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S U M M A R Y 

The theory of quasi-linear hyperbolic partial 

differential equations which forms the basis of the t 

mathematical theory of plasticity for soil media, together 

with their solution by numerical methods, are set out. 

The assumptions made in the plastic theory regarding the 

properties of the soil media are briefly examined. 

Following the exposition of Sokolovski, the partial 

differential equations describing the failures of cohesive 

and cohesionless soil media are derived. The differential 

equations describing the active failure of wedges of 

cohesionless material are discussed in detail, and for an 

0 angle of internal friction equal to 30 , the complete 

solutions for symmetrical wedges with slopes O, 5, 10, 15, 

20, 25 and 30° determined. The theoretical predictions as 

to the forms of the failures of these wedges are tested 

experimentally by inducing sliding failure along the bases 

of model wedges of cohesionless material. The experimental 

results show good agreement with the theory; hence it is 

concluded that the mathematical theory gives an adequate 

description of the failures, and that the theory can be 

accepted as a criterion by which to judge approximate 

methods. The horizontal thrusts in wedges of cohesionless 

material failing by sliding along their bases as determined 

by the plastic theory are compared with the thrusts 

determined by the methods of Hummel-Finnan-Trollope and 

Rendulic. It is concluded that Rendulic's method gives 

values only insignificantly smaller, and Trollope's method 

values significantly smaller than those predicted by the 



.,.. 

plci.stic theory. As the forms of the failures are also 

given approximately correctly by Rendulic's method, it is 

further concluded that Rendulic's method is the best 

approximate one available. The external forms of failures 

by sliding of two embankments of cohesionless material 

260 ft and 600 ft high respectively, at Cullinan, South 

Africa, are described and appear to conform to the predictions 

from the plastic theory. Utilizing the experi~entally 

determined strength and· consolidation properties of the 

materials in the emba nkment and the sub-soils, and using 

Rendulic's approximate method, the stability of the 260 ft 

high embankment is determined. The analysis gives a 

reasonable account of the failure behaviour. 
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S E C T I O N 1 

1. SCOPE OF THE THESIS 

1.1 Introduction 

There a re two methods available for the calculation 

of the disturbing forces in the active failure by sliding 

of embankments of cohesionless material. The first is 

due to Hummel & Finnan (1921) and Trollope (1951) and the 

second is due to Rendulic (1938). Using these two 

methods in the stability analysis of a sliding failure of 

a 260 ft high earth dam at Cullinan, South Africa, showed 

that there was a significant difference in the horizontal 

thrusts as determined by the two methods. The conditions 

under which the failure took place were such that it was 

not possible to determine which method gave the more reliable 

estimate of the thrust. In order to judge which method 

is the more acceptable, the active failure of wedges of 

cohesionless material was investigated by means of the 

mathematical theory of plasticity for soil media. 

The mat hematic a l theory of plasticity for soil media 

has been developed to a remarka ble degree by the Russian 

applied mathematician, Sokolovski (1960). It is based on 

certain postulations and idealizations as to the strength 

properties of soil media; in consequence, solutions obtained 

by the mathematical theory are not absolute criteria by which 

solutions obtained by approximate methods can be judged, but 

relative ones in the sense that approximate methods require 

a number of postulations in addition to those in the 

mathematical theory, and hence intuitively are expected to 

give correspondingly less reliable solutions. 



Judgement on the mathematical theory will depend on 

the succ ess with whi ch it explains failure phenomena. 

~ith regar d to the plastic failure of cohesionless wedges 

it is fortuna tely relatively simple to induce a ctive 

f ailure by sliding along the b nse in r:i odel wedges of 

cohesionless m~teria ls, a nd certain predictions of the 

mathematical theory, particularly the forms of the failures, 

c an be cor:.1 pared with the forms found in the experimental 

failures. Confidence in the theory as a criterion by which 

to judge approximate methods will depend on the degree of 

conformity of the experimental with the theoretic a l results. 

The mathematical t he ory by whi ch the plastic failure 

of soil media can be described is tha t of quasi-linear 

hyperbolic partial differential equa tions. These equations 

do not normally form a part of the instruction of civil 

_engineers in South Africa - very few engineers even know 

of their existence. However, the whole structure of the 

plastic theory is so intimately bbund up with these equations 

that a lack of understanding of them gives little hope of 

a cquiring facility in this field of study. Sokolovski 

presumes this understanding and a person lacking it will 

find his exposition very difficult, if not incomprehensible. 

Although a number of expositions on the theory of 

hyperbolic partial differential e quations have b een written, 

most of them a re concerned with their application to 

supersonic flow and shock waves, and expositions ori ented 

towards their application in the plastic theory are 

difficult to find, and generally not very explicit. For 

these reasons the basic tenets of the theory, appropriatEiy 

oriented, are~erequisite to the study of the failur e of 
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soil media. 

Scope 

·;Jith t h es e f ew int ro d uctory r emarks, t he s cope of the 

thesis c a n b e s e t ou t as f o llows :-

1. A s hort e x position o f t he the ory of hy pe r b olic partia l 

diff e r ential e quat ions a nd the numeri cal !ilethod s of 

their solution, orient e d towa r d s their use in the 

a nalysis of the p lastic failur e of soil media. 

2 . A bri e f discussion of th e b a sic a ssumptions in the 

pla stic the ory for soil me d i a a nd , following Sokolovski, 

a deriva tion of the partia l diff e rentia l equa tions 

describing the plastic f a ilure of soil med i a ~ 

3. Deriva tion of the parti a l differentia l e qu a tions 

describing the plastic failure of cohesionless 

materials, with some solutions. 

4. Deriva tion in detail of the ordinary differentia l 

equations describing the net ive f ailure of wedges of 

cohesionless materi a l, a nd the c onp l ete solutions 

for symm etrica l wedges ha vi ng a n a ng l e of internal 

friction equa l t o 30° a nd slope s equal to 0, 5 , 10 1 

0 
15, 20, 25 a nd 30. 

5. Inv estigation of the validity of some of t h e theoretica l 

predi c tions by the f a ilure of ex perime nta l n odel wedges 

of cohesionl ess ma terial. 

6. Comp a rison t1tf the solutions for the thr usts in wedges 

of cohesionless ma teria l in a stat e o f a ctive f a ilure 

a s obt a ined by the pla stic t he ory, wit h the a pproximate 

solutions. 

7. Description of f a ilur e s by s liding of two emb a nkments 

of cohesionless ma t e ria l, 26o ft a nd 600 ft high 
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respectively, and a comparison of these f a ilures with 

the the oret ica l p r edictions fro m the plastic theory. 

8. Desc ription of the t est s for the det e rmina tion of the 

strength a nd consolidation cha r ac t e ri s tics of the ,. 
r;w.te ria ls i n the 260 ft hi gh dar:i wall a nd the s ub-

soils . 

9. Perfort1ance of n s t a bility a nalysis of the f a ilure 

of the d am wall .. 
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2.1 

S E C T I O N 2 

2. THE THEORY OF HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS 

Introduction 

On the assumption · of rigid-plast i c behaviour and Mohr's 

criterion for plastic yield, the plast i c failure of -soil media. 

can be described by a system of two fir st· order quasi-linear 

partial differential equations o f the .hype r bolic type in two 

dependent variables (u,v) and two independent variables (x,y ) . 

Their derivation will be deferred unti.1 Section 3 so that the 

general properties and behaviour of this system of partial 

differential equations can first be disc ussed. 

The concept of characteristic curves will be introduced. 

Essentially, they are curves in the XY plane along which the 

two partial differential e quations degenerate to four ordinary 

differential equations, two giving the characteristic curves 

and two giving the values of u and v along these curves. 

This method of solution is called the Method of Characteristics. 

It is the most powerful method avail able for the solution of 

problems of plastic failure. The method is also particularly 

appropriate as the characteristic curves have a physical 

significance :i.n that t hey correspond to t he lines of slip 

in the failure zone of the soil media. 

2.2 Linearity and quasi- l ineari ty (Collatz 1960) 

Consider the partial di fferential equation of order n 

in the dependent variable, u, and two independent variables 



2.2 

If the coefficients A,B are functions of x1 and x2 

only the equation is said to be linear in 

and is termed a linear partial differential equation. 

If the coefficients A,B are functions of 

o"u ant, 
a~"'' ~11-,t. 

I (J Xi. 
;Ji,·. o'u 
~:x.~ J -ax;:. the equation is said to be linear in 

and is termed a quasi-linear partial differential equation. 

Hence, quasi-linearity in a partial differential equation 

implies linearity in the highest order partial derivatives. 

This definition can be extended to include more than one 

dependent variable. 

Single quasi-linear first order partial 
differential equations (Hill 1960) 

This equation has no application in the theoey of 

plastic failure of soils but because of its simplicit1 

it is very suitable for the illustration of the properties 

of characteristic curves. 

Consider the quasi-linear first order differential 

equation 

2.1 

in the dependent variable, u, and the independent variables, 

x and 1• Due to the quasi-linear restriction A, B, Fare 

functions of u, .. x, y t but not of ou/ OX and dU/03 • 

The solution of the equation 2.1 can be graphically 

illustrated in a set of right-angled Cartesian co-ordinates, 



U X Y, as a curved surface, U(xy), over the XY plane, 

called the surface of solution. (See Figure 2.1) 

!U 

·1 u6. ,,,,,,r -, ,,, ' ,.. 'i f 
,- • I 

( I I 

t I 
I / 

y 

Fig, 2.1 

The solution, U(x
0

,y
0

) at point x
0

,y
0 

is given by the 

vertical projection of point x ,y, onto the solution surface. 
0 0 

Similarly, the solution on curve S in the XY plane is gi Vfnl 

by the vertical projection of S onto the solution surface. 

2.4 The determination of the solution alo~ 
characteristic curve (Hartree 1957) 

At any point x,y on a smooth curve S, in the XY plane. 

the rate of change of u with respect to S ie given by 

du 
ds 

solvinf; for OV ja:x_ gives 



Substituting equation 2.3 in e q 1.1t:1-tio n grouping the 

terms containing :?, u / c) .!:J g:i. vet, 

A du ou [A f!Ji.d': --·· B] = F 
cf:i:, - ;; .!J .... 

that is 

Equation 2.4 is the partial. differential equation for u 

along any curve Sin the XY :plane .. The. partial differential 

equation 2.1, valid over a region in the XY :plane, has now 

been reduced to a partial di :feren.tial equation Vf1.l:i.d along 

any curve in the XY plane. Due to the presence of the 

partial derivative, ?>vj;,3, this differential equation is 

still awkward. If, however, the curve is chosen so that 

A~ 
d::c... 

..... .B 0 

then, for all finite values of equation 2.4 

reduces to 

F 0 

Thus, along curves in the XY plane which satisfy equation 

2,.5 the partial differential equation 2.,1 degenerates to 

two ordinary differential equations, the first defining 

the slope of a curve at any point x,y, in the XY plane and 

the second defining the rate of change of u at point x,y 

along this curve~ Cur.res in the XY plane obtained from 

the solution of equation 2.5 are called characteristic 

2.5 

curves or characteristics. Equations 2.5 and 2.6 constitute 

a set of characteristic equations. 

In the solution of equations :2., 5 and 2 .6, if the 

coefficients A,B and Fare functions of x and y only, 



equation 2.5, defining_ the slope ot the characteristic curTe, 

can be solTei independently of equatioa 2.6. If theee 

coefficiencies are functions of x, y and u, the siaultaneoua 

solutio• of t·he _two differential equatiou 2.5 ancl 2.6 is 

required.. These.characteristic equation.a have only beea 

defined for finite Talues of the first partial deriTatiTes ~ 

of• with respect to x and y. In the case where one or more 

of 'the first partial deriTatiTes becoae infinite a finite 

discontinuity oecurs in• and.•• 

later. 

Thia w:i.-11 be discussed 

An alternatiTe aethod for deriTiy the characteristio 
equations (Crandall 1956) 

A more elegaDt method of deriring the characteristic 

equations is to use the theory of linear algebraic equations. 

Equations 2.1 and 2.2 can be written as follows: 

A~ 
~x. 

.... B~ 
()_9 -=- F 2.7 

c)U .,.d_y e ·==- du 2.8 d.xii: ~j 

(Eq\18.tion. 2.8 is in tlle total differential fora, whereas 

in equation 2.2 the deriTatiTe along S was used. The fora 

used here is allowable pro'fided dS/dx and dS/dy remain 

finite •. It is always possible to ensure this by rotating 

the X and Y axis about the U axis.) 

Fro■ the q•asi-linear defiaitioa, A, Band Fare 

~ 4J.I independent of. ii , 
3
~ • Hence, at any point x, y it is 

possible to coasider -equations 2.7 .aad. 2.8 as two linear 
au au 

equations ia the Tariables ai aatl a.!:I • ConTeniently, 

these two equations can be written in matrix fora, i.e. 
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Now the object is not to determine the values of ~u/~x 
and ao/~!J but to seek a relationship giving u independent 

of these derivatives. If the determinant, D, formed from, 

the matrix of the coefficients on the left hand side of 

equation 2.9 is set equai to zero, the values of li1Jj?,:x. and 

~u)oJ become indeterminate and a linear relationship then 

en:sts between the coefficients on the left hand sidt of 

equations 2.7 and 2.8. This relationship can be found by 

expanding the determinant, D, and equating the expansion 

equal to zero, i.e. 

A- B 
D=- - 0 

d-:x. d~ 

Expanding Ad~ - 8 d~ = o 

giving ~ B -=--dx A 

which is idential to equation 2.5. 

2.10 

2.11 

The right hand side of the matrix equation 2.9 must be 

compatible with the left hand side.· This can be achieved 

in linear algebraic theory- by replacing one of the columns 

of the coefficient matrix on the left hand side of the matrix 

equation by the coluan on the right hand side and equating 

the coefficient determinant equal to zero. 

the second colwu gives 

F 

du 
0 

and expanding the determinant gives 

du 
ax. 

F 
:::::. -A 

which is identical to equation 2.6. 

Replacing 

2.12 



A little consideration will mow that the two derivatives 

for the characteristic equations are, in fact, equivalent, 'but 

that the second derivation, due to its association with the 

theory of linear algebra, can easily be generalized to systems 

consisting of more than one quasi-linear first order equation. 
\' 

The second derivation serves to emphasize the importance of 

quasi-linearity. 

Numerical determination of the characteristic curves 
and the values of u on the characteristics 
(Crandall 1956, Hill 1960) 

Before further discussion of the properties of these 

equations, it is instructiTe to study the numerical solutiou 

of the characteristic equations. 

Let the initial values u t x, y
0 

be given. The solution 
0 0 

is "marched out" from these initial conditions. The finite 

difference approxi■atioa to equation 2.11, which defines the 

slope of the characteristic cune, can be written in terms 

of the kaown poiag x
9

, 7
0 

and. an unnown point, x1 , y1 on the 

characteristic near the known point. 

2.13 

where A
0 

and B
0 

are functions of u. x and y and can be 

evaluated from x, 7, •
0

• . 0 • 
Hence 

2.14 

As the selected step (x1 - x
0

) is made smaller the value 

of 71 in equation 2.14 approaches the true value, although 

it is not often possible to determine the accuracy of the 

result. 
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· The value of u1 .can be determined from the finite 

difference fora of equation 2.12 9 i.e. 

2.15 

,. 
where F

0
, which is also a function of u,x and y and can be 

evaluated at point y
0

, x
0

, u
0

• Hence 

u, 

Knowing the values of u1 , ,_, y1 , the coefficients 

A1 , B1 , F1 , can be evaluated and serve as initial values for 

determining a further·point x2 , y2 , u2 on the characteristics. 

By this step by step procedure the solutions of the equations 

can be extended from the initial Talue along the characteristics 

as far as we please. 

Consider a curve, s, in then plane on which the Talue of 

u is known at every point. Assume that both the curve, s, and 

the values of u oa Sare a■oota, ite., the functioaa y • S(x) 

and u = U(x,-) are contiauoua and differentiable. :Assume, 

furthermore, that the curTe, S, is nowhere coincident with 

the characteristic direction. (This assumption is necessary, 

because if Sis coincident with a characteristic the solution 

can only extend outward along the trace of the characteristic). 

From any point, x, y on S, points on the characteristic 
0 0 

curve through x y, and their associated values of u, can be 
0 0 

calculated by the step by step procedure described in section 

2.6. (See Figure 2.2) 
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Fig. 2.2 

If a number of points x1y1 , x 2y2 , with their associated 

values, u1 ,.2 , are selected on the curve S, the solutions on 

the characteristics through these points can be obtained. 

The values of u on these characteristics give points on the 

surface of solution, u(x,y). 

The following observations can· be noted: 

1. The surface of solution extends in a transverse direction 

on either side away from the initial values on the "boundary" 

to infinity. Along S, the solution is bounded by the 

characteristics through the extremities of the curves. 

2. Once a value of u is specified on S, at point x,y, the 

value of u along the characteristic through x,y is uniquely 

determined because each point on the character:Lstic ultimately 

depends on the initial subscri~cd value. The curve, S, must 

therefore be such that it does not intercept the same 

characteristic more than once, since the value of u can only 

y 
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be arbitrarily assigned at one point of the characteristic 

curve. In particular, a solution is not possible for 

arbitrary i.nitia1 values on a closed boundary. When these 

conditions are satisfied it is said that the initial conditions 

are specified on an open boundary. 
\' 

3. As the curve Sand the values of u on Sare continuous 

and differential, then, provided -au/~.x. and ~ u/a:3 rem8-,in finite, 

these derivatives will also be continuous ~nd differentiable 

along the characteristics through S, giving a smooth surface 

of solution. 

2.8 Dis~2.~ti~uities and re5ions of solution 
(Gourant & Frederichs 1948 ) 

In Section 2.5 the non-characteristic boundary curve, S, 

and the values of u on ;3 were stipulated to be continuous and 

di.fferentiable .. However, boundary conditions may be 

encountered where the curve S and/or the value of u on S 

may be continuous but discontinuities occur in the first 

derivative dy/dx or du/ds. The occurrence of a discontinuity 

in du/ds is particularly instructive and will now be examined. 

Assume that the non-characteristic boundary curve, s, 

in the XY plane is continuous and differential and that the 

value cf u is continuous and differential except at point 

x
0 

,Y
O 

on S where a fj ni te discontinuity occurs in the first 

der:i.vative du/ds ( that is in Ju/ox. or dL/5 or both). 

There are two values for the partial derivativtrn at this 

point. (See Figure 2.,3) 
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I 

I ' 

'" 
~' :u. ~ "'-

/ 

5-~~~/, ,, -'~-1 
~~ ~,,/ . 

/ . '--- y_,,,.;,., 
✓ "' y.,,... 1.~· /' X' I tt1tl 

. "Jfl' ~--
Ch,,n,ca,r;t,hc 8e.fw<ten 

1(51011 s 

The curve Scan be divided into two sections. the point of 

y 

division being x ,Y. 
0 0 

The solution of u can be obtained by 

the method of characteristics for each of the sections. 

Because the characteristic equations due to the quasi-linear 

restriction depend only on u, x and y, the characteristic 

through point x ,y m1l6t be common to both 
0 0 

I 
solutions as the 

value of u
0 

is common. The two solutions therefore join on 

the characteristic through x ,y, thus dividing the solution 
0 0 

into two domains or regions of solution. 

importance of quasi-linearity is evident. 

Here again the 

In section 2.4 the derivation of the characteristic 
2-)v 2)u 

equations required only that~) :.-
o?C. ,:) .::J 

remained finite. It 

is now evident tha.t, provided this condition is fulfilled, 

the values of the derivation need not be the same on both 

sides of the characteristic. Within each region of solution, 

the first partial derivatives will be continuous but at the 

junction of two regions the partial derivatives may be 

discontinuous. Once a discontinuity in the first derivative 
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is specified in the initial values at a point on the boundary, 

this discontinuity is preserved along the characteristic 

through this point. 

2.9 A system of two quasi-linear first order partial 
differential equations 

The form of the two equations is 

A au B)u C ~v oV 
I ax + I a~ + I o.x. + D, ~ ...Y - F; 

2.17 

Being quasi-linear, the coefficients A, B, C, D and F 

are functions of x, y, u and v only. 

Consider any continuous and differentiable curve Sin 

the XY plane and any point x,y on s. The total differentials 

at this point can be written 

du -= ..1.!Ld:x.. + Ju du ax 0;1 .J 

2.18 

~v d av dv :::. - x. + -du 
d.X ~~ J 

Following the procedure for determining the characteristic 

equations set out in section 2.5, the matrix form for 

equations 2.17 and 2.18 can be written 

Az. 

d:x.. 

0 

Bz 
dy 

0 

c, 

0 

d:x 

0 

"Juj)x 

c>u/J3 
'3v/'J:x... 

Jv/o;! 

F, 

fi 
du 

dv 

2.19 

The equation(s) for the cha.racteristic curve(s) in the 

XY plane is/are given by equating the determinant of the 

coefficient on the left hand side of equation 2.19 equal 

to zero. Expanding the determinant and dividing by (dx)
2 

2 
and collecting terms under (dy/dx) and (dx/dx) gives 



2.13 

Le+ a = (A, C2 - Az C.,) 
b =- -{(A I D2 - A2 D,) +- ( G, c2 - B2 ci) J 
c. = ( B1 D2 - 82 l1) 

and equation 2.20 becomes 

2.20 

2 .. 21 

This is a quadratic equation in the variable dy/dx and 

has two roots given by 

01 
c/:;c_ 

-b !Jl::?-4-ac 
z:., a -

Hence, through point x,y there are two chakacteristic 

directi~~. These two directions may be real and different, 

real repffted, or imaginary, depending on whether the 

discriminant, b2 - 4ac, is positive, zero, or negative 

respectively. The system of differential equations can be 

sub-divided into different types, namely, (1) hyperbolic, 

if there are two real directions, (2) parabolic, if there is 

one repeated real direction, and (3) elliptic, if the 

directions are imaginary. Of these three, the elliptic and 

hyperbolic equations only are of importance to this discussion. 

The elliptic type is associated with equilibrium 

problems. Well known examples are problems involving 

Laplace's equation and the biharmonic equation in elasticity. 

The boundary conditions are specified on a closed contour 

and the value of the dependent variable at any internal point 
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is dependent on the conditions specified over the whole 

boundary. The numerical solution of the differential 

equation within the closed contour is obtained by drawing 

a grid across this region and replacing the governing 

differential equation by its finite difference approximation 

at every nodal point of the grid, and, obtaining the \' 

solution of the set of simultaneous equations thus formed. 

For this purpose the Liebmann or Southwell's relaxation 

method is particula.rly suitable. 

The hyperbolic type is associated with propagation 

problems. Examples are the flow of gasses and the plastic 

failure of metals and soil media. The boundary conditions 

cannot be specified arbitrarily on a closed contour and it 

is said that the "initial values" are specified on an "open 

boundary". The value of the dependent variable at any 

point in the region of solution is dependent on the values 

over a portion of the open boundary only, called the domain 

of dependence of the point. The numerical solution is 

"marched" out from the boundary by a step by step procedure 

along the characteristic curves, and points outside the 

characteristic curves through the extremities of the open 

boundary do not affect the solution. It is this property 

that, with certain restrictions, makes it possible to obtain, 

in elastoplastic problems, the plastic state independent of 

the adjacent elastic state. 

Equation 2.22 gives the differential equation for 

locating the two characteristic curves through point x.y. 

The next problem is to determine the value of u and v on 

these characteristic curves. 
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Following the procedure set out in Section 2.4 

substitute the right hand side column of the matrix equation 

2.19 in the fourth column of the coefficient matrix and 

equate the coefficient determinant equal to zero, i.e. 

A, Bl c, F, \' 

A2. 132, Cz.. F~ 
0 

2.23 

d.x. d;J 0 du 

0 0 dx dv 

Expanding the determinant and gathering terms gives 

2.24 

Let J (A,~ - A2 81 ) 

k (A,C~ -A2 C.1) 

e =- -(B,C2 - B2 C1) 

m :::-. ( F, A2 - F2 A,) 

n ==- ( F, 132 - Ji B,) 

Then equation 2.24 can be written 

j cl u + ( k i + £ ) d v + ( w, a; - n) d:::,( = 0 

::::. 0 2.25 
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Referring to equation 2.22 for simplicity the two 

differential equations defining the slopes of the 

characteristic curves through point x,y can be written as 

follows: 

\' 

I d_y_) = cl_ 2.26 
l d:x.. I 

(;j - (!:> 
' . 

where 

-- b t ~~--
2 a.. 

These characteri.stic curves ca.n be called the <9(_ 

characteristics respectively. 

2.27 

and /3 
( 

Substituting equation 2.26 in equation 2.25 we obtain 

the differential equation for the value of u and v on the~ 

characteristic. Similarly, substituting equation 2.27 in 

eq:1ation 2.25 gives the differential equation for the value 

of u and v on the /3 characteristic. The equations 

can be grouped together as follows: 

du 1-(kt'(1-t)-f& +-{mo<-n) ::.0 J~ 2 .. 29 

cly 
-::::. 13 --dx I 

, i1 IJ +-( k;a + e) :: +fm13-h)-:::..o J d;(. \ ' 



which gives the four ordinary differential equations 

( charact erist.ic equations) replacing the two partial 

differential equations. 

The solu.tion of the partial differential equations 

2.18 and 2.19 can be presented in three dimensional 

ca.rtesian co-ordinates as two curved surfaces u(:x:,y) and \' 

v(x,y) over the XY plane. Employ:ing· the characteristic 

equations 2~32 the solution of u and v can be obtained on 

the characteristic curves. As there are two characteristic 

directions through every poin.t XY .:he integration of equations 

2.28 and 2.30 gives tw<, sets of characteristic curves,. If 

the coefficients A,B,C,D,E,F are functions of x and y these 

characteristic curves can be found independent of equations 

2.29 and 2.31, but if one or more of the coefficients are 

dependent on u and v the determination of the ch8 racteristic 

curves must proceed simultaneously with the solution of u 

and v. 

2.10 Numerical solution of the characteristic 
equations 

u 

\ 

Fig. 2.4 

X 

._j 

Nol-e:- )( anel Y A~,..s m-/.erd,.cu,'l~d 
for 1//l,.)Jrr11l-1vt pt.1,:-poses t>h_;J 
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The numerical solution of the characteristic curves 

and the values of u and v on these curves can be obtained 

by using the members of the two sets of characteristic 

curves as a finite difference curvilinear grid in the XY 

plane, as follows: 

At the intersection of two characteristic curves, one from 

each set passing through the known points x1 , y1 , u1 , v
1 

and x2 , y 2 , u2 , v2 respectively the value x
3

, y
3

, u
3 

and v
3 

is determined. Let the cJ.. characteristic through point 

characteristic through point x2 , y2 

intersect at point x
3

, 1
3

• (Figure 2.4) 

The first order finite difference approximation to 

equ.ation 2.28 is 

2 .. 33 

where o{i can be evaluated by substituting the known values 

of x1 , y1 , u1 , v1 in the equation above. 

Similarly for equation 2.30 

where (3 2 can be evaluated by substituting the known values 

can be obtained from the solution of these two simultaneous 

algebraic equations. 

Having obtained the values of x
3

, y
3 

the values of u
3

, v
3 

can be found by evaluating j,k,l,m,n at point land 2 

respectively with tho appropriate values of ..< 1 and {3
2 

in the finite difference form of equations ;2.29 a.nd 2.31 



J 

J 

and solving these two equations simultaneously~ 

The finite difference form used here is crude and the 

_values of u
3

, v
3

, xy y
3 

serve as a first approximation only. 

In section l+ a procedure to improve on the values will be 

given. 

2.11 ~ins or regions of solution 

Dot'Y"lcn, of 
of D 1 

-
\ 

f 

of 

Fig. 2,, 5 

y 

Referring to Fi~ure 2.5, if x, y, u and v are known at 

A
3 

and !i.1 then by the numerical procedure ~t-

described j_n section 2o10 the vaJues B
1

, B.) arid B-z. can be ,_ ,/ 

f:)und and these serve, al:3 starting values to determine C, and ... 
can fi n.a1ly be determined .. 1 f the values 
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x,y, u and v are ascribed on a smooth non-characteristic 

curve A1 , A4 and the numerical solution calculated by the 

step by step procedure until point D1 is determined the 

area enclosed by A1 , A4, D1 is called the domain or region 

of solution. 

2.12 Domain of dependence 

It is clear that the calculated values of x, y, u and v 

at point D1 depend on the initial values of u and vat 

A
1

·, A
2

, A
3

, A4 on curve S(xy). (Figure ·2.5) In general 

the value of the boundary values influencing the values of 

x, y, u and vat an internal point D1 is given by the 

intersections of o( and (3 characteristics through 

D1 with the boundary (at points A1 , A4). The boundary 

A1 , A4, is called the domain of dependence. 

2.13 Rge of Influence 

Aaatu1e that u and Y are.known on the smooth curve S 

and the regioa_ot 110l11tioa A1 , .14, D1 ha• been determined. 

(Figure 2.5) Take any point," .A.2, on our•• S between A1 and 

A4• The . o<. and /!' characteristic through this point 

intersects the characteristics A1 ,_D1 and A4, D1 at B1 and 

c2 respectively. 

range of influence of A2 because any point internal to this 

area contains A
2 

in its domain of dependence. The possession 

of a domain of dependence (and range of influence) is a 

distinguishing feature of hyperbolic differential equations. 

Whereas in solutions governed by elliptic differential 

equations every point on the boundary influences every 

internal point to the boundary, in hyperbolic differential 

equations any point internal to the boundary is only 

influenced by the boundary values within the domain of 

dependence of the internal point. 



2.21 

2.14 Discontinuities in the boundary conditions 

If the boundary curve Sand/or the values u and v on S 

contain finite discontinuities in the first derivatives then, 

as discussed in Section 2.8, these discontinuities are propagated 

along the characteristic curves passing through the point on 

the boundary where the discontinuity occurs. The solution 
• 

is divided into regions which join on the characteristics 

along which the discontinuity is propagated. 

Discontinuities in the initial values of u and v are 

often encountered in problems in the plastic theory and will 

be described in detail in the next section. For the present 

it is sufficient to state that the discontinuities in the value 

of u and v a~e ~ propagated internally along the characteristic 

curve■ , but lead to discontinuities in the first derivatives 

propagated along the characteristiasthrough the point 

of u and v on s. 
oonditiona and re ions of solution 

the specification of the boundary conditions 

solutions arise. One or more types may 

o•cur, the types fitting together a1ong characteristic lines 
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Type 1: 

The curve, S, in the XY plane is continuous and 

differentiable and is nowhere coincident with a characteristic 

direction. On the curve S the values of u and v are prescribed, 

also continuous and differentiable. The solution is uniquely 

determined in the curvilinear triangle formed by the curv~ S 

and the 0\, characteristic through the one extremity and 

'the f3 through the other extremity of s. As there are 

two characteristics through each point two regions of solutions 

are defined, one on each side of the curves. Normally- only 

one region will have physical significance which will be 

evident from the requirements of the problem. For instance, 

the curve S_may be the surface slope of an embankment and the 

required solution will be the region occupied by the embankment 

material. In Figure 2.6(a) the surfaces of solution for u and 

v are shown, and in Figure 2.6(b) the characteristic lines in 

the region of solution at some stage of the numerical solution 

\ "-­
' 

(b) 
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Type 2: 

Sub-type (a): The values of u 2,: v are known along 

each of the two characteristic curves o<._, and f3. through 

point P and u and v are known and single valued at point P. 

The values of u and vat point P must satisfy the differential 

equations for u and v along each of the characteristics. 

If for instance u and v are known at P and u along the o(_ 

characteristic the value of v along this characteristic can 

be calculated from differential equation 2.29 or 2.31 which 

gives the relationship between u and v aiong the characteristic. 

Similarly both u and v can be calculated on the/'=> 

characteristic. Once u and v are known along the (l{. and, .. 

(3 characteristic up to point A and C reapecti vely the 

solution is uniquely determined in the curvi.linear quadrangle 

PCBA formed by the characteristic PA and PC and the 

-characteristics through A and c. The surface of aolutiona 

for uand v are shown in Figure 2.7(a) 9 and in ftgve 2.?(b) 

the characteristic lines at some stage of the nUlerioal solution 

is shown, the order of calculation of the points being 

indicated. 

u 

V 

iJ andV 
p 

C. 

u 
3 ov 

V 

y 
I3 

LDi> [b) 



Physical requirements of the problem 

may lead to two values for u and vat point P, that is a 

finite discontinuity occurs in the values of u and v. 

Continuously differential values of u or v are prescribed 

a.long the one characteristic through P, but at P two values 

of u and for v are given. l'lH:, t:rnrfn.ce of solution for, say\~ 

the dependent variable u is ,2,how,1 dia,gra.matically in 

Figure 2.8(a). The characteristic lines and region of 

solution are shown in Figure ~:.8(b). At :point P, because a 

change in valueu in u and v takes e with x and y constants, 

a relationship between u and v can bN established from 

equations 2.29 and 2.31. These changes are considered to 

take place on one characteristic of infinitely short length. 

All the characteristics of the equation pass through this 

point of discontinuity and by choosing arbitrarily values 

for u or v within the limits of the discontinuity the 

corresponding values for v or u can be determined. The 

solution then proceeds as with Type 2(a). An example with 

detailed procedure as to the solution of u and vat the point 

of discontinuity is given in Section 4o 

'! y 
' / 

' \ / 

\ ;/ 
' / \ / 
V 

y 



S E C T I O N 3 

3. THE PARTIAL DIFFERENTIAL Ec::i.UATIONS FOR PLASTIC FAILURE 
OF SOIL .MEDIA 

Introduction 

The theory of plasticity has been defined as the 

mathematical study of stress and strain in plastically 

deformed bodies (Hill, 1961). This is a very wide definition 

embracing not only the immediate plastic deformation due to 

the applied loads, but also the effects of time, strain, 

hardening, repeated loading, etc. on the plastic deformation. 

In order to construct a mathematical manageable theory 

some drastic simplifications must be made in respect of the 

properties of the plastic material. Every such simplifi-

cation accepted within the framework of the theory lessens 

the agreement between the theoretically predicted plastic 

state and that found in reality. However, when considering 

the practical intent of the theory and bearing in mind the 

mathematical resources and experimental evidence available, 

the object can~ot yet be an exact description of the phenomena 

as observed, but an adequate one for the purpose in mind. 

This requires the separation of the significant factors from 

the insignificant in so far as it affects the problem. 

Even with the simplifications, the process of solution 

of plastic problems by the mathematical theory of plasticity 

can be very difficult and is not suited to routine application. 

As a result, approximate methods which require additional 

postulations as to the plastic behaviour of the body have 

been developed, and are widely used. These approximate 

solutions are approximate in a relative sense only - when 

compared with solutions obtained by the mathematical theory 



of plasticity, ;,ithin the frameuork of the postulated 

Llodel of the properties of the naterial. The postulated 

model for the properties of soil nedia have evolved after 

much ex1Jerimental i,ork and throught, ,..,nd within the 

limitations of our present l:~1owledge the 1;1athem2.tical 

theory yields the most realistic solution. In consequence, 

such solutions are used as criteria to judge the accuracy 

of the solution obtained by approximate methods. In 

this context the mathematical theory has been invaluable 

&nd justifieo the effort required to obtain ;;rigorous;, 

solutions. 

In many situations the comparison between the 

rigorous solution and the approximate one is difficult 

due to the different approaches employed in the two 

r.10thods. The following example on the stability analysis 

of an embankment will serve as an illustration:-

In the approxinate analysis the outline of the 

embanJrs.L"lent is chosen and a failure plane surface assu.med 

within the er.1bnnkment (Figure 3.l(a)). Based on certain 

postul~tions as to the distribution of stresses on this 

failure surface, and assuming full mobilisation of the 

frictional and cohesive resisting forces on the surface, 

the ;;factor of safety;, can be determined as follows:-

Factor of safety ::::: 
~esisting forces or moments 
Disturbing forces or moments 

(a) 
Figure 3.1 (b) 



If the factor of safety is greater than one then the embank­

raent is assumed to be in a st2t e of cornplet e or partial 

elastic equilibrium and the failure of the er.1bankrnent is 

not considered likely, the degree of safety increasing as 

the factor of safety increases above one. 

In the analysis of the embankment by the mathematical 

theory of plasticity a solution is not possible if the 

actual stresses in the embankment are in fact elastic or 

partially elastic and plastic. To induce a state of 

complete plasticity in the embankment additional forces 

must be applied somewhere on the contour of the embankment -

in this case on the horizontal section AB (Figure 3.l(b)) • 

. !ith the superimposed distribution of forces (which are 

subject to certain restrictions) the contour of the slope 

at critical equilibrium can be determined by the plastic 

theory (Sokolovski, 1960). If, as in our example, the 

contour of the slope is fixed beforehand, solutions vsing 

various trial distributions of the forces on AB may be 

necessary before that distribution Hhich gives the accepted 

contour is found. Assuming that this has been successfully 

achieved, then the only statement that can be made with 

respect to the safety of the embankment against plastic 

failure is that if the forces on AB are not applied the 

embankment will be in a state of pnrtial or complete elastic 

equilibrium, that is, no stotement as to the factor of 

safety, corresponding to that possible in the approximate 

analysis, can be made. 

3.2 The theoretical model for soil media 

In this Section very brief consideration will be given 

to the properties of real soil media and the modifications 
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necessary to develop the mathematical theory. It is not 

a discussion on the various theories relating to the plastic 

failure of soil media; the intention is to provide a back­

ground of the difficulties in the development of this theory. 

This is considered necessary firstly because the propertie~ 

of this theoretical model are often not apparent from the 

theory, and secondly because a knowledge of the theoretical 

properties will bring about an awareness of the limitations 

of the theory. 

Strength properties of soilmedia 

A saturated soil medium is composed of tvm pho.ses -

solid and liquid. The solid phase is made up of two types 

of particles - clay and sand-like; the liquid phase is 

water. The two types of particles impart very different 

properties to the soil medium, in particular two components 

of shear resistance. 

The clay particles are extremely small and, being disk­

shaped, have an enori:10usly large total surface area per unit 

weight. The surfaces are active and draw the liquid phase 

(i.o. the water) onto them, and also attract the adjacent 

particles. The thickness of the lnyers of "heldn water 

around each particle influences the attraction between the 

particles, and in this nay influences the bonding forces 

between the particles. These bonding forces are dependent 

upon the proximity of the particles to eachother, and hence 

are a function of the void ratio, the bonding forces increasing 

as the void ratio decreases. If the clay particles are 

randomly oriented, then in every direction the bonding forces 

should be the same. The yeeistance of the mass of particles 

is lower against tangential sliding than against normal 



parting of planes. The maximum tangential sliding forces 

occur along the planes of maximum shear stress~ which lie at 

45° to the direction of the maxioum principal stress, sliding 

being initiated when the shear stress exceeds the shear 

bonding strength of the material. A soil E1ediur.1 which has 

acquired shear strength due to these bonding forces is 

called cohesive, and the resistance against sliding is called 

the cohesive component of shear strength. 

The discrete sandlike particles have surface areas per 

unit weight insignificant compared to clay particles, and the 

surfaces are relatively inert; consequently no bonding forces 

are present. A mass composed of these particles, when 

stressed, acquires strength due to the friction between1 and 

the interlocking of, the particles - the shape, surface texture 

and packing of the particles being factors influencing these 

properties. On any plane through the mass the tangential 

shear resistance is dependent upon the intergranular normal 

stress acting on that plane. The potential resistance thus 

available is called the frictional resistance and the material 

is called cohesionless. Tangential sliding at a point in a 

stressed body develops along those planes where the ratio shear 

stress: normal stress exceeds a certain value called the co-

efficient of friction~. By nontlal and tangential resolution 

of the forces acting on various planes through a point in a 

stressed_ body of cohesionless material it can be shown that 

when the stress system is such that sliding failure occurs 

the angle ,_l· , which the failure plane makes with the normal 

of the maximum principal stress is given by:-
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Generally a soil uediui;i cont::iins both cLq ::ind so.nd­

like particles, thereby acquiring on intrinsic cohesive 

1· 
strength ~nd tho potential for the developraent of frictional 

strength. Becnuse in a pure cohesive and a pure cohesionless 

naterial the failure planes lie at 45° and (45 - i> 0 

res,ectively to the direction of the n.J.xi;:mm principo.l stress, 

in □ oixture of clay and cohesionless nnterials the direction 

of f□ ilurc lines must be intercediatc between these two 

values, but to what degree the proportions of each material 

in the nass affect the direction of the failure lines is 

still a natter for conjecture. 

The solid phase forms a skeleton of material, the 

interces of which are filled with the liquid phase. If a 

hydrostatic stress is 0cpplied to the body it is resisted 

by both the liquid and the soil skeleton, the division of 

stress betwe~n these two phases depending on their relative 

ri~idities. The stress in the liquid is called the pore 

pressure; the nomin~l intergranular stress on any plane 

through the skeleton the effective stress; and the sum of 

these two the total stress. If a non-uniform stress is 

applied to a body, there is a division of stress between 

the liquid and the soil skeleton, but in this case the soil 

skeleton alone can ~esist the shear stresses. The shear 

resistance depends on the cohesive strenc;th, which is 

constant for a constant void ratio, and the frictional 

strength which is dependent on the effective intergranular 

stress. It is t~erefore vitally important to know the 

pore pressure development in the □ass in order to determine 



the contribution to the shear strength due to friction. 

The pore pressure in a san1)le under a non-uniform 

system of stress can be estimated froc the triaxial test. 

In one such test, for example, the consolidated sheared 
1· 

undrained test with pore-pressure measurement, a cylindrical 

sar:1ple which is enclosed in an ir,ipermeable membrane is 

subjected to a hydrostatic pressure cr
3

, and allowed to 

consolidate under this pressure, tho.t is, allo,1 the pore 

pressures to escape, with concomitant decrease in void 

ratio and i~crease in cohesive strength. .An increasing 

deviator stress (01 - o
3

) is then applied along the axis 

of the cylindrical sample. As the stress is raised the 

strains lead to a rearrangement of the particles in the 

sample resulting in a change in void ratio which, if 

prevented, causes pore pressure to develop inside the 

sample. 

By subtracting the pore pressure stresses from the 

total stresses (0
1 

and o
3

) the effective stresses (0
1

1 and 

0
3

1 ) can be deter1:iined, and either the effective deviator 

stress (01
1 - 0

3
1 )-strain or the total deviator stress 

co·
1 

- o
3

)-strain curves for the test sample can be determined. 

The point on the stress-strain curve at which sliding 

failure is initiated, is called the yield point of the material. 

Jhereas in plastic materials, for exa:r.1ple mild steel, this 

point is well defined, in soils there is still considerable 

controversy as to when yield takes place in the soil. A 

nu1:1ber of theories on the initiation of yield has been 

advanced. For exn.nple, Jennings & Kirchmann (1961) from 

energy considerations deduced that the initial effective 

stress-strain curve for a normally consolidated soil, if the 



stress is plotted against the log of the strain, should 

give a linear relationship. The yield point is defined 

as the stress at which the stress-strain curve devi3tes 

from this postulated linear relationship. Fror:i their 

experimental work they find th3t there are two linear 

sections in the initial part of the stress-strain curve. 

They conclude that the terraination of the first linear 

section indicates the stress at which the cohesive component 

of shear strength, and termination of the second linear 

section the stress at which the frictional component of 

shear strength respectively are mobilised. This second 

point is considered to give the true yield value of the soil. 

However, this yield value is considerably below the 

naxir,rnm total deviator stress the soil could sustain, and 

conventionally the point on the stress-strain curve 

accepted as the yield point is the peak stress value on the 

total stress-strain curve. 

A graphical representation of the stress syster,1, total 

or effective, acting on the sample at any time during the 

loading period in the triaxial test can be given by the 

Mohr's circle of stress. If in a series of tests samples 

are consolidated under increasing pressures and then sheared 

with pore pressure i:1easurements, the stress circles 

representing the stress systens at the defined yield points 

on the stress-strain curves can be drawn. A tangent curve 

to these circles represents an envelope of failure for the 

soil. Depending on the definition of the yield point and 

whether the total stresses or effective stresses are used, 

different envelopes can be drawn. 
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An interpretation of these envelopes is that for the 

droinage conditions of the test any circle of stress falling 

within the envelope represents a non-failure state, any 

circle touching the cnv'°lope a sto.te of critical equilibriun, 

and any circle int ersccting the envelope an inCldnissable, 

stress state. 

A postulation is now made:- that the point of tangency 

of a critical circle to the envelope is related to the angle 

at which the failure line forms inside the sample. An 

uncritical acceptance of this postulation gives rise to a 

contradiction - if the total stress envelope is used, the 

angle of the failure lines with respect to the i:rn.ximum 

principal stress differs fron that using the effective 

stress envelope. This point is well appreciated, the 

error of accepting the total stress envelope as giving the 

angle of the failure lines being seldom made, but there is 

also reason to believe that the points of tangency of the 

critical circles to the effective stress envelope do not 

give the direction of the failure planes. This can best be 

illustrated by considering a pure cohesive material, i.e., a 

naterial with no co-efficient of friction. Under increasing 

consolidation pressures the reduction in void ratio would 

lcQd to an increase in the cohesion, hence a set of triaxial 

tests on such a naterial will load to a set of critical 

stress circles increasing in dianeter (Figure 3.2) depicting 

an effective strength envelope for o. naterial apparently 

possessing a coefficient of friction; but in each test, 

because cohesion only is present, the failure lines will 

lie at 45° to the direction of the r.1axir.rnm principal stress. 

On the stress circles in Figure 3.2 these points are 
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designated by the letter B, and a curve through these points 

gives another strcn~th envelope. One could conclude that 

the slopa of the affective str~ss envelope for this pure 

cohesive aaterial does not, firstly, indicate the true 

envelope 
\ 

although the difference fron the true envelope 

and the tansential envelope ~ay be quire sa3ll and, secondly, 

does not give the true angle at uhich the failure planes 

would lie. 

Figure 3.2 

Similarly in a soil consisting of a mixture of cohesive 

and cohesionless m~terial, the points of tangency of the 

critical circles do not coincide with the tangency points 

of the effective stress envelope. Although the difference 

between these two envelopes would be saall, the angles 

which the failure pl~nes form with the maxi::11.m principal 

stress Fould be significant (see Figure 3.2). 

Effective strength envelopes obtained fro□ using the 

peak point stress usually lead to linear envelopes. The 

intersection of the envelopes with the shear axis at zero 

11orr:1al stresses is taken as the i; cohesion;' and the slope 

of the envelope equal to the ~ngle of internal friction. 

-~s it is known that the cohesive strength increases with 
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consolidation pressure, this presentation gives an erroneous 

picture of the relative components of strength, cohesive and 

frictional, in the body. Hov,ever, in order to separate out 

the cohesive and the frictional components additional 

\ 
elaborate investigations are required, (Hvorslev, 1937), 

and their determination is not yet a practical proposition. 

Conventionally it is accepted that the values for the cohesion 

and the friction as given by the effective stress envelopes 

are the best practical estimates of these parameters available. 

The situation is, however, one of confusion for Jennings & 

Kirchr:.1ann (1961) found that the critical circles tangent to 

the envelope deter:r:ained from their yield points did in fact 

give the correct angle for failure planes in the triaxial 

sample. For use in the mathematical theory, Jennings & 

Kirchmann 1s theory is however still not sufficiently verified. 

In cohesionless soils only the friction component is 

present, hence the error in¢ due to the cohesive element 

is absent, and the slope of the effective stress envelope 

gives a value for¢ probably not far from the true value. 

For the purpose of the mathematical theory of plasticity 

the situation regarding the strength envelope for soil media 

can be summed up 3S follows:-

In a pure cohesive mo.terial the critical circles will 

increase os the consolid~tion pressure incre~ses, but as the 

strength in this flaterial is the same in all directions the 

circle of stress tangent to this envelope will not, nt its 

point of tQngency, correctly indicate the location of the failure 

lines. In soil media in which both frictional and cohesive 

components are present, the same situation applies, rlith the 

slope of the envelope being greater than the true co-efficient 

of friction, and the cohesion u constant quantity. The best 



estimates available for these parameters are the "constant" 

value for the cohesion, c, at zero effectiv0 stress, anf 

¢, the angle of internal friction given by the slope of 

the effective stress envelope. In cohesionless materials 

the value for the co-efficient of friction is probably 

\ 
very nearly correctly given by the slope of the effective 

stress envelope. 

3.2.2 The stre~d body 

3.2.2.1 Flane strain and plane s~re~ 

Most of the stability problems in soil mechanics occur 

in conditions approximating plane strain; strains occur in, 

say, the XY plane, the str~in in the Z direction being 

equal to zero. If Foisson's ratio is greater than zero, 

two-dimensional strains always lead to three-dimensional 

stresses, and vice versa (Case, 1948). 

Plane eeguilibrium of bodies 

Irrespective of whether plane strain or plane stress 

conditions prevail, the differential equ,tions for 

equilibrium under plane conditions can be written as 

follows:-

Assuming the XY plane is being considered, and the 

body force acts in the X direction, then: 

uo-t:1 = o 
213 

'l'hes e are two differential equations of equilibrium in 

terms of the three stresses CT, CT and ·1· , and hence no z y xy 

unique solution is possible. The third relationship is 

determined by the behaviour of the material under stress, 

that is, whether the elastic or plastic states are considered. 
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Elastic conditions 

.\ third relationship can be derived if the body, in 

addition to being elastic, obeys ~oak's law, i.e., stress 

must be proportional to strain. 'l'he ec;uation of COi:',nati-
. \' 

bility of strains can be derived, i.e.: 

/ 0 2. 6 l. \ ( ) 

J --:;:- - + ' L - '- ) Q',c_--).- ~\J == 0 
\ C):::X?-. d_f / - , 

From the three equ2tions it is ~ossible to derive a 

fourth order partial differential equation (called the 

bi-l1arnonic equation) in the de;:iendent variable, F, called 

the \iry's stress function (Terzaghi, 1959). 
2 z z 

oP d F + 2-£.~ = 0(( +-c 
-2)_;·2 c>J dX C'_:f ~ ___ J 

It should be noted that this differential e~uation does not 

require any of the elastic constants such as Young's modulus, 

Poisson's ratio, etc,, provided Hook's law is obeyed. 

The bi-harmonic equation is analogous to the elliptic 

partial differential eauations mentioned in Section 2 and 

its boundary conditions are 2lso sir;0 iL,r, in that provided 

external equilibrium of forces on the body is maintained, 

these forces may be distributed in an &rbitrary manner around 

the boundary; infinitesimal ch~nges of stress or strain on 

the boundary le,:,_d to ch.3nges of stress '-":id strain at every 

point internal to the boundary. 

In plane strain conditions, on the XY plane the stresses 

in the 3 direction can be det ernined fro,;1 the following 
< 



where 1/m = ;::-oisson',s ratio, imd e , e , e ,'.ire strains in 
X y Z 

the x, y, z, directions respectively, from which it c2n be 

seen that: 

CT + CT ::::::::.. vr-, CC 
~ . - t., ;z _ __ ) 

If Poisson's ratio= O.S then 

oz ~~,(~~+°iJ) 
The use of this last equation in the develoJment of the 

mathematical theory will becone apparent later. 

3.2.2.4 

It has been stat ec1 that .i.iry 's stress function is 

independent of the elastic constants of the naterial. 

Consequently, the stresses derived from the solution of this 

function will be valid if Young's □odulus increases 

A body witl1 2n infinitely high Young's 

modulus is defined as a rigid body. ,lthough the strains 

are equal to zero, the stresses are correctly ziven by the 

solution of the Airy's stress function. 

3,2.2.5 Plastic conditions 

The third relationship for the plastic ,state will now 

be considered. The discussion starts from the for:nula tion 

for the yield criterion in ;::ilastic metals and this is 

extended to give the formulation for the yield in soil media. 

This extension may appear to be somewhat artificial and in 

fact is so (because of our ignorance as to the true yield in 

soils), but by deriving the required relationship in this 

fashion attention is directed to11ards certain difficulties. 

inherent in a for~ulation applicable to plane strain 

conditions, difficulties that 7ill have to be faced with 

any yield criteria. 

Mathematically the difference between the yield criteria 

for metals and for soil media can be stated as follows:-



In metals the yield point is independent of the mean 

normal stress; in soil media the yield point is dependent 

upon the mean norr,1al stress. 

Considering the plastic metals there are two widely 
\' 

accepted criteria by which the yield point can be estimated, 

those due to ·rresca and Levy :< von Mises. 

In the Tresca hypothesis yield in a body under a state 

of complex stress takes place when the maximum shear stress 

equals or exceeds a certain value, i.e.: 

where v. = minimum principal stress 
min 

(j = maximum principal stress. 
max 

It should be noted that the intermediate principal stress 

does not enter into the criterion. 

Under plane strain conditions in the XY plane provided 

Poisson's ratio is greater than zero, the 0-- principal stress 
z 

will always be intermediate to the principal stresses in the 

XY plane and therefore does not enter into the criterion; 

consequently for critical equilibrium the criterion for yield 

can be written:-

k 

In the Levy 2. von Mises criterion yield takes place when 

the shear strain energy, thut is the energy due to distortion, 

exceeds a certain value. Under plane strain conditions there 

is no distortion in the z direction, hence no energy is con­

tributed from this source, and 0-, '"Y , and -y_ do not enter 
z /xz yz 

into the criterion. In consequence, under plane strain 

conditions it is possible to write Levy 8: van Mises' criterion 

in the identical form as Tresca'a:-

I 

K 



but the constant K' is not equal to K. From experimental 

investigations it has been found that the Levy 2: van Mises' 

criterion is superior, but under plane strain conditions the 

two criteria have the same mathematical form, so either can 

be used in the mathematical development of the theory. 
'i 

If the hypothesis is put forward that the yield 

depends on the mean normal stress, Tresca's and Levy & von 

Mises' criteria can be extended to incorporate this. For 

the plane strain condition Tresca's criterion can then be 

where the term f (mean stress) is usually taken as a linear 

function. That is 

It can be noted that er enters into the criterion of yield; 
z 

similarly for von Mises' criterion. If Poisson's ratio is 

equal to 0.5, then 

and the criterion can be written 

L H-S ~_;_ !...: ( o::,,. + er ) f:I -I- f3 
c., \.. "'- :J / 

and the CJ does not enter into the criterion. 
z The constants 

A and Bare functions of the co-efficient of friction¢, and 

the cohesion. Incorporating¢ into the constants gives 
-7 

, == ['7"' ~O-q] ,;,~ tf+c<:osf (a) 

where c is the cohesive shear strength of the soil. In 

this form equation (a) is known as Mohr's criterion for yield. 

In the studies of the yield in plastic metals it has 

been found that under plane strain conditions if the plastic 



strain exceeds 2 - 5 times the elastic strain, Poisson's ratio 

does in fact tend to 0.5 in the plastic region, and v would 
z 

therefore be neglected in the plastic region. How valid this 

is in soil media is still a matter for conjecture, but for the 

purpose of the mathematical theory in order to eliminate•the 

(; from the criterion of yield it will be required that 
z 

Poisson's ratio is taken equal to 0.5. 

1/ith regard to its application to soil media it must be 

remembered that equation (a) is approximately true only for 

the effective stresses, and has no validity for total stress 

envelopes, where its use is simply a means for stating a 

linear relationship for the envelope. Sokolovski developed 

the mathematical theory of plasticity for soil media using 

the cohesive parameter c and the friction parameter¢, 

without apparently considering the influence of pore pressure 

development during failure. This does not in any way 

invalidate his work, for it is theoretically possible to 

incorporate the pore pressures in a manner similar to the 

incorporation of the seepage pressures (Sokolovski 196o) 

without disturbing the theoretical structure of his theory. 

A difficulty in using the effective stress parameters in 

such a theory will be to estimate the pore pressure develop­

ment during failure in a nass where the consolidation pre-

history varies throughout. Relationships between the pore 

pressure development at failure and the consolidation 

pressure will be required. An example of such a relation-

ship is shown in Figure 9.39 and would be of vital importance 

to the analysis of the plastic failure in such a material. 

No attempt by means of the mathematical theory of plasticity 

has yet been made to obtain solutions of the plastic failure 



of soil masses in which the pore pressures generated during 

failure are taken into account. 

Sokolovski I s work on ,;cohesi ve;i soils in which he 

assUrJes th~t the cohesive parameter is the only one present 

(the concept of¢= O, i.e., no frictional strength conp~nent 

in soils) seems to have arisen fron the. total stress envelopes 

obtained from the unconsolidated undrained shear tests on 

saturated soils. rJithin the normal ranges of stresses 

encountered in soil mechanics, effective stress envelopes in 

which~,= 0 are most unlikely. 

The assumption of a linear strength envelope in 

Sokolovski's mathematical analysis is a simplification 

which is not an essential requirement for the development 

of the mathematical theory of plasticity (Sokolovski 1960). 

He has in fact presented the elements of a theory in which 

a general form of stress envelope is postulated, but it is 

evident that the gain in generality will be offset by the 

increase in complexity of the analysis. However, ~ith the 

use of electronic computers solutions to problems using the 

complex analysis should not present insurmountable difficulties. 

Curved envelopes of failure such as those obtained by Jennings 

& Kirchmann could be treated by this analysis. 

Later it will be shown that the partial differential 

equations of failure are quasi-linear hyperbolic. These 

equations are so flexible that should methods for determining· 

the true cohesion and true friction become practical it will 

be possible to incorporate these conditions into the equations. 

Finally it should be remembered thot the values~ and c 

are determined in triaxial tests where the failures do not 

take place under plane strain conditions. The analysis of 



plane failure using the parameters detormined in the triaxial 

tests will therefore be in error to the degree that the¢' 

and c' values deviated froo the true values in plane strain. 

3.2.2.6 The elasto-plastic failure of a body 

The conplete solution of the stresses and strains irl. a 

body, a portion of which is in a state of plastic failure, 

is one of extreme difficulty, and very few solutions are 

known at present (Hill, 1960). Dhere solutions have been 

obtained, it has been principally due to simplifying 

conditions of syrnnetry in the shape and the applied stresses. 

An exru;1ple of such a solution is the elasto-plastic state of 

thick spherical shells under internal pressures sufficient to 

cause plastic defor1:1ation spreading outwards from the 

internal diameter of the shell while the outer diameter is 

still in an elastic state. Here the plastic strain is of 

the same order as the elastic strain, and the neglect of 

the elastic component leads to gross errors in certain of 

the stress components. (In soil mechanics a similar situation 

will arise in investigations of the pls stic failure of deep­

se~ted, point-loaded piles). 

'.Jhcre the pl~stic strain is not constrained by the 

surrounding elastic material, the plastic deformation can 

take place freely. With the progress of plastic deformation, 

the influence of the elastic component of strnin reduces 

to insignificance, and its effect on the stresses can be 

neglected. Large plastic shear strains are norr:w.l in the 

majority of plastic failure problems of soil masses, and the 

neglect of the elastic conponents of strain in the plastic 

region should not lead to significant errors. In any case, 

in the present state of the theory, this assur;1ption is 

essential if any solution is to be obtained at all. 



The rigid-plastic body 

Neglecting the elastic component of strain in the 

plastic region inplies th~t the pl2stic shear strain takes 

place without volune changes. For consistency, the strains 

in the elastic zone of the body should also be neglect ecL 

This can be acconplished by assur.1ing rigid body conditions, 

that is assuL1ing E to tend to infinity. It is then still 

possible to calculate the elastic stress distribution but 

the elastic strains renain at zeroJ Because the value of 

Poisson's ratio tends to 0.5 in the plastic zone, in order 

to elioinate discontinuities in the theoretical stresses 

at the junction of the plastic and elastic zones, it is 

nssuraed that the Poisson 1 s ratio is also equal to 0.5 in 

the elastic zone. The theoretical body in which the 

elastic components of strain in both the plastic and 

elastic zones are neglected is called a rigid-plastic body. 

The assumption of rigid plasticity does not imply 

that in a body subject to increasing intensity of loadi~g 

the intermediate states of plasticity cannot be calculated. 

But, during the transition stage before the plastic zone 

has penetrated through the body, the elastic components 

of strain are of the sane order as the plastic conponents 

and the assunption of rigid plasticity leads to certain 

errors in the stress distribution. Once the plastic zone 

has penetrated through the body, even though adjacent 

elastic zones still exist, the plastic failure ooveoent 

is unrestricted and the errors due to the confining 

influence of the elastic zone decrease to insignificance. 

In the mathematical theory of plasticity it is 

usual to determine only the final plastic state. Because 



of the assunption of rigid plasticity, and because the 

plastic zone is described by hyperbolic partial differential 

equations which require only the stress distribution on the 

external boundaries of the plastic zones, it is possible to 

\' 

deteraine tho plastic zones independently of the elastic 

zones. 

Statically deterninate and staticnlly 
indeteri:1inate plastic failures 

The concept of statically determinate and statically 

indeterninate plastic failures appears to be due to Hill 

(1960). 

In the plastic regions of failure there are two 

conditions to be filled. The first is that the critical 

equilibrium state of the stress must be s:Jtisfied, and the 

second is that the plastic shear strain rates (or velocity 

of shear strains) trnst be conpatible with the stress state 

for the initial shear strain rates. Hill shows that if 

the pl~stic failure is governed solely by the stress 

applied externally to the body, the critical stress state 

and the shear strain rate state are coi:1patible, and the 

solution of the critical stresses only is required. 

type of failure is called statically determinate. 

The statically indeterminate state arises in the 

following circunstancos: 

This 

(1) The externally applied strain rates of the body are 

controlled. In soil nechanics this situation, for instance, 

occurs in the failure of rigid foundations and retaining 

walls. The probler:1 can be clarified by considering a 

footing under statically deteroinate conditions.. To 

obtain a solution, the distribution of load on the footing 

is specified, and is applied, as it were, on a thin rubber 



r:.1enbrane which can deforn as the soil underneath deforms 

with failure. In the stn.tically indeterminate footing 

the deforoation of the soil underneath would lead to a 

re-distribution of stress different fron thnt originally 

applied if the soil is to rei:1ain in contact with the 

footing. Hence the stresses are not independent of the 

relative strain rates. In order to solve this problei:1 

by means of the nathematical theory of plasticity, a 

stress distribution must be assuned and the critical state 

throughout the failure region deternined. The strain 

rates throughout the failure area then require determination, 

using the specified initial rates. Their solution is 

si1:iilar to the solution for the stress state, also being 

governed by hyperbolic partial differential equations. 

If the characteristics of the stress and strain rates are 

coincident, the solution is the correct one; if not, 

a different stress distribution must be assumed until 

conpatibility between the strain rates and the critical 

stress state is achieved. 

In the failure of retaining walls the same 

situation applies for the 1:1ovement of the soil during 

failure is controlled by the rigid r.10ver1ent of the wall. 

This probler:.1 is of concern in soil r:iechanics, and Terzaghi. 

emphasises the inportance of the i:1ovement of the retaining 

wall on the form of the failure. (We nust, however, be 

careful to observe the difference between the control of 

the plastic shear strain rates for statically indeterminate 

retaining wall problems in the plastic theory and the 

elastic strain movenent that Terzaghi considers prior to 

failure. For instance, in Figure 3.3(a), according to 



our definition, a statically indeterr1inste failure is taking 

place, the failure zono lying aGainst the rigid wall and 

controlled by the novenent of the wall. In ?igure 3,3(b) 

a statically deterc;1inatG failure is taking place. In 

Terzaghi 1 s analysis, because he considers only elastic 

str2ins,he does not differentiate between these two failures 

theoretically, although in this particular example the 

solution of the statically indeterminate problem will 

probably be very ne:1r or identical to that given by the 

statically deterLlinate solution). 

(a) (b) 

Figure 3.3 

Sokolovski provides a solution for the failure in Figure 3.3(a) 

by naking certain assm1ptions as to the distribution of 

stress against the wall, but the uniqueness of his solution 
~. 

is only guaranteed if the strain rate solution coincides with 

the stress solution. He has not considered the shear strain 

rates which nay require that at the wall the rates would not 

result in a linearly distributed total strain. 

(2) A second statically indeterminate state arises when the 



plastic zone develops internal to the body, i.e., the 

plastic state is surrounded by an elastic state. TMs 

condition can only be predicted if the elastic state in 

the body is deternined at various stages under an increasing 

load, until the stress on the point internal to the body 

exceeds the yield point. A problem in which this situation 

occurs has been solved by Southwell & Allen, and here Hill 

criticises the solution in that the strain rates have not 

been considered. (Southwell & Allen, 1950). 

The solutions of the plastic equations attempted in 

this thesis are all of the statically determinate type, and 

hence no consideration is given to the shear strain rates. 



Derivation cf the part·ia.l differential equations 
for plastic failure of soil aedia 

The derivation of the quasi-linear partial differential 

equations describing the plastic failure of soil aedia will 

now be presented. 

Sokolovski (1960). 

The equations derived a.re those due to 

The transformations employed in the 

derivation are identioal to his, but the procedures are 

different, following those set out in Section 2. It is 

hoped that by adopting this approach the unity of the equations 

of failure with the hyperbolic partial differential equations 

will become clear. 

In order to preserve Sokolovski's notation, the angle of 

internal friction will be denoted by/' and the cohesion by k 

instead of the conventional¢ and c respectively. From the 

text the meaning attached to each symbol should be clear. 

3.3.1· State of stress at a point in a body 

The state of stress at a point in a body can be 

represented graphically by means of the Mohr's stress circle. 

The following conventions will be followed in constructing 

the stress circle:-

1. Compressive stresses are positive, plotted to the right. 

2. Shear stress couples which act anti-clockwise are 

positive, and plotted vertically upwards. 

In Figure 3.4(a) the stress on an elemental rectangle is shown. 

In Figure 3.4(b) the graphical representation of this stress 

condition by means of the Mohr stress circle is shown. 

If the conventions set out above are followed, a 

rotation ~of a point on the stress circle conforms to a 

rotation, 9, in the same direction of the plane. 

The stress state on the plane marked (I) is represented 

by the point marked (l)" on the stress circle. The major 



principal stress is indic~ted by ~oint 2 on ~rie stress 

circle. The :9l<rne on which this stress acts is fo:..ind by 

noting that to reach ~oint 2, poi~t l must be rotated to 

2~ cloc~-twise fron; ooir:.t l. This means that the plane I 

in Figure 3.4(a) must be rotat.ed GJ..ockwise an angle equal 

acts. 
c:rx. 

i I i ~, 

1~ ' Jt~Di 
rr =1 I ~ ~ ;J_ --- . 

,-,X;J ,,.., :x_;, t 1 t 
0-x. 

(a) 

~ 

+~t 
0-rr:, • I 

~ 
-T~ 

Cf ;:)C. 

// 
'-1-- +. 

------- ·----- .---.,.../ 

0-.-x, ~ 

(b) 

Figure 3 • 1+ 

values of the major and minor stresses in terms 



Following 3okolovski, c~oasc th8 positive d~rection 

of ~he Z ax~s vertically downwards and tie v ciXis 

all 

ro~ation JS positive. 

principal stresses 

stress be equal ~o 0 where this angle is measured in 

acccrdance with ~he convec~io~ liid down ~bove. (See Fi~u~e 

~~- rid. C'S"_,~ ... 
..J~ ~ 

":",lane on \crhic-t1 V.1" act:.:~ :Lr1 a. positive direction. equal to G. - ~ 

the \rs.l ues oi be 

I ·' \ 

(~ -· (..T ') Cos2.e (""r .:... I C:. + a:;,. ) '•j ...... \ ·-, '[[} t-: J. µ/ 

,.,~ - ( q - O'Tf.) Sin 2-e I ·--
~~ 



Figure 3.5(b) 

Differential equations of equilibrium of an 
element in a body under stress 

Figure 3.6 

Consider an elemental rectangle in a body under non­

uniform stress within the co-ordinate system shown in 

Figure 3.6. Let the density of the body be equal to 

and let the elemental weight of the body act vertically 

downwards. By taking moments about any point in the XY 

plane it can be shown that, for equilibrium, T ie xy 



By resolving forces parallel with the 

X and Y axes, the following partial differential equations 

of equilibrium, can be derived: 

~ + a '-x_!! 

dX 03 

:?>a~ + ~ 
"2J3 a~ y 

These two e~uatio~s ~re in terms of three unknown 

-:-~tresses 0-, u :,::-id r and hence the stress system is 
X y x.y 

indeterminate. Ti1e t 'iird relationship is obtained by 

considering the critical plastic state of the element 

according to ~ohr's hypotb~sis which states that, for a 

plastic state to exist, the following inequ~lity must be 

satisfied: 

1n ?- k. +- ~ Ta.,,..f 

r,, 7/ (H +er,,) To)'\ I' 
,,, 1-~ er'? k ' t ;' e CO hes i Ve s t re n c:: t h O f the s O i 1 :;: H rr an f' ' 

the no~mal stress CT acts, -~nd P is the 0rnr;-11: of intern'='l n ,/ 

friction of the soil. 

Jenote3 a at~tP cf critical e~~ilibrium, the stress circle 

hgure 3.? ( ~j) 



which the critical stress condition is present C3n he found 

on which the major principal stress ~cts, is given by: 

1T 
90 J = 2 -f 

It is along th2se ~lanes thot the lines of slip or 

Jith ~ohr's criterion the three unknown stresses are 

3.2, 3.3 ~nd 5.4 in term~ of tHo variables defined as follows:-

Let a pseudo mean stress be defined as follows:-

a:id the an2;·J.e :, , L10 no:.cn:s.l on the plane of the maximurr. 

,.irect:i.cn of the n1,:lxin:11.n7 _;.rincirs.1 

Hence 

CT - H 



but from Figure 3.7(a) 

Again from Figure 3.7(a) and Figure 3.7(b) 

0:. -:.l:.- (F - H + a- s. hf COS 2.. Cf 

::: 0- [ I ... s ;,,f COS. 2. f> J - H 

~ = o- [ l - SiYt/ Co!» z.q., J - H 

~ ~ o- S '"/-' s,,., z.tp 3.13 
For purfoses of simplification, a further transformation 

is required. Let 
2- "f TatiP cr-=o;e ,/ 

that is L"Secr= L°.!Jco-0 -,. 21- ToJl'lj' 3.14 

where ~ =. K 

Substituting equations 3.11, 3.12, 3.13 and 3.14 in 

equations 3.5 and 3.6 gives:-

(the following partial differentials are required 

oa-!1 
a~ 
Oi:Jcg 
a:x.--a,~ 
2!:J 

. This gives 

~'fic/'aa­

(}~ jJa­
dt7-:.ic./Jtf 

. ?J~j;}f 

_ 00"~ • ~tr • o1- + ao-a . ~ 
acr of a:z. a, a~ 

2)~ • au . £1:.. ao-1i ?J tp 
ocr a~ ?l!J .,. 'of • a3 

_ dt:!:!I. o<T . £1:.. 4~. t;tP 
~ er -a 1 a.x.. t- ?J 'f o:>c 

:::r- ~, 4(J . ~ +- 379 . ~ 
~ CT ar,., .03 o 'f ay ) 

= l _.,. f, ,n f CO$. 2, <f , JojJ/df7'-= 1-Si.y Cos2...lf 

::. Sinf £,n 2 f 
:::: -2.o- s,'Y' S,nicp I d5/ar == ZrrS,nf 51112.r 
;;; 2 CF S lo/ C.o.s 2.:<p 

Consider equation 3.14 

i.e. 

· ~ L _ 2 T,H,,f' 
?rf CT 



3.31 

_Substituting in equation 3.5 gives: 

[ J + S,nf' Cos 2'f ][ 2.o- To11f] ~: - zrr 5',,,,f Sin2..f ~ +-

-1- [ S,,. f s,..z '{' ][ 2 er Ton/'] ;J -1- 2 u S,y C<>sZf~ = )'(. 

Dividing by 2 0- Tan/ 

[, + 5,nf' Co.s 2<p]~ - Cos,r SmZff ~ ..,.. S,,,.f S,nzf§ 

-1-- cos r c e,s 2~ ~j _ z.~7':t'!f' 3.19 

Similarly, substituting in equation 3.6 and reducing gives 

Suy 5,n 2f ;f +[1-S1n_jCos2.fJ;~ + Cost CosZf ~ + 
4() y 5 

+ Ct:.sf S,>"'I Ztf a = RI 3 20 . . '.J 2.tr 'go/' • 
Equations 3.19 and 3.20 are the basic differential equations, 

but suffer from the disadvantage that the dependent variables 

f and f occur simultaneously in each equation. 

however always possible to transform each equation to 

It is 

contain one dependent variable only. This is achieved by 

making the following substitution: 

~=(~+ff)~ 

i.e. ZJ=L,+7 
1- =(X- -f) ~ 

zr ~-z 
This substitution is equivalent to choosing a new axis'---£ 

and { , at 45° of .the axes f and f. 
?.J::__[4[ +~].!. 
G>X - ~X 4.Z, 2. 

Furthermore, for simplificati_on the following substitution 

is convenient: 

(This relationship has been derived earlier, below equation 



Substituting equation 3.23 in equation 3.19 

[ I .+-Sm(~ - ~) Cos.zfj;! + S,n(¥"-~) 5,'12.ff ~~ 
-Cos( f-;,a,)5,ri2f + Cos ( f-~) Co.s2ff :;-=-x/u-HJ,f3•24 
Now 5,,, ( f- ~)=Su,~ Ct>.s '5,"-CtJS f S,,-,z,,,., =Co.s ~ 3.25 

Ccs(f-y,)= Co5f e~y,+S,;,.lf Sin3't=S,n'!,,N 3.26 

and substituting equations 3.25 and 3.26 in equation 3.24 

( 1+ Cos 2 'f J ~ + 5111 2 'f Cos~ ~ - Sm Zif s,;, s,u ?l' +-
:r.,c. ~~ )( d;;c 

+ Cos 2 'f s,,,, ?,u ~¥ _ ---. "i!_g Z.0-7,n/' 
Substituting -Y,. and f from equation 3.22 gives 

[I+ Co~2,tf Cosz,'i][ ~ + ;;] j-[S,t12f Ct>J;u][~ ~;J}-
- s,,, 2f s,.,~[;! -~J+C'"zf S.h~[~ -~] = :.7-J' 
Multiplying out and gathering terms 

[t + ColZ.'f CtlS ~ -S~ 2.'f S,~ ,,-,, ] ~ +- [,+ Ca.s '2.'f Co.s ~ + S,.:. ~ !~ 2.f] ~~ 

-+£~•)'\2tf C"ssu + C1:1slf~1k,-uJ5 +[SITI.Z.'f(bs 3,k-Co.s.2fS1~~~ =l?H.5. 

which gives o>.,..E,. 

[ 1 -,..c~ z.(lf~)]~ + [ •+-~ z(p~)]~ + 

+ Sin '21tD+-u). ;;),..l + f,;.., ( (f--:)') -~-:::: ~.,.. 3.27 
~ /-·, ~ ~ 0-,111/' 

Expanding the sum of angles and noting that Sin2¢ + Cos2e = l, 

equa~io1. 3. 27 becomes 



Multiplying equation 3.28 by Sin( f +~ ) and 3.29 by 

Cos( f +/'I ), subtracting 3.29 from 3.28 gives 

[ 2 LM 1rf ;;u) s,-... ,,._,,II) - 2 5in(f ;,M) Ce,.s{f ;;1<) G,S!f!v >1-1; '; -t-

+ [ 2 s,;,, ( !f-,!-0 Cos.Cf-_,,,) S,,;.(f i;lf) -z S,;..1f _;u) Co~]~·= . 
== X S,.;..(f-pt) - y Casl..f?M) 3.30 

tr Tan f' 

The co-efficient of~ can be written 
I -;;J-;t;, 

Z (113( f;11)[s,;...{ tft") Calf?) -(oJfftp) S.t<f--;,11)] 

i.e. Z Cos{f-;11)[ S,~('f,;,u -f-;.M)] 

i.e. 2 (0$ (f~) ~,.:, Y'· 
Similarly, the co-efficient of~ can be written 

~~ 

Substituting these values in equation 3.30 gives 

2C8S(,-~)f,~~~ + Zf~)fl.:.?,'I ~ =; X 1a,;,_<f._'1t;; (6.Jflt,11) 

Dividing by 2Cos( f ill )Sin~ gives 

i?f +- lAH ( f;:P) d'2 -= xS1n('ltpJ - yc.D~v,,_,,,,,J 
dX 3__5 2Coi'9'~),.Si,.; 7" t:r7oy 

By definition 

5,h1/ = S/n(lTjz~) = S1;,3/z.t1AS/-Cea o/2.Si3/ 

-=. C.o.s;-> 
and by noting that Cos/' Tan/= Sin/ equation 3.30 

reduces to 

Multiplying equation 3.28 by Sin( f -/I ) and equation 

3.29 by Cos( f /" ) , and subtracting 3.29 from 3.28, 

and treating the resultant equation in a ma*ner similar 

to that above gives: 

dX 



3.3.5 Determination of the characteristic equations 

Consider any smooth curve Sin the XY plane, the 

partial derivatives along S are given by 

ci>J;__ dx 
<1::t. 

+ °d.£. cl 
~~ = d_£ 3.33 

~dx + ~d =- di 3.34 
c:IX ~~ 

Following the method for determining the characteristic 

equations as set out in Section 2.5 the four differential 

equations 3.31, 3.32, 3.33 and 3.34 can be written 

~~ + ~'l ~h{f;-'f) =: Q 

d,r_ chc + ~ "!:J- d1 
.:,~ a.!S :::J~ ~ 3.35 

~ + ~ Tu'(f;t;u) .b 

;!: me r! d_j = d_c 
where a and bare equal to the righthand side of equations 

3.31 and 3.32 respectively. 

In matrix form these equations can be written: 

dx 

0 

0 

Tan(¢-..-," ) 

dy 

0 

0 

0 

0 

l 

dx 

0 

0 

Tan(¢y, ~/Jx 

dy "<lildY 

= 

Equating the determinant formed from the square matrix of 

coefficients on the lefthand side of the matrix equation 

equal to zero. and expanding this determinant, gives the 

differential equations for locating the characteristics, 

i.e. 

("/i)2.-[µ,M(f/;V)+hTn{p';,,,t)]~ _ ,;h{fP_;;v) 7A,~) = 0 

. -. ~ ==~[,;,,,<~il~IIJ'-;-vg±j(u;,11;,p,;,~J-~~1';vf'~)•3? 

The expression in the square root reduces to 
i.. 

[-,;,,,(~~) - "k~(jP:;Mil . 



Hence 

or - Ton(f7) 3.39 

Equations and 3.39 define the slopes of the two 

characteristics through any point x,y. 

It can now be shown that the partial differential 

equations 3.31 and 3.32 are hyperbolic:-

Referring to Section 2.9 it was shown that if b2 - 4ac is 

greater than zero, the partial differential equations are 

hyperbolic. 

The function inside the square brackets is different from 

zero for all values of¢ and hence the square of this 

expression must always be greater than zero; hence the 

equations are hyperbolic. 

The differential equations for determining the value 

of 7 and k along the characteristic curves is given by 

substituting the matrix column on the righthand side of 

equation 3.36 in the second column of the determinant of 

co-efficients on the lefthand side of this equation. 

Expanding the determinant of co-efficients and equating to 

zero gives: 

d'/ tj - d1 d.x. T. "/?f:P )- 4 tk d_J -1- ctf:/:x.) 'b>l(J'J;V) ::=- o 
and reducing gives 

[ ":J - dx °7PH(f ~) j [ cl 7 -- dx.. Q] = o 

Dividing by dx gives: 

Now, substituting the equations for the characteristics, 
d . d · 

either*= Tan(¢+,)'> or*= Tan(~-;,,-")· ·Substituting 

the first in equation 3.~o makes the lefthand side equal 



to zero and hence there is an infinity of solutions. 

Substituting the second gives: 

[loh(f')'-') -~n er~>][~-~ =-0 

Now, [Tan(¢ ~) - Tan(¢ ~fl can never be equal to zero. 

Hence 

for * = Tan(f' ~). 

Similarly, substi t11ting the right hand column of the matrix 

equ::.tion in the 4th column of the matrix of co-effi.cients 

and reducing gives: 

for 

p_,£ 
-b :::o 

P-X 

~((;- = ?ern(f~J 
~;c 

Hence the characteristic equations are: 

d~_ =-. -z;_h ~--:-P) 
d:,c 

1st characteristic 
cf'l. 

Q --ff.1(, 

~ llth{f'~) 
d;}{. 

d,,t 
2nd characteristic 

b -
~;;t(, -

3.3.6 Cannonical esuations 

3.41} 
3.42 

3.43} 
3.44 

Instead of referring the equations to the X and Y 

axes the equ~tions can be referred to as the curvilinear 

grid of characteristics. Let the characteristic curves 

be plotted to a rectangular grid ~nd the two co-ordinates 

be named p/._ and 16. 
{ . The characteristic equations as 

referred to these char.:.1ct eristics then take the form: -
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~ d':JC 
= ~~ ~ 

a,...(. - box -(Jo{ -~. 

This set of equations are called cannonical equations. 

They are not of direct use in the numerical solution, but 

are used by Sokolovsld. and appear to simplify the statements 

for the initial conditions for the numerical solution. 

The properties of the cannonical equations are discussed 

by Forsythe & Wolfgang (1960). 

Discussion 

The complexity of the derivations.of the partial 

differential equations describing the failure of soil media 

is due to the occurrence of both cohesive and frictional 

components or shear resistance in the soil. The analyses 

for pure cohesionless and pure cohesive materials are 

significantly simpler. The former will be considered more 

intensively in the following Section;· the latter falls 

outside the scope of the thesis, but possesses an extensive 

literature on the analysis of the plastic failure of metals 

(Hill, 1960). 

In approximate analyses, because equilibrium of the 

failure mass is considered, efforts are sometimes made to 

apply the elliptic type of differential equations. 

been shown that the equations of failure are in fact 

It has 

hyperbolic and therefore of the propagation type - even 

though a pseudo-equilibrium condition:is considered by taking 

the equality sign in Mohr's criterion. Efforts to base 

approximate analyses on the elliptic type of equation are 

therefore fundamentally in error. 
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S E C T I O N 4 

4. COHESIONLESS SOILS 

4.1 Characteristic ecuatione for cohesionless materi,l 

It is nossible to derive the characteristic equations 

for c·ohesionless materials in terms of er and (f instead 

of o-- and {, • They can conveniently be deduced from the 

characteristic equations for the cohesive material. 

The dependent variables z a.nd l were defined as 

follows: 

l = /'- + y> J 7 ~ ·1-- - 'f wheve J-. = C~!f_ /':9e, -~ · 

g = 9~tf lo:3e(o-/q;) t- tf 

?. :;::.. C~tj' I 09f: _( 0-I q,) - ff . 
Now d[ =vJt,/oa-)do- + (0£/dtf)dtp 

d~ -=(o~Jo<r)dCT + ( o~/ c)(f) d f 
d _ Cotf d<r d 

Hence 'J, - ~ · ~ + <p 4,1 

4.2 

The cbaracteristic equations for a cohesive soil are: 

' ay = Ton ( tf -;,A-L) l 4.3 dx tt characteristic 
set 

<!!i._ 
Q 4.4 

d::t. 

c/y 
=- Tan( (f+/") 4.5 

d::(.. 
2nd characteristic 

~ =b 
set 

clx 
4.6 

Substituting for d..f and dl from equations 1 and 2 in 4 and 



4.2 

6 gives: 

where 

Cotf 
2 

do-
a + d <P· 

d·o- - z o- Tanf drp 
C 

bdx. 

= Z a a- Tan f' d::x.. 

do-+ 2..cr Tanf dtf r::.2.bo-Tanfdx 4.9 

a X 5in(t-1;e) , (Y= 0 ) 
2.. o-Sihf os( f/7") 

b __ x Sin( lp-/'f )· 
- z. o-s;nr tos(-,p"P4') 

which g1Ns the characteristic equations for a cohesionless 

soil. 

4.2 Some solutions for critical equilibr~um problems 
in cohesionless soils 

'4.2.1 Critical state in a semi-infinite bodz with a 
horizontal upper boundary under an infinite 
load P per unit length 

Under tnese conditions the partial differential equations 

of equilibrium d•generate to ordinary equations, viz.: 

d?':u - o 
dx -

4.11 

4.1.2 



Integrating equations 4.11 ~nd 4.12 gives: 

at X.=O)o;_=P 

Hence C = P and equation 4.]4 becomes 

0- = ox +P .x. 

4.13 

4.14 

4.15 

4.16 

4.17 

Now at critical equilibrium, from Mohr's circle, relationships 

for the stresses 

4.18 

°!J = a- - er 5 m f Cos 2 tp 4.19 

can easily be determined. 

Substituting equation 4.16 in 4.19 gives 

ox+ P :.=. a ( I + £inf Cos 2. 'f) 
ox+P 

+ Sm f Co.s2lf 

4.20 

4.21 

and substituting equation 4.17 in equation 4.20 gives 

4.22 

For a solution to be possible 0-"'70 in which case 

Sin 2'f .. = 0 for 2'f = o, rr, 21T 

Taking the first two values for 2 <f we can write 

2 'f = (K - 1)11 ,K = :!: 1 
z 

taking K = 1, i.e.f= 0 

and substituting this value in equation 4.21. gives 

'(x.+ P 
= 

I +5mf 4.23 



4.4 

This corresponds to the case of active failure. Taking 

K = -1, i.e., 'f = - ~ and substituting this value 

in equation 4.21 gives 

I - S,n ,f 

This corresponds to the case of passive failure. 

boundary x = O, hence 

p foY ff D 
I -t- Sinf 

p 
foy 'f rr 

f -Sinf =--
~ 

At the 

4.25 

which give the boundary values of 0- and r for active 

and passive failure conditions respectively~ 

4.2.2 Determination of the direction of the principal 
stress at a point on the surface of a cohesion­
less body free of applied external stress having 
a slope ( at the point. 

For the medium to be in equilibrium the angle of 

inclination to the horizontal of the boundary curve-[ must 

not be greater than the angle of the internal friction .f' . 
As the boundary is free of appli~d stresses er=· O at the 

boundary. ·There being no cohesion, it is possible-to write 

the equations of equilibrium in terms of CT and 'f 
of r-( and i • 

"1 _ CofP /oq o­
l'v - z Je 

J 

instead 

4.27 



Consider the first equation of equilibrium: 

Partially differentiating 1 in equation 4.28 with respect 

ci" d'l. 
to x and y and substituting for ~ and - in equation ,:13 ;)~. 
4.20 gives 

Multiplyi~ equation 4.30 by 0-· and noting that 

in the boundary, equation 4.29 reduces to 

er= o 

Multiplying equation 4.31 by Sin/ Cos ( I_/ ~ ) and noting 

' 
that Sin/ Cot./ = Cos/ and Cos ( f /,II )Tan( f ~ ) = 

Sin( f -/"' ) gives 

where· ?f = x = density of the material. 



Similarly, considering the second equation of equilibrium 

it can be shown that 

Equations 
'j)cr 

and -
~ 

equation 

4.32 and 4.33 are two equations in two unknowns 'ao­
ox.. 

• To solve for otr and ot:r multipiy 
Zr.;(_ ~ 

4.32 by Cos(f+~), equation 4.33 by Cos(f ~), 

subtracting equation 4.33 fro• 4.32 gives 

~ [ 5m( If~) Co~{!/f;,P) - S/n(fpu) Co~(f7}] -

C:f-' [ 5m(!f!;,U) Co~(lf?) +- Sin{lf;,u) Cos(f;,u) J 4.34 

Consider the lef\hand sid-e of equation 4.34, from the multiple. 

•ngle trigonometrical formulae 

The righthand side of equation 4.34 in brackets gives 

which,reduces to 

RHS 

and 

i.e .. RHS 



Equation 4.34 becomes 

Similarly, solving for ;)o--/;;;x gives 

a~ ~ ] = - [ I - S ,n f Ce,s Z: f 
a;c. Cosy 

Along the boundary a-= O. Hence the rate of- change of tr 

along the boundary is equal to zero. That is, 

.. ~ 

i.e. 

But at 

c/0- 210- dx 
+- ~. d..!:J -·- ·-

c/S dX d.s a~ 

otr d~ otr 
+ ~~= 0 

Q;;(,, 

~ 
d3 =--

the boundary 

d.!d 
7ix. 

;}%x. 
o¾_:, 

fl oa-
cof t =--· >- ;;>x. 77tr 

~ 

els =O 

4.37 

and substituting equations 4.35 and 4.34 in equation 4.36 

giv~s 

J - s u, f C e;.s ~ ff 
5,n_f' Sin 2jl> 

Noting that c~ Sin-£ 
= Co~ 

, substituting in equation 4.37, 

crossmultiplying and reducing gives 

hence 

and 

. . 

51>-J_f + 5,,,,, ,P 5,,, (?..,, ~ ) - 0 

511,, ('2. f-.J.) = So-1j.. / ~/n/ 

Ztf :;i. -= - k Su,_, [ £,"'[/ », f] ~ [ J< -·,] ·.[ 

Zr = ,.! + [ J<--1] f - /<. Si,...-'[ S,~ S,"j'] 4.39 



where 
[

+- I 
K= 

-1 

4.8 

tot" ae:hvt rttdv Y-l 

for p•Js.1vtfadwr('. 

l'~quation 4.38 gives the direction of the maximum principal 

stress at the surface of a cohesionless embankment, without 

external stress and a slope of_( at the point. The 

quantities derived above are depicted in Figure 4.1. 

D1Yec.f10.n o-f Max. 

P,-,.,,c,pal 

Fig. 4.1 

./ 
/ 

/ 

Out J,~e o't bo_t1._I< 

-( 

Numerical solution of the differential equations 

Given equat.ions 4.7 to 4.10 and the values x
1

, y
1

, o-
1

, 

¢
1 

and x
2

, y
2

, o-
2

, Ji5
2

, (the points x
1

y
1 

and x
2

y
2 

in then 

plane ·being near to eachother), to determine x
3

, Y
3

, t:r
3

, </
3 

by the method of characteristics. 

illustrated in Figure 4.2 

The problem is graphically 



Through every point in the X:'l plane within the region of 

solution there pass two characteristics, ol.... and c3 ( . 
directions of these characteristics are given by: 

(1)~ 

(-;fl)/ 
¢ being the direc~ion of the maximum principal stress. 

The 

4.41 

As the value of¢ is known at points 1 and 2, and the 

slopes(*)o<.i and <f)ti
2 

of the e7\ and f. characteristic 

through points 1 and 2 respectively are known, the point 

x
3

y3 can be obtained approximately by graphically plotting 

points 1 and 2 in the XY plane and drawing the slopes of 

through points 1 and 2 respectively to 

(It should be noted that if the 

characteristics, ci< 2 and ~ 1 were chosen, point x 4y 4 would 

have been found - which characteristics of the family to use 

will depend on th~ region of solution required.) 

The first order finite difference approximation to 

equations 4.7 to 4.10 can be written: 

{ 33 - Y2.) =- hn ( ~ 7) • ( x.J - :x:z ) 4. 42 

( f-, characteristic through point x 2y 2 ) 



4.10 

( ~ 3 - _tj 1) -=- To11 (If,-!)'){~ 7 x,) -
( cA characteristic through x

1
y

1
) 

The co-ordinates x
3

y
3 

can be obtained by solving equations 

4.42 and 4~43 givingt 

:/J 

[ x, T1111(~!;U)-j ]-[ ~ 2 7.v,(~ /4)_- z 

/Q '/J'?f}- 7iJ>l{fi_-;,PJ 

[ fd,C.+ ( ~,;N)-:x,]-[!J,_ Cof{fz?')-_#ltz] 
C or ( "17") - c~f {fz. --;,")' 

Using these values of x
3

y
3 

in equations 5.44 and 4.45, ~3 and 

3 
can be obtained, giving 

fJ e: - s -rr, t-0z. - 2 o-, co; ,p, '"tf.'1) ra,,, 
( CJj + Ci) 2 7~J1JJ 

2 o; "i __ [, - < ((),-fl) Ta..f J + E O".z.- .,.. ao; 
"'+ "i 

4.3.2 Improvement of estimates 

The estimates x
3

, y
3

, st
3

, u-
3 

are crude as the finite 

difference approxim~tion requires the slopes of the curves 

at points 1 and 2, exo1uding the curvature between these 

points and point 3. An increase in accuracy is 9btained 

by determining the average slopes between these points and 
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point 3. This is obtained by successive approximation 

procedure as follows: 

Replace ¢ and 0- by ¢' and r::r' as follows: 

Oji:. i ( O"j t- Oj_) 

f/ ~ i ( t/, -r ?3 ) 
er/ ==-i ( (]"2 + Oj) 
tf/ ~-;( ff-i+{IJ) 

Using the values 9' 1

1 and ¢•
2 

in equations 4.42 and 4.43 

(underlined values), improved values for x
3

y
3 

are obtained, 

and using ¢ 1
1 , ¢• 2 , a• 1 , 0" 2 in equations 4.44 and 4.45 

(underlined values) and the improved values for x
3
y

3
, ne~ 

values for a-3 ¢3 are obtained. This process is repeated 

until the improved values become stationary. 

4.4 

4.4.1 

Outline of the solution for the critical stress 
under•a foundation on cohesionless material 

A 

Loading conditions ~ 0r 10r"-

yot:> 
{'{if 

7 

0 .:::D 
.S,m,· -1nf1n1fe. C'oh~S/onles., Mass 

Figure 4.3 

Assume that an infinitely long strip foundation rests 

on a semi-infinite horizontal surface (Figure 4.3). It will 

be shown that for a cohesionless semi-infinite mass'unless 

there are other forces applied on the surface for a certain 

horizontal distance away from the foundation, no solution is 

possible. Assume therefore that a uniform load, p, is 

applied to the surface as shown in Figure 4.3. The problem 
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is to determine the critical distribution of forces below the 

foundation lea.ding to a condition of critical equilibrium in 

the soil mass. Alternatively, the stresses, q, under the 

strip foundation may be specified (unifo~m, non-uniform, or 

skew). The solution will give a stress distribution, p, 

outside the foundation, which will vary according to the 

specified distribution, q. 

In normal foundation conditions, if the structure is 

fairly rigid, the stresses in the foundation are not 

independent of the strains. Presented in this form the 

problem becomes statically indeterminate and requires in 

addition to the solution of the critical stresses the solution 

of the strain rates for initial values of the strain rates. 

If these two solutions are compatible, then the solution is 

the correct one • However, each solution for the specified 

• 
stresses only is a valid one, but the strain rate conditions 

compatible with the stress conditions remain unknown; that 

is, if the·stresses are applied without limitation of the 

strains the solution is correct. But if the strains are 

specified, a boundary stress system must he guessed and tested 

to see if it is compatible with the strain rates. 

4.4.2 Boundary conditions 

-- ----
Fovndation Di------.;f'--1/u_n_if_lt_re:_'lfllf_.--, 

A o D 
Figure 4. It 

In Figure 4;4 the forces acting at the boundary of the 

semi-infinite body are shown. Assume the density of the 

material under the fou.nda.ti.on is equal to 1s and that the 

soil has a constant angle of internal friction, f . 
Section OD is in a state of passive critical equilibrium. 
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Hence from Section 4.2 at the surface: 

(¢ can have either the value lT or - lF , but if ¢ is tal~en 
2 2 

71 
equal to - 2 the foundation stress on OA would fall to the 

' 
right-of point O and the passive failure region OD to the left.) 

To the left of O a variable normal stress, q, is applied, 

as yet unknown. (If pis not normal to OD, the stress q will 

correspondingly not be normal to OA). 

Section OA is in a state of active critical equilibrium. 

The force at the surface is vertical, hence: 

. 
On OA the direction of the maximum principal stress is 

verti~ally downwards (see Figure 4.5) 

Figure 4.5 

At point O there is a discontinuity in the value of the forces 

applied at the surface. The value of p is known, but the 
0 

value of q is st~ll unknown. 
0 

However, the value of q
0 

depends 

only on the value of p
0

; the o{ characteristic is defined 

by the slope {~l<. = /iJn(!f?f) and the (-? character-

istic by (*)(!>_ = /P>I {t/7".J· At point O the d character­

istic has a curvature infinitely small• and x and y are 

constant. Hence dx = O. From equation 4.9 valid on the 0\ 



characteristic, neglecting the term dx gives: 

which gives the relatio:1ship cetween er and (/, on the 

characteristic at point,o, re-written as follows: 

It is known that just to the right of o, ~ = 
-;r 

0 2 
tr 

Po 
To the left of o, ¢0 o, and a-= l - Sin f • = = 0 0 

The relationship between p
0 

and q
0 

can be determined by 

integrating equation 4.50 as follows: 

which gives 

f-/i:,, {t-~(,r!:, )- L~, ( 1_::,,,I') ]= {l 

and 

1 + 

4.51 

"4 #< __ [ I :f-511,1 :f J elT 7i, "'/ 
J,,v ft I- .f,'n f ] 4. 52 

various values of ~ between the limits O and _ 7f . , For 

the value.of q can be determined by integrating equation 4.51 

7f 
between 2 and the chosen value of~: 

---=-'-j1!1('+Si><J) = _r: 
.t /Q;, f tr J - f 

ftj[1-fl11f) % 
giving 

[ 
1-1-S1~f1 2 ¼In/• ( ff/z. -'f) 

f.t,,J = ,-1;,,;. I ;: e 
which gives the r"elationship between er- and ¢ as follows: 

where "r, is the value of tr just to the right of O. 

4.5 The internal solution of the eguations 

In region OCD the initial conditions along OD have been 

qo 
Sinf. 
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given by: 

f = rrjz.. 
C-=- fi / ( /- Smf) 

The solution internal to OOD is a Type l solution, but 

because¢ and er are constant on OD, and the upper surface 

is horizontal, the internal values of 

been given in Section 4.2, i.e. 

r - ,71z. 

er and ¢ have already 

CT - (pf- d.. ;x,) I ( ,- Si;.f') 

and the direction of the characteristics by: 

. . .!1 ~ 
Along OC, x 1 y, ¢ and 0-

~""- (11/2 t ~) 

7~u, {5:i. ± /' )• X.. 

are now known. 

The solution in region OCB is of the Type 3(a). The values 
. . 

of tr and¢ are known along the (J. characteristic oc, 

along the infinitely short .( characteristic O. At O, 

changes fro.m ~ to zero, and tr from 

Figure 4.6 

The solution proceeds as follows: 

Po 
to 1 + 1 - Sinf 

B 

and 

<i1 
4o 
Sinf 

lT For point O divide¢ into equal parts between .T and 

zero, and calculate from equation 4.53 the corresponding 

values of tr • For clarity, assume 00 1 is the A. character­

istic at O (see Figure 4.6). Then the values ¢1 , ¢2
, ¢3, 

. 

C. 
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1 2 3 etc., and the corresponding values tr , er , o , etc. can 

be ascribed on this short characteristic. Values of tr 

and¢ can then be determined at points 1, 2, 3, 4 successively 

by the normal numerical method, and then at 1', 2 1 , 3', et-c. 

until finally the characteristic with initial values 
qo 

tr"=· 1 + Sin and¢= 0 is calculated. Finally thus 

the values of r,1 and /J" are known along the characteristic 

OB, providing the initial values for solution in region AOB. 

For the solution in region AOB, the values ¢, er-, x 

and y are known along OB, and¢ and x known along OA (¢ = O, 

X.= O). The solution proceeds as follows:-

/J 

')( C. 

8 
The finite ·difference approximation for the ~.characteristic 

with point las starting point gives: 

Now x• 1 = 0 and ¢1 and y1 are known. 

substituting in equation 4.54 above. 

Hence y 1

1 
is found by 

From the two finite 

difference equations 4.48 and 4.49, substituting the values 

x
1

, x•
1

, y
1

, y•
1

, !i:\ and £r
1 

in the equations, ¢ 1

1 and 0- 1
1 

at point l' can pe determined. 
I 

1t1 I 0 

Points 2 ' , 3 ' , etc. can then be determined by the 
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straightforward application of the four finite difference 

equations. 

The whole procedure is repeated to determine firstly 

point 1 11 and then points 2 11 , 3", etc. 

In Figure 4.7 sketches of the characteristics and of, 

the surfaces of solution for CJ and 0- are shown. 

· 4.6 Discussi.on. 

It is evident that the solution of the plastic failures 

of the statically determinate type presents two problems: 

(i) the specification of the open boundary conditions, 

(ii) the numerical solution of the characteristic 

equations in the failure region. 

The first problem is considerably more complicated than 

the second, and requires an intimate understanding of the 

characteristics of the ~ailure. The second problem is 

relatively simple, and should present little difficulty. 

The numerical solutions are, however, tedious in the extreme 

and not suited to manual calculation, but with the aid of 

electronic computors the tedium of solution has virtually 

fallen away. 

The setting up of the example and its method of solution 

discussed above is of the simplest nature, but if the mode 

of solution is understood, more complicated problems can be 

attempted with confidence. 

Referring to equation 4.52 (page 4.14) the relationship 

between q and p is such that if p = 0 then q = O, i.e., 
0 0 0 0 

it is not possible to found on the surface of a cohesionless 

mass. The depth of founding can be determined from this 

equation by equating p = 2r"h, where h = depth below the 



4.l?(a) 

X 

-Y 

S,wface. 01 Solut-,on. fov er 
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for h. 

i.e. h = 

for / = 

h 

Compare this value for h with that given by the standard 

equation: 

h = qo (1 -
7 1 + 

Sinf') 2 
Sin..f 

for f = 30° gives 

h 0.111 
qo 

= -
~ 

that is, according to Sokolovski, the minimum founding depth 

is approximately half that given by the standard equation. 
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5. THE ACTIVE CRITICAL EQUILIBRIUM OF WEDGES OF COHESIONLESS 
MATERIALS 

5.1 Introduction 

In this section consideration will be given to the critical 

equilibrium of wedges of cohesionless mate~ials in a state of 

active failure due solely to their own weight. The theory 

has been summarised by Sokolovski in his book "Statics of 

Soil Media" (Sokolovski, 1960), but the derivations of many 

of the formulae and the range of their validity are not always 

clear. Hence it was decided to discuss the theory in detail 

before considering its applications. 

In the general theory of hyperbolic equations as set out 

in Section 2, it was stated that, if discontinuities occurred 

in the first derivatives of the dependent variables along the 

open boundary curve, or discontinuities occurred in the slope 

of the boundary curve itself, these discontinuities were 

propagated along the characteristic curves. Up to now only 

smooth boundary curves h~ve been considered. The wedge 

condition arises when a discontinuity occurs in the slope of 

the boundary curve. 

If certain restrictive conditions are imposed on the 

wedge and the materials in the wedge, it i.s possible to obtain 

the solution of the active critical state of the wedge in a _ 

more simple fashion than by the application of the general 

method of characteristics. Unfortunately, the procedures of 

this special method are not as graphic to the mind as the 

method of characteristics, although the end results are the 

same. In the following sections, it should be remembered 



that all the properties and characteristics of the general 

solution are inherent in the solution obtained by the special 

method. 

The following restrictions apply to the wedge:-

l. The apex of the wedge points upwards. 

2. The slopes of the sides of the wedge are constant but 

not necessarily equal. 

3. The interior angle of the apex is smaller than or equal 

to 180°. 

4. No external loads are applies to any section of the wedge; 

the wedge is stressed only by its own weight. 

5. The angle of internal friction f , remains constant. 

This limits the maximum slope, J. , of the sides of the 

wedge (assuming (4) to apply) and the following inequality 

must be satisfied:-

Outlines of wedges that satisfy these restrictions are 

shown in Figure 5.1 

~------------Y 

Fig. 5.1 



The stresses and. the characteristic lines which define 

the active critical state can be determined on the assumption 

that this state is attained at every poind in the interior 

of the wedge at the same instant. This does not have the 

effect of limiting the generality of the solutions obtained. 

On the contrary, the totality of all possible failures are 

found. 

F otlur-e. Zone 

Fig. 5.2 

In Figure 5.2, if an active failure state exists at 

point P, the state is governed by the conditions on the 

boundary along the length AB defined by the intersections of 

the two characteristics through P - the domain of dependence 

of P. In general, the zone of failure is fixed by the 

domain of dependence, the state of stress outside the 

characteristics through P not affecting the state at P. 

Once the general state of active failure of the wedge is 

known, then in any particular investigation the problem is 

reduced to the selection of the appropriate failure zone 

from the totality of zones given by the general failure state. 

The selection of the appropriate zone of failure will depend 

upon the conditions in the foundations and will be discussed 

at a later stage. 



From Restriction· (2), the following simplifying 

condition on the distribution of the critical stresses 

can be made: 

Along any selected radius arm, r, which has its 

origin at the apex of the wedge, the critical 

stresses are proportional to the length of the 

radius arm. 

This condition allows the critical stresses to be 

determined independently ofthe characteristic curves. The 

four characteristic equations are reduced to two ordinary 

differential equations, from the solution of which the stresses 

and the characteristic curves can be determined. 

5.2 Co-ordinate system 

The analysis is most conveniently performed in polar 

co-ordinates Q and 1"" • By referring to Figure 5.3 the 

definitions o some of the variables given below are graphically 

illustrated. 

X 
~Of-.E!°'.1 

-r,.., T?-~ 
\<5-t ""~ 

Fig. 5.3 

y 



Except where indicated otherwise, all angles are 

measured from the X axis with anti-clockwise rotation taken 

as positive. 

Let 

'f = angle of inclination of the direction of the 

maximum principal stress °r. 
9 = angle of the radi.us arm, r. 

'lj' = ff- 9 = angle between the direction of the 

maximum principal stress, o-1 , and the radius 

arm r. 

5.3 Differential equations for critical equilibrium 

Considering only the self weight of the soil acting 

Tertically downwards, the pat~~al differential equations of 

equilibrium (equations 3.S and 3.a) can be written in polar 

co-ordinates:-

7f Cose 

Mohr's condition for plastic yield becomes:-

Under critical equilibriwa conditions, equ.a.tion 5.3 applies 

and the critical stresses, ,,.,.. vr' ~' and 'rQ can be specified 

in terms of tw? variables, er and 1/' where 

mean normal stress= :>2 (Oj: + Cf1 ) = 

= ~ <a;. + ~) 

1' = angle between the direction of the maxim'llll 

principal stress, Di• and the radius arm, r 

(See Figure 5.3). 



The transformation of the stresses t 0-r, ~, an.d , rG 

to er and 1' is preferably performed by usi.r.g Mohr's diagram 

for the state of the stresses at cri tica.1 equilibrium. See 

F'ig. 5 .. 4 

er.- AC. 

R AC Sw1f' o- So,f 

CD RCos.2..,p::. er Sin_f Los21f 

Similarly 

GrD 

From condition 2 1 Section 5.1, 

proportional to the length oi the radiu6 a~m. r, which from 

equation 5 .. 4 implies that CT is pJ·oportional. to r. Prom 

equations 5 .. 5, 5.6 and 5.'7 the critic1~J. strer.:11:ies are functions 

of -Y, , hence so is er • But ''f' :Le a funct:i.on of e only. 



This is evident from noting that along a selected radius 

arm ( e = constant) the stresses are proportional tor and 

hence the angle, f , must remain constant. From 1' = f- ff!J 

the value of "f' must remain constant. As the radius arm 

rotates, e varies and ~ will vary correspondingly. This 

implies that r is a function of 0 only. Therefore, it 

can be stated that <:r is proportional tor and a function 

of 9 • Hence the following relationship can be written:-

(The "constant" of proportionality between 0- and l"' is 

constant only along any selected radius arm and must be 

incorporated in f(S) as it varies with 0 • The constant, ¥ , 

is incorporated into the equation for convenience only.) 

In order to conform to Sokolovski's notation, write 

Substituting equation 5.8 in equations 5.5, 5.6 and 5.7 

gives:-

0-r = "'cf ,.. s ( I + sin f COS a"¥') 
a8 or- s ( I - '::,inf Co.s2.:Y') 

,;.B i r- s ( 5 il"l f COS 2 'f) 

Partially differentiating equation 5.9 with respect tor 

and 8 as follows:-



(dS/dQ and d f/dQ are ordinary derivatives as Sand"'/' are functions 

of Q only). 

"o1re. ::: "b'" 5 Si"' P f>,"'g1/' 
2,1" / 

Substituting these derivatives in equation 5.1 gives:-

"J S [ I + S,"'f Cos t:iy] + ~ [ ,r r ~; Sint .5,n ~ f "'° Z )' r-S 5,n f Co.z.r ~f 
+- ~ [ 2 yr S S,r. f Cos a 'I' J ::.. er co,. & 

Multiplying out, cancelling and collecting terms, gives:-

Sth f Sin z r !! + [ ~: + 1] 2S 5int Co~e1 ~s + 

+ S ~'"' f Cos. 2.,r = Cose 5.10 

Similarly, equation 5.2 reduces to:-
d. l' - s ..... f Co!>2..f] ol~ +[ :: + '] z.s ~.,,,f £,.,...'l..t + ~ 5.,.,, s,.,2.-t-= 

-=: - S',"' 9. 5.11 

Solving for r:1 + 1] by multiplying equation 5.10 by 

. [1 - Sinf CosZ'/'J and equation 5.11 by[sinf Sinif]and 

subtracting eq~ation 5.11 from equation 5.10 gives:-

LHS = Z5 [ S,n ,P Co.sf'f-Sm2/ ][ ~ ~ t] + S [ 1- Su,jo J 
RHS = Cos9[1-g,l"\fCosi.t] +-. S,n9 S1npS1n2.f 

and, similarly, solving for:~ gives:-

dS 
dQ = 

- Sin ( 2 Y, + Q) + S Sin 2. }V 
Cos 2r - Sin f 

With the appropriate boundary conditions, the solution of 

Sand 'f on e can be obtained from the integrals of these two 

differential equations. 



5.4 The determination of the principal stresses in the 
soil from the solution of the differential equations 
of critical equilibrium 

Once the values of S and f' are known, the values of o-r' 

O"'g and ,;6 can be determined by substituting the values of 

S and ·r in equations 5.9. The values of 

can be determined by noting in Figure 5.3 that the direction 

of the stress CY is at an angle 
X 

'f == f + 8 clockwise from 

the direction of the maximum principal stress. In Figure 5. 4, 

rotating point l clockwise by an angle 2(f·+ 8) the value of 

Assume the height of the apex of the wedge above a 

horizontal plane is equal to a, then r = a/Cose • Hence the 

vertical stress, o-: and the other stresses are given by:­
x 

5.5 The determination of the characteristic curves 

From the general theory, ~vis known that the two 

characteristic directions are given by:-( * )-< - Tun ( <f ~) 

(t),8 =: Tah(lf-;J') 



Considering the first equation and converting to polar 

co-ordinates gives:-

Now 1/' is a function of e only. 

can be separated as follows:-

Hence, the variables 

when 

dr 
r 

de 

9= O, let r = r
0 

and, integrating 5.17 

1~ 
r-

Yo 
1

8 
clB 

Tan('f-1;)1) 
0 

Lo ..r. - c1 9 J
S 

~e. ( r, ) - 7in,(f~) 
0 

As 'f is known for every value of 9 ( from the solutions 

of equations 5.12 and 5.13), the progressive sum of Cot( 1 +,,,_p )de 

gives the progressive values of r as Ii} increases. The radius arm, 

r, traces out the first characteristic. 

Similarly, the second characteristic curve can be obtained 

by substituting 7" for ~ in equation 5.18. A diagrammatic 

trace of the two characteristics is shown in Figure 5.5. 

Fig. 5.5 



State of active critical equilibrium in a slope 
of infinite extent 

Case 1 Slope = 90 :J;, (see Figure 5.6) 

Fig. 5.6 

The solution of this case is required as part of the 

solution of wedges in which the interior angle is smaller 

than 180°. 

It is evident from the postulation of a slope of infinite 

extent that f , the direction of the maximum principal stress, 

must remain constant and independent of 0 • This being so, 

the characteristic curves must be straight lines. 

The direction off 

As <f is constant, the rate of change of 1f 

respect to e in 

gives 

with 



Substituting this value for the derivative in equation 

5.12 gives 

0 
= Cose - Smp Cos (2.-;,+0) - S Col-,e 

2 S S,n f ( ~DS 2,"f - S1nf) 

that is C (!)5 9 - S~j-> Co~ (2.J t-B) - S C(!)Se.f = 0 

and s 

From equation 5.19, substituting for 1f in equation 5.20 

gives 

s 

At the boundary, 0- = 0 which implies from equation 5.8, 

that the value of S must also be zero along the boundary. At 

the boundary, 0 = _g + 90. 

equation 5.21 gives 

Substituting these values in 

Expanding the double angles and reducing gives 

Solving for 'f , 

where K =+l denotes active failure. 

From equation 5.22, the value of <f can be determined 

for any slope, l • From equation 5.21, the value of Scan 



be determined using the derived value of 'f • Now, 

Hence, if the stress vertically below a 

point on the surface is required, 'f' = 'f and substituting 

in equation 5.9 gives the stress. 

Equation 5.22 gives the direction of the maximum principal 

stress. The directions of characteristic lines are given by 

Considering only active failure 

5.2.3 

Case 2 Slope= 90 :.£ (see Figure 5.7) 



If the slope is equal to 90 -1, 
characteristic lines are given by 

the directions of the -'i'L and f>~ 

From equation 5.25 the value of 1 can be conveniently 

determined as follows: 

S,~'( ~o,£) z~ - 1T + f +-J,_ 
Sin f 2 z 

i.e. S,n.f.. +-l-~) 5m( 2ot,. + f 
S/nf' 

Expanding the righthand side and multiplying out gives 

RHS = 

Dividing by Sin£ and solving for Tan-{ gives 

Comparing equation 5.27 with the corresponding equation in 

Sokolovski's book "Statistics of Soil Media", page 149. there 

appears to be a type-set error in his formula-



Domains of dependence in an infinite slope 

The following information can be obtained from the 

characteristics of an infinite slope in a state of critical 

equilibrium. In Figure 5.8 three infinite slopes are shown. 

{i) { = 0 

y 

0 

p 

(iii) O 

c=.f 
p 'f 

Fig. 5.8 

The slopes of the characteristic lines are determined from 

equations 5.23 and 5.24. The domains of dependence of point P 

are given by LR, the intersection of the characteristics through 

point P with the surface of the slopes. 

It is immediately evident that, in slopes (i) and (ii), 

for a finite yalue of the distanc~aJhe domains of dependence 

are finite, the domains increasing as the slope.[ approaches 

f . When _t, = f the domain of dependence becomes infinite 

as shown in slope (iii). The surface of the slope is now itself 



5.16 

a characteristic line, the other characteristic 1.ine be:i.ng 

vertical. 

Where the slopes are rwt infinite .in extent, in ( :l) and 

(ii) the critical state, as for an infinite slope, may yet 

exist over a finite length provided the domain of dependence 

cf the point Pis on the finite slope. In (i:i.i), this 

critical condition cannot exist in any finite slope for any 

finite values of a. 'T.'he cri t :Leal region shrinks to a line 

of a = o. 

These observations can be applied to solutions of certain 

regions of wedges. 

wedge ( i) the two slopes of -~ 1 and .{,? are ,_ 

In wedge (ii) the two slopes -l 1 and 4· 2 

c; 
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In wedge (i) two regions exist marked A1 and A
2 

in which the 

critical stresses conform to the infinite slope condition. 

The limits of these regions are given by the (.3 
1 

and d.. 
2 

characteristics through the apex of the wedge and the surface 

slopes of the wedge respectively. The slopes of these 

characteristics are determined from equations 5.23 and 5.25 

respectively. To the left of the /8 1 characteristic and 

the right of the c:;( 2 characteristic plastic failure such as 

indicated bv EFG, completely coufiTied tn each flank of the 

wedge, can take place • Between the characteristic /51 

. and tA 
2 

(Region B) failure such as IHK can only take place 

by including portions_ of both flanks of the wedge. 

In wedge (ii), because __{ = f , the infinite slope 

solution is only valid at the surface of the two flanks and 

Region B applies throughout the wedge. Failure can only 

take place by including portions of both flanks of the 

wedge. To summarise: whereas in wedge (i), with _[L.f, 

the failure of the wedge in certain regions is confined to 

one of the flanks, in wedge (ii), with _[- = f , failure 

must always include portions of both flanks. 

The exact form of the failure lines in Region Bare yet 

to be determined by the numerical solution of equations 5.12 

and 5.13. 

A relationship along characteristics it3l and CX. 2 

Along the characteristics /i and d.. 2 certain relationships 

exist which are of value in checking the numerical solution of 

the critical state in Region B. Consider the /i characteristic 

in Figure 5.10. When 9 is equal to the angle at which 

the characteristic lies then 



but by definition f = . f -9 

hence f = -~ ,, 

I 
I 

I y 

Fig. 5.10 

Designating angle 0 , at which th~ (3 1 characteristic lies, 

by (3 
1 

then 

and substituting this value for 0 in equation 5.20 gives 

and us is smaller than f 



$ Co~/ - Cosf, Cosf' + £,nr-,, <;,,"J -

- Cos(f, - f) -

then s Cos (13,-P) 
Cosf 5.29 

Similarly it can be shown that for the ot. 2 characteristic 

and 

s -

5.9 Solution of the plastic state in the wedge 

5.9.1 Solution in Region A 

Region. A (Figure 5.9) conforms to the infinite plane 

conditions considered in Section 5.6 where the formulae for 

the critical stresses have been given. 

5.9.2 Solution in Region B 

In Region B the solution of the critical stress state must 

be obtained by the numerical integration of the differential 

equations 5.12 a.n.d 5.13. 



5.20 

Initial conditions 

For any selected wedge with ~:pes _[ 1 and~ 2 
the 

slopes of the characteristics ~ 2 
and r3 1 which form the 

boundariEls to Region B can be found from equations 5.25 and 

5.23. On these characteristics from equations 5.28, 5.31, 

5.32 and 5.29 the values of f and 3 are known and form a 

set of boundary conditions for the solution in B. However, 

attenpts to solve the differential equations by using these 

:i.nitial values were not successful due to the following 

re3-sons:-

The first derivatives d f /d8 and dS/de tend to infinity 

at €) = o<_ 
2 

and 0 = /3 
1

• The appro3ch to infinity is 

extremely rapid and it appears that a discontinuity in the 

first derivatives exist at these values of B • (See 

As it is not possible to calculate 

tho values of the first derivatives immediately inside 

Region B (that is 8 just smaller than d,,. 
2 

and 0 just 

bigger than ~ 
1

) even by such methods requiring only the 

initial values of 9 , f , and S, the solution cannot be 

advanced from these values. 

The only method of solution is to choose the initial 

values of 0 , "f and 3 ( to avoid confusion these ini tii'll 

val ue.s will hence forth be designated ()
0

, 1/'o anc S
O

) in the 

Re~ion Band to advance the solution by numerical integration 

of equations 5.12 and 5.13 in positive and neg~tive directions 

of 9 until in ea.ch of these directions the value r = / is 

8 ttained. At this value for r the solution terminates and 

the concomittant val~es of 8 and Scan be found. The 

two Yalues of & correspond to the slopes of the r:A 2 and {1 1 

char,tcteristics c1.nd hence from equations 5. 25 ( or equ':l.tion 

5.27) and 5.2& the values of the two slopes of the wedge ,f 2 

and ,{ 
1 

can be determined respectively. 



The relationships between the slopes .£1 and -{,2 and the 

chosen values of 00, fo and S 
0 

are as yet unknown, so 

the values of -[1 and r-{ 2 determined in any particular 

numerical solution may be far removed from those required. 

In order to find the solution for any two specified slopes 

it is therefore necessary to make a series of solutions with 

different values for 6'0 , r 
O 

and S
0 

and then to determine 

the values of these parameters for the specified -£ 
1 

and ._t 
2 

by interpolation. The method of solution for specified 

slopes is therefore an indirect one. 

Here 

A convenient initial value for 0 is the semi-X axis. 
0 

B = o. 
0 

As set out previously, by choosing different 

values for Yo and S
0 

different slopes [ 1 and -£ 2 can then 

be calculated. 

In the symmetrical wedge at 0
0 

= 0 the direction of the 

maximum principal stress, 'f, is in the direction of the X axis, 

i.e. '/o = 0 and as 

the value of fo = O. 

Within the limits the value of S can be selected 
0 

arbitrarily. The upper limit of S is associated with a 
0 

wedge with slopes -{ 1 = -6 2 = 0, i.e., a horizontal 

infinite plane. Its value can be found from equation 5.20 

= 
Cos{) Sin P Cos(2 'f -8 ) 

with Q 
O 

= 0, '/o = 0 and if the angle of internal friction, f , 
0 is equal to 30 the value of S is correspondingly 

0 

I - -k_ • I 
= 



The lower limit of S ·, which for the symmetrical wedge occurs 
0 

when the slopes are attheir natural angle of repose, can be 

found by solving differential equations 5.12 and 5.13 for a 

series of values of S (and finding the concomittant values 
0 

) ranging from S =¼down to S corresponding to 
0 0 

a value of -{ equal to the natural angle of repose. 

5.9.2.2 Termination of the solution 

The integration of equations 5.12 ard 5.13 is performed 

by numerical step by step methods. It is known that if 

9 = o<. 2 or f 1 , the value of 'f = -~ • The 

solution is therefore terminated when f attains this value. 

The differential equations are, however, in terms of the 

independent variable 8. Hence, with the step by step 

method of solution it is virtually impossible to select 

the final step d 0 so that f would attain the value of -,,-"' 

at the end of that step. It is therefore necessary to 

transform the two differential equations, making Y the 

independent variable and performing the numerical calculation 

in terms of this independent variable. Alternatively, the 

solution may be advanced in terms of 0 and at some step 

before r attain the value of -~ to transform the 

differential equations to fas independent variable and 

advance the solution further in terms of the independent 

variable 'I/I 
I • 

In this investigation the second procedure was followed 

as the step length d O could be chosen as a fraction of a 

degree such that the values of f and S could be listed 

in ·terms of whole !egrees of e • 

when ~ is determined from f 

numbers. 

Only the last few values, 

will 0 not be in whole 



5.23 

Checks on the accuracy of the solutions 

One, of the problems in the solution of differential 

equations by numerical methods is the estimation of the 

degree of accuracy of the solution. Fortunately, in the 

solution of the equations governing the plastic state of the 

wedge there are two checks, one of which provides a powerful 

control on the accuracy: 

1~ The solution for the slopes ..[ 1 = .(2 = o, i.e. an 

infinite horizontal plane, is known in closed form and can be 

used as a check on the accuracy of the numerical solution. 

From the closed functional relationships, for f = 30°, the 

value of 0- = 1.0 oh, 
X 

" 
0- = 0.33 ~h and y 

Furthermore, the radius of the o( 2 characteristic for f = 30° 

lies at 8 = ~ 
2 

= 30° and has the value 

r = 
2Cos P\.2 

Hence for r = 1 the value of r = 0.57735 (See Figure 5.11) 
0 

I 

I 

I 

I\ 
\ I \ 
\; \ 

;\ 

/\ 
I \ I 

'I. 
I \ 

X 

Fig. 5.11 



Comparing the values listed above with those obtained from the 

numerical solution as given for.-{. = 0 in Appendix 2 the values 

show agreement to the 6th decimal place. The numerical method 

of integration (to be considered later) appears therefore to 

provide solutions of sufficient accuracy for this slope 

configuration. (In passing, it is of interest to note in the 

las_t line of the list of values for dS/d6' and df /d/Jfor _[ =0 

(Appendix 2) the occurrence of the discontinuity in these 

derivatives in the last step length of d0= 0.005°.) 

The fact that the solution is accurate for the values of 

S = ¾ = 0 is no guarantee that it will be accurate for S
0 
~ 0.53, .o 

which gives c{ ~ 30°. All that thi.s check ensures is that the 

procedure of the solution is correct (and accurate for this value 

of S
0 

=~),but it does not ensure accuracy at lower values of 

S
0

• For this purpose the second check is required. 

2. The second check is provided by equation 5.32 which gives 

the relationship between S and 0 at e = d\,_2 • 

i.e. S = Cos( d,. 2 + f )/Cosf 

and 

The procedure of the check is as follows: 

By solving equations 5.12 and 5.13 numerically, the solution of 

Sand f is obtained up to the point where f = -~-• The 

check on the value of Sis determined from equation 5.32 by 

substituting the value of o{2. corresponding to the value of 

This value of S is cornnared with that obtained 

by means of the numerical integration method. If these two 

values are identical it is virtually guaranteed that the solution 

is correct. 

Numerical integration procedures 

To integrate the differential equations 5.12 and 5.13 the 

Rung-Kutta-Gill step by step method was used and programmed for 



solution on an electronic computer according to the procedure 

set out by Romanelli (Ralston and Wilf, 1962). 

It was found that as S decreased, instability and 
0 

inaccuracy of the solution increased. As S = 0.527 is 
0 

nearer the lower limit of S the step lengths were determined 
0 

which would yield a stable solution for this value of S, 
0 

a_nQ. in which the check value of S (equation 5.32) on the o\
2 

characteristic agreed with the value obtained by the numerical 

method to five decimal places. The initial step length finally 

0 accepted was dQ = 0.5. This value was decreased to the 

equivalent of 0.05° when the equation was transformed with 

r as independent 

solution ( f ~-;f' ) 

variable. Near the termination of the 

it was found that the derivatives changed 

very rapidly and required a further reduction of the step 

length to 1/5th its former value. 

By halving all the step lengths no appreciable increase 

in accuracy was found. On the contrary in some instances a 

loss of accuracy was evident, apparently due to the accumulation 

of rounding off errors. Once the programme was found to be 

satisfactory for S = 0.527 the same step lengths were employed 
0 

for the solutions for other values of S
0

• 

Value of 0- , <:r and 'rxy x-y 

From the numerical solution, once the values of S andY., 

for~ were known the stresses in the plastic region could be 

determined as follows: 

Assuming it is required to calculate the stresses along 

the horizontal- base of the wedge a distance, Q., below the 

apex (Figure 5.12). 



" 

Fig. 5.12 

At angle S the value y is given by 

y • aTanB 

The stresses, ~• 

5.14, 5.15 and 5.16. 

o;, 7-x.y' are found from equations 

If )s" and Cl are take:n to equal 

one, the solutions are given for a wedge of unit height and unit 

density and the values of the stresses can be found for any 

height and any density by multiplying the solutions by o. and r . 
The slope..£ 

Assuming that the solution has been completed up to 

f = -:-.. Jt- then the value of Ii, is known at this point. 

The value of (; here corresponds to the angle ol2, in 

equation 5.27. The slope of the wedge corresponding to this 

angle o( 2 can then be found from this equation. 

The characteristic or failure lines in the wedge 

As 69 advanced step by step to 9 = .,<.. 2 the integrals 



as given in Section 5;5, can be progressively evaluated 

numerically, the values of r 1and r 2 sweeping out the failure 

lines. If r is chosen as unity on the X-axis the failure 
0 

lines for any other value of r
0 

can be found by multiplying 

the numerically calculated values by this value of r (See 
0 

Figure 5.13). 

Numerical solution 

The computer programme to determine ~ 'f /dQ, dS/dQ, Q, 

s, r , 0-x' r:r,, fry' rl and r2 for f= 0 30 and chosen 

initial values for S
0

, To and Qo is given in Appendix 1. 

This programme is designed to obtain solutions for symmetric 

wedges only. Solutions were obtained for theright-hand 

sides of the symmetric wedges only. The initial values for 

Q
0 

and 'fo were fixed at zero and solutions for the initial 

values of S
0 

= 0.66666667, then S
0 

= o.66, thereafter decreasing 

by increments of 0.01 down to 0.53, thereafter decreasing by 

increments of 0.001 down to 0.527 were calculated. 

Lists of the values of the slopes of the cJ.. 2 character­

istics corresponding to these values of S are given in Table 
0 

5.1. In this table the check values of S on the ~ 2 

characteristic are also listed. It can be noted that the two 

values of S agree to at least the fourth decimal place and pro-

vide a picture of the accuracy of the solutions. 

ship between L and S
0 

is shown in Figure 5.14. 

The relsl.on-



TABLE 5.1 

I s 
s d... t. Numerical Cos(~g+ f.) Difference 

0 
Solution Cos p 

• 
o.6666 0.52359926 0.577350 0.577350 ~ 0.000001 
o.66 0.53241261 0.568513 0.568514 - 0.000001 

0.65 0.54628014 0.554523 0.554522 + 0.000001 
o.64 0.56098931 0. 5395L+5 0.539565 - 0.000020 

0.63 0.57671388 I 0.523433 I 0.523446 - 0.000013 

0.62 0.59359289 0.505980 0.505999 - 0.000019 

0.61 0.61186296 o.486935 o.486953 - 0.000018 

0.60 0.63181645 o.465953 o.465966 - 0.000013 

I 0.59 0.65385694 o. 4425E- o.442569 - 0.000002 

0.58 0.67854300 o.416100 o.416109 - 0.000009 

O • 57. 0.70677053 0.385528 0.385543 - 0.000015 

0.56 ' 0.74001865 0.349148 0.349148 i(. 0.000001 

0.55 o. 78095479 0.303810 0.303811 - 0.000001 
0.54 0.83584676 0.242226 0.242234 - 0.000008 
0.53 0.92938952 0.13571.8 0.135719 - 0.000001 

, 0.529 0.94536602 0.117381 0.117382 - 0.000001 
0 .. 528 0.96517272 0.094606 0.094608 - 0.000002 
0.527 O. 99.328027 0.062227 0.062228 - 0.000001 
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The values of S between o. 66 a.nd o. 53 were differenced 
0 

and it was found that random variation occurs in the 5th 

differences. In consequence a 4th order Lagrangian inter-

polation was used to determine the values of S corresponding 
0 

to the slopes .-£ = O, 5, 10, 15, 20, 25, 30°. These inter-

polated values of S were then used as initial values to 
0 

determine the plastic states for wedges with the corresponding 

slopes. The lists of the completed solutions are given in 

Appendix 2. 

From the lists in Appendix 2 the various parameters of 

interest in numerical solutions of the critical state are 

plotted in the following diagrams: 

1. dS/dQ versus Q - Figure 5.15 

2. d"f /dQ versus Q - Figure 5.16 

3. S versus Q - Figure 5.17 

4. f versus Q - Figure 5.18 

J..
2 
versu~ - Figure 5.19 

6. Stresses along the base of the wedges - Figure 5.20 

7. The failure lines in wedges with 30° and 25° slopes -

Figures 5.21 and 5.22 respectively. 

Discussion of the Solutions of the active critical 
state in wedges 

From Figures 5.15, 5.16 and 5.19 it is apparent that S, y • 
and v\_ 2 become sensitive to the value of the slope, 1 • as 

it approaches the natural angle of repose. For instance, 

0 0 a change of slope from 30 to 29 causes a shift in the 

angle of the ~ 2 characteristic from 60° to 55° approximately. 

(Figure 5.19). The stresses, which are dependent on Sand 1J1 

will reflect this sensitivitY, and the locationsof the failure 

lines tend to be indeterminate. 
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If large strains precede rupture failure the resultant 

plotting of the slopes will influence the location of the 

failure lines, this being determined by the slope at the 

moment of failure. This will be particularly noticeable 

in a wedge with slopes at the natural angle of repose. Under 

the rigid plastic state postulated for the wedge, the deeper 

legs of all failure lines penetrate beyond the apex point of 

the wedge. In practice, with the slight.flattening of the 

slope, d1tP to pre-rupture strains, it ie rossible that, in a 

toe failure, the deeper failure legs intersect the surface of 

the wedge before the apex of the wedge. 
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S E C T I O N 6 

6. 3t)1'E~ EX.J?ERIMS:'-f.T:Al! G()!..fFII~t1 6G:l.£1:f_ C•14 T£i:~ 'l1IiEORY CF ,-\G"fIVE 
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6.1 Introduction 

In order to investigate the validity of the 

theoretical predictions of the critical active state of 

wedges, series of experiments in which model wedges were 

failed under active critical conditions were undertaken. 

As it was not possible to measure the stresses in_the wedges 

during failure, emphasis was placed on investigation of the 

forms of the failures. 

Active failure in wedges can be induced by causing the 

wedge to fail by sliding out on the base. 

method employed in all experiments. 

This was the 

6.2 First series of experiments 

This series was of an exploratory nature. 

A model wedge of sand was formed on a table, part of 

the base extending over a sheet of paper, as shown 

diagramatically in Figure 6.l(a). The paper was gradu~lly 

pulled outwards from the bank for a short distance. Two 

points of fail~re developed, as shown by points A and B. 

The zone between A and B sank and the area between Band C 

moved outwards a$ a body. 

of this test. 

Figure 6.l(b) shows a photograph 

A further model was formed on a number of sheets of 

paper, each extending different lengths along the base, 

as shown diagramatically in Figure 6.2(a). These sheets 

were then pulled outwards consecutively, starting with the 

sheet ending nearest the centre of the model. A series 

of parallel failure ridges appeared on the surface of the 
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6.2 

wed,;e, ,)s shown diarramatically in Figure 6.2(a). A 

rhotocrarh of th8 test is shown in Figure 6.2(b). 

Y~t another model wedge composed of two sands of 

contrastinf colours in ]ayers, was formed and multiple 

fai]ure induced. model was soaked with a commercial 

gell and allowed to set. The failure was exposed by 

cutting the model at right angles to the apex ridge of the 

wedge. This showed the failure planes very clearly. 

(See Figure 6.3). 

6.3 Second series 

The first series of experiments was artificial in that 

the point on the base of the wedge at which failure develops 

was pre-selected. Furthermore, outside the failure zones 

it is not possible for the wedge material to deform. It 

was therefore decided to undertake a series of experiments 

in which·the model wedges ~~re to be constructed on very 

stiff tar and failure induced by reducing the shear 

resistance of the tar by heating. Wedges failed in this 

fashion would be free to deform elastically .g,nd plastically 

in accordance with the natural laws governing these types 

of strains. 

Two experiments were performed, in the first a wedge 

with aides at the natural angle of repose was failed, without 

any pressure applied to the flanks. In the second, the 

influence on the failure pattern of water pressure against 

the one flank of the wedge was investigated. 

Apparatus 

Model table 

A diagramatic sketch of the apparatus is shown 

in Figure 6.4. The table plate 1 on which the model wedge 



6.2(b) 

Figure 6. 3 Failure lines in model wedge. 
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was to be formed was a single sheet of steel plate ]411 thick, 

measuring 15' x 6•. The plate was supported level on a 

frame 2 1 6° above the ground. The slide plates 3, each 20" 

high, were bolted along the edges on the longer sides of 

the table plate, the top of the side plates being filed 

Gtraig-ht and smooth, and set parallel to the table plate., 

The forming blade, by means of which the wedge was to be 

constructed, consisted of a bar 4 which rested on the side 

plates and through which passed two bolts 5, each 2211 

long, screwed over the whole length and welded to a straight 

edge 6. The straight edge could be set by adjusting the 

two nuts supporting the straight edge on the bar. 

~ 

Two sands of contrasting colours were used. The 

one sand was derived from the tailings and was of a grey-blue 

colo~r, the other was river sand of a yellowship-white colour. 

Each sand was well washed and dried in an oven at low heat -

at l00°F, (to ensure that the tailings sand did not shatter 

on drying) and then sieved to isolate+ 100 - 14 Tyler 

fraction. 

Tar 

The tar which simulated the clay layer under the 

wedge was of tb.e kind used in cable junctions, being very 

stiff at room temperaturec 

Forming of the model wedge 

The tar was melted by means of a blow torch and 

spread evenly to 1 /16 11 over the table plate. A very thin 

layer of fine sand was sieved over the tar in order to 

prevent, on heating, the penetration of the tar in the 

model's sand. The outline of the model wedge was drawn 

on the side plates, together with a number of vertical 



lines. (Figure 6.5(a). The limits of the base of the 

wedge were marked on the tar covering the table plate. 

These lines were to serve as guides in forming the wedge. 

(Figure 6.5(a). 

The forming blade was set level a.t a distance of 

about l¾n above the table plate. One of the sands was 

poured onto the table plate in the base area marked out 

and levelled by means of the forming blade. (Figures 

6.5(b) and 6.5(0)). The edges of each layer were formed 

by setting the blade parallel to the longitudinal section 

of the wedge and gently pushing the sand under the blade 

.. until the flank was correctly formed at its angle of 

repose (Figures 6.5(d) and 6.5(e)). The level of the 

forming b1ade was then set higher and a different colour 

sand poured. It was found that the slopes of the wedge 

could be formed so accurately, that the guide lines on the 

side plate were unnecessary. The process of forming the 

wedge was repeated layer upon layer until the wedge was 

com pl et ed to a height of about 1911 • ( Figure 6. 5( f)). 

Fine white sand was then gently sieved over the wedge. 

This was done for the purpose of distinguishing the failed 

areas from the unfailed. (Figure 6.5(g)). 

6.3.3 Failure of the wedge 

The failure of the wedge was achieved as follows:­

Hessian sacking was threaded with steel wire, dipped in 

paraffin and arranged evenly over the floor beneath the 

table plate, and fired. As soon as the tar had softened 

sufficiently for the wedge to show signs of failing, the 

burning hessian was withdrawn from under the table by means 

of the steel wire and the underside of the table plate 

hosed. with cold water. This effectively stopped the failure 



6.4(a) 

---------------

Figure 6.5(a) Model table with tar spread over 
base and base and side lines chalked. 

Figure 6.5(b) Sand poured on to base and levelled 
by means of forming blade •. 



6. 4( b) 

Figure 6 .5(c ) Photograph shows a l ayer of sand, 
by which the model is progressively built up , 
being levelled . 



6.4(c) 

Figure 6.5(d) 

Figure 6.5(e) Photograph shows method employed to 
form the edges of the layer to the angle of repose. 
The blade is set at the edge and sand carefully pushed 
below the blade till the angle is corractly formed. 



F i gure 6 . 5 ( f) 

Figure 6 . 5(g) 
sand . 

6 . 4(d) 

ledge completely formed . 

Side of wedge sifted with fine white 



6 • .5 

movement. The progress of the failure was recorded 

photographically and is shown in Figure's 6.6(a), 6.6(b) 

and 6.6(c). 

To preserve and distinguish the numerous ridges of.• 

failure, a fine white sand was carefully sieved about~" 

thick over the whole model, and on top of this,sand was 

packed to a depth of 411 • A commercial gell was pumped· 

into the model. (See Figure 6. 6 ( d) ) • The model was 

left for 24 hours to allow the gell to set. 

To expose the failure cross section, the side plates 

were removed and slices parallel to the side piates a~ 

1 - 2" spacings made across the ·face. The following_ 

photographs of the significant cross sections are shown: 

(i) The !ail~d cross section at the side 

plates (Figure 6.?(a)). 

(ii) Near the side of .the failure (Figures 

6.7(b) and 6.7(0)). 

(iii) Near the centre of the failure (Figures 

6.7(d) and 6.7(e)). 

(iv) At the centre (Figure 6.7(f)). 

The deformations in the tar due to the failure ~re 

snown in Figure 6.7(g). 

In the second experiment after the wedge was formed 

(Figure 6~8) water pressure was applied to one side of the 

wedge (Figure •6.9). The wedge was then failed by heating 

the tar base. The time sequence of the failure is shown 

in Figures 6.lO(a), 6.lO(b) and 6.lO(c). Cross sections 

of the wedge after failure are shown at the following 

positiona: 

(i) At the side plate (Figure 6.ll(a)). 



6.5(a) 

Figure 6.6(a) 

Figure 6.6(b) Time sequence of failure of model 
wedge . Note in the upper photograph the first failure 
ridge and a few minutes later the formation of the 
second failure ridge in the lower photograph . 



... 

Figure 6 . 6(c) 
model wedge . 
of regularity 

Final extevnal form of failure of 
There is little external appearance 

in the failure. 

Figure 6 .6( d) Failed wedge is covered with a layer 
of fine and rough sand, and gell pumped into the model. 
The layer of fine sands contains the gell inside the 
model . 



Figure 6.?(a) Cross section of model at the side 
plates. Deformation has taken place but no failure. 
Note the slight flattening of the upper sections of 
the flanks relative to the lower sections. 



Figure 6.7(b) 

Figure 6.7(c) Cross section near sides of failur e . 
Note that the bottom apex of the failure is near the 
flanks and that the inner leg of the failure is nearly 
parallel to the flanks. Note also in the lower 
photograph a failure line developing, but not yet 
completed. 



6.5(e) 

Figure 6 . 7(d) 

Figure 6.7(e) Cross section near the centre of the 
failure zone. Note the inner leg of the failure is 
a much steeper slope than the flanks of the wedge. 
Also, failure lines internal to the main failure 
lines have developed. 



6. 5( f) 

Figure 6.?(f) Cross section at centre of failure. 
Failure is extensive with a sequence of 3 main f a ilure s 
recognisable. Note the unfailed wedges. 

Figure 6.7(g) Tar deformation due to failure of model 
wedge. Note the transverse failures at the toe region 
of the failure. 



6.5(g) 

Figure 6.8 Completed wedge with thin rubb er 
membrane of tank in background. 

Figure 6.9 Tank being filled to supply water 
pressure against wedge. 



.. 

Figure 6.lO(a) 
lightly covered 
taken obliquely 

Figure 6 .10( b) 
wedge . 

Stress free slope of model wedg e 
with fine white sand. Photograph 
above slope , 

Main failure developing in model 



6.5(i) 

Figure 6.lO(c) Secondary failure developing in 
unfailed wedge pushed out before main failure. 

Figure 6.ll(a) 
of the failure. 

Cross section of wedge at side plates 



6.12. 

6.6 

(ii) At the sid e of the failure (Figure 6.ll(b)). 

(iii) At the centre of the failure (Figure 6.ll(c)). 

The deformations of the tar base are shown. in Figur e 

6.4 Discussion 

6.4.1 Location of main failure 

It has been shown in Section 3 that the failure of a 

soil mass is governed by two partial differential equations 

of the hyperbolic type. The form of the active failure 

zone is in consequence governed by the boundary stresses at 

the top of the surface of the wedge and the contour of th~ 

wedge, and the extent of the failure zone is governed by the 

domain of dependence of the bottom apex point of the failure. 

The boundary co'ndi tions outside the domain of dependence does 

not . affect the failure zone. Hence it iQ immaterial whether 

these regions are in an elastic or plastic state. By 

inducing sliding at the base of the wedge the bottom apex 

of the failure will be centred at the base (which also is 

the point giving the domain of dependence). This point, 

then, governs the extent of the failure at the surface. 

Ref~rring to the photographs in Figures 6.?(d) and 6.ll(o) 

it is clear t~at t he apex of the failure is at the base, 

and that the form o f the failure conforms approximately 

to that predicted theoretically. 

with Figure 5.21). 

(Compare Figure 6.?(c) 

Theoretically, the position of the failure in a wedge 

on a base of tar can be predicted as follows: 

Referring to Figure 6.13 the shear stresses along the base 

0 of a wedge with 30 slopes were accumulated from the toe 

to the centre of the wedge to give the total disturbing 



6.6(a) 

Figure 6.ll(b) Cross section of wedge after failure 
near side of failure zone. 

Figure 6.ll(c) 
failure zone. 

Cross section of wedge at centre of 
Note primary and secondary failure wedges. 



6.6(b) 

Figure 6.12 Deformation of the tar on base plate 
due to failure. Note beginnings of a transverse 
failure in the tertiary failure zone . 
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shear force (or horizontal thrust) at any point along the 

base of the wedge. The shear resistance of the tar layer 

on which the base of the wedge rests is a function of the 

temperature and if this temperA.ture is uniform the shear 

resistance per unit length will be conste.r.t along 'the 

The cumulative shear resistance from the toe to 

the centre line of the wedge will be a straight line, 

having its maximum value at the centre line of the wedge. 

As the temperature of the tar increases the shear 

resistance per unit area decreases, causing a decrease 

in the slope of the total resistance line. When this 

slope is reduced sufficiently so that the total shear 

resistance line touches the disturbing shear force curve, 

the point of tangency would indicate the position of the 

faihtre at the base of the wedge. In Figure 6.13 this 

point of tangency and the associated theoretical failure 

zones are shown. 

6.4.2 Time sequence of the failure 

In Figures 6.6(a) and 6.6(b), and 6.lO(b) and 6.lO(c), 

the movement of the failure with time is shown. The first, 

or main, failure occurred, pushing a wedge of material 

still in a state of elastic equilibrium ahead of it. 

The main failure is located approximately as discussed in 

Section 6.4.1. , After this failure had occurred, with 

additional heating, the shear resistance of the tar 

decreased further and allowed a secondary failure to 

develop in the elastic wedge pushed ahead of the main 

failure. In a similar manner a tertiary failure developed. 

If the tar temperature had been slowly raised sufficient 

for the main failure to occ·ur, and thereafter kept constant, 



6.8 

the secondary failures could not have developed. 

After the failures.had penetrated beyond the 

confining influence of the unfailed section of the wedge, 

transverse secondary failures developed near the toe of 

the failure zone. These are not externally apparent but 

are indicated by the ridges formed in the tar base. 

(Figures 6.7(g) and 6.12). 

6.4.3 Strains preceding failure 

The slopes of the wedges immediately after they were 

formed gave values ranging from 34° to 34.7°, a mean of 

· 34.3°. It is of interest to note that this mean slope· is 

virtually identical to that measured on the embankment of 

tailings at Cullinan, i.e., 34. 5° o 

Failures.of the wedges occurred midway between the 

side plates (see Figures 6.lO(b) and 6.7(g)), the confining 

influenc~ of the side plates apparently having a 

stabilising effect on the slopes there. At the side plates 

after the failure had taken place the apex of the wedge 

dropped approximately¼ inch from the original height of 

19 inches and the base width of the wedge increased by 

about l¼ inches. The outlines of the wedge at the side 

plates before and after failure are shown in Figure 6.14. 

It is apparent that the slopes near the apex of the wedge 

flatten to approximately 30° and near the toe to approximately 

33°. These changes in shape indicate that considerable 

strains have taken place before rupture failure commenced, and 

consequently stress redistribution had taken place within 

the wedge. 

The flattening of the slopes of the wedge at the time 

of failure would theoretically influence the form of the 
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failure lines that develop; it was mentionned previously 

that if the elope of the wedge is near the natural angle 

of repose, slight changes in the .slope have large effects 

on the t/... 
2 

and ~ 
1 

characteristic lines, and it is 

possible that where the failures are centred on the base_. 

near the toe of the wedge the failure apex may be located 

in ~he region A (Section 5. 7) and both legs of the 

failure intersect one side of the wedge. 

A study of Figures 6.?(g) and 6.12 shows that the 

bottom apeces of the failure were located approximately 

on the arc of a circle. However, this does not mean that 

the failure was not plane, for a study of the striations 

in the tar in the zone of failure (not apparent in the 

photographs) indicates that the movement was parallel and 

normal to the apex ridge of the wedge. Thus, although the 

form of the failure is approximately circular, the failure 

took place under conditions of plane strain. 

Referring to Figures 6.?(b) and 6.?(c), which show 

cross sections of the failure with the apeces near the toe 

of the wed{~e, it can be noted that the deeper legs of the 

failure are almost parallel to the slope of the wedge. 

This conforms to theoretical prediction (Section 5.7 and 

Figure 5. 21). As the bottom apeces of the failure 

penetrate into the body of the wedge, the deeper legs lie 

at steeper angles ,(Figures 6.7(d), 6.7(e) and 6.?(f)), again 

as predicted by the theory. 

In th~ central region of the failure, the movement was 

extensive, and numerous failure lines developed. The 

intersecting angles of these failure lines give a mean. 
0 ' 

value of app~~a.tely 58 , which conforms to the value 
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predicted for an angle of internal friction of 34°. 

In order to show the failure pBttern more clearly, 

enlarged traces of the failures in Figures 6.7(b), 6.?(e) 

and 6.7(f) are shown in Figures 6.15, 6.16 and 6.17. 

A direct comparison of the theoretical and experimental 

failure forms is not possible, as the theoretical solutions 

0 assumed an angle of internal friction of 30, whereas 

experimentally this angle appears to be 34° approximately. 

Furthermore, even if a theoretical solution for [ = 34° 

was available, the form of the main failure would be 

given approximately by the solution for 30° slopes, due 

to the flattening of the slopes before failure. 

The influence of water pressure on the failure 

It is clear from Figure 6.ll(e) that the water pressure . 
on a flank of a dam has a stabilising influence on that 

~ 

flank. The stress-free flank.is insignificantly affected 

by the water pressure, the influence of the water pressure 

being only of significance for the failure zone between the 

apex of the wedge and the point of intersection of the 

deeper leg of the failure and upstream flank. 

6.5 Conclusion 

If the change in shape of the wedge due to pre-failure 

stress is taken into account, the experimental failures are 

in good agreement with the theoretical failures. 

Change i~ shape due to pre-failure stress cannot be 

predicted theoretically, as the theory assumes a rigid 

plastic behaviour of the soil. If rigid plastic behaviour 

is to be approximated it seems that the method by which 

failure was induced in the first series of experiments should 

be employed, for here no significant elastic strains in the· 

unfailed region due to movement of the base underneath are 

possible. For an exact solution of the failure of the wedge, 
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taking pre-failure strains into accoant, the analysis will 

have to be performed on the shape just prior to failure. 

Such an analysis would have to be made in terms of the 

general theory as the flanks of the wedges ~ill no longer 

be straight - a requirement that must be satisfied in the 

special wedge theory. 



S E C T I O N 7 

7• COMPARISON 
OF ANALYSI 
STATE OF A 

7,1 Introduction 

In Section 5, by means of the mathematical theory of 

plasticity, the differential equations governing the active 

critical state in wedges of eohesionless material were derived. 

By numerically integrating these differential equations the 

solutions of the critical state for a series of symmetrical 

wedges with slopes ranging from o0 to 30° and an angle of 

internal friction of 30° were obtained. In this section it is 

the intention to compare the pertinent results obtained from 

the rigorous solutions with those obtained by approximate 

m·ethods, and select the best approximate method. For design 

application and the analysis of stability failures such a 

selection is a necessity for the following reasons: 

In practice the embankments of cohesionless material may 

have angles of internal friction different from 30°, the embank­

ment may be flat-topped and the slopes not symmetrical. As 

each of these variables affects the critical stress distribution 

in the embankment, it would be impractical to attempt rigorous 

solutions for each case, particularly as these solutions cannot 

be obtained directly for the specified outline of the embankment. 

Even if a large selection of such solutions were available, the 

data may not always be readily available to a designer. 

Simplified procedures which give the solutions of sufficient 

accuracy for design purposes are therefore required. 



7.2 Hummel & F~nnan's theory 

Rummel & Finnan (1921) presented a theory whereby the 

stresses in an embankment·or cohesionless materials could be 

determined. They postulated that under plane strain 

conditions the weight of any particle in the cross-section 

is transmitted to the adjacent particles in two directions 

making equal angles with the vertical. From this postulation 

'it was deduced that the stresses at any point in a cohesionleas 

mass could be determined from the pressures due to two columns 

or material extending from the point to the surface at angles 

(1 = 90 ; f to the horizontal. (See Figure 7.1). This 

gives rise to a system of conjugate stresses at this point and 

hence the vertical, horizontal and shear stresses can be found: 

5 :=. lf 
h, t- n81 

$?. 

c:r.l:.. =lf n, -+- h& Co+2t:, 
2 

~~ =l h, - h& Coit3 
2. 

where h1 and h2 are the vertical distances from the point under 

consideration to the points of intersection of the two columns 

with the surface. 

Using model embankments they measured the vertical stresses, 

<ry, along the base of the embankments and found good agreement 

with the theoretically predicted values. No measurements of 

the horizontal and shear stresses were undertaken. 

7.3 Trollope's theory 

Trollope ( 19·57) postulated a theoretical model to represent 

the particles in an embankment of cohesionless material. For 

plane strain conditions the particles were idealized as smooth 

rigid mono-sized disks assuming the configuration shown in 

Figure 7.2. As the disks are smooth no tangential forces can 
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be transmitted at the point of contact between the disks. 

Being discrete the disks cannot transmit tensile forces. 

Trollope considered two cases, the first in which no 

vertical deformation of the base occurred, and the second 

in which deformation of the base, similar to consolidation 

under an embankment, occurred. These two cases he termed 

the "no arching" and "arching" cases respectively. 

Considering the no arching case, Trollope's method 

for determining the stresses in an embankment is in essence 

equivalent to that due to Hummel and Finnan, (that is each 

disk transmitted its weight equally to the two disks below 

it. See Figure ?.2), except that due to the physical 

properties of Trollope's model the 11 coefficient of friction", 

f, in terms of Hummel and Finnan's analysis becomes fixed 

at 30°. 

Trollope tested this hypothesis by measuring the vertical 

stresses only under model embankments and it was found that 

the theoretical and experimental stresses showed good agreement. 

7.4 A critical examination of Hummel & Finnan's and 
Trollope's theories 

Hummel and Finnan postulated that each particle transmitted 

its weight along two lines at equal angles to the vertical, 

whereas this was a natural consequence in Trollope's physical 

model for the no arching case. The latter's approach is in this 

context more fundamental and will be taken as the basis for 

the critical review. 

In Figure 7.3 the stresses along the base of a symmetrical 

wedge, with slopes of 30° and f = 30° determined according to 

Trollope and Sokolovski's theories, are given. Because in 

Sokolovski's analysis .P 0 is taken as equal to 30 , the two 

stress distributions are directly comparable. 

of the two stress distributions can be noted. 

The similarity 
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In Figure 7.4(d) the stress circle for the stresses, 

according to Trollope's analysis, at point A for the wedge 

in Figure 7.3 (or 7.4(b)) is drawn. It is apparent that 

the stress system is inadmissable under Mohr's. criterion 

for yield. From point A to the toe of the wedge the ratios 

of stresses remain const~nt, hence the stresR system through-

out this section is inadmissable. From point A to the 

centre line of the wedge the er and 
X 

· 0-- stresses remain y 

constant. At the centre line of the wedge where the shear 

1 is zc1ro Mohr's cri.terio:n i:::; satisfied. 
xy 

stress "'S 

the shear stresses increase from zero at the centre line to 

a maximum at po:i.nt A, and CT and 
X 

fY. remain constant, y 

this implies that in this sect.ion the stress system is also 

inadmissable under Mohr's criterion. 

In Trollope's model the boundary conditions required 

for stability at the base of the wedge appear to be somewhat 

artificial. On a rough horizontal plane an embankment 

composed of frictionless disks cannot attain stability. 

To achieve stability in the section from A to the toe of the 

wedge, it is required that each disk bears against a plane 

tilted at 6°35•, as shown in Figure 7.5. (See Trollope and 

Morgan, 1959). The resultant of the forces on the bottom 

disks is then normal to the tilted ba.se. There are thus 

no shear couples on any of the disks, whether internal to, 

or on, t ~ base of the embankment. 

In theory it is possible to visualise that if the disks 

are made sufficiently small the base surface may contain such 

irr~gular~ties that the disks may be restrained in the fashion 

envisaged in the theoretical model. · In such an event it is 

very likely that the stresses, as calculated by Trollope, will 
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be realised because each disk is retained in a geometric 

pattern, forming a rigid framework in which Mohr's criterion 

for yield does not apply. (This theoretical model would 

under normal circumstances not be fully realised due to 

random arrangement of the disks). 

In practice, embankments of normal granular material 

wi.th irregular grains attain equilibrium on smooth surfaces 

'I'his is due to the frictional shear forces 

between the glass and the particles, the friction being due 

to microscopi.c tr:regularities on both the macroscopic grains and 

the glass. ~hese tangential frictional shear forces cause 

couples or:. the grains which, due to lever purchase and 

tangentia.l friction forces between the particles, are trans­

mitted into the mass of particles above as shear stresses. 

It seems. that it is the neglect of these shear couples on 

the individual grains that has led to the inadmissable stress 

system in Trollope's model. 

Considering the inadmissability of the stress systems 

under Mohr's criterion a stage further 1 it may be argued that 

the friction in a cohesionless material is derived from two 

causes. the first due to interlocking of the grains and the 

second due to tangential shear forces at the pointsof contact 

between the grains. Internal to the wedge, where the 

particles can be expected to be more densely packed, the 

friction coefficient should be higher than that indicated 

by the natural angle of repose. The wedge might therefore 

retain "elastic" equilibrium under the stress system as 

calculated by Trollope. This argument does not, however, 

appear to be valid, for as the theoretical stress ratios remain 

constant right to the edge of the slope it is to be expected 



that in the immediate neighbourhood of the edge failure 

should take place. 

In Trollope's analysis due to the fact that critical 

equilibrium is not attained it is not possible to determine 

theoretically the lines of slip. If, however, 

assumed th.at the slip lines in the wedge are at 

it is 
1I ~ -f_ with 

'?., 
respect to the direction of the maximum principal stress, 

.then Trollope's analysis gives a constant direction for the 

failure lines in the region ABO, Figure 7.3. From the 

experimental results on the failure of wedges in Section 5, 

or by simple consider3tion, it is evident that in wedges with 

slopes at the natural angle of repose, base failures near the 

toe of the wedge must lead to failure lines of which one leg 

lies approximately parallel to the slope - in fact, the 

outline of a wedge at its natural angle of repose is a 

failure line. Trollope's theory gives failure lines lying 

at 45° ~nd 105° to the horizontal. Sokolovski's theory 

gives corresponding values of 30° and 90°, that is, one leg 

of the failure does lie parallel to the slope, the other 

being vertical. 

With regard to the practical application of this theory 

to stability analysis, the fact that Mohr's criterion is not 

satisfied is no bar to its use as a design method if, by its 

employment, satisfactory stable designs can be achieved. It 

is therefore of interest to enquire if Trollope's method 

would lead to safe designs. In ?igure 7.6 the horizontal 

thrust at any point along the base of the wedge was determined 

by progressiv-ly accumulating the shear stresses, as determined 

by Trollope's and Sokolovski's method respectively, along the 

base from the toe to the centre line of the wedge. It is 
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clearly evident that Trollope's method, when compared with 

Sokolovski's, significantly underestimates the thrust. 

The difference in thrust is so great that it would in practice 

be unwise to accept Trollope's values in preference to 

Sokolovski's. 

One observation of practical importance is that the 

vertical stress distribution in a wedge at rest and in a 

state of active critical equilibrium appear to be approximately 

the same. (See Figure 7.3). J~s experimental data by 

Trollope and Hummel & Finnan confirm that the vertical normal 

stresses for wedges at rest are closely given by their 

method, its use for determining vertical stresses at rest and 

in a state of critical equilibrium is recommended. 

7.5 Rendulic's method 

Rendulic presented an approximate method to determine 

in cohesionless embankments the thrust under active failure 

conditions for failure of the base layer by sliding. 

Referring to Figure 7.7 it can be noted that the failure 

of the embankment consists of two failure lines, marked AB 

and AC, enclosing the plastic zone in the embankment, and a 

third failure line, AD, along the base from the bottom apex 

of the failure zone to the toe of the embankment. 

8 

A 



From the theoretical. analysis, experimental evidence and 

observations of failures in the field it is known th~t the 

inverted form of wedge failure occurs, that this failure can 

take place without the adjacent regions of ~:he embankJr.ent 

being in a plastic state. 

In the rigorous approach the stresses along the boundary 

BC. are specified and on the a.ss1.m1ptic•n th3.t th•? mass below 

n,--. 
Dv is in a critical state, by ap~lying the different~al 

equations of faiJ.ure, ~;he failure li.nes '.~<\ "':nd r:,\ are 

determined. From the values of the critical stresses ~lon~ 

EA the total thrust parallel to DJ, can be determined. 

is according to the ge:r.eral analysis 0f plastic failure. In 

the wedge analysis (as was indicated in Section 5) the thr~st 

can be calculated more simply, but here the external shape of 

the wedge is restricted). 

In infinite slopes or finite slopes where the infinite 

slope condition prevails, as for instance in wedge failures 

with their bottom apeces in Region A (see Figure 5.9), the 

failure lines are straight and given by the d. 1 , ~l' 

and o.
2

, f 2 characteristics (equations 5.24, 5.23, 5.25 

and 5.26). Rendulic presented a method by means of which 

these failure lines can be determined. lt is based on the 

requirement that the failure zone ABC, Fig'Jre '7,7, is in a 

state of critical equilibrium. Consequently the thrusts on 

KA due to the mass on the right must equal the thrust due to 

the mass on the left of KA. 

however, not known initially. 

The direction of the thrust is, 

In Figure.7.8 assume failure 

lines AC', AC" and AC"' at different slopes through ri. 

Taking the failure line AC' the state of critical equilibri 1;.m 
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requires that the thrust P ( of unknown magnitude) lief, at 

the angle f with respect to the normal on ,:,_c 1 • 

the force diagram with w• = mass ABC acting vert:ica.:i.ly 

downwards= ac 1 and the direction of F given as c 1 p 1 can be 

drawn. 'l'he force di.agra.m is repeat 1::'d for fail :Jr·'" lJ.nes 

The erwelope 
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Because in the-infinite plane condition the critJ.cal 

stresses at the failure lines are proportional to the depth 
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Application of this construc~ion to aever&l slopes at 
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along a failure line is not simpl.e. In Rendulic's analysis 

the assumption of straight failure lines through the bottom 

apex of the failure now leads to errors in the location of 

the failure lines. Furthermore, the stress distribution 

on the failure line requires an additional postulation. 

The usual one is to assume that the stresses on the failure 

lines are directly given by the distribution of the mass 

above the failure lines. On this ass~ption the resisting 

shear stresses are not everywhere eq~al to the disturbing 

shear stresses, although their total$ are equal. This leads 

to the situation in which the thrusts Son AK in magnitude 

and direction can be determin~d, but their points of application 

on AK differ between the right and the lefthand side. 

Furthermore, if the assumed failure lines do not conform 

exactly to the true failure lines the thrust Sis under­

estimated. 

In order to investigate to what degree Rendulic's 

solution underestimates the thrust, the horizontal thrusts 

at differerit vertical sections along the base of a wedge 

with 30° slopes and an angle of internal :friction= 30° was 

determined. ( An example of one caJ. cula tion is shown in 

2igure 7.8 1 • These values are plotted in Figure 7.6 where 

the thrusts, as determined by Sokolovski's rigorous method 

and rrollope's method, are also shown. 

It is cle3r that Rendulic's method gives values only 

insignificantly smaller than those obtained by Sokolovski's 

':net hod. The maximum absolute difference between the values 

is found for failures with apeces at the centre lin.e of the 

base of the wedge. This is to be expected, because here the 

true failure lines show the greatest curvature and hence the 



greatest deviation from the straight lines assumed by 

Rendulic. (See Figure 5.2)). Near the toe of the wedge 

the values for the two methods are virtually identical which 

can be explained by noting that the true failure lines near 

the flank are straight for the greater part of their length. 

The maximum curvatures occur in wedges with their 

slopes at the natural angle of repose (compare Figure 5.21 

· with 5.22.). It can therefore be expected that the thrusts 

by both methods determined for any other shape of embankment, 

or, for wedges with slopes less than the angle of repose will 

show smaller differences than the maximum found for failures 

0 
of the 30 wedge. In consequence it can be stated that in 

the active failure of any cohesionless embankment by sliding 

along the base, Rendulic's method will give values for the 

thrusts insignificantly smaller than those determined by the 

rigorous method. 



S.E CT .ION 8 

8. DESCRIPI'IO~ OF THE FAILURE OF SACHE'S DAM EAST 

8.1 Introduction 

At Cullinan, 20 miles east of Pretoria, the Premier (Tvl.) 

Diamond -Minin,r Comp~ny mines a diamondiferous Kimberlite 

pipe. 

Part of the process of diamond extraction requires the 

crushing of the Kimberlite rock and washing of this crushed 

material to remove the dust. This is essential as dust 

deriv.ed from Kimberlite is of a clayey nature; in the 

subsequent liquid gravity separation of the heavy minerals 

(including the diamonds) if the dust is not removed, the 

viscosity of the separating liquid is increased, causing the 

process to operate inefficiently. The plant treats 

approximately 17,000 tons of material a day, requiring 

about 3 million gallons of washing water. To recover 

as mU:ch as possible of it for re-use the water,_ after being 

used.1n the process, is treated with hydrated lime to 

flocculate the clay material to a viscous slurry called 

slime. The slime is pumped to massive shallow basins 

cal1ed slimes dams (Figure 8.1), in which the noccul~ted 

material settles out, leaving a relatively clear supernatent 

suitable for pumping back to the mine. The slime is dis­

charged along the edge of the slimes dam, the coarser 

material settling out to form a beach. As the settled 

slime builds up in the dam, the walls, constructed f~om the 

beach material, are raised accordingly. 

For about 20, to 30 years after a slimes dam has gone 

.out of commission the settled slime maintains a consistency 

of weak jelly, below a crust of about 2 - 4- feet. Inspection 
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and reparation of the banks against breaches is therefore 

required for many years. 

The disposal of the 17,000 tons of treated Kimberlite 

per day (called tailings) is to dumps. In former times 

these were disposed of separately from the slime. 

It was considered that an economic solution to the 

disposal of both the slime and the tailings could be achieved 

if a tailings dump to serve as a dam wall was built across 

a small valley, and the slime pumped into the pond area. 

For this reason Sache's Dam East was constructed. 

8.2 Constructio~ of Sache's Dam East wall 

An endless conveyor belt transported the tailings from 

the mine processing plant to a flinger situated at the top 

edge of the advancing end of the wall, where the tailings 

were ejected into the air to fall on the advancing face, 

the particles rolling and sliding down the face until they 

came to rest at their natural angle of repose (Figure 8.2). 

No artificial densification of the material was undertaken, 

the only densifi'cation being due to the settlement of the 

wall under its own weight. 

The tailings dam thus formed is called Sache's Dam East; 

photographs showing different views of the dam and its 

surroundings are shown in Figure 8.3. The dam wall has a 

maximum height of 260 feet above ground level, and a length 

of approximately 4,000 feet; the sides slope at 34¼0
, which 

is the natural angle of repose of the material; the wall is 

80 feet wide at the top, giving a maximum base-width of 

approximately 84o feet. 

8.3 The slime beach 

The tailings material in the wall range in size from 

+¼" to -100 Tylers sieve with the coarse fraction predominating, 



8.2(a) 

!igure 8 . 2 Upper photograph shows advancing face of 
dam with flinger in action . In the bae kground dump No.3 
is the extreme right-hand one . Bottom photograph shows 
close- up of flinger . 



8. 2(b) 

• 

Figure 8.3 Upper photograph shows the downs tream flank 
of the dam , the lower photograph the upstream flank. 
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making the material very permeable. As the slime can flow 

through this material, an impervious layer up-stream of 

the wall was required to contain the ponded slime. A bench 

cut into the tailings wall about 10 feet or more above the 

slime pond level carried a 10 inch pipe conveying the slime. 

At regular intervals along the pipe, 1 inch diameter hoses 
I 

connected to the pipe discharged the slime at the edge of 

the wall at water level. The coarse fractions in the slime 

settled out next to the wall, forming a beach about 100 feet 

wide, sloping down at about 5° to the water's edge (Figure 

8.4). 

The beach material was of a very loose consistency, 

to the degree that it was not possible to walk on it. The 

0 beach was rendered more unstable because the 5 slope 

terminated at the water's edge; below water level the slope 

increased to that of the natural angle of repose of the 

material, approximately 30 to 34°. 

8.4 Sub-soil conditions 

Sache's Dam East was constructed across the pond area 

of a small dam called Sache's Dam West. This dam has been 

in existence since 1902, and accumulated sedimentary 

material to a depth of about 10 to 15 feet. No investigation 

of this material was made before the wall was constructed 

across the ponded area. 

-During the process of construction as the ad~ancing 

face crossed the pond area of Sache's Dam West, failure of 

the embankment occurred, confined almost completely to the 

down-stream side. The subsidence at th~ wall due to the 

failure was continually filled in until the wall achieved 

stability. By that time the failure zone had penetrated 



Figure 8. 4 The beach. 
process of being built up . 

In the foreground it is in the 
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approximately 4oo feet beyond the base limits of the dam 

wall into the pond of Sache's Dam West (Figure 8.5). 

Figure 8.6 shows a plan of Sache's Dam West and the 

failure area of Sache's Dam East. It will be observed 

that t h e failed section lies almost exactly within the 

pond area. This suggested that the sediments in Sache's 

Dam had a direct influence on the observed failures. 

To obtain information on the sub-soil conditions, 
., 

exploratory borings were sunk across the lower region of 

the failure; their locations, all within the pond area of 

Sache's Dam West, are shown in Figure 8.6. Difficulty 

was encountered in obtaining undisturbed samples of the 

soil strata immediately below the tailings. This was 

due to the loose nature of the tailings, which required 

driving a bore casing ahead a foot at a time, and cleaning 

out with an auger. As the upper level of the underlying 

material was not known to within a foot, in about half the 

holes the casing intersected the underlying - sediments to a 

depth of 6 inches to 1 foot before this became evident; 

the soil layers were consequently disturbed by augering 

out the casing. 

The mean profile of the holes exhibited the following 

essential features:-

1.· 20 to 30 feet of tailings. 

2. 1 to 2 feet of mixed tailings and slime. 

3. A layer of soft slime clay, ranging in thickness 

from 6 inches to 4 feet. 

4. A zone 10 to 15 feet thick of interbedded strata 

of sands, silts, clays and slime clays of varying 

thicknesses, with the slime clay layers in the 

upper part of the zone. 



8. 4(a) 

Figure 8. 5 Penetration of failur e into Sache's Dam 
' est Pond, now dewatered . 
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5. A pebble layer about 1 to 2 feet thick forming 

the boundary between the deposited sediments 

and the in situ weathered soil. 

6. (a) A light brown clay sand with veins of green­

gray clay, its consistency increasing with depth 

from firm to stiff. The soil is derived from 

in situ decomposed gabbro, the weathering zone 

extending for more than 80 feet into the gabbro. 
I 

The weathered gabbro is very pervious, the water 

visibly draining.from the sample. 

was found in holes 1 to 5. 

This material 

(b) A light brown stiff silty clay, very impervious, 

derived from in situ decomposed shale, found in 

holes 6 and 7. 

7. A water table called WT. No.1 at the level of 

$ache's Dam West. 

8. A water table called WT. No.2 about 16 feet below 

WT. No.l. This water table was only observed 

aft er passing through the layer of slime clay, 

when the upp&r water table No.l was lost and the 

level in the borehole dropped to that of WT. No.2. 

The generalised profile is shown in Figure lQ.1. 

The geology of the valley lies within the Magaliesberg 

quartzite and shales. The valley lies in an east - west 

direction, the shales outcropping on the northern slope and 

the quartzites on the southern slope. The gabbro sampled 

-
in the boreholes was found to be due to a dyke which .had 

intruded along a line approximately east - west. The stream 

draining the valley lies within and along the surface zone 

of the dyke. Gabbro, which is an igneous rock with a fair 
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c:cintent of plagioclaae and pyroxene, weathers very rapidly 

when exposed to a surface environment: this is probably 

the reason for the location of the river bed in the gabbro. 

A photograph, Figure 8.7, looking east, shows the 

lc,cation of Sache' s Dam East in the valley; a sketch of 

th.e north-south cross section is given in Figure 8.8. 

Ne attempt was made to determine the exact extent of the 

various strata as it was not considered to be essential 

to the solution of this problem. 

Water table No.2 is an unusual feature and after its 

existence had been discovered a small experiment was 

conducted as follows:-

A borehole with casing, the bottom of which penetrated 

just below the slime clay and the top at level approximately 

4 feet above Sache's Dam West water level ('NT. No.l) was 

filled with water. The water drained away quickly, within 

five minutes, to the level of WT. No.2, showing that the 

lower strata are very pervious and that there is no connection 

in nature between the two water tables. The loss of WT. No.l 

1:>ccurred before the pebble marker was intersected; other clay 

layers still existed below at the time the water table was 

lost. From this it was concluded that the clay layers are not 

•~ontinuous, an observation which is of great importance in 

considering the development of pore water pressure conditions 

under the embankment of Sacha's Dam West. 

The experiment was repeated with all the strata cased 

off down to and including the pebble marker. In holes 

penetrating the decomposed gabbro, WT. No.2 was quickly 

established, but in the shale the water table was only 



8.6(a) 

Figure 8 . 7 Looking east. Sache's Dam 'Nest is in the 
foreground, Sache's Dam East on the left, dump No . 3 on the 
right. Note the gentle slope of the valley on the north 
and the quartzite ridge on the south side of Sache's Dam 
West . The gabbro dyke lies along the trought of the valley. 
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established after about two weeks, indicating that the 

shale is very impervious. 

WT. No.l may be considered as a perched water table 

created by the presence of Sache's Dam West. WT. No.2 

is probably the permanent water table in the area, raised 

above the level it would occupy if Sache's Dam West and 

Sache 1 s Dam East had not been constructed. The existence 

of the two water tables appears to be due to the creation 

of a relatively impervious blanket of silt, clay and slime 

on the floor of Sache' s Dam West. Their occurrence 

indicates that there was.no major rupture of the blanket 

during the failure of Sache' s Dam East. This led to the 

conclusion that the failure was not consistent with one 

extending deeply into the sub-strata, for if such a deep­

seated failure had occurred, free connection would most 

likely have been established between the two water tables. 

This conclusion was confirmed by examination of undisturbed 

samples of the interbedded clays, sands and. gabbro, which 

gave no indications of failure. However, in the clay slime 

layer immediately below the tailings there were clear 
•' 

indications of failure; cylinders of the undisturbed slime 

clay, when left to dry, shrunk skew; on twisting.dry or wet 

samples, rupture took place on well-defined mirror-smooth 

concoidal surfaces which in nature were slightly inclined 

to the plane of the slime layer; the usual horizontal 

stratification which is characteristic of sedimentary 

deposits was absent, indicating remoulding. 

From these observations it was concluded that the failure 

bad taken place in the clay slime layer only. 

The water in Sache's Dam West and Sache's Dam East, 

permeating slowly through the slime layer, is collected by 
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the large area of sands, silts and the pebble marker under-

lying the floor of Sache's Dam West. The decomposed gabbr-o 

dyke which passes under the wall of Sacha's Dam West serves 

as an aquafir, draining away this water. Below Sache's 

Dam '/iest the pore pressures in the gabbro are such that the 

water table (WT. No.2) intersects the ground surface at 

about 10 feet above the level of the river bed, slowly 

undermining the wall and reducing its stability. Records 

show that in 1910 a cir9ular slip failure occurred in this 

wall in the section overlfiying the gabbro. At that time 

the dam was only a few years old; the gabbro must have been 

exposed to obtain spoil for the wall, and only a thin layer 

of clay could have settled out over the pond bottom. It 

seems now almost certain that the failure was due to 

connection between the water in $ache's Dam West and the 

gabbro material raising the pore pressures below Sache's Dam 

West wall. 

The freely draining character of the gabbro, pebble 

marker and interbedded sands and clay strata could be used 

to encourage drainage at the down-stream toe of Sache's Dam 

East; filter drains could with advantage be connected to 

them to reduce the build-up of pore water pressures. However, 

if free.connection should be established with the water in 

Sache's Dam East (which would eventually attain a depth of 

approximately 200 feet) the increased pore pressures could 

have a significant effect on the stability of Sache's Dam 

East wall. 

8.5 External forms of the failure 

The surface indications of the failure of Sache's Dam 

East are conm.stent with a sliding type on a weak shallow 



base; in Figures 8.9, 8.10 and 8.11 photographs of the 

failure are shown. The primary failure movement was out-

wards from the embankment, the subsidence at the wall being 

continually made good. As the slime clay in the pond of 

Sache's Dam West was unconsolidated, and very weak, the 

material virtually flowed into the ponded area on top of 

the slime clay. With consolidation the shear strength of 

the slime clay increased, requiring greater depth of 

tailings material ,to overcome the sliding resistance of the 

slime clay layer, leading to the gently curved outline of 

the failure (Figure 8.9). 

When the failure ha.d penetrated beyond the confines 

of the embankment, a secondary transverse failure in the 

main failure material took place, also of a sliding type. 

Evidence of this failure is clearly indicated in the 

photograph, Figure 8.10, by the formation of ridges at 

right angles to the main wall (see also Figure 8.11). 

Inverted wedges of,material near the centre of the failure 

zone subsided, pushing out the sides of the failure zone 

en bloo, and resulting in the centre being at a lower level 

than the sides. This subsidence is illustrated in the 

photographs in Figures 8.10 and 8.12. by noting the outline 

of the failure zone as exposed by the cutting parallel to 

the main wall. In the cutting, the planes along which the 

transverse failure took place are exposed, and are shown by 

the photographs in Figure 8.13. They occur at intervals 

of about 3 - 4 feet, and are about~ inch in thickness. 

The relative movements between the failing sections ground 

and pulverised the tailing material, in some instances the 

material being reduced to a fine powder. 



8.9(a) 

Figure 8.9 Showing the gentle curvature of the failure 
from the waterline to the flank of Sache's Dam East . 



8.9(b) 

----- --------------------- --

Figure 8 . 10 Failure of Sache's Dam East. The photographs 
show the secondary transverse failure lines very clearly. In 
the upper photograph at the top left-hand side of the failure 
note the horizontal ridges due to the primary failure. The 
bottom photograph (taken before Sache's Dam West was emptied) 
shows the infilling above the failure zone. 



Figure 8 . 11 
the dam wall, 
angles to the 

8 . 9(c) 

Failure of Sache's Dam East from the top of 
showing the transverse failure lines at right­
wall. 

Figure 8 . 12 Cutting across failure zone - note from the 
outline of the cutting the subsidence due to the transverse 
failure near the centre of the failure. Markers to measure 
horizontal movement of the slide can also be seen. 



Looking east. 
on Figure 8 . 11. 

Looking east. 
crossing. 

--''.L-__,_____,_ ______ ~------ - --

Failure lines near . leFr -hand side of failure 
Note slope to the right . 

Failure lines near centre. Note lines 

Figure 8.13 Failure lines exposed in cutting parallel to 
Sache's Dam East. 



8 . 9(e) 

Failure near right - hand side of failure. 
sloping to the left. 

Figure 8 .13 (continued) 

Note lines 
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R:Ldges due to the primary failure movement have been 

al mos t completely obliterated by the transver se s econdary 

fa:l.lur ,e. However, remnants o f the primary fai lure ridges 

arEt st:Lll evident on the main wall in the photogra ph in 

F'ig:ure 8.10; observe t he horizontal ridges on t he high 

left-hand side of the failure zone, and compare these with 

the ridges formed during the failure of the model wedges 

in Figures 6.6. and 6.10. 

Further evi~ence of sliding failures are to be found 

in the dumps at Cullinan. Tailings dump No.3, the extreme 

rie;ht-hand one in Figures 8.2 and 8.7, is about 600 feet 

above ground level, and was built out from an old tailings 

disposal dump. Washings of the decomposed material from 

the surface of the old dumps had spread over the ground 

surface as layers of clay, thus providing the weak plane 

necessary for sliding failure. Sliding failure of the new 

dun1p took place partly through the old dump material, 

punhing this material ahead (Figure 8.14). In Figure 8.15 

th,~ toe of the slide is shown, up-rooting trees in the path 

of its movement. 

Where the dump crosses a small valley, the main failure 

tol)k place along the axis of this valley at an angle of 

approximately 30° with the line of the dump. 

Photographs of this failure, from different angles and 

under different lighti~ conditions, are shown in Figure 

8.16. The characteristic inverted wedge formation of a 

sliding failure can be noted. The back legs of these 

failure wedges are shown in Figure 8.17. 



8.lO(a) 

Figure 8.14 Failure of dump No . 3 showing sliding failure. 
Note the old dump material (covered in grass) being pushed 
ahead. 

Figure 8.15 Dump No.3. Toe of slide uprooting trees. 



8 . lO(b) 

Figure 8 . 16 Failure of dump No . 3. The subsiding inverted 
wedge can be clearly seen . Note also that as the wedge 
subsided it was filled in . 



8.lO(c) 

Close-up of failure at front l eg of wedge. 

Failure condition at later stage. ~ new failure wedge is 
starting, partly through the old one, the two f a ilure lines 
crossing. 

Figure 8.16(continued) 
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Figure 8.17 Failure of dump No . 3, Back leg of failure. 
Photographs taken from Sache's Dam East wall. 
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A secondary transverse sliding failure in the material 

pushed out by the main failure was also observed in the toe 

of the main failure. Ridges due to the secondary failure 

are shown in Figure 8.18;K the ridges are curved, indicating 

that a thre e-dimensional failure was taking place. The 

subsidence in the central area can be clearly distinguished. 

A diagramatic sketch of the main and secondary failure move­

ments in the dump is shown in Figure 8.19. 

Sliding failures were also observed on the dumps pushed 

out by bulldozer during excavation of a trench across ~he 

failure zone of Sache's Dam East. The excavated material 

was pushed onto the layer. of slime clay lying on the bottom 

of Sache's Dam West, and although the dumps were only about 

30 feet high, sliding failure took place, indicating the low 

strength of the unconsolidated slime layer. Photographs of 

one of these failures are shown in Figure 8.20. 

A passive failure 

A passive £~lure occurred where the toe of the failure 

of No.3 dump lay against the flank of Sache's Dani East 

(Figure 8.21). It woul4 appear that this failure was due to 

the combination of direct pressure and shear forces, the 

latter being particularly high due to the movement of dump 

It was observed that when, ·due to the nature of the 

ground surface at the toe, failure movement in dump No.3 

K Subscript: Normal black and white negatives are insensitive 

to the blue-gray colour of the dumps and failed to ·show up the 

failure clearly. However, it was found that negatives made 

from Kodak colour slides increase the contrast probably 2 to 3 

times. All the best photographs in this section were produced 

by this method. The writer was made aware of this method only 

after he had left Cullinan. 



8 . ll(a) 

• 

Figure 8 . 18 Secondary transverse failure in toe of 
dump No . 3- Note the two sets of curved intersecting 
failure lines, the zone in between subsiding. 
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8 . ll(b) 

Figure 8 . 20 Failure of small dump on slime in pond of 
Sache's Dam West . Upper photograph shows slide taking plac e . 
Bottom photograph taken from the top of the small dump, shows 
the ridges of failure. 



Figure 8.21 
East. 

8.ll(c) 

Passive failure in flank of Sache's Dam 
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ceased, the passive failure did likewise. Along the slip 

planes of the passive failure intense nulverisation of the 

particles took place . 

8.8 Discussion and conclusion 

Qualitatively the external indications of forms of the 

failur es in Sache's Dam East and the surrounding dumps 

provide powerful evidence that the failures are of the sliding 

type, as predicted by the mathematical theory of plasticity 

for cohesionless soil media. It remains to show quantitatively 

by analyses such as Rendulic's using the shear strength· 

properties of the materials that these failures are the most 

likely. In Section 9 the properties of the materials and in 

Section 10 the stability of the sliding failure in Sache's 

Dam East will be determined. 

The relative softness of the particles compared to 

normal granular materials is indicated by pulverisation along 

the lines of slip. As the pulverised material is of a clayey 

nature it can cause a decrease of strength along this plane 

once a slip plane develops, leading to a reduction in the. 

stability of the embankment and a tendency for the slip 

movement to continue along the plane. 

It has been postulated that in the failure of soil masses 

two failure mechanisms can be distinguished - a line failure 

~ . 1 h . ( Jennings & Steffen, 1963, quoting and a zone 1a1 ure mec arusm. B. h H 1953 , rinc - ansen, , 

Line failures are described as 11 kinematically possible failures" 

in which the rupture takes place along a cylindri.cal surface 

with the failed zone above still in an elastic state. In 

zone failures the rupture line is not necessarily circular, 

but of such a form that plastic deformation in the failed zone 

is required for this zone to stay in contact with the rupture 
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line. Plastic deformation takes place internal to the 

failure region, and slip lines may develop. 

The failures in Sache's Dam East , the surrounding dumps 

and the model fall into the zone failure class. From 

Figures 8.13 and 6.l;f, it can be noted that slip lines 

developed internal to t he f ~ilure zones. From Figure 8.13 

it can be seen that both members of the intersecting set of 

slip lines developed, but near the sides of the failures 

only one member developed. 

It is doubtful if under normal circumstances both 

members of the set of int~rsecting slip lines develop 

simultaneously. Intuitively it seems that both members 

could develop simultaneously only if the plastic deformation 

takes place on a microscale throughout the failure zone, 

and in such a case it is unlikely that in.a completely 

uniform material the internal slip lines would become 

visible. An example of such a type of plastic failure 

can easily be constructed by forming an emba~ent of 

cohesionless sand on a thin flexible plate and lifting the 

plate by its edges. The deformation of the plate causes 

plastic deformation in the embankment, but no slip lines 

develop. This condition is approached in the left-hand side 

of the failure in Figure 6.16, where numerous intersecting 

failure.lines appeared to have formed. More usually failure 

occurs in blocks, only the outer rupture line or lines of the 

block developing, but the failure block itselt shifting 

its position as the critical region changes, causing rupture 

lines to appear next to the previous ones, thus leading to 

apparent intersection of rupture lines. Sokolovski states 

that the plastic theory does not predict the actual formation 
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of rupture lines, but only the potential for their develop­

ment; furthermore through each element two potential 

intersecting slip lines pass. This in fact requires 

micropl~stic deformation. In practice the particular 

rupture line whic~ forms depends on the distribution of 

weak regions in the material, making one plane slightly 

more favourable to rupture than another, but next to this 

~ rupture line the material may be still in a state of elastic , 

rigidity. Once a rupture line develops the remoulding on 

that line will often have a tendency to reduce the shear, 

resistance and the failure tends to persist along the 

projection of the line. 

Plastio failure, being a propagation phenomenon, must 

develop from some point and spread out from there. Due 

to the rigid plastic postulation in the plastic theory, the 

time effect of propagation cannot be predicted but its 

effect oan sometimes be discerned, as for instance in the 

model failure in Fi~ure 6.7(c) where the rupture line has not 

fully developed through the body; in the theoretical plastic 

rigid material such a partie.lly developed line could not 

exist, but due to elasticity and the non-uniformity of the 

material, this appears possible in a real material. Due 

to the reduction of shear strength where the_ ·rupture line 

forms, the line of rupture might not neoessarily ·conform to 

the potential slip line as predicted by the theory; if a 

stability analysis oould. be done on the actual ru~ture line 

as against the theoretically predicted slip line; ·and'if the 

true strength in the material before reduction due to re­

moulding could be subscribed on the rupture line, it might 

be found that this rupture line is not the most critical. 
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By the time the rupture line forms the critical condition 

has already been established and one could conclude that 

the kinematically possible rupture lines are a result of 

a failure condition instead of a mechanism of failure. 

A further point to consider is that no solution by 

the mathematical theory of plasticity using the modern 

concepts of effective stress and pore pressure development 
. 

during failure has yet been attempted. With electroni~ 

comput2rs· the problem is no longer insoluble, and it would 

be of interest to see if,. when such a solution is eventu~lly 

achieved, the form of the slip (or rupture line) would not 

approximate to a circle. 



S E C T I O N 9 

PROPERTIES OF THE MATERIALS IN SACHE'S DAM EAST WALL 
AND THE FOUNDATIONS 

9.1 Introduction 

, In order to perform the stability analysis of the dam 

wall the properties of the material out of which the wall 

was const ructed and the soils in the fotL~dations are 

required. 

The material in thew a;l.l is the '11 tailings" or waste 

of diamondiferous Kimb.erlite, which had been crushed in 

order to extract the diamonds.- Compared with granular 

materials normally used in rock-fill dams the tailings are 

relatively soft, to the degree that it is possible to cut the 

particles with a knife. It ~as considered that the 

particles might shear and crush (i.e.,"collapse") under the 

shear stresses and consolidation pressures expected in the 

wail - probably a unique situation in dam building. It was 

therefore of particular interest to investigate the stresses 

and physical conditions under which such a collapse of 

structure of the tailings could take place and the degree of 

collapse to be expected in the dam wall. 

9.2 Some properties of the tailings material 

9.2.1 The origin and durability of the individual 
particles of tailings material 

The Kimberlite occurring in this pipe is of the basaltic 

type and highly basic. (A.L. du Toit 1934). It contains 

numerous minerals which decompose when exposed to air. 

An examination of the old disposal dumps indicate that 

decomposition of the particles is confined mainly to the 

surface layers. Internal to the dumps little decomposition 



appears to have taken place; 

of tailings from the new dumpo are sta.t:i.st :i.cB.l2_v 

indistinguishable from those from the ol.d ,lu:1:p1:, 1 -:,n1(,d 

before 1920. 

decomposition. 

The slime which is derived from n1e wa.sU.7'~:: -::i: the 

crushed rock contains a large proporti')!~ of 

.material which, on flocculation by lime, settles out ss a 

clay. The settlErl material has a liquid. li.m:L ~,f ;u::,, a 

plastic limit of 44% and a linear shrinkage c•"' 7 , making 

it a very active clay. 

analysis of the clay which indict1t ed a fair ::_nc,"/. .:·t.i on of ;; he· 

clay mineral Montmorillinite. 

A very fine layer of slime clay coats each of tne 

tailings particles which probably influences the friction.al 

properties of the tailings material. 

The shape and particle size distribution of 
the tailings 

The shape of the taili.ngs is angular. 

distribution is shown in Figure 9~10. 

fraction. predominates and the shape of the cur·::':: j_c, 

characteristic of that normally found for cr,.1!::i, ':d :reek .• 

The tailings do not contain the bulk of the 

sieve fraction, as a portion of this fraction 

separately in the plant and disposed wi ta t; ;-~•,' ,C' ,. f,~, -~ , _.,. _,.. -~ e 

The predominance of the larger sized par~i;\03 in the 

size distribution of the ta.:i...L:.ngs has i.,be ,,ff,,,:<: (,f 

increasing the void ratio and consequently the ·· rm,~a.bility. 

The permeability is of importance in ass1:iss"i ::-: 0
• ,:.hsc' v-::<l u:ne 

of the water that would flow through the ba.n:C·. ,.·,.-,;,Jd a 



rupture occur in thie ::.mpermeable layer on the upper-stream 

flank of the dam wall. This aspect is of vital importance 

to the safety of the da:m and special measures had to be 

taken to prevent the :n1pt:.1re of the impermeable layer and, 

in the event of such a rupture, to reduce the danger to the 

stability of the wall from erosion. These measures are 

treated in detail in Report No. 1 (Marais 1958) and Report 

No. 3 (Jennings & MaraJ.s 1960). In this thesis the 

stability of the dam wall will be c~nsidered on the assumption 

that rupture does not occur. 

Moisture content of tailings 

Bank moisture content 

To determine the natural bank water content of the 

particles, a number of srunples were taken from different 

parts of the dam wall. The water contents ranged from 4.3 

to 7.8% with a mean of 5.3%. These water contents can only 

be rou~h measures of the values in the dam wall as the samples 

were all taken at depths of less than 3'0" into the dam wall. 

However, it was noticed in experimental ~amples that if the 

water content exceeded the value of about 5.5% the water 

content at the bottom of the sample increased with a lapse 

of time indicating a gradual downward movement of the water 

due to gravity. It was therefore concluded that a water 

content between 5% and 6% was the most probable one in the 

bank. This range of water contents was used in all tests 

at bank moisture content. 

Air-dried moisture cont~ 

On oven drying the tailings, the particles shattered 

and apparently changed their chemical composition, but this 

did not happen if the material was air-dried. Tests were 

conducted to determine the water content of air-dried tailings. 



On cloudy days drying· w.as n.ot './e,'Y ef.fec<:lve, but on sunny 

days the water content was reduced to values between 1.3 and 

1.9%. All tests on air-dried tail.:Ln.gs hcd water contents 

of this ord-:::r. 

Initial density of te.i.li.r:i,go, 

The initial density of the ta:ilin;;;t; was determined by 

l<?ose packing of the tailings in a i;._gallon drum. This 

gave a mean value of approximately JCO J.b per cu.ft. dry 

density. 'l'his figure varied lit t '. e cht.nge of method 

of placing the tailings in tb.e drum 1 0r the v;ater content of 

the tailings, and it was concluded that this density was th"' 

lowest which applied in the dr.rn1. 

MaximUJ'll density of the ta;l~ 

The results of standard compaction tests on the tailings 

are shown in Figure 9.1; the density is not very sensitive 

to water content and considerable effort is required to 

attain a dry density of greater thr.u: 110 lb per cu. ft. 

With the shear failures which have "':s.k:en place in the dam 

wall the density of the tailings tenci.ed to h.igher values; 

is probable that the average dry de::it:::.ty in the wall would 

be in the region of 105 lb per cu.ft~ T'bis value was 

confirm(':'d by the :results of tr.,e cor;c;o}::.d.atio1' tests in 

Figure 9.26 where it can be n0ted tbat ~nder 12 tons per sq. 

ft. pressure, which is the approxim-,t E· ,:a'.~rlitude of the 

vertical stress at the bottom ~f t~e da~. the dry density 

did not exceed 110 lb per cu.ft. 

9.,3 Choice of apparatus for .::onsol:i.dation and shear 
tests 

Becau::1,2, of the larg~ si.ze 0f t~;;.;: t.:::.i :Lings, ranging from 

not be used. ~ special giart conso2idomAter and triaxial 
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apparat'J.s ,v&s cor.strvcted. for testing samrles of 12" 

diameter. ~ith this sam~le size the ratio diameter of 

sample to mean pRrticle size is a~rrox::mately 12 : G. 2 = 

24 : 1, which corresponds approxim:1tely to a. 2" dia.meter 

ss .. r:.r•le with 1 mm 6 rains . Practical considerations requirei 

that bott the concolidation ani the sheer tects be conductej 

on the sarn8 api;:,aratns a•d consecuently a stress cont rol 

machine was selected. Thjs was also~ necessary choice 

if col l apse tests wer e to be conducted. 

The m:;ch:i .. . ,1e cor:.sisted essen ti~.1 .. !_;] .. y of '1 mechanism for 

applying the load on the samflc through a system of levers 

a~d links, and~ consolidometer or triaxial ce ll denending 

on the type of test required. A dia~ram~atic sket ch of 

the machine is shown in Fi gure 9.2. The lever arm l carries 

the jockey weight 2, which through a system of multiplying 

levers applies the load to the sample :hrough pin 3. rhe 

fulcrum points 4 and 5 can be adjusted up or down independently. 

To minimise friction in the fulcrums they are fitted with 

tapered roller bearings. 'i'he whole appa r atus was too l ,rge 

for a single photograph, but an idea of the size of the 

apparat us can be formed from the photographs in :F'i gure 9.3. 

Calibration was carri ed out with a sensitive hydraulic 

jack fitted with a pressure gaug e which nad previous ly been 

stan.dardised ag·ainst a high quality te sting machine . 

Calibration showed that the loads recorded by the posit ion 

of the jockey weight s on the main balance beam were :vithi n 

200 lb. of the correct weight . i.e.,! C. l ton/sq .ft. pressure 

on the sample. 

Sample oreparation 

A sample, sufficj_ent for s3.y six tests . was cor..stituted 
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Figure 9.3 

9.5(a) 

Giant stress controlled triaxial-consolidotion 
apparatus. 



from sub samples taken from the belt conveying the waste 

material to the disposal dumps over a period of one hour. 

The sample was air-dried and riffled into six portions and 

the water content determined. Knowing the volume of each 

test sample the weight of tailings was determined to give 

the test sample volume at a dry density of 100 lb. per 

cu. ft. In order to ma ke up the sample to this weight 

e~ac t ly and to ensure t hat t he grading analysis was not 

upset, the sample was ri ffled and subriffled and these 

po rt ions added progressively until the required weight was 

a t tained. The appropriate amount of water was then added 

to the sample to bring the wa,ter content to the required 

value. 

The test sample ma terial was then divided into eight 

portions by riffling and these kept in separate closed 

containers until used. The object of this was to enable 

the test sample to be formed by adding the portions 

separately and thus reduce segregation - a constant problem 

if the sample was formed by adding all the material in one 

operation. 

9.5 Consolidation characteristics 

The object of the series of consolidation tests was 

to investigate: 

1. the time rat e consolidation and the load 

consolidation cha racteristics of tailings 

at air-dry a nd natural bank moisture contents 

respectivel y; 

2. the collapse characteristics of the tailings at 

the t wo a bov e-ment i oned moisture contents. 

Test ;eroc edure 

Figure 9.4 gives the sequence o f oper ~tions of putting 



· 9.6(a) 

Base plate of consolidometer cell. 

Bottom side plate and bottom drain plate (an Emery wheel 
with the centre hole filled with lead) placed in position . 

Figure 9.4 



9.6(b) 

Loose consolidometer ring slid into position. 

Sample placed . 

Figure 9. 4 (continued) 



9.6(c) 

Sample loaded, 

and top side plate, top drain plate and bearing plate 
placed in position. 

Figure 9.4 (continued) 



9. 6(d) 

Side plate screwed on to base (to hold water during 
flooding). Deflection gauges fitted; 2 inch 
diameter ball- bearing placed on coned recess on top 
of base plate , and the assembly placed under the 
loading pin . Loading pin lowered to touch ball­
bearing. 

Figure 9 . 4 (continued) 



the tailings sample into the consolidometer. After the 

consolidometer cell is placed in position on the machine 

the jockey weight is adjusted to the zero position and the 

loading point lowered on to the sample. The lever arm 1 

(Figure 9.l. ) is raised by lowering the fulcrum 4 or 5. 

The raised lever arm is then held in position which the 

weight is moved to the first load. The lever arm is then 

released and allowed to descend, but without shock. At the 

same time the fulcrum I+ is lowered to keep the lever arm 1 

as level as possible. The procedure for applying the 

first load is repeated for all subsequent loadings. From 

the moment the lever arm is released the consolidation of 

the sample is recorded at approximate equal log (time) 

increments. 

Since the material is very freely draining a minimum 

time of six hours was allowed for equilibrium to be 

established. Each succeeding load increment was double the 

increment preceding, except in the case of the highest 

loading where a load of 60,000 lb. instead of 80,000 lb. 

was employed, since it was found that the machine suffered 

damage under the 80,000 lb. load. The standard load 

increments were as follows: 

Table 9. 1 

Lohd on :-:a chine Pressure 
Loading lbs. sample . 

on 
Long 

tons/s . ft • 

Initial load 1,250 0 .71 

1st Increment 2, :)00 1.42 

2nd Incremer.t ) ,r.cc 2.84 

3rd Increment 10.000 5 .68 

4th Increment 20 .000 11.36 

5th Increment 40 ,coo 22 .73 

6th Increment 60,oco 3lf, 10 



The consolidation characteristics and tailings 
at bank moisture and inundation 

In Figures 9.5 and 9.6 the time rate-consolidation 

curves for each increment of load for the tailings at 6% 

moisture content and inundation are shown respectively. 

The load-consolidation curves are shown in Figure 9.8. 

The consolidation characteristics of the 
tailings at air-dried moisture content 

In Figure 9.7 the time rate of consolidation curves for 

each increment of load of the tailings at 1.6% moisture 

content are shown. The con~olidation curves for this test and 

one conducted at o.8% moisture content, are shown in Figure 

Collapse characteristics of the tailings 

Tests, to investigate the collapse of the tailings, were 

performed as follows: 

Two samples of air-dried tailings were incrementally loaded 

to 2.84 and 22.73 tons per sq.ft. respectively. After 6 

hours the samples were flooded from the bottom and the 

additional settlement noted over a further period of 6 hours. 

In figure 9.9 the load-consolidation curve for the collapse 

tests at 22.73 tons per sq.ft. is shown. The collapse values 

recorded for the tests at 2.84 and 22.73 tons per sq.ft. are 

shown in Figure 9.26. 

These tests were repeated for tailings at 6% moisture 

content. On flooding no perceptible additional settlement 

was recorded. 

Crushing of partic~es under load 

During the consolidation tests clearly audible cracking 

was heard coming from the samples, particularly immediately 

after the load had been applied. This observation, together 

with the compression behaviour of the wet and air-dried 
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samples, led to the belief that the particles were crushing 

under load. An investigation of the crushing of the 

particles during compression was made as fa1l.ows: 

A grading analysis o f an air-dried sample sufficient for 

two tests was made. It was then divided by riffling into 

two equal samples, nnd the moisture content of one of 

the pair raised to about 6%. Consolidation tests to a 

maximum pressure of 34.10 tons per sq·. ft. were then 

conducted on the two samples. The wet tailings test 

sa111ple was air-dried and. a grading analysis made of each 

sample. Grading analyses_ of the pair before and after 

loading are shown in F'igure·9.10. 

9.6 Triaxial shear tests 

The objects of the triaxi~l shear tests were to 

determine: 

(i) The shear strength parameters c' and ~ 1 with 

respect to effective stress with the tailings 

both at natural bank and at air-dried water 

contents. (Note: c and¢ here designate 

cohesion and angle of :l.nternal fricti on 

respectively.) 

(ii) The load : deflection and load : volume change 

relati onships of the tai lings both at the 

(iii) 

natural bank air-dried water contents. 

The collapse characteristics and loss of shear 

strength of the ta.ilings of natural bank and 

air-dried water contents, when inundated. 

9.6.1 · Pressure application 

The arrangement for application of cell pressures is 

shown in Figure 9.11. It consists essentially of a 
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9 . 9(b) 

Figure 9 . 11 Photograph shows compressed air bottle 
on right- to supply air to cylindrical reservoir . 
Note the star manifold with leads to triaxial cell, 
hand pressure control and grease pressur e seal . The 
apparatus for measuring volume changes can also be s e en 
below the display boa rd . 



\ 

9 .. 10 _ 

cylindrical reservoir -, 8 ft. high x 12 in. diameter, which 

contained water in the lower hal f and air, under pressure 

from an air bottle, in the upper half. Water under 

pressure from the reservoir is connected through a valve 

to a star manifold which leads (with valves) to the triaxial 

cell, the pressure gauges, the grease pressure seal at the 

triaxial cell loading pin, and the hand pre s sure control 

cylinder designed to provide positive o.r negative pressures 

in the system. 

The grease pressure seal is a ipecial fe ature of the 

apparatus (Figure 9-ll(a)).T~e hydraulic lead from the star 

is connected to the bottom of.a cylinder containing a free 

piston with water below and motor-car gearbox grease above 

the piston. From the top of the cylinder a ¾-in. copper 

pipe leads to a groove around the internal diameter of the 

gland through which the triaxial pin operates. After the 

loading. pin is slid into position (Figure 9.12(1)) by closing 

off all the valves at the star except those leading to the 

hand control and the grease cylinders, grease is forced 

into the groove by means of the hand control cylinder. 

These valves remain open dur i ng the s ubsequent pressure 

application to the cell, and as t he pressure in the gearbox 

grease equals the cell pressure in the triaxial cell, the 

groo v e fo rms an effect ive water seal, ~he grea s e only 

welling out past t he pin. The seal workeicompletely 

satisfactorily for pressures up to 100 lb per sq. in. for 

periods up to 6 days. 

9.6.2 ·Measurement of volume changes 

Volume changes in the sample of tailings,contained 

between the top and bottom loading plates and the rubber 



9.lO(a) 

Figure 9.ll(a) Photograph of g rease pressure seal 
apparatus. The small cylinder on the right contains 
a loose piston with grease above and water below. 
The grease is forced into the groove around the 
triaxial cell gland. 



9.11 

membrane, were observe.d by measuring the volume of air expelled 

from the voids of the tailings. A lead was taken from the 

bottom loading plate into a 1-gallon glass bottle fitted with 

a tight rubber stopper. This lead was connected with the air 

in the upper part of the jar. The jar was filled about 

three-quarters with water. Another pipe extending to the 

bottom of the jar, well below the water surface, was also 

taken thron.gh the rubber stopper and carried freely downward 

below water level in a 1000 c.c. measuring cylinder. 

Atmospheric pressure in the voids is ~stablished when the 

water levels in the bottle and cylinder are at equal levels. 

f.\.s air is expelled f'rom the vciids of the tailings the pressure 

in the bottle is increased an~ naters flows to the cylinder. 

By adjusting the level of the cylinder so that the water 

levels in the cylinder ~nd bottle remain the same, volume 

changes of the tailings sample may be observed as changes of 

the volume of water in the cylinder. 

9.6.3 Placing of the triaxial sample 

In placing the sample, an initial dry density of 100 lb 

per cu. ft v:as again employed. The sequence of operations 

in placing the sample is shown in Figure 9.12: 

The rubber me~brane is slipped over the bottom bearing 

place (Figure 9.12(a)) and two 1'-in. diam ., ter rubber rings 

rolled into position (Figure 9.l~(b)). A strap, the ends 

of which overlap, is screwed tight onto the rubber bands, 

thus preventing ingress of the cell water, under pressure, 

into the sample (F'igure 9.12(c)). The sample former 

(Figure 9.12(d)) is fitted on the bottom bearing plate and 

the rubber me:nbrane folded over the top. 

The sample, which had previously been riffled into eight 



9.ll(a) 

Figure 12(a) Base plate of triaxial cell. 

Figure 12(b) Rubber membrane slipped on to bottom 
bearing plate and rubber rings rolled on. 



9 . ll(b) 

Figure 9 . 12(c) Strap around rubber rings tightened. 

Figure 9 . 12(d) Sample former. 



sub-samples, is then placed in the former (Figure 9.12(e)) 

and the top bearing plate placed in position. The 

membrane is folded back over the plate (Figure 9.12(f)) and 

the rubber rings rolled on (Figure 9.12(g)). The top 

strap is tightened around the rubber rings. A lead from 

the sample through the bottom bearing plate is connected 

to the hand pressure control cylinder, and a negative 

•pressure of: 2 lb per sq. in applied (Figure 9.12(h)). 

The valve on the star controlling th_e lead to the sample 

is closed, the former removed, and the lead from the top of 

the sample connected to the pottom (Figure 9.12( i)). The 

negative pressure holds the sample rigid. The cell cylinder 

is placed over the sample, the cylinder top fitted and the 

assembly secured air-tight by tightening the joint bolts 

(Figure 9.12(j)). The loading pin is slipped into po~ition 

(Figure 9.12(k)) and the cell moved into position under the 

load point, which is lowered to touch the loading pin. The 

grease pressure seal apparatus is fitted (Figure 9.12(1)) 

and the pressure seal is established by forcing grease into 

the groove around the loading pin. 

with water and connected to the star. 

The cell is now · filled 

+ A pressure of - 2 lb 

per sq. in is applied to the cell water by means of the hand 

pressure control cylinder, and the negative pressure inside 

the sample is released. The volume-measuring apparatus is 

connected t~ the bbttom of the sample. The valve to the 

pressure reservoir is opened to the star, which applies 

the pre-determined pressure to the sample and the grease 

seal. 

Six hours was allowed for the sample to consolidate, 

and the deviator stress load applied in a manner described 

in the first paragraph of Section 9.5.1. 



9.12(a) 

Figure 2--12~e) Sample placed in the former. 



9.12(b) 

Figure 9.12(f) Rubber membrane folded over 
:the top bearing plate. 



9.12(c) 

Figure 9.12(g) Rubber rings rolled on. 

Figure 9.12(h) Top strap tightened, hand pressure 
control cylinder fitted and negative pressure applied 
to sample . 



9 .12(d.) 

Figure 9.12(i) Sample under negative pressure. 



9.12(e) 

Figure 9.12~j) Cell cylinder placed over sample 
and cylinder top fitted. 



Figure 9 .12(k) 
position . 

9.12(f) 

Triaxial cell pin slipped into 

Figure 9 . 12(1) Pressure seal apparatus fitted and 
cell moved into position under loading pin . Loading 
pin lowered to touch the triaxial pin. 



Initially trouble was experienced with puncturing of 

the rubber membrane on the sharp edges of the particles 

of the tailings. A solution was to use two 1/16 in. thiek 

unvulcanised rubber sheets, glued together only at the 

edges. The inner membrane was cut but in this it 

protected the outer membrane. 

Load increments 

In all triaxial tests the load increments found most 

satisfactory were: 

Consolidation . Deviator Stress Jockey 
Pressure . (Oj -:--°J ) Load 

lb per sq. in. Position 
lb per sq. in. on 12" sample lb 

100 22.05 2,500 

50 22.05 2 t·500 

25 11.02 1,250 

Duration of ·1oad application 

Appreciable creep effects were observed after each 

application of load and an arbitrary limit of rate of 

deflection of 0.002 in.min. was set as the indication of 

equilibrium after the application of a load increment. 

This gave times per increment varying from about 15 minutes 

for the lower loads to about 30 minutes for the higher 

loads. Volume changes were measured at equilibrium at 

the end of each load application. 

9.6.6 · Consolidated d~1ined shear tests of tailings 
at natural bank moisture 

The consolidating pressures were 25, 50 and 100 lb per 

sq. in. respectively, the initial dry densities approximately 

100 lb per cu. ft and the moisture contents approximately 6%. 



Figures 9.13, 9.14; 9.15 and 9.16 show the axial 

deflections versus the log of time for each load 

increment, Figure 9.17 shows the stress-strain curves 

and volume changes during the test, and Figure 9.18 shows 

Mohr's envelope of failure. 

Consolidated drained shear tests of air­
dried tailings 

These tests were conducted exactly as for the tests 

at natural moisture content, except that the water content 

of the s amples ranged from 1.3 to 1.9%. Figures 9.19, 

9.20 and 9.21 show the axial deflection versus the log of 

time for each load increment·, Figure 9. 22 shows the 

stress-strain curves and volume changes, and Figure 9.23 

shows Mohr's envelope of failure. 

Collapse tests 

The samples_ were consolidated under 50 lb per sq~{n·. 

and then incrementally loaded until the value of the 

deviator stresses were approximately one half, or three-

quarters, of the estimated failure stresses. This gave 

two deviator loads of approximately 10,000 and 12,000 lbs 

which corresponded to deviator stresses of 88.3 lb per 

sq. in. and 110.5 lb per sq. in. respectively. The 

samples were then inundated by forcing water at low 

pressure through t ·he bottom lead until it escaped from 

the top lead. The additional deflections were recorded 

at intervals for a period of six hours. 

Two series of tests were carried out. The first 

series was on samples at 6% ~oisture content and the 

second series on samples at air-dried moisture content. 

Figures 9.24 and 9.25 show the axial deflections versus 

.I. 
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time from the moment of inundation for the sam1)1.es at 5% 

moisture content. 

Collapse tests for tailings at air-dried moisture content 

could not be completed because of the excessive deflections 

(which took place at great speed) and the bulging of the samples. 

9~7 Discussion of Results of consolidation and shear 
tests 

9.7.1 Consolidation results 

(1) Particle strength and consolid~tion: From the 

con&o.L1u.at.1..on time curves of the air-d1y and 6% moisture 

content tailing samples, the ~oc;~ecsion deflection is linear 

with respect to the logarithm of time. The compression is 

not a primary consolidation process a,s the material is freely 

draining. It appears to be analagous to the secondary 

bonsolidation in clays, for, in both materials the compression 

deflection is linear to the logarithm of time. 

In clays the secondary consolidation is considered to be 

due to rearrangement of the clay particles; in the tailings 

material the low strength of the individual particles (as 

indicated by the crushing of the particles under load (Figure 

9.9)) will cause progressive crushing of the particles at the 

points of contact resulting in a progressive stress re­

distribution until an equilibrium condition is_attained in 

which the point stresses are all at or below some critical 

stress related to the crushing strength of the material. 

This process would also lead to a degree of rearrangement 

of the particles. 

It ia clear from both th~ onsolidation time and load 

consolidation curves that the tailing at 5 - 6% moisture 

content is more compressible than the air-dry tailings. 

This indicates (from the hypothesis that point crushing 

of the particles is the principal cause of consolidation) 



9 .. 16 

that there is a loss of strength of the particles on wetting. 

The collapse tests on the air-dry tailings confirm this. 

(2) Quantitative collapse estimation: Instead of 

performing collapse tests as described in Section 9.6.8 the 

more standard proced.ure'could have b•en followed whereby 

consolidation curves for the air-dried tailings and the 

inundated-tailings are plotted on the same graph and one of 

. the curves adjusted up or down to coincide near the top of 

the-curve. (In this ease the curves are made coincident 

at 0.71 tons per sq. ft (see Figure 9.26). The difference 

between the two eurvee gives a useful measure cf the coll.apse 

on inundation to be expecte! at any pressure. '!'he results 

o'f' the direct collapse tests are :r-ruperimposed. on thia graph 

and show good agreem&nt with the normal method of estimating 

collapse. 

The collapse test of the tailings at bank moisture 

content indicates that no measurable collapse will take 

place on inundation. 

9.7.2 Discussion of shear tests 

Deformation and failure: The Bhear tests on all samples 

showed large deformations, giving true strains of the order 

of 25 - 30% at plastic failure. The failures were all of 

the bulging type without exhibiting slip planes. 

9 .27). 

(Figure 

Time deformation, or creep effecte: The creep, which 

is given by the axial deflection with time after the 

application of each load increment, is linearly related to 

the logarithm of time (Figures 9.13 - 9.16, and 9.19 - 9.21). 

(The discontinuities in the creep curves are due to machine 

operation and coincided with adjustments made to the fulcrum 

of the upper loading beam. in order to keep it from coming to 
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9.16(a) 

Figure 9 . 27 Triaxial sample after failure. 



rest on the bottom atop). The creep curves are si•ilar ~o 

· those found in the consolidation tests and their cause can 

similarly be -ascribed to rearrangement of the particles due 

to crushing at the points ot oontact. 

-~ · The rate of creep tor the tailings at 6% moisture 

content is much higher than tor the air-dry tailings 9 which 

again indicates a loss ot strength in the ~ailings particles 

on wetting. An interasting feature is that up to .a particular 

stress the elopes o! the creep curves on the semi log plot are 

linearly related to the deviator stress; · with higher stressea 

the creep rate increases sharply. This, tor the shear test 

with 
~ c; = 100 lb per sq. tn., is illustrated in Figure 9.28. 

-~~- · · Volume changes and •hear atrengtp: Th~ real volumetric 

strains in all the shear tests were linearly relat ed to the 

deviator stresses, the volume strain for the taii inge at 6% 

moisture content beillg significantly higher than for the air-

dried tailings (Figure 9.29). From Figure 9. 29 i t is clear , 

that continuous densitication t9ok place during the shear 

tests. 

In Figure 9.30 the triaxial stress-strain curves for 

the •uliags at the two •oisture oontents are superimposed. 

For t he p ,i r e o f curTee the differeno~ h• t wee the e traias 

at the same deviator stress show.a the collapse potential 

ot the air-dry tailings on inundation. The peak deviator 

stress for the ~ir-dry .. , tailings .is also higher than for 

tailing• at 6% mo:isture content·, :indicating a loss ot 

ahear strength. Thia is confirmed by comparing the Mohr'• 

strength envelopes (Figures 9.23 and 9.18) which show a 

reduction in the angle of intern~l friction from 37.5° to 

0 35.5. 
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·Collapse potential: The collapse teste on the 

tailings at natural bank moisture content (Figures 9.24 

and 9.25) indicated that no sudden loss of strength 

occurred, though the rate of deformation increased. 

However, it should be noted that the deformations are 

plotted against the logarithm of time giving an exaggerated 

impression.of the rate of deformation. If the additional 

deflections are plotted against log (time) taking zero time 

as the time of inundation, as shown at the top of Figure 9.25, 

then the slow rate of this deformation is appreciated. 

It is possible thai the accelerated rate of deformation 

ia due to the slight decrease in 0-
3 

on flooding of the 24 

inches high sample. 

Conclusions 

The behaviour of the tailings material under stress is 

dominated by the crushing strength of the particles. The 

crushing of the particles takes place at the high'. stress 

concentrationa at the points of contact between the 

particles, and due to particle reorientation leads to 

progreaeive stress redistribution and equalisation, creep 

effects and densification of the mass. 

The crushing strength of the particles is dependent 

on the moisture content, being much higher at air-dry 

than at natural bank moisture content. For moisture 

contents of 5% and above, th~ behaviour of the mass is 

ae if the material is inundated. 

The behaviour of the air-dry tailings material is 

approximately that of normal granular material of high 

crushing strength, the creep effects being significantly 

smaller and the denaifioation less than for material at 



natural bank moisture content. However, as the stress 

increases, the air-dry tailings exhibit these effects to 

an increasing d•gree, but always to a lesser degree than 

for tailings at natural bank moisture content. Due to 

·· the reduction of the particle strength, inundation of air­

dry tailings under load exhibits large collapse 

characteristics. 

The behaviour of the tailings material in the dam wall 

a·t natural bank moisture content ( 5 - 6%) oan be expected 

to be as followsi-

Under consolidation and shear stresses, deformation• 
(I: 

due to creep strains can be expected. These will continue 

·\ at a steadily diminishing rate for fairly long periods of 

time after the bank is formed, and lead to stress re-

distribution within the embankment. On inundation ot the 

embankment, •all additional strains may occur but no 

aignifioant loee of strength or collapse ot struct~re is • 

expected. Crushing of the particles will take place, and 

it 1• feasible that.where failure planes develop in the 

embukment the grinding of the particles on these planes 

may cauae pulverisation and cl..,- formation. resulting in 

possible lees of shear strength. 

There appears to be a significant similarity between 

the co~solidation characteristics of the tailings material 

at 5-6% moisture content and the secondary consolidation 

in clays. This suggests that a clo·ser investigation ot 

the deformation characteristics of the former may shed light 

on the secondary consolidation charaoteristios of the latter. 



9.9 Strength and consolidation properties of the sub-
soil materials · 

The sub-soil can be divided into three distinctive 

strata of materials:-

(i) the slime clay layer; 

(ii) the interbedded silt~, clays and sands deposi.ted 

in Sache's Dam West, and the pre-Sache's Dam West 

valley sediments; 

(iii) the decomposed gabbro and shale material. 

9.9.2 The sl:!!e clay lazer 
~ 

The slime clay layer is the oritical sub-soil material; 

'its strength and consoiidation properties are therefore 

considered in detail. 

Consistency limits: 

Liquid Limit 

Plastic Limit 

Plastic Index 

Linear Shrinkage. 

Specific Gravity 

90% 

43.6% 

lt6 .i.% 

12.9%. 

2.64 

These values indicate that .the slime clay material is 

probably a very active clq. 

Shear streyth: 

If little or no drainage occurs during failure, the 

strength ot the clay in the alime layer is estimated from the 

results of unconsolidated undrained triaxial shear tests, 

the S tests .. uu The consolidation pressure on the clay layer 

varies from practically zero at the toe to approximately 10 

tons per sq. ft near the centre of the dam wall. Thi.s would 

result in a considerable difference in the shear strength of 

the clay near the toe and near the centre of the dam wall. 



and require sampling along the whole line of the critical 

cross-section if a reasonable eatimate of the shear strength 

of the layer ie to be made. Due to the difficulty of 

_driving a casing throgh the tailings material it was not 

practical to sink exploration holes alone the whole line 

of the criti~al cross seotion. Renee, the strength ot the 

clay layer as reflected in the S~u tests could not be 

obtained. The on.ly alternative was to obtain samples near 

the toe, and for a number of these apply artiticml 

cona~lidation pressure• ranging over the pressures expected 

in nature, and to perfol'llti,triaxlal shear teats on these in 

, undrained conditiona.with pore pressure •~asurementa, the 
~ .. !"'· . 

S
08

u test. 

follows,-

The results of these tests are reported as 

(i) In Pt;ur• 9.31 the stress-strain and pore 

(ii) In Figure 9.32 the Mohr•s envelope ot the 

oouol.idated Wld:rai.ned and ettectiY• inter­

graaular.~~•r••• Ta.laee u obtained. fro■ the 

•oau teat. 

were toudt-

The followiDg strength parameters 

Total atreaa: 

C • 0 psi 

lfteotive atreea1 

c• • l pai 

It is apparent from Figure 9.31 that the pore pressure 

developaen.t during shear wae practically equal to the 

deviator (0-1 - <;,> stress and the failure took place 4ue to 

the reduction of the effective O, stress rather than due to 

an increase in the <Ji' atreaa. Thie effect tor one teat 

is illustrated in figure 9.33. The applicability of these 
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strength parameters to the stability analysis of Sache's Dam 

East is discussed in Section 9. 

Consolidation stren5th~ 

The results of the consolidation tests on the slime clay 

materia}. are shown in Figures 9.3Li- and 9.35. An examination 

of these results indicates that the load consolidation curves 

give the pre-consolidation overburden pressure of the right 

order and the time consolidation curves indicate that the 

slime me:teria.l is of medium-to-low permeability. 

Interbedded material 

The interbedded material is extremely variable, and it 

was not possible to distinguish the valley sediments from 

the dam.material. Not one of the exploration holes showed 

the same sequence of deposition, and it was in consequence 

impossible to determine mean strength parameters for this 

material. As all the evidence of failure indicated that no 

failure took place in this material, it is not of importance 

to the stability analysis of the dam. In designing the new 

flank, the slime layer was to be removed, and the interbedded 

material would then become of prime importance. For the 

purposesof design, the strength parameters for the weakest 

0 layer were selected, C = 3 psi,¢ = 10. The use of these 

values probably led to a conservative design of the flank. 

This aspect however falls outside the scope of this thesis, 

and reference must be made to Jennings and Marais ( 1959) for 

a detailed evaluation. 

Sha.le 

The shale underlying a section of the interbedded material 

is of a very stiff consistency, and it is most unlikely that 

any form of failure, sliding or circular slip, could pass 

through it. 
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Gabbro 

Con.sis t ency l:imi ts: 

Liquid Limit 

Plastic Limit 

Plastic Index 

IJinear Sl:rinka.g·e 

Specific Gravity 

41.3% 

32% 

1% 

2.86 

100% 

The ma terial is extremely fine-grain, and the Consistency 

Limits show it to be relatively inert. 

Shear strength: 

The decomposed gabbro material is very pervious and the 

pore water drained out after the sampling operation and prior 

to the tests in the laboratory. The first attempts to 

restore the condition of full saturation which existed in 

nature by restoring the pore water in the laboratory were not 

successful, and air voids remained in the soil even after 

several days of sweeping the voids with a stream of air-free 

water. This introduced doubts as to the validity of the 

pore pressure measurements in these tests, and the apparatus 

was modified to limit the volume changes of the sample during 

shearing to zero by keeping the pressure inside the sample 

at zero and varying the cr; stress (constant volume tests). 

Subsequently it was found that full saturation could be 

restored in the sample by raising the confining pressure 

and the pressure inside the sample to approximately 100 lb 

per sq. in. By establishing a differential of about 2 lb 

per sq. in between the two pressures, the confining pressure 

being higher, the sample was kept from falling apart. 

The normal S test with pore pressure measurement was then 
CSU 

carried out. In Figure 9.36 the stress-strain and the pore 

pressure strain curves are shown, and in Figure 9.37 the 
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Mohr'• envelopes for the total and. the ef'.feo.tive stress•;& 

respectively are ahowa, •. 
. 

The constant vol•• and the Sosu tests gaY• et:tectiYe 

atreaa envelopes which ••r• practically identioal, indioatiq 

that th••• two toriae of teating are equiYaleat. It thia 

1• true tor all eoil• it u a point worth noting, aa the 

constant ·yolu• teats are couiderably eaaier than the 

S . tests. 
CSU 

The pore pressure chaziges during the later 

stage of eaoh teat (Figure 9.36) .indicate that the material 

expanded slightly ca~ing a.reduction in the pore presauree 
' . 

deYeloped during the earlier stage of the teat. This had ., 
the effect ot cauaing the critical effective stress circle 

~. .,."-

'i;,n the Mohr diagram to remain in contact with the enyelope 

over a considerable range of' pressure, indicating that the 

failure point is not necessarily given by the peak point 

stress. ror one teat this effect is illustrated in 

Figure 9.)8. It •••·also found that the maximum pore 

pressures that developed during each test ••r• linearly 

related to the couolidation·Pl'.'•••urea (Figure 9.39). 

The strength parameters tor the gabbro material were 

aa followa:-

Total stress: 

C = 10 - 50 psi 

Effective stress: 

C' • 4 - 8 psi 

This material 1a so much stronger than the slime clay that 

sliding failure through it is not possible. A number ot 

trial·· circular aU.p failure anal7aea also indicated that the 

factor ot safety again.at thi.s form of failure was so high 

In conaequence for the critical 

stability analy-aia of the failure o_f ,Sache'a Dam East this 

•~terial is unimportant. 

.. 
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10. 

10.1 

S E C T I O N 1 0 

STABILITY ANALYSIS OF SACHE'S DAM EAST 

10.l Introduction 

In Section 8, from the external evidence of failure, 

it was concluded that the mode of failure of Sache' s Dam 

East wall was of a sliding type. In Section 9, shear 

strength and consolidation characteristics of the critical 

strata in the foundation and the embankment material were 

experimentally determined. In this Section the intention 

is to analyse the stabil~ty of the embankment based on a 

sliding mode of failure, making use of experimentally 

derived strength parameters of the material. Such an 

analysis is essential for two reasons: firstly, it is 

a fact that the embankment has failed, and hence the 

analysis should verify this, otherwise there is reason to 

believe that .either the mode of failure and/or the strength 

parameters of the soils are not correct. ~econdly, if the 

analysis confirms that the mode of failure can reasonably 

be accepted as being the correct one, then this information 

can be used in designing a stable flank. 

10.2 An examination of the shear strength
1
parametera 

The experimental shear ~trength parameters as obtained 

in the triaxial tests are determined under standard 

conditions of consolidation and drainage. It is necessary 

to examine how appropriate these values are to the failure 

of the dam, and in what manner the stress histori and 

drainage conditions of the critical strata under the embank­

ment oould cause deviations from the experimentally determined 

values. This is particularly pertinent in the case of the 

strength parameters for the slime clay, as the length of the 
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shear plane in this material is up to 700 ft and a small 

change :i.n the value of the shear strength leads to a 

disproportionate change in the stability of the embankment. 

The failure of Sache I s Dam East has this unusual 

feature - that as subsidence at the wall occurred it was 

continually made good. The failure therefore grew until 

stability was achieved, and the speed of the .slide movement 

was governed to a. degree by the amount of material being 

deposited in the region of subsidence. 

The long period of time that elapsed before the 

failure achieved stability makes it necessary to consider 

two stability situations: (i) that during the period in 

which the failure took place, and (ii) the present stability 

of the dam:-

(i) At any point in the clay layer during the period of 

failure the following events were taking place simultaneously:­

The clay was consolidating under the temporal load, 

increasing its strength and requiring a higher build-up of 

material in the zone of subsidence to generate the force 

necessary to overcome the increasing shear resistance of 

the clay layer. The rate of build-up and consequently the 

final outline of the failure depended on:­

(1) the speed of deposition 

(2) the increase in the shear strength of the 

clay layer. 

The shear strength depended in turn on the length of the 

failure line in the clay and the gain in the shear strength 

with time due to consolidation. 

The combination of these two factors led to a gradually 

decreasing speed of failure until the shear resistance of 



the clay layer equalled the disturbing active failure force 

at the embankment, and failure movement ceased. It also 

led, as illustrated in Section 8, to the gently increasing 

slope in the outline of the failure zone. 

Gonsolidation of the clay layer was taking place 

under conditions of plastic shear, a condition not reproduced 

in the normal consolidated sheared undrained S test. 
CSU 

Being continually in a partially consolidated state (in, 

contrast to the over-consolidated state) shear strain would 

develop positive pore pressures in addition to those due 

to the superimposed load. 

The temporal pore pressures in each clay unit would 

be dependent upon the rate of increase in the overburden 

pressure due to the growth of the failure zone dimensions, 

and the rate of pore pressure dissipation. The latter 

depends on the thickness of the clay layer and its 

permeability. There is no data available on the rate of 

growth of the failure zone, and it is therefore not possible 

to calculate the degree of consolidation (and hence the 

shear strength development) up to the time the failure 

movement ceased. If, however, at the time the failure 

movement ceased the clay was unconsolidated, the lapse of 

time since then would allow the consolidation to proceed 

to completion and "freeze" the failure in its present form 

to a higher factor of safety. This situation is the most 

likely, for from the consolidation tests on the ciay it 

appears that in a 5 ft thick layer (which is the estimated 

mean thickness of the slime clay layer under the dam)(see 

Figure 10.1) the drainage at the top and bottom surfaces 

would require 2 - 3 months to give 900/o consolidation. 
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The depth of the tailings at the toe of the failure 

would be governed to a great extent by the unconsolidated, 

undrained shear strength of the clay as depo1Sited on the 

floor of Sache' s Dam West. As the movement of the failure 

slowed down, there was increasing opportunity for some 

consolidation to take place underneath the tee, thus 

increasing the shear strength of the clay to a value greater 

than that required to achieve stability in the toe. 

Consequently at any time after failure movement was ini'tiated, 

the factor of safety at this section would be greater than 

unity, this value continu~lly increasing during the period 

of failure movement. Applying this argument to all the 

sections of the failure zone, it can be expected that by 

the time the failure movement ceased, the critical zone for 

the failure would be in the region near the back leg of the 

subsidence furthest away from the toe and all other sections 

would have factors of safety equal to or greater than unity. 

(iii Once the failure movement ceased, the residual pore 

pressures due to the overburden and the shear stresses 

would in time be dissipated, raising the factor of safety. 

The increase in the factor of safety would be dependent 

on the amount of excess pore pressure existing at ~he time 

of cessation of movement. 

After the pore pressures in the clay layer had been 

completely dissipated, if due to some cause shear failure 

should commence, and assuming such a failure to take place 

in undrained conditions (which is most likely due to slow 

pore pressure dissipation in the clay layer), then because 

of the previous development of shear pore pressures, the 

pore pressure development in the new failure would probably 



be less than that in a slime clay layer which had not been 

subjected to a previous shear strain history. I,f this 

argument is correct, then it can be expected tha.t the ¢ 

in the clay material under the dam will show a larger 

v-alue than that given by the S test. 
CSU 

The S triaxial shear tests were performed on samples 
CSU 

of the clay layer consolidated under about 30 ft of tailings 

(consolidation pressure approximately 3,500 lb per sq. ft), 

and have suffered shear deformation. But for the series of 

tests the consolidation pressures ranged from 3,500 - 14,000 

lb per sq. ft. Under the higher pressures the historical 

effects of the shear strain on the pore preasure development 

would be diminished, and it is therefore likely that the 

vaiue of¢ obtained from this series of S tests would 
CSU 

apfroximate to that obtained from a clay layer not subject 

to previous shear deformation. 

· From the above considerations the following conclusions 

:ar~ postulated as to the applicability of the Scsu test 

parameter to the analysis of the dam failure:-

(1~ At any point in the clay layer during failure, due to 

the partially consolidated state, the equivalent value 

of¢ would probably be less than that given by the 

S test. 
CSU 

, ( 2j) After failure had ceased and sufficient time had 

elapsed for total pore pressure cissipation, due to 

the effects of the previous shear deformation history 

the pore pressure development in a new failure would 

probably be less than that given by the S test, 
CSU 

resulting in the equivalent value of¢ greater than 

that given by the test. For the moment no estimate 

can be made of this equivalent value. 
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(3) The drainage conditions in the clay layer are such 

that the factors of safety for sections of the failure 

zone should indicate a maximum near the toe, 

decreasing to a minimum value near the back leg of 

the failure. This should be true both during the 

period of, and in the present state of, the failure. 

In the absence of samples from all sections of the clay 

layer along the plane of failure, it is not possible to 

obtain the true strength parameters for the stability analysis 

of the failure in its present state, i.e., after all pore 

pressures have dissipated •. It is however possible to form 

an idea of the stability by performing the analysis using 

the value of¢ equal to 12° for the clay as obtained from 

the S 
CSU 

tests. If values of¢ smaller than 12° are 

required to give a minimum factor of safety equal to unity, 

this would indicate that pore pressure dissipation was not 

complete at the time failure movement ceased. If values 

of ¢.greater than 12° are required, then this would indicate 

that pore pressures had developed (now dissipated) due to the 

shear deformation. In each analysis the value of¢ can be 

assumed constant, although this is only approximately true 

as the actual value at any point of the failure li~e would 

depend on the pore pressure development due to the previous 

shear strain, and the degree of pore pressure dissipation 

that had taken place by that time. 

10.3 Stability analysis 

10.3.1 Selected shear strength parameters 

The following values for the shear strength parameters 

for the critical clay slime layer and the tailings material 

were selected:-



Slime clay layer: 

C = 0 lb per sq. ft 

It is assumed that the failure takes place in 

undrained conditions. 

'I'ailings material: 

C' = 0 lb per sq. ft 

Due to the high permeability and unsaturated condition, 

failure through this material is assumed to take place in 

drained conditions. The density, ~ , of the ta~lings 

material at bank moisture content is taken at 110 lb per 

cubic foot. 

Failure cross-section 

The general vertical profile of the strata in the 

failure region is shown in Figure 10.1. In Figure 10.2 

the critical cross-section of the dam on the line drawn 

in Figure 10.3 is shown. It should be noted that the slope 

of the ground surface is approximately 2° towards the down-

str~am side. The cross-section is divided into sections 

numbered to facilitate numerical integration of the required 

force functions. 

Method of analysis 

The disturbing forces at any point along the slime 

layer are due to:-

(1) Active failure in the tailings; this force was 

determined by two methods - that due to Rendulic 

and that due to Trollope, assuming¢= 34°. 

(2) The component of weight of the tailings material 

down the 2° slope, determined by aocumulating this 

component from the toe inwards to point x as follows:-

Slope component 

X 

= J Y h tan (2°) de 

toe 
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Where = 

h = 

ds = 

10.8 

density of tailings 

height of tailings above inc~ement ds 

increment of length failure line, s, 

in the clay layer. 

The resisting shear force at any point in the clay layer 

was determined as follows:-

Trollope's method was followed (see Section 7.3) for 

determining the vertical consolidation stress, P, assuming 

no arching conditions, and the resisting total shear forces 

in the clay layer found by accumulating the shear stresses 

· 0 0 0 from the toe inwards for ~he values of¢= 9, 10 and 12. 

Quantitatively shear resistance from the toe to point x, say, 

is given by:-

Shear resistance tan~ ds = fx P 

toe 

The factor of safety was determined from:-

The 

FS 
'Disturbing forces 
Resisting forces 

result of the analysis is given in 

10.4 Discussion 

10.4.1 Chan~e in the value of 

The stability analysis with¢ = 

stability of the embankment as 1.30. 

Figure 10.4. 

~ 

12° gives the minimum 

This value is so much 

larger than unity that it can be concluded that up to the 

time of cessation of failure movement the clay wa~ still in 

a partially unconsolidated state, which as we have seen 

would lead to an equivalent value of¢ less than 12°. If 

0 a value for¢= 9 is taken, it can be noted that from 
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section 4 to section 9 (Figures 10.2 and 10.4), the factor 

of safety is approximately equal to unity. Such a state 

of stability does not appear to be unreasonable because 

the manner in whl.ch the failure zone was built up would 

result in an outline in which the disturbing forces and 

the resisting forces approach eachother. i\s the failure 

zone develops, forces at points away from the critical 

zone will show deviations from equality due to the changes 

of the strength of the underlying clay layer with time. 

The effect of these changes in strength is as postulated 
I 

in Section 10.2 - to increase the sta~ility in regions 

away from the critical one, the factor of safety near the 

toe tending to a maximum value (Figur~ 10.4). 

It was further stated in the po~tulated behaviour 

that after sufficient time had elapse for all the pore 

pressures due to shear and overburden to be dissipated, the 

value of~ would probably be greater han that given by 

the S test on a clay material witiut the previous shear 
CSU 

strain history during consolidation. In consequence, 

the factor of safety of 1.30 is probarly lower than that 

actually established in the clay laye~. This was verified 

unexpectedly as follows: I 
I 
I 

As part of the design of a secure fla!nk for Sa.che 's Dam East 
I 

wall, one of the measures considered ~ecessary was to 

construct a gigantic french filter a4ain, 100 ft wide X 

4o ft high, on the downstream side of the wall. The 

object of the drain was to prevent erosion of the toe of 

the new flank should rupture occur ~hrough the upstream 

impervious beach, the drain to collect and drain away the 

water. For maximum effectiveness, the drain had to be 
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sited as closely as possible to the present downstream 

flank of $ache's Dam East, and one section was sited through 

the toe of the failure zone (Figure 10.3 shows the location 

of the drain, and Figures 8 , 5' and 8. IZshow photographs of 

the trench being excavated). 

At the time an analysis was made to determine the 

factor of safety of the dam should the trench be excavated 

across the failure zone. This analysis gave that the 

factor of safety would be about 1.1. It was considered 

that this low factor of safety would be allowable for the 

short period after the trench was excavated and before the 

drain was constructed. 

After the trench was excavated, movement in the failure 

zone took place. No visible failure lines developed, but 

measurements on concrete markers placed across the failure 

zone (Figure 8 J2,) indicated that movement did take place. 

On the top of Sache's Dam East very slight movement, more 

in the nature of strain adjustment, was observed - a crack 

about 2 - 3 inches wide opened up parallel to the line of 

the crest of the dam about 10 feet from the downstream top 

edge. 

An analysis in terms of Rendulic's theory now•indicates 

that the previous analysis was too optimistic, and that for 

0 ¢ = 12 the factor of safety is reduced to approximately 

0.85 (see Figure 10.7). If the stability was in fact 0.85, 

the failure movement should have been much more extensive, 

and it can therefore be concluded that the value of¢ was 

0 greater than 12. If a value of¢= 14° is taken, the 

minimum factor of safety is increased to 
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approximately equal to one, and the slight movements that 

were observed can reasonably be expected. It can also be 

conc1uded that previous pore pressure development due to 

shear strain had raised the equivalent S value for )(1 to 
CSU 

above 12°, to approximately 14°. 

To conclude, during failure movement the consolidation 

of the critical slime layer was incomplete, leading to an 

equivalent value of¢ less than that given by the S tests. 
Cf3U 

After failure movement had ceased, the dissipation of the 

pore pressure increased the stability of the dam. This 

increase was greater than that predicted from the S test 
CSU 

because of the dissipation of the pore pressure due to 

previous shear strain movement. 

10 .4.2 Choice of method to determine active forces 
in the embankment 

A comparison of the active failure forces as determined 

by Trollope's and Rendulic's methods (Figure 10.3) shows 

that the former gives appreciably lower values than the 

latter. This of course constitutes no proof that Trollop's 

method is in error, but it does warn that in the present 

state of knowledge, for safe design Rendulic's method is to 

be preferred. 
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APPENDIX I 

NUMERICAL SOLUTION Oi 'I"FIB SET OF DIFFEREN'fIAL EQUATIONS 
GOVERNING THE CRITICAL STRESSES IN SYMMETRICAL WEDGES OF 
COHESIONLESS MATERIALS UNDER ACTIVE FAILURE CONDITIONS. 

The following program is written in UMAC (University 

of Miami Algebraic Compiler) mathematical code for an 

I.C.T.1500 computer of 20 KC capacity. This code is 

very similar to FORTRAN and a reader familiar with the 

latter will have no trouble in following the former. 

The program has made use of the SDE (Scientific Data 

Editing) version which requires a minimum of 3 tape decks. 

The annotations next to the code instructions are 

descriptive only and do not form part of the program. 

The inversion or change of independent variable 

from Q to/ in the differential equations is based on 

the following relationships: 

r.lB I -d1f 
c/0 



•' 

1 

SOURCE PROGRAM 

FIX ALL,I,J,N 

READ,P,MU,Cj1NV 

Notes 

./,,;"', and conversion constant 
to change radians to degrees. 

DIMENSI¢N,A(4),B(4),C(4),Q(3),Y(3),R(3),K(3) 

FUNCTI¢N,SIN:LBG,C¢S:LBH,M¢D:LBE,ATAN:LBI,EXP:LBD 

READ ARRAY,A,B,C,Q 

READ,V2 

6 READ ARRAY.,Y 

H:V2 

IF (100.-Y(l)) 10,200,20 

Constants required in Runge_-Kutta­
Gill step by step method 
(See Romanelli). 

Initial values for G, f and S. 

Convert to initial step length 
after previous calculation. 

Determine value of Q at which 
inversion of equations takes place. 

Last set of initial values for 
array Y is 100.,0.,0., if Y(l)=lOO. 
then program completed. 

10 ST¢P 0001 

20 THETA=Y(l) 

EPSI=Y(2) 

S=Y(3) 

AREAS=O.O 

AREAD:O.O 

ST¢RT=O.O 

Store Q, f and S. 

Initialise summation of areas 
for determining Padius arms of 
failure lines. 



2 

SUM:EPSI+MU 

DIFR=EPSI-MU 

STLS=C¢SF(SUM)/SINF(SUM) 

STLD=C~SF(DIFR)/SINF(DIFR) 

SINP::SINF(P) 

C¢SP=C¢SF(P) 

C¢SP2:C¢SP*C¢SP 

JUMP T¢ 2000 . 

Condense various functions 
occurring in differential 
equations. 

Calculate stress components in 
wedge. 

PRINT AND LABEL,THETA,EPSI,S,VC0MP,HC0MP,SHEAR 

NNN=0 

N3=0 

NN=O 

NKK=O 

NKKK=O 

30 D¢ 100 J=l,4,1 

. IF (NN) 4o,50,80 

4o ST{IP 0002 

50 JUMP T¢ 1000 

K(l)=H 

K(2)=H*(U/V-l.0) 

K(3)=H*W/X 

G¢ T¢ 90 

Initialise various constants. 

If NN=O normal equations i.e. 
Q independent. If NN>0 
inverted equations with 
independent variable J1 . 

Calculate various functions 
in equations. 

Independent variable Q 
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80 JUMP T~ 1000 

K(l )=H 

K(3)=K(2)*W/X 

90 D¢ 100 I=l,3,1 

R(I)=A(J)*(K(I)-B(J)*Q(I) 

Y(I)=Y(I)+R(I) 

IF (NN) 110,120,130 

110 ST¢P 0003 

120 THETA=Y(l) 

EPSI=Y(2) 

Gjtf T¢ 100 

130 THETA=Y(2) 

EPSI:Y(l) 

S::Y(3) 

100 C~NTINUE 

JUMP T<,1 2000 

Calculate various functions 
in equations. 

Independent variable f. 

Runge-Kutta-Gill step by step 
calculation of eit~er f and S 
or Q and S. 

NN=O 
NN)O 

normal equations 
inverted equations 

Normal equations 

Inverted equations 

Calculate stresses 
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PRINT,THETA,EPSI,s,vc¢MP,HC~P,SHEAR,(SINF(THETA)/C¢SF(THETA)) 

Acoordinate in wedge 

Convert Qin radians to 
degrees. 

FRI~'T 1 (K(l)/H), (K(2)/H), (K(3)/H) ,THETD Print slopes 

SUM=EPSI+MU 

DIFR=EPSI-MU 

DIFT=THETA-ST¢RT 

IF (0.5-M¢DF(EPSI)) 4ooo,3000,300 

3000 LS=C¢SF(SUM)/SINF{SUM) 

AREAS=(STLS+LS)*.5*DIFT+AREAS 

RADS=EXPF(AREAS) 

STLS=LS 

PRINT,RADS 

~\000 LD=C¢SF(DIFR)/SINF(DIFR)i 

AREAD~-:: (S'rLD+LD)"'. 5*DIFT+AREAD 

RADD=EXPF(AREAD) 

STLD=LD 

ST¢RT=THETA 

PRINT,RADD 

X=P+2. *THETA 

or 

de dj 
cle- 1 de 

t/S. 
J tlO I 8 

de J Jllf 
ti'f Plf J 

11~ f) 
df, 

If IEPSij~.5 do not 
calculate the longer 
radius arm. 

alculate and print radius arms. 
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IF (NKKK) 101,102,5 

101 ST¢P 000 5 

If NKKK=O 
>0 

completed. 
wedge etc. 
solution. 

continue. 
final step has been 
Calculate slope of 

and start new 

5 E=ATANF( SINP*C¢SF( X)/( SINP* SINF( X)-1.0)) Calculate slope of 
wedge and 

S 1¢PE=E • C¢NV 

CHEKS:C¢SF(THETA+P)/C¢SF(P) 

PRINT AND LABEL,E,SI,¢PE,CHEKS 

CHANG:E: PAGE 

D~ 105 J=l,3,1 

105 Q(J)=O.O 

G¢ T¢ 6 

102 IF (DI-M¢])F(EPSI)) 150,150,170 

170 G¢ T~ 30 

150 IF (NNN) 300, 310, 320 

jOO ST¢P 0005 

:510 H=-H* .. l 

Y(2)=THETA 

NN=l 

Q(l):O.O 

Q(2)=0.0 

NNN=l 

convert to degrees. 

Calculate check of S on«z 
characteristic. 

Change Q(J) back to zero for 
new calculation 

Test \EPsr\ >DI 
True. Continue calculation 
using normal equations. 

False. Then first use NNN=0. 

now 

step length is reduced 

equations are to be used in 
inverted form S dependent. 

to ensure this 
set NN=l 

because equations are 
inverted start off with 
Q(J ):0. 

To ensure that these steps are 
not repeated in next cycle 
set 
NNN=l and steps missed out from 
"I,-,,. ~ - - - - , 
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IF (NKKK) 101,102,5 

101 ST¢P 0005 

If NKKK:O 
>0 

completed. 
wedge etc. 
solution. 

continue. 
final step has been 
Calculate slope of 

and start new 

5 E=ATANF(SINP*C,¢SF( X)/( SINP• SINF( X)-1.0)) Calculate slope of 
wedge and 

S L¢PE::E • C¢NV 

CHEKS=C¢SF(THETA+P)/C¢SF(P) 

PRINT AND LABEL,E,SL¢PE,CHEKS 

CHANGE PAGE 

D~ 105 J=l,3,1 

105 Q(J)=C>.O 

G¢ T¢ 6 

102 IF (DI-Mf,IDF(EPSI)) 150,150,170 

170 G,¢ T~ 30 

150 IF (NNN) 300, 310, 320 

JOO ST¢P 0005 

Y(l)=EPSI 

Y(2):THETA 

NN=l 

Q(l)::0.0 

Q(2)=0.0 

Q(3)=0.0 

NNN=l 

convert to degrees. 

Calculate check of S onci(z 
characteristic. 

Change Q(J) back to zero for 
new calculation 

Test \EPSI\ )DI 
True. Continue calculation 
using normal equations. 

False. Then first use NNN=O. 

now 

step length is reduced 

equations are to be used in 
inverted form 0 dependent. 

to ensure this 
set NN=l 

because equations are 
inverted start off with 
Q(J )=0. 

To ensure that these steps are 
not repeated in next cycle 
set 
NNN=l and steps missed out from 
150 in next cycle. 
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320 IF (.521-M¢DF'(EPSI)) 321 1 321, 30 Step length now in terms off 
Maximum value of 1" =-52354 ••• 
Asf approaches near this value 
vioLent changes in Q and S 
occur. 

321 IF OU) 322,523,330 

322 ST¢P 0007 

·323 H=H* .l 

N3=1 

NK=M¢DF((MU+EPSI)/H) 

330 NKK=NKK+l 

IF (NK.-NKK) 325,30,30 

325 H=-M¢DF(MU+EPSI) 

NKKK=l 

G¢ T¢ 30 

Hence if EPSI ~. 521 

reduce step length once again 
and 

set N3=1 to miss out reduction 
in next cycle. 

Now calculate in terms of this 
new step length the whole 
number of steps remaining. 

Set tally on this number 

if exceeded 

determine final step length 

and 

set NKKK=l to ensure final 
calculation cycle is not 
repeated. 

1000 U=C¢SF(THETA)-SINP*C¢SF(EPSI*2.0-THETA)-S*C¢SP2 

X=C¢SF(2.0*EPSI)-SINP 

W=-SINF(2.*EPSI+THETA)+S*SINK(2.*EPSI) 

V=2.0*S*SINP*X 

JUMP BACK 

2000 C¢ST=S/C¢SF(THETA) 

EPTil=2.0* (EPSI+THETA) 

FRACT=SINP*C¢SF(EPTH) 

VC¢MP=C¢ST+C¢ST*FRACT Vertical normal stress 
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HC¢MP=C¢8T-C~ST*FRACT 

SHEAR=C~ST*SINP*SINF(EPTH) 

JUMP R\CK 

200 END 

D.ATA23 

.52359878 .52359878 57.295780, 

Horizontal normal stress 

Shear stress 

/•/'-• conversion constant 
/ 

from ~adians to degrees 

0.5 .29289322 1.7071068 .16666667 , Array A ) 
) 
) 
) 
) 
) 
) o.o o.o o.o' 

0.872661+63E-2 , 

o.o o.o .66666667 

o.o o.o o.66 
' 

o.o o.o 0.65, 

o.o o.o o.64 
' 

etc .. 

o.o o.o 0.53, 

100.0 o~o o.o, 

E/D 

' 

II 

" 
II 

B 

C 

Q 

Constants. for 

the Runge-Gutta­

Gill method. 

V2 = step length, ,_fg in 

radians (0.5°) 

" 
II 

" 
Ending card 

End of data 



APPENDIX 2 

SOLUTIONS FOR THE ACTIVE CRITICAL ST_',.TE IN SYMMETRICAL 
WEDGES OF COHESIONLES,S MATERIAL FOR AN ANGLE OF INTERNAL 

FRICTION OF 300 

The solutions are listed for the wedge slopes-+; = 0, 

0 5, 10, 15, 20, 25 and 30. Solutions cannot be obtained 

directly for these slopes as the initial values for the 

function, S, leading to the solutions for the specified slopes 

are unknown. Solutions for the slopesj· were obtained for a 

number of initial values of S ranging from 0.66666667 to 0.527, 

and the initial values of S leading to the specified slopes 

were found by a Lagrangian 4th Order Interpolation"'. The 

initial values for S thus obtained led to slopes _f verJ near 

the specified ones, the maximum deviation being 2.48 seconds 

of arc. The specified slopes and the computed slopes found 

from the interpolated initial values of Sare listed below:-

Specified I Computed 
Slope Slope 

Difference 

00 (-) 00 O' 0.52:1 

50 50 00 1 1.15;; +1.15 11 

10° 10° 00' 2.48 11 

15° 14° 59' 57. 6o;r 

20° 19° 59' 59.92n -0.08 11 

25° 25° O' 0 .38:r : 
I 

30° 29° 
i 

59, 59-51" ; 

* See .Jhi ttaker & Robinson I s :1The Calculus of Observationsn, 

Blackie & Son, 4th Edn., 1962, page 29. For a solution on an 

electronic computer the form (B) is required; when the inter­

polated point is near a known point, form (A) frequently leads 

to an overflow in the computer and its use is therefore not advised. 
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For each specified slope ;::: , on the first r1age the 

functions ')?,,. (Epsi), S, and the first differentials dC 
dQ 

Gn tho Beccnd pace the stresses alon~ the base of~ ~edge 

of unit heig-ht ( x = 1) (i.e., tho verticnl coi:1poncnt of 

normal stres,s ( (;i_), t:1e horizontal com7:)onent of normal stress 

the shear component the positional yoint 

along the ½ase, Y, and the length of t:.1e r3.dius arms r 1 Slnd 

r
2 

of t~e two intersectin~ failure lines for '( == 1 on the 
0 

x axis, are all listed against Theta (G) in desrees. (3ee 

------

re ;ion bounc'.ec: by the c{ 
2 

dw.ractc-:ristic throuz;h the apex of 

tj1::: :rer'_ge ser,aratin;~; the infinite clop0 rec;ion from the 

solution belou the apex. In region~ all the stresses are 

linear functions., being zero ::,t the toe and a maximum at the 

o( 
2 

characteristic. For each slope the values for the 

stresses for the point of intersection of the~ character-
2 

i.stio with the base are listed in the last line of t}1e second 

page. 

The density of the material in the wedge is 3ssurned to 

be equ~l to one, and the height of the wed3e is also equal to 



3 

one. iolution of the stresses along the base for vedges 

with height, h, and density, , requires merely the 

multiplication of the listed stress values by t'h. 

Similarly, radius arm values for r = a can be found by 
0 

multiplying r
1

, r
2 

by a. 



SLOPE -~l = o0 

eo (+) eR (+) re-) s (+) 91: (-) dS - (-) 
d8 dG 

0.0000000 0.00000 0.000000 0.666667 0.000000 0.000000 
1.0000000 0.01745 0.017453 o. 666565 1.000000 0.011635 
2.0000000 0.03491 0.034907 0.666261 1.000000 0.023266 
.'.3.0000000 0 .05236 0.0523(:() o. 665753 1.000000 0.034891 
4.0000000 0.06981 0.069813 o. 665043 1.000000 0.046504 
5.0000000 0.08727 0.087266 0.664130 1.000000 0.058104 
5.9999998 0.10472 0.104720 o. 663015 1.000000 0.069686 
6.9999990 0.12217 0.122173 0.661697 1.000000 0.081246 
7.9999983 0.13963 0.139626 o.6w179 1.000000 0.092782 
8.9999976 0~15708 0.157080 o.658459 1.000000 0.104290 
9,9999969 Oi.17453 0.174533 0.656539 1.000000 0.115766 

10.999996 0.19199 0.191986 o.654418 1.000000 0.127206 
11.999996 0.20944 0.209439 Oi652098 1.000000 0.138tD8 
12.999995 0.22689 0.226893 0.649580 1.000000 0.149968 
13.999994 0.24435 Oi244346 o,646864 1.000000 0.161281 
14.999993 0.26180 0.261799 o.643951 1.000000 0.172546 
15.999993 0.27925 0.279253 o. 640841 1.000000 0.183759 
16.999992 0.29671 0.296706 o.637537 1.000001 0.194915 
17.999991 0.31416 0.314159 o.63LiD38 1.000001 0.206012 
18.999991 0.33161 0.331612 0.630346 1.000001 0.217046 
19.999990 0.34907 0.349066 0.626462 1.000001 0.228014 
20.999989 0.36652 0.366519 0.622387 1.000001 0.238913 
21.999988 0.38397 0.383972 o. 618123 1.000001 0.249739 
22.999988 0.40143 0.401426 o. 613670 1.000002 0. 2tD489 
23.999987 0.41888 0.418879 0.609030 1.000003 0.271160 
24.999986 0.43633 0.436332 O • (fJ 420 5 1.000004 0.281748 
25.999986 0.45379 0.453785 0.599196 1.000006 0.293352 
26.999985 0.47124 0.471239 0.594004 1.000002 0.302669 
27.999983 0.48869 0.488692 0.588632 0.999999 0.312979 
28.999989 0.50615 0.506145 0.583080 0.999999 0.323206 
29.994989 0.52351 0.523511 0.577379 0.999880· 0.333399 
29 .. 999942 o. 52360 0.523599 0.577349 54. 693000 35.599900 



SLOPE (€) = 0° 

FAll,URE tnmS 

THETA VF.RT. HORIZ. SHEAR y (+) RADIUS RADIW 
(+) OOMP. (+) COMP. (+) 1 (+) 2 (+} 

0.0000 1.000000 0.333333 0.000000 0.000000 1.0000 l,0000 
1.0000 1.000000 0~333333 0.000000 0.017455 1.031.3 0.9708 
2.0000 1.000000 0.333333 0.000000 0.034920 1.0650 0.9435 
.3.0000 1.000000 0.333333 0.000000 0.052408 1.1014 0.9180 
4.0000 1.000000 0.333333 0.000000 0.0699'Z'/ 1.11,06 0.8941 
5.0000 1.000000 0.333333 0.000000 0.087W39 1.1831 o.m1 
6.0000 1.000000 0.333333 0.000000 0.105104 1.2293 o.sso6 
7.0000 1.000000 0.333333 0.000000 0.122785 l.'Z'/97 o.s30s 
s.0000 1.000000 0.333333 0.000000 0.140541 1.3348 o.sw 
9.0000 1.000000 0.333333 0.000000 0.158384 1.3952 0.7945 

10.0000 1.000000 0.333333 0.000000 0.176327 1.4619 0.7779 
u.0000 1.000000 0.333333 0.000000 0.194300 1.5.358 0.7621 
12.0000 1.000000 0.333333 0.000000 0.212556 o.6181 0.7472 
1.3.0000 1.000000 0.333333 0.000000 0.2,30868 l.7102 0.7.331 
14.0000 1.000000 0.333333 0.000000 0.249328 1.8141 0.7198 
15.0000 1.000000 0.333333 O.OO(X)()O 0.267949 1.9320 0.7071 
16.0000 1.000000 0.333333 0.000000 0.286745 2.0670 0.6951 
17.0000 1.000000 0.333333 0.000000 0.305731 2.2229 o.6837 
18.0000 L.000000 0.333333 0.000000 0.324920 2.4052 o.6728 
19.0000 1.000000 0.333333 0.000000 0.344327 2.6208 0.6625 
20.0000 1.000000 0.333333 0.000000 0.363970 2.8799 o.652.'1 
21.0000 1.000000 0.333333 0.000000 0.383864 .3.1970 o.6434 
22.0000 1.000000 0.333333 0.000000 0.404026 3.5937 0.634; 
23.0000 1.000000 0.333333 0.000000 0.424475 4.1044 0.6261 
24.0000 1.000000 0.333333 0.000000 0.445228 4.?af.JJ o.6180 
25.0000 1.000000 0.333333 0.000000 0.466307 5.7415 0.6104 
26.0000 1.000000 0.,333333 0.000000 0.487732 7.1769 o.w.31 
27.0000 1.000000 0.333333 0.000000 0.509525 9.5755 0.5962 
28.0000 1.000000 0.333333 0.000000 0.531709 14.3743 0.5896 
29.0000 1.000000 0.333333 0.000000 0.554309 0.58.3.3 
29.9950 0.,999998 0.,333333 0 .. 000000 0.577234 0.5774 
29.9999 0.999997 0.,333332 0.000000 0.577349 0.5773 



SLOPE (e;) = 5° 

eo ( +) eR (+) ,f-(-) s (+) §r c-) 
d8 

dS (-) 
dG 

0.0000000 0.00000 0.000000 0.635731 0.000000 0.000000 
1.0000000 0.01745 0.016179 0.635632 0.926990 0.011332 
2.0000000 0.03491 0.032358 0.635335 0.926940 0.022661 
3.0000000 0.05236 0.048535 o.634841 0.926857 0.033984 
4.0000000 0.06981 0.064711 0.634149 0.92674D 0.045299 
5.0000000 0.08727 0.080884 o. 63326o 0.926590 0.056602 
5.9999998 0.10472 0.097055 0.632173 0.926407 0.067892 
6.9999990 0.12717 0.113222 o.636890 0.926190 0.079165 
7.9999983 0.13963 0.129385 0.629410 0.92594D 0.090419 
8.9999976 0.15708 0.145543 0.627734 0.925657 0.101651 
9.9999969 0.17453 0.161696 o. 625862 0.925342 0.112859 

10.9999996 0.19199 0.177844 o. 623795 0.924993 0.124D4D 
u.9999996 0.20944 0.193984 0.621532 0.924613 0.135193 
12.9999995 0.22689 0.210118 0.619076 0.924201 0.146315 
13.9999994 0.24435 0.226245 0.616425 0.923759 0.157403 
14.9999993 0.26180 0.242364 0.613581 0.923287 0.168458 
15.9999993 O.Z'/925 0.258474 0.610545 0.922787 0.179476 
16.9999992 0.29671 o. 274575 o.6o7317 o. 92226o 0.190458 
17.9999991 0.31416 0.290666 o.6o3897 0.921710 0.2014Dl 
18.9999991 0.33161 0.306748 0.600287 0.921139 0.212307 
19.9999990 0.34907 0.322820 0.596486 0.920551 0.223176 
20. 9999989 0.36652 0.338882 0.592497 0.919953 0.234009 
21.9999988 0.38397 0.354932 0.588318 o. 919353 0.244810 
22.9999988 0.40143 0.370973 0.583951 o. 918760 0.255581 
23.9999987 0.41888 0.387003 0.579397 o. 918190 0.266331 
24.9999986 0.43633 0.403024 0.574655 0.917662 0.277069 
25.9999986 0.45379 0.419036 0.569725 o. 917207 0.287812 
26.9999985 0.47124 0.435041 0.564608 0.916869 0.298583 
27.9999984 0.48869 0.451042 0.559303 0.916719 0.309422 
28.990828 0.50599 0.466896 0.553858 o. 91686o 0.320289 
30.026628 0.52406 0.483476 0.547963 o. 917590 0.331945 
31.006633 0.54117 0.499184 0.542187 o. 919390 0.343578 
31.983398 0.55822 0.514892 0.356220 0.92444D 0.357069 
32.516113 0.56751 0.523531 0.532847 o. 945590 0.375905 
32.519459 0.56757 0.523599 0.532816 0.759300 6.400000 



SLOPE !> 2 = 2,
0 

FAILURE LINES 

THlm\ VERT. HORIZ. SHEAR RADIUS RADIUS 
(+) COMP.(+) COMP.(+) (+) y (+) 1 (+) 2 (+) 

0.0000 0.953596 0.317865 0.000000 0.000000 1.0000 1.0000 
1.0000 0.953592 0.317865 0.000810 0.017455 1.0313 0.9708 
2.0000 0.953580 0.317865 0.001620 0.034921 1.0648 0.9434 
3.0000 0.953559 0 • .317865. 0.002431 Q.0521.i08 1.1009 0.9177 
4.0000 0.953530 0.317865 0.003243 0.069927 1.1396 o.8936 
5.0000 0.953492 0.317865 0.004057 0.087489 1.1815 0.8709 
6.0000 0.953446 0.317865 0.004872 0.105104 1.2268 o.s495 
7.0000 0.953391 0.317865 0.005689 0.122785 1.2759 0.8294 
s.0000 0.953327 0.317865 0.006509 0.140541 1.3293 0.8104 
9.0000 0.953254 0.317864 0.007331 O.l58.384 1.3876 0.7924 

10.0000 0.953171 0.317863 0.008157 0.176327 1.4515 0.7754 
11.0000 0.953078 0.317862 0.008986 0.194380 1.5218 0.7593 
12.0000 o. 952975 0.317861 0.009819 0.212556 1.5993 0.71.#) 
13.0000 0.952861 0.317859 0.010656 0.230868 1.6854 0.7295 
14.0000 0.952736 0.317856 0.011497 0.249328 1.7814 0.7157 
15.0000 0.952599 0.317853 0.012343 0.267949 1.8890 0.7026 
16.0000 0.952450 0.317849 0.013194 0.286745 2.0105 0.6902 
17.0000 0.953388 0.317844 0.014050 0.305731 2.1485 o.6784 
18.0000 0.952112 0.317838 0.014912 0.324920 2.3068 0.6671 
19.0000 0.951921 0.317830 0.015779 0.344327 2.4898 o.6564 
20.0000 0.951714 0.317821 0.016652 0.363970 2.7037 0.6462 
21.0000 0.951490 0.317810 0.017531 0.383864 2.9568 0.6364 
22.0000 o. 951247 0.317796 0.018416 0.404026 3.2t08 0.6271 
23.0000 0.950984 0.317779 0.019307 0.424475 3.6321 o.6183 
24.0000 0.950699 0.317759 0.020203 0.445338 4.0953 o.t09a 
25.0000 0.950389 0.317734 0.021104 0.466'307 4.6884 0.0017 
26.0000 0.950051 0.317704 0.022009 0.487732 5.4733 0.5940 
Zl.0000 0.949682 0.317667 · 0.022917 0.509525 6.5581 0.5867 
28.0000 0.949Z76 0.317633 0.023827 0.531709 8.1496 0.5796 
28.9908 0.948832 0.317567 0.024726 0.554100 10.6634 0.5730 
30.0266 0.948313 0.317494 0.0256&:i 0.577970 15.5439 0.5664 
31.0066 0.947752 0.317402 0.026527 0.60101s 26.69.38 0.5604 
31.9834 0.947091 0.317278 0.027354 o.624467 0.5547 
32.5161 0.946635 0.317174 0.027757 0.637466 0.5517 
32.5195 0.946616 0.31716 0.027750 o.637548 0.5517 



SLOPE (t;) = 10° 

00 (+) eR (+) 1/r(-) s (+) ~(-) 
dt1 

dS (-) 
de 

0.0000000 0.00000 0.000000 o. 609053 0.000000 0.000000 
l..0000000 0.01745 0.014997 o.608953 0.858080 0.011486 
2.0000000 0.03491 0.029952 0.608652 0.858004 0.022970 
3.0000000 0.05236 0.044926 0.608151 0.857876 0.034451 
4.0000000 0.06981 0.059898 o.607449 0.857697 0.045927 
5.0000000 0.08727 0.074865 0.606548 0.857467 0.057397 
5.9999998 0.10472 0.089829 0.605446 0.857188 0.068859 
6.99999'!) 0.12217 0.104786 o.604144 0.856800 0.080312 
7.9999983 0.13963 0.119738 0.602642 0.856482 0.091755 
8.9999976 0.15708 0.134683 0.600941 0.856058 0.103186 
9.9999969 0.17453 0.149620 0.599041 0.855587 0.114605 

10.9999996 0.19199 0.164548 0.596941 0.855072 0.126011 
11.9999996 0.20944 0.179467 0.594642 0.854514 0.137403 
12.9999995 0.22689 0.194376 0.592145 0.853916 0.148782 
13.9999994 0.24435 0.209275 0.5$9449 0.853280 0.160147 
14.9999993 0.26180 0.224161 0.586555 0.8526ll 0.171499 
15.9999993 0.27925 0.239036 0.583462 0.851912 0.182840 
16.9999992 0.29671 0.253898 0.580172 0.851189 0.194170 
17.9999991 0.31416 0.26fs748 0.576685 0.850448 0.205492 
18.9999991 0.33161 0.283585 0.572999 0.849699 0.216809 
19.99999'!) 0.34907 0.298408 0.569117 0.848949 0.228126 
20.9999989 0.36652 0.313219 0.565036 0.848213 0.239449 
21.9999988 0.38397 0.328016 0.560758 0.847505 0.250783 
22.9999988 0.40143 0.342802 0.556282 0.846846 0.262140 
23.9999987 0.41888 0.357577 0.551008 0.84628:J 0.273530 
24.9999986 0.43633 0.372343 0.546734 0.845780 0.284970 
25.9999986 0.45379 0.387101 0.541660 0.845448 0.296481 
26.9999985 0.47124 0.401856 0.536384 0.845320 0.308092 
27.9999984 0.48869 0.416610 0.530905 0.845475 0.319839 
28.9999983 0.50615 0.431370 0.525219 0.846020 0.331778 
29.9999983 0.52360 0.446145 0.519322 0.847118 0.343991 
31.002371 0.54109 0.400900 0.513194 0.849000 0.356626 
32.001850 0.55854 0.475815 0.506859 0.852130 0.369853 
32.996593 0.57590 0.490650 0.500316 0.857300 0.384072 
33.983322 0.59312 0.505486 0.493566 0.866580 0.400342 
35.009640 0.61103 0.521194 0.486191 0.895170 0.42754D 
35.158925 0.61364 0.523550 0.485061 o.9298f:JJ 0.448914 
35.161397 0.61368 0.523599 0.485036 8.071400 5.200000 



SHEAR ~) = 10° 

FAILURE LINES 

THETA VERT. HORIZ. SHEAR y (+) RADIUS RADITJS 
(+) COMP. (+) OJMP. (+) (+) l (+) 2 (+) 

0.0000 0.913579 0 • .304526 0.000000 0.000000 1.0000 1.0000 
1.0000 0.913564 0 • .304526 0.001508 0.017455 1.0312 0.9707 
2.0000 0.913519 0,,.304526 0.003017 0 .. 034921 1.0646 0.9432 
3.0000 0.913444 0.304526 0.004527 0.052408 1.1004 0.9174 
4.0000 0.913339 0.304526 0.006038 o.0699z, 1.1387 0.8931 
5.0000 0.913203 0.304526 0.007550 0.0874$9 1.1000 0.8701 
6.0000 0.913036 0 • .304525 0.009064 0.105104 1.2244 o.8485 
1.0000 0.912838 0 • .304525 0.010581 0.122785 1.2724 0.8280 
s.0000 0.912007 0.304523 0.012100 0.140541 1.3243 o.8087 
9.0000 0.912343 0.304521 0.013622 Ocl58384 1.3807 o. 7904 

10.0000 0.912045 0,..304518 0.015148 0.176327 1.4422 o. 7730 
ll.0000 0.9ll713 0 .. 304515 0.016677 0.194380 1.5093 0.7565 
12.0000 o. 911433 0.304509 0.018210 0.212556 1.5828 0.7409 
13.0000 0.910938 0 • .304503 0.019747 0.230868 1.6638 0.72(1.) 
14.0000 0.910494 0.304494 0.020288 0.249328 1.7532 o.1ue 
15.0000 0.910009 O • 30 4483 0.022834 0.267949 1.8525 o.6984 
16.0000 0.909482 0.304469 0.024384 0.286745 1.9633 o.6855 
17.0000 0.9089ll 0.304452 0.025939 0.305731 2.0876 o.6733 
18.0000 0.9)8294 0.304431 o.oz,498 0.32492} 2.2279 0.6616 
19.0000 0.9076Z, 0.304405 0.029061 0.344327 2.3873 o.6505 
20.0000 0.906909 0.304373 0.030628 0.363970 2.5700 0.6399 
21.0000 0.906136 0.3043.36 0.032198 0.383864 2.7810 0.6297 
22.0000 0.905304 0.304290 0.033771 0.404026 3.0273 0.6200 
23.0000 0.9()44J,.O 0.304236 0.035346 0.424475 3.3181 0.610a 
24.0000 0.903448 0.304171 0.036922 0.445228 J.6660 0.6019 
25.0000 0.902414 0.304094 0.038496 0.466307 4.0891 0.5934 
26.0000 o. 901302 0.304002 0.0J.t)068 0.487732 4.6133 0.5853 
27.0000 o. <;()0104 0.,303892 0.041634 o. 509525 5.2782 0.5776 
28.0000 0.898811 0.303762 0.043192 0.531709 6.1463 0.5702 
29.0000 0.897415 0.303607 0.044736 0.554309 7.3227 0.5630 
.30.0000 0.895902 0.303421 0.046200 0.577350 8.998 0.5562 
31.0024 0.894252 0.303197 0.047761 o.6oo917 ll.5572 0.5287 
32.0019 o.892453 0.,302925 0.049217 0.624914 15.8776 0.5435 
32.9966 o.890479 0.302593 0.050608 0.64932 24.5246 0.5375 
33.9833 o.sss2aa 0.302176 0.051897 o.674085 0.5319 
35.0096 0.885620 0.301578 0 .. 053042 o. 700458 0.5263 
35.1589 0.885155 0.301455 0.053162 o. 704349 0.5255 
35.1614 0.885137 0.301448 0.053157 0.704/.iJ.4 0.5255 



SLOPE (lL = 12° 

eo (+) GR(+) re-) s (+) gt-(-) 
dG- ~~ (-) 

0.0000000 0.00000 0.000000 0.585439 0.000000 0.000000 
1.0000000 0.01745 0.013821 0.585335 0.791848 0.011988 
2.0000000 0.03491 0.02764D 0.585021 0.791750 0.023976 
3.0000000 0.05236 0.041458 0.584498 0.791588 O .035963 
4.0000000 0.06981 0.055272 0.583765 o. 791361 0.047948 
5.0000000 0.08727 0.069081 0.582824 o. 791071 0.059932 
5.9999998 0.10472 0.082885 0.581673 o. 790717 0.071914 
6.9999990 0.12217 0,096682 0.580314 o. 790303 0.083893 
7.9999983 0.13963 Oill0471 0.578745 o. 789827 0.095871 
8.9999976 0.15708 01124252 0.576967 o. 789293 0.107847 
9.9999969 0al7453 0~138022 0.574980 0.788703 O.ll9822 

10.999996· 0.19199 0.151782 0.572785 0.788058 0.131796 
ll.999996 ·1 0.20944 0.165531 0.570380 o. 787363 0.143771 
12,999995 0.22689 0.179266 0.567766 0.786620 0.155746 
13. 999994. 0.24435 0.192988 0.564943 0~785834 0.167725 
14.999993 · 0.26180 O. 206697 0.561911 0.785010 o.1,q.9710 
15.999993 0.27925 0.220390 0.558670 0.784154 0.191702 
16.999992 0.29671 0.234D69 0.555220 0.783273 0.203705 
17.999991. 0.31416 0.247732 0.551560 0.782377 0.215724 
18.999991. 0.33161 0.261379 0.547689 0.781474 0.227762 
19.9999'/J 0.34907 0.275010 0.543609 0.780579 0.239827 
20.999989 0.36652 0.288626 0.539318 o. 779706 0.251924 
21.999988 0.38397 0.302227 0.534815 0.778873 o.264D62 
22.999988 '. 0.40143 0.315814 0.530100 0.778102 0.276252 
23.999987. 0.41888 0.329389 0.525172 0.777420 0.288505 
24.999986 0.43633 0.342952 0.520029 o. 7768W 0.300837 
25.999986 0.45379 0.356507 0.514670 0.776464 0.313266 
26.999985 0.47124 0.370057 0.509093 0.776281 0.325814 
27.999984 0.48869 0.383t06 0.503296 0.776378 0.338510 
28.999983 0.50615 0.397160 0.497276 0.776837 0.351389 
29.999983 o. 52360 0.410725 0.491029 0.777767 0.364499 
30.999982 0.54105 0.424312 0.484551 o. 779315 0.377901 
Jl.999981 0.55851 0.437933 0.477836 0.781683 0.391683 
33.021253 0.57633 0.451895 0.470725 0.785230 0.406268 
33.973654 0.59295 0.464985 O .463855 o. 790020 0.420530 
34.981906 0.61055 0.478948 0.456315 o. 797350 0.436637 
35. 978863 0.62795 0.492910 0.448567 0.808330 0.454220 
37 .019223 0.64611 0.507746 0.44Dl29 0.827750 0.476192 
37.999508 0.66322 0.522232 0.431725 0.881980 0.513600 
38.083566 0.66468 0.523541 0.430963 0.918560 0.533t05 
38.086556 0.66474 o. 523599 0.430930 17.100000 8.999700 



( ') 0 SLOPE;f-: = 15 

FAILURE LINES 

THETA. VERT. HORIZ. SHEAR Y(+) RADIUS RADIUS 
(+) , COMP. (+) COMP. (+) (+) 1 (+) 2 (+) . 

0.0000 0.878159 0.29Z720 0.000000 0.000000 1 .0000 1.0000 
1.0000 0.878128 0.292720 0.002127 0.017455 1.0312 0.9707 
2.0000 0.878035 0.292720 0.004253 0.034921 1.0644 0.9431 
3.0000 0.877880 0.29Z719 0.006381 0.052408 1.0999 o. 9171 
4.0000 0.877663 0.29Z719 0.008508 0.069927 1.1379 0.8926 
5.0000 o.877382 00292719 0.010637 0.087489 1.1785 0.8694 
6.0000 0.877037 0.292718 o.ow67 0.105104 1.2222 0.8475 
7.0000 0.876628 0.29Z716 o.011i2,97 0.122785 1 .• 2691 0.8267 
8.0000 0.876152 0.292713 0.017030 O.lli054l 1.3197 0.0070 
9.0000 0.875610 0.292709 0.019163 0.158384 1.3744 0.7884 

10.0000 0.874998 0.292703 0.021298 0.176327 1.4336 0.7707 
u.0000 0.874315 0.292695 0.023434 0.194380 1.4978 0.7538 
12.0000 0.9735{:f:) 0.292685 0.025571 0.212556 1.5679 0.7378 
13.0000 o.s72730 0.292671 0.027710 0.230868 1.6444 0.7225 
14.0000 o.s11s23 0.292654 0.029850 0.249328 1.7283 0.7080 
15.0000 0.870836 0.292631 0.031990 0.267949 1.8206 o.6841 
16.0000 0.86o/165 o.292f::l:J4 0.034131 0.286745 1.9225 0.6809 
17.0000 o.·868608 0.292569 0.036271 0.305731 2.0356 o.6683 
18.0000 0.867361 0.2925Z7 0.0J84ll 0.324920 2.1617 0.6563 
19.0000 0.86(:()19 0.292476 04040549 0.344327 2.30.30 o.6447 
20.0000 o.846578 0.292415 0.042684 0.363970 2.4623 0.6337 
21.0000 0.863033 0.292342 0.044816 0.383864 2.6430 0.6232 
22.0000 0.861379 0.292254 0.046942 0.404026 2.8493 0.6131 
23.0000 0.859(:()9 0.292150 0.04<X)61 0.424475 J.0871 0.(:()34 
24.0000 0.857716 0.292028 0.051171 0.445228 3.3633 0.5942 
25.0000 0.855694 0.291883 0.053269 0.466307 3.6877 CJ.5853 
26.0000 o.853532 0.291713 0.055353 0.487732 4.0733 0.5768 
27.0000 0.851223 0.291514 0.057418 0.509525 4.5380 0.5687 
28.0000 0.848755 0.291281 0.059461 0.531709 5.1073 0.5609 
29.0000 0.846ll7 0.291008 0.061476 0.554.309 5.8188 0.5534 
.30.0000 0.843294 o.2<X)689 0.063456 0.577350 6.7294 0.5462 
31.0000 0.840271 0.2<X)316 0.065394 o.600860 Q.9307 0.5393 
32.0000 o.s37029 0.289878 0.067200 0.624869 9.5777 0.5326 
33.0312 0.833468 0.289353 o.0691Li0 o.649935 12.0142 0.5262 
33.9737 0.829895 0.288778 0.070798 o.673840 15.5131 0.5203 
34.9819 o.825811 0.288057 0.072450 o.699737 21.8510 0.5144 
35.9789 0.821419 0.287202 0.073947 0.725979 34.8548 0.5088 
37 .. 0192 0.816374 0.286106 0.075301 0.754080 0.5033 
37.9995 0.810977 0.284749 0.076221 0.781272 0.4982 
38.0836 0.81045J. 0.284597 0.076257 0.783637 0.4978 
38.0866 0.810422 0.284586 0.076251 0.783721 0.4978 



SLOPE (-i) = ZJ0 

eo (+) eR (+) ~(-) s (+) sr/::(-) 
de 

dS (-) 
dG 

0.0000000 0.00000 0.000000 o.564D83 0.000000 0.000000 
1.0000000 0.01745 0.012692 0.563971 0.727168 0.012776 
2.0000000 0.03491 0.025382 0.563637 0.727042 0.025552 
J.0000000 0.05236 0.038070 0.563079 0.726833 0.038329 
4.0000000 0.06981 0.050753 0.562299 0.726541 0.051108 
5.0000000 0.08727 0.063431 0.561295 0.726167 0.063890 
5-9999998 0.10472 0.076101 0,560068 0.725712 0.076674 
6.9999990 0.12217 Oe088762 0.558619 0.725177 0.089463 
7.9999983 0.13963 0.101414 0.556946 0.724563 0.102256 
8.9999976 0.15708 0.114D54 0.555049 o. 723872 0.115056 
9.9999969 0.17453 0.126681 0.552929 o. 723107 0.127864 

10.999996 0.19199 0.139295 0.550586 0.722269 o.14D680 
11.999996 o.ZJ944 0.151893 0.548019 0.721363 0.153509 
12.999995 0.22689 0.164475 0.545227 0.720391 0.166350 
13.999994 0.24435 0.177039 0.542212 0.719359 0.179ZJ8 
14.999993 0.26180 0.189585 0.538972 0.718271 0.192085 
15.999993 0.27925 0.202lll 0.53550? 0.717133 0.204985 
16.999992 0.29671 0.214617 0.531816 0.715952 0.217912 
17.999991 0.31416 0.22'7102 0.527900 0.714738 0.230870 
18.999991 0.33161 0.239566 0.523757 o. 713499 0.243864 
19.9999W 0.34907 0.252008 0.519387 0.712249 0.256902 
20.999989 0.36652 0.264428 0.514789 0.711000 0.269989 
21.999988 0.38397 0.276827 0.509962 o. 709769 0.283135 
22.999988 0.4Dl43 0.289204 0.504906 0.708577 0.296347 
23.999987 0.41888 0.301561 0.499618 0.707446 0.309638 
24.999986 0.43633 0.313899 0.494D97 o. 7064D4 0.323018 
25.999986 0.45379 0.326220 0.488342 0.705485 0.336503 
26.999985 0.47124 0.338526 0.482350 o. 704731 0.350108 
27.999984 0.48869 0.350821 0.476120 o. 704189 0.363854 
28.999983 0.50615 0.363108 0.469648 0.703920 0.377764 
29.999983 o.5236o 0.375394 0.462932 0.703999 0.391863 
30.999982 0.54105 0.387685 0.455968 o. 704517 0.406186 
31.999981 0.55851 0.399989 0.448752 0.705591 0.420774 
32.999981 0.57596 0.412318 0.441279 0.707370 0.435676 
33.999980 0.59341 0.424686 0.433542 o. 710050 0.450958 
34.983386 0.61058 0.436903 0.425670 0.713800 0.466432 
36.030207 0.62885 0.449993 0.416993 0.7194ZJ 0.483534 
36.998602 0.64575 0.462210 0.4D8682 o. 7'2.6630 0.500098 
38.023704 0.66364 0.475300 0.399570 0.737230 0.518706 
39.031459 0.68123 0.488390 0.3o/J274 0.752150 0.5386o4 
40.015320 0.6984D 0.501480 0.380841 0.774110 0.560706 
41.025469 0.71603 0.515443 0.370712 0.815180 0.590384 
41.577934 0.72567 0.523558 0.364882 0.918180 o.64Dl94 
41.580028 0.72571 0.523599 0.364855 15.44/J)OO 6.799CfJO 



SLOPE (C) = z:;0 

FAILURE LINES 

THETA VERT. l:IJRIZ. SHEAR y (+) RADDJS RADIUS 
(+) COMP.(+) COMP.(+) 1 (+) 2 (+) 

0.0000 0.846124 0.282041 0.000000 0.000000 1.0000 1.0000 
1 .. 0000 1.84W73 0.282041 0.002686 0.017455 1.0312 0.9706 
2.0000 o.845919 0.28ZJ41 0.005371 0.034921 1.0643 0.9430 
3.0000 0.845663 o.2820U 0.008056 0.052408 1.0995 0.9168 
4.0000 0.845303 o.2820U 0~010741 o.0699Z7 1.1371 o.8921 
5.0000 0.844839 0.282040 0.013425 O.Of!/7489 1.1772 o.8686 
6.0000 0.844269 0.282038 0.016108 0.105104 1.2201 0.8465 
7.0000 o.843593 0.282035 O.Olf!/790 0.12Z785 1.2660 0.8254 
8.0000 o.842808 0.28ZJJO 0.D2:./.i.'U 0.140541 1.3153 0.0054 
9.0000 0.841912 0.282024 0.024149 0.158384 1.3684 0.7864 

10.0000 o.81.i0904 0.282014 0.026826 0.176327 1.4255 0.7683 
11.0000 0.839781 0.28ZJ01 0.029500 0.194380 1.4872 0.7511 
12.0000 o.838539 0.281984 0.032170 0.212556 l.55U 0.7347 
13.0000 0.837176 0.281962 0.034837 0.230868 1.6266 0.7191 
14.0000 0.835689 0.281933 0.037498 0.249328 1.7056 0.7042 
15.0000 o.834072 0.281897 0.040155 0.267949 1.7917 0.6899 
16.0000 0.832322 0.281852 0.042804 0.286745 1.8862 o.6763 
17.0000 0.830435 0.281797 0.045446 0.305731 1.9899 0.6633 
18.0000 0.828404 0,,281730 0.040079 0.324920 2.1043 0.6509 
19.0000 0.826225 0.281648 0.050700 0.344327 2.2309 0,6390 
20.0000 0.823890 0.281551 0.053310 0.363970 2.3718 0.6275 
21.0000 o.821394 0.281424 0.055904 0.383864 2.5291 0.6166 
22.0000 o.818728 0.281296 0.058481 0.404026 2.7058 0.0061 
23.0000 o.815885 0.281134 0.061039 0.424475 2.9054 0.5961 
24.0000 o.s12s56 0.200943 0.063574 0.445228 3.1322 0.5864 
25.0000 0.809632 0.200719 0.06€:oBJ 0.466307 3.3918 0.5772 
26.0000 0.006201 0.200459 0.068561 0.487732 3.6912 0.5683 
2? .0000 0.002552 0.200156 0.071004 0.509525 4.0397 0.5597 
28.0000 0.798673 O.Z79805 0.073407 0.531709 4.4492 0.5515 
29.0000 0.794549 0.279399 0.075764 0.075764 4.9361 0.5436 
30.0000 0.790167 0.278929 0.078067 0.577350 5.5225 0.5360 
31.0000 0.785507 0.278388 0.000310 O.t008tO 6.2400 0.5287 
32.0000 0.780553 0.277765 0.082482 o.62M69 7.1340 0.5217 
33.0000 0.775283 0.2770i+7 0.084573 o.649407 8.Z731 0.5150 
34.0000 0.769673 0,.276220 0.086569 0.674508 9.76¼ 0.5085 
34.9834 0.763799 0.275284 0.088426 0.699775 11.7449 0.5023 
36.0302 0.757125 0.274J.34 O.O(f:)267 0.727348 14.7519 0.4960 
36.9986 0.750528 0.272903 0.091824 0.753516 18.9548 0.4'1)4 
38.0237 o. 743057 O.Z71393 0.093287 0.781952 29.2965 0.4847 
39.0315 0.735166 0.269659 0.094500 0.810694 40.1954 0.4794 
40.0153 0.726862 0.267667 0.095409 0.839555 0.4743 
41.0255 0.717575 0.265201 0.095943 0.870067 0.4693 
41.5779 0.712D07 0.263543 0.095923 0.887153 0.4667 
41.5800 0.711979 0.263532 0.095917 0.887218 0.4667 



SLOPE (~) = 25° 

gO(+) eR (+) "{/(-) s (+) ~(-) ~~ (-) 

0.0000000 0.00000 0.000000 0.544457 0.000000 0.000000 
1.0000000 0.01745 0.011577 0.544336 0.663250 0.013812 
2.0000000 0.03491 0.023151 0.543975 0.663077 0.027625 
3.0000000 0.05236 0.034722 0.543372 0.6627'!) 0.04l44l 
4.0000000 0.06981 0.046286 0.542538 0.662389 0.055262 
5.0000000 0.08727 0.057843 0.541443 o.661874 0.069089 
5.9999998 0.10472 0.069339 0.540116 0.661245 0.082923 
6.99999<:JJ 0.12217 0.080924 0.538548 0.660503 0.096767 
7.9999983 0.13963 0.092445 0.536739 0.659649 o.no622 
8.9999976 0.15708 0.103949 0.534687 o.658685 0.124491 
9.9999969 0.17453 O.ll5436 0.532393 0.657610 0.138375 

10.999996 0.19199 0.126'!)4 0.529857 0.656428 0.152278 
11.999996 0.20944 0.138349 0.527077 0.655140 0.166203 
12.999995 0.22689 0.149772 0.524055 0.653747 0.180151 
13.999994 0.24435 0.16ll69 0.520789 0.652253 0.194127 
14.999993 0.26180 0.172539 0.517278 0.650662 0.208134 
15.999993 0.27925 0.183881 0.513523 0.648976 0.222177 
16.999992 0.29671 0.195192 0.509523 0.647-:!Jl 0.236260 
17.999991 0.31416 0.206472 0.505276 o.645343 0.250388 
18.999991 0.33161 0.217718 0.500782 o.6434D6 0.264567 
19.9999<:JJ 0.34<:JJ7 0.228930 0.49&>41 o.6414Dl 0.278802 
20.999989 0.36652 0.240107 0.491050 0.639335 0.293101 
21.999988 0.38397 0.251247 0.485809 0.637219 0.307472 
22.999988 0.40143 0.262350 0.480317 0.635067 0.321922 
23.999987 0.41888 0.273415 0.474571 0.632893 0.336400 
24.999986 0.43633 0.284442 0.468571 0.630717 0.351098 
25.999986 0.45379 0.295431 0.462315 o.628558 0.365845 
26.999985 0.47124 0.30638 0.455800 0.626443 0.300716 
27.999984 0.48869 0.317299 0.449025 0.624402 0.395722 
28.999983 0.50615 0.328179 0.44].986 0.622472 0.410880 
29.999983 0.52360 0.339028 0.434682 0.620696 0.426207 
.30.999982 0.54105 0.349847 0.427108 0.619128 0.441721 
31.999981 0.55851 0.360641 0.419261 0.617829 0.457441+ 
32.999981 0.57596 0.371415 0.4lll39 o.616877 0.473400 
33.999980 0.59341 0.382176 0.402735 0.616368 0.489616 
34.999979 0.61086 0.392933 0.394D46 o.616418 0.506125 
35.999978 0.62832 0.403697 0.385066 0.617174 0.522962 
36.999978 o.64577 0.414482 0.375789 o.618821 0.540171 
37.967655 0.66266 0.424954 0.366523 0.621470 0.557220 
39.010138 o.68086 0.436298 0.356214 0.625840 0.576ll0 
/IJ.987173 0.71536 0.458115 0.335692 0.640270 0.613776 
41.993531 0.73293 0.469459 0.324734 0.652160 0.634177 
42.978645 0.75012 0.480804 0.313651 o.668380 o.655289 
44.008414 0.76809 0.493021 0.301663 0.692730 0.679145 
44.995417 0.78532 0.505238 0.289746 0.728530 0.705055 
45.985020 0.00259 0.518328 0.277293 0.797600 0.739837 
46.346958 0.80891 0.523564 0.272545 0.915680 0.780849 
46.348770 o.80894 0.523599 0.272518 15.879000 4.599<:/JO 



SLOPE (~l = 22° 
FATI,URE LINES 1 

THETA VERT. HORIZ. SHEAR y (+) RADIUS RADIUS 
(+) COMP.(+) COMP.(+) 1 (+) 2 (+) 

0.0000 0.816685 0.272228 0.000000 0.000000 1.0000 1.0000 
1.0000 0.816610 0.272228 0.00.3199 0.017455 1.0311 o. 9706 
2.0000 0.816384 0.272228 0.006398 0.034921 1.0641 0.9428 
3.0000 0.816007 0.272228 0.009595 0.052408 1.0991 0.9165 
4.0000 0.815478 0.272227 0.0127<;() 0.069927 1.1.363 0.8916 
5.0000 0.814796 0.272226 0.015983 0.087489 1.1758 0.8679 
6.0000 0.8139&:l 0.272223 0.019172 0.105104 1.2100 0.8454 
7.0000 0.812966 0.272219 0.022.356 0.122785 1.2630 0.8241 
8.0000 0.8ll8]/4 0.272212 0.025535 0.140541 l.3lll 0.8038 
9.0000 0.810501 0.272ZJ3 0.028708 0.15838 1.3626 0.7844 

10.0000 0.809023 0.272189 0.031874 0.176327 1.4178 0.76&:J 
u.0000 o.807378 0.272170 0.0350.31 0.194380 1.4772 0.7484 
12.0000 o.8055&:l 0.272145 0.038178 0.212556 1.5412 0.7317 
13.0000 0.803567 0.272112 0.041314 0.230868 1.6100 0.7156 
14.0000 0.801393 0.272071 0.044438 0.249]28 1.6846 0.7003 
15.0000 o. 799034 0.27ZJ18 0.047548 0.267949 1.7653 o.6857 
16.0000 0.796483 0.271953 0.050641 0.286745 1.8531 o.6717 
17.0000 0.793734 0.271874 0.053716 0.305731 l.94S7 o.6583 
18.0000 o. 790781 0.Z71777 0.056771 0.3249':!J 2.0531 o.6454 
19.0000 0.787616 0.2716(:J) 0.059802 0.344327 2.1675 0.6331 
20.0000 0.784231 0.271520 0.062808 0.363970 2.2932 0.6213 
21.0000 0.780618 0.271353 0.065785 0.383864 2.4318 o.&J99 
22.0000 0.776767 0.271157 0.068729 O.J.1)4026 2.5852 0.5990 
23.0000 0.77266S O.Z70926 0.071627 0.4241+?5 2.7558 0.5885 
24.0000 0.768310 0.270656 0.074504 0.445228 2.9461 0.5785 
25.0000 0.763681 0.270342 0.077327 0.466307 3.1594 0.5688 
26.0000 0.758768 0.269977 0.080098 0.487732 3.3999 0.5595 
27.0000 0.753558 0.269556 0.082813 0.509525 J.6724 0.5505 
28.0000 0.748035 0.26<;()69 0.085465 0.531709 3.9831 0.5419 
29.0000 0.742183 0.268510 0.088047 o. 554309 4.3397 0.5336 
30.0000 0.735985 0.267869 0.090551 0.577350 4.7522 0.5256 
31.0000 0.729421 o.i67135 0.092968 o.60o86o 5.2332 0.5179 
32.0000 0.722472 0.266296 0.095288 0.624869 5.7994 0.5105 
33.0000 0.715114 0.265339 0.097499 0.649407 6.4732 0.5033 
34.0000 o. 707324 0.264249 0.099590 o.674508 7.2848 0.4964 
35.0000 o.69<:JJ75 0.263008 0.101546 0.700ZJ7 8.Z762 o.~97 
36.0000 o.6<;()339 0.261598 0.103352 0.726542 9.5076 0.4833 
37.0000 o.681083 0.259995 0.104991 0.753553 n.0675 0.4770 
37.9677 o.671&Jo 0.258239 0.106398 0.780377 13.0156 0.4712 
39.0101 o.660765 0.256089 0.107695 0.810077 15.8238 0.4652 
39.9647 0.650241 0.253855 0.108657 0.838050 19.3817 0.4599 
40.9872 0.638280 0.251141 0.109420 0.868894 24.<;()82 0.4543 
41.9935 0.625759 0.240098 0.109862 o. <;()0200 33.4253 0.4491 
42.9786 0.612722 0.244708 0.109957 0.931818 47.7158 0.4442 
44.0084 0.598187 0.240653 0.109638 0.965973 78.1876 0.4392 
/J+.9954 0.583286 0.236175 0.108849 0.999811) 0.4346 
45.9850 0.567219 0.230923 0.107428 1.034989 0.4302 
46.3470 o.5&:i956 0.228697 0.106644 1.048159 0.4286 
46.3488 0.500920 0 • .228682 0.106637 1.048225 0.4286 



SLOPE (f;,) = '30° 

eo (+) eR (+) re-) s (+) ~(-) dS (-) 
dG 

0.0000000 0.00000 0.000000 0.526287 0.000000 0.000000 
1.0000000 0.01745 0.010470 0.526155 0.599812 0.015068 
2.0000000 0.03491 0.020936, 0.525761 0.599564 0.030138 
3.0000000 0.05236 0.031397 0.525103 0.599149 0.045213 
4.0000000 0.06981 0.041850 0.524183 0.598567 0.060296 
5.0000000 0.08727 0.052290 0.522998 0.597819 0.075389 
5.9999998 0.10472 0.062717 0.521551 0.596So4 0,090495 
6.99999So 0.12217 0.073125 0.51981.1) 0.595820 0~10.5617 
7-9999983 0.13963 0.083514 0.517864 0.594567 o.i2075a 
8.9999976 0.15708 0.093879 0.515624 0.593144 0.135921 
9.9999969 0.17453 0.104207 0.513ll9 0.591550 0.15lll0 

10.999996 0.19199 0.114527 0.510349 0.589785 0.166327 
u.999996 o.~9'-i4 0.124804 0.507313 0.587846 0.181577 
12.999995 0.22689 0.135045 0.501.l)ll 0.585732 0.196865 
13.999994 0.24435 0.145248 0.500441 0.583442 0.212194 
14.999993 0.26180 0.155410 0.496604 0.500975 0.227569 
15.999993 0.27925 0.165527 0.492497 0.578329 0.242995 
16.999992 0.29671 0.175597 0.488121 0.575503 0.258479 
17.999991 0.31416 0.185615 0.483474 0.572495 0.2'71.1)25 
18.999991 0.33161 0.195579 0.479556 0.569303 0.289641 
19.9999So o.J49J7 0.205486 0.473364 0.565928 0 • .305333 
20.999989 0.36652 0.215333 0.467897 0.562366 0.32ll09 
21.999988 0.38397 0.255116 0.462154 0.558618 0.336976 
22.999988 0.40143 0.234831 0.456134 0.554682 0.352945 
23.999987 0.41888 o.241.i476 0.449834 0.550558 0.J6So2.3 
24.999986 0.43633 0.354048 0.443252 0.546245 0.385221 
25.999986 0.45379 0.263543 0.4.36386 0.541742 o.l.,!)1549 
26.999985 0.47124 0.272957 0.429234 0.537051 0.418020 
27.999984 0.48869 0.282288 0.421794 0.532172 0.434646 
28.999983 0.50615 0.291533 0.414061 0.527106 0.451439 
29.999983 0.52360 0.300687 0.406034 0.521855 0.468414 
30.999982 0.541.05 0.,.309748 0.397709 0.,16421 0.485585 
31.999981 0.55851 0.318712 0.389)83 0.510009 0.502969 
32.999981 0.57596 0.3'2:7577 0.300151 0.505021 0.520582 
33.999980 0.59341 0.336340 0.370910 o.49g.J64 0.538441 
.34.999979 o.61086 0.344997 0.361355 0.492943 0.556565 
35.999978 0.62832 0.353545 0.351481 0.486667 0.574974 
36.999978 o.64577 0.361983 0.341283 0.480243 0.593687 
37.999977 0.66322 0.370308 0.330755 0.473682 o.61z,26 
38.999976 o.60068 0.378517 0.319892 0.466996 o.632lll 
39.999976 0.69813 0.386608 0.308688 0 • 46o 198 0.651866 
1.1).999975 0.71558 0.394580 0.297136 0.453304 0.672013 
41.999974 o. 73304 O.J.1)2431 0.285228 0.446329 0.692574 
42.953275 0.74968 o.J.1)9801 0.273539 0.439600 0.712570 
43.985484 0.76769 0.417655 0.260503 0.432300 0.734710 
45.035469 0.78602 0.425509 0.246829 0.424850 0.757750 
45.984494 0.80258 0.432490 0.234102 0.418120 0.77S060 
46.949)28 0.81942 0.439472 0.220801 0.411300 0.801~ 
48.053523 0.83869 0.447326 0.205107 0.4035&> 0.827100 
49.053282 0.85614 0.454307 0.190464 0.396640 o.851280 
49.942JJ37 0.87166 0.460415 0.177083 0.3So5SO o.873210 
50.975743 0.88969 0.467397 0.16ll02 0.3836So 0.899200 
52.027676 0.90005 0.474378 0.144342 0.376850 0.926480 
52.963806 0.92439 0.400487 0.129003 0.370940 0.951260 
54.051929 0.94338 0.487468 o.uo659 0.364320 o. 90071.1) 
55.020202 0.96028 0.493576 0.093859 0.358670 l.0075So 
56.003645 0.97745 0.499685 0.076326 0.535210 1.035450 
57.002242 0.99488 0.505794 0.058028 0.347980 1.0643&> 
58.015730 1.01257 0.5llg.J2 0.038938 0.343390 1.094330 
59.042757 1.03049 0.518011 0.019046 0.3436&:, 1.125400 
59.941166 1.04617 0.523509 0.001186 0.8ll300 1.153200 
59.946667 1.046'2!7 0.523599 0.001075 1595.8000 1.070400 



SLOPE ( ~ ) = 30 o 

FAILURE LINES 

THETA VERT. HORIZ. SHEAR y ( +) RADIUS RADIUS 
(+) COMP. ( +) COMP.(+) C+) 1 (+) 2 (+) 

0.0000 o. 789430 0.263143 0.000000 0.000000 1.0000 1.0000 
1.0000 0.789328 0.263143 0.003675 0.017455 1.0311 0.9706 
2.0000 0.789019 0.263143 O .007348 0.034921 1.0639 0.9427 
3.0000 0.788505 0.263143 0.011019 O .0524o8 1.0987 0.9162 
4-.0000 0.787783 0.263142 0.014686 0.069927 1.1355 0.8911 
5.0000 o. 786852 0.263140 0.018347 o .087489 1.1745 0.8672 
6.0000 0.785711 0.263137 0.022002 0.105104 1.2160 o.8444 
7.0000 0.784356 o. 263131 0.025647 0.122785 1.2601 0.8228 
8.0000 0.782785 0.263122 0.029283 0.14o541 1.3070 0.8021 
9.0000 0.780995 0.263108 0.032906 0.158384 1.3571 0.7824 

10.0000 0.778981 0.263089 0.036516 0.176327 1.4105 0.7636 
11.0000 0.776739 0.263064 0.040110 0.194380 1.4676 0.7457 
12.0000 O .774264 0.263030 0.043687 0.212556 1.5288 0.7285 
13.0000 0.771551 0.262986 0.047243 0.230868 1.5944 0.7121 
14.0000 0.768594 0.262929 0.050777 0.249328 1.6649 o.6964 
15.0000 0.765386 o. 262858 0.054285 0.267949 1. 7408 0.6813 
16.0000 0.761919 0.262770 0.057765 0.286745 1.8226 0.6669 
17.0000 0.758186 0.262662 0.061214 0.305731 1.9111 0.6531 
18.0000 0.754179 0.262531 0.064629 0.324920 2.0068 o .6398 
19.0000 0.749887 0.262373 0.068004 o .344327 2.1107 0 .6270 
20.0000 0.745301 0.262185 0.071337 0.363970 2.2236 0.6148 
21.0000 O .740410 0.261961 0.074623 0.383864 2.3468 0.6030 
22.0000 0.735201 0.261698 0.077857 o.404026 2. 4814 0.5917 
23.0000 O .729662 0.261389 0.081033 0. 4241t75 2.6288 0.5808 
24.0000 0.723780 0. 261028 0.084146 o.445228 2.7909 0.5703 
25.0000 o.71754o 0.260609 0.087189 o.466307 2.9695 0.5602 
26.0000 0.710925 o. 260123 0.090155 o.487732 3.1669 0.5504 
27.0000 0.703918 0.259563 0.093036 0.509525 3.3859 0.5410 
28.0000 0.696502 0.258920 0.095825 0.531709 3 .6297 0.5319 
29.0000 0.688656 o. 258182 0.098510 0.554309 3.9022 0.5232 
30.0000 0.680358 0.257338 0.101084 0.577350 4.2078 0.5147 
31.0000 0.671587 0.256375 0.103534 0.600860 4.5522 0.5065 
32.0000 0.662318 0.255279 0.105847 0.624869 4.9420 o. 4987 
33.0000 0.652524 0.254033 0.108012 o.6494o7 5.3854 o.4910 
34.0000 o.642176 0.252620 0.110013 0.674508 5.8925 o. 4836 
35.0000 0.631245 0.251020 0.111834 0.700207 6 .4757 o.4765 
36.0000 0.619697 0.249211 0.113457 0.726542 7.1505 o. 4696 
37.0000 0.607496 0.247167 0.114865 0.753553 7.9368 o.4628 
38.oooo 0.594606 o. 244862 0.116034 0.781285 8.8594 o.4563 
39.0000 0.580985 0.242264 0.116943 0.809783 9.9508 o.4500 
40.0000 0.566588 0.239339 0.117567 0.829099 11. 2530 o. 4439 
41.0000 0.551368 0.236049 0.117877 0.869286 12.8218 o. 4380 
42.0000 0.535274 0.232351 0.117845 0.900403 14.7320 o.4322 
42.9533 0.519066 0.228402 0.117464 O. 930992 16. 9635 o.4269 
43.9855 0.500502 0.223605 0.116631 o. 965199 19.9745 o.4213 
45.0355 o.480465 0.218105 0.115290 1.001239 23.8929 o.4158 
45.9845 o.461286 0.212531 0.113609 1.034970 28 .4529 o.4109 
46.9490 o.44o684 0.206212 0.111402 1.070458 34.4675 o.4o61 
48.0535 o. 415621 0.198071 0.108197 1.112701 43 .8203 o. 4007 
49.0533 0.391484 0.189769 0.104612 1.152531 55.6809 0.3960 
49.9425 0.368773 0.181553 0.100826 1.189327 70.3721 0.3919 
50 .9757 o.34o809 0.170910 0.095653 1.233829 95.1976 0.3873 
52 .0277 O .310470 0.158722 0.089454 1.281217 134.8998 0.3827 
52.9638 0.281762 0.146593 0.083068 1.325302 192.2479 0.3787 
54.0519 0.246208 0.130790 0.074516 1.379009 310.8356 0.3742 
55.0202 0.212434 0.115006 0.065787 1. 429220 518 .8634 0.3703 
56 .0036 0.175900 0.097112 0.055737 1.482765 983.3803 0.3664 
57.0022 0.136308 0.076794 0.044191 1.539997 0.3625 
58.0157 0.093329 o .053693 0.030955 1.601313 0.3587 
59 .0428 0.046636 0.027415 0.015823 1.667096 o .3549 
59.9412 0.002960 0.001773 0.001024 1.727951 0.3517 
59. 9467 0.002685 0.001608 0.000928 1.728334 0.3516 
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