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Abstract 0 T v

S _Reglon segmentatmn nf dxgx 1 n‘nages by mupewmed thresholdmg is 4 common, conceptu- - '_ _' o
L ally esmple and :mporta,nt braﬁch of tmage processmg and: analysls. 1ts apphcanons range
- from that of slmple bmariza.tmn to serving 283 nseful pre—proaeasmg stage for opera,tians
_such ag pattem rec0gnit10n and image reatoratmn While many dlﬁerant algan’chma have
- been nEoposed for the aatomatic selection of the “corract” threshold the reanlts vary widely
o '_111 the&\‘genara.l usefulness A'dass of aelection schemea is ‘baaea on the pnnmple uf ma:umpm
o ;entropy This forma]:sm, whlle eifectlm, m u.,ually involmd mthout referenCe to rts ongms o:r
o its rela.honshlp to Jma,ges '

. 'l’hm them a,ttempts to claaufy the deﬁmtion of what is mea.nt by the entropy of an mage, o

- which end various image and imags segmenta,tmn modéls sre disciased and proposed. Some : _' R

. -apparent shortccmmgs rela.tved to the uss of the Sha,nnon mtmpy formnla are addressed and
 the outcome of the rescarchis applied to the problem of threshold selection, The results

_ __'mdma.te a ma.rked myrovement in performance of methods using some forni(s) of context— : _

AR velated uﬂ'orma.hon over those whu;h mmply a.pply the entmpy fomula. mthout rega:r& to 1ts :
. \ . spat;a]]_y msenmhve na;l;u;m o . o T

......

- .; malism are strongly dependent on Thow eﬂ'ectwely the paxtzcmar strengths of tlua formahm

o are explmted The mdumon of even very httle addihonal pmel—related mfam;,ation, gach’ a8 .

~ the mean valug op vana.nce mthin 4 sihall nelghbourhood, cail dxastically improve perfor- e
. mance. In order toﬁget the best out of such a ﬁrocess 1t is clea;rly uaefnl t6 explicitly consider -_ '
 how we are viewing oi‘ ]fnoda]]mg the i unage. Instea.d of dmegaxdmg a fnndamentally correet ©
' _forma.ham given less than sa.tlsfactory renults, the reasons for the poor reaults should be dew

R "Evaluatmn of results and processes is usually based on aesthetm preferent:e Same qua,nmtap . ';"_ o

- tive evaluatmn techmques are mvesuga.te& a.nd mPlemente& to evaluate the above threshold

- selection processes; Wlule aome a.greement i found betwean these methods and quahtative
a evalua.tmns, it.ja clesir that much work phill needs to be done in t}us paa:txculam ﬁeld :

) conclusmn, 11: is found that the results ohtmnable by mvokmg the ma.:umum entropy for» o

termined and, by taking m’sb consideration such addxtmnal mformatlon a8 ma,y ba avmla.ble, R

the Implementa.tmn thuld be optmuzed
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Image models and the deﬂmi:ion of m:mge entropy apphed
o to the problem of unsupervxsed sagmentatian L

' Anton David Brink (d0-06635/V <

@

Ll

'Ehe follamng carrectlons, as. requxred by the examiners of the esxa, have been ma.de _
. Page numbers quoted refer to the page numbers of the or:lgmal 515 a8 handed in on 23_ e
. 'Maa:ch 1994 All errors, mcludmg typographcal errors, have been addressed‘ » o

_Preface.; | S G o A
p(v) At the end of the th.lr& Ime “mszghts” should rea.d “mazght” : : - ) ::"_‘\'1 '

Lmt of Flgures. o

. p(:uz) 'I‘he second lme of the captlon for F:gure 8, 10 “ (a) method G a.nd (b) me{;hod H n :_. .'
shaul& rea.d “ .(a) metho& H a,nd (b) method I ». _

o p(xu) Thx. second Ime of the captzon for Flgure 8. 11, “.. (a) method I a.nd (b) method J " B
| should read “, (a) method T, a.nd (b), method M. L T e

e p(xh) "The second lme af the ca.ptwn fnr Figure 5. 12, «, (a) method K a.nd (b) method L » | .
L sha'a.ld rea.d “ (a) meth.od N a.nd (b) method 0 » : o

1 Introductlon. :

p4 'I‘he mnth line of the second paragraph “ .50 tha,t ent;re process of segmentatmn “
o from ..” ghould read ... 80 that the enmre pmcess of segmentatmn, from ",

pﬁ. At the top of the pa.ge, W use the theorem to determme the rriost hkely “postermr

distribution” (soluhon) " now rea.ds “...we use'the theorem to determine the “posterior

_ _mstnbutxo of probabxhtms over the solutmn space. The aim is then t6 select the |
‘most likely solutmn the posferior distribution and hence the selection of a solution.
. is directly dependerit on the data (e’v:dem*-e) and anformat;on (prior d.latnbutxon) that o
: wehave" S U L s o o

2 Cl;‘he maxxmum entropy meb.:od

plS* In the sec.ond lme of the second—-laat paragraph e ;.Faeld [Pratﬂ 1991 Geman and R
Geman, 1984‘ Ma.rd1a., 1989 Ma.rqués a.nd Gaaull 1993] ” now rea.ds &, Fmeld [Pra.tt," -

- '\\ U
Lo Mo



B N

Ly

1991‘ Geman hmﬂ Gema.n, 1984« Mard:a, 1939 Maxques and Gasuu 1993 Eesag,'_’._] o

L

- __ _'piS: An &&dxt;ona.l paragra.ph ha,s been mserted between i:ha 1second~1ast and last pa.rar -_ '_ } '

- graphs on this page. It reads “While the methods considered for the purposes of this -
" thedls ere not themsalves Bayesian, the potentialpower of methods using the Bayesian

o &pproach, spee:ﬁcaﬂy those which take spatial relatlonsh:lps into a.ccount by means of
 yandom ﬁeld models [Dubes and Jain, 198%; .’)'ohnson, 1994] cannot be lgnoned Such_ ' S
an a-pp;'oach requires prior and posterior distributions defined ovér image space, and -

o a7 Serve as: the next, more soph:stxqgated step after selection of the prior distribution . '

S by the Maximum Entropy prmclple Tha methoda descnbed are not lumted to glabal o
e 'threthold selectzon, but seek rather to. acourately binarize the greymscale image ac- .
"~ cording to local mforma.tmn content. ‘Another advantage of a Bayesian approach is

that one i L. . left with a single “take it or leave it” solution, but a family of gossubleﬂ

- sblutions which enable one eithet to view them all as akind of “probabilistic mevie” - -
' .'___or, hawng se}ected one “hest” solutmn, to determine an ercor bar on the selection. - L
- indicating: its, qaa.hty 'I‘h:s goes much fnrther than mere threshold evalu\ tmn, which__' o
' . tends itself to be rather ad hoe. The main. ﬂra.wback of auch techniques 18 that they . =~ -

. ‘can be computatzonally extremél%* expenswe and tzme—consummg. wlnle Jthzs may be'--

a __hccepta,ble for critical a.pphc&tlons requiring absolute agcuracy, this thes:s is primac-
R _1::5; ily concerned with the fast and sxmple selectmn of thxeaholda by means of entropyu
R R

| ™

L{-

A

'“:mammlza-twn” s _

R ‘I‘he add;tional references cz‘.ed here are mcludEd in thﬂ errata for the References aeci;mn. U

3. D!gltal unage models and entrnpy Lo o o . ke W

p34 'I‘he equa.tmn below the second para.graph,
: o ngr—Pr{m(k)eg,m(k+A)eg’}, 9:9 '—0 ”an""“l '
o shot)ld ﬁ:ea.d

| ng'—Pr{w(k) y,w(k-l*k) 9}, M G{U i 1}

p36: The secoﬁd’iiﬁe'aftha second-last pamgmph ..'[Jomei.md_'ii_léitsch, 1;‘9"93]3;5* should

read s [Joumel a.nd Deutsch 1993] A
- 4. Maxlmmn entmpy threshold selection. o

) _.-._953 Thu equa.tmn at the bottom of the Page, _

z: = [53 ""“’)] [2 "*‘T’Lw

-\'i

o

o
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I8 less ambiguously expressedas - 0

L fef b e

-~ ’-'-‘=1_3"-.<-_T L "‘191>T

HX(TJ Z G’:(T)Iog 'Z:( ) o -. _ . J

L i='=1

!-‘_ '.'

=1 =1

[E 0 cT) m“ gm] [Z ey 1og "‘_jﬁ ’] o wse
: fodagr | : 9i>T L e T

T . r;-—], 'Z}
: --E fwn(T)loa “B( ) Y fam (_T)leg m(T)

9'=0 . gn-T'l-l

Ten

s less amb:guously expressed ps

| Hx(T) Zq(r)log q-( ) I
' : ;-1 : : E e B e
5 —Z o (T)log”“( )+2 - (T)IOgm( ) o .__-c._@-.g-s):_
’ '-Igr(T S !"‘19;>T S _ S oLl

T n-—l o . .
_-zm (TJIog‘"“( 2y 3 2 _(fl")lme:—l(—l S

_ 9—-'1'-1—1

:" p54' The line below equa.tmn (4. 36), ‘_‘ : correspohdmg do the.. » should rea.d “ .correspond— .
. mgt"the .. . S R
___p57 “The tl:urd lme below equatmn (4 41), “. .follows su:mlar resomng {:o " ’_’ should rea.d

“, nfollows aunﬂar reaaomng to,. Ao .



. < .

pﬁl)‘ Equa,tmn (4 48), S ;. RS N

HU(T) = -~E (T) lags"(r)

: .' .. C P L‘ e . .

o

"G' S
H“1(TJ = %Z (Tnogzim R

}

. -'*‘-—Z g;slégz _
e { !='—1s€1 SRR S 2

z H°(T?=f"ii cytos f-?m e

T HJ(T)—%E I(T)zog»;(’r) s
- _ B

_....2 - wrl?g:./

'*-'1 ieo';

2w a.nd the followmg epranatory gentence has’ been added below the equatmm “T}m
' - below~ and sbove-threshold classea arer denoted C'a and 01, 8o that C’g = {a[[ 3 < T}

"'-"’aﬁdcﬁw{zﬂy&i‘}” L

ppﬁo 61: Equatxon (4 49'), )

il

L} . N .
Qv .

HocT)==-2 p,,(:r)logpz(r), p,(T)f

DTS "'“2 F:Pulogpo, PD*T%*ED L

Lo s :~1;eu - S _-“ RN (:44%”""" -
e Hl(r)—-{: p,(T)logpf(T), pj(T)—- ._

= —Z _g,-p;logp; PL= s e;l:- T SR

e
oo
Toha
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o t=lien

R Sl TR BT |

is more :cle'amiyf,s,ﬁttén_aa
_*j (T)

j-—-l

| HG(TJ -Zp,mlog (T), m |

.,-.

= .

o ‘_I‘eaﬂ DR S R
| ' : (449} o
J(T)“ N
E}(T) —-'—E ?j(T)long(T), (T) ;
. . J“"l -
m.-_E : g' 1logp1 y Pl = }-,i EG:, N
) "“11601 } o 1 g R

L=y

B

5. Results. e

N _' pSL In the third line from the end of the ﬁrst pa.ragra.ph ®, the resqlt is a.ppears R should o

- read “..the result appears o S L

2 Evaluatlon methods. o B o N R
| ; P o

p98 In the captmn fbr Flgure 6. iU ¥ ..(a) method G and (]3) method H » éhoulcf :r:ea.d o
“..(B) methnd H and (b) mei;hod L. . _

© pb9: In the captmn for Fzgure 6.11, . (a) method L a.nd (b) method J d should re&d “ (a) e

- method L and (b) methodM” - R

. _p99 In uhe caption for F1gure 6 12, “. (a) method K and (b) method L " should read- ._ L
e (a) method N and (b) method O ", SR .

=
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E unawacre of its th : |
‘ mamy years. Ha;vmé ﬁna'lly réahzed what it is about, I was na.tura]l;r mterested in determning
just how powerfzﬂ and useful t]ns coneept ma,y be by a.pplymg it 1o my old hnbby——horse of

i -

Prefa,ce ) @_

i

Tha reeea.rch undemta.ken here i8 $0 some extent an extensmn Q.nd a conseqnence of the reauaxch o

.1 performﬁ formy Master of Sclence degree at Rhodes Univermty Thave: Iong been m‘l:erested. .
 inthe remarkably subjective pgo'blems posed by the segmenta.tmn of an image and the msxghta -

i gives o the way wé ourseh?ea think, The maximum entyopy fmrmula. Was no stramger to me, o

ha.vmg come across it dm;ing the a:forementmngd MS¢ research. H%{wever, remained i)l]ssﬁl!ly

"_t:-.ﬁl agd pIﬁlosophmal nnphcatmns, and ite he ming and derivation, for

' threshold selection, While the most obvious aim of this research is, of course, to datenmne .

=z raha.ble methed of a,utoma.tzr threzhold selection; the a.ddztmnal alm of optimizing the _'

1mp1ementa.tmn of the ma.mmum entmpy foxma:{:sm for this purpose is by no means semndug:y o

- anid haa led to some underatandmg of the mpnrtanca and mleva.nce of all the mforma.tion we

havea.vaalable S

| s ha,ve attempted to Btl(:k qmte cloaely to these a.uns mthuut gettmg tcm mdetra.cked by E
» ph.dosnphical msues, but also withont i 1gnomng them as 1 believe $hat they are of fundamental o
- impozrtance fn their ow:vnght The purpose of thm reseatch 18 mafnly the determma,tlom of

the role of entropy in image &egmenta.tion how (and why) it: shodld be implemented itp

- strengths and Wea,lmesses, its theoretlcal an& phxlosuphical mphcatlonamd how they affect: '.

what we undemtand by 2 rl.lgltal 1ma.ge” 1 try’to determme whas i8 really mepnt by the '

eral wage—related pro(:eases.

" term “lma.ge entropy” both in the context of the thxesholding opera.tion a.nd tha.t of more v

I would hke to tha;nk the foHOng for their snpport and encou:agement throughout my'
o ' reseaa-ch, partlmﬂarly dm-mg the last few fmutm Weeka of completzon o o

Lo

- my: superwsor, Dy Neil Pendock for ]ns a.dv.tce, alsta.nt'.e a.nd, ot Ieast :for waking me .

up to the potenhal of the prmclple of maaumum eni;ropy n 1'.}10 ﬁ.rst place

thmr suggestmns and i-'or prowdmg wa.Es to bomce ideas oﬁ'

Fma,]ly I wish to tha.nk the FR.D for fnacicial assistance durmg the ﬁm w0 yea;rs of thisl -
fesea.rch e ; -

- Prof Ha.nk Mﬂler for his mterest and for proof-—read.mg the prervmua dra:Et of thm thesm o

e Mr A.ndré Bester, Mr Neil Da,'.ridson, Ms Chantal Fhedma.n and M.r Peter Ha.wkes for '
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12 Automahc threeahold selectlon T
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| :14 Thesm outhne BT : | d -

:'2.:-,-'-"'1‘he maximum entropy method Lo e o
.21 The entropy expression B T
L Shannorx entrop!i - R

e Kuﬂback‘-qms#went_mpy R

o Bniropy information W RN L \

.-‘-_iGerzemhzed entropy o
_ _Ezponentwl eniropy - e _ S _
';2 2 Baycs Theorem and lts reia.tmnshjp i:o the prmc:ple of maaumum entrapy
2 4 Why maaumum entropy? S _
Umgueness of entropy a5 a pmor dzstributwn aeiector o
The assumptson qui‘ata mdependence S
3. '-:Dngxtal nnage modela and entropy .
3.1 The Pomson model EE : o
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| Tﬁemonkwmadez e e e
"Digital image bounded above qmd belaw_ )
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© 3.3 Other d,iatrlbuﬁons anﬁ me problem ofmdependence L

o '-Entropy of the smage hzstogmm S R _ o

.E'ntmfiy 0f¢he age o IR T TSP
- .Sbatml entmpjw

“ " The aﬁ*acamlahon madel -

o Tfm “Jabeued phatm"’ madel iy

. Ma:xunum entmpy threshold selerltmn B o o R _. / L

4lBackground anentromc cn"terzon f otion " r{ 40 o

- Entmpy of the bsstogmm

_ _ "

L _ 'E“WPH Of the (me*levei local ?’neat?% gmy—level) Smtte??lot o 42 B

| _ Enir;opy of the grey— Ieve! co*occ’urrehr:e matm; - i .. -. 45 |

. - Thmshé‘ld sefectzon 'usmy the rclatwe entmpg mformst; on L ;: :&8 |
- o 4.2 Ent:opm th:reshold Belectmn ba.sed on othermode]s and d.tstributions o 5ﬂ

- The monkey model

'Fraeden mode! ofa nggztal smage ﬁkounﬁled above and be!ow “ 52 ERE

_ . Minimum crasshentropy or mazsmun‘t ?‘elatwe enmpy thmshold selectwn '_ 53 .

N '.Segacnentat:on bawd on spatsal entrapy m’inimizaﬁou S Q56 o
- Segmentatwn ‘tsing the autocorrelation functson of the hzstogram R N o

'--Thres&ofd selectaon based on the “Ia&eﬂed photan” modei o 6{} ) o

Results, -~ s gy

5 1 Thresholded una-ges resﬂtmg from the methods of Cha.pter 4, 1 _' 64 ) S

o 52 ‘l‘hresholde& mages resultmg from. the methods of Chapter42 ) e ,?UI B
ﬁ'5.3nﬁmaxka . Co R

- 6.1 Houristfe methods - . . gy

Bibchépancy measuhement' T R

”--_Ii_62Eva1ua.tionuamgsynthetwmmges L EREP 87 |

6.3 Bvaluation wsing éynthetic bistograms 8
6.4 Evaluation results using sj?nthéﬁc'}jnageg_ - B R R 0 =
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S 'Fxgure 8.1 Phot’on; unit grey——level alloratmn moclel (“monkey model"}
im 1 dimension. ¢ photons are dealt out among N cells (pb:ela) wi,th
o uniform spa.tlal proha.bﬁlty The model ubeys a mmple posliuvity con-..

) _. _.stramt S J/

. Fgure _3.2; Maximum entropy with hard linesr constralofs. . . . -

Figure 3.8, Maximum egtropy with hard non-linear constraints.

Subaités,’ into ea.ch of which any numb'er of photona may jam.

L F;gura 4 13x3 nelghbourhood of a plxel cantred af j mage coordmates
| : '(‘l-? ) '

e

'_Flgure 4.3. k‘aadrants of ’sha co——occurrence ma.tnx resultmg from
thresholdmg at . - |

AT

{J'- .

. Figurel,]_The us.tz of words I, Rens Hag):ii;‘se, 1928—-29 - “ e

Figﬁré 3.4. 1-dimensional representation of Frieden’s model obeying: -

.7 upper and Jower bound constra.ints The & photons or m:it grey-levels -
_ - are dealt out ra.ndomly among the sites above Ievel o All sms below B
. level g are pre—ﬁ]led S

Flgure 3.5.. i-Qdimensional repfesenta.t_ion:o_f the model due to Kikuchi
 and Soffer. & photons are dealt out among N pixels, Each pixel has £

 Figure 4. 2. Qua,d:' » of the (grey-level; local mean grey-level) scat-
el e
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"o . W

T I‘;gum 8.2 Vldea image of a portxon of 3 printed :page 1 byte Pel'
| Pixel 6 x 126 plxels, grey-level ranige 33 : <7< 83 R
o 'Flgure 5, 3 Ini'ra:red mage of a Warm ta.m:d roa.d in the ea.rly evening
o _1 byte per pncel 256 X 256 pucels, grey-—level range 8 < y < 178‘

B

' F@ur# B. 6 Reaulta df thresholdmg théium#ga of F:gure 5,3 (a) T = 94 | i
()7 = 94 (€) (r,0) = (86:87), (d) (o) = (92,01), (o) 7 = 97, @ B
7= B# ad(@r=8. . R |

. -Fxgu :e 5.7 Results of thresholdmg the i.mage of F I‘agureﬁ 1. (a) #= 153 _
(b) 1-_!,__ 158, (c) 7= 120, (d) T = 6F (e) = 132 (f) T = 132, (8
=, (B) 7= 64, (1) 7 = 119 (J) r =139, () 7= 70, (1) = 156,'_---”
"ande)'r-ls’r o

_. :Fagura 4.4 The a.s;rmmatncal Mmghbomhood (“futute” samplea or _ :
R -pusxt:’ve Iags) of aplxel centred at nnage mﬁl‘dma-teﬂ (%J) ey

. .Fxgure B, 1. The use of worﬂs I René Magntte 1928—29 1 byte per B
: .pixel, 300 x 236 pixela, grey—IeveI range 0 < 7% znu o -

- Figuié 5 4Resu1ﬁsf ufthresholdiﬁg tim‘imagé -ofFi’gur?e 5.1 @ r .-_’ 1-33 S
'- (b) T = PB, (ac) {'r,a') (120,111), () (‘r,a‘) (94 91), (e} T = 132 S
'_-(f)r»—-&iand(g)ru.la? -

; F:gure 5, E Results dI thresholdmg the &mage of Flgme 5.2 (a) = 48, o T

L (b) T 481 (c) ("'t‘@ (51350) (d) G"‘"! o) = (46 47) (e) TE= 481 (f)
o= 45and (g) r=5a e
S |

- Flgure 5.8 Results ofthreaholdmg thei Jma,ge of Flgu.re 5. 2* (a) T 56,: o
{(h). ¥ =56, (¢) r=51,{d) 7= 48, (e) T =51, (f}'r 51, (g) T=49,
. (h)r—-49, (1)7'-—«53, (,1)?‘-48, (k) r = 48,(1)1‘—~56 a.nd(m) o

: ‘r—ﬁﬁ ' _

 87-68
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P

E‘mum 8 2. Quadrants of the coocstizrence- matnx resultmg ﬁ-nm_” -

thpesholding at 7. ‘The quadrsnis 4 and ¢ op the ledding dagonal -

o correspond __to_“background” anid “objects”, raspectively, while Hand D
ey aa:e réia.t'e&_fq'-'hﬁﬁym:a»s'widenced _b}*foh;iectnbaaékgmund.gdja;hencies_'.. o

s Figura 8 1 The &naghbourhood of Y pixm cent'l;ed al unage cnorth— -

_‘:,(

. r.‘*_i'gum? 'a_.g_:_ Greyflewiel_ .mmm 'of__'thé unage af’ Flgure64

a L

T Flgure 5 a Results of thresholdmg ths Jmage of Flglu‘e 5. 3* (a) T 90,
' (b) T ’“*94, (c.) T = 91, (d) r= 85,{e} T -94, (f) = 95, (g) = 84y

(h) o 88 (1) 7 -—85, (J) = 100, (k) T= 95, (I) T = 117,and(m)

T= 116

nates (s,:)

B S

lf

]

LT Flgure 8 4. The bina.ry tesf. hna,ge af Figure 6.3 with reduced mntrast
a.nd added Ga.usma.n noise vnth 3 atandmd devmtion oct' 8 grey—levels. _
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'- .Fxgure 8. 6. 'I‘he bmary test Jmage of Figtu-e 6 3 with reduced contrast :: _'

ancf added Ga.nssian noise. mth & standaa-d devxatmn of 16 grey*levela

o

- Figura"’ﬁ:i’_. -Glfeyflévél_ 'hiétogra;ﬁx_'uf the itmage anlgn:e 6'.6.' o

o

. Pigure 6.8, Minimum possible classiﬁcaticm'érror. Histogram mode
- size rat:o (Po / P1) it va.nedr from 1 to llDO The fcmr curves shown are for i

(thm aolid line), D = 3 (daahed lme) %.nd D=4 (datted lme)

s

4 86,“

| F:gure ﬂ.a. Synthetm bmary teat nnage for Maﬁon of thresholdmg o I 88 o .
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_, _:Ej; N "Fxgm-e 8.8, Gla&s;ﬁcats,nn arrors 1‘eau]tmg ftom thxeshold
. ing (a) methoci A ia.nd (b) methud B. Hm’quram made size

s vazigd from 1 zu 100. Tha four ctifves shawn are for t;le:;._*i*:_di_ifei‘eilf -
2__'(thi;1"_- solid -

R
o,

kR  values of i~ fio = D~ v@, D=1 {thick solid lme), D=
- hne), D 3 (dashed ]me) and D 4‘ (datted lme) :

I 5 :,gure ﬂ n. Claaslﬁca.tion errors ;resultmg from thresh old 'ééletﬁtidn'

'...m-'mg (a}‘J ethod e} and' (b) method H Histogram o

- sclid llne), D=3 (dashed hne) md D = ‘4 (dottec'l lme)

&

o Fxgure B 11 Classﬁca.tmn Errors resultmg from threshold ae]ectmn us- -
| mg (a) method I a.nd {b) method J, Hmtogra.m mude sxzta ratio Po /‘P1)_ Lo

s varled froih 1 t0-100, The four curves shown are fof tha 4 different

o Values of jiy — pp =D o, D =1 (thi"k solid lie), B 2 (thin Mhd.'--

s hne), D w3 (daahed ]me) and B =4 (dohtedgme}

' 'Flg‘ura 8,12, Classﬂica.txon erfors reaulting from threshold ﬂelectxon-- y

J“ .
'
I

-uamg (a; method K a.nd (b) method E. Hxaimgram mude size ratio-

o _'.-(Po/f'j) o yaried from 1 to 100. The four curper slmw.n are for the 4
=1 (sbie solid Tine), D = 2 (thin /

| {ﬂ’erent va.‘luea of iy ~ pip = D0, D
“so'licl ]ine), D : 3 (da,shed hne) and D = 4 (dot,ted hna)

L4

[

selection ws-
pato (Bo/B)

e size: ratio o
_ (F J’Pi) i&% vatied ﬁam 1o 10{1 ' The four curves shown e fm- thed
_- dlﬁ'eﬁnli values of gy —ppg = D0, D= 1 (tluck solid ]jne), .D .2 (thn'___“"' _




B .:_'Ta,bles

-i;-_Tabie 6.1, Evaluatmn reaults of threahold selectmn m.ethoda applied fo . S

.

B f;he deg:raded ’image of Figure 6. 4

o Table 8.2, Evalua.tmn resulta ofthreshold select:ton methnds a.pphed to; o

. the degraded image of Fig'm:e 6. 5.
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"Ji‘hw research is concerne& with the process of sp].lttmg an 1mage into 1ts conat:tuent parts,
- 'such a8 “ba,ckgxound" and. “object” based ¢ on t];.eir :rela.twe component “brightnesa”, 'or grey--
Ievet, dlstnbutions Such processes halcmg to & branch of ;fna.ge processing, referred tn, for
 obvious reasons; as segmentativn. The images In question are digitel, both spatially and'in
 terms of their grey-level aa‘rangement. A standard llack~and-white digital image conlats of .
_ & twwd;menslonal azray of rliscrete mtega: va.lues representmg shades of grey from black (0) o
- to whlte (mammum possible grey~level) A commnn conventmn uges 1 byte to represent the o
| bmghtnesa\ of each element (pmzl) of tiis areay, glwng & ra:nge of 256 discrate grey-levels from,
-0 to 255, Golour images are often formed by superimpomng 3 such ﬁeyﬁscale images, bne
- eac.h for ghe vuieo colour d.tsplay bands rad green and blue, Alternatively, the aupenmpased o
S -images £an. represent the charactenatms “hne” “satu_ratmn ‘and “in’aensxty” Other types of -
' mu1t1bané image forma.ts are also usad: an, emmple i&- LANDSAT’s 7-band images. where -
each band (grey—scale 1mage) represents & speciﬂc gubrange of the electroma.gnenc spactrum, e E
For the purposes of this thesis, by “image” T will refer specificelly to smgle-ba.nd grey-—sca.le o
_ -nna.ges -The techmquea uaed In this case caan be rela.t:vely easﬂy extended to multlband
 cimages, o S B

D

A sta,tmtmal mensure commonly a.ssuciated mth the xmage is ﬂ;a greg,%ve! hsstogmm Tlna _
. is simply a discrete a posteriars distribution indicating the frequency of occurrence uf each _-
o .grey—~1evel in the image, e, the tumber.of pixels having each greydevvei It s often. converted' o
. toa gg,f—»level pmhabﬂm: hxstogra,m by normahzung the grey—-leve'l frequenciea ' '

:‘:'-‘%-‘-:x,/f *

s
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where pg is the a posteriori probability of Zrey-level g, J, i Its frequency of ocourrence, N
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o is the tota.l nu.mber ofpn:ela in the :mage a.ncl nis the number of grgy..levm;'_'

A shortcommg of tha hlstogram is tha,t spatmi mforma.txon present in tite mage is ot taken g
L into account. An alterna.tﬂre measure which takes Tmited spatial mforma.tmn mt& accouns is L
' the grey-level co-ocourrence matriz. In general, it is a twn—-tlmensmnal ma.tnx whose enteles .
indicate theﬁnumbex of t:mea that pixel&q with greywlevel g eccur in the Hnmedm.te neighe - .
- bou:rhood of plxels thiL gmy-level y, B8y: the number of ca—ﬂccun*ences of g ‘and. g’ Spec]ﬁc o

" definitions ofwha,t congtifutes 4 ne;ghbourhuad ofa pzxel vary a.ccordmg o a.pphcatxon The -

R

=

= ‘matrix eptries can be normalized in a airmla.r fashion to those of‘tha hlstog:am. to praduera .

dlﬂcrete cuvoccurrence pmbahﬂ:ty dmtubutmn. L

| 1.1 Ima.ga sagmentation

Bl

" ']‘_ma.ge aegmenta.tmn is a broa.c'[ ﬁeld of reseaa'ch wh.tch can be roughly dwided into two’ main -

~ preams [Pra.tt 1991' Gonza.lez and Woods 1992; Ha,rahck a.nd Sha.znfa, 1985] Feai‘um
N detectson is concerned pnma.rﬂy with the detect;on of pmnmve fe&tuxea auch as Bpnts, lines
" and edges. Region. segmentatwn is concerned with splatting up 'r.he imaga into relatively
= humogeneoux regmns, each havmg some. proper’cy that distinguishes 1t from: other reg!ons -
i the image: a s:mple example is that of a ‘bright object.on & dark ha.ckgtound These . .

o tWO branches can be used in combma.tlon to achievs more soph:sticated effects, e. g, simple

7

. regmn Eegmanta.tmn methods are prone to errors caused by non--umform mumna.tion in the . ._ o
- itmage. An edge-—detectxon method (less pmne to this problert) can be used to gmde alocal
- region classifier. Followmg this in. turn with a region-giowing scheme results in xllumma,tmm

' mdependent grey—-level segmen.ta.tmn of ’ﬂhe unage, uaually referred t’o a8 varab!e or. dymmzc_' _
_ thmshoidmg [Brink, 1991a] » . . _

- Clea;rly segmentation can to some extent be conmdered a primitive form of pattern retog-
: mtmn In, terms of human visual perception the two seem to correspond roughly to right

and left ‘brain hemzsphere processes; regpactively. [Edwa.rds, 1979 Hofstadter, 1979]. In the

* digcussion that follows, it should be polnted out that the breaking up of tasks into “nght”-
and “left” hem.lsphere eperat.lons ‘congtitutes a groea mmphﬁt:atmn of the t:rue opera.tlon of
the human brann - : o

. For the purposes cf his thesis, By “aegmenta.tmn” I will refer cn]y !:e reg:on segmentatwn :

| Consider the pamtm,g The use of won:fs I ‘by the Belg:a.n surrea.'hat René Ma.gntte [Gabhk -

| 1970] in Flgure 1.1 One’s initial reaction to this pmture is “But it 4s a pxpa*” This is the
result of 1mt1a2|1y segmentmg the image (right hemisphere), followed by recogmtmn, hbe]ling o _
and reading the cap ijon {mainly left hemisphere). The nght brala simply dmdea up the

image tnto “ba.ckgrou.nd” “object 1% (the region corresponding to the pipe) 4nd “object 2"

(the region cOrreapondmg to the caphon) The lef’s (hteral) hémisphere then identifies the



o an enormous a.moun’c of litera.ture [Pra,tt 1991, Gonzalez a.nd Wuoda, 1992 Weszka. 1978,

s regmna in, terms af shapes a.nd pattems, ignores the ba.ckgmund a.nd rea.ds the ca.ptmnx whmh
- says “This ks not & pipe” hence the reactmn Inmdentally, the statement i af courae\mn%gt

_"‘._ "y PR

lt‘ is onl}r a. pmture of a plpe Lo

| Fxgure. 1,1 The use of worda I, Rene Magmﬂe, 1928—29

'ii .'n

.2 A.utamatic threahold se!ectmn

'Thresholding is mtmtwely the mmpleﬂt ;Férm of aegmentamon T}na involves the selection of &

“‘%. . .. = 4 - .

grey—-scale value or set of valties to split the range of gray—levels into subranges correspondmg o

o '_ to the conatituent reg}ons of! the image, subject to these regxons bemg distinguishiable on L
" the basis of bnghtness This approa:h can of course-be equally Well a.pphed to other pixel- .
| rela,ted features of the ima{'e, such as local gradlent, colous. {in the case of multiband images), =
variance, gtc., depend.mg oL mdmdual requi:ements, but it is most commeonly & grey—level 3
o operatlon ‘most of the features mentioned (essentsa.lly text.u.te mea,snres) can in amy cage be -
» easﬂy re—expresaed a8 grey—level valuea : ; o

image processing. Natutally onie would wish o antomate a Protess as conceptually primitive

a8 this, necessitating: the deﬁmtmn of some criterion of ¢ good,ness” of thxeahnld that can.

be opt:mlzed The proposal of and’ motwatxon for such ériterion functions ha.ve resnlted in

- The selectlon of optlmal thresholds has long been a. problem of mteres.. to reseaxchera in- |

.Ia:l.ﬁ_',\, L

- 'Philosophy amde, *{;.‘nis example serves to i]lustrate the dﬁference betWem pa.ttern recogmﬁon- T

o _a.nd segmentation and also demonstm'ﬁes how segmentation cail serve a5 & pr&épmceas for o
. more soph;st;ca.ted opera.tlons, R o B



1 mmomcfrxom S

N | Ha.::ahck and Shapiro, 1985 Sa.hoo et al, 1068).

- The sm‘:plest furm of threshaldmg is bmaxy threaholq‘mg, whereby the grey—scale image ia '-
mmply dxchotom.med into two distinet clagses by means of a aingle grey-—level threshnld, These -

* ¢lasses would us correspond o “ba.ckground” and “object/s ,mdu.a.ted by black (0) and

. white (ma,ximum g;ev~1,evel) in the output segmented image; T jo uaually a straightforward . :
-+ matter toextend t}ns pf»cees to mult1—-threshold selection, so for the purposes of thmﬁesm I : S
. confine iy comments to binary thresholdmg 1t must be noted, hwa et that bma:ry thresh‘-_ L
o olding Is far ﬂom being generally apphcable dnd i is obviously hmIta& in lts a.pphca.tlona T o
_-general it would be mos; desirable to develop 3 method vwr]JLare‘b?;l the number of classes present - .
il thei unage were also automatically determmed, sa that entire pmcess of aegmenta.tmn ﬁ'om R
 the decision of how many thresholds are required o the selectxon of the actual threshold
- values could be  accomplished w:thout huma.n intervention, ]:‘[owever, such a &emsmn iy often ’

' 'sub,]eciuve a,nd rela.ted té the speaﬁc apphcatlon that the user llas m m.md

- -1 3 Ontenon functmns and entmpy

o Some teahmques, pamticula:ly olde.r ones, are ad faoc a.nd baaed largely ou heumsi.xcs Most -
: current methods involve the optimization of a criterion 'ﬁmctmn, as inentioned above; based -

o on aome property of the image or Lts greymlevel hmtogram. ‘These ﬁmctmns usua,lly take the e

o from the segmentatxon

- ’l‘he cntemon functlon on wluch this reaearch is focused is the entropy of the lma.ge ‘Lntropy '

o " form of some measure of the ervor incurred by & particular partitioning. or, alternatwely, the o
lmprcvement in some des:.rafble quahty of the regmna (such as. umformity or entrop}r) reaultmg

* in this conf;ext is usnally the mforma.tlon-theoretlc entropy méasure of Shannon [Shannon

and. Weaver, 1949] A mmple mterpreta.tmn of entropy is i'ha.t it repreaents “information”: by |

mammmmg the entropy, then, the mformatmn cantent or gain is upt:mmeda However, this

‘relatively nnsophisticated interpretation can 1e__ad to _x_nisundersta.ndmgs both. in the a,pplica- .
 tion. of the method and in its more subtle im;ilica.tions The principle of maximum entropy is
' closely related to Bayesian a.na:[yms [Jaynes, 1088] and can be derived in a number of ways:
-one common a,pproa.ch is to derive it ﬁ'om the more general pxmmple of mammum degene:‘acy S

[Jaynes, 1968; Fheden, 1980], lea.dmg 1o yet another interpretatlon

Ini unage processing this prmmple is moat commonly apphed to the problems cf mmge restora-
tiotl and reconstruction. For example, in the case of image restoration many possible “clear”
images (solutxons) exist wlﬁch could have given rise to the degraded Image we wish to re-
" store. We wish to select the most probable solutmn To this end, we invoke Bayes’ Theorem_' S
- which necessitates selection of a smta.ble “prior d:stnbntmn [Mood et al, 19?4], quan‘fiiymg
- wha.t we know or expect a.bcmt the solntion prmr to co]lecting amr da.ta. A:fter ga,theri.ng |



I . data, we use tha theorem to. determma the most hkely “pnstenor diatnbutnon” (solutmn)
- The asmgnmcmt of a prior dmtnbution often mvolves making assumytions based on what we' .
may “fecl” is rea.soma,bl& The Maximun entropy prmmphe indicates selection of that solu- -
 tion wh:ch makes 1a unwacrra.nted assump:i‘ims, such as smoothness or flatness, a.bout: the 2 o
o farm of the restored image, Based on the axiomatic dérivation of Shore and Johnson [Shore - :
" and .Tohnson, 1980}, as well a8 the vagt body of work produced ﬁy Slalhng and others [Gull o

. and Sllling, 1935, Skilling, 1988, 1089; Jones, 1989], it has become actepted by many that - e

- the maximum entmpy soluhon (a.nd the related m.immum cross-entrqpy solunon) to such: |

o 'problems of mducnxre mi'erence is the only correct one o

¥ we vmw sagmenta.tmn a8 a process snmlar tn restara.tmn (1.3 a bmary nnage ha,s I)een -

. _._such a chOICB of threshold should be Dptlmal».

. -Unfartunately, the task is not tha.t smple The deﬁmtmn Df xmage entropy 8a contravers1a,1"
. issue. Techniques based on the § image histogram, co-occurrence matrices and the mage jtaelf g |
> have been proposed. The choice of pra'ba.bﬂlty d1stnhution results from the way the digital - "

image is modelled. W}nle the image is not itsell a distribution of proba.bﬂltles, it. is clearly

: - positive and additiva: Skﬂ]mg [Sh]]mg 1988] has shown that the entropy holds in general_. o

for such d.tstributmns and is not therefm‘e hrmted to dea.hng nnly with probablhhes

o ’.Eb a.dd 6 these problmns, the form of the entropy expresmon iteelf 3 ls in d.zspute, with dlffer- o

| enk forms being appropna.te to different a.pphcatxons 'I‘hese forms are also to some extent

model” dependent. What is therefore required is a guitable model of the Image a.nd/or the- _
o ___segmentatiun process to. determine nnarebignously & measure of entropy unique to a ngen i

1mage, wluch can then be used to nptmmse tﬁe segmenta:l:ion or choice of thxeshuld

14 'I‘hesla outline

The d1ﬁ'e1ent forms of entropy, ita re!a.tlonshlp to Bayesmn analyma a,nd argu.ments i'or a.nd _' |

agamst the pnnmple are presented in Chapter 2

- Specﬁica.lly in connectmn wlth image processmg, dxﬂ'erent image models haVe been developed _
in an attemapt fo define what is meant by “image entropy”. These are dmt,ussed in Cha.pter
3. Models which are hoped to be more effective for aegmenta,tmn are also dc.weloped a.nd_' S

: -mlprovements to e:ustmg models are propoaed

_ Ma.ny entropy-based threshold selection methnds using various 'Imo.'dels- have been pr0pbse.d': _
in the paat [Pal and Pal, 19892; Abuialeb, 1989 Kapur et al, }985] In Chapter 4 entropic <
' threshold selec‘aon methods ate mveatlga,ted a.nd new methods based on the models develnped o

e .“degraded” %o produce the grev——sca.‘le mza.ge), reasonmg can be applied o motzva.te o .
- selection of & maximum entropy th.reshold. Based on a:uguments auch as thosa outlmﬁ a.bova, B



& INTRODUCTION }//

. in Chapter 3 are descnbed The results o'btamed umng the vanbus mei;hods to bma.nze sampleg:"' : J :

| grey_scalemageaameahmﬁum Gha.pter 5. A AR e

o .T]:e problem of qua.ntltatwe evalua.tlon of th:resholding metho&s is dea.lt w;th in Chaptér 6 ;'-

- In. general evaluatzon to da.te has been Iargely snbjectlve, based on cﬁtena aunh a.s m IR
 of results for a sPecxﬁc purposs or aven aesthetm appeal, The remﬂts of Chapter 5 aud the .
. _'__outcomes of quantzta.hve evaluatmn techmquea aa:e dmuussed in Cha.pter 7 ' SR
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Qhanterz o N

E _._The mammum entropy method (MaxEnt ar MEM) 5 a. controversml sub;ect in. many ﬁelds 3 . '_ e

o of resesrch toda.y, Common questmns raised are “Wha.t do we mean by entropy?” “What_ T |

form ghould this entr 7 take?”, “Why maximize eutropy and. not some oﬂle.r funcnon?”"_ L

_ | ? ", The dlscussxon iz often hea.ted and has gmm rise to-a Breat - )
' deal of confusmg and, at tunes, contrad:ctory literature, I by no mears pretend to gwe a

n - comprehenswe ovérview here, nor to be an expert on the sub,]lact fheaim is simply to tryto

i present a'clear and almple description of the method and the az:gumenta aurroundmg it, and o

. o Justnfy its selechon ag a mtencn for nna,ge se, mta.tmn and related processes. T

: "I‘here a.re two mam forms of the entropy expresmon, due to Shannon [Sha:nnon a.nd, Wea.ver, R

_1949] and Burg [Burg, 1967 Fheden, 198{1],respect1ve1y Suma controversy exists aboul "ﬂuch o

- form i is more “correct”, However, the chmc.e of entropy expresmon is uSua.]ly dependent on R
" the apphca,tmn and is often quite apparent I{Jdmt'.‘mi and Soffer ha.ve in fact pfopused a’

medel reconmlmg the two i‘orms as extremes of a more general degeneracy pnnmple [Kikochi -

 and Soffer, 1977]. ‘e model is one of those described in Chapter 3. Other xpressions

for entropy haye recently been proposed but theae seem 1o either add nothing new to the S

o theory or la.ck the support of & convmmng argument 'I‘he van-:ms fcrma of entmpy are bneﬂj‘ - RN

"dlscussed in Sechon 2.1 below, : . . L

The pnnmple of entrupy ma,mnnza,tmn is often mentmned in the sa,ma brea.th g1 Ba.}'esxa,n_ .

- statistics [Ja.ynes, 1988; Press et of, 1992] Ma:xEnt js'in fa.ct usual]y tauted a8 ‘I:he best t:howe L
'_",-for selection of a pnor proba.bmty diatnbution in order o solve the problem of Ba,vesla.n-__ S
- estimation of the “correct” result (posterior probabﬂity dlstnbutmn), the Ba,yesmn solation | - |

bemg regaa;ded ag the most desirable [Skxllmg, 19904 Wernec.ke and D’Addario, 197 7 Zellnm‘ -

| 1988] By “prior proba.blhty dmtnbntmn we espentm]]y mea,n 4 model of what we e'cpect o T

BB



W,

i

. '.It ha,s been indicated, a.bove ’chat the maanmum entropy priar w%he “best” pne (i‘li Iea,ds 2

% 'I‘HE MAXIMUM ENTRQ'E‘Y METHOI) R |
© our sralutmt to comply with (1 e conatramts) based on such infarmahaﬁ a8 we mmy have a;vailﬂ S

able regarding the system generating the data, The link hetween t'«he prinmple of maxi:mun .
L _entmpy and Bayesla,n statistics is d.mcussed in-Section 2.2, ' -

w

i

" to the optimal Bayesian solution), This claim hias been supported by bath qualitatwe and

_ quantitative atguments [Taynes, 1968; ‘$killing, 1988, 1989, 1990; Shore and Johnson, 1980;
< Gl a.nd Skﬂ]mg 1984, 1985" Arguments against this claim have genarally conceded that
" MaxEni yields. gm& results, ’but refuta that it ia the “best” {or the oniy correc’c} ;esult and =
tha.t other measures nught do as well [Presa et al, 199%; ‘I‘Jttermgton, 1984] Some of the' '
o a,rg;uments for and agamst: entfopy axe ;preaentad in Section 2.3 c S o

o -

" The most geﬁéraﬂy accepted for‘m' of entiopy ﬁma derivad by Shannon [Shmoﬁ and v'\remr,' o
 19491in connestion with information theory. Gwen a dlscrete proba,bxhty dzstnbutmn pg, fex
_'1. ,n,theentropymgwenby - . o : :

s

21 Tha.entmpy-expre_ssmn. -_

Shannon entropy .

o

i=1

H—-“zmk’gﬂi S o o (2.1)'. L

- The i' refers to & set of pnssible outcomes or' states of a disci-ate i:ifnrma.tidn gource modelled
883 Markov process [GMett and Stirzaker 1982] Shannon’s measm; 73 intended ‘a8 a
meaaure of information gain, choite and uncertainty. Incldente.]ly, the fokia of 1) s also
: tha.t of the Giibbs entropy as defined and used in the field of: statistical mechanics: theoretlcal R
amalysis of this concept and the (to some extent) pa:rallel of the Boltzmann entropy are |
presented in the excelleut papt ,y .‘I aynes a.nd by Guil. {mvnes, 1965, Gull, 1991] -

Shannon pomta out 3 numh,.,., ) mtefes' *sg propartiea of (2 1) inclading:

1. .H })if amd only xf p; =0 Vigz ,7, p,r -.; 1, where J can mdmate any posmou

in the distribution (note that 0logd is .,eﬁne{d to be zero), Otherwise H i posxtwe.

 This ma.kea mtmtwe ‘gense, since p; = 1 indicates certa.mty of the eutcome, and the

mformatmn gamed by the occu.trence of eVent 7 is thus zem _

2 Far a given number of d.iscrete states n H is a ipaximum when all the » are aqual, ia, o
p,- =1l/m Yi=1,cmn, Intmtwehr this. is the most wncertain situation: all outcomes L

) are equally hkely, makmg accy: a,te predxction mpossible.

In the 'c'aae'of co'_r_ttinnoqs ﬂistr’ibu_t_mns, Jaynes [Jmes, 1968] has pointe&__qﬁt fhat the con- |
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.'tmuotsformnf(le), : S e T
| | | H = ~jp a:)logp(w) dm

. . does ot hold, as 11; i not the zesalt of any derrvamon and furthermore Tacks mva.ria.née u.ndér- __
- a-change of va-nables z - y(:c) The currespomimg expresaion in the rontinuous case Wa.ﬁ -

| _'shewn tobs.

p( z) |
fp(a:)log ( )d:c

B where m(w} is'in genera.l an mvaa::ant ml.a.sure” flmctmn proportmnal o the llm.lting denmty S

of discrete pomts, ie. related to our samphng of #. The integrals in both expresmons ate

.. "__a.asumed to cover the full range over whlch the dmtributmnsme tieﬁned Ski.lmg [Skllhng, :

' 1986) has since discussed 2 “dzacretlzed” form: of this expresmon
.

T

B e ’
[

L

Entropy is a telativa measure._ In our. ca.se, m can. be mterpreted 28 a mudel based cm'_ _' o
- '-_know:n constraints (pnor mfarma.tmn), rellative to which the entropy, given “da.t ’ﬁ(postenar_

.. information) yielding a new distribution: p,is mea.au:red This Is a more general expressmn, - e
o (2,1) repreaenting the spemal case wherec mis a umform prior dlsi:ributmn L

| | The maximum entropy formalism attempts to mammize (2 1) or {2.2), au‘b_;ect to knbw;u'__? o
: constra.mts about the parameters we are. 'l;rymg to estnmate (psy 1= 10 ym) Eﬂ-'ectlvely, by ..

) 'maannuzmg tha antropy, we are attempting to maximize our informatmn gain or, eqniva.lently, _
arrive at & solution which fils our priar knowledge but makes no aasumptlom beycmd what' L
- i5 known, In the a.bsence of a.ny pnor information, the maximutn entropy d:atributzon s

_smply the wntfornd disteibution, as Jndicated by Shamnon 5 point (2) above. T can thus be
 aptly viewed asan apphcatmn of Laplace’ s principle of insufficient teason, W]J.lt‘.h states that -
- the uniform distribution is the mmost unhla.aed when one has no pmor knowledge rega:rdmg &

probabmstic event, -
Kutlback cmss-antmpy

-'Gloaely rela.ted to the rela.twe entropy ( 9, 2) is the cros&—entropy [Ku]]ba.cilc 1959, Shore a,nd“

Johnson, 1980], also aometimes referred to a,a the Kullback~Le1b1er mumber, dxacrimmatmn N

'-mformatxon, duected dwergence or even relatwe entropy. This i used as a non—~metric form

. of uista.nce meaaure, measurmg the d:ﬁa»ence between two probablhty &mtnbutmns
: . i .

Hx“zqilogp ey

i:xl



o Burg entropy

S the data. Burg thd not sat out o seek a maaumum entmpy solutzon, but ra.ther assumed one’
ab the antset. This was justified by the reasoning that the autocorrelation data should have
occurxed from a mmnma]]y §mooth electromag;nehe field (aee Shansion’s point (2) a.bove) .
In addition, maximim entropy implies maximum: a,dmj.tted lgnorame a,bout the ornceu and

w L o
S (r“
oL T

2 THE Mﬁm{w ENTROPY METROD 10

7 .

o where, for our purposes, q and p denute the posterior aml p“lor dlstnbutmns, respectwaly '

s Inoa sense, it measures t'he a.mount of mfonna.tmn reqmred to change our- prior model ‘of Y
the i xmage, , into a new model, g, given ad&xtmnal mforma.twn (da.ta.) [Shore and thnsan, RN
- 1980] 'I‘he a1m11a.r11.3r to. (2.2) i& clear! ‘Bince fthm takes the fm:m of a d.xsta.nce measu.re, the _
o guiding prmclple underlymg the use of (2. 3)is that of mjmmum cross-—entmpy. This ia. dea’.rly-: o
" equivalent to mmmmatxon of rela.tive entropy, albeit with shghtly different phﬂosophical 7
S -imp]ica.tmns :

1980],

- i . ) _"‘.o o . = 1 - C s -
- - - . .

| * Thisto form is reta.ted directlv to problema in ra.dio astmnnmy a,n& i s:mply the phymcal antmpy -
© . of dn electmmagnetlc field in the Jimit of ndany: photons per. mode In :cadia astmnumy, the"\ L

gnal oh.;ained is the Fbumer tra.nsform of the actua.l da.ta conmstmg of twwhm‘ensmﬂal

| thus a ma.mmally unbxased or conservative repreaentation of the- electromagnetie ﬁeld.

As indjca.ted before, the forms (2 1) and (2 4) can be reconcﬂed as extremes of & more genera.l L

: 'prinmple, based On AN image mudq] dlscusaed in Cha.pter 3 [kaunhi and Soﬁ’er, 1977}

2

Enmpymformatsan B : RV

-Pan and Hams [sz v.ud Hams, 990] have deﬂned a Meastre of “entropy mfomaftwn” ha.sed '
on the Shanngu equation (2.1), in connectmn ‘with the sPecaﬁc apphca.tion of discretizing {or
' segmentmg) a measuzement, The essentlal details of the theory ate presented here, the

:_' .._gpeciﬁc apphca.tion being addxessed in Chapter 4, -

' Supposa we have obtmine& a mea.surement x e [a., b], a < 6 un ) sample of sime N (e.g..- .

Another common expmmion for entropy is the sa-ca.11er1 Bu:rg entropy [Burg, 1967; Fheden,'

an image consxsting of N pixels). A quallta.tive vaziable ¥ € {yh ,y,} is selected as an o

| “ob;ectlve feature” (e.g: ctmeiationa between samples takmg on any of dlscrete va.iues) ob--

| sg:wed_on the game sampls as our mesgurement, The entropy, H(yj,of y and the conditional " |
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o

' _where AT (x oy y) H (y) H;.(y] ia referred to as the a.bsolute entmpy mfomation
N meaau::es Eow mucl'l of the uncertamty abbut yis reduced when x is rea.hzed The
L -'__'the relatlve entropy informa.tmn can be gg;culated as . :

P(x e 3’) = IS'E{;; 3") - ; R | _ .I ._ .

_(""'"’ f "‘*""*:r)f(w)d-v - R '"(-2::;

Cy

o . THE MAXII\J.’IIM ENTROPY METHOD_ e

: entropy, H’w(x’),efy onxaredeﬁned a8 o R ;:'\- o
L R H(y)—ﬁ-zpm‘)iﬂsr(w) e e
o Hm(y)~*§:p(yflx)logp(y;!==) ey

Where p{a[b} should be rea.d BE “the pruhabﬂlty of a given(b” 'I‘he relatwe entropy mformatien _
on Y cnn.,ain%d in'x ig deﬁned as - - .

' where f (m) is the proba.bmti} density functmn of x. If %8 a d.lglta.l image, 8 discrete a.pprmqy. S

makion to Fz)y gould be obtameri from the gxey~—1eve1 hietcgra.m If we dmcretize the (usually c

.“1 2“ P(% Iwi)p(w:)logp(wlm)

| (xﬂ y) 1+]-

oy ’ "__(\

S (w lus)e(y;)
o p(y th) **J—éﬁ

"-_wecémWf_itG“'-- . o

f | p(x;_;,,)' 'i— _stmm ,,(a,‘,y,)p(ymog&%h .c‘é-sfa

i f=1. P(%) 105 p(w )

. ":v‘:

- This i‘unction has the iollowmg propertiep [Pam and Ha,ms, 1990]

(1) u<p(wy)<1

Ta

: continuous) measurement into n dxscrete aubrangee {e.g. we digitize the contmucua mage, o
- resultiffg in 8 set of discrete grey-levels) we can write tlie diserete form ' |

.where p(ml) is B discrete a.pproxxmatmn to f(m) Note that the nota.tmn can be a httle a
_ coniusihg &; is the dmcrete value represending aubrange i of the contiruons mea.aurement. It
s not the :th ap&txal aample oi’ X. Uem,g IBa.yes’ Theorem (aee Beetmn 2.2), '



: (2) p(x — y) -0 1f a.n& only i y 13 stat:stma]ly independent of X,

(3) p(x - y) 1 1f a.nd only 1f s < n and y is a determuushc functmn of x, y qb(ﬁt)

o (4) p(y > x) =14 and only ifn < 5 and % i a determlmstxc functmn of y, X = qb(y)

o (5) plx — y) p(y %)= 1if and oy if n= s and ‘?h"fe e’d““ @ d"""e’mm t"mm |

9 such thai. y -y(x) and x = 7"‘1(3:)

: Genemhzsd entropﬂ

) Keaavan and Kapur [Kesavan andnKapur, 1989] mtroduce a “generahzerl mmmnm entmpy
_ pmncxple which does: not limit itself necessaxily to the use of the Iogarithmm forms a,bove.
- Instead P general convex function qb( ) i deﬁned 0 tha.t -

. ‘_:;,_’_:1'

2 ~—-2 ¢~(p; S ee

i-.-i

becomes the messure nf “entropy” to be maaumzzed Intereetingly on dermng the premse_ -
’_form of $+) undet dxfferent sta.tlst.tcal models, the forms (2.1), (2 4) or the general prmmple "
of Klku(‘.hl and Soﬂ‘er (Cha.pter 3) result nonatheless ' ' :

Emponentsal entropy

Pal a;nd Pal [Pai and Pa.l 198%] have pl‘oposed af - exponentia.l fonn for the antropy exprea '
“siom, -

THE MAXMUM ENTROPY ME'I‘I-’[OB i

]

speciﬂcally for applicatmn 1D mmgea Howevnr, thexr chome of .an, exponentlal form geems

to be based more on distaste for the ususl logarithmic forms (2.1) and (2.4) than & sound . L

' -theoretical basis. Thelr a.rguments against the loga:rithmm form, briefly, are that: (1) as
pi — 0, logp; — o0 and (2) =1, then logp; = 0, where log p; i viewed as a measure -

of information gaun On s pure]y intuitive basis it should be fairly scceptable that there is

- no information to be gmned in the oceurrence of an event. whose proba.bﬂlty is unity and, o
o canversely, the occurrence of an. event whose probabxh’ry is a.asumed to be zero shomd a.t least .
».. 7aise an eyebrow.. - ' - - ' ' :

' 2 2 Bayes’ Theurem and its relatwnshm to the prmc;ple of maximum entropy

' \_In Ba,yesian analysis proba.bﬂf v is given a hroader interpretation than that of bemg regardeél '
merely a8 3 kmd of normalized frequency of occurrence [Preas et al, 1992, Mood et af, 1974;

'
- F

it
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: Loredo, 1989] Inatead, Jt is often rega,rded 26 a meastire of the “hkelihuod” o 3 scale from_- R
0 to 1, of the truth of a proposition or hypothems rather than 2 repeatable event. This
_.hkehhood cap then be\modlﬁed when given new data pertaining to the process about Wluch -
- the hypothesxs is made. Thus the problem is that of making inferences about parametera- _ S
- deseribing a mudel (hypothems), not dlrectly observable, given da.ta, D, say, wluch are in-
7 directly related to the paramsters we wish to determine._ Let us denote the;,pnssible sets of
parameters 4, B, C, - -5 The only way toexpress such inferences is i terms of the conditional 3
- probabilities P(A|D), P(BID), o [Skilling, 1990], where we. read P(X |Y) 88, “the proba.bzhty o
. of X ngen da.ta. or informa.tmn had S . . g

_Let M repreaent any particulaa: hypothema A, B, C‘, We need to determine the proba.bmty L
distribintion . P{M|D) as & function of M. Unfortunately, all the data wi]l glve ns is the _

o “hke]jhood” P(DIM ): ie. ‘the llkehhood that the data could be produced by M. I we

: were “frequentist” sta.tmticxm we could émbed the data,—D ina sample space of other (non—- " o
e:datent) data sets {Dy,+ ,ﬂN} which could have been (but weren't) observed, We would =

then try tts estxmate the set of proba.blhtles P(Di\M) that the data seta D; would be obaerved
if the hypothesis M were true. Loredu [Loredo, 1989; ?endock, 1993‘b] presents a critique of

- "ﬁ‘equentlst metheds, one of the mamr untxczsma ‘being that the ra.ndom variable in this cage

ja-the hypothesm, not the data. The Bayssian approach is almost exa,ctly the oppomte’ we

consider the class of all hypothetlcal dmtnbutmns {M1, vony Mg} con&atent with the ::ecemd S

E data D and a.ttpt to find the most; probable solntmn

B .We represent the probn.blhty that “X and Y are true”’ by the nota.tion P(X n Y), given by _

P{XQY) P(X)P(YIX) A (2.11) -

80

| © P@&n ¥) = P(X)P(YIX) = P(Y)P(X|Y) P(Y nx)
' "-'whlch leads uE direct]y to Bayes’ Theorem . - ' '

: P(XIY)'"‘-‘-_ __(X_)R(Y_X}' o .:' SR -(2"'1.2)."'

P(Y)

: Bretthorst [Bretthorat 1990] pomts out that in Bayesian proha.blhty theory all pmbabl[i‘{:les )
are conditmnal, implying that & probabﬂaty such as P(X) standing for the “likelihood” of
' X doea not make sense unless the evidence (the prior informa.tmn, Ion which it s based ia _

given, ‘I‘he carrect form, then, is P(X |I ) and we can wnte Ba.yea’ Theorem [Loredn, 1989]

P(XiI)P(Y|X -
P(Y|I)

P(XlYnI) =

| By Armtotellan logtc the statements “X a.nd Y are tme” and *Y a.nd X are true” are1dentical _

(213)

e



o

’I‘he mea,mng of (2.13) is no diﬁ‘erenf to that of (2 12) we have simp]y exphmtly ;ﬂ;luded o _
g our prior information. .

N By mvo]dng thJs theorem (and mclttd.mg our pnor mformatmn exp]icif:ly), we can solve the

- inference problem outlmed a.bove a3

 Panpnn= {’(M%ﬁl)m o

| (214) o

_'2,- THEMAXMUMENTROPYMET}IOD PR (R

"I'hw tells us how to mampulate probabﬂ:tiea once they ha.ve been asslg:ued However, there ' '_ S

s nothmg within the theory to tell ue how o determme or aamgn our probabﬂ:txes. _ _' :

S T]le indivxdual mterpretatzon of each of the proba.blllt1es in (2. 14) sheds Eome hght on: tlus B

' Pendock [Pendock 1993&] expreseearthe theorem in words 2

Prwr X L:kehhwd

Poaien Eoidence '

. For a.ny smgle de.ta set D the total e\ndence” (da:l;a. and mformat:on) P(DlI ) isa constant' N
end may be lgﬂOl‘ed [Pend\&ck, 1993b Sk:]]mg 1990; Lotedo, 1980]). We are given the like-

~ tihood PDIM AT [Sklllmg 1990} in problems such s image restoratlon, it is rela.ted o
‘the error incurred by assuming M to be the “correct” result Thig often takes the form of .

R diacrepaney mea.sure, such as the Pearson X2, beWeen the received data D end a version
Cof M modlﬁed by what we kuow of the system, T [Jaynes, 1986; Gull and Skﬂlmg 1984] A
similar interpretation can he a.pphed to segmentation. The real problem now is to determine. |

the prior distribution (the likelihood of our hypothesis before coﬂmdenng any data) P(M i),
which has ‘been Joft unspeclﬁed* Jaynes [Jaynes, 1986] has pointed out that this is due i our -

gtill baing ca.ught up in the “bad habits of orthoﬂox statistics™ wherreby we eifactwely claim -
more knowledge than we really heve for the likelihood above (c.g. knowledge of noira statis-

tms) and less than we really have for the prior. This wonld make it easy to dizmise P(M | )

‘a8 belng umnibrma.tiVa However, the strength of the Bayeeia.n approaeh hes precmely in its
ability to combme the data Wlth the pnor information. ' : o

In many problemp the i:nor dmtnbution ta.kes the form of constraiﬁta, ag we may. desire

the smoothest solution for soine reason, When we assume an entmpzc prior, we are assuming
mammum 1gnoraa1ce about the e,vstem. Thus any concrete knowledge is built in and no
assumptions are made, The form of the entropic prior is related to the Shannon. entropy
{2 1) ?1’11 fact, Skﬂhng {Slul]mg, 1989, Pendock, 1993a] has. presented 2 convmcing a,rgummt' '
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for a genem! entmpm prior of the form o L N

P(MID P(M|m,a,1) _
. L= .P(P]., :pﬂlm:asI)

i=1

T e
: “E"P(’*zp. m, pdogp‘) TR

L _ exP(aH(M m)

| 'where E (M 3 m) denotes the relatlve en.tropy (compaa-e t]ns with (2 2)), mis a model deﬁning S

 atomponent-wise magnitnde for M and a is the inverse ¢ the expected sprea.d of M about m i
: '[Pendnck 1993&] ‘The p; are the discrete compomnta of the distribution M. Exponenﬁa.ting L

_ ._ the entropy eﬁ'ec‘l:ively gives 18 the degenera.cy or multiplicity of the priop dlstrlbutmn (the
- pumber of ways in which it can be realized), subject to our mown constratnts. Thus o oo
'mammlzing the entropy we teach the priot that is “most likely” ‘in the. sende that we' are o

¢hoosing the most degenera.te solution. [Ia,ynes, 1968, 1088]. T]ﬁs is one of the most comnmn'

L '-_".qua.lita.twe arguments n fa.vour of usmg maaﬂmum entropy

. The orde{?‘ 2 w]uch we apply the entmpy pmmple and Ba.yes’ Theorem i sometlmes revorsed, o

dependjng on a.ppl;ca.tmn and the Ikind of mtorma.tlon we lla.ve a.va,lia.ble Pan aznd I{a.ma [Pa;a

: (Sggmwgﬁm) of geologjcﬂ-'data,'where a measure of relative entropy informa.tion or corre-
lation (2.8) is maximized. ’I‘he measure has been descmbed in Sectmn 2,1 and it a.pphcatmn B
to thresholdmg appws in Chapter 4 ' : : S

| Ba.yes’ Theorem allovars one to determme an unknOWn pmbab:hty d.tstnbutmn by re-
~ expressing it in terms of other more easlly obtama.ble distributions. The maxinum entropy' |
principle aesigns a probablity dmtnbution to a variable, based on selection of the most likely
 distribution that fits our prior knowledge (not bellef), Conceptually these are tlearly very
different. However, mathema.tmally they ha.ve mch in coramon [Ja.ynes, 1988] a;nd should
" he seen as being complementa.ry the entropy enables one to select s “sensible” pmor inor-
-~ der that Bayes’ Theorem may deter:mne the best poasible posterior distxibution to ﬁt both

the data and the prior information. Alterna,twe]y, Bayes” Theorem allows one to express = X L
an unknown pmba.bﬂlty dmtrlbﬁnon in tarms of others that are known, which can then be -

_aubstmlted mt.o the entropy expresmon. :

2.3 Why maximum entropy?

Ma.xlmm entropy, wheta!understood intmtwely 28 2 mammizatmn of degenexa&:y or informar
tlon or as 2 means t0 a_vmd makmg uﬁfounded assumptlons, seems quite a compel]mg chmca

. l"‘ .
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_- Many such quahtatwe a.rguments for it (and aga.:nst it 1 have been put forwaxd [Naxa.ya.n and o o
_ Nltyananda, 1986] There i Bittle donbt that in using t]:is prinmple we gel goml vesults for =
o phﬂosophma!ly corrett reasons Tt is often. Just the philasophy that swings one. in favour of o
maaamum entropy; e.g. the ‘ka.nga:roo pmhlem” a8 discussed extenswe]y by Gull,; S]ﬂ]]mg e
and others [Jaynes, 1986, Gull and Slul]mg 1984; Skilling, 1986] can be solved from a, atan-._ -
dard, sta.tistxcal viewpoint: however, it mvnlvus makmg unwana.nted asaumPtmns about the. R
data (we assume that the data are uncorrela.ted] whereas the naximum entropy/Bayeamn N
a.pproa.uh reaches the samme result without a,ny such assumptmns (the da.ta cacunot be assumed .

'to be eorre]a.te&) The d1ﬂ"emnce here is subtle but mgmﬁcant

' The a.rgnmeuts agmnst eni;ropy a.nd Bayeman methods a8 a whole are ofl;en presented ma

- simnilar ha.nd—wamng fashion. Press et al, for exa.m;vle, auggeat that the solution of i mverse o

" pioblems has gained a Bayesian flavour largely as an “accident of history” [Press ef af, 1002}, - |

_'I‘he:',r suggest tha.t ar, outs:der laokmg only at'the equations that are a-ctually solved, and
" not at the accompanying philosophical Jusfxﬁca.tmns, would have a dﬁﬁc“lt time Sepa.ra.tmg o -
the so—ca]led Bayesxan methods from the so~called emPlrical ones”, This 1 is true, of coutse.
~ The outmder will. a.lso gain no’ maight into or undcrratandmg of the problem and wﬂl ha.ve T
- every sight to remain unconvinced shout the correctness of the revults: the pcmt iz agm R

© that the correri: results are ubtamed far the nght 7€080N5.

U'mq:zeness Of entmpb‘ as @ Pﬂar d:stnbutmn aeIecfor .

The moat controveray ra.gea a.baut the -sta,tement tha.t the genacra.l form of the rela.txve Bntropy _

) (the axpoﬁent in (2, 15))

. f=1
© gives us the only corract nhoice of prior d.lBtl‘.lb‘lltlon for problems of mference [S]n]]mg 1989

1990, 1901; Shore and Johnaon, 1980]. Press et al [Prese et al, 1992] argue that there is .
. pothing universal about the form (2.1) (a spectal gase of {2.16}), holding up the example of

.

Q@) = zpi-m;-p,zog—-’f?_ﬂ S e

. the Burg entropy (24)asa worldng alternative. 'l‘he ongms of this form. a.nd the way 11: is vged :
are neglected‘ It is suggeated that the usefulness of the entropy measure ﬂtems primazily from o
1ts non]inea.mty T]ns could equally well be achmved by a function ]:ke f[p) = _—~f which -

' haa 10 mi‘ormaﬁion—-theoretm Justlﬁca.twn Thxs 13 nremsely the pomt entropy iz Justﬂia.ble -

"Shore a.nd Johnson s‘-OWed tha.t both the prmciple of mammum entrupy and Kullba.ck’ﬂ Ye-

this work, Skilling has since determined the more genetal form (2.16) as the true (an only
' correct) gmdlng prmmple for such methods of inference [Skx]]mg 1989, 1990, 1991, 1988}

L _lated prmcxple of mmimum cmss—-entropy are umque]y correct methods for mductwe mference .
by means of 8 an axiomatic denva.tmn of these principles [Shore and Johnson, 1980] Based on
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- 'Donﬂho etal [Donohn et al, 19ﬁ2] ha.ve also ta.ken idsue with the ma,x;mum entropy formahsm, B

. claaming to'shaw that it is oy, yuseﬁﬂ In the cage of near-blackness (e.g. astronomlcal nnages) o "

'_ 'for both mgnal-—to—noxse enhancements and’ superressolutlon (capablhty to resolve to better
_ than the Rayleigh limit for hnear methads) They a.lso pomt out that other methuds ma,y'_

exploit nem——bla.tlmeas to a grea.ter extent, 1mp1ymg therefore that entropy may be goed m_ o

B cm-tam gituations but there is no Teal reascm to prefer 1t.

_ Tn lns reply m the | same pa.per, Gu]l ha.s mdlca.te& tha,t some mnaunderstandmgg ha.vehcrept TR
g -::through tramlating the maximum entropy pnnmple into “the language veed by sta.tmtlcxa:ns” L
' '_"i'n transla,tmg the findings back to a Ba.yeaia.n framewotk; the following come to hght’ the = -
- _ authors tteat maximum entropy a8 a regularization method for inversion; a superxesolutmn SR
~ method- a.ud a nome ‘reduction- (ammthmg) process, As Gull pointa out, it is none of the'_ B
o ,,.a‘bove, although it can have t‘heae ‘properties. The ana,lysm of ity performance :m. thesa roles | L
- ia therefore ’va-luabla ‘but says nothmg about its role a8 & selestar of prior d.lstnbutlons The
'-_mxsunderstandmg leads to inappmpria.te genera.hza,tmm such at the a.ttempt to generalize :
. the fornt of the entropy &xpressmn to allow use of for exa.mple, an 11 norm, as well as ad hacl

E cholceg for the mgula.rlza.tmn constant,

The ﬂasumptian af data mdependence

_. -Another a.rgu.ment agamat entropy xs based on. more pract:cal gounds the sta.ndard foi:*u_ﬁl :

© of the’ entropy exprea:uon (2.1) is based on- the assumptmn that samples from the prior

- d.lstnbutmn (pixels grey—-level proba,bilmes, etc‘) a;reindependent of each other [T1ttermgton,_-
- : 1984, Press et al, 1992]. Conmdenng our partxcular application, this mea.ns ‘that the i image

pixels can be ra.ndomly rea:tranged wlthout aﬂec!;mg ‘the eniropy value. Clearly one would _

not usua]]y expect ad]acent pucels 10 be spa.tlally independent of each other: 1:]115 i# counter—*; a

intuitive simply by virtue of the fact that we see and make sense of: *l:he image a8 a whole.
Unfortuna.tely, the precise nature of this dependence or’ corrélation varies from image to
image. If we cannot quantify. this inter-dependence, the maximum entropy formalism comes

to our rescue h}r auggestmg that we cannot assume correlation 1f we don't knaw by precise__ o
form: therefore we do not assume correlation. Of course; in snch 3 cage it i nnmencally (but _

_naz phﬂoaophca]ly) eqmvalent to assummg the data. to be uncorrela.ted.

- thle tlus a.rgument may make 16 fedl & httle better about our mdependent pncels,, it would _
nevertheless be nseful to a,ttempt to btuld auch spa.txal «‘ependence as we can discern into -
our formila. This could te donein a variety of ways. Skilling, in his teply to Titterington

[T:ttermgtun, 1984], auggeats directly mcorpora.tmg spatxal information in the measure m; of

(22)er (2 16} in the form of inter~pixel correlations or otlier context-dependent information.
This is essentially the mehod used with some success by Liang [L;a_ng, 198_8], although it is

R B

{} e .=
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o Fidld [Pratt, 1991; Geman and Gewman, 1084; Mardia, 1989; Marqués aud Gasill, 1993]. -

e . e

- patent. Mode]s and threshold selectmn tec.hmques usmg va:ious cant_,
" --_such a8 thase a.re mtroduced in the next two cha.pters '

. Gemarf* and Gema:a ha.ve presented a comprehenswe mtroductmn to the ﬂieory and - ©
derlyin,g conoepta of 'chia a:pproa,ch w:th & wew to Bayesmn nna.ge restora.tion [G‘ema.n apd 3
- Geman, 1984] Sta,ted sxmply, such a.n nnage model a]lowa us to take mto a.ccoun,t pzxel_:____

B \

R

B
I
5

S

B nat exphmﬂy formnla.ted as : &, maﬁmum antropy method Smﬂarly, in the method prnpused . B
. by Pan and Hanis [Pan and Ea.ms, 1990] the ob;ectwe fea.ture” chosen (see Section 2 1) .
S 'ma.y be a contextwrelated fea,ture sus h %8 lncal grex-—level vanance or meam m a.n amage

. -'il" ournel a.nd Deutsch [Jou.mel a.nd Deutsch 1993] adﬂ.tesa the issue by &evelopmg an expres-- .
- slon for spa.tla.l entropy as & measure’ of. spatial disorder similar 0 spatlal vaiance. The
resulting formula is reminiscent of the i‘orm of an autm_orrela.tmn finction: & bwa.na.te en—.ﬂ_ -
tropy measure iz propmzed, wﬁ.h the antropy value dependent on th' splxtxal dls’oaalce or lag, o
o A, between two ra.ndom va.na.bles (1ma,ges) m(.‘c) and 2(k + /’\)
. to give o rela,t:ve Teasure Iymg it the range 0 to 1. The ima entmpy is delined a8 the :
o z-vera.ge value of this *relahve measire over a.ll posmble Iags A more def;aaled descnption af .
.._.'ul.& techmqueiagivenmCha.pter& T : R >

Fhe messtte i normahzed o

o tial mdependence, nor u.n:neceaaamﬂy ta.lnng a.cct:-unt of wea.k wrrespondences BetWeen pncels L
':tha.t are far apart; Thus the a.dva.nta.ge of using a Ma.rkav model is ‘that we caa, determme'_' R
- prior dmtnbntmna wh.xch mdude spatla.I mformatinn based on nelghbourhonds sma.ll ennugh'__ -

: to retain compnta.tmna.l feasxb:hty, bui still’ nch enongh to miodel and process interesting - .

-classes of ! - Egea Mardia [Mardia, 1089] presents a '«Bn\ahscussmn of these methods a.pplled L

to m:la.ge a,n.aJYm and in partlcular, a form of segmenta.tmn. o o '

Sl R . I X - .

| Anothe: ’&ppmach currenﬂy Ea;mmg favour i to cha.mctenze thei lma.ge a.s a Markov Random S

Lot
B mz"~

b 'I‘he general sm:ﬂanty of the spa.tml methods outhned a.bove [Joumel ami ﬁeutsch 1993*"' o

Geéman and Geman, 1984] to methods usmg, for exa.mIﬂe the entropy nf f:he mxage auto-.' . __ _'

. 'correIa,tmn funcl;mn, co—oCCuITenRce ma.tricea or a mstnbutxons quamtﬂymg, E‘m rqla,txonah:p a
'_between pmel greyv-level a.nd some local property &eﬁne& over 8 am..ft “Neh, \Edd isap- -

o\w-t.mf;a“methods___ e s



. Chapter3

L -Modals of d:gital imagea have been mdely used a8  the ’basxs for i mage process ﬁng techmques R
such a5 restora.tmn, enhamement and segmentation. . {Frieden, 1972, 1973, 1980, Jain a.nd- :

_ - Angel, 1974; Masqués and: Glasull, 1998]. Tn particular, statistical models have slaye i m_.;:. o
v imPorta.nt role 1 provxd.mg a Justxﬁa.ble basis for the use of the prinmples of mammum S

- emtropy (Ma.xEnt) {Skilling, 1986, 1989, 1991, Jones, 1989; Pal and Pal, 1991a; Seth and
/" Kapwr, 1990] and miftmum cross—entropy (Mannnj [Kullbat:k, 1959 Shore and Johnaon, .
_ 1980; Ka.pnr and Kesa.van, 1990] in these techmques ' s

; Va.noua models of i Jmages a.re used in 1mage processmg and zma]ysw, mth the assuinption
- of one madel ar a.nother often bemg impHeit. Td mVestlgatmg and applying the. prmmple

. of maximum entropy, it is uﬁeful to consider the mode] and the assumptions one is ma.ld.ng

| i a.bout the image exp]imtly Tt should be stressed that a digital image is tmly arough a.pprox~'
imation to the ideal contmuoua 1ma.ge, pa.rtmulaﬂy with regard to its grey-sc.ale In Section

2.1 a model based on the ;phyaxcal pmcess of i 1ma.ge c...pture is descnhe& and the eﬂ'ects of_ vy

_"d.lgltma.tionaredmcussed A S T it

The mammum entr0py prmaple has been most commonly a.pphed to problems such as the
| ,:'_',restora.tion and reconstruction of images. The models used, rather than' being founded on
- the imaging process, ate ‘based d.u:ectly on ‘the nature of the ret:ewed digxtarl image, L. a

' tvm—-dzmensmnal d.tscrs i dlstnbutmn of pomtwe mteger grey—-lavels These, fall mostly into e
. one: of two ca.tegones (1) t}:e Mage itself 15 regarded as a probabﬂ;ty distribution, where "

- each pixel’s grey-level is a measu.re of the likelihood of iﬂmmmahon reachmg that point in _
the image, and (2) the i image grey—level histogram is used, with each bin simply representing
the probability of occurrence of a particular greyv-level The former appears m‘hre dealra.ble' o
in the sense that 1t aeems to take mformation about the spatial a.rra.ngement of prels into.
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| account clearly, ma.ny daffqrent mzageas could ha.ve 1dentxcal hxstqgrams, although 11: fd
~ be argued that ap.ch images then cotnpctly have the. same entv-..py ‘However, examma.t
~ the entropy expression (see Cha.pter 2) showa that the entrnpy is independent of the order in

S hlatog‘a.m bins are not ass_umed tc_a};- spatmlly depenémnt. “ng a.ppament ahormomng was./
- addressed at some length in Gha,pt‘m\gz and will hénceforth only be conmdered a8 a motwntmn
. for a.ttempts to mcnrpura.te éontextua.l mforma.tlon.

- 'w]nch the mdmdual sa.mples of & diserete mgnal or dlstnbntmn ape taken, Le. the pixels OF / e :

._-LF)
‘V o

r,
\.r

| : Statn,hcal models af dig:tal nna.ges ca.n mally be bgsed ofL para,lhel models in th

o statistical thermodyna.mms and mechanics. The cla.ssical methods werg hrgely develo ped in- E
. dependantly by Boltzmsuih in Germany and Gibbs ip the USA. Modaﬁcatmns were mtro&'uced R

. with'the advent of the quantum theory by Bose, Binstein, F’!l‘m.‘l. a.nd I)u'a.c Detnil& of these .
- meth;:da can be found in most sta.nda.rd referencea on sta.tisttcal phymca [Sea.rs and 8 ahnger, . }

o __1975* Tolman, 1979, Toda et aI 1983] Some models ’nased on these have been dascnbed' o
. by Friedeés. [Fheden, 198(1] Axr ovezview of these models and brief nuthnes of then: phymcal_ S
' "f.'a.nd/cr ata.tlstacal denvahons are presented and dlscussed 4n Sectmn 3.2, Models ba.sed on_-. .

_ other dlstnbutmns or ngmg 2 different perspective on the models of Section 3.2 dire deacnhed .

. m Sectlon 3.3 'I‘he issue o:!,' the mézvrporatlon of spatlal mforma.tmn is also a.ddtessed here _ 3 e

'\\

.'__’._

| 'Many current m:lage pmcessmg techuiquea unphcltly assnme a Ga,ussmn model fo:: the il :

. tymination of receptors i an imaging device.. Based on this assumption, nnder uniform "
o _.ﬂlumma.tion comﬁtmns one-#ould expect the d.mtnbuhon of light: qudhta. (phdtons) over the PRI ITR
o receptor a,rmy by be Gaussian. Sunply equa.tmg quanta with grey-lovels i na c‘ugmal una.ge, _'

one would ex;:ect S Ga.usman grey-lavel haatogram centred ab the. meam lma.ge greyﬂ—level

-2

* Such a mode! hias beor previously used to address the image thresholding problem [1{11.1:1:31:

and T4, Wworth, 1986; Aibregtsen, 1993] -However, the a.ssumption that grey—-Ievéls can be
directly equated with photon-cmnts In not stnctly correct Thia i dea:'lt with in more deta.d :

“h_ﬁlOW-'__; o a

ﬁeldsaf _—

w0

| An older model wluch is currently regaining favaur [Pa.l and Pal 199119.1 Sk:l]ing, 1990] is .
_ hased on the Poisson distribution, Assuming that we are dealing in this case with an opmcal B

o -unage, it has heen found that from & quantum. wewpmnt the numbey of madent light quanta

~(photons) on an 1mag1ng atray is gavemed by Poisson statistics thh a’‘snfficient degree of

_va.hdlty for our purposes [Dainty and Bhaw, 1974]. K the. a.verage number of quante, per
N receptor is q, gay, then the numher of :receptors w:th T quamta. is propori;iona,li tq ' '

1 ....\ . - o - - . Ao ) ’
r&\_‘j | S TR TR RS TR

S
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o where pri8 the prababﬂity r::f r quanta. reachmg a receptor :

g In practme the number of quanta reg:sfered by the recapuor is subject to fts aenmtivity and

 iis saturation Jevel. There exists a threshold num'be:r of quants T' below whicl the receptor

- is unabie to detect any incident light. ¥ the image ﬁeld is too bright the receptor sa.tura.tes, o
o correspondmg to ag upper threshold 8 above which o addxtmnal quanta, ean be aansed The

' mean recorded numberofqua.nta,m tlrua B ;!"JI. -
‘_.ﬂ-:%”-—‘.rs_ e
_\-Whe_'re | S L
' -0 r<T
o R ST A 4 I'sr<S
_ = _ SfT r2 8
. sscppobed to the troemean
L i;£_ ' c Y .  ' Jf ;5fH-:~:

o In the casé of a rhgital lmage each pn:al cant be assume& to correapond to 4 receptor. 'I‘he -

observed grey—*level is a mea,suxe of ¢ jiitoming hght intenmty {number of quanta) ateach

' pixel positmn. Since there aze. only a relatwe]y sm"ﬂl number of distinct grey——levels (usually

- 9BGforal byte—per—plxel dlgitlzatmn) compa.md with the number ai‘ quants ma.kmg up the .

| 'illumma.tmn, it is reazonable to assume that many quanta are required to form a single yig?

" of grey-lavel, The grey—-level it thus a messure of the number of “packets”? of quanta rea.chmg

each pixsl: a low-resolution approximation to the actual qua.ntum count. If wedenote the
'number of quanta per grey—-level by Ar then the Tiean recorded grsy-level ig gwen by

.p:_zg% o | (34)- .

- | where v grey—-leVel g (number of qnantum packets counﬁed) 18 o

_" 0 CreT R

B O T PRPY NS

ol 1 TXArgr<T 424

g=4 2 .T+2Ar5r&1’+3m
ta~-t T+(n—1)Ar<r<:T+nAr

\n=1 o2 T+nAr

T
iy
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o

 The upper aatura,tmn level is gwan by 5‘ T + ntkr, n the number of discrete grey—~1evela

. E we asgume the number of quanta. per gra}"—level Ar tu Be very mnch Iarger than the . "

| sensitivity threshold of the recexvmg device, Ar > T, then tlus lower threshold cani he ignored,

- The problem of saturation should be addressed at the image La.pture stage (adauatment of
“aperture or shutter speed to avold overexpuanre) a.nd caamot uaua]ly be a&dressed aﬁ;er

| ngxtxzatxon The grey—-level is then given by g

r< Ar

U Y CAr€r <2Ar
g=1 2 C2Ar<r<dAr
-_'ﬂ-:_l | rz(n l)Ar

with a priori grey-level probabillies

(y+1)a&r*—-1 -qr é"q o

reghy .?'I. N

Tk has heen mcorreculy a.ssumed in some ear]ier work [Pal and Pai 1991&] that the Pcnason .
" model can be extended to the grey-levels themselves. The. digital image corresponding toa
. _umforml_v Jllumma,ted receptor ammy would 1hen have gmy-level proba,bﬂmes '

where p, is the préba.'bility of accuitence of grey-level g and 4 is the mesa grey-level. Clearly,

under uniform illuinination we would not expect the variance of the quanta per recepior to. '_ |
be high enough to cause a significant vatiation in grey-level over the image. The gray-lovel

histogram should be regarded as a 10w-resolutaon approximation to the quantam histogram
and it is thus reasonable to expect a slngle grey—level probability spike at ¢ = g appro:dmatmg
the corresponding Po:sson probability distribution of qua.nta centred on r = ¢. :

It should be emphaslzed tha.t thie a.pphea toa uniformly Mluminated image only Ina general o |
* jmage, each pixel has an a.ssomated tnean Mumination g and a Poisson d.xstnbutmn wluch =

becomes appa.rent when multiple nnages of the same. scene are ca,ptured nver tm:[e

3.2 The i 1mage as & dlstnbut;on

- Unlike the Poisson image model, based on the image ca.pture process, chgital unage mpdels are.

generally based directly on the statistics of the data representing the inage after dagimzafciom

Snme of these models are descnbed below. Note that i in this discussion thq term “phbtona”

W
Sy
=
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e often use& to indicate units of éi'e}'ﬂlevel tather than the actual 118111? '-'l“aﬁ‘ta' Of *he P]‘ys“‘al.'.'- BN
ER process. It wﬂl Be exp]ic:ltly mﬂlca.ted when this is not the case. '

The monkey model o

._A dlgltal image can be rega,rded a a proba,bihty d:stnfmtion w1th each pmepﬁ grey-1 eVel oy

 resenting an estimate of the nupher. (or probabiiity} of photons reaching that point [Frieden, .'

1980). We mag;ne the scene to be ima,ged as 'bemg made up of a ﬁxed number of photons _ B

- (unit: grey—levels) G and our initial | image a8 an empty gnd or raster conmatmg of N cells"'

(pixels). The G photuns are allocated one af a time among the N cells with umform e
tial probability [Erieden, 1972]. This model has been dealt with in some depth and is often .

 veferred to a8 the “monkey model” due to the a;nalogy of o group nf monkeys ra.ndomly throw.
ing G balls at & 2-dimensional atray of N ‘boxes to Yorm the image [Gull and Daniell, 1978; -
Skﬂhng, 1986; Jaynes, 1986]. ‘Note that for the purpoges of tlus particular model equa.‘tmg__

_gréy-—lewsls and photonwcounts will not aﬁact its performam:e A dnagram of the magel far PR o

'C" =20 photons ia shown in Flg'u:e 3.1 fhr clanty 11; is repreaented in one. dimensmn.

.

—— ————

B T T e T T .

oo

Plxet humber

Figure 8,1 Photon/unit grey-vevel allocation model f’“rnanfcéy' model®) in 1 dimension,- G
photons are dealt out amang N ce!ls (psa:els) -wath umform spntza! ;vmbabi!#y The model
obeys a szmple posstsmty constmmf - e s

n

Jaynes‘ pnmzple of maz:mum deyenemcy [Ja.jmea, 1968] shates that, aub,]ect to « pna’r:

o canstra.mta, the most degenerate nna,ge to he forwied in this fashion is the most hkely ta. R

acctir, In ather ‘words, sabject fo any prior Imowledge we may podsess about the system, we
_ wmh ta ma.:nrmze the deganeracy of our estimate of the una.ge Oﬁr only a pmom conahamt
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" for tIus madel is tha,t of m—negatimy, ie g, > 0, 1 < b < N, where o is the grey—_" )

o level of pixel 1. The photons can be conslde:red to be mdwtmgumhable and any nnm’oer can - . L

. occupy a given gell. Any given jmage haa o correspondmg non-—~umque grey-leml hmtogram - ' '_
- The numbar of ways 14 tha.t a gem'al nnage (ghyzs “,yn) can be fnrmed ia given by the_
. Boltzmannlaw ' : : - o .

o ngls :QN)
G

QNI

Follomng .Ia.ynes mtmnale,we set W mx or, eqmvalently, logW max. Using Stsrhng 8. .

B .'_'-a‘pprommatmn logm! =~ (0.5 + m)IOgm m ¥ 0.5log27 we find tha,t the goantity io. be . -

. - maximized has the same form as the _Sha_mmn entropy. We maximize the exprees_ion

H@h ,sw)--—z wlogge D
. l-=1 } _ . .
. -.f':.'

_ &lthough the yi ate not probablhty values a8 S1Ich the entmpy expreasmn haa been shawn to

hold for positive, additive ﬁmtrlbutions in general [Skilling, 1988] ‘Note that in orde:@to ro:n-.- -

pare the entropies of diﬁerent images the grey—levels ahould be uormahzed to * proba.bﬂxty .

' _vaiues by dividing each pixel value by G’ PN or, equivalently, lm:mamg the constraint .

" that ¥0;9¢= @ = constant’ V unages In terms of probabﬂit;esg the expresamn for entropy Lo
- ISha.nnon and Wea.ver, 1949] is gwen hy (2 1),01- o -

o B
4

ﬁ'%f’iz;?{l_ogm » Pi ﬂ“@'" S
: Ja.ynes [Ja,ynes, 1968, Skl]ling, 1986] ha.a pointt.d out that entropy isa m!atwe meastire gwen -
by (2 a), Le. o

o fnl .

© whete my is model deacribmg the prx&t mformatmn available (2 1) 1mphmt1y assumes a |
. umferm prior whereby all events are equally hke]y ’I‘hxs assumptxon is va.hd when we have S
1m0 pomtlonw—speclﬁc pnor knowledge B o -

- Ski]lmg [Skﬂlmg 1986] presants the followmg a.rgument against this madel we can repreae:njs o
~ the aelectmn of the maanmum mtmpy image pictonally (Figure 8.2 shows this. selectmn for-
= lineam can.stra.ints on a 3-pixel nna.ge) S : -

<

&
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'

BN

K

- : _Flgure 3 2. Mammum em‘mpy unﬂz hard Imear comtmmts. _

- When the comtraints are non—hnear, there 14y be more tha.n one 1oc.a.1 mammum nf entropy
_;f the set of feasible :mages is not convex (FJgure 3 3) ' -

Writorm immge

\ oot

F1gure 313. Mamzmum entropy with hard nan—-lmear conatramts. R BT

Iu this sase ima.ges A a.nd B cou‘d. b‘:th 'be used as a.lterna.tive eat:mates, mth preference :
" shown for A4, the-image thh larger antropy. However, thig preference 15 hard to qua.ntafy '
. Skilling shows tuad if we let the number of photons & become large, image B is contra.dicted.__' .
¥ais ﬁmte, the degeneracy is no longer an absolute selector of the mge‘ it is merely a
proha,bmty modulztor and we st:]l need to choosa an image whare seldctxon of the nverall
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ma.ximum entmpy m:agaismem]‘y ad hm i e

B :Dagatal smage bounded dbave and below o

statistica. These app]y to partncles (photons) wluch are mdnstmgmsha,ble and obey the Pauli

| Fneden [Erieden, 1973, 198()] mtruduced a mudel for d.lg1ta.1 images baaerl on FermeDzrac- )

- exclusion pnnciple, meaning that there can be no more then one particle in each permitted .
energy state [Sea.rs and Salinger, 19?5] A digital 1 image is a&‘ectwely 'Dounded above afid

below (there is an upper limit on the grey-level of each pixel, in addition to the Iawer Belt & .

N

Ol
5

g o Ak
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1

) !

o

1
ooo|
oo .
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kfb ;
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1
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1
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1,
0
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Fxgure. Subi 1 -ﬂimenszona! representation af I"‘meden"s model obeymg upper and Iower boumi S
. cnnszmmts The G photons or unii grey-levels are deaix. out mndamly among the sstes above =
: lc.vel a. AE.. sstes below level a are pre-ﬁiled. ' '

i aell i ccmtmns‘ g photons, the nuihber of ways W in which it can have been. fdmed is giy'en

simiply by the number of ways to distnbute (g,w- a) mdlstmgmsha.ble pa.rtlcles among (b a)

E dmtmgnaha.ble loca.tmns, Le.

o (=g
Wi S o) G{m*-ﬂ}_ = (ai -( q)l(ﬁ)“- gill

_descnbed abave). Hence e <: b, wherd a and b are the o priori hm.xts, & g a=1 and..:-;'
© b = 255 for an image with one byte pér pixel. ‘Ib satisfy these constraints, we assume ach
. cell (pixel) to be limited to b possibls sites for photons, a of which are already filled, Drawing
. aparallel with the mecha.mcal aystem described above, we have b a possible “uﬁergy states” o

: | per “enerw lovel” (plxel) 7, among which are distributed g~ a partlcles” (umt grey—levelai .
- . F:gure 3, 4dep1cts t]:us model for 2 lwdmsusmna.l image ' S :

-
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B and, asaunung mtlependence {a;r 1a.ck of depemdence) betWaen ceﬂs tha deganemcy of the- _ R

__"unage e g,’wen b}' 5 }

. !.-.1

Maaumizing this expreamon is agam eqmvalent to (m‘nng Shr]mg’s a.pprwdmatmn) mammng '

- A form of i1 1mage entrbpy

B H(m, ,m)_k_zfmmu)hg(g,ﬁa) E(b_ gazog(b~gs) (3.10)..._. 5

Sl S e
ot eqmvalently' '

- }.

'{ tg=a e

: -.where fg I8 the ﬁequency of occuxrence of grey-level g ohta.uled frbm the nna.ge h.lstogta,m. 0

' Eheden’s use of Eerml—Dxm.c & tlstica mmphes tha,t the degenera.cy of each pixel is 1mPortaalt L
‘ina dlgltal 1mage A ﬁumber (b a) of photon sites is assimed to exist at each pixel location: L
 this s niot true, since for any. real d1g1tal image auch “s;tes” axe ‘not dmtmgmshable and hence
the use of FermJ-Dua,c até,tmmcs ignot mdica,ted /The only informaﬁmn we have s the, numberl N
: of filled. altes (photona) at-a givén loca.tmn, not which sites am in i‘act filled: we do not care -
-how many ways the puml’s grey-level can be achieved, only tha.t we knaw what that level s,
© This would jmply that the pixel degenemcy is unity, in. which case the model becomes tnvml.'_- B

While the model is not “wrong ‘per 58, it contams redtmda.nt eloments. .

. Kskuchi—Saﬁ‘er mcancdmtzon” modei |

-_ There are two main forms of the entropy equat;on the Shammn entropy [Shannon a.nd

‘Weaver, 1949] as given by equatmn (2.1) and the Busg entropy [Burg, 1967] given by (z 4) |

: _or, equating grey—levels with pmba.blhties,

o=l

. ‘C‘H(git‘ ’rQN) Zlogg‘ (3.12) L

‘which relates primasily to .probl'ems of apectfal &nélysia. As 'in&icate& inj:lixe pféviaus cﬁaﬁfei‘;

 tltére hag been some controversy, surrounding the question of whinh form s correct, kauchi )
and Soffer [K1kuch1 and Suﬁ'er, 19773 Fneden, 1980] have proposed a model reconmhng these -
two forma as apecial cases of a more ggneral ‘form by taking a quantum f)hygmg approa,c.h' R

'cgl, ---- gN)-ﬂ-ng(g a)los(g a)-z,fg(a y)log(b g) .'(é_.imf

g
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' -_i ‘I‘he mxage 38 modalled as & randbm assortment nf photons and the degenamy is mamrmzed: E
o _cm £ assumptxon that they a.re Bose pa:ctlclea ' C S

Eo.

R N S
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E
]

-
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i
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o Eat:h cell is assumed ta Ilave a ﬁmte number z of aubmtes for photon aﬂocatmn 'I‘hase
L 'suban‘.es correapond to the ﬁnite number of degrees of freedom present within an ima.ge pier L
o tiue to:physical rea.sons such as coft afea, ha.ndmdth, aperture size a.nd detection time interval . -
(ahutter speed) A 1——d1manmona1 repreaenta.tion of this model is ahawn in I&gure 35, Hose o
o particles (phqtons) obey Boﬁe—Ematem ata.tzswiﬁ, mea.mng tha,t the pamcles ate considere&' PSR
'indmtmgumha.ble and there ia no restnctmn on the number that may occupy & single energy L

. state, The energy sta.tes (su‘bmtes or degrees of ﬁ'eedom), howaver, are diatingmsha,hie [Sears:- L

o 'and Sa.hngw, 1975] : '

Flgure 3.5, 1-—dzmensaana! rvepresentataon of the mode! due to I{tkuchz and Soﬂ"er @ photons -

 ure dealt out among N pm&. Each pza:e! has z subsztes, into edch of whwh dny number of_
' pa‘aatans may jam. o - :

Sxmjlax rea.scmjng to that llsed in the two previous models is fo]lowed, aolving for the image- .
which maximizes the degenera&:y W, Fo]luwmg the Bose-Einatein a&a.tistu;a, the number of_

- ways wg in which a pixel grey-—lexi’el g: can be formed, assumﬁg tht. photons to be indis- -

(ye+z 1)' E
94;1(3 R

2"’ :

Statistical independence. betWéen cella is aga.m altsumed and henee total image degeneragy is

R

. -nngmsha,bla and d:stnbuted over % dlstinguiahable Buc. 68, i8 gnren by [Sea:rs and Salinger '

)

o
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- a.ga.in ngen by (3 9). A Bolutlon logW ma.x is agam sought

Lgs_tﬁ__i_lf.
th(m, ,9‘1\0_ gl_g ale=Dr

© The reé._sqh _fqr__i_;he i:érm_ “_recoﬁ_c_;i]iai:ibﬁ _mddel”'now hec_omgs' ap.p_arent.- We examize (3.14) |

in two different ]jmits of paa:ﬁcl_e'number rélai;ive_ to number of degrees of freedom, g; & P
* and g; > # In the first limit the numera.i_:_dr of (3.14) é;pproﬁ:matés (#=1)! and we get

IOEW(QIa rgN = Z Iogg,f = max
=1 . E
| _and 'llSmg Stavlmg b sppro:uma* " tlus y:elds the Sha.nno entropy form (3 T)

. Evaluabng (3 14) in the oppomte lmut [Fneden, 1980] ylelda the pmnc;ple

iogW(m,,-' ,yw) Ziogm - max

=) . AT

m' N @y " |

.Wthh i recognized A3 the Bmg entmpy form (3.13) a,bove It is a.ppacrent then ifhat Kikuchi o

. and Soﬂ'er have reconciled these two dispa;rate forms of maximum entropy pnnciple a8 lixmtmg-& e

ﬁorms of a more general maaumum degeneracy prmcaple

. Uslng Stxrhng’s appromma.tion and (3 14) we Dbta.in a.n expressmn '

logW E(g..+z— )log(9i+z-—1)
i--l ' )

_ -—Zyilogﬂf o | - B (315)

1-1

._ -Z(z—l log(z-l)

i‘-‘.l

- wh:u:h can be vxewed a8 the sum of thme “entrop'ea” o

Asa physmal madel of image formation the deﬁmtion of pxxel degeneracy ba,sed on celb—mze, R |
shutter speed a.nd other considerations 15 attractive, but such a priori information is rarely' |
available and &ga.m our only real knowledge about an individual pixel s its grey—level which
for our PUTpOses ia simply ;eached by letting “enougl'r" Light fall on the cell in question. It .

~ s interesting to note hem that in any pmctlca.l a,pphcatmn, due to physical reaspms such as

L C . ’ '. . t

9



 The mode]s described tn Sectmn 3.2 use the i

= '19911!] mthout explicit asaumptlon of a model Just]f_v' __ o
- is also used on occasion [Pal a.nd Pal, 1989a): thls can he seen a8 bein,g related to the use of R |
. the hmtogtam, but with a context-dependent measure added for Jmproved pexformance 111 o
’ 't}ns section & model Justlfying use of the histogram is developed. Another interpretat:on of

UE L . S
- U C

3 Dmmn IIMAGE M‘ODELS AND ENTROPY a0

L _:photon dimenamna relatwe ta cell sme, We can. rea&ona.bly asgime the ca,se g; Q: % Hence the

: : Sha.nnon entropy (2 1) aga.m a.ppears to be the curg"ct form fo:r nna.ge proceasmg purposes

3.3 Otaer distrxbutmns and the problem o mdependence B Co

-

commonly tlaed d,:stnbutxon is the mage gre stogram [Ka.pﬂr et o, 1985; Brmk

e  thself a5 & proba.blhty ﬂxstnbutmn Another o

\1ts use The couoccurrence ma.tnx'

. the monkey model, nsing mm,llar reasomng to that Justlfymg the usée of the hxstogram, s aled i | : -

descnbed

Thesa models hke those of Sectmn 3 2, st:]l assume mdependence (or non—dependence) of a.d~ R

: Ja.ce.m' “events" in the proba.bihty dxstnhut:ou. Gontmtt—related mforma.tmn can be included

. ina number of ways. Some snggestions were outlined i in the previous. chapter. Cleazly, amen -
~ gure such as the crosa—entropy (23) (or relative entropy. (2‘2)) would include a contextual =
componetet by virtne of the fact that correspondmg saxuples of the prior and posterior d:stris_
S butipns are directly compared. This correspondance can be exploited for threshold sefection, -
_.a;s shbwn in Chapter 4 where & threaholdmg scheme using the mms——antmpy is described.
Methods such as this are related to the processing or a.nalysna of the jmage rather thagt des _
- termmaﬁun of the i image entropy. Other measurea, such ag the spa«tml antropy described by . B
- Journel and Deutsch [Journel and Deutsch, 'LQQSIW aimed more directly at a deseription - L
of the image itself, 'I‘hm model jo described below. Two new models are preeented, _'I‘he fizet .
is based on the antocorralation function of the hisiogram or image. This measure shoifd =
mcorpora.te spatial mformatlon by virtue of the fact that carrelatio i _values quantify inter- D

‘sample rela.tmnshxps The second is conceptt.a]ly more dlfﬁcult to grasp. “pixel positmns or

: "_ccordmates relative to the ] Jma.ge ongm are themselvtas vmwed 28 “probabilities” in the ense

tha.t they are used. in the entropy éxpressmn In bemg exphcitly mclucled in the calcula.tmn, -

. @ unique entropy should be found ta corre.spond o 2 given image oo

' Entropy of the :mage hiatogmm

Greywlewrel hlstograms are nften used in 1mage pronessmg techniques sach as segmenta.non o
(thxesholdjng) [Otsu, 1979; Brink 1989, 1990] and Jmage enhancement [Gonzalez and Woods, -

1992]. In particular, methods baged on the entropy of the lustogra.m ha,\te been: praposed in

‘the past [Kapur ¢t o, 1685; Brink, 1991b] without any real Justifcation, other than the fadt
" that the histogramt is & form of @ posteriort grey»-level probability dxstrihuton a.nd can bs

uaed 48 an. a priori estima.te for i‘utu.re ;mages of the sams scene, _:



------

- w;th N,;l = N. Usmg Ferml—Dira.c atatxstics we ﬁnd the degena:écy P ot
B a.nalcguus to that of an enieTgy le_vel [Sea.rs _aI_Ld Sa.hnger, 1975]‘ E!Yeﬁ_by g

J1

- The grey—-lavei hrstngra.m of an image can be o,btamed sxmply by determming the ﬁequency';’ o

- (number of Plxela), fg, of each grey—level g and dwidmg this by the total nutmber of pixels N S )
~ in thel zmage to give a meastre of “pmbrﬂailﬂ:yg’f of occurrence, pg = f, ]N oi that gzay—~1eve1 . T

o The entmpy of the histogmm is deﬁned as : - .

H=-—E p-glq_gpg - (316)

. where 2 a,nd b are the mimmum zmd maanmnm grey—leve]s present i. the image. 'I‘he fon— -
" normalized frequency hmtogram can a.Iso be used, subject to the condmon tha.t the number'
'of pncalﬂ N= E f_q = constant Vi images mvolved in a computa.tlon. L '

| The Justiﬁca.tmn for mammimng ‘the histogra.m entmpy pa.rallels tha.t tor the zmage entmpy ; _
-using the monkey modal The. hxstogram degenera.cy (the number of dJBtmct unages wh;lch - .
o g:ve rise to the same histogra.m) 1s, :*ccardmg to the Boltzmann la.w, : -

v-.ﬁ,!- _ _(3.17).

= Maxnmzmg log W as beforo reducae to mammiza.tmn of the entropy (3. 16) Another approaeh: ST

can be used whereby hmtogram entropy is demved from 2 madel of the unage 1tae]f, as fo]lows

We a.ssume the image to be analogous to a themodynaetmcal system lei: the grey—levda :
g correspond to energy Ievels and their locatxom in the image (i.e. - pixels) correapond to
_ _d;stmguishable energy states. The number of particles at level g (the number of occup1ed'“ _
o 'stateﬂ) is given by the ﬁ:equency f_g Here the a.nalogy becomes tenuous, since if a.pncel (ata.te) S
s occupxed at one grey-level (energy level), it caiinot be vecupied at any other. There s the f
_ some dependence between hmtogra,m bing built into this, in that we have to fake account;&f

the fact that 1:E, 58Y, there are ¥ pxxe]s in tota} a,nd fa pixels have le.vel g = a (the lowesti_

k grey-level), then the number of free pixels (states) available at g=otlis N~ fg} In general
we ﬁnd that the number of avaalaule p:xels N;,+1 at level g =k + 1 is gwen, by

_ y=¢ T

—nu

W Y

Ng L
(- fs)'fs A

Mg Nﬂcfa
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) a:nd the total degeneracy nf thei 1mage (aasumjng statwtncal mdependence between grey—l@gfs)’ A

‘We again w;m, to_mscimjze W or, eqﬁv&lent_lv,_ 'ng'_w. Agam u.aipg Sﬁx'_liﬁg’s approximation

IogW }_,NIOEN.Q (Ny fy)log(Ny fg) fylogfy'

= mogN (Nb ~ fa)log(Na -

R

+ E.[Ng.i.IlogNﬁ.] - (Ng fy)log(Nﬂ f.?)] L./ fflng‘fg

ge=a : _ IR g=a

FE "r\\.
L -'--"'N1°EN Zfsl"gfc e e
~ since Ng—]-l j}{r a.nd Nz, - f; = 0 Smce ’rhe ﬁ:rst term above is consi:a.nt the qua.ntity
.-_'_tobema.mmmedls _' ST ; SR
H*—Efglogfg '-
=

: Or . R ,-.! . .
A = ""'E Ijglogpy - S L o .
. in the case of the normalized bistogram.
_ ---We have ths detived an image madsl which in & genge justifies the use of hlétdgram antropy
. a8 a measure of the entropy of the image itself, Clea,r]y, 2 drawhack of the hlatogram is that
all “image™ (ie. context dependent) mforma’ﬁmn is completely 1gnored without recourse to _
 the phnloaophlcal panacea that entropy gives us by “not asstrning dependence” Asacrterion .

function for threshold selection, where segmentation usually takes place withott rega.rd to | o
__such mformatlon aaywa.y, 11; has 1ts merits and. shmﬂd not be d;srega,rdeﬁ [Kapur et al, 1985] .

: Entmpy af the image

- Hwe &dopt 2 slmﬂa.r a.ppma.ch uamg the amage, wa obta,in the followwg model. G‘uvan total' .. -
image “bnghtness” @ =3 gi = 5, 9fp 1 pixel § = 1 has grey-level g, then the maximur -
- number of Jevels a.vaﬂable fo:r plxel =2 wéuld be (‘ gl, a.nd in geueral the number of



L .. a;va,lla,ble gre}r—]evelﬂ G;..H for pn:el ;-— k-[—l is: asm (3 13)’ .. ._ | - , | | o

i

oy e DIGITAL IMAGE MODELS AND ENTROPY S mr

PR ':fl?'_GH-i-#G*""?Z_.ﬁ"i' s

.G...I |

.t.vg—— G.Gy; m o __..(3-221_

If there isa n,dn—zero lawer grey—level limit o for the unage, correapondmg ta pre—foggmg of

& photographlc plate, we tam su'bstltute the valnes Gi~a and gi-u for GM& Uiy mmﬂa:c to o o

 Frieden’s model (Figure 3.4). The assmmption of mdependence gwés the a}@\rall degeneracy

 sealn and o maximioe og ¥ ghveaby

~ sinte Giya = Gy~ gyand GN ~gn = =0, Stnce the st torm a.bove is constant, the quantlty

-1é the Shannon -_gr_;t‘rop& reéulting from. a.ésu.mpt;hxf 'of thq-monkey model (3.7), Note that

~ here I have assumed a similar situation to Frié&eﬁ’si; ie. provision for lower and upper bounds, -
- with the modiﬁca,tion that the upper bound far vach pirol is depandent on the grey levels of
. previons pixels msnea.d of being fixed. ‘In aﬂﬁ’act this is simply a resta.tement of the monkey

_ model making expliclt a constraint w}nch Wag prevxously only unphed‘ IR

‘measure. ) - : R e

'1ogW ZG;logGm(G‘ yi)ldg(G‘; g.) mlogys |
SR == S :

L= G’logG‘ (GN ym)log(GN QN)

R N
> [G{+110g33+1—'(Gi gf)lﬂs(Gi“ys)] Zg;logg; B A P

I
=1 ﬁ_ .._y | ,ﬁ

- 1=1

to be maaamxze-a is

o B‘—-Em_logm

. 1=1
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D2

 Spatial entropy”

Fi]

Jcmmel and- Deutach a.ddress the msue of sa.m mter—dei:endence in a distributmn hy ﬂea"
] veldping an expresmon for spa,tial entrapy, viewed as 3 mealiive of spamal disurder [¥ orurnel'ﬁ .
 and Deutsch, 1993] Conslder a. random variable a:(k) th ca,n fake on n outcome values

- hiatog::am. entropy}ia claamlv

i

. - : | ﬂ-"'l | |

BT H_Hz‘pglogp;(}ﬂ

o R Y S
: f

o -which, regardmg the random vam,ble a8 an image, would correspond. to the pmhab;lity that

o g“O g';‘-U

* Forlag A =0, we o have ng' (“) 0, Vg ?9 g allfl ng(ﬂ) =Py, gmng g a:mply the univanate' ”
" "(Shmen) enttopy (2 1) of tne liistogra,m, 1.e :

il . . .
N H(OJ--Z pologp, = K

For 'lag \'A oo we catl rega.rd a;(k) and 2(k + oa) independent, givinyg pgg:(oo)
_' D205 Vg, y I the probabihtgr distribution p, is assuroed. to be stationars e it is m-_' L
* dependent of position, k, so that for any ngen lag, g Pg = py i g= ). the bwa:mate entro .
| has an upper bound glven by e .

FA o n-.], et L .
H(m) = - E 3 W@% +1¢.gp,,) = w(u)
o gl ghesD

_mth proba.bxhtiea Py 9= PR S | m;ch that 29._0 pg o= 1 We may view ’sha ra.ndom'

variable :a(k) as the grev—level «of each pixel k = (4,7) in an uvage for ekample, with the -~
" pp indicating grey—level probabﬂltlea The lantrcpy aasoma.ted wirt: this probahihty set (the_ ST

W _f‘::_- _ B’reyﬂlevel g occ.urs a distance A frﬂm Brey- level g + 88y, The bivariate entmpy is given by - S
. BESE=Iy o B L
- ())- "E z p_qg:(z\ logpgg:()\) L (323) )

o _’I‘hia mea.sure, a8 mdica,ted beﬁ‘ore, talkea na account of mter—rela.txonsths between samplen . ’-'] o
_ of w(k). Journel and Deutsch proposé a bivariate entropy miastre, with the entmpy value o
-+ dependent on the spatiaﬁ dista.nce or Iag, A %etween yastiples z(k) and m(k+)ﬁ) We can now. R

deﬁﬂa bivamtg probabilitlea B :



\
%

o

“ a8 memr ]MAGE Monm:s AND EHTRGPY s
_Asaumiag tha.t we ’ha% & well-ubeha.ved Jm:m--‘pnari;:tdiht;t probability &umnty fﬂﬂt:‘hon, Psw' ( J\) S S

decreases contmnouﬁly as [A] increases dnd mnsequenthr 'H(X) increases with ]M over the .
o interval " (0), 2H (0)] A standardlzed xela.twa meaaure of hivarizste entmpy calhs be wntte.n .

- KOl

 The image entropy could then bs deﬁned as thie avurage value of ﬂua relitive. measrd over: -
 all possible lags. In genaral tha coordinate k a.nd the Iag X are vector qua.nt:lties d o

_'muitxwdimensicnal spatzal courdinates

S

In pra.ctme, ﬁhe pgg: are eﬁ’ectwely gmy—level co~petuiTence proba.hmtiea over amgle—

. nelghbour pixel neighbourhoods defined by the lag A. The calculation of a single spatial
'eatmpy thug mvolves the calculation of an n X 2 CO-GOLHITence matzix for ea«ch posszblg lag E

value: - clearly, unless we severely reatﬁct the range of lag mata.uces over whicli we assume ~
_ dependemce (i e. sgsume a kind of Macrkov prope:rty), tha computa,tmnal taak Is enormous. =

The autacomlaﬁon model

. Given a.{hscmte sxghal or dmtnbutmn, the intehdependem:e of differem pomts in the dxstn- '
 bution is described by its autocorrelation function. For maphclty I WJll confine myself forthe *
-'present to the image lustﬁgram. Clearly the grey»—level fmquenmes fp of the histogram cén -

e{u 1] - . - ” ‘-_(3’.24)__._ ...‘ﬁ:

B

usually be regarded as bemg inter-related. We can quant:i}r the grey—leVel thepandmw. o

by &etermuung the autocorrela.mon funcluon of the histogra.m '

Pss = ("1-—_“3_' 'ty _'*"*-21_ ?'-1:"0’ 7'1:«"2:_‘ . _s_"';-a--i) S :F)
. where the coefﬁt_:_ients..rk _are.gifen-by_
7‘k = 2 Pk+yPg - (n “1) skhgn-1- (3.26% -

ool
- where é_a is the num?ber'_'of gréy—levé]a 'a:ndﬁ '

fy

2’9"”""’

is the proba.bﬂ;ty of f:ccurrence of grey~1eve1 gin the N—plxel 1ma.ge Note thait. Py = 0 Oﬂrﬂdﬁ )

- therange ) < g<n—1 I we normalize the a.utacorrela.tmn coefficlerits we can mterpré‘{; the
) resultmg dmtributxon ag. the probability of general grerlevel thependence. - :

k"l-n

#= 'nj’“ - em

| (3?'.;'25)_. | I
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e

._In other words, p} qua,ntxﬁes the hkalihood that pixels dnffermg by k grey-«leve]s ate ralated,
The (Shm‘m) enthY of this dJstnhutmu, baged on sxmilgr a.rgj_mgms as those Justxﬁnng_ L

S S L
H,:—-.-_ Z P logp,e L (3.98)
: RElen BT

N order tb' take Bﬁa.tial 'i'é‘la{;ionshiisa' ihtb account, we ghowld 1dea11y 'w.orli with the two—
' dmensmnal a.utocorrelawmn function of the i image itself, In this ca.se, we quantify the inter-

dependenco of the actual Jma.ge plxels, or the ]ikehhood tha.t plxela a given distance a.part

. are rela.ted

| In_de’_cermining ‘the entropy of an a.utoéorreigtiph funt:f;inh_, we ate tacitly asswming indepen-
dence of the discrete autocorrelation valuee: e.g, the relationship between pixels k gnits apart .

is unrelated to the rela.uonship between pu:els [ units apazt, say.. While this assumptzon is

. con‘vement as before it is not foundad on ngxd theorv On the other hand, the independence ’
- question can be taken fo ridiculous extremes, What is requived is & dmtn'but*an based on the

image data which takes into account the spatia,l orga.nizat:on of the | mmge, v.r}nle rema.m.ing |
unaffected by the a.asumptian of mdependance ' :

: Usmg the a.utocorrela.tmn function of 3 distnbutmn a8 “mput" to the entropy expressmn o o
some extent para!lels the approach of Jsurnel and Deutisch [Journel snd Deitech, 1998] using -

1;1ea,aures of bivarlate entropy, &escnbed above. Such a measure of “spatial entropy” has
the added advantage that we are not worried about mterf-dependences of mter-dependences :

- Howeven, the applicability of such an approach to the spetific problem of threshold selection o
- or general segmentution is ot clear as, by definition, the image is split up into regions: do
~ we find the spatial entropy of ea.ch region in. isolation of groups of regions having the fame

classsﬁcatmn or of sofmie measure on the segmented image as a whole?

'The Magkov modelling of images mentioned in Chapter 2 could be wsed 1o determine context«

dependent proba.bﬂ:ttes for the image pxxela. These could then be plugged mto the entropy - ':

axpresaion (2.1) or (2.2): we do not then worry about the entroplc non—aasumption of spa.tlal S
' relatmna}ups a8 these would have effectivaly been built in prior to the calculation. Tlﬁs is the -

motivation beliind the use of image-related distributions such as the. grey—level rmo::eurrenee N

‘matrix [Pal and Pal, 1989&] and (grey-—level Jocal mean’ grey--level) scatterplnt [Abutaleb,

1089; Brink, 199%a). As the methods and “models” descnhed here.do not involve phyaxcal-.'
models of the dsgltal image, they have been included as required with the descriptions of the _
thresholdmg or aegmanta.tmn techmques to 'Whlch they apply in the next cha,pter, '



'The “zabeztedphoton” madel ' : “ i

o The following model i based on  consideration of the menkey siodel ns epp]ied o elther the

= image itself or its luategra.m. Eﬁ‘ectwely, when assuming the monkey mode] for the image,

© the entropy value obtained is not unique to the image, for the reasons outlined earfier in this”
chapter. If is instead @ measure of the degeneracy of the image, i.e. the number of photen'

-dzstrihutions which could ha.ve given rise to the image. C‘onmder the i mage entropy

| H | .-—_.,-. - E g.*_log_ Qi

£

* This tses mforma.tmn awaalable from the hsstogra.m alene, 3 can be seen, when We rewnte -

:"“‘_thefurmnla.as T R : SR
- Snnila.lly the hlstogra.m entmp}r, rela.ted to the numbex of distinct ima,ges which-share the _
'sh.me grey»—level distribution, which is givenby .. . SN \
. oy
H=- Z f3log f,

is based on infonnatmn ;e]ated only to grey—level frequenmea: 1£"a “histegram of ﬁequencles"’

| were ¢ drawn, up, we ceuld agai,u rewnte the expresmon a8 .

H“"'E!}flogf R

f=0

' whe::e Pis the luﬂheat gray—-level frequency of the hlstugra,m and f; represents the number

of occurrenc.ea of grey—levkil frequency i

We are mterested in an entropy measnxe related to the.degenera.cy of the pixel pesitions‘

themselvea, i.e. the number of ways in which & phot(m (or greywlevel unit) destined for a
given coordinate in the i image can be “chosen®. If the image is viewed 28 a kind of h;ategmm,

‘then this “super-image” would consist only ofthe pixel pomtmns viewed ag probabilities for .
o the purpose of vising them in the Shannon entropy expression {2.1). We cotld rega,rtl it a8
~being made up of “]a.belleci photens (unit grey-levels), the recelved i image bemg 2 plot of

the frequenmes of ecmurence nf these Ia.bela. Then the | xmage entropy is given by

H_.._.Zijlogij o : : (‘_ .. - ,.(3'.31). e

. le

a mczm IMAGE MODELS AND EN’I‘ROPY R A



T

* where .

_ 'where iy is the Iabet (rela,hve tn the nnage ongm) assocm.ted mth the _7-—1;h photon rea;eived. . o
- Gis the total Hlumination of the i image. (number of photans) 2 bgfare. Expressed m forms
C ":"Of “pmbabﬂxties” (3.31) bet:omes ' S = :

:ﬂ. B
i

Cow

g

-'Imz 13

T -

oL ) . L

K‘

.__'.'As in (3 29) and (3 3[}), this ca.n be exnresaed as :

H = _—Z g,slugt

I=1

oo

. —-_-—Z g 103?

. 1“1

'““\

0

o

B DIGIT,AL IMA,GE MOBELS AND ENTROPY o sep

-«~'-}: wlogpj .,-p;f 200"

__ wl.*?-

)(3‘*‘32?1' o

SR

4]

- 'I‘lua measize. ha.s the a.dvantage ths.t posttion mfomatxon is mcluded (iirectly inits m:presmon - :_ : [y

- and thut a unique entropy value can he detennined for a given image: Tt has. the d}aad’van- b \'\_, .
tages of baing intuitively difficult to. grasp and mathema,tlcally ad hoe. Tt will, however, he '

mterestmg to gee how well i pe:forms in an, a,pphca,tioﬁ such 28 segmenta,tion. . :

B
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* Maximum entropy threshold selection

Grey-level thresholdmg is conceptuaily the mm;:lest form of mtage segmentatmn However,_ _

 the a.utoma.tm selaction of & particular grey- Javel as & threshold requues the deﬁ:utm and

- '.-_uae of dgome auita,ble eiiterion fum:tmn which is optimized. in some sense by the choice of .

threshold. The choice of eriterion function is based on an, underatandmg of the reqmrements

" of the problem, fie. the model of the process and/or image Justlfgm,g why optimma.tion of

L a given finction may be expected to yleld “correct” results. A.n additional requlrement s . "

| ' obviously $h¥ . the results obtained are sutted $6 & particular a.pphca,tion or atleast make

- some 561t v aesthetxc Sense. ‘I‘he latter:eqmrement i8 often the basls for heunstm techniques

' It is also clea.rly xmporta.nt in the evaluatlon of techmques for a glven a,pp]ica.tmn. o

'Ma:ny forms of cr;tenon function have been proposed in the pa.st [Pratt, 1991, Gunza.lez_ .

'and Wcods, 1992; Weszka 1978; Ha.mhck and Shapiro, 1085; Sa.haa ot al, 1988]. These '
functions usually take the forth of an etror meagure Kittler and ]]]mgworth 19886; Brink and

Pendock, 1993], a goodness-of-ﬁt” meaau:e [Brmk 1089, 1990) or some meastire quantzfymg
a desirable property of the result, such as image entropy There are, of couree, some methods

such a8 the preaerva.t:on of momenta of the mage [’I‘sm, 1985] which do nut et mtc- these - - .

) _genera.l ca.tegnnea, but they a.re rare.

Ag indicated, entropic methods belong mamly to the tlurd ca.fegory mentmned abm.re Why i
_ '_'ma:ummatnon of image entropy is desirable should be apparent from the prevmus cha.pters el

' How we define the image entiopy is, however, a matter of tontention, In this cha,pter gome
 earlier methods applying the maximum eptropy. pnnmple to threshold selection are briefly
: _deacnbed and new methods based on some of the models and ideas described in-Chapters.

2 and 8 are introduced.. Unless otherwise indicated, the term “thresholding? should be

taken to mea.n_apech’ica.lly_ gIabal, binary thresholding as dxstinci, from multi-level or dynamic

e
¥
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' thmsholdmg procesaes
. 4,3 Backgmund- an entropm nritnrion ﬂmctmn

* . The methods. desm:ibeé in th.ls sectmn a.ll use the Sha.nnon entropy farmula. (2 1) ag a; o
' fﬁnctmn for a.utomat“c‘threshold sdlestion, Virions image-related dmtnbutmns are z:zsei:l o
: -represant the image in these methods, with- varymg “dbgrees of muceess. In most casey the -

o _lintropy ofthe hwtagmm _ '_

., MAKIMUM ENTROFY THRESI{OJB SELECTION. W

maximum entropy forma:hsm has been applied without reference to its origins or derivation -

~ Kapur e al [Kapur et al,- 1985] hama pmposeu & threshold selectmn techniqua based on ma:d- "
~ mization of the ‘histogram entropy (3. 16), inapired pan:tly by a methad premously rmplemented.- '
. ':'by Pun {Pun, 1980], When an image lg th.resholded the Iustogra.m is epsentially divided into
twa distibutions repreaep‘bing elass 0and class 1, These classes can be interpreted as “ba.ck-__
 ground” and “foreground”. Class 0 cotisists of the grey-levels 8 € ¢ < T and olass 1 oflevels -
RS VES RS (n~ 1), Whete T is the thresh~d value, The new bma.ry image resulting from
' this thxesholclmg opeiation consmts of o grey—-levels with (hlstogra.n:o proba.bﬂx'@es .
P:-(T)and Pz(T) gwenby L -

Po (T) E Pﬁg

v

ey

| P;(T) 1- Pq(T)

N These are uaually referred tms the a poster:orz cIa.ss probahhhea The entrop}' of ﬂ}ﬂ bjﬂm’

| ';ma,ge hlstngra.m,from (3 16),:3 thea; given by AR S \ __
Hb(T) =, H.Pn(T)loan(T) Pl(T)logP;,(T} - '(41!;)_,
‘Ib find the optlmum threshold r, ‘We could maaﬂmlze H 5(T) wﬂ;h respect to % La,
. . . ) "*\ . . .' " ‘ L e
'-r—‘ms{m {Ha(T)}} N

LY

"I'lus approa.ch results in the 17 «ﬁm aalec*lon of a threshold that yxelda PB(T) P1(*r) = 0.;5__' -
a8 cloaely a pDBSlble givan f’he (hsl.rew aa.ture of the histogram and image, Pan's approach

~ I5'based on this method, but defines and uses upper. bmmda of t]xe components cnnstltutmg -

o (4.2) [Pun. 1980] This is done a8 followa' - :

" in terms of an explicit image madel Possible made.ls fo it these qumrem;;ﬂs have been':_ Lol
descnbedm Sectxon 3 3‘0{' the prev:tous cha.pter " S e o



o andso,from(44)and(45),1t cmbeahownthat L m e

' . . - I

"':Si".'] Iy

" Pun then defines the quantity

4 MAXIMUM ENTROPY THI{ESHOLD SELECTION ' 0 41

'Clea.ﬂy, we can vmte '

o )

Zpglogp.q < Epg log{max{po,m, ,pr}}

- g=0 R . g=0 _
= HxT)log{max{po,mf ,p:r-_}'}

Hence

: .._-Z zlglogpg :-Po(T)log{max{po,m, ,p:r}} - I. | -_(4_-4)_' o -

g=0.

'We cay, define sub—ehtmpieg .cormspﬁnding_to_the twu t:ia,sses;"using- (3.16),'3.3

..'_'Hé(fl’)“,._fnglosps' : ._ o
T 4l
Hi(T) ~—_"° 2 Palogp,

. . 1 . w

s L@) IogPo(T) s hg{gai"{g,)fff T) ,m}l

| —--Fo(T) o

_ mmEm
log{max{PT-{-hPTHa aPn-l}}
= B (T)

. 4
Lo

_-z——«\_\'\_z. B o

-P1 (T) log B (T) <

BT) = Fo(T)-l-FaL() S (46)

| : aa an ugper bound on the bina.ry nna.ge‘a h:atogram entmpy (4 2) ia R ;,(T) ~:: P(T) F(T) - |

is mammzed with respect to 7T, Kapur et al present several srguments againe/ ‘t}nla measure - -

| [Kapﬂr et al, 1988] The prime arg-ument is that the value of 7 where the maximum of F(TJ o |
_or.cura s a.rhitrmy and tenda in amy case to he close to the pomt where Po (T) P;(T) 0 5. ' :

The a.pproach adoPted by Ka.pur et alis rela,tlvely simple When the histogra.m ia d.w..ded into N

two classes by & th.reahold T, eacll clasa distribution is viewed as p.n mdependent distribution. -



4 MAXMUM ENTROPY THREBHOLD SELEC‘I.‘ION o 4'21_'[- o

T

define the reapecme class entropxes

”“‘T? =~ E PG(T) og R (T)

’ . '_ . n-——l : s : Lo
H T N s
1( ) n—%i (T) gPl(T) L

2 The alm Js fo select t"a,t threshold wluch mammlzes the entropxes of both dmtnbutxons
. Ka.pur et al define a measure -

i

_. _'a.nd ﬁnd the opf:imum threshuld, 1',
= a'rg{osfr.:n 1’

e .

o An a.ltematwe approa.ch to ﬁnding S suita.ble threshold usi.ng the class entropjes (4,7) was' .
N 'propused by Brink [Brmk; 1991b] The process of (4.9) maximizes the sum of the class
R entmples Tt is conceivable that this maxineum. could occur a a point, where the entropy of
- one clags is mucih larger tha,n that of the other. This would mean that the thveshold wuuld L
‘be bxaaeti towards one distribution at the expense of the other. We would ideally like to'_ B
- maximize the entropies of hoth distributions. Thig involves 5 trade-off to find a threshold :
- value which will most nearly maximize ea.ch entropy withoat undue dmc:cmnnatmn against o
| ‘the other To this end a mazzmm a.pproach tan be adopted [Brmk i991b] whereby the- -

;e threshold 7 mmmlzee the smaller ofHo(T) and Hl(T) over all valges T, fe.

= a-l‘g{osglgx {mmtﬂocr), m(:r*))}} L wa
| Entmpy of the (grey-—level, loca,! mean grey~!evel) 3catterp!at . ' | it

B - In am attempt to include cantext—dependent mformatxon a,bnut the 1ma.ga in the entropm _
thmahold selectmn procesd, Alutaleb’ [Abuta.leb 1989] has proposed the use of the. (grer' o |
-level, lacal mean grey-level) scatterplot instead of the grey-—level hlstogram This is also
sometlmes referred to as a two-d1menmona1 hlstogra.m The dmtnbutzon is essent;a.]ly 8 co~ -

' occurrence matrix. dlspla,ying the frequencies of co~ocourtence of pixel grey-levels k with Jocal _
pixel’ neighbou:haod mean grey-levels /. Abutaleb has not specified how the nelghbnurhood o

ofa p;xel is defined: a common approach s to consuler this a5 being made up of a 3 x § block

of pixels with its origin at the centre. The neighhour}mod of the plxel mth hnage coordmates A

. _-(z,g) is a]mwn m Flg'ure 4.1 J.- '

\B(T*_HQ(TH&(T) o N (4.3)-'

{ ( )}} S (49)

N j{; this end, the grey—-level pruba.bﬂihes Py correapondmg tor ea.ch clasa must be normahzed_ _ o

(47)
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R Lo e e (e

% .(f-__1J:)' 1oap | e |

- '-‘_’(“‘Jﬂ_) U | gy |

it

: | Flgure 413% 3 nenyhbourhoad of a pml centred at ;mage caardmates s,g).-_ -

N "'The nlean grey——level of such a nelghbourhnod» is mmply gwen hy

)
¥ fﬁ&;@ LZH 9‘59. S .
e '

where gsy is the grey—le\rel N of pn{,gl (:n, y) l.ll the nalghbourho o d. 'I‘lus was the method - F

- -adnpted here to detemﬁne the Jocal neighhourhood ineans 1. 'I‘he Irequencies f;‘; uf the
 scatieiplot are normallzed by dmdmg by the total number of p:xels in the maage, N, to gwe -
L a plot of (grey -level, ocal meat: grey—«leVél) probabﬂltles

.fm
Pkl =

Cleax]y, regxone of relatively uniform gxey-level wall contnbute ma.inly to scatterplot entnes
on and neax the leading dmgona.l of the matrix, Le: the dwgonal passmg t'hrough quadra,nts '

0 and 1 of Fagure 4.2 The entries far off the magonal correspoﬁd. to more rapid changes

in grey—level in the image, such as edges and noise. Abutaleb exp]icitly assumes that the
off-diagonal quadra.nts (shaded regions in, Figure 4 2) make little or no contnbntxon tothe
. image or its mforma.tion content and can therefore be Jgnored m the entropy calculationa to -
' 'fo]low ) S : : B |

o ~ The sca.tterplof dg spht into four quadrants ‘v* I thzeshold pair (T S), where T is the pixel_ - O
grey—level threshold and $§ is the neighbourhood mean. thxeshold The qua.dranta 0 and lef -

 Figure 4.2 correspond to the two classes (“background” and, “fo:egmund:’) into which the
Mage is to be dmded 'I‘he ahaded regmna are ign.ﬂeé 88. explmned a.have, L



A

'-_ﬂm”"

a " K‘ Po(T 5= i,i:pm - N (4 12

' entropy ¥ is defined as

‘' "4 MAXIMUM ENTROPY THRESHOLD §ELECTION =~ ° - 4

. '{n-l.h—1.) ) B
Fxgure 4. zf Quadmntsaf Huv {grey—levei Zocal mean gmy«leuel) scatterpzat o

Fo]lowmg the a.ppmmh of I(apm: et al above, Abutaleb de:ﬁnes two claas entropies based on
R the class-—-normalllzed co-occn.rrence probabﬂ:txes. _

Pm . Pui R o R _

Hn(T ‘__9.)“- ?};,E Po(T,as ngPO(T 5 T

H1{T .S‘j "i} E - " Iog .'pkl_ o
| \ k=T IeFk 1- Po(_T,S)_ ._.1:«,\:&'1'_'.’0(57,,5'_)_ L

. V, o PR - k=0 l—.ﬁ

is the class pmbabﬂity of qudrﬂra,nt 0. The formula for Hl(T, S) in (4 11) is valxd only if the-_

assumption that the pmbabﬂlty contnbutmns fron the sha.ded quadmnts a.m neghgxble is
correct The str} " correct fom ahauld of courae be,
| § ﬂi:l m ﬁkr o e
: H;,(T S)w - log - {438
o k=T =S4 B (T S) A(T,5) S E

where : .
' -1 a—1

i k—T-i-:l q=8+1

.is the class proba.bmty of quadra.nl; 1 5‘§i11 follomng Kapur et al S meagure nf bma.nzamon_ N |

7? ¢®3 m@m+m@$-*¥7  a¢u%r'
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whlch is maxtmzzed to determme the optlmum threshold pa.u' (r, d‘) ina mmilar faahion o .

L

: 'I‘he main motivat:on behmd Abutaleb‘s assumptlon rega.rdmg the. nﬂ'—d.m.gonal entnes was -

to reduce computational time. It is found in praciice that this a.ssumptlon is not va.hd and o

"-_that use of the correct forms (4.13) and {4.14) results in threshold selectlons whmh often o

" differ substantmﬂy from those uamg the uncorrected formulae (4 i1).

- Fo]low;ng Brmk’s [Brmk 1991b 19923,] rea.sonmg, an alterna.twe uhreshold selectxon achmne' -

" would be to trade off the maxima of the individnal class entropies (4.11) and (4.18) in order -
tofind a Bmta.ble compmmise threahold paar ((’r, a) corresnondmg to the mazimin of the claaa

- | 'entropxes,ae : : - g

| (T’“) axg{l}{T(n—I n<3<n -1
| where the corrected {mmoth(T, 5) (4 13)1s used [Hrmk 1992&] "

_ .Nmther nf these metho&s a.ctually take into accou.nt the informatmn prese:ni, in the shaded

qua.dra;nts of Figure (4. 2), nor s any suggestnon put i‘orwa,rd regaa:d.mg wlmh claspes pixeh-_

{m(ﬁo(r 3),HicT! S))}} (4;1.63- _. o

. ‘corresponding to these should be asmgned to, This {s nsually donn arbxtxamly oi by cresting- . - -

& third class corresponding to “busy regmnﬂ”" Ideally, a t]u:eshnld contour thrcugh the

sca.tterplqt ghould be defined iather than the single point as deﬁneci above. This should

- regult in a segmenta.tion making fall use of the contextual mformatmn present in the plot,
o orresponding to n dynamic thresholding scheme which to some extent avoids the pro‘olems '

- associated with global methods, Unfortunately such a process would bas very diﬂicul,t to
: Jmplemmt ;md would a:[so be computatmna.lly very expenmve. P - :

Entmpy of the gmy-—level m—oacumsnce matrsrc R _\1\ -

Pl '

The co-occimence matnx dxﬂ’ers from the scatterplot deserio above mainy’ m that ea.ch.

'_ entry fi represents the number of thoes (freque.ncy) that a r7sel of gray-level ! ocours in the

- immediate nmghbourhood of 3 pixel with grey-level k. The neighbourhood of a gwen pixal |

-a.t a posfcmn (z,g) is. often deﬁned a8 the S—ne,lghbourhood of F1gure 4.1,

Agam with the aim of mcludmg contextual mformatmn in the threshold aelectwn process,v

~ Paland Pa]. [Pal. and Pal, 1939a] based an entropic criterion function on a 2-neighbour co~

occurrence matrix. This is formed by conmdermg at eack position {t,;;) only the immediate_ -
_' nelg;hbonrn to ihe right, G+ i, g), ‘and below, (z, g 1) A single threshold 7 is found, °
a8 opposed. to the tlu:eshold pair (7,¢) determined, using the sca.tterplot. Ths anp]iee io
~hoth “axes” of the matrix, dividing it into four qnad:ants A, By, C apd D ue shown in - .
E Flgu.te 4 3. The aasymetry of the nelghbourhood deﬁned nere is impartant Ha symmetncal -



. L1} .E

R o

;i’ ___i‘ . . 5.

p

Flgure 4.3. Quadmnts af the cammumnce matma: mau!tmj fmm thmsholdmg at

‘]"he irequenmea of combccurrenoe f.ez aze nmmahzed by dimon by the ovem]l mlin qf the .

d:requsnmes ta gwe co—occutrenca

R

. ::" '
' fm

i‘Y‘nz“"

(n-t.ri 1)

pmba.bﬂltles . R

n--l
l-ﬂ

2 fk:n. B .

The clasa pmbahuhnea of the foux qua.dmnta a:re gwen respectively by

23

. PB(fl.') —'Z

rox U
PA(T) EZPH o
=
o ﬂ.-—l -T-'_,_ "‘i\_.--'
S |

k-T+1 2“0 u

. n--l n-—l

‘b*—'r-l . 1-=='r+1
. . u_\@ n.-] . .:9]’,:,.. .

it
e

. pa(sr).. R,

v i

) . to “foreground” p:xels ha.vmg\“backgmun - pu:e]s ‘a8 ne:ghbqurs a.nd }J ta “ba.nkg;
- pmela g\mh “foregound" neighbdurs ' e

(0.0J - '
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- These class probabihtles are used in the garme. wa,y as before [Kapur et ﬂl, 1985' Abutaleb, -

MAXIMUM ENTROPY Tﬂmqﬁow SELECTIQN e

1989, Brmk, 1991b, 1992&] to normalize tha overa}ll comccu.trence probab:htles in or&er to o

o determma the qua.drant entropms

L B

k“O!“O

Bu(T)= - Z by Fj’f;) log g

"-H T o ?kl 1 PM.
o B( ) | 'k3§;1;§:~Pb(Ij wg}bij

: R | na] .
o DMy DR
. Hc(.t ) = — T jop T
_ kr:;‘-l-l h;:ﬁ PG(T) Pc(T)
) : T n-l )
- ' . Pil -
.H Ty = — -. 1
D( 7) k=0 :«%—1 PD(T) DgPD(T)

- Pal a,ml‘Pal propaae two algonthms for threshold determmatmn based on.- these quadra.nt_

@)

entropms ‘The fizat is similer to Abuteinb’s approach, whereby a total entmpy ofthe ragions B

N correaponding to A and C’ is maximmea e, .

B Ha(T)-l-Hc(T) . ‘3449)"

 The timea_hnld 'r is thus -~ | B

_ 7r'--amg{u<,r< L

(1), given the background (0), can be deﬁned a8

ta @ (420). |

e T}m gecond algnnthm ia ba.sed o1t what Pal and Pal refer 1o ag conditional entrop:.es. Cansidar B
an ima.ga somposed of two regions 0 and 1 (“bad:gtnund" and “foreground?®; say), made up
 of the respective sets of grey—levels {go} and {g;} The conditional entropy of the foregféund _

a0 =-3 Ep(allgo)logp(mlyo) e

“and, similarly,

inthe conditional entmpv of the background given the foreground, These are equivalent to the
" entropies of the off- -diagonal quadrants Hp(T') and Hp(T): Pal and Pal claim, therefors, that

~ in order to obtain the aplimum threshold, these conditional entroples should be maximized,
B Tlus is dcme by aga.in deﬁning their Sum 28 & Jessire of “overnll“ condinnnnal entmp;\r

ff"(T) HB(T) + HD(T)

R(Oll)—”z Zp(yolyx)logp(yolm) B (422)
- 8 : o _ :
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so that

T= arg{u«mn-i

desc.ribed 111 Chapter 2.

.{\

_'I'he fa.ct that these a.lgonthms select a amgle threshold means tha,t a]l pi:xels can be directly

classxﬂed, un]ike Abnta.leb’a method whmh leaves two qua.dra.nts undemded

N Thmshold selectwn uszng the mlatwe entropy mfomatson

‘I‘he meastte of “entropy. mformation (2 8) was daveloped 'by Pan. a.nd Ha.rris [Pam and

' _'Hams, 1990] apemﬁcaily in conmection. w:th the dmcreﬁzatinn of 3 measurement of a phymcal

'(T)}} | cﬂs)f'f :

" The reaults preaentad by Pal and Pal [Pal and Pal, 1989&.] md:cate average performance for' _

-~ the first algontfhn} and cccamanally remagkable perfoma.noa on the part of the conditional
 entropy appmach Unfortunately, the perfdrma.nce of the Jatter d-ppea.rs also to ba quite
 erraflc, resulting in either very good or very bad thresholds, based on b purely nesthem_':"-_ '
. evaluation. Pal and Pal have retained both of these methods in later pnbhcatmns Pal _
~ and Pal, 1989, 1991b], simply mtruducing & different definition of entmp}' (2 10), bneﬂy S

(in thelr case, geologxcal) signal or variable into a finite set of subranges. Forour Pul‘Poaea, this * R

exsctly correaponds to the problem of thresholding a. grey-seale image (partmonmg the data
inte two finite subranges of grey-level) The desivation. of the relative entropy infarmatmn---'

- has been given in Chapter 2, The formula, i m repxc duced here for convemence‘

Et-—l 25 =1 P('—”dm)l?(w) logi‘kd?m
”(x )= 1 PREALTON

where, for our. purposes, # repreaenta the ith grey—levex (the ith dwcrete subranga of the

' continuous brightuess function x defined ovar the image a8 a function of psttion) and the
Y represent related, pnss;hly contaxt»—dependent, qualitative nformation also obtained from" |

~ the data or the measurement process. Usually this process would apply it discretizing conu.

- tinuous data: the meagure ahove is in fact the relative entropy information resulting from the
discretization of the continuous illumination distribution @ produce the digital grey—si.ale' _
image which s our startmg point. We want to dlscretize this image further to m, m < n

“levels. We may proceed a8 i‘ollows R

"I'he rela.twa antmpy informa.txon for diacretizing onr data mto m cla,ssea is given by

Eeaz Sge1 padyy)a(ys)log -'LL(ﬂgml .
- Em 295 ogp(ys)

"(x—w) 1

: In order o incorpurate “quahtativé“ context—related m.fnrmatmn, et 95 J:epresent the dJs~ L
cretized local grey-tevel menns. within & 3 x 3 ncighbourhood (Figare 4.1) of each of the N

' -(4.‘24')'-: |
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The prcbabihtxea in (4.24) i be estlmated in two ways the max:mum ilkehhuod me'shod o
- or t.he_ Bayesiah robust method [Pa_,_n and K 18, 1990]. Let us, denota f;, as the number of ,
pixels for which x takes values within subraylge § andy has the vilue y;: in other wofds, a

L plxels (samples) Tha Ioca.l mean values a:re dmmtwad to take on apy of the 8 d:acrete values. e

- frequency o‘f ccr—occurre:nce 'I‘he maaumum ijkehhond estxma.tea of the releva.nt proba,bﬂlties_. :__ L -

" are then

._.._..ﬁ(:z:;]yj) %—- | B

P(ws)*ér""_". o

- ..=the total m:mber of ;p:xals Ik this case, these qua.ntmea can be obta:lned du:ectly from the _ o

‘. where N_; Ei..q ﬁj is f,he number of p:xels in nalghbourhooda having Iocal mean y,, o
' 23-—: f,j ig ‘the number of pixels faﬂxng within ‘each class and N = 2;__1 2.1=1 fq is R

o _'(El‘ey—level, 1ocal mean greywlevel) scatterplot described: above [Abp,taleb, 1989]»Subst1tutmg - o

i (4 24) gwes the mammum hkehhood estlma,te K

o e 29_1 fsflﬂg(fi,/Ni)
”("““"‘” i~ TS e

NCEORE

B Fbr rchustneaa. the Bayeman eatlmatora for theaa proba,bﬂmes ahould be used These are e o

. [Pan and Harris, 1990] |
_.fu+1'.
ﬁ(mlw)—*——-—-—,\,ﬁm C e |
P(y)_NIs: L (42%)
Ni4+1 '
P(MJ N-:-m )
. yxeld.ing the Ba-yesi&n estim&te of \:he mean of the :cela.twe antrupy informa.ticm as N
N
a ,-gE_N-H i‘—io N6 (R
ooy BTl (B )]

Tia (¥;+1)log (%—1—‘-:-)

- We set m = 2 since we are only concamed with segmentmg the image into two gre}n—-level
. "subranges. A simple iterative process is used to select the optimum hreshold: the optsmum- :
' threshold r is selected as the value which mammlzes the entropy miarma.tian (4,26) or (4 2Bi
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| 4.2 Entropm threshold selection based an other models ami d:stnbutmns g LT

_ Most of the methods descnbed in the prewous sectmn have not motwa.t ed the chome of the e

B Shannog entrop}' TEY eriterion functmn, nor has any ﬁxphm’c mention of a model of thei mmge IR

or the thresholding process been made, except in f.ha caae of Pan and H.anis [Pan and Harris, B

.1993] “This ig nat 6 58y - that! the methuds lack valtdlty they simply Joik theoretmal or .
philose hical motivation. The methods mtroduced below mbased more exphmtly on lmage__ L

| models, Some attempts. are alao made to mciude Imepsures of spat:al mtef—-dependance to -
o mpmve performa,nce S ' ' - |

' The monkey mode!

Vt\

L G'xven the nnmbar of, times tlus model has cume np in tlus thesis, 11: is surprismg that it haa . - ._ _'
_ -not yet been used in the conta:t of threahold selectmn This ovemght s remedmd here PR

J

- (:rlven our adm in th.teshold.mg an unage.. Le.  we msh to spht it mto two J:ela.t1ve1y ﬂa.t,_ '

o homogenmna regmna a8 far 28 posmble, the appucat1an of entfopy baSPd on s monkey model

'of the i mage cIasses vmwed independently ghould yzeld good results, In the absence of ptior - N
mformation, entropy will gwe us the fiattest solution without contra,dlctmg the data (the o
| input image). The uevelopment follows similar lines to those expressed in the prev:ous sestion, . -

The entropy of the i image Ttselt, mewmg pmel grerlevals as probablhtles of ﬂlumma.tion, m —

| -'gmm by (3 7 or, eqmvmently, n

N, . g .
H=—Em1ogm -y e
- 5‘31 : - L oM o
SR o
: . Bl 9 g S S
N "'""E fy alog"é BT

g_.o

AR

where G = E,_l g = Eg_.} 4 f, I8 the'total Mumination of the image, Thresholding the
- image _resm‘ts.__;_,n two losses. It viewed as independent components of the image, we can definé '

.1.‘
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corresPondmg clasa antropxes L DR .,. L

Hn(fl.'.). 5 —2 G (T) 10% Go(T)

i--I( eo)

-'-_--_'-_‘"Efﬂe(r)l"gao(r) S

‘?‘1?.“ o Fopal

=1Gey) | \-
R S ' s

F;,lf’cacr) OgGi(T) e e

SRR em-_-z m e

As before, both the. thz:ephold selection achemes of Ka.pur et aI [I{a.put et o, 1985] ((4,8) a.nd--_ S
(4 9)) and Brmk [Brink, 1991b] (4 10) can be used to determane the opﬁimum tlpeshold T

- It was }ndlcated ahove. that the umnformatwe pnor a.ssummg a ﬂat dmtnbutmn could be
expected to yield good results However, segmentauun is equally depelident on clear, sha.\:p S
discontinuities and similar information: if such information is more xmporba..nt than onr tacit B
' assumptlon of yniformity, we can expect an improvement in performance. on\“takmg such g _
tnformation into a.ccount. o this end a, mod.tﬁed procéss uging the rela.twe antropy (2 2)may -

. be uged. _ S L : : S

A measure of local grey~1efe1 va.nance deﬁned over a 3 x 3 nelghbourhnod (Flgm‘e 4.1), Ng, o
cconbedefiredas o . e b
B a?___ > (Qf' ;"’Na) | o e L
L o odENs T o S R

. where i, 18 the meam greyhlew'el in the p:xel neighbourhood The rela,twe entropy (3.?) af
tha:ma.gemthengivenby S T ST S

o e
4y

'~Ep;1og§_. '"E" "“*1+0? R .'(4‘."31)
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S Tha measure m; 8 saf to 1 + o} as there 1a 10 guamntee that the va.ma.nﬁe wﬂl be non-zaro L
i all nelghbourhoods The dlass entropms become gt

R i—*l(;eo) : o
H*‘m"-"i 4l (T)IOggifa‘l( 1 <

g - s.-.1{,51)

a 'Note that these can o Ionger be expressed purely in tarma of the hlstogra.m, ag in (4 30],'

due to the context*related nature oi‘ the m; 'I‘he process of fhreshold selection remtiaing .,

'unchanged

o ) 'Fneden model of a dsgsta! :mage bounded abave and ?mlow

“-n.

- This model was deacmbed in Sectmn 3.2 of the préwous cha.pter, Accordmg 1o tlus mcdel, .
o _the entropy of & digital image w;th lower greymlevel hound a and upper bound bi is given by :
' (3 10) as - S o _ '

H-;__—chimaulog(g,ma) Z(b g.)log(b m)

. 'or, eqmvalently, ‘ny (3 11) aa -

o= Z fgfg »—a)lng g a) 2 fg(fj g)log(b 9)

o g=B - g=s

‘Brink [Brink, 1992b] 'h'as"'prop'éaea'an irhple'xhénté%tion of this model for threshdld selection, < °
~ Briefly, the i image 15 ageﬁn aphti into two subimages correspondmg to background and fore-
' ground at each threshold 1tera.ﬁion The claas entmp:es, ﬁnm (3 11) , are then gnren by '

_HO(T)= *Z fg(s a)log(g a) Z fg_(T y) s(T y)

. g.._;;

| H1(T)-'_—f E fg(g CTvF 1)‘103(9' (T+1)) Z fy(b y)log(b 9)

3'-"'T+1 o o _ "'_‘T'['_'

_ The optlmm thmeshold T Can, agam be found either by maxinnzmg the sum af Eu(T)‘%nd
Hy (T) or by determining the max;tnm threshold (4.10). The iuterpretation of @ and bin this
cape [Brink, 1992b] is that they ate the respective o posteriori Timits of the original xmage, _
ie. the mmimum a,nd maximum grey-—]e\'als present in the i image. The pnor lxmits gm;n U e

‘-._\ .

(4 33) o



{l

am:l gmu _.,\n w1 could alsa b& nsecl. However, the argumentﬁ a.gamat t}m mddel, pr%senteﬂ I
L i.n Ghaptar 3, shﬁuld ‘ba bome in mind ' : SR

| '-__-IdeaJ]y, P ,/nid o sh@tﬂd behave ) _ _
pra.ctlce, forthga.pphcatlon afthe pnnmples nfmaaumum entropy or nummum t.rosa-entmpy, o o

4 MszﬁUM ENTR;(I;’ ¥ ‘lHRESHOLD SELI CTION R

IR

. e - L S e
: !

between two probability dmtubtmons P _a.nd gi- For our ‘purposes, can be mte;'preted.

holded result ‘a3 the posterior dmtrib i [Brmk and

.p:obabﬂzty\@‘ib}lbununs, ea.ch ‘stmmi

" it s suﬂicxent that the dmtribut:ons a.re pomme, additwa ad, for compamun of entrdp:eg

il

- a:r for dater&nm&hon of;the correct relaﬂlvet or cmss—entropy values, thaﬁ they have the same

Tn order to apply (2 3} to the thxeshold gj ectmn problem, the reau}i.ing bina.ry nna.ge ahcmld

ha.ve levels given by the below»— and aboﬁ'e—athmshold mea.na, m(T) and py (T) of the ongmal _'

_ lma.ge, obtmned from 1ts hxstogram as fo]lows o

o W here g; represents the grey?fievel of pixel %'.Pi‘ the orighnal mage.

@ =3 ff f%) .

g=0b

N

. #1(‘-1"), -~
_ ' ;’; .r.'f-T+1 P (T) o \ =

oo
o

. Using these as the binary image levels ensures tha.t._conai_tioh-(g.34). ié'saﬁaﬁéﬂ; e : L

Y

R Z-af—-—-‘[Zm(m]' | [Z m(T)]
. . ' .9i<3‘ .mb-fu."

Léml =1

-

el

o Mmimﬂm cmssﬂeuimpy or ma.mmum reraﬁue entmpy thmshoid se!—ectwn o o :_' CRR _
' -_'The cmss—entropy [Ku]lba.ck, 1959] (2i3) ca.n he uaad a8, %z non—metric d.tstance meaﬂnre ’

. asa prior distnbutiﬁn and g; 28 a postenor disiribution. ¥ we regard: the- ongma‘I image SRR
a5 the prior distribution (or, in the case of rﬁah\re entropy, & spatlal m gnide for

the thrasholded image) and the thr a?/

3 Pendo;:k 199/]/3% can mminuze t' 8 “dmta.nt:e"’ to determ,n% the nptlm A thresholu, R .' -

(4.35)

)



The cmss—erltrcpy is not a metric dmtance measure a8 1t is not symmetnc wi
- tha two distnbutions p, and qi, i & v . :

o E H‘ (T) ng[pu(ﬂ‘)log”“( ) + glog

4 MAXIMUM FN‘IROPY THRESHOLD S'ELEGTION (R T

L

e A.t a.ny threnhold T the croasH.mtropy, usmg (2 3), ca:n be written ' _' e el

L i"-'l

3 g;ST ’ . L

{%% = g‘ S ""”'*"

% fs@&o(T) log““f . 5 fggz (T)log“‘m

o g:{] . . r-T-l-l

'_ = arg{ 'uf,g}]-

0<T<

Z Qilﬂ_g'-“%zp 105'- |

C il

) It dealred ssrmmetry conld be mPosed by mmply a.ddmg the two dzsta.nces o gwe

respect to_- "

- ‘I‘hg value of T mrrespondmg do the nnnmmm of tim functmn 13 selected aa the ﬂptlmum | L
L "thw‘h*’ld"'aie A A . S S g? .

(4 3'?) o

Hf;. il 1og 24 o ey
U Zq cgp +Ep;og L ._.(_ ).__

‘t"‘l et a"-i

qlog(sJ/P)erlog(p/so 105(9/?)”4»10&(?/@)“ -

oo
=1
% i s

: The expression mside the lega.nthm reaembles (uananee/covamnae), an inverted meaaﬁre of
o correla.tibn, where here vanance” is given by a"’ o }: a:* stea& of the usua,l o* o Z‘ a:“ o

(T)] e

: gl '
. . :I + Z [ (T)log #1( ) "'{"i glﬂg
' 9-T+1 : _ g _

#x{T)]

o

o Wis mterestmg to note that there is some mm:la,nty af form between (4 38) a.nd tha.t of a o
L correlahon cueiﬁment‘ Consider .

_‘I‘]le game. a.ppma.ch can be use&. a8 above ta implement th.ta ﬁ}mmetnc mea.su.re bf cmss- e
. eutropy’ (4.38) for threshold selectmn Followmg (4.36), (4. 38) become.s :

L7 {4.89)
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_ a,nd the optlmum th.reshuld is determinai as before uamg (4 37) : e

s Sectmn 2 1 the mmslam:,r between the rela,tive en’smpy measu.re (2 2) a.nd the crosa—-entropy

o o (2.3-) Was noted‘ E&'ecmely, mm:mza.tmn of the cross——entropy is 1den1ncal to ma.mmlzanon' 3' .
* of thé relative entropy, the only difference between (2.2) s6d (23) being thedgn in front of
. the summatmn Tﬁe ﬂlSLllSSlOB. that followa therefore has equal beam:g on both exp1esmon5 - B

: | I, as is the ca.se fo: the problem of threshold selection above, the pnor d.lstr:butlon, corre« -
sponds ta the ongmal image and. the po%‘l:enur distribution”to the bma.ry image with the first- |
. ‘moment of the original image preserved then the third term in (4 40) is su.mp]y an mverted o
_form of O‘rﬁu’s mezsire [Otsu, 1979]

&
]

.
e

o

|"-: o

L Maaﬁmma.tmn of this meastire was shown by Gteu to be equwalent fo ma.mn:uzation of ]ns )

e It the contmuous dlatnhutmns p(a:) and q(w) Obey Gam.sm Statlstms, maaﬂmmatmn ofthe.l_' o -
_.entropy of the postenomdistnbutmn, g(a), relatrw tothe prive rhstnbut;ou, p(&); or, equiva- PR
Iently, mization of the crose-entropy, can be showr to ‘be telated to maximization of the - o
~ squared Orrelatlon between the d;stmbmons a8 deﬁned by Gtsu [Ots'l; 1979] Cone ; der ﬂm_ L

'Ga,ussia.n dlatnbutwns : :
e ___ - ——(m w)* S
e ’I‘ha cross-—entropy of q(a:) a.nd p(m) 1a gwen’by -
ﬂx(m) j (w)log ;E gdw T
fq(m)dm fq(m\f(m .. . ) ;agogf #) . d&: |
~e; IRYICEY) L
o 2f (oopiple)de
o Ifthe ﬁrst moment is preserved (p 7. ) then tlua becomes
Hx(w) IOg———-05+o.5—--' S (4.40)_ |

o su—cal}ed mea,sure of class separabﬂity” V, whmh in ’mn ha.s hsen shown to be the sqnare of ' -
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__ ) _ 'the ccsrrela.tmn between the u‘nginal a.nd thresholded Jmage;s [Caeke an& Fa.zekas 1990, Brmk, S o
1990} The result (4 40) therefore implies therefo:e that the se of crosi-correlation js a

o special case of the more general cross—entropy or relative entropy principle a;ndﬂm dependent
" on the. dlsfﬁhutmns being Ga.uasxa,n in nature. Bei;‘; and Kapyr [Seth g,nd Ka,pu;;, 1990]

~ bave also I;nked tlus prmmple to that of the mimmu.m Pea:tson‘a chi—squmd (x”) méthod of
_ eatlmatxon); i s : : - -

;- Seymentmon based on spatml entmpy mmsmszata‘m -

'S'I'he concept of spatm'l entmpy [.Tournel a,nd ’Beutsch, 1993] waa mtroduced n;l, Chapter 3.

_ entropy would mvolve the determmamon ofannxn co—-ﬁccurrence matrix for each posaxb%e lag: .

_ _' - foran xmage consxatmg of N pzxels ta.kmg negatwe lags mto a,ccpunt this won,id ment that v:p
ok to AV such ma.tnces could be required. For- even & relatively sma]l mage {100 X 100 p:xe]s
-« say) this is. an enorniaus ta.ﬂk Applying thls scheme to. detemgne the maadmummopy

} threshol&ed mxage could. reqme us tﬂo perform thig task: up to #— 1 txmes, once for ea.ch

| _ B.a.nrlom Field, wzth cach plxel dependent only on putels in its immediate neaghbouxhood e

3x3ors X 5. We. then consider only values of A lying within tlus neighbourhood. Note that

)

A= (A;,J\;) for our pu.rposes Toa 3 X3 ne:ghbourhcod ~LE Mg+ :mci —-1 < Aj <4
., For Eumphmty we will conslder only laga A defined over the IX3 naighbourhood (F1gm-e 4, 1),
Ng, here A feas:ble threshold selectmn achema is suggested be.low

'_ The requirement of statmna,nty of the proba.bihty dietnbutmn ﬁmctmn pg (1 8. mva.na;nce of
~ the greywlavel hlstogram with position) is observed. For our pm:poses “this- unphes “wra.p—

‘ atound” of ‘the image: the image is a.ssumed 1o be penod.u:, repeahng mﬂmtely in- eanh

 dimension. Wlthout thxa assumption, the relative spatial antropy would not neceaaarﬂy be
: .].u:l:uteli to the range [0 1] as datermmed in Ghap{.er 3 (3 24) - :

' -Steppmg itera.tnve]y th:ough a.‘ll poasible threshold wwlues, the ima.ge m binmzed at each L

. threshold, T The bmury (2 X 2} co——occurrence ma,tnces aa:e caqulated for each (bmana.te)
'_".lag,)x,gmng | | o c g

_ = 'Thxa wag pioposed 8838 measue of image entropyy 10t spec.lﬁcally as a criterion function for
- threshdld selection. As suggested in Cha.pt"er 3, the calcilation of & smgle valtue of sgatiaI

. - \‘:. R

” threshold value. ThF first mmphﬁca.tmn, therefore, 15 to trea.t the image as a type of Ma.rkov "

U'

Pss*(/\) Pno(l}, Pm()‘)s m(i\), pn(z\), V«\ {A,,A,), Ai,f\, = _~1,0,+1 -

- Using (3.23) a,nd (3.24) we determme._. S

1 1

H (T: ;\) =- E E PM:’ ('\) lﬂang’ ()‘)

y=0 g-'-0

._.U
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e 7 (T’A]H.H(T A) E(T,{}) - ‘

_ o, ¥ . H(T, 0)
. The mea.n over aJI lags n ’che 3 X 3 ne.lghbonrhood Ns,

FR(T) dz 3 AT, A) (4.41].2 o

: AENa
ff e

P R(A) YA # 0. This follows similar resa:ung to that Justlfymg the use of ad asymmetncal

neighbourhood by Pal a.n.d Pal [Pal a.nd Pa.l, 1989a.] in ﬂeﬁmng the co—uccurrence ma.trix o
the present apbmoach it shoﬂld be clea.r from the symmetry qf N3 tha.t the co—orcvrrence°
: .matnx oar:respondmg to a nega.twe lag is smply - “ﬁ.tppe& version (reversed a.Xes) of |
_ f.ha,t correapondmg to the symmetncaﬂly oppoae& positwe la.g of the game ma,gmtude, 1, S
| p,,,-(+A) - pygl= X). This implies H(+A) = H(~)). Besides the biased weighting that this -~
- - causes, many of ths calculations are redundant. We therafﬁre conslder only pqmtw‘e (ox only_._ o
. negative) lags, reducmg the nelghbouxhood further to mclude only the ongm its Jmmedm.te o
o ‘neighbours to the #ight and below fnd its dxagonal aeighbours below which fall within the

- _orig‘inal 3x3 nmghbourhood The mudlﬁed nelghbourhood N, js ahown m Fxgure 4. 4

1\ :
T 1o
| e | o ||

—

- .Flgum 44 The asymmemcaz 4’"3‘9”5""""0"“ ( ‘ffuture” sampfes or posuwe la.cs) of @ pivel B
S centred at nnage caordmatgs (a, 3) ; .

-l
i

| Tlua nnbiased versmn y1e1d3

;{t lshould be noted thad: the use.of negafiva as we]l 28 posinve lags resulting from use of__ - _' _
_ '-"tﬁe symmetncal nelghbourhooﬁ Na eﬁ’ect:vely welghts the meastire H R(T) m 1a.vour of the : .

T

HR(TJ | ZHR(T A) f 'c414421

J\eng

o Since i is 2 measure ot' spatlal dnsarder, ma:nmmg the relative spatial entropy with respect L
to the threahold would yield the mast &Jaordered bina:ry result. thie i 18 not usua]ly demrabla
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. _The gmdmg pnnmple here is therefore that of sspamal entropymzmm:zatzon Smce the teivial - 8
' mngle—-level regulf of thresholdmg in such & way that all pixels ‘belong to the same class could | L

e seen as displaying a minimum of spatial disorder, 1t is necessary (and not unreasonable)

. 7 to Limit the range of allowable thre.shald valiies o lie mthm the grey—-scale range of the izput. .
_Jmage, le o < T<b where a > ﬂ and. b< 7~ 1 are the a posteﬂanlzmits ofthe nngmal e

2 | .Note tha.t t]ns method deals d:rectly wlth ihe 'bmm-y results of thresholding the image, not

' ‘the original grey-level arrangeiment of each class as other methods have done. Determina- -
- tion’ of separate relative spatial class entroples would require stationarity of the greyﬁle\rel_ o
+ __dlstnbutmn of each class, Le. wrap—around within each class as opposed to the overall im. .
age. Since the reglona correapondmg to each class are nsuale to somie extent fmgmentedl'-
B there is 1o obvmus compnta.tmnally e:ﬁiment ‘way to achieve this. Axn absolufe measure of
 spatial entrapy, not dependent on sn asstrption of & ata.tmna.ry pro'bablhty density function, .
: could be used in such- 4 case; this is eﬁ‘ecnve]y what has been doge by PaJ and Pal and . -
" others [Pa.l and Pal, 1980a; Abutaleh, 1989, Brm.k 1992&1.] A.nothar approach is to uetermme{a &
: the relutive spatial entropxea of the t¥p subranges of the histogram resultfn,g fpom its pam- BT
o tzoning by a. threshold a hwtogra,m wra,p-a;ronnd could be- nged fo ensure sta,tlunamy and . |
" the resulting relative spatial entrop1es of the histogram may be used to select the optimem
o threahold in terms of hmtogram parmtmmng ’I'he followmg; methad ba.sed on the hmtogram- Sk
o automrrelatlon funchon is baaed on auclt an argument. o
Segmentataon usmg the autocafrelatwn ﬁmctwn of the histogmm ."-\‘\T' -
o The method, descnbed here uges the a.utocorrelatmn functlon of the hstogram [Brml:, 1994]
.. The entropy of thm dmtnbntmn is gwen by (8. 28) a.s o

Hr‘” Z Pklﬁgpk S . o e
o kel R
S
‘ ' w=i-n Tk

. .'-'-j';:." R

ig the proba.hmty tha.t p;xels diﬂ’ering by k grey-levels 8 rela.ted -r;, being the correla.tmn: U :
.. coe:ﬂiment fOl‘ a dﬁla,}' of & s:lgnal (hlstogra,m) sa,mp]_eg o

. When the zmage is thresholded the hlatogram is spht nto (m the case of bxna,ry threshulding) B L
two subranges which are ideally distinct and homogenaous, allovmng them to be regarded as
' separate distributions, At the optmum threshold it ¢in be expected that these d.tstnbutmns. i
_would be. ab then: most nmform, resulting ina hxgh degrea of mter—rela.teﬂnass” -



o where

L and

i
3

4 MAX:M{;M ENTROPY HRESEOLD SELECTION oo
leen a;lllmage w;th a glfey—level rﬁ?ﬂge @ < ggb, the ﬂu‘eahold T 3]?‘11“ th‘“ into o ranges.- “ »
a<yg <\T and 41 < g <be Fa]ldwmg (3:2@1 ’Ghe coeﬁments uf ’che automrrelatmﬁ R

functmns for these aubrangea ca.n be determmed as

9““ .

AP S @@ -GeT-DSkSoTo e

(g=THL

where o 1}.\ |

{p"/PIET) '.T"f 1<9<h

' | Po(T) and P‘(T} are ﬂ}" "1“‘55 pmba.bﬂxtms (4 1) a8 bﬁfﬁm The. a-utucorrelatinn va:luas a.rq. o
- ﬂbrmahﬁed ) get “proba.bﬂltlee ofm'ser-—relatedness SO L

/x“ o '_ e _' : T;,(T) e |

A S *u(T) =
- = _ _;: . o g;:;f'rkcr)

*I(T) . ih( . :

" The corresponding class _éntrbpi_ea c'a:a bé defined as- |

e R
(T) == p::“(ﬂ‘)log (:r)
— %-n—T : .
o o b-»T-l o
S S HI(T) - 3 (T)logp 1(T)
o o - k—T+1-b

- As before [Ka»pur et, aI 1985], the sitm of theae entroples can- be maunmlzed to find the _.
optimum threshold (4.9) or; alternahvely, the threshold corraapon&mg to the maaumm [Brmk,.

1991b] of HG{T ) and HY (T) (4 10) can be 1mp1emented. y -

B 'Idea]]y we would wat to a,pply such a scheme to the imige 1tse1f takmg mto a,ccount thel__ Lo
rela.tmnshlps betwean actual plxeia I:[owever, in thresholdmg the i mage the xeanitmg :eglons )

- /n,(:r) me(r)pgm ~(T a) <kﬁt r-a )

.:(4;47): Rk

s .

L 9<'_ﬁ+ Lg>bo oo b

e



e
. . . I
B

w P %(T) E *j(TJ
: : o 3,.1 S gwmY :
"The mmplest solutmn is o normahze bnth dlstributiona, ad in (3.32) and (3, 34), to get
| /Ty '.
()= - S mesr), 4= -*;E;l

.!'-wi

S =iico _. |
.. Hi(T) =t -—Z pl(T)logpj(T) ) PI(T) il(T) L

§=1

o =—Z 9:?11051?1. m-*Iinel
- =14g1 _ _

| 0(4;49)1:

B mxmw ,E;NTRGPY Tmsmm sm‘mcmm B TR
(claases) are noi: necessardy tonnected ot contmuoua dgtemh.g the sample pomtmna <(q.u--' o - 4
- ordinates) of plxels relative to their regmn«on,@ns is therafore not. posaible. Tn dthor words, R
- oin Jma.ge Bpace the regxons cannot be taken a.a two aepa.rate,muwendent distributiana. -
Thmsh‘afd selectzon based on the “IabeHed phof.on” made! |
L » This model is descnhed in Sactum 8.3 Effenﬁvely the sa.mple eoordina.te of the digita.l mgnnl. R
(image) Is itself used a8 a probabmty in the entropy axpression (3.31) or (3.32) In this ) oy
approach, the dzs;ointednesa of the Hub-imege, resulting from th@:esholding is lgnored. ’I‘he..' L
' | two class em:wpies, ﬁom (3'31] and (3.32), are thua gwan by ' '
- HG(T) = -§2 ymlogssm SR S
R _" o #
B TG e - )
oo H:,(T)- —«): (‘I’Jlagz,(T) ©
R TR R
1..-;.":\2 "'gr;a'l'b.g'i' A
o CoEElg s _ o g
N ) whe:ce ej(T) denotaa the. lmage coqrdma.te iofall photons J auch that the greymlevel g, < T, o |
o (T) denutea those of photona contnbuting to areas where g > T Aga.m a. pret:ondltion T
' _ for companson ofthese dnstnbuunna s that we requue ' B o



Lo

e the class caordinate sums. As is with most methods-@@alt with, either maslmization of

| 4 MAXIMUM ENTROPY THRESHOLD SELECTION 61

the sum of Ho(T) sand }1’1 (T or m"andmjzation of the smaller of these can be used f:c: deermine \\

: _aptxmum threshulda

- In the next nha.pter thc results of appiymg sorme of the methoda of Sectmns 4, 1 and 4.2 are””
_shown. While one cax often evalua.te résults of this nature on the basis of their appeaxa.nce, -
__11: is ae;llvnble to quanitfy this in some way in order to evalua.te techniquea in an n,;nbaa.sed
_ ma.nner. Thig sanect 38 bruached in. Chapter“ﬁ ' - '

"
. .\__';:. N :

a

in

B

o
i
3



'_ ChapterS '_ _. 0 -

4

Ted

. The resul., o applying ma_hy of the thr_es’holéiﬁg Ismcess;a described i the prei(j.oﬁa c’i'népter-_ e
. are presented. here, "[‘hfee'sﬁﬂiple images hava bee:ﬁ used o demonstrate their parfnrma.ncb\, e R
ol of them raasona.bly sthited to bi-level thresholdiug. Al the m&gea “Thave one byte (8 bitg) '
" petr - pixel, aﬂomng a grey-scale ra:nge of. 256 discrete levels (g = 0,+++,256), The image: v

dnmensmns vary, The first i is & sq,a:nned image of René Ma aritte’s pamtmg The use vf words I

o (Figures 1. 1 and 5. 1), consistin;g of 300 x 236 pmela (N 70800) The next is a low tontrast AR
_ v:deu image of part of a printed page (Figure 5-2) of 126 X 126 pixels (N = 15876) and the o
final image (Figura 5.3) ia ani infraxed image of & warm tarved road in the early evening; made - - N
up of 256 % 256 pixels, ie, N = 65546, Other ma.geﬂ have been figed in this research, but - |

" are in general not well suited fo binary threshol&ing, yield.mg results w}uch wehidle: somatimes

=

a.eathetica.lly pleaamg, have little a.pplic&tlon SRR . -___.,w,:/f-“f .

_ In Sectmn 5, 1 the results of uaing the techmques descr% ed in Sectwn 4 {are presented The
‘methods used are those hased on the histogram. [Kapur f al, 1985; Brink, 1991%), the (grgy—-”
level, local mean grey—level) sca,tterplot [Abutaleb, 19(89, Brink, 1992a], the 2~«nalghbour ) o

grey-level Mrcurrence matiix {Pal and Pa.l, 198%a) and the relative entmpy Moxmatmn '_ |

[Pan. and Harris, 1990]

.The results due %o the new mel:hods descnbad m aectlon 4 2 a.re s]mwn in Sectmn 3.2, Theae L
~ include the standard and the context-vuependant (mod:ﬁed) mei:hads based on the wonkey

model, each using both threshold detemﬁnatmn schemes 4.9) and (4.10), the mndal with.

~ both upper and lowar a postenori grey-level bmmds [Brink, 1992b), minimam cross~entmpy _.
. threshold pelection [Brink and Pendock, 1993], tlueshold selection by relative spatial entropy “
mimnﬁzation, thresholdmg based on the autocorrelation function of the hiatogram [Bnnk,
| 1994] and, :ﬂnally, the reauita of 1rnp1ementmg the “labelled photon" madel. o



Flgure 5.1. The nge of words 5, René ngratte, 1998-.99. 1 byte per psze! 3(}0 X 236 pwe!s,' :

gmy—level ranye U Lg% -:: 200,

_ FJ.gure 5.2. Video image of a pamon of 8 pnnted page. 1 b;,te per pwe! 126 X 126 pmels ”
. gmyﬁievef range 33 & g~<63 S \ :

<178,

- Figure '5._3 Infraved tmage of a mﬁg{tamd road in the early evenmg. 1 byte per pwe} =

256 X 256 pizels, gneyftevel qa_nye_z 1'8'9\

=)
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'I‘ha results are presauteci wﬂ:h m:mmal mmment Some remaa:ka J:ega;rdmg ncmpi.e:memi;aﬁm:m,,{§

i,

i relativa compnta.hon tm:es nnd limated sub;active evaiua.tions appea.r m Section 5 3. o |

- .1 'I;hreshalded images ¥ mg ﬁ'om the methods of Ghapter 4.1

In the ﬁgures that follow resuits of the mplamentatmn of the threshold aelectmn methads o

' deserihed in Chapter 4.1 are presentted for each of the sample images (Figures 5:1-5.3). To.

- fac&tate compamen the msults for oach. nnage are presented togethef and numbered aa _ T
. Figue5x (a) to (g). Each figure has been Brbker. across two pages due to size constramts S
L The letters refer to tha fellowing methoda' ' :

- (a} Reaults of a;pplymg the mehhad baased on the histogram entmpy proposed by Kapur et 8 o
| aI [Kapm 5 a:, 1985] o |

R

o

8 (b) B.em.lta of usmg tha mbd:ﬁed method baaed on the h;stagram enﬁropy, due To Brmk o )
{Br@k 19911:], where the mazzmmﬁf the clasg antropies I8 used to aelect the thraahold

= {e) Tha uncorrected method based on the {grey—-level loca.l mea.n grewlevalj acatterplot, due' L
e Ahutaleb [Abl,taleb. 1989] Note tha.t a B—dmnsmnal threnhuld vector ig- selected o

here‘ o e i _ _
i (d) Gbrrected versibn of the a.bove meﬁhod due to Brmk [Bnnk, 1992&}, agam uaing a mae- .
' smm entmpy threshohi aelection cntenon o -;_ : ;

o (e) R.eaults of usmg the ﬁ‘s:at anomthm propo-sed by Pal a.nd Pnl [Pal and Pal, 1989&], based-__ co
| on the dlass (quadram:) entropms of qua.d:a.nts A and G‘ of the 2-meighb0ﬂr w—nccurrence- -
_ ma.trix (Fxgure 4.3) o - : . o

A The second algbnthm due to Pal and Pal [Pal an& Pal; 1989&], usiag the entropiea of
quadrants B a;nd D of the co—occurrench matzix. B R A

Wi
N
(g) Themetlmd of Pan a,nd Hama [Pam ami H’ama, 1990] ma.xumzing the rela.tive entrapy' __
information measnre: the vestilts are identmal for both the maximum hkehhood (4 2) .
: amd the Ba,yea:an (4. 28) eptimates, : : B

' The a.ctual threshold va?{ue (or Vectj)r) selected in eat.h tase is gwen in the relevant capunn

ey s
gt o

e 0

W
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.(a)_ o E | (b)

_ "Figure 8.4 Results of threaholdmg the amage of Fzgure 5.1 (a) T = 133 (b) t= 95, (c)
| (r,o-) = (120, 111), (d) (r, a) (94 91) (&) r= 132 and (f) T = 81, A

 Continued overleaf,..
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Figure 5.4 (continued) Reoults of thresholding the image of Figure .15 (g) v =137,
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o __'(f"’)

o _Flgure 5. 5 Reau!ts of threshaldmg the image of Ifzguhe 6.2 (a) t= 48, (b) —r = 48 (c) o

(51 50), (d) (1',0') (46, 4'?) (e) r —-48 and (f) T 45.

73 1hc ahbrh B
7 ite many jour]
kel lishel
viated at the "]
is ahbmﬂam R

Contintied overleaf... "
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" Figure 5.5 (continved) Results of thresholding the iriage of Figure 5.8 (g) 7=53. . . -
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- Figure 5.8 Restilts of 'thfeéhql_di'ngf't_he_im@ge of Figire 5.3 (a) 7 = _9'4, (b) 7 = 04, (e)
(r,0) = (86,87), (@) (r o) = (92,913, (e) i _B'i'_th_(f) r=86 R

P

_ Cdminue-ﬂ overleaf,..
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- Figﬁré3-.a;8't¢onﬁnued)-. Results of ﬂzf‘eaho!ding the iirnage. of Figure 5.8 .(g)' T =86

"5 2 Threshglﬂed lmages resultmg fmm the methods of Ghapter 4.2

';i:

R {a) Resulta of apphnng the first method ba.serl on the entropy clenved from the monkey
 model.of the image, determining the optnmum th:eshold as that value which. maximizes '

he sum. of the class entroples. _

.:'(b) Results of applymg the. second method ba.sed on the entropy demred ﬁom the monkey. |
‘model of the image, where the optimum threshold ia the value wh.\ch ma.mrms Y the o

amaller of the class entropxes (mammm appmach)

" (c) The modified method hased on the monkey mndel incorpora.tmg loca.l va.na.nce data as
@ measure in the rela.twe fmtropy expression (4. 31) and (4.32), The sum c:f the Cla.sa"!
- entmpxes (4 32) is mmmmed to determine the threshold o -

: (d) 'I‘he mﬁﬂlﬁed method baged an the n:mnke:l,P medel ma:umlzmg t‘ae smaJler of the class

ﬁntropxes (4.82) to &e:termme the th.roshold

':(e) The method based on Fneden’a [Eneden, 193{] Brink, 1992b] madel of an image wlth

known upper as well as lower bounds, The sum of t;he class entropzes is mammlzed to
deterrmne the threshold, : . _

In the ﬁgurea that fq]low results of the mplementation of the new thresholding algonthms o

. introduced in Chapter 4.2 are presented. To facilitate comparison the results for each of S

the mages of I&gures 5.1~5.3 are presente.d together as far as poasuble These have been '_
o numbered 43 Flgu.re 5.x (a) to (m). Dueto page size conStraints, each ﬁgure is broken. a.c:ross_ _'

_ -three pagea”} The letters (a) to (m) refer to the followmg m.ethods -

S
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(f) ;&s above, But namg ﬁhe mamsmm method to determne the th:eshoid

T M

L _(h) Results of mPlementmg the symmetnc versmn of the chss—‘én‘tropy formula; (4 31) to" B

determma the optimum threahold : A R :ﬂ

(1) Mlmrmzatmn of the rela.twe Bpa.tnal entmpy (4 42} [.‘Ioumel and Dentsch 1993] of the_l S -_.:-‘_

bmary result. in order tn seIeK:t a smtable tlu:eshold

RO Maximmatmn of the & suri, of the clasa entroples as determined from t;he a.utocorrela.tmn'_ Lo

' '-i mncnons ﬂf the clqsa histogra.ms [Bn ty 1994]

(k) Mmmm df the class entmples a,s deterrmned frcsm the a.utocolrelatlon functmns nf the_ T "

class histograms [Bnnk 1994]

e J p"'.____ . T
._.‘,-).__ 5 'ri' g : e .

o _ | of l:he mage, e' sum of the cla.ss entmples is mat:cmngJ W aﬁrmne th% tﬁmahold

(m) As a,bove, but; usrng the mmmm of the class entmpxes as ra..thr%shdld selector

The a.c:tual tlu-eshold value (or vectdf) selected in ea.ch case 1s gweﬁ in the&eieva.nt ca.pti;‘\h

. o
{i, y :
o~y 4 ua.
~ E . T
S -
R
g SR
3 .
0. i

sl om mplementatmn of the method based o 55% ‘fﬁ.beﬁed phman model -

. }/.:
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Flgure 5.7 Resutts of thresholdmg the fmage nf Fzgure 5..1 (a) T = 153 (b) T = 153 (c)

T

: Cdnti.nﬁeﬂ -averieﬁf.;:

'a-,.uu,{d)r 65,(e)1* 132, (f)f—132 S e T \Q
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_ Flgure 5.7 (continued) Re;ults of tkmskoldmy the fmage . of Fzgure Bde (g) T 57, (h)
_"r‘ 64,(i)'r' 119,(;)7‘ }.39,(!:)1' . o o S

o Continued overl_eaf.... |
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F:gure 5.7 (continued) Results of tiﬁ‘ur‘f.-.w'za!dimg,,' tne amt:ge of Fzggre 5.1 (l} 7 = 156, (m)
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Flgure 5.8 Resu_lfs of thresholding f.h'e;. imuge of Figure 5.9 (a,)ru 56,.’_(1:).7" = 56, (e) : _

S r=sL(@r=gE@r=L el

s
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_' Fxgura 5.8 (contmued) Resulls of thresholding the i zmaye of Fzguw 5.2: (g) T = 49, (h)' "
= 49,(i)r==53,(.1)fa-48,(k)?" 48 o - |

- Continued dverle'ag;‘...
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_F."igure -5;3
Cor=B6

5 -RESULTS
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(continued) Reaults of thresholding the image of Figure 5.8 (I) 7 = 56, (m)
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(e) .. . © -

- "F:gure 5 9 Reau!ts of thmshofdmg the imaye of Figune 5 3 (a) T = 90, (b) = 94, (n)

'1- 91, (d) =8, (e) T = 04, (f) T % 96,

Continned overleaf...



(g) B B .. (h)

F:gure 5.9 (continued) Resu!ts af threskafdmg the amage af Fsgure 5.3 (g) ™= 84 (h)
"r 83, (i) 7= 85 (j) 7= 100, (k) r-95.
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Fxgm'e 5 9 (wntmued) Results of threskoldmg the zmage of Fzgﬂre 5.9 (l) r = 117 (m)_ -
...r = 116. _ . : o _—

__53Rema:ks o

' I'I‘he results of Sectmn 5.1 1nd1ca.te an. a.esthetm 1mprovement when the maxinin a.pproa.ch_
- {Figures 5.4-6 (b) and (d)) i is used, In particular, the results of Figares 5.4 (a) and (c) (based

o 'on summation. of class entropies) appea.r to e mote successful int actuilly segmenting the o
* image into strict “baﬁkground” and’ “i‘oreground“ regions without regard for illumination of- .

fects such as reflections, while the maximin approach (Figures 5.4 (b) and (d)) appenrs rather "

to “binarize” tha image in an attempt to approximaie the grey—-scale Jﬁlage with only two .

. ‘auput levals, However, from t.‘tus set of examples it is clear that the grey-IeVels correspondmg
to the “ba.ckground” t:laaa at the mouthpmt.e end of the pipe in Figure 5.1 are similar to

those constituting the #foreground? <lass in the reﬁectxon on the pipe bow} and stem. Globa.l o

threshold selectlon ca,nnot avoid such errors. The method of Abutaleb [Ahutaleh 1989] (Fig~
 ure 5.4(c)) comes closest to correcthr dlstmgmshmg hetween these clastes, due to the uss of
 limited contextual information to select two thresholds, one for grey-level and one for local

mean grey-level. Uni‘ortuna.te]y, one is left in the dark as to how to antomatically cla,ssify
those pixels which remain uaclassified, shown as an intermediate gre}'*level i Figu.res 5.4-8
(c) and (d): This could passlbly be accomplished by 2 region growing process, but such
__ methods can be time consummg The methods using the grey—-level co—occurrence matrix
' [Pal and Pal, 1989a] (Figures 5.4-6 (e) and {f)) appear to- yield useful reaults from both -

_perspectives Use of the' a.ntual clags’ qua.dmnts Aand ¢ (F;gure 4.3) gives a relatively guod .

- separation of “objects” fram “ba.ckground“ apd the conditional entropxes from. qua.dramts B
- and D yleld results that are a.estheticale pleasing.” Finally, as one would expect from the

meastire’s context—sensitive nature, the resulis of using the rela.nve entropy information [Pan

. and Harels, 1990] (Fxgures 5. 4*6 () also display 8 tendancy towa,rds actual segmenta.tian_ '
. rather than mere bma.riza.tmn. - -
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_.__.The results’ of a.pplymg the new methoda mtroduced n Chapter 4 2 (S ectmn B, 2) ate i A

) ' variéd na thoss above. Ambng tllese, those ohtamed bj‘ xmplemgnta.tmn of hoth the standard-
I (non-rmetnc) cross-—entropy or relative entropy and the modﬂied memc version stand out' AR

a8 bemg among the most. aesthetically pieasmg (Fxgurea 5.7-9 (g) and. (h)) ‘This measure,
. while not ta.kmg specific account of pixe] positions i the image, foes use. context-—rela,ifed

| mforma.tmn b\r aasnmmg the ongmal grey-—scale image as a pnor mndel ui‘ the th.resholded C
' result It can alsa be regarded as & relation of the monkey model, ‘which sxmply assumes'- e
-« » nniform prior distdibution. - The dn:ect xmplementatzon of a mcmkey model fcr threshold

| .'selecticm (F:gures BT~ (a,) and (b)) gives quite dzsappmnﬁng msnlts 'f['hese Are. draaticany -
-_ improved by mcorporatmn of the local va.;uance as a measure on the Jmage (ngures 5.7-9

(=) and (d)) As could be: expected by itrs ad"hoc nature, the results of using the “labelled .
. photen” model (F‘:gures 5.7-9 (1) and (m)) appea.r to be unusable for any normal apphcatmn T '
The rnathoda based on the Frieden moﬂel of an ima,ge bonnded above and below (Fagures '_

579 (e) and. (f)), a5 well as the a.pproach Based on- mmmxza.t:en of the relative spatia.l- s

" entropy (4.42) (Figures 6.7-8 (1)), ha:ve ylelded resilts compa.rabh to those. af the methods of _

. Kapur et al (Kapur et of, 1985] and Abutaleh [Abutaleb, 1989] (Figures 5.4-6 (a) aid (e)and. L

- . -appeat to have sepa.ra.ted the i zma.ge classes as well as possibile gwen the globa.l natura oi‘ the . C _

""" thresholding process. The entropy of the autocorrelation function. of the histogram [Brmk o
1994} has yxelded similar results to the metlmda based, d.u-ectly on the histogram [Kapur et al, -

o 19853 Brmk, 1991b} when the sum of the clazs entropms is max;mmed the result is af:pears

’ to try to separate the classes (F1gure 5.7-9 (1)) while the maximin. pmcess results in a, more'-_ I

themcally pleasmg output (Fgu:e 5.7~9(k))

It will ha.ve been. notlced tha.t many of the techmm.tes used, wh.ule purportmg to be 'based of -

the image itself as 2 proha.bxhty distribution, can easily. be. {and in many cages ha.ve been)

expressed in terms of the image histogram alone, “While this abvmualy means that anly A
information from this ra.ther limited distribution is tsed, it has also enab]ed the pmcesses -

- concerned to be speeded up substantially in terms of computation tme. Often. more than = -

one threshold may be vequired, as many ima.gea congist of more than just two classes. Most
of the methads described can relatively easily be extended to allow selection of such multxple -
v+ thresholds, at the cost of increased computation time. The protedsiog apeed is divectly
- dependent on the nnmber of thtesholds desired the numher of reqmred calculations bemg _
- Proportmnal to | : . : -

-
“,_,qc,. = G- a-T

- where (b a) + 1 is the' number of g:ey»-levels in the origmal mage (b=~ a) Is thus also the___ c
- _number of poss:ble threshold ca.ndjdates) and # is the mumber of thresholds deszred o

| (§,.1)_'_: -
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The eva.luatmn uf thresholdmg methods and resvita is often a.suquctxve procesa. In Ghapte{“‘* .' g
’uds of qnantxtatwe threshold evalua,tmn are presented a,nd dlscussed. . : S

s

N . L L e

.{\_.




o Cha,pter 6 :

" Evaluation methgds

‘The evaluanon of thresholdmg methods appeaccs o have recewed httle a,ttentmn in the past
: Whﬂs snbgectwe evalua.tlem of results for a specizﬁc a.pp]ica.txon is in genelal quite eﬂ‘ectlve,'

it would be far more sa.tmfa.ctory to be able to quantify one’s preferé,pce Most metliods pug-

gested to date have dealt mare ﬂpemﬁcnll}' with the evalua.tlon of the res’..ﬂ‘.a of using various

-  threshold selection ‘methods [Weszl, and Roseni‘eld 1978; S1era.ck1 et al, 1089], as opposed S

- to the techniques themselves. Thia is bazdly more sa,tlsfa.ctory than subjettive evaluation. _
S In ALy Case, as it borne out by the wark of Weszka. and Roseni‘e]d [Weszka. and Rosenfeld :

1978], a method that can be used o eva.lua,te threaholded reaults can itself also be used as -

| a criterjon fonction for the selection of a supposedly. optlmum threshald' how do we eval
| -uate the evaluatmn techmqm" 'Other methods have been prupoaed to evaluate one aspect
or another of the relative performance ofdlﬁ‘e.rent selectmn tenhmqnes [Brmk and De J ager, '

1987; Albregtsen, 1993] A poamble solution may be to eva.lua.te any given. techmque on ¥
" combination of various criteria since good performa.nce for one a.pp]ica.’mon ma,}f be poor for
another, as was md:ca.ted in Sectlo;n 53 of the prevmus cha.pter -

6.1 I{ennst:lc methoda '-

Weszka a.nd Rpseni‘eld [Weszka. and npsenfem,. m&] addressed tlw problem of threshold':_
evalua,tmn using two criteria- to measure the “cos} of & given threahold a.pphed to an image.

TheSe criteria are based on discrepancy (error) and bus;mess, respectively a.nd were developed_'
from earher measu.res for the evalua.tmn of i nnage smoothmg methods. - :

: Dascmpancy meaeufement

A slmpie direct meagure of i mmge d;acrapa.ncy cun be obtamed if the: threahoided image levela o |

are ae‘c to the o nmra below- aml a.bove—threshold means of the a, 1g1na1 grey—-scale xma,ge,



o '_1987]
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'aua(T) andm(fl‘),gwen b:f (427) as

#o(T‘=2;
: ﬂ—i o
93’ ;
#1(5-")
| '_ The dxscrepancy D(T) batween the 1 magee 1 then mmply their absolute d.lﬁ‘erence [Bnnk,
D(T) Ely m(:l*)lpg+ E lg- m(T)Iﬂg o ._(6-;1)-- |
Cog=0 e 9=T+1 e '

_. - .The levels of the bma.ry m:lage oan alternatwely ba gi\ren by p, :J: a. [Weszka. a.nd Rosenfeld
g 1978] where p is the ongmal unage’a mea.n grey~1eva1 ' DR
.’ =E 9Py
L gmb e

" and o is its grey-level sta;nd_ard. deviation B

_ R . \JZ(‘Q #)23,9

" An alternative spproach, adopted by Wesska and Rosenfeld, is to measure the classification
. error mcu.rred by using 2 given thteshold Tlua is based on the assumphion that the image

- s made up. of two distinct components (“backgmund" and “ob3e¢+°‘ agam), each havmg a o

speciﬁed range of grey—levels, and then computing the probibility -of nusclaamfying obJect_
. pixels as ba.ckground and vice versa for atiy giVen threshold, This is then a measute of the
d;acrapa.ncy between the thresholded mage and some “ideal” restli. Weszka and Rosenfeld .

- do ot explicitly state the form of this meustive, which reqm_res exar.t. prior knowledge of the .

-_ ba.ckgvuund and object distnbumons '

" Siera.cki et afevalua.te vations threshold selecfmu schemes, most of them ad hoc, for the speclﬁc o

_ a.pphca.tlon of segmentmg microscapic ﬂuareacant cells from their background [Sxéra.clu et al; -

- 1989]. The reqmrement is that the cell sizes obta.ined ﬁ:om the segmentad image should be

' -'-a.ccura,te Bas&p onl test images where cell sizes were known a pmn, the erroté incurred

_ by each mnthod were evaluated by almply subtra.ctmg the knuwn a:rea. (m pn;els) from the S )
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- ; a:cea. obtaaned by aegmenwt:on, Tlus waa then expresaed 48 4 pegcentage of the ki’iawn aa:aa., '_
- referred to ps “normalized error”.’ The ertar was meastred folﬂga.ch cell and the means and . <
o standa.rd deviations of these measurements wers ugaci to evaluate each techmque L '_ ”2" S

a Clearly, dmcrepa.ncy measures such 28 those demihed a.bove can thm}/ [sehres be usecl as cnte- ' "5-;:? o
 rion iﬁmf'?na for the selectwn of “opt:mum” thresholds. Thls ma.k7 ]( their use as evalua.txun S

- _techmque@) somewhat superﬂunus, since one could effectively et to the heart of the ma.tterr 5 Ly

e immedzatei}' by, mmply lmPMentmg them directly. It also J.mPhes that the peifect th:eshold
+ “selection technique is already lmown The method descajed ahove [Sxeraﬁkl et al, 1989] is
clearly hmited toa pa,rtmular type of app]icaimn asnd furthermore does ot appear to ¢alce

| . into account errors mcu,rred by mmclaamfymg ba.ckgmund pixels as object. 'I'his could Cons “ 3

cewa.bly reduce the a,ppa.rent error in sume caseﬁ while clea,rly domg the appomte in, temfm a:l‘

o -actual erTor.

o Measurement af “busyneaa

B Weszka. a.nd Roaenfeid alau make use: oi‘ a measute of husyﬂess (nmse or ;;;oughness) in thr J ) o
thresholded 1ma.ge a.s 8 measire afcost ‘This is baged on the assumptxon that the 1dea;1 objects '
. aand baei:grouml are not strongly textured and have s:mple, compact sha.pes. he. we expect‘ . |
- _’the thxeaho]ded tinage té’louk smooth rather than busy The mea.su.re tha.t is used [Wesska

: a,nd Rosenfeld 1978] 15 hased on, the 4—nmghbom: co—occummce matnx The nmghbonrhood

B0 dofined ccnmsts of the pixels (1,_1 1), (O ,j), (3, 4), (t—]— 1,3} and. (s,g + I), mth the e
o nelghbourhood ongm deﬁ.ned at (a,g),a.s ahown m Flgu.re 6.1. c .

TS o L . P ]

L

AR R R

LBt

'Fxgure 8.1 The 4-—m sghbourhoad of a pml centmd at image aoardmates (s, 3)

_ : A threahold T pa.rmtnons the co-—occu:rence ma.tnx mtw thxee nonmverlappmg regzon\ ﬂeﬁnad
by the quadrants A to I (see I‘;gure 6.2). Assuﬁﬁg yright object on n dmrk baukgrcrund _
these correspond to (1) co--occurrent:es of backgmund pi els (qua.dran’c A), (2) co-occuﬂances o



- .
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. of oh,]ant pmels (quadra,nt 'Y a.nd (3) co-—occurrences of obJect plxels w:.th background pn:elﬂ _
: (quadxanta B and D) _

' A mungure of busyness can then ha deﬁned by simply summmg those ma.trix entries repre-' _
senting the proportion of object-background ndjacencies jn the image. To avold the trivial -
resulf where T' i suéh_ thet all input grey-lovels are mapped to a single output Tovel (thus

“giving zero busyness), the threshold value ia‘constraiﬁed to lie between the object and_i)a.ck- -
ground grey-level means. Thia again impiies that we have ¢ priort knowledge about the
classes which is not usually available. As before in the case of the discrepancy measures
above, such a technique can itself be used o determme a “optmum"‘ threshold by ﬁndmg o

. T such that busynees is minimized

1 A B
D | : c
"l _ Jdo
i P

Fagure 6 2. Quadmnts of the co-accurmnce matria: resulting from threshaldmg at I The
quaeimntsA and C on the leading diagonal correspord to “background” and “gbjects”, respec-

tively, while B and D are related to busyness a8 emdenced by abject—backgmund adjacencses. -

Tni general, a:n‘y_mngle r_nethod that can be used to evaluate the results of & goneral inpu's grey—

scale image ~an be used to aelect'threahold,s-itse_lf. However, a combination of such raethods
- can 'lea.d_tﬁ'a meaningful evaluation. The combined evaluations based on various pre-defined _
desirable features of the result can glire one & semi-quantitative indica.tion of the sultability
of a given iachnique for a particular a,pphca.tion' one may require, Jor axa.mple, -maximum

'smoothneas coupled with minimum discrepancy, indicating & choite of threshold which will :

yield the best possible tra.de—cﬁ‘ between these requirements. Of course, siich combinations
can aga.m themselves b used to de!:ermine the best tradie-off threshold, but such an operation - |
‘may well be more time conau:mng than & method hased or a gingle ciiterion ﬁmctmn which
nevertheleas comes close in tenns of performance R '
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.2 Evaluatmn usmg synthetm :mages o

--'Brmk and De Jager [Brmk and De Juger, 198'?] deacribs att evalu&tmn technique whmh
_ e:Efectwely reqmres thmholding methods to.resiore a synthetm binary image which has been

_ degraded by contrast reduction, aperture blur and Gaussian nolse to. produce & ‘*grey—scale” .
- image. Four different imagen were used with dlﬂ‘enng Iavels of blur and noise. The torrelation

- between the binary thresholded result and the ongmal “clean” Image wes used to evaluate the

_ pmforma.nce of each threshold selection method for dlifenng signal-tOvnoise ratios (SNR) o
g _'l‘he cerrelat;on is gwen 'by ' '

E-[X ¥}~ E{X}E{Y}

3/ O'xﬂ G';

p(x,:v) (69

where X denotes tlte ongmal (undegra,ded) image and Y the thresholded f restorad) result.
' .L’{ } denotes expected values and % and U']r are the reapective 1ma,ge variances,

. ’I‘his ¢pproa.¢,h ‘works relatwely well, bui; poses some problems‘ 'I‘he correlatlozr ccermcient”_
1s not very sensitive o small dlqrre;;ancxes As & tesult; threshold selection methods which -
menage to restore small but importsnt features of the original image at the expense of _ .
 gome excess “noise” on larger features are often rated as being less rellable than methods
-~ which correctly restore the large features but fail completely to exiract smaller details. Such:
details shoula perhaps therefore be suitably weighted. Design' of the synthetic i image 18
. problematic, since we ideally need to test threshold aelection methods on va,rious typ of "
-i'ea.tm'e, mcludmg - : : : : :

1. small dark features on 8 lighf bickground 'and vice #ei-gia.,
2. vertieal, homontal a.nd. dia.gcmal edgea, a.nd

3 rounded contours a.nd edgea A test image which should satmfy these reqmrm‘nents Is
shown in Figure 6.3. : S

' The'blurring imposed [Brink _a_,n'd De Jager, 1987] waa fair_lj?.sevére_a,_nd henca.qﬁite-"gnrealiat&ﬁ L |

for this application as features such s lines and edges all but disappeared. One would
normally attempt to restore such an image before segmentation. It is proposed therefore to_

- degrade the image of Figure 6,3 by contrast reduction and the addition of varylng amounts - B

of Gaussian noise only. For testing dynamic methods a synthetic i]lmmna,tmﬁ gradlent GRT
be multiplied mth the image as wall, : _ .

ST
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: 'Flgura B 3. .S'ynthet\zc bmary mt zmage for eua!uatmn of threshold’mg methods. .

Altema.twes o the cortela.tion cneﬁlcient should a180 be consldersd, Two methods that could .
* be used are the crossmntmpy (or relative antropy), as used for threshold selection in Chapter )
4, and a shaple x’ (chl—squared) teat. The Iatte} can in fact be derived ﬁ'om the cross- - _
_ o entropy prmclple [Seth and Kapur, 1990] The cross-entropy between the ongmal a.nd the B
o threshnlded mages is ngen by :

| Hx(x,r) zqilog R %)
. ) w1 . ; . .- : L
- whers | o
= e s:nlu NEY
i }:?;.1 I/ , o ,
. pi g‘ -y i""]-! ,NEX
R Emm .
' The Pearscm.s x“ distance between the two nnages ig glvep by
. . g T t e ST g r:
(xu gl

. wltére the grey-;level sﬁperscripta i:'efer to the images to 'which they respectivel.,'r: belong, The |
" grey-lovels of the ‘andegraded i 1ma5e in. this case are interpreted as the expected frequencxea

5 - of occutrence” and those of the thresholded ima,ge as the ohserved frequencies” =
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An ad -hoe scheie for evaluating the. waghtéﬁ cla.ssiﬁca.tion error a.aaomata& with methods
. '__a.pphed to this image wotld be to simply count the number of misclasmﬁed pucels, each pixel

- ‘heing assigned g we:ght inversely proportmnal to the total vimber of pixels constituting the

- particlar image. reginn to which it belongs. The error assaciated with the. mxsda.ssﬂca.tmn

) of & pixel from a amall feature {6 then proportmna.lly greater than that assucla.tetl thh the ;

' __..miacln.smﬂcatmn of s p1xel from a large regnon

TR

- 6.8 Evaluatmn usmg synthetic h:stograms o

. The mathud deacnhed by Albregtsen [Alhregtsem 1993] involves asseasmg ths accuracy w'th
which techniques usmg the histogram for threshald selection manage fo divide the histogram

- ;nto backgrmmd and foreground distzibutions. To this end, a set of hstograms esich consisting -'

of the superposition of two Gaussian &stnhutlans centred at different merns s used;. 'I‘ha
. relative sizes of the d:atributions and their distance apart ate varied wlule the standa.rd
. dewa.tmm ate ﬁxed. These aynthetxc pmba.bﬂlty hs*ograma are glven b}f . -

P

P TaE ogegnmt. @

 where the “background” d;i_stributinn fsgiven by |

w’oﬁ_ﬂ';

'_antit'hﬁ_“foregroun&”i; ' e o
1) iesesees aaj
P( ==al ﬁ;e 1 -

_ Pa and B are the o pnam cla.ss proportions of the image (the rela,twe smes of the two -

; Ganssian diatmbutmns), not to be confused with the a posteriori class probabilities Po(T)
~ and B(T) resulting from a threahold T, givau by equation (4.1) in Chapter 4. gy and py

are the respective c]n.as means and op and oy the carrespondmg standa.rd dev;a.t;ona For
a sunphmty we st 0g = oy = o [Albregtsen, 1993]., : '

" _ When 2 hiatogramwhased threahold selé;cﬁon scheme opera.tes on su.ch 5 synthatic I;iatogmm,
the seleql;ed threshold 7' attempts to pa.rtltion it into ite constituent background.and fore--

. ground distributions, Sinte there is usually a certain amount of overlap, such a partitioning °

T
o H/"’ -

- will inevitably result in the misclassification of some background pixem ag foregmund and -

vice versa. The total classiﬁca.tion error is thug glven by

g=I41 . =0

o R gl o L
Ao =R 5 A eRY EEEEE (O
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!:1

B The beat pusm“ble th.reshoid in terms,oi‘ this meaﬁure (mnmm:zmg E(T) with respect to i‘) 13,

o

m-Hh gt o B
- o en
e o % +-mm% L e
. &\“faregmund en'or” lsalso deﬁned _. e . 4 |
tlus bemg eﬂ'ecﬁvely the Proba.bﬂ:ty tha.t a.foreground pu'el i m;acla.sanﬂé?i ag*ba.ckgrounﬁ% o "

.....

- 'Methods using the. hiatogra.m for threshold selection are tested calcu]a.ting the nverall error-, |

© (6.8) and the foreground error (6:8) for backgraund—to-foregmund ratios Fo/ Py vanging from o
1 (both distnbujsmna the same slze) to 100 (foreground small relative to backgmnnd) For -
 euch method four sepa.ra.te. graphs axe u’btame& for class means dlﬂ’ermg by 1, 2,3 and'd
- _sta,ndazd deviations, Le, m ~ pp = d cr, d =123, 4 Theaa are d:splayed as error. veraus_ﬂ_

.j-logm(Pa/m R

'The reasols g:ven [Albregtsen, 1993] for mclndmg foregruund error (6 8) in that. in f;he tase__ R

= ';oi Jow abJect-—to—background ratio% Bome methods may obtain a Jow overall error slmply by .

. pia.cmg the. threshold too h.igh, thus losmg foregronnd information. Howaver, on]y methods_ o .
"--based duectly orf minimization of the total error (6 6} (or.a sim:la.r criterion) ate lkely te - - %
| \

_ - rroduce ﬂua eifect. 111 practice, with i mmasmg ratio Fy/ Py the threshbld often tends to move o -
ol tuy-'ar‘is the mean value of the larger. hmtogmm mnde, - “This means that the au——called o

_. o foreground error dccremes ak the cost of an enormous Jncrease m badiground mmclaasiﬁca’cian e
- _(6.8) is In any case an incom:plete measura, as logleally the errar m the foreground shoulfl .

include hackground Pixels. mcurrectly identified 8 also belonging to the foregrounﬂ Thus 3
~ for our purposes only (6,6) is of paruculm- interest, An alternative a.pgroa.ch Ja to. define the
 misclassification etyor as the I&rger of (6_._8) and_ it _eqmvalenﬁ “background aror”,

[

n-l )

| Eu(T)“ > P“” T
o o . c o Q“T'[-i - L : s - .;, . ) .n,.' '. o

| B E’(T)- ;x {Eu(T),ExtT)} e (69)- S
A rela.ted measure unhiased hy relatwe mode sizea is gwen Blmply ’by the m.m nf theae '  -

 measures

| E_"(T) Eo(T)-%-EﬂT) B - ;e m}_.";_;.--j

:u‘*.'_‘
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e

ethods using the (grey-lewl, lacal ‘ean grey—levelj scatterplot ["Lbutaleb, IBSQ, 3 nnk, R
1992a) and the grey~1evei co-occurrence ateix [Pal and Pal, Iﬁs“a] could be evaluated ulong "
 similar lines using & twwd:menmana.l dmtnbntian (mintrix) consisting of the superpomnon of .
" two bivariate Gaussian distributions with means cesitred along the leaﬂmgf diagonal, Theerror
. eval%ﬁon fm- the wethods of Pal and Pal [Pal and Pal, 1989a.] would follow directly from .

- ; 6.4 Evaluatzon results mnng synthetm mmges

-' ’I‘he methnds descnbac}’fin Sectiun 6. 2 usmg the synthetlc bmamy :mage of Fignre 6. 3, T
implemented to obtam relative performance figures for the threshold selectmn methods de- L

- - : TR T
R B

__w}ﬁch unfortunately eva.lua.tes thresholds rela.tive to & “best” chmce lequaI to the triwal solu-:-'_"-. Sy
S e o .1" o“ﬂ ‘H‘l : o

#o

The plo’cs an wiuch Mbregts ¢ evalua.tmns are | }mqed show a.bsolute mor versus . -
'.-lngm(Po/Plj The evaluation could e made cleazer i the error reiativa to the rhmmmm__
L ?:saible erTor (resultmg fmm the threahold gwen by (B T)) we p],otted Lo

togram a;fter selection of tha threshold while the metﬂgds due to Abutaleh and Brmk e
. [Abttaleb, 1689; Brink, 19923,] shouid determine ‘the ermr nat only in terma of uusclasmﬁed- S
: _pn:els, but also those pmels remaming unclasaiﬁed o .

seribed in C‘ha.pter 4. These. techniques wWete app’lied to Ywo degraded, versiona of the fest

grey-levels 0 and 255 (contrast range of 256 grecye-levelgl to havmg levels 96 and 160 (con-

“‘, :. N

'image It sach of these, the onginal image confrast was substantia]l}r reduced Honi ha,ving

N trast of 64 grey—levela) Zgro—-mea.n Gamsma.n noise was ther added to create the two different = -
images, ope with a standard dewa.tmn of 8 grey-—lavels (Figure 6.4) am\*he other watb. alf
 grey-level standard devmucn (Fagure 8. 6) 'I‘he hlstograms of these i xmagea appaa.r in Figures R

6.5 and (a'w‘i', resPectlvely e



'+ Figure 8.5, Grey-level histogram of the image of Figure 6.4,

-

F1gu.re 6.4. The bmary tes# image. of Figure 6.8 wsth mﬁuced oontmst and added G’auassan -
nmse wsth @ standard dematson of 8 gmy—%euefs. S =
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: The d_iscrepancy measurea nsed, ti’éscnﬁed in Sectmn 6.2; are the crosmttopy (6.3), Pea:-: '
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sor’s chl—squa;red test (6.4) and aawmghted clasmﬁcatmn erfor as bneﬂ,v descnbed at the en d .  - ..
- \. of Sectlon 6.2, The resmlts a,rgs{a,‘bﬂa,ted Bepa-rately fOI’ each degra.cren image iﬂ 'I‘a.bles 6 1 o

: aml 6.2, 'I‘he ’rhreshold selectmn methods have heen refarred te by letters, a8 fo]lows.

A The istogram:bosed mazimum s entropy measure of Ka.pur et ur Lnapur ct d, 1985], wing

| k equa,tmns (4. 7, (4.8) and (4 9).

. B. 'I‘he maximm claas entropy of Brink [Brmk, 1991b] using (4 8) a;nd (4 10). -

L plo’s, (& 11) and [ 15).

. Abutaleb’s [Abutaleb 1989} method g the (grey-level, focal mean grey~1eve1) scatter- |

. D, Brink’s [Brmk, 19928.] 1 Mca.tmn of the above method usmg amaxmﬁn a.pproach (4 16) 3 o
'a;n.d the corrected “foregromd” dasﬂ entropy (4 13), (4 14) ' L

E Algonthm 1 propoaecl by Pal and Pal [Pal and, Pal, 1989a] ba.sed on the ?r-nelghhour S

y—~1eVel co~occutrence ma.tnx, usmg (4 18), (4. 19) a.nd (4 20)

B Y The second mathod due j;o Pal a.nd Pal [Pal and Pa.l, 1989&], uamg condltional enl;ropies_ R

(418), (4 23).

(':'

o ..:G.. ’I‘he mathud usmg the rela,twe entmpy mforma.tmn (4.26) or- {4 28) [Pan and Ha.rna o
- (1990)]. | - |

. : ‘I‘hreshold aelection hased on the monkey model; ag deacnbed in Sectmn 4.2, uaing (4.25) .
a.nd the maximmatwn of the sum of the claiy entmpxea (4 9) o

L 'Usmg the maximin of the class entrup.(ea resnltmg from the monkey modeI.

| J The mo d;ﬁed veraion of B a.bove mcorpogatmg contaxtual ini‘orma.tmn in $he form of local' :
- yatiatices 28 & measure on the i una,ge (4 32) based on maaumiza.tmn n:f the s of the class .
: entmp:es. : '

;K. As a.bmfe, but usmg the maaum.in of the class entroples to select the th.t‘eshold. _ |

L. B.esult of mplementmg the’ method baaed on Frieden’a [Fﬁeden, 1973, 1980} madel ofan I o |

. 1mage bcunded above and below, mm:mzing the aum of tha class entmpms (4.26)

__ ..M. A above,;except that the maximin of the class -entropies. is used [Brink, -1:9921)};,_ o

Y
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N, I\Qm,mum croaq—entropy (or maximm rela.twe em,tnopy) threshold selectmn usmg (4 29) = -.

[Brink a.nd Pendock, 1993]

.' '“

P. ‘I‘hreshuld ecti g Qased on m:mmnza’r.mn of t'he rela.twe Spatml @nthY (4 42)

'q Thresholdmgumngﬂmutooorrelahon functlon of the histagra.m [Brink, 1993] The sum

" of the dlass entroples 1S 36) i uaed here, -~

. R. As a.bnve, but usmg the mammin o:E the class entmples.

8. The “labe]led phaton” apprnzmh descnbed m Sectmn 4.2, The sum of the claas entromea |

- '(4.38) s used here LT
'J.‘ As above uaiug the maximm of the class entroplea. o

L

ﬁ;@f’i’): ., xa(x’ N Em(X )

=
]
B

T 0.00032 . 82 o_ _ 09ET
000015 |- 370 | oo0pgin ] . :
T 0.00007 | 1715 | i4.7i4i | o

0.00081 |~ 130,56 | 1511968 |
0.00000 1. 0.0 1 0.00000 |
000000 |  158.0 | 025112 |

~0.00000 . 0.0 | 0.00000.
~0.00015 378, 1 0.00910

-~ 0,00052 ~133.07 | . 0.10814 |

. .00148 | 298.6 |  0.52882 | -

177000108 | 2640 | 016184
T 0.00000 | - 0.0 | 0.00000
600001 | 2.0 |  0.00145
000000 [ 20 [ 0.00148 |
000007 1 20 000145 |

0.00000 [ . 0.0 | . 0.00000

0.02093 |  0488.0 5.56093
B.00010 | 260 | 0.00743
0.01968 - | 33065 | 440133 | . .

' mnss T ---3305 5 | -.491“33_ 1

]

:'_e cg:-i;d[Q: wlo| g:ﬁlg-éu wt il it o gu_{;y =

‘I‘able iR 1. Evaluataon results of threshold selection methods applsed to the. deymd%d :mage ' o

ﬁfﬁyumﬁ{ HEE

on _' the symme*nmsed cmas-entropy method (4 32) [Brmk a,nd Pendock o



- and Kyand the co—occnrrence miethods (rowa, 1'?“3:'1:3 I‘}

e _*EvALUATION METHODS . s

- - j i [}
Method HX(X Y) #XY) Ew(x Y) .
" )p___& 00053?--; - 1153.6 f767’96' 1
E __0.0053 | 11160 | 080433 |
_ & 0.00300 | 5010 | 1567320 |
% LD 0,00593 6360 | - 15.74693
__}_E‘,-' ' 000545 | 12130 . 0.78897 -
A ® o 0.00_53_7 - 11530 | 076796
G | _0.005456 | 12130 | 0.78897
B 000645 | 12130 | 0.78897 |
iI 000687 ' 11530} - 076796 - |
K 0.00636 | - 11150 |  0,80433 _
'L T 0.00668 | 12065 | 0.79801 |
M 0.00594 |  1400.0 0.05435
N - 0.00664 | 14050 | 0.95435
[0 000594 | 1406.0 -1 0.95435
1P 0.00645 | 1213.0° | 0.78897
Q. 003021 | " 5267.0 | 676700 |
B 000536 § . 11150 | - 680433 ] 0
5 002203 | 38940 | 473688 | ).
17T i‘li]2?93 38-940 o 473658 b

It is mterestmg to compam the evalnationa in 'I'a'E)Ies 6 t and 6 2 pa.rtxcula.rly where some'
disparity exists between evaluation methods, For' example, while all the methods indicate ~ =
that the resuits obtained using the “Ishelled photon” model are not particularly good (rows - -
 Sand T of the ta.blea), the welghted error 1ethod. mtes it a8 m.uch better tham any methods
~ based'on the (g-rey—level local mesn grey—level) scatterplot < and D). This contra.dzcta the B
. rela,tiw evaluahons of both the x® and Hy methods Th rea.sun for this lies in the fa,ct |
that the laiter two methods evaluate overall error while the wmghted efror messire attaches -

o e 6.5, Evaluatmn results of thmho;d selectian metfam‘s apphed 1o the degraded‘ emage" -
ostgum 6.6.

greater weight to small “objects” wit_lun_the image. It should also be noted in-the case of =
the scatterplot-based methods that pixels that remain unclassified by virtue of being in the

be a consensts that the most generally useful techniques, certainly as far as threshalding of

" images with rela.tive]y low noise levels in concorned, are those based on Fheden’s [I"rieden, _
© 1978, 1980] bounded image model (rows L and M) a.nd the metho;is ’ba.bed on crogs-entropy |
- mxmmizatiou [Brink and Pendock, 1693) in.

- wrong quadrants are regarded as “errors” by the welghted error method. There appeats to -

st Work. reaaonably__ _

well at higher noise Jevelr are thioss” basek tm\bipth form,a Oﬂ‘ﬁgh@ maonkey mp&el (rows H, I, J

of “iat 4nd Bal [?al and Pai, 1089a).
Inf-etesﬂnglv, the conwctdependent methcti ?:ased o% the menkey model (mws J a.nd K)
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i ra.ted vexy snmﬂa.riy to ’che standaa:d form (m&ﬁ a:nd I), even d.lsplaymg an a.ppar ent]y' B
" worse performa.nce at times, The rehtwe entropy infur!ini.‘u’foﬁ {Pan azd Harris, 1990] (I'Ow_? L
- @) and the niinimum relative spa.tial ‘entropy [Journel and Deutsch,, 1993] (row P) methods- e
.. both’ perform consmtenﬂywe]l xega.rdleSs Qf nmse ) o

L . .
R

Albregtsen’s [ﬁlbregtsen, 1993] techmque for evaluatmg threshald selecnon methoda on. : the

" “basis of how well they partition » syhthetic hisﬁogram hag been’ 1mp1e:nentec1 here. Ouly
 thise methods whose declsion procéss could be expressed directly in. terma of the }ustogrm_f N

- have been jested. As 1nd.1ca.ted in Section 6.3, a two—diménmonal veision tonld be developed e B
- . 88 & azmple extension for the evaluatmn of methods using sca.tterplots and co—occu.trence .

- matrices, However, such & process ‘would be a&.femely slow a8 a vast wumber of alfghtly_ -

chﬂ‘erent 21 distributions would ‘nged. to be genera.ted In the: gra.phs that follow (Figures
6.8 fo 6. 12), anly total (:Iassrﬁcatian error (ﬁ 6) 18 ghown, The “best” threshold error (baaed

- udirectly on nunmza.tion of th{p cla.ss:ﬁca,tlan error) is depmted in Flgure 8.8, For brevity,_ s

" the tedxmques are agam referreé to by the letters tised i in Sectizm 6, 4 'I‘hg graphs dep;ct

- etror versus Iog(Pg /Pﬂ, where the mode sise ratm (Po /P is. vmed over the range 1to 100, - -
- four. vraphs appear on each plot, correspund.mg to (B <) =D, | --1 2 3,4 The =
 standard deviations of bo_th___ ques_’@re fixed at o =32 g;e:p—léiréls.' e ' '

S R,

Y

L] .
.. sk
L EY

ol

o of R

S

Figure 6.8. Miﬂimﬂm jaoss:'bfé classijiéation eror. Histogram mode size ratio (Po/Py) is -

varied from 1 to 10[' The four curues shown are for the { different values of P~ g = = Do,

- b= 1 (thzck solzd Ime), D= 2 (thm solsd Ime), ) = 3 (dashed line) and D = 4 (doited |
_ line) : S e o
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- _Flgure 6.9. C?asmﬁchtzon en'a*s maultmg jrom thfeshold selectzon usmg (a) method A and
- "(b) method B. Histogram mode size rgiio (Pu/P1) is vaned from 1 to 100i aThe four curves

|  shown.are for the 4 different values of py —~ #=Da, D= 1 (thzck solid Jme), D 2 {thm
: saf:d Iine), D 3 (dashed Ime) and D 4 (dotted lme) '

R .

e O
: v I‘lgure 6. 10. C'!assiﬁcatwn srrors man!tmgfmm thmshold selectson uging (a } metkod G and
'~ (b) method H. Hatigram mode size ratio (Po/P,) de varied from 1 1o 100. The four rurves

shown are fm- the 4 d‘,ﬁ'ﬂmnt values of #a =00, D=1 {thzck 801:& lme), D=2 (thm )
- golid lme), D=3 (dashed Ime) and D = =4 (dotted Ime) |

\.’ '
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_ Flgure 8.1 C‘Iaaasﬁwtwn errors maultmg Jrom threakold selectson using (a) method Tand
(b method Jo Hwtogmm mode size ratio (P /) is varied from 1 fo 100, The four curves
_ shown are for the § different values of fiy - pip = Do, D 1 (thsck solid line), D 2 {’thm '
E -sohd Isne), D 3 (ci‘ashed Iine) and D =4 (doited Ime) 5

JOEN

Fxgum 6.12. Ciass:ﬁcatwn errors tesulting from thmshol& select:on using (a) method K and
L)) method L. sttogmm mode pize ratio (Puj'P;) ig tmrced from 1 to 100, The four curves
- .. ghown ave for the 4 different values of y ~ jip = 'JJ ‘0, D =1 (thick sohd Ime}, D=2 (thin
- eolzd fms), D=3 (dashed Ime) md D=4 (dotted hne)
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al. (I‘lgure 6. Q(a.)) does not m&tch, tlta,t obtamed by Albregtsen for this sadie method, The
other methods evaluated by Albregt;aen [Alhregtsen; 1993] were tlwrefore also mplmmented -
‘and the resulis obtained appear to “raafch. My own implomentation ‘of this method has

 been thoroughly checked and rechecked, a.nd it mu.at themfore be assumed that Albregtsen’s

aoee

I

Pt

a -

| o 6. EVALUA’I‘ION METHODS e
- -Moat methads appea..r to perfnrm progresmvely w«me 24 the “fc:,egroumi” mode s‘hrm.ks m Py e -
- slng, B8 would be expectetl The methnd based on Eheden’a bounded image ‘model [Brmk, .
1992b] ig'a notabla exception (Figtre 6, 1 (aj and (b)) “The msm-entmpy method wluclt
S wag evalua.ted a8 quite reliable niing’ synthei;m images (Section 6. 4), performa extreme]y badly
e Tere (}E‘iguresﬂ 12 (a) and (b)) T

h It should be noted that the restilt obta.ined umng the histogmm entropy method of Ka.pur et

implmentaﬁon is at: i'a,ult S oL ,' e
n ﬂl the next cha.pter the J:emdta of Ghaptar 5 and the quantztad;we evalua.tmn meﬁhods mém— o
ducedmthis chapter are d:.anusaed. S ‘. \h o



| :.Chaptei‘ 7.

Discussion and conclusions -

| .The aim of this work has been to develap an effectwe model for the segmantatmn of images

uging threshold: selectmn techniques based or. image enfropy. Soms of the motivations fnr

'- :using the piinciple of maximum entropy and the arguments swronnding it have bemn pre-

o sented and ways of a.dch'esamg its apparent shortcomings have been investigated, As Skilling -

o _[T1ttermgton, 1984] puts it, “I hold that these more complicated situations should: ideally be
~handled by extending a techmque whmh is bamcally correct rather than by invoking ad hoe
o alterna,twes. .

E The modgfls servmg Wea ba,ais for the deﬁm{uon of wha.t is meant by “image entropy” ave |

widely different. Ba,aim; entropy directly on the data (image) alone Jeads us to the problem
ihat inter-relationships are ignored {e.g. the monkey model}, often to the detriment. of

both our resul‘.a and our credlbllity in Jending this method what some.timea appaa.rﬂ to be
: dogmatic support. ‘The nse of go~occtrrence and autocorrelahnn W otirnel and Deutsch, 1093;
‘Pal and Pal, 1989&, Brink, 1994) and the simpler expedlents ¢. asing crogs-entropy [Brmk

and Pendcck, 1993} or building va.ua.nces jnto the monkey madel, (Cha.pter 4) arg heading in
the right &irectmn, a8 the results e.learly show, - L :

Soma ]imiﬁed dxscussion of beth the mﬁults (Cha.pter 5) amd the quantitative evaluations of

thresholding methods (Chapter fi) has already taken place in the relevant cha.pters. However, :

it will be informative to balance the sths-ctwe evaluatlona of Ch:.\pter 5 mth the quantlta,tive

_ evalumticns of Cha.pter 6.

I the nva.luatmn of the va.nuus metllods, one. should also take into account computar N
. tional complexity and time. Obviously methods requirmg the use of scatterplots [Abutaleh,
-+ 1989; Brink, 1992a] and to-ucturrence mairices [Pal and Pal, 1089%a] require a Jot of exiza
_ computa.tion Bs,mply to generate the dlstribut.ans in queatmn Hence, wlula the methods of

-

\



S £ mscussxon AND coucwsxows S
 Pal a.nd Pal [Pal and Pal, 19893.] yxeld excellent results (Pigures 5.4~6 (E) 3«11‘3- (f)) bf’th_'.. o
acsthetically snd quantitatively (Tobles 6.1 and 6.9, rowa I and F), their compubational cost -

£

* i# higi. This would have to be considered if real~—t1me applications were required. In terms of -
sheer quality of resuﬁa howéver, meagures of i nnage entropy based on co~occurrence ma.’snoes, '

- a.utocorrela.tmn and local vamlance informatmn muat ubvmusly be ta.ken senously

!The results asmmg from 1mp1ementat1on of the xmage mndel bounded a.‘bove and below, due

. to Frieden [Eﬁeden, 1973, 1980; Brlnk, 1999b] (Figurea b.7-9 (e) and (f)) also give both
pubjectively and gnamtitatively good results (Tables 8.1 and 6. 2, rows L and M): However,.

- while this model treats the i xmage Itself ag a probabﬂity distnbution, ihe pixels’ x'emwe _ )

position :nformation ia jost due to the assumption of pixel independence inherent in the

 entropy mensure, For thi veason the formulae can be expressed purely in térms of the image .
histogram and evaluated us histoga.m pamtiomng methods, using Albregtsen’s (A bregtsen, '

o 1993} evaluation. techmque Interestingly, based on-this evaluat:on, these methods appear fo. _
“be the moat stable with respect to relative class mode sizes of the histogtam (Figures 6,11 -
~ (a) and (b)), with performance 'bemg very httie a.ﬂ'ecte& by an anormous reductxon of relative -
- object sizel. S :

k! ' (’I

 (Figurss B, 7-9 (g) and (h)) I{oweve.r, the qua.ntitative evaluations uging synthetic images

. indicate only average performa.nce when noise lavels are high {Table 6.2, rows N and Q) and

o V:aua.ll}' the results of applying the prmczple of m:mmum croas-entropy are the most pleasmg h

. exceptmua]ly poor performance in terma of overall classification error with. mcreasing moda '

|  size ratio (F1gures 812 (a) and (b)),

The methada based dlrectly o1 the hmtogram [Ka.pu_r et ul, 1985, Brmk, 1991h} appear . -

- to achieve average to good performance based on subjective and quanfitative evaluations

(Figures 5.4-6 (a) and (b); Tables 6,1 and 6.2: rows A and B, Figures 6.9 (a) and (b)), Th

~ maximin method of threshold selection [Brink, 1991b) (Figures 5.4-6 (b)) yields better restilts
ol sub;ective and synthetic image A\v&luations, while the sum of the clogs entropxea [Kapur

it ot al, 1985] gives hetter histogram partitioning performance (¥igure 64 (a)). 'I‘hna_ Latter

result is to some extent expected: if the results of Figures 5.4-6 (a) ate compared with those

of Figure 5. 48 (b), 1t appears that the extraction of actual image clasaea js more “earrect™
In the former, while the results of F.lgure 546 {b) look better in terme of thmr resemblance _

~ to the original images of Figures 5.1 to 5.3,

' The worat reaults thxo‘ughout are tP z of tha applicat1an of the “la.bellad photon” model. -

‘This moda] poses a problem in terms of ita interpretation: viewing a coordinate or posftion in
~ space as a probability is dificult, The made] is best understood from its formulation outlined

in Chapter 3, as viewing the image as a “histogram” arising from sorae kind of “meta~image”,
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?_'7. DISCUSSION AN‘D concwsroms = 103

" ._ ) Hawever, its ?alidity ig qnestiona-ble sitice ne:the%' ity performa.nce nor its phloaophzéal a,nd _
_ theoretical bases are purticalarly Baund Tt has therefore been, ihclu&ed herj mamly as a,nn - 7
- .exa.ﬁiple of why care neods to be ‘taiken t a.void ad hac solutions, -

=

o :'*I‘he qua.ntits,me evalua.tion techniquea of the previous cha,pter shaw aomu. mtereshng blasee, .
. whith lead to their relatively &iﬂ'erent evalua.tmns of the threshold aelectmn ‘methods. The

méthod based an synthei;ic ixtiages m to some exfent the more pleasinls; in the sense that we are’

. after allattemptmg to binarize an Jmage Albregtsen L [Albregtsen. 1993] technique i& strictly

» mwure of how well a hmtogram consisting. of twu superimposed G.'msslan dmtnbutlons

fur any pamculam aﬁphca.tmn, asub;ectwe evaluatmn stﬂl appeams to be the most conaistently

a""

Ttis praposed tha,t future research Bhg;uld extend’ the work covareti in t]:us thesis 199 moré\
- génea-al aegmentation methnds and development of g quantxta,tlve pro ceﬁs of evaiua.fxon whxch
_ agrees more closely w:,th our- nwn sub,lec‘swe evalua.tmn.s of resuIta and methods '

[Press el al, 1992]), it 18 simply’ a sensible method for ao]{.vmg prohlema of inference, Tt is wp

"to us to pose-the problem correctly a.nd o’ supply the data and i:ﬁowma.tmn required fn a -
' useful form. We should alao he certam about the d:atmctmn bemeen mfarmatmn a.nd behef

This- a.pphca.tlon hais shown tha‘t we ca'.n shtain excallent tnreahol&ng reaulta for very. dxﬂ'erent

images if we supply enough information of the right Find (e.g. mntexh—-rela.ted mformatmn
-a.hout local uncerta.mty) in the right way and in the right place, . £ puttmg vatiances inas . i,
the prior messura in the monkey tnodel as opposed to uamg contextual mfomation of the B
wrong kind (pixel coordhlates) in the wrong pla.ce {the actual pmba.bﬁitms in the entrapy
"_expression) Ifwe doit wrong, wegat T

7 o

;ﬁ#*-“?:

., be gt mto its constituent distributions by a single threshold This is a aomawha,t o
fimited evaluatim and should xdeally be used in con;unction with o ther methads Over

S

‘._"s.

In conclusicn, xt a.ppea.rs tha.t our problem does not lie with entropy' trhq reasong for ita _
| 'use, ita sirength aa  prior distribution selettor for Bayesian methads of inference and the |-
o _qnahty of the reaults obtama.ble when it is ¢orrectly unplemented ca.n be and have been

- proved, although the a.rgumenta will donbtlesa rage for decades to come. The real proble 8
" this quiestion of “correct” mplementation Entropy, like other metha&ologies such a8 éhral

 networks, is not. & cure-zll, s not magic (6 answer the question posed by Press et al
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