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Abstract
Region segmentation of digi~dim~,gesby unsupervised thresholding is a, common, conceptu-
ally simple"and important bral1ch of image processing and analysis. Its applications range
from that of simple .hina.r.iza;tion.to serving as a useful pre-processing stage for operations
such as pattern recognition and. image restoration. While many different ~lgorithmBhave
been r.:roposedfor the automatic selection of the "correct" threshold the results vary widely
ill the~~\generalusefulness. A class of selection schemes is based on the principle of maximum
entropy:' This formalism, Whileeffective, is usually invoked without reference to its origins or
its relationship to images.

This thest~attempts to clarify the definition of what is meant hy the entropy of an image, to
which end various image and Image segmentation models are discussed a.nd proposed. Some
apparent shortcomings relatM to the use of the Shannon entropy fornmla are addressed and
the outcome of the research is applied to the problem of threshold selection, The results
indicate a marked improvement in performance of methods' using some forI'u(s) of context-
related iriformatiotl over those which simply apply the entropy formula,without regard to its
spatially insensitive nature.

Evaluation of results and processes is usually based on aesthetic preference. Some quantita-
tive evaluation techniques are investig~ted and implemented to evaluate the above threshold
selection processes. While some agreement is found between these methods and qualitative
evaluations, it is clear that much wilrlestill needs to be done in this particular field.

.In conclusion, it is found that the results obtainable by invoking the maximum entropy for-
malism are strongly dependent on how effectively the particular strengths of this formalism
are exploited. The inclusion of even very little additional pixel-related infor:r:Q,ation~such as
the mean value or variance withill a I):thallneighbourhood, can drastically improve perfor-

/;;

mance, In order to((getthe best out of such a process it is clearly useful to explicitly consider
\'\

how we are viewing of fodelling the image. Instead of disregarding a fUlldamentally correct
formalism given less than satisfactory results, the reasons for the poor results should be' de-
termined and, by taking into consideration such additional information as may be a\(;a.ilable,
the implementation should be optimized.
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ERRATA

The, following corrections, a,s,required,' by t,he examiners of the, (rth,es,is, have been mi'de.
Page numbers quoted refer to the page numbers.of the original jjhesis as handed in on 23
Match 1994. All errors, including typographical errors, have been addressed.

Preface.

p(v): At the end of the third Hue "insights" should read "insight",

Lis,t of Figures.

p(xii): The second line of the caption for Figure 6.10, "... (30) method G and (b) method If."
should read "...(a) method H and (b) znethod 1.".

p(xii): The seco~d line of the caption for Figure 6.11, " .•.(a) method Iand (b) method J."
should read "...(a) method II and (b) method M."~.

p(xii): The second line of the caption for Figure 6.12, "... (a) method K and (b) method t."
should read ((...(a) method Nand (b) method 0,".

1. Introduction.

p4: The ninth line of the second paragraph; "...50 'chat entire process of segmentation
• from ..." should read "...so that the entire process of segmentation, from. ..".

p5: At the top of the page, :'...we use the theorem to determine the most likely "posterior
distribution" (solution)." now reads "...we use the theorem to determine the "pos,~~ri6r
distribution" of probabilities over the solution space. The aim is then to select the
most likely solution: the posterior distribution and hence the selection of a solution
is directly dependent on the data (~\Tidell\~e)and information (prior distribution) ~hat
we have.". II

2. T,he maximum entropy method.
'"'."'"

pIS: In the second line of the-second-last paragraph, H... Field [Pratt, J.991; Gernan and
Gen:lan, 1984; Mardia, 1989; Marques and Gasull, 1993]." now reads iC ... Field [Pratt,
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1991j Ceman a.mI Geman, 1'984; Mardia, 1989; Marques and Gasull, 1993; )3esag,
1986V'· ' .

p1S: An additional paragraph has been inserted between, the .second-Iast and last pafa-
gra~hs 6n this page. If reads "Whilethe methods considered for the purposes of this
the~~sare not themselves Bayesian, the potential-power ofmethods using the Bayesian
approach: speeificallj' those which take spatial relationships into account by means of
random fiel~ models [Dubes and Jain, 19~'9;Johnson, 1994] canndt be 'ignored. Such
an approach requires prlor and postr,rior distributiona defined over image space.. and
can serve as t4e :next, more sophistigated step after selection of the prior dis'bribution
by theMaximum Entropy principle. The methods described are not limited to global
thresnold selection, but seek rather to accurately binarize the grey-scale image ac-
cording to local information content. Another advantage of a Bayesian approach is
that one is I:' '" left with a single "take it. or leave it" solution, but a family of possible;;,
solutions which enable one either to view them all as a kind of "probabilistic movie"
or, having selected one "best" solution, to determine an error bar on the selection
indicating its quality. This goes much further than mere threshold evalu'\ltion, wg.iich
tends itself to be r~ther ad hoc. The main drawback of such techniques ik that they
can be computationally extrem~~'yexpensive and time-consuming: while !thismay be
a.cceptable for critical applications requiring absolute accuracy, this thesis is primar~
ity concerned with the fast and simple selection of thresholds by m~ans of entropy
maximization. "

The additional references cited here are included in the errata for the References section.

3. Digital image models and entropy.

p34; The equation below the second paragraph,

"Pss' == Pr{x(k) E g, x(k +.\) E gl}, g) gr_ 0", . In,-l

should read
\1

pggl = Pr{x(k) = g,x(k+ A) == g'}, g,U' E {O,,·· ,n -1}

p36: The second line of the second-last paragraph, "...[Journel.and Deitsch, 1993]~;o."should
read "...[Journel and Deutsch, 1993] ...",

4. Maximum. entropy threshold selection.

p53: The equation ...at the bottom of the page,

t, g, '" [t,=L + [t,Jll(T)L,.:r
2



/l
is less ambiguously expressed as

N N N
E {li = I: P,o(T) +L P,l(T)
i=l i::::l rn::;1:' i::::1til>1:'

p54: Equation (4.36),

Hx(~) =t lJj(T) log qi,(~)
£""1 Pl

.[ iN .. . (T) 1 [..N (T) 1
= ~ p,o(T) log P,°gi "J••. <,; ?= /)1(T) 101$Plgt'

1=1 .9,_'1' ~:::;1 9i>T
(4.~36)

T . (T). n-1 .' (T)=I:fgP,o(T) log!!:E.__ + 2: fU/ll(T}log!!l__
u=o 9 g=1:'+l 9

is less ambiguously expressed as

N .(T)
Hx (T) - z::: qi(T) log ~

1;:>;;1 P,

..t .p.(T)log I";~)+t
1
. J1,l(T) log J1,1;~)

1=19i::;2' 1= 9i>T '

T . (T). n-l (T)..2: fgP,o(T)log f:!.!!__ + L: fgJ.Ll(T)lo~ ~
'g=O 9 9=T+1 g .

(4.36)

'j )

p54:. The line below equation (4.36), "...corresponding do the ..." should read" ...correspond-
ing to the ... l? •

p57.: The third line below equation (4.41), "...follows similar resoning to ..." should read
"...follows similar reasoning to.,,".
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G

l-1oCT) ==:_ L i~(T) log i~(T)
j::-.:I

poD: Equa,t.ion (4.48}t

<. N

" ""-2:: gi ilogi
i=liEO

(4.48)

is more clearly expressed as
(, -

-
N b.;~L gd log i

()

&
Hl(T) ='}_L i}(T)logij(T) f

j=1 1
N II

= --'" gt ilog i lL..t ~,
1::-.:1iEOl Ii

" (4.48)

and the following explanatory ~entenc~ has been added below the equation; ~'The
below- and above-threshold classes ClXe:'denoted Co and 01, so that Go - {ill 9i :::;.T}
and 01 :;: {ill lii > T},"

pp60,61: Equation (4.49),

G
HoCT) == - :E p~(T)logp~(T) ,

j:::::l

O. (.) i i~(.T)p·T {;:.-
J . 1/ 10

N
'" 1 ~ "0= -L.t g,Po ogpo, Po =::: It ,2 E
i=liEO ,0

(4.4Q)

HI (X) = ....,.•~ PJ(T) 10gp}(T), p~(T) = i}(t)
L J 11
j::-.:l

N

~'-L
i=liEl

1 - z.
9j PI OgPI, PI;'::: - , Z E 1

. 11
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N

10 =b igi
i:::;1,ieo

N

11 ==L ~gi
:-=1iel

is more clearly written as

IfaCT) I;: -. f:PJo,(T) logpJo, (T) ) O(T) _ i~(T)
£.--I . Pi - --y;;-
:;:::;1

N

= -2: 9iPologpo,
j:::;l ieOo

, ~ 1 1 1("') i}(T,}\lIl(T) = - L....J pj(T)Iogpj(T), Pj T = '--y;-
j=1

(4.49)

N

= -2:: gi pl1of~PI ,
i:::;lieOl

i . CPI = - , z E ,,111

where
N

10=2:
i:::;liECI)

5. Results.

p81: In the third line from the end of the first paragraph, "...the result is appears ..." should
}/

read "...the result appears ...".

6. Evaluation methods.

p98: In the caption for Figure 6.10, "... (a) method G and (b) method R." shouldread
"...(a) method H and (b) method 1." .

,
p99: In the caption for Figure 6.11, "... (a) method I and (b) method J." should read "",(a)

method L and (b) method M.".

p99: In the caption for Figure 6.12, "...(a} method K and (b) method L." sh,ould read
«... (a) method N and (b) method 0.".

References.
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pl0~: .An. additional reference is inserted between those for Albregtsen (1993) and)3ret.th6rst
(1990},which reads u 0

Besag, oJ (1986), "On the statistical analysis ofdirty pictures", J. Royal Statistical Society
B 48 (3), 259-$~:2. '

o
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.Anadditional reference is ~nserted b~twee!l"t~~seforDonoho ei al (1992) a~d Et;iwards
,(1979), wbi~h reads

:[)pibes,Rp and A I<: Jain (1989). "Random-field models in image analysis", J. Applied
Stati.'Jtic., ~,6(2), 131;::-164';

p107: An addltional reference is inserted bet~~en those for Jaynes (1988) and Jones(1989),
which reads. 0

p1d5:

Jphnson,E J (1994). "A model for segmentation and analysiS'of noisy images" 1 J. Amer~
"i~an Statistical A,fsociation 89 (425), 230-241.

6

,) II
'II"

Oi _-q
ant



(1

If
!(

In Mfjmory of my Grandfa.ther
1.' )) Daniel Brink
II

<y,l)d.• i?:.~'1I1905 -. 25 October 1993

(f
\)

(\

.;>



Preface
The research undertaken here is 1;0 some extent an extension CWda. consequence of the research

Iperformed for my Master of Science degree at Rhodes University. Ihave long been interested

in the remarkably subjecti;;lJ~oblems posed by the segmentation of an image and the insights

it gives to the way we ourselves think. The maximum entropy i\:'fmula was no stranger to me,
having come across it durjng the aforementioned MSc research. l1:qwever,Iremained blissfully

unaware of its. th~.f:et~~~ll <1:p.dphilClsophicalimplications, and itS·rll.~'n1ng and derivation, for
many years. Hav1~tffin~IY l'~ali.zedwhat it is about, Iwas naturally interested in determining

•
just how powerful and useful this concept may be by applying it to my old hobby-horse of

threshold selection. While the most obvious aim of this research is, of coarse, to determine

a reliable method of automatic threshold seleesion, the additional aim of optimizing tlle
\ 1

implementation of the maximum entropy formalism for this purpose is by no means serond&tl.'y

and has led to some understa.:qding of the importanc€: and r~ievaIl.ce of aU the information we I)

have available.

I have attempted to stick quite closely to these aims without getting too sidetracked by

philoso,phical issues, but also without ignoring them as Ibelieve :~hat they are of fundamental

importance in thei~ own/tight. The purpose of this research is mainly the determina,tion,,.of

the role of entropy in image ifegmentation: how (and why) it should be implemented, itt)
_ \1

strengths and weaknesses, its theoretical and philosophical implica,tionsc;and how they affect

what we nnderstand by "a digital image". I try"to determine what is really meant by the
'.1 .

term "image entropy", both in the context of the tluesholding operation and that of more
'u" .

general image-related processes,

I would like to thank the following for their support and encouragement throughout my

research, particularly during the last few frantic weeks of completion.

- my supervisor, Dr Neil Pen~ock, for his advice, assistance and, not least, for waking me

up to the potential of the principle of maximum entropy in tho first place.

- Prof Hank Miller for his interest and for proof-reading t~e previous draft ofthis thesis.

- Mr Andre Bester, Mr Neil Davidson, Ms Chantal Friedman and Mr Peter Hawkes for

their suggestions and for providing walls to bounce ideas off.

FInally, I wish to thank the PRD for financial assistance during the :first two years of this

research.
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Chapter 1

e,) .... :/~) '_' _ _ _ _.

Introdiiction

1

(l

~his research Is concerned with the process of spHtting an image into its. constituent parts,
: ' [!

such as "background" and "object" , based on t~eir r~latiye component "brightness" ~or grey··
level, distributions. Such processes belong to a branch of iftlage processing referred to, for
obvious reasons; as segmentation. The images in question aw digital, both spatially and in
terms of their grey-level arrangement, A standard black-and-white digital image conslstsof
§, two-dlmensional array of discrete integer values representing shades of grey from black (0)
to white (maximum possible grey-level). A common convention uses 1byte to represen'tthe
brightness of each element (pixeO of this arra.~r,giving it range of 256 discrete grey-levels from

\C' II "

o to 255, Colour images are often formed by superimposing 3 such {t;rey-scale images, one." -_",

each for -the vid.eo colour display bands red, green and blue. Alternatively, the superimposed

Images can. represent the characteristics "hue", "saturation" and ~'intensity". Other types of
multiband image formats are also used: an. example is LANDSAT's 7-balld images, where
each. band (grey-scale image) represents a specific subrange of the electromagnetic spectrum.
For the purposes of this thesis, by "image" Iwill refer specifically to single-band grey-scale
images. The techniques used in this case can be relatively easily extended to multiband

':'

images.

A statistical measure commonly associated with the image is its gre1J-level histogram. 'I'his
is simply a discrete a poste1'iot'i distribution indicating the frequency of occurrence of each
grey-level in ti~ceiInage, I,e, the ~\umber!lofpixels having each grey-level.' It is often converted
to '~g;l'~t-]evel probability histogram by llOl'ma.lizing the grey-level frequencies:

n-l
I:v« =: 1
g=O

where pg is the a posteriori probability of grey-level g, fg is its frequency of occurrence, N
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is the total number of pixels in fhe image and n is the number of grey-levels,

j:
A shortcoming of the histogram is that spatial information present in the image isnot taken

into account. An alternative measure which takes limited spatial information into account is
the grey-level co-occurrenee matri». In g~nera1, it is a two-dimensional matrix whose entries
indicate the\,numbe;t'of times that pixels,)with grey-level s' occur in the immediate neigh ...1\ . '. '(..' , ' , ", ':

bourhood ot/pixels with" grey-level y, say: the number of co-occurrences of 9 and yf. Specificy ....,.....,

definitions of what constitutes a neighbourhood of a pixel V,3,ryaccording to application. '.Phe

matrix e;p.tries can he normalized in a similar fashion to those of 'the histog~1m to p:tdducf,''tj,\

discrete co..-occurrence probability disttibntion., " •

1.1 Image segmentation

Image segmentation ia a broad field of research which can be roughly divided into two main

streams [Pratt, 1991j Gonzalez and Woods, 1992; Haralick and Shapiro, 1985). Feature
detection is concerned primarily with the detection of primitive featu:t;'es such as spots, Jines

r- '" ' (,' ' " C)' , , : ,.:,', <,

and edges. Region segmentation is concerned with splitting up the image. im,to rEllatlvely

homogeneous regions, each having sorne property that distinguishes it from other regions

in the image: a simple example is that of a bright object all, a dark backgtound. These

two branches can be used in combination to achieve more sophisticated effects, e.g, simple

region segmentation methods are prone to errors caused by non-uniform Illuminatlon in the

image. An edge-detection method (less prone to this problem) can be used to guide a local

region classifier. Following this in turn with a region-growing scheme results in illumination-

independent grey-level segmentation of the image, usually referred to as variable or dynamic
thresholding [Brink, 1991~].

For the purposes of this thesis, by "segmentation" I w:lli refer only to region segmentation.
Clearly segmentation can to some extent be considered a primitive form of pattern recog-
nition. In terms of human visual perception the two seem to correspond roughly to right

and left brain hemisphere processes, respectively [Edwards, 1979; Hofstadter, 1979]. In the

discussion that follows, it should be pointed out that the breaking up of tasks into "right"

and "left" hemisphere operations constitutes a gross simplification of the true operation of
the human brain.

Consider the painting The 'Useof words I by the Belgian surrealist Rene Magrltte [GabUk,

1970} in Figure 1.1. One's initial reaction to this picture is "But it fs a, pipel". This is the

result of initially segmenting the image (right hemisphere), followed by recognition, labelling

and reading the caption (mahuy left hemisphere). The right brain simply divides up the

image into "background", ~(obje('t 1" (the region corresponding to the pipe) and "object 2"

(the region corresponding to the caption). The left (literal) hemisphere then identifies the
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regions in. terms of shapes and patterns, ignores the background and reads the capt~~n,. which.
, )'

says "This i~not a, pipe" l hence the reaction. Incidentally, the statement is of c(J'urse;uotl'~qt:
<;

it is only a picture of a pipe.

Figure 1.1. The use of words I, Rene Mayrittc) 1928-29.

Philosophy aside, this example serves. to illustrate the difference between pattern recognition

and segmentatlon and also demonetrases how segmentation can serve as a pre.!!J>rocessfor

more sophisticated operations.

1.2 Automatic threshold se!ectioll

Thresholding is .tntuitively the simplest form of segmentation. This involves the selection of a

grey-scale value or set of values to split the range of grey-levels into aubranges corresponding

to the constituent re~fons ?tthe image, subject to these regions being distinguishable on

the basis of brightness. This approach can of course-be equally well applied to other pixel-

related features of the image, such as local gradient, c010u1'(111the case of multiband images),

variance, etc., depending on individual requirements, but it is most commonly a grey-level

operation: most of the features mentioned (essentially texture measures) can in any case be

easily re-expressed aa grey-level values.

The selection of optimal thresholds has long been a problem of interest. to researchers. in

image processing. Naturally one would wish to automate a process as conceptually primitive

as this, necessitating the definition of some criterion of "goodness" of threshold that can

be optimized. The proposal of and motivation for such criterion junctions have resulted in

an enormous. amount of literature [Pratt, 1991; Gonzalez and Woods, 1992; Wes.zka, 1978;
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Haralick and Shapiro, 1985; Sahoo et al, 1988].

The simplest form of thresholding is binary thresholding, whereby the grey-scale image is
simply dichotomized into two distinct classesby means of a single grey-level threshold. These
classes would uSU~~ycorrespond to "background') and "object/s", indicated by black (0) and
white (maximum gf~'t.:-~~vel)in the output segmented image. It is usually a straightforward
matter toextend this pf;;~ess to multi-threshold selection, so for the purposes of this'tnesis I
confine my comments to binary thresholding. It must be noted, hQw"Y€IT1that binary thresh-
oIding is far from being generally applicable and is obviously liniIted in its applications. In
general it would be mos~desirable to develop a method whereby the number of classes present
hi the image were also ~utomatica1ly determined, so tha~~lrtir~:frocess of segmentation from
the decision of h()~ many thresholds are required to the selection of the actual threshold
values could be accomplished without human intervention. However, such a decision is often
subjective and related to the specific application that the user has in mind.

1.3 Criterion functions and eutropy

Some techniques, particularly older ones, are ad h.oc and based largely on heuristics. Most
current methods involve the optimization of a criterion function, as mentioned above; based
on some property of the image or lts grey-level histogram. These functions usually take the
form of some measure of the error incurred by a particular partitioning or, a.lterna~ively,the
improvement in some desir~ble quality of the regions (such as uniformity or entropy) resulting
from the segmentation.

The criterion function on which this research is focused is the entropy of the image. ~ntropy
in this context is usually the illforma,tion-the~r~tic entropy measure of Shannon [Shannon
and 'Weaver,1949]. A simple interpretation of entropy is that it represents "information": by
maximizing the entropy, then, the information content or gain is optimized. However, this
relatively unsophisticated interpretation can lead to misunderstandings both in the applica-
tion of the method and in its more subtle implications. The principle of maximum entropy is
closely related to Bayesian analysis [Jaynes, 1988] and can be derived in a number of ways:
one common approach is to derive it from the more general principle of maximum degeneracy
[Jaynes, 1968; Frieden, 1980], leading to yet another interpretation.

In image processing this principle is most commonly applied to the problems of image restora-
tion and reconstruction. For example, in the case of image restoration many possible "clear"
images (solutions) exist which could have given rise to the degraded image we wish to re-
store. We wish to select the most probable solution. To this end, we invoke Bayes' Theorem
which necessitates selection of a suitable "prior distribution" [Mood et al, 1974], qUa,raifying
what we know or expect about the solution prior to collecting any data. After gathering
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data we use the theorem to determine the most likely "posterior wstribution'} (solution).
The assignment ofa prior distribution often involves making assUlIl;,>tionsbased on what we
may "feel" is reasonable. The maximum entropy principle indicates selection of tltat solu-
tion which makes no unwarranted assum:p~i'bns,such as smoothness or :flatness, about the
form of the restored image. Based on the ~omatic derivation of Shoreand Johnson [Shore
and Johnson, 1980], as well as the vast body of work prodace<f:BySkilling and others [Gull
and Skilling, 1985; Skilling, 1988, 1989; Jones, 1989], it has become accepted by many that
the maximum entropy solution (and the related minimum cross-entropy solution) to such
problems of inductive inference is the only correct OM.

If we view segmentation as a process similar to restoration (Le, a binary image has been
"degraded" to produce the grey-scale image), similar reasoning can be applied to motivate
selection of a maximum entropy threshold. Based on arguments such as those outlined above,
such a choice of threshold should be optimal.

Unfortunately, the task is not that simple. The definition of image entropy is a controversial
issue. 'Iechniques based on the image histogram, co-occurrence matrices and the image itself
have been proposed. The choice of probability distribution results from the way the digital
image is modelled. While the image is not itself a distribution of probabilities, it is clearly
positive and additive: Skilling [Skilling, 1988} has shown that the entropy holds in general
for such distributions and is not therefore limited to dealing only with probabilities.

To add to these problems, the form of the entropy expression itself is in dispute, with differ-
ent forms being appropriate to different applications. These forms are also to some extent
model dependent. What is therefore required is a suitable model of the image and/or the
segmentation process to determine unambiguously a measure of entropy unique to a given
image, which can then be used to optimize the segmentation or choice of threshold.

1.4 Thesis outline

The different forms of entropy, its relationship to Bayesian analysis and arguments for and
against the principle ate presented in Chapter 2.

Specifically in connection with image processing, different image models have been developed
in an attempt to define what is meant by "image entropy". These are discussed in Chapter
3. Models which are hoped to be more effective for segmentation are also developed and
improvements to existing models are proposed.

Many entropy-based threshold selection methods using various models have been proposed
ill the past [Pal, and Pal, 198980;Abutaleb, 1989; Kapur et aI, ;1.985]. In Chapter 4 entropic

, ,!
threshold selection methods are investigated and new methods based on the models developed
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;~ . . . n
in Chapter 3 are described, The results obtained using the various methods to binarize sample

grey-scale images are shQW;nin Chapter 5.
"".,.'

\\

The problem of quantitative evaluation of thresholding methods is dealt with in Chapt'el' 6.

In. general, evaluation to date has been largely subjective, based on criteria such as usefuIn"ess
of results for a specific purpose or even aesthetic appeal, The results of Chapter 5 and the

;:.~':

outcomes of quantitative evaluation techniques are discussed in Chapter 7.
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Chapter ..2 i!

The maximum entropy method

The rna....ximum entropy method (MaxEnt or MEM) is a controversial subject In many nelds

of research today, Common questions raised are "What do. we mean by entropy?", "What

form should this entr~:t take?", ((Why maximize entropy and not so:;;q,~other function?$,

and "Is there more {~a1". The discussion is often heated and has given rise to a great
deal of confusing and, at times, contradictory literature. I by no. meana pretend to. give a

comprehensive overview here, nor to. be an expert 9n the subject: the aim is simply to try to.
present a'dear and simple description of the method and the arguments surrounding it, and

..to. Justify its selection as a, criterion for image se, 'mtation and related processes.

There are two main forms of the entropy expression, due to. Shannon [Shannon and. V\feaver,!

1949] and Burg [Burg, 1967; Frieden, 1980], respectively. Some controversy ~xists abUl~ \¢hich

form is more "correct", However, the choice of entropy expression is usually dependent ~t
the application and is o.ft~n quite apparent. Kikuchi, and Soffer have in fact pioposed a

model reconciling the two. forms as extremes of a more general degeneracy principle [Kikuchi
I',

and Soffer, 1977]. rl:~l1Smodel is one of those described in Chapter 3. Other expressio.ns

for entropy have recently been proposed, but these seem to. either add nothing new tq, th7

theory or lack the support of a convincing argument. The various forms of entropy are briefJ§
discussed in Section 2.1 below.

The principle of entropy maximization is often mentioned in the same breathas Bayesian

statistics [Jaynes, 1988; Press et al, 1992]. MaxEnt is in fact usually touted as the best choice
for selection of a prior probability distrlbutlon in order to solve the problem of Bayesian

estimation of the "correct" result (posterior proba.bility distribution), the Bayesian solutlon

being rep:;)i!:dedas the most desirable [Skilling, 1990; Wernecke and D'Addario, J 9'{7j Zellner,
1988]. By "prior probability distribution' we e$~entially mean a model of what we expect
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our solution to.comply with (Le. constraints) based on such information. as we may have avail~
able regarding the system generating the data. The link between the principle of maxlmum
entropy and Bayesian statistics is discussed In-Section 2.2.

It has been indicated above .that the maximum entropy prior is::i;he "best" one (it leads
to the optimal Bayesian solution), This claim has 'been supported by both qualitative and

'c

quantitative arguments [J~~nes, 1968;:Skilling, 1988, 1989, 1990; Shore and Johnson, 1980;
Gull and Skilling, 1984, 198f3}, Arguments against this claim have generally conceded that

\\ ..

MaxEnt yields good results, but refute that it is. the "best" (01' the only correct}lfesult, ana.
that other measures might do as well (Press et al, 1992; Titterington, 1984]. Some of the
arguments fo+.and against; entropy are presented in Section 2.3.

2.1 The entropy expression

Sliannon entropy

The most generally accepted form of entropy was derived by Shannon [Shannon and vVeavel',
1949)in connection with information theory. Given a discrete probability dlstnbution Pi, i ::;
1, ... ,n, the entropy lS given by

II

If ;.::- :L p'ilogPi
i=l

(2.1)

The i refers to a set of possible outcomes or states of a,discrete information: source modelled
as a, Markov process [Grimmett and Stirsaker; 1982]. Shannon's measuf'! r,? intended as a
measure of information gain, choice and uncert;,)inty, Incidentally, the fori;,:},of (2.1) is also
that of the GIbbs entropy as defined and used in the field of statistical mechanics: theoretical
analysis of this concept and the (to some extent) parallel of the Boltzmann entropy are
presented in the excellent paVI Iy J~YMS and by Gull [Jaynes, 1965; Gull, 1991].

Shannon pointe out a num~",. of lntEll'es"')g properties of (2.1), including:
1\ .. -,

1. II ::;-:0 if and only if Pi = 0 V i ¥ j, Pi 7.11, where j can indicate any position
in the distribution (note that 0log0 is d-afind'dto be zero). Otherwise 11 is positive.
This makes intuitive sense, since Pi = 1 indicates certainty of
information gained by the occurrence of event j is thus zero,

outcome, and the

2. For a given number of discrete states n, 11 is a zuaximum when all the Pi are equal, Le,
Pi;::::;l/n Vi;::::; 1"", n. Intuitively this is the most uncertain situation: all outcomes
o.1'eequally likely, making accurate prediction impossible,

In the Case of continuous dlstrlbutlons, JaYMs [Jaynes, 1968]has pointed out that the con-
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tinuous form of (2.1), (:"
ff
//;:,::f'r~-'

does not hold, as it is not the result of arLYderivation 'and furthermore lacks :invar1a:tlc{llnd.~r

H:;:: -/ p(a:)logp(x)da:

a change of variables a: --T y(a:). The corresponding expression in the continuous case was
shown to be

H :;::....!pC a:) log P«X)\ dx
• m a:)

where'm(a:) is in general an "invariant measure" function proportional ~o the limiting density
of discrete points, i.e. related to our sampling of x. The integrals in both expressions are
assumed to cover the full range over which the dlstrlbutionsjare defined. Skilling [Skilling,

1980] has since discussed a "diacretlzed' form of this expresslorr.

(2.2)

Entropy is a relative measure. In: our case, m. can: be interpreted as a model based on
known constraints (prior information), relative to which the entropy, given "data/':(posterivr
information) yielding a new distribution p, is measured. This is a more general expression,
(2.1) representing the special case where 'In is a uniform prior distributlon,

The maximum entropyformalism attempts to maxlmlze (2.1) or (2.2), subject to known
constraints about the parameters we are.trying to estimate (pi, i:;:: 1"", n). EffectiVely, by
maximizing the entropy, we are attempting to maximize O1.1rinformation gain or, equivalently,
arrive at a solution which fits our prior knowledge but makes no assumptions beyond what;
is known. In the absence of any prior information, the maximum entropy distribution is
simply the uniform distribution, as indicated by Sha,nnon's point (2) above. It c~n thus be
aptly viewed as an application of Laplace's principle ·0£ insufficient reason; which states that
the uniform dlstributlon is the most unbiased when one has no prior knowledge regarding a
probabilistic event,

[('ullbac/ccross-entropy

Closely related to the relative entropy (~~.2)is the cross-entropy [Kullback, 1959j Shore and.,
Johnson, 1980], also sometimes referred to as the Kullback-Lelbler number, discrimination
information, directed divergence or even relative entropy. Thls is used as a non-metric form
of wstance measure, measuring the difference between two probability distributions:

(2.3)
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where, for our purposes, q and p denote the posterior and prIor distributions, respectively.
In I'l< sense, it measures the amount. of information required to change our prior model of
the image, p, into a new model, q, given additional information (data) [Shore and Johnson,
1980]. The similarity to (2.2) is clear. Since this takes the form of a distance measure, the
guiding principle underlying the use of (2.3) is that of minimum cross-entropy. This is clearly
equivalent to maximization of relative entropy, albeit with slightly different philosophical
implications.

Burg entropy

"Another common expression for entropy ia the so-called BUrg entropy IBurg, 1961; Frieden,

1980],

n
H = I:log Pi

i=1
(2<4)

()

This form is related directtv tOI problems in radio asttonoiny._~}li.dis simply the physical entropy
of a!l electromagnetic field in the limit of many photons P~l' mode. In radio astronomy, the{:'
signal obtained is the Fourier transform of the actual data. consisting of two-d~t:tu~nsio.tial
autocorrelation values spaced over the antenna'sbandpass region, Le, the power specteum of

;- j

the data. Burg did not set out to seek a maximum entropy solution, but rather assumed one
at the outset. This WaS justified by the reasoning that the autocorrelation data should. have
occurred from a maximally smooth electromagnetic field (see Shanfion's .pt.>int (2) above],
In addition, maximum entropy implies maximum admitted ignoranceabout the pr()ce~;.),and c

thus a maximally unbiased or conservative representation of the eleCttomagnetic. field.

As indicated before, the forms (2.1) and (2.4) can be reconciled as extremes pf a more general
principle, based on an image modeldiaeussed in Chapter 3 [Kikucbi and Soffer~ 1977}.

Entropy information

Pan and Harris [Pan and Harris, 1990] have defi,ned a measure of "entropy Information" based
on the Shannon equation (2.1), in connection with the specific application of discretizing (01'

segmenting) a measurement, The essential details of the theory ate presented here, the
specific application bdng addressed in Chapter 4.

Suppose we have obtained a measurement x E. fa, b1, a < b, on a sample of sise N (e.g,
an image consisting of tv pixels). A qualitative variable y E. {Yi'···'YB} is selected as an
"objective feature" (e.g, cl.rrelations between samples taking on any of s discrete values) ob-
served 011 the same sample as our measurement. The entropy, n'(Y'(:\, of y and the conditional
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~ntropy, H:r;(Y), of y on x are defined as
(\

;)
.,

H(Y):;: ....L p(yj)logp(Yj)
j=l

(2.5)
3

H:r;(Y) :;: - 2: p(Yjlx)logp(Y:iI?,)
j=l _J;;;-:;:.;._~/

. ((
where p(alb) should he read as "the probability of a given b", The relative entropy informatlon

o

on y conta'in.'edin x is defined as

p(X'"-7 y\ =: AlCx'"-7 y) (2~,6)
~ H(y) ~. ';>~'_~';';~};:C:;"'~'\'

where Lll(x -+ y) :;:H(y) -l1ity) is referred to as the absolute entropy informasfon, ?) \
measures how much of the uncertainty ab-out y is reduced when x is realized, The rn.(.I~

..\\ r .........,

the relative entropy information can be AA~~ulatedas
'.'-~':'

II

p(x -+ y):;: J p(x -> y)f(x) dz

where l(x) is t,he probabilit}j density function of x, If x is a digital image, a discrete appro~\..
r>· ,., . ":.... .'

lIJ,1a,tionto f( e) could be obtained from the grey-level histogram, Ifwe discretize the (usually
continuous) measurement into n discrete subranges (e.g, we digitize the continuous image,
resultiffg in a set of discrete grey-levels), we can write the discrete form

where p(Xi) is a discrete approximation to f($).. Note that the notation can be a little
confusing: Xi is the discrete value representii1.gsubrange i of the continuous measurement. It
is not the ith spatial sample ofx, Using Bayes' Theorem (see Section 2.2),

we Can write
,,'11. ",II (. '1 .) ( .) 1 P(~dYjl)(Y;)_.( ) 1 L.Ji=ll-1j~l P $,113 P Y3 og p.. (Wi •px-+y:;: - s ....

E.i=l p(Yj)logp(Yj)
(2.8)

\,\

This function has the follOWingproperties [Pan and Harris, 1990]:

(1) 0:5' p(x -+ y) :5' 1.
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(2) p(x -t y) ;::° if and only if y is statistically Independent of x.

(3) pCx -t y) :::;1 if and only if s,:$ nand y is a deterministic function of x, y ;::¢(x)

(4) p(y -t x) ;:: 1 if and only if 'It :$ s and x is a deterministic function of y, x ;:: 'IjJ(y)

(5) p(x -t'Y) :::;(i(y -+ x) == 1if and only if n = 8 and there exists a deterministic tunction

'1 such thn.1iY == '1ex) and x = '1~l(y)

Genel'alized entropy,

Kesavan and Kapur [Kesavan andc:·Kapur,1989] introduce a "generalized maximnm entropy
principle" which does not limit .itself necessarily to the use of the logarithmic forms above.
Instead, a general convex function ¢(,) is defined, so that

n

HG :::;...b ¢(Pi)
i=1

(2.9)

becomes the measure of "entropy" to be maximized. Interestingly, on deriving the precise
form of ¢(.) under different statistical models, the forms (2.1), (2.4) or. the general, pi£nciple
of Kikuchi and Soffer (Chapter 3) result nonetheless,

Exponential entropy

PaJ. and Pal [P:Uand Pal, 1980b] have proposed an exponential form for the entropy expres-
sian,

H 1 -0 I-p'
P P :::; ..... L..J Pi e '

n i=:1
(2.10)

specifically for application to images. However, their choice of an exponential form seems
to be based more on distaste for the usual logarithmic forms (2.1) and (2.4) than a sound
theoretical basis. Their arguments against the logarithmic form, briefly: are that: (1) as
Pi -t 0, 10gpi -4 00 and (2) if'H ;:: 1, then logpi ;:: 0, where logpi is viewed as a measure
of information gain. On a purely intuitive basis it should be fairly acceptable that there is
no information to be gained in the occurrence of an event whose probability is unity and,
conversely, the occurrence of an. event whose probability is a&sumGd1;0 be zero should at least
raise an eyebrow.

2 ~.Bayes' Theorem and. its relationship to the principle of maximum entropy

In Bayesian analysis probabiU;Yis given a broader interpretation than that of being regarded
merely as a kind of normalized frequency of occurrence [Press ei 0,1, 1992;Mood et ai, 1974;
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Loredo, 1989]. Instead, it is often regarded as a measure of the "likelihood", on a scale from
o to 1, of the truth of a proposition Or hypothesis rather than a repeatable event. TIns
likelihood cap. then. bemodified when given new data pertaining to the process about which
the hypothesis is made. Thus the problem is that of malting inferences about parameters
describing a model (hypothesis), not directly observable, given data D, say, which are in-
directly related to the parameters we wish to determine .. Let us denote the.posslble sets of
parameters A, B, C, .. ~. the only way to express such inferences is in terms of the conditional
probabilities P(llID), P(BIDY,~·· [Skilling, 1990], where we read P(XIY) as "the probability
of X given data or information Y".

Let M represent any particular hypothesis A, B, C, • ". We need to determine the probability
distribution P(MID) as a function of M. Unfortunately, all the data will give us is the
"likelihood" P(DIM), i.e. the likelihood that the data could be produced by M. If we
were "frequentist" statisticians we could ~mbed the dataD in a sample space of other (non-
existent) data sets {Dl'" ..,DN} which could have been (but weren't) observed. We would
then try to estimate the set of probabilities P(Di 1M) that the data sets Vi would be observed
if the hypothesis M were true. Loredo [Loredo, 1989; Pendock, 1993b} presents a critique of'
frequentist methods, one of the many criticisma being that the random variable in this case
is the hypothesis! not the data. The Bayesian approach is almost exactly the opposite: we
consider the class of all hypothetical distributions {Ml,"', MK} consClltent with the received
data D and attempt to find the most probable solution.

We represent the probability that I'X and Yare true" by the notation P(X nY), given by

P{X nY) ::::P(X)P(YIX) (2.11)

By Aristotelian logic the statements "X and Yare true" and "Y and X are true" are identical,
so

P(X nY) ::::P(X)P(YIX) ::::P(Y)P(XIY) ::::P(Y nX)

which leads us directly to Bayes' Theorem.

(2.12)

Bretthorst [Bretthorst, 1990] points out that in Bayesian probability theory all probabilities
are conditional, implying that a probability such as P(X) standing for the "likelihood" of
.x does not make sense unless the evidence (the prior information, I) on which it is based is
given. T.~e correct form, then, is P(XII) and we can write Bayes' Theorem [Loredo, 1989] as

P(XIY.n I) ::::!(XII)P(YIX n1)
P(YII)

(2.13)
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The meaning of (2.13) is no different to that of (2.12): we have simply explicitly ~TI~luded
our prior information.

By invoking this theorem (and including our prior information explicitly), we can solve the
inference problem outlined above as

P(MID n I) == P(MII)P(DIM n I)
P(DII)

(2.14)

This tells us how to manipulate probabilities once they have been assigned. However, there
is nothing within. the theory to tell us how to determine or assign our probabilities.

The individual interpretation of each of the probabilities in (2.14) sheds some light on this.
Pendock [Pendock, 1993a] expresses the theorem in words 'as

P t· Prior X Likelihood
0,,) ertor = E 'd

V'l, ence

Fot' any single data set D, the total "evidence" (data and information) P(DII) is a constant
.' \\

and may be ignored [Pend~ck, 1993b; Skilling, 1990; Loredo, 1989]. We are given the like-
lihood P(DIM n 1) [Skilling,'x990]: in problems such as image restoration, it is related to
the error incurred by assuming M to be the "correct" result. This often takes the form of
a discrepancy measure, such as the Pearson X2, between thei received data D and a version
of M modified by what we know of the system, I [Jaynes, 1986; Gull and Skilling, 198,t]. A
similar interpretation can be applied to segmentation. The real problem now is to determine
the prior distribution (the likelihood of our hypothesis before considering any data) P(UII),
which has been left unspecified: Jaynes [Jaynes, 1986]has pointed out that this is due to our
still being caught up in the "bad habits of orthodox statistics" whereby we effectively claim
more knowledge than we really have for the likelihood above (e.g, knowledge of noise statls-
tics) and less than we really have for the prior. This would malta it easy to dismiss P(MII)
as being uninformative. However, the strength of the Bayesian approach lies precisely in Its
ability to combine the data with the prior information.

In many problems the prior distribution takes the form of constraints, e.g, we may desire
the smoothest solution for some reason. When we assume an entropic prior, we are assuming
maximum ignorance about the system. Thus any concrete knowledge is built in and no
assumptions are made. The form of the entropic prior is related to the Shannon entropy
(2.1). rin fact, Skilling [Skilling, 1989; Pendock, 1993a]has.presented a convincing argument

.,
1\
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for a general entropic prior of the form

P(MIJ) ::: P(MI.m, ~,I)

::;:P(Pb" ',Pnlm,O!,I)

<X exp(~ i: Pi ....mi - Pi log Pi.).
i=l m.

(2.15)

where H(M, m) denotes the relative entropy (compare this with (2.2)), m Is a model defining

a ccmponent-wlse magnitude for M and O! is the inverse c:f the expected spread .of M about m

[Pendock, 1993a]. The Pi are the discrete components of the dlstributdon JVI. Exponentiating
the ent~opy effectively gives us the degeneracy or multiplicity of the prior distribution (the

number of ways in which it can be realized), subject to aut known constraints, Thus by

maximizing the entropy we reach the. prior that is "mast likely" in the sense 'that we arc

choosing the most degenerate solution [Jaynes, 1968, 198~1.This is one of the most common

qualitative arguments in favour of using maximum entropy.

The ol'd~;r1,,'1which we apply the entropy principle and Bayes' Theorem is sometimes reversed,
\' ,

dependingon application and the kind of information we have available. Pan and Harris [Pan

and Harris, 1990] do this in their threshold selection technique for the optimal discretization

(segmentation) of geologlc=" data, where a measure of relative entropy Informatlon or corre-

lation (2.8) is maxlmized. The measure has been described in Section 2.1 and its' application

to thresholding appears in Chapter .1.

Bayes' Theorem allows one to determine an unknown probability distribution by re-

expressing it in terms of ather mare easily obtainable distributions, The maximum entropy

principle assigns a probability distribution to a variable! based an selection of the mast likely

distributlori that flts our prior knowledge (not belief). Conceptually these are clearly very

different. However, mathematically t11ey have much in common [Jaynes, 1988] and should

be seen I1S being complementary: the entropy enables one to select .3, "sensible" prior in or-

der that Bayes.' Theorem may determine the best possible posterior dlstrlbution to fit bath

the data and the prior information. Alternatively, Bayes' Theorem allows one to express

an unknown probability distribution in terms of others that are known, which can then be

substituted into the entropy expression.

2.3 "Vhy maximum entropy?

Maximum entropy, whe~( understood intuitively as a maximization of degeneracy or informa-

tion or as a means to avoid malting unfounded assumptions, seems quite a compelling choice.
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Many such .qualitasive ~rgnments for it (and against it) have been. put forward [Narayan. and
Nityananda, 1986]. There is little doubt that in using this principle we get good results for
philosophically correct reasons. It is often just the philosophy that swings one in favour of
maximum entropy: e.g. the "kangaroo problem" as discussed extensively by Gull, Skilling,
and otl\.ers [Jaynes, 1986; Gull and Skilling, 1984jSldlling, 1986] can be solved from a, sfan-
dard statistical viewpoint: however, it involves making unwarranted assumptions about the,
data (we assume that the data are uncorrelated] whereas the maximum entropy/Bayesian
approach reaches the same result without any such assumptio~s (the data cannot be assumed
to be correlated). The difference here is subtle but significant.

The arguments against entropy and Bayesian methods as a whole are often presented in a
similar hand-waving fashion. Press et al, for example, suggest that the solution of inverse
problems has gained a Bayesian flavour largely as an "accident of history" [Press et ai, 1992J.
They suggest that "an outsider looking only at the equations that are actually solved, and
not at the accompanying philosophical just.ifications, would have a difficult time separating
the so-called Bayesian methods from the so-called empirical OMS". This is true, of course.
The outsider will also gain no insight into or understanding of the problem and will have
every right to remain unconvinced about the correctness of the resultsr the point is, again,
that the correct results are obtained for the right reasons.,.

Uniqueness 01 entropy as a prior distribution selector

The most controversy rages about the 'statement that the general form of the relative entropy
(the exponent in (2.15))

n
p'H(]J!, m) = .E Pi - mi - Pi log ....!..

i=l mj

(2.16)

gives us the only correct choice of prior distribution for problems of inference (Skilling, 1989,
1990, 19D1; Shore and Johnson, 1980]. Press et a1 [Press et al, 1992] argue that there is
nothing universal about the form (2.1) (a special case of (2.16), holding up the example of
the Burg entropy (2.4) as a wo1'ldng alternative. The origins. of this form and the way it is used
ate neglected. It is suggested that the usefulness of the entropy measure stems primarily from
its nonlinearity. 'I'his could equally well be achieved by a function like I(p) = ~vP which
has no Information-theoretic justification. 'I'his is precisely the point: entropy is justifiable.

Shore and Johnson showed that both the principle of maximum entropy and Kullback's re-
lated principle of minimum cross-entropy are uniquely correct methods for inductive inference
by means of an axiomatic derivation of these principles [Shore and Johnson, 1980]. Based on
this work, Skilling has since determined the more general form (2.16) as the true (a,n/). only
correct) guiding principle for such methods of inference [Skilling, 1989, 1990, 1991, 1988J.
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Donoho ei al [Donoho et al, 1f1t"l21have also taken issue with the maximum entropy formalism,
claiming to show that it is o••!ii usefulin the case of near-blackness (e.g. astronomical Images]
for both signal-to-noise enhancements and superresolution (capability to resolve to better
than the Rayleigh limit for linear methods). They also point out that other methods may
exploit near-blackness to a greater extent, implying therefore that entropy may be good in
certain situations but there is no real reason to prefer it.

In his reply in the same paper, Gull has indicated that some misunderatandinge have\.jcreptin
through translating the maximum entropy principle into "the language used by statisticians".
In translating the findings back to a Bayesian framework, the following come to light: the
authors treat maximum entropy as a regularization method for inversion, a superresohrtion
method and a noise reduction (smoothing) process. As Gull points out, it is none of the
;.a:bove,although it can have these properties. The analysis of its performance In these roles
is therefore valuable but says nothing about its role as a selector of prior distributions. The
misunderstanding leads to inappropriate generalizations such as the attempt to generalize
the form of the entropy expression to allowuse of, for example, an h norm, as well as ad hoc
choices for the regularization constant;

The a'8$umption of data independence

Another argument against entropy is based on more practical grounds: the standard foirn
of the entropy expression (2.1) is based on the assumption th.at samples from the prior
distribution (pixels, grey-love]probabilities, etc.) are independent of each other [Tittedngton,
19S4; Press et al, 1992]. Considering our particular application, this means that the image
pixels can be randomly rearranged without affecting the entropy value. Clearly one would
not usually expect adjacent pixels to be spatially independent of each other: this is counter--
intuitive simply by virtue of the fact that we see and make sense of-the image as a whole.
Unfortunately, the precise nature of this dependence or correlation varies from image to
image. If we cannot quantify this inter-dependence, the maximum entropy formalism comes
to our rescue by suggesting that Wecannot assume correlation if we don't know its precise
form; therefore we do not assume correlation. Of course, in such a case it is numerically (but
not philosophically) equivalent. to assuming the data to be uncorrelated.

While this argument may make us feel a llttle better about our independent pixels, it would
';

nevertheless be useful to attempt to build such spatial (lependence as we can discern into
our formula. This could 'te done in a variety of ways. Skilling, in his reply to Titterington
[Titterington, 1984], suggests directly incorporating spatial information in the measure mi of
(2.2) or (2.16}in the form of inter-pixel correlations or other context-dependent information.
'I'his is essentially the mp' hod used with some success by Liang [Liang, 1988], although it is
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not explicitly formnlated as a ma~<illtnumentropy method. Similarly, in the method proposed

by Pan and Harris [Pan and Harris, 1990] the "objective feature" chosen (see Section 2.1)
may be a. context-related feature S11",}t as local grey·-levelvariance or mean. in all image.

Journel and Deutsch [Journel and Deutsch, 1993] address the issue by developing an expres-

sion for spatial entropy as a measure of spatial disorder similar to spatial variance. The

resulting formula is reminiscent of the form of an autocorrelation ft1n~tion: a bivariate en-
\\

tropy measure is proposed, with the entropy value dependent on the spittial distance or lag,
(i

.:\1 between two random variables (images) :v(k) and reCk+ A). ~~ measnre is normadzed
to give a relative measure lying in the range 0 to 1. The ima£e entropy is defined as th.e
(lverage value of this relative measure Over all possible ll:'!,gs.A more detailed description of

~h. technique is given in Chapter 3.

AnothE:'.r£pproach currently gaining favour is to characterize the image as a Markov Random

Field [pratt, 1991; Geman and Geman, 1984; Mardia, 1989; Marques and,Gastill, 1993].
Geman' and Geman have presented a comprehensive introduction to the theory and un-

derlying concepts of this approach with a view to Bayesian image restoration [Gem'an and ~'6
/)

Geman., 1984]. Stated simply, such an image model allows us to take into account pixel
)\

inter-relationships within a. pre-defined neighbourhood: thus we are neither\\assuming spa"
tial independence, nor unnecessarily taking account of weak correspondences between pixels

that are far apart. Thus the advantage of using a Markov model is that. we can determine

prior distributions which include spatial information based on neighbourhoods small enough

to retain computational feasibility, but still rich enough to model and process interesting

classes, of: ),ges. Mardla IMartlia, 1989] presents ~ bti':~~discussion of these methods applied

to imag~ an~Jxsis and, in particular, a form of segmentation.

Ft .. ·
The general similarity of the spatial methods outlined above [Journel and :tJeutsch~ 1993;
Geman and Geman, 1984] to methods using, for example, the entropy of the image. auto-

" (~.,,, . ','
correlation function, co-occurrence matrices or a distributions qua~tifyingi t:\.",\r~~ationship

between pixel grey-level and some local property defined over a.smnJ1!,\et) '\~dd is ap-

parent. Models and threshold selection techniques using v~!lous conte~;~'~;'t~;t.~;~,:_~ethods
such as these are introduced in the next two chapters. tiC \.\

. ~



19 .

Chapter 3

Digital image models and entropy

Models of digital images have been widely used as the basis for image proces~lng techniques
such as restoration, enhancement and segmentation [Frieden, 1972, 1973, 1980j Jain and
Angel, 1974; Mal;ques and. Gasull, 1993]. In particular, statistical models have played."an
important role in providing a justifiable basis for the use of the principles of maximum
entropy (MaxEnt) [Skilling, 1986, 1989, 1991; Jones, 1989; Pal and Pal, 1991a; Seth and
Kaput, 1990] and minimum cross-entropy (MinxEm) [Kullback, 1959j Shore and Johnson,
1980; Kapur and Kesavan, 1990]in these techniques.

Various models of images are used in image processing and analysis; with the assumption
of one model or another often being implicit. In investigating and applying the principle
of maximum entropy, it is.useful to consider the model and the assumptions one is ~aking
about the image explicitly. It should he stressed that a digital image is only a rough approx-

imation to the ideal continuous image, particularly with regard to its grey-scale. In Section
2.1 a model based on the physical process of image capture is described and the effects of
dlgitization are discussed.

The maximum entropy principle has been most commonly applied to problems such as the
.restoration and reconstruction of images. The models used, rather than being founded on
the imaging process, a)e based directly on the nature of the received digital image, i.e, a
two-dimensional discr Ite distribution of positive integer grey-levels. These, fan mostly into

1\ ~

one ·01 two categories: (1) the image itself is regarded as a probability distribution, where
each pixel's grey-level is a measure of the likelihood of iUu;ry:'inationreaching that point in
the image, and (2) the image grey-level histogram is used, with each bin simply representing
the probability of occurrence of a particular grey-level. The former appears more desirable
in the sense that it seems to take information about the spatial arrangement of pixels into
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account: clearly, many dift:(:)rentimages could have identical histograms, although it cq~d
be argued that such imMe~ then cor~ctly have the same ent:ropy, However, examinatiof of

"the entropy expression (see Chapter 2) shows that the entropy is independent of the order in

which the individual samples of a discrete signal or distribution are taken: Le, the pixels \)1' /

histogram bins are not as(gmed t~J spatially depen~'llnt. rl'~i~:apparent sh~rtcoming wa~4/
addressed at some length in Chapt~<2 and will henceforth only be considered as a.motivation i
for attempts to incorporate contextual information.

c, ',,,-
\_-,',',17{

Statbtical models of digital images can usually be b~A~edon paraU,21models in the-fields of

statistical thermqdyna.J.Ili~s and mechanics. The classical methods w~r,elarg~ly developed in:
dependently by Boltzmann in Germany and Gibbs ill. the USA. Modifications' were introduced

with the advent of the quantum theory by Bose, Eim.tem, E''1rmiand Dirac. Details of these

methods can be found in most standard references on. statistical physics [Sears and Salinger,

1975; Tolman, 1979; Toda et al, 1983}. Some models based on these have been descrlbed

by Frieden. [Frieden, 1980], An' overview of these models and brief outlines of their physical

and/or statistical derivations are presented and discussed -in Section 3.2. Modela based on ..

other distributions or giving a,different perspective on the models of Section 3.2 are described

in Section 3.3. The issue of the intbrpora.tion of 8p~tial information is also addressed here.
1:'/

_:'~~'::<

" Ij

3.1 The Poisson model

Many current image processing techniques implicitly assume a. Gaussian model for the il-
l.

lumination of receptors in an imaging device.. Based on this assumption, under uniform
illumination conditions one ",1,rou1dexpect the distribution of ligJrt·qua:~ta (photons) over the

receptor array tv be Gaussian. Simply equating quanta with grey-levels in a digital. image,

one would. ;;:.x.p,..lCt a Gaussian grey-level histogram. centred at the mean image grey-level.

Such a model has beer previously used to address the image thresholding problem [KittlJr

and IUili,,,,.worth,1986; Aibregtsen, 1993]. However, the assumption that grey-levels can be

directly equated with photon-counts ia not strictly correct. This is dealt with in more detail

below.

An older model which is currently regaining favpurIPcU and Pal, 1991<lt; Skilling, 1990] is
based on the Poisson. distribution, Assuming 'that we ate dealing in this case with an optical

image, it has been found that from a quantum Viewpoint the number of incident light quanta

(photons) on an imaging array is governed by Poisson statistics with a. sufficient degree of

validity for our purposes [Dainty and Shaw, 1974]. If the average number of quanta per

receptor is q, say, then the number of receptors with T. quanta is prop()rtionaJ, t~\
_,I (~2_\..~.

f
qr ~-g

p.,.=--.-'
r!'

(3.1)

\\
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and

002: Pr;;:: 1
1';:::0

where Pr is the prolS'a.bllityof r quanta reaching (I, receptor.

In practice the number of quanta registered by the recepcor Is subject to its sensitivity and
He saturation level, There exists a threshold number of quanta T below which the receptor
is unable to detect a;nyincident light. If the image field is too bright the receptor saturates,
corresponding to an. upper threshold S above which "'0 additional quanta can be sensed. The
mean recorded number of quanta is thus

00 r-q
q' =:: L i,.' :~ e, .

Or.r=
(3.2)

where
r < '1'
T5:r<S
r?:. S

as.opposed to the true mean
.~ qre-q

q == L; 7'---,-
1';:::0 r.

(a.a)

-'---

In the case of a digital image each pixel can be assumed to correspond to a receptor. The
observed grey-level is a measure of t'· Jitcoming·light intensity (number of quanta) at each
pixel position. Since there ate only 8, relatively small number of distinct grey-levels (usually
256 for a 1 byte-per-pixel digitization) compared with the number of quanta making up the
illuminatiollrit is reasonable to assume that many quanta are required to form a single "unit"
of grey-level. The grey-level is thus a measure of the number of "packets" of quanta reaching
each pixel: a Iow-resolution approximation to the actual quantum count. If we(aenote the
number' of quanta per grey-level by fj.r then the mean recorded grey-level is given by

(3.4)

whore i/ ;)grey-level 9 (number of quantum packets counted) Is

g==

o
o
1
2

'1'<.T
'T ~ r < T+t..\r
T + 6.r 5: r <"T + 2Ar
'1' + 2Ar ~ r <.t T + 3Ar

n --1 T + (n .....l)A'1' 5: r < T + nA1'
n .....1 r ~ T+nAr
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The upper saturation level is given by S ::::T 4" nAr, n the number "of discrete grey-levels.

If we assume the number of quanta per grey-level AT to be very much larger than the
sensitivity threshold of the receiving device, b.r ~ 'I', then thia lower threshold can be ignored.
The problem of saturation should be addressed at the image capture stage (adjustment of
aperture or shutter speed to avoid overexposure) and cannot usually be addressed aftel'
dlgitizatlon, The grey-level is then given by

o
1
2

'1'< Ar
A?' $ '1' < 2Ar
2.6.'1' S '1'< 3Ar

n - 1 '1' ~ (n -- l)ilr

with (1, priori grey-level probabili.ies

(g+1)Ar-l '1' _q
" q ep 9 :::; c: --;.y---

'l'=UA1'

(3.5)

It has been incorrectly assumed in some earlier work [Pal and Pal, 1991a] that the Poisson
model can be extended to the grey-levels themselves. The digital image corresponding to a
uniformly illuminated receptor array would then have grey-level probabilities

where pg is the probability of occurrence ofgre;y-level 9 and /1 is the mean grey-level. Clearly,
under uniform illumination we would not expect the variance of the quanta per receptor to
be high enough to cause a significant variation in grey-level over the image. The grey-level
histogram should be regarded as a low-resolution approximation to the quantum histogr~~m
and it is thus reasonable to expect a single grey-level probability spike at 9 :::;f1 approximating
the corresponding Poisson probability distribution of quanta centred on r :::;q,

It should be emphasized that this applies to a uniformly illuminated image only. In a general
image, each pixel has an associated mean illumination q and a Poisson distribution which
becomes apparent when multiple Images of the same scene are captured over time.

3.2 The image as a distribution

Unlike the Poisson image model, based on the image capture process, digital image models ate
generally based directly on the statistics of the data representing the Image alt01'diglltization.
Some of these models are described below. Note that in this discussion th€lterm "photons" is
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often. used to indicate units of grey-levell'ather than the actual light quanta of the physical
process. It will be explicitly indicated when this is .not the case.

The monkey model

A digital image can be regarded as a probability distribution with each pixel's grey-level rep-
resenting an estimate of the number (or probability) of photons reaching that point (Frieden,
1980]. We imagine the scene to be imaged as being made up of a fixed number of photons
(unit grey-levels) G and our initial image as an empty grid or raster consisting of N cells
(pixels) •. 'I'he G photons are allocated one at a time among the N cells with uniform spa-
tial probability [Frieden, 1972J. This model has been dealt with in some depth. and is often
referred to as the "monkey model" due to the analogy of a group of monkeys randomly throw-
lng G balJs at a 2-dimensional array of N boxes to form the image [Gull and Daniell, 1978;
Skilling, 1986; Jaynes, 1986}. Note that for the purposes of this particular model equl',(,ting
grey-levels and photon-counts will not affect its performance. A diagram of the model for
G ;:::20 photons is shown ill. Figure 3.1: f~~rclarity it is represented in one dimension,

G=20

I I I
, I ,
, I I
I I I
, I I
, I I
., I ,
I I ,
, I ,

i§•.••.•..·! :
I . I ,

" I, .• I I b'"
I 1'"'\ , '" r notol1 • ,
,VI' , ':/ I!

: : :0:8·····.·.····: : : If lOb:
'1'"'\1 '1'"'\' ... I I '~' '~... I

_.J.I..;;V~·;..J't...:~~I~"-.j)F-...I.',.::... =,,> :.J'-5~_'_::O~···f'-• .1..:' ..,.......... :'. _. _ _ _.. :,1 .. w.' ". :,!tl!9·l.9J~)!-.~.. · --
Plxe! l1ul'I1fJtlr

Figure 3.1 Photon/unit gfey-~'elJelallocation model t'monkey modet") in 1 dimension. G
photons are dealt out among N cells (pi:r.els)with uniform spatial !pfobabiUt,y, The model
obeys a simple positivity constraint.

Jaynes' pt'inciple of maximum degeneracy [Jaynes, 1968] states that, subject to a. priori
constraints, the moat degenerate image to be formed in this fashion is the most likely to
occur. In other words, subject to any prior knowledge we may possess about the system, we
wish to maximize the degeneracy of our estimate of the image. OUr only a priori constraint

\\



3. DIGITAL IMAGE MODELS AND ENTROPY 24
for this model is that of n6n-negativity, l.e. Ui ~ 0, 1 ~ i;) ~ N, where':f]i is the grey-
level of pixel i. The photons can be considered to be indistinguishable and any number can
occupy a given 'Cell.Any given image has a corresponding non-unique grey-level histogram.
The number" of ways W that a general image (U1, U2, • • • ,UN) can be formed is given by the
Boltzmann law

(3.6)

Following Jaynes' rationale, we set W == max or, equivalently, logW ;;:::max. Using Stirling's
approximation logm! ~ (0.5 + m) logm - m + ().51og21T'we find that the quantity to be
maximized has the sante form as the Shannon entropy. We maximize the expression

N

H(U1'''',YN);;::: - LUi1ogUi.
i=l

(3.1)

.Although the Ui are not probability values as such, the entropy expression has been st:ww:o.to
hold for positive, additive distributions in general [Skilling, 1988]. Note that in order to com-
pare the entropies of diflerent images the grey-levels should be normalized to l'probability"
values by dividing each pixel value by G == l:iUi or, equivalently, imposing the constraint

/)

that Ei9i == (] = constant V images. In terms of probabilities, the expression for entropy
[Shannon and Weaver, 1949J is given by (2.1); or

N
H = - L Pi10giJi

i;::l

II
Jaynes [Jaynes, 1968; Skilling, tl986] has pointed out that entropy is a telaMve measure given
by (2.2), Le,

where ttu is a model describing the p:d6~\information available. (2.1) infplicitly assumes .a
uniform prior whereby all events are equally likely. This assumption is valid when we have
no 'position-specific prior knowledge.

Skilling [Skilling, 19861 presents the following argument against this model: we can represent
the selection of the maximulll.:ryntropy image pl~toriany (Figure 3.2 shows this selection for
linear constrain.~s on a 3-pi.xel image).
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tr

UnIform Itnaot!l

Figure 3.2. Maximum entropy with hard linear constraints.

When the constraints are non-linear, there may be more than one local maximum of entropy
if the set of feasible images is not convex (Figure 3.3).

, Figure 3,~. Maximum entropy with hard non-linear constraints.

In this sase images A and B cou\1 b';)th be used as alternative estimates, with preference
shown for A, the image with larger entropy. However, this preference is hard to quantify.
Skilling shows t).,1,a,tif we let the number of photons G become large, image B is contradicted.
If G is finite, the degeneracy is no longer an absolute selector of the image: it is merely a
probability modulator and we still need to choose ~ image where selection of the overall

\0.
\i
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maximum entropy image is merely ad hoc.

Digital image bounded above and below

Frieden [Frieden, 1973, 1980J Introduced a model for digital images based on Fermi-Dirac
statistics. These apply to particles (photons) which are indistinguishable and obey the Pauli
exclusion principle, mear:ing that there can be no more than one particle in each permitted
energy state [Sears and Salinger, 1975]. A digital image is effectively bounded above ari.a
below (there is an upper limit on the grey-level of each pixel, in addition to the lower limit
described above). Hence a :S gi :S b, where a and b ate the a priori limits, e.g. a::::: 0 and
b :::::255 for an image with one byte per pixel. To satisfy these constraints, we assume each
cell (pixel) to be limited to b possible sites for photons, a of which are already filled, Drawing
a parallel with the mechanical system described above, we have b - a. possible "e:n.ergystates"
per "energy level" (pixel)"i, among which are distributed 9i - a "particles" (unit greY-levele:).
Figure 3.4 depicts this model for a I-dlmensional image.

o

Figure. t.,~.J·-dimensional representation of Frieden's model obeying 'Upperand lower bound
constrlt.ints. "rite G photons or u'(I,itgrey-levels are deaU out mndomly among the sUes above
level a. Al.; sites below level a are pre-fllled.

If cell i contains 9i photons, the number of wayswi in which it can have.been formed is giyen
sintply by the number of ways to distribute (gtT a) indistinguishable particles among (b,.. a,)
distinguishable locations, l.e.

.-0 (b -.a)!
Wi :t:(b.,..q) (91-(l):t: 'CUi _ a)l(b .... in)! (3.8)

Ii
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and, assuming independence (o~ lack of dependence) between cells, the degen.eracy of the
image is given by

(3.9)

Maximizing this expression is again equivalent to (using Stirling's approximation) maximizing
a form of Image entropy

N N
HCU!," ',UN) = - E(iJj - a)log(Yj"" a) - 2:(b ~ Ui)log(b - Ui)

j".,l i=l
(3.10)

or, equivalently

b b

H(gl,'" ,UN) == ..~L /g(U - a)log(g ~ a) - L /g(6 - g)log(b - g) (3.11)

where /0 is the frequency of occurrence of grey-level 9 obtained from the image histogram.

Frieden's use of li~rmi-Dfrac t •tistlcs implies that the degeneracy of each pixel is important
in a digital image. A number (b - a) of photon sites is assumed to exist at each pixel location:
this is not true, since for any real digital image such "sites" are not distinguishable and hence
the use of Fermi-Dirac st~,tistics is not indicated. ,The only information we have is the number

of filled sites (photons) at a giv~n location, not which sites are ill fa~t filled: we do 1J.(~tcare
how many ways the pixel's grey-level can be achieved, only that we know what that level is.
This would Imply that the pixel degeneracy is unity, in which case the model becomes trivial.
While the model is not "wrong" per se, it contains redundant elements ..

Kikuchi-Soffer ({reconciliation" model

Tl~re are two main forms of the entropy equation: the Shannon entropy [Shannon and
Weaver, 1949] as given by equation (2.1) and the Burg entropy [Burg, 1967] given by (2.4)
or, equating grey-levels with probabllities,

N
,JJ(gi, ... 19N) == 2: log Ui

i:::::l
(3.12)

which relates primarlly to problems of spectral analysis. As indicated in the previous chapter,
--,i

tli~re has been some controversy surrounding the questi6n of which form is correct. Kikuchi
and Soffer [Kikuchi and. Soffer, 1977; Frieden, 1980J have proposed a model reconciling these
two forms as special cases of a more g~l.eral form by taking' a quantum physics approach.
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The image 1S modelled as a random assortment of photons and the degeneracy is maximized'
on tM assumption that they are Bose particles.

Each cell is assumed to have a finite number z of subsites for photon allocation. These
subsites correspond to the finite number of degrees of freedom present, within an image pixel
due to <physicalreasons such as cell area, bandwidth, aperture siz~and detection time interval
(shutter speed). A L-dimeneional representation of this model is shown in Figure 3.5. Bose
particles [photons) obey Bose-Binsteln stati!!tic~,meaning that the particles are considered

u

indistinguishable and there is no restriction on the number that may occupy 1:1, single energy
r:

state. The energy states (subsites or degrees of freedom), however, are distinguishable (Sears
and Salinger, 1975J.

~ear""r;of
tree<-lotrt

'l

Figure 3.5. i-dimensional representation 01the model due to Kikuchi and SoJfe:r.G photons
m'e dealt out among N pixels, Each pi~el ha.'~z subsiie», into each oj which any number of
photons may jam.

Similar reasoiilng to that used in the two previous models is followed, solving for the image
which maximizes the degeneracy W. Following the Bose-Einstein statistics, the number of
ways Wi in which a pixel grey-level f}i can be formed, al,lsu!t'rhgthe photons to be indis-
tinguishable and distributed over z distinguishable b.. .: .~es,'is given by [Sears and Salinger,
197~?]

(3.13)

Statistical independence. between cells is again assumed and hence total image degeneIa~y is \\

j',l
If
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again given by (3.9). A solution log liV ;: max: is again sought:

, N ..)'"\ "".. (9i + Z -. 1!10gW(9t,''',Yl\r):::: .L..,.log •. I( -1)1 :::;max:
i::;1 9" z .

(3.14)

The reason for the term "reconciliatlon model" now becomes apparent, We examine (3.14)
in two different limits of particle number relative to number of degrees of freedom, Ui ~ z
and 9i ~ i. In the first limit the numerator of (3.14) approximates (z -1)! and we get

N

log W(Yl, ... ,ON) !:: - 2.: log 9i! ::::max:
i=t

and using Sth'lillg;t_ approximat' ,.it this yields the Shannc entropy form (3.7).

Evaluating (3.14) in the opposite limit [Frieden, 1980]yields the principle

N

logW(Yl,' ",YN) ~ l:logYi::::;max:
1=1

which is recognized as the Bu.g entropy form (3.13) above. Itis apparent then that Kikuchi
and Soffer have reconciled these two disparate forms ofmaximum entropy principle as limiting,
forms of a more general maximum degeneracy principle.

Using Stirling's approximation and (3.14) we obtain an expression

N

logW::::; L (9i + Z -1)log(Yi + Z -1)
i=1

N._L m10gYj
i=l

(3.15)

N...L (z -- 1)log(z -1)
i=l

which call be viewed as the sum of three "entropies".

As a physical model of image formation the definition of pixel degeneracy based on cell-size,
shutter speed and other considerations is attractive, hut such a priori information is rarely
available and again our only real knowledge about an ~ndividttal pixel is its grey-level, which
f01' our purposes Js simply reached by letting "enough' light fall on the cell ill question. It
is interesting to note hero that in any practical application, due to physical reasons such as

\\
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photon dimensions relative to cell size/we can reasonably assume the case Yi ~ z: Hence the

Shannon entropy (2.1) .agaJn appears to be the coq,ect form for image processing purposes.

I
3.3 Other distributions and the problem or independence

...:l/

The models described in Section 3.2 use the h~;li,geitself as a probability distribution. Another

commonly used distributlon is the image g~iSY-le"Elt~:b!stogram[Kapur et al, 1985; Brink,

1991b}, without explicit assumption of' a model justifyin~~,its use, The co-occurrence matrlx

is also used on occasion [Pal and Pal, 1989a]: this can be seen as being related to the use of
',I

the histogram, but with a context-dependent measure added lor improved performance. In
this section a mod:~l justifying use of the histogram is developed. Another interpretation of

the monkey model, using similar reasoning to that justifying the use of the histogram, is also

described.

These models, like those of Section 3.2, still assume independence (or non-dependence) ofad-

jacent "events" in the probability distribution. Context-related information can be included

in a number of ways. Some suggestions were outlined in the previous chapter. Clearly, a mea-

sure such as the cross-entropy (2.3) (or relative entropy (2.2)) would include a contextual

component by virtue of the fact that corresponding samples of the prior and posterior distri-

butl0n$ are directly compared. 'rhia correspondence can be exploited for threshold selection,

as shown in Chapter 4 where a thresholding scheme using the cross-entropy is described.
"

Methods such as this are related to the processing or analysis of the image rather than de-.
termination of the image entropy. Other measures, such as the spatial entropy described by

Joumel and Deutsch [Journel and Deutsch, 19931;\<t!'eaimed more directly a,t.a description

of the image itself. This model is described below. Two new models are presented. The first

is b~sed on the autocorrelation fl1nction of tho hlstogram or image. This measure sho~)d
incorporate spatial information by virtue of the fact that correlatio 1 values quantify inter+

sample relationships, The second is. conceptually more difficult to grasp: pixel positions or

coordinates relative to the image origin are themselves viewed as "probabilities" in the sense

that they are used in the entropy ~xpression. In being explicitly included in the calculation,
a, unique entropy should be found to correspond to a given image.

Entropy of the 1:mage histogram

Grey-level histograms are often used in image processing techniques such as segmentation

(thresholding) [Otsu, 1979; Brink, 1989,1990] and image enhancement [Gonzalez and Woods,

1992]. In particular, methods based on the entropy of the histogram have been proposed in

the past [Kapur et aI, 1985; Brink, 1991b] without any real justification, other than the fa,ct

that the histogram is a form of a. posteriori grey-level probability distribution and can be
used as an a pr'iori estimate for future images of the same scene.
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The grey-level histogram of an image can he qptained simply by determining the frequency
(number of pixels), fg, of each grey-level 9 and dividing thls by the total number of pixels N

, \\--,_,_,
in the image to give a measure of "prob~bili.ty(lrofoccurrence, Pu ;::: fgiN, of that grey-level.
The entropy of the his~logtamis defined as

b

If == -2: pglogpg
O=I:L

(3.16)

where a and b are the minimum and maximum grey-levels present j . the image. The non-
normalized frequency histogram can also be used, subject to the condition that the number
of pixels N ;:::2:g fu ;::;:constant Vimages involved in a computation.

The Justification for maximizing the histogram entropy parallels that 101' the image entropy
using the monkey model. The histogram degeneracy (the number of distinct images which
give rise to the same histogram) is, t,ccOJ;~ng to the Boltzmann law I

(3.17)

Maximizing log TIf! as before reduces to maximization of the entropy (3.16). Another approach
can be used whereby histogram entropy is derived from a model of the image its~~f,as follows.

We assume the image to be analogous to a thermodynamical system: let the grey-levels
g correspond to energy levels and their locations in the image (i.e, pixels) correspond to

distinguishable energy states. The number of particles at level 9 (the number of occupied
states) is given by the frequency fg. Here the analogy becomes tenuous, since if a pixel (state)

is occupied at one grey-level (energy level), it cannot be occupied at any other. There is th~\~
some dependence between histogram. bins built into this, in that we have t~,~;akeaccount~~l
the fact that if, say, there ~re N pixels in total. and fa pixels have level 9 == a (the lowest
grey-level), then the number of free pixels (states) available at g:::: a+ 1 isN- f(l,' In gsneral
we find that the number of availa!Jlepixels N k+1 at level 9 == k + 1 is given by

k

Nk+1 == N - I:fg
0=0,

(3.18)

with No, == N. Using Fermi-Dirac statistics we find the U"'F;"'~L'''~'''''~.Y

analogous to that of an enel'g!' level [Sears and Salinger, 1975],given by

(3.19)
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and the total degeneracy of the image (assuming statistical independence between grey-l(';;([s)

is
b

w::;:; II 'Wg
g=a

(3.20)

We again want to maximize W or, equivalently, log W. Again using Stirling's approximation

b

logW::;:; .E NglogNg - (Ng - fg)log(Ng -Jg) - fglogfg
g=a

\ J

b-l b

+L: [!V"g+llogNg+1- {Ng - fo)log(Ng.._ fa)]..,. E f~logjg
g=a p=a

b

::;:;NlogN -- 2: fglogfg
g=a

II
since NgH::;:; Nfl - t« and Nb - fb == 0, Since the first term. above is constant, the quantity

to be maximized is
b

If:::: - 2: jglogfg
g=a ~'I

01'

b ':,

H '\""" if 1::::_.LJ Pg ogPg
g:;:a

in the case of the normalized histogram.

We have thus derived an image model which in a sense justifies the use of histogram entropy

as a measure of the entropy of the image itself. Clearly, a drawback of the histogram is that

all "image" (i.e. context dependent) information is completely ignored without recourse to

the philosophical panacea that entropy gives us by "not assuming dependence"• As a criterion.

function for threshold selection, where segmentation usually takes place without regard to

such. information anyway, it has its merits and should not be disregardeil [Kapur et al,1985].
1·1

Entropy of the image

If we adopt a similar approach using the image, WP. obtain the following model. Given total

image "brightness" G ;:::'\lJi Uj ;:: 2:g U1.9' If pixel i = J. has grey-level {Il then the maximum

number of levels available for pixel i = 2 would be a~91, and in general the number of
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available grey-levels GkH lor pixel i ::::k + 1 Is; as in (3.18), ()

it

k

Gk+1 ::::G~.•.L: (Ii
i=1

(3.21)

: ';>'>. . ,
with lit:::: G. T:re degeneracy of pixe,l i is then given by

))

I Gil
W\:::: GiC9; = (G. _ .. )1 .1, {I, .{/,.

(3.22)

If there is a non-zero lower grey-level limit G, for the image, corresponding to pre-fogging of
a photographic plate, we can substitute the values Gi"'" a and Yi - a for G~'f1Ud·.lJhsimilar to

" ',' '\',

Frieden's model (Figure 3.4). The assumption of independence giv~s the ov\~ral1d€:generacy
measure

NW=·n V)i"
i::;l

again and we maximize log vV given by

N

10gW:::: I:GdogGi - (Gi'- gi)log(Gi - Oi) - {UlogO,
i=l

::::GlogG - (GN""; ON)log(GN - ON)

]\7-1 • NI-I

+ r: [Gi+110gq,'?1 - (Gi - 9i)log(Gi - 9i)] - ?: 9dogOj
t;::1 .:'. 1=1 .y

\

N

::::GlogG - :L 9i1ogOj
i=1

since GH1 ::::Gi - Oi and GN - DN= O. Since the first term above is constant, the quantity
to be maximize-I is

N

H:::: ·-.L Oiloggi
;=1

Le; the Shannon entropy resulting from assumption of the monkey model (3.7). Note that
here I have assumed a similar situation to Frieden's, i.e. provision for lower and upper bounds,
with the modification that the upperbound l~')rl:laC:lpi.tel is dependent on the grey -levels of
previous pixels instead of being fixed, In (lffect this is simply a restatement of the monkey
model making explicit a constraint which WaSpreviously only implied.
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Spatial entropy

Journel and Deutsch address the issue of sample inter-dependence in a distribution by de-
\\ ;;

veloping an expression for spatial entropy, vioJed as a mea~\&l'eof spatial dtsorder [Joutnel "
and Deutsch, 1993j. Consider a random variable w(k) \~hi~1 can take on n outcome values

\,>,<;./. . ....•Ii

with probaoilities Pg, 9 = 0,· .. ,n .~1 s,~ch that i:;':~pg = 1. We may view the J:andbm
"

variable w(k)as the grey-level. of each pixel k= (i,j) in an ircage, for example, with ,the
Pa indicating grey-level probabilities. The entropy associated W.i.Vr~ tills probability set (the
histogram entropy) is clearly

n-l
H ==.~ E pglogp~2 0

g=:O ,)
Ii /}This measure, as indicated befo:re,Jakes no account of inter-relationships between samples

of x(k). Journel and Deutsch propose a bivariate entropy measure, with 'the. entropy value
dependent on the spatial distance or lag, ,x, l.etween samples reek) and w(k+ ,x). We can now
define bivariate probabilities

Pggl == Pr{w(k) E g,m(k+'x) ISl}' g,g' == 0,., ','11, ~ 1

which, regarding the random variable as an image, would correspond to the probability that
grey-level g occurs a distance ,x from. grey-level gl i say. 'I'he bivariate enti'opy is given by

n-l n-l
H(>.) == - bL pgg,(.\)logPtrijl(,X);?: 0

0:;::0 0':;::0

(3,23)

For lag ,x == 0, we have POg{O) == 0, V9 :/;9' and Pgg(O) ::::Pg, giving us simply the univariate
(Sh~llllon) entibpy (2.1) of the histogram, i.e,

n....l

H(O)::: - I.:pglogpo == H
g=O

for lag .~ == 00 we can regard $(k) and w(k + 00) as independent, giving PUg'(oo) ==
PgPO" V9,,Y'. If the ptobability distribution Po is assum,ed to be stationarv {i.e. it is in~
dependent of position, k, so that for any given lag, A,Po == PO' if 9 == g') the bivariate entrop«
has an upper bound given by

n-l n-l
]{(op) == - 2: I:PgP,l(1!()gPu+1ogpo'):;-: 2.f.l{O)

g=:O g'=:O
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Assuming that we have a well-behaved non-perlpd{c~,probability UI:JIl.sityfunctio:p" PggI(A)
decreases continuou!lly as IAI increases £tid consequently H(A) increases with lX'1 over the
interval [H(O), 2H(0)]. A standardized relative measure of hivariate entropy can be written"

HCA) == H(A) - H(ln ..(0 1]
R H(O) e, (3.24)

'I'he image entropy could then be defined as the average value of ,this relative measure over
all possible lags. !n general t4~ coordinate k and the lag X ate vector quantities"defining
multi-dimensional .spatial ,coordinates.

(j n

In practice, the P!Jo' are effectively grey-level co-occurrence probabilities over single-
neighbour pixel neighbourhoods defined by the lag ,t The calculation of a single spatial
entropy thus involves the calculation of an n x n co-occurrence matrix for each possible lag
value: dearly, unless we severely restrict the range o:f lag distances over which we assume
dependence (i,e, assume a kind of Markov :!?roperty), the computational task is enormous,

The (lutocorrelation model

Given a discrete sigiial or distribution, the Inter-dependence of different points in the distri-
bution is described by its autocorrelation function. For simplicity I will confine myself for the
present to the image his,t~~gram. Clearly the grey-level fr\~quencies In of the histogram, can
usually be regarded as being inter-related. We can quantif~r the grey-level inter-dependence
by determining the autocorrelation function of the histogram

(3.25)

where the coefficients 'rk are given by

n-l '
Tk :::;:'2: Pk+nPg

Il~O

-- (n .....1) ~ k ~ n .,..1 (3.26)

where n is the number of grey-levels and

is the probability of-occurrence of grey-level !J in the N -pixel image. Nate that, 'Po == 0 oUf".Bide
the range 0 ~ 9 ~ n -1. If we normalize the autocorrelation coefliclenta we can interpre~ the
resulting distribution as the probability of general grey-level inter-dependence:
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\j

In other words, P'k quantifies the likelihood that pixels differing by k grey-levels are related,
The (Shannon) entropy of this distribution, based on simil~:)arguments as those justifying
the monkey model [Brink, 1994), is

n-1

Dr '::::;- L Pk logp~
k=l-n

(3.28)

In order to take spatial relationships into account, we should ideally work with the two-
dimensional autocorrelation function of the imago itself. In this case, we quantify the inter-
dependence of the actual image pixels, or the likelihood that pixels a given distance apart
are related.

In determining the entropy of an autocorrelation function, we are tacitly assuming indepen-
dence of the discrete autocorrelation values: e.g, the relationship between pixels k I,mitsapart
is unrelated to the relationship between pixels 1 units apart, say. While this assumption is
convenient, as before it is not founded on rigid theory. On the other hand, ,the independence
question can be taken to ridiculous extremes. What is required is a distribution based on the
image data, which takes into account the spatial organization of the image, Whileremaining
unaffected by the assumption of independence.

Using the autocorrelation function of a distrlbution as "input" to the entropy expression to
some extent parallels the approach of Jsurnel and Deutsch [Jonrnel and Deitsch, 1993]using
:I¥teasuresof bivariate entropy, described above. Such a measure of "spatial entropy" has
the added advantage that we are not worried about inter-dependences of inter-dependences.
However, the applicability of such an approach to the specific problem of threshold selection
or general segmentation is not clear as, by definition, the image is split up into regions: do
we find the spatial entropy of each region in. isolation of groups of regions having the same
classification or of some measure on the segmented image as a whole?

'I'he Markov modelling of images mentioned in Chapter 2 could be used to determine context-
dependent probabilities for the image pixels. These could.then be plugged into the entropy
expression (2.1) or (2.2); 'Nedo not then worry about the entropic non-assumption of spatial
relationships as these would have effectivelybeen built In prior to the calculation. This is the
motivation behind the use of image-related distributions such as the grey-Ievell;o~'bccurrence
matrix [Pal and Pal, 198t\a] and (grey-level, local mean grey-level) scatterplot [Abutaleb,
1989; Brink, 1992a]. As the methods and "models" described here do not involve physical
models of the digital image, they have been included as required with the descriptions cf the
thresholding or segmentation techniques to which they apply in the next chapter.
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The "labelledphoton" model

The followIng model is based on a consideration of the monkey model as applied to either the
image itself or its histogram. Effectively, when assuming the monkey model for the image,
the entropy value obtained is not unique to the image, for the reasons outlined earlier in this
chapter. It is instead a measure of the degeneracy of the image, Le, the number of photon

.;

distributions which could have given rise to the image. Consider the image entropy

N'

H:::; .....Lgdoggi
i=l

This uses information available from the histogram alone, as can be seen when we rewrite
the formula as

n-l
H ~ ....2.: .fgglogg

g=O
(3.29)

Sb.nilat'ly the histogram entropy, related to the number of distinct images whichs~are the
ILsame grey-level distribution, which is given by \I.

n-l
H:::; - ~ fgIogfg

g=O

is based on information related only to grey-level frequencies: if''a "histogram of frequencies"
were drawn up, We could again rewrite the expression as

F
H:::; ...2: bflogf

1=0
(3.30)

where F is the highest grey-level frequency of the histogram and It represents the number
of occurrences of grey-lev~~ frequency f.

We are interested in an entropy measure related to the degeneracy of the pixel positions
themselves, i.e, the number of ways in which a photon (or grey-level unit) destined for a
given coordinate in the image can be "chosen". If the image is viewed as a kind of histogram,
then this "super-image" would consist only of the pixel posltlons viewed as probabilities for
the purpose of using them in the Shannon entropy expression (2.1). We could regard it 'as
being made up of "labelled .photons (unit grey-levels), the received image being a plot of
the frequencies of occurrence of these labels. Then the image entropy is given by

G
H:::; -2: ij log ij

3=1
(3.31)
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where ij is the label (relative to the image origin) associated with the j-th photon receive<!:_.
':;' ',' -, . <--"-

G is the total illumination of the image (number of photons) (~sb~fore. Ex~ressed i~~!erms
of "probabilities'l (3.31) becomes -_0

G

H:::: ....L:: pjlogp.i
1=1

(3.32)

where
G

I=I>.i
j=1

N

::::2: i9i
£=1

As in (3.29) and (3.30), this tan be expressed as

N

1l :::- 2: 9i ilogi
&=1

(3.33)

or
N .~

H = -I:\fliP'logp' ,p';::::: I
i=1

(3.34)

This measure has the .advantage that position information is included directly in its expression
and that a unique entropy value can be determined for a given image. It has the d,if1R.dvan~

'/

tagea of being intuitively difficult to grasp and mathem.atically ad hoc. It will, h.owever, he
interesting to see how well it performs in an a,pplicati01isuch as segmentation.
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Chapter 4

Maximum entropy threshold selection

Grey-level thresholding is conceptually the simplest form oi image segmentation. However,

the automatic selection of a particular grey-level as a, threshold requires the definition and

use of some suitable cliterion function which ls optimized in some sense by the choice of

threshold. The choice of criterion function is based on an understanding of the requirements

of the problem, l.e. the model of the t>_roCl:l8!!andlor image justifyipg why optimization of

a given function may be expected to yield "correct" results. An additional requirement is

obviously thl the results obtained are suited to a particular application 01' at least make
some sort U,l &:esthetic sense. The lattereequirement is often the basis for heuristic techniques.

It is also clearly important in the evaluation of techniques for a given application,

Many forms of criterion function have been proposed in the past [Pratt, 1991; Gonzalez

and Woods, 1992; Weszka'l 1978; Haralick and Shapiro, 1985; Sahco et al, 1988]. These

functions usually take the fOfrh of an error measure [Kittler and Illingworth, 1986; Brink and

Pendock, 1993], a "goodness-of-:fit" measure [Brink, 1989,1990) or some measure quantifying

a desirable property of the result, such as image entropy. '1'here are, of course, some methods

such at! the preservation of moments of the image [TsaJ, 1985] which do not ilt into these

general categories, but they are rare.

As indicated, entropic methods belong mainly to the third category mentioned above. Why

maximization of image entropy is desirable should be apparent from the previous chapters.
How we define the image entropy is, however, a matte!' of contention. III this chapter some

earlier methods applying the maximum entropy principle to threshold selection are briefly

described and new methods based on some of the models and ideas described hi Chapteia

2 and 3 are introduced. Unless otherwise indicated, the term "thresholding" should be
taken to mean specifically global, binary thresholding as distinct from multi-level or dynamic
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thresholding processes.

4.1 Backgroundr an entropic criterion lunction

The methods describecfin this section all use the Shannon entropy formula (2.1) as a; t...;~flJ;J6n

f'illlction for a~tomatic<ihreshold selection. Various Image-related distributions are 11fiild to

represent t~e .hllage in these methods; with varying degrees of auccess. In most cases the

maximum entropy formalism has been applied without reference to its origins or derivation

ill terms of an explicit image model. Possible models to fit these requirements have been

described in Section 3.3 'of the previous chapter '

~rq~tropyof the histogram,

Kapur et al [Kapur et al, 1985] have propose» a threshold selection technique based on maxi- 0

mlzation of the histogram entropy (3.16), inspired partly by a method previously implemented

by Pun [Pun, 1980]. When an image is thresholded, the histogram is essentially divided into

two distributions represe¥ting class 0 and class 1. These classes can be interpreted as "back-

ground" and "foreground". Class 0 coriaists of the grey-levels 0 $ g $ T and class 1 of levels

(T + 1.) :::;9 $ (n. - 1), where T is the thresp,.,.lt1value. The new binary image resul,ting from

this threshol~Jng opera,tion consists of' <t.Ll. j grey-levels with (histogram) probabilities

.Po(T) and Pl(T) given by

T

poeT) =2:~~
g:.:;O .. (4.1)

PI (T) ::::1- Po(T)
\

These ere usually referred to.l'l,s the a posteriori class probabilities. The entropy of th~)binary
\"' . - - ",

image histogram, from (3.16), is the~ given by \,
\
\

Hb(T):::: :-Po(7') lQgPo(T) - Pl(T)logPt(T') (4.!~)

To find the optimum threshold 'r~!'wecould maximize Hb(T) with respect to X~ i.e,
\'; \\

This approach results in the t~;\';~l selec!'lop. of a threshold that yields Po(?"):::: Pl(l') = 0,5
as closely as possible giv·;a ~he d1SI;tl;ikl aature of the histogram and image. Pun's approach

is based on this method, but defines and USt'S upper bounds of the components constituting

(4.2) [PUll, 1980]. This is done as follows:
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Gl~arly, we can write

T T
2: pglogpu s .2:. Po log{max{po,Pb" ',PT}}
g=O 0=0

I,'

Hence
T

-L Pl110gPg ~ -Po(T)log{max{po,Ph' ",PT}}
0:::0

(4.4)

We can define sub-entropies corresponding to the two classes, using (3.16), as

T"

H6(T) ;:: - I:pglogpg
g=O
/}

71.-1.
Hfcr};::- L pg,Jogpg

g=T+1

(4.5)

and so, from (4.4) and (4.5), it can be shown that

(\\<~P.O(T)logPo(T) :.:; . H~fJl)Po(T)ff ....-.c:c .. log{t:1ax{PO,Pll'" ,P:i'}}

::;:Fo(T)

Similarly

-P1.(T)logP1(T) s ..... ili(T)P1(T)
log{max{PT+1,P:r+21'" lPn-I}}

== Fl(T)

Pun then defines the quantity

F(T) = Fo(T) + Fl (1') (4.6)

as an u1l;perbound on the binary image's histogram entropy (4.2), i.e. Hb(1') $ F(T). F(T)
is maximized with respect to 1', Kapur ei al present several arguments agains; Shis .measure
[Kapur ei al, 1985}, The prime argument is that the value of T where the maximum of F('l')
occurs is arbitrary and tends in any case to lie close to the point where PaCT) = PlCT) == i),5.

The approach adopted by Kapur et alia relatively simple. When the histogram is divided into
two classes by a, threshold T I each class distribution is viewed as an independent distribution.
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/f
Iijf this end, the grey-level probabilities pg corresponding to each class must be normalized

tit) define the respective class entropies

T

Ro(T) ~ ~ 2: RP(~) log p,P(T)
!I'~O 0 0

(4,7)
n-l

H1(T) ~ - :E Pp(~) log pPCT)g::::T+l I 1

The aim is to select t'ka,t threshold which maximizes the entropies of both distrlbutiona,

Kapur ei al define a measure

WeT) ::::Ho(T) +HI(T) (4.8)

and find the optimum threshold, r, as

'T =: arg{ max {WeT)} }
O;ST<n-l

(4.9)

An alternative approach to finding a suitable threshold using the class entropies (4.7) was
proposed by Brink [Brink, 1991b]. The process of (4.9) maximizes the sum of the class

entropies. It is conceivable that this maximum could occur at a point where the entropy of

one class is much larger than that of the other. This would mean "that the threshold wot~d

be biased towards one distribution at the expense or the other. We would ideally like to
maximize the entropies of both distributions. This involves a trade-off to find a threshold

value which will most nearly maximize each entropy without undue disc:cinunation against

the other. To this end, a maximin approach call be adopted [Brink, 1991b] whereby the

threshold 'T maximizes the smaller of Ho(T) and H1(T') over all values T, i.e,

r ::::arg{ max {min(Ho(T), DI(:t))}}
O::;T<n-l

(4.10)

Entropy of the (grey-lev(ll, local mean grey-level) scattetplot \1

In an attempt to include context-dependent information about the image in the entropic

thl:~~hold selection process, Abutaleb [Abntaleb, 1989] has proposed the use of the (grey-

level, local mean grey-level) scatterplot instead of the grey-level histogram. This is also

sometimes referred to as a two-dimensional histogram, The distribution is essentially a co-

occurrence matrix displaying the frequencies of co-occurrence of pixel grey-levels k with local

pixel neighbourhood mean grey-levels l, Abutaleb has not specified how the neighbourhood

of a pixel is defined: a common approach IS to consider this as being made up of a 3 x 3 block

of pixels with its origin at the centre, The neighbourhood of the pixel with image coordinates

(i, j) is shown in Figure 4.1.
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(I-1J) (IJ) (I+1J)

(\
Figure 4.1 3 x 3 neighbourhood of a pixel centred at image coordinates {i,j).

C"Themean grey-level of such a neighbourhooc is simply given by

where Uxu is the grey-level g of pixel (m, y) in the neighbourhood. This was the method

adopted here to determine the local neighbourhood means 1. The frequencies fkl of the

scn.tterplot are normalized by dividing by the total number of pixels in the image, N, to give

a plot of (grey-level, local meai, grey-level) probabilities

Al
Pkl::::: --.

N

Clearly, regions of relatively uniform grey-level will contribute mainly to scatterplot entries

on and near the leading diagonal of the matrix, Le; the diagonal passing through quadrants

o and 1 of FIgure 4.2. The entries fat off the diagonal correspond to more rapid changes
~. . \\

in grey-level in the image, such as edges and noise. Abutaleb explicitly assumes that the

off-diagonal quadrants (shaded regions in Figure 4.2) make little or no contribution to the'

image or its information content and can therefore be ignored in the entropy calculations to
follow.

The scatterplotIs split into four quadrants b:i a. threshold pair (T, S), where '1~is the pixel

grey-level threshold and S is the neighbourhood mean threshold, The quadrants 0 and 1 of

Figure 4.2 correspond to the two classes ("backgrotmd" and "foregroUlld") into which the

;'nage is to be divided. The shaded regions are ignc~~!l, as, explained above.
~\
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Figure 4.2, Quadrants of theJq~ey~·level, local mean g1'ey-level) scauerplot.

Following the approach of Kapur et a1above, Abutaleb defines two class entropies based on

/\ the class-normalized co-occurrence probabilities:

,~ T 8
., tr( S) ~ '" -:··Pkl .1' Pkl.ao T, = ~~ LJ BIT S) 0(:; R(T S)·

k=O 1=0 0\ ,I'· 0,
(4.:1.1)

, n-1 ~-1

Hi(T, sj\!= -.2: I.:l_RPk(IT.S) log -1. ~P~kl:::--:.
\i k=T+1I=8+1 0, PoCT, S)
1\
1\
'\
,,~ ?,.. s
~ Po(T~ S) ;:::2.: 2: Pkl (4.12)
Ii k=O 1=0
II

is the class probability of qua"drant o. The formula for HI(T, S) in (4;11) is valid only if the

assumption that the probability contributions from the shaded quadrants are negligible is

where

correct. The strl 1. correct form should of course be

71.-1 71.-1

(.T S· ~~. PM 1 PklHI, , );:::- 4..t L....i peT S) og P (T S)
k=T+l 1=8+1 1, 1 . I

(4.13)

where
n-l

P1(T,S)= L
n-l

I:: Phi (4.14)
k=T+1 t",8+t

.. 1\.-.

is the class probability of quadrant. L. ,Still following Kapur et al, a measure of blnarisatlon
entropy ~ is defined as

~(T, S}];::: Ho(T,S) +Hi. (X, S)
;i

x/

o

(4.15)

I,
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which is maximized to determine the optimum threshold pair (T; if) in a similar fashion to

(4.9).

The main motivation behind Abutaleb's assumption regarding the off-diagonal entries was

to reduce computational time. It is found in practice that this assumption is not valid, and

that use of the correct forms (4.13) and (4.14) results in threshold selections which often

differ substantially from those using the uncorrected formulae (4.11).

Following Brink's' [Brink, 1991b, 1992a] reasoning, an alternative ~h!.'esholdselection scheme

would be to trade off the maxima of the individual class entropies (4.11) and (4.13) in order

to find a suitable compromise threshold pair ((T, 0') corresponding to the maximin of the class

entropies, i.e,

(r,O') =: arg{ ma-x {min(Ho(T, S),Hl(T, S)}}
O~T<n""I, O~S<n-l

(4.16)

where the corrected form of HI(T, 5) t!~.13) is used [Brink, 1992a).

Neither of these methods actually take into account the information present in the shaded

quadrants of Figure (4.2), nor is any suggestion put forward regarding wml;h classes pixels

corresponding to these should be assigned to. This is usually done arbitrarily 0:.. by crewting

a third class corresponding to "busy regions". Ideally, a thresh~~d contour thrcugh the

scatterplot should be defined rather than the single point as defined above. This should

result in a segmentation making full use of the contextual information present in the plot,
corresponding to a dynamic thresholding scheme which to some extent avoids the problems

associated with global methods. Unfortunately such a process would bl~ very diffic~1kto
implement and would also be computationally very expensive.

Entropy of the grey-level co-occurrence matrix 1\

\\
The co-occurrence matrix differs from the scatterplot descri. ..· 1 above main.iy"In that each

entry fkl represents the number of times (frequency) that a r~:"el of grey-level Ioccurs in the

immediate neighbourhood of a pixel with grey-level k: The neighbourhood of a given pixel

at a position (i, j) is often defined as the 8-neighbourhood of Figure 4.1.

Again with the aim of including contextual information ill the threshold selection process,

Pal and Pal [Pal and Pal, 19159a]based an entropic criterion function on 8, 2--neighboul' co-

occurrence matrix. This is formed by considering at each position (i, j) only the immediate

neighbours to the right, (i + 1,j), and below, (i,j + 1). A single threshold r is found,

as opposed to the threshold pair (r, d') determined using the scatterplot, Th''S applies to

both "axes" of the matrix, dividing it into four quadrants A, B, C and D as shown in

Figure 4.3. The assymetry of the neighbourhood defined here is important If a symmetrical
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;eighbottrhoo<l.sUdt as that o~-~i~'l;!e4~1is ~sed, the xes~~Jngmatrlx is sYlnmetxic.abQ,t the
1'0~ding diagonal and the information contaJn.~din quadrants Band D is identical. ~."e 2-
nel~hbouthood defined above lend~ a useful interpretation to tl\ese quadrants: B ,;orrall onds
to "foreground" pixels having::/'background" pixels as nelghbours and !J to "backgl
puels\\With "foreground" neighbours.

r:::'_? ii!

\)

()

(r~,
(0.0) r

1'1-1 ..... ---, . ...,..,.----.-'
I / (n-1,11"1)

..t'·'-'" IA i
, . -)" -- ,

:Figure 4.3. ,Quadrants ,01 the co-occurrence matria<.1".jsultin,l;]r;om thresholding at: P.
i ' . I '~ .. o " i

The frequencies of co\}occutrence l'Ml ate nonnallzed .by division by the overall ~lll.'ffi yf the
~~e::luenciesto ~ive co-occurrence probabilities ill'

I

!I .'

D D C .:

C'

The class probabilities of the four quadrants are given respectively by

T T
PA(T);: 2: l:Pkl

. i\:=O 1=0,.,

'fl.-1 T

PaC'l') = L: b ~lCI
k=T+1 /~O!)

(4.17)
n-1 '71-1

poeT') :::-;'.r: E Pkl
, "k=T·(~ ;:::T+l

,\'1:[, n-]

p..j(i} f 2: 2: 1Ii;/\)
k=O I=T+'! "

I IJ

j
()

".'
')L
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These class probabilities are used in the same way as before [Kaput ei al, 1985; Abutaleb,
1989; Brinki'1991b, 1992a] to normalize the overall co-occurrence probabilities in order to
determine the quadrant entropies

T T
r ()' '\:'""' "" Pkl '1' Pkl

}""A T ::::- c: c: P (T) og P (T)
k=O 1=0 A A

n-l T
H CT') . """"" ~ Phi 1 ft., PhI

B i= - L.t, .~""P (T)' cQ P '(T)
k=T+1I:ii:O B B

(4.18)
n-l n-l

H ( '\ "" '"' ,Phi lor Pkl' C .1. ,( :: - L.t L-l Po (T) os P.' (T-)
k;:::T+l I=T+1 C C

T n-l
Hn(T);= - I: L: __E!!_log Phi

,if k=O I=T+1 PD{T) PD(T)

Pal anl1;Pal propose two algorithms ftlr threshold determination based on these quadrant
entropies. The first is simil(lil' to Abufl.ll~b?s approach, whereby a total entropy of the regions
corresponding to il and C is maxlmizeil, l.e.

H(T) :: HA(T) + IfeCT) (4.19)

The threshold T is thus ..:;;\

T = a,rg{ max {H(T)}}
O~T<1t-l

(4.20)

The second algorithm is based on what Pal and Pal refer to as conditional entropies. Conslder
an image composed of two regions 0 and 1 ("background" and "foreground", say), made up
of the respective sets of grey-levels {90} and {91}' The conditlonal entropy of the foregtotlnd

(1), given the background (0), can be defined as

H(lIO):: - L L:p({J1190)logp(91 190)
91 00

(4.21)

and, similarly,

H(Oll):: - 2:L P(goI91)logp(90191)
00 91

(4.22)

is the conditional entropy of the background given the foreground. These are equivalent to the
entropies of the off-diagonal quadrants JfaCT) and HD(T). Pal and Pal claim, therefore, that
in order to obtain the optimum threshold, these conditional entropies should be maximized.
This is done by again defining their sum as a measure of "overall" condidonal ent1',9~Y

J{/(T) :: H1J(T) + HD(T)
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so that
T::;:: arg{ max {D'(T)}}

O:;iT<n-1

The results presented by Pal and Pal [Pal and Pal, 1989a] indicate average performance for
the first algorithm and occasionally remarkable performance on the part of the conditional
entropy approach. Unfortunately, the performance of the latter appears also to be quite
erratic, resulting in either VOrygood or very bad thresholds, based on a purely aesthetic
evaluation. Pa.! and Pal have retained both of these methods in later publications [Pal
and Pal, 1989b, 1991b], simply introducing a different definition 'of entropy (2.10), briefly

described in Chapter 2.

The fact that these algorithms select a single threshold means that all pixels can be directly
classified, unlike Abutaleb's method which,leaves two quadrants undecided.

Threshold selection using the relative entropy information

The measure of "entropy Information" (2.8) WaS developed by Pan and Harris [Pan and
Harrls, 1990]specifically in connection with the dlscretlzatlcn of a measurement of a physical
(in their case, geological) signal or variable into a finite set of snbranges. For our purposes, this
exactly corresponds to the problem of thresholding a grey-scale image (partitioning the data

I!
into two finlte subranges of grey-level). The derivation of the relative entropy information
has been given in Chapter 2. The formula is reprc duced here for convenience:

't"'~ ~~ p.(:ll'ly')p(y·) log p(:zJI!Uj)P(Vi)_( ) 1 L..i,:::;1 L..i3=1 I 3. 3 . P(:zJi)
P x ~ y = - E.1=1 p(1J.i)logp(~/j)

where, for our purposes, :l:i represents the ith gtey-tevel (the ith discrete subrange of the
continuous brightness function x defined over the image as a function of position) and the
Y:i represent related, possibly context .....dependent, qualitative Information also obtained from
the data or the measurement process, Usually this process would a,pply in. dlscretizing con-
tinuous data: the measure above is in fact the relative entropy information resulting from the
discretization of the continuous illumination distribuulon to produce the digital grey....scale
image which is our starting point. We want to discretlze this image further to m, m < n,

"

levels. We may proceed as follows.

The relatlvo entropy information for discretizing our data into m classes is given by

(4,24)

In order to incorporate "qUalitatiVe" context-related information, let Yj represent the dis-
cretized local grey-level means within a 3 x 3 neighbourhood (Figure 4.1) of each of the N
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pixels (samples). Th.e local mean values are discretized to take on ~y of the s discrete values
Y.h j:: 1,···,s.

The probabilities in (4.24) can be estimated in two ways: the maximum likelihood method
or the Bayesian robust method [Pan and Ha.\,xis; 1990]. Let us .denote iii as tlle number of
pixels for which x takes values within subra.r!~ei and y has th~ value Y.i: in other wbtds, a
frequency Of co-occurrence. The maximum likelihood estimates of the relevant probabilities
are then

\\
,'J
;/

"(j) iiiP XiYj ::;::N.
3

Ai) s,
P(Y.1 ::;:;N

~() NiP Xi ::-' N

where Ni ::;::E~l iij is the number of pixels iit neighbourhoods having local mean Yj,

Ni :: 2:;:::1 lij is the number of pixels falling wlthlneach class and N == E~l E4::;1 lij is
the total number of pixels. :rh this case, these quantities can be obtained directly from the
(grey-level, local mean grey-level) scatterplot described above [Abutaleb, 1989J.Substituting
in (4.24) gives the maximum likelihood estimate

(4.26)

For robustness, the Bayesian estimators for these probabilities should be used. These are
[Pan and Harris, 1990]

A( 'I) .tij + 1P Xi Yi == ..."...--Nj+m
"

(4.2'1')

yielding the Bayesian estimate of the mean of the relative entropy information as

(4.28)

We set m ::;:;2 since we are only concerned with segmenting the image into two grey-level
subranges, A simple iterative process is used to select the optimum threshold: the opthnum
threshold r is selected as the value which maximizes the entropy information (4.26) or (4.28).
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4.2 Eniitopic threshold selection based on other models and distributions

Most of the IDE}thodsdescribed in the previous section have not motivated the choice of the

Shannon entropy as a criterion function, nor has any explicit mention of a model of the ima6e

or the thresholding process been made, e~$ep:t.in the case of Pan and Harris [Pan and Rarri€'.,

1990). This is not to say that the methods lack validity: they simply lack theoretical or

philosc hical motivation. The methods i'gtroduced below are based more explicitly on image \

models. Some attempts are also made to include measures of spatial inter-dependence to
improve performance.

'The monkey model

Given the number of.times this model has come up in this thesis, it is surprising that it has

not yet been used in the context of threshold selection. This oversight is remedied here.
-',

\)
\

Given our aim in thresholding au image, i.e. we wish to split it iuto' two relatively fia.t,

homogeneous regions aJ far as possible, the application of entropy based on a monkey model

of the image classes viewed independently .~hould yield good results. In the absence of prior

information, entropy will give us the flattest solution. without contradicting the data (the

input image). Th€ development follows similar lines to those expressed in the previous sectlon,
The entropy of the image ltsell, viewing pixel grey-levels as probabilities of illumination, is

given by (3.7) or, equlvazently,

\

n-:1.
""J 91 9;::. - 4-.; , 9 - og-
11::::.0 G G

(4.29)

where G :::B~l Di = E;=~fJ t, is the'Jotal1l1umination of the image. Thresholding the

image results In two classes. If viewed as independent components of the image, w.ecan defin~
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corresponding class' entropies

N
Do(T) = -b G O(;T) lO~G neiT).

i::l(i€O) 0 ', 0

T

= - ~ fa G oCT) log G OCT)
0;::.0 0 '.' 0 ..

N

H (T) '" l/i 1 Oi
1 = -P G (T) og G (T)

t;::.l UEi1) 1. 1

=-
11,-1
'" a fjL...J fu G (T) log G .(T)

g=T+1 1 1

where
T

Go(T) = l:°fg
g=O

'\1

and
11.-1

"Gl(T) = I: °fg
", g==1'+1

As before, both the thr~shold selection schemes of Kapur ei al [Kaput et al, 19851 «(4.8) and
(4.9))and Brink [Brink, 1991b] (4.10) can be used. to,determine the optlmuni tl,ureshold T.

,- n

It was .lndicated above that the uninformative prior assuming a flat distribution could be
expected to yield good results. However, segmentation ~s equally dependent on clear, sharp
discontinuities and similar information: if such inforrnation is more important than OUrtacit
assumption of unifonnity, we can expect an improvement in performance on<::taking such
information into account. To this end a modified process using the relative entropy (2.2) may
be used.

o

A measure of local grey-lei tel variance defined over a 3 X 3 neighbourhood (FIgure 4.1), Nat, 0
can be defined as I~

where J.tN3 is the mean grey-level in the pixel neighbourhood. The relative entropy (~.(}of
the image is then given by

\'

(4.31)
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The measure mi is SQtto 1+ C7~ as there is no guarantee that the va:L'1antewill be non-zero
in all neighbourhoods. The class entropies become

~ gi/Go(T)Ho(T);:;:: - Li gi/Go(T)log-m.--
i=l(iEO) t

(4.32)

r:N.. • 9i/Gl(T)H~~{T) ;:;::- .; gi/G1(T) log .'.. ~
m'

i=l(i€l) l

Note that these can no longer be expressed purely in terms of thehistogram, as in (4.~O),

due to the context-related nature of the mi. The process of threshold selection remains
unchanged.

.. Frieden model of a digital image bounded above and below

This model was described in Section 3.2 of the previous chapter" According to this model,
the entropy ofa digital image with lower ·grey....level bound a and upper bound b is given by
(3.10) as

N N
H:::; -2:: (9i -- a)log(gi - a).- I:(b - gi)log(b"'- ,qi)

i=l i=l

or, equivalently, by (3.11) as

b b
H ;:;::.....LJ.9(g - a) log(g - a) - :E foCb - g) logeb - g)

g=a

Brink [Brink, 1992b] has proposed an lmplementadon of this model for threshold selection,
Briefly, the image is agf)in split into two sublmages corresponding to background and fore-
ground at each threshold itera)1ion. The class entropies, from (3.11), are then given by

T. T
Ho(T);:;:: - L: f.q(g - a)log(g -- a) - :E fg(T·_ g): g(T - g)

g=a o=a

b

H1(T);:;:: - L f9(g - (T t l);log(g ~ eT + 1»
,g=T+l

b

L loCb,... g) log(b - g)
g=T+l

(4.33)

The optimum threshold T Call agn.in be found either by maximizing the sum of .1lo(Tr~nd
III (T) or by determining the maximin .threshold (4.10). The interpretation of a and b in thls
case [Brink, 1992b] is that they are the respective a posterior-i limits of the original image,
Le. the minimum and maximum grey-levels present in the image. The prior limits groin ;:::U

\\
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and Yma.x ~}I, -1 could also be used. However, the argume~ts against this mdd.el,presenter1
lnOhapter 3, should be borne in mind.

()
})

M;iJ}im'llmcross-entropy or m(uuimum relative .entropy threshold selection
':::::;.,,:?:::'.':"..:::.

'(
The cross-entropy [Kullback, 195~] (2.3) tan' be used a~)'a non-metric distance meadke
between two probability disttlbutions Pi and qj. Por our purposes, Pi can be inte~·preted.
as a. prior distrilrut~n and qi fS a posterior distribution. If we regard the origin~i'image
as the prior distribution (or, in the case of r~laf,iveentropy, a $p(\tialmeasu~f6r g'~ide for
the thrssholded image) and the thrrsholded result as t~e posterior distribfti~n [BrInk and
Pendock, I993]/,We can minimize t'h1s"distancen to determine the oPtimu~threShOld. .

r If, \.~ \ ~
Ideally, Pi /1d qi s~uid behave ~,probabiIitY~~):ibutiiJnS, each sl1mmilig to unity. In
practice, for the application of the principles ::0£ maximum entropy or minimum cross-entropy,
it is sufficient that the distributions ar~ positive, additive and, for comparison of entropie~
Orfor deterlninatiori of"the correct relative or cross-entropy values, that they have the same ') (.
cumulative sums, Le.

N

L~i =
i::::lli

,/

In order to apply (2.3) to the threshold Jlection problem, the resulting binary image should
,'l

have levels given by the below....~nd above-threshold means, p.o(T) and #1(T), of the original

(4.34)

image, obtained from.its histogram as follows:

'1'
(T) - "" .,0 Pg

/-to - f;;:o PoCT)
(4.35)

n-1

ftl(T) =:; ~ ;f;)
g='1'+1 ·1

Using these as the binary image levels ensures that condition (4.34) is satisfied, Le:

~here fJi represents the grey-level of pixel i of the original linage.
\. ,;'
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At &:nythreshold 'I' the cross-entropy, 'Using (2.3.), can be written

'N
H x (1') =L qi(T) log !li(~)

i=l Pt,

[
N "] [IV 1= L Po(T) log JlO(~). + •E P'l (T)log fJ,1(!) .•
i=1 tn (/15,T . ;=1 gt J gi>T

(4.36) .,

XC) n-1 ( )"C"" Ito T '("'"' . PI T
:= L", fY/ho(T) IO,g---+ L.t fgfJ,l (T)log---

g=O Y g=T+1 9

Th~ value of T corresponding do the minimum of this. function iaselected as the optimum
('.

threshold r, i.e,
J1 J

r ;: arg{ min {iI,d} c:::' ',,~ (4.37)
05,T<n-l \

Tn.;! cross-entropy is not a metric distance measure as it is not symmetric Wl\~respect to

the two distributions Pi. and qi I i.e, '

If desired, symmetry could be imposed by simply adding the two distances to give

N N
H' '" 1 qi ~. 1 PiX = LJ qi cg --. +L Pi og--.

i=l Pt i=l q;
(4,38)

It is interesting to note that there is some similarity of form between (4.38) and that of a

correlation coefficient. Consider

qlog(q/p) +plog(p/q) = log(q/p)'P + log(pjq)tI
, qqp'P

=log--,'pqq'P

The expression inside the logarithm resembles (variance/covariance), art inverted measure of
I,

correlation, where here "variance" is given by (fa:; oc 2: (1):11' instead of the usu,l),l(12 <X I:312•

The same. approach can be used as above to implement this symmetric measure &f cross-

entropy (4.38) for threshold selection. Following (4.36), (4,38) becomes

11~(T)=t ,,[J.to(T)10g /).0('1') + glog ;T)"·1:
9=0 g JlO\

n-l [ (T).. .]+ I: fg. f1-1(T) log !!1.._._ +: glog ~, ..,()h, .
g=T+1 g /).{~J, )

(4.39)
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and the optimum threshold is determined as before rising (4.37). c

In Section c2.1the similarity betweel!: the relative entropy measure (2.2) and the cross-entropy
(2 ..3) was noted. Effectively, minimization of the cross~ntropy is identical to maximization
of the relative entropy, the only difference between (2.2) and (2.3) being the,sign in front of

the summation. The discussion that follows therefore has equal bearing on both expressions.

If the continuous distributions p( x) and q( w) obey, Gaussian statistics, maximization ofthe

entropy of the posterior-dlstrlbutlon, q( w), relative to the prior distribution, p( a:), or, equiva-
lently, m;p.imization of the cross-entropy, can be shown. to he related to maximization of the

squared ~orrelation between the distributions as defined by Otsu [O~6U, 1979]. Consider the

Gaussian distributions
1 (a: p/)2q(x) =: ---exp - -,!2iO" 20"2

and
{·1 . -(x - Jt)2

pea:) = , rn;- exp - 2 2
y21rU U

The cross-entropy ofq(a:) and :v(a:) is given by

If the first moment is preserved (Jt = Jt') then this becomes

(i . a,2
llx(w) :.= log -, ... 0.5+ 0.5-ra a (4.40)

If, as is the case for the problem of threshold selection above, the prior distribution corre-

sponds to the original image and the po~terior distribution to the binary image with the first

moment of the original image preserved, then the third term in (4.40) is simply an inverted

form of Ot~<;u'smeasure [Otsu, 197.9]

-- -- a'2

Maxlmization of this measure was shown by Otsu to be equivalent .to maximization-of his
so-called "measure of class separability", 11, which ill turn has been shown-;"tobe the square of
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the correlation between the original and thresholded ima,ges [Cseke and. Fazekas, 1990; :Brink,

1990.]. The result (4.40.) therefore implies therefore that the use of cross-correlation js a

special case of the more general cross-entropy or relative entropy principle and: is dependent

on the. distributions being Gaussian in nature. Se~'" and l(:1p~r [Seth .fIJld Kapur, 19~O]

have also It~ked this principle to that. of the rnlriimum Pearson's chl-squared (X2) method of

estimation)}
I'

Segmentation based on spatial entropy minimization

The concept of spatial e;p.t:i'l':lpy[Journel and Deutsch, 19931 was introduced iJ;l Chapter 3.
" .

This was proposed as a measure I)f image entropy, not specifically as a criterion function for

threshold selection. As suggested in Chapter 3, fhe calculation of a single value of spatial

entropy would involve the determination of an nX n co-occurrence matrix for each possib~~ lag:
for an image consisting of N pixels, taking negative lags into q,ccount, this would mean tlla,t up

to 2N such mat rites could. be required. For even a relatively small image,(lOO x 10.0.pixels,
say) this is. an enormous task. Applying this scheme to determine th; maximum ·'entropy

thresholded image could require us to perform thi~ task up to n'- 1 times, once for each

threshold value, 'l'h.~first simplification, therefore, is to treat the image as a type of Markov

Random Field, with each pixeldependent only on pixels in its immediate neighbourhood, e.g.
3 X 3 or 5 x 5..We then consider only values of A lying within this neighbourhood .. Note tha.t

).= (Ail Aj) for 011l' purposes. In. a J X 3 neighbourhood, -1$ x, $ +1 a~d. -1$ Aj $ +1-

For simplicity we will consider only lags A defined over the 3 X 3 neighbourhood (Figure 4.1),

N3, here. A feasible threshold selection scheme is suggestedbelow.

The requirement of stationarity of the probability distribution functioll Po (i.e.Jnvariance of

the grey-level histogram with position) is observed. For our purposea this implies "wrap-

around" of the image: the image is assumed to be periodic, repeating infinitely in each
;

dimensicn. Without this assumption" the relative apatial entropy would not necessarily be

limited to the range [0., 1J as determined in Chapter 3 (3.24).

Stepping iteratively through all possible threshold values, the image is binarized at each

threshold, T. The binary (2 X 2) co-occurrence matrices are calculated for each (bivariate)

lag, Al giving

Using (3.23) and (3.24) We determine

1 1

9('1" X) :::;:....L.2: P.rJII'(A)logpgg,(A)
9=0 gl::;O
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and

The mean over all lags in the 3 X 3 neighbourhood, Na, is

HR(T) lr~E HR(T,A)
II ).eN3

~t should be noted that the use of neg.;.1;i"I:eas well as positive lags resulting from Use of

th.e symmetrical neighbourhood Na effectively weights the measure HR(T) in favour of the

Hn(A) VA¥ O. This follows similar resoning to that justifying the use of an asymmetrical

neighbourhood by Pal and PaJ [Pal and Pal, 1989a] in defining the co-occurrence rnatrlx. In.
the present ap}~roac1{it should be clear from the symmetry ~~.N3 that the co-occurrence

matrix corresponding to a negative lag is simply a "ffipped j version (reversed axes) of
0· .. n .~

that corresponding to the symmetrically opposed positive lag of the same magnitude, i.e,
'\

PilP'( +,\) k:: PB'9(~'\)' This implies H( +,\) = H( ~A). Besides the biased weighting that this

causes, many of the calculations are redundant. We therefore consider only positive (or only

negative) lags, reducing the neighbourhood further to include only the o~ighl, its immediate

neighbours to the right and below ctnd its diagonal neighbours below which fall within the

original 3 x 3 neighbourhood. The modified neighbourhood, N~,,is shown in Figure 4.4.

(4.41)

(iJ) (1+1J)
or''ll'" -

(i-1J+1) (IJ+1) (1+1J+1)

Figure 4.4 The asymmetl'ica14-neighbourhood ("future" samples or po.~itive lags) of a pixel
centred at image coordinates (i,j).

This unbiased version yields

(4.42)

Since-it is a.measure of spatial disorder, maximizing the relative spatial entropy with respect
to the threshold would yield the most disordered binary result: this is not usually desirable.
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The guiding principle here is therefore that of spatial entropy 'minimization. Since the trivial
single-level result of thresholding in such a way that all pixels belong to the same class could

be seen as displaying a minimum of spatial disorder, it is necessary (and not unreasonable)

to limit th~ range of allowable threshold values to lie within the grey-scale range of thej..npu'~

image, i.e, a < T < b where a ~ 0 and b :::;n - 1 are the a posteriori limits of the original
image.

Note that this method deals directly with the binary res~ts of thresholding the image, not

the Qriginal grey-level arrangement of each' class as other methods have done. Determlna-
tion of separate relative spatial class entropies would require stationarity of the grey-level

distribution of each class, I.e, wrap-around within each class as opposed to the overall im-

age. Since the regions, corresponding to each class are usually to some extent fragmented

there is no obvious computationally efficient way to achieve this. An absolute measure of

spatial entropy, not dependent on an assumption of a stationary probability density function,

could be used in such a case: this is effectively what has been done by Pal and Pal and i[
others [Pal and Pal, 1989aj Abutaleb, 1989; Brink, 1992it). Another approach is to aetermine\,;t'

the relative spatial entropies of the tv{" subranges of the histogram l'esult~g from its patti-
tionlng by a threshold: a histogram wrap-around could be used to ensure stationarity and
the resulting relative spatial entropies of the histogram may be used to select the optimum

threshold in terms of histogram pa,rtltioning. The following method based on the histogram

autocorrelation function is based on such an argument,

Segmentation using the .autocorrelation function of the histogmm

The method described here uses the autocorrelation function of the histogram [Brink, 199,4].
The entropy of this distribution is given by (3.28) as

71.-1

HT = - l: pklogpk
k=l-n

where

is the probability that pixels differing by k grey-levels ' 'e related, 'fk being the correlation

coefficient for a delay of k signal (histogram) samples.

When the image is thresholded, the histogram is split into (in the case of binary thresholding)

two subranges which are ideally distinct and homogeneous, allowing them to be regarded as
separate distributions. At the optimum threshold it can be expected that these distributions

would be at their most uniform, resulting in a high degree of "inter-relatedness" .
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Given an image with. a grey-level range a",::; 9 S b, the threshold T splits this into two ranges

a s 9 '$ '1' and T + 1 S 9 S b. Following (3.26), the coefficients of the autocorrelation

functions"£or these subranges can be determined as

{
p!J/Ao(T)

P~tl'}== o

T-a (4.45)
T ':

r~(T) == Ep%+g{'J5) p~(T)
g=a

if

and
brlCrP ~~ :E pl+g(T) p;(T) - (b· ...T ~ 1) s.k s b~ T - r (4.46)

.,g==T+l

where
T+1SgSb

9 < 1'+ 1, g> b

poeT) MId Pt(T) are t~l class probabilities (4.1) as b~fore. The autocorrelation values are
normalized to get "probabilities" of inter-relatedness

The corresponding class entropies can be defined as

T-(1,
H&(T) = - :E p'k0(1.') log P'k°(T)

k=a.-T

b-T·~l

Hf(T) = - L p'kl(T) logp~l(T)
k=T+1-b

(4.47)

As before [Kapur etal, 1985], the SUm of these entropies can be maximized to find the

optimum threshold (4.9) or, alternatively, the threshold corresponding to the maximin [Brink,

1991b] of H6(T) and HiCT) (4,10) can be implemented.

Ideally We would want to apply such a scheme to the image itself, taking into account the

relationships between actual pixeis. However, in thresholding the image the resulting regions



4. MAXIMUM J!.);NTR.OPY THRESHOLD S:l!J.I,;ECTION 60
(classes) are not necessal'i1;y connected or contlnuouo: d~termhling th(.; sample positions (eo-

o
ordinates) of pixels relative to their region."otigins is therefore not ll9ssible. In other words,
in image space the regions cannot be taken as two separate,Jml~pendent dlstrlbutfons. "

ThreslitJld selection based on the "labelled photon J' model '

This model is described in Section 3.3. Effectively the sample coordinate of the digital signal
(image) is itself used as a probability in the entropy expression (3.31) or (3.32). In this
approach, the disjointedness of the ~ub~·image[,resulting from thresholding is ignored. 'I'he
two class entropies, from (3.31) and (3.32), are thus given by

G

Ho{T):= - I:i~(T)logi~(T)
1:::;1

N
:= -2: Uii1"ogi

i=l iEO
(4.48)

G
H1(T) = - r:i}(T)logi}(T)

1:::;1

N

:= .('2: giilogi
i=liE1

where i~(T) denotes the image coqrdlnate i of all photons j such that the grey-level 9$ ::;;11
,

and i}(T) denotes those of photons contributing to areas where g > T. Again a precondition'
(l

for comparison of these dlstributions is that we require

G G2: i~(T) == l:i}(T)
1:::;1 j=l

The simplest solution is tonormalize both distributions, as in (3.32) and (3.34), to get

Ho(T) == - t p~(T) logp~(T), p~(T) == i~;;)
1:::;1

N
-X-' 1 i '0;::;: .....L....J 9i PO og P'O, PO:= 10 ' Z E
i=l ie:O

(4.49)

Hl.(T) :' - t p}(T)logp}CT), p}(T);::;: i3;lT)
1=1

N

'" 1 i'1= -k giPl ogPl, PI = h(~~~€
i~1iEl
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where

N
10 == L igi

t=liEO

N

11 == L.. . iDi /' (
1::::1 leI j! .

/,~
are the class coordinate sums. As is with most metho4~~@falt, with, either maximization of
the sum afBo(X') and JI1(T) or maximization of the smaller of these can be used to de.~ernrlne 1\

"

o

optimum thresholds,

In the next chapter the results of applyh~~ nome of the methods of Sectiolls 4.1 and 4.2 are
shown. While one CM; often evaluate results of this nature on the basis of their appearance,
it··is de~}i1ableto quantify this In some way in order to evaluate techniques in an unbiased
manner. This subjectda broached in Chapter'6.

~\

\/

<;

!)
Ij

',-,
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Chapter 5 (~)

Results
<)

The resul.,: Cif applying ma,uy of the thresholding processes described'in the previous cha,pter
ate presented here. Three sample images have been used. to demonstrate their perform'1.ncell
all of them reasonably suited to bi.21evel thresholding, All'the images have one byte (8 bits)
per pixel, allowing a, grey-scale range of 256 discrete levels (g = 0, .. ".255). The image:
dimensions vary. 'I'he first is a seanned image of Rene MU,,;ritte's paintit'$ The use ·ofwordsl .
(Figures 1.1 and 5.1), consisting' of 300 x 236 'pixels (N;: 70800) The next is a low contrast
video image of part of a printed page (Figure 5.2) of 126.x 126 pixels eN = 15876) and the
final imag.; (Fig1ue 5.3) is an infrared image of a warm tarred road in the early evening, made
up of 256 x 2M pixels} l.e, N = 65536. Other images have been used in this research, but
are in genera) not well suited to binary thresholding, yielding results which, while sometimes
aesthetically pleasing, have little application.

In Section .1.1the results of using the techniques descr~'red in Section :,1 are presented. The_
methods used are those based on the histogram [Kapurt~t al, 1985; Brink, 1991b], the (gr~y-
level, local mean grey-level) scatterplot [Abutnleb, 1989; Brink, 1092a], the 2-neighhour
grey-level co-occurrence matrix [Pal and Pal, 1989a] and the relative entropy illfol'mation
[Pan and Harris, 1990],

The results due '~othe new methods described ill ;)ection 4.2 are shown in Section 5.2. These
include the standard and the context-dependent (modified) methods based on the lnonkey
model, each using both threshold determination schemes (4.9) ~1l.1(4.10), the n~l')del with
both upper and lower a posteriori grey-level bounds [Brink, 1992b]1 minimum cross-entropy
threshold selection [Brink and Pendock, 1993], threshold selection by relative spatial entropy
mlnlmlaatlon, t:h)"csholcling based on the autocorrelation function of .the histogram [Brink,
1994] and, finally, the results of implementing the "labelled photon" model.
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Figm'e ·5.1. The use of words I, Rene Mqgritte, 1928·-29. 1 byte per pixel} 300 X 236 pixels,
grey-level range 0 :::;9 :::;200.

((

Figure 5.2. Video image of a portion of a printed page. 1 byte per pixel, 126 x 126 pi:celsJ

grey-level range 33 :::;g .~ 63.

Figure 5.3 Infra}~ed image of a 'wat\tn tarred road in the early evening. i byte pet' pixel,
256 x 256 pixels, grett-level range 18~\!:::;178.
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5. RESULTS

The results are presented with minimal comment. Some remarks reg<\\rding implementation,.;,
relative complltation times and limited subjectiVe eva.lu.ations appear in Section 5.3.

r
5.1 '':t'hl.'eSholdedimages reflting from the methods of Chapter 4.1.

0' ii
In the figttrcs that follow results of the ifIlplementation of the threshold selection methods
described in Chapter 4.1 are presented for each of the sample images (Figures 5.1--5,3) .. '1'0
facilitate comparison the results for each. image are presented together and numbered as. .
Figure S.x (a) to (g). Each figure has been broken across two pages due to size constraints.
The letters refer to the following methods:

(a) Resultsof applying the method based on the histogram entropy proposed by Kapur ei ..
al[Kapur I aI, 1985].

(b) Resdts of using the modified method based 'on the histogram entropy, due to Brink
~

[Bl'Wk! 1991b], where the maa;imin of the class entropies is used to select the threshold.

(c) The uncorrected method based on the (grey-level, local mean grey-level) tlcatterplot, due
to Abutaleb [Abl}taJ,eb, 1989], Note that a 2,-dimensional threshold vector is selected

.'0
here.

(d) Corrected version of the above meehod due to Brink [Brink, 1992aJ, a'15a.ip. t\sing a ma:c-
imin entropy threshoId selection criterion.

(e) Results of using the nl'st algo:dthm proposed by Pal and Pal [Pal and Pal, 1989a}, based
on the class (quadrant) entropies of quadrants A and G of the 2-neighbotlr co-occurrence

matrix (Figure 4.3). Q",

i:(f) The second alg6rithm due to Pal and Pal [Pal and Pal, U.l89a), uslng the entropies .of
quadrants B and J) of the co-occurrence matrix.

(g) 'I'he-method of Pan and Harris [Pan and Harris, 1990] maximizing the relative entropJ'
information measure: the results are identical for both the maximum likelihood (4.26)
and the Bayesian (4.28) estimates.

The actual threshold value (or vecter) selected in each case is given in the relevant caption.
/(
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(a)

(e)

"

(e)

, 65

s-

.&u.' 7l.e!Jt /lfM (J.((Jt ;ti{W.
) \\

(b)

Cd)

,'OiI'

(f)

Figure 5.4.:'!Results of thresholding the image of Figure 5.1: (a) r =: 133, (b) r = 95, (c)
(1',0,) ;:::(120,111), (d) (r, (/) =: (94,91), (e) r =: 132 and (f) r == 81.

Continued overleaf .•.
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(g)

Figure 5.4 (continued) Results of thresholding the image OJ Figur'e 5.1: (g) r ;::137.

o

Ii
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(~)

(e)

(e)

i,)

67.

(d)

~ ail ~ re·,..
Ite many Joun

llSl It ;;')hel
-I&led a1 'he ~"I

(f)

Figure 5.5 Res'ults of thresholding the image of P.igti~e 5.2: (a) 'i :::48, (b) r ::: 48, (~)
(r,a)::: (51,50), (d) (r,a)::: (46,47), (e) r::: 48 and (f) r::: 45.

Continued overleaf ...
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(g)

ii

Figure 5.5 (continued) Results of thresholding the image pf Figure ,5.2; (g) r::::;53.
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(a)

(c)

(e)

5. RESULTS

(b)

II (d)

(f)

Figure 5.6 Results of thresholding the image of Figure 5.3: (a) r == 94, (b) -, == 94, (c)
(r, 0');:::: (86~87), (d) (r,«) ;:;:(92,.91), (e) T == 87 and (f) T == 85.

Continued overleaf. ..
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(8)

Figure 5.6 (continued) Results of ,thresholding the image 0/ Figure 5.3: (g) T :::::86.

5.2 Thresh91ded images resulting from. the methods of Chapter 4.2

In the figures that follow results of the implementation of the new thresholding algorithms
introduced in Chapter 4.2 are presented. To facilitate comparison the results for each of
the images of Figures 5.1-5.3 ate presented together as far as possible. These have been
numbered as Figure 5.x (a) to (m). Due to page size constraints, each figure is broken across
three page~\ The letters Ca) to (m) refer to the followingmethods:

(a) Results of applying the first method based on the entropy derived from the monkey
model of the image, determining the optimum threshold as that value which maximizes
the sum of the class entropies,

(b) Results of applying the second method based on the entropy derived front the monkey
model of the image, where the optimum threshold is the value which maxims \ the

\

smaller of the class entropies (maximin approach).

(c) The modified method based on the monkey model, incorporating local variance data as
a measure in the relative entropy expression (4.31) and (4.32). The sum of the class·
entropies (4.32) is ~1.axhnizedto determine the threshold.

(d) The modified method based on the monkey model, maximizing the smaller of the class
entropies (4.32) to determine the threshold,

(e) The method based on Frieden's [Frieden, 1980; Brink, 1992b] model of an image with
known upper as well as lower hounds. The sum of the class entropies is maximized to
determine the threshold.



~l

(f) As above, but using the maa:imin method to determine the th~eshold.
(/

(g) P;esults 'bf using the principle of minimum cl'oss-entl'PPY [Brink and Pendoc.l;:,J99S].

(h) Results of implementing the symmetric version of the cross..Jentropy f()tmlUa (4.31) to

determine the optimum threshold.
c

(i) Minimization of the relative spatial entropy (4.42) [Journal and Deutsch, 1993] of the

binary result in order to $el~!.:ta suitable threshold.
~\

(J') Maximization of the sum of the ciass e,'ntropies as determined from the autocorrelation
, ' ~ " 0" '

functions of the class histograms [Brink, 1994]. .

.(k) Maxim~'nof the class entropies as determined from the autocorrelation functions of the

class histograms (Brink" 1994J.
'~

fi ,.' " ", " ' II ~1
(1) Resu1t~ arifrfl~~,~m irnplementation of the.me:hod b~S~(?~~~~~~;~~t~e~edpho!~r model

of the Image. 1"~e sum of the class entropies IS maXluuu,-' . "", ,~)im1fie th~) threshold.
-,~~ ,.<~.~~., ,-,"- -

",'\)

(m) As above, but using the maximin of the class entropies as a thfeshd1d selector.

"" , , (\" . \
The actual threshold value (Qr vectdi-) selected in each case is given in the;releva.nt captid1.
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(a)

1
>, I
I

(e)

.'oC,'

(e)

!)

12,
r;:..)

,(b)

F .rea· ~~~ IJJUJ rUfle·
/':/

Cd)

.&ci \\'4'fM';U:U ~ ftiM,.

(f)

Figure 5.7 Results of thresholding the image of Figure 5.1: (a) r :;::153, (b) r ;::153, (c)
r:;:: 120, (d) r ;:: 65, (e) r = 132, (f) r = 132.

Continued overleaf .. :
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(g)

~----------------. ---
(1)

ii
d

(I"..)

(h)

li'igure 5.1 (continued) Re.~ults oj thresholding the image oj Figure 1J.1: (g) T ::::67, (h)
7' :::: 64, (1) T ::::119, (j) 7' .... 139, (k) T ::::70.

j

Ii
/1

P
Continued overleaf..,
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(1) (m)

Figure 5.7 (continued) Results of {~h'f'e$holdin_g the image of FigIJre 5.1: (1) r ::::156, (m) "
r:;:: 157.

o
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(a)

(e)

D 75

(b)

Cd)

(f)

Figure 5.8 Results oj thresholding the image of .Figure 5.2: ta) r ;:.:56, (b) r = 56, (c)
T :::::;51, (d) r = 48, (e) T ::::51, (f) l' :::::;51.
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(g)

(i)

'-_ N,

(j)

(h)

(k)

76

Figure 5.8 (continued) Results of threshoJdi'n.{I the image of Figure 5.2: (g) T ::::491 (h)
T ;:::49, (i) t: ::::53, (j) r ~ 48, (k) r ;:::48.
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(1) (m)

Figure 5.8 (continued) Re$ults of thresholding the imnge "f Figure 5.2: (1) -r == 56, (m)
1" == 56.

co
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(a)

(e)

(e)

(b)

(d)

(f)

Figl.1re 5.9 Results of thresholding ,the image of Figm'e 6.0: (a) r ;;::;90, (b) r ;;::;94, (c)
1";;::; 91) (d) r;;::; 851 (e) r;;::; 94, (f) r= 95.

Continued overleaf ...
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(g)

(i)

(j)

(h)

(k)

Figure 5.9 (continued) Result.') of thr'esholding the image of Figure 5.8: (g) 1" ~ 84, (h)
-r ;;::::83, 0) T ;;::::85, (j) r ;;::::100, (k) 'T ;::; 95.

Continued overleaf ...
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(l)

80

(m)

Figure 5.9 (continued) Results of thresholding the image of Figure 5.3: (I) r ::::117, (m)
r = 116.

5.3 Remarks

The results of Section 5.1 indicate an aesthetic improvement when the maximin approach
(Figures 5.4-6 (b) and (d)) is used. In particular, the results of Figures 5.4 (a) and (c) (based
on summation of class entropies) appear to be more successful in actually segmenting the
image into strict "background" and "foreground" regions without regard for illumination ef-
fects such as reflections, while the maximin approach (Figures 5.4 (b) and (d)) appears rather
tQ "binarlze' the image ill. an attempt to approximate the grey-scale image with only two
ouput levels. However)from this set of examples it is clear that the grey-levels corresponding
to the "background" class at the mouthpiece end of the pipe in Figure 5,1 are similar to
those constituting the "foreground" ..:!assin the reflection on the pipe bow}and stem. Global
threshold selection cannot avoid such errors. The method of Abutaleb [Abutaleb, 1989}(Fig-
ure 5.4(c)) comes closest to correctly distinguishing between these classes, due to the use of
limited contextual information to select two thresholds, one for grey-level and one for local
mean grey-level. Unfortunately, one is left in the dark as to how to automatically classify
those pixels which remain unclassified, shown as an intermediate grey-level in ]!"igures5.4-6
(c) and (d). This could possibly be accomplished by a region growing process but such
methods can be time consuming. The method!' using the grey-level co-occurrence matrix
[Pal and Pal, 1989a] (Figures 5.4-6 (e) and (f») appear to yield useful results from both
perspectives. Use of the actual class quadrants A and C (Figure 4.3) gives a relatively good
separation of "objects" from "background" and the conditional entropies from quadrants B
and D yield results that are aesthetically pleasing. Finally, as one would expect from the
measure's context-sensitive nature, the results of using the relative entropy information [Pan
and Harris, 1990] (Figures 5.4-6 (g)) also display a tendency towards actual segmentation
rather than mere binarlzation,
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'The results of applying the new methods Introduced inChapter 4.2 (Section 5.2) are as
varied a~ those above. Among these, those obtained by implententatiori' of both the standard
(non-metric) cross-entropy or relative entropy and the modified metric version stand out
as being among the most, aesthetically pleasing (Figures. 5.7-9 (g) and. (h)). 'This measure,
while not taking speciflc account of pixel positions in the image, Cloesuse context-related
information hy assuming the original grey-scale image as a prior model of the thresholded .
result. It can also be regarded as a relation of the monkey mod~i, which simply assumes
a uniform prior distribution. The direct implementation of a monkey model for threshold
selection (F'igures 5.7-9 (a) and (b)) gives quite disappointing results. These are drastically
improved by incorporation of the local variance as a measure on the image (Figures 5:1-9
(c) and (d)). As could be expected by its ad hoc nature, the results of using the "labelled
photon" model (~"igures.5.7-9 (1)and (m)) appear to be unusable for any normal application.
The methods based on the Frieden model of an image bounded above and below (Figures
5.7~9 (e) and (f)), as well as the approach based on minimization of the relative spatial
entropy (4,42) (Figures 5.7-9 (i)), have yielded results comparable to those of the methods of
Kapur et al (Kapur ei all 19~~1and Abutaleb [Abutaleb, 1989](Figures 5.4-6 (a) arid"(c)) and.
appear to have separated the image classes as well as possible given the global nature of the
thresholding process. The entropy of the autocorrelation function of the histogram [Brink,
1994Jhas yielded similar results to the methods based directly on the histogram [Kapur et al,
1985; Brink, 1991b]: when the sum.of the class entropies is maximized, the result is appears
to try to separate the classes (Figure 5.7~9 0)), while the maximin process results in a more
aesthetically pleasing output [Figure 5.7-9(k)).

It will have been noticed that many of the techniques used, while purporting to be based on
the image itself as a probability distribution, can easily be (and in many cases have been)
expressed in terms of the image histogram alone. While this obviously means that only
infcrmatlon from this rather limited distd'i)ution is used, it has also enabled the processes
concerned to be speeded up substantially in terms of computation time. Often more than
one threshold may be required, as many images consist of more than ju.st two classes. Most
of the methods described can relatively easily be extended to allow selection of such multiple
thresholds, at: the cost of increased computation time. The processing speed is directly
dependent on the number of thresholds desired, the number of required calculations being
proportional to

(b - a)!
(b-a)Cr == 1'!(b - a - r)! (5.1)

where (b ~ (1,) + 1 is the number of grey-levels in the original image ((b - a.) is thus also the
number of possible threshold candldates) and 7' is the num'b~l'of thresholds desired.
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The evaluation of thresholding methods an:dresults is often a subjective process. In Chapte:rj~~:
6 :rr ,~~,il)dsof quantitative threshold evaluation are presented and discussed.

"

I,

~)



83

Chapter 6

Evaluation metheds

The evaluation of thresholding methods appears to have received little attention in the past.
While subjective evaluation or results for a specific application is in general quite effective,
it would be rar more satisfactory to be able to quantify one's prefer~i~e. Most methods sug-
gested to date have dealt mote epeeiflcallywith the evaluation of the t'es';":1is of using various
threshold selection methods [Weszkaand Rosenfeld, 1978; Sieracki ei al, 1989], as opposed
to the techniques themselves. This is hardly more satisfactory than subjective evaluation.
In any case, as is borne out by the work of Weszka and Rosenfeld [Weszkaand Rosenfeld,
1978], a method that can be used to evaluate thresholded results can itself also be used as
a criterion function for the selection of a supposedly optimum threshold: how do we eval-
uate the evaluation techniq~"\~ Other methods have been proposed to evaluate one aspect
or another of the relative performance of different selection techniques [Brink and De Jager,
1987; Albregtsen, 1993]. A possible solution may b~ to evaluate any given technique 011 a

,.
combination of various criteria since good performance for OIlS application may be poor for
another, as was indicated in SectioJl 5.3 of the previous chapter.

6.1 Heuristic methods

Weszka and Rosenfeld [Weszka and Rosenfeld" (~,18]a,d,dressedthe problem of threshold
evaluation using two criteria to measure the t4COS"\:~) ot'::1,given threshold applied to an image,
These criteria are based on discrepancy (error) and.busyness, respectively and were developed
from earlier measures for the evaluation of image smoothing methods.

Discrepancy measJtrement

A simple, direct measure of image discrepancy can be obtained if the thresholded image levels
are set to the a priori below- and above-threshold means of the 0) iginal grey-scale image,
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f10(T) and f11(T), given by (4.27) as

..x
( \ 't"'" s Pg

kto TI =4 R(T).
g;;;O 0

and

The discrepancy D(T) between the images is then simply their absolute difference [Brink,

1987]
T n-I

D(T) =2: jg - f1o(T)lpg + I: Ig - f11(T)lpg
g=O g=T+l

(6.1)

The levels of the binary image can alternatively be' given by f1± 0" (Weszkaand Rosenfeld,
1978]where f1 is the original image's mean grey-level

'It-I

f1=b gPg
g=O

and 0" is its grey-level standard deviation

n-I
a == L (g - f1)2pg

g=.:O

An alternative approach, adopted by Weszltaand Rosenfeld, is to measure the classification
error incurred by using a given threshold. This is based on the assumptior; that the image
ls made up of two distinct components ("background" and "objee+" .again], each having a
specified range of grey-levels, and then computing the prob4bilit'y of mlsclasslfying object
pixels as background and vice versa for any given threshold. This is the.n a measure of the
discrepancy between the thresholded image and some "ideal" result. Weszka and Rosenfeld
do not explicitly state the form of this measure, which requires exact prior knowledge of the
background and object distributlons.

/,

Sieracki et 0,1evaluate various threshold selection schemes,most of them ad hoc, for the specific
application of segmenting microsccplc fluorescent cells from their background [Sieracki et 0,1,
1989}. The requirement is that the cell sizes obtained from the segmented image should be
accurate. Bas~~ on test images where ('ell sizes wer~ known a priori, the errors incurred
by each method Wereevaluated by simply subtracting the known area (in pixels) from the
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area obtained by segmentation. This was then expressed as a p~,cell.tage of the l<t.owIl.area,~ "

referred to ~s "normalized error". The error was measured. foiileach cell and the means and \)
standard deviations of these measurements were u(("d.to evaluate each technique. .

\~ il _

Clearly, ~;_crepalLcy:measur~? such as those described above can the~jselves .be"used as crite-
rion ftin7~f0ns for the ~electicilI'of "optimum" thresholds. This mik1f their use as evaluation
techniqIle~ somewhat superfluous, since one could effectively get to the heart of the mattelo
immediately bX simply Implementing them directly. It al~o implies that the perfect threshold
selection technique is already known. T4~ method deschSed above [Sleracki et al, 1989] is
clearly limited to a particular type of application and furthermore does not appear to Jake
into account errors incurred by mlsclasslfylng background pixels as object. This could con-
ceivably reduce the apparent error in Bornecases while clearly doing the opposite in ternrs of
actual error.

Measurement of "busyness"

Weszka and Rosenfeld also make use of a measure of busyness (noise or J;()ughness) in t~r
\'\

thresholded image as.a measure of cost. This is based on the assumption that the ide~1ohjects
and baclfground are not strongly textured and have simple, compact shapes: j .e.' we expec('
the threaholded image f6,1?ok smooth rather than busy. The measu~~ that is used IWes~ka
and Rosenfeld, 1978] is based on the 4-neighbou.r co-occurrence matrix. The neighbourhood
so defined con&ists of the pixels (i,j - 1), (i -1,j), (i,j), (i + I,j) and (i,j + 1), with the
neighbourhood origin defined at (i, j), (1S shown in Figure 6.1.

(lJ+1)

Figure 6.1 The 4-ndghbourhood of a pixel centred at image coordinates (i,j).

A threshold T partitions the co-occurrence t<!atr~~ntb three n()n-overlappiri.gregiol\~ldefin~d
by the quadrants A to 1J (see Figure 6.2). Assuming a bright object on a d'~k ba,c~ground,
these correspond to (1) co-occurrences of background p&els (quadrant A), (2)to-ocCtlttellces

II
"

\ \
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of object pixels (quadrant C) and (3) co-occurrences of object pixels with background pixels
(quadrants B and D).

A measure of busyness can then he defined bJ.' simply summing those matrix entries repre-
senting the proportion of object-background adJacencies in the image. To avoid the trivial
result where T is such tht-t all input grey-levels are mapped to a single output level (thus
giving zero busyness), the threshold value is constrained to lie between the object and back-
ground grey-level means. This again implies that we have a priori knowledge about the
classes which is not usually available. As before in the case of the discrepancy measures
above, such a. technique can itself be used to determine 111" "optimum" threshold by :fi:t1dinl~
T such that buayness is minimized.

(0,0) r

T

A B

D C

(11·1,11 ·1)
n-t

Figure 6.2. Quadmnts oj the co-occurrence matrirJ}resulting jr'om thre,'1holdingat T. Tiu:
quadrants A and G on the leading diagonal correBP?ndto libackgt'ound" and {(objects", respec-
tively, while Band D are related to busyness as evidenced by object-background adjacencies.

In general, any single method that can be used to evaluate the results of a general input grey-
scale image ·~altbe used to select thresholds itself. However, a combination of such methods
can lead to a meaningful evaluation. The combined evaluations based on various pre-defined
desirable features of the result can give one a semi-quantitative indication of the suitability
of a given technique fo1' .~ pa1'tkula1' application: one may require, for e....'{ample, maximum
smoothness coupled with minimum discrepancy, indicating a choice of threshold which will
yield the best possible trade-off between these requirements. Of course, such combinations
can again themselves be used to determine the best 'trRd.:-..:..ff'threshold, but such an operation
may well be more time consuming than a method based on .n. single criterion function which
nevertheless comes close in terms of performance.
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6.2 Evaluation using synthetic :i.nll;lges

Brink and De Jager [Brink and De Jager, 1987] describe an evaluation technique which
effectively requires thresholding methods to restot'€ a synthetic binary image which has been
degraded by contrast reduction, aperture blur and Gaussian noise to produce a "grey-scale"
image. Four different images were used with differing levels of blur and noise. The correlation.
between the binary thresholded result and the original "clean" image was used to evaluate the
performance of each threshold selection method for differing signal-to-noise ratios (SNR).
'I'he correlation is given by

p(X, Y) = E{X., Y} - E{X}E{Y}
Ja~u~ (6.2)

where X denotes the original (undegraded) image and Y the thresholded (restored) result.

E{ .} denotes expected values and O',k and a~ are the respective image variances.

This approach works relatively well, but poses some problems, The correlation coe~lficient
is not very sensitive to small. discrepancies. As a result, threshold selection methods which
manage to restore small but important features of the original image at the expense of
some excess "noise" on larger features are ofte,'l rated as being less reliable than methods
which correctly restore the large features but fail completely to extract smaller details. Such
details shouln perhaps therefore be suitably weighted. Design of the synthetic image is ~so
problematic, since we ideally need to test threshold selection methods on various typeU of

'II

feature, including

1. small dark features on a light background, and vice versa,

2. vertical, horizontal and diagonal edges, and

3. rounded contours and edges. A test image which should sati.sfy these requirements is
shown in Figure 6.3.

The blurring imposed [Brink and De Jager, 1987] was fairly severe and hence quite unrealistic
for this application as features such as lines and edges an but disappeared. One would
normally attempt to res tote such an image before segmentation. It is proposed therefore to
degrade the image of Figure 6.3 by contrast reduction and the addition of varying amounta
of Gaussian noise only.. For testing dynamic methods a synthetic illumination gradient.~~n
be multiplied with the image as well.
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Figure 6.3. Synthetic binary test image for evaluation oJthresholding methods.

Alternatives to the correlation coefficient should also be considered. Two methods that could
be used ate the crosa-entropy (or relative entropy), as. used for threshold. selection in Chapter

ti, and a siml,1e X2 (chi-squared) test. The latter can in fact be derived from the cross-
entropy principle [Seth and Kapur, 1990]. The cross-entropy between the original and the
fhresholded images is given by

(6.3)

where

and

Pi::;: \_......N .•.•!
L...d;=1 gi

i:::; 1,· .. ,N € X

The Pearson '8 X2 distance between. the two imag~~sis giv~n by

N (1") (X»)2
X:.1(V Y)· _ "" g, - g,~-

, .1\, - L..J . (X\
i=l 9j ,

(6.4)

where the grey-level superscripts refer to the images to which they respectively belong. The
grey-levels of the undegraded im.age in this case are interpreted as the "expected frequencies
of occurrence" and those of the thresholded image as the "observed frequencies".
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An ad hoc scheme for evaluating the weight(!u classification error associated with methods
applied to this image would be to simply count the number of misclasslfied pixels, each pixel
being assigned a weight inversely proportional to the total number of pixels constituting the
particular image region to which it belongs. The error associated with the mlsclaaslflcaticn
of a pixel from a small feature is then proportionally greater than that associated with the
misclassiflcation of a pixel from a large region;

6.3 Evaluation usb'tS sytlthetic histograms

The method described by Albregtsen [Albregtsen., 1993J involves assessing the accuracy with
which techniques using the histogram. for threshold selection manage to divide the histogram
~nto background and foreground distributions. To this end, a set of histograms each consistlng
of the superposition of two Gaussian distributions centred at different mer ns is used. 'I'he
relative sizes of the distrlblltions and their distance apart are varied whil,l the standard
deviations are fixed. These synthetic probability hlssograms are given by

where the "background" dlstribution is given by

and the "foreground" is

(IL5)

()

.Po and Pl are the (/,prio)", class proportions of the image (the relative sizes of the two "
Gaussian distributions), not to be confused with th,e a poster~ori class probabilities poeT)
and Pi (T) resulting from a threshold T, given by equation (4:.1) in Chapter 4. /-to and #1

are the respective class means and 0'0 and 0'1 the corresponding atandard deviations. For
simplicity we set 0'0 P: 0'1 == o [Albregtsen, 1993].,

When a..histogram-baaed threshold sele.dlon scheme operates on such a. synthetic #lsto_gl'am,
the sele<\ted threshold T attempts to parlitlon it into its constituent background .and fMo-

.\

ground dlstributlons, Since there is usually a certain amount of overlap, snch a partitioning
win inevitably result in the mlsclassiflcatlon of some background pLxelo as foreground and
vice versa. 'rho total classlfication error is thus given by

n-l T

J!)(T) == Po L p~O) + Pi 2: p~)
g=T+l g=O

(6.6)
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The .best possible threshold in terms ,of this measure (minimizing E(T) with respect to T) is,
assuming equal standard deviations,

(6.7)

k,:foreground error" is also defined,
,\

T
E1(T) =L:p~l)

g=O 0
(6.8)

this being effectively the probability that a foreground pixel is mlaclasslfled as background .., \\

Methods using the histogram for threshold selection are tested, calculatingthe overall ~r:ror.,
(6.6) and the foreground error (6.8) for background-to-foreground ratios Po IP11'anging from
1 (both distributions the same size) to 100 (foreground small relative to background). For
each method four separate graphs are obtained for class means differing by 1, 2, 3 and 4
standard deviations, i,e, fl.1 -. /),0 ;: d • (1, d = 1,2,3,4.. These are displayed as error versus

log10(PO/ PlY'

The reason given fAlbregtsen, 1993J for including foreground error (6.8) is. tha1i in the 'case
of-low object-to-background l'atio~ some methods may obtain a IdW overall error simply by

" " , , ~ ','

placirl3 the, threshold too high, thus losing foreground information, However, only methods
based directly on minimization of the total error (6.6) (o!. a similar criterion) are likely to
produce tllls effect. In pl'actice, with increasing ra,tio Pol Pl the threshold often tends to move
tOJVar9,s the mean value of the larger histogram mode, Po. This means that the so-called
foreground error 'decreases at the cost of an enormous increase in background misclasslflcation.
(6.8) Is in any case an inconiplete measure, as logically the error in the foreground should
include background pixels incorrectly identified as also belonging to the foreground. 'J'hus
for our purpcses only (6,6) is of particular interest, An alternative app:roach Is to d{>.finethe
misclassificati0n el"ror as the larger of (6.8) and its equivalent "backg1'6und eno:r" ,

If

'11--1
EaCT)::;- 2: p~O)

g=T+l

i.e.
E'(T) = ,max {Eo(~r),E1(T)}

O~T<n
(6.9)

A related measure unbiased by relative mode sizes is given simply by the sum of tltese
measures

(6.10)
(;
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which unfortunately evaluates thresholds relative to a "best" choice equal to the trivial solu-
"tion

'I'he plots on which Albregtserl's evaluations are {rased show absolute error versus
log10(Po/ Pi). The evaluation could be made clearer if {he error relative to the minimum

oyS~.leerror (resultlng from the threshold given by (6.7))~ plotted.

Methods using the (gtey~lev~! Ioeal mean grey~le"el) scatterplot [Abutaleb, 1989; Brink,
1992a] and the grey-level co-occurrence lllatrix [Pal and Pal, llT8'§a]could be evaluated along

'':::

similar lines using a two-dimensional distribution (ma,tl'ix) consisting of the superposition of
two bivariate Gaussian distributions with means ceiltred along the leading diagonal. The error
evalu~tion for the methods of Pal and Pal [Pal and Pal, 19~9aJ would follow directly from
the ~stogram after selection of the threshold, while the methods due to Abutaleb and Brink
[A.bl'italeb, 1989;Brink, 1992a] should determine the error not only in terms of niisclasaifled
pixels, but also those pixcis remaining unclassified.

ti

6.4 Evaluation results using synthetic images

The methods descrih~ct'dn Section 6.2, using the synthetic binary image of Figul'e 6.3, were
;!:--.-----'

implemented to obtain relative performance figures for th~. threshold .selectioll. methods de-
scribed in Chapter 4. These techniques were applied to two de{!/aded. versions of the test
image. 11 each of these, the original image contrast was substantially reduced from having
grey-levels 0 and 255 (contrast range of 256 gr~;r:""leveh')to having levels Q6 and 160 (con-
trast of 64 grey-levels). Zero-mean Gaussian noise was then added to create the two different
images, one with a standard deviation of 8 grey-levels (Figure 6.4) anll'the other with a 16
grey-level standard deviation (Figure 6.6). The histograms tl£ these images appear in Figures
6,5 and 6..7, respectively.

II
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lrigure 6.4. The hinary test ima.ge of Fi.qure 6.3 'U7ith reduced contra.st and added Gaussian
noise w'ith a standard deviatiotl of 8 grey-levels.
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Figure 6.5. Gre1J~levelhistogram of the image of Figure. 6.4.
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,
Figure 6.6. The binary test image oj Figure 6.3with reduced contrast and added Gaussian
noise with a st~'ndatd deviation oj 1(j grey-levels.
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Figure ~.7. Grey-level histogram oj th~ image oj .Figure fl.6.
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The discrepancy measures used, &'escr.ihedin Section 6.2, are the cross-entropy (6.3), Pear-
son's chi-squared test (6.4) and ,bweighted classification error as briefly described at the end
of Section 6.2. The results are'tabulated sep~.rately for each degrad:eu image in Tables 6.1
and 6.2. The threshold selection methods have been referred to by letters, as follows:

A. The histogram-based maximum entropy measure of Kapur et tt.q1.\.apul'et al, 19851, using
equations (4.1), (4.8) and (4.9).

B. The maximin class entropy of Brink [Brink, 1991bl using (4.8) and (4.10).

c. Ahutaleb's [Abutaleb, 1989} method using the (grey-level, local mean grey-level] scatter-
plot, (4.11) and (4.15).

Do. Brink's [Brink, 1992a] tt' ,lineation of the above method using a maximin approach (4.16)
ahd the corrected "fotegrO\l.l,.id"class entropy (4.13), (4.14).

E. Algorithm 1 proposed by Pal and paJ. [Pal and Pal, 1989<1]based on the 2-neighbour
grey-level co-occurrence matrix, using (4.18), (4.19) and (4.20).

F. The second. method due to Pal and Pal [Pal and Pal? 1989a], using conditional entropies
;._.'

(4,18), (4.23).

G. The method using the relative entropy information (4.26) or (4.28) [Pan and Harris

(1990)].

H. Threshold selection based on the monkey model, as described in Section 4.2j using (4.25)
and the maximization 01 the sum of the class entropies (4.9).

I. Using the maximin of the class entropies resulting from the monkey model.

J. 'I'he modified version of H above incorpo~:ating contextual Information in the form of local
variances as a measure on the image (4.32), based all. maximisation of the sum of the class
entropies.

,K. ,A.sabove, but usin& the maximin of the class entropies to select the threshold,

L. Result of implementing the method bimed on Frieden's [Frieden, 1973, 19M] model of an
image bounded above and below, maximizing. the sum of the class entropies (4.26).

M. As abOVe,except that the maximin of the class entropies is used [.Brink, 1992bJ,
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N. Mln¥num erose-entropy (or maximum relative entropy) threshold selection using (4.29)
[Brink and Pendock, 1993].

O. hnPl.ment.t!on~ the symmetricfaed cross-entropy method (4.32) [Brink and Pendock,

1993]')1 ,7 ~
P. 'I'hreshold '~~£!!QJl...~ased on minimization.of the relative spatial entropy (4.42).

'\

Q. Thresholding using th~utocorrelation function of the histogram [Brink, 1993]. The sum
of the class entropies (4.36) is used here.

R. As above, but using the maximin of the class entropies.

S. The "labelled photon" approach described in Section 4.2. The sum of the class entropies
(4.38) is used here.

T. As above using the maximin of the class entropies.

Method Hx(X,Y) X2(X,Y) Ew(X,Y)

A 0.00032 82.0 0.02476
B 0.00015 37.0 0.00910
C 0.00107 171.5 14.71412
D 0.00081 130.5 15.11958
E 0.00000 0.0 0.00000
F ------0.00099 158.0 0.25HZ
G 0.00000 0.0 0.00000
H , 0.00015 37.0 : 0.00910
I 0.00052 133.0 0.10814
J .,.00113 228.5 0.32882
K 0.00103 264.0 0.i6164
L 0.00000 0.0 0.00000
M 0.00001 2.0 0.00145
N 0.00001 2.0 0.00145
0 0.00001 2.0 0.00145
p 0.00000 0.0 (J.OOOOO
Q 0.02993 9488.0 5.56093
R 0.00010 26.0 0.00743
S 0.01968 3305.5 4.49133
T 0.01968 3305.5 -----~4.49133

Table 6.1. Evaluation results of threshold selection methods applied to the degraded image
of Figure 6.4;.
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)'", .

.__-.,lMethod Hx(X,Y) X2(X,Y) Ew(X,Y)

,'. A 0.00537 1153.0 0.76796
B 0.00536 1115.0 0.80433
C 0.00309 SOLO 15.67320
D 0.00393 636.0 15.74693
E 0.00545 1213.0 0.78897
F 0.00537 1153.0 0..76796
G 0.00545 1213.0 0.78897
H 0.00545 1213.0 0.78897
I 0.00537 1153.0 0.76796
J 0.,,0596 1083.0 0.90443
K 0.00536 1115.0 0.80433
L 0.00563 1296.5 0.79801
M 0.00J}94 1405.0 0.95435
N 0.OO5M 1405.0 0.95435
0 0.00594 1405.0 0.95435
P 0.00545 1213.0 0.78897

0.03021 5267.0
:.-

Q 6.75700
R 0.00536 1115.0 0.80433- S 9·02293 3894.0 4.73658
T '0.02293 3894.0 4.73658

Table 6.2. Evaluation results of threshold selectlot; methods applied to the degraded image
of Figure 6.6.

It is interesting to compare the evaluations in Tables 6.1 and 6.2, particularly where some

disparity exists between evaluation methods. For example, while all the methods indicate

that the results obtained using the "labelled photon" model are not particularly good (rows

Sand T of the tables), the weighted error Method rates it as much better than any methods

based on the (grey-level, local mean grey-level) scatterplot (0 and D). This contradicts the

relative evaluations of both the X2 and Hx methods. Tl1\' reason for this lies in the fact

that the latter two methods evaluate overall ~,;,rorwhile the ~:veightederror measure attaches

greater weight to small "objects" within the image. It should also be noted in the ease of
the scatterplot-based methods that pixels that remain unclassified by virtue of being in the
wrong quadrants are regarded as "errors' by the weighted error method. There appears to

be a consensus that the most generally useful techniques, certainly as far as thresholding of

images with relatively low noise levels is concerned, are those based 011 Frieden's [Frieden,

1973, 1980] bounded image model (rows Land M) and the methods based 011 cross-entropy

minimization [Brink and Pendock, 1993] in tows N and O. M~th<)ds .t1iit Work reasonably

well at higher noise levels are tllDse1)asei: J~;:n.bf~th for~~ o~~lt~~mrmkey ltipdel (rows H, I, J
and 1<:)and the co-occurrence methods (rOW$J\l"a''t~~F') :Jf l\J~tind llal WaJl and Pal; 1989a].

Interestingly, the context-dependent metht'd based o~ the :u.icnkey mod~l (rows ,T and K)
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. . \
is rated very shnihlJ,'ly to the standard form (row~\\l{ a~d I): eve,a displaying an apparently-

'. /"
worse performance at times. The relative entropy inforrhJ,'tlon [Pan and-Harrls, 1990] (row

G) and the minimum relative spatial entropy [Journel and Deutsch, 1993] (row P) methods

both perform consistently well, regardless of noise.

6.5 Evaluation results using synthetic histograms

Albregtsen's [Albregtsen, 1993] technique for evaluating threshold selection methods on the

basis of how well they partition a synthetic histogram has heen implemented here. .Only
those methods whose decision process could be expressed directly. in terms of the histogram
have been tested. As indicated, in Section 6.3, a two-dimensional version could be developed
as a simple extension for the evaluation of methods using scatterplota and co-occurrence

matrices. However, such a process would be ex. ....emely slow as a vast number of slightly

different 2·-D distributions would need to be generated. In the graphs that follow (Pigul'es

6.8 to 6.12), only total classification error (~.6) is shown. The "best" threshold error (based

.directly on minimization of tn(r classification error) is depicted in Figure 6.S. For brevity,

the techniques are again referred to by the letters used in Section 6.4. The graphs depict

error versus 10g(.PojP1), where the mode sise ratio (Pol Pl) is v~ied over the range 1 to 100.

Four graphs appear on each plot, corresponding to (~1-. ;.to) = D . (J, D == 1,2,3,4. The
/}

standard deviations of both modes are fixed at a :::32 grey-levels.

0.6

0.5 t 1.5
log ,,(POIP1)

2 2.S

li'igure 6,8. Minimum possible classification er. '01'. Histogram mode size ratio (PoIPl) is
varied from 1 to 10(1, The four curves shown are for the 4 different values of P'1 - J.lo == D •crJ
D == 1 (thick solid line), D == 2 (thin solid line), D = 3 (dashed line) and D :::4 (dotted
line).
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Figure 6.9. Classi[tJation errors 1'esultin~f1'O~t threshold selection using (a)' method, A and
(b) method B. Histogram mode size rq,iio (PoIPi) is v()/riedfrom 1 to 100J,' ,The f01LrCUf'ves
shown are for the 4 different values of Itt ~ Po =D • 0', D = 1 (thick solid line), D :::-2 (thin
solid line), )J = 3 (dashed line) and D ;::4 (dotted line).
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Figure 6.10. Classification errors resulting from threshold selection using (a) method G and
(b) method H, Jl"iJt~gram mode size ratio (Pol Pi) is varied from 1 to 100. The !oHr r!u'rves
shown are jo'l' the 4. llifferent 1lalu€s oj Itl ~ Po =D . 0', D = 1 (thick solid line), .D ::;::2 (thin
solid line), )J = 3 (dashed line) and D = 4 (dotted line).
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Figure 6.1l~ Classifieation errors resulting from threshold seleciiov» using (a) method I and
(b \ method J. llistogram mode size ratio (PO/PI) is varied .from 1 to 100. The Jour curves
shoton r"rejor the 4 different values oj /1,1 - J1,o == D· (J, D == 1 (thick solid line), D ::::2 (thin
solid tine), D == 3 (dashed line) and.D == 4 (dotted line),

0.7

(a)
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Figure 6.12. Classification errors 'resulting Jrom tht'fs/wld selection using (a) method K and
(b) method L. llistogram mode {lize ratio (Po / PI) is varied from 1 to 100. The Jour curves
shown (l1'eJor the 4 different values cd /Jl ....J1,o == D • (J, D == 1 (thicl~ solid line), D :::.2 (thin
.':'QUdUi'Ee), D.;: 3 (dashed line) aruJ n == 4 (dotted line).
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Most methods appeal' to p(lrform progressively worse as the I'Xe!'';)ground''mode shrinks in

" c 0

si2;e, as would be expected. The method based On Frieden'a bounded image model [Brink,
1992b] Is a notable exception (Figure 6.11 Ca) and (b». The cross-entropy method, which
was evaluated as quite reliable mingsynthetic images (Section 6.4), performs extremely badly

here (FIgures 6.12 Ca)"and (b».

It should be noted that the result obtained using the histogram ent1'QP~method of Kapur et
al (Figure (,,9(a) does not match that obtained by Albregtsen for this same method. The o

,>' . \~

other methods. evaluated ,by Albregtaen [A1bregtseI'~"J993] were therefore also Implemented
and the results obtained appear to'ma,tch. My own implementation "of this method has
been thoroughly checked and rechecked, and it must therefore be assumed that Albregtsen's '

\",

(_l

implementation is at fault.

(j) '. . ". - - . , . ,.' " . .. .,\ .'. "\
III the next chapter the results of Chapter 5 and the quantitative evaluation methods hrti.1;o-
duced in this chaptCll'are discussed,

Ji

()

il
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Chapter 7

Discussion and conclusions

The aim of this work has been to develop an effective model for the segmentation of imagee
using threshold selection techniques based or. image entropy. Some of the motivations for
using the principle of maximum entropy and'the arguments surrounding it have been pre-
sented and w~"tysof addressing Its apparent shortcomings have been i.nvestigated. As Skillin.g
[Titterington, 1984] puts it, "I hold that these more complicated situations should ideally be
handled by extending a technique which is basically correct rather than by invoking ad hoc
aJ.ternati\fes." ,

The models serving as a basis for the definition' of what is meant by "image entropy" are
widely different. Basin~ entropy directly on the data (image) alone leads us to the problem
that Jnter-relaslonshlpa are ignored (e.g, the monkey model), often to the detriment of
both our resul'" and our eredibllity in lending this method what sometimes appears to be

\)

dogmatic support. The use efco-occurrence and autocorrelation [Journel and Deutsch, 1993;
Pal and Pal, 1989aj Brink, 1994J and the simpler expedients C 'Ising cross-entropy [Brink
and Pendock, 1993] or building variances into the monkey model (Chapter 4) are heading in
the right direction, as the results dearly show.

Some limited discussion of beth the 1,(Js.ults(Chapter 6) and the quantitative evaluations of
thresholding methods (Chapter 6) has already taken place ill the relevant chapters. However,
it will be informative to balance the subj.Clctiveevaluations of Chapter 5 with the quantitative
evaluations of Chapter 6.

In the evaluation of the varlous methods, one should also take into aCCOUJ:l.tcomputa-

tional complexity and time. Obviously methods requiring the use of scatterplota [Abutaleb,
1989; Brink, 1992a] and co-occurrence lnat:ricet:! [Pal and Pal, 1989a] require a lot of extra
computation simply to generate the distributions in question. Hence, while the methods of
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Pal and Pal [Pal and Pal, 1989aJ yield ex;-ellent results (Figures 5.4~6 (0) and (f» both
aesthetically and quantitatively (Tables 6.1 and 6.2, rows E and, 1"), their computational cost
is higu, Tills would h4.v0 to be .•considered if real-time applications were required. hl. terms of
sheer quality ofresuiis, however, measures of image entropy based on co-occurrence matrices,
autocorrelation and local variance information must obviously be taken seriously.

The results arising from implementation of the Image model bounded above and below, due
to Frieden [Frieden, 1973, 1980; Brink, 1992b] (:l?.igures 5.7-9 (e) and (f» also give both

" .,'

subjectively and qlla,ntitatively good results (Tables 6.1 and 6.2, rows Land M) ..However,
while this model treats the image itself as a probability distribution, \tb..epixels' relative
position .nformation is lost due to the assumption of pixel independence inherent in the
entropy measure. For this reason the formulae can be expressed purely in terms of .~heimage
histogram and evaluated as histogram partitioning methods, using Albregtsen's [Albregtsen,
1993] evaluation technique. Interestingly, based on this evaluation, these methods appear to
be the most stable with respect to relative class mode sizes of the hi5.togram (Figures 6.11
(a) and (b), with performance being very little affected by an enormous reduction ofrelative
object size!)

Visually the results of applying the principle of'minimum cross~ntrop;y are the most pleasing
(Figurt.1s 5S-9 (g) and (hj), However, the quantitative evaluations using synthetic images
indicate only average performance when ..noise levels are high (Table 6.2, rows Nand 0) and
exceptionally poor performance ill: tenns of overall classification error with increasing mode
size ratio (Figures 6.12 (a) and (h»).

The methods based directly on the histogram [Kapur. et ol, 1985; Brink, 1991b] appear
to achieve average to good performance based on subjective and quantitative evaluations
(Figures 5.4--6 (a) and (b), Tables 6.1 and 6.2: rows A and B, F.igures 6.9 (a) and (b)). The
maximin method ofthreshold selection [Brink, 1991b] (Figures 5.4-6 [b) yields better results
on subjective and synthetic image ~\valttations, while the sum of the ch),~sentropies [Kapur
it et al, 1985] gives better histogram partitioning performance (Figure 6.tJ (a)). This latter
result is to some extent expected: if the results of Figures 5.4·-6 (a) are compared with those
of Figure 5.4-·6 (b), it appears that the extraction of actual image classes is more "correct"
in the former, while the results of Figure 5.4-6 (b) look better in terms of their resemblance
to the original images of Figures 5.1 to 5.3.

The worst results throughout are tl~ ...~ of the application of the "labelled photon" model.
This model poses a problem ill terms of its interpretation: viewing a coordinate or position in
space as a probability is difficult. The model Is best understood from its formulation outlined
ill Chapter 3, as viewillg the image as a "h.istogram" arising from some kind of «meta-image" •



7. DISCUSSION AND CONCLUSIONS 103
11

However, its validity is questionable since neither its performance nor its philosophical and

theo:-etical bases are particularly sound. It has therefore been ihcluded heryl mainly as an

exafuple of why care needs to be taken to avoid ad hoc solutions. )
Q

The quantitative evaluation techniques or the previous chapter show some interesting biases,
which lead to their relatively 'differ~nt evaluations of the threshold selection methode. The
method based on synthetic images is to some extent the more pleasing) in the sense tlul-twe are

after all attempting to binarlze an image. Albregtsen's [Albregtsen, 1993] technique is strictly

f':.. !ll':'l.sure of how well a histograrn consisting of two superimposed Gaussian distributions
can he sJ..~.f.into its constituent distributions by a single threshold. This is a somewhat

cc. "F
limited evaluation. and should ideally be used in conjunction with other methods. Oveta1i~-~~"

Ior any particular application, a subjective evaluation still appears to be the most consistently

reliable.

It is proposed that future research sheuld extend the work covered in this thesis t) more
general segmentation methods and development of a quantitative pl'oce~s of evaluation which

agrees more closely with our own subjective evaluations of results and methods.

In conclusion, it appears that our problem-does not lie with entropy: the ..reasons for its
"use, its. st'l:ength as a prior distribution selector for Bayesian methods of Inference and the ~

quality of the results obtainab!.e when it is correctly implemented can be and have been
proved, although the argumentswill doubtless rage for decades to come. The.l'eal probl»)! is
this. question of "correct" implementation. Entropy, like other methodologies such as.fi~hral

networks, is not a cure-all. It is not magic (to answer. the question posed. by Pre~s ei al
[Press et al, 1992]), it is simply a sensible method for so\ving problems of inference. It is up

to us to pose the problem correctly and to supply the data and information required in a

tlseful form. We should also be certain about the distinction betw¢en information and belief.

'I'hia application has shown that we can obtaln excellent thh~sholdlng reslllts for very different

Images if we supply. enou.gIl info~matioXl ofth~ right \fnd (e.g. context-r~lated ~nform~tion
about local uncertainty) m the rlght way and ill the right place, e.g, puttIng variances 11l as

the prior measure in the monkey model as opposed to using contextual information of the

wrong kind (pixel coordinates) in the Wrong place (the actual probabilities ip. the entropy

expression), If we do it wrong, we get it wrong.

/i
\i

'I
I
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