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ABSTRACT

In this thesis the detection reliability of a single-bit, digt.l,

sampling cross-correlator used for detect ing either single-hit or analog

bandlimited Gaussian signals is investigated. This is done by deriving

the exact output probability mass function of the cross-con -;atur, a>

this directly yields the Detection and False Alarm probabilities.

The cross-correlator output mass function is derived for the

following cases:

(a) a single-bit bandlimited Gaussian signal cross-correlated with an

attenuated reflection corrupted by wideband Gaussian noise, and

(b) an analog b.ndlimitvd Gaussian signal cross-correlated with

attenuate d reflection corrupted by wideband Gaussian noise.

The extraneous noise is not necessarily always wideband random noise,

wad in many applications the interfering signal can be periodic in nature;

thus the output Iass function is also considered

(¢) to, , ,inBU-Lit bantilinited Cau.tioo .tg-al =r=»6-corrrUt=d with

no attenuated reflection corrupted by a random phase sinusoid, and

(d) for an analog bandlimited Gaussian signal crca.-correlated vith an

attenuated reflection corrupted by a random plum sinusoid.

In all cases except <d>. the c:o..-correlation function is derived first,

and then the probability mass functions are derived for both burst and

continuous transmitted signal operation. In <d> the cross-correlation

function cannot he derived in a Cosed for., and a series approxination

is given. However, the cor. delay (i.e. peak) cross-correlation function

is derived exactly, and this yields information on the detection



probabilities to be expected. The cross-correlator output probability

mass functions an discussed qualitatively in this case.

It is found that in general the detection reliability obtained using

single-bit bandlimii.ed Gaussian signals is higher than that achieva le

with analog signals, and that a random phase sine wave has a more adverse

effect on the cross-correlator's detection performance than wideband

Gaussian noire has.

The theoretical derivations of (a), (b) and (c) are verified b,

extremely close agreement with experimental results taken on a specially

built single-bit, sampling cross-correlator.

The cross-correlator's performance under multiple reflection condit-

ions is considered, and the crors-correlation function of a single-bit

or an analog bandlimited Gaussian signal with two attenuated reflections

corrupted by wideband Gaussian noise is derived. An extension oi t

theory to more than two reflections is discussed in both cases. The

derivation of the cross-correlator output mass functions is considered

for both burst and continuous signal operation. It is shown that under

conditions where there are two overlapping single-bit reflection, in a

low extraneous noise environment, :icrc is a high probability of missing

the smaller of the two reflections completely, even though it may be

only slightly smaller than the larger one. This defect does not occur

with analog Gaussian signals, and, although the peaks in their case are

not so sharp or well-defined, under these conditions analog signals offer

» distinct advantage over single-bit signals.

The practical application of the detection scheme to acoustics is

briefly discussed, and it is found that the Gaussian signal centre freq-

uency and the cross-correlator sampling frequency must he matched. A

sampling frequency of between one and ten times the signal centre frequency

yields satisfactory results. There are several constraints on the signal

bandwidth,and octave bandwidth, are found to offer a good compromise.
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CHAPTER 1

INTRODUCTION

1.1 C’U_d Bi.it'.f,round

The ir -itance of correlation as a signal detection technique is
already -e..-oil tmtahli slu i. Very briefly, the three basic rat ion.i
configurations are as shova in Fig. 1-1. ligurv 1-la corresponds to
a sitiple auto-correlator for detecting a signal, usually t a period ¢
nature , itar Sod in noise. In nort del. indmj application sv.» .-s tin*
arise, for txa pie, in astronomy or sonar, the outputs fro.; arrays o’

receivers ar cro* -cori lated (! °g. 1-1b), and the output is exai.ined
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nntlRi: 1-1 Basi< configurations of correlation dcti ctots.



for peaks or oLher characteristics indicating the presence of a common
input signal s(t). The third basic application (Fig. 1-lIc) is to reflec-
tion detection, for example in radar, acoustics or vibration analysis.

For cross-correlation reflection detection, the ideal waveform for
precise and unambiguous range and delay measurements is that possessing
a 'thumbtack-shaped' auto-correlation function. Uavv.sian noise is one
such waveform, provided, ol course, that the duration-bandwidth product
is larie enough. In addition, the auto-correlation function of an analog
Ga sian waveform in simply related to that of its severely-clipped,
single-bir version'”~. The computational simplification gained by having
to procesi only a ingle-bit waveform as compared to the original analog
version, cap daily in the case of a digital processor, is substantial.

VM th the advent of high speed it, Leal cii uittry, many of the problems
that had previ usly made correlator complicated instn: nt to build
were alleviated. However, as the basic circuitry became simpler, so the
mathematical processing techniques which the digital circuitry new madv
it possible to exploit becai:*» more eo piex. As a re-ult, modern correl-
ation c¢ lectors lend, as before, to b complicates and sophisticated
instruments.

There arc many applications of cross-correlation ditccto.s in radar,
sonar, communications, acoustics and vibration analysis where detection
error probabilities of below 10*"6 are not really necessary and false
alarms could not can e tr. uniatic consequences (as, '""or example, in
missile detection). For these applications it is obviously desirable
to be able to us. as simple and hence inexpensive a cross-correlator as
possible. Moreover, many of the ¢ applications often require on-site,
real-time me. airing, and cro 3-correlation detectors which are cither
large or which have to be connected to a large computer weu'd clearly
be quite unsuitable. Foi such applications, thereto.c, Muh i-

for a small, self-contained, simple yet reliable cross-corrvlation



d< tfcctor. A sampling, single-bit, digital serial cross-correlator used
in conjunction with Gaussian random wavelorms constitutes an obvious yet
most promising solution, combining one of the simplest and hence most
inexpensive cross-correlators and a waveform having desirable attributes
for reflection detection and single-bit processing.

Although the idea of using a single-bit cross-correlator for detec-
ting Gaussian waveforms is not new, no thorough analysis of the detection
reliability of a sampling, single-bit digital cross-correlator has been
found in the literature. The work done on analysing their performance
in detecting Gaussian waveforms has been limited to the determination of
the mean output of a -ingle-bit cros:-correlator like that in Fig. 1-1b
and an associated signal-to-noise ratio describing the ratio o! the mean
output to the fluctuation enu ed by the non-infinite tir -constant of the
RC integrators usually used. Fuch an analysis yields only a figure of
merit' for the detection schecnu , It does not yield the dc* evetion ci
false alarm probabilities and it gives no idea of the influence of the
number of samples used on the cros .-correl tion function distribution,
since the variance i: determined primarily >y the integrate! time-constant,
This would not be so were a digital count.i to be used, as is envisaged
in this case, rather than an RC integrator. A much more useful analysis
would he given by tin derivation of the exact output probability distri-
bution of the cross-correlator because this uv d diivitl> >i<ld t,u
detection and false alarm probabilities end would show the effects it
samplt size variation.

The development over the past few years of suilicc acoustic
devices and techniques, with their enormous potential foi n > i
single-bit signal processing <»id matched filtering iU.»
revolutionised the possibilities of building vety simply
as random signal _ single-bit digital cross-, 011'Ini,n

seems perfectly feasible that in the future such instunxnto



made cheaply enough to he used for more mundane applications such as
traffic monitoring and control, simple collision avoidance radars, or
even burglar alarms1 Already the possible application of these surface
acoustic wave devices to the single-bit cross-correlation of single-bit
random waveforms for identification purposes, to increase the reliability
of communication between aircraft and ground controllers, has been
suggested.

The application of interest to the author is that of acoustic reflec-
tion detection, but since the basic correlation detection sche: e propt ;od
is potentially suitable for so n.my other applications be ides acoustics,
in communications, radar, sonar, ultrasonics, tie., it is considered that
a thorough analysis of its detection reliability would be of some value

in assessing i1l suitability for these applications.

This thesis presents an analysis of the detection reliability o: a
digital, single-bit sampling cross-correlator for detecting both analog
and singlc-bit bandlimitvd Gaussian reflections (Fig. 1-2).

The discrete probability mars function of the single-bit cross-
corr-. lator output is derived in Sections 2.1 and 2.2 foi the cases where
these two types of refit lion are corrupted by wideband Gaussian noise.
The analyses deal with the detection of both continuous and burst wave-
form reflections.

Although the corrupting extraneous noise i; often random in natuie,
acoustic measurements, for example, are often carried out amid tno>.
deterministic extraneous noise such as machine hums, i.e. waveloi ..is
which are of e periodic nature; similar situations arise in othvi appli
cations, for instance in radar applications, tiic chance (oi otheii

occurrence of radio signals within the radar operating fiec;ueuc> b.uid.
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FIGURE 1-.” Singlc-bit cross-correlation detection (a) of t,ingle-
bit Gaussian reflections, and (b) of analog Gaussian reflections.

No vork has been found in the literature analysing the effects of extra-
neous periodic waveform on the detection by single-bit cross-correlation
of random waveforms, most analyses having in fact concentrated on the
reverse situ.Lion. Accordingly, since such ituations can arise in
practice, the next two sections (2.3 and 2.4) present a derivation of
the single-bit cross-correlation function and the output probability mass
function of the single-bit cross-correlator when the single-bit or analog
Can.'ian reflections an corrupt'd by a random phase sine wave. An cxten
sion to other types of periodic wave form is discussed in the case of
single-bit reflection detection. Again, both continuous and burst wave-
form reflections are dealt with.

Chapter three considers the single-bit cross-correlation of a single
bit or analog band limi ted Gaussian signal with a reflection consisting oa
two delayed, attenuated * Llic.:. corrupted by videband Gaussian noise.

The practical significance of such an analysis is illustrated in 1lig> *



An extension oJ the theory to the detection of more than two simultaneous
reflections is discussed.

Experimental results verifying the- theory of Chapter two are given
and discussed in Chaptei four. These results are found to agree extremely
accuralr 1> uit'n the theoretical predictions, thereby substantiating the

major simplifying assumptions and methods used in the theoretical analysis.

tfonsmilltr

MGIK! 1-3 An example of multiple reflection detection.

In Chapter five, the practical application of the cross-correlator
to acoustic reflection detection is considered, and Chapter six summarises
and discusse the rain conclusions to be drawn fieri tin theoretical and
experir ntal results.

The design and construction of the digital single-bit cross-
correlator are briefly et out in Appendix T, together with some general

remarks on its operation.

1.3 Survey of tne him raturc

T s thesis i: concerned with the derivation of the output probability
distribution function of a single bit digital cross-correlator for detec-
ting random wavefon For tin sake of completeness, the literature
survey will be split into topics as follow: : Section 1.3.1 deals with
the work donme on deriving the output probability density functions of
various correlator.; Section 1.3.2 covers the work done on analysing hard
limiting cr oorrcl ators used for detecting <.mssian waveforms, ...d

Section 1.3.3 deals with literature on possible applications of the



proposed cross-correlation detection -icherae.

j-3.1 Probahility

Most of the derivations of probability density functions of correl-
ator outputs have been tackled by first derivinv the output characteristic
function, usually on the simplifying assumption of independent random or
jointly normal inputs.

Lampard(“) (1956) derived the characteristic function and hence the
probability density function of the output of an analog correlator
consisting oi a multiplier and low pass filter, whose input', were correl-
ated, stationary Gaussian wave forms, and solved the specific case of one
input being a low pass filtered version of the other. Roe and White”
(1961) derived the output characteristic function of a sampling cross-
correlator whose two inputs consisted of a signal plus nois. bandlir.it.d
to -W to Whertz. They assum. d (1) that the sampling was done at the
Nyquist rate so that successive noisi and h-nee input samples were
independent, and (2) that corresponding input samples followed a bivariatc
non al distribution with mean values equal to the respective signal
waveforms. The output probability don ity function was derived for
certain extreme values of input signal-to-noise ratio. The problem of
determining the output probability don ity function of an analog cross-
correl. tor lik< th .t in Tig. 1-1b, whose two inputs consisted of a correl-
ated, RC filtered Gauss’an signal plus uncorrelated white noise, was
investigated by Jacobsoiv '(1963). Cooper'” (1965) considered the output
probability density function of a correlator whose inputs both consisted
of a sine wavi pin nose that had been passed through a narrowband filter
centred on tin sine wave frequency. He obtained solutions for certain
special input conditions.

Stret ih r and Jensen” (1970) noted that the problem of tae charac-

teristic function approach lay in the transformation to the density



function. They generalised Cooper's results b> deriving sorv simplifying
assumptions to ease the transformation. Murarka(7)(1971) further general-

ised Coopei s and Roc and White's work by deriving an expression for the

probability density function of a cross-correlator for detecting an 'in
phase' sine wave immersed in narrowband noise. He evaluated this for the
cases of pelteclly correlated and completely unrorrelat. 1 noise waveforms.
All restrictions on phase between input signals and degree of correlation
between input noise wave forms were eliminated in the analysis of Andrews
(1973). He assumed that the correlator output was low pass filtered,
leaving only dc terms and the noise component amplitudes. Since these
follow a joint normal distribution, their characteristic function and
hence the* correlator output probability density function can be derived.
Very recently, Andrews * ~(1974) has extended the work of Roe and

(3)
White to cater for non-zero correlation between thr inp*t wave forms.

1m

As stated in Sect ion 1.1, must of the work on clipped random waveform
correlat ion has been limited to deriving the mean output of <re>-s-
coirelators such . that in Fig. 1-lb x-i ted by Gaussian noise, and a
representative signal-to-noi sc ratio describing th< ratio of the mean
value to the fluctuating component resulting from the non-infinite integ-
ration interval.

Thomas and Williams * *(1959) compared the output signal-to-noise
ratios of a full analog and a single-bit cross-correlator consisting of

a multiplier and a low pass filter, with input v. vefoi is consisting of a

narrowband Gaussian signal plus noise - i.e. Kjs(t) + n](t) and K.s(t) +
i,2(t). They showed that for stationery or 'mearly stationary' noise
the full analog cross-corn l.itor perior best, but for non-s tat ionary

noise the single-bit cros -correlator is invariably the bett.r of the two.

The use of a single bit cross-correlator for the detection of work



Gaussian signals immer jed in Gaussian noise was considered by I.kre**
(1963). On the assumptions (a) that the input signal and noise were
independent stationary random functions with Gaussian amplitude distrib-
utions, (h) ’hat the normalised power density spectra of the input signal
and noise were identical, and (c) tli.it the input signal-to-noise ratio
was much less than one, so that the input wave fort > could be assumed
uncortelated, he evaluated the cross-correlation function and the output
signal-t u-noise ratio for a single-bit cross-correlator (sampling and
non-sampling) using an RC integrator. He then compared this to the
signaleto-noisc ratio that would be achieved using an analog multiplier
cross-corn 1 lov, showing hov the loss in output 6ignal-to-noise ratio
due to the clipping operation is only 1.19 dB for low input si nal-to-
noise ratios.

(12)

Cheng (1968) extended the work of Kkre by deriving the exact
cross-correlation function and output signal-to-noise ratio for any input
signal - to-noise ratio. In addition, his analysis does not intail the
simplifying assumption that the input waveforms remain uncorrelated even
in the presence of a small input signal. This he obviates by using a
quadrivariate normal distribution to describe the joint probability density
function of the four input co ponent; [i(t)+ n~”(t) , [s(t-T)+ n((t-T)' ,
[s(c)-t n;(t):, and [s(t-T)+ n”(t-T)j , n(t) and n(t) being uncortclated
Gaussian signal and noise waveforms, respectively. He compares the output
signal-to-noise ratios of an analog multiplier cross-correlator and a
sampling and non-sampling single-bit cross-correlator, showing how above
a certain critical input si gnal-to-noise ratio, the single-bit cross-
correlator's output signal-I o-noi.se ratio is greater than that of the
analog multiplier cross-correlator,

Gossner. 1'rGillci and Cooper(ls)(1963) cons idvr the use of a single-
bit cross-correlator for i timating the crons-correlation fu ction of the

two input waveformlI. each con .voting of the sum of a zero mean Gaussian



10

signal and zvto mean Gaussian noise. They derive a signal-to-noise ratio
foi tae output of Liie cross-correlator (and hence for the estimate of the
input cross-correlation function) defined as /varf.~fi")}], where

is «he normalised cross-correlation function after clipping. This is
delived on the assumption that the sampling rate is much lower than the
signal bandwidth so that consecutive samples of the inputs can be assumed
independent, lacy then consider an envelope single-bit cross-correlator
for use on narrow bandpass random signall where the cros -correlation
function would be nodulated at the central r.f. frequency. By again
deriving an output signal-to-noise ratio, they show that this detection
scheme has no advantage over a conventional cross-correlator.

McGill.>in. Cooper and Waltman ** ~(1967) apply some of the above results
to a radar system having bandpass Gaussin noise as transmitted signal,
and a bandpass, single-bit cro. "-correlation detector. They use the
results to derive an approximate signal-to-noise ratio for the output,
again on the assumption that the sampling rate is much less than the
Nyquist rate.

Aein” ' (1907) considers the detection error rate at the output of
a hard-limiting cros:-correlator whose inputs consist of a binary deter-
ministic signal plus noise, the output consisting of the sun of n indep-
endent random variables (due to the presence of the noi.e). Ik shows that
although the sum tends to normal, one is not in general justified in using
the complement, ry error function to calculate the error probabilities on
the tails of the distribution. By using the Chernov bound, he derives an
expression for the error probability P( which, for the assumptions of
low input signal-to-noise ratios and "< 10 2 (i.e. inferring a suffic-
intly 1long correlation interval), simplifies to a good approximation of

the complementary error function, ,uggcsting a normal distaibution.
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1.3.3 Applications

As mentioned in Section 1.1, virtually all of the applications of
random waveform single-bit cross-correlation at radar frequencies have
arisen due to the development of surface acoustic wave devices. The
topic is extensively covered by Collins and Hagon * (1970,', Kino and
Shaw” '~(1972), Mainv.s and Prige » 17(1973) and Morgan ' *(1974).

An application to air traffic control coin.unications is discussed
by Grant, Collins, Darby and Morgan*" ~(1973). To increase the reliability
of communication between aircraft and ground, a single-bit, random coded
wave form can be sent prior to the message and single-bit cross-correlated
by a surface acoustic wave matched filter in the receiver; the cross-
correlation peak serves to announce the arrival of a message and also to
synchronise the rvcciv r to the on uing singV-bit coded message.

Brocl/ » (1970) di .ussus some of tin practical uses and possibilities
of cross-correlation and cross-spectral density techniques in acoustic
delay measuv*. r<nts and vibration analysis. He points out that cross-
correlation techniques (with fairly narrowband noise) only give meaning-
ful results when (a) the transmission characteristics of the various
propagation paths arc frequency independent, and (b) the noisi signal used
has a wide enough bandwidth. In ca c¢; where this is not so, the output
tends to be oscillatory, making peak detection and discrimination diffi-
cult. He derives an approximate empirical expression for the minimum
bandwidth in terms of the required resolution. As this criterion leads
to required b.mdwi dths often in excess of three hundred hertz, he concludes
that the use of cross-correlation is of very limited value in acoustics.

He then considers the u e of cross-spectral density techniques and derives
a criterion in this cast for the bandwidth of the sampling filter. This
is inversely proportional to the delay being measured and hence renders
this technique unattractive for acoustic purposes, where delays of several

seconds can he encountered.
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Many papers on the application of random waveform cross-correlation
to sonar are to be found in the ujurnals of the Acoustic Society of
America, and a very comprehensive texi on correlation techniques and

: o . (22) :
their applications has been written by Lange (1967). He gives an

extremely comprehensive bibliography on the subject.



CHAPTKR 11

CROSS -COPRI.1ATION DKTIL.CP’ION 01' SIHCLK KKFLKCTIOXS

It is impossible to foresee the exact operating conditions that a

detection system will encounter. One must resort, therefore, to anal)sin”

a situation which is as accurate a representation as possible of the type

of conditions lik.ly to be met with in practice, and then interpret the

results from an engineering point of view rather than a purely mathemat-

ical one, bearing in mind that they applvonly to representative conditions.

Inis chapter presents the derivation ofthe output probability mass

function of a single-bit, sampling cross-correlator for detecting

(a) a single-bit handlimited Russian reflection (Fig. 1-2a, page 5)

corrupted by wideband ( tus ian noise (Section «°¢1)»

(b) an analog bandlimited Gaussian reflection (Fig. 1-21,) corrupted by

wideband Gaussian noise (S.ction 2.2),
(¢) a single-bit bandlunited Gaussian reflection corrupted by a random

phase sine wave (Section 2.3), and

(d) an analog bandl imited (" sian reflection corrupted by a random phe.r-c

situ wave (S- ction 2.4).
In all cases ex pt (d), the cross-correlation function is derived first,

and then the probability mass functions are derived for both burst and

continuous transmitted signal operation. In(d) the cross-correlation

function cannot be derived in a closed form,and a series approximation

is given. However, the j ro delay (i.e. peak) cross-correlation function

is derived «xactly, and the probability mass functions are <’ -cus. d
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qualitatively.

In all probability the extraneous noise will rarely be pure Gaussian

or a perfect sinusoid, and it is unlikely that the reflection will be

linearly attenuated. Nevertheless, these simulated conditions are repre-

rentative of those that might prevail on average. They do have some

advantages. Firstly, they can be readily simulated in a laboratory and

hence the theoretical predictions can be reliably checked. Seconc.ly,

they provide a realistic basis for comparison between different systems

subjected to them. Finally, the fact that the mathematics involved under
these idealised, simplified but mathematically representable condition.-,

can prove somewhat intractable suggests what lies in store were a strictly

realistic analysis to be undertaken!

Wideband Gaussian Noise

2,1,1

Consider the two waveforms

Xj (t)= sgnffr*0O)] 2.11
X (t-M)- sgn'p Xj (t t-)+ n(t)] 2.1.2
where
+1 a> 0
sgn [a] 1l
-1 n< 0

and f (t) is a random Gaussian waveform of zero mean, bandlvmited to

(Uli/2Ti) Hz. n(t) is wideband Gaussian noise of zero mean and variance

02, and p is an attenuation factor which is assumed to be a real constant.
Defining 1%, as the probability that x,(t) and x2(t+t) are both
equal to +1, and P_+ similarly as the probability 'I xMt)- 1 a“1

x2(t+x) +1, etc.,
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++ +-

P *tP, - P, -p_ =EX(® 0 .
p,, - P, TP, -p_ - EG0@+TH=0

p.-p_ P +p - E{xi(t).x2(t*T)}=

“ Q ® +T)} is the same as the cross-covariance
g

x (t+T) as they have zero mean, and in this case is identical 10 t'u “r

cross-correlation function % ,(?)* By symmetry P++“ P and P+ " r_*¢

Hence, solving for

For x (t+< to be +1, either px;(t+') ~ and n(t)> -g, or

and n(t)> *(+ Therefore

P « p(x (t)y=+1). PCx.(t+T)«+l/ x (t)»>1).P(n(t)> -5) +
+ 1 1 1
PCx"t+T)—1/ x1(t)«+1}.P(n(t)> o?} o o o 2%].3
- i P{x1(t+'r)“+1/ x*t)-+U.U + Jerf(p/oJ2)) +
PCXjit+T)— 1/ x~(t)-+n.U - ierf(p/crvV22))

here
(3

=r£(6) - ~ jo« "u

(, (t.T)-.1/ , (O -D is the probabili. * ot in 1 number of ssto

rossings of XjU) in period t. An anaUgou. t equations to

gqns. (2.1.3) can be written for x,(t) an, x,(fT). thv only diffor.nce

cing that C(x,(t).X|(t.t)) 1is the auto-covarimco of x,(t) and

md is identical to the auto-correlation function N,(') ,f Xjft),

xp.h)- > Arecsin | /’(t)]

1,7

(a) being the normalised auto-correlation Inn, non of .,(>)° 11,1

sec Appendix A, (p. itl t)
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probability of an even number of zero crossings of XjCO in

then be written as (Pt V). Similarly, PI1*Ctrt>-1/

is
the probability oi an oild number of zero crossings ol >*(1) ni L1
and can be written as (P*_+ P_+)-
Solvin, the set of equations for these yields
P{.x*(t+?2)=+!/ Xj (t)»*1)= P+++ P__" '1U 2.1.8

rtxjft. T)— 1/ x~t)-.!)- p,,> P _ " I[i-"t"..e>1

Substituting those two into eqn. (2.1.6), and then substituting eqn.

(2.1.6) into eqn. (2.1.4) giver

\V (1)= erf (pi/d-/2) »
V&«

The auto-correlation function of *,(t) can be derived similarly, and is

[erf(p/dV2)]1 e« S".('T> e Z"''19

, 1(t) and at, are stored,

and the products of corresponding sample
of

»airs added to form the cross-correlation operation; ,.c

V,('t)-2]1x 1(ti).x2(tj+"i) 2.1.11

The probability distribution of considered in two

ections, (a) for T»0 and (b) for M >°%*

For T" 0 and no extraneous noise n(t) in x2(i), XWMVD)- N silUl

the product terms arc .1. With noise present, M»0> will be reduced by

two for every instant 1. at which either CIl, n(t,) when *eo <«!>""

or (2) n(l;)<-d when px*t.)-". The probability of (1) or <21

1see Appendix r., (p* ,0))
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occurring is

which, as n(t) is wideband Gaussian noise, is independent of ¢t.. hence,
the number of times (N.) that (1) or (2) occurs in N instants will follow

a binomial distribution"3'” ' with mean N» and variance hp(l-p)- The

mean of "AM*¥0) will be

\-$(0)= N - 2Np

2.1.13
» N.erl (*/dVz)
which agrees with cqn. (2.1.9), and since
p (x(0) - N-2N-} - +1(1) or (2) occurring tq times) . 2.1.H

the distribution of H-.(0) can be derived directly from that of N..

lotted in Fig. 2-1.
Some sample distributions of ~(0) for h-100 are P

CO.. COofr*I»t0f eculput vffptOI

functions of tf,(0) for 100 samples
FIGURE 2-1 probability mass



For HI >0, two cases will be considered. The first is w.er, burst
vavefonns of duration T only are transmitted, so that V— Fife. ? 2> “ve

interval 0 to (T-T) x”t) is cross-correlated with s~ 12U + O n< )

.W over interval (T-T) to T with sgn[n(t)] only. Thus two distributions

CIOS”-CAMC l.tion interval

reference wi-efim
(<)

received v.avefo'm
en'U J

N, eanplei

IM)

nGUK 2-2 Cross—-correlation of burst waveforms for n >0

r
to . normal distribution” The mean of tbis sum will be

2.1.15
/*«." Na- ~ - (T)
i A %
H
2.1.16
, ./ D28 1 Tu I<ti>f2< v t>V h>v oy )
a /«» i.vj.i‘l — =

+ see Section 2.1.3 (p- 21)
Nee I'e 2 <
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Etx, 1'+’++_ ?+++__"'+ A++_~" " % P_____
1 '

where P++++ i-s Che prob bility that x"(t*), x2"cid4';* x1*1j~*

are all equal to +1, and P+++_ etc., are all similarly deitned.

Assuming that the number of zero crossings of .#(O aid 27*

any given interval is independent of the number m any ot r no“

overlapping interval*, these joint probabilities may be evaluated as

follows:

(a)

t. <(t.+T), so that the non-overlapping intervals are t. to t.,

t. to (t.+%), and (t.+t) to (tj+:). In this case

r - Ptx;((;)=+!, x2(ti*T)->i, x2 (tj Ar->i}
,1(t.,..1).Plxi(ti.D.n/ x.UV-n)
2tx2(>3*%f1.*%1/ x2(t.»T)-D
2-1.18
P(x (t.,T)-.1/ »,(!,)- *D is the probability of an even number of

Zcr,, crossings in time (t” -t.,. and from e,n.. (2.1.3) is 80 by

[[1¢ =>tL.(ti,'r"tj)b Therer® re

p .l I[ie X,0 j-13)] ! [n 3#1-1j)lidi*v ,<1r 1i
e 2.1.19
Similarly
&MY (y -CPM F en- t,U j-tt)l
P+++
(2.1.17) in the same way and
Calculating the rest of the terms in eqn

summing,

F.rl(ti)x2(ti.t)x1(tj,x2C t..t))-1".,(tr ti) - ~ V ti)

from eqns. (2.1.8) and (2.1.9) .
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(b) For t.*® (L.+x), so that the non-overlapping interval.,
J -

t. to (t.+T), (t.+i) to tj, and tj to (t.+i), as m (a)

2.1.21
vix)(ti)x2(titr)x1(tj)x2(tj+i:)l. tv,,,/"D]

Substituting in eqn. (2.1.17) and collecting like terms*, the variance o.

the sum of the products is
vAir - N - [/ * (2t.1-S .1) (2H1-S)[<'.,(-.>T
N a ,m i.v 3:1.22

Oxer the remaining Interval (T-t) to T (reSion B in Fig- 2-->.
Terence signal %,(t) is cross-rorrelatcd with x,C ")- “~nln(t)].

sach of these product terms can have value 1 or -1 (with equal P

,1Uty in this case) and. as n(t) is wideband random noise, its value wrl

. _toifh.tof..,ol,hootherproduottor».

bo, ion with mean (=«,.,) and variance (V A .

terms, which is equal to ~ ~ . w i1l 1 therefore have .... t,an and

variance N., and its distribution can .. derived directl, from that of

90 & Gl S04 § S0 §

by

"EE:vE E :r



21

0f x*(x) would be zero and N, respectively. Due to its syur-etry about

zero, this distribution would tend to normal rapidly with inciea”-ng

The second case to be analysed is for continuous transrni tted v

forms. This situation is simpler than the burst waveform analysis

x (t+t)= sgn[px,(C+T)+ n(t)]

in

over the whole of the correlation interval

T so that only one distribution need be derived, this one is directly

analogous to the distribution calculated for the sum of the Na ten...

the prev! ,u« analysis, and thus the sum of the N product toms will tend

to normal with moan and variance

2.1.23

varb,(t)l- Jic;-i)y,(iu).x( t) t NeNati)[v.,,n>T

respectively, where S, is -gain the number of samples in the interval

Two points in the above theory warrant a more detailed consider.-.,ion,

the first is the assumption that the sum of the h, product terns will tend

to normal, and the second is the assumption in the evaluation of the

fourth order moment in cqn. (2.1.16)¢

2.1.3 srnlication of the ” raj UnitJ”*iirem

The basic theorem states” that the area under the curve of the

density function of t, normalised sum of a large number of independent.

of independent, random variables having aero mean, varrance ¢t

+see Appendix C(2), (* 1,7
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with identical density functions =p~ , then, if
& Y,
Z m ftyl
*he variance of z equals that of y. (i.e. ), the nean of z is zero, and

H.Vui<z 12" 'irs J ="y /Al¢dy

the general conditions for its application being that (a) tm variances
the components exist, are finite, and that their sun tends toinfinity

with n, and (b) the contribution of each component to the sun is .nail

and no one term predominates.

It has also been shown/:*) that if (xj is n set ofindependent,

random variables haring mean pand variance o\ then,if

" t Xj

so that 1=y and var(t)« tfVn,

e-y*/2dy
JA U'fr/c

but herc the limit, are function, of n. .0 the rate of convergence nay

vy (25

not be so rapld-( )
Central Limit Theorem, have been proved for ,e,uenc.. of non-.n epen-

dent random variable,, and these are reviewed in feller . In partrc
he Showed that if in a fined mn-er of trial, n. a recurrent even,

t occur, time,, then, if Nn can be regarded a. a random vcr.abl”



increases. Thus the product sum which equals 2N*- N, also tends to

normal. The mean value and variance of in this case are cleaily not

infinite. Noting that the general conditions (a) and (b) are both satis
fied by the product terms, ((b) being in fact ideally satisfied snu.e
each product term contributes equally), there is sufficient evict..cc to
support the use of the Central Limit Theorem in this case.

As far as the expected accuracy of the Central Limit Theorem is
concerned, if one obtains 2:1 acrccment with measured values at probabil-

ity density levels ol 1 O using one hundred random variables, then

practically speaking this constitutes a 'good fit'. Obtaining a de.,sit>
of 10"15 compared to an actual density of lo"'", say, would not be un-
reasonable when one considers that although the normal distribution is
the limiting fort, of many distributions, for example Poisson, Chi-.quarec,
etc., its rate of roll-off on the tails is proportional to ¢ " , which
is of a completely different order to that of the original distributions.
As a result, large discrepancies can exist at low density levels, and
little significance can be attached to Central Limit Theorem results at
these levels.

Another relevant question is how large a 'large' ncmber of variables

is. This is entirely dependent upon the statistic being measured, some

converging more rapidly than others. The sampling variance of ant

is dependent upon the population moment of twice its order, the, where
fifty or one hundred could be 'large' for a mean or variance estimate,
five hundred might not be large enough for a fourth moment estimate.
Kondall<28) states that as far as can be generalised with safety, over
five hundred can usually be assumed large, over one hun.h.d uiil., .o,
less than one hundred is sometimes suspect and less than thirty is rarely
aild ,r M ,0 ha. almost sero mean. As a result, the distribution wttl

he almost perfectly s tric.l about the mean and should therefore



converge rapidly to normal. Hence in this case one hundred samples should

adequately constitute a large number for convergence to normality.

To sum up, where one has sums of random variables having finite means

and variances, the Central Limit Theorem may often apply. However, it

does not necessarily apply, and even if it does, it is only an approxi-

mation (exc.pt where the component variables arc then.selves normal), and

may or may not yield accurate results, especially on the tails of the

distribution, depending upon the order of the variable, the symmetry of

the distribution and the number of components. Often it is oni> the

experimental results which finally confirm or disprove the validity of

its application in a particular case.

2.1.4 Evtluati v

The second point to be considered is the evaluation of

E(xl1(t.)x2(t..t)yx1l(«.)x2(tj.fll. It is not possible, in E«neral, to

express higher order noments in terms of first and second order moments

only, and hence reasonable simplifying assumptions have to be made.

to assume that x"tp, x2<t..T). x~*t.) and ,2<t..t, are all inde-

pendent would clearly be wrong. To assume that the no: h. r

ings in any interval is independent of the number in any other non-

overlapping interval dues to some extent permit a 'semi-dependence'

between samples which arc in close proximity, and independence between

those spaced further apart; i.e. it implies a Markov process of limited

but non-zero order. This ties up with the 'guasi-independence' of random

function zero crossings suggested by McPaddcn”. Hence, since the

exact distribution of the zero crossings of bandlimited Gaussian noise

is not known, the above assumption seems reasonable. Once again, the

final decision as to whether the assumption is reasonable or not ie

in the d, gree of agreement between the experimental results and

theoretical predictit.nHs
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2.2 DoU-ction of an Analog Gausi

Wideband Gaussian Noisc

A theoretical analysis analogous to that in the last section is
given here for tne detection of an analog bandlimited Gaussian reflec-

tion corrupted by wideband Gaussian noise.

2.2.1 Derivation

In this case the two wavefoms to be considered arc

(t)» sgn[fr(t)] » sgn[l1(t) ] 2.2.1

X,(t+T)«= sgn[«fn(t+T) + n(t)]»sgn[12(t+T )! 2.2.2

where f (t) is a band] united Gaussian wavefom with zero mean and variance
2 s 2

s . n(t) is wideband Gaussian noise of zero mean and variance o , and §
is the attenuation f tor.

As in Section 2.1.1, the cross-correlation function of (t) and

x2(t+x) can be written as

N'.ACr)- AP++- 1 2.2.3

where

P(>:j (t J=+1, 2(t+T)=+1}

« P{I I(t)> 0, I2(t+r>> 0} 2.2.4

f (L) and f (t+r), being values of the same Gaussian waveform, will
follow a bivariatc normal density function®*3 0 ) with mean {0,0} and
variances {s2,s2}. For the purposes of computation, 12 (t+T) may be reg-
arded as a Gaussian waveform having the amplitude distribution of 0fn(t+T)
but with an instantaneous mean value of n(t). Hence, since A ! n
linear function of fA(t+T), 12t) (- *(0) and Ig (t+1) will also follow
a bivariatc normal distril ution(3?) with mean (0,n(t)} and variances

(s2,(ps)2}. An instantaneous value of PIl1*¢t)"~, ~(t+7~ 01 can now be
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evaluated, but before substitution into eqn. (2.2.3), this oust be
averaged over all n(t). Letting n(t)=q,

- . 2.2,

vheie p is the normalised cross-covariance of fn(t) and l5’fn(t>T) which
is the sir-v as that of f*(t) and f (t+t), and is thus the normalised
auto-correlation function of (t) and fA(t+t), i.e. ~ (t). This integral

may be expanded into a Maclaurin series in terms of p and averaged term

by term, givingJr
P..- h r e s | SR | L 2.2.6
Substituting into eqn. (2.2.3)
X,(T)-Ur=.in fi (T 2.2.7

The auto-correlation function of *”(t) may bo derived similarly,+

and is

% ("D"iArcsin (T W *f>, 2¢2*8

which is the same result as eqn. (12) of Ekre (1)

2.2.2 Extvn ion to
For a digital, single-bit sampling cross-correlator as in Section

2.1.2, the cross-correlation is performed as

, ()" A Xi(ti)-X2(ti+T) 22 %

For the. special case ofT- 0, V,(0) will again be equal to N when
there is no corrupting noise n(t) in x%(t). At any instant t., if
f (t.) —< the probability of i (t) causing an error by changing the

i

n '

see Appendix D, (p. 110) == Appendix D(2). (p. Ill)
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sign of x2(ti>, is

, e <)M 1 6"y,/2° iy 2-2-10

Expanding in a Maclaurin seriea

Pe * )= S5vk "K - fi" s *-[,-6

Averaging ovnr all negative * and noting that the identical situation

exists, by symmetry, for positive, the error probability p is given by

p= 1 - 4 Arctan (gs/o) 2.2.11

A(0) will again be reduced by two tur every instant at which n(t) causes
an error. As n(t) is wideband Gaussian noise, the probability of an error
at any instant is independent of any other instant. Hence the number of

errors will follow a binomial distribution with mean hp and variance

Np(l- p). The mean value of \*(0) will be

% (0)= N- 2Np

» N.-?rArctan (~s/d) 2.2.12

which agrees with eqn. (2.2.7), and its distribution can be derived dir-
ectly from that of the number of errors as described in Section 2.1.2.
Some sample distributions of ve(0) for N» 100 are plotted in Fig. 2-3.

As in Section 2.1.2, both burs' and continuous waveform cross-
correlation will be considered for M>0. For burst waveforms (see Fig.
2-4) the two distributions resulting from cross-correlation over intervals
0 to (T-t) and (T- ) to T must be derived. The variance of the sur of

the Na product terms in interval 0 to (T-T) (I gior. A in Fig. 2-4) can be

written as in eqn. (2.1.1b)

V /V  2]:SE(x1(t.),2(t..T)x1(tj)x2(tj. D} (2.1.,6)

4see A-oondix F, (p. HI)
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where * is the mean of the sum, i.e. N*"Cr), being as defined

in eqn. (2.2.7). As in eqn. (2.1.17),

I"x*t )X2(L.+0x1(t.)x2(tj+T)}« P++++- 2+++ - .+ p—

where

pHH" PAXV £ i) P TIX2ALI+T) S+Ixx 1(t.)-+1, x2 (t* +i) s+1}

= p{l,(t .)>0,I2(L.4T) >0,11(tj)> 0, I2(t.+T)> 0) . 2.2.13

Unfortunately, the covariance matrix of the quadrivariate normal
distribution of 11(t.), 1,(1.+T), I((t*) and 1,(Ij+ r) is not of a reducible
form* and thus the integral over zero toinfinity cannot be evaluated
directly. Hence a simplifying assumption must again be made, and there-
fore, as in the last section, the number of zero crossings of Xj (t) or
x2(t+r) in any interval will be assumed to be independent of the number
in any other non-overlapping interval. Thus E{x”* (t .)x2 (t .+T)x"*(tj)x2(tJ+T)}

can now be evaluated as before* and eqn (2.1.16) becomes

NS.V
var N = NA- 2] (N -DAAG& )"\ (I D)+ (PNA-H+1) (J.-A-N) A x(")

................... 2.2.14

where , %, and ~ arc as defined in eqms. (2.1.7), (2.2.7) and (2.2.8),

respectively.

Over interval (T-T) to T (region B in Fig. 2-4), the distribution
of the sum of the K( products can be derived exactly as in the previous
section (p. 20), and will again have zero mean and variance

volving two variables only.

tsec n. 19 and Appendix C(2), (p. 1(/)
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sum, i.e. Nt ,("O» "tn,I'CO) being as defined
in cqn. (2.2.7). As in cqn. (2.1.17),
Mx1(ti)x2<t..T)xJ<t.>xX2(yT))- P s »- P
where
?24++++=  ptx1(ti)-+1, x2(t.+T)-+1, x1(tj)=+1, x2(tj+i)=+1}
m P{I,(ti)>0, I2(t.+T) >0,1J(t.)> 0, I2(tj+1)> 0} ? 2.13

Unfortunately,

distribution of 1,(tj, I20"+t),

Ij(t-) and 17(17+7) is

the covariance matrix of the quadrivariatc normal

and there-

of x~(t) or

form* and thus the integral over zero toinfinity cannot be evaluated
directly. Hence a simplifying assumption must again be made,

fore, as in the last section, the number of zero crossings

X2 (t+t) in any interval will be assumed to be

in any other non-overlapping interval.

can now be evaluated as before*

var. =
N>

where , and arc as defined in eqns.

respectively.

Over interval (T-T) to T (region B in Fig.

of the

section (p. 20),

# 9 0 #

involving two variables onl>.

+see p. 19 and Appendix 0(2), fp. 1U/)

(2.1.7),

2-4),

sum of the 1,. products can be derived exactly as

independent of the number
Thus E{x*"(t")%2 (t*+'r)x"(tj)x2 (tj +T))

and cqn (2.1.16) becomes

s iy . . _ . A%
N - jt, + 2 IL(N -D\/(j&).S/.(i&t)+ N -N+DEX -N) **(T)

2.2.14

(2.2.7) and (2.2.8),

the distribution

in the previous

and will again have zero mean and variance Ny.

not of a reducible
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Combining these two independent distributions yields that of * (T).
For continuous transmitted wavefoms, the situation is directly
analogous to that analysed in Section 2.1.2 for single-bit reflections.
Hence the sum of the N products will tend to a normal distribution with

mean and variance as in cqns. (2.1.23) and (2.1.24), i.e.

N.% ,M 2.2.15

var [>e<T)] = N uN 2 Z(N-i)\|y,(iU).xV,i(iSt) + NdQa+1)[% {T>r . 2.2.16

tp, , and being as defined in cqns. (2.1.7), (2.2.7) axd (2.2.8),

respectively.

2.2.3 Comparison of
It is of interest to compare the detection characteristics oi the
two waveforms just analysed. The zero delay cross-correlation functions

have been shown to be

V#(0) (analog)- N. hArctan(”s/cr) (2.2.12)

SVi(0) (single-bit)= N.erf (5/0V2) (2.1.13)

and the normalised values, [\*(0)/n], are plotted against signal-to-noise
ratio in Fig. 2-5. (fls/a) and (,1/0) arc taker as equivalent signal-to-

noise ratios for comparison purposes.

,,c,vtr input sunal-lonoist 1dBI

FIGURE 2-5 Comparison oC zero delay cross-correlation function values.
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'The 20ro delay cross-correlation peak in the case of the single-bit

Gaussian reflection can be seen to be considerably higher than that of
an equivalent rms valued analog Gaussian reflection; for example, at 0 dB
signal-to-noise ratio, the peak would be 68 as compared to 50, with 100
samples. The detection probabilities for the two waveforms are plotted
in Figs. 4-5 (p. 74) and 4-13 (p. 80), and a comparison shows that the
detection probabilities achievable with single-bit Gaussian waveforms
are higher than those achievable with analog Gaussian waveforms.
This might intuitively be expected since with a severely clipped Gaussian
signal of rms value V, say, the waveform is always at tV, w. teas with
an analog Gaussian waveform of ms value V, 68 per cent of the waveform
has magnitude less than v. Therefore this waveform is likely to be more
susceptible to corruption by extraneous noise than the severely clipped
one.

The expressions lot the mean values of the distributions of (T)

for Ir1>(, when continue..; wavt forms arc transmitted, are
TACt) (amalog)- N. *Arcsinfry~r: ~ (2.2.15)
A(t) (single-bit)* N.erf (fi/O'fZ) » » Arcsin ('H] (2.1:.23)

[*OO/N] is plotted versus signal-to-noise ratio in Fig. 2-6 for a

value of y (t) of 0.1. As can be seen, the mean values m this case aie

W
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much closer together than those of " (0).

The variances of the respective distributions can be compared by

noting that for both waveforms the variance is of the fom

N-| N

vav [\p.('0] “ N-ml + 2 /L, *.[positive terms much less than one]. . 2.2.17

i=1 j.t.1

The dominating term in this expression is N, and hence th< variances of

\WW(T) can be expected to be almost equal for both waveforms. Thus, seeing

that the mea. are also vlosc, the distributions of V*(~)» and therefore

the false alarm .rates, will be very similar.

For burst waveforms, the variances of the sum of the product terns

are in both cases equal to , and it can be- reasoned as above that the

variances of the sum of the Nfl product terms will also be similar. There-

fore, in this case too, the distributions of \i;(T), and hence the talse

alarm rates will be much the same for both waveforms. The theoretical

and experimental results be r this out, and are plotlei in -.fis. » (

and 4—14 on pages 74 and 80, respectively.

To sum up then, the detection probabilities obtained with single-bit

bandlimited Gaussian signals are higher than those obtained with equiv-

alent ms valued analog bandlimited Gaussian signals, for the same receiver

input signal-to-noise ratio, but the false alarm rates of the two waveforms

are almost the same. Thus the single-bit waveform has the better detection

characteristics of the two; however, the price of this advantage is the

considerably larger transmission bandwidth required by the single-bit

waveform as compared to the ani <f Mr

2.3 n-ccHnn of a Single-bit_Cmis*ianJl*flection Corrupted. bvj.

Random Phase Sine Wave

Situations can arise in signal detection where the e traneous noise

corrupting the received waveform is of a deterministic nature rather than
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purely random. It is of interest to investigate how the cross-correlator

would perform under such conditions, and so in this section (he situation

is considered where a single-bit bandlimited Gaussian signal is transmitted,

as in Section 2.1, but in this case the reflection is corrupted by a random

phase sine wave. The analysis will follow a form parallel to that of the

last two sections.

2.3.1 Derivati<

The waveforms to be cross-correlated arc

x*(t)= sgn[fn(t)] 2.3.1

<2 (t+0)= sgn [#x1(t+x)+ A sin(ut++)] 2.3.2

where as before f*(t) is a zero mean Gaussian waveform bandlimited to

(wt/2n) Hz, A is an attenuation factor, and is a random phase angle

which is evenly distributed between zero and 2T radians.

P* PEXc (0141, Xa(t+T)=+1)
« PtxAt)A!} . P(x2(t+'r)"+1/ XjCO-1)
= i[p(&x" (t+?)-e/ x (t)=+i, A sin(wt++)> -e) +
P(px1(t47)“-A/ x1(t)«+1, A sin(wt+*) > +f)]

- i[P(x (t+r)=+1/xL( t ) .PfA sin(wt+*)>-A) +

P(xA(t+T)— 1/ x/ (t)"+1).P(A sin(wt+*)> +A)] . o o o 2-3-

(35)

The density function of a random phase sine wave A.sin(e) it

ITsirr -A< a<+A

p.,... 'a>- elsewhere

Integrating this over the intervals -S to inlimly ami to infinity,

and using cqns. (2.1.8),

P - 1U (1* t1* it Arcsin((i/A)] ¢ [[1- >P,<T)) U" I Arcsin(,/A))]
Ex

2.3.4
- 1[it ? Arcsiu(p/A).4'*,(T)]
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and thus

2.3.5

The Nyquist sampling rate for a signal bandlimited to 20 kHz is
40 kHz. At this sampling rate, one hundred samples would occupy 2.475
ms. In acoustics measurements, the periodic waveforms encountered can
range in frequency front below IOC Hz to above 10 kHz so that the ninety
nine sampling intervals could encompass from less than one cycle to above
twenty cycles of this interfering waveform. The most convenient way of
considering this effect is to divide the cross-correlation interval i into
sub-intervals T' and (T-T'), where T' contains an exact number of half-
cycles of the interfering waveform, and (T-T1) contains the remaining
fraction of a half-cycle (Fig. 2-7). The tim< T* spent by the sine wave

in the 'error zones', i.e. greater than +P or loss than -£, can then he

fffOf Zer

A
f
U
[
-A
r
o
FIGURE 2-7 of A.sin(ut+40 into error and non-error zones

ondin arts, Tb for the interval 0 to T*, and
considered in two corres? g P ’ ’

AT.b for T' to T. Therefore

2.3.6

. ) the sine wave frequency, end
It is clear that T” 1is dependent upon
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hence the mean and variar“e of *(r)

are also functions of frequency.

To find the distribution of , therefore, both the sine wave ampli-

tude and frequency must be. known. It is reasonable to assume that the

phase angle $§ will vary from correlation interval to correlation inter-

val, as exact synchronisation with the cross-correlator clock is highly

improbable. As a result, the effect of the phase angle % will be averaged

out. A detailed discussion of T( and AT* is given in Appendix I (p. 11%*0.

If the cross-correlation interval T is sufficiently large that

is very much greater than can be neglected. Under these

circumstances is equal to 1, , is independent of frequency, and is

given by+

Tt. T[l~ nArcsin(p/A)] 2.3.7

Considering the special case of t=0, all pioduct terms not in the

error zones will be +1, and the average sum of those in the error zones

will be zero because the waveforms arc symmetrically distributed about

zero. Hence, the moan value of V>(0) will be

V/0)" [T- Tez]|Z 6t
= [T- T(l- v ArcsinCf/A)}]/ 6t

>3 8
m N. "Arcsin(p/A)

which agrees with eqn. ,3..>).
To calculate the variance of M-.«» , only those teres In the error

zones need be considered because the others do not contribute. In each

of these zones ,,(t) is either .1 or -1. Hence the distribution of % <0>

may be found by considerinB the cross-correlation of XjU) mtb a waveform

t(t, as shown in H i, 2-8. As the sine wave, and hence «t). has random

li(t, i, random, it is

reasonable to assume that the product
phase and >

+sec Appendix F, (p* !
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10Kv
AS'Mut.fl
—1 "
FIGURE 2-8 The waveform $(l1). In regions a, b, ¢ ..etc., 0
so that non-error zone terms do not contribute to the sum.
terms (t.).$(t.) will be random. They each have zero mean so that their

sum will be symmetrically distributed about zero, and, since each term
contributes equally to the sum, it is reasonable to assume that their sum

will tend to normal, having zero mean, and variance

M w
var [vy,(0)j m E(i/Lxj(t J- [ELZjxj(tp ti(t.)j]

This can be evaluated to gived

N-\

var [*(O)] B N*l - Aresin (0/A)] + 2 2I(N-i)y,¥(iSt) ."~({bt). . . 2.3.9
where \*(a') is the auto-correlation function of ~(t) +. For the case of
a very large interfering sine wave or a very small reflected signal, i.e.
(5/A) tending to zero, %(t) tends to a square wave rd he mean of \V6(0)
would tend to zero. The dependence of the distrii iti n variance upon the

sine wave frequency is illustrated in lig. 2-9.
toe

106

- 102
i)

100

10 12 1* 16 16 20

smr wovr lirqurrcy  (kill I

'IGURi. 2-9 Variance of V,(0) as a function of the frequency of the
interfering random phase sine wave. (#VA)0.8 and N"100 samples.

4see Appendix G, (p. 11/) +see Appendix H, (p. 119)



The distribution of for hI>0 is somewhat more complex.
Consiuer the cross-correlation over interval 0 to (T-x) for the case of
a burst type reflection. \s for the analysis with T=0, x”(t+x) can be
split up intn error zones and non-error zones (Fig. 2-7), the product
terms in the error zones being accounted for by considering the cross-
correlation of Xj(t) with a waveform t,(t) (Fig.2-8). jhis yields a zero
mean distribution that tends to normal for a large number of product terms,
with variance as in eon. (2.3.9), but with N replaced by Ka in this case/
The product terms in the non-error zone' ate of the form [sgn[f”(t_)].
sgn[p fA*Ct*+t)jJand v." not always eqi ,t1 .> +1, as was tlie case for x»0.
The distribution of the sum of ti" product terms may be considered by
noting that they are generated t hen (t) is cross-correlated with a

waveform y7(t+x), where (Fig. 2-10)

Y2 (t+x)* x1(t+x).Y (t) 2.3.10

Y '""ju i n n i iJin T u u uin

n-jrvrror zones

FIGURE 2-10 cCross-correlation wav,tom. Cor evaluating the variance of 'V.(r)

+see Note 1 of Appendix G, (p. HS8)



t (t) is deriwd !io.n the corrupting sine wave A.sin(“c¢+<$), having value
t1l in thv non-error zones where |A.sin(wt+$)|<P, and zero elsewhere.

The mean value of the non-error zone product terms is therefore

E(x1(t)y2(t*t))- E(x1(t).x 1(t+T)1(t)}

- Y,(a).E{Tf(r)) 2.3.11
and from 2-10
Eh(t)}- tncz/(i,/w)
m [(2/u))Arc.«Ln(<s/A)/(n/u)j
= "~ Arcsin(3/A) 2.3.12
hence
E{x*(t)y2(t:+t)} m Arcsin(ya/A) .V.M 2.3.13

and ttie sum of the non-error zone product terms will have mean

UnvB  ~TAresin(fl/A) . W,(T) | 2.3.1"

where N is the number of samples in period (T-T). Since the other two
distributions contributing to that of i.e. those of the sum of the
- product terms and of the cross-correlation over (T-t) to T,
n - ro mean, eqn. (2.3.14) gives the mean value of % (t). This
.,¢ invuilively expected result from eqn. (2.3.5). The variance of

the sum of the non-error zone product terms is shown in Appendix 1 (p. 120)

to be
N1 w
var = N {5, Arcsin (£/A)] + 2
nez a
*'nl e e o e e o o 253.1j
nez
where *,(-) L the eut.-correlation function of t(t)*. To evaluate eqn.

(2.3.15) the four'll product moment ot x”1) mull he c.il.ulat.d.

explained previously, this cannot he done directly and some simplifying

%ec Appendix J, (p« 122)
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assumption nusr again be made. An assumption similar to that in Section
2.1*2 is thus made; the number of aero crossing.; of (t) in any interval
will be assumed independent of the number in any other non-overlapping

interval. In this case it is applied to a bandlimi ted Gaussian function
fn(f) whereas in Section 2.1.2 it was applied to functions consisting of
a bandlimited plus a wideband Gaussian function; hence ir can be expected

that it will not apply as realistically to the present case*. With this

assumption, oqn. (2.3.15) may ba evaluated as*

N-N ,-1
varnez= Na[*Arcsin(p/A)] - 2 }Tt(Na-i) A (iBt) [**(iSt)]1 +
2 (%(T))* 2. (2Na-N-j)V1[(N-Na+j)8t] 2.3.16
The distribution resulting from the cross-correlation of (t) with

x7(t+r)= Sgn [A. sin (ut+4>)] ever interval (T-t) to T is identical to the
situation analysed above for 47(0) with (p/A)=0, when f,(t) became a squ. <e
wave. The sum of these product terms will tend to ivnnal with zero

. ++
mean, and variance

varN = Kb* 2 A(NA-i) V,,(i5t). (iS t) 2.3.17

where is the auto-correlation function of %(t) , which in this case
is in its limiting form of a squatc wave.

For t small, in which cose (<, is small also, errors will obviously
occur in assuming that the sum of the Nb products terms is normally

'.stributed. Similarly, when (,/A) is very near aero or one, the number

iiS ilp 1* /'

¢

+see Aooendix I- (p*

*sce Appendix H, (p*
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of samples in the non-error cr errorzones, respectively, will be small,
and enors will icsult from assuming that these product term sums tend
to normal. However, when the number of product terms is snail, its
contribution to the overall distribution of We(t) is small, and thus the
error induced in the overall distribution will be correspondingly small.
The approach to normality of the three distributions is aided considerably
by the fact that they have zero or near zero means and are hence almost
perfectly symmetrical.

To sum up: in the case of burst waveform reflections there are three
distributions contributing to that of V,(T). All tend to nor.-.al as the
respective sample numbers increase. These distributions are

(a) Interval 0 to (T-1) - errorzone product term sum. Mean equal

to zero, variance given by
var = N [1- v Arcsin (a/A), + 2 -D))W (i(t).% " (i:t)

Vj(T) being given in Appendix H. (1,(t) is a square wave cnly i A?//e)“ ).

(b) Interval 0 to (T-i) - non-error zone product term sum. Mean
andvariance as given in cqns. (2.3.14) and (2.3.16), respectively.

(¢) Interval (T-t) to T - mean zero and variance as in eqn. (2.3. W).

The distribution of V.fO consists of the sun of these t:.ree normlI
distributions. It will therefore also be nornal. with nean as given in
eqn. (2.3.14). As both waveform {(t) and T(t) have randon phase and
are independent of x”*t), and as ,,(t) in randon. the error incurred by
assuning that the three product sums are independent will be snail. In

this case, th< variance of V.M i« the sun of the three

variances.

The distribution of V.W for the case of continuous transmitted
waveforms is analysed exactly as for that of the product tern sun over
interval 0 to (T-t) for burst waveform;. Tne < of the no

product term sun is (see eon. (2.3.1 )
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N.4 Arcsin (/VA) ¢ 2.3.13

and the variance (see Appendix I (p. 120))

N-N,-!
var = N. & Arcsin(g/A) 2 AN-i)'vVI(iSt)[ xV.AiSt) |
+ 2[V(T)]* -i)'M',[(N-N +i)ot] . . . 2.3.19
[VADI* ) D' MUIN-N o

Fhe mean of the sura of the error zone product terms is zero and the

variance (from eqn. (2.3.9)) is

N1
varv?= N[l-iArcsin(t/A)]+ 2 >" (N-i) A (iSt) « A (1 81) coerererrssssserrens 2.3.20

where >,(iSt) is as given in Appendix H (p. 119). Adding these

tno vai
iances gives that of , again assuming that the two sets of product
terms nay be regarded as independent. Ihc mean of V(M1 i° ~ N

The above analysis is applicable to any type of corrupting periodic

waveform having random phase. All that is required is that the appropriate

forms of t(t) and i(t) and their auto-correlation functions be derived.

Random il.aj'Q Sine have

The analysis of the cross-corrolator performance in this case has

proved less tractable than in the foregoing ones. The general cross-

correlation function is obtained in series form for large receiver

input signal-to-noise ratios. For the special case of CO. V,.(0) can

he expressed in terms of an integral that can be evaluated numerically.

2.4.1 Cons .

The reference and received waveforms in this case are. respectively,

2.4.1
~(t)= 8gn[fn(t)]- sgn[yj -
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x2(t +-¢)= sgn [3fn(t+T)+ A .sin(wt+ 4] “ sgnfy,] 2.4.2

As in Section 2.2.1, for the purposes of computation, y* and y” can be

regarded as following a bivariatv* normal distribution with instantaneous

mean {0,A.sin(wt+$j) and variances {si,(fis)lI3. The instantaneous proba-

bility that both y " and y”* arc positive is

Y 1 f, I r i rel 0 «[*-Aa\n

t .. . 2.4.3

It is shown in Appendix L (p. 124) that this can be written in the form

P++(inst)» K| doc jexP(- * dX

-y

and then expanded in a Taylor series in terms of u®* and u”. Each term

can then be averaged over one cycle of A.sin(ut+t). This is the same

method as was used by McFadden(36), and, after substitution into eqn.

(2.1.4), yields*

X () =+ (x)- ' "
--------------- 2.4.4

This result gives an approximation to Vv.,(T) only f£or (A/M) very small

and hence is of little wuse.

The special case of T-0 is simpler, and a result can ,e derived that

holds for all receiver input signal-to-noise ratios. In thi case

Vijft)- é6gnrn(t)]

X,(t)- sgnUfn(t>* A.sin(Ut+0)1..ucveveceereereruereenene 2.4.6

and

P (inst>.P»nCOPO0, Afn<t)>-A.sin(u,t+0>)

+8ee ppendix L, (p° *3
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= P(fn(t)>0, A.si.ri(u>t+6)> ) 2.4.7

The probability that, the random sine wave is greater than some value
-z (|z|]<A) is™ A

>

] (TNA1- z1) ’dz » i + » Arcsin(z/A) 2.4.8
-T.

Considering --/'In(t)=-z, this expression can be averaged over all (Jin(t)>0

to give P++. Therefore

jU.UresinW A)).-"1'2~% >
........................... 2.4.9
since tae probability of A.sin(u>t+0) being greater than -z for -z<-1 is
one. Rearranging eqn. (2.4.9)
X4°)e 4r++- i
- [aWZ :+ ¢t | Aresin(z/A)e ' >dz. . . 2.4. tu

and this integral can be evaluated numerically.

2.4.2 Extonsion to Digital Satinling Cross-correlation
Little can be said in this case about the output probability distrib-

ution of a sampling cross-correlator for which

N
A (T)= '"Ti Xi(ti),X2(ti+T)
For t =0, the mean cf the distribution will be N.V',20), with *',,.(0) as

defined in eqn. (2.4.10). The variance can be written as

N-1 N

vat xV.(0) . N-[xW * 2 AX iKUI(.i)x2(tt?)>-1(1j)x2(t>")} (2.1.19)

but in this case there is no simple way round the evaluation of the fourth
order moment. As the interfering wav orm is periodic, there is no
justification for assuming that the number of zero crossings of x2(t)

in non-overlapping intervals are independent, and in any c-.sc the necessary



44

values of the cross-correlation function of x”(t) and and the

auto-correlation function of x, (t) have not been found exactly.

For |T|[>0, the mean of mV(x) will be N. for continuous wave forms

and N*. for burst waveforms. However, these can only be evaluated

for (A/fts) small. The extreme cases, where the reflection consists of

signal only or interfering sine wave only, are the same as those analysed

in Section 2.3.2.

2.4.3 Comparison the Detection of Analog and Single-bit
Gaussian Reflections Corrupt,d by a Random Sine Wave
or Wideband Gaussian Noise

The detection reliabilities of the two waveforms may be compared by

plotting the vclues of V>70) against signal-to-noi se ratio at the receiver

input (Fig. 2-11). (*/?6/A) and (VIBS/A) are taken as equivalent signul-

to-noise voltage ratios.

moi

solid: random phase »ne wavf mttrirrnni-e

dolled widiMnd GausOa* non* ml«. (*r*nc*

input signol-lo-noii* powfr rolio (dB

FIGURE 2-11 Zero delay cross-correlation peak values fot
analog and single-bit reflections corrupted by a random
phase sine wave or wideband Gaussian noise.

The single-bit Gaussian waveform is seen to yield higher central

0,,-correlation peak, in the presence of an interfering sinusoid than

ie equivalent ms valued analog version. The same result applies when

-orrnntine wavefom is wideband Gaussian noise. It can he seen that
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with analog Gaussian signals, the cross-correlation peak values are lower
when the corrupting waveform is a random sine wave than when it is equiv
alent rms valued wideband Gaussian noise. The same is

true of single bit

bandlimi ted Gaussian signals for receiver input signal-to-noise ratios

below approximately 2.5 dB. Above that value an interfering random sine

wave has a less detrim ntal effect than wideband Gaussian noise, and above

3 dB it has no effect at all The detection probabilities of a single-bit

Gaussian signal corrupted by wideband Gaussian noise and b> a random pn.isc

sine wave are plotted in Figs. 4-5 (p. 74) and 4-21 (p. 86), respectively.

Returning to the case of a single-bit or analog reflection being
corrupted by a random phase sine wave, the variances of the respective

distributions of for h1>0 will, for the same reasons as discussed

in Section 2.2.3, be similar, and as the mean value of V,(T) varies only

over a small range close to zero for M>0, the distributions and hence

false alarm rates can be expected to be very similar. In the case of an

analog Gaussian reflection, the distributions of %("[) for the extreme

values of receiver input signal-to-noise ratio, i.e. zero and infinity,

will he identical to those derived for single-bit reflections, and those

for intermediate signal-to-noise ratios vil lie in between. These two

extremes are shown plotted in Fig. 4-20 (p. 85). It can be seen that

the range in between is fairly small, so the fals. alarm rates for analog
bandlimited Gaussian reflections corrupted by a random sine wave can be
guessed at fairly accurately.

Comparing Figs. 4-6 (p. 74) and 4-22 (p. 86) reveals that the false
alarm rates for a single-bit reflection corrupted by a random sinusoid
are higher than those when the corrupting waveform is wideband Gaussian
noise.

In general, therefore, an interfering random phase sine wave has ~

more detrimental effect on the detection reliability of the Single-bit

cross-correlator than wideband GaussJan noise.



CHAPTER HI

CROSS-CORRELATION DETECTION OF MULTIPLE REFLECTIONS

In this chapter the single-bit cross-correlation function 01 a single-

bit or an analog bandlimited Gaussian waveform and a reflection consisting

of two attenuated, delayed replicas corrupted by wideband Gaussian noise

is derived. The practical significance of such an analysis was mentioned

in Section 1.2 (Fig. 1-3, p. 6). An extension of the theory to more than

two reflections is discussed in each case.

3.i Detection of Two Single-bit ¢ «vssi~srcrlections Corrupted

Wideband Gaussian Noise

3.1.1

The waveforr s be ing cross-correlated are defined by

3.1.1
Xj (t)= sgn[fu(t)]

x2 (t-tt)= sgn [pXj (t+x)+ 1x1(t+T+A)+ n(L)] 3.1.2

2

9

where fjt) 1is zero mean bandlimited Gaussian noise with variance 8

»<t) is zero mean wideband Gaussian noise with varianee 02, and , and /

are attenuation factors which arc assumed to be real constants.

Once again. The probability P,, of and x,(trt) both being *1

musd be derived. For x_(t+t) to be +1, either

(a) S$X|(t+i)*e, 1xA(t+i+A)-V and n(t)> -(r +0

(b)  *x,(t+T)=(t ?X|(t+T+A)— 7 and n (t)>-(C -i) st 0313
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(¢) tx1(t+'r)=-p, Ix*"t+T+AM and n(t) > . N T 3%1'3

or (d) jx1(t+'r)=-P, ix*(t+i+A)--i and n(t) > (i +P)_

Letting A(t+ 2 /s and yr= fA(t+%+A)/s, P++ is therefore
P++= P{y1>0, y250, y350}.P{n(t)5-(fi+D} +

Pty O, y2>0, y3<0}.P{n(t) >-(e-t)} +

P{yl>0, y2<0, y3>0).P(n(t)5+(p-1)) +

P(y"0, y2<0, y3<0).P(n(c)>+(P+D) 31,4

In the same way that f~(t) and follow a bivariate normal distri-

bution0 ~ 0 0 , f (t), f (t+T) and fn(t+T+A) will be trivariate normally

n n (34)

distributed. The joint probability Ply* O, 50, y*")} 1s

ply >0, y250, y3>0). i+~{Arcsin p+ Arcsin* Arcsin pj. . °* 3.1.3

The other joint probabilities in cqn. (3.1.4) may be evaluated by noting

that Pty >0, y**0O, y, <01- Pty* >0, y,50,-y,5 0). The covariance matrix

of yl’> y7 and y3 is

/1 P, P.\ , Z
X. - | 1 P,] 3
1
and thus that of y,, y2 and -y3 is
1 > P
b 3.1.7
Vv oo ( 1
so that
Pty >0, y,90, y <0)- |.i(ArCmp,- Arcsinp,,- ArcinP,). . . 3.1.8

The other terms in cqn. (3.1.3) may be derived likewise. Also

P(n(t)>-(f+<))" iU + erf(o07?)l

P(n(t)5 -(f-<))" i[l + er”(oT?)] 3.1.9
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3.1.9
P{n(t)> -(*-*))" itl - s
p(n(t)> {(%)»):iL = ﬂf

Substituting into eqn. (5.1.4)

P

A lerf (% ) {Arcsin pa- Arcsinp,,} +
++

rf -P\’l, AI'CSIII nl AI'CS mn p,,

Pii is the sane as p,(r), the ....-correlation function of fn<t>.

Similarly. P.. is

the same as P,(T*h). Thus, noting that Xjit) ana x2(t.t)

I ;th have zero mean

A+~ .
= Alerf ( Arcsin p/t) " Arcsin P/(T+A)! +
° . . (I‘+A)]j 3.1.11
erf(% ) { Arcsin Pf(r) + Arcsin B/
of A-0, this resolves into the form expected frl,m"%l
For the trivial case

eqn. (2.1.8). For TO. the expression becomes

124
V>E|((,). i] erfrji) * erf(% ) * - erf(”.)]

as compared to

tp.,jO) (single reflection)- crf(f/odJ2) (2.1.8)

As the extraneous noise n(t) tends to zero, an interesting effect appears,

the value of

becomes critically dependent upon vhith of P or , is

the ireator. For 0-0, if »>< . eqn. (3.1.U, '-comes

\u (T)B nArcsin (1
and if i >"

Wyt A"T)=4 Arcsin p C't+A)
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I,, other words, only the larger of the two reflections will be detected.

The smaller one will be completely missed and will have no effect what-

soever on the cross-correlator output. The conclusion to be drawn is

that single-bit waveforms should not be used foi single bit

correlation reflection detection in applications where low extraneous

noise and double reflections can be expected, as there is a definite

probability that the smaller of the two reflections will be missed. This,

incidentally, applies to the single-bit ercss-correlation of any severely

clipped waveform - pseudo random, square, or wh.itcvti.

Eqn. (3.1.11) is plotted in Fig. 3-1 for some representative values

and A. It is notable that whenever there are two reflections,

both zero delay peaks are reduced as compared to the single reflection

peak in Fig. 3-la. The worst case arises when 6el in which case both

peaks arc approximately halved.

3,1,2 Exten lot t correlation

Starting with the special case of T-0 and assuming that the trans-

mitted waveform is continuous, so that X jlft)- sgn[sXp(t.T)+d x*t.t.h).

»(t>] over the whole cross-correlation interval 0 to T, the noise n(t)

will cause an error i.e. cause *2<t.*t) to have opposite sign to *,(1.. )

when either
(a) UXjCt.vO-d, tx1(e..t*¥0)“]1 and n(tp<-(»+D

(b) ex A t.vtW , <x1(titTth)-'l n(t.)<-(f-1) 3.1.13

(¢) »x1(t>T>-1>. s'Kl n(t.)> (6-1)

or (d) ,x,(t;+T)--». Ix*t.eT.O -1 and n(t.) > (»*T>

A set of equations analogous to cqns. (X.l1-1) (P- 1 ' be "rlttcl

X (t.er, and x/t.titA ), and from these the probability of an even or odd

number of zero crossings of x, in period A can he expressed as 1[1", (0)]

and |[1-~)1, respectively. Using cqns. (3.1.9), the error Probability

P vhich is the sum of the probabilities (a), W . (=> -d (d) above, is
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Pe. ([1+ -*.(&)] [1- er£(~)] ¢ 111-X.W ] I1" ¢cr,!1* )

The mean of£ V.(0,, which, as discussed in Section 2.1.2, is given by

N[l1-2Pc], is therefore

A(5). I.N[»£(% ) * erf(ti) - Xto)(«rf£(*) - «£(*)11 =

which is the same as eqn. (3.1.12). It resolves into the forms expected

from eqn. (2.1.11) for the trivial cases of 1-0 and h-0. and into that

expected from eqn. (2.1.20) for 0*0.

As n(t) is wideband, the probability of its causing an error at

instant t; is independent of t, and therefore, as discussed before, the

number of errors occurring in the N instants will follow a binomial distri-

bution with mean and variance NPe and N P * ),

respectively. As before,

the distribution of M-.(0) can be derived directly from that of the number

of errors.

In the case of x”*t) being transmitted in bursts so that the received

waveform contains both reflections only over period 0 to (T-A) (see Fig.

3-2), and over period (T-A) to I contain- only one of the reflections.

ciois-cofftUtlen IMtivdl

. 1 rettr*nc» vsavelerm
l
= Sel” ived wavefl
1 4*/\1 ‘A)' receive w urn-
— ... nil'
I
T B
N. I n2 j
i
IT A) T

FIGURE 3-2 Zero delay .....-correlation of burst waveforms.

sx (t), the distribution of H.(0) must be derived in two parts. The *

products in interval 0 to (T-A) are identical to those analysed above for

continuous waveforms, except that the number of errors will have mean

» P and variance The mean of the sum of the product terms
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will be

3.1.16
>V Nr ~ 4 0)

The product terms in the interval (T-A) to T , jnstitute a situation

identical to that of the zero delay cross -correlation of a single

reflection in Section 2.1.2 (p. 16). The distribution of their sum can

be derived from the binomial distribution of the number of error

instants
in period (T-A) to T which will have mean N2[lerfc(”*/crv2)] - and
variance N”*p(l-p). The mean of the product term sum will be
>*2= N2erf(fi/oJl) 3-1.17

Combining these two distributions yields that of 47(0). DIILC"
ation .asumaa that the two distributions are independent, but since nit)

is totally wur,correlated with x,(t). this is . Ugitinata assucption.

The mean of V.fO) will of course be ()y )*2)-

For ITI>0, the mean of M-,(T) for x"t) being transmitted continuously

will just bo with NUT) « i» '"I"'" O -i.ll). Where x*t) .»

transmitted in bursts, the situation is as depicted below;

ctoss-corr*uion

.it) rtlfrtnct wavftorrn
it . T.A) received waveform
nltl
T "
N, tanvplet . Nj j

(T-T-A) M t) 1

FIGURU 3-3 Croat-correlation of burst wavefoms for h:>0.

,r the b, samples in rcgon A. x,(t) is being cross-correlated with both

auctions plus noise so the mean of the sum of the product terms wt.l
NI,,C t) v .,T ,a being as defined in eq, <,1,1>. Over region B.



the mean of W.(n) is the sum of these too means since the product terms
in region Chave zero mean.

Little can be said about the variance of 'V.(t) for either lurst or

continuous waveform cross-correlation. The fourth otdci women

occur in its expression cannot be evaluated easily- llowever,

N dominates the expiession (constituting typically 90 pci cent
in the variances calculated for the single reflection distributions of

v,(t) in Chapter too). One mmy therefore expect a variance slightly

greater than N. For T not equal to zero or -6, '.',(0 h® 'can
to zero. Each term contributes equally to M'(t) and hence, follouing the

discussion in Section 2.1.3, the distribution of \p,(t> will most likely

tend to normal for 1 large. But it must be remembered that since all the

» product terms are not identically distributed, the convergence to nor-

mality will not be as rapid as for the single reflection case where the

product terms were identically distributed.

3.1.3
in general, it will not be possible to derive closed form expressions

like eqn. (3.1.11) for the cross-correlation [unction when nure tI  two

simultaneous reflections are received. The reason is that for more reflec

tions. multivariate normal distributions of higher order tt™ three would
be required, and it is only in very exceptional circumstances* that joint

probabilities of the form of eqn. (3.1.8) can be evaluated exactly.

Wideband r.aussian Noise

3

T¢ start with, consider the case where there is no extraneous noise.

+see footnote on p. 29.



Tho cross-correlator input waveforms are then

x*t)- sgn[fn(t)]- 8gn[l"]

x2(t+t)« Sgnlefn(ttT)+1£€n(t+t+ft)]- 8gn[l21

3*2,1

where £ (t) is as defined in all the previous sections.

and £ (t+r+A) are all correlated Gaussian random variables,

fanU +7T)

and their

joinJprobability can be described by a trivariale normal distribution

function; hence any linear combination of them will

normal distribution. In particular, I,

distributed with mean (0,0}

cross-covariance of and is

E(1 E{ftfn (t)fn (t+T)+ 1 fn(t)£n (t+~A))}

- ps1™ ()+ i *XP, ('t+7

Normalising.

M I11-

fA(r) ¢ (f
JFI<I /I PIA) t11

Because ,, and I, are aero mean and bivariate normal.

(34)
of both being positive is

P++ [ + Arcsin[p”(T:)i

and be.ee. as beiore. the cross-corrdatio.

18 5 t i
e(T)= v Arcsinl*1*y ok

Consideri.fi no. the ease where wideband Oa.ssian noise

present in x"(t+-),

follows directly from var{l)'* h(U 0.)

and variances* 1#*,(f+2ipf,W +

t”

iu.ction o« x.W

follow a multivariate

and I, will be bivariate normally

HO The

3.2.3

Probability

and x2(«”™»

() f

3.2.4

3.2.6
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x0(t+t)= sgn[O0fn (t+t)+ n(t)]
B SN [V(EFT)F D(L)  crvvrrrenncennensencsnrssnnssesnssness sonee
(tM) is a linear [unction of and f/t+tm ) and hence £,(t) and

(t,,) will be bivarlat. normally oUtrihutcd with mean [0,0] and variance

, where X- and will have normalised cross-

'orrclation function ,,,(3) (see eqn. (3.2.4)). This set up is exactly
analogous to that analysed in Section 2.2.1 with «£,(!-) replaced by

U(trr). Therefore the cros.-correlation function of x”t) and

in cqns. (3.2.1) and (3.2.7). respectively, can he written down directly as

@" i AICsin J X F (N f "/PUIDT oo 32 8

v is plotted in Fig. 3-4 for some representative values of S. a, o.

.I'd A. These have been chosen to correspond to those used in Fig. 3-

for comparison purposes.

The peaks in the case of analog reflections are lower and less well-

tions. e¢nd under these conditions analog waveforms offer a distinct

advantage.

‘The auto-correlation functton”f A (p. ub6b,.
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distribution. Once ?c¢ is found, this distribution is completely defined

and the distribution of *(0)

can then be derived. In all the pieviout

analyses, the mean of "~ (0) , as calculated by first deriving ?e, has

turned out to be of the form N.V,,70), as expected, thereby providing a

check on the derivation of XVA. Reversing this process,

N

XV,(0) - E[ZAx1(t.)x2(ti) ]

3.2.?
- N.XV.%0)

where |~/0) is as defined in eqn. (3.2.8). This is related to ~ by

*W(0)= N - 2NI
nd hence

3.2.10

I,us the distribution of M-,(0> ton now be derived as before.

For burst waveform cross-correlation, the distribution of V.CO) tan

.gain be considered in two independent sections (Fig. 3-5). The

», | t) rtftftnct
»SU) ¢
tec#
" !
 AT! .
. f-
m o
K isnplfi ' N !
Iy

HQRFE. 3-5 Burst waveform cross-correlation with t.0.

tum of the NI product terms will be
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3.2.11
/' V. Nr 2NlPe

Over period (T-f to T, the situation is identical to that .n-.I>se

Section 2.2.2 for the distribution of

N,, product terras will be

A2" N2.| Arctan(ps/o) (2.2.12)

TK..e two di.tribv-.ions may, du. to the nature of n(t). reasonably be

assumed to be independent,

and a,y therefore be combined directly to gave

the distribution of ~ (0).

FOI ,0 0, the mean of W.(t) for continuous waveform cross-correlation
will be with XP..M as Eiven by eqn. (3.2.8,. As mentioned
earlier,

f (t) and «<ft> have a zero mean bivarir.te normal joint drstrt-

bution function, and hence, as for all such variables,

the probabilit.es
that both are positive or negative arc equal (Fig. 3-6, since the dr.trz-

bution is symmetrical. There is no reason why this synttetry should be

if-:01

«

PIGURK 3-6 Zero mean bivariate normal distribution (plan view).

upset by the addition of an independent,

syeaaetrical, zero mean, normally

distributed random variable n (t,h Therefore, sets of equations re

eqn,. (2.1.3, (P- 15) can be written for x,(t,- .gn[(,(t,]l

fur x,(t, and x,(f")- sSn[w(ter,* n(t,j , and for x?(«, and

"see Note 1 at the end of Appendix D, (p. H2)



these can be solved for the probabilities of even or odd nuiduis
crossings of the waveforms in terms of M, (eqn. (2.L.7)), 1 1 i>qn' (3
and X(Appendix M), and thus the variance of Y.CO can hc ”!lLulaud ‘ron

eqn. (2.1.19), again assuming that the number of zero cio.sing

1A
or x?(t+T) in any interval is independent of tin* number in any
overlapping interval.
For burst waveform cross-correlation, the mean of v,< ) « u
Uted as the sun of the means ot the tJ, and Nj product term suns in
Fig. 3-7, and it. thus
3.2.12

tross-cwreUti»n interval

| reterence wivtfarm
HA—*¢-
received wa>etcr*n
t'*1
4 nit)
A :B i C
N, sampltl ! Nj I
(1-1 A) il-tl 1
-correlation for 1tI>o0.
FIGURE 3-7 Burst waveform cross

C O) nnd IF.:..') ore as defined in e,ns. (,2.8)and C.a.D.

respectively. The N, and "product tern sums cannot be assu.e , t0 ¢

totally independent, and so it

is not reasonable to consider them sep-r

to-noise ratios between tero and infinity. The distributton can

expected to tend to normal as %
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3.2.3 Extension to Mor<

In this case on extension of the theory to the detection of nort

han two simultaneous reflections is possible. The reason is that the

um 0f n linearl> attenuated Gaussian waveforms will be a normall> distri

,utcd variable (i.e. in eqn. (3.2.2)) whose cross-covariance with *

in eqn. (3.2.1) can be derived as in cqns. (3.2.3) and (3.2.A). The

heuristic derivations of the cross-correlation function in the presence

of noise n(t) can also be applied. As the number of reflections increases,

so the heights of the individual cross-correlation peaks will drop, since

each added reflection effectively decreases the input signal-to-noise

t,tio at the zero delay instants ol the other reflections.

With continuous waveform cross-correlation, an analysis similar to

that above may be made of the distributions of *.(0) and V.M ; r,

this will be proportionately more messy and less accurate with increasing

complexity Or the roc-ived waveform. With burst waveforms, the problc

t above with the distribution of W,0),

that of the combination of the
me

non

case for the distribution of V.(0) as well, and so little other than

nom ,h, distributions can be reliably estimated.



EXPERIMENTAL I'SUITS

For the verification of the thi.-ry of Chapter two, the detection
cher.cs analysed were simulated as precisely as possible usme a specially
uilt digital ;ingle-hit cross-colrelator. The design and coastrueti-n o
he instrurmt arc discussed in Appendix T (». HA). As stated in Chapter
ne, the original application intended for the detection method was to
[caustic reflection measurements, and therefore it was decided to use a
,oisc signal having a bandwidth of approximately aero to 20 kHz. Serial
,rn,ce,ing was chosen for economy of circuitry. One, the maximum number
of sample, had h, an chosen as 2C',, the speed of the TIL circuitry avail-
able at the time (20 Mila for 9328 sixteen-bit shift registers)

maximum correlation and hence signal sampling rate (./¥«) « 80 k,,,.

m,.,.1 ,h. Deteetion_and-j[olne_Aiarm_Frolwibilitias

by counting the number of times H, in a total m.ber of eras.
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gave the probability of being equal to h, or in other words, tne

discrete probability mass function of *(x), P th). Successive thresholds

were spaced at intervals of two, corresponding to the smallest possible

change in ~ (t).

It my be noted here that P("(t) >h)- P V,("0 " h+2j is the piubaoil
ity that \V,(t) is equal to h and not (h+1), as this is impossible, thus
the theoretical value for cases where the discrete mass function is

approximated by a continuous density function would be evaluated as the

integral of the continuous cumulative distribution function M(h 1

to (h+1), and not from h to (h+2).

A.2 Choice of Delays t at which to Take Readings

The choice of t-0 os one of the delay, at which to take readings

was obvious, as this yield, the distribution of the cross-correlation peak

and hence the detection probability The other value of r chosen was

is/2,, (Fig. 4-1). as this gives virtually the highest value of V.M
“b

fro, the central peak and hence intuitively offers the west 'dangerous’
nwav

v.iol

fralit Aicm

3 m In —wWI—

WZn?0

osri <iime alarm probabilities#
FIGURE 4-1 Measurement °fjctectiun”? , £requ(ncy spectrun f.om

The Gaussian stg '

», (t>-
zero to nz’
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false alarm point. Secondly, for ? much larger, ) falls rapidly to

zero and errors in the predicted mean value would be less apparent.

Thirdly, for T»0, the distribution of 'I'tCO tends more and more to a

zero mean normal distribution which is independent of t.

4.3 Practical Limitations

As stated, the probability mass function of is derived by

subtracting successive values of i.e.

Pv(h)- <*,-IW /ILR*® ‘V R *13.1

The value of p~thi sets the lover limit on NR because, for example, if

p (h)- 10-3, then hj must be greater than 10* in order to be able to

detect the difference between Nh and In theory there is no upper

limit on the value of NR; however, certain practical limitations were

encountered. Difficulties arose in obtaining precise readings of on

the upp, mtails of the distribution where Nh.2 and ANh were very small

compared to 1IR, and where ah'h was of the same order of magnitude as K,

and N

To get precise readings on these upper tails
h+2

required extremely

tight control of parameters such as the dc drift in the output of the

operational amplifier feeding the sum of signal plus noise to the compar-

ator whose output was x,(t.t). The output of this comparator (uA 710C)

changed state over an input range of 2 mV. The operational amplifier

feeding it (RCA 3013). chosen for its wide bandwidth, did not have very

low drift characteristics, and could drift by up to 10 mV if left for over

five minute,. This drift was found to be enough to upset the readings;

for example, in the case of the .00 sample cross-correlation detectton of

an analog Gaussian reflection in wideband noise, (es/o)- 1.0. -threshold

checking after the reading AO was obtained, it was discovered that the



dc level of the operational amplifier had drifted up. After resetting it,

the value 53 was obtained. (The AO was of course neglected). When it is

considered that the mean of was 26, it can be seen that the dc dnrt

caused a change of approximately 50 per cent in AN”. As the- output of the

operational amplifier was a random waveform whose dc level varied about

zero with time, it was impossible to monitor the dc¢ drift during the

correlation runs and adjust it when necessary. The output amplitude of

the operational amplifier was limited by the bandwidth requirements and

could not merely be increased in an attempt to minimise the relative effect

of the dc drift.

The other parameters that had to be tightly controlled vere the signal

and the additive wideband noise amplitudes. With ms amplitudes of, for

example, one volt, changes of 50 mV in either amplitude caused noticeable

changes in the * readings. However, as before, it was only vh n the

readings were small that errors in 6 ~ became large. For instance, a

change of 50 mV in either amplitude half way through a run could change

Nh readings from around 5300 to 5600, or from 6Cj to 700 suddenly, the

effect obviously being more detrimental in the latter case. Thus before

and after every run, the ms values of the signal and noise at the output

of the operational

amplifier were checked as well as the dc drift, and

the input signal and noise ms amplitude, were monitored continuously.

Fortunately, in taking readings of \ at a particular threshold, it

was found that noticeably high or low readings could be consistently

traced to one of the above parameters having changed. Screening of the

odd high or low reading not attributable to any drift or mis-setting is

discussed in the next section. Little trouble was encountered with

readings at the low end or the middle of the mass function of V.M.

where N”‘ g{llg ﬁ,\ were not both very small compared to NR.

N hid to be chosen

large enough to give the required resolution
Hence

the distribution tails,

but not so large that unpredictable dri'ts
Kh on
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occurring during the run could render a large percentage of the readings

useless. It was found that NR* 105 gave the best compromise, and it was

felt that if the theory and experiment agreed down to 10 probability

mass function levels, this was sufficient to verify the theory.

Each of the 105 cross-correlations involved feeding 100 or 200 samples

into the shift registers, cross-correlating these six times m the inter

vals between the next six

sampling instants of the received ”“ovefcm

x*t+t), and noting whether the values of 4,»(D exceeded the threshold h

for the two chosen delays r-O and Hence each cross-correlation

operation took (100/80+6/80) as i.e. 1.3 ms for 100 samples and 2.6 ms for

200. The run of IQS operations thus took four or six minutes, rcspcutix e.l>,

taking into account the time necessary to note the values of check the

operational amplifier output dc level, signal and noise amplitudes, reset

if necessary and start again.

On average at least four to eight leading*

were necessary for each threshold setting, and ten to twite >or those

the upper tails of the distribution, before a definite average could be

discerned, so that one probability mass function point for a particular

threshold and signal-to-noise ratio took some AO to 90 minutes

(or 100 samples, and between 80 minutes and three hours for 200 samples.

It was desirable to take all the readings of and

to work out one probability mass function point in one go and on the same

day, as setting up the identical voltage levels the following morning

Eo™=timeS proved e,remedy diHioult. U »=» not that the readings changed

radically, but, for example, the readings in the evening could he

N30- 52530 1N§(j' 295
N32= 52633

and the next morning

N30" ',330° AN;“(‘)= 288
N32= 53062
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,vinto8 ana more oere r.uirea, e ,r oC time ,» -ted in Kevin, to t.e

edditi-nal readings of as a checK, as well as taking the necessary
readings of WitK NR- 1=6, it proved virtually imposs.Kie to take
all the necessary readings for one mass function point in day.

uhich confidence limits could he established and from which dubious res -

ings could be deleted and retakenm, than to have one rending Cot ,R
L]
00 o0 ® o o0 ®
® ® o ,

5 1 90 8 N

. v. Xmnrl and checking
-« ina -
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parameters, more readings weretaken and if, after seven or eight readings,

a correspondingly low or highreadingwas obtained, both readings were

accepted. If no complementary readingoccurred and the rest of thi read

ings were grouped closely, the extremevalue was neglected as a low

probability 'tail of distribution' value. In doubtful cases a X -test

was performed. If the N values varied over a wide range, the number of

readings taken was increased.

For example» the ard «62 readings for the200 samplecross-

correlation detection of an analog reflection corrupted by wideband noise,

(ps/0)= 0.8, were:

N, * 97263.3
N6o: 97284, 97248, 97258 60
(T: 96211, 96433, 96665, 96420, 96444, 96703,96583. >6612, 9642:,
62 N62=96499.5

Mean difference: 763.8 90 per cent confidence interval: 594.7 - 933.0

Here the readings of N* were extremely close and so fewer were taken

than fcr

The N and readings for the 200 sample cross-correlation detec-

tion of a single-bit reflection corrupted by a random phase,3903 Ha sir,

wave, (9/A)" 0.309, were:

Nio' 97353, 97368, 97355 973,0.0

N ¢ 96344, 96463, 96474, 96380, '.'6327

NU
x 1 difference: 952.4

90 per cent cunfidencc interval: 864.4 - 1020.4

The wider range in the values of in the previous example compared to

that of the KI2 values in this one is reflected in the wider confidence
interval in that case, even though more readings were te en o. * =

of

Another example, this time from the H, readings for the detection

’see next section for method of evaluation
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samples, (p/A)= 0.809) is:
N12: 26187, 26741, 26679, 26733, 26736
The starred value clearly does not fit in with the rest and could have

resulted from a momentary drift in some parameter or else be a 'tail of

distribution' value. As no complementary value occurred and tnc rest

the values were closely grouped, the reading was neglected and retaken.

A typical example of a complete set of experimentalreadings,includ-
ing the ones that were screened out for one ofthereasonsdescribed above,

is aVtn in Appendix N(p. 177).

40 5 Evaluate -f fhr Confidence Intervals

The Central Limit Theorem in the form discussed by Feller( 1 provides

the justification for using the t-tes, to evaluate the confidence limits

£ the difference between the man values of the \ readings. He showed

that if in a fixed nmber of trials n, a recurrent event ¢ occurs N. times,

then if Nn mmy be considered random (not necessarily independent), -U
tend to normal os n tends to infinity. Regarding , as the event v,(r)

and n- Nm 1.\ corresponds to and hence tends to normal for large

» - Al80, because the mean values of and are in general Cose,

ft is reasonable to assume that the distributions of N, and *,2 should
have approximately equal variances; hence the two conditions

the t-test are satisfied and it mmy be applied to finding the confidence”

interval of the difference between the readings of N, and hh<2, 8 ving

Limits of (C-
............................ b1

» a confidence level of d-) U - =95 " A

confidence limits), where 1,,.) and (x,J are the readings of \

respectively, and # and *

AV T

are the mean values of H, and Hh, 2 ealeulated
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froB the respective sets c£ readings, mand n are the n»hers af readings

of Hh and Hht2. respectively,

so that the nunher of degrees of £reedc0 is

(m+n-2).

The validity of the assumption of equal variances for the se

and N , readings is discussed in Appendix 0 (p. I:'l), and ,lu.native
methods”of evaluating the confidence

interval of the difference between

thc means are discussed and shown to give results compatible with the
t-test results.

The application of the t-test to the odd few sets of

readings that quite obviously did not have equal variances is also

considered.

4.6 The Noise Signal tn(l)

Gaussian noise having a flat frequency spectrum from rcro to approx-

imately 20 kHz was chosen as the signal with which to verify the theorc

ical analysis of the cross-oorrclatofs perfomance. although had so ¢

other low-pass filtered Caussian signal been chosen, the theory wou

use

21 Kk,z. and this vaiue was used in all the theoretical predictions.
as

4.7 Pifsentation oj % j'

of pJh),

the detection probability I’'D, ana
Experimental readings of Px]l

taken for 100 and 200

sample cros:
the false alarm probability PpA wvH

burst-type singie-bit bandlimited Caussian signals, the

*8e« Appendix A, (p« 10-*



70

reflection being corrupted by wideband Gaussian noise (Sections 2.1.1
and 2.1.2),
(2) with continuous analog Uandlimited Causatan signals, the reflection
being corrupted by wideband Gaussian noise (Sections 2.2.1 and 2.2.2) and
(3) ulth continuous single-bit bandlimited Gaussian signals, the reflec-
tion being corrupted by a random phase sine wave (Sections 2.3.1 and 2.3.2)
The frequency of the sine wave was chosen as 3903 Hz because this gave
approximately twenty sampling instants per sine wave p. nod,

m_noisc ratios chosen resulted from the theoretical calculations being

carried out for zero to ten samples per error zone period (period t, in

Fig.

2-7, p. 34), for the sake of simplicity.

h*fi,oMol a*"', iVH1/C 'Men

veilicol <un 16 /dWiiie"

b 2

- - —



points. In sumc cases it was not possible to plot all the cxpcrincntal

values without causing congestion; however, they are all tabulated in

Appendix P, p. 132. The 90 per cent confidence limits are denoted by

vertical bars drawn through the points, ($). Where cxperiment a, points

are very closely spaced, the limits have not been inserted on every point,

but only on more widely spaced points spread across the distribution.

Readings could not be taken for all signal-to-noise ratios and so

specific values were chosen, for example 0, 0.1, 0. > 1.0, and infii.it>

It is highly unlikely that the theory would hold for the spot values only,

and not for the rest. Nevertheless, as a check, in the case oi the 100

sample cross-correlation detection of a single-bit reflection corrupted

by wideband Gaussian noise, closely spaced readings of P{

taken for ($/0) equal to 0, 0.!, 0.2, 0. ® ... 1.0, and infinity,

the rest, more widely spaced point* spread across the distributions were

picked at random.

The voltneter conver.ic factors necessary to read the true values

of s, ¢ and and the actual values used in taking the experimental

readings are given in Appendices Q (p. 135) and R (»* 136). respectively.
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PRACTICAL APPLICATION TO ACOUSTIC REHFLECIION DETECTION

In this chapter one of the applications of the cross-correlator
mentioned in Chapter one. that of acoustic reflection detection, is
briefly investigated. The results are presented in the fern of photo-

Sraphs of the monitoring oscilloscope trace. The apparatus used for

cbe investigation is shown in Fig. 5 1.

mlK ccta.t i I ar
I(5 <ICU» ' (% 'X-Q-
- U"s__
xR

it' tettr

finun'i
l.1pmplif.i"g



in the cross-correlation function, making the output unintelligible.
Figure S-2a shows the result of an 80 kHz sampling frequency on a noise

signal having an octave bandwidth centred on 3.15 kHz. When the

lal iw/dw (b)

S ms«/div

sampling frequency was reduced to 11 kHz, the cross-correlator output

changed to that shown in Fig. M b, revealing the presence of a reflection

peak at 27.4 milliseconds delay.

It was found that a sampling frequency

of ten times the centre frequency of the noise signal, or less, yielded

satisfactory results. This ensured that there were enough -.-crossings

of the received and reference waveforms incorporated in the sets of

samples being cross-correlated to avoid the excessive deviations illu-
strated in Fig. M a.

However, the lower the sampling frequency, the

fewer the number of cross-correlations performed within .he duratron of

the zero-delay peak. The increased possibility of missing the peak due
to its lying in between two samples sets a lower

frequency. Ccnerally speaking, the

-pHng frequency ahould be betw

“NTZAANA_ -  °

XXX 1_ - “.'*
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the 'frequency selectivity' of the reflector, and CO the receiving
microphone's bandwidth. The Utter constraint was in this case 01 no

consequence as the microphone's bandwidth was much greater than that

of the transmitting loudspeaker. The reasons for the other two

constraints are fairly obvioust

(a) qhe loudspeaker distorted waveforms containing frequency components

that were out of its operating frequency range. This caused the trans-

frequencies should be

lm' —— lividn

1 ! Smsec/dlv

(b)

IS)

bandwidths ceni
one-third octave
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If one used a very wideband signal and the reflector attenuated

mgnificaat sections of the signal's spectrum, the reflected wave could

jecome badly distorted and differ radically from the incident wave,

once again resulting in diminished cross-correlation peaks. lor instance,

with the reflector used ir this experiment, it was plainly audible that

frequencies below about two kilohertz were hardly reflected at all.

Figures S-6a to 5-4g show the effect on the cross-correlator output of

decreasing the signal bandwidth. Figure 5-4a illustrates the effect of

too wide a bandwidth.

n is interesting to note the lack of variation in the spread or

fora (i.e. distribution) of the cross-correlation function values avay

£ro,, the central peaks

as the signal bandwidth is varied. That the range

or spread does not change ties in with the observations made in the

theoretical analysis that the mean of W varies over a very small range

h1>0. and that the varis of the distribution is determined primart,

by the total number of samples. , which is a constant. One would therefore

.L t the spread to

of vp,,) does not show any marked change (i.e. remains sy-etrtc. |,

frequency and the sampl .ng”,. . * ,ou,d invalidate the

frequency in relation to the »£ the signal in non-

assumption ol ihdepend, invalidate the evaluation of the

overlapping interv.. e ,-2a is dear proof of this.

cross-correlation function variance. h3s an effect on

the cross-correlator output. sinuUancous reflections

chat as the number .



(2) i00 Hz - 20 kHz

Ib: 2 kHz « 20 kHz

Id 3 kHZ * 20 kHz

(d) 6 kHz - 20 kHz

I,) 1L,6kHz + 20 kHz

§iii

1() 16 kHz + 20 kHz

(g 19 kHz - 20 kHz
- T 1vdn
I '
6mrcdv

hand colvuun was bO '.hz.
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incident on the receiver increases,

so the magnitudes of the individual

pCiles decrease. This was borne out by the experimental result'-.,

as can
be seen in 1if*

1e
On other important observation was that it was advantageous to
pass the received waveform through a high-pa. tiUer having a jJow
frequency cut-off at about 200 Hz.

T . cur out large,

low frequency
signals

caused by draughts and air-conditioning etc., which distorted
the zero crossing pattern of the received waveform causing Urge,

lew
frequency deviations

in the cross-correlator output which nade the

discerning of peaks more difficult.

To sum up, then:

(1) The noise signal centre frequency

and the cross-correlator samp to.

different centre frequencies should b. tntd

W



CHAPTER VI

CONALUSIONS

@ gm

r-EEr-EEE:

input signal-to-noUe ratios.

---"EEE .

obtained using single

With analog Gaussian A hence the false alarm proba-
(b) the distributions oi and analog Gaussian signal.
bilUIES”’ A“fnrm is corrupted by a random phase
WHnn the reflected - are again higher vhen singU-
o - - deUy Cr°5S u, signals are transmitted,
bit as opposed to analog A A thus the false alarm prcba-

<b) the distributions of V, ' ~ ~ Gaussian signals can



be expected tobe similar; (they are identical for the twoextremes of
signal only or noise only atthe receiver input).

(¢c) For single-bit Gaussian reflections

and receiver input signal to noise
ratios below 2.5 d3,

the zero delay cross-correlation peaks

are iv.tr than
those obtained when the

corrupting waveform is wideband Gaussian r.ois,,

and. since the variances of the two sets of distributions aresirrilar,
the detection

probabilities tend to be lower as well.

(d) for analog Gaussian reflections, the zero delay cross-correlation

peaks or. always

lower than tnose obtained when the corrupting waveform

is wideband Gaussian noise.

In general, therefore,

(a) although analog Gaussian signals require considerably reduced trans-

nission bandwidth, compared to sing,e-bit Gaussian signais,

their srngl.
reflection detection characteristics

are not as good as those of the

slngle-blt Gauss,an s.g AoAR A

noise level environment,
case of double

win be detected. 1.:s effect

waveform transmitted. H,.wlm . , ?eak. are not as sharp
cross-cf-r i<
mitted, althoug> t'I2 ,cro

doeS tot occur. Thu
reflection aeieuv
and well-defined, thi

disadvantage in multii €
defect of single-bit waveforms is -
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eflection applications.

The £,!,= alarm probabilities of the cross-correlator Jcpond opor

H 11

Che sampling inters., A " one cross-correlation is
sampling Ireguenc, will AN jeUy pcak, so the probability
pertormcd within the duration experienced

1, 1 —— ———

iino freguency oi
9

appears that a smsp..,, A~ 1s having one-third octane

eeatre iregoonoy U - n AN they most 'lowever.

bandwidths g>VL acc 1 A frequency selective.
enilv if the reflectoi

When they or any other ve Yy centre frequencies. TWide
i unirin ¢
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bandwidth Gaussian

signals give good results when the transmitting

loudspeaker can handle them without bad distortion, and the refleclo.

does not attenuate large portions of the signal spectrum. Octave band

width Gaussian signals offered a good compromise between 1 the constraints

and gave consistently satisfactory results.

The experimental results bore

out the theory of Chapter three by showing that the amplitudes o. the

individual ci >ss-correlation peaks decrease as the numbct of simultaneous

reflections received increases. This suggests the fa;rly obvious conclu

sion that directional microphones should be used where possible.

The theory developed here 1

applicable to Gaussian signals having

frequency spectra other than

the brick wall spectrum of the signal used

in the theoretical analysis and experimental simulation, it must be

remembered, though, that as the bandwidth of the signal is reduced, the

assumption of independent numbers of zero crossings in non-overlapping

intervals becomes loss realistic. However, the results of Chapter five

showed that as the signal bandwidth was

reduced from 200 Hz-20 kHz to

,9 kHz-20 kHz, there was no marked change in the form or spread of the

cross-correlation function values

away from the peaks (provided that the

signal centre frequency and the sampling frequency were kept matched,.

As mentioned there, this is to be expected, and does suggest that the

assumptions of independence between numbers of zero crossing, in non

overlapping intervals etc. and the eonvergence theorems are fairly rebus

and may apply for narrow bandwidth

signals, possibly domi to below an

octave. One may also surmise that if the reflected signal were to

bandpass filtered so a, to exclude all

frequency components outs,
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the infinite signal-to-noise ratio distributions, which indicated :hat

the assumptions and convergence theorems certainly hold for the narrow

band signal used in the simulation. The mean values of the distributions

will be as predicted since the expressions derived here for V,*T) would

be applicable in that case. Further, the variances have been seen to be

dependent mainly upon the number of samples being cross-correlated. The

topic has not been pursued further here and is a possible avenue for

further research.

It is apparent from the theoretical and experimental results that
the distributions of the cross-correlation function away from the central

peaks are considerably less dependent upon or affected by the extraneous

noise than the central peaks.

As a result the correlator is .use E

to poor detection probabilities at high extraneous noise levels. Under

,he,e conditions some simple integration or averaging should be performed

cn the output.
As to future research, firstly there is the t.tc mentioned earlier

of determining the effect on the croaa-cotrelator outpu. distributions

of using very narrowband signals, and of bandpass filtering the recervod

waveform. Another relevant topic is the determination of the output

distributions when other type, of random waveform, for cample rseudo-

random codes or bather codes, are cross-correlated. The significance of

these repeatable random waveforms is well known. Much of the theory

‘EEEEEEET

of the Single-bit cross-correlator will
v, tlIC S1HpilC' 1V
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still be an attraction in applications where it will ruffice. Developments

in surface acoustic wave devices promise to bring random waveform single-

bit cross-correlation detection within the range of many everyday appli-

cations such as collision avoidance radars, and it is within the forseeable

future that digital cross-correlators with two thousand bit capacities

will become available in single LSI packages' '* . But regardless of how

small the single-bit random waveform cross-correlator may become, its

output will still have a probability distribution function that must be

known if its detection performance is to be assessed.



APPENDIX A

AUTO-CORRELATION FUNCTIONS OF VARIOUS BANDLIMITED GAUSSIAN WAVEFORMS

p (t) is the normalised auto-correlation function of fn(*

a bandlimitcd Gausi m waveform. The derivation of the expression for

the auto-correlation function of sgn[fn(t)], i.e.

"'wXx= ".Arr:in[p,(t)] (2.1.7)

depends upon £,,(>) and £a(t«) being bivari.be normally distributed, with
aero mean and auto-covariance p,(r>. Davenport and Root<W) show that if
the

input to a linear system is normally distributed, then the output will

also be normally distributed; ii.e. if x(t) is Gaussian, then *x(t)h(t)dt

is Gaussian also, as is fxW ,b(t,r)dr for hit, and b(t.t> linear systems.

Hence, provided that the bandlimiting of f, (t)

is linear and introduces no

dc terms, eqn. (2.1.7) will hoi, for the single-bit version of £,<->. '

, i(t). some examples uf the auto-correlation function p/r) of wh.te noise

pLsed through varic s bandlimiters are given below.

,1, Ideal bandpass filter of width 2W. centred on w.

fuv53Cos“Td*

0
FIGURE A-1
Al
Awl
for the special case of a low-pass filter (0,-0 in Fig. A-1),
A2
, X

103
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(2) Low-pass RC filter with cutoff frequency Uc/2n

-ui.hi
A3
t/u)
(3) Single-tuned filter(ll)
c(N)~ A ~ i 1 v
it 1 i 1 FIGURE A-2
where ueis the centre frequency and 2Au is the banawidth
Ad

e Aul .Cos(w.T)



APPENDIX B

EVALUATION (F THE AUTOCCRRILATION FINCTT. (F X(t) [BQN (2.1.10)]

x,, (t)- sgn[gx1(t)+ n(t-x)] - sgn[0al+ nJ
x*CtHD® sgn[Ex1(t+T)+ n(t)] = sgn[Ba2+ n2]
so that

P+=P{Haj+ n*0, Ba2+ n"O}
- p{Ha]"H n”-B, Ba2“B, PtBa’B, n*-B, Ba2*=B n”B)

4 PtPa*—B, n*B, Bn2=B, n2>-B}4 P{6a"=B,

The probabilities involving n* and n* can be separated out as they are

independent of a" and a2 and of each other. Therefore
P<< p(nk-e¢).P<n2>-¢).P(al-1. a,-!)* P-.n*-el.P1%el.Pfa™l, .j-1)

P{nlJ6).P(n*-6).P(«l—1. a,'!)* Ptn~*BL.PIn*el.P1*-1. a,-!)

Substituting cqns. (2.1.3) (p. 15) and (3.1.9) (p- ")

p . I[Her£(0/u/2)]M[I>W..(T)]t 1[l.evE&(6/u.'2)][1-ert(f/n>R)i ill-.< )]

. ifJi.crf(B/o”)] [»cr£<e/o/2)] ILI-V., (t>]. 1[l-.tt(:-W2)!°  Ul«V.V)1
= | 4 Jlerf(B/o/2) jl

Equation (2.1.10) £ollo-s directly from tp.Jr)- 1-

105



APPENDIX C

EVALUATION OF THE VARIANCE EXPRESSIONS [EQNS. (2.1.22) AND (2.1.24)]

AND METHOD OF COMBINING INDEPENDENT DISTRIBUTIONS

(1) From eqns. (2.1.20) and (2.1.21)

E[x"(t.)x, (t.+t)" (tIJx7(t>T)}= o

fhus

L5..e(x (t.)X/ (t,
i

+t)yx (t )x (t +1)3
id yiti i 1 J ~

tc.

Iriting the terns V..(tyt,)V..(tj-t.) in the above expression as (j-i), for

:onveniencc, and remembering that (t.-t.).(j-i)£t. the expansion becomes

. ill terms*
terms¥® j-t

(2Na-N) terns

(N-Na+1-1) +...+ (Na-1-1) + (Na-1)
(2-1) + (3-1) oo * (NAV1)
+ (N-N\>2-2) +.«..t+
(3-2) + (4-2) > .... + (N-Na*1-2)

> (N-Na)
4 (N-Na-1)
Na-(Na -1) Summing columns of like terms:’
1 tem3 in
rst (olumn L»[(2Nil-N)>, -..+3+2+1,
4,(61) Summing columns

13 9 ' 3
of like terms:- « J(2Na“N)(2Na-N+)HLM".,.['O)]

N'N-
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Thus the double summation becomes

N-N,-1I

5jNa-i) V,(iSt)X4i&t)+ 1(2Na-N) 2Na-N41)[~ T)]1 .l

Substituting this into eqn. (2.1.16) yields eqn. (2.1.22).

(2) For the case where the double summation is over i=l to (N-1) and
j«=(i+1) to N, the number of columns on the right hand side of the dividing

line is N ,and on the left hand side is (N-Na-1), as b, Core. Therefore
a

the terms on the right now add up to

[1+2+3+.. .+Nj[X.(T)? * i-Na(Na+l) [*T)]1 Q

and those on the left (remembering that the 'triangle' of terms has (N-1)

terms arlong the top and side instead of (N*D) add up to

AL X (& t)% (i&t)

The total sum is tden
NNv -
Z(N-i)"(i&t)42iBt)+ i.Na(Na+1)[*.i[T)]

The product terms in the case ct continuous uavefom cross-correlation

are analog to the product terns in the case oi hurst oaveior, cross-

the variance can he det.ved as in eqn. (2.1.16) to he
correlation, and so

Ml N

varK (r)]- 2

istituting c,n. («) in this yields eqn. (2.1.24).

=1111

s—l.lt! r-aco (N
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or both are odd.

As p~(n*) and p~Cn”) can be assumed independent, Ptn”=i,

equal to p”(i*p”Cj). Hence the probability of (n*+n”) being equal ro Kk,
say, is the sum of the products of all pairs of probabilities Pa(ni*b”*n2*
for which (n”*n.J-k.

For example, assuming that NyN~*,

pP(-2)= Pa(V 2)pb("Nb)+ Pa(Nb"4)pb(‘V 2)+ + pa(' )pb("1) +

+ Pa(~Nb"2)pb (Nb)

In general, for [(n*+nj)=2j]<|NA-N*|

2j<|Na-N cs
p(2j)- ~ P a(Nb+2i-2i>Pb(' Nb+2i) a bl
Hin2)
iiiX .
xX 1382 o W
HI
ji3j;TTLHI 02468 .
‘IVV
el BI-V2*  *RING2'BING
m
ui
fICURS C-1 combination of indopondont probability maaa functions.
ror

outside thi, ,anFe. the auction does not involve all

the pb(n2) terms; for instance

(H+ P (\-2)p.(1) +..-+ Pa(Na"Nb"1)Pb(Nb)
P(N -D ” Pa(Na)pb

) for this situation would be
A general expression

(63)
P(2i)- [.V a (V 2- 21)Pb(-V 2i) A9 oA
le [

. similar expression holds for 2J<-CV V - '
and
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[1%1,]

p(2))D 20 PA(V 2j™i)pb(‘V 2i) 2j«HNa-Nb). . . C7

These three general expressions tor p(2j) are for N and Nv odd. If both
3 b

are even, expressions similar to these can easily be derived. If

their respective rolei in the above analysis is simply reversed.



APPENDIX D

EVALUATION OF THE DOUBLE INTEGRAL IN EQN.

(1) From eqn. (2.2.5)

T

pt+<Lnst)=

Letting «t- u/s and *-(v-A)/fts,

i r

i d° L eKpl['

The related function L (h,k,P)

i f*
L(h,k.P)- JVAW

th

r

i»

fox
J.

(2.2.5)

C f -1 _ru}_ 2pu(v-n)”* (v-_nlj] dv
- pD' sl esl

“ pijvtj du ] expl2 (I

is becomes

r Ki-

defined

r

2<1‘ p,)

in Pef. (41)

2p*->'+ 31 1 v

eXP -207?) 1

and an expression for its Maeiaurin series in terns

£ zfm)(h) Zw (kY
L(h,k,p)= Q(MQ(k)> > —>+1)1

where

1 f"-»1/2d*
Q(h) A fit

Now Z**-h). (-D*”*7~h). and so eqn.

P (inst)= Q(O)Q(-'1/0s)*

modification of the expressi

Ztm)(0) =

so eqn. (D3) becomes

on

and

v ZH (0)

(D1)

A

ZU,<h) *

Lo - @n+l)

for L(h,
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,F

as

of

b

Z"00s5s)

is

can be written

O0s) |

given

*'X /2 L

as

m.1

m odd

. D3
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ptt(i,,st>- q(0)Q (-,/Bs)» rS n

In general, from the definition of Z"'(h), Z(i(<i,/ps) consists of terms

of the form (n/&s)lj Z"(i/ps). Averaging over all ~, these terms become

z W *s)m
mz"y.

[a- 2-tb- * A 1

t 1.3.5...(2j-1) D6
" ero(ps)J Vv auitvyl ¢ ¥ ¥ ¥

Substituting in the expression fori” /.s ), and rearranging,

Substituting for a, and then substituting eqn. (07) into eqn. (04)

(-nV 1
P4>- Q(0).Q(rT/ps). S.1"1'" (2wtT)(2*”:)¢ .H<es/051

| B3

P

. /TelToyT p
-1 ¢ ~Aresm Ji,Us/ay "p)

Noting that p- p,(T). this is the sane as e,n. (2.2.6)

(2) Similarly for the auto-correlation function” ,2»>

’ (y 1 dA
= b O
o q(-<!,/658)Q (-V »8>*

a
i and since

is of the form Z®ft/*<0.a'V ...

r*cdd) e'anlda . 0
J-m
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eqn. (D8) consists of even order terms only; i.e.

P++(inst)= Q(-Ves)Q(-V&s)* £ z P ¢ * D9

and from eqn. (D7)

—  ~Z~i T R (%m)l 1 ot
zunW es)- z° Was)- (-D u: V2~t:r+ws/o)\

Substituting into eqn. (D9)

f' f2m)!11 1 L fJes/a)M
P++- M + A. ;2m* 1)'. 2ix [1*(ps/o) J
i . r (ss/o)l LY

ThU last derivation could have been done less rigorously by assuming
that since ,,(t> and sin(t, are Gaussian, tbeir sum is Gaussian also. Thus

uyt). nit)] and [.q U .x)* n(t>,)] would be bivariate normally drstrr

uted with zero mean and normalised cross-covariance

m H(6570)¢ « Pr(T)

'

n

indicates that one can assume

note 1: The Prooi in this . metrical bivariate

[,t (t). n(t)] and :a(nU*")» " ! ,» and this justifies the
, 1 distribution as well as inU) and i, U

no

assumption on pasl JH®



APPENDIX E

EVALUATION OF ERROR PROBABILITY [EQN. (2.2.11)]

From eqn. (2.2.10)

p .w SsjkW ‘¢c** ibp " if?* 1b * j

In addition, if pf*(t*)-& at instant t., the probability of n(t*) changing

the sign of x"(t*) Iis

M -¢> 7 J f yl/20'dy ' * PeW

Thus the total error probability, averaged over all*, Iis

- [ - ; 2 _on R
rso2nl. N6 J6 Lo i 312 f 1/2(6S)V ]
io- [ajl. issjiteest * 3ki2(,s) " j
pion L /
. 1- £[(»./<>>- ] oa--l
» I - Arctan(ps/o)

as in eqn. (2.2.11)
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APPENDIX F

CALCULATION OF TIE AVERAGE ERROR ZONE PERIOD

(1) -

number of half cycles:

For the waveform A.sin(ut), the time

spent above +8 or below -6 in cue

half cycle is A Arcsin (P/A)j .

Letting T1* ~/tii

T=

T* [1-
b

Arcsin(&/A)]

£ T* corresponded exactly to two halt cycles of the sine wave,

,6 equivalent to doublingu;
.ericds,
if T'

f.ns/w where n- 1,2.3 A

.............

each halt as long, but auding up to the same total V

the time spent by the sine wave in the error zone per e?a”.t

Y. A niMUY)

FIGURE F-1

this would

in this case there would ho two error zone

In tact,

corresponds to any exact number of nail cycles of a srn

AN sine wave above es or

below -» will he T'[l- |[Arcsin(»/A,l , regardless ot the actual nmher o

half cycles in 1'e

(2)

sine wave in the error zone:

The analysis assumes *

having probability d, n.

The results would he idoncic. A

between zero and oo A

r.rdrans,

that region and zeio oul”i
all the various
eorrtinnr to account i

M b - the average time per fraction of a half cycle spent by the

and zero elsewhere,
asE,,med to he evenly distributed
probabiUt, density <l/2«> "thin

uilU he split up into

possibilities of T" (rig. F-2)



FIGURE F-2

(a) 0 <T" <({/Lj)Arcsin(6/A). Consider the sinusoidal waveform in Fig.

F-3 moving f&om right tc left relative to the tine axis as 4 varies from

0 to ix. The amount of time (AT”*) spent
by the waveform above within the

vertical window 0O to T" will be consid-

ered in sections as follows

For 0 <$ <[Arcsin (0/A)- uT"

9

FIGURE F-3
ATb- 0

For [Arcsin(&/A)- uT""!* € < Arcsin(6/A)

ATb= T"- “j[Arcsin(6/A)-

For Arcsin(g/A)<* <0" Arcsin(0/A)- wT")

ATb= T"
For («- ArcSin(S/A)-wT") <*<[” - Arcsin(e/A)i
. Jif_ 1 Fom- Arcsin(6/A)-
b
And for [m- Arcsin(0/A)]
ATb= 0
ZffL- 3 } (T"" u(Arcsil' (0 J...OM

- T"[1-& Arcsin($/A)j o T
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It is possible for T” to be greater than the error zone period per half

cycle and still be less than &Arcsin(&/A) (Fig. F-4)

FIGURE F-4

An analysis similar to that above shows that in this case also

ATfa" T" [I- -"-ArcsintP/A),

AT can be evaluated in precisely the same way for all the other
b

possibilities of T'". The results are listed below. :or convenience, let

S- Arcsin(6/A) .

Range of T" Relative size of T" AT.

" _ o

0<T"< 5 S ™ 5 " 281 T"[1- % S] "
o ST st w(T)l

&S<T"<& S _ ) X
T"[l- \ S]

AS<T"< [b - s]

Tn > ZS] T"[l- \ S]

zb - s]< T"k I



APPENDIX G

EVALUATION OF THE VARIANCE OF #(0) FOR RANDOM SINE WAVE CORRUPTION

From the equation before eqn.

(2.3.9)
var|[v,(0)]- a
and since xjt) and t(t) are independent
AEtxMtplE tyt . fl1-0 . 0 L e 2
and
M N
M *A

A

Etx1(ti))E(S,(ti, V 25 A~ " <tf ti)-"VI(tf ti)

now Eterlt,))-l. " s‘“i> wu 1 in all the error 2onos ond zet®

elsewhere. Hence, with the aid of Fig.

2-10 <P- ” ),

- 1' ” ArC,in(6/W

"W omonononon ” 13

Appendix C, it becomes

All terms of form 'K<tj'ti) H(tj ti)

................. + (N-2) + (N-D

(N-1-D I

all terms = .
AL(N-1D) & t] %L(N-1)&C]

(2-1) +  <3-1)
+ (3-2) ¢ (472)

AN-CH-i)]--

i Lot

Summing columns of lihe tenas:
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Substituting cqns. (G2) to (GS) into eqn. (Gl) gives eqn. (2.3.9).

NOTE 1: (pe 37) The expression for the variance of the sum of the

product terms in the error zones is identical to eqn. (Gl) with N replaced

gy N . Proceeding through the above analysis,

and noting that the double

summation matrix of terms has

(N”-1) terms along the top and side (instead

of (N-U) so that eqn. (G5) must have N replaced by N”, the expression for

the variance is the same as eqn.

(2.3.9) but with N replaced by NA*.



APPENDIX H

AUTOCORRELATION FUNCTION OF (,(t)

The wavefona %(l) is illustrated below in Fig. H-1. Let 2%/w= T and tnezc”

Sux,
1

1- 2S°'

T/2

) T
-1 UdM) (82«

FIGURE H-I1

auto-correlation function of %(t) may be derived in sections, as

OWS: JOIN, cmn 1B 4k
- jy— .-S2j+x rr
(Fig. H-2) H i .
OIrt-r.il
rit SX lik-t-1 ’
FIGURE H-2
T| I dt \,L dc 4-=at
= i- (4&*+ 2i)n
suf-nses , : Wo- T.e r..UU. ¢«
t hg;g; by definition),
- nez
N (2) 2%>T/4
(1) 2S<T/4 (1)
1-(4&+2"[)/T
1-(4S+2x)/T 0 (n'ZS)
0< T< 2c
(I-2S)<T< '>8
1- 4t/T
2&<T< (1-2& - [2T-49/Tj
(2"t-4B)/T
| 2[1-(t+2&)/"-
1. .rle ) 2 [1-(x &M 2
(T-25)
(1+20)AT < (T-28) ~13- 4tT] (2T-4S)/T -1
(2T-4S)/T -i !
(T-28)<T s T
limit as 2i - 0, »acomes a square wave wtth 4,i >

T<T/2 (I" 4'v1")



APPENDIX 1

EVALUATION OF LHE VARIANCE OF THE NON-ERROR ZONE PRODUCT TERMS SUM

As usual
+1)] . n
where
N .t Aresin(0/A). (T (2.3.14)
ntt y
noting that ,2(t.t). Y ,t,, <t)~" that 1(t, and x,(t) are indepen-
dent, and (b) that IAXjCOx"Ct"+T)} »
ear - Z . 1A ¢ct™-"*
nez i*i 1%

EIKt)). tne,/(Wo)- iArcsin(e/A)

<tu
o —t

it/a

FIGURE i-i

(12) yields eqn. (2.3.15)
Su.stituting this into cqn

m2i;~(t,.t.)E (yt,)./tr)Y V Y h ~

var0CI- V. 1 ~ “ n(8/A>

Now W tj-qW £°r h* (tUT)

i(,,(t.,»/t,.t)yx2(t.,a/ " "'"1*(r,r iart.Xt"t)

120
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and the double sunr/.ation may be simplified by expanding it in the way

used in Appendix C

terms- \/t* -r )[v,,*-t)]" terms- VI(t.-tj)'

(N-N1~1) terms (2N -N) terms

(2-1) 4 (3-1) 4 ... 4 (N-Na-1)  (N-Ng+l-1) & ... 4 (*g-1¢1)
> (3-2) 4 (4-2) * 4 (N-Na+1-2) (N-Na*2-2) + 4 (Na-2)
(N-Na)
¢ (N-N.-1)

Summing columns of like terms

*V. |
1 - 2. CNa-K-j;

Substituting these two su=s for the dou.i,

sutrtetion i» «q». let os

to eqn. (2.3.16).

TV variance of the uen-error tone tents

in the e.se of continuous
vaveform cross-correlation (p. 41) I. the

the suctions are .11 up to * instead of S.. »«

fros eqn. (2.3.16). Thus eqn. (13) becoces

u.r_ . KIlA,c.in(8M).r-

The double suramation matrix no. has s, term! tt tn. r.gnt 0-

00 00 o ® ’
dotted line become,

respective.

«fr o = 1:



APPENDIX J

AUTO-CORRELATION FUNCTION OF 1(c¢)

For convenience, let T* 2*/u and [no? as Appendix H. Tne

auto-correlation function of 1 (t) will be derived for the two possible

cases: (1) 2S (=tnl),)) <T/4 and (2) 2b>1/4.

lit) t
<

() 28= i __"t(')mn_* 72, 12

(a) 0<t <2s (Fig. J-1) 1. T)( .

1 r"i

0 1 0 2 1T/2-%'-t) T2

Yp ol

(dt " du FIGURE J -1

The ether , b-reo6=e of r may be treated likewi.e. The results

—u... below. (Note that T- 2s/w and 2S- tQez)



APPENDIX K

DERIVATION OF VARIANCE EXPRESSION [EQN. (2.3.17)]

As before

A

« y' F(x2fr.)f2ft.)1>2

“IM"E{X] (t") K1

In this case %(t) is a square wave, so E(t,(t*"))= 0 = E(x1(t")} ana

Ett,2 (tj*)) =1 * E(x2(t.)); substituting into eqn. (Kl)

varNk“ Nb* 2 1 | A “cj*ti)” (tj"ti)

The double sum is analogous to that appearing in Appendix C ex”ep

the upper limit is N, and not N. Hence its simplified expansion may be

written down directly as in eqn. (GS5), i.e.
EE-
Substituting this into eqn. (K2) gives eqn. (2.3.17)

vat - Nbo. 2|"(N b-i)H '.ftSt)" (i81)
Nt 0 i1



APPENDIX L

EVALUATION (» TIE DOUBLE INTEGRAL IN CQN. (2.4.3)

Starting with eqn. (2.4.3) and letting (wt+4)= 0,

1 f, f f -1 f*1 2,.*(c-A«ine)”™ (t-Asin8f11 de

etting (t-A sine) /B=A and 1/(2KS*VT")- k, this becomes

C C T LI
P (inst)= k  dot expt 2(1- p)S*  eeeeeereennnrenes
Jo  J(A*n9)|6 >

vhich is of the general form

k fdat f exp(- Va-Vjs1 ~dX * F(U1,U2)
J-w,

Using the method of McFaddon(36' this can be expanded in a two dimensional

Haclaurin series in terms of Uj and Substituting zero for u, and

isine/M for u2 would give P " (inst). This can then be averaged (term by

term) by integrating with respect to 9 over the range zero to 2. and

multiplying by p(6)e 1

F(uv u2). FO0,0)+ g j/r

Also needed is the expression for differentiating an integral;

,b(t)
I(a(t),b(t)) - J<€iRAGa)d,X'

then

41- R(b(t).S).~P - »ta(t),»] .“jP 1 *

It can be seen from eqn.

that the first and last terns are zero, and

by inspection, all terns in eqn. <L3) containing factor u, wall no zero



zero over one cycle of 8. Therefore

19*F 13*F 4 13* F

125

L5
2:3u; .2 413u*l oV 6!3u*
Applying eqn. (L4) to eqn. (L2)
F(ul,u2)- [i+2Arcsm ()] - [2VIv™ (1-tf)*} u2+ .4 Sm( 1 - ~
[ft (15-20 ft1+87)1 , [ft(105-210 ft1f 168 ft*-48 ft*) . L&
Integrating term by term over 0 <0 <2n and multiplying by 1/2r,
Ps,- te A Arc,i”’(A i {v . o1 'l *
111 . OO L7
Remembering that 4P, - 1 end substituting eqn. (L7) yields

eqn. (2.4.4) directly.



APPENDIX M

AUTO-CORRELATION FUNCTION OF X2<t) [EQN. (3.2.7)]

A(t)- sgn[flfn(t)+1fn(t*A)+ n(t)]- sgn[w(t)+ n"t)] M

*2 (t#t)E S3n[$fn(t+T)+11n(t+c+A)+ a(t+t)]- sgn[w(t+x)+ n2(t)] . .. M

w(t) and w(t+ r) are linear functions of f*(t), t*("-A), fn(t+T) and
f (t+T+A) and hence will have a bivariate nonulLl distribution function,
n

Comparing eqn. (Ml) to eqn. (2.2.2) on page 25, it is clear that the

analysis of the auto-correlation function of % (t) in the present case
is exactly analogous to that of the <fi-correlation function of x2 (t)
in Section 2.2.1 with 6f*(t) replac'd by w(t). Therefore the auto-

correlation function of % (t) in eqn. (Ml) can be written down as in

eqn. (2.2.8) (2. 26)

" « Arcsin[R W rtl

where XS is the standard deviation of w(t), i.e.

t.4

and pw(T) is the normalised auto-covariance of w(t) which is

126



SPECIMEN SET OF EXPERIMENTAL READINGS

The readings given below are the complete set taken for the experi

mental points plotted on the 0.309 signal-to-noise ratio curves in Figs.

4-19 to 4-22, (100 sample cross-correlation of a single-bit Gaussian signal

with a reflection corrupted by a 3903 Hz random phase sine wave). The left

hand sets of readings are the zero-delay counts (the number of times that

xv,(0)>h), and the right hand sets

are the false alarm counts (the number

of times that \',(f)"h).

2 contd.

06878 57042 95311 50837 95411150977 93235 441b9 90548 i;;;il
96643 57062 95187 50938 95454 50713 93314 44029 333(;78 e
96809 57072 95172 50786 95061 50720 93194 44484 roaes 37357J
96711 5696 7 95133 50638 95202 50688 93203 44316

06826 57254 95427 50824 93333 44309 90464 37957
96669 57133 95318 50969 03211 44249
8 10 12 16 18

13192 60457 10010
86935 31860 82912 26640 78061 21628 66643 o
7012 32200 83201 20564 77057 108 CHED L G0ln 102
87085 131977 83141 26378178203 21451 1324 O L 0ss
67047 32273 S2V97126455177974 21626 66675 0446 o7
% ' < 78247 21321 66718 13253
se921 32004 83021 262;4 66923 13318
82853 26416
83179 26492

36
2 28
20 n

7428 46575 5399 32606 2646 26696 1746
23713 7392 46858 5338 32575 2713 26715 1332
2322; 7407 46739 5362 32519 2613 iz;zg 1798
46636 5439 32651 2608 s

e e 46744 5479 32483 2766 26614
s34 T 46737 5436 32833 2639 26456 1815
32821 2597 26819 1725
32751 2673 26703 1817
33100 2613 26632 1819

32968 2669

0f the reasons discussed in Chapter four.
[*reading rejected for on



6805

6608
6805
6647
N 6743
6674
6770

h 56

95
83
N, 80
105
83
85

dreading rejected for one of the reasons discussed

38

172

188
180
182

180

58

49
65
51
60
54
48

4782
4799
4754

4776
4784
4800

40

113
109
112

106
82
106
95

3220
3276
3289
3203
3267
3271
3239
3162

42

53
59
60
57
59
53

56

2018
2089
2102
2090
2084
2081

-zero delay counts only.

44

52
3%
30
24
32
38
37
32
27

1378
1389
1323
1337
1358
1425
1291
1330
1347
1355
1330

46

18
17
16
14
20
12
21
17
25
11
15

128

in Chapter four.



APPENDIX 0

CALCULATION OF CONFIDENCE INTERVALS

Most of the methods for estimating confidence intervals for the

lifference between the means of two groups of readings assume that the

readings are normally distributed, or are most efficient when they are.

U, discussed in Section 4.5, the Central Limit Theorem suggests that the

<h readings will approach normality for large NR.

The standard deviations s.d.l and s.d.2 of the sets of the h

(42)
Nh>2 readings may be tested for equality using the ratio tes

(Thi. teat also assumes the sets =f£ readings to be noraally distributed).

The ratio [(s,d.1)2Z(true ,.d.1)2)/1(s.d.2>2/C«rue s.d.2)2} follows the

F distribution. To test if the standard deviations are equal the true

standard deviations are assumed equal and the ratio [(s.d.l) }. [(s.d.2)

i, compared to unity. If it lies within the range ~ 1. l:.: "

1/F . there is no significant difference between the star

deviations'a”t the (1-) confidence level. =1 and n2 are the numb

samples used for the s.d.l and s.d.2 estimates, respectively.

Consider the readings of and from the 100 sample cross-

enrre.ation of an analog Gaussian signal with a reflection corrupted by

wideband Gaussian noise, (8s/0)s 0.1.

» + 50, 42, 51, 54, 54, 49. 51, 55, 52, 50
g40: 22, 26, 14, 20. 22. 24. 23. 20, 26, 20
42

N40e 50'8 a-J,le 4'>4

where s.d.« [ (Zxi~ T |
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difference at the 95 per cent confidence level.

Where sets of readings are normally distributed and have equal

variances, the t-test may be applied to finding the confidence interval

of the difference between their meansP/ A"~ This test is sensitive to

skewness in small numbers of samples, but this sensitivity is of less

consequence when the sets of samples are equal sized and similarly

distributed. Applying it to the two sets of readings above gives

Mean difference m 29.1

90 per cent confidence limits ¢ 26.3 to 31.9

The second method of determining the confidence limits of the mean

difference (m” m,), applicable only to equal sized groups of readings,

is to calculate the ranges * and r, of the two groups and set Units

Ay i (44)
on (m m”) using

(fj- M)e (ml* “2° A 1% p2)

.being tabulated in detente (44) and mote fully in Reference (45).

ThU wthod is liable to be sensitive to large departures of the readings

fro. normality. Applying it to the example above,

r m (55-42)= 13

t2- 12

0.125 for 90 per cent confidence limits.

O." fg) m29,1° 0,125 * 25
26.0 to 32.2 (cf. 26.3 to 31.9)

Both the above methods yield compatible The second method

mputationally the easiest, hut is only applicable to equal sited

IS of readings. The t-test uas used in this thesis.
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deviations were obviously not equal. Those on page 67 are an exanple:

Nfe0: 97284, 97248, 97258

N62: 96211, 96433, 96665, 96420, 96444, 96703, 96583, 96612, 96425

The standard deviation of is 18.57 and that of i* 154.54;
regarding the readings as virtually constant ( compared to those of
N~.,), the 90 per cent limits on the mean of can be estimated from

the t distribution to be 96499.5 +119.1. Therefore the limits on the
mean difference are approximately 763.8 +£119.1, or 644.7 to 882.9.
Applying the t-test directly to the estimation of the 90 per cent limits
on the difference between their means gives the limits as 594.7 to 933.
Thus, even though the test is not strictly applicable due to the differing
variances, it still gives one a fair idea of the confidence limits.
Fortunately, there were only three instances in the entire set of experi-

mental readings where the above situation arose.



APPENDIX P

TABLES OF EXPERIMENTAL RESULTS PLOTTED IN FIGURES 4-3 TO 4-26

100 sample cross-correlation of a single-bit Gaussian signal
with a reflection corrupted by wideband Gaussian noise;

Probability mass functions of ~D(0) and
Detection probabilities (Figs. 4-3 and 4-5)

TABLES

P1-P10

Probability mass functions of *C(T) and
False Alarm probabilities (Figs. 4-4 and 4-6)

P11-P14

200 sample cross-correlation of a single-bit Gaussian signal
with a reflection corrupted by wideband Gaussian noise;

Probability mass functions of 3J'o(O) and
Detection probabilities (Figs. 4-7 and 4-9)

P15-P17

Probability mass functions of '(CD(t) and
False Alarm probabilities (Figs. 4-8 and 4-10)

P18-P20

100 sample cross-correlation of an analog Gaussian signal
with a reflection corrupted by wideband Gaussian noise;

Probability mass functions of ~(0O) and
Detection probabilities (Figs. 4-11 and 4-13)

Probability mass functions of '('O(T) and
False Alarm probabilities (Figs. 4-12 and 4-14)

P26-P"9

200 sample cross-correlation of an analog Gaussian signal
with a reflection corrupted by wideband Gaussian noise;

Probability mass functions of MO) and
Detection probabilities (Figs. 4-15 and 4-17)

Fals*Alanli probabilitiw"(Fig~4-16 and 4-18)

P33-P36

- ‘-2>A

s A * nonr

p37-p3s

p39l pY [e]

™

,43-Ft6

132
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Pl
. ro C9Md«
0/0*0.I canti, rv P33
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APPENDIX Q

VOLTMETER READING INTERPRETATION

The two types of voltmeter used for measuring the noise signal and
the sine wave levels were a Hewlett Packard True ms voltmeter and a

Hewlett. Packard average responding vacuum tube voltmeter (VIVM).

(a) True ras voltmeter

No conversion factors were required with this meter.
(b) Average responding VIVM

In this meter the input is rectified and applied to a moving coil
meter calibrated to read the ms value of a sine wave. When the input
is zero mean Gaussian noise with variance ecrl, the average deviation from

zero of the rectified input is

For a sine wave,

\ = 17/2./?
mis av

thus

meter readingx2”2/n

and therefore

a - meter reading x1.129

: i ge, O 18 tne »

For zero mean Gaussian noise, © 1 :
same as the ms value.
’ te ahine wavel

When the il'-iw]l, 18 a switching wave

eform that swings symmetrically

) .« A he a¢€
about zero between +V and -V, say, the
it average and ms value of the

. .1.’“
V The metel reac £

. reading must therefore he multiplied
;rﬁnnt Is V. The mover reading

- e £Qa. innt ’
rectified

example, for R ms value of 0.25 volts, the

meter must read 0.2/8 volts



APPENDIX R

VOLTAGES USED FOR THE EXPERIMENTAL READINGS

(a) Single-bit Gaussian reflection corrupted by wideband Gaussian noise

Signal-to- Ave. resp. VIWM Ave. resp. VIVM
noise ratio 8 reading a reading
(0/cr) (volts) (volts) (volts) (volts)
0 0 0 0.25 0.222
0.1 0.05 0.056 0.50 0.443
0.2 0.10 0.111 0.50 0.443
0.3 0.20 0.222 0.667 0.591
0.4 0.15 0.166 0.375 0.332
0.5 0.20 0.222 0.40 0.356
0.6 0.25 0.278 0.416 0.368
0.7 0.25 0.278 0.358 0.317
0.8 0,25 0.278 0.313 0.277
0.9 0.25 0.278 0.278 0.246
1.0 0.25 0.278 0.25 0.222
00 0.25 0.278 0 0

(b) Analog Gaussian reflection corrupted by wideband Gaussian noise

100 samples 200 samples
Signal-to- 6S o fis o
noise ratio
(6s/0) (volts) (volts) (volts) (volts)
0 0 0.25 0 0.25
0.1 0.25 2.50
0.2 0.15 0.75
0.5 0.30 0.60 0.25 0.50
0.8 0.25 0.313
1.0 0.30 0.30
00 0.25 0 0.25 0

(¢) SiugU-bit Gaussian reflection corruptc ' by a random phase sine wave
Y y p

100 samples 200 samples
Signal-to- )
P/A noise ratio 8 Al JJ e A/l
(6/2/A (volts) (volts) (volts) (volts)
. 0.20 0.458
0.309 0.436 0.20 0.458 o0 EOH
0.588 0.831 .
0.C09 1.143 0.343 0.30
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APPENDIX S

COMPUTER PROGRAMS FOR THE THEORETICAL DISTRIBUTION'S

PROGRA.1: Probability mass function of Xi(0) for the cross-correlation
of a single-bit Gaussian signal and a reflection corrupted by wideband

Gaussian noise. The prograir has been used for up to 500 sanples and
signal-to-noise ratios of zero to five.

01 DO 11 11-1,5

02 N-1CO0«l1 N is

cl 00 10 JK-1,9

od -

P §|GI_1U_K B/SIG corresponds to (g/o)
o} KRITE(t,1) N,Z,S!G

07 I FCfIMATAX, 'T/C:-',18,iX, 'BETA-

s P».$°(!-£RF(8/(SIG«1.did 22)))

09 SVM-0.

10 VRITE (6,2)

1 2 FORKAr(//5X,'BINOMIAL 01STRIB

12 WRITECG.i)

1 1 FORi:A7(//3X, 'PSKOMO X , 'PROB

Id N1-.1-N-1C-B .

15 DO 8 U-ri,N

16 M-N

17 FACT-1.

IS IF(J.LT.(N-J)J GO TO 4

19 NL-N-J

20 Z-1-P

21 'CIBJO-NTIE)S Evaluation of the binomial
> 6 N1-J distribution %Cp pr(l-p)‘~r
2d JU-NL (-PROB)

25 Z-P

26 5 DO E I-I,NL

27 FACT-(FACT*M*Z#(1“Z))/JJ

28 V.-M-I

21 6 JJ-JJ-1 X . X

10 EAWCTZ'FJACT ((-2)7e(N-77HL)) C corresponds to the threshold h
51; SUIL-SUM*FACT SUM is the Detection probability
15 7 PPOB-FACT

1d 1F(PROB.LT,( .1E*10).AND,J-GT.I

15 g HRITE(C,9) C,PROB,SUH

56 y FORFAT(2X,c7.2,5X,Eld.E, 8% S

17 10 CCNT IlUC

IS 11 CONTINUE

19 END ,

for all signal-to-noise ratios.

DIMENSION PMCOU.P'HOOI 1

ae

tND

THI 1 NTCMAL btTWEtN CCKKELalIU®"

NI is the total number of samples
hT*100» 1Z



A?PENDIX S

COMPUTER PROGRAMS FOR THE THEORETICAL DISTRIBUTIONS

PROGRAM 1: Probability mass function of "M(0) for the cross-correlation
of a single-bit Gaussian signal and a reflection corrupted by wideband
Gaussian noise. The program has been used for up to 500 samples and
signal-to-noise ratios of zero to five.

© *

€O 11 11-1,s

N-1C0*1 1 N is
DO 10 JK'1,3

‘gi;d'_'i“( B/SIG corresponds to (0/0)
WRITE(C,1) N,8,S1G

FOR' tT(IX. 'T/fT-'. 13.3X, 'BETA-".FI.Z.IX, ’StaM-VS.Z)
P-.5-a-ERF(8/(SIG-1. M422)))

SI'M-0.

V'R TE(6, 2)

FOR:AT!//$X,'BINOKIAL OISTRIG OF ERRORS FOR TAU-0%)

WRITE (6.1)
FORI'.AT(//5X,'PSI1(0),,10X,,PROB*,17X,' SUM')
N1-.1-N-10-B

DO 8 J«ri,H

H-N

FACT-1.

IF(J.LT.(M-J)3 GO TO 4

NL-N-J

Z-1-P

JJ-fIL Evaluation of the binomial
S?_IO 5 distribution NCr pr(l-p)--r
JJ-NL (-PROB)

Z-P

Co 6 I-1/1L

FACT*(FACT*f'™ 2. (1-Z)) /13
MM-1

JJ-JJ-1
FACT-raCT-((1-Z)**('1-2-N17) C corresponds to the threshold h
C-fl-2-J

SUM-SUM-FACT SUM is the Detection probability

the number of samples cross-correlated

IF(PROS.IT.( .1E-1C). ANO.U.GT, (M/2)) GO TO 10

WRITE(C,9) c¢,PROS,SUM .
FO-VAT( 2X,c¢7,2,5X,E II* ,6,8X,F 14.6 )

CONTINUE
CONTINUE
END

for all signal-to-noise ratios.

00Z
003

005

007

OH

DIMENSION «<I[COII.PAUQOOI I

»ir il
AND
u 0,;Sua!*|S THE inukvar DEIWEEN curNxeLaTiUNS

ktitRC
PI 1415927
D() 260 12% It 1°

NT*100*12

Nr is the total number of samples
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033

034
035
036
037
038

039
040
041
04 2

043
044
045
04 6
047
048
050
051

052
053
054
055
056
057
058
059
060
06t
062
063
064
065

066
0o 7
068
069
070

071
072
073
074
075
077
078
079
OnU
081
on2
Oe 3

10

(<]

®

SO

100

no

120

140

150

160
170
180

138

N« *'T- 5

M : N is the number of samples in T-i
SIC-1. N1 is the number of samples in t
00 250 13*1,10

8*13-.1

B/S1G corresponds to (p/o)
X**£P» 1S /1510%1.41421 1

X*2 *PI*1 AU
RUC*XX*U. /PIT*ARSINISIMX|/XI1
IAN«N*KOI | ROE equals

EAN ~ JHc &US Oh N PsUtIOLI ]
CU 10 1*1,4
XXX-2.%PI*[$21.%.01281

m\{;[{}:ﬁ *(N-1 1*1 UX*12. /PI I +AKSINISImXXXI/XXX) 1**2 1

vaR’ var*/, *(\-4. i*(n-5. I*.5*11HOEt**21 VAR is the variance of

Ae distribution over
SO*2 .+SC31 IN*.5%11 . *ROfcI*.5%11.-POEI I (T* T)

SO IS 7M STAS.Ut V. RESUL UNO FPC** CENTRAL LINIlI 7HM
4H177 (.,,20 1 M ,9, SIG

hOH’IAT ('l »,3<, “SA-PIL E NU*',7 7.1, 3X, *3*' ,F5.2.1X.'SIG*' iFb.31
WRITE16.3C1 kOt.EAN.STO.SO

FOR**A 71 /3X,* POE** ,E14.6,3X,"MEAN*1,F6. 2,3x,'S.D.» ' .F7.2.3X,'CF. RO
2CIINPUI.-.F/.21

po 70 J*I,N9

A*2.«J-N

WHERE A IS 7Mf VALUE OF 7hE PRODUC7 SUN
L pad) are the

PAW* 1)* 5*(ERF (Bi-ERFici I function values torthe sum
SuM*suN«pRw»ii of the N product terms in (T-%)
CCNTINUE

WHERE PRIJ*11 CORRESPONDS TO VALUE OF PSI 2J-N

PRIN ¢ 11*0.
PRI1I%*0.

FORNATI/IxI'Sun OF PROPS FOR CORR OVERI!T-TAUL*',E14.61
WORKING OU7 7HE BINUHAL DISTRISUTICN DUE 10*CCM UVtR

SUNI'G.
N2»N1-1
00 120 J1-I.N2
MI'NI
Fel. B
1IFI1J1.L7. (N1-JU I 00 TO 90
N4 #N1-J 1

imilar to Pl 1
I\ [j THE PROS THAT anv ONE PROD TERM IS *i S ROGRAM
T71%N4 N1 corresponds to N,
GO TO 100 M to M F to FACT
DH and P to PROB.
JJJ*i\I4 P*=(1-P)*SO.5 here.

00 110 II* 1.N4
r=|F*M1*21*(le-zi1l/JJ]J
MI*MI- 1

FM*I (7.-211%*%(N1-2.*N4M

J2«J 161
PIJ21*F
CONTINUE

PI 11*.5%*N1
DISTRIBUTION OF PSUTAU,.,

3% 1
the FOLLOWING
SUNE *0.
N6 1*NT/2 I
on 200 J»i A s s s
> Combining the two distributions

as in Appendix C(2)

i

Uu!:i..MMN GO TO 160

N5*Nle 1
@ 70 170
Aoip2oU!n*u*i-n C2 corresponds to the threshold h
SUPN* SUN# e |, plt (for h negative)
9

C2--N1*2.»J*2,
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08* M.=20%*( 1MZ)

OS* IFIC2.LT. I-H<iI| GO TO 200

067 "«RHC (6,190) C2 .f-kQ, vjNt)

0,0 c w UV XI1Z'iT' ',m

0°1 CO 2*0 J»l1,N7

092 PHO0»0.

093 IPtt2. #J), CT#IN-NI)I GO TO no

095 N8*N1*1

096 00 TO 220

0'-7 210 Nri«INT»2-2«j)/2

098 220 CO 2JO 1*1,)\8

099 230 PRO«PHu*P(r,1 *2. - T1«Pk(N-INT/2. )#j* 1

100 SOSE+SUobPRo ( et

101 (.3*%2. *j C3 corresponds to the threshold h
102 kki tt (6,is0) c3,pro,sumb (for h positive)
103 2%0  CUNTINUfc

10* 250  CUNTISIJt

105 260  CONTINUE

106 S1op

107 END

PROGRAM 3: Probability mass function of % (0) for the cross-correlation
of an analog Gaussian signal and a reflection corrupted by wideband
Gaussian noise. The program has been used for up to 500 samples and
signal-to-noise ratios of zero to five.

03 n*ioo*11 N is the number of samples cross-correi.atcd
00* @ 100 JM1,8

005 6*. 1*JK B/SIG corresponds to (ss/o)
006 Sic*l.

10 rOMMMI MX.'OISTItia OF PSHOIL.UNCLIPPCcO NUISE* NOISE¥*)
,0 % :in;"!s:3::r:0.',,5.3x,.,ET...,F5.2,3,..6. GM.*,,F5.2,

on p.-.5*11-12/3.1*159)* ATAN(tt/SICIlI
012 S.UMF<1<](%‘ .
gi: 30 }%{%A{iﬁ%% 'pskol'floxt *PROD »17x* ' SU4* 1
015 N1*e 1*N-10 *b
016 00 80 J'NI.N
017 M*N
016 FACT*!.
9 IFIJ.LT.IN-J) I GO TO *0
031 M.*N-J
022 Z*t-P
023 JJ*NL
02* cu TO 50 aee PROGRAM 1 for comments
025 40 NL*J
026 JJ-NL
027 2%p
030 MEMH
032 60 MCAMCT.(a-n**»N-2*ND)
033 CaN-2%J
03*
039 SO FORM*
0*0 100 CONTINUE
0*1 113 CONTINUE
0%*2 STOP

e , nf V/(i) for the cross-correlation

aand Gaussian noise.
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CO) HEAllc ~ €,<X,p,  *»t» <iVAn,xxx,STD,Bt,Cl,D.SIC,HCEl.«Ct12,R0E2
C
L n!' ir UMES THM ”VtB Thr WHULC COK.)EIATIU\ RERICU C TO T
C »AS TO OE DERWU) 'S S'NleF|T>»HM) I.E. CNLT diC CISTA IBUTICN
C
004 PI»A.»0A1AN!1,031
005 S1G-1.CO
006 CO no 12%*1,2
007 W¥20. 12
C * IS THE SAMOWIOTK CP THE SIGNAL
008 CT'K/TS.Mi
C WH-Rf 79.25 KHZ IS THE CORRCLATION FRtOUENCY
Sic I1*2*»pintau 0l is the sampling interval
on ROE*OSINIXi/x in milliseconds. X“ QT
012 DO ICO 111%*1,2
013 n* loo* 111 N is the total number of samples
014 CC SO 13*1,K s . s .
015 6*.i*n B is the signal-to-noise ratio (fis/a)
016 WRITtIfc,51 w
017 5 FORMAT 111 +,1X, « DISTRIaUTION FOR UNCI|OPEO ICISE*\rISE, kiKHZI*' F6
0ls ROE12*CASSINIOSCKI(XX1««0E>*2.C0/P1
020 E»N* <»ROE12
C WHERE EAi IS THE MEAN OF THE SUM OF N PRCDLCTS
021 VAR* 3. .
022 CO 10 1*1,4 Evaluating the
023 XXX.;.'PI*1*0T : : :
024 ROE I"CAR 5 INI OS INI XX<)7XXXt*2 . LC/RI distribution
025 ROEZ-0ARSINIXX*CSINIxxx 1/xxx)*2,00/P1 variance from
026 VAR«VAK#2*00*IN-1 [*ROt1*ROE2 eqn. (2.2.16)
027 10 CONTINUE
C28 VAR»VAR»2.*I 1-4.1*1 i-5.1«.5* I IROL121**21
029 VAR»VAR*N-IL V, | *%2
0)f STO-DSCRTIVAR)
0)1 SO*2 ."SORTIN*.5*] [+4ROE 12)*.5*11.-ROE12)I -
c SO IS THE STAN.DEV. RESULTING FRU" CENTRAL 11-IT THK
032 WRITE!6,20) N,B.S1G
073 20 FOR +-ATI/3X,'SAMPLE NO*', 14,3X,+8*' ,F7.2 ,3*, «S1G- ,F6.3)
0)4 WRITFI16.3D) POL 12,EAN . )
0)5 30 FOrMATI/IX.'"KO 12++ ,E14.6,3X,* MEAN* ,F6.2)
31 F8.4.3,,.CF. S.0. FOR ,ACEPEKOENT TEK,S*.,F7.2,
ol% 35 EOKMATU/eli,' FINAL OISTRIBUTICN CF PSIITAU3M
®VI 40 FORMAH //2X."'VAL OF PSIITAU.',4X 'PROBIPSI.TAL.I'.6*,' SUM CF PRCbS
) 1
04°? SUM*0.
043 IFIII1.E0.21 GO TO 45
047 GO TO 50
048 45 N3»45
049 N4»155 e, .
esc 50 co 70 j«N3,n4 nA is the threshold level
55] 0 iVIA*1.-1iaNI/IST)*DSCRTI2+00 11
053 Cl* INA-1.-EAN)/ ISTP.POSORTI 2.00)
054 pRO. . 5«!crRFiB: i-oerficii) SUM jg the False Alarm probability
C IH.T TH, PKOWI St. HI.L, ».
058 o CONTINUE
059 ° 90 CONTINUE
060 100 COiTI 1UE
061 no continue
062 STOP
063 END
, ,_hinn un(0) for the cross-correlation
PROGRAM 5: Probability mass u * ~ reflection corrupted by a random
of a single-bit Gainsian s* 9¢ ran, has been used for up to 500 samples
phase 3903 Hz sine "ave- ! e % " and unity.



302
303
304

006
007
308

009
310

013
014
015
016

019
019
021

022
023
024

025
026

027
028
029
030
031
032
033
034

035
036
037
038
039
041
043
045
047
049
051
053
055

357
059

061
063
005
066
067
068
06 >
070
071
072
073
074
075
076
07 7
078
079
030
0H1
08 2
063
084
385
01)6

06 8
089
040

(e}

20
30

200

40
50
60
70

90

100
300

110
320
3i 1

340

PI»J. 1 15927

A* 1.

DU <u0 11%*1,2

NTN*100*1]|
fU i60 Tl»l
K'll

,1o

f* 1./120.«0T1I1

141

NIN is the total number of samples

SAHPLING fAtERVAL.F-SINE FREujENCY

WI *NTN*f) T
MM«2*F*wT

ST*M.M/(2. «F)
S=AKSIN10/A)

DST*WT-sr

V(I«W\VAORH OURATKIi.FM.LAROEST f.fl OF EXACT HALFWAVES
[l 2 ’ A "o AP % £
ryfI% .l,?«_ Firl Ut ~P-MAUF WAVES.OST* tCrlAIHOc

X2*¥2.«X1

IFinsT.Gr.tI. ANO.OST.IT.X21 GO TO 20
Or T«f)ST*( 1.- 2. *S/P 1)

GO Til 30

CCT-DST*I1.-S/Pi)-I1S**2)/(A.*(P1**2)*F)-F*(0ST»*2)
Er-ST*I 1.-2.*% S/P1)¢OET

ET IS THE TOTAL PART Ur

IMF PART OF OST

EN*F T/OT
E3N»,NTN-EN

ST SP(NT IN ERROR 2CNt.0fcf IS

EN*N3 OF SAMPLES IN EFRuR ZUNE.EAN*MEAN OF SUM OF NIN SAMPLES

VAR *0.
KT-NTN-1

00 300 1*1,

MI

TA'J*1T*(NTN- I |

X*2.*PI*T4U*21.E03

KOE*12./P1 )*ARSINISINIX1/X]J

N'."-TAU/T

EXT* TAU-NN*!
AS SINE IS PERIODIC,CORK FUNC IS ALSO.Hf IS THE
OIFF bCTWFEN TAO L NU OF WHOLE CYCLES 1i TAU

0EL*X2
TI»-0fL*T/2
T2*)6L *T/2.
T3* T-OE L

IF10CL. "¢ .IT/A.11
IF UXT.iS1-. 10.01 .ANO.L XT.LT.OFL) GO TO 43

IFIEXT.GE.OEL.ANO.EXT.LT.Ill
1FIEXT.GF.11

GO TJ 200

GO TO 50
.6 .LXT.IT.! T/2.1 1 GO TO 6]

ROE”

IFIEXT.GE.IT/2. 1.AND.EXT.LT.T2I GO TO 7j

IFIEXT.GF. T2.A «D.EXT.LT.T il

GO TO 80

IFIEXT.GE.T3.AND.EXT.LE.T) GO 13 90

1FI EXT. 7£.10.C1 .ANO.f XT.LT. T1 1
IFIEXT.GE .T1.Ai.O.EXT.Li.DELI

IFIEXT.GE.T3.ANO.EXT.LT.T21

IFIEXT.GE.T2.AND.EXT.LE.TI GO TO 90
P»1.-2.*I0EL*EXT)/T

GO TO 100

R*1.-4 «<EXT/T

GO TO 300

R.-2.MEXTOELI/T

GO TO

303
p..?2.* I1.-IEXT*OF.L»/T1

GO TO 302

R*-|3.-4.*FXI/ 11
10, 8 .
J2.«IEXT-0tLim-1.

GO n 300
R=0.0

VAR*VAR » [*k*ROC

VAR»VAR*2 «

T

stn*sDP T(VAR i

Fol!iaA Trv?!1X,'DIStMB OF PS,10,

SUVF0.0

NINI*MTN*1

'S A irou

FOl

of S(t)

.0 TO 40 ..
GO 10 100 Defining the

auto-correlation

GO TO 101 function HK,(TAU)

VAR is the variance of

\ys(0) from eqn.

SI GNAI*S INEwAv E* 1

(2.3.9)



091
092
091
094
09 »
096
04 7
09 ft
099
101
102
103
104
1CS
106

PROGRAM 6:

340
360
400

142

Mf2»< 1-11-NTN

FrRoR<HK] -e*M/(STO0*1.4142)
Vy»«M-1,-CAM /1i1JH . ]

P* . 4* 11\F (1<) 1
SlK«SU4«P(X) (11<0
MI-rAN-hO*11

MB*t Al(»00* 11
IFIM.LT.M1.UK.M.CT.H21 GO 10 363
*RITt I(, 3901 M.P.SUii

f '"ftMAT(2r,, 15,4 *F14.6,2a,£14.6,1 Mis the threshold h, P is
CONT[Nut s the probability mass function
CONTINUE value at h, and SUM is the
g;(())p Detection probability

Probability mass function of Vp/T) for the cross-correlation

of a continuous single-bit Gaussian signal and a reflection corrupted by
a random phase 3903 Hz sine wave. The program has been used for up to
500 samples and signal-to-noise ratios between zero and unity.

002

034
005
036
037
03ft

039
010
011
012
013
014

015
016
01 7
01
019
020
021
022
323
024

025
027
029
031

035
037
039
040
041
042
043
344
045
046
047
048
049
050
051
352
353
05 4
056

060
062

100

110
120
130

14.0
150

40

AM.

DU 373 11*1,2

NTS.133*11

03 353 11*1,13

B-SINIP1/2.MI1.-.1*111>

S*ARSINCft/AL

A.PEAK SINE AMPUTUUE.B.SIONAl AMPLITUDE
FUR EXACTLY 11 SAMPLES /ERROR ZONE. NTNMUTAL SAMPLE NO.
0T*.01281E-03

TAJ*5.*3T

*.Z.*P1*21.E33«TAU

*0£2.* ARSINISINIX1/X)/P1

F»1./120.*DT)

CiT«S6«P1 INO 1STERVAL, F*SI NE FREQUENCY
TT-T/2.
HPHP) KGHP | p

VAR 1*0.
NA*NT N-5
EANGNTN»2.*S*ROL/PI

X2 corresponds to tpez (-25)

TZ-TT-X2
03 153 1*1,NA
TTL*INTN-NA*L-11*0T 1

® e Defining ROE2 as
'4<[(N-Na+i)Bt]
- 1 1 in eqn. (2.3.19)

FOE2*IX2-TIl/TT

1
R%EEI*]IZ.SE?XZ-TH TT
GO YO 150

R3IE2*IX?-IT*T11/Tf

GO 13 153

VARI’ VARl *INA-Le11*RUF7
VAR WAU*2 MROE**21

ND*NT 4-NA-1
03 90 s5+*1,NO
tL*A*01

. ROEI* Al'.XiBt) in eqn. (2.3.19)
Mn**"1AUnnnun/Ai./M



266
063
069
070
271
072
073
076
075
076
077
078
079
030
081
082

086
066
088
090
092
096
076
098
100
102
136
136
108
110
111
112
113
114
115
116
i
1€
119
120
121
122
123
124
125
126
127
Db
129
130
131
132
133
134
135
136
137
138
139
160
141
142
143
144
145
146
147
148
149
150

50

60

70

80
9C

200

220
230
240
250
260

270
260

290

143

I, Defining ROE2 as
3002712 *X2*TI)/IT \Wt(i6t) in eqn.
ROE2*IX2-IT»TIl/TT (2.3.19)

GO TJ 72

R0OC2-3.

VA31-VA91*(NTN-K1*31)c2»(ROEl«*21*2,
H * ® Q% * %
iVéA)-)t;rt\é/;Al NTM*S*2./Pl-(rAN**2t VARI corresponds to
IS-1-K? var in eqn. (2.3.19)
VAR2-5. ncz
MM«NTN- 1
DO 272 LI.I,mm
TTI«LL*0T
TI.AMIJJILir.TI
IMx2.GC.IT/6.11 GO TO 200
IFM 3.Gt. 10. I.ANO.T3.LT.*21 GO TO 210
IFIT3.Gt.X2.A\0.T3.LT.T21 GO TO 220
IMT 1.GI.T2.A. .T7.LT.TTI GO TO 16
IM T3.GE.TT.\.3.T3.1T.T6I Gu TO 260
IMT3.GC.T6..V O.n.LT. TSI GO TO 250
IMT3.GE.T5.ANO.T3.ir.TI 07 T7 260
inD.CE. U. I.LANu.T3.LT.T21 G3 TO 210
IMT3.GE.T2.ANC.Tj.LT.X21 GO TO 270
IfIT3.GC.X2.Af"'. Ti.LT.TTI GO TO 230
IfIT3.GE.TT.ANO.T3.LT.T51 GO TO 260 -
IFIT3.GE.T5.ANO.T3.LT.T6) G3 TO 2/2 Defining R as
IMT3.GE.T4.AN9.T3.LE.TI CD T3 260 \pj(i6t) in eqn.
K¥ 1 * 1X2M31/TT (2_3‘20)
CD TO 283
R»1.-Z.»T3/TT
GO TO 280
*»-1T3-X2I/TT
GO TJ 282
R»-2.*%1!.-n3*X21/TI
GJ] TD
R.-1 3. 4. *T3/T1
CD TD 282
R..T3-X2I/TT-1.
GO TO 280
*+0.0
A2-2.M*21.EC3MTT
R1«2.*H$SINISINIA2I/A21/P1
VA32««/A<2*INTN-LL)*T»K1
VA*2»VA<2*2 *NTN*tl.-2.*S/PII
VAR«VA31«VA<2
STD-53XTIVA’ I
5V«6TO*SSRT12.1

RI* 3p,(i5t) in eqn. (2.3.20)
VAR2 corresponds to
var in eqn. (2.3.20)

?7;idnMs)ix,-0isTMB OF PSim FOX $ICNAL*SINE*AVEM
FO"'AT(/IM'SAMPLE,NO-"',14,3X,«BETA.«,F6.4,3X,"A.',Ffc.41]

5Uh»0.0

DO 340 J*I»80
M=02-2*
X«IM*1,-FAN 1/ §V
V.IM-1.-EAN1/SV

P, tE*F;XI-ERH n I

Sirc. SUM»P M is the threshold h, P is
the probability tnass function

%EJ)IEIIT'IIII\IIB% value at h, and SUM is t.e

STOP False Alarm probability

END

e



APPENDIX T

THE DESIGN OF THE CROSS-CORRELATOR

In this appendix some of the general points in the design of the
single-bit digital cross-correlator are discussed. The detailed drawings
of the circuitry, printed circuit board layouts, etc., have not teen
included as they are of no vital importance to this thesis. They are,
however, to be found in the separate manual that is kept with the
instrument.

From consideration of the correlation function of the narrowband

Gaussian signal (Fig. T-1) it was decided that the correlation function

lation function of bandlicnted
FIGURE T-1 Normalised auto-corre

Gaussian noise.

least every (1/4fy) seconds. For real timg oper-

ahould be evaluated at

pling rate at sauples/sacond, i.a. 8

, 10%
ation, this set the sampling rate at

8ian signal with a 20 kHz cut-off frequency.
sample,/second for a Gaussian signal

. . Thus between
serial processing was chosen.

For economy of circuitry .>eria

each sampling instant tho
shift registers to perform

be procrssed and displayed.

144
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counter with the code controlled by an Exclusive-Or ga-e having

md + as inputs. With a sampling rate of 80 kb., the tii-c between

samples is 12.5 >is, and of this it was decided that 10 p.3 woulu be ast.d

for circulating the two waveforms, and 2.5 ps for processing, displaying

and resetting the counters, etc.. For 200 sanple cross-correlation this

set the necessary shift register and up/down counter clocking tates at

20 MHz.

The narrowband Gaussian noise source chosen was a Sescosen 4.3 volt

zener diode operating in the knee region. This was found to 1 very

large noise output extending up to well over 1 MHz. This was amplitieo

and passed through a fifth order elliptic filter having less than i dB

ripple in the pr mnd, cut-off frequency around 20 kHz, and having a

response more th , *0 dB d,wn at 25 kHz, and more than 35 d3 down above

that frequency. The output of the filter was re-amplified and fed to

the compa or feeding the reference signal register. The fvc ~y

spectrum =£ this comparator input (i.e. =£ (,,<£» is shown in H,. 4-2

on page 70.

Figure T-2 shows the instrum, nt in its present form as a general

purpose single-bit digital cross-correlator. It has three operating

modes:

(a) AUTOMATIC - Automatically feeds in ICO or 200 reference and received

waveform samples (single-bit) and cross-correlates the received vavefom

with the reference waveform up to the delay set on the selecting poten-

tiometer (up to five seconds); it then feeds in two new sets of samples

and repeats the process, etc..

(b) THEORKTICAL - For verifying the mathematical predictions; i.e. it

feeds in 100 or 200 reference and received waveform samples, and then

cross-correlates the received waveform with the reference waveform six

times, fee 1 0D WP toT- 5/«V " W.W is greater than or equal to the

h thrr.‘)..bold h fort- 0, it pulses the Detection counter, and ,f V.(t)
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is greater than or equal to h for x= 5 /4f”*, it pulses the False Alarm

counter. It performs this set of ations N

2 3 7
set to 10 , 10 10

times, where N- can be
, and then stops automatically.

(c) MANUAL - On pressing the START button, it feeds in the reference and
received waveform samples and then cross-correlates the received waveform

with the reference waveform until stopped manually.

There is a SYNC output for triggering the oscilloscope used for the visual

display, and the cross-correlator can be externally clocked.
A block diagram of the general operation of the

instrument is given

in Fig. T-3, and a simplified schematic is given in Fig. T-4.

>>>»n»»

) ) .-correlator in its present
FIGURE ]1-2 The single-bit digital cro..
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AUTO- b+art cross-correlating and

continue for time t, as set. Then
take new set of samples and

repeat automa ically, etc..

THECR-S tar t ¢ css-correlating and continue for 5 shifts of the received
wave for th.-i feed in new set of samples and repeat. Stop
a*"r » ' etc. .repetitions, as set.

VAN- Start cross-correlating and continue (with

same :et of samples)
unti I stooped.

Van Theor Auto "Kkeor Van

IVVIV Recelved

Reference
start

waveform waveform

circulate sa~:'es once
Overall Control

%%
Feed in 100/2.0 shi

samples to both
the re:':-

start crcs>
correlat'rg

clock I/shift

Theoretical simulation
processor

Central mer
jnt 6 shifts of the
wived wavefor-. In
ft T (1«0) enable
faction coun¥*, or

Process
;ft 6 (T-SSt enable
se Alarm count.

Detection
count

Fals" Alar"
count
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(<) Thu norntiil v.iv.l, haxin" (he matrix of the linear Mock
Hurwil/ian, but Re [II t\i] 0, . R. [i] 0. We iutroduee the
function ir'(.) H"(s), where I n# sau.-lie. the condition
of cqn. 7, and, from expr. 8, for Il '(,v), xvc have

"0 Lo (19)

Ref (I ><u<)U J

*0
Using the same notation as in the previous cases, we have the

condition of stability (i.p.s,):

X - ()7 — =5 0 s (20)
Ao
hxpr. 20 shows that, in this case, the condition of stability

is the same as in case (/). Thus the frequency absolute*
stability criterion, may be applied to a large class of s>stems
with a modified formulation, where the m.t.l. may he to the
right or to the left of the pi
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SINGLE BIT CROSSCORRELATION FUNCTION
OF SINGI.F-BIT BANDLIMITED GAUSSIAN
WAVEFORM AND TWO SIMULTANEOUS
REFLECTIONS CORRUPTED BY NOISE

btdrxing terns  Corvelation methods. Signal <, teetion

The densation nf the ingle hit erussnirrelalicu function of a
single hit h.indlimited (i.iussian waveform md two relleetions

corrupted i> wideband Gaus m noise is given. It i. seen
that singl. ha v ueforms should not hv wu-ed in single-Inl
crosscorrelation deleslor- siren low extraneous noiss. levels

and double simultaneous reflections s n he expected

In a previous letter,1 the single-hit crosscorrclation function

of a single-bit bandlimited (i.tussi.in waveform and one
reflection corrupted by wideband noise was derived In
many practical crosscorrel.ition detection systems, however,

situations arise where two or more reflections arc incident on
the letter, the

single-bit crosscorrelation function of a single-bit bandlimited

receiver simultaneously. Therefore, in this
Gaussian waveform and two attenuated, delayed reflections
corrupted by wideband (iaussian noise is derived.

The two waveforms being crosscorrelated are

(1) = SZN [/4 (<)) o @)
and

NV2(ferr)  sgn (v L(tiT), L V[(t+r A Lt D] (2)

where /,(() is Gaussian noise, bandlimited to

ojln hertz and having variance v’; nil) is wideband (i.iu .tian

ELECTRONICS IPTTERS  6th Much 197b Vo! 1I No. 5

zero-mean

noise with zero mean and vaiiance a’, and /and yare attenua-

tion factors. Ihe crosscorrelation function of A|(t) nd

aj(i fr) can oe written asl

» At 1 e 3)
where P, + is the joint probability of .v,(t) and x.dtT-r)
both being equal to fI. For v.ff tr) to ixlequal to 4 I.
either
(a) I>\,(t+"r) /I, y.v,(i+r +A) - yand tt(t+r1) > ~(fl+y)

(b) //.vt(< +r) Pyxi(f+ r+ A) = -y and «(<+r) > (y-/?)

(r) /ft,(r ir) /I, yv,(f-f r f A) yand «(<+ t) s (fi-y)

(i) PA{(l fr) fi, yx,(tit+ A)r - yand

nD +r)'""{/) + }.
fJO /s, vy, and y., »=/.((-t t+A)/.v,
R .. istherefore

Letting y¢ fi(t +r)ls

Pt Afly, > 0,yj > 0,y, >01 /' {«((+ 1) ? -(fi+}y),

4Pyt > 0, y, 30, y,< 01l P{ti(t+¢t) O (y- f1)
tfly, » 0, y2 <0, y} > 0] P{n(t+x)> (fl~y)}
< 0,yj <01 /"[«(C+ 1) > (fI+,)}

)

+/ 1y, >0,y,

Nowl

Ri), >0, >, >0,y, >01

i b~ (Sin Ip,a+ Sin '/>,, + Sin 1 (5)
where pu is the covariance of y,and y2. and />,, and p2i
are similarly defined. The other joint probabilities in eqn. 4
may be derived by noting that

P{)i > 0,y2>0,y, <0) = Ply, > 0.y25. 0. - yt # 0;

10
.05
- 1bniix>b
“9tr 43ir =0 Bw-bn -An 3zc 200 -n 0 n2r 3o o4
6 <ABI
/s
P-y 0-0.Ci-bb Wviiu
-8n -Tirfn bn-An 3¢ 2r 4t 0 n in An A
.07
P-Ir=(h0:L,A: ¥'Sp/iub
-tn -Sir fir -on -bn-An -4ir -2r -n 0 n 2n » An

d w

1/fx000:0Vv4S" *

M vy n-An-An-n n 0 n 2nin An
Fit) 1 Single-bit crosscorrelMion functions of single bit
Gaussian waveform and two reflections

113



Noting also that the covariance matrix of t,, y. and - v, is

1 Pu ~ Pa

it follows that

fit, > 0, Vj SO. - y, s 0!
1+ [Sin ' - Sin Sin 1/,j,] (6)

The other joint probabilities in cqn. 4 can be derived similarly.
Also,

Pin(t £t) - (J<+3¢);  Vijlderf | 7 ij 7

whe, ¢
«

crf(R~ * 1 e'""Sdu
' HOJ

Deriving similar expressions for the other probabilities in
cqn 4 involving ;i(r + n and substituting into cqn. 4.

r,* 14 A Jerf| A, j[Sin"1pi: Sin 1 +

erf [ ~ A {Sm" 1p,2+Sin'l/q,!' | (8)

f12 is the sameas the normalised autocorrelation function of
f,,(1>. i.e. /drl.
from cqns. 3 and 8,

Similarlv./),,

vt ,.(r) —— Jorf | Al Sin" 1/>(r)—Sin ' p(T mA),

;Sin*' />(r)+ Sm >r+ All 9)

As the extraneous noise n(i) tends to zero, v, ;) becomes

critically dependent on the greater of /<and . lorn 0. if
> eqn. 9 becomes
“ — Sin'l/>(r)
and, i(y > P,
o/«, ,,(rl - — Sin 1/<r+ A)
In other words, only the larger of the two reflections will he

detected.
waveforms should not be used for single-bit crosscorrelation

The conclusion to be drawn is that single-bit

refection detection in applications where low extraneous
noise levels and double simultaneous reflections can be
expected, as there is a definite chance that the smaller of the
two reflections will be missed, even though it may only be
slightly smaller. This, incidentally, applies to the single-bit
crosscorrelation detection of any single-bit waveform,
pseudorandom, square, or whatever.

Lqn. 9 is plotted in Fig. I for some representative values of
/2, o, n and A. /,(;) isassumed to have a ‘brick-wall’ frequency
spectrum from zero to <h/2n hertz.

An extension of this type of analysis to more than two
simultaneous reflections will not, in general, be possible. The
reason is that multivariate normal distributions of order
higher than three would be involved, and it is only in excep-
tional circumstances!l'* that joint probabilities of the form

ofcqn. 5 can he evaluated evtell) in this ease.

I. e. hovvapd ! - 31*1 Jttniinry /97T

Diportment ol I U(tried! I nai.wcrin//
L'nit'ersii) oi lin' Illnu jwrsn/mi
Jon Smut' Aveillit', lohaiiiirrhnrg, S. Africa
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is the same as p{r xA). Thus,

Rcfi-rencvs

HbWA*n. J. i : T'mh.ihilin ttislrihulion of the trosscorrelglion
function of linite-Uurulion sinule-bil random w.neforms', Hrciron.
19720 X, pp 5%0 562 mdl rrjtii. L/e«/.. [f7TV 9. p 72

2 MMivLl. I i, ,und mi ARI. . flu adv.i-' .'d tliei'iv ,*fstatistics
Vol. I Di-iribution llieor;"' it hatlev (iriilin. l.ondon, 1963, 2nd
cdn.l. p. 352

7 oi tta. s s.: ‘Probahilil> inicgrals of multivn,iate normal and
multivariulc i". N Sl«r . 1963. 34. pp. 792-X39

4 cinst,. vi < :'The clipping lowin corrcl.mon dcleciors furarbitrarj
signal-lo-noise ratios', [l Iran'., [46X. 11-14. pp 3X2 3X9

TRACKING SENSITIVITV; AN ALTERNATIVE
ALGORITHM FOR LINEAR NONRECIPROCAL
CIRCUITS

linfMigicrmi’  Giinpuldrr-tii led iirt vit anal"'is. Linear network

V previous algorithm by Icunp and Spence for computing
component tracking sensilivilv is oix monnlly incapable of
application An alternative algorithm is presented that is
always applicable and which is 1 lieved lo he computationally
more attractive than I euny and Spence .lore,reams containing
of the order of 2d or fewer nodes The similarity between
the e techniques and some earlier work by Branin for
computing the Sieade slate a ¢ analysis of a circuit is also
poiniedjout.

Imroilnction: In a recent letter,] I eung und Spence develop
an algorithm for obtaining the 'tracking sensitivity" of a
transfer impedance with respect to large changes in some
global parameter A. e.g. temperature.
volves reducing a particular matrix to diagonal form by means

The r technique in-

of a similarity transformation; a process that is occasionally
not possible. Ior example, if we try to apply leung and
Spence's algorithm to the circuit shown in 1ig. I, with the
component values t, and sensitivities shown, we find our-

selves trying to diugon.Tise the matrix

wh'ch is impossible. In this letter, we point out how this short-
coming may be easily rectified, as well as providing a tech-
nique that is believed to be computationally more attractive
than Leung and Spence's for circuits having of the order of
20 or fewer nodes. We also point out the connection between

rig. 1 Qrcuit example tor . hich Hayonnlisation fails

I .title 1

Component Nominal Sensitivity
g value coefficient
Al cist ] bsi A) pix Vi
s
g\ 1 !
Pl 1 1 1
Cm 1 w1
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Consider ithc two wavel'onns
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in determinii,,- the

ledyc of this disirihution is essential
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in vqn. 2, and substituting cqn, 2 into cqn. I,
cerf

IItL autocorrelation function of .v-") is derived similarly as
- ferf (/.VIX 2)J2/) (1)

Consider a uigital correlator. \
and

samples, St apart, of v,(i)
v2(f I-r) are stored, and the products of conesponding
sample pairs are added to form the crosscorrelation operation,
i.e.

V'n(r) X V(L) v,(t, +1) (5)
"1
IThe distribution of !,//,(r) will fx- considered tor r 0 and
jrt > 0.
For r - 0 and no extraneous noise in .\,(t),

since all the product terms arc t I. With noise present,

Vo(0) will be reduced by 2 for every instant ¢ at which either
u;) /»((,) > +/? when /fvi(t,) /T or (/») m(i.) < /f when
v,(t,) f /y. The probability of < or / occurring is
I terfc(/t>r\ 2), which, as «(i) is the wideband Gaussian
noise, is independent of Hence the number ot times ¢ or />
in X instants follows @ binomial distribution’
mean Vp,

occurs with
Hence </n<0) will also follow a binomial distribu-

tion with mean
V'in(0) > \ —2.Xp

Xtrup rrl 2) (6

Ihis agrees with eqn. 3. and

Fig. 1 compares theoretical
experimental distributions of i,"0(0).
Tor |i m0 over the period r, to <i\ r). v,11,) U bviny

crosscorrelated with sgn (/?i i(r, r)+rr(r, I-r)j, and over the

c 10'
0-5
co
H
20 40 50
rrosscorre: dor output * DIfT)

Fui 2 Probability re:r.., fishUions of Jfor 100 somplcs
theoretical point, joincil »ith a cmoolh , tic

h.-tt'.-Hv i*

s i ctp<rimenl«Tl

fel,ECTftONICS LITTERS
X
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period (i> r) to t\ with sgn {«((, t-r)i. Hence two distribu-
be derived, their the
distribution of Vi/r). (<r) Fur the period r, to (r> -r). us a
large number S’ of similarly distributed product terms arc
being summed, the central limit theorem suggests the distribu-
tion will appri .ich normality for X > 30.

sum will he

tions must and combination yields

lhe mean of this

ft Verft/jiffv 2)#>tr)

)
where' m*

2

/Hr) sin"1(sin (m»r)/w* r]

Fite variance of the sum can be calculated from

Iw
var "

v2(f, 4 1)]
u-i t

i ti

v
1 v.d.) v2(f, ‘1) L jk vtdi)a-iriern
* i !

v

I 1 ai Itj) v,3(f|4 ).

42f (i: 'V xi(t)x I(ti tT) \i(ij)xi(ijir)] ~nl

J>t

\' /A 42V V F.gv.ft) x,(f,4r) v,11/A3ft2+r)]

J=1

(Y

ZIA ti.fA (r, f 1) v,(f)HA1(1v+ 1)l

= Pt+ht —P+¥* o fic -+

et > + P 9)
where P ., + / ")) F vi(t,+ r)y=1, vi(f,) 1,
v2-1;4r) V and / , > etc.

Assuming | < ihe number of zero crossings of v,(i) or

interval is independent of the number in
overlapping interval, these joint probabilities
may he calculated as follows:

i til in any
any other t -

(rp ¢t m(t, t o, so that the nonoverlapping intervals are t,
to r.tyto (t,4 r) and (¢, 4 r) to (lyfr).

/75v, (i) = 1y Pyvi(iy)  1]v,((G) - H

> /' tiff, 4 1) 1I-tidy) - 1II

X /,:v.,(fy4-r) 1j Aiff, 4-r) 1}

u;l 4/diy-f,)! 1(1 tL/, ,.(M r ty)

x til 1 D e (10)
Similarly,
"o, YL 4-p(tj -f).114-11,, , 11,4 T tj),

pitj 1)V (f, h) * V',

x {I- Vx0y+'D)

Hence, from cqn. 9.
vy v (O FT) v,(y) 1,01, t o)

(/;: j wm(I, 4r). SO that the nonoverlapping intervals are f, to
(I, tr), (i, “r) to ¢, and ¢ to <1,4 r>. As before.

/miv,!) V,(I, 4 1) A,(ly) ',((, 4 T); "Ij, /1)

All the values of v/,,, (t, 1i,l are known from cqn. 3.
hence the variance of the sum of \
Over the period d,
correlated with ' :ti 4 r)
of the sum of these (> \

and
products can be found.
r) to f>. a signal s ,(n is being cros>-
sgn {»U4-r)$, and thus the mean
) pioilucts is zero, and. since each
product term is independent, the sum is hinomially distributed,
lendin : to normal as (\

IV-Y )

V ) increases, and with variance

561

are similarly defined.



Ihv output of the corielator is the sum of the \ ' unit the
(X .V) products, so that the distribution of v, (r) can be
obtained by combining the two distributions leriscd above.
If, over i, to fx, x2(t-t r) sgn i//(i ! r);, y//)(r) would he
blnomially distributed abo t zero, tending to normal for
large X, and with variance V.

lor scrilieation of the theory, a crosscorrclator vuh
N i I(K)or 2U0 was built. The cutolT freijluency of f'Ji) was
12 HI /vs and r ">x 12 HI /vs,
giving X = V5 or 1V5 and a variance, from eqn, H, of

1”21 kHz, sample spacing /=

vur V' —v2+ 2{(X, _ DV/il,J(H)+ (X '-2)y/;i,,(2.8/)
+ (X'-3)v/i, ,,(3di)+ (X'-4)y/" ,/4<h)

T i(vV'- 4)(.V'—5)yz,,,, (1)}

The theoretical and experimental results are shown in Iiy, 2
Ior clarity, only those foi V ’tX' are shown.
agreement between theory and experiment was obtained with
200 samples.

These probability distributions for

Similar

* 0 make it possible
to predict the detection and false-ala.m probability of the
correlator operating in a noisy environment, and hence to
have a measure of its reliability and to compare it with othct
systems.

Work is at present proceeding on " : analysis of the cross-

HIGK-POWER AVALANCHE IliVIPATT
REFLECTION AMPLIFIER USING THE
RUCKER COMBINING CIRCUIT

Indrttint  terms: IMPAIT desires, Mlrrossavr umphjhrs,
Steldllty

The i .elysis Vx Kuroki.wa of the Rucker inuhidevice "m -
mciricdl oscillator circuit has been appbed to the dc’igi ol 1
single n led hi. It-nowc. ISIPAIl .imphlier It is m o«m lhat
the Stahilns .-I the ano-titter rfslme . in he predieled Horn a
simple ia. nit pindel. Vn txpeiiinenlal circuit ha sue.e sWUy
dei.tonsiratcd the different circuit regimes when operating in a

single coherent mode.

The oscillator circuit proposed by Ruckerl to combine the
output powers from several active devices which share a
common load was analysed by Kurokowa wusing an eigen-
vector approach. It was shown that the Rucker circuit vou-d
be operated in a single mode with the appropriate cneuit-
loudin.g conditions. In this letter, the analysis has been
successfully applied to the design of a single-tuned high-power
reflection jmpati amplifiv and locked oscillator.

There are several approaches which can be wused to
coherently combine solid-stale di.v evex. lhe hybrid rite: and

3 UB coupler4 offer a relatively simple method of combining

hies
network /

rrrrrr

r.ooxlol oirl.ne

(lie te
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correlation of I-bit random waveforms, and its application. M
the measurement of multipath rcllections and similar prob-
lems in the fie’d of acoustics. 1

IThe author grateMly acknowledges the in aneial suppoft, in
the form of a scholai hip given by , M u Vis Ltd , and the
assistance riven by the members of the I-.ichs I lectroiins
Laboratory, in particular Marty n Schrire, in building up the
correlator. He also acknowledges the helr and guidance
given by his supervisor, Prof. II. L. Hunruhan.

J. K HOWARD fX ro/n'i /yz2

Depwintent nt IlfftnKil Lnghueiing
Inivtiul\ ofIhv Uiuvutn siwid
Jon SwiwVs 1i, vive, Johannesburg, South Afiira

Kt'fi mires

I .. ‘Meihem.. .l ANAYSIS of ranaom MW IN -Selected
nn noise ami sii shastie proci«scs (IJover. 1'/54), p. !-s
joo imi s, i 't he correlation luntngn ol a xme w..ve plus

ii. -..,n nui'c ufiei extreme slippmB', M. RANS., iv>u. 11
Cixxxsny VI and vIIISHI (K. o. f.: Threshold signals® (M cGraw-
1 VimniVs." J V'-1 12’ axix-crossng intervals d'' random fumnctioi/.".

5 UHXSI v w 1 1.ifllim’iHalsol applied probabiliiy theory" (McGraw -

V oiik. , ees I 1 on mr appiitahilils and limilaiions ol inc cross-
coivl. -ion and iros- spectral density technigue*. Ilnol & A/u.x
/,/m ST 1970. 4. pn 1 27

two separate amplifier modules when the amplitudes and
phases of the signal are carefully matched. For several
modules, this circuit technique can become physically
unwieldy. Lite fabrication of parallel arrays of diodes in
which the arrays are formed in a single diode chip and
mounted in a package has also been successfully applied for
high-power operation This approach, however, eventually
-uflers from its limited capability in heat dissipation.
Paralklmi; individualh capsululed devices closely together
has been shown to work, although, in the cxpcrierwu ol the
authors, when more than two devices are used, the citcuit
becomes very difficult to stabilise in a single mode owing to
the interactive coupling between each device. In Rucker’s
circuit, the power-combining properties form an integral part
of the circuit itself. 1he active devices arc physically located
half a wavelength apart in a coaxial-line configuration and
separated by a Stabilising resistor. The circuit behaves in a
coherent way, as though the devices were connected in
parallel. For those high-power applications requiring a low
external Q factor, such as an amplitiei or locked oscillator,
Rucker’s circuit has the necessary attributes.

Kurokowa analysed the it port </t 5) symmetrical Rucker
oscillator circuit, and determined the eigenvectors and conc-

corbon
rpM Stor

riq. 1 Schematic of the
amplifier-combining ciicuit

capacitor
probe

tuningq

assembly
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conclude anythin'; about the far -.idelob-s. It niktht therefore
be lieitc not to make the approximation that the /. pattern
k circularly symmetrical, hut a.lso to consider the efleet of
the crosspolarisation field components.

2Jv/l Jamtury 197V

H A.J. M. van itoot

Labe "*itory for I'tictronic 1), iflopments ofthe Arnh tl Force*
Ot%'stycc.st. Seth Ilands
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PROBABILITY-DENSITY FUNCTION OF
OUTPUT OF SINGLE BIT CROSS-
CORRELATOR FOR DETECTING GAUSSIMN
REFLECTIONS IN NOISE

/m.Vvine Icrtm ( ,rmtutor- ;.. " w~osioy velrcian

The detection errors of a single-bit di at vrosscorre'ator
for detecting baiullimiteel Ci.uissian reflections in noi-v .ire
insestigatcd, and the probahilits der.Mt junction of the
correlator output due to linhv-ink ul cro scorrchtion | &%
corruption of the res,wed waveform In wideband Giiussian
noise is derived and compared with experimental results.

fitc use of c/osscorrclators foi Uctevtmc; landvm waveform
reflections it well established.' Although sophisticated
crosscorrelators are available, the single-bit digital serial
crosscorrelator is of great interest, owing to its simplicity
and inexpensivcncxs. The detection reliability of such an
instrument is most readily assessed h\ an ex; mination of the
distribution of its output that results from the finite con elation
interval and the corruption of the received vaveforrn by
n use. In a previous letter,2 this distribution was derived
for the single-bit crosscorrelation of severely clipped band-
limited Gaussian signal and an attenuated reflection corrupted
by wideband noise. Although sevctely clipped waveforms
ha. the advantage that their peak and average powers are
the s une, the original analogue waveforms offer the great
advantage that their transmission-hand.'-idth requirements
are considerably less than those of the severely clipped
versions. In this letter, therefore the probability density
function of the single-bit cro .orreh'ti t function of full
analogue bandlimited Gaussian noise, and an attenuated
reflection, corrupted by wideband Gaussian noise, are
derived. This iscompared with experimental results, and the
detection reliability is shown to he worse than if the clipped
wavcef it is transmitted.
Consider the two waveform

r,m —en /(6 sgn'Tjft)

i 1r) gn ;/?/,,« I r) I nil 1) sgn Iv3« > r1)j

()

where f,, (i) is a random Gaussian waveform of /cro me in and
variance bandlimited to ¢ ”ifr hertz, and alt) is wideband
(iaussian noi -eofzero mean and van nice et} f is an attenua-
tion facloi anil fjt) and /i,(ifr) follow a bivariatc normal
distribution, and. for the ; trpo vs of con,, ulation. v,(/ i t
may he regarded is a Gaussian waveform bavin; the same
,amplitude distribution is rir). but with it mean value
shifted to/tfr i r). Hence' v, )and xft r r) vvill also follow a
ebivariatr nal di tribuli ui with mean [(). nit t r)| and

Fitr THO'W.JS 'Frrsrs 21 >March 1974 \/ 10 No 6
\

correlation funcnon oi u;
4+ - 12)
where , is the probability that x(U) > 0 and .x;ft t r) > 0.

averaged over all 4ff t-r), Letting a<f + r) /1,
@ PC

2,/1'M ,S' 1 “J

Evaluating as in Reference 5,

@

where

Of.Ix) J nlil!) du

by

Z'""rt4;A (Vh,," "VV"Y'Z'!

Averaging I' . over all // gives F.,:

SR 2fr %0 (2//,4 Df2m/«l)*

[yiSil"-*-*'

where4' 6 pfr) - p - sin (fi»r)/t9»T. Substituting in cqn 2.

2
V.-.r/r) A lint f

10

id5
\ ;1-3 v
10 to t(’) 50 60
crosscorrelator output WT)
Fig. 1. Probability d ; fy function:; of Vo (0) for 100 samples

| xiwimental points joined >' 4 :mu »th virve

il



Considering the autocorrelation function of Ji) yields

T ,in" I'l'% >e**}

which ai'.rccs witli the result of I hre.

Consider a digital crosscorrvlalor. \ samples, St apart, of
Tiff) and r2(f i r) arc stored, and the products ol corresponding
sample pairs added to form the crosscorrelation; i.e.

¥i(r) v -jjr, 4 ) 7
i-1 (7
For r ” 0, it was shown in the previous letter’ that the

number of instants A", at which n(t) causes the sign of

lifji) i n(t\ to differ from that of /,</) follows a binomial

distribution with mean N/i and variance AptI p), where

p = pro6 Iff'M j.M ,) < 0}

1 f
is\/(2n)' ALY\ (In)
fis\/(2n)" Qlit\ (In) J

expf-2/mrjdt* ¢ 'pi~y*12(Ps)}dy  (8)
Expanding the inner integral in a Maclaurin series,
P~ | — —tan-1(iSr/(y)
and therefore

t/ot0) a (N —2iVp) = A ~ tan

(S . Q)

which agrees witheqn. 6. Since AAVDtO) -- A 2\ .1 is

P{]V, eror instants}, the distribution of ],/11(0)
can be derived directly from that of Nz fig.

equivalent to
1 compares
the theoretical and experimental distributionv of / u(0).
Unlike the
duration 7

previous case,l where burst waveforms ol

were hansmitled, /,(t) was transmitted con-
sgn IA"(<+ )+« (»-tr)} c m

the whole crosscorrclation interval 7.

tinuously, and hence z2(r + r)
Thus only one disti ibu-
lion has to he derived for |t|] > 0. The sum of the A products
will behave like that of the A

tending to normal for large A, with mean and variance given

by

products in Reference 2,

/t =

and

var {v/,)fr)| V- /<¥+ 2 A A
) J ff1
E(z,(fi)zi(fi+ r)r,(/,)7i(fy t r)} (II)
It was shown in Reference 2 that
Tz, (tj) Zi(lj + 1)}

jV./h L) 0< <+r

/1)1 0>/,bT

Expanding the double summation and collecting like terms,
*_IW_I

varlv/D(T» - N -/t,+ N,,(A,, " D1ly*/rM 1t2 "

(A-)tr,,(Mt)yy,/n) (12)

where tp./r) (2/.1) 'in-1

samples in the period Ir-T.

(/j(r)] and A", is the number of

Theoretical and experimental
distributions of v'o-'r) ate hown in I if. 2,

To verify the theory,
A 100 or 700 was used. The cutoff frequency of /",(/) was
21 kHZ, the sample spacinp it 12-81 //s and r
A, *)5 or 195. Simitai -igreement was obtained between
theor., ano experiment with 200 samples. Comparison of

a digital crosscorrelator having

- 5<f, giving

Tig. 1 with the first Figure in Reference 2 shows that the

72

detection reliability is greater when clipped noise, as opposed
to analogue noise, is transmitted. lor instance, laki

(/i/o t in Reference 2 and /A/<t as equivalent, the mean value,
ofvd(0) lot /i/o /ls/o
noise and at a level of <nly 51) for analogue noise.

I occurs at a level of 69 for clipped
However,
comparison of the icspective 1igs. 2 shows that the false-
alarm petformancxs of the two detection schemes are very
similar. lhercfore a lower central crosscorrelation peak is

the irice to be paid for the decteased transmission bandwidth.

htfimiWgwiiM fv
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Tlu-.0 ctniitlions niii'hi Ilivn be imp' nunivl I\ sub-
i "v iniv.xmiH\ k\l in a nonl ipln . mainur, . . ,hi .n

in I'iv .. u. The Uviuiivd Ntoraiv is llivn onl) I bit, rvpic-

scnliitg «@ (' , Kxltielion on the rctjuiivmvnl lor lln oiiyinnl
machine.
lo summarise, ihc itehniijluc ortus ilic follownt tidvan-

litges:

(ti) 1lie most ceouomie.il use of slor;.ae r obtain,,l. since no

redundant variables are required in me siibmachiui

(/)) Hie submachine, have only one output, and can k-
realised from eomn reially available memory ui-its, involvin.u

little or no redundancy.

(c) Apart from (ho ¢ with redundant inputs, the suhrnaehiik ,

arc of uniform structure.
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WALtr, j. r., and spits, k. p.: I ow-frequcncy impedance of a
circular loop over a conducting ground', i.L ciion. [ err., 1973,
9, pp. 340 348

We re,:rel that Ilie follow iny errors have oc,urrcd in the above
letter:

In cqn. 7,At should be t1
In cqn. 13, the lower limit of integration should be 0

In the unnumbered equation following cqn. 13, the factor
(2/r) should be (2//)*

STRrm, m. a., and shins, n. it.: ‘Site shielding for I arth-
station antennas', /.lection. Lett., 1974, It), pp. 120 121

'

The authors would like to make the fo 'wing correction to

their letter:

Reference 4 is to CC1R Report 391, 1970
now ARti, j. i. 'lhobabditv-density function of single-bit
crosscorrelator for detecting Gaussian reflections in noise",
Ilection. Lett., 1974, 1t), pp. 71 72

We regret that the following errors have occurred in the above
letter:

In eqn. 9, should be vMO)

*igs I and 2 should be interchanged, and the subcaptions
should read "Theoretical points joined by a smooth curve"

notwmis,J. n.: "Variable-frame-ratc codin >scheme for speech-
analysis/synthesis systems’, f lection. I >tt, 1974 10, pp. 101 -
102

We regret that the following error has occurred in the above
letter:

Reference 3 is to Vol. AI 21
THAjr hayapono, p.,, and Rvvsir, p.j vv.: "Design of recursive

digital filters approximating to arbitrary prescribed magnitude
responses", Ulcciron. Il.ett.,, 1974, 10. p.p. 159 161:

We regret that tI following error has occurred in the above

letter:

In cqn. 3c, the symbol < should lie >
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(til lhe use, of mallei storage units leads to a reduced a cess
tim. for the s, slenti
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