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ABSTRACT

~ This project report summarizes and expands previous work on the design
of self-tuning regulators,' Thé objective of the theory developed |

is to impTement‘a multivariable se]f~aﬁaptive error-actuated controller |
| onka minicomputer.' The various facets of the new algorithm, ie.
convérgence’and stabiTity'are then tested experimenta?]y'on a non-

1inear physical system with time-varying dynamics.

A discrete-time model representing a local }ineérisatiohymf ﬁhe non-
linear process is developed and identified via a recursive least-
squares astimator, ~This estimator is characterised by a variable
weighting of past data. This novél technique ensures that, at each

sample, there exists a balance in the information content of the estimator.

The 'reference-tracking® controller is based on the classical approach
of pole-assignment. This approach, aTthcugh non-optimal, is fundamentally

more robust and consequently can be more generally applied.

Keywords : Multivariable digital control; parameter adaptability; non-

Tinear, time-varying system; ervor-actuated controller.
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1.1. MOTIVATION AND BACKGROUND

The simplie two or three term controWWer (Pl or PID) unquestﬁonab?y
remains the most common in practice due to fits 1nherent robustness,
ease of tuning, tolerance of process changes, and the lack of a deta1]ed

. process knowledge required during initial design. 1In spite of this,

due to the increasing demands for tighter guality control and for energy

conservation it may well be that some criticaT loops will require
controllers with many parameters whose vq}ués have to be choseh in a
more’systematic way. Further,‘due to'changes in production and wear of
the equipment‘ihe procéss dynamics may ﬁlter,congiderabTy‘making,itk
necessary to re-tune the controllers. This is a time-consuming process,
eVen'if the conventional two or three term laws are used, particu]ak1y

if the process dynamics are slow and there are many interactive loops.
, . P

For these reasons control engineers and theorists have searched, for
many decades, for a controller that does nct‘need’to be tuned, (i.e.
automatu» tuning). This type of controller has~beehvgiven different
‘names, for instance adaptive, self-organizing, self~optimizing and
learning controller. Aﬁ adaptive controller can be viewed as a tuning
aid for complex control laws or as a means a?'effiaiently uontr071§ng

time-varying processes.

Research on adaptive‘contrQW was very active in the sarly tifiies
motivated by the design of autopilots for high performance aeroplanes.

These earlier adaptive confro]?ers were {mplemented using analogue
techniques, wh1ch nafura11y Timited the possibhiTitiex., Further the

theory was not yet developed and hence the work wit characterized by

mat wen e s e
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a lack of fundamental insight and understanding.

In the sixties there were many contributions to control theory, which

were fundamental to the development of adaptive control. State space

and stability theory were developed. Dual control theory introduced by

Feldbaum in 1965 |24] increased understanding of adaptive control. There

were also major developments in system identification and parameter

estimation.

By the seventies the theory and minicbmputer technology were sufficiently
developed to lead to a renewed interest in se1f~tuning'techhiques. The

seminal work of Astrom 13] has given rise to considerable devetlopment

in the field. This paper led directly to a series of practical implemen-

tatiohs, which themselves triggered new theoretical developments as the
various problems involved in the practical application of adaptive

control became clear.

The field has since exploded with new algorithms and the papers by Clarke
|9] and Isermann 12| present detailed surveys of the better known and

used techniques,

The current efforﬁ,on digﬁiaT seif%funingjadaptive control coincides

with the widespread use of microcomputers in industrial control. A
self-tuner can now be built, in line with recent trends in automation,

as an eut-~station in a microprocessor-based distributed control system.
In addition the multivariable aspect$‘bf the algorithms are also starting
to be theoretically developed, and this dissertation deals with such a

deve1opmeht;
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Earlier projects in the U.K, and Sweden (Wellstead |20| and Borrison [6])

have succeeded in imp]ementing multivariable self»adaptive regulators. The

work reported here is an extension of the former project. The areas of
research were the theoretical development of a multivariable recursive
least-squares estimator with variabWe‘weighting'of past data, the devgiop-

ment of an error-actuated mu]tivafiab1e‘po]e»pTacement contro]]er,and the

implementation and testing of these in an industrial context (Wellstead

tested his algorithm on a scale medel).

The field of adaptive control is‘immense, it is therefore impossible in : fo ‘< ' g
a dissertation such as this to do justice to aWTyaspects involved with

regards the théory and‘properties of the a]gorithmsv Attention is there-

fore restricted to the new theoretical déve?opments and to issues re-

lating to the performance of the algorithm. This dissertation traces the

RS e

evolution, in a systematic manner, of the various algorithms, clarifying

the particular difficulties and possibilitiesﬁthat‘ariseé
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1.2. APPROACHES TO ADAPTIVE CONTROL - SUMMARY

There are basically three schemes for the design of an adaptive control

system, namely, gain-scheduling, model reference and self-tuning. These

- are considered in a common framework by Astrom [2[, while Wittenmark [24],

presents a comprehensive survey of adaptive control methods. Subséquent]y
a brief description of the three approaches to adaptive contr01‘is in-
cluded with particular emphasis on the method used in this project namely

self-tuning.

An adaptive controller, as the name implies, has the ability to modify
its behaviour depending on the performance of the closed-loop system. To
this end it performs three basic functions : identification of unknown‘

parameters or measurement of a performance index, decision on the control

‘strategy, and on-line modification of the controller. The key to any

adaptive system is therefore to find a way of changihg the controller

~ parameters in response to changes in the process and noise dynamics. The

various methods discussed subsequently differ only in the way the con-

troller parameters are adjusted.

(1) Gain Scheduling

In this method (see Fig. 1.1.) auxiliary process variables, which
correlate well with changes in the process dynamics, are used to

influence the controlier parameters.

The main advantage is that adjustments to nU?ify'process changes
can be made very quickly, This is however an open-loop technique -

similar to feedforward compensation,
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Fig. 1.1 : Block Diagram of’Gain SchéduXing,Adaptive Scheme

{i1) Model reference adaptive systems

This technique is depicted in Fig. 1.2. The reference model yields

the ideal behaviour of tha pre¢ess. The key problem is the

determination of the adjustment'mechanism<such that stability and

minimal error is obtained. Astrom |2] discusses this method in

move detail.

A
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Fig. 1.2 : Block Diaaram of Model Reference Scheme

(111) Self-Tuning systems:
A self-tuning controller has thres main elements. There is a

standard control Taw in the form of a difference equation which

acts upon a set of values and produces the new control action, | L

A recursive parameter estimator mohitors the plants input and‘

output and computes an estimate of the plant dynamics 1‘h terms
of a set of parameters in a pres‘c:ribed structural mode?. These
parameter estimates are‘pas.sed to a control-design algorithn |
that provides a new set of coefficients for the control law.

This mechanism is i1lustrated in Fig,1.3.
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Fig. 1.3 Stfucture of a self-tuner

~ The control-design algorithm simply accepts the current estimates

and ignores their uncertainties (unWike dual control |24{.) Such a

‘procedure is termed certainty - equivalent control. Self-tuners are
very flexible with‘regards to the design methbd, and vary accbrding'ta
théir performance - objecti?esa The performance objective offthe
original algorithm of Astrom |3| is the minimization of the variance
of the measured process output. In this project the objective comprises
a trade off between conirol effort and output variances as will be

explained in Chapter 4,
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1.3. PROBLEM FORMULATION AND SUMMARY OF THE THESIS

Since the deve]opmentkof the basic fhedry‘by Astrom |3] there have been
many;repekted applications df se1f~tunfng. These cover a,wide variety
of industries,: ore-crushing |5], paper-making |7}, tftanium~diokide
kiTlns {10], distillation columns [19] and cement-blending [14]. In
such processes the main aim is‘p1ant output regu]aticn, although akfast

stable response to setpoint demand changes and sudden Toad disturbances

are also necessary. MINTEK (Counci1yfor Mineral Technology) being active

in the design of mineral processing plants is naturally interested in

researching the application of adaptive controllers in this area.

The‘present hroject investigates‘seifwtuning po1e~assignment error-
actuated controXiers for systems with more than one input and output.
Previoué work on multivariable self-tuners has focused on minimum~ |
variance |6j or on pole-assignment [20] regU]ator design. The work |
described here extends the latter Taw‘ta,accamodate set-point foilowing
capabiiiiiGS; A1l relevant thebretﬁca? developments are discussed in

the corresponding sections.

An experiment is designed (Chapters 2 and §) to test the various theoret-
i¢a1 concepts in the context of a real industrial~like environment. The
coupled tanks‘apparatus (Fig. 2.1) is the physical system used to inves-
tigate the various deVe?dped theoretical concepts in the context of
fluid-Tevel control. It exhibits properties typical of this kind of
system - non-linear, time-varying parameters coupled with sensor noise,

and non-minimum phase behaviour in the discrete-time domain,
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Another practical problem addressed in this dissertalion (Chapter 5) is
're1ated‘tc the digita]'imp1ementation of the self-tuner on a minicomputer.
A11 this work is, therefore, in line with most recent developments in the

process control industry.

Self-tuning is a direct digital control technique which is applied to a
continuous-time system. Hence as a prelude to the main body of self-

tuning theory, it is necessary to consider the representation of the system

by a digital (sampled data) model. This prncedUre is considered in

- Chapter 2.

The identificaiion of digital models is covered in Chapter 3, tegether
with details of the recursive implementation and parameter~tracking
‘capabilities. The report then proceeds to discuss (Chapter 4) digital

control laws as they occur in selfwtuning,' The choice of the pole-assign-

ment Taw is motivated and the novel enhancements are discussed, These

twe algorithms developed are tested in a,piaﬁt simulation and the results

and analysis are attached in the respective sections,

The discussion then focuses on the application of the self-tuner tu the 5

actual plant (Chapters 5 and 6). i ‘ o e |

The report closes with a section containing guidance upon important factors
which the user needs to be aware of during self-tuning. This is an extension B
of the last sections of Chapters 3 and 4, in particular the significance

and 1imitations of this particular application are considered.

i
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The way in which certain self-tuner parameters are initially set up by

the user can have a criticaiiinfluence on the success or failure of the
’se1f~tuning,experiment, In fact, as in any controller design method,

the user plays a vital role. This statement may seem controversial, how-

ever the only step that is automated in gelf~tuning is the synthesis of

the controller parameters from the identification results. The control

engineer is then free to attend to more general considerations such as
the nature of the control law, the system order, etc, ’In this vein the
discussion sections at the end of each Chapter and Chapter 7, provide
:édditiOnaT insight‘and document. the exp&rience échired in the present

system.

The Titerature, especially in the discussion of the three main streams
of self-tuning theory (minimum-variance, weighted minimum-variance and
pole-shifting) is vast, especially for the single-input/single~-output

case and will, therefore, be dealt with in the various Chapters. With

regards to the multivariable set-point fc]iowihg grror~actuated self-
tuners no literature was found, thus motivating the devéiopments preseh~
ted in Chapters 3 and 4. This perhaps warrants that further theoretical

work should be done, especially concerning the following areas :

(1) Convergence properties of the algorithm

(i1) The influence of more general ron-linearities

upon the algorithm.

S e S S S i e by

g R S




IR TR R T T

Son ks Aot e oo AR USRI b St Y

12
CHAPTER 2

SYSTEM _ MODEL

Prn e il ma e s

LAY,




13

2.1, INTRODUCTION

In this chapter a detailed analysis of the p?ant‘modeW both in the
continuous and discrete time domains is included, A brief description

of a simulation package is also appended.

A'deeper analysis of the plant configuratiOn ih the context of using
existing mult’ /ariable theory to analyze it i¢ also included in section
2.4, 1t is seen that in the mulitvariable case the design gnd implemen=
tation of an errcr-actuated controller is a compromise ﬁnvd1ving not
only stability and accuragy (as in the single variable case) but also
interaction, iﬁtegrity and controller cnmpiexity. MacFarlane I15[ and

Rosenbrock 18! satisfy these design specifications in a manner which

permits the extension of the classical scalar fuadback theories of Nyéuist

* Bode to the multivariable vector case.

- -

A *her important area of research related to multivariable theory which

is beyond thé scope of this project is discussed by Owens [29] and Porter
130|. They consider examples of constructing simple, non-adaptive,

rolust controllers for unknown multivariable systems (unknown in the

sesse that its model is unknown or of a too complex order to make normal
calculations feasable) using only elementary computations based on gra-

phical system open loop step response data.
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2.2. MATHEMATICAL MODEL

Any modelling process involves a trade-off between complexity and accuracy.

The fo]]oWing plant model was developed in three stages :

(1)  system decomposition intu subsystems,

(11) development of functional relationships for each sub~

system, and,

(i11) model synthesis.
The system can be decomposed by'function into the following subsystems :
(i)  Tank

(i1) Outflow pipe and valve

(1i1) Motor pump actuators

(iv) Level transducers

The u]timate purpose of thé mode1 is the sﬁudy of system dynamics, |
Assuming the above system decomposition, it fs noticed that the system
dynamic properties can be easily confused with the problems of actuation
and measurement. ’To avoid this probiem the modeiydev910ped here in-

corpordtes the first subsystem only,

The advantages of this philosophy are twofold, Firstly, a nuch simpler
plant representation is cbtained and secondly, the seif~tuner can be
tested in terms of its ability to cope with operating-point non-linearities

(i.e. on-Tine with model simulation -see ch. 4) and with actuator non-

Tinearities and sensor noise (i.c. on line with plant - e ch. 6)
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The OVerall system configuration is dep1cted in 319 2.1 and can be
seen as a f]ow 1ntegrator to yield Wevei AnaTysws can be done using'

hetwork methods c¢r, as follows, via material balance techniques.

Applying the Taw of mass conservation to tanks (1) and (2) assuming

constant fluid‘density yields,

dH) “‘(2-1)

= Qi) = Q55 + Q5 -4 = 1,2

Similarly theysame‘princip1e applied to tanks (3) and (4) yields,

i e L | . _
Aae- = (05 + Q2 5) "Qj(ou{:)fJ = 3,4 , - (2.2)

By applying Bernoulli's equation to a graV1tJ driven main, it can

easily be shown that,
035
Substituting into (2.1)‘&~(2.2)ﬂand rearranging,

My = w Qi - Ky kg, (HDD),

- (2.4)

o3
l

S wede

1 3 R
= (Kgth)? o5 0m)F - ), g3

These equations are 1mp1emented to obta1n a twme~domd1n plant dynamvc

s1mu]at1on, as dwscussed in. sect1on 2.5,

“‘ij (H;)® o BN - - (23
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2.3 STATE-SPACE MODEL

In this s&ction a'state—space repkeéenuation bf the system is obtained
by linearizing equations (2.4). This particular representation is then
used to reconfigure the systém'into itsvelementary sections. A survey
of several multivariable techniques and how each could be used in off-
1ine controller designs depending’on’the particular systém configuration,

is then included in section 2.4.

Assuming small signa1:conditions about an operating point and using a

truncated Taylor series,‘equatidns (2.4) are linearized,

A= (@ ~n%f(K13:+’K?h)(H10)"%Hi) SERE
i | | -(2.5)
A= e (Ko (Hao) My + Koy (o) 7, - KL (M, ) 73H)
N ?ﬁg' 23Y J ; itiel
sJ = 3:4

Note that the system transfer function changes with operating conditions.

‘Equations (2.5) can now be written in their state space fgrmat;

h = Ah +'Bq, | | B | ~ ' B
B | o =(2.6).
L = Ch
where, - -
~(Byg + Baw) [ B p
Q «(Bay + Bzy) 8 8
A = Dy D2 “Ca g ~(2.6.1)
Dih Dau Q‘ “CM

i
¢
3
¥
¢
i
i
¥
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[ 1 1T
B = y ¢ @ g
K;t, 1 ; and ”(2’6’2);
5 g i g ﬂ“ , A
C = ) g 1 g
‘ -(2.6.3)
5 @ g g 1
Also
I R TS I
B1j = 7¥r~Ul« 21,2, 3 = 3.4
_LKE (s | N
C; = Z.Jﬁ-,?%.;ﬂ-« 3 j o= 3,4 (2.6.4)
0. <l Kig (i) si=1,2,3=3.4
N [
J
Further
h = vector of states = = [Hy Hy Hy Hq}T
e _ R ' -(2.6.5)
q‘~ vector of jnputs = [Q;(in) Qa(in)]T ,
L = vector of outputs = [Hy HQ]T

A better understanding of the above formulation can be achieved by
analysing it in terms of the model presented in Fig. 2.2. This also
defines a clear boundary between instrumentation and control problems,

as briefly mentioned at the beginning of section 2.2.
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ENVIRONMENT

OuTPUT

DYNAMIC SYSTEM

Fig. 2.2 : State-space Formulation

It is therefore concluded that the implemented time domain simulation

deals only with the dynamica] map, ie. the evolution of the states,

The justification for such a simplification has already been mentioned

in section 2.2. At this stage it is important to note that such a

simp]ified 'reduced-order! mode] deepens insight into system structure,

je. the behaviour of the dominant modes. This also enables the use

of direct-analytic techniques in the choice of controller structure

as is done 1in the next section.
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2.4 SURVEY OF MULTIVARIABLE DESIGN METHODS

This section‘presents a survey of available methods for design of

multivariable controllers as they are applied to the plant under
~consideration. - The techniques discussed are based on 1inear theory

and therefore, applicable on the real system for small pertubations

only.

The fb]1owing simple analysis develop suitable mu1tivariab]e control

-

e

laws for the system under study. The ideas used are similar to those

of the Inverse Nyquist Assay |18| and Characteristic Loci |15] design

methods, however the full generality of these methods is not necessary

here,

It must be stressed that the controllers obtained using these methods »

are only suitable in the case where pjant parameters are known to remain |

er “atially constant. In this case, it is believed that there is a vital ; SRR
need to retain the simplicity, familiarity and known robustness of : ’j~f“ )

fixed parameter, non-adaptive control methodologies.

The overall system transfer function can be written, referring to Fig.

2.3, in the following Laplace domain format,

G(s) = G(s)

s) L, 6. . G(s) -
(system)  {(middle) ° (top) o o (2.7)
- o 1 " | ’ -
A e LB A
wry BB Bl gy P |,
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Figr 2.3 ¢ Plant par*titiohrgjgg into three constituent transfer

functians
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Depending on the G, matrix, and hence on the relative
interaction discharge coefficients (Kis, Kis, i=1,2) the

following conditions can evidently arise

Case (1) Kps= f = Ky (Non-interaction)

In this case the system reduces to two separate single-
ihput‘sfng]e~output systems. With the above condition the
overall system transfer function becomes,

a(s) = 6(s) MBis B | g

 (system)  (middle) (top) ~(2-9)

B oAby,

This is obviously equivalent to making Kis = § = Ky, the
inputs have been swapped but system can sti])] be controlled

using classical PID techniques.

VS s

Case (2):  Kij# g (Interaction)

The interacting case is more complex than the above, and

three further situations can be conceived, as analyzed sub-
sequently

2A 0 Kyg = Koy g Kea = Kiy

FE i G S

The system transfer function becomes,
, , ' Gox  Gyo ‘
G(s) = G(s) ; |
- (system)  (middie) | | top) ~(2.10)
‘ Goz  Goy
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Assuming the middle tanks to have identical operating conditions,
then (2.10) can be written as,‘ |

G (s) = |Bmiddle £ Gtop £ ||Bo1 Go»

(systein) ~’(2.11)'

P Gniddle | | 2 Btop _Fozk Gy

Therefore by choosing a forward path pre-controller with the following
form, | :

The system can once again be contralled using non-interacting classical

techniques.

28! Kig = Koqy = Ky = Ky

Under these conditions the system transfer function becomes

i i 6o G| |
6(s) =6(s) | ° ° 6 (s) | - (2.13)
(system  (middle) 6o  Gg ’top
G be C .
. ~ undeyr same assumptions
Gl Gl .

-{2.14)

i
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~ Hence the ratio,
be o T
By [ I, + GK]

1 *.[gﬂ 1 1K

1+ [1 ' 1J[K1[gﬂ . ' | S | ‘ -(2.15) ; | i

1

it

il

Therefore by‘ChOosing ‘
2 m [} 4], | -(2.

the above ratio becomes

K

H

pc ' | 5
e T 2 (G k) . | ‘ = ~(2.17)

The Nyquist pTct of the second term can then yield stability

information and lead to a reasonable choice of K .

ggt k Kia 7 Kag # K&q ?‘K9q

This situation is represented by the following transfer function,

G (s) =} (s) f01 = G

: 5) ~(2.18)
(system) (middle) ;

G03 GOM

Fo = (I, + GK]

3

i

LoEG(s) .G . G(s) . K(s
it (&?3d1e) ° ,(égé) (q)}

o T : N \ KR ; 6 (s L6
I R B }
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By vhuosing K(s) diagonal this yields,

P 3 ; ’
¢ . far 01f6.. @

L. 1L+ 19 01 02
Po 2 LO 92} [G 0% G(}q]'

-géGoﬁ | 9260!0-

9,0, (970 1 G Gy 1 | - ~(2.19
ke [ to g Gl Gy - ( :

e
o Y e

)i

Analysis can once again proceed, in the Nyquist plane, of the much
simplified second term OF'equation (2.19), yielding information about

stability conditions.

In this section it was shown how c¢lassical multivariable controller

design téchniques in line with Rosenbrock and MacFarlane can be applied

to a plant after appropriate manipulation of its transfer function.
These methods although robust in the sense of being insensitive to

Ehe unknown p?aht dynamics (17}, only copa with ve]atiyeTy constant

’parameter plants,  Further dﬁsadVantages are that the pre-controllers

tend to be complicated and unstable for non-minimum phase systems,

i e i
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2.5, TIME-DOMAIN STMULATION

‘This computer simulation package has been developed for the purpose of
modeiliﬂg‘systéms described by time-dependent, non-linear differential

~equations> The basic structure of the program suite follows the speci-

fication established by ACSL - Advanced Continous Simulation Language
|32]. In this way a simple method of representing mathematical models

on the digital computer is achieved.

The ‘time-domain simulation packaae ‘s a direct implémentat%on of equations

(2.4). The integration method ¢ ose was the fourth-order Runge-~Kutta.

Higher order Runge-Kutta formulae 2re alsc available, howev - the add-
itional accuracy obtainet s offset by the additional wompurational
‘effort reauired. Hence, there is no significant improvement in efficiency

_over the fourth-order scheme.

This digital time-domain non-linear simulation can be used in two ways:

(1) to test self-tuning algorithms before trying to control | | ?§? :

R e T A S SO S e e o A TS T e el R IR, B R RN 1 S SPR AE 2 d
et - Riiratot R T LT rade s o o

the actual plant, thus enabling the user to acquire

deeper knowledge of the algorithms and their parameters. i

-k
——

to enable the user to obtain better tnowledge of the plant
by running extensive step tests on the stmlation, with

varying plant parameters. Graph ©.1 depicts ong sueh yun.

In Chapter 5 an overall analysis of the entire wotiwre suite is givan, ‘ e [

The simulation package consists, bastcally, of bwo seddules, pamely the

master program and the intergration routine..

A e
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The master program contains the user initialization block and the plant-

parameter~modﬁficatidn block which is optiona]. It also enables the

user to‘run‘the simulation, or the plant (i.e. manual mode) or both.

The intergration routines, integrate flow over one sample interval. A

fourth-order Runge-Kutta routine performs this in 10 steps. As can be

seen from the descriptive software Tistings in Appendix 2 it was tried

to minimize the complexity of each block thus enhancing its readability 112f};' -
and testability capabilities. The main advantage of this format is -

“that this particular simulation can be used with other‘p1ant‘m0de15?4by

altering the'pTant-dynamic;modeT block.
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2.6. DISCRETE-TIME MODEL

It is well known in classical feedback control that many high-order

continuous Tinear, time-variant systems can be approximated, for

“the purpose of feedback design; by a low-order state-space model.

This is due to the presence of approximately cancéTTing pole-cero
pairs in the system transfer function. Furthermore, the validity

of such approximations can improve in the closed-loop situation owing
to the attraction of closed-Toop poles to the system zerosn‘ As might
be expected, intuitively, these ideas can be generalised to the mu]ti~

variable case.

Self-tuning is a direct digital control technique which is normally

applied to continuous time systems. Hence as a preTUde to the main
body of self-tuning theory (Chapters 3 & 4), it is necessary to consider

%

the representation of systems by digital (Sampled data) models.

The problem is to represent a continuous time system in a form which

the digital computer can understand‘ This means converting ordinary‘

- differential equation models into ordinary difference equation'mode1s;‘
- One way of~appwoa¢hng this is to use existing Z-transform tables
to find the equivalent Z-domain formulation of the plant p1us zef0~

order-hold transfer functions.

Two approaches are used. Firstly the coupled tanks second order
transfer function with no transportation delays (G{s) is cascaded

with a zero~hold yieldingkthe following equivalent pair,
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1}_ - b "‘1.‘,. b -2
(=== ; ) G(s) ?: ‘123?2"‘+ 522“2 , ~ | ' -(2.20)

Secondly a pure de1ay approximation of the zero-order hold is used.

The validity of this approximation is substantiated by the low pass

characteristic of G(s) and fast sampling rates compared to the plant

time constants |28]. The equivalent s - z domain pair is

Ts ,
e”s 7z 1=

Co(2.21)

D.W. Clarke |9} gives a first principles derivation of the discrete

time model. In Appendix 1 the formulae for B(z~') and A(z~}) polynomials
above, in terms of the elements of G(s) are included. |
The standard digital model of a continuous system produced in this

way is therefors given by;

...kd ' -1 :
..z 9B (z-1)
Yk T TR NCRS Ug -(2.22)

In general the system output sequence will be subject to a diStubbance
n{t) which is an unobservable nuisance one wishes to remove. The

above model is thus extended td include this distUrbance,

Yk = Mz )y, + 2758 (2 )y, + g ~(2.23)

One of the purposes of applying feedback control is to reduce the

influence of n(t) upon the output y(t). The normal procédurekis

to assume that n(t) can be'represented by the model,

R L o

po - — - N ey
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ng = C(z7%) ey

where,

-1 - -1 L “Ne
Clzm1) = 1+ Cuzml + ..o +Cpz
e(t) (t=04% 1,%2 v )

is a white (uncorrelated) noise sequence.

The final discrete time model can then be written as,

g *kB
Yk lfﬂ\ f% Uk ~M$"KT%‘1 ek

I

-(2.24)

~(2.25)

Mg ‘ d
v(iz') (z™)
| NOISE
£ MODEL :
K h ,
= N
| PROCESS , | |
MODEL /ﬂ |
Uk ; ﬁ_ ‘ ;\\“:> Y .
; +
v(z)
’ng. 2.4, Block diagram of system mode]
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Thefabove theory can be extended to the multivariable case by realizing
(from Fig. 2.1) that each ‘input-output relationship can be represented
by the above model. If this is done and using the model in 2.21),
then (2,26) is ohtained. This on-Tine model of the system is formed
under the assumption that C(z-1) = @.
; . .Vl%(, ~ay: B y‘i(»-l‘ "0 @ ytuz By B3 u}el
[ ‘ ' 2 a2 3 z , ‘
I | IR U B Rl | ) B L N U 351
£ e | e el
it + -(2.26)
‘i 2 | | Be Be ||}
  5~ | It is impbrtant to note that the above model i3 linear and therefore,
o _applicable on the actual non-linear system for perturbations only.
o Hence yl and ul in (2.26) must be replaced by their variations from |
f}f the steady-staté Va]ues,(‘ : |
i_gioL g |
T kT o
~and , ‘ ' , . -(2.27) i
TR I - C L | | |
yk - Yk YO S 1 1’2 d
where 'Yé'and U;'are the measured process input and output signals ‘
ﬂ?;?: ? respectively, and Y; and U; are the corresponding D.C. values.
Substituting (2.27) into (2.26) a similar equation is obtained but
: f% ' with two added terms,
B : ' ¢yt ‘[(Hai-}-aa)* Yé] ~(B,+B,) - ‘(834‘3“) | | , !
' = * o -(2.28)
& Céc (LtozHo ) ~Y% ~(g7tge) ~ (Bstss)




P LR o v, st er o T o emmsatctrt: Gy 00 8 b ol srotifid TR

32
In chaptef 5 a more detailed analysis is given on how to estimate these
d.c. values. “Isermann [13] also discusses this problem.

If the model of equation (2.20) is used then the last term in

equation (2.26) is not considered.
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2.7. DISCUSSION

The aim of this chapter was to formulate a discrete-time plant model,
to obtain a computer simulation of the plant; and to develop some multi-
variable controller designs illustrating the lack of design flexibility

of the classical MIMO desigd methods.

The system exhibits features which are typical of process level control
loops. In particular, it embodies severe operating-point dependent
non~linearities, as is illustrated by consfdcring the linearized system
model about two mean operating levels. Further the actuators and senéors
have also a non-linear characteristic, these have not, howevar been
considered in the deve]opment’of the mode} beéause their dynamics are
much faster than the system, aTsokin‘this way a clear distinction is

made between system control problems and system actuation problems,

Since the system's dominant time constants are of the order of minutes,
no‘prob1ems aré enVisaged’wTﬂwthé finite time delay existent due to

the time required to calculate the ’next’ control. Otherwise a Z tfans~
form table involving fractional time delays given by Wellstead |21|

could be of use,
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CHAPTER

L et e s,

SYSTEM _IDENTIFICATION

TR aﬂf(! A




' 3.1, INTRODUCTION

One conventiona] method of determining the dynamic characteristﬁcs of

an unknown plant or process 1s‘to apply a step or sinusoidal test input
to the'prqcess and analyze thé corresponding output. Another method is
to 1ntroduce’a pseudo~-random noise input signal and then cross:corre]ate
this witﬁ the output. Thektransfer characteristics in either case are
therefore described as the step response, frequency response or impulse
response, respectively, The main disadvantége;of these methods are‘as

follows :

(i) The transfer characteristics if obtained by isolated tests,‘may
~only be,true for that particular type of input, and may differ from those
obtained under actual working conditions. This being especially true if

the process has some non-linearity.

(i) The test input applied to the system may disturb it too much,
eg. it could break into oscillation. It often proves too expensive to
remove the plant from its,ndrma1 duties to allow the tes® input to be

applied.

(i13) If the transfer characteristics vary with time the results

obtained will, eventually, become irrelevant.

Hence a method is required which enables the determination of the system
transfer function model from records of system operation. To this end
a recursive multivariable least=squares estimator is developed and im-

plemented in a digital computer. The former methods are justified

n e o ATt b NI Jermmg ot At A

i
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mainly when large disturbances can be tolerated, or when interest is

centered on system behaviour at low freguencies. o f(f‘ -

In this chapter the identification of digital models (considered in the
previous chapter) is covered, ﬁbgether-with details of the recursive

implementation as it is used in self~-tuning.

The chapter does not include detailed derivations df the standard least-
squares algorithm, which are extenSive1y reported in the literature, je.
Eykoff |27| and Daviés [26]. Backrounﬂkméteria1, such as aspects of
statistics important for the‘deveWOQm@nt of prediction analysis, has also
been omitted since it is also well documented in the literature, fe.

Wolberg |31].

The recursive least-squares estimator was chosen as the basic identifi-

cation scheme because 1t was the most easily understood. However, there , al*

exists a whole class of recursive estimators which have the same basic
algorithmic structure. These are formulated by Isermann |12] & |13] and

well documented by Astrom and Eykoff |4].




3.2, RECURSIVE LEAST-SQUARES ALGORITHM : ANALYSIS

In regression analysis (Clarke 19]) an observation (output) is assumed

~to be a linear combination of explanatory variables (ihputs),‘and a set

of observations is used to estimate the weighting on each variable such
that some fitting criterion is optimised, The chosen criterion estimates
the model parameters such that the sum-of-squares of the errors between

the model outputs and the observations is minimised (least-squares).

The fundamental principles of least-squares theory were firstkproposed

by Karl Gauss in the early part of the nineteenth century, for carrying

ut has work in astronomy. Prior to the avaf]ébﬁ1ity of digital computers,
nowever, it was rarely used due to the complex computations required.

#igesp. sad vailability of digital computers has completely altered the

I ‘e theory has become a magar tool for parameter estimation.

The reasons tor its ropularity over several other estimation methods
available are twofold. Firstiy, the method is easier‘to understahd and
hence appiy than others, as it does not require & deep knowledge of mathe-
wptienl taticvics,  Secondly, the estimates obtained are consistent and

gnbiaset henoe seswessing optimal statistical properties.

A'lur?né: hpvacteristic s that a recursive algorithm can easily be
Sriyedd From the basic Teast-squares formulation. The need for a re-
cursive solution arises when fresh experimental data continuously become
wvastahte and the new infarmatfun,hag to be used to improve the parameter
sibamates, A step-by-step updeting of the estimates is, in tais way s

achieved,

e
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A complete derivation of how the recursive formulae can be derived from

4

the original Teast-squares estimator is included in Davies |26}

‘The unified form of the recursive leasi-squeres algorithm is summarized

by the following five formulae,

o -~

¢ op ¥ Y | | R o

ko %Pk Tkt Tkt | | RCALY -

A . Y - ,(PT g) | . ’ G | _(',; }r) w

k+1 k+1 kw1 Yk IR Ao o

Tkat = [R 4 VT g _ o s &

ket = [R+ ¥ 0 P ¥y | {3.1d) o

i T ; o

P e U ~ oy ’ ‘pk'ﬂj Pk ‘ ‘ : el )

This set of formulae can ba seen as an information processing ‘black f;f
box', as depicted in Fig. 2.1. o

©x . K OLD ,
KNOWL EDGE
Yet1 .1 R.LS,
NEW , ALGORITHM
MEASTS. J
A Kot-1
4
Oy Pes 1 § NEW
o STATE
Fig 3.1 : Schematic of T.s. algorithm | | .
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Equation (3.1a) is typical of the,updating nature of this sequentiaT

algorithm. The new parameter vector 0,1 is given by the old estimate

‘ék plus a correction term. This term is proportional to the error

€ of fitting the previous estimate‘ék to the new da*a or measurement

vector ¥y, 4 25 calculated by (3.1c)

~ The estimator gain ¢, is calculated from (3.1b). The confidence matrix

Py 15 @ measure of the quality of the estimates, the size of its
diagonal elements determining the variability of thefcorvesponding
element in thefgstimate’vector., The name confidence matrix springs from
the faétythat equation (3.1a), after 5ubstitution of (3.1b) can be

written as,
Ot ™ O * P Vg Yoy By B ENLY

This matrix is itself updated every step via (3.1e). If the parameters

were essentially constant during the period of estimation, S0 that

most recent dita was as good as older data for providing infarmation,
about the unknown parameter va?ueé then (3.1e) would be valid with a
forgetting factor A equal to Qnity. However, as 1is expTained in more
'deta{), and in the context of multivariable estimation, in,the‘next
sectioh,uthis is not the case. Hence a real-time sequential algorithm
has to be devé]oped to closely track timé»varying parameters. The im-

provement is that a weighting scheme is introduced to place heavier

emphasis on the more recent data when the situation warrants such action.

This is done via the forgetting factor method explairad in section 3.3,

orithe random walk methad explained subsequently.

e B
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The main problem arises from the fact that as the number of recursions'
in the least-squares algorithm increases, the parameter estimates con-
verge and become more steady. This convergence is reflected in a ;’
decrease in;the size 6f the elements of P. With reference to equation
(3.1f), the magnitude of P governs the size of the update to the péra—
meter estimates. When parameters are time-varying it is hecessary‘to

prevent the ‘confidence matrix' from becoming too small, thus allowing

the error e,'when the system output vy deviates from the model output,

to provide a continuous correction to the parameter estimates,

In practice, a trade-off is sought between the parameter adaptive capa-

bilities (requiring P large) and the noise rejection features of the

estimator (requiring P small).

As mentioned, the forgetting factor approach’for manipujatingkthe
magnitude of the elements P, amounts,tb bui]d{ng a finite memory into
the estimator. By décreasing A the elements of P'are's1ight1y increased
at each step, thus aliowing the fdrgeiting of old parameter values

faster.

The random walk approach increases the size of the P matrix, when
‘adaption is required by adding a constant matrix to it. Owing to the
format of the confidence métrix, ie. diagonal elements are the varian-
ces of the eStimates, whilst the off~diagona1 elements represeht the
covariances between the respective‘estimates, individual elements of P
can be adjusted via the rdndom~wa1k method. Hence this method is mone
selective, but also requires more care in its application. No adequate

literature was found on the usage of the random walk method. Further

R R A i
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the forgétting factor method, as will be seen in the next'section,'is

Can éntire\y general method, and it is thought that the sizé of the

elements of the random walk correction matrix would be dependent on

the particular application.

Forgetting factors are used to maintain an adaptive capability through-

out the partfcu1ar experiment. Random-walks can, perhaps be used when

the algorithm is required to returne from an undesirable situation, in
a parameter selective way. For the above reasons random walks were

disregarded.

The uncertainty matrix R in (3.1.d) is diagona1 and represents the ex-

pected value of the variance of the observaticns. In other words'if;the
actual Tevel in the tank is x, then it is assumed that the input part of
the measurement and control prdcessor reads x + ax. In this way the
‘particular diagonaT element of R is E(ax%). The diagonality of R
‘stems from the obvious fact that Tevel measurement in one tank does

not affect that df the second tank. Also since the inputs to the system
are not dependent on each other, the y matrix is diagona1; this wil] he

clearly seen subsequently when the form of the measurement and estimate

vectors is outlined.

The vy inverse matrix can be seen to represent the confidence or covariance

-

matrix of the error vector e. This is because R is the covariance matrix
of the output measurement while wTPw is the covariance matrix of the

estimated system output using the old parameters.

R g e s
A
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Further analysis ]eadé to writing (3.1a) as follows,

RN (Yk+1," Tet) | | ~(3.19)

. X A ' ~ T - . :
whare Yk+1 =y k+1 0, | - ~(3.1h)

Hence according to the earlier analysis of the estimator gain matrix,

itVis concluded that (3.1g) can be describéd by the following,

(Lack of confwdence in 9) (Yk ?k 1) -(3.11)
+1 =Tkt )

By = O
ey 'O‘d ~ Lack of confidence in y

Re-writing (3.1b) and (3.1d) as follows,

Y
R wTk+1‘Pk Byaq]

-(3.13)

Combining the Tast two equations with the points made in the previvus

“paragraph it is concluded that the matrix Py wk41 must be the covariance

matrix of the left hand side of equation (3.11)

One further point to be considered when dealing with the recursive least-
squares estimator is that of initial conditions. It is agreed that there

are two ways of starting the estimator, analyzed briefly as follows, “

(1) Input the first 'm' data measurements and solve for
6, and P directly from the original non-recursive

least-squares formulation,
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- =t NE VAN )
- 0T,

@m m m !
_ vy 3L ' s
Pm E mem)

~Thus allowing the algorithm to iterate from (m+1)

points onward. X is a matrix comprising of the

measurement vectors for the first 'm' samples.

(11) Set &, to some arbitrary value of P, = al, where a

is a vefy large positive scalar, reflecting the

erroneous nature of éoﬂ Starting with thesze values

T st

and iterating 'm’ timeslusing equation (3.1) yields,

s 1
Pm - (Po P mem)

-(3-3a)
~ T, a
O = [XmYm + P 1
If o is very large then Po"lris very small and hence
negligible, obtaining |
= fyTy 7
pm B (mem)
and | \ : | -(3.3b)
e ,
em - memY

~ which agreed totally with equatioﬁs (3.2) above.
| In section 3.4 some results of the effect of starting
with different initial guesses are presented. The
further these initia1 guesses are Trom
their actual values the greater the probability of

divergence.
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If equation (2.23) is re-written in the following form,

| n.- N , , ,
Yy = - ; ay Y(E-1) + 2 8y ult~d) + g ~(3.4)
=] =1 : ‘ ~
»3~‘fﬂ;; ' and'again in vector‘matrix form,
é N (3.5)
.Yk"‘bk @k'*‘ck : | (3.

Nowassuming the two system discyete«time models given by (2.20)

fﬁ'ftkj o and (2.21) respectively, the following parameter vectors are

fonﬁed,
% (1) 67 = [oasoosussonsBosBusbaibosCiaCd ]  -(3.6a)
(:”) ﬂT [al:a:’_:a.l 3o 3B 355;62 sBe sB3 3R7 :BusPe ’CdC’CdC} "(3~6b)

vhere the last two g's (B273Rs) in the former and the last four
s (BaiBriBuiBs) in the latter represent the interaction terms that
is those parameters for one output which are affected by the other

input.

Taking into consideration the model described by equation (2.26)

it is possible to form the measurement vector as follows,

A oB i, § oW g ouw, 8 1P

- — 1 -(3.7a)
Ykt B Vi T g P ouglg gy

Ly g gl X
Vet B Yo B ouig

Qukzﬁuk1ﬁuk2ﬂ 1‘9
('H) yoo= ﬁ 2 a2

Y1 8 'W§~2 g u - 9 uk P # “k1 ﬁ “k p 81

~(3-7-b)
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The structure of the program that implements the algorithm in (3.1)
is attached‘in Appendix 2. It basically consists of a main program
that executes the required matrix/vector operations and a formation
Poutine‘that assembﬂes the data in the format given by (3.7) at the

start of each calculation or sample interval.

h‘? :; Bearing in mind the above equations, it is realized that parts of

P refer to the estimatnd coefficients of A(z™*) and the remainder

“concerns the estimated coefficients of B(z %) and of the steady-state

4

values (C;C i = 1,2), one can partition theconfidence matrix as,

P(A), P(A;B), P(A,Cd)k

. P(B)k : P(B"Cdc)k | -(3.8)

b s P(Cdc)k

o | |
P(A)k being a submatrix specifying the variability or degree of con-

L

fidence in the coefficients of A(z™') whereas P(A,B), and its transposed

element P(B,A)k define‘the co-variability of the coefficients of A(z %)

and B(z™Y).

In the next chapter a brief discussion is given of how this recursive
least-squares estimator fits in with the self-tuning property of the

control system.
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3.3. PARAMETER-ADAPTABILITY CHARACTERISTICS :

~ One way of rationalizing the use of forgetting factors and random walk

is in terms of a mass balance on information. The recursive Jeast-

ﬁ?,f“fflﬁ ~ squares identifier accumulates extra information at each step. The
b S increased information cbntent is reflected in the improved parameter
L," g estimates and a decrease in the size of the elements of the confidence

matrix. If the system being identified changes, then some of the old
information will be wrong, as far as the new system is concerned. As
mentioned previously, the forgetting factor and random walk methods

provide a means of draining off ¢ld infermation at some rate.

The 3*m is to achieve an information balance such that the amount of -

forgetting at each step corresponds to the amount of new information °
in the latest measurement, thereby ensuring that the estimation is
always based on the same émount of infofmation, Further, as'the results
prove, a large factor in the success or otherwise of an identification,

o and hence self-tunino experiment is the way in which the algorithm can

pay-off old infdrmation for new,

If this theory is to'succeed, two concepts have to be analyzed in the

context of multivariable parameter identification. Firstly, one must

define a measure of the information content of the estimator, and

secondly, a forgetting factor must be chosen at each calculation step

such that this information content is kept constant. 1” {‘ o

Evidently the error between the actual measurement and calculated value

Ugfﬁ L ‘ using the parameter vector must have a central role to play in the way




—
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this information content is defined and also in the way the forgetting

factor is manipulated to achieve the objective of information balance.

It is useful to remember at this stage the way in which the parameter

adaptability characteristics of the estimator are obtained.: The
confidence matrix is not allowed to become very small and hence any
discrepancy between the actual and calculated outputs will Tead to an

adequate change in the particular parameters as'given by (3.1a).

There are basically two conditions that can arise with regards to the

error magnitude, these are examined below,

(i)  Error is small, this can be due to three factors,

(a) pkocesé has not been excited,

(b) there has been an excitation with a near correct set of
parameter values, and,

(¢) the estimator is sensifive enough to éignificant?y
reduce parameter errors, | |

In all three cases the correct course of action is to

ratain as much informatidn as possible by choosing a

forgetiing factor close to unity, ie. by giving the

estimator an infinite memory.

Error is large, this can only mean, in terms of the estimator

~
ta
-ty

R

parameters, that these are incorrect., The estimator sensi-
tivity should then be increased by choosing a lower forgetting
factor, hence shortening the effective memory Tength of the

estimator. This evidently gives rise to an increase in the

S v o g i ST .
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~magnitude of the confidence matrix thus also
increasing the size of the update to the parameter'

estimates.

Fortescue |11] suggests a new single-input/single-output recursive
least-squares algorithm with varianle weighting of past data, by

choosing, at each sample interval, a forgetting factor which maintains

~constant a scalar measure of,the information content of the estimator.

This algorithm is subsequentWy analysed and adequateTy modified to
accommodate the multivariable nature of the estimator under con-

sideration.

The information content of the estimator is defined as the weighted
sum of the squares of the error, which as derived by Albert |1] can be

expressed recursively as,

- .l T PR
Bt = Mtk * D0 b D= Yiegd® -(3.9)

The strategy to choose the forgetting factor is then,simply imp]emented

by keeping the information content constant, ie. make

P

Ek+1 B )1k R EO : ‘ ' "‘(3.10)
Hence from (3.9) and (3.10) one obtains the forgetting factor updating
equation, -

i T | s

?\k.,.'j =] - 7 (1 - wk‘*’kﬂ) Cieg ~(2 10

0 i ‘
The second term on the right-hand side of the latter equation is
now analysed in detail and a multivariable equivalent to Fbrtescuefs

algorithm will then ke derived.
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1t was noted in the previous section that the matrix inverse of

v was the covariance mairix of . error in the estimates,

Hence from (3.1.d)-

”

iR+ ¢ Py) = covariance matrix of (Y-Y)

ks

= Efe®} ' ‘ ' -(3.12a)

In single~input/single-output ana1y$is it is common practice to

re-write the Tast equation in the following equivalent form,
ey T g2 | !
(14 ¢ .g p] = Ei%“i” | ~ :f(3”12b)

Also from equation {3.1j) it is readily seen that under the same

transformation as (3.12b) above,

§¢ =gt o g'WJ | - =(3.12)
substitution of (3,12c) into (3.12b) and some man{pulation

the following relationship is obtained,

=L S S L 0 S ~(2.13)
Thefefare equation (3.11) due %o this equality can be expectéd
to yield,

: 1 o -
A : Fo3 1 s, i "(3 . '{4‘)

And hence the speed of adaptalion is determined by the asymptstic

memory tenath

ho

0 {
- B | | -(3.15)
W 1""?\}(41

g 1At i e £ o B bt 2 e
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It was noted in the previous section that the matrix inverse of

v was the covariance,matrix of the error in the estimates.

Hence from (3.1.d),

[R + ¢TP¢]'= covariance matrix’of (Y*Y)

If

Efe2} o -(342a)

In single-input/single-output analysis it is common practice to
re-write the last equation in the following equivalent form,

E{qil '

i - ~ ' R 3 1+ wT ]g“P] k'::;*._R ‘-«(3-1213)

Also from equation {3.1j) it is readily seen that under the same

transformation as (3.12b) above,

Poo= eltev Byl ,“ | o -32)

Substitution of (3.12¢) into (3.12b) and some manipu1a£ion'

'the following relationship is obtained,

Ee?) g, T | | |
1 = “’R‘”f(1 " ¥ byt ; S , -(3.13)

,,Thefefcre equation (3.11) due:to this equality can be éxpectedk
to yield,

1 o

X - 1 - N ”‘(3-14)

k+1 Eo/R ; ;
~ And hence the speed of adaptation is determined by the‘asymptstic

~ ‘memory length,

Iy 1

® | (3.8

o+

H
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In the multivariable case R is no longer a scalar and hence the

division Teading to (3.12b) is not valid.

In the multivariablevariable forgetting factor formulation one

must consider the following matrix product,
N=el [R+ TR e

Now writing the error vector as eT = [elﬁ, €z] » and assuming"
the expected condition that the errors (e; and g,) are
uncorrelated then (3.16a) can also be wrilten as,

, ;_1
R 2. :
I, 2 ex}
N=fered] o |
l_ﬁ ey €2

Expanding (3.16b) yields,

elz . 822
0% gis
el 233

=
W

it

dimension of Y

Hence the multivariable counterpart of (3.11) is,

T foesd L
1S (P Podil e

et 2 T T

N e
T, dTitYY Pkt Tkl Bkt
From the asymtotic memory length can be deduced to be,

B0 M ]
° o

-(3.16a)

~(3.16b)

~(3.16¢)

~(3.17)

~(3.18)
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