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ABSTRACT
In this paper, following previous works of ours, we deal with a mathemat-
ical model of hepatitis B virus (HBV) infection. We assume spatial diffusion
of free HBV particles, logistic growth for both healthy and infected hepato-
cytes, and use the standard incidence function for viral infection. Moreover,
one timedelay is introduced to account for actual virus production. Another
time delay is used to account for virus maturation. The existence, unique-
ness, positivity and boundedness of solutions are established. Analyzing
the model qualitatively and using a Lyapunov functional, we establish the
existence of a threshold T0 such that, if the basic reproduction number
R0 verifiesR0 ≤ T0<1, the infection-free equilibrium is globally asymptot-
ically stable. WhenR0 is greater than one, we discuss the local asymptotic
stability of the unique endemic equilibrium and the occurrence of a Hopf
bifurcation. Also, whenR0 is greater than one, the system is uniformly per-
sistent, whichmeans that theHBV infection is endemic. Finally, we carry out
some relevant numerical simulations to clarify and interpret the theoretical
results.
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1. Introduction

Many people suffer enormously from hepatitis B virus (HBV) infection worldwide. It is a disease
affecting the hepatocytes (or the liver cells) [1], which can evolve to acute and chronic stages. Themost
deadly complications of HBV infection are hepatocellular carcinoma, cirrhosis and liver failure [2].
According to the World Health Organization (WHO), more than 350 million people have chronic
HBV infection, and about 600,000 people die every year due to its abovementioned complications [3].
It is now well known that mathematical models can contribute to a better understanding of HBV
infection in order to design good strategies for its treatment.

The modeling of processes in a viral infection mainly takes into account: the dynamics of target
cells, the viral transmission pathways and the production of free virions. Viral transmissions can occur
by different routes, including cell-to-virus transmission, direct cell-to-cell contacts with neighboring
cells or mitotic transmission mechanism [4]. It seems reasonable and biologically more meaningful
to assume, as in most biological processes, that the different stages of the evolution of HBV in the
hepatocytes do not take place at the same time. In order to take into consideration the time necessary
to observe the production of new virions after viral entry into a target hepatocyte,mathematicalmod-
els with time delays have been proposed [5–7]. Dahari and co-workers [8] proposed a basic model
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of hepatitis B virus dynamics with logistic hepatocytes proliferation and noncytolytic loss of infected
hepatocytes. In [4], the authors extended the basicmodel proposed in [8] by incorporating a saturated
infection response rate, and a discrete intracellular delay. For themodel obtained, they investigated the
global asymptotic stability of equilibria by using the Lyapunovmethod, established the occurrence of a
Hopf bifurcation, determined conditions for the permanence of themodel, and the length of the delay
to preserve stability. Tridane and his collaborators [9] studied the dynamical behavior of HBV infec-
tion model with logistic hepatocytes proliferation, antiviral therapy and CTL immune defense delay.
The three models mentioned above assume that cells and free viruses are well mixed in the domain
with no spatial variations, and they ignored the mobility of cells and free virus particles, whereas the
mobility of cells or organisms plays an important role in many biological phenomena [10]. Wang
et al. [6] considered a time delay between the infection of a hepatocyte and the production of new
virions, and they studied the asymptotic stability of equilibria of the model obtained. For the same
model, the traveling wave solutions results were established by Gan and co-workers [11]. Xu and
Ma [7] studied the global dynamics of an HBV model with a saturation response and a time delay
for virus production. Zhang and Xu [12] investigated a delayed HBV diffusive model with antibody
immune response. Yang and Xu [13] relied on the works by Zhu and Zou [14] and Wang et al. [15]
to study a diffusive delayed model with Beddington-DeAngelis incidence function and cytotoxic T
lymphocytes immune response. Hattaf and Yousfi [16] considered a general HBVmodel, with spatial
diffusion, a general incidence rate and two time delays. Dixit et al. [5] estimated that the time delay
for virus production is approximately one day.

In our earlier work [17], based on some previous papers [18–20], we formulated and completely
analyzed the following nonlinear PDE model with a logistic growth of hepatocytes and a standard
incidence function for describing HBV infection:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂H
∂t

= s0 − d1H(x, t)+ r1H(x, t)
(
1 − H(x, t)+ I(x, t)

KH

)
− αH(x, t)V(x, t)

H(x, t)+ I(x, t)
,

∂I
∂t

= αH(x, t)V(x, t)
H(x, t)+ I(x, t)

− δI(x, t)+ r2I(x, t)
(
1 − H(x, t)+ I(x, t)

KH

)
,

∂V
∂t

= D�V(x, t)+ kI(x, t)− μV(x, t)− αuH(x, t)V(x, t)
H(x, t)+ I(x, t)

,

(1)

where t ≥ 0 denotes time and x = (x1, x2, x3) is a position in�, a subset of R3 representing the liver.
H(x, t), I(x, t) andV(x, t) stand for the densities of healthy hepatocytes, infected hepatocytes and free
HBVparticles at position x and time t, respectively. All the parameters are assumed to be positive con-
stants and independent of the position in the liver. Healthy hepatocytes are fabricated at rate s0, perish
at rate d1H and become infected at rate αHV/(H + I). They are assumed to grow logistically, with
homeostatic carrying capacity KH . r1 is the maximal per capita growth rate or the proliferation rate.
Infected hepatocytes die at rate δ per day so that 1/δ is the life-expectancy of HBV infected hepato-
cytes. r2 is the proliferation rate or maximal rate of growth per capita of HBV infected hepatocytes.
Free viruses are liberated from infected hepatocytes at rate kI and die at rate μV . The population
of virions decreases due to the infection at the rate αuHV/(H + V), where u ∈ [0, 1] is a modifica-
tion parameter. The motion of the virus follows the Fickian diffusion; D is the diffusion coefficient.
�V =∑n

i=1 ∂
2V/∂x2i , n = 1, 2, 3, is the Laplace operator. The PDE system (1) is supplemented by

the Neumann homogeneous boundary condition:

∂V
∂η

= 0 on ∂�× [0,T], (2)

where ∂
∂η

stands for the outward normal derivative on ∂�, and the following initial conditions

H(x, 0) = H0(x), I(x, 0) = I0(x), V(x, 0) = V0(x) in�. (3)
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It is worth mentioning that, in a recent work [21], we proposed two non-standard finite difference
schemes for PDE system (1), and analyzed their dynamic properties. Then, to achieve themain objec-
tive of this study, the initial boundary value problem (1)–(3) will be extended to incorporate two time
delays.

In this paper, motivated by the works in [6,7,22], we consider the following partially degenerate
delayed reaction-diffusion system:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂H
∂t

= s0 − d1H(x, t)+ r1H(x, t)
(
1 − H(x, t)+ I(x, t)

KH

)
− αH(x, t)V(x, t)

H(x, t)+ I(x, t)
,

∂I
∂t

= e−γ1τ1
αH(x, t − τ1)V(x, t − τ1)

H(x, t − τ1)+ I(x, t − τ1)
− δI(x, t)+ r2I(x, t)

(
1 − H(x, t)+ I(x, t)

KH

)
,

∂V
∂t

= D�V(x, t)+ kI(x, t − τ2) e−γ2τ2 − μV(x, t)− αuH(x, t)V(x, t)
H(x, t)+ I(x, t)

,

(4)

for t ∈ (0,T), x ∈ �, with initial conditions

H(x, θ) = φ1(x, θ) ≥ 0, I(x, θ) = φ2(x, θ) ≥ 0,

V(x, θ) = φ3(x, θ) ≥ 0, x ∈ �, θ ∈ [−τ , 0], τ = max{τ1, τ2}
(5)

and homogeneous Neumann boundary condition

∂V
∂η

= 0 on ∂�× (0,T). (6)

We assume as in [23] that at time t − τ1, the virus contacts a healthy hepatocyte and the cell actively
evolves at the infected state at time t. That is, the first parameter τ1 denotes the time delay for
new virus particles production. Note that the hepatocytes that are infected at time t are not those
that were infected at time t − τ1, but rather those that have been added at this time. Also, of the
αH(x,t−τ1)V(x,t−τ1)
H(x,t−τ1)+I(x,t−τ1) infected hepatocytes added at time t − τ1, only a fraction e−γ1τ1 will be, in life at
time t, able to produce free virions. This infers that, from time t − τ1 to time t the probability of newly
surviving produced virions is given by the quantity e−γ1τ1 . γ1 denote the death rate for infected hep-
atocytes but not yet producing free liver virions. The last time parameter τ2 is the maturation time
of newly produced virions. The quantity e−γ2τ2 is the probability of survival of immature virions, so
that the 1/γ2 is the average life time of an immature virus, with γ2 the death rate of immature virions
newly produced. Now, it is worth noting that as the total number of hepatocytes, H + I, approaches
the carrying capacity KH , one assumes proliferation slows down thanks to a homeostasis mechanism
in which only the total hepatocytes number matters, not whether they are infected [8]. The use of the
standard incidence function is due to the fact that an average human liver is constituted of billions of
hepatocytes [24]. The rate uαHV/(H + I), which corresponds to the decreasing number of free viri-
ons population due to the infection, describes the absorption phenomenon [25]. Epidemiologically,
the force of infection by virions denoted by αV/(H + I)means that forV = 0, this force of infection
is zero. This indicates that the HBV pathogenesis cannot spread on the human liver if there is no
infection. As noted in [18], it is worth recalling that one advantage of the standard incidence func-
tion is that it eliminates the biologically unrealistic dependence of the susceptibility to HBV infection
on the liver mass that occurs when a mass action function is assumed for describing HBV infection.
The justification of the assumption concerning the use of logistic functions to describe the growth of
healthy and infected hepatocytes has been emphasized in [19]. For the analysis of themodel obtained,
we assume that the domain� is connected and bounded in R3 and that its boundary, ∂�, is smooth.
We also assume that the functions φi(x, θ)(i = 1, 2, 3) are Hölder continuous in �× [−τ , 0] and
φ3 satisfies the compatibility condition ∂φ3/∂η = 0 on ∂�× [−τ , 0]. The homogeneous Neumann
condition (6) means that free virions do not move across the boundary of the liver.
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The remainder of the paper is outlined as follows. In Section 2, by using the parabolic maximum
principle combinedwith other relevant arguments from functional analysis, we prove that there exists
a unique bounded positive global solution to the model considered. Section 3 is devoted to the local
stability analysis of equilibria and to the Hopf bifurcation of the endemic equilibrium. The main
concern of Section 4 is the global stability of the steady states. Numerical simulations are performed
in Section 5 to illustrate the theoretical results. We conclude the work in Section 6.

2. Positivity, boundedness, existence and uniqueness of solution

In this Section, we mainly use the techniques set up in [18], to study the positivity, boundedness,
existence and uniqueness of the solution to PDE-model problem (4)–(6). Let X = C(�̄,R3) be a
Banach space of continuous functions from �̄ to R3 and C = C([−τ , 0],X) be the Banach space of
continuous functions from [−τ , 0] to X equipped with the usual supremum norm. We will identify
an element φ ∈ C as a function from �̄× [−τ , 0] to R3 defined by φ(x, s) = φ(s)(x). Also, we define
ωt ∈ C by ωt(s) = ω(t + s), s ∈ [−τ , 0] for any continuous function ω : [−τ , τ0) → X, where τ0>0.
We further assume that the initial conditions of system (4) satisfy:

φ1(x, θ)>0, φ2(x, θ)>0, φ3(x, θ)>0,

KH ≥ N0(x, θ) = φ1(x, θ)+ φ2(x, θ)>C, x ∈ �̄, θ ∈ [−τ , 0], (7)

where C is a positive real constant. Assumption (7) means that we are not interested by the initial
processes of infection but by HBV pathogenesis. The boundary condition (6) implies that free virus
particles do not move across the boundary ∂�.

Theorem2.1: For any given initial dataφ ∈ C satisfying the condition (7), there exists a unique solution
of the PDE problem (4)–(6) defined on [0,∞), and this solution remains positive and bounded for all
t ≥ 0.

To prove Theorem 2.1, we shall make use of the following result, which is an immediate consequence
of the positivity lemma for parabolic equations, see [26, Lemma 2.2.1] or an immediate consequence
of themaximumprinciple for parabolic equations, see [27, fromp.187] (see also [28] for other possible
methods).

Lemma 2.2: Let L be an elliptic operator, for instance L = �. If u is continuous in�× (0,T) and⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂u
∂t

− Lu = f (u) ≤ g(u), in�× (0,T),

∂u
∂η

= 0 ≤ h, on ∂�× (0,T),

u = u0 ≤ l, in�

and w is a continuous solution of:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂w
∂t

− Lw = g(w), in�× (0,T),

∂w
∂η

= h, on ∂�× (0,T),

w = l, in�,

then

u ≤ w, in�× [0,T).
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Proof: Define y = u−w. Then, it follows that y satisfies:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂y
∂t

− Ly = f (u)− g(w) ≤ 0, in�× (0,T),

∂y
∂η

= −h ≤ 0, on ∂�× (0,T),

y = u0 − l ≤ 0, in�.

Then, the positivity lemma or themaximum principle guarantees that y ≤ 0 and therefore u ≤ w and
the proof is done. �

Proof of Theorem 2.1: Define H = {(φ1,φ2,φ3) ∈ C : φ1(·, θ) ≥ C>0,φ2(·, θ) ≥ C>0, θ ∈ [−τ ,
0]}. Then for any initial conditions φ = (φ1,φ2,φ3)T ∈ H and x ∈ �̄, we define F = (F1, F2, F3) :
H → X by

F1(φ)(x) = s0 − d1φ1(x, 0)+ r1φ1(x, 0)
(
1 − φ1(x, 0)+ φ2(x, 0)

KH

)
− αφ1(x, 0)φ3(x, 0)
φ1(x, 0)+ φ2(x, 0)

,

F2(φ)(x) = α e−γ1τ1φ1(x,−τ1)φ3(x,−τ1)
φ1(x,−τ1)+ φ2(x,−τ1) − δφ2(x, 0)+ r2φ2(x, 0)

(
1 − φ1(x, 0)+ φ2(x, 0)

KH

)
,

F3(φ)(x) = kφ2(x,−τ2) e−γ2τ2 − μφ3(x, 0)− αuφ1(x, 0)φ3(x, 0)
φ1(x, 0)+ φ2(x, 0)

.

In this case, problem (4)–(6) can be rewritten as the following abstract functional differential
equation: ⎧⎨⎩

dW(t)
dt

= AW + F(Wt), t>0,

W(0) = φ ∈ X,
(8)

whereW = (H, I,V)T , φ = (φ1,φ2,φ3)T and Aω = (0, 0,D�V)T .
Now, we prove that F is locally Lipschitz in X.
Let φ = (φ1,φ2,φ3),ϕ = (ϕ1,ϕ2,ϕ3) ∈ H. By calculation, we have

F1(φ)(x)− F1(ϕ)(x)

= d1(ϕ1(x, 0)− φ1(x, 0))+ r1(φ1(x, 0)− ϕ1(x, 0))+ r1
KH

[(ϕ1(x, 0)+ φ1(x, 0)+ ϕ2(x, 0))

× (ϕ1(x, 0)− φ1(x, 0))+ φ1(x, 0)(ϕ2(x, 0)− φ2(x, 0))]

+ α(ϕ1(x, 0)φ1(x, 0)+ ϕ1(x, 0)φ2(x, 0))(ϕ3(x, 0)− φ3(x, 0))
ϕ1(x, 0)φ1(x, 0)+ ϕ1(x, 0)φ2(x, 0)+ ϕ2(x, 0)φ1(x, 0)+ ϕ2(x, 0)φ2(x, 0)

+ αϕ1(x, 0)φ3(x, 0)(φ2(x, 0)− ϕ2(x, 0))
ϕ1(x, 0)φ1(x, 0)+ ϕ1(x, 0)φ2(x, 0)+ ϕ2(x, 0)φ1(x, 0)+ ϕ2(x, 0)φ2(x, 0)

+ αϕ2(x, 0)φ3(x, 0)(ϕ1(x, 0)− ϕ1(x, 0))
ϕ1(x, 0)φ1(x, 0)+ ϕ1(x, 0)φ2(x, 0)+ ϕ2(x, 0)φ1(x, 0)+ ϕ2(x, 0)φ2(x, 0)

. (9)
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From (9), it follows that

‖F1(φ)(x)− F1(ϕ)(x)‖X

≤
(
d1 + r1 + r1n0

KH

)
‖ϕ1 − φ1‖C + r1n1

KH
‖ϕ2 − φ2‖C +

∥∥∥∥ αn2ϕ2φ2(ϕ1 − φ1)

ϕ1φ1 + ϕ1φ2 + ϕ2φ1 + ϕ2φ2

∥∥∥∥
C

+
∥∥∥∥ αn2ϕ1φ2(φ2 − ϕ2)

ϕ1φ1 + ϕ1φ2 + ϕ2φ1 + ϕ2φ2

∥∥∥∥
C

+
∥∥∥∥ α(ϕ1φ1 + ϕ1φ2)(ϕ3 − φ3)

ϕ1φ1 + ϕ1φ2 + ϕ2φ1 + ϕ2φ2

∥∥∥∥
C
,

where

n0 = ‖ϕ1 + φ1 + ϕ2‖∞ = sup
x∈�̄

{ϕ1(x, 0)+ φ1(x, 0)+ ϕ2(x, 0)},

n1 = ‖φ1‖∞ = sup
x∈�̄

{φ1(x, 0)},

n2 =
∥∥∥∥φ3φ2

∥∥∥∥∞
= sup

x∈�̄

{
φ3(x, 0)
φ2(x, 0)

}
.

Now, by using the fact that

ϕ1φ2

ϕ1φ1 + ϕ1φ2 + ϕ2φ1 + ϕ2φ2
<1,

ϕ2φ2

ϕ1φ1 + ϕ1φ2 + ϕ2φ1 + ϕ2φ2
<1,

ϕ1φ1 + ϕ1φ2

ϕ1φ1 + ϕ1φ2 + ϕ2φ1 + ϕ2φ2
<1,

we obtain

‖F1(φ)(x)− F1(ϕ)(x)‖X

<

(
d1 + r1 + αn2 + r1n0

KH

)
‖ϕ1 − φ1‖C +

(
r1n1
2KH

+ αn2
)

‖ϕ2 − φ2‖C + α‖ϕ3 − φ3‖C

<

3∑
i=1

N1
i ‖φi − ϕi‖C ,

where N1
1 = d1 + r1 + αn2 + r1n0

KH
, N1

2 = r1n1
2KH

+ αn2 and N1
3 = α. In a similar manner, we get

‖F2(φ)(x)− F2(ϕ)(x)‖X<

3∑
i=1

N2
i ‖φi − ϕi‖C ,

where

N2
1 = αn5 e−γ1τ1 + r2n4

KH
,N2

2 = δ + r2 + αn5 e−γ1τ1 + r2n3
KH

,N2
3 = α e−γ1τ1 ,

n3 = ‖ϕ2 + φ2 + ϕ1‖∞ = sup
x∈�̄

{ϕ2(x, 0)+ φ2(x, 0)+ ϕ1(x, 0)},

n4 = ‖φ2‖∞ = sup
x∈�̄

{φ2(x, 0)},

n5 =
∥∥∥∥ϕ3ϕ2

∥∥∥∥∞
= sup

x∈�̄

{
ϕ3(x,−τ1)
ϕ2(x,−τ1)

}
,
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‖F3(φ)(x)− F3(ϕ)(x)‖X<

3∑
i=1

N3
i ‖φi − ϕi‖C ,

whereN3
1 = αun2,N3

2 = ke−γ2τ2 + αun2 andN3
3 = μ+ αu. Thus, F is locally Lipschitz inX. Hence,

thanks to Proposition 2.1 in [29], there exists a unique local solution for system (4) on the interval
[0,Tmax), where Tmax is the maximal time of existence of a solution of system (4).

Next, we show that the solution (H, I,V) of problem (4)–(6) remains positive on �̄× [0,Tmax).
Let [0,T+) denote the maximal subinterval of [0,Tmax) where the solution remains positive. We first
prove that the solution is bounded on �̄× [0,T+). In order to prove the boundedness of solutions,
define the following functional

L(x, t) = e−γ1τ1H(x, t − τ1)+ I(x, t), (x, t) ∈ �̄× [0,T+).

This implies

∂L(x, t)
∂t

= e−γ1τ1s0 − e−γ1τ1d1H(x, t − τ1)− δI(x, t)+ r2I(x, t)
(
1 − H(x, t)+ I(x, t)

KH

)

+ e−γ1τ1r1H(x, t − τ1)

(
1 − H(x, t − τ1)+ I(x, t − τ1)

KH

)

= s0 e−γ1τ1 + KHr1 e−γ1τ1
4

+ KHr1
4

− e−γ1τ1d1H(x, t − τ1)− δI(x, t)− r2
KH

(
I − KH

2

)2

− r1 e−γ1τ1
KH

(
H(x, t − τ1)− KH

2

)2
− r1 e−γ1τ1

KH
H(x, t − τ1)I(x, t − τ1)− r2

KH
HI

≤ (4s0 + KHr1) e−γ1τ1 + KHr2
4

− q0L,

where q0 = min{d1, δ}. Thus, it follows that

L(x, t) ≤ max
{
(4s0 + KHr1) e−γ1τ1 + KHr2

4q0
,max
x∈�̄

{ e−γ1τ1φ1(x,−τ1)+ φ2(x, 0)}
}
:= M1.

This implies that H and I are bounded on �̄× [0,T+).
Now, from the boundedness of I and system (4)–(6), we deduce that V satisfies the following

system⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂V
∂t

− D�V = kI(x, t − τ2) e−γ2τ2 − μV(x, t)− αuH(x, t)V(x, t)
H(x, t)+ I(x, t)

≤ kM1 e−γ2τ2 − μV ,

∂V
∂η

= 0,

V(x, 0) = φ3(x, 0)>0,

(10)

whereM1 = max{ (4s0 + KHr1) e−γ1τ1 + KHr2
4q0

,maxx∈�̄{ e−γ1τ1φ1(x,−τ1)+ φ2(x, 0)}}.
Thus by Corollary 2.2, the solution ṽ(t) of problem (11) below⎧⎪⎨⎪⎩

∂ ṽ
∂t

= kM1 e−γ2τ2 − μṽ

ṽ(0) = max
x∈�

φ3(x, 0)
(11)

satisfies V(x, t) ≤ ṽ(t). By Gronwall’s inequality in differential form [30, Lemma 2.3], the solution is
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ṽ(t) = max
x∈�

φ3(x, 0) e−μt + kM1 e−γ2τ2
μ

(1 − e−μt), for all t ∈ [0,T+) and hence

V(x, t) ≤ max
{
kM1 e−γ2τ2

μ
, max
x∈�

φ3(x, 0)
}
, ∀ (x, t) ∈ �× [0,T+).

From the above discussion, we have proved thatH(x, t), I(x, t) and V(x, t) are positive and bounded
on�× [0,T+).

Now, let

B(x, t) = r1
KH

(H(x, t)+ I(x, t))+ αV(x, t)
H(x, t)+ I(x, t)

. (12)

It follows from the first equation in system (4) that

∂H
∂t

= s0 − (B(x, t)+ d − r1)H(x, t). (13)

This reads as

∂

∂t

[
H(x, t) exp

{
(d − r1)t +

∫ t

0
B(x, s) ds

}]
= s0 exp

{
(d − r1)t +

∫ t

0
B(x, s) ds

}
.

Thus,

H(x, t) exp
{
(d − r1)t +

∫ t

0
B(x, s) ds

}
− φ1(x, 0) =

∫ t

0
s0 exp

{
(d − r1)t +

∫ t

0
B(x, s) ds

}
dt.

From the above result, we obtain the following formula for H

H(x, t) = φ1(x, 0) exp
{
−(d − r1)t −

∫ t

0
B(x, s) ds

}

+
[
exp

{
−(d − r1)t −

∫ t

0
B(x, s) ds

}] ∫ t

0
s0 exp

{
(d − r1)t +

∫ t

0
B(x, s) ds

}
dt. (14)

Note for instance that (14) is valid when (x, t) ∈ �̄× [0,T+). We formally set

B1(x, t) = r2
KH

(H(x, t)+ I(x, t)). (15)

By the second equation of system (4), we get

∂I
∂t

= α e−γ1τ1H(x, t − τ1)V(x, t − τ1)

H(x, t − τ1)+ I(x, t − τ1)
− (B1(x, t)+ δ − r2)I(x, t). (16)

This leads to

∂

∂t

[
I(x, t) exp

{
(δ − r2)t +

∫ t

0
B1(x, s) ds

}]
= α e−γ1τ1H(x, t − τ1)V(x, t − τ1)

H(x, t − τ1)+ I(x, t − τ1)
exp

{
(δ − r2)t +

∫ t

0
B1(x, s) ds

}
.
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It follows that

I(x, t) = φ3(x, 0) exp
{
−(δ − r2)t −

∫ t

0
B1(x, s) ds

}

+
∫ t

0

α e−γ1τ1H(x, θ − τ)V(x, θ − τ)

H(x, θ − τ)+ V(x, θ − τ)
e(δ−r2)(θ−t) exp

{
−
∫ t

θ

B1(x, s) ds
}
dθ . (17)

Owing to the initial condition, it follows that I(x, t)>0 for (x, t) ∈ �̄× [0, τ ].
Now we prove that V(x, t)>0 for (x, t) ∈ �̄× [0, τ ].
From the third equation of system (4), the zero-flux boundary condition (6) and the initial

condition (7), we have

∂V
∂t

− D�V(x, t) = kI(x, t − τ2) e−γ2τ2 − μV(x, t)− αuH(x, t)V(x, t)
H(x, t)+ I(x, t)

,

V(x, 0) = φ3(x, 0)>0,

∂V
∂η

= 0, on ∂�× [0,∞).

By contradiction, assume that there exists (x0, t0) ∈ �̄× [0, τ ], such thatV(x, t) ≤ 0. For this, define

t1 = inf{t ∈ [0, τ ] : ∃x1 ∈ �̄ such that V(x1, t) = 0}.

Due toV(x, 0) = φ3(x, 0)>0 for x ∈ �̄, and from the continuity ofV, it follows that t1>0. Therefore,
for t ∈ [0, t1), one can define the following function h(x, t) = lnV(x, t). To get a contradiction it is
sufficient to show that the function h is bounded from below on �̄× [0, t1). By direct calculation, we
obtain

∂h(x, t)
∂t

− D�h(x, t) = 1
V(x, t)

(
∂V(x, t)
∂t

− D�V(x, t)
)

+ D
|∇V(x, t)|2
V(x, t)2

,

= 1
V(x, t)

(
kI(x, t − τ2) e−γ2τ2 − μV(x, t)− αuH(x, t)V(x, t)

H(x, t)+ I(x, t)

)
+ D

|∇V(x, t)|2
V(x, t)2

,

= −μ− αuH(x, t)
H(x, t)+ I(x, t)

+ kI(x, t − τ2) e−γ2τ2
V(x, t)

+ D
|∇v(x, t)|2
v(x, t)2

,

≥ −‖χ‖∞, (18)

where χ(x, t) = μ+ αuH(x,t)
H(x,t)+I(x,t) . Due to (18), we deduce that

h(x, 0) = lnφ3(x, 0) ≥ −‖ lnφ3‖∞.

The Neumann condition in (6) implies that
∂h
∂η

= 0. Now, for a sufficiently small ε>0, define

hε(x, t) = h(x, t)+ ‖χ‖∞t + ‖ lnφ4‖∞ + ε

2
(t + 1) ,



2292 S. FOKO AND C. TADMON

so that the following inequality holds

∂hε(x, t)
∂t

− D�hε(x, t) ≥ ε

2
,

with positive initial condition and homogeneous Neumann boundary condition

hε(x, 0) ≥ ε

2
and

∂hε
∂η

= 0,

respectively. Note that for h to be bounded from below, it suffices to show that hε ≥ 0. So, we again
proceed by contradiction. Then, define

t2 = inf{t ∈ [0, t1) : ∃x1 ∈ �̄ such that hε(x1, t) = 0}.
Clearly, t2>0. Then, from the definition of t2, the function x �→ hε(x, t2) has a minimum on �̄ at x1.
If x1 ∈ �, then�hε(x, t2) ≥ 0. Thus, ∂hε(x,t)

∂t >0, which indicates that on the left neighborhood of t2,
hε(x1, t)<0. This contradicts the definition of t2. On the other hand, if x1 ∈ ∂�, one has a minimum
on ∂� and accordingly ∇hε(x1, t2) is orthogonal to the tangent plane at x1. But, from the boundary
condition, we have ∂hε

∂η
(x1, t2) = 0. Thus�hε(x1, t2) ≥ 0, which also gives a contradiction. It is obvi-

ous that, for a sufficiently small ε>0, hε>0 on �̄× [0, t1). So, by letting ε → 0 in the definition of
hε , we get

h(x, t) ≥ −‖χ‖∞t1 − ‖ lnφ4‖∞ for all (x, t) ∈ �̄× [0, t1).

With this last conclusion, we deduce that V(x, t)>0 for all (x, t) ∈ �̄× [0, τ ]. Now, since I(x, t)>0
for all (x, t) ∈ �̄× [0, τ ], it follows, in view of (12) and (14), that B is bounded on �̄× [0, τ ] and
H(x, t)>0 for all (x, t) ∈ �̄× [0, τ ].

Repeating the above arguments, it follows that I and V are positive on �̄× [nτ , (n + 1)τ ], n =
1, 2, . . .. Thus I(x, t)>0 and V(x, t)>0 for all (x, t) ∈ �̄× [0,Tmax). In view of (12) and (14), since I
and V are positive on �̄× [0,Tmax), it follows that B is bounded andH is positive on �̄× [0,Tmax).
From this, we easily obtain the boundedness ofH, I andV on �̄× [0,Tmax) as on �̄× [0,T+). From
the above investigation and the standard theory of semilinear parabolic systems [31], we deduce that
T+ = Tmax = ∞. This completes the proof. �

3. Local stability analysis of steady states

This Section is devoted to the local stability of HBV-free equilibrium and HBV-infected equilibrium
of problem (4)–(6). For this purpose we will thoroughly analyze the characteristic equations.

If r1>d1, then PDE system (4) always has an HBV-free equilibrium

E0 = (�, 0, 0), with� = KH

2r1

[
(r1 − d1)+

√
(r1 − d1)2 + 4s0r1

KH

]
.

In the following theorem, whose proof is similar to that of Theorem 4.2 in [17], we give the expression
of the basic reproduction number R0, which is defined as the average number of newly infected
hepatocytes at the beginning of the infectious process [12].

Theorem 3.1: If the diffusion coefficient of the mature free virions D is a positive constant and δ>r2,
then the basic reproductive numberR0 of PDE-model (4) is

R0 = αke−γ1τ1−γ2τ2

(μ+ αu)
[
δ + r2

(
�
KH

− 1
)] . (19)
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Biologically speaking, 1
δ+r2( �KH −1)

denotes the average survival period of infected hepatocytes

which is less than 1
δ
since proliferation of infected hepatocytes slows down according to a homeosta-

sis process. During this period an infected cell produces k virions per unit time. 1
μ+αu is the average

surviving period of free virions that is less than 1
μ
because free viruses decrease due to the infec-

tion following an absorption effect with a modification u. α stands for the rate of newly infected cells
which are infected by the first free virions. The fraction e−γ1τ1 represents the probability of surviving
of hepatocytes infected from t − τ1 to t, while the quotients e−γ2τ2 is the probability of surviving for
immature free viruses from time t − τ2 to time t. Thus, R0 of our PDE model (4) has an interest-
ing biological meaning. Note that, the basic reproduction numberR0 is independent of the diffusion
coefficientD. Also,R0 decreases as the delays τ1 and τ2 increase.Hence, neglecting one of these delays
leads to an overestimate of the infection risk.

From Proposition 4.6 of [17], PDE model (4) has a unique positive constant endemic equilibrium
E∗ = (H∗, I∗,V∗), given by

H∗ =
KHX

[
(μ+ αu)

(
δ + r2

(
�
KH

− 1
))
(R0 − 1)X + μ(r2 − δ)(1 − X)+ r2�

KH
(μ+ αu)X

]
r2(μ+ αuX)

,

(20)

I∗ =
(1 − X)KH

[
(μ+ αu)

(
δ + r2

(
�
KH

− 1
))
(R0 − 1)X + μ(r2 − δ)(1 − X)+ r2�

KH
(μ+ αu)X

]
r2(μ+ αuX)

(21)

and

V∗ =

(1 − X)kKH

[
(μ+ αu)

(
δ + r2

(
�
KH

− 1
))

(R0 − 1)X + μ(r2 − δ)(1 − X)+ r2�
KH
(μ+ αu)X

]
r2(μ+ αuX)2

, (22)

with 0<X ≤ 1 satisfying the following equation:

b3X3 + b2X2 + b1X + b0 = 0, (23)

where

b0 = s0(μr2)2>0,

b1 = 2s0αuμr22 + μKH(r2 − δ)[μ(r1δ − r2d1)− r2αke−γ2τ2 ],

b2 = s0(αur2)2 + α[μr2KH(r1 − d1)− r2αkKH − 2μr1KH][ke−γ1τ1−γ2τ2 + u(r2 − δ)]

+ μr2αKH(r2 − δ)(ke−γ2τ2 + u(r1 − d1)),

b3 = αKH[r2α(ke−γ2τ2 + u(r1 − d1))− r1][ke−γ1τ1−γ2τ2 + u(r2 − δ)].

Note that for all X ∈ (0, 1], H∗, I∗,V∗>0 ifR0>1 and the constant equilibrium with infection E∗ =
(H∗, I∗,V∗) is unique if b3<0, b2<0, b1>0 or if bi<0 for all i ∈ {1, 2, 3}.
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Now, let E = (H0, I0,V0) be any feasible steady state of PDE system (4). Then linearizing (4) at
E = (H0, I0,V0) yields⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂H
∂t

=
(
r1 − d1 − 2r1

KH
H0 − r1

KH
I0 − αI0V0

(H0 + I0)2

)
H(x, t)

+
(

− r1
KH

H0 + αH0V0

(H0 + I0)2

)
I(x, t)− αH0

H0 + I0
V(x, t),

∂I
∂t

= α e−γ1τ1I0V0

(H0 + I0)2
H(x, t − τ1)− r2

KH
I0H(x, t)+

(
r2 − δ − r2

KH
H0 − 2r2

KH
I0
)
I(x, t)

−α e
−γ1τ1H0V0

(H0 + I0)2
I(x, t − τ1)+ α e−γ1τ1H0

H0 + I0
V(x, t − τ1),

∂V
∂t

= D�V − αuI0V0

(H0 + I0)2
H(x, t)+ ke−γ2τ2I(x, t − τ2)

+ αuH0V0

(H0 + I0)2
I(x, t)−

(
μ+ αuH0

H0 + I0

)
V(x, t).

(24)

for t>0, x ∈ �. Let −� be the operator, with eigenvalues 0 = μ1<μ2 ≤ μ3 ≤ · · · , on � subject
to the homogeneous Neumann boundary condition. Let Eμi be the eigenspace associated to μi in
C1(�). Consider, on X = [C1(�)]3, the following orthogonal basis {ϕij, j = 1, . . . , dimEμi} of the
eigenspace Eμi , and set Xij = {ϕijc, / c ∈ R3}. Hence

X =
∞⊕
i=1

Xi and Xi =
dimEμi⊕
j=1

Xij.

InsertingH(x, t) = eλtϕ1(x), I(x, t) = eλtϕ2(x), andV(x, t) = eλtϕ3(x) into (24), we get the follow-
ing eigenvalue problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λϕ1(x) =
(
r1 − d1 − 2r1

KH
H0 − r1

KH
I0 − αI0V0

(H0 + I0)2

)
ϕ1(x)

+
(

− r1
KH

H0 + αH0V0

(H0 + I0)2

)
ϕ2(x)− αH0

H0 + I0
ϕ3(x),

λϕ2(x) = αI0V0

(H0 + I0)2
e−(λ+γ1)τ1ϕ1(x)− r2

KH
I0ϕ1(x)+

(
r2 − δ − r2

KH
H0 − 2r2

KH
I0
)
ϕ2(x)

− αH0V0

(H0 + I0)2
e−(λ+γ1)τ1ϕ2(x)+ αH0

H0 + I0
e−(λ+γ1)τ1ϕ3(x),

λϕ3(x) = Dϕ′′
3 (x)− αuI0V0

(H0 + I0)2
ϕ1(x)+ ke−(λ+γ2)τ2ϕ2(x)

+ αuH0V0

(H0 + I0)2
ϕ2(x)−

(
μ+ αuH0

H0 + I0

)
ϕ3(x).

(25)

3.1. Local stability of the HBV-free equilibrium

In this subsection, we investigate the local stability of infection-free equilibrium E0 = (�, 0, 0) by
analyzing the corresponding characteristic equation.

We have the following result.

Theorem 3.2: The HBV-free equilibrium E0(�, 0, 0) of PDE-model (4) is locally asymptotically stable
IfR0<1, and becomes unstable ifR0>1.
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Proof: At the HBV-free equilibrium E0, system (25) becomes⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
λϕ1(x) =

(
r1 − d1 − 2r1

KH
�

)
ϕ1(x)− r1

KH
�ϕ2(x)− αϕ3(x),

λϕ2(x) =
(
r2 − δ − r2

KH
�

)
ϕ2(x)+ α e−(λ+γ1)τ1ϕ3(x),

λϕ3(x) = Dϕ′′
3 (x)+ ke−(λ+γ2)τ2ϕ2(x)− (μ+ αu)ϕ3(x).

(26)

Lemma 2.2 in [32] and Lemma 3.1 in [33] imply that (26) admits a principal eigenvalue λ∗, which
verifies the following characteristic equation(

r1
(
1 − 2�

KH

)
− d1 − λ

){
λ2 +

[
δ − r2

(
1 − �

KH

)
+ μiD + μ+ αu

]
λ

+
(
δ − r2

(
1 − �

KH

))
(μiD + μ+ αu)− kα e−(λ+γ1)τ1−(λ+γ2)τ2

}
= 0.

(27)

It is easy to see that, for any i ≥ 1, Equation (27) always has the negative real root λ0 =
−
√
(r1 − d1)2 + 4r1s0

KH
<0. All other roots of Equation (27) satisfy the following equation

λ2 +
[
δ − r2

(
1 − �

KH

)
+ μiD + μ+ αu

]
λ

+
(
δ − r2

(
1 − �

KH

))
(μiD + μ+ αu)− kα e−(λ+γ1)τ1−(λ+γ2)τ2 = 0. (28)

Now, set

h1(λ) = λ2 +
[
δ − r2

(
1 − �

KH

)
+ μiD + μ+ αu

]
λ

+
(
δ − r2

(
1 − �

KH

))
(μiD + μ+ αu)− kα e−(λ+γ1)τ1−(λ+γ2)τ2 .

IfR0>1, then for λ ∈ R and i = 1 (which implies that μ1 = 0), one has

h1(0)|i=1 = (μ+ αu)
(
δ − r2

(
1 − �

KH

))
− kα e−γ1τ1−γ2τ2<0 and lim

λ→+∞
h1(λ) = +∞.

Thus, Equation (28) has a positive real root. Consequently, there is a characteristic rootλwith positive
real part. Hence, ifR0>1, the infection-free equilibrium E0(�, 0, 0) is unstable. IfR0<1, set

p =δ − r2
(
1 − �

KH

)
+ μiD + μ+ αu,

q = (μiD + μ+ αu)
[
δ − r2

(
1 − �

KH

)]
and q0 = −kα e−γ1τ1−γ2τ2 .

Then, Equation (28) becomes

λ2 + pλ+ q + q0 e−λ(τ1+τ2) = 0. (29)

Now, by admitting that iω (withω>0) is a solution to (29) and setting τ = τ1 + τ2„ we easily obtain
after separating real and imaginary parts{

ω2 − q = q0 cosωτ ,

pω = q0 sinωτ .
(30)
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After squaring and adding equations of (30), we get the following biquadratic equation

ω4 + (p2 − 2q)ω2 + q2 − q20 = 0. (31)

From Equation (31), taking z = ω2, it follows that

z2 + (p2 − 2q)z + q2 − q20 = 0, (32)

with

p2 − 2q =
[
δ − r2

(
1 − �

KH

)]2
+ (μiD + μ+ αu)2>0

and

q2 − q20 =
{
(μiD + μ+ αu)

[
δ − r2

(
1 − �

KH

)]
+ kα e−γ1τ1−γ2τ2

}

×
{
μiD

[
δ − r2

(
1 − �

KH

)]
+ (μ+ αu)

[
δ − r2

(
1 − �

KH

)]
(1 − R0)

}
>0.

When τ1 = τ2 = 0,R0 = kα
(μ+ αu)(δ + r2( �KH

− 1))
and Equation (28) becomes

λ2 + p1λ+ p0 = 0, (33)

with

p1 = δ − r2
(
1 − �

KH

)
+ μiD + μ+ αu>0 and

p0 = μiD
(
δ − r2

(
1 − �

KH

))
+ (μ+ αu)

(
δ − r2

(
1 − �

KH

))
(1 − R0)>0.

Therefore, if R0<1, by the signs rule of Descartes it follows that Equations (32) and (33) have no
positive roots. By a similar argument as above, it can be shown that when τ1 = 0 and τ2 ≥ 0 andwhen
τ1 ≥ 0 and τ2 = 0, the infection-free equilibrium, E0, is locally asymptotically stable. Accordingly, if
R0<1, the infection-free equilibrium E0 = (�, 0, 0) is locally asymptotically stable for all τ1, τ2 ≥ 0.
This completes the proof �

3.2. Local stability of the equilibriumwith infection and occurence of Hopf bifurcation

Here, we discuss the local stability behavior of the endemic equilibrium E∗ when R0>1 for PDE-
model (4). Moreover, we explore the impact of the delays τ1 and τ2 according to the analysis of the
distribution of the roots of associated transcendental characteristic equations.
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Using the equilibrium condition

r1 − d1 = − s0
H∗ + r1(H∗ + I∗)

KH
+ αV∗

H∗ + I∗
,

r2 − δ = − e−γ1τ1αH∗V∗

(H∗ + I∗)I∗
+ r2(H∗ + I∗)

KH
,

at the equilibrium with infection E∗, the principal eigenvalue λ∗ satisfies the following associated
transcendental characteristic equation

λ3 + A2λ
2 + A1λ+ A0 + (B2λ2 + B1λ+ B0) e−λτ1 + C0 e−λτ2 + (P1λ+ P0) e−λ(τ1+τ2) = 0, (34)

where

A2 = μ+ μiD + s0
H∗ + r1H∗

KH
+ r2I∗

KH
+ αuH∗

H∗ + I∗
+ e−γ1τ1αH∗V∗

(H∗ + I∗)I∗
− αH∗V∗

(H∗ + I∗)2
,

A1 =
(
μ+ μiD + αuH∗

H∗ + I∗

)(
r2I∗

KH
+ e−γ1τ1αH∗V∗

(H∗ + I∗)I∗

)
+
(

s0
H∗ − αH∗V∗

(H∗ + I∗)2

)

×
(
μ+ μiD + r2I∗

KH
+ αuH∗

H∗ + I∗
+ e−γ1τ1αH∗V∗

(H∗ + I∗)I∗

)

+ r1H∗

KH

(
μ+ μiD + αuH∗

H∗ + I∗
+ e−γ1τ1αH∗V∗

(H∗ + I∗)I∗

)
+ r2αH∗I∗V∗

KH(H∗ + I∗)2
− α2uH∗I∗V∗

(H∗ + I∗)3
,

A0 = s0
H∗

(
μ+ μiD + αuH∗

H∗ + I∗

)(
r2I∗

KH
+ e−γ1τ1αH∗V∗

(H∗ + I∗)I∗

)
+
(
r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)

×
(
μ+ μiD + αuH∗

H∗ + I∗

)
e−γ1τ1αH∗V∗

(H∗ + I∗)I∗
− α2uH∗I∗V∗

(H∗ + I∗)3

×
(
r2I∗

KH
+ e−γ1τ1αH∗V∗

(H∗ + I∗)I∗

)
− r2α2u(H∗)2I∗V∗

KH(H∗ + I∗)3
,

B0 = (μ+ μiD)
{(

s0
H∗ + r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)
e−γ1τ1αH∗V∗

(H∗ + I∗)2

+
(
r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)
e−γ1τ1αI∗V∗

(H∗ + I∗)2

}
,

B1 =
(
μ+ μiD + s0

H∗ + r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)
e−γ1τ1αH∗V∗

(H∗ + I∗)2

+
(
r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)
e−γ1τ1αI∗V∗

(H∗ + I∗)2
,

B2 = e−γ1τ1αH∗V∗

(H∗ + I∗)2
, C0 = −kαr2H∗I∗ e−γ2τ2

KH(H∗ + I∗)
P1 = − kαH∗

H∗ + I∗
e−γ1τ1−γ2τ2 ,

P0 = −
(

s0
H∗ + r1H∗

KH
− αV∗

H∗ + I∗

)
kαH∗

H∗ + I∗
e−γ1τ1−γ2τ2 ,

with Ai = Ai(τ1, τ2), Bi = Bi(τ1, τ2), C0 = C0(τ1, τ2), Pi = Pi(τ1, τ2).
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When τ1 = τ2 = 0, Equation (34) becomes

λ3 + (A2 + B2)λ2 + (A1 + B1 + P1)λ+ A0 + B0 + C0 + P0 = 0. (35)

Note that

D2 = A2 + B2 = μ+ μiD + s0
H∗ + r1H∗

KH
+ r2I∗

KH
+ αuH∗

H∗ + I∗
+ αH∗V∗

(H∗ + I∗)I∗
>0,

D1 = A1 + B1 + P1

=
(
μ+ μiD + αuH∗

H∗ + I∗

)(
r2I∗

KH
+ αH∗V∗

(H∗ + I∗)I∗

)
+
(

s0
H∗ − αH∗V∗

(H∗ + I∗)2

)

×
(
μ+ μiD + r2I∗

KH
+ αuH∗

H∗ + I∗
+ αH∗V∗

(H∗ + I∗)I∗

)
− kαH∗

H∗ + I∗

+ r1H∗

KH

(
μ+ μiD + αuH∗

H∗ + I∗
+ αH∗V∗

(H∗ + I∗)I∗

)
+ r2αH∗I∗V∗

KH(H∗ + I∗)2
− α2uH∗I∗V∗

(H∗ + I∗)3

+
(
μ+ μiD + s0

H∗ + r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)
αH∗V∗

(H∗ + I∗)2

+
(
r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)
αI∗V∗

(H∗ + I∗)2
,

D0 = A0 + B0 + C0 + P0

= s0
H∗

(
μ+ μiD + αuH∗

H∗ + I∗

)(
r2I∗

KH
+ αH∗V∗

(H∗ + I∗)I∗

)
+
(
r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)

×
(
μ+ μiD + αuH∗

H∗ + I∗

)
αH∗V∗

(H∗ + I∗)I∗
− α2uH∗I∗V∗

(H∗ + I∗)3

×
(
r2I∗

KH
+ αH∗V∗

(H∗ + I∗)I∗

)
− r2α2u(H∗)2I∗V∗

KH(H∗ + I∗)3

+ (μ+ μiD)
{(

s0
H∗ + r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)
αH∗V∗

(H∗ + I∗)2

+ ×
(
r1H∗

KH
− αH∗V∗

(H∗ + I∗)2

)
αI∗V∗

(H∗ + I∗)2

}

− kαr2H∗I∗

KH(H∗ + I∗)
−
(

s0
H∗ + r1H∗

KH
− αV∗

H∗ + I∗

)
kαH∗

H∗ + I∗
,

D3 = D1D2 − D0,

=
(
αuc∗H∗ + αc2∗I

∗V∗ + d1 − r1 + 2r1
KH

H∗ + r1
KH

I∗
)
D1 + (μiD + μ) [(μiD + μ) (d1 − r1

+ 2r1
KH

H∗ + r1
KH

I∗ + αc2∗I
∗V∗

)
+
(
μiD + μ+ αuc∗H∗ + d1 − r1 + 2r1

KH
H∗ + αc2∗I

∗V∗
)



APPLICABLE ANALYSIS 2299

×
(
δ − r2 + r2

KH
H∗ + 2r2

KH
I∗
)

+ αuc∗H∗
(
d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗
)

+ r1
KH

I∗
(
δ − r2 + 2r2

KH
I∗
)

+ αr2
KH

c2∗H
∗I∗V∗ − kαc∗H∗

+αc2∗H∗V∗
(
μiD + μ+ d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗
)]

+ α2c4∗H
∗I∗V∗(μiD + μ)

+ αc2∗H
∗V∗

[
(μiD + μ+ αuc∗H∗)

(
δ − r2 + r2

KH
H∗ + r2

KH
I∗
)

+ αr2
KH

c2∗H
∗I∗V∗

+
(
δ − r2 + r2

KH
H∗ + 2r2

KH
I∗
)(

d1 − r1 + 2r1
KH

H∗ + αc2∗I
∗V∗

)
+ r1

KH
I∗
(
δ − r2 + 2r2

KH
I∗
)

+ αuc∗H∗
(
d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗
)

+ αr1
KH

c2∗H
∗I∗V∗ − kαc∗H∗

+αc2∗H∗V∗
(
μiD + μ+ d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗
)]

+
(
δ − r2 + r2

KH
H∗ + 2r2

KH
I∗
)[(

μiD + μ+ αuc∗H∗ + d1 − r1 + 2r1
KH

H∗ + αc2∗I
∗V∗

)

×
(
δ − r2 + r2

KH
H∗ + 2r2

KH
I∗
)

+ r1
KH

I∗
(
δ − r2 + 2r2

KH
I∗
)

+ αr2
KH

c2∗H
∗I∗V∗

+αc2∗H∗V∗ +
(
μiD + μ+ d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗
)

+ αr1
KH

c2∗H
∗I∗V∗ − kαc∗H∗

]

+ r1r2
K2
H
H∗I∗(μiD + μ+ αuc∗H∗)+ α2ur1

KH
c2∗H

∗I∗V∗ + kαr2
KH

c∗H∗I∗

+ α3uc4∗I
∗(H∗V∗)2(1 − c∗)+ kαc∗H∗(1 − αc2∗I

∗V∗), (36)

where c∗ = H∗/(H∗ + I∗). By the Routh-Hurwitz criterion, it can be seen that all solutions of (35)
have negative real parts if and only if D0>0 and D1D2>D0. Therefore, we have the following result.

Theorem 3.3: Consider PDE-model (4) with τ1 = τ2 = 0. If R0>1, the equilibrium point with
infection E∗ exists and is locally asymptotically stable provided that D0>0 and D1D2>D0.

We consider (34) with τ1 = 0 and τ2>0. So, Equation (34) is reduced to

λ3 + E2λ2 + E1λ+ E0 + (F1λ+ F0) e−λτ2 = 0, (37)

where E0 = A0 + B0, E1 = A1 + B1, E2 = A2 + B2, F0 = C0 + P0 and F1 = P1. Equation (37) can
be rewritten as

P(λ, 0, τ2)+ Q(λ, 0, τ2) e−λτ2 = 0, (38)
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where

P(λ, 0, τ2) = λ3 + E2λ2 + E1λ+ E0 and Q(λ, 0, τ2) = F1λ+ F0. (39)

Now, we discuss the existence of purely imaginary roots λ = iω (ω>0) to (37), taking the form of
a third-degree exponential polynomial in λ. In [34] the authors established a geometrical criterion
which gives the existence of purely imaginary roots of a characteristic equation with delay dependent
coefficients.

In order to apply the Beretta and Kuang criterion [34], we need to verify the following properties
for all τ2 ∈ [0, τ 02 ), where τ

0
2 is the maximum value for which E∗ exists.

(a) P(0, 0, τ2)+ Q(0, 0, τ2) �= 0,
(b) P(iω, 0, τ2)+ Q(iω, 0, τ2) �= 0, for all ω ∈ R,
(c) lim sup{|Q(λ,0,τ2)P(λ,0,τ2) | : |λ| → ∞, Reλ ≥ 0}<1,
(d) F(ω, 0, τ2) = |P(iω, 0, τ2)|2 − |Q(iω, 0, τ2)|2 admits a finite number of zeros,
(e) each positive root ω of F(ω, 0, τ2) = 0 is continuous and differentiable in τ2 if it exists.

Let τ2 ∈ [0, τ 02 ) and ω ∈ R. Then P(0, 0, τ2)+ Q(0, 0, τ2) = E0 + F0 = A0 + B0 + C0 + P0 = D0.
This indicates that item (a) is satisfied if D0 �= 0. Moreover, a direct calculation shows that

P(iω, 0, τ2)+ Q(iω, 0, τ2) = D0 − D2ω
2 + iω(D1 − ω2).

Thus, one easily sees that item (b) is satisfied if D0 − D1D2 �= 0. From (39) it is known that

lim
|λ|→∞

∣∣∣∣Q(λ, 0, τ2)P(λ, 0, τ2)

∣∣∣∣ = lim
|λ|→∞

∣∣∣∣ F1λ+ F0
λ3 + E2λ2 + E1λ+ E0

∣∣∣∣ = lim
|λ|→∞

∣∣∣∣ F1
3λ2 + 2E2λ+ E1

∣∣∣∣ = 0.

Thus, (c) follows.
Let F be defined as in (d). From

|P(iω, 0, τ2)|2 = ω6 + (E22 − 2E1)ω4 + (E21 − 2E0E2)ω2 + E20 and |Q(iω, 0, τ2)|2 = F20 + F21ω
2,

we get

F(ω, 0, τ2) = ω6 + k1ω4 + k2ω2 + k3,

where k1 = E22 − 2E1, k2 = E21 − 2E0E2 − F21 and k3 = E20 − F20.
Letting ω2 = z, we obtain

G(z) = z3 + k1z2 + k2z + k3 = 0. (40)

If Equation (40) has no positive roots, then when R0>1, E∗ is locally asymptotically stable for all
τ2 ≥ 0.

We assume that (40) has positive roots, then it follows that (d) is valid, and according to the Implicit
Function Theorem, (e) is also verified.

Now, by admitting that λ = iω (ω>0) is a root of (37), then substituting λ = iω in (37), we obtain
after separating in real and imaginary parts{

E0 − E2ω2 = −F0 cosωτ2 − F1ω sinωτ2,

E1ω − ω3 = −F1ω cosωτ2 + F0 sinωτ2.
(41)

From system (41), we have

sinωτ2 = (E2F1 − F0)ω3 + (E1F0 − E0F1)ω
F20 + F21ω2 , (42)
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cosωτ2 = F1ω4 + (E2F0 − E1F1)ω2 − E0F0
F20 + F21ω2 . (43)

Now, using the definitions of P(λ, 0, τ2) and Q(λ, 0, τ2) given in (39), and applying the property
(a), (42) and (43) can be written easily as

sinωτ2 = Im
P(iω, 0, τ2)
Q(iω, 0, τ2)

and cosωτ2 = −Re
P(iω, 0, τ2)
Q(iω, 0, τ2)

. (44)

This reads as

|P(iω, 0, τ2)|2 = |Q(iω, 0, τ2)|2.
Denote by I ⊆ R+0 the set of τ2 for which positive solutions, ω(τ2), exist for the following equation:

F(ω, 0, τ2) = |P(iω, 0, τ2)|2 − |Q(iω, 0, τ2)|2 = 0.

If I �= ∅, then E∗ is stable for τ2 ≥ 0. We note that

F(0, 0, τ2) = (A0 + B0)2 − (C0 + P0)2 and lim
ω→∞ F(ω, 0, τ2) = ∞.

A direct computation gives

A0 + B0 + C0 + P0 = (μiD + μ)

(
d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗ + αc2∗I

∗V∗
)

×
(
δ − r2 + r2

KH
H∗ + 2r2

KH
I∗
)

+ αuc∗H∗
(
d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗
)(

δ − r2 + r2
KH

H∗ + 2r2
KH

I∗
)

+ r2
KH

I∗(μiD + μ+ αuc∗H∗)
(
αc2∗H

∗V∗ − r1
KH

H∗
)

− α2ur1
KH

c2∗H
∗I∗V∗

+ αc2∗H
∗V∗(μiD + μ)

(
d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗
)

+ αr1
KH

c2∗H
∗I∗V∗(μiD + μ)+ α3uc5∗I

∗(H∗V∗)2(H∗ + I∗ − 1)

− αr2
KH

kc∗H∗I∗ e−γ2τ2 + kαc∗H∗(αc2∗I
∗V∗ − 1) e−γ2τ2 , (45)

A0 + B0 − C0 − P0 = (μiD + μ)

(
d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗ + αc2∗I

∗V∗
)

×
(
δ − r2 + r2

KH
H∗ + 2r2

KH
I∗
)

+ αuc∗H∗
(
d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗∗
)(

δ − r2 + r2
KH

H∗ + 2r2
KH

I∗
)

+ r2
KH

I∗(μiD + μ+ αuc∗H∗)
(
αc2∗H

∗V∗ − r1
KH

H∗
)

+ μαr1
KH

c∗H∗V∗
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+ αc2∗H
∗V∗(μiD + μ)

(
d1 − r1 + 2r1

KH
H∗ + r1

KH
I∗
)

+ αr1
KH

c2∗H
∗I∗V∗(μiD + μ)+ α3uc5∗I

∗(H∗V∗)2(H∗ + I∗ − 1)

+ kαc∗H∗(1 − αc2∗I
∗V∗) e−γ2τ2>0. (46)

Therefore, if
A0 + B0 + C0 + P0<0, we have I �= ∅ and F(ω, 0, τ2) = 0 has at least a positive solution.
From (44), we choose an angle θ ∈ [0, 2π) such that

sin θτ2 = Im
P(iω, 0, τ2)
Q(iω, 0, τ2)

and cos θτ2 = −Re
P(iω, 0, τ2)
Q(iω, 0, τ2)

. (47)

From (44) and (47), we get

ωτ2 = θ + 2πn, n ∈ {0, 1, 2, . . .}.
Therefore, we can define the maps τn : I → R+0 as

τn(τ2) = θ(τ2)+ 2πn
ω(τ2)

, τ2 ∈ I, n ∈ {0, 1, 2, . . .},

where ω(τ2) is a positive root of Equation (37).
Define the functions Sn : I → R by

Sn(τ2) = τ2 − θ(τ2)+ 2πn
ω(τ2)

, τ2 ∈ I, n = 0, 1, 2, . . .

that are continuous and differentiable in τ2. Therefore, Equation (37) admits a purely imaginary root
λ = iω(τ ∗

2 ) at delay τ2 = τ ∗
2 withω(τ ∗

2 )>0whenever τ
∗
2 is a solution of equation Sn(τ2) = 0 for some

n ∈ N. Thus, proceeding as in [34], we get the following result.

Theorem 3.4: Assume that D0<0 and D0 − D1D2 �= 0. Then the characteristic Equation (37) has a
pair of simple conjugate pure imaginary roots, ±iω(τ ∗

2 ), at τ2 = τ ∗
2 with ω(τ ∗

2 )>0 if Sn(τ ∗
2 ) = 0 for

some n ∈ N, and these roots cross the imaginary axis from left to right if σ2(τ ∗
2 )>0 and from right to

left if σ(τ ∗
2 )<0, where

σ2(τ
∗
2 ) = sign

{
dReλ
dτ2

∣∣∣∣
λ=iω(τ∗

2 )

}
= sign{F′

ω(ωτ
∗
2 , τ

∗
2 )} × sign

{
dSn(τ2)
dτ2

∣∣∣∣
τ2=τ∗

2

}
.

By applying Theorem 3.4 and the Hopf bifurcation theorem for functional differential equa-
tions [35], we get the existence of a Hopf bifurcation given in the following result.

Theorem 3.5: Assume thatR0>1, D0<0 and D0 − D1D2 �= 0. Then, for PDE system (4), there exists
τ ∗
2 ∈ I such that the endemic equilibrium E∗ is locally asymptotically stable when 0 ≤ τ2<τ

∗
2 , and

becomes unstable when τ2 stays in some right neighborhood of τ ∗
2 . Therefore, a Hopf bifurcation occurs

at τ2 = τ ∗
2 .

We now consider the case τ1>0 and τ2 = 0. Then Equation (34) becomes

λ3 + A22λ
2 + A21λ+ A20 + (B22λ2 + B21λ+ B20) e−λτ1 = 0, (48)
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where

A22 = A2, A21 = A1, A20 = A0 + C0, B22 = B2, B21 = B1 + P1, B20 = B0 + P0.

Equation (48) can be rewritten as

P1(λ, τ1, 0)+ Q1(λ, τ1, 0) e−λτ1 = 0, (49)

where

P1(λ, τ1, 0) = λ3 + A22λ
2 + A21λ+ A20 and Q(λ, τ1, 0) = B22λ2 + B21λ+ B20. (50)

Let λ = iω1 (ω1>0) be a root of Equation (48). Then{
A20 − A22ω

2
1 = −(B20 − B22ω2

1) cosω1τ1 − B21ω1 sinω1τ1,

A21ω1 − ω3
1 = −B21ω1 cosω1τ1 + (B20 − B22ω2

1) sinω1τ1.
(51)

It follows from system (51) that

sinω1τ1 = B22ω5
1 + (A22B21 − B20 − A21B22)ω3

1 + (A21B20 − A20B21)ω1

B221ω
2
1 + (B20 − B22ω2

1)
2 , (52)

cosω1τ1 = − (A22B22 − B21)ω4
1 + (A21B21 − A22B20 − A20B22)ω2

1 + A20B20
B221ω

2
1 + (B20 − B22ω2

1)
2 . (53)

Note that

sinω1τ1 = Im
P1(iω1, τ1, 0)
Q1(iω1, τ1, 0)

and cosω1τ1 = −Re
P1(iω1, τ1, 0)
Q1(iω1, τ1, 0)

, (54)

which gives

|P1(iω1, τ1, 0)|2 = |Q1(iω1, τ1, 0)|2.
Define

F̃1(ω1) = |P1(iω1, τ1, 0)|2 − |Q1(iω1, τ1, 0)|2. (55)

Let

I1 = {τ1 ∈ R+0 : F̃1(ω1, τ1, 0) = 0 andR+0}. (56)

Thus I1 is the set of τ1 for which positive solutions, ω1(τ1), exist for the equation F̃1(ω1, τ1, 0) = 0.
From (54), we choose θ1 ∈ [0, 2π) such that

sin θ1τ1 = Im
P1(iω1, τ1, 0)
Q1(iω, τ1, 0)

and cos θ1τ1 = −Re
P1(iω1, τ1, 0)
Q1(iω1, τ1, 0)

. (57)

From (54) and (57), we have

ω1τ1 = θ1 + 2πn, n ∈ {0, 1, 2, . . .}.
Therefore, we can define the maps τ 1n : I1 → R+0 as

τ 1n (τ1) = θ1(τ1)+ 2πn
ω1(τ1)

, τ1 ∈ I1, n ∈ {0, 1, 2, . . .},

where I1 is defined in (56) and ω1(τ1) is a positive root of Equation (48).
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Define the functions S1n : I1 → R

S1n(τ1) = τ1 − θ1(τ1)+ 2πn
ω1(τ1)

, τ1 ∈ I1, n ∈ {0, 1, 2, . . .}

that are continuous and differentiable in τ1, with I1 defined in (56). Therefore, Equation (48) admits
a purely imaginary root λ = iω1(τ

∗
1 ) at delay τ1 = τ ∗

1 with ω1(τ
∗
1 )>0 whenever τ ∗

1 is a solution of
equation S1n(τ1) = 0 for some n ∈ N. Thus, proceeding as in [34], we get the following result.

Theorem 3.6: Assume that ω1(τ1) is a positive root of (48) defined for τ1 ∈ I1 ⊆ B+0 and for some
τ ∗
1 ∈ I1, S1n(τ ∗

1 ) = 0 for some n ∈ N. Then the characteristic Equation (48) has a pair of simple conju-
gate purely imaginary roots, ±iω1(τ

∗
1 ), at τ1 = τ ∗

1 , which cross the imaginary axis from left to right if
σ1(τ

∗
1 )>0 and from right to left if σ1(τ ∗

1 )<0, where

σ1(τ
∗
1 ) = sign

{
dReλ
dτ1

∣∣∣∣
λ=iω1(τ∗

1 )

}
= sign{F̃′

1ω1
(ω1τ

∗
1 , τ

∗
1 )} × sign

{
dS1n(τ1)
dτ1

∣∣∣∣
τ1=τ∗

1

}
.

By applying Theorem 3.6 and the Hopf bifurcation theorem for functional differential equa-
tions [35], we get the existence of a Hopf bifurcation given in the following result.

Theorem3.7: Assume thatR0>1. Then, for PDE system (4), there exists τ ∗
1 ∈ I1, such that the endemic

equilibrium E∗ is locally asymptotically stable when 0 ≤ τ1<τ
∗
1 , and becomes unstable when τ1 stays in

some right neighborhood of τ ∗
1 . Therefore, a Hopf bifurcation occurs at τ1 = τ ∗

1 .

Let now τ1>0 and τ2 ∈ (0, τ 02 ). Then Equation (34) reads

λ3 + A2λ
2 + A1λ+ A0 + C0 e−λτ

0
2 + (B2λ2 + B1λ+ B0 + (P1λ+ P0) e−λτ

0
2 ) e−λτ1 = 0. (58)

Let λ = iω2 (ω2>0) be a root of Equation (58). Then{
N1 cosω2τ1 + N2 sinω2τ1 = R1,

N2 cosω2τ1 + N1 sinω2τ1 = R2,
(59)

where

N1 = B0 − B2ω2
2 + P1ω2 sinω2τ

0
2 + P0 cosω2τ

0
2 ,

N2 = B1ω2 + P1ω2 cosω2τ
0
2 − P0 sinω2τ

0
2 ,

R1 = −(A0 − A2ω
2
2 + C0 cosω2τ

0
2 ),

R2 = −(A1ω2 − ω3
2 − C0 sinω2τ

0
2 ).

It follows from system (59) that

sinω2τ1 = N2R1 − N1R2
N2
1 + N2

2
and cosω1τ1 = N1R1 + N2R2

N2
1 + N2

2
. (60)

Squaring and adding (60) yields

F̃2(ω2, τ1, τ 02 ) := ω6
2 + q4ω4

2 + q3ω3
2 + q2ω2

2 + q1ω2 + q0, (61)
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where

q4 = A2
2 − 2A1 − B22,

q3 = 2(C0 + B2P1) sinω2τ
0
2 ,

q2 = A2
1 + B0B2 − B21 − 2A0A2 − P21 + 2(B2P0 − A2C0 − B1P1) cosω2τ

0
2 ,

q1 = 2(B1P0 − A1C0 − B0P1) sinω2τ
0
2 ,

q0 = A2
0 + C2

0 − B20 − P20 + 2(A0C0 − B0P0) cosω2τ
0
2 .

Let

I2 = {τ1 ∈ R+0 : F̃2(ω2, τ1, τ 02 ) = 0 and ω2(τ1, τ 02 )>0}. (62)

Thus I2 is the set of τ1 for which positive solutions, ω2(τ1, τ 02 ), exist for the equation F̃2(ω2, τ1, τ 02 ) =
0. If I2 �= ∅, then E∗ is stable for τ2 = τ 02 and τ1 ≥ 0. We note that

F̃2(0, τ1, τ 02 ) = (A0 + C0)
2 − (B0 + P0)2 and lim

ω2→∞ F̃2(ω2, τ1, τ 02 ) = ∞.

Now, we choose θ2(τ1) ∈ [0, 2π) such that

sin θ2(τ1) = N2R1 − N1R2
N2
1 + N2

2
and cos θ2(τ1) = N1R1 + N2R2

N2
1 + N2

2
. (63)

Define the functions S2n : I2 → R

S2n(τ1) = τ1 − θ2(τ1)+ 2πn
ω2(τ1)

, τ1 ∈ I2, n = 0, 1, 2, . . .

that are continuous and differentiable in τ1, with I2 defined in (62). Therefore, Equation (58) has
a purely imaginary root λ = iω(τ ∗

11, τ
0
2 ) at delay τ1 = τ ∗

11 with ω(τ
∗
11, τ

0
2 )>0 if and only if τ ∗

11 is a
solution of equation S2n(τ1) = 0 for some n ∈ N. Thus, proceeding as in [34], we get the following
result, whose proof is given in details.

Theorem 3.8: Assume that ω2(τ1) is a positive root of (58) defined for τ1 ∈ I2 ⊆ R+0 and for some
τ ∗
11 ∈ I2, S2n(τ ∗

11) = 0 for some n ∈ N. Then the characteristic Equation (58) admits a simple conjugate
purely imaginary root λ = iω2(τ

∗
11) at τ1 = τ ∗

11 which crosses the imaginary axis from left to right if
σ2(τ

∗
11)>0 and from right to left if σ2(τ ∗

11)<0, where

σ2(τ
∗
11) = sign

{
dReλ
dτ1

∣∣∣∣
λ=iω2(τ∗

11,τ
0
2 )

}
= sign{F̃′

2ω2
(ω2, τ ∗

11, τ
0
2 )} · sign

{
dS2n(τ1)
dτ1

∣∣∣∣
τ1=τ∗

11

}
.

Proof: Equation (58) can be rewritten as

G0 + G1 e−λτ
0
2 +

(
G2 + G3 e−λτ

0
2
)
e−λτ1 = 0, (64)

where

G0 = λ3 + A2λ
2 + A1λ+ A0, G1 = C0, G2 = B2λ2 + B1λ+ B0,

G3 = P1λ+ P0, Gi = Gi(λ, τ1, τ 02 ).
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It is worth noting that G1 = C0 depends neither on λ nor on τ1. Therefore, if τ2 = τ 02 is fixed, then
G1 is a real constant.

For a fixed delay τ2 = τ 02 , let λ = iω2(τ1, τ 02 ) be a root of (64). Then system (59) can be rewritten
as {

N11 cosω2τ1 + N22 sinω2τ1 = R11,

N22 cosω2τ1 + N11 sinω2τ1 = R22.
(65)

where

N11 = G2R + G3R cosω2τ
0
2 + G3I sinω2τ

0
2 , N22 = G2I − G3R sinω2τ

0
2 + G3I cosω2τ

0
2 ,

R11 = −G0R − G1R cosω2τ
0
2 , R22 = −G0I + G1R sinω2τ

0
2 ,

(66)

with GjR = ReGi and GjI = ImGi, j = 0, 1, 2, 3. Then, one has

cosω2τ
0
2 = − ϕ∣∣∣G2 + G3 e−iω2τ 02

∣∣∣2 and sinω2τ
0
2 = ψ∣∣∣G2 + G3 e−iω2τ 02

∣∣∣2 , (67)

where

ϕ = (G2R + G3R cosω2τ
0
2 + G3I sinω2τ

0
2 )(G0R + G1R cosω2τ

0
2 )

+ (G2I − G3R sinω2τ
0
2 + G3I cosω2τ

0
2 )(G0I − G1R sinω2τ

0
2 ),

ψ = −(G2I − G3R sinω2τ
0
2 + G3I cosω2τ

0
2 )(G0R + G1R cosω2τ

0
2 )

+ (G2R + G3R cosω2τ
0
2 + G3I sinω2τ

0
2 )(G0I − G1R sinω2τ

0
2 ).

Note that

cosω2τ
0
2 = −Re

(
G0 + G1 e−iω2τ 02

G2 + G3 e−iω2τ 02

)
and sinω2τ

0
2 = Im

(
G0 + G1 e−iω2τ 02

G2 + G3 e−iω2τ 02

)
.

This reads as ∣∣∣G0 + G1 e−iω2τ 02
∣∣∣2 =

∣∣∣G2 + G3 e−iω2τ 02
∣∣∣2 . (68)

Define

F̃3(ω2, τ1, τ 02 ) =
∣∣∣G0 + G1 e−iω2τ 02

∣∣∣2 −
∣∣∣G2 + G3 e−iω2τ 02

∣∣∣2 . (69)

Thusω2(τ1, τ 02 ) in (67) is a positive root of F̃3(ω2, τ1, τ 02 ) = 0 and consequently, I2 �= ∅. Then for any
τ1 ∈ I2, differentiating (69) with respect to τ1 yields

F̃′
3ω2
(ω2, τ1, τ 02 )ω

′
2 + F̃′

3τ2
(ω2, τ1, τ 02 ) = 0, (70)

where

F̃′
3ω2

= 2[G0RG′
0Rω2

+ G0IG′
0Iω2

− G2RG′
2Rω2

− G2IG′
2Iω2

− G3RG′
3Rω2

− G3IG′
3Iω2

+ cosω2τ
0
2 (G1RG′

0Rω2
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− G3RG′
2Rω2

− G2RG′
3Rω2

− G3IG′
2Iω2

− G2IG′
3Iω2)

+ τ 02 cosω2τ
0
2 (G2IG3R − G0IG1R − G2RG3I)

+ sinω2τ
0
2 (G3RG′

2Iω2
− G3IG′

2Rω2
− G2RG′

3Iω2
+ G2IG′

3Rω2
− G1IG′

0Iω2
)]

+ τ 02 sinω2τ
0
2 (G2RG′

3Rω2
+ G2IG3I − G0RG1Rω2)],

F̃′
3τ2

= 2[G0RG′
0Rτ1

+ G0IG′
0Iτ1

− G2RG′
2Rτ1

− G2IG′
2Iτ1

− G3RG′
3Rτ1

− G3IG′
3Iτ1

+ cosω2τ
0
2 (G1RG′

0Rτ1
− G3RG′

2Rτ1
− G2RG′

3Rτ1
− G3IG′

2Iτ1
− G2IG′

3Iτ1
)

+ sinω2τ
0
2 (G3RG′

2Iτ1
+ G2IG′

3Rτ1
− G3IG′

2Rτ1
− G2RG′

3Iτ1
− G1RG′

0Iτ1
)].

For τ1 ∈ I2 and ω2(τ1, τ 02 ), by (67), we get that θ2(τ1) chosen in (63) satisfies

cos θ2(τ1) = − ϕ∣∣∣G2 + G3 e−iω2τ 02
∣∣∣2 and sin θ2(τ1) = ψ∣∣∣G2 + G3 e−iω2τ 02

∣∣∣2 . (71)

Because S2n(τ ∗
11) = 0 for some n ∈ N, we have ω2(τ

∗
11, τ

0
2 )τ

∗
11 = θ(τ ∗

11)+ 2πn. Moreover, (67)
and (71) imply F̃3(ω2, τ ∗

11, τ
0
2 ) = 0. Thus,±iω2(τ

∗
11, τ

0
2 ) are roots of (64). Now, we prove the criterion

for direction of the geometric crossing. Differentiating (64) with respect to τ1, we have

dλ
dτ1

=
λ(G2 + G3 e−λτ

0
2 ) e−λτ1 − G′

0τ1
− (G′

2τ1
+ G′

3τ1
e−λτ 02 ) e−λτ1

G′
0λ − τ 02G1 e−λτ

0
2 + (G′

2λ − τ1G2) e−λτ1 + [(G′
3λ − τ 02G3 − τ1G3) e−λτ

0
2 ] e−λτ1

,

where the variables (λ, τ1, τ 02 ) of functions Gj, j = 0, 1, 2, 3 and their derivatives are omitted for

concision. From (64), we have e−λτ1 = −G0+G1 e−λτ
0
2

G2+G3 e−λτ
0
2
. It then follows that

dλ
dτ1

=
λ+

G′
0τ1

G0 + G1 e−λτ
0
2

−
G′
2τ1

+ G′
3τ1

e−λτ 02

G2 + G3 e−λτ
0
2

−G′
0λ − τ 02G1 e−λτ

0
2

G0 + G1 e−λτ
0
2

+ G′
2λ

G2 + G3 e−λτ
0
2

− τ1 + (G′
3λ − τ 02G3) e−λτ

0
2

G2 + G3 e−λτ
0
2

.

From the equality (68) and the property 1
z = z̄

|z|2 , the above equality becomes

dλ
dτ1

∣∣∣∣
λ=iω2

= T

H
,

where

T = iω2|G0 + G1 e−iω2τ 02 |2 + G′
0τ1
(G0 + G1 e−iω2τ 02 )− (G′

2τ1
+ G′

3τ1
e−iω2τ 02 )(G2 + G3 e−iω2τ 02 ),

J = [−G′
0λ + τ 02G1 e−iω2τ 02 ](G0 + G1 e−iω2τ 02 )+ G′

2λ(G2 + G3 e−iω2τ 02 )− τ1|G0 + G1 e−iω2τ 02 |2

+ [(G′
3λ − τ 02G3) e−iω2τ 02 ](G2 + G3 e−iω2τ 02 ).
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Accordingly,

sign

{
dReλ
dτ1

∣∣∣∣
λ=iω2(τ∗

11,τ
0
2 )

.

}
= sign

⎧⎨⎩Re
(
dλ
dτ1

)−1
∣∣∣∣∣
λ=iω2(τ∗

11,τ
0
2 )

⎫⎬⎭ = sign
{
Re
(

J

T

)}
. (72)

By tedious computation and employing the fact that

iG′
jλ(iω2, τ1, τ 02 ) = G′

jω2
(iω2, τ1, τ 02 ), for j = 0, 1, 2, 3,

we get

J1 =
[
−G′

0λ + τ 02G1 e−iω2τ 02
]
(G0 + G1 e−iω2τ 02 )+ G′

2λ(G2 + G3 e−iω2τ 02 )

+ [(G′
3λ − τ 02G3) e−iω2τ 02 ](G2 + G3 e−iω2τ 02 )

=
{
−G′

0Iω2
(G0R + G1R cosω2τ

0
2 )+ G′

0Rω2
(G0I − G1R sinω2τ

0
2 )

+ G′
2Iω2

(G2R + G3R cosω2τ
0
2 + G3I sinω2τ

0
2 )

− G′
2Rω2

(G2I + G3I cosω2τ
0
2 − G3R sinω2τ

0
2 )+ τ 02G1R(G0R cosω2τ

0
2

− G0I sinω2τ
0
2 )+ (G′

3Iω2
− τ 02G3R)(G3R + G2R cosω2τ

0
2 − G2I sinω2τ

0
2 )

−(G′
3Rω2

+ τ 02G3I)(G3I + G2R cosω2τ
0
2 + G2R sinω2τ

0
2 )
}

+ i
{
G′
0Iω2

(G0I − G1R sinω2τ
0
2 )+ G′

0Rω2
(G0R + G1R cosω2τ

0
2 )− G′

2Iω2
(G2I + G3I cosω2τ

0
2

− G3R sinω2τ
0
2 )− G′

2Rω2
(G2R + G3R cosω2τ

0
2 + G3I sinω2τ

0
2 )− τ 02G1R(G0I cosω2τ

0
2

+ G0R sinω2τ
0
2 )− (G′

3Iω2
− τ 02G3R)(G3I + G2R cosω2τ

0
2 + G2R sinω2τ

0
2 )

−(G′
3Rω2

+ τ 02G3I)(G3 + G2R cosω2τ
0
2 − G2I sinω2τ

0
2 )
}
,

T1 = G′
0τ1
(G0 + G1 e−iω2τ 02 )− (G′

2τ1
+ G′

3τ1
e−iω2τ 02 )(G2 + G3 e−iω2τ 02 )

=
{
G′
0Rτ1

(G0R + G1R cosω2τ
0
2 )+ G′

0Iτ1
(G0I − G1R sinω2τ

0
2 )− G′

2Rτ1
(G2R + G3R cosω2τ

0
2

+ G3I sinω2τ
0
2 )− G′

2Iτ1
(G2I + G3I cosω2τ

0
2 − G3R sinω2τ

0
2 )− G′

3Rτ1
(G3R + G2R cosω2τ

0
2

−G2I sinω2τ
0
2 )− G′

3Iτ1
(G3I + G2I cosω2τ

0
2 + G2R sinω2τ

0
2 )
}

+ i
{
−G′

0Rτ1
(G0I − G1R sinω2τ

0
2 )+ G′

0Iτ1
(G0R + G1R cosω2τ

0
2 )+ G′

2Rτ1
(G2I + G3I cosω2τ

0
2

− G3R sinω2τ
0
2 )− G′

2Iτ1
(G2R + G3R cosω2τ

0
2 − G3I sinω2τ

0
2 )+ G′

3Rτ1
(G3I + G2I cosω2τ

0
2

+G2R sinω2τ
0
2 )− G′

3Iτ1
(G3R + G2R cosω2τ

0
2 − G2I sinω2τ

0
2 )
}
.
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Thanks to expression of F̃′3ω2 and F̃′3τ2 in (70), T1 and J1 can be rewritten as

T1 =
F̃′
3τ1
2

+ iU and J1 = L + i
F̃′
3ω2
2

, (73)

where U denotes the imaginary part of T1 and L the real part of J1. Then, combining (70), (72)
and (73), we get

sign

{
dReλ
dτ1

∣∣∣∣
λ=iω2(τ∗

11,τ
0
2 )

}
= signRe

⎧⎨⎩ 2L − 2τ1|G0 + G1 e−iω2τ 02 |2 + iF̃′
3ω2

F̃′
3τ1

+ i(2U + 2ω2|G0 + G1 e−iω2τ 02 |2)

⎫⎬⎭
= sign

{
F̃′
3τ1
(2L − 2τ1|G0 + G1 e−iω2τ 02 |2)+ F̃′

3ω2
(2U

+2ω2|G0 + G1 e−iω2τ 02 |2)
}

= sign{F̃′
3ω2

} · signRe
{
τ ∗
11ω

′
2 + ω2 + U − Lω′

2

|G0 + G1 e−iω2τ 02 |2)

}
. (74)

On the other hand, we have S2n(τ ∗
11) = 0, which implies

(S2n)
′(τ ∗

11) = d
dτ1

(
τ1 − θ2(τ1)+ 2πn

ω2(τ1)

)∣∣∣∣
τ1=τ∗

11

= ω2(τ
∗
11, τ

0
2 )+ τ ∗

11ω
′
2(τ

∗
11, τ

0
2 )− θ ′

2(τ
∗
11)

ω2(τ
∗
11, τ

0
2 )

.

It then follows that

sign
{
(S2n)

′(τ ∗
11)
} = sign

{
ω2(τ

∗
11, τ

0
2 )+ τ ∗

11ω
′
2(τ

∗
11, τ

0
2 )− θ ′

2(τ
∗
11)
}
. (75)

From (67) and (68), we have

(ϕ(ω2, τ ∗
11, τ

0
2 ))

2 + (ψ(ω2, τ ∗
11, τ

0
2 ))

2 =
∣∣∣G0 + G1 e−iω2τ 02

∣∣∣4 =
∣∣∣G2 + G3 e−iω2τ 02

∣∣∣4 ,
for τ1 ∈ I2, where θ(τ1) is defined in (71). Then, a simple computation gives

θ ′
2(τ1, τ

0
2 ) = ψϕ′

τ1
− ϕψ ′

τ1∣∣∣G0 + G1 e−iω2τ 02
∣∣∣4 , (76)

where

ϕ′
τ1

= −AR11 + BN11 − CR22 + DN22 and ψ ′
τ1

= CR11 − BN22 − AR22 + DN11,

with N11, N22, R11 and R22 defined as in (66), and

A = G′
2Rω2

ω′
2 + G′

2Rτ1
+ (G′

3Rω2
ω′
2 + G′

3Rτ1
+ τ 02G3Iω

′
2) cosω2τ

0
2 + (G′

3Iω2
ω′
2

+ G′
3Iτ1

− τ 02G3Rω
′
2) sinω2τ

0
2 ,

B = G′
0Rω2

ω′
2 + G′

0Rτ1
− τ 02G1Rω

′
2 sinω2τ

0
2 ,

C = G′
2Iω2

ω′
2 + G′

2Iτ1
− (G′

3Rω2
ω′
2 + G′

3Rτ1
+ τ 02G3Iω

′
2) sinω2τ

0
2 + (G′

3Iω2
ω′
2
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+ G′
3Iτ1

− τ 02G3Rω
′
2) cosω2τ

0
2 ,

D = G′
0Iω2

ω′
2 + G′

0Iτ1
− τ 02G1Rω

′
2 cosω2τ

0
2 .

Knowing that

N2
11 + N2

22 =
∣∣∣G2 + G3 e−iω2τ 02

∣∣∣2 =
∣∣∣G0 + G1 e−iω2τ 02

∣∣∣2 = R211 + R222,

it follows that

ψϕ′
τ1 − ϕψ ′

τ1 = (N2
11 + N2

22)(DR11 − BR22)+ (R211 + R222)(CN11 − AN22)

=
∣∣∣G0 + G1 e−iω2τ 02

∣∣∣2 {ω′
2

[
R11(G′

0Iω2
− τ 02G1R cosω2τ

0
2 )

− R22(G′
0Rω2

− τ 02G1R sinω2τ
0
2 )

+ N11(G′
2Iω2

− (G′
3Rω2

+ τ 02G3I) sinω2τ
0
2 + (G′

3Iω2
− τ 02G3R) cosω2τ

0
2 )

−N22(G′
2Rω2

+ (G′
3Rω2

+ τ 02G3I) cosω2τ
0
2 + (G′

3Iω2
− τ 02G3R) sinω2τ

0
2 )
]

+ R11G′
0Iτ1

− R22G′
0Rτ1

+ N11(G′
2Iτ1

− G′
3Rτ1

sinω2τ
0
2 + G′

3Iτ1
cosω2τ

0
2 )

−N22(G′
2Rτ1

+ G′
3Rτ1

cosω2τ
0
2 + G′

3Iτ1
sinω2τ

0
2 )
}
.

From the expressions of L and U in (73), the equality above becomes

ψϕ′
τ1 − ϕψ ′

τ1 =
∣∣∣G0 + G1 e−iω2τ 02

∣∣∣2 (Lω′
2 − U).

From this last equality and (76), we obtain

θ ′
2(τ1, τ

0
2 ) = Lω′

2 − U∣∣∣G0 + G1 e−iω2τ 02
∣∣∣2 . (77)

Finally, combining (74), (75) and (77) yields

sign

{
dReλ
dτ1

∣∣∣∣
λ=iω2(τ∗

11,τ
0
2 )

}
= sign{F̃′

2ω2
(ω2, τ ∗

11, τ
0
2 )} · sign

{
dS2n(τ1)
dτ1

∣∣∣∣
τ1=τ∗

11

}
.

This completes the Proof. �

Applying Theorem 3.8 and theHopf bifurcation theorem for functional differential equations [35],
we get the existence of a Hopf bifurcation given in the following result.

Theorem 3.9: Assume that R0>1. Then, for PDE system (4), there exists τ ∗
11 ∈ I2, such that the

endemic equilibrium E∗ is locally asymptotically stable when 0 ≤ τ1<τ
∗
11, and becomes unstable when

τ1 stays in some right neighborhood of τ ∗
11. Therefore, a Hopf bifurcation occurs at τ1 = τ ∗

11.

By similar arguments as above, we have the following result, where I3 is defined mutatis mutandis
as I, I1 and I2.

Theorem 3.10: Assume that R0>1. Then, for PDE system (4), there exists τ ∗
22 ∈ I3, such that the

endemic equilibrium E∗ is locally asymptotically stable when 0 ≤ τ2<τ
∗
22, and becomes unstable when

τ2 staying in some right neighborhood of τ ∗
22. Therefore, a Hopf bifurcation occurs at τ2 = τ ∗

22.
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4. Global stability of equilibria

In this Section, we construct a Lyapunov functional and rely on LaSalle’s invariance principle to study
the global stability of theHBV-free equilibriumE0 of PDE-model (4)–(6). After proving that the PDE-
model (4)–(6) is uniformly persistent, we apply the fluctuation method of Thieme and Zhao [36], to
prove that the unique equilibrium with infection, E∗, is globally attractive.

4.1. Global stability of the HBV-free equilibrium E0

This subsection is devotes to the global stability of the HBV-free equilibrium E0 of PDE-model sys-
tem (4)–(6). We have the following result. For convenience, as in our earlier work [17], we start by
setting

T0 = kα e−γ1τ1−γ2τ2
(μ+ αu)(δ − r2)

,

to gain

kα e−γ1τ1−γ2τ2

(μ+ αu)(δ − r2 + r2�
KH
)

≤ kα e−γ1τ1−γ2τ2
(μ+ αu)(δ − r2)

,

that is

R0 ≤ T0. (78)

So, as in [37] and [17], we use T0 to prove the global stability of the infection-free equilibrium
E0(�, 0, 0) of problem (4)–(6). The result stands as follows.

Theorem4.1: TheHBV-free equilibriumE0(�, 0, 0) of problem (4)–(6) is globally asymptotically stable
ifR0 ≤ T0<1.

Proof: Let (H(x, t), I(x, t),V(x, t)) be a positive solution to (4)–(6). We define a Lyapunov functional
L(t) as

L(t) =
∫
�

{
eγ1τ1I(x, t)+ (δ − r2) eγ1τ1+γ2τ2

k
V(x, t) dx

+
∫ t

t−τ1

αH(x, θ)V(x, θ)
H(x, θ)+ I(x, θ)

dθ + (δ − r2) eγ1τ1
∫ t

t−τ2
I(x, θ) dθ

}
dx. (79)

For the sake of notational convenience, we set y = y(x, t) and yτ = y(x, t − τ), for all y ∈ {H, I,V}.
It is clear that L(t) is nonnegative definite in �× [−τ , 0], with respect to E0. The time derivative of
L(t) along the solution to problem (4)–(6) is calculated as follows:

dL(t)
dt

=
∫
�

{
αHτ1Vτ1
Hτ1 + Iτ1

− δ eγ1τ1I + r2 eγ1τ1I
(
1 − H + I

KH

)
+ D(δ − r2) eγ1τ1+γ2τ2

k
�V + (δ − r2) eγ1τ1Iτ2

− μ(δ − r2) eγ1τ1+γ2τ2
k

V + αu(δ − r2) eγ1τ1+γ2τ2
k

HV
H + I

+ αHV
H + I

− αHτ1Vτ1
Hτ1 + Iτ1

+ (δ − r2) eγ1τ1I − (δ − r2) eγ1τ1Iτ2
}
dx
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=
∫
�

{
αHV
H + I

− (μ+ αu)(δ − r2) eγ1τ1+γ2τ2
k

HV
H + I

− μ(δ − r2) eγ1τ1+γ2τ2
k

IV
H + I

− r2 eγ1τ1

KH
I(H + I)+ D(δ − r2) eγ1τ1+γ2τ2

k
�V
}
dx

=
∫
�

{
(μ+ αu)(δ − r2) eγ1τ1+γ2τ2

k
HV
H + I

(T0 − 1)− r2 eγ1τ1

KH
I(H + I)

−μ(δ − r2) eγ1τ1+γ2τ2
k

IV
H + I

}
dx +

∫
�

D(δ − r2) eγ1τ1+γ2τ2
k

�V dx. (80)

From the Divergence Theorem and the homogeneous Neumann boundary conditions (6), we obtain

∫
�

�V dx =
∫
∂�

∂V
∂η

dx = 0,

and thus, Equation (80) becomes

dL(t)
dt

= (T0 − 1)
(μ+ αu)(δ − r2) eγ1τ1+γ2τ2

k

∫
�

HV
H + I

dx −
∫
�

{
r2 eγ1τ1

KH
I(H + I)

+μ(δ − r2) eγ1τ1+γ2τ2
k

IV
H + I

}
dx.

From condition T0<1, we are sure that dL(t)
dt ≤ 0, for all H, I,V ≥ 0. Moreover, dL(t)

dt = 0 if and
only if I = 0, V = 0. Combining this to PDE-model (4), we get H = �. It follows that the largest
compact invariant set in {(H, I,V) ∈ R

3+ : dL(t)
dt = 0} is {E0}. By LaSalle’s invariant principle [38,

Theorem 5.3.1], if T0 ≤ 1, the positive solution to problem (4)–(6) converges to the HBV-free
equilibriumE0. Since, ifR0 ≤ 1,E0(�, 0, 0) is locally asymptotically stable, we obtain a sufficient con-
dition R0 ≤ T0 which ensures that the infection-free equilibrium E0 of problem (4)–(6) is globally
asymptotically stable if T0<1. This completes the proof. �

The biological implication of Theorem 4.1 is that if the conditionR0 ≤ T0<1 holds, freeHBVpar-
ticles will bewiped out from the liver. Therefore, for the delayed diffusivemodel (4)–(6), the condition
R0 ≤ T0<1 is necessary and sufficient for infection eradication.

4.2. Uniform persistence result for problem (eqn4)–(eqn6)

In this subsection, we provide a uniform persistence result for problem (4)–(6) by using techniques
developed in [38]. So, we will need the following definitions and notations. Set τ = max{τ1, τ2}.
Consider the Banach space of continuous functions X := C(�,R3), equipped with sup-norm ‖ · ‖X.
Define X+ := C(�,R3+). Let Y = C(�,R) and Y+ = C(�,R+). Let Xτ = C([−τ , 0], X+) be the
Banach space of continuous functions, endowed with the sup-norm. Denote

X 0 = {(φ1,φ2,φ3) ∈ Xτ : φ2(·, θ)>0,φ3(·, θ)>0, θ ∈ [−τ , 0]},

X0 = ∂Xτ = Xτ /X 0 = {(φ1,φ2,φ3) ∈ Xτ : φ2(·, θ) = 0, or φ3(·, θ) = 0, θ ∈ [−τ , 0]}.
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For t ≥ 0, let Φ(t) be the family of solution operators associated to system (4). By the parabolic
maximum principle, one hasΦ(t)X 0 ⊂ X 0. We define the ω–limit as

ω(z) := {y ∈ Xτ : there is a sequence tn → ∞ as n → ∞ withΦ(tn)z → y as n → ∞}.

Recall that, for R0 ≤ 1, the HBV-free equilibrium E0(�, 0, 0) is the only equilibrium and that it is
globally asymptotically stable in the feasible region

�1 =
{
(H, I,V)T ∈ Xτ : H ≤ M1, I ≤ M1, V ≤ M2

}
.

When R0>1, E0 loses its stability and a unique locally asymptotically stable equilibrium with
infection E∗ emerges in the interior of �1.

Lemma 4.2 below follows from Theorem 4.2 of [38].

Lemma 4.2: Assume the following:

(i) X 0 is open and dense in Xτ with X 0 ⊂ Xτ , X0 ⊂ Xτ , X 0⋃X0 = Xτ and X 0⋂X0 = ∅,
(ii) the solution operatorsΦ(t) satisfy Φ(t) : X 0 → X 0;Φ(t) : X0 → X0,
(iii) The family of solution operatorsΦ(t) is point dissipative in Xτ ,
(iv) If U is bounded in Xτ , then the orbit γ+(U) is bounded in Xτ ,
(v) Φ(t) is asymptotically smooth;
(vi) �2 =⋃z∈Y2 ω(z) is isolated and has acyclic covering N, where Y2 is the global attractor ofΦ(t)

restricted to X0 and N =⋂k
i=1 Ni,

(vii) for eachNi;Ws(Ni)
⋂

X 0 = ∅, whereWs refers to the stable set, i.e.Ws(A) = {z ∈ Xτ : ω(z) �=
∅ andω(z) ⊂ A}.

Then, the family of solution operators Φ(t) is a uniform repeller with respect to X0. This means that,
there exits a real constant η0>0 such that for any z ∈ X0, one has

lim inf
t→∞ d(Φ(t),X0) ≥ η0.

Hence, we have the following result.

Theorem4.3: Problem (4)–(6) is uniformly persistent in�1 whenR0>1, that is, there existsη0>0, such
that every solution (H(x, t), I(x, t),V(x, t)) of (4)–(6) with (φ1(x, θ),φ2(x, θ),φ3(x, θ)) in the interior
of �1 and φi(x, 0) �≡ 0, i = 1, 2, 3, satisfies

lim inf
t→∞ min

x∈�̄
H(x, t) ≥ η0, lim inf

t→∞ min
x∈�̄

I(x, t) ≥ η0, lim inf
t→∞ min

x∈�̄
V(x, t) ≥ η0.

Proof: Let (H(x, t), I(x, t),V(x, t)) be a solution to problem (4)–(6), φi(x, 0) �≡ 0, i = 1, 2, 3.We have
H(x, t)>0, I(x, t)>0,V(x, t)>0 and bounded for all x ∈ �, t>0. Then, it is easy to verify that assump-
tions (i)-(v) of Lemma 4.2 are satisfied. Thus, to end the proof of Theorem 4.3, it suffices to verify the
hypotheses (vi) and (vii) of Lemma 4.2. Define

M∂ = {φ ∈ Xτ : Φ(t)φ verifies (4) andΦ(t)φ ∈ ∂Xτ , ∀ t ≥ 0}. (1)

We are going to show that M∂ = {(�, 0, 0)}. For this, assume that Φ(t) ∈ M∂ ,∀t ≥ 0. Thus, to
ensure that M∂ = {(�, 0, 0)}, we need to prove that I(x, t) = V(x, t) = 0,∀x ∈ �, t ≥ 0. We show
this by contradiction. Suppose that, there is t0>0 such that either (∗): I(x, t0)>0,V(x, t0) = 0; or
(∗∗): I(x, t0) = 0,V(x, t0)>0, holds uniformly for all x ∈ �.
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For the case (∗), in view of the third equation of (4), one gets

∂V(x, t)
∂t

− D�V(x, t)
∣∣∣∣
(x,t)=(x,t0)

= ke−γ2τ2I(x, t0 − τ2)>0.

From this last inequality, it follows that for (x, t) = (x, t0), we have∫
�

(
∂V(x, t)
∂t

− D�V(x, t) dx
)
>0,

which gives
∫
�

∂V(x, t)
∂t

dx>0, since
∫
�

�V(x, t) dx = 0. It follows that

∂V(x, t)
∂t

∣∣∣∣
(x,t)=(x,t0)

>0.

Therefore, there exists a sufficiently small constant ε0>0 such that V(x, t)>0, ∀(x, t) ∈ �× (t0, t0 +
ε0). Now, using the fact that I(x, t0)>0, we get a positive ε1 (0<ε1<ε0) such that I(x, t)>0,V(x, t)>0,
∀(x, t) ∈ �× (t0, t0 + ε1). This contradicts the fact that (H(x, t), I(x, t),V(x, t)) ∈ M∂ , ∀x ∈ �, t ≥
0. With the same arguments, it can be shown that (∗∗) does not also hold.

Letting�2 =⋃z∈Y2 ω(z), with Y2 representing the global attractor of the family of solution oper-
ators Φ(t) restricted to ∂Xτ , we prove that �2 = {E0}. This follows from �2 ⊆ M∂ and system (4).
We have limt→∞ H(x, t) = �, uniformly for x ∈ �. Accordingly, {E0} is the isolated invariant set in
Xτ .

Lastly, we prove thatWs(E0)
⋂

X 0 = ∅.
By contradiction, assume that there is a positive orbit (H(x, t), I(x, t),V(x, t)) ∈ X 0 of (4) such

that

lim
t→∞H(x, t) = �, lim

t→∞ I(x, t) = 0, lim
t→∞V(x, t) = 0, uniformly for x ∈ �. (82)

Thus, for every sufficiently small constant ε>0, there is a positive constant T0 = T0(ε), such that

�− ε<H(x, t)<�+ ε, 0<I(x, t)<ε, 0<V(x, t)<ε, ∀ x ∈ �, t ≥ T0. (83)

Thus, from the last two Equation (4), for ε>0, x ∈ �, t ≥ T0 + τ , one has

∂I
∂t

≥ α e−γ1τ1V(x, t − τ1)− δI(x, t)+ r2I(x, t)
(
1 − �+ 2ε

KH

)
,

∂V
∂t

≥ D�V(x, t)+ ke−γ2τ2I(x, t − τ2)− μV(x, t)− αu(�+ ε)V(x, t)
�+ 2ε

.
(84)

Consider the matrix defined by

Bε =
⎛⎝r2 (1 − �+2ε

KH

)
− δ α e−γ1τ1

ke−γ2τ2 −μ− μiD − αu(�+ε)
�+2ε

⎞⎠ .

Since Bε has positive off-diagonal elements, the Perron-Frobenius Theorem implies that there exists
a positive eigenvector ṽ for the maximum principal eigenvalue λ∗ of Bε . Furthermore, since R0>1,
we have (

δ − r2
(
1 − �+ 2ε

KH

))(
μ+ μiD + αu(�+ ε)

�+ 2ε

)
− kα e−γ1τ1−γ2τ2<0,

for ε small enough. By a simple calculation we see that λ∗ is positive.
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Consider the problem below:

∂ν
(1)
2
∂t

= α e−γ1τ1ν(1)3 (x, t − τ1)− δν
(1)
2 (x, t)+ r2ν

(1)
2 (x, t)

(
1 − �+ 2ε

KH

)
,

∂ν
(1)
3
∂t

= D�ν(1)3 (x, t)+ ke−γ2τ2ν(1)2 (x, t − τ2)− μν
(1)
3 (x, t)

− αu(�+ ε)ν
(1)
3 (x, t)

�+ 2ε
, t>T0 + τ , x ∈ �

∂ν
(1)
2
∂η

= ∂ν
(1)
3
∂η

= 0, t>T0 + τ , x ∈ ∂�

ν
(1)
2 (x, t) = 1

2
I(x, t), ν

(1)
3 (x, t) = 1

2
V(x, t), t ∈ [T0,T0 + ε], x ∈ �.

(85)

Let (ν2(t), ν3(t)) be the unique positive solution of the following problem:

ν̇2(t) = α e−γ1τ1ν3(t − τ1)− δν2(t)+ r2ν2(t)
(
1 − �+ 2ε

KH

)
,

ν̇3(t) = ke−γ2τ2ν2(t − τ2)− μν3(t)− αu(�+ ε)ν3(t)
�+ 2ε

,

ν2(t) = 1
2
min
x∈�

I(x, t), ν3(t) = 1
2
min
x∈�

V(x, t), t ∈ [T0,T0 + ε].

(86)

Then (ν2(t), ν3(t)) is a lower solution of problem (85).
Define

(f1(x, t,φ2), f2(x, t,φ3)) = (I(x, t,φ2),V(x, t,φ3)), and (g1(t,φ2), g2(t,φ3)) = (ν2(t,φ2), ν3(t,φ3)).

From Theorem 2.1, we have that (I(x, t),V(x, t)) is bounded. Hence, from (84) and (86) it is evident
that (f1(x, t,φ2), f2(x, t,φ3)) and (g1(t,φ2), g2(t,φ3)) are continuous, Lipschitz on each compact sub-
set of Xτ , and thanks to boundedness of solutions, (f1(x, t,φ2), f2(x, t,φ3)) satisfies the assumption
(Q): if φi ≤ ψi and φi(0) = ψi(0) for some i = 1, 2, then f (φ) ≤ f (ψ). Thus in (84), all the condi-
tions of Theorem 5.1.1 in [39] hold. Since in (82), one supposes that I(x, t) → 0 and V(x, t) → 0 as
t → ∞ uniformly for x ∈ �, by a comparison principle one deduces that the solution of system (86),
(ν2(t), ν3(t)), with the above initial conditions, converge to (0, 0).

Let

M̃(t) = eγ1τ1ν2(t)+ 1
k

[
δ − r2

(
1 − �+ 2ε

KH

)]
eγ1τ1+γ2τ2ν3(t)

+ α

∫ t

t−τ1
ν3(θ) dθ +

[
δ − r2

(
1 − �+ 2ε

KH

)]
eγ1τ1

∫ t

t−τ2
ν2(θ) dθ .

Since (ν2(t), ν3(t)) → (0, 0) as t → ∞, we get

lim
t→+∞ M̃(t) = 0. (87)

In the same vein, by computing the time derivative of M̃(t) along the positive solution to problem (86),
one can choose a sufficiently small constant ε such that

dM̃(t)
dt

|86 =

⎧⎪⎪⎨⎪⎪⎩
kα(�+ 2ε) e−γ1τ1−γ2τ2

(αu(�+ ε)+ μ(�+ 2ε))
[
δ − r2

(
1 − �+ 2ε

KH

)] − 1

⎫⎪⎪⎬⎪⎪⎭
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× 1
k(�+ 2ε)

(αu(�+ ε)+ μ(�+ 2ε))
[
δ − r2

(
1 − �+ 2ε

KH

)]
ν3(t).

SinceR0>1, we can choose a sufficiently small constant ε such that

kα(�+ 2ε) e−γ1τ1−γ2τ2

(αu(�+ ε)+ μ(�+ 2ε))
[
δ − r2

(
1 − �+ 2ε

KH

)] − 1>0.

Therefore, M̃(t) tends to either infinity or a nonnegative number when t → ∞. This contradicts
Equation (87). Hence, we haveWs(E0)

⋂
X 0 = ∅. Lemma 4.2 implies that, for some constant η1>0,

one has lim inf
t→∞ min

x∈�̄
I(x, t)>η1, and lim inf

t→∞ min
x∈�̄

V(x, t)>η1.

For any solution (H, I, V) of PDE system (4), one has

lim sup
t→∞

max
x∈�̄

H(x, t) ≤ H0 = KH

2r1

[
(r1 − d1)+

√
(r1 − d1)2 + 4s0r1

KH

]
.

Then, for all ε>0, there is a t1>0 such that H(x, t)<H0 + ε, for all t>t1, x ∈ �̄.
Let

MI = lim sup
t→∞

max
x∈�̄

I(x, t) and MV = lim sup
t→∞

max
x∈�̄

V(x, t)

which we know are finite quantities according to Theorem 2.1. Assume that s0 − αMV>0. The first
equation of PDE system (4) satisfies, for some t1>0,

∂H
∂t

≥ s0 − d1H + r1H
(
1 − H + MI

KH

)
− αMV ,

which implies that

lim inf
t→+∞ min

x∈�̄
H(x, t) ≥ KH

2r1

⎡⎣(r1 − d1 − r1MI

KH

)
+
√(

r1 − d1 − r1MI

KH

)2
+ 4r1(s0 − αMV)

KH

⎤⎦ .

This proves that H(x, t) is uniformly bounded away from zero. This means that there exists a con-
stant η2>0 such that lim inf

t→∞ min
x∈�̄

H(x, t)>η2, uniformly for all x ∈ �. This achieves the proof of

Theorem 4.3. �

4.3. Global stability of the equilibrium point with infection E∗

In this subsection, we investigate the global stability of the equilibrium point with infection E∗.
Using Theorem 4.3, we obtain the following result.

Theorem 4.4: Let (H(x, t), I(x, t),V(x, t)) be a solution to problem (4)–(6), φi(x, 0) �≡ 0, i = 1, 2, 3.
If R0>1 and r1 − d1>0, then for τ1 ∈ [0, τ ∗

11) and τ2 ∈ [0, τ ∗
22), lim

t→∞(H(x, t), I(x, t),V(x, t)) =
(H∗, I∗,V∗), uniformly for x ∈ �, i.e. the positive equilibrium point with infection E∗ is globally
asymptotically stable for τ1 ∈ [0, τ ∗

11) and τ2 ∈ [0, τ ∗
22).

Proof: Here, we suppose that healthy hepatocytes stop growing at H = KH . So, the compatibil-

ity condition KH>s0/d1 is needed. Under this condition and the fact that � = KH

2r1
[(r1 − d1)+
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√
(r1 − d1)2 + 4s0r1

KH
], we have the relation� ≤ KH . Sinceweproved that limt→∞(H(x, t), I(x, t)) ≤ �e,

uniformly for all x ∈ �, where�e = (4s0 + KHr1) e−γ1τ1 + KHr2
4q0

, it is clear that�e ≤ KH . One can

then deduce from �1 that the set

�2 =
{
(H, I,V) ∈ Xτ : I(x, θ) ≤ �e, V(x, θ) ≤ k�e

μ
e−γ2τ2 , ∀ θ ∈ [−τ , 0], x ∈ �

}
is positively invariant for the family of solution operatorsΦ(t) and any forward orbit eventually enters
into �2. Accordingly, we will investigate the dynamics of (4)–(6) in �2.

Since R0>1, there exists a unique constant equilibrium point with infection E∗ = (H∗, I∗,V∗),
with H∗, I∗ and V∗ given by (20), (21) and (22) respectively.

We can choose a sufficiently large number a0>0 so that the function a0H + s0 − d1H + r1H(1 −
H+I
KH
)− αHV

H+I increasesmonotonicallywith respect toH for all (H, I,V) ∈ [0,KH]2 × [0,
k�e

μ
e−γ2τ2 ].

It then follows that

H(x, t) = e−a0tH(x, 0)+
∫ t

0
e−a0s {a0H(x, t − s)+ s0 − d1H(x, t − s)

+r1H(x, t − s)
(
1 − H(x, t − s)+ I(x, t − s)

KH

)
− αH(x, t − s)V(x, t − s)

H(x, t − s)+ I(x, t − s)

}
ds.

Set

H∞(x) := lim sup
t→∞

H(x, t), H∞(x) := lim inf t→∞ H(x, t),

I∞(x) := lim sup
t→∞

I(x, t), I∞(x) := lim inf t→∞ I(x, t),

V∞(x) := lim sup
t→∞

V(x, t), V∞(x) := lim inf t→∞ V(x, t).

(88)

Then, by Theorem 4.3, there exists η0>0 such that

H∞(x) ≥ H∞(x) ≥ η0, I∞(x) ≥ I∞(x) ≥ η0, V∞(x) ≥ V∞(x) ≥ η0, ∀x ∈ �. (89)

By Fatou’s Lemma, we obtain

H∞(x) ≤
∫ ∞

0
e−a0s

{
a0H∞(x)+ s0 − d1H∞(x)

+r1H∞(x)
(
1 − H∞(x)+ I∞(x)

KH

)
− αH∞(x)V∞(x)

H∞(x)+ I∞(x)

}
ds.

Also, set

β∞
1 := sup

x∈�
H∞(x), β1∞ := infx∈�H∞(x),

β∞
2 := sup

x∈�
I∞(x), β2∞ := infx∈� I∞(x),

β∞
3 := sup

x∈�
V∞(x), β3∞ := infx∈� V∞(x).

(90)

It is clear that

β∞
1 ≥ β1∞ ≥ η0, β∞

2 ≥ β2∞ ≥ η0, β∞
3 ≥ β3∞ ≥ η0, (91)
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and

β1∞ ≤ β∞
1 ≤ KH , β2∞ ≤ β∞

2 ≤ KH . (92)

We thus have

β∞
1 ≤

∫ ∞

0
e−a0s

{
a0β∞

1 + s0 − d1β∞
1 + r1β∞

1

(
1 − β∞

1 + β2∞
KH

)
− αβ∞

1 β3∞
β∞
1 + β∞

2

}
ds,

= 1
a0

{
a0β∞

1 + s0 − d1β∞
1 + r1β∞

1

(
1 − β∞

1 + β2∞
KH

)
− αβ∞

1 β3∞
β∞
1 + β∞

2

}
,

and hence,

0 ≤ s0 − d1β∞
1 + r1β∞

1

(
1 − β∞

1 + β2∞
KH

)
− αβ∞

1 β3∞
β∞
1 + β∞

2
. (93)

Similarly, we have the following inequality:

0 ≥ s0 − d1β1∞ + r1β1∞
(
1 − β1∞ + β∞

2
KH

)
− αβ1∞β∞

3
β1∞ + β2∞

. (94)

By employing the second equation of (4), with arguments similar to those above, we further get

0 ≤ α e−γ1τ1β∞
1 β

∞
3

β∞
1 + β∞

2
− δβ∞

2 + r2β∞
2

(
1 − β1∞ + β∞

2
KH

)
, (95)

0 ≥ α e−γ1τ1β1∞β3∞
β1∞ + β2∞

− δβ2∞ + r2β2∞
(
1 − β∞

1 + β2∞
KH

)
. (96)

From the third equation of (4), with arguments similar to those above, we have

V(x, t) = e−a0t
∫
�

�(x, y,Dt)V(y, 0) dy +
∫ t

0
e−a0s

∫
�

�(x, y,Ds)(
a0V(y, t − s)+ kI(y, t − τ2 − s) e−γ2τ2 − μV(y, t − s)− αuH(y, t − s)V(y, t − s)

H(y, t − s)+ I(y, t − s)

)
dy ds,

where � is the Green function associated with � and the Neumann boundary condition (6). Thus,
by (88), (89), Fatou’s Lemma, (90), (91), (92) and using the fact that

∫
�
�(x, y,Ds) = 1 for all x ∈

�, s>0, we then get

0 ≤ ke−γ2τ2β∞
2 − μβ∞

3 − αuβ∞
1 β

∞
3

β1∞ + β2∞
, (97)

0 ≥ ke−γ2τ2β2∞ − μβ3∞ − αuβ1∞β3∞
β∞
1 + β∞

2
. (98)

Now, from (93) and (94) we have

β3∞ ≤ s0
α

+ r1 − d
α

+ s0
α

β∞
2
β∞
1

+ r1 − d
α

β∞
2
β∞
1

(99)

and

β∞
3 ≥ s0

α
+ r1 − d

α
+ s0
α

β2∞
β1∞

+ r1 − d
α

β2∞
β1∞

, (100)
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respectively. Making (100) minus (99), we readily obtain

0 ≥ β1∞β∞
1 (β3∞ − β∞

3 )+
(
s0
α

+ r1 − d1
α

)
β2∞(β∞

1 − β1∞)

+
(
s0
α

+ r1 − d1
α

)
β1∞(β2∞ − β∞

2 ). (101)

Similarly, from (91), inequalities (97) and (98) imply

0 ≤ ke−γ2τ2β∞
2 − μβ∞

3 − αuβ1∞β∞
3

β1∞ + β2∞
(102)

and

0 ≥ ke−γ2τ2β2∞ − μβ3∞ − αuβ1∞β3∞
β1∞ + β2∞

, (103)

respectively. (103) minus (102) gives

0 ≥ ke−γ2τ2(β2∞ − β∞
2 )+

(
μ+ αuβ1∞

β1∞ + β2∞

)
(β∞

3 − β3∞). (104)

In the same vein, from (91), inequalities (95) and (96) imply

0 ≤ α e−γ1τ1β∞
1 β

∞
3

β∞
1 + β∞

2
− δβ∞

2 + r2β∞
2 − r2β2∞

(
β1∞ + β∞

2
KH

)
and

0 ≥ α e−γ1τ1β∞
1 β

∞
3

β∞
1 + β∞

2
− δβ2∞ + r2β2∞ − r2β2∞

(
β1∞ + β2∞

KH

)
,

respectively. Subtracting the first inequality from the second one, we get

0 ≥
(
δ − r2 + r2β2∞

KH

)
(β∞

2 − β2∞). (105)

Since r1 − d1>0 and r2<δ, we must have β∞
1 = β1∞, β∞

2 = β2∞ and β∞
3 = β3∞, for inequali-

ties (101), (104) and (105) to hold. It then follows that

lim
t→∞(H(x, t,φ1), I(x, t,φ2),V(x, t,φ3)) = (β∞

1 ,β∞
2 ,β∞

3 ), ∀ x ∈ �. (106)

Now, we find limt→∞(H(x, t,φ1), I(x, t,φ2),V(x, t,φ3)) = (β∞
1 ,β∞

2 ,β∞
3 ), uniformly for all x ∈ �.

For any ψ ∈ ω(φ), there is a sequence tn → ∞ such thatΦ(tn)φ → ψ in Xτ as n → ∞. Thus

lim
n→∞(H(x, tn + θ ,φ1), I(x, tn + θ ,φ2),V(x, tn + θ ,φ3)) = ψ(x, θ),

uniformly for all (x, θ) ∈ �× [−τ , 0]. Hence, by (106), ψ(x, θ) = (β∞
1 ,β∞

2 ,β∞
3 ),∀(x, θ) ∈ �×

[−τ , 0]. Therefore ω(φ) = {(β∞
1 ,β∞

2 ,β∞
3 )}, which infers that (H(x, t,φ1), I(x, t,φ2),V(x, t,φ3))

converges to (β∞
1 ,β∞

2 ,β∞
3 ) in �2. Since the ω-limit (ω(φ)) is invariant for Φ(t) for all t ≥ 0, it

directly follows that (β∞
1 ,β∞

2 ,β∞
3 ) is a positive constant equilibrium point of problem (4)–(6). Since

E∗ is locally asymptotically stable for τ1 ∈ [0, τ ∗
11) and τ2 ∈ [0, τ ∗

22), it follows that, the largest com-
pact invariant subset of �2 is the singleton {(H∗, I∗,V∗)}. So, by LaSalle’s invariant principle [38,
Theorem 5.3.1], (β∞

1 ,β∞
2 ,β∞

3 ) = (H∗, I∗,V∗), that is, the unique equilibrium point with infection,
E∗, is globally attractive. This ends the proof of Theorem 4.4. �
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Table 1. Biological description of the parameters of model (4).

Parameters Description Value Unit Source

s0 Production rate of healthy hepatocytes HBV 5.04 × 105 cellsmm−3 day−1 [16]
d1 Decay rate of healthy hepatocytes HBV 0.0039 day−1 [16]
α Rate of transmission of infection 0.0014 cells (day virus)−1 [18]
δ Decay rate of HBV infected cells 0.0693 day−1 [16,18]
μ Decay rate of HBV virions 0.693 day−1 [16,18]
r1 Maximal rate of growth per capita of healthy hepatocytes 1 cellsml−1 [18]
r2 Maximal rate of growth per capita of infected hepatocytes 0.01 cellsml−1 Estimated
KH Homeostatic carrying capacity of healthy HBV cells 2 × 1011 cellsml−1 [18]
k Rate of replication of HBV virions produced by 280 virus (day cells)−1 [18]

HBV infected cells
γ1 Death rate for new infected hepatocytes during [t − τ1, t] 0.01 day−1 Assumed
γ2 Death rate for new virion during [t − τ2, t] 0.01 day−1 Assumed
u Modification parameter 0.08 day−1 [17,21]
D Free HBV virion diffusion coefficient 0.01 mm2 day−1 [16]

Figure 1. Dynamical behavior of PDE problem (4)–(6) with the set of parameter values of Table 1 and α = 0.00014, τ1 = 15,
τ2 = 2, so thatR0 = 0.6898<T0 = 0.8048<1.

5. Numerical simulations

In this section, we carry out numerical simulations in order to illustrate theoretical analytical results
obtained in the preceding sections. The numerical implementation is performed using a standard
finite difference method. The one-dimensional bounded spatial domain is taken as � = [0, 4] and
the time window is chosen according to the expected observation. The spatial and temporal direc-
tions grid sizes used are �x = 0.05 and �t = 0.08, respectively. By considering the experimental
data available in the literature [16–18], we list the parameter values used in Table 1 to explore PDE
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Figure 2. Dynamical behavior of PDE problem (4)–(6) with the set of parameter values of Table 1 and τ1 = 0, τ2 = 0.6, so that
R0 = 8.1169>1. The endemic equilibrium E∗ is asymptotically stable when τ2<τ ∗

2 = 0.8000.

system (4) and illustrate the stability properties of constant equilibria. For all the numerical imple-
mentation scenarios, we choose the initial conditions as (H(x, θ), I(x, θ),V(x, θ)) = (50, 0.01, 0.5),
for x ∈ �, θ ∈ [−τ , 0], τ = max{τ1, τ2}.

First, we let τ1 = 15, τ2 = 2 and keep the other parameter values as in Table 1 except for α =
0.00014, which implies R0 = 0.6898<T0 = 0.8048<1. In this case, the HBV-free equilibrium E0 is
globally asymptotically stable. It can be seen from Figure 1 that this is indeed the case and the solu-
tion trajectories converge towards the infection-free equilibrium E0 = (1.9767 × 1011, 0, 0). Here,
we observe that healthy hepatocytes increase and approach the carrying capacity KH = 2 × 1011.
Meanwhile, the other viral infection components converge to zero after small oscillations. This con-
firms the result stated in Theorem 4.1 and it then follows that the infection is wiped out. Now, we fix
τ1 = 0 and vary the value of the delay parameter τ2 to see the effect of one delay on the dynamical
behavior of PDE-model (4)–(6). Through numerical computation, we obtain two critical values of
the delay parameter τ2, represented by τ ∗

2 = 0.8000 and τ ∗∗
2 = 29.9217. Figure 2 depicts the local

asymptotic stability of the endemic equilibrium E∗ for τ2 = 0.6<τ ∗
2 as attested by Theorem 3.5.

Figures 3 and 4 plot the solutions trajectories of the PDE-model (4)–(6) when τ2 = 5 ∈ (τ ∗
2 , τ

∗∗
2 )

and τ2 = 27 ∈ (τ ∗
2 , τ

∗∗
2 ), respectively, and show that the endemic equilibrium E∗ becomes unsta-

ble whenever τ2 ∈ (τ ∗
2 , τ

∗∗
2 ). Figure 5 plots the solutions trajectories of PDE-model (4)–(6) when

τ2 = 32>τ ∗∗
2 and illustrates the fact that the endemic equilibrium E∗ regains its stability for τ2>τ ∗∗

2 .
From these arguments, we can see that the endemic equilibrium E∗ is locally asymptotically stable
for τ2 ∈ [0, τ ∗

2 ). This indicates that PDE-model (4)–(6) undergoes Hopf bifurcation at τ2 = τ ∗
2 and

the endemic equilibrium E∗ losses its stability for τ2 ∈ (τ ∗
2 , τ

∗∗
2 ), afterwards, E

∗ regains its stability
for τ2>τ ∗∗

2 . Accordingly, the Hopf bifurcation occurs at τ ∗
2 and τ ∗∗

2 .
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Figure 3. Dynamical behavior of PDE problem (4)–(6) with the set of parameter values of Table 1 and τ1 = 0, τ2 = 5, so that
R0 = 7.7675>1. The endemic equilibrium E∗ becomes unstable and a Hopf bifurcation occurs when τ2 ∈ (τ ∗

2 , τ
∗∗
2 ), where τ

∗∗
2 =

29, 9217.

Next, we fix τ2 = 0 and vary the value of τ1 to see its effect on the dynamical behavior of PDE-
model (4)–(6). By numerical calculation, we first find one critical value of τ1, denoted by τ ∗

1 = 0.8400.
We observe from the phase portrait on Figure 6 that the endemic equilibrium E∗ is locally asymptot-
ically stable for τ1 ∈ [0, τ ∗

1 ). It losses its stability for τ1 ∈ (τ ∗
1 , τ

∗∗
1 ), and recovers it after τ ∗∗

1 . In this
case, it is confirmed that PDE-model (4)–(6) undergoes Hopf bifurcation at τ ∗

1 and τ ∗∗
1 .

Now, it is worth noting that, the dynamical behavior of PDE-model (4)–(6) is completely arbitrated
by the basic reproduction numberR0. Then, it follows that a good strategy to controlHBV infection is
to reduce the value ofR0 below one. In this case, the infection-free equilibrium E0 is globally asymp-
totically stable. From the expression R0 = R0(τ1, τ2) = αke−γ1τ1−γ2τ2/(μ+ αu)[δ + r2( �KH

− 1)],
we can conclude that R0 is a nonincreasing function of the delays parameters τ1 and τ2, so that
R0(∞, τ2) = R0(τ1,∞) = R0(∞,∞) = 0. Figure 7 designs the basic reproduction number R0 as
a function of the time delays τ1 and τ2. From this graphical result, we see that sufficient large values
of delays τ1 and τ2 reduceR0 below one. This leads to the conclusion that the time delays τ1 and τ2
are relevant in the eradication of free HBV from the liver.

Additionally, the expression ofR0 shows that it is independent of the diffusion coefficientD, which
indicates that the mobility of free virions in the liver has no effect on the global dynamical behavior
of the model established. However, the sub-figures of Figure 8 show that large diffusion coefficients
destabilize the endemic equilibrium. This means that the fast mobility of free virions in the liver can
make HBV infection uncontrollable in the liver of an infected patient.

6. Concluding remarks

The study of HBV infection is a hot research topic. Following a recent work of ours [17], we have
formulated and analyzed a two-time-delayed reaction-diffusion model of HBV infection within a
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Figure 4. The space and time histories and the phase trajectory of PDE problem (4)–(6) after Hopf bifurcation occurs for the
parameter values of Table 1 with τ1 = 0, τ2 = 27. Here the basic reproduction number isR0 = 6.2335.

host. The two time delays are introduced to account, respectively, for actual virus production and
virus maturation. After establishing the well-posedness of this mathematical model, we derived a
biologically meaningful threshold, the basic reproduction numberR0, and discussed the asymptotic
stability of the infection-free equilibrium and the endemic equilibrium. We showed that the infec-
tion will not invade the liver if there exists a threshold parameter T0 such that R0 ≤ T0<1 and the
infection persists in previously infected hepatocytes ifR0>1. Using a fluctuation method developed
by Thieme and Zhao [36], we obtained a set of sufficient conditions to insure that the HBV infec-
tion will become established and stabilized at a unique endemic equilibrium. In particular, ifR0>1 is
large enough, the positive endemic equilibrium is globally attractive.We investigated the local asymp-
totic stability of the endemic equilibrium in particular cases with one positive delay and in a general
case with both positive delays. We found that a nondecreasing HBV production and HBV matura-
tion delays can stabilize or destabilize the endemic equilibrium, yielding stability switches. Therefore,
the HBV production and HBV maturation delays cause the occurrence of Hopf bifurcation and pro-
voke appearance of viral oscillations. Clinically, these oscillations patterns resemble to the blips of
the different phases of chronic HBV infection, and they provide an alternative interpretation of these
observable events.

From the numerical results, we saw that oscillations also occur when the diffusion coefficient
is large. This signifies that the fast mobility of free virions in the liver can make HBV infection
uncontrollable.

We proved that the intracellular replication delay τ1 and the virus maturation delay τ2 can reduce
the basic reproduction numberR0 if hepatocytes die during the delays periods. Thenwe deduced that
neglecting one of these time delays leads to an overestimate of HBV infection risk. Finally, on Figure
7, we noticed thatR0 becomes less than one when all parameters are fixed and time delays τ1 and τ2
are sufficiently large. From there, we saw that the time delays τ1 and τ2 play an important role in the
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Figure 5. For the parameter values of Table 1 with τ1 = 0, and τ2 = 32, the endemic equilibrium E∗ of PDE problem (4)–(6) is
asymptotically stable. Here the basic reproduction number isR0 = 5.9295.

Figure 6. The space and time histories and the phase trajectory of PDE problem (4)–(6) after Hopf bifurcation occurs for the
parameter values of Table 1 with τ1 = 100, τ2 = 0. Here the basic reproduction number isR0 = 3.0040.
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Figure 7. Plot of the basic reproduction number R0 as a function of the time delays τ1 and τ2, using the parameter values of
Table 1.

Figure 8. Distribution of free virus under different diffusion coefficients, with τ1 = 0.15, and τ2 = 0.6.
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eradication of freeHBV from the liver. From themathematical analysis andnumerical simulations, we
think that themodel studied in the present paper can be used to design better strategies formitigating
HBV infection.

Acknowledgments
The authors express their thankfulness to the anonymous referees for their helpful suggestions which improved the
quality of the paper. C. Tadmon acknowledges good working conditions at the University of Mainz, Germany, where
this work has been finalized and revised during a research stay supported by the Alexander vonHumboldt Foundation.

Data availability statement
The codes written to run most of the simulations presented in this work can be available upon simple request to the
authors.

Disclosure statement
The authors declare that they have no known personal relationships or competing financial interests that could have
appeared to influence the work made in this paper.

References
[1] Ciupe SM, Ribeiro RM, Nelson PW, et al. Modeling the mechanisms of acute hepatitis B virus infection. J Theor

Biol. 2007;247:23–35. doi: 10.1016/j.jtbi.2007.02.017
[2] Hollinger FB, Liang TJ. Hepatitis B virus. In: Knipe DM, Howley PM, editors. Fields virology. Vol. 2. Philadelphia

(PA): Lippincott Williams and Wilkins; 2001. p. 29–71.
[3] WHO. Global hepatitis report; 2017. ISBN: 978-92-4-156545-5.
[4] Avila-Vales E, Canul-Pech A, García-Almeida GE, et al. Global stability of a delay virus dynamics model with

mitotic transmission and cure rate. Stud Syst Decis Control. 2020;302:83–126. doi: 10.1007/978-3-030-49896-2
[5] Dixit NM, Perelson AS. Complex patterns of viral load decay under antiretroviral therapy: influence of pharma-

cokinetics and intracellular delay. J Theor Biol. 2004;226:95–109. doi: 10.1016/j.jtbi.2003.09.002
[6] Wang K, Wang W, Song S. Dynamics of an HBV model with diffusion and delay. J Theor Biol. 2008;253:36–44.

doi: 10.1016/j.jtbi.2007.11.007
[7] Xu R, Ma Z. An HBV model with diffusion and time-delay. J Theor Biol. 2009;257:499–509. doi:

10.1016/j.jtbi.2009.01.001
[8] Dahari H, Shudo E, Ribeiro RM, et al. Modeling complex decay profiles of hepatitis B virus during antiviral

therapy. Hepatology. 2009;49:32–38. doi: 10.1002/hep.22586
[9] Tridane A, Hattaf K, Yafia R, et al. Mathematical modeling of HBV with antiviral therapy for the immunocom-

promised patients. Commun Math Biol Neurosci. 2016;2016:20.
[10] Britton NF. Essential mathematical biology. London: Springer-Verlag; 2003.
[11] Gan Q, Xu R, Yang P. Travelling waves of a hepatitis B virus infection model with spatial diffusion and time delay.

IMA J Appl Math. 2010;75:392–417. doi: 10.1093/imamat/hxq009
[12] Zhang S, Xu R. Global dynamics of an hbv model with spatial diffusion and antibody response. Commun Math

Biol Neurosci. 2016;2016:3.
[13] Yang Y, Xu Y. Global stability of a diffusive and delayed virus dynamics model with Beddington–DeAngelis inci-

dence function and CTL immune response. ComputMath Appl. 2016;71:922–930. doi: 10.1016/j.camwa.2016.01.
009

[14] ZhuH, ZouX.Dynamics of aHIV-1 infectionmodel with cell-mediated immune response and intracellular delay.
Disc Contin Dyn Syst Ser B. 2009;12:511–524. doi: 10.3934/dcdsb.2009.12.511

[15] Wang S, Feng X, He Y. Global asymptotical properties for a diffused HBV infection model with CTL immune
response and nonlinear incidence. Acta Math Sci. 2011;31:1959–1967. doi: 10.1016/S0252-9602(11)60374-3

[16] Hattaf K, Yousfi N. A generalized HBVmodel with diffusion and two delays. Comput Math Appl. 2015;69:31–40.
doi: 10.1016/j.camwa.2014.11.010

[17] TadmonC, Foko S.Modeling andmathematical analysis of an initial boundary value problem for hepatitis B virus
infection. J Math Anal Appl. 2019;474:309–350. doi: 10.1016/j.jmaa.2019.01.047

[18] Gourley SA, Kuang Y, Nagy JD. Dynamics of a delay differential equation model of hepatitis B virus infection. J
Biol Dyn. 2008;2:140–153. doi: 10.1080/17513750701769873

[19] Hews S, Einkenberry S, Nagy JD, et al. Rich dynamics of hepatitis B viral infection model with logistic hepatocyte
growth. J Math Biol. 2010;60:573–590. doi: 10.1007/s00285-009-0278-3

https://doi.org/10.1016/j.jtbi.2007.02.017
https://doi.org/10.1007/978-3-030-49896-2
https://doi.org/10.1016/j.jtbi.2003.09.002
https://doi.org/10.1016/j.jtbi.2007.11.007
https://doi.org/10.1016/j.jtbi.2009.01.001
https://doi.org/10.1002/hep.22586
https://doi.org/10.1093/imamat/hxq009
https://doi.org/10.1016/j.camwa.2016.01.009
https://doi.org/10.3934/dcdsb.2009.12.511
https://doi.org/10.1016/S0252-9602(11)60374-3
https://doi.org/10.1016/j.camwa.2014.11.010
https://doi.org/10.1016/j.jmaa.2019.01.047
https://doi.org/10.1080/17513750701769873
https://doi.org/10.1007/s00285-009-0278-3


APPLICABLE ANALYSIS 2327

[20] Yousfi N, Hattaf K, Tridane A. Modeling the adaptive immune response in HBV infection. J Math Biol.
2011;63:933–957. doi: 10.1007/s00285-010-0397-x

[21] TadmonC, Foko S.Non-standard finite differencemethod applied to an initial boundary value problemdescribing
hepatitis B virus infection. J Differ Equ Appl. 2020;26:122–139. doi: 10.1080/10236198.2019.1709064

[22] Chí NC, Á. Vales E, Almeida GG. Analysis of a HBV model with diffusion and time delay. J Appl Math.
2012;2012:Article ID 578561, 25 pp.

[23] Hattaf K, Yousfi N. Qualitative analysis of a generalized virus dynamics model with both modes of transmission
and distributed delays. Inter J Differ Equ. 2018;2018:1–7. doi: 10.1186/s13662-017-1452-3

[24] Min L, Su Y, Kuang Y.Mathematical analysis of a basicmodel of virus infection with application toHBV infection.
Rocky Mountain J Math. 2008;38(5):1573–1585. doi: 10.1216/RMJ-2008-38-5-1573

[25] Hattaf K, Yousfi N. Global stability of a virus dynamics model with cure rate and absorption. J Egypt Math Soci.
2014;22:386–389. doi: 10.1016/j.joems.2013.12.010

[26] Pao CV. Nonlinear parabolic and elliptic equations. New York: Plenum Press; 1992.
[27] ProtterMH,WeinbergerHF.Maximumprinciples in differential equations. EnglewoodCliffs: PrenticeHall; 1967.
[28] PaoCV. Systems of parabolic equations with continuous and discrete delays. JMathAnal Appl. 1997;205:157–185.

doi: 10.1006/jmaa.1996.5177
[29] Travis CC, Webb GF. Existence and stability for partial functional differential equations. Trans Am Math Soc.

1974;200:395–418. doi: 10.1090/S0002-9947-1974-0382808-3
[30] Zhu CC, Zhu J, Liu XL. Influence of spatial heterogeneous environment on long-term dynamics of a reaction-

diffusion SVIR epidemic model with relapse. Math Biosci Eng. 2019;16:5897–5922. doi: 10.3934/mbe.2019295
[31] Henry D. Geometric theory of semilinear parabolic equations. Berlin, New York: Springer-Verlag; 1981. (Lecture

notes in mathematics; vol. 840).
[32] Hsu SB,Wang FB, Zhao X-Q. Dynamics of a periodically pulsed bio-reactor model with a hydraulic storage zone.

J Dyn Differ Equ. 2011;23:817–842. doi: 10.1007/s10884-011-9224-3
[33] Zhang F, Zhao X-Q. Asymptotic behaviour of a reaction-diffusion model with a quiescent stage. Proc R Soc A.

2007;463:1029–1043. doi: 10.1098/rspa.2006.1806
[34] Beretta E, Kuang Y. Geometric stability switch criteria in delay differential systems with delay dependent

parameters. SIAM J Math Anal. 2002;33:1144–1165. doi: 10.1137/S0036141000376086
[35] Hale JK, Verduyn Lunel SM. Introduction to functional differential equations. New York: Springer-Verlag; 1993.
[36] Thieme HR, Zhao X-Q. A non-local delayed and diffusive predator-prey model. Nonlinear Anal RWA.

2001;2:145–160. doi: 10.1016/S0362-546X(00)00112-7
[37] Kamgang JC, Sallet G. Computation of threshold conditions for epidemiological models and global stability of

the disease-free equilibrium. J Math Bios. 2008;213:1–12. doi: 10.1016/j.mbs.2008.02.005
[38] Hale JK, Waltman P. Persistence in infinite-dimensional systems. SIAM J Math Anal. 1989;20:388–395. doi:

10.1137/0520025
[39] Smith HL. Monotone dynamical systems: an introduction to the theory of competitive and cooperative systems.

Providence: AMS; 1995.

https://doi.org/10.1007/s00285-010-0397-x
https://doi.org/10.1080/10236198.2019.1709064
https://doi.org/10.1186/s13662-017-1452-3
https://doi.org/10.1216/RMJ-2008-38-5-1573
https://doi.org/10.1016/j.joems.2013.12.010
https://doi.org/10.1006/jmaa.1996.5177
https://doi.org/10.1090/S0002-9947-1974-0382808-3
https://doi.org/10.3934/mbe.2019295
https://doi.org/10.1007/s10884-011-9224-3
https://doi.org/10.1098/rspa.2006.1806
https://doi.org/10.1137/S0036141000376086
https://doi.org/10.1016/S0362-546X(00)00112-7
https://doi.org/10.1016/j.mbs.2008.02.005
https://doi.org/10.1137/0520025

	1. Introduction
	2. Positivity, boundedness, existence and uniqueness of solution
	3. Local stability analysis of steady states
	3.1. Local stability of the HBV-free equilibrium
	3.2. Local stability of the equilibrium with infection and occurence of Hopf bifurcation

	4. Global stability of equilibria
	4.1. Global stability of the HBV-free equilibrium E0
	4.2. Uniform persistence result for problem (eqn4)–(eqn6)
	4.3. Global stability of the equilibrium point with infection E*

	5. Numerical simulations
	6. Concluding remarks
	Acknowledgments
	Data availability statement
	Disclosure statement
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


