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The projected reflected gradient method has been shown to be a Received 18 December 2021
simple and elegant method for solving variational inequalities. The Accepted 4 August 2023
method involves one projection onto the feasible set and one evalu-

. ; - KEYWORDS
ation of the cost operator per iteration and has been shown numer- Variational inequalities;
ically to be more efficient than most available methods for solving inertial projection method;
variational inequalities. Convergence results for methods with simi- weak convergence; linear
lar elegant structures of projected reflected gradient method are still convergence; optimal
rare. In this paper, we present weak and linear convergence of a pro- control; Hilbert spaces

jected reflected gradient method with an inertial extrapolation step 2020 MSC

and give some applications arising from optimal control problems. CLASSIFICATIONS
We first obtain weak convergence result for the projected reflected 47HO5; 47)20; 47J25; 65K15;
gradient method with an inertial extrapolation step for solving vari- 90C25

ational inequalities under standard assumptions with self-adaptive

step sizes. We further obtain a linear convergence rate when the cost

operator is strongly monotone and Lipschitz continuous. Finally, we

give some numerical applications arising from optimal control. Pre-

liminary results show that our method is effective and efficient when

compared to other related state-of-the-art methods in the literature

and show the advantage gained by incorporating inertial terms into

the projected reflected gradient methods.

1. Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H and A : H — H
be a continuous operator. The Variational Inequality Problem (for short, VIP) is defined
as:

Find v € C such that (Av,y —v) > 0Vy € C. (1)

Let S denote the solutions set of VIP (1). Several problems in economics, engineering
mechanics, mathematical programming, transportation and many more can be modelled
as VIP (1) (see, for example, [2,11,18]).

Assumption 1.1. In the convergence analysis of this paper, we assume that the following
conditions are satisfied:
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(a) The feasible set C is a nonempty, closed and convex subset of H.
(b) A:H — H is monotone and L-Lipschitz continuous.
(c) The solution set S of VIP (1) is nonempty.

The extragradient method proposed in [12] is one of the popular methods to solve
VIP (1) when A is monotone (or pseudo-monotone) and Lipschitz continuous in Hilbert
spaces. The extragradient method is given by: xy € C, A, € (0, %) and L>0,

Yn = Pe(xp — Ay Axy)

(2)
Xn4+1 = Pe(xy, — )"n-Ayn)a

where Pc is a projection onto a set C and {x,} converges weakly to a solution of VIP (1)
with ||x, — yu|l = 0,n — o0. It can be seen that extragradient method (2) has two major
drawbacks, in particular, it involves two evaluations of the cost operator .4 and also involves
the computations of two projections onto the feasible set C per iteration. These make the
extragradient method (2) computationally expensive in situations where A has a complex
evaluation and the structure of C is complex. Therefore, the need to reduce the number
of evaluations of A and projections onto C per iteration for the extragradient method (2)
arises.

An attempt in this direction was initiated by Popov in [20]. Popov [20] introduced the
following method: xo, yo € C, A, € (0, %L] and L >0,

{xn+1 = PC(Xn - )\-nAyn) (3)

Y1 = Pe(Xpg1 — AnAyn).

Method (3) converges weakly when A is pseudo-monotone and Lipschitz continuous in
Hilbert spaces. The Popov’s extragradient method (3) requires only one evaluation of A
per iteration but two computations of projections onto C per iteration.

Another modification of the extragradient method (2) is the subgradient extragradient
method introduced by Censor et al. in [7], which is given by: xo € H, A, € (0, %) andL >0,

Yn = Pe(xp — AnAxy)
Dy = {w e H: (xy — An Ay — yu w — yn) <0} (4)
Xnt1 = Pp, (xXn — AnAyn).

Several authors have established weak convergence of the subgradient extragradient
method (4) when A is monotone (or pseudo-monotone) and Lipchitz continuous (see,
for example, [5,6]).

The forward-backward-forward method (also known as Tseng’s method) introduced by
Tseng in [23] is another modification of the extragradient method (2), which is given by:
xo e H, A, € (O,%) and L >0,

Yn = Pe(xy, — )\nAxn)

(5)
Xpt1 = Yn + Ay (Axn - -Ayn) .

The weak convergence of the forward-backward-forward method (5) was established in
[23]. We mention also that both the subgradient extragradient method (4) and the forward-
backward-forward method (5) require only one computation of projection onto C per
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iteration but two evaluations of A are needed per iteration. Inertial extrapolation type
of the above-mentioned methods (2)-(5) have also been studied and convergence results
obtained, for example, in [8,24].

In [16], Malitsky introduced the following projected reflected gradient method: choose

x0=yo € H, A, € (0, ‘/EL_I)andL>0,

Xn+1 = Pe(xy — )\nA)’n)
Yntl = 2Xpq1 — X,

(6)

and obtained weak convergence results for solving VIP (1) in real Hilbert spaces when A
is monotone and Lipschitz continuous on HL. Linear convergence results are also obtained
when A is strongly monotone and Lipschitz continuous. The main feature of method (6)
is that it requires only one projection onto the feasible set C with no need for further pro-
jections either onto the half-space or feasible set C and one evaluation of A per iteration. It
has been shown numerically in [16] that method (6) is computationally cheaper than the
extragradient method (2), Popov’s extragradient method (3), subgradient extragradient
method (4) and forward-backward-forward method (5). Several versions of the projected
reflected gradient method (6) have been proposed in the literature for solving VIP (1)
in real Hilbert spaces and weak convergence results obtained when .4 is monotone and
Lipschitz continuous on H (see, for example, [13-15]).

Yang and Liu [25] proposed a modification of the projected reflected gradient method
(6), that does not require either the knowledge of the Lipschitz constant of the operator or
additional projections in Hilbert spaces: xo = yo € H,

{ Xpn+1 = Pe(x, — )\nAyn) 7)
Ynt1 = Xng1 + 6 (Xng1 — Xn),
where § € (1,00) and for Ag > 0, A, is given self-adaptively in [25, Algorithm A]. Yang
and Liu [25] obtained weak and linear convergence results for Algorithm (7) in real Hilbert
spaces.

In [9], Dong et al. proposed the following general inertial projected gradient method

with a self-adaptive step sizes for solving VIP (1): xo € C, wy, yo € H,

Xn+1 = Pe(wy, — )\nA)’n)
Y+l = Xpt+1 + a(xn-i-l — Xn) (8)
Wntl = Xng1 4+ 0 (Xna1 — Xn)s

where § € (1,00),6 € [0, 53(882__11)) and for X9 > 0, A, is given self-adaptively in [9,
Algorithm 1]. Dong et al. [9] obtained weak and linear convergence results for
Algorithm (8) in a real Hilbert space. It can be seen that the proposed method (7) is a
special case of the general inertial projected gradient method (8) when 6 = 0 in (8).

Furthermore, it is observed that the choice § = 1 is not possible in general inertial pro-
jected gradient method (8) and in method (7) since § € (1, 00). Therefore, methods (7)
and (8) are not direct extensions of the projected reflected gradient method (6) and hence
the results of Yang and Liu [25] and Dong et al. [9] cannot be reduced to the results of
Malitsky [16].

Recently, Thong et al. [17] studied a generalized variational inequality problem in real
Hilbert spaces and proposed a method for which the projected reflected gradient method
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(6) is a special case. We state the abridged version of the method proposed in [17] for the
VIP (1) that we are considering: xg = yo € H,

{ Xnt+1 = Pe(xy — AnAyn) 9)

Y1 = Xpg1 + 8(Xug1 — Xn),

where § > % and for Ay > 0, A, is given self-adaptively in [17, Algorithm 1]. Weak conver-
gence of method (9) is established under standard assumptions and linear convergence
is presented under strong monotonicity of 4. It should be noted that when § =1 in
method (9), we have projected reflected gradient method (6). However, method (9) does
not contain inertial extrapolation step in the form of (8).

The following natural question arises:

Question: Can we propose a projection type method with one evaluation of A, one
computation of Pc, inertial extrapolation step and self-adaptive step sizes to solve VIP (1)
for which projected reflected gradient method (6) is a special case?

Our aim in this paper is to answer the above question in the affirmative. We propose a
projection method to solve VIP (1) with the following features:

our method involves one projection onto feasible set C per iteration;
one evaluation of A is only needed per iteration;

inertial extrapolation step is incorporated to speed up the iterations;
self-adaptive step sizes are adopted;

we recover projected reflected gradient method (6).

Our contributions in this paper are:

e We propose an inertial projected reflected gradient method to solve VIP (1) and obtain
weak convergence results when A is monotone and Lipschitz continuous in real Hilbert
spaces. Our method is simple and does not require either further evaluations of 4 or
further projections. Our results improve on the results and methods proposed in [9,25]
by showing that the choice § = 1 is possible. Furthermore, the adaptive step sizes are
suitably updated at each iteration, independently of the Lipschitz constant of the cost
operator .4, and without any line search procedure unlike the approach used in [13,14].

e Linear convergence results are obtained when A is strongly monotone and Lipschitz
continuous.

e We present numerical results obtained by our proposed method to solve problems aris-
ing from optimal control and compare with the methods in [9,16,17,25]. Computational
results show that the proposed method is more efficient and converges faster (in terms
of CPU time and number of iterations) than the methods in [9,16,17,25].

We organize the rest of the paper as follows: Section 2 contains basic definitions and
results needed in subsequent sections. In Section 3, we present and discuss the proposed
method. The weak convergence results are given in Section 4 while linear convergence
results are given in Section 5. We give some numerical illustrations in Section 6 and
concluding remarks are given in Section 7.
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2. Preliminaries

This section contains some definitions and basic results that will be used in subsequent
analyses. We first state the formal definition of some classes of operators that play an
important role in our analysis.

Definition 2.1: An operator A : H — H is called
(i) L-Lipschitz continuous with constant L > 0 if
lAu — Av|| < L|ju — v|| Yu, veH,
(ii) n-strongly monotone with constant n > 0 if
(Au— Av,u —v) > nllu — v||* Vu,v € H,
(iii) monotone, if

(Au—Av,u—v)zO‘v’u, v e H.

We next recall some properties of the projection, cf. [3] for more details. To this end, let
C < H be a nonempty, closed and convex subset of HL. For any point u € Hi, there exists a
unique point Pcu € C such that

lu—Peull < |lu—yl VyeC.

Pc is called the metric projection of H onto C. We know that P¢ is a nonexpansive mapping
of H onto C. It is also known that P¢ satisfies

(x —y,Pcx — Pcy) > ||Pcx — Pcy||2 Vx, yeH. (10)
Furthermore, Pcx is characterized by the properties
PexeC and (x—Pcx,Pcx—y) >0 VyeC. (11)
This characterization implies that
llx = y1I* = llx = Pex||* + lly — Pex||* Vx € H,Vy € C. (12)
Lemma 2.2. The following identities hold for all u,v,w € H and k € R:

@) 2(u,v) = ull® + V1> = llu = vII* = llu+vI> = ul> — Iv]*
(i) Neu+ A —ovl* = wcllul> + Q0 =0)II* —x@ =) u— v

Lemma 2.3 (([22, Lem. 7.1.7]).). Let C be a nonempty, closed and convex subset of Hl. Let
A : C — H be a continuous, monotone mapping and z € C. Then

zeS<— (Ax,x—z) >0 forallxeC.
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3. Proposed method

In this section, we present our method from the point of view of a dynamical system and
later obtain the discrete version.

3.1. Derivations from dynamical systems

Assume that A is a monotone operator in a real Hilbert space H and consider the following
dynamical system associated with the VIP (1):

x(t) + x(t) = Pe(x(t) — A(HA() + x(1))), (13)

where A : [0,00) — [0, 00) is a Lebesgue measurable function. In order to discretize (13),
we replace x(¢) & x,. Since two derivatives appear in (13), we have many combinations of
possible discretizations. We consider a forward discretization of x(t) on the left-hand side
and a backward discretization of x(¢) on the right-hand side. Thus,

Xx(t) & xp4+1 — Xn on the left hand side
and
x(t) = x4 — x,—1 on the right hand side.
Therefore, we obtain
Xn+1 = Pe(xn — MpA(xy + x0 — x0—1))
= Pe(xy — AnAQxy — xp-1)). (14)

This is the projected reflected gradient method introduced by Malitsky in [16] for solving
VIP (1).
In this paper, we propose, instead of (13), the following dynamical system

x(t) + x(t) = Pc(0x(t) + x(t) — AMOAX(1) + x(1))), (15)
where 6 > 0. Again, discretizing (15) as done in (13), we obtain

Xnt1 = Pe(Xn +0(xn — xn—1) = AnA2Xy — Xp—1)). (16)
This is the projected reflected gradient method with inertial term which we intend to study

in this paper. Observe that method (16) reduces to method (14) when 6 = 0.

3.2. Our method in discrete version

In this subsection, we introduce and discuss our projection-type method to solve VIP (1).
Our proposed method is a combination of projected reflected gradient method, inertial
extrapolation term and self-adaptive step sizes.

Remark 3.1: Note that if w, =y, = x,41, then (17) implies the equality x,4+1 =
Pe(xp41 — ApAxyy1) and so x,11 € S.
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Remark 3.2: Note that by (18), A,41 < A,. Furthermore, if (Ay, — Ay,—1,yn — Xn41) >
0, then using the definition of p,, we obtain
HpPn
(Ayn — Ayn—1,yn — Xnt1)
(19 = y-1 12 + 210 = us112)
(Ayn — Ayn—1,Yn — Xn+1)

Antl =

_ 2v20yn = yuilllyn = X |
IAYn — Ayn-1llllyn — xnt1l
. 2«/51{
- L
Therefore, by the definition of {A,} in (18), we have

242
1

Ay > min {AO,

Consequently, there exists A > 0 such that

22
limknzkzmin{ko, {“}>0.

n—o0

4, Weak convergence results

We present the weak convergence result of Algorithm 1 in this Section. First, we state and
prove the following important lemmas that are crucial for our convergence analysis.

Lemma 4.1. Suppose {x,} is generated by Algorithm 1. Assume further that the conditions
in Assumption 1.1 are satisfied. Then Vx* € S,

zxn(Ayn—l - -A)’n))’n - xn—H) + ZAn(A)’n’}’n - X*) + 2<xn+1 — Wn>s Xn4+1 — X*>

A A
<(1-6) "mm—%W+@— ")m—%w
)\n—l )\n—l
2 )‘” 2
+ Ol =yt + (20 - 5 lnmﬁ—%n. (19)
o

Proof: Using x,, = Pc(Wp—1 — An—1.Ayn—1), we obtain by (11) that Vx € C,
(Xn — Wn—1 + Au—1 Ayn—1,x — x,) = 0. (20)
Setting x = x,,4; and later x = x,_ in (20), we have
(Xn — Wn1 + A1 Ayn—1,Xnp1 — X4) > 0 (21)

and

(xXn — Wp—1 + )\n—l-A}’n—la Xpn—1 — Xp) = 0. (22)
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Algorithm 1 Inertial Projected Reflected Gradient Method

1. Let x_1,x0 € C be chosen arbitrarily. Choose A9 > 0 and 6 € [0, %). Define 1 :=
1-76
4422

2: Compute

and choose u € (0, ). Set n := 0.

Wy = Xy + 0(xy — Xp—1)
Yn = 2Xp — Xn—1 (17)
Xn+1 = Pe(wy, — )\nAyn)-

If wy = yn = xp41, STOP and x,,4; € S. Otherwise

3. Compute
Ans if (A)’n_‘A}’nflayn_anLl)SO
A =
i min { o , kn} , otherwise,
(Ayn — Ayn—1,¥n — Xn+1)
(18)
where p,, := \/E”)’nfl - xn||2 + 2+ \/E)”xn _)’HHZ + 2| %441 _)’n”Z-
4: Setn <— n+ 1, and go to 2.
Adding (21) and (22) gives
(xn — Wn—1 + )\n—IA}’n—l’ Xn4+1 — Xn + Xn—1 — xn> > 0. (23)
Noting that y, = 2x, — x,—1, we have from (23) that
(%n — wp—1 + )\n—lAyn—l’xn—H —yn) > 0.
Therefore, we get
<)\n—1~Ayn—la)’n - xn—i—l) < (xp, — Wn—1>Xn+1 _}’n>- (24)

Now, by w, = x,, + 6(x, — x4—1), one has

Xn — Wn—1 = Xn — Xn—1 — 0(Xn—1 — Xn—2)
= Xpn — Xn—1 — 0 [ (tn — Xu—1) — (%n — Yn—1)]
= (1= 0)(xn — xp—1) + 60 (xXn — yn—1)
=1 =0)(yn—xn) +0(xn — Yn-1)- (25)
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Using (25) in (24) gives

2An
2)\n<~Ayn—1>)/n — Xnt1) < (Xn — Wn—1, Xn41 _)/n>
n—1
2h,(1 —6) 2A,0
:—<yn — Xn> Xn+1 _)/n>+ (xn —VYn—1>Xn+1 _yn>
)\n—l )\n—l
(1 —0)r
< A—” [xns1 = xall® = 1120 = yull® = lxng1 — yull?]
n—1
A0
+ = [0 = a1 I + %051 — yall?]
)hn—l
A A
< (1= 0)—"|lxpu1 — Xnll* + (9 - ) %0 — ynll®
)\nfl )\nfl
2 n 2
+ 011, — yu_1ll* + (29— - )nxnﬂ — yall®. (26)
n—1

Again using x,+1 = Pc(w, — A, Ayy), we obtain from (11) that Vx € C,

(Xn41 = Wi + AnAyn, X — Xpp1) = 0.
Since x* € S C C, we have in particular that

(Xnt+1 — Wn + AnAyn, xpp1 — x¥) <0. (27)
Addition of (26) and (27) gives

2)~n<~’4}’n—l,yn — Xnt1) + 2(Xpgp1 — Wy + )\nA)/na Xn4+1 — x*>

A A
< (1= 0) = Ilxnp1 — xull® + (9 - )nxn—ynn2
)»,171 )\nfl
+0lxn =y |1* + (29 - ) n1 = yall?.
n—1
One can rewrite the last inequality above as (19). |

Lemma 4.2. Under the same conditions as assumed Lemma 4.1, we have

%41 — X117 < llwn — 2117 = %1 — wall?
A

Antl

— A (AX, x0 — XY A 20 (AXS x0-1 — X + (1= 0) %011 — X0

+

2720 [Iynr = allP+ (1 + VD0 =yl 21 = yal?]

A
+ (9 - - )uxn — yull* + 0llxn — yu_1ll?

n—1

A
+ (29 - 3 . ) ”xn-i-l _)’n”Z- (28)

n—1
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Proof: Observe by Lemma 2.2 (i) we have that

21 = Wi X1 — X°) = (21— Wl + [y — 252 = wa =212 (29)
Therefore, (19) becomes

llxns1 — x*”z < |lwn — x*”z = llxng1 — Wn”z + 2)\71(-/4)’11—1 — A)’n»xn-i-l —)/n>
An
)Ln—l

— 20 Ay yn — x*) + (1 — 0) %1 — Xnll?

A
+ (9 - - )nxn — yull* +0llxy — yu_1ll?

n—1

A
- (29 - - )nxm — yall?. (30)

n—1
Observe from (18) that

n

2)¥n<-/4yn—1 - Aymxn-i-l _yn> = % 2)"n+l<v4yn—l - A}’mxn-ﬁ-l _yn)

n+1

< 2 2V2u(lyner = 5l + (1 4+ VDl =l
+V2lx41 = yull?] (31)
Since A is monotone on H, we have
200 (A, yn — %) = 200 (AX*, yn — x¥). (32)

Now, by (17), we have

Yo — X = 2xy — xp—1 — x*

=2(xy — x*) — (Xp—1 — x*)- (33)
Using (33), we obtain

2)¥n<v4x*’)’n — &%) = 20 (AX, 2(x0 — &) — (Xp—1 — X))
= 42, (Ax, x, — x5) — 20, (AX", x—1 — X). (34)

If we use (34) in (32), we then obtain

2)¥n<-/4yn,)’n - x*> > 4Ay, <-Ax>k) Xn — x*) — 2hy (.AX*, Xn—1 — x*>- (35)
Combining (30), (31) and (35), we have (28) (noting that Ai‘fl <1). [
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Lemma 4.3. Suppose {x,} is generated by Algorithm 1. Assume further that the conditions
in Assumption 1.1 are satisfied and Vx* € S, define

2 2 2
ap = [|xn — x*||° — Ollxp—1 — x*I° + 20[Ix4 — xp—1|

Zﬁ,u)»
+ (9 + —) xn = yu-1l1? 4+ 221 (A, 201 — )
)\n+1
and
A
bn = (_n — 0y — 29) ”xn—H - x””2’
)\n 1

where

4+ 2/2)ur 4 242\
Oén:zmax{9+(+\/_)'un, 39+Mn+ \/—Mthl

Antl Ant1 Ant2

Then there exists ng > 0 such that Vn > ng, we have

ant+1 < ay — by, and b, > 0.

Proof: By Cauchy-Schwarz inequality, we get

2 2
n4+1 — wall” = 1| (xnr1 — xu) — O — xp—1) ||
2
= llxp+1 — xull” — 20{xp41 — X, Xy — Xn—1)
2 2
+07lxp — xn—1l

> (1= 0)[|xn+1 — Xnll* + 60O — Dllxy — xp—1l* (36)
Using Lemma 2.2 (ii) in (17), we get
Wi — 212 = |1 + 0) (% — x*) — O(x0—1 — x¥)||?

=1 +0)llxy — x*1* — Ollxu—y — %12
+ 01+ 0)lxy — xp—1l* (37)
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Applying (36) and (37) in (28), we obtain
Ixnt1 — X2 < 1+ 0y — x*|* — Ollxn—1 — x* |1 + 01+ 0) |lxn — x4—1 1

— (1= 0|1 — Xnll* — 00 — V)|x0 — x4—1I°

_l’_

A
2020 [ o1 =l P+ (L4 VD) 5 =yl 4V 2 41 =3l
n+1

— A (AX*, X — XY+ 200 (AX, Xm1 — &) + (1 — 0) |01 — X2

A
+ (9 - ! )nxn — yull* + 0llxn — yu_1ll®

n—1
An 2
+ (26 - %1 — yaul (38)
An—l
= |lxy — x*I|% + Ollxn — 1% — Ollxa—1 — x*1* + 201|x0 — X1 1|
A
+ =22 a1 =l 4+ (VD s = all P43 21 =l
n+1

- 4)¥n(~/4~x*> Xn — X*) + ZAn(Ax*, Xn—1 — X*)

A
+ (9 - - )uxn — Yl + 0120 — yu1ll?

n—1

A
+ (29 - - >||xn+1 — yall*. (39)

n—1

Observe that (Ax*, x, — x*) > 0since x* € S. Similarly, we also have (Ax*, x,,_; — x*) >
0. By Remark 3.2, we have that A, < A,_;, and from (Ax*, x,_; — x*) > 0, we obtain
from (39) that

2
%p41 — x* ||

2 2 2 2
< lln — X1 + O llcn — x*I17 — Ollxn—1 — x"I|I7 + 20 [lxn — X501

+

A
22 [lyas =l 4 (4 VDl =yl + V2 = 3l
n+

— 4 (AX", xp — X)) + 21 (Ax™, xp0—1 — x¥)

A A
+ (9 - >||xn—yn||2+9||xn—yn1||2+ <29 - )nxm —yall®

n—1 n—1

< % = x>+ 0llxn — x* 1> = Ollxu—1 — x* 1> + 20 lxn — Xp—1 1
A

)\n—ﬁ—

— 220 (Ax™, x — X*) + 21 (Ax™, x—1 — )

+ 22320 s = 5l + VDl =l + V2 = 3]

A
+ (9 - . )nxn — yall* +0llxy — yu_1ll?

n—1

A
+ (29 - - )nxnﬂ — yall? (40)

n—1
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Therefore, we obtain

2 2 2
ln1 — 27 1° = Ollcn — 271" + 20 [lxn1 — xnl

221
+<9+M

) lyn — xn-H”2 + 2)\n<-’4x>k’xn - x*>
)\n+2

< len — ¥ 1% = Ollxn—1 — x* 1% + 260 xn+1 — xnll* + 260 10 — x0—1 1|
)‘vn+1

2«/5,4;)»
+ (9 + —) yn—1 = %all 4 2An—1 (AX", X0 — x)

An 4+ 2«/5)#)% 2
—|— 00— Ixn =yl

)hn—l )\n—i-l

A e 2v2hn g1 >
— —20 — -6 - lyn — X1l
An—1 Antl Ant2

22
= [|lxp — x*||1* = Ollxn—1 — X*||* + 20 ||x0 — xp—11|* + (9 + X—I") Iyn—1 — Xull®
n—+

+ 201 (AX*, X1 — X*) 4 260 |l x041 — X2

A (4 + 232y 2
| — =0 —— ) llxn — yull

)‘nfl )\n+1
An ddy 2421 p1 2
- — 30 — - lxn41 — yull
An—1 An+tl Ant2

2«/5/1)»
< Nlxn — x*)1* = Ollxn—1 — x 1> 4+ 20 |xn — 201 11> + (9 + T) Iyn—1 — Xnll*
n+1

+ 221 (AX, X1 — XF) + 201 x0 41 — x|

A
- ()» nl - an) (”xn _)’n”Z + X041 _)’n“z)- (41)
e

Note that limn_mo(% —w)=1—-30 —(4+2V/2)u > 1—30 — (44 2/2)u > 0.
Therefore, there exists ny > 0 such that A)‘"l —a, >0, Vu > ny.

Using Cauchy-Schwarz inequality in (fﬁ), we get Vn > ny,

5 1 An 5
Ant1 < an + 20| xp41 — xpll” — = — oy | 1xnt1 — xall
2 \ Ap—1

1 A
=ay— = | — —ay — 40 ) |Xp1 — xall>. (42)
2 \ Ap—1
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Since lim,_ 00 Ay = A and limy,_, o0 ot = 360 + (4 + 24/2) 1, we have lim,_, oo(

_1_2p _ . 1-76
o, —40)=1—-30 — (4 + 2«/5),u 40 > 0, since u < YRR Therefore,

1/ Ay 2
l’)n = — — Oy — 49 ||xn+l - xn” > 0’ V]’l Z no.
2 )Ln—l

Hence, (42) becomes

ant+1 = ap — bna Vn > no.

An
n—1

(43)

Using Lemma 4.3, we obtain the following weak convergence result for VIP (1) under

the conditions stated in Assumption 1.1.

Theorem 4.4. Suppose the conditions in Assumption 1.1 are fulfilled and let {x,} be a

sequence generated by Algorithm 1. Then {x,} converges weakly to a point in S.

Proof: First we need to show that the sequence {a,} defined in Lemma 4.3 is non-negative.

That is, we show that a,, > 0, Vn > ng.
From the definition of a,, we observe that Vn > ny,

2 2 2
an = 1%y — x*[I7 = Ollxn—1 — x*||* + 201200 — X1 ".

By Lemma 2.2 (i), we obtain

2 2
llxn—1 — x*” = [|(xp—1 — xp) + (x5 — x*)”
2 2
= llxn—1 — xull” + Iy — x*1° + 2(x0—1 — Xn, X — x¥)

< 2llxn—1 — xall® + 2[5 — x*)1%.
Combining (44) and (45), one has

2 2 2
an > |lxg — X% = Ollxu—1 — x*|1° + 20|1x0 — x01l
2 2 2
> |0 — x*[1° = 2010 — xp—1 117 — 20]1x, — x7|
2
+ 20 ||y — xp—1ll

= (1—20)|xs —x*|%, Vn=> no.

(44)

(45)

(46)

Hence, from (46), we have that a, > 0, Vn > ng. This implies that {a,} is convergent since
an+1 < ay and a, > 0. Thus, lim,_, « a, exists. Using (46), we have that {x,} is bounded.
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From (42), we obtain that
lim [xp4+1 — x| = 0.
n—oo

Since y, = 2x,, — x,—1 and w;, = x, + 0(x, — x,—1), we have

nlggo lyn — xull = nli)rgo Xy — xp—1ll =0 = nlggo Wiy — xall. (47)
Also,
IXn+1 = ynll < IXnt1 — Xull + lyn — %l = 0, n— 00 (48)
and
IXn41 — wall < lIXnt1 — xall + lIXn — wnll = 0, 1 — oc0. (49)

Consequently, we have from the definition of {a,} that
lim [[lxy — x*[1* = Ollx0—1 — x*[|* 4+ 2An—1 (A", x4—1 — x*)] exists. (50
n— oo

Since {x,} is bounded, there exists {x,, } C {x,} such that x,, — p € H. One can also see
that y,, — p by (47).
We next show that p € S. By (11), one has Vy € C,

<xnk+1 - Wny + )»nkA)/nkJ’ - xnk—i-l) > 0.
By monotonicity of A, we have

0= (xnk+1 —Wn ) — xnk+1> + )‘”k (»A)’nk))/ - xnk+1)
= (xnk—i-l —Wnn) — xnk-i-l) + )"nk (A)’nkJ/ —}’nk) + )‘nk (A)/nk,}/nk - xnk+1)
=< (xnk+1 - Wnk>)/ - xnk+1> + )\,nk (A)/>)/ - )/nk> + )\'”k (»Aynk,)’nk - xnk-‘rl)- (51)
Passing to the limit as k — oo in (51), we obtain (noting (48) and (49)),
(Ay,y —p) = 0Vy eC.
By Lemma 2.3, we get that p € S.
We now show that x, — x* € S. Let us assume that there exist {x,,} C {x,} and {xn;} C
{x4} such that x,,, = v*,k — oo and Xy — x*,j — 0o0. We show that v* = x*.
Observe that
2000, %" = V) = [l = VI = llxn — %1 = IV + 1<% (52)

and

2(—0xp_1, %" —v*) = —0llxp—1 — v*|I* + O llxy—1 — x|

+01v|1* — 0% |12 (53)
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Addition of (52) and (53) gives
20t = 01" = V) = (It = v*I12 = Ollxus — v*|1)
= (It = 217 = Ol xay — 2°1%)
+ 1 =01 = IvIP). (54)
According to (50), we have
lim [ s = v¥112 = 011601 = VI + 2ot (AV, 501 = )]
n—oo
exists and
lim [l — 12 = 0151 — 2 4 21 (A, 201 = 5]
n— oo
exists. Hence, we obtain from (54) that

lim [(xn — 0xp-1, X" — V') + An71(<AV*)xn71 — V") — (Ax" X1 — x*))]

n—oo

exists. Now, since lim A,_; = A, we obtain
n—oo

(v — v, X — vy + A(AxX" X — V)

= li [(x,,k — Oxp—1,x* —v*) + )»nk_1<(Av*,xnk_1 —v) —(AX*, xp 1 — x*))]
k—o00

= lim [(xn — Oxp_1,x" —v*) + )tn71<(AV*:xnfl — ) —(Ax*, X1 — x*))]
n—>oo

= klirgo[(xnj — Oxp—1, X" — V) + )"nj—l(<~/4v*>xnj—l - — (A", xp—1 — x*))]

= (x* — Ox*, x* — v*) + LAV, X — V),
and this yields

(1 — ) |Ix* — v¥||> + LAV — Ax*, x* —v*) = 0. (55)
Since x* € Sand v* € S, we have that

(AVF — Ax™, x* — v*) = (AV*, x* — v*) + (Ax™, v — x¥)
> 0. (56)

Since A is monotone, we have (Av* — Ax*,x* — v*) < 0. This together with (56) imply
that

(AV* — Ax*, x* —v*) = 0. (57)

Since 6 € [0, 1), we obtain from (55) and (57) that x* = v*. Hence, {x,} converges weakly
to a point in S. This completes the proof. |
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5. Linear convergence result

In this section, we obtain linear convergence result of Algorithm 1 under the condition
that A in VIP (1) is n-strongly monotone and L-Lipschitz continuous on H. We know that
under this condition on .4, VIP (1) has a unique solution.

We first prove the following lemma.

Lemma 5.1. Suppose {a,} and {b,} are non-negative sequences such that
nt1 + b1 < (1 — p)an +rpan—1 + rby +60(an — an-1),

where p € (0,00),r € (0,1) and 6 € [0, min{rp, r}). Then {a,} converges linearly to 0.

Proof: For any 41,8, > 0, we obtain

any1 + 610y + b1 < (1 — p+81)ay +rpay_1 +rby
+6(an — an—1)
=0—-p+8+0)ay+ (rp—0)ay_1+rby
=8 (ay + d1an-1) + by + (1 — p+6 + 61 — 62)ay
+ (rp — 60 — 8182)an—
<a(ap+8ian-1+bn) + (1 —p+6+38 —d)ay
+ (rp — 0 —é182)an—1, (58)

where « := max{3,, r}. Let us choose 81,5, > 0 such that

l1—-p4+60+4+61—-686=0
7’,0—9—8152=0.

It suffices to choose §; > 0 such that
85 —(1—p+6)8— (rp—0) =0.

Solving this quadratic equation gives

_10=p+0)+((p—6) —1)2+4(rp — 6)

5
2 2

where p € (0,00),7 € (0,1) and 6 € [0, min{rp, r}). Then it is easy to see that §, € (0, 1)
since & < min{rp, r}. Therefore, @ := max{§,,r} < 1. Furthermore, we obtain from (58)
that

Ang1 + 8105 + bpy1 < @(an + 81801 +by) < " (ag + 81a_1 + bo) = "' M,
for some M > 0. |

Remark 5.2: Lemma 5.1 reduces to [17, Lemma 4] when 6 = 0.

We now give the linear convergence result.



214 (&) C.1IZUCHUKWU AND Y. SHEHU

Theorem 5.3. Suppose A is n-strongly monotone and L-Lipschitz continuous on H. Assume

that 0 < 0 < min{2n\y, 4‘[?7“, %}. Then {x,} generated by Algorithm 1 converges to a

unique solution of the VIP (1) at least R-linearly.
Proof: Let z be the unique element of S. By Lemma 2.2 (ii) (taking x = 2), we have

lyn — 2% = 12(xy — 2) — (xn—1 — 2)|12
= 2|lxy — z||* — llxn—1 — 2lI* + 2[lx0 — Xn—1

> 2%, — 21> = llx—1 — 2II%. (59)
By the strong monotonicity of A and (59), we have

20 [(Ayn — Az, yn — 2) — 1 (2l1x0 — 201* — llxn—1 — 2II?)]
> 200 [(Ayn — Az yn — 2) — nllyn — z1I*]
> 0. (60)

By (30), we obtain

lxng1 — Z||2 < |lwy — Z||2 — llxng1 — Wn||2 + 2)Vn<-/4}’n—l - A)’na Xn+1 _)’n>

1—0)A,
- ZAn(Ayn:yn - Z)_’_#

A
(B —xn||2+<9 - ‘ )uxn—ynn2

n—1 n—1

n

+0llxy — yu—1ll* + (29 - ) l%n+1 — yall*. (61)

n—1

Adding (60) to the right hand side of (61), we get

2 2 2 2
Xn+1 — 211" < llwn — 2lI° — llxp1 — wnll® — 4Aunllx, — 2|

+ 22l xn—1 — zlI* + 2xn{Ayn—1 — Ayn, X1 — Yn)

(1—-06)A A
— 20 Az yn — 2) + —— xnp1 — xall® + (6 — = ) Ixn — yull?
)‘«n—l )\n—l
2 )\n 2
+ Olln = yuall + (20 = 5 %041 — yall*. (62)
n—1

Applying (36) and (37) in (62), we get

Ixn+1 = zlI* < 1+ 60 — 4 lxn — 211> + Cndn — ) 1xn—1 — 2l1* + 20 |x0 — X411

— (1 —=0)llxp41 — xn”z + 2)\11(-/4)/11—1 - A}’mxn-‘rl _)/n>
(I =0)ry

—2An(Az, ¥ — 2) +

n—1 n—1

A
Ixnt1 — xall + (9 3 . ) Ixn = yall?

A
+ 01% — yu_1ll®* + (29 - . >||xn+1 — yall*. (63)

n—1



OPTIMIZATION METHODS & SOFTWARE (&) 215
Putting (31) and (34) into (63), we have

a1 — 212 < (1 + 6 — dnin)llxn — 2II° + @nhn — 0) 1 X0—1 — 2II* + 26 1% — x1 ]|

220
— (1 = D lxns1 — xall* + A—"uxn — n1ll?
n+1
(44 23/2) ur
+ k—”||xn —yall?
n+1

4 A
+ Ko lln-+1 _}’n”Z — 4hu(Az, xn — 2) + 20n( Az, x4—1 — 2)

An+1
n (1—0)An

A
o e =l (9 - )uxn —ynl?

n—1
A
+9||xn—yn1||2+(29— - )||xn+1—yn||2
An—1

= (1460 — ) l1xn — zlI* + Cnry — O xn—1 — 2)1* + 201 xy — X1 I

(1—-06)A
+ (— +60 — 1) [Ix041 — Xnll*
An—l

4ur A
+ ( " 420 — - ) %541 — ynll®
An+1 A

n—1
23/ 21
n (—“ + 9) 1 — Yn1 1> — 4hn (Az, x, — 2)
An+1
+ 2 { Az, xp—1 — 2).

(64)
Recall that

Yn —Xn = Xp — Xp—1-

(65)
Using (65) in (64) gives

lxn41 — 21> < 1+ 0 — 4nin) Xy — 21> + @Ay — 0)l1xn—1 — 21

(1—6)xr
- (— +60 — 1) llxnt1 — xnll?
An—1

44 2/2)ur A
+<29+( Whn | g Hn )uxn—xn_lu2
Antl 1

A

kn+1

4pn by 2720

+( Pon 409 — 20 )||xn+1—yn||2+ =R 40 ) e — yua |l
An+1 Anfl

— 40 ( Az, xy — 2) + 24, ( Az, X1 — 2).

(66)
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Thus, (66) becomes
Ixn1 — 2l1* < (1 + 60 — 4nan)llxn — 21> + @nAn — ) lxn—1 — 2|

(1—0)xr 2720
—(1—9——” lns1 — xnll® + [ =2+ 60 ) Iy — yu_1ll®
)hn—l )»n—}—l

)\n—l )\n—H

A 4+ 2/2)
—< n_{ )“”—39>||xn—yn||2

Ay 4uury, 5
- - —260 ) |Ix -
<)\n—1 domit I n+1 }’n”

— A, (Az, xy — 2) + 24 { Az, x—1 — 2). (67)
Therefore,
A 4A
lxn41 — 201> + 4hn( Az, x4 — 2) + ( - 29) %11 = yall?
)\nfl )\n+1
< A +0 — 4 xn — 2l + oy — ) |lxu—1 — 2II”
(1—6)A 220
—~ (1 =0 — —— ) Ixng1 — xul? + | =40 ) %0 — yurll?
)\n—l )\n—H
A 44 22)un
Y (. 2 30 ) 1w — yulP + 22l Azsns —2). (68)
)bn—l )\n—i-l
Observe that
1—0)Ar A
(1—9—g>=(1—9)<1— i )
)\nfl )\nfl
)“n—l - )bn
=(1-0) ==
a-o ()
> 0. (69)
Define 8, := % + 36. Then
) An
lim — B =1—(4+2V2)u—36 >0, (70)
n—>00 \ Ay_1

since u < 41;2?% = 1. Therefore, from (68), there exists 1y € N such that Va > ngy, we

have

A 41A
||xn+1—z||2+4xn<Az,xn—z>+( n _ZHn —26) %41 — yull®
An—1  Antl

< (146 — 4nrn)xy — zlI* + @nAp — O)llx4—1 — 2|

23/ 21
+<fr&i+9)Mwﬂ%ﬂﬁ+ﬂﬂAz%4—@. (71)
n+1
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Then Vn > ng, we get

An 4UAy

)“n—l )‘«n+1

01 — zlI* + 4hn(Az, x, — 2) + ( - 29) [E—

< (146 — 4nrn) llxn — zlI* + @0y — 0) [l xa—1 — 2|I?

24/2un
[ 22 0]l = e 1P + 22 (A2, %01 — 2). (72)
Ant1
ZI;W +0
Define &, = max{#”, % A -} Let§ = sup &,. Then it is easy to see that £
-2
(0,1) since 0 < w, which is automatically satisfied because p < %.
Now, Vi = ny, let ay = |lxn — zI* and by = (72 — 32 = 20)[xnr1 — yull® +

421, ( Az, x,, — z). Then we have from (72) that Vn > n,

Apg1 + bppr < (1460 —4nky) ap + 2nky — 0)ay—1 + &nby
< (A —4nip)ay + 2nAinpan—1 + &by +0(an — an—1)

1
=1 —4niy)an + 5(477)\71)07171 + &by +0(an — an—1). (73)
Define r := max{§, %} € (0,1). Since 4nA, > 4ni =: p > 0, we have from (73) that
ant1 +bpp1 < (1 = p)ag +rpap_1 + rby +6(a, — ap_1). (74)

Observe that% < r,min{\o, @} < X and this implies p = 4nX > min{4niy, @} by
Remark 3.2. This means min{1, 45\, 8‘[%} < min{1, p}. Therefore,

84/2 2 842
min {4;7,\0, “/_"“, —} < min {4nx0, “/—"“,1
L 7 L
< min{l, p}.
Thus,
4:/2 1 1 84/2 2
min {2%0, M -} — - min {4nxo, M —}
L 7 2 L 7
< rmin{l, p} = min{rp, r}. (75)
Noting (75) and invoking Lemma 5.1 in (74), we obtain the desired conclusion. |

Remark 54 If # =0 in Theorem 5.3, we do not need the condition 0 <8 <

42 1
er }

min{2nig,
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6. Numerical applications to optimal control

In this section, we provide computational experiments comparing Algorithm 1 to the exist-
ing state-of-the-art methods in the literature; [9, Algorithm 1], [16, Algorithm 4.1], [17,
Algorithm 1] and [25, Algorithm A] using test examples from optimal control. All the com-
putations are performed using Matlab 2016 (b) which is running on a personal computer
with an Intel(R) Core(TM) i5-2600 CPU at 2.30GHz and 8.00 Gb-RAM.

Let0 < T € R. Wedenote by L,([0, T], R™) the Hilbert space of square integrable, mea-
surable vector functions u : [0, T] — R with inner product (u, v) = fOT(u(t), v(t))dt, and
norm Jlullz = +/(u, u).

Consider the optimal control problem:
u*(t) = argmin{f(u) : u € U} (76)

on the interval [0, T], assuming that such a control exists. Here U is the set of admissible
controls, which has the form of an m-dimensional box and consists of continuous function:

U= {u(t) € Ly([0, TL,R™) : ui(t) € [uj,u )i =1,2,...,m}.

Specially, the control can be bang-bang (piecewise constant function). The terminal
objective has the form

fw) = ¢ x(T)),

where ¢ is a convex and differentiable function, defined on the attainability set.
Suppose that the trajectory x(t) € L,([0, T] satisfies constraints in the form of a system
of linear differential equation:

x(t) = A(H)x(t) + BlH)u(t), x(0) =x9, te][0,T],

where A(t) € R™*", B(t) € R"™™ are given continuous matrices for every ¢ € [0, T]. By
the Pontryagin Maximum Principle there exists a function p* € L,([0, T] such that the
triple (x*, p*, u™) solves for a.e. t € [0, T] the system

(1) = At)x*(t) + B(t)u*(t) o)
x* (0) = X0,
P = —A®) Tp* (D 78)
PH(T) = Vo (x(T)),

0 € B(H)"p*(t) + Nu(u* (1)), (79)

where Ny (u) is the normal cone to U at u. Denoting Gu(t) := B(t)Tp(t), it is known that
G is the gradient of the objective cost function f, i.e. G = Vf. We can write (79) as VIP (1)

(Gu*,v—u*) >0, VveU. (80)

Now, let us discretize the continuous functions and choose a natural number N with the
mesh size h := T /N. We identify any discretized control uN = (ug,uy,. .., un—1) with its
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piece-wise constant extension:
WN(t) = u;fort e [t,tiv1), i=0,1,...,N.

Moreover, we identify any discretized state N = (x0, x1, . . ., xN) with its piece-wise linear

interpolation:

t—1t
h

Similarly for the co-state variable pY := (po, p1, . - ., pN)-

&N = x +

(Xi+1 — xi), fort € [tj,tiy1), i=0,1,...,N—1.

Example 6.1 (Control of a harmonic oscillator [19, Example 7]):

minimize x,(3m)

subjectto X1 (t) = x2(t),
% () = —x1(t) + u(t), Vt € [0,37], (81)
x(0) =0,
u(t) e [—1,1].

The exact optimal control for this problem is:

. 1 if t €[0,7/2) U (37n/2,57/2)
t =
o —1 ifte (w/2,37/2) U (57/2,3m].

Let us now consider examples in which the terminal function is not linear.

Example 6.2 (Rocket Car [1,21]):

minimize % ((x15))* + (x2(5))?)

subjectto  x1(¢) = x,(¢),
% (t) = u(t), Vt € [0,5], (82)
x1(0) = 6, x2(0) = 1,
u(t) e [—1,1].

The exact optimal control is

1 ifte(r,5]
-1 ifte(0,1],

where T = 3.5174292.

Example 6.3 (See [4, Example 6.3]):

minimize —x;(2) + (x2(2))?
subjectto X (t) = x2(t),
% (1) = u(t), Vt € [0,2], (83)

x1(0) =0, x2(0) =0,
u(t) e [—-1,1].
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Table 1. Comparison of algorithms for Examples 6.1-6.3.

Example 6.1 Example 6.2 Example 6.3
Algorithms CPU Iter CPU Iter CPU Iter
Algorithm 1 4.3490 836 3.1440 1531 1.0673 324
Algorithm 1 [9] 13.3210 8642 14.6563 7317 4.1292 1209
Algorithm 4.1 [16] 14.3387 9317 16.1188 7743 5.0042 1240
Algorithm 1[17] 11.6642 7454 53318 2714 1.9882 594
Algorithm A [25] 13.4731 8432 15.2751 7745 4.5184 1294
Table 2. Comparison of algorithms for Example 6.4.
Alg.1 Alg.1[9] Alg.4.1[16] Alg.1[17] Alg.A[25]

ImCPU Iter CPU Iter CPU Iter CPU Iter CPU Iter
1010 10.5035 451 31.5812 1480 70.5178 9990 58.1122 7269 33.0061 2423

20 10.5385 484 20.9037 832 64.2881 4095 31.9602 1780 21.0148 846

30 20.5721 485 31.0762 939 71.4619 10008  44.6089 3956 33.1827 2349
2010 20.6319 561 31.0805 961 67.7763 7288 55.5648 5098  43.7503 2840

20 20.7575 677 30.9745 906 71.8235 11139 55.8291 5209 43.4602 2787

30 21.2526 1061 31.5295 1395 77.2462 15582 57.1335 6396 32,6229 1843
3010 21.3093 1082 31.3812 1149  64.0363 3581 33.1262 1997 33.5213 2452

20 21.3274 1198 31.4911 1386 68.4674 7849 58.3597 7284 44.2001 3245

u(t)

—e—x1(1)
L =¥ |

Figure 1. Example 6.1 computed by Algorithm 1: Left: random initial control (middle) and optimal
control (edge); Right: optimal trajectories.
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Figure 2. Example 6.2 computed by Algorithm 1: Left: random initial control (middle) and optimal
control (edge); Right: optimal trajectories.
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The exact optimal control is
1 if te[0,6/5)
—1 ifte(6/52].

In Examples 6.1-6.3, we set N = 100 and define
TOL,, := max{||x,+1 — xnlI% ||%n — x,—1]|?} for all the algorithms under comparison,

with stopping criterion TOL,, < 10~%. Note that TOL,, = 0 implies that x,, is a solution

Figure 3. Example 6.3 computed by Algorithm 1: Left: random initial control (middle) and optimal
control (edge); Right: optimal trajectories.

103 : : : . : : : :
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102 —6— Dong et al (Alg. 1) —©6— Dong et al (Alg. 1)
* ~——+— Malitsky (Alg. 4.1) ——+— Malitsky (Alg. 4.1)
Thong et al (Alg. 1) Thong et al (Alg. 1)
10! Yang and Liu (Alg. A) | .J Yang and Liu (Alg. A) | ]
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Figure 4. The behaviour of TOL,: Top Left: Example 6.1; Top Right: Example 6.2; Bottom: Example 6.3.
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of Problem (1). Also, we randomly choose the initial control uy(¢) in [—1, 1] for all the
algorithms under comparison.

Our final example is commonly used as test problem for variational inequality in the
literature ([10]).

Example 6.4: Let the operator A(x) := Mx + g, x € R™, where
M = BB + C+ D,

and Bisan m x m matrix, Cis an m x m skew-symmetric matrix, D is an m x m diagonal
matrix whose diagonal entries are nonnegative (so M is positive semidefinite), q is a vector
in R™. The feasible set C C R™ is a closed and convex subset defined by C := {x € R™ :
Qx < b}, where Q is an [ x m matrix and b is a nonnegative vector. It is clear that A is
monotone and L-Lipschitz-continuous with L = ||[M]|. Let g = 0. Then, the solution set
S={0}.

For the numerical computation, we consider different problem sizes [ = 10, 20, 30 and
m = 10,20, 30. We also randomly generate the matrices B, C, D, Q, b, and the starting
points for all the algorithms under comparison. Furthermore, we define TOL,, := ||x,|| for
all the algorithms, with stopping criterion TOL,, < 1073,

In Examples 6.1-6.4, we choose the parameters as follows:

—O6— Dong et al (Alg. 1) —O— Dong et al (Alg. 1)
Malitsky (Alg. 4.1) Malitsky (Alg. 4.1)
Thong etal (Alg. 1) | 4 100 Thong et al (Alg. 1)

101 T T T T T T T T T 10" T T T T
—¥— Algorithm 1 i —¥— Algorithm 1
Yang and Liu (Alg. A) Yang and Liu (Alg. A)

TOL(n)

104 L L L L L L L L L 104 L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 0 500 1000 1500 2000 2500 3000 3500 4000 4500
Number of iterations

Number of iterations

—k— Algorithm 1
—6— Dong et al (Alg. 1)
Malitsky (Alg. 4.1)

Thong et al (Alg. 1)
£ Yang and Liu (Alg. A)

107!

TOL(n)

102

10

0 2000 4000 6000 8000 10000 12000
Number of iterations

Figure 5. The behaviour of TOL, for Example 6.4 with | = 10: Top Left: m = 10; Top Right: m = 20;
Bottom: m = 30.



Algorithm 1 [9]: A0 = 1,8 = 1.6,0 =
Algorithm 4.1 [16]: 2o = l and o = 0.4.
Algorithm 1 [17]: 20 = 1,0 = 1 and ;. = 0.99x.

e Algorithm A [25]: 19 = 1, § = 1.01 and o = %20/2=D
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Algorithm 1: Ag =1, 8 = g and . = 0.99/i.
0.995(5—1)
352—1

and o =

0.99(+/2—1)(8—6—260)

Note that for all the algorithms, we choose the same Ay as above for the sake of uni-
formity, while the choices of other parameters are inspired by the choices made in the

papers.
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Figure 6. The behaviour of TOL, for Example 6.4 with | = 20: Top Left: m = 10; Top Right: m = 20;
Bottom:m = 30.
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Figure 7. The behaviour of TOL, for Example 6.4 with | = 30: Top Left: m = 10; Top Right: m = 20.
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In Tables 1-2, “Iter” and “CPU” mean the CPU time in seconds and the number of
iterations, respectively. Furthermore, in Table 2 and Figures 4-7, “Alg.” means Algorithm.

The numerical results for Examples 6.1-6.3 are given in Table 1 and Figures 1-4 while
those of Example 6.4 are given in Table 2 and Figures 5-7.

The results show that Algorithm 1 performs better than [9, Algorithm 1], [16, Algorithm
4.1], [17, Algorithm 1] and [25, Algorithm A] in terms of CPU time and number of
iterations.

7. Final remarks

This paper presents weak and linear convergence results of an inertial projected reflected
gradient method for monotone variational inequality problems in real Hilbert spaces. The
method requires, at each iteration, one projection onto the feasible set and one evaluation
of the cost operator of the variational inequality. Numerical examples drawn from optimal
control are given to illustrate the theoretical analysis and comparisons with other state-of-
the-art algorithms. Part of our future research concentrates on the development of suitable
modifications of the inertial projected reflected gradient method where the choice of iner-
tial factor 6 = 1 is possible which might improve the convergence speed of the proposed
method of this paper.
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