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ABSTRACT

In t h i s  t h e s i s  t h e  d e t e c t i o n  r e l i a b i l i t y  of  a s i n g l e - b i t ,  d i g t . l ,  

sam p l in g  c r o s s - c o r r e l a t o r  u s e d  f o r  d e t e c t  ing  e i t h e r  s i n g l e - h i  t or a n a l o g  

band l i m i t e d  G a u s s ia n  s i g n a l s  i s  i n v e s t i g a t e d .  T h is  i s  done by d e r i v i n g  

th e  e x a c t  o u t p u t  p r o b a b i l i t y  mass f u n c t i o n  o f  the  c r o s s - c o n  - ; a t u r ,  a> 

t h i s  d i r e c t l y  y i e l d s  t h e  D e t e c t i o n  and F a l s e  Alarm p r o b a b i l i t i e s .

The c r o s s - c o r r e l a t o r  o u t p u t  mass f u n c t i o n  i s  d e r i v e d  f o r  the

f o l l o w i n g  c a s e s :

(a )  a s i n g l e - b i t  b a n d l i m i t e d  G a u s s ia n  s i g n a l  c r o s s - c o r r e l a t e d  w i t h  an 

a t t e n u a t e d  r e f l e c t i o n  c o r r u p t e d  by wideband G auss ian  n o i s e ,  and

(b)  an a n a l o g  b . n d l i m i t v d  G a u s s ia n  s i g n a l  c r o s s - c o r r e l a t e d  w i t h  . ..  

a t t e n u a t e  d r e f l e c t i o n  c o r r u p t e d  by wideband G auss ian  n o i s e .

The e x t r a n e o u s  n o i s e  i s  not  n e c e s s a r i l y  a lways  wideband random n o i s e ,  

wad i n  many a p p l i c a t i o n s  t h e  i n t e r f e r i n g  s i g n a l  can be p e r i o d i c  i n  n a t u r e ;  

thus  the o u t p u t  I a s s  f u n c t i o n  i s  a l s o  c o n s i d e r e d

( c )  t o ,  ,  , i n BU - L i t  b a n t i l i n i t e d  C a u . t i o o  . t g - a l  =r=»6- c o r r r U t = d  w i t h  

no a t t e n u a t e d  r e f l e c t i o n  c o r r u p t e d  by  a random phase  s i n u s o i d ,  and

(d)  f o r  an a n a l o g  b a n d l i m i t e d  G a u s s ia n  s i g n a l  c r c a . - c o r r e l a t e d  v i t h  an 

a t t e n u a t e d  r e f l e c t i o n  c o r r u p t e d  by a random p l u m  s i n u s o i d .

In a l l  c a s e s  e x c e p t  <d>. th e  c r o , . - c o r r e l a t i o n  f u n c t i o n  i s  d e r i v e d  f i r s t ,  

and t h e n  th e  p r o b a b i l i t y  mass f u n c t i o n s  are  d e r i v e d  f o r  b o t h  b u r s t  and 

c o n t i n u o u s  t r a n s m i t t e d  s i g n a l  o p e r a t i o n .  In <d> t h e  c r o s s - c o r r e l a t i o n  

f u n c t i o n  c annot  he d e r i v e d  in a C o s e d  f o r . ,  and a s e r i e s  a p p r o x i n a t i o n  

i s  g i v e n .  However,  the  c o r .  d e l a y  ( i . e .  peak)  c r o s s - c o r r e l a t i o n  f u n c t i o n  

i s  d e r i v e d  e x a c t l y ,  and t h i s  y i e l d s  i n f o r m a t i o n  on th e  d e t e c t i o n



p r o b a b i l i t i e s  t o  be e x p e c t e d .  The c r o s s - c o r r e l a t o r  ou tput  p r o b a b i l i t y  

mass f u n c t i o n s  a n  d i s c u s s e d  q u a l i t a t i v e l y  i n  t h i s  c a s e .

I t  i s  found t h a t  in  g e n e r a l  the d e t e c t i o n  r e l i a b i l i t y  o b t a i n e d  u s i n g  

s i n g l e - b i t  b a n d l im i i . e d  G auss ian  s i g n a l s  i s  h i g h e r  than t h a t  a c h i e v a  l e  

w i t h  a n a l o g  s i g n a l s ,  and t h a t  a random phase s i n e  wave has  a more a d v e r s e  

e f f e c t  on the c r o s s - c o r r e l a t o r ' s  d e t e c t i o n  performance  than wideband

G a u s s ia n  n o i r e  h a s .

The t h e o r e t i c a l  d e r i v a t i o n s  o f  ( a ) ,  (b)  and ( c )  are v e r i f i e d  b,  

e x t r e m e l y  c l o s e  agreem ent  w i t h  e x p e r i m e n t a l  r e s u l t s  taken  on a s p e c i a l l y

b u i l t  s i n g l e - b i t ,  s am p l in g  c r o s s - c o r r e l a t o r .

The c r o s s - c o r r e l a t o r ' s  performance under m u l t i p l e  r e f l e c t i o n  c o n d i t ­

i o n s  i s  c o n s i d e r e d ,  and th e  c r o r s - c o r r e l a t i o n  f u n c t i o n  o f  a s i n g l e - b i t  

or  an a n a l o g  b a n d l i m i t e d  G au ss ian  s i g n a l  w i t h  two a t t e n u a t e d  r e f l e c t i o n s  

c o r r u p t e d  by wideband Gauss ian  n o i s e  i s  d e r i v e d .  An e x t e n s i o n  oi t 

t h e o r y  to  more than two r e f l e c t i o n s  i s  d i s c u s s e d  in  both  c a s e s .  The 

d e r i v a t i o n  o f  the  c r o s s - c o r r e l a t o r  ou tput  mass f u n c t i o n s  i s  c o n s i d e r e d  

f o r  b o t h  b u r s t  and c o n t i n u o u s  s i g n a l  o p e r a t i o n .  I t  i s  shown t h a t  under  

c o n d i t i o n s  where t h e r e  are two o v e r l a p p i n g  s i n g l e - b i t  r e f l e c t i o n ,  in  a 

low e x t r a n e o u s  n o i s e  e n v i r o n m e n t ,  : i crc  i s  a h i g h  p r o b a b i l i t y  o f  m i s s i n g  

th e  s m a l l e r  o f  the  two r e f l e c t i o n s  c o m p l e t e l y ,  even  though i t  may be 

o n l y  s l i g h t l y  s m a l l e r  than t h e  l a r g e r  o n e .  T h i s  d e f e c t  does  not  o c c u r  

w i t h  a n a l o g  G auss ian  s i g n a l s ,  and,  a l t h o u g h  t h e  peaks i n  t h e i r  c a s e  are  

n o t  s o  sharp o r  w e l l - d e f i n e d ,  under t h e s e  c o n d i t i o n s  a n a l o g  s i g n a l s  o f f e r

„ d i s t i n c t  advantage  o v e r  s i n g l e - b i t  s i g n a l s .

The p r a c t i c a l  a p p l i c a t i o n  o f  th e  detection scheme to  a c o u s t i c s  i s  

b r i e f l y  d i s c u s s e d ,  and i t  i s  found t h a t  the G a u s s ia n  s i g n a l  c e n t r e  f r e q ­

uency  and the  c r o s s - c o r r e l a t o r  sam p l ing  f r e q u e n c y  must he matched .  A 

s a m p l in g  f r e q u e n c y  o f  b e tw e e n  one and t en  t im e s  the  s i g n a l  c e n t r e  f r e q u e n c y  

y i e l d s  s a t i s f a c t o r y  r e s u l t s .  There are  s e v e r a l  c o n s t r a i n t s  on th e  s i g n a l  

ba n d w id t h ,a n d  o c t a v e  b a n d w i d t h ,  are found t o  o f f e r  a good compromise.
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CHAPTER I

INTRODUCTION

1.1 C-’U '•!_ «1 B.it '.f,round

The ir -i t a n c e  o f  c o r r e l a t i o n  as a s i g n a l  d e t e c t i o n  t e c h n i q u e  i s  

a l r e a d y  •..-oil t ■-t a h l i  s lu  i. Very b r i e f l y ,  the three  b a s i c  r a t  ion.i  

c o n f i g u r a t i o n s  are as shov a in F i g .  1 - 1 .  1 igurv  1- l a  c o r r e s p o n d s  to

a s i t i p l e  a u t o - c o r r e l a t o r  f o r  d e t e c t i n g  a s i g n a l ,  u s u a l l y  t a p e r i o d  c 

nature , itar Sod in  n o i s e .  In nor t del. indmj a p p l i c a t i o n  s v ...» .-s tin.* 

a r i s e ,  f o r  t xa p i e , in astronomy o r  s o n a r ,  the o u t p u t s  fro.;  a r r a y s  o' 

r e c e i v e r s  ar cro* - c o r i  l a t e d  (! • g .  1- l b ) ,  and the output  i s  exa i . ined

-  — — m
-  h«;tc ; t ^i • . .nqic . \ |

«(* ♦ MU * X> "'crm. i-c ' I
>IU

•tt .V .*p) v:

(a) Simple auto-correlation detector

.VI 111. t)r 1
I ."iur t | 1

• Id . I.,!!)

| f  C" | .1 a ! 0 r

» - [ # % ]  - E l

iMeQtntC'

f i t

Ax  ( l |  -

, ( t . t) . nttl

(b) Array cross-correlation detector

r a

1— I j  , n r.,
V) nV rat of |

r'liiTflTf I" I 1 .!
I ce r i ' i i n i  t l  v '  , y <t)

<j Spl'-ly

(c) C r o s s - c o r r e l a t i o n  rc£Ic*< I ion detect Of 

nntlRi: 1-1 Basi< configurations of correlation dcti c tots .
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f o r  p e ak s  or  oLher c h a r a c t e r i s t i c s  i n d i c a t i n g  the  p r e s e n c e  o f  a common 

i n p u t  s i g n a l  s ( t ) . The t h i r d  b a s i c  a p p l i c a t i o n  ( F i g .  1 - l c )  i s  t o  r e f l e c ­

t i o n  d e t e c t i o n ,  f o r  example  in r a d a r ,  a c o u s t i c s  or v i b r a t i o n  a n a l y s i s .

For c r o s s - c o r r e l a t i o n  r e f l e c t i o n  d e t e c t i o n ,  the  i d e a l  waveform fo r  

p r e c i s e  and unambiguous range  and d e l a y  measurements  i s  t h a t  p o s s e s s i n g  

a ' t h u m b t a c k - s h a p e d '  a u t o - c o r r e l a t i o n  f u n c t i o n .  Uavv.sian n o i s e  i s  one 

such  waveform,  p r o v i d e d ,  o l  c o u r s e ,  t h a t  the d u r a t i o n - b a n d w i d t h  product  

i s  l a r i e  e n ou gh .  In a d d i t i o n ,  the  a u t o - c o r r e l a t i o n  f u n c t i o n  o f  an an a lo g  

Ga s i  an waveform in s im p l y  r e l a t e d  t o  t h a t  o f  i t s  s e v e r e l y - c l i p p e d ,  

s i n g l e - b i r  v e r s i o n ' ^ .  The c o m p u t a t i o n a l  s i m p l i f i c a t i o n  g a i n e d  by hav ing  

to  p r o c e s i  o n l y  a i n g l e - b i t  waveform as compared t o  the  o r i g i n a l  a n a lo g  

v e r s i o n ,  cap d a i l y  in  the c a s e  o f  a d i g i t a l  p r o c e s s o r ,  i s  s u b s t a n t i a l .

VJ th  th e  a d v e n t  o f  h i g h  speed  i t,  Leal c i i  u i t try ,  many o f  t h e  problems  

t h a t  had p r e v i  u s l y  made c o r r e l a t o r  c o m p l i c a t e d  i n s t n :  nt to  b u i l d

were a l l e v i a t e d .  However,  as  t h e  b a s i c  c i r c u i t r y  became s i m p l e r ,  so  the  

m a t h e m a t i c a l  p r o c e s s i n g  t e c h n i q u e s  wh ich  the d i g i t a l  c i r c u i t r y  new madv 

i t  p o s s i b l e  to  e x p l o i t  b e c a i : • more eo  pi  e x .  As a r e - u l t ,  modern c o r r e l ­

a t i o n  c l e c t o r s  l e n d ,  as b e f o r e ,  t o  b c o m p l i c a t e s  and s o p h i s t i c a t e d  

i n s t r u m e n t s .

There  arc  many a p p l i c a t i o n s  o f  c r o s s - c o r r e l a t i o n  d i t c c t o . s  in  radar ,  

s o n a r ,  c o m m u n i c a t i o n s ,  a c o u s t i c s  and v i b r a t i o n  a n a l y s i s  where d e t e c t i o n  

e r r o r  p r o b a b i l i t i e s  o f  b e lo w  10*"6 are  not  r e a l l y  n e c e s s a r y  and f a l s e  

a larm s  c o u l d  not  can e tr.  un iat ic  c o n s e q u e n c e s  ( a s ,  '"or e x a m p le ,  i n  

m i s s i l e  d e t e c t i o n ) .  For t h e s e  a p p l i c a t i o n s  i t  i s  o b v i o u s l y  d e s i r a b l e  

t o  be a b l e  t o  us. as  s im p l e  and hence  i n e x p e n s i v e  a c r o s s - c o r r e l a t o r  as 

p o s s i b l e .  Moreover ,  many o f  the c a p p l i c a t i o n s  o f t e n  r e q u i r e  o n - s i t e ,  

r e a l - t i m e  me. a i r i n g ,  and c r o  3- c o r r e l a t i o n  d e t e c t o r s  which  are c i t h e r  

l a r g e  or which  have  t o  be c o n n e c t e d  t o  a l a r g e  computer weu'd  c l e a r l y  

be q u i t e  u n s u i t a b l e .  Foi s u c h  a p p l i c a t i o n s ,  t h e r e t o . c ,  Mu h  i- 

f o r  a s m a l l ,  s e l f - c o n t a i n e d ,  s im p l e  y e t  r e l i a b l e  c r o s s - c o r r v l a t i o n



d< t f c c t o r . A s a m p l i n g ,  s i n g l e - b i t ,  d i g i t a l  s e r i a l  c r o s s - c o r r e l a t o r  used  

in  c o n j u n c t i o n  w i t h  G a u s s ia n  random wave lorms c o n s t i t u t e s  an o b v i o u s  y e t  

most p r o m i s i n g  s o l u t i o n ,  c o m b in in g  one o f  the s i m p l e s t  and hence  most  

i n e x p e n s i v e  c r o s s - c o r r e l a t o r s  and a waveform h a v i n g  d e s i r a b l e  a t t r i b u t e s  

f o r  r e f l e c t i o n  d e t e c t i o n  and s i n g l e - b i t  p r o c e s s i n g .

A l th o u g h  th e  i d e a  of u s i n g  a s i n g l e - b i t  c r o s s - c o r r e l a t o r  f o r  d e t e c ­

t i n g  G a u s s ia n  waveforms i s  not new,  no thorough  a n a l y s i s  o f  the d e t e c t i o n  

r e l i a b i l i t y  o f  a s a m p l i n g ,  s i n g l e - b i t  d i g i t a l  c r o s s - c o r r e l a t o r  has been  

found i n  the  l i t e r a t u r e .  The work done on a n a l y s i n g  t h e i r  performance  

in  d e t e c t i n g  G a u s s i a n  waveforms has been  l i m i t e d  t o  the d e t e r m i n a t i o n  of  

the mean o u t p u t  of a - i n g l e - b i t  c r o s : - c o r r e l a t o r  l i k e  t h a t  i n  F ig .  1 - l b  

and an a s s o c i a t e d  s i g n a l - t o - n o i s e  r a t i o  d e s c r i b i n g  the r a t i o  o! the mean 

o u t p u t  t o  the  f l u c t u a t i o n  enu ed by the  n o n - i n f i n i t e  t i r  - c o n s t a n t  o f  the  

RC i n t e g r a t o r s  u s u a l l y  u s e d .  Fuch an a n a l y s i s  y i e l d s  o n ly  a f i g u r e  o f  

m e r i t '  f o r  the  d e t e c t i o n  schcnu , I t  does  not  y i e l d  the  dc* •vetion ci  

f a l s e  a larm  p r o b a b i l i t i e s  and i t  g i v e s  no i d e a  o f  t h e  i n f l u e n c e  of  the  

number of s a m p le s  u s e d  on the c r o s  . - c o r r e l  t i o n  f u n c t i o n  d i s t r i b u t i o n ,  

s i n c e  the  v a r i a n c e  i : d e t e r m in e d  p r i m a r i l y  >y t h e  i n t e g r a t e !  t i m e - c o n s t a n t ,  

This would  n o t  be s o  were  a d i g i t a l  c o u n t . i to be u s e d ,  as i s  e n v i s a g e d  

in t h i s  c a s e ,  r a t h e r  th an  an RC i n t e g r a t o r .  A much more u s e f u l  a n a l y s i s  

would he g i v e n  by tin d e r i v a t i o n  o f  the e x a c t  o u t p u t  p r o b a b i l i t y  d i s t r i ­

b u t i o n  of the c r o s s - c o r r e l a t o r  b e c a u s e  t h i s  uv d d i i v i t 1> > i < l d  t ,u  

d e t e c t i o n  and f a l s e  a larm  p r o b a b i l i t i e s  end would show the e f f e c t s  i t

samp1t s i z e  v a r i a t i o n .

The d e v e lo p m e n t  o v e r  the  p a s t  few y e a r s  o f  s u i l i c c  a c o u s t i c

d e v i c e s  and t e c h n i q u e s , w i t h  t h e i r  enormous p o t e n t i a l  f o i  n > i 

s i n g l e - b i t  s i g n a l  p r o c e s s i n g  <i»id matched f i l t e r i n g  i U . »  

r e v o l u t i o n i s e d  the p o s s i b i l i t i e s  o f  b u i l d i n g  v e t y  s imply  

as random s i g n a l  _ s i n g l e - b i t  d i g i t a l  c r o s s - ,  0 1 1' l n i , n  

seems p e r f e c t l y  f e a s i b l e  t h a t  i n  the f u t u r e  such i n s t u n x n t o



made c h e a p l y  enough t o  he used f o r  more mundane a p p l i c a t i o n s  such as  

t r a f f i c  m o n i t o r i n g  and c o n t r o l , s im p l e  c o l l i s i o n  a v o i d a n c e  r a d a r s , or  

e ve n  b u r g l a r  alarms 1 A lready  t h e  p o s s i b l e  a p p l i c a t i o n  of  t h e s e  s u r f a c e  

a c o u s t i c  wave d e v i c e s  t o  the s i n g l e - b i t  c r o s s - c o r r e l a t i o n  of  s i n g l e - b i t  

random waveforms f o r  i d e n t i f i c a t i o n  p u r p o s e s , t o  i n c r e a s e  the  r e l i a b i l i t y  

o f  com municat ion  between  a i r c r a f t  and ground c o n t r o l l e r s ,  has been  

s u g g e s t e d .

The a p p l i c a t i o n  o f  i n t e r e s t  to  the  au thor  i s  t h a t  o f  a c o u s t i c  r e f l e c ­

t i o n  d e t e c t i o n ,  but s i n c e  the b a s i c  c o r r e l a t i o n  d e t e c t i o n  sche: e propt ;od 

i s  p o t e n t i a l l y  s u i t a b l e  f o r  s o  n.my o t h e r  a p p l i c a t i o n s  be i d e s  a c o u s t i c s ,  

i n  c om m u n ic a t io n s ,  r a d a r ,  s o n a r ,  u l t r a s o n i c s ,  t i e . ,  i t  i s  c o n s i d e r e d  that  

a thorough  a n a l y s i s  o f  i t s  d e t e c t i o n  r e l i a b i l i t y  would be o f  some v a l u e  

in  a s s e s s i n g  i 11 s u i t a b i l i t y  f o r  t h e s e  a p p l i c a t i o n s .

T h is  t h e s i s  p r e s e n t s  an a n a l y s i s  of  the  d e t e c t i o n  r e l i a b i l i t y  o: a 

d i g i t a l ,  s i n g l e - b i t  s a m p l in g  c r o s s - c o r r e l a t o r  f o r  d e t e c t i n g  b o t h  an a lo g  

and s i n g l c - b i  t b a n d l i m i t v d  G a u s s ia n  r e f l e c t i o n s  ( F i g .  1 - 2 ) .

The d i s c r e t e  p r o b a b i l i t y  mars f u n c t i o n  o f  th e  s i n g l e - b i t  c r o s s -  

corr-. l a t o r  o u t p u t  i s  d e r i v e d  in  S e c t i o n s  2 . 1  and 2 . 2  f o i  the  c a s e s  where  

t h e s e  two t y p e s  o f  r e f i t  l i o n  are c o r r u p te d  by wideband G auss ian  n o i s e .

The a n a l y s e s  d e a l  w i t h  the d e t e c t i o n  o f  both  c o n t i n u o u s  and b u r s t  wave­

form r e f l e c t i o n s .

Al though  the  c o r r u p t i n g  e x t r a n e o u s  n o i s e  i; o f t e n  random i n  n a t u i e , 

a c o u s t i c  m e a s u r e m en ts , f o r  e x a m p l e , are  o f t e n  c a r r i e d  out amid tno>. 

d e t e r m i n i s t i c  e x t r a n e o u s  n o i s e  such  as machine hums, i . e .  wave I oi ..is 

w hich  are  of e p e r i o d i c  n a t u r e ;  s i m i l a r  s i t u a t i o n s  a r i s e  in o t h v i  appl i  

c a t i o n s , f o r  i n s t a n c e  in radar  a p p l i c a t i o n s ,  t iic chance  (oi  o t h e i i  

o c c u r r e n c e  of r a d i o  s i g n a l s  w i t h i n  the radar  o p e r a t i n g  f iec;ueuc> b.uid.
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FIGURE 1- . ’ S i n g l c - b i t  c r o s s - c o r r e l a t i o n  d e t e c t i o n  (a )  o f  t , i n g l e -  
b i t  G a u s s ia n  r e f l e c t i o n s ,  and (b) o f  a n a lo g  G au ss ian  r e f l e c t i o n s .

No vor k  has  been found in  the l i t e r a t u r e  a n a l y s i n g  the e f f e c t s  o f  e x t r a ­

neous  p e r i o d i c  waveform on the d e t e c t i o n  by s i n g l e - b i t  c r o s s - c o r r e l a t i o n  

o f  random waveform s ,  most  a n a l y s e s  h a v i n g  in  f a c t  c o n c e n t r a t e d  on the  

r e v e r s e  s i t u . L i o n .  A c c o r d i n g l y ,  s i n c e  such i tuat  i o n s  can a r i s e  in  

p r a c t i c e ,  the  next  two s e c t i o n s  ( 2 . 3  and 2 . 4 )  p r e s e n t  a d e r i v a t i o n  o f  

the  s i n g l e - b i t  c r o s s - c o r r e l a t i o n  f u n c t i o n  and the o u t p u t  p r o b a b i l i t y  mass  

f u n c t i o n  o f  the s i n g l e - b i t  c r o s s - c o r r e l a t o r  when th e  s i n g l e - b i t  or  ana log  

C a n . ' ian  r e f l e c t i o n s  a n  c o r r u p t ' d  by a random phase  s i n e  wave.  An c x t e n  

s i o n  to  o t h e r  ty p e s  o f  p e r i o d i c  wave form i s  d i s c u s s e d  in the c a s e  of  

s i n g l e - b i t  r e f l e c t i o n  d e t e c t i o n .  A g a in ,  both  c o n t in u o u s  and b u r s t  wave­

form r e f l e c t i o n s  are d e a l t  w i t h .

Chapter t h r e e  c o n s i d e r s  th e  s i n g l e - b i t  c r o s s - c o r r e l a t i o n  o f  a s i n g l e  

bi t or a n a l o g  band  1imi ted G a u s s i a n  s i g n a l  w i t h  a r e f l e c t i o n  c o n s i s t i n g  oa 

two d e l a y e d ,  a t t e n u a t e d  *; 1.1 ic.:. c o r r u p t e d  by v i deband Gauss ian  n o i s e .

The p r a c t i c a l  s i g n i f i c a n c e  o f  such an a n a l y s i s  i s  i l l u s t r a t e d  in 1 ig> *
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An e x t e n s i o n  oJ the t h e o r y  to  the  d e t e c t i o n  o f  more than two s im u l ta n e o u s

E x p e r i m e n t a l  r e s u l t s  v e r i f y i n g  the- th e o r y  o f  Chapter  two are g i v e n  

and d i s c u s s e d  i n  Chapte i  f o u r .  These  r e s u l t s  are  found t o  a gree  e x t r e m e l y  

a c c u r a l r  1 > uit'n the t h e o r e t i c a l  p r e d i c t i o n s ,  t h e r e b y  s u b s t a n t i a t i n g  the  

major s i m p l i f y i n g  a s s u m p t io n s  and methods used  i n  t h e  t h e o r e t i c a l  a n a l y s i s .

In Chapter  f i v e ,  the  p r a c t i c a l  a p p l i c a t i o n  o f  t h e  c r o s s - c o r r e l a t o r  

t o  a c o u s t i c  r e f l e c t i o n  d e t e c t i o n  i s  c o n s i d e r e d ,  and Chapter s i x  summarises  

and d i s c u s s e  t h e  r a i n  c o n c l u s i o n s  to  be drawn f i e r i  tin t h e o r e t i c a l  and 

ex p e r ir  n t a l  r e s u l t s .

The d e s i g n  and c o n s t r u c t i o n  of  the d i g i t a l  s i n g l e - b i t  c r o s s ­

c o r r e l a t o r  are b r i e f l y  e t  out in  Appendix T, t o g e t h e r  w i t h  some g e n e r a l  

remarks on i t s  o p e r a t i o n .

1 . 3  Survey  o f  tne him r a t u r c

T s t h e s i s  i: c o n c e r n e d  w i t h  t h e  d e r i v a t i o n  o f  the output  p r o b a b i l i t y  

d i s t r i b u t i o n  f u n c t i o n  o f  a s i n g l e  b i t  d i g i t a l  c r o s s - c o r r e l a t o r  fo r  d e t e c ­

t i n g  random w a v e f o n  For tin sake  o f  c o m p l e t e n e s s ,  the l i t e r a t u r e

survey  w i l l  be s p l i t  i n t o  t o p i c s  as  f o l l o w :  : S e c t i o n  1 . 3 . 1  d e a l s  w i th  

the work done on d e r i v i n g  the ou tput  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  of  

v a r i o u s  c o r r e l a t o r . ;  S e c t i o n  1 . 3 . 2  c o v e r s  th e  work done on a n a l y s i n g  hard 

l i m i t i n g  cr o o r r c l  a t o r s  used f o r  d e t e c t i n g  < .ms s i  an waveforms , . . .d 

S e c t i o n  1 . 3 . 3  d e a l s  w i t h  l i t e r a t u r e  on p o s s i b l e  a p p l i c a t i o n s  o f  the

r e f l e c t i o n s  i s  d i s c u s s e d .

t f o n s m i l l t r

MGIK! 1 -3  An example o f  m u l t i p l e  r e f l e c t i o n  d e t e c t i o n .
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prop ose d  c r o s s - c o r r e l a t i o n  d e t e c t i o n  -icherae.

j . 3 .1 Probah i l i t y

Most o f  the  d e r i v a t i o n s  o f  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  o f  c o r r e l ­

a t o r  o u t p u t s  have been  t a c k l e d  by f i r s t  d e r i v i n v  the output  c h a r a c t e r i s t i c  

f u n c t i o n ,  u s u a l l y  on the s i m p l i f y i n g  as su m p t ion  o f  in d e p e n d e n t  random or

j o i n t l y  normal i n p u t s .

( 2 )
Lampard “ (1956)  d e r i v e d  the  c h a r a c t e r i s t i c  f u n c t i o n  and hence  the  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  the output  of  an a n a l o g  c o r r e l a t o r  

c o n s i s t i n g  oi  a m u l t i p l i e r  and low p a s s  f i l t e r ,  whose input' ,  were c o r r e l ­

a t e d ,  s t a t i o n a r y  G auss ian  wave form s ,  and s o l v e d  the s p e c i f i c  c a s e  o f  one  

i n p u t  b e i n g  a low p ass  f i l t e r e d  v e r s i o n  o f  the o t h e r .  Roe and W h i t e ^  

( 1961)  d e r i v e d  the output  c h a r a c t e r i s t i c  f u n c t i o n  o f  a s a m p l in g  c r o s s -  

c o r r e l a t o r  whose two i n p u t s  c o n s i s t e d  o f  a s i g n a l  p l u s  n o i s .  b a n d l i r . i t . d 

t o  -W t o  W h e r t z .  They as sum. d (1)  t h a t  the s am p l in g  was done at  the  

N y q u i s t  r a t e  s o  that  s u c c e s s i v e  n o i s i  and h -n e e  in p u t  samples  were  

i n d e p e n d e n t , and ( 2 ) t h a t  c o r r e s p o n d i n g  in p u t  samples  f o l l o w e d  a b i v a r i a t c  

n o n  al d i s t r i b u t i o n  w i t h  mean v a l u e s  e q u a l  to  the  r e s p e c t i v e  s i g n a l  

w a v e f o r m s . The output  p r o b a b i l i t y  don i ty  f u n c t i o n  was d e r i v e d  fo r  

c e r t a i n  extreme v a l u e s  o f  i n p u t  s i g n a l - t o - n o i s e  r a t i o .  The problem o f  

d e t e r m i n i n g  th e  o u t p u t  p r o b a b i l i t y  don i t y  f u n c t i o n  o f  an a n a l o g  c r o s s -  

c o r r e l .  t o r  lik< th .t in  T i g .  1- l b , whose two i n p u t s  c o n s i s t e d  o f  a c o r r e l ­

a t e d ,  RC f i l t e r e d  G a u s s ’ an s i g n a l  p l u s  u n c o r r e l a t e d  w h i t e  n o i s e , was 

i n v e s t i g a t e d  by J a c o b s o iv  ' ( 1 9 6 3 ) .  C oop er ' ^ (1965)  c o n s i d e r e d  the  ou tput  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  a c o r r e l a t o r  whose i n p u t s  b o th  c o n s i s t e d  

o f  a s i n e  wavi p i n  n o s e  tha t  had been p a s s e d  through a narrowband f i l t e r  

c e n t r e d  on tin s i n e  wave f r e q u e n c y .  He o b t a in e d  s o l u t i o n s  f o r  c e r t a i n  

s p e c i a l  input c o n d i t i o n s .

St ret ih  r and Jensen^ (1970)  n o te d  tha t  the problem o f  ta e  c h a r a c ­

t e r i s t i c  f u n c t i o n  approach lay  in th e  t r a n s f o r m a t i o n  to  the d e n s i t y
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f u n c t i o n .  They g e n e r a l i s e d  C oop er ' s  r e s u l t s  b> d e r i v i n g  sorv  s i m p l i f y i n g  

a s s u m p t i o n s  t o  e a s e  t h e  t r a n s f o r m a t i o n .  Murarka( 7 ) (1971)  f u r t h e r  g e n e r a l ­

i s e d  Coopei  s and Roc and W h i t e ' s  work by d e r i v i n g  an e x p r e s s i o n  f o r  the  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  a c r o s s - c o r r e l a t o r  f o r  d e t e c t i n g  an ' i n  

p h a s e '  s i n e  wave immersed i n  narrowband n o i s e .  He e v a l u a t e d  t h i s  f o r  the  

c a s e s  o f  p e l t e c l l y  c o r r e l a t e d  and c o m p l e t e l y  u n r o r r e l a t .  1 n o i s e  waveforms.  

Al l  r e s t r i c t i o n s  on p h a s e  b e tw een  input  s i g n a l s  and d e g r e e  o f  c o r r e l a t i o n  

between i n p u t  n o i s e  wave forms were e l i m i n a t e d  in  the a n a l y s i s  o f  Andrews 

( 1 9 7 3 ) .  He assumed t h a t  the  c o r r e l a t o r  ou tput  was low p a s s  f i l t e r e d ,  

l e a v i n g  o n l y  dc terms and the  n o i s e  component a m p l i t u d e s . Since t h e s e  

f o l l o w  a j o i n t  normal d i s t r i b u t i o n , t h e i r  c h a r a c t e r i s t i c  f u n c t i o n  and 

hence  the* c o r r e l a t o r  output  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  can be d e r i v e d .

Very r e c e n t l y ,  Andrews  ̂ ^(1 9 7 4 )  has e x t e n d e d  the work o f  Roe and
( 3 )

White t o  c a t e r  f o r  n o n - z e r o  c o r r e l a t i o n  b e tw een  thr inp^t  wave fo rm s .

1 ■

As s t a t e d  in  Sect  ion 1 . 1 ,  must o f  the work on c l i p p e d  random waveform 

c o r r e l a t  i o n  has  been l i m i t e d  to  d e r i v i n g  the mean output  o f  < re>-s-  

c o i r e l a t o r s  s u c h  . t hat  in  F i g .  1 - lb  x - i  t ed  by Gaussian n o i s e , and a 

r e p r e s e n t a t i v e  s  i g n a l - t o - n o i  sc  r a t i o  d e s c r i b i n g  th< r a t i o  o f  the mean 

v a l u e  t o  th e  f l u c t u a t i n g  component r e s u l t i n g  from the n o n - i n f i n i t e  i n t e g ­

r a t i o n  i n t e r v a l .

Thomas and W i l l i a m s  ^  ^(1959)  compared th e  ou tp u t  s i g n a l - t o - n o i s e  

r a t i o s  o f  a f u l l  a n a l o g  and a s i n g l e - b i t  c r o s s - c o r r e l a t o r  c o n s i s t i n g  o f  

a m u l t i p l i e r  and a low p a s s  f i l t e r ,  w i t h  input v. ve fo i  is c o n s i s t i n g  o f  a 

narrowband G a u s s ia n  s i g n a l  p l u s  n o i s e  -  i . e .  Kj s ( t ) + n ] ( t ) and K . s ( t )  + 

i,2 ( t ) . They showed t h a t  f o r  s t a t i o n e r y  or ' n e a r l y  s t a t i o n a r y '  n o i s e  

the  f u l l  a n a l o g  c r o s s - c o r n  l . i t o r  p e r i  or b e s t , but  fo r  n o n - s  ta t  i onary  

n o i s e  t h e  s i n g l e - b i t  c r o s  - c o r r e l a t o r  i s  i n v a r i a b l y  the bet  t . r o f  the two.

The u s e  o f  a s i n g l e  b i t  c r o s s - c o r r e l a t o r  f o r  the d e t e c t i o n  o f  work
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G a u s s ia n  s i g n a l s  immer ;ed i n  G au ss ian  n o i s e  was c o n s i d e r e d  by I . k r e ^ ^  

( 1 9 6 3 ) .  On the a s s u m p t io n s  (a)  t h a t  th e  i n p u t  s i g n a l  and n o i s e  were  

i n d e p e n d e n t  s t a t i o n a r y  random f u n c t i o n s  w i t h  G auss ian  a m p l i tu d e  d i s t r i b ­

u t i o n s ,  (h)  ’ hat the  n o r m a l i s e d  power d e n s i t y  s p e c t r a  o f  the  i n p u t  s i g n a l  

and n o i s e  were  i d e n t i c a l ,  and ( c )  tli . it the  i n p u t  s i  g n a l - t o - n o i s e  r a t i o  

was much l e s s  than on e ,  s o  t h a t  the  in p u t  wave fort > c ou ld  be assumed  

u n c o r t e l a t e d ,  he e v a l u a t e d  the c r o s s - c o r r e l a t i o n  f u n c t i o n  and the ou tput  

s i g n a l - t  u - n o i s e  r a t i o  fo r  a s i n g l e - b i t  c r o s s - c o r r e l a t o r  ( s a m p l in g  and 

n o n - s a m p l i n g )  u s i n g  an RC i n t e g r a t o r .  He then  compared t h i s  to  the  

s i g n a l •t o - n o i s c  r a t i o  tha t  would be a c h i e v e d  u s i n g  an an a lo g  m u l t i p l i e r  

c r o s s - c o r n  l 11 o v , showing hov the l o s s  in o u t p u t  6 i g n a l - t o - n o i s e  r a t i o  

due to  the  c l i p p i n g  o p e r a t i o n  i s  o n l y  1 .1 9  dB f o r  low in p u t  s i  n a l - t o -

n o i s e  r a t i o s .

( 12)
Cheng (1 9 6 8 )  e x te n d e d  the work o f  Kkre by d e r i v i n g  the e x a c t

c r o s s - c o r r e l a t i o n  f u n c t i o n  and o u tp u t  s i g n a l - t o - n o i s e  r a t i o  f o r  any in put

s i g n a l  - t o - n o i s e  r a t i o .  In a d d i t i o n ,  h i s  a n a l y s i s  d o e s  not  i n t a i l  the

s i m p l i f y i n g  a s s u m p t io n  t h a t  the input waveforms remain u n c o r r e l a t e d  even

in  th e  p r e s e n c e  o f  a s m a l l  in p u t  s i g n a l . T h is  he o b v i a t e s  by u s i n g  a

q u a d r i v a r i a t e  normal  d i s t r i b u t i o n  to d e s c r i b e  the j o i n t  p r o b a b i l i t y  d e n s i t y

f u n c t i o n  o f  the four  input  co ponen t ; [ i ( t ) +  n  ̂ ( t ) , [ s ( t - T ) +  n ( ( t - T ) '  ,

[s (c)-t n ; ( t ) : , and [ s ( t - T ) +  n^( t -T )j  , n ( t )  and n ( t ) b e i n g  u n c o r t c l a t e d

G au ss ian  s i g n a l  and n o i s e  waveforms,  r e s p e c t i v e l y .  He compares the output

s i g n a l - t o - n o i s e  r a t i o s  o f  an a n a lo g  m u l t i p l i e r  c r o s s - c o r r e  l a t o r  and a

s a m p l in g  and n o n - s a m p l i n g  s i n g l e - b i t  c r o s s - c o r r e l a t o r ,  showing how above

a c e r t a i n  c r i t i c a l  input s i  g n a l - t o - n o i s e  r a t i o ,  the s i n g l e - b i t  c r o s s -

c o r r e l a t o r ' s  o u t p u t  s i g n a l - I  o-noi .  s e  r a t i o  i s  g r e a t e r  than that o f  the

a n a l o g  m u l t i p l i e r  c r o s s - c o r r e l a t o r ,

( 13)G o s s n e r . 1 ' r G i l l c i  and Cooper (1963)  cons  i dvr the use  o f  a s i n g l e -  

b i t  c r o s s - c o r r e l a t o r  fo r  i t im a t in g  the  c r o n s - c o r r e l a t i o n  fu  c t i o n  o f  the  

two i n p u t  waveform1'., each  con . v o t i n g  o f  the sum o f  a z e r o  mean G auss ian
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s i g n a l  and z v t o  mean G auss ian  n o i s e .  They d e r i v e  a s i g n a l - t o - n o i s e  r a t i o  

f o i  t a e  o u t p u t  o f  Liie c r o s s - c o r r e l a t o r  (and hence  f o r  the  e s t i m a t e  o f  the  

input  c r o s s - c o r r e l a t i o n  f u n c t i o n )  d e f i n e d  as /varf .^fi")}] , where

i s  «he n o r m a l i s e d  c r o s s - c o r r e l a t i o n  f u n c t i o n  a f t e r  c l i p p i n g .  T h is  i s  

d e l i v e d  on the  a s s u m p t io n  t h a t  th e  s am p l in g  r a t e  i s  much lower  than the  

s i g n a l  band w idth  s o  t h a t  c o n s e c u t i v e  samples  o f  the  i n p u t s  can be assumed 

i n d e p e n d e n t ,  l a c y  t h e n  c o n s i d e r  an e n v e lo p e  s i n g l e - b i t  c r o s s - c o r r e l a t o r  

f o r  u s e  on narrow bandpass  random s i g n a l 1 where the c r o s  - c o r r e l a t i o n  

f u n c t i o n  would be n o d u l a t e d  a t  the  c e n t r a l  r . f .  f r e q u e n c y .  By a g a in  

d e r i v i n g  an o u t p u t  s i g n a l - t o - n o i s e  r a t i o ,  th e y  show t h a t  t h i s  d e t e c t i o n  

scheme has  no a d v a n ta g e  o v e r  a c o n v e n t i o n a l  c r o s s - c o r r e l a t o r .

M c G i l l . >in. Cooper and Walt man  ̂* ^ (1967)  apply  some o f  the above r e s u l t s  

t o  a rad ar  s y s t e m  h a v i n g  band pass  Gauss i n  n o i s e  as  t r a n s m i t t e d  s i g n a l ,  

and a b a n d p a s s ,  s i n g l e - b i t  cro.  ^ - c o r r e l a t i o n  d e t e c t o r .  They u s e  the  

r e s u l t s  to  d e r i v e  an approx im ate  s i g n a l - t o - n o i s e  r a t i o  f o r  th e  o u t p u t ,  

a g a i n  on t h e  a s s u m p t io n  t h a t  the  s a m p l in g  r a t e  i s  much l e s s  than th e  

N y q u is t  r a t e .

A e i n ^  ' ( 1 9 0 7 )  c o n s i d e r s  the  d e t e c t i o n  e r r o r  r a t e  at the  o u t p u t  o f  

a h a r d - l i m i t i n g  c r o s : - c o r r e l a t o r  whose i n p u t s  c o n s i s t  o f  a b i n a r y  d e t e r ­

m i n i s t i c  s i g n a l  p l u s  n o i s e ,  the o u t p u t  c o n s i s t i n g  o f  the  s un  o f  n indep­

endent  random v a r i a b l e s  (due to  the  p r e s e n c e  o f  t h e  n o i . e ) .  Ik shows t h a t  

a l t h o u g h  the sum ten d s  t o  norm al ,  one i s  not  in  g e n e r a l  j u s t i f i e d  in  u s i n g  

the complement, ry e r r o r  f u n c t i o n  to  c a l c u l a t e  the e r r o r  p r o b a b i l i t i e s  on 

the t a i l s  of  th e  d i s t r i b u t i o n .  By u s i n g  the Chernov bound,  he d e r i v e s  an 

e x p r e s s i o n  f o r  th e  e r r o r  p r o b a b i l i t y  P(_ wh ich ,  f o r  th e  a s s u m p t io n s  o f  

low in p u t  s i g n a l - t o - n o i s e  r a t i o s  and 1̂ <  10 2 ( i . e .  i n f e r r i n g  a s u f f i c -  

i n t l y  1ong c o r r e l a t i o n  i n t e r v a l ) ,  s i m p l i f i e s  to  a good app r o x im a t io n  o f  

the  complementary  e r r o r  f u n c t i o n ,  ,u g g c s t i n g  a normal d i s t a i b u t i o n .
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1 . 3 . 3  A p p l i c a t i o n s

As m en t io n e d  i n  S e c t i o n  1 . 1 ,  v i r t u a l l y  a l l  o f  th e  a p p l i c a t i o n s  o f  

random waveform s i n g l e - b i t  c r o s s - c o r r e l a t i o n  a t  radar  f r e q u e n c i e s  have  

a r i s e n  due t o  t h e  deve lo pm ent  o f  s u r f a c e  a c o u s t i c  wave d e v i c e s . The 

t o p i c  i s  e x t e n s i v e l y  c o v e r e d  by C o l l i n s  and Hagon ^  (1970 , ' ,  Kino and 

Shaw^ '  ̂ ( 1 9 7 2 ) ,  Mainv.s and P r i g e  ^ 1  ̂ (1973)  and Morgan ^' ^ ( 1 9 7 4 ) .

An a p p l i c a t i o n  t o  a i r  t r a f f i c  c o n t r o l  coin .u n i c a t i o n s  i s  d i s c u s s e d  

by G r a n t , C o l l i n s , Darby and Morgan^" ^ ( 1 9 7 3 ) .  To i n c r e a s e  the r e l i a b i l i t y  

o f  communication  betw een  a i r c r a f t  and ground,  a s i n g l e - b i t ,  random coded  

wave form can be s e n t  p r i o r  to  t h e  message  and s i n g l e - b i t  c r o s s - c o r r e l a t e d  

by a s u r f a c e  a c o u s t i c  wave matched f i l t e r  in  the r e c e i v e r ;  the  c r o s s -  

c o r r e l a t i o n  peak s e r v e s  t o  announce the a r r i v a l  o f  a message and a l s o  to  

s y n c h r o n i s e  the r v c c i v  r t o  the  on u i n g  s i n g V - b i t  coded m e s s a g e .

B r o c l /  ^ (1970 )  d i  . u s s u s  some o f  tin p r a c t i c a l  u s e s  and p o s s i b i l i t i e s  

o f  c r o s s - c o r r e l a t i o n  and c r o s s - s p e c t r a l  d e n s i t y  t e c h n i q u e s  i n  a c o u s t i c  

d e l a y  measuv*. r;< n t s  and v i b r a t i o n  a n a l y s i s .  He p o i n t s  out  t h a t  c r o s s ­

c o r r e l a t i o n  t e c h n i q u e s  ( w i t h  f a i r l y  narrowband n o i s e )  o n l y  g i v e  meaning­

f u l  r e s u l t s  when (a )  the t r a n s m i s s i o n  c h a r a c t e r i s t i c s  o f  the  v a r i o u s  

p r o p a g a t i o n  p a t h s  arc f re q u e n c y  in d e p e n d e n t ,  and (b)  the  n o i s i  s i g n a l  used  

has a w ide  enough band w idth .  In ca c ; where t h i s  i s  no t  s o ,  the  o u tp u t  

tends  t o  be o s c i l l a t o r y ,  making peak d e t e c t i o n  and d i s c r i m i n a t i o n  d i f f i ­

c u l t .  He d e r i v e s  an approximate e m p i r i c a l  e x p r e s s i o n  f o r  th e  minimum 

bandwidth in  terms o f  t h e  r e q u i r e d  r e s o l u t i o n .  As t h i s  c r i t e r i o n  l e a d s  

t o  r e q u i r e d  b.mdwi d ths  o f t e n  in  e x c e s s  o f  t h r e e  hundred h e r t z ,  he c o n c lu d e s  

t h a t  the use o f  c r o s s - c o r r e l a t i o n  i s  o f  v e r y  l i m i t e d  v a l u e  i n  a c o u s t i c s .

He then  c o n s i d e r s  th e  u e o f  c r o s s - s p e c t r a l  d e n s i t y  t e c h n i q u e s  and d e r i v e s  

a c r i t e r i o n  in  t h i s  cast  f o r  the bandwidth o f  the s a m p l in g  f i l t e r .  This  

i s  i n v e r s e l y  p r o p o r t i o n a l  to  the d e la y  b e i n g  measured and hence  renders  

t h i s  t e c h n i q u e  u n a t t r a c t i v e  f o r  a c o u s t i c  p u r p o s e s ,  where d e l a y s  o f  s e v e r a l  

s e co n d s  can he e n c o u n t e r e d .
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Many papers  on the  a p p l i c a t i o n  o f  random waveform c r o s s - c o r r e l a t i o n

t o  s o n a r  are t o  be found in  the u j u r n a l s  o f  the A c o u s t i c  S o c i e t y  o f

Am er ica ,  and a very  com prehens ive  tex i  on c o r r e l a t i o n  t e c h n i q u e s  and

(22)t h e i r  a p p l i c a t i o n s  has been  w r i t t e n  by Lange ( 1 9 6 7 ) .  He g i v e s  an 

e x t r e m e l y  com prehens ive  b i b l i o g r a p h y  on the s u b j e c t .
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I t  i s  i m p o s s i b l e  t o  f o r e s e e  the e x a c t  o p e r a t i n g  c o n d i t i o n s  that  a 

d e t e c t i o n  s y s t e m  w i l l  e n c o u n t e r .  One must r e s o r t , t h e r e f o r e ,  to  a n a l ) s i n ^  

a s i t u a t i o n  w h ic h  i s  as a c c u r a t e  a r e p r e s e n t a t i o n  as  p o s s i b l e  o f  t h e  type  

o f  c o n d i t i o n s  l i k . l y  to  be met w i t h  i n  p r a c t i c e ,  and then  i n t e r p r e t  the  

r e s u l t s  from an e n g i n e e r i n g  p o i n t  o f  v i e w  r a t h e r  than a p u r e l y  mathemat­

i c a l  o n e ,  b e a r i n g  i n  mind t h a t  they  applv o n ly  t o  r e p r e s e n t a t i v e  c o n d i t i o n s .

I n i s  c h a p t e r  p r e s e n t s  the  d e r i v a t i o n  of  the output  p r o b a b i l i t y  mass

f u n c t i o n  o f  a s i n g l e - b i t , s a m p l in g  c r o s s - c o r r e l a t o r  fo r  d e t e c t i n g

(a )  a s i n g l e - b i t  hand l i m i t e d  R u s s i a n  r e f l e c t i o n  ( F i g .  l - 2 a ,  page 5)  

c o r r u p t e d  by wideband ( tus i an n o i s e  ( S e c t i o n  •- • 1)»

(b) an a n a l o g  band l i m i t e d  G a u s s ia n  r e f l e c t i o n  ( F i g .  1-21,) c o r r u p te d  by 

wideband G auss ian  n o i s e  ( S . c t i o n  2 . 2 ) ,

( c )  a s i n g l e - b i t  b a n d l u n i t e d  G auss ian  r e f l e c t i o n  c o r r u p t e d  by a random

p h a s e  s i n e  wave ( S e c t i o n  2 . 3 ) ,  and

(d)  an a n a l o g  bandl  imi t e d  (' s i  an r e f l e c t i o n  c o r r u p t e d  by a random phe.r-c

s i t u  wave (S- c t  ion  2 . 4 ) .

In a l l  c a s e s  ex pt ( d ) , the c r o s s - c o r r e l a t i o n  f u n c t i o n  i s  d e r i v e d  f i r s t ,  

and t h e n  the p r o b a b i l i t y  mass f u n c t i o n s  are d e r i v e d  for  b o t h  b u r s t  and 

c o n t i n u o u s  t r a n s m i t t e d  s i g n a l  o p e r a t i o n .  In (d)  th e  c r o s s - c o r r e l a t i o n

f u n c t i o n  cannot be derived in  a closed form, and a ser ies  ap p r ox im at ion

i s  g i v e n .  However,  the j ro delay ( i . e .  peak) c r o s s - c o r r e l a t i o n  f u n c t i o n  

i s  d e r i v e d  « xa c t  l y , and th e  probabi  l i t y  mass f u n c t i o n s  are <!’ -cus.  d
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q u a l i t a t i v e l y .

In a l l  p r o b a b i l i t y  th e  e x tr a n e o u s  n o i s e  w i l l  r a r e l y  be pure G auss ian  

or  a p e r f e c t  s i n u s o i d ,  and i t  i s  u n l i k e l y  t h a t  the r e f l e c t i o n  w i l l  be 

l i n e a r l y  a t t e n u a t e d .  N e v e r t h e l e s s ,  t h e s e  s im u l a te d  c o n d i t i o n s  are repre-  

r e n t a t i v e  o f  t h o s e  t h a t  might  p r e v a i l  on a v e r a g e .  They do have some 

a d v a n t a g e s .  F i r s t l y ,  th e y  can be r e a d i l y  s im u l a te d  i n  a l a b o r a t o r y  and 

h e n c e  the  t h e o r e t i c a l  p r e d i c t i o n s  can be r e l i a b l y  c h e c k e d .  Seconc . ly ,  

they  p r o v i d e  a r e a l i s t i c  b a s i s  f o r  comparison be tween d i f f e r e n t  sys tem s  

s u b j e c t e d  to  them. F i n a l l y ,  the  f a c t  t h a t  t h e  mathematics  i n v o l v e d  under  

t h e s e  i d e a l i s e d ,  s i m p l i f i e d  but m a t h e m a t i c a l l y  r e p r e s e n t a b l e  condit ion.- ,  

can prove  somewhat i n t r a c t a b l e  s u g g e s t s  what l i e s  in  s t o r e  were a s t r i c t l y  

r e a l i s t i c  a n a l y s i s  t o  be undertaken!

Wideband Gaussian  N o i s e

2 , 1,1

C on s id e r  the two waveforms

Xj ( t ) =  s g n f f ^ O ) ]

x ( t - M ) -  sgn'p Xj ( t  t-t)+ n ( t ) ]

2 .1. 1

2 . 1 . 2

where

sgn [ a ] 1
+1

- 1

a >  0

n <  0

and f ( t )  i s  a random G auss ian  waveform o f  z e r o  mean, b and lvm ited  to  

(Uli/2Ti) Hz. n ( t )  i s  wideband Gaussian  n o i s e  o f  zero  mean and v a r i a n c e  

o 2 , and p i s  an a t t e n u a t i o n  f a c t o r  wh ich  i s  assumed t o  be a r e a l  c o n s t a n t .

D e f i n i n g  1% , a s  the  p r o b a b i l i t y  t h a t  x , ( t )  and x2 ( t + t )  are both  

e q u a l  t o  +1,  and P_+ s i m i l a r l y  as  th e  p r o b a b i l i t y  ' I x ^ t ) -  1 a“ ’1

x 2 ( t  + x) +1 , e t c . ,
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p + p ++ +-
+ p + p « 1

p + p 
++ +-

-  p -  p 
-+  —

= E { x 1 ( t ) j »  0

p -  p 
+ + +-

+ p -  p
-  + —

-  E(>:0 ( t  + T))= 0

p -  p 
++ +-

-  p + p -  E { x i ( t ) . x 2 ( t* T )} =

CM
XCZX + t)} i s  the same as t h e  c r o s s - c o v a r i a n c e

2 . 1 . 3

x ( t+T)  as  t h e y  have z e r o  mean, and i n  t h i s  c a s e  i s  i d e n t i c a l  10 t 'u ^r 

c r o s s - c o r r e l a t i o n  f u n c t i o n  % , ( ? ) •  By symmetry P ++“ P__ and P+_" r _ * ‘ 

H ence ,  s o l v i n g  fo r

 .......................................................

For x ( t  + <  t o  be +1,  e i t h e r  p x ; (t  + 't) ^  and n ( t ) >  - g ,  or  

and n ( t ) > * ( •  T h e r e f o r e

P « p ( x  ( t )  = + l ) .  P C x . ( t  + T ) « + l /  x ( t ) » > l ) . P ( n ( t ) >  - 5  ) +
++ 1 1 1

P C x ^ t + T ) — 1 /  x 1 ( t ) « +l } . P ( n ( t ) >  ♦ ? }  • • • 2 *1 - 3

-  i P { x 1 ( t+ 'r )“ + l /  x ^ t ) - + U . U  + J e r f ( p / o J 2 ) )  +

P C X j i t  + T) — 1 /  x ^ ( t ) - + n . U  -  i e r f ( p / c r V 2 )) .............................2 , 1 , 6

here e
= r £ ( 6 ) -  ^  j o« "u

( ,  ( t . T ) - . l /  ,  ( O - D  i s  th e  p r o b a b i l i .  • o t  in 1 number o£ s s t o  

r o s s i n g s  o f  X j U )  i n  p e r i o d  t .  An a n a U g o u .  t e q u a t i o n s  t o

qns. ( 2 . 1 . 3 ) can be w r i t t e n  fo r  x , ( t )  an, x , ( f T ) .  thv  on ly  d i £ £ o r . n c e  

c in g  t h a t  C ( x , ( t ) . X | ( t . t ) )  is  th e  a u t o - c o v a r i m c o  o f  x , ( t )  and 

md i s  i d e n t i c a l  t o  the a u t o - c o r r e l a t i o n  f u n c t i o n  N , ( ' )  ,,f X j f t ) ,

x p . h ) -  >, Arcs in | /’ ( t ) ] ................................................................1 , 7

(a)  b e i n g  the  n o r m a l i s e d  a u t o - c o r r e l a t i o n  Inn, n o n  o f  . „ ( > ) •  11,1

s e c  Appendix A, (p .  itl t)
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p r o b a b i l i t y  o f  an eve n  number of  z e ro  c r o s s i n g s  o f  XjCO in

t h e n  be w r i t t e n  as  ( P ^ t  V „ ) .  S i m i l a r l y ,  P l ^ C t r t > - l /  i s

the  p r o b a b i l i t y  o i  an oild number o f  z e r o  c r o s s i n g s  ol >^(1 )  ni L1

and can be w r i t t e n  as  (P^_+ P_+) •

S o l v i n ,  the  s e t  o f  e q u a t i o n s  f o r  t h e s e  y i e l d s

P { .x ^ ( t + ? ) = + ! /  Xj ( t ) » * l ) =  P+++ P__" ' l U  ...............................2 . I .8

r t x j f t . T ) — 1 /  x ^ t ) - . ! ) -  p , „ >  P _ , "  ! [ i - ' t ' . . e > l

S u b s t i t u t i n g  t h o s e  two i n t o  eqn.  ( 2 . 1 . 6 ) ,  and then  s u b s t i t u t i n g  eqn.  

( 2 . 1 . 6 )  i n t o  e qn .  ( 2 . 1 . 4 )  g i v e r

\V (t) =  e r f  (pi/d-/2) • .............................................v«.

The a u t o - c o r r e l a t i o n  f u n c t i o n  o f  * , ( t )  can be d e r i v e d  s i m i l a r l y ,  and i s

.  [ e r f ( p / d V 2 ) ] 1 • S ' . . ( ' r > ................................... Z" ' ' 19

g

.

, l ( t )  and a t ,  are s t o r e d ,  and the p r o d u c t s  o f  c o r r e s p o n d i n g  sample

»a ir s  added t o  form the  c r o s s - c o r r e l a t i o n  o p e r a t i o n ;  , . c

of

2 . 1 . 11V , ( ' t ) - 2 ] x 1 ( t i ) . x 2 ( t  j + ' i ) ........................................

The p r o b a b i l i t y  d i s t r i b u t i o n  o f  c o n s i d e r e d  i n  two

e c t i o n s ,  (a )  for  T»0 and (b) f o r  M  > ° *

For T"  0 and no e x t r a n e o u s  n o i s e  n ( t )  i n  x 2 ( i ) ,  XV$V1) -  N s i I U l  

the product  terms a r c  . 1 .  With n o i s e  p r e s e n t ,  M»(0> w i l l  be reduced  by 

two f o r  e v e r y  i n s t a n t  1 . a t  which e i t h e r  Cl ,  n ( t , )  when * • , < « ! > " '  

or (2 )  n ( l ; ) < - d  when p x ^ t . ) - ^ .  The p r o b a b i l i t y  o f  (1)  or  <21

1 s e e  A ppendix r., (p • , 0 ) )
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o c c u r r i n g  i s

p = 1 .................................................................................................

w h ic h ,  a s  n ( t )  i s  wideband G auss ian  n o i s e ,  i s  i n d e p e n d e n t  o f  t . .  h e n c e ,  

the number o f  t i m e s  ( N . )  t h a t  ( 1) o r  ( 2 ) o c c u r s  in  N i n s t a n t s  w i l l  f o l l o w  

a b i n o m ia l  d i s t r i b u t i o n " 3' ^ '  w i t h  mean N» and v a r i a n c e  h p ( l - p ) -  The 

mean o f  "̂ '*(0 ) w i l l  be

\|-$( 0 ) =  N -  2Np

» N . e r l  (^/dVz)
2 . 1 . 1 3

which  a g r e e s  w i t h  c qn .  ( 2 . 1 . 9 ) ,  and s i n c e

p ( x,. (0 ) -  N-2N -}  -  1- 1( 1) or ( 2 ) o c c u r r i n g  t q  t i m e s )  . 2 . 1 . H

the d i s t r i b u t i o n  o f  H-.(0 ) can be d e r i v e d  d i r e c t l y  from t h a t  o f  N . .

Some sam ple  d i s t r i b u t i o n s  o f  ^ ( 0 )  f o r  h - 1 0 0  are  P
l o t t e d  in  F i g .  2 -1 .

*00
C O . .  C0f r * l » t 0f e u l p u t  vffptOI

FIGURE 2 - 1  p r o b a b i l i t y  mass
f u n c t i o n s  o f  t f , ( 0 ) f o r  100 samples



For H I  > 0 ,  two c a s e s  w i l l  be  c o n s i d e r e d .  The f i r s t  i s  w . e r ,  b u r s t  

v a v e f o n n s  o f  d u r a t i o n  T o n l y  are t r a n s m i t t e d ,  so  t h a t  V—  Fife. ? 2 > ^ve  

i n t e r v a l  0  t o  (T-T) x ^ t )  i s  c r o s s - c o r r e l a t e d  w i th  s ^ l ^ U + O  n < )

. W  o v e r  i n t e r v a l  (T-T) t o  T w i t h  s g n [ n ( t ) ]  o n l y .  Thus two d i s t r i b u t i o n s

c i o s ^-camc l . t i o n  i n t e r va l

« , ( < )

• n'U J

r e f e r e n c e  w i - e f i m

received v.avefo'm

N, ea-nplei
IM) '

nGUK 2- 2  Cross-correlation o f  b u r s t  waveforms f o r  n > 0

" r
t o .  normal distribution^ The mean of tbis sum w i l l  be

/*« ."  Na- ^ - (T) '

2 . 1 . 1 5

1« i A *

. , .  /  .  2 ^ 1 ' u l < t i > ‘ 2 < v t > V h >v y , ) '  ....................
a / « »  i .v j . i ‘1      — ■

H*

2 . 1 . 1 6

N e e  I' • 2 <
+ s e e  S e c t i o n  2 . 1 . 3  (p-  21)



19

E t x ,  1'+, ++- ? + + + - - " ' +  ^ + + - ~ " " *  P-------
1 '  . . . . 2 . 1 . 1 7

where P+ + + + i-s  Che prob b i l i t y  t h a t  x ^ ( t ^ ) ,  x2 ^ c i 4 ' ; ‘ x l ^1 j  ̂ J

are a l l  e q u a l  t o  +1,  and P+++_ e t c . ,  are a l l  s i m i l a r l y  d e i t n e d .

Assuming t h a t  the  number o f  ze ro  c r o s s i n g s  of  . ^ ( O  a.id 2 ^ ^  

any g i v e n  i n t e r v a l  i s  in d e p e n d e n t  of  the number m  any ot r no“ 

o v e r l a p p i n g  i n t e r v a l * ,  t h e s e  j o i n t  p r o b a b i l i t i e s  may be e v a l u a t e d  as

f o l l o w s :

(a) t .  < (t.+T), so that the non-overlapping intervals are t. to t ., 

t. to (t.+%), and (t.+t) to (tj + :). In this case

r - P tx ; ((;)=+!,  x2 ( t i *T)->i, x2 ( t j ^ r - > i }
, l ( t . , . . i ) . P l x i ( t i . D . n /  x . U V - n )

.?tx2(>3* f l .* l /  x2( t .» T ) -D
  2 - 1.18

P(x ( t . ,T ) - . l /  » , ( ! , ) -  *D is the probability of an even number of 

zcr„ c r o s s i n g s  in time ( t ^ - t . , .  and from e,n . .  (2. 1. 3) is 8 ^ 0  by

| [ l ‘ ->t'.,.( t i , 'r"t j ) b  Thcrcr° re

p .  ! .  1 [ i •  X , 0  j - 1 ;)] • !  [ n  3*1 - 1  j ) l . i i i * v „ < 1 r 1 i
' J ......................... 2 . 1 . 1 9

S i m i l a r l y

. .  & [ ! .  Y . . ( y  - ‘ P M * ’  • n -  t , U j - t t ) l

( 2 . 1 . 1 7 )  in  the  same way and

P+++

C a l c u l a t i n g  the r e s t  o f  t h e  terms in  eqn 

summing,

F . l r 1 ( t i ) x 2 ( t i . t ) x 1 ( t j , x 2 C t . . t ) ) - 1 ' . , ( t r t i ) - ^ V t i ) •  •  '  2 - 1 ' 2 0

from e q n s .  ( 2 . 1 . 8 ) and ( 2 . 1 . 9 )  .
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2 . 1 . 21

(b)  For t . *•' ( L . + x ) ,  so  t h a t  the n o n - o v e r l a p p i n g  i n t e r v a l . ,
J -

t.  t o  ( t . + T ) ,  ( t . + i )  t o  t j , and t j  t o  ( t .  + i ) ,  as m  (a)

v. l x ) ( t i ) x 2 ( t i t r ) x 1 ( t j ) x 2 ( t j + i : ) l .  t v , , , / ' ! ) ]  .........................

S u b s t i t u t i n g  i n  eqn.  ( 2 . 1 . 1 7 )  and c o l l e c t i n g  l i k e  t erm s* ,  the  v a r i a n c e  o .  

the sum o£ th e  p r o d u c t s  i s

v^r  -  N -  /  * ( 2t .1 - S . l ) ( 2H1- S ) [ < ' . , ( - . > r
Nj a , n4 i . v 2 ,2 . 1 . 22

Oxer th e  r e m a in in g  I n t e r v a l  ( T - t )  to T ( r e S ion  B in  F ig -  2 - - > .  

T e r e n c e  s i g n a l  % , ( t )  i s  c r o s s - r o r r e l a t c d  w i t h  x , C " ) -  ^ n l n ( t ) ] .

;ach o f  t h e s e  product  terms can have  v a l u e  1 o r  -1  ( w i t h  e q u a l  P

, 1 U t y  in  t h i s  c a s e )  and.  as  n ( t )  i s  wideband random n o i s e ,  i t s  v a l u e  wrl

_ _ . _ t o i f h . t o f . . , o l , h o o t h e r p r o d u o t t o r » .

bo,  ion  w i t h  mean (=«„. , )  and v a r i a n c e  (V  ^  “  “ “

t e r m s ,  wh ich  i s  e q u a l  to  ^ ^ . w i l l  t h e r e f o r e  have a e r o  t , a n  and

v a r i a n c e  N. , and i t s  d i s t r i b u t i o n  can b e  d e r i v e d  d i r e c t l ,  from t h a t  o f

the

by

;;r r  r::rr::::;r

  - -

"E E :rE :E :r
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0 f x^(x) would be zero and N, r e s p e c t iv e ly .  Due to i t s  syur-etry about 

zero, t h i s  d i s t r i b u t i o n  would tend to normal rapidly  with inc iea^-ng  

The second case to be analysed i s  for continuous transrni t ted  v 

forms. This s i t u a t i o n  i s  simpler than the burst waveform a n a ly s i s  in 

x ( t+ t )=  sgn[px,(C+T)+ n ( t ) ]  over the whole of the c o rr e la t io n  in terva l  

T so th at  only  one d i s t r ib u t io n  need be der ived ,  t h i s  one i s  d i r e c t l y  

analogous to the d i s t r ib u t io n  ca lcu la ted  for the sum of the Na ten...  

the prev! ,u« a n a l y s i s ,  and thus the sum of  the N product t o m s  w i l l  tend

to normal with moan and variance

 .......................................................... 2 . 1 . 2 3

varb,(t)l- / i c ; - i ) y , ( iu ) .x ( ^ t )  t Na(Nati)[v.„n>r •

r e s p e c t i v e l y ,  w h e r e  S ,  i s  - g a i n  t h e  number o f  s a m p le s  i n  t h e  i n t e r v a l

Two p o in ts  in the above theory warrant a more d e ta i l ed  c o n s i d e r . - . , ion,  

the f i r s t  i s  the assumption that the sum o f  the h,  product terns w i l l  tend 

to  normal, and the second i s  the assumption in the evaluat ion of the 

fourth order moment in cqn. ( 2 .1 .1 6 ) •

2 . 1 . 3  s rn l i c a t i o n  of t h e ^ r a j  U n i t J ^ i i r e m

The b as ic  theorem s t a t e s ^  that the area under the curve of the 

dens i ty  funct ion  of t ,  normalised sum of a large number of independent.

of independent,  random v a r i a b l e s  h a v i n g  aero mean, varrance t, .

+see Appendix C(2), (p* 1 ,7̂
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w i t h  i d e n t i c a l  d e n s i t y  f u n c t i o n s  = p^ , t h e n ,  i f

z m& Y . y i
f t

•he variance of z equals that of y . ( i .e .  ), the nean of z is zero, and

H . V u i < z ‘ l 2 ' '  ' i . v r s  J ="y /A1‘ dy

the general conditions for its application being that (a) tm variances

the components exist ,  are f inite ,  and that their sun tends to infinity

with n, and (b) the contribution of each component to the sun is .nail

and no one term predominates.

It  has also been shown/:*) that i f  (x j  is n set of independent,

random variables haring mean p and variance o \  then, if

"  t Xi

so that 1 = y and var(t)“ tfVn,

.  e - y ‘ / 2 dy
J (A, Ul'fr/c

but herc the limit , are function, of n. .0  the rate of convergence nay

. , (25)  not be so rapid•
Central Limit Theorem, have been proved for ,e,uenc.. of non-.n epen- 

dent random variable,, and these are reviewed in feller . In partrc
he Showed th a t  i f  in  a f i n e d  n - e r  o f  t r i a l ,  n.  a recurrent even,

t occur, time,, then, i f  Nn can be regard ed  a. a random vcr.abl^



increases. Thus the product sum, which equals 2N̂ - N̂ , also tends to 

normal. The mean value and variance of in this case are cleaily not 

infinite.  Noting that the general conditions (a) and (b) are both satis 

fied by the product terms, ((b) being in fact ideally satisfied snu.e 

each product term contributes equally), there is s u f f i c i e n t  evict ..cc to 

support the use of the Central Limit Theorem in this case.

As f a r  as the expected accuracy of the Central Limit Theorem is 

concerned, i f  one obtains 2:1 acrccment with measured values at probabil­

i t y  density levels ol 1 0 using one hundred random variables, then 

practically speaking this constitutes a 'good f i t ' .  Obtaining a de.,sit> 

o f  10"15 compared to an actual density of lo"'", say, would not be un­

reasonable when one considers that although the normal distribution is  

the limiting fort, of many distributions, for example Poisson, Chi-.quarc, 

etc . ,  i t s  rate of roll-off on the tails is proportional to c " , which

i s  o f  a completely different order to that of the original distributions. 

As a result, large discrepancies can exist at low density levels, and 

l i t t l e  significance can be attached to Central Limit Theorem results at

these levels.
Another relevant question is how large a 'large' ncm.ber of variables 

is .  This is entirely dependent upon the statist ic  being measured, some 

converging more rapidly than others. The sampling variance of ant 

is dependent upon the population moment o f  twice its o r d e r ,  the, where 

f i f ty  or one hundred could be 'large' for a mean or variance estimate, 

five hundred might not be large enough for a fourth moment estimate. 

Kondall<28) S t a t e s  that as far as can be generalised with safety, over 

five hundred can usually be assumed large, over one hun.h.d uiiL., .o,  

less than one hundred is sometimes suspect and less than thirty is rarely

aild , r  M , 0  ha. almost sero mean. As a resu lt ,  the  distribution wttl

he almost perfectly s ^ t r i c . l  about the mean and should therefore



c o n v e r g e  r a p i d l y  t o  n o r m a l . Hence i n  t h i s  c a s e  one hundred samples  s h o u ld  

a d e q u a t e l y  c o n s t i t u t e  a l a r g e  number f o r  convergence  t o  n o r m a l i t y .

To sum up ,  where one has  sums o f  random v a r i a b l e s  h a v in g  f i n i t e  means  

and v a r i a n c e s ,  th e  C e n tr a l  L im i t  Theorem may o f t e n  a p p l y .  However,  i t  

does  n o t  n e c e s s a r i l y  a p p l y ,  and even  i f  i t  d o e s ,  i t  i s  o n ly  an a p p r o x i ­

m a t io n  ( e x c . p t  where the component v a r i a b l e s  arc then .s e lves  n o r m a l ) ,  and 

may or  may n o t  y i e l d  a c c u r a t e  r e s u l t s ,  e s p e c i a l l y  on the  t a i l s  o f  the  

d i s t r i b u t i o n ,  d e p e n d in g  upon the o r d e r  o f  the  v a r i a b l e ,  the symmetry o f  

the  d i s t r i b u t i o n  and t h e  number o f  components .  Often i t  i s  oni> the  

e x p e r i m e n t a l  r e s u l t s  which  f i n a l l y  c o n f ir m  or  d i s p r o v e  th e  v a l i d i t y  o f  

i t s  a p p l i c a t i o n  i n  a p a r t i c u l a r  c a s e .

2 . 1 . 4  Ev t l u a t i  ' '

The s e c o n d  p o i n t  t o  be c o n s id e r e d  i s  the e v a l u a t i o n  of  

E ( x l ( t . ) x 2 ( t . . t ) x l ( « . ) x 2 ( t j . f l l .  I t  i s  no t  p o s s i b l e , in  E« n e r a l , t o  

e x p r e s s  h i g h e r  o r d e r  noments  in  terms o f  f i r s t  and secon d  o r d e r  moments 

o n l y ,  and h e n c e  r e a s o n a b l e  s i m p l i f y i n g  assumptions  have t o  be made.

t o  assume t h a t  x ^ t p ,  x2 < t . . T ) .  x ^ t . )  and , 2 < t . . t ,  a re  a l l  i n d e ­

p e n d e n t  wou ld  c l e a r l y  be wrong.  To assume t h a t  the no: h. r 

i n g s  in  any i n t e r v a l  i s  independent  o f  the  number in any o t h e r  non-  

o v e r l a p p i n g  i n t e r v a l  dues t o  some e x t e n t  p erm it  a ' s e m i - d e p e n d e n c e '  

betw een  s a m p le s  wh ich  arc i n  c l o s e  p r o x i m i t y ,  and independence  between  

t h o s e  s p a c e d  f u r t h e r  a p a r t ;  i . e .  i t  i m p l i e s  a Markov p r o c e s s  o f  l i m i t e d  

but  n o n - z e r o  o r d e r .  T h is  t i e s  up w i t h  the 'guasi- in d e p e n d e n c e '  o f  random 

f u n c t i o n  z e r o  c r o s s i n g s  s u g g e s t e d  by M c P a d d c n ^ .  Hence,  s i n c e  the  

e x a c t  d i s t r i b u t i o n  o f  the ze ro  c r o s s i n g s  o f  b a n d l i m i t e d  Gauss ian  n o i s e

i s  no t  known,  the  above assumption seems reasonable. Once a g a i n ,  the

f i n a l  d e c i s i o n  as  t o  whether  the  assumption  i s  r e a so n a b le  or not  i e  

in  the d, g r e e  o f  agreem ent  between the e x p e r im e n ta l  r e s u l t s  and .

t h e o r e t i c a l  p r e d i c t i t .n H s



25

2 . 2  D o U - c t i on o f  an A n a log Gausi 

Wideband G auss ian  N o i s c

A t h e o r e t i c a l  a n a l y s i s  a n a lo g o u s  to  t h a t  i n  the l a s t  s e c t i o n  i s  

g i v e n  h e r e  f o r  tne d e t e c t i o n  o f  an a n a lo g  b a n d l i m i t e d  G auss ian  r e f l e c ­

t i o n  c o r r u p t e d  by wideband G a u s s ia n  n o i s e .

2 . 2 . 1  D e r i v a t i o n

In  t h i s  c a s e  the two w a v e f o m s  to  be c o n s i d e r e d  arc

( t ) »  s g n [ f ^ ( t ) ]  » s g n [ l 1( t ) ] ......................................................... 2 . 2 . 1

x,(t+T)«= s g n [ « f n ( t + T )  + n ( t ) ] »  s g n [ l 2 ( t  + T ) ! .............................. 2 . 2 . 2

where f  ( t )  i s  a band] u n i t e d  G a u s s ia n  wave f o m  w i th  z e r o  mean and v a r i a n c e
2 , 2 

s . n ( t )  i s  wideband G auss ian  n o i s e  o f  ze ro  mean and v a r i a n c e  o , and $

i s  t h e  a t t e n u a t i o n  f  t o r .

As in  S e c t i o n  2 . 1 . 1 ,  the  c r o s s - c o r r e l a t i o n  f u n c t i o n  o f  ( t )  and

x2 ( t  + x) can be w r i t t e n  as

N ' .^ C r) -  AP++-  1 ..........................................................................2 . 2 . 3

where

P ( > :  j ( t  )«= +  ! ,  ? ( t + t )  =  + 1 }

« P{I L( t ) >  0 ,  I 2 (t+r> > 0 } ....................................2 . 2 . 4

f  ( l) and f  ( t + r ) ,  b e i n g  v a l u e s  o f  the same G au ss ian  waveform, w i l l  

f o l l o w  a b i v a r i a t c  normal d e n s i t y  f u n c t i o n * 3 0 ) w i th  mean { 0 , 0 }  and 

v a r i a n c e s  { s 2 , s 2 } .  For the  p u rposes  o f  c o m p u ta t io n ,  12 (t+T) may be reg­

arded as a G au ss ian  waveform h a v in g  the am pl i tude  d i s t r i b u t i o n  o f  0 f n (t+T)  

but w i t h  an i n s t a n t a n e o u s  mean v a l u e  o f  n ( t ) .  H ence , s i n c e   ̂ ! ' n

l i n e a r  f u n c t i o n  o f  f ^ ( t + T ) ,  l ^ t )  ( -  ^ ( O )  and Ig (t+1)  w i l l  a l s o  f o l l o w  

a b i v a r i a t c  normal d i s t r i l  u t i o n (3?)  w i t h  mean ( 0 , n ( t ) }  and v a r i a n c e s  

( s 2 , ( p s ) 2 } .  An i n s t a n t a n e o u s  v a l u e  o f  P l l ^ t ) ^ ,  ^ ( t + ^ O l  can now be
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evaluated, but before substitution into eqn. (2 . 2. 3) , this oust be 

averaged over all  n(t) .  Letting n(t)= q ,

++ . 2 . 2 .

vheie n i s  the normalised cross-covariance of f ( t)  and 5f (t>T) which ' n ' r n
is the s.ir-v as that of f̂  (t) and f (t+t), and is thus the normalised

auto-corre lat ion  function of ( t )  and f^ ( t+ t ) ,  i . e .  ^ ( t ) . This integral

may be expanded into a Maclaurin series in terms of p, and averaged term 
+by term, giving

P . . -  h  r e s i n ...................... 2.2.6

Substituting into eqn. (2.2.3)

X , ( T ) - U r = . i n  f i  ( T ) |   2.2.7

The auto-correlation function of ^^(t) may bo derived similarly,+ 

and is

% ( " D " i A r c s i n  ( T W  * f>,  2 ‘ 2 *8

( 1 1 )which is the same result  as eqn. (12) of Ekre

2.2.2 Extvn ion to

For a digital,  single-bit sampling cross-correlator as in Section 

2. 1. 2 , the cross-correlation is performed as

,  (%)" ^ Xi ( t i ) - X2 ( t i +T) ............................................2 2 *

For the. special case o fT -  0, V,(0) will again be equal to N when 

there is no corrupting noise n(t) in x%(t). At any instant t . ,  if  

f ( t . )  —<  the probability of i (t) causing an error by changing the
n ' i

s e e Appendix D, (p .  110) •== Appendix D ( 2 ) .  ( p .  I l l )

f
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s i g n  o f  x 2 ( t i > , i s

, e <* ) " l 6"y , / 2 ° ‘ ' i y ......................................................2 - 2 - 10

Expanding i n  a M ac laur in  s e r i e a

Pe ^ ) = 5 v k  " K -  f i"  s * -',[ , - 6 ................ ]

A ve r a g in g  ovnr  a l l  n e g a t i v e  *  and n o t i n g  tha t  the i d e n t i c a l  s i t u a t i o n  

e x i s t s ,  by symmetry,  f o r  p o s i t i v e ,  the  e r r o r  p r o b a b i l i t y  p i s  g i v e n  by

p= i -  -j, Arc tan ( g s / o ) ......................................................2 . 2 . 1 1

^ ( 0 )  w i l l  a g a i n  be reduced  by two tur  every  i n s t a n t  a t  which n ( t )  c a u s e s  

an e r r o r .  As n ( t )  i s  wideband Gaussian  n o i s e ,  the p r o b a b i l i t y  o f  an e r r o r  

a t  any i n s t a n t  i s  in d e p e n d e n t  o f  any o t h e r  i n s t a n t .  Hence the number o f  

e r r o r s  w i l l  f o l l o w  a b in o m ia l  d i s t r i b u t i o n  w i t h  mean hp and var ia nce  

N p ( l -  p ) .  The mean v a l u e  o f  \ ^ ( 0 )  w i l l  be

% ( 0 ) =  N- 2Np

» N.-?rArctan ( ^ s / d ) .................................................2 . 2 . 1 2

which a g r e e s  w i t h  eqn.  ( 2 . 2 . 7 ) ,  and i t s  d i s t r i b u t i o n  can be d e r i v e d  d i r ­

e c t l y  from t h a t  o f  the  number o f  e r r o r s  as d e s c r i b e d  in S e c t i o n  2 . 1 . 2 .

Some sample d i s t r i b u t i o n s  o f  v e(0 ) f o r  N*» 100 are p l o t t e d  in F i g .  2 - 3 .

As i n  S e c t i o n  2 . 1 . 2 ,  b o th  burs '  and c o n t in u o u s  waveform c r o s s -  

c o r r e l a t i o n  w i l l  be c o n s i d e r e d  f o r  M > 0 .  For burs t  waveforms ( s e e  F i g .  

2 - 4 )  the two d i s t r i b u t i o n s  r e s u l t i n g  from c r o s s - c o r r e l a t i o n  o v e r  i n t e r v a l s  

0 to  ( T - t )  and (T- ) t o  T must be d e r i v e d .  The v a r i a n c e  o f  the  sur  of  

the  Na p r o d u c t  terms in  i n t e r v a l  0 to  (T-t) ( i gior. A in F i g .  2 - 4 )  can be 

w r i t t e n  as  i n  eqn.  ( 2 . 1 . 1 b )

V / V  2 | : S E ( x 1 ( t . ) , 2 ( t . . T ) x 1 ( t j ) x 2 ( t j . 1)}  ( 2 . 1 . , 6 )

4s e e  A’- o o n d i x  F , (p .  H I )
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where ^  i s  t h e  mean o f  th e  sum, i . e .  N ^ ^ C r ) ,  b e i n g  as d e f i n e d

in  e q n .  ( 2 . 2 . 7 ) .  As i n  eqn.  ( 2 . 1 . 1 7 ) ,

l ^ x ^ t  . ) x2 ( l . + 0 x 1 ( t . ) x 2 ( t j + T)}«  P++++-  ? + + + _ - . . . +  p------

where

p ++++" 1>̂ x V t i ) ” "1"1 ‘ X2^L i + T) ‘=+1» x 1 ( t . ) - + l ,  x 2 (t^ + i ) ‘s+ l }

= p{ l , ( t  . ) > 0 ,  I 2 ( l .+T) > 0 ,  I 1 ( t j ) >  0 ,  I 2 ( t . + T ) >  0)  . 2 . 2 . 1 3

U n f o r t u n a t e l y ,  t h e  c o v a r i a n c e  m a t r i x  o f  the  q u a d r i v a r i a t e  normal  

d i s t r i b u t i o n  o f  1 1 ( t . ) , 1 , ( 1 . + t) ,  I ( (t ^) and 1., (I  j+ r) i s  no t  o f  a r e d u c i b l e

form* and th u s  the  i n t e g r a l  o v e r  z e r o  to  i n f i n i t y  cannot  be e v a l u a t e d

d i r e c t l y .  Hence a s i m p l i f y i n g  a s sum p tion  must a g a in  be made, and t h e r e ­

f o r e ,  as  in  th e  l a s t  s e c t i o n ,  the  number o f  z e ro  c r o s s i n g s  o f  Xj ( t )  or 

x 2 ( t + r )  i n  any i n t e r v a l  w i l l  be assumed t o  be independent  o f  the  number 

in  any o t h e r  n o n - o v e r l a p p i n g  i n t e r v a l . Thus E{x^ (t . ) x 2 ( t  .+ T ) x ^ ( t  j ) x 2 (t  j + t)} 

can now be e v a l u a t e d  as  b e f o r e *  and eqn ( 2 . 1 . 1 6 )  becomes

N S .  V

v a r  N = N^- 2 ]) (N - i ) ^ ^ ( i & t ) ' ^ \ ( i ^ l ) +  (.’N^-H + l ) (J.-^-N) ^  x("t)

...................  2.2.14

where , ”v|> , and ^  arc  as  d e f i n e d  in e q n s .  ( 2 . 1 . 7 ) ,  ( 2 . 2 . 7 )  and ( 2 . 2 . 8 ) ,  

r e s p e c t i v e l y .

Over i n t e r v a l  (T-T) t o  T ( r e g i o n  B in  F i g .  2 - 4 ) ,  the  d i s t r i b u t i o n  

o f  t h e  sum o f  the  K(| p r o d u c t s  can be d e r i v e d  e x a c t l y  as in  the  p r e v io u s  

s e c t i o n  ( p .  2 0 ) ,  and w i l l  a g a i n  have zero  mean and v a r i a n c e

eieflifr
v o l v i n g  two v a r i a b l e s  o n l y .

t s e c  n.  19 and Appendix C ( 2 ) , (p.  1( , /)
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where i s  t h e  mean o f  t h e  sum, i . e .  N t , ("O» ''t'n ,1('C) b e i n g  as d e f i n e d  

in  cqn.  ( 2 . 2 . 7 ) .  As i n  c q n .  ( 2 . 1 . 1 7 ) ,

M x 1 ( t i ) x 2 < t . . T ) x J< t . > x 2 ( y T ) ) -  p „ „ -  P-------

where

?++++= p t x 1 ( t i ) - + l ,  x2 ( t . + T ) - + l ,  x 1 ( t j ) = + l ,  x2 ( t j + i ) = + l }

■ P { I , ( t i ) > 0 ,  I 2 ( t  .+T) > 0 ,  l J ( t . ) >  0 ,  I 2 ( t j +1) > 0} . ? 2 . 1 3

U n f o r t u n a t e l y ,  th e  c o v a r i a n c e  m a tr ix  o f  the  q u a d r i v a r i a t c  normal  

d i s t r i b u t i o n  o f  l , ( t j ,  I ^ O ^  + t ) ,  I j ( t - )  and 1^ ( 1  ̂+ ̂ ) i s  n o t  o f  a r e d u c i b l e

form* and thus  t h e  i n t e g r a l  over  z e r o  to i n f i n i t y  cannot be e v a l u a t e d

d i r e c t l y . Hence a s i m p l i f y i n g  a s sum p tion  must a g a in  be made, and t h e r e ­

f o r e  , as  in  the  l a s t  s e c t i o n ,  the  number o f  z e ro  c r o s s i n g s  o f  x ^ ( t )  or  

X2 ( t + t )  i n  any i n t e r v a l  w i l l  be assumed t o  be independent  o f  the  number 

i n  any o t h e r  n o n - o v e r l a p p i n g  i n t e r v a l .  Thus E{x^(t^)%2 ( t ^ + ' r ) x ^ ( t j ) x 2 ( t j  + T)) 

can now be  e v a l u a t e d  as b e f o r e *  and cqn ( 2 . 1 . 1 6 )  becomes

var. = N -  it + 2 ]L(N -i) \l /(i&t).S/.(i&t)+ (2N -N+1)(2X -N) ^ * ( T )
N» a / "a i t \ a 1 *

.........................  2 . 2 . 1 4

where , and arc  as  d e f i n e d  in e q n s .  ( 2 . 1 . 7 ) ,  ( 2 . 2 . 7 )  and ( 2 . 2 . 8 ) ,

r e s p e c t i v e l y .

Over i n t e r v a l  (T-T) t o  T ( r e g i o n  B in  F i g .  2 - 4 ) ,  the d i s t r i b u t i o n  

o f  th e  sum o f  the  1,. p r o d u c t s  can be d e r i v e d  e x a c t l y  as in  the p r e v i o u s  

s e c t i o n  ( p .  2 0 ) ,  and w i l l  a g a in  have zero  mean and v a r i a n c e  Ny.

# 9 0 # #
i n v o l v i n g  two v a r i a b l e s  o n l > .

+see p. 19 and Appendix 0 ( 2 ) ,  fp. 1U/)



30

Combining these two independent d is tr ibut ions  y ie lds  that of ^ ( t ) .

For c o n t i n u o u s  t r a n s m i t t e d  w a v e f o m s , th e  s i t u a t i o n  i s  d i r e c t l y  

a n a l o g o u s  t o  t h a t  a n a l y s e d  in  S e c t i o n  2 . 1 . 2  f o r  s i n g l e - b i t  r e f l e c t i o n s .  

Hence th e  sum o f  the  N p r o d u c t s  w i l l  tend to  a normal d i s t r i b u t i o n  w i t h  

mean and v a r i a n c e  as  in  c q n s . ( 2 . 1 . 2 3 )  and ( 2 . 1 . 2 4 ) ,  i . e .

N . % , M 2 . 2 . 1 5

var [ > e<T)] = N u N  2 Z ( N - i ) \ | y , ( i U ) . x V , i( i S t )  + N4 CNa + l ) [ % i(’T>r . 2 . 2 . 1 6

tp, , and b e i n g  as  d e f i n e d  in  c q n s .  ( 2 . 1 . 7 ) ,  ( 2 . 2 . 7 )  ax.d ( 2 . 2 . 8 ) ,  

r e s p e c t i v e l y .

2 . 2 . 3  Comparison of

I t  i s  o f  i n t e r e s t  t o  compare the d e t e c t i o n  c h a r a c t e r i s t i c s  o i  the  

two waveforms j u s t  a n a l y s e d .  The z e r o  d e l a y  c r o s s - c o r r e l a t i o n  f u n c t i o n s  

have b een  shown t o  be

V #( 0 )  ( a n a l o g ) -  N. 7n Arctan(^ s/cr )  

>V#( 0 )  ( s i n g l e - b i t ) =  N . e r f  ( 5 /o V 2 )

(2 . 2 . 12)

( 2 . 1 . 1 3 )

and the  n o r m a l i s e d  v a l u e s ,  [ \ ^ ( 0 ) / n ] ,  are p l o t t e d  a g a i n s t  s i g n a l - t o - n o i s e  

r a t i o  i n  F i g .  2 - 5 .  ( f l s / a )  and ( , l / o )  arc taker  as e q u i v a l e n t  s i g n a l - t o -  

n o i s e  r a t i o s  f o r  com parison  p u r p o s e s .

FIGURE 2 - 5  Comparison oC zero

, , c „ v t r  input  s u n a l - l o n o i s t  l dBI

d e l a y  cross-c o r r e l a t i o n  f u n c t i o n  v a l u e s .
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'Ihe 2 0 ro d e l a y  c r o s s - c o r r e l a t i o n  peak i n  the c a s e  o f  the  s i n g l e - b i t  

G a u s s ia n  r e f l e c t i o n  can be s e e n  to  be c o n s i d e r a b l y  h i g h e r  than t h a t  o f  

an e q u i v a l e n t  rms v a l u e d  a n a l o g  G auss ian  r e f l e c t i o n ;  f o r  e x a m p le , a t  0 dB 

s i g n a l - t o - n o i s e  r a t i o ,  the  peak would be 68 as compared to  50 ,  w i t h  100 

s a m p l e s .  The d e t e c t i o n  p r o b a b i l i t i e s  f o r  the two waveforms are p l o t t e d  

i n  F i g s .  4 - 5  (p .  74)  and 4 - 1 3  (p .  8 0 ) ,  and a comparison  shows t h a t  the  

d e t e c t i o n  p r o b a b i l i t i e s  a c h i e v a b l e  w i t h  s i n g l e - b i t  G auss ian  waveforms  

are  h i g h e r  than t h o s e  a c h i e v a b l e  w i t h  an a lo g  G auss ian  w ave for m s .

T h i s  m ight  i n t u i t i v e l y  be e x p e c t e d  s i n c e  w i t h  a s e v e r e l y  c l i p p e d  G auss ian  

s i g n a l  o f  rms v a l u e  V, s a y ,  the  waveform i s  always  a t  t V ,  w. t e a s  w i th  

an a n a l o g  G a u s s ia n  waveform o f  m s  v a l u e  V, 68 per  c e n t  o f  the waveform  

has  magnitude  l e s s  than v . T h e r e f o r e  t h i s  waveform i s  l i k e l y  t o  be more 

s u s c e p t i b l e  t o  c o r r u p t i o n  by e x t r a n e o u s  n o i s e  than the s e v e r e l y  c l i p p e d  

one .

The e x p r e s s i o n s  l o t  the  mean v a l u e s  o f  the d i s t r i b u t i o n s  o f  ( t ) 

f o r  It 1 > ( , when c on t in u e . . ;  wavt forms arc t r a n s m i t t e d ,  are

T^Ct)  ( a n a l o g ) -  N. ^ A r c s i n f ^ y ^ :  ^ ! ( 2 . 2 . 1 5 )

^ ( t )  ( s i n g l e - b i t ) *  N . e r f  ( f i /O 'fZ )  •  ̂ Arcs in  ('t)] ( 2 . 1 . 2

[ ^ O O / N ]  i s  p l o t t e d  v e r s u s  s i g n a l - t o - n o i s e  r a t i o  in  F i g .  2 -6  f o r  a 

v a l u e  o f  yp ( t ) o f  0 . 1 .  As can be s e e n , the  mean v a l u e s  m  t h i s  c a s e  a i e

( 2 . 1 . 2 3 )

'Will
N
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much c l o s e r  t o g e t h e r  than t h o s e  o f  ^ ( 0 ) .

The v a r i a n c e s  o f  th e  r e s p e c t i v e  d i s t r i b u t i o n s  can be compared by 

n o t i n g  t h a t  f o r  both  waveforms the  v a r ia n c e  i s  o f  t h e  f o m

N - |  N

vav [ \p . ( '0 ]  “ N - m1 + 2 /L, ^ . [ p o s i t i v e  terms much l e s s  than o n e ] .  . 2 . 2 . 1 7
'  i = l  j . t . l

The d o m in a t i n g  term i n  t h i s  e x p r e s s i o n  i s  N, and hence  th< v a r i a n c e s  o f  

\Vv( t:) can  be e x p e c t e d  t o  be a lm ost  equal  fo r  both  w aveform s . Thus,  s e e i n g  

t h a t  t h e  me a. a r e  a l s o  v l o s c , th e  d i s t r i b u t i o n s  o f  V*(~)»  and t h e r e f o r e  

the f a l s e  a larm  . r a t e s , w i l l  be v e r y  s i m i l a r .

For b u r s t  w a v e f o r m s , th e  v a r i a n c e s  o f  the sum o f  the product  t e r n s  

are in  b o t h  c a s e s  e q u a l  t o  , and i t  can be- reason ed  as above t h a t  the  

v a r i a n c e s  o f  th e  sum o f  the Nfl product  terms w i l l  a l s o  be s i m i l a r .  Th ere ­

f o r e ,  i n  t h i s  c a s e  t o o ,  the  d i s t r i b u t i o n s  of  \ i ; ( T ) ,  and hence the t a l s e  

alarm r a t e s  w i l l  be much t h e  same f o r  both  waveforms .  The t h e o r e t i c a l  

and e x p e r i m e n t a l  r e s u l t s  be r t h i s  o u t , and are  p l o t l e i  in  - . f,s. -» ( 

and 4—14 on p a g e s  74 and 8 0 ,  r e s p e c t i v e l y .

To sum up t h e n ,  the d e t e c t i o n  p r o b a b i l i t i e s  o b t a in e d  w i t h  s i n g l e - b i t  

b a n d l i m i t e d  G a u s s ia n  s i g n a l s  are h i g h e r  than t h o s e  o b t a i n e d  w i t h  e q u i v ­

a l e n t  m s  v a l u e d  a n a l o g  b a n d l i m i t e d  Gauss ian  s i g n a l s ,  f o r  t h e  same r e c e i v e r  

in p u t  s i g n a l - t o - n o i s e  r a t i o ,  but  the f a l s e  alarm r a t e s  o f  the two waveforms  

are a l m o s t  th e  same.  Thus the s i n g l e - b i t  waveform has th e  b e t t e r  d e t e c t i o n  

c h a r a c t e r i s t i c s  o f  the two; however ,  the p r i c e  o f  t h i s  advantage  i s  the  

c o n s i d e r a b l y  l a r g e r  t r a n s m i s s i o n  bandwidth r e q u ir e d  by th e  s i n g l e - b i t  

waveform as compared t o  the an i <>f. Vl r

2 . 3  n - c c H n n  o f  a S i n g l e - b i t _ C m is^ ianJ l^ f l e c t i o n  Corrupted. bv j .

Random Pha s e  S i n e Wave

S i t u a t i o n s  can a r i s e  in  s i g n a l  d e t e c t i o n  where the e tran eou s  n o i s e  

c o r r u p t i n g  the  r e c e i v e d  waveform i s  o f  a d e t e r m i n i s t i c  n a t u r e  r a t h e r  than
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p u r e ly  random. I t  i s  o f  i n t e r e s t  t o  i n v e s t i g a t e  how th e  c r o s s - c o r r e l a t o r  

would pe r for m  under such c o n d i t i o n s ,  and so  i n  t h i s  s e c t i o n  (he s i t u a t i o n  

i s  c o n s i d e r e d  where a s i n g l e - b i t  b a n d l i m i t e d  G auss ian  s i g n a l  i s  t r a n s m i t t e d ,  

as in  S e c t i o n  2 . 1 ,  but  i n  t h i s  c a s e  the r e f l e c t i o n  i s  c o r r u p t e d  by a random 

phase  s i n e  wave.  The a n a l y s i s  w i l l  f o l l o w  a form p a r a l l e l  t o  tha t  o f  the

l a s t  two s e c t i o n s .

2. 3. 1 De r ivati<

The waveforms t o  be c r o s s - c o r r e l a t e d  arc

x ^ ( t ) =  s g n [ f n ( t ) ]

x 2

2 . 3 . 1

2 . 3 . 2( t  + t )=  sgn  [#x1 ( t + x ) +  A s i n ( u t + + ) ] .........................

where as  b e f o r e  f ^ ( t )  i s  a z e r o  mean Gauss ian  waveform b a n d l i m i t e d  to  

(u)t /2 n )  Hz, A i s  an a t t e n u a t i o n  f a c t o r ,  and i s  a random phase  a n g le  

which  i s  e v e n l y  d i s t r i b u t e d  between  ze ro  and 2 t r a d i a n s .

P * P { X- ( t ) r + l  , X „ ( t+T )=+ l )
+ + i  *■

« P t x ^ t ) ^ ! }  . P ( x 2 ( t + ' r ) " + l /  X j C O - l )

= i[p(&x^(t+?)-e/ x^(t)=+i, a sin(wt++)> - e )  +

P ( p x 1 ( t 4 ^ ) “- ^ /  x 1 ( t ) « + l , A s i n ( w t + * )  > +f)]

-  i [ P ( x  ( t + r ) = + l /  x L( t ) . Pf A s i n ( w t + * ) >  -A)  +

P ( x ^ ( t  + T) — 1 /  x ^ ( t ) " + l ) . P ( A  s i n ( w t + * ) >  +A)] . • • • 2 -3 -

( 3 5 )
The d e n s i t y  f u n c t i o n  o f  a random phase  s i n e  wave A . s i n ( e )  i t

I T s i r r  - A <  a < + A

0 e l s e w h e r ep . , . . .  ' a >-

I n t e g r a t i n g  t h i s  over  th e  i n t e r v a l s  - S  t o  i n l i m l y  ami t o  i n f i n i t y ,  

and u s i n g  cq n s .  ( 2 . 1 . 8 ) ,

P -  1 U  ( l *  t l *  it A r c s in ( ( i / A ) ]  ♦ [ [ 1- >P.,<T)) U "  I  A r c s i n ( , / A ) ) ]

** 2 . 3 . 4
-  1 [ i t  ? A r c s i u ( p / A ) . 4 ' * , ( T ) ] .................................................................
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and th u s

2 . 3 . 5

'

The N y q u i s t  s a m p l in g  r a t e  f o r  a s i g n a l  b a n d l i m i t e d  to  20 kHz i s  

40 kHz. At t h i s  s a m p l i n g  r a t e , one hundred samples  would occupy  2 .4 7 5  

ms. In a c o u s t i c s  m easu r e m en ts , the  p e r i o d i c  waveforms e n c o u n t e r e d  can 

range in  f r e q u e n c y  front be low IOC Hz t o  above 10 kHz so  t h a t  t h e  n i n e t y  

n i n e  s a m p l i n g  i n t e r v a l s  c ou ld  encompass from l e s s  than one c y c l e  to  above  

twenty c y c l e s  o f  t h i s  i n t e r f e r i n g  waveform. The most  c o n v e n i e n t  way o f  

c o n s i d e r i n g  t h i s  e f f e c t  i s  to  d i v i d e  the c r o s s - c o r r e l a t i o n  i n t e r v a l  i i n t o  

s u b - i n t e r v a l s  T' and (T -T ' )  , where T' c o n t a i n s  an e x a c t  number o f  h a l f ­

c y c l e s  o f  the i n t e r f e r i n g  waveform, and (T-T1) c o n t a i n s  the r em ain ing

f r a c t i o n  o f  a h a l f - c y c l e  ( F i g .  2 - 7 ) .  The tim< T ^  s p e n t  by the s i n e  wave

in  the ' e r r o r  z o n e s ' ,  i . e .  g r e a t e r  than +P or l o s s  than - £ ,  can then he

A

f
U
■e
-A

f f f O f  Z c r

ro

FIGURE 2 -7 o f  A . s i n ( u t  + 40 i n t o  e r r o r  and n o n - e r r o r  zones

c o n s i d e r e d  in  two c o r r e s ponding p a r t s ,  Tb f o r  the i n t e r v a l  0 t o  T * , and

AT. f o r  T' t o  T. T h e r e f o r e  
b

2 . 3 . 6

I t  i s  c l e a r  t h a t  T ^  i s  dependent  upon
the s i n e  wave f r e q u e n c y ,  end
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hence t h e  mean and v a r i a r ^ e  o f  ^ ( r )  are a l s o  f u n c t i o n s  o f  f r e q u e n c y .

To f i n d  t h e  d i s t r i b u t i o n  o f  , t h e r e f o r e ,  bo th  the  s i n e  wave am p l i ­

tude and f r e q u e n c y  must  be. known. I t  i s  r e a s o n a b l e  t o  assume t h a t  the  

phase a n g l e  $  w i l l  vary  from c o r r e l a t i o n  i n t e r v a l  to  c o r r e l a t i o n  i n t e r ­

v a l ,  a s  e x a c t  s y n c h r o n i s a t i o n  w i t h  the c r o s s - c o r r e l a t o r  c l o c k  i s  h i g h l y  

i m p r o b a b le .  As a r e s u l t ,  th e  e f f e c t  o f  the phase  a n g le  <p w i l l  be averaged  

o u t .  A d e t a i l e d  d i s c u s s i o n  o f  T( and AT^ i s  g i v e n  in Appendix I (p.  11*0.

I f  the  c r o s s - c o r r e l a t i o n  i n t e r v a l  T i s  s u f f i c i e n t l y  l a r g e  t h a t  

i s  v e r y  much g r e a t e r  than can be n e g l e c t e d .  Under t h e s e

c i r c u m s t a n c e s  i s  e q u a l  to  1, , i s  indep e n d e n t  o f  f r e q u e n c y ,  and i s

g i v e n  b y +

Tt. T [ l ~  n A r c s i n ( p / A ) ] ...........................................................2 . 3 . 7

C o n s i d e r i n g  th e  s p e c i a l  c a s e  o f  t = 0 ,  a l l  p i o d u c t  terms not  i n  the  

e r r o r  z o n e s  w i l l  be +1, and the  average  sum o f  t h o s e  i n  the  e r r o r  zones  

w i l l  be z e r o  b e c a u s e  the waveforms arc s y m m e t r i c a l l y  d i s t r i b u t e d  about  

z e r o .  H en ce ,  th e  moan value  o f  V>(0)  w i l l  be

V / 0 ) "  [ T -  Te z ]Z 6 t

= [ t -  T ( l -  v A r c s i n C f / A ) } ] /  6 t
•>3 8

■ N. ^A rcs  i n ( p / A ) .................................................................

wh ich  a g r e e s  w i t h  e qn .  , 3 . . > ) .

To c a l c u l a t e  th e  variance o f  M-.«» , o n l y  t h o s e  t e r e s  In th e  e r r o r

z o n e s  n e e d  be c o n s i d e r e d  b e c a u s e  the o t h e r s  do no t  c o n t r i b u t e .  In each  

o f  t h e s e  z o n e s  „ , ( t )  i s  e i t h e r  . 1  or  - 1 .  Hence the  d i s t r i b u t i o n  o f  % <0> 

may be  found by c o n s i d e r i n B the  c r o s s - c o r r e l a t i o n  o f  X j U )  m t b  a waveform

t ( t ,  a s  shown i n  H i ,  2 - 8 .  As the s i n e  wave,  and hence  « t ) .  has random 

l i ( t ,  i ,  random, i t  i s  r e a s o n a b l e  to  assume t h a t  the  product
phase and >:

+s e c  Appendix F, (p* !
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lOdfv

A S'Mut.fl

IIIj----1

FIGURE 2 - 8  The waveform $ ( l ) . In r e g i o n s  a ,  b ,  c . . e t c . ,  0
so  t h a t  n o n - e r r o r  zone terms do not  c o n t r i b u t e  to  the  sum.

terms ( t . ) . $ ( t  . )  w i l l  be random. They each have z e ro  mean so  t h a t  t h e i r  

sum w i l l  be s y m m e t r i c a l l y  d i s t r i b u t e d  about z e r o ,  and,  s i n c e  each term 

c o n t r i b u t e s  e q u a l l y  t o  the sum, i t  i s  r e a s o n a b le  t o  assume t h a t  t h e i r  sum 

w i l l  tend t o  n o r m a l , h a v in g  z e r o  mean, and v a r i a n c e

M w
v a r  [vy„(0)j ■ e ( i / L x j ( t  j -  [ e [  Z j x  j ( t  p  tj( t  .)j]

T h is  can be e v a l u a t e d  to  g i v e 4

N - \

va r  [ ^ (O ) ]  B N ^l - Arcs in  ( 0 /A)] + 2 2 I ( N - i ) y , i( i S t )  . " ^ ( ib  t )  . . . 2 . 3 . 9

where \^(a ' )  i s  t h e  a u t o - c o r r e l a t i o n  f u n c t i o n  o f  ^ ( t )  +. For the c a s e  o f  

a v e r y  l a r g e  i n t e r f e r i n g  s i n e  wave or a very s m a l l  r e f l e c t e d  s i g n a l , i . e .  

(5 /A )  t e n d i n g  t o  z e r o ,  %(t)  t e n d s  t o  a square  wave rd he mean o f  \V6(0)  

would tend to  z e r o .  The dependence  o f  the d i s t r i i  it i n v a r i a n c e  upon the  

s i n e  wave f r e q u e n c y  i s  i l l u s t r a t e d  in  l i g .  2 - 9 .

toe

106

O
^  to* 
%

°  102 
i)

100

96
10 12 1* 16 16 20

smr wovr l i rqurrcy (ki l l  I

'IGURi. 2 - 9  Var iance  o f  V , ( 0 )  as  a f u n c t i o n  o f  the frequency  of  the
i n t e r f e r i n g  random phase  s i n e  wave .  ( # V A ) 0 . 8  and N"100 s am p le s .

4s e e  Appendix G, (p .  11 / ) +see Appendix H, (p. 119)



The d i s t r i b u t i o n  o f  f o r  h  I > 0 i s  somewhat more complex.

C o n s iu e r  the  c r o s s - c o r r e l a t i o n  o v e r  i n t e r v a l  0  to  (T-x )  f o r  the c a s e  o f  

a b u r s t  typ e  r e f l e c t i o n .  \ s  f o r  the a n a l y s i s  w i th  T =0 ,  x ^ ( t + x )  can be 

s p l i t  up i n t n  e r r o r  zones  and n o n - e r r o r  zon e s  ( F i g .  2 - 7 ) ,  the p r od u c t  

terms i n  the  e r r o r  zones  b e in g  accounted  f o r  by c o n s i d e r i n g  the c r o s s -  

c o r r e l a t i o n  o f  X j ( t )  w i th  a waveform t , ( t ) ( F i g . 2 - 8 ) .  j hi s y i e l d s  a z e r o  

mean d i s t r i b u t i o n  t h a t  t e n d s  to  normal f o r  a l a r g e  number o f  product  t e r m s , 

w i t h  v a r i a n c e  as  i n  e o n .  ( 2 . 3 . 9 ) ,  but  w i th  N r e p l a c e d  by Ka in  t h i s  c a s e /  

The p r o d u c t  terms in the n o n - e r r o r  zone '  a t e  o f  the form [ s g n [ f ^ ( t _.)]. 

sgn[p f^Ct^+ t ) j  J and v. " n o t  always  eqi ,tl . > +1,  as was tlie c a s e  f o r  x »0 .

The d i s t r i b u t i o n  o f  the  sum o f  ti" product  terms may be c o n s i d e r e d  by 

n o t i n g  t h a t  t h e y  are  g e n e r a t e d  t hen ( t )  i s  c r o s s - c o r r e l a t e d  w i t h  a 

waveform y 7 ( t + x ) ,  where ( F i g .  2 - 1 0 )

y 2 ( t + x ) *  x 1 ( t + x ) . Y ( t )    2 . 3 . 1 0

Y ' " j u  i n  n  i  i J i n  r  u u  u i n

n-jrv^rror zones

FIGURE 2 - 1 0  Cross-correlation w a v , t o m .  Cor e v a l u a t i n g  th e  v a r i a n c e  o f  'V.(r)

+s e e  Note  1 o f  Appendix G, (p.  H 8 )



t  ( t )  i s  d e r i w d  ! i o'.n the  c o r r u p t i n g  s i n e  wave A .s in (^c+<$) , h a v in g  v a l u e  

t 1 i n  thv n o n - e r r o r  z o n e s  where | A . s i n ( w t + $ ) | < P ,  and z e r o  e l s e w h e r e .

The mean v a l u e  o f  the  n o n - e r r o r  zone product  terms i s  t h e r e f o r e

E ( x 1 ( t ) y 2 ( t * t ) ) -  E ( x 1 ( t ) . x 1 ( t + T ) 1 ( t ) }

-  Y , ( a ) . E { T f ( r ) ) .......................................................... 2 . 3 . 1 1

and from 2 - 1 0

E h ( t ) } -  t n c z / ( i , / w)

■ [(2/u))Arc.«Ln(<s/A)/(n/u)j

=  ̂ A r c s i n ( 3 / A ) ...........................................................2 . 3 . 1 2

hence

E { x ^ ( t ) y 2 (t: + t ) }  ■ Arcsin(ya/A) . V . M  ..................................... 2 . 3 . 1 3

and ttie sum o f  th e  n o n - e r r o r  zone product  terms w i l l  have mean

Û n v B  ̂ t, Arcs in ( f l /A )  . ,vV,,('t) ] ................................... 2 . 3 . 1 ' '

where N i s  the number o f  samples  in p e r io d  ( T - t) .  S i n c e  the  o t h e r  two 

d i s t r i b u t i o n s  c o n t r i b u t i n g  to  t h a t  o f  i . e .  t h o s e  of  the sum of the

- p r o d u c t  terms and o f  the c r o s s - c o r r e l a t i o n  o v e r  ( T - t )  to  T,

n - ro mean,  eqn.  ( 2 . 3 . 1 4 )  g i v e s  the mean v a l u e  o f  % ( t ) . Th is  

. . ,c in v u i l i v e l y  e x p e c t e d  r e s u l t  from eqn. ( 2 . 3 . 5 ) .  The v a r i a n c e  o f  

t h e  sum o f  the  n o n - e r r o r  zone  product  terms i s  shown in Appendix 1 (p .  120)

t o  be
N,1 w,

var  = N {;, A r c s in  (£ /A )]  + 2 
n e z  a

*" n1 • • • e e • • 2 s 3 .  1 j
' nez

where * , ( - )  L  th e  e u t . - c o r r e l a t i o n  f u n c t i o n  o f  t ( t ) * .  To e v a l u a t e  eqn.  

( 2 . 3 . 1 5 )  t h e  fo u r ' l l  p r o d u c t  moment ot x ^ l )  mull he c . i l . u l a t . d .  

e x p l a i n e d  p r e v i o u s l y ,  t h i s  c a n n o t  he done d i r e c t l y  and some s i m p l i f y i n g

% ec Appendix J ,  (p« 122)
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a s s u m p t i o n  n u s r  a g a i n  be made. An assum p tion  s i m i l a r  t o  t h a t  in S e c t i o n  

2 . 1 * 2  i s  thus  made; the  number o f  aero c r oss in g . ;  o f  ( t )  i n  any i n t e r v a l  

w i l l  be assumed i n d e p e n d e n t  o f  the number i n  any o t h e r  n o n - o v e r l a p p i n g  

i n t e r v a l . In t h i s  c a s e  i t  i s  a p p l i e d  t o  a bandlimi ted  G auss ian  f u n c t i o n  

f n ( f ) w h er e a s  in  S e c t i o n  2 . 1 . 2  i t  was a p p l i e d  t o  f u n c t i o n s  c o n s i s t i n g  o f  

a b a n d l i m i t e d  p l u s  a wideband Gaussian  f u n c t i o n ;  hence i r  can be e x p e c te d  

t h a t  i t  w i l l  n o t  ap p ly  as r e a l i s t i c a l l y  to  the p r e s e n t  c a s e * .  With t h i s  

a s s u m p t i o n ,  oqn.  ( 2 . 3 . 1 5 )  may ba e v a l u a t e d  as*

N - N , - l

v a r n e z = Na [ ^ A r c s i n ( p / A ) ]  -  2 }Tt(Na- i )  ^ ( i B t )  [ ^ ^ ( i S t ) ] 1 +

2 (% (T )  )* 2. ,  (2Na- N - j ) V 1[(N-Na+ j ) 8 t ] 2 . 3 . 1 6

The d i s t r i b u t i o n  r e s u l t i n g  from t h e  c r o s s - c o r r e l a t i o n  o f  ( t )  w i th

x 7( t + r ) =  Sgn [A. s i n  (ut+4>)] e v e r  i n t e r v a l  ( T - t )  to  T i s  i d e n t i c a l  to  the

s i t u a t i o n  a n a l y s e d  above f o r  4^(0)  w i th  (p /A )=0 ,  when f , ( t )  became a squ. < e

wave.  The sum o f  t h e s e  p roduct  terms w i l l  tend to  i v n n a l  w i t h  zero

++mean,  and v a r i a n c e

v a r N = Kb* 2 ^ ( N ^ - i )  V , , ( i 5 t )  . ( i S t ) ........................................... 2 . 3 . 1 7

where i s  th e  a u t o - c o r r e l a t i o n  f u n c t i o n  of  %(t) , which  i n  t h i s  c a s e

i s  in  i t s  l i m i t i n g  form o f  a squatc wave.

For t  s m a l l ,  in  which c o s e  (<„ i s  s m a l l  a l s o ,  e r r o r s  w i l l  o b v i o u s l y  

o c c u r  i n  assum ing  t h a t  the sum o f  the Nb products  terms i s  n o r m a l ly  

' . s t r i b u t e d .  S i m i l a r l y ,  when ( , / A )  i s  very  near aero  or o n e ,  the  number

i iS i lp l* / '
+ . ,  . +s c c  Appendix K, (; . 123)
+ s e e  Aooend ix  I - (p* ‘

*sce Appendix H, (p*
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o f  s a m p le s  in  the  n o n - e r r o r  cr  e r r o r  z o n e s ,  r e s p e c t i v e l y ,  w i l l  be s m a l l ,

and e n o r s  w i l l  i c s u l t  from assuming t h a t  t h e s e  product  term sums tend

t o  n o r m a l . However,  when the  number o f  product  terms i s  s n a i l ,  i t s  

c o n t r i b u t i o n  to  the o v e r a l l  d i s t r i b u t i o n  o f  We( t )  i s  s m a l l , and thus  th e  

e r r o r  i n d u c e d  i n  the o v e r a l l  d i s t r i b u t i o n  w i l l  be c o r r e s p o n d i n g l y  s m a l l .  

The approach  t o  n o r m a l i t y  o f  the t hree  d i s t r i b u t i o n s  i s  a id e d  c o n s i d e r a b l y  

by the  f a c t  t h a t  th e y  have zero  or  near  zero  means and are hence  a lm ost  

p e r f e c t l y  s y m m e t r i c a l .

To sum up: i n  the c a s e  o f  burs t  waveform r e f l e c t i o n s  t h e r e  are t h r e e

d i s t r i b u t i o n s  c o n t r i b u t i n g  to t h a t  of  V , ( t ) . A l l  tend t o  nor.-.al as the  

r e s p e c t i v e  sample  numbers i n c r e a s e .  These d i s t r i b u t i o n s  are

( a )  I n t e r v a l  0 to  (T -1 )  -  e r r o r  zone product  term sum. Mean equal

t o  z e r o ,  v a r i a n c e  g i v e n  by

v a r  = N [ 1 -  v, Arcs in (a/A),  + 2 - i ) W ( i ( t ) . % ^ ( i : t )

V j ( T) b e i n g  g i v e n  in  Appendix H. (1 , (t )  i s  a square wave c n l y  i ? (?//••) “ ’) .

( b )  I n t e r v a l  0  to  ( T - i )  -  n o n - e r r o r  zone product  term sum. Mean

and v a r i a n c e  as  g i v e n  in cq n s .  ( 2 . 3 . 1 4 )  and ( 2 . 3 . 1 6 ) ,  r e s p e c t i v e l y .

( c )  I n t e r v a l  ( T - t )  t o  T -  mean zero  and v a r ia n c e  as in  eqn.  ( 2 . 3 .  W ) .

The d i s t r i b u t i o n  o f  V . f O  c o n s i s t s  o f  th e  sun o f  t h e s e  t: .ree  n o r m  I

d i s t r i b u t i o n s .  I t  w i l l  t h e r e f o r e  a l s o  be n o r n a l . w i t h  nean as  g i v e n  in  

eqn. ( 2 . 3 . 1 4 ) .  As both  w a v e f o r m  { ( t )  and T ( t )  have randon phase and 

are i n d e p e n d e n t  o f  x ^ t ) ,  and as  , , ( t )  i n  randon. the e r r o r  i n c u r r e d  by 

a s s u n i n g  t h a t  th e  t h r e e  product  sums are independent  w i l l  be s n a i l .  In 

t h i s  c a s e ,  th< v a r i a n c e  o f  V . M  i«  ‘th e  sun o f  the th r e e  i n d i v i d u a l

v a r i a n c e s .

The distribution of V .W  f o r  the case of continuous transmitted 

waveforms i s  analysed e x a c t ly  as  for that o f  the product tern  sun over 

i n t e r v a l  0  to ( T - t )  f o r  burst waveform;. Tne • o£ the no 

product  term sun  i s  (see eon. ( 2 . 3 . 1  )
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N . 4  Arcs in  (/VA) • 2 . 3 . 1 3

and the  v a r i a n c e  ( s e e  Appendix I (p .  120) )

N - N , - !

. .  a . . , . v  , . i  .var = N. £  A r c s i n ( g / A ) - 2 ^ ( N - i ) ' v V 1( i S t ) [  xV.^iSt) ]

+ 2 [ V ( t ) ]*  -i)'M',[(N-N + i )o  t]  . . . 2 . 3 . 1 9
*1 S t o 0 "

Fhe mean o f  the sura o f  the  e r r o r  zone  product  terms i s  zero  and the  

v a r i a n c e  ( from  eqn.  ( 2 . 3 . 9 ) )  i s

N-l
v a r v ? = N [ l - i A r c s i n ( t / A ) ] +  2  >" ( N - i )  ^ ( i S t )  . ^ ( i 8 t ) ........................2 . 3 . 2 0

where > , ( i S t )  i s  as  g i v e n  in  Appendix H (p.  1 1 9 ) .  Adding t h e s e  tno vai  

i a n c e s  g i v e s  t h a t  o f  , aga in  assuming t h a t  the  two s e t s  o f  product

terms nay be r egard ed  as  in d e p e n d e n t .  Ihc  mean o f  V̂1(^'1 i •’  ̂ , N

The above  a n a l y s i s  i s  a p p l i c a b l e  to  any type  o f  c o r r u p t i n g  p e r i o d i c  

waveform h a v i n g  random p h a s e .  A l l  t h a t  i s  r e q u i r e d  i s  t h a t  t h e  a p p r o p r i a t e  

forms o f  t ( t )  and i ( t )  and t h e i r  a u t o - c o r r e l a t i o n  f u n c t i o n s  be  d e r i v e d .

Random il.aj'Q S in e  have

The a n a l y s i s  o f  the  c r o s s - c o r r o l a t o r  perform ance  in  t h i s  c a s e  has  

proved  l e s s  t r a c t a b l e  than  i n  the f o r e g o i n g  o n e s .  The g e n e r a l  c r o s s ­

c o r r e l a t i o n  f u n c t i o n  i s  o b t a i n e d  in s e r i e s  form fo r  l a r g e  r e c e i v e r

in p u t  s i g n a l - t o - n o i s e  r a t i o s .  For the s p e c i a l  c a s e  o f  C O .  V , . ( 0 )  can  

he e x p r e s s e d  in  terms o f  an i n t e g r a l  t h a t  can be e v a l u a t e d  n u m e r i c a l l y .

2 . 4 . 1  C o n s ■

The r e f e r e n c e  and r e c e i v e d  waveforms in  t h i s  c a s e  a r e .  r e s p e c t i v e l y ,

^ ( t ) =  8 g n [ f n ( t ) ] -  s g n [ y j  •
2 . 4 . 1



x 2 ( t  + -c)= sgn [3 fn ( t+T)+  A .s in ( w t +  41)] “ s g n f y , ]
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2 . 4 . 2

As i n  S e c t i o n  2 . 2 . 1 ,  f o r  the  purposes  o f  com p uta t ion ,  y^ and y^ can be

r e g a rd ed  as  f o l l o w i n g  a bivar iatv* normal d i s t r i b u t i o n  w i t h  i n s t a n t a n e o u s

mean { 0 , A . s i n ( w t  + $j )  and v a r i a n c e s  { s i , ( f i s ) l 3 .  The i n s t a n t a n e o u s  proba­

b i l i t y  t h a t  b o t h  y  ̂ and y^ arc p o s i t i v e  i s

. . v  1 f , I r i r ec1 0 «([* - a a\n

t  . . . 2 . 4 . 3

I t  i s  shown i n  Appendix L (p.  124) t h a t  t h i s  can be w r i t t e n  i n  t h e  form

P++( i n s t ) »  K |  doc j e x P ( -  * dX
- “ v

and then  expanded i n  a T a y lo r  s e r i e s  in  terms o f  u^ and u^. Each term 

can then  be averaged  o v e r  one c y c l e  o f  A . s i n ( u t + t ) .  Th is  i s  the same 

method as was used  by McFadden( 3 6 ) , and, a f t e r  s u b s t i t u t i o n  i n t o  eqn.

( 2 . 1 . 4 ) ,  y i e l d s *

x , ( , )  =  vh ( x ) -  ' i  "

♦ ' --------------- 2 . 4 . 4

This result g i v e s  an approximation to V.„(T) only £or (A/m ) v e r y  small

and hence  i s  o f  l i t t l e  u s e .

The s p e c i a l  c a s e  o f  t - 0 i s  s i m p l e r ,  and a r e s u l t  can , e  d e r i v e d  t h a t

h o l d s  f o r  a l l  r e c e i v e r  i n p u t  s i g n a l - t o - n o i s e  r a t i o s .  In t h i  c a s e

V j f t ) -  6 g n [ r n ( t ) ]  ...........................................................................

x , ( t ) -  sgnUfn(t>-* A . sin(ut+ 0 )1 ...........................

and
P ( i n s t > . P » n C O P 0 ,  Afn < t ) > - A . s i n ( u , t + 0 > )

2 . 4 . 6

+8ee  ppendix L, ( p • *3
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= P ( f n ( t ) > 0 ,  A. si.ri(u>t+6) > ) ......................................2 . 4 . 7

The p r o b a b i l i t y  that, t h e  random s i n e  wave i s  g r e a t e r  than some v a l u e

- z  ( | z |< A )  i s ^  ^

>
] ( ttn/A1 -  zl ) ’ dz » i + ^  A r c s i n ( z / A ) ....................................... 2 . 4 . 8
-T.

C o n s i d e r i n g  --/'ln ( t ) = - z ,  t h i s  e x p r e s s i o n  can be averaged  o v e r  a l l  (Jin ( t ) > 0  

to  g i v e  P++. T h e r e f o r e

j U . U r c s i n W A ) ) . - ’ 1 ' 2 ^  >

...........................  2 . 4 . 9

s i n c e  tae  p r o b a b i l i t y  o f  A. s in(u>t+0) b e i n g  g r e a t e r  than - z  f o r  - z < - \  i s  

o n e .  Rearrang ing  e qn .  ( 2 . 4 . 9 )

X 4 ° ) e 4r++-  i

-  [ aWZ : + t  |  A r c s i n ( z / A ) e  '  > dz .  . . 2 . 4 .  tu

and t h i s  i n t e g r a l  can be e v a l u a t e d  n u m e r i c a l l y .

2 . 4 . 2  Exton s i o n  t o  D i g i t a l  Satin l i n g  Cross - c o r r e l a t ion  

L i t t l e  can be s a i d  in t h i s  c a s e  about  the  o u t p u t  p r o b a b i l i t y  d i s t r i b ­

u t i o n  o f  a s a m p l in g  c r o s s - c o r r e l a t o r  f o r  which

N

^ (T)= 'Ti Xi ( t i ) , X 2 ( t i +T)

For t  =0, the mean c f  the d i s t r i b u t i o n  w i l l  be N . V ' , ^ 0 ) ,  w i t h  ^' , , . (0)  as 

d e f i n e d  i n  eqn.  ( 2 . 4 . 1 0 ) .  The v a r i a n c e  can be w r i t t e n  as

N - l  N

v a t  xV.(O) .  N- [ x W *  2 ^ X i 1K U 1( . i ) x 2 ( t t ^ ) > - 1 ( l j ) x 2 ( t > ' ) }  ( 2 . 1 . 1 9 )

but  in  t h i s  c a s e  t h e r e  i s  no s im p l e  way round the  e v a l u a t i o n  o f  the  f o u r th  

o r d e r  moment. As th e  i n t e r f e r i n g  wav orm i s  p e r i o d i c ,  t h e r e  i s  no 

j u s t i f i c a t i o n  f o r  assuming t h a t  the  number o f  z e r o  c r o s s i n g s  of x 2 ( t )  

in n o n - o v e r l a p p i n g  i n t e r v a l s  are i n d e p e n d e n t ,  and in  any c-.sc the n e c e s s a r y
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v a l u e s  o f  the c r o s s - c o r r e l a t i o n  f u n c t i o n  o f  x ^ ( t )  and and the

a u t o - c o r r e l a t i o n  f u n c t i o n  o f  x,, ( t )  have not  been found e x a c t l y .

For |t |> 0 ,  t h e  mean o f  ■\V>( x ) w i l l  be N. f o r  c o n t in u o u s  wave forms

and N^. f o r  b u r s t  w aveform s . However,  t h e s e  can o n l y  be e v a l u a t e d

f o r  (A/fts)  s m a l l .  The extreme c a s e s ,  where the  r e f l e c t i o n  c o n s i s t s  o f  

s i g n a l  o n l y  or  i n t e r f e r i n g  s i n e  wave o n l y ,  are  the same as t h o s e  a n a l y s e d  

in  S e c t i o n  2 . 3 . 2 .

2 . 4 . 3  Compari s o n  t he D e t e c t ion o f  Analog and S i n g l e - b i t  

G a u s s ia n  R e f l e c t i ons Corrupt , d by a Random Sin e  Wave 

or  Wideband Gauss i a n  N o i s e

The d e t e c t i o n  r e l i a b i l i t i e s  o f  th e  two waveforms may be compared by 

p l o t t i n g  the v c l u e s  of  V> ^ 0 )  a g a i n s t  s i g n a l - t o - n o i  s e  rat  i o  a t  the  r e c e i v e r  

in p u t  ( F i g .  2 - 1 1 ) .  ( • /? 6 /A) and (V I b s /A) are taken as  e q u i v a l e n t  s i g n u l -  

t o - n o i s e  v o l t a g e  r a t i o s .

■ o-i

s o l i d : r a n d o m  p h a s e  » n e  w a v f  m t t r l r r n n i - e  

d o l l e d  w i d i M n d  G a u s O a *  n o n *  ml « .  ( * r * n c *

-IS
i nput  s i g n o l - l o - n o i i *  p o w f r  r o l i o  ( d B

FIGURE 2-11 Zero delay c r o s s -co r r e la t io n  peak values  fot 
analog and s i n g l e - b i t  r e f l e c t i o n s  corrupted by a random 
phase s ine  wave or wideband Gaussian n o ise .

The s i n g l e - b i t  Gaussian waveform i s  seen to y ie ld  higher central  

o , , - c o r r e l a t i o n  p e a k ,  in the presence o f  an in t e r fe r in g  s inusoid  than 

ie equ iva len t  m s  valued analog vers ion .  The same resu l t  appl ies  when 

-orrnnt ine  wavefom i s  wideband Gaussian n o i s e .  I t  can he seen that
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w i th  a n a l o g  G auss ian  s i g n a l s ,  the  c r o s s - c o r r e l a t i o n  peak v a l u e s  are lower  

when th e  c o r r u p t i n g  waveform i s  a random s i n e  wave than when i t  i s  equ iv  

a l e n t  rms v a l u e d  wideband Gaussian  n o i s e .  The same i s  t r u e  o f  s i n g l e  b i t  

bandlimi t ed G auss ian  s i g n a l s  f o r  r e c e i v e r  in p u t  s i g n a l - t o - n o i s e  r a t i o s  

below a p p r o x i m a t e ly  2 . 5  dB. Above t h a t  v a l u e  an i n t e r f e r i n g  random s i n e  

wave has a l e s s  d e t r i m  n t a l  e f f e c t  than wideband G auss ian  n o i s e ,  and above  

3 dB i t  h a s  no e f f e c t  a t  a l l  The d e t e c t i o n  p r o b a b i l i t i e s  o f  a s i n g l e - b i t  

G auss ian  s i g n a l  c o r r u p t e d  by wideband Gaussian  n o i s e  and b> a random pn.isc 

s i n e  wave are  p l o t t e d  in F i g s .  4 -5  ( p .  7 4 )  and 4-21  (p .  8 6 ) ,  r e s p e c t i v e l y .

Returning to the case of a s i n g l e - b i t  or analog r e f l e c t i o n  being  

corrupted by a random phase s ine  wave, the variances  of the resp ec t iv e  

d i s t r ib u t io n s  of for h l > 0  w i l l ,  for  the same reasons as discussed

in Section 2 . 2 . 3 ,  be s im i la r ,  and as the mean value o f  V , ( t ) v a r ie s  only  

over a small range c l o s e  to zero for M > 0 ,  the d i s t r ib u t io n s  and hence 

f a l s e  alarm rates  can be expected to  be very s im i la r .  In the case of an 

analog Gaussian r e f l e c t i o n ,  the d i s t r ib u t io n s  of %("[) for  the extreme 

values  of  rece iver  input s i g n a l - t o - n o i s e  r a t i o ,  i . e .  zero and i n f i n i t y ,  

w i l l  he id e n t i c a l  to those derived for  s i n g l e - b i t  r e f l e c t i o n s ,  and those 

for  intermediate  s i g n a l - t o - n o i s e  r a t io s  v i l  l i e  in between. These two 

extremes are shown p lo t t e d  in Fig.  4 - 2 0  (p.  8 5 ) .  I t  can be seen that

the range in between i s  f a i r l y  smal l ,  so the fa l s .  alarm rates  for analog 

bandlimited Gaussian r e f l e c t i o n s  corrupted by a random s ine  wave can be

g u e s s e d  a t  f a i r l y  a c c u r a t e l y .

Comparing Figs .  4 - 6  ( p .  7 4 )  and 4-22 (p .  8 6 )  r e v e a l s  t h a t  the  f a l s e

alarm rates  for a s i n g l e - b i t  r e f l e c t i o n  corrupted by a random s inusoid  

are higher than those when the corrupting waveform i s  wideband Gaussian

n o i s e .

In g e n e r a l , t h e r e f o r e ,  an i n t e r f e r i n g  random phase s i n e  wave has  ~ 

more d e t r i m e n t a l  e f f e c t  on th e  d e t e c t i o n  r e l i a b i l i t y  o f  th e  Si n r, l e - b i t  

c r o s s - c o r r e l a t o r  than wideband G auss j an n o i s e .



CHAPTER HI

CROSS-CORRELATION DETECTION OF MULTIPLE REFLECTIONS

In t h i s  c h a p t e r  t h e  s i n g l e - b i t  c r o s s - c o r r e l a t i o n  f u n c t i o n  01 a s i n g l e - 

b i t  or an a n a l o g  b a n d l i m i t e d  G auss ian  waveform and a r e f l e c t i o n  c o n s i s t i n g  

o f  two a t t e n u a t e d ,  d e l a y e d  r e p l i c a s  c o r ru p te d  by wideband Gaussian  n o i s e  

i s  d e r i v e d .  The p r a c t i c a l  s i g n i f i c a n c e  o f  such an a n a l y s i s  was mentioned  

in  S e c t i o n  1 .2  ( F i g .  1 - 3 ,  p .  6 ) .  An e x t e n s i o n  o f  the theory  t o  more than 

two r e f l e c t i o n s  i s  d i s c u s s e d  in each  c a s e .

3 . i  D e t e c t i o n  o f  Two S i n g l e - b i t  G a u s s i ^ J R c f  l e c t i ons Corrupte d ^  

Wideband G auss ian  N o i s e

3 . 1 . 1

The waveforr  s be i n g  c r o s s - c o r r e l a t e d  are d e f i n e d  by

Xj ( t ) =  s g n [ f u ( t ) ]
3 . 1 . 1

3 . 1 . 2

2

x 2 ( t - t t ) =  sgn  [pXj ( t + x ) +  1 x 1 (t+T+A)+ n ( L ) ] ...................................

where f j t )  i s  z e r o  mean b a n d l i m i t e d  Gaussian  n o i s e  w i t h  v a r i a n c e  8 , 

„ < t )  i s  z e r o  mean wideband G auss ian  n o i s e  w i t h  v a r i a n e e  o2 , and ,  and 1 

are  a t t e n u a t i o n  f a c t o r s  which arc assumed to  be r e a l  c o n s t a n t s .

Once a g a i n .  The p r o b a b i l i t y  P , ,  o f  and x , ( t r t )  b o t h  b e i n g  *1

i t  be d e r i v e d .  For x _ ( t + t )  to  be +1,  e i t h e rmust

(a)  $ X | ( t  + i ) * e ,  1 x ^ ( t + i + A ) - V  and n ( t ) >  - ( r  + 0

(b)  * x , ( t + T )  = (t, ? X | ( t  + T+A) — 7 and n ( t ) > - ( C - i )
. . . • • 3 . 1 . 3
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( c )  t x 1(t+'r)=-p, I x ^ t + T + A M  and n ( t )  > A ) ..........................3*1' 3

or (d) j x 1(t+'r)=-P , ix^ (t+ i+A )- - i  and n (t )  > (i + P)_

L e t t i n g  ^ ( t + ^ / s  and y^= f^ ( t+ % + A ) / s ,  P++ i s  t h e r e f o r e

P++= P { y 1 > 0 ,  y 2 5 0 ,  y 3 5 0 } . P { n ( t ) 5 - ( f i  + l )}  +

P t y ^ O ,  y 2 > 0 ,  y 3 < 0 } . P { n ( t )  > - ( e - t ) }  +

P{y1 > 0, y 2 < 0 ,  y 3 > 0 ) . P ( n ( t ) 5 + ( p - l ) )  +

P ( y ^ 0 ,  y 2 < 0 ,  y 3 < 0 ) . P ( n ( c ) > + ( P + D )   3 ' 1 ,4

In the same way that f^(t)  and follow a bivariate  normal d i s t r i ­

bution0 ^ 0 0 , f ( t ) ,  f (t+T) and f n (t+T+A) w i l l  be t r ivar ia te  normally
n n ( 3 4 )

distr ibuted .  The jo in t  probabil ity  P l y ^ O ,  5 0 ,  y ^ ' ) }  1 s

p [ y  > 0 ,  y 2 5  0 ,  y 3 > 0 ) .  i + ^ { A r c s i n  p, + Arcs in  ^  Arcs i n  p j .  . • 3 . 1 . 3

The o t h e r  j o i n t  p r o b a b i l i t i e s  i n  cqn.  ( 3 . 1 . 4 )  may be e v a l u a t e d  by n o t i n g  

t h a t  Pty^ > 0 ,  y ^ ^ O ,  y ,  < 0 1 -  Pty^ > 0 ,  y ,  5 0 , - y , 5  0 ) .  The c o v a r i a n c e  m a tr ix

o f  y l ’ y 7. and y 3 i s

/I P„ P.,\ , z
X ._  -  | 1 P„ ]  3

1

and thus  t h a t  o f  y , , y 2 and - y 3 i s

'1 P,» *P

\ v . " ( 1
3 . 1 . 7

so  t h a t

P (y > 0 ,  y , 9 0 ,  y  < 0 ) -  | . i ( A r C. m p „ -  A r c s in p , , -  A r c i n P„ ) .  . . 3 . 1 . 8  

The o t h e r  terms i n  cqn.  ( 3 . 1 . 3 )  may be d e r i v e d  l i k e w i s e .  A lso

P ( n ( t ) > - ( f + < ) ) "  i U  + e r f ( o 7 ? )l 

P ( n ( t ) 5  - ( f - < ) ) "  i [ l  + e r ^ ( oT?)] 3 . 1 . 9
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P { n ( t ) >  - ( * - * ) ) "  i t 1 -  ....................

p ( n ( t ) >  +(&+'»))'= i I1 - erf
S u b s t i t u t i n g  i n t o  eqn.  ( 5 . 1 . 4 )

P .  ^  [ er f  ( % )  { Arcs in pa -  Arcsinp,,} +

r £ ( - PVl ; ) { Arcs in p(1 + Arcs i n  p , , } ]

3.1.9

++

ClLV W2
3 . 1 . 1 0

Pii i s  th e  sane  as  p, ( r ) , the a u t . - c o r r e l a t i o n  f u n c t i o n  o f  f n <t>.

S i m i l a r l y .  P.. i s  the same as P, ( T * h ) .  Thus ,  n o t i n g  t h a t  X j i t )  ana x 2 ( t . t )

I ; th  have zero mean

^ + + ~ 1 ,
= A [erf  ( Arcsin p / t )  " Arcsin P/(t + A)! +

e r f ( % )  { Arcsin Pf(r) + Arcsin Pf (r+A)]j 3 . 1 . 1 1

rora.
For  the t r i v i a l  c a s e

124

o f  A - 0 ,  t h i s  r e s o l v e s  i n t o  the form e x p e c t e d  fr, 

e q n .  ( 2 . 1 . 8 ) .  For T O .  th e  e x p r e s s i o n  becomes

V>E|( ( , ) .  i [  e r f ^ j i )  * e r f ( % )  * -  e r f ( ^ . ) ]  •

as  compared to

tp. , jO) ( s i n g l e  r e f l e c t i o n ) -  c r f ( f / o J 2 )  ( 2 . 1 . 8 )

As th e  e x t r a n e o u s  n o i s e  n ( t )  t en d s  to  z e r o ,  an i n t e r e s t i n g  e f f e c t  appears,  

t h e  v a l u e  o f  becomes c r i t i c a l l y  dependent  upon v h i t h  o f  P or  ,  i s

t h e  i r e a t o r .  For 0 - 0 ,  i f  »>< . eqn.  ( 3 . 1 . U ,  ' - c o m e s

\ u  ( t; ) b n A r c s in  ( 1)

and i f  i > ^

\\; t ^T)= 4 A r c s in  p^C't+A)
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I„  o t h e r  w ords ,  on ly  the  l a r g e r  o£ the two r e f l e c t i o n s  w i l l  be d e t e c t e d .

The s m a l l e r  one w i l l  be c o m p l e t e l y  m is s e d  and w i l l  have no e f f e c t  what ­

s o e v e r  on the c r o s s - c o r r e l a t o r  o u t p u t .  The c o n c l u s i o n  t o  be drawn i s  

t h a t  s i n g l e - b i t  waveforms s h o u ld  not  be used fo i  s i n g l e  b i t  

c o r r e l a t i o n  r e f l e c t i o n  d e t e c t i o n  in  a p p l i c a t i o n s  where low e x t r a n e o u s  

n o i s e  and doub le  r e f l e c t i o n s  can be e x p e c t e d ,  as t h e re  i s  a d e f i n i t e  

p r o b a b i l i t y  t h a t  the s m a l l e r  o f  the two r e f l e c t i o n s  w i l l  be m i s s e d .  T h i s ,  

i n c i d e n t a l l y ,  a p p l i e s  t o  th e  s i n g l e - b i t  e r c s s - c o r r e l a t i o n  o f  any s e v e r e l y

c l i p p e d  waveform -  pseudo random, s q u a r e , or w h . i t c v t i .

Eqn. ( 3 . 1 . 1 1 )  i s  p l o t t e d  in  F i g .  3-1 fo r  some r e p r e s e n t a t i v e  v a l u e s  

and A. I t  i s  n o t a b l e  t h a t  whenever t h e r e  are two r e f l e c t i o n s ,  

b o t h  z e r o  d e l a y  peaks are  reduced  as  compared t o  the  s i n g l e  r e f l e c t i o n  

peak i n  F i g .  3 - l a .  The w ors t  c a s e  a r i s e s  when 6el  in  w h ic h  c a se  b o th

peaks  arc a p p r o x i m a t e ly  h a l v e d .

3 , 1 , 2  Exten l o t  t c o r r e l a t i o n

S t a r t i n g  w i t h  th e  s p e c i a l  c a s e  o f  T - 0  and assuming t h a t  the t r a n s ­

m i t t e d  waveform i s  c o n t i n u o u s ,  so  t h a t  X j l f t ) -  s g n [ s X p ( t . T ) + d  x ^ t . t . h ) .  

„ ( t > ]  over  the whole c r o s s - c o r r e l a t i o n  i n t e r v a l  0  to  T,  the n o i s e  n ( t )  

w i l l  c ause  an e r r o r  i . e .  cau se  * 2 < t . * t )  t o  have o p p o s i t e  s i g n  t o  * , ( 1 . .  )

when e i t h e r

(a)  U X j C t . v O - d ,  t x 1 ( e . . t * 0 ) “ l  and n ( t p < - ( » + D

(b) e x ^ t . v t W ,  < x l ( t i t T t h ) - ' l  n ( t . ) < - ( f - l )

( c )  » x 1 ( t > T > - l > .  s'Kl n ( t . ) >  (6 -1 )

or  (d) , x , ( t ; + T ) - - » .  I x ^ t . e T . O - l  and n ( t . )  > (» * t>

A s e t  o f  e q u a t i o n s  a n a lo g o u s  to  c q n s .  ( X . l - 1) (P- 1 •> ' bc " r l t t c l  

x ( t . e r ,  and x / t . t i t A ) ,  and from t h e s e  the p r o b a b i l i t y  o f  an even  or  odd

number o f  z e r o  c r o s s i n g s  o f  x ,  in  p e r i o d  A can he e x p r e s s e d  as  l [ l ^ „ ( o ) ]  

and | [ 1 - ^ ) 1 ,  r e s p e c t i v e l y .  U s ing  c qns .  ( 3 . 1 . 9 ) ,  th e  e r r o r  P r o b a b i l i t y  

P v h i c h  i s  th e  sum o f  the p r o b a b i l i t i e s  ( a ) ,  W .  (=> - d  (d) above ,  i s

................ 3.1.13
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Pe .  ( [ l + -*.(&)]  [ 1 -  e r £ ( ^ ) ]  ♦ l l l - X . W ]  I1" c r , ! ^ ) l ' '  '  3 , 1 ‘ U

The mean o£ V . ( 0 , , w h ic h ,  as  d i s c u s s e d  i n  S e c t i o n  2 . 1 . 2 ,  i s  g i v e n  by 

N [ l - 2 P c ] ,  i s  t h e r e f o r e

^ ( 5 ) .  I . N [ » £ ( % )  * e r f ( t i )  -  X t o ) ( « r £ ( ^ )  -  « £ ( ^ ) 1 1  ■

which  i s  the  same as e qn .  ( 3 . 1 . 1 2 ) .  I t  r e s o l v e s  i n t o  th e  forms e x p e c t e d  

from e qn .  ( 2 . 1 . 1 1 )  f o r  th e  t r i v i a l  c a s e s  o f  1 - 0  and h - 0 .  and i n t o  t h a t

e x p e c t e d  from e q n . ( 2 . 1 . 2 0 )  fo r  0 * 0 .

As n ( t )  i s  w ideband ,  th e  p r o b a b i l i t y  o f  i t s  c a u s i n g  an e r r o r  a t

i n s t a n t  t ; i s  indep e n d e n t  o f  t „  and t h e r e f o r e ,  as  d i s c u s s e d  b e f o r e ,  the  

number o f  e r r o r s  o c c u r r i n g  in  the N i n s t a n t s  w i l l  f o l l o w  a b in o m ia l  d i s t r i ­

b u t i o n  w i t h  mean and v a r i a n c e  NPe and N P ^ ) ,  r e s p e c t i v e l y .  As b e f o r e ,  

t h e  d i s t r i b u t i o n  o f  M-.(0) can be d e r iv e d  d i r e c t l y  from t h a t  o f  t h e  number

of errors.
In th e  c a s e  o f  x ^ t )  b e i n g  t r a n s m i t t e d  in  b u r s t s  so t h a t  th e  r e c e i v e d  

waveform c o n t a i n s  both  r e f l e c t i o n s  o n l y  o v e r  p e r i o d  0 to  (T-A) ( s e e  F ig .  

3- 2 ) ,  and o v e r  p e r i o d  (T-A) to  I  c o n t a in -  o n l y  one o f  the r e f l e c t i o n s .

c i o i s - c o f f t U t l e n  I M t i v d l  

   ______i 1

-< S«,l"

— . . .  n i l '

1 <(*̂ 1 ♦ A )•

I
T  B

rettr*nc» vsavelcrm

r ece i ved  w avefurn-

N. J n 2 j
i

IT A)  T

FIGURE 3-2  Zero d e l a y  n r o . . - c o r r e l a t i o n  o f  b u r s t  waveforms.

s x  ( t ) ,  th e  d i s t r i b u t i o n  o f  H . ( 0 )  must be d e r iv e d  i n  two p a r t s .  The ^  

p r o d u c t s  i n  i n t e r v a l  0  t o  (T-A) are  i d e n t i c a l  to  t h o s e  a n a l y s e d  above for  

c o n t in u o u s  waveforms ,  e x c e p t  t h a t  the number o f  e r r o r s  w i l l  have mean 

» P  and v a r i a n c e  The mean o f  the sum o f  the p r o d u c t  terms
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w i l l  be

> V  Nr ^ 4 0 )
3 . 1 . 1 6

The product  terms in  t h e  i n t e r v a l  (T-A) t o  T , j n s t i t u t e  a s i t u a t i o n  

i d e n t i c a l  to  t h a t  o f  t h e  zero  d e l a y  c r o s s  - c o r r e l a t i o n  o f  a s i n g l e  

r e f l e c t i o n  i n  S e c t i o n  2 . 1 . 2  (p .  16 ) .  The d i s t r i b u t i o n  o f  t h e i r  sum can 

be d e r i v e d  from the b i n o m i a l  d i s t r i b u t i o n  o f  the number o f  e r r o r  i n s t a n t s  

i n  p e r i o d  (T-A) to  T which  w i l l  have mean N2 [ le r fc (^ /c r V 2) ]  -  and

v a r i a n c e  N ^ p ( l - p ) .  The mean o f  the product  term sum w i l l  be

>*2= N2e r f ( f i / o J l )
3 . 1 . 1 7

Combining t h e s e  two d i s t r i b u t i o n s  y i e l d s  that o f  4 ^ ( 0 ) .  DllLC"

a t i o n  .asumaa t h a t  th e  two d i s t r i b u t i o n s  are in d e p e n d e n t ,  but  s i n c e  n i t )

i s  t o t a l l y  u r , c o r r e l a t e d  w i t h  x , ( t ) .  t h i s  i s  .  U g i t i n a t a  a s s u c p t i o n .

The mean o f  V .fO )  w i l l  of  c o u r s e  be ( ) y  )*2) •

For It I > 0 ,  the  mean o f  M-,(T) fo r  x ^ t )  b e i n g  t r a n s m i t t e d  c o n t i n u o u s l y

w i l l  j u s t  bo w i t h  N U T )  «  i »  ' I " '  O - i . l l ) .  Where x ^ t )  .»

t r a n s m i t t e d  i n  b u r s t s , the s i t u a t i o n  i s  as  d e p i c t e d  be low;

ctoss-corr*uii on

.it)

1 i ( t i  . T . A )

nltl

r t l f r t n c t  wa vf t o r r n

received wa veform

 :  T "  : :  :
N, tanvplet  . Nj j

(T-t -A) M t )  1

FI GURU 3-3 Croat-c o r r e la t io n  o f  burst wavefoms for h : > 0 .

, r  the  b ,  sam p les  i n  r c g o n  A. x , ( t )  i s  b e i n g  c r o s s - c o r r e l a t e d  w i t h  b o th  

a u c t i o n s  p l u s  n o i s e  so t h e  mean o f  the  sum o f  the  p r o d u c t  terms w t . l

N l , , C t ) v . . . , T , a being as  d e f i n e d  in  e q,  < , 1 , 1 > .  O v e r  r e g i o n  B.



the mean of W.(n) is the sum of these too means since the product terms

in region C have zero mean.
Little can be said about the variance of 'V.(t) for either lurst or

continuous waveform c r o s s - c o r r e l a t i o n .  The fourth otdci women 

occur in its  e x p r e s s i o n  cannot be  evaluated easily- llowevcr,

N dominates the expiession (constituting typically 90 pci cent 

in the variances calculated for the single reflection distributions of 

v,(t)  in Chapter too). One may therefore expect a variance slightly 

greater than N. For T not equal to zero or -6, '. ',(0 h ‘ 'can 

to zero. Each term contributes equally to M'(t) and hence, fo l lo u in g  the 

discussion in Section 2.1.3, the distribution of \p,Ct> will most likely 

tend to normal for 11 large. But it  must be remembered that since all  the 

„ product terms are not identically distributed, the convergence to nor­

m a lity  will not be as rapid as for the single reflection case where the 

product terms were id e n t ic a l ly  distributed.

3 . 1 . 3

in general, i t  will not be possible to derive closed form expressions

like eqn. (3.1.11) for the cross-correlation [unction when mure tl  two

simultaneous reflections are received. The reason is that for more reflec  

tions. multivariate normal distributions of higher order tt™ three would 

be required, and i t  is only in very exceptional circumstances* that joint 

probabilities of the form of eqn. (3.1.8) can be evaluated exactly.

Wideband r .auss ian N o i s e

3

T‘ start with, consider the case where there is no extraneous noise.

+s e e  f o o t n o t e  on p .  29.



Tho c r o s s - c o r r e l a t o r  i n p u t  waveforms are then

x ^ t ) -  s g n [ f n ( t ) ] -  8 g n [ l ^ ] ......................................................................... 3 *2 ,1

x 2 ( t + t ) «  $ g n [ e f n ( t t T ) + 1 £ n ( t + t + f t ) ] -  8 g n [ l 21 ..............................

where £ ( t )  i s  a s  d e f i n e d  in  a l l  the  p r e v io u s  s e c t i o n s .  f n U  + T)

and £ (t+r+A) a r e  a l l  c o r r e l a t e d  G auss ian  random v a r i a b l e s ,  and t h e i r  

j o i n J p r o b a b i l i t y  can be d e s c r i b e d  by a t r i v a r i a l e  normal d i s t r i b u t i o n  

f u n c t i o n ;  hen c e  any l i n e a r  com b ina t ion  o f  them w i l l  f o l l o w  a m u l t i v a r i a t e  

normal d i s t r i b u t i o n .  In p a r t i c u l a r ,  I ,  and I ,  w i l l  be b i v a r i a t e  n o r m a l ly  

d i s t r i b u t e d  w i t h  mean ( 0 , 0 }  and v a r i a n c e s *  l # * , ( f + 2 i p f , W +  : ) s  ^  The 

c r o s s - c o v a r i a n c e  o f  and i s

E ( 1  E { f t f n ( t ) f n ( t + T ) +  1  f n ( t ) £ n ( t + ^ A ) }

-  p s 1 ^  (? )+  i  * XP, ('t + ^
. . . 3 . 2 . 3

■ V (T).........................
N o r m a l i s i n g .

m ! 1 1 -

f A(r ) ♦ ( f   3 . 2 . 4
j f l < I  f/l  P/A) t l 1

Because  , ,  and I ,  are aero mean and b i v a r i a t e  norm al .  t „  P r o b a b i l i t y

. (34)
o f  bo th  b e i n g  p o s i t i v e  i s

. 3 . 2 . 5
P + +“ [ + A r c s i n [ p ^ ( T : ) i .........................

and b e . e e .  a s  b e i o r e .  t h e  c r o s s - c o r r d a t i o .  i u . c t i o n  o« x . W  and x 2 ( « ^ »

18 ,  t i   3 . 2 . 6
e(T)= v  A r c s i n l ^ 1^ v  * * '

C o n s i d e r i . f i  n o .  t h e  e a s e  where wideband O a . s s i a n  n o i s e  . ( « )  f  

p r e s e n t  in x ^ ( t  + - ) ,

f o l l o w s  d i r e c t l y  from v a r { l ) ' *  h ( U  0. )
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x 0 ( t + t ) = s g n [ 0 f n ( t + t ) +  n ( t ) ]

■ sgn  [ v ( t * T ) + n ( t )   ..................................................

( t M )  i s  a  l i n e a r  [ u n c t i o n  o£ and f / t + t m )  and h e n c e  £ „ ( t )  and

.( t „ )  w i l l  be  b i v a r l a t .  n o r m a l l y  o U t r i h u t c d  w i t h  mean [ 0 , 0 ]  and v a r i a n c e  

, where X-  and w i l l  have normalised c r o s s -

' o r r c l a t i o n  f u n c t i o n  , , , ( 3 )  ( s e e  eqn.  ( 3 . 2 . 4 ) ) .  This set up i s  e x a c t l y  

analogous t o  t h a t  a n a l y s e d  in S e c t i o n  2 . 2 . 1  w i t h  « £ „ ( ! - )  r e p la c e d  by  

U( t r r ) .  T h e r e f o r e  the c ro s .- c o r r e l a t i o n  f u n c t i o n  o f  x ^ t )  and 

in cqns. ( 3 .2 .1 )  and ( 3 . 2 . 7 ) .  r e s p e c t i v e l y ,  can he w r i t t e n  down d i r e c t l y  as

(n)" i  AlCsin J x r ( ^ f  ' / ° l / lT)J ........................ 3 ‘ 2 ' 8

v  i s  p l o t t e d  in  F i g .  3 -4  f o r  some r e p r e s e n t a t i v e  v a l u e s  o f  S .  a ,  o .

. I d  A. T h es e  have been  c h o s e n  to  correspond  t o  t h o s e  used  in F i g .  3-

f o r  c om p ari son  p u r p o s e s . •

The p e a k s  in  the  c a s e  o f  a n a lo g  r e f l e c t i o n s  are lower  and l e s s  w e l l -

t i o n s .  e n d  under th ese  conditions analog waveforms offer  a d i s t in c t  ^

a d v a n t a g e .

‘ The a u t o - c o r r e l a t i o n  f u n c t t o n ^ f  ^  ( p . u 6 , .
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d i s t r i b u t i o n .  Once ? c i s  f o u n d ,  t h i s  d i s t r i b u t i o n  i s  c o m p l e t e l y  d e f i n e d  

and the  d i s t r i b u t i o n  o f  ^ ( O )  can then be d e r i v e d .  In a l l  the  p i e v i o u t  

a n a l y s e s , t h e  mean o f  ^ ( 0 )  , as  c a l c u l a t e d  by f i r s t  d e r i v i n g  ? e , has  

turned  o u t  t o  be o f  t h e  form N. V , , ^ 0 ) , as e x p e c t e d ,  t h e re b y  p r o v i d in g  a 

che c k  on t h e  d e r i v a t i o n  o f  XV^. R evers ing  t h i s  p r o c e s s ,

N

XV,(0) - E [ Z ^ x 1 ( t . ) x 2 ( t i ) ] 

-  N . X V . ^ O ) ....................
3 . 2 . ?

where \ ^ [ 0 )  i s  as  d e f i n e d  in  eqn.  ( 3 . 2 . 8 ) .  Th is  i s  r e l a t e d  to  ^  by

*Vt(0)= N - 2NP(

nd hence
3 . 2 . 1 0

I,us th e  d i s t r i b u t i o n  o f  M-„(0> ton now be d e r i v e d  as b e f o r e .

For b u r s t  waveform c r o s s - c o r r e l a t i o n ,  the d i s t r i b u t i o n  o f  V.CO) ta n  

.ga in  be c o n s i d e r e d  i n  two independent s e c t i o n s  ( F i g .  3 - 5 ) .  The

'■* AT!

»,|t)

»SU) •

n f  U

rtftftnct

t e c #

• f-■ o
K, ismplfi ! N2 

IT-A)
Nn !

FIGURF. 3-5 Burst waveform cross-correlation with t .0 .

turn o f  t h e  Nl  p roduct  t erm s  w i l l  be
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. . . .  3 . 2 . 1 1
/ V  Nr  2Nl Pe ...................................

Over p e r i o d  (T - f  t o  T, th e  s i t u a t i o n  i s  i d e n t i c a l  t o  t h a t  . n- . l>se  

S e c t i o n  2 . 2 . 2  f o r  t h e  d i s t r i b u t i o n  o f  

N,, product  terras w i l l  be

^ 2 "  N2 . |  A r c t a n ( p s / o )  ( 2 . 2 . 1 2 )

T K . . e  two d i . t r i b v - . i o n s  may,  d u .  t o  t h e  natu r e  o f  n ( t ) .  r e a s o n a b ly  be  

assumed t o  be in d e p e n d e n t ,  and a , y  t h e r e f o r e  be combined d i r e c t l y  to  gave

t h e  d i s t r i b u t i o n  o f  ^ ( 0 ) .

F0I , 0 0 ,  the mean o f  W .( t )  f o r  c o n t in u o u s  waveform c r o s s - c o r r e l a t i o n

w i l l  be w i t h  XP...M as Ei v e n  by eqn.  ( 3 . 2 . 8 , .  As m ent ioned

e a r l i e r ,  f  ( t )  and « < f t >  have a ze ro  mean b i v a r i r . t e  normal j o i n t  d r s t r t -

b u t i o n  f u n c t i o n ,  and h e n c e ,  as f o r  a l l  such v a r i a b l e s ,  t h e  p r o b a b i l i t . e s

t h a t  b o t h  are  p o s i t i v e  or  n e g a t i v e  arc  equal  ( F i g .  3 - 6 ,  s i n c e  t h e  d r . t r z -

b u t i o n  i s  s y m m e t r i c a l .  There i s  no r e ason  why t h i s  syn t te try  s h o u ld  be

PIGURK 3-6  Zero  mean b i v a r i a t e  normal d i s t r i b u t i o n  (p la n  v i e w ) .

u p se t  by the  a d d i t i o n  o f  an i n d e p e n d e n t ,  s y e a a e t r i c a l , z e ro  mean, norm al ly  

d i s t r i b u t e d  random v a r i a b l e  n ( t , h  T h e r e f o r e ,  s e t s  o f  e q u a t i o n s  r e  

e q n , .  ( 2 . 1 . 3 ,  (P-  15) can be w r i t t e n  fo r  x , ( t , -  . g n [ ( „ ( t , l  

fur  x , ( t ,  and x , ( f " ) -  s Sn [ w ( t e r , *  n ( t , j  , and f o r  x ? ( « ,  and •

" s e e  Note 1 at  the end o f  Appendix D, (p .  H 2 )

i f - : 01

«



these can be solved for the probabilities of even or odd nuiduis 

crossings of the waveforms in terms of M'., (eqn. (2.L.7)), 1 1 i>qn' (3 

and X(Appendix M), and thus the variance of Y.CO can hc ^ !lLulaud ‘rotn 

eqn. ( 2 . 1 . 1 9 ) ,  again assuming that the number of zero cio.sing 1^

or x?(t + T) in any interval is independent of tin* number in any

o v e r l a p p i n g  i n t e r v a l .

For burst waveform cross-correlation, the mean o£ v ,<  ) • u

Uted as the sun of the means ot the tJ, and Nj product term suns in

F i g .  3 - 7 ,  and it. thus

. . . 3 . 2.12

tross-cwreUti»n interval

HA—** t-

A : B i C
N,  s a m p l t l  ! N j  I

(1-1 A) i l -t l  1

(U

t'**1
• • •  ♦ nit)

r e terence w i v t f a rm

received wa>etcr*n

- c o r r e l a t i o n  for I t I > 0 .
FIGURE 3 -7  Burs t  waveform c r o s s

. e r e  C O )  nnd IF.:.'/,) ore as  d e f i n e d  i n  e , n s .  ( , 2 . 8 ) a n d  C . a . D .  

r e s p e c t i v e l y . The N , and ^ p r o d u c t  t e r n  sums cannot  be a ssu .e  , to c 

t o t a l l y  i n d e p e n d e n t ,  and so i t  i s  n o t  r e a s o n a b le  to c o n s i d e r  them se p -r

t o - n o i s e  r a t i o s  between t e r o  and i n f i n i t y .  The d i s t r i b u t t o n  can  

e x p e c t e d  t o  t en d  to  normal as %
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3 . 2 . 3  E x t e n s i o n  to Mor<

I n  t h i s  c a s e  on e x t e n s i o n  o f  the th e o r y  to  the d e t e c t i o n  o f  nort  

han two s i m u l t a n e o u s  r e f l e c t i o n s  i s  p o s s i b l e .  The re ason  i s  t h a t  the  

um 0 f n l i n e a r l >  a t t e n u a t e d  Gaussian waveforms w i l l  be a normal1> d i s t r i  

,u t c d v a r i a b l e  ( i . e .  i n  e qn .  ( 3 . 2 . 2 ) )  whose c r o s s - c o v a r i a n c e  w i th  ^  

in e qn .  ( 3 . 2 . 1 )  can be d e r i v e d  as i n  cq n s .  ( 3 . 2 . 3 )  and ( 3 . 2 . A ) . The 

h e u r i s t i c  d e r i v a t i o n s  of  the  c r o s s - c o r r e l a t i o n  f u n c t i o n  in  the p r e s e n c e  

o f  n o i s e  n ( t )  can a l s o  be a p p l i e d .  As the  number o f  r e f l e c t i o n s  i n c r e a s e s ,  

so  th e  h e i g h t s  o f  the i n d i v i d u a l  c r o s s - c o r r e l a t i o n  peaks  w i l l  drop ,  s i n c e  

e a c h  added r e f l e c t i o n  e f f e c t i v e l y  d e c r e a s e s  the input  s i g n a l - t o - n o i s e  

t , t i o  a t  t h e  z e r o  d e l a y  i n s t a n t s  o l  th e  o t h e r  r e f l e c t i o n s .

With c o n t i n u o u s  waveform c r o s s - c o r r e l a t i o n ,  an a n a l y s i s  s i m i l a r  to  

t h a t  above  may be made o f  the  d i s t r i b u t i o n s  o f  * . ( 0 )  and V . M ;  r ,

t h i s  w i 11 be p r o p o r t i o n a t e l y  more messy and l e s s  a c c u r a t e  w i t h  i n c r e a s i n g  

c o m p l e x i t y  or t h e  r o c - i v c d  waveform. With b u r s t  waveforms ,  th e  p r o b l c  

t  above w i t h  th e  d i s t r i b u t i o n  o f  W , 0 ) ,  t h a t  of  th e  com b ina t ion  o f  the

c a s e  f o r  th e  d i s t r i b u t i o n  o f  V . ( 0 )  as  w e l l ,  and s o  l i t t l e  o t h e r  than 

, h ,  d i s t r i b u t i o n s  can be r e l i a b l y  e s t i m a t e d .

me

non

no nn



EXPERIMENTAL I'SUITS

For the  v e r i f i c a t i o n  o f  th e  th i . - r y  o f  Chapter two,  the d e t e c t i o n  

chcr.cs a n a l y s e d  were s i m u l a t e d  as  p r e c i s e l y  as  p o s s i b l e  us m e  a s p e c i a l l y  

u i l t  d i g i t a l  ; i n g l e - h i t  c r o s s - c o l  r e l a t o r .  The d e s i g n  and c o a s t r u e t i - n  o 

he i n s t r u r m t  arc d i s c u s s e d  i n  Appendix T ( » .  H A ) .  As s t a t e d  in  Chapter  

n e ,  t h e  o r i g i n a l  a p p l i c a t i o n  i n te n d e d  fo r  the d e t e c t i o n  method was to  

[ c a u s t i c  r e f l e c t i o n  m easurem ents ,  and t h e r e f o r e  i t  was d e c id e d  to  use  a 

, o i s c  s i g n a l  h a v i n g  a bandwidth o f  a p p r o x im a te ly  aero  t o  20 kHz. S e r i a l  

, r „ c e „ i n g  was chosen  fo r  economy o f  c i r c u i t r y .  One , th e  maximum number 

of  s a m p l e ,  had h, an chosen  as  2C'„ th e  speed  o f  th e  TTL c i r c u i t r y  a v a i l ­

a b l e  a t  th e  t im e (20  Mila f o r  9328 s i x t e e n - b i t  s h i f t  r e g i s t e r s )  

maximum c o r r e l a t i o n  and hence  s i g n a l  sampling  r a t e  ( . / * « )  «  80 k , „ .

■,.,.1  ,h .  Deteetion_and-j[olne_Aiarm_Frolwibilitias

by counting th e  number o f  t im es  H ,  in a t o t a l  m . b e r  o f  e r a s .
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gave the probability of being equal to h, or in other words, tne

discrete probability mass function of ^ ( x ) , P t̂h) . Successive thresholds 

were spaced at intervals of two, corresponding to the smallest possible 

change in ^ ( t ) .

It may be noted here that P (^(t)  > h) - P^V,("0  ̂h+2j is the piubaoil 

ity that \V„(t) is equal to h and not (h+1), as this is impossible, thus 

the theoretical value for cases where the discrete mass function is 

approximated by a continuous density function would be e v a l u a t e d  a s  the 

integral of the continuous cumulative distribution function iron (h 1) 

to (h+1), and not from h to (h+2).

A .2 Choice  o f  De l a y s  t  at which t o  Take Readings

The choice of t-0 os one of the delay, at which to take readings 

was obvious, as this yield, the distribution of the cross-correlation peak 

and hence the detection probability The other value of r chosen was

is /2 , ,  (Fig. 4-1). as this gives virtually the highest value of V.M

fro, the central peak and hence intuitively offers the west 'dangerous’
“b

nwav

v.iol

fralit Aicm

In — w,T —• 
Ul«Zn?0

4113r

o.sri < i ime alarm p r o b a b i l i t i e s #  
FIGURE 4 -1  Measurement ° f  j c t e c t i u n ^  , £requ(ncy  s p e c t r u n  f .om

The Gauss i an stg ' », (t>-
zero to nz’
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f a l s e  a larm  p o i n t . S e c o n d l y , f o r  ? much l a r g e r ,  ) f a l l s  r a p i d l y  to

z e r o  and e r r o r s  in  the p r e d i c t e d  mean v a l u e  would be l e s s  apparent .  

T h i r d l y ,  f o r  T » 0 ,  the  d i s t r i b u t i o n  o f  'I'tCO ten d s  more and more to  a 

ze ro  mean normal d i s t r i b u t i o n  which i s  independent  o f  t .

4 . 3  P r a c t i c a l  L i m i t a t i o n s

As s t a t e d ,  the p r o b a b i l i t y  mass f u n c t i o n  o f  i s  d e r iv e d  by

s u b t r a c t i n g  s u c c e s s i v e  v a l u e s  o f  i . e .

Pv ( h ) -  < * „ - lW /1,R ‘  ‘ V r ..................................................... * ' 3 . 1

The v a l u e  o f  p^thi  s e t s  the l o v e r  l i m i t  on NR b e c a u s e ,  fo r  example ,  i f

p ( h ) -  10- 3 , then  hj must be g r e a t e r  than 10* in  order  t o  be a b l e  to

d e t e c t  t h e  d i f f e r e n c e  between Nh and In  theory  t h e r e  i s  no upper

l i m i t  on th e  v a l u e  o f  NR; how ever ,  c e r t a i n  p r a c t i c a l  l i m i t a t i o n s  were

e n c o u n t e r e d .  D i f f i c u l t i e s  a r o s e  in  o b t a i n i n g  p r e c i s e  r e a d in g s  o f  on

the  upp, ■ t a i l s  o f  the d i s t r i b u t i o n  where Nh. 2 and ANh were very  small

compared t o  1IR, and where ah'h was o f  the same order  o f  magnitude  as K,,

and N . To g e t  p r e c i s e  r e a d in g s  on t h e s e  upper t a i l s  r e q u i r e d  e x tr e m ely  
h+2

t i g h t  c o n t r o l  o f  param eters  such  as the  dc d r i f t  in  th e  ou tput  o f  the  

o p e r a t i o n a l  a m p l i f i e r  f e e d i n g  the sum o f  s i g n a l  p l u s  n o i s e  to  th e  compar­

a t o r  whose o u t p u t  was x , ( t . t ) .  The output  o f  t h i s  comparator (uA 710C) 

changed s t a t e  o v e r  an in put  range o f  2 mV. The o p e r a t i o n a l  a m p l i f i e r  

f e e d i n g  i t  (RCA 3 0 1 3 ) .  chosen  f o r  i t s  wide bandwidth ,  d id  not  have very  

low d r i f t  c h a r a c t e r i s t i c s ,  and cou ld  d r i f t  by up to  10 mV i f  l e f t  f o r  over  

f i v e  m i n u t e , .  T h i s  d r i f t  was found t o  be enough t o  u p s e t  the r e a d in g s ;  

f o r  exam p le ,  in  t h e  c a s e  o f  the . 0 0  sample c r o s s - c o r r e l a t i o n  d e t e c t t o n  o f  

an ana log  G auss ian  r e f l e c t i o n  in  wideband n o i s e ,  ( e s / o ) -  1 . 0 .  - t h r e s h o l d

c h e c k in g  a f t e r  t h e  r e a d in g  AO was o b t a i n e d ,  i t  was d i s c o v e r e d  t h a t  t h e



dc l e v e l  o f  t h e  o p e r a t i o n a l  a m p l i f i e r  had d r i f t e d  up. A f ter  r e s e t t i n g  i t ,  

th e  v a l u e  53 was o b t a i n e d .  (The AO was o f  c o u r s e  n e g l e c t e d ) .  When i t  i s  

c o n s i d e r e d  t h a t  the mean o f  was 2 6 ,  i t  can be s e e n  t h a t  the  dc d n r t  

caused  a change  o f  a p p r o x i m a t e ly  50 per c e n t  in  AN^. As the- output  of  the  

o p e r a t i o n a l  a m p l i f i e r  was a random waveform whose dc l e v e l  v a r i e d  about  

z e r o  w i t h  t i m e ,  i t  was i m p o s s i b l e  to  m oni tor  th e  dc d r i f t  dur ing  the  

c o r r e l a t i o n  runs and a d j u s t  i t  when n e c e s s a r y .  The o u tp u t  amplitude of  

th e  o p e r a t i o n a l  a m p l i f i e r  was l i m i t e d  by the bandwidth r e q u ir e m e n ts  and 

c o u ld  n o t  m er e ly  be i n c r e a s e d  i n  an a t tem pt  t o  min imise  the r e l a t i v e  e f f e c t

o f  the  dc d r i f t .

The o t h e r  param eters  t h a t  had to  be t i g h t l y  c o n t r o l l e d  v e r e  t h e  s i g n a l  

and the a d d i t i v e  wideband n o i s e  a m p l i t u d e s .  With m s  am p l i tu d e s  o f ,  f o r  

example ,  one v o l t ,  changes  o f  50 mV i n  e i t h e r  ampli tude  caused  n o t i c e a b l e  

changes in  th e  ^  r e a d i n g s .  However, a s  b e f o r e ,  i t  was o n l y  vh n t h e  

r e a d in g s  were small  t h a t  e r r o r s  in  6 ^  became l a r g e .  For i n s t a n c e ,  a 

change o f  50 mV in  e i t h e r  am p l i tu d e  h a l f  way through a run c ou ld  change  

Nh r e a d in g s  from around 5300 t o  5600,  or from 6Cj to  700 s u d d e n ly ,  the  

e f f e c t  o b v i o u s l y  b e i n g  more d e t r i m e n t a l  in  the l a t t e r  c a s e .  Thus b e f o r e  

and a f t e r  e v e r y  r un ,  the  m s  v a l u e s  o f  th e  s i g n a l  and n o i s e  a t  th e  output  

o f  the o p e r a t i o n a l  a m p l i f i e r  were  checked  as  w e l l  as  the dc d r i f t ,  and 

the in p u t  s i g n a l  and n o i s e  m s  a m p l i t u d e ,  were m onitored  c o n t i n u o u s l y .

F o r t u n a t e l y ,  in  t a k i n g  r e a d in g s  o f  \  a t  a p a r t i c u l a r  t h r e s h o l d ,  i t  

was found t h a t  n o t i c e a b l y  h ig h  or  low r e a d in g s  cou ld  be c o n s i s t e n t l y  

t r a c e d  t o  one o f  th e  above param eters  h a v in g  changed.  S c r e e n in g  o f  the  

odd h ig h  or  low r e a d in g  n o t  a t t r i b u t a b l e  to  any d r i f t  or m i s - s e t t i n g  i s  

d i s c u s s e d  i n  the n e x t  s e c t i o n .  L i t t l e  t r o u b l e  was encou n te re d  w i t h  

r e a d in g s  a t  the low end or  th e  middle  o f  the mass f u n c t i o n  o f  V . M .

N, and AX were no t  b o t h  very  sm al l  compared t o  NR.

N h i d  t o  be chosen  la r g e  enough to  g i v e  the r e q u i r e d  r e s o l u t i o n

t h e  d i s t r i b u t i o n  t a i l s ,  but  n o t  so  l a r g e  t h a t  u n p r e d i c t a b l e  d r i ' t s

where N^ and AN  ̂

Hence

Kh on
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o c c u r r i n g  d u r in g  the run c o u ld  render  a l a r g e  p e r c e n ta g e  o f  the read in gs  

u s e l e s s .  I t  was found t h a t  NR=* 105 gave the b e s t  compromise,  and i t  was 

f e l t  t h a t  i f  t h e  theory  and e xper im en t  agreed down t o  10 p r o b a b i l i t y  

mass f u n c t i o n  l e v e l s ,  t h i s  was s u f f i c i e n t  to  v e r i f y  the  t h e o r y .

Each o f  t h e  105 c r o s s - c o r r e l a t i o n s  i n v o lv e d  f e e d i n g  100 or 200 samples  

i n t o  th e  s h i f t  r e g i s t e r s ,  c r o s s - c o r r e l a t i n g  th e se  s i x  t im es  m  the  i n t e r  

v a l s  be tween th e  next  s i x  sam p l ing  i n s t a n t s  of  the r e c e i v e d  ^ o v e f c m  

x ^ t  + t ) ,  and n o t i n g  whether  the  v a l u e s  o f  4 ,» (D  e x c e e d e d  th e  t h r e s h o l d  h 

f o r  t h e  two c h o se n  d e l a y s  r-O and Hence eac h  c r o s s - c o r r e l a t i o n

o p e r a t i o n  to o k  ( 1 0 0 / 8 0 + 6 / 8 0 )  as i . e .  1 . 3  ms f o r  100 samples  and 2 . 6  ms fo r  

200 .  The run o f  IQ5 o p e r a t i o n s  thus  took four  or s i x  m i n u t e s ,  r c s p c u t i x  e.l>, 

t a k i n g  i n t o  ac c o u n t  t h e  t ime n e c e s s a r y  t o  n o t e  th e  v a l u e s  of  check the  

o p e r a t i o n a l  a m p l i f i e r  o u tp u t  dc l e v e l ,  s i g n a l  and n o i s e  a m p l i t u d e s ,  r e s e t  

i f  n e c e s s a r y  and s t a r t  a g a i n .  On av e r a g e  a t  l e a s t  four  t o  e i g h t  l e a d in g *  

were n e c e s s a r y  fo r  each  t h r e s h o l d  s e t t i n g ,  and t en  to  t w i t e  > or those  

t h e  upper t a i l s  o f  t h e  d i s t r i b u t i o n ,  b e f o r e  a d e f i n i t e  average  c o u ld  be 

d i s c e r n e d ,  s o  t h a t  one p r o b a b i l i t y  mass f u n c t i o n  p o i n t  f o r  a p a r t i c u l a r  

t h r e s h o l d  and s i g n a l - t o - n o i s e  r a t i o  took  some AO to  90 m inu tes  

( o r  100 s a m p l e s ,  and betw een  80 m in u te s  and t h r e e  hours  f o r  200 sam p les .

I t  was d e s i r a b l e  t o  take  a l l  th e  r e a d in g s  o f  and 

to  work out  one p r o b a b i l i t y  mass f u n c t i o n  p o i n t  i n  one go and on th e  same 

d ay ,  as  s e t t i n g  up th e  i d e n t i c a l  v o l t a g e  l e v e l s  t h e  f o l l o w i n g  morning  

Eo™=timeS proved  e „ r e m e d y  d i H i o u l t .  U  »=» n o t  t h a t  the  re a d in g s  changed 

r a d i c a l l y ,  b u t ,  f o r  e x a m p le ,  t h e  r e a d in g s  in  the e v e n in g  c ou ld  he

N30-  52530 1N„ , .  295

N32= 52633
30

and the n e x t  morning

N30" ', 3 3 0 °  a N™= 288

N32= 53062
30
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,v l n t o 8  ana more o e r e  r . u i r e a ,  e  , r  oC t ime „ »  - t e d  in  K e v i n ,  to  t . e  

e d d i t i - n a l  r e a d i n g s  o f  a s  a checK, as  w e l l  as t a k i n g  th e  n e c e s s a r y

r e a d i n g s  o f  WitK NR-  1=6 , i t  proved  v i r t u a l l y  im p o s s .K ie  t o  take

a l l  t h e  n e c e s s a r y  r e a d i n g s  f o r  one mass f u n c t i o n  p o i n t  i n  day.

u h i c h  c o n f i d e n c e  l i m i t s  c o u ld  he  e s t a b l i s h e d  and from which dubious  r e s  -  

i n g s  c o u ld  be d e l e t e d  and r e t a k e n ,  than t o  have one r e nd ing  Cot , R:::r=::r»::r::r:r r : r r : r : ,  
-:r::::rrrr::,:=

_ v .  Xmnrl and c h e c k i n g-«  i n a
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parameters, more readings were taken and i f ,  after seven or eight readings,

a  correspondingly low or high reading was obtained, both readings were

a c c e p t e d .  If no complementary reading occurred and the rest of thi read

ings were grouped closely, the extreme value was neglected as a low

probability ' ta i l  of distribution' value. In doubtful cases a X -test 

was performed. If the Nh values varied over a wide range, the n u m b e r  of

readings taken was increased.
For example» the ar.d « 62 readings for the 200 sample cross-

correlation detection of an analog reflection corrupted by wideband noise,

(ps/o)= 0.8, were:
N, ** 97263.3

N6 o : 97284, 97248, 97258 60

( T :  96211, 96433, 96665, 96420, 96444, 96703, 96583. >6612, 9642:,

62 N62= 96499.5

Mean difference: 763.8 90 per cent confidence interval: 594.7 -  933.0

Here the readings of N* were extremely close and so fewer were taken

than fcr
The N. and readings for the 200 sample cross-correlation detec­

tion of a single-bit reflection corrupted by a random phase,3903 Ha sir ,

wave, (9/A)" 0.309, were:
N i o '  9 7 3 5 3 ,  9 7 3 6 8 ,  97355 973,0.0

N • 96344, 96463, 96474, 96380, '.'6 327 NU
x l  d i f f e r e n c e :  95 2 .4  90 p e r  cent c u n f id e n c c  in terv a l :  8 64 .4  -  1020.4

The wider range in the values of in the previous example compared to

that of the Kl2 values in this one is reflected in the wider confidence 

interval in that case, even though more readings were te en o. * '=

of
Another example, t h i s  time from the H, readings for the detection

’see next section for method of evaluation
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s a m p l e s , ( p / A ) = 0 . 8 0 9 )  i s :

N12: 26187, 26741, 26679, 26733, 26736

The starred value clearly does not fit  in with the rest and could have 

resulted from a momentary drift in some parameter or else be a 'ta i l  o£ 

distribution' value. As no complementary value occurred and tnc rest 

the values were closely grouped, the reading was neglected and retaken.

A typical example of a complete set of experimental readings, includ­

ing the ones that were screened out for one of the reasons described above,

is aVt-n in Appendix N (p. 177).

4• 5 Evaluate  -f  fhr Confidence Intervals

The Central Limit Theorem in the form discussed by Feller( 1 provides 

the justification for using the t-tes ,  to evaluate the confidence limits 

„£ the difference between the man values of the \  readings. He showed 

that i f  in a fixed nmber of trials n, a recurrent event c occurs N. times, 

then i f  Nn may be considered random (not necessarily independent), - U  

tend to normal os n tends to infinity. Regarding ,  as the event v,(r)  

and n- N ■ l . \  corresponds to and hence tends to normal for large 

„ . A180, because the mean values of and are in general Cose,

ft is reasonable to assume that the distributions of N„ and ^ , 2  should 

have approximately equal variances; hence the two conditions 

the t-test  are satisfied and it may be applied to finding the confidence^ 

interval of the difference between the readings of N, and hh<2, 8 ving

Limits of (C -  \ t2>-*1 " x2 1 'l-(a/2).m«n-2'
............................  4 . b . l

„  a confidence level of d - )  U -  =.95 "  ^
confidence limits), where l „ . )  and (x ,J  are the readings of \  ^  V f  

respectively, and ^  and ^  are the mean values of H, and Hh, 2 ealeulated
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froB  t h e  r e s p e c t i v e  s e t s  c£ r e a d i n g s ,  m and n are  th e  n » h e r s  a£ r e a d in g s  

o f  Hh and Hh t 2 . r e s p e c t i v e l y ,  s o  t h a t  th e  nunher o£ d e g r e e s  o£ £ r e ed c 0  i s

( m + n -2 ) .

The v a l i d i t y  o f  the  a s s u m p t io n  o f  equal  v a r i a n c e s  f o r  the se  n

and N ,  r e a d in g s  i s  d i s c u s s e d  i n  Appendix 0 (p .  I:'1' ) ,  and „ l u . n a t i v e  

m ethods^of  e v a l u a t i n g  the c o n f i d e n c e  i n t e r v a l  o f  th e  d i f f e r e n c e  be tween  

th c  means are  d i s c u s s e d  and shown to  g i v e  r e s u l t s  c o m p a t i b l e  w i t h  the  

t - t e s t  r e s u l t s .  Thc a p p l i c a t i o n  o f  th e  t - t e s t  to  the  odd few s e t s  o f  

r e a d i n g s  t h a t  q u i t e  o b v i o u s l y  d i d  n o t  have e qua l  v a r i a n c e s  i s  a l s o

c o n s i d e r e d .

4 .6  The N o i se S i gnal  t n ( l )

G a u s s ia n  n o i s e  h a v i n g  a f l a t  f requency  spectrum  from r c ro  t o  approx­

i m a t e l y  20 kHz was chosen  as  th e  s i g n a l  w i th  which t o  v e r i f y  th e  t h e o r c .

i c a l  a n a l y s i s  o f  th e  c r o s s - o o r r c l a t o f s  p e r f o m a n c e .  a l th o u g h  had so c

o t h e r  l o w - p a s s  f i l t e r e d  C a u s s i a n  s i g n a l  been c h o s e n ,  th e  theory wou

21 k„ z . and t h i s  v a i u e  was used  i n  a l l  the t h e o r e t i c a l  p r e d i c t i o n s .
use

as

4 . 7  Pi f s e n t  at  ion o j  ’• • . j  '

o f  pJ h ) ,  the d e t e c t i o n  p r o b a b i l i t y  l’D, ana 

taken f o r  100 and 200 sample cros:
E x p e r i m e n t a l  r e a d i n g s  o f  Px,l

the f a l s e  alarm p r o b a b i l i t y  PpA wvH

b u r s t - t y p e  s i n g l e - b i t  bandl im ited  Caussian s i g n a l s ,  th e

*8e« Appendix A, (p« 1()-^
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r e f l e c t i o n  being corrupted by wideband Gaussian noise (Sections 2.1.1 

and 2 . 1 . 2 ) ,

(2) with continuous analog Uandlimited Causa tan s igna ls ,  the re f lec t ion  

being corrupted by wideband Gaussian noise (Sections 2.2.1 and 2.2.2) and

(3) ulth continuous s in g le -b i t  band limited Gaussian s igna ls ,  the reflec­

tion being corrupted by a random phase sine wave (Sections 2.3.1 and 2.3.2). 

The frequency of the sine wave was chosen as 3903 Hz because this gave 

approximately twenty sampling instants  per sine wave p. n o d ,

m_noisc ratios chosen resulted from the theoretical calculations being 

carried out for zero to ten samples per error zone period (period t ,  in 

F i g .  2-7, p. 34), for the sake of simplicity.

h * f i , o M o l  a * ' ,  i V H l / C  ' M e n

v e i l i c o l  < u n  16 /dWi i i e"

„ „ . . .  ■“  — —    ....



points. In sumc cases it  was not possible to plot all the e x p e rincntal 

v a l u e s  without causing congestion; however, they are all tabulated in  

Appendix P, p. 132. The 90 per cent confidence limits are denoted by 

vertical bars drawn through the points, ($). Where e x p e r i m e n t  a, points 

are very closely spaced, the limits have not been inserted on every point, 

but only on more widely spaced points spread across the distribution.

Readings c o u l d  n o t  be taken f o r  a l l  s i g n a l - t o - n o i s e  r a t i o s  and so  

s p e c i f i c  v a l u e s  were c h o s e n ,  f o r  example 0, 0.1, 0. >, 1.0, and infii.it>

I t  i s  highly unlikely that the theory would hold for the sp o t  v a l u e s  o n l y ,

and not for the rest. Nevertheless, as a check, in the case oi the 100

sample cross-correlation detection of a single-bit reflection corrupted

by wideband Gaussian noise, closely spaced readings of P{

taken for ($/o) equal to 0, 0. ! ,  0.2,  0. ■>, . . .  1.0, and infinity,

the rest, more widely spaced point* spread across the distributions were

p ic k e d  a t  random.

The voltneter conver.ic factors necessary to read the true values

of s, c and and the actual values used in taking the experimental

readings are given in Appendices Q (p. 135) and R (»• 136). respectively.



72

40 60 60 70

Threshol d  ( h )



73

a

n10

e
CL

SO

Threshol d (h)

new. 4 . 4  Probabi  l i  ty
= r b ^ i r b " a a , l n o i . ; : - ( - - 5w a % , .

I



0 10 20 30 40 50 "V
T h r c s h o '

• 9,9

• 91 
•  9

• 1

70

U.

0,01

0,01

FIGURE 4 -6  F .1 .R  . U m  * W » «
G a u s s ia n  r e f l e c t i o n  c o r ru p te d  i y
c r o s s - c o r r e l a t i o n ) •



75

1

1

•9-
Q-

1/1U1ro

nro
ou
Q-

(Mo)

ieo

Thres hol d  (h)

• a s .
i r l r h n n d  Ga i r  i i a o  n o i ^ t  .



VI

o
%

nre
r ,
£

CL

76

x;

n.

Thrs: ':0! d

w ideband G au s s i  t n o i s e . "  b '

I

1

V



2 0  «t0 60  80 100 120 140 160 HO 200
Th re s ho l d  ( h )

n r  - "  4 - 9  D e t e c t i o n  p r o b a b i l i t i e s  o f  a s i n g l e - b i t  Gauss ian  r e f l e c t i o n  
t ed  by wideband G auss ian  n o i s e .  (2C0 sample c r o s s - c o r r e l a t i o n ) .

es

70

10

0,05

100800,001 40  50

T h r e s h o l d  ( h )
20

c r o s s - c o r r e l a t i o n ) .



78

-9-
CX

V)tnro
:•

IC
Ov
CL

IP'MI

10 50 60 70

Threshold (h)

• „ nr d, fO) Cor the 100 sample cross-
FIGURE 4 - 1 1  P r o b a b i l i t y  ^ " ^ l l o ^ G a u S s i a n  r e f l e c t i o n  corrupted  by w id e -  
correla t i o n  d e t e c t i o n  u <‘ • 1

H - S E J B a ' s - s  : r

I



78

x:
-»

CL

1/1
V)ro
%

oL
CL

(

10 10 10 ?0

Threshold

, l

, ,,, zn) f o r  t h e  100 sample  c ro s s*  
RE 4-11  P r o b a b i l i t y  " ' • “ ^ ' c a S I . U n ' . ' c t l c c t i o n  c o r r u p t e d  by v i d e -  
e l a t i o n  d e t e c t i o n  of  an a n a l o g

a  • iE B ;a‘=.n; ;:s: x.:s.":s--



P
ro

b
a

b
iI

It
y

 
M

as
s

79

r.
a.

60

Thres ho l d  (h)

n f  d, ( i )  f o r  t h e  100 s a m p le  
FIGURE 4 -1 2  r t o b a b i l i t y  r e £ U c u o n  c o r r u p t e d



so

95
SO

JO

so

10

0,0 5 

0,01

90700,001

99 1

> 95
4- 90

r> 70n
Ao 50
L

CL 30
E
IV 10

< $

ffi
VI 1
ro 0 5

u .

99,9 99 I I I I" I ! I 1 ' " I

99,99

1 , - 5  I . O . ®

Thres hol d  (h)

1 ,.v ; 1 i r i o s  a t  de lay  t»  5r /2ub o f  an ana log  
FIGURE 4 - 1 4  F a l s e  alarm V’- 1’ wideband Gaussian n o i s e .  (100 samp
Gaussian  r e f l e c t i o n  c o r r u p te d  y
c r o s s - c o r r e l a t i o n ) •



81

-d-Cl

VIVI
>

niOn
2
CL

( » » / « • )

Threshold (h)

and Gaussian n o i s e



82

C L

•o604010

Thresho ld  (h)

Z S Z i l *  1 o '  T « X : %
id Cause ian  n o i s n .  ( t" 5"/2u>b ) .



83

so

so
30

to
>- 5.0

2 :318C16014060 100 120  

Threshol d  (h)
40

5SS,CSS'SS.“6 0 , ,s e i « $ .

ss
so

70

so

30

U.
0,05

0,01

100700,001 40 50
Threshol d  (h)

20

<20°  5" ' p U
1 it 11-! n ) ■



Thre s ho l d  j

. v- . k •: r: <• wave



85

Thresho ld  (h)

, . nf w, ( T) f o r  the 100 oample c r o s s -

on, phase s i n e  wave,  ( t-  5n/2u,b) .
n « C /fin / rx\



86

—
( S / A)

*95
*9

>-4- 90

JO

50

t ----30

0,05

0,01

0,0 01
20

1)Threshr

; t i n n  p r o b a b i l i t i e s  o f  a s i n g l e - b i t  G auss ian  r e f l e c t i o n
corrupted^by (100 ^ p i e  cross-correlation)

*0

70

30

,3 0 ) 0

20
h r e s h o ld  ( h )

0,001

’ u n i t i e s  at d e la v  t» 5^/2 .%, o f  a single-bit

cross-correlation).



87

.3 0 9 0  . >878

Thre s ho l d  (h)

o f  to) for  the  200 sample cross -  
»: 4 - 2 3  P r o b a b i l i t y  canssi.",.  r e f l e c t i o n  corrupted  by a

hz)-



88

o o  
0 ) 0*0 
-O IB?"

Threshol d  (h)



89

,tV? I (p.'A)

, 6 0 9 0, 7 0 7 1

95

60
0 9 0  I

70

50
30

10

0,05

0,01

0,001 16060 ICO 120  

Th r e s h o l d  (h)
20

rsss-flmar vpgsssszsst
69,9

99,5
V 6i
w
> 95+-

90

n
(0 70
n
e . 50
0.

10
t
c

10<
501/1

S3 1
U. o,s

0,10,05
0,01

0,001

I

30 40 50
T h r e s h o ld  (h)

90 100



CHAPTER V

PRACTICAL APPLICATION TO ACOUSTIC REFLECTION DETECTION

In th is  chapter one of the applications of the cross-correlator  

mentioned in Chapter one. that of  acoustic ref lection detection,  is  

b r ie f ly  in vest iga ted .  The resu lt s  are p r e s e n te d  in the fern of photo- 

Sraphs of the monitoring osc i l loscope  trace.  The apparatus used for 

cbe in v e s t ig a t io n  is  shown in F i g .  5 1.

lObtfsFrafctr
'X-Q-

m IK ccta.t i 
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rpfnun'ig
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in th e  cross-correlation function, making the output uninte ll ig ib le .  

F i g u r e  S-2a shows the result  of an 80 kHz sampling frequency on a noise 

s i g n a l  having an octave bandwidth centred on 3.15 kHz. When the

lal jw/dw (b)

S  m s « / d i v

sa m p l in g  f r e q u e n c y  was reduced  to  11 kHz, the c r o s s - c o r r e l a t o r  output  

changed t o  t h a t  shown i n  F i g .  M b ,  r e v e a l i n g  the  p r e s en ce  o f  a r e f l e c t i o n  

peak a t  2 7 . 4  m i l l i s e c o n d s  d e l a y .  I t  was found t h a t  a sampling f requ en cy  

o f  t e n  t im e s  the  c e n t r e  f r e q u e n c y  o f  the n o i s e  s i g n a l ,  or l e s s ,  y i e l d e d  

s a t i s f a c t o r y  r e s u l t s .  T h is  ensured  t h a t  there  were enough - . - c r o s s i n g s  

o f  the  r e c e i v e d  and r e f e r e n c e  waveforms i n c o r p o r a t e d  in  the s e t s  o f  

samples  b e i n g  c r o s s - c o r r e l a t e d  t o  avo id  the e x c e s s i v e  d e v i a t i o n s  i l l u ­

s t r a t e d  i n  F i g .  M a .  However, the lower  the  sampling  f r e q u e n c y ,  the  

f ew er  the  number o f  c r o s s - c o r r e l a t i o n s  performed w i t h i n  .h e  duratron  of  

the z e r o - d e l a y  p e a k .  The i n c r e a s e d  p o s s i b i l i t y  o f  m i s s i n g  th e  peak due

to  i t s  lying in  between two samples s e t s  a lower

f r e q u e n c y .  C c n e r a l l y  s p e a k i n g ,  the - p H n g  fre q u en cy  ahould be betw

“ TZZrZl...... - ' “ W “
....— 1— - “ •'*
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the ' f r e q u e n c y  s e l e c t i v i t y '  o f  th e  r e f l e c t o r ,  and CO the  r e c e i v i n g  

m ic r o p h o n e ' s  b a n d w i d t h .  The U t t e r  c o n s t r a i n t  was in  t h i s  c a se  01 no 

c o n s e q u e n c e  as the m i c r o p h o n e ' s  bandwidth was much g r e a t e r  than  t h a t  

o £  t h e  t r a n s m i t t i n g  l o u d s p e a k e r .  The r e a s o n s  f o r  the o t h e r  two 

c o n s t r a i n t s  a r e  f a i r l y  o b v i o u s t

(a)  qhe lo u d s p e a k e r  d i s t o r t e d  waveforms c o n t a i n i n g  frequency  components 

that were o u t  o f  i t s  o p e r a t i n g  fre q u en cy  range .  This  caused  the t r a n s -

= = = = =

B p s
frequencies should be

1 ■ ' —— '

1

'

I S )

liv/dn

'  S m s e c / d'iv

(b)

o n e - t h i r d  o c t a v e
bandwidths  ceni

VI,I
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I f  one u s e d  a v e r y  wideband s i g n a l  and the r e f l e c t o r  a t t e n u a t e d  

■ i g n i f i c a a t  s e c t i o n s  o f  t h e  s i g n a l ' s  spectrum ,  the  r e f l e c t e d  wave could  

jccome b a d l y  d i s t o r t e d  and d i f f e r  r a d i c a l l y  from the i n c i d e n t  wave,  

once a g a i n  r e s u l t i n g  i n  d i m i n i s h e d  c r o s s - c o r r e l a t i o n  peaks .  l o r  i n s t a n c e ,  

w ith  th e  r e f l e c t o r  u se d  i r  t h i s  e x p e r im e n t ,  i t  was p l a i n l y  a u d ib le  that  

f r e q u e n c i e s  b e l o w  about  two k i l o h e r t z  were h a r d ly  r e f l e c t e d  at  a l l .

Figures S - 6 a  t o  5 - 4 g  show t h e  e f f e c t  on the c r o s s - c o r r e l a t o r  output  of  

d e c r e a s i n g  t h e  s i g n a l  bandwidth .  F igure  5 -4 a  i l l u s t r a t e s  the e f f e c t  of

too wide  a b a n d w id th .

n  i s  i n t e r e s t i n g  to  n o t e  the l a ck  o f  v a r i a t i o n  in the spread or

£ora ( i . e .  d i s t r i b u t i o n )  o f  the c r o s s - c o r r e l a t i o n  f u n c t i o n  v a l u e s  avay 

£ro„  t h e  c e n t r a l  peaks  as  th e  s i g n a l  bandwidth i s  v a r i e d .  That the range  

or spread d o e s  n o t  change  t i e s  in  w i t h  the o b s e r v a t i o n s  made in  the  

t h e o r e t i c a l  a n a l y s i s  t h a t  th e  mean o f  W  v a r i e s  over  a very s m a l l  range

h l > 0 .  and t h a t  the  v a r i s  o f  the d i s t r i b u t i o n  i s  determined  primart ,  

by th e  t o t a l  number o f  s a m p le s .  ,  which i s  a c o n s t a n t .  One would t h e r e f o r e

. L t  t h e  s p r e a d  t o

o f  v p , , )  does  n o t  show any marked change ( i . e .  remains s y - e t r t c .  ,

f re q u en cy  and the  sampl .ng^ „ .  . ^  „ o u , d  i n v a l i d a t e  the

fre q u en cy  i n  r e l a t i o n  t o  the „ £ th e  s i g n a l  i n  non­

assum p tion  o l  ihdepend ,  i n v a l i d a t e  the e v a l u a t i o n  o f  the

o v e r l a p p i n g  i n t e r v . .  •• , - 2 a  i s  d e a r  proof  o f  t h i s .

c r o s s - c o r r e l a t i o n  f u n c t i o n  v a r i a n c e .  h3s an e f f e c t  on

the c r o s s - c o r r e l a t o r  o u t p u t .  s i n u U ancous r e f l e c t i o n s
ch a t  as the number •
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( a )  i O O  H z  -  20  k H z

l b :  2  k H z  •  2 0  k H z

I d  3 kHZ * 20 kHz

( d )  6 kHz -  2 0  k H z

I , )  11, 6 k H z  •  2 0  k H z

I ( )  16  k H z  •  2 0  k H z

( g |  1 9  k H z  - 2 0  k H z
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i n c i d e n t  on th e  r e c e i v e r  i n c r e a s e s ,  so the magnitudes of  the i n d i v i d u a l  

pCilcs d e c r e a s e .  T h is  was borne o u t  by the exper im enta l  resu lt ' - . ,  as can

be s e e n  i n  1 i£* 1 •

On o t h e r  im p o r ta n t  o b s e r v a t i o n  was tha t  i t  was advantageous to

p ass  t h e  r e c e i v e d  waveform through a h igh-pa.  t i U e r  having  a ]ow 

f re q u en cy  c u t - o f f  a t  about  200 Hz. T . cur out l a r g e ,  low frequency  

s i g n a l s  caused  by d raughts  and a i r - c o n d i t i o n i n g  e t c . ,  wh ich  d i s t o r t e d  

the z e r o  c r o s s i n g  p a t t e r n  o f  the r e c e i v e d  waveform c au s in g  U r g e ,  lew 

f re q u e n c y  d e v i a t i o n s  i n  the  c r o s s - c o r r e l a t o r  output which nade the

d i s c e r n i n g  o f  peaks more d i f f i c u l t .

To sum up ,  then:
( l )  The n o i s e  s i g n a l  c e n t r e  f r e q u e n c y  a n d  the c r o s s - c o r r e l a t o r  s a m p  t o .

::r ••
d i f f e r e n t  c e n t r e  f r e q u e n c i e s  should  b. t n t d

-Wf-.



CHAPTER VI

CONCLUSIONS

@ g m
r-EEr:EEE:::r
input s i g n a l - t o - n o U e  r a t i o s .

---"EEE==:
o b t a i n e d  u s i n g  s i n g l e

With a n a l o g  G a u s s i a n  ^  hcnce  the f a l s e  alarm proba-

(b)  th e  d i s t r i b u t i o n s  o i  and analog Gaussian s i g n a l .

b i l U l E S ’ ^ fn r m  i s  c o r r u p t e d  by a random phase
WHnn t h e  r e f l e c t e d  - are  aga in  h i g h e r  vhen s i n g U -

O  -  -  d e U y  Cr° 5S u „ s i g n a l s  are t r a n s m i t t e d ,

b i t  as o p p o s e d  to  a n a l o g  ^  ^  thus the f a l s e  alarm prcba-

<b) the d i s t r i b u t i o n s  o f  V ,  ' ^  ^  Gaussian signals can



be e x p e c t e d  t o  be  s i m i l a r ;  ( t h e y  a r e  i d e n t i c a l  f o r  t h e  two e x t r e m e s  of

s i g n a l  o n l y  o r  n o i s e  o n l y  a t  t h e  r e c e i v e r  i n p u t ) .

( c )  For s i n g l e - b i t  G a u s s i a n  r e f l e c t i o n s  and r e c e i v e r  i n p u t  s i g n a l  to  n o i s e  

r a t i o s  b e lo w  2 . 5  d 3 ,  t h e  z e r o  d e l a y  c r o s s - c o r r e l a t i o n  peak s  are i v . t r  th a n  

t h o s e  o b t a i n e d  when t h e  c o r r u p t i n g  waveform i s  wideband G a u s s i a n  r . o i s , ,  

and. s i n c e  t h e  v a r i a n c e s  o f  t h e  two s e t s  o f  d i s t r i b u t i o n s  are  s i r r i l a r ,

t h e  d e t e c t i o n  p r o b a b i l i t i e s  t e n d  t o  b e  lower a s  w e l l .

(d) f o r  a n a l o g  G a u s s i a n  r e f l e c t i o n s ,  t h e  z e r o  d e l a y  c r o s s - c o r r e l a t i o n  

p e a k s  o r .  a l w a y s  l o w e r  t h a n  t n o s e  o b t a i n e d  when th e  c o r r u p t i n g  wave form

i s  w i d e b a n d  G a u s s i a n  n o i s e .

In g e n e r a l ,  t h e r e f o r e ,

( a )  a l t h o u g h  a n a l o g  G a u s s i a n  s i g n a l s  r e q u i r e  c o n s i d e r a b l y  re d u c e d  t r a n s -

n i s s i o n  bandwidth, compared t o  s i n g , e - b i t  G a u s s ia n  s i g n a i s ,  t h e i r  s r n g l .

r e f l e c t i o n  d e t e c t i o n  c h a r a c t e r i s t i c s  ar e  n o t  as  good a s  t h o s e  o f  t h e

s l n g l e - b l t  G a u s s , a n  s . g  ^   ̂ ^  ^ ^ s  n o i s e  l e v e l  e n v i r o n m e n t ,

c a s e  o f  d o u b l e  w i n  b e  d e t e c t e d .  T h i s  e f f e c t

-

wave fo rm  t r a n s m i t t e d .  H,.wlm . , . ? e a k . a r e  n o t  as sharp
c r o s s - c f - r 1 <

m i t t e d ,  a l th o u g >  t ' 112 , c r o  doeS to t  o c c u r .  T h u
r e f l e c t i o n  a e i e u v

and w e l l - d e f i n e d ,  t h i  d i s a d v a n t a g e  i n  m u l t i i  €

d e f e c t  o f  s i n g l e - b i t  w a v e f o r m s  i s  -
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e f l e c t i o n  a p p l i c a t i o n s .

T h c  £ „ ! , =  alarm p r o b a b i l i t i e s  o£ the c r o s s - c o r r e l a t o r  J c p o n d  o p o r  

= = = = =

■ m
Che s a m p l in g  i n t e r s . ,  ^  ^  one c r o s s - c o r r e l a t i o n  i s

s a m p l i n g  I r e g u e n c ,  w i l l  ^  ^  j e U y  p c a k ,  s o  t h e  p r o b a b i l i t y

p e r t o r m c d  w i t h i n  t h e  d u r a t i o n  e x p e r i e n c e d

rr,:r:r:::—- - -  - - -

i i n o f r e q u e n c y  o iappears th a t  a s m s p . . , ,  ^  ^ , _ ^ l s  having o n e - th ir d  octane

e e a t r e  i r e g o o n o y  U  -  ^  ^  ^  t h e y  m o s t  ' l o w ev er .  a

bandwidths  g>VL acc 1  ̂ f requency  s e l e c t i v e .
• n i l v  i f  t h e  r e f l e c t o i

i u ntr i n ti
When they  or any o t h e r  ve y c e n t r e  f r e quencies. W i d e
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b a n d w i d t h  G a u s s i a n  s i g n a l s  g i v e  g o o d  r e s u l t s  w he n  t h e  t r a n s m i t t i n g  

l o u d s p e a k e r  c a n  h a n d l e  t h e m  w i t h o u t  b a d  d i s t o r t i o n ,  a n d  t h e  r e f l e c l o .  

d o e s  n o t  a t t e n u a t e  l a r g e  p o r t i o n s  o£ t h e  s i g n a l  s p e c t r u m .  O c t a v e  b a n d  

w i d t h  G a u s s i a n  s i g n a l s  o f f e r e d  a  g o o d  c o m p r o m i s e  b e t w e e n  1 t h e  c o n s t r a i n t s  

a n d  g a v e  c o n s i s t e n t l y  s a t i s f a c t o r y  r e s u l t s .  T h e  e x p e r i m e n t a l  r e s u l t s  b o r e  

o u t  t h e  t h e o r y  o f  C h a p t e r  t h r e e  b y  s h o w i n g  t h a t  t h e  a m p l i t u d e s  o .  t h e  

i n d i v i d u a l  c i  > s s - c o r r e l a t i o n  p e a k s  d e c r e a s e  a s  t h e  n u m b c t  o f  s i m u l t a n e o u s  

r e f l e c t i o n s  r e c e i v e d  i n c r e a s e s .  T h i s  s u g g e s t s  t h e  f a ; r l y  o b v i o u s  c o n c l u  

s i o n  t h a t  d i r e c t i o n a l  m i c r o p h o n e s  s h o u l d  b e  u s e d  w h e r e  p o s s i b l e .

T h e  t h e o r y  d e v e l o p e d  h e r e  1= a p p l i c a b l e  t o  G a u s s i a n  s i g n a l s  h a v i n g  

f r e q u e n c y  s p e c t r a  o t h e r  t h a n  t h e  b r i c k  w a l l  s p e c t r u m  o f  t h e  s i g n a l  u s e d  

i n  t h e  t h e o r e t i c a l  a n a l y s i s  a n d  e x p e r i m e n t a l  s i m u l a t i o n ,  i t  m u s t  b e  

r e m e m b e r e d ,  t h o u g h ,  t h a t  a s  t h e  b a n d w i d t h  o f  t h e  s i g n a l  i s  r e d u c e d ,  t h e  

a s s u m p t i o n  o f  i n d e p e n d e n t  n u m b e r s  o f  z e r o  c r o s s i n g s  i n  n o n - o v e r l a p p i n g  

i n t e r v a l s  b e c o m e s  l o s s  r e a l i s t i c .  H o w e v e r ,  t h e  r e s u l t s  o f  C h a p t e r  f i v e  

s h o w e d  t h a t  a s  t h e  s i g n a l  b a n d w i d t h  w a s  r e d u c e d  f r o m  2 0 0  H z - 2 0  kHz t o  

, 9  k H z - 2 0  k H z ,  t h e r e  was  n o  m a r k e d  c h a n g e  i n  t h e  f o r m  o r  s p r e a d  o f  t h e  

c r o s s - c o r r e l a t i o n  f u n c t i o n  v a l u e s  aw ay  f r o m  t h e  p e a k s  ( p r o v i d e d  t h a t  t h e  

s i g n a l  c e n t r e  f r e q u e n c y  a n d  t h e  s a m p l i n g  f r e q u e n c y  w e r e  k e p t  m a t c h e d , .

As m e n t i o n e d  t h e r e ,  t h i s  i s  t o  b e  e x p e c t e d ,  a n d  d o e s  s u g g e s t  t h a t  t h e  

a s s u m p t i o n s  o f  i n d e p e n d e n c e  b e t w e e n  n u m b e r s  o f  z e r o  c r o s s i n g ,  i n  n o n  

o v e r l a p p i n g  i n t e r v a l s  e t c .  a n d  t h e  e o n v e r g e n c e  t h e o r e m s  a r e  f a i r l y  r e b u s  

a n d  m a y  a p p l y  f o r  n a r r o w  b a n d w i d t h  s i g n a l s ,  p o s s i b l y  d o m i  t o  b e l o w  a n  

o c t a v e . O n e  may a l s o  s u r m i s e  t h a t  i f  t h e  r e f l e c t e d  s i g n a l  w e r e  t o  e 

b a n d p a s s  f i l t e r e d  s o  a ,  t o  e x c l u d e  a l l  f r e q u e n c y  c o m p o n e n t s  o u t s ,

liiiEi
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the i n f i n i t e  s ig n a l - t o - n o i s e  ra t io  d i s tr ib u t io n s ,  which indicated :hat 

the assumptions and convergence theorems certa in ly  hold for the narrow 

band s ig n a l  used in the simulat ion. The mean values of the d is tr ib u t io n s  

w i l l  be as predic ted since the express ions derived here for V,^T) would 

be app l icab le  in that case.  Further,  the variances have been seen to be 

dependent mainly upon the number of  samples being c ross -corre la ted .  The 

top ic  has not been pursued further here and i s  a poss ib le  avenue for

further research.

I t  i s  apparent from the th eo r e t ic a l  and experimental r e s u l t s  that

the d i s t r ib u t io n s  of  the c ro s s -co rre la t io n  function away from the central

peaks are considerably l e s s  dependent upon or affec ted  by the extraneous

n o ise  than the central  peaks. As a resu l t  the correlator  i s  .use  E

to poor d e te c t io n  p r o b a b i l i t i e s  at high extraneous noise  l e v e l s .  Under

, he, e  cond it ions  some simple in tegrat ion  or averaging should be performed

cn the o u tp u t .
As to  future research, f i r s t l y  there i s  the t . t c  mentioned e a r l i e r  

of  determining the e f f e c t  on the croaa-cotre lator  outpu. d i s t r ib u t io n s  

of  us ing  very narrowband s i g n a l s ,  and of bandpass f i l t e r i n g  the recervod 

waveform. Another relevant  topic  i s  the determination of the output 

d i s t r ib u t io n s  when other type ,  of  random waveform, for cam ple  rseudo-  

random codes or bather codes,  are cross -corre la ted .  The s ig n i f i c a n c e  of  

these repeatable random waveforms i s  wel l  known. Much of the theory

EEEEEEEEr

V ,  tllC S 1 Hip i  1 C ' 1 V
o f  t h e  S i n g l e - b i t  c r o s s - c o r r e l a t o r  w i l l
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s t i l l  be a n  a t t r a c t i o n  i n  a p p l i c a t i o n s  w h e r e  i t  w i l l  r u f f  i c e .  D e v e l o p m e n t s  

i n  s u r f a c e  a c o u s t i c  w a v e  d e v i c e s  p r o m i s e  t o  b r i n g  r a n d o m  w a v e f o r m  s i n g l e ­

b i t  c r o s s - c o r r e l a t i o n  d e t e c t i o n  w i t h i n  t h e  r a n g e  o f  many e v e r y d a y  a p p l i ­

c a t i o n s  s u c h  a s  c o l l i s i o n  a v o i d a n c e  r a d a r s ,  a n d  i t  i s  w i t h i n  t h e  f o r s e e a b l e  

f u t u r e  t h a t  d i g i t a l  c r o s s - c o r r e l a t o r s  w i t h  tw o  t h o u s a n d  b i t  c a p a c i t i e s  

w i l l  b e c o m e  a v a i l a b l e  i n  s i n g l e  LSI p a c k a g e s '  ' ^  . B u t  r e g a r d l e s s  o f  how 

s m a l l  t h e  s i n g l e - b i t  r a n d o m  w a v e f o r m  c r o s s - c o r r e l a t o r  may b e c o m e , i t s  

o u t p u t  w i l l  s t i l l  h a v e  a p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  t h a t  m u s t  b e  

kn o w n  i f  i t s  d e t e c t i o n  p e r f o r m a n c e  i s  t o  be  a s s e s s e d .



APPENDIX A

AUTO-CORRELATION FUNCTIONS OF VARIOUS BANDLIMITED GAUSSIAN WAVEFORMS

p ( t )  i s  the nor m a l i s ed  a u t o - c o r r e l a t i o n  f u n c t i o n  o f  f n (  ̂

a b a n d l i m i t c d  Gausi m waveform. The d e r i v a t i o n  o f  the e x p r e s s i o n  for  

the  a u t o - c o r r e l a t i o n  f u n c t i o n  o f  s g n [ f n ( t ) ] , i . e .

•vp,(x)-= ^.Arr:in[p,(t)] (2.1.7)

depends  upon £„(>) and £a ( t « )  b e i n g  b i v a r i . b e  norm ally  d i s t r i b u t e d ,  w i t h  

aero  mean and a u t o - c o v a r i a n c e  p , ( r > .  Davenport  and R oot<W) show t h a t  i f  

the i n p u t  t o  a l i n e a r  system  i s  norm al ly  d i s t r i b u t e d ,  then the ou tput  w i l l  

a l s o  be norm al ly  d i s t r i b u t e d ;  i i . e .  i f  x ( t )  i s  G auss ian ,  then ^ x ( t ) h ( t ) d t  

i s  G auss ian  a l s o ,  as  i s  f x W , b ( t , r ) d r  fo r  h i t ,  and b(t.t>  l i n e a r  s y s t e m s .  

Hence ,  p r o v id e d  that  the b a n d l i m i t i n g  o f  f „ ( t )  i s  l i n e a r  and i n t r o d u c e s  no  

dc t e r m s ,  eqn.  ( 2 . 1 . 7 )  w i l l  h o i  , f o r  the s i n g l e - b i t  v e r s i o n  o f  £„<-> .  '  

, i ( t ) .  some examples  uf  th e  a u t o - c o r r e l a t i o n  f u n c t i o n  p / r )  o f  w h . t e  n o i s e

p L s e d  through v a r i c  s b a n d l i m i t e r s  are g i v e n  be low.

,1, Ideal bandpass f i lter of width 2W. centred on w.

f u v 5 3 C o s “ T d “
0

'
Awl

FIGURE A - l

A1

f o r  t h e  s p e c i a l  case  o f  a low -p a s s  f i l t e r  ( 0 , - 0  in  F i g .  A - l ) ,

,  x....................................................................................................................
A2
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(2 )  Low-pass RC f i l t e r  w i t h  c u t o f f  frequency U'c /2n

104

-ui .hi
A3

(3)  S i n g l e - t u n e d  f i l t e r (11)

c ( ^ ) ~  A  ‘ i  ̂ i 1 |it I £vul f '

t/u)

FIGURE A-2

where u e i s  the c e n t r e  f requ en cy  and 2Au i s  the banawidth

e Aul .Cos(w.T) A4



APPENDIX B

EVALUATION OF THE AUTO-CORRELATION FUNCT1 OF X2(t) [EQN. (2.1.10)]

x,, (t)-  sgn[gx1(t)+ n(t-x)] - sgn[0a1+ n J  

x^Ct+T)® sgn[Ex1(t+T)+ n(t)] = sgn[Ba2+ n2]

so that

P++*= P{ Ha j + n^O, Ba2+ n^O}

- p{Ha]"H, n^-B, Ba2“B, PtBa^B, n^-B, Ba2*=-B, n^B)

4 PtPa^—B, n^B, Bn2=B, n2>-B}4 P{6a^=-B,

The probabilities involving n̂  and n̂  can be separated out as they are 

independent of â  and a2 and of each other. Therefore

P<<- p(n1s-e).P<n2>-e).P(a1- l .  a,-!)* P - .n ^ -e l .P l^ e l .P fa^ l ,  . j - 1 )  

P{n1J6).P(n^-6).P(«l—1. a,'!)* P tn ^ B l .P ln ^ e l .P l^ - l .  a , - ! )

Substituting cqns. (2.1.3) (p. 15) and (3.1.9) (p- " )

p .  l[Hcr£(0/u/2)]M[l>W..(T)]t l[l.ev£(6/u.'2)][l-ert(f/n>r2)i i l l - ..< )]

.  i [ i . c r f ( B / o ^ ) ]  [>cr£<e/o/2)]  lLl-V.,(t>].  l [ l - . t t ( : - W 2 ) ! ‘ U1«V.V)1 

= | 4 J [erf (B/o/2) jl

E q u a t io n  (2.1.10) £ o l l o - s  d i r e c t l y  from tp.Jr)-  1-
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APPENDIX C

EVALUATION OF THE VARIANCE EXPRESSIONS [EQNS. ( 2 . 1 . 2 2 )  AND ( 2 . 1 . 2 4 ) ]  

AND METHOD OF COMBINING INDEPENDENT DISTRIBUTIONS

( 1 )  From e q n s .  ( 2 . 1 . 2 0 )  and ( 2 . 1 . 2 1 )

E [ x ^ ( t . ) x ,  ( t . + t ) ^  ( t J x 7 ( t > T ) } =  •

fhus

L 5 . . e ( x  ( t  ) x  ( t  + t ) x  ( t  ) x  ( t  +T)} 
i . i  y i ' i  1 i  /  i  1 J ^ J

tc .
I r i t i n g  th e  t e r n s  V . . ( t y t , ) V . . ( t j - t . )  in  the above e x p r e s s i o n  as  ( j - i ) ,  f o r  

: o n v e n i e n c c ,  and remembering t h a t  ( t . - t . ) . ( j - i ) £ t .  the exp an s ion  becomes

terms*  j - t
i l l  terms*

(N-N - 1 )  terms  
a .  -------

( 2 - 1 )  + ( 3 - 1 )   ............. * ( N ^ V 1)

( 3 - 2 )  + ( 4 - 2 )  > . . . .  + (N-Na* l - 2 )

4 (N-Na- 1 )

Na- ( N a - l )

1 t e  m 3  i n 
r s t  (olumn  
4,(61 ) Summing c o l u m n s  

o f  l i k e  t e r m s : -

N̂ NL-l

(2Na-N) t e r n s

(N-Na+ l - l )  + . . . +  (N a - l - l )  + (Na-1)  

+ (N-N\>2-2) + .« . .+

! _ ...........
> (N-Na)

Summing columns o f  l i k e  terms:'  

L » [ ( 2 N il- N ) >. - . .+3+2+1,

« J(2Na“N)(2Na-N+l)LM’.,.['C)]‘
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Thus t h e  d o u b le  summation becomes

N - N , - l

5 j N a- i )  V , ( iS t ) X 4 i& t ) +  1 (2Na-N) (2Na- N 4 l ) [ ^ T ) ] 1 .......................................Cl

S u b s t i t u t i n g  t h i s  i n t o  e q n . (2 .1 .16)  y i e l d s  e q n .  (2 .1 .2 2 ) .

(2) For the case where the double summation i s  over i = l to (N-l) and

j«=(i + l )  to  N, the number of  columns on the right  hand side of the div id ing

l in e  i s  N , and on the l e f t  hand side i s  (N-Na- 1 ) , as b, Core. T h e r e f o r e  
a

the terms on the r ight  now add up to

[1+2+3+..  . + N j [ X . ( T ) ?  * i-Na (Na+l)  [ ^ T ) ] 1 ....................................................C2

and those  on the l e f t  (remembering that the ' t r ia n g le '  of  terms has (N-l)  

Llong the top and s ide  instead of ( N ^ D )  add up toterms al

.....................C3
' ^ - i ) X ( i & t ) % ( i & t )

The t o t a l  sum i s  tden

N-N- v -  C4
Z ( N - i ) ^ ( i & t ) 4 ^ i B t ) +  i . N a (Na+ l ) [ ^ . i. l(T)]

Thc product terms in the case c t  continuous uavefom c ro s s -co r r e la t io n  

are a n a l o g  to the product terns in  the case o i  hurst o a v e io r ,  cross -

the variance can he det.ved as in eqn. (2 .1 .1 6 )  to he
c o r r e l a t i o n ,  a n d  s o

Ml N

v a r K ( r ) ] -  2

i s t i t u t i n g  c , n .  ( « )  in  th i s  y i e ld s  eqn. ( 2 .1 .2 4 ) .  

= 1111
s -1.  J t !  r - a c o  ( N
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or  both  are  odd.

As p^(n^) and p^Cn^) can be assumed in d e p e n d e n t , Pt n ^ = i , 

e q u a l  t o  p ^ ( i ^ p ^ C j ) . Hence the p r o b a b i l i t y  o f  (n^+n^) b e in g  equal  ro k,  

s a y ,  i s  t h e  sum o f  the products  o f  a l l  p a i r s  o f  p r o b a b i l i t i e s  Pa (n i ^ b ^ n2  ̂

f o r  which  ( n ^ n . J - k .  For example,  assuming t h a t  N y N ^ ,

p ( - 2 )=  P a ( V 2 ) p b ( " Nb ) +  P a ( N b " 4 ) p b ( ‘ V 2 ) +  + p a ( ' 1) p b ( "1) +

. . .  + Pa ( ~Nb"2 ) p b (Nb)

In g e n e r a l , f o r  [ (n^+nj)  = 2 j ]<|N^-N^|

p ( 2 j ) -  ^ P a (Nb + 2 i - 2 i > P b ( ' Nb + 2 i )

xX

hi

2j<|Na-Na b1

pbin2)

C 5

i i i X .
1 3 S ? . N 

(b)
-K2-  "b

jj3 j;TTL.l-Ll
•IV V

V  "b02  4 6 8

p(21. • PaÎ IPbl-V2!* * Pll'Nb,2'PblNb’

no
ui

fICURS C-l combination of indopondont probability maaa functions. 

ror outside thi, ,anEe. the a u c tio n  does not involve a ll

the pb(n2) terms; f o r  instance

P ( N  - D ”  P a ( N a ) p b
( _ ! ) +  P ( \ - 2 ) p . ( l )  + . . - +  Pa (Na"Nb"1 )P b (Nb)

A g e n e r a l  e x p r e s s i o n
f o r  t h i s  s i t u a t i o n  w o u l d  b e

P ( 2 i ) -  | . V a ( V 2 - 2 l ) P b ( - V 2 i )  ^ ?  ^

................................. C6

le 1

and .  s i m i l a r  e x p r e s s i o n  h o l d s  f o r  2J<-CV V -  '  "
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[ ! % ! , ]

p ( 2 j ) D  ? o  PA(V 2 j "'2 i ) p b (‘ V 2 i )  2 j « H N a-Nb) .  . . C7

These  t h r e e  g e n e r a l  e x p r e s s i o n s  t o r  p ( 2 j )  are f o r  N and Nv odd.  I f  both
3 b

are  e v e n ,  e x p r e s s i o n s  s i m i l a r  t o  t h e se  can e a s i l y  be d e r i v e d .  I f  

t h e i r  r e s p e c t i v e  r o l e i  in  the above a n a l y s i s  i s  s imply  r e v e r s e d .



APPENDIX D

EVALUATION OF THE DOUBLE INTEGRAL IN EQN. ( 2 . 2 . 5 )

( 1 )  From e q n .  ( 2 . 2 . 5 )

p + + <L n s t ) =

r  C f - I  _ r u } _  2 p u ( v - n )   ̂ (v -_ n l j ]  dv 
“ pi jvt j du  ] e x p l 2 ( I -  p1)' s l  e s l  O s )  ]

L e t t i n g  «t- u / s  and ^ - ( v - A ) / f t s , t h i s  b e c o m e s

i r r r k1-  i  jv ............................di

i d ‘ L eKp[ '  2 < l ‘ p , )  ‘

The r e l a t e d  f u n c t i o n  L ( h , k , P )  i »  d e f i n e d  i n  P e f .  ( 4 1 )  as

i f *  f°* r 2p*- > ' +  >'1 1 . v  

L ( h , k . P ) -  JV(1 W  J. eXP - 2 0 ? )  1

and an e x p r e s s i o n  f o r  i t s  M a e i a u r i n  s e r i e s  i n  t e r n s  o f  ,  i s  g i v e n

f - ,  z fm)(h)  Zw (k)  D2
L ( h

V 1 vn; / v w  
, k , p ) =  Q ( h ) Q ( k ) >  > ------ > + 1 ) 1  ^

1 f " - » 1 / 2 d* and ZU , <h) ‘  * ' X / 2  L

w h e r e

Q(h) A f i t

Now Z ^ ^ - h ) .  ( - D ^ ^ ^ h ) .  and s o  e q n .  ( D l )  can b e  w r i t t e n  a s

P ( i n s t ) =  Q(O)Q(-' l /0s
V '  Z H ( 0 )  Z ^ O O s )  m.1

)+ L ( - l )  - (m+1) '•mrO ^

. . . D3

m o d i f i c a t i o n  o f  t h e  e x p r e s s i o n  f o r  L ( h ,  ,F

Ztm)(0) =

m odd

s o  e q n . ( D 3 )  be c o m e s
110



I l l

p t t ( i „ s t > -  q ( 0 ) Q ( - , / Bs ) »  r S ^   0 4

In genera l ,  from the d e f in i t io n  of Z'" ' (h ) , Z(m'(<i,/ps) cons i s t s  of terms

of the form (n/&s)Ij Z ^ ( i / p s ) .  Averaging over a l l  ^ , these terms become

-

z  W * s)m

■ z ^ y .

[ a -  2 - tb -  *  ^  1

t 1 . 3 . 5 . . . ( 2 j - l )    D6
" •ro(ps),J V "  au i*v)/l ‘ * * *

( - n V 1

2m*l
I**!

P

Substituting in  the expression for i ^ / . s ) ,  and rearranging,

S u b s t i tu t in g  for  a, and then sub s t i tu t in g  eqn. (07) in to  eqn. (04) 

P4>-  Q(0) .Q (r T / p s ) .  S . 1"1' (2wtT)(2*” :)‘ .H<es/o51

-  h i

. /T e lT o y T  p
-  1 ♦ ^ . A r c s m  J i , Us /ay ' p \

Noting that  p -  p , ( T ) . t h i s  i s  the sane as e ,n .  (2 .2 .6 )

(2) S im i la r ly  for  the auto-corre lat ion  f u n c t i o n ^  , 2 »>

r * ’ f *  r 1 dA-̂ b %. q(-<!,/6 s ) Q ( - V » 8>*

a . .
i and since

is  of the form Z<e) f t /* <0'. a'V   ......... ...

r ^cdd)  e ' anl d a  .  0

J - on
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e qn .  (D8 ) c o n s i s t s  o f  even  order  terms on ly ;  i . e .

P + + ( i n s t ) =  Q ( - V e s ) Q ( - V & s ) *  £  Z _  P ‘ * D9

and from e qn .  (D7)

-|""t
 ---  ~Z~i 7  : . „ v* (2m) I 1 '
zu,nW e s ) -  z° W a s ) -  ( -D  Y u :  V2^:r+ws/o)\

S u b s t i t u t i n g  i n t o  e qn .  (D9)

f '  f(2m) ! 11 ___1 L_ f J e s / a ) M
P++- M  + A .  ; (2m* 1)'. 2ix [ l * ( p s / o )  J

i . r ( s s / o )1 
-  1 ^

DIO

ThU last  derivation could have been done less  rigorously by assuming 

that since „(t> and s in ( t ,  are Gaussian, tbeir sum is Gaussian also. Thus 

u y t ) .  n i t ) ]  and [ . q U . x ) *  n(t>,)] would be bivariate normally drstrr

uted with zero mean and normalised cross-covariance

■ H ( 6 s7o) ‘ • Pr(T)

= = = = = £ '
n

. indicates t h a t  one can assume 
n o t e  l :  The P r o o i  in  t h i s  .  m e t r i c a l  b i v a r i a t e

[ , t  ( t ) .  n ( t ) ]  and :a(nU *')»  " ' , ,  and this ju s t i f ie s  the
, 1  d i s t r ib u t io n  as w e l l  as i n U )  and i„ U

no

assum ption  on p a s 1 -)®



APPENDIX E

EVALUATION OF ERROR PROBABILITY [EQN. ( 2 . 2 . 1 1 ) ]

From e q n .  ( 2 . 2 . 1 0 )

p . w  s j k W ' c * *  i b "  i f ? *  l b *  j

In a d d i t i o n ,  i f  p f ^ ( t ^ ) - &  a t  i n s t a n t  t . , the p r o b a b i l i t y  o f  n ( t ^ )  changing  

the s i g n  o f  x ^ ( t ^ )  i s

M - ‘ > -  ^ J f y l / 2 0 ' dy '  *  P e W

Thus the  t o t a l  e r r o r  p r o b a b i l i t y ,  averaged over  a l l * ,  i s

- j - l r i 3 1 ?  f - " l / 2 ( 6 S ) V  •]^so2nL N 6 J0 J o o

i  -  [ a j | .  i s s j i t  -( e s f  *  3 k i 2 ( , s ) ‘ "   j
ion  L 1

.  1 -  £ [ ( » . / < > > -  ■ • • • • 1  

» J -  A r c ta n (p s /o )

as in e q n .  ( 2 . 2 . 11 )

p son
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APPENDIX F

CALCULATION OF TIE AVERAGE ERROR ZONE PERIOD

( 1 ) -  the  t ime spent  by the s i n e  wave in the error  zone per e?a^.t

number o f  h a l f  c y c l e s :

For th e  waveform A . s i n ( u t )  , the time 

s p e n t  above +8 or  below - 6  in  cue  

h a l f  c y c l e  i s  ^  Arcs i n  (P/A) j .

L e t t i n g  T 1* ^ / t i i

y. A n i M U t )

T = T* [ l -  Arcsin(&/A)]  
b

FIGURE F - l

£ t * corresponded e x a c t l y  to two h a l t  cycles  o£ the s ine  wave, th is  would 

,e eq u iva len t  to do u b l in g u ;  in th is  case there would ho two error zone  

. e r i c d s ,  each h a l t  as long, but auding up to the same to t a l  V  In t a c t ,  

i f  T'  corresponds to any exact number of nail cycles  of  a srn

f . n s / w  where n- 1 , 2 . 3 ............. ^  time —  ^  ^  s ine wave above es or

below -»  w i l l  he T ' [ l -  |A rcs in (» /A , l  , regardless ot the actual nmher o 

h a l f  c y c l e s  in 1 ' •

(2) M b -  the average time per fract ion  of a half  cycle  spent by the 

s i n e  wave in the error zone:

T h e  a n a ly s i s  assumes * and zero elsewhere,

having p r o b a b i l i ty  d, n . asE„med to he evenly d is tr ibuted

T h e  r e s u l t s  would he idoncic.  ^  probabiUt ,  density  <l/2«> " t h i n

between zero and r.rdrans, • •  ^  u i U  he s p l i t  up into

that  region and ze io  oul^i .

cs» rt i nn r t o  account i

a l l  the v a r io u s  p o s s i b i l i t i e s  o f  T" ( r i g .  F-2)



FIGURE F-2

(a)  0  <T" < ( l / L j ) A r c s i n ( 6 / A ) . Consider t h e  s i n u s o i d a l  waveform in  F ig .

F-3 m oving  f&om r ig h t  t c  l e f t  r e l a t i v e  to  the t i n e  a x i s  as 4  v a r i e s  from 

0  t o  ix. The amount o f  t ime (AT^) spent  

by t h e  waveform above w i t h in  the  

v e r t i c a l  window 0  t o  T" w i l l  be c o n s id ­

e r e d  i n  s e c t i o n s  as f o l l o w s

For 0 < $  < [Arcsin ( 0 /A) -  uT" ,

A T b-  0

FIGURE F-3

For [ A r c s i n (&/A) -  uT''!* <t> < A r c s i n ( 6 /A) 

ATb= T"- ^ j [A r cs in (6 / A ) -

For A r c s i n ( g / A ) < *  < 0 "  A r c s i n ( 0 /A ) -  wT")

ATb= T"

For ( « -  ArcS i n ( S / A ) - w T " )  < * < [ ” -  Arcs in(e /A)i  

.  Jif_ 1 [-TI -  A r c s i n ( 6 /A ) -
b

And f o r  [tt -  A r cs in (0 /A ) ]

ATb = 0

ZffL- ;  }  (T"" u ( A r c s i l ' (0 J . . . O M

-  T " [ l - & A r c s i n ( $ / A ) j  • ' ' '
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I t  i s  p o s s i b l e  f o r  T” to  be  g r e a t e r  than the error zone p e r io d  per h a l f  

c y c l e  and s t i l l  be l e s s  than &Arcsin(&/A) ( F i g .  F-4)

FIGURE F-4

An a n a l y s i s  s i m i l a r  t o  t h a t  above shows t h a t  in  t h i s  case  a l s o

ATfa" T " [ l -  -^-ArcsintP/A),

AT can be  e v a l u a t e d  i n  p r e c i s e l y  the same way for  a l l  the other  
b

p o s s i b i l i t i e s  o f  T" . The r e s u l t s  are l i s t e d  below.  :or  conven ien ce ,  l e t  

S- A r c s i n ( 6 /A) .

Range o f  T"

0 < T " <  5  S 

& S < T " < &  S

^ S < T " <  l b -  s ]  

z b -  s ] <  T " k  I

R e l a t i v e  s i z e  o f  T"

T" 5 " 2S1

T" > 2S]

AT.

T " [ l -  % S]

ST" S'  wr"_
(T" ) 1 
2 TX

T " [ l -  \  S] 

T " [ l -  \  S]



APPENDIX G

EVALUATION OF THE VARIANCE OF ^ ( 0 )  FOR RANDOM SINE WAVE CORRUPTION 

From the  e q u a t i o n  b e f o r e  eqn.  ( 2 . 3 . 9 )

v a r [v , (0 ) ] -   G1

and s i n c e  x j t )  and t ( t )  are independent

^ E t x ^ t p l E t y t . f l - O .  . .  .............................
G2

and
N-l N

Ml *^

-  ^ E t x ‘l ( t i ) ) E ( S , ( t i , V 2 5 ^ " <tf t i ) -'Vl( t f t i ) .............................

now E t x M t , ) ) - 1 . ^  s ‘ ^ i >  u  1 in  a11 the e r ro r  2onos ond z e t °r  i
e l s e w h e r e . Hence,  w i t h  the a i d  o f  F i g .  2 -10  <P- ” ) ,

- 1'  ” A rC , in (6 /W  

• “  -  “  " " " " " "  "  “

A p p e n d i x  C, i t  becomes

A l l  t er m s  o f  for m  'K < t j ' t i ) H ( t j t i )

................. + (N-2) + ( N - D

( 2 - 1 )  + <3 -1 )     ( N - l - D  I
a l l  terms = .
^ , [ ( N - l ) & t ]  %L(N-1)&C]

. t N - C H - i ) ] - -  .  Summing co l u m n s  o f  l i h e  t e n a s :

a i i  L : : " "  zz- • 1 1  • 05

+ ( 3- 2 ) ♦ (4^2) * ..................... a l l  terms
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S u b s t i t u t i n g  c q n s .  (G2) t o  (G5) i n t o  eqn.  (Gl) g i v e s  eqn.  ( 2 . 3 . 9 ) .

NOTE 1: ( p • 37)  The e x p r e s s i o n  fo r  the variance o f  the sum of  the

p r o d u c t  term s  i n  the  e r r o r  zones  i s  i d e n t i c a l  to  eqn.  (Gl) w i t h  N rep la ced  

gy N . P r o c e e d i n g  through  the above a n a l y s i s ,  and n o t i n g  tha t  the double  

summation m a t r i x  o f  terms has  (N^- l)  terms along the top and s id e  ( in s t e a d  

o f  ( N - U )  s o  t h a t  eq n .  (G5) must have N replaced by N^, the e x p r e ss io n  for  

t h e  v a r i a n c e  i s  the same as eqn.  ( 2 . 3 . 9 )  but with N r e p la c e d  by N^.



APPENDIX H

AUTOCORRELATION FUNCTION OF ( ,(t )

The w a v e f o n a  %(l) i s  i l l u s t r a t e d  be low in F ig .  H - l .  Let  2%/w= T and t nezc^

$ u » ,
i

-i

FIGURE H -l

T/2
U«iM)

T
(s2« u)

1- 2S '

a u t o - c o r r e l a t i o n  f u n c t i o n  o f  %(t) may be d e r iv e d  i n  s e c t i o n s ,

0WS: . _ .. ..... r, ,

as

( F ig .  H-2)

ri/t S-X lik-t-l ’

t |  I  d t  \ , L dc  4J - = a t

= i -  (4&+ 2 i )  n

J(0| N, cm-n lU.B) llT'4'fcl
-  j ' j — . . - S 2j ± r r  

 H i
OTrt-r.il

FIGURE H-2

s u f - n s e s  ,  :  W  -  T . e  r . . UU .  • «

_ t h e r e ,t h e r e ,  by d e f i n i t i o n ) ,  
nez

(1)  2 S < T / 4 ^ ( t )

0 <  T < 2c.
1 - ( 4 S + 2 x) /T

2 & < T <  ( 1 - 2 &) 1- 4 t / T

-  (2"t-4B)/T

1  . . r 1 ♦ ) -2  [ l - ( x  +2&) /I'l

( | + 2 o ) ^ T  < (T-2S) - [ 3 -  4-t/T]

( T - 2 S ) < T  s  T
(2T-4S)/T - i

(2) 2%>T/4

l-(4&+2"[)/T
0  (n'ZS)

( I - 2 S ) < T <  '>S

1
2 _________

-  [ (2T-4<*>) /Tj 

2 [ l - ( t + 2&)/^-

(T-2S)

1
(2T-4S)/T -1

l i m i t  as  2i - 0 , »acomes a square wave wtth  4 , i  >

(I"  4 't /1 ')
t < T / 2



APPENDIX I

EVALUATION OF L'HE VARIANCE OF THE NON-ERROR ZONE PRODUCT TERMS SUM

As u s u a l

+ 1)] . n

where

n t t  y
N . t A r c s i n ( 0 / A ) . ,('T) ( 2 . 3 . 1 4 )

n o t i n g  t h a t  , 2 ( t . t ) .  Y , t „ < t )  ̂  t h a t  1 ( t ,  and x , ( t )  are indepen-

d e n t ,  and (b) t h a t  lAXjCOx^Ct^+T)}  »

e a r  -  Z . l A c t ^ - ^ *
n e z  i*i  1*

E l K t ) ) .  t n e „ / ( W o ) -  i A r c s i n ( e / A )

<tu
2*/w — t

i t / a

figure i - i

S u . s t i t u t i n g  t h i s  i n t o  cqn

v a r 0 CI- V l ^ “ n(8/A>

(12)  y i e l d s  eqn.  ( 2 . 3 . 1 5 )

. 2 i ; ^ ( t , . t . ) E ( y t , ) . / t r ) Y V Y h ^

....................

Now W t j - q W  £° r h *  ( t U T)

i ( , , ( t . , » / t , . t ) x 2 ( t . , a / ^ " " ' l ^ ( r , r  i a r t . X t ^ t )

120
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and t h e  d o u b le  sunr/.ation may be s i m p l i f i e d  by expanding i t  in the way 

used in  Ap pendix  C:

t e r m s -  \ / t ^ - r  ) [ v , , ^ - t . )]" 

(N-N 1~ l )  terms

(2 -1 )  4 (3 -1 )  4 .......... 4 (N-Na-1)

> ( 3- 2 ) 4 ( 4 - 2 )  * 4 (N-Na + l - 2 )

♦ (N-N.- l)

- '

t erms-  V1( t . - t j ) '  

( 2N -N) terms

(N-Ng+1- 1) ♦ . . . .  4 (•*g- 1 “ 1)

(N-Na *2-2)  +

(N-Na)

4 (Na-2 )

Summing columns o f  l i k e  terms

*V- 1
1 -  2 .  CN a-K -j ;

S u b s t i tu t in g  these two su=s for the dou .i,  sutrtetion i»  «q». le t  os

t o  e q n .  ( 2 . 3 . 1 6 ) .

TV  variance  o f  the uen-error tone tents in the e . s e  of continuous

v a v e fo r m  c r o s s - c o r r e l a t i o n  ( p .  41)  I .  the

t h e  s u c t i o n s  are . 1 1  up to  *  i n s t e a d  o f  S . .  » «  ^  

f r o s  e qn .  ( 2 . 3 . 1 6 ) .  Thus e qn .  (13)  b e coces

u . r _ .  K lA ,c . in (8M ).r-  .  :

The d o u b le  suramation m a tr ix  n o .  has s ,  term! t t  t n .  r . g n t  0 -:::n:::r:rr:rr,
d o t t e d  l i n e  b e c o m e ,  r e s p e c t i v e .

«.f.r O  ■ 1:



appendix  j

AUTO-CORRELATION FUNCTION OF 1 ( c )

For c o n v e n i e n c e , l e t  T* 2*/u  and l no? as Appendix H. Tne 

a u t o - c o r r e l a t i o n  f u n c t i o n  o f  1 ( t )  w i l l  be der ived  for  the  two p o s s i b l e  

c a s e s :  ( 1 )  2 S ( = t nLJ, )  < T/4 and (2)  2b > 1 / 4 .

( I )  2S<  T /4

(a)  0 < t  < 2 S  ( F i g .  J - l )

lit) t
_ f m _
-♦'0 n *

1(t.T)(
1

.72- r, 12

_ r " 1
1 1 - % 1

r f 1
( d t  ‘ ^ d tJ

0 2 l T/ 2-*' - t )  T/2

FIGURE J - l

The e t h e r  „  b - r e o 6=e o f  r  may be t r e a t e d  l i k e w i . e .  The r e s u l t s  

—u...  b e lo w .  (Note t h a t  T- 2s /w and 2S-  t Qez)



appendix  k

DERIVATION OF VARIANCE EXPRESSION [EQN. (2 .3 .1 7 )]

As b e f o r e

s.
^  « y '  F ( x 2 f r . ) f 2 f t . ) 1 > 2

“ [ ^ E { X |  ( t ^ )   K1

In t h i s  c a s e  %(t) i s  a square wave,  so E( t , ( t^ ) )=  0 = E ( x 1 ( t^)} ana 

Ett ,2 (tj^)) *= 1 * E(x2 ( t . ) ) ;  s u b s t i t u t i n g  in to  eqn.  (Kl)

v a r Nk“ Nb* 2 l ! ^ ‘' cj * t i ) ^ ( t j " t i ) ....................................................................

The d o u b le  sum i s  analogous  t o  that  appearing in Appendix C ex^ep 

th e  upper l i m i t  i s  N ,  and not  N. Hence i t s  s i m p l i f i e d  exp an s ion  may be

w r i t t e n  down d i r e c t l y  as in  eqn.  (G5) , i . e .

EE- VI

S u b s t i t u t i n g  t h i s  i n t o  eqn.  (K2) g iv e s  eqn.  ( 2 . 3 . 1 7 )

v a t -  Nb .  2 | ' ( N b- i ) H ' .f t S t ) ^ ( i8 i )
Nt 0 i-*1



APPENDIX L

EVALUATION Ob’ TIE DOUBLE INTEGRAL IN CQN. ( 2 . 4 . 3 )

S t a r t i n g  w i t h  eqn.  ( 2 . 4 . 3 )  and l e t t i n g  (wt+4)= 0 ,

1 f ,  f  f -1 f *1 2 , . * ( c - A « i n e )  ̂ ( t - A s i n 8f l l  de

e t t i n g  ( t - A  s i n e )  /B = A and 1 / ( 2 K S * V T ^ ) -  k ,  t h i s  becomes

C  C  T  LI
P ( i n s t ) =  k dot e x p t  2 ( I -  pl)s* ........................

Jo J-(A*n9)|6 >

vhich i s  o f  the genera l  form

k f d<t f exp ( -  V a - V j s 1 ^dX * F(U1,U2) ...........................
J-w,

U s in g  t h e  method o f  McFaddon( 3 6 ' t h i s  can be expanded in a two d im ens iona l  

H a c l a u r i n  s e r i e s  in terms o f  Uj and S u b s t i t u t i n g  zero  f o r  u ,  and

i s i n e / M  f o r  u 2 would g i v e  P ^ ( i n s t ) .  This  can then be averaged  (term by 

term)  by  i n t e g r a t i n g  w i th  r e s p e c t  to  9  over the range zero  to  2 .  and

m u l t i p l y i n g  by p (6 ) e 1

F ( u v u2) .  F(0 , 0 )+ g j / r   U

Also ne e d e d  i s  the e x p r e s s i o n  f o r  d i f f e r e n t i a t i n g  an i n t e g r a l ;

,b(t)

I ( a ( t ) , b ( t ) )  -  J<iit)R(flC»a)d,X'

t h e n  ^

4 1 -  R ( b ( t ) . S ) . ^ P  -  » t a ( t ) , » l  . ‘' j P 1 *   W

I t  can be seen from eqn. that the f i r s t  and la s t  terns are zero, and

by in s p e c t io n ,  a l l  terns in eqn. <L3) containing factor u ,  w a l l  no zero
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z e r o  o v e r  one c y c l e  o f  8 . Therefore

19^F 13* F 4 13* F
2:3u; . U2 4!3u*l o V  6 ! 3u*

L5

A p p ly in g  e qn .  (L4) t o  eqn.  (L2)

F ( u 1 , u 2 ) -  [ i  + 2, A r c s m ( ^ ) l  -  [ 2 \ l v ^  ( 1 -  tf)*} u2+ . 4 8■• ( 1 - ^

[ft ( 15 -20  ft1+8^)1 ,  [ ft (105-210  ft1 f  168 ft*-48  ft*) û , + .............................. L&

I n t e g r a t i n g  term by term over  0 < 0  < 2n and m u l t i p l y i n g  by l / 2 r ,

p „ -  t ♦ A A r c , i ” ( A i  { v . • 1 '  1 ' 1 *

. 1 .1 .1  ♦  1 ....................

Remembering t h a t  4 P „ -  1 end s u b s t i t u t i n g  eqn. (L7) y i e l d s

eqn.  ( 2 . 4 . 4 )  d i r e c t l y .

L7



appendix  m

AUTO-CORRELATION FUNCTION OF X2 <t) [EQN. ( 3 . 2 . 7 ) ]

^ ( t ) -  s g n [ f l f n ( t ) + 1 f n (t*A)+ n ( t ) ] -  s g n [w ( t )+  n ^ t ) ] .................................Ml

*2 ( t ♦ t ) E S 3 n [ $ f n ( t + T ) + 1 l n (t+c+A)+ a ( t + t ) ] -  sgn[w(t+ x)+  n2 ( t ) ]  . . .  M2

M3

e 8 - .............................

and pw(T) i s  th e  n or m a l i s e d  au to -c o v a r ia n c e  of  w ( t )  which i s

t.4

w ( t )  and w ( t+  r) are l i n e a r  f u n c t i o n s  o f  f ^ ( t ) ,  t ^ ( " - A ) , f n (t+T) and

f (t+T+A) and hence w i l l  have a b i v a r i a t e  nonuL1 d i s t r i b u t i o n  f u n c t i o n ,  
n

Comparing e qn .  (Ml) to  e q n . ( 2 . 2 . 2 )  on page 25,  i t  i s  c l e a r  th a t  the  

a n a l y s i s  o f  th e  a u t o - c o r r e l a t i o n  f u n c t i o n  o f  %2 ( t )  in the p r e s en t  case  

i s  e x a c t l y  analogous  t o  th a t  o f  the < f i - c o r r e l a t i o n  f u n c t i o n  o f  x2 ( t )  

in  S e c t i o n  2 . 2 . 1  w i th  6 f ^ ( t )  r e p l a c ' d  by w ( t ) .  Therefore  the a u to ­

c o r r e l a t i o n  f u n c t i o n  o f  %2 ( t )  in eqn. (Ml) can be w r i t t e n  down as in  

eqn.  ( 2 . 2 . 8 ) ( ? .  26)

" « A rcs in [ R W r t I ...................................................

where Xs i s  the  standard d e v i a t i o n  o f  w ( t ) ,  i . e .
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SPECIMEN SET OF EXPERIMENTAL READINGS

The r e a d in g s  g iven  below are the complete  s e t  taken f o r  the  exper i  

mental  p o i n t s  p l o t t e d  on the 0 .309  s i g n a l - t o - n o i s e  r a t i o  curves  in  F i g s .  

4 -19  t o  4 -2 2 ,  (100 sample c r o s s - c o r r e l a t i o n  o f  a s i n g l e - b i t  Gaussian s i g n a l  

w i t h  a r e f l e c t i o n  corrupted  by a 3903 Hz random phase s i n e  w a v e ) .  The l e f t  

hand s e t s  o f  r e a d in g s  are the z e r o - d e l a y  counts  ( th e  number o f  t imes t h a t  

xv,(0 ) > h ) ,  and th e  r i g h t  hand s e t s  are the f a l s e  alarm counts  ( th e  number

o f  t im es  t h a t  \ ' , ( f  ) ^ h ) .

96878
96643
96809
96711
96826
96669

570 42  
5 7062  
570 72  
5696 7 
57 2 5 4  
57133

2 con td .

95311
95187
95172
95133
95427
95318

8

50837
50938
50786
50638
50824
50969

10

9 5 4 1 1 150977  
9 545 4
95061
95202

86935
87012

31860 
3 2 2 0 0  

8 7 0 8 5  I 31977  
8 7 0 4 7  32273

50713
50720
50688

12

86921 32064

82912 26640 78061  
83201 265 64  77957  
83141 2637 8 1 7 8 2 0 3  
8 2 V 9 7 | 2 6 4 5 5 l 77974

% ' , <  78247  
83021 26274  
828 53  26416  
83179 26492

21628
21302
21451
21626
21321

93235
93314
93194
93203
93333
93211

441b9
44029
44484
44316
44309
44249

9 0 5 4 8
90607
9 0488
90581
90464

33175  
382841 
3 8 2 0 3 j 
37357  
37957

16 18

66643
66649
66862
66675
66718
66923

13192

13249
13414
13253
13318

20

5 3 8 8 3
5 3 7 1 3
5 3 6 3 3
5 3 6 3 8
5 3 7 9 4

74 28
73 92
7407
7419
7434

22 26 28

46575
46858
46739
46636
46744
46737

5399
5338
5362

32606
32575
32519

60457
6 030 5
60407
60446
60305

10010
10179
10052

9958
10056

36

5439 32651
5479
5436

32483
32833
32821
32751
33100
329 68

2646 26696 1746
2713 26715 1799
2613 26770 1798

2608 26808 1801
2766 26614 1783

2639 26456 1815
2597 26819 1725

2673 26703 1817

2613
2669

26632 1819

[ ^ r e a d i n g  r e j e c t e d  fo r  on
o£ the  reasons  d i s c u s s e d  in  Chapter f o u r .
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h 38 40 42 44 46

6805 172 4782 113 3220 53 5 2 1378 18
4799 109 3276 59 3% 1389 17

6608 4754 112 3289 60 30 1323 16
6805 188 3203 57 2018 24 1337 14

Nh 6647 180 106 3267 59 2089 32 1358 20
n 6743 182 4776 82 3271 53 2102 38 1425 12

6674 4784 106 3239 2090 37 1291 21
6770 180 4800 95 3162 56 2084 32 1330 17

2081 27 1347 25
1355 11
1330 15

h 56 58

95 49
83 65

N, 80 51n 105 60 - zero delay counts only.
83 54
85 48

d r e a d i n g  r e j e c t e d  fo r  one o f  the reasons d i s c u s s e d  in  Chapter four .



APPENDIX 0

CALCULATION OF CONFIDENCE INTERVALS

Most o f  the  methods f o r  e s t i m a t i n g  c o n f id e n c e  i n t e r v a l s  fo r  the  

l i f f e r e n c e  be tween t h e  means o f  two groups o f  read in gs  assume t h a t  the  

readings are norm al ly  d i s t r i b u t e d ,  or are most e f f i c i e n t  when they  are .

U, d i s c u s s e d  i n  S e c t i o n  4 . 5 ,  th e  Centra l  Limit  Theorem s u g g e s t s  t h a t  the

<h r e a d in g s  w i l l  approach n o r m a l i ty  f o r  l arge  NR.

The s tan dard  d e v i a t i o n s  s . d . l  and s . d . 2  of  the s e t s  o f  the h
(42)

Nh>2 r e a d in g s  may be t e s t e d  f o r  e q u a l i t y  u s i n g  the r a t i o  t e s

( T h i .  t e a t  a l s o  assumes the s e t s  =£ read in gs  to  be n o r a a l l y  d i s t r i b u t e d ) .

The r a t i o  [ ( s , d . 1) 2 Z(true  , . d .  I ) 2 ) / l ( s . d . 2 >2 /C«rue s . d . 2 ) 2 } f o l l o w s  the

F d i s t r i b u t i o n .  To t e s t  i f  the s tandard d e v i a t i o n s  are equal  the true

s tan dard  d e v i a t i o n s  are assumed equal  and the  r a t i o  [ ( s . d . l )  }. [ ( s . d . 2)

i ,  compared t o  u n i t y .  I f  i t  l i e s  w i t h i n  the range ^ 1 . ^ 1 :.. ,: "  

l / F  . t h e r e  i s  no s i g n i f i c a n t  d i f f e r e n c e  between the  s t a r

d e v i a t i o n s 'a ^ t  the ( 1- )  c o n f i d e n c e  l e v e l .  =1  and n2 are the  numb .  

samples  used  f o r  the s . d . l  and s . d . 2  e s t i m a t e s ,  r e s p e c t i v e l y .

C o n s id e r  the r e a d in g s  o f  and from the 100 sample c r o s s -  

e n r r e . a t i o n  o f  an a n a lo g  G auss ian  s i g n a l  w i t h  a r e f l e c t i o n  corru pted  by

wideband G auss ian  n o i s e ,  ( 8 s / o ) s  0 . 1 .

„ : 50 ,  4 2 ,  51,  54 ,  54 ,  49.  51 ,  5 5 ,  52,  50

g4 0 : 2 2 ,  2 6 ,  14,  2 0 . 2 2 .  2 4 .  2 3 .  2 0 ,  2 6 ,  20 
42

N40e 5 0 ' 8 a - J , l e  4 ' ‘>4 where s . d . «  ] ( Zxi~  T  ]
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d i f f e r e n c e  a t  the  95 per  c e n t  c o n f id e n c e  l e v e l .

Where s e t s  o f  r e a d in g s  are normal ly  d i s t r i b u t e d  and have equal  

v a r i a n c e s ,  the t - t e s t  may be a p p l i e d  to f in d in g  the c o n f id e n c e  i n t e r v a l  

o f  the d i f f e r e n c e  between t h e i r  m e a n s P ^ ^ " ^  This  t e s t  i s  s e n s i t i v e  to  

skewness i n  s m a l l  numbers o f  samples ,  but t h i s  s e n s i t i v i t y  i s  o f  l e s s  

consequence  when the s e t s  o f  samples  are equal  s i z e d  and s i m i l a r l y  

d i s t r i b u t e d .  A p ply ing  i t  t o  the two s e t s  o f  readin gs  above g i v e s

Mean d i f f e r e n c e  ■ 2 9 .1  

90 per  c e n t  c o n f id e n c e  l i m i t s  •  2 6 .3  to 31.9

The secon d  method o f  de term in ing  the c o n f id e n c e  l i m i t s  o f  the mean 

d i f f e r e n c e  ( m ^  m , ) ,  a p p l i c a b l e  o n ly  to equal  s i z e d  groups o f  r e a d in g s ,  

i s  to  c a l c u l a t e  the ranges  ^  and r ,  o f  the two groups and s e t  U n i t s

•  (44)
on (m^- m^) u s i n g

( f j -  M2) e (m1* “ 2^  ^ l *  r 2 )

. b e i n g  tabulated in d e t e n t e  (4 4 )  and mote fu l ly  in Reference ( 4 5 ) .

T h U  w t h o d  i s  l i a b l e  to  be s e n s i t i v e  to l a r g e  departures  o f  the r e ad in gs  

f r o .  n o r m a l i t y .  Apply ing  i t  t o  the example above,

r ■ ( 5 5 - 4 2 ) =  13

t 2-  12

. .  0 . 1 2 5  fo r  90 per  c e n t  conf ide nc e  l i m i t s .

O'," fg )  ■ 29,1‘ 0,125 ‘ 25
.  2 6 . 0  to  3 2 . 2  ( c f .  2 6 . 3  to  3 1 . 9 )

B o t h  the above methods y ie ld  compatible The s e c o n d  m e t h o d

mputationally  the e a s i e s t ,  hut i s  only applicable to equal s i t e d

IS o f  r e a d i n g s .  The t - te s t  uas used in t h i s  t h e s i s .
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d e v i a t i o n s  were o b v i o u s ly  not  e q u a l .  Those on page 67 are an e x a n p l e :

Nfe0: 9 7 2 8 4 ,  97248 ,  97258

N6 2 : 9 6 2 1 1 ,  96433 ,  96665,  964 2 0 ,  96444 ,  96703,  9 6 5 8 3 ,  96612 ,  96425

The s ta n d a r d  d e v i a t i o n  o f  i s  18 .57  and that o f  i *  1 5 4 .5 4 ;  

r e g a r d i n g  the readin gs  as v i r t u a l l y  c o n s ta n t  ( compared t o  t h o s e  o f  

N .̂. , ) ,  t h e  90 p e r  cent  l i m i t s  on the mean o f  can be e s t i m a t e d  from 

t h e  t d i s t r i b u t i o n  to be 9 6 4 99 .5  + 1 1 9 .1 .  Therefore  the l i m i t s  on the  

mean d i f f e r e n c e  are approximate ly  763 .8  ± 1 1 9 .1 ,  or  6 4 4 .7  t o  8 8 2 .9 .

A p p ly i n g  the  t - t e s t  d i r e c t l y  to  the  e s t i m a t i o n  o f  the  90 per c e n t  l i m i t s  

on the  d i f f e r e n c e  between t h e i r  means g i v e s  the l i m i t s  as 5 9 4 .7  to 933.  

Thus ,  e ve n  though the t e s t  i s  n o t  s t r i c t l y  a p p l i c a b l e  due to the  d i f f e r i n g  

v a r i a n c e s , i t  s t i l l  g i v e s  one a f a i r  id e a  o f  the c o n f id e n c e  1 i m i t s . 

F o r t u n a t e l y , t h e r e  were o n l y  t h r e e  i n s t a n c e s  in the  e n t i r e  s e t  o f  e x p e r i ­

m en ta l  r e a d in g s  where the above s i t u a t i o n  a r o s e .
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TABLES OF EXPERIMENTAL RESULTS PLOTTED IN FIGURES 4 - 3  TO 4-26

TABLES
100 sam ple  c r o s s - c o r r e l a t i o n  o f  a s i n g l e - b i t  Gaussian s i g n a l  
with a r e f l e c t i o n  corrupted by wideband Gaussian n o i s e ;

P r o b a b i l i t y  mass fu n c t io n s  o f  ^ D(0)  and
D e t e c t i o n  p r o b a b i l i t i e s  ( F i g s .  4-3 and 4 - 5 ) ................................................ P1-P10

P r o b a b i l i t y  mass f u n c t io n s  o f  * c( t) and
F a l s e  Alarm p r o b a b i l i t i e s  ( F i g s .  4 -4  and 4 - 6 ) ............................................P11-P14

200  sam ple  c r o s s - c o r r e l a t i o n  o f  a s i n g l e - b i t  Gaussian s i g n a l  
with a r e f l e c t i o n  corrupted  by wideband Gaussian n o i s e ;

P r o b a b i l i t y  mass fu n c t i o n s  o f  ’J'o(O) and
D e t e c t i o n  p r o b a b i l i t i e s  ( F i g s .  4-7 and 4 - 9 ) ................................................... P15-P17

P r o b a b i l i t y  mass fu n c t i o n s  o f  '(,D( t )  and
F a l s e  Alarm p r o b a b i l i t i e s  ( F i g s .  4 -8  and 4-10)  .......................................  P18-P20

100 sam ple  c r o s s - c o r r e l a t i o n  o f  an analog Gaussian s i g n a l  
with a r e f l e c t i o n  corrupted by wideband Gaussian n o i s e ;

P r o b a b i l i t y  mass f u n c t io n s  o f  ^ ( O )  and
D e t e c t i o n  p r o b a b i l i t i e s  ( F i g s .  4-11 and 4 - 1 3 ) .................................................

P r o b a b i l i t y  mass f u n c t i o n s  o f  '('□(t) and
F a l s e  Alarm p r o b a b i l i t i e s  ( F i g s .  4-12 and 4 - 1 4 ) .......................................... P26-P^9

200 sample  c r o s s - c o r r e l a t i o n  o f  an ana log  Gaussian s i g n a l  
with a r e f l e c t i o n  corrupted  by wideband Gaussian n o i s e ;

P r o b a b i l i t y  mass f u n c t i o n s  o f  M O )  and
D e t e c t i o n  p r o b a b i l i t i e s  ( F i g s .  4-15 and 4 - 1 7 ) ................................................. . -JZ

F a l s ^ A l a n l i  p r o b a b i l i t i w " ( F i g ^ 4 - 1 6  and 4 - 1 8 ) ........................................... P33-P36

-  ‘ - 2 »  p 3 7 - p 3 s ̂ p39' p' °

r ,  ™

; ^ * n n r  ... ................................................. , 4 3 - F t6
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appendix  q

VOLTMETER READING INTERPRETATION

The two t y p e s  o f  v o l tm e te r  used for measuring the n o i s e  s i g n a l  and 

th e  s i n e  wave l e v e l s  were a Hewlet t  Packard True m s  v o l tm e te r  and a 

Hewlett .  Packard average responding vacuum tube v o l tm e te r  (VTVM).

( a )  True ras  v o l t m e t e r

No c o n v e r s i o n  f a c t o r s  were required  wi th  t h i s  meter .

(b)  Average  responding  VTVM

In t h i s  meter  the input  i s  r e c t i f i e d  and ap p l ied  t o  a moving c o i l  

m ete r  c a l i b r a t e d  to read the m s  v a lu e  of  a s ine wave.  When the input  

i s  z e r o  mean Gaussian n o i s e  w i th  var iance  crl , the average  d e v i a t i o n  from 

z e r o  o f  t h e  r e c t i f i e d  in p u t  i s

For a s i n e  wave ,

V = it/2. /?
mis av

thus

.  meter r e a d i n g x 2 ^ 2 / n

and t h e r e f o r e

a  -  meter reading x 1.129

For z e r o  mean Gaussian nois* , o i

When the input i s  a s w i t c h i n g  waveh

about  z e r o  between +V and -V,  sa> , thv

 tnnnt- i s  V. The mover reading

i s  the same as the m s  v a l u e .

g waveform that  swings sym m e tr i c a l ly  

the average and m s  v a lu e  o f  the

r e c t i f i e d  i n p u t  i s
reading must t h e r e f o r e  he m u l t i p l i e d

example , fo r  an,n m s  va lue  o f  0 . 2 5  v o l t s ,  the

m e t e r  must read 0 . 2 / 8  v o l t s



APPENDIX R

VOLTAGES USED FOR THE EXPERIMENTAL READINGS

(a) S i n g l e - b i t  Gaussian r e f l e c t i o n  corrupted  by wideband Gaussian  n o i s e

S i g n a l - t o -  
n o i s e  r a t i o  

(0/cr)
8

( v o l t s )

Ave. r e s p .  VTVM 
read in g  
( v o l t s )

a

( v o l t s )

Ave. r e sp .  VTVM 
read in g  
( v o l t s )

0 0 0 0 . 2 5 0 .2 2 2
0 . 1 0 . 0 5 0 .0 5 6 0 . 5 0 0 . 4 4 3
0 . 2 0 . 1 0 0 .1 1 1 0 . 5 0 0 . 4 4 3
0 . 3 0 . 2 0 0 .2 2 2 0 .6 6 7 0 .5 9 1
0 . 4 0 . 1 5 0 .1 6 6 0 .3 7 5 0 .3 3 2
0 . 5 0 . 2 0 0 .2 2 2 0 . 4 0 0 . 3 5 6
0 . 6 0 . 2 5 0 . 2 7 8 0 .4 1 6 0 . 3 6 8
0 . 7 0 . 2 5 0 .2 7 8 0 .3 5 8 0 .3 1 7
0 . 8 0 ,2 5 0 .2 7 8 0 .3 1 3 0 .2 7 7
0 . 9 0 . 2 5 0 .2 7 8 0 . 2 7 8 0 .2 4 6
1 . 0 0 . 2 5 0 .2 7 8 0 . 2 5 0 .2 2 2
oo 0 .2 5 0 .2 7 8 0 0

( b )  Analog  Gaussian r e f l e c t i o n  corrupted  by wideband Gaussian n o i s e

100 samples 200 samples
S i g n a l - t o - 6S IT fis cr
n o i s e  r a t i o

( 6 s / o ) ( v o l t s ) ( v o l t s ) ( v o l t s ) ( v o l t s )

0 0 0 .2 5 0 0 . 2 5

0 . 1 0 . 2 5 2 .5 0
0 . 2 0 . 1 5 0 . 7 5

0 . 5 0 . 3 0 0 . 6 0 0 .2 5 0 . 5 0

0 . 8 0 . 2 5 0 .3 1 3

1 . 0 0 . 3 0 0 .3 0
oo 0 . 2 5 0 0 . 2 5 0

( c )  S i u g U - b i t  G a u s s i a n  r e f l e c t i o n  c o r r u p t c  ' by a random p h a s e  s i n e  wave

100 samples 200 sa mples

P/A
S i g n a l - t o -  
n o i s e  r a t i o  

( 6 / 2 /A,

8
( v o l t s )

A/ J J  

( v o l t s )
e

( v o l t s )

A / / ?
( v o l t s )

0 . 3 0 9
0 . 5 8 8
0.C09

0 . 4 3 6
0 .8 3 1
1 .143

0 . 2 0

0 .3 4 3

0 .4 5 8

0 . 3 0

0 . 2 0
0 . 2 0

0 . 4 5 8
0 . 2 4 0

136



appendix  s

COMPUTER PROGRAMS FOR THE THEORETICAL DISTRIBUTION'S

PROGRA.1: P r o b a b i l i t y  mass f u n c t i o n  o f  Xir(0)  for  the c r o s s - c o r r e l a t i o n
o f  a s i n g l e - b i t  Gaussian  s i g n a l  and a r e f l e c t i o n  corrupted  by wideband 
Gaussian  n o i s e . The  prograir has been used fo r  up to 500 s a n p l e s  and 
s i g n a l - t o - n o i s e  r a t i o s  o f  ze ro  t o  f i v e .

01 DO 11 1 1 - 1 , 5
02 N - 1 C 0 « I 1 N i s
Cl 00 10 J K - 1 , 9
Od E - . l - U K
OS S I G - 1 .
OS K R I T E ( t , l )  N , Z , S ! G
07 1 FCf lMATdX,  ' T / C : - ' , 1 8 , i X , 'BETA-
OS P » . $ • ( ! - £ R F ( 8 / ( S I G « 1 . d i d 2 2 ) ) )
09 SVM-0.
10 v:r i t e ( 6 , 2 )
11 2 F 0 R K A r ( / / 5 X , ' B I N O M I A L  01 STRIB
12 WRITECG. i )
11 1 F 0 R i : A 7 ( / / 3 X ,  ' P S K O M O X , 'PR0B
Id N 1 - . 1 - N - 1 C - B •
15 DO 8 U - r i , N
16 M- N
17 FACT-1.
IS I F ( J . L T . ( N - J ) J  GO TO 4
19 N L - N - J
20 Z - l - P
21 J J - N L
22 GO TO 5
21 6 N l - J
2d J J - N L
25 Z - P
26 5 DO E l - l , N L
27 FACT- (FACT*M*Z# ( 1 “ Z ) ) / J J
2S V. -M- l
21 6 J J - J J - 1
10 F A C T - F A C T * ( ( l - Z ) * e ( N - 7 * H L ) )  J

51 C -  ‘1 •  2 •  J
12 SUI 1- SUM*FACT
15 7 PPOB-FACT

J . G T . IId 1F ( P R 0 B . L T , (  . 1 E * 1 0 ) . AND.
15 8 HR 1T E ( C , 9 ) C,PR0B,SUH UJXcc

56 9 F ORfA T (2X,c 7.2,5X,Eld.E,
17 10 CCNT IIIUC
IS 11 CONTI NUE
19 END ,

B/SIG corresponds  to ( g / o )

E va luat ion  o f  the b inom ia l  
d i s t r i b u t i o n  %Cp pr ( l - p ) ‘~r 
(-PR0B)

C corresponds to the t h r e s h o l d  h 
SUM i s  the D e t e c t i o n  p r o b a b i l i t y

f o r  a l l  s i g n a l - t o - n o i s e  r a t i o s .

c
C tND

DIMENSION PMCOU.P'HOOl I

T H l  1 N T C M A L  b t T W E t N  C C K K E L a I U ^

NT i s  the t o t a l  number o f  samples
h. T * I 00» I Z



A?PENDIX S

COMPUTER PROGRAMS FOR THE THEORETICAL DISTRIBUTIONS

PROGRAM 1: P r o b a b i l i t y  mass f u n c t i o n  o f  V̂t (0)  for the c r o s s - c o r r e l a t i o n
o f  a s i n g l e - b i t  Gaussian s i g n a l  and a r e f l e c t i o n  corrupted  by wideband 
Gaussian  n o i s e . The program has been used fo r  up to 500 samples  and 
s i g n a l - t o - n o i s e  r a t i o s  o f  zero  t o  f i v e .

N i s  the number o f  samples c r o s s - c o r r e l a t e d  

B/SIG corresponds  to ( 0 / o )

CO 1 1  1 1 - 1 , s  
N-1C0*I I 
DO 1 0  J K ' 1 , 3
e - . l - J K  
sia-i.
W RI TE (C ,1 )  N ,8 ,S1G

1 FOR,' t T ( l X .  ' T / f T - ' .  I 3 . 3 X ,  ' B E T A - ' . F l . Z . l X ,  ’ S t a M - V S . Z )  
P - . 5 - a - E R F (  8 / ( S I G - 1 .  M 4 2 2 ) ) )
S l 'M-0.
V.'RI T E ( 6 ,  2)

2 F 0 R : A T ! / / $ X , ' B I N O k l A L  OISTRIG OF ERRORS FOR TAU-0* )  
WRITE ( 6 . 1 )

5 F O R I ' . A T ( / / 5 X , ' P S I ( O ) , , 1 0 X , , P RO B* , 17 X , '  SUM' ) 
N1-.1-N-10-B 
DO 8 J « r l , H  
H-N
F A C T - 1 .
I F ( J . L T . ( M - J ) 3  GO TO 4 
N L - N - J  
Z - l - P  
JJ - f I L  
GO TO 5 

k NL -J  
J J - N L  
Z -P

S CO 6 l - l / I L
F  ACT*(FACT* f ' *  2 -  ( 1 - Z ) ) / J J  

MM-1 
t  J J - J J - 1

F A C T - r A C T - ( ( l - Z ) * * ( ' l - 2 - N l ' )

C - f l - 2 - J  
SUM-SUM-FACT

I F ( PROS. I T . (  . 1E-1C ) .  ANO.U.GT, ( M / 2 ) )  GO TO 10
8  WR ITE (C , 9 )  C , PROS,SUM •
9  F 0 - V A T (  2 X ,  c 7 , 2 , 5 X , E  II* , 6 , 8 X , F  1 4 . 6  )

10 CONTINUE 
U  CONTI NUE  

END ,

E va lu a t ion  of  the b inom ia l  
d i s t r i b u t i o n  NCr p r ( l - p ) - - r  
(-PR0B)

C corresponds to the t h r e s h o l d  h 
SUM i s  the D e t e c t i o n  p r o b a b i l i t y

f o r  a l l  s i g n a l - t o - n o i s e  r a t i o s .

ooz
00 3

OU4

0 0 5
CGt
0 0 7

t
C

d i m e n s i o n  «•< I C O I I . P A U O O I  I

0 , ; S u a ! * | S  THE I N U K V A L  bETWEEN C U R N E L a T I U N s

»'ir f\L
AND 
Ul
k t i t R C  

PI 1 4 15 92 7
D( )  2 6 0  1 2 *  I t  1 °  

NT * 10 0 * I 2
NT i s  the t o t a l  number o f  samples

137
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008
00 9
010
01 1
012
013
014
015
016

C
01 7
O l d
019
02"
02 1 10
022
02 3
024
02 5

c
026
02 7 20
028
029 30
030
031
032
033

c
0 3 4
035

N i s  the number o f  samples  in T - i  
N1 i s  the number o f  samples  in t

B/S1G corresponds  to ( p /o )

0 3 6
037
0 3 8

0 39
0 4 0  
04 1 
04 2

04 3 
04 4 
0 4 5
04 6
0 4 7
04 8
0 5 0
051

0 5 2
05 3
0 5 4
0 5 5
0 5 6
05 7
0 5 8
0 5 9
0 6 0
06 t 
062
0 6 3
0 64  
06 5

0 6 6  
0o 7 
068
0 6 9
070

071
0 7 2
0 7 3
074
0 7 5
0 7 7
078
0 7 9  
OnU 
081 
on 2
Oe 3

70
c

75
C

ROE e q u a l s

so

100

n o

120

c
c

140

150

c

N« *'T- 5 
M :
S I C - 1 .
0 0  25 0  1 3 * 1 , 1 0  
8 * 1 3 - . 1
X**£P» I S / l 510*1 . 41421  I 
X*2.*PI*1au

RUC*XX*U.  / P I I * ARS 1 N1 S I MX| / Xl  
IAN«N*K0I

EAN ^  ,Hfc &US Oh N PsUtlOl.1 j
CU 10 1 * 1 , 4  
X X X - 2 . * P I * | $ 2 1 . * . 01281
VAk*V*P*2.  *(N-1 1*1 U X* 1 2 .  / PI  I •AKSl Nl SlmXXXI/ XXX) 1**2 1 CuM INUt
vaR’ va^*/, *( \-4.  i*(n-5. I*.5*11HOEt**21 VAR i s  the v a r ia n c e  of

^ e  d i s t r i b u t i o n  over
S O * 2 . • SC31 I N * . 5 * 1 1 . * R 0 f c I * . 5 * 1 1 . - P 0 E I  I ( T *  T )
SO IS 7 Mi STAS.Ut V. RE SUL UNO FPC** CENTRAL LI Nl l  7HM 
4H I 77 ( . , , 20  1 M  , 9 ,  SIG
hOH’lAT ( '1 • , 3 < , ‘ SA-Pl E NU* '  ,7 7 . 1 ,  3X, *3*'  , F 5 . 2 .  i X . '  S1G*' i Fb . 31  
WRITE16. 3C1 kOt . EAN. STO. SO
FOR**A 71 / 3X, *  P OE **  , E1 4 . 6 , 3 X, ' MEAN* 1 , F 6 .  2 , 3 x , ' S . D. »  '  . F 7 . 2 . 3 X , ' CF.  RO 

2 C 1 I N P U I . - . F / . 2 1

DO 7 0  J * l , N 9  
A * 2 . • J - N
WHERE A IS 7Mf VALUE OF 7hE PR0DUC7 SUN

g : ! : : ; : : : " ! : : : : ; : : ; : !  p a d )  a r e  the
PAW* 1 ) * . 5*(ERF ( B i - E R F i c i  I f u n c t i o n  v a l u e s  t o r  t h e  s u m
S u M* s u N« p R w» i i  o f  t h e  N p r o d u c t  t e r m s  i n  ( T - % )
CCNTINUE
WHERE P R I J * l I  CORRESPONDS TO VALUE OF PSI 2 J-N 
PR IN ♦ 1 I *0.
PR I 1 I *0.

F O R N A T l / l x l ' S u n  OF PROPS FOR CORR OVER!T-TAU1* ' , E 1 4 . 6 1 
WORKING OU7 7hE BINu HAL DISTRISUTICN DUE lO^CCM UVtR 
SUNl ' G.
N2»N1-1
00 120  J 1 - I . N 2  
Ml ' N l
F •  1 .  _
1FI J 1 . L 7 .  ( N l - J U  I 00 TO 90
N4 *N1 - J 1

\ \  [ j  THE PROS THAT A N Y  ONE PROD TERM IS *i  
J J J * N 4  
GO TO 1 00  
N4* J1 
21*.5 
J J J * N 4
00 110  I I *  1.N4 
r = | F * M l * 2 1 * ( l e - z i I l / J J J  
M1*MI-  1

F M * I  ( 7 . - 2 1 l * * ( N l - 2 . * N 4 M  

J2«  J 1 ♦ 1 
P I J 2 I * F
CONTINUE

PI 1 1 * . 5 * * Nl
DISTRIBUTION OF P S U T A U , . ,

S i m i l a r  to  PROGRAM 1 
N1 corresponds  to  N, 
Ml to  M, F to FACT 
and P to  PROB. 
P*=(l-P)*s0 . 5  h e r e .

i

160
170
180

3* I
t h e  FOLLOWING 
SUNE *0.
N6»1*NT/2 
o n  2 00  J»i

U u ! : i . . M M N  GO TO 160
N5 * Nl ♦ 1 
GO 70 170

^ o i p 2 o U ! n ^ u * i - n  
SUPN* SUN# • |,plt 
C 2 - - N 1 * 2 . » J * 2 ,

I
Combining the two d i s t r i b u t i o n s  
as in  Appendix C(2)

C2 c o r r e s p o n d s  t o  the t h r e s h o l d  h 
( for  h n e g a t i v e )
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08* M/.= 2 0 * (  1 MZ)
OS* IF I C 2 . L T .  I -H<i I | GO TO 200
067  ' • RHC ( 6 , 1 9 0 )  C2 .f-kQ, vjNt)

: :

o,o c W U V X I Z ' i T ' , m
0 ° l  CO 2 * 0  J » 1 , N7
092 PH0»0.
093  IP t t 2 .  ♦ J ) ,  CT# I N- Nl )  I GO TO n o
0 95  N8*N1*1
096 00 TO 220
O'-7 210 N r i « l N T » 2 - 2 « j ) / 2
098  220  CO 2 JO 1 * 1 , ,\8
099 230  PRO«PHu*P( r , l  *2 .  -  I l « P k ( N - l N T / 2 .  )♦ j * l )
100 SU»(3*SU9b*PR0
101 (.3*2. *j C3 corresponds  to the th r e s h o l d  h
1 0 2  kki tt ( 6 , iso ) c 3,pro,sumb ( for h p o s i t i v e )
103 2 * 0  CUNTINUfc
10* 250  CUNT I S J t
105 260 CONTINUE
106 STOP
107 END

PROGRAM 3: P r o b a b i l i t y  mass func t ion  o f  % (0 )  fo r  the c r o s s - c o r r e l a t i o n
of an a n a l o g  Gaussian s i g n a l  and a r e f l e c t i o n  corrupted  by wideband  
G a u s s ia n  n o i s e .  The program has been used for  up to  500 samples  and 
s i g n a l - t o - n o i s e  r a t i o s  o f  zero to  f i v e .

(,03 n*ioo*11 N i s  the number o f  samples c r o s s - c o r r e i . a t c d
00* CO 100 JM1,8
0 0 5  6*. 1*JK B/SIG corresponds  to  ( s s / o )
0 0 6  S i c * l .

10 rOMMMl MX.'OISTItia OF PSHOI.UNCLIPPcO NUISE* NOISE*)
, 0  % : i n ; " ! s : ; : : r : o . ' , , 5 . 3 x , . , E T . . . , F 5 . 2 , 3 , . . 6 . G M . * , , F 5 . 2 ,

o n  p..5*ll-l2/3.1*159)*ATAN(tt/SICll
012  SUM«0.
01 J «iA I TE I 6, 30 )
0 1 *  30 FOR- ATI 7 / J *
0 1 5  N1 *•  1* N- 10 *b
016 00 80 J'Nl.N
0 1 7  M*N
0 1 6  FACT*! .
019

029
030

0* 3

FUR- A T I / / 3 X ,  ' P S K O I ' f l O X t  * PRO0'  »17X*  '  SU;4* I

I F I J . L T . I N - J )  I GO TO *0
021 M.*N-J
022  Z * t - P
023 JJ*NL
02* cu TO 50 aee PROGRAM 1 for  comments
02 5 40 NL*J
026 JJ-NL
027 2*p

M*M-l
60 MC^MCT.(a-n**»N-2*ND)

032
0 3 3  C■N-2* J 
03*

0 3 9  SO FORM*
0 * 0  100 CONTINUE
0*1 113 CONTINUE
0 * 2  STOP

END

• , nf  V/( i ) for  the c r o s s - c o r r e l a t i o n

aand Gaussian n o i s e .
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E v a l u a t in g  the  
d i s t r i b u t i o n  
v a r ia n c e  from 
eqn.  ( 2 . 2 . 1 6 )

CO) HEAl I c  ^ Cc , < X , p , ‘ * » t » ,< i V A n , x x x , S T D , B t , C l , D . S I C , H C E l . « C t l 2 , R0 E2
c
l n ! '  'i ^ UM£:S THM ’’VtB Thr whulC COK.)EIATIu \  RERICU C TO T
C »-AS TO OE DERWU) ' S Sr' N l e F | T>»,H M ) I . E .  CNLT d'iC CISTA I BUT ICN
c

004  PI » A. »0 A1 AN! 1,031
0 0 5  S 1 G - I . C 0
0 0 6  CO n o  12* 1 ,2
0 07  W*2 0 .  I 2

C *. I S  THE SAM0W10TK CP THE SIGNAL
00 8 C T ' K / T S . M i

C WH-Rf 7 9 . 2 5  KHZ IS the CORRCLATION FRtOUENCY

S i c  I * 2* » p i » t a u  0 1  i s  t h e  s a m p l i n g  i n t e r v a l
o n  r o e * o s i n i x i / x  i n  m i l l i s e c o n d s .  X“  G)bT
012  DO ICO 11 1 *1 , 2
0 1 3  n* l o o *  111 N i s  t h e  t o t a l  n u m b e r  o f  s a m p l e s
0 1 4  CC SO 1 3 * 1 , K  , . , . .
0 1 5  6 * . i * n  B i s  t h e  s i g n a l - t o - n o i s e  r a t i o  ( f i s / a )
0 1 6  wrI T t I f c , 5 1 w
017  5 FORMAT 1 1 1 • , IX, • DlSTRlaUTION FOR UNCI|OPEO l C I S E * \ r I S E ,  k i KHZI * '  , F 6

01 s  R0E12*CASSINI0SCKI( XX1««0E>*2. C0/ P1
0 2 0  E»N* <»R0E12

C WHERE EA i IS THE MEAN OF THE SUM OF N PRCDLCTS
021  VAR* 3.
0 2 2  CO 10 1*1 , 4
0 2 3  X X X . ; . ' P I * 1 * 0 T
024 ROE I"CAR 5 INI OS INI XX< ) 7 XXXt* 2 . LC/RI
025  R0EZ-0ARS1NIXX*CSINIxxx l / x x x ) * 2 , 0 0 / P l
0 2 6  VAR«VAK♦ 2*00*1N-1 I*ROt1*R0E2
0 2 7  10 CONTINUE
C28 VAR»VAR»2.*I 1 - 4 . I*I  i - 5 . 1« . 5 * 1 I R0L121**2 I
0 2 9  VAR»VAR*N-IL V, !**2
0 ) f  STO-DSCRTIVAR)
0 ) 1  SO*2 . "SORTI N*. 5 * I I •♦ROE 1 2 ) * . 5 * I 1 . - R 0 E 1 2 ) I   -  -----

c SO IS THE STAN.DEV. RESULTING FRU" CENTRAL l l - I T  THK
032  WRITE!6 , 2 0 )  N, B, S1G
0 3  2 0  FOR •-AT I /3X, ' SAMPLE NO*' ,  14 , 3X, • 8* '  , F 7 . 2  , 3 * ,  • S 1G- , F 6 . 3 )
0 ) 4  WRITFI6. 3D)  POL 1 2 , EAN . , ,
0 ) 5  30 FOr MATI / l X. ' KO 12 • •  , E 1 4 . 6 , 3 X, • MEAN* , F 6 . 2 )

31 F 8 . 4 . 3 , , . C F .  S. O.  FOR ,ACEPEKOENT T E K , S * . , F 7 . 2 ,

oI% 35 EOKMATU/eli, ' FINAL OISTRIBUTICN CF PSI I TAU3M

®Vl 40  FORM A H  / / 2 X .  '  VAL OF PS I I T AU . '  , 4 X , '  PROB I PS I . T AL . I '  . 6* , '  SUM CF PRCbS

) '  I
0 4 ?  SUM*0.
O43  I F I I I 1 . E 0 . 2 I  GO TO 45

: :
04 7 GO TO 50
0 4 8  45 N3»45
0 4 9  N4 » 155 . . . ,  .  .
e s c  50 c o  70 j « N 3 , n 4 n A  i s  t h e  t h r e s h o l d  l e v e l  h

5 5 ] 0 iVl A * l . -  i a N I /  I S TI) * I) SC R TI 2 • o 0 1 I
0 5  3 Cl *  I N A - l . -  E AN ) /  I STP.POSORTI 2 . 0 0 )
054  pR0 . . 5 « ! c r R F i B :  i - o e r f i c i i )  SUM j g t h e  F a l s e  A l a r m  p r o b a b i l i t y

C 1H.T TH, P K O W I  S t .  H I . L ,  » .

058  CO CONTINUE
0 5 9  ‘ 90 CONTINUE
0 6 0  100 COiTI  lUE
061 n o  c o n t i n u e
0 6 2  STOP
0 6 3  END

,  , _ h i n n  u n( 0 ) f o r  t h e  c r o s s - c o r r e l a t i o n
PROGRAM 5 :  P r o b a b i l i t y  m a s s  u  * ^  r e f l e c t i o n  c o r r u p t e d  b y  a  r a n d o m
o f  a  s i n g l e - b i t  G a i n  s i  an s ^ ‘]‘ r a n , h a s  b e e n  u s e d  f o r  u p  t o  5 0 0  s a m p l e s

p h a s e  3 9 0 3  H z  s i n e  " a v e -  '  ' ......% ^  a n d  u n i t y .
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302
303
304
DOS
006
00 7
30 8

C
c

00 9
3 10

c
o n

0 1 3
0 14
0 1 5
0 1 6

c
c

0 1 9
0 1 9
021
02 2
0 2 3 20
0 2 4 30

c
c

0 2 5
0 2 6

c
02 7
028
0 2 9
0 3 0
031
032
0 33
0 34

c
c

0 3 5
0 3 6
0 3 7
0 38
0 39
041
04 3
045
0 4 7
0 4 9
051
053 200
0 5 5
35 7
0 5 9
061
06 3
0o5 40
0 6 6
0 6 7 50
06 8
06 > 60
0 7 0
071 70
0 7 2
0 7 3 80
074
075 90
0 7 6
07 7 100
078 300
0 79
0 3 0
0 H 1
08 2 110
063
084 320
385
01) 6 3 i  1

Qo 7
06 8 340
089
04 0

NTN i s  the t o t a l  number o f  samples

PI  » J . 1 !>927
A* 1.
DU <.u0 1 1 * 1 , 2  
NTN*1 0 0 * 1 | 
f'U i 6 0  I l » l , l o  
K'll

f *  1 . / I 2 0 . « 0 T I

S AHPLl NG f ^ t E R v A L . F - S l N E  FREu j ENCY

WT *NTN*f)T 
MM«2*F*wT 
ST*M. M/(2.«F)
S=AKSIN10/A)
DST*WT-sr
V(I«W\V^0RH OURATKi.FM.LAROEST f.fl OF EXACT HALFWAVES
' ' '  ' l o ^ r t r l ' '  ' Ut ^P-MAUF WAVES.OST* tCrlAlHOc** I * v f I *. • " P « • F I
X2*2. «X1
I F i n s T . G r . t l . A N O . O S T . l T . X 2 l GO TO 20 
Or  T« f ) S T* (  I . -  2 .  * S / P  I )
GO Til 30
CC T - D S T * I 1 . - S / P i ) - I S * * 2 ) / ( A . * ( P l * * 2 ) * F ) - F * ( 0 S T » * 2 )
E r - S T * I  1 . - 2 . *  S/P I ) ♦OE T
ET IS THE TOTAL PART Ur ST SP(NT IN ERROR 2CNt .0fcf  IS 
IMF PART OF OST 
EN*F T/OT 
E 3N»,NTN-EN
EN*N3 OF SAMPLES IN EFRuR ZUNE.EAN*MEAN OF SUM OF NTN SAMPLES 
VAR * 0 .
KT-NTN-1 
00 300  1 * 1 , MT 
TA'J*1T*(NTN- I |
X* 2 . * PI * T 4 U* 2 1 . E 0 3  _ „  • x E h \
K 0 E * 1 2 . / P 1  )*ARS1NISINIX1/XJ ROE”  i K O
N' . ' -TAU/T 
EXT* TAU-NN*!
AS SINE IS PERIODIC,CORK FUNC IS ALS O. Hf  IS THE 
OIFF bCTWFEN TAO L NU OF WHOLE CYCLES 1 i TAU 
0EL*X2 
T l » - 0 f L * T / 2 .
T2*f)6L *T/2.
T 3* T-OE L
1F10CL.  "c . I T / A . 1 1  GO TJ 200 
IF UXT. i S1-. 1 0 . 01  .ANO.L XT.LT.OFL) GO TO 43 
I F I EXT. GE. OEL. ANO. EXT. LT. I l l  GO TO 50 
1FI EXT. GF. 11  . 6  . ' . L X T . I T . !  T / 2 . I  1 GO TO 6 J  
I F I E X T . G E . I T / 2 .  1 . AND. EXT.LT.T2I  GO TO 7 j  
I F I EXT . GF . T2.A «D.E XT.LT. T i l  GO TO 80 
IFI EXT. GE. T3 . AND. EXT. LE. T)  GO 13 90 
1FI EXT. ’,£ .  I 0 . C1  .ANO.f XT.LT.  T1 I . 0  TO 40 
IFIEXT. GE . T l . Ai . O. EXT. Li . DELI  GO 10 100

I F I EXT. GE. T3 . AN0 . EXT. LT. T2 l  GO TO 101 
I FI EXT. GE. T2 . AND. EXT. LE. TI  GO TO 90 
P » 1 . - 2 . * I 0 E L * E X T ) / T
GO TO 100 
R * 1 . - 4 . « E X T / T  
GO TO 300 
R . - 2 . M E X T O E L I / T
GO TO 303
p . . ? . *  I l . - I EXT*OF. L»/ Tl
GO TO 302
r * - | 3 . - 4 . * FXI / I I
GO TO 300
R.I2 .«lEXT-0tLim-l .
GO n  300 
R = 0 . 0
VAR*VAR » I*k*ROC 
VAR»VAR*2 • r
s r n * s DP  T ( var i

D e f in in g  the  
a u t o - c o r r e l a t i o n  
f u n c t i o n  14 ,(TAU) 
o f  S ( t )

VAR i s  the v a r ia n c e  of  
\ys(0)  from eqn. ( 2 . 3 . 9 )

F o l ! i eA T r v ? ! l X , ' D I S t M B  OF P S , 1 0 ,  F O l  SI  G N A l * S  I NEwAv E* I

r ’ 1 • M / l ^ ' S A i r u  J  = '  ,  I  T  •  3 X  •  '  > ’ T '  '  , f  . F f . 4 l

 .

SUM*0.0 
N l N l * M T N * I
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091
09  2 
0 9 1  
09 4 
09 » 
0 96  
04 7 
09 ft 
09 9  
101 
102
103
104 
ICS 
106

340
360
400

M*2»< l - l l - N T N  
* * < * < * l . - e * M / ( S T 0 * l . 41 42 )
V»«M- 1 , -C A M  /  i i  j j h . j
P* . 4*  11 \F ( X) -1(11 < () I 
S lK«SU4«P 
Ml-rAN-hO*11 
M3*t A!(»oO* 11
IF1M. LT. M1. UK. M. CT. H21 GO 10 363
*R I Tt I (•, 3901 M.P.SUii
f ' ftMAT(2r, , 15 , 4  *F 1 4 . 6 , 2 a , £ 14 .  6 , 1
CONT[Nut
CONTINUE
STOP
ENO

M i s  the t h r e s h o l d  h ,  P i s  
the p r o b a b i l i t y  mass fu n c t io n  
va lue  at  h, and SUM i s  the  
D e t e c t i o n  p r o b a b i l i t y

PROGRAM 6: P r o b a b i l i t y  mass f u n c t i o n  of  Vp/T) for  the c r o s s - c o r r e l a t i o n
o f  a c o n t in u o u s  s i n g l e - b i t  Gaussian s i g n a l  and a r e f l e c t i o n  corrupted  by 
a random phase  3903 Hz s i n e  wave. The program has been used for  up to 
500 samples  and s i g n a l - t o - n o i s e  r a t i o s  between zero and u n i t y .

002  
00  3 
034 
0 0 5
0 3 6
0 3 7  
03ft

0 3 9
0 10
011
012
0 1 3
014

015
0 16  
01 7 
01 ft
0 1 9
0 2 0  
021  
0 2 2  
3 23  
024

0 2 5  
02 7 
02 9 
031
0 33
035
037
0 3 9
040
041
042
04 3 
344
0 45
0 4 6
0 47
048
0 4 9
0 5 0
051
352
353
05 4 
0 5 6  
0 5 8  
060  
062

100

110

120

130

14.0
150

A M .
DU 373 1 1 * 1 , 2  
N T S . 133*11 
03  3 5 3 1 1 * 1 , 1 3  
B - S 1 N I P 1 / 2 . M l . - . l * l l l >
5 * A R 5 I N t f t / A l
A.PEAK SINE AMPUTUUE. B. SlONAl  AMPLITUDE
FUR EXACTLY 11 SAMPLES /ERROR ZONE. NTNMUTAL SAMPLE NO.
0 T * . 0 l 2 8 1 E - 0 3

T A J * 5 . * 3 T
* . Z . * P 1 * 2 1 . E3 3 « TAU
* 0 £ • 2 . * ARS I NI S1 NI X1 / X) / P 1
F » 1 . / I 2 0 . * D T )

CiT«S6«Pl I NO 1 STERVAL, F *SI NE FREQUENCY 
T T - T / 2 .

*?*?/ *<i*P | , r * X2 corresponds  to  t
VAR 1*0 .
N A * N T  N - 5
E A N « N T N » 2 . * S * R 0 L / P l  

T Z - T T - X 2  

03 1 5 3  1 * 1 , N A
TTL*1NTN-NA*L- I 1*0T 1

■lliif
F 0 E 2 * I X 2 - T 1 l / T T
03 tu 153
R 0 E 2 * I 2 . » X 2 - T T l / T T

GO YO 150 
R 3 E 2 * I X ? - I T * T 1 1 / T f  

GO 13 153

VARl’ VARl * INA- L♦ 1 1 *RUF7
V A R  W A U * 2 . M R 0 E * * 2 1
ND*NT 4-NA-I 
03 9 0  5 * 1 , N O  

tL*A*01

nez ( -2 5 )

asD e f in in g  ROE2 
'4,<[(N-Na+i)Bt]  
in  eqn.  ( 2 . 3 . 1 9 )

40

M n ^ ^ l A U n n n u n / A i . / M
ROE I* Al'.XiBt) in eqn. ( 2 . 3 . 1 9 )



2 66  
06 3
069
070  
271
072
0 7 3  
0 7 6
075
0 7 6
077
0 7 8
07 9  
030  
081 
082 
083  
086  
06 6  
088  
090  
092 
096  
0 7 6  
098 
100 
102 
136 
136  
108

50

6 0

70

80
9C

200

110 2 1 0
111
112 2 2 0
113
114 2 30
115
116 2 4 0
117
lie 2 5 0
119
120 2 6 0
121
122 2 70
123 2 6 0
124
125 2 9 0
126
127126
12 9
130
131 3 0 0
132
133 3 1 0
134
135 3 2 0
136
137 3 3 0
138
139
160
141
142
143
144
145 340
146 3 ‘-0
147 360
148 370
1 49
150

143

VAR1 corresponds  to
var in eqn. ( 2 . 3 . 1 9 )  

n c z

So ! "; ; ' : ! ! -, 1 0 »>
CO TO 73
30c2* I2.*X2*TI) / IT
00 ID 92
R 0 E 2 * I X 2 - I T » T l l / T T  
GO T J  72
R 0 C2 - 3 .
VA3l -VA91*( NTN- Kl *3 l ) c2»( R0El «*21*2 ,
VA-ti VAAl *NTM*S*2 . / P l - ( r AN**2t  
i 6 » r r t < 7  
IS-I-K?
VAR2-5.
MM«NTN-1 
DO 2 7 2  L I . I , mm 
TTI«LL*0T 
T J . A M J J I I i r . T I  
I M x 2 . G C . I T / 6 . I I  GO TO 200 
I F M  3 . Gt .  10 .  I . A N 0 . T 3 . L T . *21 GO TO 210 
I F l T 3 . G t . X 2 . A \ 0 . T 3 . L T . T 2 l  GO TO 220 
I MT I . G I . T 2 . A .  . T 7 . LT . T T I  GO TO 16 
I M T 3 . G E . T T . \ . 3 . T 3 . 1 T . T 6 I  Gu TO 260 
I M T 3 . G C . T 6 . . V  O . n . L T . T S I  GO TO 2 5 0  
I M T 3 . G E . T 5 . A N O . T 3 . i r . T I  0 7  T7 2 6 0  
i n D . C E .  U .  I . A N u . T 3 . L T . T 2 l  G3 TO 210 
I M T 3 . G E . T 2 . A N C . T j . L T . X 2 l  GO TO 2 70 
I f  I T 3 . GC.X2.Af ' . T i . L T . TT I  GO TO 230 
I f  I T 3 . GE. TT. AN0 . T3 . LT. T51  GO TO 260 
I F I T 3 . G E . T 5 . A N O . T 3 . LT . T 6 )  G3 TO 2 / 2  
I M T 3 . G E . T 4 . A N 9 . T 3 . L E . T I  CD T3 260 
K* 1 • * 1 X2M31/ TT 
CD TO 283 
R » l . - Z . » T 3 / T T  
GO TO 280 
* » - ! T3- X2I / TT 
GO TJ  282
R » - 2 . * l ! . - n 3 * X 2 l / T I  
GJ TD
R . - l  3 .  4.  * T3 / TI
CD TD 282 
R . . T 3 - X 2 I / T T - 1 .
GO TO 280 
* • 0 . 0
A 2 - 2 . • M * 2 1 . E C 3 M T T  
R 1 « 2 . * H $ 1 N I S I N I A 2 I / A 2 l / P l  
VA32««/A<2*INTN-LL)*T»K1 
V A* 2 » V A < 2 * 2 . * N T N * t l . - 2 . * S / P I I  
V A R « V A 3 1 « V A < 2  
STD-53XTIVA’ I 
5V«6TO*SSRT1 2 . 1

? ; i r4 n M s ) i x , - o i s T M B  OF P S i m  FOX $ i c n a l * s i n e * a v e m

F 0 ^ ' A T ( / l M ' S A M P L E , N 0 - ' , l 4 , 3 X , « B E T A . « , F 6 . 4 , 3 X , ' A . ' , F f c . 4 l

5Uh »0 . 0
DO 340 J * I » 8 0  
M=02-2*J  
X « I M * 1 . - F A N  1/ S V  
V.IM-1.-EAN1/SV 
P  ,  t  E * F  ; X l - E R H  n  I 
S : r « .  5 U M » P

C U N ! InUE 
CONTINUE 
STOP 
END

D e f in in g  ROE2 as 
\Vt( i 6 t )  in  eqn.  
( 2 . 3 . 1 9 )

D e f in in g  R as 
\p j ( i6 t )  in  eqn.  
( 2 . 3 . 2 0 )

Rl* 3p,i( i 5 t )  in  eqn.  ( 2 . 3 . 2 0 )  
VAR2 corresponds  to

in eqn.  ( 2 . 3 . 2 0 )var ez

M i s  the t h r e s h o l d  h,  P i s  
the p r o b a b i l i t y  tnass fu n c t io n  
value  at  h , a n d  SUM i s  t . e 
False  Alarm p r o b a b i l i t y

«-



appendix  t

THE DESIGN OF THE CROSS-CORRELATOR

In t h i s  appendix some o f  the genera l  po in ts  in the d es ign  o f  the  

s i n g l e - b i t  d i g i t a l  c r o s s - c o r r e l a t o r  are d i s c u s s e d .  The d e t a i l e d  drawings  

o f  the c i r c u i t r y ,  p r in te d  c i r c u i t  board l a y o u t s , e t c . ,  have not  t een  

i n c l u d e d  as  th e y  are of  no v i t a l  importance to t h i s  t h e s i s .  They a r e ,  

h o w e v e r , t o  be found in the s epara te  manual that  i s  kept  w i th  the  

i n s t r u m e n t .

From c o n s i d e r a t i o n  o f  the c o r r e l a t i o n  func t ion  o f  the narrowband 

G a u s s i a n  s i g n a l  ( F ig .  T - l )  i t  was dec id ed  that  the c o r r e l a t i o n  f u n c t i o n

FIGURE T - l  Normalised au t o -c o r r e  
G au ss ian  n o i s e .

l a t i o n  fu n c t io n  o f  b a n d l i c n te d

l e a s t  every  ( l / 4 f y )  seconds .  For r e a l  t ime P 

p l i n g  r a te  a t  s a u p l e s / s a c o n d ,  i . a .  8 ,  10*

For r e a l  t ime oper -
a h o u ld  be e v a l u a t e d  at

a t i o n ,  t h i s  s e t  the sampling rate at 

s a m p l e , /second f o r  a Gaussian s ignal
8 ian s i g n a l  w i th  a 20 kHz c u t - o f f  f requency .

Thus between
For economy o f  c i r c u i t r y  .>eria 

e a c h  s a m p l in g  i n s t a n t  tho 

s h i f t  r e g i s t e r s  to  perform

s e r i a l  p r o c e ss in g  was chosen .

s e d  and d i s p l a y e d .be p r o c r s
144
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coun t e r  w i t h  t h e  code c o n t r o l l e d  by an E xc lus ive -O r  ga -e having  

md + as  in p u t s .  With a  sampling r a te  o f  80 k b . ,  the t i i -c  between

samples  i s  1 2 .5  >is, and o f  t h i s  i t  was dec id ed  tha t  10 p.3 w o u l u  be ast.d 

f o r  c i r c u l a t i n g  the two waveforms,  and 2 .5  p s  f o r  p r o c e s s i n g ,  d i s p l a y i n g  

and r e s e t t i n g  the c o u n t e r s ,  e t c . .  For 200 s anp le  c r o s s - c o r r e l a t i o n  t h i s  

s e t  the  n e c e s s a r y  s h i f t  r e g i s t e r  and up/down counter  c l o c k i n g  t a t e s  at  

20 MHz.

The narrowband Gaussian n o i s e  source chosen was a S e s c o s e n  4 .3  v o l t  

z e n e r  d i o d e  o p e r a t i n g  in the knee r e g io n .  This  was found to 1 very

l a r g e  n o i s e  output  e x te n d in g  up t o  w e l l  over  1 MHz. Th is  was a m p l i t i e o  

and p a s s e d  through a f i f t h  order  e l l i p t i c  f i l t e r  hav ing  l e s s  than i dB 

r i p p l e  i n  the p r  mnd,  c u t - o f f  frequency  around 20 kHz, and hav ing  a 

r e s p o n s e  more th  ,  *0 dB d,wn at  25 kHz, and more than 35 d3 down above  

t h a t  f r e q u e n c y .  The output  o f  th e  f i l t e r  was r e - a m p l i f i e d  and fed to  

th e  compa or f e e d i n g  the r e f e r e n c e  s i g n a l  r e g i s t e r .  The fvc ~y 

sp ec trum  =£ t h i s  comparator in p u t  ( i . e .  =£ ( „ < £ »  i s  shown in  H , .  4 - 2

on page 70 .

F i g u r e  T-2  shows the instrum, n t  in  i t s  p r e s en t  form as a ge n e r a l  

purpose  s i n g l e - b i t  d i g i t a l  c r o s s - c o r r e l a t o r .  I t  has t h r e e  o p e r a t i n g

m ode s :

( a )  AUTOMATIC -  A u to m a t i c a l ly  f e e d s  in ICO or  200 r e f e r e n c e  and r e c e i v e d  

waveform samples  ( s i n g l e - b i t )  and c r o s s - c o r r e l a t e s  the r e c e i v e d  v a v e f o m  

w i t h  t h e  r e f e r e n c e  waveform up to  the d e lay  s e t  on the s e l e c t i n g  p o t e n ­

t i o m e t e r  (up t o  f i v e  s e c o n d s ) ; i t  then f e e d s  in two new s e t s  o f  samples

and r e p e a t s  th e  p r o c e s s ,  e t c . .

(b )  THEORKTICAL -  For v e r i f y i n g  the mathematical  p r e d i c t i o n s ;  i . e .  i t  

f e e d s  i n  100 o r  200 r e f e r e n c e  and r e c e i v e d  waveform sam p le s ,  and then  

c r o s s - c o r r e l a t e s  the r e c e i v e d  waveform w i t h  the r e fe r e n c e  waveform s i x  

t i m e s ,  f e e  1 1 0  UP t o T -  5 / « V  "  W . W  i s  g r e a t e r  than or equal  to the

. . . b o l d  h f o r t -  0 ,  i t  p u l s e s  the D e t e c t i o n  c o u n t e r ,  a n d  , f  V . ( t )
. h t-hrr?
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i s  g r e a t e r  than or e q u a l  to  h f o r  x=  5 / 4 f ^ ,  i t  p u l s e s  the F a l s e  Alarm

c o u n t e r .  I t  performs t h i s  s e t  o f  a t io n s  N t im e s ,  where N- can be

2 3 7
s e t  t o  10 , 10   10 , and then  s to p s  a u t o m a t i c a l l y .

( c )  MANUAL -  On p r e s s i n g  the START b u t t o n ,  i t  feeds  in  the r e fe r e n c e  and 

r e c e i v e d  waveform samples  and then c r o s s - c o r r e l a t e s  the r e c e iv e d  waveform 

w i t h  t h e  r e f e r e n c e  waveform u n t i l  stopped manually.

T h ere  i s  a SYNC output  f o r  t r i g g e r i n g  the o s c i l l o s c o p e  used for  the v i s u a l  

d i s p l a y ,  and t h e  c r o s s - c o r r e l a t o r  can be e x t e r n a l l y  c lo c k e d .

A b l o c k  diagram o f  the g e n e r a l  o p e r a t io n  of  the ins trum ent  i s  given  

i n  F i g .  T - 3 ,  and a s i m p l i f i e d  s c h e m at ic  i s  g iven  in  F ig .  T-4.

> > > » » »

hi

FIGURE Ti'-2 The s i n g l e - b i t  d i g i t a l  cro..
. - c o r r e l a t o r  i n  i t s  p r e s e n t
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V a n

AUTO- b + ar t  c r o s s - c o r r e l a t i n g  and continue for time t ,  as s e t .  Then 
take new s e t  of samples and repeat automa i c a l l y ,  e t c . .

THECR-S tar t c c s s - c o r r e l a t i n g  and continue for 5 s h i f t s  of the received  
wave for : h.-i feed in new s e t  of samples and repeat.  Stop
a ^ " r » '  ̂ e t c .  . r e p e t i t i o n s ,  as s e t .

VAN-  S t a r t  c r o s s - c o r r e l a t i n g  and continue (with same : e t  of samples)  
unti  I stooped.

Theor Auto "keor Van

IV V lV
s t a r t

Recelved 
waveform

Reference
waveform

O v e ra l l  Control

Feed in 10 0 / 2 . 0  
samples  to  both 
the r e : ' : -

s t a r t  c r c s > 
c o r r e l a t ' r g

T h e o r e t i c a l  s im u la t ion  
processor

D e t e c t i o n
count

F a l s "  A!ar"  
count

c i r c u la t e  s a ~ : 'e s  once

shi**

c l o c k  I / s h i f t

Central mer

Process

a

jnt 6 s h i f t s  of the  
■ o i ved wave fo r - . In 

f t  I (1«0)  enable  
f a c t i o n  coun*, or 
; f t  6 (T-SSt enable  
s e  A I arm count.

„ « , , . . . . . . . . " "
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+  f l y ,  »  0 ,  y 2 <  0 ,  y } >  0 |  P { n ( t  +  x)  >  ( f l ~ y ) }

+  / ‘f y ,  >  0 ,  y ,  <  0 ,  y j  <  01 / ' [ « ( (  +  r )  >  ( f l + , ’)}

. . . .  (4)

N o w 1

R i ) , >  0 ,  > ,  >  0 ,  y ,  > 0 1  =

i  b ^  (S in  1 p , a  +  S in  ' / > , ,  + S in  1 (5)

w h e r e  p u  is t h e  c o v a r i a n c e  o f  y ,  a n d  y 2. a n d  /> , ,  a n d  p 2 i
a r e  s im i l a r ly  d e f in e d .  T h e  o t h e r  jo in t  p r o b a b i l i t i e s  in e q n .  4 
m a y  be  d e r i v e d  by n o t i n g  t h a t

P { ) i  >  0 ,  y 2 >  0 ,  y ,  <  0 )  =  P l y ,  >  0 .  y 2 5. 0 .  - y t  #  0;

S I N G L E  B I T  C R O S S C O R R E L A T I O N  F U N C T I O N  
O F  S I N G I . F - B I T  B A N D L I M I T E D  G A U S S I A N  
W A V E F O R M  A N D  T W O  S I M U L T A N E O U S  
R E F L E C T I O N S  C O R R U P T E D  B Y  N O I S E

btdrxing terms Correlation methods. Signal </, teetion
T h e  d e n s a t i o n  n f  th e  ing le  h i t  e r u s s n i r r e l a l i c u  f u n c t i o n  o f  a 
s in g le  h i t  h . i n d l im i t e d  ( i . i u s s i a n  w a v e f o r m  m d  t w o  r e l l e e t i o n s  
c o r r u p t e d  i-> w i d e b a n d  G a u s  m  n o is e  is g iv e n .  It i .  s een  
t h a t  s i n g l .  h a  v  u e f o r m s  s h o u l d  n o t  hv u - e d  in  s in g le - ln l  
c r o s s c o r r e l a t i o n  deles  l o r -  s ir en  lo w  e x t r a n e o u s  noiss. levels 
a n d  d o u b l e  s i m u l t a n e o u s  r e f l e c t i o n s  s n he  e x p e c te d

In  a  p r e v io u s  l e t t e r , 1 t h e  s in g le -h i t  c r o s s c o r r c l a t i o n  f u n c t i o n  
o f  a  s ing le -b i t  b a n d l i m i t e d  ( i . tu s s i . in  w a v e f o r m  a n d  o n e  
re f l e c t io n  c o r r u p t e d  by w i d e b a n d  n o i s e  w a s  d e r i v e d  In 
m a n y  p r a c t i c a l  c r o s s c o r r e l . i t io n  d e t e c t i o n  s y s te m s ,  h o w e v e r ,  
s i t u a t i o n s  a r i s e  w h e r e  t w o  o r  m o r e  r e f l e c t io n s  a r c  i n c i d e n t  o n  
t h e  r e c e iv e r  s i m u l t a n e o u s l y .  T h e re fo re ,  in  th is  l e t t e r ,  the  
s in g le -b i t  c r o s s c o r r e l a t i o n  f u n c t i o n  o f  a  s in g le -b i t  b a n d l i m i t e d  
G a u s s i a n  w a v e f o r m  a n d  t w o  a t t e n u a t e d ,  d e l a y e d  r e f l e c t i o n s  
c o r r u p t e d  b y  w i d e b a n d  ( i a u s s i a n  n o i s e  is d e r iv e d .

T h e  t w o  w a v e f o r m s  b e in g  c r o s s c o r r e l a t e d  a r e

a n d

.v2( f •+ r)  s g n  (//v , ( t  i r )  , . V|( t  + r * A) t  ; ,( t r r )]  (2)

w h e r e  / „ ( ( )  is z e r o - m e a n  G a u s s i a n  n o i s e ,  b a n d l i m i t e d  t o  
o j l n  h e r t z  a n d  h a v i n g  v a r i a n c e  v ’ ; n i l )  is w i d e b a n d  ( i . i u  . t i a n
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N o t i n g  a l s o  t h a t  t h e  c o v a r i a n c e  m a t r i x  o f  t , ,  y .  a n d  -  v ,  is Rcfi- rcncvs

1 P u  ~  P a

1
it f o l l o w s  t h a t

f i t ,  >  0 ,  Vj S O .  -  y,  s  0!  =

1 +  [S in  ' -  S in  S in  1 / , j , ]  ( 6 )

T h e  o t h e r  jo in t  p r o b a b i l i t i e s  in c q n .  4  c a n  be  d e r i v e d  s im i la r ly .  
A lso ,

P \n ( t  f  t )  - ( /<+;•) ;  V j ! 4 e r f  |  ^  j  j  (7)

w h e ,  c
«

crf(R) ^ * I e'"5 du
' "oJ

D e r i v i n g  s i m i l a r  e x p r e s s i o n s  f o r  t h e  o t h e r  p r o b a b i l i t i e s  in 
c q n  4  i n v o l v i n g  ;i(r  +  n  a n d  s u b s t i t u t i n g  i n t o  c q n .  4.

I’ , * 1 -1- ^  | e r f  |  ^  ,  j  [S in  " 1 p i:  S in  1 +

e r f  |  ^   ̂ |  { S m "  1 p , 2 + S i n ' 1 / q , !  |  (8 )

f ) 1 2 is t h e  s a m e  a s  t h e  n o r m a l i s e d  a u t o c o r r e l a t i o n  f u n c t i o n  o f
f„(i>. i .e .  / d r l .  S i m i la r l v .  / ) , ,  is t h e  s a m e  a s  p { r  x  A). T h u s ,
f r o m  c q n s .  3 a n d  8,

v t |  , . ( r )  — — | c r f  |  ^ |  S i n " 1 /> ( r ) — S in  ' p (T  *■ A),

A s  t h e  e x t r a n e o u s  n o i s e  n ( i)  t e n d s  t o  ze ro ,  v , : )  b e c o m e s
c r i t i c a l ly  d e p e n d e n t  o n  t h e  g r e a t e r  o f  /< a n d  . l o r n  0 .  if  
/( >  e q n .  9  b e c o m e s

“  —  S i n ' 1 />(r)

a n d ,  i ( y  > P,

•/«, , , ( r l  -- —-  S in  1 /,<r  +  A)

In o t h e r  w o r d s ,  o n l y  t h e  l a rg e r  o f  t h e  t w o  r e f l e c t i o n s  will he  
d e t e c t e d .  T h e  c o n c l u s i o n  t o  b e  d r a w n  is t h a t  s in g le -b i t  
w a v e f o r m s  s h o u l d  n o t  b e  u se d  f o r  s in g le -b i t  c r o s s c o r r e l a t i o n  
r e f e c t i o n  d e t e c t i o n  i n  a p p l i c a t i o n s  w h e r e  l o w  e x t r a n e o u s  
n o i s e  lev e ls  a n d  d o u b l e  s i m u l t a n e o u s  r e f l e c t i o n s  c a n  be  
e x p e c t e d ,  a s  t h e r e  is a  d e f in i te  c h a n c e  t h a t  t h e  s m a l l e r  o f  t h e  
tw o  r e f l e c t i o n s  wil l  b e  m is s e d ,  e v e n  t h o u g h  it m a y  o n ly  b e  
s l i g h t l y  s m a l l e r .  T h is ,  i n c id e n ta l l y ,  a p p l i e s  t o  t h e  s in g le -b i t  
c r o s s c o r r e l a t i o n  d e t e c t i o n  o f  a n y  s in g le -b i t  w a v e f o r m ,  
p s e u d o r a n d o m ,  s q u a r e ,  o r  w h a t e v e r .

L q n .  9  is p l o t t e d  in  F ig .  I f o r  s o m e  r e p r e s e n t a t i v e  v a lu e s  o f  
/?, ••, n  a n d  A. / „ ( ; )  is a s s u m e d  t o  h a v e  a  ‘b r i c k - w a l l ’ f r e q u e n c y  
s p e c t r u m  f r o m  z e r o  t o  <’h / 2 n  h e r tz .

A n  e x t e n s i o n  o f  t h i s  ty p e  o f  a n a l y s i s  t o  m o r e  t h a n  t w o  
s i m u l t a n e o u s  r e f l e c t i o n s  will n o t ,  in  g e n e r a l ,  b e  p o s s ib l e .  T he  
r e a s o n  is t h a t  m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n s  o f  o r d e r  
h i g h e r  t h a n  th r e e  w o u l d  be  i n v o l v e d ,  a n d  it is o n l y  in  e x c e p ­
t i o n a l  c i r c u m s t a n c e s 1' * t h a t  j o i n t  p r o b a b i l i t i e s  o f  th e  f o r m  
o f  c q n .  5 c a n  h e  e v a l u a t e d  e v t e l l )  in  t h i s  ease .

!. e. ho vvapd  ' - 31*1 Jttniinry /97T

Di p o r tm e n t  o l  I U ( tr ie d !  I n a i.w cr in //
L’n it 'e r s i i)  o i  lin ' l l n u  jw r s n /m i
J o n  S m u t '  A  veil lit', lo h a iiiir rh n rg , S . A fr ic a

; S i n * '  / > ( r ) +  S m  > r +  All  (9)

1 H b W A * n .  J. i : T ' m h . i h i l i n  t t i s l r i h u l io n  o f  t h e  t r o s s c o r r e l a l i o n  
f u n c t i o n  o f  l i n i t e - U u r u l io n  s in u le - b i l  r a n d o m  w . n e f o r m s ' ,  tlrciron. 
Lett . 1972. X, p p  5 * 0  562 m d  I r r j t . i .  , /•«/. . | f 7 V  9 . p. 7 2

2 M M i v L l  . I i ,  , u n d  m i  a r i . '. f l u  adv.i - '  .'d t l ie i ' i v  ,*f s t a t i s t i c s
V ol.  I D i - i r i b u t i o n  l l i e o r ; ' i t  h a t  lev ( i r i i l i n .  l . o n d o n ,  1963, 2 n d  
c d n . l .  p .  352

7 o i  t t a .  s s.:  ‘P r o b a h i ! i l>  i n i c g r a l s  o f  m u l t i v n , i a t e  n o r m a l  a n d  
m u l t i v a r i u l c  i". tun Math. . S / « r  . 1963.  34. p p .  79 2-X 39

4 c in  s t , .  vi < : ' T h e  c l i p p i n g  l o w  in  c o r r c l . m o n  d c l e c i o r s  f u r a r b i t r a r j
s i g n a l - l o - n o i s e  r a t i o s ' ,  t i l l  Iran'., |46X. 1 1 -1 4 .  p p  3X2 3X9

T R A C K I N G  S E N S I T I V I T V ;  A N  A L T E R N A T I V E  
A L G O R I T H M  F O R  L I N E A R  N O N R E C I P R O C A L  
C I R C U I T S

lihlt'Miig icrni' Ciimpulrr-tii led i irt uit anal "is. Linear network

V p r e v i o u s  a l g o r i t h m  by  I c u n p  a n d  S p e n c e  f o r  c o m p u t i n g  
c o m p o n e n t  t r a c k i n g  sens il iv ilv  is o ix  m o n n l l y  i n c a p a b l e  o f  
a p p l i c a t i o n  A n  a l t e r n a t i v e  a l g o r i t h m  is p r e s e n t e d  t h a t  is 
a l w a y s  a p p l i c a b l e  a n d  w h ic h  is 1 l i ev ed  lo  he  c o m p u t a t i o n a l l y  
m o r e  a t t r a c t i v e  t h a n  I e u n y  a n d  S p en ce  . l o r e , r e a m s  c o n t a i n i n g  
o f  t h e  o r d e r  o f  2 d  o r  f e w e r  n o d e s  I he  s i m i l a r i t y  b e t w e e n  
t h e  e  t e c h n i q u e s  a n d  s o m e  e a r l i e r  w o r k  by B r a n i n  for 
c o m p u t i n g  t h e  S ieade s l a t e  a  c a n a ly s i s  o f  a  c i r c u i t  is a l s o  
p o i n i e d j o u t .

Im r o i ln c t io n :  In  a  r e c e n t  l e t t e r , 1 I e u n g  u n d  S p e n c e  d e v e l o p  
a n  a l g o r i t h m  fo r  o b t a i n i n g  th e  ' t r a c k i n g  sensi t iv i ty"  o f  a  
t r a n s f e r  i m p e d a n c e  w i th  r e s p e c t  t o  la rg e  c h a n g e s  in  s o m e  
g lo b a l  p a r a m e t e r  A . e .g .  t e m p e r a t u r e .  The r t e c h n i q u e  i n ­
v o lv e s  r e d u c i n g  a  p a r t i c u l a r  m a t r i x  t o  d i a g o n a l  f o r m  by  m e a n s  
o f  a s i m i l a r i t y  t r a n s f o r m a t i o n ;  a  p r o c e s s  t h a t  is o c c a s i o n a l l y  
n o t  p o s s ib le .  I o r  e x a m p l e ,  i f  w e  try t o  a p p l y  I e u n g  a n d  
S p e n c e ' s  a l g o r i t h m  t o  t h e  c i r c u i t  s h o w n  in 1 ig. I ,  w i th  t h e  
c o m p o n e n t  v a lu e s  t , a n d  s e n s i t iv i t ie s  s h o w n ,  w e  f in d  o u r ­
se lves  t r y in g  t o  d iu g o n .T is e  t h e  m a t r ix

1 - 1 • 1 - 1

.0 1. . - 2 3.

■ 1 - 1 '3 1

.0 1. . :  i.

w h 'c h  is im p o s s ib l e .  In  th is  l e t t e r ,  w e  p o i n t  o u t  h o w  th is  s h o r t ­
c o m i n g  m a y  b e  e a s i ly  r ec t i f ied ,  a s  w el l  a s  p r o v i d in g  a  t e c h ­
n i q u e  t h a t  is b e l i e v e d  to  b e  c o m p u t a t i o n a l l y  m o r e  a t t r a c t i v e  
t h a n  L e u n g  a n d  S p e n c e ' s  f o r  c i r c u i t s  h a v i n g  o f  t h e  o r d e r  o f  
2 0  o r  f e w e r  n o d e s .  W e  a l s o  p o in t  o u t  t h e  c o n n e c t i o n  b e tw e e n

F i g .  1 Circuit example tor a htch Hayonnlisation fails

I . t i t l e  I

C o m p o n e n t  N o m i n a l S e n s i t iv i ty
g ,  v a lu e c o e f f ic ie n t

A’l C i s t  l b s i  A )  p ix V I

S

g\  1 1

Pi  1 1 1

C m  1 *  1
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O i’n a , o f  H lccli i m l  F j ^ c r w g  
I m v t r s i t y  o f  S n / fo r t /
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crossrorrelator oi .put -^0 (0)

n i l ! . .

100

c l i c  M I • in i$  j t ' in e d  w it h  « n > o v th  c u r v e *  
l h e o t v i K . i l  
t  x p t i  i m e n i a l

R H O F , A B I L I T Y  D I S T R I B U T I O N  O F  T H E  

C R O S S C O R R E L A T I O N  F U N C T I O N  O F

w a v e f o r m s TI° N S ' NGLE BIT
l " . l r y „ , y  f  o n  c l , i i  inn / - , v „ r

ee~ hee=s :=
e v e r  in  .-II p i . i i t i c . - l  c o r r e l a t o r s ,  w - A c f o m i s  o f  „ o n i n l i „ i i e  
«Im. in i o n  a ic  u n r e l a t e d .  i tM. l i i n , .  in  a  d i s t r i b u t i o n  o l  , l , c u ,r.  
r e l a t i o n  f u n c t i o n  . , i . u t  t h e  ' m l m u e - d u , \  -„e  K n n w  
l e d y c  o f  t h i s  d i s i r i h u t i o n  is e s se n t i a l  i n  d e t er mi ni i , , -  t he  

6 6 0

4 / ’ , , 1 .................................................................... ..........

- " ► +  l | [ / , f v , ( <  +  t )  l | . v , 0 )  I j

H  I 1 r r f ( / ,y x -x 2,1 -t- / ' l e v  t r )  

l | * i ( / )  III  I 1 e r f  l /f /rrv  2)}]

where
(2)

crftf))
2

<• '1 (in\  -7

1 r,! 1! ' / ' )  J) i" the probability nf an even
numbei of zero crossmes m time r and is* }(! h/ <rr wl.
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in  v q n .  2, a n d  s u b s t i t u t i n g  c q n ,  2 i n t o  c q n .  I ,

• e r f  2 ) / r ( r ) ............................................... (3 )

I ItL a u t o c o r r e l a t i o n  f u n c t i o n  o f  . v - " )  is d e r i v e d  s im i l a r ly  as

- {e r f  ( / .V tx 2 )J2 / ) ( r ) ............................................... (4)

C o n s i d e r  a  u ig i t a l  c o r r e l a t o r .  \  s a m p le s ,  S t  a p a r t ,  o f  v , ( i )  
a n d  .v2(f  I- r )  a r e  s t o r e d ,  a n d  t h e  p r o d u c t s  o f  c o n e s p o n d i n g  
s a m p l e  p a i r s  a r e  a d d e d  t o  f o r m  th e  c r o s s c o r r e l a t i o n  o p e r a t i o n ,  
i .e .

V 'n (r )  X  V |( t , )  v , ( t ,  + r )
I * 1

(5 )

I h e  d i s t r i b u t i o n  o f  !,//,(r )  w i l l  fx- c o n s i d e r e d  t o r  r 0  a n d  
jr! > 0.

F o r  r  •- 0  a n d  n o  e x t r a n e o u s  n o i s e  in  . \ , ( t ) ,  
s i n c e  a l l  t h e  p r o d u c t  t e r m s  a r c  t I. W i t h  n o i s e  p r e s e n t ,  
V o ( 0 )  w i l l  b e  r e d u c e d  b y  2 f o r  e v e ry  i n s t a n t  t, a t  w h ic h  e i t h e r  
u ; )  /»((,) >  + / ?  w h e n  / f v i ( t , )  /I o r  (/») m(i.) <  /f  w h e n  
v , ( t , )  f  /y. T h e  p r o b a b i l i t y  o f  <i o r  /> o c c u r r i n g  is 
l> t e r f c ( / t > r \  2) , w h i c h ,  a s  « ( i )  is  t h e  w i d e b a n d  G a u s s i a n  
n o i s e ,  is i n d e p e n d e n t  o f  H e n c e  t h e  n u m b e r  o t  t i m e s  ti o r  /> 
o c c u r s  in  X i n s t a n t s  f o l lo w s  a b i n o m i a l  d i s t r i b u t i o n '  w i th  
m e a n  V p ,  H e n c e  </n <0) w il l  a l s o  fo l lo w  a  b i n o m i a l  d i s t r i b u ­
t i o n  w i t h  m e a n

V'i»(0) > \  — 2.X p

X t r u p  rr\ 2) (6)

I h is  a g r e e s  w i t h  e q n .  3. F ig .  1 c o m p a r e s  t h e o r e t i c a l  a n d  
e x p e r i m e n t a l  d i s t r i b u t i o n s  o f  i,"o(0).

I o r  | i  ■ 0  o v e r  t h e  p e r i o d  r, t o  <i\  r ) .  v , 11 ,) U bv iny
c r o s s c o r r e l a t e d  w i t h  s g n  (/?i i ( r ,  r ) + r r ( r ,  I- r ) j ,  a n d  over  the

c  1 0 '

0 -5
C O

1-4

20 ‘ 5 04 0

p e r i o d  (i> r )  t o  t \  w i th  sg n  {«((,  t - r ) i .  H e n c e  t w o  d i s t r i b u ­
t i o n s  m u s t  b e  d e r iv e d ,  a n d  th e i r  c o m b i n a t i o n  y ie ld s  t h e  
d i s t r i b u t i o n  o f  V i / r ) .  (<r) F u r  t h e  p e r io d  r , t o  (r> - r ) .  u s  a  
l a r g e  n u m b e r  S '  o f  s im i l a r ly  d i s t r i b u t e d  p r o d u c t  t e r m s  a r c  
b e in g  s u m m e d ,  t h e  c e n t r a l  l im i t  t h e o r e m  s u g g e s t s  t h e  d i s t r i b u ­
t i o n  will  a p p r i  .ich  n o r m a l i t y  f o r  X  > 30. 1 h e  m e a n  o f  th is  
sum will h e

ft V c r f t / j / f f v  2 ) # > t r ) ....................................................(?)

w h e r e '  ■ *

2
/ H r ) s i n " 1 (sin (/■>» r ) /w *  r]7T

Fite v a r i a n c e  o f  t h e  s u m  c a n  b e  c a l c u l a t e d  f r o m

I w I
v a r  ^  v2(f, 4 r ) J

u-i t

r r o s s c o r r e :  d o r  o u t p u t  ^ D f T )

F u i  2  Probability c fe irJ ty  fuihUions of for 100 somplcs
t h e o r e t i c a l  p o i n t ,  joinci l  » i t h  a c m o o l h  , t i c

h.-tt'.-Hv i*
$  i  c t p < r i m e n l « T l

fc l ,E C T ftO N IC S L IT T E R S  16th N o v e m b e r  1 9 7 2  Vol. 8  N o  

X

i  v  t i
1  v . d . )  v 2(f,  ‘ r)  

v* i !

I ' 1  a i  I t j)  v , 3( f | 4 r ) .

i. j k  vtdi).( f | )  A - j f t r r t )

4 2f. ( i :  V x i(tl) x 1(ti 'tT) \ i ( i j )xl (ij i r) j  ~ n l
J > t

\ ' _ / ^  +  2 V  V  F .gv .f t , )  x , ( f , 4 r )  v , ! ! / A 3f t2 + r ) J
J  >  I

(«)

Z lA . t i . f A  .( r ,  f  r)  v , ( f j ) A 1( lv+  r) l  

= P + ++ t — P + * * • ** f'c t - +
••+ > .  +  P   (9)

w h e r e  P . ,  + / " , )  F  v j ( t , +  r ) = l ,  v i ( f , )  1,
v 2- l ; 4 r )  V a n d  / , > e tc .  a r e  s im i la r ly  d e f in ed .

A s s u m i n g  1 • i h e  n u m b e r  o f  z e r o  c r o s s i n g s  o f  v , ( i )  o r  
i t i l  in  a n y  in te r v a l  is i n d e p e n d e n t  o f  t h e  n u m b e r  in
a n y  o t h e r  t - o v e r l a p p i n g  i n t e r v a l ,  t h e s e  j o i n t  p r o b a b i l i t i e s
m a y  h e  c a l c u l a t e d  a s  fo l lo w s :

(rp  t ■ ( t ,  t o ,  s o  t h a t  t h e  n o n o v e r l a p p i n g  i n t e r v a l s  a r e  t,
t o  r . ty t o  ( t , 4  r )  a n d  ( t ,  4  r )  t o  ( l y f r ) .

/ ’ ; v , ( i , )  = 1} P ;  vi( iy)  1 | . v , ( ( , )  -  H

> / '{ . t i f f ,  4  r )  1 I - t id y )  - II

X / , : v . ,( fy4-r)  I j A i f f ,  4 - r )  1}

u ; l  4 / d i y - f , ) !  1(1 t I./,, , . ( M  r  ty);

x  t i l  I f|)!  ....................................... (10)

23

S im i la r ly ,

/ '  . ,  .  y1!. I I 4 - p(t j  -  f | ) .  1 1 4 - 1 / , ,  ,  , 1 1, 4  T tj),

p i t j  -• l , ) V . , ( f ,  h )  *  V'!,

x {I - V'x}0y + 'l))
H e n c e ,  f r o m  c q n .  9.

/ . i  V | ( l , )  \  (I,  F T )  V , ( l y )  1 , ( 1 ,  t  r ) |

(/,: Ij ■ (I, 4  r) .  SO t h a t  t h e  n o n o v e r l a p p i n g  in te r v a l s  a r e  f, t o  
(I, t r),  ( i , ‘ r )  t o  t, a n d  tj t o  <1,4 r>. A s  b e f o re .

/■i.v,! ! ,)  V ,(I,  4 r )  a ,( ly) ' , ( ( ,  4 T); ' / j ,  , / r )

A ll  t h e  v a lu e s  o f  v / , , ,  ( t ,  i , l  a r e  k n o w n  f r o m  c q n .  3. a n d  
h e n c e  t h e  v a r i a n c e  o f  t h e  s u m  o f  \  p r o d u c t s  c a n  b e  f o u n d .

O v e r  t h e  p e r i o d  d ,  r )  t o  f>. a  s ig n a l  a  , ( n  is b e i n g  c ros> -  
c o r r e l a t e d  w i t h  '  : t i  4 r)  s g n  { » U 4 - r )$ ,  a n d  t h u s  t h e  m e a n  
o f  th e  s u m  o f  th e s e  (>  \  ) p i o i l u c t s  is z e r o ,  a n d .  s in c e  e a c h
p r o d u c t  t e r m  is i n d e p e n d e n t ,  t h e  s u m  is h i n o m i a l l y  d i s t r i b u t e d ,  
l e n d i n  : t o  n o r m a l  a s  ( \  V ) in c r e a s e s ,  a n d  w i th  v a r i a n c e  
I V-.Y ).
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I h v  o u t p u t  o f  t h e  c o r i e l a t o r  is t h e  s u m  o f  t h e  \ '  un i t  th e  
(X  . V )  p r o d u c t s ,  s o  t h a t  t h e  d i s t r i b u t i o n  o f  v ,  ( r )  c a n  b e  
o b t a i n e d  b y  c o m b i n i n g  t h e  t w o  d i s t r i b u t i o n s  l e r i s c d  a b o v e .  
If,  o v e r  i ,  t o  f x, x 2( t - t  r )  s g n  i / /( i  ! r ) ; ,  y / /)(r)  w o u l d  h e  
b l n o m i a l l y  d i s t r i b u t e d  a b o  t z e r o ,  t e n d i n g  t o  n o r m a l  f o r  
l a r g e  X ,  a n d  w i t h  v a r i a n c e  V.

l o r  s c r i l i e a t i o n  o f  t h e  t h e o r y ,  a  c r o s s c o r r c l a t o r  v u h  
N  i  l(K) o r  2U0 w a s  b u i l t .  T h e  c u to lT  f r e i |u e n c y  o f  f 'J i )  w a s  
!?l k H z ,  s a m p l e  s p a c i n g  i>i 12 HI /vs a n d  r "> x  12 HI /vs, 
g iv in g  X = V5 o r  1V5 a n d  a  v a r i a n c e ,  f r o m  e q n ,  H, o f

vur .V' — /v2 +  2{(X,_  l)v/il , J(.H) +  ( X ' - 2 ) y / ; i , , (2 .S /)

+ (X' -3)v / i ,  „(3di )+ ( X ' - 4 ) y / ^  ,/4<h)

T  i(vV'  -  4 )( .V '  — 5) yz , , , , ( r ) } ............................................ <H>

T h e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  r e s u l t s  a r e  s h o w n  in  I iy, 2 
I o r  c l a r i t y ,  o n ly  t h o s e  foi V ’ tX' a r e  s h o w n .  S im i la r  
a g r e e m e n t  b e t w e e n  t h e o r y  a n d  e x p e r i m e n t  w a s  o b t a i n e d  w i th  
2 0 0  s a m p l e s .

T h e s e  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  • 0  m a k e  it p o s s ib l e  
t o  p r e d i c t  t h e  d e t e c t i o n  a n d  false-  a l a . m  p r o b a b i l i t y  o f  t h e  
c o r r e l a t o r  o p e r a t i n g  in  a  noisy  e n v i r o n m e n t ,  a n d  h e n c e  t o  
h a v e  a  m e a s u r e  o f  i t s  r e l ia b i l i ty  a n d  t o  c o m p a r e  it w i t h  o t h c t  
s y s t e m s .

W o r k  is a t  p r e s e n t  p r o c e e d i n g  o n  ' '  : a n a ly s i s  o f  th e  c r o s s -

c o r r e l a t i o n  o f  I -b i t  r a n d o m  w a v e f o r m s ,  a n d  its a p p l i c a t i o n . m  
t h e  m e a s u r e m e n t  o f  m u l t i p a t h  r c l l e c t i o n s  a n d  s i m i l a r  p r o b ­
le m s  in  t h e  f ie ’d  o f  a c o u s t i c s .  1

I he  a u t h o r  g r a t e M l y  a c k n o w l e d g e s  t h e  in a n e ia l  s u p p o f  t, in 
t h e  f o r m  o f  a  sc h o la i  h i p  g iven  by , M u  Vis L t d  , a n d  th e  
a s s i s t a n c e  r i v e n  b y  t h e  m e m b e r s  o f  t h e  l - . ichs  I l e c t r o i in s  
L a b o r a t o r y ,  in p a r t i c u l a r  M a r ty  n S c h r i r e ,  in  b u i l d i n g  u p  th e  
c o r r e l a t o r .  H e  a l s o  a c k n o w l e d g e s  t h e  he  I r a n d  g u i d a n c e  
g iv en  b y  h i s  s u p e r v i s o r ,  P ro f .  II .  L . H u n r u h a n .  .

J. K. HOWARD fX ro/n'i / y z 2

D ep w in te n t n t  I l f f t n K i l  L n g h u e iin g
IJnivti u l \  o f  I hv U i u v u tn  s iw id
Jon  S'vv/vvVs l i ,  vv/vc, Johannesburg , S o u th  A fi ir a

Kt'fi m i r e s

I . s .  ‘Meihcm.. .e l  analysis o f  r a n d o m  m'iw' in • S e le c ted
n n  n o i s e  a m i  sii  s h a s t i e  p r o c i « s c s  ( I J o v c r .  l ' / 54) ,  p .  ! - s

j  ... im i  s ,  i .  ' t  h e  c o r r e l a t i o n  l u n t n o n  o l  a  x m e  w . .v e  p lu s  
i i .  - . . . ,n  n u i ' c  u f ie i e x t r e m e  s l i p p m B ' ,  im. nans., i v > u .  I I

. i ’ x x x s n v  V I . . .  a n d  v III I S H I  ( K ,  o .  f . :  • T h r e s h o l d  s i g n a l s ’  ( M c G r a w -

.1 Vm'niVs." J V '-I la’ axix-crossmg intervals ol" random functioi/.".
5 UHXSI V  w  1 l . i f l l i m ’iH a l s o l  a p p l i e d  p r o b a b i l i i y  th e o r y "  ( M c G r a w  -

V. iik. , ... I. I1 O n  l h r  a p p i i t a h i l i l s  a n d  l i m i l a i i o n s  ol i h c  cross- 
c o i v l .  - i o n  a n d  i r o s -  s p e c t r a l  d e n s i t y  t e c h n i g u e * . Ilnol &  A / u . r  
/ ,  ./■ :tri 1970. 4 .  p n  I 27

H I G K - P O W E R  A V A L A N C H E  l i V I P A T T  

R E F L E C T I O N  A M P L I F I E R  U S I N G  T H E  

R U C K E R  C O M B I N I N G  C I R C U I T

Indrttint terms: I MPA I T  desires, Mlrrossavr umphjh rs, 
Steldllty
T h e  i .•lysis V.x K u r o k i . w a  o f  t h e  R u c k e r  i n u h i d e v i c c  " m -  
m c i r i c d l  oscillator c i r c u i t  h a s  b e e n  a p p b e d  t o  t h e  d c ’.ig i o l  1 
s in g le  n  l e d  hi.  I t- now c.  ISIPAII . im p h l i e r  I t  is ■ o « m  lh a t  
t h e  S ta h i ln s  .-I t h e  a n o - t i t te r  r f s l m e  . in  he p red i e  l e d  H o r n  a  
s i m p l e  i a .  n it  p i n d e l .  Vn t x p e i i i n e n l a l  c i r c u i t  h a  s u e . e  sWUy 
d e i . t o n s i r a t c d  t h e  d i f f e re n t  c i r c u i t  r e g i m e s  w h e n  o p e r a t i n g  in  a  
s in g l e  c o h e r e n t  m o d e .

T h e  o s c i l l a t o r  c i r c u i t  p r o p o s e d  b y  R u c k e r 1 t o  c o m b i n e  t h e  
o u t p u t  p o w e r s  f r o m  s e v e ra l  a c t i v e  d e v ic e s  w h i c h  s h a r e  a  
c o m m o n  l o a d  w a s  a n a l y s e d  by K u r o k o w a  u s i n g  a n  e i g e n ­
v e c t o r  a p p r o a c h .  It  w a s  s h o w n  t h a t  t h e  R u c k e r  c i r c u i t  v o u -d  
b e  o p e r a t e d  in  a  s i n g l e  m o d e  w i th  t h e  a p p r o p r i a t e  c n e u i t -  
lo u d in .g  c o n d i t i o n s .  I n  t h i s  l e t t e r ,  t h e  a n a ly s i s  h a s  b e e n  
s u c c e s s f u l ly  a p p l i e d  t o  t h e  d e s ig n  o f  a  s i n g l e - tu n e d  h i g h - p o w e r  
r e f l e c t i o n  j m p a t i  a m p l i f i v  a n d  l o c k e d  o s c i l l a to r .

T h e r e  a r e  s e v e ra l  a p p r o a c h e s  w h i c h  c a n  b e  u s e d  t o  
c o h e r e n t l y  c o m b i n e  s o l i d - s t a l e  di.v •vex. 1 h e  h y b r i d  r i te :  a n d  
3  UB c o u p l e r 4 o f fe r  a  r e l a t iv e ly  s im p le  m e t h o d  o f  c o m b i n i n g

t w o  s e p a r a t e  a m p l i f i e r  m o d u l e s  w h e n  th e  a m p l i t u d e s  a n d  
p h a s e s  o f  t h e  s ig n a l  a r e  c a r e f u l ly  m a t c h e d .  F o r  se v e ra l  
m o d u l e s ,  t h i s  c i r c u i t  t e c h n i q u e  c a n  b e c o m e  p h y s ic a l ly  
u n w ie ld y .  Lite f a b r i c a t i o n  o f  p a r a l l e l  a r r a y s  o f  d i o d e s  in 
w h ic h  t h e  a r r a y s  a r e  f o r m e d  i n  a  s in g le  d i o d e  c h i p  a n d  
m o u n t e d  in  a  p a c k a g e  h a s  a l s o  b e e n  s u c c e s s fu l ly  a p p l i e d  f o r  
h i g h - p o w e r  o p e r a t i o n  I h is  a p p r o a c h ,  h o w e v e r ,  e v e n t u a l l y  
- u f le r s  f r o m  its l i m i t e d  c a p a b i l i t y  in h e a t  d i s s i p a t i o n .  
P a r a l k l m i ;  i n d i v i d u a l h  . c a p s u l u l e d  d e v ic e s  c l o s e l y  t o g e t h e r  
h a s  b e e n  s h o w n  to  w o r k ,  a l t h o u g h ,  in  th e  c x p c r ie rw u  ol th e  
a u t h o r s ,  w h e n  m o r e  t h a n  t w o  d e v ic e s  a r e  u se d ,  t h e  c i t c u i t  
b e c o m e s  very  d if f icu lt  t o  s ta b i l i s e  in  a  s in g le  m o d e  o w i n g  t o  
t h e  i n t e r a c t i v e  c o u p l i n g  b e tw e e n  e a c h  dev ice .  I n  R u c k e r ’s  
c i r c u i t ,  t h e  p o w e r - c o m b i n i n g  p r o p e r t i e s  f o r m  a n  in t e g r a l  p a r t  
o f  t h e  c i r c u i t  itself . 1 h e  a c t i v e  d e v i c e s  a r c  p h y s i c a l l y  l o c a t e d  
h a l f  a  w a v e l e n g t h  a p a r t  in  a  c o a x i a l - l i n e  c o n f i g u r a t i o n  a n d  
s e p a r a t e d  b y  a  S ta b i l i s in g  r e s i s to r .  T h e  c i r c u i t  b e h a v e s  in a  
c o h e r e n t  w a y ,  a s  t h o u g h  t h e  d e v ic e s  w e r e  c o n n e c t e d  in  
p a ra l le l .  F o r  t h o s e  h i g h - p o w e r  a p p l i c a t i o n s  r e q u i r i n g  a  lo w  
e x t e r n a l  Q  f a c t o r ,  s u c h  a s  a n  a m p l i t i e i  o r  l o c k e d  o s c i l l a to r ,  
R u c k e r ’s c i r c u i t  h a s  t h e  n e c e s s a ry  a t t r i b u t e s .

K u r o k o w a  a n a ly s e d  th e  it p o r t  </t 5) s y m m e t r i c a l  R u c k e r
o s c i l l a to r  c i r c u i t ,  a n d  d e t e r m i n e d  t h e  e ig e n v e c t o r s  a n d  c o n c ­

hies
n e t w o r k  / c o r b o n

r p M S t o r

/ / / / / /  /  /  /  /  
r . o o x l o l  o i r l . n e

capacitor 
probe( l i e  t e

r i q .  1 S c h e m a tic  o f  th e  
a m p lifie r -c o m b in in g  cii cu it

t u n i n q  
a s s e m b l y
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c f t R A T A

Mi 11 1 It, W,
* l n m l c m c n i . i t  i

V* < KI MI , « M , ,1 nil ’I AM MON, ' ! M.; 
ol a moving-target uuliialor hv huikvt- 
/ It'c fto H . I f t IV / . H, p p  *' 1 '  ̂ « 1

11 Iilli r icspi

11ace ‘V.avc uvvi

make i nc loli

U a n v i im  c r  in  I 
in t nt. 11

i mw amo, i, it l*i olxt hi lily ilisi i ihuiivn ol ihc crossconclalion 
function of linitv-Uuiation singlc-hil random waveforms,
l.ltriron. I . n t  . I')72. 8, pp, 5M) Sn2:
I h c  a u t h o r  w o r l d  l ik e  lo  m a k e  th e  fo l lo w in g  c o r r e c t i o n *  *o 
liis Idle i
I he second line of cun. 2  should readi 

j t  i |  c i  l ( / f  ( i ' \  2 1 , I / * !  X \ i t  l  *  I 

I he seventh Iiik hi low eiju ' sin 
!i\ , u,) /- I he prohahihtv o
I he live Ihh . hvlow eijn. 111 slion 
/ ’ \ I  / H t i  I <) '  I

ul< l leadi
,i or A o c t  u t  i i n i '  is

d  r e a d :

, U, I r i ,) \

x t l / , i
I li‘Ui < , 11 oi u ii(n h 
/ ! \ , (/, M <' i ) \  A t  i) \ ' t  I

( I t  t A  1,7

I/V 1973 Vi



c o n c l u d e  a n y t h i n ' ;  a b o u t  t h e  f a r  - . ide lob -s .  It n ik th t  t h e r e f o r e  
b e  l i e i t c  n o t  t o  m a k e  th e  a p p r o x i m a t i o n  t h a t  t h e  I. p a t t e r n  
k  c i r c u l a r l y  s y m m e t r i c a l ,  h u t  a.Iso t o  c o n s i d e r  t h e  e f l e e t  o f  
t h e  c r o s s p o l a r i s a t i o n  field c o m p o n e n t s .

H A. J .  M. v a n  i t o o t 2Jr/l Jamturv /97V
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P R O B A B I L I T Y - D E N S I T Y  F U N C T I O N  O F  

O U T P U T  O F  S I N G L E  B I T  C R O S S ­

C O R R E L A T O R  F O R  D E T E C T I N G  G A U S S I m N  

R E F L E C T I O N S  I N  N O I S E

/m .V v ine  tcrtm (  , rn tutor - /) ; .  , 1 1 1 ' .'v. S i .)/ i / f  Irctian
T h e  d e t e c t i o n  e r r o r s  o f  a  s in g le - b i t  di at v r o s s c o r r e ' a t o r  
f o r  d e t e c t i n g  b a iu l l im i tee l  C i.u iss ia n  r e f l e c t io n s  in  n o i - v  .ire 
i n s e s t i g a t c d ,  a n d  th e  p r o b a h i l i t s  der.Mt j u n c t i o n  o f  th e  
c o r r e l a t o r  o u t p u t  d u e  t o  l i n h v - i n k  u l  c r o  s c o r r c h t i o n  ■> <t 
c o r r u p t i o n  o f  t h e  r e s , w e d  w a v e f o r m  I n  w i d e b a n d  G i iu s s i a n  
n o i s e  is d e r i v e d  a n d  c o m p a r e d  w i th  e x p e r i m e n t a l  r e su l t s .

f i t c  u s e  o f  c / o s s c o r r c l a t o r s  fo i  Uctevtmc;  l a n d v m  w a v e f o r m  
r e f l e c t io n s  i t  w e l l  e s t a b l i s h e d . '  A l t h o u g h  s o p h i s t i c a t e d  
c r o s s c o r r e l a t o r s  a r e  a v a i l a b l e ,  t h e  s in g l e - b i t  d ig i t a l  se r ia l  
c r o s s c o r r e l a t o r  is o f  g r e a t  in te r e s t ,  o w i n g  t o  its s im p l ic i ty  
a n d  in e x p e n s iv c n c x s .  The d e t e c t i o n  r e l i a b i l i ty  o f  s u c h  a n  
i n s t r u m e n t  is m o s t  r e a d i ly  a s s e s s e d  h \  a n  ex; m i n a t i o n  o f  th e  
d i s t r i b u t i o n  o f  i t s  o u t p u t  t h a t  r e s u l t s  f r o m  th e  f in ite  c o n  e l a t i o n  
i n t e r v a l  a n d  t h e  c o r r u p t i o n  o f  t h e  r e c e iv e d  v a v e f o r r n  by 
n  u se .  I n  a  p r e v i o u s  l e t t e r , 2 th is  d i s t r i b u t i o n  w a s  d e r iv e d  
f o r  t h e  s in g le -b i t  c r o s s c o r r e l a t i o n  o f  se v e re ly  c l i p p e d  b a n d -  
l i m i t e d  G a u s s i a n  s ig n a l  a n d  a n  a t t e n u a t e d  r e f l e c t io n  c o r r u p t e d  
b y  w i d e b a n d  n o i s e .  A l t h o u g h  s e v c te ly  c l i p p e d  w a v e f o r m s  
h a . t h e  a d v a n t a g e  t h a t  t h e i r  p e a k  a n d  a v e r a g e  p o w e r s  a r e  
t h e  s u n e ,  t h e  o r i g in a l  a n a l o g u e  w a v e f o r m s  o f fe r  t h e  g re a t  
a d v a n t a g e  t h a t  t h e i r  t r a n s m i s s i o n - h a n d . ' - i d t h  r e q u i r e m e n t s  
a r e  c o n s i d e r a b l y  less  t h a n  t h o s e  o f  t h e  se v e re ly  c l i p p e d  
v e r s io n s .  In  t h i s  le t te r ,  t h e r e f o r e  t h e  p r o b a b i l i t y  d e n s i ty  
f u n c t i o n  o f  th e  s in g le -b i t  c r o  . o r r e h ' t i  t f u n c t i o n  o f  full  
a n a l o g u e  b a n d l i m i t e d  G a u s s i a n  n o i s e ,  a n d  a n  a t t e n u a t e d  
r e f l e c t i o n ,  c o r r u p t e d  b y  w i d e b a n d  G a u s s i a n  n o i s e ,  a r e  
d e r iv e d .  I h is  is c o m p a r e d  w i th  e x p e r i m e n t a l  r e su l t s ,  a n d  th e  
d e t e c t i o n  r e l i a b i l i t y  is s h o w n  t o  he  w o r s e  t h a n  if t h e  c l i p p e d  
w a v c f  'it is t r a n s m i t t e d .

C o n s i d e r  th e  t w o  w a v e f o r m

a n d
r , m  -.gn !/„(f)l sgn'Tjft )

: , l i  1 r )  g n  ; /? /„«  I r )  I n il  r);  s g n  I v3«  >  r ) j

( I )

w h e r e  f„ (i)  is a  r a n d o m  G a u s s i a n  w a v e f o r m  o f  / c r o  m e  in a n d  
v a r i a n c e  b a n d l i m i t e d  t o  c ^ i f r  h e r tz ,  a n d  a l t )  is w i d e b a n d  
( i a u s s i a n  n o i  -e o f  z e r o  m e a n  a n d  v a n  n ice  e t} f  is a n  a t t e n u a ­
t i o n  f a c lo i  a n i l  f j t )  a n d  / i , ( i f r )  fo l lo w  a  b i v a r i a t c  n o r m a l  
d i s t r i b u t i o n ,  a n d .  f o r  th e  ; t r p o  vs o f  c o n , ,  u l a t i o n .  v , ( /  i t 
m a y  h e  r e g a r d e d  is a  G a u s s i a n  w a v e f o r m  b a v i n ;  t h e  s a m e  

, a m p l i t u d e  d i s t r i b u t i o n  is r i r ) .  b u t  w i th  it m e a n  v a lu e  
s h i f t e d  t o / t f r  i r). H e n c e '  v, ) a n d  x f t  r r)  vvill a l s o  fo l lo w  a  

• b i v a r i a t r  n a l  di t r ib u l i  ui w i th  m e a n  |(). n it  t- r ) |  a n d

c o r r e l a t i o n  f u n c n o n  o i  u ;

4 f + , -

p r o b a b i l i . ,  ......  . .
« ( t  t - r ) .  L e t t i n g  n it

12)

w h e r e  , is t h e  p r o b a b i l i t y  t h a t  x t U ) >  0  a n d  .x;ft  t r )  >  0 .  
a v e r a g e d  o v e r  a l l  /iff t - r ) .  L e t t i n g  «<f + r )  //,

OO 9C

2,/1,'M „S' 1 “ J

E v a l u a t i n g  a s  in  R e fe r e n c e  5,

(41
vv h e re

x) J  . | e x p  ( n 1! ! )  d u
\ (2/t) :Of.I

z '""r t4 ; ^  ( v h , , " " ' ' " ' ' 2'!
A v e r a g i n g  I' . o v e r  all  // g iv e s  F . , :

,

- * 2fr„,“ 'o (2 / / ,4  I ) f 2 m /«!)*

[ y i s i r ' - * - * '

w h e r e 4 ' 6 p f r )  - p  -- s in  ( f i » r ) / t 9 » T .  S u b s t i t u t i n g  in c q n  2.

2
V . - . r / r )  ^  . ' i n '  ‘

10

i d 5 ; 1-3 vi'O to .to 50 
cross correlator output WT)

6 0

F ig .  1. P robab ility  d  ; fy fu n c tio n :;  o f  'Vo ( 0 )  fo r  1 0 0  s a m p le s  
l x iw im enta l points  joined > '  4 :,mu »th v i rv e
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C o n s i d e r i n g  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  J i )  y ie ld s

T ,in"  I'l ' % > • * * }
w h ic h  a i '. rccs  w it l i  t h e  r e s u l t  o f  I h r e .

C o n s i d e r  a  d ig i t a l  c r o s s c o r r v l a l o r .  \  s a m p le s ,  S t a p a r t ,  o f  
T if f )  a n d  r 2(f i r )  a r c  s t o r e d ,  a n d  t h e  p r o d u c t s  ol  c o r r e s p o n d i n g  
s a m p l e  p a i r s  a d d e d  t o  f o r m  th e  c r o s s c o r r e l a t i o n ;  i.e.

¥ i , ( r )  v  - j j r ,  4 , )
i-1 (7)

F o r  r  ”  0 ,  it w a s  s h o w n  in  t h e  p r e v i o u s  l e t t e r  ’ t h a t  t h e  
n u m b e r  o f  i n s t a n t s  A", a t  w h i c h  n ( t )  c a u s e s  t h e  s ig n  o f  
l i f j i )  i  n ( t \  t o  d i f fe r  f r o m  t h a t  o f  / ,< / )  f o l lo w s  a  b i n o m i a l  
d i s t r i b u t i o n  w i th  m e a n  N / i  a n d  v a r i a n c e  A p t  I p ) , w h e r e

p  = p r o 6  I f f ' M j . M , )  <  0}

l f
f is \/(2 n ) ' Iit\ ( In)  JO y

e x p f - f ’/rrr’jdt* t:'p{~y*l2(Ps)1}dy (8)

E x p a n d i n g  t h e  i n n e r  i n t e g r a l  in  a  M a c l a u r i n  se r ie s ,

P ~  \ — — t a n - l (iSr/(y)

a n d  t h e r e f o r e

t /o tO )  a  ( N  — 2iVp) =  A  ^  t a n  '  ( jSv. ct)  . C7)

w h i c h  a g r e e s  w i th  e q n .  6. S in c e  AAVDtO) -- A 2  \  ,1 is
e q u i v a l e n t  t o  P{N, er r o r  in s ta n t s } ,  t h e  d i s t r i b u t i o n  o f  i,/n(0)
c a n  b e  d e r i v e d  d i r e c t l y  f r o m  t h a t  o f  N t. f i g .  1 c o m p a r e s  
t h e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  d i s t r i b u t i o n v  o f  / u (0) .

U n l i k e  t h e  p r e v i o u s  c a s e , 1 w h e r e  b u r s t  w a v e f o r m s  o l  
d u r a t i o n  7  w e r e  h a n s m i t l c d ,  / , ( t )  w a s  t r a n s m i t t e d  c o n ­
t i n u o u s l y ,  a n d  h e n c e  z 2(r +  r )  s g n  I />/"„(< + : ) + « ( » -t-r)} c. ■ 
t h e  w h o l e  c r o s s c o r r c l a t i o n  in terv  a l  T . I h u s  o n l y  o n e  d is t i  ib u -  
l i o n  h a s  t o  h e  d e r iv e d  for  | t |  >  0 .  T h e  s u m  o f  t h e  A  p r o d u c t s  
wil l  b e h a v e  l ike  t h a t  o f  t h e  A  p r o d u c t s  in R e f e r e n c e  2, 
t e n d i n g  t o  n o r m a l  for l a r g e  A ,  w i th  m e a n  a n d  v a r i a n c e  g iv e n  
by

/ t  -= , ( r ) ........................................................... (10 )
a n d

v a r  {v/ ,)fr) | V -  /<* +  2  ^  ^
I .  ) J  f f  I

E ( z , ( f i ) z i ( f i  +  r ) r , ( / , ) 7 i ( f y t r)} ( I I )  

I t  w a s  s h o w n  in  R e f e r e n c e  2 t h a t  

T ) z , ( t j ) Zi(lj + r)}
jV./h I.) 0 <  <i+ r

, / r ) ) 1 0 > / , b T

E x p a n d i n g  t h e  d o u b l e  s u m m a t i o n  a n d  c o l l e c t in g  l ik e  t e r m s ,
*  -  IW„ -  I

v a r l v / D( T »  -  N - / t ,  +  N „ ( A „  ' D l y ^ / r M 1 t 2  ^

( A - , ) t r , , ( M t ) y , / ^ )  (12 )

w h e r e  t p . / r )  ( 2 / . i )  ' i n - 1  ( / j ( r ) |  a n d  A", is t h e  n u m b e r  o f  
s a m p le s  in  t h e  p e r i o d  r - r .  T h e o r e t i c a l  a n d  e x p e r i m e n t a l  
d i s t r i b u t i o n s  o f  v'o- 'r)  a t e  h o w n  in  I i f .  2,

T o  v e r i fy  th e  t h e o r y ,  a  d ig i t a l  c r o s s c o r r e l a t o r  h a v i n g  
A  100  o r  700  w a s  u s e d .  T h e  c u t o f f  f r e q u e n c y  o f  /"„(/) w a s  
21 kHz, t h e  s a m p le  s p a c i n p  iSt 12-81 //s a n d  r  - 5<>f, g iv in g  
A ,  *)5 o r  195. S im i ta i  - ig re e m e n t  w a s  o b t a i n e d  b e tw e e n  
theo r . ,  a  n o  e x p e r im e n t  w i th  2 0 0  sa m p le s .  C o m p a r i s o n  o f  
T ig .  1 w i t h  t h e  firs t F ig u r e  in  R e fe r e n c e  2 s h o w s  t h a t  th e
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d e t e c t i o n  r e l i a b i l i ty  is g r e a t e r  w h e n  c l i p p e d  n o ise ,  a s  o p p o s e d  
to  a n a l o g u e  n o i s e ,  is t r a n s m i t t e d .  I o r  i n s t a n c e ,  l a k i  
(/i/o  t i n  R e fe r e n c e  2  a n d  / A / < t  as  e q u i v a l e n t ,  t h e  m e a n  value, 
o f  v d ( 0 )  lo t  / i /o  / ls /o  I o c c u r s  a t  a  leve l  o f  6 9  f o r  c l i p p e d  
n o i se  a n d  a t  a  level  o f  < n ly  51) f o r  a n a l o g u e  n o i s e .  H o w e v e r ,  
c o m p a r i s o n  o f  the  i c s p e c t iv e  1 igs. 2  s h o w s  t h a t  t h e  fa lse -  
a l a r m  p e t f o r m a n c x s  o f  t h e  t w o  d e t e c t i o n  s c h e m e s  a r e  very 
s im i la r .  1 h e r c f o r e  a  l o w e r  c e n t r a l  c ro ss  c o r r e l a t i o n  p e a k  is 
th e  i r ice  t o  b e  p a id  f o r  t h e  d e c t e a s e d  t r a n s m i s s i o n  b a n d w i d t h .

h t f im i W g w i i M f v  t h e  a u t h o r  g r a te fu l ly  a c k n o w l e d g e s  t h e  
f in a n c ia l  s u p p o r t  in th e  f o r m  o f  a  s c h o l a i s h i p  g iv e n  b y  
t  I F u c h s  L td . ,  a n d  ( h e  g u , d a n c e  o f  h i s  s u p e r v i s o r ,  P r o f .  H  H.
I l a n r a b a n .

J. I . HOWARD 2 4 1 It J iin u m  v 10 7 4

fhpartnh i:t <>/ 1.lecti n til tjipineering
(Jnivei sit \ I i f  the Witw a lersn im l
J a n  S n .u t*  A v e n u e , J o h a n n e sb u rg , S o u th  I f i c t i
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Tlu-.o c tn i i t l i o n s  n i i i 'h i  l l ivn  b e  i m p '  n u n i v l  I \ s u b -  
111 :ii !" v i n i v . x m i H \  k \ l  in a  n o n  I- ipl n  . m a i n u r ,  . . ,hi .n 
in I iv .. u. I h e  U v iu i ivd  N to ra iv  is l l ivn  o n l )  I b i t ,  rvp ic -  
sc n l i i tg  «i (>.' ,, K x l t ie l ion  o n  th e  r c t | u i i v m v n l  l o r  l ln  o i i y in n l  
m a c h i n e .

l o  s u m m a r i s e ,  i h c  i t e h n i i | u c  o r t u s  il ic  f o l lo w n t  t id v a n -  
li tges:

(ti) I lie m o s t  c e o u o m i e . i l  u se  o f  s l o r ; . a e  r  o b t a i n , , I. s in c e  n o  
r e d u n d a n t  v a r i a b l e s  a r e  r e q u i r e d  in m e  s i ib m a e h iu i  .

(/)) H ie  s u b m a c h i n e ,  h a v e  o n l y  o n e  o u t p u t ,  a n d  c a n  k -  
r e a l i s e d  f r o m  e o m n  r e ia l ly  a v a i l a b l e  m e m o r y  u i- its ,  involv in .u  
l i t t le  o r  n o  r e d u n d a n c y .
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