Convergence Results for Inertial
Regularized Bilevel Variational
Inequality Problems

by

Kalu Okam Okorie

Dissertation submitted in fulfilment of the requirements for the degree
of
Master of Science

The University of the Witwatersrand

UNIVERSITY OF THE
WITWATERSRAND,
JOHANNESBURG

School of Mathematics
The University of the Witwatersrand, Johannesburg, South Africa.

January, 2024.



Convergence Results for Inertial Regularized Bilevel Variational Inequality Problems

by

Kalu Okam Okorie

We, the candidate’s supervisors, have approved this dissertation for submission.

Supervisor: Dr Chibueze Christian Okeke

11



Abstract

In this dissertation, we introduce and study the inertial forward-reflected-backward method
for approximating a solution of bilevel variational inequality problems. Our proposed
method involves a single projection onto a feasible set, one functional evaluation and
adopts the inertial extrapolation term. These features make our algorithm cost-effective
and efficient, which is desirable when the cost operator and the feasible set have a com-
plex structure. We incorporate the regularization technique in our method and estab-
lish that the sequences generated by our method converge strongly to a solution of the
bilevel variational inequality problem studied in this work; furthermore, we modified our
method by replacing the stepsizes and projection onto a feasible set with a self-adaptive
non-monotonic stepsizes and projection onto a constructive halfspace, respectively. The
non-monotonic stepsizes ensure that our method performs without the previous detail of
the Lipschitz constant, and the projection onto a constructive halfspace is cheap since its
computation is through an explicit formula. These adjustments in our method ensure an
improved performance, cheap computation and easy implementation of our method. We
show the strong convergence result of the iterative sequences. Lastly, we give numerical
experiments comparing the performance of the proposed methods with existing methods.
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Chapter 1

Introduction

1.1 Background of study

The Bilevel Program (shortly, BP) is a mathematical program that has received extensive
attention in recent years. BP refers to hierarchical optimization problems consisting of two
constraints: the upper-level and the lower-level problem. Here, the graph of the solution
set mapping of the lower-level problem restricts the upper-level problem. Mathematically,
we express the problem as follows:

Search z* € ¥ C H that solves ULP,
where W is the solution set of the problem,
search z* € C' C H that solves LLP,

where ULP, LLP and C represent the upper-level problem, lower-level problem and a
nonempty closed convex subset of the (real) Hilbert space H, respectively.

The history of bilevel programming was first traced back to Von Stackelberg [%1]. He
discovered a hierarchical game of two players known as the Stackelberg game. However,
Bracken and McGill [16] were the first to formulate problems in bilevel programming.
Later, Candler and Norton [17] gave this area of mathematics its present name — “bilevel
programming.” Although bilevel programming started around the 1970s, it was not until
the early 1980s that its usefulness in modelling hierarchical decision processes and engi-
neering design problems led to an in-depth study of bilevel programs.

The applications of bilevel programming are diverse and extensive, it finds its use in trans-
portation (network design, optimal pricing), engineering (optimal chemical equilibria, op-
timal design), economics (Stackelberg games, principal-agent problem, taxation, policy
decisions), and management (network facility location, coordination of multi-divisional
firms), see [20, 29, Chapters 6 and 7] and [08, Chapter 6]. The flexibility of the bilevel
program makes it possible to obtain various models of inverse problems by choosing dif-
ferent inverse problems for the lower and upper levels problem, see [26, Sect. 7] . This
approach leads to the bilevel variational inequality problem (BVIP), which results from
choosing the lower and upper levels of problems in the BP as variational inequality prob-
lems.



Let C be a nonempty closed convex subset of H, where H is a (real) Hilbert space with
inner product (-,-). Let A: H — H and 7: H — H be two single-valued operators; the
Bilevel Variational Inequality Problem (BVIP) is as follows:

Search z* € VI(C,A) such that (Tz",2—2%) >0 Vze VI(C,A), (1.1.1)

where VI(C,.A) represents the solution set of the Variational Inequality Problem (shortly,
(VIP)) defined by:

Search z* € C' such that (Az*,y —2") >0 VyeC. (1.1.2)

Clearly, we see that from (1.1.1)-(1.1.2), BVIP incorporates VIP as constraints. Many
areas of mathematics such as mathematical programs with equilibrium constraints [63],

variational inequalities [25, 35, 58], bilevel minimization problems [$2], bilevel convex
programming models [95], minimum-norm problems with the solution set of variational
inequalities [106, 108], and bilevel linear programming [37] are different forms of BVIP.

Many practical applications of BVIP (1.1.1)-(1.1.2) have motivated and attracted the
attention of researchers who strive to construct fast and efficient algorithms for approxi-
mating the solutions of BVIP (1.1.1)-(1.1.2). As a result, many algorithms were introduced
(see [, 46, 73, 87, 91, 92, 93] and references therein). However, algorithms for approx-
imating the solution of BVIP (1.1.1)-(1.1.2) with one functional evaluation of A and a
single projection onto the feasible set are scarce.

It is clear that BVIP (1.1.1)-(1.1.2) is applicable in various fields; however, its imperfection
stems from the fact that, sometimes, it can be ill-posed. Ill-posed BVIPs are sensitive to
perturbations, leading to difficulty in approximating a reliable and stable solution. Several
methods for solving such problems are available in the literature. Some of these methods
are as follows: regularization methods, numerical algorithms, hybrid approaches, meta-
heuristic algorithms, problem reformulation, etc. The regularization method is considered
a helpful technique for solving ill-posed problems. Recently, this technique has found ap-
plication in approximating solutions of monotone VIPs [2]. The regularization technique
works by adding to the monotone operator of the original VIP a strongly monotone op-
erator depending on a regularization parameter to obtain a new strongly monotone VIP.
The resulting regularized problem becomes relatively easy to solve, and its solution relies
on the regularization parameter. The resulting solutions can converge asymptotically or
finitely to some solution of the original VIP as the regularization parameter tends to an
appropriate limit. However, it is evident in [09] that the Tikhonov regularization technique
(27, 28, 69] approximates solutions that are far away from the optimal solution.

In this dissertation, we adopt the hybrid approach— a combination of a projection-type
algorithm and a regularization technique. These iterative regularization-projection al-
gorithms feature a single projection onto a feasible set or halfspace and one functional
evaluation and obtain the approximate solution of BVIP (1.1.1)-(1.1.2) even when it is
ill-posed.



1.2 Research motivation

Malitsky and Tam [67] introduced and studied the forward-reflected-backward splitting
method for finding a zero of the sum of two monotone operators. Unique features of this
method are its simple and elegant structure and the ability to execute a single projection
onto a feasible set and one functional evaluation of A; however, the iterative sequences
generated by the algorithm in [(7] converge weakly to the solution of the monotone inclu-
sion problem studied in [67]. The authors also showed in [67] that the projected reflected
gradient method [05] for VIs is a specific case of their proposed method. Furthermore,
the authors proposed a variant of their proposed algorithm; however, this method uses a
line search approach. Line-search procedures involve additional computations and can be
time-consuming and expensive.

Recently, Izuchukwu et al.[50] incorporated inertial term and anchor term and replaced
the line search criterion in [67, Algorithm 3.1.] with a self-adaptive non-monotonic step-
size and obtain the strong convergence of their algorithm used in finding a zero of the
sum of two monotone mappings in a (real) Hilbert space H; we remark that the inertial
term and the self-adaptive non-monotonic stepsize in [50, Algorithm 3.2.] accelerates the
speed of convergence and improves the performance of this method, respectively. Also,
very recently, Taiwo and Reich [86] modified [67, Algorithm 3.1.] by adding a regular-
ization term, which ensures the strong convergence of their method used in the analysis
for a common solution of monotone inclusion and variational inequality problems. These
versions of [67, Algorithm 3.1.] can be used in the convergence analysis of VIPs when the
backward operator is a normal cone to C. (see [67] and [65]).

Recently, Heiu and Moudafi [10] introduced a regularization projection method for solv-
ing BVIP (1.1.1)-(1.1.2). Also, Ogbuisi et al. [73] proposed a relaxed single projection
method for solving BVIP (1.1.1)-(1.1.2). These methods are motivated by the modified
subgradient extragradient and Tseng’s extragradient methods, respectively, and they em-
ploy self-adaptive monotonic stepsizes. Since these stepsizes do not increase, it affects
the performance of these algorithms. Many algorithms for solving BVIP (1.1.1)-(1.1.2)
have been proposed motivated by different methods for solving VIPs; however, they either
feature two functional evaluations of A or multiple projections, which affects the compu-
tational performance of these algorithms. To our knowledge, BVIP (1.1.1)-(1.1.2) has not
been solved by a method inspired by the forward-reflected-backward method.

Motivated and inspired by the proliferation of studies towards this direction, we pro-
pose and study the iterative regularization-projection algorithms for solving BVIP (1.1.1)-
(1.1.2), and these methods are motivated by the forward-reflected-backward method, the
inertial method and the regularization technique. Our algorithms take advantage of the
fine features of the methods in [16, 50, 65, 67, 73, &6].



1.3 Statement of problem

In this dissertation, we introduce and study two new methods for approximating a solution
of BVIP (1.1.1)-(1.1.2) where A is monotone and Lipschitz continuous, 7T is strongly
monotone and Lipschitz continuous and VI(C,.A) is nonempty. We study these methods
in this order:

Algorithm 1.3.1. Inertial reqularised forward-reflected-backward method with con-
stant inertial parameter

Step 0: ¥ € [0,1), € € (O, %1), and choose sequence {o,} in (0,1). For arbitrary xq,
€ H. Setn:=1.

Step 1: Compute
L4+l = Pc(mn - 5n~'4xn - kn - 5n0nTxn) Vn > 1,

where

my, = T, + T, — Tp_q)
kn == 5n—1(1 - ’Yé‘nan)(A-rn - Axn—l)

and

2La
Step 2: Setn:=n-+1 and go to Step 1.

1-2 1
0 € {w,min{ “ —H for some w > 0.

Variable inertial parameter version

Algorithm 1.3.2. Inertial reqularised forward-reflected-backward method with vari-
able inertial parameter

Step 0: ¢ € (0, %), and choose sequence {o,} in (0,1). For arbitrary xy, x1 € H. Set

n:=1.

Step 1: Compute
Tn+1 = Pc(mn - 5n~'4xn - kn - 5n0nTxn) Vn > 17

where

My, = Tp + ﬁn(xn - mn—l)
k:n = 5n—1(1 - ’yénan)(Azn - Axn—l)

and

1—-2w 1
0, € |, min w) — for some w > 0.
2LA Y



Step 2: Setn:=n+1 and go to Step 1.

2. We obtained our second method by replacing the stepsizes and projection onto a fea-
sible set in Algorithm 1.3.2 by a self-adaptive non-monotonic stepsizes and projection
onto a constructive halfspace, respectively.

Remark 1.3.3. Our method involves a single projection onto a feasible set, one functional
evaluation of A and adopts an inertial extrapolation term. These features ensure a high
computational performance and outperform most algorithms in the literature. Moreover,
we adjusted Algorithm 1.3.2 by replacing the stepsizes and projection onto a feasible set
by a self-adaptive non-monotonic stepsize and projection onto a constructive halfspace,
respectively. These adjustments further improve its performance and ensure a cheap and
easy computation and, thus, more implementable and more efficient than existing ones in
the literature.

1.4 Objectives
The central objectives of this study are to:

(i) survey some fundamental results on BVIPs and VIPs in real Hilbert space,

(ii) propose and analyse methods for approximating a solution of BVIP (1.1.1)-(1.1.2),
)
)

(iii) prove the strong convergence of the iterative sequences generated by our methods,

illustrate, through numerical experiments, the performance of the proposed methods
with other existing methods.

(iv

The remainder of this dissertation is in this order: Chapter Two captures the basic defi-
nitions, fundamental lemmas, concepts, and propositions instrumental in establishing our
main results. We presented a detailed review of VIPs and BVIPs. Furthermore, we give
significant examples to serve as a support for proper understanding of these ideas. In
Chapter Three, we propose and study the regularized forward-reflected-backward method
for solving BVIP (1.1.1)-(1.1.2). We show how to integrate the regularization term in
the forward-reflected-backward method and establish the strong convergence result of the
sequences iteratively generated by our method under moderate conditions. This chap-
ter also includes the performance of our algorithms through numerical experiments. In
Chapter Four, we modified the regularised forward-reflected-backward method for solving
BVIP (1.1.1)-(1.1.2) presented in Chapter Three. This modification results from replac-
ing the stepsizes and single projection onto a feasible set by self-adaptive non-monotonic
stepsizes and a single projection onto a constructive halfspace, respectively. We show that
the sequences generated by this algorithm converge strongly. Again, the performance of
the obtained algorithm in comparison with other algorithms was illustrated through nu-
merical experiments. Chapter Five captures our conclusion. Moreover, we highlight the
contributions of our study to existing knowledge and suggest possible future research.



Chapter 2

Literature Review

In this chapter, we review some fundamental concepts that are relevant to this work. Also,
we give basic definitions and propositions that are instrumental and serve as a bedrock in
achieving our results.

2.1 Hilbert spaces

Hilbert spaces are Banach spaces with a norm derived from inner product. They have
an extra feature which makes them unique from other Banach spaces. The introduction
of Hilbert spaces is in connection to David Hilbert and Erhard Schmidt [81] during their
thorough study of integral equations (between 1862 and 1943). However, John von Neu-
mann gave it the name—Hilbert space. Their study revealed that two square-integrable
real-valued functions A and 7 on an interval [a, b] have an inner product.

b
(A, T) :/ A(2)T (z)dx

which shares similar properties of the Euclidean dot product. In fact, Hilbert spaces are
the closest generalization of the Euclidean spaces to infinite dimensional spaces. Hilbert
spaces are indispensable tools in quantum mechanics, probability theory, fluid mechanics,
Fourier analysis (these include applications to signal processing and heat transfer), PDEs,
etc. In this dissertation, we explore the fine properties of Hilbert spaces as a support in
establishing our main results.

Definition 2.1.1. An inner product on H, where H denotes a nonempty set, is a function
(-,) defined on H x H with values in K = R or C such that the following conditions are
satisfied:

L. {aqi +bgs, 7) = a{q1, 7) + b{q2, 7)Y NV q1, o, 7 € Handa, b € K;

I. (g, ) =(r,q)  (the bar represents the complex conjugate);

I3. (¢, ) > 0 and(q, q) =0 <= q=0.

6



Remark 2.1.2. (H, (-,-)) is called a complex inner product space. We give the following
observation:

(i) combining I, and I, we have )
(g, cry+dra) = (cr1 +dray,q) = c{r1,q) + d(r2,q) = &lq, m) + d{q, r2);

(i1) by induction, I; and I, we obtain the generalization formula:
<Zai%’7 Zbﬂ“j> = ZZ“E (gis )
A J i J

(1)) I, = (0, 0) = (0r, 0) = O(r, 0) = 0.
Hence, I, I, I3 are equivalent to I, I, and if I3 is replaced by ]é (where ]é 15 I3
but with ¢ # 0) then {(q, q) is positive. A function satisfying I, I, ]:; s a complex
inner product on H.

Remark 2.1.3. If (r, ¢) = (r,q), then (H, {-,-)) is called a real inner product space. We
give the following observation:

1) combining Iy and I, we have
b I d I h
(g, cri +dry) = {cri +dra, q) = c(r1, q) + d(r2, @) = (g, 1) + d{q, r2);

(i1) by induction, I; and I, we obtain the generalization formula:
<Z@iQi7 Zbﬂj> = ZZaibj (gis3);
A J i g

(11i) for real inner product space, a similar property as Remark 2.1.2(1ii) is obtainable.

Remark 2.1.4. A direct consequence of I3 is that the square root of (q, q) exists since (q,
q) is nonnegative. We denote it as

lqll = v/ (g, q)-

llg|l is called the norm or length of q.

Definition 2.1.5. An inner product space denoted as (H, (-,-)) is called complete if every
Cauchy sequence in H converges to a point in H. A Hilbert space is a complete inner
product space.

Proposition 2.1.6. (Cauchy Schwartz inequality) Let an inner product space be denoted
as (H, (-,-)). Forq, r € H

g, m)* < (g, q)(r,r) o Ka.r)] < llallli7l

Remark 2.1.7. For ¢ # 0, r# 0, (¢, 7) = |lq|ll7]| < q¢=pBr or r =p[Sq for some
B e Ry.



2.1.1 Examples of Hilbert spaces

(i) Let H = R™ be a space endowed with the inner product defined by

(g.r)=qri+qri+- -+ qurn = qu

where
q:(q17QZ>"'aQn) and r:(rl,rg,-~-,rn) are in  R",

then (H, (-)) is a (real) Hilbert space.

(i) The spaces W*2(Q2) or H*(Q) (Sobolev spaces) are Hilbert spaces with inner product
(AT) = /A dq+/DA DT {q)dg + - /DA DT (q)dg

where s is a non-negative integer, ! C R", and A and T are L*(Q) functions whose
weak derivatives of order up to s are also L*(€2). The dot indicates the dot product
in the Euclidean space of partial derivatives of each order.

(iii) The space CJa, b] of all complex-valued continuous function on a closed interval with
inner product
b
AT = [ AT s

where A, T: [a, b] — C are continuous is not a Hilbert space; consider for example, for
the interval [-1, 1] the sequence of continuous “step” functions, {A,, }., defined by

0 q € [_170]7
An(q) =<1 qe[£,1],
mq qe(0,%).

This sequence is a Cauchy sequence for the norm induced by the preceeding inner product
which does not converge to a continuous function. However, the completion of Cla, b]
with respect to the associated norm

i - [ 1aweas)

is a Hilbert space and it is denoted by L?([a, b]).

Remark 2.1.8. The spaces LP([a,b]) are Banach spaces but they are not Hilbert spaces
when p # 2.



2.1.2 Geometric properties of Hilbert spaces

Hilbert spaces have one of the finest geometric structures. As a result, it makes most
problems posed in this space more manageable compared to other Banach spaces [21].
The availability of the inner product, the fact that the proximity map defined on a (real)
Hilbert space H onto a closed convex subset C of H is Lipschitzian with constant one, and
some exciting equalities and inequalities defined on H play a crucial role in the development
of our main results. In what follows, we state some of these relations.

llg + 7lI* = llgl* + 2(g,7) + [IrI” (2.1.1)
and
18g+ (1= B)rll* = Bllal* + (1 = B)lIr||* = B(L = B)llg — | (2.1.2)
which hold for all ¢, » € H and 8 € (0,1). We remark that (2.1.1) can be written as
2(qr)y = lall* + Irl* = llg + rlI* = llg + 7[I* = llgl|* = lIr* ¥ q,reH (2.1.3)
and
2llqll* + 207117 = llg+ >+ llg — [, (2.1.4)

where (2.1.4) is the well-known parallelogram identity.

2.1.3 Basic Identities and Inequalities in Hilbert spaces

Lemma 2.1.9 ([15]). Let g, v, and s be in real Hilbert space H. Then we have the following:

(i)
llg £ 7]1* = llal* £ 2(g,r) + [Ir||* (2.1.5)

(i)
20lql* +2lrl* = llg + 1> + llg = 1%, (2.1.6)

(iii)
Alg,r) = llg+r)* = llg +r|? (2.1.7)

(iv)

q+r 2
||€I—7“||2:2||s—€I||2+2||s—7“||2—4“5—( 5 )H (2.1.8)
(v) 2 2
la+rl” <llall” +2(r,q +r) (2.1.9)
Proof. (i)

lg£r|* = {(gxr.g£r)

(q,q) £2(q,r) + (r,7)
lall* & 2(q.r) + [|r]|*. (2.1.10)

9



(ii) From (2.1.5), we have

lg +7[1* = llalf* + 2{q,r) + |Ir|* (2.1.11)

and
llg =7l = llgll* = 2(g,r) + [I7[|? (2.1.12)
addition of (2.1.11) and (2.1.12) gives (2.1.6).

(iii) Subtraction of (2.1.12) from (2.1.11) gives (2.1.7).

(iv) Applying (2.1. 6) to these points *5% and *5*, we have

8—7“2 5s—q s—rl? 5—q s—rl
H 2 “ T2 T T T 2
2
g+r
— 4 s—< )| = 2l zps - P - g
(v)
lg+rl* = (¢+rq+r)
= (q,9) +2{(q,7) + (r,7)
< {a.q@) +2(q, )+ {r,r) + (r,7)

lgl* +2(r,q + 7).

O
Lemma 2.1.10. Let g, r € H and § € [0, 1], we have
18g + (1= B)r[I* = Bllall* + (1 = B)|IrI* = B(L = B)llg — ||*
Proof.
18q + (1= B)rl* = (Bg+ (1= B)r,Bq+ (1~ B)r)
= [%q,q) + B(L = B){g,7) + B(1 = B)(r,q) + (1 = B)*(r,7)
= B%q,q) +26(1 = B){(g,r) + (1 — B)*(r,r) (2.1.13)
applying (2.1.11) to (2.1.13) gives
1Bg + (1 = B)rl* = Bllall* + (1 = B)|I7[I* = B(L = B)llg —|*.
]

Lemma 2.1.11 ([57]). For s, t, q, r € H, we have
20s—t,q—r) = ls—rl*+lt—all* = lls —qll* — It —r[*
We also have
Is—t+q—rl* = lls=tl*+llg—rlI*+2(s —t,q—7)
= s —tl* +llg = rlI* + s = rlI* + It = glI* = lIs — qll* = £ = r[|*.

10



2.1.4 Some nonlinear single-valued mappings in Hilbert spaces

Definition 2.1.12. An operator A : H — H is called

o L 4-Lipschitzian if there exists L4 > 0 such that
|At — Aql| < Lallt — qll Vt,q € H;

if Ly =1, then A is said to be nonexpansive while A is referred to as a contraction

if Ly € (0, 1),
e 7-strongly monotone, if there exists v > 0 such that

(At — Aq,t —q) > 7|t — q||* Vt,q € H;

o v-inverse strongly monotone (vy-cocoercive), if there exists v > 0 such that
(At — Aq,t — q) > || At — Aq||* Vt,q € H;
if v =1, then A is firmly nonexpansive,
e monotone, if

e pseudomonotone, if

(At,q—1t) >0 = (Aq,q—1t) >0Vt ,q € H;

o strictly pseudomonotone, if

(At,q—1t) >0 = (Aq,q—1t) >0Vt q € H;

e quasimonotone, if

(At,q—t) >0 = (Ag,q—1t) >0 Vg, t € H;

e strictly quasimonotone, if it is monotone and for all t, ¢ € H, t # q, there exists
some r € (t, q) such that

Remark 2.1.13. We observe that the following implications are true:

e Strongly monotone operator =—> monotone operator = strictly pseudomonotone
operator =—> pseudomonotone operator =—> quasimonotone operator,

e strictly pseudomonotone operator = strictly quasimonotone operator —> quasi-
monotone operator.
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We note that the converse of these implications may not be true, see the following examples:

Example 2.1.14. Let H = R be a Hilbert space with the usual metric and A:(-00, 1] —
R be defined by

-1 g€ (—00,0)U(0,1),

A is a quasimonotone operator but not a pseudomonotone operator.

Example 2.1.15 ([01]). Let H = R be a Hilbert space with the usual metric and A:(0,
o) — (0, o) be defined by

A@%=——E7q€(Qw)

A is a pseudomonotone operator but it is not a monotone operator.

Remark 2.1.16. (i) It is well-known that any operator that is y-inverse strongly mono-
tone is monotone and %—Lipschitz continuous.

2

(ii) Any operator that is L 4-Lipschitz continuous is I

ator.

1mverse strongly monotone oper-

(iii) If A is y-strongly monotone and L 4-Lipschitz continuous, then A is v/L? -inverse
strongly monotone.

2.1.5 The metric projection on Hilbert spaces

Definition 2.1.17. The operator Po : H — C' called the metric projection (or nearest
point mapping) onto C where C' is a nonempty, closed and convex subset of H, is a mapping
which assigns to each r € H the unique point Por in C such that

|Ir = Per|] = nf{|lr —ql| - g€ C}.
Example 2.1.18 ([10]). Let g € H, let a; and ay € R and set
C={reH:a <(rq <a}
where ¢ # 0 and ay < ay then

P By if (g < o

gl
PCT = r, Zf aj S <T7 Q> S ag; )
r+ a2”;<‘r;’q>q, if (r,q) > as, VreH,

1s the metric projection onto C.
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Example 2.1.19 ([15]). Let q be a nonzero vector in H and a; € H, set C = {r € H :
(r.q) = a1}, then

a; — <Ta Q>

PcT =r+ ——ps—
I

q VreH,

s the metric projection onto C.

Example 2.1.20 ([15]). Let q be a nonzero vector in H and a1 € H, set C = {r € H :
<T7 Q> < a1}7 then

0«1|E1<H7"2,q> q, Zf <T’ q> > ay,

PCT _ {T7 Zf <T7 q> S ay,
T+

s the metric projection onto C.
Remark 2.1.21. Observe that Example 2.1.19 is a special case of Fxample 2.1.20.

Proposition 2.1.22 ([11]). Let r € H, then
(r — Por,t — Por) <0, Vte C (2.1.14)

1s the characterization of the metric projection Pg.
The following results are consequences of Proposition 2.1.1/:

(i) The metric projection is firmly nonexpansive, that is

||Por — Pot||* < (r —t, Por — Pct) Vr,t € H, (2.1.15)

(i)
llr — Per|> < ||r —t||* = ||t — Per||> ¥Yr € H andt € C, (2.1.16)

(iii)
|Por — Pot]| < ||r —t||  Vr,te H. (2.1.17)

2.2 Variational inequality problems

VIP (1.1.2) serves as a mathematical model which unifies several problems in science and
engineering. It is evident from [11] that many problems can be converted to VIP (1.1.2),
for example, problems arising from economics, mathematical programming, engineering
mechanics, transportation, and other sciences. Stampacchia [55] (and also Fichera [33])
introduced the idea of VIP as an efficient way of modelling non-stationary problems emerg-
ing from structural analysis, pure and applied sciences, and other areas (for details, see
[8, 18, 72] and references therein). Due to its vast applicability to other fields, VIP (1.1.2)
has drawn the attention of many scholars. At this point, we give some examples of VIP
and suggest two monographic books [31, 50] for broader familiarity with this subject.
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2.2.1 Examples of variational inequality problems

Example 2.2.1. Consider a beam of length | with firmly fizved edges. Let M(x) and E,,(x)
represent the moment of inertia of a section and an elastic modulus, respectively, and
P(z) = E,(x)M(z), x € [0, l]. Suppose the azis OX is along the beam’s azis, and OY
is up through the beam’s left end. The beam bends as a result of the force produced by
the fixed rigid body pressing down on it, with a smooth contact surface represented by the
equation y = n(x); points lying beyond this surface satisfy the inequality y < n(x). The
equilibrium state of the beam of this contact problem of deformable bodies with an ideally
smooth boundary is modelled by a differential equation as follows:

a {p(m)d%(f")} — (2.2.1)

dz? dx?

where r(x) and b(z) are rigid body reaction and beam deformation, respectively, with the
boundary conditions

b(0) = b(l) = b'(0) = b (1) = 0. (2.2.2)

Also, we have the following:

the one sided-restriction

b(x) < n(x) (2:23)
which characterize the non-penetration of beam points into the rigid body;

the condition

r(z) >0 (2.2.4)

determining the direction of the rigid body reaction;

the equation
(b(z) —n(z))r(x) =0, =€ (0,1), (2.2.5)
which implies that either (2.2.3) or (2.2.4) turns into a strict equality at any point z € (0,

).

Introduce the space

V=1{0:9=19(),zc[0,],9 € W2[0,1],9(0) = 9(1) = 9 (0) = ¥ (I) = 0}

o= ([ w”(:cwdx)% |

Next, we assume that any solution b(z) of the given problem has derivatives up to the
fourth order. By (2.2.1)

and define

14



/Ol d_2 {P(m)de@)} V(r)dr = — /Olr(w)ﬂ(x)dx VvoeV, beV. (2.2.6)

dz?

That the obtained equality is equivalent to (2.2.1) results from the basic lemma of the
calculus of variations [7/, Lemma 1, p.9]. Apply twice the formula of integration by parts
to the left-hand side of (2.2.6). Taking into account the boundary conditions (2.2.2) we
deduce

(x)dx = — /Olr(x)ﬁ(m)dm VoeV, beV. (2.2.7)

The function b(x) satisfying (2.2.7) is called a weak solution of the problem (2.2.1)-(2.2.5).
Suppose that in (2.2.7) ¥(x) = 7(x) — b(x), where 7 € V, and analyze the sign of the
function

S(x) = r(z)(r(z) = b(x)).

If there is no contact between the beam and rigid body at a point z € (0, 1), then r(z)=
0 and S(x) = 0. If there is contact at that point then we assert that T(x) < b(z) and,

hence, S(x) < 0. Consequently, solution b(x) of the problem (2.2.1)-(2.2.5) satisfies the
variational inequality

/l P(x)b (z)(7 (x) = b (x))dz >0 Y9 € Q, b e Q. (2.2.8)

where
Q={9:9=9(x) € V,9(z) <n(zx) for almost all x € [0,1]}

1s a convex closed subset in V.

Let b(x) now be a solution of (2.2.8). If there is no contact between the beam and rigid
body at a point x € (0, 1), then difference T(x) — b(x) may take both positive and negative
values. Integrating the left-hand side of (2.2.8) by parts twice and taking into account
again the boundary conditions (2.2.2), we come to the inequality

/Ol & {P(m)dzb(z)} (1(z) = b(x))dx >0 YT € Q, be. (2.2.9)

dx? dax?

Then by repeating the reasoning of the proof of the basic lemma of the calculus of variations,

we establish that
d? d*b(x)
- lP(x) } =0. (2.2.10)

Let x € (0, 1) be a contact point of the beam and rigid body. Then 7(x) —b(z) < 0. Using
(2.2.9) and the proof by contradiction, we deduce the inequality

il {p(x)d%(m)] = —r(z) 0. (2.2.11)

dax? da?
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By virtue of (2.2.10) and (2.2.11), b(z) satisfies the equation (2.2.1) with condition (2.2.4).
Thus, the equivalence of the problem (2.2.1)-(2.2.5) and variational inequality (2.2.8) has
been established.

We introduce the operator A : 'V — V* by the equality
l
(Ab,9) = / P(x)b (z)9" (x)dzx V9,be V. (2.2.12)
0

One can confirm that A is a continuous, monotone, linear and potential map [32, 60, 70].
Using the natural assumption: There exists a constant K > 0 such that

|P(z)| < K Vz €[0,l].

The boundedness of A has been established. (2.2.8) can be rewritten, by the definition of
A, as follows:

(Ab,7—b) >0 VT €Q, beQ ( seel)).

Example 2.2.2. Let the operator A and the feasible set C be given as follows:

3t1—§+3t2—2

B 3ty + 3ty
Alt) At + 4ty and
Aty + 4ty — - — 3
C={teR" |ty +ta=1, t3+1t, >0, r <t < q}, where ¢ = (10,10,10,10)" and
r = (0.1,0,0,1)T. Then the nonlinear VIP above has a unique solution t* = (1,0,0,1)T

Several authors have been motivated by the vast application of VIP (1.1.2) to obtain not
only theoretical results on the existence and the stability of solutions of the VIP (1.1.2)
but also to construct efficient algorithms for approzimating the solution of this problem.
As a result, many methods for the solution of VIP (1.1.2) have been proposed, such as the
projection-type methods and reqularization methods. Following that, we review some of the
previous works in these areas:

2.2.2 Projection-type methods

VIP (1.1.2) corresponds to the fixed point problem of searching for a point
x* € C such that x* = Po(a" — §Ax™), (2.2.13)

where § > 0 and Pc is the metric projection from H onto C. Recently, some authors have
introduced and examined ways to solve the VIP (1.1.2) through this approach. Gradient
Projection Method (GPM) is the easiest and oldest algorithm for solving VIP (1.1.2), and
it reads:

Tpi1 = Po(x, —0Ax,), Vn>1. (2.2.14)
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This method involves only one functional evaluation of A and a single projection of el-
ements of H onto set C. The sequence generated by (2.2.14) is convergent to elements
of VI(C,A) when A is L 4-Lipschitz continuous, 7y-strongly monotone and § € (0, 2—1)
As noted in []2], relaxation of the strong monotonicity assumption to monotonicity may
cause the sequences generated by (2.2.14) to diverge. Korpelevich in [59] introduced the
extragradient method (EGM) in his attempt to address this shortcoming. The algorithm
reads:

Yn = Po(x, —0Ax,),  2py1 = Po(x, — 0Ay,), Vn>1. (2.2.15)

The algorithm is convergent to elements of VI(C, A) when A is monotone and L 4-Lipschitz
continuous, § € (0, =), and L4 > 0 provided that VI(C,A) is nonempty. The relazation to

" La
the monotonicity assumption was a remarkable improvement and has attracted the atten-
tion of researchers who improved it in many ways (see [22, 19, 55, 83]). EGM is deficient

since it requires the computation of two functional evaluations of A and two projections
onto feasible set C' per iteration. As a result, it is costly when the mapping A and feasible
set C' have a complex feature. Popov’s method [75] partly addressed this challenge. His
modification of (2.2.15) results in a single evaluation of A under a similar assumption.
Popov’s method is as follows:

{xn—i-l — PC(xn - 5~Ayn>7

2.2.16
Ynt1 = PC(xn—i—l - 5Ayn)a n=>1, ( )

where A is L 4-Lipschitz continuous and monotone, § € (0, ﬁ), and L4 > 0. We note that
the first method to overcomes the challenge of double projection onto C is the projection
and contraction method introduce by He [/2]. We state the algorithm as follows:

Yn = PC(xn - 5»’43771)7
d(mna yn) = (xn - yn) - ﬁY(A'xn - Ayn)a
Tpt+1 = Tp — aﬁnd<xn; yn)Ayn); n > 17

where a € (0,2) where (3, = W’

(2.2.17)

1

where A is L 5-Lipschitz continuous and monotone, v € (0, E) and L4 > 0. Clearly, this

method involves only a single projection but feaures double evalutions of A. The subgradient
extragradient method (SEGM) [19] and the forward-backward-forward method (FBFM) [90]
were also proposed to address the shortcomings of (2.2.15). SEGM is as follows:

Yn = Po(x, — 0Ax,),
T, ={we H: (x, —0Ax, — Yp,w — y,) < 0}, (2.2.18)

Tnr1 = Pr, (x, — 0 Ay,), n>1,
where A is L 4-Lipschitz continuous and monotone, 6 € (0, ﬁ), and Ly > 0. SEGM is
more beneficial over EGM because the second projection onto the closed convex set C' in
EGM was replaced by a constructive half-space, T,,, and requires an explicit formula to
compute this projection. However, it features two functional evaluations of A and provides
weak convergence in this setting. In the same vein, FBFM is the following algorithm:

{yn - PC(ITL - 6Axn)

(2.2.19)
Tn+l = Yn T 5<.A$n - Ayn)7 n=>1,
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where A is L 4-Lipschitz continuous and monotone, ¢ € (0, ﬁ), and L > 0. It is clear
that algorithm (2.2.19) features two evaluations of A and one projection onto feasible set
C in each step.

Motivated by the works of Popov [75] and Censor et al. [19], Malitsky and Semenov [00]
proposed the following algorithm:

T, :={we€ H:{(x, —0AY_1 — Yn,w — yp) < 0},
Tnss = Pr (20 — 0 Ays), (2.2.20)
Yn+1 = PC(l'n.H — 5Ayn), n Z 1,

where A is La-Lipschitz continuous and monotone, 6 € (0, ﬁ), and Ly > 0. We ob-
serve that (2.2.20) involves only a single projection onto C (similar to (2.2.14), (2.2.18),
(2.2.19)) and a single functional evaluation of A per iteration. The latter makes method
(2.2.20) very impressive where computations of operator A are costly. A practical example
of such a situation is in a huge-scale VIP or a VIP that arises from optimal control.

Very recently, Malitsky [05] proposed the Projected reflected gradient method:

Tpy1 = Po(x, — 0A(2z, — xp-1)), (2.2.21)

where A is L a-Lipschitz continuous and monotone, § € (0, ‘/2;1), and Ly > 0. We note
that Algorithm (2.2.21) is similar to (2.2.14); however, it computes the value of a gradient

at the point that is a reflection of x,_1 in x,.

Also, Malitsky and Tam [07] proposed the following forward-reflected-backward splitting
method:
Tpr1 = Jss(xy — 20 Az, + 0 AT, 1), (2.2.22)

where A is single-valued, monotone and L 4-Lipschitz continuous, § € (0, ﬁ), Lg>0
and Jss is the resolvent of S where S is a set-valued mapping and also monotone. We

note that if S = N¢ is the normal cone to set C, (2.2.22) becomes
Tpt1 = Po(x, — 0 Az, — 6(Az, — Ax,_q)). (2.2.23)

The algorithm in (2.2.23) has a lot of benefits over algorithms (2.2.14)-(2.2.19) by virtue
that it requires to computes only a single projection of elements of H onto the feasible set
C and one evaluation of A per step. We remark that algorithms (2.2.20), (2.2.21) and
(2.2.23) have the same computational complezity for each iteration; moreover, algorithms
(2.2.21) and (2.2.23) have a more simple and elegant structure. These algorithms have
drawn the attention of some researchers who have extended and modified it to get strong
and weak convergence.

2.2.3 Regularization methods
The advancement in science and technology of the last decades ushered in practical prob-

lems which are ill-posed by their nature. Finding the solution to such problems turns out
essential; therefore, developing techniques for that purpose evolved into an active area of
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research in the intersection of theoretical mathematics with the applied sciences. Address-
ing the challenges in solving these ill-posed problems, A. N. Tikhonov [0/] initiated the
reqularization technique. As a motivation for reqularization theory and, in particular, for
convergence theory, however, the difficulty in obtaining a stable solution for ill-posed prob-
lems seems to be the most central issue. It was evident that to have any chance of computing
a meaningful solution, the problem needs to be approximated by well-posed ones, usually
a family parametrized by the reqularization parameter. This idea birthed the regulariza-
tion method. The reqularization technique is a helpful way of solving ill-posed problems in
conver optimization. Recently, several authors have applied this method in approximating
the solution of monotone VIPs (see [2]). The regularization technique works by adding to
the monotone operator of the original VIP a strongly monotone operator depending on a
reqularization parameter to obtain a new strongly monotone VIP

find x* € C  such that (Az" + 0Pz, x —2") >0 Vze(, (2.2.24)

where ® and o are the operator and reqularization parameter, respectively. We note that
®z* can be taken as ®x* := Taz* (upper-level operator) or ®x* = ||z*||* (see [27,

, 90, 09]).  Under suitable assumptions, this perturbation then forces the lower-level
problem to approximately generate a unique optimal solution as o tends to the appropriate
limit. Thas result enables the Tikhonov reqularization technique to approximate the solution
of bilevel monotone variational inequalities. The reqularized subproblem has more useful
properties than the original problem; however, getting a reqularization solution for each
parameter requires an additional iterative procedure. This technique can be time-consuming
and computationally expensive, and thus, it may affect the performance of this method.
Again, It is evident in [09], and to some extent in the other related references, that (2.2.24)
often leads to solutions that are far away from a real optimal solution. To address this
problem, several authors have combined the reqularization technique and the projection-
type methods since the projection methods are valuable in approximating the solution of
VIPs. This approach is known as the iterative reqularization—projection method.

Recently, Hieu et al. [/7] proposed an iterative regularization—projection method for ap-
proximating a solution for a monotone VIP (1.1.2) and proved the strong convergence of
this method. Their method is a combination of Tseng’s extragradient method and reqular-
ization technique. Their method is as follows: Choose the sequences {\,} and {a,} with
the following properties:

1 . = . Qp — Opy1
(C0) A € [a,b] (o, L_) (O Jimen =0, (0) Yau = o0, (03 im e

n—oo
n

Algorithm 2.2.3. Initialization: Choose ug € H, two numbers \g € (0, +0), p € (0,
+00) and the sequences Ao > 0, u € (0, 1).
Iterative Steps:

Step 1: Compute: v, = Po(u, — )\n.AaTnun),

Step 2: Compute: uniq1 = vy, + Ay (Au, — Avy,).
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Step 3: Update: \: if \,||Av, — Auy,|| < pllv, — uy| then Ay = Ay,
otherwise, set

Ay = NHUn—UnH
T Av, — Aug ||

Very recently, some authors have proposed iterative regqularization-projection methods for
approzimating a solution for BVIP (1.1.1)-(1.1.2); for example, Hieu and Moudafi []0]
introduced an algorithm based on iterative reqularization-projection method. Their method
combines the modified subgradient extragradient method and a reqularization technique and
establishes its strong convergence. Also, Ogbuisi et al. [77] proposed a relaxed single pro-
jection method and proved its strong convergence result. Their iterative algorithm combines
Tseng’s extragradient method and regularization technique.

2.3 Bilevel Variational Inequality Problems

Bilevel variational inequality problems (BVIPs) are bilevel programs with variational in-
equality problems in the upper-level and lower-level constraints. They are unique classes
of quasi-variational inequalities (see [7, 12, 71, 1) and of equilibrium with equilibrium
constraints (see [70]). BVIP can be well-posed or ill-posed; well-posed BVIPs give advan-
tages to the upper-level player (leader); however, this type of BVIP does not often model
real-life problems where the reaction of the lower-level player (follower) reflects their most
profitable interest, whether it aligns with the interest of the leader or not. Moreover, if the
lower-level player chooses options in favour of the leader, the model results in optimistic
BVIPs. Otherwise, the resulting model is called the pessimistic BVIPs. BVIPs are ill-
posed when the lower-level problem has multiple solutions, and a well-posed BVIP if it has
a single solution.

BVIPs are powerful mathematical models applicable in bilevel models; in particular, BVIPs
model problems emerging from optimization, economics, operations research and trans-
portation. Consider, for example, a supplier who does supply his best goods to a business
owner. Since both partners intend to excel in business, the supplier gives goods still in the
best state to the business owner who also desires to excel in business. Their transactions
are successful if they maximize their profit or minimize their loss. This is an example
of supply chain management, and it represents a bilevel model where the supplier and
the business owner are the lower-level and the upper-level decision makers, respectively.
Some of these practical applications of this model have attracted significant attention from
researchers.

2.3.1 Bilevel variational inequality problems and related prob-
lems

We mentioned earlier that bilevel variational inequality problems cover a class of mathe-
matical models. In what follows, we show its relationship with some of these models.
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Let T': H— R be a conver and differentiable operator on VI(C, A), then z* is a solution
to

min{I'z: 2z € VI(C, A)}

if and only if z* is a solution to the bilevel variational inequality VI(VT, VI(C, A)), where
VT is a gradient of I'. Then we write BVIP (1.1.1)-(1.1.2) in the form of mathematical
programs with equilibrium constraints [0] as follows:

min 'z,
(2.3.1)
z e {xz*: (Az*,m —2*) > 0,Vm € C}.

If T, & are two convex and differentiable functions and T := VI', A := V&, then BVIP
(1.1.1)-(1.1.2) becomes the following minimization problem (see [57]):

inT
{mm o (2.3.2)

z € argmin{lz: z € C'}.

In a special case Tz = z ¥z € C, BVIP (1.1.1)-(1.1.2) becomes the minimum-norm
problems of the solution set of variational inequalities as follows:

Find z* € C such that 2* = Pyyc,)(0), (2.3.3)

where Pyrc,)(0) is the projection of 0 onto VI(C,A). The least-squares solution to the
constrained linear inverse problem in [79] is a good example of (2.3.3).

2.3.2 Examples of bilevel variational inequality problems

Example 2.3.1. Suppose that H = L*([0, 1]) with the inner product

(x,y) :/0 xz(t)y(t)dt, Vx,y € H,

and the induced norm

el = ( | 1 |af:<t>|2dt)é

Let Tx(t) = 2z;t) (t) = max{0,z(t)} = +|x(t and C ={z € H : ||z| < 1}.
The solution set of this problem is a singleton set containing 0. Hence x*(t) = 0 (see [97]).

Example 2.3.2. Let C = R?,

A-(V ) =00 )):

The solution set of the problem is VI(C, A) = {0}. Hence, the solution set of the bilevel
variational inequality problem is {0} (see [97]).
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Example 2.3.3. Let R™ = R"=R = (—o00,+0), C' = [-2,—1] and N(x) = [-2, ] for
allx € C, r,q,x,y € R.
Let

(Ar;r —q) = (—(r+1)(2r+3)(3r+4)e",r —q)
= —(r+1)(2r+3)3r+4)e (r—q)

and

(Tr,z),z—y) = (—(r+2)(r+1)ze",z—vy)
= —(r+2)(r+ Dae'(z —y).

The BVIP is defined as follows: find v € C' such that
—(r+2)(r+1ze"(z —y) <0, YyeC (2.3.4)
where 1 is a solution of the following variational inequality: find r € N(z) such that
—(r+1)2r+3)(3r+4)e"(r—q) <0, Yqge N(x). (2.3.5)

A simple computation shows that the solution set of lower-level variational inequality is

{-2}, if »el-2,-3),
3 : 3 4
M(I’) _ {_2}7 ) Zf ZES [_541_3))
{_57_3}7 Zf YIS [ 3 1)7
{_27_%7_§}7 Zf xr=—

Observe that M(z) is not a singleton set if x € [—3,—1) or & = —1, hence it is called an
ill-posed BVIP (see [01]). Moreover, {(=2,x) : © € [=2,—3) or x = —1} is the solution
set of BVIP (2.3.4)-(2.3.5).

Remark 2.3.4. We note that if N(x) = C Va € C then T(r,x)

= T(z) and BVIP
(2.3.4)-(2.3.5) reduces to quasi-bilevel variational inequality (1.1.1)-(1.1.2)

[97]
2.3.3 Recent works on bilevel variational inequality problems

Recently, Anh et al. [5] presented the extragradient method for solving problem BVIP
(1.1.1)-(1.1.2) in the Euclidean space R™. The scheme is as follows:

Algorithm 2.3.5. Initialization: Choose u €¢ R", 2° ¢ C, k=0,0< )\ < L2 , positive
sequences {\ Y, {0k}, {aw}, {Br}, {7} and {e,} such that
limd, =0, limé, =0,
k—o00 k—o0
ap+ B+ =1 VE>0, Y2 ap=o00, (2.3.6)
lima, =0, lim By =n € (0,3], imA\, =0, A\, < 7 Vk > 0.
k—o00 k—o00 k—00 A
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Step 1: Compute y* := Po(z* — \pAz®) and 2% := Po(a% — M\ AYF).
Step 2: Inner loop j =0,1,--- . Compute

(k0

k0= 2k — \T 2F,

yMi = Po(ahd — §; Axh7),

Pt = a0 + Bt + vy Po(akd — 6 AyF).

if |z — Pyraco) (20| < € then set hF := 2 and go to Step 3.

| Otherwise, increase j by 1 and repeat the inner loop Step 2.

(2.3.7)

Step 3: Set 2*! := ayu + Bpa® + yph*. Then increase k by 1 and go to Step 1.

One feature of this algorithm is that it adopts the line search procedure. However, a method
with a line search approach involves an inner loop running until some finite stopping con-
ditions are satisfied for each iteration. Therefore, line search techniques require additional
iterative procedure and can be time-consuming and computationally expensive. Also, it is
clear that Algorithm (2.3.5) involves more than one projection onto C and more than one
functional evaluation of A, which further impacts negatively on the performance of the
algorithm.

Thong and Hieu [91] proposed a modified subgradient extragradient algorithm for solving
BVIP (1.1.1)-(1.1.2) in their attempt to address some of the shortcomings present in Al-
gorithm (2.3.5). Their method reads: Choose a sequence {a,} in (0,1) with the following
properties:

(C1) lima,, =0, (C’Q)Zan = +o00.
n=1

Algorithm 2.3.6. Initialization: Given \ € (0, i), pe(0,1), ae(0,2) and 0 < <
z—; (L4 is the Lipschitz constant of A, 7 is the modulus of the strong monotonicity of T

and Ly is the Lipschitz constant of T ). Let xo € H be arbitrary.
Iterative steps: Calculate x,.1 as follows

Step 1: Compute
Yn = Po(z, — MNAxy,).

Step 2: Compute
Zn = PTn (xn - ann)\dnAyn)>

where
T,={x € H:{(r,— ANz, — yn,x — yn) < 0},

dy = xp — Y — M Az, — Ay,,)
and

o= 4 A 0
"o, if d, = 0.
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Step 3: Compute
Tpy1 = Zn — anBTZny vn > 0.

Setn =n+1 and go back to Step 1.

Clearly, this algorithm involves two functional evaluations of A, one projection onto the
feasible set C and the other projection onto a halfspace. The projection onto a halfspace
15 easy to compute since it has an explicit formula. We also note that this method extends
Algorithm (2.3.5) from the Fuclidean space R™ to the general real Hilbert space. Also,
Thong et al. [93] proposed the projection and contraction method for solving BVIP (1.1.1)-
(1.1.2) as follows: Choose a sequence o, € (0,1) with the following properties:

(C1) lima, =0, (C2)) o, =+oc.
n=1

Algorithm 2.3.7. Initialization: Let \y > 0, p € (0,1), a € (0,2) and 0 < f < Z—;’
2
(L4 is the Lipschitz constant of A, v is the modulus of the strong monotonicity of T and

Lt is the Lipschitz constant of T ). Let xo € H be arbitrary.
Iterative steps: Calculate x,,1 as follows

Step 1: Compute
Yn = Po(zn — MpAzy,), Vn > 0.

Step 2: Compute
Zn = Tp — aNpdy, Yn >0,

where
dp =2y — Yp — M(Azp, — Ay,) Yn >0
and

p = A A0
"o, if d, = 0.

Step 3: Compute
Tyl = 2n — BT 2, ¥Yn > 0.

Update

i l[n—vn|l .
)‘n—i—l = {mln {m7 /\n} y ZfA[En 7& Ayn

otherwise.

U

Setn=n+1 and go back to Step 1.
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This method requires a single projection onto the feasible set, two functional evaluations of
A and uses self-adaptive stepsizes. Recently, Hieu and Moudafi [/0] introduced a regular-
ization projection method for solving BVIP (1.1.1)-(1.1.2). Their algorithm is as follows:
Choose the sequence {a,} € (0, +00) with the following properties:

i o - o . . Qp — Op41 o
(C1) Jgrgloozn—(), (C2) z;an—qLoo, (C3) hm_oﬂ = 0.

n—o0 n
Algorithm 2.3.8. Initialization: o, yo € H and \g = A\ > 0, p € (O,\/§— 1).

Compute x1 = Po(zg — Mo(Ayo + T o)), y1 = Po(xr — M (Ayo + a1 Tx1)).
Iterative steps: For each n > 1:

1 Compute: xp41 = Pr,(x, — M\(Ayy + @, Txy)),

where
Tw ={z€H:{x,— Ml AYn-1+TT) = Y, ¥ — yn) < 0}.

. . Y —=yn 1]
2 Update: \,y1 = min { HAyn—Ayn_lu’A”}'

3 Compute: Yn+1 = PC(:CTL+1 - )\nJrl(Ayn =+ Oén+17-xn+1))'

Their method features one projection onto a feasible set C' and the other projection onto a
halfspace, one functional evaluation of A and self-adaptive stepsizes. Very recently, Ogbuisi
et al. [73] proposed a relaxed single projection method for solving BVIP (1.1.1)-(1.1.2) as
follows: Choose the sequence {a,} € (0,400) with the following properties:

o S im 9n T Ontl g O T Oni
(C1) lima, =0, (C2) Zlan_‘mo’ (€3) lim a2 = i -

Algorithm 2.3.9. Initialization: Choose xy € H and \g >0, p € (0, 1), p € (0, 1].
Iterative Steps: For each n > 1:

Step 1: Compute: y, = Po(x, — \p(Az, + @, Txy)),
Step 2: x,11 = (1 = B)xy + Byn + BAn(Axy, — Ayy), and update:

i pllzn—ynll ,
Ant1 = — {M’ /\N} . if Ar, # Ay,
otherwise.

U

Setn =n+1 and go back to Step 1.

Their method features a single projection onto a feasible set, double functional evaluations
of A and also incorporates self-adaptive stepsizes (see also [/, 21, 87, 90, 92]). We note
that methods with self-adaptive stepsizes can automatically update the stepsize in each
iteration by using some previously known information to perform a simple calculation.
However, we reiterate that the stepsize of these methods does not increase, which may
affect the efficiency of these algorithms since they rely on the selection of the initial stepsize.
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Again, the major disadvantage of some of these methods is that they either involve two
functional evaluations of A or two projections, which may be computationally costly and
may affect the efficiency of the methods.

Several authors have justified inertial effects in algorithms as a means of accelerating op-
timization algorithms. The inertial techniques result from the discretization of a second-
order dynamical system for minimizing a smooth convex function known as the heavy ball

method: » p
x x
— () + y— () + Vf(z(t) =0,
)+ (1) + V()
wherey > 0 is a damping or friction parameter. The inertial extrapolation x,+3(x,—x, 1)
1s the most popular means for achieving this purpose. The heavy ball method was first
traced to Polyak [7]]. Alvarez and Attouch[3] modified and applied it to a general maximal

monotone operator.

Very recently, several authors have incorporated the inertial method in their proposed meth-
ods to achieve fast algorithms for approzimating the solution of BVIP (1.1.1)- (1.1.2). For
example, Tan et al. [55] modified Algorithm (2.3.7) by incorporating inertial method and
non-monotonic stepsizes. Their algorithm is as follows:

Algorithm 2.3.10. Initialization: Take § > 0, u; > 0, 5 € (0,1), ¢ € (0,2) and 0 <
v < z—f Let xy, v1 € H.

T
Iterative steps: Take the iterates x,—1 and x,(n >1). Calculate x,,1 as follows

Step 1: Compute u,, = x,, + 0,,(x,, — x,_1), where

0, = {min{mn—e—;n—mﬁ} , i Xy F T

0, otherwise.

Step 2: Compute y, = Po(u, — pnAuy,).

Step 3: Compute z, = u, — ¢d,d,, where

dy = Uy — Yp — pn(Au, — Ay,) Y0 >0

and

0, if d, = 0.

Step 4: Compute
Tpi1 = 2Zn — 00T 2 Y0 > 0.

Update

n+l1 —
L+ T, otherwise.
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(See also [57, Algorithm 3.1 and Algorithm 3.2]).

In this dissertation, we introduce methods for finding a solution of BVIP (1.1.1)-(1.1.2).
To achieve this, we pair the vy-strongly monotone and L+-Lipschitz continuous mapping T
with the upper-level problem and the operator A, which is monotone and Lipschitz continu-
ous on C, to the lower-level problem under the condition that V I(C, A), the solution set of
VIP (1.1.2), is nonempty. We note that the condition of the operator A on C guarantees
that V I(C, A) is closed and convex, and together with the assumption that V I(C, A)
is nonempty guarantees the existence of the unique solution of BVIP (1.1.1)-(1.1.2) (see
[71, Proposition 1]). Our methods are based on the projection-type methods, regqularization
technique and inertial method; the proposed methods are motivated by the forward-reflected-
backward method [077], Tikhonov reqularization [9/], and the heavy ball method [7]]. Fol-
lowing that, we study new iterative schemes called the inertial regularization-projection
methods for approximating the solution of BVIP (1.1.1)-(1.1.2).
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Chapter 3

3.1 Introduction

In this chapter, we introduce and study the inertial forward-reflected-backward method
for approximating the solution of BVIP (1.1.1)-(1.1.2). The proposed method combines
the forward-reflected-backward method, regularization technique and inertial extrapolation
term. This method involves a single projection onto feasible set C' and one functional eval-
uation. We show that the sequences generated iteratively by our method converge strongly
to the solution of BVIP (1.1.1)-(1.1.2). Also, we illustrate the performance of our method
i comparison with other recent results in the literature through numerical experiments.

3.2 Preliminaries

In this section, we state some important results that will be instrumental in the development
of the main results of this chapter.

Lemma 3.2.1. If u and v are non-negative numbers, then

(i) uv < ;—; + ]‘%2 Vp >0, (Young’s inequality)
(i) (u+v)? < (2+V2)u? + V202
Lemma 3.2.2 ([380]). Let {u,} be a sequence of non-negative real numbers, {e,} be a

sequence of numbers in (0,1) such that >~ e, = oo, and let {v,} be a sequence of real
numbers. Assume that

Upr1 < (I —ep)u, +ev, ¥V n>1,

. < 0 for every subsequence {un,} of {u,} satisfying iminf; , (w1 —
Up,) > 0, then lim,, o u, = 0.

If lim sup,_, ., Vn,

3.3 Main Results

Assumption 3.3.1. The following assumptions will be used in the convergence analysis.
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(a) o, € (0,1), lim, 00, =0 and >~ 0, =00.

(b)
hm ’O-n+1 - O'n’ _ O

n—00 O'TQL

(c) A is monotone and L 4-Lipschitz continuous, T is 7y-strongly monotone and Lr-
Lipschitz continuous.

(d) VI(C, A ) is nonempty.

We give some examples of sequence {o,} that satisfies Assumption 3.3.1(a) and (b) as
follows:

1 1
opn=Mm+1)", o,=—log(n+2) and o,=—
n" n

where ¢ < 1 and r € (0,1) (see [0, |7]).

Consider the following Regularized Variational Inequality Problem (RVIP) of (1.1.1)-
(1.1.2):
find z* € C  such that (Ax* +oTax*,x —2*) >0 VaeC, (3.3.1)

where o > 0 is a reqularization parameter. We remark that (3.3.1) has a unique solution,
it follows from the fact that A is monotone and Lipschitz continuous, and T is strongly
monotone and Lipschitz continuous. We denote this unique solution of (3.3.1) by x, for
each o > 0. Since VI(C, A) is nonempty, closed and convex then the unique solution of
BVIP (1.1.1)-(1.1.2) is guaranteed. Let this unique solution be z*.

Proposition 3.3.2 ([10]). Let {zs}sc(0,1) be the solution net of (3.3.1), then

(1) Nz || < ||o*|| + @ for each x* € VI(C,A), where 7 is the modulus of strong
monotonicity T ;

(ii) Let t,, Toy € {To}oc(o1), then ||Tq, — To,| < “”U;IMM, where M > 0 is a constant;

(i1i) ||ze — 2*|| = 0 as 0 — oc.

Algorithm 3.3.3. Inertial regularised forward-reflected-backward method with constant
inertial parameter

Step 0: ¥ € [0,1), e € (0,7), and choose sequence {o,} in (0,1). For arbitrary zo, 1 € H.

Set n = 1.
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Step 1: Compute
L1 = Pc(mn - 5n-/4xn - kn - 6n0-nTxn> Vn > 1,

where

My, = Ty + @y — Tpq)
kn = nfl(l - W/énan)(Axn - Axnfl)

and

1-2w 1
0, € |, min w) — for some w > 0.
2La v

Step 2: Setn =n+1 and go back to Step 1.

Lemma 3.3.4. Let {x,} be the sequence generated by Algorithm 5.3.3. If 0 < 9 <
1

min {%, 52_6}, then there exists no € N such that

1
|Znt1 — xanHQ + 200 (ATn 1 — AT, T, — Tnyr) — VT — xonHQ + EHxn - xn+1||2

3571 n
< (1 — ; 7) e, — xan||2 + 20,-1(1 = 0p0,y)( Az — Az, ) — T0,)

(1 = 6,007) |01 — 20, ||

1
+5(1 = 8z lans = zall? + (== + (14 VD)D) [2nsr = 2al® V0> o,

where x,, 1is the solution to the RVIP (3.3.1) with o = oy,.

Proof. From Algorithm 3.3.3, (2.1.16) and (2.1.5), we have

Jonit = o, I” < ma = n Ay = by = u0n Tty — 4, |

| — S ATy — kp — 8,0, T Ty — Tpy1|]?

= ||mp — 60 Azy — 0pon Ty — 20, || + || En?
—2(my, — 0 Axy, — 6,0, T Ty — X4, , k)
—||my — 0, Az — 8,0, T 2n — T ||? — ||knll?
+2(my, — 0p Az, — 6,0, Ty — Tpi1, ki)

= |lmn — 6, AT, — 8,0, T, — 2,0, ||
—|mn — 60 AT, — 8,0, T2y — Tpa ||
—20,1(1 = y0n00)( Az, — Az 1, T — To, ) (3.3.2)

From (3.3.2) and by (2.1.5), we have that

||mn — Ty, — (On ATy, + 5n0nTxn)||2 = ||mn - 5(7%”2 + 52“-/43371 + 0n7—xn|’2
=20, (mpy, — x4, , Axp + 0, Tx,)  (3.3.3)
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and

M — Trs1 — (OpAzp + 600, TT) 1> = |mn — Zpai]|® + 62| Az + 00 T2,
=26, (my, — Tpy1, Axp + 0, Tay). (3.3.4)

Combining (3.3.2), (3.3.3) and (3.3.4), we obtain

|Znt1 — Zon | < mn — 20, [P + 2| ATy + 00 T20||* — 28, (M — 20, , Ay, + 0, T )
—|lm, — xn+1||2 - 572L||Axn + UnTanQ
+26, (my, — Tpy1, Az + 0, T xy)
—26,-1(1 = vbp0n)( Az, — Az, Tpy1 — Tp,)
= |lm, — anHQ — [|my, — In-i—l“? + 200 (ATy — ATpi1, To,, — Tntr)
+26, (Axpi1 + 00T Ty, Ty, — Tpg1)
—26,-1(1 = y6p0n) (A — Axp_1, Ty — Tp)
—20,-1(1 = y0p00) Az — Az 1, T — T4, (3.3.5)

By the monotonicity of A, we have
<A'r0'n — ATy, T4, — xn—i-l) >0,

which implies
(AZpi1, T, — Tnr1) < (AZy, , Ty, — Tpat)- (3.3.6)

Recall that x,, is the solution of RVIP (3.3.1), where ¢ = o,,. Thus,
(Axy, + 0, T Xy, Tnt1 — Tq,) > 0.

Hence,
<Ax0'n7 xUn - xn+1> S 0-7’L<7-$0'n7 Tpt1 — xon>- (337)

From (3.3.6) and (3.3.7) we obtain the following:
(Axp11, %0, — Tni1) < 00T To,, Tna1 — Ty, ) (3.3.8)
Adding 0,,(T z,, z,, — Tp11) to both sides of (3.3.8) gives;
(Axp1+ 0, T, T, — Tng1) < 00T o, — T T, Tna1 — T, )
So,

25n <Axn+1 + O-nTxna Ty, — mn+1> S _25n0n<7—$n - T‘xona Tpy1 — 'Tn>
—26,0,(Txp — TXy,, Tn — Ts,).  (3.3.9)
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Using (3.3.9) in (3.3.5) we get the following inequality:

|Znt1 — x0n||2 < [lmn, — xanH2 — |lmn — xn-&-lHZ — 26,00 (Txy — TZo,, Tny1 — Tn)
=200 (TTn — T, Tn — Ty,
—20,1(1 = v¥6p00)(Axy, — Az 1, Tpy1 — Tn)
—20,-1(1 = yop0n)( Az — Az, T — T4,
=20, (Axp1 — AT, Ty, — Tpgr)
= ”mn - xanHQ - Hmn - xn-&-lHQ + 25n0n<Txon — T2, Tny1 — xn>
=200 (T xn — T, Tn, — To,)
+28,1(1 = 78,0,) (Axp_1 — ATy, Tpy1 — Tn)
426, 1(1 = y6,00)(Azp_1 — Az, 2 — T5,)
=20, (Axp1 — Axp, 5, — Tpat)- (3.3.10)

By the strong monotonicity and Lipschitz continuity of 7, Lipschitz continuity of A, and
by Lemma 3.2.1(i), we have

101 = 2o, I < MM — 20, 17 = 1m0 — 2o |1®

Ty — Tpll? .
+5n0-nLT <HRP#H + ||xn+1 - anQp )
_25n0-n’7||mn - CC<7n||2
001 La(1 = ¥0,00) ([[2n—1 — 20l|* + 2011 — 20?)
+26,-1(1 — y6p00)(Azp_1 — Axy, Ty — 4,
=20, (Axy 1 — ATy, Ty, — Tpat). (3.3.11)

Let p* = %ﬁ Hence,

0nonY
2

[nt1 = 2o I < MM — 20, |17 = 1m0 — 20 [ + 7, =zl

26,0, L2
+M|‘In+l - an2 - 25n0n7||xn - xonHQ

+5n—1LA(1 - ’7571071)(“‘%71—1 - anQ + ||$n+1 - anQ)
+26,1(1 = 6,00 ( Az — Az, 2 — 5,

=20, (Axp1 — Axp, Ty, — Tpi)

30p,0,7Y
< = o~ v — il = 227 i, —
20,0, L2 1
+ 2T g = P+ (1= 20,00) (5= ) s = P

001 La(1 = ¥0,00) [|2011 — 20
+25n—1(1 - P)/(Sno_n)<¢4xn—1 - Aﬂfn, Tn — xan>
=20, (ATp11 — ATy, Ty, — Tpt1). (3.3.12)
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Now, by applying (2.1.5) and (2.1.3), we get

[my, — xonH2 = |[(#n — 20,) + I (zp — xn—1>||2
= |20 — 2o, ||* + P||2n — Tt || + 20z — 20, Ty — Tp1)
= |&n — 20, |I* + 9|2 — 2pa |)?
([T, = Tn-1l* = T, = @l* = l2n — 20a]?)
= |&n — 20, |I* + 9|2 — 2pa |)?
—I||zg, — Tn_1ll* + 9|20, — 20l|* + |20 — 20a || (3.3.13)

Replacing z,, by z,41 in (3.3.13), we obtain

[y, — mn+1||2 = |z, — xn+1||2 + 192”-%71 - xn—IHQ — | Tpt1 — xn—1||2
+0||Tpp1 — Tal|* + |20 — 20a |2 (3.3.14)

Subtracting (3.3.14) from (3.3.13) gives

Imn = 2o, [I* = I = 2| = (L4 0)[lwn — 20, |I* = (14 D)2 — 20 ||*
~I(1 = 0,00) |21 — @4, |°
] Y

~ Y60 || Tt — 70, |12 (3.3.15)
Substituting equation (3.3.15) in (3.3.12), we obtain the following inequality

201 — 20, |7 < (1 +9) |20 — 26, II” = (1 + D) 2n — 2 ||?
=26, (Azp1 — Ay, 26, — Tnpr) — V(1 — ¥0p03) || 20—t — xanHQ
+19||xn+1 - xn—1||2 - ’757107119”5571—1 — Loy, ||2

1
+(1 — v0n04) (5 — w) |zn—1 — anQ
+5n—1LA(1 - '75n0n)”xn+1 - ivn||2

+26,_1(1 = y6,00)(Azp_1 — Azp, 2 — 5,

35n0'n’}/ 2(5n0nL2
T [ _an2+ THxn-i-l _anQ
30n0nY
= (1= 22 o — P = 90 = 28 s —

426, 1(1 — V6,00 (Azy_1 — Az, 2p — T, ) — V|20 — 2pgr ||?
O tnsr = T2 = 100001 — o |

450 =100 ncs — all? = B0 = 18,00 [7acr —
=20, (Axy1 — Az, 4y, — Tpa1) + 0|20 — 24,

2 L2
_ (1 — 01 La(1 —~0,0,) — M)

I*

|z — -Tn+1||2- (3.3.16)
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Since

2000013 1 20000 L2
i (1= 8,1 Lal1 = 38,0,) = 22250 ) >l (1 (G = @)1 8,0, - 22T
n—00 ¥ n—00 2 v
-
= —+w
2 Y

there exists ny € N, ny > ng such that 1 —§,,_1 L4(1 —vy,0,) — 26"#21 > %4— w Vn > n,.
Thus, (3.3.16) becomes

30,0,
st — o2 < (1— : 7) = 2| = (L = 16,00) 20t — o, |

+26n—1<1 - ’75n0n)<-'4$n—1 - A:Ena Tp — xan>

—0| 20 — Tal* + @it — 2ot |* = V0n0w 201 — 2, ||

1
+§(1 — Y0n0n) |71 — anQ — ||z, - xn+1||2

_w(l - 75n0n)‘|xn—l - anQ - 2(5n<-’437n+1 — Az, x5, — xn-l-l)

1
+0||z — 74, ||* — §||:vn — Tpy1]? ¥V n>ny. (3.3.17)

Now, by Lemma 3.2.1(ii), we get

Iwnir = zaa* = Il(@ne1 = 20) + (20 — 201 1*

< (24 V2| znsr — zal® + V20|20 — 20a|® (3.3.18)

Using (3.3.18) in (3.3.17), we get

30007y
s =l < (1= 220 g, —

+26,-1(1 — v6p00)(Azp_1 — Az, Ty — 4,

1
‘+ 5(1 — Y0n0n) || Tn-1 — InHQ

+(—@ + (1 + V2)9))||zns1 — 2l
+(—@(1 = 70,0n) + \/519)||5En—1 - "EnHZ

40,029 Tn1 — T, ||* — 200 (ATri1 — ATy, 2o, — Tpii)

=91 = y0n00) |01 — 7o,

1
+0|2n = o, I* = 5ll2n — @ara]” (3.3.19)

Since lim (—w (1 — 76,00) + V29) = —~w + V20 < —m + 20 < —w +2 x T = =22 < [,

n—o0 3

there exists ny € N, ny > ny such that (—w(1 — 8,0,) + V29) <0 VYV n > ny. Also, 7
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00,0 > 0. Therefore, it follows from (3.3.19) that

|Znt1 — xanHQ + 200 (Azn 1 — AT, T, — Tnyr) — VT — xonHQ + sllzn — xn+1||2

30,0,
< (1 — ; 7) |z, — ZL‘Un”Q + 20,-1(1 — ~v0p00)( Az — Az, ) — T0,)

1
—I(1 = 70u0n) [#n1 = Zo, |I* + 5 (1 = ¥0non)llzn1 = 20"

+(—w 4+ (1 4+ V2)))||Zns1 — al?, ¥V 17> no. (3.3.20)

O

Theorem 3.3.5. Let {x,} be the sequence generated by Algorithm 3.5.3. If 0 < ¥ <
min {%, ?}, then {x,} converges strongly to z*.

Proof. By Proposition 3.3.2 (ii), we obtain

(Azy, — ATpir, Tpg1 — Zo,yy) = (Azp — ATpg1, Tng1 — o)
+{Az, — Azpi1, To, — Topyy)
< (Ax, — ATpy1, Tng1 — To,)
+Lalln = Tnall|e, = 2o, ]
< (Az, — Azpi1, Tng1 — To,,)

Opt1 — On
+ Lz — a:nHH'*;—‘M. (3.3.21)

n

Let p, € (0,1), then Inequality (3.3.21) becomes

2571(1 - pn)<~’4$n —Arpi1, Tpyr — $0n+1> < 2571(1 - pn)<“4xn — Arpyy, Ty — xan>
+26,(1 = pn) Lal|Zn — Tnga ||

omi = oul (3.3.22)

On
Combining Equation (2.1.5), Proposition 3.3.2 (ii), Lemma 3.2.1(i), and for any p, € (0, 1),
[Zn11 = To, [P = Tna — Ian+1||2 + o — Ton |12 + 2(Tn i1 — Tonins Topis — Tay)

> it = T, ll* + 170,00 — 20,

o ((PellTon — Ty ? N %5, 1 — T, ||
2 2D,

1—-p
_ <1—pn>uxn+1—xwu2—( - ) [2onss — 2|

n

1_ n On — Op 2
> (1—pn)||xn+1—xgn+1||2—( b )( = ) M?.  (3.3.23)

Pn On
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We combine (3.3.22) and (3.3.23) to obtain the following:

(1 =pn) (2041 — Lopt1 ”2 + 20, (A, — ATpy1, Tngr — xUnJrl)
0~ T+ 5 7~ i)

< |wpir — 7o, ||* + 20, (Az), — ATpi1, Tpyt — To, )

0l = T, P+ 510 = T

On+1 — On
L= p)(1 2 — ] 2L =]

1—p Ons1 — 0n\ '
() () o
Pn On

_25npn <~Axn - Axn-{-la Tpy1 — xU'n)

M

P
+P0| 20 = Zo [ = |20 = 2l (3.3.24)

We estimate (1 — p,)(1 — 2w)||x, — xn+1||WM using Lemma 3.2.1(i)

(1= pu)(1 = 260) [ — g | 2=l
Ontl — On

— (1= p)lln — g | 2 =Tl
Optl — Op

91 = po)[n — w1220l 5

n

]-n_n2
s<1—4%>(iuxn—a%+m2+j;(féﬂ——f—) wﬂ>. (3.3.25)

On

We also estimate —20,,p,(Azx, — ATp11, Tpi1 — To,)-

—20,pn(Axy, — ATpi1, T — To,)

= —20,pn{Ax, — Axpi1, X1 — Tn) — 20,00 (Azy — AZpi, T — T4,)
< 20npnLallTni — anz + 20npnLal|Tnir — To|ll|Tn — 70, ||

< pa(1 = 20)||zn i1 — 20|

_ 2
Hpa(l — 2) (M + Jn — xonHZ) . (3.3.26)
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+pn(l — 2w)

Using (3.3.24), (3.3.25), (3.3.26) and the condition 9 € [0,1), we obtain

(1 =pn) (2041 — Lopit H2 + 20, (AT, — AZpy1, Tngr — xon+1>

1
—I|#n = o, [I* + 5|20 — Taia]®)

< Hanrl - x0n||2 + 25n<~’4xn —Arpyy, Ty — :Ca'n>

1
~O|#n = o, |I* + 5l — 2ol

2
P 1 (0p41 — 0Oy
1= (Jen =t (2252 )

o
1-— o — 0 2
() () o
Pn Op

Dn
+pa(1 = 20) | ni1 — @nl* + padlan — 20, [|* — ?Hxn — T

||xn+1 - xn||2

4

< ||[Tn1 — xonHZ + 20, (Azy, — ATpi1, Tng1 — To,) — V|70 — 20, H2

1 1—op, Optl — Opn 2
+§||90n—90n+1||2+< pp )< = ) M?

On

1—mp, Opntl — Op, 2
+( p)( +1 )M2+2pn|]xn—xgnH2

Pn On

2w) o

+ Pnll2n — xUnH2 — 2pn ||z, — monHz

X ((1 - pn)p +pn(1 B 2w> + p'”(l; _ —> ngn — xn+1H2' (3.3.27)

4 4 2

Combining (3.3.20) and (3.3.27) we obtain the following inequality:

(I = pa)([ns1 — Topys ||2 + 20, (Azy, — ATpi1, Tt — Topyy)

1
—V||z, — xanHQ + 5”9371 - In-&-le)

35n n
< (12220 4 25, ) i =, P

+26,-1(1 = 0p0,7)(Azp_1 — Az, Ty — 5,

1
— (1 — 6,00) || Tp-1 — xanHQ + o (1 = 0pony)||Tn-1 — xn“2

2
1_ n n — Un 2
I il 3 P (u) e
PDn On
(1 - pn)p pn(l - 2@) DPn
~ B (1—2 On\- 2#7) I
+( T Tl - 2@) + T 5

(=@ + (14 V2)9)) llo — s>

370,0n

Take p, = 0.25v0,0, then <1 . + 2pn> = (1 —v0,0n)-
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From (3.3.28) and (3.3.29), we have

(1= po)(I2ns1 = Ty II” + 200 (A — AZnir, Tngs — 2o, .,)
0~ o I+ 370~ zal?)

< (1 = 50,0,) (|70 — 20, ||* + 2001 (AT 1 — A2y, Tp — 5, )
n s — o+ s — 2l

1 - Mn n — Un 2
+3pn, (L-p >(pn+p) Tntl 70 g2
3pp? On

n

+(m+pn(1—QW)+M—&

4 4 2
H—w+(1+ \/5)19)) (R — (3.3.30)
Let
w, = (—“—f;"”’ +pa(l - 2m) + 2022 By (o (14 \/5)19))>

(1=pn) Ont1—0n 2 2
= ey 1 ()

3pp?, on
Up = ”27” - xan||2 + 2571—1(-/41'71—1 - AZL‘n, Tp — xan> - 19||In—1 - xanHZ + %Hl‘n—l - :L‘n||27

then (3.3.30) reduces to
(1= p)tngr < (1 —4pp) tp + 3pnvn + Wal|Zn — Trg || (3.3.31)

Now,

lim w,, = lim (M + pa(1 — 2w) + IM D + (—w +((1+ \/§)l9)>)

= Lt (= + 1+ v2),
p p w _ p w
<= - 30 <= — 3X — == — —.
PR R A
Takep:wtheng—%:%<%,thusthereexistsngeN,ngananzno, such

that w, < =7 Vn > ng. From Inequality (3.3.31), we obtain

(1 = po)tupi1 < (1 —4py) uy + 3ppvy, — %Hxn — Tpy1|]? for all n > ns. (3.3.32)

Dividing through (3.3.32) by the coefficient of u,,; and take e, = (1??;;”) yields the follow-
ing:
w

2
B [ [ A 3.3.33
8(1—pn)||x Z +1|| n-=mns ( )

Unp+1 S (1 - en)un + €nUn —
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By Asuumption 3.3.1(b) and the definition of d,,, we estimate the limit of {v, } as follows:

1_ n n — Un 2
n—»00 n—00 3])])72l On
. (1—=0.250,) On+1 — Op ? 2
= lim ———%(0.250,, — | M
o (-2t ) 2
= 0.

Hence, limsupv,, = 0.

Next, we show that {u,} is nonnegative and bounded.
Un = 20 = 20, |I* + 2001 (ATp1 — AT, 70 — T4,) = V| Tn1 — T4, ||
1 2
—|—§||xn,1 — T
>z = 20,1 = dnrLa (20 = @t |* + 20 = 26, [1%) = Fll@n-1 — 20, |I”

1 2
—|—§||xn,1 — Zn|

1
> (1 =dpaLla)lzn — IanHQ + (5 — Op1La)||Tn—1 — xNHQ
—||Tp1 — 20, || (3.3.34)
By (2.1.3), we have
|2p—1 — xonHz = [[(@n-1—2n) + (T0 — xon)HQ
= ||[Tn1 — InHQ + [, — xanHQ + 2(Tp1 — T, Ty — To,,)
< 2zt — Tall? + 2|20 — 20, || (3.3.35)

Now, we substitue (3.3.35) in (3.3.34)

1
t, > (1= 6n1La)llwn — manHQ + (5 = 0n1Lla)l|zn-1 — anz

2
~20([0-1 — 2ll® + [0 — 70,2
1
> (5 = 1L = 20) (lenms = 2l + llan — 20, |?)
1 1
> (5= 5+ @ =25 g) (lonos =l + 17w = 20, )
2

It is clear that {v,} is bounded. Thus, there exists N > 0 such that
Un+1 S (1 - en)un + enN vVn Z ns,

which by [04, Lemma 3.1] implies that {u,} is bounded. Lemma 3.2.2 demands that
lim sup v,,, < 0 for every subsequence {u,,} of {u,} satisfying lim inf; . (tn,+1 — un;) > 0.
To fulfill this demand, let {u,,} be a subsequence of {u,} satisfying liminf; o (tn, 41 —
Up,;) > 0. Then, since lim,_, €, = 0, we get from (3.3.33) that
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w

hriiigp S (1 — 0.2570m.0n) [E— xni—&-lHQ < lirigsogp ((n; — tng41) + €n (Vn; — Un,)) s
— —liminf((, — ),
<0.
(3.3.37)
w w
But, i =—=>0.
B e 8(1 = 0.2570,,0,,) 8
It follows from (3.3.37) that
lim ||z, — Zp,41|| = 0. (3.3.38)

71— 00

It is obvious that e, € (0,1) and that Y e, = co. So using Lemma 3.2.2 in (3.3.33),
we conclude that
lim u, = 0. (3.3.39)

n—oo

Using (3.3.36), we get

lim ||z, — z,,
—00

— 0. (3.3.40)

Using Assumption 3.3.1 (a), Proposition 3.3.2(iii) we derive that ||z,, —2z*|| = 0 as n — oo,
where z* solves BVIP (1.1.1) - (1.1.2). Therefore, it follows from (3.3.40) that

|20 = 2*|| < [l — 20, || + |25, — 27| = 0, 1 — o0,
We conclude that {z,} converges strongly to z* as n — 0.

[]

Next, we propose an algorithm with variable inertial parameter and the corresponding
strong convergence theorem.

Algorithm 3.3.6. Inertial regularised forward-reflected-backward method with variable
inertial parameter

Step 0: € € (O, }1), and choose sequence {o,} in (0,1). For arbitrary xo, x; € H. Setn := 1.
Step 1: Compute
Tn+1 = Pc(mn - 5n~’4$n - kn - dnUnTxn) Vn > 1a

where
{mn =Tp + ﬁn<xn - xn71>

kn = n—l(l - ’Yano-n)(Axn - Axn—l)

and

1—2w 1
0p € |w, min w’ — | for somew > 0.
2La vy
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Step 2: Setn:=n+1 and go to Step 1.

Theorem 3.3.7. Let {x,} be the sequence generated by Algorithm 3.3.0. If 0 < ¥, <

1
w 3~ ¢

Ppr1 < ¥ < min {g, T}, then x, converges strongly to z*.

Proof. Using ¥,, instead of ¥ in the proof of Lemma 3.3.4 up to (3.3.19), we get

300,007y
fows =0, < (1220 o, -

+25n—1(1 - P)/(Sna—n)<¢4xn—1 - Axna Tn — xan>

1
—0n(1 = ¥6n0m)||Tn-1 — IanHQ + 5(1 — Y0000 || Tn-1 — anQ

(= + (14 V2)9n)) |2nr1 — al®
+(—w(1 = 6,00) + V20,) |01 — 2]

Y000 O || Tp1 — 2o, ||* — 200 (AT pi1 — Ay, Tg, — Tpi1)

1
+19n”‘rn - Icrn||2 - éHIn - xn+1||2- (3341)

Since 9, < 9,11, we have

30,0,
fonas =zl < (1= 2220 o, =

+26,_1(1 = y0,00)(Azp_1 — Az, 2 — 5,

1
—Un(1 = ¥0non)lTn1 = 2o, [ + 5 (1 = 10n00) 201 — 2

(=@ + (1 + V2)9n)) |Tns1 — ol
+(_w(1 - 75710”) + \/57971)”%—1 - an2

_Py(snanﬁn”xnfl - xanHQ - 25n<~’433n+1 - Amn; ajan - xn+1>

1
+ Ol — xJnHz - §||xn - xn+1||2' (3.3.42)
Since

lim (—w(1 — 6,0,) + V20,) < lim (—w(1 — 7d,0,) + v20)

n—oo n—oo
= —m+ VW
< —w+219<—w+2><%
—2w
= — <0,
3

thus there exists ny € N, ny > ng such that (—w(1 —vd,0,) + \/Qﬁn) <0 Vn>ny,also
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Y6,0,0 > 0. Therefore, it follows from (3.3.42) that

|Znt1 — xanHQ + 200 (ATn 1 — AT, T, — Tny1) — Vg l|Tn — m0n||2
1
+§||xn - xn+1”2

3671 n
< (1 — 20 7) zn — 2o, |[|* + 2051 (1 — Y600 (ATr_1 — Axp, 2 — 24, )

1
~In(1 = ¥0,00) |01 — T4, ||* + 5(1 — Y0n00) [ 21 — 2, 1?

e+ (1 VDI s — 2, Y > .
Inequality (3.3.43) is a variant of Inequality (3.3.20). By following the arguments from
(3.3.20) up to (3.3.27), we have

(1 = p) (a4t = Topn 7 + 20, ( Az — ATpir, Tos1 — To,12)

(3.3.43)

1
_ﬁnJrlen - Qzanuz + 5”(17” — xn+1H2>
S Hanrl - xanHQ + 2611(-/43771 - Axn+17 Tnt+1 — xan>

1
~Un|n — xanHz + §||$n - $n+1||2

(]- B pn) On+1 — On 2 2 1— DPn On4+1 — On 2 2
+ M= + M
p On Pn On

1—p, (1 — 2w N
+ <(4—p)p + (1 — 2) +¥ - %) n — Ty |)?

—|—an$n - xUnHQ +pnﬁn”xn - xanHQ- (3.3.44)
We estimate p,J, ||z, — 2., ]|? having in mind that p,e > 0;
1 1
pidullen = 2o, < 3o (=€) w2
< pallzn — 2o, 1% (3.3.45)

Put (3.3.45) in (3.3.44) to obtain the following inequality:

(1= p)(I2ns1 = oo I° + 200 (Azn — ATns1, Tnss — To,, )

1
_ﬁnJrl”xn - xUnHQ + 5”*7;71 - xn+1H2)

< |lwpgr — xOnHZ + 20, (ATy, — ATpq1, Tng1 — To,,) — Unl|Tn — xon”Q

1 1—op,) (Opni1 —0On 2
+§||xn_$n+1||2+( pp >( 1 ) M?

On
1 — Pn Op — Op ?
; ( P ) ( ! ) M2 4+ 2, — 20, I
DPn On
1—p, (1l — 2w n
N (( 419 )P pa(l — 2 + 1% _ %) |20 — T |®. (3.3.46)

Using similar argument from (3.3.27) to the end of the proof of Theorem 3.3.5, we have

that {x,} converges strongly to z*. ]

42



3.4 Numerical Examples

In this section, we discuss the numerical behavior of Algorithm 1.5.2 in both finite and
infinite dimensional Hilbert spaces. We compare our algorithm with Algorithms 2.3.7,
2.3.8 and 2.5.9. All codes are written in Matlab 2023 (b) and performed on a personal
computer with an Intel(R) Core(TM) i5-10210U CPU at 1.60GHz and 8.00 Gb-RAM.

In Tables 1-2, Iter. means the number of iterations while CPU means the CPU time in

seconds. In our computations, we choose € = 0.1 and 9, = min { 12_1:25, %} with w = 0.1.

Also, we take o, = ﬁ and ¥, =1 = 0.9min{%, %2_6}.
Example 3.4.1. Let H = RY. Define A: RY — RY by A(x) = Mx+q, where the matriz
M is formed as: M =V > V', where V=1 — % and > = diag(o11,019,+ -+ ,01n) are
the Householder and the diagonal matrix, and

s ~ Nr
Njil+1+COSN_HH(;C(1COSN_HH>7 j=12---,N,

01j = COS

with C been the present condition number of M ([]3, Ezample 5.2]). In the numeri-
cal computation, we choose C = 104, ¢ = 0 and uniformly take the vector v € RY in
(—=1,1). Thus, A is monotone and Lipschitz continuous with L = ||M|| (see [/7]).
We set Q = {x € RN : ||z|| < 1}. The projection onto Q is effectively computed in
Matlab. We define T : RY — RN by Ta = Dz + p, where D is a symmetric and
positive-definite matriz of size N x N and p is a vector in RY. Clearly, T is ||D||-
Lipschitz continuous. Moreover, since D is symmetric and positive-definite, we have that
(Dx — Dy) = (D(z —vy)) > ||D||" Y|z — y||*. Hence, T is strongly monotone.

Since the solution of the problem is unknown, we define the sequence TOL, := ||Tp41 —
1,||?, and use the stopping criterion TOL, < € for the iterative processes, where ¢ is
the predetermined error. Moreover, we consider different scenarios of the problem’s di-
mensions. That 1s, N = 100,300, 500, 1000, with starting points 1 = (1,1,...,1) and
zo = (0,0,...,0). For this example, we take e = 107> as the stopping criterion and obtain
the numerical results reported in Table 1 and Figure 3.1.

Table 1: Example 4.4.1: Comparison of algorithms with ¢ = 107°
Algorithms N =100 N =300 N =500 N = 1000
CPU Iter CPU Iter CPU Iter CPU Iter
Algorithm 3.3.6  5.0279 992 5.0365 2574 4.0435 2657 3.0259 769
Algorithm 2.3.7  13.2116 16093 13.2387 16130 12.1624 12583 10.1297 11724
Algorithm 2.3.8  10.1873 13376 10.3471 19527 9.3787 20073 8.1941 12948
Algorithm 2.3.9  9.1787 13051 9.2925 19735 8.2901 19435 8.1623 12922
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Figure 3.1: The behavior of TOL,, with ¢ = 107° for Example 4.4.1: Top Left: N = 100;
Top Right: N = 300; Bottom Left: N = 500; Bottom Right: N = 1000.

Example 3.4.2. Let H = (L(R), ||.||,), where L(R) := {z = (21,29, 23,...), x; € R :
1

0 o 2

EH%P<“ﬁamHMM*—<Zhﬂﬁ , Va € b(R).

i=1 i=1

Let Q = {x € b(R) : |z;] < 1, i =1,2,3,...}. Thus, we have explicit formula for Po.
Now, define the operator A : L(R) — L(R) by

N 1+ |l‘1|7£172 + |$2|’m7 €x; + |xl|
2 2 2

) , Vz € 6(R).

Then A is Lipschitz continuous and monotone with Lipschitz constants L4 = 1. Further-
more, define the mapping T : b(R) — L(R) by Tx = x—x9. Then, T is strongly monotone
and Lipschitz continuous.

For this ezample, we take ¢ = 1078 as the stopping criterion and choose the starting points
as follows:

Case 1: Tuke xy = (1,5,3,--+) and 2o = (3,3, %, +)
Case 2: Take 7y = (3,1, 4,--+) and zo = (1,1, 3,--+)
Case 3: Take 21 = (1, 1, %, ) and xq = (%, L %,. )



Case 4: Take z1 = (
The numerical results are reported in Table 2 and Figure 3.2.

111

20408

) and xy = (1

1 1
’ 4090

Table 2: Example 4.4.2: Comparison of algorithms with ¢ = 107
Algorithms Case 1 Case 2 Case 3 Case 4
CPU  TIter CPU  TIter CPU  Tter CPU  TIter
Algorithm 3.3.6 1.0260 333 1.0171 537 1.0212 640 1.0184 806
Algorithm 2.3.7 4.0104 668 4.0125 1076 4.0142 1280 4.0182 1612
Algorithm 2.3.8 4.0145 673 4.0187 1047 4.0189 1245 4.0252 1569
Algorithm 2.3.9 3.0113 582 3.0130 973 2.0153 1170 3.0173 1490
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3.5 Conclusion

We have studied two inertial forward-reflected-backward methods for solving BVIP (1.1.1)
- (1.1.2). The first method uses a constant inertial parameter while the second one uses a
variable inertial parameter. We proved that both methods converge strongly to a solution
of the BVIP (1.1.1) - (1.1.2). Our methods are modifications of the forward-reflected-
backward splitting method in [07]. As in [07], they require only a single projection onto
the feasible set Q and one functional evaluation of A. Our numerical experiments show
that our methods perform better than related methods in the literature.

47



Chapter 4

4.1 Introduction

In this chapter, we introduce and study the modified forward-reflected-backward algorithm
for approximating a solution of BVIP (1.1.1)-(1.1.2). The proposed method is a modifica-
tion of the method studied in Chapter Three. We remark that the method in Chapter Three
works with prior knowledge of the Lipschitz constant, which is often difficult to estimate
when it 1s unknown. The method studied here replaces the stepsizes and the single projec-
tion onto a feasible set of the method in Chapter Three with a self-adaptive non-monotonic
stepsize and a single projection onto a constructive half-space, respectively. This simple
adjustment leads to a remarkable improvement in the performance of this method. We
also show that the sequences generated iteratively by this method converge strongly to the
solution of BVIP (1.1.1)-(1.1.2). Moreover, we provide the numerical experiments of this
method as it compares with other recent methods in the literature.

4.2 Preliminaries

This section captures definitions, lemmas, propositions and ideas that are paramount in
the establishment of the main results of this chapter; we start with some basic definitions.

Definition 4.2.1. An operator Q : H — R is called convez, if for all A € [0,1] and z, y
€ H,
Q(Az + (1 = N)y) < AQ(z) + (1 - 1) Q(y)

Definition 4.2.2. A convex function Q : H — R is subdifferentiable at a point v € H if
the set

0Q(x) = {v e H: Qv) 2 Qx) + {v,y —x),Vy € H} (4.2.1)
is nonempty, where each element in 0Q(x) is called a subgradient of Q at x, 0Q(x) is
called the subdifferential of Q at x and the inequality in (4.2.1) is called the subdifferential

mequality of Q at x. We say that Q is subdifferentiable on H if Q s subdifferentiable at
each x € H.
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Lemma 4.2.3. If u and v are non-negative numbers, then

(i) uv < ;—; + ’%2 Vp >0 (Young’s Inequality)

(i) (u+v)? < (2+V2)u? + V202
Lemma 4.2.4 ([100]). Let {e,} be a sequence of non-negative real numbers. Suppose that
€n+1 S (1 - Un)en + Wy vV on Z 07

where {v,} be a sequence of numbers in (0,1) and w, € R satisfy the conditions: lim,, ., v, =
0, > 2, v, = 00, and limsup,,_, wn < 0. Then limy, o0 €, = 0.

Lemma 4.2.5 ([14], Theorem 4.1). Assume that the solution set VI(A, C) of the classical
VIP (1.1.2) is nonempty and C'is defined as C:={zx € H: Q(zx) < 0}, where Q: H - R
is a continuously differentiable and convex function. Let y* be in C. Then y* € V(A, C)
if and only if either

(1) Ay* =0, or

(i1) y* € OC and there exists p > 0 such that Ay* = —pQ'(y*), where OC denotes the
boundary of C.

4.3 Main Results

Assumption 4.3.1. The following assumptions will be used in the convergence analysis.

(a) 0, € (0,1), lim, oo, =0 and > 7 0, =00.

(b)

i 1nrr =0l _ o

n—oo 0-72L

(c) A is monotone and L 4-Lipschitz continuous, T is ~y-strongly monotone and Lr-
Lipschitz continuous.

(d) The feasible set C' is defined as
C={xrecH: Q) <0},

where Q: H — R is continuously differentiable and convex such that Ql(.) 18 Lips-
chitz continuous with a constant K > 0.

(e) VI(C, A ) is nonempty.
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Consider the following Regularized Variational Inequality Problem (RVIP) (1.1.1)- (1.1.2):
find x* € C such that (Ax* + oTaz",x —z*) >0 VxeC, (4.3.1)

where o > 0 is a reqularization parameter. We remark that (3.3.1) has a unique solution,
it follows from the fact that A is monotone and Lipschitz continuous, and T is strongly
monotone and Lipschitz continuous. We denote this unique solution of (3.3.1) by z, for
each o > 0. Since VI(C,A) is nonempty, closed and convex then the unique solution of
BVIP (1.1.1) - (1.1.2) is guaranteed. Let this unique solution be z*.

Proposition 4.3.2 ([10]). Let {5 }oc0,1) be the solution net of (3.3.1), then
i) Nzl < llz*|l + =L for each 2 € VI(C,.A), where v is the modulus of strong
(1) x| > gl
monotonicity T ;
1) Let x5, To, € {%s}oc0.1), then Ty, — Toy|| < MM, where M > 0 is a constant,
1 2 (o,1) 1 2 o1

(i17) ||zs — 2*|| = 0 as 0 — oc.

Algorithm 4.3.3. Modified forward-reflected-backward algorithm.

Step 0: Let 0,6, > 0, a € (¢,55%) with € € (0, ;). Choose sequence {o,} in (0,1) and

{a,} in [0,00) such that > " a, < 0co. Let xg, 11 € H and 0 < 9, < 9,11 < <

1 P18
o) ame 16T
min § 25—, —

} for some B,p1 > 0. Setn :=1.
Step 1: Construct the half-space
Cn={x€H:Qu,+ (Qu,,z—x,) <0}

Then compute

Tny1 = Po,(mp — 60 AT, — Ky — 0,0, Txyn), Y0 2> 1,

where
My, = Tp, + 19n(mn - xn—l)
kn = 671—1(1 - 75n0n)(A$n - AIn—l)
and
: o|znt1—2n || ~
Sppy =400 { Amri—Awall H1Q2ns1=@zn] On F “”} o Avn £ Ao
On + G, otherwise.

Step 2: Setn:=n+1 and go to 1.
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Remark 4.3.4. [10/] Note that lim,, o 6, = 6, where § € [min{a(L4+k)"!,6,},6,+al
with a =" a,.

Lemma 4.3.5. If x,,y1 = ©,, = x,_1 for some n > M, then x,; is the solution to (1.1.1).

Proof. If x,,1 =z, = x,_1, we obtain from Algorithm 4.3.3 that

r, = Pol(x,— 0, Az, — 0,0,Tx,)
— (x, —xy + 0 Az, + 0,0, Txp,y —x,) >0 Vy el
— (Az, + 0, Txn,y—x,) > 0.

Therefore,
Tn = Lo, = Tp+l — Lo,y — Lopyo —
solve (3.3.1). If n tends to oo, we have that lim x,, = lim x,, = z*. This implies z;; = z*

n—oo n—o0

and by Proposition 3.3.2 iii, z)s is the solution (1.1.1) (see also [30]). O

Lemma 4.3.6. Let {x,} be a sequence generated by Algorithm 4.3.3. Then there exists
ng € N such that

| Tns1 — xanHQ < (149, — 6000 (27 — aLr) + 3a) |7, — xanHQ

S
+ (wn +2- La(l — ’y(Snan)) |20 — Zp_1 || — Ol Te, — Tns?

n

5n0nLT 571 577,—1
(19 — _ _ 1
( Iy, " 3a5n+1 . a(l —~vd,0,)
—25n§1—“) [nss — 2l (132)
n+1

where x,, is the solution to the RVIP (4.3.1) with o = o,,.

Proof. By Proposition 2.1.22, we have
2<mn - 5n-/4xn - kn - 5n0n7-xn — Tp+t1y Tpt1 — xa'n> Z 07
which gives

0 <2 (my— Tpi1, Tnt1 — Topy) — 2{kn, Tnt1 — Xg,,) — 20,00 (T Ty Tns1 — Tor,y)

=20, (Axy, Tyt — Ty,
which implies

0 < 2(my — Tps1, Tnt1 — o) — 2(kn, Tnt1 — To,) — 20000 (T Ty T — X))
+26,(Ax,, — Az,, , 5, — Tnt1) + 20, ( A%y, Ty, — Tpi1)- (4.3.3)
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Clearly z,, and z,+1 € C,, so we have
on'n + <Q,'T0'n7 Tpy1 — x0n> S 0 (434)

Since x,, is a solution of RVIP (3.3.1), we get from Lemma 4.2.5 that z,, € dC and there
exists p; > 0 such that

Az,
Qx, =Tt (4.3.5)
P1
Since z, € 0C, we have that
Oz, = 0. (4.3.6)
Using (4.3.5) and (4.3.6) in (4.3.4), we obtain
<Al'gn, Tp+1 — x0n> Z Oa
implying that z,.; € C.
Hence,
20n(Ax,, + 0, T 0, Tni1 — To, ) > 0. (4.3.7)
Adding inequality (4.3.7) to the right of (4.3.3) gives
O § 2<mn - anrla anrl - xan> - 2<kna xn+1 - $0'n>
+20,00(T X5, — T Try Tp1 — Tor,y)
+26,(Ax, — Az,, , 5, — Tpi1) + 200 (A2, i1 — To,)
+20, (A, , Ty, — Tpi1)- (4.3.8)

Now if Az, = 0, it is very easy to obtain (4.3.2). However, if Az, +# 0, then we get from
Lemma 4.2.5 that z,, € 0C and there exists p; > 0 such that Az,, = —p1Q'x,,. Since
x4, € 0C, Qu, = 0.

Since Q is a differentiable convex function, it follows from (4.2.1) that
an—&-l Z Qxan + <Q/xan7'rn+1 - xon>7

which implies

-1
an—i-l Z _<Axon7xn+1 - xan>7
P1
which can be rewritten as
<Ax0'n7 Lo, — xn+1> S P1 anJrl- (439)
Since x,.1 € C,, we have
Qv + (Q'Tp, i1 — wn) < 0. (4.3.10)

Again, since Q is differentiable convex function, we have
<Q,xn+17 Tp — xn+1> + Q$n+l S an (4311)
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From (4.3.10) and (4.3.11), we have

«

Qrpi1 < (Quy, — Qupyr, 2y — Tpyr) < 5 zn — i || (4.3.12)
Combining (4.3.9) and (4.3.12), we have that
(Ag,, g, — ns1) < g:f‘l [ (4.3.13)
Let z,, € C C C,,, we get
Qrpi1 +{(QTni1,To, — Tni1) <0, (4.3.14)
From (4.3.14), we obtain for po, §,, > 0
—20,02Q9% 041 + 20,02(Q Tyi1, Tps1 — Ty, ) > 0. (4.3.15)

Add (4.3.15) to the right of (4.3.8) to obtain the following

0 < 2(my — Tpi1, Tl — To, ) — 2(kn, Tni1 — To,)
+26,0,(T s, — TTn, Tni1 — To,)
+200(Axy, — ATy, T, — Tni1) + 200 (AT0,, Tni1 — To, )
+20,(Az,,, , Ty, — Tni1)
—20,029T 11 + 20,02(Q Tri1, Tt — Ty, ) (4.3.16)

By Lemma 4.3.5, x,,41 is a solution and Az, ; # 0, then we get from Lemma 4.2.5 that
Tpt1 € OC and there exists py > 0 such that Az, 1 = —p2Q'z, 1. So we have

Qg = —Anst (4.3.17)
P2

Also, since z,41 € 0C, Qx,1 = 0. Now, substituting (4.3.17) in (4.3.16), we obtain

0 < 2(my — Tptt1, Tnt1 — Toy) — 2{kn, Tng1 — Tg,)
+26,00(T x5, — TXn, Tni1 — To,)
+20,(Az, — Az, , Ty, — Tna1) + 200 (AT, — ATpi1, Tns1 — Zo,)
+20, (AT, , To, — Tny1)- (4.3.18)

By montonocity of A, the second to the last term in the right of (4.3.18) drops. Also
substituting (4.3.13) in (4.3.18), we have
0 S 2<mn — Tp+1y Tptl — xan> - 2<kna Tp+1 — xan>
+25n0'n<7'xan - T.Tn, Tp41 — xan>

+26,(Ax, — Az, , s, — Tni1) + 2(5nﬂ

5 |Zn — Tns1]? (4.3.19)
n—+1

We estimate the first term in the right of (4.3.19) as follows:

2(My, — Tny1, Tyl — To,) = |[My — xanHZ — [|my, — ~77n+1H2 — T — manHQ' (4.3.20)
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Now, by applying (2.1.5) and (2.1.3)

”mn_monH2 = (2 — 4,) +79n(xn_xn—1)”2
= N = 2o, |I” + P?|Jzn — 2 [|* + 2020 — 20, Tp — Tn1)
= Hxn_xan||2+ﬁi||xn_xn—1”2
(120, = @nal® = 26, = @all* = 20 — 01 l?)
= Nn = 20, |1 + O llzn — 20| = Onllzo, — 20l
F0n|[g, — 2ol + Dnlln — 20| (4.3.21)

Replace z,, by x,.1 in (4.3.21), we obtain

[, — xn-&-lHQ = ||z, — In+1||2 + ﬁ?LHxn - xn—1”2 — UnllTpin — xn—IHQ
+ || Zns1 — 2o |? + Ol Tn — 21| (4.3.22)

Subtracting (4.3.22) from (4.3.21) gives

1m0 = T, |2 = [0 — T
=(1+ ﬂn)”xn - iUonHz - (1 + V)| 20 — xn—&-lHQ
~ O llTn1 — 2o, ||* + Ol Tt — 201 | (4.3.23)

By (2.1.3), we get
Do llTnir — CCn—l||2 = Un(l|Tnt1 — 0 + 70 — xn—1||>2

1977,”‘7;7144’1 - an2 + ﬁonn - xanHQ + 219n<xn+1 — TpyTn — xn71>
20, || Tnsr — T0l|? + 20, ||20 — 201 (4.3.24)

IN

Combining (4.3.20), (4.3.23) and (4.3.24), we obtain the following inequality:

2(My = Tpy1, Tyt — To,) < (140020 — xanHQ — (1 =4,) ||z, — $n+1||2
_1971||In—1 - xan||2 + 21977,“1:77, - CUn—1||2

S p— | (4.3.25)

Next, we estimate the second term in the right of (4.3.19)

—2kp, Tpp1 — To,) = 205-1(1 — y0p00)(Axy — ATy 1,20, — Tpi1)
< 25n—1(1 — ’Y(SnO'n)(Al'n - Al'n—l, Lop — xn)
+25n—1<1 - /75n0'n><¢4'rn - Axn—lv Ty — xn+1>

5,
< 1a(1 - 75n0n)(||$n - xn—1||2 + ||’I0'n - anQ)
+ g‘lau — Y6,00)
X(||zn — Tnet||* + |20 — 2pgal]?). (4.3.26)
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Also, using Lemma 4.2.3(i) and strong monotonicity of 7, we obtain

20,0, (T s, — Ty, Tni1 — To,) = 20000(T Xy, — T Tp, Tni1 — Tp)
+25n0n<7-xon - Txny Tp — xan>

2a

< 20 Ly n, — alllnis — o, |
—26,0,Y|| 70 — 20, ||
a o — o112
< 2oty (Gl o 2+ L2222 )

_25710-%7”1‘” - x0n||2

L
= 200 (1= 257 ) o - P
OnonL
Tl — g || (4.3.27)

We estimate the fourth term in the right of (4.3.19) using the monotonicity of A

2577, <Axn - Axana Loy — In+1> 2577, <Axn - Axn-ﬁ-lu Top, — xn+1> + 26n<~’4xn+1 - Axany Ty, — xn+1>

S 26n<-’4xn - Aanrla xcrn - xn+1>
On,
< 5 alllen - Tnia || + (|26, — Zasa[?)
n+1
On,
< 3 HO[(H% — Zp1|* + 2llzo, — zall* + 2)20 — 2044]%))
571 n
< Bae—|len —wpia|* + 205 |zo, —
n+1 n+1
571 2 G 2
= 3a—|zn — Tol]” + 20(1 = —)|lzo, — 20
6n+1 5n+1
On,
< 3a6—||:vn—xn+1||2+2a||xgn — % (4.3.28)
n+1

Combining (4.3.19), (4.3.25), (4.3.26), (4.3.27) and (4.3.28) we have

aLT

|E—— xc,n”2 < (1 + 9, — 20,0, (7 — T)

n

On—
+2a + 5 10{(1 - ’75n0n>> ||{L'n - x""”2

0

~Vnll20, — zn—1||2

. (1 . ﬁn . 5nO-nLT _ 3a 6n
a (5n+1

O
+ (wn + 2L (1 — 'yénan)) [E——

6n—1
On

(0%

a(l —v0,04,) — 20,01 ) |Zni1 — znll®. (4.3.29)

5n+1
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Equivalently,

|Zn41 — xan”2 < (149, = 0,00(2y — al7)

+2a+(1—§—”

+ (Qﬁn + 257(;_104(1 - ’y§n0n)) (R —

n

Ja(l — '75n0n))||xn — Loy, ||2

—U||7g, — xnlez

i (1 . 7971 . 5nO-nL7' — 3a 671

a 5n+1

571—1
On

a
a(l —~yd,0,) — 25np16—) |Zni1 — 2al?. (4.3.30)
n+1

So (4.3.30) becomes
201 — 20, 7 < (1400 = 6200 (27 — aLy) + 3a) [z, — 24, ||

+ <219n + 257;_104(1 - 75,10”)) [

n

—O||7g, — xn71||2

5nO—nL'T 577, é‘n—l P1cx
—(1—w, - - - 1 — ~8,0m) — 20, 2%
( " a 3a5n+1 On a( K nUn) n5n+1)

X ||Tni1 — 2.
[l

Theorem 4.3.7. Let Assumption J.53.1 holds and {x,} be the sequence iteratively gener-
ated by Algorithm 4.3.3, then {x,} converges strongly to the unique solution z* of BVIP
(1.1.1)-(1.1.2).

Proof. Since T is Ly-Lipschitz continuous and ~-strongly monotone, there exists two
positive numbers a, b such that

2aL1 +b <4y, (see [10]). (4.3.31)

We fix these numbers a, b in order to prove Theorem 4.3.7. So we have from (4.3.31) that
2y —aLy > % > 0. We estimate ||z,11 — 2,,||* using (2.1.5) and Lemma 4.2.3(i) with

u= ||J7Un+1 - xan”v v = Hxn%—l - xo'n+1|| and p, = 87”

|Zns1 — x0n||2 = |7 — $0n+1”2 + ||'Z‘0'n+1 - J7Un||2
+2<xn+1 - $0n+1 ? xUn«I»l - xon>
- Hxn-i-l - x0n+1l|2 + ||x0'n+1 - 'Tan”z

—2[|Tpt1 — Lot | ||‘r0'n+1 - Zo, ||- (4.3.32)

V

%(4.3.33)

S 2
2| 7pgr — x0n+1||||x0n+l - Tg,|| < %Hxn—f—l - m0n+1”2 + S_||x0'n+1 — Loy,
n
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Substitute (4.3.33) in (4.3.32)

2—s Sp — 2
||I‘n+1 - xanHQ Z 9 B ||mn+1 — Loy ”2 - = ||m0'n+l - mUn||2
n

2—s, 2—s,
= 2 ||l'n"‘1 - :L‘O'TH»I ||2 - ||x0'n+l - 'To"n ||2 (4334)

Take s, := bd, 0, — 3, for some b, f > 0 and by applying Proposition 4.3.2(ii) to (4.3.34),
we obtain

24 5 —bd,0,
o |
2+ B —00p0p (Opy1 — 04)?
B~ — +U2 M?. (4.3.35)

Combining (4.3.2) and (4.3.35), we obtain

e 1 = gyl S (1 0 = G (27 = aliy) + 30) [ — s, P
+ (219n + 252:a(1 — 75n0n)) |zn — Zp_1||* = OnllTo, — 2p1]?
2 2—550: 3(5%0,1 (O_n+10—% on)? A2
_ (1 — 9, — 5”";“ - 3a5jzl . ‘5g;1a<1 — AGn) — 25”(?:_?1) i — 2.

which is equivalent to

2+ 29, — 20,0,(2y — alLy) + 6«

||x7’l+1 _xo'n+1||2 — 2+ﬁ_b5 o ||xn_l‘0’n||2
+ 2 20, + odn (1=~6,0,) ) | 12
_— n al(l —~yo,0o, Ty — Ty
2 B0, o 7 '
29, 9 200 (On1 — 0,)° 2
sz — 7, M
2+5—b§nan”x 1 o+ bo,o, — 3 o3
9 L
2 (1= 19n _ 5nan T — 3a (5n
2 + ﬁ - b(sno-n a 6n+1
5
0 (1 = 8,0m) — 200 22 (s — 2. (4.3.36)
6n 5n+1

Since ¥, < Vp11, 2+ — bopo, > 2+ B — 2b,0, > 0 for some ny € N, Vn > ny. Take
b = 2v — aLy and we have the resulting inequality
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2 = 26,00(2y — al7) + 6a

lonss = ol =5 + B = 6,00(27 — aL7) e = el
29, )
A dwon(@) = aly) 1o~ Toul
+2 + 5 - 5nai(27 —alLy) (219” * 257;:04(1 - 75”070) 2o = @na
29, )
24 B = 6,00(2y — aLy) a1 = 2o, |
20, (Ony1 — 0n>2 2 2

+5n‘7n(27 —alt)—p o

n

N 2+ B - 5n0n(2’}/ — (ILT)

Indulr On__ Onc pra 2
X < - a5n+1 5 ol = vd,0n) 5o [Ea—|
2 — 20,0,(2vy — aLy) 4 6« e, ||2
T 2+ B -0y —aly) T 7T
4 24, H “2
Ty — Ty
2 (Sn—l
+2+/8_5 0. (2’7—0/[/7’) (27971—’—2 ) Oé(]. _/75710-71,)) ||‘rn_$n—1||2
24, )
- ||l’n_ - xUnH
2+ ﬁ - 5n0-n(27 — CI,LT)
+ 2Un (Un—l-l - O'n>2 M2
6n0n(2y —aly) — B o3
2
2+ ﬁ - 5n0-n(2’}/ — CLLT)
OnnLr On_ _ On- p1y 2
X(1—=1,— -3 — 1 —~0,0,) — 20, ~—— e — |2
( a a5n+1 On o V0n0n) i | Zns1 — Tn]
Equivalently,
ﬁn 1
R - 70— 0,1

1+2

2 4 6a — 20,0,(27 — aL)

= 243 — 6,002y —aL7)
20,

24 B—6,00(2y — aLy)

||ZEn - xanl|2

Hxnfl - a,;o'n H2

- 5n0-n(2/7 — CLLT)

2 St
20, + 2——a(1l — ~6. 2
T2 B b.0u(2y —aLy) ( A n0n>) I = s
+ 200 (Un+1 - Un)z 2 2
6,00 (2y —aly) — 8 o3 21 B — 0,00(27 — aLy)

a (5n+1
X Hx’l’b+1 - $n|‘2

o8

6n+1
(4.3.37)



2"~9n+1+26 i1 (1 ’75n+10'n+1

1+2a—0p+10n+1(2v—aly)

Adding

gives

|#ns1 — 2,]|? to both sides of (4.3.37) and taking 8 = 6

U
1201 = oI = —— = (e
1+ 5 —0,0n(2y — aLy)
20 26 ﬁ( — Y0nt+10n41)

[ Tns1 — anQ
1+ 5 - n+10n+1(2’7 —alT)

2+ 3 —20,0,(2y —aly) 5 I,
< — — |0 — 4, |7 — B
2+ = 0,00(2y — aLt) 1+ 5 —0,00(2y —aLr)

20, + 2%-18(1 — ~6, 0, 9 o2
. on 51— )||In N [ In (0n+1 . Tn) M2
1+ 5 —6,00(2y —aLr) 0n0n(2y —aly) — B o

|Zn-1 — xUnHQ

. 2 (1 _9 — 5n0nLT ﬁ (5
2+ —6,0,(2y —aLy) " a 2 Ont1
21971, 3 - 7611 On
By s oy s By il gl +10n41)
571 6 65n+1 1+ 3 = 5n+10-n+1(2’7 — CLLT)
X || ni1 — 2. (4.3.38)
So,
. 2 5nUnLT 6 571
1 1—-9, — - =
nheo <2 ¥ B Sura(y — k) @ 20
O, 20 o B(1— VO i10p
—nd é(l — Y0n0n) — 20,p1 b ) — 3 s o +10ut1)
on 6 60n+1 1+ 5 = 0n410n41(27 — aLly)
. 2 6n0-nL7- 5 6n
> 1 1—9— _ B o
= e (2 + B — 0n,0n(27 — aLT)( a 2 01
—209 — 290 8(1 — 48,10,
- - é(:l- - 76n0n> - 2571)01 /B ) + B Ont1 6( i +1)
o, 6 60741 1+ 5 = 6n410041(2y — aL)

wl®

2 5 B —2w-£
= |(1-w-C_pf4+ 23
2+6< 2 M3t Ty E

2 1
> (7250-30-5- 309 >0

Thus, there exist ny > ny such that

2 (1 g, duonlr 85,
24 8 —0,0,(2y —alLy) " a 2 5n+1
O 20041 2 B(1 — Y0p410011)
- 5 1§<1_76n0'n)_25n,01655 )_ 3 .
n n+1 1 + 3 6n+10n+1<27 — (ZLT)

>0, Vn > ns.
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Equation (4.3.38) becomes
79n+1
T+ g - no-n(2’7 - aLT)
_’_21911—&-1 + 523:1 %(1 - 75n+10n+1)
142 = 6,410011(27 — aLy)
24 5 —20,0,(2v —aly) iz — 2 |2 — I
T 24— 0,002y —aly) " o 1+ g — 0,0, (27 —alLy)

2’(971"‘26:;_1%(1 —75n0n)“ ||2
s n — Tpn-1
1+ 5 —6,0,(2v—aLy)

Hxn+1 — Loy ”2 - Hili’n - xUn”z

10+t — zall®

-1 = 24, ||

20n <0n+1 - an)2

M? 4.3.39
0non(2y —aly) — o3 ( )

Also, there exist ng € N, ng > ny > ny; > ng, such that V. n > ng, and b =2y — al.

2+ B —bd,o, >0,

2+ B —20,0,(2y —aLy)

0 1
= 24 3 — bopon =
0n0n(4y — 2aLy — b)
1 4.3.40
< B, (4.3.40)
1 2+ 03 —20,0,(2y —aly) . 0n0n(4y — 2aLy — b)
— Up = n — s
" 2+ 8 —bd,o, ’ 2+ 8 —bd,o,
take
Un,
en = |lon =20, [1* — [

1+ 2 —6,0,(2y — aLy)
20, + 22221 — 6,0,,)

B ln — 2 ]|
1+ 5 = 0,0n(2y — aLy)
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There exist ny € N, ny > ng such that V n > ny,

Un
1+ g — 0,0,(2y — aLy)
S
20, + 2L 8(1 — 10,0,)
1+ 8 —6,0,(2y—aLy)
29,
1+ 2 —6,0,(2y — aLy)
S
2°5=4 %(1 — Y0n0n)
1+ g — 0,0,(2y — aLy)

S e 2(||zn-1 = zall* + |20 — 4, [I)

|zn — $n71H2

> ||xn - x0n||2 - ”xn - x0n||2

+ |20 — xnfl”Q

2%;1@(1 - 75n0n>

> Nz, — 2o 17 = 20, |20 — x| + bn 6 Ty — Tno1 ]
22-15(1 — 15,0,
> (= + é)”xn To, ||? ﬂ‘% (1~ 70u0%) |zn — pq||* > 0. (4.3.41)
6 1+ 5 —6,00(2y —aLr)

And,
20, (Opg1 —0p)?
b0, — ol

M2

Wn,

So (4.3.39) reduces to
€n41 S (]- - Un)en + wp, Vn Z Ny,

also

Wy, 20,  (Opi1— Un)2M2 " 24 3 —bd,0,

U, bo,0n — B ol 0n0n(4y — 2aLy — b)

B 20,(24 5 — bd,o,) (o1 — an)2M2
(bdno — B)0n(4y — 2aLr — b) ol

By Assumption 4.3.1 (b) it is very easy to see that lim ¥z = (0. From (4.3.40) and the

n—oo Un

definition of v,, it is obvious that v, € (0,1) for all n > n3. Also, since o, — 0, and
0, — 6 > 0, we observe that v,, — 0 as n — oo. Furthermore, from the definition of v,
and Assumption 4.3.1 (a), we obtain that Y °° v, = +oo0.

Therefore by applying Lemma 4.2.4 to (4.3.39), we have that e,, — 0 as n — oo. It follows
from (4.3.41) that

lim ||z, — 24, ||* = lim ||z, — 2,_1||* = 0.

n—oo n—oo

Using Proposition 4.3.2 and Assumption 4.3.1, we derive that ||x,, — z*|| = 0 as n — oo,
where z* solves BVIP (1.1.1)-(1.1.2). Therefore,

[z = 2| < ll#n = %o, [| + |2, = 27| = 0, 7 = o0.

We have that {z,} converges strongly to z*. O
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4.4 Numerical Examples

In this section, we discuss the numerical behavior of Algorithm 4.5.5 in both finite and
infinite dimensional Hilbert spaces. We compare our algorithm with Algorithms 2.3.7,
2.3.8 and 2.5.9. All codes are written in Matlab 2023 (b) and performed on a personal
computer with an Intel(R) Core(TM) i5-10210U CPU at 1.60GHz and 8.00 Gb-RAM.
In Tables 1-2, Iter. means the number of iterations while CPU means the CPU time in
seconds. In our computations, we choose 0g = 1, 1 = 0.5, € = 0.1 and o = 0.9(15% 26) Also,

l—a P18 )
wetakean:ﬁ,an:(ﬂow and v, —19—09m1n{ 5 - 53 E }wzth6:6a.

Example 4.4.1. Let H = RY. Define A: RY — RY by A(x) = Mx+q, where the matriz
M is formed as: M =V > V', where V =1 — % and > = diag(c11,019,+ -+ ,01n) are
the Householder and the diagonal matriz, and

g 1 v t1l- C’(cosjévf1+1)
N+1 C—1 ’

COS

01j = COS

with C' been the present condition number of M ([}3, Example 5.2]). In the numerical
computation, we choose C = 10*, ¢ = 0 and uniformly take the vector v € RY in (—1,1).
Thus, A is monotone and Lipschitz continuous with L = ||M]|| (see [/3]). We define
T :RY = RN by To = Dx+p, where D is a symmetric and positive-definite matriz of size
N XN and p is a vector in RY. Clearly, T is ||D||-Lipschitz continuous. Moreover, since D
is symmetric and positive-definite, we have that (Dx—Dy) = (D(z—y)) > ||D|| ||z —y||*.
Hence, T is strongly monotone.

Now, consider an ellipsoid in RN as the feasible set C. That is, C = {x € RY : (z —
d)P(x — d) < r?}, where P is a positive definite matriz, d € RY and r > 0. Then,
the projection onto C' is difficult to compute (see, for example [/1]). Consider the convex
function Q@ : RN — R defined by Q(z) = 5 [(x — d)/P(x —d) —r?], Vo € RY. Then, C
is a level set of q. That is, C := {x € RN : Q(x) < 0}. Also, it is easy to see that Q
is differentiable on RY. In fact, Q' (z) = P(x — d), Yo € RY. Hence, Q' is K-Lipschitz
continuous with K = || P||.

Now, let Apax and A\pin be mazimum and minimum eigenvalues of P, respectively.

HA((OU)H — IMz]| - [[M]]]]=]] [[M]]

_ ~ _ N
Suppose d = 0, since ool = TPl S ol = o holds for arbitrary x € R

x # 0, we have that py = H . (see [/1]). On the other hand, suppose d # 0, since

IA@I _ _IMall o 1MI|(lla— d||+|\||d||) llMllvAmax(Hlldllv min) holds for all z € C, we have

Q@I l[P=dIl =  Amin|lz—d \3
HMH\/AHI&X(T_"HCZH\/ min)
)\§ '

mln

that p; =

Since the solution of the problem is unknown, we define the sequence TOL, := ||Tp41 —
T,||?, and use the stopping criterion TOL, < € for the iterative processes, where € is
the predetermined error. Moreover, we consider different scenarios of the problem’s di-
mensions. That is, N = 100,500, 1000, with starting points =y = (1,1,...,1) and
o = (0,0,...,0). For this ezxample, we take ¢ = 107° as the stopping criterion and
obtain the numerical results reported in Table 1 and Figure 4.1.
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Table 1. Numerical results for Example 4.4.1 with ¢ = 107°.

N=100 N=500 N=1000
Algorithms CPU Time Iter. CPU Time Iter. CPU Time Iter.
Algorithm 4.3.3 2.1099 41 2.0390 45 2.0053 48
Algorithm 2.3.7 4.0274 54 4.0260 122 4.0033 65
Algorithm 2.3.8 8.0563 170 8.0585 306 8.0170 195
Algorithm 2.5.9 7.0350 122 7.0171 220 7.0021 122
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Example 4.4.2. Let C = {z € R? : Q(z) := 2} — x5 < 0}, where x = (z1,73). Define

AR — R? by
A(x) = (3U(x1), 221 + ),
where
y(u_1)+y7 ifu>17
U(u) = 9y, if —1<u<l1,

y N u+1)+yt ifu< —1.

Then, one can easily verify that Ly = /9y* + 5. Also, it is easy to see that Q is a contin-
uwously differentiable convex function with Lipschitz constant K = 2. Moreover, we have
that py = 3y/y*> + 1 (see for example, [/1]). Furthermore, we choose the same parameters

as in Example 4.4.1 and consider the following cases for the numerical experiments.

Case 1: Take x; = (0.5, 1) and zo = (1, 2)".
Case 2: Take x; = (2, 1) and xy = (0.5, —1)".
Case 3: Take x; = (1, —1) and o = (2, —2).

The numerical results are reported in Table 2 and Figure 4.2.

Table 2. Numerical results for Example 4.4.2 with ¢ = 1075,

Case 1 Case 2

Case 8

Algorithms CPU Time Iter. CPU Time Iter. CPU Time lIter.
Algorithm 4.3.5 1.0064 8 1.0063 4 1.0373 6
Algorithm 2.3.7 3.0050 14 2.0045 11 3.0309 15
Algorithm 2.3.8 3.0041 14 4.0027 19 4.0379 37
Algorithm 2.3.9 4.0047 29 4.0069 14 4.025) 12
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Example 4.4.3. Let H = L£4([0, 1]) be endowed with inner product (z,y) fo t)dt, ¥Yx,y €

L5([0,1]) and norm ||z|| = (fo |z(t |2dt> , YV x,y € Lo([0,1]). Let ¢ be an arbitrary
fized element in C([0,1]) (the space of all real-valued continuous functions on [0,1]) and
C={zx € L5([0,1]) : ||| < 1}, where p(t) = e for allt € [0,1]. Then, C is a nonempty
closed and convex subset of Lo([0,1]). However, we know from [/ 1] that the explicit formula
for projection onto C may be difficult to find.

Now, let Q : £(0,1]) — R be defined by Q(x) = %(HWHQ - 1), Vo € £((0,1]). Then,
Q is a convex function with C a level set of Q. Also, Q is differentiable on L5([0,1]). In
fact, Q' (z) = ¢*z, Vx € Ly([0,1]). Furthermore Q' is szschztz continuous.

Now, define A : L5([0,1]) — L2(]0,1]) by Ax(t fo , Yo € L£5([0,1]), t € [0,1].

Then, A is monotone and Lipschitz continuous. Let me = mzm€[071]|g0(t)| = e L. Then,
el sl _ el
1 @) ll2zl] = m?ell«]
holds for all x € L5([0,1]), @ # 0 (see [/1]). Thus, we have that p, = . Furthermore,

define the mapping T : L2([0,1]) — L2([0,1]) by Tx = x — . Then, T is strongly mono-
tone and Lipschitz continuous.

We consider the following cases for the numerical experiments of this example.
Case 1: Take x1(t) =1+ t* and zo(t) =t + 5.

Case 2: Take z1(t) = sin(t) and zo(t) =t + 1.
Case 3: Take x1(t) =t +1 and xo(t) =t + t°.

The numerical results are reported in Table 3 and Figure 4.3.

Table 3. Numerical results for Example 4.4.3 with ¢ = 10712

Case 1 Case 2 Case 8

Algorithms CPU Time Iter. CPU Time Iter. CPU Time Iter.

Algorithm 4.3.3  4.0341 7 4.0813 22 4.0304 15

Algorithm 2.3.7 8.0164 17 5.0201 28 7.0174 51

Algorithm 2.3.8 8.0292 30 8.0516 57 8.0593 102

Algorithm 2.5.9 9.0162 32 8.0159 38 8.0249 90
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4.5 Conclusion

We studied an inertial forward-reflected-backward method for solving BVIP (1.1.1) - (1.1.2).
The proposed method uses a variable inertial parameter and we proved that it converges
strongly to a solution of the BVIP (1.1.1) - (1.1.2). The method is a modification of
the forward-reflected-backward splitting method in [07]. As in [07], it requires only a sin-
gle projection onto a half-space C,, and one functional evaluation of A. Our numerical
experiments show that our method performs better than related methods in the literature.
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Chapter 5

Conclusion, Contribution to
Knowledge and Future Research

5.1 Conclusion

In this dissertation, we gave a brief background of our proposed study, our motivation
towards this study and a review of outstanding contributions in the area of our study.
Also, we presented fundamental results in the form of lemmas, propositions and defini-
tions that were instrumental in achieving the results in Chapter Three and Chapter Four.
In Chapter Three, we introduced and studied the iterative reqularization-projection method
for approximating a solution of BVIP (1.1.1)-(1.1.2). Our method is motivated by the
forward-reflected-backward method, the Tikhonov regularization method and the inertial
method. The introduced method involves a single projection onto feasible set C' and one
evaluation of A, which is desirable in large-scale optimization problems such as optimal
control. Also, the inertial extrapolation term in our method improves its speed of con-
vergence. Finally, we established the strong convergence result of the proposed method;
moreover, we gave numerical experiments to illustrate the performance of the proposed
method in comparison with other existing methods in the literature. In Chapter Four,
we modified the method presented in Chapter Three by replacing the stepsizes and single
projection onto feasible set C by a non-monotonic stepsizes and a projection onto a con-
structive half space, respectively. The proposed method performs without prior knowledge
of the Lipschitz constant since it uses the non-monotonic stepsizes. This simple adjust-
ment ensures that the obtained algorithm is cheaper and easy to implement. We also prove
the strong convergence result of this algorithm. Lastly, we gave the numerical experiments
llustrating the performance of this method.

5.2 Contribution to knowledge

1. The method presented in Chapter Three involves one projection onto a feasible set
unlike methods in [5, /0, 87, 90, 91, 92] and one evaluation of A unlike algorithms in
[0, 759, 87, 88, 00, 91, 92, 93] in each iteration. Therefore, our method is desirable
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when the feasible set and the operator has a complex structure, thus our method
performs better than these algorithms.

2. The method introduced in Chapter Four involves a single projection onto a half-space
only, without any other projection onto feasible sets. This makes our method entirely
different from all existing methods for solving BVIP (1.1.1)-(1.1.2). Moreover, our
method ensures a cheap and easy computation and, thus, is more implementable and
efficient than existing ones in the literature.

3. Method studied in Chapter Four incorporate non-monotonic stepsizes which are better
than methods in [0, 73, 87, 92, 93] that adopt non-increasing stepsizes, methods
in [0, 90] which employ Armijo-type stepsizes, and method in [01] that uses the
knowledge of Lipschitz constant. Moreover, our methods in Chapters Three and
Four achieve the same strong convergence results as in [0] but when operator A is
monotone instead of inverse strongly monotone assumption on A used in [0] which
18 rigid.

4. Observe that if ¥, = 0 and the backward operator, say S, is neither a zero operator
nor normal cone to C, our algorithms coincide with the reqularized forward-reflected-
backward splitting method [50], and if 0, = 0, 6, = §, our algorithms become the
forward-reflected-backward method [077] for finding the zero of monotone inclusion
problem; furthermore, if A = 0 our algorithms further reduce to the proximal point
algorithm [75]. Directly from our algorithms, if A is an affine operator, o, = 0,
C, = C, 6, = 6, then our algorithms reduce to the projected reflected gradient
method [65] for VIs. Hence, our methods are generalizations and extensions of these
methods to BVIP (1.1.1), and our method of analysis in Chapter Four is different
from the methods of proof in [05, 07, 78, 80].

5. The methods presented in Chapters Three and Four have a more simple and elegant
structure as compared to algorithms in [5, 75, /0, 87, 88, 90, 91, 92, 93]. Hence, it
15 relatively easy to implement and modifiable for solving problems in the future.

5.3 Future research

1. VIP (1.1.2) can alternatively be called a Deterministic Variational Inequality Prob-
lem (DVIP); important extensions of DVIP are the stochastic VIPs and the BVIPs
studied in this dissertation. As mentioned earlier, VIPs and BVIPs are applicable
in modelling practical problems emerging from optimization, finance, economics and
engineering. However, practical problems arising from transportation problems and
supply chain problems include large of uncertain data, which VIPs and BVIPs cannot
handle. For solving the uncertain problems, the stochastic VIP (SVIP) was proposed
by interested researchers (see [51, 02, 77]). Let w be a random vector defined for
some probabilistic space and T'(+, w): R™ — R™ be a nonlinear mapping with the
expectation Az = E[I'(z,w)]. The SVIP is defined as follows:

Find z* € X such that (Az*,x — x*) Vo € X. (5.3.1)
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Let the solution set of (5.3.1) be represented as SVIP(A, X).

In practice, Ax is not easy to calculate because of the unknown distribution of w; as
a result, we cannot directly apply the available methods for solving VIPs to SVIPs.
However, there are two methods in the literature for solving SVIPs — the stochastic

average approzimation (SAA) method (see [/5, 95, 101]) and the stochastic approx-
imation (SA) method (see [55, 10/, 105]).

Recently, Jiang and Xu [52] introduced the SA-based single-projection algorithm for
solving (5.3.1). Their algorithm is as follows: xo € X, and

Lp4+1 = Hx([Ek - ozkf(xk,wk)), Vk Z 1 (532)

where Il x 1s the FEuclidean projection from R™ onto X, wy 1s an independent identity
distributed sample of w, and {ax} is a positive sequence. The authors proved when
A is Lipschitz continuous and strongly monotone and {ay} satisfies the conditions
that Y 72 ap = 00 and Y po i < oo the sequence {xy} almost surely (a.s.) con-
verges to the unique solution of the SVIP (5.3.1). The method (5.3.2) only needs a
sample at each iteration and, hence, is performed relatively easily compared to the
SAA method. This method has attracted the attention of many researchers who have
modified it in various ways. For example, Kannan and Shanbhag [55] proposed an
SA-based extragradient method for solving the pseudomonotone SVIP. Also, Yang et
al. [10]] considered an SA-based backward-forward method for the SVIP where they
used a weaker condition on A than pseudomonotonicity. Very recently, Wang et al.
[99] also presented an SA-based subgradient extragradient method for solving a pseu-
domonotone SVIP. In our future research, we shall construct and study an SA-based
reqularization projection algorithm, an extension of our methods, for approximating
the solution of stochastic BVIPs. These stochastic BVIPs are natural extensions of
the BVIP model studied in this dissertation.

. In this dissertation, we used the monotonicity assumption for the cost operator A;
however, the monotonicity assumption seems too rigid and is not always the case in
practical application. There are many practical problems whose cost operators do not
meet the monotonicity assumption. On the other hand, the Tikhonov regularization
method works by adding to the cost operator an operator that is strongly mono-
tone and depends on a reqularization parameter to obtain a parameterized strongly
monotone VIP, which is uniquely solved. However, when the cost operator A is
quasi-monotone rather than monotone, the monotonicity of the regularized problem
may fail to hold; this is because the sum of a strongly monotone operator and a
quasimonotone operator, in general, is not quasimonotone. Therefore, the iterative
projection-reqularized method that requires some monotonicity assumption cannot be
applied to solve the reqularized subvariational inequalities. Hence, we plan to study
the method in Chapter Three under the quasimonotone assumption of the cost oper-
ator A with a method of proof different from the one we used here. We note that the
algorithm in Chapter Four may not work under the quasi-monotone assumption of
the cost operator A.
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