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a b s t r a c t

This review aims at giving a critical description of the theoretical researches conducted
on the low-lying dipole states traditionally denoted as Pygmy Dipole Resonances (PDR).
A brief survey of the experimental techniques and recent experimental findings is
presented as an introduction to the main part of the paper. The presence of the PDR
on stable and unstable nuclei with neutron excess is well established in theoretical
and experimental studies. The theoretical approaches are reviewed starting from the
macroscopic collective models to the microscopic mean-field theories. The isospin mixed
nature of the PDR – reproduced by all the microscopic approaches – allows to study
the excitation with isovector and isoscalar probes. To draw a better picture on the
structure of this mode is therefore important to complement the theoretical studies with
detailed investigation on the reaction mechanism. To this mean, this paper gives specific
focus to the description of the cross section calculations. The semiclassical Coupled
Channel equations are shortly reviewed with particular attention to the construction of
the nuclear potential and radial form factors with the microscopic transition densities.
The interplay of Coulomb and nuclear contributions, their dependence on mass, charge
and incident energy are analysed with the help of few selected examples. Most of the
features of the PDR are well described by the theoretical approaches even though few
open question remain to be clarified. Among them a discussion on the collectivity of
the mode, isospin splitting and role of deformation is presented. Most of the theoretical
works and the new experimental findings on the collective properties of the PDR
jeopardise the common picture of this excitation mode as related to the oscillation of the
neutron skin against an inert core The question on the influence of the neutron excess
on other multipolarities is also reviewed.
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1. Introduction

The analysis of the neutron capture results in the sixties was well established for neutron energies below 1 MeV and
bove 8 MeV, while some difficulties were encountered in the investigation of the intermediate energy regime. In fact,
or neutron-reach nuclei with mass number (A) between 130 and 200, the theoretically predicted cross section and the
-ray spectrum, calculated on the basis of a level density formulae, were found to underestimate the experimental data.
lthough a better agreement was reached by including in the model the E1 Giant Resonance (GR), the data could only
e reproduced by Stadfelt [1] by introducing in the calculation also the experimental evidence of an excess of strength
round 6 MeV in photo-nuclear reactions. The same method was applied by Brzosko et al. [2] for the calculation of the
ross section for the (n, γ ) reaction obtaining a much better agreement with the experimental data. It was then the first
ime where this low-energy peak was referred to as Pygmy Resonance.

In developing a theory to correlate nuclear reaction data, Lane [3] was performing detailed calculation on 208Pb using
n R-matrix approach with zero range particle–hole interaction. As by-product he found an interpretation of the Pygmy
ipole Resonance (PDR) as a concentration of few percent of the dipole strength generated by few one-particle one-
ole configurations which did not participate to the construction of the Isovector Giant Dipole Resonance (IVGDR). The
istribution of dipole strength in heavy nuclei was also studied within a schematic model [4] where these states were
ound to have a strong collective nature [5] in contrast with Lane’s findings. This is still a debating point nowadays even
hough a large amount of work on the PDR has been performed since then and a section of this review is dedicate to help
n addressing this controversy.

Nowadays some of the properties of the PDR are well established, by both theoretical and experimental sides [6–10].
he low-lying dipole states are found to be a common feature of all the measured stable and unstable nuclei with neutron
xcess. They appear with a strength of a few per cent of the Energy Weighted Sum Rule (EWSR) and are located at an
nergy lower than the GDR peak, at around the neutron emission energy threshold. The theoretical studies are found in
greement in defining the strong isospin mixing, associated with the transition densities shape at the nuclear surface, the
ommon evidence for these states. This characteristic opened the possibility to investigate these low-lying dipole states
ith isovector and isoscalar probes. A great selection of experimental methods were therefore conducted and they are
2
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briefly discussed in Section 2. They varies from pure electromagnetic probe like the (γ , γ ′) or the pioneering works on
elativistic Coulomb excitation in unstable nuclei, to the use of hadronic probes like protons, α particle or 17O. Both type
of probes have been used to study the properties of the PDR in spherical and deformed light and heavy ions. A large
varieties of theories are needed to investigate this assortment of nuclear reactions. The kind of theoretical approaches
used span from macroscopic models – where the nucleus is seen as a liquid drop composed by protons and neutrons –
to very sophisticated microscopic mean-field theories. The excitation are then described, in the first case, as oscillation of
the nuclear surface or as compression of the entire nuclear body. In the latter, the excitations are formed by a cooperative
behaviour of many particle–hole configurations governed by the residual interaction. These theories and models often have
been adapted and modified to reach a good description of the PDR mode. The interest in studying this new excitation
mode relies also in the implications on other physics fields. The presence of the PDR in nuclei with neutron excess could
be related to the symmetry energy parameters. In particular, the electric dipole response of nuclei should depend on
the neutron-to-proton asymmetry and therefore possibly determined by the symmetry energy. Several attempts were
made to use the PDR data to constrain the symmetry energy and to extract a relation with the neutron skin thickness of
neutron-rich nuclei [11–15]. The neutron skin is defined as the difference between the root mean square of the neutrons
and protons radii rskin = rnrms − rprms. The correlation between this quantity and the symmetry energy and other quantities
related to the equation of states has been investigated within a statistical analysis based on the covariance method [16].
This was done within a self-consistent mean field theory with a nuclear energy density functional SV-min [17] of Skyrme
type. In Ref. [16] a strong correlation was found between the neutron skin and the dipole polarisability (αD) rather than
ith the dipole strength. The dipole polarisability can be defined as

αD =
8πe2

9

∫
∞

0
F (ω; E1)ω−1dω =

8πe2

9
m−1(E1) (1)

where the electric dipole strength F (ω; E1) is integrated over the whole energy range and m−1(E1) is the sum of the
nverse energy weighted strength. Some of the conclusions extracted from the statistical analysis may depend on the
odel and the set of observables chosen. In fact, guided by a classical droplet model, the authors of Ref. [18] have found

hat it is the product αD J of the electric dipole polarisability and the symmetry energy at saturation density J that has
stronger correlation with the rskin and with the slope of the symmetry energy at saturation density L. Therefore, a
recise measurement of the αD would allow to establish a tight relation between L and J improving the knowledge on
he symmetry energy.

The knowledge of the electromagnetic transition strength from nuclear states around the neutron emission threshold is
f paramount importance for the calculation of the neutron capture rates in the r-process (rapid neutron-capture process).
his is thought to be the main astrophysical process producing about half of the heavy elements (heavier than iron) in
he universe. The process follow a path across nuclei with neutron excess by increasing their atomic number through a
ompetition of neutron captures and β-decays. The neutron capture rates are commonly evaluated within the framework
f the statistical model of Hauser and Feshbach [19] whose main assumption is that this process occur via an intermediary
ormation of a compound nucleus in thermodynamic equilibrium. The independent decay of the (n, γ ) reaction is regulated
y the electromagnetic transition strengths which conventionally are described with parametrised functions and are used
o estimate the photon de-excitation probability. Variation in the E1 strength, as due to the presence of the PDR close
o the neutron emission threshold, may affect the neutron capture cross sections as was first noted by Goriely [20].
he dipole states of PDR, having very short lifetimes close to the typical neutron evaporation times, may favour a fast
epopulation of the capture levels to lower-lying bound states. This competition may stabilise the newly formed nucleus
gainst subsequent neutron emissions. It is then important to have a very good description of the electromagnetic strength
istribution. Almost all the microscopic mean-field theories – presented in Section 4 – have been employed in order to
ive a detailed and precise description of the contribution of the PDR to the dipole distribution strength [20–26].
This paper reviews the various theoretical approaches that attempted to give a reasonable interpretation of the exper-

mental data trying to highlight some characteristics of these excitation which are still under experimental verification.
ll these calculations have succeeded in the interpretation of the experimental data and in the understanding of the main
eature of the PDR. Most of the theoretical effort concentrated in the calculation of the PDR structure while paying less
ttention to the cross section calculations that are crucial for proper comparison with the measurements, especially the
nes in which the nuclear interaction became relevant such as for the isoscalar probes. The use of these probes has become
ore frequent in the last years in connection with the importance of the isospin in the excitation process of the PDR.
he interplay between isoscalar and isovector properties revealed to be one of the most fascinating aspect of this mew
ode. In the calculation of the cross section one has to pay attention to the dynamic of the excitation process taking at the
ame time in consideration the characteristic structure of the excited states. In this review particular attention was placed
n this aspect. We have described the different information that one can extract from Coulomb and nuclear interaction
nd the importance of the detailed structure of the excited state for a good description of the radial form factor, main
ngredient in the calculation of the inelastic cross section.

The paper is organised as follows. In Section 2 a short review on the main experimental techniques are illustrated un-
erlining the difference between photo-reactions and particle-induced reactions. Some highlights on recent experimental
esult are presented in Section 3 with particular emphasis on open problems treated also – from the theoretical point

f view – in Section 6. The theoretical models are presented in Section 4 and are separately reviewed starting from the

3
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macroscopic approaches to the semiclassical ones, passing to the many microscopic theories based on the mean-field
approaches and their extensions. Section 5 is dedicated to the derivation of the cross section using semiclassical models.
Two subsections are present focusing on the calculation of the radial form factors and on the different aspects of the
Coulomb and nuclear excitations. The controversy regarding the collectivity of the PDR and the interplay between the
isovector and isoscalar contribution to the cross section are addressed in Section 6. To conclude, the possibility of the
existence of new excitation modes induced by the neutron excess for other multipolarities is investigated in Section 7
where the quadrupole case is presented.

2. Experimental techniques

Several experimental studies have been conducted in the past 20 years to measured the low-lying electric dipole
trength in nuclei and a clear evolution in the techniques used can be delineated. The use of multiple probes to excite
he pygmy states and the focus on its decay mechanism proved to be very useful to unveil important characteristics
f this strength. With the present section we want to highlight the main findings on the PDR by briefly describing the
xperimental methods used to extract these quantities in order to allow a more comprehensive comparison with the
heoretical results on which this review is based on. The experimental methods are divided into photonuclear and particle-
nduced reactions and for each techniques remarks on the specific characteristics and main facilities are given. The most
ecent results are then explicitly illustrated in the next section. The reader can also find a more complete presentation
n the experimental studies in previous reviews [7–10].

.1. Photonuclear reactions

Real photons have been extensively used to study the low-lying E1 strength due to their high selectivity in exciting
ipole transitions. Since the reaction is dominated by the well known electromagnetic interaction, the electromagnetic
esponse of the nuclei (i.e. EM transition probability) can be extracted from the experimental observables in a model
ndependent way. For the purpose of this review we will concentrate only on the photoreactions that allow the excitations
f states around particle separation threshold (for more details see the review [27]). This excitation mechanism is often
dentified as Nuclear Resonance Fluorescence (NRF) or photon scattering and is refereed to with the symbol (γ , γ ′) [28].
In these reactions, the photon beam impinging on the target nucleus is absorbed in correspondence of an excited state
forming a resonance state that decays by γ -rays emission. A setup composed by High Purity Germanium (HPGe) and
Lanthanum Bromide (LaBr3:Ce) detectors is used to detect the de-excitation γ rays. Two techniques are used to produce
the photon beam resulting in different accuracy on the measured quantities.

The photon beams produced by bremsstrahlung are generated from the interaction of an electron beam with a radiator
material (such as silver, gold, copper etc.). The photon flux and energy end point depend on the atomic number of the
radiator material and the energy of the incident electrons. A partial polarisation of the photon beam could also be achieved.
The photon beam obtained with this method is characterised by a continuous energy spectrum with an intensity that
decreases exponentially with increasing photon energy. Although the continues nature of the beam spectrum allows the
extraction of absolute cross sections using a well known calibration source (typically 11B) to deduce the photon flux, the
energy of the individual incoming photons is not known. This implies that assumptions on the branching ratios and feeding
from high-lying states on the measured γ -ray transitions need to be made in order to deduce the incoming photon energy,
the corresponding integrated scattering cross section, and the ground state decaying width Γ0 of the populated excited
states. Ratios of the integrated cross sections obtained at different electron beam energies could be used to filter out
the feeding contributions [29]. The γ ELBE facility at the Helmholtz-Zentrum Dresden-Rossendorf [30] and the Darmstadt
High Intensity Photon Setup (DHIPS) at TU Darmstadt [31] in Germany are among the bremsstrahlung-beam facilities that
extensively contributed in the study of the PDR below particle emission threshold. A considerable improvement to this
NRF technique is the possibility to estimate the energy of the incident photons event by event. This allows to constrain
the energy of the excited levels and to determine with more accuracy the scattering cross section. For the bremsstrahlung
beams this condition can be achieved by measuring the energy of the scattered electrons in coincidence with the decaying
γ rays. The resulting photon energy will be therefore given by the difference between the electron beam energy and the
‘‘tagged-electron’’ energy (the recoil energy of the target nucleus is a small correction and within the obtained energy
resolution). The energy calculated as such is a good approximation of the real photon energy for thin radiator materials
where only one interaction per electron is expected.

The second NRF method is based on the possibility to obtain quasi-monoenergetic photon beams with relative high
intensities. This condition is achieved by exploiting the Compton scattering of low-energy laser photons off electrons
accelerated to ultra-relativistic energies using storage rings. In fact, in head-on collision, the energy of the scattered
photons depends on the scattering angle reaching a maximum boost for backscattering angles (θγ = π ). At this angle
the energy of the scattered photon can be approximated to Emax

γ ≈ 4γ 2Elaser (where γ indicates the relativistic Lorentz
factor of the electrons and Elaser the energy of the primary optical photons). With this method, refer to as Laser Compton
Backscattering (LCB), it is possible to select monoenergetic photons by using specific collimator systems and producing
fully polarised beams (the polarisation of the initial laser photons is maintained by the Compton scattering mechanism).
The energy of the produced photon beam depends on the energies of the electron and the laser-photon beams. For laser
4
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Fig. 1. A schematic representation of the decay of the PDR excited using LCS beams.

n the optical range and electrons of several hundreds MeV, photons of few MeV can be produced with an energy spread
Eγ /Eγ (FWHM) of about 3%–5%. Few of LCB facilities are available in the world and among them the High Intensity γ -ray

Source (HIγ S) at the Duke Free Electron Laser Laboratory at Duke University [32,33] in the United States is currently the
most used facility to study the low-lying dipole strength. One of its advantages is the coupling of the quasi monoenergetic
HIγ S beam to the high-resolution and high-efficiency γ 3 setup [34] that allows a more detailed understanding of the PDR
decay via the use of γ –γ coincidence detection. A schematic representation of the decay of the PDR is depicted in Fig. 1.
The photoabsorption cross section σγ (orange arrow) is indirectly measured via the γ decay of the excited strength:
σγ = σγ γ + σγ γ ′ . The quantity σγ γ represent the total elastic cross section derived from the contribution of all the
transitions (in peaks and unresolved) depopulating the excited region (green arrows). The mixed composition of the γ 3

array (HPGe + LaBr3:Ce crystals) permits the detection with high-resolution of the strength in peaks and also an efficient
measurement of the unresolved strength cause by the weak ground-state transitions. The second contribution to the total
cross section comes from the inelastic component of the decay (blue arrows). Those transitions predominately decay via
the first low-lying states (mainly the first 2+

1 as shown via statistical model calculations [35]). Therefore the intensity
of the low-lying level decays is proportional to this contribution. A small percentage of the decay could go via higher
excited states (grey arrows) and will not be detected with the method described. This missing strength will produce
an underestimation of the σγ γ ′ ; although according to statistical calculations it account for few percentage of the total
strength. The discrimination between the cascade decay and the direct decay of the pygmy states can also be extracted
via γ − γ coincidence matrix. In Section 3 results obtained with this method are shown.

A higher sensitivity in the discrimination between multipolarities is also achieved using the complete polarisation
capabilities of the LCB beams as demonstrated in recent experiments [28,36,37]. Among the future LCB facilities, it is
worth to mention the Extreme Light Infrastructure-Nuclear Physics (ELI-NP) in construction at Magurele, Romania [38]
which will provide extremely intense monoenergetic photon beams (Nγ ∼ 1011 γ /s, Eγ = 1–19.5 MeV) with very high
resolution (<0.5%). The superb characteristics of this beam will allow an accurate screening of the E1 strength below
and, above particle emission threshold and together with the detection system ELIGANT-GN (ELI Gamma Above Neutron
Threshold-Gamma Neutron) [39–41], a measurement of the γ -ray and neutron decay could be studied with high efficiency.

2.2. Particle-induced reactions

For these probes, the reaction mechanism is governed by the electromagnetic and nuclear interactions inducing
excitations of different spin/parity states that could have comparable probabilities. Even though this fact would affect
the selectivity in exciting the electric dipole strength, different experimental techniques are used to overcome this issue.
In particular, the interplay of the two interactions can be tuned by adjusting the characteristics of the projectile, such as
mass, charge, energy and scattering angle.

2.2.1. Inclusive measurements
The use of relativistic-proton beams detected at scattering angles around 0◦ by high-resolution magnetic spectrometers

proved to be a powerful method to identify the electric dipole contribution around particle emission threshold [42]. In this
experimental conditions, in fact, the Coulomb excitation dominates the total cross section together with the strong spin–
isospin part of the effective proton–nucleus interactions implying a greater selectivity to dipole transitions. To disentangle
5
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E1, M1 and other multipolarity contributions, two independent processes are used: the multipole decomposition analysis
(MDA) of the cross section angular distributions and the polarisation transfer coefficients analysis [43] making use of
a polarisation proton beam. The Research Center for Nuclear Physics (RCNP) [44] in Japan, and iThemba LABS [45] in
South Africa, are the two facilities capable of performing such experiments. The beam energy available can reach up to
300–400 MeV at RCNP and 200 MeV at iThemba LABS. Their magnetic spectrometers Gran Raiden and K600, respectively,
are used in dispersion matched mode to detect the scattered particles with very high resolution. The energy resolution
achieved is around 25–30 keV (FWHM) for thin target (∼ 0.5 mg/cm2). The measured energy range explore simultaneously
he region below and above particle emission threshold allowing the investigation of the total E1 strength in one single
xperiment. Additionally, since in this method the E1 excitation is dominated by the Coulomb interaction it is possible to
onvert the measured (p,p’) cross section in terms of photoabsorption cross section or B(E1) strength by using the virtual
hoton method described in [46].
Driven by the question around the collectivity of the PDR [14,15,47–54], transfer reactions, such as (d,p) or (p,d),

ave been recently used to investigate the neutron single-particle character of these low-lying states [55]. To select the
irect component of these reactions, the scattered particles can be detected by high-resolution magnetic spectrometers
t forward angles. In general, the assignment of the multipolarity of the states excited with this method is not unique and
herefore comparison with other experiments and theoretical calculations is crucial to draw conclusions on the pygmy
tates. The measurement of the cross section at different scattering angles allows the identification of the angular-moment
ransferred, by means of DWBA calculations based on theoretical models describing the PDR. It is also possible to extract
he spectroscopic factors which quantify, in a model dependent way, the p–h configurations contributing to the wave
unction of the excited states studied. The first results obtained with this technique are discussed in Section 3.

.2.2. Exclusive measurements
The inelastic scattering of particles and light-nuclei at intermediate energies (20–30 MeV/A and for protons up to

0 MeV) was used in recent years to investigate the nature of the pygmy dipole states by mean of the nuclear interaction.
heoretical calculations showed that at these beam energies the excitation of the PDR is enhanced in comparison to the
VGDR contribution [56]. Moreover these probes explore mainly the superficial part of the transition densities of the PDR
n the target nuclei showing different aspects of the strength when compared with photons or relativistic protons. The
sospin character of the excited transition can also be studied by using different type of probes. In particular, experiments
onducted using α-particles, 17O and protons show an interesting characteristic of the pygmy states compare to what
as known previously. These experiments were based on the detection of the scattered beam at forward angles using
agnetic spectrometers (BIGBITE at KVI [57–62] and Gran Raiden at RCNP [63]) or silicon-detector arrays (TRACE at INFN-
NL [8,64–68]). The γ -decay from the PDR was measured in coincidence with γ -ray spectrometers (HPGe detectors at KVI,
AGRA at RCNP and AGATA at INFN-LNL). The particle(recoil)-γ coincidence allows the selection of the E1 strength via
he angular correlation W (θγ ) of the outgoing products. Theoretical calculations using the experimental setup conditions
predicts a very distinct behaviour of the W (θγ ) for dipole, quadrupole and octupole transitions. By comparing these
expected functions with the values extracted from the experiment and combining the known information from NRF
measurements, it is possible to assign the corresponding multipolarity to the observed transitions. The advantage of
using the γ spectrometers of new generation, such as AGATA [69,70], allows the determination of the measured angular
distribution in an almost continues way. The results of these experiments were compared with the one from (γ , γ ′) and a
clear distinction in the population of what was associated to the pygmy strength in previous experiments was observed.
The probes with a dominant isoscalar character and with a tendency to excite the peripheral part of the nucleus (i.e. α,
7O and protons at low/intermediate energies) excite exclusively the lower-energy region of the PDR while the photons,
hat probe the entire nuclear volume, populate also the high-energy part of the strength. It should be stressed that this
omparison is conducted by imposing a selection of the states that decay directly to the ground state (i.e. Ex ≈ Eγ ) in
ll the experiments considered. Therefore, since the same quantity is compared, one expect that the discrepancy seen
etween the probes is not associated with missing branching ratios to low-lying states or cascade decays. This behaviour
eems to be a characteristic of the PDR in medium-heavy nuclei and it is commonly refereed to as isospin-splitting or
DR splitting, more details in Section 3. To extract the total cross section, the measurement of all the possible decay
ranches to excited states should be taken into account in addition to the ground state decay. In these experiments, the
pproximation of Γ0/Γ ∼ 1 was used to deduce the excitation cross sections but it seems that, especially for the higher-
nergy states, additional contributions become relevant, see Section 3. Particular note should be given to the (17O, 17O′γ )

experiments where the TRACE + AGATA setup allowed the measurement of the elastic cross section distribution, used to
deduce the optical model parameters for the DWBA calculations of the PDR states. The measured cross sections were well
reproduced by DWBA calculations with microscopic form factors based on Random Phase Approximation (RPA) Relativistic
Quasiparticle RPA (RQRPA) and Relativistic Quasiparticle Time-Blocking Approximation (RQTBA) transition densities in
which clear contribution of the neutrons at the surface was found [56,71,72].

The use of the particle-γ coincidence technique with low-energy beam (10 MeV/A) was also exploited by measuring
the scattered particles at backward angles with silicon arrays such as SONIC at the Tandem accelerator of the University
of Cologne [73,74] and SiRi at the Oslo Cyclotron Laboratory [75]. In these experimental conditions the nucleus as a whole
would be predominantly investigated. A specific analysis method is used to extract the photon strength function (PSF)
from which the PDR could be identified, the so called Oslo-method [76–79]. The method is based on the extraction of the
6
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first-generation γ -rays spectra from the particle-γ coincidences through an iterative subtraction technique. Information
on the level density and the γ -ray strength function can then be extracted from the distribution of these primary γ rays.
his method relies on the validity of the generalised Brink-Axel hypothesis. These results on medium-heavy nuclei show
presence of small deviations from the expected tail of the Lorentzian shape in the region below the neutron separation
nergy. This excess of strength has been assigned to the PDR, although a direct measurement of the multipolarity of this
trength is not possible with this method.
The γ rays following β decays to high-lying states was recently considered as a possible method to investigate the

ygmy dipole states, highlighting the advantage of being able to detect weak branching ratios [80]. The total absorption
amma-ray spectroscopy (TAGS) is the technique used in these experiments to detect the decaying cascades from the
xcited levels rather than only the individual γ rays by making use of large 4π scintillation detectors. The region up to
he q-value for beta decay (Qβ ) can be explored and by choosing nuclei with Jπ = 1− ground state or, more generally,
ow ground-state spin and negative parity, a subset of pygmy dipole states can be excited since the β decay favours
evels with similar spin/parity. The powerful characteristic of the β decay technique is that allows the measurement
of small branching ratios to low-lying states since the background conditions are much reduced compared to photon
scattering experiments where the background from atomic scattering can become an issue. The results obtained with this
method populate a substantial number of pygmy dipole states that have also been identified in (γ , γ ′) reactions. The
measurements of their branching ratios was also obtained. The comparison of population probabilities of β decay and (γ ,
γ ′) experiments guided by the corresponding theoretical calculations can give an alternative insight into the microscopic
structure of the wave functions of the pygmy states. One limitation of this method is the reduced number of nuclei that
can be investigated due to the restriction on possible Q-values to access the PDR region and on the β-decay selection
rules to populated specific final states.

2.2.3. Inverse kinematic method with radioactive beam
The methods discussed so far have shown to be very effective to extract informations on the electric dipole strength

mainly in stable neutron-rich nuclei. Since the PDR is predicted to be related to the neutron excess, different attempts to
investigate more exotic nuclei were made in the past years [81–91]. To explore these nuclei experiments in inverse kine-
matics were performed. This technique comprise the use of radioactive beams generated by the in-flight fragmentation
of a primary beam on light targets (like beryllium). The isotopes of interest are then selected from the secondary beams
using fragment separators. The main facilities used to study the PDR are the RIBF@RIKEN in Japan, FAIR@GSI in Germany,
FRIB@MSU in US and FRIBs@LNS-INFN in Italy. The experimental setups can be divided into two groups according to
which decay, neutron or γ , is used to extract the PDR strength. In the first case, to reconstruct the excitation energy
of the projectile a kinematically complete measurement needs to be performed by detecting the residual nuclei and
the emitted neutrons and γ rays. For these setups a high detection efficiency of the emitted neutrons is essential and
it is usually performed with plastic scintillators walls placed at a large distance from the target position. The outgoing
charged fragments are analysed by combining a dipole magnet located right after the target position to a silicon telescope
array or drift chambers + plastic scintillators placed few metres downstream of the target. The de-excitation γ rays
produced after neutron emission are detected at target position by using a high-efficiency γ -ray spectrometer made of
scintillator detectors. Since this decay might consist of several photons, a high efficiency array is crucial for a proper
reconstruction of the excitation energy. The momentum vectors of the beam, the outgoing fragments and the neutrons
together with the sum of the γ rays are measured and used to extract the excitation energy of the projectile of interest
via the invariant mass method. Setups with this characteristic are present at RIKEN, MSU and GSI. The dipole strength
can be also characterised by measuring its corresponding γ decay. The experimental setups in this case will comprise
of high-efficiency and high-resolution γ spectrometers couple to charge-particle detector arrays as described above. By
selecting the outgoing fragment to be the same as the projectile is possible to measure γ decay spectrum of the excited
nucleus. The dipole response was studied above and below threshold by enhancing either the Coulomb excitation and/or
the nuclear inelastic scattering to resemble the isospin investigation performed in stable nuclei. To this mean accurate
selections of the beam energy, experimental targets and scattering angles were made. The majority of experiments focused
on extracting the isovector response by using high-Z targets (like Pb or Au) and measuring at scattering angles smaller
than the grazing angle to enhance the virtual photon excitation. The isoscalar component was studied in only two nuclei
so far 20O [81] and 68Ni [89] where a liquid helium and a 12C targets were used respectively. The future goal for these
studies will be to expand the nuclear region of investigation to heavy neutron-rich nuclei up to the lead region. This will
be possible with FAIR in the next years. A full energy range of the dipole response measured with higher precision will
also be achieved with the next-generation of experimental instruments providing important information to characterise
this strength.

3. Experimental results highlights

This section focuses mainly on the results obtained in the last few years. To help the reader, a summary on the major
features found over the past decades is also briefly presented, while a more detailed description can be found in previous
dedicated reviews [7–10]. The experimental findings are here grouped into the main points of discussion around the PDR.
7
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Fig. 2. Electric dipole strength distributions measured in 124Sn using with different probes: relativistic protons, photons, α particles and 17O.
Source: Figure taken from [92].

3.1. Strength below particle emission threshold

As expressed in Section 2, there is not a unique technique that could highlight all the characteristics of the low-lying
ipole response in neutron-rich nuclei. Although by combining the results of complementary probes a clearer picture
as drawn over the years. A recent example of this investigation was reported in [92] where the PDR populated using
elativistic protons, photons, α particles and 17O was compared, see Fig. 2.

Two aspects are evident while observing this plot: the results from (p, p′) shows a much stronger population of the
E1 strength above 7 MeV than in the case of a similar probe like photons and secondly the isoscalar component of the
PDR investigated using α and 17O is basically concentrated between 5 and 7 MeV. These differences were found also in
other nuclei such as 112,116,120Sn [92,93], 140Ce [62], 90,94Zr [63] etc. identifying them as general characteristics of the PDR.
Possible justifications for the discrepancies between (p, p′) and (γ , γ ′) results can be attributed to the lack of sensitivity of
the NRF measurements to the unresolved ground-state transitions (see Fig. 1) originating from the high-level density of
the investigated nuclei [29,94,95] and/or to the contribution of the γ decay to excited states that it is usually assumed to
be negligible [35,96,97]. Banking on the high efficiency of the new γ 3 setup at HIγ S it was possible to investigate forward
these two points. From the high efficiency of the LaBr3:Ce detectors and the γ − γ coincidences the contributions from
the unresolved strength and the inelastic cross section were extracted as explained in Section 2.1. Fig. 3 shows the results
for 128,130Te [36]. The two top panels show the extent of the contribution to the total elastic cross section derived from
the unresolved transitions. This fraction is related to the fragmentation of the E1 strength and therefore could be in
percentage different for each isotope. In general, an increasing trend with the excitation energy is found reaching up to
70% at 8.9 MeV for the case of 128Te. This is where the coupling to complex configurations becomes more relevant. In these
regions also the inelastic cross section contribution (coming from the combination of cascade and direct decays) becomes
important as it can be seen in the bottom panels of Fig. 3, especially for the case of 128Te. In this work an estimation
of the direct decay of the PDR to the first excited states (2+

1 ) was also studied and the results are in line with the one
extracted for 140Ce where the fraction of primary transitions to the 2+

1 relative to the ground-state decay was found to
be not-negligible giving important information on the PDR build on excited states. Similar analyses were conducted on
other nuclei [35,37,95,97–99] supporting the importance of including the quasicontinuum and inelastic decay channels
in NRF experiments to obtain a meaningful conclusion when compared with complementary reactions such as inelastic
proton scattering.

The localised enhancement of the isoscalar response deduced by probing the strength with α particles and 17O nuclei
(shown as an example for 124Sn in Fig. 2) was found to be a general characteristic of the low-lying E1 strength [7,8,10].
These findings, when compared with the theoretical interpretation of these states, could trigger a point of discussion on
what can actually be identified as PDR. If we described the PDR as a collection of states characterised by a strong neutron

contributions at the surface, the lower part (below roughly 7 MeV for heavy stable nuclei) would be more appropriately

8
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Fig. 3. Average cross sections measured in 128Te and 130Te with quasi-monochromatic photons. Panels (a) and (b) depict the total elastic cross
section (blue squares) highlighting the contribution of the strength in peaks with green open squares. Panels (c) and (d) shows the photoabsorption
cross sections dividing the contributions into total elastic (blue squares), inelastic (red triangles) component. The total cross section below particle
emission threshold is shown with black circles and the one obtained from (γ , n) measurement is drawn with green diamonds.
ource: Figure taken from [36].

efined as such. In fact, the high-energy part shows a more prominent isovector character with a complex decay pattern
eing more likely to belong to the tail of the IVGDR distribution.

.2. Strength above particle emission threshold

Theoretical calculations have pointed to the PDR as a low-lying dipole strength located around the particle emission
hreshold and related to the neutrons contribution. Most of the experimental work performed focused on stable nuclei
here a signature of this strength was clearly identified below particle emission threshold as a concentration of 1− states

n even–even nuclei. These states show a progressively more complex signature with increasing excitation energy reaching
transition character when located on the tail of the IVGDR. The natural evolution of these studies was to explore the
lectric dipole strength above threshold. The presence of the predicted response was found in several exotic neutron-rich
uclei using virtual photon excitation. The first results found at GSI for unstable neutron-rich nuclei 130,132Sn [88,100]
nd 68Ni [82,86] with relativistic Coulomb excitation have been extensively discussed in previous reviews [7,10]. A clear
xcess of E1 strength on the tail of the GDR was observed in 20,22O, 26Ne, 68,70Ni, 130,132Sn. In most neutron-rich nuclei
he percentage of EWSR exhausted is around 2%–5% and shows an increasing trend for higher values of the N/Z ratio
nd the location of centroid is found to be between 9 and 11 MeV. An interesting study was conducted to explore if the
haracter of PDR above threshold shows the same isospin characteristic of the response below threshold. The experiment
n question was performed using CHIMERA + FARGO arrays at INFN-LNS in Italy [89]. The secondary beam of 68Ni was
delivered via the FRIBs@LNS fragment separator. The isoscalar response was studied using 12C target. After considering
the contribution from statistical decays of 68Ni, the γ -ray energy spectrum showed an enhancement around 10 MeV
proved to be of E1 character after the analysis of the γ -rays angular distribution. The results of the isovector response are
however in disagreement on the location of the centroid of the PDR. In fact in [82] a value of 11.0(5) MeV (σ < 1 MeV)
s reported while in [86] the centroid is given at 9.55(17) MeV (σ = 0.51(13) MeV). However from the comparison of the
wo isovector and the isoscalar excitation results, see Fig. 4, the isospin splitting of the PDR is not evident for the present
ucleus. If this phenomenon is related specifically to the strength above neutron emission threshold or to 68Ni cannot be
oncluded from the available data. To draw a clearer picture of the PDR above Sn is therefore critical to perform more
xperiments with improved experimental conditions, such as better energy resolution and statistics, using a combination
f isovector and isoscalar probes.
9
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Fig. 4. Comparison of the γ -ray differential cross sections and the E1 strength distribution for 68Ni obtained in [82,86,89], respectively.

3.3. Collectivity

A (d,p) transfer reaction was recently used to investigate the neutron single-particle character of 208Pb [55]. The
experiment was performed at the Q3D spectrograph of the Maier-Leibnitz Laboratory, Germany [101]. The deuterons
10
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Fig. 5. Experimental results obtained for 208Pb in (d,p) reaction in comparison to a selection of other experimental data on the PDR and with
theoretical calculations.
Source: Figure taken from [55].

were accelerated to 22 MeV and a 99% enriched 207Pb target on a Carbon backing (thickness 0.11 mg/cm2) was used.
The angular distribution of the scattered particles was measured at three different scattering angles (20◦, 25◦, 30◦). A
resolution of 6 keV (FWHM) was achieved, allowing the identification of several known 1− states in the PDR region.
The data were compared with Large Scale Shell Model (LSSM) [102] and Energy-Density Functional plus Quasiparticle
Phonon Model (EDF + QPM) [103] calculations. Two 1− states at 5292 and 5947 keV were strongly excited via the (d,p)
reaction (panel (a) of Fig. 5) and their angular distributions showed a dominant contribution of the two distinct neutron
11
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1p–1h configurations (namely (3p1/2)−1(4s1/2)+1
[S = 0.77(4)] and (3p1/2)−1(3d3/2)+1

[S = 0.66(4)] respectively). These
results are in good agreement with the LSSM (from panel (e) to panel (i) of Fig. 5) and EDF + QPM (from panel (j) to
panel (m) of Fig. 5) where both calculations predicts the strength coming from the (3p1/2)−1(4s1/2)+1 concentrated in one
state while the (3p1/2)−1(3d3/2)+1 is more fragmented in the case of LSSM calculations. Consistency in the total strength
predicted by the two models and the experiment was found. However, the two theoretical models do not generate enough
spectroscopic strengths above the neutron separation energy. The summed transition densities of the first 1− states show
characteristics which are in agreement with the oscillation of the neutron skin and completely different from the IVGDR.
A distinction is observed above 7.5 MeV, where, as predicted by both LSSM and EDF + QPM models, 2p–2h configurations
contribute substantially to the wave function.

The question on the collectivity was studied also in 120Sn [104] where a (d, p′ γ ) reaction was used to investigate
the single particle nature of the pygmy states. A deuteron beam (Ed = 8.5 MeV) was provided by the 10 MV FN-Tandem
accelerator laboratory at the University of Cologne, Germany. The SONIC@HORUS allowed combined detection of the
outgoing protons and the de-excitation γ rays. The multipolarity of the excited states was determined using proton-γ
correlations. The experimental results were compared with EDF + QPM calculations. Also in this case two dominant
configurations were identify to contribute mainly to the states between 6 and 7 MeV while for the high-energy part is
predicted to have more complicated 2ph + 3ph configurations. It will be important to expand these measurements to mass
regions with different proton and neutron number where other underlying single-particle structures can be investigated.

3.4. Role of deformation

If we associate the PDR with the picture of a neutron skin oscillating against an isospin saturated core one could expect
a splitting of the dipole response in deformed nuclei similar to the one observed for the IVGDR where a double-humped
structure is visible for the most deformed nuclei. This structure is commonly associated with different frequencies of the
longitudinal (K = 0) and transversal (K = 1) vibrations respect to the symmetry axis. Experimental information on the
PDR in strongly deformed nuclei is currently limited to few measurements recently performed [105–108]. The response
of 76Se (β2 = 0.309(4)) above 4 MeV was studied using quasi-monochromatic gamma beam at the HIγ S facility [108].
The E1 strength obtained did not show any clear evidence of a splitting distribution in this nucleus. From the theoretical
interpretations obtained using a Time Dependent Hartree Fock (TDHF), the picture of the PDR – as the isospin saturated
core vibrating against the neutron skin – was not validated probably in connection to the low excess of neutrons in this
specific nucleus. A strong remark was made on the importance to account for the contribution of the branching to excited
states in the estimation of the total dipole strength as previously commented in Section 2.1. In [107] the authors compare
the summed B(E1) measured between 6 and 8 MeV for the Xe and Mo isotopic chains by trying to correlate the strength
with the neutron excess ratios and the quadrupole deformation parameter β2. The general trend observed is an increase
of the strength with N/Z ratio for both Mo and Xe isotopes while a decrease with deformation is seen in the Xe chain.
Overall in this study it seems that the deformation does not induce a considerable effect on the total strength found in
these neutron-rich nuclei. Even though some attempts were made to gain information on deformation in the PDR, the
results extracted in these experiments are unfortunately inconclusive to give any final answer to this question.

To have a better indication of the connection of the PDR structure with the K-quantum number its γ decay has to be
measured. In fact, the K-quantum numbers of the excited states can be determined by comparing their decay branching
ratios to the ground state band with the predictions of the Alaga rules [109,110]. According to the rule for quadrupole
deformed nuclei, a 1− state of pure K-number is expected to have the following ratio:

R =
B(E1; 1−

−→ 2+

1 )
B(E1; 1− −→ 0+

1 )
=

{
2.0 for K = 0
0.5 for K = 1 (2)

The task of measuring this ratio for the pygmy states is non-trivial especially due to the fact that, for the strongly
deformed nuclei, the first 2+ state is energetically very close to the ground state making very difficult to distinguish this
decay to the ground state one. An example of this is discussed in [37] where the PDR in 164Dy (β = 0.3486(21)) was
tudied via (γ , γ ′) reaction at HIγ S. Even if a good beam resolution (FWHM), around 3% of the beam centroid energy, was
chieved it was not sufficient to clearly separate the contributions of the PDR decay to 2+

1 state (E(2+

1 ) = 73.393(5) keV)
rom the one to the ground state, see top panel of Fig. 6. Therefore, a complementary estimation of the branching ratio
as extracted by using the mean azimuthal asymmetries ⟨ϵ⟩ of the transitions. Ground-state decays are characterised by
ϵ⟩ ≈ ±1 according to the E1 or M1 multipolarity of the transition as depicted in Fig. 6 (bottom panel). The decay via
he 2+

1 gives an almost isotropic distribution inducing a deviation of ⟨ϵ⟩ from the ground state values. By observing the
xperimental ⟨ϵ⟩ values in the PDR region a reduction from the E1 expected value was found and associated with the
resence of a mixing between the decays to the 2+

1 state and to the ground state. The authors concluded, from the results
xtracted, that no evidence for a splitting of the PDR built on the ground-state band was visible in 164Dy. This conclusion
as also reached for another rare-earth nucleus, 156Gd, in [99]. These works underline the need of a much small energy
pread of the photon beam to provide significant advantages for a clean separation of the decays to the ground state and
he first excited state. This will be possible with the LCB beam at ELI-NP where a spread of less than 1% could be achieved.
12
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Fig. 6. Top panel: Determination of mean branching ratios to the ground state and first 2+

1 state for a beam energy of Ebeam = 5.8 MeV. Gamma ray
pectrum of 164Dy excited with LCB beam of 5.8 MeV. The grey spectrum is the original one while the blue is deconvoluted and background-corrected.
he decay to the ground state and the first excited state are also depicted. Bottom panel: Mean azimuthal asymmetries for PDR region measured
n 164Dy.
ource: Figures taken from [37].

.5. The neutron excess and the other multipolarities

After the extensive work on the PDR in neutron-rich nuclei, a natural question was raised from theoretical works, see
ection 7, on the possibility that the neutron skin could affect other multipolarities. The experimental methods described
n Section 2 could be used to address this concern and results on the quadrupole component were extracted [65,111,112].
earning from the features found for the dipole case, the experiments were set to look for specific characteristics in the
uadrupole response: presence of a group of 2+ states in a energy region between 2.5–5 MeV, presence of isospin mixing in
heir structure, and strong decay to the ground state. The difficult part for this multipolarity is that similar characteristics
ould be found for multi-phonon excitations making conclusive statements even more complicated than for the E1 case.
he first experimental evidence of a concentration of 2+ states was extracted from the experiment conducted with a
7O beam on 124Sn using a particle-γ coincidence setup (TRACE + AGATA) as described in Section 2.2.2. A group of new
ransitions decaying to the ground state with energies between 3 and 5 MeV was found and identified to be of E2 origin
ia the angular distribution analysis. The measured energy and intensity distributions of these 2+ states were found to be
ery similar to QPM calculations providing a reasonable ground to infer the evidence of PDR-like mode in the quadruple
hannel, referred to as Pygmy Quadrupole Resonance (PQR). An attempt to critically disentangle the one-phonon response
rom the multi-phonon one expected in the same energy region was performed when a comparison between the results
rom a (α, α′γ ) and a (γ , γ ′) experiments on 124Sn was done in Ref. [111]. The ground state γ -decay branching ratio
0 = Γ0/Γ , with Γ0 being the ground state width and Γ the total width, was obtained. A predominant grounds-state
ecay, identified in the value of b0 being greater than 0.5, was consider a signature for one-phonon type excitations.
everal transitions with this characteristics were observed in the region 2–5 MeV. The authors therefore conclude about
he presence of the PQR in this nucleus. The experimental and theoretical investigations of the PQR were then extended
o two other Sn isotopes (i.e. 112,114Sn) to describe the evolution of this strength with charge asymmetry [113]. The
xperimental technique used in this case was based on (p, p′γ ) Doppler-shift attenuation (DSA) coincidence measurements
13
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performed at the SONIC@HORUS setup. The B(E2) strengths, the ground-state and 2+

1 -state γ -decay branching ratios could
be extracted from the measurement and critical comparison with QPM calculation was conducted. The outcome was also
in this case supporting towards the existence of a new quadrupole mode in nuclei with neutron skin. In fact, in addition
to the features found in previous experiments, the EDF + QPM calculations of neutron-skin thickness and B(E2) transition
probabilities indicate an increase of the total PQR strength with the neutron excess. Multi-phonon excitations were also
present in the PQR region. However, this contribution was found to be less important in the decay of the PQR preserving
the relationship between the total PQR ground state transition strength and the neutron-skin thickness. An extended
discussion on this topic is presented in Section 7.

4. Theoretical approaches

4.1. Macroscopic models

The gross features of collective excitations are fairly well described by macroscopic models which are based on classical
or semiclassical theories. These approaches rely on the fact that the nucleus can be thought as a liquid drop composed of
protons and neutrons fluids that are allowed to undergo small collective oscillations around the equilibrium. They may
show up as neutrons and protons in-phase motion (isoscalar mode) or in a out-of-phase displacement (isovector mode).
These are also usually classified into two different kind of motion, one related to the surface oscillation and another to the
compression mode. In the first case the surface is expanded in terms of spherical harmonics to describe the small harmonic
oscillations. Their coefficients obey a harmonic Hamiltonian which describes the surface oscillation via the restoring force
and the inertial mass of the liquid. This approach is valid for modes whose angular momentum λ is larger or equal to two.
he compressional modes are better described by a density oscillation around its equilibrium density and the equations
f motion of the fluids are governed by the hydrodynamic equations. For more details see Ref. [114,115] and references
herein.

Just after the discovery of the GDR [116] few attempts were made to describe this resonance and among them the
heory formulated by Goldhaber and Teller [117] (GT) was the first one. They interpreted the GDR as a different resonance
rom the one generated by the nuclear levels such as caused by the collective motion of all the proton of the nucleus in
ne direction and the motion of the all neutrons in the opposite direction. This gives rise to a dipole vibration whose
requency was calculated and compared to the available experimental data. The model assumes that the protons and
eutrons are incompressible fluids, have a spherical shape and during the displacement the surface of the two fluids do
ot overlap. In the liquid drop model, the part of the energy that changes when the protons moves with respect to the
eutrons is the symmetry energy. Under the assumption that the potential varies quadratically with small displacement
alues, the frequency of the mode depends on the nuclei mass number as A−1/6. This trend was in good agreement with

the data known at that time.
Few years later Steinwedel and Jensen [118] (SJ) build up another macroscopic model for the GDR which was already

considered as an other possible model in Ref. [117]. Within a hydrodynamical approach, it is assumed that both fluids
are compressible and irrotational however the total fluid must be incompressible. Therefore in this model there is no
separation between protons and neutrons at the surface but only a variation of their densities. The GDR is obtained as a
density oscillation of the protons against the neutrons and the resonance energy is related to the restoring force of the
vibration. The latter can be deduced from the symmetry energy

Es = as

∫
(ρn(r⃗, t) − ρp(r⃗, t))2

ρ0
dr⃗ (3)

with ρn and ρp the neutron and proton densities and ρ0 the total nuclear density, ρ0 = ρn + ρp. The symmetry energy
parameter as, in the Bethe–Weizsäcker mass formula, has a value of about 20 MeV. The A dependence of the GDR centroid
goes as A−1/3 which seems more appropriate for heavy nuclei than the A dependence of the GT model (A−1/6) that works
better for light nuclei. Apart from the different energy prediction, the important distinction between the two models
reside in the different radial form factors associated to them, as we will see in Section 5.1.

The classical hydrodynamic model of SJ was extended to a three fluid model [119] in order to account for the nuclei
with neutron excess. In this version the three fluids arise from the protons and the neutrons, occupying the same orbitals
in the core, and the excess neutrons. The oscillatory motion of the three fluids was taken into account with the condition
that the density should remain constant inside the nuclear radius R

ρp + ρnb + ρne = ρ0 = constant for r ≤ R (4)

where the subscript p, nb and ne refers to protons, neutrons bounded at same orbital of the protons and neutrons in excess,
respectively. Furthermore, there are no surface vibrations allowed and the three fluids are supposed to be compressible

ρi + divρiv⃗i = 0, i = p, nb, ne (5)

the v⃗i are the local flow velocity of the fluids. Considering all the possible vibration modes, a Lagrangian can be written
taking into account the damping due to friction and interaction with the electromagnetic field. Then, neglecting all second
and higher order terms in the velocities (an usual approximation in hydrodynamics), the equation of motion can be
14
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obtained. Differently from the two-fluid model, where there is only one allowed dipole mode, in this three-fluid model
two independent dipole modes exist. In fact, taking 208Pb as a explanatory example two dipole resonances are found at
13.3 and 4.4 MeV. The resonance at higher energy is in agreement with the experimental GDR peak while the low-lying
one, showing a much smaller strength, has an energy very close to the one found by Lane [3].

A disadvantage of this model is that there are three parameters needed for the restoring forces of the three fluids.
This can be partially avoided by assuming that the protons and neutrons that occupy the same nuclear levels, move
simultaneously forming a unique core fluid, ρc = ρp +ρnb, with a displacement in the opposite direction of the remaining
excess neutron ρne as discussed in Ref. [120]. This classical hydrodynamic model is conceived to study the PDR mode
considered as produced by an out of phase oscillation of the core against the neutron excess forming a kind of skin. A fair
agreement with the available experimental data was achieved [120].

The picture of the PDR as generated by an oscillation of the core against the neutron skin is common in most of the
literature although does not coincide, in many details, with the outcomes of microscopic theories, as we will see in the
following sections. Nevertheless, if one wants to stay attached to a macroscopic view of the mode this is the most logical
way to picture it. As stated in Ref. [121], ‘‘The presence of such a mantle of dominantly neutron matter’’ should affect
some properties of the collective modes or give rise to new ones. The authors of Ref. [121] allowed the displacement
of the core in opposite direction of the one of the skin, using the GT model. In this approach the restoring force is not
obtained via the symmetry energy but rather evaluating the potential energy as function of the linear displacement. In
the case of the GDR, the change in the neutron–proton interaction, responsible for the oscillations is

∆VGDR(z, Rn, Rp) = VGDR(z, Rn, Rp) − VGDR(z = 0, Rn, Rp) (6)

with

VGDR(z, Rn, Rp) = K
∫
ρn(r + zn, Rn)ρp(r − zp, Rp)dr (7)

where z = zn + zp is the relative displacement of the neutron and proton densities and the strength K can be obtained
by the volume integral of the nucleon–nucleon interaction. The presence of the neutron skin does not have a prominent
effect on the deduced GDR energy because the percentage of the neutron of the skin is small compared to the bulk motion
of all neutrons. The effect is greater in the case of the PDR, its energy is evaluated relative to the GDR and the classical
sum rule is satisfied, a result similar to the one obtained in Ref. [120].

Along a somewhat similar approach Bastrukov et al. [122] have considered the macroscopic excitation mechanism
of the PDR as related to an elastodynamic excitation in which the nucleus is considered as a spherical piece of elastic
continuous medium – a core – with a normal nuclear and electric charge densities uniformly distributed surrounded by
a layer. The excitation mode in this case is therefore generated by the oscillation of the layer against the core induced
by the elastic restoring force. The total dipole strength of the electromagnetic response was computed as squared dipole
moment of the charge-current density showing a reasonable agreement with the experimental data. A fair agreement was
also found for the energy of the low dipole mode where it is predicted to decrease with the mass number of the nuclei as
EPDR ≈ 31A−1/3 MeV. Describing the PDR as an elastodynamic excitation mechanism implies the isoscalar nature of this
soft mode.

Within the macroscopic models one can derive expressions for the transition densities and/or radial form factors. We
will deal with these approaches in Section 5.1.

4.2. Microscopic models

The most detailed description of the structure of medium- and heavy-mass nuclei relies on the microscopic self-
consistent mean field models based on effective interactions. These theories have been applied successfully to describe
the ground state properties of the nuclei as well as the their excited states including the Giant Resonances (GRs). This
description of the nuclear structure includes an accurate explanation of the damping mechanism of the collective states
related to the width of these states. All these mean-field approaches have been extensively applied in the studies of the
low-lying dipole states where even the most simple one, such as Hartree–Fock (HF) plus Random Phase Approximation
(RPA), reproduce very well the main properties of the PDR. In this section, the main mean-field approaches are presented
starting from the HF + RPA, and their extension to treat open-shell nuclei as the Quasiparticle RPA (QRPA) and its
Relativistic version (RQRPA). Following with the more sophisticated ones where the coupling of the elementary one-
particle one-hole (1p–1h) excitations with more complex configurations are taken into account. The approaches that
include the coupling with multiphonon states are presented in the last subsections.

4.2.1. HF plus RPA
The Hartree–Fock method consists in constructing a self consistent mean field [123], describing the interaction

generated by all the nucleons of a nucleus, from an effective two-body interaction. Starting from a trial wave-functions,
the Schödinger equation is solved iteratively until self consistency is obtained. The method relies on the use of effective
nucleon–nucleon interactions which are derived from a bare nucleon–nucleon one. They contains several parameters
which are fitted to reproduce the ground state properties of nuclei. The most used is the zero-range Skyrme interac-
tion [124] where the three-body term is expanded at low order. With this force the nuclear binding energy and the
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nuclear radii for many nuclei along the periodic table were reproduced with the same set of parameters [125]. Another
largely used force is the Gogny interaction [126] which is a finite range force obtained by replacing parts of the expression
of the Skyrme force with Gaussians. That was necessary to overcome the difficulty of the Skyrme interaction to correctly
describe the pairing correlation in nuclei. Many parameterisations of both forces are available but only few of them are
currently used, because able to describe with equal accuracy the ground state properties of stable nuclei. For closed-shell
nuclei the average nuclear interaction obtained with the Hartree–Fock method is not only able to predict the ground
state properties but also to reproduce the correct order of the single-particle levels. The most elementary excitation are
the one-particle one-hole (1p–1h) excitations which are generated by the promotion of a particle above the Fermi level
leaving a hole in the level below it. These 1p–1h excitations can be mixed by the residual interaction, namely the difference
between the two-body interaction and the mean field obtained by the H–F method. Each p–h configuration has a definite
angular momentum which is given by the coupling of the spin and angular momentum of the corresponding states. The
residual interaction allow the coherent mixing of p–h configurations with the same angular momentum giving rise to a
collective state. The Tamm–Dancoff Approximation (TDA) consists in diagonalising the residual interaction in the 1p–1h
space without taking into consideration the ground state correlations [123]. The energies of the states depends on the
matrix element of the p–h configurations that are different from the unperturbed ones. In particular, for the states of
isovector nature (with isospin T = 1) the two-body matrix elements result to be positive in contrast to the isoscalar
(T = 0) ones that are negative. This induce the collective isovector and isoscalar states to be pushed up and down in
comparison to the corresponding unperturbed levels. In general the TDA works very well however some experimental
feature are not well predicted. This is due to the fact that in this approximation the excited states are constructed upon
an uncorrelated ground state, i.e. an HF Slater determinant. This correlations can be implemented by recurring to the
Random Phase Approximation (RPA) they allow that the nucleus can be excited through the creation of a particle–hole or
the annihilation of the p–h pair present in the ground state. The RPA equation can be deduced by the equation of motion
method [123,127] where an excited state |Ψν⟩ is described as superpositions of p–h and h–p configurations with respect
to the correlated ground state |Ψ0⟩

|Ψν⟩ = q†
ν |Ψ0⟩ . (8)

The ground state is defined as the vacuum of the qν operator

qν |Ψ0⟩ = 0 . (9)

The explicit expression of the q†
ν operator is

q†
ν =

∑
ph

[
Xνpha

†
pah − Y νpha

†
hap

]
. (10)

where the amplitude X and Y are solutions of the RPA secular equation. Since these p–h amplitudes can be written as

Xνph = ⟨ν|a†
pah|0⟩ (11)

Y νph = ⟨ν|a†
hap|0⟩, (12)

their absolute square gives the probability to find the configuration a†
pah|0⟩ and a†

hap|0⟩ in the excited state ν. The term Y
describes the correlation in the ground state. When the Y amplitudes are zero the equations reduce to be the TDA ones.

The RPA equation are written in compact form as(
A B
B∗ A∗

)(
Xν
Y ν

)
= h̄Eν

(
Xν

−Y ν

)
(13)

here the matrix A and B are

Aphp′h′ = ⟨HF |a†
hap[H, a

†
p′ah′ ]|HF⟩ (14)

Bphp′h′ = −⟨HF |a†
hap[H, a

†
h′ap′ ]|HF⟩ (15)

here it has been assumed that the correlated ground state is not much different from the Hartree–Fock ground state |HF⟩

nd therefore the expectation values can be calculated using the |HF⟩. This is known as the quasi-boson approximation.
More details, including explicit expressions which take care of the coupling to total angular momentum and isotopic spin,
can be found in Ref. [123,127]. The RPA solutions are composed by superposition of many p–h configurations, that when
they sum up coherently they correspond to collective states. The RPA is the most fundamental approach in describing the
nuclear collective motion. It provides a very good description of the vibrational collective states both low-lying and the
giant resonances. The excitation of these states are calculated using operators which describe the action of electromagnetic
(isovector) or hadronic (isoscalar) external fields. They are usually expressed in terms of Bessel functions and in the case
of dipole states their explicit expressions, in the long wavelength limit, are given by

O(IV )
1M =

eN
A

Z∑
rpY1M (r̂p) −

eZ
A

N∑
rnY1M (r̂n). (16)
p=1 n=1
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where the effective charge for protons ( eNA ) and neutrons ( eZA ) have been introduced to remove the centre of mass motion
hich is a spurious translational mode. For the dipole isoscalar operator the lowest term of the expansion correspond to
spurious translational motion and therefore the next-order term which correspond to a 3h̄ω dipole nuclear transition

s considered and the leading-order dipole transition operator can be written as

O(IS)
1M =

A∑
i=1

(r3i −
5
3
⟨r2⟩ri)Y1M (r̂i) (17)

here the term ( 53 ⟨r
2
⟩) has been introduced to eliminate the spurious contribution of the centre of mass. The reduced

ransition probability from the ground state to the excited state ν can be written as

B(Eλ, 0 → ν) =

⏐⏐⏐⏐∑
ph

(Xνph − Y νph)⟨p∥Oλ∥h⟩
⏐⏐⏐⏐2 =

⏐⏐⏐⏐∑
ph

bph(Eλ)
⏐⏐⏐⏐2 (18)

where ⟨p∥Oλ∥h⟩ are the reduced multipole transition amplitudes associated with the elementary p–h configurations. The
bph(Eλ) can be considered as the partial contribution of a p–h configuration to the reduced transition probability for
the given state. Another very important quantity that can be calculated within the RPA is the transition density which
describes the characteristic of the excited state. In particular, information on the type of excitation (volume or surface)
or whether neutrons and protons are in- or out-of-phase can be deduced establishing, in this way, their isoscalar or
isovector nature. It is important to stress that the transition density can be directly related to the radial form factors and
consequentially to the inelastic cross sections. Although they are not a measurable quantity per se their features are of
paramount importance for a good description of the experimental data. The radial part of an RPA transition density for a
state ν with an angular momentum λ can be written as

δρν =
1

√
4π

∑
ph

ĵp ĵh
λ̂

(−)jp+jh−
1
2 ⟨ jh

1
2
jp −

1
2
|λ0⟩δ(λ+ lp + lh, even)[Xνph − Y νph] Rlpjp (r)Rlhjh (r) (19)

here the X and Y are the RPA amplitudes, λ̂ = 2λ + 1, l and j are the angular and the total momentum of the single-
article states and the R’s their radial wavefunction which are solution of the HF equations. The transition densities for
rotons and neutrons can be calculated by running the summation separately over the number of p–h configurations of
rotons and neutrons respectively and the isoscalar and isovector transition densities can be constructed as

δρνIV (r) = δρνn (r) − δρνp (r) (20)

δρνIS(r) = δρνn (r) + δρνp (r) (21)

The first studies of the effect of the neutron excess on collective states in nuclei far from the stability valley were carried
ut within the HF plus RPA approach [128–132]. It turns out that while the effect on the monopole and quadrupole states
s moderate, the one on the dipole states is stronger. As an example, the first calculation performed on a set of calcium
nd oxygen isotopes is here presented. The calculations were done employing a SGII Skyrme interaction [133,134] in a
iscrete RPA, where the system is confined in a large box so the continuum is discretised. As it is shown in Fig. 7, the
ffect of the neutron excess is the spreading of the isovector dipole strength. The increase in the neutrons number reflects
n a shift of the strength towards lower energy resulting in a peak at around 10 MeV. Also the centroid of the strength,
orresponding to the IVGDR, is moving downwards with a displacement larger than the A−1/6 dependence predicted
y the Goldhaber–Teller model [114] and more in line with the trend of A−1/3 expected by the of the hydrodynamical
teinwedel–Jensen model [114]. The isoscalar response, obtained by using the operator of Eq. (17), is shown in Fig. 8 for
he same Ca isotopes of Fig. 7. The continuous curves have been obtained by folding the discrete spectrum with Lorentzian
unctions with a width Γ = 3 MeV. We note that the strength is split in two main components whose centroids do not
hange consistently with the increasing neutron number. While the isoscalar GDR (ISGDR) peak around 30 MeV maintains
ts magnitude, the lower one, which is evidently related to the neutrons excess, does increase with the neutrons number.

The presence of a peak in the dipole strength distribution at low energy is also found in stable nuclei with neutron
xcess. Fig. 9 shows the strength function for the isovector (a) and isoscalar (b) response for the 208Pb [14] as example.
he calculation have been performed with a self consistent mean field approach based on HF plus RPA [135] with three
ifferent Skyrme effective interactions, namely SGII [133,134], SLy5 [136] and SkI3 [137]. The continuous curves have been
btained by convoluting the discrete B(E1) values with Lorentzian of 1 MeV width. The three interactions produce very
imilar results for the IVGDR and compatible with the experimental findings. A clear difference is found for the low-lying
eak corresponding to the PDR excitation whose details can be appreciate in the inset of panel (a) of Fig. 9. In panel (b)
he shaded area highlights the PDR region where a very strong isoscalar response is obtained.

Already with this not sophisticate HF + RPA approach one can obtained some of the characteristic features of the
ow-lying dipole states. In fact an isovector strength appears in the low-energy region for nuclei with N > Z while the
soscalar one, present also for nuclei with N = Z, does considerably increase with the neutron excess. These main features
re maintained also when more sophisticated theories are used to describe the structure of the low-lying dipole states as
resented in the next sections.
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Fig. 7. Isovector dipole response obtained in a HF + RPA calculation for four Ca isotopes.
Source: Adapted from Ref. [131].

Fig. 8. Isoscalar dipole response obtained in a HF + RPA calculation for four Ca isotopes. The curves are obtained by averaging the discrete spectra
with a Lorentzian with a width Γ = 3 MeV.
Source: Taken from Ref. [131].

As pointed out before, the transition densities are the fundamental quantities that describe the excitation process of
the considered states. In fact, from their shapes and relative displacement of the proton and neutron transition density
one can infer some of the properties of the state. As an example we show in Fig. 11 the transition densities for the 68Ni
calculated with an HF + RPA with a SGII Skyrme interaction [133,134]. The calculations have been done for three states
belonging to the three highlighted regions of the strength functions, shown in Fig. 10, corresponding to the PDR, IVGDR
and ISGDR modes. Since several states contribute to the three peaks in Fig. 11, an equivalent single state was constructed
with an energy given by the average value obtained by weighting the energy of each single state by their corresponding
B(Eλ) values. Their components are obtained with the constrain that the fraction of the EWSR exhausted is given by the
sum of the EWSR of the considered states. (See also Section 5).

The transition densities for the three states obtained as explained above are shown in Fig. 11. In the upper panels the
neutron (solid red line) and proton (dashed black line) are plotted as function of the radial distance of the nucleus while
the isovector (solid black line) and isoscalar (dot-dashed blue line) ones are separately plotted in the lower panels. In
panel (b) of Fig. 11 the proton and neutron transition densities have opposite sign in all the radial region of the nucleus
and they are in agreement with the macroscopic picture of the IVGDR excitation as due to the out-of-phase oscillation of
the neutrons against the protons of the nucleus. On the other hand the proton and neutron transition densities for the
18
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Fig. 9. Isovector (upper frame) and isoscalar (lower frame) dipole response obtained in a self-consistent HF + RPA calculation for 208Pb. The strength
function were calculated by convoluting the corresponding reduced transition probability with a Lorenzian of 1 MeV width.
Source: Taken from Ref. [14].

ISGDR, in panel (c) of Fig. 11, are in phase in the bulk and on the surface of the nucleus showing an almost pure isoscalar
mode. This isoscalar dipole mode is a 3h̄ω excitation [114]. A different behaviour is found for the transition densities in
panel (a), where the neutron and proton are in phase in the interior of the nucleus while at the surface only the neutron
transition density is different from zero. These behaviour have a consequence on the shape of the isoscalar and isovector
transition densities. The IVGDR has a definite isovector character as can be appreciated in panel (e) while the ISGDR is
clearly an almost pure isoscalar state having the transition density the typical shape of a compressional mode (panel (f)).
On the other hand, the isospin nature of the PDR state is not well definite because both isoscalar and isovector transition
densities contribute. In particular, at the nuclear surface, a similar strength for the isovector and isoscalar component is
predicted due to fact that the contribution come almost entirely from the neutrons. As a consequence, the excitation of
this low-lying dipole mode can also be generated by an isoscalar probe, which in most of the case induce a peripheral
reaction where the contribution of the nuclear surface is predominant. Similar results have been obtained with HF + RPA
calculation with different Skyrme interactions [14,138]

4.2.2. QRPA
The RPA starts from the H–F ground-state wave function where it is assumed a sharp separation between the occupied

and unoccupied levels below and above the Fermi level. This assumption is not satisfied in open-shell nuclei where the
pairing correlation is important and it must be included in the description of the ground-state wave function. This can
be achieved within the Bardeen, Cooper and Schrieffer (BCS) model [123], constructed to determine the ground-state of a
superconductor, where it is assumed that the Fermi surface is diffused meaning that the levels around the Fermi energy
are not completely full or completely empty. Such description is realised using the Bogoliubov transformation

α
†
k = uka

†
k − vka−k (22)

α
†

= u a†
+ v a (23)
−k k −k k k
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Fig. 10. Isovector (upper frame) and isoscalar (lower frame) (multiplied by −1) dipole response obtained in a HF + RPA calculation with a SGII
nteraction for 68Ni. The strength function were calculated by convoluting the corresponding reduced transition probability with a Lorenzian of 1 MeV
idth. The shaded areas underline the energy regions corresponding to the three excitation modes of interest, as indicated in the figure.

here |−k⟩ is the time reversal state of |k⟩ and u2
k + v2k = 1. The parameters uk and vk are determined by the conditions

hat the corresponding energy has a minimum and the expectation value of the particle number operator is conserved.
he self-consistent version of the BCS theory is the Hartree–Fock–Bogoliubov (HFB) theory which is the basis space for
he quasiparticle RPA where the operator responsible for the excitation, in analogy with Eq. (10), is

Q †
ν =

∑
kk′

[
Xνkk′α

†
kα

†
k′ − Y νk′kαk′αk

]
. (24)

ith Qν |0⟩ = 0 for all ν. Where the ground-state wave function (BCS ground state) has the following form

|0⟩ =

∏
k>0

(uk + vkα
†
kα

†
k′ )|⟩, (25)

here |⟩ is the bare vacuum. It is interesting to observe that in the QRPA particle–particle (p–p) matrix elements are
resent in addition to the p–h configurations already appearing in the RPA model. As a consequence now the residual
nteraction, responsible of the inelastic excitation, is formed by a p–h interaction and a p–p interaction.

The QRPA allows to perform calculations to describe the structure of the excited states of open-shell nuclei, stable and
ar from the stability line, for which many of experimental studies of the PDR region have been made (see Sections 2, 3,
nd [7,8,10]). This approach is suited non only for the open-shell nuclei but also for deformed nuclei. In Section 4.3 we
ill discuss the theoretical studies of the PDR in deformed nuclei.
A detailed investigation using QRPA with few different Skyrme effective interactions has been performed for even

a, Ni and Sn isotopes spanning from the proton to the neutron drip line [139]. A spherical symmetry is assumed for
20



E.G. Lanza, L. Pellegri, A. Vitturi et al. Progress in Particle and Nuclear Physics 129 (2023) 104006

s
3

t
h
w
e
T
A
l

w
l
H
f
n
i
w
T

t
m

Fig. 11. RPA proton and neutron transition densities (upper frames) and isoscalar and isovector transition densities (lower frames) for the dipole
tates for 68Ni nucleus. The three states have been obtained with the ‘‘bunching’’ procedure explained in the text. Their energies are 10.8, 15.6 and
1.6 MeV for the PDR, IVGDR and ISGDR, correspondingly.

hese nuclei and a coordinate-space HFB calculation is performed to build a two quasiparticle QRPA hamiltonian. This
amiltonian is diagonalised to obtain isoscalar and isovector strength functions and transition densities. The calculations
ere performed for 0+, 1− an 2+ states and the results show an enhancement of the low-energy strength as the neutron
xcess increases. This behaviour is common for all the analysed multipoles and is most pronounced for the dipole case.
he transition densities for the nuclei with neutron excess have the same properties that have been discussed above.
ccording to these results, the enhancement of the low-lying dipole strength near the drip line has to be ascribed to the
ong neutron tail in the transition density.

Another systematic study on even Ca, Sn and Ni isotopes based on a self consistent QRPA has been carried out [140,141]
ith a finite range interaction Gogny DS1 [142] and a quasi-realistic interaction, namely Argonne V18 plus phenomeno-

ogical three body contact term [143]. Assuming spherical symmetry, the QRPA is constructed in the canonical basis of
FB model which is used to describe the ground states, the p–h and p–p channels. Significant strength at low energy was
ound for the isoscalar response of nuclei with N = Z; the peak is shifting towards low energy with increasing neutrons
umber. These results are similar to the one described in the previous quoted studies. For the Sn isotopes, the summed
soscalar strength below the particle emission threshold has been found to be some order of magnitude for the isotopes
ith N between 50 and 82. For the same group of isotope also the summed isovector strength shows a constant value.
he calculated transition densities are pure isoscalar for N = Z; the proton and neutron transition densities are in phase

inside and at the nuclear surface (they almost coincide). It is evident from the calculations that when the neutron number
increases, the contribution of the neutrons at the nuclear surface become predominant. The low-lying dipole states for
Ni isotopes were studied [15] by making a comparison between the QRPA with Gogny DS1 interaction and a continuum
RPA with a SLy4 Skyrme interaction [144]. The results of such systematic is shown in Fig. 12 where the dimension of the
isoscalar disc (green) and isovector circle (open black) indicate their transition strength as function of the excitation energy
for all the considered Ni isotopes. The IVGDR lays around the 20 MeV energy region and it seems not to be particularly
affected by the variations in neutrons number except for a small effect on the fragmentation. The ISGDR shows in contrast
an accountable variation around 30 MeV. A different outcome for the low-lying region is evident in the isoscalar strength
around and below 10 MeV appearing to become stronger as the number of neutrons increases. Note also that the states
in this region are not purely isoscalar as one can see from the fact that also the black open circle are relevant. Similar
results were obtained when using two different interactions.

4.2.3. Relativistic RPA and QRPA
The time-dependent relativistic mean-field model developed in the seminal work of Walecka [145] can describe the

dynamic of collective motion [146]. The nucleus is described as a system of Dirac spinors and their interaction is mediate
by the exchange of virtual mesons and photons. The Lagrangian of the system incorporate the fields of the σ -meson,
he ω-meson and the ρ-meson and the photons to account for the electromagnetic interaction. The coupled equations of
otion are given by the Dirac equation for the nucleons and by the Klein–Gordon equation for the mesons. The solution
21
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Fig. 12. Isoscalar (green disc) and isovector (open black circle) transition strength calculated within a QRPA with Gogny DS1 interaction. They are
plotted as function of the excitation energy and of the even Ni isotopes shown in the vertical axes. The area of the disc and circle are proportional
to the strength.
Source: Taken from Ref. [15].

for these coupled equations are found by applying approximations such as the mean-field approximation, where the
meson-field are substituted by their expectation value, and the so-called no-sea approximation where the antiparticle
states are not taken into consideration. These relativistic models have been successfully applied in the description of the
static properties of stable nuclei and in nuclei far from the stability valley. The static case provide the stationary solution
used as initial condition for the time dependent equations. After an initial boost the system is then followed in time.

The Relativistic Random Phase Approximation (RRPA) represent the small amplitude limit of the time-dependent
relativistic mean-field theory. A way to obtain it is to calculate the linear response of the density matrix to an external
field [148]. The RRPA equation can be cast in a similar matrix form like in Eq. (13). Several nuclear structure phenomena
are well described by the RRPA and special attention has been given to the PDR [11,47,50,149,150]. In the description
of open-shell nuclei pairing correlation needs to be included. One way of doing so it is to derive the pairing interaction
from the one-meson exchange and including it in a density functional theory to derive a relativistic Hartree–Bogoliubov
model [151]. The Relativistic Quasi-particle Random Phase Approximation (RQRPA) can be derived, in the limit of small
oscillations, from the Relativistic Hartree–Bogoliubov theory. To simplify the solution the RQRPA equations in Ref. [147]
were solved in the canonical basis; this was done by writing the relativistic Hartree–Bogoliubov wave functions in the
terms of BCS-like wave functions. All these relativistic calculations are strongly dependent from the effective Lagrangian
chosen to perform the calculations. The most used relativistic effective interactions are pure phenomenological and their
22
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Fig. 13. Isovector dipole distribution (first and third columns) and the proton (dashed line) and neutron (solid line) transition densities (second and
fourth columns) calculated within an RHBB + RQRPA model using a NL3 + D1S effective interaction, for some Sn isotopes.
ource: Adapted from Ref. [147].

arameters are adjusted to reproduce the main global properties of spherical nuclei. The evolution of the isovector dipole
trength in the Sn isotopes has been studied in Ref. [147] within a RQRPA using an NL3 effective interaction [152] for the
elativistic mean-field of the effective Lagrangian and a Gogny D1S [142] for the phenomenological pairing interaction. The
esults are shown in Fig. 13 for the isovector dipole distribution (first and third columns) and for the proton and neutron
ransition densities (second and fourth columns). In the dipole strength distribution one can clearly see the appearance
f a peak in the low energy region as the neutrons number increases. At the same time, the rise of the neutron excess
odifies the relative shapes of the proton and neutron transition densities towards the familiar shapes shown in panel (a)
f Fig. 11. In particular, with the increasing neutron number the contribution of the protons at the nuclear surface goes
lowly to zero while the neutron one is the only surviving. As a general behaviour it has been found that when increasing
he neutron number the strength exhausted by the low-lying dipole is also increasing, and the centroid position of the
ow-lying modes shifts towards lower energies. It should be noted that the peak of the PDR moves slightly to lower
nergies when the pairing interaction is included in the description of the dipole excitation.

.2.4. Second RPA (SRPA) and subtracted SRPA (SSRPA)
The RPA models provide a good description of the nuclear collective excitations in terms of coherent superposition of

ne-particle one-hole (1p–1h) configurations. In particular they are able to describe, with good accuracy, the main feature
f the giant resonances like their centroid energies, EWSR and strengths. On the other hand they struggle to describe other
mportant properties as the damping mechanism which manifests as a spreading width of the strength distribution. The
preading width is generated by the coupling of 1p–1h configurations with states formed by more complex configurations
s 2p–2h, 3p–3h and more. It is clear that to obtained a proper description of the spreading width this coupling (regulated
y the residual interaction) needs to be accounted for in the calculations. The natural way of doing so is achieved in the
o-called Second RPA (SRPA) where the 2p–2h configurations are explicitly coupled with the 1p–1h configurations. In
his way one is expecting to give, at the same time, a better description of the giant resonances as well as of the low-
ying states and a correct description of the width. Many approaches have been based on boson mapping procedure as
natural extension of the RPA. These kind of approaches will require higher terms in the expansion in order to take
roperly into account the correction for the Pauli principle. In this extension, the excitation operator of Eq. (10) contains
ow a superposition of 1p–1h and 2p–2h configurations

q†
ν =

∑
ph

[
Xνpha

†
pah − Y νpha

†
hap

]
+

∑
p<p′,h<h′

[
Xνphp′h′a†

paha
†
p′ah′ − Y νphp′h′a†

hapa
†
h′ap′

]
(26)

The SRPA equation can be formally written like the RPA ones with the matrices A and B containing the coupling
between the 1p–1h and 2p–2h configurations [153]. Full SRPA calculations have been performed for O and Ca iso-
topes [154–156]. In the one for 40Ca and 48Ca [156] using the SGII Skyrme interaction the strength distribution for the giant
23
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Fig. 14. Isovector dipole strength distribution calculated within a SSRPA (upper frame) and RPA (lower frame) model using a SGII effective interaction
for the 68Ni isotope. The vertical black line indicates the neutron emission threshold.
Source: Taken from Ref. [158].

resonances are shifted by several MeV with respect to the RPA results decreasing the agreement with the experimental
values. The low-lying strength obtained for 48Ca, in contrast to what found with RPA and RRPA, seems to reproduce better
the experimental results in terms of the energy position but not for the integrated B(E1) that is predicted to be greater
than the measured one. Although this approach is able to obtain some strength for the dipole states at low energies, the
results are not satisfactory because of the shift to low energy of the entire distribution strength. The dipole strength in
the N = 82 isotones 140Ce, 142Nd and 144Sm was calculated using the second random-phase approximation with a SIII
Skyrme interaction [157]. In this case the spreading width showed a further increment while maintaining the strength
distribution similar to the RPA ones. This can be ascribed to the different use of the residual interaction which is not
consistent with the one used to calculated the single particle wave functions [157].

The origin of the shift towards a lower-energy region was related to some other correlations which are implicit
added in the ground state by the SRPA procedure. The self-consistent RPA is based on the Energy Density Functional
(EDF) theories that provide density dependent interactions whose parameters are defined with mean-field calculations to
reproduce the fundamental properties of nuclei. Therefore, the EDF contains a part of the complex configurations which are
explicitly introduced in the extended RPA. When higher-order correlations are added to the mean-field approximations
the parameters of the interactions should be adjusted to avoid this double counting. The correlations contained in the
EDF should be thought as static correlations, while the one introduced to get the excitations of the resonances can be
considered as dynamic. Often then the ground and the excited states are described by different interactions. An efficient
way to solve this problem is the so-called ‘‘subtraction’’ model [159,160]. In brief for the SRPA, this procedure consists in
modifying the SRPA matrix in order to get the RPA response in the zero frequency limit (for details see also Ref. [161]). That
is, by imposing that the eigenvalue equation for the RPA and for the SRPA produce the same results for the ground state
properties. This can be achieved by subtracting the static interaction amplitude from the part containing the contribution
of more complex configurations [160]. An application of the Subtracted Second RPA (SSRPA) model, on nuclei with neutron
excess to study the low-lying dipole states, can be found in Refs. [158,162] where the calculations have been performed
using a SGII Skyrme interaction. The difference between the RPA and SSRPA results for the 68Ni isotope are shown in
Fig. 14. In the extended RPA, the dipole strength is spread over a large energy interval with respect to the RPA reaching
down to the neutron emission threshold (indicated with the vertical black line in figure). In the SSRPA spectrum the
centroid of the IVGDR is shifted lower in energy and overall more strength with higher EWSR is present. In the lower
part of the spectrum the SSRPA shows structures between 9 and 11 MeV which in the RPA results (lower panel) are
concentrated in few states. The typical feature of the pygmy states of an isospin mixing generated by the dominant
contribution of the neutrons at the nuclear surface is also observed in the SSRPA transition densities as found in other
theoretical approaches illustrated before. This isospin mixing is more evident in Fig. 15 where the isovector (panel (a))
and isoscalar (panel (b)) are plotted for the 68Ni in the low-energy range 0–13 MeV. The solid black line are obtained with
the correction for the spurious states while the dashed red lines without this correction. The authors infer the presence
of the PDR isospin splitting from the comparison of the isoscalar and isovector distributions: in fact while the isovector
distribution show similar values of the strength over the full energy range, the isoscalar one is stronger in the lower part
compared to higher energies. From the experimental point of view, the presence of the PDR splitting for 68Ni is still not
clear because the only data available [89] do not clarify this aspect.

4.2.5. Multiphonons models
Higher order configurations can be taken into account by introducing explicitly the coupling between simple 1p–1h

configurations and more complex configurations as two- or three-phonons. The particle-vibration coupling was introduced
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Fig. 15. Calculated SSRPA isovector (upper frame) and isoscalar (lower frame) dipole strength distribution for the 68Ni isotope. The solid black line
re the projected results while the dashed red lines are the results obtained without the correction for the spurious states.
ource: Taken from Ref. [158].

or the first time in the Nuclear Field Theory [163] where the coupling between the nucleons and the collective states
ere described by a field theory. There are several way to implement this coupling in the mean-field approximation.
s explanatory example we will discuss the boson mapping method which was used in the study of the Double GDR
164–166]. The RPA can be seen as the lowest order of a boson expansion [123,167]. Here after we will follow the
rocedure proposed in Ref. [167] to map the fermion particle–hole operators a†

pah into boson operators B†
ph

a†
pah → B†

ph + (1 −
√
2)

∑
p′h′

B†
p′h′B

†
p′hBph′ + · · · . (27)

In the RPA Hamiltonian only the Vph,p′h′ and Vpp′,hh′ terms of the residual interaction are taken into account. To consider
the other terms Vpp′,p′′p′′′ , Vhh′,h′′h′′′ , Vpp′,p′′h and Vph,h′h′′ one has to introduce the following mapping

a†
pap′ →

∑
h

B†
phBp′h , aha

†
h′ →

∑
p

B†
phBph′ (28)

The second term on the right-hand side of Eq. (27) is a correction applied to take care of the Pauli principle. The boson
image of the Hamiltonian, truncated to the fourth order in the B† and B operators, can be written as (dropping the indices)

HB = H10B†
+ H11B†B + H20B†B†

+ H21B†B†B +

H22B†B†BB + H31B†B†B†B + h.c. (29)

the term H10 vanishes in the H–F basis. Collective phonon operators are introduced by means of the Bogoliubov
transformation

Q †
ν ≡

∑
(XνphB

†
ph − Y νphBph) (30)
p,h
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by imposing the quadratic term of the boson Hamiltonian to be diagonal, the RPA equation and the amplitudes X and Y
re obtained

HRPA =

∑
ν

EνQ †
ν Qν . (31)

rom the inversion of Eq. (30) the Hamiltonian HB can be written in terms of the Q † and Q collective operators

HB = H11Q †Q + (H21Q †Q †Q + h.c.) + H22Q †Q †QQ
+ (H30Q †Q †Q †

+ h.c.) + (H31Q †Q †Q †Q + h.c.)
+ (H40Q †Q †Q †Q †

+ h.c.) + · · · (32)

he matrices H in general contain the amplitudes X and Y however in this case the ones in the first line have only the X
amplitude. Since the ratio X/Y is small for nuclei with closed shells one can retain only the terms in the first line (H11,H21
and H22). In the space spanned by one- and two-phonon states the bosonic Hamiltonian can be written as

H =

∑
ν

EνQ †
ν Qν +

[ ∑
ν1ν2ν3

V 21Q †
ν1
Q †
ν2
Q †
ν3

+

∑
ν1ν2ν3ν4

V 22Q †
ν1
Q †
ν2
Qν3Qν4

]
+ H.C . (33)

he eigenstates and eigenvalues are then found by diagonalising the Hamiltonian in the space of the states containing
p to a certain number N of phonons. The V 21 represent the matrix elements that mix states having the number of
honons differing by one while the V 22 term mixes multiphonon states with the same number of phonons. The procedure

adopted to perform the calculations selects the most important RPA one-phonon states, namely the ones with a consistent
(5%) EWSR, to construct, out of them, all the possible two- and three-phonon states. Then the Hamiltonian (33) is
diagonalised in the space spanned by such states. The eigenstates are mixed states whose components are of one-, two-,
and three-phonon type:

|Φα⟩ =

∑
ν1

cαν1 |ν1⟩ +

∑
ν1ν2

cαν1ν2 |ν1ν2⟩ +

∑
ν1ν2ν3

cαν1ν2ν3 |ν1ν2ν3⟩ . (34)

alculations for the relativistic Coulomb excitation for the system 132Sn +
208Pb at 500 MeV/u measured at GSI [88], have

een performed within this approach. The inelastic excitation cross section was evaluated within the semiclassical model
escribed in Section 5. It was investigated the possible contributions to the PDR peak of other low-lying multiphonon
tates, like the ones obtained by coupling the 2+ with the 3−. The contribution of other states were estimated to be
etween 3 and 21%, depending on the isotopes and interactions used [49].

.2.6. Quasiparticle Phonon Model
Another approach very similar to the one just described is the Quasi-particle Phonon Model (QPM) [168,169]

hose description for the PDR below the neutron emission threshold has been extremely useful. In this approach, the
amiltonian is taken as the sum of three terms [169]. The first one describes the single particle motion for neutrons and
rotons. The pairing for non-magic nuclei is described by a residual interaction taken as a monopole pairing. The residual
nteraction responsible for the coupling of 1p–1h configuration with more complex ones is given by a sum of isoscalar
nd isovector separable multipole interactions with radial form factor given by rL or with the Bohr and Mottelson form,
U/∂r . The one-phonon basis is obtained as a solution of a QRPA, starting blocks for the construction of the two- and
hree-phonon configurations. A boson mapping procedure – similar to the one described in Section 4.2.5 – is applied, and
phonon creation operator can be written in term of quasi-boson operators, achieving an expression similar to the one

n Eq. (30). The Hamiltonian is then diagonalised in this enlarged basis and the eigenfunctions are similar to the ones in
q. (34). For a practical applications, a superposition of central and spin–orbit phenomenological Woods–Saxon potential
s preferred to the use of the density functional interaction such as the Skyrme one. This has the advantage to fix the
arameters by getting the nuclear ground states properties with great accuracy. Although this approach looses the fully
icroscopic picture and the self consistency it is able to describe with good accuracy some of the main features of the
DR.
The main effect of the coupling of one-phonon state with more complicated configurations is that the strength

istribution is fragmented into many states towards lower energies, as seen also for the SRPA and SSRPA theories. This is
ow the coupling contributes to the determination of the spreading width. The dipole strength distributions calculated
ith the QRPA and the QPM [170] for two Sn isotopes are plotted in Fig. 16 for the low energy region. The first column
isplay the QRPA E1 distributions while the QPM ones are shown in the second column. The fragmentation of the strength
roduced in 122Sn by the QPM results can be clearly appreciated in the comparison of the two top panels. In the second
ow, the same effect can be seen for the 130Sn nucleus. The lowest QPM 1− states are not present in the QRPA calculations
ince they represent the quadrupole–octupole two-phonon states. A more detailed studies on the tin isotopes have been
one in Ref. [171].
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Fig. 16. Dipole reduced transition probabilities B(E1) calculated within the QRPA (left columns) and within the QPM (right columns) for 122Sn (upper
ow) and for 130Sn (lower row).
ource: Taken from Ref. [170].

A beautiful example of how the coupling to configurations of increasing complexity modify the theoretical dipole
trength distribution is shown in Fig. 17 where the fragmentation of the reduced electric transition probability for 136Xe
ave been obtained within the QPM. The calculations have been done by V. Yu Ponomarev [94] taking as basis phonons
ith multipolarity up to 9. In the top panel of Fig. 17 the B(E1) distribution is obtained including only the one-phonon
tates. This result should be equivalent to the RPA calculation. The few states are strongly fragmented when the coupling
ith the two-phonon configurations are included (middle panel) and a wide energy range is filled with hundreds of
tates. The fragmentation is increasing when also the three-phonon states are considered (lower panel) while the summed
trength in almost unchanged. These last results are in quantitative agreement with the experimental values [94] in Fig. 18
here the B(E1) distributions for five stable even N = 82 isotones are shown.
The QPM has been extended to describe the β decay used as another method to excite the pygmy dipole states [80] (see

ection 2.2.1). The β decay was measured for the transition 136I to 136Xe whose photon scattering (γ , γ ′) has been largely
tudied [94], hence a comparison between the two set of data could be done. The intensity of the population of the dipole
tates was calculated considering – in the QPM formulation – the reduced matrix element of the Fermi β decay instead
f the electromagnetic ones. Such calculations have shown that the β decay dominantly populates 2-phonon components
hich is in contrast with the results of the excitation of the 136Xe via electromagnetic probes (see also Fig. 17).

.2.7. Relativistic Quasiparticle Time Blocking Approximation (RQTBA)
The QPM provides a good description of the experimental data of the low-lying dipole strength. However the

pproximations used, like the choice of separable interaction and the lack of self-consistency, are not satisfactory from
pure theoretical point of view. Another model which gives a good description of the PDR features is the Relativistic
uasiparticle Time Blocking Approximations (RQTBA) where the RQRPA is modified by including the coupling to the
ow-lying vibrations. This, in contrast to the QPM, is a full self-consistent model and the coupling with more complex
onfigurations allows the description of the width of the GDR as well as the fragmentation of the dipole strength of the
DR.
The nuclear energy density functional approaches are designed to treat nuclear static properties and the time

ependent version is suited for the description of excited states. In presence of pairing interaction, the small amplitude
imit correspond to the RQRPA. The inclusion of coupling the 1p–1h to more complex configurations, in particular the
oupling of quasiparticle with phonons, can be dealt with the Green function formalism. The time representation of the
27
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Fig. 17. Dipole reduced transition probabilities B(E1) calculated within the QPM for 136Xe for several approximation. In the top frame are shown
he results when only one-phonon states are taken into account. Calculations when also the two-phonons and the two- and three-phonons are
onsidered are shown in the middle and lower frame, respectively.
ource: Taken from Ref. [94].

reen function allows to chronologically order the contribution of all the complex configurations [159]. Therefore, the
quation of motion can be solved including only the appropriate coupling, while the more complicated ones – like the
wo quasiparticle with 3-phonon – are blocked in the time representation. This method to couple the quasi-particle states
o collective degree of freedom is called Relativistic Quasiparticle Time Blocking Approximation (RQTBA) [71,159,172].
he truncation of the more complex structures makes the calculations of the response function feasible. Another
pproximation included in the RQTBA is the subtraction procedure already described in Section 4.2.4. Indeed, the
elativistic mean-field ground state is obtained by fitting the experimental static properties and containing in this way
any correlations. When the complex configurations are explicitly introduced in the theory then some correlations can be
ouble counted. The subtraction procedure [160] can avoid this double counting. The calculations of the dipole strength
ithin the RQTBA [48,71], done for several isotopes of Sn, Ni, and for some N = 50 isotones, show a more fragmented
istribution in the low energy region when compared with the RQRPA, maintaining the structure of the IVGDR peak
lmost unchanged. In Fig. 19 two different calculations for the spectra and the photo absorption for three N = 50 isotones
re shown. The dashed lines correspond to the RQRPA calculations whose spectra is related to the excitation of the two-
uasiparticle states. When these are coupled with the collective vibrational states the spectra of the low-lying dipole states
re fragmented and they are shifted towards lower energies as can be seen in the left column of Fig. 19. A new version of
he relativistic time blocking approximation RQTBA-2 [173,174], which allows the coupling between two-quasiparticle and
wo-phonon configurations was developed. Calculations performed within this full self consistent approach for several Sn
nd Ni isotopes show a different distribution of the dipole strength for the low-lying dipole states. A comparison among
he RQRPA calculations and the previous two-quasiparticle RQTBA approach is shown in Fig. 20. The distributions obtained
ith the QRPA for the 68Ni, 70Ni, 72Ni, are shown in the same figure as dotted black lines (panel (b), (c), and (d)). The
QRPA strength have a pronounced peak which is smeared out by the coupling with one-phonon states considered in
he RQTBA calculations (dashed blue lines). When the two-quasiparticle configurations are allowed to couple with the
wo-phonon states – as in the RQTBA-2 approach – the fragmentation is further modified especially in the low energy
art as shown by the red solid lines in Fig. 20. The RQTBA-2 results for 68Ni are compared in panel (a) of Fig. 20 with

the experimental data extracted from Ref. [82]. Among the three calculations in panel (b) the one performed with the
RQTBA-2 are the one more in agreement with the data. However, the direct comparison between B(E1) and differential
cross section has a quantitative meaning only for the Coulomb cross sections (see discussion in Section 5.2). The question
arising, for these kind of approaches, is the limit for convergence when more complex configurations are added.
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Fig. 18. Dipole reduced transition probabilities B(E1) measured in a photon scattering experiment for five stable even N = 82 isotones (left column).
On the right column the calculation within the QPM for the corresponding nuclei.
Source: Taken from Ref. [94].

4.2.8. Equation of Motion Phonon Method (EMPM)
Another way to introduce complex configuration in the description of the PDR is the so-called Equation of Motion

Phonon Method (EMPM). The multiphonon basis is generated by an iterative set of equation of motion and they are
built on phonons obtained in a Tamm–Dancoff Approximation (TDA). The method can adopt general Hamiltonians whose
matrices have a simple structure and they can be cast in diagonal form. In Ref. [176] the method was applied to the
study of the electric dipole response to the 132Sn isotope. The nucleon–nucleon chiral potential NNLOopt was adopted,
with an extra repulsive, density dependent, term to get the dipole spectra close to the experimental values. This extra
term is not necessary when dealing with light nuclei. In the calculation were included only two-phonon states producing
a fragmentation of the PDR and IVGDR. The analysis of the transition densities show for the two excitations the same
typical behaviour described in previous Sections. The disregard of the ground-state correlations – due to the use of the
TDA – can, in principle, be compensated by the coupling of one-phonon with the two- and three-phonon basis. However,
the inclusion of the three-phonon basis can be achieved, in this method, only by a drastic cut of the phonon basis. This
is a severe limitation because, as it was shown in the approach of Section 4.2.5, the inclusion of the three-phonon states
stabilise the results produced by the two-phonon states [166]. An extension of the model to treat open-shell nuclei was
derived in Ref. [177]. The canonical basis was generated within the Hartree–Fock–Bogoliubov (HFB) model and the phonon
within the TDA. This quasi-particle version is formally very close to the p–h version. The application to the 20O isotope
was possible after a truncation of the two-phonon states which produces, in any case, a strong fragmentation of the dipole
strength qualitative close to the experimental data.

4.3. The case of deformed nuclei

Recent interest has been raised on the effect of deformation on the dipole strength distribution in the low-energy
region for neutron-rich nuclei. The effect of deformation is well known for the IVGDR, where due to the coupling of
dipole and quadrupole degrees of freedom the total strength is split into two or three humps in the case of axial or
triaxial deformations, respectively. In the hydrodynamical model these different structures correspond to vibrations of
the nuclear matter along the different principal axis of the system [163,178,179]. The splitting of the IVGDR can also be
obtained within the Interacting Boson Model (IBM) [180] where a p-boson (L = 1) is coupled to a system of interacting s (L
= 0) and d (L = 2) bosons. The ratio between the strength of the two peaks depends on the number of active bosons (N);
however for large values of N it coincide with the hydrodynamical value [181]. In the hydrodynamical model the normal
dipole modes consist of out-of-phase oscillations of the proton and neutron densities along the symmetry axis and along
the two orthogonal axis, characterised by the quantum numbers Kπ = 0− and Kπ = ±1− in the intrinsic frame. These
29
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Fig. 19. Dipole spectra and photo absorption cross section for 88Sr, 90Zr and 92Mo calculated with the RQRPA (dashed lines) and RQTBA (solid lines).
he black dot are experimental data taken from Ref. [175].
ource: Taken from Ref. [71].

Fig. 20. Dipole spectra for Ni isotopes calculated with the QRPA (dotted black lines), RQTBA (dashed blue lines) and RQTBA-2 (solid red lines). In
frame (a), the theoretical result for the RQTBBA-2 for 68Ni, shown also on frame (b), are compared with the experimental data (open circle) taken
rom Ref. [82].
ource: Adapted from Ref. [174].

uantum numbers K are the projection of the total angular momentum onto the symmetry axis, the intrinsic (body-fixed)
rame of the nuclear system. In the laboratory frame this gives rise to two distinct dipole bands with different energy
ompared to the ‘‘spherical’’ value E , whose distance is associated to the parallel (R∥) and perpendicular lengths (R⊥) of
1
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Fig. 21. Fraction of the EWSR for the isovector E1 states for 24Mg and 28Si for the two components Kπ = 0− (black lines) and Kπ = 1− (grey lines).
The dashed line is obtained with a smooth procedure with Lorentzian functions.
Source: Taken from Ref. [182].

the symmetry axis, namely

∆E
E1

=
E⊥

1 − E∥

1

E1
=

R∥
− R⊥

R0
=

3
2

√
5
4π

β = 0.95 β (35)

esulting to be approximately proportional to the deformation parameter β [163,179].
If the common view of the PDR, seen as an oscillation of a neutron skin against an inert core, is valid, then one could

magine that the deformation may induce a splitting of the PDR strength as found for the IVGDR. This investigation was
xperimental attempted in 76Se [108] using a (γ⃗ , γ ′) polarised photon scattering method (see Section 3.4). Even though
his nucleus has a relatively small neutron excess the splitting of the IVGDR have been observed. An enhancement was
oticed in two low energy regions but no clear indication of a splitting was observed. Detailed experimental aspects of
he PDR in deformed nuclei have been discussed in Section 3.4.

Several theoretical works focused on the effect of the deformation in the structure of the low-lying dipole states. Among
hem, a microscopic quasi-particle random phase approximation (QRPA) built on top of self consistent Hartree–Fock–
ogoliubov (HFB) mean field has been extended [183] to study the isovector dipole response in deformed neutron-rich
uclei, employing the Skyrme effective interaction SkM∗ [184]. In this approach the full velocity dependence of the residual
nteraction was included but the spin–orbit and Coulomb two-body forces were not accounted for. The Skyrme-HFB mean
ield was calculated in the coordinate-space representation to improve the spatial structure description of the quasiparticle
ave functions. This alternative approach prevents the inaccurate description of loosely bound wave functions that can
riginate when an expansion of the quasiparticle wave function in terms of harmonic oscillator is used. For states near
he Fermi level in neutron drip-line nuclei, a good description of the wave functions is of great importance. The isovector
nd isoscalar response was calculated for medium heavy nuclei as 20O, 26Ne and several Mg isotopes [185]. The peaks
orresponding to the two quantum numbers Kπ = 0− and Kπ = 1− are slightly separated but no clear splitting can be
observed.

A fully consistent axially-symmetric deformed Hartree–Fock–Bogoliubov (HFB) + QRPA approach was developed
182,186,187] using the D1S Gogny effective interaction [126]. The same effective nucleon–nucleon force is used to solve
oth the HFB and the QRPA equations in all p–h, p–p, and h–h channels. Since the Coulomb exchange field in not included
n the HFB calculations this term was omitted also in the QRPA to preserve self-consistency. Although this approach has
he drawback discussed above, namely the HFB equations are solved in a finite harmonic oscillator basis, it can be used to
escribed an extended variate of nuclei, including open- and closed-shell nuclei both spherical and deformed. Calculations
ave been performed for Ne isotopes and N = 16 isotones [182,186,187]. In deformed nuclei, theoretical isovector dipole
esponses are found separated into two major components as expected and the strength is predicted to be almost equally
istributed between the two components. In the prolate 22,24Mg nuclei the lower-energy peak is associated to Kπ = 0−

tates (which should correspond to oscillation along the symmetry axis) whereas the higher one corresponds to Kπ = 1−

states (oscillation along the perpendicular axis). For oblate nuclei, the Kπ = 1− components are found at lower energies.
Fraction of the EWSR for the isovector E1 states for 24Mg and 28Si are shown in Fig. 21 for the two components Kπ =

0− (black lines) and Kπ = 1− (grey lines). The relative positions of the two contributions are swapped between prolate
(24Mg) to oblate (28Si) nuclei. The energy split between K = 0 and K = 1 states is governed by the intrinsic deformation
of the ground state. In the two spherical nuclei analysed, 28Mg and 30Si, only the Kπ = 0− component is calculated as Kπ
= 1− states are degenerated. The transition densities for the low-energy dipole states for the N = 16 isotones present the
same features at peripheral value of the nuclear radius where only the neutron transition densities give a contribution
as previously discussed. Furthermore, a similar behaviour as observed for spherical nuclei was found: the energy of the
low-lying peak decreases with the isospin asymmetry while the B(E1) strength increases.
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While these studies were dealing with medium heavy nuclei, a specific investigation on the electric dipole response in
he GDR and PDR energy regions was performed for several tin isotopes by using a relativistic Hartree–Bogoliubov (RHB)
ean field plus a relativistic QRPA microscopic calculations [188,189]. The deformation and pairing correlations were

ncluded in a fully self-consistent fashion in a relativistic deformed QRPA approach. The use of the RPA to calculate the
xcitation of deformed nuclei is formally the same as for spherical nuclei. The difference lays only in the single particle
ave functions that do not satisfy the rotational symmetry, due to the absence of a good quantum angular momentum.
he only symmetry preserved is the axial symmetry and the projection K of the angular momentum on the symmetry axis
ecomes a good quantum number. By taking this symmetry consideration into account the relativistic RPA equation can
e derived as per standard procedure. The first step is to construct the energy functional from the effective Lagrangian
uild with the σ , ρ and ω meson fields. The corresponding equation of motion can then be extracted and linearised

to obtain the RPA equations (the relativistic case is more complicated and all the details are in Ref. [188]). Open-shell
nuclei can be described by introducing the contribution of a pairing potential. This can be done by quantising the mesons
fields or by mean of an effective pairing interaction. The latter was the choice in Ref. [189] where a monopole–monopole
pairing interaction was adopted. The transition densities in the intrinsic reference frame depend on the distance to the
symmetry axis and angular coordinates. The individual radial transition densities are obtained by expanding the intrinsic
one in spherical harmonics. These quantities describe the excitation from the 0+ state of the ground-state rotational band
o each member of the different dipole rotational bands. The intrinsic transition densities for Kπ = 1− state at 7.3 MeV
f 150Sn are shown in the upper panel of Fig. 22. Note that in the case of axially deformed nuclei the transition density
epends on the two coordinates z and r that represent the distances along and perpendicular to the symmetry axis,
espectively. Since this is a Kπ = 1− mode the excitation (oscillation) happens along a direction perpendicular to the
ymmetry axis z. In the inner part of the nucleus the neutron transition density (left panel) is in phase with the proton
ne (right panel), while at the surface (outside the red dashed line) the only contribution comes from the neutrons. The
ransition densities in the intrinsic frame depends on the good quantum number K and they contain a mixture of many
ngular momenta. The transition densities in the laboratory frame are obtained after the projection to the dipole angular
omentum. The proton (dotted red line) and neutron (blue solid line) radial transition densities in the laboratory frame
re presented in the bottom panel of Fig. 22. These transition densities have a pattern similar to those found in spherical
uclei. This behaviour common in all low-lying dipole peaks for both K-modes and for all the Sn isotopes analysed in
ef. [189]. This suggests that also in the case of deformed nuclei the combined use of isovector and isoscalar probes could
rovide new insight in the understanding of the PDR (see discussion in Section 3.4).
An analysis of the summed B(E1) as function of the mass number was done for the Sn isotopes and the result is shown

n Fig. 23. The blue circles and red squares refer to spherical and deformed nuclei, respectively. For each isotope the partial
ontributions to the total strength of the two K-modes is indicated by dashed orange vertical lines for the Kπ = 0− mode
nd solid cyan lines for the Kπ = 1− mode. The contribution of the Kπ = 1− mode is double the one of Kπ = 0− in the
pherical cases. The dashed black line, which is a least squares fit to the data points of the spherical nuclei, indicates
lmost a linear increase with neutron number. On the contrary, in correspondence of nuclei with great deformation – as
52Sn – the summed low-lying strength is reduced. Based on these results, one may conclude that deformation quenches
he dipole response in the low-lying energy region.

An opposite view is given by the calculations performed within an HFB plus QRPA with Skyrme interactions [190]
or Nd and Sm isotopes, where the summed low-lying dipole strength is found to be five times larger than in spherical
uclei. A strong enhancement has been found also for the isoscalar dipole transition strengths for Mg isotopes in the
ame low-energy region [185]. In this work the residual spin–orbit interaction was implemented in the HFB + QRPA
pproach developed in Ref. [183] without including the Coulomb interaction for computational limitation. Nevertheless
his approximation should only move the centroid of the IVGDR by few hundreds of keV. The HFB equations were solved
n the coordinate space using cylindrical coordinates and the SkM∗ [184] was used to determine the particle–hole wave
unction of the EDT. The procedure in Ref. [192], which depends on both the isoscalar and isovector densities, was followed
o account for the pairing interaction. The calculations reproduce quite well the experimental photo-absorption cross
ection for the excitation of the IVGDR in Nd and Sm isotopes, and in particular the evolution of the observed splitting
rom spherical to deformed nuclei was predicted with good agreement.

The contribution of the two K-mode for the low-lying dipole are separately shown in Fig. 24 for two deformed Sm
sotopes, 152Sm and 154Sm. The comparison of these results with the spherical 144Sm nucleus, in panel (a), shows a
emarkable fragmentation of the low-energy dipole states for the deformed isotopes. Furthermore, the fragmentation
nhances the total strength in the low energy region: the summed B(E1) strength – summed up to 10 MeV – is about
ive times greater than the one for the spherical case. This is quite opposite to what has been found in Refs. [188,189]
nd discussed above. The two calculations are based on different theoretical approaches. Different pairing interaction are
sed: one [190,191] implements the Bogoliubov method while the other [188,189] the BCS formalism. In Refs. [188,189]
he wave function are expanded in terms of harmonic oscillator basis while in Refs. [190,191] they are calculated in
oordinate space, therefore the treatment of the continuum and of the weakly bound states is different. Finally the use
f self-consistent treatment adopted in Refs. [188,189] makes this approach free from the contamination of the spurious
entre of mass motion. These opposite contradictory results need further studies to clarify the reasoning behind such
iscordances.
The isoscalar response was also studies for Nd and Sm isotopes by paying more attention on the evolution of the

trength distribution with deformation [191]. The onset of deformation produces a fragmentation of the isoscalar E1
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Fig. 22. Transition densities for Kπ = 1− at 7.3 MeV of 150Sn in the intrinsic (upper panel) and in the laboratory (lower panel) frame. The dashed
circle is a reference for the non deformed nucleus.
Source: Taken from Ref. [189].

strength as can be seen in Fig. 25 where the Kπ = 0− (black bars) and Kπ = 1− (red bars) contributions are plotted
for the Sm isotopes. For the two spherical nuclei, 146Sm and 144Sm, the K-modes contributions are equal. The isoscalar
response shows a separation between K = 0 and K = 1 components which is similar to what happens for the IVGDR
of deformed nuclei. As the deformation increases the fragmentation extends to lower energies and the splitting is more
pronounced. This aspect is worth to be investigate and some experiment are designed to attempt this study (see discussion
in Section 3.4). It is clear from the results presented that even from a theoretical point of view the effect of the deformation
on the dipole response is not yet conclusive and the development of additional investigation are important.

4.4. Other models

This section is dedicated to additional models that do not strictly belong to the previous ones. As for the Toroidal Dipole
Resonance (TDR) – original investigated within a fluid-dynamic model – nowadays is studied within the microscopic
mean-field approaches. The location of this approach in this section is justified by the alternative point of view with
respect to the PDR nature.
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Fig. 23. Summed B(E1) strength for PDR states as function of the mass number for the Sn isotopes. Results for spherical (blue circles) and deformed
red squares) nuclei are shown together with their composition: dashed vertical lines indicates the Kπ = 0− contribution while the solid cyan lines
he Kπ = 1− mode. Note that, for spherical nuclei, the Kπ = 1− contributions are the double of the Kπ = 0− one. The dashed black line is the least
quare fit to the data point for spherical nuclei.
ource: Taken from Ref. [189].

Fig. 24. Low-energy isovector dipole strengths B(E1) for 144,152,154Sm. The arrow indicates the neutron emission threshold energy. In panel (d) the
nperturbed strengths multiplied by 1/15 are shown for 142Sm.
ource: Taken from Ref. [190].

.4.1. Toroidal Dipole Resonances
Several work are aimed to show that the PDR can be treated as a manifestation of the Toroidal Dipole Resonance

193–197]. This isoscalar mode is characterised by a toroidal shaped velocity field. This mode was predict by a nuclear
luid-dynamics model where the transverse oscillation of the nucleons generates a new macroscopic mechanism of dipole
esonance excitation [198]. It is estimated to be found at an excitation energy of Etor = (65 − 85)A−1/3. The isoscalar
ipole channel receive contributions from the toroidal and compressional modes. A schematic picture of the toroidal and
ompressional velocity fields are shown in Fig. 26 compared to the usual representation of the macroscopic picture of
he PDR. The operators generating the toroidal and compressional modes are obtained as a second-order terms in a low
omentum expansion, or long wavelength limit, of the electric multipole operator. The toroidal operator can be written

n the integral form as [195]

O(Tor)
1M = −

1
√

∫
d3r

[
r3 −

5
⟨r2⟩r

]
Y⃗11M (r̂) ·

(
∇⃗ × j⃗(r⃗)

)
(36)
10 2 3
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Fig. 25. The low-lying isoscalar dipole for the SM isotopes. The two contribution corresponding to Kπ = 0− and Kπ = 1− are shown as black and
red bars, respectively. For the spherical nuclei, 146Sm and 144Sm, the two K-mode contributions are equal.
Source: Adapted from Ref. [191].

where Y⃗11M (r̂) is the vector spherical harmonic and j⃗(r⃗) is the nuclear current. The compressional operator can be cast
in the usual form as in Eq. (17). Numerical calculations have been done using fully self consistent relativistic RPA [193],
self-consistent separable RPA and QRPA approaches based on the factorised Skyrme residual interaction [194–196]. A more
recent paper replaced the separable residual interaction approaches of the latter quoted works with a full self-consistent
QRPA [197]. Numerous stable and exotic nuclei have been studied showing the presence of a broad distribution of the
isoscalar toroidal strength independently from the neutrons to protons ratio. The concentration of strength in the energy
interval 6–20 MeV has been called Toroidal Dipole Resonance (TDR). Since this TDR strength is located at the same energy
region of the PDR it was suggested that the PDR could be a peripheral manifestation of the TDR even though these are
irrotational and vortical kind of nuclear motion. It is worth noticing that the PDR manifests in nuclei with N>Z while the
TDR is present in all nuclei. The TDR transition densities for the states found in energy region corresponding to the PDR
35
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Fig. 26. Schematic velocity fields for dipole Pygmy (PDR) toroidal (TDR) and compressional (CDR) modes.

Fig. 27. Current transition densities for the 208Pb summed over two low energy interval: 6–8.8 MeV (the four panels on the left) and 8.8–10.5 MeV
the four panels on the right). In each group, the upper frames show the average velocity fields for proton (left) and neutron (right), while in the
ower frames there are the isoscalar (left) and isovector (right) distributions.
ource: Adapted from Ref. [195].

how the same shapes described in the previous sections although this is not surprisingly since the transition densities do
ot depend on the toroidal operator but on the RPA wave functions. A more in depth look to the current field can reveal
etails on this distribution. As an example the current transition densities (or velocity field) for 208Pb calculated using
RPA approach [195] with an SLy6 Skyrme interaction [136] are shown in Fig. 27. In order to have informations which
o not depend on the single states characteristics, an average over a given energy range are performed. In the results
or two energy intervals 6–8.8 MeV and 8.8–10.5 MeV presented in the figure, two peaks in the E1 (T = 1) strength
istribution are found. For the lower interval, the neutrons show a typical velocity field of the toroidal mode (see Fig. 26);
hey are more important in the interior and at the surface of the nucleus, and by moving in phase with the protons the
otal flow is found to be predominantly isoscalar. For the higher-energy interval, the neutrons contribution is again the
ost relevant especially at the surface and the total flow is strongly isospin mixed. In the PDR energy region there is
complicated mixture of different kind of dipole motion, the question of the presence of the TDR is under debate and
elective experimental observation has yet to come.

.4.2. Interacting boson approximation
The Interacting Boson Model (IBM) [180] is able to describe a great variety of collective nuclear excitations. The first

ersion of the model (IBM-1) does not differentiate between protons and neutrons. Since treating the two type of nucleons
36
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proved to be very important in some microscopic theories, this approximation has been amended by introducing in the
model an effective boson number. The original IBM-1 can only describe positive-parity states being based on the s and
d bosons with positive parity. The extension to negative-parity states, as those associated with the dipole or octupole
degrees of freedom, implies the inclusion in the model of p (L = 1) and f (L = 3) bosons (IBM-spdf). With this extension it
is then possible to describe octupole deformed systems and GDR-like states. The region energetically associated to the PDR
was also studied in the framework of the IBM-spdf, where a number of effective boson have been employed to reproduce
the main features of the PDR for stable even–even N = 82 isotones [199]. The IBM Hamiltonian including the p and f
bosons degree of freedom is written as

Hspdf = ϵdnd + ϵpnp + ϵf nf + κ(Qspdf · Qspdf ) + a3
[
(d†d)(3) · (d†d)(3)

](0)
+ a4

[
(d†d)(4) · (d†d)(4)

](0) (37)

ere ϵd, ϵp and ϵf are the energies of the bosons while nd, np and nf are the boson-number operators. The other two
arameters a3 and a4 are the strengths associated with the l = 3 and l = 4 interactions. The parameter κ is the quadrupole
nteraction strength of the quadrupole operator

Q spdf = Q sd + Q pf =

[
(s†d + d†s)(2) −

√
7
2

(d†d)(2)
]

+

[
3
√
7

5
(p†f + f †p)(2) −

9
√
3

10
(p†p)(2) −

3
√
42

10
(f †f )(2)

]
(38)

n the spdf algebra more than one operator is responsible for dipole transitions, and the general E1 transition operator is
herefore written as

T (E1) = e1
[
χ (1)
sp (s†p + p†s)(1) + (p†d + d†p)(1) + χ

(1)
df (d

†f + f †d)(1)
]

(39)

here e1 is the effective charge of the dipole transition and χ (1)
sp and χ (1)

df are two additional parameters of the model
pportunely adjusted to reproduced the experimental B(E1) value for each studied nucleus. In the three equations above,
he bosons are coupled to the value of the angular momentum indicated by the superscripts. The fit of the IBM parameters
ere done for the N = 82 isotones 136Xe, 138Ba, 140Ce, 142Nd, and 144Sm. Their experimental B(E1) strength distributions
re shown in the left column of Fig. 28 and are compared with the results of the IBM-spdf calculations [199]. The IBM is
ble to reproduce the shape of the distributions that is only affected by a small energy shift. The slightly increase of the
entroid of the strength distributions from 144Sm to 136Xe is also reproduced. It is relevant to underline that the results
epend on the choice of the effective bosons number. In fact, in the calculations of Ref. [199] it was found that a single
et of effective bosons number was giving a good agreement with the experimental values.
The same model has been used to interpret the experimental E1 strength distribution below 4 MeV in rare-earth

uclei [201,202]. In particular the B(E1) distribution and the variation of the excitation energy in the Nd isotopes is well
eproduced by the model. An analysis done in terms of the fraction of p- and f-bosons have shown, for all Nd isotopes,
major contribution from p-bosons. The same feature has been found also for the other rare-earth nuclei analysed. The
nhancement for the dipole state below 4 MeV has been associated to the presence of α clustering suggesting a new
xcitation mode for these low-energy states. The existence of α clustering in heavy nuclei is still an open question that
eeds to be investigated further. The studies of the E1 strength distribution seems to provide a further means for the
nvestigation of the α clustering in heavy nuclei.

.4.3. Semiclassical model
The full microscopic approaches described in the previous sections may require substantial computational power.

n accurate estimation of the fundamental properties of the nuclei can be obtained by implementing semiclassical
pproximations to the microscopic theories. One of the most successful semiclassical approaches is the Vlasov equation.
f one writes the Time Dependent Hartree Fock (TDHF) equations in terms of the density matrix then the Vlasov equation
an be obtained by imposing the semiclassical limit (h̄ → 0) to the TDHF [123]. This method has been used for the
escription of different collective modes with satisfactory results [203,204]. The Vlasov equation is expressed in terms of
he distribution function f (r⃗, p⃗, t) being the Wigner transform of the densities. Since the density matrix for protons and
eutrons are different, the two coupled Vlasov equation for neutrons and protons are written separately

∂ fi
∂t

+
p⃗
m
∂ fi
∂r

+
∂Ui

∂r
∂ fi
∂p

= 0 (40)

ith the indices i = n, p, and the mean field U dependent on the densities. To solve numerically the Vlasov equation it is
mployed the so-called test-particle method [205] which consists in writing the distribution function f as a finite number
f δ functions. From that, each of the test particles should follow the classical trajectories given by the classical equation
f motion governed by the Wigner transform of the mean field hamiltonian. The δ functions are usually replaced with
inite range functions, as for example Gaussians, to get a smooth density function. Such procedure transforms the mean
ield in an effective finite range interaction. The test-particle position and momentum are randomly initialised with the
onditions to reproduce the density and the Fermi momentum. To describe the collective motion, the ground-state density
s perturbed at the initial time and the oscillation of the nucleus is followed in time by the Vlasov equation. To study the
1 response of the nuclear system the isoscalar and isovector operator, like the ones in Eqs. (16) and (17), are used to
37
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Fig. 28. Experimental B(E1) strength distribution (left columns) compared with the IBMspdf calculations (right columns) for the N = 82 isotones
36Xe, 138Ba, 140Ce, 142Nd, and 144Sm. The experimental data are from Refs. [94,200].
ource: Taken from Ref. [199].

etermine the initial boost. In the isovector case, the boost correspond to displace all the neutrons against all the protons
aintaining the centre of mass of the system unchanged. A more complete and detailed description of this method can
e found in Ref. [206] where the Vlasov equation approach have been used to study the PDR in the O and Sn isotopes.
n this work the ground state was set to be a Thomas–Fermi approximation with the so-called Barcelona–Catania–Paris
ffective interaction [207] used also in the Vlasov calculations. The expectation value of the electric dipole operator as a
unction of time is obtained from the solution of the classical equation of motion and its value is shown in the left panel
f Fig. 29 for three Sn isotopes. An oscillator behaviour that exponentially damps with time is evident for all nuclei. The
orresponding strength functions are obtained as a Fourier transform of the expectation values of the dipole operator and
re shown in the right panel of Fig. 29. A small enhancement in the isovector dipole strength function below the IVGDR
entroid is present for the N>Z nuclei selected while it is absent for nuclei with N = Z. The centroids of the IVGDR are in
easonable agreement with experimental values, whereas the widths are predicted to be smaller due to the fact that the
nly damping mechanism present in this calculations is the Landau damping as per RPA. The introduction of a collision
erm in the Vlasov equation could produce some effect similar to the 2p–2h excitation in the mean field approaches.

By making some additional approximations one can extract the radial transition densities and the velocity fields.
eing in the linear response regime implies that the amplitudes of the oscillations are small and therefore the angular
ependence of the transition densities can be separated from the radial part due to the symmetry of the dipole operator.
he azimuthal angle can be integrated out because of the cylindrical symmetry of the system and the polar angle can
e averaged. The initial perturbation induce simultaneously oscillations of all possible modes excited by the selected
perator, therefore to extract the transition densities of a state with a given energy, a Fourier transform of the density
scillation has to be performed. The derived transition densities [206] have the typical PDR-like shapes. This result is not
o trivial since in the Vlasov approach the transition densities are deduced from the densities oscillations induced by the
soscalar or isovector operator. This might suggests that they might depend on the initial boost. However, the fact that
hey show a PDR-like shape support the strong relation of these quantities with the properties of the nucleus and the
ependency on the wave function of the considered state as in the case of microscopic mean field approaches.
In Ref. [206] the velocity fields have been calculated for an isoscalar toroidal operator and similar results to the one

escribed in Section 4.4.1 have been found.
The Vlasov equation approach have been followed also in Ref. [208] where the isovector dipole response was studied

arying the density dependence of the symmetry energy. A Skyrme parametrisation of the nuclear mean field was
38
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Fig. 29. Time dependent expectation values of the electric dipole operator (left frame) for the three Sn isotopes indicated in the figure. The
corresponding electric dipole strengths are shown in the left panel.
Source: Adapted from Ref. [206].

Fig. 30. The strength function for 140Sn for the asysoft (green dashed-dot line), asystiff (dashed red line) and asysuperstiff (blue solid line) symmetry
nergy slope adopted.
ource: Adapted from Ref. [208].

onsidered. The symmetry energy at the saturation density was kept constant and the three different expressions for
he density away from equilibrium were considered. Three Equation Of State (EOF) with different symmetry energy slope
arameters L, defined as the derivative of the symmetry energy with respect to the density, were selected. According to
he L values used, the EOS are identified with different names: asystiff for L = 72 MeV, asysoft with L = 14.4 MeV and
sysuperstiff with L = 96.6 MeV. The calculations of the isovector strength function for the 140Sn are shown in Fig. 30.
or increasing slope parameters the IVGDR peak shifts lower in energy while the peak around 8 MeV – which correspond
o the PDR – maintains its energy value. The position of the PDR is found to correspond to the ones in Ref. [209] where
he isotopic dependence of the PDR energy was studied within HFB + RQRPA approach (note that in this reference also
good agreement of the IVGDR centroids was found simultaneously).
The Vlasov equation method with a different effective interaction of the Skyrme type, the SAMi-J interaction [18,210],

as been used to study the dipole response for the three standard closed-shell nuclei: 68Ni, 132Sn and 208Pb [211]. As shown
n the case described above the larger the value of the symmetry energy L is, the higher the peaks in the low-energy region
orresponding to the PDR are found, see Fig. 30. The centroid of the IVGDR peak does not seems to be affected by the
AMi-J parametrisations.
The RPA is the small amplitude limit of the quantal time-dependent Hartree–Fock method and both of them have their

emiclassical counterpart in the Vlasov equation. An interesting comparison of the low-lying dipole states description
btained with these approaches is discussed in Ref. [212]. In this work three commonly used microscopic theories –
DHF, RPA and Vlasov – were presented.
In the TDHF method the nuclear system is described using the time evolution of the one body density matrix

ih̄
∂ρ(t)

=
[
h[ρ], ρ(t)

]
(41)
∂t
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Fig. 31. Time evolution of the isoscalar (upper panels) and isovector (lower panels) dipole moment for 132Sn obtained in a TDHF (left column) and
lasov (right column) calculations.
ource: Taken from Ref. [212].

here the one body density functional h is the non relativistic single particle Hamiltonian

h[ρ] =
p⃗ 2

2m
+ U[ρ] (42)

ith U[ρ] being the self-consistent mean field interaction. To study the collective modes the limit to a small deviations
rom the equilibrium density needs to be applied. This is obtained by linearising the TDHF equation to obtain the RPA
nes. The semiclassical counterpart of the TDHF is the Vlasov equation which in the case of small amplitude limit become
he semiclassical representation of the RPA. In this comparison, the same Skyrme functionals were used in the three
pproaches to maintain the same approximation with the exception of the spin–orbit terms present only in the RPA and
DHF. The calculations for the three methods were carried out with the SAMi-J parametrisation [18] of the interaction and
ncluding the Coulomb potential. The ground-state configurations of the different models were modulated to reproduce
he experimental values of both proton root-mean-square radius and binding energy. The time evolution of the dipole
oments for 132Sn is shown in Fig. 31 for the two time dependent methods: the TDHF (left column) and Vlasov (right
olumn) approaches. The isoscalar (DS) and isovector (DV ) dipole moments are presented in the upper and lower panels,
espectively. The Vlasov calculation shows a larger damping effect in both moment evolutions. Like in the Vlasov method,
he dipole strength distributions in TDHF are obtained by taking the Fourier transform of the time expectation value of the
soscalar or isovector dipole moments. These distributions are shown in Fig. 32. The isovector response results obtained
n the two methods are very similar especially for the IVGDR where both strength and centroids are very close to each
ther. In the PDR region, a shift between the two results is evident: the TDHF gives a lower energy values. For the isoscalar
esponse the differences are substantial over all the energy range studied. In particular, the two peaks predicted in the low
nergy region by the TDHF calculations are not reproduced by the Vlasov method. This discrepancy may be connected
ith shell effects but this will not explain why these effects should influence only the isoscalar results. An excellent
greement is obtained when a combined comparison of the TDHF and RPA findings for the isovector and isoscalar dipole
trength distributions is given [212].
In TDHF the transition densities can be extract with the same procedure described above for the Vlasov method. A

omparison with the other approaches shows that the semiclassical calculations can reproduce the gross features of the
ipole states in the three energy region discussed at length in the previous sections, namely the PDR, IVGDR and ISGDR
egions. An analysis of the low energy modes has been performed as function of the isospin mixing for three isotope of
n. For the 120Sn (N>Z) the isoscalar dipole strength is strongly enhanced compared with the 100Sn (N = Z) case. This
as already shown in the investigation of the evolution of the isoscalar dipole strength for the Ca isotopes in Ref. [131]
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Fig. 32. Strength distributions for the dipole isoscalar (upper panels) and isovector (lower panels) responses for 68Ni, 132Sn and 208Pb obtained in a
DHF (black solid line) and Vlasov (dashed orange line) calculations.
ource: Taken from Ref. [212].

see Fig. 8). The transition densities for states belonging to different energy ranges show once again the different modes
resent in the dipole strength distributions. For the low-lying dipole states for N = Z nuclei the transition densities are
ure isoscalar while for nuclei with N>Z the typical pattern of the PDR states is found. Even for the transition densities,
he results from TDHF give results compatible with the RPA method.

. Cross section calculations

The majority of experimental findings for the low-lying dipole states comes from electromagnetic excitation processes
see Section 2 and Refs. [7,10]). The main information that can be extracted from these methods is the multipole transition
ate B(EL) while information on wave functions and transition densities of the excited states cannot be directly deduced.
more effective way to investigate the latter two quantities is to use reactions where the nuclear interaction is involved.
he strong isoscalar component of the low-lying dipole strength makes the PDR states good candidates for the study of the
nterplay between isoscalar and isovector modes. The theoretical approaches presented in Section 4 give a detailed and
xhaustive description of the nuclear structure of the PDR mode. To have a complete comprehension of the experimental
ata it is compulsory to evaluate the cross sections predicted by the different theoretical models especially when dealing
ith isoscalar probes like the ones illustrated in Section 2.2.
The most complete theory to estimate the reaction cross section is the Coupled Channel (CC) method where the elastic

nd inelastic cross section are calculated by explicitly account the most important channels participating in the nuclear
cattering. Taking into account only the first order terms in the non-diagonal elements of the interaction matrix, the CC
quations can be approximate to the so-called Distorted Wave Born Approximation (DWBA) [115]. The name come from
he exchange of the scattering wave functions – plane waves in the Born Approximation – with waves ‘‘distorted’’ by the
ptical potential governing the entrance and exit channels. For heavy ions reactions, it is preferred for the calculations
he use of semiclassical approximations of the inelastic process because it allows a description of the nuclear reaction
rocess where the most important ingredients can be easily identified.
The semiclassical models assumes the centre of mass motion to be described with the classical Newton equation

f motion. The condition for the applicability of these models depends (for the Coulomb case) from the Sommerfeld
arameter

η =
ZaZAe2

h̄v
(43)

here v is the asymptotic relative velocity. This parameter can be thought as the ratio between half the distance of closest
pproach (for impact parameter zero) d0 and the de Broglie wave length o associate with the incident projectile

d0 =
ZaZAe2

µv2
; o =

h̄
µv

. (44)

hen η ≫ 1 the nuclei can be considered as moving on classical trajectories. When the nuclear interaction is also
ontributing to the scattering the condition is more complex. The validity of the semiclassical model lies in the de Broglie
ave length being small compared to characteristic reaction quantities such as the distance of closest approach or the
istance where the nuclear potential is substantially changing (i.e. the diffuseness of the Saxon–Woods potential). These
onditions are well satisfy for heavy ion with incident energy above the Coulomb barrier.
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In the semiclassical models, while the nuclei are moving according to the classical equation of motion, the internal
egree of freedom are treated according to quantum mechanics. Suppose one has two nuclei a and A, partners of a nuclear

reaction, and let us assume that one can distinguish them along the entire classical trajectory. The Hamiltonian of the
system can be written as

H = Ha + HA where Hi = H0
i + Wi(t) , with i = a, A (45)

The internal Hamiltonian for the nuclei A (similar for a) is

H0
A =

∑
i

ϵia
†
i ai +

∑
ij,lk

Vij,lka
†
i a

†
j alak (46)

The external field WA(t) describes the excitation of the nucleus A due to the mean field Ua of the nucleus a whose matrix
element are depending on time via the relative trajectory R(t)

WA(t) =

∑
ij

⟨i|Ua(R(t))| j⟩a
†
i aj + h.c. (47)

The complete eigenfunction of the Hamiltonian H can be written as the product of the two eigenfunctions of Ha and HA

|Ψ (t)⟩ = |ψa(t)⟩|ψA(t)⟩. (48)

The next step is to solve the Schrödinger equation for the nucleus target A

ih̄
∂|ψA(t)⟩
∂t

= HA|ψA(t)⟩ (49)

ith the initial condition |ψA(−∞)⟩ = |ψ0
A ⟩ with |ψ0

A ⟩ being the ground state of the target A. Taking out the indices a
nd A one can write the time dependent wave function as a sum of the eigenfunctions φα of H0,

|ψ(t)⟩ =

∑
α

aα(t)e−
i
h̄ Eα t |φα⟩ (50)

where H0
|φα⟩ = Eα|φα⟩. Substituting the |ψ(t)⟩ in the Schrödinger equation, a coupled-channel equations for the

amplitude aα(t) is obtained

ȧα(b, t) = −
i
h̄

∑
α′

e−
i
h̄ (Eα−Eα′ )t

⟨φα|W (t)|φα′⟩aα′ (b, t) . (51)

Therefore, the probability amplitude gets a contribution from all the possible channels involved in the excitation process.
In this relation the dependence on the impact parameter b comes from the fact that the classical trajectories have
to be solved for each impact parameters. The semiclassical coupled channel equations, Eq. (51), are equivalent to the
Schrödinger equation and their solution for each excited state α gives the amplitudes aα(b, t) as function of b whose
values at the end of the scattering process (t = +∞) determine the probability to excite the state α

Pα(b) = |aα(b,+∞)|2 (52)

The cross section for the inelastic excitation of the state α is obtained by integrating Pα(b) over the impact parameter
range

σα = 2π
∫

+∞

0
Pα(b) T (b) b db . (53)

The transmission coefficient T (b) takes into account processes not explicitly included in the model space. It is usually
taken as a depletion factor that falls to zero as the overlap between the two nuclei increases. It can be constructed from
an integral along the classical trajectory as

T (b) = exp
{
−

2
h̄

∫
+∞

−∞

UI (R(t ′)) dt ′
}

(54)

where UI is the imaginary part of the appropriate optical potential to describe the elastic scattering of the reaction of
interest. When the imaginary part is not available from the experimental data it is usual practice to set it as half the
magnitude of the real part. In this semiclassical model the optical potential determine the trajectory as well as part of
the absorption.

The coupled channels equations Eq. (51) are an infinite set of equations (the summation index α′ could run, in principle,
up to infinity). For practical numerical calculations one has to make some approximations, in particular one can truncate
the equations by choosing the most important channels. The effect of the discharged channels are taking into account by
the imaginary part of the optical potential in (54). To perform the calculations one has to specify the states α that are
actively participating to the reaction process and the structure of the matrix elements ⟨φ |W (t)|φ ′⟩ which determines
α α
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the excitation process of these states commonly referred to – for the radial part – as form factors. Following the choice
done in Refs. [49,56,164] the internal structure of the colliding nuclei can be obtained using the HF + RPA approach.
n principle one is interested to compute the cross section only for those states that have a significant B(Eλ) values. To
educe the complexity of the problem – maintaining the essential feature of the reaction – a good approximation is to
onsider in the coupled-channel calculations only the states with a sizeable EWSR percentage. The number of coupled
quations is subsequently reduced by grouping together states with significant strength that are found close in energy.
he average of their energy – obtained by weighting the energy of the single states by their B(Eλ) – define the energy
f the new single ‘‘doorway’’ state. Its p–h components are obtained with the constraint that the new state exhausts the
raction of EWSR given by the sum of the EWSR of the constituent states. This bunching procedure permits to include in
he calculation many states with different multipolarities.

The real part of the optical potential, which together with the Coulomb interaction determines the classical trajectory,
s constructed with the double-folding procedure [115,213]. The same procedure has been adopted to compute the
adial form factor which are the fundamental part of the transition matrix elements ⟨φα|W (t)|φα′⟩. We will discuss the
importance of the radial form factor and how to calculate them in Section 5.1.

In Ref. [49] a calculation for the system 132Sn +
208Pb at 500 MeV/u was performed to analyse the peak at low energy

that was supposed to correspond to the PDR. It is worth noticing that this measurements [12,88,100], see Section 2.2.1,
has a limitation in disentangle the contributions from other multipolarities. This amount was estimate as follow. The
calculation for this relativistic Coulomb excitation was performed within an approach where anharmonicities and
nonlinearities were introduced by the coupling among one- and two- and three-phonon configurations (see Section 4.2.5).
The non linearity is a consequence of the use of the Boson mapping briefly described in Section 4.2.5. In fact in this case
the excitation operator can be written as

W = W 00
+

∑
ν

W 10
ν Q †

ν + h.c.+
∑
νν′

W 11
νν′ Q

†
ν Qν +

∑
νν′

W 20
νν′ Q

†
ν Q

†
ν + h.c. (55)

he first term in this equation represents the interaction of the two colliding nuclei in their ground state. The W 10
ν part

onnects states differing by one phonon, the W 11
νν′

term couples excited states with the same number of phonons, while
20
νν′

allows transitions between states differing by two phonons. The calculation [49] was done using the two different
kyrme interaction and were considered up to nine states of multipolarity lower or equal to 3. In the low-energy region
up to 12 MeV) a 3 to 21% increase, due to the other two- and three-phonon configurations, was found.

.1. Importance of radial form factor

Independently on the choice of method used to calculate the inelastic excitation cross section – first order DWBA,
ll order Coupled channel equations or semiclassical methods – the basic and fundamental quantities to describe the
xcitations are the transition matrix elements which contain – beside the coupling angular momentum terms – the radial
orm factors. These are the quantity responsible for the transition from one state to another and they determine the
ntire nuclear reaction together to the dynamic of the process. The form factors depend very much on the model chosen
o describe the nuclear structure. However, the common property that distinguish them from the Coulomb form factor
s the dependence on the multipolarity λ of the excited states. In fact, the radial Coulomb form factor is proportional to
/rλ+1 and to

√
B(Eλ) (see for instance Refs. [115,214,215]), reason why the Coulomb cross section provides information

n the reduced electromagnetic transition probability. The nuclear form factors does not have any explicit dependence
n the isoscalar B(Eλ) nor on the multipole. For instance, in the collective model the radial dependence of the form factor
s usually described by the derivative of the nuclear interaction in the distance r and the multipolarity of the state enters
nto account through the deformation parameter.

In the coupled channel equations (51) the general matrix elements ⟨φα|W (t)|φα′⟩ describe the excitation between two
eneric states α and α′. In the equations to follow, only the transitions between the ground states and the dipole states
ill be taken into consideration. Indeed, in most of the recent experiments using isoscalar probes, the selection of the
xcited dipole states are achieved by measuring the γ -decay following the de-excitation of the nuclei to their ground

states. One of the most used and precise way to calculate the form factor is by mean of the so-called double-folding
procedure [115,213]. This method is also employed for the calculation of the real part of the optical potential between
two heavy ions and it is obtained by integrating the nucleon–nucleon interaction over the densities of the two nuclei.
Following the notation of Satchler’s book [115] and accounting for the isospin dependent part of the nucleon–nucleon
interaction, the central part of the local effective interaction v12 can be written as the sum of two terms: the isoscalar
part v0 generating the isoscalar ion–ion potential and an isovector term v1 giving the isospin dependent folding potential.
Denoting with τi’s the isospin of the nucleons

v12 = v0(r12) + v1(r12)τ1 · τ2 (56)

herefore the neutron–neutron, proton–proton and neutron–proton interaction will be

v = v = v + v , v = v − v . (57)
nn pp 0 1 np 0 1
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Then for the double folding potential we have

UF =

∫∫
ρa(r1)ρA(r2)v12 dr1dr2

=

∫∫ [
(ρan (r1)ρAn (r2)) + (ρap (r1)ρAp (r2))

]
(v0 + v1)dr1dr2

+

∫∫ [
(ρan (r1)ρAp (r2)) + (ρap (r1)ρAn (r2))

]
(v0 − v1)dr1dr2 (58)

hence

UF0 =

∫∫
ρa(r1)ρA(r2)v0(r12) dr1dr2 (59)

UF1 =

∫∫
{ρan (r1) − ρap (r1)}{ρAn (r2) − ρAp (r2)}v1(r12) dr1dr2 (60)

Note that in the particular case when ρn = ρp(N/Z) = ρ(N/A) the last expression reduces to

UF1 =

(
NA − ZA

AA

)(
Na − Za

Aa

)∫∫
ρa(r1)ρA(r1)v1(r12)dr1dr2. (61)

This implies that when one of the two partner of the reaction has N = Z the isovector part of the interaction UF1 is zero.
For v0 and v1 one can use the M3Y nucleon–nucleon interaction, Reid type [216], whose explicit expressions (in MeV and
r in fm) are [213]

v0(r) =

[
7999

e−4r

4r
− 2134

e−2.5r

2.5r

]
− 262 δ(r) (62)

nd

v1(r) = −

[
4886

e−4r

4r
− 1176

e−2.5r

2.5r

]
+ 217 δ(r) , (63)

ere the zero range term is the pseudo-potential which takes into account, in an effective way, the single nucleon
xchange [213].
In a similar way the form factors are constructed with the double-folding procedure by using the density of one nucleus

nd the transition densities of the other excited nucleus, including the nucleon–nucleon interaction for both isoscalar and
sovector terms. Only transition densities from the ground state to the excited dipole states will be considered here.
roceeding as for the real part of the potential, the following expression for the form factors are obtained

F0 =

∫∫ [
δρan (r1) + δρap (r1)

]
v0(r12)

[
ρAp (r2) + ρAn (r2)

]
r21 dr1 r22 dr2 (64)

F1 =

∫∫ [
δρan (r1) − δρap (r1)

]
v1(r12)

[
ρAn (r2) − ρAp (r2)

]
r21 dr1 r22 dr2 (65)

ote that, if one of the two nuclei has N = Z then F1 goes to zero as for the potential.
The next step is to decide which form of the transition density should be used to compute the radial form factors. In

acroscopic models the collective vibrational modes are considered as oscillations of the nuclear surface. These modes
re viewed as a deformation of the surface and therefore they are usually described in terms of the derivative of the
round-state density. A different approach is to use the microscopic transition density computed within the mean field
heories, as it is described in Section 4. In Ref. [56] the form factors for the three systems 132Sn + (α, 40Ca, 48Ca) were
alculated using microscopic transition densities derived from the HF + RPA approach with a SGII Skyrme interaction and
re here presented in Fig. 33. The upper panels show the form factors for the PDR state of 132Sn for each target where
he contribution of the Coulomb (red dotted–dashed line) and nuclear components (dashed blue and dotted black lines)
re shown together with the total one (solid black line). In the lower panel the form factors for the IVGDR is shown.
he nuclear contribution for the PDR is more important – almost an order of magnitude – than the Coulomb one in
ll three cases. For the IVGDR the two components are comparable at least in the peripheral region. The difference is
ue to the isospin mixing which is stronger in the low-lying dipole states. Note that, for the case where one of the two
artner of the reaction has N = Z, the F1 is very small. The nuclear and Coulomb parts interfere destructively at small
adii and constructively at large radii. This is mainly due to the fact that the isoscalar dipole transition density displays
odes [130,131].
Considering the PDR as due to an oscillation of the neutron excess against a N = Z core, a very simple model is

resented in Ref. [217] to describe the PDR excitation with the help of a modified Goldhaber–Teller model. To eliminate
44
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Fig. 33. Form factors for three different systems 132Sn + (α, 40Ca, 48Ca), from the left to the right columns. The upper frames show the ones for
DR states while the lower panels are for the IVGDR. The different components are indicated in the legend together with the total one.
ource: Taken from Ref. [56].

he centre of mass motion, the displacement of the core (C) and the skin (S) along the axis joining the centre of mass of
he two oscillating objects should be written as

∆xS = −x
Z + NC

A
; ∆xC = x

NS

A
(66)

he total number of neutron is given by the sum of the neutron in the core NC and the neutron in the skin NS . The density
is given by the sum of three terms

ρ(r) = ρp (r) + ρC
n
(r) + ρS

n
(r) (67)

nd the transition densities are given by a modified Goldhaber–Teller model

δρn (r) = δ

[
NS

A
dρC

n
(r)

dr
−

NC + Z
A

dρS
n
(r)

dr

]
(68)

δρp (r) = δ

[
NS

A
dρp (r)
dr

]
(69)

here δ is the deformation length. The isoscalar and isovector transition densities can then be constructed as

δρ is
PDR = δ

[
NS

A
d(ρC

n
+ ρp )
dr

−
NC + Z

A
dρS

n

dr

]
(70)

δρ iv
PDR = δ

[
NS

A
d(ρC

n
− ρp )
dr

−
NC + Z

A
dρS

n

dr

]
(71)

Another way to calculate the transition densities and the form factor for the low-lying dipole states is to assume that
these states are purely isoscalar and therefore the same method to describe the ISGDR can be adopted [218,219]. In this
method it is assumed that the isoscalar dipole energy-weighted sum rule is fully exhausted by a single collective state
and the corresponding isoscalar transition density can then be derived. In the work of Harakeh and Diepering (HD) it is
written as [219]

δρHD
ISGDR(r) = −

β1
√

[
3r2

d
+ 10r −

5
⟨r2⟩

d
+ ϵ(r

d2
2 + 4

d
)
]
ρ0 (r) (72)
R 3 dr 3 dr dr dr
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Fig. 34. Isoscalar transition densities for 68Ni calculated with three different approaches: microscopic RPA (solid black line), Harakeh and Diepering
method (HD) (dashed red line) and the Macroscopic Pygmy Model (MPM) (dotted–dashed blue line) described in the text.
Source: Adapted from Ref. [217].

where the coupling parameter β1 is

β2
1 = −

(6π h̄2

mAEx

) R2

(11⟨r4⟩ −
25
3 ⟨r2⟩2 − 10ϵ⟨r2⟩)

(73)

ith

ϵ =

( 4
E2

+
5
E0

) h̄2

3 mA
(74)

2 and E0 being the giant quadrupole and giant monopole excitation energies, respectively. The distance R is the half-
density radius of the mass distribution. The transition density expression Eq. (72) contains the centre of mass correction
and the terms with ϵ can be omitted for nuclei with A ≥ 40. It is strait forward to show that the condition of translational
invariance (

∫
δρHD(r)r3dr = 0) is satisfied.

The transition densities calculated according to the three methods illustrated above can be compared among them-
selves once a proper normalisation is implemented, for instance to the microscopic result obtained with the RPA
calculations. The neutron and proton ground state densities are computed with the H–F method. The three isoscalar
transition densities for the nucleus 68Ni are shown in Fig. 34 and they show some difference in the entire radial nuclear
region. All of them follow the same trend but the transition density calculated by the Harakeh and Dieperink (HD) method
(dashed red line) shows a substantial difference at the surface nuclear region.

These apparently little differences have appreciable effects in the radial form factor functions as shown in Fig. 35.
All these calculation were performed with the double-folding procedure described above for the system 68Ni +

12C. The
choice of the target has been done to select an isoscalar probe able to explore in a nuclear reaction the grazing region
of the two nuclei where the differences between the transition densities are larger. From the figure it is evident that
in the region 7–9 fm – which is the region explored by the selected 68Ni +

12C reaction – the difference among the
three form factors is prominent. DWBA calculations performed with the DWUCK4 code [220,221] for the system 68Ni +
12C at 10 MeV/nucleon using the form factors shown in Fig. 35, are plotted in Fig. 36. The result obtained with the HD
form factor gives larger value (more than 3 times) than the microscopic one in the relevant forward angular region. The
results for the MPM are also in disagreement with the microscopic calculations with the additional difference that the
discrepancy is extended to the full angular region considered. It is important to stress that the contribution from the
forward angular region is dominant in this process since it is directly related with the prevalent surface excitation. In
fact, the almost factor of 2 in the surface region of the form factors is generating a factor of almost 4 in the cross section.
The microscopic form factor has been successfully employed in the analysis of various experiments performed with 17O
as isoscalar probe [8,10,64,66–68]. In these papers, only the use of the microscopic form factor has allowed the extraction
of the isoscalar components of the low-lying dipole excited states.
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Fig. 35. Radial form factors for the system 68Ni +
12C for the PDR state calculated with the double folding procedure with the transition densities

f Fig. 34.
ource: Adapted from Ref. [217].

Fig. 36. Differential cross section for the system 68Ni +
12C at 10 MeV/nucleon for the PDR state calculated using the form factors shown in Fig. 35.

alculation done with the DWUCK4 code.
ource: Adapted from Ref. [217].
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Fig. 37. Excitation function for the dipole states of 132Sn at 30 MeV/u incident energy with three different targets: α (top frame), 40Ca (middle
rame) and 48Ca (bottom frame). The Coulomb contribution is the dashed red line, the nuclear one is the black solid line. The blue line is for the
otal cross section.
ource: Taken from Ref. [56].

.2. Coulomb and nuclear excitations

As discussed in previous sections, the main characteristic of the Pygmy states can be identified in the strong isospin
ixing at the nuclear surface making the contribution to the excitation given by the nuclear interaction possibly relevant.
y tuning the projectile mass, charge, bombarding energy and scattering angle, the relative role of the nuclear and
oulomb components can be modified together with the isoscalar and isovector contributions. The knowledge of this
nterplay may be of paramount importance in to design an experimental measure. Calculations for the excitation of dipole
f 132Sn with different partner and including both Coulomb and nuclear interaction were performed with three targets –
particle, 40Ca and 48Ca – and at different incident energies [56]. The energy differential total cross sections for the dipole

tates are shown in Fig. 37 at 30 MeV/nucleon incident energy. The discrete total cross sections obtained with Eq. (53)
re folded with Lorentzians with energy dependent widths. The nuclear and Coulomb contribution are shown separately
ith solid black and dashed red lines, respectively. The blue lines represent the total result. Changing the partners of the
eaction, the relative strength between PDR and IVGDR varies appreciably; for the Ca isotopes at this incident energy the
DR peak is higher than the IVGDR one. This can be interpreted as being the IVGDR always dominated by the Coulomb
nteraction, while for the PDR the nuclear component strongly contribute, especially for the case of alpha particles.

The ratios between PDR and IVGDR cross section can be better understood by looking at the differential angular
istributions. In the semiclassical picture, this quantity is associated to different ranges of impact parameters. The ‘‘partial-
ave cross sections’’ – the integrand in the cross section expression (53) – are plotted as functions of the impact parameter
48
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Fig. 38. ‘‘Partial wave cross section’’ as function of the impact parameter b for the dipole excitation of 132Sn at 30 MeV/u incident energy with three
ifferent targets: α (top panels), 40Ca (middle panels) and 48Ca (bottom panels). In the left columns are shown the results for the PDR and in the
ight columns the ones for the GDR. The Coulomb and nuclear contribution are explicitly indicated in all the frames.
ource: Taken from Ref. [56].

n Fig. 38. A limited range of impact parameters, corresponding to the grazing angles, is associated to nuclear component
f the excitation while the Coulomb interaction is present for a larger range of impact parameters. In all systems studied,
he nuclear contribution to the PDR is higher than the Coulomb one. A different behaviour is seen for the IVGDR with the
xception of the α particles where the Coulomb excitation plays a less important role for both PDR and IVGDR.
Another variable of the reaction process that can change the relative importance of the excited states can be the

ncident energy. In the semiclassical model of Ref. [56] it is possible to calculate the contribution of other multiple states.
he differential cross sections as function of the excitation energy for the systems 17O +

208Pb and two values of incident
nergies are shown in Fig. 39. The different multipole contributions are separately shown: The pale (green) shaded area
orresponds to the L = 2 multipole states while the dark (red) area is the dipole contribution. The thin (blue) and the
hick (black) line correspond to the L = 3 and total contributions, respectively. The low-lying 2+ and 3− states are much
ore excited and their intensity do not change for the energy selected; the PDR and IVGDR peaks increase with increasing
nergy.
A global vision of the effects on the inelastic excitation due to the variation of the incident energy can be seen by

ooking at Fig. 40 where the nuclear, Coulomb and total inelastic cross sections for different multipole states are plotted
s function of the incident energy [222] for the 17O +

208Pb system. The excitation of the pure isoscalar states is enhanced
y the nuclear field (panel (a)) and a similar behaviour is shown by the PDR mode. The mixed isoscalar and isovector
omponents in the low-lying dipole states allow for greater excitation at lower incident energies where the probability to
xcite the PDR is sensibly higher than for the GDR. The middle panel (b) shows the inelastic cross section induced by the
oulomb field. For the low-lying 2+ and 3− states it is clear the effects due to the strong angular momentum dependence
f the Coulomb form factors and of the adiabatic cut-off effect. When the two interactions are acting together (frame (c))
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Fig. 39. Excitation function for the systems 17O +
208Pb for two different incident energies. In each frame the multipole contributions are shown.

The red area corresponds to the dipole multipole states while the green area is the L = 2 contribution. The thin (blue) solid line and the thick
(black) line correspond to the L = 3 and total, respectively.
Source: Taken from Ref. [56].

Fig. 40. Excitation function for the systems 17O +
208Pb as a function of the incident energy per nucleon for the multipole states indicated in the

igure. The nuclear (a) and Coulomb (b) contributions, as well as the total one (c), are shown in separate frames. The contributions of each multipole
tate are indicated with the corresponding labels.
ource: Taken from Ref. [222].
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a strong positive interference is observed for the PDR excitation. These results suggest that the investigation of the PDR
state, explored with isoscalar probes, can be better carried out at low incident energy (below or around 50 MeV/nucleon).

The description of the excitation of the PDR and of its internal structure via the microscopic mean field theories,
ketched in Section 4, together with the quantitative inelastic cross section calculations, described in this section, allows
comprehensive understanding of the phenomenon. Furthermore, the study of the response to different external fields
ay help in testing various aspects of the wave functions of the involved excitations. This experimental approach has

evealed one of the most interesting aspect of the PDR states, the so-called isospin splitting, a structural splitting of the
ow-lying E1 strength (for the experimental part see Section 3). As stated in the previous sections, this consists in the
eparation of the PDR energy region in two parts, the low-lying part where the states have a strong isospin mixing and
hey can be excited by both isoscalar and isovector probes and a high-lying region where the population of the states occur
nly through electromagnetic interactions. This behaviour has been reproduced by the theoretical calculation within the
PM and RQTBA models that take into account the coupling of simple 1p–1h configurations to complex configuration
oing beyond the quasi-particle RPA. The inclusion of the coupling to multiphonon states allows a fragmentation of the
trength and a shift towards energies below the neutron emission threshold (see Sections 4.2.6 and 4.2.7). The calculations
f the isoscalar and isovector reduced transition probabilities have been compared to the (α, α′γ ) inelastic cross section

and the measured B(E1) in a (γ , γ ′) reaction for 124Sn [223]. However, as discussed in this section, the α scattering cross
section cannot be directly compared with the calculated isoscalar Bis(E1). In order to have a quantitative comparison, a
alculation within the semiclassical model described above was performed for the system α +

124Sn at 136 MeV [224]. The
ransition densities used to construct the form factors were obtained by the RQTBA calculation. To show the fundamental
ifference between the cross section and the isoscalar and isovector B(E1) a quantity, that is independent from the biases
ntroduced by the dynamics of the process, needs to be identified. Such quantity was found in the ratio between the
oulomb (nuclear) cross section and the isovector (isoscalar) reduced transition probability, for each dipole state. The
-value dynamical effects have been completely removed by setting to zero the energies of the states. Therefore, the
atio σ i

x(Ei = 0)/Bi
x(E1) – where the indices i and x denote the dipole states and the isospin nature, respectively –

how a constant value for all the states only for the Coulomb cross section. Therefore, in the case of isoscalar probes
ne has to perform inelastic cross section calculations in order to extract information from the comparison between
xperimental data and theoretical calculations. However, the comparison between the theoretical and experimental cross
ection shows [224] a strong reduction of the experimental α cross section at higher excitation energy compared to the
sovector channel, confirming the structural splitting of the low-lying E1 strength.

A systematic investigation of the PDR in 140Ce using different probes has been carried out in Ref. [62] and the
esults are shown in Fig. 41. The figure depicts all the available results for the low-lying dipole energy region for 140Ce:
he (α, α′γ ) [225], the (p, p′γ ) [62], the NRF reaction (γ , γ ′) [200,226] and the measured averaged branching ratio
o the first excited state [97]. The cross section for the alpha and low-energy heavy-ion reactions is sensitive to the
soscalar component of the excited states; the proton reaction (p, p′γ ) at a bombarding energy of 80 MeV provides more
nformations since the proton scattering is sensitive to isovector components and its surface-peaked interaction is less
ronounced. The theoretical calculations for the reduced transition probability have been performed within the QPM
ramework taking into account the coupling to one-, two-, and three-phonon configurations and they are shown in the
ight part of panel (c). The (α, α′) cross sections have been calculate within the semiclassical model described above. The
round state densities and the transition densities used to build the form factors were obtained by the QPM approach.
he integral in Eq. (53) has been carried out over the interval of impact parameters that lead to the scattered projectile
n the measured angular range. The (p, p′) cross sections have been computed within the DWBA employing the DWBA07
ode [227]. The effective nucleon–nucleon interaction of Love and Franey [228,229] has been used as input to calculate
oth the optical potential and transition amplitudes. The experimental data show the presence of what has been called
DR splitting, an indication of different isospin properties of the states, in this low energy range. To investigate this point
he cross section calculations for both reactions have been repeated for nuclear and Coulomb interaction separately. The
esults are presented in the upper two rows of Fig. 42 while last row shows the complete calculation. In both reactions the
uclear part dominates the lower part of the PDR energy range producing large cross section; on the contrary the Coulomb
nteraction seems to give a stronger contribution to states in the higher part of the spectrum. The structural behaviour
f the results of the p and α reactions seem very similar except for different order of magnitude measured in the cross
ection, aspects also reproduced in the theoretical calculations. The overall and simultaneous agreement between the
xperimental data and the theoretical calculations on an absolute scale for all observables is satisfactory and corroborates
he present interpretation of the PDR. However there are some aspects of this excitation mode still uncertain and to be
larified, some of these open questions will be discussed in the next section.

. Open problems

The extensive experimental and theoretical work done to investigate the low-lying dipole states has produced a
ot of information on the structure and excitation of these states. Reviewing these works made clear that the main
haracteristics and features of this electric dipole strength were identified. However, there are still some aspects that
eed to be clarified. One strongly debated point, still unresolved, is about the collectivity property of the PDR. Another
ne is the interplay between the isoscalar and isovector contribution which mixes the isospin nature of these states and
akes the investigation of this mode complicated although more interesting. In our opinion, the manifestation of the PDR
plitting needs further clarification especially above particle emission threshold.
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Fig. 41. The experimental results (left columns) for 140Ce using different probes are compared to the theoretical calculations (right columns). In the
lowest panels the averaged branching ratio to the first excited state. For more details and references see text.
Source: Taken from Ref. [62].

6.1. Are they collective or single particle excitations?

One of the first question on the PDR was whether these states could be considered or not collective modes. From the
theoretical point of view, asserting the collective nature of a state is strongly connected to the model adopted for its
description. The use of a macroscopic collective model implicitly assumes that – for instance in the IVGDR – the neutrons
and protons move coherently one against the other. For a microscopic model – like RPA – this is not the case. For these
approaches one has to determine first how many p–h configurations contribute to the state and then investigate their
coherency. Among the quantities commonly used to identify the collectivity, it is important to underline that the EWSR is
not an appropriate index. In the case of a collective low-lying quadrupole state, even though its percentage of the EWSR is
only around 10% – compared to the one exhausted by the GQR (60% and above) – the low-lying 2+ cannot be considered
less collective state than the GQR. The Weisskopf units also can give only a simple estimation of the collectivity degree.
Since no clear answer could be drawn from these quantities a deeper investigation on the composition of these states must
be conducted before concluding anything on their collective nature. The first step is to quantify how many configurations
contribute to the construction of the pygmy states in a mean-field approach. In a RPA calculation, with NL3 interaction,
one can estimate [47] for a state ν the contribution of a particle–hole configuration by defining the amplitude

Aνph = |Xνph|
2
− |Y νph|

2 (75)

with X and Y being the amplitudes defined by the RRPA equations and with the normalisation condition∑
Aνph = 1 . (76)
ph
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Fig. 42. Inelastic cross section for 140Ce(α, α′) and 140Ce(p, p′) reaction for only nuclear interaction (top rows), only Coulomb interaction (middle
ow) and total one (bottom row).
ource: Taken from Ref. [62].

he second step is to calculate the percentage contribution of a p–h configuration in the formation of the state ν. In
ef. [47], nine p–h configurations – with a contribution more than 1% – have been found for 68Ni and 132Sn nuclei. An
lternative way to estimate the p–h contribution is to follow the method adopted in Ref. [138] where an index is defined
o measure the degree of collectivity of a specific excited state. In this work an RPA approach was used where the single
article basis were constructed on a Woods–Saxon well and expanded in a harmonic oscillator basis. This index D is
efined in terms of the total number of p–h configuration Nph and the number of states with [|Xνph|

2
− |Y νph|

2
] ≥ 1/Nph,

amed N∗

D =
N∗

Nph
(77)

wo extreme case can be obtained: D = 1 when all the p–h configuration give a contribution and it is D = 1/Nph when
only one single p–h contributes. The analysis based on the amplitude Aνph and the index D are not exhaustive because they
are missing the fundamental concept that defines collectivity: coherence. This was noted in Ref. [49] where the reduced
transition probability was written as (see Eq. (18))

B(Eλ) =

⏐⏐⏐⏐∑
ph

bph(Eλ)
⏐⏐⏐⏐2 =

⏐⏐⏐⏐∑
ph

(Xνph − Y νph)T
λ
ph

⏐⏐⏐⏐2 (78)

where T λph are the 2λ multipole transition amplitudes associated with the elementary p–h configurations. An analysis
carried out on 132Sn, with the B(Eλ) calculated with an HF + RPA with a SGII interaction, shows [49] that p–h
configurations with small Aνph may have big values of bph(Eλ). For the same nucleus a calculation of the index D gives
a value of 0.28, with N∗

= 90, to be compared to the value of 0.53, with N∗
= 169, corresponding to the IVGDR, where

the total number of p–h configurations for the dipole states give 1/Nph = 0.003. One should be critical in concluding
something at this stage because these quantity do not take into account the amplitude T λph nor the relative signs of
the separate contributions. Fig. 43 shows the partial contributions bph(Eλ) plotted against the order number of the p–h
onfigurations used in the RPA calculations. Each bph(Eλ) value is represented by a bar while the continuous thin blue
ine is the cumulative sum of the contributions. The dashed lines divide the protons from the neutron configurations. The
op rows show the isovector responses for few selected dipole states in 208Pb whose excitation energy are written in the
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Fig. 43. Partial contributions bph of the reduced transition probability vs the order number of the p–h configurations nph used in the RPA calculations
or some dipole states of 208Pb. The dashed vertical lines divide the protons from the neutron configurations. The order goes from the most to the
ess bound ones. The bars corresponds to the individual bph contributions; the continuous thin line is the cumulative sum of the contributions. The
op rows are for isovector dipole states responses whose excitation energy are written in the panels; in the bottom rows the results for isoscalar
esponses.

anels; while the bottom rows shows the results for isoscalar responses. From the figure, one can see how the B(E1) of all
he dipole states except the one in panel (a), are composed from small contributions of many p–h configurations which
dd coherently. The low-lying states in frame (a) shows a different behaviour: several p–h configurations participate in
he formation of the B(E1) but some of them contribute with opposite sign, giving rise to a small total value. From this
nalysis, it emerges that the isoscalar response for the three states considered shows a collective behaviour. The same can
e observed for the IVGDR (frame b) and the higher dipole state at 16.68 MeV (frame c). Although the low-lying states
annot be considered collective, they also cannot be described as of single p–h nature. In fact, they are generated by the
ooperative, although not coherent, effect of several particle–hole excitations. To confirm the efficiency of the method,
he same analysis was applied to the low-lying quadrupole state of 132Sn. In panel (a) of Fig. 44, the transition densities
or protons (black dashed line) and neutrons (red dashed–dotted line) are plotted together with the isoscalar (black solid
ine) and isovector (blue solid line) ones. Protons and neutrons oscillate in phase giving rise to a pure isoscalar state. Its
ollective nature is clearly shown in panel (b), similar to Fig. 43, since many p–h configurations form the state, hundreds
f them, and they add coherently as shown by the cumulative sum.
A similar analysis with compatible results was performed for 68Ni, 132Sn and 208Pb closed-shell nuclei in a full self

onsistent HF + RPA approach using three different Skyrme interactions: SGII [133], SLy5 [136] and SkI3 [137]. The
sovector (a) and isoscalar (b) dipole responses of the pygmy states in 208Pb are presented in Fig. 45 for the three
nteractions. All the neutron (black) and proton (red) p–h contributions to the reduced amplitude Aph – equivalent to
he bph defined above – are shown as a function of their excitation energy. Similar results are reproduced by all the
nteraction considered. In the isovector response a destructive interference between contributions is predicted while the
soscalar response shows a more evident collective behaviour due to the coherent sum of the individual amplitudes.
imilar results were obtained for the other nuclei studied. No difference in the results was find when using a full self
onsistent RRPA with the DD-ME1 [230] or DD-ME2 [231] effective interactions [50].
Although an agreement has been found among these works, other approaches seems to indicate an alternative scenario.
schematic modified Brown–Bosterly model [233], with separable interactions and condition on different coupling

onstant for the particle–hole interaction, was introduced in Ref. [52]. In calculating the response within the TDA and RPA
pproaches, it was assumed that, for a subsystem of particle–hole pairs belonging to a core c , the interaction Aij = λ1QiQ ∗

j ,
ith i, j < ic corresponds to a potential symmetry energy at saturation density (ρ0). For the subsystem outside the core,
ith i, j > ic , the interaction Aij = λ3QiQ ∗

j is associated to a density ρe < ρ0. For particle–hole pair between the two
ubsystems the interaction is A = λ Q Q ∗. Of the two states found, n and n , the energy of one was pushed up while for
ij 2 i j 1 2
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Fig. 44. Panel a: Proton (black dashed line) and neutron (red dashed-dotted line) transition densities for the low-lying quadrupole state of 132Sn
t E = 5.03 MeV. The black and blue solid lines are the isoscalar and isovector transition densities, respectively. Panel b: Same as Fig. 43 for the
ow-lying quadrupole state of 132Sn.

he other the energy was close to the unperturbed value. The energy independent sum rule was distributed only between
hese two states∑

i

|Qi|
2

= |⟨n1|Q |0⟩|2 + |⟨n2|Q |0⟩|2 (79)

his was taken by the authors as an indication of a collective behaviour of both states. Similar results are obtained for
he schematic RPA model. Conclusions based on such schematic models need to be corroborated by more sophisticated
nvestigations.

The problem could be investigated also by means of a correlation analysis based on data analysis methods. By using a
elf-consistent nuclear density functional theory in the Skyrme-Hartree–Fock plus RPA with recent EDF parameterisations
djusted to a large collection of various nuclear data known as SV-bas [17], an analysis for the collectivity property of the
DR states have been carried out in Ref. [232]. Fig. 46 shows the energy distribution of the transition densities for 208Pb
veraged over the energy:

ρ(T )(E, r) = 4π
∑
ν

∫
∞

0
dq q2 j1(qr)F (T )(q) GΓ (E − Eν) (80)

where F (T )(q) is the dipole transition form factor whose Fourier transform gives the transition density. The GΓ (E − Eν) is
Gaussian folding function with an energy-dependent width Γ . This width simulates the nuclear damping effects and

ts value increases with energy. The T = 1 transition densities (lower panel of Fig. 46) shows a hump in the energy
ange of 12–17 MeV which correspond to the IVGDR excitation as indicated in figure. The other collective state can be
bserved in the upper panel, corresponding to the T = 0 cases, where the ellipse indicate the ISGDR in the energy region
f 22–27 MeV. Opposite to what found in the two previously considered cases, in the region below 12 MeV (indicate with
dotted red line) the ρ(T ) varies rapidly with E, exhibiting a complex multinodal behaviour in both isospin channels. This
trong state dependence suggests a weak collectivity.
From the experimental point of view this problem is much more complicate to resolve because there is not an

ssociated measurable quantity to this problem. As discussed in Section 3.3 one possible way is to investigate the
pectroscopic factors of single-particle states in the region of interest and compare the results with theoretical calculations
nd other experimental methods to attempt a rational interpretation. However, these experimental findings, together
ith the theoretical results described above, strongly suggest that the isovector response of the PDR excitation mode
annot clearly be considered collective. This implies that the traditional picture of the PDR generated by the excess
eutrons moving against the rest of the nucleus is far to be real.
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Fig. 45. All p–h contributions to the isovector reduced amplitude corresponding to the 208Pb pygmy state as a function of the p–h excitation energy
(a) and for the three Skyrme interactions used in the RPA calculations. Largest neutron p–h contributions are also listed in decreasing order from
top to bottom. In the lower panels the same as in panels (a) but for the isoscalar reduced amplitude.
Source: Adapted from Ref. [14].

6.2. Interplay between isoscalar and isovector contribution

We have seen in the previous sections that the transition densities show a strong isospin mixing, especially in the
nuclear surface region, which allow to investigate the dipole excitation with isoscalar probes. The use of both isoscalar
and isovector probes have revealed a new aspect of this mode usually refer to as PDR (or isospin) splitting (see Section 3).
Such phenomenon has been observed experimentally only for dipole states lying in the energy region below the neutron
emission threshold until now. A recent measurement showed that dipole states observed below the IVGDR energy but
above the neutron emission threshold can be excited by an isoscalar probe indicating therefore an appreciable isospin
mixing also for these states. At this point one can summarise the situation in this way: there is a region of the excitation
spectrum – the low energy region below the neutron emission threshold – where the low-lying dipole states show
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Fig. 46. Energy-averaged E1 transition density in 208Pb calculated within a RPA with a SV-bas interaction as a function of E and r for (a) T = 0 and
b) T = 1.
ource: Adapted from Ref. [232].

strong isospin mixing. For these states their excitation can be achieved via electromagnetic and nuclear interaction.
bove that region the dipole states found are excited only by an isovector probe. At higher energy, above the neutron
mission threshold, it has been found a group of dipole states which can be excited with both probes. From the theoretical
oint of view this is not surprising since – as discussed in the previous sections – these dipole states with high degree
f isospin mixing have been found for stable and unstable nuclei with neutron excess, above and below the neutron
mission threshold. From the experimental point of view it will be important to investigate the region above and below
he neutron emission threshold for the same nucleus. In fact, there are very few evidence until now, but while waiting
or further confirmations it is worthy to ask ourself what is the cause of this sequence of different structural behaviour
f the low-lying dipole states with respect to their isospin content. What is clear up to now is that the isospin mixing
s a property of the single dipole states. This has been verified from the theoretical and experimental findings. There is
component of the isospin mixing due to the presence of ‘‘intruder‘‘ states, namely pure isoscalar states in the region
f predominantly isovector states, and viceversa, which give rise to a mixing when a folding procedure is applied. This
omponent is not present when, for dipole states below the neutron emission threshold, the γ detection – in the (γ , γ ′)
nd (α, α′) reactions – allows to clearly separate the states with pure isospin character.
The role of isospin in the excitation of collective states is very important and the maximum response is achieved when

n isovector (isoscalar) interaction is exciting an isovector (isoscalar) mode. It is well known that in the case of nuclei with
̸=Z the use of one definite isospin interaction can excite mode with both isospin character [234]. For the low-lying dipole
tates and for nuclei with N>Z, the authors of Ref. [235] have investigated the interplay of the isoscalar and isovector
nteraction by enabling one at the time in a HF + RPA approach with a SLy4 Skyrme interaction. Using the operators of
qs. (16) and (17) the isoscalar and isovector strength distributions for the dipole states for 22O and 24O were calculated.
ote that there are no RPA solutions below the neutron emission threshold energy. When the isovector interaction is
ncluded together with the isoscalar one, the heights of several low-lying isoscalar peaks decrease and their energies
hift to slightly higher energies due to the repulsive nature of the isovector interaction. In contrast, many isovector peaks
round 16 MeV, obtained by including only the isovector interaction, seem to be grouped in a one broad peak at an energy
f 14 MeV when the isoscalar interaction is included.
It is important to understand the isospin content of the PDR region. Several ways can be adopted to investigate this

oint but as a general guideline one should study the proton (δρp) and neutron (δρn) transition densities and their relative
ehaviour. For instance one may scrutinise for each dipole state whether δρp and δρn are in phase or out of phase over
ome extended region within the nuclear volume, and estimating the percentage. These calculations have been done
ith a fully self-consistent RHB + RQRPA for the 140Ce [72]. When the proton and neutron transition densities, for each
articular state, are found in phase over more than 70% (80% or 90%) within a given radial interval the state is denoted IS
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70% (IS 80% or IS 90%). This analysis was done for two different nuclear radial regions and the results are shown in Fig. 1
and Fig. 2 of Ref. [72] where the isovector dipole strength distribution is plotted for 140Ce. The IS 70%, the IS 80% and the
S 90% are plotted for the radial region between 0 and 8 fm and for the 4.25–8 fm region. From the figures, it is clear that
he states belonging to the peak of the PDR – below the neutron emission threshold Sn – consist of between 70%–80% of
soscalar constituent. The results for the surface nuclear region, on the contrary, indicate that the peak has its maximum
ontribution from the IS 90% states. This is the region which is tested when the isoscalar probes – like α particle, 17O and
2C – are used to investigate the PDR. Another method can be used to establish the amount of isospin mixing present
n the PDR peak which relays on the difference between the isoscalar and isovector transition densities. In particular, a
tate ν is defined to be 70% isoscalar if the relation |δρ IS

ν (r)| > |δρ IV
ν (r)| is satisfied by the 70% of the point in the region

hosen for this analysis. The fully self-consistent non relativistic mean-field approach based on Skyrme Hartree–Fock plus
andom phase approximation of Ref. [14] (already quoted in the previous sections) has been used for the nuclei 68Ni, 132Sn,
nd 208Pb with three different Skyrme interactions. Such analysis has been carried out for three different radial distances
nd are shown in Fig. 47 for the entire nucleus (from 0 to the nuclear radius R, left frame), the most internal part (from
to R/2, middle frame) and the most external region (from R/2 to R, right frame). The dashed lines indicate the partial
ontribution to the isovector distribution given by the states which are at least 70% isoscalar plotted as solid black line.
n the figure, the Skyrme interactions used for the three nuclei for the analysis are indicated. Other used interactions give
imilar results. For these nuclei the surface regions show again a relevant isoscalar contribution confirming the picture of
he PDR states described in the previous sections.

The methodology of using different probes to extract complementary information on the interplay between the
soscalar and isovector components of the low-lying dipole states have been largely employed in the studies of the
DR states. Recently, such experimental method has been used to investigate the isoscalar character of the 1− states
n 90,94Zr [63]. A (p, p′γ ) at 80 MeV and a (α, α′γ ) at 130 MeV reactions on the two Zr isotopes have been performed
nd the results have been compared with (γ , γ ′) measurement [236,237]. The proton and α scattering can be considered
ood isoscalar probes in the same way as light heavy-ion projectiles like 17O and 12C (see Section 2.2). Both reactions
robe the nuclear surface as it was inferred from calculations performed within the semiclassical model described above.
hese reactions result to be well described within the DWBA approach. The radial form factors needed for the calculations
f the inelastic scattering cross sections were constructed within the double folding approach (see Section 5.1) with the
ransition densities calculated using the RPA with a SGII interaction. The DWBA calculations performed for one of the
ipole state were fitted to the data by varying the E1 ISEWSR strength of the state from the original theoretical value.
nder the assumption that the information extracted with the (α, α′γ ) can be extended to the p reactions, the calculations

for the cross section for the (p, p′γ ) reaction have been done with the values of the ISEWSR obtained from the α reaction.
hese results are shown in Fig. 48 where the experimental data (orange bars) are plotted together with the prediction
btained using the ISEWSR deduced from the (α, α′γ ) reaction (blue bars). The general trend has been reproduced except
or few states for the 90Zr case. These differences are probably reflecting the stronger mixed character of the (p, p′γ )
excitation. This coupled analysis shows that the mixing of isoscalar and isovector components is not the same for all the
1− states below the particle binding energy. It is worthwhile to apply this analysis – improving the modelling – to other
nuclei, to try to understand better the intrinsic structure of these low-lying states.

7. Pygmy quadrupole resonance

As we have seen in the previous sections, the properties of the PDR – although some of them are not fully understood
– have been extensively studied from both theoretical and experimental point of view. What is clear from these studies is
that this excitation mode are due to the neutron excess present in stable and unstable nuclei. Can the presence of neutron
or proton skin affect the excitation of states with other multipolarities? Which would be their characteristic properties? If
we conform to an indication of their presence as found for the PDR, we should look in neutron-rich nuclei for a bunch of
states with same multipolarity (e.g. 2+) at an excitation energy lower than the corresponding giant resonance (e.g. ISGQR)
with a considerable isospin mixing.

Theoretical calculation based on a phenomenological energy-density functional (EDF), use the QRPA prediction based
on HFB theory to calculate the excited states within the multiphonon description of the QPM. Such calculations have
been performed for studying the low-energy quadrupole excitations in charge asymmetric nuclei like the Sn isotopic
chain [238]. Fig. 49 shows as example the QRPA prediction of the B(E2) transition probability calculated for the nucleus
124Sn. The isospin character of the 2+ excited states was assigned by calculating the multipole transition matrix elements
M0(λµ) (isoscalar) and M1(λµ) (isovector) contributions [65]. A similar figure is shown in Ref. [238] for other Sn isotopes.
These results show a sharp separation between the isoscalar and isovector contributions which is in contradiction with
early findings [131] where a clear separations of the quadrupole states was observed only for the N = Z nuclei. This net
division seems to indicate that these states are mostly of isoscalar nature. Differing from what happens for the summed
low-lying B(E1), the summed B(E2) decreases as function of the neutron number until the value of A = 120 when it starts
to increase (see Fig. 3 of Ref. [238]).

Guided by these theoretical results the experimental work of Pellegri et al. [65] was aimed to measure the low-lying
quadrupole states for the 124Sn isotope via a (17O, 17O′ γ ) reaction at 340 MeV incident energy. Besides the already
known 2+ states, they found new states whose quadrupole nature has been unambiguously established via the angular
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Fig. 47. Isovector dipole strength function of 208Pb (a), 132Sn (b) and 68Ni (c) as a function of the excitation energy (solid lines). The dashed lines
ndicate the partial contribution due to those states which are at least 70% isoscalar (see text for the definition). The panels for each nucleus are
ivided in three frames corresponding to three different radial distances: between 0 and R (left frame), between 0 and R/2 (middle frame) and
etween R/2 and R (right frame). In the figures are indicated also the Skyrme interaction used for each nucleus.
ource: Taken from [14].

istribution of the detected γ rays. The analysis of the cross sections populating these 2+ states within the DWBA has
llowed to infer the values of the E2 transition probability. The calculations assume a pure isoscalar character for these
tates.
The QPM calculations predicts a large fragmentation of the single particle strength due to the coupling of the pairing

ibrational quadrupole QRPA states with two- and three-phonon states. To disentangle the complex structure of the low-
nergy quadrupole states and separate their one-phonon character, two additional measurements of the gamma emission
rom the 124Sn isotope excited by the isoscalar (α, α′γ ) and isovector (γ , γ ′) reactions were performed [111]. In both
xperiments, a concentration of 2+ states in the energy region 2–5 MeV was observed. The results for the reaction (α, α′γ )

are shown in the upper frame of Fig. 50. These results have been used to deduce the B(E2) values, plotted in frame (b),
by performing a coupled channel calculations using a standard collective form factor. They have been compared to the
measured B(E2) values from (γ , γ ′) reaction plotted in frame (c) and other experimental measurements (for details see
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Fig. 48. The cross section measured with proton inelastic scattering at 80 MeV is shown with orange bars and the corresponding prediction is
hown with blue bars. The calculation have been done using the strength determined by the (α, α′γ ) data. Panel (a) is for the 90Zr nucleus and
anel (b) for the 94Zr nucleus.
ource: Taken from [63].

ef. [111]), finding a good correspondence between the two data sets. The low-energy quadrupole states show a complex
tructure and only few of them present a one-phonon character. The experimental signature to distinguish between one-
nd multiphonon states was found to be to measure the ground state γ -decay branching ratio b0 = Γ0/Γ , with Γ0 being

the ground state width and Γ the total width. The states with a dominant ground-state decay (i.e. b0 > 0.5) correspond
to one-phonon type excitations. The measured γ -decay branching ratio b0 = Γ0/Γ are plotted in frame (d) of Fig. 50. The
states showed a large b0 value implying a pure one-phonon quadrupole excitation.

Quasiparticle random-phase approximation and QPM calculations for the B(E2) and b0 show a good agreement with
the experimental data. According to these calculations [111], the low-lying E2 strengths from the Ex = 2–5 MeV region
in Sn isotopes mainly originate from a sequence of QRPA states with almost pure neutron structure related to excitations
of weakly bound neutron two-quasiparticle states. It is also claimed that their degree of collectivity increase for states in
the higher energy part of the 2–5 MeV region. A more detailed analysis of the composition of these quadrupole states is
given in Ref. [113].

The corresponding transition densities can help to address the main character of these states. The analysis of the
transition densities for many Sn isotopes have been done in Ref. [238] and the proton and neutron transition densities
are separately shown in Fig. 5 of Ref. [238]. Only for the 134Sn isotope and for the transition densities summed over
the 0.8–3.7 MeV energy range, a clear contribution from the neutron at the nuclear surface can clearly be distinguished
similar to what happens to the low-lying dipole states. The clustering of the quadrupole states at low energies together
with the results on the transition densities, make the authors conclude that these low-lying states could belong to a new
quadrupole mode related to a neutron surface vibration and they refer to Pygmy Quadrupole Resonance (PQR) in analogy
to the dipole case.

It would be interesting to know whether these differences in the transition densities have a consequences on the
inelastic cross sections. Two transition densities for the 124Sn, calculated within the QPM framework, corresponding to
the very low-lying collective 2+ state at E = 1.2 MeV (2+

1 ) and the ones lying between 2–5 MeV (2+

2 ) which were freely
extracted from Ref. [111] are shown in Fig. 51. In the top panels the proton (dashed black lines) and the neutron (solid red
lines) transition densities are presented. The isoscalar (dashed blue lines) and isovector (solid magenta lines) transition
densities are shown in the frames (b) and (d) where the pure isoscalar character of the very low-lying 2+ state (panel
(a)), in which the proton and neutron transition densities are in phase, can be appreciate. The other states do not show
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Fig. 49. Isoscalar (upper frame), isovector (middle frame) and total (lower frame) electric quadrupole strength B(E2) calculated within a QRPA based
on HFB theory for the 124Sn isotope.
Source: Taken from Ref. [65].

this preponderant isoscalar character because the neutron and proton transition densities are not in phase. However, at
the nuclear surface region the isoscalar transition density (panel (d)) is stronger than the isovector one. Since the nuclear
surface region is the only one explored in reaction with heavy ions, the two isoscalar transition densities in Fig. 51 should
give the same answer when excited by an isoscalar probe like an α particle or a 17O projectile. The only difference may
lie in the different B(E2) values giving rise to a different magnitude of the response.

The radial form factors for the system α +
124Sn constructed by a double-folding procedure, as described in Section 5.1,

using the microscopic transition densities of the two quadrupole states in Fig. 51 and considering a M3Y nucleon–nucleon
interaction are plotted in Fig. 52 [217]. The Coulomb (red dashed-dotted lines) and the nuclear (blue dashed lines)
contribution are shown separately and together with the total form factor (black solid lines). They results to have very
similar shape and the magnitude discrepancy can be simply ascribed to the different value of the B(E2) which can be
deduced also from the value of the form factors at very large distances.

These form factor are employed in the cross section calculations whose results are shown in Fig. 53. The calculations
have been performed within the semiclassical coupled channel model described in Section 5. An energy of 4.6 MeV for the
2+

2 state was chosen. Due to the fact that the form factor for the 2+

1 state is stronger than the one for the 2+

2 state, the cross
sections (solid red lines) from nuclear interaction is also found to be higher than the one for the 2+

2 state (dashed blue
ines) for all the incident energies considered as one can see in panel (a) of Fig. 53. The Coulomb contribution, see panel
b), is very small because of the isoscalar probe. At very low incident energies the cross section for the 2+

1 state shows an
ncrease due to the Q-value effect. The Coulomb cross section, although very small, contributes to the total cross section
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Fig. 50. Experimental result for the low energy quadrupole states for the 124Sn isotope, from Ref. [111]. In frame (a) the cross section for the (α, α′γ )
reaction. In frame (b) the B(E2) values extracted from the α-scattering cross section. The B(E2) values measured with the (γ , γ ′) reaction are shown
in frame (c) together to the results of other measurements (see Ref. [111]). The ground state γ -decay branching ratio b0 = Γ0/Γ are plotted in
frame (d).
Source: Taken from Ref. [111].

Fig. 51. Transition densities for two low-lying quadrupole states of 124Sn. In the upper part there are plotted the proton (dashed black line) and
neutron (solid red line) transition densities while in the lower frames the isovector (solid magenta line) and isoscalar (dashed blue line) ones are
shown. The transition densities in frame (a) and (c) have been freely extracted from Ref. [111].
Source: Taken from Ref. [239].

with interference terms. In order to disentangle whether this difference was due to a Q-value effect, another calculat-
ion was done with the energy of the 2+

1 state set to be equal to the higher one, namely 4.6 MeV. The results are shown
in Fig. 53 with a black dashed lines and seems in agreement with the red lines which correspond to cross section for
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n
t
S

Fig. 52. Radial form factors for the low-lying quadrupole states for the system α +
124Sn. In the left panel, the Coulomb (dot dashed red line),

uclear (dashed blue line) and total (solid black line) form factors are plotted for the very low-lying 2+

1 state at E = 1.2 MeV. The right panel shows
he form factors for the state 2+

2 belonging to the group in the energy range 2–5 MeV of Ref. [111].
ource: Taken from Ref. [239].

Fig. 53. Inelastic cross section for the two quadrupole states of Fig. 51 as function of the incident energy for the system α +
124Sn. The cross

sections obtained when only the nuclear, Coulomb or both interactions are active are shown in the panel (a), (b) and (c), respectively. The solid red
line shows the results for the low-lying quadrupole state at 1.2 MeV excitation energy while the dashed blue lines refer to the cross section for the
2+ state belonging to the group in the 2–5 MeV energy range. The calculation was done choosing an energy of 4.6 MeV for the 2+

2 state. The dot
dashed line corresponds to the results obtain when the energy of the first 2+

1 state has been placed equal to the one of the state at higher energy
2+

2 , namely at 4.6 MeV.
Source: Taken from Ref. [239].
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Fig. 54. QRPA isoscalar quadrupole strength for the thin isotope indicate in the legend. In the inset there are shown the low-energy B(E2) distributions.
ource: Taken from Ref. [240].

he 2+

1 state with its energy unchanged. This strong agreement implies that the two states have a predominant isoscalar
haracter and only the different values of the B(E2) induce the variation in the cross section.
Different conclusions with respect to the one stated in Ref. [238] have been reached by QRPA calculations performed

n top of Hartree–Fock BCS approach [240]. The calculations have been done for the Sn isotopes and with three Skyrme
orces and it was found that the summed B(E2) for the low-energy quadrupole states between 3 and 6 MeV display, as
unction of the increasing neutron number, an opposite behaviour with respect to the one described in Ref. [238].

The results of these calculations for the B(E2) distribution are reported in Fig. 54 for the Sn isotopes shown in the
egend. As the neutron number increases, the peak of the lowest isoscalar 2+ state is depleting in favour of the 2+ states
ying in the 3–7 MeV range. By inspecting the inset of Fig. 54 one can envisage an increasing behaviour of the summed
(E2), over the energy interval between 3–7 MeV, as a function of the increasing neutron number. The analysis of the
icroscopic structure of these states shows that they are not collective and the effect can be related to the changing

n shell structure. The calculations produce transition densities typical of isoscalar states and in particular they do not
how strong neutron dominance at the nuclear surface region. Which is, on the contrary, a typical behaviour of the PDR.
urthermore, the transition densities for all the low-lying quadrupole states display a clear isoscalar structure without
ny sign of isospin mixing (see Fig. 6 of Ref. [240]). According to the authors of Ref. [240] the 2+ of low-energy region
oes not present a quadrupole type skin core oscillation in nuclei.
Among the characteristic features that are described in the previous sections, the most qualifying property of the

DR is the mixing of the isoscalar and isovector character shown by these states both for theories and experiments. In
act, the isoscalar and isovector transition densities for these states exhibit at the nuclear surface the same shape and
agnitude allowing both excitations. Theoretical and experimental findings suggest that the mixing properties can be

he characterising feature of these low-lying dipole states which correspond to a new excitation mode.
On the other hand, for the low-lying quadrupole states the situation is not so clear and there are no strong evidence

hat these states are the manifestation of a different excitation mode. The two different theoretical approaches quoted
bove do not help to clarify the nature of these quadrupole states although both of them attribute the presence of the
ow-lying 2+ states to neutrons of the outmost shells. The experimental data are also inconclusive to address the problem.
owever, since the studies of nuclei with neutron excess is an important source of information for nuclear structure and
uclear astrophysics, the investigation of the effect of the neutron excess on other multipole states should pursued further.

. Summary and perspective

In this review we have discussed different aspects associated with the low-lying energy region of the dipole response,

ith particular focus on the theoretical studies. This dipole strength, found to be strongly correlated with the neutron

64



E.G. Lanza, L. Pellegri, A. Vitturi et al. Progress in Particle and Nuclear Physics 129 (2023) 104006

a
c
w
i
t
t
a

m
d
w
c
n
u
i
w
t

d
t
m
n
t
t
E
r
T
a
d
d
c
i
r
b
a
f

p
o
t
a
a
c
t
i
m

s

excess in both stable and unstable nuclei, is traditionally described in terms of a ‘‘new mode’’, named Pygmy Dipole
Resonance (PDR). The existing research on the subject is extensive and a number of review papers have been published
over the past years [6–10]. The majority of these works, however, focused their attention on the experimental results
leaving the theoretical interpretation of this excitation mode less discussed. The scope of this work is to complement the
previous reviews by giving a comprehensive overview and analysis on the theoretical models used to describe the PDR.
At the same time, we found important to give a brief description of the experimental methods and new experimental
findings to contextualise and guide the reader to interpret the theoretical results discussed. Therefore, this review starts
with a brief overview of the different experimental techniques specifically used for the study of this mode (Section 2). The
most relevant and recent experimental results have been divided in two groups (Section 3), above and below the neutron
emission threshold. Recent results on some open problems are described in the following subsections. The attempt to find
an effect of the neutron excess on other multipole states, other than the dipole ones, is also presented. Recent works on
the presence of single particle states embedded in the PDR region, and the search of low-lying dipole states in deformed
nuclei are reviewed since they present a challenge for both theoretical and experimental future investigations.

The different theoretical models developed for the PDR are illustrated in Section 4. The macroscopic models, in
ccordance with the ones used for the Giant Resonances, assume that the nucleus can be described as a liquid drop
omposed by neutrons’ and protons’ fluids. In the case of the PDR, the nucleus is conceived as a three fluids system,
ith the neutron excess considered as the third independent fluid. In this approximation the fluids are assumed to be

ncompressible and the modified version of the Steiwedel–Jensen model is applied. The picture of the PDR generated by
he oscillation of an inert core against a neutron skin is the most common one. In this case, the excitation mode has
o be treated within the Goldhaber–Teller model. The macroscopic features of the PDR can be deduced by both these
pproaches (Section 4.1).
A more details and satisfactory description of the PDR can be obtained by the microscopic self-consistent mean field

odels based on effective interactions. Most of them are reviewed in Section 4.2. The main characteristics of the low-lying
ipole states – like isospin mixing, shown in the transition densities, or their non-collective feature – can be describe
ithin the most basic microscopic approach, as can be considered the HF + RPA model. Selected examples have been
hosen to illustrate these specific features and a detailed analysis of the transition densities was presented comparing the
ew PDR mode with the isoscalar and isovector Giant Dipole Resonances. The studies of open-shell nuclei is performed by
sing the Quasiparticle RPA (QRPA) where the pairing correlation is explicitly taken into account. Using this approach the
nvestigation of the PDR could be extended to a huge number of nuclei, allowing studies of isotopic chains and comparison
ith the available experimental data. The examples selected to present this approach support the capability of the method
o reproduce the evolution of the energy centroid with increasing neutron numbers, among others.

The Relativistic RPA (RRPA) is the small amplitude limit of the relativistic mean-field theory, where the interaction is
ue to the exchange of mesons and photons. The pairing correlation is included in the RQRPA, allowing the application of
hese methods to open-shell nuclei, obtaining a very good description of several nuclear structure phenomena. These two
ethods have been applied to the PDR studies with very similar results to the non-relativistic theories. It is interesting to
ote that also for this new excitation mode the relativistic approaches are able to describe the experimental data. However,
he excellent description of the GR’s and of the low energy excitations, given by both relativistic and non-relativistic
heories, fails to reproduce the widths of their strength distributions. In fact, the main features – like centroid energies,
WSR and strengths – are generated by the superposition of 1p–1h configurations, while the width (the spreading width)
aises from the coupling between the 1p–1h configurations with more complex ones, like 2p–2h, 3p–3h and more.
his coupling is driven by the residual interaction. In the second RPA (SRPA) the coupling with 2p–2h configurations
re explicitly introduced and the application of the model to the PDR gives a better description of the experimental
ata but with the unsatisfactory shift, by several MeV, of the GR energy centroids. This effect has been ascribed to the
ouble counting of the correlation contained in the ground state. In fact, the inclusion of 2p–2h configuration generate
orrelations in the ground state which are already implicitly included by the use of the EDF to generate the effective
nteractions. The procedure of the so-called Subtraction SRPA (SSRPA) avoids this double counting and allows to have the
ight position of the GR energy centroids, maintaining at the same time the spreading of the PDR in many dipole states –
elow the neutron emission threshold – as observed in the experimental measurements. In Section 4.2.4, recent results
re quoted to show how these methods are able to give some predictions on the low-lying dipole states also for nuclei
ar from the stability valley.

Increasing quality of the description of the PDR is obtained when higher order configurations – like two- and three-
honon states – are explicitly taken into account. In Section 4.2.5, the approach is illustrated by using the boson expansion
f the fermion particle–hole operators whose lowest order is the RPA. The described way to introduce this coupling – due
o the residual interaction – can be considered quite intuitive because one can identify the terms of the Hamiltonian that
re taking part to the coupling process. This is not the only method to introduce the coupling to the multiphonon states
nd two additional methods are presented in Sections 4.2.6 and 4.2.7. Within these methods it is possible to estimate the
ontribution of other multipole states to the energy region of the PDR, whenever the experimental results do not allow
o assign the multipolarity of the measured states. This was the case of the relativistic Coulomb excitation for few Sn
sotopes measured at GSI. Calculations, done within the boson expansion approach, estimated the contribution of these
ultiphonon states up to about 20%, depending on the isotope and the effective Skyrme interaction used.
In the Quasiparticle Phonon Model (QPM), the starting blocks for the construction of the two- and three-phonon

tates are the solution of the QRPA approach. The Hamiltonian – containing the single particle contribution, the residual
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interaction for pairing and for the coupling to more complex configurations – is diagonalised in this enlarged space.
The main difference with the previous approach is the use of phenomenological Woods–Saxon potential instead of the
Skyrme interaction. A good description of the experimental data is obtained notwithstanding the loss of full microscopic
picture and self consistency. These two important properties are recovered in the Relativistic Quasiparticle Time Blocking
Approximation (RQTBA). The self-consistent RQRPA is modified to include the coupling to two- and three-phonon states.
Similar to the SRPA, the inclusion of more complex configurations implies that some correlations are double counted
and the subtraction procedure has to be applied also to this approach. Despite of the differences, both approaches are
able to accurately describe the experimental data of the PDR below the neutron emission threshold. From the selected
examples, the effects of the coupling to configurations of increasing complexity clearly modifies the theoretical dipole
strength distribution producing a fragmentation of the strength comparable to the one observed in the experimental
data. The calculations of isoscalar and isovector reduced electric transition probability reproduce, even though not in a
very detailed way, the so-called isospin splitting of the PDR.

Other models – discussed in Section 4.4 – have been proposed to study the low-lying dipole states. The Toroidal Dipole
esonance (TDR) (Section 4.4.1) was predicted by a nuclear fluid-dynamical model and it is generated by a transverse
scillation of the nucleons. Several stable and exotic nuclei have been studied within this approach where the evidence
f this mode is present independently from the neutrons to protons ratio. Since the concentration of its strength lies in
he same energy region of the PDR, it is suggested that the PDR could be a manifestation of the TDR, even though the
ygmy states are specifically found in nuclei with neutron excess. The possible contribution of the TDR to the PDR has
till to be clarified both in theoretical and experimental terms.
The extension of the Interacting Boson Model (IBM) to study the negative-parity states – achieved with the inclusion

f p and f bosons (IBM-sdpf) – has allowed to investigate the energy region of the PDR (Section 4.4.2). A systematic study
as performed for the N = 82 isotones and the results were compared with the available experimental data. The model

s able to reproduce the shape of the B(E1) distributions as well as the slight shift of the energy centroids with isotope
asses.
One of the most successful semiclassical approximation to the microscopic theories is the Vlasov equation. This

quation can be considered as the semiclassical limit of the Time Dependent Hartree Fock (TDHF) theory. A collective
otion is obtained by perturbing at the initial time the ground-state density and following the time evolution of the
uclear oscillation by the Vlasov equation. A satisfactory description of many collective excitations has been obtained
ithin this approach. The electric dipole operator can be constructed as a function of time and the Fourier transform
f its expectation value gives the strength function. By applying this method to a systematic study of the Sn isotopes
Section 4.4.3), an excess of strength appears at low energy for isotopes with N>Z. Although the corresponding transition
ensities can be extracted with further approximations, their shapes are similar to the ones derived with the methods
isted above.

A section has been dedicated to the study of the PDR in deformed nuclei (Section 4.3). Microscopic theories give
ontradictory answers regarding the presence and characteristics of the PDR with respect to the spherical nuclei.
urthermore, there is the question of the possible splitting – due to the deformation – of the PDR peak with a mechanism
imilar to what observed in the case of the IVGDR. Until now, neither the theoretical studies nor the experimental
easurements have been able to solve these problems. Further studies dedicated to enlighten these aspects should be
ursued in the near future.
All models seem to reproduce the qualitative features of the energy distribution, as well as the mixed nature

isoscalar/isovector) of the mode. Indeed, all of them produce proton and neutron transition densities which are in phase
nside the nuclear region while at the surface only the neutron contribution is surviving. As a consequence, at the nuclear
urface a strong isospin mixing is present. This property might been taken as a theoretical definition of the PDR. However,
n addition to the need of a more detailed quantitative description of the data, discrepancies on the models’ results was
ound on certain aspects of this strength such as the energy splitting of the isoscalar and isovector components of low-lying
ipole states or the collectivity (or not) of the mode.
The mixed nature of the mode is a common and well-established feature for all approaches described in Section 4.

his opens the possibility, and the consequent need, to study the population of this state with different probes, both
adron (light or heavy, isoscalar or isovector) and electromagnetic. The study of the PDR with isoscalar probes – like in
he (α, α′γ ), (17O, 17O′γ ) reactions – is done at incident energies and detection angles typical of peripheral direct reactions.
he fundamental measured quantity is then the inelastic cross section which is compared to the other measured quantities
btained with different probes. Therefore, it is important to clarify different aspects of the reaction mechanisms to extract
eliable structure informations and have a realistic comparison with experimental data. To this end in Section 5 it is
ecalled the basics of the coupled-channel formalism, the procedure to construct potentials and radial form factors from
ensities and transition densities, to investigate the interplay of nuclear and Coulomb contributions and its dependence
n projectile’s mass and charge, bombarding energy and impact parameter. The most precise way to calculate the inelastic
ross section is via the Coupled Channel (CC) equations where the contribution of the included channels is taken to all
rders. In some cases it is more appropriate and more practical to use the so-called Distorted Wave Born Approximation
DWBA) which is the first order approximation of the CC equations. A useful and convenient alternative way is the use
f the semiclassical approximation of the CC equations which are applicable for the energies and masses involved in the
ases treated here. The latter method has the advantage – when appropriately used – that the most important ingredient
66
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of the scattering process can be identified and at the same time it allows to include much more channels in the numerical
calculations. The semiclassical CC equations are described in Section 5.

Whatever is the method chosen to estimate the inelastic cross section, the basic and fundamental quantities for the
escription of the excitation process are the radial form factors. These quantities depend very much on the structure
odel chosen to describe the excited state. They can be derived within the macroscopic model or with a double-folding
rocedure using microscopic transition densities. Some of them are illustrated in Section 5.1 where a detailed and critical
omparison is done on the form factors calculated with different approaches. From the comparison it is evident that the
icroscopic form factors, that include the essential feature of the PDR mode, the isospin mixing, are the most appropriate

o describe the experimental data. They are derived with the double-folding procedure adopting the transition densities
alculated with the microscopic mean-field models.
While dealing with heavy ion reactions, it is of paramount importance to be aware of the interplay between the nuclear

nd Coulomb excitations. This knowledge allows tuning the projectile mass, charge, bombarding energy and scattering
ngle, to optimise the conditions for the experimental measurements. Calculations performed within the semiclassical
odel, for several systems, and considering also others multipole states besides the dipole one, have been discussed
t length in Section 5.2. An important results was obtained for the isospin splitting of the PDR, where cross section
alculations confirmed the trend of the reduced electric probability when compared with the measured cross section.
n addition, the theoretical results suggest that the investigation of the PDR with isoscalar probes can be better achieved
t incident energy below or around 50 MeV/nucleon.
From our excursus we can conclude that a full understanding on the nature and properties of the PDR can only come

rom a combined and critical use of the information extracted with a variety of probes.
At the moment only the main characteristics and features of the mode are strongly supported by experiments and

heoretical calculations while there are still few aspects, important and challenging, to be clarified. Some of them are
eported in Section 6. This include the collectivity of the mode, the energy isospin splitting, and the role of deformation.
he collectivity of the PDR (Section 6.1) is implicitly assumed when the macroscopic models are employed. For the
icroscopic models there are several ways to investigate that, however most of them reach the conclusion that the

sovector response is not collective while the isoscalar one it is. As a consequence, the typical picture of the neutron skin
scillating out of phase against the inert core – even though very effective when used to explain this mode to neophytes
it does not adhere to reality. Recent experiments, using stripping or pick-up reactions, try to measure the extent of

ingle particle nature present in the low energy region. On the other hand, the degree of isospin mixing is investigated
ithin some microscopic theories (in Section 6.2). Assuming that the information on the isospin content obtained with
n α reaction can be extended to the measurements done using protons, a general trend of the experimental results can
e obtained. This kind of analysis may be improved to extract better informations on the isospin mixing of the PDR. To
ind the solution to these open problems are a challenge for future theoretical and experimental investigations.

The possible occurrence of ‘‘pygmy’’ modes with similar features in other multipolarities was also presented for the
ase of low-lying quadrupole states. Unfortunately, in this case there is no distinctive identifying characteristic – like
he isospin mixing for the dipole case – that would allow a clear identification of the presence of a different mode of
xcitation in the quadrupole channel. However, studies of multipole excitations in nuclei with neutron excess should
ontinue because of the important information on nuclear structure, around the neutron emission threshold, that can be
xtracted from these investigations.
For all the reasons presented and discussed in this review we consider that the field of the PDR is still one of the more

ctive and promising line of research for the understanding of nuclear correlations and the occurrence of collective modes
n the many-body nuclear environment.
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