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Abstract

Peng introduced a typical filtration consistent nonlinear expectation, called a
g-expectation in [40]. It satisfies all properties of the classical mathematical ex-
pectation besides the linearity. Peng’s conditional g-expectation is a solution to a
backward stochastic differential equation (BSDE) within the classical framework of
1t6’s calculus, with terminal condition given at some fixed time T'. In addition, this
g-expectation is uniquely specified by a real function g satisfying certain properties.
Many properties of the g-expectation, which will be presented, follow from the spec-
ification of this function. Martingales, super- and submartingales have been defined
in the nonlinear setting of g-expectations. Consequently, a nonlinear Doob-Meyer
decomposition theorem was proved.

Applications of g-expectations in the mathematical financial world have also
been of great interest. g-Expectations have been applied to the pricing of contin-
gent claims in the financial market, as well as to risk measures. Risk measures were
introduced to quantify the riskiness of any financial position. They also give an indi-
cation as to which positions carry an acceptable amount of risk and which positions
do not. Coherent risk measures and convex risk measures will be examined. These
risk measures were extended into a nonlinear setting using the g-expectation. In
many cases due to intermediate cashflows, we want to work with a multi-period, dy-
namic risk measure. Conditional g-expectations were then used to extend dynamic
risk measures into the nonlinear setting.

The Choquet expectation, introduced by Gustave Choquet, is another nonlin-
ear expectation. An interesting question which is examined, is whether there are

incidences when the g-expectation and the Choquet expectation coincide.
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Chapter 1

Introduction

In 1933 Andrei Kolmogorov set out the axiomatic basis for modern probability the-
ory in his book ‘Foundation of Probability Theory’ (Grundbegriffe der Wahrschein-
lichkeitsrechnung). It was built on the measure theory introduced by Emile Borel
and Henry Lebesgue, and extended by Radon and Fréchet. Nowadays the probability
measure space (2, F,P) is a standard concept and appears in most papers on prob-
ability and mathematical finance. Another important notion which was introduced,
was the concept of expectation. The linear expectation of a F-measurable random
variable X is defined as the integral fQ XdP. In his book ‘Foundation of Probability
Theory’, Kolmogorov used the Radon-Nikodym theorem to introduce the conditional
probability and the conditional expectation under a certain o-algebra G C F.

An interesting problem which has come about, is whether a nonlinear expectation
could be developed under which we still have such a conditional expectation. Peng
introduced a typical filtration consistent nonlinear expectation, called g-expectation
in [40]. It satisfies all properties of the classical mathematical expectation besides
the linearity. Peng’s conditional g-expectation is a solution to a backward stochastic
differential equation (BSDE) within the classical framework of It6’s calculus, with
terminal condition given at some fixed time 7. In addition, this g-expectation is
uniquely specified by a real function g satisfying certain properties. Many properties
of the g-expectation follow from the specification of this function. For example,
when ¢ is a convex (resp. concave) function, it can be shown that the g-expectation
is also convex (resp. concave). It can also be shown that the classical mathematical
expectation corresponds to the case when g = 0. The Girsanov transformations are
also contained in the concept of g-expectations.

g-Expectations are a fairly new research topic in mathematics and finance. The
properties and behaviour of g-expectations have been studied extensively by Peng

[40, 41, 42, 43, 44]. In a mathematical sense, g-expectations are of particular interest.



The concept of martingales do not require the linearity assumption of the classical
mathematical expectation. Hence, martingales, super- and submartingales have
been defined in the nonlinear setting of g-expectations. Consequently, a nonlinear
Doob-Meyer decomposition theorem was proved. Other results on g-expectations
were obtained by Briand et al. [3], Jiang [32, 33|, Chen et al. [5, 6, 7] and Pardoux
and Peng [38].

Applications of g-expectations in the mathematical financial world have also
been of great interest. g-Expectations have been applied to the pricing of contingent
claims in the financial market. This was studied by El Karoui et al. [35] amongst
others. Risk measures are another application of g-expectations. Risk measures
were introduced to quantify the riskiness of any financial position. They also give
an indication as to which positions carry an acceptable amount of risk and which
positions do not. A well known and popular risk measure is Value at Risk (VaR).
This risk measure has been of great interest in financial and mathematical research.
However, due to the drawbacks of VaR, Artzner et al. [1] introduced some desirable
properties which lead to the concept of coherent risk measures. Follmer and Schied
then generalised this concept and introduced convex risk measures in general prob-
ability spaces. These risk measures were extended into a nonlinear setting using
the g-expectation. The risk measures mentioned thus far have been one-period risk
measures. However, in many cases due to intermediate cashflows, we want to work
with a multi-period, dynamic risk measure. Risk measures were first introduced
in a dynamic setting by Cvitanic and Karatzas [14] and Wang [49]. Frittelli and
Rosazza Gianin [26] and Riedel [46] amongst others have done more recent studies
on dynamic risk measures. Conditional g-expectations were then used to extend
dynamic risk measures into the nonlinear setting. In fact the assumptions on the
function ¢ turn out to give an ideal characterisation of the dynamical behaviour of
risk measures.

The Choquet expectation, introduced by Gustave Choquet, is another nonlinear
expectation. An interesting question that arises is whether there are incidences
when the g-expectation and the Choquet expectation coincide. What assumptions
do we require for a g-expectation to be a Choquet expectation, and alternatively for
a Choquet expectation to be a g-expectation?

The concept of g-expectations and many of the results in this dissertation have
been generalised to a general framework by Samuel Cohen and Robert Elliot [9, 10,
11].

This masters dissertation has been set up in the following way: in Chapter
2 we recall some important mathematical preliminaries required in the remainder

of the dissertation. It covers mathematical expectation as well as stochastic dif-



ferential equations and Brownian motions. Chapter 3 introduces the BSDE and
defines g-expectations and conditional g-expectations. Properties applying to g-
expectations are given. We also consider special cases for the function g and exam-
ine its effect on the g-expectation. Section 3.5 gives the representation lemma for
g-expectations. The resemblance between the classical mathematical expectation
and the g-expectation should become clear in this chapter. This chapter also shows
how the Black-Scholes option pricing formula can be retained from g-expectations.
An introduction to coherent and convex, static and dynamic risk measures follows
in Chapter 4. Chapter 5 combines the results obtained in Chapters 3 and 4. This
chapter begins by analysing the properties positive homogeneity, subadditivity, con-
vexity, translation invariance and monotonicity with regards to g-expectations. Next
we define risk measures in terms of g-expectations. Chapter 6 defines the Choquet
integral and gives general properties of the Choquet expectation. We also show that
the classical mathematical expectation is a special case of the Choquet expectation
and link this nonlinear Choquet expectation to Peng’s g-expectation. The masters
dissertation ends off with Chapter 7 on the nonlinear Doob-Meyer decomposition
theorem. We recall the classical Doob-Meyer decomposition theorem and any re-
lated definitions. Thereafter, we define and outline some properties of g-solutions,
g-super- and subsolutions as well as of g-martingales, g-super- and g-submartingales.
Section 7.4 presents the nonlinear Doob-Meyer decomposition theorem.

Appendix A contains some mathematical results required for various proofs in
the dissertation. For ease of reference Appendix B give an overview of the different

spaces we are working in.



Chapter 2
Mathematical preliminaries

This chapter covers some mathematical preliminaries required for the remainder
of the masters dissertation. Section 2.1 focuses on the concept of mathematical
expectation. Section 2.2 defines stochastic differential equations, Brownian motions

and states some of the important properties of stochastic calculus.

2.1 Mathematical expectation

The majority of the information in this section has been taken from Shreve [47]. We
begin by recalling the definition of the mathematical expectation in a general prob-
ability space (€2, F,P). We also recall the definition of the conditional mathematical
expectation. Some important and useful properties of the mathematical expectation
will be stated.

Definition 2.1. Let X be a random variable on a probability space (2, F,P). The
expectation (or expected value) of X is defined to be

E[X] = /QX(w) dP(w). (2.1)
Definition 2.2. The random variable X is integrable if and only if
E[|X]] < oo.
The basic properties of the expected value will be stated next.

Proposition 2.3. Let X andY be random variables on a probability space (Q, F,P).

(i) If X <Y almost surely and X andY are integrable (or almost surely nonneg-
ative), then
E[X] < E[Y].



2.1. MATHEMATICAL EXPECTATION )

In particular, if X = Y almost surely and one of the random wvariables is
integrable (or almost surely nonnegative), then they are both integrable (or

almost surely nonnegative), and

(i) If o and (B are real constants and X and Y are integrable (or if a and (3 are

nonnegative constants and X andY are nonnegative), then

E[aX + 8Y] = aE[X] + BE[Y].

(iii) If ¥ is a converz, real-valued function and X is an integrable random variable,
then
E[9(X)] = 9(E[X]).

Property (ii) from the previous proposition tells us that the mathematical ex-
pectation is a linear operator. Property (iii) is the well known Jensen’s inequality.

We next define the conditional mathematical expectation.

Definition 2.4. Let X be an integrable or almost surely nonnegative random vari-
able on a probability space (€2, F,P). Let G be a sub-o-algebra of F. The conditional
expectation of X given G, denoted E[X|G], is defined to be the random variable that

satisfies the following properties:
(i) E[X|G] is G-measurable, and
(i)
/AIE[X\Q](w) dP(w) = /AX(w) dP(w), for all A € G. (2.2)
Equation (2.2) is equivalent to having for all A € G
E[14E[X|G]] = E[1.X]. (2.3)

The basic properties of the conditional mathematical expectation will be stated

next.

Proposition 2.5. Let X and Y be random variables on a probability space (Q, F,P)
and let G be a sub-c-algebra of F'.

(i) If a and 3 are real constants and X and Y are integrable (or if o and 3 are

nonnegative constants and X andY are almost surely nonnegative), then

ElaX + BY|G] = aE[X|G] 4 BE[Y|G].
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(i) If X and Y are integrable (or X is positive and Y is G-measurable), Y and

XY are integrable, and X is G-measurable, then

E[XY|G] = XE[Y|]].

(iii) If H is a sub-o-algebra of G and X is integrable (or almost surely nonnegative),
then
E[E[X|G]H] = E[X|H].

(iv) If X is integrable and independent of G, then

E[X|G] = E[X].

(v) If ¥ is a convex, real-valued function and X is an integrable random variable,
then
E[9(X)|g] = (E[X]G]).

Property (i) from Proposition 2.5 tells us that the mathematical conditional
expectation is a linear operator. Property (iii) is also known as the ‘tower property’
or as ‘iterated conditioning’. Property (v) is the well known conditional Jensen’s
inequality.

This classical, linear mathematical expectation is a powerful tool for dealing with
stochastic processes. However, there are many uncertain mathematical phenomena
that are not easily modelled using the classical mathematical expectation. Thus
nonlinear operators were introduced. Choquet [8] introduced the concept of a ca-
pacity and subsequently defined the nonlinear Choquet expectation based on this
concept. Peng [40] introduced the so-called g-expectation, a nonlinear expectation
based on a backward stochastic differential equation.

We are interested in comparing the g-expectation, defined in Chapter 3, to the
classical mathematical expectation. The resemblance between the two will become
clear once we have defined and stated the properties of the g-expectation. In fact, we
will see that most of the basic properties of the classical mathematical expectation,

besides the linearity, are preserved with the g-expectation.

2.2 Stochastic differential equations

For completeness, this section will cover stochastic differential equations, the defi-
nition of a Brownian motion and that of a martingale, super- and submartingale.
Results regarding Brownian motions and martingales, such as the martingale rep-
resentation theorem and Girsanov’s theorem, will also be stated. The work in this

section has been taken from Shreve [47].
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Consider a stochastic differential equation
dX; = /,L(t, Xt)dt + O'(t, Xt)dBt, (24)

where B; is a Brownian motion. The terms u(t, X;) and o(t, X;) represent the
drift term and the volatility term of X; respectively. The definition of a Brownian
motion follows. We define it in one dimension, it can however easily be extended to

d dimensions.

Definition 2.6. Let (2, F,P) be a probability space. For each w € Q, suppose there
is a continuous function B; : Rt x  — R that satisfies B(0) = 0. Then (By);>0 is

a Brownian motion if for all 0 =t < t; < ... < £y, the increments
B, =By, — By, B, — By, ..., By,, — By, ,
are independent and each of these increments is normally distributed with

E[B,
Var[Bt

- Btl] - 07
— By = tiy1 — t;.

i+1
i+1

Paths of Brownian motions are continuous and nowhere differentiable. Con-
sequently normal integration and differentiation rules do not apply to Brownian
motions. The most common stochastic differential equation involving Brownian mo-
tions is geometric Brownian motion. If the process X; follows geometric Brownian

motion, it satisfies the stochastic differential equation
dXt = MXtdt + O'XtdBt.

Here, X; is lognormally distributed with parameters u and o. Subsequently log X

is normally distributed with mean p and standard deviation o.

Definition 2.7. Let Q be equipped with the filtration (F)icpo,7]- The stochastic
process (Xt)te[o,T] is said to be adapted if, for each t, the random variable X; is

JFi-measurable.

Theorem 2.8 (It6’s formula). Let (X¢)i>0 be a stochastic process with dynamics
given by (2.4). Consider a function f(t,x) which is continuous, once differentiable
with respect to time and twice differentiable with respect to x. Then, for any t > 0,
f(t, Xy) satisfies

92

(1, X0) = | T2 + (e, X0) 2 F00) + 5070 X0) o (1, | e

0
+ O'(t, Xt)%f(t, .'IZ‘)dBt
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Definition 2.9. Let (2, F,P) be a probability space, T a fixed positive number
and (Ft)sejo,r) @ filtration of sub-o-algebras of F. Let (M;);cjo,] be an adapted

stochastic process.

e The process, My, is a martingale if for all 0 < s <t < T

E[M|Fs] = M; a.s.

e The process, M,, is a submartingale if for all 0 < s <t < T

E[M|Fs] > M as.

e The process, My, is a supermartingale if for all 0 < s <t < T

E[M|Fs] < M a.s.

Note that a process that is both a sub- and a supermartingale, is a martingale.
Conversely, a martingale is simultaneously a sub- and a supermartingale.

The martingale representation theorem connects Brownian motions and martin-
gales. We state the martingale representation theorem in one dimension. It can
also easily be extended to d dimensions. The one-dimensional martingale repre-
sentation theorem makes use of a one-dimensional Brownian motion, whereas the

d-dimensional equivalent uses the d-dimensional Brownian motion.

Theorem 2.10 (Martingale representation theorem, one dimension). Let (B).e(o,7)
be a Brownian motion on a probability space (Q,F,P) and let (Fi)cor) be the
filtration generated by this Brownian motion. Let (Mt)te[o,T} be a martingale with

respect to this filtration. Then there is an adapted process (Ft)te[o,T} such that

t
Mt:M0+/ T,dB,, 0<t<T.
0

Suppose we are working with the filtration generated by the Brownian motion.
The martingale representation theorem states that any martingale with respect to
this filtration can be represented as an initial condition plus an It6 integral with
respect to the Brownian motion. We can see here that a stochastic differential
equation with a zero drift term is a martingale.

Lastly we state a fundamental result in stochastic calculus, called Girsanov’s
theorem. Girsanov’s theorem describes how the dynamics of a stochastic process
change under a change in measure. Girsanov’s theorem is particularly important
in financial mathematics as it allows us to change from the real-world probability
measure into the risk-neutral measure. Under the risk-neutral probability measure,

contingent claims can be priced fairly.
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Theorem 2.11 (Girsanov’s theorem). Let (By)icjo,r) be a Brownian motion on a
probability space (2, F,P). Let (Fi)iejo,r) be a filtration for this Brownian motion.
Let 0; be an adapted process. Define

t 1 t
Zy = exp {/ 0.dB, — / Hgdu] ,
0 2 Jo

t
Bt = Bt + / Hudu,
0

and assume that

T
E/ 0272du < oo.
0
Under the probability measure defined by

Q(A) = /A Z(w)dP(w) foral AeF

the process (Bt)ic(o,1) s a Brownian motion.



Chapter 3
g-Expectations

In this chapter we define the concept of g-expectation and conditional g-expectation.
We also state and prove properties applying to these g-expectations. Section 3.1
introduces the notation required for the remainder of the dissertation. In Section
3.2 we define the general concept of a filtration consistent nonlinear expectation,
before continuing on to the definition of g-expectations in Section 3.4. Properties of
the filtration consistent nonlinear expectation, as well as of the g-expectation will be
proved. We also consider special cases for the function g and examine its effect on the
g-expectation. Section 3.5 gives the representation lemma for g-expectations. The
resemblance between the classical mathematical expectation and the g-expectation
will become clear in this chapter. The chapter ends off with a financial application

of the g-expectation.

3.1 Notation

Let (2, F,P) be a probability space and let (B);>0 be a standard d-dimensional
Brownian motion on this space. Let (F);>0 be the filtration generated by the
Brownian motion, i.e. FP = 0{Bs;0 < s < t} for any t > 0. Denote by (F;);>o the
augmented filtration such that F; = 0{Bs;0 < s <t} UN for any t > 0, where N/
is the collection of all P-null sets.

Let T > 0 be a fixed time horizon and for simplicity of notation let F = Fr.
Without loss of generality consider processes indexed by t € [0, 7.

Let L?(F) = L*(Q,F;,P), with t € [0,T], denote the space of all real-valued,
Fi-measurable and square integrable random variables applying with the L2-norm

|- Let X be a real-valued random variable, then the L?-norm ||-||, is defined by

P
rrxr2=(/0 X dt)

10
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Let L%_-(T, R™) denote the space of all R"-valued, Fr-adapted processes (V;).e(o,1]
with
T
E / |Vi|2dt < oo,
0

where | - | denotes the Euclidean norm on R™. The Euclidean norm on R™ is defined
by

[(v1,...0)] = (Zﬁ) .
=1

Also let Mx(R™) denote the space of all R"-valued, Fi-progressively measurable
processes (Y¢)icjo,r]- Let Hi(T,R"™) denote the space of all (¢1)icpo,r) € Mr(R")
with
T
E/ |t |Tdt < 0.
0

Before we introduce the backward stochastic differential equation (BSDE) which
will be used in defining the g-expectation and conditional g-expectation, we define

nonlinear expectations and filtration consistent nonlinear expectations.

3.2 Filtration consistent nonlinear expectation

The majority of this section is based on the work by Coquet, Hu, Mémin and Peng
[12].

Definition 3.1. A (nonlinear) expectation is a function
El-]: LX(Fr) =R
which satisfies

(i) Strict monotonicity: For all X1, Xo € L*(Fr), if X1 > X5 a.s. then £[X;] >
E[X2], and if X7 > Xy a.s. then £[X1] = £[X2] if and only if X; = X5 as..

(ii) Constancy: For all ¢ € R, we have £[1c] = ¢, where 1 : Q — R is defined by

1 =1 a.e. Asis customary in literature, we write £[1c|] = &|c].
Lemma 3.2. Lett € [0,T] and let n1,ne € L*(F,). If for all A € F
E[m1a] = En214],

then

m="mn2 a.s.
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Proof. Choose A = {n1 > n2} € Fy. Since m1la > maly and E[mla] = E[nelal,
it follows from the definition of (nonlinear) expectation, that 7114 = 7214 a.s..
Therefore we have that 1, < 79 a.s.. Similarly, we can show that ny < 7 a.s.. The

result follows and the proof is complete. O

Definition 3.3. For the given filtration (F)icpo,7], a (nonlinear) expectation is
called an F;-consistent expectation (F-expectation) if for each X € L?(Fr) and for
each t € [0,7] there exists a random variable n € L?(Q, F;,P), such that for all
A€ ft

E[14X] = E[1a). (3.1)

By Lemma 3.2 this 1, which is denoted by £[X|F;], is uniquely defined. E[X|F]
is called the conditional F-expectation of X under F; and by Definition 3.3 it is
characterised such that for all A € F;, we have

E[1aX] = E[L4E[X|F. (3.2)

The properties of Fi-consistent expectations are listed below. We will soon see
that the g-expectation is an JFi-consistent expectation. Thus these properties also

apply to the g-expectation.
Proposition 3.4 (Properties of F-expectation).

(i) For each 0 <r <t <T, we have E[E[X|F]|F,] = E[X|Fr]. In particular, we
have E[E[X|F]] = £[X].

(ii) For all t € [0,T] and X1, X2 € L*(Fr) with X1 > Xa, we have E[X1|F;] >
E[Xa|Ft].  If moreover E[X1|Fi] = E[X2|F] a.s. for some t € [0,T], then
X1 = X2 a.s..

(iii) For all B € F, we have E[1pX|F] = 1E[X|F].

Proof. (i) Let 0 <r <t <T. For each A € F,., we also have A € F;. Thus applying
Equation (3.2) twice, we get

E[1aX] = ENALE[X|F]|F]].

Now E[X|F,] is the unique random variable n in L?(F,.) such that E[14X] = £[Lan),

hence it follows that

The particular case follows by setting » = 0 and from the fact that Fg is the trivial

o-algebra.
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(ii) Set n; := E[Xi|Fi], ¢ = 1,2. Since X; > Xs, we have by Equation (3.2) and
by the monotonicity of the (nonlinear) expectation that for each A € F,

g[lAnl] = g[lAXl] Z g[lAXQ] = 5[1,47’]2].
In particular, we know that {n; <y} is Fi-measurable and thus setting

A= {771 < 772}7

we get E[1y <prm] = E[1g; <noymel). Tt is clear that 1g, <, vm < 1 <pym2. By
the definition of the (nonlinear) expectation, the above two relations imply that

1 <naym = Ly <poy2 Which consequently implies that 11 > 7 i.e. E[X1|F] >
E[X2| F).

Now assume that £[X1|F;] = E[X2|F] a.s. for some ¢ € [0,T]. Applying &£[-]
on both sides, we get by (i) that £[X;] = £[X3] and by the monotonicity of £[-], it
follows that X7 = X5 a.s..

(iii) Applying Equation (3.2) in two consecutive steps, we have for each A € F;

EMAE1BXI|F]| = E[141pX]
= E[14{1BE[X|F]}].

It follows easily that E[1pX|F] = 15E[X|F:] and consequently we have proved
(i) O

3.3 Backward stochastic differential equations

Consider a function
g:Qx[0,T] xRx R —R
(w7 t’ y’ Z) = g(w7 t? y? Z)'

In any operation involving g(w,t,y,z) we assume the operation holds P-almost
surely, for any fixed ¢ € [0,7]. For simplicity we omit the ‘P-almost surely’ and
write g(t,y, z) instead of g(w,t,y, 2).

Pardoux and Peng [38] introduced the BSDE

with terminal condition
Yr=2X, (3.4)

where X € L?(Fr). We can write this BSDE in integral form as

T T
Y;:X+/ g(s,Ys,Zs)ds—/ ZydB,, 0<t<T. (3.5)
t t
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Remark 3.5. BSDE (3.3) can equivalently be written as
dY; = —g(t,Y:, Zy)dt + ZdBy, 0<t<T

with terminal condition

Yr=X.

However the literature on g-expectations prefers expressing the BSDE in the form
of Equation (3.3)-(3.4). We are working with a terminal condition at time 7" instead
of an initial condition. Hence — ftT dYs integrates to Y; — Yy which makes it easy to

solve the equation for Y; yielding the integral form seen in Equation (3.5).

In the above we have (Yi, Zy)iepor] € LF(T,R) x L5(T, R9), which denotes the
solution to BSDE (3.3) with terminal condition (3.4) i.e. Y; is a R-valued, Fp-
adapted process and Z; is a R%-valued, Fr-predictable process.

Assume that the function ¢ satisfies the following conditions.

(A1) g is uniformly Lipschitz continuous in (y, z), i.e. there exists a constant C' > 0
such that for all y1,y2 € R and 21, 20 € RY,

lg(t,y1,21) — g(t,y2, 22)| < C(lyr — yo| + |21 — 22]); (3.6)

(A2) g(-,y,2) € LX(T,R) for each y € R, 2z € RY;
(A3) g(-,y,0) =0 for each y € R.

Note that the Lipschitz continuity in assumption (A1) is equivalent to the following:
there exists a constant C’ > 0 such that for all 1,92 € R and 21, 20 € R,

lg(t,y1,21) — g(t,y2, 22) 12 < C'(Jyr — yal?® + |21 — 22)?).

To see this, we square Equation (3.6) and note that we have (a + b)? < 2(a? + b?)
for a,b > 0. Therefore

‘g(ta y17z1) - g(ta y27z2)‘2 < CQ(‘yl - y2’ + ’Zl - 22’)2
< C*(2ly1 — y2f” + 2|21 — 22f%)
=C'(Jy1 — y2* + |21 — 22|?).

Also note that assumption (A3) is equivalent to having

(-, 1ay,142) = g(-,y,142) = 1ag(-,y, 2) (3.7)
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for all (y, 2) € RxR? and A € F;. We see this by examining the individual functions
in (3.7). We have that

9(-,y,z) forwe A

g(') 1Ay7 1AZ) -
9(-,0,0) forw ¢ A.
Also
9(,y,z) forwe A
9(‘7% 1AZ) =
g(uya(]) forwgéA,
and
9(,y,z) forwe A
]-Ag('vy’ Z) =

0 for w ¢ A.

These three are equivalent if and only if g(-,y,0) = 0 for each y € R. Assumptions
(A1), (A2) and (A3) are the usual ones when working with g-expectations and will
be assumed throughout this chapter, unless otherwise stated. A typical example
of such a g, satisfying assumptions (Al), (A2) and (A3), is g(t,y,2) = p|z| where
€ R. This function will be of particular importance later on.

Additional assumptions which are often imposed are listed below. When any of

these assumptions is required for a specific result, they will be explicitly stated.

(B1) g(t,y, 2) is continuous in ¢ for each y € R and z € R
(B2) g does not depend on y;

(B3) ¢ is positive homogeneous in (y, z), i.e. for all t € [0,T], « > 0 and (y,2) €
R x R%, we have

g(t, ay, az) = ag(t,y, 2); (3.8)

(B4) g is subadditive in (y, 2), i.e. for all ¢+ € [0,7] and (yo, 20), (y1,21) € R x R%,

we have

g(t,yo +y1, 20 + 21) < g(t, 90, 20) + 9(t, y1, 21); (3.9)

(B5) g is convex in (y, 2), i.e. for all t € [0, T, (vo, 20), (y1,21) € RxR%and a € [0, 1],

we have
g(t,ayo+ (1 —a)yr,azo+ (1—a)z1) < ag(t,yo, 20) + (1 —a)g(t, y1, 21). (3.10)

The following two propositions will be stated without proof. The proof of the

first proposition can be found in Pardoux and Peng [38].
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Proposition 3.6. Let assumptions (A1) and (A2) hold true for g. Then there
exists a unique pair of processes (Yy, Zi)iep,r) € L3(T,R) x L3(T, RY) that solves
the BSDE (3.3) with terminal condition (3.4).

The solution to (3.3) with final condition (3.4) will also be denoted by
(}/t(g7 T7 X)’ Zt(ga Ta X))tE[O,T]'

Proposition 3.7. Let assumptions (A1) and (A2) hold true for the function g
and let X1,Xo € L*(Fr) and (¢}),(¢7) € L%(T,R) be given. Furthermore, let
V7, 2 e € (T, R) x L(T,RY) for i = 1,2 be solutions of

—av? =g, v\, 2) + ¢ dt — 2V dB,,  0<t<T
v\ = X,.

Then we have the following ‘continuous dependence property’:

T T
sup B[V ¥ PP+ E / 20— 2P ds < CE[|X) — Xa[?] +CE / 61— 62 2ds.
0 0

0<t<T

The previous proposition as well as the following theorem have been taken from
Peng [40].

Theorem 3.8 (Comparison theorem). We suppose the same assumptions as in

Proposition 8.7. If we furthermore assume that
Yt(l) > Y;(Q) a.s. and qb% > (b? a.s., a.e. (3.11)
then for each t € [0,T], we have
v >v® as. (3.12)
Also, we have
Yt(l) = Y;(Q) a.s. if and only if Y:ﬁl) = Yr}Q) a.5. and ¢} = $? a.s., a.e. (3.13)

Proof. For simplicity we will only prove the case where t = 0, d = 1 and ¢} = ¢7.
Since

dy\V = —[g(t, v,V Z) + ¢l dt + 2 dB,

and
—av,? = [g(t, v, 2 + ¢ dt — 2 dB,

we can clearly see that

d Y =) = —g(t, vV, 2V) - 96,2, 2 dt + (2" - 2?) aB.
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Consequently we have

A =) = —[a, v =) + 0,20 = 2P at + (2 - 22y aB,

where N S
o2 IOY L Z7) — gt YT, 2 7))
e y O _y® 2,y
and @ ) 2 (2
p o= IBYET Z) — g6, Y 47
: 77 (040

Since g is uniformly Lipschitz, we have
1 1 2 1 1 2

and
2 1 2 2 1 2
9t Y2, 2y — g0, v, 2 < |12V - 7],
giving
]at| < C and ’bt’ < C.

We now set
Q= efo bsdBs=3 [ [bs[* ds (3.14)

and apply It6’s formula to
(Yt(l) _ th))Qte;g asds
We know @y, elo asds and Y;(l) — Yt(2) respectively satisfy
dQt = Qibid By,

d(efot asdsy — agelo o ds gt

Ay vy = —[a, (v =¥, 4 b2 — 2PN dt + (2 — 7)) dB,.

Applying It6’s product rule, first to Qtefot @ ds and then to (Yt(l) — Ylt(Q))Qtefot asds

we get
d(Qredo a:45) = Q,elo @ 83 [q,dt + bydB,]
and

AV, =Y )Qeelo 2 = (V) = Yd(Quelo 1) 4 Quelo B a (v — v )
+ d(Y;(l) _ Kg(2))d(Qt6f0t as dS)
= Qielo [y YD), + 2V — 2B,
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From this we know that (Yt(l) - Y;(Q))Qtefot s ds i a local martingale giving
T
YOI _ }/02 _ E[(Y;(l) _ }/'t(?))QTefO as dS]‘
We note here that

QO = 1, and

0
€f0 asds _ 1.

Since |a¢| < C for all t € [0,T], we have elo asds > ¢=Ct giving
Y -v2 > efc‘tE[(Yq(}) _ YT(2))QT] — efCtEQ[(YT(l) _ YT(z))]'

Here E[ -] denotes the classical mathematical expectation under the probability mea-
sure P and EQ[-] denotes the classical mathematical expectation under the proba-

bility measure given by
Q(A) = / Qr(w)dP(w) for all A € F.
A

Thus YT(l) > Yf) implies YO1 > YOQ. Furthermore, since the probability measures

P[-] and Q[-] are mutually absolutely continuous, it follows that

Yo(l) = YE)(Q) if and only if Y:ﬁl) = Y%Q) a.s.

3.4 g-Expectations

We can now introduce g-expectations and conditional g-expectations as defined by
Peng [40] and outline some properties of the g-expectation. We assume that the
function g satisfies assumptions (A1), (A2) and (A3).

Definition 3.9. For any X € L*(Fp), let (Y;, Z)iepo.r) € LF(T,R) x L3(T,R?) be
the solution of the BSDE (3.3) with terminal condition X. The g-ezpectation &, of
X is defined by

Note that Yj is a deterministic number that depends on the final condition X.
When g(t,y,2) = p|z| where p > 0, we will denote &[-] by £/[-] and &y |F] by
EM- | F.

Even though in general g-expectations are not linear, the same basic properties

as for the classical, linear mathematical expectation are preserved.
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Proposition 3.10 (Properties of g-expectation).
(1) Eglc] = ¢ for all ¢ € R. In particular, we have £4[0] = 0 and E4[1] = 1.

(1t) If X1 > Xo a.s., then E4[X1] > &[Xa]. In this case E4[X1] = E4[X2] if and
only if X1 = Xs a.s..

(iii) There exists a constant C' > 0 such that for all X1, X2 € L*(F;), we have

[€g[X1] = &[X2]|* < CE[[ X1 — Xa/?).

Proof. (i) Due to assumption (A3), when X = ¢, the solution of Equation (3.3)
(Y, Zt)iejo,r) is identically equal to (c,0). Thus we have that &c] = c. The partic-
ular cases follow by setting ¢ = 0 and ¢ = 1.

(ii) This is a direct consequence of the comparison theorem, theorem 3.8.

(iii) This is a direct consequence of the ‘continuous dependence property’ in
Proposition 3.7. ]

From the definition of g-expectation, Peng [40] introduces the concept of con-
ditional g-expectation of a random variable X € L?(Fr) under F;. Analoguously
to the definition of classical conditional expectation, we are looking for a random

variable 7 satisfying the following properties:
1. n is Fi-measurable, n € L?(F});
2. &[1aX] = &y[Lan] for all A € F;.

Definition 3.11. For any X € L*(Fp), let (Y3, Z)epr) € L3 (T, R) x L3(T,RY)
be the solution of the BSDE (3.3) with terminal condition X. The conditional
g-expectation £, of X for any ¢ € [0,T] is defined by

59[X|]:t] =Y.

Proposition 3.12. £,[X|F] is the unique random variable n in L*(F:) such that
for all Ae Fy
Eg[LaX] = &[1an]. (3.15)

Proof. Uniqueness: Suppose 11, n2 € F; and both satisfy Equation (3.15), then we
have that for all A € F;

Eg[lam] = Eg[1ama].

In particular, we have that {m; > 72} and {n < n2} are Fi-measurable and thus
setting A = {n1 > n2} or A = {m < n2} we respectively get

Eglpmznaym] = Egll i >n1m2]5
Egllm<naym] = EgLiny <npym2]-
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But

Losmym 2 Ly >pyn2;
L <naym < Ly <o} 2

From these above relations and from the monotonicity property of & -], Propo-
sition 3.10 (ii), we have that

1{7712772}771 = 1{77127,2}772, a.s.

1{771§n2}771 = 1{771972}7727 a.s.

Thus it follows that n; = 1y a.s..
Ezistence: For each t > 0, let T >t and let X € L*(Fp). Let (Yy, Zt)er) €
LZ(T,R) x L%(T,R%) be the solution of the BSDE (3.3) with terminal condition X,

then
T

T
Yu:X+/ g(s,Y;,ZS)ds—/ ZsdBg, 0<u<T.

By (3.7), we can write for all A € F;

T T

lAYUZIAX-i-/ g(S,lAYS,lAZS)dS—/ 147 dBs, t<u<T.

u u

From the definition of &[-] and from the above equation, noting that in this case

14Y; is deterministic, it follows that
59[1AX] =1,Y; = gg[lAKg].
Thus n = Y; satisfies (3.15) and is F-measurable, which completes the proof. ]

Similarly to Lemma 3.2 with (nonlinear) expectations, this proposition tells us
that for all A € F;, we have

EglaX] = &E[1a& [ X|F]). (3.16)

The conditional g-expectation also preserves the essential properties of the clas-

sical conditional expectation, except for the linearity.
Proposition 3.13 (Properties of conditional g-expectation).

(i) Let X be an Fi-measurable random variable. Then E;[X|Fy| = X. In particu-
lar, we have &;[0|F;] = 0 and & [1|F] = 1.

(i) For all X € L*(Fr) and r,t € [0,T], we have &;[EG[X|F)|Fr] = EG[X|Finrl,

where t A r denotes the minimum of t and r.
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(Z’L’L) Ile Z XQ, then gg[X1|.7:t] Z Eg[X2|.7:t]
(v) For all B € Fy, we have E4[1pX|F;] = 1&[X|F].

Proof. (i) This follows directly from the definition of the conditional g-expectation.

(ii) We only consider the case where t > r since if ¢ < r, we can apply (i) and the
result follows easily. For ¢ > r we have that for each A € F,., we also have A € F;.
Thus applying Equation (3.16) twice, we get

Eg[1a&y[Eg[X|Fi| ]| = Eg[1aX].

Now &[X|F] is the unique random variable n in L?(F;) such that &[14X] =
E4[14n], thus by Proposition 3.12, it follows that

Eg[EG[X|Fe]|F+] = Eg[X| ]
— gg[X|ft/\r].

(iii) Set n; := &4[X4|Fi], i = 1,2. Since X1 > X, we know by Equation (3.16)
and from Proposition 3.10 (ii) that for each A € F,

Egllam] = Eg[1aX1] > E,[1aXo] = E[1ang].

In particular, we know that {n; < n} is Fi-measurable and thus setting A = {m <
n2}, we get gg[l{mﬁnz}m] > 89[1{771§772}n2]' It is clear that 1, <pym < 1gp <na}2-
Again by Proposition 3.10 (ii), the above two relations imply that 1y, <p,3ym =
14y, <yo17m2 which consequently implies that 11 > n i.e. Eg[X1|Fy] > E[Xa|F].

(iv) For each A € F;

Eg[LAE, (L5 X|F]] = &[La15X]
= &,[14{1pE,[X| Fi]}).

Now from Proposition 3.12 applying to conditional g-expectations, we get that
E1BX|Fi) = 15E4[X|F;] and consequently we have proved (iv). O

Having seen the similarities between the classical mathematical expectation and
the g-expectation, a natural question which Briand et al. [3] pose is the following:
if X € L*(Fr) is independent of F;, do we have that E;[X|F;] = &,[X]? Briand et
al. [3] proved the following proposition.

Proposition 3.14. Let g satisfy assumptions (A1), (A2) and (A3) and let g be
a deterministic function. Also let X € L*(Fr). If X is independent of F;, then
Eg[X|Ft] = &[X].
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Proof. By Proposition 3.13 (ii) we know that £4[X] = &£4[&4[X|F:]] and by the
constancy of the g-expectation, Proposition 3.10 (i), we also know that for all ¢ € R,
Eglc] = c. Tt is hence sufficient to show that £4[X|F;] is deterministic.

To prove that £4[X|F;] is deterministic, we use the shift method. Let 0 < s <
T —t, and let B, = By1s — B;. Then {B,,0 < s < T — t} is a Brownian motion
with respect to its filtration F., which is the o-algebra generated by the increments
of the Brownian motion after time ¢t. Now X is Fp-measurable and independent
of F;, and hence it is measurable with respect to .7-1}%. We can thus construct the
solution (Y}, Z¢)scf0,r— of the BSDE

T—t T—t
Y;’:X—i—/ g(t—i—u,Yé,Z{L)du—/ Z!, dB., 0<s<T-t.
S S
Setting s = v — t, we get
T—t T—t
Y;,’_thJr/ g(t+u,Y;,Z;)du—/ Z, dB., t<ov<T.
v—t v—t

Making the change of variable r = t 4+ u in the integrals, we get

r—t»

T T

T T
=X —l—/ g(r,Y! 2! ) dr — / Z!_,dB,, t<ov<T. (3.17)
v

v

We know that (Yy, Zy)yefe,) is the solution to the BSDE

T T
Yv:X—i—/ g(s,Ys,Zs)ds—/ Z,dBs, t<uv<T. (3.18)
v v

From Equation (3.17), we see that (Y;_;, Z,_;)vefe,r is also a solution of the BSDE
(3.18). Hence by uniqueness, we have that (Y,_;, Z,_;)vepe,r] = (Yor Zo)vepr)- In
particular, setting v = ¢, gives us Y] = Y; = &[X|F;]. Since Y| is deterministic,
E4[X|F] is deterministic, which completes the proof.

0

The definition of the conditional g-expectation and the previous propositions

lead to the following obvious lemma.

Lemma 3.15. Consider the function g. The related g-expectation E4[-] is an Fi-

consistent expectation.

We now consider two specific cases of the function g. Firstly we will show
that the classical mathematical expectation E[-] corresponds to the case of g = 0.

Subsequently we state and prove the lemma known as the risk aversion property
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of the g-expectation, &[-], shown by Peng [40]. Secondly, we consider the case of

g = bsz, where (bs)se(0,00) is @ uniformly bounded and Fi-adapted process. This case

shows that the concept of g-expectations contains the Girsanov transformations.
Let X be Fpr-measurable. Let g = 0 and consider the following BSDE

dY, = 0dt + Z,dB;, 0<t<T

with boundary condition
Yr=X.

Integrating over the interval [t,T], we get
T
Y, =X — / ZsdBs.
t

Now Y; is an Fi-measurable random variable, thus taking conditional expectation

and noting that the expectation of an It0 integral is 0, we get
EJX|F) =Y, = E[X|F].
In particular, setting ¢t = 0, we get that
& X] =Yy =E[X].

This provides an alternative explanation for the classical mathematical condi-
tional expectation. In the framework of a Brownian filtration, conditional expecta-
tions with respect to F; are solutions of simple BSDEs. The classical mathematical

expectation is the value of this solution when ¢ = 0.
Lemma 3.16 (Risk aversion). Assume that for all (t,y,z),
g(t,y,z) <0,

then
& X|F) < E[X|F].

In particular, when t = 0, we have,
& X] <E[X].

Proof. Let X be Fr-measurable and consider the following BSDE

dY; = ZydB,,  0<t<T (3.19)
Yr=X. (3.20)

The solution of this BSDE is Y; := E[X|F]. From the comparison theorem, Theorem
3.8, we have that Y; < Y; which gives us that Eq[X|F] < E[X|F;] and completes the
proof. The particular case follows by setting ¢t = 0. 0
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This risk aversion property gives a connection between g-expectations and risk
measures. Clearly the choice of g is important in the construction of the risk measure.
Risk measures, as well as the choice and interpretation of the function g in connection
with risk measures, will be discussed in Chapter 5.

We now consider the case g(s, z) = bsz, where (bs)se(o,o0) is @ uniformly bounded

and Fi-adapted process. We let X be Fpr-measurable and let

t 1 t
Q; := exp U bsdBs — / ]bs\st] .
0 2 0

It is well known that @ is the solution to the It6 equation

0. = b,Q.dB., with
Qo = 1.

We also know that Y, = £,[X|F,] is the solution to the backward equation

dYs = —bsZsds + ZsdDBs,
Yr=X.

Applying It6’s formula to Y;Qs, we get

d(YsQs) = YsbsQsdBs — QsbsZsds + Qs ZsdBs + bs ZsQsds

Integrating over the interval [0, T, yields

T
YiQr = Yo + / Qu(Yabs + Z,)dB,.
0

By taking the classical mathematical expectation on both sides and noting that

Yr = X and that the expectation of an It6 integral is 0, we get
E[XQr] = Yo = &,[X].

We therefore have that
&4[X] = E?[X]

where E@[ -] is the expectation under the probability measure given by

QA) = /A Qr(w)dP(w) forall AeF

and

E%[X] = E[XQ7].
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This clearly shows that the concept of g-expectations contains the Girsanov trans-
formations.

Similarly, we can find an expression for the conditional g-expectation, & - |F¢]
in terms of the conditional expectation, EQ[-|F;], under Q. Integrating over the
interval [¢,T] on both sides of Equation (3.21) yields

T
YiQr = Y01 + / Qu(Yabs + Z,)dB,.
t

Taking the conditional expectation with respect to the filtration F; and noting that

Y;Q; is Fi-measurable, we have that
E[XQr|Fi] = Y1 Q:.

This gives us

EX|F] =Y, = 5E[XQTrft].
t

Thus we have that
&[X| 7] = EU[X |7

where EQ[-|F;] is the expectation under the probability measure Q and

1

Q

This is again consistent with the Girsanov transformations.

EC[X| 7] = —E[XQr|F.

The next theorem is due to the author. It combines the classical mathematical

expectation and the g-expectation under a change of measure.

Theorem 3.17. Let (Bt)te[O,T] be a Brownian motion on a probability space (2, F,P).
Let (}—t)te[O,T] be a filtration for this Brownian motion. Consider the following BSDE

dY; = —g(t, Yy, Z;)dt + Zd By, 0<t<T

with terminal condition
Yy = X,
where X € L?>(Fr). Assume that Z; >0 or Z; < 0 a.e. Define

t = —————.
Z

t 1 t
Zy = exp {/ 0.dB, — / Hgdu] ,
0 2 Jo

t
Bt = Bt + / Gudu,
0

Also define
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and assume that .

E / 02Z2du < oc.

0
Consider the probability measure defined by
Q(A) = / Z(w)dP(w)  forall A€ F.

A
The g-expectation of X, E4[X|F], corresponds to the classical conditional expectation
under Q. In particular, £4[X] corresponds to the classical expectation under Q.
Proof. Under Q, we have that

dY; = Z;dBy, 0<t<T

with terminal condition
Yr =X.

By Girsanov’s theorem, we know that By is a Brownian motion under Q. Hence,
under Q, we see that g(¢,y,2) = 0. We know that the classical mathematical
expectation EQ[-|F;] corresponds to the case of g = 0. The particular case follows

by setting ¢ = 0. This completes the proof. O

We can now give a counterexample to Proposition 3.14, when g is not determin-
istic. This example has been taken from Briand et al. [3].

Fix T'> 0 and let ¢t € [0,7]. Let f : R — R be a continuous and bounded
function. Define g(s,z) := f(Bsat)z. Furthermore, let X = By — B;. X is Fp-

measurable and independent of F;. We now have

t 1 t
Q1 = exp [ / F(Bon)dB, — 5 / fz(BsAt)ds] .
0 0
By the above result, we know that

Eg[X|F) = EU[X| 7]
= EQ[Br — B|Fi]. (3.22)

Girsanov’s theorem tells us that under the probability measure Q, the process B,,
0 <r <T given by

Br =B, — / f(Bs/\t)ds
0

is a Brownian motion. Moreover,
- - T
Br—Bi=Br—Bi+ [ f(Bunds
t

T
:BT_Bt+/ f(Bt)ds
¢

= Br — B; + (T — t)f(B). (3.23)
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Plugging (3.23) into (3.22), it follows that
&[X|F] =E®[Br — By + (T — t) f(By)| F
= (T -8)f(By).

Hence, if f is not constant, £;[Br — By|F;] is not deterministic, giving the desired

result.

Proposition 3.18. Let g be convex in (y, z). Then for all X,n € L*(Fr), t € [0,T)]
we have
Eg[X +nlF] < E[X[F] + Enl Fil.

Proof. Consider Y;* = £;[X|F;] which is the solution of
T T
Yr =X +/ g(s, Y, Z%)ds — / Z'dB,, 0<t<T.
t t
Also Y;** = &£4[n|F] is the solution of
T T
Y — +/ g(s, Y2, Z)ds — / ZdB,, 0<t<T.
t t
Now
T T
EgX +nF]=X+n +/ g(s, Yr+ Y ZX + Z7)ds — / (Z+ Z7")dBs.
t t
Since g is convex in (y, z) we have that
T
Eg X +n|F] <X +n+ / 9(s, Y, Z3) + g(s, Y., Z7)ds
t

T
- [ @ vz,
t
Hence, it follows that
EglX +n|F] Y7+ YT,

giving the desired result. O

Remark 3.19. Similarly, if ¢ be concave in (y, z), then for all X,n € L?(Fr),
t € [0,T] we have
EglX +n|F] = &[X|Fi] + Egnl Fe).

The proof of the concave case follows identically to that in the convex case with the

< inequality replaced by a > inequality.

Before going on to results in the y-independent case, another useful result giving

the representation for generators of BSDEs, will be proved.
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3.5 Representation lemma for generators of BSDEs
Recall that the solution to the BSDE
T T
Vi=X+ [ geYizZyds- [ ZadB, o0<t<T.
t t

will also be denoted by (Yi(g,T,X),Zi(g,T,X))sejo,r)- Consequently, assuming
(A1), (A2) and (A3) hold true, we have that the g-expectation of X is given by

&g X|Fi] =Yi(g, T, X).

In studying a converse comparison theorem for BSDEs, Briand et al. [3] showed
that under (A1), (A2), assuming that g(t,y, z) is continuous in ¢ for each y € R and
z € R? and assuming that

E | sup |g(¢,0,0)

te(0,7)

< 00,

we have that for any (y,z) € R x R? and ¢ € [0, T)

1
9(t,y,2) = L* = Jim ~[Vi(g,t+ €,y + 2 (Brye = Br) — ).

The notation ‘L?—’ implies that the limit is taken in L?. While studying Jensen’s
inequality for g-expectations, Jiang [33] got the following proposition, which gives a

more general representation.

Proposition 3.20. Let (A1) and (A2) hold true for the function g andlet1 < p < 2.
Then for any (t,y,z) € [0,T) x R x R%, the following are equivalent:

. 1
(i) g(t,y,z) = LP — lim = [Yi(g,t + €,y + 2z (Bire — Br)) — yl;

e—0+€

1 t+e
(i) g(t,y,z) = LP — 11%1+E L/ 9(s,y, z)ds|F|.
€— t

Many problems on BSDEs are related to this kind of representation problem.
We next state a general representation lemma for generators of BSDEs under as-
sumptions (Al) and (A2). This generalises the result of Briand et al. [3]. The

representation lemma is taken from Jiang [32].

Lemma 3.21 (Representation lemma). Let (A1) and (A2) hold true for the function
g and let 1 < p <2. Then for any (y,z) € R x R?, we have that the equality

. 1
g(tvyaz) =LP— €£%1+g [K(g,t+e,y+z ! (Bt+6 - Bt)) - y]

holds for almost every t € [0,T).
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If we set
z : 1
Sjt0) = {t € 0.0+ ) = 2~ iy L

i Wit eyt 2 (Brae = B) 3]}

the representation lemma tells us that
A([0,T\S;(9)) = 0, (3.24)

where A denotes the Lebesgue measure.
Before being able to prove Lemma 3.21, we require some additional results. We

first state the Lebesgue lemma taken from Fan and Hu [22].

Theorem 3.22 (Lebesgue lemma). Let f be a Lebesque integrable function on the
interval [0, T]. Then, in [0,T], we have

t++
lim n/ Fu) — FOldu=0 dt as. (3.25)
t

n—oo

Equivalently we can write Equation (3.25) as follows.

1 t+e
lim — |f(u) = f(t)|du =0
e—0 € Jy
t+e 1 t+e
= lim - f(uw)du — lim — f(t)du =0,
e—0 € Jy e—0 € Jy
which implies that
t+e 1
lim — fu)du =lim = f(t)(t + € — 1),
e—0¢€ J; e—0 €
giving
1 t+e
lin% - flw)du = f(t) dt a.s.
€— € t

We next give a proposition required in the proof of the representation lemma.

Proposition 3.23. Let g > 1 and let 1 < p < q. For any (¥1)icom) € Hy(T,R) we
have
) 1 t+e
Yy = LP — EEI(% - t Yeds  a.e.

Proof. Since (v1t)ejo,r) € HZ.(T,R), Fubini’s Theorem A.1 (see Theorem A.1 in the
appendix) yields

T T
| Bl =E [ it < o
0 0

Thus fOT E[|¢¢|?) dt < oo a.e. for t € [0,T]. By the Lebesgue lemma, we have for
almost every t € [0,T)

t+e
lim * / E (|47 ds = E [ji2]]
t
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Also since (v)ej0.1) € HF(T,R) we have that ’fOT wtdt‘ < 00, a.s. By the Lebesgue
lemma and by Fubini’s theorem, we have
t+e

lim — Ysds =Py, a.s., a.e.
e—0+ € t

Thus there exists a subset S C [0,7T") such that the Lebesgue measure of [0, T]\S
equals 0, and for each t € S, we have that

t+e
lim — <ds = .S. .26
g o) wds= as (329
We also have that
1 t+e
Ellil?] <ooand lim ~ [ E[[7ds =[],
€E— ¢

For any t € S, we know there exists a constant ¢; > 0 such that for all € € (0, d;]

1 t+e
* [ B ds <Elwdn + 1. (327)
t
Now for any t € S and € € (0, 0], set Xf := ’% ttJre wsds‘. For any a natural number

N > 1, we want to integrate over X; > N. Then for Xy > N > 1 and for 1 <p < g,
we have %Xf > 1. Therefore

q

I

1
’NXf

b 1
< ‘NXf

giving us

X < —— |X;]1. (3.28)

Na—p
By Equation (3.28), Fubini’s theorem and Equation (3.27), we have

p
1
Wg/ Wsds
/{X§>N} {xe>ny NP
< L L™ ] ap
=~ {X§>N} Na—p ; ] W}s‘ S

1 1 t+e
_ q
= Nq—pE L/t [s] ds]

q

1 t+e
dPP

- Psds

€ Ji

1 t+e

€ Ji

1 1 t+e
<gie) Elwas
1
< 5 Bl + 1

< Q.
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Thus {‘% tt+€ ¢sd8‘p ;e € (0, (5t]} are uniformly integrable. Combining this with
Equation (3.26) we conclude that for each ¢ € S, we have that
t+e
— [P~ lim - .
wt 6—1>%1+ € Jt ,l/}SdS

This completes the proof. O

We can now prove Lemma 3.21 which is restated below.

Lemma 3.24 (Representation lemma). Let (A1) and (A2) hold true for the function
g and let 1 < p < 2. Then for any (y,z) € R x R, we have that the equality

. 1
g(tayvz) =L - J_{%h_; [Y:f(gvt+€7y +z- (Bt+€ - Bt)) - y]

holds for almost every t € [0,T).
Proof. Since (g(t,0,0))icior] € HF(T,R) and g satisfies (A1), we know that for
each (y,2) € R x R, (g(t,v, 2))epo,r] € H#(T,R). Then for any 1 < p < 2 and any

(y,2) € R x R% Proposition 3.23 and the monotone convergence theorem yield for
te€[0,T)

1 t+e
g(t,y,z) = LP — lir(%E L/ g(s,y,z)ds|F| a.e.
€— t

Thus, using the equivalence of Proposition 3.20, the result of the representation

lemma follows, which completes the proof. ]

Under the additional assumption of (A3), the representation lemma has an al-

ternate formulation. To see this, we first note that

Yi(g,t + €y + 2z (Bie — Br) = Egly + 2+ (Bege — Bt)| T4,
and that

E[Y: + Zi - (Bs — B)|F] = E[Y{| 7] + E[Z; - (Bs — By)|F]

=Y, + ZE[(Bs — Bt)|F]
— v,

Now Lemma 3.21 states that

Yt(gwsv}/;f—i_zt'(BS_Bt))_n
s—t '

9(t. Y, Z;) = lim (3.29)

We can rewrite Equation (3.29) as

ot Y Zy) = lim S2V1 22 (Bs = Bo\Fi] — E[Yi + 2 - (B, = By)| 7]

s—t s—t ’

which gives us the alternate formulation of the representation lemma.
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3.6 The y-independent case

We now examine and state some results in the case where the generator g does not

depend on the variable y.

Lemma 3.25. Let g be a function independent of y i.e. g = g(t,z). Then for all
X € L3(Fr), n € L*(F;), we have

Eg[X + n|F] = & X|F] +n. (3.30)

Moreover, if g is continuous in t, then (3.30) holds for any t € [0,T] if and only if
g does not depend on y.

Proof. Consider Y; = &[X + n|F;] which is the solution of

T T
Yi=X+n +/ g(s, Zs)ds — / ZsdBs, 0<t<T. (3.31)
t t

Also Y = £, X|F] is the solution of

T T
Y;*:X—i—/ g(s,Z;)ds—/ Z%dBs, 0<t<T.
t t

Consequently we have that Y,* + n satisfies the equation

T T
Yt*—l—n:X—l—r]—i—/ g(s,Z;‘)ds—/ Z;dBs.
t t

By Peng [40], we know, however, that the solution of Equation (3.31) is unique
giving us
EX +nF] =Y, =Y +n=E[X|F]+n.

In addition we assume that g is continuous in t. We now want to show that
if (3.30) holds, then g does not depend on y. This is a direct application of the
representation lemma for generators of BSDEs. If we pick a triple (¢,y, 2) € [0,T) X
R x R?, then by Lemma 3.21 we have

1
9(t.y,2) = lim —[Yi(g,t +€y+ 2 (Bre = Br)) — 9
1
= lim —{&[y + 2 (Bite — By)|F] — v},
e—0+ €
where the limit is taken in L2. On the other hand, by hypothesis we have
Egly + 2+ (Bige — By)|Fi] = y + &z - (Biye — By)|F]
which yields

. 1
g(t,y,2) = 51_1>%1+ ;59[2 - (Biye — Bi)| Fe).-

Hence g does not depend on y, which completes the proof. O
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A fundamental property of convex functions also leads to an interesting y-
independence result. We will first state and prove this elementary property, adapted
from Briand et al. [3].

Lemma 3.26. Let k : R™ — R be a convex function and let k be bounded from

above. Then k s constant.

N

Proof. Since k is convex, we know that for each « € [0, 1] and for each y, k(ay)

ak(y) + (1 — a)k(0). Choosing y = £ in the previous equation, we get k(z) <

ak(Z) + (1 — a)k(0). Since k is bounded from above, say by M, we have that
k(x) < aM + (1 — a)k(0). Letting o tend towards 0 yields

k(z) < k(0). (3.32)

3, we get k(32 — iz) <

tk(z) + $k(—z), yielding 2k(0) < k(z) + k(—x). By Equation (3.32), we have that
2k(0) < k(x) + k(0), which gives us

Also, again using the convexity of k and setting a =

E(0) < k(x). (3.33)

Combining Equations (3.32) and (3.33), we find that
E(0) = k(x). (3.34)
Thus k is constant. O

From this lemma, we can deduce that, if a function g(¢, y, z) satisfies assumptions
(A1) and (A3) and is convex in (y, z), then g does not depend on y. Clearly if z is
fixed, the function g(t,y, z) is convex in y. Moreover, using the Lipschitz continuity

of the function g, we have that

‘g(tvyaz) _g(ta Y, 0)‘ S C(’y - y’ + |Z - 0‘)

From assumption (A3), we know that g(¢,y,0) = 0, giving

lg(t,y, 2)| < C(|z]).

Hence g is convex in y and bounded from above. Applying the previous lemma, we
have that ¢ is constant in the variable y. Thus g is independent of y, giving us the

desired result.
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3.7 Converse comparison theorem

A natural extension to the comparison theorem is the reverse thereof. If we have
that &, [X] < £, [X] or &g, [X|F] < €4, [X|F), then do we necessarily have that
g1 < 927 Also, if &, [X] = &,,[X], do we have g1 = g27 Chen [7] and Briand et al.
[3] worked on this converse comparison theorem and found the following results.

The first theorem is taken from Chen [7] and the following two from Briand et
al. [3].

Theorem 3.27. Let assumptions (A1), (A2) and (A3) hold true for g1 and g2 and
assume that g1 and ga are continuous in t. Also assume that for all X € L(Fr),
Eq|X] = &g, [X]. Then P-a.s. for all (t,y,z) € [0,T] x R x RY, we have g1 (t,y,z) =
g2(t,y, 2).

Proof. For any X € L(Fr) and A € L(F;), we have
E[LaEq [ X|Fi]] = Ego [1aX] = &g, [1aX] = &g [1aE, [X|Fi]] = €, [14Eg, [X|F]]-

This follows by the tower property of the g-expectation and by hypothesis. Then by

the uniqueness of the conditional g-expectation we have that
Eqi [X|Fi] = Ego [ X|F].

Set VX = &, [X|F] = £,[X|F]. By the definition of &, [X|F], i = 1,2, there
exists Zt(l) and Zf@ such that (Y%, Zt(z)), ¢ = 1,2, are the respective solutions to
the BSDEs

T T
YtX:X+/ gi(s,Y;X,ZS(i))ds—/ zZWdB,,  i=1,2. (3.35)
t t

We get that

d (Y, By)
dt ’

where <YtX , Bt> is the quadratic variation of VX and B;. Moreover, for any X €

L%(Fr) we know that the solution of BSDE (3.35) satisfies for all t € [0, T]

7K =2 = 7 = (3.36)

a6 2 = gao(6,Y, Z]Y).

We still need to show that this equality holds for arbitrary (¢, a,b) € [0,T] x R x R%.
Let (a,b) € RxR?. We need to show that there exists a random variable X € L?(Fr)
such that the solution of the BSDE (3.35) satisfies

(Y;EXﬂ ZtX) = (a, b) (3.37)
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For any (tg,a,b) € [0,T] x R x R%, we consider the stochastic differential equation
(SDE)
t

t
Yt:a—/ g(s,Y,b)ds + bdBs, to<t<T,
to to

Yi=a, 0<t<t,.

This SDE has a unique solution (Yt)te[o,T} for g. Choose X := Y. Obviously
X € L?(Fr). Also we have that (Y5, b)ie(to, ) s0lves the BSDE (3.35) when X = Y7.
We see this by the following. The left hand side of Equation (3.35) is

t t
a—/ g(s,Ys,b)dS—l—/ bdBs.

to to

The right hand side of the equation yields
T ' T ~ T T
X +/ g(s,YX, Z0)) ds —/ ZW dB, = Yy +/ g(s,YX b)ds — / bdB,
t t t t

T B T
:a—/ g(s,YS,b)dS—i-/ bdB;

to to

T T
+/ g(s,YsX,b)ds—/ bdB,
t t

¢ t
—a—/ g(s,Y;,b)ds—i—/ bdBs.

to to

We then have that the solution (Y,X, Z{X) of BSDE (3.35) satisfies

It follows from this equation and from (3.37) that Y;, = a, which gives us the desired
result. 0

Theorem 3.28. Let assumptions (A1), (A2) and (A3) hold true for g1 and g2 and
assume that g1 and ga are continuous in t. Also assume that for all X € L(Fr),
EnlX] < Ey,[X]. Then we have for all t € [0,T] and for all (y,z) € R x R?

gl(ta Y, Z) < 92(t7 Y, Z)'

Proof. We fix (t,y,2) € [0,T] x R x R? and for large enough n € N, we consider
Xp=y+2z2- (Bt+% — By). Let (Y;n(l), Z:‘(Z))te[o’T] be the solution of the BSDE

v = x, +/ gi(s, Y0 7)) qg — / Zr0dB,,  0<t<T, (3.38)
t t
for ¢ = 1,2. We have by the representation lemma, Lemma 3.21 that

o1
g(tvyvz) = 61_1)%1+g [Y;f(g7t+€7y+z : (Bt+e - Bt)) _y]7
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or equivalently, letting e = %, we have
. 1
g(t,y,Z): lim n n(gvt+77y+z'(3t+L_Bt))_y )
n—oo n n
where the limit is taken in L?. Therefore we have that in L?

g, [XnlFt] =y} — 9i(t,y, 2).

On the other hand, since X, is independent of F;, we know by Proposition 3.14 that
Egi [ Xn|Fi] = &4,1Xn]. By hypothesis, we know that £, [X] < &g, [X] and hence

n{ggl [Xn|ft] - y} < n{gg2 [Xn’]:t] - y}

Letting n — oo on both sides, and noting that g; and g» are deterministic, we obtain
91(t,y,2) < ga(t,y,z). This concludes the proof since (t,y, z) is arbitrary and both

91(+,y, 2z) and ga(-,y, z) are continuous. O

Theorem 3.29. Let assumptions (A1), (A2) and (A3) hold true for g1 and g2 and
assume that g1 and g2 are continuous in t. Also assume that for all X € L(Fr),
and for all t € [0, T, £, [X|F] < g, [ X|Fi]. Then we have P-a.s. for all t € [0,
and for all (y,z) € R x RY g1(t,y,2) < g2(t,y, 2).

Proof. This proof follows similarly to the previous one. We fix (¢,y,2) € [0,T] x
R x R¢, and for large enough n € N, we consider X,, = y + z - (B, 1 — By). Let

(Y;”(i), Ztn(i))te[oﬂ be the solution of the BSDE

v = X, + / 9i(s, ;"0 230 ds / 2;0dB,,  0<t<T. (339
t t

We have by the representation lemma, Lemma 3.21 that

. 1
g(tvyvz) = eli)I(lil+; [Y;f(gvt—i_e’y—f_z : (BH-G - Bt)) _y]7

1

or equivalently, letting € = ;-, we have

9(t,y,z) = lim n |Yi(g,t + %,erz (B = By)) —y|,
where the limit is taken in L?. Therefore we have that in L?
n{ €, [XnlFil —y} — 9i(ty, 2).
By hypothesis, we know that &g, [X|F:] < £y, [X|F:] and hence

1€ [Xn|Fi] =y} < n{&e, [Xn|Fi] =y}
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Extracting a subsequence to get the convergence P-a.s. and letting n — oo on both
sides we obtain that P-a.s. g1(t,y, z) < ga2(t,y, 2). By the continuity, we obtain that
P-a.s. for all (t,y, z) € [0, T] x Rx R?, we have g;(t,y, z) < ga(t, ¥, z). This completes
the proof. O

If we do not assume that ¢g; and go are continuous in ¢, the above results still
hold, however we note that they now hold for all (y,z) € R x R? for almost every
t € [0,7]. In fact, combining these results with the representation lemma, we have
that for any (y, z) € R x R? and for any t € S;(91) NSy (g2) the results hold P-almost

surely.

3.8 On Jensen’s inequality

In this section, taken from Briand et al. [3], we examine Jensen’s inequality for
g-expectations and show that in general Jensen’s inequality does not hold for g-
expectations. This will be shown by a counterexample.

Consider the function g : R — R defined as follows

22 if z € [-1,1];

9(z) = '
2]z =1 if |z] > 1.

Introduce £ := —o*T + o Br for a fixed o € (0,1]. We then consider the BSDE

T T
Yt:£+/ g(ZS)ds—/ Zs dBs, 0<t<T. (3.40)
t t
The solution to this BSDE is
(—o?t + 0Bt,0) (0,175

that is Y; = —0%t 4+ 0B; and Z; = 0. We see this by the following. On the left hand
side of Equation (3.40) we have —o?t + o B;. The right hand side of the equality in
Equation (3.40) yields

T T T T
§+/ g(Zs)ds—/ ZSstz—02T+aBT+/ a2ds—/ o dB,
t t t t

= —0?T + 0By + o*(T —t) — o(Br — By)
= o2t + oBy.

We note here that since o € (0,1], we have g(z) = 22. Hence
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We now consider the BSDE
1 T T
Y; = 2§+/ 9(Zs) ds—/ ZsdBg, 0<t<T. (3.41)
t t

The solution to this BSDE is

g

o2 o 2 o
——T+ —B;+ (T—t),> ;
( 2 2 (2) 2 +€[0,T]

that is V; = —"72T + §B; + (%)2 (I' —t) and Z; = . We see this by the following.
On the left hand side of Equation (3.41) we have —%QT + 3B + (%)2 (T —t). The
right hand side of the equality in Equation (3.41) yields

1 T T o2 o T roN\2 T 5
e Z)ds— | Z.dB.=-2T+ 2B <7> ds— | ZdB
2§+/t 9(Zs) ds /t s B 5T +3 T+/t ;) ds /t 5 dB

2 2
(o2 g (o2 g
- 27498 (7) T-t)-2(Br-B
5T+ 5Br+ (3 ( ) 2( T — By)
o2 o o\ 2
—_274+%pB (7) T —4).
AR ( )

Hence, we have
o2

2

o\ 2

@[%gm] - Zr4 %Bt + (2) (T —1).

Consequently it follows that

1 1 2
SElEIF] - &8 R = (T - 07,

which is positive if ¢ < T". This contradicts Jensen’s inequality in the simplest case.
We considered the linear function ¥ : # — § and a convex generator g and found
that for t < T we have

D (&E1F]) = &[0 (§) [F4]-

Briand et al. [3] has established that Jensen’s inequality does hold under certain
additional assumptions on the generator g and the g-expectation &[-]. For more

information regarding this, we refer the reader to Briand et al. [3].

3.9 Financial application of g-expectations

BSDEs are useful in finance and have been applied in the evaluation of contingent
claims, especially in constrained cases, as well as in the theory of recursive utilities,
researched extensively by Duffie and Epstein [20, 21]. Most notably, BSDEs ap-
peared in the valuation of contingent claims in complete markets, studied by Black
and Scholes [2] and Merton [36] amongst others. The problem posed was to deter-

mine the price of a contingent claim with payoff X and maturity 7. In a complete
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market it was possible to construct a portfolio which replicates the payoff of the
contingent claim. The dynamics of the value of the replicating portfolio are given
by such a BSDE with a linear generator. The BSDE theory showed that there exists
a unique price and a unique hedging portfolio which replicates the payoff of the
contingent claim.

In this section, we specifically look at the financial application, interpretation and
implication of Peng’s g-expectation. g-Expectations give a dynamic evaluation of
pricing contigent claims with payoff X and maturity 7" in complete and incomplete
markets. As seen in Chapter 5, g-expectations can also be used to create risk
measures. A significant feature of the g-expectation &;[-|F;] is that its value and
behaviour is uniquely and entirely determined by the generator function g. When
pricing contingent claims, we are concerned about finding this generator g. With
risk measures, this function can be chosen to suit the risk preference of the investor
and would hence indicate how conservative the risk measure is.

The work in this section has been based on El Karoui et al. [35], Rosazza Gianin
[30], Peng [44], Schroder [48] and Finch [23].

3.9.1 Black-Scholes option pricing formula

We first consider the Black-Scholes framework of pricing contingent claims in com-
plete or incomplete markets. Let (S¢).c(o,r) be the value process of a risky asset with
dynamics:

dSt == I/tStdt + O'tStdBt,

or equivalently

as
7t = tht + O'tdBt.
St
In general (S;);epo,r] can be a vector Sy = (S%,..., S¢), representing the vector value

process of d risky assets and where S} represents the value process of risky asset
1. Let m; denote the portion of wealth invested in the risky asset at time t. Let
(Vi)iejo,r] be the wealth process of the portfolio. We now consider a contingent
claim with payoff X at time T" where X is a function of Sp i.e. X = f(Sr). As
mentioned previously, in complete markets we know that the price at time 0 of such
a contingent claim is the initial value of the self-financing replicating portfolio, i.e.

Vo. We consequently have
dVy = mdSy = m Sedt + w0 Sid By, (342)

with terminal condition
Vr = X. (3.43)
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Setting Y; := V; and Z; := m04S; we get
dYy = —g(t,Ys, Zy)dt + Zyd By

with terminal condition

Yr=X

and where g is given by

Vi

g(t,y,z) = ——=z.

Ot
The initial value of the replicating portfolio is then given by Vy = Yy = £,[X]. Note
that the function ¢ is independent of y and linear in z. Also note that the function
depends on the drift, 14, and the volatility, oy, of the risky asset .S;. In this case the
static risk measure py(X) = &;[—X] represents the initial value of the replicating
portfolio of a contingent claim with payoff —X. This risk measure can hence be seen
as the ‘natural’ risk measure. We also note that the expression —Z—i resembles the
market price of risk.

We know that the solution to the BSDE (3.42) with terminal condition (3.43) is
given by the well known Black-Scholes option pricing formula. Hence we see here
that Peng’s g-expectation contains the Black-Scholes option pricing formula. In this
case ¢ is a linear function in z.

We now look at two other processes used for modelling equity prices. For each of
these processes, we set up the option pricing formula using the g-expectation. The

work in the following two subsections is due to the author.

3.9.2 Constant elasticity of variance option pricing formula

An alternative process used to model the dynamics of the stock price is the constant
elasticity of variance process. Empirical evidence showed there exists a relationship
between the stock price and the variance of the stock price returns. More precisely,
studies showed that an increase in stock price may reduce the variance of the stock
price return. Hence the constant elasticity of variance (CEV) model was proposed as
an alternative to the Black-Scholes model. The CEV process suggests the following
deterministic relationship between the stock price, S;, and the volatility of the stock
price o(S,t):

(B—-2)
o(S,t) = 68, ?

If 8 < 2 in the CEV model, then the stock price and the volatility are inversely
related. Under the constant elasticity of variance model, the stock price is assumed

to follow the dynamics
B
ClSt == VtStClt + 5St2 dBt
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When g = 2, the stock price is lognormally distributed and the variance of the
return is constant. In this case the elasticity of the variance with respect to the
price, which is given by § — 2, is zero. The stock then follows geometric Brownian
motion and the Black-Scholes framework applies. Again, in general (S;)ic[o,7] can
be a vector Sy = (S},...,S%). We let m; denote the portion of wealth invested in
the risky asset at time t. Let (V;).c0,7) be the wealth process of the portfolio. We
again consider a contingent claim with payoff X at time 7" where X is a function of

St i.e. X = f(St). Consequently we have that the wealth process satisfies
B
d‘/;g == WtdSt == WtVtStdt + 7Tt(SSt2 dBt,

with terminal condition

Vr=X.

B
In this case we set Y; := V; and Z; := 7057 giving us

dY, = —g(t, Yy, Z,)dt + Z,dB,

with terminal condition

and where g is given by
g(tvyaz) = _VtZSt ?

The initial value of the replicating portfolio and hence the value of the contingent

claim at time 0, is then given by V) = Yy = £4[X].

3.9.3 Ornstein-Uhlenbeck option pricing formula

Mean reversion processes are widely seen in finance. They are most commonly used
for modelling interest rates, however are also used for modelling currency exchanges,
convenience yields, volatilities of asset prices and even commodity prices. The most
popular mean reversion model is the Ornstein-Uhlenbeck process with following
dynamics:

dXt = )\(,U, — Xt)dt + O'dBt.

The Vasicek model is a well-known example of an Ornstein-Uhlenbeck process, used
in interest rate modelling. If we assume that the stock price is modelled using the

Ornstein-Uhlenbeck process, we have
d‘/t = ﬂ'tht = Wt)\(u — Xt)dt + ﬂ'tO'dBt.

with terminal condition

Vr =X.
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Here we set Y; := V; and Z; := w0 giving us
dYy = —g(t,Ys, Zy)dt + Zyd By

with terminal condition

Yr=X
and where g is given by
z
g(tvya Z) = _;A(/J’ - Xt)

The initial value of the replicating portfolio and hence the value of the contingent

claim at time 0, is again given by Vp = Yy = &;[X].



Chapter 4

Risk measures

A considerable amount of research has been done on different methods of measuring
the riskiness of financial positions, both in a theoretical and a practical setting. Risk
measures were introduced to quantify the riskiness of any financial position. They
also give an indication as to which positions carry an acceptable amount of risk and
which positions do not. A well known and popular risk measure is Value at Risk
(VaR). This risk measure has been of great interest in financial and mathematical
research. Value at Risk, for a given time horizon and probability «, also denoted
by VaR,, is the maximum loss in market value of a financial position over the time
horizon that is exceeded with a confidence of 1 — «. For an extensive overview
of VaR, we refer the reader to Duffie and Pan [19]. VaR, however, has quite a few
drawbacks and has been subject to a lot of criticism in the literature, see for example
Artzner et al. [1]. Consequently, Artzner et al. [1] introduced some desirable axioms
for risk measures which led to the concept of coherent risk measures. Delbaen
[15] generalised the concept of coherent risk measures to general probability spaces.
Furthermore Artzner et al. [1] and Delbaen [15] proved a representation theorem for
coherent risk measures.

A more general and more desirable property was then established which brought
about the concept of convex risk measures, first introduced by Heath [31] in fi-
nite probability spaces and later by Follmer and Schied [24] in general probability
spaces. Fritelli and Rosazza Gianin [27] independently defined convex risk measures
in general probability spaces. Fritelli and Rosazza Gianin [27] also independently
to Follmer and Schied [24], proved an analogous representation theorem for convex
risk measures that generalises the representation theorem of coherent risk measures.

All risk measures mentioned thus far have been one-period risk measures. How-
ever, in many cases due to intermediate cashflows, we want to work with a multi-

period risk measure. Therefore, as an extension to quantifying the risk today of

43
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a financial position at some fixed point in the future, we would like to be able to
quantify the riskiness of a position at intermediate timepoints. Thus risk measures
were first introduced in a dynamic setting by Cvitanic and Karatzas [14] and Wang
[49]. More recent and more extensive studies on dynamic risk measures have been
done by Frittelli and Rosazza Gianin [26] and Riedel [46] amongst others.

In this chapter, we recall the basic concepts of static and dynamic risk mea-
sures, as well as what is meant by coherent and convex risk measures and state the

corresponding representation theorems.

4.1 Static risk measures

A large portion of the work in the next two sections has been adapted from Follmer
and Schied [25], Rosazza Gianin [30] and Frittelli and Rosazza Gianin [26].

Let (2, F,P) be a probability space. We let T" be a fixed future date. Denote
by X a vector subspace of the space of all measurable functions f : £ — R which
contains the constant functions. The space X is interpreted as the space of all
financial positions which we are interested in. A financial position is a mapping
X : Q — R, where X (w) is the discounted net worth of any position at time 7', the
end of the trading period.

A static measure of risk is a mapping
p: X =R

Many properties have been imposed on risk measures which consequently led to the
concepts of coherent and convex risk measures. The financial interpretation of these

properties makes them desirable. We list the axioms for static risk measures below.
Axiom 4.1 (Axioms for static risk measures).

(a) Positivity : For all X € X with X > 0, we require p(X) < p(0).

(b) Monotonicity : For all X,Y € X with X <Y, we require p(Y) < p(X).

(c) Subadditivity : For all X,Y € X, we require p(X +Y) < p(X) + p(Y).

(d) Positive Homogeneity : For all A > 0 and X € X, we require p(AX) =
Ap(X).

(e) Translation Invariance : For all X € X and a € R, we require p(X + o) =
p(X) —a.

(f) Constancy : For all c € R, we require p(c) = —c.
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(g) Convexity : For all A € [0,1] and X,Y € X, we require p(AX + (1 — A\)Y) <
AD(X) + (1= N)p(Y).

h) Lower semi-continuity : {X € & : p(X) < v} is closed in X for any v € R.
P

Definition 4.2. A monetary measure of risk is a mapping p : X — R which satisfies

Axioms 4.1 (b) monotonicity and (e) translation invariance.

The number p(X) represents the riskiness of the position X and can be inter-
preted as the minimum extra capital that needs to be added to the original risky
position to make the position acceptable from the viewpoint of a supervising agency.
If the risk measure is negative, the capital amount —p(X) can be withdrawn from
the position and the resulting position will remain acceptable.

The financial interpretation of both monotonicity and of translation invariance,
also known as cash invariance, is clear. Monotonocity ensures that if a position
always leads to a worse outcome than another position, then its riskiness is greater
than the riskiness of the other position. Translation invariance guarantees that
adding a sure amount to the initial position decreases the riskiness of the position by
that amount. In addition this property implies that p(X + p(X)) = 0. This confirms
the financial interpretation of a risk measure given earlier: p(X) is the amount
of money needed to add to the risky position X to make the position neutrally
acceptable.

Note that in Axiom 4.1 (a) positivity, (b) monotonicity, (e) translation invariance
and in (f) constancy, the risk measure inverts signs. This is due to the interpretation
of p. Axiom 4.1 (c) subadditivity and (d) positive homogeneity are together also
known as sublinearity. Positive homogeneity in particular tells us that if we increase
the size of a position by A, the riskiness of the position increases by a factor of A\. In
other words, the size of the position directly influences the riskiness of the position.
In many situations, however, the riskiness of a financial position may increase in
a nonlinear fashion with the size of the position. If, for example, the position is
multiplied by a large factor, an additional liquidity risk may arise. This suggests
that the condition of positive homogeneity should be relaxed. Subadditivity is seen
as a natural requirement for coherency of risk measures as it ensures that diver-
sification of a portfolio holds. This means that combining risks into one portfolio
may lead to a lower resulting risk: the loss of one position may offset the gains
on other positions and the total risk may be reduced. Subadditivity also ensures
that there is no motivation to break into separate affiliates if the combined risk of
the positions is higher than the individual risk. As ‘natural’ as this condition may
seem, subadditivity has also been subject to criticsm in literature. This suggests

that it should also be relaxed. We elaborate on this later on in this chapter. For
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an extensive discussion of the financial motivation of the above axioms, we refer the
reader to Artzner et al. [1] and Frittelli and Rosazza Gianin [26, 27].

When dealing with risk measures, we are concerned about having acceptable
financial positions. In a mathematical sense, we mean the following when referring

to an acceptable position.

Definition 4.3. The acceptance set associated to a risk measure, p, is the set, A,
defined by

Ap ={Xe X |p(X) <0}

In other words, a financial position X is acceptable if p(X) < 0, and unacceptable
otherwise. The relationship between risk measures and their acceptance sets will be
given shortly.

We require an additional result in the proof of the following proposition. We

first state and prove this result; Proposition 4.5 follows.

Lemma 4.4. Any monetary risk measure, p, is Lipschitz continuous with respect to

the supremum norm || - ||, that is
p(X) = p(Y)| < [[X = Y|,

Proof. Clearly X <Y + || X — Y|. By monotonicity and translation invariance,
noting that || X — Y| is a constant, we have p(Y') — || X — Y|| < p(X). This gives us
p(Y) —p(X) < ||X =Y. Reversing the roles of X and Y, we get p(X) — p(Y) <
IV = X|. Since | X — Y| = [V — X]l, we get [(X) — p(¥)] < [[X — V]| which
completes the proof. ]

The relationship between a monetary measure of risk and the acceptance set of

the risk measure is given by the following.

Proposition 4.5. Let p be a monetary measure of risk with acceptance set A = A,,.

Then we have
(i) A is non-empty and satisfies the following conditions:
inf{m e R|m € A} > —oc. (4.1)
XeAYeX)Y>X=YcA (4.2)
Moreover, A has the following closure property. Let X € AY € X,

{ANe[0,1]|AX + (1 = N)Y € A} is closed in [0, 1].
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(ii) The risk measure p can be recovered from the acceptance set A by

p(X)=inf{m e R|m+ X € A}

Proof. (i) The first two properties are straightforward. By Lemma 4.4, the function
A= p(AX 4+ (1 — A)Y) is continuous. Hence the set of A € [0, 1] such that p(AX +
(1 -=X)Y) <0 is closed.

(ii) Translation invariance implies that for X € X,

inf{m e R|m+ X € A} =inf{m € R| p(m + X) < 0}
= inf{m € R| p(X) < m}
= p(X).
O

On the other hand, we can also consider a given class A C X of acceptable

positions. For any financial position X, we can define the risk measure p4(X) by
pa(X):=inf{m e R|m+ X € A}.

Here m is again the minimal capital amount that needs to be added to the position
X so that m + X is acceptable. We then have that p = p4,.

Proposition 4.6. Assume that A is a non-empty subset of X which satisfies con-

ditions (4.1) and (4.2). Then py4 is a monetary risk measure.

For more information and an extensive study on the relationship between mon-
etary risk measures and their acceptance sets, we refer the reader to Follmer and
Schied [25], and to Artzner et al. [1].

Due to the financial convenience, we concentrate on monetary risk measures with
additonal properties. Risk measures which satisfy (d) positive homogeneity and
(c) subadditivity, and risk measures which satisfies (g) convexity are of particular
interest. These two classes of risk measures will be dealt with in the following two

sections.

4.1.1 Coherent risk measures

Having stated the important properties imposed on risk measures, we can now define

the concept of a coherent measure of risk in general probability spaces.

Definition 4.7. A function p : X — R is a coherent measure of risk if it satisfies
Axiom 4.1 (b) monotonocity, (c) subadditivity, (d) positive homogeneity and (e)

translation invariance.
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Delbaen [15] defined and proved the general characterisation of a coherent mea-
sure of risk. Typically, any coherent measure of risk p arises from some family P of

probability measures on 2.

Theorem 4.8. Consider the function p : X — R. Then p is a coherent measure
of risk if and only if there exists a closed convex set P of P-continuous probability
measures such that

p(X) = sup Eq[-X]. (4.3)
QEP

For a proof of this theorem, see Delbaen [15].

By this representation any coherent risk measure p can be represented as the
maximum expected loss over a set P of generalised scenarios i.e. any coherent risk
measure can be seen as the ‘worst case method’ in a framework of generalised sce-
narios. The more scenarios one considers, the more conservative the resulting risk
measure.

The relationship between the risk measure and the acceptance set in the class of
coherent risk measures will next be given, however, we first recall the definition of
convexity and define the concept of a cone. The following definition has been taken
from Offwood [37].

Definition 4.9.
(i) A set Ais convez if for all A € [0,1] and z,y € A, we have that A\x+(1—\)y € A.

(ii) A set C' in a vector space is said to be a cone with vertex at the origin if
x € C implies that ax € C for all & > 0. A cone with vertex p is defined as a
translation p + C' of a cone C with vertex at the origin. If the vertex of a cone

is not explicitly mentioned then it is assumed to be the origin.

Proposition 4.10. Suppose p is a monetary risk measure with acceptance set A.
Then p is positively homogeneous if and only if A is a cone. In particular, p is a

coherent risk measure if and only if A is a convex cone.

For a proof of this theorem, see Follmer and Schied [25].

As explained previously, positive homogeneity and subadditivity are not always
applicable or suitable properties for risk measures. Thus it is suggested that the sub-
linearity property of risk measures be relaxed. Consequently convex risk measures

were introduced as a generalisation of coherent risk measures.

4.1.2 Convex risk measures

In the class of convex measures of risk the positive homogeneity and subadditivity

properties are replaced with the weaker property of convexity.
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Definition 4.11. A monetary risk measure p : X — R is a convex measure of risk

if it satisfies Axiom 4.1 (g) convexity, (h) lower semi-continuity and p(0) = 0.

Remark 4.12. In the literature, the definition of convex risk measures differs de-
pending on the author. The above definition, which will be used throughout the dis-
sertation, is a combination of definitions by Follmer and Schied [25] and by Rosazza
Gianin [30].

We still interpret p(X) as the minimum capital requirement, which, if added to a
position, makes it acceptable. An analogous representation theorem as for coherent

risk measures exists for convex risk measures.

Theorem 4.13. The function p: X — R is a convex measure of risk if and only if

there exists a convex set P of P-continuous probability measures such that

p(X) = sup{Eq[-X] - F(Q)}. (4.4)
QeP

For a proof of this theorem, see Féllmer and Schied [25].

This representation also has a financial interpretation. By this characterisation,
any convex risk measure p can be represented as the maximum expected loss over
a set P of generalised scenarios corrected with a penalty term F', which depends on
the scenarios. Whilst the set of possible scenarios may be exogenously determined,
the penalty function F' may be determined by the investor, depending on his or her
own preference.

In the class of convex risk measures, the relationship between the risk measure

and the acceptance set is given by the following.

Proposition 4.14. Suppose p is a monetary risk measure with acceptance set A.

The risk measure p is convex if and only if A is convex.

For a proof of this theorem, see Follmer and Schied [25].

The risk measures discussed this far deal with quantifying the risk today of a
financial position with fixed maturity date T'. The natural question arises as to how
we can quantify the riskiness of a financial position at different timepoints between

0 and 7 i.e. in a dynamic setting.

4.2 Dynamic risk measures

The risk measures proposed thus far have all been one-period risk measures and
consequently do not measure the riskiness of a position at intermediate time points.

In many cases, however, particularly when intermediary cashflows take place, we
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are interested in a multi-period framework. We are therefore now concerned about
monitoring the riskiness of a financial position X at any intermediate time ¢ between
the initial time 0 and the maturity 7. To define a dynamic risk measure, it seems
reasonable to define a map, p;, indexed by time, where p;(X) denotes the riskiness
of the financial position X at time ¢ conditional to the information available at time
t. To define dynamic risk measures, we furthermore require boundary conditions for
p(X) at the initial time 0 and at the final time 7'

We now consider a general filtration {F;};+>0 on the probability space (2, F,P).
Let Ly(Ft) = Lp(Q2, Ft,P) for p > 1 denote the space of all real-valued, F;-measurable
and p-integrable random variables. Let Lo(2, F;,P) denote the space of all F-
measurable random variables defined on (Q,F,P). We still have X denoting the
space of all financial positions which we are interested in and 7" a fixed future date
representing the period of uncertainty. For simplicity, we will assume that all ele-
ments of X are Fr-measurable, i.e. we assume that X' = Lo($2, Fr, P).

We now define dynamic risk measures.

Definition 4.15. A dynamic risk measure is any map satisfying the following con-

ditions:
(i) pt: X — Lo(Q, F,P) for all t € [0,T7;
(ii) po is a static risk measure;

(ifi) pr(X) = —X for all X € X.

Analogously to static risk measures, we wish to define coherent and convex dy-
namic risk measures. To do this, some properties of the dynamic risk measure

(pt)tefo,r) Will be listed.
Axiom 4.16 (Axioms for dynamic risk measures).
(a) Positivity : Forallt € [0,T] and X € X with X > 0, we require p(X) < p(0).

(b) Monotonicity : For all t € [0,T] and X,Y € X with X <Y, we require
p(Y) < pi(X).

(c) Subadditivity : For all X,Y € X and t € [0,T], we require pi(X +Y) <
pe(X) + pu(Y).

(d) Positive Homogeneity : For allt € [0,T], A > 0 and X € X, we require

(e) Translation Invariance : For allt € [0,T], X € X and an Fi-measurable
random variable £ in X, we require p(X + &) = p(X) — €.
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(f) Constancy : For allc € R and t € [0,T], we require pi(c) = —c.

(g) Convexity : For allt € [0,T], p; is convex i.e. for all X € [0,1] and X, Y € X,
we require pr(AX + (1 = N)Y) < Ape(X) + (1 = X)pe(Y).

Note that the interpretation of most of the axioms is analogous to those explained
in the static case. In fact most of these axioms are identical to the axioms defined
for static risk measures, however we are now working in a dynamic setting. The dy-
namic translation invariance axiom is however stronger than the static translation
invariance axiom. In the dynamic setting, translation invariance does not only apply
with respect to constants, but also with respect to any F;-measurable random vari-
able. In other words, translation invariance applies with respect to a risky position
that is completely determined by the information available to the market at time ¢.

We can now define coherent and convex risk measures in the dynamic setting.
Definition 4.17. A dynamic risk measure (pt);c[o,7] is called

(i) coherent if it satisfies Axiom 4.16 (b) monotonicity, (¢) subadditivity, (d) pos-

itive homogeneity and (e) translation invariance;

(ii) convex if for each ¢, p; is a monetary risk measure and it satisfies Axiom 4.16

(g) convexity and p.(0) = 0;

(iii) time-consistent if for all t € [0,T], X € X and A € F,

po(X1a) = pol—pe(X)L4l. (4.5)

The coherent and convex risk measures are the dynamic equivalent to coherent
and convex risk measures in the static sense. The new concept of time-consistency
is however now introduced. The time-consistency condition gives us two approaches

to quantify the riskiness of a financial position at the initial time 0:
e computing the static risk measure po(X) directly;

e evaluating po(X) in two steps, i.e. first evaluating the riskiness of the financial
position X at an intermediate time ¢ and then quantifying the risk of —p;(X)

at time 0.

The negative sign in the time-consistency property is as a consequence of the financial
interpretation of the risk measure py(X).

As a natural extension to the representation of coherent and convex risk measures
in the static sense, we present an example of a dynamic coherent risk measure and

an example of a dynamic convex risk measure taken from Rosazza Gianin [30].
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Example 4.18 (Dynamic coherent risk measure). Let P be a convex set of P-
absolutely continuous probability measures defined on (€2, Fr). Then for all X € X
and t € [0, T,

pe(X) = esssupEqg[—X | F] (4.6)
QeP

is a dynamic coherent risk measure.

It is easy to see that this is a dynamic risk measure as p; : X — Lo(Q, F, P)
for all t € [0,T], po = ess.supgep Eg[—X] is a static risk measure and pr(X) =
ess.supgep Eg[—X | Fr] = —X for all X € X. Also it is easy to see that it
satisfies coherency due to the properties of the essential supremum and those of the

expectation.

Example 4.19 (Dynamic convex risk measure). Let P be a convex set of P-
absolutely continuous probability measures defined on (Q, Fr). For any ¢ € [0, 7] let
F; : P — R be a convex function such that infgoep Fy(Q) = 0. Then for all X € X
and t € [0, 7

pi(X) = ess.sup{Eq[—X | ] — Fi(Q)} (4.7)
QEeP

is a dynamic convex risk measure satisfying Axiom 4.16 (a) positivity, (e) translation

invariance and (f) constancy.

Again, going through the properties as in the previous example and keeping
Theorem 4.13 in mind, it is easy to see that this is a dynamic convex risk measure
satisfying the mentioned properties of Axiom 4.16.

Similarly to the static convex risk measure, this dynamic convex risk measure p; is
represented as the essential supremum over a set P of generalised scenarios corrected
with a penalty term F', which depends on the scenarios. Also we remark here that not
all dynamic risk measures as defined in (4.6) satisfy the time-consistency property.
Since the risk measure as defined in (4.6) is a special case of the risk measure defined
in (4.7), we know that (4.7) is in general not a time-consistent risk measure.

Another class of dynamic risk measure arises from the conditional g-expectation
introduced by Peng [40] and which is elaborated further on in the dissertation.

For an extensive discussion on dynamic risk measures, we refer the reader to
Frittelli and Gianin [26].

All static risk measures discussed thus far have been based on this classical
mathematical expectation and all dynamic risk measures discussed thus far have
been based on this conditional mathematical expectation. However, none of the
risk measures mentioned have been ideal in measuring the riskiness of a financial

position. Consequently, in an attempt to find a better risk measure, Rosazza Gianin
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[30] defines a static risk measure in terms of the g-expectation and a dynamic risk

measure in terms of the conditional g-expectation.



Chapter 5

Risk measures via

g-expectations

In Chapter 4 we introduced the concept of static and dynamic risk measures, as
well as coherent and convex risk measures. Having also introduced the concept of
g-expectations, we can now define a risk measure in terms of the g-expectation. We
begin by analysing the properties positive homogeneity, subadditivity, convexity,
translation invariance and monotonicity with regards to g-expectations in Section

5.1. Following this, we define risk measures in terms of g-expectations.

5.1 Properties for g-expectations

The necessary and sufficient conditions for the properties positive homogeneity, sub-
additivity, convexity, translation invariance and monotonicity will be determined so
that the properties can be applied to g-expectations. The link between risk measures
and g-expectation may become clear, however will be explicitly stated in the next
section.

Recall that for any pair (y,2) € R x R? we set
1

Sy(9) = {t €[0.T) : gty 2) = lim —[Vi(g,t +€y+2- (Beye — Br)) — y]} -

If ¢ is independent of y, then for any z € R?, we set
1
5°0) = {1 €0.7) : gltp02) = Jig ilont 4oz (B = B) |
€E—

The results in this section are obtained under assumptions (Al) and (A3). The
results also hold true under the additional assumption of continuity, even though

this assumption is not necessary.

54
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5.1.1 Positive homogeneity for g-expectations

We begin with a theorem regarding the positive homogeneity for g-expectations.

Theorem 5.1. Let assumptions (A1), (A2) and (A3) hold for g, then the following

conditions are equivalent:
(1) Eg[-] is positively homogeneous;

(ii) Eg|-|F) is positively homogeneous for any t € [0,T); i.e. for all X € L*(Fr)
and o > 0,
EglaX|F] = a&y | X|F;

(iii) g is positively homogeneous with respect to (y, z); i.e. for any y € R,z € R?
and a > 0,

g(t, ay, az) = ag(t,y, z).

Proof. (iii)=(ii) For @ = 0 the proof is trivial, we thus assume that o > 0. By
definition &4[X|F] = Y and &;laX|F] = Y,* where we have that (Y, Z;) and

(Y, Z}) are the respective solutions of

T T
;=X +/ 9(s,Ys, Zs)ds —/ ZsdBs, (5.1)
t t

T T
Y;—ax+/ g(s,Ys*,Z:)ds—/ 2B, (5.2)
t t

Now g is positively homogeneous in (y, z), thus we have that g(t,ay,az) =

ag(t,y, z) or equivalently, as o > 0, we can write ag(t, £, 2) = g(t,y, z). Thus (5.2)

Tl o

can be rewritten as

T Y Z* T
Y =aX + a/ g(s,—=, —=)ds — / Z%dBs. (5.3)
t a @ t
Dividing by a > 0 yields
Y T Y* Z* T 7%
. ¢ —i—/ g(s, —=,—)ds — / —dBs. (5.4)
(6% t (6 « t (6

From (5.4) we notice that (%*, %;

know that the solution to (5.1) is unique. Thus it follows that for any ¢t € [0, T

)telo,r] solves (5.1), however by Peng [40] we

EJlaX|F) =Y = aY; = a&y[ X|F). (5.5)

(il)=(i) is trivial.
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(i)=(iii) Suppose that (i) holds for £;[-]. Let & > 0 and define a new function,
g%, such that for all (t,y,z) € [0,T] x R x RY,

). (5.6)

, (A2) and (A3). Now

9°(t,y, 2) == ag(t,

I

SRS
QIw

It is clear that g also satisfies assumptions (A1l

~—

(Y;f(ga7 Tu CKX), Zt(ga7 T7 aX))tE[O,T]

is the solution of

T T
Vi—ax+ [ g vaz)is- [ zas, (5.7)
t 0
T Y. 7 T
=  Yi=aX —|—/ ag(s, =, =>)ds —/ ZsdBs. (5.8)
t a t

Also, we have that (Yi(g,T, X), Zi(g,T, X))se[o,r) is the solution of

T T
;=X —|—/ 9(s,Ys, Zs)ds —/ ZsdBs (5.9)
t t
T }/S Zs T
= aY; =aX +/ ag(s, a , a )ds — / aZsdBs. (5.10)
t a o t

However, by Peng [40], we know that for any X € L?(Fr), the solution of the BSDE
(5.8) is unique, and thus

(m(gav T7 OéX), Zt(ga7 Ta aX))tE[QT] - Oé(Y;g(g, T7 X)7 Zt(97 Ta X))tE[O,T]'
We therefore have that for any given o > 0 and for all X € L?(Fr)
Ego[aX] = a&y[X]. (5.11)
Combining this equality with (i), we get
alze [ X] = a&y[X]. (5.12)

Dividing by o > 0 gives
Ego [ X] = & X]. (5.13)

Then by Theorem 3.27 and by the representation lemma, we have that for any
(y,2) € R x R? and for any ¢ € S;(g%) N S;(g) P-almost surely

ga(tvyaz) :g(tu Y, Z)’ (514)

where we know that

A[0, TI\(Sy(g%) N Sy(9))) = 0, (5.15)
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and A\ denotes the Lebesgue measure. It follows from (5.14) and (5.15) that
dP x dt a.s., g¥(t,y,z) = g(t,y,2).

Since g% and g are both Lipschitz continuous with respect to (y, z), it follows that
for all y € R and z € R?

dP x dt a.s., g*(t,y,z) =g(t,y,z).

Hence for any a > 0, we conclude that for all (y,z) € R x R?

. Yy
=g, le. g(tvyvz):ag(taia

o z
(6o

), (5.16)

and (iii) follows. O

5.1.2 Translation invariance for g-expectations

Theorem 5.2. Let assumptions (A1), (A2) and (A3) hold for g, then the following

conditions are equivalent:
(i) for all X € L*(Fr) and c € R, we have £;[X + c] = E;[X] + ¢;
(ii) for all X € L*(Fr),c € R and t € [0,T), we have E;[X + c|Fy] = E,[X|Fe] + ¢;
(iii) g is independent of y.
Proof. (iii)=(ii) This follows from Lemma 3.25.
(il)=(i) is trivial.
(i)=(iii) Suppose that (i) holds. For any ¢ € R, we define a new generator such
that for all (t,y,2) € [0,7] x R x R4

g(t,y,z) == g(t,y —c, 2).

It is clear that ¢¢ satisfies the assumptions (A1), (A2) and (A3). Now (Yz(¢°, T, X +
), Z1(9%, T, X + ¢))tefo,1) is the solution of

T T
Yi=X+c+ / 9°(s,Ys, Zs)ds — / ZsdBg (5.17)
t t
T T
— Y,—c=X +/ 9(s,Ys — ¢, Zs)ds — / ZsdBs. (5.18)
t t
Also, we have that (Yi(g,T, X) + ¢, Zi(g,T, X))tepo,1) is the solution of

T T
Yi+ec=X+ / 9(s,Ys + ¢, Zs)ds — / ZsdBs;. (5.19)
t t
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However, by Peng [40], we know that for any X € L?(Fr), the solution of the BSDE
(5.18) is unique, and thus

(Ye(g% T, X +¢), Zi(g°, T, X + ¢))ejo,r) = (Ye(g, T, X) + ¢, Zi(9, T, X ) )sejo,1-
We consequently have for all X € L?(Fr)
Ege X+ =Yo(g° T, X +¢) =Yo(9,T,X) +c=&Ej[X] +c.
Combining this equality with (i), we get
Ege[X + ] =&)X + .
Therefore, we have for all n € L?(Fr)
Ege[n) = Eqlnl.

Then by Theorem 3.27 and the representation lemma, we have for any (y, z) € RxR?
and for any t € Sy(g°) N S;(g) that P-almost surely

gc(tvy7 Z) = g(t7y¢ Z)‘ (520)

Here we know that
A([0, TINS5 (9°) N S5(9))) =0, (5.21)

where A\ denotes the Lebesgue measure. It follows from (5.20) and (5.21) that
dP x dt a.s., ¢°(t,y,z)=g(t,y,=2).

Since ¢g¢ and g are both Lipschitz continuous with respect to (y, z), it follows that
for all y € R and z € R?

dP x dt as., g¢°(t,y,z) = g(t,y,2).

That is for any given ¢ € R, we have ¢¢ = g, i.e. ¢°(t,y,2) = g(t,y — ¢, 2) = g(t,y, 2).
In particular this equation holds for ¢ = y for any y € R. Thus for any y € R, and
for all z € R% we have

dP x dt a.s., ¢°(t,y,z)=g(t,y —y,z) =g(t,0,z2).

This shows that ¢ is independent of y. and part (iii) follows. O
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5.1.3 Convexity for g-expectations

Theorem 5.3. Let assumptions (A1), (A2) and (A3) hold for g, then the following

conditions are equivalent:
(1) Eg[-] is conver.
(ii) Egl- |Fi] is convex for all t € [0,T], i.e. for all X,n € L*(Fr) and o € [0,1]
EglaX + (1 — a)n|F] < a&y[X|Fe] + (1 — a)&yn|F.
(iii) g is independent of y and g is convex with respect to z, i.e. for any z1, zo € RY
and o € [0,1]
g(t, a2 + (1 — a)z2) < ag(t,z1) + (1 — a)g(t, 22).
Proof. (iii)=(ii) This follows from the comparison theorem, Theorem 3.8.
(ii)= (i) is trivial.
(i)=-(iii) Suppose that (i) holds. We first prove that (i) implies the translation
invariance property, i.e. given that for all X,n € L?(Fr) and « € [0, 1],

EglaX + (1 —a)n] < a&y[X] + (1 — a)&[n], (5.22)
we want to prove that for any ¢ € R,
Eg X + ] =&E[X]+c. (5.23)

By (i) and by Proposition 3.13 (i), we have for all X € L?(Fr),c € R and
a € [0,1]

Now we set a = (1 — 1) € [0,1], where n is any positive integer. Noting that if
c € R, then nc € R, we get that for all X € L?(Fr) and ¢ € R
1 1 1
&1~ DX +d=£[1- D)X+ (ne)

n

<(1- %)59[)(] e

The operator £y -] is continuous in an L? sense, and thus, taking the limit in L? we
have

E,[X +d = lim &][(1 - %)X +d

n—oo

< lim (1 — l)Sg[X} +c

n—00 n

=& X]+ec.
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We thus get for all X € L?(Fr) and ¢ € R
Eg X + ] <&EX] +e, (5.24)
giving
X =6 X +e— <E[X +]—c (5.25)
Equation (5.25) can be rewritten as
Eg X+ e < E[X + . (5.26)
From (5.24) and (5.26) we infer that for all X € L?(Fr),c € R

E X+ =&)X +cl.

We have thus shown that the g-expectation &[] satisfies the translation invariance
property. By Theorem 5.2 we can conclude that g is independent of y.
We now need to prove that for all t € [0,T], X,n € L?(Fr) and « € [0,1]

EglaX + (1 — a)n|F] < a&y[X|F] + (1 — a)éqn|F. (5.27)

Consider the event
A= {&[aX + (1 — a)n|F] > a&y[X|F] + (1 — o) &y[n| Fi]}-
Clearly A € F;. Now suppose that P(A) > 0. Then
La&ylaX + (1 — a)n|Fi] — 1a(aly[X|F] + (1 — a)&y[n|Fi]) = 0
and
P(La&,[aX + (1 — )l F] — La(a&,[X|F] + (1 — )&, [l F]) > 0) > 0.
Since A € F, it is obvious that for all X € L?(Fr)
Eg[LaX|Fi] = 1a&,[ X |F]. (5.28)

Now since ¢ is independent of y and A € F;, we have by Proposition 3.13 (ii),
Lemma 3.25 and by Equality (5.28) respectively that

Eglla(aX + (1 — a)n) — 1a(a&y[X|F] + (1 — a)&g[n]Fi))]
= Eg{&[lalaX + (1 — a)n) = La(a&y[X|F] + (1 — )& [n|F:])| Fi]}
= Eg{&[alaX + (1 — a)n)|F] — La(a&g[X|F] + (1 — a)&y[n|Fi])}
= E{1a&[(aX + (1 — a)n)|F] — La(a&y[X|F] + (1 — a)ég[n|Fi]) }
> 0.
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On the other hand we have, using the fact that £y -] is convex, Proposition 3.13
(ii), Lemma 3.25 (noting that g is independent of y) and Equality (5.28) respectively,
that

Egla(aX + (1 — a)n) — La(a&g[X|F] + (1 — a)&y[n|Fi])]
= Ela(1aX — 1a&[X|Fi]) + (1 — @) (Lan — La&y[n| Ft])]
< a&y(1aX — 1a&[X|FD] + (1 — a)&g[(1an — 1a&y[n|Fi)))
= a€{&[(1aX — 1a& [ X|F)|Fil} + (1 = )Ee{E[(Lan — 1a&[nlFe]) Fil}
= a&o{1a&[X|Fi] — 1a&[X[ ]} + (1 — a)E{1a&y [0l F2] — 1a&gn| Fi]}
=0+0
=0.

This leads to a contradiction and thus we cannot have P(A) > 0, giving us
P(A) = 0. Consequently we have that Equation (5.27) holds.
For any 21,20 € R% o € [0,1], if t € Se51H(1-2)22(g)n§%1(g)NS*2(g), by Theorem

3.29 we deduce that P-almost surely we have
g(t,az + (1 —a)z) < ag(t,z1) + (1 — a)g(t, z2).
For any z1,20 € R%, o € [0, 1], by the representation lemma we have that
A, TN\ 022 (g) 1 5% (g) 1 5% (g)) = 0.
Thus for any 21, 20 € R%, a € [0, 1], we have
Pxdt as., g(t,az+(1—a)zn)<ag(t, z)+ (1 —a)g(t, 2).
Thus (iii) holds, which completes the proof. O

5.1.4 Subadditivity for g-expectations

Theorem 5.4. Let assumptions (A1), (A2) and (A3) hold for g, then the following

conditions are equivalent:
(1) &[] is subadditive.
(ii) Egl- |Fi] is subadditive for all t € [0,T), i.e. for all X,n € L*(Fr)
EglX +n|Fi] < E[X|Fe] + & nlFe].
(iii) g is independent of y and g is subadditive with respect to z, i.e. for any z1,z2 €
Rd
g(t, 21+ 22) < g(t,z1) + g(t, 22).

Proof. As subadditivity follows directly from convexity and positive homogeneity

the proof of this theorem follows from Theorem 5.3 and Theorem 5.1. O
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5.2 Risk measures using g-expectations

Let g satisfy assumptions (A1), (A2) and (A3) and let p9 : L?(Fr) — R and pf :
L?(Fr) — R. Let X € L?>(Fr). We define a static measure of risk in terms of the
g-expectation as

P(X) = &,[-X], (5.29)

and, for all ¢ € [0,7], a dynamic measure of risk in terms of the conditional g-
expectation as
pl(X) == E[-X|F. (5.30)

By Proposition 3.10 (i) and (ii) respectively, the risk measure as described in
(5.29) satisfies Axiom 4.1 (a) positivity, (b) monotonicity and (f) constancy.

The following two propositions have been based on Rosazza Gianin [30].

Proposition 5.5. The risk measure p9 defined in (5.29) satisfies the following prop-

erties.

(i) Coherency: If g is positively homogeneous and subadditive in (y,z), then pJ is

a coherent risk measure satisfying Aziom 4.1 (h) lower semi-continuity.

(i) Convexity: If g is convex in (y, z), then p9 is a convez risk measure satisfying

Aziom 4.1 (f) constancy.

Proof. As (i) is a particular case of (ii), we first prove case (ii) and case (i) follows.

(ii) By Theorem 5.2 we have that p9 satisfies translation invariance. Positivity,
monotonicity and constancy follow directly from Proposition 3.10 (i) and (ii) respec-
tively. Hence pY is a monetary risk measure. Now suppose g is convex in (y, z). By
the remark following Lemma 3.26, we know that if g satisfies convexity, then g does
not depend on y. Hence by Theorem 5.3, we know that &;[ -] is convex and thus p?
satisfies convexity. We still need the lower semi-continuity of p9 and p9(0) = 0. The
latter follows from the constancy of p9. Now by Delbaen [15] and Rosazza Gianin
[30] we have that, assuming translation invariance, p? is lower semi-continuous if and
only if the acceptance set A = {X € L?(Fr) | p(X) < 0} is closed in L2. The closure
of the set A follows directly from Proposition 3.10 (iii) and from the definition of
p(X). We know that p(X) = &[—X] and Proposition 3.10 (iii) tells us that

Ip(X1) — p(X2)]* < CE[| X1 — X5]].

Hence A is a closed set. Consequently we have that p9 is lower semi-continuous
which completes the proof.
(i) Suppose that g is positively homogeneous and subadditive in (y, z). Thus g

is also convex in (y, z) and the reasoning of part (ii) applies. Hence we only need to



5.2. RISK MEASURES USING G-EXPECTATIONS 63

verify that p9 satisfies subadditivity and positive homogeneity. These two properties

follow from Theorems 5.4 and 5.1 respectively and hence the result is proved. [
In the dynamic setting, we have the following.

Proposition 5.6. The dynamic risk measure (P?)te[o,T] defined in (5.30) satisfies
the following properties.

(i) Continuous-time recursivity: For 0 < s <t < T and for all X € L*(Fr),
pd(X) = pd[—pl(X)]. (5.31)

(ii) Let X,Y € L*(Fr). If for some t € (0,T), pl(X) < p{(Y), then for any
s € [0,t] we have pd(X) < pd(Y).

(iii) Coherency: If g is positively homogeneous and subadditive in (y, z), then we

have that (pf )te[O,T} is a dynamic coherent and time-consistent risk measure.

(i) Convexity: If g is convex in (y,z), then we have that (p])ico.r) is a dynamic
convex and time-consistent risk measure satisfying Axiom 4.16 (f) dynamic

constancy.

In (i) and (ii) above, we can replace deterministic times s and t by stopping
times 0 and 7T with 0 <o <7 <T.

Proof. (i) Continuous-time recursivity follows from the definition of pf and from
Proposition 3.13 (ii). Let 0 < s <t < T, then

p3(X) = &[-X|F]
EglEg[=X|F4]|F]
[of (X)1F]
(=p{ (X)).

(ii) Suppose pf(X) < p{(Y) for some ¢ € (0,T]. Thus &E[-X|F] < &[-Y|F].
Using Proposition 3.13 (ii), we get that for any s € [0, 1],

pI(X) = &&= X|Fi]|Fs] < EglE[=Y [ Fi]|Fs] = pi(Y). (5.32)

In the proofs of (i) and (ii), the same reasoning applies to stopping times o and 7.
As (iii) is a particular case of (iv), we first prove case (iv) and case (iii) follows.
(iv) The proof follows similarly to the proof of Proposition 5.5. Dynamic con-

stancy, dynamic positivity and dynamic monotonicity follow from Proposition 3.13

(i) and (iii) respectively. Since g is independent of y, dynamic translability follows
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from Lemma 3.25. Hence for each ¢, p, is a monetary risk measure. Now suppose g is
convex in (y, z). By the remark following Lemma 3.26, we know that if g satisfies con-
vexity, then g does not depend on y. Hence by Theorem 5.3, we know that &y - |F]
is convex and thus p] satisfies convexity. Let t € [0,T], X € L*(Fr) and A € F;.
Note that since Fy is the trivial filtration, we have that pf(X) = 5[ X|Fo] = &, X].
The time-consistency follows from the definition of p{, from Proposition 3.13 (ii)

and using the fact that A is Fi-measurable:

(iii) The proof follows identically to that of Proposition 5.5 (i). Suppose that g
is positively homogeneous and subadditive in (y, z). Thus g is also convex in (y, z)
and the reasoning of part (iv) can be applied. We hence only need to verify that pf
satisfies subadditivity and positive homogeneity. These two properties follow from

Theorems 5.4 and 5.1 respectively and hence the result is proved. O

Note the connection between the recursivity of the dynamic risk measure and
the time-consistency condition of a dynamic risk measure.

We have seen by the previous proposition, that a conditional g-expectation can
induce a dynamic, time-consistent risk measure. The aim of this next section is to
find the conditions under which a dynamic time-consistent risk measure is induced
by a conditional g-expectation. The following section has been taken from Rosazza
Gianin [30] and Coquet et al. [12].

5.3 Risk measures induced by g-expectations

Before stating and proving the main proposition of this section, the concept of £#-
domination needs to be defined. Recall that when g¢(t,y, z) = u|z| where p > 0, we
will denote &[] by EX[-] and Ey[ - | F¢] by X[+ |F]. Let X € L*(Fr). We denote the
corresponding static risk measure by p# and the dynamic risk measure by (p}’ )te[O,T]
and define them by

pH(X) = EF[-X] (5.33)

and for all ¢ € [0,7]
JE(X) = EX[-X|F]. (5.34)
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Also when g(t,y,2) = —pu|z| where u > 0, we will denote &[-] by £7#[-] and
Egl- [ Fi] by E7H[-|F].

Definition 5.7. An (F3).c(o r)-consistent expectation, &[], is said
(i) to be E¥-dominated, where p > 0, if for all X,Y € L?(Fr), we have

E[X +Y] — E[X] < EMY);

(ii) to satisfy the translability condition if for any X € L?(Fr) and n € L*(F;), we
have
EX +n|F]=EX[FR]+n.

We say that the risk measure, p, is £#-dominated if for any X,Y € L?(Fr) we
have

p(X +Y) - p(X) < p"(Y) = E"]-Y].

The property of £#-domination is the generalisation of the ‘domination’ true for
any static convex risk measure. Using the representation of a convex risk measure
(4.4), properties of the supremum and the linearity of the classical expectation, E[-],
we know that

p(X +Y) = p(X) = sup{Eq[—(X +Y)] - F(Q)} — sup{Eq[-X] - F(Q)}
QeP Q€eP

< sup {Eq[-X — Y] - Eq[-X])
QEP

= sup {Eq[-Y]}
QeP

= p(Y)

which is a coherent risk measure by Theorem 4.8. Hence we have that any convex
risk measure, p, is dominated by a suitable coherent risk measure, p.

The following lemma from Rosazza Gianin [30] provides necessary and sufficient
conditions for £#-domination, as a consequence of the representation of static co-
herent and convex risk measures. Note that g(z) = p|z| is convex when p > 0 and

concave when p < 0. Hence E#[X] is convex when p > 0 and concave when p < 0.

Lemma 5.8. Let pg be a static coherent risk measure satisfying lower semi-continuity
and let p"(X) = EF[-X] for some pu > 0. Denote by Py and P, the convex sets in
the representation of pg and p* respectively. The risk measure pg is EH-dominated
for some p > 0 if and only if Po C P,.
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Proof. Suppose that pg is £E#-dominated. By the representation of a static coherent

risk measure (4.3), we have that

po(X) = sup {Eq[-X]}.
QePo

Also, since p*(X) = E#[—X] is convex and consequently a convex risk measure, we

have by the representation of a static convex risk measure (4.4) that

P#(X) = sup {Eq[-X] - F(Q)}. (5.35)
QEP,

Let @ € Py be arbitrary. Then we know by the definition of supremum that Eg[X] <
po(—X). By the dominance of pg, we also know that for any X € L?(Fr)

p(0— X) — pl0) < pH(~X) = E1[X],
where p(0) = 0. Combining these inequalities, we have
EQ[X] < po(—X) < p(—X) = £4(X),

Hence in the representation of p*, (5.35), we have that F(Q) = 0 and consequently
Q € Py, giving us Py C Pp.

Conversely, let us suppose that Py C P,. Also let X,Y € L*(Fr). Then, using
the fact that pg is a static coherent risk measure and hence subadditive, from the

representation of pg and using Py C P,,, we have

po(X +Y) — po(X) < po(Y)

= sup {Eq[-Y]}
Q€ePo
< sup {Eq[-Y]}
QEPL
—£/[-Y)
and hence pg is E¥-dominated for some p > 0. O

The following theorem from Coquet et al. [12] gives the conditions under which
a (Fit)efo,r)-consistent expectation is induced by a g-expectation. The result is
needed for the main proposition of this section and will be stated without proof.

The interested reader can refer to Coquet et al. [12] for the proof.

Theorem 5.9. Let £ : L*(Fr) — R be an (Fy)ejo)-consistent expectation. If E[-]

is EF-dominated for some p > 0 and if it satisfies the translability condition, then
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there exists a unique function g, independent of y, i.e. g = g(t, z) satisfying the usual

assumptions (A1), (A2) and (A3), such that for all X € L*(Fr)

E[X] = &X]
and  E[X|F] = & X|F).

Moreover we have that |g(t, z)| < ul|z| for allt € [0,T].

Under the further assumption of continuity on the function g, we have that the

converse implication of Theorem 5.9 holds too. This is stated and proved next.

Lemma 5.10. Let g satisfy the usual assumptions (A1), (A2) and (A3), be contin-
uous in t, independent of y and let |g(t, z)| < p|z| for some p > 0. Then &[-] is
an (ft)te[oﬂ—consistent expectation satisfying EF-domination and the translability

condition.

Proof. (Ft)iejo,r)-consistent expectation: By Lemma 3.15, &[] is a (Fi)iepo,)-
consistent expectation.

EF-domination: By hypothesis, g is continuous in ¢ and independent of y and
hence it is progressively measurable. Moreover we know that |g(¢,2)| < p|z| or
equivalently that —u|z| < g(t,2) < p|z|. By the definition of a g-expectation, we
have that

T T
Eg[X+Y]:X+Y+/ g(s,Zs)ds—/ Z.dB, (5.36)
0 0

T . T .
&y X] :X—i—/ g(s,ZS)ds—/ ZsdBs. (5.37)
0 0

Now set Z; := Z; — Z; and g4(t,Z;) = g(t,Zi) — g(t, Z;) for all t € [0,T]. Let
X € L?(Fr). Subtracting (5.37) from (5.36), gives

T T
X + V] - E[X] =Y + / lg(s, Z2) — g(s, 25)ds — / Z, — 2,)dB,
0 0
T T
_y +/ 0,(s, Z7)ds - / Z*dB.. (5.38)
0 0
By hypothesis, we have that g(t, Z;) < p|Z;| and that —u|Z;| < g(t, Z;), giving

95t ZF) = g(t, Z4) — g(t, Zy) < (| Ze| — | Z4)) < plZe — Z4) = p| Z5 ).

Clearly g, satisfies the usual assumptions (A1), (A2) and (A3). Now using the
comparison theorem, Theorem 3.8 and Equation (5.38), we have that for all Y €
L*(Fr)

EJX +Y] & X] < EXY). (5.39)
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Since X is arbitrary and the bound in (5.39) is independent of X, we have the
EH-domination of & -].
Translability: Since g is independent of y, we know by Theorem 5.2 that &[- |F]

satisifes the translability condition. O

This leads us to the main proposition of this section, giving the conditions un-
der which a dynamic time-consistent risk measure is induced by a conditional g-

expectation.

Proposition 5.11. Let (p)cjo,r) be a dynamic coherent time-consistent risk mea-
sure (resp. convez). Now if E[X] = po(—X) is strictly monotone and EF-dominated
for some p > 0, then there exists a unique function g, independent of y, satisfying
the usual assumptions (A1), (A2) and (A3) and with |g(t,z)| < p|z|, such that for
all X € L?(Fr)

po(X) = &[—X] (5.40)
and  pi(X) = Eg[-X|F]. (5.41)

If in addition g is continuous int for all z € R?, then g is also positively homogeneous

and subadditive (resp. convez) in z.

The proof of this proposition relies heavily on Theorem 5.9. Having stated all
the results needed for the proof of Proposition 5.11, we can end this section with

the proof.

Proof. Set £[X]| = po(—X). We want to apply Theorem 5.9 to £[-]. To do so, we
need to check that &[] satisfies all the hypothesis of Theorem 5.9.

Nonlinear expectation: For £[-] to be a nonlinear expectation, it needs to satisfy
constancy and strict monotonicity. The latter is assumed by hypothesis. It is easy
to verify that for both the coherent and the convex case £[-] satisfies constancy.
Thus it follows that £[-] is a nonlinear expectation.

(Ft)tefo,1)-consistent expectation: By the time-consistency of the risk measure,
we have that for all t € [0,T], X € L*(Fr) and A € F,

po(—=X14) = po[—pt(—X)14]
= E[X14] =E[p(—X)14].

Thus for each X € L?(Fr) and for each ¢ € [0,T] there exists a random variable
n € L*(F,), such that for all A € F,

E[1aX] = E[Lan].
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More precisely n = E[X|F;] = pi(—X) and consequently we have that £[-] is a
(Ft)tefo,r)-consistent expectation.

EF-domination and translability: The £F-domination is assumed by hypothesis
and the translability condition of £[-] is a consequence of the dynamic translability
of the risk measure (pt);c(0,77-

Thus £[-] satisfies all the hypothesis of Theorem 5.9 and the first part follows

1.e.

and  p(X) = &[-X|F.

Now we furthermore assume that ¢ is continuous in ¢ for all z € R%. From Equa-
tions (5.40) and (5.41), and by the dynamic coherency (resp. convexity) of (pt)¢c[o,775
we have that &[] and &y - |F;] are positively homogeneous and subadditive (resp.
convex). By Theorem 5.1 and Theorem 5.4 (resp. Theorem 5.3), we have that g is
also positively homogeneous and subadditive (resp. convex) in z. This completes
the proof. O

We lastly look at the financial interpretation of the function g in risk measures.

The information in this next section has been taken from Rosazza Gianin [30].

5.4 Financial interpretation of ¢ in risk measures

The choice of the function ¢ is important when defining risk measures in terms of
g-expectations. The construction of the risk measure depends on the choice of g and
thus the conservativeness of the risk measures is largely dependent on this choice.
Clearly the preference of the investor also plays an important role in determining
what function to use for g.

From Property 3.10 (ii) and Property 3.13 (iii), we recall the monotonicity of
g-expectations and of conditional g-expectations. Thus g-expectation is ‘increasing
with respect to ¢’. This intuitively tells us that the bigger the function g is, the more
conservative the corresponding static risk measure p? and the corresponding dynamic
risk measure pJ are. Thus if we consider two functions, g and g with g < g, and the
respective risk measures constructed from the g-expectation, p? and p?, then, if a
financial position X is pd-acceptable, it is also p9-acceptable. In contrast, if a risky
position X is not p9-acceptable, it is also not pd-acceptable. A minimum amount of

additional cash p?(X) needs to be added to the position to make it p9-acceptable.



Chapter 6
Choquet expectation

Many uncertain mathematical phenomena cannot be explained by the linear, clas-
sical mathematical expectation. In an attempt to deal with these phenomena, Cho-
quet [8] extended the idea of a probability measure to a nonlinear probability mea-
sure, also known as a capacity. He consequently defined the nonlinear Choquet
expectation, also known as the Choquet integral. The Choquet integral is a non-
linear generalisation of the Lebesgue integral. It has several properties that allow it
to be suitable for pricing insurance contracts or financial assets. Choquet pricing has
recently been introduced as an alternative to traditional pricing both in insurance
and in finance. For more information on this see Wang [50] and Chateauneuf [4] re-
spectively. Choquet expectations have been very useful in economics, mathematics,
finance and physics, however defining conditional Choquet expectations has been an
issue in research. In this section we define the concept of a capacity and of Choquet
expectation and state some properties of the Choquet integral.

The work in this chapter is based on Chen et al. [5]. Definitions, propositions
and proofs have been taken from Chen et al. [5] and from Offwood [37]. Section 6.1
defines the Choquet integral and gives general properties of the Choquet expectation.
We also show that the classical mathematical expectation is a special case of the
Choquet expectation. Section 6.2 links this nonlinear Choquet expectation to Peng’s

g-expectation.

6.1 Choquet integral
We again consider the probability space (€2, F,P).
Definition 6.1. A set function V : F — [0, 1] is called a capacity if

(i) V(0) =0,V (Q2) =1, and

70
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(ii) if A,B € F and A C B, then V(A) < V(B).

Noticeably all probability measures are capacities. Also, if we consider a non-
decreasing function & : [0, 1] — [0, 1] with h(0) = 0 and h(1) = 1, and a probability
measure P, then we can easily verify that V = h o P is a capacity. Clearly V : F —
[0,1] and

(i) V(0) =hoP(0)=h(0) =0, V(Q) =hoP(Q)=h(1) =1

(ii) if A, B € F and A C B, then V(A) = hoP(A) < holP(B) = V(B). This follows
from the definition of a probability measure and since h is a non-decreasing

function.

The function A is called a distortion function or a distortion operator. Let
Fe(xz) = P(§ < x) be the cumulative distribution function of the random vari-
able £ on the probability space P. The distortion function A transforms the original
probability distribution function F¢ into a new distribution function h(F).

Recall that for any probability measure P and A, B € F, we know that

P(AUB)+P(ANB)=P(A) + P(B).
Following on from this relationship, we can define a concave set function.

Definition 6.2. A set function V' : F — [0, 1] is said to be concave if for all A, B € F
we have

V(AUB)+V(ANB) <V(A)+V(B).

Definition 6.3. Let V be a capacity and let ¢ € L?*(Fr). We define the Choquet
expectation of & with respect to the capacity V', denoted Cy (&), by

0 00
Co(6) ;z/ (V(E>1) - 1)dt+/0 V(E > 1) dt. (6.1)

— 00

Definition 6.4. Random variables ¢ and n € L?(Fr) are said to be comonotonic if
[§(w) = &W)in(w) =n(@)] =0 for all w,o’ € Q. (6.2)

The following lemma has been taken from Parker [39]. The proofs are a direct

application of the definition of comonotonicity, and will not be included.
Lemma 6.5.
(a) Any function f and any constant function are comonotonic.

(b) If f and g are comonotonic, then so are af and g for all a > 0.
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(c) If f and h are comonotonic and g and h are comonotonic, then f+ g and h are

comonotonic.

(d) If f,g and h are pairwise comonotonic, then max{f,g} and h are comonotonic,

as are min{ f, g} and h.
(e) Let A,B € Q. Then 14 and 1p are comonotonic if and only if A C B or B C A.

(f) Comonotonicity is not transitive as can be seen by considering the indicator

functions of subsets of §2.

Definition 6.6. A real function F' is said to be comonotonic additive if for any

comonotonic random variables ¢ and n € L?(Fr) we have

F(+n) = F(&) + F(n). (6.3)

For a function to be represented by a Choquet expectation, Dellacherie [16]
proved that comonotonic additivity is a necessary condition.
The Choquet expectation also satisfies certain properties, which will be listed

below.

Proposition 6.7. The Choquet expectation with respect to the capacity V has the

following properties:
(a) Monotonicity : For all £,n € L?(Fr) with € > 1, we have Cy(§) > Cy(n).

(b) Positive Homogeneity : For all A\ > 0 and ¢ € L*(Fr), we have Cy (\E) =
ACv (§)-

(c) Translation Invariance : For all¢ € L*(Fr) and a € R, we have Cy (E+a) =
Cy(&) + a.

(d) Subadditivity : For all £,m € L*(Fr), we have Oy (£ +n) < Cy(€) + Cy(n)

if and only if V is concave.

Remark 6.8. Note that for A € Fr we have Cy(14) = V(A). For more information
on this, and on any of the other properties of the Choquet integral, see Denneberg
[17].

From the properties in Proposition 6.7, it is clear that p(X) = Cy(—X) defines
a coherent risk measure if and only if the capacity V is concave.

As mentioned before, the Choquet expectation is an extension of the classical,
linear expectation, E[-]. This can be shown by the following. Again let F¢ be
the cumulative distribution function of a random variable £ with respect to the
probability measure P, i.e. F¢(z) = P(¢ < z).
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Proposition 6.9. The expected value of & can be represented as

0 00

E[¢] = / (P(§>t)—1)dt +/ P(§ > t)dt. (6.4)
—00 0

Proof. Firstly, let £ > 0. Then £ can be represented by £ = fooo 1¢espydt. Using

Fubini’s theorem to change the order of integration, we have
Bl = [ Bl
::/ P(¢ > t)dt.
0

Next, let £ < 0. In this case, £ can be written as & = ff’oo —1liepydt. Then

0
El¢] = / E[Lyey

0
= —/ P(¢ < t)dt

—00
0

—— [ a-rezoa

—00

_ /0 (P(¢ > ) — 1)dt.

—00

As € = &T + €7, the result follows. O

This representation implies the relationship between the linear mathematical
expectation E[-]| and the probability measure P. When Choquet integrals are con-
cerned, we are no longer working in a linear framework. However, we can clearly
see the resemblence between the classical mathematical expectation, represented by
(6.4) and the Choquet expectation, as seen in Equation (6.1). This representation
shows that any linear mathematical expectation can be written as a Choquet ex-
pectation. The Choquet integral is thus the natural extension of the mathematical
expectation in the nonlinear framework.

Alternatively, Proposition 6.9 can be restated in terms of the cumulative distri-

bution function of &.

Proposition 6.10. The expected value of the random variable & can be represented

as

0 00
Em:—/ &@ﬁ+£ (1— Fe(t))dt. (6.5)

—00
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6.2 Linking Choquet expectation and g-expectation

Having defined Peng’s g-expectation in Chapter 3 and the Choquet expectation, a
natural question that arises, is what the relationship between these two expectations
is. Do there exist conditions under which these two definitions coincide? Chen et
al. [5] proved a necessary and sufficient condition to answer this question in the one-
dimensional Brownian motion case. It turns out that the classical, linear expectation
is the only expectation that falls within both definitions.

We note that Peng’s g-expectation is defined only in a BSDE framework. Cho-
quet expectations are defined in a more general setting. Consequently, to explore
the relationship between the two, we make suitable restrictions to the Choquet ex-
pectations. More precisely, we restrict the Choquet expectations to the domain
L2(Q, Fr,P).

This section deals explicitly with the one-dimensional Brownian motion case. We
thus assume, using our previous notation, that d = 1 and let y and z € R. Before

we continue, the concept of g-probability needs to be defined.

Definition 6.11. Let A € Fp. Define the g-probability of A by
Py(A) = Ey[14]. (6.6)

Clearly Py( -) is a capacity.
The main result of this section which is taken from Chen et al. [5] can now be
stated. The proof of this theorem, however, relies on several lemmas. We first state

and prove these lemmas before proving the following main result.

Theorem 6.12. Suppose g satisfies assumptions (A1), (A2) and (A3). Then there
exists a Choquet expectation, whose restriction to the domain L*(), Fr,P) is equal
to a g-expectation if and only if g does not depend on y and is linear in z, i.e. there

exists a continuous function vy such that

9(t,y, 2) = vz, (6.7)

We show that if £y -] is a Choquet expectation on the set of random variables of
the form y + zBrp, then g is of the form g(¢,z) = pu(t)|z| + vz, where p(t) and vy are
continuous functions. The first point in the following lemma shows the uniqueness
of a capacity. We also note that in the proofs of Lemma 6.13 (ii) and Theorem 6.12
we only use random variables of the form y + 2By and 1p,¢(qp). Hence Lemma
6.13 (ii) and Theorem 6.12 actually state that if and only if g is linear in z, then
the g-expectation is a Choquet expectation on the set of all random variables of the
form f(Br) € L(Fr).
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Lemma 6.13. If there exists a capacity, V, such that the associated Choquet expec-
tation on L*(Q, Fr,P) is equal to the g-expectation, then

(1) V(A) =Py(A) for all A € Fr.

(ii) There exist two continuous functions u(t) and vy on [0,T] such that g is of the
form
9(t,2) = p(t)|#] + vez.

Proof. (i) Let £ € L?(Fr). Also let Cy(€) be the Choquet expectation of ¢ with
respect to the capacity V. By hypothesis, we have that for all ¢ € L?(Fr)

&le] = Cv (8). (6.8)

If we choose £ = 14 where A € Frp, then we have £;[14] = Cy(14). By the definition
of Choquet expectation we get Cy(14) = V(A). Combining these two equations,
we have that V(A) = Cy(14) = &[1a] = P4(A), where the third equality follows
from the definition of the g-probability.

(ii) By hypothesis, &;[-] is a Choquet expectation. Hence, by Dellacherie [16],
&y[+] is comonotonic additive, i.e. for comonotonic random variables &, n € L*(Fr)

we have
Egl§ +m] = &glE] + Egln]. (6.9)

Choose constants (t,y1,21), (t,y2,22) € [0,7] x R? such that 2125 > 0. Denote
£ =wy1+21(Br—By;) and n = y2 + 22(Br — By) for 7 € [t,T]. Now clearly £ and 7 are
independent of F; and we can show that £ and 7 are comonotonic random variables.
Let w,w’ € Q. Then

[€(w) = £WIn(w) = (W] = z122[Br(w) = Bi(w) + Br(w') = By(w'))?
> 0.

Note that ¢ satisfies assumptions (A1) and (A3) and is deterministic. Also y;, z;,1 =
1,2 are constants. Applying Proposition 3.14 we have

Egl€|F] = &€, EglnlFe] = Egnl, &Gl + nlF] = Egl€ +n]. (6.10)
Combining this with Equation (6.9) gives
Egl€ +nlF] = EglEIF] + Egnl| Fl,

and consequently

Egl& +nlFi] —E[E+nlF:] _ ElE|F] — E[E|F] & nlFi] — ElnlFi]

T—1 T—1 T—1
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Let 7 — t on both sides and apply Lemma 3.21, noting the alternate formulation,

to get that for all z1290 > 0, y1,y2 € R

gty +y2, 21 + 22) = g(t,y1, 21) + g(t, y2, 22). (6.11)

This implies that g is linear with respect to  in R and 2z in R* (or R™). Applying
Equation (6.11) repeatedly gives

g(t,y,z) =g
=y

(t,y +0, 2150y + 21g.<01)

(t,y,2150)) + 9(¢,0, 21 <0y)
=gty +0,0+ 2150y) +9(¢,0, —(=2)11<0})
(t,4,0) +g(t,0,21¢.50y) + g(t,0, —(—=2)11.<0})
(t,0, l)zl{z>0} 9(t,0, —l)zl{zgo}
(t,0,1)z" + g(¢,0,—1)(—2)"

9
=9
9
9

g(t7 07 1) + g(t7 07 _1) >
5 .
Note that g(t,y,0) = 0. Also the second equality follows since zli.>0)-212<0) = 0.

Setting

t,0,1 t,0,—-1 t,0,1 t,0,—1
N(t):g(”)+2g(7? )andvt:g(77)+29(,, )

completes the proof. O

We next need to show that for ¢t € [0,7], u(t) = 0. To prove this result we
require additional lemmas. The following lemma, which is a special case of the
comonotonic theorem in Chen, Kulperger and Wei [6], will be stated without proof.

The interested reader can refer to Chen et al. [5] for a sketch of the proof.

Lemma 6.14. Suppose ® is a function such that ®(Br) € L*(Fr). Let (Yz, Z;) be

the solution to . -
Y = ®(Br) + /t u(s)|Zlds /t Z.dB.,
where p(t) is a continuous function on [0,T]. Then
(i) if ® is increasing, then Zy > 0 a.e. for all t € [0,T], and
(ii) if @ is decreasing, then Zy <0 a.e. for all t € [0,T].

Lemma 6.15. Let u(t) be a continuous function on [0,T), ¢ € L?*(Fr) and let
(Yy, Zt) be the solution to

T T
Y;—§+/ u(s)\sts—/ Z.dB,.
t t

Then the following holds.
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(i) If £ = 1ip,>1y, then Z; >0 for allt € [0,T).

(ii) If & = ®(Br), where ® is a bounded function with strictly positive derivative
', then Zy > 0 for allt € [0,T).

(i) If & = 1ia>py>13, then P x A({(w,t) : Zy(w) < 0}) > 0, where A denotes the
Lebesgue measure on [0,T), and P x \ denotes the product of the probability

space P and the Lebesgue measure .

Proof. (i) Since the indicator function 1(,>1) is increasing, we can apply Lemma
6.14 (i) and have that Z; > 0 a.e. t € [0, 7). This gives us that |Z;| = Z;. We still
need to show that the strict inequality holds.

The BSDE

T T
Y;g = 1{BT21} +/ M(S)|Zs|d8 — / ZSdBS,
t t

is actually a linear BSDE in this case since we have that

T T
Y;g = 1{BT21} +/ ,u(s)sts — / ZSdBS.
t t

Let :
By = B; — / w(s)ds, (6.12)
0
giving us
T —
Y;f - 1{BT21} - / ZSdBS. (613)
t
Consider . .
dQ 1 9
i —exp{ 2/0 w (s)ds+/0 ,u(s)dBS] (6.14)
and define a probability measure Q by
QA) = / le%(w)d}?(w) for all A € F. (6.15)
A

Using Girsanov’s theorem, we know that (Bt)te[o,T} is a Brownian motion under the
probability measure Q.
Taking the conditional expectation EQ[-|Z;] on both sides of Equation (6.13),

gives us

Y, = E%[1 (5,513 7]

=E? | F4]

(L5217 p(s)asy

[1{BT—Bt21—f0T u(s)ds—Bi} | Fi]

- E@[l{BT_Bel_ij u(s)ds—Bt}|a(Bt)]

a ]EQ[]-{BT—Bt21—fOT N(S)dS—Bt} |U(Bt)]
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For the second equality, we use Equation (6.12). Also we know that 0{Bs;s < t} =
0{Bs; s <t} since p(t) is a real function in t.

Since Br — By anid B; are independent, we know that 1{BT—Bt21—fOT j(s)ds—Bi}
is independent of o(B;) and hence

— wQ
“i=E [1{BT*Bt21*f0T M(S)dsfk}] ’k:Bt'

But we know that By — By ~ N(0,T —t), and hence

Y; = / o(x)dx .,
t 1[5 u(s)ds—k ) "f:Bt

where ¢(z) is the density of the normal distribution N (0,7 —t), i.e
1 x?
)= ———exp |- 1|.
)= o= 1) p[ %T—wﬂ

Using Corollary 4.1 in El Karoui, Peng and Quenez [35], we get

v " :
z= 5 ‘k:Bt _¢<1—/0 u(s)ds—Bt> > 0.

Hence Z; > 0 a.e. for all ¢ € [0, T], which completes the proof.

(ii) This case follows similarly to case (i). We first note that since ®' > 0, we can
again apply Lemma 6.14 (i) and have that Z; > 0 a.e. for all ¢t € [0,7]. We again
need to show that the inequality is strictly greater than 0.

In this case we have the linear BSDE

T T
Y, = ®(Br) +/ 1(s)|Zs|ds — / Z,dB,, 0<t<T.
t t
Again we let B; be defined by Equation (6.12) giving us
T
Y, = ®(Br) —/ ZsdBs. (6.16)
t

Consider ‘fl% and the probability measure Q as defined by Equations (6.14) and (6.15)
respectively. Similarly to part (i), taking the conditional expectation EQ[-|F;] on
both sides of Equation (6.16), gives us

Y, = E®[®(Br)| 7]

— EQ _<1> <BT+/T ds) ‘}}]

Y P By — By + p(s)ds + Bt> }'t]

Il

&
[S]

KA

= EQ <I>

o
(T 3 @@+&>0wﬂ
o (2

T — p(s)ds + Bt> a(Bt)] .
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Since Br — B; and B; are independent, we know that ®(Br — B; + fOT w(s)ds + By)
is independent of o(B;) and hence

Y, = EQ [(I)(BT—Bt—I—/OTu(s)ds—I—k)] ‘k N

=B

But we still have that By — By ~ N'(0,T — t), and hence

Y, = /_Z o (1‘ + /OT 1(s)ds + k) sads |

where ¢(x) is the density of the normal distribution A/(0,7 — t). Using Corollary
4.1 in El Karoui, Peng and Quenez [35], we get that for all ¢ € [0,T)
8Y} 00 T B
=St = @ / ds + B dz > 0.
"= ok e, /_OO (:L’ + ; p(s)ds + t> o(x)dx >

This completes the proof.

(iii) Let & = 1{9>p,>1}- We assume that the conclusion of (ii) is false i.e. we
assume that Z; < 0 a.e. However by Lemma 6.14 (i) we have that Z; > 0 a.e. for all

t € [0,7]. Hence we assume that Z, = 0 for all ¢t € [0, 7). This again implies that
the BSDE

T T
}/;5 = 1{22BT21} —|—/ /J,(S)’Zs|d8 —/ ZSst, 0 S t S T
t t

is a linear BSDE.
Again we let B; be defined by Equation (6.12) giving us

T
Y: = 1osp,51) —/ Z,dBs. (6.17)
t

Consider % and the probability measure Q as defined by Equations (6.14) and (6.15)
respectively. Using Girsanov’s theorem, we know that (Bt)te[O,T] is a Brownian
motion under the probability measure Q.

Set conditional expectation E?[-|F;] on both sides of Equation (6.17). Note
that, by the same reasoning as in part (i) and (ii), we have that o{Bs;s < t} =
o0{Bs; s < t}.

Y, = E%1 55 pyn1y | F)

— wQ
=E [1{2—_]'0T u(s)ds—BtZBT—Bzzl—foT u(s)ds—Bt}|ft]

—_RrQ B
=E [1{2—.[0T u(s)ds—BtZBT—BtZI—fOT u(s)ds—Bt}|U(Bt)]

= EQ[l{Q—foT u(s)ds—kZBT—Bt21—f0T ,u(s)ds—k:}] }k:Bt’
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Now By — By ~ N(0,T —t), and hence
2— [ p(s)ds—k
e /l—foT u(s)ds—k R P
where ¢(x) is the density of the normal distribution N (0,7 —t). Using the relation
between Y; and Z; by El Karoui, Peng and Quenez [35], we get that for all ¢ € [0,T)

oY
- Ok )k:ét

o (1= [ woris—8) ~o (2= [ utopas - 8.)

Z

1 [0y p(s)ds — By
N 2(T — 1)
B 1 o | (2— fOT w(s)ds — By)?
27(T —t) P 2(T —1)

From this it is easy to check that for all ¢ € [0,T)
~ T
Zy >0 when By < = —/ p(s)ds;
0
_ 3 T
Zy <0 when By > — —/ p(s)ds.
0
This implies that for all ¢t € [0,T),

P(Z;>0)>0, P(Z;<0)>0ae.

Hence Px A((w,t) : Zi(w) < 0) > 0, which contradicts our original assumption. This
completes the proof. ]

Lemma 6.16. Suppose g is a convex (or concave) function. If E;] -] is comonotonic
additive on L2 (Q, Fr,P) (resp. L2 (Q, Fr,P)), then E[-|F] is also comonotonic
additive on L% (0, Fp,P) (resp. L% (0, Fr,P)) for all t € [0,T).

Proof. We prove the result on Li(Q, Fr,P); the proof on L? (Q, Fr,P) follows sim-
ilarly. Denote L2 (Q, Fr,P) by L2 (Fr) and L? (Q, Fr,P) by L? (Fr).
Since &, -] is comonotonic additive on L% (€2, Fr, P), we have that for all comono-

tonic random variables &, n € L%r(}"T)

Egl& + ] = & E] + Elnl.

We want to show that for all ¢ € [0, 7], and for all comonotonic random variables &,
n € L3 (Fr)
Egl€ +nlFi] = ElE|F] + Eqln| Fil. (6.18)
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We first consider the case where g is a convex function. By Proposition 3.18, we
know that for all ¢ € [0, T

Egl& +nlFi] < & lE1F] + ElnlF]-

Assume that (6.18) is false. Then there exists a ¢ € [0, 7] such that
Pw; E[E +nlFi] < ElEFi] + Egn|Fi]) > 0.

Let
A= {w; &€ +nlF] < ELEIF] + EgInlFl}-

Clearly A € Fr and
1Agg[§ +n|F] < 1Agg[§|ft] + 1Agg[77’-7:t]-

By the comparison theorem, Theorem 3.8, we can take the g-expectation £y[-] on

either side of the above inequality, giving
E[LaE[€ + 1l F]) < ELAENEIF) + 1a&lnl 7). (6.19)

Applying Proposition 3.18 and the tower property of the g-expectation to the right-
hand side of Equation (6.19), we get

59{1A5g[5|~7:t] + 1Agg[77|~7:t]} < 59{1A59[5|~7:t]} + gg{lAgg[n’}—t]}
= Eg[1a&] + &[Lan).

Applying the Tower Property to the left-hand side of (6.19), we have that
Eg[La&[€ + n|Fe]] = Eg[1aE + Lan].

Hence, combining these we get
Egl1a& + 1an] < Eg[1a€] + Eg[Lan). (6.20)

Since £ and n are positive and comonotonic, we have that 14£ and 14n are also
positive and comonotonic. However by the assumption that &[-] is comonotonic

additive, we have that

Eg[La& + 1an] = &[1aE] + E[Lan). (6.21)

Inequality (6.20) contradicts Equation (6.21) and hence our original assumption that
(6.18) is false, cannot hold. Thus for all ¢ € [0,T7,

Egl& +nlFi] = & lE1F] + EglnlF]- (6.22)
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which proves the case when g is convex.
Now let g be a concave function. By Proposition 3.18, we know that for all
t € [0,T]
Egl& +nlFi] = & [E1F] + & [nlFi]-

The rest of the proof follows similarly to the convex case. O

Combining this lemma with Dellacherie’s Theorem [16], stating that comonotonic
additivity is a necessary condition for a function to be represented by a Choquet

expectation, results in the following corollary.

Corollary 6.17. Suppose g is a convex (or concave) function. If £;]-] is a Choquet
expectation on L2 (Q, Fr,P) (resp. L? (Q, Fr,P)), then &[-|F] is also a Choquet
expectation on L2 (Q, Fr,P) (resp. L% (Q, Fr,P)) for all t € [0,T).

The next couple of lemmas deal with the case when g is of the form g¢(t,2) =
w(t)|z], where u(t) is a continuous function in ¢. Clearly, if p(t) > 0 for all ¢ € [0, 7],
then g is a convex function and if p(t) < 0 for all ¢ € [0,T], then g is a concave

function.

Lemma 6.18. Let pu(t) # 0 be a continuous function on [0,T] and g(t, z) = u(t)|z|.
Then there exists no Choquet expectation agreeing with E*[-] on L*(Q, Fr,P).

Proof. Assume that the result is false. Then there exists a Choquet expectation
agreeing with £# on L?(Q, Fr,P). By Dellacherie’s Theorem [16], £/ is comonotonic
additive on L?(2, Fr,P).

We choose two particular random variables {1 = 1y, 51y and §a = 19>p,>1}-
Let (Y;(i), Zt(i))te[O,T]a i = 1,2 be the respective solutions to the following BSDEs

. T . T .
YO =g+ [ uts)zids - [ Zidp.
t t

Let (Y, Z);ep0,1) be the solution to the BSDE

T T
Y :€1+§2+/ ,u(S)IZS|ds—/ ZsdBs,.
t t
Then
YO = et R, Y = Er6|F), Y= EM6 + &l F

Clearly & and & are positive and comonotonic. Hence by our assumption, 4[] is
comonotonic additive with respect to & and &. Lemma 6.16 tells us that E#[- | F]

is also comonotonic additive with respect to £ and &o, i.e. for all ¢ € [0, T

EM[&1 + Lol Fi] = EF[&1|Fi] + EM[Ea| F]
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which can also be written as

V=7 + v, (6.23)
Following from (6.23), we have that for all ¢ € [0, T]]
<Y/t7 Bt> = <}/t17 Bt> + <}/;‘/27 Bt> 3

where (Yy, By) is the finite variation process between the process Y = (Y;)yc[o,7) and

the Brownian motion B = (Bt)cpo,7]- But

_ 1 2
L _amBy g B, (0B
Lt =———" Ly = ——— 4 = ——— .
dt dt dt
Thus for all ¢ € [0, 7] we have that a.e.
Z =29+ 7%, (6.24)

Note that (6.23) can be written as

(64 [ uoizias— [ ziam.).

NE

T B T7
46+ / ()| Z4|ds — / Z.dB, —
t t

i=1

This gives us
T - T T
/ 1(5)| Zs|ds = / ()| Z}|ds + / ()| 22 ds
t t t

= [ w12+ 1220as.
We consequently obtain that a.e. for all ¢ € [0, T]
u()12" + 27| = u(0) 2" + w0 27
Since p(t) # 0, we have that a.e.
2" + 21 =127 +127). (6.25)

Clearly (6.25) is only true if Zt(l)Zt(z) > 0. However from Lemma 6.15 we know
that Z" > 0 a.e. for all t € [0,7] and P x A(w,t) : ZP(w) < 0) > 0. Thus
P x A((w,t) : Zt(l)(w)Zt(Q)(w) < 0) > 0 which implies that

Px M@ 1) 11200+ 27 < 1201 +127) > o,
which contradicts (6.25). This completes the proof. O

Lemma 6.19. Let pu(t) # 0 be a continuous function on [0,T]. Let&1 = 14p,>1y and
§2 = lio>p,>1)- Then & and & are comonotonic, but EF[§1 + &o] < EM[E1] + EF[E].
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We can finally prove the main theorem of this section, which will first be stated

again.

Theorem 6.20. Suppose g satisfies assumptions (A1), (A2) and (A3). Then there
exists a Choquet expectation, whose restriction to the domain L*(Q), Fr,P) is equal
to a g-expectation if and only if g does not depend on y and is linear in z, i.e. there

exists a continuous function vy such that
g(t,y,z) = vez. (6.26)

Proof. Sufficiency: Let g(t,y,z) = viz and let € € L?(Q, Fr,P). We need to show
that there exists a Choquet expectation which is equal to the g-expectation. Con-
sider the BSDE

T T
Y% - §+ / UsstS - / stBS7 0 S t S T. (627)
t t
Let '
B, = B; — / vsds, (6.28)
0
giving
T —
Y =¢ —/ ZsdBs. (6.29)
t

Define % and a probability measure Q by _Equations (6.14) and (6.15) respectively.
Using Girsanov’s theorem, we know that (Bt)ic[o,7] is @ Brownian motion under the

probability measure Q. Thus
ElElR] = EQ[fU:t]-
In particular, setting t = 0, we have that
&l€] = &,[&1F0] = E°[¢|Fo] = EVg].

This implies that the g-expectation is a classical mathematical expectation. Also,
clearly the classical mathematical expectation can be represented by the Choquet
expectation. Consequently there exists a Choquet expectation which coincides with
the g-expectation. This completes the sufficiency part of the proof.

Necessity: Let ¢ € L*(), Fr,P) and suppose there exists a Choquet expecta-
tion which coincides with a g-expectation. By Dellacherie’s Theorem [16], &[-] is
comonotonic additive on L2(Q, Fr,P). We need to show that g does not depend
on y and has the form ¢(¢,z) = v;z. By Lemma 6.13, there exist two continuous
functions on [0, 7] such that

g(t,y,z) = pu(t)]z] + vez.
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Without loss of generality, we assume that v, = 0, for ¢ € [0,7], otherwise by

Girsanov’s theorem, we can rewrite
M

T T
Yt:£+/ (u(s)|Zs|—|—sts)ds—/ Z.dB.,
t t

as - . 7
Yt:§+/ u(s)\sts—/ Z.dB.,
t t

where B; = By — fOt vsds and (Bt)te[o,T] is a Brownian motion under the probability
measure Q as defined previously.

Assume pu(t) # 0 for some ¢t € [0,7]. There exists ¢ty such that u(ty) # 0.
Without loss of generality, assume f(to) > 0. Since p(t) is continuous, there exists
a region of to, say [t1,t2] C [0,T] such that p(t) > 0 for all ¢ € [t1, ta].

Let & = 1¢p,,-B,, >1} and & = Lo>p,,-B,, >1}- Then &; and & are comonotonic
random variables.

Next we show that

EFG + &) < EM[G] + &M1&,

which shows that £ is not comonotonic additive for comonotonic random variable

&1 and &o.
Let Bs = By, +s — By, then {B, : 0 < s < t5 — t1} is a Brownian motion under
the filtration (F.), where

Fl=0{B,:0<r<s}=0{Bysr— By :0<r <sh.

Using the above notation, we can write {; = LB, . >1 and & = Lio>p,, ,, >13- Let
a(t) = p(t +t1) and let (y,gi), zt(i)),i = 1,2 be the solutions of the following BSDEs

with terminal values & and &; respectively:
) to—t1 . ta—t1 N
W =gt [ s [ APaB, 0<t<h-n (630)
t t
Let (4, z¢) be the solution of the BSDE with terminal value & + &o:
to—t1 to—1t1 _
b= €1+ 6 +/ o(s)|Z|ds — / 2B, 0<t<ty—t. (6.31)
t t
Since a(t) = p(t +t1) # 0 for all ¢ € [0,¢2 — t1], by Corollary 6.19 we have
-1 2
Yo <Yy + Ui (6.32)
On the other hand, consider the BSDEs

g [ woron- [ s, osisr o
t t
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and

T T
}7,5:&—0—52—1—/ ,u(s)|25|ds—/ Z4dB,, 0<t<T. (6.34)
t t

Comparing Equation (6.30) with (6.33) and Equation (6.31) with (6.34), we find
that for all ¢ € [0,y — 1]

But
v\W=eralm], v =erolA] Y= Ela+6lR).

Thus, we have that
g =EMe), B =E"[&), Go=E"&+&]
Applying Equation (6.32),
EF[& + &) < &[] + EF[&]-

This contradicts the comonotonic additivity of £;[-] = £#[-]. Hence pu(t) = 0 for all
t € [0,T7], which completes the proof. O

Theorem 6.12 tells us that if ¢ is nonlinear in z, then the g-expectation is not a
Choquet expectation on L?(Q, Fr, P).
Since the classical mathematical expectation is linear, we know that for all £,n €
L*(Fr)
E[§ +n] = E[(] + E[n].

For the Choquet expectation, this equality is still true when £ and 7 are comonotonic
random variables. However, if we consider Peng’s g-expectation, with g being a
nonlinear function, then the above equality no longer holds, even when £ and 7
are comonotonic. We can thus informally say that Peng’s g-expectation is ‘more

nonlinear’ than the Choquet expectation on L?(Q, Fr,P).



Chapter 7
Doob-Meyer decomposition

In Chapter 3 we defined the concept of Peng’s g-expectation and showed that many
powerful properties still hold true in the nonlinear setting. In fact the notion of mar-
tingales, sub- and supermartingales does not need the linearity assumption. Con-
sequently we can define martingales, sub- and supermartingales in the nonlinear
setting. This leads to the question, if the well known Doob-Meyer decomposition
theorem also holds true in the nonlinear setting. The Doob-Meyer decomposition
theorem in the classical theory of martingales shows that certain submartingales can
be written as the sum of a martingale and an increasing process. However, since the
classical demonstration of the Doob-Meyer decomposition theorem is based on the
fact that the expectation E[ -] is a linear operator, the related nonlinear Doob-Meyer
decomposition is not as straightforward.

In this chapter we begin by recalling the classical Doob-Meyer decomposition
theorem and any related definitions. Thereafter, in Section 7.2, we define and
outline some properties of g-solutions, g-super- and g-subsolutions as well as of
g-martingales, g-super- and g-submartingales. Consequently we attempt to find an
equivalent Doob-Meyer decomposition for nonlinear g-expectations. This is pre-
sented in Section 7.4. To prove the nonlinear version of the Doob-Meyer decompo-
sition however, we require a convergence and a limit theorem. These can be found
in Section 7.3. The work in this chapter has been taken from Karatzas and Shreve
[34], Cohen [9], Peng [42] and Peng and Xu [41].

7.1 Doob-Meyer decomposition theorem

We begin by defining some concepts required for the Doob-Meyer decomposition
theorem and consequently state the original Doob-Meyer decomposition theorem.

Consider the probability space (£, F,P) and assume a continuous setting. The

87
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following definitions are taken from Shreve [47] and Karatzas and Shreve [34].

Definition 7.1. An adapted process (A¢)ic[0,) is called increasing P-a.s. if we have
that E[A;] < oo for all ¢ € [0, 00) and

(a) Ao =0;

(b) t — A; is a nondecreasing, right-continuous function.

An increasing process is called integrable if E [tlim At} < 00.
—00

Definition 7.2. An increasing process (A¢)ejo,o0) is called natural if for every

bounded right-continuous martingale (M¢);[o,o0) We have for every ¢ € [0, 00)

t t
IE/ MgdAs —IE/ M- dAs,
0 0
where s~ denotes the left limit of s, i.e.

M, = lim M,.

t—s—

Definition 7.3. Consider the class S and S, of all stopping times 7 of the filtration
(Ft) which respectively satisfy P(7 < oo) = 1 and P(7 < a) = 1 for a given finite
number a > 0. The right-continuous process (X;)ic[0,00) 18 said to be of class (D) if
the family (X7)res is uniformly integrable and of class (DL) if the family (X;),es,

is uniformly integrable for every 0 < a < oo.

Theorem 7.4 (Doob-Meyer decomposition). Let X = (Xi)ic[0,00) be a continu-
ous submartingale of class (DL). Then there exists a continuous martingale M =
(Mt)icjo,00) and a continuous increasing process A = (At)ie(o,00) Such that for all
t > 0 we have almost surely

Xy = My + Ay (7.1)

If, in addition, the increasing process A is taken to be natural, then the processes M
and A are uniquely determined up to indistinguishability. Furthermore, if X is of

class (D), then M is a uniformly integrable martingale and A is integrable.

The proof of this theorem is given in Karatzas and Shreve [34]. For an extensive
study on the Doob-Meyer decomposition, we refer the reader to Karatzas and Shreve
[34]. For the purpose of this dissertation, however, the statement of the classical
Doob-Meyer decomposition theorem suffices. We want to find a related nonlinear
Doob-Meyer decomposition which can be applied to the nonlinear case of Peng’s

g-expectation.
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7.2 g-Solutions and g-martingales

We are working in the framework outlined in Chapter 3. Consider the probability
space (Q, F,P) endowed with the filtration (F7);>0. Let (B;)>0 be a standard
d-dimensional Brownian motion on this space. The filtration is the one generated
by this Brownian motion, i.e. 77 = 0{B,;0 < s < t} for any t > 0. We also
consider a function ¢ satisfying assumptions (A1) and (A2) and a BSDE (3.3) with
terminal condition (3.4). Let D%(T,R™) denote the space of all R"-valued, RCLL

Fi-progressively measurable processes (V;).e(o,r) With

E | sup |Vi]*| < oo,
0<s<T
where | - | denotes the Euclidean norm on R™. A process (V;)ic[o,r) is said to be

RCLL if it a.s. has right continuous sample paths which have a left limit. An RCLL
process is more commonly known as a cadlag process. Also let A%(T, R) denote the
space of all increasing processes (A¢).e(o,7) in D2 (T, R) with A = 0.

We can now define the g-supersolution taken from Peng and Xu [41].

Definition 7.5. A process (Y)e(o,1) € D2 (T,R) is called a g-supersolution if there
exists a predictable process (Zy)seo. 1] € L3 (T, R9) and an increasing RCLL process
(At)tepo ) € A*(T,R) such that for ¢ € [0, T

T T
Y, = YT+/ 9(s, Yy, Zs)ds + Ap — Ay —/ Z,dB,. (7.2)
t t

In the above (Z;)e[o,r) is called the martingale part and (Ay);e(o,7) is called the
increasing part. If A; = 0 for all ¢t € [0,77], then (Y;)icpo,7) is called a g-solution.
In this case, we retrieve Equation (3.5). Hence, when A; = 0, the g-solution is
equivalent to the g-expectation Ey[-|Fyl.

We can also define a g-supersolution and a g-solution in terms of stopping times.
If we replace the deterministic terminal time T with a stopping time 7 < T, we

obtain the following definition.

Definition 7.6. For a given stopping time 7, we consider the BSDE

T

V=X + / 9(s,Ys, Zy)ds + Ar — Aypy — / Z.dBs, (7.3)
t

AT tAT
where (A¢)e0,r] € A%(7,R) is an increasing RCLL process and Y; = X € L*(F;)
is the terminal condition of the BSDE. A process (Y;)ie(o.r] € D%(7,R) is called a
g-supersolution on [0, 7] if it solves Equation (7.3). If A; = 0 for all ¢ € [0, 7], then

(Y2)se[o,7) is called a g-solution.
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A g-solution is uniquely determined if its terminal condition Y7 (or equivalently
Y;) is given. A g-supersolution is uniquely determined if its terminal condition Y
and the process (A)ieo,r) (or equivalently Y and (A)ejo,r)) are given. This gives

us the following proposition.

Proposition 7.7. Given (Yi)icj,r] a g-supersolution on [0,7], there is a unique
(Zt)iepo,r) € LE(T, RY) and a unique increasing RCLL process (Ap)tepr) € A%(T,R)
such that the triple (Yi, Zi, At)iejo,r) satisfies Equation (7.3).

Proof. Suppose both (Yi, Z, At)icpo,r] and (Yy, Zi, A )iejo,) satisfy Equation (7.3).
We note that

Y, -Y, = / lg(s,Ys, Zs) — g(s,Ys, Z;)]ds + A — Aipr
tAT
r

(AL AL - / \Z, — Z!)dB.,

tAT

from which we get d(Y; — Y;). Applying Ito’s formula to (Y; — Y;)?, we get
d(Y, = Y;)* = d(Y; — Yy)d(Y; — Y7)
= (A(Ay— AD)? + 12, — Z{|Pdt.

Integrating over [0, 7], subsequently taking expectations and noting that d(Y; —
Y;)? = 0, we have that

]E/ |Zs — ZiPds +E > (A(A — 4))* =0.
0 te(0,7]

Thus we get Z; = Z] for all t € [0,7] and A; = A} for all ¢t € [0, 7]. O

Definition 7.8. Let (Y;);c[0,- be a g-supersolution on [0, 7], and let (Y3, Z, A¢)sc(o 7]
be the related unique triple from BSDE (7.3). Then we call (Z, A¢).ejo,- the de-

composition of (Y3)ie[o,7-

Given a g-supersolution (Yt)te[o,r]a the previous proposition showed that this
decomposition is unique.

Similarly to the case of g-expectations, we also have the following proposition.
Proposition 7.9. Let (A1) and (A2) hold true for g and let (A¢)em € A*(T,R).
Then there exists a unique pair of processes (Yi, Zt)cjo1) € L2(T,R) x LL(T,R%)
that solves the BSDE (7.2) with terminal condition Yr € L*(Fr) such that (Y; +
At)te[o,T] 18 continuous and such that

E | sup |Vi|?

0<s<T

< 00.
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Proof. When A; = 0, we refer to Proposition 3.6. Otherwise, we make the change
of variable Y; := Y; + A; and get the BSDE

T T
V,=Yr+ Ar + / g(s, Yy — Ay, Zy)ds — / ZdB,. (7.4)
t t

We again refer back to Proposition 3.6. Also, we have

E| sup |Yi[*| < oo,
0<s<T
since
E [ sup |As?| < oo,
0<s<T
t 2
E | sup / ZsdBy < 0,
0<t<T |Jo
and
T
IE/ lg(s,Ys, Z4)|2ds < oo.
0
This completes the proof. O

The comparison theorem for g-supersolutions is also of particular interest. It was
first introduced by Peng [43]. Two improved version were then given by El Karoui
et al. [35]. One of these improved versions is stated below. The proof and additional
information can be found in El Karoui et al. [35]. The result of strict comparison
was given by Peng [40].

We again consider (Y;)¢c[o,77 which is the solution of Equation (7.2) recalled here.

T T
Yy =Yr+ / 9(s,Ys, Zs)ds + Ap — Ay — / ZsdBs;.
t t
Theorem 7.10 (Comparison theorem). Let assumptions (A1) and (A2) hold true
Jor g. Let (Y, Zy)ieo.r) be the solution to
Vi=Vrt [ sV Zds 4 Ar— A [ 2B
t t
where (Gi)iepo.r) € LF(T,R), (A)ep,r) € AX(T,R) and Yp € L*(Fr) are given such
that
(i) Yr — Y >0,
(ii) g(Ys, Zy,t) — g1 (Ye, Zy,t) > 0 a.s., a.e.,

(iii) Ay — Ay is an increasing RCLL process.
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Then we have for all t € [0,T]
Y; >Y, a.s., ae.

If in addition we assume that P(Yr — Y7 > 0) > 0, then P(Y; > Y;) > 0. In
particular, Yy > Y.

We can now define the concept of a g-martingale, g-super- and g-submartingale

in a strong sense, as well as in a weak sense.

Definition 7.11. Let (Mt)te[o,T] be an F;-progressively measurable real-valued pro-
cess such that E[|M;|?] < oo.

(i) The process, My, is a g-martingale on [0,T1], if it is a g-solution on [0, 7.

(ii) The process, My, is a g-supermartingale on [0,T] in a strong sense if, for each
stopping time 7 < T, we have that the g-solution (Y%);c(o With terminal
condition Y, = M., satisfies

Yo < M,

for all stopping times o < 7.

(iii) The process, My, is a g-submartingale on [0,T] in a strong sense if, for each
stopping time 7 < T, we have that the g-solution (Y%);c(o] With terminal
condition Y, = M, satisfies

Yo =2 M,

for all stopping times o < 7.

If we replace the stopping times o and 7 in the previous definition with determin-
istic times s and ¢, then we have defined a g-supermartingale and a g-submartingale
i a weak sense.

We know that a g-solution is a g-martingale. If we assume (A3) in addition
to (Al) and (A2), and use the notion of g-expectations, we have that the process
(Mt)iefo,r) defined by

My = gg[X|—7:t] (7.5)

for t € [0,T] is a g-martingale, where X is the terminal condition of the BSDE.
Using this, we have an alternate, more familiar definition for g-martingales, g-

supermartingales and g-submartingales.

Definition 7.12. Consider a function g satisfying assumptions (A1), (A2) and (A3).
Let the process (M;),c(o,1) satisty E[|M;|?] < oc.
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(i) The process, My, is a g-martingale in a weak sense if and only if for all 0 <
s <t <T we have
Eg[ M| Fs] = M.

(ii) The process, M, is a g-submartingale in a weak sense if and only if for all
0<s<t<T we have
Eg[ M| Fs) > M.

(iii) The process, My, is a g-supermartingale in a weak sense if and only if for all
0<s<t<T we have
Eg M| Fs) < M.

For the equivalent definition of a g-martingale, g-super- and g-submartingale in
a strong sense, we replace the deterministic times s and ¢ with stopping times ¢ and
7. Clearly a g-supermartingale in a strong sense is also a g-supermartingale in a
weak sense. Under certain assumptions a stopped g-martingale, g-supermartingale
or g-submartingale remains such. This result corresponds to the optional stopping

theorem in the classical theory of martingales. It has been taken from Peng [44].

Proposition 7.13. Let g satisfy assumptions (A1), (A2) and (A3) and let (Yy)ejo,m €
D2%(T,R) be a g-martingale (resp. g-super-, g-submartingale). Then for all stopping

times 0 < o <7 <T, we have
EgYr|Fol =Y, (resp. <Y,, >Y;).

Note that if (Y, Z¢).ejo,7) solves the equation

T T
Yt:YT-i—/ g(S,YS,ZS)dS—i-AT—At—/ ZsdBsg,
t t

it is clear that (—Y;, —Z)icpo,7] solves the equation

T T
V= Vet [ gl ~(Y~(Z)ds + ()~ (-A) - [ (2B

Hence if (Y;)icpo,7) is a g-martingale (resp. g-super- or g-submartingale), then we

have that (—Y})icp0,7] is a g*-martingale (resp. g*-sub- or g*-supermartingale) where
g*(t’ Y, Z) = _g(ta Y, _Z)'

Consequently, any results applying to g-supermartingales can also be applied to
g-submartingales and similarly, any results applying to g-submartingales can be

applied to g-supermartingales.
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7.3 Limit theorem of g-supersolutions

This section is based on the work done by Peng [41]. We begin by stating the
‘convergence theorem’ taken from Peng [41]. We omit the proof of this theorem in
this dissertation. Using this convergence theorem, we can prove the limit theorem
of g-supersolutions. This result is needed for the main theorem of this chapter, the
nonlinear Doob-Meyer decomposition theorem.

We first consider the family of semi-martingales
t

t
Yi=Yi+ [ el viZhas - i+ [ Zids. (7.6)

0 0
A semi-martingale is defined as follows. The definition is taken from Offwood [37].

Definition 7.14. A regular cadlag adapted process Sy is a semi-martingale if it can
be represented as a sum of two processes: a local martingale M; with My = 0 and

a process of finite variation A; with Ay = 0, and
Sy = So + M; + A

In the semi-martingale given by Equation (7.6) the process (g})epo,1] € L5 (T, R)
is given and adapted for each i. We also assume that for each ¢, (A%)te[o,T] is a

continuous increasing process with E[(A%)?] < co. Furthermore, we assume that

(i) (9)seo.ry and (Z)iepo ) are bounded in L3(T) e B [ [|g22 + | Z[*)ds < C;

(i) {(Y{)iejo,r)} increasingly converges to (Y;)epo, ) with E | sup V3| < o0.
0<t<T
The limit of {(Y);epo,7} has the following form
t t
Y; = Y0+/ gg(s,Ys,Zs)ds—At—f—/ Z.dBs, (7.7)
0 0

where (gf)icio.17, (Zt)ieo,r) and (Ar)epo,r] are respectively the L?-weak limits of
{(Qg)te[O,T]}a {(Zf)te[o,T]} and {(Ai)te[o,T]}-

Theorem 7.15 (Convergence theorem). Assume (g{)ejo,r) and (Z{)iejo.r) are bounded
in L%(T) i.e. ]EfOT[|g§|2 +|Zi|?lds < C. Also assume that {(Y)iejo1)} increasingly
converges to (Yy)iejor] with B [supg<icr [Yi|?] < 0o and that (A})epr) is @ con-
tinuous increasing process with E[(A%)?] < co. The limit (Yy)iep. 1) of {(Y{)tepo )}
has the form (7.7), where (90)iepm € LF(T,R), (Zi)iepor) is the weak limit of
{(Z])icpor} and (Ar)epor) is an RCLL square-integrable increasing process. Fur-
thermore, for anyp € [0,2), {(Z])tejor)} converges strongly to (Zy)iejo ) in Li(T, RY),
i.e. for allp €]0,2)

T
lim IE/ |Z! — Z|Pds = 0.
0

11— 00
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Consider the sequence of g-supersolutions (Yti)te[O,T} solving the BSDEs for ¢ =
1,2,...

T T
Y/ =Y} + / g(s, Y, ZV)ds + Al — Al — / ZldB,. (7.8)
t t

Here the function g satisfies assumptions (A1) and (A2) and (A});c[o 77 is a continu-
ous increasing process for each i = 1,2, ... with E[(4%)?] < co. From Proposition 7.7
there exists a unique pair (Y}, Zf)te[O,T] € L%(T,R) x L%(T, R?) for each i = 1,2, ...
satisfying BSDE (7.8).

The next theorem tells us that the limit of {(Y;");efo7} is still a g-supersolution.

Theorem 7.16. Consider a function g satisfying assumptions (A1) and (A2) and
a continuous increasing process (A})cpor) with B[(A5)?] < oo. Fori = 1,2,...
let (Y, Z{)iepp) be the solution of BSDE (7.8) with E [supy<icp [Y/|?] < o0o. If
{(Y{)e,m} increasingly converges to (Y;)ieor) with E [supg<i<r [Vi[?] < oo, then
(Yi)ieo,r) s a g-supersolution, i.e. there exist a predictable process (Zi)iejo,r) €
L%(T, RY) and an increasing square-integrable RCLL process (At)icio,m such that
the pair (Yi, Zt)ejo,r) is the solution of the BSDE

T T
Yy =Yr + / 9(s,Ys, Zs)ds + Ap — Ay — / ZsdB,. (7.9)
¢ ¢

Here (Zy)seqo,r) is the weak (resp. strong) limit of {(Z})iepm} in L3(T, R?) (resp.
in LL(T,RY) for p < 2) and for each t € [0,T), (At)iepo,r) is the weak limit of
{(ADtepo,n} in AX(T,R).

Note that Equation (7.8) can be rewritten as
t t
Y =Y]— / g(s, YY), Z)ds — Aj —|—/ Z.dBs
0 0

and Equation (7.9) can be rewritten as

t t
Yt:Yb/ g(svytsts)dSAtﬁL/ ZsdBs.
0 0

To prove this theorem, we need the following additional lemma, telling us that
both {(Zti)te[o,T}} and {(A%)?E[O T]} are uniformly bounded in L?. The proof of this
lemma is based on the proof by Peng [42]. Parts of the proof are based on Cohen’s

proof of the same theorem in the general framework, given in [9].

Lemma 7.17. Under the assumptions of Theorem 7.16, there exists a constant C

that is independent of i such that
T .
() B[ |ZiPds<c,
0

(i) E[(A7)°] <C.
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Proof. From BSDE (7.8), we have

T T
=Yy - Y- / g(s, Y Zh)ds +/ Z'd B
0 0

T .
/ ZdB,
0
T .
/ ZidB,
0

T T
A2 =(1Yd] + Y)? + ( | ot v z0ias + \ | zias, )

T .
/ ZldB, ) .
0

1
2ab < ea® 4+ —b%, €> 0. (7.10)
€

T
<Y+ W+ | [ gt Y2 Z0ds) +
0

T
<Y+ W+ [ Lo, Z)lds +
0

Thus
2

T
23] + Vi) </O 9(s, Y2, 77| ds +

We know that for a,b € R, we have that

Thus setting

a = (5] + [¥7]),

T T )
b:(/ y(s,xf;,ZZ)de‘/ z;st>,
0 0
T 2
/ Z;dBS>
0

T 2 T
=251+ v+ 2 ([ ot vi zlas) 2| [ Zia,
0

+4</ lg(s, Y, Z?) \ds> ‘/ Z'dB,
0

2
< 2% + Vi) + (/0 |<s,Y;,ZZ>|ds) 4

we get that

T
AT < 2G|+ [Y7])? +2 </ l9(s, Yy, Z;)|ds +
0

2

T 2
/ ZidB,
0

By Jensen’s inequality for integrals, we know that for a convex function ¢

o([ 1) < [ ot0-asen; ar

Thus we have that

T 2 T 1
([ tatsviczpias) < [ gt iz pas
0 0 T

T
- / lg(s, Y7, Z0)|2ds.
0
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Consequently

(7.11)

y T8

T T
AL < 2035+ YRR+ 47 [ lg(o, v Z)Pds +a | [ ZiaB,
0 0

By the triangle inequality and by the Lipschitz continuity of the function g, we
have that there exists a p > 0 such that

|g(s7}/sia Z;)| - |g(57070)| < ’g(sa}/siv Z;) - g(5a0a0)|
< u(IY1+123)).-
Hence
l9(s, Yy, ZO)| < (Y5 + 1Z2]) + 19(s,0,0)].
Squaring the above expression, gives
lg(s, Y2, ZD[2 < g2V + |22 + g(5,0,0) 2 + 20(1Y7] + | Z])]g(s,0,0)].
We get using Equation (7.10) with a = p(|Y?| + |Z¢|) and b = |g(s,0,0)]|, that
l9(s, Y7, ZD[ < 26*(|Y;] + 1Zi])? + 29(s,0,0)

< 2 Yi[2 + 22| Z12 + 42|V Z1] + 2]g(5,0,0)
< 42 |Vi[2 + 42| ZI2 + 2]g(s,0,0) .

Therefore there exists a constant y’ such that

(s, Y2, ZD1? < W|YI? + | Z2* + 2]g(s,0,0) . (7.12)

s Lso

Plugging Equation (7.12) into Equation (7.11), we get that

T 2
| AP < 2(1Y5 |+ V7)) + 4T/ (WYSP + 1| ZEP + 219(s,0,0)*)ds + 4
0

T .
/ ZidB,
0

Taking expectation on both sides, leads to

T T
B (A7) <2E [(¥5] + [V{1)] +4TWE [ [ViPds +4TuE [ |Z3Fds
0 0
T T 2
+8TE/ |g(s,0,0)|2d5+4E‘/ Z1dB,
0 0

By Ito6 isometry, we know that

T 2
/ ZldB,
0

T .
E :E/ |Z!2ds.
0
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This gives us

T T
E [|A7]*] <2E [(|Yg] + |YZ])?] +4TM’E/O IYS’\2d8+8TE/O l9(s,0,0)*ds

T
+ (4T;/+4)E/0 | Z¢ 2 ds.

Since Y;! < Y} <Y, we observe that |Y}| is dominated by |Y;!|+|Y;|. Thus there

exists a constant independent of ¢ such that

E | sup |V/*| <C. (7.13)

0<t<T

It follows that there exists a constant ', independent of ¢, such that

T
E[|A% Y] < Cy + (4T//+4)IE/ | Z¢|?ds. (7.14)
0

On the other hand, we use It6’s formula applied to |Y;!|?. First, we know that

Ay} = —g(t,Y}, Z))dt — dAL + Z!dB;.
Applying It6’s formula yields
dIY}|? = =2Y}g(t, Yy, Z{)dt — 2V} dA} + 2Y{ Z{dB; + | Z;[*dt.
Hence
. . T .
|YTZ\2—|YOZ|2:—2/ Yig(s, Y, Z)ds— 2/ YZdA“rQ/ YlZ’st—i—/ |Zi|%ds,
0
giving us that
|1f5|2+/ | Z|?ds = Y%|2+2/ Yig(s, Y Z1) ds+2/ YidAL — / Y!Z!dB,.
0 0

Taking expectations and noting that Yj is deterministic and that the expected value

of an It6 integral is 0, we get using the Lipschitz continuity of ¢
Y + E/ 23 Pds
0

T
E[|[VE ] +2E/ Yig(s,Yi, Z1) ds+2E/ YidA
0

’ﬂ

T
(Y21 (lY] + 1l Z] + 1g(s, 0, 0)!)]d8+2E/ Y |dA;
0

E[|Y}?] + 2E

T

T
E[[Y7[)+2E | [uYSP + Y NZ:) + (YS9 (s, 0 0)\]d8+2E/ Y dAS
0

. 1 . .
E[|Y7|*] + 2E [ulYﬁV + 4P| Y+ Z\Zé\z + 1Y lg(s,0,0)[]ds

o\o\o\

T . .
4 QE/ VildAL
0
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Therefore, setting

1
2

)

a=4E | sup |Y/?
0<t<T

1 .
b= SE[AF)2,
we get using Equation (7.10) that
VP +E [ |Zifds
0
L |2 T 2 0|12 1 |2 j
< E[|Y7] ]+2E/ [( + 4p) Y57 + 21251 + Y19 (s, 0, 0)]ds
0

+2E | A7 sup [Y{]

0<s<T

1

1 T 2 ‘

g02+2E/ \Zi[2ds + 2 2| Epai23.
0

sup [V
0<t<T

From this we get that

1
T 2
E [ 12ids < 20, - 2% + 4B | sup [Vi?| (45
0 0<t<T
: ‘ 1 )
<20, — AV + 16E | sup [V{2| + SE[|A} [
0<t<T 4

1 A
= Cy + JElI45P),
where from (7.13), the constants Cy and Cs are independent of i. Combining the

previous inequality with (7.14) and setting C' = max(C1, C3) gives us that (i) holds
true and subsequently (ii) holds true, which completes the proof. O

We can finally prove Theorem 7.16.

Proof. We want to apply the Convergence Theorem 7.15. In BSDE (7.8), we set
gi == —g(t,Y}, Z}) which satisfies assumptions (A1) and (A2). By hypothesis we
have that {(Y});ejo,7)} increasingly converges to (Y;)epo,r] with Efsupg<i<rp [YV[?] <
co. By Lemma 7.17 we have that (Z{)icor is bounded in L%(T, R%). Hence
by Theorem 7.15, we have that there exists a (Z});cpo,r) in L% (T, R%) such that
{(Z])teor)} strongly converges to (Zy)iejor) in L(T,RY) for all p € [0,2). As a
result {(g)seo,r)} strongly converges in L%-(T, R%) to (g?)te[o’T} and

90 = —g(s,Ys, Z,), as., ae.

It follows that (Y%, Zt).e(o,7) is the solution of the BSDE (7.9). This completes the
proof. O
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7.4 Nonlinear Doob-Meyer decomposition theorem

By the comparison theorem, Theorem 7.10 we can easily see that a g-supersolution
on [0,7] is also a g-supermartingale in both a strong and a weak sense. We are now
concerned with the inverse problem: is a right-continuous g-supermartingale also a
g-supersolution? This question leads to the nonlinear version of the Doob-Meyer
decomposition theorem.

Before stating and proving the main theorem of this chapter, we require an

additional lemma. Consider the family of BSDEs parameterised by i =1,2...

T T T
yr =Yp+ / 9(s,ys, Z2)ds + z/ (Ys —y)ds — / Z.dBs. (7.15)
t t t

We observe in the next lemma that for each i > 0, (yti)te[oﬂ is bounded from above

by (Yi)iejo,r)- Hence (yf;)te[o’T] is a g-supersolution.

Lemma 7.18. Consider the BSDE (7.15) fori=1,2.... Then we have for each i,
fort e [0,T]
Y > yp.

Proof. Suppose this is not the case. Then there exists a 6 > 0 and a positive integer
i such that the measure of {(w,t) : y! —Y; —§ > 0} C Q x [0,7] is nonzero. We can
then define the stopping times

0= irtlf{yg >Y;+0},
7 := min[T, inf {y! = V;}].
t>o
We can see that o < 7 < T and P(7 > 0) > 0. Since Y; — ¥} is right-continuous, we
have
(i) vy > Yo+,
(ii) yt =Y.
Let (y})ie(o,r] denote the g-solution with terminal condition y% and (Y;)e[,;) denote
the g-solution with terminal condition Y;. By the comparison theorem, Theorem
7.10, we have that y, = Y,. However, on the other hand, since (Y});ep, is a

g-submartingale, we have
Yo > ye.

This contradicts equation (i) above, which completes the proof. ]

We can now prove the following nonlinear version of the Doob-Meyer decompo-

sition theorem.
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Theorem 7.19. Consider a function g satisfying assumptions (A1) and (A2). Let
(Yo)iepo,r] € DF(T,R) be a g-supermartingale in a strong sense. Then (Yy)iejo1] 45
a g-supersolution on [0,T], i.e. there exists a unique process (Ar)iepr) € A*(T,R)
with EB[(Ar)?] < 0o and a process (Zy)iejom) € L7 (T, R%) such that

T T
Y; :YT+/ g(s,ys,ZS)ds—i—AT—At—/ Z.dBs.
t t

Proof. FEzistence: Let (Y;f)te[O,T} be a g-supermartingale. We consider a sequence of
g-supermartingales given by BSDE (7.15). Note that BSDE (7.15) can be rewritten

as
T T
yi = Yr + / gs, 4, Z0)ds + Al — AL~ / ZdB.,
t t
where .
A%Zi/(n—ﬂbﬁ-
0

From Lemma 7.17 we have that there exists a constant C' independent of ¢ such

that
T 2
</IK—%W>]§G
0
T ' 2
([ i) ] ~0.
0

It follows that y} converges to Y; for all ¢ € [0, T].

E| A7) = °E

Therefore we have that

E

Now from Lemma 7.18 we have that Y; — y! = |Y; — yi|. From the comparison
theorem, Theorem 7.10, it follows that i < yi“. Thus {(yi)te[o,T}} is a sequence
of continuous g-supermartingales, that is monotonically converging to the process
(Yt)ieo,r)- It is easy to check that all conditions from Thereom 7.16 are satisfied.

Hence (Y;)c[o,7] is a g-supersolution on [0, T of the following form:

T T
Yt:YT—}—/ g(s,Ys,ZS)ds+AT—At—/ Z.dB,.
¢ ¢

where (A¢)iepo,r) is @ RCLL increasing process.
Uniqueness: The uniqueness is due to the uniqueness of g-supersolutions, i.e.

Proposition 7.7. This completes the proof. O

Corollary 7.20. Consider a function g independent of y and satisfying assumption
(A1), (A2) and (A3). Let (Xi)icio,1) be a g-submartingale on [0,T] in a strong sense

satisfying E

sup |X5|2] < 00. Then (Xt)ic(o,m has the following decomposition
0<s<T

Xt :Mt —At.
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In this representation (My)ycpo,r) i a g-martingale of the form (7.5) and (At)iecpo1]
is an RCLL increasing process with Ag = 0 and E[(Ar)?] < co. Furthermore, such

a decomposition is unique.

Proof. By Theorem 7.19, we know that the g-submartingale (X¢);c[o,7] can be de-
composed as follows: there exists a unique RCLL increasing process (At)te[()’T] €
A%(T,R) with E[(Ar)?] < co such that for ¢ € [0,7] we have

T T
X =Xr+ / 9(s,Zs)ds + Ap — Ay — / ZsdBs. (7.16)
t t
Set My = Xy + A;. Then for t € [0, T
T T
My = X7+ Ap —|—/ 9(s, Zs)ds — / ZsdBs. (7.17)
t t
Plugging Equation (7.17) into (7.16), we get
Xt = Mt — At.
Also, noting that g is independent of y, we have from Equation (7.17) that
Mt — gg[XT + AT|ft]

Clearly (M;);c[o,7] has the form (7.5). Also since g-expectations are g-martingales,
we have that (M;)ycpo,1) is a g-martingale. This completes the proof. O



Appendix A
Appendix

Theorem A.1 (Fubini’s theorem). Let (X, Fx,pux) and (Y, Fy,uy) be measure
spaces with o-finite complete measures ux and py defined on the o-algebras Fx and
Fy respectively. If the function f(x,y) is integrable on the product X xY of X and
Y with respect to the product measure = ux X pwy of ux and py, then for almost
all y € Y the function f(x,y) of the varibale x is integrable on X with respect to
px, the function g(y) = [y f(x,y)dux is integrable on Y with respect to py and

one has the equality

/X S = /Y dyiy /X F (@, y)dx.

Fubini’s theorem is valid, in particular for the case when px, py and p are the
Lebesgue measures in the Euclidean spaces R™, R™ and R™"" respectively.

Fubini’s theorem was established by Guido Fubini [29]. An important conse-
quence of Fubini’s theorem allows the order of integration to be reversed in iterated

integrals.

Theorem A.2 (Lebesgue lemma). Let f be a Lebesque integrable function on the
interval [0, T]. Then, in [0,T], we have

t+
lim n/ |f(w) — f(t)|du =0 dt a.s.
t

n—oo
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Appendix B

List of Spaces

For ease of reference, we give an overview of the different spaces we are working in,

in this masters dissertation.

L%(F) = L2(Q, 7, P) denotes the space of all real-valued, F;-measurable and square

integrable random variables applying with the L?-norm.

L2(T,R") denotes the space of all R"-valued, Fr-adapted processes (Vi)tejo,r) with
T
E / |Vi|2dt < oc.
0

M£(R™) denotes the space of all R™-valued, F;-progressively measurable processes

(V1) eefo, -

H%(T,R") denotes the space of all (¢;),e0,1) € MF(R") with
T
0

DZ(T,R") denotes the space of all R"-valued, RCLL Fi-progressively measurable

processes (V4);ejo,r) with

E| sup |Vi]*| < .

0<s<T

AZ(T,R) denotes the space of all increasing processes (Ay)iejo 1) in D5(T,R) with
Ay =0.
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