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ABSTRACT ARTICLE HISTORY

In this paper, following previous works of ours, we deal with a mathemat- Received 11 August 2023
ical model of hepatitis B virus (HBV) infection. We assume spatial diffusion Accepted 30 November 2023
of free HBV particles, logistic growth for both healthy and infected hepato-
cytes, and use the standard incidence function for viral infection. Moreover,
onetime delay is introduced to account for actual virus production. Another
time delay is used to account for virus maturation. The existence, unique- ~ KEYWORDS ,
ness, positivity and boundedness of solutions are established. Analyzing ~ HBV infection; mathematical
the model qualitatively and using a Lyapunov functional, we establish the PDE models

existence of a threshold 7y such that, if the basic reproduction number 2000 MATHEMATICS

Ro verifies Ro < 7p<1, the infection-free equilibrium is globally asymptot- SUBJECT

ically stable. When Ry is greater than one, we discuss the local asymptotic =~ CLASSIFICATIONS
stability of the unique endemic equilibrium and the occurrence of a Hopf 35Q92;92D25
bifurcation. Also, when Ry is greater than one, the system is uniformly per-

sistent, which means that the HBV infection is endemic. Finally, we carry out

some relevant numerical simulations to clarify and interpret the theoretical

results.

COMMUNICATED BY
G. Panasenko

1. Introduction

Many people suffer enormously from hepatitis B virus (HBV) infection worldwide. It is a disease
affecting the hepatocytes (or the liver cells) [1], which can evolve to acute and chronic stages. The most
deadly complications of HBV infection are hepatocellular carcinoma, cirrhosis and liver failure [2].
According to the World Health Organization (WHO), more than 350 million people have chronic
HBYV infection, and about 600,000 people die every year due to its above mentioned complications [3].
It is now well known that mathematical models can contribute to a better understanding of HBV
infection in order to design good strategies for its treatment.

The modeling of processes in a viral infection mainly takes into account: the dynamics of target
cells, the viral transmission pathways and the production of free virions. Viral transmissions can occur
by different routes, including cell-to-virus transmission, direct cell-to-cell contacts with neighboring
cells or mitotic transmission mechanism [4]. It seems reasonable and biologically more meaningful
to assume, as in most biological processes, that the different stages of the evolution of HBV in the
hepatocytes do not take place at the same time. In order to take into consideration the time necessary
to observe the production of new virions after viral entry into a target hepatocyte, mathematical mod-
els with time delays have been proposed [5-7]. Dahari and co-workers [8] proposed a basic model

CONTACT Calvin Tadmon @ tadmonca@uni-mainz.de

© 2023 Informa UK Limited, trading as Taylor & Francis Group


http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/00036811.2023.2291813&domain=pdf&date_stamp=2024-08-07
mailto:tadmonca@uni-mainz.de

2284 e S. FOKO AND C. TADMON

of hepatitis B virus dynamics with logistic hepatocytes proliferation and noncytolytic loss of infected
hepatocytes. In [4], the authors extended the basic model proposed in [8] by incorporating a saturated
infection response rate, and a discrete intracellular delay. For the model obtained, they investigated the
global asymptotic stability of equilibria by using the Lyapunov method, established the occurrence of a
Hopf bifurcation, determined conditions for the permanence of the model, and the length of the delay
to preserve stability. Tridane and his collaborators [9] studied the dynamical behavior of HBV infec-
tion model with logistic hepatocytes proliferation, antiviral therapy and CTL immune defense delay.
The three models mentioned above assume that cells and free viruses are well mixed in the domain
with no spatial variations, and they ignored the mobility of cells and free virus particles, whereas the
mobility of cells or organisms plays an important role in many biological phenomena [10]. Wang
et al. [6] considered a time delay between the infection of a hepatocyte and the production of new
virions, and they studied the asymptotic stability of equilibria of the model obtained. For the same
model, the traveling wave solutions results were established by Gan and co-workers [11]. Xu and
Ma [7] studied the global dynamics of an HBV model with a saturation response and a time delay
for virus production. Zhang and Xu [12] investigated a delayed HBV diffusive model with antibody
immune response. Yang and Xu [13] relied on the works by Zhu and Zou [14] and Wang et al. [15]
to study a diffusive delayed model with Beddington-DeAngelis incidence function and cytotoxic T
lymphocytes immune response. Hattaf and Yousfi [16] considered a general HBV model, with spatial
diffusion, a general incidence rate and two time delays. Dixit et al. [5] estimated that the time delay
for virus production is approximately one day.

In our earlier work [17], based on some previous papers [18-20], we formulated and completely
analyzed the following nonlinear PDE model with a logistic growth of hepatocytes and a standard
incidence function for describing HBV infection:

oH 3 H(x,t) + I(x, t)) B aH(x, t)V(x,t)

— =59 — diH(x,t) + r1H(x,t) (1

ot
al _ aH(x,t)V(x,t)
at  H(x,t) + I(x, 1)

Ky Hx, t) +1(x, 1)’
H(x,t) + I(x, t))
%)

v auH(x, OV (x )
Jr = DAV + K 8) — Vo t) — s

— 8I(x, 1) + rI(x, t) (1 (1

where t > 0 denotes time and x = (x1, x2, x3) is a position in €2, a subset of R3 representing the liver.
H(x,1),1(x,t) and V(x, t) stand for the densities of healthy hepatocytes, infected hepatocytes and free
HBYV particles at position x and time ¢, respectively. All the parameters are assumed to be positive con-
stants and independent of the position in the liver. Healthy hepatocytes are fabricated at rate sy, perish
at rate di H and become infected at rate « HV /(H + I). They are assumed to grow logistically, with
homeostatic carrying capacity K. r; is the maximal per capita growth rate or the proliferation rate.
Infected hepatocytes die at rate § per day so that 1/§ is the life-expectancy of HBV infected hepato-
cytes. r; is the proliferation rate or maximal rate of growth per capita of HBV infected hepatocytes.
Free viruses are liberated from infected hepatocytes at rate kI and die at rate uV. The population
of virions decreases due to the infection at the rate xuHV /(H + V'), where u € [0, 1] is a modifica-
tion parameter. The motion of the virus follows the Fickian diffusion; D is the diffusion coefficient.
AV =" ,082V/dx}, n = 1,2,3, is the Laplace operator. The PDE system (1) is supplemented by
the Neumann homogeneous boundary condition:
v

— =0 ond x[0,T], (2)
an

where % stands for the outward normal derivative on 9€2, and the following initial conditions

H(x,0) = Hy(x), I(x,0) =1Iy(x), V(x,0)= Vp(x) in Q. (3)
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It is worth mentioning that, in a recent work [21], we proposed two non-standard finite difference
schemes for PDE system (1), and analyzed their dynamic properties. Then, to achieve the main objec-
tive of this study, the initial boundary value problem (1)-(3) will be extended to incorporate two time
delays.

In this paper, motivated by the works in [6,7,22], we consider the following partially degenerate
delayed reaction-diffusion system:

0H H(x,t) + I(x, 1) aH(x,t)V(x, 1)
— =9 — d1H(x, H(x, 1— — ,
gr 0T AHED G < Ky ) H(x,t) + 1(x, 1)
1 H(x,t — Vix, t — H(x,t I(x, t
A _ e @HOI VL ZT) i p) (1 _HxD + 18 )), (4)
ot H@,t— 1)+ I(x, t — 11) Ky
oV _ auH(x, t)V(x,t)
— =DAV(x, I(x,t — nn _ ) —
a7 Vix,t) + kI(x,t — o) e wVix,t) Hoh) + 100

fort € (0, T), x € 2, with initial conditions

H(xae) = ¢l(xx 9) >0, I(x)e) = ¢2(X,9) >0,

— (5)
V(x,0) = ¢3(x,0) > 0, x € Q, 0 €e[-1,0], T = max{t, 12}
and homogeneous Neumann boundary condition
A%
— =0 ondQ2 x (0,7). (6)
an

We assume as in [23] that at time t — 71, the virus contacts a healthy hepatocyte and the cell actively
evolves at the infected state at time t. That is, the first parameter 7; denotes the time delay for
new virus particles production. Note that the hepatocytes that are infected at time ¢ are not those
that were infected at time ¢t — 71, but rather those that have been added at this time. Also, of the
% infected hepatocytes added at time ¢t — 71, only a fraction e™"1™ will be, in life at
time t, able to produce free virions. This infers that, from time t — 7; to time ¢ the probability of newly
surviving produced virions is given by the quantity e "1™, y; denote the death rate for infected hep-
atocytes but not yet producing free liver virions. The last time parameter 7, is the maturation time
of newly produced virions. The quantity e™72" is the probability of survival of immature virions, so
that the 1/, is the average life time of an immature virus, with y; the death rate of immature virions
newly produced. Now, it is worth noting that as the total number of hepatocytes, H + I, approaches
the carrying capacity Ky, one assumes proliferation slows down thanks to a homeostasis mechanism
in which only the total hepatocytes number matters, not whether they are infected [8]. The use of the
standard incidence function is due to the fact that an average human liver is constituted of billions of
hepatocytes [24]. The rate ue HV /(H + I), which corresponds to the decreasing number of free viri-
ons population due to the infection, describes the absorption phenomenon [25]. Epidemiologically,
the force of infection by virions denoted by o V//(H + I) means that for V' = 0, this force of infection
is zero. This indicates that the HBV pathogenesis cannot spread on the human liver if there is no
infection. As noted in [18], it is worth recalling that one advantage of the standard incidence func-
tion is that it eliminates the biologically unrealistic dependence of the susceptibility to HBV infection
on the liver mass that occurs when a mass action function is assumed for describing HBV infection.
The justification of the assumption concerning the use of logistic functions to describe the growth of
healthy and infected hepatocytes has been emphasized in [19]. For the analysis of the model obtained,
we assume that the domain € is connected and bounded in R? and that its boundary, 3%, is smooth.
We also assume that the functions ¢;(x,0)(i = 1,2,3) are Holder continuous in € x [—7,0] and
¢3 satisfies the compatibility condition d¢3/dn = 0 on Q2 x [—7, 0]. The homogeneous Neumann
condition (6) means that free virions do not move across the boundary of the liver.
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The remainder of the paper is outlined as follows. In Section 2, by using the parabolic maximum
principle combined with other relevant arguments from functional analysis, we prove that there exists
a unique bounded positive global solution to the model considered. Section 3 is devoted to the local
stability analysis of equilibria and to the Hopf bifurcation of the endemic equilibrium. The main
concern of Section 4 is the global stability of the steady states. Numerical simulations are performed
in Section 5 to illustrate the theoretical results. We conclude the work in Section 6.

2. Positivity, boundedness, existence and uniqueness of solution

In this Section, we mainly use the techniques set up in [18], to study the positivity, boundedness,
existence and uniqueness of the solution to PDE-model problem (4)-(6). Let X = C(2,R?) be a
Banach space of continuous functions from  to R* and C = C([—1, 0], X) be the Banach space of
continuous functions from [—7, 0] to X equipped with the usual supremum norm. We will identify
an element ¢ € C as a function from Q x [—t, 0] to R? defined by ¢ (x,s) = ¢(s)(x). Also, we define
wt € Cby wi(s) = w(t+ ), s € [—7,0] for any continuous function w : [—7, 79) — X, where 79>0.
We further assume that the initial conditions of system (4) satisfy:

¢1(x>9)>0> ¢2(x>9)>0> ¢3(X,9)>0,

_ 7
Ky > No(x,0) = ¢1(x,0) + ¢p2(x,0)>C, x€ R, 0 € [—1,0], @)

where C is a positive real constant. Assumption (7) means that we are not interested by the initial
processes of infection but by HBV pathogenesis. The boundary condition (6) implies that free virus
particles do not move across the boundary 9<2.

Theorem 2.1: For any given initial data ¢ € C satisfying the condition (7), there exists a unique solution
of the PDE problem (4)-(6) defined on [0, 00), and this solution remains positive and bounded for all
t>0.

To prove Theorem 2.1, we shall make use of the following result, which is an immediate consequence
of the positivity lemma for parabolic equations, see [26, Lemma 2.2.1] or an immediate consequence
of the maximum principle for parabolic equations, see [27, from p.187] (see also [28] for other possible

methods).

Lemma 2.2: Let L be an elliptic operator, for instance L = A. If u is continuous in Q x (0, T) and

du )
— — Lu=f(u) < g, in Q2 x (0, T),

ot

du

— =0<h, ondQ2 x (0, T),
an

u=uy <l in Q

and w is a continuous solution of:

ow .

T Lw = g(w), in Q x (0, T),
ad

M on 9 x (0, T),
an

W = l) in Q,

then
u<w, inQxI[0,T).
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Proof: Define y = u—w. Then, it follows that y satisfies:

9

L —ly=fw-gwm =0 inQx@©),
9

D~ _h<o, on 4R x (0,T),
an

y:uo—lfo, in Q.

Then, the positivity lemma or the maximum principle guarantees that y < 0 and therefore u < wand
the proof is done. [

Proof of Theorem 2.1: Define H = {(¢1,¢2,¢3) € C : ¢1(-,0) = C>0,¢2(-,0) > C>0, 0 € [T,
0]}. Then for any initial conditions ¢ = (61,02, ¢3)T € H and x € Q, we define F = (Fy, F,, F3) :
H — Xby

,0 50 ,0 ,0
1«@m=m—m@mm+nmwm0—@“)+@“)> 20615 0)¢s(x, 0)

Ky T $1(%,0) + ¢2(x,0)
a e M (x, —11)@3(x, —T1)

B () (x) = Pt T ot 8¢2(x,0) + ra¢p2(x, 0) <

1— ¢l(x) 0) + ¢2(x) 0)>
Kn ’

aug;(x,0)p3(x,0)
¢l (-xa 0) + ¢2 (X, 0) .

F3(¢)(x) = ko (x, —12) 2™ — pp3(x,0) —

In this case, problem (4)-(6) can be rewritten as the following abstract functional differential
equation:

dw()
o SAWHEW), >0, )
W) =¢ eX,

where W = (H,I, )T, ¢ = (¢1,¢2,¢3)T and Aw = (0,0, DAV)T.
Now, we prove that F is locally Lipschitz in X.
Let ¢ = (¢1, 02, $3), ¢ = (91, 92, 3) € H. By calculation, we have

Fi() @) — Fi(@) (%)
=mmmm—@mw+n@wm—wmm+%ﬂwmm+mmm+mmw

X (¢1(x,0) — ¢1(x,0)) + h1(x,0)(¢2(x,0) — $2(x,0))]

a(@1(x, 0)¢1(x, 0) + @1(x, 0)a(x, 0)) (¢3(x,0) — P3(x,0))
@1 (X, 0)¢1 (x7 0) + @1 (x’ 0)¢2 (xs 0) + ©2 (x) O)¢1 (.X, 0) + ©2 (x> O)¢2 (x> 0)

n a1 (x, 0)¢3(x, 0) (P2(x,0) — ¢2(x,0))
@1 (X, 0)¢1 (X, 0) + @1 (xa 0)¢2 (-x’ 0) + ©2 (X, 0)¢1 (x’ 0) + @2 (X, 0)¢2 (x> O)

+ O“pz(X, 0)¢3 (X, O)((pl (X, O) — @1 (X, 0))
@1(x,0)1 (x,0) + @1 (x, 0)h2(x, 0) + @2(x, 0)h1 (%, 0) + @2 (x,0)¢2(x,0)

9)
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From (9), it follows that
IF1(#)(x) — F1(9)(x) lIx

any ¢ (1 — ¢1)
0101 + @192 + 201 + @202 ||

rny
di+n + % lor — d1llc + ——llw2 — Pallc +
Kn Kn
+ ’
C

no = llg1 + ¢1 + @2lloo = sup{g1(x,0) + ¢1(x, 0) + @2(x, 0)},

a (o161 + ©102) (03 — ¢3)
0101 + Q192 + 201 + 0202 ||

H any1¢2(d2 — ¢2)
0101 + 0192 + 0201 + V202

where

xeQ
n1 = ||¢1lleo = sup{e1(x,0)},
xeQ
_ ‘ o£Y {¢3(x,0)}
ny=||—| =sup
P2l yeq | 92(x,0)
Now, by using the fact that
V192 <1 0Y05) <1
P1d1+ @102 + @291 + 202 @101 + @12 + 201 + @2
0101 + 0192

<1,
0101 + @102 + 201 + V2602

we obtain

1F1()(x) = Fi(9) (%) x

(d1 +r1+an + —H) llor — 1lic + (— + anz) o2 = pallc + allps — ¢slic

3
<Y N'lgi—ailc,

i=1

where N| = d) + 1 +any + %, N} = ””1 + any and N} = . In a similar manner, we get

3
IF2@) () — B @)@l < Y N I — gl »
i=1
where

N3 _
N1 =anse 7’”‘—1— e N2—8+r2+om5e na 4 2= N%:oze nu.

H Ky

n3 = llg2 + @2 + ¢1lloo = sup{ea(x,0) + ¢2(x,0) + ¢1(x, 0)},
xeR

ns = l[$2lloc = sup(2(x,0)},

xeQ

{ws(x,—n)}
=supy———1>
e’} xeQ (PZ(x) _Tl)

@2

Nnsg =




APPLICABLE ANALYSIS (&) 2289

3
IB@) () — B @)@l < Y N7 g — wille»
i=1
where N13 = auny, N23 = ke™72"2 + qun, and N33 = p + au. Thus, Fislocally Lipschitz in X. Hence,
thanks to Proposition 2.1 in [29], there exists a unique local solution for system (4) on the interval
[0, Trnax), where Tmay is the maximal time of existence of a solution of system (4).

Next, we show that the solution (H, I, V) of problem (4)-(6) remains positive on Q x [0, Trax)-
Let [0, T+) denote the maximal subinterval of [0, Trnax) where the solution remains positive. We first
prove that the solution is bounded on Q x [0, T4). In order to prove the boundedness of solutions,
define the following functional

Lx,t) =e " H(x,t — 1)) + I(x,1), (x,1) € Q x[0,T).
This implies

AL(x,1)
at

H(x,t) + 1(x, t
e Mgy —e "Ud H(x, t — 11) — 81(x, 1) + 12 (x, 1) <1_—(x )K+ (x )>
H

H(x,t — I(x,t —
+ e_ylnrlH(x,t— ) <1 _ (x 71) + I(x TI))

Ky

Kyrie Mo Kgr r Ki\?
=spe N 4 21 M e g Hix t — 1) — 81(x, ) — — (1 — —2
4 4 Ky 2
rpe Kg\? renm )
- Hxt—1)——|) ——H(Mxt—1)I(x,t —71) — —HI
_ (so+ Kyr)e™™™ + Kyry a0l

- 4
where qo = min{d,, §}. Thus, it follows that

4 K —"n K
L(x’t)fmax{(SH st Hrz,mazi{e‘”%l(x,—n)+¢z(x,o)}}:=M1.

4qo x€Q
This implies that H and I are bounded on © x [0, T).

Now, from the boundedness of I and system (4)-(6), we deduce that V satisfies the following
system

ov H(x,t)V(x,t

— — DAV =kl(x,t — 1) e 22 — uV(x, t) — M < kM;e 2% — 1V,

ot H(x,t) + I(x,t)

A%

W _. (10)
an

V(X, 0) = ¢3 (x) O) >0)

4 K nh 4 K
where M; = max{( So + Hrli;() + Xar »max, & e M1 (x, —11) + ¢h2(x,0)}}.

Thus by Corollary 2.2, the solution ¥(¢) of problem (11) below
9%
%t
Jat (11)
(0) = max ¢3(x,0)
xeQ

satisfies V(x, t) < ¥(t). By Gronwall’s inequality in differential form [30, Lemma 2.3], the solution is
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_ o kMyerm o
v(t) = max ¢s(x,0) e + (1—e*), forallt e [0,T+) and hence
xeQ
kM, e 722 —
Vix,t) < max{—,max¢3(x, 0)} , Y(xt)eQx[0,Ty).
w xeQ
From the above discussion, we have proved that H(x, t), I(x, t) and V (x, t) are positive and bounded
on 2 x [0, Ty).
Now, let
B t) = L (Hx ) + I(x, 1) + —r 2D (12)
x,t) = — (H(x, X, —_
KH H(x) t) +I(x) t)
It follows from the first equation in system (4) that
0H
i (B(x,t) +d — r))H(x, t). (13)

This reads as

t

o B(x,s) ds}.

t
3 [H(x, t) exp {(d —rt+ / B(x,s) ds” = s exp {(d —rt+ f
0 0
Thus,
t t t
H(x,t) exp {(d —r)t+ / B(x,s) ds} — ¢1(x,0) = / S0 exp {(d —rt+ / B(x,s) ds} dt.
0 0 0

From the above result, we obtain the following formula for H

t
H(x,t) =¢1(x,0)exp{—(d—r1)t—/ B(x,s)ds}
0

t t t
+ [exp{—(d—rl)t—/ B(x,s)ds”/ soexp{(d—rl)t—i—/ B(x,s)ds} dt. (14)
0 0 0

Note for instance that (14) is valid when (x,t) € Q x [0, T+). We formally set
Bi(x 1) = > (H(x, 1) + (1)), (15)
Ky

By the second equation of system (4), we get

0l  aeM"H(xot—1)V(x,t—1)
at  H@ot—r1)+ 106t —11)

— (B1(x,t) + 8 — r)I(x, t). (16)

This leads to

t
9 |:I(x,t)exp{(8—r2)t+/ Bl(x,s)ds”
ot 0

_ ae MOH(x,t — 1) V(x, t — 11)
 H@t—1)+Ixt—1)

t
exp {(8 — rz)t—i—/ Bi(x,s) ds} .
0



APPLICABLE ANALYSIS (&) 2291

It follows that
t
I(x,t) = ¢3(x,0) exp {—(8 — 1)t — / Bi(x,9) ds}
0

t -nu _ _ t
xe Hx6 ~ )V (%6 —7) @O0 oxp L / Bi(x,s)ds¢ d6. (17)
0 Hx,0 —1)4+ V(x,0 — 1) 0

Owing to the initial condition, it follows that I(x, £)>0 for (x, ) € Q x [0,7].
Now we prove that V(x, t)>0 for (x,t) € Q x [0, 7].

From the third equation of system (4), the zero-flux boundary condition (6) and the initial
condition (7), we have

oV _ auH(x,t)V(x,t)
&Y DAV ) = kI(x,t — nT _ V(x ) — DT
ot (nh) =HMxt—n)e WV = e I D

V(x,0) = ¢3(x,0)>0,
av
— =0, ondQ x [0,00).
an

By contradiction, assume that there exists (xo, t) € € x [0, 7], such that V(x, ) < 0. For this, define
fi = inf{t € [0,7] : 3x; € © such that V(x,t) = 0.

Due to V(x,0) = ¢3(x,0)>0 for x € 2, and from the continuity of V, it follows that t; >0. Therefore,
for t € [0, £1), one can define the following function h(x,t) = In V(x, ). To get a contradiction it is

sufficient to show that the function / is bounded from below on € x [0, ¢;). By direct calculation, we
obtain

2
dh(x, 1) DA = 1 <8V(x, ) AV t)) +D|VV(x, 1| ’
ot Vix, t) ot Vi(x, t)?
_ B | _auHxHV(x, t))
= Vi <k1(x’t ) e wV e — e I D
IVV(x,1)|?
Vi, 0?2
o auH (x, t) kI(x,t — 1p) e 7212 [Vv(x, 1)
T TE T H&G + 1m0 V) V(x, )2
= — 11X lloos (18)
auH(x,t)

where x (x,t) = u + Honilan:- Dueto (18), we deduce that

h(x,0) =In¢3(x,0) = —||In ¢3]|c.

oh
The Neumann condition in (6) implies that Py 0. Now, for a sufficiently small € >0, define
n

€
he(, 8) = h(6 6) + lIXlloot + 10 palloc + 2 (E+ 1),
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so that the following inequality holds

dhe (x, £)

DAl (x,1) > <
- X, )
ot ¢ )

with positive initial condition and homogeneous Neumann boundary condition

dhe

and — =0,
an

€
hé (x’ 0) Z E
respectively. Note that for h to be bounded from below, it suffices to show that he > 0. So, we again
proceed by contradiction. Then, define

t, = inf{t € [0,£;) : 3x; € Q such that ke (x1, £) = 0}.

Clearly, t,>0. Then, from the definition of t,, the function x + h¢(x, t;) has a minimum on Q at x1.
If x; € Q, then Ahc(x, 1) > 0. Thus, % >0, which indicates that on the left neighborhood of t,,
he (x1,t)<0. This contradicts the definition of £,. On the other hand, if x; € 9€2, one has a minimum
on 92 and accordingly Vh. (x1, f2) is orthogonal to the tangent plane at x;. But, from the boundary
condition, we have % (x1, t2) = 0. Thus Ahe (x1, £2) > 0, which also gives a contradiction. It is obvi-

ous that, for a sufficiently small €>0, h.>0 on Q x [0,11). So, by letting € — 0 in the definition of
he, we get

h(xt) = =l xllooti = [0 gallos  forall (x,1) € @ x [0,11).

With this last conclusion, we deduce that V(x, )>0 for all (x,t) € € x [0, ]. Now, since I(x, )>0
for all (x,1) € Q x [0, 7], it follows, in view of (12) and (14), that B is bounded on Q x [0, t] and
H(x,t)>0 for all (x,t) € Q x [0, 7].

Repeating the above arguments, it follows that I and V are positive on Qx[nr,(n+ D], n=
1,2,.... Thus I(x,t)>0 and V(x, t)>0 for all (x, ) € Q x [0, Timax). In view of (12) and (14), since I
and V are positive on Q x [0, Timax), it follows that B is bounded and H is positive on Q % [0, Trax)-
From this, we easily obtain the boundedness of H, I and V on Q x [0, Tmax) as on € x [0, T.). From
the above investigation and the standard theory of semilinear parabolic systems [31], we deduce that
T4 = Tmax = 00. This completes the proof. [

3. Local stability analysis of steady states

This Section is devoted to the local stability of HBV-free equilibrium and HBV-infected equilibrium
of problem (4)-(6). For this purpose we will thoroughly analyze the characteristic equations.
If r1>d,, then PDE system (4) always has an HBV-free equilibrium

K 4
EO = (A>O, 0), with A = —H |:(7’1 _ dl) + \/(7’1 _ d1)2 + 50r1:| .
27"1 KH

In the following theorem, whose proof is similar to that of Theorem 4.2 in [17], we give the expression
of the basic reproduction number Ry, which is defined as the average number of newly infected
hepatocytes at the beginning of the infectious process [12].

Theorem 3.1: If the diffusion coefficient of the mature free virions D is a positive constant and 8>,
then the basic reproductive number Ry of PDE-model (4) is

ake Viti—rR2n2

[ Py

(19)
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Biologically speaking, denotes the average survival period of infected hepatocytes

1
6+r2(ﬁ—1)

which is less than % since proliferation of infected hepatocytes slows down according to a homeosta-
1
ntou

surviving period of free virions that is less than ﬁ because free viruses decrease due to the infec-
tion following an absorption effect with a modification u. « stands for the rate of newly infected cells
which are infected by the first free virions. The fraction e™"1™ represents the probability of surviving
of hepatocytes infected from t — 7; to t, while the quotients e™72% is the probability of surviving for
immature free viruses from time t — 7, to time t. Thus, Ro of our PDE model (4) has an interest-
ing biological meaning. Note that, the basic reproduction number R is independent of the diffusion
coefficient D. Also, R decreases as the delays 77 and 7, increase. Hence, neglecting one of these delays
leads to an overestimate of the infection risk.

From Proposition 4.6 of [17], PDE model (4) has a unique positive constant endemic equilibrium
E* = (H*,I*, V*), given by

sis process. During this period an infected cell produces k virions per unit time. is the average

KX [(M +aw) (5 +n (% - 1)) (Ro = DX + p(rs — 8)(1 = X) + 28 (u + au)x]

H* = )
r(u+ auX)
(20)
=K [ ew (847 (= 1)) Ro— DX+ u(2 = 1 = X) + 2 (u + awX|
' r2(u + X
e3)
and

(1 — X)kKy [(u +au) (5 ' (1?71 - 1))

(Ro = DX + u(ry — §)(1 = X) + 22 (u + au)x]
V= , (22)
r2 (1 + oauX)?

with 0<X < 1 satisfying the following equation:
b3X? + b X* + b1X + by = 0, (23)

where

bo = so(uur2)*>0,

by = 2spaupur; + Ky (ry — 8)[iu(rd — rady) — raacke 7],

by = so(aury)® + a[urKy(r1 — di) — raakKy — 2un Ky llke 7722 + u(r, — §)]

+ uraKp(ry — 8) (ke ™ + u(r — d1)),
bs = aKy(ra(ke ™ + u(ry — dy)) — rllke™" 777" + u(r, — 8)).

Note that for all X € (0, 1], H*, I*, V*>0 if Ro>1 and the constant equilibrium with infection E* =
(H*, I*, V*) is unique if b3<0, b <0, b; >0 or if b;<0 for all i € {1,2, 3}.
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Now, let E = (Hy, Iy, Vo) be any feasible steady state of PDE system (4). Then linearizing (4) at
E = (H(),Io, V()) yields

oH 2r r Iy Vi
=< gy, 110_a°—()2>H(x,t)
ot Ky Ky (Hp + Ip)
r Vi H
+ <__1H0 + 05—002> I(x,t) — @t Vi(x,t),
Ky (Ho + Io) Hy + Io
ol MU,V 2
OOkt — 1) — I H(x ) + (rz _5— 2 H, - ﬁ%) I(x, )
ot (Ho + Io) Ku Ky Ky (24)
ae "M HyVy ae VM Hj
At — )+ LVt — 1),
(Ho + 1) Hy + Lo
oV ulyV,
9 _pav — 2O ity 4 ke R I(x t — 1)
at (Hy + Ip)?
auHyVy 160 8) < + auH, ) Vo D),
— I(x,t) — X,
(Ho + Ip)? H Ho+ 1y

for t>0, x € Q. Let —A be the operator, with eigenvalues 0 = pj<p, < 3 <---, on Q subject
to the homogeneous Neumann boundary condition. Let E,,; be the eigenspace associated to p; in
C!(R). Consider, on X = [C!(R)]?, the following orthogonal basis {9 j=1,...,dimE,;} of the
eigenspace E,;, and set X;; = {gjic, / c € R3}. Hence

dimEy;

X = @x and X_@XU

Inserting H(x, t) = e (x), [(x,t) = e*p,(x),and V(x,t) = e*p3(x) into (24), we get the follow-
ing eigenvalue problem

2n r alyVy
A = —d; — 22Hy— —1, —
@1(x) < 1 gHV 0 K0 (HH+I )2> (%)
r o
KH (Ho + Ip)? C Ho+1Io
OZI()VO _ )
Ao (x) = —(H() AT e ()wH’l)Tlgol(x) — K—Io(pl (x) + <r2 N _HHO _ K_HIO> 02(x)
(25)
aHyVy, B oHy
_me (H-Vl)n(p (x) + m (k+y1)t1¢3(x)’
aulpVy
A3 (x) = D@} (x) — ﬁ 01(x) + ke OH7)2 0, (x)
+ oY ( aully ) (3.
X) — X
(Ho + 1022 Hotl, )%

3.1. Local stability of the HBV-free equilibrium

In this subsection, we investigate the local stability of infection-free equilibrium Ey = (A, 0,0) by
analyzing the corresponding characteristic equation.
We have the following result.

Theorem 3.2: The HBV-free equilibrium Ey(A, 0,0) of PDE-model (4) is locally asymptotically stable
If Ro<1, and becomes unstable if Ro>1.
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Proof: At the HBV-free equilibrium Ey, system (25) becomes

21’1 r
Ap1(x) = (71 —d — o A) ¥1(x) — — A2 (x) — aps(x),
H Kn

hpa(x) = <r2 - ;—;A) 02(x) + @ e~ *HT gy (), (26)

A3(x) = Dgl (x) + ke” TR0 (x) — (1 + au)gs(x).

Lemma 2.2 in [32] and Lemma 3.1 in [33] imply that (26) admits a principal eigenvalue A*, which
verifies the following characteristic equation

2A R A
rn|{l—— —dl—)» A+ 5—7'2 1—— +M1‘D+M+C¥M A
KH KH

(27)
A

+ (8 -1 (1 — K_>) (uiD + o + ou) — kot e_(’\+7’1)”_0‘+”2)”} =0.
H

It is easy to see that, for any i > 1, Equation (27) always has the negative real root Ao =

— J(r1 — dp)? + 412 <0, All other roots of Equation (27) satisfy the following equation
Ko q geq

A
)L2+|:8—r2<1—K—)+,u,-D+,u+aui|)L
H

A
+ <5 —n <1 - _KH>) (WiD + jt + o) — ko e HHIR=GE7IT 0, (28)
Now, set

A
hl(A)=A2+[6—r2 (1—K—>+M,»D+u+au}x
H

A
+ <5 - (1 - K_)> (1iD + p + o) — ka e~ PHron=Odrn,
H

If Ro>1, then for A € R and i = 1 (which implies that ;; = 0), one has

A
h1(0)]i=1 = (L + aw) <5 —1 <1 — —)) — ke M2 0 and lim h; (L) = +oo.
Ky A——+00

Thus, Equation (28) has a positive real root. Consequently, there is a characteristic root A with positive
real part. Hence, if R >1, the infection-free equilibrium Ey(A, 0, 0) is unstable. If Ro<1, set

A
p=8—n (1——>+/L,~D+u+au,
Ky

A
q= (uiD+ pn+ au) |:8 -1 <1 — K_>j| and o = —ka e V17272,
H

Then, Equation (28) becomes
A+ pr+ gt goe Mt = (29)

Now, by admitting that iw (with w>0) is a solution to (29) and setting T = 71 + 72,, we easily obtain
after separating real and imaginary parts

a)z— = Cos w7,
{ q=490 (30)

pw = qo sinwrt.
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After squaring and adding equations of (30), we get the following biquadratic equation
o* + (p* — 290" + q° — q5 = 0. (31)
From Equation (31), taking z = w?, it follows that
2+ (P’ 292+ — gy =0, (32)
with
A\
2 _ 2
p°—29= [8—@ (1 — —)] + (WD + p + au)*>0
Ky

and

A
T —q5= {(MiD+ u+au) |:8 —1 <1 — K_>:| + ko e—ym—ym}
H

D |6 1 A 8 1 A 1-R 0
o e O R e () | E

ka
(1 + auw)(S + ra(F — 1)

Whent =17, =0,Ry = and Equation (28) becomes

A2 4 pia+po =0, (33)

with

A
p1=8—n (1——)+pL,-D+,u+au>0 and
Ku

A A
Po = /J,iD (8 — 1 <1 - K—H)> + (M +Olbl) (8 — 1 <l — K—H>) (l — R())>0.

Therefore, if Ro<1, by the signs rule of Descartes it follows that Equations (32) and (33) have no
positive roots. By a similar argument as above, it can be shown that when r; = 0and 7, > 0 and when
71 > 0and 1, = 0, the infection-free equilibrium, Ey, is locally asymptotically stable. Accordingly, if
Ro<1, the infection-free equilibrium Ey = (A, 0, 0) is locally asymptotically stable for all 7y, 7, > 0.
This completes the proof u

3.2. Local stability of the equilibrium with infection and occurence of Hopf bifurcation

Here, we discuss the local stability behavior of the endemic equilibrium E* when R>1 for PDE-
model (4). Moreover, we explore the impact of the delays 7; and 7, according to the analysis of the
distribution of the roots of associated transcendental characteristic equations.
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Using the equilibrium condition

J so  rn(H*4T%) aV*
AT T K H + I

e NUgH*V*  ry(H* +I%)

5=
"2 (H* + ) Ki

>

at the equilibrium with infection E*, the principal eigenvalue A* satisfies the following associated
transcendental characteristic equation

A3+ AA% + A+ Ag 4 (BoA? + Bih + Bo) e M 4+ Coe ™ 4 (PrA 4 Pp) e M) =, (34)
where

rnH* rI* N auH* n e NUgH*V* aH*V*
Ky | Ky  H'+I* ' (H + 1)  (H + 1?2

A= 4D+ oauH* r21*+ef7”1’1aH*V* N S0 oaH*V*
VEWTRE T e )\ &y T @ H*  (H* +I")?

S0
Ay =p+ b+ o+

4D+ rpI* n auH* n e NMigH*V*
y 4
T ey TH T H I
N nH* D4 ouH* N e VTgH*V* rya H¥ I*V* Q?uH*I*V'*
Ky MR T T m e ) T Kp(H 1 HE+ 1)
A = S0 4D+ ouH* roI* L e NUgH*V* rH* aH*V*
T\ ST )\ T T or Ko  (H*+19)?
4D+ auH* e NUgH*V*  q2uH*[*V*
X ; _
M L H* 4+ I* (H* + I*)I* (H* +I>k)3

rI* N e NUgH*V* Py u(H*)2I*v*
X - >
Ky (H* +IMI* Ky(H* + I*)3

By = D —
0= Gt ){<H* T K W APR) H AP
(rlH* aH*V* ) e_ylflaI*V*}

Ky  (H*+1%2) (H* +I*)?

S0 riH* aH*V* ) e NUugH*V*

riH* aH*V* e NUgH*V*
Ky  (H* +192) (H* + I")?
N (rlH* aH*V* ) e NUg*V*

So
Bl=(M+MiD+E+

Ky - (H*+I*)2 (H*+I*)2 >
py= S eHVE L kenHeRR o kel e
(H*+I*)2 Ky (H* 4+ I*) H* + I*

V11— N2T2
>

P — S0 riH* aV* ko H*
=" \m* " Ky H+I") H + I

with A; = A;(t1, 1), Bi = Bi(11, 12), Cop = Co(11, 72), Pi = Pi(11, 12).
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When 71 = 1, = 0, Equation (34) becomes
A%+ (A2 + B)A* + (A1 + By + P1)A + Ag + By + Co + Py = 0.

Note that

S0 nH*  rI* oauH* oaH*V*
—t——+—+ + >
H* Ky Ky H*+TI*  (H*+IHI*

Dy, =A+By=pu+ uD+

>

Dy =A1+B1+P

oauH* rI* oaH*V* S0 oaH*V*
=(n+uD+—— t——— )t -

H+1 )\ Ky (H + ) H*  (H* +1%)?
+ D+ roI* n auH* n oaH*V* ko H*
y ol N
BT e T T @+ ) H I
N r H* D4+ auH* N aH*V* ra H* I*V* o> uH*I*V*
Kg TR T T @) T K+ 1) (HE 1)

S0 rH* aH*V* aH*V*
+ | u+wiD+ I +

Ky (H* +192 ) (H* + I*)?
r H* oaH*V* al*V*
Ky (H* —|—I*)2 (H* —|—I*)2)

Dy =Ap+ By + Co+ P

S0 auH* rpI* aH*V* riH* aH*V*
= \n+wD+ + - 3
H* H*+I* )\ Ky ' (H*+ I")I* Ky  (H*+ 1%
D4 ouH* aH*V* a?uH*I*V*
X ; —
H Hi H* + I* (H* +I*)I* (H* +I>k)3

roI* N aH*V* ol u(H*)2I*v*
Ky  (H*+IMI* Ky (H* 4+ I*)3

so rH* aH*V* ) aH*V*

+(“+“"D){<F+ Ki  (H + 17 ) (H T

r H* aH*V* al*V*
+ x =
Ky  (H +192) (H* +1")?

kar, H*I* S0 n r H* aV* kaH*
KyH*+1) \H* Ky H'+I*)H +1*

D3 = D1D; — Dy,

)

(35)

2r r
= (auC*H* +acl'Vi 4 di —n + K—lH* + K—11*> Dy + (wiD + p) [(uiD + ) (dy — 11
H H

27‘1
Ky H

r 2r
+H +K—11* + acil*v*) + (mD + o+ auc H +dy —ry + K—IH* + OwiI*V*)
H
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2
S—rz—i——H*—i— 2 + auc H dl—r1+—H*+ L
KH KH

r
—I(s—r —I* —ZEH 'V — kac, H*
+KH < z+KH )+KH oy

+aczH*V* <,u,D +u+d —rn+ —H* + — >j| + o C4H*I*V*(/,L,D + 1)

KH

;
+ a2H*V* | (wiD 4 o + auc, H*) (8 — ry + —H* + 2 + EciH*I*V*
Ky Ky

2r2 1 21
s — —H* di — —H* 2Py §—r —
+< 7‘2+KH +KH )(1 7’1+K + ac )+KH ( 2+K )

ar
4+ auc H* | dy — ] + —H* + L)+ —lciH*I*V* — kocy  H*
KH K

H

+ac2H*V* (,u,D +u+d —n+ —H* + K—I*>:|
H

2r 2
S—rz—i-—H*—l- 2 MiD+//,+auc*H*+d1—r1—i—iH*—l-otczI*V*
*
KH KH
27‘2

1 27’2 ar)
i —I (s — == —ZHT'V*
)+KH < r2+KH >+KHC*
or
+aH* V* + (ulD +pu+d—r+ —H* + © I*) + K—lciH*I*V* - kac*H*}
H

H

c H*T*

2 k
+ M2 D + o+ quc HY) + S 2y 4 S22
KH Kn .

+ PuctI* (H*V*)? (1 — ¢;) + kac, H¥(1 — ac2I* V), (36)

where ¢, = H*/(H* + I*). By the Routh-Hurwitz criterion, it can be seen that all solutions of (35)
have negative real parts if and only if Dy>0 and D;D,>Dy. Therefore, we have the following result.

Theorem 3.3: Consider PDE-model (4) with 11 = 75 = 0. If Ro>1, the equilibrium point with
infection E* exists and is locally asymptotically stable provided that Dy>0 and D) Dy >Dj.

We consider (34) with 7; = 0 and 7,>0. So, Equation (34) is reduced to
3+ Ep\* + B\ + Eo + (FIA + Fo) e '™ =0, (37)

where Ey = Ag + Bg, E1 = A1 + By, E; = A, + By, Fy = Cyp + Py and F; = P;. Equation (37) can
be rewritten as

P(%,0,72) + QA 0,73) e 2 =0, (38)
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where
P(1,0,12) = A> + ExA> + ElA+Ey and Q(A,0,72) = FiA + F. (39)

Now, we discuss the existence of purely imaginary roots A = iw (w>0) to (37), taking the form of
a third-degree exponential polynomial in A. In [34] the authors established a geometrical criterion
which gives the existence of purely imaginary roots of a characteristic equation with delay dependent
coeflicients.

In order to apply the Beretta and Kuang criterion [34], we need to verify the following properties
forall 7, € [0, 7), where 7} is the maximum value for which E* exists.

(a) P(O’ 0, 7:2) + Q(Os 0, 7:2) 7é 0,
(b) P(iw,0, 1) + Q(iw,0,13) # 0, for all w € R,

() lim sup{| F5:32| : |A| — oo, Rer > 0}<1,

(d) F(w,0,12) = |P(iw, 0, 72)|*> — |Q(iw, 0, T2)|* admits a finite number of zeros,
(e) each positive root w of F(w, 0, 72) = 0 is continuous and differentiable in 7, if it exists.

Let 1, € [0, ‘520) and w € R. Then P(0,0, 12) + Q(0,0, 1) = Eg + Fg = Ag + By + Cy + Py = Dy.
This indicates that item (a) is satisfied if Dy # 0. Moreover, a direct calculation shows that

P(i®,0,72) + Q(iw, 0, 72) = Dy — Dyw?® + iw (D) — w?).
Thus, one easily sees that item (b) is satisfied if Dy — D1 D, # 0. From (39) it is known that

Q(*,0, 1)
m _—
[A|—o0 | P(,0,12)

FiA + Fy
M+ EA +EM+E,

F
= lim |[——— =0
|A]— 00 32 + 2E,) + Ey

= Ii
|A]— 00

Thus, (c) follows.
Let F be defined as in (d). From

|P(iw, 0, 72)|> = 0® + (B3 — 2ED)w* + (B2 — 2EE))0” + B3 and  |Q(iw,0,15)|> = F2 + Fro?,
we get
F(0,0,75) = & + kjo* + kyo? + k3,
where ky = E5 — 2Ey, ky = E} — 2EE, — F} and k3 = E} — F.
Letting w® = z, we obtain
G) =2 +kiz® +kz+ks = 0. (40)

If Equation (40) has no positive roots, then when Ro>1, E* is locally asymptotically stable for all
7, > 0.

We assume that (40) has positive roots, then it follows that (d) is valid, and according to the Implicit
Function Theorem, (e) is also verified.

Now, by admitting that A = iw (w>0) is a root of (37), then substituting A = iw in (37), we obtain
after separating in real and imaginary parts

Ey — Eyw?* = —Fycos wty, — Flw sin wty,
Eiw — @® = —F o cos 0Ty + Fy sin 01;. ()
From system (41), we have
sinown = (ExF) — Fo)w® + (E1Fo — EOFI)CU, (42)

F§ + Fjo?
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Fiw* + (ExFy — E1Fy)o? —EoFo
F§ + Fio?

coswTy = (43)

Now, using the definitions of P(%,0, 73) and Q(A,0, 72) given in (39), and applying the property
(a), (42) and (43) can be written easily as

P(iw,0, T P(iw, 0, T
sinwty = Img and coswt; = —Reg. (44)
Q(iw, 0, 72) Q(iw, 0, 12)

This reads as
|P(iw, 0, 72)|* = |Q(iw, 0, 72)|*.

Denote by I € R the set of 7, for which positive solutions, w(t2), exist for the following equation:
F(@,0,12) = |P(i,0,)* — |Q(i, 0, 2)|* =
If I # @, then E* is stable for 7, > 0. We note that

F(0,0,73) = (Ag + By)> — (Co + Pp)> and lim F(w,0,7;) = 0o
w—> 00

A direct computation gives
27‘1 " 1
Ao+ Bo+Co+Po=(niD+p)(di—n +K—H +

H
21’2
s — —H* —1I
( 2+ + K )

I* + acﬁl*v*)

27’1 27’2
H*(d, — —g* s — —H* 1
+ aucy ( 1 f1+KH —I—KH )( rn+ —i—KH )

2 oy * 2 ¥k ook azurl 2 gk pRy sk
+ ——I'(uiD+p+ouc, ) (accH' V' — —H" | = ——c,;H TV
Ky Ky Ky

+ac H*V*(/,L,D-i- ) <d1 —rn + —H* + I? I*)
H

+ L2 VR (D + ) + e uc T (H V2 (H +TF — 1)
H

ar
— K—sz*H*I* e % 4 kac, H* (a2I*VF — 1) e 7272, (45)
H

27‘1 * 1
Ao+ By — Cop — P = (uiD + ) dl—T1+K—H +

H
21’2
s — —H* —1I
( 2+ + K )

I* + acﬁl*v*)

211 1 r 21,
H* | d; — —H* 4+ —TI"x| |6 — —H*+ —TI*
+ aucy <1 1’1+KH +KH )( 72+K + )

T r or
+ 2D + i+ auc HY) (a2H v — g ) 4 BYL L gy
Ky Ky K
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2r r
+ aH*V*(uD+ ) (dy — 11 + ey L
Ky Ky

.
+ %ciH*I* V¥(uiD + ) + &S ucd I (H* V2 (H + I — 1)
H

+ kac, H* (1 — ac2T*V*) e 722 >0, (46)

Therefore, if
Ap + By + Co + Py<0, we have I # ¢J and F(w, 0, t2) = 0 has at least a positive solution.
From (44), we choose an angle § € [0, 27r) such that

P(la), 0, 7:2) P(la)) 0) .[2)

inft, =1 d 0, = —R '
sinft, mQ(iw,O,Tz) and  costTz eQ(iw,O,rz)

(47)

From (44) and (47), we get
oty =60 +2rn, ne{0,1,2,...}.

Therefore, we can define the maps 7,, : I — Ryg as

o(t 21 n
(1) = L nel,ne{01,2,...},
w(12)
where w (1) is a positive root of Equation (37).
Define the functions S, : I — R by

o(t 2n
Sn(T2)=T2—L, nelLbn=0,1,2,...
(1)

that are continuous and differentiable in 7;. Therefore, Equation (37) admits a purely imaginary root

A = iw(t)) atdelay 1, = 7} with w(z;)>0 whenever 7} is a solution of equation S, (72) = 0 for some
n € N. Thus, proceeding as in [34], we get the following result.

Theorem 3.4: Assume that Do<0 and Do — D1D;, # 0. Then the characteristic Equation (37) has a
pair of simple conjugate pure imaginary roots, xiw(t}), at 1o = v} with w(t)>0 if Sp(r}) = 0 for
some n € N, and these roots cross the imaginary axis from left to right if o2(t;)>0 and from right to
left if o (t;') <0, where

=1} } .

By applying Theorem 3.4 and the Hopf bifurcation theorem for functional differential equa-
tions [35], we get the existence of a Hopf bifurcation given in the following result.

dRe)
d (%)

dsn (TZ)
d‘rz

02(1)) = sign { } = sign{F, (w75, 1)} X sign {

r=iw ()

Theorem 3.5: Assume that Ro>1, Do<0 and Dy — D1D; # 0. Then, for PDE system (4), there exists
v} € I such that the endemic equilibrium E* is locally asymptotically stable when 0 < 1,<t}, and
becomes unstable when T, stays in some right neighborhood of t;. Therefore, a Hopf bifurcation occurs
att, = 1j.

We now consider the case 7;>0 and 7, = 0. Then Equation (34) becomes

A3+ Apr? + Agih + Ao + (BiaA? + Barh + By) e =0, (48)
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where
Ap =A; Axn=A;, Ap=Ao+Cop Bn=Bs By =B1+P, By=B+F.
Equation (48) can be rewritten as
P1(3,71,0) + Qi (3, 11,00 €71 =0, (49)
where
Pi(h11,0) = A2 + ApA? + Ayh + Ay and  Q(A, 71,0) = ByaA® + Barh + Bag. (50)

Let A = iw; (w1>0) be a root of Equation (48). Then

Az — Apw} = —(By — Bpw?}) cosw Ty — By sinwy 11, (51)
51
A21a)1 - w% = —32161)1 coswiT] + (Bz() — Bzza)%) sin wi1Ty.
It follows from system (51) that
. Byw; + (A2Ba1 — Bag — A21B22)w} + (A21Bag — AxoBa)wy
sinw1T] = I D) , (52)
lewl + (B — BZZCol)
(A22B2; — Ba)wi + (A21Ba1 — A2pBag — AzBan)w?} + AzgBag
CoOSwT] = — > ) . (53)
3210)1 + (B — BZZwl)
Note that
Py (iwy1, 11,0 Py (iw1, 11,0
sinw)T] = Iml(,l—l) and coswiT] = —Reu, (54)
Q1 (iw1, 71,0) Q1 (iw1,71,0)
which gives
|P1 (i1, 71,00 = Qi (i1, 71, 0) .
Define
Fi(w1) = [Py (i1, 71, 0)* = |Qi (w1, 71, 0) . (55)
Let
I, = {‘El € R+0 : Fl(wl,rl,O) = 0cde+o}. (56)

Thus I is the set of 7; for which positive solutions, w;(71), exist for the equation Fi (w1, 11,0) = 0.
From (54), we choose 61 € [0, 27) such that

Pi(iw1, 11,0 Py(iwy, 11,0
sinfi 1) = Imu and cosfit; = —Rel(41—1).
Ql (10)) 71, 0) Ql(lwl) T1» 0)

(57)
From (54) and (57), we have
wiTy =01 +2n, ne{0,1,2,...}.

Therefore, we can define the maps ‘L’y} :I1 > Rygas

01(71) 4+ 27tn

s rlell,ne{(),l,z,...},
w1(71)

7, (11) =

where I is defined in (56) and w; (1) is a positive root of Equation (48).
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Define the functions S} : I} — R

01(t1) 4+ 27tn

1 —
Sult) = w1(71)

N rlell,ne{o,l,z,...}

that are continuous and differentiable in 77, with I; defined in (56). Therefore, Equation (48) admits
a purely imaginary root A = iw;(zy) at delay 71 = 7] with w;(7{")>0 whenever 7" is a solution of
equation S} (t1) = 0 for some n € N. Thus, proceeding as in [34], we get the following result.

Theorem 3.6: Assume that w(t1) is a positive root of (48) defined for 1 € I € B and for some
¥ € I, SL(tf) = 0 for some n € N. Then the characteristic Equation (48) has a pair of simple conju-
gate purely imaginary roots, xiw (ty"), at 11 = 1], which cross the imaginary axis from left to right if
o1(7)>0 and from right to left if o1 (t]") <0, where

=t/ } '

By applying Theorem 3.6 and the Hopf bifurcation theorem for functional differential equa-
tions [35], we get the existence of a Hopf bifurcation given in the following result.

dRe)
d‘L’l

ds, (1)
dl’l

o1(t]) = sign i } = sign{fziw1 (or17], 77)} X sign {

r=iw1 (1])

Theorem 3.7: Assume that Ro>1. Then, for PDE system (4), there exists t;" € I, such that the endemic
equilibrium E* is locally asymptotically stable when 0 < 11 <t, and becomes unstable when t, stays in
some right neighborhood of t{". Therefore, a Hopf bifurcation occurs at T = t{".

Let now 7;>0and 1, € (0, rzo ). Then Equation (34) reads

A3+ A0+ ALk + A+ Coe ™ + (Bah2 + Bii + By + (P + P e ) e ™1 = 0. (58)

Let & = iw; (w2>0) be a root of Equation (58). Then

Njcoswyt] + Ny sinwytp = Ry,

(59)
Ny coswyt + Nysinwyty = Ry,
where
Ny =By — Bza)% + Piw; Sina)zl'zo + Py cos a)z'[zo,
N, = Biw;y + Piw; cos 0)2‘[20 — Py Sina)zfzo,
Ry =—(Ag — Aza)% + Cp cos 0)2‘1,'20),
Ry=—(Awy — a)g -Gy Silla)z‘[20).
It follows from system (59) that
. N>Ry — N1R, NiR; + NaR;
SIN W) Ty = 2 2 and cos w17 = 2 2 (60)
N7 + N, N7 + N,

Squaring and adding (60) yields

By (2,71, 79) := 0§ + quw’ + q303 + a3 + qro + qos (61)
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where
qs = A5 —2A, — B3,
g5 = 2(Co + ByPy) sin s 13,
@2 = A} + BoBy — B} — 2A0A; — P? + 2(ByPy — A;Co — B1Py) cos i Ty,
q1 = 2(B1Py — A1Cy — BoPy) sin w, 5,
qo = Aé + Cé — Bé — P% + 2(AoCo — BoPy) cos a)zro.
Let

12 = {Tl € R+0 : Pz(a)z,‘lfl,‘rzo) = 0and 0)2(‘171,‘[3)>0}. (62)

Thus I, is the set of 7; for which positive solutions, (7, rg ), exist for the equation Fy(wy, 11, rg ) =
0. If I # (J, then E* is stable for 7, = ‘(g and t; > 0. We note that

E2(0,71, 7)) = (Ag + Co)* — (Bo + Pg)*  and wlimoo By (w11, 7)) = 00.
2—)

Now, we choose 6;(11) € [0,27) such that

. N>Ry — NiR; N1Ry + NoR;
sinf, (1) = —————— and cosbr (1) = ———
2(71) 2 (1) N N2

63
N} + N3 (©

Define the functions Sfl L —-> R

Sy = - 2L w—o
w2 (1)
that are continuous and differentiable in 7;, with I, defined in (62). Therefore, Equation (58) has
a purely imaginary root A = iw (7}, 7y) at delay 71 = 7}; with (7}, 73)>0 if and only if 7} is a
solution of equation S%(71) = 0 for some n € N. Thus, proceeding as in [34], we get the following
result, whose proof is given in details.

Theorem 3.8: Assume that w,(11) is a positive root of (58) defined for t) € I, C Ry and for some
tf, € L, S3(t},) = 0 for some n € N. Then the characteristic Equation (58) admits a simple conjugate
purely imaginary root A = iw,(t{|) at 1| = 1}y which crosses the imaginary axis from left to right if
02(117)>0 and from right to left if o5 (1],) <0, where

u=t }

Go + G, e_ATZO + (G2 + G3 e_)LTZO> e = 0, (64)

dRel
d 1

ds;(n)

T1

= sign{lz";w2 (w2, T}y, 7)) - sign {

o2 (1)) = sign
A:iwz(rl*l,rzo)

Proof: Equation (58) can be rewritten as

where

Go= 2>+ A2+ AiA+ Ay, G =Cy Gy=ByA* +Bii+ By,
G3=PiA+Py, Gi=Gi(ht,1).
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It is worth noting that G; = Cy depends neither on A nor on ;. Therefore, if 7, = rzo is fixed, then
G is a real constant.
For a fixed delay 7, = 120 et A = iwo (11, 120) be a root of (64). Then system (59) can be rewritten

as
Njj coswyt; + Ny sinw,Tp = Ry, (65)
65
Nyp coswrTy + Nijpsinwaty = Rp).
where
N1 = Gar + Gagrcos a)z‘[zo + Gs1 Sina)z‘[g, Ny = Gy — Gsgsin (1)21'20 + G cos a)z‘[zo, (66)
R11 = _GOR — GIR CoS a)2‘L'20, R22 = _GOI + G1R sin a)z‘L'zo,
with Gjr = ReG; and Gj; = ImG;, j = 0, 1, 2, 3. Then, one has
cos a)21:20 = — L4 5 and sin a)zro = id = (67)
. 0 : 0
G2 + G3 e—lw2T2 G2 + G3 e—lwz‘fz
where
¢ = (Gar + Gsgcos a)zrg + Gjg sin a)ztzo)(GOR + Gir cos a)zrg)
+ (Gar — G3gsin a)z‘L’ZO + Gsjcos a)z‘tg)(Go[ — GiRrsin a)z‘L'ZO),
Y = —(Gyr — Gar sina)gtg + Gz cos wzrzo)(GoR + Gjg cos a)zrzo)
+ (Gar + Gzr cos wzrzo + G31 sinwztg)(GOI — Gyrsin wzré)).
Note that
0 Go + G e 2% o Go + G e 2%
coswyTy = —Re| ———— and sinwy7y, =Im | ————— .
Gy + Gze "2 Gy + Gze "2
This reads as
. 0]2 . 0]2
‘Go + Gre 22| = ‘Gz + G3 e '2h2 (68)
Define
T 0 —iwy T 2 —iwy 0 2
FS(wz)lefz)z‘GO‘i‘Gle 272 —‘Gz-i-Gse 202 (69)

Thus w; (11, rzo) in (67) is a positive root of F3(wy, 71, rg ) = 0 and consequently, I # ¢. Then for any
71 € I, differentiating (69) with respect to 7; yields

Png (w2, Tl)tzo)a)/z +F§fz ((,()2,‘[1,‘[,'20) =0, (70)
where
Fy = 2[GorGog,, + GorGoy,, — GarGag,, — GGy,

/ / 0 /
— G3RG3R(U2 - G31G3Iw2 + cos w1, (GlRGORmZ
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/ / / /
— GarGag,, = G2rGag,, — G31Gyy,, — G2Giie,)

+ 13 cos w273 (G21Gsr — GorGir — GarGap)
+ sin w272()(G3RG/21w2 — G3IG/2R“,2 — GZRGngZ + G2IG/3Rw2 — G1]G61w2)]
+ 73 sin wzrg(GZRGngz + G21G31 — GorGiRe,) 1>

F;_ = 2[GorGor, + GorGoy, — GarGag, — GGy, — GsrGig, — GGy,

()
+ cos w2720<G1RG6Rr1 — G3RG/2Rrl — GZRGger — G31G/21r1 — Gz[GéITI)
+sin w27y (G3rGyy, + GuGig, — Ga1Gog, — GarGyp, — GirGy, ).

For 11 € I and w;, (13, rg), by (67), we get that 6,(t1) chosen in (63) satisfies

and sin6y(1;) = v . (71)

2 2
; 0 ; 0
G2 + G3 e*la)zfz G2 + G3 e*la)zfz

4

cosbr(11) = —

Because S? (rll) =0 for some n € N, we have a)z(ru,r )t = 6(t])) + 2w n. Moreover, (67)
and (71) imply F3(w2, LT, 9y = 0. Thus, Fiw, (1, 120 ) are roots of (64). Now, we prove the criterion
for direction of the geometric crossing. Differentiating (64) with respect to 7, we have

i MG+ Gse ) e M — Gy = (G), + G e M) e

dn Gy — 110G e +(G), — 11Gy) e*T + (G, — WGs — 11Gy) e et

where the variables (A, ‘cl,rzo) of functions Gj,j =0, 1,2,3 and their derivatives are omitted for

-7l
concision. From (64), we have e =7 = —Me%. It then follows that
Gy+Gse 2
/ / / —t?
A+ Gofl _ G2f1 + G3rl e
0 0
dr Go+Gie™ G+ Ge™m
- 0 0 °
dn Gy, — T9Gr e G, (Gy, —19Gs)e™*n

0 o — U 0
Go+ Gy e™ AT Gy + G3 e Gy + G3 e %2
From the equality (68) and the property == 12 the above equality becomes

dx

dr A=iwy

il =

where
T = i2]Go + G1 €% 2 + Gy (Go + Gre™2%) — (G, + G}, €72 )Gy + Gye™2),
J=1[-Gy, +15 0G; e~ )(Gy + Gy e~ + Gy, (G2 +Gse —i023) _ 1Go + Gy e 2% 2

+[(Gy, — 19G3) e 22 |(Gy + G e 273,
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Accordingly,

. dReA
ign
518 dl’l

= sign {Re (%)} . (72)

iG]/-A(iwz,n,fzo) = G]{m2 (iwn, 11, 'L'g), forj=0,1,2,3,

ofu(t)
.{ =sign{ Re| —
A=iw; (1]1,79) dr

By tedious computation and employing the fact that

. 0
A=iwy (1],7,)

we get
I = [=Gp, +20G1 e (Go + Gr e7%) + G}, (G, + Gy e 2™

+[(Gs, — T9G3) e 2 (G, + Gy ei2)

= {—G{)Iw2 (Gor + Gig cos a)z‘L'ZO) + G{)sz (Gor — Gir sina)ztg)

+ G/lez (Gar + Gsg cos w21'20 + Gsysin a)ztg)
— G/szz (Gar + Gsjcos wzrzo — Gspgsin a)zrzo) + IZOGIR(GOR cos a)ztzo
— Goy sin a)zrf) + (G’3Iw2 — 1'20G3R)(G3R + Gyg cos a)21'20 — Gyrsin a)ztg)
—(Gng2 + 1:20G31)(G31 + Gag cos a)21:20 + Gyp sin a)ztg)}
+i {G61w2 (Gor — Girsinw,7y) + Gf)Rw2 (Gor + Gir cos wT3) — G/ZLUZ (Gar + G3p cos wy Ty
— Gsp sin a)zrg) — G’ZRw2 (Gar + G3p cos a)zrzo + Gsrsin a)zrg) — rgGlR(GOI cos a)ztg
+ Gor sinwy75) — (G/31w2 — 1) G3R)(G31 + Gar cos o Ty + Gop sin ) T5)
~(Gir,,, + HC(Gs + Gapcos 7l — Grsinent) |,

Ty = Gy, (Go + Gre %) — (G, + G} e 722)(Gy + Gy e™i7)

= {GéRr1 (Gor + Gir cos waTy) + GgIrl (Gor — Gir sinw,73) — Glerl (Gar + G3p cos w, Ty
+ Gz sin wzrf) — G’ZIrl (Gar + Gspcos a)ztg — Gsgsin a)zrzo) — Gger (G3r + Gar cos w2r20
—Gyrsinwy 7)) — Gglrl (G314 Gay cos wy Ty 4 Gog sin a)ztg)}
+i {—GE)RT1 (Gor — Girsinw,73) + GE)IIl (Gor + Gir cos w73) + G/ZRIl (Gar + G3p cos wy Ty
— Gsgsin a)ztg) — G/Zlq (Gar + G3g cos w2t20 — Garsin a)zrzo) + G/3er (G3r + Gy cos a)zrzo

: 0 / 0 : 0
+Gorsinw;T,) — G3IT1 (G3r + Gorcos w7, — Gyrsin a)z‘cz)} .
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Thanks to expression of F 30, and F 37, in (70), Ty and J; can be rewritten as

I I
3z . . 3w
L +iU and J1=L4+i—2, (73)

T, =
=7 2

where U denotes the imaginary part of T and L the real part of J;. Then, combining (70), (72)
and (73), we get

) dReA
S1gn
& d‘L’]

2L = 211|Go + Gy 2% 2 - i

= signRe { = —
Fy +iQU + 2m|Go + Gre™ ™27 |2)

. 0
r=iwy (1]1,75)

— sign {ng (L —21|Gy + G e ™ ) + F) (U

+202Go + Gre % )|

- U — Lo,
o / e * 0/ 2
= sign{F;, } - signRe = Tho, +w + Go o Gr e ) (74)
On the other hand, we have S(};) = 0, which implies
(82) (%) = d (T1 _ () + 277”) _ o2 (t}}, 1) + Ty (1), 1) — eé(tl*l).
n A dn wy(11) — (T, T3)
It then follows that
sign {(S2)' (ri) } = sign {wa2 (1]}, 1) + t1i0b (111, 1) — 05 (xi) ) - (75)

From (67) and (68), we have

% _0\\2 % _0\\2 _ —ia)2104_ —ia)27:04
((p(w27‘[11)‘[2)) +(1lf(a)2,'[11,1'2)) - G0+Gle 2 - G2+G3e 2

for 7; € I, where 6(7) is defined in (71). Then, a simple computation gives

I ’
bty = L n (76)
‘GO + Gy e 2%

where
<P/zl = —ARy1 + BNi1 — CRy + DN,  and Iﬂél = CRy1 — BNy, — ARy, + DNyj,
with Ni1, Ny, Ry1 and Ry, defined as in (66), and
A= G;sz W)y + G’ZRT1 + (Gng2 )+ G/3R,1 + 79 G31w)) cos wr Ty + (G/3Im2 w)
+ G/3111 — rZOGgRa/Z) sin a)zrzo,
B = Gog,, @) + Gog,, — 79 Girw) sin w, 75,

/ / / / / / 0 / : 0 / /
C= GZIa)Z wy + GZIIl - (G3Rw2 wy + G3R,1 + 7, G31w5) sinwy T, + (G3Im2 w,
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/ 0 / 0
+ GSITI — 7, G3rw;) cOs Wy T, ,
D=GG !+ G — OG / 0
= Gy, @2 o1, — T2 G1RW; COS W T5.
Knowing that

2 2 —iwpt?|? —iwye0|? 2 2
Ni + N3 =[G+ Gre 8| = |Go+ Gre | = R, +RY,

it follows that
Yo, — @Yy, = (N}; + N3,)(DR11 — BRy) + (Rf; + R3,)(CNij — ANpy)

—iwy T / / 0 0
= ‘Go + Gy e 22 {0)2 [Rll(Gozwz — 17, Glrcos Wy 1)

— Raa(Gog,, = ) Gir sin w, 7))

+Ni(Gy,, — (Gig,, + 1 Gsp) sinwaty + (Gyy, — 13 G3r) cos w273)

—Nn(Gg,, + (Gig,, + 79 Gs1) cos wp Ty + (Gyy,, — 79 G3r) sin wztg):l
+ R11G6111 - RZZGE)RTI + NII(G/ZI,I - G/3er sin a)zl'zo + Gé[rl Ccos (1)27,'20)

_sz(G;er + Gger coswaTy + G/31q sin a)zrzo)} .
From the expressions of L and U in (73), the equality above becomes

2
(Lwy, — U).

w(pél — (pwél = ’GO + G efiwzl'g

From this last equality and (76), we obtain

Lot — U
65(11,75) = @2 > (77)
‘GO + Gl e—iwzrg
Finally, combining (74), (75) and (77) yields
dRel - ds?
sign © = sign{F, (w2, 71}, 73)} - sign n() .
71 A=iw2(r1"1,r2()) 2 31 =1}

This completes the Proof. [

Applying Theorem 3.8 and the Hopf bifurcation theorem for functional differential equations [35],
we get the existence of a Hopf bifurcation given in the following result.

Theorem 3.9: Assume that Ro>1. Then, for PDE system (4), there exists T, € I, such that the
endemic equilibrium E* is locally asymptotically stable when 0 < 71 <1, and becomes unstable when
11 stays in some right neighborhood of t{,. Therefore, a Hopf bifurcation occurs at 11 = ;5.

By similar arguments as above, we have the following result, where I3 is defined mutatis mutandis
as I, I; and L,.

Theorem 3.10: Assume that Ro>1. Then, for PDE system (4), there exists T3, € I3, such that the
endemic equilibrium E* is locally asymptotically stable when 0 < 1, <7}, and becomes unstable when
T, staying in some right neighborhood of t;,. Therefore, a Hopf bifurcation occurs at T, = 1.
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4. Global stability of equilibria

In this Section, we construct a Lyapunov functional and rely on LaSalle’s invariance principle to study
the global stability of the HBV-free equilibrium Ey of PDE-model (4)-(6). After proving that the PDE-
model (4)-(6) is uniformly persistent, we apply the fluctuation method of Thieme and Zhao [36], to
prove that the unique equilibrium with infection, E*, is globally attractive.

4.1. Global stability of the HBV-free equilibrium Eq

This subsection is devotes to the global stability of the HBV-free equilibrium Ey of PDE-model sys-
tem (4)-(6). We have the following result. For convenience, as in our earlier work [17], we start by
setting

ko e V1T 22

T wtaw—n)
to gain
ko e V1T1—12T2 ko e V1T1—2T2
< b
(n+au)(d —r + %) ~(ntauw)(s—r)
that is

Ro < To. (78)

So, as in [37] and [17], we use 7y to prove the global stability of the infection-free equilibrium
Eo(A,0,0) of problem (4)-(6). The result stands as follows.

Theorem 4.1: The HBV-free equilibrium Ey(A, 0, 0) of problem (4)-(6) is globally asymptotically stable
ifR() < Tp<l.

Proof: Let (H(x,t),I(x,t), V(x,t))be apositive solution to (4)-(6). We define a Lyapunov functional
L(t) as

S — 1T1+1272
L(t) = f {eVlfll(x,t)Jr( rz); V(x 1) dx
Q
t t
GHEGOVEO) 45 1 (5 py enm / 1(x,0) d@} dx. 79)
t—11 H(x’e) + I(x: 9) t—1

For the sake of notational convenience, we sety = y(x,t) and y; = y(x,t — 1), forally € {H,I, V}.
It is clear that L(¢) is nonnegative definite in € x [—t, 0], with respect to Eg. The time derivative of
L(t) along the solution to problem (4)-(6) is calculated as follows:

dL(t) _ / { OlHern _set 4 o Ny <1 . H+I)
dt Q H‘L’] +I‘E1 KH

DS — 1) eNTitnn
2 AV + (8 —r) "I,

WS — ry) eNitrn V4 au(§ — rpy)enttrn gy N aHV  aH Vi,
k k H+1 H+I1 Hy +1,

+ (@ —1) " — (8§ — 1) e”mITz} dx
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_ / aHV  (p+au)(§ —r) et HV (8 —ry)enttrn Iy
B H+1 k H+1I k H+1
ry ert D — 1) e titrn

IH+1) + p AV}dx

S — nutrn gy Y171
:/{(M+au)( r)e (76—1)—72; IH+D
Q

k H+1

_H(5 - 1) entutrn vy } dx 4 / D —13) eNttrnn
Q

AV dx. 80
k H+1 k (80)

From the Divergence Theorem and the homogeneous Neumann boundary conditions (6), we obtain

v
/Ade:/ —dx =0,
Q aQ 9N

and thus, Equation (80) becomes

dL(t S — YIT1+212 HV it
O _ oy BHenG e dx_/ R
dt k oH+1 Q Ky
S — natrn vy
+M( r)e dx
k H+1
From condition 7yp<1, we are sure that % <0, for all H,I,V > 0. Moreover, % =0 if and
only if I = 0, V = 0. Combining this to PDE-model (4), we get H = A. It follows that the largest

compact invariant set in {(H,I,V) € Ri : % = 0} is {Ep}. By LaSalle’s invariant principle [38,
Theorem 5.3.1], if 7y < 1, the positive solution to problem (4)-(6) converges to the HBV-free
equilibrium Ey. Since, if Ry < 1, Eg(A, 0, 0) is locally asymptotically stable, we obtain a sufficient con-
dition Ry < 7p which ensures that the infection-free equilibrium Ej of problem (4)-(6) is globally

asymptotically stable if 7o<1. This completes the proof. [

The biological implication of Theorem 4.1 is that if the condition Ry < 7y<1 holds, free HBV par-
ticles will be wiped out from the liver. Therefore, for the delayed diffusive model (4)-(6), the condition
Ro < Top<1 is necessary and sufficient for infection eradication.

4.2. Uniform persistence result for problem (eqn4)-(eqné6)

In this subsection, we provide a uniform persistence result for problem (4)-(6) by using techniques
developed in [38]. So, we will need the following definitions and notations. Set T = max{t;, 72}.
Consider the Banach space of continuous functions X := C(Q, R?), equipped with sup-norm || - ||x.
Define X := C(Q,R3}). Let Y = C(Q,R) and Y4 = C(Q,R;). Let X; = C([—7,0], X;) be the
Banach space of continuous functions, endowed with the sup-norm. Denote

XO = {(¢1’¢2$¢3) S X‘[ : ¢2("6)>0’¢3('>0)>0> 0 e [_‘5)0]}>

XO = a2(1' = X‘L’/XO = {(¢1’¢2)¢3) S X‘L’ : ¢2(>9) =0, Ol‘¢3(-,0) =0,0¢ [_T)O]}-
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For t > 0, let @(t) be the family of solution operators associated to system (4). By the parabolic
maximum principle, one has @ () X° C X°. We define the w-limit as

w(z) :={y € X; : thereisasequencet, — oo asn — oo with @(t,)z — yasn — oo}.

Recall that, for Ry < 1, the HBV-free equilibrium Ey(A, 0, 0) is the only equilibrium and that it is
globally asymptotically stable in the feasible region

Flz{(H,I,V)TeXt :H§M1,I§M1,V§M2}.

When Ro>1, Eo loses its stability and a unique locally asymptotically stable equilibrium with
infection E* emerges in the interior of I';.
Lemma 4.2 below follows from Theorem 4.2 of [38].

Lemma 4.2: Assume the following:

(i) X0 isopen and dense in Xy with X0 C X, Xy C X, X0 U Xy = Xy and X0 X =0,
(ii) the solution operators @ (t) satisfy @ (t) : X° — X% @ (t) : Xy — X,
(iii) The family of solution operators @ (t) is point dissipative in Xy,
(iv) IfUis bounded in X, then the orbit y+(U) is bounded in X,
(v) @(t) is asymptotically smooth;
(vi) @, = UzeY2 w(z) is isolated and has acyclic covering N, where Y is the global attractor of @ (t)
restricted to Xy and N = ﬂle N;,
(vii) foreach Nj; WS(N;) () X0 = @, where W* refers to the stable set, i.e. W*(A) = {z € X7 : w(2) #
Band w(z) C A}.

Then, the family of solution operators @ (t) is a uniform repeller with respect to Xy. This means that,
there exits a real constant 1o>0 such that for any z € X, one has

liminf d(® (t), Xp) > no.
t—00

Hence, we have the following result.

Theorem 4.3: Problem (4)-(6) is uniformly persistent in 'y when Ro> 1, that is, there exists no>0, such
that every solution (H(x,t),1(x,t), V(x,t)) of (4)-(6) with (¢1(x,6), ¢2(x,6), ¢3(x,0)) in the interior
of 'y and ¢i(x,0) £ 0,i = 1,2,3, satisfies

liminf min H(x,t) > ng, liminfminI(x,t) > ng, liminf min V(x,t) > no.
[—>00 xeQ I—>00 xeQ I=>00 xeQ

Proof: Let (H(x,t),I(x,t), V(x,t)) be asolution to problem (4)—-(6), ¢i(x,0) # 0,i = 1,2, 3. We have
H(x,t)>0, I(x, t)>0, V(x, )>0 and bounded for all x € Q, t>0. Then, it is easy to verify that assump-
tions (i)-(v) of Lemma 4.2 are satisfied. Thus, to end the proof of Theorem 4.3, it suffices to verify the
hypotheses (vi) and (vii) of Lemma 4.2. Define

My ={¢p € X; : ®(t)¢ verifies (4) and @ (t)¢p € X, Vi >0} (1)

We are going to show that My = {(A,0,0)}. For this, assume that @ () € My, Vt > 0. Thus, to
ensure that My = {(A,0,0)}, we need to prove that I(x,t) = V(x,t) = 0,Vx € Q,t > 0. We show
this by contradiction. Suppose that, there is #o>0 such that either (x): I(x, to)>0, V(x, ) = 0; or
(#x): I(x, tp) = 0, V(x, ) >0, holds uniformly for all x € Q.
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For the case (), in view of the third equation of (4), one gets

AV(x,t)

— DAV (x,t) = ke 22[(x,ty — 12)>0.

(xH)=(x,t0)

From this last inequality, it follows that for (x, t) = (x, to), we have

/ (E)V(x, D DAV dx) -0,
Q Jt

oVix,t
which gives f (x5 dx>0, since / AV (x,t) dx = 0. It follows that
Q Q
oV(x,t
x 1) >0.
M wn=(uto)

Therefore, there exists a sufficiently small constant 90 such that V(x, £)>0, V(x,t) € Q x (to, to +
€0)- Now, using the fact that I(x, tp) >0, we get a positive £; (0<g1<&g) such that I(x, t)>0, V(x, t)>0,
V(x,t) € Q x (ty, tg + £1). This contradicts the fact that (H(x, t), I(x, ), V(x,t)) € My, Vx € Q, t >
0. With the same arguments, it can be shown that () does not also hold.

Letting Q@ = | ,cy, @ (2), with Y; representing the global attractor of the family of solution oper-
ators @ (t) restricted to d X;, we prove that 2, = {Ep}. This follows from Q, € M, and system (4).
We have lim;_, oo H(x,t) = A, uniformly for x € Q. Accordingly, {Ep} is the isolated invariant set in
X;.

Lastly, we prove that W¥(Ep) (N X° = ¢.

By contradiction, assume that there is a positive orbit (H(x, t), I(x,t), V(x, 1)) € X0 of (4) such
that

lim H(x,t) = A, lim I(x,t) =0, lim V(x,t) =0, uniformlyforx e Q. (82)
t—00 t—00 t—00
Thus, for every sufficiently small constant >0, there is a positive constant Ty = Ty(¢), such that
A —e<H(x, t)<A +¢&, 0<I(x,f)<e, 0<V(x,t)<e, VxeQ, t>T,. (83)

Thus, from the last two Equation (4), for >0, x € Q, t > Ty + 1, one has

A+ 2e

K ) ’

au(A +¢e)V(x,t)
A+ 2¢ '

) S

5 >ae "V (x,t—11) —8I(x,t) +r(x,t) |1 —
(84)
% .

57 > DAV (x,t) + ke ?2I(x,t — 1) — uV(x,t) —

Consider the matrix defined by

A+2e V1Tl
) (1 — K—) -4 ae
Be = "
— T 1 _ au(A+e)
ke™72%2 —H — wiD At2e
Since B has positive off-diagonal elements, the Perron-Frobenius Theorem implies that there exists

a positive eigenvector v for the maximum principal eigenvalue 1* of B.. Furthermore, since Ro>1,

we have
A + 2¢e au(A +¢) T —
S — 1 — +uD+ ——2 ) — ki nn—rmn o,
(s-n(1-257)) (s w0+ 23557 ) - hmermoomns

for € small enough. By a simple calculation we see that 1* is positive.
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Consider the problem below:

(D
ov A+ 2¢
I —ge v§1)(x, t—1) — Svél)(x, )+ rzvél)(x, Hil1- + ,
ot Ky
avs” 1) ) (1)
= DAvy (x, 1) + ke 7220, (x,t — T2) — uvy (%, 1)
(1)
u(A +e)vy (x,t
_oc( e ( ), t>To+71,x€ (85)
A+ 2¢
Bvél) 8v§1)
= =0, t>To+71,x€ 0
an an
1 ! (1 1 S
Yy (X, t) - El(xa t)) ])3 (X, t) - EV(X) t)) te [TO) TO + 8]) x € Q.
Let (v2(#), v3(t)) be the unique positive solution of the following problem:
. T A+ 2e
V() = ae Mg (t — 11) — Sva () + () | 1 — ,
Kn
u(A + e)vs(t
b3(0) = ke M0t — 1) — puvs (1) — TALT OO (36)

A+ 2¢

1 1
v(t) = = minI(x,t), v3(t) = —minV(x,t), te [Ty To+ €l
2 xeQ 2 xeQ

Then (v,(¢), v3(t)) is a lower solution of problem (85).
Define

(fl (x’ t ¢2),f2(x> [ ¢3)) = (I(x> [ ¢2)) V(x> t ¢3)): and (81 (t7 ¢2)’ gz(t’ ¢3)) = (VZ(t> ¢2)> V3(t’ ¢3))

From Theorem 2.1, we have that (I(x, t), V(x, t)) is bounded. Hence, from (84) and (86) it is evident
that (fi (x, t, ¢2), 2 (x, t, ¢3)) and (g, (t, $2), g, (¢, ¢3)) are continuous, Lipschitz on each compact sub-
set of A%, and thanks to boundedness of solutions, (fi(x, t, $2),f2(x, t, $3)) satisfies the assumption
(Q): if ¢;i < ¥ and ¢i(0) = 1;(0) for some i = 1, 2, then f(¢) < f(¥). Thus in (84), all the condi-
tions of Theorem 5.1.1 in [39] hold. Since in (82), one supposes that I(x,t) — 0 and V(x,t) — 0O as
t — oo uniformly for x € ©, by a comparison principle one deduces that the solution of system (86),
(v2(t), v3(t)), with the above initial conditions, converge to (0, 0).
Let

~ 1 A+2
M(t) = ey (t) + % |:8 -1 (1 — ;H E>i| 1T (1)

t A 2 t
+a/ 13(0) 40 + [8 —n (1 _At 6)} enm / 1,(60) d6.
t—11 KH t—12

Since (v2(t), v3(t)) — (0,0) ast — o0, we get

lim M(t) = 0. (87)

t—+00

In the same vein, by computing the time derivative of M(t) along the positive solution to problem (86),
one can choose a sufficiently small constant ¢ such that

dM(t) . ka(A + 2¢) e~ 1T1—r2n

A+ 2¢

" Is6 -1
(au(A +€) + n(A + 2¢)) |:8—r2 (1 — )}
Ky
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1 A A+2 1) 1 A+ 2e t
xm(au( +€)+/»L( + 6))|: _7'2( — KH >:| V3( )

Since Ro>1, we can choose a sufficiently small constant € such that
kot(A 4 2e) e 117 1r2n

A+ 2¢
(cu(A +€) + n(A +2¢)) |:8 -1 (1 — >:|
Kn

—1>0.

Therefore, M(t) tends to either infinity or a nonnegative number when ¢ — oo. This contradicts
Equation (87). Hence, we have W*(Eq) (| X° = ). Lemma 4.2 implies that, for some constant 7;>0,

one has liminf min I(x, t)>n;, and liminf min V(x, t)>n;.
=00 xeQ =00 xeQ

For any solution (H, I, V) of PDE system (4), one has

K 4sor
lim sup max H(x, t) <Hy==2|(rn—d)+, [(n—d)?+——|.

t—>o00 x€Q 2r Ky
Then, for all >0, there is a t; >0 such that H(x, t)<Hy + €, for all t>#1, x € .

Let
Mj =limsupmaxI(x,t) and My = limsup max V(x, )
t—>o0 x€Q t—>o00 x€Q

which we know are finite quantities according to Theorem 2.1. Assume that sy — oMy >0. The first
equation of PDE system (4) satisfies, for some #; >0,

oH H+M
EESo—le-i-nH(l— + ’)—an,
H

which implies that

K M Mp\? | A4ri(s) — aM
liminfmipH(x,t)zz—H <r1_d1_r1 I>+\/<r1—d1—rl I) n r1(so —aMy)

t>+00 xeQ a1 Ky Ky

This proves that H(x, t) is uniformly bounded away from zero. This means that there exists a con-

stant 17,>0 such that litm inf min H(x, t)>1,, uniformly for all x € Q. This achieves the proof of
0 xeQ

Theorem 4.3. [ |

4.3. Global stability of the equilibrium point with infection E*

In this subsection, we investigate the global stability of the equilibrium point with infection E*.
Using Theorem 4.3, we obtain the following result.

Theorem 4.4: Let (H(x,t),I(x,t), V(x,t)) be a solution to problem (4)-(6), ¢i(x,0) £ 0, i = 1,2,3.
If Ro>1 and r1 — d>0, then for 71 € [0,7])) and 7, € [0,73)), tlim (H(x,1t),I(x,t), V(x,1)) =
—00

(H*,I*, V*), uniformly for x € Q, i.e. the positive equilibrium point with infection E* is globally
asymptotically stable for t, € [0, 1],) and 7, € [0, 75,).

Proof: Here, we suppose that healthy hepatocytes stop growing at H = Ky. So, the compatibil-
Ku
I

ity condition Kg>so/d; is needed. Under this condition and the fact that A = 5 (rp —dy) +
1



APPLICABLE ANALYSIS (&) 2317

4
\/(rl —d)?+ ;{071 ], we have the relation A < Kp. Since we proved that tlim (H(x,t),1(x, 1)) < A,
H —> 00

— 4 K Nt 4 K
uniformly for all x € 2, where A, = (450 + Hﬁle +Xan , it is clear that A, < Kp. One can
q0

then deduce from I'; that the set

kA, _, . —
I =1H,LV)e X, : I1(x,0) < A, V(x,0) < e 2, Vhe[-1,0,xeQ
n

is positively invariant for the family of solution operators @ (¢) and any forward orbit eventually enters
into I';. Accordingly, we will investigate the dynamics of (4)-(6) in I',.

Since Ro>1, there exists a unique constant equilibrium point with infection E* = (H*, I*, V*),
with H*, I* and V* given by (20), (21) and (22) respectively.

We can choose a sufficiently large number ag>0 so that the function apH + so — di1H + riH(1 —

kA
1;1(_—5};1) — ‘}‘JLJX increases monotonically with respect to H forall (H, I, V) € [0, Ky]? x [0, Te e r22],

It then follows that

t
H(x,t) = e %'H(x,0) + / e " {goH(x,t —s) +sg — d1H(x,t — s)
0

CnHGf—5) (1 _ Hxt—y) +I(x,t—s)) aH(x,t —s)V(x,t —s) }

Ky _H(x,t—s)—i—I(x,t—s)
Set
H®(x) := limsup H(x, t), Hoo (%) := liminf;_, o H(x, t),
t— 00
I°°(x) := lim sup I(x, 1), Ino(x) := liminf;_ o I(x, 1), (88)
t— 00
V®(x) := limsup V(x, 1), Vo (%) := liminf;_, o0 V(x,1).
t— 00

Then, by Theorem 4.3, there exists 79>0 such that
H®(x) > Hoo(x) > 100,  I°(x) > Ino(x) = 00,  VF(x) > Vo(x) > 10, Vx € Q. (89)

By Fatou’s Lemma, we obtain

H®(x) < / e " agH® (x) + so — diH™(x)
0

r H™(x) <1 _H®(x) + Ioo(x)> aH® (x) Voo (x) }

Kn T H®(X) + Lo (%)
Also, set

B := sup H®(x), Bioo := inf, g Hoo (%),

xeQ

,350 = sup I (x), Baoo = infxE§ Lo (), (90)
xeQ

B5° == sup V= (x), Bico = inf, 5 Voo (%).
xeQ

It is clear that

B = Bice = 1n0s B = Broo =10 B3 = Bice = Nos (91)
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and
Bioo < B° < Kn, Pro < By < Kg. (92)
We thus have
oo o0 o0
_ ,31 + Brco aﬂl B3o0
* < e W05 g0 B° 459 — diB° 41 °°<1— — ds,
B1 /0 { 0B 0o — dify 181 Kit B 4 B0
1 ) .Bi)o + Brco aﬁ?o/%oo
— — d, B® oo 1 _ _ i
p” {110131 +so —dify” +ripy ( K B+ B
and hence,
ﬂ?o + Broo 0[,3?0/3300
0<sy—di > o1 — — . 93
<so—di1B; +rp; ( Ko B 1 p0 (93)
Similarly, we have the following inequality:
Bioo + ,330 05,3100/3?0
0>s9—d 1— — . 94
> so — d1B10o + 11 B100 ( K oo+ P (94)

By employing the second equation of (4), with arguments similar to those above, we further get

ae NTBpS ( Bico + /3°°)
<—— LD 5gX g pp (1 - B2 ) 95
= ,3100 n ,350 ,32 2/32 Ky (95)
ae "M B0 B3oo ( ﬂfo + :32<>o>
> — = +r l———. 96
,Bloo + ,3200 B2co 28200 Ky ( )
From the third equation of (4), with arguments similar to those above, we have
t
Vix 1) = e / [,y DOV(3,0) dy + / e eos f [ (e, Ds)
Q 0 Q
_ auH(y,t —s)V(y,t —s)
Viy,t — kI(y,t — 10 — R — uV(y,t—s) — dyds,
(“" Ot H Ot m 9@ EE TR H(y,t—s)+1(y,t—s>> e

where I is the Green function associated with A and the Neumann boundary condition (6). Thus,
by (88), (89), Fatou’s Lemma, (90), (91), (92) and using the fact that fQ I'(x,y,Ds) =1 forall x €
Q, s>0, we then get

_ aupepse
0 < ke 722p5° — upe — L3 (97)
2 > Bioo + Baco
_ aufiooB3co
0> ke 2% By — — el 98
> Broo — UB3co B 4 g (98)
Now, from (93) and (94) we have
so rn—d soBy  r—dp®
<2 202 B2 99
/33oo_a+ - +0¢/3f’°+ « B (99)
and
—d —d
pro> N N 0l 1 md e (100)
o o a Bioo a PBico
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respectively. Making (100) minus (99), we readily obtain

s rn—d
0> BrooB (Bsoo — ) + (50 + 1) Broo (B = Broo)
s r—d
+ (—" + 1) Broo(Broe — B5O). (101)
o o
Similarly, from (91), inequalities (97) and (98) imply
_ au,Bloo.B_goo
0 <ke "B — ups® — ————=— (102)
2 } :3100 + /3200
and
_ auPiooB3ico
0 > ke 1?%2 — -, (103)
Broo — B30 Broo + Broe
respectively. (103) minus (102) gives
u
0> ke "™ (Broe — B3°) + (u + &) (BS° = Baoo)- (104)
:3100 + ﬁZOO
In the same vein, from (91), inequalities (95) and (96) imply
o e V1T B0 g0 Bioo + B5°
R S B ¥ 1o 0 _ e " P2
= ,3?0 T ,350 ,32 + 1’2/32 28200 Ki
and
(o4 e_ylrlﬂfoﬂgo Bioo + Baoo
= W — 8200 + 12200 — 12200 T x5 )
respectively. Subtracting the first inequality from the second one, we get
0> <6 — 1+ ”ﬁz‘”) (B5° — Baco). (105)
Ky

Since r; — d;>0 and r;<§, we must have B7° = Bioo, B5° = Baco and B5° = B30, for inequali-
ties (101), (104) and (105) to hold. It then follows that

Jim (H(x, 1, 1), 106, 1, ), V6, 1, ¢3)) = (BY%. B3, BS), VxeQ. (106)

Now, we find lim_, oo (H(x, t, $1), I(x, £, 2), V(x, 1, 3)) = (B{°, B5°, BS°), uniformly for all x € Q.
For any ¥ € w(¢), there is a sequence t, — oo such that @(t,)¢ — ¢ in A7 asn — oc. Thus

nli)ngo(H(x) tn + 97 ¢)1))I(-x’ tl’l + 9) ¢2)) V(xa tn + 9) ¢3)) = I/f(x) G)a

uniformly for all (x,0) € Q x [—1,0]. Hence, by (106), ¥ (x,60) = (B7°, B3°, B5), Y (x,0) € Q x
[—7,0]. Therefore w(¢) = {(B{°, B5°, BS)}, which infers that (H(x,t, ¢1),1(x,t,¢2), V(x,t,$3))
converges to (87°, 5°, B5°) in I',. Since the w-limit (w(¢)) is invariant for @ () for all ¢ > 0, it
directly follows that (87°, B5°, B5°) is a positive constant equilibrium point of problem (4)-(6). Since
E* is locally asymptotically stable for 7; € [0, 7{7) and 7, € [0, 735), it follows that, the largest com-
pact invariant subset of I'; is the singleton {(H*,I*, V*)}. So, by LaSalle’s invariant principle [38,
Theorem 5.3.1], (B7°, B5°, BS°) = (H*,I*, V*), that is, the unique equilibrium point with infection,
E*, is globally attractive. This ends the proof of Theorem 4.4. u
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Table 1. Biological description of the parameters of model (4).

Parameters Description Value Unit Source

So Production rate of healthy hepatocytes HBV 5.04 x 10° cells mm™3 day‘1 [16]

dh Decay rate of healthy hepatocytes HBV 0.0039 day*1 [16]

o Rate of transmission of infection 0.0014 cells (day virus) " [18]

) Decay rate of HBV infected cells 0.0693 day_1 [16,18]

" Decay rate of HBV virions 0.693 day*1 [16,18]

n Maximal rate of growth per capita of healthy hepatocytes 1 cellsml™" [18]

r Maximal rate of growth per capita of infected hepatocytes 0.01 cellsml™" Estimated

Ky Homeostatic carrying capacity of healthy HBV cells 2 x 10" cellsml ™! [18]

k Rate of replication of HBV virions produced by 280 virus (day cells) ™ [18]

HBV infected cells

7 Death rate for new infected hepatocytes during [t — 7, t] 0.01 day_1 Assumed

V2 Death rate for new virion during [t — 1, t] 0.01 day*1 Assumed

u Modification parameter 0.08 dayf1 [17,21]

D Free HBV virion diffusion coefficient 0.01 mm? day ™" [16]
x10"
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Figure 1. Dynamical behavior of PDE problem (4)—(6) with the set of parameter values of Table 1 and & = 0.00014, 7; = 15,
T = 2,s0that Ry = 0.6898<7 = 0.8048<1.

5. Numerical simulations

In this section, we carry out numerical simulations in order to illustrate theoretical analytical results
obtained in the preceding sections. The numerical implementation is performed using a standard
finite difference method. The one-dimensional bounded spatial domain is taken as Q2 = [0,4] and
the time window is chosen according to the expected observation. The spatial and temporal direc-
tions grid sizes used are Ax = 0.05 and At = 0.08, respectively. By considering the experimental
data available in the literature [16-18], we list the parameter values used in Table 1 to explore PDE
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Figure 2. Dynamical behavior of PDE problem (4)-(6) with the set of parameter values of Table 1 and 71 = 0, T, = 0.6, so that
Ro = 8.1169>1. The endemic equilibrium E* is asymptotically stable when 7, <7;* = 0.8000.

system (4) and illustrate the stability properties of constant equilibria. For all the numerical imple-
mentation scenarios, we choose the initial conditions as (H(x, 6),I(x,0), V(x,0)) = (50,0.01,0.5),
forx € 2,0 € [—1,0], T = max{1y, 12}.

First, we let t; = 15, 7 = 2 and keep the other parameter values as in Table 1 except for ¢ =
0.00014, which implies Ry = 0.6898<7; = 0.8048<1. In this case, the HBV-free equilibrium Ej is
globally asymptotically stable. It can be seen from Figure 1 that this is indeed the case and the solu-
tion trajectories converge towards the infection-free equilibrium Ey = (1.9767 x 10'1,0,0). Here,
we observe that healthy hepatocytes increase and approach the carrying capacity Ky = 2 x 101,
Meanwhile, the other viral infection components converge to zero after small oscillations. This con-
firms the result stated in Theorem 4.1 and it then follows that the infection is wiped out. Now, we fix
77 = 0 and vary the value of the delay parameter 7, to see the effect of one delay on the dynamical
behavior of PDE-model (4)-(6). Through numerical computation, we obtain two critical values of
the delay parameter 75, represented by ) = 0.8000 and 7;* = 29.9217. Figure 2 depicts the local
asymptotic stability of the endemic equilibrium E* for 7, = 0.6<1; as attested by Theorem 3.5.
Figures 3 and 4 plot the solutions trajectories of the PDE-model (4)-(6) when 7, =5 € (15, 7;%)
and 1, = 27 € (7, 1;%), respectively, and show that the endemic equilibrium E* becomes unsta-
ble whenever 1, € (7, 7;*). Figure 5 plots the solutions trajectories of PDE-model (4)-(6) when
T, = 32>7)* and illustrates the fact that the endemic equilibrium E* regains its stability for t,>7;™.
From these arguments, we can see that the endemic equilibrium E* is locally asymptotically stable
for 7, € [0, 7). This indicates that PDE-model (4)-(6) undergoes Hopf bifurcation at 7, = 7, and
the endemic equilibrium E* losses its stability for 7, € (t}, 7J*), afterwards, E* regains its stability
for 7,>1,*. Accordingly, the Hopf bifurcation occurs at 73 and ;™.
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Figure 3. Dynamical behavior of PDE problem (4)-(6) with the set of parameter values of Table 1 and 7; = 0, 7, = 5, so that
Ro = 7.7675>1. The endemic equilibrium E* becomes unstable and a Hopf bifurcation occurs when t, € (73, 7;*), where 7J* =
29,9217.

Next, we fix 7, = 0 and vary the value of 7] to see its effect on the dynamical behavior of PDE-
model (4)-(6). By numerical calculation, we first find one critical value of 71, denoted by 7;* = 0.8400.
We observe from the phase portrait on Figure 6 that the endemic equilibrium E* is locally asymptot-
ically stable for 7 € [0, 77). It losses its stability for 71 € (t], 7;*), and recovers it after 7;*. In this
case, it is confirmed that PDE-model (4)-(6) undergoes Hopf bifurcation at ;" and 7;*.

Now, it is worth noting that, the dynamical behavior of PDE-model (4)-(6) is completely arbitrated
by the basic reproduction number R. Then, it follows that a good strategy to control HBV infection is
to reduce the value of R below one. In this case, the infection-free equilibrium Ej is globally asymp-
totically stable. From the expression Ro = Ro(t1, 72) = ake 11177272 /(1 + au) [§ + rz(KAH - 1],
we can conclude that Ry is a nonincreasing function of the delays parameters 7; and 1, so that
Ro(o0, 12) = Ro(11,00) = Rp(00,00) = 0. Figure 7 designs the basic reproduction number Ry as
a function of the time delays 7; and 7,. From this graphical result, we see that sufficient large values
of delays 7 and 7, reduce R below one. This leads to the conclusion that the time delays 7; and t;
are relevant in the eradication of free HBV from the liver.

Additionally, the expression of R shows that it is independent of the diffusion coefficient D, which
indicates that the mobility of free virions in the liver has no effect on the global dynamical behavior
of the model established. However, the sub-figures of Figure 8 show that large diffusion coeflicients
destabilize the endemic equilibrium. This means that the fast mobility of free virions in the liver can
make HBV infection uncontrollable in the liver of an infected patient.

6. Concluding remarks

The study of HBV infection is a hot research topic. Following a recent work of ours [17], we have
formulated and analyzed a two-time-delayed reaction-diffusion model of HBV infection within a
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Figure 4. The space and time histories and the phase trajectory of PDE problem (4)-(6) after Hopf bifurcation occurs for the
parameter values of Table 1 with 71 = 0, T, = 27. Here the basic reproduction number is Ry = 6.2335.

host. The two time delays are introduced to account, respectively, for actual virus production and
virus maturation. After establishing the well-posedness of this mathematical model, we derived a
biologically meaningful threshold, the basic reproduction number Ry, and discussed the asymptotic
stability of the infection-free equilibrium and the endemic equilibrium. We showed that the infec-
tion will not invade the liver if there exists a threshold parameter 7y such that Ry < 7p<1 and the
infection persists in previously infected hepatocytes if Ro>1. Using a fluctuation method developed
by Thieme and Zhao [36], we obtained a set of sufficient conditions to insure that the HBV infec-
tion will become established and stabilized at a unique endemic equilibrium. In particular, if Ro>11is
large enough, the positive endemic equilibrium is globally attractive. We investigated the local asymp-
totic stability of the endemic equilibrium in particular cases with one positive delay and in a general
case with both positive delays. We found that a nondecreasing HBV production and HBV matura-
tion delays can stabilize or destabilize the endemic equilibrium, yielding stability switches. Therefore,
the HBV production and HBV maturation delays cause the occurrence of Hopf bifurcation and pro-
voke appearance of viral oscillations. Clinically, these oscillations patterns resemble to the blips of
the different phases of chronic HBV infection, and they provide an alternative interpretation of these
observable events.

From the numerical results, we saw that oscillations also occur when the diffusion coeflicient
is large. This signifies that the fast mobility of free virions in the liver can make HBV infection
uncontrollable.

We proved that the intracellular replication delay t; and the virus maturation delay 7, can reduce
the basic reproduction number R if hepatocytes die during the delays periods. Then we deduced that
neglecting one of these time delays leads to an overestimate of HBV infection risk. Finally, on Figure
7, we noticed that Ry becomes less than one when all parameters are fixed and time delays 7; and t,
are sufficiently large. From there, we saw that the time delays 7; and 7, play an important role in the
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eradication of free HBV from the liver. From the mathematical analysis and numerical simulations, we
think that the model studied in the present paper can be used to design better strategies for mitigating
HBYV infection.
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