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1. Introduction

The discovery of the quantum Hall effect in the 1980s led to the
definition of a quantum state where the bulk of a sample (2D at
the time) was insulating and the electric current was carried only
along the edge of the sample. With the use of the concept of
topology, this state could be defined as topologically distinct from
all other states of matter known before this.[1]

Materials presenting this state were categorized as topological
insulators and have been studied extensively since their
discovery.[1–5] Topological insulators have a bulk bandgap like
normal insulators; however, their edge states are conducting.
The conducting states are by definition robust and thus resistant

to defects and impurities provided the sym-
metry of the system is preserved.[2]

When a d-dimensional material is in a
nontrivial topological state, it can host ðd �
nÞ dimensional boundary states where n ¼
1, : : : , d � 1 when it exhibits chiral symme-
try. For example, a 2D topological insulator
can host 1D (conducting states along the
border without the corners) and 0D (con-
ducting states on the corners) conducting
states.[6] For the sake of consistency, 0D
and 1D states are called corners and edges,
respectively. When n > 1, the topological
insulator falls into the category of higher-
order topological insulators (HOTIs).
HOTIs are often weak topological insula-
tors and have nontrivial phases that gener-

ally break down when disorder is added to them and evoke a
symmetry change. Topological insulators are strong topological
insulators when the edge and corner states are topologically pro-
tected from localization, and they are weak otherwise.[7]

In this work we characterize the nontrivial topological phase
of a 2D extended Su–Schrieffer–Heeger (SSH) model with the
addition of second-nearest-neighbor (SNN) interactions. The
extended SSH model without SNN interactions has been studied
extensively; in particular, it has been shown that this model
exhibits both corner and edge states which are robust and
nontrivial.[6–18] While most candidates for 2D topological materi-
als have a hexagonal unit cell, not a rectangular one, there are
exceptions, like HfTe5 and ZrTe5.

[19] While the SSH model itself
is very simple, it has far-reaching applications, for example, in
the work done by Li et al.[18] a staggered version of this was used
to describe the semimetal graphene. While in this work we study
insulating materials, this illustrates the relevance of simple mod-
els to modeling real materials and forms a solid basis to build
upon. Ivanova et al.[20] use an electric circuit realization of a small
2D SSH grid to prove the existence of corner states in the SSH
model with SNN interactions. In the work done by Xu et al.[14]

only intracellular interactions between the B and C sites are con-
sidered and studied numerically. Neither the symmetrically
equivalent A to D interaction is included, nor any intercellular
interactions. These numerical studies indicate that edge/corner
states are realizable; however, they cannot be used to fully
describe or predict the topological properties in parameter space.
In real systems, long-range interactions are common and it is
possible that SNN interactions are stronger than nearest-neigh-
bor (NN) interactions depending on the materials making up the
system. A staggered diagonal interaction could also be consid-
ered, leaving room for applications to materials with different
symmetry groups. This makes SNN interactions a necessary
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interactions in order to grant more flexibility when describing realistic systems.
The addition of these interactions changes the symmetry of the model and as a
result affects the topological properties. In order to characterize the topological
changes to the model, a polarization invariant is used. It is further shown
that these symmetry breaking interactions can be used to evoke a topological
phase transition as well.
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addition to a more realistic SSHmodel. Medina-Vázquez[21] stud-
ied the effect of symmetric and asymmetric SNN interactions
and the kinds of corner states they can produce in square lattices
with fourfold rotation symmetry. Their SNN terms are somewhat
different from the ones used in this article but resemble closest
the δxy term used in this work, see Equation (2). Their work
focuses on the characterization of the corner states rather than
characterization of the topological space, which is more the focus
of this article.

2. Theoretical Model

In this article, the extended SSH model comprises a set of inter-
acting 1D SSH arrays coupled together to form a 2D system, as
shown in Figure 1. Each 1D array consists of dimerized lattices
along the x-direction each with two sublattice sites separated by a
distance d. The 2D system is built from coupling the chains in a
similar way along the y-direction. In order to keep the system
general, two different 1D chains are used—one with sublattice
sites A and B and another with sublattice sites C and D, resulting
in an ABCD lattice site unit cell. In this model, AB (AC) and CD
(BD) hoppings are identical, respectively, so that the ABCD lat-
tice cannot generally be reduced to an ABBA lattice.

2.1. Real Space Model

Using tight-binding principles, as with a 1D SSH model, the 2D
system can be split into its NN and SNN interactions. The resul-
tant real space Hamiltonian H ¼ HNN þHSNN consists of

HNN ¼
X
n,m

n
½γxjAn,mi þ γ0xjAnþ1,mi�hBn,mjþ

½γxjCn,mi þ γ0xjCnþ1,mi�hDn,mjþ
½γyjAn,mi þ γ0yjAn,mþ1i�hCn,mjþ
½γyjBn,mi þ γ0yjBn,mþ1i�hDn,mj þ h:c:

o
(1)

and

HSNN ¼
X
n,m

n
½δjAn,mi þ δxjAn�1,mi þ δyjAn,m�1iþ

δxyjAn�1,m�1i�hDn,mjþ
½δjBn,mi þ δxjBn�1,mi þ δyjBn,mþ1iþ
δxyjBn�1,mþ1i�hCn,mj þ h:c:

o
(2)

Here n, m refer to the index of the unit cells in the x and y direc-
tions, γl and γ0l ; l ∈ fx, yg are the nearest intracell and intercell
interactions, and δ and δ0p, ðp ∈ fx, y, xygÞ, are the intracell
and intercell SNN interactions. When p ¼ fx, yg, the intercell
hopping is across the edge of the unit cell and when p ¼ xy,
the hopping crosses the corner of the cell.

The real space system is studied using a finite number of
repeated unit cells assuming both periodic and nonperiodic
boundary conditions. Periodic boundary conditions are simu-
lated by connecting the first and last cells in the chosen periodic
direction, while nonperiodic boundary conditions are applied by
leaving the first and last cells as free ends. In this work, we only
study the nonperiodic and completely periodic cases, the case
with mixed boundary conditions follows trivially from those.

For nonperiodic systems, the allowed states can be split into
bulk, edge, and corner states when chiral symmetry is present.
These states are defined on the localization of their probability
density distribution. Similarly, when chiral symmetry is not pres-
ent, border states localized on the corner and edge or a combi-
nation of the two are defined in the same way. This categorization
allows the confirmation of the topological states which occur in
the system. Edge planes can be chosen to align with the edges of
the unit cell or cut through the center of the cell. For bipartite
lattices these are not equivalent. Cutting through the center of
the cell is equivalent to the shifts γx ⇄ γ0x , γy ⇄ γ0y, δ ⇄ δxy,
and δx ⇄ δy. As this would belong to different topological states,
as will be seen, the latter case is not considered here.

2.2. Reciprocal Space Model

Hermitian systems have a direct relation between the topological
properties of the bulk reciprocal space system and the conducting
edge/corner states in real space due to bulk boundary correspon-
dence. By assuming the system is infinitely periodic and Fourier

Figure 1. (Left) Construction of a 2D system using two different 1D SSH chains coupled together in the y-direction. Lattice sites A, B, C, and D represent
one unit cell (outlined in black). Dashed and solid lines show all the possible nearest and next-nearest-neighbor hoppings from each unit cell. (Right) The
typical 2D Brillouin zone for the unit cell in reciprocal space. Γ, M, X, and Y represent the high-symmetry points of the cell.
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transforming the real-space Hamiltonian, Bloch-wave solutions
of the form

jψð~kÞi ¼
X
X

X
n,m

ei~k⋅ðn,mÞϕX ð~kÞjXn,mi
h i

(3)

with X ∈ fA,B,C,Dg are found. Since Eϕ ¼ hð~kÞϕ, the corre-
sponding reciprocal space Hamiltonian in the basis ψ̂†

~k
¼

ðÂ, B̂, Ĉ, D̂Þ can be written as[22]

H ¼ ĥSSHð~kÞ ¼
0 sxðkxÞ syðkyÞ sxyð~kÞ
s�xðkxÞ 0 s0xyð~kÞ syðkyÞ
s�yðkyÞ s0�xyð~kÞ 0 sxðkxÞ
s�xyð~kÞ s�y ðkyÞ s�xðkxÞ 0

0
BBBB@

1
CCCCA (4)

where slðklÞ ¼ γl þ γ0le
�ikl , l ∈ fx, yg, sxyð~kÞ ¼ δþ δxe�ikx

þδye�iky þ δxye�iðkxþkyÞ, and s0xyð~kÞ ¼ δþ δxeikx þ δye�iky

þδxye�ið�kxþkyÞ.

3. Properties of the Model

Due to bulk boundary correspondence, by studying the reciprocal
space Hamiltonian, one can derive the topological properties of
the overall system. In particular, one can establish for which
regions of the parameter space the system will be topological.
These properties are protected by a set of symmetries defined
using the Hamiltonian.

In order for the topological state of an insulating system to
change, a bandgap closure or band inversion needs to occur.
The closure is a necessary, but insufficient, condition for the
transition. To confirm that the topological phase changes, an
invariant quantity derived from the Hamiltonian must accom-
pany the gap closure.

Band inversions and invariant quantities can be defined for
metallic systems as well; however, due to the large density of
states in a small energy interval around the Fermi level, quanti-
fying the change in phase is challenging to keep track of and is
beyond the scope of this work.

3.1. Energy Eigenvalues

Gap closures act as an initial markers for a potential topological
phase transition. Degeneracy in the bands can be found by set-
ting the discriminant of the characteristic polynomial describ-
ing the energy eigenvalues to 0. The gap closure conditions
describe the points in parameter space where the degeneracy
occurs, but do not distinguish why a degeneracy occurs, mak-
ing it a necessary but not sufficient condition for phase
transition.

When SNN interactions are excluded, the energy values are
given by

E ¼ � j jsxj � jsyj j (5)

In order for the valence and conduction bands to have the same

energy,
γ0l
γl
¼ �e�ikl , with l ∈ fx, yg. These conditions hold in

parameter space for at least one k-value. For example, the con-

ditions simplify to γ0l
γl
¼ �1 for kl ¼ 0, π and γxγ

0
x

γyγ
0
y
¼ �1 when kx ¼

ky ¼ 0 or π or kxðyÞ ¼ 0 and kyðxÞ ¼ π.
The addition of SNN interactions gives a more complicated

system of energy eigenvalues of the form

E�� ¼ �
ffiffi
3

p
6

ffiffiffiffiffiffi
A0
2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B0
2 � C0

2

p� �
Eþ� ¼

ffiffi
3

p
6

ffiffiffiffiffiffi
A0
2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B0
2 þ C0

2

p� � (6)

where A0
2, B

0
2, and C0

2 are listed in terms of the NN and SNN
parameters in detail in the Supporting Information. For this
model, meaningful analytical discriminant conditions cannot
not be given for the general case; however, the form of the energy
expression is indicative of symmetry breaking. Due to the C0

2
term, the system no longer has chiral or particle–hole symmetry.

3.2. Wave Functions

In order to fully define the topological phase transition, a gap
closure needs to be accompanied by a change in an invariant
quantity. Invariants are defined using the wave functions of
the model Hamiltonian. For the general 2D SSH model without
SNN interactions, the analytic wave function is expressed as
follows.

Ψ� ¼ �
ffiffiffiffiffiffisxsy

p
2

ffiffiffiffiffiffiffiffi
sx�sy�

p , þ ð�Þ
ffiffiffisyp j jsx j�jsy j j

2
ffiffiffi
s�y

p
ðjsx j�jsy jÞ

,�ðþÞ
ffiffiffi
sx

p j jsx j�jsy j j
2

ffiffiffi
s�x

p
ðjsx j�jsy jÞ

, 12

� �

Ψþ ¼
ffiffiffiffiffiffisx sy

p
2

ffiffiffiffiffiffiffiffi
sx�sy�

p , � ðþÞ
ffiffiffisyp j jsx jþjsy j j

2
ffiffiffi
s�y

p
ðjsx jþjsy jÞ

,�ðþÞ
ffiffiffi
sx

p j jsx jþjsy j j
2

ffiffiffi
s�x

p
ðjsx jþjsy jÞ

, 12

� � (7)

As with the energy expressions, adding SNN interactions makes
the expressions more complicated.

Ψ�� ¼
r1�
q1�

, n1�
q1�

, � s1�
q1�

, 1
n o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi��� n1�q�
���2 þ ��� r1�q1�

���2 þ ��� s1�q1�

���2 þ 1
r

Ψþ� ¼
r2�
q2�

, n2�
q2�

, � s2�
q2�

, 1
n o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi��� n1�q�
���2 þ ��� r2�q2�

���2 þ ��� s2�q2�

���2 þ 1
r

(8)

with r1�, q1�, n1�, and s1� listed in the Supporting Information.
The forms of the wave functions are indicative of how the

addition of parameters to a system complicates the analytic
expressions.

3.3. Symmetry

The energy expressions indicate a symmetry change when com-
paring the model with and without SNN interactions. In order to
choose an appropriate invariant calculation to apply to the sys-
tem, the details of the symmetry must be known. While several
symmetries can be defined for a system, choosing an appropriate

invariant hinges on time-reversal (THð~kÞT�1 ¼ Hð� k
!Þ),

particle–hole (PHð~kÞP�1 ¼ �Hð� k
!Þ), chiral (CHð~kÞC�1 ¼

�Hð~kÞ), and inversion (ιHð~kÞι�1 ¼ Hð� k
!Þ) symmetries. For
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a spinless system, these symmetries are given by time-reversal:

T ¼ κ, particle–hole: P ¼ σðxÞz ⊗ σðyÞz κ, chiral: C ¼ σðxÞz ⊗ σðyÞz ,

and inversion: ι ¼ σðxÞx ⊗ σðyÞx , where σðlÞx and σðlÞz correspond
to Pauli matrices acting in the sublattice subspace in the
l ¼ fx, yg directions, and k is the complex conjugation operator.

When SNN interactions are omitted, the system presents all
four symmetries. The addition of any of the SNN interactions
removes chiral and particle hole symmetry.

One commonly used way to categorize topological insulators
is described using the Altland Zirnbauer classification of topolog-
ical insulators.[23] Here only time-reversal, chiral, and particle–
hole symmetries are used to describe if a system has a trivial
or a topological phase or not. For different classifications, the
model will have different topological properties due to symmetry
breaking. Systems with all three symmetries, like the standard
SSHmodel, are labeled BDI.[23] A loss of particle–hole and chiral
symmetry results in the well-defined edge and corner states in
the BDI class of systems, changing to a lowered symmetry AI
class of systems, which only exhibit time-reversal symmetry.
The AI system still presents edge and corner states, but they
are no longer consistently localized in the bandgap of the system.

3.4. Invariant

When a system undergoes a gap closure, the pseudomomentum
in reciprocal space of the system acts as a conserved parameter.
This can be exploited to define an invariant which describes the
topological phase of the system.

2D systems with time-reversal, particle–hole, and chiral sym-
metries (BDI systems) have a trivial 2D Chern number.
However, due to the Hamiltonian of the BDI system being sepa-
rable, a vectored version of the invariant can be formed from the
Zak phase in each independent direction as these values are
quantized.[8,10] This invariant is convenient to use when no
SNN interactions are present.

The Zak phase in its component form (l ∈ fx, yg) is
described by

Zlð~kÞ ¼ � i
π

XNocc

j¼1

Z
2π

0
ujð~kÞ

���� ∂
∂kl

����ujð~kÞ
� 	

dkl, l ¼ fx, yg (9)

where j runs over all occupied bands,
���ujð~kÞ

E
is the periodic

Bloch function for the jth band, and ujð~kÞ
��� ∂
∂kl

���ujð~kÞ
D E

is the

Berry connection. This value indicates the topological phase,
Zl ¼ 0 indicates a trivial phase, while Zl ¼ 2 indicates a topolog-
ical phase in each direction respectively.

If the system has inversion symmetry as well, the integral
of the Zak phase can be reduced to the contributions at the

four time reversal invariant momenta,[24] that is, Γð~k ¼ ð0, 0ÞÞ,
Xð~k ¼ ðπ, 0ÞÞ, Yð~k ¼ ð0, πÞÞ, and Mð~k ¼ ðπ, πÞÞ. This can be
exploited to define a new invariant using the inversion eigenval-
ues at each point for the occupied bands. These eigenvalues are
calculated using the matrix ιHι�1, where ι is the unitary inversion
operator. The inversion eigenvalues can only take on values of
�1, indicating if the bands have even or odd parity at each
point.[25,26] Due to the symmetry present in the system, the

product of the inversion eigenvalues at the high-symmetry points
is always trivial, the Γ and M points always have the same parity
eigenvalue. This can be exploited to form a vectored invariant.

ð�1Þνx ¼ Q
nocc

ξðXÞ
ξðΓÞ

ð�1Þνy ¼ Q
nocc

ξðYÞ
ξðΓÞ

(10)

This invariant is consistent with the vectored Zak phase for the
system with no SNN interactions. Since the SNN interactions
break chiral and particle–hole symmetry, the Zak phase is no lon-
ger well defined for this model. The alternate invariant is defined
using only inversion and time-reversal symmetry, so it can still
be used to describe the topological properties of the system and
will therefore be used throughout this work. Since the SNN inter-
actions break chiral and particle–hole symmetry, it should be
noted that while the invariant is used for the BDI and AI models,
it does not necessarily describe the same topological phase.

Using the wave functions listed in Equation (7) and the invari-
ant at the high-symmetry points, it is found that a direction will

be topological when j γ0lγl j > 1 when l ∈ fx, yg. Naturally since the
expressions for the wave functions including SNN interactions
(Equation (8)) are much less straight forward, these conditions
are not so readily obtained. When considering only the high-
symmetry points, the energy and inversion eigenvalues are as
follows.

E1ð2ÞðΓÞ ¼ �ðδþ δx þ δxy þ δy � γx � γ0xÞ � γy � γ0y
ξ1ð2ÞðΓÞ ¼ �1
E3ð4ÞðΓÞ ¼ �ð�δ� δx � δxy � δy � γx � γ0xÞ þ γy þ γ0y,
ξ3ð4ÞðΓÞ ¼ �1

E1ð2ÞðXÞ¼ �ð�δþ δx þ δxy � δy þ γx � γ0xÞ � γy � γ0y,
ξ1ð2ÞðXÞ ¼ �1
E3ð4ÞðXÞ¼ �ðδ� δx � δxy þ δy þ γx � γ0xÞ þ γy þ γ0y,
ξ3ð4ÞðXÞ ¼ �1

E1ð2ÞðYÞ¼ �ð�δ� δx þ δxy þ δy � γx � γ0xÞ þ γy � γ0y,
ξ1ð2ÞðYÞ ¼ �1
E3ð4ÞðYÞ¼ �ðδþ δx � δxy � δy � γx � γ0xÞ � γy þ γ0y,
ξ3ð4ÞðYÞ ¼ �1

(11)

Using these expressions, depending on the parameter values, the
above expressions could be used to establish the occupied bands
and the ratio of their inversion eigenvalues, that is, the invariant.
A phase transition is possible at any of these high-symmetry
points, which means that SNN interactions can trigger a phase
change.

4. Results

The bandgap and band behavior in reciprocal space give an indi-
cation of where a topological phase transition will occur. A topo-
logical phase should correspond to the localization of the
probability density of an open system’s real space wave functions.

Using these markers, a system with no SNN interactions will
be studied to establish topological phases which warrant the addi-
tion of SNN perturbation. SNN interactions are then added to
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each phase to reduce the symmetry of the system and thereby test
the resilience of the topological phases under symmetry breaking
perturbations.

4.1. 2D SSH Model

The gap conditions for the reciprocal space and real space sys-
tems should be similar for the large enough system due to bulk
boundary correspondence. A system size of at least 65 � 65 unit
cells was the smallest system required to still be representative of
the k-space gaps. For localization checks in the open-boundary
case, the border of the cell was assumed to be 4 unit cells thick.

The gap size for the periodic system for a given set of parameters
was calculated to establish regions in parameter space where topo-
logical transitions could be possible. As this is a preliminary system,
the smallest degrees of freedom are desired. When studying a
purely isotropic model, γx ¼ γy and γ0x ¼ γ0y, it was found that the
systemwas alwaysmetallic. Metallic states are problematic to define
topologically as the invariant is affected by the interaction of the
bands and changes in their parity. While starting with a metallic
phase and adding SNN interactions to cause a nonmetallic phase
which is well defined topologically is not problematic, it limits the
study. In order to ensure that all cases of the model are well repre-
sented, a “nearly isotropic” model is considered, where γx ¼ γy ¼ γ

and γ0x and γ0y are allowed to differ. In order to reduce the parameters,
we scale all other parameters by γ, without loss of generality.

Figure 2 (top) indicates that the near-isotropic setup can
describe both a metallic (blue region) and nonmetallic (yellow
region) system. The localization of the nonperiodic wave func-
tions of the valence band maximum (VBM) (Figure 2 (middle))
shows that the wave functions are localized in the bulk, edge, or
at the corners in distinct regions of the parameter space. The
white points represent points in parameter space where the local-
ization of the wave functions was not numerically well defined.
The right panel of the figure shows the corresponding parity
invariant, which confirms the analytic results predicted by the

discriminant conditions. When
γ0l
γl
< 1, when l is x or y, the system

is trivial and when γ0l
γl
> 1, the system is topological. At the topo-

logical transition point, that is,
γ0l
γl
¼ 1, this value is not defined

giving the white lines shown in the figure. These results show
that when the system is topological in both directions, the corner
state is preserved despite the metallicity of the system. For a par-
tially trivial system, the metallic system shows a bulk localization,
while the nonmetallic system shows the corner state predicted by
the invariant. This serves as an example of why a metallic system
and the localization of its states can be challenging to describe
using an invariant quantity. The trivial topological phase always
corresponds to a bulk metallic system. The lines forming the
cross in the top panel correspond to lines in the invariant which
do not behave as predicted by the regions surrounding them.
This exemplifies why calculating a topological invariant for a
metallic system is challenging. When there are numerous bands
near the Fermi level, counting the number of parity changes
numerically can result in the incorrect value.

These results allow the identification of three distinct
topological phases, trivial: ðνx , νyÞ= ð0, 0Þ, partially trivial:

ðνx , νyÞ= ð0, 1Þ or ð1, 0Þ, and topological: ðνx , νyÞ= ð1, 1Þ.
These can further be broken down into metallic and nonmetallic
cases where applicable. These distinctions led to the choice of five
representative points in parameter space, indicated by stars in

Figure 2. (Top) Bulk bandgap where the color bar on the left tracks the
size of the bandgap, from blue (zero bandgap) to yellow (gap size >1).
(Middle) VBM localization type for a system with 80 � 80 unit cells with
open-boundary conditions, where blue, orange, and green represent a
bulk, edge, and corner localization, respectively. (Bottom) Parity invariant
for a nearly isotropic 2D SSH system, where 0 corresponds to a topological
phase and 1 corresponds to a trivial phase. The stars represent the five
different sample points used to study the different phases possible for
the system.
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Figure 2. The points consist of a metallic, trivial phase (M00) with
γ0x ¼ 0.5, γ0y ¼ 0.75 (blue star), metallic and nonmetallic, partially
trivial phases: M01 with γ0x ¼ 0.5, NM01 with γ0y ¼ 1.6, γ0x ¼
0.5, γ0y ¼ 3 (yellow stars), and a metallic and nonmetallic topolog-
ical phase: M11, with γ0x ¼ 2.5, γ0y ¼ 3.2 and NM11 with γ0x ¼
1.5, γ0y ¼ 4.2 (red stars).

4.2. 2D SSH Model with SNN Interactions

The addition of SNN interactions breaks chiral and particle–hole
symmetry, evoking a change in the topological behavior of the
system. In fact, the states are no longer well defined and will
instead be labeled as nonbulk states localized on the edge, corner,
or a combination of the two.

4.2.1. Single-Parameter Symmetry Breaking

To test the effect of SNN interactions on the states, they are added
to a system with γ0x ¼ 4.1, while γ0y and the SNN interaction are
allowed to vary. This line is chosen so that a topological and par-
tially topological phase are sampled. The results of the SNN

additions are shown in Figure 3. γ0y is varied on the horizontal
axis, and one SNN parameter is varied on the vertical axis.
The other SNN parameters are kept 0, respectively.

Focusing only on the nonmetallic regions (where the gap size
is nonzero, i.e., the nonblue regions) shows that the addition of
SNN interactions can—but does not have to—evoke an immedi-
ate change in the invariant, which is consistent with the pertur-
bation causing a symmetry change. In general, the VBM state
localization is consistent with what is expected from the invari-
ant. The states do not always have a one-to-one correlation with
the invariant, this is believed to be due to finite size effects.

To demonstrate a typical example, we choose the topological
NM11 configuration and a δ ¼ �0.8 SNN interaction. This con-
figuration is nonmetallic in the bulk, while the open-boundary
system is gapless. In Figure 4 (top), the energy eigenvalues
and their localization character are shown for several system
sizes. The zero-energy corner states are still present and
unchanged. The SNN term deforms and shifts the bulks though,
so that the VBM now sits above these states at EVBM ¼ 0.1. This
can also be seen in the band structure plot in Figure 4 (center).
This system also shows low-energy edge states in the bulk gap.
The corner and edge states are barely affected by the symmetry

Figure 3. (Top row) Bulk invariant, (second row) reciprocal space gap size, (third row) real space gap size, and (bottom row) VBM state localization for a
nonperiodic real system. The plots are made for γ0x ¼ 4.1 and consider the relationship between each of the different SNN parameters as a function of γ0y.
Parameters are varied in interval ½�5, 5�. An invariant value of 1 or 0 refers to a trivial or topological phase, respectively. The first color bar runs from blue
to black, indicating gaps from 0.0 to 2.0. The last color bar represents the magnitude of the VBM localization.
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breaking SNN interaction and retain their energy and dispersion
from the SSH reference state, Figure 4 (bottom).

4.2.2. Two-Parameter Variations

With the confirmation that the symmetry breaking caused by a
single SNN interaction causes a phase change, a combination of
two of the parameters is now introduced for each representative
point. We would like to investigate a small symmetry perturba-
tion on the system, so to limit the effect on the symmetry of the
system, δ-δxy and δx-δy were studied as pairs so that there are
contributions in both directions.

Since the study focuses on the changes due to the SNN inter-
actions, the role of symmetry in this process is important to note.
When one of the representative points describing the different
states is chosen, the system behaves in a qualitatively consistent
way in that region irrespective of the exact parameters of the point
chosen. Along the diagonal, the high symmetry results in the
invariant being ill-defined. These diagonals correspond to the
transition lines predicted by the analytic invariant conditions.

For illustrative purposes, we discuss the δ-δxy pair. The δx-δy
results are shown in the Supporting Information. The first two
columns of Figure 5 indicate that, aside from the fully topological
metallic state, a gap can be closed or opened by the parameter
pair. Both the invariant and conducting state localization are
defined using the VBM. Due to the interaction between the
bands near the Fermi level in a metallic system, different tools
beyond the scope of this work are required to study these states.
The last two columns of Figure 5 show that the insulating regions
are topologically protected. When the region is insulating in the
bulk, but only a subset of that region is insulating in the open-
boundary system, a conducting edge/corner state (confirmed by
the invariant) is visible. This exemplifies how the bulk gap clo-
sure is necessary, but does not always indicate a topological phase
transition. Due to the finite size effect, the VBM localization does
not fully correspond to the invariant, but would for a larger
enough system size. When the symmetry of the Hamiltonian,
and by implication the bands, is broken, the distinction between
edge and corner states is no longer clearly defined. Due to this,
we choose to define the topological phases when SNN interac-
tions are included as topologically protected (edge/corner local-
ized, green or yellow) or trivial (bulk localized, red). While the
edge/corner localization is no longer the distinguishing factor
between the green and yellow regions due to the change in sym-
metry, they now distinguish a different topological property.

To exemplify this difference, a Fourier transform of the open-
boundary wave functions was plotted over reciprocal space and
compared to the bulk wave functions. In order for a topologically
protected conducting state to be well defined, it should be in the
bulk bandgap. Provided, the region where the gap size of the
open-boundary system is less than or equal to the bulk bandgap,
the topological state is well defined and in the gap. For example,
the top panel of Figure 6 shows an example of where the state is
in the bulk band gap, that is, δ ¼ 0.6 and δxy ¼ 0.3 and well
defined (yellow region). This corresponds to a fully topological
system where the entire edge state is in the bandgap. The bottom
panel of Figure 6 with δ ¼ �0.9 and δxy ¼ 0.95 corresponds to a

Figure 4. Fully topological nonmetallic phase, where γx ¼ γy ¼ 1,
γ0x ¼ 1.5, and γ0y ¼ 4.2 with δ ¼ �0.8. Top: Eigenvalues and state localiza-
tion for different system sizes and open-boundary conditions. Opacity
indicates strength of bulk, edge, and corner contributions to the wave func-
tions. Center: Fourier transform of n ¼ 70 wave functions. Red curves rep-
resent the corresponding bulk band structure. Bottom: Reference band
structure without SNN interaction.
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partially topological phase where only part of the edge/corner
states are in the bandgap (green region). A trivial phase would
have no edge/corner states in the bandgap at all.

5. Conclusion

The addition of SNN interaction to a 2D SSH model removes
chiral and particle–hole symmetry, changing the topological clas-
sification from BDI and AI. For this case, a vectorized parity

invariant can be defined and the parity eigenvalues for this model
are given.

In this model, SNN interactions have little or no effect on the
presence of the initial edge/corner states. They do however shift
and deform the bulk bands, changing their localization on the
edges as well as where they are in the bandgap. This evokes a
change from a strong to a weak topological phase for a small
value of the parameter set due to band inversions and shifts
of the edge/corner states in and out of the bandgap. For larger
parameter values, it is possible to evoke a change allowing a

Figure 5. The bulk bandgap, open-boundary bandgap, invariant, and VBM localization for an initially metallic trivial and partially topological phase and a
nonmetallic trivial, partially and completely topological phase for varying δ and δxy. The left color bar represents a gap running from 0 (blue) to 2.0 (black).
The right color bar represents the magnitude of the VBM localization.
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transition from a metallic to a nonmetallic system and also from
a topological phase to a trivial one or vice versa.

We find that the nonmetallic fully topological phase (NM11) is
most resilient against the symmetry-breaking perturbation. New
topological phases for larger magnitudes of SNN interaction
occur in particular for the trivial (M00) and partially trivial
(M01) metallic phases.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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