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Abstract

In this work, the propagation of a pre-existing hydraulic fracture in permeable rock is in-
vestigated. A partially open tortuous fracture with leak-off is replaced by a two-dimensional
symmetric model fracture with a modified Reynolds’ flow law to account for the effect of
asperities on the fluid flow. The model is closed by considering a linear crack law, which
considers the presence of touching asperities, and a Perkins-Kern and Nordgren (PKN)
approximation, which relates the half-width of the model fracture to the normal stress at
the fracture walls. The result is a nonlinear diffusion equation that accounts for leak-off
at the fluid-rock interface as a result of the rock’s permeability.

The leak-off velocity is not specified a priori and its functional form is determined
by calculating Lie point symmetries of the governing non-linear diffusion equation for a
model fracture which leads to a group invariant solution of the half-width of the fracture
and the leak-off velocity respectively. We consider different forms of the Lie point sym-
metry of the governing equations by taking some of the constants in the generator to be
zero. This leads to three cases of the group invariant solution, namely the general case,
the traveling wave solution and the exponential solution.

Two exact analytical solutions are obtained as a result of association of a Lie point sym-
metry with a conserved vector. However, the constant volume working condition is not
further investigated as the requirements for it to hold are not sufficient for the model con-
sidered. Other operating conditions at the fracture entry are also obtained by analysing
the different properties of the partially open fracture. Numerical solutions of the half-
width and the leak-off depth are computed. The propagation of a linear hydraulic fracture
with tortuosity for three cases of the Lie point symmetry are fully analysed by numerically
solving for the half-width and the length of the fracture.

The derivation and analysis of the width averaged fluid velocity leads to the derivation
of an approximate analytical solution for the half-width of the model fracture which will
then be compared to the numerical solution obtained. The approximate solution could
prove useful when analytical solutions are unattainable or when numerical solutions are
difficult to compute. The effects of leak-off and no leak-off in tortuous hydraulic fracture
are compared to gain insight on the effect porosity has on the characteristics of the model
fracture with tortuosity.
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Chapter 1

Introduction

1.1 Introduction

Fractures are cracks that divide a medium into parts. In this work, we shall assume the
medium to be a rock with elastic properties. Fractures are commonly formed as a result
of stress exceeding the rock strength, causing the rock to lose cohesion along its weakest
plane. When a rock is subjected to some tensile stress, it creates cracks. This deformation
can result in propagation of fractures into previously unfractured rock.

Fracking, a layman’s term for hydraulic fracturing of rocks, is the process of creating
cracks, and further inducing existing ones by injecting fluid at ultra high pressure into
rocks. The purpose of hydraulic fracturing in the petroleum industry is to increase the
permeability of the rock formation by using the injected water with some additives to
open up existing fractures and create new ones to enhance the extraction of gas and oil
reserves. A proppant, typically sand, keeps the fractures open [2]. The analysis of fluid-
driven fractures has many applications in the engineering field [3].

In this work we will investigate the propagation of a tortuous hydraulic fracture in per-
meable rock. Tortuosity refers to the complicated fracture geometry resulting from the
surface roughness at the fracture walls caused by the presence of asperities at the fluid-
rock interface. Fractures can either be open or partially open depending on the stresses
acting along the fracture. For the former, fluid pressure is sufficient to support the com-
pressive normal stresses at the fluid-rock interface. While for partially open fractures, the
fluid pressure is insufficient to support the normal elastic stress at the fracture walls re-
sulting in contact regions [4]. This work will focus primarily on partially open fractures.

Since the rock being fractured is assumed to be permeable, fluid leak-off at the fluid-
rock interface and into the surrounding formation must be accounted for [5, 6]. A model
to account for leak-off velocity at the fluid rock interface will be investigated. Darcy’s law
for porous media can be used to account for fluid leak-off [7]. In this work fluid leak-
off velocity is not specified a priori, its functional form has to satisfy a partial differential
equation in order for the governing equation to admit a Lie point symmetry generator [6].

A two-dimensional symmetric model will be used to replace a pre-existing tortuous
hydraulic fracture in permeable rock in the modelling process, while the linear crack law
will be used to account for the presence of contact regions, formed by touching asperities,
within the fracture.

11



1.2 Background

Hydraulic fractures can either be natural or man-made. Naturally, intrusive dykes and sills
form as a result of magma flow propagating through cracks in the earth’s crust during vol-
canic eruptions. Man-made fractures are commonly used in the energy industry, created
by injecting a viscous fluid from a bore hole into the earth’s subsurface rock [3, 8, 9, 10].
Water is pumped at ultra-high pressures to open and enlarge fissures in order to enhance
fluid flow in geothermal energy reservoirs [4]. In the petroleum industry man-made frac-
tures are mostly created for the extraction of oil and gas from shale. Man-made hydraulic
fracture experiments were first conducted in 1947. In 1950, its application became com-
mercially successful in the extraction of gas from shale.

Hydraulic fracturing has been used in areas that were known to be rich in natural gas
that had been locked tightly in the shale rock over 2000 metres beneath the subsurface
for years, as it was both economically and technologically not feasible to produce [5]. The
technique has been proven to be very useful as it has enabled the extraction of oil and
natural gases from shale [6]. Fracturing is designed to maximize permeability, increasing
the accessibility and production of oil and/or gas [2, 5].

The procedure of creating man-made hydraulic fractures for the extraction of oil and/or
gas from shale is illustrated in Figure 1.1. The method used in the petroleum industry
may be outlined as follows: a fluid-driven crack is created by drilling a vertical well-bore
through the earth’s layers and rocks until a shale layer is reached. Once the shale layer
is reached the drill changes direction and begins to drill horizontally. A steel casting se-
cured by cement is fed into the entire length of the well-bore. A fracturing fluid made from
water, sand and some chemical additives is pumped into the well-bore which widens ex-
isting cracks, while inducing new ones and further propagating all cracks. The fractures
will remain open because of the proppants in the fracturing fluid. The fluid is pumped at
a rate that increases the pressure within the crack such that the fluid pressure exceeds the
minimum principal stress in the rock resulting in fractures that propagate [2, 10].

The aim of the research is to investigate a tortuous hydraulic fracture in permeable
rock.This work seeks to give insight into how fluid leak-off in permeable rocks affects the
fracture propagation of tortuous hydraulic fractures.

1.3 Literature review

Since the first experiment was conducted on hydraulic fracturing, numerous contribu-
tions have been made to the analysis of fluid-driven fractures. There is extensive litera-
ture for laminar hydraulic fracturing in both permeable and impermeable rock [2, 3, 4, 6,
11]. Authors have designed significant models and proposed laws that have contributed
tremendously to the advancement of this technique, both in permeable and imperme-
able rocks. One such law is the cubic flow law. which applies well to fractures with little
or no asperities at the fluid-rock interface and no contact regions [4, 12].

Fitt et. al [4] investigated the propagation of a one-dimensional fluid-driven crack in
a hot dry rock geothermal energy reservoirs (HDRGERs), assumed to consist of linearly
elastic rock, from one borehole to another. They focused on the mathematical models
that can arise for a one-dimensional crack. Lubrication approximation was used given
that the crack length is much longer than the crack height. Generally in literature, open
fractures without contact regions are considered where the fluid pressure sufficiently sup-

12



Figure 1.1: The hydraulic fracturing process in a oil/gas field is illustrated [1].
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ports the compressive normal stress at the fluid-rock interface. However, cracks in HDRG-
ERs are partially open and possess many contact regions, touching asperities, where the
fluid pressure needs the aid of contact regions to sufficiently support the compressive
normal stress at the fracture walls. Several authors have investigated and found that the
cubic flow law fails when the asperities in the fracture in question are well-defined, mak-
ing it not advisable to use in modelling highly tortuous fractures [12, 13, 14]. Due to the
limitations of the cubic flow law, various other authors have proposed alternative mod-
els to account for well-defined asperities in very tortuous fractures. One such model is
the modified Reynolds’ flow law, which we shall refer to as the general flow law, that ac-
counts for the presence of asperities at the fluid-rock interface. Fitt et. al [4] used this law
to describe the nature of the fluid-flow resulting from a tortuous hydraulic fracture with
contact regions as a result of touching asperities. In this work, we will consider a tortuous
hydraulic fracture with contact regions and fluid leak-off at the fluid-rock interface.

Fluid injection in a tortuous fracture propagating in impermeable rock with contact
regions being modelled by a linear crack law was investigated by Kgatle and Mason [11].
In this article, the lubrication approximation is applied due to the excessively narrow and
long nature of the fracture. In both [4] and [11] a linear crack law was incorporated in
the modelling process, in which the half-width of the fracture is related to the effective
stress by a piece-wise linear function, in order to account for the presence of touching
asperities in the fracture. The Perkins-Kern-Nordgren (PKN) approximation relating the
half-width of the fracture to the normal stresses at the fluid-rock interface was used to
close the model [15, 16].

Propagation of a fracture in permeable rock results in fluid leak-off at the fluid-rock
interface. In the propagation of a hydraulic fracture in permeable media, leak-off velocity
plays an essential part, and as such it must be accounted for. Fareo and Mason [6] have
considered investigating the propagation of a hydraulic fracture with no tortuosity in per-
meable rock, a case where leak-off velocity is not described a priori. Lie group analysis is
performed in order to derive the functional form of the leak-off velocity. With the aid of
lubrication theory and the PKN approximation, a partial differential equation relating the
half-width to the leak-off velocity was derived.

Although there is extensive literature on porous media and some literature on tortuos-
ity, these two concepts have not been richly investigated together in one problem. There
is room for further exploration towards the modelling of a linear hydraulic fracture prop-
agating in permeable rock. In this work we will extend on the work done on tortuous
hydraulic fractures [11] by considering the case where the rock being fractured is perme-
able [6]. The linear crack law will be used to account for contact regions in partially open
fractures [17].

1.4 Outline of the dissertation

The propagation of a linear hydraulic fracture with tortuosity in permeable rock is inves-
tigated in this dissertation. The structure of this dissertation is as follows:

- In Chapter 2, a detailed derivation of the mathematical formulation of the govern-
ing equation describing a linear hydraulic fracture with tortuosity and fluid leak-off
at the fluid-rock interface is done. The assumptions underlying the derivation are
also outlined. The effect of tortuosity is introduced using the modified Reynolds’
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flow law while the porosity of the rock is considered by using the appropriate inter-
face conditions resulting in a nonlinear diffusion equation.

- Methods of solutions that are to be employed in solving the derived nonlinear diffu-
sion equation will be discussed in Chapter 3. Here, a brief introduction and theory
related to obtaining group invariant solutions and conservation laws will be pre-
sented.

- In Chapter 4, we derive the conservation laws of the governing equation. By Sjöberg’s
double reduction theorem [18], association of a conserved vector and a Lie point
symmetry may lead to the derivation of analytical solutions.

- Chapter 5 will show the derivation of the group invariant solution of the half-width
and leak-off velocity of the fracture. We then investigate various operating condi-
tions at the fracture entry. Exact analytical solutions are investigated. Numerical
solutions will be investigated in Section 5.7. We also investigate an approximate
analytical solution of the problem by anaylsing the width-averaged fluid velocity of
the fracture. A comparison of a tortuous hydraulic fracture with and without leak-
off will conclude this chapter.

- In Chapters 6 and 7, we present other forms of the group invariant solution derived
from different forms of the Lie point symmetry generator. These solutions, the trav-
eling wave solution and the exponential solution, are obtained by taking a linear
combination of some of the symmetries.
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Chapter 2

Model Formulation

In this chapter, we consider a mathematical derivation of a model fracture for a pre-
existing tortuous hydraulic fracture propagating in a permeable rock. The permeability
of the rock mass results in fluid leaking off into the surrounding rock mass encasing the
fracture. We will confine our study to partially open fractures although the model consid-
ered can be applicable to open fractures as well. The partially open fracture is driven by
an incompressible fluid.

A detailed description of the problem will be provided. We will then state important
assumptions on which the model depends. The mathematical model governing the fluid-
driven fracture is then formulated.

2.1 Problem description

A pre-existing tortuous fracture propagating in permeable rock is replaced by the pre-
existing symmetric two-dimensional model fracture in permeable rock illustrated in Fig-
ure 2.1. A modified Reynolds’ flow law is used to account for the effect of asperities in the
tortuous fracture on the fluid flow. The fluid injected into the fracture at the fracture entry
propagates the fracture further in the positive x-direction while some of the fluid is lost
to the surrounding permeable rock formed by cracked rock segments. The boundary of
the fracture is z = ±h(t , x) across the fracture with 0 ≤ x ≤ L(t ) along the fracture length,
L(t ), where h(t , x) is half-width of the fracture. An important assumption made in the
derivation of the model is that the fluid that is being injected at the entry of the fracture
is Newtonian. The fracture entry is at x = 0 and all quantities related to the fracture are
independent of y .

The components of the fluid velocity vector are

vx = vx(t , x, z), vy = 0, vz = vz(t , x, z),

and the pressure is

p = p(t , x, z).

2.2 Assumptions

To build a mathematical model that describes the process of hydraulic fracturing, it is
necessary to consider the following assumptions:
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Figure 2.1: A pre-existing two-dimensional linear hydraulic fracture propagating in a per-
meable rock.

• The fracture is two-dimensional;

• The fracture propagates along the positive x-direction;

• The fracture is completely filled with a Newtonian fluid;

• The flow of fluid in the fracture is laminar;

• The fracture is symmetrical about the x-axis;

• The fracture is pre-existing, the initial length is non-zero L(0);

• Lubrication theory is applied to the problem as the length of the fracture is consid-
erably less than the magnitude of the half-width of the fracture;

• The rock mass encasing the fracture is linearly elastic;

• The rock mass encasing the fracture is permeable and fluid leaks off into the sur-
rounding cracked rock segments [6];

• Tortuosity is modelled using a modified Reynolds’ flow law [4, 11].

17



2.3 Governing equations

2.3.1 Mathematical model

We first consider a model for a fracture with little to no asperities at the fluid-rock inter-
face [4, 11]. The fluid flow in such a fracture satisfies the Navier-Stokes equation for an
incompressible fluid with zero body force,

∂v

∂t
+ (v ·∇)v =− 1

ρ
∇p +ν∇2v , (2.1)

and the conservation of mass equation,

∇· v = 0, (2.2)

where v = (vx(t , x, z),0, vz(t , x, z)) is the fluid velocity , t is the time, p(t , x) is the fluid
pressure, ρ is the fluid density and ν = µ/ρ is the kinematic viscosity of the fluid with µ,
the dynamic viscosity. From (2.1) it can be shown that the x and z components of the
Navier-Stokes equation are

ρ
[∂vx

∂t
+ vx

∂vx

∂x
+ vz

∂vx

∂z

]
=−∂p

∂x
+µ

[∂2vx

∂x2
+ ∂2vx

∂z2

]
, (2.3)

ρ
[∂vz

∂t
+ vx

∂vz

∂x
+ vz

∂vz

∂z

]
=−∂p

∂z
+µ

[∂2vz

∂x2
+ ∂2vz

∂z2

]
. (2.4)

The following dimensionless variables are defined

x∗ = x

L
, z∗ = z

H
, v∗

x = vx

U
, v∗

z = vzL

U H
, p∗ = p

P
, t∗ = U t

L
, (2.5)

where

the characteristic fracture length in the x-direction = L;

the characteristic fracture half-width in the z-direction = H;

the characteristic fluid velocity in the x-direction = U;

the characteristic fluid velocity in the z-direction V =
HU

L
;

the characteristic fluid pressure for the lubrication approximation

P = µU L

H 2

and the characteristic time T =
L

U
.

In dimensionless form, equations (2.3) and (2.4), using the dimensionless variables (2.5),
reduces to:

Re
( H

L

)2[∂v∗
x

∂t∗
+ v∗

x
∂v∗

x

∂x∗ + v∗
z
∂v∗

x

∂z∗
]
=−∂p∗

∂x∗ +
( H

L

)2∂2v∗
x

∂x∗2 + ∂2v∗
x

∂z∗2 , (2.6)

Re
( H

L

)4[∂v∗
z

∂t∗
+ v∗

x
∂v∗

z

∂x∗ + v∗
z
∂v∗

z

∂z∗
]
=−∂p∗

∂z∗ +
( H

L

)4∂2v∗
z

∂x∗2 +
( H

L

)2∂2v∗
z

∂z∗2 , (2.7)
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while equation (2.2) remains invariant under the scaling transformation (2.5). We apply
the lubrication approximation:

Re
( H

L

)2
<< 1,

H

L
<< 1, (2.8)

where Re is the Reynolds number,

Re = U L

ν
, (2.9)

since the half-width of the fracture is much less in magnitude than the length of the frac-
ture. With the aid of (2.5), it follows that the continuity equation (2.2) and the x and z
components of the Navier-Stokes equations, (2.6) and (2.7), in dimensional form are

∂p

∂x
=µ∂

2vx

∂z2
, (2.10)

∂p

∂z
= 0, (2.11)

∂vx

∂x
+ ∂vz

∂z
= 0. (2.12)

The system of equations (2.10) to (2.12) can be solved subject to appropriate boundary
conditions which will be discussed next.

2.3.2 Fluid leak-off at the fluid-rock interface

The concept of fluid leak-off at the fluid-rock interface in the modelling process is con-
sidered by investigating the boundary conditions at the fluid-rock interface z =±h(t , x).

The first boundary condition is the no-slip condition for a viscous fluid at the fluid
rock interface which satisfies the following equations:

z = h(t , x) : vx(t , x,h) = 0, (2.13)

z =−h(t , x) : vx(t , x,−h) = 0. (2.14)

The no-slip boundary condition is satisfied when fluid does not slip but sticks to the frac-
ture walls.

The second boundary condition is the fluid leak-off condition at the fluid-rock inter-
face which satisfies the following equations:

z = h(t , x) : vz(t , x,h) = ∂h

∂t
+ v`(t , x), (2.15)

z =−h(t , x) : vz(t , x,−h) =−∂h

∂t
− v`(t , x), (2.16)

where the leak-off velocity relative to the moving interface is denoted by v`(t , x). The z-
component of the fluid velocity in the fracture is a linear combination of the rate at which
the half-width of the fracture is evolving and the leak-off velocity.

Since the fracture considered is pre-existing, the following initial conditions are im-
posed on the model:
The fracture has an initial half-width profile given by

h(0, x) = h0(x), (2.17)
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and the initial length is given by

L(0) = L0 (2.18)

At the fracture tip, the half-width of the fracture vanishes

h(t ,L(t )) = 0. (2.19)

2.3.3 Nonlinear diffusion equation with leak-off

The governing nonlinear diffusion equation for the half-width of the fracture will be de-
rived. From equation (2.11), it is clear that the fluid pressure in the fracture is only depen-
dent on the spatial variable x and time t , i.e. p = p(t , x). It follows that integrating (2.10)
twice with respect to z subject to the no-slip boundary conditions (2.13) and (2.14) gives

vx(t , x, z) =− 1

2µ

(
h2(t , x)− z2

)∂p

∂x
(t , x). (2.20)

Integrating the continuity equation, (2.12), with respect to z across the fracture from
−h(t , x) to h(t , x) gives ∫ h(t ,x)

−h(t ,x)

∂vx

∂x
d z + vz(t , x, z)

∣∣∣h(t ,x)

−h(t ,x)
= 0, (2.21)

which clearly, with the aid of the leak-off boundary conditions (2.15) and (2.16), simplifies
to

2
∂h

∂t
+2v`(t , x)+

∫ h(t ,x)

−h(t ,x)

∂vx

∂x
d z = 0. (2.22)

Applying Leibniz rule for differentiation under the integral sign [19] to equation (2.22) and
the no-slip boundary conditions, (2.13) and (2.14), to the result gives the conservation
equation:

∂h

∂t
+ 1

2

∂Q

∂x
=−v`(t , x), (2.23)

where

Q(t , x) =
∫ h(t ,x)

−h(t ,x)
vx(t , x, z)d z, (2.24)

is the volume flux per unit breadth across the fracture. With the aid of equation (2.20) it
can be shown that equation (2.24) reduces to

Q(t , x) = −2

3µ
h3∂p

∂x
. (2.25)

2.3.4 Mathematical model of fluid flow in a tortuous hydraulic fracture.

The validity of applying a cubic flow law in tortuous fractures was investigated for open
fractures encased by impermeable rock by Oron and Berkowitz [13] and Witherspoon et.
al [14]. It has been found that the cubic flow law fails when the asperities in the fracture
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are well-defined. Therefore it is not recommended to make use of this cubic law when
modeling a very tortuous fracture. In order to account for the effects of tortuosity due
to the asperities at the fluid-rock interface on the fluid flow in a fracture, we consider a
modified Reynolds’ flow law in which the cubed half-width h3 is replaced by anhn where
an and n are constants that can be determined from experiments [4]. Equation (2.25)
becomes

Q(t , x) = −2an

3µ
hn ∂p

∂x
. (2.26)

Finally, substituting (2.26) into (2.23) gives the nonlinear partial differential equation

∂h

∂t
= an

3µ

∂

∂x

(
hn ∂p

∂x

)
− v`(t , x). (2.27)

The width-averaged fluid velocity, v̄x(t , x) is

v̄x(t , x) = 1

2h(t , x)

∫ h(t ,x)

−h(t ,x)
vx(t , x, z)d z, (2.28)

which by (2.24) can be expressed as

v̄x(t , x) = Q(t , x)

2h(t , x)
. (2.29)

From (2.26), equation (2.29) reduces to

v̄x(t , x) =−an

3µ
hn−1∂p

∂x
. (2.30)

2.3.5 Model closure

The type of stresses that occur in the rock mass encasing the fracture tell us about the
nature of fracture that propagates; depending on the type of stresses acting at the fluid
rock-interface, the fracture can either be open or a partially open. When asperities in
the fracture are sufficiently large, they touch to form contact regions. Open fractures do
not possess contact regions in most of the area in the fracture until one approaches the
fracture tip, where contact regions are inevitable. Partially open fractures have contact
regions in most of the area in the fracture [4, 11]. The presence of contact regions in the
fracture is determined by whether or not the fluid pressure, p(t , x), is adequate to rein-
force the compressive normal stress, −σzz(t , x), at the fluid-rock interface.

An open fracture occurs when the fluid pressure is sufficient to support the normal
stress along the fluid-rock interface:

p(t , x) =−σzz(t , x), (2.31)

where σzz(t , x) < 0. It follows that the zero effective stress condition,

p(t , x)+σzz(t , x) = 0, (2.32)

must be satisfied in order to affirm that a fracture is open.
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If the fluid pressure is insufficient to support the normal stress at the fluid-rock inter-
face then

p(t , x) <−σzz(t , x), (2.33)

where σzz(t , x) < 0. It follows that the negative effective stress condition must be satisfied
[20]:

p(t , x)+σzz(t , x) < 0. (2.34)

Although both open and partially open fractures can be considered [11], we will confine
our study to partially open fractures.

The linear crack law

This was proposed by Pine and Cundall [17], and it satisfies the negative effective
stress condition (2.34). The linear crack law gives a linear relationship between the frac-
ture half-width, h(t , x), and the effective stress, σzz(t , x)+p(t , x):

h(t , x) =
{

hmax −
(
σzz (t ,x)+p(t ,x)

σR

)
(hmax −hmi n), if σR <σzz(t , x)+p(t , x) < 0,

hmi n , if σzz(t , x)+p(t , x) ≤σR ,
(2.35)

where σR < 0 is the least effective stress, also known as the reference stress, hmax is the
maximum height of the fracture and hmi n is the minimum height of the fracture. We
assume that the minimum half-width of the fracture is much less than the maximum half-
width of the fracture, hmi n << hmax , we can make an approximation that hmi n = 0 [11].
The linear crack law reduces to

h(t , x) =
{

hmax

(
1− σzz (t ,x)+p(t ,x)

σR

)
, 0 < σzz (t ,x)+p(t ,x)

σR
< 1,

0, σzz (t ,x)+p(t ,x)
σR

≥ 1,
(2.36)

which defines the half-width, h(t , x), of the symmetric model fracture in the domain
0 ≤ h(t , x) < hmax .

The Perkins-Kern and Nordgren (PKN) approximation

The PKN approximation is used in order to relate the normal stress, σzz(t , x), to the
half-width of the fracture, h(t , x) [16, 15]. The theory of plane strain can be applied to
the surrounding rock mass encasing the fracture in order to express the normal stress,
σzz(t , x), as a Cauchy principal value integral. Spence and Sharp gave a relation between
the normal surface stress and the half-width of the fracture as [21]

σzz(t , x) =σ(∞)
zz + G

2π(1−ν)

∞∫−−∞ ∂h

∂s
(t , x)

d s

(s −x)
, (2.37)

where the barred integral sign represents the Cauchy principal value which was used by
Fitt et al [4] in the study of crack propagation models in geothermal reservoirs. The pa-
rameters in equation (2.37) are defined as follows:

G is the elastic shear modulus,
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G
2π(1−ν) is the measure of resistance of a rock to deformation,

ν is the Poisson ratio of the rock mass and

σ∞
zz is the far field normal stress within the rock.

An alternative to using the Cauchy principal value is needed as it results in a boundary
value problem that is difficult to solve [4, 21]. In this work, instead of using (2.37) for the
normal stress σzz(t , x) we will use the PKN approximation given as [15, 16]

σzz(t , x) =σ∞
zz −Λh(t , x), (2.38)

where

Λ= E

(1−ν2)B
, (2.39)

E is the Young’s modulus and B is the breadth of the fracture, which is used widely in the
gas and oil industry to design fracture treatments [22].

We use (2.38) to express the normal stress, σzz(t , x), in terms of the half-width of the
fracture h(t , x) and the linear crack law to close the model. Using the linear crack law
(2.36) and the PKN approximation (2.38) we obtain the equation for fluid pressure :

p(t , x) =−σ∞
zz +Λh(t , x)+

(
1− h(t , x)

hmax

)
σR . (2.40)

Differentiating (2.40) with respect to x gives an expression for the pressure gradient

∂p

∂x
(t , x) =Λ

(
1− σR

Λhmax

)∂h

∂x
(t , x). (2.41)

Therefore, using (2.41), the governing non-linear diffusion equation (2.27) is

∂h

∂t
= Λan

3µ

(
1− σR

Λhmax

) ∂
∂x

(
hn ∂h

∂x

)
− v`(t , x), (2.42)

and the volume flux of fluid and the width-averaged fluid velocity given by (2.26) and
(2.30) respectively are

Q(t , x) = −2Λan

3µ

(
1− σR

Λhmax

)
hn ∂h

∂x
(2.43)

and

v̄x(t , x) = −Λan

3µ

(
1− σR

Λhmax

)
hn−1∂h

∂x
. (2.44)

2.3.6 Boundary conditions

The following boundary conditions for the nonlinear diffusion equation (2.42) are con-
sidered:
At the fracture tip, the half-width of the fracture vanishes

h(t ,L(t )) = 0, t ≥ 0. (2.45)
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The volume flux of fluid at the fracture tip, Q(t ,L(t )), will later be investigated.
The boundary condition (2.45) is a moving boundary condition, given that as the frac-

ture propagates, the length, L(t ), of the fracture is also increasing [23].
We also consider a boundary condition at the fracture entry,

Q(t ,0) = S(t ), (2.46)

where the form of S(t ) will be determined from the group invariant solution of the prob-
lem. This boundary condition will be obtained from the fluid flux at the fracture entry
related to a power-law or an exponential function of time specified at the fracture entry
[24].

Integrating equation (2.23) with respect to x from 0 to L(t ) with the aid of Leibniz rule
of differentiation under the integral sign gives∫ L(t )

0

∂h

∂t
d x + 1

2

∫ L(t )

0

∂Q

∂x
d x +

∫ L(t )

0
v`(t , x)d x = 0. (2.47)

From Leibniz:

d

d t

∫ L(t )

0
h(t , x) = h(t ,L(t )

dL

d t
−h(t ,0)

d

d t
(0)+

∫ L(t )

0

∂h

∂t
d x. (2.48)

Therefore, using (2.48), (2.47) becomes

d

d t

∫ L(t )

0
h(t , x)d x −h(t ,L(t ))

dL

d t
+h(t ,0)

d

d t
(0)+ 1

2

[
Q(t ,L(t ))−Q(t ,0)

]
+

∫ L(t )

0
v`(t , x)d x = 0. (2.49)

Let V (t ) denote the total volume of the fracture per unit length, given by

V (t ) = 2
∫ L(t )

0
h(t , x)d x, (2.50)

and the flux of fluid leaving the fracture due to fluid leak-off at the fluid-rock interface is

q(t ) = 2
∫ L(t )

0
v`(t , x)d x. (2.51)

It follows that, with the aid of the boundary condition at the fracture tip (2.45), that equa-
tion (2.49) becomes

1

2

dV

d t
+ 1

2

[
Q(t ,L(t ))−Q(t ,0)

]
+ 1

2
q(t ) = 0. (2.52)

As a result,

dV

d t
=Q(t ,0)−q(t )−Q (t ,L(t )) , (2.53)

where Q(t ,0) and Q (t ,L(t )) can be deduced from (2.43). Using (2.43) and (2.51), equation
(2.53) becomes

dV

d t
=− 2Λan

3µ

(
1− σR

Λhmax

)
hn(t ,0)

∂h

∂x
(t ,0)−2

∫ L(t )

0
v`(t , x)d x

+ 2Λan

3µ

(
1− σR

Λhmax

)
hn(t ,L(t ))

∂h

∂x
(t ,L(t )), (2.54)

which is the consistency condition that is satisfied everywhere along the fracture.
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2.3.7 Dimensionless equations

The characteristic length of the fracture is chosen to be the initial length of the pre-existing
fracture

L(t ) = L(0) = L0. (2.55)

The characteristic half-width of the fracture is chosen to be the maximum half-width of
the fracture,

H = hmax . (2.56)

The characteristic velocity in the x-direction, U , is determined by balancing the expres-
sion for the characteristic fluid pressure given by the lubrication approximation (2.10)
with the characteristic pressure deduced from (2.40),

p =−σ(∞)
zz +Λhmax . (2.57)

It follows that the characteristic velocity is

U = Λh3
max

µL0

(
1− σ∞

zz

Λhmax

)
. (2.58)

In addition to the dimensionless variables introduced in (2.5), the following dimen-
sionless variables are introduced

h∗ = h

hmax
, L∗ = L

L0
, Q∗ = Q

hmaxU
, v` =

L0v`
U H

, q∗ = q

hmaxU
, S∗ = S

hmaxU
.

(2.59)

In terms of the dimensionless variables in (2.5) and (2.59), with the aid of specified
characteristic quantities (2.55) to (2.58), the nonlinear diffusion equation (2.42), in di-
mensionless form becomes

∂h

∂t
= Kn

∂

∂x

(
hn ∂h

∂x

)
− v`(t , x), (2.60)

where

Kn = anhn−3
max

3

1− σR
Λhmax

1− σ∞
zz

Λhmax

 (2.61)

is the diffusion constant. Since equation (2.60) has two dependent variables, an equation
for v`(t , x) has to be provided or a form of v`(t , x) determined. Once a form of v`(t , x) is
known, equation (2.60) can then be solved subject to the boundary conditions

h(t ,L(t )) = 0, (2.62)

Q(t ,0) = S(t ). (2.63)

The solution obtained from (2.60) to (2.63) satisfies the consistency condition:

dV

d t
=−2Knhn(t ,0)

∂h

∂x
(t ,0)−2

∫ L(t )

0
v`(t , x)d x +2Knhn (t ,L(t ))

∂h

∂x
(t ,L(t )) . (2.64)
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The total volume flux of fluid, the width-averaged fluid velocity and the fluid pressure
respectively are:

Q(t , x) =−2Knhn ∂h

∂x
(2.65)

q(t ) = 2
∫ L(t )

0
v`(t , x)d x, (2.66)

v̄x(t , x) =−Knhn−1∂h

∂x
, (2.67)

p(t , x) =
(1− σR

Λhmax

1− σ∞
zz

Λhmax

)
h(t , x)+

(
σR −σ∞

zz

Λhmax −σ∞
zz

)
. (2.68)

The effect that tortuosity has on the specified model is described by the diffusion con-
stant, Kn , and the factor hn . The form of the leak-off velocity, v`(t , x), contained in the
nonlinear diffusion equation (2.60) is yet to be obtained.

2.3.8 Form of leak-off velocity v`(t , x, z)

The fluid leak-off velocity, v`(t , x), is not described a priori. Its functional form has to sat-
isfy a partial differential equation obtained from the derivation of the Lie point symmetry
generator of the governing nonlinear diffusion equation.

2.4 Conclusions

In this chapter the mathematical model for a partially open fracture was formulated. The
concept of fluid leak-off at the fluid-rock interface was considered by investigating the
boundary conditions at the fluid-rock interface z = ±h(t , x). A model with the modified
Reynolds’ flow law to account for the effect of asperities on the fluid flow. The model is
closed by the linear crack law to account for the presence of contact regions in the fracture
and the PKN approximation which relates the normal stress at the fracture walls and the
half-width of the fracture. The dimensionless form of the model was obtained and will
thus be used in the subsequent chapters. The resulting model accounts for fluid leak-off
where the form of leak-off, v`(t , x), is not described a priori.
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Chapter 3

Methods of solution

3.1 Introduction

In Chapter 2, a rigorous derivation of the governing nonlinear diffusion equation for a
linear hydraulic fracture with tortuosity and fluid-leak-off at the fluid-rock interface was
presented. It is necessary to investigate methods of solution that will enable us to obtain
some analytical and/or numerical solutions to the governing nonlinear diffusion equa-
tion. Obtaining analytical solutions will enable us to investigate the relationships between
variables and to understand the effect of parameters on the derived equations.

In this chapter, we review the various methods of solutions that can be used to solve
the governing equation obtained in Chapter 2. Firstly, we investigate the Lie group anal-
ysis of the nonlinear diffusion equation for a linear pre-existing model fracture with the
effects of tortuosity and fluid leak-off at the fluid-rock interface considered. This leads to
group invariant solutions for the half-width of the fracture and the leak-off velocity which
satisfies a partial differential equation determined in the calculation of Lie point symme-
tries [3, 6, 11].

In this section, we also outline different methods of deriving conservation laws. As-
sociation will lead to a reduction of a PDE to an ODE which may at times be completely
integrable to give analytical solutions to the problem based on Sjöberg’s double reduction
theorem [18].

3.2 Lie point symmetry

Mathematically, symmetry is a change, a transformation that leaves an object unchanged.
Symmetry analysis of differential equations was developed and applied by Sophus Lie
(1842-1899) during the period 1872–1899. This theory enables us to derive exact analyti-
cal solutions of differential equations in a completely algorithmic manner or to reduce a
partial differential equation to an ordinary differential equation [25].

A Lie point symmetry, adapted for a second order PDE, is defined in [26] as follows:
Consider a second order partial differential equation (PDE) in the dependent variable u
and 2 independent variables, t and x:

F (t , x,u,u(1),u(2)) = 0, (3.1)
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where u(1),u(2), are partial derivatives of u with respect to the independent variables, t and
x:

ux1 = ∂u

∂xi
, uxi x j = ∂2u

∂xi∂x j
,

with 1 ≤ i , j ≤ 2.
Then

X = ξ1(t , x,u)
∂

∂t
+ξ2(t , x,u)

∂

∂x
+η(t , x,u)

∂

∂u
, (3.2)

is the Lie point symmetry of the PDE (3.1) provided

X [2](F )
∣∣∣
F=0

= 0, (3.3)

where

X [2] = X +
2∑

i=1
ζxi

∂

∂uxi
+

2∑
i=1

2∑
j=1

ζxi x j
∂

∂uxi x j
, x1 ≡ t , x2 ≡ x, (3.4)

for i ≤ j , is the second order prolongation of the generator X with

ζxi = Dxi (η)−
n∑

l=1
uxl Dxi (ξl ), l = 1,2,

ζxi x j = Dx j (ζxi )−
n∑

l=1
uxi xl Dx j (ξl ). (3.5)

The total derivatives with respect to the independent variable xi in (3.5) is

Di = Dxi = ∂

∂xi
+uxi

∂

∂u
+

n∑
l=1

uxi xl
∂

∂uxl
+·· · (3.6)

The unknown functions ξ1(t , x,u),ξ2(t , x,u) and η(t , x,u) do not depend on the deriva-
tives of u. The determining equation can thus be solved by separating by powers and
products of the partial derivatives of the dependent variable u.

The symmetries admitted by equation (3.1) are of the form

X = ξ1
i
∂

∂x1
+ξ2

i
∂

∂x2
+ηi

∂

∂u
, (3.7)

for i = 1,2. · · ·m, where m is the total number of admitted Lie point symmetries for the
partial differential equation. A linear combination of Lie point symmetries denoted as

XT = c1X1 + c2X2 +·· ·+cm Xm , (3.8)

where all ci ’s are constants, is also a Lie point symmetry of the differential equation.

28



3.2.1 Group invariant solution

The group invariant solution u =ψ(t , x) of the partial differential equation generated by
the Lie point symmetry, X , of the PDE (3.1) may then be constructed by solving the equa-
tion

X
(
u −ψ(t , x)

)∣∣∣
u=ψ(t ,x)

= 0. (3.9)

Substituting the resulting group invariant solution into the original partial differential
equation will reduce the PDE (3.1) into an ordinary differential equation. The group in-
variant solutions obtained via Lie’s approach may provide insight into the physical char-
acteristics of the model [27]. A group invariant solution which depends on an unknown
function, called a similarity variable, is obtained. The nonlinear diffusion equation and
boundary conditions are then expressed in terms of the group invariant solution which
transforms the PDE into an ODE. The unknown function can be determined by solving
the ODE subject to the corresponding boundary conditions.

3.3 Conservation laws

Another method that has been used in the literature to find solutions to differential equa-
tions is that of conservation laws. The idea of conservation laws plays a vital role in the
study of partial differential equations. The mathematical idea of conservation laws comes
from the formulation of familiar physical laws such as that of mass, energy and momen-
tum [28]. Conservation laws can also be used to investigate other solutions of the gov-
erning equations. Conserved quantities may be of physical significance if they relate to
conditions which may be physically attainable. This is useful in the analysis of differential
equations. There are many different methods for the systematic construction of conser-
vation laws as described in literature such as in Kara and Mahomed [29], Bluman et al
[30], Naz [31] and Naz et al [32]. The most elementary method that does not rely on the
knowledge of the Lagrangian function is the direct method. A comprehensive review of
methods used to obtain conservation laws with applicative examples are outlined by Naz
et al [32]. By the double reduction theorem of Sjöberg [18], association of a Lie point sym-
metry and a conserved vector, defined by Kara and Mahomed [29, 33], may lead to the
derivation of an invariant analytical solution. This was illustrated by examples given by
Sjöberg [18].

An outline of the basic theory of the methods that will be required to calculate the
conservation laws for the nonlinear diffusion equation is given below:

Consider a second order system of differential equations of 2 independent and n depen-
dent variables:

F (x,u,u(1),u(2)) = 0, (3.10)

which is assumed to be of maximal rank and locally solvable. A conserved vector of (3.10)
is a 2-tuple T = (T 1,T 2), T i ∈ A , i = 1,2 such that:

D1T 1 +D2T 2 = 0 (3.11)

holds for all solutions of (3.10), then equation (3.11) is called a local conservation law [28,
29].
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3.3.1 Direct method

The direct method is an elementary method of deriving conservation laws. This method
was first introduced by Laplace. The method has been successfully applied to obtain con-
servation laws for several well-known differential equations [28].
Firstly, an assumption is made on the variables that the conserved vector T depends. Then
a substitution of T into the conservation law (3.11), is made to give

D1T 1 +D2T 2
∣∣
F=0 = 0, (3.12)

for each T i . The result if then evaluated on the governing partial differential equation.
Upon doing this, an over-determined system of equations is obtained. The conservation
law is then separated by powers and products of the partial derivatives of variables which
T does not depend on. Then exact forms of T can be obtained [29, 30, 32]. This approach
gives all the local conservation laws for the partial differential equation. Illustrative ex-
amples of this method being applied are given in [28, 29, 31, 32]. The conservation laws of
a linear hydraulic fracture with tortuosity were also calculated by Kgatle and Mason [34].

3.3.2 Multiplier method

The multiplier method has been used in the literature by various authors to obtain con-
servation laws for partial differential equations [28, 31, 32]. A characteristic function
Λ = Λ(x,u,u(1),u(2)) and conserved vector T = (T 1,T 2) are defined. A multiplier of the
PDE (3.10) has the property that

Λ(F ) = D1T 1 +D2T 2, (3.13)

for all functions.
The Euler operator

Eh = ∂

∂h
−D t

∂

∂ht
−Dx

∂

∂hx
+D2

t
∂

∂ht t
+DxD t

∂

∂ht x
+D2

x
∂

∂hxx
−·· · , (3.14)

which annihilates divergence expressions, is applied on (3.13) to give

Eh
[
Λ(F )

]= 0, (3.15)

which is the determining equation for Λ. Since (3.15) is satisfied for all functions, it can
be separated by powers and products of the partial derivatives of the variables which Λ
does not depend on. Upon solving for Λ = Λ(x,u,u(1),u(2)), it is then substituted back
into equation (3.13) to solve for T [31, 32]. Examples of application of this method can be
found in [31, 32].

3.3.3 Association of a Lie point symmetry with a conserved vector

Kara and Mahomed [33] introduced a method of generating conserved vectors from known
conserved vectors. If the Lie point symmetry generator of a PDE is

X = ξ1(t , x,h)
∂

∂t
+ξ2(t , x,h)

∂

∂x
+η(t , x,h)

∂

∂h
, (3.16)

30



then Kara and Mahomed have shown that the Lie point symmetry generator (3.16) is as-
sociated with a conserved vector T provided

T i
∗ = X (T i )+T i Dk (ξk )−T k Dk (ξi ) = 0, i = 1,2. (3.17)

By the double reduction theorem of Sjöberg [18] association leads to the reduction of
PDEs to ODEs and the integration of the ODEs once. In some cases the result is com-
pletely integrable leading to an exact analytical solution. This method allows investiga-
tion of the existence of analytical solutions corresponding to the derived conserved vec-
tors.

3.4 The shooting method for nonlinear problems

Consider a nonlinear second-order boundary value problem [35]

y
′′ = f (x, y, y ′), x ∈ [a,b] (3.18)

where

y(a) =α and y(b) =β. (3.19)

The shooting method for nonlinear BVP for an ordinary differential equation involves
finding an approximate solution to (3.18) by solving the IVP

y
′′ = f (x, y, y ′), a ≤ x ≤ b, y(a) =α, y ′(a) = t , (3.20)

with varying values of the parameter t , thereby generating a sequence of end points y(b, tk )
for k = 0,1,2,3, · · · until the condition

|y(β, tk )− yβ| < ε, k = 0,1,2,3, .... (3.21)

where ε<< 1 is the tolerance is satisfied.
We start with an initial guess t , say t0, then solve the IVP (3.20). If equation (3.21) is

not satisfied, we adjust the value of tk using the route finding method until a point such
that (3.21) is satisfied. This technique is called a “shooting method". There are various
route finding methods to find tk . In this work we will use the bisection method.

3.5 Conclusions

In this section we briefly outlined the various methods of solutions that will be applied to
solve the partial differential equation. The method of deriving the Lie point symmetries
that lead to the solution of the group invariant solution were described. This method
allows us to express the PDE and its related boundary conditions in terms of the group
invariant solution. It also gives a solution of the fracture half-width provided the leak-off
velocity satisfies a partial differential equation.

Two methods of deriving the conservation laws that will be used were outlined. As-
sociation of a Lie point symmetry with a conserved vector will be used to investigate the
existence of analytical solutions. The method of transforming a boundary value problem
(BVP) into an initial value problem (IVP) will be used to obtain numerical solutions using
the shooting method which works by identifying a target and shooting or iterating until a
shot that hits the fixed target is achieved hence giving a solution that satisfies boundary
value problem.

31



Chapter 4

Conservation laws

4.1 Introduction

In this chapter, we investigate the existence of conservations laws for a fluid-driven frac-
ture propagating in permeable rock. In Chapter (2), we derived the nonlinear diffusion
equation that describes a linear hydraulic fracture with tortuosity and fluid leak-off at the
fluid-rock interface:

∂h

∂t
= Kn

∂

∂x

(
hn ∂h

∂x

)
− v`(t , x). (4.1)

As outlined in Chapter 3, the two methods used to investigate the conservation laws
will be the direct and the multiplier method. Firstly we consider the direct method.

4.2 Direct method

Consider the partial differential equation (4.1), which can be expressed as

F (t , x,h,hx ,ht ,hxx) = ht −Knnhn−1h2
x −Knhnhxx + v`(t , x) = 0, (4.2)

where subscripts denote partial differentiation and t , x,h,hx ,ht ,hxx , . . . and all partial
derivatives of h are treated as independent variables. We seek to investigate a conserved
vector of the form T = (T 1,T 2) or R = (R1,R2) of the partial differential equation (4.2)
which satisfies the conservation law

D t T 1 +DxT 2
∣∣∣
(4.2)

= 0, (4.3)

where D t and Dx are total derivatives:

D t = ∂

∂t
+ht

∂

∂h
+ht t

∂

∂ht
+ht x

∂

∂hx
+ . . . , (4.4)

Dx = ∂

∂x
+hx

∂

∂h
+hxx

∂

∂hx
+ht x

∂

∂ht
+ . . . . (4.5)

Consider conserved vectors of the form

T 1 = T 1(t , x,h,hx), T 2 = T 2(t , x,h,hx). (4.6)
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It follows that expanding equation (4.3) gives(
∂T 1

∂t
+ ∂T 1

∂h
ht + ∂T 1

∂hx
ht x + ∂T 2

∂x
+ ∂T 2

∂h
hx + ∂T 2

∂hx
hxx

)∣∣∣∣
(4.2)

= 0, (4.7)

which when evaluated at the nonlinear diffusion equation (4.2) becomes

0 =∂T 1

∂t
+ ∂T 1

∂h
(Knnhn−1h2

x)+ ∂T 1

∂h
(Knhnhxx)− v`(t , x)

∂T 1

∂h

+ ∂T 1

∂hx
ht x + ∂T 2

∂x
+ ∂T 2

∂h
hx + ∂T 2

∂hx
hxx . (4.8)

Separating equation (4.8) according to the derivatives of h which the components of the
conserved vector T = (T 1,T 2) does not depend on gives

hxx :
∂T 2

∂hx
+Knhn ∂T 1

∂h
= 0, (4.9)

and

ht x :
∂T 1

∂hx
= 0. (4.10)

Equation (4.10) implies that

T 1 = T 1(t , x,h). (4.11)

Integrating (4.9) with respect to hx gives

T 2 =−Knhn ∂T 1

∂h
hx + A(t , x,h), (4.12)

where A(t , x,h) is a function still to be determined. The remainder from (4.8) is

∂T 1

∂t
+ ∂T 1

∂h
(Knnhn−1h2

x)− v`(t , x)
∂T 1

∂h
+ ∂T 2

∂x
+ ∂T 2

∂h
hx = 0. (4.13)

Substituting (4.12) into (4.13) gives

∂T 1

∂t
+ ∂A

∂x
+ ∂T 1

∂h

(
Knnhn−1h2

x

)
+

(∂A

∂h
−Knhn ∂

2T 1

∂x∂h

)
hx − v`(t , x)

∂T 1

∂h

+
(
−Knnhn−1∂T 1

∂h
−Knhn ∂

2T 1

∂h2

)
h2

x = 0, (4.14)

which can be separated in powers of hx to give

h2
x :

∂2T 1

∂h2
= 0 (4.15)

hx :
∂A

∂h
−Knhn ∂

2T 1

∂x∂h
= 0. (4.16)

Integrating (4.15) twice with respect to h where the form of T 2 is given by (4.12) gives

T 1(t , x,h) = B(t , x)h +C (t , x). (4.17)
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Applying equation (4.17) to equation (4.16) and integrating the result with respect to h
gives

A(t , x,h) = Kn
hn+1

(n +1)

∂B

∂x
(t , x)+D(t , x). (4.18)

The remaining terms from (4.14) are

∂T 1

∂t
+ ∂A

∂x
− v`(t , x)

∂T 1

∂h
= 0. (4.19)

Substituting (4.17) for T 1 and (4.18) for A(t , x,h) into (4.19) gives

∂

∂t

(
B(t , x)h +C (t , x)

)
+ ∂

∂x

(
Kn

hn+1

(n +1)

∂B

∂x
(t , x)+D(t , x)

)
− v`(t , x)

∂

∂h

(
B(t , x)h +C (t , x)

)
= 0, (4.20)

which can be separated in powers of h to give

h :
∂B

∂t
(t , x) = 0, (4.21)

hn+1 :
∂2B

∂x2
(t , x) = 0. (4.22)

Integrating (4.21) gives

B = B(x). (4.23)

Integrating (4.22) twice and using (4.23) gives

B(x) = ax +b, (4.24)

where a and b are constants. The remaining terms from (4.20) are

∂C

∂t
(t , x)+ ∂D

∂x
(t , x)− (ax +b)v`(t , x) = 0. (4.25)

Using (4.12) for T 2, (4.17) for T 1 and (4.18) and (4.23) for A(t , x,h) and B(x) respectively
gives the conserved vector

T =
(
(ax +b)h +C (t , x), −Knhn(ax +b)hx +Kn

hn+1

(n +1)
a +D(t , x)

)
, (4.26)

where the components of the conserved vector are

T 1 = (ax +b)h +C (t , x), (4.27)

and

T 2 =−Knhn(ax +b)hx +Kn
hn+1

(n +1)
a +D(t , x). (4.28)
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We can now use (4.25) to replace C (t , x) or D(t , x) in the conserved vector (4.26). We first
consider replacing D(t , x) in (4.26) by integrating the remainder, (4.25), with respect to χ
from 0 to x:

D(t , x) = D(t ,0)− ∂E

∂t
(t , x)+a

∫ x

0
χv`(t ,χ)dχ+b

∫ x

0
v`(t ,χ)dχ (4.29)

where

E(t , x) =
∫ x

0
C (t ,χ)dχ (4.30)

and

∂E

∂x
=C (t , x). (4.31)

The components of the conserved vectors (4.27) and (4.28) become

T 1 = (ax +b)h +T 1
�, (4.32)

and

T 2 =−Knhn(ax +b)hx +Kn
hn+1

(n +1)
a +a

∫ x

0
χv`(t ,χ)dχ+b

∫ x

0
v`(t ,χ)dχ+T 1

�, (4.33)

where

T 1
� =C (t , x), (4.34)

T 2
� = D(t ,0)− ∂E

∂t
(t , x). (4.35)

The conservation law

D t T 1
�+DxT 2

� = 0, (4.36)

is identically satisfied without imposing the partial differential (4.2). It is therefore a trivial
conservation law and we set

T 1
� = 0, T 2

� = 0. (4.37)

Therefore, by the direct method the elementary conserved vectors of the first kind is

T(1) =
[

h,−Knhnhx +
∫ x

0
v`(t ,χ)dχ

]
, (4.38)

and the second conserved vector of the first kind is

T(2) =
[

xh,−Knhn xhx +Kn
hn+1

(n +1)
+

∫ x

0
χv`(t ,χ)dχ

]
. (4.39)

35



We now replace C (t , x) by integrating the remainder, (4.25), with respect to τ from 0 to
t which gives

C (t , x) =C (0, x)− ∂F

∂t
(t , x)+ (ax +b)

∫ t

0
v`(τ, x)dτ, (4.40)

where

F (t , x) =
∫ t

0
D(τ, x)dτ, (4.41)

and

∂F

∂t
= D(t , x). (4.42)

The components of the conserved vector (4.26) become

R1 = (ax +b)h + (ax +b)
∫ t

0
v`(τ, x)dτ+R1

�, (4.43)

and

R2 =−(ax +b)Knhnhx +Kn
hn+1

n +1
a +R2

�, (4.44)

where

R1
� =C (0, x)− ∂F

∂x
(t , x), (4.45)

R2
� = D(t , x). (4.46)

The conservation law

D t R1
�+DxR2

� = 0, (4.47)

is also identically satisfied without imposing the partial differential equation (4.2) and is
therefore a trivial conservation law. We set

R1
� = 0, R2

� = 0. (4.48)

Therefore, by the direct method the elementary conserved vectors of the second kind is

R(1) =
[

h +
∫ t

0
v`(τ, x)dτ,−Knhnhx

]
, (4.49)

and the second conserved vector of the second kind is

R(2) =
[

xh +x
∫ t

0
v`(τ, x)dτ,−Knhn xhx +Kn

hn+1

(n +1)

]
. (4.50)

We will now investigate the multiplier method of obtaining conserved vectors.
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4.3 Multiplier method

Consider a multiplier of the formΛ=Λ(t , x,h) and the conserved vector

T = T i (t , x,h,ht ,hx), i = 1,2. (4.51)

We are interested in finding the components of the conserved vectors T 1 and T 2 and a
multiplierΛwhich has the property

ΛF (t , x,h,ht ,hx ,hxx) = D t T 1 +DxT 2, (4.52)

for all functions h(t , x) and v`(t , x) and where D t and Dx are total derivatives given by
equations (4.4) and (4.5). Since (4.52) is a function of h(t , x) it can be separated later ac-
cording to the partial derivatives of h(t , x).When h(t , x) and v`(t , x) satisfy the PDE (4.2),
then (4.52) is a conservation law of the PDE. We apply the Euler operator

Eh = ∂

∂h
−D t

∂

∂ht
−Dx

∂

∂hx
+D2

t
∂

∂ht t
+DxD t

∂

∂ht x
+D2

x
∂

∂hxx
+·· · , (4.53)

which annihilates divergence expressions, to the left hand side of (4.52) and equate the
result to zero:

Eh

[
Λ(t , x,h)

(
ht −Knnhn−1h2

x −Knhnhxx + v`(t , x)
)]

= 0. (4.54)

Expanding (4.54) gives

∂Λ

∂h

(
ht −Knnhn−1h2

x −Knhnhxx + v`(t , x)
)
+Λ

(
−Knn(n −1)hn−2h2

x −Knnhn−1hxx

)
−D t (Λ)−DxΛ

(
−2Knnhn−1hx

)
+D2

x(−ΛKnhn) = 0, (4.55)

which simplifies to

−2Knhn ∂Λ

∂h
hxx + v`(t , x)

∂Λ

∂h
− ∂Λ

∂t
−Knhn ∂

2Λ

∂x2
−2Knhn ∂2Λ

∂x∂h
hx

−Knhn ∂
2Λ

∂h2
h2

x −Knnhn−1∂Λ

∂h
h2

x = 0. (4.56)

NowΛ=Λ(t , x,h). Since (4.56) is satisfied for all functions of h(t , x) and v`(t , x), it can be
separated by equating the coefficients of the partial derivatives of h.

hxx :
∂Λ

∂h
= 0, (4.57)

h2
x : h

∂2Λ

∂h2
+n

∂Λ

∂h
= 0, (4.58)

hx :
∂2Λ

∂x∂h
= 0, (4.59)

which implies that Λ = Λ(t , x). Equations (4.58) and (4.59) are identically satisfied. The
remaining terms from (4.56) are

−Knhn ∂
2Λ

∂x2
− ∂Λ

∂t
= 0. (4.60)
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Equation (4.60) can now be separated in powers of h

h0 :
∂Λ

∂t
= 0, (4.61)

which implies that

Λ=Λ(x), (4.62)

and

hn :
∂2Λ

∂x2
= 0, (4.63)

which can be integrated with respect to x to give

Λ= ax +b, (4.64)

where a and b are constants. The multiplier Λ is found to be independent of the leak-off
velocity. Using (4.64) and (4.52) we find that

(ax +b)
[

ht −Knnhn−1h2
x −Knhnhxx + v`(t , x)

]
= D t T 1 +DxT 2. (4.65)

By elementary manipulation

(ax +b)
(
ht −Knnhn−1h2

x −Knhnhxx + v`
)

(4.66)

= D t (axh +bh)+Dx

(
b

[
−Knhnhx +

∫ x

0
v`(t , x)dχ

]
+a

[
−Kn xhnhx +Kn

hn+1

(n +1)
+

∫ x

0
χv`(t , x)dχ

])
, (4.67)

for arbitrary functions h(t , x) and v`(t , x). When h(t , x) and v`(t , x) satisfy (4.2) then

D t (axh +bh)+Dx

(
b

[
−Knhnhx +

∫ x

0
v`(t , x)dχ

]
+a

[
−Kn xhnhx +Kn

hn+1

(n +1)

+
∫ x

0
χv`(t , x)dχ

])
= 0. (4.68)

Thus setting the constants a and b from (4.67) equal to zero in alternative turns, we obtain
that

T(1) =
[

h, −Knhnhx +
∫ x

0
v`(t , x)dχ

]
(4.69)

T(2) =
[

xh, −Kn xhnhx +Kn
hn+1

(n +1)
+

∫ x

0
χv`(t , x)dχ

]
, (4.70)

which are the conserved vectors of the first kind. We observe that these conserved vectors
are the same as the those obtained in (4.38) and (4.39).

Equation (4.52) using (4.64), can be written as
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(ax +b)
(
ht −Knnhn−1h2

x −Knhnhxx + v`
)
=

D t

[
ax

(
h +

∫ t

0
v`(τ, x)dτ

)
+b

(
h +

∫ t

0
v`(τ, x)dτ

)]
+Dx

[
−axKnhnhx +Kn

hn+1

(n +1)
+b

(−Knhnhx
)]

, (4.71)

for arbitrary functions h(t , x) and v`(t , x). When h(t , x) and v`(t , x) satisfy (4.2) the left
hand side of (4.71) is zero.
Thus after setting the constants a = 0, b = 1 and a = 1, b = 0 in alternating turns, we obtain
for the conserved vectors of the second kind

R(1) =
[

h +
∫ t

0
v`(τ, x)dτ, −Knhnhx

]
, (4.72)

and

R(2) =
[

xh +x
∫ t

0
v`(τ, x)dτ, −Knhn xhx +Kn

hn+1

(n +1)

]
, (4.73)

which are the same as those obtained from using the direct method (4.49) and (4.50).
We now investigate if other conserved vectors exists by considering a multiplier of the

form

Λ=Λ(t , x,h,ht ,hx), (4.74)

which has the property

Λ(t , x,h,ht ,hx)(ht −knnhn−1h2
x −Knhnhxx + v`(t , x)) = D t T 1 +DxT 2 (4.75)

for arbitrary functions h(t , x) and v`(t , x).
Applying the Euler operator (4.3) which annihilates the divergence expressions to the left
hand side of (4.75), we obtain

Eh

[
Λ(t , x,h,ht ,hx)

(
ht −Knnhn−1h2

x −Knhnhxx + v`
)]

= 0. (4.76)

Expanding (4.76) gives:

∂Λ

∂h

(
ht −knnhn−1h2

x −Knhnhxx + v`

)
+Λ

(
−Knn(n −1)hn−2h2

x −Knhn−1hxx

)
−D t (Λ)−Dx

(
−2ΛKnnhn−1hx

)
+D2

x

(
−ΛKnhn

)
−Dx

(
∂Λ

∂hx
ht −Knnhn−1 ∂Λ

∂hx
h2

x −knhn ∂Λ

∂hx
hxx + ∂Λ

∂hx
v`

)
−D t

(
∂Λ

∂ht
ht −Knnhn−1 ∂Λ

∂ht
h2

x −knhn ∂Λ

∂ht
hxx + ∂Λ

∂ht
v`

)
= 0. (4.77)

39



The fifth term in (4.77) gives

+D2
x

(
−ΛKnhn

)
=−Knhn

(
∂Λ

∂hx
hxxx + ∂Λ

∂ht
hxxt

)
+ terms independent of third order derivatives, (4.78)

the sixth term gives

−Dx

(
∂Λ

∂hx
ht −Knnhn−1 ∂Λ

∂hx
h2

x −Knhn ∂Λ

∂hx
hxx + ∂Λ

∂hx
v`

)
= Knhn ∂Λ

∂hx
hxxx

+terms independent of third order derivatives, (4.79)

and the seventh term gives

−D t

(
∂Λ

∂ht
ht −Knnhn−1 ∂Λ

∂ht
h2

x −Knhn ∂Λ

∂ht
hxx + ∂Λ

∂ht
v`

)
= Knhn ∂Λ

∂ht
hxxt

+terms independent of third order derivatives. (4.80)

The third order partial derivatives do not give any useful information as they are equal
to zero. Analysing the results gives that the multiplier Λ is independent of any partial
derivatives of h, which results in a multiplier of the form

Λ=Λ(t , x,h). (4.81)

No new conserved vectors could be obtained from the multiplier method as we obtained
the same conserved vectors as previously obtained using the direct method.

4.4 Relationship between Lie point symmetries and con-
servation laws

In this section we investigate the relationship between Lie point symmetries of the gov-
erning partial differential equation (4.1) and the derived conservation laws for the partial
differential equation. This investigation is motivated by Sjöberg’s double reduction theo-
rem. If a Lie point symmetry generator is associated with a conserved vector, it may lead
to the derivation of some analytical solutions.

Firstly, we state a theorem due to Kara and Mahomed [33] specifically for partial dif-
ferential equations.

Theorem 1. If X is a Lie point point symmetry of the partial differential equation (2.60) and
T = (T 1,T 2) is a conserved vector for the PDE, then

T i
∗ = X (T i )+T i Dk (ξk )−T k Dk (ξi ), i = 1,2 (4.82)

are the components of a conserved vector for the PDE (2.60), that is

D1T 1
∗ +D2T 2

∗
∣∣∣
PDE

= 0. (4.83)

X is prolongated as many orders as required whenever T depends on the derivatives of h.
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This theorem provides a way of obtaining new conserved vectors for the partial dif-
ferential equation (4.1) from the Lie point symmetries of (4.1) and the existing conserved
vectors obtained above. If T∗ is a linear combination of known conserved vectors then
the generated conserved vector is trivial.

Suppose that

X = ξ1(t , x,h)
∂

∂t
+ξ2(t , x,h)

∂

∂x
+η(t , x,h)

∂

∂h
, (4.84)

is a Lie point symmetry generator of (4.1) and T = (T 1,T 2) are the components of a con-
served vectors of (4.1), then according to Kara and Mahomed

T i
∗ = X (T i )+T i D j (ξ j )−T j D j (ξi ), i = 1,2, (4.85)

constitutes the components of a conserved vector of (4.1). Expanding equation (4.85)
gives

T 1
∗ = X (T 1)+T 1D2(ξ2)−T 2D2(ξ1) (4.86)

and

T 2
∗ = X (T 2)+T 2D1(ξ1)−T 1D1(ξ2). (4.87)

The Lie point symmetry generator of (4.1) which is derived in detail in Appendix A is

X = (c1 + c2t )
∂

∂t
+ (c3 + c4x)

∂

∂x
+ 1

n
(2c4 − c2)h

∂

∂h
, (4.88)

provided the leak-off velocity satisfies the partial differential equation

(c1 + c2t )
∂v`
∂t

+ (c3 + c4x)
∂v`
∂x

= 1

n
(2c4 − (n +1)c2)v`(t , x). (4.89)

The first prolongation of X is

X [1] = (c1 + c2t )
∂

∂t
+ (c3 + c4x)

∂

∂x
+ h

n
(2c4 − c2)

∂

∂h

+ 1

n
((2−n)c4 − c2)hx

∂

∂hx
. (4.90)

Consider the first elementary conserved vector of the first kind

T 1 = h, T 2 =−Knhnhx +
∫ x

0
v`(t ,χ)dχ. (4.91)

It can be verified that using (4.86) and (4.87) we obtain

T 1
∗ = 1

n
[(n +2)c4 − c2]T 1 (4.92)

and

T 2
∗ = (c1 + c2t )

∫ x

0

∂v`
∂t

(t , x)dχ+ (c3 + c4x)v`(t , x)

+ 1

n
[(n +2)c4 − c2](−Knhnhx)+ c2

∫ x

0
v`(t , x))dχ. (4.93)
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Integrating (4.89) with respect to χ from χ= 0 to χ= x gives

(c1 + c2t )
∫ x

0

∂v`
∂t

(t , x)dχ+ (c3 + c4x)v`(t , x)

= c3v`(t ,0)+ 1

n
[(n +2)c4 − (n +1)c2]

∫ x

0
v`(t ,χ)dχ, (4.94)

which when substituted into (4.93) gives

T 2
∗ = 1

n
[(n +2)c4 − c2]T 2 + c3v`(t ,0). (4.95)

Expressing equations (4.92) and (4.95) in vector form gives

T∗
(1) =

1

n
[(n +2)c4 − c2]T(1) + c3P(0), (4.96)

where

T(1) = [h,−Knhnhx +
∫ x

0
v`(t , x)dχ], (4.97)

and

P(0) = [0, v`(t ,0)]. (4.98)

The vector T∗
(1) is not a new conserved vector since the vector P(0) is a trivial vector

D1P 1
(0) +D2P 2

(0) ≡ 0. (4.99)

The condition that (4.96) is associated with (4.88) is obtained by setting (4.96) to zero to
find that

c4

c2
= 1

n +2
, c3 = 0. (4.100)

The Lie point symmetry associated with the conserved vector T(1) of the first kind is ob-
tained by substituting (4.100) into (4.88):

X =
(c1

c2
+ t

) ∂
∂t

+
( 1

n +2

)
x
∂

∂x
−

( 1

n +2

)
h
∂

∂h
. (4.101)

Considering the components of the elementary conserved vector of the second kind

R1 = h +
∫ t

0
v`(τ, x)dτ, R2 =−Knhnhx . (4.102)

Now, using (4.102), it can be verified that the first component of another conserved vector
derived from (4.102) is

R1
∗ = (c1 + c2t )v`(t , x)+ (c3 + c4x)

∫ t

0

∂v`
∂x

(τ, x)dτ+ 1

n
[2c4 − c2]h

+ c4[h +
∫ t

0
v`(τ, x)dτ]. (4.103)
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Integrating (4.89) with respect to τ from τ= 0 to τ= t gives

(c1 + c2t )v`(t , x)+ (c3 + c4x)
∫ t

0

∂v`
∂x

(τ, x)dτ= c1v`(0, x)

+ 1

n
[2c4 − (n +1)c2]

∫ t

0
v`(τ, x)dτ, (4.104)

which when substituted into (4.103) gives

R1
∗ =

1

n
[(n +2)c4 − c2]R1 + c1v`(0, x). (4.105)

Also, it can be shown that using (4.87)

R2
∗ =

1

n
[(n +2)c4 − c2]R2. (4.106)

Expressing (4.105) and (4.106) in vector form gives

R∗
(1) =

1

n
[(n +2)c4 − c2]R(1) + c1Q(0), (4.107)

where

R(1) = [h +
∫ t

0
v`(τ, x)dτ,−Knhnhx], (4.108)

Q(0) = [v`(0, x),0]. (4.109)

The vector R∗
(1) is not a new conserved vector since the vector Q(0) is trivial. The condition

that (4.107) is associated with (4.88) is obtained by setting (4.107) to zero to find that

c1 = 0,
c4

c2
= 1

n +2
. (4.110)

Therefore the Lie point symmetry associated with the elementary conserved vector of the
second kind R(1) is

X = t
∂

∂t
+

(c3

c2
+ 1

n +2
x
) ∂
∂x

− 1

(n +2)
h
∂

∂h
. (4.111)

The elementary conserved vectors of the first and second kind are both associated with
Lie point symmetries which generate a solution for a fracture with constant volume. This
working condition only corresponds to the constant volume when there is no flux at the
entry and no leak-off i.e. γ = 0, as previously obtained in [11]. For γ > 0, this solution
means that the flux of fluid into the fracture equals the rate of leak-off at the fluid-rock
interface resulting in a non-propagating fracture.

Consider now the second conserved vectors of the first and second kind. The compo-
nents of the second conserved vector of the first kind are given by

T 1 = xh, T 2 =−Kn xhnhx +Kn
hn+1

(n +1)
+

∫ x

0
χv`(t ,χ)dχ. (4.112)
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It can be verified that using (4.86) and (4.87) gives

T 1
∗ = c3T 1

(1) +
1

n
[2(n +1)c4 − c2]T 1

(2) (4.113)

and

T 2
∗ = (c1 + c2t )

∂

∂t

∫ x

0
χ
∂v`
∂t

(t ,χ)dχ+ (c3 + c4x)xv`(t , x)+ c3(−Knhnhx)

+ 1

n
[2(n +1)c4 − c2](−Kn xhnhx)+ 1

n
[2(n +1)c4 − c2]Kn

hn+1

(n +1)

+ c2

∫ x

0
χv`(t ,χ)dχ. (4.114)

Multiplying (4.89) by χ and integrating the result with respect to χ from χ = 0 to χ = x
gives

(c1 + c2t )
∂

∂t

∫ x

0
χ
∂v`
∂t

(t ,χ)dχ+ (c3 + c4x)xv`(t , x)

= c3

∫ x

0
v`(t ,χ)dχ+ 1

n
[2(n +1)c4 − (n +1)c2]

∫ x

0
χv`(t ,χ)dχ, (4.115)

which when substituted into (4.114) gives

T 2
∗ = c3[−Knhnhx +

∫ x

0
v`(t ,χ)dχ]

+ 1

n
[2(n +1)c4 − c2]

[
−Kn xhnhx +Kn

hn+1

(n +1)
+

∫ x

0
χv`(t ,χ)dχ

]
. (4.116)

Thus

T∗
(2) = c3T(1) + 1

n
[2(n +1)c4 − c2]T(2) (4.117)

where

T(1) =
[

h, −Knhnhx +
∫ x

0
v`(t ,χ)dχ

]
(4.118)

and

T(2) =
[

xh, −Kn xhnhx +Kn
hn+1

(n +1)
+

∫ x

0
χv`(t ,χ)dχ

]
. (4.119)

Thus T∗
(2) is not a new conserved vector as it is a linear combination of the conserved

vector of the first kind, T(1) and T(2). The condition that (4.117) and (??) is associated with
the Lie point symmetry generator (4.88) is obtained by setting (4.117) to zero to find that

c3 = 0,
c4

c2
= 1

2(n +1)
. (4.120)

Therefore the Lie point symmetry associated with the conserved vector of the second kind
is

X =
(

c1

c2
+ t

)
∂

∂t
+

(
1

2(n +1)
x

)
∂

∂x
−

(
1

(n +1)

)
h
∂

∂h
. (4.121)
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Finally, we consider the components of second conserved vector of the second kind,

R1 = xh +x
∫ t

0
v`(τ, x)dτ, R2 =−Kn xhnhx +Kn

hn+1

(n +1)
. (4.122)

Now, using (4.86), it can be verified that

R1
∗ = (c1 + c2t )xv`(t , x)+ (c3 + c4x)x

∫ t

0

∂v`
∂x

(τ, x)dτ+ c3(h +
∫ t

0
v`(τ, x)dτ)

1

n
[2(n +1)c4 − c2]xh +2c4x

∫ t

0
v`(τ, x)dτ. (4.123)

Multiplying (4.89) by x and integrating the result with respect to τ from τ= 0 to τ= x gives

(c1 + c2t )xv`(t , x)+ (c3 + c4x)x
∫ t

0

∂v`
∂x

(τ, x)dτ= c1xv`(0, x)

+ 1

n
[2c4 − c2]x

∫ t

0
v`(τ, x)dτ. (4.124)

Substituting (4.124) into (4.123) gives

R1
∗ = c1xv`(0, x)+ c3[h +

∫ t

0
v`(τ, x)dτ]

+ 1

n
[2(n +1)c4 − c2]

[
xh +x

∫ t

0
v`(τ, x)dτ

]
(4.125)

Also, it can be readily shown that

R2
∗ = c3(−Knhnhx)+ 1

n
[2(n +1)c4 − c2]

[
Kn

hn+1

(n +1)
−Kn xhnhx

]
. (4.126)

Equations (4.125) and (4.126) can be expressed in vector form as

R∗
(2) = c3R(1) + 1

n
[2(n +1)c4 − c2]R(2) + c1S(0) (4.127)

where

R(1) = [h +
∫ t

0
v`(τ, x)dτ,−Knhnhx], (4.128)

R(2) = [xh +x
∫ t

0
v`(τ, x)dτ,−Kn xhnhx +Kn

hn+1

n +1
], (4.129)

and

S(0) = [xv`(0, x),0]. (4.130)

The vector R(2) is not a new conserved vector since S(0) is a trivial conserved vector. The
condition that (4.126) is associated with (4.88) is obtained by setting (4.126) to zero to find
that

c1 = 0, c3 = 0,
c4

c2
= 1

2(n +1)
. (4.131)
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The Lie point symmetry associated with the second conserved vector of the second kind
is

X = t
∂

∂t
+ 1

2(n +1)
x
∂

∂x
− 1

n +1
h
∂

∂h
. (4.132)

The solution α= 1/(2(n+1)) was obtained to be a limiting solution for fluid extraction for
the case of a fracture with tortuosity and no leak-off i.e. γ = 0 in [11]. For the case γ > 0,
we are yet to determine the physical interpretation of this working condition.

4.5 Conclusions

In this chapter, we employed the direct and multiplier method to investigate the con-
served vectors of the partial differential equation given by equation (4.1). It was found
that the PDE admits conservation laws of the first and second kind as a results of the leak-
off velocity term in the PDE. The multiplier method was considered to investigate other
conserved vectors by introducing a multiplier of the form Λ = Λ(t , x,h,hx ,ht ). A theo-
rem due to Kara and Mahomed was used to investigate a relationship between a Lie point
symmetry generator and the obtained conservation laws. No new conserved vectors were
generated from the known conserved vectors as the calculation resulted in a linear com-
bination of the known conserved vectors of the first and the second kind. However, the
association of a Lie point symmetry with a conservation laws led to two working con-
ditions, α = 1/(2(n + 1)) and α = 1/(n + 2), which can be used to investigate analytical
solutions.
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Chapter 5

Case I: Group invariant solutions for
c2 6= 0 and c4 6= 0 - General Solution

In this chapter, we consider a two-dimensional fluid driven model fracture with the effect
of tortuosity included and in permeable rock. Due to permeability, the fluid injected at
the fracture entry leaks off from the fracture into the rock mass encasing the fracture. We
will analyse the partial differential equations that models the fracture. We will derive the
group invariant solution of the model. The parameter c3, first observed in the Lie point
symmetry of the governing PDE in Appendix A, will later be set to zero in the process of
expressing the remaining equations in the model in terms of the group invariant solution.
The various general properties of the fracture will be investigated.

The governing nonlinear diffusion equation is given by

∂h

∂t
= Kn

∂

∂x

(
hn ∂h

∂x

)
− v`(t , x), (5.1)

where the fluid leak-off velocity is not described a priori. Its functional form has to satisfy
a partial differential equation in order for the governing non-linear diffusion equation to
admit a symmetry generator.

5.1 Lie point symmetries

In order to derive the group invariant solutions of the governing partial differential equa-
tion (5.1) we first consider the Lie point symmetry of the PDE, the calculation of which is
outlined in detail in Appendix A. The Lie point symmetry generator of (5.1) is

X = (c1 + c2t )
∂

∂t
+ (c3 + c4x)

∂

∂x
+ 1

n
(2c4 − c2)h

∂

∂h
, (5.2)

which can be expressed as

X = c1X1 + c2X2 + c3X3 + c4X4, (5.3)
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where c1, c2, c3 and c4 are unknown constants and

X1 = ∂

∂t
, (5.4)

X2 = t
∂

∂t
− h

n

∂

∂h
, (5.5)

X3 = ∂

∂x
, (5.6)

X4 = x
∂

∂x
+ 2h

n

∂

∂h
, (5.7)

provided that the leak-off velocity, v`(t , x), satisfies the first order linear partial differential
equation

(c1 + c2t )
∂v`
∂t

+ (c3 + c4x)
∂v`
∂x

= 2

n

(
c4 − n +1

2
c2

)
v`. (5.8)

Now, h =φ(t , x) is a group invariant solution of (5.1) provided

X
(
h −φ(t , x)

)∣∣∣
h=φ

= 0, (5.9)

that is, provided

(c1 + c2t )
∂φ

∂t
+ (c3 + c4x)

∂φ

∂x
= 1

n
(2c4 − c2)φ. (5.10)

The characteristic equations corresponding to the first order PDE (5.10) are

d t

c1 + c2t
= d x

c3 + c4x
= dφ[ 1

n (2c4 − c2)φ
] , (5.11)

provided 2c4 − c2 6= 0, which can be equivalently written as

d t

c1 + c2t
= d x

c3 + c4x
,

d t

c1 + c2t
= dφ[ 1

n (2c4 − c2)φ
] . (5.12)

Solving the differential equations in (5.12) gives, provided c2 6= 0 and c4 6= 0,

a1 = c3 + c4x

(c1 + c2t )
c4
c2

, a2 = φ

(c1 + c2t )
2
n

(
c4
c2
− 1

2

) , (5.13)

where a1 and a2 are constants. The first order PDE (5.10) has a general solution of the
form

a2 = F (a1), (5.14)

where F is an arbitrary function. Since h(t , x) =φ(t , x), it follows that the group invariant
solution of the half-width of the fracture is

h(t , x) = (c1 + c2t )
2
n

(
c4
c2
− 1

2

)
F (ξ), (5.15)
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where ξ is the similarity variable,

ξ= c3 + c4x

(c1 + c2t )α
, (5.16)

and

α= c4

c2
. (5.17)

It is readily verified that when 2c4 − c2 = 0, the solution (5.15) is again obtained. The exis-
tence of a group invariant solution (5.15) requires that the fluid leak-off velocity, v`(t , x),
satisfies equation (5.8). The characteristic equations corresponding to the first order PDE
(5.8) are

d t

c1 + c2t
= d x

c3 + c4x
= d v`

2
n

(
c4 − n+1

2 c2
)

v`
, (5.18)

provided c4 6= n+1
2 c2, which can be equivalently written as

d t

c1 + c2t
= d x

c3 + c4x
,

d t

c1 + c2t
= d v`

2
n

(
c4 − n+1

2 c2
)

v`
. (5.19)

Integrating the two differential equations in (5.19) gives

a3 = c3 + c4x

(c1 + c2t )α
, a4 = v`

(c1 + c2t )
2
n

(
α− n+1

2

) , (5.20)

where a3 and a4 are constants. The general form of the solution of (5.19) is

a4 =G(a3), (5.21)

where G is an arbitrary function. Hence

v`(t , x) = (c1 + c2t )
2
n

(
α− n+1

2

)
G(ξ), (5.22)

where the similarity variable ξ and the constant α are given by (5.16) and (5.17) respec-
tively. It is readily verified that when c4 = n+1

2 c2, the solution (5.22) is again obtained.
Now that the general form of the group invariant solution for the half-width of the

fracture, h(t , x), and the leak-off velocity of the fluid, v`(t , x) are obtained, it is necessary
to express the problem in terms of the similarity variable, ξ, and the functions F (ξ) and
G(ξ). Thus we must express the nonlinear diffusion equation (5.1), the corresponding
boundary conditions and all related properties of the fracture in terms of the group in-
variant solution (5.15) and (5.22).
The partial derivatives of the similarity variable (5.16),

∂ξ

∂t
= −c4ξ

(c1 + c2t )
and

∂ξ

∂x
= c4

(c1 + c2t )α
, (5.23)

will be useful in the process of expressing that problem in terms of the group invariant
solutions (5.15) and (5.22).
Firstly, we consider the non-linear diffusion equation (5.1). Substituting (5.15) and (5.22),
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with the aid of (5.23), into (5.1) transforms the partial differential equation into a second
order non-linear ordinary differential equation

c4Kn
d

dξ

(
F n dF

dξ

)
+ d

dξ

(
ξF

)
+ 1

n

[ 1

α
− (n +2)

]
F − 1

c4
G = 0. (5.24)

It is clear that Equation (5.24) does not depend on the constant c3. We choose c3 = 0 in
(5.16) such that when x = 0, ξ= 0.

We then consider boundary conditions of the non-linear diffusion equation (5.1). The
boundary condition at the fracture tip, x = L(t ), is

h(t ,L(t )) = 0, (5.25)

which implies that

F (B(t )) = 0 (5.26)

where

B(t ) = c4L(t )

(c1 + c2t )α
. (5.27)

Differentiating (5.27) with respect to t gives

dF

dB

dB(t )

d t
= 0. (5.28)

Since dF
dB 6= 0, it follows that dB(t )

d t = 0. This implies that

B(t ) = k = c4L(t )

(c1 + c2t )α
, (5.29)

where k is a constant. Therefore the length of the fracture is

L(t ) = kcα1
c4

(
1+ c2

c1
t

)α
, (5.30)

provided c1 6= 0. The characteristic length, L, is chosen to be the initial length of the frac-
ture, L(0), therefore the dimensionless fracture length is

L∗(t ) = L(t )

L(0)
= L(t )

L0
. (5.31)

Where L(t ) in (5.30) is already dimensionless (although the stars * have been dropped for
convenience), we apply (5.31) to it and find that

L(0) = 1. (5.32)

Using (5.31), the combination of parameter values in (5.30) becomes

kcα1
c4

= 1. (5.33)
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Therefore the length of the fracture is

L(t ) =
(
1+ c2

c1
t

)α
(5.34)

and the boundary condition at the fracture tip is

F

(
c4

cα1

)
= 0. (5.35)

In order to express the remaining boundary conditions in terms of the group invariant
solutions, it is necessary to first express the volume flux of fluid per unit breadth in terms
of the group invariant solution.

The volume flux of fluid per unit breadth in the fracture, from (2.65),

Q(t , x) =−2Knhn ∂h

∂x
, (5.36)

(5.37)

when expressed in terms of the group invariant solution (5.15) becomes

Q(t , x) =−2Knc4c
n+2

n

[
α− n+1

n+2

]
1

(
1+ c2

c1
t
) n+2

n

[
α− n+1

n+2

]
F n(ξ)

dF

dξ
. (5.38)

The volume flux of fluid into the fracture (5.38) evaluated at the fracture entry, x = 0, is

Q(t ,0) =−2Knc4c
n+2

n

[
α− n+1

n+2

]
1

(
1+ c2

c1
t
) n+2

n

[
α− n+1

n+2

]
F n(0)

dF

dξ
(0). (5.39)

Therefore, using (2.63), we can deduce that S(t ) is of the form A(1+B t )m where

A =−2Knc4c
n+2

n

[
α− n+1

n+2

]
1 F n(0)

dF

dξ
(0), (5.40)

B = c2

c1
, (5.41)

m = n +2

n

[
α− n +1

n +2

]
. (5.42)

Equation (5.40) can be written as

F n(0)
dF

dξ
(0) =− A

2Knc4c
n+2

n

[
α− n+1

n+2

]
1

. (5.43)

We now express the consistency condition in (2.53):

dV

d t
=Q(t ,0)−q(t )−Q(t ,L(t )), (5.44)

51



in terms of the group invariant solution. It is clear from (5.44) that the volume of the
fracture is required in the calculation. In terms of the group invariant solution, the volume
of the fracture

V (t ) = 2
∫ L(t )

0
h(t , x)d x, (5.45)

becomes

V (t ) =V0

(
1+ c2

c1
t
) n+2

n

[
α− 1

n+2

]
, (5.46)

where

V0 = 2

c4
c

n+2
n

[
α− 1

n+2

]
1

∫ c4
cα1

0
F (ξ)dξ. (5.47)

Using (5.15) and (5.22) with the aid of (5.46), it follows that in terms of the group invariant
solution, the consistency condition (5.44) is

c4KnF n(0)
dF

dξ
(0) = 1

n

[
1

α
− (n +2)

]∫ c4
cα1

0
F (ξ)dξ− 1

c4

∫ c4
cα1

0
G(ξ)dξ

+ c4KnF n
(

c4

cα1

)
dF

dξ

(
c4

cα1

)
, (5.48)

and is identically satisfied. Using (5.48) the value of A in (5.43) is given as:

A =−2c
n+2

n

[
α− n+1

n+2

]
1

[
1

n

(
1

α
− (n +2)

)∫ c4
cα1

0
F (ξ)dξ− 1

c4

∫ c4
cα1

0
G(ξ)dξ+ c4KnF n

(
c4

cα1

)
dF

dξ

(
c4

cα1

)]
.

(5.49)

Therefore in terms of the group invariant solution, the problem is to solve

c4Kn
d

dξ

(
F n dF

dξ

)
+ d

dξ

(
ξF

)
+ 1

n

[ 1

α
− (n +2)

]
F (ξ)− 1

c4
G(ξ) = 0, (5.50)

subject to the boundary conditions,

F
( c4

cα1

)
= 0, (5.51)

F n(0)
dF

dξ
(0) =− A

2Knc4c
n+2

n

[
α− n+1

n+2

]
1

, (5.52)

where the identically satisfied consistency condition gives

A =−2c
n+2

n

[
α− n+1

n+2

]
1

[
1

n

(
1

α
− (n +2)

)∫ c4
cα1

0
F (ξ)dξ− 1

c4

∫ c4
cα1

0
G(ξ)dξ+ c4KnF n

(
c4

cα1

)
dF

dξ

(
c4

cα1

)]
(5.53)
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and the properties of the fracture and the fluid flow in the fracture are

h(t , x) = (c1 + c2t )
2
n

(
α− 1

2

)
F (ξ), (5.54)

v`(t , x) = (c1 + c2t )
2
n

(
α− n+1

2

)
G(ξ), (5.55)

ξ= c4x

(c1 + c2t )α
, α= c4

c2
, (5.56)

L(t ) =
(
1+ c2

c1
t
)α

, (5.57)

Q(t , x) =−2Knc4c
n+2

n

[
α− n+1

n+2

]
1

(
1+ c2

c1
t
) n+2

n

[
α− n+1

n+2

]
F n(ξ)

dF

dξ
, (5.58)

V (t ) =V0

(
1+ c2

c1
t
) n+2

n

[
α− 1

n+2

]
, (5.59)

where

V0 = 2

c4
c

n+2
n

[
α− 1

n+2

]
1

∫ c4
cα1

0
F (ξ)dξ, (5.60)

v̄x(t , x) =−c4Kn(c1 + c2t )α−1F n−1(ξ)
dF

dξ
. (5.61)

5.2 Scaling transformation

The formulation can be simplified by introducing a scaling transformation

G(ξ) =
( cn+1

4

Knc2α
1

)1/n
g (u), F (ξ) =

(
c4

Knc2α
1

)1/n

f (u),

u = x

L(t )
, ξ= c4

cα1
u. (5.62)

The transformation is chosen such that the problem is defined in the domain 0 < u < 1 in-
stead of the domain 0 ≤ ξ≤ c4

cα1
. It can be verified that equations (5.50) to (5.61) transform

to give

d

du

(
f n d f

du

)
+ d

du

(
u f

)
+ 1

n

( 1

α
− (n +2)

)
f − g = 0 (5.63)

subject to

f (1) = 0, (5.64)

f n(0)
d f

du
(0) =− A

2

(
Kn

(
c1

c4

)n+1) 1
n

(5.65)

where A satisfies the consistency condition

A =−2

(
1

Kn

(
c4

c1

)n+1) 1
n
[

1

n

(
1

α
− (n +1)

)∫ 1

0
f (u)du −

∫ 1

0
g (u)du + f n(1)

d f

du
(1)

]
, (5.66)
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and

h(t ,u) =
(

c4

Knc1

) 1
n
(
1+ c2

c1
t

) 2
n

(
α− 1

2

)
f (u), (5.67)

v`(t ,u) =
(

1

Kn

(
c4

c1

)n+1) 1
n
(
1+ c2

c1
t

) 2
n

(
α− n+1

2

)
g (u), (5.68)

L(t ) =
(
1+ c2

c1
t

)α
, (5.69)

Q(t ,u) =−2

(
1

Kn

(
c4

c1

)n+1) 1
n
(
1+ c2

c1
t

) n+2
n

(
α− n+1

n+2

)
f n(u)

d f

du
, (5.70)

V (t ) =V0

(
1+ c2

c1
t

) n+2
2

(
α− 1

n+2

)
, (5.71)

where

V0 = 2

(
c4

Knc1

) 1
n
∫ 1

0
f (u)du, (5.72)

v̄x(t ,u) =−
(

c4

c1

)(
1+ c2

c1
t

)α−1

f n−1(u)
d f

du
. (5.73)

We will now investigate the relationship between the leak-off velocity, v`(t , x) and the
half-width of the fracture, h(t , x).

5.3 Leak-off velocity proportional to the half-width of the
fracture

Suppose that g (u) is proportional to f (u):

g (u) = γ f (u), (5.74)

where γ is the proportionality constant which indicates the strength of leak-off. It follows
from (5.15) and (5.22) that

v`(t , x) = γ h(t , x)

(c1 + c4t )
. (5.75)

There are three cases for the coefficient γ. Case one, γ> 0 describes fluid leak-off into the
surrounding rock mass since v`(t , x) > 0. The second case γ < 0, describes fluid in-flow
from the surrounding rock mass into the fracture at the fluid-rock interface. The third
case, γ = 0, when vl (t , x) = 0 results when the surrounding rock is impermeable since
there is no fluid leak-off into or in-flow from the rock mass. In this work, we shall consider
the case γ> 0.

The boundary value problem (5.63)-(5.66) becomes

d

du

(
f n d f

du

)
+ d

du
(u f )+ 1

n

( 1

α
− [

n(1+γ)+2
])

f (u), (5.76)

f (1) = 0, (5.77)

f n(0)
d f

du
(0) =− A

2

(
Kn

(
c1

c4

)n+1) 1
n

(5.78)
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and the leak-off velocity, (5.68), becomes

v`(t ,u) = γ
(

1

Kn

(
c4

c1

)n+1) 1
n
(
1+ c2

c1
t

) 2
n

(
α− (n+1)

2

)
f (u). (5.79)

The characteristic half-width of the fracture is chosen as the maximum half-width of
the fracture such that in dimensionless form the half-width of the fracture at umax at t = 0
satisfies

h∗(0,umax) =β, (5.80)

where umax is the length along the fracture at which the maximum half-width of the frac-
ture, hmax , is attained. Since we consider a partially open fracture which occurs only
when

0 ≤ h(t ,u) < hmax , (5.81)

it follows that

0 <β< 1. (5.82)

Imposing condition (5.80) on the dimensionless half-width of the fracture, (5.67), gives

c4

c1
= Kn

(
β

fmax

)n

, B = c2

c1
= c2

c4

c4

c1
= Kn

α

(
β

fmax

)n

, (5.83)

where fmax = f (umax). Substituting the ratios c4/c1 and c2/c1 into equations (5.67) to
(5.73) and (5.79) gives

d

du

(
f n d f

du

)
+ d

du
(u f )+ 1

n

(
1

α
− [

n(1+γ)+2
])

f (u), (5.84)

f (1) = 0, (5.85)

f n(0)
d f

du
(0) =− A

2

(
Kn

(
c1

c4

)n+1) 1
n

, (5.86)

where

A =−2

(
1

Kn

(
c4

c1

)n+1) 1
n
[

1

n

(
1

α
− [

n(1+γ)+2
])∫ 1

0
f (u)du + f n(1)

d f

du
(1)

]
, (5.87)

and

h(t ,u) = β

fmax

(
1+ 1

α

(
β

fmax

)n

Kn t

) 2
n

(
α− 1

2

)
f (u), (5.88)

v`(t ,u) = γKn

(
β

fmax

)(n+1) (
1+ 1

α

(
β

fmax

)n

Kn t

) 2
n

(
α− (n+1)

2

)
f (u), (5.89)

L(t ) =
(
1+ 1

α

(
β

fmax

)n

Kn t

)α
, (5.90)
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Q(t ,u) =−2Kn

(
β

fmax

)(n+1) (
1+ 1

α

(
β

fmax

)n

Kn t

) n+2
n

(
α− n+1

n+2

)
f n(u)

d f

du
, (5.91)

v̄x(t ,u) =−Kn

(
β

fmax

)n(
1+ 1

α

(
β

fmax

)n

Kn t

)α−1

f n−1(u)
d f

du
, (5.92)

V (t ) =V0

(
1+ 1

α

(
β

fmax

)n

Kn t

) n+2
n

(
α− 1

n+2

)
, (5.93)

where

V0 =
(
2

β

fmax

)∫ 1

0
f (u)du. (5.94)

We have obtained the various properties of the fracture such as the length, the half-
width, the volume and the width-averaged fluid velocity of the fracture. The parameter
Kn given by (2.61) can be obtained from experiments. Small values of n satisfying n > 0
will be considered. Since this work investigates partially open fractures, 0 < β < 1. All
parameter values are known except for α which leads us to the next section.

In the next section, we will investigate the various operating conditions α that can be
applied at the fracture entry.

5.4 Asymptotic solution at the fracture tip

We can find the approximate behaviour of f (u) as u → 1 by investigating an asymptotic
solution at the fracture tip that will hold for both analytical and numerical solutions in the
epsilon neighbourhood of the fracture tip where ε¿ 1. The asymptotic solution is of the
form

f (u) ∼ k(1−u)p , u → 1, (5.95)

where k and p are constants to be determined. This form of solution is required to satisfy
the boundary conditions at the fracture tip but is not required to satisfy the boundary
condition at the fracture entry. Substituting (5.95) into (5.84) gives

kn+1p[(n +1)p −1](1−u)p(n+1)−2 −kp(1−u)p−1

+k

[
p +1+ 1

n

(
1

α
− [n(1+γ)+2]

)]
(1−u)p = 0, as u → 1. (5.96)

Balancing the dominant terms in (5.96) gives

p = 1

n
, (5.97)

and

k = n
1
n , (5.98)

provided the third term tends to zero as u → 1. Using (5.127) and (5.98), the asymptotic
solution (5.96) becomes

f (u) ∼ n
1
n (1−u)

1
n , as u → 1, (5.99)
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and the derivative of the asymptotic solution is

d

du
f (u) ∼−n

1−n
n (1−u)

1−n
n , as u → 1. (5.100)

The asymptotic solution holds for all values of the working conditions α and for all values
of γ. The asymptotic solution gives

f n(u)
d

du
f (u) ∼−n

1
n (1−u)

1
n as u → 1 (5.101)

and therefore

f n(1)
d f

du
(1) = 0. (5.102)

The fluid flux at the fracture tip is therefore zero. Using (5.99) and (5.88), the half-width of
the fracture becomes

h(t , x) ∼ β

fmax
L(t )

2
n

(
1− 1

2α

)
n

1
n

(
1− x

L(t )

) 1
n

, as x → L(t ), (5.103)

and therefore

∂h

∂x
∼− β

fmax
L(t )

2−n
n

(
1− 1

(2−n)α

)
n

1−n
n

(
1− x

L(t )

) 1−n
n

,as x → L(t ). (5.104)

It follows that

∂h

∂x
(t ,L(t )) =


−∞, n > 1

− β
fmax

L(t )
α−1
α , n = 1,

0, 0 < n < 1.

(5.105)

The gradient of the half-width leads to singularity at the fracture tip when the fracture
becomes less tortuous n > 1. Its spatial gradient is non-zero for n = 1 and zero for 0 < n < 1
which describes a tortuous fracture.

5.5 Working conditions at the fracture entry

In this section, we investigate the values taken by the parameter value α when different
working conditions are imposed at the fracture, which will be obtained from (5.88) to
(5.94).

5.5.1 Uncategorized working conditions

In chapter 4, section 4.4, we obtained two working conditions as a result of Sjöberg’s dou-
ble reduction theorem. The working condition

α= 1

2(n +1)
, (5.106)

was obtained as a result of a Lie point symmetry of the partial differential equation being
associated with a conserved vector. In the following section, it is found that an analytical
solution exists when

α= 1

n +1
. (5.107)

It remains to be investigated whether these two working conditions have any physical
significance.
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5.5.2 Constant pressure at the entry

When fluid is injected at constant pressure at the entry, the operating condition is referred
to as a constant pressure working condition. From (2.40) and (5.88), the pressure at the
fracture entry is

p(t ,0) =
(1− σR

Λhmax

1− σ∞
zz

Λhmax

)
β

fmax

(
1+ 1

α

( β

fmax

)n
Kn t

) 2
n

(
α− 1

2

)
f (0)

+
(

σR −σ∞
zz

Λhmax −σ∞
zz

)
. (5.108)

It is also clear that when the pressure at the entry is constant, the half-width, (5.88), of the
fracture is also constant. The pressure at the entry is constant if α= 1

2 .

5.5.3 The speed of propagation of the fracture

Taking the derivative of the length, (5.90), with respect to time gives the speed of propa-
gation

dL

d t
= Kn

(
β

fmax

)n (
1+ 1

α

(
β

fmax

)n

Kn t

)α−1

. (5.109)

The speed of propagation is constant when α= 1.

5.5.4 Constant volume

The total volume within the fracture is given by (5.93). The constant volume working
condition arises ifα= 1

n+2 . When the volume of a hydraulic fracture remains constant the
length of the fracture can increase and the fracture can propagate. This is well established
for γ= 0 [20]. However, in a model with leak-off (γ> 0), constant volume exists only when
the rate of fluid injection is equal to the rate of fluid leak-off at the fluid-rock interface. The
implication of the latter is a fracture that does not propagate. This working condition was
obtained as an analytical solution derived from the association of a Lie point symmetry
with a conserved vector of the PDE.

5.5.5 Constant rate of fluid injection at the fracture entry

We consider the total flux of fluid in the fracture Q(t ,0), given by equation (5.91) The rate
at which fluid is being pumped into the fracture is constant when

α= n +1

n +2
. (5.110)

5.5.6 Constant rate of leak-off at the fluid-rock interface

The rate of fluid leak-off at the fluid-rock interface is given by (5.89). Leak-off velocity is a
constant independent of time when

α= n +1

2
. (5.111)
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The various working conditions are summarised in Table 5.1.

Working condition at the fracture entry α

Analytical soln 1 1
2(n+1)

Analytical soln 2 1
n+1

Constant pressure 1
2

Constant speed of propagation 1

Constant rate of fluid injection at the entry n+1
n+2

Constant rate of fluid leak-off n+1
2

Constant volume in the fracture 1
n+2

Table 5.1: A summary of the physical significance of the working conditions at the fracture
entry and the corresponding value of the parameter α.

In Section 5.6, we will investigate the analytical solutions to the boundary value prob-
lem (5.84)-(5.87) for selected working conditions.

5.6 Exact analytical solutions

The exact analytical solution of the PDE (2.60) by first analysing the analytical solution,
f (u), of the ODE (5.84), will be investigated. This solution, f (u), is obtained by solving
the boundary value problem, (5.84)-(5.87) for a specific working condition. Substituting
the solution f (u) into the equations for the half-width and length of the fracture gives the
various properties of the fracture. Two analytical solutions are obtained.

5.6.1 Exact solution when α= 1
2(n+1) and γ= 1

When α= 1
2(n+1) and γ= 1 the boundary value problem (5.84)-(5.87) reduces to

d

du

(
f n d f

du

)
+ d

du
(u f ) = 0, (5.112)

f (1) = 0, (5.113)

f n(0)
d f

du
(0) = 0. (5.114)

Integrating (5.112) once gives

f n d f

du
+u f = D, (5.115)
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where D is a constant. Imposing the boundary conditions (5.114) on (5.115) gives D = 0.
It follows that (5.115) is a variable separable equation,

f n d f

du
+u f = 0, (5.116)

which when integrated gives

f n

n
= E − u2

2
, (5.117)

where E is a constant. Imposing the boundary condition (5.113) on (5.117) gives E = 1/2.
which gives the solution to the boundary value problem, (5.112)- (5.114):

f (u) =
[n

2
(1−u2)

] 1
n

. (5.118)

The length L(t ), (5.90), and the half-width h(t , x), (5.88), of the fracture for the analytical
solution f (u) defined by (5.118) respectively are

h(t , x) =β
[

1+ 4(n +1)

n
βnKn t

]− 1
n+1

(
1−

(
x

L(t )

)2) 1
n

, (5.119)

L(t ) =
[

1+ 4(n +1)

n
βnKn t

] 1
2(n+1)

. (5.120)

Differentiating (5.119) with respect to x as x → L(t ) gives that the spatial gradient of the
half-width is

∂h

∂x
=− 2βx

nL2(t )

[
1+ 4(n +1)

n
βnKn t

]− 1
n+1

(
1− x2

L2(t )

) 1−n
n

. (5.121)

Evaluating (5.121) as x → L(t ):

∂h

∂x
(t ,L(t )) =


−∞, n > 1

− 2β

L
3
2 (t )

, n = 1,

0, 0 < n < 1,

(5.122)

which describes the behaviour of the spatial gradient of the half-width of the fracture.
From (5.114) the fluid flux at the fracture entry vanishes, and therefore,

S(t ) = A(1+B t )m = 0. (5.123)

5.6.2 Exact solution when α= 1
n+1 and γ= 1

We investigate another analytical solutions of the form

f (u) = r (1−u)p , (5.124)
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Figure 5.1: The half-width, (5.119), of a par-
tially open fracture with β = 0.5, γ = 1 and
α = 1

2(n+1) plotted against x for increasing
values of Kn t and for a) n = 0.5, b) n = 1 and
c) n = 3. Analytical solution (—) and numer-
ical solution (- - -)
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Figure 5.2: The half-width, (5.130), of a par-
tially open fracture with β = 0.5, γ = 1 and
α= 1

(n+1) plotted against x for increasing val-
ues of Kn t and for a) n = 0.5, b) n = 1 and c)
n = 3. Analytical solution (—) and numerical
solution (- - -)
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where r and p are constants to be determined [3, 20, 36]. Substituting (5.124) into the
ordinary differential equation (5.76) results in

r n+1p
[

(n +1)p −1
]

(1−u)p(n+1)−2 − r p(1−u)p−1

+ r

[
p +1+ 1

n

(
1

α
− [n(1+γ)+2]

)]
(1−u)p = 0. (5.125)

The first two terms in (5.125) will vanish provided they have the same coefficients and
exponent. That is

r n+1p
[

(n +1)p −1
]

(1−u)p(n+1)−2 − r p(1−u)p−1 = 0. (5.126)

This gives that

p = 1

n
and r = n

1
n . (5.127)

The solution (5.124) becomes

f (u) = n
1
n (1−u)

1
n , (5.128)

provided the third term in (5.125) vanishes. This occurs when

α= 1

γn +1
. (5.129)

We consider the analytical solution for α = 1

n +1
when γ = 1. The half-width and the

length of the model fracture respectively are

h(t , x) =β
(
1+ (n +1)

n
βnKn t

)− 1
n
(
1− x

L(t )

) 1
n

, (5.130)

L(t ) =
[

1+ (n +1)

n
βnKn t

] 1
(n+1)

. (5.131)

Differentiating (5.130) as x → L(t ) gives the spatial gradient of the half-width

∂h

∂x
=− β

nL(t )

[
1+ (n +1)

n
βnKn t

]− 1
n

(
1− x

L(t )

) 1−n
n

, (5.132)

and

∂h

∂x
(t ,L(t )) =


−∞, n > 1

− β

L2(t )
, n = 1,

0, 0 < n < 1.

(5.133)

The fluid flux at the fracture entry which generates the flow is

S(t ) =Q(t ,0) = A(1+B t )m (5.134)
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where

A = 2Knβ
n+1n

1−2n
n , (5.135)

B = (n +1)

n
βnKn , (5.136)

m =− (n2 +n −1)

n(n +1)
. (5.137)

The analytical solutions for the half-width h(t , x), (5.119) and (5.130), of a partially open
fracture (β = 0.5) with parameter value γ = 1 is plotted against x for increasing values of
the scaled time Kn t in Figure 5.1 and Figure 5.2 respectively.

In Figure 5.1, the working condition α = 1
2(n+1) is considered. The analytical solution

results in a fracture that propagates with an increasing length and a decreasing half-width
for a) n = 0.5, b) n = 1 and c) n = 3.

In Figure 5.2, the working condition α = 1
(n+1) is considered. When n = 0.5, both the

half-width of the fracture and the length of the fracture increase as time evolves. However,
when n = 1, the half-width of the fracture remains constant at the fracture entry, h(0,0) =
β, while the length increases with the scaled time, Kn t . Finally, we see that when n =
3, the half-width of the fracture decreases while the length of the fracture increases for
increasing values of the scaled time Kn t .

It follows from (5.122) and (5.133) that for both analytical solutions when n = 3 then
there is a singularity at the fracture tip. However when 0 < n < 3, the singularity at the frac-
ture tip is removed. These results agree with the result that tortuosity removes singularity
at the fracture tip obtained by Kgatle and Mason [11].

From (5.105), (5.122) and (5.133), it is clear that the analytical solutions agree with the
asymptotic solution in the epsilon (ε) neighbourhood of the fracture tip where ε is very
small. We expect the asymptotic solution to also agree with the numerical solution in the
ε-neighbourhood of the fracture tip.

5.7 Numerical solutions

In this section , we present and discuss a method of numerically solving the boundary
value problem obtained in Section 5.3. Analytical solutions to the boundary value prob-
lem (5.84) to (5.87) with the two working conditions at the fracture entry which were ob-
tained in section (5.6) will be used to test the numerical scheme used. The numerical
solutions to the boundary value problem (5.84) to (5.87) with the remaining working con-
ditions specified in section (5.5) will be investigated. Numerical solutions to the boundary
value problem (5.84) to (5.87) which are obtained will be used to further investigate the
half-width and the leak-off depth of the model fracture. A popular approach in literature
has been to transform the boundary value problem into a pair of initial value problems
[20, 37, 38]. This method was used to solve the Blasius boundary value problem. However,
it can be verified that it is sufficient to transform the boundary value problem to one initial
value problem using a scaling transformation in order to solve the problem. Solving the
initial value problem is found be an easier approach equivalent to solving the boundary
value problem.
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5.7.1 A boundary value problem transformed into an initial value prob-
lem

Consider the boundary value problem, (5.84)-(5.87):

d

du

(
f n d f

du

)
+ d

du

(
u f

)+ 1

n

(
1

α
− [

n(1+γ)+2
])

f = 0, (5.138)

f (1) = 0, (5.139)

f n(0)
d f

du
(0) =− A

2

(
Kn

(
c1

c4

)n+1) 1
n

, (5.140)

where the consistency condition (5.87) gives

A =−2

(
1

Kn

(
c4

c1

)n+1) 1
n
[

1

n

(
1

α
− [

n(1+γ)+2
])∫ 1

0
f du + f n(1)

d f

du
(1)

]
. (5.141)

At the fracture tip, the flux of fluid must vanish by the asymptotic solution,

f n(1)
d f

du
(1) = 0. (5.142)

The boundary value problem (5.138) to (5.140) is nonlinear and therefore not an easy
problem to solve. We therefore consider a method previously used in solving nonlinear
boundary value problems such as the Blasius boundary value problem. Particularly, we
consider a method of transforming a boundary value problem into an initial value prob-
lem which is then solved using the backwards shooting method [20, 38]. It has been shown
that solving the IVP is equivalent to solving the original the BVP.

Equation (5.138) is invariant under the scaling transformation

ū =λau, f̄ =λb f (5.143)

provided

b = 2

n
a. (5.144)

Letting a = 1, reduces (5.143) to

ū =λu, f̄ =λ 2
n f . (5.145)

Substituting the scaling transformation (5.145) into the ordinary differential equation (5.138)
gives

d

dū

(
f̄ n d f̄

dū

)
+ d

dū

(
ū f̄

)+ 1

n

(
1

α
− [

n(1+γ)+2
])

f̄ = 0, (5.146)

where

0 ≤ ū ≤λ and f̄ (λ) = 0. (5.147)
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We let

f̄ (0) = 1. (5.148)

The scaling transformation (5.145) transforms equation (5.140) to

d f̄

dū
(0) = 1

n

(
1

α
− [n(1+γ)+2]

)∫ λ

0
f̄ (ū)dū. (5.149)

Equation (5.148) gives that

f (0) =λ− 2
n . (5.150)

The problem is to solve the initial value problem
Initial value problem I

d

dū

(
f̄ n d f̄

dū

)
+ d

dū

(
ū f̄

)+ 1

n

(
1

α
− [

n(1+γ)+2
])

f̄ = 0, (5.151)

f̄ (0) = 1, (5.152)

d f̄

dū
(0) = 1

n

(
1

α
− [n(1+γ)+2]

)∫ λ

0
f̄ (ū)dū, (5.153)

where

f̄ (λ) = 0, 0 ≤ ū ≤λ (5.154)

The problem (5.151) to (5.153) is solved using the shooting method. If the problem is
solved by shooting from λ= 0 to λ= u, it is not guaranteed that the root obtained (i.e. λ)
will be correct as the scheme may overshoot or undershoot. We therefore consider solving
the problem by shooting from the fracture tip f̄ (λ) to the fracture entry f̄ (0) = 1.

An asymptotic solution for f̄ (ū) as ū → λ and its derivative d f̄
dū (ū) as ū → λ is used to

derive an approximate value for f̄ (λ) and d f̄
dū (λ), with the value of lambda initially guessed

and changed iteratively, by a bisection method, to give the correct value of lambda and
therefore the solution f̄ (ū). The scaling transformation (5.145) is then used to obtain
f (u).

The asymptotic solution is obtained by applying the scaling transformation (5.145) to
the asymptotic solution of f (u) given by equation (5.99) to give

f̄ (ū) ∼λ 1
n n

1
n (λ− ū)

1
n , as ū →λ, (5.155)

and therefore

d f̄

dū
(ū) ∼−λ 1

n n
1−n

n (λ− ū)
1−n

n , as ū →λ. (5.156)

The Initial Value Problem is solved using the built-in computer solver ode45 which uses
the Runge-Kutta method of order 4 and 5 respectively on MATLAB while shooting back-
wards. The procedure can be outlined as follows:
Starting with an initial guess for λ which satisfies f̄ (λ−δ) = 0, where f̄ is the asymptotic
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solution (5.155) and δ ¿ 1. The initial value of λ is used to solve the asymptotic solu-
tion and its derivative to obtain initial conditions. A backwards shooting method from
ū = λ−δ to ū = 0 is used to obtain a solution f̄ (ū). A check is performed to see if the
solution satisfies the condition f̄ (0) = 1 at an error tolerance of 10−3. If this condition
is satisfied we have a solution of f̄ (ū). If not, we then iteratively adjust and improve the
value ofλ using bisection method and shoot until the solution satisfies f̄ (0) = 1. The value
of λ and the solution f̄ (u) that satisfies the condition f̄ (0)=1 are then substituted into the
scaling transformation (5.143) to obtain the numerical solution of f (u).

In summary, the initial value problem (5.138) to (5.87) can be re-expressed as

d

dū

(
f̄ n d f̄

dū

)
+ d

dū

(
ū f̄

)+ 1

n

(
1

α
− [

n(1+γ)+2
])

f̄ = 0,

f̄ (λ−δ) ∼ 0,

d f̄

dū
(λ−δ) ∼ (λ−δ)

1
n n

1−n
n ((λ−δ)− ū)

1−n
n ,

where

f (0) = 1

is the target. The condition

f n(0)
d f

du
(0) =− A

2

(
Kn

(
c1

c4

)n+1) 1
n

,

with

A =−2

(
1

Kn

(
c4

c1

)n+1) 1
n
[

1

n

(
1

α
− [

n(1+γ)+2
])∫ 1

0
f du

]
, (5.157)

is identically satisfied. The functions f̄ (λ) and d f̄
dū (λ) are given by the asymptotic solution.

Once the value of λ and the solution of f̄ (ū) is obtained, the solution f (u) is determined
using the transformation (5.145).

Accuracy of the numerical solution, f (u), is verified using the analytical solutions cor-
responding to the working conditions,α= 1

2(n+1) andα= 1
n+1 when γ= 1 and β= 0.5. The

initial value problem is solved numerically using the analytical solutions of the two work-
ing conditions. The results obtained are compared to the results obtained from solving
the boundary value problem analytically. The numerical solutions corresponding to the
working conditions α = 1

2(n+1) and α = 1
n+1 are plotted on the same set of axis with the

analytical solution of the half-width corresponding to the same working conditions for
n = 0.5, 1 and 3. In Figure 5.1 and 5.2, the half-width of a partially open fracture (β= 0.5)
is plotted against x for increasing values of the scaled time Kn t and with γ = 1 and for
n = 0.5, 1 and 3. It is found that the analytical solution represented by solid lines (—)
and the numerical solution represented by dashed lines (- - -) overlap thus verifying the
accuracy of the obtained numerical solution. This reiterates that solving the initial value
problem is equivalent to solving the boundary value problem directly.

In the next subsection we will investigate the numerical solutions corresponding to
the constant pressure, constant speed of propagation, constant rate of fluid injection and
the constant rate of leak-off working conditions. The properties of the fracture will be
illustrated graphically.
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5.7.2 Graphical results

Firstly, we established that the half-width of the fracture is given by

h(t ,u) = β

fmax

(
1+ 1

α

(
β

fmax

)n

Kn t

) 2
n

(
α− 1

2

)
f (u). (5.158)

We find that umax = 0 so that fmax = f (0), and the half-width becomes

h(t , x) = β

f (0)

(
1+ 1

α

(
β

f (0)

)n

Kn t

) 2
n

(
α− 1

2

)
f (u). (5.159)

The leak-off depth measured as the distance from the half-width to the fluid-rock in-
terface can be obtained by integrating the leak-off velocity (5.89)

v`(t , x) = γKn

(
β

f (0)

)(n+1)(
1+ 1

α

( β

f (0)

)n
Kn t

) 2
n

(
α− (n+1)

2

)
f (u), (5.160)

with respect to a similarity variable τ and evaluating the result from 0 to t . Based on the
exponent of v`(t , x) two cases of the leak-off depth can be obtained i.e. when α= 1/2 and
α 6= 1/2.

The length of the fracture is given by

L(t ) =
(
1+ 1

α

(
β

f (0)

)n

Kn t

)α
. (5.161)

Lastly, the volume of the fracture and the width-averaged fluid velocity were obtained to
be

V (t ) =V0

(
1+ 1

α

(
β

f (0)

)n

Kn t

) n+2
n

(
α− 1

n+2

)
, (5.162)

where

V0 = 2

(
β

f (0)

)∫ 1

0
f (u)du (5.163)

and

v̄x(t ,u) =−Kn

(
β

f (0)

)n(
1+ 1

α

(
β

f (0)

)n

Kn t

)α−1

f n−1(u)
d f

du
. (5.164)

The fluid flux at the fracture entry is

S(t ) = A(1+B t )m (5.165)

where

A =−2Kn

(
β

f (0)

)n+1

f n(0)
d f

du
(0), (5.166)

B = 1

α

(
β

f (0)

)n

Kn , (5.167)

m = n +2

n

(
α− n +1

n +2

)
. (5.168)
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Following (5.160), the leak-off depth is derived to be

b(t , x) =


αγ

(
β

f (0)

)
ln

(
1+ 1

α

(
β

f (0)

)n

Kn t

)
f (u), α= 1/2, (5.169)

αγn

2
(
α− 1

2

) (
β

f (0)

)(
1+ 1

α

(
β

f (0)

)n

Kn t

) 2
n

(
α− 1

2

)
f (u), α 6= 1/2. (5.170)

We will now investigate the numerical solutions for the various working condition. We
first consider the constant pressure condition.

5.7.3 Constant pressure
(
α= 1

2

)
When α= 1/2 a constant pressure working condition is applied at the fracture entry. Fol-
lowing (5.169), the leak-off depth is

b(t , x) = γ

2

(
β

f (0)

)
ln

(
1+ 1

α

(
β

f (0)

)n

Kn t

)
f (u). (5.171)

From equation (5.159), the half-width of the fracture at the entry becomes

h(t ,0) =β, (5.172)

for all scaled time Kn t . This means that for all time, a partially open fracture will have the
same constant half-width β at the fracture entry.

The half-width of the fracture, h(t , x), given by (5.172), is plotted on the same set of
axis as the corresponding leak-off depth, b(t , x), given by (5.171), measured from the half-
width.

Figure 5.3 shows how the half-width and the leak-off depth evolve over time. The half-
width and the leak-off depth of a partially open and pre-existing fracture model with β=
0.5 and and leak-off coefficient γ= 0.2 are plotted against x for α= 1/2 and for n = 0.5, 1
and 3. As the scaled time Kn t increases, the half-width of the fracture at the entry remains
constant and the length of the fracture is increasing. This means that although the half-
width of the fracture at the entry remains constant for all time, the fracture is propagating
in the positive x-direction for all three values of n. Initially, at Kn t = 0, there is no fluid
leak-off. However, as the scaled time Kn t increases leak-off begins to occur. The amount
of leak-off increases with time. This working condition tells us that if the requirement is
a "long" fracture, the desirable working condition required at the fracture entry is that of
constant pressure during fluid injection.

The maximum amount of leak-off , b(t , x), occurs at the fracture entry as the half-
width, h(t , x), is at its highest. The amount of leak-off increases steadily with time and
decreases along the fracture length until it vanishes at the fracture tip. We expect that leak-
off also reduces the extent of propagation of a fracture at any given time as the amount of
fluid that would be required to advance propagation is lost to the surrounding areas due
to permeability of the encasing rock mass.

We will now investigate the constant speed of propagation,α= 1, constant rate of fluid
injection, α= n+1

n+2 , and the constant rate of leak-off, α= n+1
2 , working conditions as given

in Table 5.1. The constant volume working condition will not be investigated. This work-
ing condition occurs when there is no flux at the entry and no leak-off i.e. γ= 0, however
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Figure 5.3: The numerical solution of the
half-width, (5.172) and the leak-off depth,
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resulting in a propagating fracture [11]. When γ > 0, a constant volume solution means
that the flux of fluid into the fracture equals the rate of leak-off at the fluid-rock inter-
face resulting in a non-propagating fracture. In this work, we only consider propagating
fractures with γ> 0. Here the leak-off depth is given by (5.170)

b(t , x) = αγn

2
(
α− 1

2

) (
β

f (0)

)(
1+ 1

α

(
β

f (0)

)n

Kn t

) 2
n

(
α− 1

2

)
f (u). (5.173)

and the half-width is expected to change with time, so we use (5.159) as given.

5.7.4 Constant speed of propagation (α= 1)

The solution for a fracture propagating with constant speed is illustrated in Figure 5.4. The
half-width and leak-off depth of a partially open fracture with parameter values β = 0.5
and γ= 0.2 are plotted against x for n = 0.5, 1 and 3. The half-width and the length of the
fracture are both steadily increasing as the scaled time, Kn t , increases. In this case, there
is initially leak-off at Kn t = 0 and the amount of leak-off continues to increase with the
scaled time Kn t . The maximum amount of leak-off occurs at the fracture entry where the
half-width is also at its maximum.

5.7.5 Constant rate of fluid injection at the fracture entry
(
α= n+1

n+2

)
In Figure 5.5, the half-width and leak-off depth of a partially open fracture with parameter
values β = 0.5 and γ = 0.2 are plotted against x for n = 0.5, 1 and 3. The length and half-
width of the fracture are both growing, however the length appears to propagate at a much
faster rate when compared to the half-width. The amount of leak-off also increases more
steadily from Kn t = 0 to larger time scales. The working condition for constant speed of
injection at the fracture entry increases the rate at which the length of the fracture propa-
gates.

5.7.6 Constant rate of fluid leak-off at the fluid-rock interface
(
α= n+1

2

)
The working condition for a constant rate of fluid leak-off at the fluid-rock interface can
be obtained from the leak-off velocity equation. This means that the rate at which fluid is
leaving the fracture at the fluid-rock interface is constant everywhere along the fracture.
In Figure 5.6, the leak-off depth increases as the scaled time Kn t increases. As expected,
we obtain that both the half-width of the fracture and the length of the fracture increases
with the scaled time Kn t thus representing a fracture that propagates. The maximum
leak-off occurs at the fracture entry.

5.7.7 Length of the fracture

In this section we investigate the length of the fracture, (5.161), for different working con-
ditions. The length of the partially open fracture, given by equation (5.161) with param-
eter values β= 0.5 are plotted against the scaled time Kn t for different values of n. From
Figure 5.7, for the numerical working conditions (iii)-(vii) we obtain that when n = 0.5, the
constant speed of propagation working condition results in a longer fracture over time
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and when n = 1 the constant pressure working condition is responsible for yielding a
longer fracture. The constant rate of leak-off results in the longest fracture as the frac-
ture becomes less tortuous at n = 3. The results agree with results for a tortuous fracture
with no leak-off [11]. Thus giving the conclusion that tortuous fractures lead to longer
fractures.
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5.8 Width-averaged fluid velocity

In this section, we investigate the width-averaged fluid velocity, v̄x(t , x), along the frac-
ture, 0 ≤ x ≤ L(t ). From equation (5.92), the width-averaged fluid velocity is given by

v̄x(t ,u) =−Kn

(
β

fmax

)n(
1+ 1

α

(
β

fmax

)n

Kn t

)α−1

f n−1(u)
d f

du
, (5.174)

and the length of the fracture from (5.90) is

L(t ) =
(
1+ 1

α

( β

fmax

)n
Kn t

)α
. (5.175)

We consider the fluid velocity ratio obtained from dividing the width-averaged fluid ve-
locity (5.174), by the speed at which the fracture propagates, obtained by differentiating
(5.175) with respect to time:

dL

d t
= Kn

(
β

fmax

)n (
1+ 1

α

(
β

fmax

)n

Kn t

)α−1

. (5.176)

Therefore the velocity ratio is

v̄x

(dL/d t )
=− f n−1(u)

d f

du
, 0 ≤ u ≤ 1. (5.177)

The velocity ratio was investigated by Fareo [36] for a power law fluid driven fracture in
permeable rock and Kgatle [20] for a tortuous model fracture with no leak-off. We can
derive analytical expressions for the velocity ratio, (5.177), corresponding to the two ana-
lytical solutions of f (u) obtained in section (5.6) for the working conditionsα= 1/2(n+1)
and α= 1/(n +1).

For the working condition α= 1/2(n +1), the exact analytical solution of f (u) is given
by (5.118), the derivative corresponding to (5.118) is

d f

du
=−

(n

2

) 1−n
n (

1−u2) 1−n
n u. (5.178)

Substituting (5.118) and (5.178) into (5.177) gives that the velocity ratio corresponding to
this working condition α= 1

2(n+1) ,

v̄x

(dL/d t )
= u, 0 ≤ u ≤ 1. (5.179)

The velocity ratio vanishes at the entry and it increases linearly along the fracture.
For the working condition α= 1/(n +1), the corresponding analytical solution of f (u)

is given by (5.128), and the corresponding derivative is

d f

du
=−n

1−n
n (1−u)

1−n
n . (5.180)

Substituting (5.128) and (5.180) into (5.177) gives that the velocity ration corresponding
to the working condition α= 1

(n+1) is

v̄x

(dL/d t )
= 1, 0 ≤ u ≤ 1. (5.181)
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The velocity ratio is constant as the width-averaged fluid velocity equals the speed of
propagation along the fracture. For the remaining working conditions which can be nu-
merically investigated, the velocity ratio (5.177) is used to analyse the width-averaged
fluid velocity in the model fracture.

Figure 5.8 shows the velocity ratio curves along the fracture length for all working con-
ditions. For the analytical working conditions α = 1/2(n + 1) and α = 1/(n + 1) the ve-
locity ratios (5.179) and (5.181) the velocity ratio curves are straight lines. The numerical
solutions for the remaining working conditions yield approximately linear velocity ratio
curves.

These result leads to the investigation of an approximate analytical solution in section
5.9.

5.9 Approximate analytical solutions

From the velocity ratios obtained in section 5.8 given by equations (5.179) and (5.181) we
see that the velocity ratio curves resulting from the analytical solutions are straight lines.
The curves for the numerical solutions for the remaining working conditions are approx-
imately linear as shown in Figure 5.8. As a result we make the approximation that the
velocity ratio curves are exactly straight lines for all the working conditions. This method
was introduced by Fareo [36] to investigate an approximate analytical solution for mod-
eling a pre-existing power-law driven fracture in permeable rock. Kgatle [20] also applied
this method as the velocity ratio curves obtained for a tortuous linear hydraulic fracture
in impermeable rock were approximately linear .

Figure 5.9: The straight line joining the points (0,c) and (1,1) which approximates the
fluid velocity ratio curves
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We approximate the curves joining the points (0,c) and (1,1) by a straight line curve of
the form

v̄x

(dL/d t )
= mu + c, (5.182)

where c is the v̄x
(dL/d t ) intercept and the gradient m is (1− c):

v̄x

(dL/d t )
= (1− c)u + c. (5.183)

Using (5.174), it follows that

− f n−1 d f

du
= (1− c)u + c (5.184)

Integrating (5.184) subject to the boundary condition f (1) = 0 yields the approximate an-
alytical solution

f (u) =
[

n
(1+ c

2

)[
1+

(1− c

1+ c

)
u

]
(1−u)

] 1
n

. (5.185)

The constant c can be obtained by reading it off the v̄x
(dL/d t ) intercept. However, an analyt-

ical expression for c which is independent of the numerical solution can be obtained.
To obtain the value of c, we substitute the approximate analytical solution f (u), (5.185),

into the consistency condition (5.87). The RHS of (5.87) gives

f n(0)
d f

du
(0) =−c

(n(1+ c)

2

) 1
n

. (5.186)

Substituting f (u), (5.185), into the LHS of (5.87) and simplifying the results by making a
binomial expansion of f (u) in powers of 1−c

1+c and considering zero order terms gives

1

n

( 1

α
− [n(γ+1)+2]

)∫ 1

0
f (u)du =( 1

n +1

)(n(1+ c)

2

) 1
n
( 1

α
− [n(γ+1)+2]

)
. (5.187)

Equating the LHS and the RHS of (5.87) with the aid of equations (5.186) and (5.187) gives
the analytical expression for the v̄x

(dL/d t ) intercept

c =− 1

n +1

( 1

α
− [n(1+γ)+2]

)
. (5.188)

Figure 5.10 gives a comparison of the approximate analytical solution derived from
the width-averaged fluid velocity represented by the solid line (—) and the numerical so-
lution represented by the dashed line (−−) for the half-width of a partially open fracture
(β = 0.5) for the constant pressure working condition α = 1/2. The solution is a bad ap-
proximation for very tortuous fractures i.e. n = 0.5 but as the fracture becomes less tortu-
ous the approximate analytical solution is found to be in agreement with the numerical
solution making the solution f (u) given by equation (5.185) a good enough choice to use
to obtain solutions of the problem.
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5.10 Comparisons between leak-off and no leak-off

In this section, a comparison of the results obtained for a linear hydraulic fracture with
tortuosity propagating in impermeable [11] and permeable rock is done. We consider
working conditions that are common to both cases, namely constant pressure, constant
speed of propagation and constant rate of fluid injection at the fracture entry. The total
volume of the fracture and the length of the fracture will be compared for a model with
leak-off and a model without leak-off.

The volume of the fracture is given by equation (5.93) and (5.94)

V (t ) =V0

(
1+ 1

α

(
β

fmax

)n

Kn t

) n+2
n

(
α− 1

n+2

)
, (5.189)

where

V0 = 2

(
β

fmax

)∫ 1

0
f (u)du, (5.190)

and the length of the fracture is given by (5.161):

L(t ) =
(
1+ 1

α

(
β

fmax

)n

Kn t

)α
. (5.191)

In Figure 5.11, the volume of a partially open fracture (5.189)-(5.190) is plotted against
increasing values of the scaled time Kn t for a fracture without leak-off (γ= 0) and a frac-
ture with leak-off (γ > 0) for n = 0.5. We obtain that the volume increases as the scaled
time Kn t increases. When the working condition is α = 1/2 and n = 0.5, the exponent in
(5.189) is a between 0 and 1, making the volume a power function. As the scaled time
increases, the volume increases but tends to curve towards the x-axis as shown by Fig-
ure 5.11a. When α = 1, the volume of the fracture increases as the scaled time increases.
However, it tends to increase exponentially. Finally, whenα= n+1

n+2 , the volume of the frac-
ture increases linearly as the scaled time increases as shown in Figure 5.11c. These results
show that volume of the fracture is more when there is no leak-off when compared to the
case of fluid leak-off at the fluid-rock interface for the three working conditions. This is
due to the fact that at the fluid-rock interface, some of the injected fluid (which would
otherwise be available to advance a fracture in an impermeable fracture) is lost to the
surrounding rock mass encasing the fracture in a permeable medium.

Figure 5.12, shows the length of a partially open fracture, (5.191), plotted against the
scaled time Kn t for a fracture propagating in impermeable rock without leak-off (γ = 0)
and a fracture propagating in permeable rock with fluid leak-off (γ > 0) for the working
conditions a) constant pressure, b) constant speed of propagation and c) the constant
rate of fluid injection at the fracture entry and for the n = 0.5. In Figure 5.12a, the working
condition considered isα= 1/2. The length of the fracture is increasing as the scaled time
Kn t increases. Since the length is raised to the power α, it becomes a power function
and the exponent is 1/2. When α= 1, the length of the fracture is plotted in Figure 5.12b.
As a result of this working condition, the length is increasing linearly as the scaled time
increases. When α = n+1

n+2 and n = 0.5, the value of the exponent in (5.191) is 0.6 making
it identical to Figure 5.12a. We can easily see that the length of the fracture is less when
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there is fluid leak-off, however the difference is not great. Therefore although fluid leak-
off results in a fracture with a shorter length, the fracture will continue to propagate for all
the specified working conditions.

The volume ratio is equal to

Vγ=0

Vγ>0
,

where Vγ=0 is the volume of a fracture with no leak-off, Vγ>0 is the volume of a fracture
with leak-off and γ is the leak-off coefficient. In Figure 5.13, a rapid change of the volume
occurs within the first ten units of the scaled time Kn t for a tortuous fracture. In Figure
5.14, the ratio of volumes shows that the change of volume occurs gradually over time for
fractures with little to no tortuosity.
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ted against the scaled time Kn t for for n = 0.5
using the working conditions a) α = 1/2, b)
α= 1, and c) α= n+1

n+2 .
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Figure 5.14: The ratio of volumes, (??), of a
partially open fracture (β= 0.5) with leak-off
(γ > 0) and without leak-off (γ = 0) is plot-
ted against the scaled time Kn t for for n = 3
using the working conditions a) α = 1/2, b)
α= 1, and c) α= n+1

n+2 .
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Chapter 6

Case II: Group invariant solution for
c2 = c4 = 0 - Traveling Wave Solution

6.1 Introduction

In this chapter, we consider the governing nonlinear equation (2.60) when the parameter
values c2 and c4 in the Lie point symmetry of (2.60) obtained in Appendix (A) vanish (i.e.
c2 = c4 = 0). The resulting group invariant solution of the problem is a traveling wave so-
lution which will be analysed to gain insight on the various properties of a linear hydraulic
fracture propagating in permeable rock.

6.2 Group invariant solution

We derive the group invariant solution corresponding to the Lie point symmetry genera-
tor of the non-linear diffusion equation (2.60) when the constants c2 and c4 are zero.

The Lie point symmetry generator the derivation of which is outlined in Appendix (A)
is

X = (c1 + c2t )
∂

∂t
+ (c3 + c4x)

∂

∂x
+ 1

n
(2c4 − c2)h

∂

∂h
(6.1)

where c1,c2,c3,c4 are constants, provided the leak-off velocity, v`(t , x), satisfies the first
order linear partial differential equation

(c1 + c2t )
∂v`
∂t

+ (c3 + c4x)
∂v`
∂x

= 1

n
(2c4 − (n +1)c2)v`. (6.2)

We consider c2 = 0 and c4 = 0. Therefore Equations (6.1) and (6.2) respectively become

X = c1
∂

∂t
+ c3

∂

∂x
, (6.3)

and

c1
∂v`
∂t

+ c3
∂v`
∂x

= 0. (6.4)
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The group invariant solution of the fracture half-width, h(t , x) of the PDE (2.60), is ob-
tained by solving the characteristic equation

X
(
h(t , x)−Φ(t , x)

)∣∣∣
h=Φ

= 0, (6.5)

where h(t , x) =Φ(t , x). This results in the first order partial differential equation

c1
∂Φ

∂t
+ c3

∂Φ

∂x
= 0. (6.6)

The characteristic curves corresponding to the differential equation are

d t

c1
= d x

c3
= dΦ

0
. (6.7)

The first differential equation gives

I1 = x − c3

c1
t , (6.8)

where I1 is a constant. The last term in (6.7) gives

I2 =Φ(t , x), (6.9)

where I2 is a constant. The general solution for the PDE (6.6) is I2 = F (I1), where F is
an arbitrary function. With the aid of (6.8) and (6.9) the group invariant solution of the
half-width of the model fracture is

h(t , x) = F (ξ), (6.10)

where

ξ= x − c3

c1
t . (6.11)

is the similarity variable.
Now, the group invariant solution of the leak-off velocity, v`(t , x), at the fluid rock

interface can be derived by setting c2 and c4 to zero in equation (6.2):

c1
∂v`
∂t

+ c3
∂v`
∂x

= 0, (6.12)

and solving the first order PDE. The characteristic curves corresponding to the differential
equation (6.12) are

d t

c1
= d x

c3
= d v`

0
. (6.13)

The first differential equation and the last term give

I3 = x − c3

c1
t , (6.14)
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and

I4 = v`(t , x), (6.15)

where I3 and I4 are constants. The general solution of the PDE (6.12) is I4 =G(I3) where G
is an arbitrary function. It follows from (6.14) and (6.15) that the group invariant solution
of the leak-off velocity is

v`(t , x) =G(ξ), (6.16)

where the similarity variable, ξ, is given by (6.11).
Substituting the group invariant solution of the half-width (6.10) and leak-off velocity

(6.16) into the non-linear diffusion equation (2.60) transforms the PDE to an ODE

Kn
d

dξ

(
F n(ξ)

dF

dξ

)
+ c3

c1

dF

dξ
−G(ξ) = 0. (6.17)

We now consider the boundary conditions for the nonlinear diffusion equation (2.60).
At the fracture tip h(t ,L(t )) = 0, results in

F (Y (t )) = 0, (6.18)

where

Y (t ) = L(t )− c3

c1
t . (6.19)

Differentiating (6.18) with respect to t gives

dF

dY

dY

d t
= 0. (6.20)

Since dF
dY 6= 0 it follows that dY

d t = 0 and Y (t ) = k, where k is a constant. We choose the
characteristic length of the fracture to be the initial length of the fracture such that in
dimensionless variables the initial length of the fracture is L(0) = 1. It follows that the
length of the fracture is

L(t ) = 1+ c3

c1
t . (6.21)

Therefore the boundary condition at the fracture tip given by (6.18) is reduced to

F (1) = 0. (6.22)

It was found in Chapter 5 that for fluid leak-off fmax = F (0). It is found in this chapter
that xmax = 0 and h∗(0,0) =β therefore

F (0) =β. (6.23)

The following properties, expressed in terms of the group invariant solution of both half-
width and the leak-off velocity, are obtained: The volume flux of fluid in the fracture

Q(t , x) =−2KnF n(ξ)
dF

dξ
. (6.24)
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At the fracture entry, x = 0 and for t = 0 the volume flux of fluid becomes

Q(0,0) =−2KnF n(0)
dF

dξ
(0) = A, (6.25)

where A is a constant. Equation (6.25) can be re-expressed as

F n(0)
dF

dξ
(0) =− A

2Kn
. (6.26)

The value of A would be obtained from the consistency condition (2.53). The flux of fluid
flowing out of the fracture,

q(t ) = 2
∫ 1

− c3
c1

t
G(ξ)dξ, (6.27)

the volume of the fracture,

V (t ) = 2
∫ 1

− c3
c1

t
F (ξ)dξ, (6.28)

and the width-averaged fluid velocity,

v̄x(t , x) =−KnF n−1(ξ)
dF

dξ
. (6.29)

6.3 Leak-off velocity proportional to the half-width of the
fracture

We assume that there exists a proportional relationship between the leak-off arbitrary
function, G(ξ), and the half-width arbitrary function, F (ξ), such that

G(ξ) = γF (ξ) (6.30)

where γ is the leak-off coefficient. In this work we consider the case γ> 0. This transfor-
mation is applied on the related properties and the results are summarized below: The
problem is to solve

Kn
d

dξ

(
F n(ξ)

dF

dξ

)
+ c3

c1

dF

dξ
−γF (ξ) = 0, (6.31)

subject to

F (1) = 0, (6.32)

F (0) =β (6.33)
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and

h(t , x) = F (ξ), (6.34)

v`(t , x) = γF (ξ), (6.35)

L(t ) = 1+ c3

c1
t , (6.36)

Q(t , x) =−2KnF n(ξ)
dF

dξ
, (6.37)

q(t ) = 2
∫ 1

− c3
c1

t
γF (ξ)dξ, (6.38)

V (t ) = 2
∫ 1

− c3
c1

t
F (ξ)dξ, (6.39)

v̄x =−KnF n−1 dF

dξ
. (6.40)

The consistency condition is

−2KnF n
(
−c3

c1
t

)
dF

dξ

(
−c3

c1
t

)
= 2

d

d t

∫ 1

− c3
c1

t
F (ξ)dξ+2γ

∫ 1

− c3
c1

t
F (ξ)dξ−2KnF n(1)

dF

dξ
(1),

(6.41)

which can be obtained with the aid of (6.11) and (6.36) by substituting (6.37) and (6.38)
into equation (2.53).The flux at the entry at time t is not of the form

S(t ) = A(1+B t )m (6.42)

as in Chapter (5). It is given by (6.37) after the problem has been solved.
We will now proceed to investigate an asymptotic solution of the ODE.

6.4 Asymptotic Solution

In this section we seek to investigate the asymptotic behavior of the ODE (6.31). We can
approximate the behavior of F (ξ) as ξ→ 1 by an asymptotic solution. We investigate a
solution of the form

F (ξ) ∼ a(1−ξ)s , as ξ→ 1 (6.43)

where a and s are constants that need to be determined. Substituting (6.43) into the ODE
(6.31) gives

an+1Kn

(
s2(n +1)− s

)(
1−ξ

)s(n+1)−2 −as

(
c3

c1

)(
1−ξ

)s−1 −γa
(
1−ξ

)s = 0, as ξ→ 1.

(6.44)

By balancing the exponents of the first and second terms we find that

s = 1

n
. (6.45)
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Balancing coefficients of the first and second terms gives

a =
(

c3n

c1Kn

) 1
n

. (6.46)

The third term vanishes as ξ→ 1. Therefore the asymptotic solution is

F (ξ) ∼
(

c3n

c1Kn

) 1
n (

1−ξ
) 1

n
, as ξ→ 1. (6.47)

The derivative corresponding to this asymptotic solution is

dF

dξ
∼−

(
c3n

c1Kn

) 1
n (

1−ξ
) 1−n

n
, as ξ→ 1, (6.48)

and therefore

F n(ξ)
dF

dξ
(ξ) ∼− 1

n

(
c3n

c1Kn

) n+1
n

(1−ξ)
1
n as ξ→ 1. (6.49)

The fluid flux is therefore zero at the fracture tip, ξ= 1,

F n(1)
dF

dξ
(1) = 0. (6.50)

6.5 Numerical solutions

We investigate the existence of a numerical solution for a traveling wave solution. Again
we use a backwards shooting method to shoot for a solution from the fracture tip to the
fracture entry as fully outlined in Section 5.7. In this case, we make a guess for the ratio
c3
c1

and apply the bisection method to iterate until we obtain a value of α that satisfies the
half-width of the fracture at the entry

h(0,0) =β. (6.51)

The boundary value problem to solve is

Kn
d

dξ

(
F n(ξ)

dF

dξ

)
+ c3

c1

dF

dξ
−γF (ξ) = 0, (6.52)

subject to the boundary conditions

F (1) = 0, (6.53)

F (0) =β. (6.54)

It is not necessary to transform the problem into an initial value problem using a scaling
transformation as it can solved directly. The value of the diffusion constant Kn is obtained
from experimental results [4]. It has been obtained that when n = 3, an = 1 which gives
that the diffusion constant given by equation (2.61) is Kn = 1/3. We will however use this
value of Kn = 1/3 to obtain numerical results for all values of n.
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The traveling wave solution is solved in two parts since the problem is a moving bound-

ary problem in the domain ξ ∈
(
− c3

c1
t ,1

)
.

Part I: Obtaining the ratio c3
c1

at t = 0

An initial guess of the ratio c3
c1

is made and substituted into the problem. The solution is
solved from the fracture tip to the fracture entry. The asymptotic solution (6.47) and its
derivative (6.48) evaluated in the epsilon neighbourhood of the fracture tip are used as
initial conditions. We then use the backwards shooting method to shoot from the close
proximity of the tip, 1−δ, where δ¿ 1, to the fracture entry using the initial value of c3

c1
.

We then check if obtained solution satisfies the initial condition F (0) = β for time t = 0.
If this condition is not satisfied, we use the bisection algorithm to iterate the value of the
ratio c3

c1
until such a ratio c3

c1
that satisfies the condition (6.54) is obtained. The solution

F (ξ) that satisfies the condition (6.54) is the numerical solution of the problem at t = 0.

Part II: A solution for t > 0
The domain which was used to solve Case I was independent of time. Since this is a trav-
eling wave solution the domain is time dependent and for t > 0 the problem needs to be
re-solved.

For subsequent times, t > 0, we re-solve the problem using the value of c3
c1

obtained
from part I. The initial value problem is solved once by the shooting method to get a solu-
tion F (ξ) that is valid for all time greater than zero.

6.6 Results

Using the shooting method we obtain the ratio c3
c1

corresponding to each value of n. The

following values of the ratio c3
c1

are obtained for each corresponding value of n:

Value of n ratio c3
c1

n = 0.5 0.5446
n = 1 0.2022
n = 3 0.0526

Table 6.1: Parameter values c3
c1

for various values of n and β = 0.75 in the traveling wave
solution.

In Figure 6.1, the half-width of the fracture is plotted against x for a partially open
fracture with the parameter values β = 0.75, γ = 0.2, Kn = 1/3 and for a) n = 0.5, b) n = 1
and c) n = 3 and the corresponding values of the ratio c3

c1
given in Table 6.1. The half-

width of the fracture and the length of the fracture are both increasing as time t increases.
However, the half-width of the fracture increases faster than the length. For increasing
times, the shape of the half-width of the fracture of a traveling wave solution is preserved
as the fracture propagates.
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6.6.1 The length of the fracture

In Figure 6.2, the length of the fracture given by (6.36)

L(t ) = 1+ c3

c1
t

is plotted against time for parameter values β= 0.75, γ= 0.2, Kn = 1/3 and for the working
conditions corresponding to the n value. The fracture is longer for n = 0.5 and this length
decreases as as n increases. We see that as the fracture becomes less tortuous, i.e n > 1,
the fracture propagates much slower for increasing time t.

6.7 Width-averaged fluid velocity

Following the analysis done in Section 5.8, we investigate the width-averaged fluid veloc-
ity, v̄x(t , x), along the fracture corresponding to a traveling wave solution. We consider
the velocity ratio defined as the ratio of the width-averaged fluid velocity and the speed of
propagation of the fracture dL/d t .

The width-average fluid velocity given by (6.40) is

v̄x =−KnF n−1 dF

dξ
, (6.55)

and differentiating the length (6.36) with respect to time gives a constant value

dL

d t
= c3

c1
. (6.56)

This implies that the speed of propagation of the fracture is constant. Therefore the work-
ing condition for the traveling wave solution is constant speed. From (6.55) and (6.56) the
fluid velocity ratio is

v̄x

(dL/d t )
=−

(
c1Kn

c3

)
F n−1 dF

dξ
. (6.57)

In Figure 6.3, the velocity ratio is plotted against ξ for the parameter values β = 0.75,
γ= 0.2, Kn = 1/3 and for a) n = 0.5, b) n = 1 and c) n = 3 using the corresponding values of
the ratio c3

c1
as listed in Table 6.1 for time t = 0. We obtain that the velocity ratio plots are

approximately straight lines for time t = 0.
Since the velocity ratio plots are approximately straight lines, it is clear that a linear

approximation of the velocity ratio curves may lead to the derivation of the approximate
analytical solution. It is expected that the approximate analytical solution will give good
approximations that are close to the numerical solution as the velocity ratio curves are
approximately linear. The approximate analytical solution can be a useful approxima-
tion for the half-width of the fracture when the analytical solution is not attainable and
when the numerical solutions are difficult to produce and a readily available solution is
required.
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Figure 6.1: The half-width, 6.34 , is plotted
against x for different values of time t for
β = 0.75, γ = 0.2 and Kn = 1/3 for values of
c3
c1

given in Table 6.1 for a) n = 0.5, b) n = 1
and c) n = 3.
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Chapter 7

Case III: Group invariant solution for
c2 = 0, c4 6= 0 - Exponential solution

7.1 Introduction

In this Chapter, we investigate a group invariant solution that exists when the constant
c2 = 0 in the Lie point symmetry generator obtained in Appendix A. In Section 7.2, the
group invariant solution corresponding to the Lie point symmetry is derived where we
later let c3 = 0. A proportional relationship between the half-width of the fracture and
the leak-off velocity is considered in Section 7.3. In Section 7.4, an asymptotic solution is
derived which will be used to investigate numerical solutions in Section 7.5.

7.2 Group Invariant solution

In Appendix A, the Lie point symmetry generator of the PDE (5.1) was derived to be

X = (c1 + c2t )
∂

∂t
+ (c3 + c4x)

∂

∂x
+ 1

n
(2c4 − c2)h

∂

∂h
, (7.1)

where c1, c2, c3 and c4 are constants, provided the leak-off velocity, v`(t , x), satisfies the
first order linear partial differential equation

(c1 + c2t )
∂v`
∂t

+ (c3 + c4x)
∂v`
∂x

= 1

n
(2c4 − (n +1)c2)v`. (7.2)

Consider the case where c2 = 0, the Lie point symmetry generator (7.1) and equation (7.2)
become

X = c1
∂

∂t
+ (c3 + c4x)

∂

∂x
+ 2

n
c4h

∂

∂h
, (7.3)

and

c1
∂v`
∂t

+ (c3 + c4x)
∂v`
∂x

= 2

n
c4v`. (7.4)

We now derive the group invariant solution of the fracture half-width, h(t , x) =φ(t , x), of
the PDE (2.60), by solving the characteristic equation

X
(
h(t , x)−φ(t , x)

)∣∣∣
h=φ

= 0. (7.5)
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Applying the generator (7.3) to equation (7.5) gives the first order nonlinear diffusion
equation

c1
∂φ

∂t
+ (c3 + c4x)

∂φ

∂x
= 2c4

n
φ. (7.6)

The characteristic curves corresponding to the first order partial differential equation
(7.6) are

d t

c1
= d x

c4

(
c3
c4
+x

) = n

2c4

dφ

φ
. (7.7)

Equating the first two expressions in (7.7) and solving the result gives

k1 =
(

c3
c4
+x

)
exp

(
c4
c1

t
) , (7.8)

where k1 is a constant. Similarly the first and last expressions in (7.7) give

k2 = φ

exp
(

2c4
nc1

t
) , (7.9)

where k2 is a constant. The group invariant solution is of the form k2 = F (k1). Since
h(t , x) =φ(t , x), it follows that the group invariant solution of the half-width of the model
fracture, h(t , x), is

h(t , x) = exp

(
2c4

nc1
t

)
F (ξ), (7.10)

where

ξ=
c3
c4
+x

exp
(

c4
c1

t
) , (7.11)

is the similarity variable. The group invariant solution of the half-width (7.10) is valid
provided equation (7.4) is satisfied.

Consider now the leak-off velocity v`(t , x). Since equation (7.4) is the same as (7.6) the
solution of (7.4) is

v`(t , x) = exp

(
2c4

nc1
t

)
G(ξ), (7.12)

where the similarity variable, ξ, is given by equation (7.11).
Now that the general form of the group invariant solution for the half-width of the

fracture (7.10) and the leak-off velocity (7.12) are obtained, it is necessary to express the
nonlinear diffusion equation (2.60), the boundary conditions and all related properties of
the fracture in terms of the group invariant solution (7.10) and (7.12).
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The partial derivatives of the similarity variable, (7.11),

∂ξ

∂x
= 1

exp
c4
c1

t
,

∂ξ

∂t
=−c4

c1
ξ, (7.13)

will be used to express the problem in terms of the group invariant solutions. Substituting
(7.10) and (7.12) with the aid of (7.13) into the nonlinear second order partial differential
equation (2.60) results in the ODE

Kn
d

dξ

(
F n dF

dξ

)
+ c4

c1

d

dξ
(ξF )− c4

c1

(
2

n
+1

)
F −G = 0. (7.14)

We choose c3 = 0 in the similarity variable (7.11) such that when x tends to zero, ξ also
tends to zero. Expressing the boundary condition at the fracture tip in terms of the group
invariant solution gives the following results:
At x = L(t ),

h(t ,L(t )) = 0, (7.15)

which results in

F (E(t )) = 0, (7.16)

where

E(t ) = L(t )

exp
(

c4
c1

t
) . (7.17)

Differentiating (7.17) with respect to t gives

dF (E)

d t
= dF

dE

dE

d t
= 0. (7.18)

It is clear that dF
dE 6= 0 since F depends on E(t ) and therefore dE

d t = 0 which implies that

E(t ) = k, (7.19)

where k is a constant. We choose the characteristic length of the fracture to be the initial
length of the fracture such that in dimensionless variables,

L(0) = 1. (7.20)

Applying (7.20) to (7.17) gives the length of the fracture:

L(t ) = exp

(
c4

c1
t

)
. (7.21)

It follows that the boundary condition at the fracture tip (7.16) is

F (1) = 0. (7.22)
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We consider fluid leak-off at the interface and fluid injection at the fracture entry. We find
that the maximum half-width is at the fracture entry. Thus ξmax = 0 and

h(0,0) =β, (7.23)

which is the maximum value that the half-width of the fracture can attain. This results in
Fmax = F (0) which gives that

F (0) =β (7.24)

is a condition that needs to be satisfied by the solution of the ODE (7.14).
The flux of fluid into the fracture is derived from (2.65),

Q(t , x) =−2Knhn ∂h

∂x
, (7.25)

which, using (7.10) and (7.11), becomes

Q(t , x) =−2Kn exp

((
1+ 2

n

)
c4

c1
t

)
F n dF

dξ
. (7.26)

At the fracture entry, x = 0, we have that the volume flux of fluid is

Q(t ,0) =−2Kn exp

((
1+ 2

n

)
c4

c1
t

)
F n(0)

dF

dξ
(0). (7.27)

The fluid flux at the fracture entry, S(t ), is therefore of the form

S(t ) =Q(t ,0) = A exp(B t ), (7.28)

where

A =−2KnF n(0)
dF

dξ
(0), (7.29)

B =
(

n +2

n

)
c4

c1
. (7.30)

Equation (7.29) may be re-expressed as, using (7.24),

dF

dξ
(0) =− A

2Knβn
,

c4

c1
= n

(2+n)
B. (7.31)

The constants A,B and β are prescribed as far as the group invariant solution and numer-
ical solution allow.

The volume flux of fluid leaving the fracture at the fluid-rock interface is

q(t ) = 2
∫ L(t )

0
v`(t , x)d x. (7.32)

Using the group invariant solution of the leak-off velocity, (7.12), and the derivatives of
the similarity variable, (7.13), we find that

q(t ) = 2exp

[(
1+ 2

n

)
c4

c1
t

]∫ 1

0
G(ξ)dξ. (7.33)
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In order to express the consistency condition in terms of the group invariant solution,
we need to derive expressions for the volume and total flux of fluid in the fracture. The
volume of the fracture can be derived from

V (t ) = 2
∫ L(t )

0
h(t , x)d x, (7.34)

and using the group invariant solution of the half-width, (7.10), equation (7.34) becomes

V (t ) = 2exp

[(
1+ 2

n

)
c4

c1
t

]∫ 1

0
F (ξ)dξ. (7.35)

Finally, using (7.27), (7.33) and (7.35), we can obtain the consistency condition given
by

dV

d t
=Q(t ,0)−q(t )−Q(t ,L(t )) (7.36)

which needs to be satisfied. In terms of the group invariant solution, equation (7.36) be-
comes

KnF n(0)
dF

dξ
(0) =−

[
c4

c1

(
2

n
+1

)∫ 1

0
F (ξ)dξ+

∫ 1

0
G(ξ)dξ

]
+KnF n(1)

dF

dξ
(1). (7.37)

Therefore, using (7.37), equation (7.29) becomes

A = 2

[
c4

c1

(
2

n
+1

)∫ 1

0
F (ξ)dξ+

∫ 1

0
G(ξ)dξ

]
−KnF n(1)

dF

dξ
(1). (7.38)

It can be verified that the consistency condition (7.37) can be obtained by integrating the
ordinary differential equation (7.14) with respect to ξ from ξ = 0 to ξ = 1 and using the
boundary condition (7.22). Finally, we express the width-averaged fluid velocity

v̄x =−Knhn−1∂h

∂x
, (7.39)

in terms of the group invariant solution to obtain

v̄x =−Kn exp

(
c4

c1
t

)
F n−1(ξ)

dF

dξ
. (7.40)

7.3 Leak-off velocity proportional to the half-width of the
fracture

Having assumed that the half-width of the fracture is proportional to the leak-off velocity,
we can describe the relation between F (ξ) and G(ξ) as

G(ξ) = γF (ξ). (7.41)

Substituting (7.41) into the problem gives

Kn
d

dξ

(
F n dF

dξ

)
+ c4

c1

d

dξ
(ξF )−

(
c4

c1

(
2

n
+1

)
+γ

)
F = 0, (7.42)
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subject to

F (1) = 0, (7.43)

F (0) =β, (7.44)

F n(0)
dF

dξ
(0) =− A

2Kn
, (7.45)

B =
(
1+ 2

n

)
c4

c1
(7.46)

and A is given by the identically satisfied consitency condition as

A = 2

(
c4

c1

(
2

n
+1

)
+γ

)∫ 1

0
F (ξ)dξ−KnF n(1)

dF

dξ
(1) (7.47)

and

h(t , x) = exp

(
2c4

nc1
t

)
F (ξ), (7.48)

v`(t , x) = γexp

(
2c4

nc1
t

)
F (ξ), (7.49)

L(t ) = exp

(
c4

c1
t

)
, (7.50)

Q(t , x) =−2Kn exp

[(
1+ 2

n

)
c4

c1
t

]
F n dF

dξ
, (7.51)

q(t , x) = 2γexp

[(
1+ 2

n

)
c4

c1
t

]∫ 1

0
F (ξ)dξ, (7.52)

V (t ) = 2exp

[(
1+ 2

n

)
c4

c1
t

]∫ 1

0
F (ξ)dξ, (7.53)

v̄x =−Kn exp

(
c4

c1
t

)
F n−1(ξ)

dF

dξ
. (7.54)

It can be verified that the consistency condition (7.47) can be obtained by integrating
(7.42) with respect to ξ from ξ= 0 to ξ= 1 and using the boundary condition (7.43).

7.4 Asymptotic Solution

We approximate the behaviour of F (ξ) as ξ→ 1 by looking for an asymptotic solution of
(7.14) with (7.41) of the form

F (ξ) ∼C (1−ξ)s , as ξ→ 1, (7.55)

where C and s are constants to be determined. The boundary condition F (1) = 0 is satis-
fied by (7.55). Substituting (7.55) into the ODE (7.42) gives

KnC n+1s
(
s(n +1)−1

)
(1−ξ)s(n+1)−2 − c4

c1
C s(1−ξ)s−1

−C

((
2

n
− s

)
c4

c1
+γ

)
(1−ξ)s ∼ 0, as ξ→ 1. (7.56)
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The first two terms in (7.56) vanish provided that their exponents are equal,

s(n +1)−2 = s −1 (7.57)

which implies that

s = 1

n
. (7.58)

Equating coefficients of the first two terms gives

C =
(

c4n

Knc1

) 1
n

. (7.59)

Substituting (7.58) and (7.59) into (7.56) gives

C

((
2

n
+ s

)
c4

c1
+γ

)
(1−ξ)

1
n → 0, as ξ→ 1. (7.60)

It is clear that the expression in (7.60) vanishes as ξ→ 1. Therefore, the asymptotic solu-
tion (7.55) of the ordinary differential equation (7.42) is

F (ξ) ∼
(

c4n

Knc1

) 1
n

(1−ξ)
1
n as ξ→ 1, (7.61)

and

dF

dξ
(ξ) ∼− 1

n

(
c4n

Knc1

) 1
n

(1−ξ)
1−n

n as ξ→ 1. (7.62)

This solution F (ξ) holds for all values of the parameters α, γ> 1, Kn and n > 0. The half-
width of the fracture (7.48) using the asymptotic solution (7.61) is given by

h(t , x) ∼ exp

(
2c4

nc1
t

)(
nc4

Knc1

) 1
n

(1−ξ)
1
n as ξ→ 1. (7.63)

Also using (7.61) and (7.62),

F n(ξ)
dF

dξ
∼−

(
c4n

c1Kn

) n+1
n

(1−ξ)
1
n → 0 as ξ→ 1. (7.64)

Thus the fluid flux, (7.51), vanishes at the fracture tip

F n(1)
dF

dξ
(1) = 0. (7.65)

7.5 Numerical Solutions

The numerical solution of F (ξ) is investigated using the backwards shooting method from
the fracture tip to the fracture entry. We obtained that the maximum half-width of the
fracture occurs at the entry and as such

F (0) = h(0,0) =β, (7.66)
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is a condition that the numerical solution needs to satisfy.
The boundary value problem to solve is

Kn
d

dξ

(
F n dF

dξ

)
+ c4

c1

d

dξ
(ξF )−

(
c4

c1

(
2

n
+1

)
+γ

)
F = 0, (7.67)

subject to

F (1) = 0, (7.68)

F (0) =β, (7.69)

where

F n(0)
dF

dξ
(0) =− A

2Kn
,

c4

c1
= n

(2+n)
B (7.70)

and A is given by the identically satisfied consitency condition

F n(0)
dF

dξ
(0) =− 1

Kn

(
c4

c1

(
2

n
+1

)
+γ

)∫ 1

0
F (ξ)dξ. (7.71)

The boundary value problem need not be transformed into an initial value problem as
it can be solved directly using the backwards shooting method. The problem is solved by
first making an initial guess for the ratio c4

c1
and substituted into the problem. The solution

is solved from the fracture tip to the fracture entry. The asymptotic solution (7.61) and its
derivative evaluated in the epsilon neighbourhood of the fracture tip are used as initial
conditions. A backwards shooting from F (1−δ) = 0 and F (0) using c4

c1
is used to shoot for

the solution F (ξ). The solution is checked to see if it satisfies the condition F (0) =β at the
fracture entry. If this condition is satisfied we have obtained a solution of F (ξ). If not, we
use the bisection method to iteratively adjust the value of c4

c1
and continuously shoot until

the initial condition is satisfied. The solution of F (ξ) is used to obtain properties of the
fracture for increasing time t .

In Figure 7.1, the half-width of the fracture, (7.48), is plotted against x for parameter
values β = 0.75, γ = 0.2 for a) Kn = 1/3, n = 0.5 and b) Kn = 2/3, n = 1. Both the half-
width of the fracture and the length of the fracture are increasing as time t increases. The
half-width increases much faster than the length. It can be verified that the exponential
solution results in open fractures, β > 1, for n = 3 and Kn = 1/3. The analysis of open
fractures is not being considered in this work. For all values of the diffusion constant Kn ,
the solution of the half-width for n = 0.5 results in partially open fractures. However, only
values of Kn > 1/3 result in partially open fractures for n = 1. We can make assumptions
about the type of fracture that arises from the exponential solution given the relation-
ship between Kn and n. If the value of Kn decreases as n decreases, i.e. as the fracture
becomes more tortuous, then exponential solution can only describe open fractures. If
Kn increases as n decreases, then its possible to have partially open fractures from the
exponential solution.
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Figure 7.1: The half-width of the fracture, 7.10, is plotted against x with parameter values
β= 0.75, γ= 0.2 and for a) Kn = 1/3 and n = 0.5 and b) Kn = 2/3 and n = 1.
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Chapter 8

CONCLUSIONS

The main aim of the research was to investigate the propagation of a linear hydraulic
fracture with tortuosity and fluid leak-off at the fluid rock interface. A pre-existing tortu-
ous partially open fracture was replaced by a two-dimensional symmetric model fracture
with a modified Reynolds’ flow law to account for the effect of asperities at the fluid-rock
interface on the fluid flow. The lubrication approximation was also used to model the
problem since the length of the fracture is much less in magnitude than the half-width
of the fracture. The Perkins-Kern and Nordgren (PKN) approximation, relating the half-
width of the fracture with the normal stress at the fracture walls, together with the linear
crack law were used to close the model. The boundary conditions at the fracture tip and
the fracture entry were obtained.

The methods of obtaining solutions discussed in Chapter 3 were used in Chapter 4
to derive the conservation laws of the nonlinear diffusion equation. Two conserved vec-
tors of the first and second kind were obtained from the direct method. The multipliers
method was also used to investigate if other conserved vectors otherwise missed by the
direct method could be obtained. Association of a Lie point symmetry with a conserved
vector, obtained using a definition by Kara nd Mahomed, gave two working conditions,
α= 1

2(n+1) and α= 1
(n+2) . The working condition α= 1

(n+2) was not used as it s a constant
volume solution. By Sjöberg’s double reduction theorem, these working conditions were
used to obtain exact analytical solutions of the problem.

In Chapter 5, the general case of the group invariant solution obtained by setting the
constant c3 from the Lie point symmetry generator equal to zero was investigated. The
various fracture properties were expressed in terms of the group invariant solution of the
half-width of the fracture and the leak-off velocity. We assumed a proportional relation-
ship between the half-width of the fracture and the leak-off velocity. By analysing the
properties of the fracture expressed in terms of the group invariant solution, four working
conditions at the fracture entry were obtained. The constant pressure working condition,
α = 1/2, obtained when fluid is injected at the fracture entry at a constant pressure, the
constant speed of propagation working condition, α = 1, constant rate of fluid injection
at the fracture entry, α= n+1

n+2 , and the constant rate of leak-off at the fluid-rock interface,
α= n+1

2 , working condition. The boundary value problem was transformed into an initial
value problem using a scaling transformation in-order to solve the problem numerically.
The problem was solved using the built-in solver ode45 on MATLAB. The solution was
shot from the fracture tip to the fracture entry subject to satisfying the boundary condi-
tions. It was found that for the constant pressure working condition, α = 1/2, the half-
width of the partially open fracture remains constant as the the fracture propagates in the
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positive x-direction for increasing time. Initially at Kn t = 0 there is no leak-off. For all
other working conditions we obtained that the fracture propagates in the positive x di-
rection with leak-off occurring even at Kn t = 0. The analysis of the width-averaged fluid
velocity lead to the derivation of an approximate analytical solution which agreed well
with the numerical solution for all values of n. The agreement between the approximate
analytical solution and the numerical solution improves even further as the fracture be-
comes less tortuous (n > 1). Approximate analytical solutions are useful when analytical
solutions are unattainable, when numerical solutions are difficult to compute and when
a readily available solution is required. It has been found that the fracture propagates for
all working conditions. Both quantities of the length and the volume of a partially open
tortuous fracture in impermeable rock was found to be greater in magnitude than those of
a partially open tortuous fracture in permeable rock for various working conditions and
for 0 < n < 3. This is because the fluid that was available for further propagation in an im-
permeable tortuous fracture is now lost to the surrounding rock in a permeable tortuous
fracture. The volume ratio of a tortuous fracture in impermeable rock rapidly exceeds the
volume of a tortuous fracture in permeable rock for small values of the scaled time Kn t .

The traveling wave solution of the model was obtained in Chapter 6. This solution,
obtained as a result of setting the constants c2 and c4 to zero in the Lie point symmetry
generator of the partial differential equation, had to be solved in a domain that is time
dependent. An important factor about this type of solution is how it is solved, it is solved
in two parts. Firstly, for t = 0, the problem is solved to obtain the value of the ratio c3

c1

which gives the initial profile of the fracture. Secondly, the value of the ratio c3
c1

is used
to solve the problem for all subsequent times. The solution is then used to obtain the
properties of the fracture. It is found that as time increases, the fracture propagates at a
constant speed given by c3

c1
and the shape of the half-width of the fracture is preserved

for all time for a given value of n. The velocity ratio plots of the traveling wave solution
for t = 0 were approximately linear. It is expected that approximating the velocity ratio
curves to be exactly linear will lead to an approximate analytical solution that agrees well
with the numerical results.

Setting the constants c2 and c3 to zero resulted in a group invariant solution of the
half-width and the leak-off velocity that has an exponential function. The value of Kn is
found to have a big influence on the type of fracture that propagates (open or partially
open fractures) when the group invariant solution is given by an exponential function.
We could only obtain partially open fractures for n = 0.5 and n = 1. It is thus important
to understand the relationship between Kn and n. The value of Kn is determined through
experiments and the readily available value is Kn = 1/3 which corresponds to n = 3. For
a fracture with little to no asperities (n = 3), it was found that for Kn = 1/3 only open
fracture are obtained. For 1 < n < 3, open or partially fractures can only be obtained for
Kn < 1/3. This suggests an inverse relationship between Kn and n for a fracture with little
to no asperities.

The analysis of a tortuous linear hydraulic fracture propagating in permeable rock can
be expanded further by considering another model to describe fluid leak-off at the fluid-
rock interface. Darcy’s law for porous media can be used to describe fluid leak-off at the
fluid-rock interface. This will result in a coupled system consisting of the nonlinear dif-
fusion equation for the half-width of the fracture and Darcy’s law to describe the leak-off
velocity.
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Appendix A

Lie point symmetries

Derivation of the Lie point symmetries of the nonlinear dif-
fusion equation for a linear hydraulic fracture with tortuos-
ity and fluid leak-off at the fluid rock interface

In this section we outline the detailed derivation of the Lie point symmetries of the non-
linear diffusion equation

∂h

∂t
= Kn

∂

∂x

(
hn ∂h

∂x

)
− v`(t , x), (A.1)

which can be written as

F = ht −Knnhn−1h2
x −Knhnhxx + v`(t , x), (A.2)

where Kn is the diffusion constant and the subscripts denote partial differentiation. The
nonlinear diffusion equation describes the propagation of the fracture half-width during
hydraulic fracturing, the rock encasing the fracture is permeable. Since the rock is perme-
able, there is fluid leak-off onto the surrounding rock. This fluid leaks at the rate v`(t , x);
this is the leak-off velocity.

The Lie point symmetry generator

X = ξ1(t , x,h)
∂

∂t
+ξ2(t , x,h)

∂

∂x
+η(t , x,h)

∂

∂h
(A.3)

of Equation (A.1) satisfies the invariance condition

X [2]F
∣∣∣
F=0

= 0. (A.4)

The Lie point symmetries can be derived by solving the determining equation (A.4) for
ξ1(t , x,h), ξ2(t , x,h) and η(t , x,h). X [2] is the second prolongation of X , it is given by

X [2] = X +ζ1
∂

∂ht
+ζ2

∂

∂hx
+ζ11

∂

∂ht t
+ζ12

∂

∂hxt
+ζ22

∂

∂hxx
, (A.5)
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and ζi and ζi j are defined by

ζi = Di (η)−hk Di (ξk ), i = 1,2, (A.6)

ζi j = D j (ζi )−hi k D j (ξk ), i = 1,2. (A.7)

there is a summation over the repeated index k which runs from 1 to 2. Di and D j which
represent the total derivatives with respect to the independent variables t and x are given
by

D1 = D t = ∂

∂t
+ht

∂

∂h
+ht t

∂

∂ht
+hxt

∂

∂hx
+·· · (A.8)

D2 = Dx = ∂

∂x
+hx

∂

∂h
+ht x

∂

∂ht
+hxx

∂

∂hx
+·· · (A.9)

From expanding the determining equation A.5, we obtain

ξ1∂v`
∂t

+ξ2∂v`
∂x

+η
(
−Knn(n −1)hn−2h2

x −Knnhn−1hxx

)
+ζ1

+ζ2(−2Knnhn−1hx)+ζ22(−Knhn)
∣∣∣
F=0

= 0. (A.10)

Substituting the expressions for ζ1,ζ2 and ζ22 into the determining Equation (A.5) we ob-
tain[

(2Knnhn−1ξ2
x −Knn(n −1)hn−2η+2Knhnξ2

xh −Knhnηhh −2Knnhn−1ηh)h2
x+

(2Knnhn−1ξ2
h +Knhnξ2

hh)h3
x + (−ξ2

t −2Knnhn−1ηx −2Knhnηxh +Knhnξ2
xx)hx

+(2Knhnξ2
x −Knnhn−1η−Knhnηh)hxx + (2Knhnξ1

xh +2Knnhn−1ξ1
x −ξ2

h)hxht

+(Knhnξ1
hh +2Knnhn−1ξ1

h)h2
xht + (ηh −ξ1

t +Knhnξ1
xx)ht +2Knhnξ1

xhxt−

ξ1
hh2

t +Knhnξ1
hht hxx +3Knhnξ2

hhxhxx +2Knhnξ1
hhxhxt +ξ1∂v`

∂t
+ξ2∂v`

∂x
+

ηt −Knhnηxx

]∣∣∣
F=0

= 0 (A.11)

Now from equation (A.2)

hxx = ht −Knnhn−1h2
x + vl

Knhn
, (A.12)
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which we use to replace hxx in Equation (A.11). After the substitution we obtain(
−ξ2

t −2Knnhn−1ηx −2Knhnηxh +Knhnξ2
xx +3ξ2

h v`
)
hx

+
(
2Knhnξ1

xh +2Knnhn−1ξ1
x +2ξ2

h

)
hxht

+
(
Knnhh−2η+2Knhnξ2

xh −Knhnηhh −Knnhn−1ηh

)
h2

x

+
(
−Knnhn−1ξ2

h +Knhnξ2
hh

)
h3

x +
(
Knhnξ1

hh +Knnhn−1ξ1
h

)
h2

xht

+
(
Knhnξ1

xx −ξ1
t +2ξ2

x −
n

h
η+ξ1

h vl

)
ht +2Knhnξ1

hhxhxt

+2Knhnξ1
xhxt +ξ1∂v`

∂t
+ξ2∂v`

∂x
+ηt −Knhnηxx

+
(
2ξ2

x −
n

h
η−ηh

)
v` = 0. (A.13)

The functions to be determined are independent of derivatives of h, Equation (A.13) is
separated according to partial derivatives of h. One the equates the coefficients of the
partial derivatives of h to zero.

Firstly, separating Equation (A.13) with respect to hxht x ,ht x and hxht gives

hxht x : ξ1
h = 0, (A.14)

which implies that

ξ1 = ξ1(t , x); (A.15)

ht x : ξ1
x = 0, (A.16)

which implies that

ξ1 = ξ1(t ). (A.17)

hxht : 2Knhnξ1
xh +2Knnhn−1ξ1

x +2ξ2
h = 0, (A.18)

from Equation (A.17), this reduces to

ξ2
h = 0, (A.19)

which implies that

ξ2 = ξ2(t , x). (A.20)

Separating Equation (A.13) by h3
x and h2

xht does not bring any new results. We now sepa-
rate Equation (A.13) by hx and ht which gives

ht : Knhnξ1
xx −ξ1

t +2ξ2
x −

n

h
η+ξ1

h v` = 0, (A.21)

106



which when simplified by Equation (A.17) and (A.19) gives

η= h

n
(2ξ2

x −ξ1
t ). (A.22)

hx : −ξ2
t −2Knnhn−1ηx −2Knhnηxh +Knhnξ2

xx +3ξ2
h v` = 0, (A.23)

which when simplified using Equation (A.17) and (A.22) gives

ξ2
xx

(3n +4

n

)
Knhn +ξ2

t = 0, (A.24)

which can be separated using powers of h

h0 : ξ2
t = 0, (A.25)

which implies that

ξ2 = ξ2(x), (A.26)

hn : ξ2
xx = 0, (A.27)

which implies that

ξ2 = c3 + c4x, (A.28)

where c3 and c4 are constants. Separating Equation (A.13) by h2
x

h2
x : Knnhh−2η+2Knhnξ2

xh −Knhnηhh −Knnhn−1ηh = 0, (A.29)

using Equation (A.22) and (A.28), h2
x is satisfied. Using the result (A.28), equation (A.22)

becomes

η= h

n
(2c4 −ξ1

t ). (A.30)

The remainder from Equation (A.13) is

ξ1∂v`
∂t

+ξ2∂v`
∂x

+ηt −Knhnηxx + (2ξ2
x −

n

h
η−ηh)v` = 0, (A.31)

which after using Equation (A.30) simplifies to

ξ1∂v`
∂t

+ξ2∂v`
∂x

− h

n
ξ1

t t +
1

n
(−2c4 + (n +1)ξ1

t )v` = 0. (A.32)

Equating the coefficients of powers of h on each side of Equation (A.32) gives

h : ξ1
t t = 0, (A.33)

which implies that

ξ1 = c1 + c2t , (A.34)
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where c1 and c2 are constants.

h0 : ξ1∂vl

∂t
+ξ2∂vl

∂x
+ 1

n
((n +1)ξ1

t −2c4)v` = 0, (A.35)

using (A.28) and (A.34) this simplifies to

(c1 + c2t )
∂v`
∂t

+ (c3 + c4x)
∂v`
∂x

= 1

n
(2c4 − (n +1)c2)v` (A.36)

It follows from Equations (A.28), (A.30) and (A.34) that

η(h) = h

n
(2c4 − c2), ξ1(t ) = c1 + c2t , ξ2(x) = c3 + c4x (A.37)

and therefore the Lie point symmetry generator of the linear hydraulic fracture given by
the partial differential equation (A.1) is

X = (c1 + c2t )
∂

∂t
+ (c3 + c4x)

∂

∂x
+ 1

n
(2c4 − c2)h

∂

∂h
(A.38)

= c1X1 + c2X2 + c3X3 + c4X4, (A.39)

where

X1 = ∂

∂t
, (A.40)

X2 = t
∂

∂t
− h

n

∂

∂h
, (A.41)

X3 = ∂

∂x
, (A.42)

X4 = x
∂

∂x
+ 2h

n

∂

∂h
. (A.43)
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