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AN INVERSE PROBLEM FOR AN INHOMOGENEOUS STRING WITH AN
INTERVAL OF ZERO DENSITY AND A CONCENTRATED MASS AT THE
END POINT

DANIEL SIPHO MDHLULI

ABSTRACT. The direct and inverse spectral problems for an inhomogeneous string with
an interval of zero density and a concentrated mass at the endpoint moving with damping
are investigated. The partial differential equation is mapped into an ordinary differential
equation using separation of variables which in turn is transformed into a Sturm-Liouville
differential equation with boundary conditions depending on the separation variable A. The
Marchenko approach is employed in the inverse problem to recover the potential, density
and other parameters from the knowledge of the two spectra and length of the string.
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1. INTRODUCTION

A typical problem that involves investigating certain outcomes in the light of certain
forces which may be expressed as a set of differential equations subject to initial conditions
is known as the Direct Problem. This problem has been extensively solved not only by
scholars but also by normal civilians in their pursuit to understanding the problem “What
would happen if I do this, or change it like this?” The opposite of the Direct Problem
involves beginning with a set of observable (i.e. frequencies of vibrations/eigenvalues for
scientist) and one is concerned with understanding the underlying forces that led to those
outcomes, and is known as the Inverse Problem.

Isaac Newton in his day solved an Inverse Problem when he developed his theory of
gravitational force between two separate masses. The history of the Direct and Inverse
problem can be found in a book by Chadan and Sabatier in [2]. The success of this
branch of mathematics has led to many solutions to other inverse problems some of which
have found application in the field of medicine, for example, in the detection of leukemia
amongst other applications.
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The generalised approach to inverse problems was given by Mark Kac (1966) in a lec-
ture entitled Can one hear the shape of a drum? in [5]. We all know that one does not
hear the shape but rather hears the sound of the drum which vibrates at certain frequencies
which are called normal modes. Mark Kac was able to show in his manuscript that by
carefully identifying frequencies of vibration of the drum that one can be able to deduce
geometric information about the drum.

Krein, M.G and Nudelman, A.A gave impetus to research activities in the problem of
small transversal vibrations of inhomogeneous strings with damping. My interest into this
research was triggered by a manuscript written by Reinhard Mennicken and Vyacheslav
Pivovarchick entitled An inverse problem for an inhomogeneous string with an interval
of zero density which was published in the journal Mathematische Nachrichten, see [12],
which also investigated transversal vibrations of strings belonging to a certain class.

The problem under consideration in this thesis involves a string with density

| b(s) ifse0,4]
B(S)_{o ifse(l],}],

where 0 < [} <[ < oo, b(s) € W7 (0,1;) and give the description of the spectrum of the
problem:

%w 2w
(1.2) w(0,t) =0,

s=l

aw adw Mazw
(55 v +M52)
where b(s) > & >0, b(s) € W2(0,11), v > 0 is the coefficient of damping and M the mass
of the concentrated ring at the endpoint.

We begin our investigation of the Direct and Inverse problem associated with the above
partial differential equation by going through some of the preliminary material (Riemann’s
Formular and Transformation Operators) that form the basis of the route undertaken here
and can be found in the book by Marchenko.V.A. in [11] with varying degree of details.
The preliminary material is included in this thesis so as make the entire thesis self con-
tained. We know that the Sturm-Liouville differential equation can be rewritten as some
integral equation, however the problem with some of them is that the solution function
appears on both sides of the equation. Transformation operators are therefore employed in
this thesis since they allow for an explicit representation of the solution function in terms of
another solution function to the same differential equation but satisfying different bound-
ary conditions. The explicit solution function obtained using transformation operators has
a form of a Fredholm integral equation whose kernel does not depend on the eigenvalue
parameter. As we will see later on, this route will become important when we pursue
the inverse problem since the kernel of that integral equation bear some relation with the
potential of the Sturm Liouvlle differential equation.

The Direct problem in this thesis is investigated for strings whose density belongs to
three different classes namely, b(s) € W3 (0,11), b(s) € W;'(0,1;) and lastly b(s) € WP(0,1;).
The above space-time partial differential equation shown by equation (1.1) is reduced to
a second order ordinary differential equation that depends on the space and an eigenvalue
parameter A (energy parameter). As will be seen, the differential equation that results does
not conform to the Sturm-Liouville form for which we know so much about, however it is
transformed into one using the Sturm-Liouville transformation.

(1.3)
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A further application of the Sturm-Liouville transformation on all boundary conditions
leads to an entire function whose zeroes corresponds to the eigenvalues of the Sturm-
Liouville operator. The asymptotic expansions of the eigenvalues are then obtained for
string with density b(s) belonging to WZ(0,1;), W, (0,), and W£(0,1;). In comparison to
the Pivovarchik and Mennicken case in [12], it is found in this instance of the problem that
the general form of the asymptotic expansion remains unaltered when a concentrated mass
is introduced at the endpoint, but the term Q5 is equal zero in the eigenvalues expansion
for all strings classes of strings considered here, and this contrasts sharply with known
results from Pivovarchik and Mennicken which showed that O, > 0. It is only when we
consider the case b(s) € W (0,11) that it becomes clear from the asymptotic expansion that
the majority of the eigenvalues are located in the upper half, infact in this thesis we prove
that all the eigenvalues are located in the upper half plane.

The second half of this thesis focuses on the Inverse Problem for strings belonging to
the class WP (0,/;), and the approach we follow is the Marchenko method which is outlined
in his book [11]. We begin this thesis by considering some preliminary material shown in
Section 2, 3 and 4 that we will need to pursue both the Direct and Inverse Problem. In
Section 2 (Rieman’s Formular) we consider a twice continuously differentiable solution of
the Cauchy problem

Uy (t,%) — q1 (x0)u(t,x) = up(2,x) — g2 (x)u(t,x),

satisfying the initial data conditions

u(t,0) = @(1); ux(1,0) = y(7),
and we seek to obtain an explicit expression for the u at the point (¢, xo) using Riemann’s

functions. In section 3 (Transformation Operators) we will obtain an explicit solution
eo(A,x) to the Sturm-Liouville differential equation

Y = q(x)y+A% =0
where ¢(x) satisfies some condition and the function e (A,x) also satisfies
eo(1,0) =1, e((A,0) = iA.

Then using the results from Section 2 we show how the Riemann’s function are used to
construct Kernels which are in an integral equation used to obtain an explicit expression
for the solution to the Sturm-Liouville differential equation. In Section 4 (Zeroes of Entire
functions) we consider three distinct different classes of entire functions E;, E; and Ej3
and show that the zeroes of these functions are properly enumerated and then obtain the
asymptotic expansions of their zeroes. Section 5 of the thesis proves the main results of
the The Direct Problem by giving the description of the spectrum to the problem (1.1) -
(1.3) for classes of strings whose density b(s) belongs to W3 (0,1;), W5 (0,1;) and lastly to
W2(0,;). In Section 6 of this thesis we follow the Marchenko method to prove that we
can find the S-matrix which satisfies special conditions such that the Marchenko integral
equation

Glx.t) + F(x+1)+ / G(x,5)F (s +1)ds = 0.
X
has a unique solution G(x,7), and we further obtain that

dG(x,x)
=-2
q(x) p
In essence we prove that given the spectrum of problem (5.17) - (5.19) that we can find the
set {a,q(x),M1,M>,M3,Ms} where a >0, M; >0, M, >0, M3 —My4 > 0and g(x) € L2(0,a).
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Lastly, in section 7 (The Inversion) we begin with the obtained set {a, g(x), M1, M, M3, My }
and our task there is to find b(s), v,l;,M such that v > 0, 1; >0, M >0, b € W7(0,1;) and
b(s) > 0 for s € [0,/;] and generates the Sturm-Liouville problem having the spectrum
{A : k€ ZU{0"}} of the Direct problem.

2. RIEMANN’S FORMULA

Let u(t,x) (—oo <t < oo, —oo < x < o) be a twice continuously differentiable solution
of the Cauchy problem:

2.1) g (1,x) — q1 (0)u(t,x) = ue(£,x) — g2 (x)u(t, x),

(2.2) u(t,0) = @(1); ux(1,0) = (),

where @, Y, g1, and g, are continuous complex-valued functions (see pg. 1 of [11]). Let
the value of the function u at the point (#p,xo) be thought of as a value of a linear functional
T,," on the vector function (¢, )

(2.3) u(to,xo0) = T;"[@, y].

An expression for this functional was first found by B. Riemann using the following ar-
gument. For fixed 7 and xp > 0 let R(¢,x;10,x0) = R(z,x) denote the twice differentiable
solution of the equation

(2.4) Ry —qi ()C)R =Ru—q ()C)R,
in the domain shown in Figure 1
X
(IO,XO)
II I
(to —x0,0) 11 (o+x,0) !
Fig.1

which takes the value 1 on the characteristics xo —x = | — 1| of the equation. The existence
of this solution is proved on page 3 of [11]. Now multiplying equation (2.1) and (2.4) by
R and u respectively and then subtracting the second equation from the first equation we
obtain

Ut R — uRy = uy R — uRyy,
in D, where D is the region enclosed by lines I, I and III. The above expression can
equivalently be written as

d(uR—uR;)  d(uxR—uRy)

Jt I
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Therefore integrating over the region D on both sides we get

// u,R uRl) 3 a(uxR_qu}dtdx—O
ox o

and recalling that Green’s formula states that

/de+Mdy // ‘)M—ai )dxdy

whenever L and M have continuous partial derivatives. Therefore an application of Green’s
formula gives

(2.5) / (4R — uR;)dx+ (uyR — uR,)dt =0,
r

where I" denotes the anticlockwise oriented boundary of D which consists of three line
segments we call I'1, I, and I'3. So we may also write

(2.6) / (R —uR,)dx+ (uyR—uRy)dt =11 + L + I,
Jr

where
Ii= / (R —uR;)dx+ (uyR —uRy)dt, j=1,2,3.
L
On the line segment I'; we have that
x=xo— (t—19) and dx = —dt,
so then evaluating the integral on I'; gives that

To
L= / (* wR+ uR; + R — “RX> (t,x0 = (t —to))dt
1

0+X0

1o

Qn = —/ (Gt = )R+ (R~ Roue = 2u(R, — Ry) ) (1,0~ (1~ 10) .
to+x0

We know that for any differentiable function F we can write

& (v~ (1-1) = (i~ F) (1,0 (1 —10),

therefore using the above we simplify the following:

(ur —ux)R+ (R, — Ry)u

= —(uR
x:xof(tfl()) dt (u X:xof(tfto)

and

d
y=xg—(1—1p) = g Rx0=(1=0) =0,

since R is identically 1 on the line x = xo — (r — o) for 1y <t <ty + x9. Combining these
results with equation (2.7) we obtain

) d
11 = —/ f(MR
to+x0 dt

= —u(t,xo— (t—1))

(R —Ry)

)dt
x=x—(t—1o)
fo

to+xg '
Hence

I = —u(tg, xo) + u(ty +x0,0)
= —u(to,x0) + @(to +x0),
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where we have used condition (2.2). Similar computation on segment I'; where x = x¢ +
(t — o) and dx = dt, yields

10—X0
b :/ (u,R—uR,—i—uxR—qu) (t,x0+ (t—19))dt

fo
= (p(t() —X()) — u(t07x0).

Finally on segment I';, we have that dx = 0 and that
u(t,0) = o(t), u(t,0)=w(t),
so we get that

10+x0
L= / (uxR - qu) (1,0)d1
Tp

—x
1o+x0

= (w(1)R(t,0) — @(1)R(t,0))dt.

JI)—Xx0
Substituting 17, I> and /5 into (2.6) we get that

0 = —2u(to,xo) + ¢ (to +xo0) + ¢(to — xo0)

t0+x0
+ | (WORE0) = @(O)R(1,0))dr,
0—X0
or equivalently
to+x0) + @t — 1 [lotxo
08 uliy ) = POTITLOZI0) T ()r(1,0) — (1R, .
0—X0

The transformation x — —x leaves the general form of equation (2.1) unchanged when the
variable x is replaced by —x and ¢ »(x) replaced by g »(—x), whereas y(¢) = u.(¢,0) and
R,(t,0) change sign. From the above transformation and equation (2.8) it is quite clear to
see that the form of equation (2.8) is preserved for xo < 0. The function R(¢,x;1,x0) is
called the Riemann function and the expression (2.8) for the functional Ttgo is known as
the Riemann formula. Note that a special case occurs when ¢'(¢) = y(¢), in which case,
integrating the first term in the integral by parts we obtain

— 1 1o+Xx
ultgxg) = ORI OUOZ20) 4 L1 00

1 10+X0

fp—Xo

(R (t,05t0,x0) + R (2,050, x0) ) (2 )dt,

B 5 o—Xo
which upon simplification gives
1 10+Xx0
(2.9 u(to,x0) = @(to+x0) — f/ (R (2,0;19,x0) + Rx(,0;10,%0) ) @ (2)dt.
fo—x0
In the next section we show how Riemann functions and Riemann’s formula are used

to construct kernels which are encountered when writing explicit solutions to the Sturm-
Liouville equation using transformation operators.

3. TRANSFORMATION OPERATORS
Consider the Sturm-Liouville differential equation

3.1) Y —q(x)y+A%y=0
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on the interval (—a,a), 0 < a < oo, where g(x) is a continuous complex-valued function on
this interval and A a complex parameter. Let eg(A,x) denote the solution to equation (3.1)
with initial data

(3.2) eo(A,0) =1, e{)(l,O) =iAk.
The function
u(t,x) = e*eg(A,x)
is obviously twice differentiable for —eo <t < o0, —a < x < a and solves the Cauchy
problem

(3.3) Uy = e — g (x)u,
with initial conditions
u(t,0) = e, u (r,0) = ire™.
Equation (2.9) gives that the value of the function u at (9, xp) is given by

eiArOE()()yJC()) _ ei?L(loero)

1 [tot+xo i
- (R:(t,0;10,x0) + Ry (t,0;20,x0) ) e dt.
2 Jig—xo

Letting #p = 0 and denoting

1
(3.4) K(xo,t) = *Q(Rt(t,O;OJCo)+Rx(f,0;0,XO)), lt] < |xo],

we get
X

. 0 :
eo(A,xp) = e*¥0 4 K(xo,1)e™dr.

—x
Thus we have proved the following

Theorem 3.1. The solution eg(A,x) of equation (3.1) with the initial data (3.2) admits the
representation

(3.5) eo(A,x) =™+ [ K(x,t)e"dt,

—X
where K (x,t) is a continuous function expressed in terms of the Riemann function by equa-
tion (3.4).

The integral operator X defined by

X

(X)x) = fx) + ﬂK(x,t)f(f)dl

is called the transformation operator preserving the initial data at the point x = 0 where f
represents the solution to some simpler differential equation y” + A%y = 0 with the same
initial data as the function (X f)(x). The operator maps the function ¢’** (i.e. the solution
of the simplest form of equation of (3.1) with initial conditions (3.2) into the solution of
equation (3.1) with condition (3.2). Since e and e *** constitute a fundamental system
of solutions to equation y” + A%y = 0, then the operator X transforms any solutions of this
equation into a solution of equation (3.1) with the same initial conditions at x = 0. Suppose
that we impose initial conditions w(4,0,h) =1, w'(A,0,h) = h on the differential equation
y" + A2y = 0, then its solution is given by

sinAx

F$(x) =cosAx+h P
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so then by an application of Theorem 3.1 we have that the solution to equation (3.1) with
the initial data

w(A,0,h) =1, w(A,0,h) = h,

can be expressed as

sinAx x sinAt
1 + _xK(x,t)(cosMJrh 1 )dt

= coslx+/x(h+K(x,t) +K(x,—t))cos At
0

w(A,x,h) =cosAx+h

+h/0 (K1)~ K (x.—1) /Ot cos A &d¢ ] dr
:cos),x+/oxK(x,t,h)cos)Ltdt,
where
GO K(uth) = h K+ K0 +h [ (K E) - Kl ~E)dE.
Similarly, the solution w(A,x, o) of (3.1) with initial data
w(4,0,00) =0, w'(A,0,00) = 1,

admits the representation

w(A,x,00) = S“;L’Ix + K(x,t)%hdt
_ smlir/ (K(or) — K (x, —t))SIHMdt
A 0 A
sinAx sinAt

=7 +/0 K(xJ,oo)Tdt,

K(x,t,00) = K(x,t) — K(x,—1).
Note that if # = 0 we have that K(x,#,0) = K(x,7) + K(x,—t) which is not the same as
K(x,t,00) = K(x,t) — K(x,—t). Now rewriting equation (3.1) in the form

(3.7) Y + A%y = q(x)y,

and regarding the right hand side of equation (3.7) as known, we seek the solution ep(4,x)
of this equation by method of variation of constants. Let g(x) = 0 in (3.7), then the system
{e"'“ ,e"'b‘} is a fundamental system of solutions to the differential equation y’ = —A%y
and has Wronskian

where

e*ilx ei?Lx
_ilefilx ileilx
Now, the variation of parameter states that if y;,y; are linearly independent solutions of

a(t)y” +b(1)y' +c(1)y(r) =0,

W(x) = =2iA.

then the solution y, to
a(t)y” +b(t)y" +c(t)y(r) = f(1)
is given by

_ y2f (1) yif(t))
Y= _yl/a(f)w@d””/ a(lt)W(t)d”
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where W (¢) is again the Wronskian of a fundamental system. Now, replacing f above with
qy, we get that the solution y(x) of
Y+ A%y =qy
is given by
x ,—iAt o ,—iAt
—ie [T Ma@y(@) L s / e Mq(t)y(r)
=— ———=dt ———=dt
Yo = e /0 2iA L T
z)L (x—1) z/l(x t))q(t)y(t)
_ / . d
2iAd
sm/l —1)
- [ g

Suppose that y; is the solution to the homogeneous equation y” + 22y = 0 and y, a solution
to the inhomogeneous equation y” + A%y = g, then y3 + y. is a solution to the inhomoge-
neous equation y” + A%y = g and implies that the solution

t

(3.8) eo(A,x) = e"b‘—{—/oxmxiit)q(t)eo(l,t)dt

which is the sum of solutions to the homogeneous and inhomogeneous equations is equiv-
alent to problem (3.1) with initial condition (3.2). This is an integral equation for the
function ep(A,x) (which is known as the Sturm-Liouville integral equation). We seek its
solution in the form of (3.5). In order for the function of the form (3.5) to satisfy (3.8), it
is necessary that the equality

K(x,1)e™dr = / 78"11(;_0 q(t)e™dt
JO

+/ S"M /K &)e*EdEd
JO

hold (where we have used Theorem 3.1). Next we express the right hand side of the above
equation as a Fourier transform. Since

Slnl( 7t) z/’L/;‘ /§+x 2 zlu
(3.9) e 2 du,

then it follows that

sinA (x — ) it A /x iAu
/0 - dt = 2/ [ Mdudn

x+u

2 [x / t)dtdu.

Changing the variables of integration we get

¥ sin A (x—1 , x5 .
(3.10) / sinAGc=t) oty — / 5 / © g(8)dE ) eMar.
0 A —x2\Jo
Using equation (3.9) once more, we obtain the equality
/ Sll’ll / K lléd&dl‘

o] xe a/““*“ i)
e u
) JE—(x—1)
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Next, upon extending the function K (z,&) by zero for |£

r s - EHon)
/ K(t,&)/ e*dudé :/ K(t,é)/ e™dudé,
- £ (1) - E- (1)

and changing the order of integration

—/ /u+ ) (.8 )dEdu.

Now since K(¢,§) = 0 for |§| > [¢|, so if |u— (x —¢)| = |¢], then this equality implies
that u — (x —¢) = r which in turn implies that u = x so that if ¥ > x then we have that
|u— (x—1)| > |¢|, in which case K(z,£) = 0 on that interval. Similarly |u+ (x—1¢)| = |¢|
implies that u = —x so that if u < —x then we have that |u+ (x —7)| > |¢| in which case we
have again that K(z,&) = 0 on that interval. Altogether we get that |u| < x, so we can write

/_’ K(1.8) /jj_t M dudE — /_ ) / ) k(. )ddu

for any choice of t € (0,x). Consequently,

E4(x—1) X X u+(x—t)
/ / K(t,&) / 'l"dudgdr: / et / q(t) / ( )K(z,é)déd:du.
—Xx 0 u—(x—t

Renaming the variables of integration,

G.11) /0 qum [ K(,€)H g

Y 1/x /t+(x7u)
=/.¢ (2 A q(u) ) K(u,é)dédu)dt

Equation (3.10) and (3.11) show that the equality (3.8) leads to

X .
K(x,t)e*dr
—X
1 Y+I

=3 _);(/ du+/ /I+x . (u,é)dédu)emdt,

and satisfies the equation

(3.12) K(x,1) 2/ du+2/ /HX 5 K(u,&)dEdu.

The domain of integration of the double integral on the right hand side of formula (3.12) is
shown in Figure 2.
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3
E=t—(x—u)

1

3

E-it i)
2
E=u E=—u

Fig.2

(u,&) =0 there. So
the integral is actually taken over region 3. Performing a change of variables

u+€=2aandu—&=2p

in this integral, we get

K(x,t)_;/oqtq y+/ / gla+B)K(a+pB,a—B)dBda,

in which it is already taken into account that K(x,#) = 0 for [¢| > |x].

Theorem 3.2 (Rouche’s theorem). Let f and g be holomorphic inside and on 7, where y
is a simple closed path. Suppose that |f(z)| > |g(z)| on ¥. Then f and f + g have the same
number of zeroes in the interior of Y.

Theorem 3.3 (The Identity theorem). Let G be a region and suppose that f is holomorphic
in G. If the set of zeroes of fin G has a limit point in G, then f is identically zero in G.

4. ZEROES OF ENTIRE FUNCTIONS

In this section we will investigate the behavior of the zeroes of the entire function E; of
the form:
4.1)

Ei(A) = —KiA%cosAa+idKycosAa+ AKssin Aa+ KycosAa + iKs sinAa
cosAa sinda cosAa

1 + K7 1 + Ky 12 l/Cl sm?Ltdt+/ & (t) cos Atdt
-H/ &(1) Slnltdl—l—z/ &) Cosltd /CS Slnltd /Cf, coslt .

+iKg
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where (), ..., {6 are real valued functions belonging to L,[0,a] and K; € R for all j =
1,2,...,8 and K; # 0. We will also investigate the behavior of another function of the
form

4.2)
Ey(A)=— AK; cosAa+idKycosAa+ AKssinda+ Kycosda

+iKs Si“laJriKﬁcoila + K7 Sm;a +/ i(r) Smhdwri/. éz(t)Mdt,
JO A Jo A

where & and &, are real valued functions belonging to L,[0,a] and K; € R for all j =
1,2,...,7 and K # 0. Lastly, we will investigate the zeroes of the function of the form

4.3)
2 . . R . cosha
E3(A) =—A°KjcosAa+iAKycosAa+ AKssinAa+ KycosAa+ iKssinda+ iKg 1
1K sinda LK cosda LK sinla ik cosda LK sinda
i i

+/ £1(1) sin Mdt—kl/ £(1) coskt

where again & and &, are real valued functions belonging to 1,[0,a| and K; € R for all
j=1,2,...,11 and K| # 0. As a first step in our investigation let us consider the following
theorem

Theorem 4.1. Let E| (L) be an entire function of the form

E\(A) = —KiA%2cosAa+ilKycos Aa—+ AKssinda+ K4 cos Aa+ iKs sin La

co;la+K7smkla+Kgco)sLla k/ 0, Sln;udtJr/ &o(t) cos Ardt

+l/ &(1) Slnlta’t—l—z/ a0 Cosltd /CS Smltd /Cﬁ coslt .

where (i, ..., G are real valued and belong to 1,[0,a] and K; € R forall j=1,2,...,8
and Ky # 0. Then under proper enumeration, the zeroes A of E satisfy the following
properties:

+iKs

(1) The sequence {Ay : k € H} is symmetric with respect to the imaginary axis, where
H is an index set.
(2) The number of pure imaginary A is even

The enumeration is said to be proper if

(1) the multiplicities are taken into account.
(2) Re)Lk_H Z Relk.

This enumeration is arbitrary in other respects. It should be mentioned that such enumera-
tion is possible for all A; considered in this thesis and this will be shown later.
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Proof. From equation (4.1) we can see that
E; (—1) = —Kliz cosda— iZKz cosla+ 11(3 sinla+ Ky cos Aa— iK5 sin la
cosda sinda cosda

— iKg 7 + K7 5 + Ky o +/_1./aCl(t)sinitdt+/agz(t)cositdt

/l /l /l
—z/ e smltdt—z/ X0 cos td / &) sm t / L) cos t
= —KjA2cosAa+ilK, cos?La+7LK3 sinda+ Ky cosla+zK5 sinda

cosAa sinda cosAa

. +K; . +Kg P )L/ 410 s1n)Ltdt+/ & (t) cos Atdt

[ . . [ cosAt sinAt cosAt
+i [ Gsinaederi [ G0 e [C 60 5 e [ Sy dr
:El(a’)a

from which we obtain that if A; is a zero of Ej, then so is —7[/( a zero of E; with matching
multiplicity. We therefore have that the sequence {A; : k € H} is symmetric with respect
to the imaginary axis and this establishes property (1) of the theorem. It will be shown in
the next theorem that the indexing set H is countably infinite subset of Z. Now since the
above sequence is symmetric with respect to the imaginary axis we can write A_; = —A
for all not pure imaginary A; where we assume for now that k € H is a integer. It is evident
that if we consider the same function on the imaginary axis (A = it, T € R) together with
the identity E1(—2) = E{(A) we can deduce that the function is real valued. We replace
sines and cosines in E] with their exponential forms as follows:

+iKs

ila —ila ila —ila ila —ila
+e et +e et —e
Ei(A) = —K /12(6 ) LK ( ) AK <7)
1(A) 1 5 +iLlK, > +1K;3 5
K <eila +e—ila> K (eila 7e—ila) K (eila +e—i},a)
4 2 s 2i SRy}
eila o e—ila eila + e—ila a eikt o e—ilt
K (*) (CE Y o [ a0 (E e
+K; 5 + Ky 12 +A ) Gi() T
t)Lz z)Lt zkt _—iAt
+/ &(1) +e dt+z/ G(t) 27.6)41&
i

l?kl _’_efllt llt —iAt
a0 [ (P
2iA

zll llt
+
+ / Go(t) : )df ;

and then evaluating E; on the imaginary axis (A = it, T € R) we get
2
N Vet Ta
E(+iT) i Kie™ 4 0(te™)

from which we deduce that the number of pure imaginary A; (including multiplicity) is
even. Hence property (2) of the theorem is proved. O
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We now show that the zeroes of E| can be enumerated in a proper manner.

Lemma 4.2. The zeroes Ay of the function E| are countably infinite and have a proper
enumeration (in a sense defined in Theorem 4.1)

Proof. We know that the zeroes ?L,fm of the function —K| cos Aa which satisfy

T 1
A =Z(k—) ke
k a ( 2 )7 €
are properly enumerated according to our sense of proper enumeration. We are going to

show that the zeroes A; of E| satisfy
M = 7L )+ o(1),

from which it will becomes evident that the remaining zeroes can be arranged such that
proper enumeration holds. Suppose that A # 0, and let us define the function E as

(4.4)

E
E(A):T;
. cosda sinda cosdAa . sinla cosAa
= —Kjcosda+iK; 7 + K3 7 + Ky 12 +iK5 1 + Ks e
sinA cosA ra sinAt ra cos?Lt s1nlt
ok [T e [0S e [ 6

—|—i/()a€4( cosltd +/ Zs(0) sm)Ltd +/ Zo(t) coslt dr.

which need not necessarily be entire. Suppose that there there exists a subsequence {4, }7
(which without loss of generality we assume is countable for now) of {A; : k € H} such
that ImAy,, — oo as m — o, then from the definition of the function E we can see that

eltmA,,al

A
which contradicts that E (A, ) = 0. So there exists a number A > 0 such that for all k € H
we have that ImA; < A. Similarly, it can be shown that ImA; is bounded below. Altogether,

we can find a number A1 > 0 such that for all k € H we have that [ImA;| <A; (say A| > 75).
Now from equation (4.4) it can be seen that we can find an integer ko > 0 such that

4.5) E(lkm) + K COSlkma = 0(

(4.6) E(A)+Kjcosha| < ‘TC"e‘ImM”

forall A € {C: Red > ko,|ImA| <A;} where C > 0. Since A # 0 then multiplying both
sides by |12| we get

(4.7 |Ey(A) + K A% cos Aa| < C|A|elm*le

for all 2 € {C: ReA > ko,[ImA| < A;}. Let us denote by Cyi the closed disc of radius
p € (0,5) with centers at the point Z(k — 1). Immediately we can see that J~., Cpy is
bounded by the strip |ImA| < A;. Furthermore, from the above remark we can see that
there exists a C > 0 such that

E(A)+K coshral < %e“mll“ forall A € U Cork-
[k|>ko

Let Iy denote the boundary of Cpy,which is closed and bounded (compact). Since the
zeroes of cos Aa are located on the center of Cyy, then |cos Aa| 7# 0 on every point in the
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boundary I'y;. Due to periodicity of the cosine function, we can restrict ourselves to one
particular disc Cp;. We know that the cosine function is continuous in the entire complex
plane, certainly it is continuous on I'p, hence |cosAa| is continuous on I'px which is
closed and bounded. Thus, the function attains a maximum and a minimum on Iy, and
that minimum is not zero since |cos Aa| # 0 for all A € UZ,, ;2o T'p«. say d > 0. Then

|KiA?cosAa| > d'|A|* YA € Ty,

where d' = Kid. Sofor A € U 0T pxN{A €C: [A] > Cd'~'}, we can find another k),
(k{, > ko) such that Cpx C {A € C: |A| > Cd'~'} for |k| > k{, and

KiA2cosAa| > d'|[A]? > d'w% = C|A| > |E1(A) + K1 A% cos Adl.

Then applying Rouche’s theorem we get that the number of zeroes of KjA%cos Aa coincide
with the number of zeroes of E; in the domain Cpx C {A € C:|A| > Cd’~'}. So we can
conclude each of the disc Cpy, k| > k{, which lie in the domain {4 € C: |A| > Cd'""'}
contains exactly one simple zero of E|. Hence

A =22 +0(1).

Now let us choose a positively oriented boundary I" of a rectangle enclosing the region
{A € C: |ReA| < k), |ImA| = B}, where B = max{A;,Cd’~'}. So thenif A € [ = {C:
|ReA| = ki), |ImA| = B} then we have that |A| > [ImA| > B > Cd’~! and consequently that

|K1A%cosAa| > d'|A]* > d/\M% =CJA| > |[E1(A) +KiA*cos Aal,

which gives that the number of zeroes of the function E coincide with the number of zeroes
of the functions —K; A2 cos Aa inside I'. Altogether we have that outside the rectangle I' the
circles Cpy, k > k6 contain exactly one zero written as Ay of the function E, and inside the
rectangle the function E; has exactly the same number of zeroes as —KjA”cos Aa which
are finite, hence the indexing set is countable. For |k| < k{) we have 2k’0 + 2 zeroes which
are distinct from those found when k > k{,. Therefore the indexing set H = Z U {0"} is
enough to index the zeroes of the function £ completely. U

Theorem 4.3. Under proper enumeration, the zeroes Ay of Ey satisfy the following

T 1 Py bk
- Z(k—Z Zk
i 2)+(k_%)+ k
where {b}”,, € [, and P, = 75?1

Proof. We have already established in Lemma 4.2 that A satisfy the following asymptotic
M= 2 (k— %) +O(1), then substituting A; for k sufficiently large into equation (4.1) to
obtain

0=—-K, kkz cos Aa + iA K cos Ara + A K3 sin Apa + K4 cos Aya -+ iKs sin Aga
cos A, sin A, cos A, a a
1 Ly S 11 4 Ky Azka —|—lk/ Cl(t)sinlktdt+/ 8o () cos Agtdt
k k

_H,/O'“ Cg(t)sinlktdt—i—i/oﬂ 20 cos?thd +/ 20 smlkt / 20 coslkt

+iKe
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Dividing both sides by A2Kj, (possible since A; # 0 and K; # 0) to get

K> cosha KisinAia Ky cosAia K5 sin A a
Ki A& Ki X K1 A2 'K A2
K6 cosha KysinAwa Ky Coslka / a0 s1n7th
1
K

0= —cosAa+i—

K1 ATk A KA
/4,2 cos/'thd il /C% sm?thd ril /C4 cos?th

sin /'th cos )th
/ CS / Cﬁ z,
K

cosAya sinAza (lk)
i, + Ly i + P

= —cosAa+ily

where L| = Lz K3 and

W(i) K4 cos lka KssinAha KgcosAa KgsinAra  Kg cosAza
= — i— i— — —
k Ki A K A K ),2 K; 12 K l3

+Ki/aC1( smkktdt—&-—/ &(1) COS/Iktd t+i 7/ &(t) s1n7th

cos ),kt sm Ak cos kk
Kl/ &(r) e / &l e / olt

Let A4 =x+y where x = %(k — %) and y = Ay, (as per Lemma 4.2 we have that A, = O(1))
then W can be further reduced as follows

cos lxa sinAza 1
Y(A) = L o(—),
(&) =Ls ph +ily o +0( k2)
where L3 = 2* and Ly ? . Now substituting A, back to find the zeroes using cos Aya =

k+1

(—1Dksinay and sin lka = (—1)*"" cosay we obtain

i sinay k410058 ()

—(—1)Fsi Ly (—1 Ly(—1 —0.
(~Dfsinay-+iLa (~)F 2 4 (-1 994 T
Multiplying both sides by (—1)* and then dividing by i we get
i Y(A
isinay+ L, Smay +il, cosay +i(_1)k+1M =0.
Ak Ak Ak

Now replacing sine and cosine with their exponential form in the above

) eayi _ e—ayi eayi _ e—ayi ) eayi + e—ayi ‘P(lk)
0=i(g ) (T ) i)
! 2i T 2iA; T 2, +(=1) Ak

eayi _ efayi ) eayi _ efayi ) eayi + efayi YA
:( 2 )_’L1< 2 )+’L2< 2 )+(_1)k a

and then multiplying both sides again by e®’

2ayi

0= (e2ay;_1) _iLl(%) +,-L2<e2“;;j1) (ke )
:ezayi(l 'M)+(—l)"e“ﬂ (lk) ( 1 M)

2 T o n
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which is a quadratic equation in e, Observe that

<l+iw>( l+iM> (—l+i(L1+L2+L1_L2> (Lf—L%))

2 2 2 2 4 Ly 4&]{2
1 L 212
(~haitiy M)
4 2N 407

then solving the quadratic equation for its zeroes we see that

|
w(l, w2 (3, . 13-13)\12
(71)k+1 Elkk) + [ A(ng) + (1 71% + ( 1%{2 z))}

2(4+it)

As k — oo, y converges to zero, then taking the principal branch of the logarithmic func-
tion with center 1 and radius 1, we obtain
(4.8)

ail, =log ((—l)

eayi _

P () 2L (L2—13) W2 (A4)71% (=L +Ly)
k+1 )
+[1-iot |*)-t0e (1 ).
pn Ty A2 el

Since we are looking for A; and we know that Ay = o(1), the question then is, given the
two square roots

which one describes our A;? We note that the function

( 2L, (L2-13) 1 ¥(A)

- 1)k 2\
FAREY: +0()) + (-0

converges to zero as k — oo. So in the limit as k tends to infinity we have that the overall
expression

_ 2L (L-L) T )
+|1 Z)Lk+ 22 +0(k2) +(=1) 7

tends to £=1. Now thinking of our coefficients as coming from C and having that for z € C,
2= rle”,

logz =log|r|+i6,

we see that choosing the minus sign makes an argument to be —7x 4 27k, k an integer. And
in the limit as & tends to infinity we have that the logarithm of

W(A) .
VK1 2\ I St S St SV
()L [1 T
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does not tend to zero. Therefore by process of elimination, the positive square root de-
scribes our A;. So

P () 2L (Li—L13)  PP(A)72 (—Li +Lo)
k1 2V _ e 1~ 5 _
log(( 1) o —|—{1 l)Lk + 22 + 22 } ) log(l—H " )
¥(A) 1, 20y (L3-13) W2(&) 1
_ 1)k A 24 2
710g(( 1) o +1+2( llk + py; + 22 )+0(k2))
—log (1+l.7(*L1l+Lz))
k
_ L e ) 10y (—=Li+Lo)
_log(l llk+( 1) p” +0(k2)) log(l—s—li}% )
_ L Y (Lt L) 1
= llkJr( 1) o i " +0(k2).
Now substituting back into equation (4.8) gives
o L (Lit+Lo) e () 1
ail, = l/,tk—i-l " +(=1) o +O(k2)

= i(qu) +(—1)"+1%i") +0(kiz).

Note that the above expression still has a A; occurring in the denominator and needs to be
eliminated in order to arrive at the asymptotic expansion, and so to do that we use

1 1

for large enough x. So then

aidy = (— iLy + (—1)’<+1111(7Lk)) (E(T

— (_] )k+]

hence

Ag

+
=z
=
L
=
-

where

1 Y(A) s k

b= O(;) +i(~1F =28 (= ).

= 0+ =2 (=

Note that to complete the proof we need to show that the sequence by is square summable.

For purpose of length of proof we will end it here and continue from the next proposition
onwards to show that the sequence by, is square summable. ]
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Proposition 4.4. 1, = O(%) is square summable.

Proof. hy = 0(%) by definition means that there exist constants ng and ¢ > 0 such that
1
|| < cm, for |k| > no.

So for |k| > nyp we have
1

Z |hk|2<C2 Z W<°°,

[k|>no [k|>no
and adding a finite number of terms to a convergent series produce another convergent
series. Thus

oo

Z |hk|2 < oo,
k=—oo0

O

Lemma 4.5. Suppose that for a function f € L,(0, ) we define a function f as follows

~ T l
)= [ fee s,
0
and further suppose that we have a numeric sequence ay = k+ b+ hy such that
1
hy = 0(%)f0r k — too

then it follows that we must have that
Y@ <o
Proof. We will prove the results by showing that
Fla) = f(k+b)+k'g(k), and
Y fkab)P <o Y g <o

k=—o0 k=—o0

so that { f(ax)}*., € I, will follow as a consequence of adding two square summable se-
quences. From the equality

T . .
f(ak) _ / f(x)e_zl(k+b)x.€_21hkxdx
0
T .
= / F(x)e 26D _2ipy x+ O(h?))dx,
0

it follows that

Flay) = F(k+b)+hf' (k+b) + O(h})
Flk+b)+k 'g(k),

where
g(k) = khy f' (k+b) + k' O(K*h3).
Now since i
flk+b) = /0 f(x)e 2x o=2kx gy and

n , ,
Fk+b)= —21’/0 £ (x)xe 2bxe=2ikx gy
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are Fourier coefficients of the functions f(x)e™2** and 2if(x)xe >* which belong to
L,(0,7), Bessel’s inequality implies that

Z |f(k+b)[? Z|f (k+Db)

k=—oo

hence Yo .. |g(k)|* < oo because by assumption sup |k/| < oo, khy = O(1) and by Proposition 4.4
is square summable. (I

Now that all the machinery is in place, we therefore return to complete the proof of
Theorem 4.3 by showing square summability.

Corollary 4.6. Let f € L,(0,a), and if h is defined by

h(A) = /Oaf(x) cos Axdx,

and further suppose that we have a numeric sequence by = %kJr ¢+ hy such that h, =
O(4) for k — oo then h(by) is square summable.

Proof. From the definition of / above we replace the cosine function with its exponential

form as follows
~ ra ilx_i_e*ilx
i) = [ (i)dx,

2
2/ t)Lx +f ) _llx)dx,
= E(fl(l)‘*‘fz(/l)),

where .
fild) = /0 f(x)e**dx and fo(A / f(x)e ™ dx.

Let us consider the function
a .
= / f(x)e ™ dx.
0

Now performing a change of variables given by t = Zx, then £dt = dx and

f(A) = f(ft) M,

0
Certainly % f(£t) € L2(0,7). Now to apply Lemma 4.5 we need the following correspon-
dence 4 4 a
A —A, « —f(=t) € L,(0,m).
e ) & S f(S) € 12(0,7)
Since we had obtained the results of Lemma 4.5 strictly for the numeric sequence a; =

k+ b + hy, then we must show that with 52 in place of A that we do obtain the same
numeric sequence. Given that by, = Ek + b+ hy, then

Cl — 2717( k+b+/’lk)
k 1
=5 tethy, h=0(;)

So for k even, k = 2n, n an integer, we obtain

cr =n+c+h,
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which gives a numeric sequence satisfying the asumptions. And if k =2n+ 1, n an integer,
we get

1
ck:n—ﬁ—i—i—c—i—hﬁ(,

=n+d+h,

which also gives the same numeric sequence as in Lemma 4.6. So applying Lemma 4.5 we
obtain that f>(by) € I,. Similarly for f(by) € l». Therefore, the function defined by

Fo) = / * () cos Axdx,
0
where f(x) € L,(0,a) satisfies
Y 1B < oo

This then completes the proof of Theorem 4.3.

Theorem 4.7. Under proper enumeration the zeroes Ay of E; as defined in equation (4.2)
satisfy the following asymptotic

., 1 o . O 03 Br
e==(k—2)+ +1i + +3
SRR LR v R A T
where
0=-2
! T
0y — _a(PP+P)
2
(—Ps—PPs+P Py + PP+ 1P)a®> P}
Q= 73 ‘ T
and ‘2
_ D () (k3 !
po= (=) o)

2
which is square summable. The function ¥ is defined by

2(A) = Kil (i /0 “ £ (1) sin Atdt + /0 "&o(1) cos A,

. Kii1 .
where the constants P; are determined by P; = ,f(—*l' j=12,...,6.
Proof. Given

Ey(A)=-— A%K; cosAa+ilKycosAa+ AKssinda+ Kycos Aa+ iKssinAa

. cosha sinda a sin At o[ cosAt
+iKs 1 + Ky 1 +/0 IS10) 1 dt—|—l/0 éz(t)Tdt,

where K; € R for j=1,2,...,7 and &, » € L,[0,qa] are real valued functions. Suppose that
At is a zero of Ej, so dividing by ilszl in E>(Ax) = 0 to obtain

0=icoshqa+P cos Aa —iPZSIH kd —iP3COS zka
2'k kk A’k
sin Axa coshqa . sina A
4 p, 20A | p COSMAp SN 2 (M)

2 A MoK
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and

2(h) = Kil(fi /0 “ & (1) sin Atdt + /O "6 (1) cos Aur).

k

Let A = x+y where x = Z(k — %),y = Ay and using cos Aza = (—1)"sinay, sinAa =

(=11 cosay to get that

0=i(—1)sinay+ P (— 1) 202 _jp,(—1)kr1E28Y
Ak Ak
. x sinay ki1 €osay ¢ Sinay
—iPy(—1) 2 +Py(—1) T,g*PS(_” PR
M)
P (—1 k+1C05ay+7C( k)
Multiplying by (—1)¥ on both sides, we then get
. sinay ., cosay . sinay
0 =isinay+ P, +iP. —iP:
Y I X 2 A 3 ’lkz
cosay sinay . cosay X (M)
) +P +iP, +(~1 .

Now writing sines and cosines in their exponential forms to get

eayi _ efayi eayi _ efayi eayi + efayi
0=i(= )+ A () ()
N )T U ) TR Ty

eayi _ e—ayi eayi 4 e—ayi eayi _ e—ayi
() () ()
a2 o2 20}

e +e’“yi) n (_l)kl(lk)

242

+iP(
6 A,]?

which can also be written as

ayi __ ,—ayi ayi __ ,—ayi ayi —ayi
0= () -in () +in(S—,— e )

2 2 2
eayi _ e—ayi eayi + e—a_w' eayi _ e—ayi
() () ()
a2 a2 a3

oD —|—e*ayi) . i(—l)kH x(A)

3
2

+ipy :
)Lk
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Now multiplying both sides by ¢/® we obtain

0 eZayi_l p e2ayi_1 » eZayi_*_l
=(T ) i) (T )
2ayi

p (e —1) » (ezayi—&-l) P (ez"yi—l)
P —— ) B —— ) iP5 ——
a2 o2 BAEYE

V41 i (M)
: ayi:¢  1\k+1
+1P6( 2)%3 )-i—e i(—1) ;Lk3
(1, (=P+P) (PB+P)  (-P+F) X (M)
— 2ayi [~ _ ayi( k
¢ (2” 20 VPR E ) (=) A3
1 (Pi+P) (P3—P) (P5s+P)
(gt YN YRV )

a quadratic equation in e®’ of form az* + bz +c = 0. Now before solving the quadratic
equation we first multiply the following

+1

.PH+5)(%+&).P%+%»( _F%+5)(%—&)(%+%U

/~
| —

2 222 2] 2 2 22 %
G+¢ H+&»( ;HUZL&U+(;+ﬁ2£&»(GZé® (%J;%
+(- Pzz‘;fét (};SA-EP6))(_;+i(l)12_FA:2)>+0(k4)
2 2 . _ .
= (cgrigy g R o).

Then solving the quadratic equation by taking the principal branch of the logarithm on the
disc of radius 1 and center 1, we obtain

p g ((yp B L (FO) (| pn (R or o)
aity =log ((~1) i « 3 (—1eigt e
2i(Ps — PiP; — PPy) 1 \12
* PR +0)]")
B [CPAP) (PP (=Ps+Fo)
10g< A AZ : AL )
_ X)), 2P0 (PE—PF—2P;) 2i(Ps+PiPs+ PPy
_log<( 1) o —&-[1 l/lk 22 27
1 1
+0( 4)}2)
P1 +P) (P+P)  (—Ps+h)
—log i .
(1 )
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Using the arguments of Theorem 4.3 we therefore take the positive square root and evaluate
the term:

[1 2P (P} —P;—2P;) 2i(Ps—PPs—PoPy)
_s

Ak A? AP
INE:
o)
+0(5)
_ 1+1<—i2ﬁ _ (PP—P;—2P;) 2i(Ps—PP;—PPy)
2 A A2 A2
1
+0())
2 2 . 2
L (_iZ}Li. _ (A 1;22 2p) 21(P5—P;L§3—P2P4) +0(1%4))
+5(=3) S
2
L1 3 (—i%— (Pffz?;zf@) _2i(Ps— lepg P | oL ))*
S35 : k
20 2 2 6
P ER (PP 45
Ak A2
+l.(*1’5*1"11’3 +PPy+P Py — 1P+ 1P Py + 1PY) +0(i)
A2 K4
IR LR i i(_P5+P2P4+%P1P22)+0(1)
Ak A2 Al K+

and since % (A) is bounded then we can replace £ ( L) by (%) to get

log(l_i2+(—P3;E£P§)+i(—P5+Pzg+éP1P§)+(_1)k+1x%)+0(k14))
P (=Ps+iP})  (—=Ps+PPy+ 1P P} 1 X(A) 1
,zl—kJr 2 i 7 +(-1) Tk3+0(k4)
—1(—1'& (—P3+%P22) i(*P5+P2P4+%P1P22)+(_1)k+lM+0(i))2
2\ X A2 A2 A ke
+%(_l% (—P3;;2;P22) i(—P5+P2§§+§P1P§) +(_1)k+1%§ék) +O(ki4))3
B O G el Yk L)
M Py
+i(—P5—P2P4+éPlez/l—g)PlP3+éP1P22+éP13)+( )k+1X§£k)+0(%)
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whereas

(=Pi+P) (P3+P) .(—Ps+F)
10g<1+z 7 — ;Lkz i 7Lk3 )

_ i(—Pl +P2) _ (P3 +P4) i(_PS +P6)
Ak lkz l,?
_l(i(fPlJrPg) _ (P3 +P4) i(iPS +P6))2
2 Ak lkz }ng
1 (.(—PH-Pz) (P +Py) .(_P5+P6))3+0( 1

+§l k74)

- l
M A7 AP
_ i(—P1 +P) _ (Ps+Py) l (P12 —2P P, —|—P22)
Ak A7 2 A7
(~Ps+P) (—Pi+P)(Ps—Py)— (P +P)
FERN PR
k k
_ i(—Pl +Py) N (=P —Py+3P2—P P+ 1P})
Ak A2
L PR PPy - PP+ PPy + PPy 3(P} =3P P, + 3PP — P3))
i

+0(y)

+o(h)

Therefore

P (Pt 5P oPY)

Ak A2

L EPs PPt 3PP - PP+ 3PP+ 5P
A

_(=P+P) (PPt PP +3P)

Ak A2
—i(_PS +Ps—PiPs— PPy + PPy + PPy + (PP —3PEP, + 3P P} — P3))
7
—i& (P4—|—P1P2) +i(—P6—P2P3 +P Py —|—P12P2—|—%P23)
Ak A7 AP

aiAk =—i

B o)

+(—1)k+1"2;’<)+0(

So we have that
4.9)
P, (BA+PP) N (—=Ps — PPy + P Py +P?P, + %PS)

M)
2 1 ka1 X (Ak 0
T 72 i 7 +(=1) +0(

A

aiAk =—i

1
@)

Again here we have that our Ay, is expressed in terms of A;, but we know from Theorem 4.3
that
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where {b;}>., € . Then

= L) [1 — (7 (Pz + bk)(g(k— l))_1 +O(ki4)] for k large enough
2

mk—1 nk—4) "k 2
a —a*P, bra 1
- +0(5)
mk—%) m(k-1)73  n2k(k—1)? k3
- a —a*P, bra* +o( 1 )
x(k—%) m(k—1)3 nzk?a(]_i)z k5
2 2
a —a P, bra
= - + 25 (1+0()) + 0G5
n(k—%) 7r3(k—%)3 m2k3 (k) (k5)
2 2
a —a P, bra 1 1
= - +0(7)+0(=
n(k—%) 7r3(k—%)3 m2k3 (k“) (k5)
2
a ap K
= —+ _‘_7,
nk—13) wk-3)3 K
where K, = bff;z + 0(%)7 which is also square summable. So we have shown that
a asz Ki
At = + + 5
nk—1) mE-1)3 K
then
e — % Lol
(k- 1)2 K
and
3
1
A= =2 O(—
k 7T3(k—%)3+ (k4)

Now substituting A; into

P, (P4+PP —Ps— PPy + P\Py+ PIP, + 1P}
ain = —i2 4 Rl 2) R hh Skl btk z)+(_1)k+1x(ﬂ;k)
lk Ak ﬂvk )“k
to get
2 2
. . a ah Kk a 1
aitye = —iP - + )+ () +O(—
TRk BR-0 R (Pt hE) w2 (k—1)? )

1 3 1
4 i(—Ps— PyPy+ PPy + PAPy + - 5’)(07 +0(—))
3 73( : k*

a3
D00 (g o) +0)
2
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which upon simplification gives that

A= Q11 4 Q21 - Q31 3+%
(k—3) (k—=3)* (k—3)
where
P
0= —
o a(P1P2 +P4)
Q2 - n_z
(—=Ps—P,Ps+ P Py + P12P2 + %Pz?’)a2 P22
Qs = 3 B
and
(—D*a%ix(X) ( k )3 1
= K . 0 o
Bk ﬂ:3 k—% + k a—+ (k)
which is square summable. (]

Theorem 4.8. Under proper enumeration the zeroes Ay of E3 as defined in equation (4.3)
satisfy the following asymptotic

_r, 1 0 . O 03 . 04 0s B
SRR T T Yo T VR T T A

where {Bi} € b, 01,02,05 are as in Theorem 4.7 while Q4 and Qs are defined as follows

aP,Qr (P4 + PP>)24d*Q;
T T
@ (P +PPs+ PP+ PsPy+ 2P PPy — PSP — PPy — PP — P P)
4

o

_aPQ; 2°Qa(P+PiPy) 3a*Q1(—Ps — PoPs+ P\ + {P} + P,P})

Qs 2 73 Tt
n (=Pio— PoP;+ PPy — PsPs + PyPs + P22P6 + 2P P,Ps — P2P32)a4
s
N (—PoPf +P{Ps+2P\PsPy =3P\ PPy + 3PI PPy + PP — PIPy — 2PIP} — P{P, — sP))a*
5

The constants P; are again defined as P; = KIQ—T] j=12,...,10

Proof. We proceed as before by dividing E3(A) = 0 by iA%K] to obtain

0= icosAat P, cosAa _ip, sinlda _ip, cosAa Lp, sinda P cosAa
A A A2 A2 A3
_ip, sinAa _ip, cosAa s sinlda R cosAa _ 1Osinla _il//(/'L)
A3 A4 A4 AS A3 KiAS
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Substituting Ay = x +y where again y = A and y = Z (k — %) an then using the following

cosAa = (—1)Fsinay and sinAa = (—1)¥ ! cosay we get

0:i(—l)ksinay+P1(—l)kSi;l:y—iPz(—l)kHw;jy—iPS(—l)kSiZgy P4(_1)k+1coi%
+P5(1)"Si25y 7iP6(*1)k+1%*iP (1)"Si;§y+Ps(l)"“CT;y
+P9(—1)k8i2§y —iPyo(—1)F"! C(;f% _ilgi%)
—isinay+P, Si;:ly +iP200;kay —ip Sizkfy —P4C(:gy +Ps Sizkfy "v‘iPéC();]?ay —iPy Si;gy
_p C‘Zfay +PR Sizgy +iP10°°/,LSk5ay —i(—1)*! II”(&’]})

Now we replace the sine and cosine with their exponential form and then grouping like
terms we get

ayi __ ,—ayi ayi __ ,—ayi ayi —ayi ayi __ ,—ayi
0=i(“S—)+n(SH—) i (S — te ) =ips(—)

oF 21-/1/( 27Lk lekz
eVl 4 e~ eVl — Wi eVl 4 W eV — e
(e () ()
o2 23 TR SANTY
e 4 e~ eM—em N e g @y A
(T (T i)
T 208 e )T

eayi _ efayi eayi _ efayi eayi + efayi eayi _ efayi
(5 - ) ()
( 2 ) Pl ) T o a2
euyi 4 efayi euyi _ efuyi eayi + efuyi euyi _ efayi
() (o () ()
T ST T P\
ol + e Wi ) oWl _ oy ) Pl + e Wi ) ll/()“k)
CR(EE) i (S i (S e V),
S\l AN YE RAEYE =1 KiA?

Now multiplying both sides by e’ we get
eZayi -1 eZayi -1 eZayi +1 eZayi 1
- —in(Sp ) Hin () B ()
( 2 ) Ry R YR 22
2ayi 2ayi __ 2ayi 2ayi
e 41 e 1 e 41 e 1
) ) () ()
oz ) B U ) TR U ) TP s

T4 2ayi _ | 2ayi | .
_Pg(e + ) —iP9(67> _A'_iPlo(u) —i(—l)kJrleayl W()Lk)

22 247 200 KA
(1 (P=P) (B+Py)  (P—PF) (P+B)  .(Po—P)
_ 2yaif ~ _ .
=5+ 2z o YT YY. )
()
i(—1 k+1 jayi IV( k
+i(—1)""e Kll,f
+(_l+i(P2+P1) (Ps—Py) i(P6+P5) (P — ) i(P10+P9))
2 20 207 2A7 22 247
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which again is a quadratic equation in ¢®*. We now compute the following product

(l+i(P2—P1)_(P3+P4) [(Fo—P5) (P +Ps) l.(Plo—P9))_(_l
2 20 207 27 22 207 2
+l.(P2+P1) (Ps —P) l.<P6+P5)+(P7_P8) i(P10+P9))

2N 207 207 224 207
_ (l_i_l.(Pz—Pl) _(BtPy) (B Ps) (P7+P8)>.<_l

2 2N 2A} 247 22 2

(P+P)  (B—Py)  (PthP5)  (P—B)

Y T o 227 )
%(1+,5—H (%+&)iﬁh49_u%uw)m&+aw
2 207 207 20 207
1 P2+P1) (Ps—P)  (Po+Ps)  (P—R)\ .(Po—R) 1
(=5 22 27 ) g oG
1 Pz—P1 1 (ht+P) 1 (h-P) (P3—Ps) . (Ps+Ps)
-G+ )( PR T )+ (5+ 2 ) Y VR )
P3+P4 P6—P5) 1 (h+P)
+( 227 223 )( 2 T o )
(Ps +P4 [Po—Ps)\ ((Ps—Py)  (Fo+Ps5)
+( 222 27 ) 222 N )

1 (=P (P=F) 1 —(P+&)\ (1 (Ph+h) 1
+<2+l 7n ) 22 +0(z5) 247 )( TR >+0(k6)
.(Py+Pio) 1. .(Po—P) 1
(B tho) ol WomB) ol

I PUPYE @

Multiplying all terms and grouping like term we get

L, (Pith) (“P+P) —(B—P)Pi+P) (Ps—P) .(Ps+F)

=it 4 422 22 AR
[(B=P)(B—P)  (PR-P)(Ps+F) (PP (Bt P)(P+P)
407 40t 402 407
(B Ps) (R P)(PP)  (BAP)(Ps+Py) (Pt P)(Ps+Fo)
PoR i iz a3
(Po—P5)(Ps—Py) 1. (=R .(BR-P)P—FK) 1
+1i a3 +0(55) + ans +1i a3 +0(35)
(Pr+PB) .(P+FR)(P+P) 1. .(RB+Po) 1. (Po—P)
_ O(—= )i 2710 o2y ;10779
o T @+ gy O T s
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_l+i(P1+Pz—P2+P1)_(P22+P12) (Ps—Py) | (P5+F)
4 4 402 422 42
+i(P2P3 — PPy —P\Ps+ P Py) n (—PyPs — PyPs+ P\Ps+P\Fs)  (P3+Py)
407 a0t 402
_(BPABh PR ARP) (P~ P5) (PP~ PP+ iP5+ PoPs)
45 a5} 4t
(P} —P?) L (P3Ps + P3Ps + PyPs + PyPs) L (P3Ps — PsPy — PsP; + Py Ps)
a0} 407 407
1 P —FK)  .(PP,—PR—PP+PR) 1. (P+HR)
— +O()+ Y
W TapE a5 )+ 4

+0( )+(

k6
_ BB +P2P741‘1§P1P8 + PP 0(137) Jrl.(1’3'94-i}1:5[’10) +0(k716) _i(PlzlkSP@ . O(k%)
1 2P (PP—P}+2P;) .(2Ps—2P,Py—2P\Py) —2P2Ps+2P\Ps+ P} — P§ +2P;)
4 A 422 ' a7} + Ve
(—2P3Ps —2PyPs —2P,Ps — 2P Py +2Py)
407

Then solving the quadratic equation by taking the principle branch of the logarithm on the
disc of radius 1 center 1, we obtain

, (=DFy () | 1w (M) 2P, (PP—P5+2P3) .(2Ps—2P,Py—2PP;)
A = log ( +| ~ (-1t +
AR K2A[0 e A2 l PR
N (—2PyPs+2P\Ps + P} — P +2P;) L (Z2PPs —2PPs — 2P R — 2P Py +2P9)>)
A A
(P=P) (P+P) .(Po—PF) (P+F)  .(Po—h)
1o (1 + - + - )
sV 2 A TR

We must evaluate the following square root

l
h A2 A
(—2PyPs+2P\Ps+ P} — P} +2P;)  (—2P3P5 —2PyPs —2P,Ps — 2P| P; +2P) } 3

[1 2P (P}—P}+2P;) . (2Ps—2P,Py—2P\P;)
el B

- —i

4 5
A A
but before evaluating the above square root we let

A= —2PyPs+ 2P Ps + P} — P} +2P;,

B = —2P;P5 —2P,Ps —2P,P3 — 2P\ P; +2P,.
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Then using the Taylor series expansion of a square root function we evaluate its first few
terms which gives

217" A2 ’ P
(—=2PyPs +2P\Ps+ P} — P} +2P;) . (—2P3P5 —2P,Ps—2P,Ps — 2P\ P; + 2P9)}

IH 1[ 2P (P}—P}+2P;) (2Ps—2P,Py—2PP;)

- —i

A AL
_ —iﬂ+ (=3P} + 1P} —Py) _H.(*Ps +PP+PP) (—3A) —i(%B)
e A2 A} Al A

The second term of the series is then given by

1H2_ 1[ 2P (P} —P?4+2P;) (2Ps—2P,Py—2PP;)

) sL "4 A2 ! A3

A B }2
_a ;8

MR
_ _1 K—ZiPl)Z (—2iP1>(P12—P22+2P3) B (@) (2P5 —2P2P4—2P1P3)

8L\ A M 2z M 22
2iP,\ [ —2P»Ps+ 2P Ps+ Py — P2 +2P; 2iP|\ /P2 — P2 +2P;
3 1 2
e PR B AT
k k k k

(P2 —P7 +2P5)> (PP —P}+2P3)(2Ps —2P,Py — P P3)

+ A i e
k k
B (@> (2P5 —2PP, —2P1P3) +i(P,2 — P} +2P;)(2Ps — 2P,Py — P P3)
Ak AP AP
(2iP1> (—2P2P6+2P1P5 +Py —P32+2P7)]
i Ad
1 P} (4P} —4P P} + 8PP
:_7[_4712_’_1.( 1 134’ 13)
8 AL A
N (—8P\Ps+ 8P\ PyPy+ 12P} Py + P} — 2P} P} — APS P+ 4P} + Py)
At
; (12P2Ps — APEP,Py — AP} Py — AP} Ps + 4P; Py + 4P P} P; + 8P3 Ps)
2

L (—8PyP3Py — 12P P2 — 8P, PyPs + 4P\ P} + 8P Py)
A



32 DANIEL SIPHO MDHLULI

Therefore

l{ }2_112 (=3P + 3PP} — PiPy)
8

o 2
N (P\Ps—PiP,Py— 3PIPy— tPi+ 1PIP7 + 1PIPs — 2P — 1P))
A
+i(f%P12P5 + JPIP Py + PP Py + 1 P3Ps — 1 P3Py — S P P} Ps — P3Ps)
3
L (PPsPy 3PP} +P)1LI:2P6 — 3PP} —PiPy)
k

And now the third term of the series gives

1 H3:i[< 2P (PE—P}+2Py) (2Ps—2P,Py—2P\P;)
1

- S _
16 6 Ak A2 AP

A 'B)
A 8

A A
.<74P712 i(4P13—4P1P22+8P1P3)

2 A
| (8PP + 8PP 12P2 Py + P} — 2P2 P} — AP}Ps +4P; + P}) )]
2

1 [( ,2P1)< 4P]2)+( .2P1)((4Pl3—4P1P22+8P1P3))
=— |-t )| 47 —l—

16 " }Lkz Ak 7Lk3
N (—iﬁ) <+ (—8PP5s + 8P\ PyPy + 12P2P;s + P} — 2P?P} — 4P2Ps +4P§+P§))

Ak Ad

(P} — P} +2P3)(4P}) (P} —P§+2P;)(4P} — 4P P§ + 8P P;)

41 2 3 )\ 2 3 1 147 113
Ad AP
k k
N i4P12(2P5 —2PP, — 2P1P3)}
3

_ 1 [i@ (12P} — 12P} P53 4 24P} P;)

16l A} A
"y (24P2P5 — 24P} P, Py — 48P} P; — 6P} + 12P} P} + 24P, P; Py — 24P, P} — 6P\ P})

3
PGP -3RP 3R
2A} A
o (3P2Ps— 3P2PP, —3P}Ps — &P} ;Sjpfpg +3PP}Ps— 3PP} — 3P P}) 7
k
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while the fourth term
-5 { }4 -5 K 2P (Plz—P22+2P3)) (,81)13 (12Pf‘—12P12P22+24P12P3))

sl T T T T P
-5 [161014 ,(—32P15+32P13P22—64P13P3)}
=— 1
128 L A} A
_ 5P GR - 3RR AR
8 A} A

and finally the last term gives

Altogether we have that
-2t —
e A2 ’ PR

 (=2PyPs+ 2P Ps + P} — P{ 4+ 2P) L

[ 2P (PP —P;+2P;) . (2Ps—2P,Py—2P\P;)

(—2PsPs —2P4Ps — 2P, Py — 2P\ Py + 2Py) } 7

A¢ A
b (3P —P3) i(_PS + PP+ 5PP)
- 2 3
M 22 Al
N (PoPs— 3P} — Py — P\P,Py — P — YPIP} + 1P Py)
14
k
o (PyPs+PyPs — Py — PP PPy + 5 P3Ps — S P3P, + P P3Ps)
A7
_H(P2P3P4 +PPPs— YP\P} — 3PPy — P} P2)
- .
)Lk
Since the function y(4;) is bounded above we can replace Wﬁé‘) by O(k%) first we
k
evaluate
log (1 i (LP2—py) _H,(—Ps + PP+ LP2PY) N A +,-E/)
M A2 A3 AL A
Irq2 1773 1p14 17795 1
= |-= = S - O(—
=3l sl -l 5l o
where
1 1 1 1
A' =PyPs— —P} — P — P\PsP; — —P} — —P}P} + —P3P3)
2 8 2 2
and

1 1 1
B =PyPs+ PPy — Py — P2 PP, + 51922135 — §P23P4 + P\ P3P;+ P,P3Py + P P Ps — P P}
3 1

- gplpg‘ - EP‘BPZ‘Z'
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Now using the above expansion we get that the second term is given by

_7[}22_7[_15 (3P3 —P3) i(fP5+P2P4+%P22P1) Ai’_'_ii’}z
2 2L A A2 A AN

B R [ e R e
()G (R ()
(3P2 —Py)(PPy— Ps+ 1P P})
A
N (_ i%) (i(—Ps +le1?+ %ngl)) +i(%P22 —P3)(Pzi}—P5 +1iPP2)

+i

n .A/P1]
—1
A
It P> (2PP;—PP}) (2P\PP,—2P\Ps+ P3P} + 1P} —PIPy+P})
=l et pE:
k k k
v (P3Py— PiPs+ S PP} —2P,PsP, + 2PsPs — P P3Py — 2A'Py )}
5
lk
P} (3PP} —P\Py) (—PiPyPy+P\Ps— 3PIP} — 4Py + SPIP — 5P})
B AT 2
k k k
v (—3P3Py+ 3 P3Ps — 1P P} + P,PsPy — P3Ps + S P P} Ps +A’P1)}
g

We follow the certain procedure and evaluate the remaining terms

(P2Ps — PIP,Py — YP}P; + P\P}P; — PP} — P\ P})

oA wns
= 73 4 )
3 A h A
_1[ ]4 _ [zi (%PZZ—P3) +i(_P5 +P2P4+%P22P1) —&—O(l) 4
4 Ak A2 A2 K
_ 7ﬁ+i(—%Pl3P22+P13P3)
A R ’
and lastly
1 p5
1{ r _ish
5 AP



AN INVERSE PROBLEM FOR AN INHOMOGENEOUS STRING 35

Altogether we have that
P (APP-P ~Ps+PP+iP}P) A B
1og(1—i—1+(“2 ) 4P LA LE) 1)+—4+i—5)
A‘k 2fk Alk )Lk A’k

P (R+1B Py

(=Ps+PPy+ PP — P Ps+ %Pf)

= —]—
Ak A2 AP
(PoPs— 3P} — Py — 2P\ PPy — 1Py — 3PIP? + PPy + P\Ps — s P; + PIPs — 1P})
4
lk
(PyPs + PyPs — Py — 3PEPyPy — P3Py + 3P\ P3Py + 2P, P3Py + 2P P,Ps — P P}
2
o (—P1P§ —2P}P} — P\P; — PsPs + P2Ps — PP} + P} P; + 1P)
A '
k

We repeat to process again
(Ps—P5) (Pr+B) +i(P10 *P9))

10g<1+i(P2MP1)_(P3;;2P4) o ¥
=[J=3l T3l =3[ T 5l ] +og

we compute the second term

(Ps—P5) (Pr+5R) l.(Plo —199)}2
hy 5

T2l A2 A}

2
(3P —PiPy+ 5P}) (PP PP — PP — PP
A

(PyPs — PoyPs — PiPs+ P Ps — 5P} — PyPy — 5 P})
A
; (PoPy+ PPy — PPy — PiPg + P3Ps — P3P5 + PyPs — P4Ps)
AP '

[ }2 1 [.(PZ—Pl) (Ps+Py)

Again using the expansion the third term is given by

(Ps—Ps) (Pr+B)  .(Po —P9)} 3

l[}3:1[i(P2_P1)—(P3+P4)+1 _ ;
3 30 A A2 A2 A A
_.= 1P} + PP — PP+ 1P}) . (P3Ps — 2P\ PyPs + P2Ps + P3Py — 2P PPy + P2 Py)
A X
(—=P}Ps+ P}Ps+2P,P,Ps — 2P\ P,Ps + P,P{ + 2P,P;P; + P,P} — P} Py)
3

.(P}Ps — PP} —2P\P;Py — P\ P})
+1 IR
k

b
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while the fourth term is given by

(Ps—Ps) (P7+P8)+i(P10_P9) 4

_1{ }4:_1{1.(P2—P1)_(P3+P4) ; B
T R i
_ AR BR - 3RR L BR R
A
,(3P PP;+ 3P P;Py —3P2PyPs — 3P PoPy — P3Py — PPy + PP P+ PP Py)
A
and finally
1[ }5 :l[i(Pz—Pl) _Bthy)  (B-Bs) (Pt B _~_l.(1"10—1"9)}5
5 5 Ak A2 A2 Al 2
S R R e Rl )
k

We then substitute everything we get that

P (P+PP) (—Ps—PPs+P P+ 1P} +PP})

A P
aiAp = llk + lkz 1 )LI?
(Ps+ PyPs+ PiPs + P3Py + 2P\ P,Py — PPy — P}P, — PP, — P} P>)
A¢
; (7P10 — PP+ PP — P3Py + PyPs + P22P6 + 2P P,Ps — P2P32)
5
/’Lk
(=PoP} + P2Ps+ 2P\ P3Py — 3P| P3Py + 3P2P,Ps + Py P; — P} Py — 2P} P} — P{P, — 1 P5)
),5
k

P (PP P) A" B" 1
=l T T Tlg (0]
N 72 +i +l4+ 5 + ( )

where A”, B” and C” correspond to higher order terms We also know from Theorem 4.8

that
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then
1 1
M (%(k_ %) + (131%) +i(k,Q%)2 + (k,Ql)x + %)
B 1
2= D1+ (@2 + 7%+ 7+ B) (56 D)
- (g(k* %))71 [1 B ((k%;) *l(k%;)z " (k?2)3 +%) (g(kf %))71
* ((kQI;) +i(kQ2é)2 * (sz 3)2(2("_ %))2+0(%)]

01 0> 03 2/ 172 azﬁk |
+(“*%YH“*%V+@?%V)(EM_ED'+ﬂp(fiy+0%@
__ 4 a’*Q, a0 a0, 02
= ﬂ(k— 1) 7[2(]( %)3 ﬂz(k—%)“ 7[2(]( l)5 7T3(k—l)5

2 { :
+ 2P (1vo(p) +oGg)
a a’0, . a0, 20, 0% K

= 1 — + .
ORI VT P I R (S
Now let k; = az% + 0(%), which is square summable. Then

P a*Q _; @0y Qs n Oia’ 4R
CTRk-D) RR-1 REk-DF 2a-1p mk-1p &

from which we deduce that

2 2430 2430, 1
A= = — —i +0(—),
k 752(](—%)2 m3(k—1)4 l7r3(k—%)5 (ks)
3 3a*0, 1
A =1 — +0(—=
k 7r3(k—%)3 7r4(kfé)5 (k7)

1
ot = +0(5)
k m(k— 1) %6
5
1
A= — 4 0(-),
Comsk—1)s T Tk
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then substituting all the above we get that

a >0y ) a*Qs n oia’ Kk)

— —i —

k=) wEk-1P wE-D w3 pk-17 R
2 3 3
a 2a 2a 1
2 2 3 Qi4_i 3 Q%5+0(*))
w2 (k—5)* 7w (k—5) 3 (k—53)
a 3a* 0 1 a*

+iA//(7r3(k— 13 B m(k—1)3 +0(ﬁ)> +B//(7r4(k_ 5

aily, = —iP2<

+(P4+P1P2)(

+ic(n5(;_%)5+0(1))
gl Tl e

-3 w2 } (k— 1’

1 Pa’Qr  (Py+PP)24°Q; B'a*
[_ 2 73 7t4}

i PQ}a®  d’PQ3  28°0x(Py+PiP)  3a*QiA” (' Kk
1)5[_ B 3 - +7r5}+k75'

A 1 [_ &} L 1 [(P4 +P1P2)a} 1 [aPle +A”a2}
k (k— %)2 7-52 (k_ )3 ”2 71:3
aP,Q>  (Py+PP)24*Q; B'd’
ks =
(k— %)4 2 3 T
N 1 { Pja? N aP, Q3  2a*°Qx(Py+PiP)  3a°01A" N C/’a4} | Kk
_ _ _
(k—3)° akd’

hence results. O

1
2

pa) 2 73 b pa)

We finally conclude this section by considering necessary conditions that will enable
the function W to be an entire function, where the function W is defined by

cosAa sinda cosAa sinda cosAa
‘P(k)z—chosla—i—iKz 0 + K3 T + Ky 7P + iKs 7P +iKq 7K
sinlda cosAa . sinda . cosia sinlda
+K7 7E +Ks 2 +iKy 2 +iKio 7 +Ku 7E
2(4)
+ 25

and y (1) is a function that belongs to L, (—oo, o). This means that the principal part of the
Laurent series about the point A = 0 must vanish, and in order for the principal part of the
Laurent series to vanish it is necessary that the following coefficients a;, i = —5,—4,...,—1
of the Laurent series about the point A = 0 be equal to zero. Therefore eliminating the
coefficient a_s we see that it leads to

(4.10) —x(0) = Ko
and eliminating the coefficient a_4 we get

(4.11) —x'(0) = akyi +Kg,
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while eliminating the coefficient a_3 gives that

—v"(0 2
(4.12) %2( ) :i(—%K10+aK9+K6)
and a_p = 0 implies
) 3 2
(4.13) _%35 ) Z—%Ku—%Kg-l-alﬁ-&-Két
and finally a_; = 0 yields
(iv) 4 3 2
x"(0)  ra a a
(4.14) ~A == 1(51(10—51@—31(6 +aKs +K2).

Now if we write the function ¥ in the form

2(A) = /OaC(t)sin/”Ltdt+i/0un(t)cos7Ltdt,

then we must determine the necessary conditions that { and 1) must satisfy given the above
initial conditions on y. Beginning with {, the function must satisfy the following condi-
tions

—fmw=—£%omu=m

and o
ra
2 =—/ C(n)Pdt = A,.
3! Jo
We choose § (1) = At + B and then substitute back into the above to get
“ 1 1
(4.15) A= / (A2 + Bi)dt = 3A + S Ba?
0
Again setting — Xl;go) = A and then substituting  we get
@ 1 1
(4.16) 314 = / (At*+Br)dt = gAa5 - ZBa4
0

By solving the simultaneous equation for A and B we get an expression for {(¢). Similarly,

setting —x(0) = By, —@ = iB, and —w = iB; suggest choosing n(t) = Ct*> +
Dt 4 E and then proceeding as before to solve the simultaneous equation gives an explicit

expression for 1(z).

5. THE DIRECT PROBLEM

In this section we are going to investigate the behaviour of eigenvalues associated with
the differential equation and initial conditions. The boundary value problem considered in
this thesis is as follows:

Given the density

| b(s) ifse0,4]
B(s) = { 0 ifse (),
we consider the problem

22w 9w
(5.1) = B(s) =7 =0,
(5.2) w(0,1) =0,
w ow 22w
(5-3) (55 v M5x)| =0




40 DANIEL SIPHO MDHLULI

where b(s) > € > 0, b(s) € W2(0,1;). The problem describes small transversal vibrations
of a string at the point s. The term w(s,f) represent the transversal displacement of the
string of length / with a thread on the interval (I;,/) hence the density there is set to zero.
The coefficient of damping is v > 0 while the mass of the concentrated ring at the right
endpoint is M and is free to move while the left end is fixed. In what follows we are
going to show that the partial differential equation can be reduced into a Sturm Liouville
equation, and then deduce different asymptotic expansions for eigenvalues of strings with
density b(s) belonging to different Sobolev spaces.

Proposition 5.1. Problem (5.1)-(5.3) can be transformed into an ordinary differential equation

(5.4) Usg(A,5) +b(s)A2u(A,s) =0, se0,1]
satisfying boundary conditions
(5.5) u(2,0) =0

(5.6) ug(A L) +idvius(A, L) (I—=1) +u(r, )] —Mlz[us(l,ll)(l —h)+u(A, )] =0.
Proof. We write the solution w of (5.1)-(5.3) using separation of variables as follows
w(s,t) = u(A,s)e™,
then substituting w into (5.1) we get
Uss(A,5)e™ + B(s)A %M u(A,s) =0, se€l0,l]

which holds for all values of z. Now multiplying both sides by e reduces the above
equation into

Uuss(A,8) +A2B(s)u=0, sel0,]]
and using the piecewise definition of B(s) on the above equation further simplifies it to

(5.7) uss(A,s) +A%b(s)u=0, se(0,0).

Furthermore, substituting w into equation (5.2) gives the following initial condition
(5.8) u(A,0)=0.

Smoothness conditions at /; gives that

(5.9) u(A, 51 —0) =u(A,11 +0) =u(A,l;)

(5.10) us(A,01 —0) = ug(A, 11 +0) = us(A,11).

We now revisit equation (5.1) where our density B is restricted to the interval (I1,/] which
gives that ug(A,s) = 0 and implies that for s € [I1,1] we have the following

(5.11) u(A,s)=ds+b, sell,l]
where b and d are integration constants. Now using (5.9) on (5.11) we obtain that
u(A, L)) =dli+b
and (5.10) also gives that us(A4,1;) = d, so then solving for b we get that
b=u(A, L) —us;(A, L)
Substituting b and d into (5.11) gives that the function u is given by
(5.12) u(A,s) =us(A, L) (s—1)+u(A, L), s€[h,l].
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Lastly, substituting w into (5.3) we obtain
(5.13) ug(A, 1) +iAvu(d,1) — MA*u(A,1) =0
while using u from (5.12) into equation (5.13) we deduce that
us(A, 1)+ idv[ug(A, 1) (L= 1) + u(A, )] — MA* fug(A, 1) (I — 1) +u(A, 1) =0

which proves our proposition. O

So far we have shown that our problem can be reduced to a differential equation (5.4)
with initial condition (5.5) and (5.6) by seeking its solution in the form of separation of
variables. We also note that the above mentioned second order differential equation has a
weight factor b(s) in front of the eigenparameter A. We will show that the above second
order differential equation can be further simplified using the Sturm-Liouville transforma-
tion. For b(s) € W#(0,1;) and b(s) > € > 0, let us define the Sturm Liouville transformation
as follows

(5.14) x(s) = /0 b (s)ds'

which transforms the independent variable and maps the interval [0,/;] in the variable s
into the the interval [0, 4] in the variable x where a is defined as

o
(5.15) a= b2 (s")ds'.

Jo

The dependent variable is transformed by the Sturm Liouville transformation using the
equation
(5.16) ¥(Rx) = b3 (s(x)u(A,5(0)).
Proposition 5.2. The differential equation (5.4) satisfying (5.5) and (5.6) can be trans-
formed into the following differential equation

(5.17) =" (2%) +4(x)y(A,x) = A%y(4,x),

where q(x) is a real valued potential in L,(0,a) and the function y satisfies
(5.18) y(4,0)=0

and

(5.19) (1 +iAM; " = A*M5 V)yo(A,a) + My +idM; ' M; —AZMZ’IM3}y(l,a) =0

where the constants M for j = 1,2,3,4 are real valued constants given by

(520) 1‘41 :V_l(l*ll_l)

and

(5.21) MZZM_I(lfll)_l

22) My == )| +a—1) )
. 3= 4 1 dx —a 1 1
5.23 YL VAN

(5.23) 4=—7 (1)5( (s(x))) -
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Proof. Differentiating equation (5.16) with respect to x we obtain

ds

I

From the definition of x(s) it is obvious that % —b2 (s), so then substituting further we
get

Y(Ax) = %b%(s(x))u(x,s) £ b (s)us(A,5)

Y () = B (A, 50) + b4 ()b (60 5(0)

(5.24) = dib% (s())u(A,s(x)) +b 3 (s(x)) - s (A, 5(x)).

X
. . . 1
Since b(s(x)) > 0 we can multiply both sides by b# (s(x)) to get
1 d 1
b (s())y (A,x) = -bH (s(x))y(A,%) +us(A,5).
Now differentiating once more with respect to x
d

A (5(0) (o) + B4 (00N () = 5503 () (A,0) + 53 () (2,

and simplifies to

1 2 1 1
b (s (A3) = b (50 () 1 (. 5)E 9)

dx?
But us(4,s) = —A%b(s)u(2,s), then substituting into the above we obtain that
2
DA (0N () = 3% (500 (R,3) (s A%u(A, )b (5()),
therefore
2
! (A3) = b4 (5(0) b (s(x))y () — A2 (s(0) A 5)
| d?

= 5% (5(x)) 5% (s(x)y(A,x) = A%y(4,),

Let us define the function g(x) as follows

2

5.25) ) = b (50) S35 5(),

2
then since b € WZ(0,/;) we have by definition that d dl;(;) € L»(0,!1). Furthermore, since

b is also differentiable then it is continuous on [0,/;] and therefore attains attains max
and min, so we have that b € L..(0,1;). Now %(b(s(x)))% = %(b(s(x)))_% .%b(s(x)) also
belongs to L, (0, a) by Holder’s theorem on L. and L,-functions. Differentiating once more
we get that

d? | 3 -1 d 1 d?
72 0(s(0)))3 = —12(b(s(x)))F - - (b(s(x))) + 7 (b(s(x))) 7 (b(s(x)))
which is real valued and belongs in L,(0,/;) by repeated application of Holder’s theorem
and the fact that the sum of two square integrable functions is another square integrable
function. Altogether we have that g(x) € L,(0,a), and using the potential ¢(x) defined as
in equation (5.25) it is clear that

=" (A,x) +4q(x)y(A,x) = A%y(A,x),
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which establishes equation (5.17). The condition u(A,0) = 0 together with equation (5.16)
gives that
¥(4,0) =0,

which is equation (5.18). We also know that

(L+idv(—1) — A2M(L—1)us(A, 1) = (A*M —idv)u(A, 1),
therefore
(5.26) (LM =AMy Dug(A, 1) = (APM — iAv)u(A, 1),
where M| and M, are as defined in equation (5.20) and (5.21) respectively. We now replace
yx(4,x) in the following expression by (5.24)

d
(1AM = 22M5 Yy (A, a) =(1 +iAM; ! —;LZM;I)dxb%(s(x))

-u(A, 1)

(L) (1AM =AMy ) ug(AL L)
= (1+iAM;! fleg‘l)dib%(S(x))
X

+ pt (11)(12M —iAv)u(A,l}), and now using (5.26)

cu(Ah)

X=a

= (AN A2 ) (1) (b))

(A, 1)D% (1) + (A2M — idv)u(A, 1)b (1)b™ 2 (1)

(b(s(x)))

X=a

1 P g d
:Z(l—l—l),Mll—lez Db ‘(11)5

+(A2M — iAv)y(A,a)b 2 (1y).
Hence

(1M = A5 (o) = [357 (1) S (b(5())

i (M (1) S b(s()|

£22 (M) = L5 1) S (o(s()

X=a

—vb*%(zl))
x:a)]y()”a)’

which with the use of equation (5.22) and (5.23) can be rewritten as
(1AM = 22M5 Yy, (A, a) + {M4 +iAMT M — AZMZ_IM3}y()L,a) —0
which establishes (8). O
From the definitions of M|, M, it is clear that M; > 0, M, > 0 and that
Ms—My=(—1)"'b 2 (1)) > 0.
Denote by s(A,x) the solution of (5.17) satisfying the conditions
(5.27) s(2,0)=0, s'(1,0)=1
which is called a regular solution. As discussed in the Transformation of Operators section
(see page 6 of this thesis), the solution to the Sturm Liouville equation can be written in
the form

(5.28) s(hx) = SnAX / K (o) S 4y
2 o 7
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where K (x,t) = K(x,t) — K(x, —t) and K(x,t) is the solution of the integral equation

X+f X+t Tf
K (x,1) 2/ ds+/ / q(s+p)K(s+ p,s— p)dpds

and K(x,t) = 0 for |t| > |x| where evidently K(x,0) = 0. Integrating the second term on
the right by parts gives

sinAx cosAx x cosAt
(529) S(7L7x) = )y 7K(X,X)T+A Kt(x,t)Tdt

We differentiate (5.29) with respect to x to obtain

630 (0,0) = cos ot Ke) 4 [k S
JO

then the function defined by
(531) @A) = (1+iAM; " = 22M5 ) (A, a) + [M4 +iAM; My — A2M;1M3]s(z,a)

is an entire functions in the A-plane since s(A4,a) and s'(A,a) are entire functions. Fur-
thermore, we identify equation (5.31) as the characteristic equation since the spectrum of
problem (5.17), (5.18) and (5.19) coincide with the set of zeroes of the entire function
(1) defined above.

Proposition 5.3. Ifb ¢ W22(0, 11) then the characteristic equation (5.31) can be written in
the form

oA) = —A%K;cosAa+ilKscosAa+ AKzsinAa+ Kycos Aa+ iKs sin La

A inA A a
ik SR 4 gy TR g O +A/ () sinArdt
coslt
+/ &) cosltdt+l/ G(1) smltdtJrz/ Ca(1)
sin At cos At
t dt t)———dt
+ [ o0 a6
where
Ky =M Ky =M;!
Ky = —M; 'K(a,a) — M5 'Ms Ky = My 'M3K (a,a) + 1
Ks = M; 'K (a,a) +M; ' M; Ks = —M; 'M3K(a,a)
K7 = K(a,a) + M,y Kg = —M4K(a,a)
are all real valued constants and
Gi(r) = =M, 'Ki(a,1) (1) = =M, 'M3K, (a,1)
Ga(t) =M 'Ki(a,t) Gu(t) = My ' M3K, (a,t)
Gs(1) = Ki(a,1) Co(1) = M4Ki(a,1)

are also real valued functions belonging to L,(0,a).
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Proof. Let us substitute equation (5.29) and equation (5.30) into equation (5.31) to get

o(A) = (1+iAM; ' =AMy ) (Cos)LaJrK(a,a)% +/0aKx(a,t)%dt)

A
1 21 sinAa cosda a cosAt
+ [My+iAM; M5 — APM; M3]( - fK(a,a)TJr/O K,(a,t)Tdt)
:coska—&-K(ma)sm)Lﬁ +/ KAaJ)%Mdt-l—ilelcosla+iMflK(a7a)sinla
0

a
—|—iMf1/0 Ky(a,t)sinAtdt — 2°M; ' cosAha — AM; 'K (a,a)sinAa

sinda cosda
1 —M4K(a,a)7

dt +iM; ' MysinAa — iM[ ' M3K (a,a)

a
—M{ll/ Ky(a,t)sinAtdt + My
0

cosda

A

—dt — M5 'M3Asina+ M, ' M3K (a,a) cos Aa

cos At

A2

cos At
A

a
sz_lMg/O K (a,t)cos Atdt

a
My / Ki(a,)
0

a
+iM;1M3/O K (a1

= —A*M; 'cosAa+iM; ' AcosAa+A(—M; 'K(a,a) —M; 'Ms)sinLa
cosAa

A

+ (M5 'M3K (a,a) + 1) cos Aa+i(M; 'K (a,a) +M; ' M5)sinla — iM; ' M3K (a,a)

sinda _ MaK( )cosla
A
cos At

a
_/ My ' M5K, (a,t )cosltdl—H/ My 'Ki(a, f)sm)*fdt"'l/ My ' M3K, (a,1)——dt
0

A
a 7Lt At
+/ Ky(a,1) Sm —dt +/ MK, ( at)COS dt.
0

+ (K(a,a) +My) QL/ My 'K, (a,t)sin Atdt

22
Then setting K;, i = 1,2,...,8 and {j, j =1,2,...,6 as in the proposition we obtain the
results. g

Proposition 5.4. If b € W,}(0,1,) then the characteristic equation (5.31) can be written in
the form

(5.32)
2 . . o .. cosha
©(A) =— A NjcosAa+iAN,cosAa+ ANssinAa+ NycosAa+ iNssinAa+ iNg 1
smla smlt coslt
Ny—— / (1) / & (1)

where

N =M" No =M
N3 = —M, 'Mz — M, 'K (a,a) Ny = M5 'Ki(a,a) + 1+ M, 'M5K (a,
Ns =M 'K(a,a) + M; 'M; Ng = —M; 'M3K (a,a) — M 'K, (a

N7 = —M, 'M5K,(a,a) — My 'Ky (a,a) + K(a,a) + M

and

Ei(t) = Ke(a,t) + My 'Ky (a,t) + MaK (a,t) + My ' M3Ky (a,t), E(t) = M MK, (a,t) + M 'Ky (a,t)

1

a)
,a)



46 DANIEL SIPHO MDHLULI

which are also real valued functions belonging to L»(0,a).

Proof. We begin by substituting equation (5.28) and equation (5.30) into equation (5.31)
to get

sin At
A

a
i /0 M; 'Ky (a,1) sin Atdt — A2My ' cos Aa— AM; 'K (a,a) sin Aa

(1) :cos?LaJrK(a,a)SmlﬁJr/ K. (a,t) dt +iAM; " cos La+iM; 'K (a,a)sinda
0

sinda

a . a sin At i
—/ M; 'K (a,t)A sinArdt + M, +/ M4K(a,t)Tdt—|—tM1 Mjsinda
0 0
a a
+i/ M;1M3K(a,z)sinxzdt—xM;1M3sinxa—/ My 'M3K (a,t)A sin Atdt,
0 0
and then evaluate the following integrals

cos la cos At

+1/M K(a,t)—— 1 dt,

a
i/ M 'K, (a,t)sinAtdt = —iM; 'K (a,a)
0

‘-1 . —1 1 sinda
- / M5 Koo ) sinrdr = M5 Ko, ) cos ha— My Ky (a,0) ™
0
a sinAt
+[) Mz le,(a,t)Tdt,
a A At
i/ Mf]M3K(a7t)sinlt:—iMf'MgK(a,a)COS L4 / M MsKi(a, t)coi dt
0
and
A
/ M5 ' MsK (a,1)Asin Atdt = +M; ' MsK (a,a) cos Aa — My 'M3Ki (a, a)sulla
At
+/ M; ' M3K, (a, z)S“;L dr.

A direct substitution of the above integrals and grouping like terms reduces the characteristic
equation to

@A) =—A’M; "cosha+iM; ' A cosAa+A(—M; 'Ms — M, 'K (a,a))sin da
+ (M5 'Ky(a,a) + 1+ My 'MgK(a,a))cosla—i—z(MflK(a,a)—|—M1’1M3)sinka

cosAa

A
—M; "M5K, (a,a) — My 'Ky (a,a) + K (a,a) +Ma)

—i(M; 'M3K (a,a) + M, 'Ky(a,a))

sinda

+( 1

sinAt _1 —1
+ / 2L (K1) + My Ko (,0) + MaK (@) + My MK (a,0)dr
+1i (

0
_/“ cosAt
0o A

M MK, (a,t) + M Ky (a,t))dt.
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Then using the above definitions of Nj, j = 1,2,...,7 and of the functions &; and &, we
can see that

o(A) = — ANy cosAa+ iANycos Aa+ AN3sin Aa+ Nscos Aa+ iNssin La + iNg co;la
sinda a sin At o[ cos At
w22 a0 = i [ a0 5 ar
O

Note that the relationship between the constants N;, j=1,2,...,7 and My, M>, M3 and
My after equation (5.32) does not allow one to express My, M, M3 and My in terms of
constants N;, j = 1,2,...,7 because there are so many unknowns and fewer equations to
eliminate unknowns.

Proposition 5.5. Ifb € Wz6 (0,11) then the characteristic equation (5.31) can be written as

(5.33)
@(A) = — A%K; cos Aa+iLK; cos Aa+ AK3 sin La+ Ky cos Aa+ iKs sin Aa + iK¢ COS;LQ
sinla cosAa . sinda . cosia sinla
+ K7 7 + Ky 2 +iKo 1 +iK1o P + K P
+/0a§1(t)%3tdt+i/0aéz(t)%ﬁtdt
where
K =M,
Ky =M,
K3 = —(K(a,a)M; ' +M; ' M)
Ky =1+M; 'K (a,a)+ M, 'M5K(a,a)
Ks = M; 'K (a,a) +M; 'M;
Ks = —(M; 'Ky (a,a) + M 'M3K (a,q))
K7 = K(a,a) — My 'Ky(a,a) +Ms — My ' MsK; (a,a)
Ks = —K.(a,a) — My 'Ky (a,a) — MsK (a,a) — M5 'M3Ky, (a,a)
Ky = My 'Ky (a,a) + M ' MK, (a,a)
Kio = M; 'Ky (a,a) + My ' M3Ky (a,a)
K11 = Ky(a,a) + My Ky (a,a) + MyK, (a,a) +M; ' M3Kyy (a,a)
and

Ei(t) = —Kuw(a,t) *Mz_lemz (a,t) —MyKy(a,t) *M2_1M3Kmt (a,t)
&a(t) = Mflettt(aat) _Mf1M3Kttt(a7f)
are real valued functions which belong to L,(0,q).

Proof. We begin by substituting into the following equation

e(A) = (1+iAM" = 22M; " )ye(A,a) + [M4 +IAM; My — A*My M5 | y(2,a),
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to get
. -1 20 —1 Sinla a Sinlt
o(A) = (1 +iAM; ' — A%M, )(cosaa+K(a,a)T+/ Kula) 2 ar)
0
P T vy sin?La_ cosda a cos At
+[M4+ZAM1 Ms — A2M; M3]( - —K(a,a) 5 +/0 Kila,t) =5 dz)
:cos}La+K(a,a)¥+/ K, (a Slr;mdt—i—i/lelcosla—i—iMflK(a,a)sinka
0

ra
—|—i/ M 'Ky (a,t)sinAtdt — A*M; ' cos ha — AM; 'K (a,a)sin La
0

sinda cosla cosAt
2 MaK(a,0) 5+ / MK, (a,1) 22 g

A2
cos ),a 1
dt —AM, "Mssinda

a
_ / My 'K (a,0) A sin Ards + Mj
0

cos At
A

+iM; 'MssinAa —iM; ' M3K (a,a) / M \M3K, (a,t)——

a
+iMy ' MK (a,a) coslaf/ M2_1M3K,(a,t) cosAtdt.
0
Integrating a few terms of the integrals by parts and grouping like terms we finally obtain
that
@(A) = —A*M; ' cosAa+iAcosAa— A(K(a,a)My ' + My ' Mysinda
+(1+ M, 'K (a,a) + M, 'MsK (a,a)) cos Aa+i(M; 'K (a,a) +M; ' M5)sin La

cosAa

A
+ (K(a,a) — M5 'Ky (a,a) + My — My 'M3K, (a,a))

—i(M; 'Ky (a,a) + M ' M5K (a,a))
sinda
A

_ _ cosAa
+ (—K(a,a) — My 'Ky (a,a) — MyK (a,a) — My ' M3K, (a,a)) —5—

/'LZ

sinla ., _ _ cosAa
7+Z(M1 IKX,,(a,a)—i—Ml 1M3Kn(a,a))7

+ (Ku(a,a) + My Kyy (a,a) + MasK, (a,a) + My ' M3K;y; (a,a))

+i(M[ 'Ky (a,a) +M; 'M5K,(a,a))

sinda
23

3 cos At
+l/ (M thtlt(a t) =M 1M3Km(a,t))7dl‘

_ sin At
+/ K (a,t) —M, letttt(aat) — MyKy(a,t) — My M3Ktttt(a 1)) ——— 3 dt

hence results. O

Theorem 5.6. [fb € W;'(0,11), b(s) > & >0 fors € [0,11], 0 <y << oo, then the spectrum
{ A k€ ZU{0"}} of problem (5.17), (5.18) and (5.19) has the following properties
(1) The sequence {2 : k € ZU{0" }} is symmetric, with respect to the imaginary axis
(2) Forall k € ZU{0"} we have that Ima;. > 0,
(3) The number of pure imaginary Ay, is even.

Proof. (1): We already know that if b € W24(O,ll) that the characteristic equation takes
the form described in Proposition 5.4 and using Theorem 4.1 we get that property 1 of
Theorem 5.6 is satisfied.

(2): If A is an eigenvalue and u(A,s) an eigenfunction, then integrating the equation just
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before equation (5.7) gives
1
0

1 "l "l
0—/ |us|2ds+7tkz/ B(s)|u|*ds.
JO 0

[
0= / ssiids + A2 / B(s)|ul?ds
0

= ugil

Taking (5.8) and (5.13) into account gives that

I} Il
u(z)(mg—mkv)u(z)—/ |uS|2ds+lk2/lb(s)|u\2ds:0
0 0

1 1
(5.34) MAZ — a2 — | uPds+ A2 [ b(s)|ul*ds = 0.
k k
JO JO

The imaginary part of (5.34) is given by
1
0 = (2MReAgdmA — Redev)|u(l) | + 2ReAImA / " b(s)uds
0
I
= —ReAvu(l) P+ 2ReAxImi / b(s)lufds+ Mlu(1) ).
0

If u(l) = 0, then the identity u,(l) = (MA? —iA¢v)u(l) would imply that u is identically
zero, which is impossible since u is an eigenfunction. If ReA; # 0, then diving both
sides by ReA; we obtain

v Ju(l)[? |
(Jo' bls) uPds+Mlu(]?)

ImA; =

hence ImA; > 0 since M, |u(l)|, v and fé‘ b(s)|u|*ds are all positive. Now if ReA; = 0,
then taking the real part of (5.34) we get

0= (= M(mA)? +ImAev ) u(h) - /0 '[P — (ImAe)? ( /0 " b(s)|ufds)
I I
zlm/mkv|u(z)|2—/0 \us|2ds—(1mxk)2(/o b(s)lulds+Mlu(D)?),

from which we obtain that ImA; > 0. Hence property (2) of Theorem 5.6 is obtained. Now

to prove property 3 of the theorem we note that @(—A) = @(A) which implies that the
function is real valued on the imaginary axis. Furthermore, we know that

o(A) = —A2N; cosda+ilN,cosAa+ ANzsinda+ NycosAa

A A
vi["aw = a,
0 A

A inA a inAt
+ N5 sin La + iNg <> “+N7sm;L a+/ &1 (1) dt
0
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and replacing sine and cosine functions with their exponential form,

ila —ila ila —ila
o(h)=—27N; (“ +2€ )+i7uv2(%)
ila _ ,—ila ila —ila ila _ ,—ila
ANy () M () s ()
l
eila +efi},a ei)La o efila
+iN6< ) ()
nlt —z)Lt z)Lt —iAt
+e
d[ 7)dt
+/ é;l +l/ 62 2 3

from which we obtain that

2
N Yy ta ta
o(+it) iy Nie™ +0(te™)

and we can deduce that £oo are not zeroes of ¢, and that the number of pure imaginary
zeroes (counting multiplicity) is even. Hence property (3) of the Theorem 5.6 is proved.
O

Theorem 5.7. [fb € W}(0,1,), b(s) > & > 0fors € [0,14],0<; <I<oo, v >0, then the
spectrum { Ay : k € ZU{0"}} of (5.17), (5.18) and (5.19) satisfy the following asymptotics

T 1 P bk
o= F_ 2 bi
45 2)+(k_%)+ k’
where {b;}”,. €, and P| = ﬂl%l

Proof. We know from Proposition 5.3 that if b € W} (0,1;) then characteristic equation (5.31)
takes the form

o) = —A%K;cosAa+iLKscosAa+ AKssinAa+ KycosAa + iKs sin Aa

A inA A a
+iK6COS a+K7 o a—l—KgCOS a—l—l/ G (¢) sin Azdt

A A A2

)Lt
—I—/ &(t) cosktdt—i—/ &3(1) sm/lth—z/ Ca(t) cos
sin A¢ Cos At

t dt t)———dt

+[Non = s [ 6023
where the constants K, j =1,2,...,8 and the functions {;, i =1,2,...,6 are as defined in

Proposition 5.3, and the M;, j = 1,2,...,4 are defined as before. Now suppose that A is a
zero of ¢, then since ImA; > O for all k we can divide ¢(4;) = 0 through by iA2K| to get

cos Aga Vil sinAza n Y ()

I 2 PP

icosAra+ Ly
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where

cos Aza sin Aza
4 g k

e T
+ / & (1) cos Agedt + / G5(¢t) sin Agzdt

+i / ‘ g@)“’sw d + /0 ‘ gs(t)s“;f"t dr
k

+/ Lo(t) cos}th )

Then a direct application of Theorem 4.4 gives the results. (]

Y (&) =

cosAia+iKssinAga+1i
ll Kl 4 k 3 k 6

+7Lk/ Cl(t)sinlktdt+Kg S;L"a
0

Theorem 5.8. [fb € Wy (0,1), b(s) > & > 0fors € [0,14],0 < <l <o, v >0, then the
spectrum { A -k € ZU{0" }} of (5.17), (5.18) and (5.19) satisfy the following asymptotics:

T
M = ;(k**)‘i’

where
P
Ql ;
a(PiP+Py)
O=——"F5—"
T
 (=Ps—PyP3+ P4+ PIP,+ 1P )d? P
Q3 B 7[3 7.[37
P; = %4;1, j=1,2,...,6, and {ﬁk}i"m ch

Proof. Recall thatif b € W24 (0,1;) that Proposition 5.4 gives that the characteristic equation
has the form

o(A)=— AZN; cos Aa+ iAN;cos La+ ANssinda+ Nycos Aa

. . cosda smla smM coskt
+iNssinAa + iNg 1 + N7 /é /éz

Therefore applying Theorem 4.8 we obtain results. (]

When comparing these results to Lemma 2.3 of the case considered by Pivovarchik
and Mennicken in [12] we see that the asymptotic expansion of eigenvalues still retains
the form it had in [12] when a concentrated mass was introduced at the endpoint with the
exception that Q> > 0 in [12] whereas in this case we have that Q> = 0 as will be shown
later.

Theorem 5.9. [fb € WP(0,1)), b(s) > € >0fors€[0,11], 0 <y <1< oo, v >0, then the
spectrum { A -k € ZU{0T }} of (5.17), (5.18) and (5.19) satisfy the following asymptotics:
T 1 01 % 03 . O Os Bx

lk:E(k_§)+(k_%) (k—%)z (k—%)3 (k—%)“ (k—%)S pE;
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where {Bi}*., € b, Q1,02,03 are as in Theorem 5.8 while Q4 and Qs are defined as
follows

aP,Qy  (Py+PiPy)2a*Q,
2 + 3
T T
a*(Ps+ PoPs+ P\ Ps + P3Py + 2P P,P; — PPy — PLPy — P3P, — P} P»)
4

04 =

ab, Q3 2a*Qy(Py+ P P) B 3a*Qi(—Ps — P,Ps+ PPy + 1 P7 + PP})

Os= ) ] oo
+ (—P]() — PP+ PPy — P3Py + PyPs + P22P6 + 2P P,Ps — P2P32)a4
7r5
(—PyP} + PPy +2P\PsPy — 3P\ Py Py + 3P} PoPs + P3Py — PPy — 2PEP; — P} P, — gpg)a‘*
+ —
P23a2
—

Proof. According to Proposition 5.5 if b € W26(0, a) then the characteristic function takes
the form

A
o(A)=— A2K| cosAa+ iAKycos Aa+ AKssinda+ Kscos Aa+ iKssinda + iKg CO; a
sinAa cosAa . sinda . coslda sinda
+ K7 Z + Kg PP +iKy PP + Ko FE + K11 7E
s1n M cos )Lt

+ / E1(t)—=—dt+ l/ & ()
where the constants K i, j=1,2,...,11 and the functions &; and &, are as defined in Propo-
sition 5.5. Then a direct application of Theorem 4.8 gives the desired asymptotic expan-
sion. (]

We conclude this section by doing some simple algebra which will help us to draw
important conclusions which affect the direct and inverse problem. Using the definition of
K;, j=1,2,...,11 for the case where b € W26(07 I1) given in the previous theorem we can
see that

KiKs = M; 'M; 'K (a,a) +M; 'M; ' M;

and

K>K3 = —K(a,a)M; "My — M ' My ' M3
so then
(5.35) K K5+ K>)K3 =0.

We also know that
Ki = 1+M, 'Ky(a,a) + M, 'M;K(a,a),
and
K6 = —Ksz(CLCI) — K2M3K(a,a)
then it follows that
K)Ky — Ky + K1 Kg =0.
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It is clear from Theorem 5.5 how M| and M, are related to the constants K| and K>, we now
show the relationship between M3 and My and the coefficient K;, i = 1,2,...,11. From the
definition of K5 we can see that

K.
(5.36) =2 — K(a,a) +Ms.
K

Now using the definition of K7 we obtain that
K2K7 = M{'K(a,a) — M{'M5 'Ky (a,a) + M "My — M "My ' M3 K, (a,a),
furthermore, the definition of Ky also gives that
KiKy = My 'My 'Ky (a,a) + My "My ' M3K, (a,a)
then combining both equations we deduce that
—(K2K7 + K1Ko) = —(M; 'K (a,a) +M; ' My)
therefore
(5.37) Ks — (K2K7 + K1Ko) = M ' M3 — M ' My.
Now dividing by M| we get that

Ks — (K2K7 +K1K9)

(5.38) M —My = ]

Similarly, using the definition of Kj¢ and Kg we also see that

KiKio = M ' M5 'Ky (a,a) + M "My 'M3K, (a,q)
while

KoKy = —M; 'K\ (a,a) — MMy Ky (a,a) — My 'MyK (a,a) — M My M3K,, (a,a)

from which we get that

KiKio + K2Ks = —M; 'K (a,a) — M{'MyK (a,a).
So then combining this with K¢ we see that

Ko — (KiK1o+ KoKs) = — (M 'M3 — M 'My)K (a,a),

therefore using equation (5.37) we obtain that

Ks — (Ki Ko +K2Ks))
Ks — (K2K7+K1Kg) /°

K(a,a) = —(

Altogether, from the above deductions we observe that M3 and My satisfy the following
relationship

M3

_Ks (Kﬁ—(K1K10+K2K8))
K K5 — (K>K7 + K1 Ko)
while

Ks — (K1K10 +K2K8)> K>K7+ K Ko

My = (
K5 — (K2K7 + K1 Ko) K>

Corollary 5.10. The term Q; in all the asymptotics expansion is equal to zero.
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Proof. We know from Theorem 5.8 that

0, — _a(P1P2 +P4)
2 —
now using the definition P; = K,’g' we can see that

a 1
O = —?7(1(11(5 +K»K3)

K?
and using equation (5.35) we deduce that O, = 0. Il
Corollary 5.11.
M (My—M
Py + PyPs + P Ps+ P3Py + 2P| P,Py — PPy — PPy — PP} — P} P, = %
2

Proof. We will use the identity P4 + P; P, = 0 which was established in Corollary 5.10 to
simplify the following

Py + PyPs+ P Ps+ P3Py + 2P PsP; — PyPy — P}P, — Ps P} — PPy
= Py+ PyPs + P\ Ps + PsPy + 2P, PyPs — P} (Py + P\ P,) — P} (P4 + P Py)
=P+ PP+ PP+ P; (P4 + P1P2) +P PP

=R +PPs+PFPs+ P PP
_ E (K3K6 +K2K7) " K> K3Ky
K K} K}

Now using the definition of K7 we can see that
KoKy = My 'K (a,a) — My "My 'Ky (a,a) + M My — My "My ' M3K, (a,a)
while using the definition of Ky we can deduce that
KKy = M 'M; 'Ky (a,a) +M; "My 'M5K, (a,a)
therefore
(5.39) KoK+ K1 Ko = M 'K (a,a) +M; ' Mj.
Furthermore, using the definitions of K3, K4 and K¢ we can see that
K1K3Ke = My (K (a,a)My ' + My 'M3) (M 'K, (a,a) + M; 'M5K (a,a))
while
Ko K3Ky = —M; (K (a,a)My ' + My 'M3) (1 4+ My 'K, (a,a) +M; 'M5K (a,q))
so then summing the two terms we get that
(5.40) K1K3Ks + KoK Ky = —M[ (K (a,a)M5 "+ My 'M3).
Lastly, using (5.39) and (5.40) we can obtain that
(5.41) Ki(K2K7 + K1 K9) + (K1 K3 Ks + K2 K3Ky) = My ' My (My — M3),
therefore
My (My— M3)

Py + PyPs + P Ps+ P3Py + 2P PsPs — P2P, — P}P, — P3P} — PPy = e
2
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This result can also be seen in the light of Theorem 5.6 as further reinforcement to the
postulate that for all k we have that ImA;, > 0.

Corollary 5.12.
KiKs+ K K3Ke+ Ko K3Ky =0

Proof. The results can be deduced by using the two equations for M3 — My in (5.38) and
(5.41) or by using the definition K;, i =1,...,11. O

It is clear from the above equations that there is more than one way of defining M3 and
My due to the multitude of identities that exist in this problem, therefore no preference will
be given to either one of the identities and these identities will be assumed to hold from
this point onwards.

6. INVERSE PROBLEM

In this section we will recover the following parameters {a, g(x),M|,M>,M3,M,} from
the knowledge of the spectrum and the length of the string. It will be shown that from
the asymptotic expansion of the eigenvalues and all the properties of a spectrum that we
can construct an entire function whose zeroes correspond to our eigenvalues and has co-
efficients that contains some information about the constants M, M,, M3, and M4 which
in turn are related to the parameters b(s), v > 0, /; of the string and the mass of the ring
M. We will also give a construction of the S-matrix which will be used in the Marchenko
integral equation to recover the potential uniquely. Lastly, once the potential has been re-
covered we will then give an algorithm on how to recover the parameters b(s), v > 0, [;
and the mass of the ring M.

Denote by SL the class {a,q(x),M|,M>, M3, M4} satisfying the following conditions

(1) a>0,M;cRfor j=1,2---4, M; >0, M, >0, M3,M4 € R.
(2) The function g(x) is real valued and belongs to L,(0,a)
(3) The operator A acting on L, (0,a) according to

D(A)={f: feW;(0,a), £(0)=0, f'(a)+Masf(a)=0}
Af =—f"+q()f

is strictly positive.

Theorem 6.1. Let {A; : k € ZU{0"}} be a properly enumerated sequence of complex
numbers satisfying the following conditions

(1) Forall k € ZU{0"} we have that ImAy > 0,
(2) The number of pure imaginary Ay is even,
(3) The sequence {A : k € ZU{0" }} is symmetric with respect to the imaginary axis
and the corresponding multiplicities of symmetric points coincide,
(4) Being enumerated in a proper way, the sequence {A : k € ZU{0"}} admits the
following asymptotic
n 1 0 . O 03 . 4 Os Bk
R M R T o TV T T
where {fx}°., € b, a >0, Q; € R, for j =1,2,3,4, furthermore Q> =0, and
04 >0,
then there exist a unique set {a,q(x),My,My,M3,Mys} €SL such that {A : k € ZU{0" }}
is the spectrum of (5.17)-(5.19).
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The proof of the above theorem will be broken down into a number of theorems, lemmas,
proposition and corollaries, and that quest to prove Theorem 6.1 begins from this point
onwards. We begin by recovering the set {a,q(x), M, M, M3, M4} from all the conditions
of Theorem 6.1. We know from condition 4 of Theorem 6.1 that

T 1 0 ) 03 . O 0s B
o= (k—)+ i + i + P
koo a 2 (k—%) (k_%)z (k—%)3 (k_%)4 (k—%)S P&
then it follows that
. Tmk
(6.2) 0<afklgralol—k

hence a is recovered. In order to characterize the growth of an entire function for large
values of Awe introduce the function
M;(r) = max|f(z)].

lz|=r
Let f be an arbitrary entire function of order 1. A function f is said to be of exponential
type o if and only if there exist a greatest lower bound ¢ of positive numbers A for which
asymptotically
My(r) < & for r > ro(0).
Let us consider an auxiliary function x° defined by

cosda sinla cosAa . sinda . cosAa
i

I R F LI F RS ¥

sinAa cosAa . sinda . cosAa J sindla  ¢(R)

7P6 }’3 — 17 14 7lP8 14 —u9 A,S — 110 )vs + )‘5 ’

where P, = %7 i=1,2,...,10 are real valued constants, K| # 0 and ¢ is an entire function

2°(A) = cosAa —iP,

of exponential type < a. To show that the auxiliary function x° is of exponential type a > 0
we note that for A = 6 +ip where ¢ and p are arbitrary numbers
ei?ta + e—ila

Lal =
|cosAdl 5

< e\P\a,
and similarly | sin Aa| < €1, Therefore, using these inequalities we can now write that
elPla
)
for sufficiently large A, from which we deduce that ¥ has type a > 0.

(6.3) x°(%) = cosLa+O(

Definition 6.2. A function S(1) is said to be a function of sine type if it is an entire function
of exponential type ¢ > 0 satisfying the following conditions:

(1) All its zeroes lie in horizontal strip |[ImA| < &; for some & > 0.

(2) The inequalities

0<m<|S(A)| <M<
holds on some line ImA = const

(3) The types of S(A) in the upper and lower half planes are equal.
It is sometimes convenient to use the following definition of a function of a sine type,
equivalent to the one above (see equation (1.2) on p.80 of [7]). An entire function S(A) of
exponential type ¢ > 0 is said to be a function of sine type if for some H > 0

0<m<|S(x+iy)le Pl <M <o (ly|>H).
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We will state without proof the proposition found in lemma 5 of [7].

Proposition 6.3. Let {1}, be the sequence of zeroes of a function S of sine type < ©
belonging to L,(—eo,0), and let the sequence { Y }*,, be of the form

Vi =DbA "+ A",
where m is a positive integer and {by}*,, € l,,p > 1. Then the function defined by
. - z
$(z) = I}ggkgp (1- s wk))
where A + Wi, # 0 for all k, has a representation of the form
S(z) =CS(2){1+Biz '+ Bz 2+ -+ Bz ™} —aCS' (2)z " + fu(z)z ™,

where .
C:H (1 +ll/kl];1)7l,

and By, By, - - By, are constants, fi,(z) is an entire function of exponential type ¢ belonging
10 Ly(—o0,00).

Now, let us introduce the function

L AN A
(6.4) A) = lim 1—— 1——),
X( ) ll*)ookgo ( A’k> kgn < A‘k)
whose limit need not exist yet where A satisfy the following asymptotic
n 1 01 . O 03 . O4 Os
Mo=—(k—=)+ +i + +i + +0(1).
T ) ey s

The fact that the set {4, : k € ZU {07 }} is symmetric with respect to the imaginary axis
will be expressed by stating that A_; = —A; for all A; not purely imaginary. Then pairing
A4 not pure imaginary we compute the following

(1-2)0-5)

(1 L MtAy A )

MA [l
_ L (2ImA)  A? : o
= (1 A e W> (using A, = —A)
_ 1., A?
= (1+2.0((k~3) )_W>’

from which we obtain that over a compact subset of C the function y is an entire function
of A that is uniformly convergent. Let us defined the following entire function

(6.5)
cosAa

'A)=- A2K; cosda+ilKycosAa+ AKssinAa+ KqcosAa+ iKssinda + iKe

sinda cosAa . sinAa . cosha sinda
+K7 7 + Kg 12 +iKy e +iKio 7K + K1 PE

v(4)
A3

+
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where K;, j=1,2,...,11 are constants and ¥ is an entire function of exponential type < a
which belongs to L, (—oo, ). We further identify the function x° as y°(1) = — &?) where
the function ¥ is as defined on page 38 and satisfies the following equations
P
6.6 =——=
(6.6) (0] po
Pi+PP)a
6.7) g, = Pt PP
T
6 (P PPs +PP+PIP+ 1P P}
(6.8) 03 = - —a %
and

_abO n (Py+ P P>)2a*Q;

6.9 Q4

2 73
a>(Py+ PoPs+ P Ps + P3Py + 2P P,Py — PPy — P2Py — PPy — P} P»)
_ E
(6.10)
_aP03  2a°0x(Py+PP) 3a*Q)(—Ps — PPy + PPy + 1 P3 + PP?)
Os= 2 3 B 4
n (=Pio— PP+ PPy — PsPs + PyPs + P22P6 + 2P PP — P2P32)a4
7-[5
N (=PyP} + P}Ps +2P\PsP, — 3P\ P; Py + 3P} PyPs + P Ps — P} Py — 2P}P; — P} P, — 1P))a*
7'[5
P23a2
o

where Pj = K;{'—;l,j: 1,2,...,10.

Lemma 6.4. The auxiliary function x°(A) is an entire function of sine type where ¢ isan
entire function of exponential type < a which belongs to L(—eo,0) and satisfy ¢(—1) =

—¢(4).

Proof. We recall from section 4 (see pg 38) that the function ¢ (A) can be written as

6.11) o) :/Oacj(t)sinmdt+i/0a3;(t)cosxzdt

where § and & are real valued and belong to L,(0,a). We can observe that
0(—1) = / £ (1) sin(=2 )rdr +i/ E (1) cos(—A)edr,
Jo 0
= —(/ C(t)sinitdt-i—f/ é(t)cositdt),
0 0

=—0(4).
To show that the function x° is a function of sine type we note that 2%y has the same
form as the function E3 of section 4 (shown in equation (4.3)), and by Theorem 4.8 the
zeroes of the function ¥° behave asymptotically as
T 1 0 . O 03 . Oy 0Os %
6.12) A} = =(k—5)+ i + +i n k
R L T R o s T ST T
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where { B,?}"j’m € I», from which we deduce that

lim B =0.
lk‘linwﬁk
We similarly observe that
0 - .
[3—’; 0, i Qzl - —0 andi Q“l L= 0as [k| = e,
k (k—3) (k—3)

which means there exists an & > 0 such that the zeroes A of x° lie in the strip |[ImA| < h,
hence condition 1 of Definition 6.2 holds. Now let A = ¢ +ip with p > h > sup;|A?|.
Since the sine and the cosine functions are bounded on the line ImA = p, we have that for
any € > 0 given, there exists an vy > 0 such that for [A| > vy on ImA = p we have that

cosda sinda cosAa ._sinda . cosAa
}L —P2 2' —P3 12 —IP4 12 —lP5 13
sinda cosAa . sinda n cosda P sindla  ¢(1)

—iP

_P6 2{3 - 14 _lPS 14 — U9 ),5 — 110 ),5 + A,S <é€
Let us set
__cosha sinla cosAa . sindla . cosAa
Ri(A) =—iP 1 —P 7 — P PP —iPy P — iP5 7K
sinla cosAa . sinda . cosha sinla  ¢(R)
—F 3 — P e — iR e —iPy 7K — Py PE + 23

then the above gives that for all £ > 0 there exist an vy such that
|A| > vy, ImA =p = |Ri(A)—0|<e€.
So for |A| > vy also on the line ImA = p we have that
|[cosAa+R;(A)| <|cosAa|+|Ri(A)]
< |cosAal+e.
We also know that the cosine is bounded above as follows
eila_’_efila

l =
|cos Aal| 5

)

e—ila ei/'la
<
L
ePd  egPa
—2
:N’

so using the upper bound we obtain that for A sufficiently large on the line ImA = p, we
have that

Ix°(A)| < |cosdal + &
SN+e=M < oo
Similarly we have
%° ()] > |cosAa| — |Ri(2)]
> |cosdal—¢
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where
efila eila
cosAal > —
jcoshal = |“—|— 5|
ePt e Pa
22
=m>0.
Therefore

2°(2)] > [cos Aal — &
>m—¢€ >0,

where ¢ is arbitrary small. Altogether we obtain that for|A| > vy on the line ImA = p =
const, the following is satisfied

0<m—e<|y°(A)| <M+¢e<oo.

Now for |A| < Vg (compact) still on the line ImA = p we have that ¥ attains a minimum
and a maximum m’ and M’ respectively with m’ # 0 (since p > h), so we can write

0<m <[x°(A)| <M <eo,
which satisfies condition 2 of Definition 6.2 holds. Condition 3 of Definition 6.2 follows

from equation (6.3). Therefore the function x° is of sine type. g

Lemma 6.5. The function (M) can be written as the function T'(A) defined in (6.5)

Proof. To prove this lemma we consider the zeroes A; as perturbation of zeroes l,?. Com-
paring (6.1) with (6.12) we see that

(B —BY)
)Lk - l]? = Tk
_ %
=5
where {%}”.. € l,. We also know that 12 = O(k), then this implies that 3¢ # 0 such that
201 < clk]
which is the same as
k7> < el 27

so then we can write k> = O((A) ), and substituting back

%
A — A0 = ki;
=%0((A0) )
=&(A) 7,
(6.13) M= A0+ 8(A0) 7,

where {8}, € l,. Before applying Proposition 6.3 we note the following correspondence

weo &0 5@ 0 2 (1- 75 ) - (1-75) L s@ e 2. b oo,
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where A are not purely imaginary. Now applying Proposition 6.3 to the function y° we

get
(6.14)
A\l AN n,n T T T\, ¢A)
a(1=57) (1-7,) =ar @ (e 7+ 535 qit3s) s
where @ is an entire function belonging to L (—oo, 4-o0) and
o -1
(6.15) G= ] (1+5k(7w?)‘6) :
—o0,k£0

Now since we have that A_; = — A for all not pure imaginary, then we can write

n z{ A

Z(%) H( )Lk) lkI;[( xk)

where the first product is over the pure imaginary A;. From the product representation it
follows that

n ) A
=1l (1- ;Lk) |kl}n(1 ;L)
_ 0.

Now since A+ are not pure imaginary we compute the following product

(-2 (-5 =05 (- )

R0R)

Furthermore, if for any function g we have that g(1) = K - f(1) where g satisfy g(—1) =

g(A) and K € C, then we must have that K € R which in turn implies that Cy € R since

both x, ¥ satisfy g(—A) = g(4). Now substituting —2 into equation (6.14) we get

X(_Z)O_)j))l(l_ki)l =G (M) (1T B ) -

while the conjugate of (6.14) gives

(-2 (- 5) carm (1 T B R p2) + A

then taking the difference between the above two equations and using % (—4) = (1) and

x°(=2) = x°(A) we get

=T +T L-T, T+ T T,—Ty T5+T5+0(A) +9(—2
0=cx@|(“5)+ (T )+ () (P )+ ( pE
Since%,%,%,ﬁ,%are linearly independent we can deduce that Tj = —T1, T =T, Ty =

—T3, Ty =Ty and —@(A) = —2ReTs5 — @(—A), which implies that T, T; are pure imaginary,
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while 7>, Ty € R. Now if ReTs # 0 then this contradicts the fact that ¢ € Ly(—oe,0), s0o we

have that ReT5s = 0 and ¢(—A) = —¢@(A). Altogether we have that

_ A A A2 0 n T T Ty T
X(l)_(l_H_Her)c‘)x(’l)(1+7+ﬁ+ﬁ+ﬁ+15>
o) A A A2

A5 (1_7_7_7)’

+

which upon simplification gives

A
x(A)=— A2K; cosda+ilKycosAa+ AKzsinAa+ Ky cosAa+ iKssinLa + iKe CO; a
sinda cosda __sinAa . cosla sinda A
+ K5 1 + Kg PP -‘rlKgT +iKjo K + K 7K + WA(3)
where K :‘;j—zp#O. O

Proposition 6.6. K; >0

Proof. We are going to prove the proposition by proving that Cy > 0 using A° 0= —19k
and that A_; = — A, for all not pure imaginary. Recall that

=

o I f1sar)

and suppose that k,? is not pure imaginary, then

;L—k = )Lgk + 5—k(/19k)_5
AR,
while
A=A =& (2Q0)
then taking the difference between the two equation we obtain
1 -
0=— ():,?)5 (=6_k+0), Yk, |k|>n
which implies that §_; = &. So for |k| > n, we note that
(1484220 (1 +& (1))
= (1+&((A) ) (1 +8(A) )
= (1+8(A) 7)1 (1+ (A7) ) !

1
= >0

14 8(A0)~°

We can also write (6.13) as
Ak

T,? =1+ &0A)7°,
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so then
n

G= 1 (1+8a)~) 1 (1+830))

k=—nk#0 |k|>n
. A\ ! 0y—6) !
- 1+ 8,(19) >0,
k__I’_I”(#()(lO) k1|11( k( ¢ )

since ImA; and ImA > 0 for all k (where the first product is over the pure imaginary A
and l,?). Note that the above computation assumed that the non pure imaginary eigenvalue
l,? is perturbed into A; which is also not pure imaginary. Suppose now that the pure
imaginary eigenvalue l,? is perturbed into A; which is not purely imaginary (we have only
a finite number of such l,? to consider since there are only a finite number of l,? which are
pure imaginary). Therefore, the product
n —
o= ] (j&;) T (180" >0

k=—nk#0 |k|>n

since for any pair A; and l,? from the first product we have that

L O %Y
l,? AEk N —Iml,?-lmlgk ’
O
Now that we know from Lemma 6.5 that the function x(A) takes the form
A
x(A) = — A2Kycosda+ilKrcos Aa+ AKssinda+ Kscos Aa+ iKssinda + iKg CO; 4
sinda cosda .. sinda . cosla sinla  w(d)
+K7 1 +Ks 2 +1K9T+1K10 3 +Kii TERRE
we now write the following relationships
27k k., 2wk Ks a2, . anNd y(E)
X(T) —(— P ) Ky +i 7K2+K4+l(2nk)+1(8(ﬁ) +1K10(ﬁ> + (22 )5
and
2r 1 2r 1 K7 a 2 3
Sk 3)) == (e K+ iKs + g K (7) ( )
X(a( 4)> ( 4) ST Z(+ 1) ’ 2n(k+ 1) ! 2n(k+ )
yF(k+ ))
(3F(k+))°
It now follows that the constants K;, i = 1,..., 11 can be obtained as follows
a 2wk
Ki=—(—
! (27r> kaock X( )
27k 27tk 2
Ko=) Jim k! (20 + (%K),
2 1
= o) lim k! (2(2 k)
(o) lim k! (2 (k4 7).
2 2 2
K4_hm( 27k, ﬂk)zKl—(%k)iIQ),

Ks =i Jim (x(zfm D) Sk Ks),
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Ko = 2 1im k(22 + k- (i - k),
K= 2 lim k(2 e ) = 2 e K — K ),
K= () Jim e (x5 + k=i (5 )Rk ik (57
K9=—i(%)zggokz(x(zf(k%))——(k+ )Ks — iKs — K7(%))

o2 B i) )
= (2 e a2 -2 ) )
In order to recover M, M, M3 and My we define )
(6.16) M, =K,
(6.17) M, =K,

(6.18) M; =

Ks (KG — (KiKio +K2K8))
K> Ks — (K»2K7 + K1 K9)

K¢ — (K1 K, K> K, K> K7 + K K
6.19) M4:< 6 — (KiKio+ K> s)) 2K7 + K1Kog

K5 — (K>2K7 + K1 Ko) K>
We have to remark here that M3 and M, can not be uniquely expressed in terms of K;
given a number of identities that exists in this problem, so from now onwards we will use
interchangeably the following identity
K>(Ks — (KoK7 +KiKo)) (K1 (K2K7 +KiKo) + (K1 K3Ks + K2 K3Ks)
K?K> N K}

Definition 6.7. The entire function w(A) is said to be a function of Hermite-Biehler class
(HB) if it has no zeroes in the closed lower half plane and if
‘W ‘<lf0rlml>0

We now give an equivalent definition of a function of HB type, the proof of which can
be found in Theorem 6 of [8].

If a function w(z) has a representation

- RPy (=
w(z) = Zmeu 2)+i(yz+96) H( ) i (ay )7
1
and

- 1
Z’Im(—)‘ < oo, Im(ay) >0 Vk,
1 Ak

where u(z) is a real entire function, y > 0, 0 a real constant and RP,, the
real part of P,, where

2 P
Pm(i):(i+;a +-- +—) form >0
k i

(called the Weierstrass primary factors) then w(z) € HB.
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Lemma 6.8. (1) € HB

65

Proof. Using the equivalent definition of HB functions to prove the lemma and the asymp-

totic expansion of A,

A — f(k_l 01 . O 03 . O Os B
R N S N TR T

we observe that

S ¢ S TR Im(f;)
Im % = (k=3)*  (k=3)* ¥ 5.
k k=l 1 0 - O 03 04 0s B
2 s R R L T
Since {f}”.. € [> then we must have that limy ., B = 0, so then
I
mB) o gand L 0 s e,
k (k—3)* (k—3)?
which allows us to simplify the following
1
_ Q2l Q4l _ m(sﬁk) —o(1),
(k=3)* (k=2)* Kk
and
T, 1 o1 . O 03 . Os 0s Bx
—(k—Z)+ +i + +i + +7=,| =0((k—5
T L e AT VR

2
from which we ultimately deduce that

1 1
Im(— ‘:’0 k—2)72),
im(3)] = |o(k=3))
therefore
1
[k|>ng k
Altogether we have that
y ’Im(i)‘ <o
Ak ’

— oo kA0

%),

and we know that for all k that ImA; > 0, and y as defined by equation (6.4) admits the

product representation depicted in Theorem 6 of [8], therefore x(A) € HB.

Lemma 6.9.
(6.20) K>)K3+ K1 K5 =0

O

Proof. We know from Lemma 6.5 that the function ) can be represented as in equation

(6.5). Now applying Theorem 4.8 we get that

2
%Qz =—-PP—PF
K, K3 Ks
K ( - E) K
K>K3  Ks
K2 K
_ <K2K3 +K1Ks)
K? '
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Since we know that a,Kl2 > (0 and @, = 0 it then follows that K, K3 + K1 K5 = 0. O

Lemma 6.10. The derivative of the function ), at zero satisfy Rey'(0) = 0 and Imy'(0) >0

Proof. Recall that

w0 =i 11 (1-3) I (-7

k=+0 k=—n

then differentiating the function logarithmically we obtain

- £

where f(1) = (1— %k) Therefore

0
o /i(ImAy +ImA )
-2 )

from which the results follow. (I

Corollary 6.11. K> >0

Proof. Let us consider the function (1) as a perturbation of the function ¢;(A) defined
by

4a>A? )

P1(A) = — 12K cos ha = AZKIH( T

We now rewrite our function x (1) as follows

—0 2 40212 >,1

IS (3 (RIRSR e
n —1
U S TN

o 4a*0? -1 o
'H<1_ (2k—1)27t2) (-A7K)

1

—-aktom (1-7) (-2 imIT0-75) (- 7)

4a*0? )*1

fl( e
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ImA;o+ImA_ A
) =-A2K "o (A)(1—ir—L2 >
x(4) P )( ! oo +)L+O)LO>

o . Iml+k+lml_k 22 44202 -1
'H(lf”l P +7L+kx,k)'(1’(zk_l)%ﬂ)

el -2 _Im7L+o+Im7L,0 1
= K g (A) (A i roh ok +x+ox,0)

l°_°[ (1_2 B JmA +ImA_; 1 )

1

. +
: A kA A Ak A

2 _
()

27n

Now substituting A = =7, n € N and evaluating the function as n — o

1 a2 _ImAyo+1ImA 1
X(A) ==K ( lKl)( T Arod ok +/1+0,1_0)

oL ImA,; +ImA_; 1 —(2k—1)*n?
'JEEIII(_’ PV Mka,k)'( 42 )*0(1)
2
_ - /12' (_ilm/'k+0—}|:1ml,o i 1)
+0/4—0
o ImA; +ImA_ 2k —1)>n?
gl (s ). (- B o
T Ak Ak
- lim ld A2 [—(Iml,o +ImA_)(ImA_; +ImA, )
7P—>°° 1 l+o.z,_0.l+k.ﬂ,,k 2

A
ImA_g + ImA ImA_; + ImA e 2k —1)*n?
_(ImA_+TmA;o +Tm k+m+k)+1“]—[(( )°m

A 4a? )JrO(l)

Then taking the imaginary part of the above equation we get

=)

- = 1 = (2k—1)?
Imy(A)=-Y l.(lml+k+lml,k)HW,l:I(_ T)’

k=0
which is positive since ImA;, > 0, for all k € Z™ and comparing this equation with equation
(6.5) imply that K > 0. O
Lemma 6.12. Assuming the identity

K>(Ks — (K2K7 + K Ko)) (K1 (K2K7 + K1K9) + (K1 K3Ke + K2 K3Ks))

K%Kz K?

then
Mz —My >0

Proof. We know from equation 6.1 that
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where {Bi}*. €b,a>0,0; €R, j=1,2,...,5 and that the function ¥ can be written as

A
x(A)=— A2K; cosda+ilKycosAa+ AKssinAa+ KqcosAa+ iKs sinda + iKe CO; a
sinAa cosAa . sinAda . cosha sinda
+K7 1 + K3 PP +iKyg 12 +iKio 7E +Kii 7K
A
N 1//(3 )
A
where K;, j=1,2,...,11 are constants and ¥ is an entire function of exponential type < a
which belongs to Ly(—eo,c0),. Then applying Theorem 4.8 we obtain that
_aP,0> (P4 PiP)2a*0,
Q4 - 71:2 ﬂ:?’
a(Ps+ PyPs + PPy + P3Py + 2P PPy — P2Py — PPy — P3P, — P} Py)
_ = )
We also know from Theorem 4.8 that
- a(PP,+ Py)
O = *T
and Theorem 6.1 states that Q> = 0 which leads to
PP+ Py =0.
So then using this identity we deduce that
P+ PyPs + P Ps + P3Py + 2P| P,P; — P3Py — P2Py — P3P, — P P,
=R+ PPs+P P+ P PP
_ (Ki(K2K7 + K1 Kg) + (K1 K3Ks + K> K3Ka )
K
_ _K2 (K5 — (K2K7 +K1K9))
K>K?
K>
=22 (M5 —M,).
e (M3 — M)
Since Q4 > 0 and K, > 0 it follows that M3 — M4 > 0 ([l
We now write the function y as follows
(6.21) x(2) =P(A) = A’K1Q(A) +iAK>Q(A)
where
inA inA A
iAK2Q(A) = iAK> cos Aa + iKs sin Aa -+ iK Sml ¢ 1Ko S“;Lz a5 iKIOCOZ%
L (Y)Y
2M3 ’
from which we get that the function Q is given by

(6.22)
B Kssinda  Kescosda  Kosinda Kigcosda . y(A)+y(—A)
O() =costat 2 S T Rty A T R )
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Similarly, equating

P(A) —A*K1Q(A) = —A%K; cos Aa+ AK3sinAa+ Ky cos Aa+ K7 Sinfa +Kg Cozja
o 08y
we get that the function P is given by
(6.23) P(A) = cosAa+ (K2K7;2K1K9> Si“;ta N <K1KmI;; Kng) co)stAa ik si%m
_i(KIW(A)I;:)IEW(*/’L))+<‘I/(7L);;I/(*7L))'

Now let us denote by {7}~ ; ., the zeroes of the function Q(A) and by {6, }”~,, the zeroes
of the function P(A1).

Definition 6.13. A function w(A) of complex variable A is said to be an R function
(Nevanlinna function) if

(1) Itis holomorphic in each of the half planes ImA > 0 and ImA < 0.
2) w(d) =w(h).
(3) ImA-Imw(1) > 0, ImA # 0.

Now since our function ) (A) can be written as
X(A) =P(A) = A’ KiQ(X) + i K2Q(A),

where P(1) and Q(A) are as defined before, and we consider the following function
N(A,v) = x(2) +A?vQ(A) as a perturbation of the function y(1). The zeroes of the
function (A, V) are continuous in v as v approaches zero and do not cross the real axis
as v change from zero to a positive number. Suppose that the zeroes of 1(4, V) crossed
the real axis as v changed from zero to K; > 0, then we have that (14, K;) = 0 for some
A € R which implies that P(A) = AQ(A) = 0 since P and Q are real entire functions.
This in turn implies that y(A) = 0 for some A € R, which contradicts that ImA; > 0 for
all zeroes A of x. So then we have that the zeroes of function (A, V) remains in the
upper half planes when v changes from zero to a positive number. We also know that
N(A,K1) = P(L) +iAQ(A) is precisely the case depicted by equation (3.15) in [12] and
Corollarry 3.9 also of [12] gives that %(l) is a Nevanlinna function. We note that the
function P(1) and P(A) — A2K;Q(A) are even functions, they can be thought as function
of variables ¢ = A2,

Corollary 6.14. The function PQ(—\/Z) is a Nevanlinna function

(VO -Ki1£0(\/0)

Proof.

Q(\/Z) _ ( 1 )
P(V§)-Ki§0(\/§) \PWO-Kico(/O)
0(+/¢)

1
(—K1C+§(\/Z))
(~xe+(30/0) )

P
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Then taking the imaginary part of the above equation gives that

(V%) _ Q, 7\
(v meerve) (e (30V0) )

since % is a Nevanlinna function. O

Let us define the following functions

Q0(A) —P(A)

(6.24) w(d) ==

_ M3P(A) —MiQ(2)

M3 — M,y '
Since we noted that our functions P(A) and Q(A) are even entire functions, then uy, u, are
also even entire functions which can be considered functions of variables { = A2.

(6.25) (1)

Lemma 6.15. Z—; (&) is a Nevanlinna function.
Proof. We first note that

I (VR (S
O =10 0@ =

and we also know that M3 — M4 > 0O then evaluating the following

48 = 0(0) - PO MP(E) - Ma0(L))

- (0-1)(m-mLi0)
(B —1) (ms-miB @)
o150

(M:8(0) ~ Ml BOP s+ M5 (D))

‘M3—M4%(C)’2

so then
M3 — My ) Im$
Imul(g): ( : 4) rrlP(f)>0 for Im§ #0
uz(g) ‘M3—M4%(C)‘

Since % is a Nevanlinna function we have that for any nonzero complex number with
Im{ # 0 and M3 — My > 0 then we have that M3 — M4%(C ) takes on non zero values in the
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upper and lower half plane, therefore the function Z—; is holomorphic in each half plane.
Hence Z—; is a Nevanlinna function. O

Corollary 6.16. The set {u?}7 of zeroes of ui(A) interlace with the set {VZ} of zeroes
of the function uy(A)

Proof. Since % is a Nevanlinna function, then according to the Theorem 1 of [8] (see pg
308) we can deduce that

Vi <M < Vip1, Ho1 <0<vy

therefore
Vi<ul<vi<ui<vio-

Now letus set v(A) = u(A) and u(A) = uz(A).

Lemma 6.17. The set {u?}7 of zeroes of u(1) and the set {V2} of zeroes of the function
v(A) behave asymptotically as follows:

wk K¢ — K1K10 — K7Kg bk_
6.26 ™ 7( ) Z
(6.26) T T T \Ks KoK —KiKe)) |k
T 1 a (Ke¢— K1 K9 —K7K3 bzr
6.27 T - —( ) Tk
( ) Hi a( 2) k K5—K2K7—K1K9) k

where {b}*,, € .
Proof. Recall that

B K>K7 4+ K1Ko\ sinda /K Ko+ KKz cosALa sinda
P()L)—cosch—( A ) 1 +< A ) e +Kui 7E
(KA +Kiy(-2) v(A) —y(=4)
i KoA? )+ ().
and that
K5 sinda  KscosAa Kosinda Kigcosda . y(A)+y(-2)
Q()L)—COSA + )L +F2 )LZ +E27)L3 +72 /’L4 l( Kzl“ )
then substituting P( ) and Q(A) into the following
0(4)—P(4)
AM=u(d)=="—"—-
v(A) =ui () (s —My)
B Kssinda Kgcosda Kgsinda Kjgcosda | /y(d)+w(—2A)
(et 2T T e T )
K>K7 + K1 Ko\ sinAa Ki1Kio+ K2Kg\ cosAda sinAa
~ (cosna+( K ) A +( K ) FERREE

7i(1<11,/(,1)[:;)1t<21w(4)> N (W(A) 1;//(%)))} (M — My) !

_ Kﬁ 3 (K2K7+K1K9)) sinda n (& (K1K10+K2Kg >cosla (7 —K11) sinda
K: K: A K A3
Igjoifa_i(vi(l)g%(/1))+l.(127<1w( thzlw ) ( (7l)>}(M3_M4)71
_ K% B (K2K7;2K1K9)) sirllla N (% (K1K10+K2Kg )cosla )}(M3 M4)*1
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where
() = (% _K“) sin/’L),a N I%oco)stila _i(ll’(l;[;li/g—l))
+i(K‘ W(M;Klj w(—l)) _ (WL) ;/1"’(_”)} (M3 —My)~".

From the definitions of M3 and M, we can see that
Ks — K2 K7 — K1 Ky

My — My = ra

so then our equation reduces to
) sinAa  (Ks— (K1Ki0+K2Kg)) cosda  yr(A)
v(A) = .
A (K5 —(K2K7+K1K9)) A2 A2

We recall that our entire function (A ) has the form

A
x(A) = —A%K;cosda+ilK>cosAa+ AKssinAa+ Kycos da+ iKs sinﬂ.cz—i—il('6cos/,L a
sinAa cosAa . sinAda . cosha sinla  y(d)
+K7 1 +Ks P +iKy 7P +iKio IR s e
and implies that the following relationship holds
v(0) = —iKio

W/(O) = —aK11 —Kg
V" (0) = i(a*K19 — 2aKo — 2Kg).

So then evaluating the function y, at zero gives that

K K l—ﬂ i (2w(0 an
v (0) = [(Kz_K“)HKlzo( 122 )_Kz( w( )2121// (0))
+ i% w(0)— w’(O)] (M3 —My)™!

K K Kipa? K
Z[(Q—Ku)a-i- 10 104 10

K 22K, 2K,  A2K,
(a®Kyo—2aKo —2Kg) Ky, . O
- 2L (iKyo) — (aKjy —Kg) | (M5 — M.
i K +1K2( iK10) — (aK11 — Kg) | (M3 — My)
Ks — (K2Ks + K| K
- (Kl 2K82+ LOVRPYAR

(Ke — (K2Ks + K1 K1)

(Ks — (K2K7 +K1Kg)) -
To prove the assymptotic distribution of zeroes we are going to use Lemma 3.4.2 of [11]
which states that:

In order that the function y(z) admits the representation

f)
A2 1 COSTZ+ T,

y(z) =sinwz+Ax
where

£l2) = /0 " F(t)cosztdr, F(t) € L(0,7), F(0) =0,
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it is necessary and sufficient that

oo

y(2) = [ [k (1 — %),
1

where iy = k— 4 + % with {0 }T € bo.
We make a change of variables given by A = %z on the function

(K¢ — (K2Ks + K Kjp)) cosAa n v (1)

Av(A) =sinda+ (Ks — (K2K7 +K1Kg)) A A
to get
T T . COSTZ w(% )
(gz)v(gz):smnz—FL ; R

__ a (Ke—(K2Kg+KKjp)) : :
where L= 2 K- (KoKs 1K Ko)) ° We rewrite the above function as follows

T
T T . cosmz a W (Zz
(—=z)v(—z) =sinmz+L +7w (%2)
a a z Tz
472 — 1 T z,
—sinmz+ L= cosz ﬁ‘/’2(a )
422-1 z Tz
4 s D,
—sinmz L2 % Z_i_(P(Z)7
412—1 Z z

where
COSTZ

~ a T
P() = vl 2) Lo

and it is evident that ¢(0) = 0 and that @(z) € Lp(—oo,0) since Ya(z) € Ly(—oo,00) and
is an entire function. In order to apply Lemma 3.4.2 of [11] we must first show that the

function ¢(z) can be wtitten in the form
/3
= / g(t)cosztdt
0

where g € L(0,7). Without positing the existence of the function § we continue and
expand the cosine of the above equation as follows

5 eth+e—th

<p<z>f/0 g (S )an
lzldt+/ g 71thl)
lztdt / g —iztdt)

lztdt

(=
-3(),
-3( [

t\J\'—‘l\)M—‘ l\J\

8(t)
where
= | &@) ifr €0, 7]
hit) = { “g(—1) ifre[-7,0),
Now since our function @ is an entire function of exponential type < a and belongs to
Ly(—o0,00) then according to the Paley Weiner theorem which states that:
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An entire function f(z) is of exponential type and belongs to Ly (—eo, )
on the real axis if and only if

1@ = [ o)

where ¢ € L(—7,7).
Therefore, an application of the Paley Wiener theorem on our function @(z) gives that for
our function ¢(z) there exist a function g such that ¢ can be expressed ¢(1) = 5 [, §(t)e™ dt.
The function g is an even function since ¢(z) is also so, furthermore applying the inverse
Fourier transform we can then set 1 = 3 ‘ 0] from which it is evident that the reversal of the
T
above computation gives that the function can indeed be written as ¢(z) = [ §() cosztdt

and we have also shown that ¢(0) = 0. Now an application of Lemma 3.4.2 of [11] gives
that the zeroes satisfy the following asymptotic

_ Tk a <K6—K1K10—K7K8) bk_
= o

v PR —
*T a4 7k \Ks— KKy — K1 Ko)
where {b, }*_, € l,. We substitute the function P and Q into the function u

_ M3P(A) —MiQ(2)

u(A) =w(d) (M3 — M)

K>K7 4+ K1 Ko\ sinda Ki1Kio+ K>2Kg\ cosda sinda
{Mg(cosla—k( A ) 1 —|—( 5 ) e + K P
KW TKW(A)Y v — y(-)

i( Ve )+ (F5m))
Kssinda KgcosAa Kgsinlda
7M4(COS)LL1+?2 1 K A2 K A3
Kipcosda (y(A)+y(—A1) 0
K A =i KoA? )] s )
_ _ M3(K2K7+K1K9)_ E sinda
_{(M3 M4)c0sla+( a M4K2> 1
(K1K10+K2Kg)_ Kq cosda B Ky sinda
+ (ST M) T (MoK M) S5
_ gy Kocosda ﬁ(‘l/(l)+‘l/(—/1))+M (v(A)+y(-2))
‘K, A K A2 3 A3
o (W(A) +y(=4)) -
+lM4T] (M3 — My) !
— cosAat (M3 <K2K7 +K1K9) —M4K5) sinAda
Ky (M3 —My) A
(M3(K1K1() —|—K2Kg) —M4K6) cosAa (M3K|]K2 —M4K9) sinAa
K>(M3 — My) A2 K>(M3 — My) A3
MKy COS?Lail. MKy (y(A)+y(=1))
Kx(Ms—Ms) A*  Ko(Ms—My) A2
My  (yA)+y(=2) . My (y(A)+y(=2))

Ms— M, 23 YA Ko\
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We recall again that M3z — My = %ﬁll@, then substituting M, into the above equation
we get

M(},) — cosdat (Mg(K2K7 +K1K9) — (M3 — (K5 — Ky Ky —K1K9)>K5) sinla i (41 (},)

K> (M3 — My) A A
ooy U RTIGE M) sinda | yi(2)
=cosia Vs M, 1 1
(M3 —Ma)(% = M) sinda vy (A)
=cosAa+ Ms M, 1 + 2
. K¢ — K1Kj9 — K7K3g sinlda 1[11(2,)
= cosAa (K57K2K77K1K9)) A N

where we have used the definition of M3 and y; (1) is given by

(M3(K1 K10+ K2K3) —MyKg) cosAa  (M3K11 Ky — MyKy) sinda

vi(d) =

K> (M3 — My) A K> (M3 —My) A2
MyKio cosAa . M5K; (l,l/(l) + W(—l))
— —i
Ky(M3—My) A3 Ky (M3 —My) A
LM () tw(A) . Ma (W) +w(=A))
M3 — My A2 Mz — My KoA3
From here onwards we proceed as before to obtain the results. U

We observe that both functions

K6—K1K10—K7Kg) sinda l[/l()v)

u(A) =cosda— <K5—K2K7—K1K9) A 2

and
(h) = sinda N (Ke — (K1 K10+ K2Kg)) cosAa  yr(A)
M T T (Ks — (KoK + KiKs)) A2 22

satisfy the condition that

 (Ke—KiKio— K7Kg\ sin(—Aa)  yi(—A)
(0= (et
=u(h),

(=) = sin(—Aa) = (Ke— (K1Kio+ K2Kg)) cos(—Aa) N v (—A)
() (K= (KK +KiK)) A2 22
— (1)

We will now construct the potential using two sequences { t }*,, and { v, }*,, as the spec-
tra of the Dirichlet-Dirichlet and Dirichlet-Neumann problem. We follow the approach
described in [11] and define the function

u(A)+iAv(d)

S(A) = (m)e*mﬂ, —eo < A <o
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which we further note that it has the following symmetry
oy MEA) —iAV(=A) i
SN = T T ¢
M‘Hl"( N\ zira
————=) e
( () —idv(4 ))

= (S(l))flo
In addition, it is evident that for A € R, we have
u(=A) —idv(=A) 1ira
w(—2) +idv(—2)¢

u(A)+iAv )
- (i T

— 5.

S(-1) =

Altogether we have that S satisfies

S(A) =S(=A) = (S(=A)) " for A € R.
Proposition 6.18. The function S is continuous on the real line, S(A) = S(—A) = (S(—1)) 7},
also 1 —S(A) tends to zero as |A| — o and is the Fourier transform of the function

ﬁ / T (- S(A)err)an,

which in turn can be written as a sum of two functions, one which belongs to L (—oo,)
while the second is bounded and belongs to Ly(—oo,0). On the positive half line, F (x) has
a derivative F'(x) and F'(x) € L(0, ).

(6.28) F(x) =

Proof. Recalling that

u(d) = cos?LafAsmxa + vi4)

A A
and inda  cosda yn(A)
W)= A
where A = % and v, ¥, are bounded and belong to L,(0,a), then defining
e(A) = (u(A) +ilv(A))e
we get that

w(A) +idv(d) = (cos)La+isin/'La)+A(iCOSMl; sinAa) | (v (M;""’z(“).

But cosAa+isinAda = €9, so

(vi(A) +iva(A)

u(A)+idv(L) = e z l

Therefore
—ila

A
(6.29) e(2) = 1+i5 + =y (A) +iya (1),

Since the function # and v are holomorphic in the lower half plane it follows that the
function e(A) is holomorphic in the lower half. We restrict ourself to the lower half plane
just to ensure convergence of the limit which will be evaluated. We recall that Holder’s
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inequality gives that an Lp-function on a compact interval [0,«] is also L;-function on the
same interval, so we have that y;, W, € L(0,a). Now Lemma 1.3.1 of [11] states that:

If f(x) € L;(0, ) then

T T
lim ¢~ mAz / F(x)cosAxdx = lim ¢~ A7l / () sin Axdx = 0,
0 0

|| ||
so then applying Lemma 1.3.1 of [11] on equation (6.29) we obtain
(6.30) e(A) = 1+0(A7h).

ImA<0, |A| o0
We will assume for now that the function e(A4) does not have any zeroes in the closed lower
half plane (this will be proved in the next theorem). We define the function

e(A)
(631) W= 5 )
Since we assumed that the function e(—A ) has no zeroes in the closed upper half plane, the
function S is continuous on the whole real line. From equation (6.31) we can immediately
see that $(0) = 1. We can also see that by using equation (6.29) we can rewrite the function
e(1) as follows

e(A)=1+1""g1)
where g(1) = Ai+e [y (1) +iys(1)] is bounded. Then using the above representation
of e(A) we proceed to write

1+ A 1g(A)
1—2A-1g(=2)
= (1447 g(A)(1+ 2" g(~2) + O(A2),
for sufficiently large A, where
g(—A) = Ai+ e[y (L) +iya(—A)]
= Ai+e™ [~y (1) +iyr(1)]
= Ai— ™[y (2) — iya (1),
For real values of A that are sufficiently large we can write
S() = (142" g(A) (1 4+ A" g(~2) + O(A7?))
=1+ 27 (240 Ry (A) + iy ()] — e P4y () + iRy ()]) +O(A2)

A seira , 2
:1+7+211m(7[w1(z)+1w2(/1)})+0<x ).
Therefore
2A__ se it , L,
(6.32) 1—S(/1):—TQlIm(T[wl(x)+lw2(x)])+0(7L ).

from which we see that 1 — S(1) tends to zero as |A| — e. To show the last part of the
proposition we note that since y;, W, are bounded and belong to L;(—oo,00), so then the
function |

T

F(x) /_ 1(1 _S(A))e*dA
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as a Fourier transform of (1 —S(A)) is bounded and belongs to Ly (—eo,0). Furthermore,
from equation (6.32) we can write (1 —S(1)) as

—2iA (A +i) N h(1)

(A+i) A A7

where i(A) = —2ilme [y (L) + iya(A)] + O(A~") and belongs to Ly(—oo, ) since
W1, W) € Ly(—oo,00). We further simplify the above equation as follows

1-S(A) =~ 2iA.(1+%)+( h(k) )(WL'“))

1-S(A) =

A+ A[+1 2
2

A v
At (AR D)

where

2A (|Al+1)
V) = gz H ()
which also belongs to Ly (—oe, o). Let x be positive and I be the positively oriented bound-
ary of a semi circle in the upper half plane with radius R (passing through the origin and
symmetric with respect to the imaginary axis). Then

—2iAe™ —2iAe™ —2iAe(iRe”
iy - / Ly / SR 0 e,
r A+i A+i Rei® + e
Since 72};:?;“ has no poles in the upper half plane, then
—2iA ilx
e A =0
r A+i

which implies

—2iA ilx 2A lRe )x )
0= lim (/ L) / i R'e’ede),
R—o0 _R A +1 Re‘9 +1

so then we obtain

A ( /” —2iAeliRe)x
= l1m —
0 Re® +i

Ri "ede).
feo A R—so0 e

Let .
_2iAe(iRe' )x 0
Jr(6) = WRWZ )

and since we know that e/® = cos 6 +isin 8 and that 0 < sin6 < 1 for 8 € [0, 7], then
Rei@ ’

) =2lA —Rxsin 6 0
(0)] =2l 0| o

Reie

<2l geo

Evidently we also have that limg_,c ( Rei0 7

that

i0 . .
Re ) = 1, which means there exist a ¢ > 0 such

Ri9
e 1

Altogether we obtain that
|fr(6)] < 2|Alc,
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and we know that

Rie'® )

i /() = fim —200e % (g

R—e0
=0 on (0,7).
Lebesgue’s dominated convergence theorem applied gives that
T T
lim / 1x(6)d6 :/ lim f2(6)d6
0 0 R—eo
=0

R—o0

Therefore
o0 A e T _2A (iRxe'®) )
dh = lim ( / e ——Riedp)
oo A I R—oo \ J Re® +i
=0.
So for the function 1 — S given by
—2iA y(A)
1-SA)=+—+ ——,
(%) A+i o (JA|+1)

we have that

F(x) ! /_Z(fZiA+M)ei/lxd;L

T om A+i  (JA[+1)
Loy g,
_2n[m(|l|+1)e a,

which also shows that F(x) is absolutely continuous on the positive half line, and

/ _L/m iA iAx
F(x)_zn.,w"’()‘)(|x|+1)e dA
_ % [ iﬁ(x)e%m,

where h(4) = w(A) (W%) € L (—o0,00), then F'(x) € L»(0, o). O

Proposition 6.19. The following identity holds
InS(0") —InS(+e) 1-5(0)
2mi 4
Proof. We know from Corollary 6.16 that the sets of zeroes { ujz}‘f’ of the function u(1)
interlace with the set of zeroes {vjz}‘f’ of the function v(1)

=0

Vi <M < Vigr <,
sO

2 2 2 2

Vi <Hig <Vipr < Hicy1-

We want to determine the increment of the argument of the function u(A) 4+ iAv(A) on a
segment [Vi_1, V¢] where k — 1 is an even nonnegative index. From the asymptotic expan-
sion of the zeroes { /J,Jz} and {sz} combined with an application of Lemma 3.4.2 of [11]
we can write the functions u(4) and v(1) as follows

(6.33) un) =TT (Z6-3) w -
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634) ) =11 (Z)) w22
=1

So then equation (6.33) gives that the function Av is always nonnegative (since we have
that there are k — 1 factors (vj2 — A?%) which are non-positive and the other factors are non-
negative, where k — 1 is even and 0 < V| < vy, ---, which gives that the product in (6.34)
is nonnegative). The interlacing property

Vi—1 < Hie < Vi

and equation (6.33) gives that the function u is positive on the interval [vi_i, 1) (by a
similar argument) where Ll < V;. The simplicity of the zeroes of u gives that u is negative
on (U, Vi]. So we obtain that the increment of the argument of the function u + iAv on the
segment [Vx_1, Vi) is 7. Since the zeroes of u and Av are simple and interlace, it follows
that the increment of the argument of the function u+iAv on any segment [v;_1,V;], j € N
is m. So when A runs through [—v, v¢] the increment of the argument of the function
u+iAv is 2km, whereas the increment of the argument of the function e~A4 on the same
segment is —2Vya. Thus the increment of the argument of the function e(A4) on the segment
[—Vi, Vi] is —2Vya + 2kmt = 2(km — via), which tends to zeros as k tends to infinity. Now
using equation (6.29) we easily see that
},li}rilooe(l) - 17

and so we can conclude that the increment of the argument of the function ¢(A1) when A
changes from —oo to oo is equal to zero,

(6.35) arg e(+o0) —arg e(—eo) = 0.

By the principle of the argument, this equality and equation (6.29) imply that ¢(A4) has no
zeroes in the closed lower half plane, hence the assumption used in previous theorem about
the zeroes is now validated. Now equation (6.35) gives that

argS(0) — argS(eo) = arge(0) — arge(0) — arge(co) + arge(—oo)
= —(arge(e0) —arge(—oo))
=0by (6.35).
Since S(0) = 1, we get that the following identity holds

InS(0T) —InS(4e0) 1—5(0)
2mi 4

=0.
O

Proposition 6.20. The Fourier transform F(x) of the function 1 —S(A), where the function
S(A) is as defined in equation (6.37) has a derivative that vanishes for x > 2a, and satisfies

/ x| F' (x)|dx < oo.
0

Proof. Now since the functions e(A) and e(—A) are entire functions and we know that
e(—A) has no roots in the closed upper half plane (since ¢(A4) has none in the closed lower
half plane), then the function S is holomorphic in the closed upper half plane. We know
that

iA efila

e(2) = 14+ + S—[vi (M) +iva(A),
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therefore
Ai eila .
e(-1)=1- T T[‘I’l(—l) + iy (—A)].

Now using Lemma 1.3.1 of [11] stated on page 74 we get that there exists an R > 0 such
that for |A| > R in the upper half plane

e(-A)=1+07").
We also know that Vi (2') = f(;z f(t) CcoS ltdl‘, where f(l‘) € Lz(—<>07t><7)7 SO we can write
i ()] =| /0 F(t) cos Add|
< [M17w)Icosrlar
0
< max \coslt|/ |£(2)|dt
t€[0,a] 0

< At f

< max [cos A1 Va0,

= C| max |cos Az,

t€[0,q]

and
eilt+e—ilt

2
eImM + e—Im)Lt

<
2
< Glimalr

|cosAt| =

Now using max;e[g 4 |cos A¢| < el we further obtain that
yi(A)] < Crel™e,
similarly
Y2(2)] < CaelM™e.
So then for || > R in the upper half plane, we have that
1
— =0(1).
1+0(A71) (m
Altogether then if |A| > R in the upper half plane we have that

La

(L+4 + v +iva(h)
sl = 1= o |
efa[%(l)ﬂw(x)Ho(xl)‘
1+0(A )
_ L‘f’“[vn (A)+iya(A)] +0(1) |
A 1+0(A-T)
SLF/elaImla

>
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for some constant F’. Since S is continuous in the closed upper half plane, we get that the
above inequality also holds on the real axis. Altogether we have obtained for |A| > R in
the closed upper half plane that there exists F’ # 0 such that the following holds:

!

F 2almA
_ < .
1-S(0)] < e

Since the function e(—A) has no zeroes in the closed upper half plane it follows from
equation (6.31) that 1 — S is also holomorphic in the closed upper half plane since S is
holomorphic in the closed upper half plane. So for |A| < R, ImA > 0 (which is compact),
1 — S attains a minimum and a maximum, i.e. there exists ¢; # 0 such that for |A| <R in
the closed upper half plane

1
1-S(A)| < —.
1-8(3)| < %
But for |[A| < R in the closed upper half plane we have that

C1 C1
— < <
1-shl<Z =

< 4 p2almi

~ A
Therefore the following holds on the closed upper half plane:

(6.36) I1-S(A)| < %ezﬂﬂml,

for some constant F. Let I" be a positively oriented boundary of the semi circle (as before).
Then

a R i T . .1 00 .
/ (1-5(4))ear = / (1=S(A))e*dA + / (1= S(Re'®))eF ) Rie® 49,
Jr -R Jo
Since 1 — S is holomorphic in the closed upper half plane, then
/ (1= S(A))e*dA =0
r

gives that
R n .
. . . iAx 1 . 0\ iRe®xp: i6
jim ( [R(1 S(2))e*an) g;(/o (1= S(Re))e " Ric*40),
i.e . .
/ (1-S(&))e**dz = — lim ( / (1 - S(Re)) R Ricap).
—o0 R—o0 0
Let . e .
gr(0) = (1—S(Re'®))eR ¥Rt
Then

18R (6)] = |(1 = S(Re®))e™ " Ric'®

F i . i .
< |Re,'9 | eZaImRe 0 |elR(e Bx)Rl-816| by (6.36)
_ |RF;9| 2aRsinGefosin9‘Rl-ei9‘

e

_ Fe(Zafx)R sin@

If x > 2a, then
|gr(0)| < F =s(0) holds on [0, 7]
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and
lim |gr(0)| =0 for 6 € (0, 7).
R—o0

Applying Lebesgue’s dominated convergence theorem we get

T T
lim/ er(0)d0 = [ lim gr(6)d6
R—e0 J( 0 R—o
—0.

Therefore for x > 2a, we obtain that

F() = ~

_ “ _ iAx _
_27:/,&(1 S(A))ed =0,

and N
0o a
/ X|F' () |dx = / X|F' (x)|dx < oo.
0 0
O

It is worth reminding the reader that we are still in hot pursuit of the proof of Theorem 6.1.
So far we have managed to obtain a, M|, M>, M3, M4 and showed that M, M, > 0 and that
M3 — M, > 0, and we are still yet to obtain the potential ¢(x). We will now give motivation
for the Marchenko integral equation in a less rigorous manner and merely refer the reader
to the book by Marchenko [11] for further details. The Jost solution is the solution to the
Sturm Liouville equation which satisfy the following conditions at infinity:

lim e * f(k,r) =1
r—o0
and
: —ikr gt —
rlgroloe [k, r) = ik.

It can shown that the Jost solution can be written as

. © gink(r —
(637) flkr)=e— | WQ(I)JC(MW
which is a Volterra integral equation, and
(6.38) Pk, r) = ik — / cosk(r—1)q(t)f (k. 1)dr.
r

Equation (6.37) is solved using an iterative method which starts with the zeroth order
solution (q(t)=0)

f(O) (k,}’) _ eikr
and then define the n’th order solution by

j > sink(r—t
Fkry =t [T 0
r

The sequence { ")} converges uniformly since we assume that [3°|g(t)|dr < co. Further-
more, it can be shown that
Keflm kr

<= | et

where Im k > 0 and r is fixed and r > 0. It follows from equation (6.39) that the function
g(k,r) = f(k,r) — €*" is an L, function of k on any line parallel to the real axis and that

/ lg(0 +it)’da = O(e~2).

(6.39) ‘ F(k,r)— e
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Theorem 4.3.4 of [1] gives that the Jost solution f(k,r) and g(k,r) are continuous on the
real line.

Theorem 6.21 (Titchmarsh). A necessary and sufficient condition that the function F (x) €
Ly (o0, 00) should be the limit as y — 0 of an analytic function F(z = x+1iy) in'y > 0 such
that

|Gt in)Pax= 0@
is that .
/ F(x)e ™dx=0
for all values of x < —A.

Now applying the Titchmarsch theorem to g(k,r) we get that
A(rt) = %/:o[f(k, ) —eMe Mk =0, 1 <r
and a Fourier inversion formula gives that
flk,r) =e* + / ooA(r,t)e”"dt,

where Imk > 0 and A(r,7) € L, in the variable 7. Since we already know in our case that
there are no negative eigenvalues (no bound states) then the completeness relation takes
the form

% /j;f(k, Mf(=k,t) = S(k) f(k,1)|dk = 8 (r —1),

so then replacing the Jost solutions f(—k,) and f(k,t) we obtain that

/ " Pk e ™ — S(k)eMdk + /t T A(r1) [ / " Flk e ™ — S(k) ek | du = 0.
N ov;/ Ietting | i
G (1) = / " Pk, P e — S(k)eMdk
we can see that the above equation is_ : homogeneous Volterra integral equation of the form
Gr(t)+ /IMA(I7 u)G,(u)du =0,

where the kernel A(f,u) € Ly(t,0) in the variable u. According to Theorem 5.38 of [14]
we have that G,(¢r) = 0 which means that

/ " Fk, P e — S(k)eMdk =0, forall 1> 1.
Lastly, substituting the Jost solution f(k,r) into the above equation gives that
Art) :Ao(r+z)+/°°A(r,s)A0(s+t)ds
which is known as the Marchenko integral eqliation where

Ao(t) = % /_ Z[S(k) — 1]e™ dk.

Note that the function Ay (7) is none other than what we have been calling F (x). Now given
the kernel .
T o

F(x) /_2(1 _S(A))e*an,
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of the integral equation
(6.40) G(x,t)—l—F(x+t)+/ G(x,8)F(s+1t)ds=0

which we will call the fundamental equation, Theorem 3.3.1 of [11] states that if Proposition 6.18
and Proposition 6.19 (of this thesis) are satisfied then the fundamental equation has a
unique solution G(x,t), and

dG(x,x)
(6.41) q(x)=-2 Ix
The corollary to Theorem 3.3.3 of [ 11] gives that since Proposition 6.18 and Proposition 6.19
are satisfied that there exists a real valued potential ¢(x) for which g(x) = 0 for x > a and
that ¢ € L(0,a) such that the function S(A) is the scattering function. Therefore the above
defined potential corresponds to the potential we are looking for. We note that with the
above obtained potential that the increment of the argument of the function § and the num-
ber n of negative eigenvalues of the boundary value problem

—"+q(x)y=2%, y(0)=0
are related by the formula (see pg 210 of [11])
InS(0) —InS(e0) 1—S(0)
n= —
2mi 4

and n = 0 in our case since there are no such eigenvalues. We will prove that the Sturm
Liouville equation with the potential as defined above and the M; j = 1,2,3,4 possess the
spectrum {A; }*,.

So far we have recovered the following parameters a, M|, M,, M3,M4 and the potential
g(x), but we have not shown that the recovered potential is indeed the potential that is con-

sidered in our problem. The next theorem will use a number of theorems and propositions
to show that the recovered potential is exactly the potential we considered.

Theorem 6.22. The differential equation
Y'(Ax) + A%(A,x) = g(x)y(A,x) = 0
with conditions
y(4,0)=0
(1+idMy " =AMy Yy (A, a) + | My +idM; ' M5 — AZM{1M3}y(7L,a) =0

has the spectrum {2 : k € ZU{0"}}, where the potential q(x) is as defined by equation
(6.41)

Proof. Theorem 3.4.3 of [11] states that:

In order that any two sequences of numbers {A;} and {v;} be the spec-
tra of the boundary value problems generated by one and same Sturm-
Liouville equation —y” 4 g(x)y = A%y, 0 < x < 7 with real valued po-
tential g(x) € L,(0,7), and boundary conditions y(0) = y(m) = 0 and
¥(0) =y'(x) = 0 respectively, it is necessary and sufficient that they in-
terlace

—o <V <A <V <A<

and that they satisfy the asymptotic formulas
(6.42) M = k2 —2A + oy,
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(6.43) Y= (k— %)2—2A+ﬁk7

where A is arbitrary and {o }7, {Bc}T € b
We observe that the asymptotic formulas (6.42) and (6.43) are equivalent to the formulas

A @
V== %
k k+k7

1 A B
—k——-—— 4%
~ VE=k-5 -+,
where {}T, {Bc}7 € 2. Since the sets {f}” ;0> {Vk}Zujz9 Of the zeroes of the
functions u(4) and v(A) respectively interlace and satisfy the following asymptotic:

e — 7k g(Ke—KlKlo—Kﬂ(s) by

YT a T n\Ks — Kb K — K1 Ko K’

T 1) a (Ké—KlKlo—K7Kg) b;:
n

= — k—f -
Hi a( KS —K2K7 —K]K9

2 k’
where {b]}”,, € b, then from the above theorem we get that the set {i}”,,; , is the
spectrum of the Dirichlet-Neumann problem generated by the set {a,g(x)}

Y+ 2%y —q(x)y =0
and
(6.44) ¥(4,0) =y (A,a) =0
and the set {v;}~_, £0 is the spectrum of the Dirichlet-Dirichlet problem generated by the
set {a,q(x)}
Y 2%y —qlx)y =0
and
(6.45) ¥(4,0) =y(A,a) =0

Since Proposition 6.18, Proposition 6.19 and Proposition 6.20 are satisfied then Theorem 3.3.3
below gives that there exists a real valued potential g(x) € L»(0,a), g(x) = 0 for x > a, such
that S(4) is the scattering function of the boundary value problem

—y" +q(x)y =A%y, y(0) =0
for 0 < x < oo. Theorem 3.3.3 of [11] states that:

For the function S to be the scattering function of the above mentioned
boundary value problem also with the above mentioned potential, it is
necessary and sufficient that Proposition 6.18 and Proposition 6.19 (of
this thesis) be satisfied.

But the function (—2.0)
e(—A,
S(A’) - e(l,()) )

where e(A,x) is the solution (Jost solution) of
=" +q(x)y =A%

satisfies Proposition 6.18 and Proposition 6.19, then combining the definition of the scat-
tering function with (6.31), we get

e(—1,0)  e(A)

e(X,0)  e(—1)
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or equivalently
e(—=1,0) e(,0)
e(d)  e(—A)
The function on the right (left) hand side of the last equality is holomorphic in the upper
(respectively lower) half plane and tends uniformly in it to one as |A| — oo. Liouville’s

theorem applied gives that ZE@?; = 1, which implies
e(4,0) = e(-4),
and we identify the function e(—A) as the Jost function. Since
e(~1) = e [u(A) — iAv(A)),
and Lemma 3.4.1 of [11] states that:
Ifin

—"'+q(x)y =A%,
the potential is square summable on the interval (0,7) and vanishes for
x > 7 then
e(X,0) = e [s' (A, 1) —ids(A, 7))

where s is the solution to the Sturm-Liouville equation.

In our case we do have such a potential, and the identity e(A,0) = e(—A) implies that
(u(L) —iAv(L))e™ = (s (A, a) —ids(A,a)),
ie.
(u(A) —s'(A,a)) —id(v(A) —s(A,a)) =0 VA € C.

So then the function u(A) —s'(A,a) —iA(v(A) —s(A,a)) is holomorphic in C and identi-
cally zeroes on the real axis (i.e. u(1) —s'(A,a) =0 and v(1) —s(A,a) = 0 since s is real
valued for real A, then the identity theorem gives that

u(A) =s'(A,a) and v(A) =s(1,a).

Therefore, the function

is nothing other than s'(1,a), where s(A,a) is the solution of the Sturm-Liouville equation
(5.17) with the obtained potential satisfying condition (5.24). Similarly the function

v =a1(5) o8-

is nothing else than s(A,a). Due to (6.21), (6.24), (6.25), (6.16)-(6.19) and (5.33) we
identify y(A) as @(A). That means that {A; : k € ZU{0" }} is the spectrum of problem
(5.17), (5.18) and (5.19). O

Corollary 6.23. The operator A acting on L,(0,a) according to the formula
D(A)={f: feW;(0,a), f(0)=0, f'(a)+Maf(a)=0}
Af =—f"+qx)f

is strictly positive

Proof. The results follow since the definition of our operator coincide with the operator
which was defined in section 3 of [12] which is strictly positive. (]
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Recall that we started this section with Theorem 6.1 and we stated that the the proof of
Theorem 6.1 will be made of a number of theorems, lemmas, propositions, and corollaries,
then it is at this stage that all the work that has been covered so far constitute a full proof
for Theorem 6.1

7. THE INVERSION

Since we have obtained the set {a, g(x), M|, M», M3, M4} our task now is to find b(s), v,l;,M
such that v >0, [; >0, M >0, b € W}(0,/1) and b(s) > 0 for s € [0,/;] which generates
the Sturm Liouville problem having the spectrum {; : k € ZU{0" }}.

Theorem 7.1. Let {A; : k € ZU{0" }} be a sequence described in equation (6.1). Then for
any positive [ there exist Iy € (0,1), v >0, M > 0 and b(s) € W2(0,11), b(s) > 0 such that
the spectrum of the corresponding problem (5.6)-(5.11) coincide with {} 1k € ZU{0"}}

Proof. From the definition of the potential we write

d> 1 1

7 b* (5(0) = q(x)b3 (s(x)) = 0.
We also know that M, M», M, are defined as follows

M, = V_l(l—ll)_l,

M2=M71(l—ll)71,

and | 4
My=—-b"'(l))— .
b= = b7 W) 0|
We now consider the following Cauchy problem
dZ
7.1 —f— =
(7.1) Jaf—a0f=0
(7.2) flay=1
.3 Crw| =-m
. _— X = — .
dx x=a 4

Since g(x) € L2(0,a) then from Theorem 3.2 of [4] we obtain that the initial value problem
has a unique solution f(x) € WZZ(O,a). Theorem 13.2 of [15] states that:

Let 7 be a regular Sturm-Liouville expression on (a,b) with p(x) > 0
and A a self adjoint realization of 7 with separated boundary conditions
(a,B), @ €[0,7), B € (0,7]. Then the eigenvalues of A are bounded
from below. If the eigenvalues are arranged such that
2,1 <lz <A3 < ~~~},n—>°°,
then the eigenfunction u, corresponding to A, has n — 1 zeroes in (a,b).
Since we have that the operator defined by

D(A) ={f: f € W5(0,a),£(0) =0, f'(a) + Maf(a) = 0},
Af =—f"+q()f,

is self adjoint with separated boundary conditions and its eigenvalues can be arranged as
above, we can conclude that the eigenfunction y; corresponding to A; > 0 has no zeroes in
(0,a). We rewrite the following equation

—W +q(@)y1 =My
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as
(7.4) =1 +a(x)y =0
where g (x) = g(x) — A1 < g(x). Now Theorem 13.1 of [15] states that:

Let pa(x) < pi(x) and g;(x) < ga(x) and assume that u; and u, are
solutions to

—(p1ty) + g1y =0, and — (pou)' + gouz =0,
respectively. If g2(x) > g (x) holds on the interval (d,c), then 6:(c) >
01 (c) implies 6, (x) > 6, (x) for x € (a,c).
Now applying the above theorem to equation (7.1) and (7.4) after noting that our p; (x) =

p2(x), q1(x) < g(x) for all x € (0,a) and that the Priiffer angle 6(a) = tan™! ())7),((([11)))
corresponding to the solutions to equation (7.1) and (7.4) are equal (or can be made
equal because of the periodicity of the tan function) then Theorem 13.1 of [15] gives that
6>(x) < 6;(x) for all x € (0,a). This and the fact that y; (x) has no zeroes in (0,a) give that
f(x) has no zeroes in (0,a). Since f(a) = 1 we obtain that f is strictly positive. We must
now find the solution to the differential equation

d? 1 1

b (500) ~ (b (s() =0

and satisfying

My = =3 6(@) b6

using the above Cauchy problem. Firstly, we note that

b (s(@) b (s()| = b (s(@) o (bls )|

therefore the above differential equation and condition take the form

d* 1
(7.5) T2 6(x)) —q(x)b3 (s(x)) =0
and
_1 d 1
1.6) My = —b 4 s(@) b 500)|

from which we get that any solution to equation (7.5) satisfying equation (7.6) is a multiple
of the solution to the Cauchy problem (7.1)-(7.3). It then follows that

(7.7) b(s(x)) = Cf*(x)
for some constant C. Recall from equation (5.14) that
A
x(s) = / b3 (s')ds',
0

and that this mapping is one to one. The inverse Sturm-Liouville transformation s(x) sat-
isfies
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and integrating from zero to x we obtain that the inverse Sturm-Liouville transformation is
given by

s(x) = ./Ox b2 (s(x'))dx,

from which we obtain that

a
(7.8) l‘:i/ b3 (s(x'))dx.
0
Substituting (7.7) into (7.8) gives that
a
(1.9 11::C_%/mf_%xﬁdﬂ,
0

and now using the definitions of M3 and M4 we obtain
Ms—My=(—1)"'b2 (1))
= (=n)"'c 2 f 2a)
=(-1)"'c 2.
We also know that /; = CZA where A = Jo f~2(x)dx, so then

1

(M3 —My)(I—1))=C"12,

and using [} = C2A we get that

[
(M3 —My)l = (M3 — My) | + XI
=LA My —My),
which implies that
Iy = (M3 — My)IA(1 + (M3 — My)A) ™!

and substituting A we can then write it as

1100 =My =Ml [ (1 00— My) [ 72 w)dx)
0 0

from which it follows that /; > 0 and that C is positive since we have /| = C _%A, hence

b(s(x)) = Cf*(x) > 0Vx € [0,a]. Now My = v~ (I —1;)~! gives that

v=m =

but (7.10) gives that
] .
Q_ﬁ:y%m_mmuum—mmﬁ

1+ (M3 — My)A — (M3 — My)A
- (1+ (M3 — Ma)A)
= (1+ (M3 —My)A))~".

Since (M3 — M4)A) > 0, this gives that /; < [, therefore

!
v:Mﬂr%Luﬁ”
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yields

(7.11) v:Ml’ll’l(1+(M3—M4)/0af’2(x)dx)

which is positive since M; > 0. Similarly, from M, = M~!(1 —1;)~" we obtain that
M=M"1""(1- 17‘)*‘

which when expanded gives that

(7.12) M:Mz’ll’l(1+(M3—M4)/0uf’2(x)dx>

which is positive since M, > 0. O

8. CONCLUSION

We conclude by summarizing our entire journey. We started with the following boundary
value problem: Given the density

b(s) ifse |0,
B(S){ o( ) ifseEll,l]],
where 0 < [} < I < oo, b(s) € W£(0,1;) and our task was to give the description of the
spectrum of the problem:
Py P
ds? or?
w(0,¢) =0,
(8w ow QZW)

:07

v emZ | =
o5 Vor Mo )l

where b(s) > € > 0, b(s) € W2(0,11), v > 0 is the coefficient of damping and M the mass
of the concentrated ring at the endpoint. Using separation of variables we transformed the
above partial differential equation into the following equation

usg(A,8) +b(s)A%u(A,s) =0, se0,1]
satisfying boundary conditions
u(1,0)=0
us(A, 1) +iAv[ug (A, 1) (1= 1)+ u(A, 1)) = MAP [ug(A, L) (I — 1) + u(A, 1)] = 0.
We further observed that the above second order differential equation had the weight factor
b(s) in front of the parameter A which we removed using the Sturm-Liouville transfor-

mation which is a one to one map and transformed the above equations into the Sturm-
Liouville differential equation

=" (2,2) +q()y(A,x) = A%p(4,x),
where ¢(x) is a real valued potential in L, (0,a) and the function y satisfied
y(4,0)=0
and
(1AM — A2M5 Yye(A,a) + My +iAM; " Ms — QLZMz_lMg}y(ﬂL,a) -0
where the constants M; for j = 1,2,3,4 are real valued constants given by

My=v (-1
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and
M ZMil(l —11)71

M= 357 (1) 5 (b(s(0)

M= 357 (1) (b(s()

We further identified the entire function ¢

+(I=0) "' ()

X=a

X=a

wmzu+quw%mﬂL@+pa+umMym%@msu@

as the characteristic equation and showed that for strings with density b(s) € W2 (0,1;) the
characteristic equation had the form

A
o) =—2A%K cosda+ilK,cos Aa—+ AKssinda+ Ky cos Aa+ iKs sinla—f—iKﬁCO; a
sinlda cosAa . sinda . cosla sinlda
+ K7 7 + Kg 2 +iK9 P +iKjo 7 + K 7E

a sin At o [a cosAt

Furthermore, we showed that under proper enumeration that the spectrum {A; : k € ZU {07} }
satisfied the following:

(1) Forall k € ZU{0"} we have that ImA; > 0,

(2) The number of pure imaginary Ay is even,

(3) The sequence {4 : k € ZU{0"}} is symmetric with respect to imaginary axis and
the corresponding multiplicities of symmetric points coincide

(4) Being enumerated in a proper way, the sequence {A; : k € ZU{0"}} admits the
following asymptotic

T, 1 01 . O 03 . 04 Os Bx
k= —(k—3)+ +i + +i
N e S U S N (S VU (S
where {f;}*,, € b,a>0, 01,02 =0, 03,04 > 0,05 € R,
The Direct Problem for smooth strings with damping at one endpoint was considered by

Pivovarchick in [13] and he showed there that the spectrum satisfied the same conditions
as above except for the asymptotic expansion which had the form

from which it is evident how the introduction of a string with an inhomogeneous density
affected the spectrum.

The Inverse Problem on the other hand began with all the conditions satisfied by our
spectrum as listed above and we proved that there exist a unique set {a,g(x), M|, Mo, M3, M4}
such that {A; }~,, is the spectrum of our problem. We also gave a brief discussion regarding
the difficulties encountered in the inverse problem when classes of strings whose density
belonged to W#(0,1;) and Wy (0,1;) are considered. Therefore the inverse problem was
considered for a much narrower class of string, namely b(s) € W9 (0,1;). We followed the
Marchenko approach in the inverse problem and constructed the S-matrix as

u(A)+iAv(d)

ﬂmz(xﬂjawayﬂm,—w<x<w



AN INVERSE PROBLEM FOR AN INHOMOGENEOUS STRING 93

and further identified the sets {{ix}”_, ; 4o, {Vk}Z.. sz Of the zeroes of the functions u(4)
and v(A) as the spectrum of Dirichlet-Neumann problem generated by the set {a,g(x)}

Y 2%y —qlx)y =0
and
y(l,O) :y/()”a) =0
and the set {Vk}ig k20 A8 the spectrum of the Dirichlet-Dirichlet problem generated by the

set {a,q(x)}

Y+ A%y —q(x)y=0
and

¥(4,0) =y(A,a) =0

Armed with the above information we then showed that Marchenko fundamental equation
G(x.1) + F(x+1) +/ G(x,s)F(s+1)ds =0
X

had a unique solution G(x,¢) since the S-matrix satisfied Proposition 6.18 and Proposition
6.19, and we also obtained that the potential given by

dG(x,x)
qx) = —2—
matched the potential from our Direct problem.
Finally, in the last section we showed how solutions to the Cauchy problem may be used
to unlock parameters of the string which are imbedded in the set {a,g(x), M|, M>,M3,M4}

which we defined at the begin of the Inverse problem.
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