tensor
product results from ergodic theory and weak mixing to Riesz spaces. This will be

considered in future work.

In texts covering ergodic theory, such as [5, 16, 25, 26|, strong mixing processes are
studied. Recall from Section 1.1 that a measure preserving system (2, A, u, 7) with

p () =1 is called strongly mixing if (1.3) holds; i.e., if

lim |p (77" (A)NB) — p(A)p(B)| =0, (6.1)

n—oo

for all A, B € A.

The topic of strong mixing was not considered in this thesis. This will be considered
in future work. Further to this, the strong mixing processes characterised in [20]
are related to strong mixing of stochastic processes. This link between the strong
mixing of dynamical systems (defined by (6.1), and the strong mixing of stochastic

processes would be an interesting topic for further research.
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