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Abstract

ABSTRACT. A topological group is called resolvable if it can be partitioned

into two dense subsets. A group is absolutely resolvable if it can be parti-

tioned into two subsets dense in any nondiscrete group topology. The aim of

this dissertation is to give a unified exposition of some major results about

resolvability of groups. In particular, we show that;

1. Every countable nondiscrete topological group not containing an open

Boolean subgroup is resolvable,

2. Every infinite Abelian group not containing an infinite Boolean subgroup

is absolutely resolvable.
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Chapter 1

Introduction

”A topological space is called resolvabe (ω-resolvable) or irresolvabe (ω-irresolvable)

depending on whether or not it can be partitioned into two (into countably infi-

nite many) dense subsets. A space is called maximal if it has no isolated points

but has an isolated point in any stronger topology. All spaces are assumed

to be Hausdorff. Irresolvable and maximal spaces were introduced by E. He-

witt [18], and M. Katétov who showed that all usual spaces are resolvable and

not maximal.

The study of resolvability for topological groups was initiated by W. Comfort

and J. van Mill [11]. They showed that if G is an infinite Abelian group not

containing an infinite Boolean subgroup, then every nondiscrete group topology

on G is resolvable. Later on, in that direction the following results were in

particular established.
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CHAPTER 1. INTRODUCTION

Every nondiscrete ω-irresolvable topological Abelian group contains an open

countable Boolean subgroup. This result, in some sense, reduces the investiga-

tion of nondiscrete ω-irresolvable group topologies on Abelian groups to their

investigation on a countable Boolean group B. The fundamental relations hold-

ing for abstract groups and topological spaces are more or less bodily carried

over onto topological groups. For this reason, the study inherits the concepts

of subgroups, normal subgroups, the factor groups, etc. Historically, the con-

cept of a topological group arose in connection with the consideration of groups

of continuous transformations. A deeper study of this was made by D. van

Dantzig [41,42,44].

Assuming Martin’s Axiom, there is a maximal (and consequently, irresolv-

able) group topology on the countably infinite Boolean group [25]. However,

the existence of a maximal topological group implies the existence of a P -point

in ω∗ [32]. P -points were invented by W. Rudin [35] who used them to show

that under CH, ω∗ is not homogeneous. There are models of Zermelo-Fraenkel

set-theory with the axiom of choice included (ZFC), without P -points in ω∗ [37].

Thus, the existence of a maximal topological group cannot be established in

ZFC.

A topological space is called extremally disconnected if closures of disjoint

open subsets are disjoint. We shall discuss a well-known difficult question in-

vestigating whether there exists in ZFC a nondiscrete extremally disconnected
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CHAPTER 1. INTRODUCTION

topological group, formulated by A. Arhangel’skı́i [3]. We will also mention the

first consistent example of such a group that was constructed by S. Sirota [38].

This is of course with the aid of having defined first the important set-theoretic

principle. In particular, a theorem under p = c which is the consequence of

Martin’s Axiom which in turn is a consequence of Continuum Hypothesis. As

a consequence of the mentioned principle, V. Malykhin [25] showed that there

exists a maximal topological group.

A group G is absolutely resolvable if it can be partitioned into two dense

subsets of arbitrary nondiscrete topological group. The case of absolutely ω-

resolvable follows immediately if the group can be partitioned into w-dense

subsets of arbitrary nondiscrete topological group. Indeed otherwise, if the

group G does not admit a nondiscrete group topology, then, by definition, it is

absolutely ω-resolvable. It is also known that each countable Abelian group

with no infinite Boolean subgroup is absolutely ω-resolvable. Furthermore,

each Abelian group with no infinite Boolean subgroup is absolutely resolvable

[56].

One of the aims is to present two major theorems. The first one states

that every countable ω-irresolvable group topology contains an open Boolean

subgroup. It follows from this that the existence of any countable nondiscrete

ω-irresolvable topological group implies the existence of a P -point in ω∗. The

second theorem states that every countable group with finitely many elements
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CHAPTER 1. INTRODUCTION

of order 2, that can be embedded in a compact topological group, is absolutely

ω-resolvable. The proofs of the above mentioned theorems is based on the in-

version’s automorphization and the development of the approach from [56].
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Chapter 2

Topological Groups

In this chapter we give some basic concepts and results about topological

groups. In general, one can say that a topological group is a set endowed with

two structures: that of a group and that of a topological space. The standard

reference for topological groups are [29] and [19]. More in-depth understanding

about topological groups can be found also in [10], [6], and [4]. We also look at

some basic application of Markov’s Criteria [26] of topologizability of countable

groups.
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CHAPTER 2. TOPOLOGICAL GROUPS

2.1 Notion of Topological Group

Definition 2.1.1 (Topological Group). Suppose G is a group with endowed

topology, then G is a topological group if the multiplication

µ : G×G 3 (x, y) 7→ xy ∈ G

and the inversion

ι : G 3 x 7→ x−1 ∈ G

are continuous mappings. A topology which makes a group into topological

group is called a group topology.

In simple terms, topological group can be thought off two homogeneous

joined entities, one with a topological structure and another with a group struc-

ture. That is, a set with binary operations * such that it satisfies group proper-

ties and the product map satisfies topological properties [11].

Example 2.1.1. A topological vector space, such as Banach space or Hilbert

space is an abelian topological group under addition.

Example 2.1.2. A set of real numbers R , with usual topology form a topological

group.

Example 2.1.3. The general linear group GL(n,R) of all n × n matrices with

determinant different from zero and real entries can be a topological group with

6



CHAPTER 2. TOPOLOGICAL GROUPS

the topology defined by viewing GL(n,R) as a subspace of Euclidean space Rn×n.

This is classified as classical group.

Example 2.1.4. Orthogonal group O(n) is another example of a classical group,

the group of all linear maps from Rn to itself preserving the length of all vec-

tors.

The continuity of the multiplication and the inversion mentioned in Defini-

tion 2.1.1 is equivalent to the continuity of the mapping µ′ : G×G 7→ G defined

by the function µ′(x, y) = xy−1

In fact, for each x, y ∈ G;

µ′(x, y) = xy−1 = x · ι(y) = µ(x, ι(y))

ι(x) = x−1 = 1 · x−1 = µ′(1, x)

and also, µ(x, y) = x · y = x(y−1)−1 = x(ι(y))−1 = µ′(x, ι(y)).

In particularly, the continuity of µ′ means that for any a, b ∈ G and U a

neighborhood of ab, there exist neighborhoods V and W of a and b, respectively,

such that

VW−1 ⊆ U.

Here VW = {xy : x ∈ V, y ∈ W} and W−1 = {y−1 : y ∈ W}. It follows that

whenever ai ∈ G, ki ∈ Z, ∀i = 1, ..., n and U is a neighborhood of ak11 ...aknn ∈ G,

7



CHAPTER 2. TOPOLOGICAL GROUPS

there are neighborhoods Vi of ai, ∀i = 1, ..., n, respectively, such that

V k1
1 · · · V kn

n ⊆ U.

Here V k = {x1 · · · xk : x1, ..., xk ∈ V }.

Also, the translations and the inversion of a topological group G are home-

omorphisms. In fact, for each a ∈ G, the left translation

λa : G 3 x 7→ ax ∈ G

and the right translation

ρa : G 3 x 7→ xa ∈ G

are continuous mappings, being restrictions of the multiplication. We know by

Definition 2.1.1 the inversion ι is continuous. Since we also have that (λa)
−1 =

λa−1, (ρa)
−1 = ρa−1 and ι−1 = ι, then all the translations are homeomorphisms.

Definition 2.1.2 (Homogeneous). Let X be a topological space. Then X is

homogeneous if for each a, b ∈ X, there is a homeomorphism f : X → X such

that f(a) = b. If G is a topological group and a, b ∈ G, then λba−1 : G 7→ G is a

homeomorphism and λba−1(a) = ba−1a = b.

We will show later that topological groups satisfying the first separation

axiom are regular. To illustrate this concept we look at some separation axioms.

8
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In particular, these axioms denote that for each element that can be separated

in a weak sense, that element must also be separated in a stronger sense.

To establish the separation properties, we make use of Definition 2.1.2 and

the lemma below.

Lemma 2.1.1. The space of a topological group is homogeneous.

In particular, one can interpret Lemma 2.1.1 as, for each x, y ∈ G, there

exist a homeomorphism f : G→ G such that f(x) = y.

Definition 2.1.3 (T0-separation axiom). A space X is a T0-space if for each pair

of distinct points there is an open set containing exactly one of the points.

Definition 2.1.4 (T1-separation axiom). A space X is a T1-space if for each pair

of distinct points, say x, y ∈ X there is an open set U ⊂ X such that x ∈ U , and

y /∈ U .

Lemma 2.1.2. Every topological group satisfying the T0-separation axiom is

regular and hence Hausdorff.

Proof. Let G be a T0 topological group. We firstly show that G is a T1-space.

By Lemma 2.1.1 we see that G is homogeneous and thus, it suffices to show

that for each x ∈ G\{1}, there is a neighborhood U of 1 not containing x. By

Definition 2.1.3, there is an open set U containing exactly one of the two points

1, x. If 1 ∈ U , we are done since U can only contain one of the points. Else, xU−1

is a neighborhood of 1 not containing x.

9
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Now, we show that for each neighborhood U of 1, there exist a closed neigh-

borhood of 1 contained in U . Suppose V is a neighborhood of 1 such that

V V −1 ⊆ U . Then for each x ∈ G\U , one has xV ∩ V = ∅. Indeed, otherwise

for some a, b ∈ V , xa = b, which gives us that x = ba−1 ∈ V V −1 ⊆ U , a contradic-

tion. Hence cl V ⊆ U .

The best possible general separation result can be given by the below theo-

rem. However, the theorem can be improved when dealing with extended cases

of topological groups like when dealing with countable topological groups.

Theorem 2.1.1. Every Hausdorff topological group (T2-space) is completely reg-

ular.

It follows from the consideration of this section that the continuity of G es-

tablishes a very close connection between Algebraic operations and Topological

operations in a topological group G.

2.2 Neighborhood Filter of the Identity

In general, a filter is defined as a subset of a partially ordered set. Filters

were introduced by Henri Cartan [7] in 1937.

Definition 2.2.1. Let X be a given nonempty set. A filter on X is a family

F ⊆ P(X) with the following properties:

10



CHAPTER 2. TOPOLOGICAL GROUPS

1. X ∈ F and ∅ /∈ F ,

2. if A,B ∈ F , then A
⋂
B ∈ F , and

3. if A ∈ F and A ⊆ B ⊆ X, then B ∈ F .

In particular, a filter on X is a nonempty family F of nonempty subsets of

X closed under finite intersections and supersets.

Definition 2.2.2 (Neighborhood). Suppose X is a topological space and p is a

point in X. A neighborhood of p is a subset V ⊂ X such that the relationship

p ∈ U holds, for any subset U ⊂ V . That is, V is a neighborhood of point p if its

interior U , also contains point p.

A classical example of a filter and one that we will use very often, is of the

set Nx of all neighborhoods of a point x in a topological space X called the

neighborhood filter of x.

Furthermore, we define a neighborhood system of X, {Nx : x ∈ X}, as a

system of all neighborhood filters on X.

Note that a neighborhood U of the identity element 1 of a topological group

G is said to be symmetric if U = U−1. Now, suppose that U a neighborhood of

the identity element 1 in topological group G is defined, and let V = U
⋂
U−1. It

follows that V = U
⋂
U−1 = (U

⋂
U−1)−1 = V −1, and V ⊆ U is the neighborhood

of the identity. Hence, every neighborhood of the identity contains a symmetric

neighborhood.

11
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Same as we have the notion of a Base in topology, we have a similar notion

with filters.

Definition 2.2.3. Let X be a nonempty set. A filter base on X is a nonempty

family B ⊆ P(X) with the following properties:

i) ∅ /∈ B, and

ii) for each set A,B ∈ B there is C ∈ B such that C ⊆ A ∩B.

Subsequently, B ⊆ P(X) is a filter base if

F = {A ⊆ X : A ⊇ B for some B ∈ B}

is a filter , and we thus say B is a base for F . One can simply see that if F is

a filter, then B ⊆ F is a base for F if and only if for each A ∈ F there is B ∈ B

such that B ⊆ A.

We conclude this section by giving the following Corollary:

Corollary 2.2.1. Let B be a filter base on G satisfying the following conditions:

1) for each set U ∈ B, there is V ∈ B such that V V ⊆ U ,

2) for each U ∈ B, U−1 ∈ B, and

3) for each U ∈ B and element x ∈ G, xUx−1 ∈ B.

12



CHAPTER 2. TOPOLOGICAL GROUPS

Then, there exists a unique topological group T on G for which B is a neighbor-

hood base at 1. Also, T is Hausdorff if and only if

4)
⋂
B = {1}.

2.3 Topologizing a Group

In this section we discuss a theorem that is due to A. Markov [26] and an

example of a nontopologizable group. The first example of a nontopologizable

group was produced by S. Shelah [36]. It was an uncountable group and its

construction used the Continuum Hypothesis.

Definition 2.3.1. Let G be a countably infinite group. Enumerate G as {gn :

n < ω} without repetitions and with g0 = 1.

1. For each infinite sequence (an)∞n=1 in G, define the subset U((an)∞n=1) ⊆ G

by

U((an)∞n=1) =
∞⋃
n=1

⋃
π∈Sn

n∏
i=1

Bπ(i)

where Bi =
⋃∞
j=0 gj{1, a

±1
i+j, a

±1
i+j+1, ...}g−1j .

2. For each finite sequence a1, ..., an in G, define U(a1, ..., an) ⊆ G by

U(a1, ..., an) =
⋃
π∈Sn

n∏
i=1

Bn
π(i)

13



CHAPTER 2. TOPOLOGICAL GROUPS

where Bn
i =

⋃n−1
j=0 gj{1, a

±1
i+j, a

±1
i+j+1, ..., a

±
n }g−1j . That is, U(a1, ..., an) consists

of all elements of the form

gj1c1g
−1
j1
· · · gjncng−1jn ,

where ji ∈ {0, ..., n−π(i)} and ci ∈ {1, a±1π(i)+ji , ..., a
±
n } for every i ∈ {1, . . . , n}

and π ∈ Sn. In particular, U(a1) = {1, a±1 }. Also, put U(∅) = {1}.

3. For each finite sequence a1, ..., an−1 in G, let W (a1, ..., an−1, x) denote the

set of group words f(x) in the alphabet G∪{x} in which variable x occurs

and which have the form

f(x) = gj1c1g
−1
j1
· · · gjncng−1jn ,

where ji ∈ {0, ..., n − π(i)} and ci ∈ {1, a±1π(i)+ji , · · · , a
±1
n−1, x

±1} for each i ∈

{1, ..., n}, and π ∈ Sn. In particular, W (x) consists of two group words x

and x−1.

However, in a case where G is Abelian, all the above become straightfor-

ward. In particular,

Bn
i = {0,±ai, . . . ,±an} and U(a1, ..., an) =

n∑
i=1

Bn
i .

We can now give a theorem that gives us a method of topologizing a count-

14



CHAPTER 2. TOPOLOGICAL GROUPS

able group since we also know Definition 2.3.1.

Theorem 2.3.1. For every sequence (an)∞n=1 in G, the following statements hold:

1. U((an)∞n=1) is a neighborhood of 1 in T ((an)∞n=1),

2. U((an)∞n=1) =
⋃∞
n=1 U(a1, ..., an),

3. U(a1, ..., an) = U(a1, ..., an−1) ∪ {f(an) : f(x) ∈ W (a1, ..., an−1, x)} for each

n ∈ N, and

4. for each n ∈ N and f(x) ∈ W (a1, ..., an−1, x), f(1) ∈ U(a1, ..., an−1).

Proof. See (Theorem 1.19 , [56])

Theorem 2.3.2 (Markov’s Criterion). A countable group G is topologizable if

and only if every finite system of inequalities over G having a solution has also

another solution.

A. Markov asked a big question about every infinite group being topologiz-

able. We will now show in detail how this idea is true for both infinite Abelian

groups and free groups. We will also answer A. Markov’s question by giving a

sufficient example of infinite nontopologizable group.

Theorem 2.3.3. For every Abelian group G and for each a ∈ G\{0}, there is a

homomorphism f : G→ T such that f(a) 6= 1.

15
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Proof. Firstly, we define a homomorphism f0 : 〈a〉 → T such that f0(a) 6= 1. If a

has finite order, say n, define

f(ka) = e
2πik
n

for each k = 1, ..., n. If a has infinite order, choose any x ∈ T\{1} and put

f(ka) = xk

for all k ∈ Z.

Then for H a subgroup of G containing 〈a〉, consider the set of all pairs (H, g)

and g : H → T a homomorphism extending f0, ordered by

(H1, g1) ≤ (H2, g2) if and only if H1 ⊆ H2 and g2|H1 = g1.

By Zorn’s Lemma, there is a maximal pair (H, f). We claim thatH = G. Indeed,

assume the contrary that there is c ∈ G\H. To derive a contradiction, let

H ′ = H + 〈c〉 and define a homomorphism f ′ : H ′ → T extending f . If there is

n ∈ N with the product nc ∈ H, choose the smallest such n and then z ∈ T such

that zn = f(nc), and if there is no such n, choose arbitrary z ∈ T. Define

f ′(b+ kc) = f(b+ kc) = f(b) · zk

16
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for every b ∈ H and k ∈ Z.

Definition 2.3.2. LetG be a topological group. ThenG is called totally bounded

if it is Hausdorff and for each nonempty open U ⊆ G there is a finite F ⊆ G

such that FU = G.

Also, a topological group is totally bounded if and only if it can be topologi-

cally and algebraically embedded into a compact group.

Corollary 2.3.1. Every infinite Abelian group admits a totally bounded group

topology.

Proof. LetG be an infinite Abelian group. By Theorem 2.3.3, for each a ∈ G\{0}

there is a homomorphism fa : G→ T with fa(a) 6= 1. Let K =
∏

a∈G\{0} Ta where

Ta = T. Now define the mapping f : G → K by (f(x))a = fa(x). Clearly f

is an injective homomorphism. Being a subgroup of a compact group, f(G) is

totally bounded. Hence, the topology on G consisting of subsets f−1(U), where

U ranges over open subsets of f(G), is as required.

Corollary 2.3.2. Every free group admits a totally bounded group topology

Example 2.3.1. Let m,n ∈ N such that m ≥ 2, n ≥ 665 and n is odd. Consider

the Adian group A(m.n). This is a torsion free m-generate group whose center

is an infinite cyclic group 〈c〉 and the quotient A(m,n)/〈c〉 is an infinite group of

17
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period n. In fact, the quotient A(m,n)/〈c〉 is the Burnside group B(m,n), i.e the

largest group on m-generators satisfying the identity xn = 1.

Let x ∈ A(m,n)/〈c〉. It is clear that xn ∈ 〈c〉, since A(m,n)/〈c〉 has period n.

We claim that xn /∈ 〈cn〉. To see this, assume the contrary. So xn = (cn)k =

(ck)n for some k ∈ Z. Let z = xc−k. Then z /∈ 〈c〉 and zn = xnc−kn = 1, since

〈c〉 is the center. But this contradicts that A(m,n) is torsion free. Now let G =

A(m,n)/〈cn〉 and let S = 〈c〉/〈cn〉. Then G is infinite,

S = {1, s1, . . . , sn−1} ⊂ G

and for each x ∈ G\S, one has cn ∈ {s1, . . . , sn−1}. It follows that for every T1-

topology (Definition 2.1.4) on G in which 1 is not an isolated point, the mapping

G 3 x 7→ xn ∈ G

is discontinuous at 1. Thus, G is nontopologizable.

The above example is due to A. Ol’ śanskiı́ [28]. This example serves as suf-

ficient proof that, not all infinite groups can be topologizable. The Adian group

see S. Adian [1] and the quotient of Adian group (Burnside group) B(m,n) was

proved by P. Novikov and S. Adian [27].

18



Chapter 3

Ultrafilters

In this chapter we introduce and give some basic facts about ultrafilters and

the Stone-Ćech compactification of discrete spaces. We will also show how the

Ultrafilter Theorem is equivalent to the Prime Ideal Theorem, which is a well

known weaker form of Axiom of Choice (see T. Jech [23]).

The studies of Ultrafilters were firstly introduced by F. Riesz [34] and S.

Ulam [40]. In the perspective of compact Hausdorff space, each one of these

ultrafilters converges to a single point.

3.1 Notion of Ultrafilter

Using the concept of filters (Definition 2.2.1) studied in section 2.2, we give

the following definition on nonempty set D.

19



CHAPTER 3. ULTRAFILTERS

Definition 3.1.1. An ultrafilter on nonempty set D is a filter on D which is not

properly contained in any other filter on D.

In particular, an ultrafilter can be thought of as a maximal filter.

Definition 3.1.2. A family A ⊆ P(D) is said to have finite intersection property

if
⋂
B 6= ∅ for all B ⊆ A.

From Definition 3.1.2, we can clearly see that every filter has the finite

intersection property. Conversely, every family A ⊆ P(D) with the finite inter-

section property generates a filter flt(A) on D by

flt(A) = {A ⊆ D : A ⊇
⋂
B for some finite B ⊆ A}.

Example 3.1.1. A proper filter on a set has finite intersection property.

Proposition 3.1.1. Let A ⊆ P(D). Then the following statements are equiva-

lent:

1) A is an ultrafilter,

2) A is a maximal family with the finite intersection property,

3) A is a filter and for every A ⊆ D, either A ∈ A or D\A ∈ A.

Proof. 1) =⇒ 3)

Suppose A is an ultrafilter. We consider two cases.

20
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Case 1: there is a set B ∈ A such that B ∩ A = ∅. That is, B and A are

disjoint. Then clearly B ⊆ D\A and, since A is closed under supersets, D\A ∈

A.

Case 2: for every B ∈ A, B ∩ A 6= ∅. That is, B and A are adjoint. Then

{B ∩ A : B ∈ A}

is a family of nonempty sets closed under finite intersections, since A is closed

under finite intersections. Consequently,

F = {C ⊆ D : C ⊇ B ∩ A for some B ∈ A}

is a filter. We see that A ⊆ F and A ∈ F , and thus since A is an ultrafilter, then

A = F . Hence A ∈ A.

3) =⇒ 2)

Suppose the contrary, that is, A is a filter on D and for each A ⊆ D, A /∈ A.

Therefore, D\A ∈ A and A ∩ (D\A) = ∅. Since the latter holds, A ∪ {A} has no

finite intersection property.

2) =⇒ 1)

Suppose A is a maximal family with the finite intersection property. Since A

has finite intersection property, so does flt(A), and since A is maximal, flt(A) =

A. It follows that A is a filter, and consequently, an ultrafilter.
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Furthermore, these ultrafilters can be classified in two ways, depending on

the properties they have. We can see from Definition 3.1.2 and Proposition 3.1.1

that for each x ∈ D, {A ⊆ D : x ∈ A} is an ultrafilter and such ultrafilters are

called principal. Ultrafilters which are not principal are called nonprincipal.

From these we can state the below lemma without proof.

Lemma 3.1.1. Let U be an ultrafilter on nonempty set D. Then the following

statements are equivalent:

1) U is a nonprincipal ultrafilter,

2)
⋂
U = ∅,

3) for every A ∈ U , |A| ≥ ω.

Lemma 3.1.2 (Zorn’s Lemma). Let P be a partially ordered set, and let C be

a family chains in P with upper bounds. Then the set P contains at least one

maximal element.

Proposition 3.1.2 (Ultrafilter Theorem). Every filter on D can be extended to

an ultrafilter on D.

Proof. Suppose F is a filter on D and let

P = {G ⊆ P(D) : F ⊆ G and G is a filter on D}.
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If we are given any chain C in P , then
⋃
C is a filter, and so

⋃
C is an upper

bound of C. Hence, by Zorn’s Lemma 3.1.2, P has a maximal element U . Clearly

U is a maximal filter.

We say that an ultrafilter U on nonempty set D is uniform if for every A ∈ U ,

|A| = |D|. We can further show that there are uniform ultrafilters on any

infinite set. To show this, let F = {A ⊆ D : |D\A| < |D|} be a filter, and D be

any infinite set. Then it follows by Proposition 3.1.1 that there is an ultrafilter

U on D containing F . If A ⊆ D and |A| < |D|, then D\A ∈ F ⊆ U , so A /∈ U .

Thus, U is uniform.

Definition 3.1.3. Let F be a filter on D. If C ⊆ D and C ∩ A 6= ∅ for every

A ∈ F , then the trace of F on C,

F|C = {C ∩ A : A ∈ F}

is a filter on C. If f : D → E, then

f(F) = {f(A) : A ∈ F}

is a filter base on E called the image of F with respect to f .

We see that if f is surjective, then f(F) is a filter and it is quite obvious that

if F is an ultrafilter, so is F|C .
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Definition 3.1.4. Let X be a space, then X is compact if every open cover of X

has a finite sub-cover.

Equivalently, X is compact if every family of closed subsets of X with the

finite intersection property has a nonempty intersection.

Recall the definition of a filter base B, Definition 2.2.3. A filter base B on

a space X converges to a point x ∈ X if for each neighborhood Ux of x ∈ X,

there is B ∈ B such that B ⊆ Ux. Furthermore, in a case where B is a filter, B

converges to x if and only if B contains the neighborhood filter of x.

Lemma 3.1.3. A space X is Hausdorff if and only if every ultrafilter converges

to at most one point.

Proposition 3.1.3. A space X is compact if and only if every ultrafilter on X is

convergent.

Proof. Let X be a compact space and let U be an ultrafilter on X. Suppose the

contrary, that is, for each point x ∈ X, there is a neighborhood Ux of x such that

Ux /∈ U . Clearly one can choose Ux to be open. Then, since U is an ultrafilter

on X, we have X\Ux ∈ U . The open sets Ux, where x ∈ X, cover X. That is,

X ⊆
⋃
{Ux : x ∈ X}. Since X is compact, there is a finite subcover {Uxi : i < n}

of {Ux : x ∈ X}. But then ∅ =
⋂
i<n(X\Uxi) ∈ U , contradiction.

Conversely, suppose that every ultrafilter on X is convergent and let A be a

family of closed subsets of X with the finite intersection property. Suppose the
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contrary, that is,
⋂
A = ∅. By Proposition 3.1.2, there is an ultrafilter U on X

such that A ⊆ U . We claim that U is not convergent. Indeed, let x ∈ X. Since⋂
A = ∅, there is Fx ∈ A such that x /∈ Fx. Then Ux = X\Fx is a neighborhood

of x and Ux /∈ U . Hence U is not convergent, a contradiction.

3.2 The Space βD

In this section we will be looking at the results of Stone-Ćech compactifica-

tion obtained by M. H Stone [39] and E. Ćech [8] independently. M. H. Stone

used the principles of algebraic topology through the application of Boolean

rings to come up with his results. While on the other hand E. Ćech, demon-

strated the existence of the Stone-Ćech compactification of a space and used it

to investigate properties of that space by simply embedding it into a product of

lines. We will use the modern method to define the Stone-Ćech compactificaion

of a discrete space which is similar to that of H. Wallman [46].

Definition 3.2.1. Let D be a nonempty set and let βD denote the set of all

ultrafilters on D. For every A ⊆ D, define A ⊆ βD by

A = {p ∈ βD : A ∈ p}.

This implies that, for each A ⊆ D and p ∈ βD, p ∈ A if and only if A ∈ p. We
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have that

A ∩B = A ∩B

for all A,B ⊆ D, so the family {A : A ∈ P(D)} is closed under finite intersec-

tions. Consequently, this family is a base for a topology on βD. In simple terms,

for each pair of different p, q ∈ βD, and p 6= q, there are A ∈ p and B ∈ q such

that A ∩ B = ∅, and so A ∩ B = ∅. Thus, the topology is Hausdorff. Note that

in the context of this topology, the set of principal ultrafilters on D is a discrete

open dense subset of βD.

Definition 3.2.2. Let D be a discrete space, then βD is the space of ultrafilters

on D with the topology generated by taking as a base subsets A, where A ∈

P(D). The principal ultrafilters are being identified with the points of D. For

every A ⊆ D, A∗ = A\A.

We have that

D\A = βD\A

for every A ⊆ D. Consequently, the subset A ⊆ βD is closed as well as open.

Since also A is dense in A, it follows that

clβDA = A.

Recall that a subset A is dense in space D if every point a ∈ D either belongs
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in A or is a limit point of A.

We now give an explicit definition of Stone-Ćech Compactification.

Definition 3.2.3. The Stone-Ćech compactification of a discrete space D is a

compact Hausdorff space, say Y , containing a dense subspaceD such that every

mapping, f : D → Z, from subspace D into any compact Hausdorff space Z,can

be extended to a continuous mapping f : Y → Z.

It is also important to note that any discrete topological space D is metriz-

able using the discrete metric, and this implies that it is Hausdorff and com-

pletely regular. Thus the space D has a Stone-Ćech compactification βD.

It is easy to see that Stone-Ćech compactification of D is unique up to a

homeomorphism leaving D pointwise fixed.

We need some necessary properties before we can attempt to prove that βD

is a Stone-Ćech compactification of D. First approach is to introduce the idea

of the limits of continuous functions on Hausdorff spaces. Suppose that X is a

dense subset of a space Y and the mapping, f : X → Z, is continuous from X

to a Hausdorff space Z. For each p ∈ Y , denote the trace of the neighborhood

filter of p ∈ Y on X by Fp and let limX3x→pf(x) denote the limit of the filter base

f(Fp) in Z, if exists. From this it is clear that if f has a continuous extension

f : Y → Z, then it is unique and

f(p) = lim
X3x→p

f(x).
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for each p ∈ Y .

We also need the following lemma to show the continuous extension of f .

Lemma 3.2.1. Suppose that Z is regular and for each p ∈ Y , there is limX3x→p f(x).

If we define f : Y → Z by

f(p) = lim
X3x→p

f(x).

Then f is the continuous extension of f .

Proof. To show this we let q ∈ clYA and let W be a neighborhood of f(q) ∈ Z.

Since f(q) = limx→qf(x), there is B ∈ Fq such that f(B) ⊆ W . We have that

B ∩ A 6= ∅ and f(B ∩ A) ⊆ W . Hence, f(q) ∈ clZf(A). We need to show that f

is continuous. Let p ∈ Y and let U be a neighborhood of f(p) ∈ Z. Since Z is

regular, one may suppose that U is closed. Choose A ∈ Fp such that f(A) ⊆ U .

Put V = clYA, then V is a neighborhood of p ∈ Y and f(V ) ⊆ U .

Now we have sufficient tools to prove the theorem.

Theorem 3.2.1. βD is the Stone-Ćech compactification of D.

Proof. Now, since D\A = βD\A, the sets A form also a base for the closed sets

(that is, every closed set in βD is the intersection of some sets A). Consequently,

in order to show that βD is compact, it suffices to show that every family A of

sets of the form A with the finite intersection property has a nonempty inter-

section. Let

B = {A ⊆ D : A ∈ A}.
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Then it is clear that B has the finite intersection property. Then by Proposition

3.1.2, there is p ∈ βD such that B ⊆ p. But then p ∈
⋂
A. Now let f : D → Z

be any mapping with Z a compact Hausdorff space and let p ∈ βD. The trace

of the neighborhood filter of p ∈ βD on D is the ultrafilter of p. Since Z is

compact, the ultrafilter base f(p) converges, so limD3x→p f(x) exists. Thus, by

Lemma 3.2.1.

f : βD 3 p 7→ lim
D3x→p

f(x) ∈ Z

is the continuous extension of f .

Definition 3.2.4. For every mapping f : D 7→ Z of a discrete space D into a

compact Hausdorff space Z, let f : βD → Z denote the continuous extension of

f .

3.3 Martin’s Axiom

In this section we shall introduce the set-theoretic axiom, which is known as

Martin’s Axiom (MA). This set-theoretic axiom is a consequence of Continuum

Hypothesis (CH), which we shall also discuss in this section.

As a form of standard notation in this section, we will use P = (P,≤) to

define a partially ordered set. A filter in P is a nonempty subset G ⊆ P such

that; i) for each a, b ∈ G, ∃ c ∈ G such that c ≤ a and c ≤ b, and ii) for each a ∈ G

and b ∈ P , a ≤ b implies b ∈ G.
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We shall denote the cardinal number |N| by ω. A set is said to be countable

if it is either finite or has cordiality N0.

We say that the elements p1, p2 ∈ P are incompatible if there is no q ∈ P

such that q ≤ p1 and q ≤2. Otherwise it is compatible. A subset of pairwise

incompatible elements in P is called antichain. P has the countable chain

condition if every antichain in P is countable. Also, D ⊆ P is a dense subset if

for every p ∈ P there is d ∈ D such that d ≤ p.

Also, we denote the cardinal number |P(N )| by c or 2ω and call it continuum.

Definition 3.3.1 (Martin’s Axiom). Whenever (P,≤) is a partially ordered set

with the countable chain condition and D is a family of < 2ω subsets of P , there

is a filter G in P such that G ∩D /∈ ∅ for all D ∈ D.

We now show how MA follows from the Continuum Hypothesis.

Lemma 3.3.1. Continuum Hypothesis implies Martin’s Axiom.

Proof. Let (P,≤) be a partially ordered set with the countable chain condition

and let D be a family of < 2ω dense subsets of P . Then by CH, D is countable.

Now, enumerate D as {Dn : n < ω}. Construct inductively a sequence (an)n<ω

in P such that an ∈ Dn and an+1 ≤ an. Then the filter G = {b ∈ P : b ≥

an for some n < ω} generated by (an)n<ω is as required.

We say that a family F ⊆ P(X) has a strong finite intersection property

if for each finite H ⊆ F ,
⋂
H is infinite. Furthermore, a subset A ⊆ X is a
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pseudo-intersection of a family F ⊆ P(X) if A\B is finite for every B ∈ F .

Definition 3.3.2. The pseudo-intersection number p is the minimum cardinal-

ity of a family F ⊆ P(ω) having the strong finite intersection property but no

infinite pseudo-intersection.

From Definition 3.3.2 we can easily see that ω1 ≤ p ≤ c.

Theorem 3.3.1. MA implies p = c.

Proof. Let F ⊆ P(ω) be a family having the strong finite intersection property

with |F| < c. We need to find an infinite A ⊆ ω such that A\B is finite for all

B ∈ F . Let P be the set of all pairs (F,H) where F is a finite subset of ω and H

is a finite subfamily of F . Define the relation ≤ on P by

(F ′,H′) ≤ (F,H) if and only if F ⊆ F ′,H ⊆ H′ and F ′\F ⊆
⋂
H.

Note that if (F,H) and (F ′,H′) are incompatible elements of P , then F 6= F ′.

Indeed, otherwise (F,H ∪ H′) ≤ (F,H) and (F,H ∪ H′) ≤ (F,H′). Since the set

of finite subsets of ω is countable, it follows that P has the countable chain

condition. Now for every B ∈ F , let

DB = {(F,H) ∈ P : B ∈ H}.
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Given any (F,H) ∈ P , one has (F,H ∪ {B}) ∈ DB is dense. Also for each

n < ω, let

Dn = {(F,H) ∈ P : max F ≥ n}.

Given any (F,H) ∈ P , there ism ∈
⋂
H such thatm ≥ n. Then (F∪{m},H) ∈

Dn and (F ∪ {m},H) ≤ (F,H). So Dn is dense.

By MA, there is a filter G in P such that G∩DB 6= ∅ ∀B ∈ F and G∩Dn 6= ∅,

∀ n < ω. Let

A =
⋃

(F,H)∈G

F.

It follows that A is infinite since G ∩ Dn 6= ∅ for every n < ω. To show that

A\B is finite for every B ∈ F , we pick (F,H) ∈ G∩DB. We claim that A\B ⊆ F .

In fact, let x ∈ A\B, then there is (F ′,H′) ∈ G such that x ∈ F ′. Since G is a

filter, there is (F ′′,H′′) in G such that (F ′′,H′′) ≤ (F,H) and (F ′′,H′′) ≤ (F ′,H′).

That is, x ∈ F ′ ⊆ F ′′, F ′′\F ⊆
⋂
H and B ∈ H. Hence x ∈ F .

3.4 Ramsey Ultrafilters and P -points

In this section we look into the results of Frank P. Ramsey [33]. We will

look into these results in two perspectives, one in the perspective of graphs
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and the other in set notations. We will begin by examining Ramsey’s Theorem

for graphs and then later on shift to a more general perspective of sets. We

begin by defining a few fundamental concepts and notations.

We need to understand what is meant by a colored graph.

Definition 3.4.1. A 2-colored graph is a graph whose edges have been colored

with 2 different colors.

Example 3.4.1. In the below figure we show 2 ways in which a 1K4 graph can

be 2-colored

(a) (b)

Figure 3.1: 2-colored 1K4

Definition 3.4.2. A graph is r-colored if we color each edge of the graph with

one of r colors.

Definition 3.4.3. For some set, X, and k ∈ N, the subsets of X of size k are are

called k-tuples and the set of all k-tuples in X is X(k).

Example 3.4.2. The 3-tuples of the set X = {1, 2, 3, 4} are the sets {1, 2, 3},

{1, 2, 4}, {1, 3, 4}, {2, 3, 4}. The set X(3) = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}. A
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3-coloring of X(3) is {{1, 2, 3 }, {1, 2, 4 }, {1, 3, 4 }, {2, 3, 4}}.

A more detailed content about Ramsey’s theory for graphs can be found

in [15]. We now jump to Ramsey’s theory for sets.

Given a set X and a cardinal k,

[X]k = {Y ⊆ X : |Y | = k}.

Ramsey’s Theorem says that whenever k, r ∈ N and [ω]k is r-colored, there

exists an infinite A ⊆ ω such that [A]k is monochrome.

Definition 3.4.4. An ultrafilter p on ω is Ramsey if whenever k, r ∈ N and [ω]k

is r-colored, there exist A ∈ p such that [A]k is monochrome (1-colored).

Theorem 3.4.1. Let p be an ultrafilter on ω. Then the following statements are

equivalent

1) p is Ramsey,

2) for every 2-coloring of [ω]2, there exists A ∈ p such that [A]2 is monochrome,

and

3) for every partition {An : n < ω} of ω, either the partition An ∈ p for some

n < ω or there exist A ∈ p such that |A ∩ An| ≤ 1 for all n < ω.

Proof. 1) =⇒ 2)
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It is trivial.

2) =⇒ 3)

Suppose that for every 2-coloring of [ω]2, there exist A ∈ p such that [A]2 is

monochrome. Define ξ : [ω]2 → {0, 1} by

ξ(i, j) =


0 if {i, j} ⊆ An for some n < ω

1 otherwise.

By our assumption, A ∈ p such that [A]2 is monochrome. Suppose now that

An /∈ p for all n < ω. By above defined function we have that ξ([A]2) = {1}, and

consequently, |A ∩ An| ≤ 1 for all n < ω.

3) =⇒ 1)

Suppose that for every partition {An : n < ω} of ω, either An ∈ p for some

n < ω or there exists A ∈ p such that |A ∩ An| ≤ 1 for all n < ω. We prove this

for fixed r by induction on k. For k = 1, it is straightforward. Suppose now that

1) holds for some k and let ξ : [ω]k+1 → {0, 1, . . . , r − 1} be given. For each i < ω,

define ξi : [ω]k → {0, 1, . . . , r − 1}

ξi(x) =


ξ({1} ∪ x) if min x > i

0 otherwise.

By the inductive assumption, for each i < ω, there are Bi ∈ p and li < r such

that ξ([Bi]
k) = {li}. Clearly one may suppose that min Bi > i and the sequence
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(Bi)i<ω is strictly decreasing, so {Bi\Bi+1 : i < ω} is a partition of B0 into

nonempty subsets. By applying our assumption (3)), we obtain that there is a

sequence (bi)i<ω with bi ∈ Bi\Bi+1 such that B = {bi : i < ω} ∈ p. We then have

that whenever j0 < j1 < · · · < jk < ω and j1 ≥ bj0,

ξ({bj0 , bj1 , . . . , bjk}) = ξbj0 ({bj1 , . . . , bjk}) = lbj0 .

Define recursively an increasing sequence (in) in ω by i0 = 0 and

in+1 = max{in + 1,max{bi : i < in}}.

By applying 3) once again, we get that there exist I ⊆ ω such that {|I ∩

[in, in+1)| ≤ 1 for each n < ω and {bi : i ∈ I} ∈ p. Let

I0 = I ∩
⋃
n<ω

[i2n , i2n+1) and I1 = I ∩
⋃
n<ω

[i2n+1, i2n+2).

Then ∃ s < 2 such that {bi : i ∈ Is} ∈ p. Then whenever i, j ∈ Is and i < j,

there is n < ω such that i < in < in+1 ≤ j, and so j ≥ bi. Finally, there is l < r,

such that

{bi : i ∈ Is and lbi = l} ∈ p.

Denote this member of p by A. Then ξ([A]k+1) = {l}.

Theorem 3.4.2. Assume p = c. Then there exists a nonprincipal Ramsey ultra-
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filter on ω.

Proof. Let {Xα : α < 2ω} be an enumeration of P(ω) and let {χα : α < 2ω} be an

enumeration of 2-colorings [ω]2 → {0, 1}. We show by constructing inductively

a 2ω-sequence (Aα)α<2ω of infinite subsets of ω such that for every α < 2ω, the

following conditions are satisfied:

i) for every β < α, |Aα\Aβ| < ω,

ii) [Aα]2 is monochrome with respect to χα, and

iii) either Aα ⊆ Xα or Aα ⊆ ω\Xα.

By Ramsey’s Theorem, there is an infinite C0 ⊆ ω such that [C0]
2 is monochrome

with respect to χ0. If |C0 ∩ X0| = ω, let A0 = C0 ∩ X0. Otherwise put A0 =

C0 ∩ (ω\X0). Now fix γ < 2ω and suppose the second step of mathematical

induction has been shown, that is, we have already constructed a sequence

(Aα)α<γ satisfying conditions i) - iii) for all α < γ. Since p = c, there is Bγ ⊆ ω

such that |Bγ\Aω| < ω for all α < γ. Choose an infinite Cγ ⊆ Bγ such that [Cγ]
2

is monochrome with respect to χγ and put

Aγ =


Cγ ∩Xγ if |Cγ ∩Xγ| = ω

Cγ ∩ (ω\Xγ) otherwise.
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Having constructed (Aα)α<2ω , let

p = {A ⊆ ω : |Aω\A| < ω for some α < 2ω}.

Then p is a nonprincipal Ramsey ultrafilter.

We will now look at the nonprinciple Ramsey ultrafilters in the perspective

of P -point.

Definition 3.4.5 (P -point). A point x in a topological space X is a P -point if

the intersection of countably many neighborhoods of x is again a neighborhood

of x.

Suppose we have already constructed βX as the set of all ultrafilters on X

and identified the principal ultrafilters with points of X. As a consequence,

the purely set-theoretic construction of X leads to a fairly detailed description

of the space ω∗ = βX\X (which was shown by W. Rudin [35]) which is also

found to be a compact Hausdorff space with 2ω points where there are exactly

ω open-closed subsets. These sets form a basis for the topology ω∗, and any two

nonempty open and closed subsets are homeomorphic.

Definition 3.4.6. We say that a set of nonprincipal ultrafilters p on ω is a P -

point if it is a P -point in ω∗.
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Lemma 3.4.1. Let p be a nonprincipal ultrafilter on ω. Then p is a P -point if

and only if whenever {An : n < ω} is a partition on ω and An /∈ p for every n < ω,

there is A ∈ p such that A ∩ An is finite for every n < ω.

Proof. :⇒

Suppose p is a P -point. Let {An : n < ω} be a partition of ω and An /∈ p

for every n < ω. Define the sequence {Bn : n < ω} of members of p by Bn =⋃
n<i<ω Ai. We have that

⋂
n<ω B

∗
n is a neighborhood of p ∈ ω∗ since p is a P -

point. Consequently, there is A ∈ p such that A∗ ⊆
⋂
n<ω B

∗
n. It follows that for

each n < ω, A\Bn is finite. Thus A ∩ An is finite.

⇐:

Suppose there is A ∈ p such that A ∩ An is finite for every n < ω whenever

{An : n < ω} is a partition of ω and An /∈ p for every n < ω. Let {Un : n < ω}

be a sequence of neighborhoods of p ∈ ω∗. for each n < ω, pick Bn ∈ p such

that B∗n ⊆ Un. Without loss of generality one may assume that the sequence

{Bn : n < ω} is decreasing and
⋂
n<ω Bn = ∅. Define the partition {An : n < ω}

of ω by letting A0 = ω\B0 and An+1 = Bn\Bn+1. We see that An /∈ p for every

n < ω. Then for each n < ω, A\Bn is finite, and therefore A∗ ⊆ B∗n. We have that

p ∈ A∗ ⊆
⋂
n<ω B

∗
n ⊆

⋂
n<ω Un. Hence

⋂
n<ω Un is a neighborhood of p ∈ ω∗

Corollary 3.4.1. Every nonprincipal Ramsey ultrafilter on ω is a P -point.

Proof. By Theorem 3.4.2, p = c implies the existence of a Ramsey ultrafilter,
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and consequently, a P -point. By assuming p = c, we can also construct a P -

point not being a Ramsey ultrafilter. However, neither of such ultrafilters can

be constructed in ZFC, the system of usual axioms of set theory.

Theorem 3.4.3. It is consistent with ZFC that there is no P -point in ω∗.

Proof. See [VI, Section 4, [36]]

An ultrafilter p on X with cardinality κ is said to be selective if for each

partition {Aα : α < κ} of X, either Aα ∈ p for some α or there is A ∈ p such that

|A∩Aα| ≤ 1 for all α. Furthermore, we say that an ultrafilter p on X is partially

selective if there is E ⊆ [X]2 such that {x ∈ X : {y ∈ X : {x, y} ∈ E} ∈ p} for

each partition {Aα : α < κ} of X, either Aα ∈ p for some α or there is A ∈ p such

that [A ∩ Aα]2 ∩ E = ∅ for all α.

As a consequence, if E = [X]2 witness that an ultrafilter p on X is partially

selective, then in fact p is selective.

Recall: For any given set X, βX is the Stone-Ćech compactification of X as a

discrete space. So, in the topology βX, every mapping f : X → Y has a unique

continuous extension given by the mapping f : X → βY . For each p ∈ βX,

fβ(p) is an ultrafilter on Y with a base consisting of subsets of the form f(A),

with A ∈ p

Lemma 3.4.2. Let X be a countably infinite set and let p be a nonprincipal
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partially selective ultrafilter on X. Then there is a mapping f : X → ω such that

fβ(p) is a P -point in ω∗.

Proof. Without loss of generality, we assume that for each x ∈ X, {y ∈ X :

{x, y} ∈ E} ∈ p. We choose a decreasing sequence (Xn)n<ω of subsets from p

with X0 = X and a mapping ν : X → ω, such that

x /∈ Xν(x) ⊆ {y ∈ X : {x, y} ∈ E}.

Define the mapping f : X → ω by

f(x) = n, if x ∈ Xn Xn+1.

Consequently fβ(p) is a nonprincipal ultrafilter on ω. To prove that fβ(p)

is a P -point, let {An : n < ω} be any partition of ω with An /∈ fβ(p). Then

{f−1(An) : n < ω} is a partition of X with f 1(An) /∈ p. Since p is partially

selective, there is A ∈ p such that

[
A ∩ f−1(An)

]2
∩ E = ∅.

We claim that f(A)∩An is finite. Indeed, otherwise there is x ∈ A∩f−1(An) and

y ∈ A ∩ f−1(An) ∩Xν(x), with {x, y} ∈ [A ∩ f−1(An)]2 ∩ E = ∅. Contraction.
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Chapter 4

Spaces and Groups with

Extremal properties

The study of both maximal space and irresolvable spaces was initiated by

E. Hewitt [18] and M. Katetov [24]. However, a great number of fundamental

results were obtained by A. El’kin [14], E. van Douwen [45], I. Protasov [32], V.

Malykhin [25] and Y. Zelenyuk [56].

4.1 Topological Spaces with Extremal Prop-

erties

In this section we discuss in general, spaces with extremal properties as

they form part of the building blocks of irresolvable spaces. We start by defining
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basic concepts of filters and Ultrafilters on topological spaces then move to

general concepts of spaces with extremal properties.

One key pre-requisite when dealing with topological spaces is that the neigh-

borhoods need to be open. We will frequently denote the interior of a set A, and

closure of a set A by
o

A (or int A) and A respectively.

Definition 4.1.1. Let F be a filter on a topological space.

1. F is open (closed) if it has a base of open (closed) sets.

2. F is nowhere dense if there is A ∈ F such that intA = ∅

3. F is dense if for all A ∈ F , intA ∈ F

Lemma 4.1.1. Every ultrafilter on a space is either dense or nowhere dense.

Corollary 4.1.1. An ultrafilter, say U on a space X is dense if and only if for

every A ∈ U , intA 6= ∅.

Filters F and G are said to be incompatible if A ∩B = ∅ for some A ∈ F and

B ∈ G.

Lemma 4.1.2. Every open filter is contained in a maximal open filter. Different

maximal open filters are pairwise incompatible.

Corollary 4.1.2. Every ultrafilter containing a maximal open filter is dense.

Definition 4.1.2. A topological space X is nodec if every nowhere dense subset

it is closed.

43



CHAPTER 4. SPACES AND GROUPS WITH EXTREMAL PROPERTIES

In fact, one may say that a space is nodec if every nowhere dense subset is

discrete.

Proposition 4.1.1. A T1-space X is nodec if and only if every nonprincipal

converging ultrafilter on X is dense.

Proof. A T1 space X contains no nonclosed nowhere dense set if and only if

there is no nonprincipal converging nowhere dense ultrafilter on X, conse-

quently by Lemma 4.1.1, if and only if every nonpricipal converging ultrafilter

on X is dense.

Proposition 4.1.2. A space X is extremally disconnected if and only if for every

x ∈ X, there is exactly one maximal open filter on X converging to x.

Proof. :⇒

Suppose thatX is not extremally disconnected. Then there are disjoint open

sets U, V ⊂ X and x ∈ X such that x ∈ U ∩ V . Let F be the neighborhood filter

of x and let

FU = flt(F ∪ {U}) and FV = flt(F ∪ {V }).

Then clearly FU and FV are incompatible open filters on X converging to x.

Therefore, the maximal open filters extending FU and FV are different( from

Lemma 4.1.2).

⇐:
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Suppose that there are at least two different maximal open filters on X, say

F1 and F2, converging to some x ∈ X. By Lemma 4.1.2 we have that F1 and F2

are incompatible, hence there are disjoint open sets U ∈ F1 and V ∈ F2. Clearly

x ∈ U ∩ V . Thus, X is not extremally disconnected.

Theorem 4.1.1. Let X be an extremally disconnected Hausdorff space and let

f : X → X be a homeomorphism. Then the set M = {x ∈ X : h(x) = x} of all

fixed points of f is clopen.

Proof. By Lemma 3.1.2, there is a maximal open set U ⊂ X such that f(U)∩U =

∅. Since X is extremally disconnected, U is clopen. Let

F = U ∪ f(U) ∪ f 1(U).

Then by this we have F as clopen and M ∩ F = ∅. We claim that M = X\F .

In fact, suppose the contrary that f(x) 6= x for some x ∈ X\F . Pick an open

neighborhood V of x such that V ∩ F = ∅ and f(V ) ∩ V = ∅. It follows that

f(V ) ∩ U = ∅, since V ∩ f−1(U) = ∅. But then f(U ∪ V ) ∩ (U ∪ V ) = ∅, which

contradicts maximality of U .

Definition 4.1.3. A spaceX is strongly extremally disconnected if for each open

nonclosed U ⊂ X, there is x ∈ X\U such that U ∪ {x} is open.
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The following Proposition holds good concepts which helps in proving that

a dense in itself space is strongly disconnected iff every perfect subset of it is

open.

Proposition 4.1.3. A space X is strongly extremally disconnected if and only

if it extremally disconnected and each nonempty nowhere dense subset of X has

an isolated point.

Corollary 4.1.3. A dense in itself space X is strongly extremally disconnected

if and only if each perfect subset of X is open.

Proof. Necessity: Let F be a perfect subset of X and let U = int F . To prove

that that U = F , we assume the contrary that F\U 6= ∅. We see that U is

nonclosed. In fact, otherwise F\U is perfect, therefore by Proposition 4.1.3,

int (F\U) 6= ∅. This contradicts the idea that U = int F . Since U is nonclosed,

there is x ∈ F\U such that U ∪ {x} is open, a contradiction with U = int F .

Sufficiently: Suppose that every perfect subset of X is open. By Proposi-

tion 4.1.3 we only need to check if X is extremally disconnected. Let U be a

nonempty open subset of X. Since X is dense in itself, so is U . Consequently,

U is perfect and so by our assumption it is open.

In general, a space is said to be resolvable or irresolvable depending on

whether or not it can be partitioned into two dense subsets.
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Definition 4.1.4. We say that a space X is open-hereditarily irresolvable if

every nonempty open subset of X is irresolvable.

Proposition 4.1.4. A space X is open-hereditarily irresolvable if and only if

every (converging) maximal open filter on X is an ultrafilter.

Proof. Let F be a maximal open filter on X and suppose that F is not an ul-

trafilter. Then there are two different ultrafilters U and V on X containing F .

Choose pairwise disjoint A ∈ U and B ∈ V. We see that following from Corol-

lary 4.1.2 both U , and V are dense. Therefore we get int A ∈ F and int B ∈ F .

Now, define an open U ∈ F by

U = (int A) ∩ (int B).

Which implies that both A ∩ U and B ∩ U are dense in U , consequently U is

resolvable. Hence, X is not open-hereditarily irresolvable.

Conversely, suppose that every converging maximal open filter on X is an

ultrafilter. Let U be any nonempty open subset of X and let {A0, A1} be a

partition of U . Choose any converging maximal open filter F on X containing

U . This implies that F is an ultrafilter. So Ai ∈ F for some i < 2, say A0 ∈ F .

Since F is open, it follows that A0 6= ∅. Consequently, A1 is not dense in U .

Thus, X in not open-hereditarily irresolvable.

Definition 4.1.5. A space (X, T ) is maximal if T is maximal among all dense
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in itself tolopogies on X.

Also, one can say a space is maximal if it has no isolated point but has it in

any stronger topology.

Theorem 4.1.2. If X is a dense in itself Hausdorff space, then the following

statements are equivalent:

1) X is maximal,

2) X is extremally disconnected, open-hereditarily irresolvable and nodec,

3) for each x ∈ X, there is exactly one nonprincipal ultrafilter on X converg-

ing to x.

Proof. See (Theorem 3.22, [56])

The following closing definition is justified by the equivalence 1) ⇔ 3) in

Theorem 4.1.2

Definition 4.1.6. A space X is almost maximal if it is dense in itself and for

every x ∈ X there are only finitely many ultrafilters on X converging to x.

4.2 Irresolvability

Let X be a topological space and suppose there is a homeomorphism f :

X → X such that f(x) = y, for every pair of points x, y ∈ X. Then X is a
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homogeneous topological space.

Definition 4.2.1. Given a cardinal k ≥ 2, a space is k-resolvable or k-irresolvable

depending on whether or not it can be partitioned into k-many dense subsets. A

space X is hereditarily κ-irresolvable (open-hereditarily κ-irresolvable) if every

nonempty subset of X (every nonempty open subset of X) is κ-irresolvable.

Lemma 4.2.1. For every κ ≥ 2, the following statements hold:

1) an open subset of a κ-resolvable space is k-resolvable,

2) the closure of a κ-resolvable subset of a space is κ-resolvable, and

3) the union of a family of κ-resolvable subsets of a space is κ-resolvable.

Proof. It is clear that statements 1) and 2) hold, so it is only fair and sufficient

to show 3). Let Ω be a family of κ-resolvable subsets of a space X and let

Y =
⋃

Ω. We have to show that Y is κ-resolvable.

Consider the set P of all κ-sequencesA = {Aα : α < κ} consisting of pairwise

disjoint nonempty subsets Aα ⊆ Y dense in
⋃
A. Define the order on P by

A ≤ B if and only if Aα ⊆ Bα for all α < κ.

Every chain (Ai)i∈I in P , where Ai = {Aiα : α < κ}, has an upper bound

{⋃
i∈I

Aiα : α < κ

}
.
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Consequently by Zorn’s Lemma, there is a maximal element A = {Aα :

α < κ} in P . Let Z be the collection of all unions of Aα for all α < κ, that is,

Z =
⋃
α<κAα. It is obviouse that Z is κ-resolvable. Thus, Z is closed. Indeed,

otherwise the element B = {Bα : α < κ} in P defined by

Bα =


A0 ∪ Z\Z if α = 0

Aα otherwise

is greater thanA. We claim that Z = Y . To see this claim, suppose the contrary.

Then there exists M ∈ Ω such that M\Z 6= ∅. Since Z is closed, M\Z ∈ Ω as

well. It follows that there is C = {Cα : α < κ} in P such that
⋃
C ∩ Z = ∅. Then

the element D = {Dα : α < κ} in P defined by

Dα = Aα ∪ Cα

is greater than A, a contradiction.

Lemma 4.2.2. Let X be a given space and k ≥ 2. Let Mκ(X) denote the union

of all κ-resolvable subsets of space X. Then

i) Mκ(X) is the largest κ-resolvable subset of X,

ii) Mκ(X) is closed,
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iii) X is -resolvable if and only if Mκ(X) = X, and

iv) if X is κ-irresolvable, then X\Mκ(X) is hereditary κ-irresolvable.

The following Corollary is important as it will also help in later chapters

when proving ω-resolvable spaces.

Corollary 4.2.1. A homogeneous space is k-irresolvable if and only if it is hered-

itarily k-irresolvable.

Proof. See [ [56], Corollary 3.27]

Corollary 4.2.2. Every almost maximal space is ω-irresolvable.

Lemma 4.2.3. Every countable discrete subset of a regular space is strongly

discrete.

Proof. LetX be a regular space and letD be a countably infinite discrete subset

of X. Enumerate D without repetitions as {xn : n < ω}. For each n < ω, pick

a closed neighborhood Un of xn ∈ X such that Un ∩ D = {xn}. For each n < ω,

define a neighborhood Vn of xn ∈ X by

Vn = Un\
⋃
i<n

Ui.

Then the subsets Vn, where n < ω, are pairwise disjoint.

Before we start with the next theorem, we need to establish the following

simple fact. We call a subset D of a space X Strongly discrete if for each x ∈ D,
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there is a neighborhood Ux of x ∈ X such that the subsets Ux, where x ∈ D, are

pairwise disjoint.

Theorem 4.2.1. Let X be a homogeneous regular space and suppose that X

contains a countable discrete nonclosed set. Then X is ω-resolvable.

Proof. LetD be a countable discrete nonclosed subset ofX and let a ∈ D\D. For

each x ∈ X, there is a homeomorphism fx : X → X with fx(a) = x. Construct

inductively a sequence (Dn)∞n=1 of discrete subsets of X such that

Dn ⊆ Dn+1\Dn+1.

Put D1 = D. Fix k ∈ N and suppose that the sequence (Dn)kn=1 has already been

constructed satisfying that condition. Denote

Yk−1 =


⋃k−1
n=1Dn if k > 1

∅ otherwise.

It follows from the condition that Dk ∩ Yk−1 = ∅. By Lemma 4.2.3, for each

x ∈ Dk, there is an open neighborhood Ux of x ∈ X\Yk−1 such that the sets Ux,

where x ∈ Dk, are pairwise disjoint. Then the set

Dk+1 =
⋃
x∈Dk

fx(D ∩ f−1x(Ux))
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is as required.

Now define Z ⊆ X by

Z =
∞⋃
n=1

Dn.

We claim that Z is ω-resolvable.

Indeed, let {In : n ∈ N} be any partition of N into infinite sets. Define the

partition {An : n ∈ N} of Z by

An =
⋃
i∈In

Di.

Then each An is dense in Z.

Finally, since X contains a nonempty ω-resolvable subset, X itself is ω-

resolvable by Corollary 4.2.1.

The above mentioned theorem (Theorem 4.2.1) tells us that in a homoge-

neous regular ω-irresolvable space each countable discrete subset is closed.

We will conclude this chapter by showing that ω-irresolvable spaces are

finitely irresolvable.

Lemma 4.2.4. Given a space X, let W = W (X) denote the union of all open sets

in X containing a dense hereditarily irresolvable subset. Then

1. W is the largest open set in X containing a dense open-hereditarily irre-

solvable subset, and
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2. every dense subset of X\W is resolvable and consequently, ω-resolvable.

Proof. By Zorn’s Lemma 3.1.2, there is a maximal family U of pairwise open

sets in X containing a dense hereditarily irresolvable subset. It is obvious that⋃
U is dense in W . For each U ∈ U , we pick a dense hereditarily irresolvable

DU ⊆ U . Then the collection D =
⋃
U∈U DU is a dense open-hereditarily irre-

solvable subset of W .

Now let A be a dense subset of X\W . Suppose the contrary that A is irre-

solvable. It then follows from Lemma 4.2.2 that there is a nonempty open set,

say, V in X\W such that V ∩ A is hereditarily irresolvable. Clearly, V ∩ A is

also closed in V . But this contradicts maximality of U .

Lemma 4.2.5. Let D be an open-heriditarily irresolvable subset of a space X

and suppose that X is (n + 1)-resolvable for some n. Then X\D is dense in X

and n-resolvable.

Proof. By Lemma 4.2.2, it is sufficient to only show that for every nonempty

open set U ⊆ X, U\D contains a nonempty n-resolvable subset. One may

suppose that D ∩ U 6= ∅. Partition X into dense subsets A1, . . . , An+1. Then

D ∩ U is partitioned into subsets A1 ∩ D ∩ U, ..., An+1 ∩ D ∩ U . Since no space

is the union of finitely many nowhere dense sets, at least one of those sets, say

An+1 ∩D ∩ U , is not nowhere dense in D ∩ U . So there is an open U0 ⊆ U such

that
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θ 6= D ∩ U0 ⊆ (An+1 ∩D ∩ U)D∩U .

It follows that An+1 ∩ D ∩ U0 is dense in D ∩ U0. Then, since D ∩ U0 is

irresolvable (D∩U0)\An+1 is not dense in D∩U0. Consequently, there is an open

U1 ⊆ U0 such that ∅ 6= D ∩U1 ⊆ An+1 ∩D ∩U0, and so ∅ 6= D ∩U1 ⊆ An+1 ∩U1. It

follows that A1 ∩U1, ..., An ∩U1 are pairwise disjoint dense subsets of U1\D.

The above two Lemmas are a pre-requisite in proving the below theorem

which is due to A. Illanes [22].

Theorem 4.2.2. If a space is n-resolvable for every n < ω, then it is ω-resolvable.

Proof. By Lemma 4.2.2, it suffices to show that every nonempty open set X0 ⊆

X contains a nonempty ω-resolvable subset. Being open subset of X, X0 is

n-resolvable for each n. Consider the subset W (X0) ⊆ X0 given by Lemma

4.2.4. If it is not dense, then X0\W (X0) is ω-resolvable and we are done. Oth-

erwise pick a dense open-hereditarily irresolvable subset D1 ⊂ W (X0) and put

X1 = W (X0)\D1. Being an open subset of X0, W (X0) is n-resolvable for each

n, and then by Lemma 4.2.5, X1 is n-resolvable for each n. If W (x1) ⊆ X1

is not dense, then X1\W (X1) is ω-resolvable. Otherwise pick a dense open-

hereditarily irresolvable subset D2 ⊂ W (X1) and put X2 = W (X1)\D2, and so

on.

If at somem,W (Xm) ⊆ Xm is not dense,Xm\W (Xm) is the required nonempty
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ω-resolvable subset ofX0. Otherwise we construct an infinite sequence (Dm)∞m=1

of pairwise disjoint dense subsets of X0, and then X0 is itself ω-resolvable.

4.3 Topological Groups with Extremal

properties

In this section we show that some topological groups with extremal proper-

ties cannot be constructed in ZFC.

The question whether there is in ZFC a nondiscrete extremally disconnected

topological group was raised by A. Arhangel’skiı̀ [4].

We assume and employ the basic concepts behind Left Invariant Topologies

which in detail can be found in [56]. A topology T on a semigroup S is left

invariant if and only if for each a ∈ S and U ∈ T , a−1U ∈ T where

a−1U = λ−1a (U) = {x ∈ S : ax ∈ U},

where, λa is the left translation.

Definition 4.3.1. Let S be a semigroup with identity. For each filter F on S,

let T [F ] denote the largest left invariant topology on S in which F converges to

1.

Recall Definition 4.1.3. Similarly, the topology T [F ] is strongly extremally
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disconnected if for each open nonclosed U subset of T [F ], there is x ∈ T [F ]\U

such that U ∪ {x} is open.

Theorem 4.3.1. For every nonprincipal ultrafilter F on S, T [F ] is strongly ex-

tremally disconnected.

Proof. See ( [56], Theorem 4.11)

Theorem 4.3.2. For every n < ω, let Gn be a nontrivial finite group written ad-

ditively, and let G =
⊕

n<ω Gn. Let p be a nonprincipal ultrafilter on ω, let T be

the group topology on G with a neighborhood base at 0 consisting of subgroups

HA = {x ∈ G : supp(x) ⊂ A}

where A ∈ p, let F be the filter on G with a base consisting of subsets

DA{x ∈ G : supp(x) ⊂ A and |supp(x)| = 1}

where A ∈ p, and let D = Dω. Then the following statements are equivalent:

1) p is Ramsey,

2) T = T [F ],

3) D is a locally maximal discrete subset of (G, T ) with respect to 0.

Furthermore, if G =
⊕

ω Z2, statements 1) - 3) are equivalent to each of the

following:
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4) T is extremally disconnected.

5) every nonempty nowhere dense subset of (G, T ) has an isolated point.

Proof. 1) =⇒ 2)

Since F converges to 0 in T , T ⊆ T [F ]. To show that T [F ] ⊆ T , let M :

G → F . Choose Bn ∈ p, for each n < ω, such that for every x ∈ G with

max supp(x) = n, one has DBn ⊆ M(x). In addition, choose B0 so that also

DB0 ⊆M(0). Define the coloring χ : [ω]2 → {0, 1} by putting for every m, k ∈ [ω]2

with m < k,

χ({m, k}) =


1 if k ∈ Bm

0 otherwise.

Since p is Ramsey by assumption, then ∃ A ∈ p such that A ⊆ B0 and [A]2

is monochrome. Observe that χ([A]2) = {1}. We claim that HA ⊆ [M ]0. To see

this, let 0 6= x ∈ HA and let supp(x) = {n1, ..., nk}, where n1 < · · · < nk. We have

that n1 ∈ B0 and ni+1 ∈ Bni for each i = 1, . . . , k− 1. Write x as x = x1 + · · ·+ xk,

where supp(xi) = {ni}. Then x1 ∈ DB0 ⊆M(0) and

xi+1 ∈ DBni
⊆M(x1 + · · ·+ xi).

Hence x ∈ [M ]0.

2) =⇒ 3)
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Let E be a discrete subset of (g, T ) such that D ∩ U ⊆ E ∩ U for some neigh-

borhood U of 0. One may suppose that U is open. For each x ∈ D ∩ U , choose a

neighborhood Vx of 0 such that x+ Vx ⊆ U and (x+ Vx) ∩ E = {x}. Let

V =
⋃

x∈D∩U

(x+ Vx) ∪ {0}.

V is a neighborhood of 0 and by the construction, D ∩ V = E ∩ V .

3) =⇒ 1)

Let {An : n < ω} be any partition of ω such that An /∈ p for all n < ω. Define

E ⊆ G by

E = {x ∈ G : supp(x) ⊆ An for some n < ω and |supp(x)| = 2}.

Notice that every point from E is isolated in D ∪ E. Since An /∈ p for all

n < ω, it follows that also every point from D is isolated in D∪E. Consequently

D ∪ E is discrete. Since D is a locally maximal discrete subset with respect to

0, there is a neighborhood U of 0 such that U ∩ E = ∅. Choose A ∈ p such that

HA ⊂ U . Then |A ∩ An| ≤ 1 for all n < ω.

Now let G =
⊕

ω Z2. Then F is an ultrafilter. 2) =⇒ 4) and 2) =⇒ 5)

follows immediately from Theorem 4.3.1 and Proposition 4.1.3.

4) =⇒ 3)

To show this, let E be a discrete subset of G = (G, T ) such that D∩U ⊆ E∩U
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for some neighborhood U of 0. For every x ∈ E, choose an open neighborhood

Ux of 0 such that the subsets x+ Ux are pairwise disjoint. Put

UD =
⋃
x∈D

(x+ Ux) and UE =
⋃

x∈E\D

(x+ Ux).

Then UD and UE\D are disjoint open subsets and, obviously, 0 ∈ UD. How-

ever, since G is extremally disconnected, 0 /∈ UE\D. Hence, V = U\UE\D is a

neighborhood of 0 and D ∩ V = E ∩ V .

5) =⇒ 1)

Suppose that p is not Ramsey. Then there is a partition {An : n < ω} of ω

such that An /∈ p for all n < ω and for every A ∈ p, |A ∩ An| ≥ 2 for some n < ω.

Now, define F a subset of (G, T ) by

F = {x ∈ G : |supp(x) ∩ An| ≤ 1 for all n < ω}.

We claim that F is perfect and nowhere dense. We see that F is closed. To

show that F is dense in itself we let x ∈ F . Pick n0 < ω such that

max supp(x) < min An for all n ≥ n0

and define A ∈ p by, A =
⋃
n0≤n<ω An.

Then x+DA ⊂ F and x is an accumulation point of x+DA. Finally, to show
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that F is nowhere dense, let x ∈ G and let U be a neighborhood of 0 in T . Pick

A ∈ p such that

max supp(x) < min A

and HA ⊆ U . Then |A ∩ An| ≥ 2 for some n. Consequently, there is y ∈ HA

such that supp(y) is a 2-element subset of An, and thus x + y /∈ F . Since F is

closed, this shows that F is nowhere dense.

Example 4.3.1 (S. Sirota [38]). The first consistent example of a group in ZFC

that is nondiscrete extremally disconnected was constructed by S. Sirota, the

implication 1) =⇒ 4) in Theorem 4.3.2 for
⊕

ω Z2.

Corollary 4.3.1. Assume p = c. Then there exists a countable nondiscrete ex-

tremally disconnected topological group.

A group of exponent 2 is called Boolean. Furthermore, if G is a Boolean

group then for each x, y ∈ G, we have xy = (xy)−1 = y−1x−1 = yx, so G is

Abelian. It follows that G is isomorphic to
⊕

κ Z2 for some cardinal κ. For each

such group G, let

B(G) = {x ∈ G : x2 = 1}.

Note that if G is Abelian, then B(G) is the largest Boolean subgroup G. How-

ever, this concept of Boolean groups will be used frequently in the next chapter.
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Lemma 4.3.1. Let G be a topological group. If B(G) is a neighborhood of 1, then

G contains an open Boolean subgroup.

Proof. Let B = B(G). Since B is a neighborhood of 1, there is a neighborhoodW

of 1 such that W 2 ⊆ B. Then for every x, y ∈ W , xy ∈ B and consequently xy =

(xy)−1 = y−1x−1 = yx. It then follows that for every x1, ..., xn ∈ W , (x1 · · ·xn)2 =

x21 · · ·x2n = 1 and x1 · · ·xn ∈ B. Hence, 〈W 〉 is an open Boolean subgroup of

G.

Definition 4.3.2. Let S be a semigroup and let (xn)∞n=1 be a sequence in S. A

sequence (yn)∞n=1 is a product subsystem of (xn)∞n=1 if there is a sequence (Hn)∞n=1

in Pf (N) such that max Hn < min Hn+1 and yn =
∏

i∈Hn xi for every n ∈ N. If

S is an additive semigroup, then we call it a sum subsystem instead of product

subsystem.

Theorem 4.3.3. Let S be a semigroup and let (xn)∞n=1 be a sequence in S. When-

ever FP((xn)∞n=1) is partitioned into finitely many subsets, there exists a product

subsystem (yn)∞n=1 of (xn)∞n=1 such that FP((yn)∞n=1) is contained in one subset of

the partition.

The above mentioned theorem (Theorem 4.3.3) which is due to N. Hindman

[20], is stated for the purpose of helping to prove the theorem showing the

existence of maximal topological group.

We now state and prove a theorem showing that under p = c, there is a
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maximal group topology, which is irresolvable. This is the results of V. Ma-

lykhin [25].

Theorem 4.3.4. Assume p = c. Then there exists a maximal topological group.

Proof. Let G =
⊕

ω Z2. Enumerate the subsets of G as {Zα : α < c} with Z0 = G.

For each α < c, we construct a sequence (xα,n)n<ω in G\{0} such that;

i) max supp(xα,n) < min supp((xα,n+1) for all n < ω,

ii) for every γ < α, {xα,n : n < ω}\FS((xγ,n)n<ω) is finite, and

iii) either FS((xα,n)n<ω) ⊆ Zα or FS((xα,n)n<ω) ⊆ G\Zα.

From i) and ii), it follows that

v) whenever k < ω, γ0 < · · · < γk < α and n0, . . . , nk−1 ∈ N, there exists nk ∈ N

such that FS((xγk,n)nk≤n<ω) ⊆ FS((xγi,n)ni≤n<ω) for all i < k.

For (xo,n)n<ω pick any sequence in G\{0} satisfying i) (we see that ii) and iii)

are satisfied trivially).

Fix α < c and suppose that we have constructed sequences (xγ,n)n<ω, γ < α,

satisfying i) - iii).

Since p = c and α < c, there is Yα ⊆ G\{0} such that Yα\FS((xγ,n)m≤n<ω) is

finite for all γ < α and m < ω. Pick a sequence (yα,n)n<ω in Yα such that

max supp(yα,n) < min supp(yα,n+1), for all n < ω.
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By Theorem 4.3.3, there is a sum subsystem (xα,n)n<ω of (yα,n)n<ω satisfying

condition iii). Then conditions i) and ii) are satisfied as well.

Now, define the group topology on G by taking as a neighborhood base at

0 the subgroups FS((xα,n)m≤n<ω) ∪ {0}, where α < c and m < ω, of course hav-

ing firstly constructed the sequences (xα,n)n<ω, α < ω. That this topology is

maximal follows from iii).

Definition 4.3.3. Define the functions θ, φ : (
⊕

ω Z2)\{0} → ω by

θ(x) = min supp(x) and φ(x) = max supp (x).

Theorem 4.3.5. Let T be a nondiscrete group topology on
⊕

ω Z2 finer than that

induced by the product topology on
∏

ω Z2 and let F denote the neighborhood

filter of 0 in T . Suppose that (
⊕

ω Z2, T ) contains no subset with exactly one

accumulation point. Then φ(F) is a P -set. In particular, if φ(F) is finite, then

each of its points is a P -point.

We conclude this section by showing the results of I. Prostasov which shows

that the existence of a countable nondiscrete ω-irresolvable topological group

implies a P -point (whose existence by S. Shelah [36] cannot be established in

ZFC).
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Theorem 4.3.6. The existence of a countable nondiscrete ω-irresolvable topo-

logical group implies the existence of a P -point in ω∗.

Proof. Let (G, T ) be a countable ω-irresolvable topological group. Suppose that

G =
⊕

ω Z2. Let T0 denote the topology on G induced by the product topology on∏
ω Z2. Then T ∨ T0 is a nondiscrete ω-irresolvable group topology. Therefore,

one may suppose that T0 ⊆ T . By Theorem 4.2.1, every discrete subset of (G, T )

is closed. Let F be the neighborhood filter of 0 in T . It follows immediately that

{φ−1(u) : u ∈ φ(F)} is a partition of Ult(T ) into right ideals. From Theorem

4.2.2 it follows that φ(F) is finite. Thus by Theorem 4.3.5, each point of φ(F) is

a P -point.

The following arises as a consequence of combining Theorem 4.3.6 and The-

orem 3.4.3.

Corollary 4.3.2. It is consistent with ZFC that there is no countable nondiscrete

ω-irresolvable topological group.
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Chapter 5

Resolvability of Topological

Groups

In this chapter we prove a base theorem for a wide group of homeomor-

phisms of finite order on countable regular spaces. By this concept we prove

that every countable topological group not containing an open Boolean sub-

group can be partitioned into countably many dense subsets. In particular,

every countable topological group not containing an open Boolean subgroup is

ω-resolvable. We also prove that every countable group with finitely many el-

ements of order 2, that can be embedded in a compact topological group, can

be partitioned into countably many subsets dense in any nondiscrete group

topology.
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5.1 Local Left Topological Groups and

Local Automorphisms

In this section we start by showing that if G is a torsion free group, then βG

contains no nontrivial finite groups. We also extend in some sense this result to

the case where G is an arbitrary countable group. Two fundamental theorems

that we shall prove in this section were proved in [53]. To this extend, we

develop a special technique based on the concept of a local left group and a

local homomorphism. The exposition of this section is a base of the treatment

in [56].

Definition 5.1.1. A local left group is a T1−space X with a partial binary op-

eration · and a distinguished point 1 ∈ X such that

1. x · 1 = x for all x ∈ X,

2. (x · y) · z = x · (y · z) whenever all the products in the equality are defined

(associative), and

3. for each x ∈ X\{1}, there is a neighborhood U of 1 such that x ·y is defined

for all y ∈ U , x · U is a neighborhood of x and λx : U 3 y 7→ x · y ∈ x · U is a

homeomorphism.

From this point on, for a Local left topological group, when we write x ·
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y we assume that y ∈ Ux and when we write x · U , for U a neighborhood of

distinguished point 1, we assume that U ⊆ Ux.

Example 5.1.1. A basic example of a local left group is an open neighborhood

of the identity of a T1 left topological group.

Definition 5.1.2 (Local Isomorphism). For any two local left topological groups,

X, and Y , a mapping f : X → Y is said to be a local isomorphism if f is a bijec-

tion, f(1X) = 1Y and for each x ∈ X, and x 6= 1, there is a neighborhood of the

identity Vx such that f(xy) = f(x)f(y) for any y ∈ Vx.

Furthermore, a topological local isomorphism of a local left topological group

on itself is a local automorphism. A local automorphism is trivial if it is the

identity map on some neighborhood of the identity. From here going forward

we will define a bijection f on a set X as having a finite order n, if fn = idx and

n is the least integer satisfying this property.

Example 5.1.2. Let τ be a topological group on G with continuous shifts. Then

for each x ∈ G x-conjugation, given by, x 7→ x−1yx on (G, τ) is a topological

automorphism. This is obvious (as a local automorphism) if and only if the

centralizer of x ∈ G is open. Also, if |x| = n, then x-conjugation has order ≤ n.

We call a Boolean part of a group G a subset

B(G) = {x ∈ G : x2 = 1}.
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In general, a Boolean part B(G) is not necessarily a subgroup. However, if

G itself is Abelian, then the Boolean Part is a subgroup. In particular, for a set

A(G) and xy = yx, where x, y ∈ A. A subgroup generated by A, is contained in

the Boolean part B(G). Indeed, for any x1, . . . , xn ∈ A(x1 · · ·xn)2 = x21 · · ·x2n = 1.

Example 5.1.3. If τ is a topology on Abelian groupGwith continuous shifts and

inversion. Then an inversion on (G, τ) is a topological automorphism of order

≤ 2. As a local automorphism, it is trivial if and only ifB(G) is a neighbourhood

of the identity of (G, τ) or, equivalently there exist an open Boolean subgroup in

(G, τ).

Example 5.1.4. Let τ be a topology on G with continuous shifts and inversion.

In general, inversion is not a local automorphism. However, it is a local auto-

morphism if each conjugation on (G, τ) is trivial. Indeed, for each a ∈ G there is

a neighborhood U of the identity such that ax = xa for any x ∈ U . It follows that

x−1a−1 = a−1x−1 and then (ax)−1 = x−1a−1 = a−1x−1. Furthermore, an inversion

is trivial if and only if the Boolean part B(G) is a neighborhood of the identity of

(G, τ). This is equivalent to the existence of an open Boolean subgroup in (G, τ)

in the case where τ is a group topology. Indeed, pick a neighborhood U of the

identity such that U2 ⊆ B(G). Then for any x, y ∈ U , we have (xy)2 = 1 and

xyyx = 1, and thus follows that xy = yx. But the subgroup, generated by U , is

contained in B(G).

Let X be a local left group and let Xd be the partial semigroup X endowed
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with the discrete topology. As in the case of βS, the partial operation of Xd can

be naturally extended to βXd by

pq = lim
x→p

lim
y→q

xy,

where x, y ∈ X, making βXd a right topological partial semigroup. The product

pq is defined if and only if

x ∈ X : {y ∈ X : xy is defined} ∈ q} ∈ p,

in particular, if the ultrafilter q converges to 1 ∈ X.

Definition 5.1.3. Given a local left group X,

Ult(X) = {p ∈ X∗d : p converges to 1 ∈ X}.

It can easily be shown that Ult(X) is a closed subsemigroup in X∗d . In par-

ticular, if X is an open neighborhood of the identity of a left topological group

(G, T ), we identify Ult(X) with Ult(T ).

Definition 5.1.4. Let X and Y be local left groups. A mapping f : X → Y

is a local homomorphism if f(1X) = 1Y and for each x ∈ X\{1}, there is a

neighborhood U of 1 ∈ X such that f(xy) = f(x)f(y) for all y ∈ U . We say

that f : X → Y is a local isomorphism if f is a local homomorphism and
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homeomorphism.

Note, since an isomorphic function is both bijective and continuous, then if

f : X → Y is a local isomorphism, so is f−1 : Y → X.

Definition 5.1.5. Let X be a local left group and let S be a semigroup. A

mapping f : X → S is a local homomorphism if for every x ∈ X\{1}, there is a

neighborhood U of 1 such that f(xy) = f(x)f(y) for all y ∈ U\{1}.

Definition 5.1.6. We say that an element a ∈
⊕

ω Z2 is basic if supp(a) is a

nonempty interval in ω. Each nonempty a ∈
⊕

ω Z2 can be uniquely defined as

a = a0 + · · ·+ ak

where

1. for each i ≤ k, ai is basic, and

2. for each i ≤ k − 1, max supp(ai) + 2 ≤ min supp(ai+1).

We call such a decomposition canonical.

Endow
⊕

ω Z2 with the group topology by taking as a neighborhood base at

0 the subgroups

Hn = {x ∈
⊕
ω

Z2 : x(i) = 0 for all i < n}
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where n < w.

Lemma 5.1.1. Let S be a semigroup and let f :
⊕

ω Z2 → S. The first two of the

following statements are equivalent and imply the third:

1) f(a) = f(a0) · · · f(ak) whenever a = a0 + · · · + ak is a canonical decomposi-

tion,

2) f(a+ b) = f(a)f(b) whenever max supp(a) + 2 ≤ min supp(b),

3) f is a local homomorphism.

Proof. 1) =⇒ 2)

Let max supp(a) + 2 ≤ min supp(b) and let a = a0 + · · · ak and b = b0 + · · · + bl

be the canonical decompositions. Since max supp(a) = max supp(ak) and min

supp(b) = min supp(b0), one has max supp(ak) + 2 ≤ min supp(b0), so a + b =

a0 + · · ·+ ak + b0 + · · · bl is the canonical decomposition. Hence

f(a+ b) = f(a0 + · · ·+ ak + b0 + · · · bl)

= f(a0) · · · f(ak)f(b0) · · · f(bl) = f(a)f(b).

2) =⇒ 1)

If a = a0 + · · ·+ ak is a canonical decomposition, then

f(a) = f(a0 + · · ·+ ak−1)f(ak) = · · · = f(a) · · · f(ak).
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2) =⇒ 3)

Let 0 6= a ∈
⊕

ω Z2 and let n = max supp(a) + 2. Then for every b ∈ Hn\{0}, max

supp(a) + 2 ≤ min supp(b), and so f(a+ b) = f(a)f(b).

Before we can come to one of the main results of this section, we need one

more definition of a canonical decomposition which will help us prove the clos-

ing theorem.

Definition 5.1.7. Given m ≥ 2, let W = W (Zm) denote the set of all words

on the alphabet Zm including the empty word ∅. A nonempty word w ∈ W

is basic if all nonzero letters in w form a final subword. In particular, every

nonempty zero word (= all the letters are zeros) is basic. For every v, w ∈ W

to e the result of substituting v for the initial subword of length |v| in w. Each

nonempty w ∈ W can be uniquely written in the form w = w0 + · · ·+ wk where

a) for each i ≤ k, wi is basic, and

b) for each i < k, wi is nonzero.

Theorem 5.1.1. Let X be a countable regular local left group and let {Ux :

x ∈ X\{1}} be a family of neighborhoods of 1 ∈ X. Then there is a continuous

bijection h : X →
⊕

ω Z2 with h(1) = 0 such that

1) h−1(Hn) ⊆ Ux whenever max supp(h(x)) + 2 ≤ n, and

2) h(xy) = h(x) + h(y) whenever max supp(h(x)) + 2 ≤ min supp(h(y)).
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Notice that condition 2) in Theorem 5.1.1 may be rewritten as

2’) h−1(ab) = h−1(a) + h−1(b) whenever max supp(a) + 2 ≤ min supp(b), so h−1 :⊕
ω Z2 → X is a local homomorphism, by Lemma 5.1.1. Since h is continuous,

it follows that h also is a local homomorphism. Finally, if {Ux : x ∈ X\{1}} is a

neighborhood base at 1 ∈ X, then h is open, and so h is a local isomorphism. To

see that h is open, let x ∈ X. Put n = max supp(h(x)) + 2 (if x = 1, put n = 0).

Since h is continuous, there is a neighborhood V of 1 such that h(V ) ⊆ Hn. Now

let U be any neighborhood of 1 contained in V . Then h(xU) = h(x) + h(U) by

2). Pick y ∈ X\{1} such that Uy ⊆ U and put m = max supp(h(y)) + 2. Then

h(Uy) ⊇ Hm by 1). Hence, h(xU) ⊇ h(x) +Hm.

Proof. Enumerate X without repetitions as {1, x1, x2, ...} and let W = W (Z2).

We shall assign to each w ∈ W a point x(w) ∈ X and a clopen neighborhood

X(w) of x(w) such that

i) x(0n) = 1, X(∅) = X, and X(0n) ⊆ Ux(v) for all v ∈ W with |v| ≤ n− 2,

ii) X(w_0) ∩X(w_1) = ∅ and X(w_0) ∪X(w_1) = X(w),

iii) x(w) = x(w0) · · · x(wk) and X(w) = x(w0) · · ·x(wk−1)X(wk) where w = w0 +

· · ·+ wk is the canonical decomposition, and

iv) xn ∈ {x(v) : v ∈ Wand|v| = n}.

Choose as X(0) a clopen neighborhood of 1 such that x1 /∈ X(0). Put X(1) =
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X\X(0), x(0) = 1 and x(1) = x1. Fix n ≥ 2 and suppose that X(w) and x(w)

have been constructed for all w with |w| < n such that conditions i)-iv) hold.

Notice, that the subsets X(w), |w| = n − 1, form a partition of X. So, one of

them, sayX(u), contains xn. Let u = u0+· · ·+ur be the canonical decomposition.

Then X(u) = x(u0) · · ·x(ur−1)(X(ur)) and xn = x(u0) · · ·x(ur−1)yn for some yn ∈

X(ur). If yn = x(ur), choose as X(0n) a clopen neighborhood of 1 such that

a) X(0n) ⊆ Ux(w) for all w ∈ W with |w| ≤ n− 2, and

b) for each basic w with |w| = n− 1, X(w)x(w)X(0n) 6= ∅.

For each basic w with |w| = n− 1, put

X(w_1) = X(w)\x(w)X(0n)

and pick as x(w_1) any element of X(w_1). Also put x(0n) = 1 If yn 6= x(ur),

choose X(0n) in addition so that

c) yn /∈ x(ur)X(0n)

and put x(u_r 1) = yn.

For all nonbasic w with |w| = n, define X(w) and x(w) by condition iii). Then

x(w) = x(w0) · · ·x(wk) ∈ x(w0) · · ·x(wk−1)X(wk) = X(w)

and if xn /∈ {x(w) : |w| = n− 1}.
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xn = x(u0) · · · x(ur−1)x(u_r 1) = x(u_1) ∈ {x(w) : |w| = n}.

To check ii), let |w| = n − 1. If w is basic, X(w_0) = x(w)X(0n) ⊂ X(w) and

X(w_1) = X(w)\x(w)X(0n). Suppose that w is nonbasic and let w = w0+· · ·+wk

be the canonical decomposition. If wk is zero, then w_0 = w0 + · · ·+wk−1 + 0n is

the canonical decomposition, and consequently,

X(w_0) = x(w0) · · ·x(wk−1)(X(0n)) = x(w0) · · ·x(wk−1)X(w_k 0).

Otherwise w_0 = w0 + · · ·wk−1 +wk + 0n is the canonical decomposition, and

then

X(w_0) = x(w0) · · ·x(wk−1)x(wk)X(0n) = x(w0) · · ·x(wk−1)X(w_k 0).

In any case,

X(w_0) = x(w0) · · · x(wk−1)X(w_k 0).

Next, since w_1 = w0 + · · ·+ wk−1 + w_k 1 is the canonical decomposition,

X(w_1) = x(w0) · · · x(wk−1)X(w_k 1).
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It follows that

X(w_0) ∪X(w_1) = x(w0) · · ·x(wk−1)[X(w_k 0) ∪X(w_k 1)]

= x(w0) · · ·x(wk−1)X(wk)

= X(w)

and X(w_0) ∩X(w_1) = ∅.

Now for every x ∈ X, there is w ∈ W with nonzero last letter such that

x = x(w), so {v ∈ W : x = x(v)} = {w_0n : n < ω}. Consequently, we can define

h : X →
⊕

ω Z2 by putting for every w = ξ · · · ξn ∈ W ,

h(x(w)) = w = (ξ0, . . . , ξn, 0, 0, . . . ).

It is obvious that h is bijective and h(1) = 0. Since for each z = (ξi)i<ω ∈
⊕

ω Z2,

h−1(z +Hn) = X(ξ0 · · · ξn−1),

then h is continuous. And since

h−1(Hn) = X(0n) ⊆ Ux(w),
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foll all w ∈ W with |w| ≤ n− 2, then 1) is satisfied.

To see 2), let max supp(h(x))+2 ≤min supp(h(y)). Pick w, v ∈ W with nonzero

last letters such that x = x(w) and y = x(v). Let w = w0 + · · ·+wk, consequently

w + v = w0 + · · ·+ wk + v0 + · · ·+ vt is the canonical decomposition, and so

xy = x(w0) · · ·x(wk)x(v0) · · ·x(vt) = x(w + v).

Hence,

h(xy) = h(x(w + v))

= w + v

= w + v

= h(x(w)) + h(x(v))

= h(x) + h(y).

Corollary 5.1.1. LetX and Y be countable nondiscrete regular local left groups.

Then there is a bijection f : X → Y such that both f and f−1 are local homo-

morphisms.

Proof. Let h : X →
⊕

ω Z2 and g : Y →ω Z2 be bijections guaranteed by Theorem

5.1.1. If we put f = g−1 ◦ h, then the corollary holds.
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5.2 Structure of a local automorphism

Let X be a set and let f : X → X. For each x ∈ X we denote the f -orbit

{fn(x) : n < ω} of the element x by O(x). If |O(x)| = ω, then fn(x)fm(x) for any

distinct n,m < ω. If |O(x)| = n, then fn(x) = x.

A subset Y ⊆ X is invariant (with respect to f ) if f(Y ) ⊆ Y . We say that a

family F of subsets of X is invariant if for every Y ∈ F , f(Y ) ∈ F . For every

x ∈ X, let O(x) = {fn(x) : n < ω}.

Lemma 5.2.1. Let X be a space, f be a homeomorphism on X, x ∈ X, f(x) = x

and U a neighborhood of x. If there exists n ∈ N such that |O(y)| ≤ n for any

y ∈ U , then there exists an open f -invariant neighborhood V ⊆ U of x. If X is

zero-dimensional, then V can be chosen clopen.

Proof. Take an open neighborhood S of x such that f j(S) ⊂ U , j = 0, . . . , n − 1

and V =
⋃n−1
j=0 f

j(S).

Lemma 5.2.2. Let X be a space, let f : X → X be a homeomorphism, and let

x ∈ X with |O(x)| = s ∈ N. Let U be a neighborhood of x such that the family

{f j(U) : j < s} is disjoint and suppose that there is n ∈ N such that fn|U = idU .

Then there is an open neighborhood V of x contained in U such that the family

{f j(V ) : j < s} is invariant. If X is zero-dimensional, then V can be chosen to

be clopen.

79



CHAPTER 5. RESOLVABILITY OF TOPOLOGICAL GROUPS

Proof. Clearly, n = sl for some l ∈ N. Choose an open neighborhood W of x such

that f j+is(W ) ⊆ f j(U) for all j < s and i < l, in particular, f is(W ) ⊆ U for all

i < l. This can be done because f s(x) = x. Now let

V =
⋃
i<l

f is(W ).

Then V is an open neighborhood of x contained in U and

f s(V ) =
⋃
i<l

f (i+1)s(W ).

Since f ls = f 0,

f s(V ) =
⋃
i<l

f is(W ) = V.

It follows that {f j(V ) : j < s} is invariant.

A bijection f : X → X has a finite order if there is n ∈ N such that fn = idX ,

and the smallest such n is the order of f .

Definition 5.2.1. Let X be a space with a distinguished point 1 ∈ X and let

f : X → X be a homeomorphism of finite order with f(1) = 1. We define the

spectrum of f by

spec(f) = {|O(x)| : x ∈ X\{1}},
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and more generally, for any subset Y ⊆ X,

spec(f, Y ) = {|O(x)| : x ∈ Y \{1}}.

Then f is spectrally irreducible if for every neighborhood U of 1,

spec(f, U) = spec(f).

Also, a neighborhood U of a point x ∈ X is spectrally minimal if for every

neighborhood V of x contained in U ,

spec(f, V ) = spec(f, U).

If X is a spectrally minimal neighborhood of 1 and f is a homeomorphism

on X. Then f is called stable. From Lemma 5.2.1 it follows that

Proposition 5.2.1. Let (G, τ) be a local left topological group and let f be a

local automorphism on (G, τ). Then one of the following statements holds:

1. for any neighborhood U of the identity and for any n ∈ N there is x ∈ U

such that |O(f, x)| > n;

2. there is an open f invariant neighborhood U of the distinguished element

such that f |U is a stable local automorphism of finite order on U .
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Corollary 5.2.1. Let X be a space with a distinguished point 1 ∈ X and let

f : X → X be a homeomorphism of finite order with f(1) = 1. Then there is an

open invariant neighborhood U of 1 such that f |U is spectrally irreducible.

This Corollary tells us that we can restrict ourselves in the study of home-

omorphisms of finite order in a neighborhood of a fixed point to considering

spectrally irreducible ones.

Definition 5.2.2. A local automorphism of a local left group X is a local iso-

morphism of X onto itself.

In particular, one may say, a mapping f : X → X is a local automorphism if

f is both a homeomorphism with f(1) = 1 and a local homomorphism, that is,

for every x ∈ X\{1}, there is a neighborhood U of 1 such that f(xy) = f(x)f(y)

for all y ∈ U .

Lemma 5.2.3. Let X be a Hausdorff local left group and let f : X → X be a

spectrally irreducible local automorphism of finite order. Let x0 ∈ X\{1} with

|O(x0)| = s and let U be a spectrally minimal neighborhood of x0. Then

spec(f, U) = {lcm(s, t) : t ∈ {1} ∪ spec(f)},

where lcm(s, t) is the least common multiple of s and t.

Proof. For each x ∈ O(x0), let Vx be a neighborhood of 1 such that Vx 3 y 7→

xy ∈ xVx is a homeomorphism and f(xy) = f(x)f(y) for all y ∈ Vx. Choose a
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neighborhood V of 1 such that

V ⊆
⋂

x∈O(x0)

Vx,

x0V ⊆ U , and the subsets xV , where x ∈ O(x0), are pairwise disjoint. Let n be

the order of f . Choose a neighborhood W of 1 such that f i(W ) ⊆ V for all i < n.

Then clearly this inclusion holds for all i < ω, and furthermore, for each y ∈ W ,

f i(x0y) = f i(x0)f
i(y). Indeed, it is trivial for i = 0, and by induction, we further

obtain that

f i(x0y) = ff i−1(x0y) = f(f i−1(x0)f
i−1(y)) = f i(x0)f

i(y).

Now, let y ∈ W , |O(y)| = t and k = lcm(s, t). We claim that |O(x0y)| = k. Indeed,

fk(x0y) = fk(x0)f
k(y) = x0y.

On the other hand, suppose that f i(x0y) = x0y for some i. Then f i(x0)f
i(y) =

x0y. Since the subsets xV , x ∈ O(x0), are pairwise disjoint, it follows from this

that f i(x0) = x0, so s|i. But then also f i(y) = y, and so t|i. Hence k|i.

Now, given any finite subset of N closed under lcm, we produce a spectrally

irreducible local automorphism of the corresponding spectrum.

Corollary 5.2.2. Let X be a local left topological group and let f be a stable
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local automorphism of finite order on the local left topological group X. Then

spec(f) is a finite subset of N containing the LCM of any two of its elements.

Example 5.2.1. Let S be finite subset of N closed under lcm and let m = 1 +∑
s∈S s. Consider the direct sum

⊕
ω Zm of ω copies of the group Zm. Endow⊕

ω Zm with the group topology by taking as a neighborhood base at 0 the sub-

groups

Hn = {x ∈
⊕
ω

Zm : x(i) = 0 for all i < n}

where n < ω. Write the elements of S as s1 < · · · < st. Define the permutation π0

on Zm by the product of disjoint cycles

π0 = (1, ..., s1)(s1 + 1, ..., s1 + s2) · · · (s1 + · · ·+ st−1 + 1, ..., s1 + · · ·+ st).

Let π be the coordinatewise permutation on
⊕

ω Zm induced by π0. That is,

π(x)(n) = π0(x(n)). Then π is a homeomorphism with π(0) = 0, spec(π,Hn) = S

for each n < ω, and π(x+ y) = π(x) + π(y) whenever max supp(x) < min supp(y).

Hence, π is a spectrally irreducible local automorphism of spectrum S. We call

π the standard permutation of spectrum S.

Lemma 5.2.4. Let X be a countable nondiscrete regular space with a distin-

guished point 1 ∈ X and let f : X → X be a homeomorphism of finite order
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with f(1) = 1. Let U be a clopen invariant partition of U such that for each

C ∈ P, spec(f,K ∩ C) = spec(f, C). Then there is a clopen invariant partition

{U(x) : x ∈ K} of U inscribed into P such that for each x ∈ K, U(x) is a spec-

trally minimal neighborhood of x.

Proof. Enumerate U as {xn : n < ω} with xo ∈ K. For each x ∈ K, we shall con-

struct an increasing sequence (Un(x))n<ω of clopen spectrally minimal neigh-

borhoods of x such that for all n < ω, the family {Un(x) : x ∈ K} is disjoint,

inscribed into P and invariant, and xn ∈ Un =
⋃
x∈K Un(x). Then the subsets

U(x) =
⋃
n<ω Un(x), x ∈ K, will be as required. We proceed by induction on n.

Let yi, i < l, be representatives of all orbits in K and let |O(yi)| = si. For each

i < l, choose a neighborhood Wi of yi such that f j(Wi) is a spectrally minimal

neighborhood of f j(yi) for all j < si, and the family {f j(Wi) : i < l, j < si} is

disjoint and inscribed into P. By Lemma 5.2.2, for each i < l, there is a clopen

neighborhood Vi of yi contained in Wi such that the family {f j(Vi) : j < si} is

invariant. Put U0(f
j(yi)) = f j(Vi). Fix n > 0 and suppose that we have con-

structed required Un−1(x), x ∈ K. Without loss of generality one may suppose

also that xn /∈ Un−1. Let |O(xn)| = s and let xn ∈ Cn ∈ P. Using Lemma 5.2.2,

choose a clopen neighborhood Vn of xn such that for each j < s, f j(Vn) is a

spectrally minimal neighborhood of f j(xn), and the family

{f j(Vn) : j < s} ∪ {Un−1(x) : x ∈ K}
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is disjoint, inscribed into P and invariant. Pick zn ∈ K ∩ Cn with |O(zn)| = s.

For each j < s, put

Un(f j(zn)) = Un−1(f
j(zn)) ∪ f j(Vn).

For each x ∈ K\O(zn), put Un(x) = Un−1(x).

Corollary 5.2.3. Let X be a space with a distinguished point 1 ∈ X and let

f : X → X be a homeomorphism of finite order with f(1) = 1. Then there is an

open invariant neighborhood U of 1 such that f |U is spectrally irreducible.

Theorem 5.2.1. Let X be a countable nondiscrete regular local left group, let

f : X → X be a spectrally irreducible local automorphism of finite order, let

S = spec(f), and let m = 1 +
∑

s∈S s. Let π be the standard permutation on⊕
ω Zm of spectrum S. Then there is a continuous bijection h : X →

⊕
ω Zm with

h(1) = 0 such that

1. f = h−1πh, and

2. h(xy) = h(x) + h(y) whenever max supp(h(x)) + 2 ≤ min supp(h(y)).

If X is first countable, then h can be chosen to be a homeomorphism.

Proof. The proof is similar to that of Theorem 5.1.1 Enumerate X as {xn : n <

ω} with x0 = 1 and let W = (Zm). The permutation π0 on Zm, which induces the
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standard permutation π on
⊕

ω Zm, also induces the permutation π1 on W . If

w = ξ0 · · · ξn, then π1(w) = π0(ξ0) · · · π0(ξn). We will write π instead of π0 and π1.

We shall assign to each w ∈ W a point x(w) ∈ X and a clopen spectrally

minimal neighborhood X(w) of x(w) such that

i) x(0n) = 1 and X(∅) = X,

ii) {X(w_ξ) : ξ ∈ Zm} is a partition of X(w),

iii) x(w) = x(w0) · · ·x(wk−1)x(wk) and X(w) = x(w0) · · ·x(wk−1)X(wk) where

w = w0 + · · ·+ wk is the canonical decomposition,

iv) f(x(w)) = x(π(w)) and f(X(w)) = X(π(w)), and

v) xn ∈ {x(v) : v ∈ W and |v| = n}.

Using Lemma 5.2.4, we can write the elements of S as s1 < · · · < st. For

each i = i, ..., t, pick a representative ξi of the orbit in Zm\{0} of lengths si.

Choose a clopen invariant neighborhood U1 of 1 ∈ X such that x1 /∈ U1 and

spec(f,X\U1) = spec(f). Put x(0) = 1 and X(0) = U1. Then pick points ai ∈

X\U1, for i = 1, ..., t, with pairwise disjoint orbits of lengths si such that x1 ∈⋃t
i=1O(ai). Now, for each i = 1, ..., t and f < si, put

x(πj(ξi)) = f j(ai).
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By Lemma 5.2.4, there is an invariant partition {X(ξ) : ξ ∈ Zm\{0}} of X\U1

such that X(ξ) is a clopen spectrally minimal neighborhood of x(ξ).

Fix n > 1 and suppose that X(w) and x(w) have been constructed for all

w ∈ W with |w| < n so that conditions i)-v) are satisfied.

Notice that the subsets X(w), |w| = n − 1, form a partition of X. So one of

them, sayX(u), contains xn. Let u = u0+· · ·+uq be the canonical decomposition.

Then X(u) = x(u0) · · · x(uq−1)X(uq) and xn = x(u0) · · ·x(uq−1)yn for some yn ∈

X(uq). Choose a clopen invariant neighborhood Un of 1 such that for all basic w

with |w| = n− q,

a) x(w)Un ⊂ X(w),

b) f(xy) = f(x)f(y) for all y ∈ Un, and

c) spec(f,X(w)\x(w)Un) = spec(X(w)).

If yn /∈ x(uq), choose Un in addition so that

d) yn /∈ x(uq)Un.

Put x(0n) = 1 and X(0n) = Un.

Let w ∈ W be an arbitrary nonzero basic word with |w| = n − 1 and let

O(w) = {wj : j < s}, where wj+1 = π(wj) for j < s − 1 and π(ws−1) = w0. Put

Yj = X(wj)\x(wj)Un. Using Lemma 5.2.3, choose points bi ∈ Y0, i = 1, ..., t, with

pairwise disjoint orbits of lengths lcm(si, s). If uq ∈ O(w), choose bi in addition

so that
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yn ∈
t⋃
i=1

O(bi).

For each i = 1, ..., t and j < si, put

x(πj(w_ξi)) = f j(bi).

Then, using Lemma 5.2.4, inscribe an invariant partition

{X(v_ξ) : v ∈ O(w), ξ ∈ Zm\{0}}

into the partition {Yj : j < s} such that X(v_ξ) is a clopen spectrally min-

imal neighborhood of x(v_ξ). For nonbasic w ∈ W with |w| = n, define x(w)

and X(w) by condition iii). Now to check the other two conditions, that is, con-

dition ii) and iv), let |w| = n − 1 and let w = w0 + · · · + wk be the canonical

decomposition. Then

X(w_0) = x(w0) · · · x(wk)(X(0n)) = x(wk−1)x(wk)(X(0n))

and

X(w_ξ) = x(w0) · · · x(wk−1)X(w_k ξ),
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so ii) is satisfied. Next,

f(x(w)) = f(x(w0) · · ·x(wk−1)(x(wk)))

= f(x(w0))f(x(w1) · · ·x(wk−1)(x(wk)))

...

= f(x(w0)) · · · f(x(wk−1))f(x(wk))

= x(π(w0)) · · ·x(π(wk−1))(x(π(wk))

= x(π(w0) · · · π(wk−1)π(wk))

= x(π(w)),

so iv) is satisfied as well.

Now to check v), suppose that xn /∈ {x(w) : |w| = n− 1}. Then

xn = x(u0) · · ·x(uq−1)(yn)

= x(u0) · · ·x(uq−1)x(u_q ξ)

= x(u_ξ).

Now, for every x ∈ X, there is w ∈ W with nonzero last letter such that x =

x(w), so {v ∈ W : x = x(v)} = {w_0n : n < ω}. Hence, we can define h : X →
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⊕
ω Zm by putting for every w = ξ0 · · · ξn ∈ W ,

h(x(w)) = w = (ξ0, . . . , ξn, 0, 0, . . . ).

It is obvious that h is bijective and h(1) = 0. Since for each z = (ξi)i<ω ∈
⊕

ω Zm,

h−1(z +Hn) = X(ξ0 · · · ξn−1),

then h is continuous. Now we can easily show the three conditions of the theo-

rem having h as a continuous mapping.

To see 1), let x = x(w). Then

h(f(x(w))) = h(x(π(w)))

= π(w)

= π(w)

= π(h(x(w))).

To see 2), let x = x(w), w = w0 + · · · + wk and n = max supp(h(x)) + 2. Let
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y ∈ h−1(Hn), y = x(v) and v = v0 + · · ·+ vl. Then

h(xy) = h(x(w0) · · ·x(wk)x(v0) · · ·x(vl−1)(x(vl))

= h(x(w + v))

= w + v

= w + v

= h(x(w)) + h(x(v))

= h(x) + h(y).

Finally, if X is first countable, {X(0n);n < ω} can be chosen to be a neigh-

borhood base at 1 and then h will be a homeomorphism.

5.3 Resolving by Automorphism

Theorem 5.3.1. Let (X, τ) be a countable nondiscrete regular local left topo-

logical group, let f be a nontrivial stable local automorphism on (X, τ) of finite

order and let s be the least number of spec(f)\{1}. Then X can be partitioned

into countably many subsets dense in any nondiscrete topology ρ on X such that

i) (X, ρ) is a local left topological group,

ii) f is a homeomorphism on (X, ρ)
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iii) s ∈ spec(f, U ∩ V ) for any neighborhoods U, V of the identity in topologies

ρ and τ .

Proof. Let h : (X, τ) →
⊕

ω Z(m) be a continuous local isomorphism given by

Theorem 5.2.1 and let S be a s-element and g-orbit in Z(m). For an arbitrary

x ∈ X we consider a sequence of coordinates h(x) belonging to S. We shall

denote the first element by L(x) and the last by R(x). Let ν(x) be the number of

pairs of neighboring distinct elements in this sequence. Note, if |O(x)| = s, then

h(x) has coordinates from S and ν(x) = ν(f(x)). If x, y ∈ G and r(h(x)) + 1 <

l(h(y)), then

ν(xy) =


ν(x) + ν(y) if R(x) = L(y)

ν(x) + ν(y) + 1 otherwise.

And if, besides, |O(x)| = |O(y)| = s, then there is i < s with the property that

ν
(
x · f i(y)

)
= ν(x) + ν(y),

ν
(
x · f i+1(y)

)
= ν(x) + ν(y) + 1.

Given η < ω we put Xη = {x ∈ X : l(ν(x)) = η}. Trivially, the family of

subsets Xη, η < ω is disjoint. We need to prove that every Xη is dense in (X, ρ).

Let x ∈ X and let U be a neighborhood of the identity of (X, ρ). Put k = 2η+1

and pick elements x1, . . . , xk in U such that
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1. |O(xj)| = s

2. r(h(x)) + 1 < l(h(x1)), r(h(xj)) + 1 < l(h(xj+1))

3. y1 · · · yk ∈ U for any yi ∈ O(xj).

Then there is an element of Xη among elements x · y1 · · · yk ∈ xU for yj ∈

O(xj).

Theorem 5.3.2. If a countable regular space admits a nontrivial regular home-

omorphism of finite order, then it is ω−resolvable.

Proof. Let X be a a countable regular space with a distinguished point 1 ∈ X

and let f : X → X be a nontrivial regular homeomorphism of finite order.

By Corollary 5.2.1 and Corollary 4.2.1, one may suppose that f is spectrally

irreducible. Let h : X\
⊕

ω Zm with h(1) = 0 be a bijection guaranteed by;

1. f = h−1πh, and

2. for each x ∈ X, λx = h−1σh(x)h is homeomorphism of X onto itself.

Furthermore, if X is a local left group and f is a local automorphism, then h

can be chosen so that

3. λx(y) = xy, whenever max supp(h(x)) + 1 < min supp(h(y)).

where, π is the standard permutation on
⊕

ω Zm of spectrum of f .
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Now, pick an orbit C in Zm (with respect to π0) of the smallest possible length

s > 1. For every x ∈ X, consider the sequence of coordinates of h(x) belonging

to C and define ν(x) to be the number of pairs of distinct neighbouring elements

in this sequence. Denote also by α(x) and γ(x) the first and last elements in the

sequence (if nonempty). Then whenever x, y ∈ X and max supp(h(x)) + 1 < min

supp(h(y)),

ν(λx(y)) =


ν(x) + ν(y) if γ(x) = α(y)

ν(x) + ν(y) + 1 otherwise.

We define a disjoint family {Xn : n < ω} of subsets of X by

Xn = {x ∈ X : ν(x) ≡ 2n(mod2n+1)}.

To see that every Xn is dense in X, let x ∈ X and let U be an open neighborhood

of 1. We have to show that λx(U) ∩Xn 6= ∅. Put k = 2n+1 and choose inductively

x1, . . . , xk ∈ U such that

i) |O(xj)| = s,

ii) max supp(h(xj)) + 1 < min supp(h(xj+1)),

and if x 6= 0, then

max supp(h(x)) + 1 < min supp(h(x1))
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iii) λy1 ...λyk(1) ∈ U whenever yi ∈ O(xj).

Suppose (without loss of generality) that γ(xj) = α(xj+1), and that if x ∈ X,

then γ(x) = α(x1). For every l = 0, 1, ..., k − 1, define zl ∈ U by

zl = λx1λf(x2) · · ·λf l(xl+1)λf l(xl+2) · · ·λf l(xk)(1)

(in particular, z0 = λx1λx2 · · ·λxk(1)). Then

h(λx(zl)) = h(x) + h(x1) + πh(x2) + · · ·+ πlh(xl+1) + πlh(xl+2) + · · ·+ πlh(xk).

It follows that ν(λx(z0)) = ν(x) + (X1) + · · · + ν(xk) and ν(λx(zl)) = ν(z0) + l.

Hence, for some l, ν(λx(zl)) ≡ 2n(mod2n+1), so λx(zl) ∈ Xn.

Corollary 5.3.1. In a countable group endowed with a regular ω-irresolvable

topology with continuous shifts, the centralizer of any element of finite order is

open.

Theorem 5.3.3. Let G be a countable group and let τ be a nondiscrete regular

topology on G with continuous shifts and inversion. Suppose B(G) is not a

neighborhood of the distinguished element of (G, τ). Let B = B(G)\{1} and let

X be an open symmetric neighborhood of the identity of (G, τ) satistying one of

the following conditions:

1. X ∩B = ∅,
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2. The centralizer of each element of B ∩X is open and 1 ∈ B

Then there is a partial operation + on X such that, for every topology ρ ⊇ τ on G

with continuous shifts and inversion, (X, τ |X ,+) is a local left topological group

and inversion on it is a local automorphism.

Proof. To prove we start by case 2). Let X be a semigroup of words on the

alphabet Z(4). Enumerate the elements of X as a sequence 1, x1, x2, . . . and

put X(∅) = X and x(∅) = 1. For each n ∈ N we will define a clopen partition

{X(w) : w ∈ Wn} of X, a subset {x(w) ∈ X(w) : w ∈ Wn} and a partial operation,

x(w) + y, w ∈ Wn−1, y ∈ X(∅n) such that

(1)n {X(w_i) : i ∈ Z(4)} is a partition of X(w), and x(w_0) = x(w), where

w ∈ Wn−1,

(2)n X(w) is a spectrally minimal neighborhood of x(w), where w ∈ Bn, and

X(∅n) is contained in the centralizer of each element of order 2 from the

set {x(w) : w ∈ Bn−1},

(3)n (X(w))−1 = X(w−1), and (x(w))−1 = x(w−1), where w ∈ Bn,

(4)n for each w ∈ Bn−1, y ∈ X(∅n) one has x(w) + y = y · x(w) if the last letter

from the set {1, 3} is 3 in the word w, otherwise x(w) + y = x(w) · y,

(5)n x(w) + y = x(w′) + (x(w∗) + y), where w ∈ W−1, y ∈ X(∅n),

(6)n X(w) = x(w′) +X(w∗), and x(w) = x(w′) + x(w∗), where w ∈ Wn, and
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(7)n xn ∈ {x(w) : w ∈ Wn}.

We choose a clopen symmetric neighborhood of 1 as X(0) such that the set

U = X\X(0) has elements of order 2 and x1 /∈ X(0). Let x(0) = 1. Pick the

elements x(1), x(2), x(3) in U such that (x(1))−1 = x(3), (x(2))−1 = x(2), x1 ∈

{x(i) : i = 1, 2, 3}. Then choose a clopen invariant partition {X(i) : i = 1, 2, 3} of

U such that X(i) is a spectrally minimal neighborhood of x(i).

Suppose that we have already defined the partition {X(w) : w ∈ Wn}, the

subset {x(w) ∈ X(w) : w ∈ Wn} and the partial operation x(w) + y, for w ∈

Wn−1, y ∈ X(∅n). One of the partition sets, say X(u), contains xn+1. Since

X(u) = x(u′) +X(u∗), one has xn+1 = x(u′) + yn+1 for some yn+1 ∈ X(u∗).

We choose a clopen symmetric neighborhood of 1 as X(∅n+1) such that after

(4)n+1 has been defined, the partial operation X(w_0) = x(w)+X(∅n+1) ⊂ X(w),

σ(X(w)\X(w_0)) = σ(X(w)), w ∈ Bn, X(∅n) is contained in the centralizer of

each element of order 2 from the set {x(w) : w ∈ Bn} and yn+1 /∈ X(u∗_0), if, of

course, yn+1 6= x(u∗). Put x(w_0) = x(w), w ∈ Bn.

Let w ∈ Bn, and w−1 = w. Pick the elements x(w_i) for i = 1, 2, 3 from the

set U = X(w)\X(w_0) such that (x(w_1))−1 = x(w_3), (x(w_2))−1 = x(w_2)

and yn+1 ∈ {x(w_i) : i ∈ Z(4)}, if w = u∗. Then we choose a clopen invariant

partition {X(w_i) : i = 1, 2, 3} of U such that X(w_i) is spectrally minimal

neighborhood of x(w_i).

Let w ∈ Bn, and w−1 6= w. Put U1 = X(w)\X(w_0), U2 = X(w−1)\X(w−1_0),
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and U = U1 ∪ U2. Since X(∅n+1) is symmetric, U−1 = U2. Pick the distinct

elements x(w_i) ∈ U1, x(w−1_i) ∈ U2, for i = 1, 2, 3, such that (x(w_i))−1 =

x(w−1_i) and yn+1 ∈ {x(w_i), x(w−1_i) : i ∈ Z(4)}, if u∗ ∈ {w,w−1}. Then we

inscribe the clopen invariant partition {X(v_i) : v = w,w−1, for i = 1, 2, 3} into

the partition {U1, U2} of U such that X(v_i) is a spectrally minimal neighbor-

hood of x(v−1).

When X(w), x(w) and x(w) + y have been defined for all w ∈ Bn+1, we shall

define them for w ∈ Wn+1\Bn+1 by conditions (5)n+1, (6)n+1.

After we are done with this process, we will get the bijection F ′ 3 w 7→

x(w) ∈ X and the partial operation X(w) + y, where w ∈ F ′, y ∈ X(∅r(w)+1).

Trivially, the operation x(w) + y, for y ∈ X(∅r(w)+1) maps homeomorphically the

neighborhood X(∅r(w)+1) of 1 onto the neighborhood X(w_0) of x(w). Further-

more, this holds for any topology ρ ⊇ τ with continuous shifts. To see that

x(u + v) = x(u) + x(v), if r(u) + 1 < l(v), use the induction in the length of the

canonical representation of v. That is,

x(u+ v) = x(u+ v1 + · · ·+ vq)

= x(u+ v1 + · · ·+ vq−1) + x(vq)

= x(u+ v1 + · · ·+ vq−2) + (x(vq−1) + x(vq))

= x(u+ v1 + · · ·+ vq−2) + x(vq−1 + vq)

= x(u) + x(v).
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It follows that the partial operation + is associative. If r(u) + 1 < l(v) and

r(v) + 1 < l(w), then

(x(u) + x(v)) + x(w) = x(u+ v) + x(w)

= x(u+ v + w)

= x(u) + x(v + w)

= x(u) + (x(v) + x(w)).

Thus, Xρ is a local left topological group. Now we need to check that inversion

on Xρ is a local automorphism. Let w ∈ F ′, y ∈ X(∅r(w)+1). If w ∈ B,w = w−1

then

(x(w) + y)−1 = (x(w) · y)−1

= (y · x(w))−1 = (x(w))−1 · y−1

= (x(w))−1 + y−1.

If w ∈ B,w 6= w−1 and the last letter of w is 3 from the set {1, 3}, then the last

100



CHAPTER 5. RESOLVABILITY OF TOPOLOGICAL GROUPS

letter of w−1 is 1 from the same set and one has ;

(x(w) + y)−1 = (y · x(w))−1 = x(w))−1 · y−1

= x(w)−1 + y−1

= (x(w))−1 + y−1.

We use induction in the length of the canonical representation of w for a more

general case. In particular;

(x(w) + y)−1 = (x(w′) + (x(w∗) + y))−1

= (x(w′))−1 + (x(w∗) + y))−1

=
...

= (x(w′))−1 + (x(w∗)−1 + (y)−1)

= x((w)−1)′) + (x((w)−1)∗) + y−1)

= x(w−1) + y−1

= (x(w))−1 + y−1.

Lastly, Case (1) can be considered as similar to the above proved case (Case

(2)) and even easier. To prove it we take a semigroup of words on the alphabet

Z(3) as a semigroup F and apply similar methods.

As our first results we have the following.
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Theorem 5.3.4. In a countable group G endowed with a regular ω-irresolvable

topology with continuous shifts and inversion, B(G) is a neighborhood of the

identity.

Proof. See ( [51], Theorem 6.1).

Corollary 5.3.2. Every countable ω- irresolvable topological group contains an

open Boolean subgroup.

Theorem 5.3.5. Every countable group with a finite Boolean part, that can

be embedded in a compact topological group, can be partitioned into countably

many subsets dense in any nondiscrete topology with continuous shifts and in-

version.

Proof. Let G be a countable group with Boolean part B(G) that can be embed-

ded in a compact topological group. Let τ be a totally bounded topological group

on a countable group G and let X be a local left topological group obtained

from (G, τ) by removing elements of order 2, let X have the partial operarion +

guaranteed by Theorem 5.3.3 and let {Xn : n < ω} be a partition of a local left

topological group (X,+) by inversion guaranteed by Theorem 5.3.1. We check

that each Xn is dense in any nondiscrete topology ρ on G with continuous shifts

and inversion. Let τ1 = τ ∨ ρ be the least upper bound of τ and ρ. Neighbor-

hoods of the identity in the topology τ1 are subsets of the form U ∩ V , where

U, V are the neighborhoods of the identity in topologies τ, ρ, respectively. It is
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easy to see that shifts and inversion in topology τ1 are continuous. Also, τ1 is

nondiscrete since τ is totally bounded. We have that τ1 ⊇ τ , and (X, τ1|X ,+) is

a nondiscrete local left topological group and the inversion is a nontrivial local

automorphism on it. Thus, Xn is dense in τ1 and, therefore Xn is dense in ρ.

Corollary 5.3.3. Every countable group with finitely many elements of order 2,

that can be embedded in a compact topological group, is absolutely ω-resolvable.
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Chapter 6

Absolute Resolvability

In this chapter we will deal mostly with Abelian groups and we shall use

additive notation even if the group is not supposed to be Abelian.

6.1 Preliminaries

Definition 6.1.1. Let G be a group. A subset A ⊆ G is absolutely dense if A is

dense in every nondiscrete group topology on G. Given a cardinal κ ≥ 2, G is

absolutely κ-resolvable (absolutely resolvable if κ = 2) if G can be partitioned

into κ absolutely dense subsets.

Note that an Abelian group can be absolutely κ-resolvable only for κ ≤ ω.

Lemma 6.1.1. Let G be an Abelian group and let A ⊆ G. If A is absolutely

dense, then G\A contains no coset modulo infinite subgroup.
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Proof. Suppose that there exist an infinite subgroup H of G and g ∈ G such

that g + H ⊆ G\A. Pick any nondiscrete group topology TH on H and extend

it to the group topology T on G by declaring H to be an open subgroup. Then

g +H is an open subset of (G, T ) disjoint from A, so A is not dense. Hence, A is

not absolutely dense.

Proposition 6.1.1. Whenever an infinite Boolean group is partitioned into finitely

many subsets, there is a coset modulo infinite subgroup contained in one subset

of the partition.

Proof. Let B be an infinite Boolean group and let {Ai : i < r} be finite partition

of B. By Hindmans Theorem, there exist i < r and a one-to-one sequence

(xn)n<ω in B such that FS((xn)n<ω) ⊆ Ai. Let H = FS((xn)n<ω) ∪ {0}. Then H is

a subgroup of B, since B is Boolean, and x0 +H ⊆ FS((xn)n<ω) ⊆ Ai.

We obtain the following Corollary from Proposition 6.1.1 and Lemma 6.1.1.

Corollary 6.1.1. If an Abelian group contains an infinite Boolean subgroup,

then it is not absolutely resolvable.

Definition 6.1.2. LetG be a group written additively. Given a sequence (xn)n<ω

in G, the set of finite sums with inverses of the sequence is defined by

FSI((xn)n<ω) =

{∑
n∈F

εFnxn : F ∈ Pf (w) and εFn ∈ {1, 1} for all n ∈ F
}
.
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The aim of this chapter is to prove the following theorem.

Theorem 6.1.1. LetG be an Abelian group and let A = G\B(G) the complement

of Boolean subgroup of G, be infinite. Then there exists a partition {Am : m < ω}

of A such that whenever the sequence (xn)n<ω is one-to-one in A, and m < ω, we

get

(g + FSI((xn)n<ω)) ∩ Am 6= ∅

where g is an element in G.

Theorem 6.1.1 gives two important corollaries. One of the corollaries is re-

lated to the results from [16] which states as follows; If we let G be an Abelian

group containing an infinite subgroup of bounded order, then whenever the

group is partitioned into finitely many segments, there exists cosets modulo

randomly large finite subgroups contained in one segment. Furthermore, if G

has Boolean subgroup that is infinite, then Finite Sums Theorem gives the re-

quired cosets modulo infinite subgroups contained specifically in one segment.

The construction of a 2-partition of an arbitrary infinite Abelian group not

containing an infinite Boolean subgroup such that every coset modulo infinite

subgroup meets each cell of the partition is contained in [50]. However, the

question whether there is such a 3-partition, even for the group
⊕

ω1
Z(3), re-

mained open. Now Theorem 6.1.1 gives us the complete answer to this ques-

tion.
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Corollary 6.1.2. Let G be an infinite Abelian group not containing an infinite

Boolean subgroup. Then there is a partition {Am : m < ω} of G such that for

every infinite subgroup H of G, g ∈ G and m < ω, one has (g +H) ∩ Am 6= ∅.

Proof. Let (xn)n<ω be a one-to-one sequence inH\B(G). Then FSI((xn)n<ω) ⊆ H.

By Theorem 6.1.1, (g + FSI((xn)n<ω)) ∩ Am 6= ∅, so (g +H) ∩ Am 6= ∅.

The second corollary is concerned with the problem of characterizing the

absolutely resolvable groups raised in [11]. For countable Abelian groups the

absolute resolvability problem was solved in [48] and for all Abelian groups

and κ = 2 in [50]. Theorem 6.1.1 gives us the final solution of the problem for

all Abelian groups.

Corollary 6.1.3. Let G be an infinite Abelian group. Then for every G, the

following statements are equivalent;

1. G is absolutely resolvable,

2. G is absolutely ω-resolvable,

3. G contains no infinite Boolean subgroup.

Proof. 1) =⇒ 2)

is trivial.

1) =⇒ 3)

Let {A0, A1} be a partition of G into absolutely dense subsets and suppose

the contrary that G contains an infinite Boolean subgroup B. For each i < 2, let
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Ci = Ai ∩B. By the Finite Sums Theorem, there is one-to-one sequence (xn)n<ω

in B with FS((xn)n<ω) contained in one cell, say C0. Let B0 = FS((xn)1≤n<ω)∪{0}.

Then B0 is an infinite subgroup, as B is Boolean, and

x0 +B0 ⊆ FS((xn)n<ω) ⊆ C0.

Let T be any nondiscrete group topology on G in which B is open. Then

x0 +B is open and, since x0 +B ⊆ C0, (x0 +B) ∩A1 = ∅. Hence, A1 is not dense

in T , which is a contradiction.

3) =⇒ 2)

Let {Am : m < ω} be a partition of A = G\B(G) guaranteed by Theorem

6.1.1. We claim that each Am is absolutely dense. To see this, let T be a nondis-

crete group topology on G, let U be an open neighborhood of 0 ∈ G, and let

g ∈ G. Pick x0 ∈ U\B(G) with −x0 ∈ U . Fix k < ω and suppose that we have

constructed a one-to-one sequence (xn)n≤k in U\B(G) with FSI((xn)n≤k) ⊆ U .

Let Hk = FSI((xn)n≤k) ∪ {0}. Pick xk+1 ∈ U\(B(G)) ∪ {xn : n ≤ k}) such that

Hk+εxk+1 ⊆ U for each ε ∈ {1,−1}. As a result, we obtain a one-to-one sequence

(xn)n<ω in U\B(G) with FSI((xn)n<ω) ⊆ U . Since (gFSI((xn)n<ω)) ∩ Am 6= ∅,

(g + U) ∩ Am 6= ∅ as well.

Now, the application of Corollary 6.1.3 gives rise to more exposition about

infinite Abelian groups not containing infinite Boolean subgroups. In partic-
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ular, the following Corollary is a consequence of Corollary 6.1.3 and Lemma

6.1.1.

Corollary 6.1.4. Every infinite Abelian group not containing an infinite Boolean

subgroup can be partitioned into ω subsets such that every coset modulo infinite

subgroup meets each subset of the partition.

Note that the cardinal number ω in Theorem 6.1.1, Corollary 6.1.3 and

Corollary 6.1.4 is maximally possible.

An element p of a semigroup is an idempotent if pp = p. The following propo-

sition tells us that the relationship between idempotents and finite products is

intimate.

Proposition 6.1.2. Let S be a semigroup and let (xn)∞n=1 be a sequence in S.

Then
⋂∞
m=1 FP((xn)∞n=m) is a closed subsemigroup of βS. Consequently, there is

an idempotent p ∈ βS such that FP((xn)∞n=m) ∈ p for every m ∈ N.

Lemma 6.1.2. Let G be a totally bounded topological group and let (xn)n<ω be

a sequence in G. Then whenever U and Ux, x ∈ U , are neighborhoods of 0 ∈ G,

there exists a sum subsystem (yn)n<ω of (xn)n<ω such that y0 ∈ U and for every

n < ω, yn+1 ∈
⋂
i≤n Uyi.

Proof. We first show that for every m < ω and for every neighborhood V of

0 ∈ G,
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FS((xn)m≤n<ω ∩ V 6= ∅.

To this end, we define a closed subsemigroup T ⊆ βGd by

T =
⋂
m<ω

FS((xn)m≤n<ω)

Using Proposition 6.1.2, and pick idempotent p ∈ T . We then have that

FS((xn)m≤n<ω) ∈ p for every m < ω. But since G is totally bounded, we also have

that V ∈ p for every neighborhood V of 0 ∈ G. It follows that FS((xn)m≤n<ω) ∩

V 6= ∅ for every m < ω and for every neighborhood V of 0 ∈ G.

Now pick y0 ∈ FS((xn)n<ω) ∩ U . Fix k < ω and suppose that we have con-

structed a sum subsystem (yn)n≤k of (xn)n<ω such that y0 ∈ U and for every

n < k, yn+1 ∈
⋂
i≤n Uyi. Let yk =

∑
n∈Hk xn and let nk+1 = maxHk + 1. Pick

yk+1 ∈ FS((xn)nk+1≤n<ω) ∩
⋂
i≤k

Uyi .

The sequence (yn)n<ω is constructed as required.
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6.2 Direct sums of Finite groups

In this section we prove Theorem 6.1.1 for the group

G =
⊕
α<κ

Gα

where κ is an infinite cardinal and for every α < κ, we have Gα as a finite

group, not necessarily Abelian.

The following Lemma will give us the crucial idea of the construction needed

to prove first partial part of Theorem 6.1.1.

Lemma 6.2.1. Let (cn)n<κ be an increasing sequence in N such that c0 = 1 and

cn+1 − cn → ∞. Then there is a function ϕ : N → [N]<ω with the following

properties:

1) if a ∈ [cn, cn+1), then ϕ(a) = {a0, ..., an−1}, where ak ∈ [ck, ck+1) for all k ≤

n− 1 (in particular, if a ∈ [c0, c1), then ϕ(a) = ∅), and

2) for every d ∈ N, there exist c ∈ N such that whenever a, b ∈ N, 0 < |a−b| ≤ d,

u ∈ ϕ(a), v ∈ ϕ(b) and u, v ≥ c, one has |u− v| > d.

Proof. Without loss of generality one may suppose that cn+1 − cn ≥ 5 for all

n < ω. For each n < ω, pick an integer dn ≥ 2 such that d2n + dn − 1 ≤ cn+1 − cn

and dn → ∞. To define our ϕ, let k < ω and let a ≥ ck+1. Choose the largest

integer l ≥ 0 for which ck+1 + ld2k ≤ a, then choose the lagest integer i ≥ 0 for
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which ck+1 + ld2k + idk ≤ a, and then put j = a − ck+1 − ld2k − idk. Thereby we

write a in the form

a = ck+1 + ld2k + idk + j,

where l is a nonnegative integer and i, j ∈ {0, ..., dk − 1}. Put

ak = ck + jdk + i.

Since ak ∈ [ck, ck + d2k), the function ϕ so defined satisfies the condition 1).

Now to check 2), let d ∈ N be given. Choose n0 < ω such that dn ≥ d + 2 for all

n ≥ n0 and put c = cn0. Now, let a, d ∈ N, with 0 < |a− b| ≤ d, u ∈ ϕ(a), v ∈ ϕ(b)

and u, v ≥ c. Since

ck+1 − ak = ck+1 − (ck + jdk + i)

= (ck+1 − ck)− jdk − i

≥ d2n + dn − 1− jdk − i

≥ dk,
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one may suppose that u = ak an v = bk for some k ≥ n0. Let

a = ck+1 + ld2k + idk + j,

b = ck+1 + l′d2k + i′dk + j′

Then

ak = jdk + i,

bk = j′dk + i′.

Thus, we have that

a− b = (ck+1 + ld2k + idk + j)− (ck+1 + l′d2k + i′dk + j)

= [(l − l′)dk + (i− i′)]dk + (j − j′),

ak − bk = (jdk + i)− (j′dk + i′)

= (j − j′)dk + (i− i′).

Notice that |i − i′| < dk and |j − j′| < dk. Then it follows from the second

equality that if |j − j′| > 1, |ak − bk| > dk. Therefore one may suppose that

|j − j′| ≤ 1. But then it follows from the first equality that a − b differs from a

multiple of dk by 0, 1 or −1. Since |a − b| ≤ d ≤ dk − 2, this multiple of dk must

be zero, so
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(l − l′)dk + (i− i′) = 0.

This gives us l = l′ and i = i′. Consequently, |j − j′| = 1, and we obtain that

|ak − bk| = dk.

Theorem 6.2.1. Let κ ≥ ω. For each α < κ, let Gα be a finite group written

additively, let G =
⊕

α<κGα, and let A = G\B(G) be finite. Then there is a

disjoint family {Am : m < ω} of subsets of A such that whenever a sequence

(xn)n<ω is one-to-one in A, g ∈ G and m < ω, one has

g + FSI((xn)n<ω)) ∩ Am 6= ∅.

Proof. For each x ∈ G, let

supp(x) = {α < κ : x(α) 6= 0α} and supp0(x) = {α < κ : x(α) /∈ B(Gα)}.

Since B(G) =
⊕

α<κB(Gα), we have that x ∈ A if and only if supp0(x) 6= ∅.

For every α < κ, Gα\B(Gα) is a disjoint union of 2-element subsets of the form

{y,−y} and we put sgn(y) = 1 and sgn(−y) = −1. Thus, there is a nonempty

finite sequence of sgn(x(α)) assigned to every x ∈ A, where α ∈ supp0(x).

Let ϕ : N → [N]<ω be a function guaranteed by Lemma 6.2.1. For every x ∈

A, define the subset suppϕ(x) ⊆ supp0(x) and the nonnegative integer ν(x) as
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follows. Let |supp0(x)| = l and let let l ∈ [cn, cn+1). Then supp0(x) = {α0, ..., αl−1}

for some α0 < · · · < αl−1 < κ and ϕ(l) = {l0, ..., ln−1} for some lk ∈ [ck, ck+1),

k ≤ n− 1. Put

suppϕ(x) = {αl0 , . . . , αln−1}

and define ν(x) to be the number of pairs of distinct neighbouring elements

in the sequence

sgn(x(αl0)), ..., sgn(x(αln−1))

(if l ∈ [c0, c1), then ϕ(l) = ∅, and then suppϕ(x) = ∅ and ν(x) = 0). We define the

disjoint family {Am : m < ω} of subsets of A by

Am = {x ∈ A : ν(x) ≡ 2m(mod2m+1)}.

Now let (xn)n<ω be a one-to-one sequence in A, g ∈ G and m < ω. We shall

show that

(g + FSI((xn)n<ω)) ∩ Am 6= ∅.

Note that if (yn)n<w is a sum subsystem of (xn)n<ω, then

FSI((yn)n<w) ⊆ FSI((xn)n<ω).
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By Lemma 6.1.2, one may suppose that

supp(g) ∩ supp(xi) = ∅ and supp(xi) ∩ supp(xj) = ∅

for all i < j < ω. Also one may suppose that the sequence (min supp0(xn))n<ω

is increasing. Let

γ = sup{minsupp0(xn) : n < ω}.

Every x ∈ G can be uniquely written in the form x = x′ + x′′, where x′, x′′ ∈ G,

supp(x′) = supp(x) ∩ γ and supp(x′′) = supp(x)\supp(x′).

Put k = 2m+1 − 1. Choose inductively a sum subsystem (yn)n<k of (xn)n<ω such

that

a) max supp0(g
′) < min supp0(y

′
0) and max supp0(y

′
i) < min supp0(y

′
i+1) for all

i < k − 1, and

b) each of the intervals (|supp0(g
′)|, |supp0(g

′ + y′0)|] and

(|supp0(g
′ + y′0 + · · ·+ y′i)|, |supp0(g

′ + y′0 + · · ·+ y′i + y′i+1)|],

where i < k − 1, contains some interval [cn, cn+1).

Let h = g + y0 + · · · + yk−1, yk−1 =
∑

n∈H xn and n0 = maxH + 1. We claim that
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there is yk ∈ FS((xn)n0≤n<ω) such that

i) max supp0(h
′) < min supp0(yk),

ii) the interval (|supp0(h
′)|, |supp0(h+ yk|] contains some [cn, cn+1], and

iii) suppϕ(h+ yk) ∩ supp0(h
′′) = ∅.

Assume the contrary. Then by Corollary 6.1.1, ∃ δ ∈ supp0(h
′′) and a sum sub-

system (zn)n<ω of (xn)n0≤n<ω such that

max supp0(h
′) < min supp0(z0), and

δ ∈ suppϕ(h+ z) for all z ∈ FS((zn)n<ω).

Put d = |supp0(h + z0)| and let c be a constant guaranteed by Lemma 6.1.1.

Pick z ∈ FS((zn)1≤n<ω) such that

max supp0(h
′ + z′0) < min supp0(z), and

|supp0(h
′ + z′0)| ≥ c.

Let a = |supp0(h
′ + z′0)| ≥ c and b = |supp0(h+ z)|. Then

0 < a− b = |supp0(z0)| ≤ |supp0(h+ z0)| = d.

Let u = |supp0(h+ z0 + z)| ∩ (δ+ 1)|, v = |supp0(h+ z)∩ (δ+ 1)|, w = |supp0(h+

z0) ∩ (δ + 1)| and t = |supp0(h+ z0) ∩ (δ + 1)|. Then u = v + w − t. and so

u− v = w − t,
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which is a contradition, since u ∈ ϕ(a), v ∈ ϕ(b), u, v ≥ c and w − t ≤ w ≤ d.

Now consider the element

go = g + y0 + y1 + · · ·+ yk.

By the construction

suppϕ(g0) ∩ supp0(yk) 6= ∅,

and for each i ≤ k − 1,

∅ 6= suppϕ(go) ∩ supp0(yi) ⊆ supp0(y
′
i).

Therefore we have that

β0 < α1 ≤ β1 < α2 ≤ β2 < · · · < αk−1 ≤ βk−1 < αk,

where

αi = min(suppϕ(g0) ∩ supp0(yi)),

βi = max(suppϕ(g0) ∩ supp0(yi)).
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Put ε0 = 1 and, by induction on i = 1, ..., k, choose εi ∈ {1,−1} so that

εi−1yi−1(βi−1) = εiyi(αi).

Without loss of generality one may suppose that all ε1 = 1. For each i ≤ k,

define gi ∈ g + FSI((yn)n≤k) by

gi = g + y0 − y1 + · · ·+ (−1)iyi + (−1)iyi+1 + · · ·+ (−1)iyk.

Then

ν(gi) = ν(g0) + i.

Hence, there is j ≤ k ≡ 2m+1 − 1 such that

ν(gj) ≡ 2m(mod2m+1),

and so gi ∈ Am.

6.3 General case

In this section we prove Theorem 6.1.1 in the general case.

We need the following additional results before attempting the theorem.
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Proposition 6.3.1. Let G be a countable Abelian topological group. Suppose

that B(G) is neither discrete nor open. Then there is a continuous bijection

f : G→
⊕

κ Z4 such that.

i) f(−x) = −f(x) for all x ∈ G,

ii) f(x + y) = f(x) + f(y) for all x, y ∈ G\{0} with max supp(f(x)) + 2 ≤ min

supp(f(y)).

Proof. This proposition is an immediate consequence of Theorem 5.2.1.

However, will only show how condition ii) of this proposition can replaced

by condition 2) of the next theorem (Theorem 6.3.1).

Indeed, each nonzero element a ∈
⊕

ω Z4 has a unique canonical decomposi-

tion

a = a1 + · · ·+ an,

where for each i = 1, . . . , n, supp(ai) is a nonempty interval in ω and for each

i = 1, . . . , n−1, max supp(ai)+2 ≤ min supp(a+1). Further from ii), if xi = f−1(ai)

for each i = 1, . . . , n, we have that

f(x1 + · · ·+ xn) = a = a1 + · · ·+ an.

Now, let a = f(x), b = f(y) and S(a) ∩ S(b) = ∅. Let a = a1 + · · · + an and

b = b1 + · · ·+ bm be the canonical decompositions. Since S(a)∩ S(b) = ∅, there is
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a permutation c1, . . . , cn+m of a1, . . . , an, b1, . . . , bm such that

a+ b = c1 + · · ·+ cn+m”

is a canonical decomposition. Let xi = f−1(ai), yij = f−1(bj) and zk = f−1(ck).

Then x = x1 + · · · + xn, y = y1 + · · · + ym and since G is Abelian, we have that

x+ y = z1 + · · ·+ zn+m. Lastly, we get that

f(x+ y) = f(z1 + · · ·+ zn+m)

= c1 + · · ·+ cn+m

= (a1 + · · ·+ an) + (b1 + · · ·+ bm)

= f(x) + f(y).

Theorem 6.3.1. Let G be an infinite Abelian group endowed with the largest

totally bounded group topology and let |G| = κ. Then there is a continuous

injection f : G→
⊕

κ Z4 such that

1. f(−x) = −f(x) for all x ∈ G.

2. f(x + y) = f(x) + f(y) for all x, y ∈ G with S(f(Y )) = ∅, where for each

a ∈
⊕

κ Z4. S(a) = supp(a) ∪ (supp(a) + 1).

Here,
⊕

κ Z4 is endowed with the topology induced by the product topology on∏
κ Z4

121



CHAPTER 6. ABSOLUTE RESOLVABILITY

Theorem 6.3.1 allows us to identify an Abelian group G of cardinality κ with

a subset of
⊕

κ Z4

a) for every x ∈ G, −x ∈
⊕

κ Z4 is the inverse of x in G.

b) for every x, y ∈ G with S(x) ∩ S(y) = ∅, x + y ∈
⊕

κ Z4 is the sum of x and

y in G, and

c) the largest totally bounded group topology on G is stronger than that

induced from
⊕

κ Z4.

And that is all that we need to extend the proof of Theorem 6.2.1 to Theorem

6.1.1.

Proof. To prove Theorem 6.3.1, we start by assumption. Without loss of gener-

ality one may suppose that

G =
⋃
α<κ

Gα,

where for each α < κ,

|Gα| = |B(Gα)| = |Gα : B(Gα)| = ω.

For each α < κ, endow Gα with a totally bounded group topology and let

fα : Gα →
⋃
α

Z4
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be a continuous bijection guaranteed by Proposition 6.3.1. We define

f : G→
⋃
α<κ

⋃
[α,α+ω)

Z4

by

f =
⋃
α<κ

fα.
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Conclusion

Sufficient unfolding and consolidating of the required set theory driving the

final results was properly unpacked. As a result, we showed a base theorem of

a wide group of homeomorphisms of finite order on countable regular spaces.

The fundamental steps were to give a theorem describing the structure of a

local automorphism of finite order. In particular, by defining X as a local left

topological group, we showed that a countably nondiscrete regular local left

topological group (X, τ) can be partitioned into countably many subsets dense

in any nondiscrete topology ρ on X such that; i) (X, ρ) is a local left topolog-

ical group, ii) for f a nontrivial stable local automorphism on (X, τ) of finite

order, f is a homeomorphism on (X, ρ) and iii) for a defined least number s of

spec(f)\{1}, we have that s ∈ spec(f, U ∩ V ) for any neighborhoods U, V of the

identity in topologies ρ and τ .
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This led us to more unfoldings as we obtained that i) if a countable regular

space declares a nontrivial regular homeomorphism of finite order, then it is

ω-resolvable. ii) In a countable group endowed with a regular ω-irresolvable

topology with continuous shifts, the centralizer of any element of finite order

is open. It was also shown that every countable group with finitely many el-

ements of order 2, that can be embedded in a compact topological group, is

absolutely ω-resolvable. As a result of showing this, we were able to show that

every countable nondiscete topological group not containing an open Boolean

subgroup is ω-resolvable. In addition, we showed how this results were again

proved using a theorem describing the structure of a larger family of home-

omorphism of finite order on countably infinite regular spaces. We thus say

with certainty that every countable infinite nondiscrete ω-irresolvable topolog-

ical group contains a countably infinite open Boolean subgroup.

Also, we showed that every infinite Abelian group not containing an infinite

Boolean subgroup is absolutely ω-resolvable. As a consequence, we obtained

that every infinite Abelian group not containing infinite Boolean subgroup can

be partitioned into ω subset such that every coset modulo infinite subgroup

meets each subset of the partition. Furthermore, we got that for a totally

bounded topological group G and a sequence (xn)n<ω in G, whenever we have

some neighborhoods of 0 ∈ G, say U and Ux, for x ∈ U , there is a sum subsystem

(yn)n<ω of (xn)n<ω such that y0 ∈ U and for each n < ω, we have yn+1 ∈
⋂
i≤n Uyi.
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It was finally shown that there is a disjoint family {Am : m < ω} of subsets of

A such that whenever a sequence (xn)n<ω is one-to-one in A, g ∈ G and m < ω

one has g + FSI((xn)n<ω))
⋂
Am 6= ∅. In particular, we showed that every infi-

nite Abelian group not containing an infinite Boolean subgroup is absolutely

resolvable.
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