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SUMMARY

The theory of quasi-linear hyperbolic partial
differential equations which forms the basis of the
mathematical theory of plasticity for soil media, together
with their solution by numerical methods, are set out,

The assumptions made in the plastic theory regarding the
properties of the soil media are briefly examined.
Following the exposition of Sokolovski, the partial
differential equations describing the failures of cohesive
and cohesionless soil media are derived. The differential
equations describing the active failure of wedges of
cohesionless material are discussed in detail, and for an
angle of internal friction equal to 300, the complete
solutions for symmetrical wedges with slopes O, 5, 10, 15,
20, 25 and 30° determined. The theoretical predictions as
to the forms of the failures of these wedges are tested
experimentally by inducing sliding failure along the bases
of model wedges of cohesionless material. The experimental
results show good agreement with the theory; hence it is
concluded that the mathematical theory gives an adequate
description of the failures, and that the theory can be
accepted as a criterion by which to judge approximate
methods. The horizontal thrusts in wedges of cohesionless
material failing by sliding along their bases as determined
by the plastic theory are compared with the thrusts
determined by the methods of Hummel-Finnan-Trollope and
Rendulic. It is concluded that Rendulic's method gives

values only insignificantly smaller, and Trollope's method

values significantly smaller than those predicted by the




plastic theory. As the forms of the failures are also
given approximately correctly by Rendulic's method, it is
further concluded that Rendulic's method is the best
approximate one ayailable. The external forms of failures
by sliding of two embankments of cohesionless material )
260 ft and 600 ft high respectively, at Cullinan, South
Africa, are described and appear to conform to the predictions
from the plastic theory. Utilizing the experimentally
determined strength and consolidation properties of the
materials in the embankment and the sub-soils, and using
Rendulic's approximate method, the stability of the 260 ft
high embankment is determined. The analysis gives a

reasonable account of the failure behaviour.
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g, SCOPE OF THE THESIS

1.1 Introduction

v

There are two methods available for the calculation
of the disturbing forces in the active failure by sliding
of embankments of cohesionless material. The first is
due to Hummel & Finnan (1921) and Trollope (1951) and the
second is due to Rendulic (1938). Using these two
methods in the stability analysis of a sliding failure of
a 260 ft high earth dam at Cullinan, South Africa, showed
that there was a significant difference in the horizontal
thrusts as determined by the two methods. The conditions
under which the failure took place were such that it was
not possible to determine which method gave the more reliable
estimate of the thrust. In order to judge which method
is the more acceptable, the active failure of wedges of
cohesionless material was investigated by means of the
mathematical theory of plasticity for soil media.

The mathematical theory of plasticity for soil media
has been developed to a remarkable degree by the Russian
applied mathematician, Sokolovski (1960). It is based on
certain postulations and idealizations as to the strength
properties of soil media; in consequence, solutions obtained
by the mathematical theory are not absolute criteria by which
solutions obtained by approximate methods can be judged, but
relative ones in the sense that approximate methods require
a number of postulations in addition to those in the
mathematical theory, and hence intuitively are expected to

give correspondingly less reliable solutions.



Judgement on the mathematical theory will depend on
the success with which it explains failure phenomene.
Tith regard to the plastic failure of cohesionless wedges
it is fortunately relatively simple to induce active
failure by sliding along the base in model wedges of \
cohesionless materials, and certain predictions of the
nathematical theory, particularly the forms of the failures,
can be compared with the forms found in the experimental
failures. Confidence in the theory as a criterion by which
to judge approximate methods will depend on the degree of
conformity of the experimental with the theoretical results.
The mathematical theory by which the plastic failure
of so0il media can be described is that of quasi-linear
hyperbolic partial differential equations. These equations
do not normally form a part of the instruction of civil
engineers in South Africa - very few enginecers even know
of their existence, However, the whole structure of the
plastic theory is so intimately bound up with these equations
that a lack of understanding of them gives little hope of
acquiring facility in this field of study. Sokolovski
presumes this understanding and a person lacking it will
find his exposition very difficult, if not incomprehensible.
Although a number of expositions on the theory of
hyperbolic partial differential equations have been written,
most of them are concerned with their application to
supersonic flow and shock waves, and expositions oriented
towards their application in the plastic theory are
difficult to find, and generally not very explicit. For
these reasons the basic tenets of the theory, appropriatdy

oriented, are prerequisite to the study of the failure of
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s0il media.

l.2  Scope

Wlith these few introductory remarks, the scope of the

thesis can be set out as follows:-

1.

v

A short exposition of the theory of hyperbolic partial
differential equations and the numerical methods of
their solution, oriented towards their use in the
analysis of the plastic failure of soil media.

A brief discussion of the basic assumptions in the
plastic theory for soil media and, following Sokolovski,
a derivation of the partial differential equations
describing the plastic failure of soil media.
Derivation of the partial differential equations
describing the plastic failure of cohesionless
materials, with some solutions.

Derivation in detail of the ordinary differential
equations describing the active failure of wedges of
cohesionless material, and the conmplete solutions

for symmetrical wedges having an angle of internal
friction equal to 300 and slopes equal to 0, 5, 10,

15, 20, 25 and 30°.

Investigation of the validity of some of the theoretical
predictions by the failure of experimental model wedges
of cohesionless material,

Comparison of the solutions for the thrusts in wedges
of cohesionless material in a state of active failure
as obtained by the plastic theory, with the approximate
solutions.

Description of failures by sliding of two embankments

of cohesionless material, 260 ft and 600 ft high



1.4

Ii‘ﬁﬁgwgetively, and a comparison of these failures with
he theoretical predictions from the plastic theory.
f‘bescription of the tests for the determination of the
strength and consolidation characteristics of the ¥
materials in the 260 ft high dam wall and the sub-
soils.

Performance of a stability analysis of the failure

of the dam wall.
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2. THE THEQRY OF HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS

2.1 Introduction 5

On the assumption of rigid-plastic behaviour and Mchr's
criterion for plastic yield, the plastic failure of -soil media
can be described by a system of two first order quasi-linear
partial differential equations of the hyperbolic type in two
dependent variables (u,v) and two independent variables (x,y).
Their derivation will be deferred until Section 3 so that the
general properties and behaviour of this system of partial
differential equations can first be discussed.

The concept of characteristic curves will be introduced.

Essentially, they are curves in the XY plane along which the
two partial differential equations degenerate to four ordinary
differential equations, two giving the characteristic curves

and two giving the values of u and v along these curves.

This method of solution is called the Method of Characteristics.

It is the most powerful method avallable for the solution of
problems of plastic failure. The method is also particularly
appropriate as the characteristic curves have a physical
significance in that they correspond to the lines of slip

in the failure zone of the soil media.

2.2 Linearity and guasi-linearity (Collatz 1960)

Consider the partial differential equation of order n
in the dependent variable, u, and two independent variables

xl and x2:

du 2u o 3 U U
A U+A‘ax+5|ax+Azaxg‘fBzaxz Aan+E> ——;-h‘.:-o



If the coefficiénts A,B are functions of x, and x

1 2

only the equation is said to be linear in

, 20 20 b3 3L
) o5z, 2] 2% ' o) ]

and is termed a linear partial differential eqﬁation.

\I
If the coefficients A,B are functions of

o x o 0 2w DA%
“x'; 2) ) ax’ ) 311) ai:-ﬂ ax:-z,
U

the equation is said to be linear in Y 'SEEH
2

]
and is termed a gquasi-linear partial differential equation.

Hence, quasi-linearity in a partial differential equation
implies linearity in the highest order partial derivatives,
This definition can be'éxtended to include more than one
dependent variable.

23 Single quasi-linear first order partial
differential equations (Hill 1960)

This equation has no application in the theory of
plastic failure of soils but because of its simplicity
it is very suitable for the illustration of the properties
of characteristic curves.

Consider the quasi-linear first.order differential
equation

du du ‘
A— = =
ox .F, 8 dx F 2.1

in the dependent variable, u, and the independenf variables,

x and y. Due to the quasi-linear restriction A, B; F are

functions of u,.x, ¥y, but not of au/ax and Zu/a—l’ .
The Solntion of the equation 2.1 can be graphically

illustrated in a set of right~angled Cartesian co-ordinates,
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U X Y, as a curved surface, U{xy), over the XY plane,

called the surface of solution. (See Figure 2.1)

U
/\/U{x’g} '
< by -7
N a’//§ 3 Ups Ulza0)
‘ oL
\ ]
Y
N, o
e
Fig. 2.1

The solution, U(xo.yo) at point x ,y  is given by the
vertical projection of point xo,yo, ontozthe solptisn surface.
Similarly, the solution on curve S in the XY plane is given
by the vertical projection of 5 onto the solution surface.

2.k The determination of the solutiocn along a
characteristic curve (Hartree 1957)

At any peoint x,¥y on a smooth curve S, in the XY plane,

ne rate of change of u with respect to 5 is given by

solving for

i
Qv
<
¥
om
e
<
o
7]

dx
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Substituting equation 2.3 in eguation 2.1 and grouping the

terms containing Bu/B_cjf gives

du 2y [ dy ]z
Aa:;c 293 Adx B F
that ie
ASY _F ‘“% Add _pl =0 2.k

Equation 2.4 is the partial differential equation for u

along any curve 3 in the Y plane. The partial differential

23

equation 2.1, valid over a region in the XY plane, has now
been reduced to a partial differential egustion vsliid along
apy curve in the XY plane, Due to the presence of the

partial derivative, 307&{9, this differential equation is

still awkward. 1f, however, the curve is chosen 50 that
d
AB'}%, -~ B = O 2.5

then, for all finite values of BU/’BB equation 2.4

reduces to

0

i

Ad F
5"

Thus, along curves in the XY plane which satisfy equation
2.5 the partial differential equation 2.1 degenerates to
two ordinary differential eguations, the first defining
the slope of a curve at any peint x.y, in the XY plane and
the second defining the rate of change of u at voint x,y
along this curve. Curves in the XY plane obtained from

the solution of equation 2.5 are called characteristic

curves or characteristics. Equations 2,5 and 2.6 constitute

a set of characteristic eguations.

In the solution of equations 2,5 and 2.6, if the

coefficients A,B and F are functions of x and y only,
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equation 2.5, defining the slope of the characteristic curve,
can be solved independently of equation 2,6. If these
coefficiéncies are functions of T 4 and u, the simultaneocus
solutionm of the two differential equatioms 2.5 and 2.6 ia
required. Thesclqharacferistic equations haVe only been
defined for finite values of the first parti#l derivatives *
of w with respect to x and y. In the case vﬁere one or more
of the first partial derivatives become infimite a finite
discontinuity occurs in u and v. . This will be discussed
later. |

2e¢5 An alternative method for deriving the characteristis
equations (Crandall 1956)

A more elegant method of deriving the characteristie
equafions is to use the theory of linqar algebraic equations.

Equations 2.1 and 2.2 can be written as follows:

o . | |
'Aax + B 35 = F 2.7

L T | SR
dxs— +dy 39 = du | 2.8

(Equation 2.8 is in the total differemtial form, whereas
in equation 2.2 the derivative along S was used. The form
used here is allowable provided.dS/ax and dS/dy remain
finite. - It is always possible to ensure this by rotating
the X and Y lﬁiﬂ about the U axis.)

From the guasi-linear definitioa, A, B and F are
u 2w

independfgt‘of.iaz; qﬂ . Hence, at any peint x, y it is
possible to consider equations 2.7 amd 2.8 as two linear
equations in the variables ?-2 and ?_'{_ . Conveniently,
. x 2y
these two equations can be written in matrix form, i.e.
l/\ B btyﬂbaal _ |F
- - 2.
dx dy Eng/Eﬁy du 27

(D)
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Now the object ié not to determine the values of 3q/bx
and be/%y but to seek a relationship giving u independent
of these derivatives. If the determinant, D, formed from.
the matrix of the coefficients on the left hand side of -
equation 2.9 is set equal to zero, the values of bu/b)c and
Bq/%y become indeterminate and a linear relationship theﬁ \
exists between the coefficients on the left hand side of
equations 2,7 and 2.8. Thié relationship can be found by
expanding the determinant, D, and equating the expansion

equal to zero, i.e.

A B l
dx dy 2.10
Expanding A d__‘j —_ Bdx=0
giving ' gi— = -E— | 2.11

whichvis idential to equatiom 2.5.

The right hand side of the matrix equation 2.9 must be
compatible with the left hand side.,” This can be achieved
in linear algebraic theory by replacing one of the columns
of the coefficient ﬁatrix on the left hand side of the matrix
equation by the column on the right hand side and equating
the coefficient deteiminant equal to zero., Replacing

the second column gives

A F o
de  do|
and expanding the determinant gives
gi-‘g.c - f— 2.12

which is identical to eguation 2.6.
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A little consideration will chow that the two derivatives
for the characterisfic equations are, in fact, equivalent, but
that the seconﬁ derivation, due to its association with the
theory of linear algebra, can easily be generalized to systems

consisting of more than one quasi-linear first order equation,

. \t
The second derivation serves to emphasize the importance of

quasi~linearity.

2.6 Numerical determination of the characteristic curves
and the values of u on the characteristics
(Crandall 1956, Hill 1960)

Before further discussion of the properties of these
equations, it is instructive to study the numerical solution
of the characteristic equations.

‘Let the initial values uoe X0 T be given. The solution

o
is '"marched out" from these initial conditionms. The finite
 difference approximation to equation 2.11, which defines the
slope of the characteristic curve, can be written in terms

of the kgovn poing Xgr Yo and an unknown point, X449 ¥, On the

characteristic near the known point.

G- bo  _ Bo 2,13

=X, Ao

where Ao and Bo are functions of u, x and y and can be

evaluated from x , ?o’ u,- Hence

B
H» = Ha"' ;,i(x,—-xo) 2.14

As the selected step (xl - xo) is made smaller the value

of y, in equation 2.1k approaches the true value, although

it is not often possible to determine the accuracy of the

result.
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" The value of ui can be determined from the finite

di fference form of equatiomn 2.12, i.e,.

[

,..t.JL_____Q_ - FO 2.15

' a Ao

X, — ¢

where Fo’ which is also a function of u,x and y and can b;

evaluated at point Vo1 Xot Uge Hence

u = U°+£§(x,-x_o) 2.16

Knowing the values of Uys Xy9 Yqo the coefficients‘
Al' Bl’ Fl’ can be evaluated and serve as initial values for
determining a furfher‘point X5y Y59 U, OB the characteristics.
By this step by step procedure the solutions of the equations
4‘can be éxtended from the initial value along the characteristics
ag far as we please, |

2,7 Surface of‘solntion

CQnsider a curve, S, in'the XY plane on which the value of
u is known gt every point. Assume thﬁt both the curve, S, and
the values of u on S are smooth, i;e.,, the functions y = s(x)
and u = U(xy) are continuous and differentiable. Assume,
furthermore, that the curvé, S, is nowhere coincident with
the chargcteristic.direction. - (This assumption is necessary,
because if § is coinéident with a characteristic the solution
can only extend outward along the trace of the .characteristic).

From any point, x ¥, on S, points on the characteristic

°'
curve through X, Yo? and their associated values of u, can be
calculated by the step by step procedure described in section

2.6. (See Figure 2.2)
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U
/ ]
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2
¥)
(3 Uﬂ
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{ o -7
x =
XGe > S
S -

CHARACAR. 1CS
Fig. 2.2

If a number of points X¥ys XY 50 with their associated
values, uy,4,, are selected on the curve S, the solutions on
the characteristics through these points can be obtained.

The values of u on these characteristics give points on the
surface of solution, u(x,y).

The following observations can be noted:

1. The surface of solution extends in a transverse direction
on either side away'from the initial values on the “"boundary"
to infinity. Along S, the solution is bounded by the
characteristics through the extremities of the curve S.

2e Once a value of u is specified on 3, at point x,y, the
value of u along the characteristic through x,y is uniquely
determined because each point on the characteristic ultimately
depends on the.initial subscrived value. The curve, S, must
therefore be such that it does not intercept the same

characteristic more than once, since the value of u can only
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be arbitrarily assigned at one point of the characteristic
curve, In particular, a solution is not possible for
arbitrary initial values on a closed boundary. When these
conditions are satisfied it is said that the initial conditions

are specified orn an cpen boundary.

v

3. As the curve 5 and the values of u on S are continuous
anéidifferential, then, provided au/&x and Bu/a:f remain finite,
these derivatives will also be continuous and differentiable
along the characteristics through S, giving a smooth surface

of solution,

2.8 Discontinuities and regions of solution
{Courant & Frederichs 1948 )

In Section 2.5 the non~characteristic boundary curve, S,
and the values of u on 2 were stipulated to be continuous and
differentiable. However, boundary conditions may be
encountered where the curve S and/or the value of u on S
may be continuous but discontinuities occur in the first
derivative dy/dx or du/ds. The occurrence of a discontinuity
in du/ds is particularly instructive and will now be examined.

Assume that the non-characteristic boundary curve, 35,
in the XY plane is continuous and differential and that the
value of u is continuvous and differential except at point
X 1Y, 0B S where a finite discontinuity occurs in the first
derivative du/ds {that is inau/éx: or abygy or both).

There are two values for the partisl derivatives at this

point. (See Figure 2.,3)
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_?he curve 5 can be divided into two gections, the point of
division being xo,yo. The solution of u can be obtained by
the method of characteristics for each of the sections,
Because the characteristic equations due to the quasi-linear
restriction depend only on u, x and y, the characteristic
through point X ¥ must be common to both sclutiouns as the'
value of u, is commomn. The two solutions therefore join on
the characteristic through X 0¥ g thus dividing the solution
inte two domains or regicns of solution. Here again the
importance of guasi~linearity is evident.

Tn section 2.4 the derivation of the characteristic

Do

equations reqguired onliy that — ,; =
q q ¥ 32) 29

is now evident that, provided this condition is fulfilled,

remained finite. it

the values of the derivation need not be the mame on both
sides of the characteristic. Within each region of solution,
the first partial derivatives will be continuous but at the
junction of two regions the partial derivatives may be

discontinuous. Once a discontinuity in the first derivative
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is specified in the initial values at a point on the boundary,
this discontinuity is preserved along the characteristic
through this point.

2.9 A system of two quasi-linear first order partial
differential equations

The form of the two equations is

du U
/\,2E£~P EHQH C

i
N

'ax @
2.17

QU QU v .
Azax 533J+C25—+D23_‘j = F

Being quasi-linear, the coefficients A, B, C, D and F

are functions of x, y, u and v only.
Consider any continuous and differentlable curve S in

the XY plane and any point x,y on S. The total differentials

at this point cgn be written

du = BLJ doc + éﬂi C{H
2x ag .

dv = a E—dx + _—-——dﬂ
ollow1ng the procedure for determining the characteristic

equations set out in section 2.5, the matrix form for

equations 2,17 and 2.18 can be written

A, B, - B QQ/bx F
A, B G D |ovfy| _ |k 2.19
dx dy o ol |ov/ox du

o o dx dy v/d y dy

The equation{(s) for the characteristic curve(s) in the
XY plane is/are given by equating the determinant‘of the
coefficient on the left hand side of equation 2.19 equal
to zero. Expanding the determinant and dividing by (dx)2

2
and collecting terms under (dy/dx)” and (dx/dx) gives
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(A Ca-ALYE) = [(AD,-AD) + (BC8,C)] & +(BB-B. D)0
2420
Let a=(AC,-A,C)

b= (a0, ~A0)+(B(,-BC)] .
¢ =(8D,-8,D)

and equation 2,20 becomes
dy \* d
CafE) + b(E) ve =0 2

This is a quadratic equation in the variable dy/dx and
has two roots given by

dy ~b % "bz——/«}ac

\/
d=x za

2.22

Hencte, through point x,y there are two characteristic

direcficﬁ&. These two directions may be real and different,

real reﬁagfed, or imaginary, depending on whether the
discrimigaﬁt, b2 ~ hac, is positive, zero, or negative
respectiieiy. The system of differential equations can be
sub-diviégé‘into different types, namely, (1) hyperbolic,

if there are two real directions, (2) parabolic, if there is
one repeated real direction, and (3) elliptic, if the
directions are imaginary. 0t theze three, the elliptic and
hyperbolic equations only are of importance to this discussion.

The elliptic type is associated with equilibrium

problems, Well known examples are problems involving
Laplace's equation and the biharmonic equation in elasticity.
The boundary conditions are specified on a closed contour

and the value of the dependent variable at any internal point



is dependent on the conditions specified over the whole
boundary. The numerical solution of the differential
equation within the closed contour is obtained by drawing

a grid across this region and replacing the governing
differential equation by its finite difference approximation
at every nodal point of the grid, and, obtaining the v
solution of the set of simultaneous equations thus formed.
For this purpose the Liebmaﬁn or Scuthwell's relaxation
method is particularly suitable. ‘

The hyperbolic type is associated with propagation
problems., Zxamples are the flow of gasses and the plastic
failure of metals and soil media. The boundary conditions
cannot be specified arbitrarily on a closed contour and it
is said that the "initial values" are specified on an '"open
boundary". The value of the dependent variable at any
point in the region of solution is dependent on the values
over a portion of the open boundary only, called the domain
of dependence of the point. The numerical solufion is
"marched"” out from the boundary by a step by step procedure
aléng the characteristic curves, and points outside the
characteristic curves through the extremities of the open
boundary do not affect the solution. It is this property
that, with certain restrictions, makes it possible to obtain,
in elastoplastic problems, the plastic state independent of
the adjacent elastic state,

Equation 2.22 gives the differential equation for
locating the two characteristic curves through point x,y.
The next probiem is to determine the value of u and v on

these characteristic curves.
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Following the procedure set out in Section 2.4

substitute the right hand side column of the matrix equation
2419 in the fourth column of the coefficient matrix and

equate the coefficient determinant equal to zero', i.e,

A B ¢ F S
A, B Cz Fe -0 2.2%

dx dy o du

o s cl= cv

Expanding the determinant aud gathering terms gives

(A B, —A,B)du +[(A,c2 ~AZC,)%—L —(B,cz - B.¢))[av +

+[(EA2”EA.)Z‘£ - (F, B, -5 8:)]

2.24
Let = (AcBE”AZBt)
= (A:CZ -A2C,)
£ = —-(B,CZ - BZCI)
m =(FA, ~EA)
n = (F:Bz —i 6‘)
Then equation 2.24 can be written
jdu +(k% +€)dv +(m-g‘§_—-n)cbc =0
»du a dv d_y _ _
1% ’“(kEi%M)EZ{ +(m;;-C n) =0 2,25



Referring to equation 2.22 for simplicity the two
differential equations defining the slopes of the

characteristic curves through point x,y can be written as

follows:
N
/E‘ﬁ.) = o 2.26
{ dx /i
¢l )
<*~‘9—) = /(5 2.27
dxlz
where
=x1  —b a \/b‘?wéac
éj - 2

These characteristic curves can be called the & and(ﬁ
characteristics respectively.

Substituting equation 2,26 in equation 2.25 we obtain
the differential equation for the value of u and v on the &
characteristic. Similarly, substituting equation 2.27 in
equation 2.25 gives the differential equation for the value

of u and v on the /3 characteristic. The equations

can be grouped together as follows:

B"% =« 2,28
J% +(l<p<+t")§—£- +[ma(.—rs)=0 2.29
2.32
da
?‘_’i‘ ".."':'—/3 2030

: a
J%{ 4—(!734—5);-; +(M/@—n) =0 2.31



which gives the four ordinsry déifferential equations
{characteristic equations) replacing the two partial
differential eguations.

The solution of the partial differential eguations
2.1% and 2.1% can be presented in three dimensional
cartesian co~crdinates as two curved surfasces ui{x,y) and Y
vi{x,y) over the XY plane. Employing the characteristic
egquations 2.32 the solution of v and v can be obtained on
the characterisiic curves. As\th&re are-twn characteristic
directions through every point XY the integration of equations
2.28 and 2,30 gives two sets of characteristic curves. If
the coefficients A,B,C,D,E,F are functions of x and y these
characteristic curves can be found independent of equations
2+.29 and 2.31, but if one or mecre of the coefficients are
dependent on u and v the determination of the chgracteristic
curves must proceed simultaneously with the solution of u
and v.

2.10 Numerical solution of the characteristice

eguations

— X
T —
e _\J ~
143 Np
N T o— 4
e

ANete: X anel ¥ Axes ln»‘erc/-an’ea’
for llustrotive peorpeses °'ﬁ

Fig. 2.4



The numerical solution of the characteristic curves
and the values of u and v on these curves can be obtained
by using the members of the two sets of characteristiec
curves'as a finite difference curvilinear grid in the XY
plane, as follows:

.
At the intersection ¢f two characteristic curves, one from
each set passing thrdugh the known points Xys Yy Upo vy
and Xss Tov Uss Vs respectively the value'xz' yB, u3 and v3
is determined. Let the C{ charscteristic through point
xl, ¥y and the /3 characteristie through point X3 Y5
intersect at point Xz1 Fao {Figure 2.4)

The first order finite difference approximation to

equation 2.28 is

Ya — Y, Sd

2033
where a(i can be evaluated by substituting the known values

of Xy1 Yy ul, vy in the equation above.

Similarly for equation 2.30

Ys — Y2 —
- 2.34

X3 — X, f%z 3
where 1432 can be evaluated by substituting the known values
of Xy For Uy ¥, in the eguation above. The value x3, y3
can be obtained from the solution of these two simultaneous
algebraic equations.

Having obtained the values of x3, y3 the values of u,, v

37 3

can be found by evaluating j,k,l,m,n at point 1 and 2
respectively with the appropriaste values of &, and 262

in the finite difference form of eguations 2,29 and 2,31



U -~ ¥ i SR VS,
2 { i & .47 22 I v )
J L) + Sy '\11"‘15} X ’F(m,a(‘ -—nl, = (3 2‘35
3 ] 375
E@ﬁ2+’kg+€)%“% ‘o Y Ly
J 2y~ %, L Bzt Cp = %2‘+§,”;¢[/’3i2 ”?2} =0 2,36

and sclving these twe eguations simultaneously.

The finite difference form used here is crude and the
values of “3* V}* Ka? yﬁ serve as a first approximation only.
In section 4 a procedure to improve on the values will be
gi#en.

2.11 Domains or regione of solution

Domain of dependance .
of D |

ﬁbn?e of miloence

of Ay

Referring to Figurs 2.5, if %, ¥, v and v are known at
then by the numerical procedure

described in section 2,10 the values B B

1t e

found and these serve ag starting valuves to determine C, and
wdes

and Bz can be
s

C}Z from which I, can finally be determined. if the values

[
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X,Y, u and v are ascribed on a smooth nomn-characteristie
curve Al’ Ah and the numerical solution calculated by the

step by step procedure until point D, is determined the

1
area enclosed by Al, Ah’ D1 is called the domain or region

of solution.

2.12 Domain of dependence !

It is clear that the calculated values of x, ¥y, u and v
at point Dl depend on the initial values of u and v at
Al} Ay AB’ Ay on curve S(xy). (Figure 2.5) In general
the value of the boundary values influencing the values of

X, Yy u and v at an internal point D, is given by the

1
intersections of X and /3 characteristics through

D1 with the boundary (at points A, Ah)‘ The boundary

Al’ Ah is called the domain of dependence.

2.13 Range of Influence

‘ Assume that u and v are known on the‘smooth curve S

and the regignfgtysdiution Al' Ah’ D1 has been determined.
(Figure 2,5) T;im any poiut;.Aa, on curve S between A, and
Ay. The .ol and f5 characteristic through this point
intersects the characteristics Al’-Dl and A“, D1 at B1 and

C., respectively, The area Aa, Cz, Dl’ B1 is called the

2
range of influence of Azrbecauso any point internal to this

area contains A. in its domain of dependence. The possession

2
of a domain of dependence (and range of influence) is a
distinguishing feature of hyperbolic differential equations.
Whereas in solutions governed by elliptic differential
equations every point on the boundary influences every
internal point to the boundary, in hyperbolic differential
equations any point internal to the boundary is only

influenced by the boundary values within the domain of

dependence of the internal point,
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2.1% Discontinuities in the boundary conditions

If the boundary curve S and/or the values u and v on 5
ontain finite aiscontinuities in the first derivatives then,
- iscussed in Section 2.8, these discontinuities are propagated
g the characteristic curves passing through the point on
1e boundary where‘the discontinuity occurs., The soluti;n
7 divided into regions which join on the characteristics
ong which the discontinuity is propagated.
Discontinuities in the initial values of u and v are
en encountered in problems in the plastic theory and will
bed in detail in the next section. For the present
ent gb_étate that,the discontinuities in the value
propagated internally along the characteristic

%5ﬁ1!l'iﬁ the first derivatives

teristics through the point
-~ of sblntion ;
of the boundary conditions
One or more types may

"ingﬂtogether along characteristic lines
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Type 1:

The curve, S, in the XY plane is continuocus and
differentiabl? and is nowhere coincident with a characteristic
direction. On the curve S the values of u and v are prescribed,
also continuous and differentiable, The solution is uniquely
determined in the curvilinear triangle formed by the curve S
' and the ¢\ characteristic through the one extremity and
"the fg through the other extremity of S, As there are
two characteristics through each point t;o regions of solutions
are defined, one on each side of the curve S, Normally only
one region will have physical significance which will be
~evident from the requirements of the problenm, For instance,
the curve S may be the surface slope of an embankment and the
.requi:ed solution will be the region occupied by the embankment
' matérial- In Figure 2.6(a) the surfaces of solution for u and
v are shown, and in Figure 2,6(b) the characteristic lines in
the region of solution at some stage of the numerical solution
is ahoin. ‘ ‘

v

Y

N
\A 4 o 1

e (5)

Fig. 2.6
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Type 2:

Sub-type (a): The values of u or v are known along

each of the two characteristic curves ¢{ and (3' through

point P and u and v are known and single valued at point P.

The values of u and v at point P must satisfy the differen{ial

equations for u and v along each of the cﬁaracteriatica. ‘

If for instance u and v are known at P and u along the X

dhéracteristio the value of v along this characteristic can

be calculated from differential equation 2.29 or 2.31 which

gives the relationship between u and v along the characteristic.

Similarly both u and v can be calculated on the />

characteristic. Once u and v are known along the  and..

/3 characteristic up to point A and C respectively the

solution is uniquely determined in the curvilinear quadrangle
'PCBA formed by the characteristic PA and PC and the |

".characteristics through A and C. The surface of solutions

for w and v are shown in Figurg_Z.?(a). and in Figure 2.7(b)

the characteristic lines at some stage of the numerical solution

is shown, the order of calculation of the points belng

indicated.

o
[Sal

4 ¢
(o (b)
9 R

Fig. 2.7
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Sub~-type (b): Physical reguirements of the problem

may lead to two values for u and v at peint P, that is =
finite discontinuity occurs in the values of u aand v,
Continucusly differential values of u or v are prescribed
along the one characteristic through P, but at P two values
of u and for v are given. The surface of solution for, sayh

the dependent varisble u is shown diagramatically in

Figure 2.8{a). The characteristic 1i

paed

es and region of
solution are shown in Figure 2.%{4), 4t voint P, because a
change in values in u and v takes viuce with x and y constants,
a relationship between v and v can te established from

N1y
i

eguations 2.29 and 2.31. 'hese chnonges are considered to
take place on one characteristic of infinitely short length.
A1l the characteristics of the equation pass through this
peint of discontinuity and by chocsing arbitrarily values
for v or v within the limits of the discontinuity the
corresponding values for v or u can be determined. The
solution then proceeds as with Type 2(a). An example with

detailed procedure as to the solution of u and v at the point

ection &,

€]

of discontinuity is given in

L)

! (b)
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SECTION 3

3. THE PARTTIAL DIFFERENTIAL EQUATIONS FOR PLASTIC FAILURE
OF SOIL MEDIA

3.1 Introduction v

The theory of plasticity has been defined as the
mathematical study of stress and strain in plastically
deformed bodies (Hill, 1961). This is a very wide definition
embracing not only the immediate plastic deformation due to
the applied loads, but also the effects of time, strain,
hardening, repeated loading, etc., on the plastic deformation.

In order to construct a mathematical manageable theory
some drastic simplifications must be made in respect of the
properties of the plastic material. Every such simplifi-
cation accepted within the framework of the theory lessens
the agreement between the theoretically predicted plastic
state and that found in reality. However, when considering
the practical intent of the theory and bearing in mind the
mathematical resources and experimental evidence available,
the object canrot yet be an exact description of the phenomena
as observed, but an adeguate one for the purpose in mind.

This requires the separation of the significant factors from
the insignificant in so far as it affects the problem.

Even with the simplifications, the process of solution
of plastic problems by the mathematical theory of plasticity
can be very difficult and is not suited to routine application.
As a result, approximate methods which require additional
postulations as to the plastic behaviour of the body have
been developed, and are widely used. These approximate
solutions are approximate in a relative sense only -~ when

compared with solutions obtained by the mathematical theory



of plasticity, within the framework of the postulated
rmodel of the properties of the naterial. The postulated
model for the properties of soil media have evolved after
mnuch experimental work and throught, -~nd within the

limitations of our present nowledge the mathematical

theory yields the most realistic solution. In consequence,

such solutions are used as criteria to judge the accuracy
of the solution obtained by approximate methods. In
this context the mathematical theory has been invaluable
snd justifies the effort reguired to obtain “rigorous®
solutions.

In many situations the comparison between the
rigorous solution and the approximate one is difficult
due to the different approaches employed in the two
riethods., The following example on the stability analysis
of an embankment will serve as an illustration:-

In the approximate analysis the outline of the
embankment is chosen and a failure plane surface assumed
within the embankment (Figure 3.1(a)). Based on certain
postulations as to the digtribution of stresses on this
failure surface, and assuming full mobilisation of the
frictional and cohesive resisting forces on the surface,
the ‘"factor of safety'’ can be determined as follows:-

Resisting forces or moments
Disturbing forces or moments

Factor of safety

~f‘/‘,//

Sl s

i — Ayvye 5
//// /////1 N
-~ / /'/ ‘ >
- L s - P
/// /5‘/// /'// e /
/A‘l' .... - /.,-~ ,,,—-'/”/
(a) (v)

Figure 3.1
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If the factor of safety is greater than one then the embank-
ment is assumed to be in a state of complete or partial
elastic equilibrium and the failure of the embankment is
not considered likely, the degree of safety increasing as
the factor of safety increases above one, v
In the analysis of the embankment by the mathematical
theory of plasticity a solution is not possible if the
actual stresses in the embankment are in fact elastic or
partially elastic and plastic. To induce a state of
complete plasticity in the embankment additional forces
must be applied somewhere on the contour of the embankment -
in this case on the horizontal section AB (Figure 3.1(b)).
7ith the superimposed distribution of forces (which are
subject to certain restrictions) the contour of the slope
at critical equilibrium can be determined by the plastic
theory (Sokolovski, 1960), If, as in our example, the
contour of the slope is fixed beforehand, solutions using
various trial distributions of the forces on AB may be
necessary before that distribution which gives the accepted
cqntour is found. Assuming that this has been successfully
achieved, then the only statement that can be made with
respect to the safety of the embankment against plastic
failure is that if the forces on AB are not applied the
embankment will be in a state of partial or complete elastic
equilibrium, that is, no statement as to the factor of
safety, corresponding to that possible in the approximate
analysis, can be made.

3.2 The theoretical model for soil media

In this Section very brief comnsideration will be given

to the properties of real soil media and the modifications
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necessary to develop the mathematical theory. It is not

a discussion on the various theories relating to the plastic
failure of soil media; the intention is to provide a back-
ground of the difficulties in the development of this theory.
This is considered necessary firstly because the propertieb
of this theoretical model are often not apparent from the
theory, and secondly because a knowledge of the theoretical
properties will bring about an awareness of the limitations
of the theory.

3.201 Strength properties of soilmedia

A saturated soil medium is composed of two phases -
solid and liquid. The solid phase is made up of two types
of particles - clay and sand-like; the liquid phase is
water, The two types of particles impart very different
properties to the soil medium, in particular two components
of shear resistance.

The clay particles are extremely small and, being disk-~
shaped, have an ecnormously large total surface area per unit
welght. The surfaces are active and draw the liguid phase
(i.0. the water) onto them, and also attract the adjacent
particles. The thickness of the layers of ""held" water
around each particle influences the attraction between the
particles, and in this way influences the bonding forces
between the particles. These bonding forces are dependent
upon the proximity of the particles to eachother, and hence
are a function of the void ratio, the bonding forces increasing
as the void ratio decreases. If the clay particles are
randomly oriented, then in every direction the bonding forces
should be the same. The wesistance of the mass of particles

is lower against tangential sliding than against normal



parting of planes, The maximum tangential sliding forces
occur along the planes of maximum shear stress, which lie at
450 to the direction of the maxinum principal stress, sliding
being initiated when the shear stress exceeds the shear
bonding strength of the material. A soil medium which hés
acquired shear strength due to these bonding forces is

called cohesive, and the resistance against sliding is called
the cohesive component of shear strength.

The discrete sandlike particles have surface areas per
unit weight insignificant compared to clay particles, and the
surfaces are relativély inert; consequently no bonding forces
are present. A mass conmposed of these particles, when
stressed, acquires strength due to the friction between,and
the interlocking of, the particles - the shape, surface texture
and packing of the particles being factors influencing these
properties., On any plane through the mass the tangential
shear resistance is dependent upon the intergranular normal
stress acting on that plane. The potential resistance thus
available is called the frictional resistance and the wmaterial
is called cohesionless. Tangential sliding at a point in a
stressed body develops along those planes where the ratio shear
stress ! normal stress exceeds a certain value called the co-
efficient of friction ¢. By normal and tangential resolution
of the forces acting on various planes through a point in a
stressed. body of cohesionless material it can be shown that
when the stress system is such that sliding failure occurs
which the failure plane makes with the normal

the angle, ¢’

I

of the maximum principal stress is given by:-
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Generally a soil nmedium contains both clay and sand-
like particles, thereby acquiring an intrinsic cohesive
strength 2nd tho potentinl for the development of frictignal
strength. Because in a pure cohesive and a pure cohesionless
naterial the faiiure plancs lie at 450 and (45 - g)o
respectively to the direction of the naximum principal stress,
in a nmixture of clay and cohcsionless materials the direction
of failure lines must be intermediate between these two
values, but to what degree tho proportions of each material
in the mass affect the direction of the failure lines is
still a matter for conjecture.

The solid phase forms a skeleton of material, the
interces of which are filled with the liguid phase. If a
hydrostatic stress is opplied to the body it is resisted
by both the liquid and the soil skeleton, the division of
stress between these two phases depending on their relative
rigidities, The stress in the liquid is called the pore
pressure; the nominal intergranular stress on any plane
through the skeleton the ceffective stress; and the sum of
these two the total stress. If a non-uniform stress is
applied to a body, there is a division of stress between
the liguid and the soil skeleton, but in this case the seoil
skeleton alone can resist the shear stresses. The shear
registance depends on the cohesive strength, which is
constant for a constant void ratio, and the frictional
strength which is dependent on the effective intergranular
stress. It is therefore vitally important to know the

pore pressure development in the mass in order to determine
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the contribution to the shear strength due to friction,

The pore pressure in a sample under a non-uniform
system of stress can be estimated from the triaxial test,
In one such test, for example, the consolidated sheared
undrained test with pore-pressure measurement, a cylindrigal
sanple which is enclosed in an impermeable membrane is
subjected to a hydrostatic pressure 65, and allowed to
consolidate under this pressure, that is, allow the pore
pressures to escape, with conconmitant decrease in void
ratio and increase in cohesive strength. An increasing
deviator stress (Oi - 63) is then applied along the axis
of the cylindrical sample. As the stress is raised the
strains lead to a rearrangement of the particles in the
samnple resulting in a change in void ratio which, if
prevented, causes pore pressure to develop inside the
sample.

By subtracting the pore pressure stresses from the
total stresses (O1 and 03) the effective stresses (Ol' and
03’) can be determined, and either the effective deviator
stress (01' - 03')—strain or the total deviator stress
(Oi - Oé)—strain curves for the test sample can be determined.

The point on the stress-strain curve at which sliding
failure is initiated, is called the yield point of the material,
Whereas in plastic materials, for examnple mild steel, this
point is well defined, in scils there is still considerable
controversy as to when yield takes place in the soil. A
number of theories on the initiation of yield has been
advanced. For example, Jennings & Kirchmann (1961) from

energy considerations deduced that the initial effective

stress~strain curve for a normally consolidated soil, if the
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stress is plotted against the log of the strain, should

give a linear relationship. The yield point is defined

as the stress at which the stress-strain curve deviates

from this postulated linear rclationship. From their
experimental work they find thuat there are two linear
sections in the initial part of the stress-strain curve.
They conclude that the termination of the first linear
section indicates the stress at which the cohesive component
of shear strength, and termination of the second linear
section the stress at which the frictional component of
shear strength respectively are mobilised. This second
point is considered to give the true yield value of the soil.
However, this yield value is considerably below the

maxinum total deviator stress the soil could sustain, and
conventionally the point on the stress-strain curve

accepted as the yield point is the pcak stress value on the
total stress-strain curve.

A graphicyl representation of the stress system, total
or cffective, acting on the sample at any time during the
loading period in the triaxial test can be given by the
Mohr's circle of stress. If in a series of tests samples
are consolidated under increasing pressures and then sheared
with pore »ressure measurements, the stress circles
representing the stress systems at the defined yield points
on the stress-strain curves can be drawn. A tangent curve
to these circles represents an envelope of failurc for the
soil. Depending on the definition of the yield point and
whether the total stresses or effective stresses are used,

different envelopes can be drawn.
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An interpretation of these envelopes is that for the
drainage conditions of the test any circle of stress falling
within the envelope rcprescents a non-failurc state, any
circle touching the cnvelope a state of critical equilibriunm,
and any circle intersccting the envelope an inadrnissabler
stress state.

A postulation is now made:- that the point of tangency
of a critical circle to the cnvelope is related to the angle
at which the failure line forms inside the sanple. An
uncritical acceptancce of this postulation gives rise to a
contradiction ~ if the total stress envelope is used, the
angle of the failure lines with respect to the maximum
principal stress differs from that using the effective
stress envelope. This point is well appreciated, the
error of accepting the total stress envelope as giving the
angle of the failure lines being seldom made, but there is
also reason to believe that the points of tangency of the
critical circles to the effective stress cenvelope do not
give the direction of the failure planes, This can best be
illustrated by considering a pure cohesive nmaterial, i.e., a
material with no co-efficiecnt of friction. Under increasing
consolidation pressures the reduction in void ratio would
lead to an increase in the cohesion, hence a set of triaxial
tests on such a material will lcad to a set of critical
stress circles increasing in diameter (Figure 3.2) depicting
an effective strength envelope for a material apparently
possessing a coefficient of friction; but in each test,
because cohesion only is present, the failure lines will
lie at 450 to the direction of the maximum principal stress.

On the stress circles in Figure 3.2 these points are
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designated by the letter B, and a curve through these points
gives another strength envelope. One could conclude that
the slope of the cffective stress envelope for this pure
cohesive naterial does not, firstly, indicate the truec
envalope although the difference from the true envelope

N

and the tangential envelope ay ve guire snall and, sccondly,
does not give the true angle at which the failure planes

would lie.

Figure 3.2

Similarly in a soil consisting of a mixture of cohesive
and cohesionless moterial, the points of tangency of the
critical circles do not coincide with the tangency points
of the effective stress envelope. Although the difference
between these two envelopes would be small, the angles
which the failure planes form with the maxisun principal
stress would be significant (see Figure 3.2).

Bffective strength envelopes obtained from using the
peak point stress usually lead to linear envelowpes. The
intersection of the cnvelopes with the shear axis at zero
normal stresses is taken as the ficohesion™ and the slope
of the envelope equal to the angle of internal friction,

is 1t is known that the cohesive strength increases with
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consolidation pressure, this presentation gives an erroneous
picture of the relative components of strength, cohesive and
frictional, in the body. However, in order to separate out
the cohesive and the frictional components additional
elaborate investigations are required, (Hvorslev,1937):

and their determination is not yet a practical proposition.
Conventionally it is accepted that the values for the cohesion
and the friction as given by the effective stress envelopes
are the best practical estimates of these parameters available,
The situation is, however, one of confusion for Jennings &
Kirchmann (1961) found that the critical circles tangent to
the envelope determined from their yield points did in fact
give the correct angle for failure planes in the triaxial
sample. For use in the mathematical theory, Jennings &
Kirchmann's theory is however still not sufficiently verified,

In cohesionless soils only the friction component is
present, hence the error in @ due to the cohesive element
is absent, and the slope of the effective stress envelope
gives a value for ¢ probably not far from the true value.

For the purpose of the mathematical theory of plasticity
the situation regarding the strength envelope for soil media
can be summed up as follows:-

In a pure cohesive wmaterial the critical circles will
increase as the consolidation pressure increises, but as the
strength in this material is the same in all directions the
circle of stress tangent to this envelope will not, at its
point of tangency, corrcctly indicate the location of the failure
lines. In soil media in which both frictional and cohesive
components are present, the same situation applies, with the
slope of the envelope being greater than the true co-efficient

of friction, and the cohesion a constant quantity. The best



3.12

estimates available for these parameters are the ‘iconstant®
value for the cohesion, ¢, at zero cffective stress, and

@, the angle of internal friction given by the slope of
the effective stress envelope. In cohesionless materials
the value for the co-efficient of friction is probably
very nearly correctly given by the slope of the effecti;e
stress envelope.

3.2.2 The stressed body

B.2.2.1 Flane strain and plane stress

Most of the stability vproblems in soil ﬁechanics occur
in conditions approximating planc strainj; strains occur in,
say, the XY plane, the strain in the 7 direction being
equal to zero. If Toisson's ratio is greater than zero,
two-dimensional strains always lead to three-dimensional
stresses, and vice versa (Case, 1948).

3.,2.2,2 Plane eequilibrium of bodies

Irrespective of whether plane strain or plane stress
conditions prevail, the differential equ:tions for
equilibrium under plane conditions can be written as

follows:~

Assuming the XY plane is being considered, and the
body force acts in the X direction, then:

90x | DBy

PL'S 227

OBy 20y - g

A a,_g
These are two differential equations of equilibrium in
terms of the three stresses Oé, G& and '?;y, and hence no
unique solution is possible. The third relationship is

determined by the behaviour of the material under stress,

that is, whether the elastic or plastic states are considered.
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2.2.2.3 Elastié conditions

A third relationship can be derived if the body, in
addition to being elastic, obeys Toock's law, i.e., stress
must be proporticnal to strain. The ecuation of comnati-

:

bility of strains can be derived, il.e.:

From the three ecuations it is possible to derive a
fourth order partial differential equation (called the
bi-harmonic equation) in the dependent variable, F, called

the kiry s stress function (Terzaghi, 1959).

”)F-' L2 L DF i
oxZ By\ﬁx qu i

It should be noted that this differential ecuation does not
require any of the elastic constants such as Young's modulus,
Poisson's ratio, etc., provided Hook's law is obeyed.

Thé bi-harmonic equation is analogous to the elliptic
partial differential ecguations mentioned in Section 2 and
its boundary conditions are 2lso similar, in that vprovided
external equilibrium of forces on the body is maintained,
these forces may be distributed in an apbitrary manner around
the boundary; infinitesimal changes of stress or strain on
the boundary lead to changes of stress and strain at every
point internal to the boundary.

In plane strain conditions, on the XY plane the stresses
in the 2 direction can bhe determined from the following

<
equations (Case, 19L3):-
mE | ]

D -, rey |
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gt &, are strains in

o

where 1/m = Toisson's ratio, and e ©
the x, y, z, directions respectively, from which it czn bhe

seen that:

P o _va

[ . VY\',‘ p’
.

=z .
J \

~

-

If Poisson's ratio = 0,5 then
}
e —_— -
o = A(Jxﬁt%‘)
The use of this last equation in the development of the
mathematical theory will become apparent later.

3.2.2.4%  The rigid body

It has been stated that iiry's stress function is
independent of the elastic constants of the material.
Consequently, the stresscs derived from the solution of this
function will be valid if Young's wmodulus increases
indefinitely. A body with an infinitely high Young's
modulus is defined as a rigid body. slthough the strains
are equal to zero, the stresses are correctly ziven by the
solution of the Airy's stress function.

3,2.2.5 Plastic conditions

The third relationship for the plastic state will now
be considered. The discussion starts from the formulation
for the yield criterion in plastic metals and this is
extended to give the formulation for the yield in soil media.
This extension may appear to be somewhat artificial and in
fact is so (because of our ignorance as to the true yield in
soils), but by deriving the required relationship in this
fashion attention is directed towvards certain difficulties .
inherent in a formulation applicable to plane strain
conditions, difficulties that -will have to be faced with
any yield criteria.

Mathematically the difference between the yield criteria

for metals and for soil media can be stated as follows:-
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In metals the yield point is independent of the mean
normal stress; 1in so0il nmedia the yield point is dependent
upon the mean normal stress.

Considering the plastic metals there are two widely
accepted criteria by wihich the yield point can be estimat;d,
those due to Tresca and Levy % von Mises.

In the Tresca hypothesis yield in a body under a state
of complex stress takes place when the maximum shear stress
equals or exceeds a certain value, i,e.:

é%(cz;axf' Cﬁ;uq) Z Kk

minimum principal stress

]

where 0,
min

maximum principal stress.

max

It should be noted that the intermediate principal stress
does not enter into the criterion.

Under plane strain conditions in the XY plane provided
Poisson's ratio is greater than zero, the G; principal stress
will always be intermediate to the principal stresses in the
XY plane and therefore does not enter into the criterion;

consequently for critical equilibrium the criterion for yield

can be written:-

= }
o~ 2
\// {_,1_2..__} -)._."/\;j = K

In the Levy & von Mises criterion yield takes place when
the shear strain energy, that is the energy due to distortion,
exceeds a certain value, Under plane strain conditions there
is no distortion in the z direction, hence no energy is con~
tributed from this source, and 0;, ’T;Z, and ’T;Z do not enter
into the criterion. In conseguence, under plane strain
conditions it is possible to write Levy & von Mises' criterion

in the identical form as Tresca's:-

. / Lga,%ﬁ‘;yjz—!- 7552} = K

/
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but the constant K' is not equal to K. From experimental
investigations it has been found that the Levy & von Mises!
criterion is superior, but under plane strain conditions the
two criteria have the same mathematical form, so either can
be used in the mathematical development of the theory.
If the hypothesis is put forward that the yield

depends on the mean normal stress, Tresca's and Levy & von
Mises' criteria can be extended to incorporate this, For

the plane strain condition Tresca's criterion can then be

written: -
/’ o o & '2'1 .
/ —Q'.;-:_._ﬁ 1 N\ _ (¢
\/ [ 2 + 7/:5./ = ‘\0;"‘@ ‘1*02) =4 (mean s+rtss,)

where the term f (mean stress) is usually taken as a linear

function. That is

_ Y, Y,
LHS = K(13% z) +C

It can be noted that G; enters into the criterion of yield;
similarly for von Mises' criterion, If Poisson's ratio is

equal to 0.5, then

-/
% = (o)

and the criterion can be written

LHS = <L o+ R +B
S
and the G; does not enter into the criterion. The constants

L and B are functions of the co-efficient of friction @, and

the cohesion, Incorporating @ into the constants gives

PO T

s e ’
FOn oy - n el
o = O_zé] 7 :[ﬁé.%] Sin ¢relosg (a)

where ¢ is the cohesive shear strength of the soil, In
this form equation (a) is known as Mohr's criterion for yield,
In the studies of the yield in plastic metals it has

been found that under plane strain conditions if the plastic
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strain exceeds 2 - 5 times the elastic strain, Poisson's ratio
does in fact tend to 0,5 in the plastic region, and O; would
therefore be neglected in the plastic region. How valid this
is in so0il media is still a matter for conjecture, but for the
purpose of the mathematical theory in order to eliminate Vthe
0; from the criterion of yield it will be required that
Poisson's ratio is taken equal to 0.5.

ilith regard to its application to soil media it must be
remembered that equation (a) is approximately true only for
the effective stresses, and has no validity for total stress
envelopes, where its use is simply a means for stating a
linear relationship for the envelope. Sokolovski developed
the mathematical theory of plasticity for soil media using
the cohesive parameter ¢ and the friction parameter J,
without apparently considering the influence of pore pressure
development during failure. This does not in any way
invalidate his work, for it is theoretically possible to
incorporate the pore pressures in a manner similar to the
incorporation of the seepage pressures (Sokolovski 1960)
without disturbing the theoretical structure of his theory.
A difficulty in using the effective stress parameters in
such a theory will be to estimate the pore pressure develop-
ment during failure in a mass where the consolidation pre-
history varies throughout. Relationships between the pore
pressure development at failure and the consolidation
pressure will be required. An example of such a relation-
ship is shown in Figure 9.39 and would be of vital importance
to the analysis of the plastic failure in such a material,
No attempt by means of the mathematical theory of plasticity

has yet becen made to obtain solutions of the plastic failure
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of s0il masses in which the pore pressures generated during
failure are taken into account,

Sokolovski's work on ficohesive’ soils in which he
assunes that the cohesive paramcter is the only one present
(the concept of g = 0, i.e., no frictional strength compeonent
in soils) seems to have arisen from the total stress envelopes
obtained from the unconsolidated undrained shear tests on
saturated soils. Within the normal ranges of stresses
encountered in soil mechanics, effective stress envelopes in
which @' = O are most unlikely.

The assumption of a linear strength envelope in
Sokolovski's mathenmatical analysis is a simplification
which is not an cssential requirement for the development
of the mathematical theory of plasticity (Sokolovski 1960).

He has in fact presented the elements of a theory in which

a general form of stress envelope is postulated, but it is
evident that the gain in generality will be offset by the
increase in complexity of the analysis. However, with the

use of electronic computers solutions to problems using the
complex analysis should not present insurmountable difficulties.
Curved envelopes of failure such as those obtained by Jennings
& Kirchmann could be treated by this analysis.

Later it will be shown that the partial differential
equations of failure are quasi-linear hyperbolic. These
equations are so flexible that should methods for determining -
the true cohesion and true friction become practical it will
be possible to incorporate these conditions into the equations.

Finally it should be remembered that the values ¢ and c
are determined in triaxial tests where the failures do not

take place under plane strain conditions. The analysis of



plane failure using the parameters detcrmined in the triaxial
tests will therefore be in error to the degree that the ¢!
and c¢' values deviated from the true values in planc strain.

3.2.2.6 The elasto~plastic failure of a body

he complete solution of the stresses and strains it a
body, a portion of which is in a state of plastic failure,
is one of extreme difficulty, and very few solutions are
known at present (Hill, 1960). Where solutions have been
obtained, it has been principally due to simplifying
conditions of symmetry in the shape and the applied stresses.
An example of such a solution is the elasto-plastic state of
thick spherical shells under internal pressures sufficient to
cause plastic deformation spreading outwards from the
internal diameter of the shell while the outer diameter is
still in an elastic state. Here the plastic strain is of
the same order as the elastic strain, and the neglect of
the elastic component leads to gross errors in certain of
the stress components. (In soil mechanics a similar situation
will arise in investigations of the plsstic failure of deep-
seated, point-loaded piles).

Where the plastic strain is not constrained by the
surrounding elastic material, the plastic deformation can
take place freely. With the progress of plastic deformation,
the influence of the elastic component of strain reduces
to insignificance, and its effect on the stresses can be
neglected. Large plastic shear strains are nornal in the
najority of plastic failure problems of soil masses, and the
neglect of the elastic components of strain in the plastic
region should not lead to significant errors. In any case,
in the present state of the theory, this assunption is

essential if any solution is to be obtained at all.
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3420247 The rigid-plastic body

Neglecting the elastic component of strain in the
plastic region implies that the plastic shear strain takes
place without volurie changes, For consistency, the strains
in the elastic zone of the body should also be neglecte&.
This can be acconmplished by assuming rigid body conditions,
that is assuming P to tend to infinity. It is then still
possible to calculate the elastic stress distribution but
the elastic strains remain at zeroi Becausc the value of
Poisson's ratio tends to 0.5 in the plastic zone, in order
to eliminate discontinuities in the theoretical stresses
at the junction of the plastic and elastic zones, it is
assunied that the Poisson'!s ratio is also equal to 0.5 in
the elastic zone. The theoretical body in which the
elastic components of strain in both the plastic and
elastic zones are neglected is called a rigid-plastic body.

The assumption of rigid plasticity does not imply
that in a body subject to increasing intensity of loading
the intermediate states of plasticity cannot be calculated.
But, during the transition stage before the plastic zone
has penetrated through the body, the elastic components
of strain are of the same order as the plastic components
and the assuuption of rigid plasticity leads to certain
errors in the stress distribution. Once the plastic zone
has penctrated through the body, even though adjacent
elastic zones still exist, the plastic failure movenent
is unrestricted and the errors due to the confining
influence of the elastic zone decrcase to insignificance.

In the mathematical theory of plasticity it is

usual to determine only the final plastic state. Because
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of the assumption of rigid plasticity, and because the
plastic zone is described by hyperbolic partial differentiazl
equations which require only the stress distribution on the
external boundaries of the plastic zones, it is possible to
deternine the plastic zones independently of the elastic
ZONES.

3.2.248 Statically deterninate and statically
indeterminate plastic failures

The concept of statically determinate and statically
indeterninate plastic failures appears to be due to Hill
(1960).

In the plastic regions of failure there are two
conditions to be filled. The first is that the critical
equilibrium state of the stress nust be satisfied, and the
second is that the plastic shear strain rates (or velocity
of shear strains) nust be compatible with the stress state
for the initial shear strain rates. Hill shows that if
the plastic failure is governed solely by the stress
applied externally to the body, the critical stress state
ardthe shear strain rate state are compatible, and the
solution of the critical stresses only is required. This
type of failure is called étatically determinate.

The gstatically indeterminate state arises in the
following circumstances:

(1) The externally applied strain rates of the body are
controlled. In soil mechanics this situation, for instance,
occurs in the failure of rigid foundations and retaining
walls. The problen can be clarified by considering a
footing under statically determinate conditions. To

obtain a solution, the distribution of load on the footing

is specified, and is applied, 2s it were, on a thin rubber
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nembrane which can deform as the soil underneath deforns
with failure. In the statically indeterminate footing
the deformation of the soil underneath would iead to a
re-distribution of stress different from that originally
applied if the soil is to remain in contact with the

‘
footing. Hence the stresses are not independent of the
relative strain rates. In order to solve this problenm
by means of the mathematical theory of plasticity, a
stress distribution nust be assuned and the critical state
throughout the failure region determined. The strain
rates throughout the failure area then require determination,
using the specified initial rates. Their solution is
similar to the solution for the stress state, also being
governed by hyperbolic partial differential equations.
If the characteristics of the stress and strain rates are
coincident, the solution is the correct onej if not,
a different stress distribution must be assumed until
conpatibility between the strain rates and the critical
stress state is achieved.

In the failure of retaining walls the sane

situation applies for the movement of the soil during
failure is controlled by the rigid novement of the wall,
This problem is of concern in soil mechanics, and Terzaghi
enmphasises the importance of the movement of the retaining
wall on the form of the failure, (e nust, however, be
careful to observe the difference between the control of
the plastic shear strain rates for statically indeterminate
retaining wall problems in the plastic theory and the
elastic strain movement that Terzaghi considers prior to

failure. For instance, in Figure 3.3(a), according to
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our definition, a statically indeterminaste failure is taking
place, the failure zonc lying against the figid wall and
controlled by the movenent of the wall. In Figure 3.3(b)

o statically determinate failure is taking place. In
Terzaghi's analysis, because he considers only elastic '
strains,he does not differentiate between these two failures
theoretically, although in this particular example the
solution of the statically indeterminate problem will

probably be very near or identical to that given by the

statically determinate solution).

(a) (b)
Figure 3.3

Sokolovski provides a solution for the failure in Figure 3.3(a)
by making certain assumptions as to the distribution of

stress against the wall, but the unigueness of his solution

is only guaranteed if the strain rate solution coinéides with
the stress solution. He has not considered the shear strain
rates which nay require that at the wall the rates would not
result in a linearly distributed total strain.

(2) 4 second statically indeterminate state arises when the
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plastic zone develops internal to the body, i.e., the
plastic state is surrounded by an elastic state. This
condition can only be predicted if the elastic state in
the body is deternined at various stages under an increasing
‘

load, until the stress on the point internal to the body
exceeds the yield point. A problem in which this situation
occurs has been solved by Southwell & Allen, and here Hill
criticises the solution in that the strain rates have not
been considered. (Southwell & Allen, 1950).

The solutions of the plastic equations attempted in

this thesis are all of the statically determinate type, and

hence no consideration is given to the shear strain rates.
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3.3 Derivation of the partial differential equations
for plastic failure of soil media

The derivation of the guasi-linear partial differential
equations describing the plastic failure of so0il media will
"now be presented. The eguations derived are those due to
Sokolovski (1960). The transformations employed in the
derivation are identical to his, but the procedures are
different, following those set out in Section 2. It is
hoped that by adopting this approach the unity of the equations
of failure with the hyperbolic partial differential equations
will become clear.

In order to preserve Sokolovski's notation, the angle of
internal friction will be denoted by)P and the cohesiﬁn by k
instead of the conventional ¢ and ¢ respectively. From the
text the meaning attached to each symbol should be clear.

3e3.1° State of stress at a point in a body

The state of stress at a point in a body can be
represented graphically by means of the Mohr's stress circle.
The following conventions will be followed in constructing
the stress circle:-

1. Compressive stresses are positive, plotted to the right. -

2. Shear stress couples which act anti-clockwise are -
positive, and plotted verticglly upwards.

In Figure 3.,4(a) the stress on an elemental rectangle is shown.

In Figure 3.4{(b) the graphical representation of this stress

condition by means of the Mohr stress circle is shown.

If the conventions set out above are followed, a
rotation Pof a point on the stress circle conforms to a
rotation, @, in the same direction of the plane.

The stress state on the plane marked (I) is represented

by the point marked (1) on the stress circle. The major
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®

Figure 3,5(b)

3.3.,4 Differential equations of equilibrium of an
glement in a body under stress

Figure 3,6

Consider an elemental rectangle in a body under non-
uniform stress within the co-ordinate system shown in
Figure 3.6, Let the density of the body be equal to
and let the elemental weight of the body act vertically
downwards. By taking moments about any point in the XY

plane it can be shown that, for equilibrium, .T;y is
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<

zqual to T . By resolving forces parallel with the
X and Y axes, the following partial differential eguations

of eguilibrium can be derived:

A0 |, 27y

dx Qj =X 545 .

20 I

Y e = = v 2.6

aj Ioe '

These two ecuations are in terms of three unknown

stresses ¢, 0 and 97 znd hence the stress system is

X ¥ xy
indeterminate. The third relationship is obtained by
considering the critical plastic =tate of the element
according to Mohr's hypothesis which states that, for a
vlastic state to exist, the following ineguslity must be
satisfied:

7. 7z kR + clanp

7 7 H+a) Tang 3.7

n,

where k, the cohesive strencth of the soil = H Tan £

9

sheazr stress on the vlane on wnich

¢

the normal stiress O acts, znd }P is the zngle of internsl
fricticon of tas so0il, Taking the eguezlity sign which

ate of critical eguilibrium, the stress circle

‘ra~hicplly representing this state
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failure may zppezr in the plastic stzte.

#ith Mohr's criterion the three unknown siresses are
now reduced to two nnd 3t is possible to transform equalions
3.2, 3+% and 3.4 in terms of two variables defined as follows:-

Let a pseudo mean stress be defined se follows:-

3.3

and the angle of the normal on the plane of the maximum

with the X axis be defined as ¢. (3ee Figure

2,7(v)).

-
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but from Figure 3.7(a)

g—-—“’—"f‘ = o Smf’ 3,10

Again from Figure 3.7(a) and Figure 3.7(b)

O = 0O -H # c-Smf Cos 2 ¢

. oy
= O [t + Sin_,n Coszg)] — H 3.11
9q = 0‘[! ~ Sinp Cosz.ga_] -H 3.12
3.1
7:‘:3—_'_ O‘Smf szq’ 3

For purposes of simplification, a further transformation

is required. Let

o = o ez,')CTanf

that is Logea'z Logca'o + 2‘)£72mf 3.1h

where g, =K

Substituting equations 3.11, 3.12, 3.13 and 3.14 in
equations 3.5 and.3.6 gives:-

(the following partial differentials are required

20 _ 20 20 2L |, dox 3¢ N
3x 20 2 o= ay: 2% 315
20 20y 20 22’.

Y44 = . .

2y 5—? a)!, Dy 350 aﬁ 3.16
2%y _ 2%y 20 2L 2%y, 2Y N
DX S 2T 3x T oy o= 317
2%y _ 2By 20 2k ., 2%y 29 g
23 o Yex 3% %_S 37) 2/({ ) 3.1

- This gives
d¢,/20 =|+SinpCos2y , do, fo0= l—-Smeosz¢
37;5_‘,/20' = SInmeZ?
30,(_/9¢ = ~20SmpSny 20 /ay = 20 5mp szf
. =20 Sinp Cos 2
97;}/37)‘ P ¢

Consider equation 3.14

20 | _
5‘—""-0-_ = 2 Tanf
i.e.
20 _ z_a-7an/>
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‘Substituting in equation 3.5 gives:

[1+5mp Cos2p][20Tanp] 22 — 26 Sinp Smn2p 2L &
.;.[ Smf Sin? 90][20‘7&;1}’]% + 20 S:rffos?,f)g—lf} =

Dividing by 2 O Tan f Co

[l + Sinp Cos 290]% — Co.Sf Sm2¢ g—g + 5}nf szy-%z’
N

T 2o 7%enp
Similarly, substituting in equation 3. 6 and reducing gives

+ Cosp Cos th%g- 3.19

Smf Sin Zyl +[l~$mf€asZ§V]~—} + Ca.sf Cost’ S *

Y
20-75/;/9 3.20

Equations 3.19 and 3.20 are the basic differential equations,

+ Casf Sim 2;9

but suffer from the disadvantage that the dependent variables
f and ;P occur simultaneouély in each equation. It is
however always possible to transform each equation to

contain one dependent variable only. This is achieved by

making the following substitution:

L=t p=(X-p)d 3.21
i.e. Z%:Li-fz 27::'{“2

This substitution is equivalent to choosing a new axis, §

and 7 , at 45° of the axes ?L and sﬂ.
E [ J 2¥¢ z[% — 22].!.
ax 2zl Z 2x 2 Sal 2

(%3] 2% -3

Furthermore, for simplificati_on the following substitution

3.22

is convenient:
-.f - N 3.23
(This relationship has been derived earlier, below equation

3.7)
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Substituting equation 3.23 in equation 3.19
[ I 4—31?1(% - Z/u) C0$2ﬂg—}; + Sah(-g- -'z/u) Sin 2¢ ?al)
--Cos(%-Z/u)Sme + Cos(lzr-—z/o Co.s??f—-: "—"—X/Zd'er;"-zl*

Now Sin (% -2/0)= Sm!} Co.sy—fasg&nz/u ::(a.\';a 3.25

Cos(z-z/«) ('os-—-l’a:/+5m Sindu=SinzZu 3,26

and substituting equations 3.25 and 3.26 in equation 3.24
7 P .
[l+ Cos ij:’-—g{’ +Sm2f> (052/(1 —-S>Iz:2¢’ S'"Z/“?;_ +

+ Cos2¢p Sm‘z/agf = Zo7np

Substituting ¢ and y from equation 3.22 gives

[14-('052.((('032/«}[3{— 317 [5';»1240&9:;“][ -
——Sln2¢5}n§a[9 E—ZJ-fCasZspSmZ/a[aj é :—5_—};—-70

Multiplying out and gathering terms
[1+CoszppCaszue —Sn2p SinZu 2% + [14 Caszyp CosZr + iz 2] 5%
+[Smeplos3u + Cos Zfshf\zfij‘;‘; +[!r'nzy(;5 z/r-—coszf&m;ﬂ g_‘:sl =RHS

which glves

fl+Casz(¢/)] +[n;;.co—52(?_-/¢,)]2_z
+ Sin 2(90%)_?? + Sln((f/q) .l—~ a"ano 3.27

Expanding the sum of angles and noting that Sin ¢ + Cosae = 1,

equation .27 becomes

[(Sm‘%u)+fos‘(¢;o> +(Costppo ~Si (o) 3% + 2 S*h@’*/)fv%fz)fs‘, *
[ () +fvs’(7/«)+((of'é’v") ~$ipy] 2 +th~@’/)%)
Z&s"(ffy) +2 ScnPr) Coslpom 26 +

4 Ca}(s//u) 54 +2 S (f)“) C”(f’/’)?; 07":/ 3,28

Equation 3.20 can be similarly transformed to give:

2 Sin@ppu) Cosfpru) 22+ ZS*‘&"‘(?/) 26

+251n@;y)a75(9’/h)-—7 +. 2Sm?% (P ) 35 a—-}}—:f 3.29
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Multiplying equation 3.28 by Sin( ¥ +~ ) and 3,29 by

Cos( / +/44 ), subtracting 3.29 from 3.28 gives
2 LotPt) Sinles) -2 SimttoosesC ool
[ 037?>Q)5h4@%%0 ElSW(FDuDCauGV/q)(quawoiéggj +

4-[2 Sin (?7«) Cos(;o;u) S:h(ff/f) ~2 Sin L(?;ﬂ) Caj(ff/d]% =

X Sinlppn) =Y Codpu) 3.3
: o Tan £ '

The co-efficient of-;/::‘ can be written

2 Cos( pu)[Sin(ppu) Costpon) —Costppn) Sing=2) |
i.e. 2 Cosffya)[ Snk(lfw _.-_.'/‘;)]
dce. 2 Cos (Pa0) S,
Similarly, the co-efficient of%% can be written

‘ZSr'r\.(lf;u) Sm Zu.

Substituting these values in equation 3,30 gives

qu(?—,a)f:hy% + ZSre{fpu)Sim 24 ?S—.j'.l. = X S:A%I}’(ugfz)

Dividing by 2Cos( f -/ll )Sina/” gives
2L} Tan (9= ).2.2. X Swiffpe) — Y Costppa)
3% 7734 2loNyn) S eu olonp

By definition

Sin 24 = S/ri (7/2 70) = S /s Casp — Las /s Sinp
o Ca.rf

and by noting that Cosf Tan/ = Sin/ equation 3.30

reduces to

' ; =Y &
2L, + Ton(pu) L = X Sinlpee) 7 Cosfew) 5 5,
32 7 2 0 Sprp Cos(Pou)
Multiplying equation 3.28 by Sin( f—-/{ ) and equation
3.29 by Cos( f - M ), and subtracting 3.29 from 3.28,
and treating the resultant equation in a manner similar

to that above gives:

__ XSinp) Y Coxgpom) o,
Y, 2 o Sinf Cospow)

K

= Tan(ge)

¥
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3e345 Determination of the characteristic equations

Consider any smooth curve S in the XY plane, the

partial derivatives along S are given by

——— ..——-’ —
J‘;‘ da + i3 cfj = d£ 3.33
2 + 2% -
22 d= d'j == dZ 3.34

Following the method for determining the characteristic
equations as set out in Section 2.5 the four differential

equations 3.3l, 3.32, 3.33 and 3.34 can be written

;”%— :—% anlpu) = a

E:zabr+ Eé? ¢iff ) » 7.‘ = cﬁz 5.3
%de:g :"(f?") : b
o P T oy 8 = df

where a and b are equal to the righthand side of equations
%2.31 and 3.32 respectively.

In matrix form these equations can be written:

1 Tan(@-u ) 0 o] 97/?:: a
dx ay 0 0 /Ty
‘ 1 = dz 3.36
0 0 1 Tan(@F+m) I /% b
0 0 ax dy /2y H{

Equating the determinant formed from the square matrix of
coefficients on the iefthand side of the matrix equation
‘equal to zero, and expanding this determinant, gives the
differential equations for ldcating the characteristics,

i.e,

”"ﬁ)z~[75~(f¢~)+75~(¢’;u)]ﬁ“ Tanlpu) Taenipm) = ©
28 =L Tontpy) Tonp )] 5 [Tonttper st )]~ T Jorp - 57

The expression in the square root reduces to

[Zentppu) - Tongpoar] :
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Hence

dy
Ax

i

Tan (r) 3.38

or % = Tan{f-w) | 3.39
Equations 3.38 and 3.29 define the slopes of the two
characteristics through any point x,y.

It can now be shown that the partial differential
equations 3.31 and 3.32 are hyperbolic:-

Referring to Section 2.9 it was shown that if bz - hac is
greater than zero, the partial differential equations are
hyperbolic. Now, b° - bac = /Tan(@ f/‘ﬂ - Tan(@ :/0272.
The function inside the square brackets is different from
zero for all values of ¢ and hence the square of this
expression must always bé greater than zeroj hence the
equations are hyperbolic.

The differential equations for determining the value
of 7 and‘l; along the characteristic curves is given by
substituting the matrix column on the righthand side of
equatioh 3.36 in the second column of the determinant of
co~efficients on the lefthand side of this equation.
Expanding the determinant of co-efficients and equating to
zero gives: :
a’7aj — o’7o’.x ﬂn{f’y)-— adicdy + a@’z)"};nglﬂ)ao
and reducing gives '

[c{g — o 70/1[?5”)][ ¢/7 - ‘a’.:c.,a] =0

Dividing by dx gives:
g )
-&"‘75’1 ][‘1' -—-’} =0 3.40
[a%¢ ev) di
Now, substituting the equations for the characteristics,

: ay _ ay . )
either z& = Tan(g t/ﬂ@ or 3% = Tan(g ’/ao Substituting

the first in equation 3.40 makes the lefthand side equal
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to zero and hence there is an infinity of solutions.
Substituting the second gives:
Toss (F-u) — 75 [ﬁ’z._._] -
[_an(;//a) an(y;w)_] Jn T4 =0
Now, éfan(ﬁ ;A,) - Tan(g ;;‘27 can never be equal to zero.

Hence

%ﬁ - a =0

a _ o -

for 2= = Lan(f - )

Similarly, substituting the righthand column of the matrix
equiation in the 4th column of the matrix of co-efficients

and reducing gives:

for

Hence the characteristic equations are:

Y — Tan (%-.'/I) 3.41
Z? lst characteristic

7 = « 3,42
aac

Vol

;gc_ = Tau(g/t~) 3.43
aCé 2nd characteristic

= =& 3, bk
ax

3.3.6 Cannonical eguations

Instead of referring the eguations to the X and Y
axes the equations can be referred to as the curvilinear
grid of characteristics. Let the characteristic curves
be plotted to 2 rectazngular grid z2nd the two co-ordinates
be named A and /6‘. The characteristic equations as

referred to these characteristics then take the form:-

2y 2
PVl 7“'"(?7”) S



This set of equations are called cannonical equations.

They are n;t of direct use in the numerical solution, but
are used by Sokolovski and appear to simplify the statements
for the initial conditions for the numerical solution.

The properties of the cannonical equations are discussed

by Forsythe & Wolfgang (1960).

Discussion

The complexity of the derivations.of the partial
differential equations describing the failure of soil media
is due to the occurrence of both cohesive and frictional
components of shear resisfance in the soil, The analyses
for pure cohesionless and pure cohesive materials are
significantly simpler. The former will be considered more
intensively in the followling Section; the latter falls
outside the scope of the thesis, but possesses an extensive
literature on the analysis of the plastic failure of metals
(Bill, 1960).

In approximate analyses, because equilibrium of the
failure mass is consi&eréd. efforts are sometimes made to
apply the elliptic type of differential equations. It has
been shown that the equations of failure are in fact
hyperbolic and therefore of the propagation type - even
though a pseudo-equilibrium conditionis considered by taking
the equality sign in Mohr's criterion. Efforts to base
approximate analyses on the elliptic type of equation are

therefore fundamentally in error.



b, COHESIONLESS SOILS

4,1 Characteristic sguations for cohesionless material

¥

It is possivle to derive the characteristic equations
for cohesionless materislis in terms of ¢ and (}9 instead
of ¢ and ‘f . They can conveniently be deduced from the
characteristic equatione for the cohesive material.

The dependent variables Z ard é were defined as

Follows:
£RXp ) g hmg whee X= ELlg &
£ =t fog, (/) + ¢
? = og, (c/0,) -
oo dg =Pyfoc)de + (% /og)dp
dn =(oq/20)do + (31/2¢) d¢

Hence dé Co‘t? g_}f_ +d(p b1
dz{:{ .,Q?_f d(y —dy b2

The characteristic equations for a cohesive soil are:

gz = en (¢ =) ’ -3

l1st characteristic
set

T
2nd characteristic

- set :

% - b 4.6
dx J : -
~ Substituting for d‘z and dlz from equations 1 and 2 in 4 and

{
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6 gives: ¢ tp do
0
2 ' F Cf?’ = adzx
CotP do ' _ ’
2 o + dg = bdx
. do - zoTanp dp  =zaocTlanp dx b7
c
d
O—i%( = Tan(;ﬂ—/u) L,8
do + 20 Tanfcly =2bo Janpdx 4,9
d .
a—g = 72/7({?%) 4,10
where

a - aasmf%’/&‘gﬂ/) ) (Y=2)

{

b - XSIn(lP-—'/()
- Zas;nfCas(¢

which gives the characteristic eguations for a cohesionless
soil.

k,2 Some solutions for critical equilibrium problema
in cohesionless soils

4,2.1 .Critical state in a semi~infinite body with a
harigontal upper boundary under an infinite
load P per unilt length

Under these conditions the partial differential equations

of equilibrium degenerate to ordinary equations, viz.:

do, _
To =¥ 4,11
d% _ o
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Tntegrating equations 4,11 and 4.12 gives:

O:x = ¥2¢ +C b,13%
i .
750/:' C 4.1k
Hence ¢ = P and equation %,1% becomes .
g, = Jx +P k.16

Now at critical equilibrium, from Mohr's circle, relationships

for the stresses

o, = 0 + 0Sinp CosZ(p 4,18
o'j = o - chm/o Costh | 4,19
7;5: O'Smlo Sinalf ‘ 4,20

can easily be determined.
Substituting equation 4,16 in 4.19 gives

Tx+ P = O‘(i + Sl'nfCosE.lP)

¥+ P .21
|+ Smf CosZCP

o =

and substituting equation 4.17 in equation 4.20 gives

. o'SmJo Sin 2¢ = 0 I, 25
For a solution to be possible o >0 » in which case
Sin 2¢ .= 0 for 2(,0 =O,IT)ZTT
Taking the first two values for 2 ¢ we can write
— -+ . .
ZQP = (K = l)lzl )K = - 1 teking K = 1, 1.e.l[:_0

and substituting this value in equation 4.21 gives

o = 5P b2
= T+ %np e



A

This corresponds to the case of active failure. Taking

K= =1, i.e., =--§E and substituting this value

in equation 4.21 gives

o = ¥x + P b, 2k
_ / — Sunjo

This corresponds to the case of passive failure. At the

boundary x = 0, hence

_ P _
“= Tremp o P=0 2
_ P T '
. l—-S'mf for f - Tz he2b

which give the boundary values of U and ? for active
and passive failure conditions respectively.

L,2.2 Determination of the direction of the principal
stress at a point on the surface of a cohesion-
less body free of applied exteinal stress having
a slope £ at the point.

Nl

For the medium to be in equilibrium the angle of
inclination to the horizontal of the boundary curvgﬁf must‘
not be greater than the angle of the internal friction jD .
As thé boundary is free of applied stresses a'=:0 at the
boundary. There being no cohesion, it is possible.to writg

the equations of equilibrium in terms of o and § instead
of ﬁ(’ and Z .

v = %tp 10360' Zu ='.’_£7'. —p 4,29

£=F+r =2t



L,s

. Cot Cots
,_é‘: gflojeoi-’?ﬂ ; ;Z‘:_-—%j/cjeo"»f L,28

Consider the first equation of equilibrium:

2 o _ X Sin ,
‘9—71(_ *+ T“"(S”"/“)B"Z - E.VSrnj(DyCab_sZ;V):R.#'ag

Partially differentiating 7 in equation 4.28 with respect

2
to x and y and substituting for éf- and -3%-! in equation

24
4,20 gives
) i 30 .Y/ - !
[_ Co*f o 3% *5—32] + 7_an((/’7‘/)[c°*}° 2“'5.53 - 3:5
Lo Cw[ s 55 Ton(y4)] |3+ 5, Tontp)]= R 430

Multiplying equation 4,30 by 0" and noting that o =0

in the boundary, equétion L,29 reduces to

Cobp [ 3535 Tan(9)] = A20EEE),, o

Multiplying equation 4.31 by Sin/o Cos ( ¥ - ) and noting

that\ Sin/ Cot/ = Cos/ and Cos (}9 ;,a )Tan(i;f -/a ) =
Sin( f - ) gives

Cas(?}")g{ + g'”@b”)?af = b’S‘m(Sﬂy)/Césf b, 32

where ¥ = x = density of the material.
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Similarly, considering the second equatic;n of equilibrium

it can be shown that

P
Cos(ypu)s—g- + Sm(gﬂy)%g = - Qn(.;ﬂ/—y)/fosf b.33

Equations 4.32 and 4.33 are two equatiocns in two unknowns —aa-—f—;
o o

and 2 . To solve for 22 and 22 multiply
> >

equation 4.32 by Cos(f-r/q), equation 4.33 by Cos(f-/u).
subtracting equation 4.33 from 4.32 gives

%gg‘__ [Sm(f—/a)cf)b(f;h) - Srn(f’;ﬂ) Cos(ff)] =
o [S ,,.,((/97,) Coswy) + Sinp_u) (‘os(?-/—u):] ,,‘*.?h

Consider the lefthand side of equation 4.34, from the» multiple.
angle trigonometrical formulae

Sin (P — ) = Sin(-20) =Sin(E—)
—(Sm Cosf-(a.s--5mf) ---—Co.sf

The righthand side of equation 4.34 in brackets gives
/ - y
£ Sin2(fpr) + 4 SME(YPop)

which reduces to

RHS ’[ngl COS‘A]CZ,

,[szy Cos 2 /]Caf ‘ |
and [os 2/11 = Cos(-z,—--—-f) = Casg [agf + [}”.’é _Q,,,f — _g',,.,f

. . .9
i.e. RHS = [5"‘2‘/’ g""f]fgf
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Equation 4,34 becomes

27 . _ 8

a’j ———Coszf ( S‘y,}p- Sln 2,?) 4,325

Similarly, solving for 90*/21 gives

2 _ T [I-—-SmeosZ?fJ | 4,36

X Cosip
Along the boundary 0 = 0. Hence the rate of change of 0~

along the boundary is equal to zero. That is,

G0 _ 20 dx |, 20 du

- —_— =0
ds 2dx Us 24 o's
. EEF d EE:i:: O
ox
le€e
-/ L g%x
dy 2%
But at the boundary
do —
7 = Cote

k.37

i.e.

o0 |
lot¢ =—5% 57

24
and substituting equations 4.35 and 4.34 in equation 4.36

gives

I—=Smploszy
Sﬁrya E;072€;9

Sin-€

Cog/&

crossmultiplying and reducing gives
5”)__6 + S/nf ‘5m(2¢:_&) = 0
hence S/n(af—i) = S/n/(/ g/nf

4,28

(obg = —

Noting that Cot,§ , substituting in equation 4,37,

w g« sy (D E
- , Zsﬂ = £ 4.[;4—:]-22 —k Sin"[S/Q/SM/J k.39
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+ | f-ay achive Lfailure
where Kr-{ 5‘

-1 for pasmvc}atharc
Equation 4.38 gives the direction of the maximum principal

stress at the surface of a cohesionless embankment, without

external stress and a slope of’é at the point, The

%

quantities derived above are depicted in Figure h4.1.

~
Slope at point p -~ -

// Out Ime _of bank
£ .

Follore lines at Paint A

Divection of Max.

Prmc:pal Sfressl 0y JRS

Figc b1

Lk,3.1 Numerical solution of the differential eqguations

Given equations 4.7 to 4.10 and the values X10 Y10 Oy
Q!l and X5, Y51 O ¢2, (the points X1¥q and x,y, in the XY
plane being near to eachother), to determine x3, ys, o, ¢3
by the method of characteristics. The problem is graphically

illustrated in Figure 4,2



[’4'09

® (%%JA =Tan(p4)

Dr.3 53 unknow?

Figure 4,2

Through every point in the XY plane within the region of

solution there pass two characteristics, A and fi . The

directions of these characteristics are given by:

(%),( = Ton(fy) | 4, bo
(@) = 7m0

# being the direction of the maximum principal stress.
As the value of ¥ is known at points 1 and 2, and the
d d

slopes (S%L), . ey .

P (dx)a(]_ and (dx)ggz of the A and /3 characteristic
through points 1 and 2 respectively are known, the point
x3y3 can be obtained approximately by graphically plotting
points 1 and 2 in the XY plane and drawing the slopes of
4
(Ei%ﬁl and (%%232 through points 1 and 2 respectively to
intersect at x3y3. (It should be noted that if the
characteristics . ¢(2 and {5 1 Were chosen, point EIR AN would
have been found -~ which characteristics of the family to use
will depend on the region of solution required.)

The first order finite difference approximation to

equations 4,7 to 4.10 can be written:

(Ys-%) = 7on ( Fo—w) - (%-2) kb2

+ > \ 3 +
( /3 characteristic through point xzya)
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(45— 4) = 7"”(_{5_*/2‘)(’%7’9) b, b3
( oA characteristic through xlyl)
€
— ___2 7;2;4 . - - —-KSIH
(5-5) — 203 Tarp - (#,-8) [T——L@—f e %14 i
&

(G—5) + 29 Tanp(fi-4,) = [‘Ei;ﬁgo;}f'))(xg x)]u 4

The co-ordinates x3y3 can be obtained‘by solving equations
L 42 and 4,43 giving:

L= Ton (g )—4 1-[ 2, Tanltt, 5)-o1, ]
72rldy ) = Ton(f, ~4)

L g,lot () ~ 3] - Cottpm)— =]
Wi Cot(f14) ~ cotlf o)

Using these values of X535 in equations S5.44 and 4.L5, ¢3 and

i

3 can be obtained, giving

_ € ~8-0+0,-20,(5¢+¢ 2)7‘_”‘f
£ ("7+02)27","/‘° |

o) = 2"1"’}.__’: (<0: ¢z)75~f_7+603_ *5.0'
3 ' ch-faz

L,3,2 Improvement of estimates

The estimates Xz1 T3 Frs Zf3 are crude as the finite
difference approximation requires the slopes of the curves
at points 1 and 2, excluding the curvature between these
points and point 3. An increase in accuracy is obtained

by determining the average slopes between these points and
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point 3. This is obtained by successive approximation
procedure as follows:
Replace @ and O by @' and ©O' as follows:
g;
4
f
7
0"2 ::Z(ffz+o:s>

%} =5 ( .+ 4)

Using the values Q'l and ¢'2 in equations 4,42 and kL.43

2 (5+%)
“‘éf(%*‘%)

1B

(underlined values), improved values for x are obtained,

373
and using ¢'l, ¢'2, 0'1, Crz in equations U4.44 and 4.45
(underlined values) and the improved values for x3y3. new
values for 03 ¢3 are obtained. This process is repeated

until the improved values become stationary.

k.4 Qutline of the solution for the critical stress
under’ a foundation on cohesionless material

‘/\.
k,4.1 Loading conditions ﬂdaf‘o .
o“" o
. 6')( a*"
( 02 0
57 ,‘450 44
0" o\'"o\c |
0
o y AP
y- C ¢ D

Sam L'—/h/mp‘e ¢ ohes/onless /‘7055

Figure 4.3
Assume that an infinitely long strip foundation :ests
on a semi-infinite horizontal surface (Figure 4.3). It will
be shown that fo; a cohesionless semi-infinite mass unless
there are other forces applied on the su:face for a certain
horizontal distance away from the foundation, no solution is
possible. Assume therefore that a uniform load, p, is

applied to the surface as shown in Figure 4.3. The problem



O

is to determine the critical distribution of forces bhelow the-
foundation leading to a condition of c¢ritical equilibrium in
the soil mass. Alternatively, thg stresses, q, under the
strip foundation may be specified (uniform, non-uniform, or
skew). The solution will give a stress distribution, p,

¥

outside the foundation, which will vary according to the

sgecifi%d distribution, q.

In normal foundation counditions, if the structure is
fairly rigid, the stresses in the foundétion are not
independent of the strains. Presented in this form the
problem becomes statically indeterminate and reqguires in
addition to the solution of the critical stresses the solution
of the strain rates for initial values of the strain ratés;

If these two solutions are compatible, then the solution is
the correct one. However, each solution for the specified
stresses only ié a validAone, but the strain rate conditions
compatible with the stress conditions remain unknownj that
is, if the ‘stresses are applied without limitation of the
strains the solution is correct. But if the‘strains are
gpecified, & boundary stress system must be guessed and tested
to see if 1t is compatible with the strain rates.

L,4,2  Boundary conditions

-~

———

f%undaffon T‘L\ Plonit Area .

1 1
A o) D

Figure 4,4

In Figure L4.h the forces acting at the boundary of the
seni-infinite body are shown. issume the density of the
material under the foundation is equal to ¥ and that the
so0ll has a constant angle of internal friction, 79 .

Section OD is in a state of passive critical equilibrium,
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Hence from Section 4.2 at the surface:

o= /E/(I~$Jnf)

— I
y =
{(# can have either the value A op - AL , but if ¢ is taken

2

b

2

e

equal to - J%— the foundation stress on 04 would fall to the
right-of point O and the passive failure region 0D t& th; left.)
To the left of O a variable normal stress, q, is applied,
as yet unknown. {If p is not normal to OD, the stress q will
correspondingly not be normal to OA).
Section OA is in a state of active critical equilibrium.

The force at the surface is vertical, hence:

o = z/(/fsm‘f)

7/ =

On OA the directfon of the maximum principal stress is

vertically downwards (see Figure 4.5)

A 0
A\ A T o
/ ) T :
f=0 - - ¢=z 3
; -
p‘~'\'/’
-4 e C
J
Figure 4.5

At point O there is a discontinﬁity in the value of the forces
applied at the surface. The value of p, is known, but the
value of q, is still unknown. However, the value of q, depends
only on the value of po; the & characteristic is defined
by the slope (QI} = Abn( rtu) and the character-
Ax/g 40/,' /;
ist: ay, - 7N ; -
istie by (dx)F’. = 72»‘7 (f/ﬂ) At point O the & character
istic has a curvature infinitely small, and x and y are

constant. Hence dx = 0. From equation 4.9 valid on the oA



characteristic, neglecting the term dx gives:
do + 20~'}an d¢ =0
which gives the relationship between O  and ¢ on the

characteristic at pointlo) re-written as follows:

=L @ + d =0 L
Z7ang o yoo - 20
It is known that just to the right of O, ﬁc = 4%— and
P q
o ] - . o
Cz = T sin f . To the left of O, ¢o = 0, and 0; = 1 Sin/7'

The relationship between P, and q, can be determined by

integrating equation 4,50 as follows:

iwy/(/* Z&nfj o

V-/a
——I—— > = - cf}? L.s51
275}g’ —
ﬁ%/(hnSQyj "z
which gives
4 (,___é_..._.) =1
2 Ta/ [ je /*9»}0) e, /=Shf Z
i.ey -
: ‘ i 7on
VA VA --————-—-"-/*S'.“f e f 4,52
o /—gﬂnf .
For various values of ¢ between the limits O and:J%-.,

the value of q can be determined by integrating equation 4.51

between Jz; and the chosen value of {:

2
2@9//(/1F5Z1f) §
/ —
7y ) T 4

,g/ /- f/nf) %
| irSnp  27anp-(Tz-¢)
i@v = /= I f 5 €

which gives the relationship between o<~ and ¢ as follows:

€1217Sn}9‘(772 °'¢O

giving

- b,
W=7 ”

where &; is the value of p~ just to the right of 0.

L,5 The internal solution of the eguations

In region OCD the initial conditions along OD have been
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given by:

The solution internal tc OCE is a Type 1 solution, but
because ¥ and ¢  are constant on OD, and the upper surface
is horigzortal, the internal values of O and ¢ hav‘e already
been given in Section k.2, i.e.

- 7

o = (pf—o(ac)/(/— Snp)
and the direction of the characteristics by:

(dyfox)g = Tan (W2t a)
ﬁz = Jan (/7/2 f/)—JC

Along OC, x;, y, £ and ¢ are now known.
~The solution in region OCB is of the Type 3(a). The vélu_es
of O and @ are known along the p characteristic OC, and

along the infinitely short d characteris_fic 0. At O, ¢

changes from yI to zero, and O~ from %o to Jo .
' 1~ Sinf 1+ Sinf

/¥

Figure 4.6

The solution proceeds as follows:
For point O divide & into equal parts between -57-7-: and
zero, and calculate from equation 4.53 the corresponding

values of o . For clarity, assume O0' is the A_ character-

istic at O (see Figure 4.6). Then the values ¢l,:¢2, ¢3,
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etc., and the corresponding values oJ} ajx 03, efc. can
be ascribed on this short characteristic.  Values of g
and & can then be determined at points l; 2, 3, 4 successively
by the normal numerical me£hod, and then at 1Y, 2', 3', etc.

until‘finally the characteristic with initial values
a
0

TS and ¢ = 0 is calculated. Finally thus.

O ="
the values of ¢ and § are known along the characteristic
OB, providing the initial values for solution in region AQOB.

For the solution in region AOB, the values ¢, O ., x

and y are known along OB, and & and x known along CA (¢ 0,

x = 0). The solution proceeds as follows:-

A P=0,%=0 | (@) Y

o

X <
8 : ,
The finite difference approximation for the ok characteristic

with point 1 as starting polnt gives:
' - = - \J .
(y 1 yl) Tan (gl +/“)(Xl X l) 4.54

Now x'; = 0 and ¢l and y, are known. Hence y'l is found by
substituting in squation 4.54 above. From the two finite
difference equations 4.48 and L4.49, substituting the values
Xy x‘l, Yys y‘l, ¢l and (ri in the equations, ¢'1 and Cr'l

at point 1' can be determined.

Points 2', 3', 4' etc. can then be determined by the
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straightforward applicatiocon of the Tfour finite difference
equations.

The whole procedure is repeated to determine firstly
point 1" and then peoints 2", 3", etc.

In Figure 4,7 sketcheé of the characteristics and of.
the surfaces of solution for @ and O are shown.

4,6  Discussion

It is evident that the solution of the plastic failures
of the statically determinate type presents two problems:

(i) the specification of the open boundary conditions,

(ii) the numerical solution of the characteristic

equations in the failure region.

The first problem is consideraebly more complicated than
the second, and reguires an intimate understanding of tﬁe
characteriatics.of the failure, The second problem is
'relatively simple, and should present little difficulty.

The numerical solutions are, however, tedibus in the extreme
and not suited to manual calculation, but with the aid of
electronic computors the tedium of solution has virtually
fallen away.

The setting up of the example and its method of solution
discussed above is of the simplest nature, but if the mode
of solution is understood, more complicated problems can be
attempted with'confidence.

Referring to equation 4.52 (page 4.14) the relationship
between q, and P, is such that if P, = 0 then 9, = 0, i.e.,
it is not possible to found on the surface of a cohesionless
mass., The depth of founding can be determined from this

equation by equating p = & h, where h = depth below the
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Surface of Solution for
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surface, and

for /9

Compare

equation:

for fﬁ

4,18

h.

/..:":v.hw Y2
. % (1 - ulnf) =il Tanf
noo= e AT &
b/ kS DN

]
N
o

that is, according to Sokolovski, the minimum founding depth

is approximately half that given by the standard equation.



SECTION 5

5. THE ACTIVE CRITICAL EQUILIBRIUM OF WEDGES OF COHESIONLESS
MATERTALS :

5.1 Introduction

In this section consideration will be given to the critical
eéuilibrium of wedges of cohesionless materials in a state of
active failure due solely to their own weight. The thecry
has been summarised by Sokolovski in his book "Statics of
Soil Media" (Sokolovski, 1960), but the derivations of many
of the formulae and the range of their validity are not always
clear. Hence it was‘aecided to discuss the theory in detail
before considering its applications.

In the general theory of hyperbolic equations as set out
in Section 2, it was stated thét, if discontinuities occurred
in the first derivatives of the dependent variables along the
open boundary curve, or discontinuities occurred in the slope
of the boundary curve itself, these discontinuvities were
propagated along the characteristic curves. Up to now only
smooth boundary curves have been considered. The wedge
condition arises when a discontinuity occurs in the slope of
the boundary curve.

If certain restrictive conditions are imposed on the
wedge and the materials in the wedge, it is possible to obtain
the soluticn of the active critical state of the wedge in a
more simple fashion than by the application of the general
method of characteristics. Unfortunately, the procedures of
this special method are not as graphic to the mind as the
method of characteristics, although the end results are the

Same. In the following sections, it should be remembered



that all the properties and characteristics of the general

solution are inherent in the solution obtained by the special

method.
The following restrictions apply to the wedge:-

1. The apex of the wedge points upwards.

2e The slopes of the sides of the wedge are constant but
not necessarily equal.

2 The interior angle of the apex is smaller than or equal
to 180°. ‘

L, No external loads are applies to any section of the wedge;

the

5 . The

wedge is stressed only by its own weight.

angle of internal friction f9 . remains constant.

This limits the maximum slope, ‘é , of the sides of the

wedge (assuming (4) to apply) and the following inequality

must be satisfied:-

&S

Outlines of wedges that satisfy these restrictions are

shown in

Figure 5.1

£ 545 6: 56258 Z.

t

L

il
O

é/zﬁz 6)0 -é/:éz

Fig. 5.1
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The stresses and the characteristic lines which define
the active critical state can be determined on the assumption
that this staté is attained at every poind in the interior
of the wedge at the same instant. This does not have the
effecf of limiting the generality of the solutions obtained.
On the contrary, the totality of all possible failures aré

found.

Domain of Dependance g

Failure Zone

Fig. 5.2

In Figure 5.2, if an active failure state exists at
point P, the state is governed by the conditions on the
boundary along the length AB defined by the intersections of
the two characteristics through P - the domain of dependence
of P. In general, the zone of failure is fixed by the
domain of dependence, the state of stress outside the
characteristics through P not affecting the state at P.
Once the general state of active failure of the wedge is
known, then in any particular investigation the problem is
reduced to the selection of the appropriate failure zone
from the totaiity of zones given by the general failure state.
The selection of the appropriate zone of failure will depend
upon the conditions in the foundations and will be discussed

at a later stage.
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From Restriction (2), the following simplifying
condition on the distribution of the critical stresses
can be made:

Along any selected radius arm, r, which has its

origin at the apex of the wedge, the critical

stresses are proportional to the length of the

radius arm.

This condition allows the critical stresses to be
determined independently ofthe characteristic curves. The
four chargcteristic equations are reduced to two ordinary
differential equations, from the solution of which the stresses
"and the characteristic curves can be determined.,

5.2 Co-ordinate system

The analysis is most conveniently performed in polar
co-ordinates @ and v . By referring to Figure 5,3 the
definitions of some of the variables given below are graphically

illustrated.

B
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Except where indicated otherwise, all angles are
measured from the X axis with anti-clockwise rotation taken
a8 positive.

Let

4

#

angle of inclipation of the direction of the

maximum principal stress cri.

D
i

angle of the radius arm, »r.

44 =~ © = angle between the direction of the
maximum principal stress, Oy and the radius
arm r.

53 Differential equations for critical equilibrium

Considering only the self weight of the soil acting
vertically downwards, the par..al differential equations of
equilibrium (equafions 3.5 and 3.8) can be written in polar

co-ordinates: -

s r + _!_27;»94_0;"‘0; — ¥ Cosé 5.1
or r Q8 r

2™ T 26 r

Mohr's condition for plastic yield becomes:~

2 2 2
/ | P
Z(a;-o; + T = Sm'p (o, +0,) 5.3
Under critical equilibrium conditions, equation 5.3 applies

and the critical stresses, a;, CB, and 7}9 can be specified

in terms of two variables, O  and Yy where

1]

O = mean normal stress = % (OE + CEI) = % (o; + c;)

% (0; +cTa) 5.4

YV = angle between the direction of the maximum

principal stress, 07

T and the radius arm, r

(See Figure 5.3).
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The transformation of the stresses, O, Oé' and ﬁ;g
to O and ﬂy is preferably performed by using Mohr's diagram
for the state of the stresses at critical eguilibrium. See

Figure S.b.

~

~

e e,

A<

AC
R = AlSmp = o Sinp
cp = Rlos2y = o Sinp Cos 2y

1

o - AL+ CD T OO o4 o gmf ff,c:s.?i’;t;

(e
: o, = o f Smp Los 2,*,;/] 5.5
S G ,

Similarly

o, = C"&‘! - ‘EJm)o (?—&S»f{;‘"y‘);l 5.6

- —_ - " - N o C o
7;8 - D o Suﬂiiyf = if'ﬁinf-uawﬂﬁv?

From conditieon 2, Section 5.1, O, O and T, are

[

proporticnsi to the lengzith or the radius arm, r, wihich from
equation S.h implies that ¢ is properticnal to r. Prom

equations 5,5, 5.6 and 5.7 the criticsld stresses are functions

of ]V , hence 8o is O . But ‘y! ig @ funstiom of &  only.
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This is evident from‘noting that along a selected radius

arm ( & = constant) the stresses are proportional to r and
hence the angle; ¢ , must remain constant. From Y = ¢' &
the value of )V must remain constant. As the radius arm
rotates, & varies and ? will vary corresApondingly. Tbis
implies that 7V is a function of & only. Therefore, it
can be stated that ¢ dis proportional to r and a function

of ®& . Hence the following relationship can be written:-

o =Y rf(e)

(The "constant!" of proportionality between ¢ and r is
constant only along any selected radius arm and must be
incorporated in f(8) as it varies with 6 . The constant, ¥ ,

is incorporated into the equation for convenience only.)

In order to conform to Sokolovski's notation, write

s = {(6)

.i.e. =3 res 5.8

Substituting equation 5.8 in equations 5.5, 5.6 and 5.7
gives:~
o, = er( | +Sinp Cosa.y)
g, =3rs(1-5mp Cos2y) 5.9
Te =8rs(Sinp Cos2y)

Partially differentiating equation 5.9 with respect to r

and €@ 38 follows:~

20, _ |

'a‘-:': = 5’5[‘-}-5}”/0(-‘052,7/]

dTrs _ ds c: : dvy
Vi Xrag Smf Sin2y + 28rs 5“"]’ Cos2y 9o
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(ds/de and d,Y/dO are ordinary derivatives as S and Y are functions
of @ only).

270

pe =¥ s 50.«/0 Sar\ay

Substituting these derivatives in equation 5.1 gives:-

TS [I + Smeasz.‘ch + —-[xr Sme.nzy +2¥rSSmp Coszyaz}o-

4—-';[2*“-5 Smlo Cos Z‘PJ = ¥ Cos e

Multiplying out, cancelling and collecting terms, gives:-

S"‘F SanY [g-\! +|]2.55mf£0$2,y/ +S +
+ SSm}o Cos Ay = Cos & 5,10

Similarly, equation 5.2 reduces to:~

[\ meco.s?.y]de [ +)]Z.SS|n)0£m2,‘W +SSu—\/$m2,V—
= —-Sne 5,11

Solving for g%L + 1] by multiplying equation 5.10 by
[l - Sinf Cos Z.\I’J and equation 5.11 by[Sinf Sin'Zﬂand

subtracting equation 5.11 from equation 5.10 gives:-

LHS = 25[Sinp Coszy-Smp J[FE +1] + s[1-Suff]
RHS - Case[l-gnnfCosZV] + Sne S‘mP Sin 2,,)(.1

Hence

[ﬂl_+'] - Cose—StnfCosEV-fG)-quszﬁ 5,12
25%Inp(Cos 29 —Sinp)

and, similarly, solving for gg gives: -

45 _  =-Sin (2¥ + ©) + S Sin2¥ 5.13
@ = TcCos2y - sinp .

W#ith the appropriate boundary conditions, the solution of
S and yV on H can be obtained from the integrals of these two

differential equations.
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Se4 The determination of the principal stresses in the
soil from the solution of the differential equations
of critical equilibrium

Once the values of S and y' are known, the values of c},
O and 7;6 can be determined by substituting the values of
S and YI in equations 5.9. The values of O;, 0; and 7;3
can be determined by noting in Figure 5.3 that the direction
of the stress o, is at an angle ('0 = Y)-}- 6 clockwise from
the direction of the maximum principal stress. In Figure 5.4,

rotating point 1 clockwise by an angle 2(yf-+ (] ) the value of

oy is given uyi=
g =% rs[ I+ S:n)o Cos 2.(\(4-6)]
Assume the height of the avex of the wedge above a

horizontal plane is equal to a, then r = @/Cos @& . Hence the

vertical stress, o and the other stresses are given by:-

¥Sa
Coss

-

>

[; +Eimp Cosz(yf-e)] 5.14

_JSa .
N A

e XSO. n La} .
'7;%)_. Cosé[ 5 P 5 a(yw)] 5.16

5.5 The determination of the characteristic curves

From the general theory, .. is known that the two

characteristic directions are given by:-

(2), - Frlron

da

(%), = Ton(¥4)
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Considering the first equation and converting to polar

co-ordinates gives:-
de
v —

7 = Ton(‘}(/ +/a)

Now y’ is a function of @ only. Hence, the variables

can be separated as follows:-

dr _ db& 5.17
r Tan(ptu)
when &= 0, let r = r, and, integrating 5.17
r e
ar  _ de
ro Ton(y#)
[ : _ 0
° d
r\_. &
L'93€<};)4—' 72”6’74)
i.e. o ‘
® deo
T
o

As y' is known for every value of p (from the solutions
of equations 5.12 and 5.13), the progressive sum of Cot( Y + u Jdp
gives the progressive values of r as & increases. The radius arm,
r, traces out the first characteristic.

Similarly, the second characteristic curve can be obtained
by substituting —A for + in equation 5.18. A diagrammatic

trace of the two characteristics is shown in Figure 5.5.

Y

]

Fig. 5.5



5.6 State of active critical equilibrium in a slope
of infinite extent

Case 1 Slope = 90 tJﬁ (see Figure 5.6)

Lo
A y X
A

Fig. 5.6

The solution of this case is required as part of the
solution of wedges in which the interior angle is smaller
than 180°.

It is evident from the postulation of a slope of infinite
extent that 90 , the direction of the maximum principal stress,
must remain constant and independent of & . This being so,
the characteristic curves must be straight lines.

The direction of ¢

As 90 is constant, the rate of change of ﬂ{ with

respect to e. in
y = ¢-¢

gives ﬂ = —1

5.19
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Substituting this value for the derivative in equation

512 gives

Cos® — Sinp Cos (2.y+6) - S Costp
25 Smf ( Cos?qﬂ—-Smf)

o

that is Cos6 — Sin}D Cos(zyf-e) - SCas"f =0

and g - _Cese ~SmmpP Llos(ay+e) 5. 20
R - Cas’-}o

From equation 5,19, substituting for 1// in equation 5.20
gives

Cos®@—Smp Co§(2¢—6)

o oséf 5.21

At the boundary, O = O which implies from equation 5.8,
that the value of S must also be zero along the boundary. At
the boundary, & = é + 90. Substituting these values in

equati on' 5.21 gives

Cos (30 +£) - Sihf Co.s(agp—%—é): [»)

Expanding the double angles and reducing gives

Q@ﬁ-&¢FSM(2f—4) =0

Sclving for 50 .

~i1f S
2.97 = (K—I)-%r +_f -k Sml(su_‘;>

where K =+1 denotes active failure.
From equation 5.22, the value of sﬂ can be determined

for any slope, é . From equation 5.21, the value of S can
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be determined using the derived value of f . Now,

')V = y ~ & . Hence, if the stress vertically below a
point on the surface is required, y/ = f and substituting
in equation 5.9 gives the stress.

Egquation 5.22 gives the direction of the maximum principsal

stress. The directions of characteristic lines are given by
= (/ #'/1/
g, = Lf—"/’{
Considering only active failure
~1[S1h
= A +f — Sin
2/’"" 2/” ‘é anf)
5.23

- — —4 Su‘)g
R = rRuat = ) 5,24

Case 2 = Slope = 90 -/i (see Figure 5.7)

)

| X ﬂz/""o(z

Fig. 5.7
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If the alope is equal to 9 -‘t the directions of the AL and/ét

characteristie¢ lines are given by

AN 3]
.

[\
i

2, = 2+ Sin'(E28)

Ut
-
tJ
o

2, = -2ug S (T)

From eqguation 5.25 the value of ,f can be conveniently

determined as follows:

N I A

i.e. 5/n£ - ey
Smp Sim( ZX+p tﬁ“%)

Expanding the righthand side and multiplying out gives

RES = Sun (A, 4 P). Sing — Cosfa=t,+f) . Cosf
Dividing by Sin E and solving for Tan'é gives

'[‘ah-é _ _Smp.los(oz +p)
Stnf. Sln(z_dz.,.f) -1

5.27

Comparing equation 5.27 with the corresponding equation in

Sokolovski's bock "Statistics of Soil Media', page 149, there

appears to be a type-set error in his formula.
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5.7 Domains of dependence in an infinite slope

The following information can be obtained from the
characteristics of an infinite slope in a state of critical

equilibrium. In Figure 5.8 three infinite slopes are shown.

L R

a

(£) {:‘:O

P

%

I

AN
0 ~
1<

weep |

N

\f

P

AN

,ijjk‘

PRRNN
NN

(i) -
E=f

X

Fig. 5.8

The slopes of the characteristic lines are determined from
equations 5.23 and 5.2, The domains of dependence of point P
are given by LR, the intersecticn of the characteristics through
point P with the surface of the slopes.

It is immediately evident that, in slopes (i) and (ii),
for a finite value of the distance}a)the domains of dependence
are finite, the domains increasing as the slope_é' approaches

/9 . When 45 = jD the domain of dependence becomes infinite

as shown in slope (iii). The surface of the slope is now itself



a characteristic line, the other characteristic line being
vertical.
Where the slopes are not infinite in extent, in (i) and

(

i) the critical state, as for an infinite slope, may yet

fode

exist over a finite length vprovided the domain of depsndence
of the point P is on the finite slope, In {iii), this

critical condition cannot exist in any finite slope for any

s
[N

finite values of a. The critiecal region shrinks to a line

at the surface, that iz the region exiels only for values

These cobservations can be applied to solutions of certain
regions of wedges. In Figure 5.9 two wedges are shown. in

wedge (i) the two slopes of &, and £ - are both smaller than f .
- po

In wedge (ii) the two slopes _ £, and —§ ., = /G .

£<p

Figo 509
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3 and Aa in which the

critical stresses conform to the infinlte slope condition.

In wedge (i) two regions exist marked A

The limits of these regions are given by the ﬁ 1 and o« P
characteristics through the apex of the wedge and the surface
slopes of the wedge respectively. The slopes of these
characteristics are &etermined from equations 5.23 and 5.25
respectively. To the left of the /91.characteristic and
the right of the < > characteristic plastic failure such as
indicated bv EFG, completely coulined to each flank of the
wedge, can take place. Between the characteristic F51
_and A > (Region B) failure such as IHK can only take place
by including porticnsiof both flanks of the wedge.

In wedge (ii), because ‘45 = j° s the infinite slope
. solution is only valid at the surface of the two flanks and
Region B applies throughout the wedge., Failure can only
take place by including portions of both flanks of the
wedge. To summarise: whereas in wedge (i), with_4f472
the failure of the wedge in certain regions is confined to
one of the flanks, in wedge (ii), with ﬂ{C = jD , failure
must always include portions of both flanks.

The exact form of the failure lines in Region B are yet
to be determined by the numerical solution of equations 5.12
and 5.13.

5.8 A relationship along characteristics

3

23 and 0(2
Along the characteristics /61 and 0(2 certain relationships

exist which are of value in checking the numerical solution of

the critical state in Region B. Consider the /51 characteristic

in Figure 5.10. When & is equal to the angle at which

the /5 3 characteristic lies then

— O -_-_-.__V-./-,q
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but by definition | }I/ = ;:? -5 y
')’/ =

.;/u /Z 5.28
¢

hence

AY

P 4 r X

Fig. 5.10
Designating angle £ , st which the /6 1 characteristic 1ies;

by f5 1 then

® =/

and substituting this value for ¢ in equation 5.20 gives

5 Cas?f:.: Cas(«_/s) —Smp Co.s(f»gm/é,)

and us }/5@ is smaller thanm %;

S Cwa?s{ = Coe;/g, ~Sm)9 Coe (f—/.?,--%z)
= CospB, -Smp Sin(f-p.)

= Ca.'s/s, - S:.rc)a Smf)o fo% +Smp ﬁosf Sm/»sl
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- COS/B, {,_ g,,,’T) " S,‘nlo Co.sf’ Smﬁ

SCOSf = Cos/d, Casf e Qm’ﬁ’ gmf

Cas([:" --f?)

CGS QJ“P)
asf

then S 5,29

Similarly it can be shown that for the 4(2 characteristic

‘}I/-:: -—-/a 5.31

and

S - 603(42‘}?) 5.32

5.9 Solution of the plastic state in the wedge

5.9.1 Solution in Region A

Region A (Figure 5.9) conforms to the infinite plane
conditions considered in Section 5.6 where the formulae for
the critical stresses have been given.

5.9.2 Solution in Regiocn B

In Region B the solution of the eritical stress state must
be obtained by the numerical integration of the differential

equations 5.12 and 5.13.
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5¢9e261 Initial conditions

For any selected wedge with doves —é' , and _£ . the

N

slopes of the characteristics

9

> and @ 1 which form the
boundaries tc Region B can be found from equations 5.2% and

S5el3. On these characteristics from equations 5.28, 5.31,

\Jt

«32 and 5.29 the values of Y/ and 53 are known and form a

ot

et of boundary conditions for the solution in B. However,

fef]

attenmpts to solve the differential eguations by using these
initial values were not successful due to the following
reasons: -

The first derivatives dyV/de and ds/de tend to infinity
at B = £ 5 and 6 = ﬁ 1+ The approach to infinity is
extremely rapid and it appears that 2 discontinuity in the
first derivatives exist at these values of 6 . (See
Fizures 5.15 and 5.16). As it is not possible to calculate

P
b:l

values of the first derivatives immediately inside

o

Region B (that is B just smaller than A , and 8 just

2
bigger than [8 1) even by such methods requiring only the
initial values of 6 y/ , and S, the solution cannot be
advanced from these values,

The only method of solution is to choose the initial

values of & , yV and 3 (to aveid confusion these initial

values will henceforth be designated 65, 'y% and So) in the

o9

Region and to advance the solution by numerical integration

of eguations 5.12 and 5.13 in positive and negative directions

of O until in each of these directions the value 7/ = - is
attained. it this value for 7V the solution terminates and
the concomittant values of 6 and S5 can be found. The

two values of © correspond to the slopes of the d\p and ﬁ]_
charzcteristics and hence from equations 5.25 (or equation
5.,27) and 5.28 the values of the two slopes of the wedge 1{ >

and_4f]_can be determined respectively.
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The relationships betvieen the slopes -é‘l and _éz and the
chosen values of &, \/o and S_ are as yet unknown, so0

the values of _,(1 and ..(‘2 determined in any particular
numerical solution may be far removed from those required.

In order to find the solution for any two specified slopes

it is therefore necessary to make a series of solutions with
different values for §,, '}Vo and S‘_J and then to determine
the values of these parameters for the specified {1 and ‘é 2
by interpolation., The method of solution for specified
slopes is therefore an indirect one,

A convenient initial value for 90 is the semi-X axis.
Here 90 = 0. As set out previously, by choosing different
values for '}1/o and So different slopes ’{l and "éa can then
be calculated.

In the symmetrical wedge-at 90 = O the direction of the
maximum principal stress, 50 s 18 in the direction of the X axis,

i.e. % = O and as

'yé = ?% A

the value of % = O,

Within the limits the value of So can be selected
arbitrarily. The upper limit of So is associated with a
wedge with slopes 'él = ,é' 5 = 0O, i.e., a horizontal

infinite plane. Its value can be found from equation 5.20

Cos & - Sin £ Cos(2 g——e )

o Cos?

with 90 = 0, ;Do = O and if the angle of internal friction, f '

is equal to 300 the value of So is correspondingly
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Tﬁe lower limit of So; which for the symmetrical wedge occurs
when the slopes are attheir natural angle of repose, can be
found by solving differential equations 5.12 and 5.13 for a
series of values of S° (and finding the concomittant value<
of.FE ) ranging from S, = % down to §, corresponding to

a value of'ﬁf equal to the natural angle of repose.

5¢%e2e2 Termination of the solution

The integration of equations 5.12 ard 5.13 is performed

by numerical step by step methods, It is known that if
e = o(zor Fl,thevalueof ')1'=-/u . The

solution is therefore terminated when 7' attains this value,
The differential equations are, however, in terms of the
independent variable 6 . Hence, with the step by step
method of solution it is virtually impossible to select
the. final step 59 so that y would attain the value of =~ &«
at the end of that step. It is therefore necessary to
transform the two differential equations, making Y the
independent variable and performing the numerical calculation
in terms of this independent variable. Alternatively, the
solution may be advanced in terms of & and at some step
before }& attain the value of -//z to transform the
differential equations to 7V as independent variable and
advance the solution further in terms of the independent
variable wlﬂ .

In this investigation the second procedure was followed
as the step length 86 could be chosen as a fraction of a
degree such that the values of 7V and S could be listed
in terms of whole degrees of 6 . Only the last few values,
when & is determined from 7” s will & not be in whole

numbers.
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5¢9e2e3 Checks on the accuracy of the solutions

One of the problems in the solution of differential
equations by nuﬁerical methods is the estimation of the
degree of accuracy of the solution. Fortunately, in the
solution of the equations governing the plastic state of the
wedge there are two checks, one of which provides a powerful
control on the accuracy:

1. The solution for the slopes 4fl = 152 = 0, i.e. an
infinite horizontal plane, is known in cl&sed form and can be

used as a check on the accuracy of the numerical solution.

o}

From the closed functional relationships, for }0 = 307, the
' = . = ,Z:’ = .
value of 0’x 1.0 %h, 0"y 0.33%h and Txy 0
Furthermore, the radius of the 0(2 characteristic for.)O = 300
lies at & = v(? = 30° and has the value
To
r
2Cos 7&2

Hence for r, = 1 the value of r = 0.57735 (See Figure 5.11)
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Comparing the values listed above with those obtained from the
numerical sclution as given for(4§‘ = O in Appendix 2 the values
show agreement to the 6th decimal place. The numerical method
of integration (toc be considered later) appears therefore to
provide solutions of sufficient accuracy for this slope
configuration. {Irn passing, it is of interest to note in the
last line of the list of values for dS/d#  and dT’ /dafor“{ =0
{Appendix 2) the occurrence of the discontinuity in these
derivatives in the last step length of 86= 0.005°.)

The fact that the soluticn is accurate for the values of
So = % = O is no guarantee that it will be accurate for S° ~ 0.53,
which gives({':}; 300.‘ 411 that this check ensures is that the
procedure of the solution is correct (and accurate for this value
of So = %), but it does not ensure accuracy at lower values of
So. For this purpose the second check is required.
2e The second check is provided by equation 5.32 which gives

the relationship between S and & at & = 0&2.

Cos( 0(2 +f )/Cosf’
and ‘}D = -/u.

The procedure of the check is as follows:

i.e. s

By solving equations 5.12 and 5.132 numerically, the solution of

S and y& is obtained up to the point where 7ﬁ = - 4. The
check on the value of S is determined from equation 5.32 by
substituting the value of <Xa corresponding to the value of

70 = ;/u . This value of S is comvared with that obtained

by means of the numerical integration method. If these two
values are identical it is virtually guaranteed that the solution
is correct.

- 5.9.2.4 Numerical integration procedures

To integrate the differential equations 5.12 and 5.13 the

Rung-Kutta-Gill step by step method was used and programmed for
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solution on an electrdnic computer according to the procedure
set out by Romanelli (Ralston and Wilf, 1962).
It was found that as So decreased, instability and

inaccuracy of the solution increased. As S° = 0.527 is
nearer the lower limit of S° the step lengths were determined
which would yield a stable solution for this value of So,
and in which the check value of S (equation 5.32) on the d\a
characteristic agreed with the value obtained by the numerical
method to five decimal places. The initial step length finally
accepted was dO = O.5°. This value wasbdecreased to the
‘equivalent of 0.05° when the equation was transformed with

wV as indepgndent variable. Near the termination 6f the
solution (Y X -M ) it was found that the derivatives changed
very rapidly and required a further reduction of the step
length to l/5th its former value.

By halving all the step lengths no appreciable increase

in accuracy was found. On the contrary in some instances a
loss of accuracy was evident, apparently due to the accumulation
of rounding off errors. Once the programme was found to be
satisfactory for So = 0.527 the same step lengths were employed

lad

for the solutions for other values of S,e

5694245 Value of O‘X, O‘; and ’T‘xy

From the numerical solution, once the values of § andyi
for 6 were known the stresses in the plastic region could be
determined as follows:

Assuming it i1s required to calculate the stresses along
the horizontal base of the wedge a distance, @, below the

apex (Figure 5.12).
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. Y
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e L I X
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X
Tey
"
73ﬁﬂ ‘
fo
Fig. 5.12
At angle & the value y is given by
‘ y = aTang@
The sttesses. 0;. ‘ 0;, Txy' are fouz}d from equations

5.1%, 5.15 and 5.16. If ¥ and & are taken to equal

one, the solutions are given for a wedge of unit height and unit
density and the values of the stresses can be found for any
height and any density by multiplying the solutions by o.and ¥ .

5.9.2.6 The slope £

Assuming that the solution has been completed up to
)ll = - E. then the value of & is known at this point,
The value of & here corresponds to the angle 0(2, in
equation 5.27. The slope of the wedge corresponding to this
angle & 5 can then be found from this equation.
5.9.2.7 The characteristic or failure lines in the wedge

As & & advanced step by step to 6 = p(a the integrals
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as given in Sectionls;s. can be progressively evaluated
numerically, the values of rland r, sweeping out the failure
lines. If ro is chosen as unity on the X-axis the fallure
lines for any other value of r, can be found by multiplying
the numerically calculated values by this value of T, (See
Figure 5.13).

5.9.2.8 Numerical solution

The computer programme to determine<@Y/HO. 45/40, 9,

S, "/ v Oy O-y' Txy’ ry end r, for f: 20° and chosen
initial values for So, 1V° and Go is given in Appendix 1.

This programme is designed to obtain solutions for symmetric
Qedges only. Solutlions were obtained for theright-hand

sides of the symmetric wedges only. The initial values for

»Oo and yVo were fixed at zero and solutions for the initial
values of So = 0.66666667, then S° = 0,66, thereafter decreasing
by increments of 0.01 down to'0.53, thereafter decreasing by
incremenfs of 0.001 down to 0.527 were calculated.

Lists of the values of the slopes of the da character-
istics corresponding to these values of So are_given in Table
5.1. In this table the check values of S on the 0(2
characteristic are glso listed. It can be noted that the two
values of S agree to at least the fourth decimal place and pro-
vide a picture of thg accuracy of the golutions. The reldion-

ship between ,éf and So is shown in Figure S.1k4,

-

)
/

rox
Fig.5.13
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TABLE 5.1

Se A, Numerical Cos(dg+ P) Difference
Solution Cos P

0.6666 | 0.52359926 | o0.577350 | 0.577350 £ 0.000001
0.66 0.53241261 0.568513 0.568514 - 0.000001
0.65 0.54628014 0.554523 0.554522 + 0.000001
0.64 0.56098931 0.539545 0.539565 - 0.000020
0.63 0.57671388 0.523433 0.523446 - 0.000013
0.62 0.59359289 0.505980 0.505999 - 0.000019
0.61 0.61186296 0.486935 0.486953 -~ 0.000018
0.60 0.63181645 0.465953 0.465966 - 0.000013
0.59 0.565385694 0.4425€" 0.442569 -~ 0.000002
0.58 0.67854300 0.416100 0.416109 - 0.000009
0;57 0.7C677053 0.385528 0.385543 - 0.000015
0.56 0.74001865 0.349148 0.349148 £ 0.000001
0.55 0.78095479 0.303810 0.303811 - 0.000001
0.54 0.83584676 0.242226 0.242234 - 0.000008
0.53 0.92938952 0.135718 0.135719 - 0.000001
0.529 0.94536602 0.117381 0.117382 - 0.000001
0.528 0.96517272 0.094606 0.094608 - 0.000002
0.527 0.99328027 0.062227 0.062228 . - 0.000001
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The values of S_ between 0.66 and 0.53 were differenced
and it was found that random variation occurs in the Sth
differences. In consequence a 4th order Lagrangian inter=-
polation was used to determine the values of So corresponding
to the slopes ¢ =0, 5, 10, 15, 20, 25, 30°. These inter-
polated values of So were then used as initial values to
determine the plastic states for wedges with the corresponding
sloﬁes. The lists of the completed solutions are given in
Appendix 2.

From the lists in Appendix 2 the various parameters of
interest in numerical solutions of the critical state are
plotted in the following diagrams:

1. 4S/d@ versus @ « Figure 5.15

2. dy/de versus © ~ Figure 5.16

3. S versus @ ~ Figure 5.17

L, %/versus @ - Figure 5.18

5e o(zversuif - Figure 5.19

6. Stresses along the base of the wedges - Figure 5.20

e The failure linesin wedges with 300 and 250 slopes -

Figures 5.21 and 5.22 respectively.

5¢9.3 Discussion of the Solutions of the active critical
state in wedges

From Figures 5.15, 5.16 and 5.19 it is apparent that S, }V .
and pka become sensitive to the value of the slope, _E , as
it approaches the natural angle of repose. For instance,
a change of slope from 300 to 29° causes a shifﬁ in the
angle of the gl > characteristic from 60° to 55° approximately.
(Figure 5.19). . The stresses, which are dependent on S and Y o
will reflect this sensitivity, and the locationsof the failure

lines tend to be indeterminate,
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If large atrainsAprecede rupture failure the resultant
plotting of the slopes will influence the location of the
failure lines, this being determined by the slope at the

moment of failure. This will be particularly noticeable

in a wedge with slopes at the natural angle of repose. Under
the rigid plastic state postulated for the wedge, the deeper
legs of all failure lines penetrate beyond the apex point of
the wedge., In practice, with the slight flattening of the
slope, due to pre-rupture strains, it is vossible that, in a
toe failure, the deeper failure legs intersect the surface of

the wedge before the apex of the wedge.
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5. (PRRIMENTAL CONFIRMATION OF THE THEORY OF ACTIVE
Cil, WIILIBRIUM OF WuhiEs
-~ I3
. 6.1 Introduction

In order to investigate the validity of the
theoretical predictions of the critical active state of
wedges, series of experiments in which model wedges were
failed under active critical conditions were undertaken.

As it was not possible to measure the stresses in the wedges
during failure, emphasis was placed on investigation of the
forms of the failures.

Active failure in wedges can be induced by causing the
wedge to fail by sliding out on the base. This was the

methdd employed in all experiments,

6.2 First gseries of experiments

This series was of an exploratory nature.

A model wedge of sand was formed on & table, part of
the base extending over a sheet of paper, as shown
diagramatically in TFigure &.1(a). The paper was gradually
pulled outwards from the bank for a short distance. Two
points of failure developed, as shown by points A gnd B.
The zone between A and B sank and the area between B and C
moved outwards as a body. Figure 6.,1(b) shows é vhotograph
of this test.

A further model was formed on a number of sheets of
paper, each extending different lengths along the base,
as shown diagramatically in Figure 6.2(a). These sheets
were then pulled outwards consecutively, starting with the
sheet ending nearest the centre of the model. A series

of parallel failure ridées appeared on the surface of the
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wedze, a5 shown diagramatically in Figure 6,2(a). A
photogravh of the test is shown in Figure 6.2(h),

Yet another model wedge composed of two sands of
contrasting coloure in layers, was formed and multiple

red with a commercial

3
¥4

failiure induced, The wmodel was sos
gell and allowed to set. The failure was exposed by
cutting the model at right angles to the apex ridge of the
wedge. This showed the failure planes very clearly.

(See Figure 6.3),

6.3 Second series

The first series of experiments was artifidial in‘that
the point on the base of the wedge at which failure develops
was pre-selected. Furthermore, outside the failure zones
it is not possible for the wedge material to deform. It
was therefore decided to undertake a series of experiments
in which ‘the model wedges were to be constructed on very
stiff tar and failure induced by reducing the shear
resistance of the tar by heating. Wedges failed in this
fashion would be free to deform elastically and plastically
in accordance with the natural laws governing these types
of strains,.

Two experiments were performed, in the first a wedge
with sides at the natural angle of repose was failed, without
any pressure applied to the flanks, In the second, the
influence on the failure pattern of water pressure against
the one flank of the wedge was investigated,

6.3.1 Apparatus
Model table

A diagramatic sketch of the apparatus is shown

in Figure 6.4, The table plate 1 on which the model wedge



6.2(b)

Figure 6.3

Failure lines in model wedge.
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was to be formed was a single sheet of steel plate %" thick,
measuring 15' x 61, The plate was supported level on a
frame 2'6" above the ground. The'slide plates 3, each 20"
nigh, were bolted along the edges on the longer sides of
the table plate, the top of the side plates being filed
straight and smeooth, and set parvallel to the table plate,
The forming blade, by means of which the wedge was to be
constructed, consisted of a bar 4 which rested on the side
plates and through which passed two bolts 5, each 22"

long, screwed over the whole length and welded to a straight
edge 6. The straight edge could be set by adjusting the
two nuts supporting the straight edge on the bar.“

Sand

Two sands of contrasting colours were used. The
one sand was derived froﬁ the tailings and was of a grey-~blue
colour, the other was river sand of a yellowship-white colour.
Each sand was well washed and dried in an oven at low heat -
at lOOoF, (to ensure that the tailings sand did not shatter
on drying) and then sieved to isolate + 100 = 14 Tyler
fraction.

Tar

The tar which simulated fhecﬂay layer under the

wedge was of the kind used in cable junctions, being very

stiff at room temperature,

6.3.2 Forming of the model wedge

The tar was melted by means of a blow torch and
spread evenly to 1/16" over the table plate. A very thin
layer of fine sand was sieved over the tar in order to
prevent, on heating, the penetration of the tar in the
model's sand. The outline of the model wedge was drawn

on the side plates, together with a number of vertical
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lines. (Figure 6.5(a). The limits of the base of the
wedge were marked on the tar covering the table piate¢
Thege lines were to serve as guldes in forming the wedge.
(Figure 6,5(a).

The forming blade was set level at a distance of
about 1¥%" above the table plate, One of the sands was
poured onto the table plate in the base area marked out
and levelled by means of the forming blade. (Figures
6.5(b) and 6.5(c)). The edges of each layer were formed
by setting the blade parallel to the longitudinal section
of the wedge and gently pushing the sand under the blade
antil the flank was correctly formed at its angle of
repose (Figures 6.5(d) and 6,5(e)). The level of the
formipg blade was then set higher and a different colour
sand poured, It was found that the slopes of the wedge
could be formed so accurately, that the guide lines on the
éidé plate were unnecessary. - The procgés of forming the
wedge was repeated 1ayer upon layer until the wedge was
completed to a height of about 19". (Figure 6.5(f)).
Fine white sand was then gentl& gsieved over the wédge.
This was done for the purpose of distinguishing the failed
areas from the unfailed. (Figure 6.5(g)).

6.3.3 Failure of the wedge

The failure of the wedge was achieved 8 follows:-
Hessian sacking was threaded with steel wire,_dipped in
paraffin and arranged evenly over the floor beneath the
table plate, and fired., As soon as the tar had softened
sufficiently for thebwedge to show signs of failing, the
burning hessian was withdrawn from under the table by means
of the steel wire and the underside of the table plate

hoged with cold water. This effectively stopped the failure
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; Figure 6.5(a) Model table with tar spread over
base and base and side lines chalked.

Figure 6.5(b) Sand poured on to base and levelled
by means of forming blade..




6.4(b)

Figure 6.5(c) Photograph shows a layer of sand,
by which the model is progressively built up,
being levelled.




6.4(c)

Figure 6.5(d)

Figure 6.5(e) Photograph shows method employed to
form the edges of the layer to the angle of repose.
The blade is set at the edge and sand carefully pushed
below the blade till the angle is correctly formed.
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Figure 6.5(f) ledge completely formed.

Figure 6.5(g) Side of wedge sifted with fine white
sand.
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movement . The progress of the failure was recofded
photographically and is shown in Figures 6.6(a), 6.6(b)
and 6.6(c).

To preserve and distinguish the numerous ridges of:
failure. a fine white sand was carefully sieved about %"
thick over the whole model, and on top of this, sand was
packed to a depth of 4n, A commercial gell was pumped
into the model. (See Figure 6,6(d)). The model was
left for 24 hours to allow the gell to set.

To expose the failure cross section, the side plates
were removed and slices parallel to the side plates at
1 - 2" spacings made across the face. The following
photographs of the significant cross sections are shown:

(1) The failed cross section at the side

_ plates (Figure 6.7(a)).
(i) Near the side of the failure (Figures
6.7(b) and 6.7(c)).
(iii) Near the centre of the failure (Figures
6.7(d) and 6.7(05).

(iv) At the centre (Figure 6.7(f)).

The deformations in the tar due to the failure are
shown in Figure 6.7(g).

In the second experiment after the wedge was formed
(Figure 6.8) water pressure was applied to one side of the
wedge (Figure-6.9). The wedge was then failed by heating
the tar base. The time sequence of thé failure is shown
in Figures 6.10(a), 6.10(b) and 6.10(¢). Cross sections
of the wedge after failure are shown at the following
positions:

(1) At the side plate (Figure 6.11(a)).
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Figure 6.6(a)

e e

Figure 6,6(Db) Time sequence of failure of model
wedge. Note in the upper photograph the first failure
ridge and a few minutes later the formation of the
second failure ridge in the lower photograph.
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Figure 6.6(c) Final external form of failure of
model wedge. There is little external appearance

of regularity in the failure.

Figure 6.6(d) Failed wedge is covered with a layer
of fine and rough sand, and gell pumped into the model.
The layer of fine sands contains the gell inside the

model.
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Figure 6.7(a) Cross section of model at the side

plates. Deformation has taken place but no failure.
Note the slight flattening of the upper sections of
the flanks relative to the lower sections.



6.5(d)

Figure 6.7(b)

Figure 6.7(c) Cross section near sides of failure.
Note that the bottom apex of the failure is near the
flanks and that the inner leg of the failure is nearly
parallel to the flanks. Note also in the lower

photograph a failure line developing, but not yet
completed.
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Figure 6.7(d)

Figure 6.7(e) Cross section near the centre of the
failure zone. Note the inner leg of the failure is

a much steeper slope than the flanks of the wedge.
Also, failure lines internal to the main failure

lines have developed.




6.5(f)

Figure 6.7(f) Cross section at centre of failure.
Failure is extensive with a sequence of 3 main failures
recognisable. Note the unfailed wedges.

Figure 6.7(g) Tar deformation due to failure of model
wedge. Note the transverse failures at the toe region
of the failure.




6.5(g)

Figure 6.8 Completed wedge with thin rubber
membrane of tank in background.

Figure 6.9 Tank being filled to supply water
pressure against wedge.



6.5(h)

Figure 6.10(a) Stress free slope of model wedge
lightly covered with fine white sand. Photograph
taken obliquely above slope.

Figure 6.10(b) Main failure developing in model
wedge.




6.5(1i)

Figure 6.10(c) Secondary failure developing in
unfailed wedge pushed out before main failure.

—_

1
i
N

I

4

8 -

P R

ke ) e AT
o

s s e O ———

Figure 6.11(a) Cross section of wedge at side plates
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(i1) At the side of the failure (Figure 6.11(b)).
(iii) At the centre of the %ailure (Figure 6.11(c)).
The deformations of the tar base are shown in Figure
Gel2e .
_ 6,4 Discussion

6.4,1 Location of main failure

It has been shown in Section 3 that the failure of a
s0il mass is governed by two partial differential equations
of the hyperbolic type. The form of the active failure
zone is in consequence governed by the boundary stresses at
the top of the surface of the wedge and the contour of the
wedge, and the extent of the failﬁre zone is governed by the
domain of &ependence of the bottom apex point of the failure.
The boundary cdhditions‘outside the domain of dependence does
not affect the failure zone. Hence it is immaterial whether
these regions are in an elastic'or plastic state. By
inducing sliding at the base of the wedge the bottom apex
of the failure will be centred at the base (which also is
the point giving the domain of dependence), This point,
then, governs the extent of the failure at the surface.
Referring to the photographs in Figures 6.7(d) and 6.11(e)
it is clear that the apex of the failure is at the base,
and that the form of the failure conforms approximately
to that predicted theoretically. (Compare Figure 6.7(c)
with Figure S.Zi).

Theoretically, the position of the failure in a wedge
on a base of tar can be predicted as follows:

Referring to Figure 6.13 the shear stresses along the base
of a wedge with 30° slopes were accumulated from the toe

to the centre of the wedge to give the total disturbing



6.6(a)

Figure 6.11(b) Cross section of wedge after failure
near side of failure zone.

Figure 6.11(c) Cross section of wedge at centre of
failure zone. Note primary and secondary failure wedges.




6.6(b)

Figure 6.12 Deformation of the tar on base plate
due to failure. Note beginnings of a transverse
failure in the tertiary failure zone.
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shear force (or horizontal thrust) at any point along the
base of the wedge. The shear resistance of the tar layer
on which the base of the wedge rests is a function of the
temperature and if this temperature is uniform the shear
resistance per unit length will be constant along *he
base. The cumulative shear resistance from the toe to
the centre line of the wedge will be a straight line,
having its maximum value at the centre line of the wedge.
As the temperature of the tar increases the shear
resistance per unit area decreases, causing a decrease

in the slope of the toctal resistance line. ¥hen this
slope is reduced sufficiently so that the total shear
resistance line touches the disturbing shear force curve,
the point of tangency would indicate the position of the
failure at the base of the wedge. In Figure 6,13 this
point of thngency and the associated theoretical fallure
zones are shown,

6.4.2 Time seguence of the failure

In Figures 6,6(a) and 6,6(b), and 6,10(b) and 6.10(c),
the movement of the failure with time is shown. The first,
or main, failure occurred, pushing a wedge of material
8till in a state of elastic equilibrium ahead of it.

The main féilure is located approximately as discﬁssed in

Section 6.4.1. After this fallure hsad occurred, with

additional heating, the shear resistance of the tar
decreased further and allowed a sacondary failure to
develop in the elastic wedge pushed ahead of the main
failure. In a similar manner a tertiary failure developed.

If the tar ﬁemperature had been slowly raised sufficient

for the main failure to occur, and thereafter kept constant,



the secondary failures could not have developed.

After the failures had penétrated beyond the
confining influence of the unfailed section of the wedge,
transverse secondary failures developed near the toe of
the failure zone, These are not externally apparent but
are indicated by the ridges formed in the tar base.
(Figures 6.7(g) and 6.12).

6.4,3 Strains preceding failure

The slopes of the wedges immediately after they were
formed gave values ranging from 340 to 34.70, a mean of
- 34,3°, It is of interest to note that this mean slope is
virtually identical to that measured on the embankment of
talilings at Cullinan, i.e., 34.5°o

Failures.of the wedges occurred midway between the
side plates (see Figures 6.10(b) and 6.7(g)), the confining
influence of the side plates apparently having a
stabilising effect on the slopes there, At the side plates
after the failure had taken place the apex of the wedge
dropped approximately % inch from the original height of
19 inches and the base width of the wedge increased by
about 1% inches. The outlines of the wedge at the side
plétes before and after failure are shown in Figure 6,14,
It is apparent that the slopes near the apex of the wedge
flatten to approximately 30° and near the toe to approximately
33°. These changes in shape indicate that considerable
strains have taken place vefore rupture failure commenced, and
consequently stress redistribution had taken place within
the wedge.

The flattening of the slopes of the wedge at the time

of failure would theoretically influence the form of the
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failure lines that develop; 1t was mentionned previously
that if the slope of the wedge is near the natural.angle
of repose, slight changes in the slope have large effects
on the ()(2 and ﬁl characteristic lines, and it is
possible that where the failures are centred on the base.
near the toe of the wedge the failure apex may be located
in the region A (Section 5. 7) and both legs of the
failure intersect one side of the wedge.

A study of Figures 6.7(g) and 6,12 shows that the
bottom apeces of the failure were located approximately
on the arc of a circle. However, this does not mean that
the failure was not plane, for a study of the striations
in the tar in the zone of failure (not apparent in the
photographs) indicates that the movement was parallel and
normal to the apex ridge of the wedge. Thus, although the
form of the failure is approximately circular, the failure
took place under conditions of plane strain.

Refe;ring to Figures 6,7(b) and 6.7(c), which show
cross sections of the failure with the apeces near the toe
of the wed-e, it can be noted that the deeper legs of the
failure are almost parallel to the slope of the wedge,

This conforms to theoretical prediction (Section 5.7 and
Figure 5,21). As the bottom apeces of the failure
penetrate into the body of the wedge, the deeper legs lie

at steeper angles (Figures 6,7(d), 6.7(e) and 6.7(f)), again
as predicted by the theory.

In the central region of the failure, the movement was
extensive, and numerous failure lines d@veloped. The
intersecting angles of these failure lines give a mean

value of aypggximately 58°, which conforms to the value
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predicted for an angle of internal friction of 3469

In order to show the failure pattern more clearly,
enlarged traces of the failures in Figures 6,7(b), 6.7(e)
and 6,7(f) are shown in figures 6.15, 6,16 and 6.17.

4 direct comparison of the thecretical and experimental
fatlure forms is not possible, as the theoretical éolutions
assumed an angle of internal friction of 300, whereas
experimentally this angle appears to be 340 approximately.
Furthermore, even if a theoretical solution for é‘ = 340
was available, the form of the main failure would be
given approximately by the solution for 300 slopes, due
to the flattening of the slopes before failure.

6.4.3 The influence of water pressure on the failure

It is clggr from Figure 6.11(e) that the water pressure
on a flank of a dam has a stabilising influence on that
flank. The stress-free flank is insignifioantly affected
by the w;ter pressure, the influence of the water pressure
being only of significance for the failure zone between the
apex of the wedge and the point of intersection of the
deeper leg of the failure and upstream flank,

6.5 Conclusion

If the change in shape of the wedge due to pre-failure
stress is taken into account, the experimental fgilures are
in good agreement with the theoretical failures.

Change in shape due to pre~failure stress capnot be
predicted theoretically, as the theory assumes a rigid
plastic behaviour of the soil, If rigid plastic behaviour
is to be approximated it seems that the méthod by which
failure was induced in the first series of experiments should
be employed, for here no significant elastic strains in the -
unfailed region due to movement of the base underneath are

possible. For an exact solution of the failure of the wedge,



. SL'9 9Ol4d
3903M T130O0OW 3O 3d¥NIv4 4O 3AIS 1V NOILI3ISSO¥D




oL gId .
3903M 130OW 4O 3¥NIV4 4O 3YIN3D ¥V3IN NOILDISSO¥D

iy \/ |

L’ﬁuﬂ/‘l“‘!ﬁp
~ VAR
N ///’ .

L~
-



LL'9 914
3903M T13JOW 4O IYNNVI 4O IFYINID LV NOILDISSOYD
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taking pre-failure strains intc account, the analysis will
have to be performed on the shape just prior to failure.
Such an analysis wéuld have to be made in terms c¢f the
general theory as the flanks of the wedges will no longer
be étraight - a requirement that must be satisfied in the

speclal wedge theory.
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SECTION 7

COMPARISON BETWEEN TKE RIGOROUS AND

' APPROXIMATE ¥§2HODs
OF ANALYSIS OF OHES JONLESS MATERIAL IN A
STATE OF ACT ]

7.1 Introduction

7

In Section 5, by means of the mathematical theory of
plasticity, the differential equations governing the active
critical state in wedges of cohesionless material were derived.
By numerically integrating these differential equations the
solutions of the critical state for a series of symmetrical
wedges with slopes ragging from 0° to 300 and an angle of
internal friction of 30° were obtained. In this section it is
the intention to compare the pertinent results obtained from
the rigorous solutions with those obtained by approximate
methods, and select the best approximate method. For design
application and the analysis of stability failures such a
selection is a necessity for the following reasons:

In préctice the embankments of cohesionless material may
have angles of internal friction different from 300, the embank-
ment may be flagt-topped and the slopes not symmetrical. As
each of these variables affects the critical stress distribution
in the embankment, it would be impractical to attempt rigorous
solutions for each case, pafticularly as these solutions cannot
be obtained directly for the specified outline of the embankment.
EBven if a large selection of such solutions were available, the
data may not always be readily available to a designer.
Simplified procedures which give the solutions of sufficient

accuracy for design purposes are therefore required.
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7.2 Hummel & Finnan's theory

Hummel & Finnan (1921) presented a theory whereby the
stresses in an.embankment'of cohesionless materials could be
determined, They postulated that under plane strain
conditions the weight of any particle in the cross-section
is transmitted to the adjacent particles in two directions
making equal angles with the vertical. From this postulation
‘it was deduced that the stresses at any point in a cohesionless
mags could be determined from the pressu&es due to two columns
of material extending from the point to the surface at angles
‘9 = 29_.%.[2__ to the horizontal. (See Figure 7.1). This
gives rise to a system of conjugate stresses at this point and

hence the vertical, horizontal and shear stresses can be found:

o =-8-bL1;bj&

_3 2
O, -_-.a‘—hl-z*'-—"-‘-& Co+2/3
7;5 =X—b-‘—£——b—z CO"LIB

where hl and h, are the vertical distances from the point under

2
consideration to the points of intersection of the two columns
with the surface.

Using model embankments they measured the vertical stresses,
a}, along the base of the embankments and found good agreement
with the theoretically predicted values. No measurements of

the horizontal and shear stresses were undertaken.

7.3 Trollope's theory

Trollope (1957) postulated a theoretical model to represent
the particles in an embankment of cohesionless material, For
plane strain‘conditions the particles were idealized as smooth
rigid mono-sized disks assuming the configuration shown in

Figure 7.2. As the disks are smooth no tangential forces can



I X

¥

FIG-71

Fi1G.72



7e3

be transmitted gt the point of contact between the disks.
Being discrete the disks cannot transmit tensile forces.

Trollope considered two cases, the first in which no
vertical deformation of the base occurred, and the second
in which deformation of the base, similar to consolidation
under an embankment, occurred. These two cases he termed
the "no arching" and "arching" cases respectively.

Considering the no arching case, Trollope's method
for determining the stresses in an embank@ent is in essence
equivalent to that due to Hummel and Finnan, (that is each
disk transmitted its weight equally to the two disks below
it. See Figure 7.2), except that due to the physical
properties of Trollope's model the '"coefficient of friction",
/9, in terms of Hummel and Finnan's analysis becomes fixed
at 300.

Trollope tested this hypothesis by measuring the verfical
stresses only under model embankments and it was found that
the theoretical and experimental stresses showed good agreement.

7.4 A critical examination of Hummel & Finnan's and
Trollope's theories

Hummel zand Finnan vostulated that each particle transmitted
its weight along two lines at equal angles to the vertical,
whereas this was a natural consequence in Trollope's physical
model for the no arching case. The latter's approach is in this
context more fundamental and will be taken as the basis for
the critical review.

In Figure 7.3 the stresses along the base of a symmetrical
wedge, with slopes of 300 and f’ = 30° determined according to
Trollope and Sokolovski's theories, are given. Because in
Sokolovski's analysis f is taken as equal to 30°, the two
stress distributions are directly comparable, The similarity

of the two stress distributions can be noted.
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In Figure 7.4(d) the stress circle for the stresses,
according to Trollope's analysis, at point A for the wedge
in Figure 7.3 (or 7.4{b)) is drawn. It iz apparent that
the stress system is inadmissable under Mohr's criterion
for yield. From point A to the toe of the wedge the ratios
of stresses remain constant, hence the stress system through~

.out this sectiocn is insdmissable. From point A to the

centre line of the wedge the CTY and ¢ stresses remain
congtant. 4t the centre line of the wedge where the shear
sitress 7ny is zero Mohr's criterion is satisfied. a8

the shear stresses increase from zerce at the centre line to
a maximum at point A, and Cy and O% remain constant,
this implies that in this section the stress system is also
inadmissable under Mchr's criterion,

In Trollope's model the boundary conditions‘required
for stability at the base of the wedge appear to be somewhat
artificial. On a rough horizontal plane an embankment
composed of frictionless disks cannot attain stability.

To achieve stability in the section from 4 to the toe of the
wedze, it is required that each disk bears against a plane
tilted at 6035‘, as shown in Figure 7.5. {(See Trollope and
Morgan, 1959). The resultant of the forces on the bettom
disks is then normal te the tilted base. There are thus

no shear couples on any of the disks, whether internal to,

or on, t « base of the embasnkment.

In theory it is possible to visualise that if the disks
are made sufficiently small the base surface may contain such
irregularities that the disks may be restrained in the fashion
envisaged in thé theoretical model. - In such an event it is

very likely that the stresses, as calculated by Trollope, will
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be realised because each disk is retained in a geometric
pattern, forming a rigid framework in which Mohr's criterion
for yield does not apply. (This theoretical model would
under normal circumstances not be fully realised due to
random arrangement of the disks).

In practice, embankments of normal granular material
with irregular grains attain equilibrium on smooth surfaces
 such as Zlass, This is due to the friqticnal shear forces
between the glass and the particles, the friction being due
to microscopic irregularities on both the macroscopic grains and
the glass. These tangential frictional shear forces cause
couples on the grains which, due tc lever purchase and
tangentisl friction forces between the particles, zre trans-
mitted into the mass of particles above as shear stresses,

It seems that it is the neglect of these shear couples on
the individual grains that has led to the inadmissable stress
system in Trollope's model.

Considering the inadmissability of the stress systems
under Mohr's criterion a stage further, it may be argued that
the friction in a cohesionless material is derived from two
causes: the first due to interlocking of the grains and the
second due to tangential shear forces at the pointsof contact
between the grains. Internal to the wedge, where the
particles can be expected to be more densely packed, the
friction coefficient should be higher than that indicated
by the natural angle of repose. The wedge might therefore
retain "elastic" equilibrium under the stress system as
calculated by Trollope. This argument does not, however,
appear to be valid, for as the theoretical stress ratios rémain

constant right to the edge of the slope it is to be expected
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that in the immediate neighbourhood of the edge failure
should take place.

In Trollope's analysis due to the fact that critical
equilibrium is not attained it is not possible to determine
theoretically the lines of slip. If, however, E} is
%éﬁwﬁh

respect to the direction of the maximum principal stress,

assumed that the siip lines in the wedge are at

then Trollope's analysis gives a constant direction for the
failure lines in the region ABC, Figure 7.3. From the
experimental resulis on the failure of wedges in Section 5,
or by simple consideration, it i= evident that in wedges with
slopes at the natural angle of revose, base failures near the
toe of the wedge must lead to failure lines of which one leg
lies approximately parallel to the slope -~ in fact, the
outline of a wedge at its natural angle of repose is a
failure line. Trollope's theory gives failure lines lying
at 45° and 105° to the horizontal. Sokolovski's theory
gives corresponding values of 300 and 900, that is, one leg
of the failure does lie parallel to the slope, the other
being vertical.

With regard to the practical application of this theory
to stability analysis, the fact that Mohr's criterion is not
satisfied is no bar to its use as a design method if, by its '
employment, satisfactory stable designs can be achieved. It
is therefore of interest to enguire if Trollopg's method
would lead to safe designs. In Figure 7.6 the horizontal
thrust at any point along the base of the wedge was determined
by progressively accumulating the shear stresses,‘as determined
by Trollope's and Sokolovski's method respectively, along the

base from the toe to the centre line of the wedge. It is
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clearly evident that Trollope's method, when compared with
Sokolovski's, significantly underestimates the thrust.

The difference in thrust is so great that it would in practice
be unwise to accept Trollope's values in preference to
Sokolovski's,

One observation of practical imporftance is that the
vertical stress distribution in a wedge at rest and in a
‘state of active critical egquilibrium appear to be approximately
the same. (See Figure 7.3). As experimental data by
Trollope and Hummel & Finnan confirm that the vertical normal
étresses for wedges at reét are closely given by their
method, its use for determihing vertical stresses at rest and
in a state of critical equilibrium is recommended.

7.5 Rendulic's method

Rendulic presented an approximate method to determine
in cohesionless embankments the thrust under active failure
conditions for failure of the base layer by sliding.
Referring to Figure 7.7 it can be noted that the failure
of the embankment consists of two failure lines, marked AB
ahd AC, enclosing the plastic zone in the embankment, and a
third failure line, AD, along the base from the bottom apex

of the failure zone to the toe of the embankment.

Figo 77
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From the theoretical analysis, experimental evidence znd
observations of failures in the field it is kﬁown that the
inverted form of wedge failure ogcurs, that this failure can
take place without the adjacent regions of the embankment
being in a plastic state,.

In the rigorous approach the siresses along the boundary
BC are specified and on the assuwmption that the mass balow
BC is in a critical state, by apvlying tne differentia
equations of failure, the failure lines T4 =znd 24 are

determined. From the va

Bi the total thrust psrallel to Di can be determined. {This
is according to the general analysis of plastic failure. in
the wedge analysis (as was indicated irn Section 5) the thrust

can be calc¢ulated more simply, but here the external shape of
the wedge is restricted).

In infinite slb?es or finite slopes where the infinite
slope condition prevails, as for instance in wedge failures
with their bottom apeces in Region A (see Figure 5.9), the
1 51’

@2 characteristics (equations 5.24, 5.23, 5.25

failure lines are straight and given by the d
and éaa,
and 5.26). Rendulic presented a method by means of which
these failure lines can be determined. It is based on the
requirement that the failure zone ARC, Figure 7f7’ is in a
state of critical eguilibrium. Conseguently the thrusts on
KA due to the mass on the right must egual the thrust due to
the mass on the left of KA. The direction of the thrust 13,
however, not known initialily. In Figure.7.5 assume failure
lines AC', AC'' zand AC'*! at different slopes through 4,

Taking the failure line AC' the state of critical equilibrium
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requires that the thrust P (of unknown magnitude, lies at

the angle jp with respect to the normal on AC'.  Hence,
the force diagram with W' = mass ABC acting verticaily
dewnwards = ac'! and the direction of P given as #°'p' can he

drawn. The force diagram is repeated for failurs line
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along a failure line is not simple. In Rendulic's analysis
the assumption of straight failure lines through the bottom
apex of the failure now leads to errors in the location of
the failure lines. . Furthermore, the stress disiribution

on the failure line requires an additional postulation.

The usual one is to assume that the stresses on the failure
lines are directly given by the distribution of the mass
avove the failure lines. On this assumption the resisting
shear stresses are not everywhere equal to the disturbing
shear stresses, although their totalé are equal. This leads
to the situation in which the thrusts S on AK in magnitude
and direction can bevdetermiﬁea, but their peoints of application
on AK differ between the right and the lefthand side.
Furthermore, if the assumed failure lines do not conform
exactly to the true failure lines the thrust S is under-
estimated.

In order to investigate to what degree Rendulic's
solution underestimates the thrust, the horizontal thrusts
at differernt vertical sections along the base of a wedge
with 500 slopes and an angle of internal friction = 300 was
determined. {An example of one caliculation is shown in
Figure 7,8 . These values are plotted in Figure 7.5 where
the thrusts, as determined by Sokolovski’s rigorous method

“and Treollope's methaed, are also shown.

i

t is clear that Kendulie's method gives values only
insignificantly smaller than those obtained by Sokolovski's
method. The maximum absolute difference between the values
is found for failures with apeces at the centre line of the
base of the wedge. This is to be expected, because here the

true failure lines show the greatest curvature and hence the
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greatest deviation from the straight lines assumed by
Rendulic. (See Figure 5.2¥). Near the toe of the wedge
the vaiues for the two methods are virtually identical which
can be explained by noting that the true failure lines near
the flank are straight for the greater part of their length.
The maximum curvatures occur in wedges with their
slopes at the natural angle of repose (compare Figure 5.2{
“with 5.22). It can therefore be expected that the thrusts
by both methods determined for any othef shape of embankment,
or, for wedges with slopes less than the angle of repose will
show smaller differences than the maximum found for failures
of the 300 wedge. In consequence it can be stated that in
the active failure of any cohésionless embankment by sliding
along the base, Rendulic's method will give values for the
thrusts insignificantly smaller than those determined by the

rigorous method.



SECTION 8

8. DESCRIPTION OF THE FAILURE OF SACHE'S DAM EAST

8.1 Introduction

At Cullinan, 20 miles east of Pretoria, the Premier (Tvl)

A

Dlamcnd Minlng Company mines a diamondiferous Kimberlite
pipe.

‘Part of the process of diamond extraction requires the
'crushlng of the Kimberlite rock and washlng of this crushed
material to remove the dust. This is essentlal as dust.
derived from Kimberiite is of a élayey nature; in the
_suﬁsequent liquid gravity separation of the heavy minerals
(including the diamonds) if the dust is not removed, the
viscosity_pf the separating liquid is increased, causing the
prOceSS‘to‘speratg inefficiently. The plant treats
'approximatély 17,000 toné of material a day, fequiring
_about 3 million gallons of washing water, Tb recover
-as much as possible of it for re-use the water, after being
used\in the process, is treated with hydrated lime to
flocculate the clay material to a viscous slurry called
slime. The slime . is pumped to massive shallow basins
called slimes dams (Figure 8.1), in which the flocculated
material settles out, leaving a relatively clear supernétent
suitable for pumping back to the mine. 3 The slime is dis~
charged along the edge of the slimes dam, the coarsér
material settling out to form a beach. As the settled
'slime builds up in the-dam; the walls, constructed from the
beach material, are raised accordingly.

"_ ?§r about 20‘to 30 years after a slimes dam has gone
1out of commiseion the settled slime maintains a con51stency

of weak jelly, below a crust of about 2 - 4 feet. Inspection
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Slimes dams are

Figuwe 3.1
ground, with the pond of Sache's

ground.
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and reparation of the banks against breaches is therefore
required for many years.

The disposal of the 17,000 tons of treated Kimberlite

pervday (called tailings) is to dumps. In former times
these were disposed of separately from the slime,

It was considered that an economic solution to the
disposal of both the slime and the tailings could be achieved
if a tailings dump to serve as a dam wall was built across
a small valley, and the slime pumped into the pond drea.

For this reason Sache's Dam East was constructed.

8.2 Construction of Sache's Dam East wall

An endless conveyor belt transported the tailings from
the mine processing plant to a flinger situated at the top
edge of the advancing end of the wall, where the tailings
were ejected into the air to fall on the advancing face,
the particles rolling and sliding down the face until they
came to rest at their natural angle of repose (Figure 8.2).
No artificial densification of the msterial was undertaken,
the only densification being dué to the settlement of the
wall under its own weight.

The tailings dam thus formed is called Sache's Dam East;
photographs showing different views of the dam and its
surroundings are shown in Figure 8.3. The dam wall has a
maximum height of 260 feet above éround level, and a length
of approximately 4,000 feet; the sides slope-at 3“%0, which
is the natural angle of repose of the material; the wall is
80 feet wide at the top, giving a maximum base width of
approximately 840 feet.

8.3 The slime beach

The tailings material in the wall range in size from

+%" to =100 Tylers sieve with the coarse fraction predominating,
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Figure 8,2 Upper photograph shows advancing face of
dam with flinger in action. In the baekground dump No,>
is the extreme right-hand one. Bottom photograph shows

close-up of flinger.
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Figure 83 Upper photograph shows the downstream flank
of the dam, the lower photograph the upstream flank,
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making the material very permeable. As the slime can flow
through this material, an impervious layer up-stream of
the wall was reguired to contain the ponded slime. A bench
cut into the tailings wall about 10 feet or more above the
slime pond level carried a 10 inch pipe conveying the slime.
At regular intervals along the pipe, 1 inch diameter hoses
connected to the pipe discharged the slime at thé edge of
the wall at water level. The coarse fractions in the slime
settled out ﬁext to the wall, forming a beach about iOO feet
wide, sloping down at about So to the water's edge (Figure
8.b4).

The beach material was of a very loose consistency,
to the degree that it was not possible to walk on it. The
beach was rendered more unstable because the 5° slope
terminated at the water's edge; beiow water level the slope
increased to that of the natural angle of repose of the
material, approximately 30 to 34°,

8.4 Sub-soil conditions

Sache's Dam East was constructed across the pond area
of a small dam called Sache's Dam West. This dam has been
in existence since 1902, and accumulated sedimentary
material to a depth of about 10 to 15 feet. No investigation
of this material was made before the wall was constructed
across the ponded area.

During the pfocess of construction as theﬁadvancing
face crossed the pond area of Sache's Dam West, failure of
the embankment occurred, confined almost completely to the
down-stream side. The subsidence at the wall due to the
failure was continually filled in until the wall achieved

stability. By that time the failure zone had penetrated
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Figure 8.4 The beach. In the foreground it is in the
process of being built up.
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approximately 400 feet beyond the base limits of the dam
wall into the pond of Sache's Dam West (Figure 8.5).

Figure 8.6 shows a plan of Sache's Dam West and the
failure area of Sache's Dam East. It will be observed
that the failed section lies almost exactly within the
pond area. This suggested that the sediments in Sache's
Dam had a direct influence on the observed failures.

To obtain information on the sub-soil conditions,
exploratory borings were sunk across the lower region éf
the failure; their locations, all within the pond area of
Sache's Dam Wesf, are shown in Figure 8,6. Difficulty
was encountered in obtaining undisturbed samples of the
soil strata immediately below the tailings. This was
due to the loose nature of the tailings, which required
driving a bore casing ahead a foot at a time, and cleaning
out with an auger. As the upper level of the underlying
material was not known to_within a foot, in about half the
holes the casing intersected the underlying sediments to a
depth of 6 inches fo 1 foot before this became evident;
the soil layers were consequently disturbed by augering
out the casing.

The mean profile of the holes exhibited the following
essential features:-

1, 20 to 30 feet of tailings.

2. 1 to 2 feet of mixed tailings and slime.

35, A layer of soft slime clay, ranging in thickness

from 6 incheslto L feet. )

L. A zone 10 to 15 feet thick of interbedded strata

of sands, silts, clays and slime clays of varying
thicknesses, with the slime clay layers in the

upper part of the zone.
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igure 8.5 Penetration of failure into Sache's Dam

'est Pond, now dewatered.



8.4(b)

e EXPLORATION HOLES
© MOVEMENT MARKERS

|

{
; ( {
L.‘__A | _L,J
SACHES DAM EAST

r

A

L Bt Aol LJ L-J ‘

PLAN OF FAILURE AREA

FIG. 8.6

SACHES DAM EAST




8.5

5. A pebble layer about 1 to 2 feet thick forming
the boundary between the deposited sediments
and the in situ weathered goil.

6. (a) A light brown clay sand with veins of green-
gray clgy, its consistency dincreasing with depth
from firm to stiff. The soil is derived from
in situ decomposed gabbro, the weathering zone
extending for more than 80 feet into the gabbro.
The weathered gabbro is very pervious, the water
visibly draining . from the sample. This material
was féund in holes 1 to 5.

(b) A light brown stiff silty clay, very impervious,
derived from in situ decomposed shale, found in
holes 6 and 7.

7. A water table called WT. No.l at the level of
Sache's Dam West.

8. A water table called WT. No.2 about 16 feet below
WT. No,l. This water table was only observed
after pasSing through the layer of slime clay,
when the upper water table No.l was lost and the
level in the borehole dropped to that of WT. No.Z2.

The generalised profile is shown in Figure 10.1.

The geology of the valley lies within the Magaliesberg
quartzite and shales. The valley lies in an east - west
direction, the shales outcropping on the northern slope and
the quartzites on the southern slope. The gabbro sampled
in the boreholes was foﬁnd to be due to a dyke which had
intrﬁded along a line approximately east - west. The stream
draining the valley lies within and along the surface zone

of the dyke. Gabbro, which is an igneous rock with a fair
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content of plagioclase and pyroxene, weathers very rapidly
when exposed to a surface environment; this is probably
the reason for the location of the river bed in the gabbro.

A photograph, Figure 8.7, looking east, shows the
leccation of Sache's Dam East in the valley; a sketch of
the north-south cross section is given in Figure 8.,8.

Nc attempt was made to determine the exact extent of the
vérious strata as it was not considered to be essential
to the solution of this problem.

Water table No.2 is an unusual feature and after its
existence had been discovered a small experiment was
conducted as follows:-

A borehole with casing, the bottom of which penetrated
just below the slime clay and the top at level approximately
 feet above Sache's Dam West water level (WT. No.l) was
filled with water. The water drained away quickly, within
five minutes, to the level of WT. No.2, shéwing that the
lower strata are very pervious and that there is no connection
in nature between the two water tables. The loss of WT. No.l
occurred before the pebble marker was intersected; other clay
layers still existed below at the time the water.table was
lost. From this it was concluded that the clay layers are not
continuous, an observation which is of great importance in
considering the development of pore water pressure conditions
under the embankment of Sache's Dam West. -

»The expériment was repeated with all the stfaté cased
off down to and including the pebble marker. In holes
penetrating the decomposed gabbro, WT. No.2 was quickly

-e8tablished, but in the shale the water table was only
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8.6(a)

Figure 8.7 Looking east. Sache's Dam West is in the
foreground, Sache's Dam East on the left, dump No. 3 on the
right. Note the gentle slope of the valley on the north
and the quartzite ridge on the south side of Sache's Dam
West. The gabbro dyke lies along the trought of the valley.
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established after about two weeks, indicating that the
shale is very impervious.

WT. No.l may be considered as a perched water table
created by the presence of Sache's Dam West. WT. No.2
is probably the permanent water table in the area, raised
above the level if would cccupy if Sache's Dam West and
Sache's Dam East had not been constructed. The existence
of the two water tables appears to be due to the creation
of a relatively impervious blanket of silt, clay and slime
on the floor of Sache's Dam West. Their occurrence
indicates that there was,nc major rupture of the blanket
during the failure of Sache's Dam East. This led to the
conclusion that the failure was not consistent with one
extending deeply into the sub-strata, for if such a deep-
seated failure had occurred, free connection would most
likely have been established between the two water tables.
This conclusion was confirmed by examination of undisturbed
samples of the interbedded clays, sandé and gabbro, which
gave no indications of failure. However, in the clay slime
layer immediately below the tailings there were clear
indications of failure; c&linders of the undisturbed slime
clay, when left to dry, shrunk skew; on twisting dry or wet
samples, rupture took place on well-defined mirror-smooth
concoidal surfaces which in nature were slightly inclined
to the plane of the slime layer; the usual horizontal
stratification which is characteristic of sedimentary
deposits was absent, indicating remoﬁlding. )

.From these observations it was concluded that the failure
had taken p;ace in the clay slime layer only.

The water in Sache's Dam West and Sache's Dam Easf,

permeating slowly through the slime layer, is collected by
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.the large area of sands, silts and the pebble marker under-
lying th? floor of Sache's Dam West. The decomposed gabbro
dyke which passés under the wall of Sache's Dam West serves
as an aquafir, draining away this water. Below Sache's
Dam West the pore-pressures in the gabbro are such that the
water table (WT. No.2) intersects the ground surface at
about 10 feet above the level of the river bed, slowly
undermining the wall and reducing its stability. Records
show that in 1910 a circular slip failure occurred in this
wall in the section overlaying the gabbro. At that time
the dam was only a few years old; the gabbro must have been
exposed to obtain spoil for the wall, and only & thin layer
of clay could have settled out over the pond botton. It
seems now almost certain that the failure was due to
connection between the water in Sache's Dam West and the
gabbro material raising the pore pressures below Sache's Dam
West wall. |

The freely dralning character of the gabbro, pebble
marker and interbedded sands and clay strata could be used
to encourage drainage at the down-stream toe of Sache's Dam
East; filter drains could with advantage be conngpted to
them to reduce the build-up of pore water pressures. However,
if free connection should be establiéhed with the water in
Sache's Dam East (which would eventually attain é depth of
approximately 200 feet) the increased pore pressures could
have a significant effect on the stability of Sache's Dam
East wall, o

8,5 ©External forms of the failure

The surface indications of the fallure of Sache's Dam

East are consistent with a sliding type on a weak shallow
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base; in PFigures 8.9, 8.10 and 8.11 photographs of the
failure are shown. The primary failure movement was oubt~
wards from the embankment, the subsidence at the wall being
continually made good, As the slime clay in the pond of
Sache's Dam West was unconsolidated, and very weak, the
material virtually flowed into the ponded area on top of
the slime clay. With consolidation the shear strength of
the slime clay increased, reguiring greater depth of
tailings material to overcome the sliding resistance of the
slime clay layer, leading to the gently curved outline of
the failure (Figure 8.9).

When the failure had penetrated beyond the confines
of the embankment, a secondary transverse failure in the
main failure material took place, also of a sliding type.
Evidencevof this failure is clearly indicated in the
photograph, Figure 8,10, by the formation of ridges at
right angles to the main wall (see also Figure 8.11).
Inverted wedges of material near the centré of the failure
Zone subsided, pushing out the sides of the failure zone
en bloec, and resulting in the centre being at a lower level
than the sides. This subsidence is illustrated in the
photographs in Figures 8,10 and 8.12, by noting the outline
of the failure zone as exposed by the cutting parallel to
the main wall. In the cutting, the planes along which the
transverse failure took place are exposed, and are shown by
the photographs in Figure 8.13. They occur at intervals
of about 3 - 4 feet, and are about % inch in thickness,
The relative movements between the failing sections ground

and pulverised the tailing material, in some instances the

material‘being reduced to a fine powder.
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Figure 8.9

Showing the gentle curvature of the failure

from the waterline to the flank of Sache's Dam East.
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Figure 8.10 Failure of Sache's Dam East. The photographs
show the secondary transverse failure lines very clearly. In
the upper photograph at the top left-hand side of the failure
note the horizontal ridges due to the primary failure. The
bottom photograph (taken before Sache's Dam West was emptied)
shows the infilling above the failure gzone.
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Figure 8.11 Failure of Sache's Dam East from the top of
the dam wall, showing the transverse failure lines at right-

angles to the wall.

! Figure 8,12 Cutting across failure zone - note from the

‘ outline of the cutting the subsidence due to the transverse
| failure near the centre of the failure. Markers to measure
horizontal movement of the slide can also be seen.



Looking east. Failure lines near :left .—hand side of failure
on Figure 8.11. Note slope to the right.

Looking east. Failure lines near centre. Note lines
crossing.

Figure 8.13 Failure lines exposed in cutting parallel to
Sache's Dam East.



Failure near right-hand side of failure.
sloping to the left.

Figure 8.13 (continued)

Note lines
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Ridges due to the primary failure movement have been
almost completel& obliterated by the transverse secondary
failure, However, remnants of the primary failure ridges
are still evident on the main wall in the photograph in
Figure 8.10; observe the horizontal ridges on the high
left-hand side of the failure zone, and compare these with
~ the ridges formed during the failure of the model wedges
in Figures 6,6, and 6.10.

Further evidence of sliding failures are to be found
in the dumps at Cullinan. Tailings dump No.3, the extreme
right-hand one in Figures 8.2 and 8,7, is about 600 feet
above ground level, and was built out from an old tailings
disposal dump, Washings of the decomposed material from
the surface of the 0ld dumps had spread over the ground
surface as layers of clay, thus providing the weak plane
necessary for sliding failurg. Sliding failure of the new
dump took place partly through the old dump material,
pushing this material ahead (Figure 8.14). 1In Figure 8.15
the toe of the slide is shown, up-rooting trees in the path
of its movement.

Where the dump crosses a small valley, the main failure
took place along the axis of this valley at an angle of
approxiﬁately 300 with the line of the dump.

Photographs of this failure, from different angles and
under different lighting conditions, are shown in Figure
8,16. The characteristic inverted wedge formation of a

sliding failure can be noted. The back legs of these

failure wedges are shown in Figure 8.17.



8.10(a)

Figure 8,14 Failure of dump No.3 showing sliding failure.
Note the old dump material (covered in grass) being pushed
ahead.

Figure 8.15 Dump No.3. Toe of slide uprooting trees.
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wedge can be clearly seen. Note also that as the wedge
subsided it was filled in.

T et ‘jigg o s e .]*
Figure 8,16 Failure of dump No. 3. The subsiding inverted
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Failure condition at later stage. A new failure wedge is

starting, partly through the old one, the two failure lines
crossing.

Figure 8.16(continued)
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Figure 8.17 Failure of dump No.3. Back leg of failure.
Photographs taken from Sache's Dam East wall.




% |

A secondary transverse sliding failure in the material
ﬁushed out by the main failure was alsoc observed in the toe
of the main failure. Ridges due to the secondary failure
are shown in Figure 8.18;® the ridges are curved, indicating
that a three-dimensional failure was taking place. The
subsidence in the central area can be clearly distinguished.
A diagramatic sketch of the main and secondary failure move-
ments in the dump is shown in Figure 8.19.

Sliding failures were also observed on the dumps pushed
out by bulldozer during excavation of a trench across the‘
failure zone of Sache's'Dam East. The excavated material
was pushed onto the layer. of slime clay lying on the bottom
of Sache's Dam West, and although the dumps were only about
30 feet high, sliding failure took place, indicating the low
strength of the unconsolidated slime layer. Photographs of
one of these failures are shown in Figure 8.20.

8.7 A passive failure

A passive failure occurred where the toe of the failure
of No.3 dump lay against the flank of Sache's Dam Fast
(Figure 8.21). It would appear that this failure was due to
the combination of direct pressure and shear forces, the
latter being particularly high due to the movement of dump
No.3. It was observed that when, due to the nature of the

ground surface at the toe, failure movement in dump No.3

”Subscrigt: Normal black and white negatives are insensitive
to the blue~gray colour of the dumps and failed %to '‘show up the
failure clearly. However, it was found that negatives made
from Kodak colour slides increase the contrast probably 2 to 3
times. All the best photographs in this section were produced
by this method. The writer was made aware of this method only

after he had left Cullinan.
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Figure 8.18 Secondary transverse failure in toe of
dump No. 3. Note the two sets of curved intersecting
failure lines, the zone in between subsiding.
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Figure 8.20 Failure of small dump on slime in pond of
Sache's Dam West. Upper photograph shows slide taking place.
Bottom photograph taken from the top of the small dump, shows
the ridges of failure.
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Figure 8.21

East.

Passive failure in flank of Sache's Dam
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ceased, the passive failure did likewise. Along the slip
planes of the passive failure intense pulverisation of the
particles tock place.

8.8 Discussion and conclusion

Qualitatively the external indications of forms of the
failures in Sache's Dam East and the surrounding dumps
provide powerful evidence that the failures are of the sliding
type, as predicted by the mathematical theory of plasticity
for cohesionless soil media. It remains to show quantitatively
by anzlyses such as Rendulic's using the shear strength:
properties of the materials that these failures are the most
likély. In Section 9 the properties of the materials and in
Section 10 the stability of the sliding failure in Sache's
Dam East will be determined.

The relati&e softness of the particles compared to
normal granular materials.is indicated by pulverisation along
the lines of slip. As the pulverised material is of a clayey
nature it can cause a decrease of strength élong this plane
once a slip plane develops, leading to a reduction in the
stability of the embankment and a tendency for the slip
movenent to continue along the plane.

It has been postulated that in the failure of s50il masses

two failure mechanisms can be distinguished - a line failure

(Jennings & Ste ffem, 1963, quoting

and a zone failure mechanism. N
- ' Brinch-Hansen, 1953)

Line failures are described as ''kinematically possible failures"
in which the rupture takes place along a cylindrical surface
with the failed zone above still in an elastic state. In

zone failures the rupture line is not necessarily circular,

but of such a form that plastic deformaticn in the failed zone

is required for this zone to stay in contact with the rupture
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line.4 Plastic deformation takes place internal to the
failure region, and slip lines may develop.

The failures in Sache's Dam East , the surrounding dumps
and the model fall into the zone failure class. From
Figures 8.13 and 6.1B6 it can be noted that slip lines
developed internai to the failure zones. From Figure 8,13
it can be seen that both members of the intersecting set of
slip lines developed, but near the sides of the failures
only one member developed. '

It is doubtful if under normal circumstances both
members of the set of intersecting slip lines develop
simultanecusly. Intuitively it seems that both members
could develcp simultaneously only if the plastic deformation
takes place on a microscale throughout the failure zone,
and in such a case it is unlikely that in ,a completely
uniform material the interﬁal slip lines would become
visible, An example of such a type of plastic failure
can easily be constructed Ey forming an.embapkment of
cohesionless sand on a thin flexible plate and lifting the
plate by its edges. The deformation of the plate causes
plastic deformation in the embankment, but no slip lines
develop. This condition is approached-in the left-hand side
of the failure in Figure 6,16, where numerous intersecting
failure .lines appeared to have formed. More usually failure
occurs in blocks, only the outer rupture line or.lines‘of the
block developing, but-the failure block itself shifting
its posiﬁion as the critical reglon changes, causing rupture
lines to appear next to the previous ones, thus leading to
apparent intersection of rupture lines. Sokolovski states

that the plastic theory does not predict the actual formation



8.1k

of rupture lines, but only the potential for their develop-
ment; furthermore through each element two potential
intersecting slip lines pass. This in fact requires
microplastic deformation. In practice the particular
rupture line which forms depends on the distribution of
weak regions in the material, making one plane slightly
- more favourablg to rupture than another, but next to this
. rupture line the material may be still in a state of elgstic
rigidity. Once a rupture line develops the remoulding on
that line will often have a tendency to reduce the shear,
resistance and the failuré tends to persist along the
projection of the line.

Plastic failure, being a propagation pheﬁomenon, must
develop from soﬁe point and spread out from there. Due
to the rigid plﬁstic poltulatioﬁ in the plastic theory, the
time effect of propagation cannot be predicted but its
effect can sometimes be discerned, as for instance in the
" model failure in Figure 6.7(c) where the rupture line has not
fully developed through the body; in the theoretical plastie
rigid material such a partielly developed line could not
exist, but due to elasticity and the non-uniformity of the
"material, this appears possible in a real material, Due
to the reduction of shear strength where the rupture line
forms, fhe line of rupture might not necessarily conform to
the potential slip line as predicted by the theory; if a
stability analysis could be done on the actual rupture line
as against the theoretically predicted slip line, and 'if the
true strength in the material before reduction due to re-
moulding could be subscribed on the rupture line, it might

be found that this rupture line is not the most critical.
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By the time the rupture line forms the critical condition
has already been established and one could conclude that

the kinematically possible rupture lines are a result of

a failure condition instead of a mechanism of failure.

A further point to consider is that no solution by
the mathematical theory of plasticity using the modern
concepts of effective stress and pore pressure development
du}ing failure has yet been attempted. With electronic
computgrs-thé problem is no longer insoluble, and it would
be of inferest to see if, when such a solution is eventually
achieved, the form of the slip (or rupture line) would not

approximate to a circle.



SECTION 9

9. PROPERTIES OF THE MATERTALS IN SACHE'S DAM EAST WALL
AND THE FOUNDATIONS

9.1 Introduction

v In Qrder to perform the stability analysis of the dam
wall the properties of the material out of which the wall
was constructed and the soils in the foundations are
required.

The material in the wall is the "tailings" or waste
of diamondiférous‘Kimberlite{ which had been crushed in
order to extract the diamonds.- Compared with granular
materials normally ﬁsed in rock~fill dams the tailings are
relatively soft, to the degree that it is possible to cut the
particles with a knife. It was considered that the
particles might shear and cfush (i.e.,"collapse") under the
shear stresses and cbnsolidation pressures expected in the
wall - probgbly a unique situation in dam building. It was
therefore of particular interest to investigate the stresses
and physical conditions under which such a collapse of
structure of the tailings could take place and the degree of
collapse to be expected in the dam wall.

9.2 Some properties of the tailings material

9.2.1 The origin and durability of the individual
particles of tailings material

The Kimberlite occurring in this pipe is of the basaltic
type and highly basic. (A.L. du Toit 1934). It contains
numerous minefals which decompose when exposed to air.

An examination'of the old disposal dumps indicate that
decombosition of the particles is confined mainly to the

surface layers. Internal to the dumps little decomposition
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appears to have taken place; the size gradirg
of tailings from the new dumpe are statistically
indistinguishable from those from the old Zduupe “omed
before 1920. Visually there was also no indicaticn of
decomposition.

The slime which is derived from the waéhiﬂg 5f the
crushed rock contains a large proporticn of ~ 2 micren
-material which, on flocculation by lime, settles out asg s

clay. The settled material has a liguid limic of 3IG%, a

plastic limit of L4l4% and a linear shrinkage of 1%%, making
it a very active clay, This was confirmed Ty 2 nineralogical

analysis of the clay which indicated a falr wrogcrtion of the
clay mineral Montmorillinite.

A very fine layer of slime clay coats sach «f the
.tailings particles which probably influences the {rictional
properties of the tailings material,

9,2,2 The shape and particle size distribution of
the tailings

The shape of the tailings is angulsr. Tha size
distribution is shown in Figure 92.10. The laryer size

fraction. predominates and the shape of the curvs

e

characteristic of that normally found for crushazd rocke

The tailings do not contain the bulk of the -~ 12 7

sieve fraction, as a portion of this fHraction
separately in the plant and disvosed wiilh the =lixa,

9.2.3 The permeability of the tailinzas

The predominance of the
size distribution of the tailings has the ¢ifuct of
increasing the void ratio and conseqguently the permesbility.

volunme

The permeability is of importance in assessing

of the water that would flow tuarcugh the bank =lould a



rupture occur in the impermaéble layer on the upper-stresm
flank of the dam wall, This aspect is of vital importance

to the safety of the dam and special measures had to be

taken to prevent the rupture of the impermeable layer and,

in the event of such & rupture, to reduce the danger to the
stability of the wall from erosion, These measures are
treated in detail in Retvort No. 1 (Marais 1958) and Report

ﬁo. 3 (Jennings & Marais 196C). In this thesis the

stability of the dam wall will be considered on the assumption
that rupture does not cccur,.

9.2.4 Moisture content of tailings

Bank moisture content

To determine the natural bank water content of the
particles, a number of samples were taken from different
partsAof the dam wall, The water contents ranged from 4,3
to 7.8% with a mean of 5.3%. These water contents can only
‘be rough measures of the values in the dam wall as the samples
were all taken at depths of less than 3'0" into the dam wall.
However, it was noticed in experimental samples that if the
water content exceeded the value of about 5.5% the water
content at the bottom of the sample increased with a lapse
of time indicating a gradual downward movement of the water
due to gravity. It was therefore concluded that a water
content between 5% and 6% was the most probabie one in the
bank. This range of water contents was used in all tests
at bank moisture content.

Air-dried moisture content

On oven drying the tailings, the particles shattered
and apparently changed their chemical composition, but this
did not happen if the material was air-dried. Tests were

conducted to determine the water content of air-dried tailings.
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ive, bul on sunny

days the water content was reduced to values hetween 1,3 and

1.9%., All tests on air-dried tailiuges had water contents

wags determined by
loose packing of the tailings in a “-~gallon drum. This
gave a mean value of approximately 3100 12 per cu;ft. dry
density. ihis figure varied l;wt‘e with change of method
of placing the tailings in the drum, or the water content of
the tailings, and it was conciuded that thils denSity was ths
lowest which applied in the dam.,

9.,2.6 Maximum density c¢f the tailings

The results of standard compaction tests on the tailings
are shoﬁn in Figure 9.,1; the density is not very sensitive
to water content and considerable effort is required to
attain a dry density of greater than 110 lb per cu.ft.

With the shear failures which have *takern place in the dam

[
ot

wall the density of the tailings tended to higher values;

is probvable that the average dry density in the wall would

be in the region of 105 1b per cu.fi. This value was

confirmed by the results of The consolidation tests in

Figure 9,20 where 1t ¢an be noted that under 12 tons per sg.

ft. pressure, which is the approximate mnzgnitude of the
vertical stress at the bottom of the daw, the dry density

did not ex¢eed 110 1b per cu.ft.

G.5 Cholce of avpparatus for censolidation and shear
tests

Becausz of the large size of the taillings, ranging from

+0.116" £33 ~0.371", the normal tor soil tests could

dometer and triaxial

not be used. a
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apparatus was constructed for testing samples of 12"
diameter. With this samvle size the ratio diameter of
sample to mean particle size is approximately 12 : C.2 =

2k : 1, which corresponds approximately to a 2" diameter
sample with 1 mm grains. Practical considerations required
that both the consolidation and the shear tests be conducted
-on the same apparatus and conseguently a stress control
machine was selected. This was also & necessary choice

if collapse tests were to be conducted.

3

he machine consisted essentially of a mechanism for

applying the ioz2d on the sample through a

& L

0

ystem ¢f levers

and links, and a consolidometer or triaxial cell devending

on the type of test required. A diagrammatic sketch of

the machine is shown in Figure 9,2. The lever arm 1 carries

the jockey weight 2, which through a system of multip ying

levers applies the load to the sample through pin 3. The

fulcrum points & and 5 can be adjusted up or down independently.

To minimise friction in the fulcrums they are fitted with

tapered roller bearings. The whole apparatus was too large

for a single photograph, but an idea of the size of the

apparatus can be formed from the photographs in Figure 9.3.
Calibration was carried out with a sensitive hydraulic

jack fitted with a pressure gauge which had previously been

standardised against a high guality testing machine.

Calibration showed that the loads recorded by the position

of the jockey weights on the main balance beam were within

200 1b. of the correct weight, i.e., = C.1 ton/sq.ft. pressure

on the sample.

9,4 Sample preparation

4 sample, sufficient for say six tests, was constituted
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Figure 9.3 Giant stress controlled triaxial-consolidation
apparatus.
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from sub samples taken from the belt conveying the waste
material to the disp;sal dumps over a period of one hour.
The sample was air-dried and riffled into six p§rtions and
the water content determined. Knowing the volume of each
test sample the weight of tailinés was determined to give
the test sample volume at a dry density of 100 1lb. per
cu.ft. In order to make up the sample to this weight
_exactly and to ensure that the grading analysis was not
upset, the sample was riffled and subriffled and these
portions added progressively until tée required weight was
attained. ?he appropriate amount of water was then added
1 to the sample to bring the water content to the required

value.

material was then divided into eight

separate closed

f this was to enable
g the portions

- a constant problem'
the material in one
eration,

9.5 Consolidation characteristics

The object of the series of consolidation tests was
to investigate:
1. the time rate consolidation and the load

consolidation characteristics of tailings

at air-dry and natural bank moisture contents
respectively;

2, the collapse characteristics of the tailings at
the two above-mentioned moisture contents.

5.1 Test procedure

ure 9.4 gives the sequence of oper=ztions of putting
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Base plate of consolidometer cell.

Bottom side plate and bottom drain plate (an Emery wheel
with the centre hole filled with lead) placed in position.

Figure 9.4



Loose consolidometer ring slid into position.

Sample placed.

Figure 9.4 (continued)
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and top side plate, top drain plate and bearing plate
placed in position.

e

Figure 9.4 (continued)



9.6(d)

Side plate screwed on to base (to hold water during
flooding). Deflection gauges fitted; 2 inch
diameter ball-bearing placed on coned recess on top
of base plate, and the assembly placed under the
loading pin. Loading pin lowered to touch ball-
bearing.

Figure 9.4 (continued)
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the tailings sample into the consclidometer, After the
consolidometer cell is placed»in position on the machine
the jockey weight is adjusted toc the zero position and the
loading point lowered on to the sample. The lever arm 1
(Figure 9.2) is raised by lowering the fulcrum 4 or 5.

The raised lever arm is then held in position which the
weight is moved to the first load. The lever arm is then

released and allowed to descend, but without shock. At the

same time the fulcrum 4 is iowered to keep the lever arm 1
as level as possible. The procedure for applying the
first load is repeated for all subseqguent loadings. From
the moment the lever arm is feleased the consolidation of
the sample is recorded at approximate equal log (time)
increments.

Since the material is very freely draining a minimum
time éf,six hours was allowed for equilibrium to be
established. Hach succeeding load increment was double the
increment preceding, except in the case of the highest
loading where a load of 60,000 lb. instead of 80,000 1lb,.
was employed, since it was found that the machine suffered
damage under the 80,000 1lb. load. The standard load

increments were as follows:

Table S.1

Load on Machine Pressure on
Loading 1bs. sample. Long
tons/sg. ft.

Enitia; lo=ad 1,250 .73
1st Increment 2,500 1.42
2nd Increment 5,000 2.84
3rd Increment 10,000 5.68
Lth Increment 20,000 11.36
5th Increment Lo, 000 22473

6th Increment 60,000 34,10
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9.5.2 The consélidation characteristics and tailings
at bank moisture and inundation

In Figures 9.5 and 9.6 the time rate-consolidation
curves for each increment of load for the tailings at 6%
moisture content and inundation are shown respectively,
The load-consolidation curves are shown in Figure 9.8.

9¢5¢3 The consolidation characteristics of the
tailings at air-dried moisture content

In Figure 9.7 the time rate of consolidation curves for
each increment of load of the tailingé at 1.6% moisture
content are shown. The consolidation curves for this test and
one conducted at 0.8% moisture.content, are shown in Figure
9.8.

9.5.4 Collapse characteristics of the tailings

Tests, to investigate the collapse of the tailings, were
performed as follows:
Two samples of air-dried tailings were incrementally loaded
to 2.84 and 22.73 tons per sq.ft. respectively. After 6
hours the samples were flooded from the bottom and the
additional settlement noted over a further period of 6 hours.
In figure 9.9 the load-consolidation curve for the collapse
tests at 22,73 tons per sq.ft. is shown. The collapse values
recorded for the tests at 2,84 and 22.73 tons per sq.ft. are
shown in Figure 9,26.

These tests were repeated for tailings at 6% moisture
content. On flooding no perceptible additionai settlement
was recorded.

9¢5.5 Crushing of particles under load

During the consolidation tests clearly audible cracking
was heard coming from the samples, particularly immediately
after the load had been applied. This observation, together

with the compression behaviour of the wet and air-dried
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Qamplés, led to tﬁe belief that the particles were crushing
ugder load. An investigation of the crushing of the
particles during compression was made as fcdlows:

A grading analysis of an air-dried sample sufficient for
two tests was made. It was then divided by riffiing into
two equal samples, and the moisture content of one of

the pair raised to about 6%. éonsolidation tests to a
maximum pressure of 34.10 tons per sg.ft. were then
conducted on the two samples. Tﬁe wet tailings test
sample was air-dried and a gradiné analysis made of each
sample. Grading analyses of the pair before and after
loading are shown in PFigure 9.10.

9.6 Triaxial shear tests

The objects of tﬁe triaxial shear tests were to

determine:

(1) The shear strength parameters c¢' and @' with
respect to effective stress with the tailings
both at natural bank and at air-dried water
contents, (Note: ¢ and ¢ here designate
cohesion and angle of internal friction
respectively.)

(11) The load : deflection and load : volume change
relationships of the tailings both at the
natural bank and air-dried water contents.

(idid) The collapse characteristics aﬁd loss of shear
strength of the tailings of natural bank and
air-dried water contents, when inundated.

9.6.1 Pressure application

The arrangement for application of cell pressures is

. shown in Figure 9.11. It consists essentially of a
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Figure 9.11 Photograph shows compressed air bottle
on right. to supply air to cylindrical reservoir.

Note the star manifold with leads to triaxial cell,
hand pressure control and grease pressure seal, The
apparatus for measuring volume changes can also be seen
below the display board.
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¢ylindrical reservoir, 8 ft. high x 12 in. diameter, which

contained water in the lower half and air, under pressure

from an air bottle, in the upper half., Water under

pressure from the reservoir is connected through a valve

;‘ to a stér manifold which leads (with valves) to the triaxial
cell, the pressure gauges, the grease pressure ;eal at the
triaxial cell loading pin, and the hand pressure control

cylinder designed to provide positive or negative pressures

in the system.

The grease pressure seal is a special feature of the
apparatus (Figure 9.11(a)).The hydraulic lead from the star
\ ] S

is connected to the ﬁottom of.a cylinder containing a free -

~ piston with wal and motor;igr gearbox grease above

‘thg internal diameter of the

xial pin'opefates. After the

‘"o%f all fhe valves at the star except those leading to the
hand control and the grease cylindérs,Agrease.ia forced
into the groove by means of the hand control cylinder.
These valves remain open during the subsequent pressure
application to the cell, and as the pressure in the gearbox
grease equals the cell pressure in the triaxial cell, the
groove forms an effective water seal, the grease only

welling out past the pin. The seal workaicdmpletely

satisfactorily for pressures up to 100 1lb per sq. in. for
"_ periods up to 6 days.

9.,6.2 Measurement of volume changes

' Volume changes in the sample of tailings,contained

en the top and bottom loading plates and the rubber
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Figure 9.11(a) Photograph of grease pressure seal
apparatus. The small cylinder on the right contains
a loose piston with grease above and water below,

The grease is forced into the groove around the
triaxial cell gland.
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membrane,were observed by measuring the volume of air expelled
from the voids of the tailings. A lead was taken from the
bottom leocading plate into a l-gallon glass bottle fitte@ with
a tight rubber stopper. This lead was connected with the air
in the upper part of the jar. The jar was filled about
three-quarters with water. Another pipe extending to the
bottom of the jar, well below the water surface, was also
taken through the rubber stopper and carried freely downward
below water level in a 1000 c.c. measuriﬁg cylinder.
Atmospheric pressure in the voids is established when the

water levels in the bottle and cylinder are at egual levels.

"As air is expelled from the voids of the tailings the pressure

in the bottle is increased anu water flows to the cylinder.
By adjusting the level of the cylinder so that the water

i Wh§#§§§13d3r~and bottle remain the same, volume
_ %ﬁéV?sailings sample may be observed as changes.;)f

; volume of water in the cylinder.

9.6.2 ©Placing of the triaxial sample

Ih placing the sample, an initial dry density of 100 1b
per cu.ft was again employed. The sequence of operations
in placing the sample is shown in Figure 9.,12:

The rubber membrane is slipped over the bottom bearing
place (Figure 9.12(a)) and two ¥%-in. diam~ter rubber rings
rolled into positionI(Figure 9.12(b)). A strap, the ends
of which overlap, is screwed tight onto the rubber bands,
thus preventing ingress of the cell water, under pressure,
into the sample (Figure 9.12(c)). The sample former
(Figure 9.12(&)) is fitted on the bottom bearing plate and
the rubber membrane folded 6ver the top.

The sample, which had previously been riffled into eight
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Figure 12(a) Base plate of triaxial cell.

Figure 12(b) Rubber membrane slipped on to bottom
bearing plate and rubber rings rolled on,




9.11(b)

Figure 9.12(c) Strap around rubber rings tightened.

Figure 9.12(d) Sample former.
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sub-samples, is then placed in the former (Figure 9.12(e))
and the top bearing plate placed in position. The

membrane is folded back over the plate (Figure 9.12(f)) and
the rubber rings rolled on (Figure 9.12(g)). The top

strap is tightened around the rubber rings. A lead from
the sample through the bottom bearing plate is connected

to the hand pressure contrel cylinder, and a negative
'vressure of 2 1p per sq. in applied (Figure 9.12(h)).

The valve on the star controlling fﬂe lead to the sample

is closed, the former removed, and tie lead from the top of
the sample connected to the bottom (Figure 9.12(i)). ‘The
negative pressure holds the sample rigid. Thé cell cylinder
is placed over the sampie, the cylinder top fitted and the
assembly sgcuied air-tight by tightening the joint bolts
'(Figufe 9.12(3)). The loading pin is élipped into position
A(Figure 9,12(k)) and the cell moved into position under the
- load point, which is lowered to touch the loading pin. The
grease pressure'seal-apparatus is fitted (Figure 9.12(1))
and the pressure seal is establishéd by forcing grease into
the groove:around the loading pin. The cell is now filled
with water and connected to the star. A pressure of I2w
per Sq; in is applied to the cell water by means of the hand
pressure control cylinder, and the negative éressure inside
the sample is released. The volume~measuring apparatus is
connected to the bottom of the sample. The-valve to the
pressure reservoir is opened to the star, which applies

the pre-determined pressure to the sample and the grease
seal.

3ix hours was allowed for the sample to consolidate,

and the deviator stress lcad applied in a manner described

in the first paragraph of Section 9.5.1.
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Figure 9.12(e) Sample placed in the former.




9.12(b)

Figure 9.12(f) Rubber membrane folded over
‘the top bearing plate.




9.12(c)

Figure 9.,12(g) Rubber rings rolled on.

Figure 9.12(h) Top strap tightened, hand pressure
control cylinder fitted and negative pressure applied
to sample.
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Figure 9.12(1i) Sample under negative pressure.




Figure 9.12(j)
and cylinder top

Cell cylinder placed over sample
fitted.
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Figure 9.12(k) Triaxial cell pin slipped into
position.

Figure 9.12(1) Pressure seal apparatus fitted and
cell moved into position under loading pin. Loading
pin lowered to touch the triaxial pin.
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Initially trouble was experienced with puncturing of
the rubber membrane on the sharp edges of the particles
of the tailings. A solution was to use two l/16 in. thick
unvulcanised rubber sheets, glued together only at the
edges. The inner membrane was cut but in this it
protected the outer membrane.

9.6.4 Load increments

In all triaxial tests the load increments found most

satisfactory were:

Consolidation .Deviator Stress Jockey
Pressure (O ~<3 ) ' Load .
Tb per sq. in. Position
lb per sq. in. on 12" sample 1b
100 22.05 2,500
50 : 22.05 24500
25 11.02 1,250

9.,6.5 Duration of load application

App:eciable creep effects were obéerved after each
application of load and an arbitrary limit of rate of
deflection of 0.002 in.min. was set as the indication of
equilibrium after the application of a load increment.

This gave times per increment varying from about 15 minutes
for the lower loads to about 30 minutes for the higher
loads. Volume changes were measured at equilibrium at

the end of each load application.

9.6.6° Consolidated drained shear tests of tailings
at natural bank moisture

The cénsolidating pressures were 25, 50 and 100 1b per
sq. in. respectively, the initial dry densities approximately

100 1b per cu. ft and the moisture contents approximately 6%.
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Figures 9.13, 9.1#; 9.15 and 9.16 show the axial
deflections versus the log of time for each load
increment, Figure 9.17 shows the stress-strain curves

and volume changes during the test, and Figure 9.18 shows
Mohr's'envelope of failure.

9.6.7 Consolidated drained shear tests of air-
dried tailings

These tests were conducted exactly as for the tests
at natural moisture content, except that the water content
of the samples ranged from 1.3 toll.9%. Figures 9.19,
9.20 and 9,21 show the axial deflec;ion versus the log of
time for each load increment, Figure 9.22 shows the
stress-strain curves and volume cgahges, and Figure 9.23
shows Mohr's envelope of failure.

9.6.8 Collapse tests

The samples were consolidated under 50 lb per sq.in.
and then incrementally loaded until the value of the
deviator stresses were approximately one half, or three-
quarters, of the estimated failure stresses. This gave
two deviator loads of approximately 10,000 and 12,00C 1lbs
which corrésponded to deviator stresses of 88.3 1b per
sq. in. and 110.5 1b per sq. in. respectivély. The
samples were then inundated by forcing water at low
pressure through the bottom lead until it escaped from
the top lead. The additional deflections were recorded
at intervals for a period of six hours.

Two series of tests were carried out. The first
series was on samples at 6% moisture content and the
second series on samples at air-dried moisture content.

Figures 9.24 and 9.25 show the axial deflections versus
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time from the moment of inundation for the samnles at 5%
moisture content.

Collapse tests for tailings at air-dried moisture content
could not be completed because of the excessive deflections
(which took place at great speed) and the bulging of the samples.

9.7 Discussion of Resulte of consoclidation and shear
tests

9.7.1 Consclidation results

(1) Particle strength and consolidation: From the

. P ~ . - N i A
consoLication time curves of the air-dry and 0% moisture

-

content tailing samples, the comrrezssion deflection is linear
with respect to the logarithm of time. The comp?ession is
not a primary consolidation procéss as the material is freely »
‘draining. It appears to be analagous to the secondary
consolidation in ¢lays, for, in both materials the compression
deflection is linear to the logarithm of time.

In clays the secondary consclidation is considered to be
due to reérrangement of the clay particles; in the tailings
material the low strength of the individual particles (as
indicated by the crushing of the particles ﬁnder load (Figure
9.9)) will cause progressive crushing of the particles at the
points of contact resulting in a progressive stress re-
distribution until an equilibrium condition is attained in
wnich the point stresses are all at or below some critical
stress related to the crushing strength of the material,

This process would also lead to a degree of rearrangement
of the particles.

It is clear from both th- -onsolidation time and load
consolidation curves that the tailing at 5 - 6% moisture
content is more compressible than the air-dry tailings.

This indicates (from the hypothesis that point crushing

of the particles is the principal cause of consclidation)
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that there is a loss of strength of the particles on wetting.
The collapse tests bn the air-dry tailings confirm this.

(2) Quantitative collapse estimation: Instead of

performing collap;e tests as described in Section 9.6.8 the
more standard procedure could have beem followed whereby
consolidation curves for the air-dried taiiings and the
inundated tailings are plotted on the same graph and one of
. the curves adjﬁsted up or down to éoincide near the top of
the. curve, (In this case the curves are made coinecident
at 0.71 tons per sq. ft (;ee Figure 9.26). The difference
between the two curve% zives a useful measure of the collapse
on inundation to be expecteg at any pressure, The results
.65 the direct collapse tesﬁs are superimposed on this graph
and show good agreement with the normal method of estimating
collapse,

The collapse test of the tailings at bank moisture
content indicates that no measurable collapse will take
place oﬁ inundation. |

9.7.2 Discussion of shear tests

Deformation and failure: The shear tests on all samples

showed large deformations, giving true strains of the order
of 25 ~ 30% at plastic failure. | The failures were all of

the bulging type without exhibiting slip planes, (Figure

9.27).

Time deformation, or ereep effects: The creep, which

is given by the axial deflection with time after the
application of each load increment, is linearly related to
the logarithm of time (Figurea 9.13 - 9,16, and 9.19 - 9.21).
(The discontinuities in the creep curves are due to macﬁine
operation and coincided with adjustments made to the fulcrum

of the upper loading beam in order to keep it from coming to
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Figure 9.27 Triaxial sample after failure.
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reét on the bottom stop). The.creep curves are similar to
'thoée found in the consolidation tests and their cause can
siniilarly be ascribed to réarrangonont of the particlos_dud
to cruahing at tho points of contact.

The rate of creep for the teilings at 6% moisture
content is much highor than for the air-dry tailings, which'

again indicates a loss of strength in the tailings particles

‘on wetting. _An‘interesting feature is that up to .a particular

stréss the slbpes of the creep curves on the semi log plot are

‘ linearly related to the deviator etress; - with higher stresses

the créep rate increases sharply. This, for the shear test

with CTB = 100 1b per sq. tn., is illustrated in Figure 9.28.

\ff Volume changes and shear strength: The real volumetric

strains in all the shear tests were linearly related to the
deviator stresses, the volume strain for the tailings at 6%
m&isture content being nignifioantly higher than for the @ir-
dried tailings (Figure 9.29). From Figure 9.29 it is clear,
tha£>c6ntinuous densification took place during the shear
tests. : | '

In Figure 9.30 theaz;iaxial stress-strain curves for
_ the tailings at ihe two moisture con£ents are superimposed.
‘.For the raire of curves the difference hetween the straina
at the seme deviator stress shows the collapse potential
of the air-dry tailings on inundation. The peak deviator
 stress for the air-dry tailings is also higher than for
tailiﬁgu-at 6% moisture content, indicating a loss of
shear strength. This is confirmed by comparing the Mohr's
strength envelopes (Figﬁres 9.23 and 9.18) which show a

reduction in the anglo_of internal friction from 37.5° to

35.5°.

-
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1

‘Collapse potential: The collapse tests on the

tailings at natural bank moisture content (Figures.Q.Zh
and 9.25) indicated that no sudden loss of strength |
occurred, though the rate of deformation increased.
However, it should be noted that the deformations are
plotfed against the logarithm of time giving an exaggerated
impreésicn,of the rate of deformation. If the additional
deflections are plotted against log (time) taking zero time
.as the time of inundation, as shown at the top of Figure 9.25,
then the slow rate of this deformation is appreciated,

It is possible thal the agcelerated rate éf deformation

is due to the slight decrease in Crs on flooding of the 24

inches high sample.

9.8 Conclusions

The behaviour of the tailings material undef stress 1s
dominated by the crushing strength of the particles. The
crushing of the particles takes place at the high stress
concentrations at the points of contact between the
particles, and due to particle reorientation 1ead; to
progreaﬁive stress redistribution and equalisation, ecreep
effects and densification of the mass.

The crushing strength of the particles is dependent
on the moisture content, being much higher at air-dry
than at natural bank moisture content, For molsture
contents of 5% and above, *he behaviour of the mass is
as if the material is inundated.

The behaviour of the air-dry tailings material is
approximately that of normal granular material of high
crugshing strength, the creep effects being significantly

smaller and the densification less than for material at
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natural bank moisture content. However, as the stress
increases, the alr-dry tailings exhibit these effects to
an increasing degree, but always to a leager degree than
for tailings at natural barnk moisture content. Due to
" the reduction of the iarticle strength, inundation of air-
dry tailings under load exhibits large collapse |
_eharactéristios.

The behaviour of the tallings material in the dam wall
at natural bank moisture content (5 - 6%) can be expected
" to be as follows:-

| Under consolidation and shear stresses, deformations
due to creep straina.canqie expected. These will continne
x%ﬁat a steadily diminiéﬁing rate for fairly‘long periods of
time after the bank is formed, and lead to stress re-
distribution within the embankment. On inundation of the
embankment, small additional strains may ocour but no
qignif;cant loss of strength oi collapse of strueture is
exp;eted. Crughing of the particles yill take place, and
it is feasible that where failure planes develop iﬁ the
" embankment the,griﬁdi;g of the particles on these planes
may cause pulverisation and c¢lay formation, resulting in
possible loss of shear strength.

There appears to be a significant similarity between
the consolidation characteristics of the tallings material
at 5-6% moisture éontent and the secondary consolidation
in clays. This suggests that a closer investigation of

the deformation characteristics of the former may shed light

on the secondary consolidation characterlstics of the latter.
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1

9.9 Strength and consclidation properties of the sub~
s80il materials

9.9.1 Strata
The sub-soll can be divided into three distinctive
strata of materials:- -
(1) the slime clay layer;
(11) ?he interbedded silts, clays and sands deposited
in Sache's Dam West, and the pre-Sache's Dam West
valley sediments;

(iii) the decomposed gabbro and zhale material.

9.9.2 The slime clay layer
Q}‘
The slime clay layer is the oritical sub-scil materialj
’its strength and consolidation properties are therefore

considered in detail.

Consistency limits:

Liquid Limit 90%
Plastic Limit 43 ,6%
Plastic Index LT A

Linear Shrinkage  12.9%.

Specific Gravity \ 2.64

These values indicate that the slime clay material is
probably a very active clay.

Shear eireggggs

If little or no drainage occurs during failure, the
strength of the clay in the alime layer is estimated from the
results of unconsolidated undrained triaxial shear tests,
the sun tests. The opnsolidation pressure on the clay layer
varies from practically zero at the toe to approximately 10
tons per sq. £t near tﬁa centre of the dam wall. This would
result in a considerable difference in the shear strength of.

the clay near the toe and near the centre of the dam wall,
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and require sampling along the whole line of the critical
crosg~-section if a rcaaénablo eatimate of the shear strength

of the layer is to be made. Due to the difficulty of

driving a casing throuygh the tailings material it was not

practical to sink exploration holea along the whole line
of the critical cross section. Hence, thekatrongth of the
clay layer as reflected in the 8,y tests could not be

obtained. The only alternative was to obtain samples near

. the toe, and for a number of these apply artifickl

consclidation pressures r&nging over the pressures expected

AR
-

in nature, and to perform triaxial shear tests on these in

. undrained conditions.with pore pressure ngaaufamonta, the

LY

Scau téat. Tho'resuifs of these tests ara”reported as
followsi=~
(1) In Piéurq_?.}l the stress-strain and pore
‘ pressure strain curvéu.
L (ii) In Figure'9;32 the Mohr's envelope of the
| . comsolidated undrained and effective inter-
'fgréﬁalaéégaroéa values as obtained from the
80’“ test. Thé_fol;owing strcﬁgth‘paramotcrs
woro,foun#:-

Total stress:

¢ = O psi g = 12°
Effective stress:
C' = 1 psi gr = 18°

It is apparent from Figure 9.31 that the pore pressure
develomment during shear was practically equal to the
devi;tor (Gi - 03) stress and the failure took place due to
the reduction of the cffect;vo 03 stress rather than due to
an increase in the O, stress. This effect for ocne test

1l
is illustrated in Figure 9,33. The applicability of these
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strength parameters to the stability analysis of Sache's Dam
Bast ig discussed in Section 9.

Consclidation strength:

The results of the consolidation tests on the slime clay
materizl are shown in Figures 9.34 and 9.35. An examination
of these results iﬁdicates that the load consolidation curves
give the pre-consolidation overburden pressure of the right
order and the time consolidation curves indicate that the
slime material is of medium-to-low permeability.

9.9.3 Interbedded material

The interbedded material is extremely variable, and it
was not possible to distinguish the valley sediments from
the dam material. Not one of the exploration holes showed
the same sequence of deposition, and it was in consequence
impossible to determine mean strength parameters for this
material.s As all the evidence of failure indicated that no
failure took place in this material, it is not of importance
to the stability analysis of the dam. In designing the new
flank, the slime layer was to be removed, and the interbedded
material would then becoﬁe of prime importance. For the
purposesof design, the strength parameters for the weakest
layer were selected, C = 3 psi, & = 1c°. The use of these
values probably led to a conservative design of the flank,
This aspect however falls outside the scope of this thesis,
and reference must be made to Jennings and Marais (1959) for
a detailed evaluation.

9.9.4 Shale

The shale underlying a section of the interbedded material
is of a very stiff consistency, and it is most unlikely that
any form of failure, sliding or ceircular slip, cculd pass

through it.
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G995 Gabbro

Consgistency limits:

Liquid Limit +1 o 3%

Plastic Limit 32%

Plastic Index 9.3%

Linear 3hrinkage o

Specific Gravity 2.86

60 @ 1002
rd

The material is extremely fine-grain, and the Consistency
Limits show it to be relatively inert.

Shear strength:

The decomposed gabbro material is very pervious and the
pore water drained ocut after the sampling operation and prior
to the tests in the laboratory. The first attempts to
restore the condition of full saturation which existed in
nature by restoring the pore water in the laboratory were not
successful, and air voids remained in the soil even after
several days of sweeping the voids with a stream of air-free
waters, This introduced doubts as to the validity of the
pore pressure measurements in these tests, and the apparatus
was modified to limit the volume changes of the sample during
shearing to zero by keeping the pressure inside the sample
at zero and varying the 05 stress (constant volume tests).
Subsequently it was found that full saturation could be
restored in the sample bty raising the confining pressure
and the pressure inside the sample to approximately 100 1lb
per sq. in. By establishing a differential of about 2 1b
per sq. in between the two pressures, the confining pressure
being higher, the sample was kept from falling aparte.

The normal Scsu test with pore pressure measurement was then
carried out. In Figure 9.36 the stress-strain and the pore

pressure strain curves are shown, and in Figure 9.37 the
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Mohr's envelopes tér the total and the effective strossep'
respectively are shown. .

The constant volume and the 8 tests gave effective

osu
stress onvclopcs -hich were practically identical, indicating.
that these two foris of tosting are cquivalont. IZ this
is true for nll soils‘it is a point worth noting, as the
constant volnuo tests are considorably easier than tho
: scsu't°'t°' Th. pore pressure changes during the later
- stage of each test (Figure 9.36) indicate that the material
 §xpandcd slightly causing a reduction in the pore pressures
developed during the earlier siage of the test. This had
the effoot of causing thc critical effective stress circle
fUn ‘the Mohr diagram to rcmnin in contact. with the envelope
over a considerable range of pressure, indicating that the
tailure point is ﬁqi necessirily given by the peak point
stress. For one test this effect is illustrated in
Figure 9,38. It wau'aiso found that the maximum pore
proasﬁras that developed during each test were linearly
related to the conaolidatién’p;ossurgs (figuro 9.39).
The strength parﬁg;ters for the gabbro material were

as follows:- .. _ =

Total stress:

C = 10-50;»31' g = 1b - 16°

Effective stress:

C' = 4« 8 pai gr = 28 - 34°
This material is so much stronger than the slime clay that
sliding failure ﬁhrough it is not possible. A number of
trial circular slip !niluro analyses also indicated that the
factor of safety against this form of failure wae so high
that they were unlikely, In consiquoncc for'#ho eritical
siability.analyaia of the failure quSaohc's Dam East this

'matgrial is uniﬁporiant.



" PORE PRESSURE IN

9
e
80 . ,//ff‘:::::r“ > C& n_
70 // :
60 /
50— |
- 70 -
4 MOMR’'S ENVELOPE
: 4
= | [
o 30 140 —
= w NN
@ N
20 -~ & 20 4 \ R
81, )\
L ho ped
1
o BREEL
. 0 10 2030 40 50 60 70 80 90 100 110 120
* NORMAL STRESS IN psl.
N l P |
2 - 4 6 8 _ 10 12 14 16
- % STRAIN
0
Q
10
20— \
<
30| ;
40— \ : :
TN
sol

' 9)24(&)

EFFECTIVE STRESS STATE NEAR &

- AT FAILURE IN A OVER CONSOLIDATED
- CLAYEY SAND. |

_ FIG.

938



9.24(v)

ety

T T ]

‘MAX CHANGE IN CELL PRESSURE OR PORE PRESSURE

100
MATERIAL . Decomposed Gabbro
DEPTH : 50 ft.
80 LOCATION: Saches Dam, Hole No.3
60 |
-MAX CHANGE IN PORE L
' PRESSURE IN scsupp TEST
40 | >)
e ,
.~ MAX.CHANGE OF
PRESSURE . G IN
"CONSTANT VOLUME"
20 " SHEAR TEST
|
o : :
o | 20 40 60 80 100

CONSOLIDATING PRESSURE
IN p.S..

RELATIONSHIP BETWEEN CONSOLIDATING PRESSURE &
MAXIMUM CHANGE IN PORE PRESSURE OR LATERAL
PRESSURE IN CELL DURING SERIES OF UNDRAINED
SHEAR TESTS.

FIG.9.39



10.1

SECTION 10

10. STABILITY ANALYSIS OF SACHE'S DAM BAST

10,1 Introduction

In Section 8, from the external eQidence of failure,
it was concluded that the mode of failure of Sache's Danm
East wall was of a sliding type. In Section 9, shear
strength and consolidation characteristics of the critical
strata in the foundation and the embankment material were
experimentally determined. In this Section the intention
is to analyse the stability of the embankment based on é
sliding mode of failure, making use of experimentally
derived strength parameters of the material. Such an
analysis is essential for two reasons: firstly, it is
a fact that the embankment has failed, and hence the
analysis should verify this, otherwise there is reason to
believe that either the mode of failure and/or the strength
parémeters of the soils are not correcﬁ. Secondly, if the
analysis confirms that the mode of failure can reasonably
be accepted as being the correct one, then this information
can be used in d&signing a stable flank.

10.2 An examination of the shear strength parameters

The experimental shear strength parameters as obtained
in the triaxial tests are determined under standard
conditions of consolidation and drainage. It is necessary
to examine how appropriate these values are to the failure
of the dam, and in what‘manner the stress history and
draiﬁage conditions of the critical strata under the embank- '
ment could cause deviations from the experimentally deterﬁinoé
values. This is particularly pertinent in the case of the

strength parameters for the slime clay, as the length of the
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shear plane in this material is up to 700 ft and a small
change in the value of the shear strength leads to a
dispropertionate change in the stability of the embankment.

The failure of Bache's Dam Fast has this unusual
feature - that as subsidence at the wall occurred it was
continually made good. The failure therefore grew until
stability was achieved, and the speed of the slide movement
was.governed to a degree by the amcount of material beiné
deposited in thevregion of subsidence.

The long period of time that elapsed before the
failure achieved stability makes it necessary to consider
two stability situations: (i) that during the period in
which the failure took place, and (ii) the present stability
of the dam:-

(1) At any point in the clay layer during the periocd of
failure the following events were taking place simultaneously:-
The ;lay was consolidating under the temporal load,

increasing its streﬁgth and requiring a higher build-up of
material in the zone of subsidence to generate the force
necessary to overcome the increasing shear resistance of

the clay layer. The rate of build-up and consequently the
final outline of the failure depended on:-

(17 the speed of deposition

(2) the increase in the shear strength of the

clay layer.
The shear strength depended in turn on the 1ength‘of the
failure line in the clay and the gain in the shear strength
with time due to consolidation.

The combination of these two factors led to a gradually

decreasing speed of failure until the shear resistance of



10.3

the clay layer equalled the disturbing active failure force
at the embankment, and failure movement ceased. It al=so
led, as illustrated in Section 8, to the gently increasing
slope in the outline of fthe failure zone.

Jonselidation of the clay layer Qas taking place
under conditions of plastic shear, a condition not reproduced
in the normal consolidated sheared undrained Scsu test.
Being continually in a partially consolidated state (in
confrast to the over-consolidated state) shear strain would
develop positive pore pressures in addition to those due
-to the superimposed load.

The temporal pore pressures in each clay unit would
be dependent upon the rate of increase in the overburden
pressure dge to the growth of the failure zone dimensions,
and the rate of pore pressure dissipation. The latter
depends on the thickness of the clay layer and its
permeability. There is no data available on the rate of
growth of the failure zone, and it is therefore not possible
to calculate the degree of consolidation (and hence the
shear strength development) up to the time the failure.
movement ceased. If, however, at the time the failure
movement ceased the clay was unconsolidated, the l;pse of
time since then would allow the consolidation to proceed
to completion and "freeze" the failure in its present form
to a higher factor of safety. This situation is the most
likely, for from the consolidation tests on the clay it
appears that in a 5 ft thick layer (which is the estimated
mean thickness of the slime clay layer under the dam)(sge
Figure 10.1) the drainage at the top and bottom surfaces

would require 2 - 3 months to give 90% consolidation.
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The depth of the tailings at the toe of the failure
would be governed to a great extent by the unconsclidated,
undrained shear strength of the clay as deposited on the
floor of Sache's Dam West. As the movement of the failure
slowed down, there was increasing opyortunity for some
consolidation to take place underneath the tce, thus
increasing the shear strength of the clay to a value greater
than that required to achieve stability in the toe.
Consequently at any time after failure movement was initiated,
the factor of safety at this section would be greater than
unity, this value continually increasing during the period
of failure movement. Applying this argument to all the
sections of the failure zone, it can be expected that by
the time the failure movement ceased, the critical zone for
the failure would be in the region near the back leg of the
subsidence furthest away from the toe and all other sections
would have factors of safety equal to or greatér than unity.
(i1) Once the failure movement ceased, the residual pore
pressures due to the overburden and the shear stresses
would in time be dissipated, raising the factor of safety.
The increase in the factor of safety would be dependent
on the amount of excess pore pressure existing at the time
of c¢essation of movement.

After the pore pressures in the clay layer had been
completely dissipated, if due to some cause shear failure
should commence, a2nd assuming such a failure to take place
in undrained conditions (which is most likely du2 to slow
pore’pressure dissipation in the clay layer), then because
of the previous development of shear pore pressures, the

pore pressure development in the new failure would probably
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be less than that in a slime clay layer which had not been
subjected to a previous shear strain history. If this
argument is correct, then it can be expected that the o

in the c¢lay material under the dam will show a larger

o

value than that given by the 8,5y test.

The Scsu triaxial shear tests were performed on samples
of the clay layer consolidated under about 30 ft of tailings
(consolidation pressure approximately 3,500 1lb per sq. ft),
and have suffered shear deformation. But for the series of
tesﬁs the consolidation pressures ranged from 3,500 - 14,000
1b per sq. ft. Under the higher pressures the historical
effects of the shear strain on the pore pressure development
;would be diminished, and it is therefore likely that the
value of # obtained from this series of Scsu tests would
approximate to that obtained from a clay layer not subject
to previous shear deformation.

From the above considerations the following conclusions
‘arg postulated as to the applicability of the Scsu test
parameter to the analysies of the dam failure:-

(1) At any point in the clay layer during failure, due to
the partially consolidated state, the equivalent value
of ¢ would probably be less than that given by the
Scsu test.

:(2b After failure had ceased and sufficient time had
elapsed for total pore pressure dissipation, due to
the effects of the previous shear deformation history

" the pore pressure development in a new failure would
probably be less than that given by the S__ test,
resulting in the equivalent value of ¢ greater than
that given by the test. For the moment no estimate

can be made of this equivalent value.



10.6

(3 The drainage conditions in the clay layer are such

that the factors of safety for sections of the failure

zone should indicate a maximum near the toe,

decreasing to a minimum value near the back leg of

the failure, This should be true‘both during the

period of, and in the present state of, the failure.

In the absence of samples from all sections of the clay
layer along the plane of failure, it is not possible to
obtain the true streigth parameters for the stability analysis
of the failure in its present state, i.e., after all pore
pressures have dissipated.. It is however possible to form
an idea of the stability by performing the analysis using
the value of @ equal to 12° for the clay as obtained from
the Scsu tests. If values of ¢ smaller than 12° are
required to give a minimum factor of safety equal to unity,
this would indicate that pore pressure dissipation was not
complete at the time failure movement ceased. If values
of ¢'greater than 12° are required, then this would indicate
that pore pressures had developed (now dissipated) due to the
shear deformation. In each analysis the value of @ can be
assumed constant, although this is only approximately true
as the actual value at any point of the failure line would
depend on the pore pressure development due to the previous
shear strain, and the degree of pore pressure dissipation
that had taken place by that time.

10.3 Stability analysis

10.3.1 Selected shear strength parameters

The following values for the shear strength parameters
for the critical clay slime layer and the tailings material

were selected:-
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o ¢ (]

]

Slime clay layer: o 9° 10 1z

0 1b per sq. ft
It is assumed that the failure takes place in
undrained conditions.,

Tailings material: @' = 34°

C' = 0 1b per sg. ft
Due to the high permeability and unsaturated conditioen,
failure through this material is assumed to take place in
drained conditions. The density, ¥ , of the tailings
material at bank moisture content is taken at 110 1b per
cubic foot.

10.3%3.2 Failure cfoss-section

The general vertical profile of the strata in the
failure region is shown in Figure 10.1. In Figure 10,2
the critical cross-section of the dam on the line drawn
in Figure 10.3 is shown. It should be noted that the slope
of the ground surface is apprcximately 2° towards the down-
stream side. The c¢ross-section is divided into sections
numbered to facilitate numerical integration of the required
force functions.

10.3.3 Method of analysis

The disturbing forces at any point along the slime
layer are due to:-
(1) Active failure in the tailings; this force was
determined by two methods - that due to Rendulic
and that due to Trollope, assuming @ = 34°,
(2) The component of weight of the tailings material
down the 2° slope, determined by accumulating this
component from the toe inwards to point x as follows:- -

x
Slope component = “/’Z'h tan (2°) ds

toe
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Where ¥ = density of tailings
h = height of tailings above increment ds
ds = increment of length failure line, s,

in the clay layer.

The resisting shear force at any péint in the clay layer
was determined as follows:-

Trollope's method was followed (see Section 7.3) for
determining the vertical consolidation stress, P, assuming
no arching conditions, and the resisting total shear forces
in the clay layer found by accumulating the shear stresses
from the toe inwards for the values of @ = 9°, 10° and 12°.
Quantitatively shear resistance from the toe to point x, say,

is given by:=-

Shear resistance = P tan ¢ ds

toe

The factor of safety was determined from:-

‘Disturbing forces
Resisting forces

Fs

The result of the analysis is given in Figure 10.k.
10.4 Discussion

10.4,1 Change in the value of &

The stability analysis with ¢ = 12° gives the minimum
stability of the embankment as 1.30. This value is so much
larger than unity that it can be concluded that up to the
time of cessation of failure movement the clay was still in
a partially unconsolidated state, which as we have seen
would lead to an equivalent value of ¢ less than 12°. If

a value for ¢ = 9° is taken, it can be noted that from
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sited as closely as possible to the present downstream

flank of Sache's Dam East, and one section was sited through
the toe of the failure zone {(Figure 10.% shows the location

of the drain, and Figures 8 .5 and &./2show photographs of

the trench being excavated].

At the time an analysis was made to determine the
- factor of safety of the dam should the trench be excavated
across the failure zone. This analysis gave that the
factor of safety would be about 1l.1. It was considered
that this low factor of safety would be allowable for the
short period after the trench was excavated and before the
drain was constructed,

After the trench was excavated, movement in the failure
zone took place. No visible failure lines developed, but
measurements on concrete markers placed acrosé the failure
zone (Figure & /& indicated that movement did take place.
On the top of Sache’'s Dam East very slight movement, more
in the nature of strain adjustment, was observed ~ a crack
about 2 -~ 3 inches ;ide opened up parallel to the line of
the crest of the dam about 10 feet from the downstream top
edge.

An analysis in terms of Rendulic's theory now indicates
that the previous analysis was too optimistic, and that for
g = 12° the factor of safety is reduced to approximately
0.85 (see Figure 10.7). If the stability was in fact 0.85,
the failure movement should have been much more extensive,
and it can therefore be concluded that the value ;f 7 was
greater than 12°. if a value of @ = 14° is taken, the

minimum factor of safety is increased to
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aoproximately equal to one, and the slight movements that
were obgerved can reasonably be expected. It can also be
concliluded that previous pore pressure development due to
shear strain had raised the equivalent Scsu value for @ to
above 12°, to approximately 14°,

To conclude, during failure movement the consolidation
of the critical slime layer was incomplete, leading to an
equivalent value of @ less than that given by the Scsu tests.
After failure movement had ceased, the dissipation of the
pore pressure increased the stability of the dam. This>
increase was greater tﬁan that predicted from the SCsu test
because of the dissipation of the pore pressure due to

previous shear strain movement.

10.4,2 Choice of method to determine active forces
in the embankment

A comparison of the active failure forces as determined
by Trollope's and Rendulic's methods (Figure 10.3) shows
that the former gives appreciably lower values than the
latter. This of course constitutes no proof that Trollop's
method is in error, but it does warn that in the present
state of knowledge, for safe design Rendulic's method is to

be preferred.
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APPENDIX I

NUMERICAL SOiUTION OF THE SET OF DIFFERENTIAL ZQUATIONS
GOVERNING THE CRITICAL STRESSES IN SYMMETRICAL WEDGES OF
COHESIONLESS MATERIALS UNDER ACTIVE FAILURE CONDITIONS,

The following program is written in UMAC (University
of Miami Algebraic Compiler) mathematical code for an
1.C.T.1500 computer of 20 KC capacitj. This code is
very similar to FORTRAN and a reader familiar with the
latter will have no trouble in following the former,

The program has made use of the SDE (Scientifiec Data
BEditing) version which requires a minimum of 3 tape decks.

The annotations next to the code instructions are
descriptive only and do not form part of the program.

The inversion or change of independent variable
from © toy in the'differential equations is based on

the following relationships:

a8 _ !

ay ~  dv
e

ds _ ods de

dy a8 z:/y



 SOURCE PROGRAM

T4APE32)

10

FIX ALL,I,J,N

READ, P, MU, CONV

Notes

f,/ s and conversion constant
to change radians to degrees.

DIMENSI@N,A(%),B(4),C(4),q(3),Y(3),R(3),K(3)

FUNCTI@N,SIN:LBG,C@S:LBH,MPD:LBE, ATAN: LBI ,EXP:LBD

READ ARRAY,A,B,C,Q
READ,V2

READ ARRAY,Y

H=V2

D1=.5*¥(3)+.14

IF (100.-Y(1)) 10,200,20
ST@P 0001

THETA=Y(1)

EPSI=Y(2)

S5=Y(3)

AREAS=0.0

AREAD=0.0

STgRTao 0

Constants required in Runge~Kutta-
Gill step by step method
(See Romanelli). ’

Initial values for O,,}k and S.

Convert to initial step length
after previous calculation.

Determine value of @ at which
inversion of equations takes place.

last set of initial values for
array Y is 100.,0.,0., if ¥(1)=100.
then program completed.

Stors @€, 70 and S.

Initiaiise summation of areas
for determining radius arms of
failure lines. .



SUM=EPS I+MU

DIFR=EPSI-MU
STLS=C@SF(SUM)/SINF(SUM)
STLD=C@SF(DIFR)/SINF(DIFR)
SINP=SINF(P)

CESP=CPSF(P)
CPSP2=CESP*CHSP

JUMP T 2000

*

Condense various functions
occurring in differential
equations.

Calculate stress componénts in
wedge. ’

PRINT AND LABEL,THETA,EPSI,S,VCOMP,HCOMP,SHEAR

NNN=O

N3=0

NN=0

NKK=0

~ NKKK=0

30

DZ 100 J=1,k4,1

. IF (NN) 40,50,80

50

STEP 0002

JUMP T¢ 1000
K(1)=H
K(2)=H*(U/V-1.0)
K(3)=H*W/X

G¢g T¢ 90

Initialise various constants.

If NN=O normal equations i.e.
© independent. If NN>O
inverted equations with
independent variablej& .

Calculate various functions
in equations.

-

Independent variable ©



80 JUMP T¢ 1000 Calculate various functions
in eguations.
K(1)=H
K(2)=H*V/{U-V) Independent variable Yx.

K(3)=K(2)*W/X
90 D¢ 100 I=1,3,1

R(1)=A(J3)*(K(I)=-B(J)*Q(I) Runge-Kutta-Gill step by step
' . calculation of either )V and S

or © and S.

Y(I)=Y(I)+R(I)

Q(1)=Q(I)+3.0*R(I)-C(J)*K(I)

IF (NN) 110,120,130 NN=0 normal equations
NN»O inverted equations
110 ST@P 0003
120 THETA=Y(1)
EPSI=Y(2) Normal equations
5=Y(3)
G@ T¢ 100
130 THETA=Y(2)

EPSI=Y(1) ' Inverted equations

5=Y(3)

100 C@NTINUE

JUMP T¢ 2000 . Calculate stresses



3000

1000

PRINT,THETA,EPSI,S,VC@MP, HCOMP, SHE
THETD=C@NV*THETA

FRINT, (K(1)/H),(X(2)/H),(X¥{3)/8),T

SUM=EPSI+MU

DIFR=EPSI-MU

DIFT=THET A-ST@RT

IF (0;5-M¢DF(EPSI)) 4000 , 3000 , 3000
LS=C@SF( SUM) /SINF(SUM)
AREAS=(STLS+LS)*,5* DIFT+AREAS
RADS=EXPF(AREAS)

STLS=1S

PRINT , RADS
LD=C@SF(DIFR)/SINF(DIFR)
AREAD=(STLD+LD)* . 5*DIFT+AREAD
RADD=EXPF(ARED)

STLD=LD

ST@PRT=THETA

PRINT, RADD

AR, (SINF(THETA)/CASF(THETA))

Coordinate in wedge

Convert @ in radians to
degrees.

HETD Print slopes
de Ay 4
oe s de ! o6 !
de ay VZES

or g a-=.
Ny } dyy J ﬂly 14

2
&

If lEPSII).B do not
calculate the longer
radius arm.

Calculate and print radius arms.

X=P+2.*THETA



101

105

102

170

150

300

310

IF (NKKK) 101,102,5

STPP 0005

E=ATANF(SINP*C@SF(X)/(SINP*SINF(X)=1.0))

SL@PE=E*CENV

CHEKS=C@SF(THETA+P) /CESF(P)

PRINT AND LABEL,E,SI¢PE,CHEKS
CHANGE PAGE

D 105 J=1,3,1

Q(9)=0.0

GF TZ 6

IF (DI-M@DF(EPSI)) 150,150,170

6P T¢ 30

IF (NNN) 300, 310, 320
ST@P 0005

H=-H*.1

Y(1)=EPSI

Y(2)=THETA

NN=1

Q(l);o.o

Q(2)=0.0

Q(3)=0.0

NNN=1

If NKKK=0 continue.

>0 final step has been
completed. Calculate slope of
wedge etc. and start new
solution.

Calculate slope of
wedge and

convert to degrees.

Calculate check of S ond

characteristic. R

Change Q(J) back to zero for
new calculation

Test |EPSI|>DI
True. Continue calculation
using normal equations.

False. Then first use NNN=O.

now

step length is reduced

equations are to be used in
inverted form & <dependent.

to ensure this
set NN=1 -

because equations are
inverted start off with

To ensure that these steps are
not repeated in next cycle

get

NNN=1 and steps missed out from

P Y P N



- 1ol

108

102

170

150

300

310

IF (NKKK) 101,102,5

STPP 0005

BE=ATANF(SINP*C@SF(X)/(SINP*SINF(X)~1.0))

SL@ZPE=E*CONV

CHEKS=C@SF(THETA+P)/CHSF(P)

PRINT AND LABEL,E,SL@PE,CHEKS
CHANGE PAGE

Dg 105 J=1,3,1

Q(J)=0.0

G T¢ 6

IF (DI-M@DF(EPSI)) 150,150,170

G T¢ 30
IF (NNN) 300, 310; 320
ST@P 0005
=-H*.1
¥(1)=EPSI
Y(2)=§HETA
NN=1
Q(l);o.o
Q(2)=0.0
Q(3)=0.0

NNN=1

If NKKK=0 continue.
>0 final step has been

completed. Calculate slope of
wedge etc. and start new
solution.

Calculate slope of
wedge and

convert to degrees.

Calculate check of S ond

. . 2
characteristic.

Change Q(J) back to zero for
new calculation

Test |EPSI|>DI
True. Continue calculation
using normal equations.

False. Then first use NNN=O.

now

step length is reduced

equations are to be used in
inverted form € dependent.

to ensure this
set NN=1 -

because equations are
inverted start off with

To ensure that these steps are
not repeated in next cycle

get

NNN=1 and steps missed out from
150 in next cycle.



320

323

325

1000

2000

GZ Tg 30

IP {.521-M@DF{EPSI}} 321,321, 30

IF (H3) 322,32%,%30

NK=M@DF ( (MU+EPSI)/H)

NKK=NKK+1

IF (NK-NKK) 325,30,30

H==MZDF(MU+EPST)

NKKK=1

G@ T¢ 30

Step length now in terms of’f
Maximum value of Y =.52354...
As approaches near this value
violent changes in © and §
oceur.

Hence if EPSIZ.521

reduce step length once again
and

set N3zl to miss out reduction
in next cycle.

Now calculate in terms of this
new step length the whole
number of steps remaining.

Set tally on this number
if exceeded

determine final step length
and

set NKKK=1 to ensure final
calculation cycle is not
repeated.

U=C@SF(THETA)~SINP*CESF(EPSI*2,0-THETA)}-S*C@HSP2

X=C@SF(2.0*EPST)~SINP

W==SINF(2.*EPSI+THETA)+S*SINK(2.*EPSI)

V=2.0*3*SINP*X

JUMP BACK

C#8T=3S/CHSF(THETA)

EPTH=2.0*(EPSI+THETA)

FRACT=SINP*C@SF(EPTH)

VC@MP=C@ST+CPST *FRACT

Vertical normal stress



HCPMP=CPST~CZST*FRACT Horizontal normel stress
SHEAR=C¢ST*SINP*SINF(EPTH)- Shear stress
JUMP BACK

200 END

DATAZ23

.52359878 .52359878 57.295780 , f L, conversion constant

from radians to degrees

0.5 ,29289322 1.7071068 .16666667 , Array A

2.0 1,0 1.0 2.0 , "
0.5 .292893%22 1.7071068 .5 , "
0.0 0.0 0.0 , "

0.,87266463E~2 , V2 =

B

C

Q

step

Constants for

)
)
)
; the Runge-Gutta-
) Gill method.

)

length, 0 in

radians (0.50)

0.0 0.0 ,66666667 , e, ,
0.0 0,0 0,66 , f
0.0 0.0 0.65 , "
0.0 0.0 0.6k , "

etc.

0.0 0.0 0,53 , "

kﬁ y 8, (Array Y)

100.0 0,0 0,0 , Ending card

E/D End of data



APPENDIX 2

SOLUTIONS FOR THE ACTIVE CRITICAL STATE IN SYMMETRICAL
WEDGES OF COHESIONLESS MATERIAL FOR AN ANGLE OF INTERNAL
FRICTION OF 300

The solutions are listed for the wedge slopes_éf = 0,
5, 10, 15, 20, 25 and 30°. Solutions cannot be obtained
directly for these slopes as the initial values for the
function, S, leading to the solutions for the specified slopes
are unknown. Solutions for the slopes4£‘ were obtained for a
number of initial values of S ranging ffom 0,66666667 to 0.527,
and the initial values of S leading to the specified slopes
were found by a Lagrangian ch Order Interpolation*, The
initial values for S thus obtained led to slopes{& very near
the specified ones, the maximum deviation being 2.48 seconds
of arc. The specified slopes and the computed slopes found

from the interpolated initial values of S are listed below:-

Specified Comput ed i Difference
Slope Slope
' .
0° . (=) 0o° o 0.52" ~0. 52"
[
5° : 52 o0t 1.15% +1.15"
10° : 10° oo 2. 48 2,480
o ' o) . . !
15 ; 14 5901t 57.60% -2, 40" ;
20° | 19° 59t 59,92 . -0.08"
; 25° ; 25° o 0.38 +0.38
’ 30° 29° 59 59.510 ~0.Lgr

[ R .

* See hittaker & Robinson's "The Calculus of Observations',

Blackie & Son, 4th Edn., 1962, page 29. For a solution on an
electronic computer the form (B) is required; when the inter-
polated point is near a known point, form (A) frequently leads

to an overflow in the computer and its use is therefore not advised.



P . . a4 .
Tor each specified slope & , on the first page the
P

. s \ e . . ds
functions ¥ (Epsi), S, and the first differentials Eg

d‘l‘,
y -} a .] = >
anc i6 re liste

Q.:

azeinst O (Theta) in Jesrees and radians.
Un the cecend paze tne stresses along the base of o wedge

of unit height (x = 1) (i.e., the vertical component of
normal stress ((%i), the horizontal comnonent of normal stress
(ﬁi ), the shear component (7”%y)), the wpositional voint

along the base, Y, and the length of the radius arms ry and

r., of the two intersecting failure lines for Yo = 1 on the

x axis, are all 1listed against Theta (@) in desrees. (Zee

Fizure below),

e

,...x,,i. / % y

qg-—-e» ‘——J S qg st ©
7ﬁ1tTWi%M“<*

0
The solutions are only listed for region 3, i.e., the

(ol

re;ion bounded by the 5( 5 characteristic through the apex of

solution below the apex. In region 1 all the stresses are

£

linecar functions, being zero =zt the toe and a maximum at the

qu characteristic. For each slope the values for the

stresses for the point of intersection of the d > character-

istie with the base are listed in the last line of the second

ag

o,

e}

g3

"he density of the material in the wedge is assumed to

be egual to one, and the height of the wedge is also egual to



one. Solution of the stresses along the base for wedges
with height, h, and density, ¥ , requires merely the
multiplication of the listed stress values by U h.
Similarly, radius arm values for r, = a can be found by

r, by a.

multiplying Tyr T,



© SLOPE ) = 0°

o R - 18 as
e (+) e (+) ¥ (=) S (+) o (=) o (=)
0.0000000 0,00000 0.000000 0.666667 0,000000 0.000000
1,0000000 0.01745 0.017453 0.666565 1,000000 0.011635
2.0000000 0.03491 0.034907 0.666261 1.,000000 0.023266
3.0000000 0.05236 0.052360 0,665753  1,000000 0.034891
4,0000000 0.06981 0.069813 0.665043 1.000000 0.046504
5.0000000 0.08727 0.087266 0.664130 1.000000 0.058104
5.9999998  0,10472 0.104720 0.663015 1.000000 0.069686
6,9999990 0,12217 0.122173 0.661697 1,000000 0,081246
7.9999983 0,13963 0.139626 0,660179 1.,000000 0.092782
8,9999976 0,15708 0.157080 0.658459 1,000000 0,104290
9.9999969  0.,17453  0.174533 0.656539 1,000000 0,115766
10,999996 0.,19199 0,191986 0,654418  1,000000 0,127206
11.999996 0,2094, 0,209439 07652098 1,000000 0,138608
12.999995 0422689  0,226893 0649580  1.000000  0,149968
13.999994  O.24435  Ol244346  0.646864  1.000000 0,161281
144999993 0.26180 0,261799 0.643951L  1,000000  0,172546
15.999993 0.27925 0.279253 0,640841  1.000000 0,183759
16.999992  0.29671 0.296706 0.637537 1.000001  0.194915
17.999991 0.31416 0.314159 0,634038 1,000001 0,206012
18.999991 0.33141 0,331612 0.630346 1,000001 0,217046
19.999990 0.34907 0.349066 0,626462 1.,000001 0,228014
20, 999989 0.36652 0,366519 0,.622387 1,000001 0,238913
21.999988 0.38397 0.383972 0,618123 1.,000001 0,249739
22.999988 0.40143  0.401426 0.613670 1.,000002 0,260489
23.999987 0.41888 0.418879 0,609030 1,000003 0,271160
24,,999986 0.43633 0.436332 0.604205 1.000004 0,281748
25.999986 0.45379 0.453785 0.599196  1,000006 0,293352
26.999985 0.47124 O.471239 0,594004 1,000002  0,302669
27.999983 0.48869 0,488692 0.588632 0.999999 0.312979
28.999989 0.50615 0,506145 0.583080 0.999999 0.323206
29.994989 0.52351 0.523511 0.577379 0.999880° 0.333399
29,999942 0.52360 0.523599 0.577349 54.693000 35.599900



SLOPE () = 0°

FAILURE LINES

THETA VERT. HORIZ. RADIUS RADIUS
+)  cowp. (+) cowp. (+) SHER T HTOG H

0.0000  1.000000 0,333333 0.000000 0.,000000 1,0000 31,0000
1.,0000 1.000000 0.333333 0,000000 0.017455 11,0313 0,9708
2,0000 1.,000000 0.333333 0.000000 0,034920 1.0650 0.9435
3,0000  1,000000 0.333333 0,000000 0.052408 1,101, 0,9180
4,0000  1.000000 0.333333 0.000000 0.069927 1.1406 0,894
5,0000  1,000000 0.333333 0.,000000 0.087489 1.1831 0,8717
6.0000 1,000000 0.333333 0.000000 0.105104 1.2293 0.8506
7.0000  1.,000000 0.333333 0.000000 0,122785 1.2797 0.8308
8,0000 1.000000 0.333333 0.000000 0.,140541 1.3348 0,8)21
9.0000  1,000000 0,333333 0.000000 0,158384 1,3952 O.,7945
10.0000  1,000000 0,333333 0.000000 0.176327 1.4619 0,7779
11,0000  1,000000 0,333333 0.,000000 0,194380 1.5358 0,7621
12,0000  1,000000 0.333333 0.000000 0,212556 0.6181 0,7472
13,0000 1.000000 0.333333 0.000000 0,230868 1.7102 0.7331
14.0000 1,000000 0.333333 0.000000 0,249328 1.8141 0,7198
15,0000  1,000000 0,333333 0.000000 0.267949 1.9320 0.,7071
16,0000  1,000000 0.333333 0,000000 0,286745 2.0670 0.6951
17.0000 1,000000 0,333333 0,000000 0.305731 2.2229 0.6837
18,0000  L.000000 0,333333 0.000000 0.32,920 2.4052 0,6728
19.0000  1,000000 0,333333 0,000000 0,344,327 2.6208 0,6625
2.0000  1,000000 0.333333 0.000000 0.363970 2.8799 0.6527
21,0000  1,000000 0.333333 0.000000 0.383864 3.1970 0.6434
22,0000  1.000000 0,333333 0.000000 0.404026 3.5937 0.6345
23.0000  1.,000000 0,333333 0.000000 0.424475 4.104, 0.6261
24,0000  1,000000 0,333333 0.000000 0,445228 L.7860 0.6180
25,0000 1.000000 0.333333 0.000000 0.466307 5.7415 0.6104
26,0000  1,000000 0.333333 0.000000 0.487732 7.1769 0.6031
27.0000  1,000000 0.333333 0.000000 0,509525 9.5755 0.5962
28,0000  1,000000 0,333333 0.000000 0.531709 14.3743 0.5896
29,0000  1,000000 0.333333 0.000000 0,554309 - 0.5833
29,9950  0.999998 0.333333 0.000000 0,577234 - 0.5774
29.9999 0.999997 0,333332 0.000000 0.577349 - 0.5773



SLOPE (&) = 5°

o R @ ds
0.0000000 0.00000 0.000000 0.635731 0.000000  0.000000
1.0000000 0.01745 0.016179 0.635632 0.926990 0.011332
2.0000000 0.03491 0.032358 0.635335 0.926940 0.022661
3,0000000 0.05236 0.048535 0.634841 0.926857 0.033984
4.0000000 0.06981 0.064711 0.634149 0,926740  0.045299
5.0000000 0.08727 0.080884 0.633260 0.926590 0.056602
5.,9999998 0,10472 0.097055 0.632173 0,926407 0.067892
6,9999990 0,12717 0.,113222 0.6306890 0,926190 0.079165
7.9999983 0.,13963 0.129385 0.629410 0,925940  0.090419
8.9999976 0.15708 O.IA5543  0.627734 0,925657  0,101651
9.9999969  0.17453 0.161696 0,625862 0.,925342 0,112859

10,9999996 0,19199  0.177844  0.623795 0.924993  0.124040
11.9999996  0.20944  0,193984 0.621532 0.924613 0.135193
12.9999995 0.22689 0.210118 0.619076 0,924,201  0.146315
13.9999994  0.24435 0.226245 0.616425 0.923759 0.157403
14.9999993 0,26180 0.242364 0.613581 0,923287 0,168458
15.9999993  0.27925  0.258474 0.610545 0,922787  0.179476
16.9999992 0.29671  0.274575 0.607317 0,922260 0,190458
17.9999991 0.31416 0.290666 0.603897 0.921710 0.201401
18.9999991  0,.33161 0.306748 0,600287 0,921139 0.212307
19.9999990  0.34907 0.322820 0.596486 0,920551 0.223176
20.9999989  0,36652 0,338882 0.592497 0,919953  0.234009
21,9999988  0.38397 0.354932 0.588318 0.919353 0.244810
22,9999988  0.40143  0.370973 0.583951 0.918760 0.255581
23.9999987 0.41888 0,387003 0.579397 0,918190 0,266331
24.9999986  0,43633  0.403024  0.574655 0,917662  0.277069
25.9999986  0.45379 0.419036 0.569725 0,917207 0.287812
26.9999985  0.47124 0.435041  0.564L608 0,916869  0,.298583
27.9999984  0,48869  0.451042 0,559303 0,916719 0.309422
28,990828  0,50599 0.466896 0.553858 0.916860 0.320289
30.,026628 0.52406  0.483476  0.547963  0.917590  0.331945
31.006633 0.54117 0.499184  0.542187 0,919390  0.343578
31.983398 0.55822 0,514892 0.356220 0.,924440  0.357069
32.516113 0.56751  0.,523531 0.532847 0.945590  0.375905
32519459  0.56757 0.523599 0.532816 0.759300  6.400000



SLOPE () = 5°

FAILURE LINES
THETA VERT. HORIZ. SHEAR RADIUS RADIUS
(+) COMP.(+) COMP,(+) +) Y (+) 1 (+) 2 (+)
0.0000 0.953596 0,317865 0.000000  0.000000 1.0000 1.0000
1.0000 0.953592 0,317865 0.000810 0.017455 1.0313 0,9708
2.0000 0.953580 0.317865 0.,001620 0.,034921  1.0648 0.943L
3,0000 0.953559 0.317865 0.002431 Q.052408  1,1009 0,9177
4,0000 0.953530 0.317865 0.003243 0.069927  1.,1396 0,8936
5,0000 0.953492 0,317865 0.004057 0.087489  1.1815 0.8709
6,0000 0,953446 0.317865 0.004872 0,105104  1.2268 0.8495
7.0000 0.,953391 0,317865 0.,005689 0,122785 1.2759 0.8294
8,0000 0.953327 0.317865 0.006509 0,140541  1.3293 0.8104
9.0000 0.953254 0.,317864 0.007331 0,158384  1.3876 0.7924
10,0000 0.953171 0.317863 0.008157 0.176327  1.4515 O0.775L4
11,0000 0.953078 0.317862 0.008986 0,194380 1.5218 0.7593
12,0000 0,952975 0.317861 0.009819 0.212556  1.5993 0,740
13.0000 0.952861 0.317859 0.010656 0,230868  1.6854 0,7295
14,0000 0.952736 0.317856 0.011497 0.249328 1,781, 0.7157
15,0000 0.952599 0,317853 0.012343 0.267949  1.8890 0,7026
16.0000 0.9524,50 0.317849 0.013194 0.286745 2,0105 0,6902
17.0000 0.953388 0.31784, 0.014050 0.305731  2.1485 0,6784
18,0000 0,952112 0.317838 0.014912 0.324920 2.3068 0,6671
19,0000 0,951921 0,317830 0.015779 0.344327 2.4898 0,656,
20,0000 0,95171, 0,317821 0.016652 0,363970 2.7037 0,6462
21,0000 0,951490 0.317810 0.017531 0.38386L  2.9568 0,6364
22,0000 0,.951247 0.317796 0.018416 O0.404026  3,2608 0,6271
23,0000 .0.950984 0.317779 0.019307 O.424475 3.6321 0.6183
24,0000 0.950699 0.317759 0.020203 0.445338 4.0953 0,6098
25.0000 0.950389 0,317734 0.021104 0,466307 4,688, 0,6017
26,0000 0,950051 0.317704 0.022009 0.487732 5.4733 0.5940
27.0000 0,949682 0,317667 - 0.022917 0.509525 6.5581 0,5867
28,0000 0.949276 0,317633 0.023827 0.531709 8.1496 0,5796
28,9908 0,948832 0.317567 0.024726 0.5546100 10.6634 0.5730
30,0266 0,948313 0.317494 0.025660 0.577970 15.5439 0.5664
31,0066  0.947752 0.317402 0.026527 0.601018 26.6938 0.5604
31.9834 0.947091 0.317278 0.027354 0.624467 - 0.5547
32,5161 0,946635 0,317174 0.027757 0.637466 - 0.5517
32.5195 0.,946616 0,31716 0.027750 0,637548 - 0.5517



SLOPE (&) = 10°

o R @ ds

e (+) o (+) W(-) S (+) d@-(—) % (=)
0.0000000 0.00000 0.000000 0.609053 0.000000 0,000000
1.0000000 0.01745 0.014997 0.608953 0.858080 0.011486
2,0000000 0.03491 0.029952 0.608652 0,858004 0,022970
3.0000000 0.05236 0.044926 0,608151 0.857876 0.034451
4,0000000 0.06981 0.0598928 0.607449 0.857697 0.045927
5,0000000 0,08727 0.074865 0.606548  0.857467 0.,057397
5.9999998 0,10472 0.089829 0.605446 0.857188 0.068859
6.9999990 0.12217 0,104786 0.604144 0.856860 0.080312
7.9999983 0.13963 0,119738 0.602642 0.856482 0,091755
8.9999976 0,15708 0.134683 0.600941 0.856058 0,103186
9.9999969 0.17453 0.149620 0,.599041 0.855587 0,114,605
10,9999996 0.19199 0,164548 0.596941  0.855072 0,126011
11.9999996  0.20944  0.179467 0.594642  0.854514 0,137403
12.9999995 0.22689 0.194376 0.592145 0.853916 0,148782
13.9999994  0.,24435 0.209275 0.589449 0.853280 0,160147
14.9999993 0.,26180 0.224161 0.586555 0.852611 0.171499
15.9999993 0,27925 0.239036 0.583462 0.851912 0,182840
16.9999992 0.29671 0.253898 0.580172 0.851189 0.194170
17.9999991  0.31416 0.268748 0.576685 0.850448 0,205492
18.9999991 0,33161 0.283585 0,572999 0.849699 0,216809
19.9999990 0,34907 0.298408 0.569117 0.848949 0,.223126
20.9999989  0.36652 0,313219 0,565036 0.848213 0.239449
21.9999988 0.38397 0.328016 0.560758 0.847505 0.250783
22.9999988  0,40143 0,342802 0,556282 0.846846 0,262140
23.9999987 0.41888 0.357577 0.551608 0,846260 0,273530
24.9999986  0.43633 0.372343 0.546734  0.845780  0,284970
25.9999986 0,45379 0,387101 0.541660 0.845448 0,296481
26.9999985 0,47124 0.401856 0,536384L 0.845320 0.308092
27.999998L  0.48869 0,416610 0,530905 0.845475 0.319839
28.9999983 0,50615 0,431370 0.525219 0.846020 0,331778
29.9999983 0.52360 0.446145 0.519322 0.847118 0.343991
31.002371 0.54109 0.,460980 0.513194 0.849000 0.356626
32.001850 0.55854  0,475815 0.506859 0.852130 0,369853
32.996593 0.57590  0.,490650 0,500316 0.857300 0.384072
33.983322  0.59312 0,.505486 0.493566  0.866580  0,400342
35,009640 0.,61103 0.521194 0.486191 0.895170 0.427540
35.158925 0.61364 0.523550 0.485061 0.929860 0,448914
35,161397 0.61368 0,523599 0.485036 8.071400  5.200000



SHEAR (£) = 10°

FATLURE LINES

THETA VERT. HORIZ. SHEAR Y (+) RADIUS RADIUS
(+) coMp. (+) OOMP. (+) (+) 1(+) 2
0.0000 0.913579 0.304526 0.000000 0.000000  1.0000 1.,0000
1.0000 0.913564 0,304526 0.001508 0.017455  1.0312 0,9707
2,0000 0.913519 0.304526 0.003017 0.034921  1.0646 0,9432
3,0000  0.913444 0,.304526 0,004527 0.052408  1,1004 0.9174
4,0000 0.913339 0.304526 0.006038 0,069927  1.1387 0.8931
5,0000 0,913203 0.304526 0.007550 0,087489  1,1800 0,.8701
6,0000 0,913036 0.304525 0.009064 0,105104  1,2244 0.8485
7.0000 0.912838 0.304525 0.010581 0,122785 1,272, 0.8280
8,0000 0,912607 0.304523 0,012100 O0.140541  1.,3243 0.8087
9.0000 0.912343 0,304521 0.013622 ©.158384 1.3807 0,794
10,0000 0.912045 0,304518 0.015148 0.176327  1.4422 0,7730
11,0000 0.911713 0,304515 0.016677 0.194380 1.5093 0.7565
12,0000 0,911433 0.304509 0.,018210 0.,212556  1.5828 0.7409
13,0000 0,910938 0.304503 0.019747 0.230868 1.6638 0,7260
14.0000  0,910494 0,30449L 0.020288 0.249328 11,7532 0,718
15,0000 0,910009 0,304483 0.022834 0.267949  1.8525 0.6984
16,0000 0,909482 0.,304469 0.024384 0.286745  1.9633 0,6855
17.0000 0,908911 0.304452 0.025939 0,305731  2.0876 0.6733
18,0000 0,908294 0.304431 0.027498 0.324920  2.2279 0,6616
19,0000 0.907627 0.304405 0.029061 0.344327  2.3873 0,6505
20,0000 0,906909 0,304373 0.030628 0,363970 2.,5700 0,6399
21,0000 0,906136 0.304336 0.032198 0.383864  2,7810 0.6297
22,0000 0,905304 0,304290 0.033771 0.404026 3.0273 0,6200
23,0000  0,904410 0.304236 0.035346 O.424475  3.3181 0.6108
24,0000 0,903448 0,304171 0.036922 0.445228  3.6660 0,6019
25,0000 0,902414 0.304094 0.038496  0.466307 4.0891 0,5934
26,0000 0,901302 0,304002 0.040068 0.487732  4.6133 0.5853
27,0000 0,900104 0.303892 0.041634 0,509525 5.2782 00,5776
28,0000 0.898811 0,2037462 0.043192 0.531709  6,1463 0.5702
29.0000 0.897415 0,303607 0.044736 0.554309 7.3227 0,5630
30.0000 0.895902 0.303421 0,046260 0.577350 8.998 0,5562
31.0024 0.894252 0,303197 0.047761 0.,600917 11.5572 0.5287
32,0019 0.892453 0,302925 0.049217 0,62491L  15.8776 0.5435
32,9966 0.890479 0,302593 0.050608 0,64932  24L.5246 0.5375
33.9833 0.888288 0,302176 0.051897 0.674085 - 0.5319
35.0096 0.885620 0,301578 0.053042 0.700458 - 0,5263
35,1589 0.885155 0,301455 0.053162 0,704349 - 0.5255



SLoPE €) = 15°

o) R ds
e (+) o (+) A (=) S (+) de»(‘) © (=)
0.0000000  0,00000 0.,000000 0.585439 0.000000 0.000000
1.0000000 0.01745 0.013821 0.585335 0,791848 0.011988
2.0000000 0.03491 0.027640 0.585021 0.791750 0.023976
3.0000000 0.05236 0.041458 0.584498 0.791588 0,035963
4,0000000 0.06981 0.055272 0,583765 0,791361 0.047948
5,0000000 0.08727 0.069081 0.582824 0.791071 0.059932
5.9999998 0,10472 0.082885 0,581673 0,790717 0.071914
6.9999990 0,12217 0:096682 0.580314 0.790303 0.083893
7.9999983 0,13963 0§110471 0.578745 0,789827 0.095871
8.9999976 0,15708 0j1l24252 0.576967 0.789293 0.107847
9.9999969 0417453 04138022 0.574980 0,788703 0.119822
10.999996, 0.19199 0.151782 0.572785 0,788058 0,131796
11.9999965 0,20944  0,165531  0,570380 0.,787363 0,143771
12,999995 0.22689 0,179266 0.,567766 0,786620 0,155746
13.999994 . 0.24435 0,192988  0.564943 0.785834 0,167725
14,999993 . 0.26180 0,206697 0.561911 0.785010 0,1%9710
15.999993 0.,27925 0,220390 0.558670 0.784154 0,191702
16.999992  0,29671  0.234069 0,555220 0.783273 0.203705
17.999991 . 0.,31416 0.247732 0.551560 0,782377 0,215724
18,999991. 0.33161 0.261379 0.547689 0.781474 0,227762
19.9999%0 0.34907 0,275010 0,543609 0,780579 0,239827
20.999989 0.,36652 0.288626 0.539318 0.779706 0.251924
21.999988 0.38397 0.302227 0.534815 0.778873 0.264062
22.999988 . 0,40143 0,31581l4 0.530100 0.778102 0,276252
23.999987 0.41888 0.329389 0.525172 0O.777420 0,288505
244999986 0.43633 0.342952 0,520029 0.776860 0,300837
25.999986 0.45379  0.356507  0.514670  0.77646L  0.313266
26,999985 0.47124 0,370057 0,509093 0.776281 0,325814
27.99998L 0.48869 0.383606 0,503296 0.776378 0,338510
28.999983 0.50615 0,397160 0.497276 0.776837 0,351389
29.999983 0.52360 0.410725 0,491029  0,777767 0.364499
30.999982 0.,54105  0.424312  O.484551  0.779315 0,377901
31.999981 0.55851  0.437933 0.477836 0.781683 0,391683
33.021253 0.57633 0.451895 0.470725 0,785230 0,406268
33.973654 0.59295  0.464985 0.463855 0,790020 0,420530
34.981906 0.61055  0.478948 0.456315 0.797350 0,436637
35.978863 0.62795 0.492910 0.448567 0.808330 0.454220
37.019223 0.64611  0.507746  0.440129 0,827750 0,476192
37.999508 0.66322 0.522232 0.431725 0.881980 0.513600
38.083566 0.66468 0.,523541 0.430963 0.918560 0.533605
38,086556  0.66474 0,523599  0.430930 17.100000  &,999900



SIOPE (&) = 15°

FAILURE LINES
THETA. VERT. HORIZ. SHEAR X(+) RADIUS  RADIUS
(+) , comp. (+) coMp. (+) (+) 1 (+) 2 (+) -

0.0000 0.878159 0,292720 0,000000 0.000000 1.0000 11,0000

1.0000 0,878128 0.292720 0,002127 0.017455 1.0312 0,9707

2,0000 0,878035 0,292720 0.004253 0.034921 1.0644, 0,9431

3.0000 0,877880 0,292719 0.006381 0.052408 1.0999 0,9171

4,,0000 0.877663 0.292719 0.008508 0.069927 1.1379 0,8926

5.,0000 0.877382 0,292719 0,010637 0.087489 1.1785 0.8694

6,0000 0.877037 0,292718 0,012767 0.,105104  1,2222 0.8475

7.0000 0.876628 0.,292716 0.014897 0.122785 1,2691 0,8267

8,0000 0,876152 0,292713 0.017030 0.140541 1.3197 0,8070

9,0000 0.875610 0,.292709 0.019163 0.158384L  1.3744 0.7884
10,0000 0.874998 0,292703 0,021298 0,176327  1.4336 0.7707
11,0000 0.874315 0,292695 0.023434 0.194380 1.4978 0,7538
12,0000 0.973560 0.292685 0,025571 0,212556 1.5679 0,7378
13.0000 0,872730 0.292671 0,027710 0.230868  1.6444 0,7225
14,0000 0.871823 0.292654 0,029850 0.249328 1.7283 0,7080
15,0000 0,870836 0,292631 0.031990 0,267949 1.8206 0,6841
16,0000 0,869765 0,292604 0.034131 0,286745 1.9225 0.6809
17,0000 0,868608 0,292569 0.036271 0,305731 2.0356 0.6683
18,0000 0,.867361 0,292527 0.038411 0,324920 2.1617 0.6563
19.0000 0,866019 0.292476 0.040549 0.344327 2,3030 0.6447
20,0000 0.846578 0.292415 0.04268L 0,363970 2.4623 0,6337
21.0000 0,863033 0,292342 0.044816 0,383864  2,6430 0,6232
22,0000 0.861379 0,292254 0.046942 0,.404026 2.8493 0.6131
23.0000 0,859609 0,292150 0.049061 0.424475  3,0871 0,6034
2,,0000 0,857716 0.292028 0.051171 O0,.445228  3,3633 0,5942
25.0000 0.855694 0,291883 0,053269 0.466307 3.6877 0.5853
26.0000 0.853532 0,291713 0.055353 0,487732 4.0733 0.,5768
27.0000 0.851223 0,291514 0.057418 0,509525 4.5380 0,5687
28,0000 0.848755 0,291281 0.059461 0.531709 5,1073 0.5609
29,0000 0.846117 0,291008 0,061476 0.554309 5,8188 0,5534
30.0000 0.843294 0,290689 0.063456 0,577350  6,7294 0.5462
31,0000 0.840271 0,290316 0.065394, 0,600860 ¢.9307 0.5393
32,0000 0,837029 0,289878 0.067280 0,624869 9.5777 0.5326
33.0312 0.833468 0,289353 0,069140 0,649935 12.0142 0.5262
33.9737 0.829895 0.288778 0.,070798 0.673840 15.5131 0.5203
34,9819 0.825811 0,288057 0.072450 0,699737 21.8510 0.5144
35.9789 0.821419 0,287202 0.073947 0,725979 34.8548 0,5088
37.0192 0,81637, 0.286106 0.075301 0.754080 - 0.5033
37.9995 0.810977 0.284749 0,076221 0,781272 - 0.4982
38,0836 0.810451 0.284597 0.076257 0.783637 - 0.4978
38,0866 0,810422 0.284586 0,076251 0,783721 - 0.4978



SLOPE (£) =

200
o R & ds
e (+) o (+) (=) S (+) © (=) 36 (=)

0.0000000 0.00000 0.000000 0.564083 0.000000 0,000000
1,0000000 0.01745 0.012692 0,563971 0.727168 0.012776

2.0000000 0.03491 0.025382 0.563637 0,727042 0.025552
3.0000000 0.05236 0.038070 0.563079 0.726833 0.038329

4,0000000 0.,06981 0.050753 0.562299 0.726541 0.051108

5.0000000 0.08727 0.063431 0.561295 0.726167 0.0638%0

5,9999998 0,10472 0.076101 0,560068 0,725712 0.076674

6.9999990 0,12217 0.088762 0.558619 0.725177 0.089463

7.9999983 0.13963 0.101414 0.556946 0.724563 0,102256

8.,9999976 0.15708 0.114054 0,555049 0.723872 0,115056

9.9999969 0,17453 0,126681 0,552929 0.,723107 0,127864
10,999996  0.,19199 0,139295 0.550586 0,722269  0,140680
11,999996  0.20944 0.151893  0.548019 0,721363 0,153509
12.999995 0.22689  0,164475 0,545227 0,720391  0,166350
13.999994  0.24435 0,177039 0.542212 0,719359 0.179208
14.999993  0,26180 0,189585 0,538972 0.718271 0.192085
15.999993 0.27925 0.202111 0.535507 0.717133 0.204985
16.999992  0.29671  0.214617 0.531816 0.715952 0,217912
17.999991  0.,31416 0,227102 0,527900 0.714738 0,230870
18.999991  0.33161 0.239566 0.523757 0.713499 0.243864
19.999990 0.34907 0.252008 0.519387 0.712249 0.256902
20.999989 0.36652 0.264428 0.514789 0.711000 0.269989
21.999988  0,38397 0.,276827 0,509962 0.709769 0.283135
22.999988  0.40143 0.289204 0,504906 0,708577  0,296347
23.999987 0.41888 0,301561L 0.499618 0.707446 0,309638
24.999986 0.43633 0.313899 0.494097 0.706404 0,323018
25.999986  0.45379 0.326220 0.488342 0.705485 0.336503
26.999985 0.47124 0.338526 0.482350 0.704731 0,350108
27.99998L  0.48869 0.,350821 0,476120 0,704189 0.36385.
28.999983 0.50615 0,.363108 0.469648 0.703920 0.377764
29.999983  0.52360 0.375394 0.462932 0.703999 0.391863
30,999982 0.54105 0,387685 0.455968 0,704517 0.406186
31.999981 0.55851  0.399989 0.448752 0.705591  0.420774
32.999981  0.57596  0,412318 0.441279 0.707370 0.435676
33.999980  0,59341 0.424686 0.433542 0,710050 0,450958
34.983386  0,61058  0.436903  0.425670 0.713800 0.466432
36.030207  0,62885 0.449993 0.416993  0.719420  0.483534
36.998602  0.64575 0.462210 0.408682 0.726630 0,500098
38,023704 0.66364  0.,475300 0,.399570 0.737230 0.518706
39.031459 0.68123 0.488390 0.390274 0.752150 0,538604
40.015320 0.69840 0,501480 0.380841 0.774110 0,560706
41.,025469  0.71603 0,515443 0,370712 0.815180 0,.590384
L1.577934  0.72567 0.523558 0,364882 0.918180 0,640194
41.580028  0,72571 0,523599 0.364855 15.444000  6,799900



SLOPE_(€) = 20°

FAILURE LINES

THETA VERT, HORIZ. RADIUS  RADIUS
(+) coMP. (+) COMP. (+) SHEAR T (+) 1 (+) 2 (+)
0.0000 0.846124 0.282041 0.000000  0.000000 1.0000 11,0000
1.0000 L.846073 0.282041 0.002686 0.017455 1.0312 0.9706
2,0000 0,845919 0.282041 0.005371 0.034921  1.0643 0.9430
3,0000 0.845663 0.282041 0.,008056 0.052408 1.0995 0.9168
4.,0000 0.845303 0,282041 0.010741 0.069927 1.1371  0,8921
5,0000 0.844839 0,282040 0,013425 0.087489  1,1772 0.8686
6,0000 0.844269 0,282038 0,016108 0,105104  1,2201 0.8465
7.0000 0.843593 0,282035 0.018790 0.122785 1.2660 0,8254
8.,0000 0.842808 0,282030 0.022471  0.140541 1.3153 0.8054
9.0000 0.841912 0,282024 0.024149 0.158384  1.,3684 0,786L
10.0000 0.840904 0,28201, 0.026826 0,176327 1.4255 0.7683
11.0000 0.839781L 0.282001 0,029500 0,194380 1.4872 0,7511
12.0000 0,838539 0,281984 0.032170 0.212556 1.5541  0.7347
13.0000 0.837176 0.281962 0.034837 0.230868 1.6266 0,7191
14,0000 0,835689 0,281933 0.037498 0.249328 1.7056 0,7042
15,0000 0.834072 0,281897 0.040155 0,267949 1.7917 0.6899
16,0000 0,832322 0,281852 0,042804 0.286745 1.8862 0,6763
17.0000 0.830435 0,281797 0045446 0,305731 1.9899 0,6633
18,0000 0,828,044 0.281730 0.048079 0,324,920 2.1043  0.6509
19.0000 0.826225 0.281648 0.050700  0.344327 2.2309 0,639
20,0000 0.823890 0.281551 0.053310 0.363970 2.3718  0.6275
21,0000 0.821394 0,281424, 0.055904 0.383864 2,5291 0.6166
22,0000 0,818728 0,281296 0.058481 0.,404026 2.7058 0,6061
23,0000 0,815885 0,281134 0.061039 0424475 2.9054 0,5961
24,0000 0,812856 0,280943 0.063574 0.445228  3.1322 0.5864
25,0000 0,809632 0,280719 0.066083 0,466307 3.3918 0,5772
26,0000 0,806201 0.280459 0.068561 0,487732 3.6912 0,5683
27,0000 0,802552 0,280156 0,071004 0.509525 4.0397  0.5597
28,0000 0,798673 0.279805 0.073407 0.531709 Lohh92  0,5515
29,0000 0.7945L9 0.279399 0.075764 0.07576L  4.9361 0.5436
30,0000 0,790167 0.278929 0.078067 0.577350 5.,5225 0,5360
31,0000 0,785507 0,278388 0.080310 0.600860 6.,2400 0,5287
32,0000 0,780553 0.277765 0.082482 0,624869 7.1340 0.5217
33.0000 0.775283 0.277047 0.084573  0.649407 8.2731 0.5150
34,0000 0,769673 0,276220 0.086569 0,674508 9. 7644  0,5085
34,9834  0.,763799 0.275284 0.088426 0.699775 1l.7449 0,5023
36.0302 0,757125 0,27413L4 0.090267 0.727348  14.7519 0.4960
36.9986 0,750528 0,272903 0.091824 0,753516 18,9548 0,494
38,0237 0,743057 0,271393 0.093287 0.781952 29.2965 0,4847
39.0315 0.735166 0.269659 0,094500 0.810694 40.1954  O.4794
40,0153 0.726862 0,267667 0.095409 0.839555 - O0.4743
41,0255 0.717575 0.265201 0.095943 0.870067 - 0.4693
K1.5779 0.712007 0.263543 0.095923 0.887153 ~ 0,4667
41.5800 0,711979 0.263532 0.,095917 0.887218 - 0,4667



SLOPE (&) = 25°

o R (578 as
0.0000000 0.00000 0.000000 0.5L4457 0.000000 0.000000
1.0000000 0.01745 0.011577 0.544336 0.663250 0,013812
2.0000000 0.03491 0.023151 0.543975 0,663077 0.027625
3,0000000 0.05236 0.034722 0.543372 0,662790 0.041441
L.0000000 0.06981 0,046236 0,542538 0,662389 0,055262
5.0000000 0.08727 0.057843 0.541443 0.661874 0.069089
5.9999998 0,10472 0.069389 0.540116 0.661245 0.082923
6.9999990 0,12217 0.080924 0.538548 0.660503 0.096767
7.9999983 0.13963 0.092445 0.,536739 0.659649 0,110622
8.9999976 0,15708 0.103949 0.534687 0.658685 0,124491
9.9999969 0.17453 0.115436 0.532393 0.657610 0.138375
10.999996 0.19199 0,126904 0,529857 0.656428 0,152278
11.999996  0.20944  0,138349 0,527077 0,655140  0,166203
12.999995 0.22689 0.149772 0.524055 0.653747 0,180151
13.99999% 0.24435 0,161169 0.520789 0.652253 0,194127
14.999993 0.26180 0,172539 0.517278 0.650662 0,208134

15.999993 0.27925 0,183881 0,513523 0.648976 0,222177
16.999992 0.29671 0,195192 0.509523 0.647201 0.236260
17.999991 0.31416 0,206472 0.505276 0.645343 0.250388
18.999991 0.33161 0,217718 0,500782 0.643406 0,264567
19.999990 0.34907 0.228930 0.496041 0.641401 0.278802
20.999989 0.36652 0.240107 0.491050 0.639335 0.293101
21.999988 0.38397 0.251247 0.485809 0.637219 0.307472
22,999988 0.40143 0.262350 0.480317 0.635067 0.321922
23.999987 0.41888 0.273415 O0.474571  0.632893 0,336L60
24.999986 0.43633 0.284442 0O.468571 0,6307L7 0,351098
25.999986 0.45379  0.295431 0.462315 0.628558 0.365845
26.999985 0.47124 0.30638 0.455800 0,626443 0,380716
27.99998L  0.48869  0.317299 0.449025 0.624402 0,395722
28.999983 0.50615 0,328179 O0.441986 0.622472 0,410880
29.999983 0.52360 0.339028 0.434682 0,620696  0,426207
30.999982 0.54105  0,349847 0.427108 0.619128 0.441721
31.999981 0.55851 0,360641 0.419261 0,617829  0,L574Ll,
32.999981 0.57596 0.371415 0.,411139 0.616877 0.473400
33.999980 0.59341 0.382176 0.402735 0.616368 0,489616
34.,999979 0.61086 0.392933 0.394046 0.616418 0,506125
35.999978  0.62832 0,403697 0.385066 0,617174 0.522962
36.999978 0.64577 0.414482 0.375789 0.618821 0.540171
37.967655 0.66266  0.42495L 0.,366523  0.621470 0,557220
39.010138  0.68086 0.436298 0.356214 0.625840 0,576110
40.987173 0,71536  0.458115 0.335692 0.640270 0,613776
41.993531 0.73293 0.469459 0.324734 0.652160 0.634177
42.978645 0.75012 0.480804 0.313651 0.668380 0.655289
44.008414  0,76809 0.493021 0,301663 0.692730 0.679145
Lha 995417 0.78532 0,505238 0,289746 0.728530 0,705055
45.985020 0.80259 0,518328 0,277293 0.797600 0,739837
46.34L6958 0.80891 0,523564 0.272545 0,915680 0.7808L49
46, 348770 0.80894 0,523599 0.272518 15.879000  4.599900



SLOPE () = 25°

FAILURE LINES,

THETA VERT. HCRIZ. RADIUS RADIUS
(+) COMP.(+) COMP.(+)  CHEMR Y (+) 1) 2 (+)
0.0000 0.816685 0,272228 0.000000 0.000000 1.0000  1,0000
1.0000 0.816610 0.272228 0.003199 0.017455 1.,0311 0,9706
2,0000 0.816384 0,272228 0.006398 0.034921 1.0641 0,9428
3,0000 0,816007 0,272228 0.009595 0.052408 11,0991 0,9165
4,0000 0.815478 0,272227 0.012790 0.069927 1.,1363 0.8916
5,0000 0.814796 0.272226 0.015983 0.087489 1.1758 0.8679
6,0000 0.813960 0.272223 0.019172 0,105104 1.2180  0.845.
7.0000 0.812966 0.272219 0,022356 0,122785 11,2630 0.8241
8.,0000 0.81181,, 0.272212 0.025535 0,.140541 1.3111 0.8038
9.,0000 0.810501 0,272203 0.028708 0,15838 1.3626 0.7844
10.0000 0.809023 0,272189 0.031874 0,176327 1.4178 0.7660
11.0000 0,807378 0,272170 0.035031  0.194380 1.4772 07484
12.0000 0.805560 0.272145 0.038178 0.212556 1.5,112 0.7317
13,0000 0,803567 0,272112 0.041314 0.230868 1,100 0,7156
14.0000 0.801393 0.272071 0.044438 0.249328 1.6846 0,7003
15.0000 0.799034 0,272018 0.047548 0,26794L9 1,7653 0,6857
16,0000 0.796483 0.271953 0.050641 0.286745 1.8531 0.6717
17.0000 0,793734 0,271874 0.053716 0.305731 1.9487 0,6583
18,0000 0,790781 0,271777 0.056771 0.324920 2.0531 0.6454
19.0000 0,787616 0,271660 0,059802 0,344327 2.1675 0.6331
20.0000 0,784231 0,271520 0.062808 0.363970 2.2932 0.6213
21,0000 0,780618 0,271353 0.065785 0.383864 2.4318 0.6099
22,0000 0.776767 0.271157 0.068729 0,404026 2,5852 0,599
23.0000 0,772668 0,270926 0.071627 0.424475 2.7558 0.5885
24,0000 0,768310 0.270656 0.074504  0.445228 2.9461 0,5785
25,0000 0,763681 0.270342 0.077327 0.466307 3.1594 0.5688
26,0000 0,758768 0,269977 0.080098 0,487732 3.3999 0.5595
27,0000 0,753558 0,269556 0,082813 0.509525 13.6724 0,5505
28,0000 0.748035 0,269069 0.085465 0,531709 3.9831 0.5419
29,0000 0.742183 0,268510 0.088047 0.554309  4.3397 0.5336
30.0000 0,735985 0,267869 0.090551 0.577350 4.7522 0.5256
31.0000 0.729421 0.267135 0.092968 0.600860 5.2332 0.5179
32,0000 0.722472 0,266296 0,095288 0.624869 5,799, 0.5105
33.0000 0,715114 0,265339 0.097499 0.649407 6.4732 0.5033
34,0000 0.,707324 0.264249 0.099590 0,.674508 7.,2848 0,L96L
35,0000 0,699075 0.263008 0.101546 0,700207 8.2762 0.4897
36,0000 0.690339 0.261598 0.103352 0.726542 9,5076  0,4833
37.0000 0.681083 0.259995 0,104991 0.753553 11,0675 0.4770
37.9677 0.671600 0,258239 0,106398 0.780377 13.0156 O,4712
39.0101 0.660765 0,256089 0,107695 0.810077 15.8238 0.4652
39.9647 0.650241 0.253855 0,108657 0.838050 19,3817 0.4599
40,9872 0.638280 0,251141 0.109420 0,86889L 24.9082 0.4543
51.9935 0,625759 0.248098 0,109862 0.900200 33.4253 O.4491
42,9786  0.612722 0.244708 0,109957 0.931818 47.7158 O.Lh42
44,0084 0,598187 0.240653 0,109638 0.965973 78.1876 0.4392
L4995, 0,583286 0,236175 0,108849 0,999840 - 0.4346
45,9850 0.567219 0,230923 0,107428 1.034989 - 0.4302
46,3470  0,560956 0,228697 0.10664)  1.048159 - 0.4286
46,3488 0,560920 0,228682 0,106637 1.048225 - 0.4286



SLOPE (©) = 30°

€ dw e sH  Eo B
0.0000000 0,00000 0,000000 0,526287 0.,000000 0.000000
1.0000000 0.01745 0.010470 0:526155 0.599812 0.015068
2,0000000 0.03491 0.020936. 0.525761 0.59956L 0.030138
3.0000000 0.05236 0.031397 0.525103 0,599149 ©0.045213
4.0000000 0,06981 0.041850 0.524183 0,598567 0.,060296
5.,0000000 0.08727 0.052290 0.522998 0.597819 0.075389
5.9999998  0.10472 0.062717 0.521551 0.596904 04090495
6.9999990 0.12217 0.073125 0.519840 0,595820 0,105617
7.9999983 0.13963 0.083514 0.517864 0.594567 0,120758
8.9999976 0.15708 0.093879 0.515624 0,593144 0.135921
9.9999969  0,17453 0.,104207 0.513119 0,591550 0.151110

10.999996 0.19199 0.114527 0.510349 0.589785 0,166327
11.999996 0.20944; 0,124804 0.507313 0.587846 0.181577
12.999995  0.22689 0,135045 0.504011 0.585732 0.196865
13.999994  0.24435 0.145248  0.500441  0.583442 0,212194
14.999993  0.26180 0.,155410 0.496604 0.580975 0.227569
15.999993  0,27925 0.165527 0.492497 0.578329  0.242995
16.999992  0,29671 0.175597 0.488121 0.575503 0.258479
17.999991 0.31416 0.185615 0.483474 0.572495 0.274025
18.999991 0.33161 0.195579 0.479556 0.569303 0.289641
19.999990 0.34907 0.205486 0.473364 0.565928 0.305333
20.999989  0,36652 0.215333 0.467897 0.562366 0,321109
21.999988 0.38397 0.,255116 0.462154, 0,558618 0,336976
22,999988 0.40143  0,234831L 0.456134 0.554682  0.352945
23.999987  0.41888 0.244476 0.449834 0.550558  0.369023
24.999986 0.43633 0.354048 0.443252 0.546245 0.385221
25.999986  0.,45379 0.263543 0.436386  0.541742  0,401549
26.999985 0.47124 0,272957 0.429234 0,537051  0,418020
27.99998L 0.48869 0,282288 0.421794 0.532172 0.434646
28.999983  0,50615 0.291533 0.414061 0,527106 0.451439
29.999983  0.52360 0,300687 0.406034 0.521855 0.468414
30.999982 0.,54105 0,309748 0,397709 0,516421 0.485585
31.999981  0,55851 0,318712 0.389083 0,510809 0,502969
32.999981  0,57596 0.,327577 0.380151 0,505021 0,520582
33.999980 0.59341 0.336340 0.,370910 0,499064 0.538441
34.999979  0.61086  0,344997 0.361355 0.492943 0.556565
35.999978  0,62832 0.353545 0.351481  0.486667 0,574,974
36.999978 0.64577 0.361983 0.341283  0.480243 0.593687
37.999977 0.66322 0,370308 0,330755 0.473682 0.612726
38.999976 0.68068 0.,378517 0.319892 0,466996 0.632111
39.999976 0.69813 0,386608 0,308688 0,460198 0.651866
40,.999975 0.71558 0.394580 0.297136 0,453304 0.672013
41.999974L  0.73304 0.402431 0.285228 0,446329 0,692574
42,953275 0.74968  0.,409801 0.273539 0.439600 0,712570
43.985.84 0.76769  0,417655 0.260503 0,432300 0.734710
45.035469  0,78602 0.425509 0.246829 0,424,850 0.757750
45.98449L  0,80258 0.432490 0.234102 0,418120 0,779060
46.949028  0.81942 0.439472 0,220801 0.411300 0,801200
48.,053523  0,83869 0.447326 0.205107 O0.403560 0.827180
49,053282 0.85614 0,454,307 0.190464 0,.396640 0.851280
49.942487  0.87166 0,460415 0,177083 0.390590 0,873210
50.975743  0.88969 0,467397 0.161102 0.383690 0.899280
52,027676  0,90805 0.474378 0.144342 0.376850 0,926480
52.963806 0.92439  0.480487 0,129003 0.370940 0,951260
54,051929  0.94338 0.487468 0.110659 0,364320 0.9807L0
55.020202 0,96028 0.493576 0.093859 0,358670 1.007590
56.003645  0,97745 0.499685 0.076326 0.535210 1.035450
57.002242  0,99488 0.505794 0.058028 0.347980 1.064360
58,015730  1,01257 0,511902 0.038938 0.343390 1.094330
59.042757  1,03049 0.518011 0.019046 0.343660 1.125480
59.941166  1,04617 0.523509 0.001186 0.811300 1.153200
59.946667  1,04627 0,523599 0.001075 1595.8000 1.070400



SLOPE (&) = 30

FATILURE LINES
THETA  VERT. HORIZ. SHEAR Y (+) RADIUS  RADIUS
(+) COMP.(+) COMP.(+) (+) 1 (+) 2 (+)
0.0000 0.789430 0.263143 0.000000 ©.000000 1.0000 1.0000
1.0000 0.7893%28 0.263143 0.003675 0.017455 1.0311 0.9706
2.0000 0.789019 0.263143 0.007348 0.034921 1.0639 0.9427
%.0000 0.788505 0.26314% 0.011019 0.052408 1.0987 0.9162
L,0000 0.787783% 0.263142 0.014686 0.069927 1.1355 0,8911
5.0000 0,786852 0.,263140 0.018347 0.087489 1.,1745 0.8672
6.0000 0.785711 0.263137 0.022002 0.10510k4 1.2160 0.8hLbkk
7.0000 0.784356 0.263131 0.025647 0.122785 1.2601 0.8228
8.0000 0,782785 0.263122 0.029283 0.140541 1.3070 0.8021
9.0000 0.780995 0.263108 0.0%2906 0.158384 1.3571 0.7824
10.0000 0.778981 0.263089 0.03%6516 0.176327 1.4105 0.7636
11.0000 0.776739 0.263064 0.040110 0.194380 1.4676 0.7457
12.0000 0.774264 0.26303%30 0.043687 0.212556 1.5288 0.7285
13.0000 0.771551 0.262986 0.047243 0.230868 1.5944 o.7121
14,0000 0.768594 0.262929 0.050777 0.249328 1.6649 0.6964
15.0000 0,765386 0.262858 0.054285 0.267949 1,7408 0.6813
16.0000 0.,761919 0.262770 0.057765 0,286745 1.8226 0.6669
17.0000 0.758186 0,262662 0.061214 0.305731 1.9111 0.6531
18.0000 0.754179 0.262531 0.064629 0.324920 2.0068 0.6398
19.0000 0,749887 0.262373 0.068004 0.344327 2.1107 0.6270
20.0000 0.745%01 0.262185 0.071337 0.363970 2.2236 0.6148
21.0000 0.740410 0.261961 0.074623 0.383864 2.3468 0.6030
22.0000 0.735201 0.261698 0.077857 0.40Lk026 2.4814 0.5917
23.0000 0.729662 0.261389 0.081033 0.42L4h75 2.6288 0.5808
24,0000 0.723780 0.261028 0.084146 0,L445228 2.7909 0.5703
25.0000 0.717540 0.260609 0.087189 0.466307 2.9695 0.5602
26,0000 0,710925 0.260123 0,090155 0.487732 %.,1669 0.550k
27.0000 0,703918 0.259563 0.09303%6 0,.509525 3,3859 0.5410
28,0000 0.696502 0.258920 0.095825 0.531709 3.6297 0.5319
29.0000 0.688656 0.258182 0.098510 0.554309 3.9022 0.5232
30.0000 0.680358 0,257338 0.101084 0.577350 4,2078 0.5147
31.0000 0.671587 0.256375 0.103534 0.600860 L,5522 0.5065
32,0000 0.662318 0.255279 0.105847 0.624869 b,9L20 0.4987
33,0000 0.652524 0.25403%33 0,108012 0,649407 5.3854 0.4910
34,0000 0,642176 0.252620 0,110013 0.674508 5.8925 0.4836
35.0000 0.631245 0.251020 0.111834 0.700207 6.4757 0.4765
36.0000 0.619697 0.249211 0.113457 0.726542 7.1505 0.4696
37.0000 0.607496 0.247167 0,114865 0.753553 7.9368 0.4628
38.0000 0.594606 0,244862 0.116034 0.,781285 8.8594 0.456%
39,0000 0.580985 0.242264 0.116943 0,.809783 9.9508 0.4500
L0.0000 0.566588 0.239339 0,117567 0.829099 11.2530 0.4439
41,0000 0.551368 0.236049 0.117877 0.869286 12.8218 0.4380
k2.0000 0.535274 0.23%32351 0.117845 0.900403  14.7320 0.4322
42.9533 0.519066 0.228402 0.117464 0.9%30992 16.9635 0.4269
43,9855 0.500502 0.223605 0.116631 0.965199 19.9745 0.4213
45,0355 0.480465 0.218105 0.115290 1.001239 23.8929 0.,4158
L5,9845 0,461286 0,212531 0.113609 1,034970 28,4529 0.4109
46,9490 0.440684 0.,206212 0.111402 1.070458 34,4675 0,4061
48.0535 0,415621 0.198071 0.108197 1.112701 43.8203 0.4007
49.0533 0,391484 0.189769 0.104612 1.152531 55.6809 0.3960
ko.ok2s 0.368773 0.181553 0,100826 1.189327 70.3721 0.3919
50.9757 0.340809 0.170910° 0.095653 1.233%829 95.1976 0.3873
52.0277 0.310470 0.158722 0.0894shk 1.281217 134.8998 0.3827
52.9638 0,281762 0.146593 0.083068 1.325302 192.2479 0.3787
54.0519 0,246208 0.130790 0,074516 1.379009 310.8356 0.3742
55.0202 0.212434 0,115006 0,065787 1.429220 518.8634 00,3703
56.0036 0.175900 0.097112 0.055737 1.482765 983.380% 0.3664
57.0022 0.136308 0.07679% 0.044191 1.539997 - 0.3625
58.0157 0.093%29 0.053693% 0.030955 1.601313% - 0.3587
59.0428 0.046636 0.027415 0.015823 1.667096 - 0.3549
59.9412 0.002960 0.001773 0.001024 1.727951 - 0.3517
59.9467 0.002685 0.001608 0.000928 1.728334 - 0.3516
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