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Abstract

Reactions between composite fragments are described in the 
generator coordinate method (GCM) . In this method the many-
body wave function is expanded in terms of totally anti- 
symmetrized bound state wave functions, describing various 
given fragments' separation.

Pauli principle and absorption are treated consistently on a 
microscopic level with the help of the Feshbach projection 
techniques. The Imaginary part of the scattering operator for 
bound nucleons is obtained in closed form by using internal 
harmonic oscillator wave functions and simple nucleon-nucleon 
interactions (like the Skyrme force).
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CHAPTER 1~

INTRODUCTION
1*1 General Remarks
Recent years have seen a remarkable progress in the theoretical 
study of the interaction of composite nuclear particles towards 
a more genuine microscopic approach. This progress has been 
made possible because of a better description Of the collec­
tive motion from first principles, Also computational pro­
cedures have been developed which have greatly reduced the 
technical barriers which are encountered in studying composite 
particles on a microscopic level. From this standpoint, we 
can ..be hopeful that a wide application to various problems 
can be expected. This work is an attempt to look into the 
recent work and progress on computational procedures in a 
unified form and, in particular, a method for the microscopic 
treatment of the absorption in composite-particle scattering 
is discussed. The development of the study of the composite- 
particle interaction provided the means to investigate concepts 
such as the cluster model in a unified way, where the bound 
state and scattering problems can be treated on the same 
footing. k

A major contributing factor among those to stimulate the 
development of the microscopic theory of the composite-particle 
interaction is the progress being made in heavy-ion physics 
with vastly accumulating experimental data, as a result of the 
availability of accelerators producing high energy heavy ion 
beams. This led to an interest in theoretical and experi­
mental Investigations of both the elastic and inelastic
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scattering of heavy ions which led to a better understanding 
of a large range of phenomena in the irteraction of composite 
particles, viz. transfer, compound nucleus and fusion reac­
tions. Therefore, to proceed further beyond the phenomeno­
logical and semi-phenomenological stages in theoretical 
research of heavy-ion physics, progress in the microscopic 
theory of compoaite-particle interaction is an indespensoble 
route.

1.2 Survey of reaction models
A number of reaction models have been recently developed to 
serve as vehicles to carry the microscopic theory to its 
logical destination, namely, the many-body description of 
heavy-ion reactions without the always somewhat arbitrary 
presumptions of collective parameters. We may look, very 
briefly, into the following reaction models that have come 
up so far.
(a) The two-center shell model
As a starting point for a microscopic description of heavy™
ion scattering, a basis of wave functions is needed which 
describes the nuclear shapes correctly for all distances 
from the asymptotic limit of two separated nuclei until
complete overlap in a compound nucleus. For this purpose
the two-center shell model shown in Fig.(1.1) is suitable.

This model was used in 1970 by Pruess and Greiner‘S  in their 
calculations of the single particle levels. Two extreme 
situations can be envisaged. In the sudden limit of Fig. (1.1) 
and left side of Fig.(1.2), the oscillator constant charac­
terising the average potential for single particle motion is
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assumed to be frozen, which leads”to a compression of nuclear 
matter. In the adiabatic limit it is supposed that the 
collision is sufficiently slow for nuclear matter to be in a 
relaxed state at every way that no compression cakes place 
during' the collision. The single particle levels in the 
adiabatic limit are shown on the right side of Fig. (1,2).
It is the distinguishing feature of this model that the
fragments are. increasingly polarized with decreasing distance 
until the compound nucleus structure emerges for large 
overlap.
(b) The Cluster model
While the two-center shell model serves as a good basis for 
microscopic treatment of the intrinsic motion oC the nucleus 
in a heavy-ion collision, there arise difficulties in treat­
ing the relative motion (and other collective degrees of 
freedom) of the fragments. In 1971 Fliessbach^ proposed 
to consider two harmonic oscillator model wave functions 
<j>A and for clusters localized at a mean separation
distance <£> •= <£A - £B> = R.

The total wave function being assumed to be:

1.2.1 Y(K, R) = tiMexp 1 K £> <f>A (£A , 6) R)
A ‘where N is a normalization constant, A the anti-symmetrizing

operator, r^f r^ represent the set of nucleon coordinate
{r,) in cluster A and B respectively, g == A  ̂£ r.

ieA

and fiB = A r^ are the cluster C.M, coordinates and R 

is the distance between the oscillator potentials.



The total wave function (1.2.1) Is the solution of the 
Schrddinger equation:

1.2.2 <Y(K, R) Y (K,R) > = + v(K,R)-E = 0

h 2K2where —=—  is the Kinetic energy operator for the relative 
motion in the C.M. - system. The Schrtidinger equation is 
solved after transforming the cluster wave functions 
ij>A and <pB into an orthogonal set of basis functions. The 
microscopic Hamiltonian H consists of the usual Kinetic 
and two-body interaction terms. The ahti-symmetrization in 
Eg (1.2.2) leads to a repulsion between the clusters in the 
overlap region, which had already been noted by Van der Spuy 
(1959)^' who considered era scattering. It is a particularly 
attractive feature of this treatment that it allows a dis­
cussion of Pauli principle effects in both ordinary and 
momentum space,
(c) The folding model.
This is an approach in which one attempts to derive^heavy- 
ion potential by finding out how collisions between composite 
particles are determined by the "elementary" encounters be­
tween the constituents, making allowance for many-body effects.
(d) The GCM and RGM method's.
In Chapter 2 a discussion and a general review of the generator 
coordinate method (GCM)^ and the resonating group method 
(RGM) which was proposed by Wheeler^ is given. The GCM was 
initially proposed by Brink6  ̂ in his microscopic a - particle 
model. The reactions between composite particles are described 
in the generator coordinate method (GCM), in which the many- 
body wave function is expanded in terms of totally anti-



symmetrized bound state wave functions, which describe various 
given fragment separations.

iho.
This generator coordinate method (GCM) approach has^merits 
that - '
(i) it preserves the intuitive meaning of geometrical con­

figurations of the clusters in the cluster-intrinsic 
states and the resulting collective features,

(ii) it enables one to do calculations with Slater-determinants 
and also

(iii) it contains the corresponding shell-model configurations
the.

by taking^appropriate limit.

At the time Brink proposed this approach, the applicability
of the GCM was considered to be limited to the bound states
only, but in the meantime the difficulties associated with

7)the scattering,problem have been overcome .
The resonating group method (RGM) was proposed by Wheeler
about fourty years ago, primarily to describe the effects
resulting from the exchange of particles between the clusters.
Since then, this method has been applied to various problems.

8)Recently Saito has proposed an additional model to the two 
above known as the orthogonality condition model (OCM) .
It is a simplified model for the treatment of the effects 
of the Pauli principle. In this model, the inter-cluster 
wave function is required to be orthogonal to the forbidden 
states which give rise to the null states if the complete 
antisymmetrization is performed, so that the interaction takes 
place only in the space orthogonal to the forbidden states.
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1.3 Absorption
Chapter 3 outlines the folding model of Toepffer. The con­
sequences of the Pauli principle on the absorption is con­
sidered. The G - matrix concept of Brue^ckner is introduced 
here. The construction of the imaginary part of the effec­
tive nucleon interaction G between bound particles becomes 
the theme of Chapter 4. Pauli principle and absorption are 
here treated on a microscopic level with the help of the 
Feshbach projection technique. The imaginary part of the 
scattering operator for bound nucleons is obtained in closed 
form by using internal harmonic oscillator (HO) wave functions 
and simple nucleon - nucleon interactions (like the Skyrme 
force).
The shortcomings of the use of plane waves and the reasons 
for switching to the use of moving displaced harmonic oscil­
lator (HO) functions are discussed. In chapter 5 the analy­
tical techniques adopted in deriving an expression for calcu­
lating the matrix elements c£ the imaginary part of the 
scattering operator are discussed. The results and analysis 
appear in the concluding chapter 6.

* * * * *  * * *
I



CHAPTER 2"

GENERATOR COORDINATE METHOD AND THE RESONATING GROUP METHOD

2.1 Generator Coordinate Method (GCM).
During the past few years numerous attempts have been made 
to describe reactions of composite, fragments in the generator 
coordinate method (GCM). In this method the many-body wave 
function T is expanded in terms of totally antisymmetrized 
bound state wave functions, describing various given fragment- 
separations. Solving a scattering problem then amounts to 
(!) calculating matrix elements in the basis spanned by 
the totally antisymmetrized bound state wave functions, and 
to (ii) solving a set of integral equations for the expansion 
coefficients of f , in the given basis of the bound state 
problem. Problem (i) can be handled by the well-known shell- 
model techniques for calculating matrix elements of one - and 
two - body operators in a non-orthogonal basis. We want to 
analyse the interaction of composite particles like nuclei 
with A nucleon coordinates r^. The clusters A and B, separated 
by the distance f, are considered, for which the single par­
ticle oscillator potentials are separated by a distance r 
Pig (2.1) . This separation distance & is'-a collective

i
variable. It is superfluous and there arises the task to 
extract a wave function for the true coordinates of relative 
motion fi . In the. generator coordinate method (GCM) the total 
many-body wave function is assumed to be a superposition of 
generating functions #(r, R)

2.1.1 $GCM(r) = /4>(r,R)f (R)d3R ,' r%> ' <"V * r v « rw
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oscillator length b is taken for both fragments. If 
b^zbg, or if other models are used, the factorization 
property (2.1.6) breaks down, and a further GC-integration 
is required for projecting on state of good total momentum.

2.2 Resonating Group Method (RGM)
The resonating group method (RGM), a method proposed by 
Wheeler in 1937, was introduced primarily to describe mic-

5)roscopically the nuclei from a molecular viewpoint 
In this method it is assumed that the nucleons form groups 
or clusters with certain internal wave functions. There 
is a resonant exchange of nucleons between the clusters 
and the total wave function is antisymmetrized to account 
for the indistinguishability of the nucleons. An. equation 
of motion for the inter-cluster wave function is derived 
through the use'of a many-body Hamiltonian with the help 
of the variational principle. There occur non-local terms 
which represent exchanges of nucleons between one cluster 
and another resulting from the antisymmetrization. The 
microscopic study of cluster structures for light nuclei 
was initiated by Wildermuth and Kanellopoulos Many
calculations appeared thereafter, e.g. ref. 3, which use 
the RGM to investigate both structure and Scattering 
problems of light nucleon systems. Especially, the impor­
tance of the alpha-like four-body correlation in light 
nuclei was recognized extensively. This became the moti­
vating factor in fostering investigations on molecule-like 
structure of nuclei on a wide scale. Also recent develop­
ments in heavy-ion reactions stimulated microscopic



11.

calculations1"̂  including complete antisyimetrization. Actual 
calculations in the RGM, however, are very tedious for heavier 
systems because of the large number of exchange terms. Inde­
pendently, the generator coordinate method (GCM) was developed 
to find the asymptotic conditions for the coefficients £ (R)

in the GCM.

2.3 Relationship between GCM and RGM
One notices that in the GCM, auxiliary parameters, like the 
distance R were introduced; Slater determinant many-body 
wave functions were generated for each parameter set, and the 
total wave function was constructed by integrating the gene­
rating functions over these parameters. Using the variational 
principle for the energy expectation values, one obtains the 
Hill-Wheeler equation, the independent variables being the
generator coordinates, and not the dynamical variables such
as the particle, coordinates. Here, all the dynamical variables 
are already integrated out when the integral kernels of the 
Hill-Wheeler integral equation are obtained. In the generating 
function the inter-cluster coordinate ,R is fixed, and only 
the other independent coordinates are integrated over in de­
riving the non-local kernels of the GCM equation. The RGM 
will allow us to relate the expansion coefficients f(R)
(in the GCM) to the wave function of relative motion g(£) of 
the fragments A and B« In this method, one substitutes Eq 
(2.1.6) into Eq(2,1.1) to obtain the form:

2.3.1 ¥BGM(r) - ♦OIn.*(*a trA)*B (rB)g(£))



Where A denotes the rest antisymmetrizer between fragments 
A and B, and g is the relative wave function of motion.
Under certain conditions (to be discussed below) spans
the same space os The internal wave functions of
the separated fragments are well-defined. In order to include 
any polarization effects, one can in principle, admix excited 
fragment configurations. Because of the anr.isyimnetrization 
operator A, Eg(2 .3.1) does not mean that the densities of the 
separated fragments are simply added if the distance between 
the fragments A and B tends to zero. There is, naturally, 
a well-defined limiting configuration which, e.g. for the 
case a-ct scattering, turns out to be ®Be ground state, pro­
vided one neglects the difference between the oscillator 
lengths of the a-particle and the ®Be nucleus. However, if 
one could calculate the effective Hamiltonian properly, the 
question of polarization would be irrelevant since the effec­
tive Hamiltonian accounts for polarization effects. To det­
ermine the relative motion wave function g, one projects 
the many-body Schrttdinger equation onto the space spanned.by 
Eg (2. 3.1):

2.3.2 " EI*) = 0
i

where the round brackets indicate integration over internal 
fragments only. The explicit form of the SchrMinger equation 
of relative motion is obtained by splitting the effective 
Hamiltonian into:

2-3-3 Hrff " y  Tcm + HA + hb ’-VAB

where £ is the actual variable of relative motion, and by



separating direct and exchange contributions according to:

2.3.4 A - 1 + (A-l)

The resulting “resonating group equation" reads as follows:

2.3.5 {Tg + V((g) - e }g(£) = /K(£;£' )g(£')d3 p" 
where

2.3.6 V(fi.) = < V b IVAb I V b )

is the direct part of the nucleus-nucleus potential, V is 
local if the underlying nucleon-nucleon interaction is 1. 
local, as is assumed in Bq(2.3.6).
The energye of relative motion appears after subtracting the 
internal energies of A and B and the center-of-mass energy from 
the total energy E, The right hand side of Eg(2.3.5) contains 
exchange contributions (including thore of overlap and kinetic 
energy),

2'3 *7 /K(p,p')g(p»)d3p' = ((j)A(j)B | (H^ff-E) (A-l) |(j)A((>Bg)

and is non-local like the Hartree-Fock exchange potential. The 
two types of potentials shown in Fig(2.2) are different local 
approximations of the non-local kernel V-K, vif the•fragments 
are spherical and if we restrict ourselves to central forces, 
then the angular momentum of relative motion & will be a good 
quantum number. Expanding g, V and K in terms of spherical 
harmonics, one arrives at the radial equation;

2.3.8 , r_Al _ _ V(p) + elg, (p) = /K,(p,p')g,(p')dp'.
U p 2 2yp2 J

The non-local operator K depends on two vectors g and £ 1.
Under the above assumptions, (spherical fragments, central
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forces) there is no coupling between different £,-values. 
Although both methods, GCM and RGM, are equivalent in principle, 
it is difficult in practice to construct generating functions 
$(r,R) such that, for given <j>A and the model spaces spanned 
by Eg(2.1.1) and Eg(2.3.1) are identical. As an example where 
the equivalence of GCM and RGM can be shown explicitly, let 
us assume that;

2.3.9 M r , g >  -

where r is a wave packet describing fluctuations of the re­
lative motion coordinate g around the mean distance R.
It is now possible to actually construct Slater determinants 
with the above factorisation property. Suppose that fragment 
A is described by a Slater determinant ^(jS^fR^) centered 
around R&/ and fragment B by <f>B (r^,!^) respectively. Then,

2.3.10 4>(r,R) = ^ ^ A ^ A ' ^ A ^ B

with R = R^-Rg. Now, if the center-of-mass of the individual 
fragment is in the oscillator ground state, then Eq(2.2.3) 
holds with T being Gausian. The extraction of a gausian r 
in going from 3A-particle wave functions to the

3A-3 intrinsic particle wave functions |i>A"Lnt (rĵ -ĝ ) is, how­
ever, only possible in the two-center harmonic oscillator 
cluster-model, provided the same oscillator length b is 
taken for both fragments. Combining Eqs(2.1.1) and (2.3.9) 
and comparing the results with Eq(2.3.1), one finds the desired 
connection between the GCM and the RGM as;

2.3.11 g(g) = /r(g,R)f (R)d3R



15.

We are now in a position to discuss the scattering boundary 
condition to be imposed on f. As the asymptotic behaviour 
of the relative motion wave function g is known (Coulomb 
waves), one has to invert Eg(2.3.11) to obtain the
asymptotic behaviour of f. Details of such an inversion

7) 12 13\have been discussed by Beck et al and Weiguny et al ' ' *
The GCM matrix elements and the RGM kernels are connected
accordingly:

2.3.12- /r(fi,R)V(p)r(6,R,)d3 p = <$(B)7 V,.|$(R.')>_
* ~ K ~ - ieA iD ~ D

j eB

//r (fi,R) K (g ,£ •) r (p' ,§■) d3 pd v

= <*(&) |Hef£-E|4»(R^)>-<$(R) |He££.-B.|<$.(R')>D

where, the subscript D indicates that anti-symmetrization is 
only performed 'within the fragments A and B. By means of 
Eg(2.3.12) it is possible to calculate the RGM kernels from 
the GCM matrix elements by defolding Eg(2.3.12). This is 
:a:,port ant since direct calculation of the RGM kernels becomes 
impracticable with increasing particle number. It is, however, 
■iscomforting when one notices that, in deed< the inverse of 
the defolding operator P is singular and thus Eg(2.3.11) 
is not easy to handle. This causes numerical problems few 
of which can be briefly outlined below. In practice, the 
defoldirig eguation (2.3.12) is carried out by discretization 
and subseguent matrix inversion^. Since F depends on 
the difference (fi-R), the matrix r(&£,R£) degenerates with de­
creasing step length of discretization, and the inverse matrix 
is made up- of large numbers, alternating in sign. As a result,



the RGM kernels cannot be calculated to arbitrary accuracy 
(even if the GCM kernels are given exactly), and the method 
is limited to low energies where complete resolution of 
the fine structure of the RGM kernels is not required.
Another aspect of the abovementioned problem is the irreg­
ular nature of f. A typical example is the problem of re­
presenting a Gaussian of width a by the convolution Bq(2.3.11) 
with r being a Gaussian of width g. The solution f is an 
ordinary function only if a>(S. In the limiting case a=g one 
contains f(R) - 6 (R)while £ behaves even worse than a 6- 
distribution for a<£3. The irregular behaviour has led to 
the serious doubts concerning any solution of the Hill-Wheeler 
equations through discretization. The answer to this problem 
is given by a theorem of Wiener"^ concerning the closure of 
translated square-integrable functions. It guarantees that 
the short-range part of g can always be approximated by a 
finite sum of the form:

c p M
2.3.13 g f / R - l e >

irrespective of the fact that coefficients may cluster 
strongly on variation of the mesh points R^. Details con­
cerning this problem have been thoroughly treated by Friederich, 
Htisken and Weiguny"^ and Giraud and Le Tourneux^' . Con­
ceptually the irregular behaviour of f does not cause any 
problem since £ (R) has no direct physical meaning. The 
quantity |f(R)|2/ e.g., cannot be interpreted as the proba­
bility for finding the fragments at mean distance R since 
the basis functions <$> (r ,R) are non-orthogonal.



2.4 Effects of anti-syinmetrization
A perculiar feature of microscopic theories of composite- 
particles scattering is the appearance of sguare-integrable 
states of relative motion which lead to the solution of 
Eg(2.3.5) at arbitrary energy. Such "redundant states" are 
obtained whenever the eigenvalue problem

2.4.1 ((f.Aint(t.Bint|l-A |cf>AinS BintU) = )d3o'= XU

possesses solutions UR with eigenvalue 1 = 1 ,  After anti-symme- 
trizatlon, the corresponding many-body wave function

2.4.2 yR = A{ij)Aint(|)BintUR}

vanishes identically, and provides a trivial solution of 
Eg(2.3.2) at any energy E. Redundant states are sguare inte- 
grable solutions of the RGM Eg(2.3.j 2) at arbitrary energy and 
have to be counted in the Levinson theorem like true bound 
states,

2.4.3 6^(o) - &A (»)= ir (m^+n^)

where m^ is the number of redundant states in the partial 
wavey, n % the number of true bound states. Redundant states 
actually occur i f  the internal states <f>Aint, are des- 
scribed in the oscillator shell-model, with egual b-values for 
both fraoriionts as has been in most of the microscopic calcu­
lations done so far. In this model, the redundant states have 
harmonic wave functions with N<NR guanta excited, the redundancy 
limit Nr depending on the system Under consideration. The re­
dundant states, which are direct conseguence of the Pauli 
principle, are important in two ways. Firstly, Eg(2.4.3) shows
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that as far as the phase shifts are concerned the Pauli 
principle leading to the occurance of the redundant states 
can be simulated by an extra bound states. This explains 
the equivalence of repulsive core and deep attractive 
potentials,'Pig.(2.2). Secondly the physical solutions g 
orthogonal to UR are damped in the interaction region where 
absorption takes place. It is, perhaps not surprising that 
both refractive and diffractive effects show up as backward 
anomalies and are often hard to disantangle as shown in 
Fig. (2.3) . In more realistic models where the internal wave 
function deviates from the pure oscillator shell-model by 
admixture of the other configurations or by introducing 
different size parameters for different fragments, there 
Will be eigenfunctions of N with eigenvalues X close to 1.
There have been controversial views regarding the nature of such 
"almost redundant states", whether they are positive energy 
bound states18 * or resonances of finite width19^. Careful 
studies of simple systems prove the latter version to be true. 
Consider, e.g., the fictitious problem of dineutron-dineutron 
scattering'^ with the internal dineutron wave function taken 
as a sum of two Gausian functions With different widths b * b*. 
The nucleon-nucleon interaction is switched off artificially 
in order to study the effect of anti-symmetrization separately. 
Fig. (2.4) shows the phase 6 Q (K) ,obtained by solving the reson­
ating group equation (2.3.5), In the oscillator she11-model 
limit, b = b 1, no resonance occurs, and the Levinson theorem 
is established as 6Q(o) - 6Q (») = Tr due to the presence of j.'e 
redundant state. Leaving the pure oscillator shell-model 
by choosing b * b1 , one observes a resonance whose width
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converges to a finite value if the step length d, used in the 
numerical treatment of Eg(2.3.5) is reduced. From the energy 
dependence one finds in this case ^(o)-50 (») = o which de­
monstrates that no positive energy bound state is present.

1 6 hQ \As a more realistic example the a- 0 system has been studied 
allowing for different size parameters, b * b._ , and again,

a o
the nuclear and Coulomb forces were turned off. The phases, 
shown in Figs. (2.5) and (2.6) for various partial waves A, 
display the same general behaviour as in the dineutron case.
For low A-values the resonance structures are more complicated 
since several redundant states are degenerate. On a formal . 
b a s i s ' ^ t h e  finite width of the resonances and discon­
tinuous transition from "redundant" to "almost redundant" 
states can be explained as follows:
One starts from the internal waves <j>A f <i>B in the harmonic 
oscillator (HO)' model with b^ -  bB+n» The projection P onto 
the elastic channel can then be expanded in terms of the 
solutions of Eg(2.4.1) as

2.4.4 P =

where .

Eg(2,4.5) is then eguivalent to:

2.4.6 PHQf fp | ti,> = EP | ¥>

To compare with the case bA = bB , P is split into -

2.4.7 7 Po+P1

such that Po comprises those states for which if
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b^bg.
The resonating group equation (2,3.2) then reads:

2.4.8 Po%effPol^> = BP()|Y>

for b^ = bg. Bqs(2.4.6) and (2.4.8) constitute two different 
problems because of the coupling term appearing in
Eq(2.4.6). This term connects the P^-space with states Yj 
from Pj-space which describe internally excited fragments, 
since

/N_: NJ /
2.4.9 (ta ^ 1 ^ 1  - ^ ^ 57) (l-X1)4Vi (e)«

for 1, and causes resonances in the spectrum of Eq(2.4.6) 
which do not occur in Eg(2,4.8).

* * * * * * * * * * * *

i
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concept of Brueckner. An approach- such as the folding model 
was proposed. In it heavy-ion potentials are derived and by 
studying how far collisions between composite-particles are 
determined by the elementary encounters between the constit­
uents making allowance for many-body effects. This can, at 
least presently, only be done in rather crude way, in parti­
cular one encounters again the familiar problem which arises 
when nuclei loose their identity in the overlap region. The
procedure to calculate nucleon-nucleus scattering was first

28)suggested by Greenlees et al. in 1968 and in the same year
2 9) ~by McManus . An effective interaction G compatible with

nucleon-nucleon scattering is folded with density distribution 
of the target to give the real nucleon-nucleus optical pot­
ential UN 2 (R)

3-2.1 UN.)'2(8> = ■/‘p2(E2)° (B"E2)d3r2

There are two possibilities to extend this method in order to 
describe the scattering between two composite-particles.
One adopts the double folding

3-2.2 U(R) = //e (r1)G(£1-E2tg)p(r2)d3r1d 3r2

as has been employed, for example, in 1973 by Vary and Dover"^ 
and also two years later by Dover and Vary‘S  or an empirical 
nucleon-nucleus potential 2 (r^,+R) is folded with density

distribution of the other nucleus to y I d ,

3.2.3 U(R) = /g (r^t-Rjd3̂
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32\ 33 \
a s was done by Kadmenskii et al. , or Broglia and Winther
If necessary, Eg(3.2.3) must be symmetrized in order to en­
sure that the potential is independent of the arbitrary 
choice of the indices 1 and 2. A similar prescription has 
recently been used by Sinha^^ to describe the absorption

35 sin heavy-ion scattering. However, Pink and Toepffer ' have 
shown that the absorption in heavy-ion reactions is mainly 
determined by the open phase space allowed by the Pauli 
principle which for scattering between bound nucleus is en­
tirely different from the one for scattering between a free 
nucleon and bound target nucleus.

3.3 Absorption in the Folding model.

In 1976 Toepffer formulated a .folding model in momentum
Pispace. Consider two Fermi fluids with densities ——r—

Pl+P2
p2and v-"- ■ in 'ordinary space, which in momentum space arepr p2

represented by Fermi spheres of radius k^ which centres are 
separated by the collective momentum K of relative motion per 
nucleon in Fig.(3.1). Fig.(3.1) shows the Fermi spheres F^ 
and Fg separated by the local momentum K per nucleon. 
Scattering into F^'PFg is forbidden by the PaUli principle. 
Because of momentum and energy conservation the1 final momenta 
for elementary collisions lie on the sphere R. The Pauli- 
forbidden region is marked as a heavy black line on the cir- 
cumfrence of R.

Instead of Eg(3.2.2) one considers the interaction energy

3.3.1 U = I {<m,n;g,K|G|m,n;R,K>-<m,n;R,K|(?|n/m;R,K>} 
m,n



with the convention that neF-̂  andjmeFg
This interaction energy is between fragment 1 and 2 and use 
is made of the Thomas-Fermi model to write vectors |m,n> as:

3.3.2 |m,n> = (dn) ~1exp{i (kn+K) (r^Rj+k^} 

jn m> = (dn)"1exp{i(Jsn (£;,_+£)+ (kIn+g)r2}

in a certain volume element dn. Introducing a local total
momentum P„„ = k +K+k and a relative momentum k = % (k +K-k )~mn ~m ~ ~n ~mn ^m ~ ~n
(see Fig. (J.l)) in the local CM-frame, one obtains with

X = k  (r̂ +,5+E2  ̂ an^ ^slative coordinate of two nucleons
r 1 = r^+R-gg and interaction energy density

3.3.3 d3u/d3r2 = (dn)-2  ̂ /exp (-i'P R) exp (-ik r')
m#n

G. exp (iPR) {exp (ik^r ' ) -exp (-ik^r1 )]d3r1

Assuming local translational invariance, the total momentum
P„„ of two colliding nucleons is conserved. The summations ~mn
in Eq(3.3.3) can be converted into integrations over the intrinsic
momenta k, = k and k. = k„. Then~l ~m ~2 ~n

3.3.4 d3u/d3r2 = (2tt)"6 '̂d3̂  ^'d3 k2 (<k>G | k>-<k | G | ••k>
kF ■ k„

i

with k « k and the reaction matrix elementsn/ l̂Ull

3.3.5 <k|G| ±k> - /exp(-i k r;’)G exp (±i k ri)d3r'

for forward and backward scattering.
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The Fermi momentum kp in Eg(3,3.4)"is calculated by inserting 

the compound density fics- fii+S2 at the Position Eg of the

volume element dO into the following equations.
1

3.3.6 kp(r) = (3n*p(r)/2)^

In order not to count particles twice a factor PiAg^cs is 
introduced and the optical potential becomes

3.3.7 U = (27r)"6/d3r2p1p2p ^ | kFd 3k1
. o

k
Fd3k:){<k|G|k>-<k|G|-k>>f  I I rw r »  I I r*

U is complex, since G obeys the Brueckner-Goldstone equation

3.3.8 G = VQ(H0-E-in)_;LG,
= VPQ (Ho-E) ~1 - itVQ 6(Hq~E) G

which is not Hermitian. Here H'o is the unpertubed Hamiltonian 
for the motion of the nucleons in their respective fragments 
at infinite separation £,Q is the Pauli operator which ensures 
that no particles can be scattered into the overlap region of 
both Fermi spheres in Fig.(3.1) above, and f  denotes that the 
principal value should be taken upon integration over inter­
mediate states. In contrast to the Brueckner4theory for nuclear 
matter the imaginary part of G does not vanish îere since real 
excitations can take place in which kinetic energy of relative 
motion is converted into internal excitation energy giving 
rise to an absorptive imaginary part, On a microscopic level 
probability is conserved and the imaginary part of G fulfils 
the optical theorem:

3.3.9 Im<k| G | k> = tt (2ir) "3/d3k'Q | <k| G |&1 > | 2 6 (E (k1) -E (k))
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where the exchange terms have been,surpressed for simplicity. 
Although the Fermi momentum kp is calculated here with the 
density of the compound system Pcs/ the treatment is not 
fully anti-symmetrized and concepts like the distance g

between the fragments and the momentum K per nucleon of 
relative motion are used which loose their meaning with in­
creasing overlap, where the real parts of the folding poten­
tials become too deep. This leads to problems if the absorp­
tion is weak in the.surface region so that the interacting 
nuclei can probe each other deeply even in the case of elastic 
scattering.
Toepffer et al, calculated the real potentials and by using 
the phase shift approximation for the G-operator as:
3.3.10 G = 4 f).*m"*1k**:L£ (2JL+1) tan 6&

I

or alternatively the first order Gg+V& of the expansion

3.3.11 8 . • •

which was proposed by Moszkowski and Scott‘S .  In this, d is 
a separation distance introduced in such a way that the short 
ranged repulsion between the nucleus is cancelled by a part 
of the long ranged attraction:

i
3.3.12 V =/Vs. r < d '

tv* r>d

so that the free reaction matrix G^ corresponding to Vs and 
the long range component are sufficiently small quantities 
to allow the pertubation expansion Eg(3.3.11). After the 
judicious parametrizatlon of the phases Or G^ + the momentum



integrals in Eg (3.3.7) can be evaluated in closed form. If 
one inserts of Eg(3.3.11) into the direct part of
Eg(3.3.7) it turns out that the real potentials become too 
deep in order to fit the data for surface transparent systems 
like 160 - 160 or 12C - 12C.
In the Thomas-Fermi model the unperturbed Hamiltonian H0 
for the motion of the nucleons is the local Kinetic energy 
operator K. A simple way to estimate the imaginary part of 
G is to Iterate Eg(3.3.8) once and to replace the G-matrix 
by the free two-nucleon scattering matrix T:

3 -3 -13 = - w v  A s ?

” v w F l H n T '

The imaginary part of G(Eg(3.3.9)) can then be evaluated with
the help of the optical theorem which yields the frivolous

37)scattering model of Goldberger ' in which the effective 
cross-section for nucleons is given by the free cross-section 
averaged over the Pauli-allowed region of momentum space.

3.4 The effective Hamiltonian
It remains to investigate whether it is justified to use the

MeG-matrix of Eg(3.3.8) asAeffective force in the elastic channel.
9) 1Following Feshbach ^effective Hamiltonian (He£f) for the

elastic channel can be expressed as:

3,4.1 Heff = p{H+HQ(E-QHQ+ir|) ‘'1QH>P

where P projects onto the elastic channel defined in Eg(2,l.l)
is

and Q.related with P by
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3.4.2 Q = 1-P

Let us split the Hamiltonian H into

3.4.3 H = H0+V

such that

3.4.4 0*0 = SoQ

then Eg(3.4.1) can be written as

3.4.5

where

3.4.6

is in general a manygbody operator. In the independent pair.. . 

approximation G reduces to the two-body operator G of fiq(3.3.13)

unoccupied in the elastic channel and plays therefore formally 
the same role as the Pauli-operator Q in Eg(3.3.8). The pro­
jection operator Q will therefore subsequently be referred 

4Ae
to asAPauli operator. To improve the convergence of this 
expansion we introduce a reference matrix: /

describing the static problem and is related to G through:

The Pauli operator Qo of the reference problem as well as g 
are real. Their reality is due to the fact that they both

if we choose Hq = K. Here Q projects onto the states which are

3.4.7 g = G(R-+“ , momentum R+O)

3.4.8
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refer to a bound state problem, i.e. separated fragments at 
rest. One expects that the iteration of Eg(3.4.8) converges 
faster than for Eg(3.3.13). We, thus obtain for the second 
order (for the imaginary part in which we are presently in­
terested) ,

3.4.9 im G = -irgQS (u-K) g.

oc\ 38)As reference matrix one may take a Volkov*" or a Skyrmu" 
force which are known to give a reasonable account of static 
nuclear properties like binding energies', radii etc. Relative 
motion is treated incorrectly when interpreting Eg(3.3.1) or 
optical potential since the parameter R differs from the 
dynamical variable g of relative motion. In other words, 
Eg(3.3."l) neglects non-diagonal' elements <4> (R1, ,k | G| 4> (R,K) > . 
They can be taken care of by using the above matrix elements 
as input in the symmetrized form:

3.4.10 %<@(R',K)|G(R',%) + G(R,K)|$(R,K)>

This procedure is not fully self-consistent since the above G 
is calculated with respect to a single configuration 4>(R,K)of 
the two-center shell model, which cover only part of the GCM- 
space of functions defined by

3.4.11 Y(r) = /d3R4> (r ,R) f (R)

* * * * * * *  * * *
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CHAPTER 4

MOVING OSCILLATOR BASIS AND PAULI OPERATOR,

The use of plane waves in the construction of Im G has a 
number of shortcomings, for example

(i) plane waves are not square-integrah1e and can there­

fore not- be used to construct generator functional 
(.11) when using plane waves basis, surface and

shell effects are neglected.

In the present work, we use moving displaced harmonic 
oscillator functions which are total,„/ anti-symmetrized.
The harmonic oscillator (HO), functions are given as:

cular for the s-state, a = (0,0,0) becomesHa (r-R^) = 1. 
(This is the case treated in the actual calculations).

4.1.1

with R and K given by ~a ~ct

4.1.2

K

and

Ca
-3IT 4

H are the three -dimensional HefJttite polynomials, in parti



With, the moving oscillator functions (.4.1.1) we calculate 
the imaginary part of

4.1.3 <*(r;,R) ]h -b |V (r,RX>

which contains the matrix elements

4.1.4 <4>(R' ,K) |Xm G|$(R' ,K).>

<4>(R' ,K) |$(R,K)> I
a, g, y , 5
occ.

-  B'1a{B'1sr)

The. summation over a includes the spin and isospin summation. 
This, therefore, implies" o/w„r (.6 .5 , „ 6 . 6  \ f o r

la Y S 6 aT6 T$rY ;
Isoi/tn and similarly for spin. All the lengths in E g (4.1.4)

h. kare measured in' units of the oscillator length b = (~)

and all momenta in units of b ■*".
The are the oscillator overlap matrix (g;R%K|%,;R,K)

in the non-orthogonal basis of the moving oscillator states, 
and they are given by

V\
4.1.5 Bay(R',R,&) = C^y/ d^r expt-G-R^lVS-fE-Bf)*/:}

_ 3 AWith C^y = CoCy = TT

Toepffer -jt a,l. approximated t he operator Q in the model of 
overlapping Fermi spheres such that the Pauli principle is 
fulfilled on average only. In the moving oscillator basis, 
and if the states were orthogonal, B^y = 6ay , the Pauli
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where r stands for all coordinates of the nucleons and R 
is the parameter which measures the mean distance between 
the fragments A and B. The generating functions <$> are 
square integrable and antisymmetrized with respect to all 
nucleons of the system. The characteristic feature of the 
GCM is that there are no superfluous degrees of freedom in 
the theory. This is due to the fact that the integration in 
Eg (2.1.1) extends over all R values. The expansion coeffi­
cients f(R) are determined by solving the Schrfldinger equation 
of the many-body system in the space spanned by:

where < > means integration over r, with appropriate scattering

by a Slater determinant in a two-center cluster model so that 
the GCM-Kernels

can be calculated using well-established shell-model techniques. 
Here H(R,R') and N(R,R*’) are the energy and normalization 
kernels, and E the total energy. By taking only the ground- 
state Slater determinant into account in the integral 
equation 2.1.2 for the expansion coefficient f(R), one 
describes only elastic scattering and neglects the coupling 
to all other channels:;. This is clearly unrealistic for most 
cases of composite particle scattering where many channels 
are open in general. One could generalize Eg(2.1.2) to a 
system o f  coupled integral equations by replacing Eg(2.1.1)

2.1.2 < 4>(r, R) | H - E | ¥ GCM(r)> = 0

boundary conditions. In practice $ (r, R) will be represented

2.1.3



by a linear combination:

2.1.4

where the subscript labels various channels, and then one can 
do a coupled channel calculation with a real Hamiltonian. 
Although this is possible in principle, it has a disadvantage 
in that it is impracticable since the number of channels 
which contribute to the absorptive part of the optical poten­
tial can be very large. Alternatively one may account for 
the non-elastic channels by introducing an effective micro­
scopic Hamiltonian so as to account for the loss of flux 
in the inelastic, channels. This microscopic Hamiltonian 
must be non-Hermitian. It can be calculated by using 
Feshbach's projection techniques. For scattering and decay 
problems, the separation parameter R is related to the 
actual variable of relative motion £ of the two fragments.

where the fragments wave functions depend only on the
internal fragments coordinates and <|> describes the center- 
of-mass motion. A takes care of complete antisymmetrization 
and r is a peaked function which describes fluctuations of 
£ about R with root mean square deviation b. Assumption '
(2.1.6) is valid for the a-particle model of Brink*^ or in 
the harmonic-oscillator cluster model provided the same

2.1.5
Unc/ev c.eyia.in clrcumsiasices!

One can,Afurther assume that:

2.1.6
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From this, one notices that Eg. C5 implies that y and

v also become:

5.1.6 = (0/0,0). = V

and therefore, the expansion coefficients reduce to:

5.1.7 Mia,&;%,%) - 1f 
and that

3
5.1.8 cay = cacY = ir'*2 become coQ = tt 2

5.2 Matrix elements of Q
These are calculated with Q = 1 - P and from Eg(4.1.9):

5.2.1 <r,s;R,K|P|r,s;R,K>

- V _,<r,s;B.|a'&';R,K)(a',&'/R,K|K,s;R,K>B g-,

. occ.

= I B-\, , (R,K)%~lg,g, (&,&) (2^) si""“ -6 +X
a',5',Y',6* * ? P
occ.

eap{&L-Ra,-Re,t&y,+S6,)Krs+*-Sa'-5g'+SY'+S6')&rs}

exp{-^K2rs-kz:i:s-^ (K2a i+K2pi <) +^~rs
• I

+ (Kai-Kp'+KY'"Kd ')1

^ ^ M(a’ ,6' ;X,wlM(^;’̂ ' ,-Xe ^Srs^H£)
X,w=o x' ,tjJ'=o

(&rs)Hx,(3rs)Hw'(krs)

■flKUtMWMHfMnUMHtUWS'nMK

i

S '

' S '

, )
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This can, however, be further simplified with the convention

5.2.2 H%(XrstHx'%rs) = % N(afA';a)Ha(5rs)

where N ( ^ , ^ 1 ; £ ) are expansion coefficients given by

2 (XitX,i-pi)/2><x , x ,  ,

5.2.3 tsa,X',e> -

where s^ = = even, otherwise N(X^,X';p^) = 0 ,

5,3 Matrix elements of the reference interaction. l   ___ ,

We use as an example of the reference interaction, the Skyrrae 
force^S)• This effective interaction was designed for the
Hartree-Pock calculations of nuclei. It is represented in
momentum space by

5.3.1 g =t0 Cl+xoPal + %t^(k%+k'2) -t-t̂ k k'

+iW0 Ca1Xa2) tkxk')

where k and k,' are relative wave Vectors of two nucleons.
The original Skyrme' force also includes a three-body term 
which is equivalent to a density dependent force and does 
not conserve momentum. There exists, however, a Skyrme 
force in which this term is zero as in the treatment by 
Beiner et al„ . The spin-orbit term will also be neglected 
in this calculation.
The matrix elements of the Skyrme force are therefore given by

5.3.2 <i,i;R,K|g|r,s;R,K> = exp{i (ki^-kre)R} (Sir) 3 *
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+ k^+W^-term

In Eq(5 . 3.21, the conventions (.4.1.13) , have been used.
In the actual calculation only the tQ andt^ terms are 
employed for reasons of numerical simplicity. One notices 
that the t^-term averages zero upon integration over the 
momenta.

5.4 The energy conserving 5-function. ,
This function is defined here with Er given by
5.4.1 Er = {h (g+k^Xb™1}2̂  CK+kr) 2 (jiiu)'

The value of the oscillator length b being fh 1
K  Similar

relations are obtained for E , .Em and E . One can then 
express the 6 ̂-function in the form

5 . 4 . 2  * lE 2+Sg-E ^ -E n l1 fza< (kz+ K ):+ C kg-g)2-(km+K)
' _1

with hiD = 41 A -3 MeV.
Using Eqt4.1.141the argument of the 6-function on the right 
hand side reduces to the form

5.4.3 6 (er+Es-Em-Bn) = fj 6 (2k=rs-2k«aM)

For s-stateo all the Hermite polynomials are-.equal to 1.
The expansion coefficients for the expression of the products 
of two Hermite polynomials as one polynomial also become 1. 
Large R has also been assumed, i.e. orthogonality, so that

v ^ V v
For an analytical solution of the integrals occuring in 
Eg(4.1.11) one represents the 6-functions as Fourier- 
transforms of exponentials. For intrinsic s-states, as
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considered here, it is simpler to evaluate the integrals 
in spherical coordinates, (see Appendix A.) as treated by 
Toepffer and Koller^^'
We are to calculate;

5.4.4 % G|%,6;R,5) 160/ ( 3̂ 6^ 6^ )
t , 3, Y f 6
occ.

and the Pauli operator (.4.1.61 reduces to:

5.4.5 Q = 1- I |G',jg';R,Kl0a',j3';R,K|
a1 6'

This fonn of the Pauli operator will be sufficient to 
demonstrate the important features of the model.

5.5 Matrix elements of Im G. .
In the actual calculation the coordinate system has been 
orientated in such a manner that various vectors R', R 
and K have the following cartesian form:
5.5.1 R' = (R'ainG'; 0; R cose'),

R - (R Sin8 cos ij> , R Sln0 Sin (j)r R cos 8)

and
5.5.2 K = (0; 0? K)
The matrix elements in Eg. (4.1.11) for Im G for, large R 
where Ba,gl = etc. are:•

5.5.3 (o,^; R'K|lm G|%,a;R,g) = -n % (a,&;R'K|i,A>
i,l,r,s 
r',s',m,n,

<i,i|g|r,sxr,s[l- I |g',&')(a',&'|r',s'>
a1 81
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<r's' |g|jn,n>4mrn|xfi;R,Kl f ̂ r /+Es

and similarly for the symmetrized term.
For convenience this can be split into two contributions 
originating from the "1" operator (NPT-terms) and the 
P-operator (PT-terms), in Q = 1-P:

5-5.4 G|%,6) p = -n '% (a,g| i, ixi,! | g
i,i,r,s,mfn

<r,s|g|m,n><m,n|x,5) (̂ r +Es ~ Eia~En')

and the Pauli part:

and similarly for the antisymmetrized form.
The NPT and PT terms (5.5.4) and (5.5.5), also subdivide 
further into three parts due to the reference force g, which 
gives rise to (t0~t0)., (t^-t^) and (t^-t^) terms. These sub­
divisions are here refered to as NPT tt0~t0) , NPT (t0-t-L) etc. 
The 12-'term in the Skyrme force, whose angle average is, 
anyway zero, has been dropped for simplicity,1 The other 
terms are calculated in Appendix B* The resultis of the 
calculations are:

5.5.5 l&,G|lm G|v ^pir = ir %
i,l,r',s',r,s
m,n,a'

(a,&|i,&><i,l|g|r,s>

-1

<r,s|a' ,&') (a1 ,j§' |r' ,s '><r« ,s' |gjm,n><m,n|%,6) 6 (Br,+Bs,-Em-Bn) 

5.5.6 NPT Ct -t_i =

k exp {~h (S' ag-rys) 2 > exp (- |-)



43.

5.5.7 NPT(_t0-'

{j<j) 0-1;:

5.5.8 NPT Ot̂ -i

5.5.9 PT It “t

5.5.10 PT(t -t

Si G 2.
4 ) - I H B 22 1,6,y,i3^ <‘^'1 eXpl"^")eXp("li<S'68"5*''5

3 w 3 3 V'

U  ) <t> +2* }F Ca,8,Y, 5ft1-t1)

J  (2hw)% e,axp(“4 êxp ̂ 4 )exp{-t(5^g “Sa'S1^2  ̂

x exp{-%(^,g,-gyg):}F(a,e,Y,6;to-to)

r u v ^  (1' ̂ ?""|(-U-v) 2) -̂) (1; ̂5; —g (u+v) 2) }if \ i * o ; v * o

v 2 3x *< exp (—g )(j)C-̂ ;j?-g ) if u=o but v*o 

vexp0—^ )4 0-%r§;^ ) if u^o but v^o

l)" 2h|r ^ t>6,0Xp(“I ) exp{-%(S\p-Sa,p,):}exp(-%-) 

*xP{-t(&a,g,-%6)*}P(a,e,Y,6, t^-ti)

{̂(|)(l;̂ -̂ (u-v) 2)-(t,( 

exp(— |

+ r (~)

exp (-|--) <(,(-% ;|;|- 

(|;^f-|(u-v) 2)-<p (~;h;~g(u+i

1 \ r  ̂  1 o  i/ 2
*3 exP (-g™*) <P (""g ; 2‘'*g™*) If U=0
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5.5.11 PT(t1-t1> 2htiJoo

r  i

F (a,6,Y, 5;

2uv^  ̂  "I tu™v) *)'"* 2) ̂

1 3 u-
V.~  exp(-g-Xd) l-gig'T") I£ V=T1Y6

where Qa,^, are defined in Appendix A and for

brevity u=r)a , g, , y=n* 6 and w=Q ! a g

The Skyrme force constants tQ,t^ and xD are taken as 
t0=-1248 ,29 Mev.fm3; t^=9 70,56 Mev.fm5 and xo=-0,17 as in 
Seiner et a l . ^ .
The matrix elements of the imaginary part of the two-body 
operator G are then:

5.5.12 <$(B' ,K) |Im G|<HR,K)> = <4» (R' ,K) |4>(R,K)S

G l x . S i S . S K V s r  s«isfsy>
occ.

with the overlaps (ref.6)
det Bla,R' ,K;Y,R,K)

5.5.13 <4>CR' ,K).|4>(R,K)> = y'd'et B to,R',K;y ,R',,K) det B Ca,R,K;Y,R,K)

and hence



45,

5'5'14 A  v /2,G;jR',K|lm G|X ,6;RfK)01 f K / f / 0
OCG.

occ.

+ Z,^,{PTlto-to)+PT(to-ti)+PT(t]_ti)}]

So that:

5.5.15 <$(R',K)|lm G|*(R,K)><$(R',K|$(R,K)>~1
/2 C2

^ — w °° J 3,Y/^ ^ (V V + NPT(to-t1)+NPT(t1-t1)}

+ ’/r'aA . {PT(V to)+PT(to"tl)+p,r(tl“ti ^ :i

* * * * * * * * * * *
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CHAPTER- 6

RESULTS AND DISCUSSION

The scattering of composite particles has been considered 
with primary emphasis on two aspects viz
(a) how to describe it microscopically and
(b) how to describe the absorption.
Conventionally one assumes that the clusters are intrinsi­
cally in their ground states f since otherwise the treatment 
turns out to be too complicated. In such a description one 
only describes the elastic channel in isolation, although 
many channels are open in general, It was therefore pro­
posed to use the Feshbach projection, technique with the 
aim of ^instructing an effective (non-Hermitian) Hamiltonian 
for tbc channel.

Some resul actual calculation of
W = % G|%,6) (.6

u r P / I r o occup.
(formula 5.4*4). for = 6 ^  etc. and s-states (corres­
ponding to a-ct scattering) are presented in Figs. 6.1 - 6.3. 
In Fig.(6.1) W is plotted as a function of R the mean 
separation, for various values of R' and K=0, '8=0°. As 
anticipated in chapter 5, there arise inconsistencies 
because of our approximation for the Pauli operator, which 
is not a true Pauli operator because of the non-orthogonality 
of the basis functions as described by the overlap matrices
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CHAPTER 3 „

OUTLINE OF THE MOMENTUM SPACE FOLDING MODEL

3.1 Pauli principle: Its role in microscopic studies

In static problems the Pauli principle allows an independent 
particle motion in nuclear systems, although the nucleon- 
nucleon force is short ranged and in fact very repulsive at 
short distances (the healing property). In composite-particle 
scattering, the Pauli principle is responsible for the de­
struction of the structure of the fragments during overlap: 
Since every cell in phase space may only be singly occupied 
the overlapping system must either extend itself in ordinary 
or in momentum space (compression). An important role of 
the Pauli principle in composite-particle interaction was 
firstly recognised clearly in the study of the a ~ a inter­
action. The repulsive core of the phenomenological ot-a 
potentials was shown to be originating from the Pauli principle 
The calculations with the use of the resonating group method 
(RGM) showed the appearance of the almost energy-independent 
inner oscillations whose outermost node just corresponds to 
the phenomenological repulsive core radius^"^ . The funda­
mental role played by the Pauli principle, becomes apparent 
in a number of puzzling features of phenomenological approaches 
One can but just mention the following three of such pheno­
menological approaches.
(a) Consider the real part U(Re U) of the optical potential 

for elastic scattering. To the experimental data, rea­

sonable fits have been obtained by both repulsive 
core and deep attractive potentials, as shown
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in Fig(2.2}. At first glance it seems unitelligible 
that such different types of potentials can be phase- 
equivalent . As mentioned above, the Pauli principle 
offers an explanation for this type of ambiguity.
One would then expect this ambiguity to disappear at 
high energies where the Pauli principle looses its 
influence because the intrinsic states do not ovelap 
any more in momentum space. In fact, with increasing 
energy, the repulsive core is reduced-1"^ while purely 
attractive potentials become more'and more shallow.
Thus we notice then that the two types of potentials 
tend to converge to a unique high energy limit.

(b‘ Generally, distinguishing between refraction and dif­
fractive effects^^often quite a difficult issue. An 
illustration in this regard can be noted in Fig.(2.3) .
Here the typical behaviour and quantitative features 
of elastic scattering cross section are indicated. The 
typical behaviour of angular distributions at forward 
angles can often be reproduced by both strong absorption 
and refractive models. A rise of the cross section at 
backward angles is generally assigned to particle ex­
change which can be described by a real non-local poten­
tial. On the other hand, when absorption sets in abruptly 
as soon as the nuclei touch, one will obtain reflection, 
as in the scattering of light from a polished metallic 
surface.

(c) Alpha reduced widths as calculated from the traditional 
shell-model approach are much too small when compared



to experiment. The absolute "values may be wrong by 
factors 10 to 1000, varying from light to heavy nuclei. 
Alpha-cluster models were invoked to remedy the situation 
but it led to unreasonable large alpha-clustering. This 
discrepancy can be removed by proper anti-symmetrization 
as has recently been shown by Fliessbach2^ . A similar 
situation occurs for alpha-and two-nucleon transfer where 
the absolute values of spectroscopic factors cannot be 
explained. In contrast, there seems to be no problem 
in the case of one-nucleon transfer.

The three examples quoted above demonstrate that a develop­
ment of practicable theories which incorporate both Pauli 
principle and absorption on a fundamental level in a con­
sistent way is needed. For that purpose it seems worthwhile 
to investigate whether the GCM and the RGM can be combined 
with Feshbach's formalism of the effective Hamiltonian to

o)account for the absorption .

3.2 The Folding Model
Most of the microscopic calculations done so far neglected 
absorption completely. Use is made of real effective inter­
actions, like -.g., the Volkov force25^, adapted to the 
system at infinite fragment separation, and are at best useful 
approximations at low energies. Simple approaches2^  which 
introduce absorption phenomenologically in the Hill-Wheeler 
or resonating group Eqs(2.1.2) and (2.3.5) cannot solve 
the problem of energy dependence and radial shape of the 
optical potential. A semi-microscopic approach is due to 
Toepffer et al.2"̂  who base their work on the G-matrix
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A .3 Jsrs, ^^-integration

/d3krs kjs exp(il$rs u - bkrs)/d3kmn kmn exp(ikmn ~ “ ckmn)

*(k:s -

= 2TT/a(cct,4»)/dk^ expdkpg u cos*)exp(-bk^)

kL  exPd&mn % ' ckAn)*(krs " kL)

= 2TT(|i)Jdkrs k ^ +1)sln(krs u)exp(-bk|s)

/d'kmn kL  e*P(lkmn % " ^ * ( ^ 8  ~ kL.)
= ^/d(k^s) ( )k^+1)sin(krg u)exp(-bkjs)

;d'kmn C  " =kL)a(kL  " ^

= ^ ( krs)krS)sin(krs u)exp(-bk2s)

/d'kmn kL  exPdkmn % ' ckL)4(krs " kln)

= tr/d'tmn k™^'=^(kn* ")™P(-lkmn %>

exp{-(b+c)k^n>

. /d(co.*)/dkm n k ^ +,1+2,=ln(lW  u)

exp(-lk^ v cosij)) exp{-(b+c) k^}

» M l  /dkmn k ^ +n+1) exp{-(b+c)kjin}[35{cos(u-v)knm“cos(u+v)kmn}3

= ill /dkmn{kÎ +n+1) exp{-(b+c) k^n}Ceos (u-v)kmn - cos (ti+v) krm] .

  I'UIVN'r. Lxt IY> iTOitri i‘i+ i fl I ' m '  M+iMin'
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Each k — integration in the sum above is similar to Erdelyimn
Eq. (1.4.14) , p.15 with:

a = b + c; u= Jl + n + 1; y e  (u-v; u+v) , giving the result:

+ b  * TtShT1
. ,i , i i. _ .(u+xlii
^ '2 2(&+n+l) 2' 4(b+c)

Thus the final result is of the form:

A.3.1 exp(i^gU - b k ^ / d ^ k ^

(2 T i S f e ; i' " i T b S i ^  ,i,(2(+% + i ) ? i ' 1

In the limit u **• 0 (or v ->■ 0) , we use L'Hospital’s rule:, which 

gives the result:

A.]-? (blci x ̂ ” P(' + ?  I! i f e r 1 •

t . ■ ■ ,      — ................................................ , .^1. . ,  ■ - . .w -v , ,  ---------------



53.

Hence the complete result is: =/
/»■

i+n+2

ft.3.3

if u = 0

T K 3 # m r exp<' w s r ' * ' ! ' T^ sr>'

if V = 0

* * * * * * * * * *

!



APPENDIX B

SKYRME FORCE AS REFERENCE INTERACTION 

B .1 Skyrme force direct non-Pauli term (DNPT) 

is of the form:

B.l.l Ct0(l-X0) + + k£s) + t2~iH ~rs-3*-fco^1~xô

+ ^ l ‘krS + kmn> + *2 Srs Km,1

+ 3:to (i+k0) + it^k', k=s) + t2klt iSr.a:t0 (i+!t0)t>,t1 (kj,+kjn )

+ t2Sra K m 1'

In this calculation, we have taken t^ = 0, which thus reduces 
the Skyrme two-body interaction to:

B.1.2 [to(r-xo> t + k‘a)]:t0 (i-x0) + k V ^ L ’1

+ 3 t 0 ( l « 0) t %tl(k>t + k=s) H t 0 ( » Zo) + + k=n )]

“ 4toa+zo + x o ‘ + tc,t l l2*x o ) <klJ, + 2krs+km 1+tl<krs+ki2) <k« +kmn>

For simplicity, the three terms of (DNPT) are treated se­
parately and represented by (to~tQ), (t^-t^) and (t^-t^).

i

1.1.3 DNPT(tQ-to) = 4t=(l + XQ + X*)
D N P T I V t V  - t0t1(2 + x0)(kjt + 2k = s + k=n)
DHPT(t1-t1) = t!l(kjt + k‘s) (k=5 + k^l.

Each of these has to be multiplied by the product of the two 
overlap matrices: and B^g, which as explained previously,
have been taken as B ^  = 6^ and Bgg = 6^g.
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Thus

B.1.4

. (B.1.3) becomes:

DNPTfta-t,,) =  4 t : ( l + X o + x = ) 6 a y

DNPT(t,-ti) = + 2k^ + k^)a,y 6,,

DNPT(t1~t1) = + krg) (krs + kmn̂  S a y ’ 5$6 '



B. 2 Skyrrne force exchange non-Pauli term (ENPT)

This one is of the form:

B . 2 . 1  2 [ ^ ( l + x ^ )  + + k : ; ) ] [% o( l+ X o)  + ^ ( k ^ + k ^ ) ]  -

(t^ has already been taken as t2 = 0).

Multiply Eg. (B.2.1) out, we obtain:

B . 2 . 2  2 t 2 , 1+Xo)= + + 2k=s  + k ^ l H t l f k h + k J , )  ( k j . + k ^ )

Treating the three terms separately and multiplying each 

by SeS ' e y  ,ind - 1 '

B . 2 . 3  EMP(t0 - t 0 ) - - 2 t ^ ( H - x c|)2 6 a6 5 ^

E S K V h *  = + 2kL  + 5<,i 5SV

BYEDPT(t1-t1) = + k=sj (k'g + ^ s a S S

B .3. Spin and Isospin

The spin and isospin summation adds a factor of 4 in the 
direct term and a factor of 2 in the exchange term.

Combining the (DNpt) and ENPT) we get
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B.3.3 NPT(ti-t:i) = (4xt' ^  ^  - 2 x ^ 6 ^  6g^)(k^ + k ^ ) ( ^  + k^)

B.4 Non-Pauli Matrix elements of Im G

The matrix elements of Im G for (NPT) become

B.4.1 (a,g|lm G|x,6)NpT = I (a,&|i,A><i,&|g|r,s>
i,Jl,r,s

<r,s!g|m,n><m,n|x,6l)6(Br + Bg - Em - En)

where

B.4.2 (a,&;R',g:|i,t;R,K> = Coo(2n):exp{§KiA(B\-R'g)-"%K2&}

exp{ik^^(Rg ~Rg-R) - k^^}

B.4.3 g = g 06(E1-r2) (Skyrme)

B.4.4 <i,»fR,K |g|r,s;R,K>=goexp{|(kiJl-krs)R} (2ir) 3 6 (K,rs-K i&) 

B.4.5 g3 = "(t “t0)B + "(t0-t1) '' + "(t;L-t1) "

B.5 Constant value in (NP) calculation

From the above equations in B,5.4, we note the following 
constants: n, from the two-body operator Im G;
from the two overlaps (a,g|i,A> and <m,n|X/6) ) (2%)3 from 
the matrix elements <i,$,|g|r,s> and <r,s| g|m,n>; (2ir) ^
from the six integrations over k^fK^; krsz 5rS; and k^, 
%mh' A-function 6(S^+Eg-B^) = ^6(k^-k^)
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Multiplying out all the constants mentioned above, we obtain:
c 2

B.5.1 NP-constant - 1r 00
(2tt)

B . 6 Integrations carried out

The integration variables are &££/Krs and kmn on one hand,
and k „, k .„ and k on the other hand.~rs ~iji ~mn

Substituting the equations of the type (B.4.2) and (B.4.4) 
which appear in (B.4.1), we can write down (NPT)-matrix 
elements of the two-body operator IM G as:

B.6.1 (a,g; R'K|lm G|%,6; R ^ ) NPT

ffĉ
- " /a^rs ;a'%mn

-Is h - S i t

'S(krs"km ){WPT(to_to) + NPT(tg-ti) + N M (t1-t1)}
TrĈ

= hw(2ir)* ^'*1* exp{i8i%(^g- &*g) ■-

expdk^w - ti()/d'krs /^'k^ exP (-ik^ % - k'

6(k^-k^n)CNPT(to“t0) + NPT(tQ-ti) + NPT(ti-t]_)]

where
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operator

4.1.6 Q = 1-^% g,|g',a';R,g)(a',a',R,K|

is a projection operator on the unoccupied states. This can 
be shown by taking matrix elements with (arj§| and |a,£)

4-l'7 Q|%,a) = !%,&)-% 1%',6")(«',&'1%,6)a',9'
occup.

= ' i ^ y j 6, Sa v !s.4ia'.r)
occup.

_ fo if y," and 6 are occupied
\  | 6,) if Y and 6 are unoccupied

Since the states are not orthogonal in the overlap region;

4.1.8 (a,G;8'5|%,S;R,K) = Bpg

one might attempt to construct a Pauli operator by:

4.1.9 q = 1-p = l - a % g , I  g',g,%:><%'&'

Here 8^,^,, as mentioned above, are the overlap matrix elements 
in the non-orthogonal basis of the moving oscillator states 
Eg(4.1.1). As expected Q tends to 1 for high energies since

4.1.10 <]s1,lS2;RzK|Q|)S'1,k'2;8,K>«l- exp (-K2 )

the influence of the Pauli principle on absorption disappears 
with increasing energy. However, it is easy to see that the 
operator Q in Eg (.4.1.9i is not in general a proper Pauli 
operator because

tmmn.mwmwkria
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i) if is the inverse of B in the full Hilbert
space of all states (S» g, K|, then the sum over the 
occupied states does not give orthogonality 

11) if B~^ is the inverse of B in the space of occupied 
states, Q does not project on the occupied states, 
since the application on an unoccupied state will 
not give zero.

While the oscillator basis has the advantages cited above, 
their disadvantage is that one cannot easily construct a 
proper Pauli operator. The use of Eg(,4.1.9) for Q will 
therefore lead to inconsistencies. Because of the appearance 
of the kinetic energy operator in Eg(.3.4.9) for Im G, the 
matrix elements of Im G must be evaluated by inserting complete 
sets of plane waves as intermediate states, This is the 
source of another difficulty in connection with the Pauli 
operator, since it is the oscillator states (4.1.1) rather 

, than plane wave states which are occupied or unoccupied. 
Inserting complete sets of plane waves into Eg(3.4.9) and 
taking the matrix elements reguired in Eg(4.1.4) one obtains 
after symmetrizing with, respect to i,4,r's'<« p. m,n,r,s

4.1.11 G|&,j;B,5) = tir %
i, &, r, s '
m,n,r* s 1

i,&7R,K><M?R,£|g|r's' ?R,K><r' ,s' ?R,K|Q| 

r* ,s 1 fgfKXr' ,s ' ;R,K|g|m,n;R,Kxm,n,‘R,K|

X ^ f R ^ m t S ^ E g - E ^ j V  + S (Er+Bs-E1-B£) }
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where the expression has been symmetrized against

In the foregoing representation, one notices the appearance 
of various overlaps, like e.g. Ca,j3;R,K|i,£;R,K>. These 
have been fully calculated in the Mathematical Appendix. 
These overlaps are expressed in terms of momenta, with the 
convention

4.1.12 i,&sA and m,neB

We can however conversely give the above momenta as:

Therefore, in terms of momenta and we need the ex­
pressions for the following overlaps:

(i) matrix elements of the Pauli, operator 
tii). the overlaps between localized states'and plane 

waves
(iii) matrix elements of the reference operator
(ivj 6-function - Fourier transforms

From the full calculations of expressions (i) - (iv) mentioned 
above, which are carried out in the Appendix, we obtain the 
results as detailed in the next chapter.

4.1.13

4.1.14 ~ir ~ii

* * * * * * * * * *
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CHAPTER 5._

ANALYTICAL TECHNIQUES FOR THE CALCULATION OF Im G 

5.1 The overlaps between localized states and plane waves. 

These are given as

s . 1 . 1  -  v 2' 1

ot+6 • a
'♦'ScTSe’lSiV

Here the conventions (.4.1.13) and C4.1.14) and the following 
convention

a+g a
5.1.2

have been employed. A similar expression Can be written down 
for the overlap < m,n;R,K|Xf6;R,K).

The actual calculation was undertaken for the s-states 
% = (0 ,0 ,0) =&=%=&; • and thus the following expressions 
reduced to the simple forms given below:

\ •
5.1.3 a + g = (0,0,0) ; iS+6+X+5, = 1 because we have 

defined the symbol i& as:

5 . 1 . 4  1S  =  i V V " ,

Also

5.1.5 H^ = 1 = Hv etc.

*
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B . 7 . 2  / d ' k ^  e x p d k ^ g W -k ^ )  = ir3 / 2  exp(- ^ - )  ; w =

B.7.3 /d^k^ /dk^ exp{-ik^ v - k^}6(k^-k^)

= 4-rr2 exp( - j-)4 (~ \> §/' %-)

and v = n*^ ; <fi (a,b,z) is the function 4>(a,b,z) != 1+g -̂+y|b+~l')" It1"' 
The complete NPT (tQ- to) - term is obtained by using' (B.7 .1) ,
(B.7.2) , (B.7. 3) and (B • 6 s 5 ) , giving:

B.7.4. NPT(co-to) = exp(-'li) exp(- ji)

*(- §; ^)F(o,B,Y,6; ^-t^exp((-

where

B . 7 . 4 P(<.,6 , r , 6 ; t o- t o ) -  .It’ d + x ^ ’ l S ^  «s s  -  tJ(i-H c0 ) ! JB 4  «6y

B .8 The NPT(to-t;L, - Term 

This part has the form:

B . 8 . 1  N P T ( t ^ _ t ^  = 2 { 2 t g t i ( 2 + X o ) 6 ^  Gp,  -  t o \ ( l + V 4 a 6

/d'ki* exP(ikiA%-kl&)/a'trs 'd'kan expt-ik^n % " %**) 

4(trs-tm){ti&+2trs+kL)

NPT (t0-t^) because of (k|Ji+2k̂ .s+krnn) can be treated as the 
sum of the following:

B . 8 . 2 / d ' k ^ g  k * g  e x p f i k ^ w - k i A l / a ' k r s  / d ' k ^  e x p f - i k ^ n  % -  k ^ )

6 (krs"kmi) ” §T^^@XP(- Y-)*(-l;§;^-)x4r2 cxp(- ̂ -)*(- 

= Stt3 (7r1/Z2) exp(- |-) exp(- ^-) $ (-1? j! §; §; j~)



B.8.3 2/d'kia exp(iki*w-k:t);d'k^k:g d'k^exp(-ik^ % - k^)

6 (k^s-k^) = 2xTr3/,2exp(~ ^-) x8ir2exp(« j~) <j) (- |; -|; j-)

= 16 (tt3^2) (tt2) exp(- ^— ) exp(- ^-) .

B.8.4 /dSk^a expdk^w-k^l/d'k^ /d'k^ exp(-ik^ v - k^)

= (8ir2)iT3//2exp(- — •) exp(- ^-) $ (- .

Adding (B.8.2); (B.8.3) and (B.8.4) we get:

B.8.5 6tt3 (t1^2) exp(- j-) exp(- j ~ )  {(j> (-1;-|;̂ — ) $ (- ^;§?^~)

+ 4$(- j ~ )  } .

Substituting (B.8.5) into (B.8.1) and multiplying by (B.6.3), 
we obtain:

B.8.6 N P T f t ^ )  = 3 exp (- ^)exp(- £ - )  exP{- C*fi) 2 >

§/■§; ^  )+#(- )) F(a,g,y,6; t^-t^)

where

B.8.7 F(a,8,Y,6; t^-t^) = 2-t0t i^2+x0)'scty " ^ l ^ ^ o ^  lSdt656Y

B.9 The NPT(t^-t^) - Term

The integrations in this part are of the type:

B . 9 . 1  ; d : k i A a x p ( i k i a W - k 2t , / d : k r g / d 3km ne Xp( - ik mn  % ~
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r

Because of 6 (k£e - k^) ̂ (B.9.1) is equivalent to the sum of

B.9.2 /d k ^ e x p d k ^ w  - k^)/a'krg /d=k^ exp(-ik^v-k^)

- t L ' t i a C t L )

= Y ir3^^ exp (- ̂  ) <j) (-1; ^ ) x {2 x 8ir2exp (- ̂  '

and
= 3 (2ir) 3 (Tr̂ )exp(- j  ) exp (- ~  ) *(-1; |? ^ (- |? j  ]

B.9.3 2/d3k ^  exp(ik^%-k2a);d*kr_/d3k ^ k ^  exp(-ik^v-k^)

a(t:s - %An)

= 2 X7T3/ 2 exp (- Y  ) x 4irz r( l )exp(- - ) * (" - }  l-f % )2' 2' 4

= 6 (2tt) 3 (tt̂) exp (- ^ ) exp (~ ^ )*(- - }  j  )

Adding (B.9.2) and (B.9.3)

B.9.4 3 (2ir)3(Tr35)exp (- j ) exp (- j ){<p(-l; j' I J ! 2' %

+ 2(j> (- |? ^ >

From (B.3.3) ; (B.6.2) and (B.9.4) , we have, that:

►''2 c2
B.9.5 NPT(t1 -t:L) x 3exp (- H ) exp (-|-)exp{-!s (^g-?^) 2}

{*(-1; ̂  ^ ) 41 (•*§? Y' % ) +2 >̂(*■ I',* ■|? ^ )}F(a,e,Y/<5;tjt;L)
where

B.9.10 F(a,8/Y,6;t1 - t^) = 2t* 6^  6g6 - & t2 6afi 6gY

* * * * * * * * * *
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B .10 Skyrme for Pauli Term (PT)

Like the (NPT) one treats the (PT) in three stages, viz.
(t - t ) , (t - t .) and (tn - t - terms. In all the three0 w1 CJ
cases the results of the integrations, over , Krs; Sr isi an<̂  

are the same. The results of such integrations, with the 
help of 6 (5r -s'™5mn) and (5ii,~5rs) are as follows:

B.io.i /d* 1 *-,)

= (2 » 3/2 - 5a,6-)!)

B. 10.2 /d= Kmn exp{-l K ^ < h ' 8' - Kmn>

■ (2*)3/2 exp{-%(50,B.- ,«6)2}

Also from the factors tt, {2“i 24, (2r) (Cq0) 2, ho we obtain

h f o o i : , _!oo.
hm(2iT) 6 TT2hoj(27r) 6

Multiplying (B.10.3) by (B.10.1) and (B.10.2), we obtian the 
common factor in the (PT)-Term calculation.

c2
B ' 1 0 ' 4  ‘ x p l - h l ^ e  -5c'6'|21exP{-%l£c'6'" i U

B . 11

ir~(2TT) 3

PT(t - t ) - Term

In addition to the terms above we have integration over k .̂ , k 

%r's' k ^ '
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In the case of PT(t0-t0) we consider the following:

B* 11.1 /d3ku  exp (i ki£ w - k*A) = ■n3/ ' 2 exp(- ~ ‘);w=r1laB

B.11.2 /d3krs exp(-1 k££_ u - k3s) = rr3/2 exp.(- f ) ;  u =na,6,

B.U.3 /d3k£,g, exp(jk£^, u-k^J/d3̂  exp(-%^

— TT7*'

_1_
UV {ij)(l; hi  - %(u-v)2)-iH1; h} ~ (̂u+v)2)} if u ^ ^ s . o  and v^n*^ :

exp(-|- } (j) ■§; ^ ) if u = 0

exp(-%')*(-§; ) if v = 0

The full PT(t^ - tQ) - term is obtained by multiplying the equations

(B.10.4), (B.11.1) through (B.11.3) and (B.3.1)

B.l] .4 PT(t0 - t0) =-(2F^- exp(-|2)exp(-|2)exp{-.W|^-5a,BI)2}

exp{-t(Ga'e' “ Syd)'}?(<*,B,Y,6; ^  ™ t0)

— {* (1; h i  ~ h (u-v) Z)-(i) (1 /̂ f (u+v) 2) }
if u = nai B I * 0  and v = n*6 * 0

e x p ^  ) if U = 02 ' 2 ' 8

exp (-■|2) <#i ( ~ ^ i  j i  ^ 2) if v = 0

* * * * * * * * * *
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B. 12 PT(t0 - t x) - Term

In this case we have the integrations over JSj_̂ fJSrs etc. as 
follows;

B.12.1 e x p ( i k ^  % - k w ) / d 3 k ^  exp(-ik^= u - k D“rs ~ rs
« * R r ,s, eXp(lkr ,s, U-k’,,,)/d’km  exp(-ik^ v-k^, 

6 ̂kr's1 ~ kmn^ ̂ ki2 + krs + kr's f + kmr

Treating above as a sum of three terms, viz,

B.12,2 / d ' k ^  k:* e x p ( l k ^  %-!siA)/d'k^ e x p ( - i % ^  y - k ^ )

/d3kr's' exPdkr's' ti'kr's')/d3kmn exp("13£mn ^~km
6(k:,g, - V'

-  - j  i t 5  e x p  ( - H  ) e x p ( - H  ) * ( - ! ;

uv {<j) (l? k; -% (u-v)2) - (j> (1; k; - h  (u+v)2)

exp{-| ) 4» f? ^ )1. 3. u2

If urf) and vsD 

If u=0 

If v-0

B.12.3 /d3k.{ exp(i w k ..)/d3k exp(-ikrg u-k2s)exp(-k2iA) 
/d\,g, e^,(^,g, Hrk2,g,)/d2k^exp(-jk^rk^)6(^,g,

# ir' oxp(-^

^{41 (u-v) 2)-<i>(l;kt-k(n+v)2)}
If u?i 0 and v 2 0

v 1 3 v2exp(--g ) 4>(“ 2 ; 2 }8  ̂ I"' u = 0 

exp(-^ ) 2',|,§ ) Tf V = 0
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B.12.4 /d3} ^  exp(jLk.? w-k3fc)/d3krsexp(-ikrsu
I V rs T a ­ rs

/a'k , .exp(ik ,s,"r' s'*■" ’"~r s mn

mn

u= 2r(|)Tfs e x p ( - ~  } )

(2^7) {*(§; 1 ; ~- |(u -v)2)-ii)(|; - |(u+ v)  *)}

(̂) exp (-^ ) (j> (- ) If u = 0

, i h ^ ("? ) (- &  j i  ? ) if v = 0

Ad,ding (B.12.2), (B.12.3) and (B.12.4) and multiply the sum by 
(B.10.4) and (B.3.3)-

B.12.5 PT(t0, t1)

uv {*(1; h; -%(u-v)2) -<f>(l; h; ~ h (u+v)2)}

exp (- ̂  )<))(- ^ ) If u = 0

e x p ( - § &  i; ? ) If v = 0

+  T ( | )

(2̂ 7){#(§' jr ? - ̂ (u-v)') j ;  -  |(u+v)2)
lexp(-f) + (-l,l, 5 )

[lexp(-§')*(- l,^;^)

IfUzO; v*0 

If U = 0 

If v ~ 0

}]

where

B.12.6 F(=.,8,V,«, V ^ l  = ‘e S - W ' ^ X a i  6By
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B. 13 PT(t]_ “ t1) - Term

In this term we have the following Fourier transforms;

B.13.1 /d3ki& expCikj^ w-k3£)/d3krs exp(-ikrg u-k3s)

expdk^,;, ^(-ikmn v-kj^)

+ %r's')(kr's' +

This is treated as a sum of two terms - viz,

B* 13.2 /d3k±i exp(ikiJi w-k3&)/d3krs exp(-lkrg U"k*s)

/d3kr ,s, exp(ikr ,s, H - k ^ ^ J / d 3̂  exp(-l)Smn v-kV)

^(kr's' * ^ { k ^ f k i . g ,  + k ^ ) }

= 3 *: F (|) exp (- f2)exp(- |; f")

' ('2̂ '-) {<f> (§; - -|(u~v)2) -<f> (■!? j ;  -^(u+v)2) } If u ? 0 and v  * 0

• (-|) 8Xp(- ^ )((,(- |:f 1; ^ ) If U = 0

.(j) exp(- ^ )*(- §; ^ ) if v = o

and

B.13,3 /d'k^ exp 11 k^w-k\aL 6xp(rik^-k\g) /d'k^

/ d % , g, explik^g.u-k^.g.l exp 

a ^ f . s ' - k ' m n H k ' r s & ' r ' s ' + k ' m n ) }

.. k '•uttlu'j' , ,  -V'V.rV. V -'l'l .r1 J V nW '' ’■ili'i'.’i j  - i' • i i • i*i1 ■ I?''1 Ll -
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= 3ir5 r(|) exp l - ~ )  expC~^~)

Cjuv) -■|tu-v) 2)-$(!•;■!;"■(u+v) 2) } if u*o and v^o

x ( (j) exp (--gr) If u=o

(3 ) exp C-3-) <|) C-g';-|/'3“ ) If v=o

Adding (B.13.2) and (B.13,3) and multiplying the sum bv(B.10.4)
and (B.3.3) we obtain:

C2 ^12  ̂2  ̂ ^
B.13.4 F?(ti-ti) I ie ^ ( -  i- ^ e x p ( - ' T ^ ,) e ^ H ( | ' a g - ^ . g . ) 2 }

CX# • •  S

exp ^F(ot/3/Y/6/

(3") {* (§;3 ?“|tu-v) 2)~<J) (|;|;-|(u+v) 2) }

exp (-I-)*

If u^o and v#i.

If uxo

l e x p If vxo

I means the summation over a, 6, y , 5, a' , 81 .*
a...8'

where F(a,8,y,6 ; t^-t^) is as defined previously.

* * * * * * * * * * *
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' i
! forward angles may.be due to absorption and/or t
; refraction and the backward rise may be due to j
j particle exchange and/or reflection. !
i
j Pig. (2.4) : s-wave phase shift caused by the Pauli principle
i in dineutron-dineutron scattering. The dashed '
j curve refers to b=b1=1 fm and the solid line
1 to b=2b '=2 fm; near resonance the phase is dis- '

played for various step lengths d in the numerical 
solution of eg.(2.3.8). :

! I
16Pig. (2.5) : a - 0 phase shifts for even partial waves.

i The upper part refers to bo<= b^g , the lower
one to b„ = b1{- , the lower one to b * b, .

i a  1 5 0  a  0\

j Fig. (3.1) : Fermi spheres F^ and Fg separated by the local
| momentum K per nucleon. :

j -  Fig. (4.1) : Fragments A and B as two Fermi spheres approa-
] , : s ching each other with relative initial momentum.
! :!
\ Fig. (4.2) : R and R describe the position of the oscillator
; potentials of the clusters, which is the mean
j position of the fragments, R describes the mean
j separation between the fragments.

Fig. (6.1) : Solid lines The imaginary potential

W - I (ti,B|lm G|y,6) (6aYSg5-Sa6 6^) 
u > B «Y, 6

/ occ.
as a function of R for various values of 
R'(fm) and K - 0, 8=0*. 

dashed line: W as a function of R 
for R = R1 and 0 = 0 ° .
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Pig. (6.2) : W as a function of R for R = R' and 0 = 0d and 30°. 

Pig. (6.3) : Same as Fig. (6.1) but with K = 0, 8 = 30°.

* * * * * * * * * *
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5.2 * = % %  ^ 7 ~ " DYS ~y "~S+1(SY ~s) 'B .6

The KiJZ|-integration gives (See A.l)

B.6.3 /d>Kit =xptlKu ( ^ B-g‘6)- 

where

B.6.4 S'B - %(Si+SJ> - l(V S 6>' S?6 ■ I(W  + T<St+®s>

(B.6.3) can also be factored out as^a common factor in the
NPT calculation and together with 6‘ ifc ^ives:

B.6.5 i ^ ^ 2 2  exp{-%(s; - S‘«)21 === - '"3'
hW (27T)

since =„ - »"3/'1 and - =„=„ - W " 3/2 •

Vje now have integrations over 3srs and ~mn to carry out*
We therefore treat the three (NPT)-terms separately.

33.7 , NP(to-to) - Term 

It is of the form:

B.7.1 4{4t^(l+xotx^)6UY ~ t o ( 1 + x o ) 2 6 (,S 6 ^ }

f d 3k i z  exp(ikijtH*kij!,)'fd3krs ^^mn ^ ^ “^mn ~ ^mn^

* (trs-tAn)'
From (A.l), we notice that the individual integrations give
the following results:
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40. A. Brdelyi, W. Magnus, F. Oberhetiinger and F.G, Tricomi, 
Tables of Integral Trandforms, Vol. 1 (McGraw-Hill,
New York, 19541.

* * * *  * * * * * * * *



FIGURE CAPTIONS

Fig. (1.1) : Instantaneous shell-model potentials for the
nucleonic movement in the 0 + 0 collision
(hwco=13,22 Mev) . The single particle levels 
correspond to a spin-orbit force strength 
parameter k=0,08 and are assigned with the

for it,e st.pmirvfe.tt
quantum numbers NX, j, mtj A Regions of close lying 
levels are hatched.

Fig. (1.2) : Single particle levels for " ^ 0 - ^ 0  with
h01^=13,22 Mev and <=0,08 as a function of re­
lative distance for the "fast" and "slow" Cases 
as (left and right, respectively). The levels 
are assigned w-ya yuo,*in™ m a k e r s /✓ -CJ, ^  f o y  th e  

scparatect/'rôM<y,i:rrhe shape of the ion-ion system is 
shown on top of the figure.

Fig. (2.1) : Fragments A and B separated by the true separ­
ation P.

Fig. (2.2) •„ C*'alltative behaviour of some heavy-ion poten­
tials for various energies. With increasing 
energy (from solid through dotted to dashed 
lines) the deep attractive potentials become

shallower while the repulsive core potentials 
are reduced,

Fig. (2.3) : Qualitative features of the elastic scattering
cross section cr, divided by the Rutherford cross 
section aR as a function of the C.M. scattering 
angle. The drop of a/oR below the value 1 at
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A. 2 krg, Jsmn integration with u = (0,0,0)

It is of the type:

'a'trs krs ^

6(trs " %An)

= 2ir;d(k*s)k(n+^exp(-bk:g)/a'kmn k ^  exp(ik^ % - ck^)

" C )

= 2lT/d3kmn krs+n+1>exp{‘(b+c,kmn}exp(i^mn &

= 4Tr2/dkmn kj[̂ +n+3  ̂exp{-(b+c)k^m >/d(cosij))

= 4n:(§§);dkan exp{-(b+c)k^}sib(kmn v)

= 4 r  'dknm<km ^ ^  ^ { - ( b + O C l s l n ^ n m  ?)"

The kmn-integration is similar to Erddlyi4 0 ̂ P.74 Eg.
(^.2.24)) with:

a = b + c; y = v; 2v-2 = & + n + 2 + \i = Ai2il; 
and this therefore gives the result:

2 i 6 Xn4.A i v2tv(b+o)-t(&+"+4)r(4±n±l)e%p(_ v ) + (3 _ &±n±l, j ,I  T ^ ' V ' 2  2 r 2' 4 (b+c)

The final result is therefore:

A.2.1 /d'k^g k ^  exp(-bk2g)/d»kma e x p d ^  % " c%An)

= 4 * : ( b + c ) - t ( A + * + 4 ) p ( A ± n ± 4 ) e x p ( _ v2 » , , &+n+l. 2 v2
2—  “xpv 4(b+c) *' 2 ' 2 4(b+c)

W/Szll ‘ i ’V ' i i i ' . ' i , l i i  n i l ' l l iniimiwrrriiî iMwrirri



When in addition to b = 1 we have n = 0: The result is:r
x a .1.3 2ttI'(|) exp(- f  exp(- t T (|) =

For n = 2, b = 1; the result is:

! A.I.4 2irr(|)exp(- j-)<j)(-l; j ~ )
\ 3

= ■|tt2 exp(- ̂ -) <() (-1? f; %-) (r 2̂̂  =

i

Mmaaaxsart



APPENDIX A

k _ integr atio ns in s p h e r i c a l co o r din ates

A.l )S< 0“integration

It is of the type:

/ d ' t i A  e x p ( l k i i %  -  b k i % )

. 2„d(=0Se)/dku  k^hxplik,,,™ =0S6)=Kp(-bkl£) 

= 2 » ( # ) « k u (k‘f li exp(-bk=t))sin(ku »)

„ II /dku (k ' f U  exp(-bk^)}sln(ku«).

The 6-infeegration is now reduced to the Fourier sine
T r a n s i t  •) (P.74 Eg. (2.4.24)) with a - b, y -

n+32V - 2 = h + 1 => ^ = 2 ’

H e n c e  e x p ( - b k i a ) } s l n ( k i * w )

= !5b " ^ (n+3)r(Si^)w exp(- %E)*(§ - 'ST"' l ? 4b1 •

A. 1.1 Thus /d'kii k^exptikiA* - bk]&)

=  2 * b - t ( a + 3 > r ( 2 ± l ) e x p ( -  T G ) $ ( -  # '  # '  %b)  ,

when b = 1, (A.1.1) reduces to:

and
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In principle the absorption must., vanish (U/*o) in the limit 
K-K) with a proper Pauli operator (nuclear matter limit) 
for all values of R. This is not the case as one notices 
from the Figs.6.1 - 6.3. Even more, one does not even 
obtain W+o in the R=R'+» case where the nuclei do not 
overlap. Even more and where the replacement B = 5 ^
is justified. This behaviour results from the use of plane 
waves as intermediate states in the evaluation of W which 
leads to unphysical excitations. In the overlap region one 
even obtains an unrealistic sign for the absorption.
On the other hand, one obtains for a given R, maximal ab­
sorption for R'=R, i.e. for maximal overlap in respect 
to the fluctuations in the mean separation coordinate R. 
This is supported by the results of Figs. (6.2) and (6.3) 
for 6 = 30° . These numerical results have bean checked 
in the limits R'=R *h» and R'=R=0 for selected values of 
the parameters xo,to and t..

* * * * * * * * *



CHAPTFK' 6

RESULTS AND DISCUSSION

The scattering of composite particles has been considered 
With primary emphasis on two aspects viz.- 
Ca) how to describe it microscopically and 
lb) how to describe the absorption.
Conventionally one assumes that the clusters are intrinsi­
cally in their ground states, since otherwise the treatment 
turns out to be too complicated. In such a description one 
only describes the elastic channel in isolation, although 
many channels are open in general. It was therefore pro­
posed to use the Feshbach projection technique with the 
aim of constructing an effective (non-Hermitian) Hamiltonian 
for the elastic channel.

Some results of an actual calculati-1' of

W = X la,g|lm G|x,«> 16aY 6pg " 6afi6$Y>
; p f Y r 6 occup.

(formula 5.4.4) for El - 5NV etc. and s-states (corres-aY “Y
ponding to a-a scattering) are presented in Figs. 6.1 - 6.3. 
In Fig.(6.1) W is plotted as a function of R the mean 
separation, for various values of R' and K=0, '6=0°. As 
anticipated in chapter 5, there arise inconsistencies 
because of our approximation for the Pauli operator, which 
is not a true Pauli operator because of the non-orthogonality 
of the basis functions as described by the overlap matrices



CHAPTER 2

GENERATOR COORDINATE METHOD AND THE RESONATING GROUP METHOD

2.1 Generator Coordinate Method (GCM).
During the past few years numerous attempts have been made 
to describe reactions of composite fragments iv the generator 
coordinate method (GCM). In this method the many-body wave 
function Y is expanded in terms of totally antisymmetrized 
bound state wave functions, describing various given fragment 
separations. Solving a scattering proble.r. tnen amov -its to
(i) calculating matrix elements in the basis spanned by 
the totally aniisymmetrized bound state wave functions, and 
to (ii) solving a set of integral equations for the expansion 
coefficients of f  in the given basis of the bound state 
problem. Problem (i) can be handled by the well-known shell- 
model techniques for calculating matrix elements of one - and 
two - body operators in a non-orthogonal basis. We want to 
analyse the interaction of composite particles like nuclei 
with A nucleon coordinates r,. The clusters A and B, separated 
by the distance f, are considered, for which the single par­
ticle oscillator potentials are separated by a distance R 
Fig (2.1). This separation distance k is a collective

i
variable. It is superfluous and there arises the task to 
extract a wave function for the true coordinates of relative 
motion £. In the generator coordinate method (GCM) the total 
many-body wave function is assumed to be a superposition of 
generating functions i (r, R)

2.1.1 tGCM(r) - /*(r,R)f(R)d3R ,
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1.3 Absorption
Chapter 3 outlines the folding model of Toepffer. The con­
sequences of the Pauli principle on the absorption is con­
sidered. The G - matrix concept of Brue/ckner is introduced 
here. The construction of the imaginary part of the effec­
tive nucleon interaction G between bound particles becomes 
the theme of Chapter 4. Pauli principle and absorption are. 
here treated on a microscopic level with the help of the 
Feshbach projection technique. The imaginary part cx the
scattering operator for bound nucleons is obtained in closed 
form by using internal harmonic oscillator 'HO) wavs functions 
and simple nucleon - nucleon interactions (like tr.e Skynr.e 
force'.
The shortcomings of the use of plane waves and the reasons 
for switching to the use of moving displaced harmonic oscil­
lator (HO) functions are discussed. In chapter 5 the analy­
tical techniques adopted in deriving an expression for calcu­
lating the matrix elements if the imaginary part of the 
scattering operator are discussed. The results and analysis 
appear in the concluding chapter 6.



s.

symmetrized bound state wave functions, which describe various 
given fragment separations.

f A*
This generator coordinate method (GCM) approach has,merits 
that -
(i) it preserves the intuitive meaning of geometrical con­

figurations of the clusters in the cluster-intrinsic 
states and the resulting collective features,

(ii) it enables one to do calculations with Slater-determinants 
and also

(ill) it contains the corresponding shell-model configurations 
by taking,appropriate limit.

At the time Brink proposed this approach, the applicability
of the GCM was considered to be limited to the bound states
only, but in the meantime the difficulties associated with
the scattering problem have been overcome !
The resonating group method (RGM) was proposed by Wheeler
about fourty years ago, primarily to describe the effects
resulting from the exchange of particles between the clusters.
Since then, this method has been applied to various problems.

8)Recently Salto has proposed an additional model to the two 
above known as the orthogonality condition model (OCM).
It is a simplified model for the treatment of the effects 
of the Pauli principle. In this model, the inter-cluster 
wave function is required to be orthogonal to the forbidden 
states which give rise to the null states if the complete 
antisymmetrization is performed, so that the interaction takes 
place only in the space orthogonal to the forbidden states.



The total wave function (1.2.1) is the solution of the 
SchrSdinger equation:

1.2.2 <Y(K, R) Y(K,R)> = — + v(K,R)-E = 0

k 2 k ̂where —  ■ is the kinetic energy operator for the relative
motion in the C.M. - system. The Schrfldinger equation is 
solved aft'.r transforming the cluster wave functions 
4>a and $>B into an orthogonal set of basts functions. The 
microscopic Hamiltonian H consists of the usual Kinetic 
and two-body Interaction terms. The anti-symmetrizatlon in 
Eq (1.2.2' leads to a repulsion between the clusters in the 
overlap region, which had already been noted by van der Spuy 
(1959) who considered or-a scattering. It is a particularly 
attractive feature of this treatment that it allows a dis­
cuss) on of Pauli principle effects in both ordinary and 
momentum space.
(c) The folding model.

Me.
This is an approach in which one attempts to derive,heavy- 
ion potential by finding out how collisions between composite 
particles are determined by the "elementary" encounters be­
tween the constituents, making allowance for many-body effects.
(d) The GCM and RGM methods.
In Chapter 2 a discussion and a general review of the generator

4)coordinate method (GCM) and the resonating group method 
(RGM) which was proposed by Wheeler3' is given. The GCM was 
initially proposed by Brink6 in his microscopic o - particle 
model. The reactions between composite particles are described 
in the generator coordinate method (GCM), in which the many- 
body wave function is expanded in terms of totally anti-



assumed to be frozen, which leads‘to a compression of nuclear 
matter. In the adiabatic limit it is supposed that the 
collision is sufficiently slow for nuclear matter to be in a 
relaxed state at every way that no compression .̂akes place 
during the collision. The single particle levels in the 
adiabatic limit are shown on the right side of Fig. (1.2).
It is the distinguishing feature of this model that the
fragments are increasingly polarized with decreasing distance 
until the compound nucleus structure emerges for large 
overlap.
(b) The cluster model
While the two-center shell model serves as a good basis for 
microscopic treatment of the intrinsic motion o- the nucleus 
in a heavy-ion collision, tnere arise difficulties in treat­
ing the relative motion (and other collective degrees of 
freedom) of the fragments. In 1971 Fliessbach'’' proposed 
to consider two harmonic oscillator model wave functions 
<f>A and for clusters localized at a mean separation
distance <£> - <£A - £Q> - R.

The total wave function being assumed to be;

1.2.1 Y (K, R) = NMexp i K g} 6) *B (£p'

where N is a normalization constant, A the anti-symmetrizing 
operator, r^, r^ represent the set of nucleon coordinate 
{ri) in cluster A and B respectively, iA * A 1 I £i

and c- - A-1' r, are the cluster C.M. coordinates and R tiB 1iB~i
is the distance between the oscillator potentials.



scattering of heavy ions which led to a bette- understanding 
of a large range of phenomena in the interaction of composite 
particles, viz. transfer, compound nucleus and fusion reac­
tions . Therefore, to proceed further beyond the phenomeno­
logical and semi-phenomenological stages in theoretical 
research of heavy-ion physics, progress in the microscopic 
theory of composite-particle interaction is an indespensoble 
route.

1.2 Survey of reaction models
A number of reaction models have been recently developed to 
serve as vehicles to carry the microscopic theory to its 

logical destination, namely, the many-body description of 
heavy-ion reactions without the always somewhat arbitrary 
presumptions of collective parameters. We may look, very 
briefly, into the following reaction models that have come 
up so far.
(a) The two-center shell model
As a starting point for a microscopic description of heavy-
ion scattering, a basis of wave functions is needed which 
describes the nuclear shapes correctly for all distances 
from the asymptotic limit of two separated nuclei until
complete overlap in a compound nucleus. For this purpose
the two-center shell model shown in Fig. (1.1) is suitable.

This model was used in 1970 by Pruess and Greiner11 in their 
calculations of the single particle levels. Two extreme 
situations can be envisaged. In the sudden limit of Fig. (1.1) 
and left side of Fig.(1.2), the oscillator constant charac­
terising the average potential for single particle motion is
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CHAPTER 1-

INTRODUCTION
1.1 General Remarks
Recent years have seen a remarkable progress in the theoretical 
study of the interaction of composite nuclear particles towards 
a more genuine microscopic approach. This progress has been 
made possible because of a better description of the collec­
tive motion from first principles. Also computation .11 pro­
cedures have been developed which have greatly redi- id the 
technical barriers which are encountered in studying composite 
particles on a microscopic level. From this standpoint, we 
can be hopeful that a wide application to various problems 
can be expected. This work is an attempt to look into the 
recent work and progress on computational procedures in a 
unified form and, in particular, a method for the microscopic 
treatment of the absorption in composite-particle scattering 
is discussed. The development of the study of the composite- 
particle interaction provided the means to investigate concepts 
such as the cluster model in a unified way, where the bound 
state and scattering problems can be treated on the same 
footing. .

A major contributing factor among those to stimulate the 
development of the microscopic theory of the composite-particLe 
interaction is the progress being made in heavy-ion physics 
with vastly accumulating experimental data, as a result of the 
availability of accelerators producing high energy heavy lor. 
beams. This led to an Interest in theoretical and experi­
mental investigations of both v.he elastic and inelastic



Abstract

Reactions between composite fragments are described in the 
generator coordinate method (GCM). In this method the many­
body wave function is expanded in terms of totally anti- 
symmetrized bound state wave functions, describing various 
given fragments' separation.

Pauli principle and absorption are treated consistently on a 
microscopic level with the help of the Feshbach projection 
techniques. The imaginary part of the scattering operator for 
bound nucleons is obtained in closed form by using internal 
harmonic oscillator wave functions and simple nucleon-nucleon 
interactions (like the Skyrme force).
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bA~bB '
T h e  r e s o n a t i n g  g r o u p  e q u a t i o n  ( 2 . 3 . 2 )  t h e n  r e a d s :

2 . 4 . 8  P o H e f f P o l ? >  "  2 P c J * >

for = bg. Eqs(2.4.6) and (2.4.8) constitute two different 
problems because of the coupling term p0Heffp]_ appearing in 
Eg(2.4.6). This term connects the P^-space with states ?  ̂
from P-space which describe internally excited fragments,
since

/ N.l N ' . \ h  ,

2.4 9 (tA = ( ( N ^ T r j  (l-X1 ) X ‘e>''0

for X-*- 1, and causes resonances in the spectrum of Eq (2 . 4 .6) 
which do not occur in Eq(2.4.8).
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converges to a finite value if the step length d, used in the 
numerical treatment of Eq (2.3 . 5) is reduced. From the energy 
dependence one find] in this case 0 <” ) * o which de­
monstrates that no positive energy bound state is present.

1 6 20 ) As a more realistic example the a- 0 system has been studied
allowing for different size parameters, b * b., , and again,a 0
the nuclear and Coulomb forces were turned off. The phases, 
shown in Figs. (2.5) and (2.6) for various partial waves I , 
display the same general behaviour as in the dineutron case.
For low i-values the resonance structures are more complicated 
since several redundant states are degenerate. On a formal 
basis19'20* the finite width of the resonances and discon­
tinuous transition from "redundant" to "almost redundant" 
states can be explained as follows:
One starts from the internal waves In the harmonic
oscillator (HO) model with bA = bB>n• The projection P onto 
the elastic channel can then be expanded in terms of the 
solutions Ui of Eq(2.4.1) as

2.4.4

where 
2
,4-5- *1 * V 1

Eq(2.4.5) is then equivalent to:

2.4.6 PHeffP i'l'> " EP|y>

To compare with the case b^ = b^, P is split into -

2.4.7 P +P.o 1

such that PQ comprises those states U, for which )i*l if



that as far as the phase shifts are concerned the Pauli 
principle leading to the occurance of the redundant states 
can be simulated by an extra bound states. This explains 
the equivalence of repulsive core and deep attractive 
potentials, Fig.(2.2). Secondly the physical solutions g

Oorthogonal to U are damped in the interaction region where 
absorption takes place. It is, perhaps not surprising that 
both refractive and diffractive effects show up as backward 
anomalies and are often hard to disentangle as shown in 
Fig.(2.3) . In more realistic models where the internal wave 
function deviates from the pure oscillator shell-model by 
admixture of the other configurations or by introducing 
different size parameters for different fragments, there 
will be eigenfunctions of N with eigenvalues X close to 1.
There have been controversial views regarding the nature of such 
"almost redundant states", whether they are positive energy 
bound states181 or resonances of finite width191. Careful 
studies of simple systems prove the latter version to be true. 
Consider, e.g., the fictitious problem of dineutron-dineutron 
scattering201 with the internal dineutron wave function taken 
as a sum of two Gausian functions with different widths b * b' . 
The nucleon-nucleon interaction is switched off artificially 
in order to study the effect of anti-symmetrization separately. 
Fig. (2.4) shows the phase 6q (K) ,obtained by solving the reson­
ating group equation (2.3.5) . In the oscillator she11-model 
limit, b ” b', no resonance occurs, and the Levinson theorem 
is established as (o) - <$o (®) * r due to the presence of e 
redundant state. Leaving the pure oscillator she11-model 
by choosing b * b' , one observes a resonance whose width



2.4 Effects of anti-symmetrization
A perculiar feature of microscopic theories of composite- 
particles scattering is the appearance of square-integrable 
states of relative motion which lead to the solution of 
Eq(2.3.5) at arbitrary energy. Such "redundant states" are 
obtained whenever the eigenvalue problem

2.4.1 (*Aint4>Bint|l-A |4,Ain% BintU) * /"(£,£' lUtje' ) d V »  XU

Dpossesses solutions U with eigenvalue X - 1. After anti-symme- 
trization, the corresponding many-body wave function

2.4.2 YR « A{$Alnt(j>BintUR}

vanishes identically, and provides a trivial solution of 
Eq(2.3.2) at any energy E. Redundant states are square inte- 
grable solutions of the RGM Eq(2.3.j 2) at arbitrary energy and 
have to be counted in the Levinson theorem like true bound 
states,

2.4.3 5^ (o) - 6^ (») « Tr(m„+nt)

where m^ is the number of redundant states in the ith partial
wave,, n ̂ the number of true bound states. Redundant states
actually occur if the internal states t int, <tLlnt are des-A B ,
scribed in the. oscillator shell-model, with equal b-values for 
both frao-tiits as has been in most of the microscopic calcu­
lations done so far. In this model, the redundant states have 
harmonic wave functions with quanta excited, the redundancy
limit Nr depending on the system under consideration. The re­
dundant states, which are direct consequence of the Pauli 
principle, are important in two ways. Firstly, £q(2.4.3) shows
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the RGM kernels cannot be calculated to arbitrary accuracy 
(even if the GCM kernels are given exactly), and the method 
is limited to low energies where complete resolution of 
the fine structure of the RGM kernels is not required.
Another aspect of the abovementioned problem is the irreg­
ular nature of f. A typical example is the problem of re­
presenting a Gaussian of width a by the convolution Eq(2.3.11) 
with T being a Gaussian of width 6. The solution f is an 
ordinary function only if a>6. In the limiting case ct*B one 
contains f(g) ■ 6(R)while f behaves even worse than a 6- 
distribution for a<6. The irregular behaviour has led to 
the serious doubts concerning any solution of the Hill-Wheeler 
equations through discretization. The answer to this problem 
is given by a thaorem of Wiener"5' concerning the closure of 
translated square-integrable functions. It guarantees that 
the short-range part of g can always be approximated by a 
finite sum. of the form:

C D M
2.3.13 g* -(e)

irrespective of the fact that coefficients C,^ may cluster 
strongly on variation of the mesh points R.. Details con­
cerning this problem have been thoroughly treated by Friederich, 
Hflsken and Weiguny^5* and Giraud and Le Tourneux"6 ' ̂"7' . Con­
ceptually the irregular behaviour of f does not cause any 
problem since f(R) has no direct physical meaning. The 
quantity |f(R)|2, e.g., cannot be interpreted as the proba­
bility for finding the fragments at mean distance R since 
the basis functions *(r,R) are non-orthogonal.



We are now in a position to discuss the scattering boundary 
condition to be imposed on f. As the asymptotic behaviour 
of the relative motion wave function g is known (Coulomb 
waves), one has to invert Eq(2.3.11) to obtain the 
asymptotic behaviour of f. Details of such an inversion 
have been discussed by Beck et al' 1 and Weiguny et al12'^' ’ 
The GCM matrix elements and the RGM kernels are connected 
accordingly:

2.3.12 /r(e ,R)V(£)r ( ^ R ' J d 3 p * « M R ) T  v i j !$(R,)>D

j£B

//r (£,R)K(£,£')r(£\R')d3p d V  

- *»(R)|Heff-E|t(R‘)>-<*(R)|Heff-E|»(R')>D

where the subscript D indicates that anti-symmetrization is 
only performed within the fragments A and B. By means of 
Eq (2.3.12) it is possible to calculate the RGM kernels from 
the GCM matrix elements by defolding Eq(2.3.12). This is 
oortant since direct calculation of the RGM kernels becomes 
recticable with increasing particle number. It is, however 

scomforting when one notices that, in deed < the inverse of 
the defolding operator T is singular and thus Cq(2.3.11) 
is not easy to handle. This causes numerical problems few 
of which can be briefly outlined below. In practice, the 
defolding equation (2.3.12) is carried out by discretization 
and subsequent matrix inversion*5}. Since T depends on 
the difference (£-R), the matrix r(£i,R ) degenerates with de­
creasing step length of discretization, and the inverse matrix 
is made up of large numbers, alternating in sign. As a result
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forces) there is no coupling between different £-values. 
Although both methods, GCM and RGM, are equivalent in principle, 
it is difficult in practice to construct generating functions 
$(r,R) such that, for given cA and the model spaces spanned 
by Eq(2.1.1) and Eq(2.3.1) are identical. As an example where 
the equivalence of GCM and kGM can be shown explicitly, let 
us assume that:

2 . 3 . 9  M r , * ]  -

where F is a wave packet descrioing fluctuations of the re­
lative motion coordinate £ around the mean distance B.
It is now possible to actually construct Slater determinants 
with the above factorization property. Suppose that fragment 
A is described by a Slater determinant *A (rA ,RA) centered 
around RA , and fragment B by *B (r^Rg) respectively. Then,

2.3.10 »(r,R) - A{»A (EA ,gA )*B ($B,gB)}

with R - gA-RB . Now, if the center-cf-mass of the individual 
fragment Is in the oscillator ground state, then Eq(2.2.J) 
holds with F being Gausian. The extraction of a gauslan F 
in going from 3A-particle wave functions O^Z-A'-A* to t*ie 
3A-3 intrinsic particle wave functions <A^^^(rA-£A) is, how­
ever, only possible in the two-center harmonic oscillator 
cluster-model, provided the same oscillator length b is 
taken for both fragments. Combining Eqs(2.1.1) and (2.3.9) 
and comparing the results with Eq(2.3.1), one finds the desired 
connection between the GCM and the RGM as:

2.3.11 9(g) /F(£,R)f(R)d1R
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separating direct and exchange contributions according to:

2.3.4 A - 1 + (A-l)

The resulting "resonating group equation" reads as follows:

2.3.5 {Tg + V(£) - e }g(£) * ;K(£,£')g (£')d 3o’ 
where
2.3.6 V(£) - ( V b ,VAb I V b 1

is the direct part of the nucleus-nucleus potential, V is 
local if the underlying nucleon-nucleon interaction is 
local, as is assumed in Eq(2.3.6).
The energye of relative motion appears after subtracting the 
internal energies of A and B and the center-of-mass energy from 
the total energy E. The right hand side of Eq(2.3.5) contains 
exchange contributions (including thore of overlap and kinetic 
energy) ,

2-3*7 /K(p,p,)g(p,)d*p' - ($A$B |(Heff-E)(A-l)|*A$Bg)

and is non-locax like the Hartree-Fock exchange potential. The 
two types of potentials shown in Fig (2.2) are different local 
approximations of the non-local kernel V-K. >If the fragments 
are spherical and if we restrict ourselves to central forces, 
then the angular momentum of relative motion JZ. will be a good 
quantum number. Expanding g, V and K in terms of spherical 
harmonics, one arrives at the radial equation:

2.3.8 f-ili - — - - V(p) + £)g. (o) - /K (p,p')g,(p')do'.
\dp2 2Mpz / 1 1

The non-local operator K depends on two vectors £ and £ 1.
Under the above assumptions, (spherical fragments, central



Wherj A denotes the rest antisymmetrizer between fragments 
A and B, and g is the relative wave function of motion.
Under certain conditions (to be discussed below) spans
the same space os 'iGCI1. The internal wave functions of 
the separated fragments are well-delined. In order to include 
any polarization effects, one can in principle, admix excited 
fragment configurations. Because of the antisymmetrization 
operator A, Eg(2.3.1) does not mean that the densities of the 
separated fragments are simply added if the distance between 
the fragments A and B tends to zero. There is, naturally, 
a well-defined limiting configuration which, e.g. for the

Qcase a-a scattering, turns out to be Be ground state, pro­
vided one neglects the difference between the oscillator 
lengths of the a-particle and the ^Be nucleus. However, if 
one could calculate the effective Hamiltonian properly, the 
question of polarization would be irrelevant since the effec­
tive Hamiltonian accounts for polarization effects. To det­
ermine the relative motion wave function g, one projects 
the many-body Schrfidinger equation onto the space spanned by 
Eg(2.3.1):

2.3.2 (*A*B,Heff * E lY) ’ 0

where the round brackets indicate integration over internal 
fragments only. The explicit form of the SchrOdinger equation 
of relative motion is obtained by splitting the effective 
Hamiltonian into:

2-3'3 H.ff “ V  T=m * "a * HB - VAB

where £ is the actual variable if relative motion, and by
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calculations1"' including complete antisyirmetrization. Actual 
calculations in the RGM, however, are very tedious for heavier 
systems because of the large number of exchange terms. Inde­
pendently , the generator coordinate method (GCM) was developed 
to find the asymptotic conditions for the coefficients f(R)

in the GCM.

2.3 Relationship between GCM and RGM
One notices that in the GCM, auxiliary parameters, like the 
distance R were introduced; Slater determinant many-body 
wave functions were generated for each parameter set, and the 
total wave function was constructed by integrating the gene­
rating functions over these parameters. Using the variational 
principle for the energy expectation values, one obtains the 
Hill-Wheeler equation, the independent variables being the
generator coordinates, and not the dynamical variables such
as the particle coordinates. Here, all the dynamical variables 
are already integrated out when the integral kernels of the 
Hill-Wheeler integral equation are obtained. In the generating 
function the inter-cluster coordinate ,R is fixed, and only 
the other independent coordinates are integrated over in de­
riving the non-local kernels of the GCM equation. The RGM 
will allow us to relate the expansion coefficients f(R)
(in the GCM) to the wave function of relative motion g(£) of 
the fragments A and B . In this method, one substitutes Eq
(2.1.6) into Eq(2.1.1) to obtain the form:

2.3.1 *SQM(r> - *om* U A (rA l*B (rB)g(£)}
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oscillator length b is taken for both fragments. If 
bA*bB , or if other models are used, the factorization 
property (2.1.6) breaks down, and a further GC-integration 
is required for projecting on state of good total momentum.

2.2 Resonating Group Method (RGM)
The resonating group method (RGM), a method proposed by 
Wheeler in 1937, was introduced primarily to describe mic­
roscopically the nuclei from a molecular viewpoint 
In this method it is assumed that the nucleons form groups 
or clusters with certain internal wave functions. There 
is a resonant exchange of nucleons be veen the clusters 
and the total wave function is antisymmetrized to account 
for the indistinguishability of the nucleons. Ar equation 
of motion for the inter-cluster wave function is derived 
through the use of a many-body Hamiltonian with the help 
of the variational principle. There occur non-local terms 
which represent exchanges of nucleons between one cluster 
and another resulting from the ant.symmetrization. The 
microscopic study of cluster structures for light nuclei 
was initiated by Wildermuth and Kanellopoulos i0>. Many 
calculations appeared thereafter, e.g. ref. 3, which use 
the RGM to investigate both structure a d scattering 
problems of light nucleon systems. Especially, the impor­
tance of the alpha-like four-body correlation in light 
nuclei was recognized extensively. This became the moti­
vating factor in fostering investigations on molecule-like 
structure cf nuclei on a wide scale. Also recent develop­
ments in heavy-ion reactions stimulated microscopic



by a linear combination:

2.1.4 yCCM  ̂ j/A (r,R)f (R)d3R
X X ~ ~ X '

where the subscript labels various channels, and then one can 
do a coupled channel calculation with a real Hamiltonian. 
Although this is possible in principle, it has a disadvantage 
in that it is impracticable since the number of channels 
which contribute to the absorptive part of the optical poten­
tial can be very large. Alternatively one may account for 
the non-elastic channels by introducing an effective micro­
scopic Hamiltonian so as. to account for the loss of flux 
in the inelastic channels. This microscopic Hamiltonian 
must be non-Hermitian. It can be calculated by using 
Feshbach's projection techniques. For scattering and decay 
problems, the separation parameter R is related to the 
actual variable of relative motion p of the two fragments,

2.1.5 2 " <$(r,R)|g|$(r,R)>
wmxfv- ceylAin ci re Vo

One can,.further assume that:

2.1.6 »<r,R) - <̂cm A{<tA ;iA )4B (rB )r(|£-R|/b)}

where the fragments wave functions 4>A>0B depend only on the
internal fragments coordinates and <J> describes the center-cm
of-mass motion. A takes care of complete antisymmetrization 
and r is a peaked function which describes fluctuations of 
£ about R with root mean square deviation b. Assumption
(2.1.6) is valid for the a-particle model of Brink or in 
the harmonic-oscillator cluster model provided the same



where r stands for all coordinates of the nucleons and R 
is the parameter which measures the mean distance between 
the fragments A and B. The generating functions $ are 
square integrable and anti symmetrized with respect to all 
nucleons of the system. The characteristic feature of the 
GCM is that there are no superfluous degrees of freedom in 
the theory. This is due to the fact that the integration in 
Eq (2.1.1) extends over all R values. The expansion coeffi­
cients f(R) are determined by solving the Schrfldinger equation 
of the many-body system in the space spanned by:

where < > means integration over r, with appropriate scattering 
boundary conditions. In practice ♦ (r, R) will be represented 
by a Slater determinant in a two-center cluster model so that 
the GCM-Kernels

car be calculated using well-established shell-model techniques. 
Here H(R,R') and N(jR.R') are the energy and normalization 
kernels, and E the total energy. By taking orly the ground- 
state Slater determinant into account in the integral 
equation 2.1.2 for the expansion coefficient f(R), one 
describes only elastic scattering and neglects the coupling 
to all other channel:. This is clearly unrealistic for most 
cases of composite particle scattering where many channels 
are open in general. One could generalize Eg(2.1.2) to a 
system of coupled integral equations by replacing Eg(2.1.1)

2.1.2 < $(r, R) | H - E | Y GCM(r)> - O

2.1.3
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With the moving oscillator functions (4,1.1) we calculate 
the imaginary part of

4.1.3 <» (r,R) |H-E|'F (r,R)>

which contains the matrix elements

4.1.4 <*(R1,K) |Im G|* (R1,K)>

I*(&,%)> I ld,2;R',K|lm G|%,&;g,K)
a,6/Y#6 
occ.

The summation over a includes the spin and isospin summation. 
This, therefore, implies o/«<ert-5 6, _ 6, , 6, , . . _

‘o ty 6 ‘6 ’ o 6 ^8^'
isos in and similarly for spin. All the lengths in Eq(4.1.4)
are measured in units of the oscillator length b = (— )^Vtti

and all momenta in units of b-1.
The BaY are the oscillator overlap matrix (g; R'-g It,;R»K)

in the non-orthogonal basis of the moving oscillator states, 
and they are given by

4.1.5 B^(R',R,K) " C ^ /  d'r exp{-(f-R'^)'/2-(r-gy)'/2)

_3/2
with Car = CaCY * *

Toepffer .t al. approximated the operator Q in the model of 
overlapping Fermi spheres such that the Pauli principle is 
fulfilled on average only. In the moving oscillator basis, 
and if the states were orthogonal, B̂ .f = 6 ^ ,  the Pauli



CHAPTER 4

MOVING OSCILLATOR BASIS AND PAULI OPERATOR,

The use of plane waves in the construction of Im G has a 
number of shortcomings, for example

(i) plane waves are not square-integrable and can there­

fore not be used to construct generator functions 
(il) when using plane waves basis, surface and

shell effects are neglected.

In the present work, we use moving displaced harmonic 
oscillator functions which are totax / anti-symmetrized.
The harmonic oscillator (HO) functions are given as:

4.1.1 Cr|a;R,K) - Cq exp{iK(r-Ra)- ,r-Ra) V2}Ha (r-R(i)

with R and K given by ~a ~a

and t

4
c0 - * 4

are the three -dimensional Hetmite polynomials, in parti­
cular for the s-state, a - (0,0,0) be comes (r-^) *• 1.
(This is the case treated in the actual calculations).



refer to a bound state problem, i.e. separated fragments at 
rest. One expects that the iteration of Eq(3.4.8) converges 
faster than for Eq(3.3.13). We, thus obtain for the second 
order (for the imaginary part in which we are presently in­
terested) ,

3.4.9 Im G * -irgQ6 (u-K) g.

As reference matrix one may take a Volkov*-̂ ' or a Skyrmv3®* 
force which are known to give a reasonable account of static 
nuclear properties like binding energies, radii etc. Relative 
motion is treated incorrectly when interpreting Eq(3.3.1) or 
optical potential since the parameter R differs from the 
dynamical variable g of relative motion. In other words,
Eq (3 . 3 ..1) neglects non-diagonal elements <$(R',K|G|$(R,K)>. 
They can be taken care of by using the above matrix elements 
as input in the symmetrized form:

3.4.10 %<*(B',g)|G(B',&) + G(B,K)|*(B,K)>

This procedure is not fully self-consistent since the above G 
is calculated with respect to a single configuration 4>{R,K)of 
the two-center shell model, which cover only part of the GCM- 
space of functions defined by



Let us split the Hamiltonian H into

3.4 3 H - Ho+V

such that

3.4.4

thei F^(3.4.1) can be written as

3.4.5

where

3.4.6

is in general a many-body operator. In the independent pair

if we choose Hq * K. Here 0 projects onto the states which are 
unoccupied in the elastic channel and plays therefore formally 
the same role as the Pauli-operator Q in Eq(3.3.8). The pro­
jection operator Q will therefore subsequently be referred 
to as^Pauli operator. To improve the convergence of this 
expansion we introduce a reference matrix:

describing the static problem and is related to G through:

The Pauli operator of the reference problem as well as g 
are real. Their reality is due to the fact that they both

approximation G reduces to the two-body operator G of Eq(3.3.13)

3.4.7 g = G (R*®, momentum K-K3)

3.4.8



integrals in Eq(3.3.7) can be evaluated in closed form. If 
one inserts of Eq(3.3.11) into the direct part of
E q(3.3.7) it turns out that the real potentials become too
deep in order to fit the data for surface transparent systems 

like 160 - 160 or 12C - 12C.
In the Thomas-Fermi model the unperturbed Hamiltonian Fo 
for the motion of the nucleons is the local Kinetic energy 
operator K. A simple way to estimate the imaginary part of 
G is to iterate Eq(3.3.8) once and to replace the G-matrix 
by the free two-nucleon scattering matrix T:

3.3.13 = - V V

'  v w

The imaginary part of G(Eq(3.3.9)) can then be evaluated with 
the help of the optical theorem which yields the frivolous 
scattering model of Goldberger"3 ' 1 ' in which the effective 
cross-section for nucleons is given by the free cross-section 
averaged over the Pauli-allowed region of momentum space.

3.4 The effective Hamiltonian
It remains to investigate whether it is justified to use the

the *
G-matrix of Eq(3.3.8) as^effective force in the elastic channel.

9 )  *** 1Following Feshbach ,Aeffective Hamiltonian (HeFf) for the
elastic channel can be expressed as:

3.4.1 Heff = P{H+HQ(E-QHQ+in)~1QH}P

where P projects onto the elastic channel defined in Eq(2.1.1) 
is

and QArelated with P by



where che exchange terms have been .surpressed for simplicity. 
Although the Fermi momentum k_ is calculated here with the 
density of the compound system c cs/ the treatment is not 
fully anti-symmetrized and concepts like the distance R

between the fragments and the momentum K per nucleon of 
relative motion are used which loose their meaning with in­
creasing overlap, where the real parts of the folding poten­
tials become too deep. This leads to problems if the absorp­
tion is weak in the surface region so that the interacting 
nuclei can probe each other deeply even in the case of elastic 
scattering.
Tcepffer et al, calculated the real potentials and by using 
ths phase shift approximation for the G-operator as:
3.3.10 G * 4 h ■im-1k~1  ̂(21+1) tan

£

or alternatively the first order G^+V^ of the expansion

3.3.11 = - ‘ K^E1G'-2Gf

Which was proposed by Moszkowski and Scott361. In this, d is 
a separation distance introduced in such a way that the short 
ranged repulsion between the nucleus is cancelled by a part 
of the long ranged attraction:

3.3.12 V -/Vs r<d
£ r>d■i:

so that the free reaction matrix corresponding to Vg and 
the long range component V are sufficiently small quantities 
to allow the pertubation expansion Eg(3.3.11). After the 
judicious parametriration of the phases jr G* + V( the momentum
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The Fermi momentum kF in Eq(3.3.4) 'is calculated by inserting 

the compound density fics:* £'*£2 at tfie position of the

volume element dO into the following equations.
*

3.3.6 kF (r) = (3Tt2p(r)/2)7

In order not to count particles twice a factor 0i.P2pcs is 
introduced and the optical potential becomes

3.3.7 U - (2Ti)*6/d5r2p1p2p‘g
k_

d3k2{<ls|G|k>-<k|G |-k>}

U is complex, since G obeys the Brueckner-Goldstone equation

3.3.8 G - VG(H0-E-in)"1G
» V?Q(Ho-E)~1 - iwVQ 6(Ho-E)G

which is not Hermitian. Here HQ is the unpertubed Hamiltonian 
for the motion of the nucleons in their respective fragments 
at infinite separation £ ,Q is the Pauli operator which ensures 
that no particles can be scattered into the overlap region of 
both Fermi spheres in Fig.(3.1) above, and P denotes that the 
principal value should be taken upon integration over inter­
mediate states. In contrast to the Brueckner theory for nuclear 
matter the imaginary part of G does not vanish here since real 
excitations can take place in which kinetic energy of relative 
motion is converted into internal excitation energy giving 
rise to an absorptive imaginary part. On a microscopic level 
probability is conserved and the imaginary part of G fulfils 
the optical theorems

3.3.9 Im<k | G | k> - ir (2ir) ̂ / d ’k'Q| <fe| G| fe1 > | 2 6 (E (k*) -E(k))



with the convention that neF^ and meF2
This interaction energy is between fragment 1 and 2 and use 
is made of the Thomas-Fermi model to write vectors |m,n> as:

in a certain volume element dfi. Introducing a local total
momentum P = k >K+k and a relative momentum k = %(k +K-k ) ~mn ~m ~ ~n ~mn ~m ~ ~n
(see Fig.(J.1)) in the local CM-frame, one obtains with
r * (£^><+£2) and the relative coordinate of two nucleons
r' - £^+<-£2 and interaction energy density

Assuming local translational invariance, the total momentum 
P of two colliding nucleons Is conserved. The summations
in Bq(3.3.3) can be converted jnto integrations over the intrinsic
momenta k. * k_ and k- = k . Then —m -2 ~n

3.3.2 |m,n> - (dn)”iexp(i(km+K)(r1+R)+knr2) 

ID 5P * (df2)~1exp{i()sn (E1+£) + (lSm+8)E2}

3.3.3 d 3u/d3r- * (dn)-2  ̂ /exp (-if R) exp (-Ik r1 )2 _ _ ~mn~ -mn—m,n

G exp (igB> (exp (Ijs^E') -exp ( '  ))d3r1

o o

with k = k and the reaction matrix elements ~ ~mn

3.3.5 <k!G|±k> - /exp(-i k r 1)G exp(ii k r 1)d3r'

for forward and backward scattering.
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as was done by Kadmenskii et al."" , or Broglia and W i n t h e r 1 
If necessary, Eq (3.2.3) must be symmetrized in order to en­
sure that the potential is independent of the arbitrary
choice of the indices 1 and 2. A similar prescription has

34 \recently been used by Sinha to describe the absorption 
in heavy-ion scattering. However, Fink and Toepffer ̂ ' have 
shown that the absorption in heavy-ion reactions is mainly 
determined by the open phase space allowed by the Pauli 
principle which for scattering between bound nucleus is en­
tirely different from the one for scattering between a free 
nucleon and bound target nucleus.

3.3 Absorption in the Folding model.

In 1976 Toepffer formulated a folding model in momentum
Pispace. Consider two Fermi fluids with densities — T—

D1 °2
^2and  ̂ ^p in ordinary space, which in momentum space are

represented by Fermi spheres of radius k^ which centres are 
separated by the collective momentum K of relative motion per 
nucleon in Fig.(3.1). Fig.(3.1) shows the Fermi spheres F^ 
and F2 separated by the local momentum K per nucleon. 

Scattering into F1n F2 is forbidden by the Pauli principle. 
Because of momentum and energy conservation the'final momenta 
for elementary collisions lie on the sphere R. The Pauli- 
forbidden region is marked as a heavy black line on the cir- 
cumfrence of R.

Instead of Eq(3.2.2) one considers the interaction energy

3.3.1 U =■ I {<m,n;R,g!C-|m,n;R,K>-<m,n;R,K|<5|n,m;R,iC>} 
m,n
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concept of Brueckner. An approach such as the folding model 
was proposed. In it heavy-ion potentials are derived and by 
studying how far collisions between composite-particles are 
determined by the elementary encounters between the constit­
uents making allowance for many-body effects. This can, at 
least presently, only be done in rather crude way, in parti­
cular one encounters again the familiar problem which arises 
when nuclei loose their identity in the overlap region. The
procedure to calculate nucleon-nucleus scattering was first

2 8)suggested by Greenlees et al. in 1968 and in the same year
29)by McManus . An effective interaction G compatible with

nucleon-nucleon scattering is folded with density distribution 
of the target to give the real nucleon-nucleus optical pot­
ential g(R)

3-2*1 uN.,2(B> " /p2(£2>5 (B-£2)d,r2

There are two possibilities to extend this method in order to 
describe the scattering between two composite-particles.
One adopts the double folding

3.2.2 U(R) - //£(£!>G(£1-£2+g)p(E2)d3r1d 3r2

as has been employed, for example, in 197 3 by Vary and Doverj0' 
and also two years later by Dover and Vary31' or an empirical 
nucleon-nucleus potential 2 (r:,+R) is folded with density

distribution of the other nucleus to y»«Id,

3.2.3 U(g) « /fi(El)UN12(El+R)d3r1



to expciiment. The absolute 'values may be wrong by 
factors 10 to 1000, varying from light to heavy nuclei. 
Alpha-cluster models were invoked to remedy the situation 
but it led to unreasonable large alpha-clustering. This 
discrepancy can be removed by proper anti-symmetrization 
as has recently been shown by Fliessbach24 * . A similar 
situation occurs for alpha-and two-nucleon transfer where 
the absolute values of spectroscopic factors cannot be 
explained. In contrast, there seems to be no problem 
in the case of one-nucleon transfer.

The three examples quoted above demonstrate that a develop­
ment of practicable theories which incorporate both Pauli 
principle and absorption on a fundamental level in a con­
sistent way is needed. For that purpose it seems worthwhile 
to investigate whether the GCM and the RGM can be combined
with Feshbach1s formalism of the effective Hamiltonian to

a)account for the absorption .

3.2 The Folding Model
Most of the microscopic calculations done so far neglected 
absorption completely. Use is made of real effective inter- 
actions, like _.g., the Volkov force %  adapted to the 
system at infinite fragment separation, and are at best useful 
approximations at low energies. Simple approaches26 # which 
introduce absorption phenomenologically in the Hill-Wheeler 
or resonating group Eqs(2.1.2) and (2.3.5) cannot solve 
the problem of energy dependence and radial shape of the 
optical potential. A semi-microscopic approach is due to

27)Toepffer et al. who base their work on the G-matrix
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in Fig (2.2) . At first glance, it seems unitelligible 
that such different types of potentials can be phase- 
equivalent. As mentioned above, the Pauli principle 
offers an explanation for this type of ambiguity.
One would then expect this ambiguity to disappear at 
high energies where the Pauli principle looses its 
influence because the intrinsic states do not ovelap
any more in momentum space. In fact, with increasing

22)energy, the repulsive core is reduced ' while purely 
attractive potentials become more and more shallow.
Thus we notice then that the two types of potentials 
tend to converge to a unique high energy limit.

(h* Generally, distinguishing between refraction and dif­
fractive effects^^often quite a difficult issue. An 
illustration in this regard can be noted in Fig.(2.3).
Here the typical behaviour and quantitative features 
of elastic scattering cross section are indicated. The 
typical behaviour of angular distributions at forward 
angles can often be reproduced by both strong absorption 
and refractive models. A rise of the cross section at 
backward angles is generally assigned to particle ex­
change which can be described by a real non-local poten­
tial. On the other hand, when absorption sets in abruptly 
as soon as the nuclei touch, one will obtain reflection, 
as in the scattering of light from a polished metallic 
surface.

(c) Alpha reduced widths as calculated from the traditional 
she11-model approach are much too small when compared
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CHAPTER 3 _

OUTLINE OF THE MOMENTUM SPACE FOLDING MODEL

3.1 Pauli principle: Its role In microscopic studies

In static problems the Pauli principle allows an independent 
particle motion in nuclear systems, although the nucleon- 
nucleon force is short ranged and in fact very repulsive at 
short distances (the healing property). In composite-particle 
scattering, the Pauli principle is responsible for tha de­
struction of the structure of the fragments during overlap:
Since every cell in phase space may only be singly occupied 
the overlapping system must either extend itself in ordinary 
or in momentum space (compression). An important role of 
the P^ull principle in composite-particle interaction was 
firstly recognised clearly in the study of the a-a inter­
action. The repulsive core of the phenomenological o-a 
potentials was shown to be originating from the Pauli principle. 
The calculations with the use of the resonating group method 
(RGM) showed the appearance of the almost energy-independent 
inner oscillations whose outermost node just corresponds to 
the phenomenological repulsive core radius21'. The funda­
mental role played by the Pauli principle, becomes apparent 
in a number of puzzling features of phenomenological approaches. 
One can but just mention the following three of such pheno­
menological approaches.
(a) Consider the real part U(Re U) of the optical potential 

for elastic scattering. To the experimental data, rea­

sonable fits have been obtained by both repulsive 
core and deep attractive potentials, as shown



CHAPTER" 6

RESULTS AND DISCUSSION

The scattering of composite particles has been considered 
with primary emphasis on two aspects viz.-
(a) how to describe it microscopically and
(b) how to describe the absorption.
Conventionally one assumes that the clusters are intrinsi­
cally in their ground states, since otherwise the treatment 
turns out to be too complicated. In such a description one 
only describes the elastic channel in isolation, although 
many channels are open in general. It was therefore pro­
posed to use the Feshbach projection technique with the 
aim of instructing an effective (non-Hermitiin) Hamiltonian 
for tv channel.

Some resu." actual calculation of

w = I *lTri G|%,6) (&ay 6b& - 5a66gY)
® f P f Y r 
occup.

(formula 5.4.4) for B = 6 _ etc. and s-stateu (corres-ay cty
ponding to a-a scattering) are presented in Figs. 6.1 - 6.3. 
In Fig.(6.1) W is plotted as a function of R the mean 
separation, for various values of R' and K*0, '6-0*. As 
anticipated in chapter 5, there arise inconsistencies 
because of our approximation for the Pauli operator, which 
is not a true Pauli operator because of the non-orthogonality 
of the basis functions as described by the overlap matrices



L , r , « C NPT(V ' c » ^ > V ‘ 
occ.

+  ̂̂ ;0,{PT(to-to)+PT‘V ti,+PT(tr

<*(R',K)|lm G|»(R,K)><»(R',K|t(R,K)>" 
✓7 c=

Js,Y,«t,NCTIV to,<' "n't.":

* 'T ’a?,8.<PTIV lo|,-!>T(V til+PT,ti-

1)+NPT(t1

t1)>]

1

1)+NPT(t1

t:)}]



44.

C2
S.5.11 PT ITT- e X F '~’5 ̂ ' ae'ia'B'1 ' exP -"l5 ̂ a t gt-i * 5) ‘ '<

r  i -. ,2

F ( a , 6 , Y # 6 ?  t , - 1 , ) x

^ ( u - v )  ‘ $ (4< ̂ (u+v) *) }

? exp(-y-)*(-|;|;^-) if u-n^.g, * °

■| exp (-̂ -) (j If v*n*g = o

where H' tg Hyf are defined in Appendix A and for

brevity u-r^.g,, y-a*5 and w=r'^g

The Skyrme force constants t Q , t^ and xo are taken as
lev.
38)

to*-1248 ,29 Mev.fm3; t^-970,56 Mev.fm5 and xo=-0,17 as in
Seiner et al.
The matrix elements of the imaginary part of the two-body 
operator G are then:

5.5.12 <t (R' ,g) |Im G|$(R,%)> = <4 (R' , K) | 4> (jR,K):

I (a,a;R',K|lm G|%,6;R,K)(6^6gg- 6,g6g ,a,S,Y»6
occ.

with the overlaps (jref. 6)
dot BCa,R' ,R;y ,R,K)

5.5.13 <» tR' ,K) | » CR,K) > = » det B (a ,P' ,K; y , g',/K) det B (a, R ,g; y , R, K)

and hence



5.7 NPT(.to- 

{ t-1;

5.8 NPT(t1-

5.9 PT (to-t

5.10 PT (to-t

43,

V  ■ &  ■ 3exp(-j-)exp expi-b £) 2
a, 6, y # 6

) + $ ) }F(a,6,Y,6;t0-t1)

oo - U,i .r2

o' T2C)%. ./xp(-T)=xp(-H:)expf-t(C^ -^.g,)2)

x exP {",!(£a'6,-iY6)J}F(0‘'B'Y,6;to'to)
fl
uv{$ (1; !s;-|(u-v) 2)-iJ) (1; 1$;—|(u+v) 2 ) }if uxo; V*o

* K exp(—j ) if u-o but v*o

3 uexp (—^ ) 4> (- b ?"»g ) if u*o but v»o

l)e 2 K 2-  ̂ . (e*P ) exp{-t(C'ag-(*,6,)2}eqP(-T-)

•Xp{",,(£o'S'"^6,1}F(a'6'Y,6, t0-tl)

2 4 exp(— | )If u=o

exp ; j;~-) If v=o

♦ r (f)
2^{4(y;t;--g(u-v) 2)-$(j;t;-^(u+v) 2) }

1 v 2 l 3 v *
3 exP ( “g:2; e-  ̂ if u-o

L a  exP If v*°

]
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<r's''g|m,n><m,n|x,i;R,K) 6 1E^,+Eg,-E^-E^)

and similarly for the symmetrized term.
For convenience this can be split into two contributions
originating from the "1" operator (NPT-terms) and the
P-operator CPT-terms 1 in Q = 1-P:

and similarly for the antisymmetrized form.
The NPT anc PT terms (5.5.4) and (5.5.5) , also subdivide 
further into three parts due to the reference force g, which 
gives rise to Ct0-t0l, CtQ-t^) and (t^-t^) terms. These sub­
divisions are here refered to as NPT(t0-t0), NPT(to-t1) etc. 
The tg-term in the Skyrme force, whose angle average is, 
anyway zero, has been dropped for simplicity.* The other 
terms are calculated in Appendix B. The results of the 
calculations are:

5.5.4 U,£|lm G|x,£)NpT - -H I (a,gii,i><l,i|g|r,s>

<r,s|g|m,n><m,n|%,6)f(F^+Eg-E^-E^)

and the Pauli part:
5.5.5 (%,&|Im G|> {l)p T -  ̂ [

i,i,r',s ,r,s 
m,n,a1,6'

(o, g_| i, i><i,i. | g| r,s>

(a',2'lr',s'><r',s'|g|m,n><m,n|x,6)6(Er,+Eg,-Em

k exp{-l5(5'a6-r*Y6)2>exp(- £ )
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considered here, it is simpler to evaluate the integrals 
in spherical coordinates, (see Appendix A.) as treated by

39 \Toepffer and Roller 
We are to calculate:

5.4.4 I Ca,JS>RMS|lm g|x,£;5,S) « aY«B6-fia656Y) d 16 f Y f <5
occ.

and the Pauli operator (.4.1,6) reduces to:

5.4.5 Q » 1- I ;g,K)(%',&';R,K|
a'S'

This form of the Pauli operator will be sufficient to 
demonstrate the important features of the model.

5.5 Matrix elements of Im G.
In the actual calculation the coordinate system has been 
orientated in such a manner that various vectors R 1, R 
and K have the following cartesian form:
5.5.1 R' - (R'Sine1? 0; R cose'),

R = (R Sin 6 cos * , R Sine Sin*, R cos 6)

and
5.5.2 K » (0? 0; K)
The matrix elements in Eq. (4.1.11) for Im G for, large R 
where B ,„, * 6 etc. are:•O P u y

5.5.3 (o,j§; R'K|lm G|%,&;R,K) - -w I (a, 6;R'K |i, l>
i. t h i T f S

r*,5',m,n,
<i,l|g|r,s>tr,s|l- \  |z',£')(a',g'|r',s'>a T e '
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6(£rs-£uU t o U +Pg)+'$t1(k^*k2rs)>t2ku  ~rs+W0”term

In Eg 15.3.21, the conventions 14.1.13), have been used.
In the actual calculation only the tQ and t, terms are 
employed for reasons of numerical simplicity. One notices 
that the t_,-term averages zero upon integration over the 
momenta.

5.4 The energy conserving 5-function.
This function is defined here with Er given by
5.4.1 Er - {» CK+jtj.lb-1}1-)} CK+kr) 2 «io))

The value of the oscillator length b being I— I*. SimilarN
relations are obtained for E , E„ and E . One can thens m n
express the 6-function in the form

5.4.2 6 C V V W - f c 4* ‘Sr+S’ < V f  ’-<!!„-£> '1

with ho) ” 41 A 3 MeV.
Using Eq (4.1.14)the argument of the 6-function on the right 
hand side reduces to the form

5.4.3 « < W E m-En> ■ h

For s-stater all the Hemite polynomials are equal to 1.
The expansion coefficients for the expression of the products 
of two Hermite polynomials as one polynomial also become 1. 
Large R has also been assumed, i.e. orthogonality, so that

b»y -b* V v
For an analytical solution of the integrals occuring in 
Eq(4.1.11) one represents tne 6-functions as Fourier- 
transforms of exponentials. For intrinsic s-states, as
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This can, however, be further simplified with the convention

5.2.2 H, ̂ r s )HX’t5rs) ”  ̂ N CX ,X* ,-£) H£ (K )1  ̂ 1 £-0

where N(^,X1;£) are expansion coefficients given by

.(X.+X j —P,) /2 x \ 111 i
5.2.3 NCX,X';£) - ^  ! 7 » ^ 'V T r5 ̂  '

where s^ - X^+X'^+p^ - even, otherwise N(X^,Xl>pi) * 0.

5.3 Matrix elements of the reference interaction.

We use as an example of the reference interaction, the Skyme 
force3®^• This effective interaction was designed fur the
Hartree-Fock calculations of nuclei. It is represented in
momentum space by

5.3.1 g -^(l+XyPg) + tt^fk'+k'i) +t^k k'

+iw0 (21x22) (&*&')

where k and k ' are relative wave vectors or' two nucleons.
The original Skyrme force also includes a three-body term 
which is equivalent to a density dependent force and does 
not conserve momentum. There exists, however, a Skyrme 
force in which this term is zero as in the treatment by 
Seiner et al.3®\ The spin-orbit term will also be neglected 
in this calculation.
The matrix elements of the Skyrme force are therefore given by

5.3.2 <i,l;R,K|g|r,s;R,g> - exp{i (k^-k^ ' R) (2tt) 1 *
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From this, one notices that Eq. C5.1.2) implies that % and 
v also becomes

5.1.6 jj = (0,0,01 = v

and therefore, the expansion coefficients reduce to:

5.1.7 M ( g , - 1, 
and that

5.1.8 c = c c = tt-2 become cay a Y oo
3

ir ~2

5.2 Matrix elements of Q
These are calculated with Q = 1 - P and from Eq(4.1.9)
5.2.1 <r,s;R,K|P|r,s;R,K>

I B_1 <r,s;R|2'g';R,K) (a',£'.;R,K |r,s;R,K>B'
a 1 ,y',6' aT
occ.

? ,, v, s"1,,.-,' (S.E)aT,8',Y1,5 
occ.

eJCP {I c-5a .-5g. |-5y . +5 { . ) . -B6 . +By .+B6 .)KZ3> 

«*p{-':K'r.-k^,-t(K\,+K\,+K\,+K\,)+tKr,(K,,+Sg,+^

f(Ka,-KbI+KY,-K5()} 

a ' +81 2' ' A A
I I Mto* ^rUjlMQc'i' ,X' t5re lH.

X>iti”° X1,w'*o

%r,)*X

1
e's1

B'y 'S'

+Sg.)
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CHAPTER 5..

ANALYTICAL TECHiaQJES FOR THE CALCULATION OF Im G 

5.1 The overlaps between localized states and olane waves. 

These are given as

Here the conventions 14.1.13) and 04.1.14) and the following 
convention

have been employed. A similar expression can be written down 
for the overlap < m,n;R,KlX,6;R,K).

The actual calculation was undertaken for the s-states

2+J§

a - (0,0,0) and thus the following expressions
reduced to the simple forms given below:

5.1.3 a + £ - (0,0,0); iS+S+I+& . i because we have
defined the symbol i~ as:

Also

5.1.5 H * 1 - Hv etc.



where the expression has been symmetrized against

5 t V V W  * *5 tEr+V  W  r(Er+Es_Ei ' El

In the foregoing representation, one notices the appearance 
of various overlaps, like e.g. la,£;R,K[i,£;R,K>. These 
have been fully calculated in the Mathematical Appendix.
These overlaps are expressed in terms of momenta, with the 
convention

4.1.12 i,£cA and m,ncB

4.1.13 Klt - Ki+ii+k1+kt

" ~i”~£+~i”~£

We can however conversely give the above momenta as:

4.1.14 jSl+5i. =• t & u + k u

Therefore, in terms of momenta K, ̂  emd jci „ we need the ex­
pressions for the following overlaps:

(i) matrix elements of the Pauli operator 
111) tlie overlaps between localized states• and plane 

waves
(111) matrix elements of the reference operator 
Civ) 5-function - Fourier transforms

From the full calculations of expressions (i) - (iv) mentioned 
above, which are carried out in the Appendix, we obtain the 
results as detailed in the next chapter.
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i) if B~‘ is the inverse of B in the full Hilbert
space of all states Ijj, R, £: , then the sum over the 
occupied states does not give orthogonality 

it) if B-1 is the inverse of B in the space of occupied 
states, Q does not project on the occupied states, 
since the application on an unoccupied state will 
not give zero.

While the oscillator basis has the advantages cited above, 
their disadvantage is that one cannot easily construct a 
proper Pauli operator. Thu use of Eg(4.1.9) for Q will 
therefore lead to inconsistencies. Because of the appearance 
of the kinetic energy operator in Eq (3.4.9) for Im G, the 
matrix elements of Im G must be evaluated by inserting complete 
sets of plane waves as intermediate states. This is the 
source of another difficulty in connection with the Pauli 
operator, since it is the oscillator states (4.1.1) rather 
them plane wave states which are occupied or unoccupied. 
Inserting complete sets of plane waves into Eq(3.4.9) and 
taking the matrix elements required in Eq(4.1.4) one obtains 
after symmetrizing with respect to i,t,r's' <-- > m,n,r,s

4.1.11 ( 2 , 4 ,*|lrn - tir %
i,t,r,s 
m,n,r's'

i,l;g,K><i,A>B,6|g|r'«';B,£><r',s ';R,k |Q|

r',s';R,K><r‘,s';g,K|g|m.n;R,K><m,n;R,K| 

X,£tBtB){6CEr+Eg-Eja_Bn) + 6 CEr+Es-Ei-EJl) }
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operator

4‘1'6 Q "

is a projection operator on the unoccupied states. This can 
be shown by taking matrix elements with (a,£| and |ci,jg)

4 .1 . 7  Qlz,6) - lx,6)-I la',6')(%',&'li,&)o',8' 
occup.

occup.

m fo if "y and 6 are occupied 
\ | v,6.) if Y and 6are unoccupied

Since the states are not orthogonal in the overlap region:

4.1.8 (a,&;R'K|%,6;R,K) - Ba(r b 86

one might attempt to construct a Pauli operator by:

4.1.9 q  - i-p «

Here ^ , as mentioned above, are the overlap matrix elements 
in the non-orthogonal basis of the moving oscillator states 
Eg(4.1.1). As expected Q tends to 1 for high energies since

4.1.10 <k1,!s2;B,8|Qlk'1fl£'2',E'B>*1" exp(-K:)

the influence of the Pauli principle on absorption ’.isappears 
with increasing energy. However, it is easy to see that the 
operator Q in Eg (4.1.9) is not in general a proper Pauli 
operator because



Multiplying out all the constants mentioned above, we obtain:
c2

ti.5.1 HP-constant = ^nu> (2ti) 6

B.6 Integrations carried out

The integration variables are >Krg and Kmn on one hand,
and k , k .. and k on the other hand.~rs ~ it ~mn

Substituting the equations of the type (B.4.2) and (B.4.4) 
which appear in (B.1.1), we c m  write down (NPT) -matrix 
elements of the two-body operator IM G as:

B.6.1 (2,6; g'Kllm G|x.&; R,K)NpT

TTC*
" '  d t ; :

«xp;r Cu'B'a^'e' * - itirtii

* Itbn-kr.ISHlEr.-SiV'Pt-I

5(krs"kmn){NPT(to'tol + NPT(tQ-t1) + NPT(t1-t1)}
.2TTC?

hiu (2’T)

/csku  exp(ijcu w - ^,)/d5krs /dJkm exp(-ikmn v - k^) 

5(krs‘kitm)CNPT(to"to) + %PT(tg-ti) + N P T f t ^ ^ ]

where



B.3.3 NPTl^-t,) • (4«t, ^  6m  - 2«k|«ai *

' 2^ » . r 666 - '><<-« 6BY> (kU  * kn> <kk  + V

B.4 Non-Pauli Matrix elements of Im G

The matrix elements of Im G for (NPT) become

B.4.1 (o,g|Im G|%,{)__ * I (a,g|i,l><i,t|g|r,s>
i,l,r,s

<r, s  | g | m , n > < m , n  | x » i . )  i  ( E j .  +  E g  -  E m  -  E ^ )
where

B.4.2 (a,g;R,,i<ii,l;R,K> * c00(27t) ’expt^K^(R.a-R.g) - t}

exp{ ijtit (R^ -g^-R) - k^}

B.4.3 g * go6 fr1-r2) (Skyrme)

B.4.4 <i,I?g,K |g|r,s;R,K>=goexp{^(ku -krs)B] (2v) > 6 (K rg-K 1£) 

B.4.5 g£ - "(t0-t0) " + "(t^tj^)" + "(t1-t1) "

B.5 Constant value in (NP) calculation

From the above equations in B.5.4, we note the following 
constants: v , from the two-body operator Im G; c^Q(2ir)6,
from the two overlaps (a,£ I i, t> and <m,n|%,g)) (2tt)‘ from 
the matrix elements <i, Z | g | r ,s> and <r,sgjm,n>; (2tt)“"8 
from the six integrations over kl£ ,£it; Jsrs, Krs? and kmn, 

Kmn' and ST from the '-function 6 (Er+Eg-Eni-En) -



B. 2 Skyr:ne force exchange non-Pauli term (ENPT)

This one is of the form:

B.2.1 2:to (H«o, » itjlk", » k-,IKt0 (Ux0) +

( has already been taken as t2 = 0).

Multiply Eq. (B.2.1) out, we obtain:

B.2 .2  2 t = , l . x o l ‘ ♦ V l ( k >t  .  2K-, ♦

Treating the three terms separately and multiplying each

"y «0j {6t »"li -i'

B.2 .3  ENT(t0- t 0) - - 2 t 4 ( l . , 0 ) 16lli

raTIV tll • - V l,1« o » (kit + 2kr, * C V  6By
E N P T - k*„) (k-, 4 k ^ H . ,  66t 

B . 3. Spin and Isospin

The spin and isospin summation, adds a factor of 4 in the 
direct term and a factor of 2 in the exchange term.

Combining the (DNPT) and ENPT) we get

B .3 .1  NPT(t0- t 0 l .  4 M tJ U 4 V x4MaT i g ,  - .2x2tJ (14«0 )*Ja4

■ 4l4t-0(l4,04x=l«aY 6es - t£(l4x’)6aS 38tI

B.3.2 NPT(t0-t1, - (4.t6t1(2«0)i<1TiM -2«S)t1(l4x0H li6ev)

<ki, 42k’t . k^l
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Thus Eq. (B.1.3) becomes: 

B.1.4 D N P T ( t o - t Q ) 566
D N P T ( t Q - t 1 )  = t0ti(2+xo)lKli 2Krs 
DNPT ( + krs) (krs

+ kL )5aY £B6
' )(kL + ay £'8B



APPENDIX B

SKVHME FORCE AS REFERENCE INTERACTION 

B. 1 Skyrnie force direct non-Pauli term (DNPT) 

is of the forms

B . 1 . 1  c t o < i - x 0 > ♦  *  k j . i  *  t j k u  s r , i r t 0 ( i - x 0 )

* * kmn' * ‘2 St. Smn1

♦ 3[t0 (l>x0 ) t k-g ) t t2klt !Sr8K t 0 il+x0) + ̂ t2 (k*g+k^in)

+ t2~rs -mn"*'

In this calculation, we have taken t^ » o, which thus reduces 
the Skyrme two-body interaction to:

8.1.2 Et0 (l-x0> + + k=s)j[t0 (l-x0) + •lt1( k ^ k ^ ) ]

+ 3 V ^ V  + ^ l (kU  + krs>][\(l+zg) + ^tl(k*B + k^)]

“ 4to(1+xo + xo) + totl(2+xo) (kU  + 2krs+k^ )+tl(krs+kU )(krs+k

For simplicity, the three terms of (DNPT) are treated se­
parately and represented by (t^-t ), (t - t a n d

L.1.3 DNPT(to-to) - 4tc2(l + xo + X*)

DNPT(t0“t1) - V ^ C  * x0)(k*t * 2kgs * k^l 
DNPIlti-tj) ■ tilk*, » kj,)(kj. > k ^ l .

Each of these has to be multiplied by the product of the two 
overlap matrices: b”1 and B~", which as explained previously,
have been taken as B-1 * 5   and B%} = 6...

u  y  CX Y  D O  D O



Hence the complete result is:

A . 3 . 3

- T 7 ^ > -
\

-■1'2l't̂ t Sg) i  ib ^ n i^ T r e x p l "

if u = 0
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Each k^-integration in the sum above is similar to Erd61yi
E q . (1.4.14), p.15 with:

a = b ♦ c; u « 1 + n + 1; y < (u-v; u+v), giving the result:

-

t(b+c)-^^r'+^r(§ + + 27“ ri;-IT' V  " 4 ( b % '

j.,1 1 1. (u+v)2 T
*(? + TTI+n+TT" T ; * 4 7 5 ^

Thus the final result is of the form:

A . 3 . !  / d 5k r s k j s  e x p ( i i s r S u

« -  "An)

bkrs)/d,knmkmn exP (- ^ m n ^  " ^

2 i t  2 ( +n + l) r. , Z+n+2 . 1.
~  — 7^T7F+-K7rr[* 2"(T+'n+D ; ?  ' - 17ET5T)- *(T(-%&T' V

In the limit u * 0 (or v - 0), we use L'Hospital's rule:, which 

gives the result:

r,t+n+2 '
.  ,  ^  2 i t 2  '2(4+n+l) „ i+n+2____  v2 _,3l+3n+4 . 3 3 v2 ,

A -3-2 TF^cT ^^(\+n+2) x 7+n+T exP (- + I? ?' *



A.3 krs' integration

/d,krs k?s expdkrs ^ " bkrs)/d3kmn kmn exP (ikmn % * ckmn)

- Kn'

- 2ir/d(cce < ) f d k  exp(ik u cos<t)exp(-bkJ. )ITS r3 275 L S

/d,kmn kmn exP (1kmn % " ck^n)6(krs * kL )

- 2w(^)fdkrs k ^ +1)sin(krs u)exp(-bk=g)

/d,kmn kmn exP (i^mn % ‘ ckL )5(krs " kmn»

* r L/d(krs)( 2 F - )kr r 1)sin(krs u)exp(-bk^) rs

/d3kmn kL exP (1kmn % “ ckL )5(krs “ k4n)

” T L;dtkr.)k« )sin(krs u)exp(-bk=g)

/d3kmn kL exP (% n  % ' ckL ,5(krs " k^n)

■ ? /d,kmn kin+n>8in(kmn u)exP (*^mn %>

exp{-(b+c)k* ) mn

- ill /d(cos»)/dkmn k^+n+2'sln(k^ u)

exp(-ik v cos$)exp(-(b+c)k' ) mn mn

e 4 ^  /dkmn kmn+n+ exp{ - (b+c) k^n} [ I, {cos (u-v) k^-co. (u+v) kmn} ]

" 4 %  /dkmn{krli+n+1) exp{-(b>c)k^n}[cos(u-v)kmn - cosfu+vjk^] .



A. 2 krs, Jsmn integration with u * (0,0,0)

it is of the type:

/d3krs krs exP (-bkrs)/dSkmn kL  tiXP(1kmn % " ^

- C

" 27r/d(k»s) k ^ 1,exp(-bk^)/d1kmn k^n e x p d k ^  v - ck^) 

6(krs - kmn>

” 2"/d'kmn ki r n+1>exP{" (b+c)kim}exp(ikmn &

* 4lT2;dkmn kIJuf;+n+3)exp{-(b+c)k^n)/d(coS^

“ 4fla<I7>'dkn-1n k^ +n+2> exP{- (b+C)C }8in(kmn v)

* /dkmn{k^ n+2) exP{- (b+c)C }sin(kmn v)'

The kmn-integration is similar to Erd^lyi1*0 ̂ P.74 Eq.
(j.2.24)) with:

a ■ b + c; y = v> 2v-2 - i + n > 2 -► v = 1 -;
and this therefore gives the result:

lv(b>=)-'< t w 4 , r ( ^ ) . « p ( -  - tifl, f. T7|1HT.,

The final result is therefore:

A.2.1 ;d!krs k;„ exp(-bk^)/d'k^ k;n expdJs^ v - cjc^)

" C

- 4,J(b+c)-'!U+n+4,r ( i ^ )exp(-



When

A.I.

For

A.I.

in addition to b * 1 we have n = 0: The result is

2itl' (j) exp(- j-) - " exp(- ~ ) ( T (|) »

* 2, b * 1; the result is:

2i r r { | ) e x p ( -  '^- )(K-1;  j - }
3
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APPENDIX A

jc - INTEGRATIONS IN SPHERICAL COORDINATES

A. 1 Jji ̂ -integration

It is of the type:

exp(ikitw - bk^)

* 2ir/d(ccs9) /dklt k,f"+?) exp(ikij.W cose) exp(-bk^£)

- 2tt(|^)/dku (k{j+1) exp(-bk^) )sin(ku w)

= /dkli{k̂ "'"1) exp(-bk^) }sin (ki|tw) .

The 6-integration is now reduced to the Fourier sine 
Transform**) (P. 74 Eq. (2.4.24)) with a = b; y «= w; and 
2 v - 2 * n  + l * > V “ .

Hence /dk1£{k|j + 1) expt-bk^) }sin(> iew)

- tb-t("+j'r(S+l)w exp(- ^)$(§ - |» #).

A.1.1 Thus /d,kif k^exptik^w - bk^l)

■ 2itb  ̂(n+3) r exp(- ^g)$(- y? ,

when b = 1, (A.1.1) reduces to:

A.1.2 /dskii k ^  exp(iJsilw - b2k=z) - 2irr(^) exp(- fi )

. , n 3 w 2 $ (- -J? ^ » — ) •



In principle the absorption must, vanish (W'-O) in the limit 
K»0 with a proper Pauli operator (nuclear matter limit) 
for all values of P. This is not the case as one notices 
from the Figs.6.1 - 6.3. Even more, one does not even 
obtain W*o in the R*R'-*= case where the nuclei do not 
overlap. Even more and where the replacement B ̂  = 5 ̂
is justified. This behaviour results from the use of plane 
waves as intermediate states in the evaluation of W which 
leads to unphysical excitations. In the overlap region one 
even obtains an unrealistic sign for the absorption.
On the other hand, one obtains for a given R, maximal ab­
sorption for R'*R, i.e. for maximal overlap in respect 
to the fluctuations in the mean separation coordinate R. 
This is supported by the results of Figs. (6.2) and (6.3) 
for Q - 30°. These numerical results have bean checked 
in the limits R'-P. and R'*R=0 for selected values of 
the parameters xo,tQ and *- .
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CHAPTER' 6

RESULTS AND DISCUSSION

The scattering of composite particles has been considered 
with primary emphasis cn two aspects viz.-
(a) how to descrioe it microscopically and
(b) how to describe the absorption.
Conventionally one assumes that the clusters are intrinsi­
cally in their ground states, since otherwise the treatment 
turns out to be too complicated. In such a description one 
only describes the elastic channel in isolation, although 
many channels are open in general. It was therefore pro­
posed to use the Feshbach projection technique with the 
aim of constructing an effective (non-Hermitian) Hamiltonian 
for the elastic channel.

Some results of an actual calculate of

w - I /a,8|lm G|x,£> («aY ig- - «a6«eY>
a,B ty , 6 
occup.

(formula 5.4.4) for B ̂  - 5 ^  etc. and s-states (corres­
ponding to a-a scattering) are presented in Figs. 6.1 - 6.3. 
In Fig. (6.1) W is plotted as a function of P the mean 
separation, for various values of R' and K-0, '9*00. As 
anticipated in chapter 5, there arise inconsistencies 
because of our approximation for the Pauli operator, which 
is not a true Pauli operator because of the non-orthogonality 
of the basis functions as described by the overlap matrices

Bar *tc-
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r tjuv) —g Cu-v) 2) (u+v) 2) } If u»o and v«o

(y) exp(-^—) ) if u-o

(■5) exp (-̂ — ) 41 ) If v*o

Adding (B.13.2) and (B.13.3) and multiplying the sum bv(B.10.4) 
and (B.J.3) we obtain:

q2 ni2  ̂*
B.13.4 PT(t̂ -t̂ ) I texp(- j-^exph )exp(-V£,cl g-C^.g.)^

(2**8

exp -t(&s B'&\ 6 )2 )F(o ,6,Y,6? t^-ti)

(Tuv)^ (3 ?i;~itu~v)2)-* (3 ?i ?"l(u+v)2) 1 If aeo and

-g exp (-y-)$ If u*°

^ 3 exp If ^

means the summation over a,g,Y,6,a',6',
u • • • 6

where F(a,6,Y,5 ; t,-t^' is as defined previously.



H .13 PT (t1 - t1) - Term

I n  t n i s  t e r m  w e  h a v e  t h e  f o l l o w i n g  F o u r i e r  t r a n s f o r m s :

B.13.1 /d3k1£ exp(ikLl w-k^)/d3krj. exp(-ikrs u-k^s)

/d3kr,s, exp(ikr,s, u-k:,,,)/d'k^ expf-i^ v-k^)

6(kr's' " kAn){(kit + kr's') (kr,s' + k L ) }

This is treated as a sum of two terms - viz.

B.13.2 /d3ku  exp(iklt w-k^)/d3krs exp(-lkrg u~k‘s>

/d3kr,s, exp(ikr ,s, u-k^,s,);d3krnn expt-lJs^ v-k^)

5(kr's’ “ kln){kL (kr'5' + kAn^

■ 3 it5 r (|) exp(- ^ )exp(- ^ )$(-!; ^ )

(y™) ; 2 ? - |(u-v)2) -$ (j; —|(u+v) 2)} If u * 0 and v * 0

■ (-j) exp(- g )$(- 4' | ) If u = 0

,(j) exp(- ^ )$(- 2' ^ ) If v - 0

and

B.13.3 ;d3ku  exp U  k^X-k2^) exp L-ikrgu-k2rs) /d'k^

/d*kr,8l exp tijc r, g ,u-k2r , g , 1 exp (-ik^v-k2̂ )



6 6.

B.12.4 /d,k11 exp(ik4f w-kj,,)/d3kr(iexp(-ikreu - k%)i l ' rs -rs- rs
/dskrlg,exp(ikrla, u ^ :r .s. ) ^ >kmnexp(- k^v-k .

k ‘il (k‘r,s'+k2mr.) : (k"r' s ' "kZ«Ui?
(2uv)^ (i ; -^( v h v ) ‘)}

2r (-|) - 5 exp (- ~ ) exp (- ̂  ) (■|)ejqD(-̂  ) $(- i-; ^ ) If u ■ 0

, (-j) exp (-■£ ) *(- ^ ) If v • 0

Addiny (B.12,2), (B.12.3) and (B.12.4) aiid multiply the surr by 
(B.10.4) and (B.3.3)'

B.12.5 PT(tQ, t1)
cro

1 &  exp(~f ’ exp(‘I ' exP{̂ {̂ -Sa'e,)2}F(°'6'Y'6;t0“tl)e3,>{̂ (ix'B''^«)t

~  {$(1; *5; -%(u-v)3) -$(i; %? -^(u+v)2)} 

exp(- ̂  -g ) If u * 0
n2 1 3

exp(- 3 )*(• 2; *5 * v * 0

+ r^)

*2uv* Y' ~ ^(U”V) ' ) * 4>(y Y' - i(u+v) 2)
1 v* i 3
3 exp(" 8 ) + (" 6: 2' 8 )
■J exp(- ^ )$(- jri J," ̂  )

If u *0? v*0 

If u - 0 

If v - 0

where

B.12.6 F(a,6,Y,6, t ^ )  - 2 ^ ( 2 ^ ^  6 ^ g ^ V l (' 6a3 5eY
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B. 12 PT (t0 - - Term

In this case we have the integrations over k, etc. as
follows:

B.12.1 Zd‘klt exp(iku  w-k^)/d'krs exp (-ikrs p-k^)

/a‘kr,s, expllfc,.,. u-^.^l/d'k^ expl-lk^ v-k^l

<lk '̂s' " kmn',k;i * kL  * kr',' kL' .

Treating above as a sum of three terms, viz.

3.12.2 /d3ku  exp(iki£ w-k^)/d3krs exp(-ikrs u-k3g) 

.d,kr,s, exp(ikr .sl ti-k^lgl)/d,kmn exp(-lkmn 

6(kr's' - kL)

-- ■j tts exp(-^ )exp (-̂  )*(-!; ^ )

u v !$? (u-v) 2) - <f (1; -%(u+v)2)
1 3. v2exp(-| )♦(-2> 2; 8 ) 

exp(-| )*(-y; 5 )

If u*0 and v*0 

If u«0 

If v-0

B.12.3 /d'k^ exp(i w k il)/d,krs k2g exp(-ikrs u-k2s) exp (-k2ll)

/r'V r's' exp(ikr's' y-kr's',/d\ r  exp("%Tr z X i )6(kr',' " km )

j r1 exp (— ̂  ) exp(- ̂

$ (u-v) 2 )-$(!; (u+v) 2) }
If u* 0 and v * 0

1.3 v2
exP<~ 8 * 2?t?8 * u *°

1 3exp(--g ) 2'2;1Z  ̂If v *0



■
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In the case of PT(t0-tQ) we consider the following:

B.ll.l /c3k, exp(i ): w - k .) = ~ exp(- ^ 'ct8

B.11.2 /d3krs exp (-j jrt u - k^g) * - ̂  " exp'- ^ ) ? u -no,B,Tfc

B.11.3 f d \ , s , exp(ikrls. exp(-ikm  J T ^ ) «(k*,#l-k^)

—  {<1(1; S; - %(u-v)')-$(!; ij; - t(u+v)2)} if O md VKT'*&

TT < exp(-^ 1^(-^f Y' i * if u * 0 

exp (--g j !  | ) if v = 0

The full PT(tc - tQ) - term is obtained by multiplying the equations

(B.10.4), (B.ll.l) through (B.11.3) and (B.3.1).

B.1I.4 PT(t0 - tQ) exp(-|')expi-f )exp{-VC;6 -

(;*.«' - C*6)2}F(a,6,r,6; t0 - t0)

^{<t(l? <5} -%(u-v)2)-*(l;t;-t(u+v)2))
if u « na, 6 , « 0 and v » n*6 * 0

exp (-̂  ) < (“4» ^ ) if u * 0



B. 10 Skynr.e for Pauli Terra (PT)

Like the (NPT) one treats tl.u (PT) in three stages, viz.
(tQ - tc) , (tQ - t , ) and (tj - t^) - terms. In all the three

cases the results of the integrations, over K, ̂ » £rs* ~r' s' anĈ
K are the same. The results of such integrations, with the ~mn
help of 5 tKr's'-iV and ^il'^rs’ are 33 follows:

1.10.1 /d- K ^ e x p d

• <2*>3/2 - £».6.)!)

D.10.2 /d> =xp(-l K^!

* I2”)"'2 «>•»(-*<<,,.6.- .*s)!)

Also from the factors i t ,  (2tt) 24, ( 2 n ) 18 ( c ^ ) 2 , h w  we obtain

hui(2ir) 6 ir2hui(2TT) ‘

Multiplying (B.10.3) by (B.10.1) and (B.10.2), we obtian the 
common 1 actor in the (PT)-Term calculation.

E-10-4 T R O T  " — y — r -L'6'l‘,e,“>{-I>,£a'6'- iU

B. 11
PT(t0 - tQ) - Term

In addition to the terms above we have integration over k k~i> ~rs



Because of 6(k2 - k2 ), (B.9.1) is equivalent to the sum ofrs run

and

B.9. 3

Adding

3.9.4

From

B.9.5

where

/d kiJ.exp(ikiJtw - k2t)/d3krg /d'k^ exp(-ik^y-k^n)

6(krs " k4n)kU (2kra>

= Y exp (- ^ )$(-!; Y' % ) X {2x8ii‘exp(-^ ) $ J : J' ̂ ))

* 3 (2it ) 1 (7i •) exp (- ^ ) exp (- ^ )$(-!; j; j ) t (- j; j; j )

2/d,k11 exp(ik1Jlw-k2£)/dJkr./d3kmnkî  exp(-ikmnv-k^n) 

* <k rs " kAn)

■’ 2 x tt 3,/2 exp (- ^ ) x 4tt2 r « ') exp (- ^ )$(- j; j? ^ )

■ 6 (2tt) 3 (tt̂ ) exp (- " )exp (- ^ ) 6 (- j; j )

(B.9.2) and (B.9.3)

3 (2n),(7!l|)exp{- ^ ) exp (- ^ ) {${-1} ^ )$(" 2 ? 21 4 '

2$(- |» j: % ))

B.3.3); (B.6.2) and (B.9.4), we have that:

,2 -2
NPT(t1 - t ^  - 7ir-22 x 3exp(- f)exP t'f)eXp ( - U ^ B-l*6)2}

{$(-1;^' (~J! 7; % )+2<i(- ji j; ^ )}F(a,8/Yf6;tYt̂ )



B.8.3 2/d3ku  exp(ika w-k=l)/d3krsk=s d’k^ exp(-ik^ v - k^) 

6ik^s-k^n) * 2xr 3 “exp (- 4-) *8TT2exp(- j ~ )  * (- |> j-)

= 16 (r *" *") (it2) exp (- ■£— )exp(- ^— )$(- j }  j - )  .

B.8.4 /d3ka  exp(lka w-k2;)/d'k^ /d3kmn expt-ik^ v - Jc^)

6<krs-kL>
.  i/2 w z v2 3 3 v 2= (8n )it-' exp(- j-)exp(- —̂ ) $ (- -j; j; — ) •

Adding (B.8.2); (B.8.3) and (B.8.4) we get:

B.8.5 6it 3 (ir̂ '̂ ) exp (- ^— ) exp (- j-) {<) (-1 ;^;^— ) (- 

+  4$ (- j; j - )  } .

Substituting (B.8.5) into (B.8.1) and multiplying by (B.6.3), 
we obtain:

B.8.6 N P K V 1!' - T O T  ’" P I -  r-i'xpt- r'«xp(- I'tia-yj1'

%— )$(- J  )+$(- ■jJ'p* y-))F(a,8,Y,6; t Q-t ̂

where

B.8.7 F(a,B,y,6, V ^ )  - 2'V 1 S»Y 666 “ V  1( 6 o65

B.9 The NPT(t1-t1) - Term

The integrations in this part are oi: the type:

B.9.1 :d3klfexp(iku w-k2l)/d3krs/d3kmnexpi-ikmn y - k^)



.7.2 Zd’k. exp(lki!,w-k^Jl) = exp(-j-)j w -

B.7.3 /d5krs /dk^ expt-ik^ v - k^n}6(k^-k = n)

1 3. v
mn rs mn

4it* exp( - ̂ — ) $ (- 2' ■J*'

a z , a(a+1) z:and v - n.V ? 4 (a,b,z) is the function » (a,b,z) «l+g (k+i) Tf1"' 
The complete NPT(t^-t Q) -  term is obtained by using (B.7.1),
(B.7.2 ) , (B.7.3) and (B • 6 . 5 ) , giving:

B.7.4. NPT(co-to) . T3n-2° exp(-^-)exp(- ^-)

$(- I» i-)F(a,6,Y,6; V ^ i x  exp((- * >

where

B.7.4 F(a,B,Y,6, t ^ )  - 6g5 - 6 ^

B.8 The NFT(to-t1, - Term

This part has the form:

B.8.1 N P T t t ^ ,  - 2{2totl(2>xo)6aY 6g5 - t Qt x (l+xo) «a6 6^} 

/d»ku  exp(iJSiJlw-k^);dskrs /d'k^ exp(-ikmn y - k^)

NPT(t Q-t^) because of (k | v,+-2k̂ .s + kmn) can be treated as the 
sum of the following:

B.8.2 Zd’ku  k=t exp(iku w-k^)/G>krs /d3kmn exp(-ikmn y - k^)■mn
6 (k^.s -k^n) * "' 2e x p ( -  ^ -)  4> (-1  *47r cxp(-

■ 6ti 3 (it exp ( -  j —) e x p ( -  ^—) $ ( -1  ? y; ^—) $ ( -  ■yj -j; ^—)

•)



The ^-integration gives (See A.1)

B.6.3 /d'Ku  exp{iS u (£;6-£*6)- 

where

B.6.4 i': - - j I V E s 1' t ' U  * T'By-Bi) *

(B.6.3) can also be factored out as a common factor in the
Coo*- 

fiu)(2ir)s

B‘6'5 r :'(2~''~°9 eXp{'U & «6 ■ £*4) M  and Coo *

C* IT
NPT calculation and together with -----   it gives:

l2” ,3/2*=== ________     . .-3

since cQ - ir"3/4 and c ^  - coco - (it)- 3/2

We now have integrations over kit, krs and k ^  to carry out. 
We therefore treat the three (NPT)-terms separately.

B.7. NP(to-to) - Term 

It is of the form:

B.7.1 4{4t*(l+xo+x*)6aY 6g6 - t;(l+x0)*6u6 6^1

/d’kil « * P ( l W - k l & ) / d ' k r s  /dkmn e**{‘L*mn % ‘ kL }

From (A.1), we notice that the individual integrations give 
the following results:
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W as a function of R for R = R' and 9 ■ 0°and 30°

Fig. (6.3): Same as Fig. (6.1) but with K = 0, 6 = 30
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forward angles may,be due to absorption and/or 
refraction and the backward rise may be due to 
particle exchange and/or reflection.

Fig. (2.4)

Fig. (2.5)

Fig. (3.1)

s-wave phase shift caused by the Pauli principle 
in dineutron-dineutron scattering. The dashed 
curve refers to b=*b' =1 fm and the solid line 
to b=2b1=2 fm; near resonance the phase is dis­
played for various step lengths d in the numerical 
solution of eg.(2.3.8).

a - 16 0 phase shifts for even partial waves.
The upper part refers to b, ■ b ^  , the lower
one to b^ = b,, , the lower one to * b,, .a 160 a 160

Fermi spheres F, and F^ separated by the local 
momentum K per nucleon.

Fig. (4.1) : Fragments A and B as two Fermi spheres approa­
ching each other with relative initial momentum.

Fig. (4.2) ; and R describe the position of the oscillator
potentials of the clusters, which is the mean 
position of the fragments, R describes the mean 
separation between the fragments.

Fig. (6.1) : Solid line: The imaginary potential

W -  I (a,3|lm Gb,6><6 6g5-6a5 6 )
a .6 6
occ.

as a function of R for various values of 
R'(fm) and K - C, 6-0°. 

dashed line: W as a function of R 
for k = R' and 0 “ 0s.
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CAPTION'S

.1) : Instantaneous shell-model potentials for the
nucleonic movement in the 0  + 0 collision
(hu)go*13,22 Mev). The single particle levels 
correspond to a spin-orbit force strength 
parameter k-0,08 and are assigned with the 
quantum numbers Ni j, mir, K Regions of close lying 
levels are hatched.

.2) : Single particle levels for 0 - 16 0 with
hu)e*13,22 Mev and k»0,08 as a function of re­
lative distance for the "fast" and "slow" cases 
as (left and right, respectively). The levels 
are assigned w M mwfcers /v t j ,  >» T, f o r

shape of the ion-ion system is
shown on top of the figure.

.1) : Fragments A and B separated by the true separ­
ation 0.

.2) : i 'alitative behaviour of some heavy-ion poten­
tials for various energies. With increasing 
energy (from solid through dotted to dashed 
lines) the deep attractive potentials become

shallower while the repulsive core potentials 
are reduced.

.3) : Qualitative features of the exastic scattering
cross section o, divided by the Rutherford cross
section oR as a function of the C.M. scattering
angle. The drop of <VcF below the value 1 at
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Tables of Integral Trandforms, Vol. 1 (McGraw-Hill,
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