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ABSTRACT
The projected reflected gradient method has been shown to be a
simple and elegant method for solving variational inequalities. The
method involves one projection onto the feasible set and one evalu-
ation of the cost operator per iteration and has been shown numer-
ically to be more efficient than most available methods for solving
variational inequalities. Convergence results for methods with simi-
lar elegant structures of projected reflected gradientmethod are still
rare. In this paper, we present weak and linear convergence of a pro-
jected reflected gradient method with an inertial extrapolation step
and give some applications arising from optimal control problems.
We first obtain weak convergence result for the projected reflected
gradient method with an inertial extrapolation step for solving vari-
ational inequalities under standard assumptions with self-adaptive
step sizes. We further obtain a linear convergence rate when the cost
operator is strongly monotone and Lipschitz continuous. Finally, we
give some numerical applications arising from optimal control. Pre-
liminary results show that our method is effective and efficient when
compared to other related state-of-the-art methods in the literature
and show the advantage gained by incorporating inertial terms into
the projected reflected gradient methods.
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1. Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H andA : H→ H

be a continuous operator. The Variational Inequality Problem (for short, VIP) is defined
as:

Find v ∈ C such that 〈Av, y− v〉 ≥ 0 ∀y ∈ C. (1)

Let S denote the solutions set of VIP (1). Several problems in economics, engineering
mechanics, mathematical programming, transportation and many more can be modelled
as VIP (1) (see, for example, [2,11,18]).

Assumption 1.1. In the convergence analysis of this paper, we assume that the following
conditions are satisfied:
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(a) The feasible set C is a nonempty, closed and convex subset of H.
(b) A : H→ H is monotone and L-Lipschitz continuous.
(c) The solution set S of VIP (1) is nonempty.

The extragradient method proposed in [12] is one of the popular methods to solve
VIP (1) whenA is monotone (or pseudo-monotone) and Lipschitz continuous in Hilbert
spaces. The extragradient method is given by: x0 ∈ C, λn ∈ (0, 1L ) and L>0,{

yn = PC(xn − λnAxn)
xn+1 = PC(xn − λnAyn),

(2)

where PC is a projection onto a set C and {xn} converges weakly to a solution of VIP (1)
with ‖xn − yn‖ → 0, n→∞. It can be seen that extragradient method (2) has two major
drawbacks, in particular, it involves two evaluations of the cost operatorA and also involves
the computations of two projections onto the feasible set C per iteration. These make the
extragradient method (2) computationally expensive in situations whereA has a complex
evaluation and the structure of C is complex. Therefore, the need to reduce the number
of evaluations ofA and projections onto C per iteration for the extragradient method (2)
arises.

An attempt in this direction was initiated by Popov in [20]. Popov [20] introduced the
following method: x0, y0 ∈ C, λn ∈ (0, 1

3L ] and L>0,{
xn+1 = PC(xn − λnAyn)
yn+1 = PC(xn+1 − λnAyn).

(3)

Method (3) converges weakly when A is pseudo-monotone and Lipschitz continuous in
Hilbert spaces. The Popov’s extragradient method (3) requires only one evaluation of A
per iteration but two computations of projections onto C per iteration.

Another modification of the extragradient method (2) is the subgradient extragradient
method introduced byCensor et al. in [7], which is given by: x0 ∈ H, λn ∈ (0, 1L ) and L>0,⎧⎪⎨

⎪⎩
yn = PC(xn − λnAxn)
Dn := {w ∈ H : 〈xn − λnAxn − yn,w− yn〉 ≤ 0}
xn+1 = PDn(xn − λnAyn).

(4)

Several authors have established weak convergence of the subgradient extragradient
method (4) when A is monotone (or pseudo-monotone) and Lipchitz continuous (see,
for example, [5,6]).

The forward-backward-forwardmethod (also known as Tseng’smethod) introduced by
Tseng in [23] is another modification of the extragradient method (2), which is given by:
x0 ∈ H, λn ∈ (0, 1L ) and L>0,{

yn = PC(xn − λnAxn)
xn+1 = yn + λn

(Axn −Ayn
)
.

(5)

The weak convergence of the forward-backward-forward method (5) was established in
[23].Wemention also that both the subgradient extragradientmethod (4) and the forward-
backward-forward method (5) require only one computation of projection onto C per
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iteration but two evaluations of A are needed per iteration. Inertial extrapolation type
of the above-mentioned methods (2)–(5) have also been studied and convergence results
obtained, for example, in [8,24].

In [16], Malitsky introduced the following projected reflected gradient method: choose
x0 = y0 ∈ H, λn ∈ (0,

√
2−1
L ) and L>0,{

xn+1 = PC(xn − λnAyn)
yn+1 = 2xn+1 − xn,

(6)

and obtained weak convergence results for solving VIP (1) in real Hilbert spaces whenA
is monotone and Lipschitz continuous on H. Linear convergence results are also obtained
when A is strongly monotone and Lipschitz continuous. The main feature of method (6)
is that it requires only one projection onto the feasible set C with no need for further pro-
jections either onto the half-space or feasible set C and one evaluation ofA per iteration. It
has been shown numerically in [16] that method (6) is computationally cheaper than the
extragradient method (2), Popov’s extragradient method (3), subgradient extragradient
method (4) and forward-backward-forward method (5). Several versions of the projected
reflected gradient method (6) have been proposed in the literature for solving VIP (1)
in real Hilbert spaces and weak convergence results obtained when A is monotone and
Lipschitz continuous on H (see, for example, [13–15]).

Yang and Liu [25] proposed a modification of the projected reflected gradient method
(6), that does not require either the knowledge of the Lipschitz constant of the operator or
additional projections in Hilbert spaces: x0 = y0 ∈ H,{

xn+1 = PC(xn − λnAyn)
yn+1 = xn+1 + δ(xn+1 − xn),

(7)

where δ ∈ (1,∞) and for λ0 > 0, λn is given self-adaptively in [25, Algorithm A]. Yang
and Liu [25] obtained weak and linear convergence results for Algorithm (7) in real Hilbert
spaces.

In [9], Dong et al. proposed the following general inertial projected gradient method
with a self-adaptive step sizes for solving VIP (1): x0 ∈ C,w0, y0 ∈ H,⎧⎨

⎩
xn+1 = PC(wn − λnAyn)
yn+1 = xn+1 + δ(xn+1 − xn)
wn+1 = xn+1 + θ(xn+1 − xn),

(8)

where δ ∈ (1,∞), θ ∈ [0, δ(δ−1)
3δ2−1 ) and for λ0 > 0, λn is given self-adaptively in [9,

Algorithm 1]. Dong et al. [9] obtained weak and linear convergence results for
Algorithm (8) in a real Hilbert space. It can be seen that the proposed method (7) is a
special case of the general inertial projected gradient method (8) when θ = 0 in (8).

Furthermore, it is observed that the choice δ = 1 is not possible in general inertial pro-
jected gradient method (8) and in method (7) since δ ∈ (1,∞). Therefore, methods (7)
and (8) are not direct extensions of the projected reflected gradient method (6) and hence
the results of Yang and Liu [25] and Dong et al. [9] cannot be reduced to the results of
Malitsky [16].

Recently, Thong et al. [17] studied a generalized variational inequality problem in real
Hilbert spaces and proposed a method for which the projected reflected gradient method
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(6) is a special case. We state the abridged version of the method proposed in [17] for the
VIP (1) that we are considering: x0 = y0 ∈ H,

{
xn+1 = PC(xn − λnAyn)
yn+1 = xn+1 + δ(xn+1 − xn),

(9)

where δ > 1
2 and for λ0 > 0, λn is given self-adaptively in [17, Algorithm 1].Weak conver-

gence of method (9) is established under standard assumptions and linear convergence
is presented under strong monotonicity of A. It should be noted that when δ = 1 in
method (9), we have projected reflected gradient method (6). However, method (9) does
not contain inertial extrapolation step in the form of (8).

The following natural question arises:
Question: Can we propose a projection type method with one evaluation of A, one

computation of PC , inertial extrapolation step and self-adaptive step sizes to solve VIP (1)
for which projected reflected gradient method (6) is a special case?

Our aim in this paper is to answer the above question in the affirmative. We propose a
projection method to solve VIP (1) with the following features:

• our method involves one projection onto feasible set C per iteration;
• one evaluation ofA is only needed per iteration;
• inertial extrapolation step is incorporated to speed up the iterations;
• self-adaptive step sizes are adopted;
• we recover projected reflected gradient method (6).

Our contributions in this paper are:

• We propose an inertial projected reflected gradient method to solve VIP (1) and obtain
weak convergence results whenA is monotone and Lipschitz continuous in real Hilbert
spaces. Our method is simple and does not require either further evaluations of A or
further projections. Our results improve on the results and methods proposed in [9,25]
by showing that the choice δ = 1 is possible. Furthermore, the adaptive step sizes are
suitably updated at each iteration, independently of the Lipschitz constant of the cost
operatorA, and without any line search procedure unlike the approach used in [13,14].

• Linear convergence results are obtained when A is strongly monotone and Lipschitz
continuous.

• We present numerical results obtained by our proposed method to solve problems aris-
ing fromoptimal control and compare with themethods in [9,16,17,25]. Computational
results show that the proposed method is more efficient and converges faster (in terms
of CPU time and number of iterations) than the methods in [9,16,17,25].

We organize the rest of the paper as follows: Section 2 contains basic definitions and
results needed in subsequent sections. In Section 3, we present and discuss the proposed
method. The weak convergence results are given in Section 4 while linear convergence
results are given in Section 5. We give some numerical illustrations in Section 6 and
concluding remarks are given in Section 7.
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2. Preliminaries

This section contains some definitions and basic results that will be used in subsequent
analyses. We first state the formal definition of some classes of operators that play an
important role in our analysis.

Definition 2.1: An operatorA : H→ H is called

(i) L-Lipschitz continuous with constant L>0 if

‖Au−Av‖ ≤ L‖u− v‖ ∀u, v ∈ H,

(ii) η-strongly monotone with constant η > 0 if

〈Au−Av, u− v〉 ≥ η‖u− v‖2 ∀u, v ∈ H,

(iii) monotone, if 〈Au−Av, u− v
〉 ≥ 0 ∀u, v ∈ H.

We next recall some properties of the projection, cf. [3] for more details. To this end, let
C ⊆ H be a nonempty, closed and convex subset of H. For any point u ∈ H, there exists a
unique point PCu ∈ C such that

‖u− PCu‖ ≤ ‖u− y‖ ∀y ∈ C.

PC is called themetric projection ofH onto C. We know that PC is a nonexpansive mapping
of H onto C. It is also known that PC satisfies

〈x− y,PCx− PCy〉 ≥ ‖PCx− PCy‖2 ∀x, y ∈ H. (10)

Furthermore, PCx is characterized by the properties

PCx ∈ C and 〈x− PCx,PCx− y〉 ≥ 0 ∀y ∈ C. (11)

This characterization implies that

‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y− PCx‖2 ∀x ∈ H,∀y ∈ C. (12)

Lemma 2.2. The following identities hold for all u, v,w ∈ H and κ ∈ R:

(i) 2〈u, v〉 = ‖u‖2 + ‖v‖2 − ‖u− v‖2 = ‖u+ v‖2 − ‖u‖2 − ‖v‖2;
(ii) ‖κu+ (1− κ)v‖2 = κ‖u‖2 + (1− κ)‖v‖2 − κ(1− κ)‖u− v‖2.

Lemma 2.3 (([22, Lem. 7.1.7]).). Let C be a nonempty, closed and convex subset of H. Let
A : C → H be a continuous, monotone mapping and z ∈ C. Then

z ∈ S⇐⇒ 〈Ax, x− z〉 ≥ 0 for all x ∈ C.
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3. Proposedmethod

In this section, we present our method from the point of view of a dynamical system and
later obtain the discrete version.

3.1. Derivations from dynamical systems

Assume thatA is amonotone operator in a real Hilbert spaceH and consider the following
dynamical system associated with the VIP (1):

ẋ(t)+ x(t) = PC(x(t)− λ(t)A(ẋ(t)+ x(t))), (13)

where λ : [0,∞)→ [0,∞) is a Lebesgue measurable function. In order to discretize (13),
we replace x(t) ≈ xn. Since two derivatives appear in (13), we have many combinations of
possible discretizations. We consider a forward discretization of ẋ(t) on the left-hand side
and a backward discretization of ẋ(t) on the right-hand side. Thus,

ẋ(t) ≈ xn+1 − xn on the left hand side

and

ẋ(t) ≈ xn − xn−1 on the right hand side.

Therefore, we obtain

xn+1 = PC(xn − λnA(xn + xn − xn−1))

= PC(xn − λnA(2xn − xn−1)). (14)

This is the projected reflected gradient method introduced by Malitsky in [16] for solving
VIP (1).

In this paper, we propose, instead of (13), the following dynamical system

ẋ(t)+ x(t) = PC(θ ẋ(t)+ x(t)− λ(t)A(ẋ(t)+ x(t))), (15)

where θ ≥ 0. Again, discretizing (15) as done in (13), we obtain

xn+1 = PC(xn + θ(xn − xn−1)− λnA(2xn − xn−1)). (16)

This is the projected reflected gradientmethod with inertial termwhich we intend to study
in this paper. Observe that method (16) reduces to method (14) when θ = 0.

3.2. Ourmethod in discrete version

In this subsection, we introduce and discuss our projection-type method to solve VIP (1).
Our proposed method is a combination of projected reflected gradient method, inertial
extrapolation term and self-adaptive step sizes.

Remark 3.1: Note that if wn = yn = xn+1, then (17) implies the equality xn+1 =
PC(xn+1 − λnAxn+1) and so xn+1 ∈ S.
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Remark 3.2: Note that by (18), λn+1 ≤ λn. Furthermore, if 〈Ayn −Ayn−1, yn − xn+1〉 >
0, then using the definition of ρn, we obtain

λn+1 = μρn

〈Ayn −Ayn−1, yn − xn+1〉

≥
μ
(
‖yn − yn−1‖2 + 2‖yn − xn+1‖2

)
〈Ayn −Ayn−1, yn − xn+1〉

≥ 2
√
2μ‖yn − yn−1‖‖yn − xn+1‖
‖Ayn −Ayn−1‖‖yn − xn+1‖

≥ 2
√
2μ
L

.

Therefore, by the definition of {λn} in (18), we have

λn ≥ min

{
λ0,

2
√
2μ
L

}
.

Consequently, there exists λ > 0 such that

lim
n→∞λn = λ ≥ min

{
λ0,

2
√
2μ
L

}
> 0.

4. Weak convergence results

We present the weak convergence result of Algorithm 1 in this Section. First, we state and
prove the following important lemmas that are crucial for our convergence analysis.

Lemma 4.1. Suppose {xn} is generated by Algorithm 1. Assume further that the conditions
in Assumption 1.1 are satisfied. Then ∀x∗ ∈ S,

2λn〈Ayn−1 −Ayn, yn − xn+1〉 + 2λn〈Ayn, yn − x∗〉 + 2〈xn+1 − wn, xn+1 − x∗〉

≤ (1− θ)
λn

λn−1
‖xn+1 − xn‖2 +

(
θ − λn

λn−1

)
‖xn − yn‖2

+ θ‖xn − yn−1‖2 +
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2. (19)

Proof: Using xn = PC(wn−1 − λn−1Ayn−1), we obtain by (11) that ∀x ∈ C,
〈xn − wn−1 + λn−1Ayn−1, x− xn〉 ≥ 0. (20)

Setting x = xn+1 and later x = xn−1 in (20), we have

〈xn − wn−1 + λn−1Ayn−1, xn+1 − xn〉 ≥ 0 (21)

and

〈xn − wn−1 + λn−1Ayn−1, xn−1 − xn〉 ≥ 0. (22)



204 C. IZUCHUKWU AND Y. SHEHU

Algorithm 1 Inertial Projected Reflected Gradient Method
1: Let x−1, x0 ∈ C be chosen arbitrarily. Choose λ0 > 0 and θ ∈ [0, 17 ). Define μ̄ :=

1−7θ
4+2√2 and choose μ ∈ (0, μ̄). Set n := 0.

2: Compute ⎧⎨
⎩

wn = xn + θ(xn − xn−1)
yn = 2xn − xn−1
xn+1 = PC(wn − λnAyn).

(17)

If wn = yn = xn+1, STOP and xn+1 ∈ S. Otherwise
3: Compute

λn+1=
⎧⎨
⎩

λn, if 〈Ayn−Ayn−1, yn−xn+1〉≤0
min

{
μρn

〈Ayn −Ayn−1, yn − xn+1〉 , λn

}
, otherwise,

(18)

where ρn := √2‖yn−1 − xn‖2 + (2+√2)‖xn − yn‖2 + 2‖xn+1 − yn‖2.
4: Set n← n+ 1, and go to 2.

Adding (21) and (22) gives

〈xn − wn−1 + λn−1Ayn−1, xn+1 − xn + xn−1 − xn〉 ≥ 0. (23)

Noting that yn = 2xn − xn−1, we have from (23) that

〈xn − wn−1 + λn−1Ayn−1, xn+1 − yn〉 ≥ 0.

Therefore, we get

〈λn−1Ayn−1, yn − xn+1〉 ≤ 〈xn − wn−1, xn+1 − yn〉. (24)

Now, by wn = xn + θ(xn − xn−1), one has

xn − wn−1 = xn − xn−1 − θ(xn−1 − xn−2)

= xn − xn−1 − θ
[
(xn − xn−1)− (xn − yn−1)

]
= (1− θ)(xn − xn−1)+ θ(xn − yn−1)

= (1− θ)(yn − xn)+ θ(xn − yn−1). (25)
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Using (25) in (24) gives

2λn〈Ayn−1, yn − xn+1〉 ≤ 2λn
λn−1
〈xn − wn−1, xn+1 − yn〉

= 2λn(1− θ)

λn−1
〈yn − xn, xn+1 − yn〉+ 2λnθ

λn−1
〈xn−yn−1, xn+1−yn〉

≤ (1− θ)λn

λn−1

[‖xn+1 − xn‖2 − ‖xn − yn‖2 − ‖xn+1 − yn‖2
]

+ λnθ

λn−1

[‖xn − yn−1‖2 + ‖xn+1 − yn‖2
]

≤ (1− θ)
λn

λn−1
‖xn+1 − xn‖2 +

(
θ − λn

λn−1

)
‖xn − yn‖2

+ θ‖xn − yn−1‖2 +
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2. (26)

Again using xn+1 = PC(wn − λnAyn), we obtain from (11) that ∀x ∈ C,
〈xn+1 − wn + λnAyn, x− xn+1〉 ≥ 0.

Since x∗ ∈ S ⊂ C, we have in particular that

〈xn+1 − wn + λnAyn, xn+1 − x∗〉 ≤ 0. (27)

Addition of (26) and (27) gives

2λn〈Ayn−1, yn − xn+1〉 + 2〈xn+1 − wn + λnAyn, xn+1 − x∗〉

≤ (1− θ)
λn

λn−1
‖xn+1 − xn‖2 +

(
θ − λn

λn−1

)
‖xn − yn‖2

+ θ‖xn − yn−1‖2 +
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2.

One can rewrite the last inequality above as (19). �

Lemma 4.2. Under the same conditions as assumed Lemma 4.1, we have

‖xn+1 − x∗‖2 ≤ ‖wn − x∗‖2 − ‖xn+1 − wn‖2

+ λn

λn+1
2
√
2μ
[
‖yn−1−xn‖2+(1+√2)‖xn − yn‖2+

√
2‖xn+1 − yn‖2

]
− 4λn〈Ax∗, xn − x∗〉 + 2λn〈Ax∗, xn−1 − x∗〉 + (1− θ)‖xn+1 − xn‖2

+
(

θ − λn

λn−1

)
‖xn − yn‖2 + θ‖xn − yn−1‖2

+
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2. (28)
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Proof: Observe by Lemma 2.2 (i) we have that

2〈xn+1 − wn, xn+1 − x∗〉 = ‖xn+1 − wn‖2 + ‖xn+1 − x∗‖2 − ‖wn − x∗‖2. (29)

Therefore, (19) becomes

‖xn+1 − x∗‖2 ≤ ‖wn − x∗‖2 − ‖xn+1 − wn‖2 + 2λn〈Ayn−1 −Ayn, xn+1 − yn〉

− 2λn〈Ayn, yn − x∗〉 + (1− θ)
λn

λn−1
‖xn+1 − xn‖2

+
(

θ − λn

λn−1

)
‖xn − yn‖2 + θ‖xn − yn−1‖2

+
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2. (30)

Observe from (18) that

2λn〈Ayn−1 −Ayn, xn+1 − yn〉 = λn

λn+1
2λn+1〈Ayn−1 −Ayn, xn+1 − yn〉

≤ λn

λn+1
2
√
2μ
[‖yn−1 − xn‖2 + (1+√2)‖xn − yn‖2

+√2‖xn+1 − yn‖2
]
. (31)

SinceA is monotone on H, we have

2λn〈Ayn, yn − x∗〉 ≥ 2λn〈Ax∗, yn − x∗〉. (32)

Now, by (17), we have

yn − x∗ = 2xn − xn−1 − x∗

= 2(xn − x∗)− (xn−1 − x∗). (33)

Using (33), we obtain

2λn〈Ax∗, yn − x∗〉 = 2λn〈Ax∗, 2(xn − x∗)− (xn−1 − x∗)〉
= 4λn〈Ax∗, xn − x∗〉 − 2λn〈Ax∗, xn−1 − x∗〉. (34)

If we use (34) in (32), we then obtain

2λn〈Ayn, yn − x∗〉 ≥ 4λn〈Ax∗, xn − x∗〉 − 2λn〈Ax∗, xn−1 − x∗〉. (35)

Combining (30), (31) and (35), we have (28) (noting that λn
λn−1 ≤ 1). �
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Lemma 4.3. Suppose {xn} is generated by Algorithm 1. Assume further that the conditions
in Assumption 1.1 are satisfied and ∀x∗ ∈ S, define

an := ‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2θ‖xn − xn−1‖2

+
(

θ + 2
√
2μλn

λn+1

)
‖xn − yn−1‖2 + 2λn−1〈Ax∗, xn−1 − x∗〉

and

bn :=
(

λn

λn−1
− αn − 2θ

)
‖xn+1 − xn‖2,

where

αn := max

{
θ + (4+ 2

√
2)μλn

λn+1
, 3θ + 4μλn

λn+1
+ 2
√
2μλn+1
λn+2

}
.

Then there exists n0 > 0 such that ∀n ≥ n0, we have

an+1 ≤ an − bn, and bn ≥ 0.

Proof: By Cauchy–Schwarz inequality, we get

‖xn+1 − wn‖2 = ‖(xn+1 − xn)− θ(xn − xn−1)‖2

= ‖xn+1 − xn‖2 − 2θ〈xn+1 − xn, xn − xn−1〉
+ θ2‖xn − xn−1‖2

≥ (1− θ)‖xn+1 − xn‖2 + θ(θ − 1)‖xn − xn−1‖2. (36)

Using Lemma 2.2 (ii) in (17), we get

‖wn − x∗‖2 = ‖(1+ θ)(xn − x∗)− θ(xn−1 − x∗)‖2

= (1+ θ)‖xn − x∗‖2 − θ‖xn−1 − x∗‖2

+ θ(1+ θ)‖xn − xn−1‖2. (37)
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Applying (36) and (37) in (28), we obtain

‖xn+1 − x∗‖2 ≤ (1+ θ)‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + θ(1+ θ)‖xn − xn−1‖2

− (1− θ)‖xn+1 − xn‖2 − θ(θ − 1)‖xn − xn−1‖2

+ λn

λn+1
2
√
2μ
[
‖yn−1−xn‖2+(1+√2)‖xn − yn‖2+

√
2‖xn+1−yn‖2

]
− 4λn〈Ax∗, xn − x∗〉 + 2λn〈Ax∗, xn−1 − x∗〉 + (1− θ)‖xn+1 − xn‖2

+
(

θ − λn

λn−1

)
‖xn − yn‖2 + θ‖xn − yn−1‖2

+
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2 (38)

= ‖xn − x∗‖2 + θ‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2θ‖xn − xn−1‖2

+ λn

λn+1
2
√
2μ
[
‖yn−1−xn‖2+(1+√2)‖xn − yn‖2+

√
2‖xn+1−yn‖2

]
− 4λn〈Ax∗, xn − x∗〉 + 2λn〈Ax∗, xn−1 − x∗〉

+
(

θ − λn

λn−1

)
‖xn − yn‖2 + θ‖xn − yn−1‖2

+
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2. (39)

Observe that 〈Ax∗, xn − x∗〉 ≥ 0 since x∗ ∈ S. Similarly, we also have 〈Ax∗, xn−1 − x∗〉 ≥
0. By Remark 3.2, we have that λn ≤ λn−1, and from 〈Ax∗, xn−1 − x∗〉 ≥ 0, we obtain
from (39) that

‖xn+1 − x∗‖2

≤ ‖xn − x∗‖2 + θ‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2θ‖xn − xn−1‖2

+ λn

λn+1
2
√
2μ
[
‖yn−1 − xn‖2 + (1+√2)‖xn − yn‖2 +

√
2‖xn+1 − yn‖2

]
− 4λn〈Ax∗, xn − x∗〉 + 2λn−1〈Ax∗, xn−1 − x∗〉

+
(

θ − λn

λn−1

)
‖xn − yn‖2 + θ‖xn − yn−1‖2 +

(
2θ − λn

λn−1

)
‖xn+1 − yn‖2

≤ ‖xn − x∗‖2 + θ‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2θ‖xn − xn−1‖2

+ λn

λn+1
2
√
2μ
[
‖yn−1 − xn‖2 + (1+√2)‖xn − yn‖2 +

√
2‖xn+1 − yn‖2

]
− 2λn〈Ax∗, xn − x∗〉 + 2λn−1〈Ax∗, xn−1 − x∗〉

+
(

θ − λn

λn−1

)
‖xn − yn‖2 + θ‖xn − yn−1‖2

+
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2. (40)
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Therefore, we obtain

‖xn+1 − x∗‖2 − θ‖xn − x∗‖2 + 2θ‖xn+1 − xn‖2

+
(

θ + 2
√
2μλn+1
λn+2

)
‖yn − xn+1‖2 + 2λn〈Ax∗, xn − x∗〉

≤ ‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2θ‖xn+1 − xn‖2 + 2θ‖xn − xn−1‖2

+
(

θ + 2
√
2μλn

λn+1

)
‖yn−1 − xn‖2 + 2λn−1〈Ax∗, xn−1 − x∗〉

−
(

λn

λn−1
− θ − (4+ 2

√
2)μλn

λn+1

)
‖xn − yn‖2

−
(

λn

λn−1
− 2θ − 4μλn

λn+1
− θ − 2

√
2μλn+1
λn+2

)
‖yn − xn+1‖2

= ‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2θ‖xn − xn−1‖2 +
(

θ + 2
√
2μλn

λn+1

)
‖yn−1 − xn‖2

+ 2λn−1〈Ax∗, xn−1 − x∗〉 + 2θ‖xn+1 − xn‖2

−
(

λn

λn−1
− θ − (4+ 2

√
2)μλn

λn+1

)
‖xn − yn‖2

−
(

λn

λn−1
− 3θ − 4μλn

λn+1
− 2
√
2μλn+1
λn+2

)
‖xn+1 − yn‖2

≤ ‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2θ‖xn − xn−1‖2 +
(

θ + 2
√
2μλn

λn+1

)
‖yn−1 − xn‖2

+ 2λn−1〈Ax∗, xn−1 − x∗〉 + 2θ‖xn+1 − xn‖2

−
(

λn

λn−1
− αn

) (‖xn − yn‖2 + ‖xn+1 − yn‖2
)
. (41)

Note that limn→∞( λn
λn−1 − αn) = 1− 3θ − (4+ 2

√
2)μ > 1− 3θ − (4+ 2

√
2)μ ≥ 0.

Therefore, there exists n0 > 0 such that λn
λn−1 − αn > 0, ∀n ≥ n0.

Using Cauchy–Schwarz inequality in (41), we get ∀n ≥ n0,

an+1 ≤ an + 2θ‖xn+1 − xn‖2 − 1
2

(
λn

λn−1
− αn

)
‖xn+1 − xn‖2

= an − 1
2

(
λn

λn−1
− αn − 4θ

)
‖xn+1 − xn‖2. (42)
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Since limn→∞ λn = λ and limn→∞ αn = 3θ + (4+ 2
√
2)μ, we have limn→∞( λn

λn−1 −
αn − 4θ) = 1− 3θ − (4+ 2

√
2)μ− 4θ > 0, since μ < 1−7θ

4+2√2 . Therefore,

bn = 1
2

(
λn

λn−1
− αn − 4θ

)
‖xn+1 − xn‖2 > 0, ∀n ≥ n0.

Hence, (42) becomes

an+1 ≤ an − bn, ∀n ≥ n0. (43)

�

Using Lemma 4.3, we obtain the following weak convergence result for VIP (1) under
the conditions stated in Assumption 1.1.

Theorem 4.4. Suppose the conditions in Assumption 1.1 are fulfilled and let {xn} be a
sequence generated by Algorithm 1. Then {xn} converges weakly to a point in S.

Proof: First we need to show that the sequence {an} defined in Lemma 4.3 is non-negative.
That is, we show that an ≥ 0, ∀n ≥ n0.

From the definition of an we observe that ∀n ≥ n0,

an ≥ ‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2θ‖xn − xn−1‖2. (44)

By Lemma 2.2 (i), we obtain

‖xn−1 − x∗‖2 = ‖(xn−1 − xn)+ (xn − x∗)‖2

= ‖xn−1 − xn‖2 + ‖xn − x∗‖2 + 2〈xn−1 − xn, xn − x∗〉
≤ 2‖xn−1 − xn‖2 + 2‖xn − x∗‖2. (45)

Combining (44) and (45), one has

an ≥ ‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2θ‖xn − xn−1‖2

≥ ‖xn − x∗‖2 − 2θ‖xn − xn−1‖2 − 2θ‖xn − x∗‖2

+ 2θ‖xn − xn−1‖2

= (1− 2θ)‖xn − x∗‖2, ∀n ≥ n0. (46)

Hence, from (46), we have that an ≥ 0, ∀n ≥ n0. This implies that {an} is convergent since
an+1 ≤ an and an ≥ 0. Thus, limn→∞ an exists. Using (46), we have that {xn} is bounded.
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From (42), we obtain that

lim
n→∞‖xn+1 − xn‖ = 0.

Since yn = 2xn − xn−1 and wn = xn + θ(xn − xn−1), we have

lim
n→∞‖yn − xn‖ = lim

n→∞‖xn − xn−1‖ = 0 = lim
n→∞‖wn − xn‖. (47)

Also,

‖xn+1 − yn‖ ≤ ‖xn+1 − xn‖ + ‖yn − xn‖ → 0, n→∞ (48)

and

‖xn+1 − wn‖ ≤ ‖xn+1 − xn‖ + ‖xn − wn‖ → 0, n→∞. (49)

Consequently, we have from the definition of {an} that

lim
n→∞

[‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2λn−1〈Ax∗, xn−1 − x∗〉] exists. (50)

Since {xn} is bounded, there exists {xnk} ⊂ {xn} such that xnk ⇀ p ∈ H. One can also see
that ynk ⇀ p by (47).

We next show that p ∈ S. By (11), one has ∀y ∈ C,

〈xnk+1 − wnk + λnkAynk , y− xnk+1〉 ≥ 0.

By monotonicity ofA, we have

0 ≤ 〈xnk+1 − wnk , y− xnk+1〉 + λnk〈Aynk , y− xnk+1〉
= 〈xnk+1 − wnk , y− xnk+1〉 + λnk〈Aynk , y− ynk〉 + λnk〈Aynk , ynk − xnk+1〉
≤ 〈xnk+1 − wnk , y− xnk+1〉 + λnk〈Ay, y− ynk〉 + λnk〈Aynk , ynk − xnk+1〉. (51)

Passing to the limit as k→∞ in (51), we obtain (noting (48) and (49)),

〈Ay, y− p〉 ≥ 0 ∀y ∈ C.

By Lemma 2.3, we get that p ∈ S.
We now show that xn ⇀ x∗ ∈ S. Let us assume that there exist {xnk} ⊂ {xn} and {xnj} ⊂

{xn} such that xnk ⇀ v∗, k→∞ and xnj ⇀ x∗, j→∞. We show that v∗ = x∗.
Observe that

2〈xn, x∗ − v∗〉 = ‖xn − v∗‖2 − ‖xn − x∗‖2 − ‖v∗‖2 + ‖x∗‖2 (52)

and

2〈−θxn−1, x∗ − v∗〉 = −θ‖xn−1 − v∗‖2 + θ‖xn−1 − x∗‖2

+ θ‖v∗‖2 − θ‖x∗‖2. (53)
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Addition of (52) and (53) gives

2〈xn − θxn−1, x∗ − v∗〉 =
(
‖xn − v∗‖2 − θ‖xn−1 − v∗‖2

)
−
(
‖xn − x∗‖2 − θ‖xn−1 − x∗‖2

)
+ (1− θ)(‖x∗‖2 − ‖v∗‖2). (54)

According to (50), we have

lim
n→∞

[
‖xn − v∗‖2 − θ‖xn−1 − v∗‖2 + 2λn−1〈Av∗, xn−1 − v∗〉

]
exists and

lim
n→∞

[
‖xn − x∗‖2 − θ‖xn−1 − x∗‖2 + 2λn−1〈Ax∗, xn−1 − x∗〉

]
exists. Hence, we obtain from (54) that

lim
n→∞

[
〈xn − θxn−1, x∗ − v∗〉 + λn−1

(
〈Av∗, xn−1 − v∗〉 − 〈Ax∗, xn−1 − x∗〉

)]
exists. Now, since lim

n→∞λn−1 = λ, we obtain

〈v∗ − θv∗, x∗ − v∗〉 + λ〈Ax∗, x∗ − v∗〉
= lim

k→∞

[
〈xnk − θxnk−1, x

∗ − v∗〉 + λnk−1
(
〈Av∗, xnk−1 − v∗〉 −〈Ax∗, xnk−1 − x∗〉

)]
= lim

n→∞

[
〈xn − θxn−1, x∗ − v∗〉 + λn−1

(
〈Av∗, xn−1 − v∗〉 −〈Ax∗, xn−1 − x∗〉

)]
= lim

k→∞

[
〈xnj − θxnj−1, x

∗ − v∗〉 + λnj−1
(
〈Av∗, xnj−1 − v∗〉 −〈Ax∗, xnj−1 − x∗〉

)]
= 〈x∗ − θx∗, x∗ − v∗〉 + λ〈Av∗, x∗ − v∗〉,

and this yields

(1− θ)‖x∗ − v∗‖2 + λ〈Av∗ −Ax∗, x∗ − v∗〉 = 0. (55)

Since x∗ ∈ S and v∗ ∈ S, we have that

〈Av∗ −Ax∗, x∗ − v∗〉 = 〈Av∗, x∗ − v∗〉 + 〈Ax∗, v∗ − x∗〉
≥ 0. (56)

Since A is monotone, we have 〈Av∗ −Ax∗, x∗ − v∗〉 ≤ 0. This together with (56) imply
that

〈Av∗ −Ax∗, x∗ − v∗〉 = 0. (57)

Since θ ∈ [0, 1), we obtain from (55) and (57) that x∗ = v∗. Hence, {xn} converges weakly
to a point in S. This completes the proof. �
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5. Linear convergence result

In this section, we obtain linear convergence result of Algorithm 1 under the condition
thatA in VIP (1) is η-strongly monotone and L-Lipschitz continuous onH. We know that
under this condition onA, VIP (1) has a unique solution.

We first prove the following lemma.

Lemma 5.1. Suppose {an} and {bn} are non-negative sequences such that
an+1 + bn+1 ≤ (1− ρ)an + rρan−1 + rbn + θ(an − an−1),

where ρ ∈ (0,∞), r ∈ (0, 1) and θ ∈ [0,min{rρ, r}). Then {an} converges linearly to 0.

Proof: For any δ1, δ2 > 0, we obtain

an+1 + δ1an + bn+1 ≤ (1− ρ + δ1)an + rρan−1 + rbn
+ θ(an − an−1)

= (1− ρ + δ1 + θ)an + (rρ − θ)an−1 + rbn
= δ2(an + δ1an−1)+ rbn + (1− ρ + θ + δ1 − δ2)an
+ (rρ − θ − δ1δ2)an−1
≤ α(an + δ1an−1 + bn)+ (1− ρ + θ + δ1 − δ2)an
+ (rρ − θ − δ1δ2)an−1, (58)

where α := max{δ2, r}. Let us choose δ1, δ2 > 0 such that{
1− ρ + θ + δ1 − δ2 = 0
rρ − θ − δ1δ2 = 0.

It suffices to choose δ2 > 0 such that

δ22 − (1− ρ + θ)δ2 − (rρ − θ) = 0.

Solving this quadratic equation gives

δ2 = (1− ρ + θ)+
√

((ρ − θ)− 1)2 + 4(rρ − θ)

2
,

where ρ ∈ (0,∞), r ∈ (0, 1) and θ ∈ [0,min{rρ, r}). Then it is easy to see that δ2 ∈ (0, 1)
since θ < min{rρ, r}. Therefore, α := max{δ2, r} < 1. Furthermore, we obtain from (58)
that

an+1 + δ1an + bn+1 ≤ α(an + δ1an−1 + bn) ≤ αn+1(a0 + δ1a−1 + b0) = αn+1M,

for someM>0. �

Remark 5.2: Lemma 5.1 reduces to [17, Lemma 4] when θ = 0.

We now give the linear convergence result.
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Theorem 5.3. SupposeA is η-strongly monotone and L-Lipschitz continuous on H. Assume
that 0 ≤ θ < min{2ηλ0, 4

√
2ημ
L , 17 }. Then {xn} generated by Algorithm 1 converges to a

unique solution of the VIP (1) at least R-linearly.

Proof: Let z be the unique element of S. By Lemma 2.2 (ii) (taking κ = 2), we have

‖yn − z‖2 = ‖2(xn − z)− (xn−1 − z)‖2

= 2‖xn − z‖2 − ‖xn−1 − z‖2 + 2‖xn − xn−1‖
≥ 2‖xn − z‖2 − ‖xn−1 − z‖2. (59)

By the strong monotonicity ofA and (59), we have

2λn
[〈Ayn − Az, yn − z〉 − η

(
2‖xn − z‖2 − ‖xn−1 − z‖2)]

≥ 2λn
[〈Ayn − Az, yn − z〉 − η‖yn − z‖2]

≥ 0. (60)

By (30), we obtain

‖xn+1 − z‖2 ≤ ‖wn − z‖2 − ‖xn+1 − wn‖2 + 2λn〈Ayn−1 −Ayn, xn+1 − yn〉

− 2λn〈Ayn, yn − z〉+ (1− θ)λn

λn−1
‖xn+1 − xn‖2+

(
θ − λn

λn−1

)
‖xn−yn‖2

+ θ‖xn − yn−1‖2 +
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2. (61)

Adding (60) to the right hand side of (61), we get

‖xn+1 − z‖2 ≤ ‖wn − z‖2 − ‖xn+1 − wn‖2 − 4λnη‖xn − z‖2

+ 2λnη‖xn−1 − z‖2 + 2λn〈Ayn−1 −Ayn, xn+1 − yn〉

− 2λn〈Az, yn − z〉 + (1− θ)λn

λn−1
‖xn+1 − xn‖2 +

(
θ − λn

λn−1

)
‖xn − yn‖2

+ θ‖xn − yn−1‖2 +
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2. (62)

Applying (36) and (37) in (62), we get

‖xn+1 − z‖2 ≤ (1+ θ − 4ηλn)‖xn − z‖2 + (2ηλn − θ)‖xn−1 − z‖2 + 2θ‖xn − xn−1‖2

− (1− θ)‖xn+1 − xn‖2 + 2λn〈Ayn−1 −Ayn, xn+1 − yn〉

− 2λn〈Az, yn − z〉 + (1− θ)λn

λn−1
‖xn+1 − xn‖2 +

(
θ − λn

λn−1

)
‖xn − yn‖2

+ θ‖xn − yn−1‖2 +
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2. (63)
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Putting (31) and (34) into (63), we have

‖xn+1 − z‖2 ≤ (1+ θ − 4ηλn)‖xn − z‖2 + (2ηλn − θ)‖xn−1 − z‖2 + 2θ‖xn − xn−1‖2

− (1− θ)‖xn+1 − xn‖2 + 2
√
2μλn

λn+1
‖xn − yn−1‖2

+ (4+ 2
√
2)μλn

λn+1
‖xn − yn‖2

+ 4μλn

λn+1
‖xn+1 − yn‖2 − 4λn〈Az, xn − z〉 + 2λn〈Az, xn−1 − z〉

+ (1− θ)λn

λn−1
‖xn+1 − xn‖2 +

(
θ − λn

λn−1

)
‖xn − yn‖2

+ θ‖xn − yn−1‖2 +
(
2θ − λn

λn−1

)
‖xn+1 − yn‖2

= (1+ θ − 4ηλn)‖xn − z‖2 + (2ηλn − θ)‖xn−1 − z‖2 + 2θ‖xn − xn−1‖2

+
(

(1− θ)λn

λn−1
+ θ − 1

)
‖xn+1 − xn‖2

+
(
4μλn

λn+1
+ 2θ − λn

λn−1

)
‖xn+1 − yn‖2

+
(
2
√
2μλn

λn+1
+ θ

)
‖xn − yn−1‖2 − 4λn〈Az, xn − z〉

+ 2λn〈Az, xn−1 − z〉. (64)

Recall that

yn − xn = xn − xn−1. (65)

Using (65) in (64) gives

‖xn+1 − z‖2 ≤ (1+ θ − 4ηλn)‖xn − z‖2 + (2ηλn − θ)‖xn−1 − z‖2

+
(

(1− θ)λn

λn−1
+ θ − 1

)
‖xn+1 − xn‖2

+
(
2θ + (4+ 2

√
2)μλn

λn+1
+ θ − λn

λn−1

)
‖xn − xn−1‖2

+
(
4μλn

λn+1
+ 2θ − λn

λn−1

)
‖xn+1 − yn‖2+

(
2
√
2μλn

λn+1
+ θ

)
‖xn − yn−1‖2

− 4λn〈Az, xn − z〉 + 2λn〈Az, xn−1 − z〉. (66)
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Thus, (66) becomes

‖xn+1 − z‖2 ≤ (1+ θ − 4ηλn)‖xn − z‖2 + (2ηλn − θ)‖xn−1 − z‖2

−
(
1− θ − (1− θ)λn

λn−1

)
‖xn+1 − xn‖2 +

(
2
√
2μλn

λn+1
+ θ

)
‖xn − yn−1‖2

−
(

λn

λn−1
− (4+ 2

√
2)μλn

λn+1
− 3θ

)
‖xn − yn‖2

−
(

λn

λn−1
− 4μλn

λn+1
− 2θ

)
‖xn+1 − yn‖2

− 4λn〈Az, xn − z〉 + 2λn〈Az, xn−1 − z〉. (67)

Therefore,

‖xn+1 − z‖2 + 4λn〈Az, xn − z〉 +
(

λn

λn−1
− 4μλn

λn+1
− 2θ

)
‖xn+1 − yn‖2

≤ (1+ θ − 4ηλn)‖xn − z‖2 + (2ηλn − θ)‖xn−1 − z‖2

−
(
1− θ − (1− θ)λn

λn−1

)
‖xn+1 − xn‖2 +

(
2
√
2μλn

λn+1
+ θ

)
‖xn − yn−1‖2

−
(

λn

λn−1
− (4+ 2

√
2)μλn

λn+1
− 3θ

)
‖xn − yn‖2 + 2λn〈Az, xn−1 − z〉. (68)

Observe that (
1− θ − (1− θ)λn

λn−1

)
= (1− θ)

(
1− λn

λn−1

)

= (1− θ)

(
λn−1 − λn

λn

)

≥ 0. (69)

Define βn := (4+2√2)μλn
λn+1 + 3θ . Then

lim
n→∞

(
λn

λn−1
− βn

)
= 1− (4+ 2

√
2)μ− 3θ ≥ 0, (70)

since μ < 1−7θ
4+2√2 = μ̄. Therefore, from (68), there exists n0 ∈ N such that ∀n ≥ n0, we

have

‖xn+1 − z‖2 + 4λn〈Az, xn − z〉 +
(

λn

λn−1
− 4μλn

λn+1
− 2θ

)
‖xn+1 − yn‖2

≤ (1+ θ − 4ηλn)‖xn − z‖2 + (2ηλn − θ)‖xn−1 − z‖2

+
(
2
√
2μλn

λn+1
+ θ

)
‖xn − yn−1‖2 + 2λn〈Az, xn−1 − z〉. (71)
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Then ∀n ≥ n0, we get

‖xn+1 − z‖2 + 4λn〈Az, xn − z〉 +
(

λn

λn−1
− 4μλn

λn+1
− 2θ

)
‖xn+1 − yn‖2

≤ (1+ θ − 4ηλn)‖xn − z‖2 + (2ηλn − θ)‖xn−1 − z‖2

+
(
2
√
2μλn

λn+1
+ θ

)
‖xn − yn−1‖2 + 2λn〈Az, xn−1 − z〉. (72)

Define ξn = max{
2
√
2μλn

λn+1 +θ

λn−1
λn−2−

4μλn−1
λn −2θ

, 1
2

λn
λn−1 }. Let ξ = sup ξn. Then it is easy to see that ξ ∈

(0, 1) since θ <
1−(4+2√2)μ

3 , which is automatically satisfied because μ < 1−7θ
4+2√2 .

Now, ∀n ≥ n1, let an := ‖xn − z‖2 and bn+1 := ( λn
λn−1 −

4μλn
λn+1 − 2θ)‖xn+1 − yn‖2 +

4λn〈Az, xn − z〉. Then we have from (72) that ∀n ≥ n1,

an+1 + bn+1 ≤ (1+ θ − 4ηλn) an + (2ηλn − θ)an−1 + ξnbn
≤ (1− 4ηλn)an + 2ηλnan−1 + ξbn + θ(an − an−1)

= (1− 4ηλn)an + 1
2
(4ηλn)an−1 + ξbn + θ(an − an−1). (73)

Define r := max{ξ , 12 } ∈ (0, 1). Since 4ηλn ≥ 4ηλ =: ρ > 0, we have from (73) that

an+1 + bn+1 ≤ (1− ρ)an + rρan−1 + rbn + θ(an − an−1). (74)

Observe that 1
2 ≤ r, min{λ0, 2

√
2μ
L } ≤ λ and this implies ρ = 4ηλ ≥ min{4ηλ0, 8

√
2ημ
L } by

Remark 3.2. This means min{1, 4ηλ0, 8
√
2μ
L } ≤ min{1, ρ}. Therefore,

min
{
4ηλ0,

8
√
2ημ

L
,
2
7

}
≤ min

{
4ηλ0,

8
√
2ημ

L
, 1
}

≤ min{1, ρ}.

Thus,

min
{
2ηλ0,

4
√
2ημ

L
,
1
7

}
= 1

2
min

{
4ηλ0,

8
√
2ημ

L
,
2
7

}
≤ rmin{1, ρ} = min{rρ, r}. (75)

Noting (75) and invoking Lemma 5.1 in (74), we obtain the desired conclusion. �

Remark 5.4: If θ = 0 in Theorem 5.3, we do not need the condition 0 ≤ θ <

min{2ηλ0, 4
√
2ημ
L , 17 }.
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6. Numerical applications to optimal control

In this section, we provide computational experiments comparingAlgorithm1 to the exist-
ing state-of-the-art methods in the literature; [9, Algorithm 1], [16, Algorithm 4.1], [17,
Algorithm1] and [25, AlgorithmA] using test examples fromoptimal control. All the com-
putations are performed using Matlab 2016 (b) which is running on a personal computer
with an Intel(R) Core(TM) i5-2600 CPU at 2.30GHz and 8.00 Gb-RAM.

Let 0 < T ∈ R.We denote byL2([0,T],Rm) theHilbert space of square integrable,mea-
surable vector functionsu : [0,T]→ Rmwith inner product 〈u, v〉 = ∫ T

0 〈u(t), v(t)〉dt, and
norm ‖u‖2 =

√〈u, u〉.
Consider the optimal control problem:

u∗(t) = argmin{f (u) : u ∈ U} (76)

on the interval [0,T], assuming that such a control exists. Here U is the set of admissible
controls, which has the form of anm-dimensional box and consists of continuous function:

U = {u(t) ∈ L2([0,T],Rm) : ui(t) ∈ [u−i , u
+
i ], i = 1, 2, . . . ,m

}
.

Specially, the control can be bang-bang (piecewise constant function). The terminal
objective has the form

f (u) = φ(x(T)),

where φ is a convex and differentiable function, defined on the attainability set.
Suppose that the trajectory x(t) ∈ L2([0,T] satisfies constraints in the form of a system

of linear differential equation:

ẋ(t) = A(t)x(t)+ B(t)u(t), x(0) = x0, t ∈ [0,T],

where A(t) ∈ Rn×n, B(t) ∈ Rn×m are given continuous matrices for every t ∈ [0,T]. By
the Pontryagin Maximum Principle there exists a function p∗ ∈ L2([0,T] such that the
triple (x∗, p∗, u∗) solves for a.e. t ∈ [0,T] the system{

ẋ∗(t) = A(t)x∗(t)+ B(t)u∗(t)
x∗(0) = x0,

(77)

{
ṗ∗(t) = −A(t)�p∗(t)
p∗(T) = ∇φ(x(T)),

(78)

0 ∈ B(t)�p∗(t)+ NU(u∗(t)), (79)

where NU(u) is the normal cone to U at u. Denoting Gu(t) := B(t)�p(t), it is known that
G is the gradient of the objective cost function f, i.e. G = ∇f . We can write (79) as VIP (1)

〈Gu∗, v− u∗〉 ≥ 0, ∀v ∈ U. (80)

Now, let us discretize the continuous functions and choose a natural number N with the
mesh size h := T/N. We identify any discretized control uN := (u0, u1, . . . , uN−1) with its
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piece-wise constant extension:

uN(t) = ui for t ∈ [ti, ti+1) , i = 0, 1, . . . ,N.

Moreover, we identify any discretized state xN := (x0, x1, . . . , xN)with its piece-wise linear
interpolation:

xN(t) = xi + t − ti
h

(xi+1 − xi) , for t ∈ [ti, ti+1) , i = 0, 1, . . . ,N − 1.

Similarly for the co-state variable pN := (p0, p1, . . . , pN).

Example 6.1 (Control of a harmonic oscillator [19, Example 7]):

minimize x2(3π)

subject to ẋ1(t) = x2(t),
ẋ2(t) = −x1(t)+ u(t), ∀t ∈ [0, 3π],
x(0) = 0,
u(t) ∈ [−1, 1].

(81)

The exact optimal control for this problem is:

u∗(t) =
{

1 if t ∈ [0,π/2) ∪ (3π/2, 5π/2)

−1 if t ∈ (π/2, 3π/2) ∪ (5π/2, 3π].

Let us now consider examples in which the terminal function is not linear.

Example 6.2 (Rocket Car [1,21]):

minimize
1
2
(
(x1(5))2 + (x2(5))2

)
subject to ẋ1(t) = x2(t),

ẋ2(t) = u(t), ∀t ∈ [0, 5],
x1(0) = 6, x2(0) = 1,
u(t) ∈ [−1, 1].

(82)

The exact optimal control is

u∗ =
{

1 if t ∈ (τ , 5]

−1 if t ∈ (0, τ ],

where τ = 3.5174292.

Example 6.3 (See [4, Example 6.3]):

minimize −x1(2)+ (x2(2))2

subject to ẋ1(t) = x2(t),
ẋ2(t) = u(t), ∀t ∈ [0, 2],
x1(0) = 0, x2(0) = 0,
u(t) ∈ [−1, 1].

(83)
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Table 1. Comparison of algorithms for Examples 6.1–6.3.

Example 6.1 Example 6.2 Example 6.3

Algorithms CPU Iter CPU Iter CPU Iter

Algorithm 1 4.3490 836 3.1440 1531 1.0673 324
Algorithm 1 [9] 13.3210 8642 14.6563 7317 4.1292 1209
Algorithm 4.1 [16] 14.3387 9317 16.1188 7743 5.0042 1240
Algorithm 1 [17] 11.6642 7454 5.3318 2714 1.9882 594
Algorithm A [25] 13.4731 8432 15.2751 7745 4.5184 1294

Table 2. Comparison of algorithms for Example 6.4.

Alg.1 Alg.1 [9] Alg.4.1 [16] Alg.1 [17] Alg.A [25]

lmCPU Iter CPU Iter CPU Iter CPU Iter CPU Iter

1010 10.5035 451 31.5812 1480 70.5178 9990 58.1122 7269 33.0061 2423
20 10.5385 484 20.9037 832 64.2881 4095 31.9602 1780 21.0148 846
30 20.5721 485 31.0762 939 71.4619 10008 44.6089 3956 33.1827 2349

2010 20.6319 561 31.0805 961 67.7763 7288 55.5648 5098 43.7503 2840
20 20.7575 677 30.9745 906 71.8235 11139 55.8291 5209 43.4602 2787
30 21.2526 1061 31.5295 1395 77.2462 15582 57.1335 6396 32.6229 1843

3010 21.3093 1082 31.3812 1149 64.0363 3581 33.1262 1997 33.5213 2452
20 21.3274 1198 31.4911 1386 68.4674 7849 58.3597 7284 44.2001 3245

Figure 1. Example 6.1 computed by Algorithm 1: Left: random initial control (middle) and optimal
control (edge); Right: optimal trajectories.

Figure 2. Example 6.2 computed by Algorithm 1: Left: random initial control (middle) and optimal
control (edge); Right: optimal trajectories.
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The exact optimal control is

u∗ =
{

1 if t ∈ [0, 6/5)

−1 if t ∈ (6/5, 2].

In Examples 6.1–6.3, we set N = 100 and define
TOLn := max{‖xn+1 − xn‖2, ‖xn − xn−1‖2} for all the algorithms under comparison,

with stopping criterion TOLn ≤ 10−4. Note that TOLn = 0 implies that xn is a solution

Figure 3. Example 6.3 computed by Algorithm 1: Left: random initial control (middle) and optimal
control (edge); Right: optimal trajectories.

Figure 4. The behaviour of TOLn: Top Left: Example 6.1; Top Right: Example 6.2; Bottom: Example 6.3.
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of Problem (1). Also, we randomly choose the initial control u0(t) in [−1, 1] for all the
algorithms under comparison.

Our final example is commonly used as test problem for variational inequality in the
literature ([10]).

Example 6.4: Let the operator A(x) := Mx+ q, x ∈ Rm, where

M = BBT + C + D,

and B is anm×mmatrix, C is anm×m skew-symmetric matrix,D is anm×m diagonal
matrix whose diagonal entries are nonnegative (soM is positive semidefinite), q is a vector
in Rm. The feasible set C ⊂ Rm is a closed and convex subset defined by C := {x ∈ Rm :
Qx ≤ b}, where Q is an l×m matrix and b is a nonnegative vector. It is clear that A is
monotone and L-Lipschitz-continuous with L = ‖M‖. Let q = 0. Then, the solution set
S = {0}.

For the numerical computation, we consider different problem sizes l = 10, 20, 30 and
m = 10, 20, 30. We also randomly generate the matrices B, C, D, Q, b, and the starting
points for all the algorithms under comparison. Furthermore, we define TOLn := ‖xn‖ for
all the algorithms, with stopping criterion TOLn ≤ 10−3.

In Examples 6.1–6.4, we choose the parameters as follows:

Figure 5. The behaviour of TOLn for Example 6.4 with l = 10: Top Left: m = 10; Top Right: m = 20;
Bottom:m = 30.
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• Algorithm 1: λ0 = 1, θ = 0.99
7 and μ = 0.99μ̄.

• Algorithm 1 [9]: λ0 = 1, δ = 1.6, θ = 0.99δ(δ−1)
3δ2−1 and α = 0.99(

√
2−1)(δ−θ−2θδ)

δ2
.

• Algorithm 4.1 [16]: λ0 = 1 and α = 0.4.
• Algorithm 1 [17]: λ0 = 1, θ = 1 and μ = 0.99μ̄.
• Algorithm A [25]: λ0 = 1, δ = 1.01 and α = 0.99(

√
2−1)

δ
.

Note that for all the algorithms, we choose the same λ0 as above for the sake of uni-
formity, while the choices of other parameters are inspired by the choices made in the
papers.

Figure 6. The behaviour of TOLn for Example 6.4 with l = 20: Top Left: m = 10; Top Right: m = 20;
Bottom:m = 30.

Figure 7. The behaviour of TOLn for Example 6.4 with l = 30: Top Left:m = 10; Top Right:m = 20.
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In Tables 1–2, “Iter” and “CPU” mean the CPU time in seconds and the number of
iterations, respectively. Furthermore, in Table 2 and Figures 4–7, “Alg.” means Algorithm.

The numerical results for Examples 6.1–6.3 are given in Table 1 and Figures 1–4 while
those of Example 6.4 are given in Table 2 and Figures 5–7.

The results show that Algorithm1 performs better than [9, Algorithm1], [16, Algorithm
4.1], [17, Algorithm 1] and [25, Algorithm A] in terms of CPU time and number of
iterations.

7. Final remarks

This paper presents weak and linear convergence results of an inertial projected reflected
gradient method for monotone variational inequality problems in real Hilbert spaces. The
method requires, at each iteration, one projection onto the feasible set and one evaluation
of the cost operator of the variational inequality. Numerical examples drawn from optimal
control are given to illustrate the theoretical analysis and comparisons with other state-of-
the-art algorithms. Part of our future research concentrates on the development of suitable
modifications of the inertial projected reflected gradient method where the choice of iner-
tial factor θ = 1 is possible which might improve the convergence speed of the proposed
method of this paper.
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