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Abstract

This thesis contributes to the known analytical solutions of the (1+1)D non-linear Boussi-

nesq (NB) equations, which effectively describe solitary wave motion in shallow water

(typically used to describe tsunami wave motion) using a systematic symmetry approach.

These results can be used to enrich the analytical validation of numerical models for tsunami

detection systems.

Tsunami detection systems based on numerical models provide real-time forecasting

and inundation mapping, playing a critical role in evacuation plans. These models have

become more sophisticated over the past three decades through precise and rigorous ana-

lytical and experimental validation. Although analytical and experimental benchmarking

cannot ensure that numerical models that pass benchmark tests will always produce re-

alistic inundation predictions, validation largely reduces the uncertainty in the results to

initial geophysical conditions [11].

The true benefit of analytical solutions in tsunami model predictions is the ability to

identify the dependence of the desired results (such as run-up height, wave height and

wave speed) on the independent variables of the model (such as water depth and beach

slope). Problem scaling is also made simpler through analytical calculations, as opposed to

numerical techniques, which usually require repeated numerical computations. Lastly, by

comparing the numerical solutions to exact analytical solutions, systematic errors can be

identified, making analytical solutions useful in validating complex numerical models with

realistic applications [11]. The use of conserved quantities as an analytical validation mech-

anism is a good example of how analytical solutions can assist with numerical tsunami

model validation. Upon substitution of these quantities into the numerical models, these

conserved quantities should remain constant throughout the calculation. Although ana-

lytical solutions are powerful for the reasons previously stated, these solutions are complex

to obtain, and therefore, not as widely used in comparison to experimental validation for

tsunami detection system development.

The (1+1)D Boussinesq equations investigated in this work are considered for the equa-
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tions’ ability to model tsunamis via solitary wave motion. Three models are investigated,

namely the (1+1)D Boussinesq equations for a moving bathymetry, the (1+1)D linear Boussi-

nesq (LB) equations at a constant water depth and the NB equations at a constant water

depth.

We obtain three cases of solutions for the NB equations at a constant water depth de-

pendent on the wave speed c 2, namely (i) 0 < c 2 <∞, c 2 6= 1
15 and c 2 6= 1

3 ; (ii) c 2 = 1
15

and (iii) c 2 = 1
3 . To our knowledge, the invariant exact travelling wave solutions for the NB

equations for cases (i) and (iii) are new and can be used in analytical validation of numer-

ical models for tsunami detection systems, whilst the remaining case, case (ii), is identical

to that displayed in the work of Dutykh and Dias [22].

We provide physically realistic explanations of the results relating to the horizontal

component of the fluid velocity and surface elevation of the solitary wave for the invari-

ant exact solutions. This is done by considering seven cases dependent on the wave speed

c 2, namely 0< c 2 < 1
15 , c 2 = 1

15 , 1
15 < c 2 < 1

3 , c 2 = 1
3 , 1

3 < c 2 < 1, c 2 = 1 and 1< c 2 <∞. To our

knowledge, these are newly discovered solutions and results.
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Chapter 1

Introduction

As tsunamis, a series of long oceanic waves generated by impulsive geophysical events

such as earthquakes, propagate shoreward, their height increases significantly due to shoal-

ing. Upon reaching the shoreline, the effects of this powerful phenomenon are observed

as the waves travel inland for relatively long distances destroying anything in their path.

Since 1998, there have been more than 250 000 deaths due to tsunamis worldwide, includ-

ing more than 227 000 deaths due to the Indian Ocean tsunami in 2004 [33]. The Indian

Ocean tsunami in 2004 displaced 1.8 million people, spread over a dozen countries, and is

by far the worst natural disaster of its kind in recorded human history. In financial terms,

the humanitarian aid mobilization (over USD 14 billion) is the largest ever international

response to a natural disaster on record [44]. Given the potentially deadly and far reaching

consequences of tsunami events, their ongoing investigation is of prime importance and

forms the basis of this research. It is crucial to note that most of the damage associated

with tsunamis is related to their run-up at the coastline. Therefore, the inundation mod-

elling of these waves is critical in order to gain insight into the maximum run-up height. By

accurately modelling this phenomenon, town planners may construct evacuation routes

and manage the placement of infrastructure in coastal areas more efficiently.

The aim of this thesis is to contribute to the known analytical solutions of the NB equa-

tions, which effectively describe solitary wave motion in shallow water (typically used to

describe tsunami wave motion), using a systematic symmetry approach. We attempt to

15



determine the effect that linearizing these equations has on the solution. We also endeav-

our to provide new conserved quantities with physical significance for both the linear and

non-linear (1+ 1)D Boussinesq equations. These results enrich the analytical validation

of numerical models for tsunami detection systems. Tsunami detection systems based on

numerical models provide real-time forecasting and inundation mapping, playing a criti-

cal role in evacuation plans. Inaccuracies in these models can have serious implications,

such as lives lost or unnecessary evacuations, potentially leading to a loss of credibility in

these systems [11].

An initial attempt at a theory of water waves was made by Newton in 1687, with his work

being used extensively throughout the mid-17t h century [55]. The 18t h and early 19t h cen-

turies gave rise to theoretical advances in linear wave theory, made by French mathemati-

cians Laplace, Lagrange, Poisson and Cauchy. During this time, neighbouring Germany

saw advances in non-linear wave theory where Gerstner considered non-linear waves, while

the Weber brothers performed experimental work in the same field. It was only in 1837 that

Britain started making contributions to wave theory. Over the next decade, Russell, Green,

Kelland, Airy and Earnshaw made advances in the field, with their findings used in sub-

sequent work by Stokes, Boussinesq, Rayleigh and others. A concise summary of many of

these equations is presented in a book written by Johnson [66].

A system of equations that is of particular interest within this context is the system

of non-linear, dispersive Boussinesq equations, a generalization of the Korteweg-de Vries

(KdV) equation when considering a higher-dimensional co-ordinate system. Boussinesq

equations are widely used in coastal and oceanic engineering. One example of their ap-

plication is in tsunami wave modelling via a solitary wave form. Solitary wave motion in

shallow water is effectively described by these equations, where the shape and propagation

velocity remain constant as a consequence of the balancing of the non-linear and disper-

sive effects.

Solitary waves or combinations of negative and positive solitary-like waves (N-waves)

are often used to simulate the run-up and shoreward inundation of waves [77, 88, 99, 1010, 1111,

1212, 1313, 1414, 1515]. Such waves are easily reproduced in an experimental set-up and can be de-
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scribed entirely by their amplitude, making the modelling of tsunamis via solitary waves

advantageous. In fact, important characteristics of the run-up can be obtained analyti-

cally, numerically and experimentally by modelling tsunamis in this fashion. Thus, solitary

waves or N-waves will be the focus of this thesis, specifically focusing on tsunamis.

Significant developments of the Boussinesq equations occurred in 1871 and 1872. Of

particular importance was the paper presented by Boussinesq on solitary wave motion in

1871 [1616]. Boussinesq’s derivation is restricted to (1+1)D Boussinesq equations with a flat

bottom. These equations have a hyperbolic structure (identical to the non-linear shallow-

water equations) and contain high-order derivatives, which model the wave dispersion.

Further development of these equations is seen in work done by Peregrine [1717], Nwogu

[1818], Wei et al. [1919] and Madsen and Schaffer [2020]. Various other forms of the Boussinesq

equations exist, depending on the choice of the velocity variable. In the majority of cases,

the velocity is chosen at an arbitrary water level or the depth-averaged velocity vector. The

right choice of the velocity variable can significantly improve the propagation of moder-

ately long waves, as the model performance is highly dependent on the linear dispersion

properties [2121].

There has been renewed interest in the study of the Boussinesq equations in recent

years. Such a study regarding the dynamics of shallow water waves has been presented

by Krishnan et al. [2222]. Chen [2323] presents several systematic ways to determine exact

travelling wave solutions of the systems describing small amplitude long waves in a water

channel, formally equivalent to the classical first-order Boussinesq system. Yang et al. [2424]

makes use of the modified Jacobi elliptic function expansion method and the pseudo spec-

tral method to obtain solutions of homogeneous and inhomogeneous dissipative Boussi-

nesq equations. Dutykh and Dias [22] present two models in which the addition of a dissi-

pative term to the Boussinesq equations is considered. The dissipative Boussinesq equa-

tions are solved numerically to determine whether the solutions remain close to the non-

dissipative Boussinesq equations. By following work done by Chen [2323], Dutykh and Dias

[22] obtain analytical solutions for the NB equations in order to validate numerical results

found. The results they obtain are not physically realistic, as the fluid velocity of the soli-
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tary wave in the horizontal direction is negative where it is expected to be positive for a

solitary wave propagating from right to left.

Early investigations of long wave run-up have mainly considered an analytical approach.

Carrier and Greenspan [2525] pioneered the investigation of non-linear run-up analysis and

obtained a periodic solution using a hodograph transformation of the non-linear shal-

low water equations. A solution for run-up of non-breaking solitary waves has been ob-

tained by Synolakis [77]. In his work, he simplifies the transformation used by Carrier and

Greenspan [2525] and derives a significant wave breaking criterion, comparing favourably

to experiments. Zhang [2626] obtains a linear solution for the 3D run-up of a solitary wave

using Fourier analysis. By considering varying linear topographies, Kanoglu and Syno-

lakis [2727] obtain solutions using the linear shallow water equations. Aydin and Kanoglu

[2828] solve the non-linear shallow water wave equations over a linearly sloping beach as

an initial boundary value problem under general initial conditions using an eigenfunction

expansion method. The travelling wave solutions of the foam drainage equation and non-

linear evolution equations of fourth-order are found by Rani et al. [2929] using the (G’/G)-

expansion method.

Since 1970, numerical approaches have become the preferred method of solution due

to the complex beach geometries and wide range of wave parameters that exist. An anal-

ysis of wave run-up on rough inclines, considering long shallow water equations using a

Lax-Wendroff scheme, has been presented by Kobayashi et al. [3030]. Liu et al. [3131] uses an

explicit leap-frog finite difference model to simulate tsunami propagation based on linear

shallow water equations. A Lagrangian finite-element Boussinesq model is used by Zelt

[88] to describe breaking and non-breaking solitary wave run-up on impermeable beaches.

The results compare favourably with Synolakis’ [3232] maximum run-up laboratory data,

where the run-up of non-breaking long waves on plane beaches is investigated. Titov and

Synolakis [3333] present a variable grid finite difference approximation to an identical phys-

ical situation, which Zelt [88] considers without taking into account the artificial viscosity.

The scheme effectively predicts the solitary wave run-up without making any assumptions

about viscosity and friction. In turn, non-breaking and breaking solitary wave run-up has
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been investigated by Li and Raichlen [1414], where the post breaking condition is considered

via a bore structure. A weighted non-oscillatory shock capturing scheme is used to solve

the linear shallow water equations and an accurate estimate for the energy dissipation as-

sociated with wave breaking is given. A moving boundary technique has been developed

by Lynett et al. [3434] to investigate wave run-up and run-down with depth-integrated equa-

tions. They solve highly non-linear and weakly dispersive equations via a high-order fi-

nite difference scheme. Amini-Afshar [3535] uses the finite-volume method for the spatial

discretization of odd equations, modelling the propagation of fifth-order Stokes waves in

deep water conditions. Fan [3636]presents an Euler solver for non-linear water waves using a

modified staggered grid and Gaussian quadrature approach. A meshless method, based on

exponential basis functions, has been developed by Zandi et al. [3737]. This method is used

to simulate the propagation of solitary waves and run-up on the slope. It has been verified,

through experiments, that this new formula is more accurate than the preceding formu-

lae in predicting the maximum run-up of non-breaking solitary waves. Smith et al. [3838]

have investigated non-breaking solitary waves and measurements of swash zone dynam-

ics on an inclined beach, using a boundary integral technique, combined with a boundary

layer model. The velocity profiles at the lower regions of the beach compare favourably to

experiments, whilst the maximum run-up is over predicted by this method.

Tsunami numerical models have become more sophisticated over the past three decades

through precise and rigorous analytical and experimental validation. Although analytical

and experimental benchmarking cannot ensure that numerical models that pass bench-

mark tests will always produce realistic inundation predictions, validation largely reduces

the uncertainty in the results to initial geophysical conditions [11]. The true benefit of an-

alytical solutions in tsunami model predictions is the ability to identify the dependence

of the desired results (such as run-up height, wave height and wave speed) on the inde-

pendent variables of the model (such as water depth and beach slope). Problem scaling

is also made simpler through analytical calculations, as opposed to numerical techniques

usually requiring repeated numerical computations. Lastly, by comparing the numerical

solutions to exact analytical solutions, systematic errors can be identified, making analyti-
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cal solutions useful in validating complex numerical models with realistic applications [11].

The use of conserved quantities as an analytical validation mechanism is a good example

of how analytical solutions can assist with numerical tsunami model validation. Upon sub-

stitution of these quantities into the numerical models, these conserved quantities should

remain constant throughout the calculation.

A common analytical approach used to solve wave equations requires the use of con-

servation laws. Conservation laws play an important role in studying the integrability of

equations. The family of KdV equations emit infinitely many conservation laws, and hence,

the equations may be fully integrable and written as a Hamiltonian system [66]. The conser-

vation laws and conserved quantities obtained for a system of equations may also assist in

the solution process. Upon consideration of the family of KdV equations, the integral re-

lations, acting as existence conditions, are properties of the wave and its motions; in fact

they represent the conserved quantities of mass, momentum and energy. These integral

relations (i.e. conservation laws) define how the system behaves and must be conserved

at the initial state. For a solitary wave unbounded in the horizontal directions, these initial

quantities must be conserved and, as the wave evolves, must still be maintained. Given

that initial quantities are difficult to obtain in general, conservation laws provide us with

properties at the initial state of the system. Solitary wave and soliton solutions satisfy these

conservation laws. However, periodic solutions do not, and therefore, the latter are not

considered as possible solutions for the solitary wave [66]. Thus, obtaining conservation

laws is an important part of the process of obtaining physically meaningful solutions.

There are many methods used to obtain conservation laws and conserved quantities

of a system of Partial Differential Equations (PDEs) [3939]. By considering a method heav-

ily reliant on physical insight of the problem, Johnson [66] established the conservation of

mass, momentum and energy relating to the LB equations. A systematic method of obtain-

ing conservation laws and conserved quantities is the Multiplier method. This method was

first introduced by Steudel [4040] and has been used extensively by Naz [3939] in obtaining con-

servation laws and conserved quantities for the various KdV equations. We will employ this

method for the purpose of isolating such conserved quantities.
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The approach of obtaining symmetries and using these symmetries to obtain invari-

ant solutions for a given PDE was developed by Sophus Lie (1842-1899). He developed

the theory of Lie group analysis, providing an algorithmic method for obtaining invariant

solutions to a given PDE via the use of Lie point symmetries [4141, 4242]. Using a symmetry ap-

proach to obtain analytical solutions to water wave equations is a common method, as the

equations describing these waves are usually non-linear and dispersive in nature, making

them difficult to solve. Rui et al. [4343] uses a Lie symmetry approach to determine the in-

variant solutions of the (2+1)D Boussinesq equation. Conservation laws for the underlying

equation are derived by utilizing the new conservation theorem and the partial Lagrange

approach. Chen and Jiang [4444]make use of the Multiplier method and Ibragimov theorem

to determine conservation laws and invariant solutions of the generalized Kaup Boussi-

nesq equation.

This thesis comprises of eleven chapters. Chapter 2 provides a brief overview of the

theory of Lie group analysis. In Chapter 3, we consider the non-linear, dispersive Boussi-

nesq equations, derived by Dutykh and Dias [22] from first principles. We derive the NB

equations representing a solitary wave at a constant water depth h , propagating from left

to right. We further derive the LB equations representing a solitary wave at a constant wa-

ter depth h , propagating from left to right, by considering a linear approximation of the

NB equations on condition that the wave amplitude is small [66].

In Chapter 4, we obtain the conserved quantities for the LB equations in dimensional

form by employing the systematic Multiplier method. The full set of newly discovered Lie

point symmetries for the LB equations is obtained in Chapter 5.

The Multiplier method is again used in Chapter 6 to obtain the conserved quantities

for the NB equations in dimensionless form. We obtain the full set of newly discovered Lie

point symmetries for the NB equations in Chapter 7. In Chapter 8, a linear combination

of the time and spatial symmetries leads to the invariant exact travelling wave solutions.

Results relating to the horizontal component of the fluid velocity and the surface elevation

for the NB equations are discussed in Chapters 9 and 10. The main results and conclusions

of this thesis are summarised in the final chapter.
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We have included five appendices. Appendix A contains detailed calculations of the

multipliers and conserved vectors for the LB equations. Appendix B contains expressions

for the extended infinitesimal generators and for the determining equations for the LB

equations. Detailed calculations relating to the multipliers for the NB equations are pre-

sented in Appendix C. In Appendix D, we present expressions for the extended infinites-

imal generators and for the determining equations for the NB equations. In Appendix E,

we present tables of results for the NB equations.

22



Chapter 2

Methodology

In this chapter, we outline the definitions and concepts relating to Lie group analysis used

throughout this thesis. In particular, we discuss the concept of conservation laws and con-

served vectors and its relation to conserved quantities. We discuss the Multiplier method,

the method chosen to obtain conservation laws in this work.

2.1 Conservation laws and conserved vectors

Ibragimov [4242] discusses the concept of a conservation law for a differential equation

F (x , u , u1, . . . , uk ) = 0, (2.1)

where the partial derivatives are denoted by a subscript. This concept is motivated by the

conservation of such quantities as energy, linear and angular momentum, etc. for equa-

tions that arise in classical particle mechanics. These quantities (here denoted by T ) are

conserved in the sense that they are constant on each trajectory, i.e. if t denotes time, q (t )

a trajectory, and q̇ (t ) the corresponding velocity, then T (t ) = T (t , q (t ), q̇ (t )) satisfies the

equation
d T

d t
= 0. (2.2)

The conservation law given by (2.22.2) generalizes to continuum mechanics in the form

∂ τ

∂ t
+divρ = 0, (2.3)
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where t is again time and div is the divergence operator with respect to spatial variables

x = (x 1, . . . , x p ). The function τ is called a conserved density, called such because of its

integral form

T =

∫

Rp

τd x , (2.4)

which also satisfies
d T

d t
= 0, (2.5)

under the usual assumption that ρ vanishes at infinity. The conserved density τ is a func-

tion of the dependent variables, t and x , and their partial derivatives up to some order,

whereasρ = (ρ1, . . . ,ρp ) is a vector with the same arguments as τ. Since the differentiation

with respect to t and x must be understood as a total differentiation, (2.32.3) can be written

as

Dt (τ) +
p
∑

i=1

Di (p
i ) = 0. (2.6)

For an arbitrary differential equation we consider

F (x i , uα, uα1 , . . . , uαk ) = 0, (2.7)

where we do not distinguish between space and time variables, instead let x i , i = 1, 2, . . . , n

be n independent variables and uα, α = 1, 2, . . . , N be N dependent variables [4545]. In this

case a conservation equation is written in the form

Di (T
i ) = 0, (2.8)

where

Di =
∂

∂ x i
+uαi

∂

∂ uα
+uαi j

∂

∂ uαj
+ . . . , i = 1, 2, . . . , n . (2.9)

Note that T i ∈A (i.e. each T i is a differential function of finite-order, andA denotes the

space of all differential functions of all finite-orders). Thus (2.82.8) is called a conservation

law of (2.72.7), a more general form of (2.12.1), if the equation

Di

�

T i
�

x i , uα(x i ), uα1 (x
i ), . . . , uαk (x

i )
��

= 0, (2.10)

is satisfied for all solutions uα(x i ) of (2.72.7). The vector T i , i = 1, 2, . . . n , is called a conserved

vector.
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2.1.1 The Multiplier method

The Multiplier method is one of the methods used to obtain conservation laws. The ad-

vantage of this method is that it may be used to obtain conservation laws for PDEs that do

not admit a Lagrangian or a partial Lagrangian. Naz et al. [4646] consider multipliers to be

functions of the position variables as well as the function itself.

For a given PDE,

F (x i , uα, uα1 , . . . , uαk ) = 0, (2.11)

we consider a multiplier of the formΛ=Λ(x i , uα, uα1 , . . . , uαk ). By the property of multipliers

as presented by Bluman and Kumei [4141], the following equation is obtained

ΛF (x i , uα, uα1 , . . . , uαk ) =Di

�

T i
�

x i , uα(x i ), uα1 (x
i ), . . . , uαk (x

i )
��

= 0, (2.12)

where T i , i = 1, 2, . . . n , are the components of the conserved vector and the derivative op-

erators are defined as

Di =
∂

∂ x i
+uαi

∂

∂ uα
+uαi j

∂

∂ uαj
+ . . . , i = 1, 2, . . . , n . (2.13)

The determining equation is given by

Euα(ΛF (x i , uα, uα1 , . . . , uαk )) = 0, (2.14)

where the Euler operator, used for its divergence annihilating property, is given by [4545]

Euα =
∂

∂ uα
+
∑

s≥1

(−1)s Di1
. . . Dis

∂

∂ uαi1...is

, α= 1, 2, . . . N . (2.15)

Expanding (2.142.14) by using operators (2.152.15) and (2.132.13) successively, a resulting determining

equation is obtained. This equation can now be separated accordingly in order to reduce

the multipliers to functions of the dependent and independent variables only, i.e. Λ =

Λ(x i , uα). Depending on the nature of the equation, different separation approaches may

be considered; certain resulting equations are separated according to products and powers

of the partial derivatives of the dependent variables uα,α = 1, 2, . . . , N . By substituting the

multipliers into (2.122.12), we may write (2.122.12) in conserved form by considering elementary
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manipulations. Under the condition that the dependent variables uα,α = 1, 2, . . . , N , are

solutions to (2.112.11), (2.122.12) simplifies to

Di

�

T i
�

x i , uα(x i ), uα1 (x
i ), . . . , uαk (x

i )
��

= 0, (2.16)

where T i , i = 1, 2, . . . n . Equation (2.162.16) takes the form of (2.102.10), thus, it may be called a

conservation law for the PDE given by (2.112.11) and the resulting vector T i , i = 1, 2, . . . n , is

known as a conserved vector.

2.2 Lie group analysis

While the equations considered in this research are difficult to solve due to their non-linear,

dispersive nature, we still aim to obtain analytical solutions if possible. We will therefore

consider a symmetry approach, which was initially investigated by Sophus Lie (1842-1899).

He developed the theory of Lie group analysis, providing an algorithmic method for ob-

taining invariant solutions to a given PDE via the use of Lie point symmetries [4141]. Since

the development of this theory, many advances have been made in this field. Ibragimov

[4242] and Bluman and Kumei [4141] have provided detailed explanations regarding Lie group

analysis, and hence, we refer the reader to these for further clarification.

Consider the PDE

F (x i , uα, uα1 , . . . , uαk ) = 0, (2.17)

where x i , i = 1, . . . , n denote the dependent variables and uα,α= 1, . . . , N , denote the inde-

pendent variables. Let

X = ξi (x i , uα)
∂

∂ x i
+ηα(x i , uα)

∂

∂ uα
, (2.18)

be the infinitesimal generator of the one-parameter Lie group of transformations

x̄ i = X
�

x i , uα,ε
�

,

ūα =U
�

x i , uα,ε
�

,
(2.19)

then (2.192.19) is admitted by PDE (2.172.17) if and only if

X (k )F (x i , uα, uα1 , . . . , uαk ) = 0, (2.20)
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when (2.172.17) holds, where X (k ) is defined to be the k t h extended infinitesimal generator of

(2.182.18). Bluman and Kumei [4141] provide an elegant definition for the invariant solution of

the k t h order PDE (2.172.17), admitting a one-parameter Lie group of transformations with

infinitesimal generator (2.182.18). We consider the definition as follows.

Definition 1 (Invariant Solution) Assuming that ξi (x i , uα) 6= 0, u = Θ(x ) is an invariant

solution of PDE (2.172.17) corresponding to (2.182.18) admitted by PDE (2.172.17) if and only if

1. u =Θ(x ) is an invariant surface of (2.182.18),

2. u =Θ(x ) solves (2.172.17).

It follows that u =Θ(x ) is an invariant solution of (2.172.17) resulting from its invariance under

(2.182.18) if and only if u =Θ(x ) satisfies

1. X (u −Θ(x )) = 0 when u =Θ(x ), i.e.

ξi (x ,Θ(x ))
∂ Θ

∂ xi
=η(x ,Θ(x )); (2.21)

2. F (x i , uα, uα1 , . . . , uαk ) = 0, where ui1i2...is
= ∂ sΘ(x )
∂ xi1∂ xi2 ...∂ xis

, for is = 1, 2, . . . , n for s = 1, 2, . . . , k .

Equation (2.212.21) is called the invariant surface condition for invariant solutions corre-

sponding to (2.182.18). The components of (2.202.20) constitute the determining equations where

the prolongation of the generator X is dependent on the derivatives in (2.172.17). The invariant

solution is deduced from the determining equations.
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Chapter 3

Derivation of the (1+1)D Boussinesq

equations

Some of the work in this chapter has appeared in:

C. Carvalho and C. Harley, Conservation laws and conserved quantities for (1+1)D linearized

Boussinesq equations, Communications in Nonlinear Science and Numerical Simulation,

46, 37-48, 2017.

3.1 NB equations for a constant water depth

In this chapter, we are guided by the work of Dutykh and Dias [22]. Consider a (x , z ) carte-

sian co-ordinate system with the x -axis along the undisturbed water level, extending in-

finitely to the left and right. Consider a z -axis perpendicular to the undisturbed water

level. We investigate the inviscid region where u (t , x , z ) and w (t , x , z ) represent the x and

z -components of the fluid velocity of the solitary wave, respectively - refer to Figure 3.1.

Let Ωt represent the fluid domain, changing with respect to time in R2.

The domain is vertically bounded below by the moving seabed z =−h (t , x ) and above

by the free surface z =η(t , x ). We assume that the fluid extends infinitely in the horizontal

direction [66]. Since the fluid is irrotational, no wave breaking will occur and we can intro-
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Figure 3.1: Visual representation of the fluid domain.

duce a scalar potentialφ(t , x , z ) such that

v =∇φ, (3.1)

where v = (u , w ), ∇ =
�

∂
∂ x , ∂∂ z

�T
and, hence, u = ∂ φ

∂ x and w = ∂ φ
∂ z . Since the flow is incom-

pressible the continuity equation applies

∂ u

∂ x
+
∂ w

∂ z
= 0. (3.2)

Upon substitution of (3.13.1) into (3.23.2) we obtain

∂ 2φ

∂ x 2
+
∂ 2φ

∂ z 2
= 0, (x , z ) ∈Ωt =R× [−h ,η], (3.3)

therefore,φ(t , x , z ) satisfies Laplace’s equation.

We now consider two types of boundary conditions:

1. A dynamic boundary condition specifying the forces and pressures at the free surface

z =η(t , x ),

2. A kinematic boundary condition specifying the flow velocity v (t , x ) at the moving

seabed z =−h (t , x ) and the free surface z =η(t , x ).
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The dynamical boundary condition on the free surface can be derived by considering

Bernoulli’s equation for unsteady flow under the assumptions that surface tension effects

are neglected and the pressure remains constant on the free surface. Thus the dynamic

boundary condition at the free surface is given by

∂ φ

∂ t
+

1

2

�

�

∂ φ

∂ x

�2

+
�

∂ φ

∂ z

�2�

+ gη= 0, z =η(t , x ). (3.4)

Given that a fluid particle on the moving seabed remains on the seabed our kinematic

boundary condition, z +h (t , x ) = 0, traces the motion of a particle on the seabed. In this

instance, the material operator is used to trace the path of a particle in time, which follows

the fluid flow, providing a condition at the seabed z =−h (t , x ) given by

∂ h

∂ t
+
∂ φ

∂ x

∂ h

∂ x
+
∂ φ

∂ z
= 0, (3.5)

where D y
D t =

∂ y
∂ t + v · ∇y . In turn, the kinematic boundary condition at the free surface z =

η(t , x ) is as follows
∂ η

∂ t
+
∂ φ

∂ x

∂ η

∂ x
=
∂ φ

∂ z
. (3.6)

Thus equations (3.33.3)-(3.63.6) create the system of full potential flow equations given by

∂ 2φ

∂ x 2
+
∂ 2φ

∂ z 2
= 0, (x , z ) ∈Ωt =R× [−h ,η(t , x )],

∂ φ

∂ t
+

1

2

�

�

∂ φ

∂ x

�2

+
�

∂ φ

∂ z

�2�

+ gη= 0, z =η(t , x ),

∂ h

∂ t
+
∂ φ

∂ z
+
∂ φ

∂ x

∂ h

∂ x
= 0, z =−h (t , x ),

∂ φ

∂ z
−
∂ η

∂ t
−
∂ φ

∂ x

∂ η

∂ x
= 0, z =η(t , x ).

(3.7)

We now scale the full potential flow equations using the classic Boussinesq scalings

x ∗ =
x

l
, z ∗ =

z

h0
, t ∗ =

p

g h0t

l
,

h ∗ =
h

h0
, η∗ =

η

a0
, φ∗ =

p

g h0φ

g a0l
.

(3.8)

where we define the following
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h0 - characteristic water depth,

l - wavelength, measured as the distance between the maximum points of

any two consecutive wave crests,

a0 - amplitude of the wave,
p

g h0 - constant celerity or phase velocity, used as the characteristic velocity.

Employing (3.83.8) in order to scale the system of equations (3.73.7), we obtain the following

dimensionless full potential flow equations in which the ∗ notation is removed to avoid

cumbersome representation

µ2 ∂
2φ

∂ x 2
+
∂ 2φ

∂ z 2
= 0, (x , z ) ∈Ωt =R× [−h ,η(t , x )], (3.9)

µ2 ∂ φ

∂ t
+
εµ2

2

�

∂ φ

∂ x

�2

+
ε

2

�

∂ φ

∂ z

�2

+µ2η= 0, z = εη, (3.10)

∂ φ

∂ z
+
µ2

ε

∂ h

∂ t
+µ2 ∂ φ

∂ x

∂ h

∂ x
= 0, z =−h , (3.11)

∂ φ

∂ z
−µ2 ∂ η

∂ t
−εµ2 ∂ φ

∂ x

∂ η

∂ x
= 0, z = εη, (3.12)

where ε= a0
h0

andµ= h0
l are the non-linearity and frequency dispersion parameters respec-

tively. It is important to note that upon inspection of (3.93.9)-(3.123.12), under the assumptions

that µ,ε� 1, we may claim that φ is not dependent on z and h is steady i.e. ∂ φ
∂ z = 0 and

∂ h
∂ t = 0. These conclusions will in fact come about from the calculations which are to follow.

We consider an expansion of the velocity potentialφ in powers of µ2

φ =φ0+µ
2φ1+µ

4φ2+µ
6φ3+ . . . . (3.13)

In order to solve forφ0,φ1,φ2, we substitute (3.133.13) into (3.93.9) and obtain

µ2

�

∂ 2φ0

∂ x 2
+µ2 ∂

2φ1

∂ x 2
+µ4 ∂

2φ2

∂ x 2
+ . . .

�

+
∂ 2φ0

∂ z 2
+µ2 ∂

2φ1

∂ z 2
+µ4 ∂

2φ2

∂ z 2
+ . . .= 0. (3.14)

Separating coefficients according to the powers of the frequency dispersive parameter µ,

we obtain the following relations

µ0 :
∂ 2φ0

∂ z 2
= 0, (3.15)

µ2 :
∂ 2φ0

∂ x 2
+
∂ 2φ1

∂ z 2
= 0, (3.16)
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µ4 :
∂ 2φ1

∂ x 2
+
∂ 2φ2

∂ z 2
= 0. (3.17)

Similarly, we consider the kinematic boundary condition at the seabed and substitute (3.133.13)

into (3.113.11) to obtain the following relations

µ0 :
∂ φ0

∂ z
= 0, (3.18)

µ2 :
∂ φ1

∂ z
+

1

ε

∂ h

∂ t
+
∂ φ0

∂ x

∂ h

∂ x
= 0, (3.19)

µ4 :
∂ φ2

∂ z
+
∂ φ1

∂ x

∂ h

∂ x
= 0. (3.20)

The above relations make it evident that φ0 is independent of z , such that φ0 = φ0 (t , x ).

Considering a zeroth-order approximation, eliminating the vertical component of the ve-

locity from the equations, we define the velocity in the x -direction as

u (t , x ) =
∂ φ0

∂ x
. (3.21)

Given (3.163.16), we know that ∂
2φ1
∂ z 2 =− ∂ u

∂ x . Upon double integration of (3.163.16) with respect to z

and making use of (3.193.19) to solve for the constant of integration, we obtain an expression

forφ1 given by

φ1 =−
1

2
(z +h )2

∂ u

∂ x
− z (

1

ε

∂ h

∂ t
+u

∂ h

∂ x
). (3.22)

We findφ2 by firstly substituting the double derivative of expression (3.223.22) with respect to

x into (3.173.17). We then integrate this result with respect to z and combine it with (3.183.18).

Thus the expression forφ2 is given by

φ2 =
1

2
z 2
�

∂ h

∂ x

�2 ∂ u

∂ x
+
(z +h )3

6

∂ 2h

∂ x 2

∂ u

∂ x
+
(z +h )3

3

∂ h

∂ x

∂ 2u

∂ x 2
+
(z +h )4

24

∂ 3u

∂ x 3
+

z 3

6ε

∂ 3h

∂ x 2∂ t

+
z 3

6

∂ 2u

∂ x 2

∂ h

∂ x
+

z 3

3

∂ u

∂ x

∂ 2h

∂ x 2
+

z 3

6
u
∂ 3h

∂ x 3
−

z h

ε

∂ h

∂ x

∂ 2h

∂ t ∂ x
− z h u

∂ h

∂ x

∂ 2h

∂ x 2
−

z h 2

2ε

∂ 3h

∂ t ∂ x 2

−
z h 2

2

∂ 2u

∂ x 2

∂ h

∂ x
− z h 2 ∂ u

∂ x

∂ 2h

∂ x 2
−

z h 2

2
u
∂ 3h

∂ x 3
.

(3.23)

The flow is incompressible and inviscid, and therefore, the wave amplitude is identical

to the amplitude of the moving bottom, i.e. 1
ε
∂ h
∂ t may be expressed in this form due to

the fact that the moving seabed, given in (3.233.23) may be written in scale form as h (t , x ) =

h0 (x )−εζ (t , x )where h0 (x ) is the static seabed and ζ (t , x ) is the dynamic component.

1

ε

∂ h

∂ t
=−
∂ ζ

∂ t
=O (1) . (3.24)
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We consider dispersion terms of up to orderO
�

µ2
�

since the Ursell number is also assumed

to be O (1), i.e.

U =
ε

µ2
=O (1) , (3.25)

termed the non-linearity dispersion relation. Therefore we neglectO
�

ε2
�

andO
�

εµ2
�

terms.

We now have all the information needed to derive the non-linear, dispersive Boussi-

nesq equations. The substitution of the asymptotic expansion (3.133.13) into the free surface

kinematic boundary condition (3.123.12) leads to the free surface elevation equation, the first

of the NB equations, represented in asymptotic expansion form as

∂ φ0

∂ z
+µ2 ∂ φ1

∂ z
+µ4 ∂ φ2

∂ z
=µ2 ∂ η

∂ t
+εµ2 ∂ φ0

∂ x

∂ η

∂ x
+O

�

ε2+εµ4+µ6
�

. (3.26)

It is evident that the first term is equal to zero and by making use of the expressions found

for φ1 and φ2, we can evaluate ∂ φ1
∂ z and ∂ φ2

∂ z on the free surface, where the former is given

as
∂ φ1

∂ z
=−

�

εη+h
� ∂ u

∂ x
−
�

1

ε

∂ h

∂ t
+u

∂ h

∂ x

�

. (3.27)

From this point onwards, our derivation differs from the work done by Dutykh and Dias

[22] in terms of the expression we obtain for ∂ φ2
∂ z and the subsequent effects thereafter. The

expression we obtain for ∂ φ2
∂ z is given by

∂ φ2

∂ z
= εη

�

∂ h

∂ x

�2 ∂ u

∂ x
+
(εη+h )2

2

∂ 2h

∂ x 2

∂ u

∂ x
+ (εη+h )2

∂ h

∂ x

∂ 2u

∂ x 2
+

1

6
(εη+h )3

∂ 3u

∂ x 3

+
1

2
εη2

�

1

ε

∂ 3h

∂ x 2∂ t
+
∂ 2u

∂ x 2

∂ h

∂ x
+2
∂ u

∂ x

∂ 2h

∂ x 2
+u

∂ 3h

∂ x 3

�

−
h

ε

∂ h

∂ x

∂ 2h

∂ t ∂ x

−h u
∂ 2h

∂ x 2

∂ h

∂ x
−

h 2

2ε

∂ 3h

∂ x 2∂ t
−

h 2

2

∂ 2u

∂ x 2

∂ h

∂ x
−h 2 ∂ u

∂ x

∂ 2h

∂ x 2
−

h 2

2
u
∂ 3h

∂ x 3
.

(3.28)

It seems that the expression obtained by Dutykh and Dias [22] considers the term u ∂ h
∂ x to

be equivalent to zero, which is peculiar as the expression they obtained for ∂ φ1
∂ z contains

this term. By substituting the relevant expressions into (3.263.26), dividing by µ2 and retaining

terms of orderO
�

ε+µ2
�

, we obtain the free surface elevation equation for a moving seabed

expressed in terms of the fluid velocity of the solitary wave in the horizontal direction and

the surface elevation of the solitary wave given by

∂ η

∂ t
+
∂

∂ x

��

h +εη
�

u
�

=−
�

1

ε

∂ h

∂ t
+

h 2

2
µ2 ∂

2

∂ x 2

�

1

ε

∂ h

∂ t

�

+hµ2 ∂ h

∂ x

∂

∂ x

�

1

ε

∂ h

∂ t

�

�

+µ2 h 3

6

∂ 3u

∂ x 3

+µ2h

�

−
h

2

∂ u

∂ x

∂ 2h

∂ x 2
+

h

2

∂ 2u

∂ x 2

∂ h

∂ x
−

h

2
u
∂ 3h

∂ x 3
−u

∂ 2h

∂ x 2

∂ h

∂ x

�

.

(3.29)
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The second NB equation representing the evolution of the fluid velocity of the solitary wave

in the horizontal direction is now derived. Upon evaluatingφ0 and ∂ φ1
∂ t on the free surface,

we substitute these expressions into the asymptotic form of the dynamic boundary con-

dition, (3.103.10) on the free surface. We further divide by µ2 and by retaining terms of order

O
�

ε+µ2
�

we obtain

∂ φ0

∂ t
−µ2

�

h
∂ h

∂ t

∂ u

∂ x
+η
∂ 2h

∂ t 2
+

h 2

2

∂ 2u

∂ x∂ t

�

+
1

2
εu 2+η= 0. (3.30)

We differentiate (3.303.30) with respect to x in order to obtain the evolutionary equation of the

horizontal fluid velocity for the NB equations

0=
∂ u

∂ t
+ε
∂ u

∂ x
u +

∂ η

∂ x
−µ2

�

∂ h

∂ x

∂ h

∂ t

∂ u

∂ x
+h

∂ 2h

∂ t ∂ x

∂ u

∂ x
+h
∂ h

∂ t

∂ 2u

∂ x 2
+
∂ η

∂ x

∂ 2h

∂ t 2
+η

∂ 3h

∂ t 2∂ x

+h
∂ h

∂ x

∂ 2u

∂ x∂ t
+

h 2

2

∂ 3u

∂ x 2∂ t

�

.

(3.31)

Finally we make a simplifying assumption by allowing the water depth to be constant (h =

constant). We apply this assumption to (3.293.29) and (3.313.31). Thus the system of dimensionless

NB equations for a constant water depth of order accuracy ε
µ2 =O (1) are given by

∂ η

∂ t
+
∂ u

∂ x
+ε

∂

∂ x

�

uη
�

=
µ2

6

∂ 3u

∂ x 3
, (3.32)

∂ u

∂ t
+εu

∂ u

∂ x
+
∂ η

∂ x
=
µ2

2

∂ 3u

∂ x 2∂ t
, (3.33)

with the following lateral boundary conditions

u (t ,±∞) =
∂ u (t ,±∞)

∂ t
=
∂ u (t ,±∞)

∂ x
=η(t ,±∞) =

∂ η(t ,±∞)
∂ t

=
∂ η(t ,±∞)

∂ x
= 0. (3.34)

Boundary conditions (3.343.34) describe the fluid velocity of the solitary wave in the x -direction,

its derivatives and the surface elevation of the solitary wave and its derivatives where |x | →

∞. As the fluid extends to infinity in the x -direction, there is no fluid motion, hence, the

fluid velocity of the solitary wave in the x -direction, its derivatives, and the surface eleva-

tion of the solitary wave are zero [66]. Using (3.83.8) to scale the system of equations (3.323.32) and

(3.333.33), we obtain the following dimensional NB equations for a constant water depth

∂ η

∂ t
+h
∂ u

∂ x
+
∂

∂ x

�

uη
�

=
h 3

6

∂ 3u

∂ x 3
, (3.35)

∂ u

∂ t
+u

∂ u

∂ x
+ g
∂ η

∂ x
=

h 2

2

∂ 3u

∂ x 2∂ t
, (3.36)
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with the following lateral boundary conditions

u (t ,±∞) =
∂ u (t ,±∞)

∂ t
=
∂ u (t ,±∞)

∂ x
=η(t ,±∞) =

∂ η(t ,±∞)
∂ t

=
∂ η(t ,±∞)

∂ x
= 0. (3.37)

3.2 LB equations for a constant water depth

In this section, we consider a linear approximation of the governing equations and bound-

ary conditions presented in the previous section. We assume ε→ 0 on condition that the

amplitude a0 is small, thus, (3.323.32), (3.333.33), (3.353.35) and (3.363.36) become linearized [66].

Considering (3.323.32) and (3.333.33) under the assumption proposed, we obtain the following

dimensionless LB equations for a constant water depth

∂ η

∂ t
+
∂ u

∂ x
=
µ2

6

∂ 3u

∂ x 3
, (3.38)

∂ u

∂ t
+
∂ η

∂ x
=
µ2

2

∂ 3u

∂ x 2∂ t
, (3.39)

with the following lateral boundary conditions

u (t ,±∞) =
∂ u (t ,±∞)

∂ t
=
∂ u (t ,±∞)

∂ x
=η(t ,±∞) =

∂ η(t ,±∞)
∂ t

=
∂ η(t ,±∞)

∂ x
= 0. (3.40)

Using (3.83.8) to scale the system of equations (3.383.38) and (3.393.39), we obtain the following di-

mensional LB equations for a constant water depth

∂ η

∂ t
+h
∂ u

∂ x
=

h 3

6

∂ 3u

∂ x 3
, (3.41)

∂ u

∂ t
+ g
∂ η

∂ x
=

h 2

2

∂ 3u

∂ x 2∂ t
, (3.42)

with the following lateral boundary conditions

u (t ,±∞) =
∂ u (t ,±∞)

∂ t
=
∂ u (t ,±∞)

∂ x
=η(t ,±∞) =

∂ η(t ,±∞)
∂ t

=
∂ η(t ,±∞)

∂ x
= 0. (3.43)
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Chapter 4

Conserved Quantities for the LB

Equations

Some of the work in this chapter has appeared in:

C. Carvalho and C. Harley, Conservation laws and conserved quantities for (1+1)D linearized

Boussinesq equations, Communications in Nonlinear Science and Numerical Simulation,

46, 37-48, 2017.

4.1 Conservation laws and conserved vectors for the LB

equations

The Multiplier method is a very systematic approach to finding conservation laws that do

not require the system of equations to emit a Lagrangian. A high number of conservation

laws for a PDE makes it more likely that the PDE is strongly integrable and can be linearized

or explicitly solved [4747]. In this section, we make use of the Multiplier method to determine

the conservation laws and conserved vectors for the dimensional LB equations. The con-

servation laws and conserved quantities obtained for a system of equations assists in the

solution process. Upon consideration of the family of KdV equations, the integral relations,

acting as existence conditions are properties of the wave and its motions; in fact they rep-
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resent the conserved quantities of mass, momentum and energy. These integral relations

(i.e. conservation laws) define how the system behaves and must be conserved at the ini-

tial state. In our case, for a solitary wave unbounded in the horizontal directions, these

initial quantities must be conserved and, as the wave evolves, must still be maintained.

Given that initial quantities are difficult to obtain in general, conservation laws provide us

with properties at the initial state of the system. Solitary wave and soliton solutions satisfy

these conservation laws. However, periodic solutions do not, and thus, the latter are not

considered as possible solutions for the solitary wave [66]. Obtaining conservation laws is,

therefore, an important part of the process of obtaining physically meaningful solutions.

The interested reader is referred to the works [3939, 4040, 4848, 4949] for further clarification on the

method employed here.

We consider the system of LB equations in dimensional form, (3.413.41) and (3.423.42), given

by

∂ η

∂ t
+h
∂ u

∂ x
=

h 3

6

∂ 3u

∂ x 3
, (4.1)

∂ u

∂ t
+ g
∂ η

∂ x
=

h 2

2

∂ 3u

∂ t ∂ x 2
, (4.2)

with lateral boundary conditions

u (t ,±∞) =
∂ u (t ,±∞)

∂ t
=
∂ u (t ,±∞)

∂ x
=η(t ,±∞) =

∂ η(t ,±∞)
∂ t

=
∂ η(t ,±∞)

∂ x
= 0, (4.3)

where t is time, x is the horizontal spatial component, h is constant water depth, g is

gravitational acceleration, u (t , x ) is the fluid velocity of the solitary wave in the x -direction

and η(t , x ) is the surface elevation of the solitary wave.

In order to derive the conservation laws for the system given by (4.14.1) and (4.24.2) using the

Multiplier method, we need to first obtain the multipliers of the system. The latter will be

obtained via a consideration of (4.44.4)

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2, (4.4)

which derives from properties of the multipliers themselves. Given the dimensional LB

equations, given by (4.14.1) and (4.24.2), we consider multipliers of the formΛ1,2(t , x , u ,η, ut ,ηt ,
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ux ,ηx , ux x , ux t , ut t ,ηx x ,ηx t ,ηt t ). We have defined T = (T 1, T 2), present in (4.44.4), as the

components of the conserved vector, where the total derivative operators Dt and Dx are

defined by

Dt =
∂

∂ t
+ut

∂

∂ u
+ηt

∂

∂ η
+ut t

∂

∂ ut
+ηt t

∂

∂ ηt
+ut x

∂

∂ ux
+ηt x

∂

∂ ηx
+ . . . , (4.5)

Dx =
∂

∂ x
+ux

∂

∂ u
+ηx

∂

∂ η
+ux x

∂

∂ ux
+ηx x

∂

∂ ηx
+ux t

∂

∂ ut
+ηx t

∂

∂ ηt
+ . . . . (4.6)

We make use of existing Maple Software in order to obtain these multipliers. Some of these

results were corroborated manually [5050].

We make use of the Euler operator to derive the determining equations. This allows us

to set the divergence of our conservation laws to zero. Thus, by employing (4.44.4) as shown

above, along with this property, we structure our determining equations by expanding

Eu [Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t )] = 0, (4.7)

Eη[Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t )] = 0, (4.8)

where the Euler operators Eu and Eη are defined by

Eu =
∂

∂ u
−Dt

∂

∂ ut
−Dx

∂

∂ ux
+D 2

t

∂

∂ ut t
+D 2

x

∂

∂ ux x
+Dt Dx

∂

∂ ut x
+ . . . , (4.9)

Eη =
∂

∂ η
−Dt

∂

∂ ηt
−Dx

∂

∂ ηx
+D 2

t

∂

∂ ηt t
+D 2

x

∂

∂ ηx x
+Dt Dx

∂

∂ ηt x
+ . . . . (4.10)

The determining equations are then separated with respect to products and powers of the

derivatives of u andη. This allows us to obtain the sets of multipliers as given in Tables 4.14.1-

4.34.3. The reader can refer to Appendix A for calculations of the multipliers. The conserved

vectors T = (T 1, T 2) can now be obtained using the Multiplier method. Please refer to Ap-

pendix A for detailed calculations of the conserved vectors using the Multiplier method.

When u (t , x ) andη(t , x ) are solutions of the system of equations (4.14.1) and (4.24.2), we may

obtain a set of conserved vectors by satisfying (4.44.4) such that Dt [T1]+Dx [T2] = 0. If we were

to consider Case 2 presented in Table 4.14.1 we may write such an instance as follows

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt

�

η
�

+Dx

�

h u −
h 3

6
ux x

�

= 0, (4.11)
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where we have employed one set of vectors (Case 2), as displayed in Table 4.14.1. Hence,

for each set of multipliers we can obtain the corresponding conserved vectors as given in

Tables 4.14.1- 4.34.3, where c4 =
Ç

g (3h+6g+α
p

36g 2+12g h+9h 2)
p

2g h
and α=±1. Cases 5 to 8 are the special

cases where we obtain non-local conserved vectors. In these cases g h = 1 and c4 =α
p

6
h .

Table 4.1: Multipliers and conserved vectors for the LB equations

Case Multiplier Conserved vector

1
Λ1 = 0
Λ2 = 1

T 1 = u

T 2 = gη− h 2

2 ux t

2
Λ1 = 1
Λ2 = 0

T 1 =η
T 2 = h u − h 3

6 ux x

4.2 Conserved quantities for the LB equations

We consider a system with a collection of constraints. Some of these constraints can be

interpreted as physical observables such as energy, mass and momentum, whilst there are

additional constraints that assist in reducing the solution space. This particular problem

is identical to a wide range of other wave problems both physically and mathematically.

However, we note that for the problem under consideration, the additional conservation

laws obtained give us a solution space that distinguishes this problem from apparently

equivalent problems.

A systematic Multiplier approach is used to obtain these conservation laws in dimen-

sional form - refer to Section 4.1. Conserved quantities are then derived by integrating the

conservation laws in the direction of wave propagation and imposing the boundary condi-

tions. In this section, while Tables 4.14.1- 4.34.3 provide the conserved vectors, we will endeavour

to investigate only those providing physical insight into the problem.
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Table 4.2: Multipliers and conserved vectors for the LB equations continued

Case Multiplier Conserved vector

3
Λ1 =− x

h

Λ2 = t
T 1 = t u − 1

h xη

T 2 =−x u + g tη− h 2

2 t ux t +
h 2

6 [x ux x −ux ]

4 Λ1 = e α
p

6
h x e c4 x+g h t

Λ2 = 0

T 1 = e ε
p

6
h xη

T 2 = h 3

6 e ε
p

6
h x
�

ε
p

6
h ux −ux x

�

5
Λ1 = c4g e −c4 x+g h t

Λ2 = e −c4 x+t
T 1 = e −c4 x+t

�

gηx −2u
�

T 2 = e −c4 x+tηt

�

−g − 1
c4

ux x −ux − 3
c4

2 ux t − 3
c4

ut +
∫

2u d x
�

6
Λ1 =−c4g e −c4 x−g h t

Λ2 = e −c4 x−t
T 1 = e −c4 x−t

�

−gηx −2u
�

T 2 = e −c4 x−t
�

gηt +
1
c4

ux x +ux − 3
c4

2 ux t − 3
c4

ut −
∫

2u d x
�

7
Λ1 =−c4g e c4 x+g h t

Λ2 = e c4 x+t
T 1 = e c4 x+t

�

gηx −2u
�

T 2 = e c4 x+t
�

−gηt +
1
c4

ux x −ux − 3
c4

2 ux t +
3
c4

ut +
∫

2u d x
�

8
Λ1 = c4g e c4 x−g h t

Λ2 = e c4 x−t
T 1 = e c4 x−t

�

gηx −2u
�

T 2 = e c4 x−t
�

gηt − 1
c4

ux x −ux − 3
c4

2 ux t +
3
c4

ut +
∫

2u d x
�

9
Λ1 =−g ux x

Λ2 = ux t

T 1 =−g ux xη

T 2 = 1
2

�

h 3

6 g (ux x )2− g h (ux )2− h 2

2 (ux t )2+ (ut )2
�

+ g ux tη

10
Λ1 =−g ux t

Λ2 = ut t

T 1 = 1
2

�

− g h 3

6 (ux x )2+ (ut )2− g h (ux )2+
h 2

2 (ux t )2
�

+ g utηx

T 2 = 1
2

�

g h 3

3 ux t ux x −h 2ut t ux t

�

− g utηt

11 Λ1 =−2ux x −
3

h
ηx t

Λ2 = ux x

T 1 = 1
2

�

−h 2

2 (ux x )2− (ux )2
�

T 2 = h 3

6 (ux x )2− 3
2h (ηt )2−h (ux )2+

h 2

2

�

ηx t ux x −ηx x t ux +ηx x x t u
�

+ux ut + g ux xη−uηx t −2uxηt +
∫

�

−h 2

2 ηx x x t u − g ux x xη+uηx x t

�

d x

12 Λ1 =−2ux t −
3

h 2
ηt t

Λ2 =ηx t

T 1 = g
2 (ηx )2−h (ux )2− 3

2h 2 (ηt )2−3ux tη− h 2

2 ηx x x t u − h 3

3 u ux x x x

+
h

2
ηt ux x x − h

2ηux x x t

T 2 =ηt ut − h 2

2 ηx t ux t +
h 2

2 ηx x t ut +
h 3

3 ut ux x x − 3
h uηt t

+
∫

�

3
h uηt t x +3ux t tη+

h 2

2 ηx x x t t u + h 3

3 u ux x x x t +
h
2ηux x x t t

�

d x
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Table 4.3: Multipliers and conserved vectors for the LB equations continued

Case Multiplier Conserved vector

13
Λ1 =

g

h
η

Λ2 = u −
1

6
h 2ux x

T 1 = g
2hη

2+ 1
2 u 2+ h 4

24 (ux x )2+
h
4 (ux )2+

h 2

12 (ux )2

T 2 = gηu − g h 2

6 ux xη+
h
2 ux ut +

h 2

6 ux ut

14 Λ1 = u −
1

2
h 2ux x

Λ2 =η

T 1 =ηu − h 2

2 ux xη− h 3

4 (ux )2

T 2 = h
2 u 2− h 3

6 u ux x +
h 3

12 (ux x )2+
h 5

24 (ux x )2+
g
2η

2

4.2.1 Case 1: Conservation of the mass flow rate

Consider the following conserved vector

T 1 = u ,

T 2 = gη−
h 2

2
ux t .

(4.12)

The conservation law for the system given by (4.14.1) and (4.24.2) is given by

∂ T 1

∂ t
+
∂ T 2

∂ x
=Dt T 1+Dx T 2 = 0. (4.13)

The first conserved quantity for the dimensional LB equations is obtained by substitut-

ing (4.124.12) into (4.134.13) and subsequently integrating (4.134.13) with respect to x on the interval

(−∞,∞), having fixed t . Using Leibniz’s rule of integration, we obtain

d

d t

∫ ∞

−∞
u d x =

∫ ∞

−∞

∂

∂ t
u d x . (4.14)

Applying boundary conditions (4.34.3), (4.144.14) reduces to

∫ ∞

−∞
u d x = J1, (4.15)

where J1 is a constant independent of time. Thus, the mass flow rate,ρa J1, whereρa repre-

sents the area density, is constant along the wave. The mass flow rate is simply the amount

of mass passing by a single point over a duration of time [5151].
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4.2.2 Case 2: Conservation of mass

We now turn to the following conserved vector

T 1 =η,

T 2 = h u −
h 3

6
ux x .

(4.16)

The second conserved quantity for the dimensional LB equations is obtained by substitut-

ing (4.164.16) into (4.134.13) and subsequently integrating (4.134.13) with respect to x on the interval

(−∞,∞), having fixed t . Using Leibniz’s rule of integration, we obtain

d

d t

∫ ∞

−∞
η d x =

∫ ∞

−∞

∂

∂ t
η d x . (4.17)

Using boundary conditions (4.34.3), (4.174.17) reduces to
∫ ∞

−∞
η d x = J2, (4.18)

where J2 is a constant independent of time. Thus, the mass density, ρa J2, where ρa rep-

resents the area density, is constant along the wave. Hence, for all time and for all sur-

face waves represented by η(t , x ), the mass of the fluid associated with the wave is con-

served. Johnson [66] established the conserved mass (4.184.18) directly from the dimensionless

equations for 1D gravity wave propagation at a constant water depth. In this instance, de-

cay conditions at infinity are invoked by integrating the continuity equation over the fluid

depth.

4.2.3 Case 9: Conservation of the energy flux density

Consider the following conserved vector

T 1 =−g ux xη,

T 2 =
1

2

�

h 3

6
g (ux x )

2− g h (ux )
2−

h 2

2
(ux t )

2+ (ut )
2

�

+ g ux tη.
(4.19)

Similary for this case, we substitute (4.194.19) into (4.134.13) and subsequently integrate (4.134.13) with

respect to x on the interval (−∞,∞), while fixing t . Employing Leibniz’s rule of integra-

tion and making use of boundary conditions (4.34.3), we obtain
∫ ∞

−∞

�

−g ux xη
�

d x = J3, (4.20)
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where J3 is a constant independent of time. Thus, the energy flux density, ρa J3, where ρa

represents the area density, is constant along the wave. The energy flux can be defined as

the rate of transfer of energy through a unit area [5252]. In terms of the conservation of en-

ergy flux in water wave theory, the physical significance of a conserved energy flux density

can be interpreted as the magnitude of the wave current being conserved. Simply put, the

amount of water that flows through a cross-section of the wave at each second is conserved

[5252].

4.2.4 Case 13: Conservation of energy

Consider the following conserved vector

T 1 =
g

2h
η2+

1

2
u 2+

h 4

24
(ux x )

2+
h

4
(ux )

2+
h 2

12
(ux )

2,

T 2 = gηu −
g h 2

6
ux xη+

h

2
ux ut +

h 2

6
ux ut .

(4.21)

The conserved quantity is obtained by substituting (4.214.21) into (4.134.13) and subsequently in-

tegrating (4.134.13) with respect to x on the interval (−∞,∞), while fixing t . Employing Leib-

niz’s rule of integration and making use of boundary conditions (4.34.3), we obtain

∫ ∞

−∞

�

g

2h
η2+

1

2
u 2+

h 4

24
(ux x )

2+
h

4
(ux )

2+
h 2

12
(ux )

2

�

d x = J5, (4.22)

where J5 is a constant independent of time. Thus, the energy density,ρa J5, whereρa repre-

sents the area density, is constant along the wave. Johnson [66] established the same result

directly from the dimensionless equations for 1D gravity wave propagation. The differ-

ences observed are a result of the way we define the free surface and the seabed. We also

eliminate the z -component of the fluid velocity of the solitary wave, w , by making use of an

asymptotic expansion on the potential flow equations and assuming the zeroth Boussinesq

approximation. Johnson [66], in turn, writes the conserved energy in terms of w . Lastly, the

conserved energy we obtain is in dimensional form whilst it takes on a dimensionless form

in the work by Johnson [66].
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4.2.5 Case 14: Conservation of momentum

Consider the conserved vector

T 1 =ηu −
h 2

2
ux xη−

h 3

4
(ux )

2,

T 2 =
h

2
u 2−

h 3

6
u ux x +

h 3

12
(ux x )

2+
h 5

24
(ux x )

2+
g

2
η2.

(4.23)

Once again the conserved quantity is obtained by substituting (4.234.23) into (4.134.13) and sub-

sequently integrating (4.134.13) with respect to x on the interval (−∞,∞)while fixing t . Em-

ploying Leibniz’s rule of integration and making use of boundary conditions (4.34.3), we ob-

tain
∫ ∞

−∞

�

ηu −
h 2

2
ux xη−

h 3

4
(ux )

2

�

d x = J6, (4.24)

where J6 is a constant independent of time. Thus, the momentum density, ρa J6, where ρa

represents the area density, is constant along the wave. Johnson [66] established the con-

served energy directly from the dimensionless equations for 1D gravity wave propagation.

Once again, the conserved momentum (4.244.24) looks slightly different from that found in

Johnson [66] due to the differences discussed above when we considered Case 13.

4.3 Concluding remarks

We considered the conservation laws for the dimensional LB equations that were obtained

using the Multiplier method. The equations produced eight local and six non-local con-

servation laws [5353]. From these conservation laws we were able to obtain six conserved

quantities by integrating across the wave in the horizontal direction. Conserved mass, en-

ergy and momentum quantities were found in a more systematic way than that employed

in [66]. In addition to these conserved quantities, we were able to obtain two, as yet, unob-

served conserved quantities, namely a conserved mass flow rate and a conserved energy

flux density.

Of additional interest is Case 10, where we were able to observe a conserved quantity

that we, as yet, cannot relate to any known physical quantities. However, for the sake of

completion, we will include our discussion thereon. The following conserved vector is ob-
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tained via

T 1 =
1

2

�

−
g h 3

6
(ux x )

2+ (ut )
2− g h (ux )

2+
h 2

2
(ux t )

2

�

+ g utηx ,

T 2 =
1

2

�

g h 3

3
ux t ux x −h 2ut t ux t

�

− g utηt .

(4.25)

The conserved quantity is obtained by substituting (4.254.25) into (4.134.13) and subsequently in-

tegrating (4.134.13) with respect to x on the interval (−∞,∞), fixing t . Employing Leibniz’s

rule of integration and making use of boundary conditions (4.34.3), we obtain

∫ ∞

−∞

�

1

2

�

−
g h 3

6
(ux x )

2+ (ut )
2− g h (ux )

2+
h 2

2
(ux t )

2

�

+ g utηx

�

d x = J4, (4.26)

where J4 is a constant independent of time. The conserved density, J4, is a new result for

which we have no physical interpretation as yet.
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Chapter 5

Lie point symmetries and invariant

solutions for the LB equations

In this chapter, we attempt to find the invariant solutions for the LB equations by making

use of the full Lie point symmetry approach. This method is preferred over the associated

Lie point symmetry approach for this problem due to the large number of conserved vec-

tors obtained. We make use of a linear combination of the time and spatial symmetry in an

attempt to obtain a travelling wave solution. We conclude this chapter by presenting the

associated Lie point symmetry to determine if there are any invariant travelling wave so-

lutions associated with the conserved quantities of the problem. The associated Lie point

symmetry approach was introduced by Kara and Mahomed [5454, 5555].

5.1 Lie point symmetries for the LB equations

Although all calculations in this section could be computed using software, the symmetries

obtained have all been calculated manually. The advantage of not using software is that the

expressions are neater and we avoid unnecessary repetitive terms, usually occurring when

software is used to obtain symmetries.

From (3.413.41) and (3.423.42) the dimensional LB equations are given by

∂ η

∂ t
+h
∂ u

∂ x
=

h 3

6

∂ 3u

∂ x 3
, (5.1)

46



∂ u

∂ t
+ g
∂ η

∂ x
=

h 2

2

∂ 3u

∂ t ∂ x 2
. (5.2)

where t is time, x is the horizontal spatial component, h is the constant water depth, g

is the gravitational acceleration, u (t , x ) is the fluid velocity of the solitary wave in the x -

direction and η(t , x ) is the surface elevation of the solitary wave.

We proceed to obtain the first determining equation by considering (5.15.1) with the Lie

point operator given by

X = ξ1(t , x , u ,η)
∂

∂ t
+ξ2(t , x , u ,η)

∂

∂ x
+ψ1(t , x , u ,η)

∂

∂ u
+ψ2(t , x , u ,η)

∂

∂ η
, (5.3)

whereξ1,ξ2,ψ1 andψ2 are the infinitesimals. This operator is a Lie point symmetry gener-

ator of the governing equation (5.15.1) if and only if the infinitesimal criterion for invariance

holds, i.e.

X [3]
�

∂ η

∂ t
+h
∂ u

∂ x
−

h 3

6

∂ 3u

∂ x 3

��

�

�

�

(5.15.1),(5.25.2)

= 0. (5.4)

Since (5.15.1) depends on third derivatives, we take the third prolongation. That is

X [3] = ξ1 ∂

∂ t
+ξ2 ∂

∂ x
+ψ1 ∂

∂ u
+ψ2 ∂

∂ η
+ϕ1

t

∂

∂ ut
+ϕ1

x

∂

∂ ux
+ϕ2

t

∂

∂ ηt
+ϕ2

x

∂

∂ ηx
+ϕ1

t t

∂

∂ ut t

+ϕ1
t x

∂

∂ ut x
+ϕ1

x x

∂

∂ ux x
+ϕ2

t t

∂

∂ ηt t
+ϕ2

t x

∂

∂ ηt x
+ϕ2

x x

∂

∂ ηx x
+ϕ1

t t t

∂

∂ ut t t
+ϕ1

t t x

∂

∂ ut t x

+ϕ1
t x x

∂

∂ ut x x
+ϕ1

x x x

∂

∂ ux x x
+ϕ2

t t t

∂

∂ ηt t t
+ϕ2

t t x

∂

∂ ηt t x
+ϕ2

t x x

∂

∂ ηt x x
+ϕ2

x x x

∂

∂ ηx x x
,

(5.5)

where we can define explicitly the extended infinitesimals as

ϕαi =Di

�

ψα
�

−uαj Di

�

ξ j
�

, (5.6)

ϕαi j =Dj

�

ϕαi
�

−uαi l Dj

�

ξl
�

, (5.7)

where u 1 = u , u 2 = η, Di =D1 =Dt and Dj =D2 =Dx . Thus by applying the third prologa-

tion (5.55.5) onto (5.15.1) we obtain
�

ϕ2
t +hϕ1

x −
h 3

6
ϕ1

x x x

��

�

�

�

(5.15.1),(5.25.2)

= 0. (5.8)

The extended infinitesimals for (5.85.8) are given by (B.1B.1), (B.2B.2), (B.3B.3) in Appendix B. We sub-

stitute the extended infinitesimals (B.1B.1), (B.2B.2), (B.3B.3) into (5.85.8) to give the first determining

equation given by (B.4B.4) in Appendix B, subject to (5.15.1) and (5.25.2). The determining equation

(B.4B.4) can be split into the following derivative products and powers of u and η
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(ηt )
2 :−

∂ ξ1

∂ η
= 0, (5.9)

ux t ux x :
h 3

6

�

3
∂ ξ1

∂ u

�

= 0, (5.10)

ux t :−
h 3

6

�

−3
∂ 2ξ1

∂ x 2

�

= 0. (5.11)

From (5.95.9)-(5.115.11) we obtain

ξ1 = ξ1(t , x ) = c1(t )x + c2(t ). (5.12)

We separate the first determining equation (B.4B.4) by the first-order derivative products of u

and η, given by (5.135.13) and (5.145.14), and note that ξ2 is independent of u and η

ηtηx : 2
∂ ξ2

∂ η
= 0, (5.13)

utηx :−
∂ ξ2

∂ u
+

h 3

6

�

3
∂ 3ξ2

∂ x 2∂ η

�

= 0. (5.14)

Next, we split (B.4B.4) by ηx x x , given by (5.155.15), and see that ξ2 is independent of η

ηx x x :−
h 3

6

�

∂ ψ1

∂ η

�

= 0. (5.15)

By separating (B.4B.4) by ut we obtain

ut :
∂ ψ2

∂ u
−

h 3

6

�

−
∂ 3ξ1

∂ x 3

�

= 0. (5.16)

Upon substituting (5.115.11) into (5.165.16), we deduce thatψ2 is independent of u . We now sep-

arate (B.4B.4) by ux and ux x as follows

ux :−
h 3

6

�

3
∂ 3ψ1

∂ x 2∂ u
−
∂ 3ξ2

∂ x 3

�

+2h
∂ ξ2

∂ x
= 0, (5.17)

ux x :
∂ 2ψ1

∂ u∂ x
−
∂ 2ξ2

∂ x 2
= 0. (5.18)

Differentiating (5.185.18) with respect to x and substituting this result into (5.175.17), we obtain

the following third-order PDE

h 2 ∂
3ξ2

∂ x 3
= 6
∂ ξ2

∂ x
. (5.19)
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Solving (5.195.19) gives

ξ2(t , x ) =
e
p

6x
h h c3(t )− e

−
p

6x
h h c4(t )p

6
+ c5(t ), (5.20)

where c3, c4 and c5 are arbitrary functions of t .

In summary we have the following expressions

ξ1 = ξ1(t , x ) = c1(t )x + c2(t ), (5.21)

ξ2 = ξ2(t , x ) =
e
p

6x
h h c3(t )− e

−
p

6x
h h c4(t )p

6
+ c5(t ), (5.22)

ψ1 =ψ1(t , x , u ), (5.23)

ψ2 =ψ2(t , x ,η), (5.24)

which upon subsitution into (B.4B.4) reduce the determining equation to

0=

�

∂ ψ2

∂ t
+
∂ ψ2

∂ η
ηt −

∂ ξ1

∂ t
ηt −

∂ ξ2

∂ t
ηx

�

+h

�

∂ ψ1

∂ x
+
∂ ψ1

∂ u
ux −

∂ ξ1

∂ x
ut −

∂ ξ2

∂ x
ux

�

−
h 3

6

��

∂ 3ψ1

∂ x 3
+
∂ 3ψ1

∂ x 2∂ u
ux

�

+

�

2
∂ 3ψ1

∂ x 2∂ u
ux +2

∂ 3ψ1

∂ u 2∂ x
(ux )

2+2
∂ 2ψ1

∂ u∂ x
ux x

�

+

�

∂ 3ψ1

∂ u 2∂ x
(ux )

2+
∂ 3ψ1

∂ u 3
(ux )

3+2
∂ 2ψ1

∂ u 2
ux ux x

�

+

�

∂ 2ψ1

∂ u∂ x
ux x +

∂ 2ψ1

∂ u 2
ux ux x

�

−
�

∂ 3ξ2

∂ x 3
ux +

∂ 2ξ2

∂ x 2
ux x

�

−
�

3
∂ ξ1

∂ x

2

h 2

�

ut + gηx

�

�

−
�

2
∂ 2ξ2

∂ x 2
ux x +3

∂ ξ2

∂ x

6

h 3

�

ηt +h ux

�

�

.

(5.25)

Finally after applying the third prolongation onto (5.255.25) we are left with the following re-

maining equations

(ux )
3 :−

h 3

6

�

∂ 3ψ1

∂ u 3

�

= 0, (5.26)

(ux )
2 :−

h 3

6

�

3
∂ 3ψ1

∂ u 2∂ x

�

= 0, (5.27)

ux ux x :−
h 3

6

�

3
∂ 2ψ1

∂ u 2

�

= 0, (5.28)

ηt :
∂ ψ2

∂ η
−
∂ ξ1

∂ t
−
∂ ψ1

∂ u
+3
∂ ξ2

∂ x
= 0, (5.29)

ηx :−
∂ ξ2

∂ t
+hg

∂ ξ1

∂ x
= 0, (5.30)

ux :−
h 3

6

�

3
∂ 3ψ1

∂ x 2∂ u
−
∂ 3ξ2

∂ x 3

�

+2h
∂ ξ2

∂ x
= 0, (5.31)
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ux x :−
h 3

6

�

3
∂ 2ψ1

∂ u∂ x
−3
∂ 2ξ2

∂ x 2

�

= 0, (5.32)

1 :
∂ ψ2

∂ t
+h
∂ ψ1

∂ x
−

h 3

6

∂ 3ψ1

∂ x 3
= 0, (5.33)

which will be of use when we come back to it later in this calculation.

We now proceed to ascertain the second determining equation. A similar procedure is

followed so that we once again consider the Lie point operator given by (5.35.3)

X = ξ1(t , x , u ,η)
∂

∂ t
+ξ2(t , x , u ,η)

∂

∂ x
+ψ1(t , x , u ,η)

∂

∂ u
+ψ2(t , x , u ,η)

∂

∂ η
,

whereξ1,ξ2,ψ1 andψ2 are the infinitesimals. This operator is a Lie point symmetry gener-

ator of the governing equation (5.25.2) if and only if the infinitesimal criterion for invariance

holds, i.e.

X [3]
�

ut + gηx −
h 2

2
ux x t

��

�

�

�

(5.15.1),(5.25.2)

= 0. (5.34)

Since (5.25.2) also depends on third-order derivatives, we take the third prolongation given

by (5.55.5) where the extended infinitesimals and the derivative operators have been explictly

defined. Thus by applying the third prologation (5.55.5) onto (5.25.2) we obtain

�

ϕ1
t + gϕ2

x −
h 2

2
ϕ1

x x t

��

�

�

�

(5.15.1),(5.25.2)

= 0. (5.35)

The extended infinitesimals for (5.355.35) are given by the following (subject to results obtained

from the first determining equation, namely equations (5.215.21)-(5.245.24))

ϕ1
t =Dt

�

ψ1
�

−ut Dt

�

ξ1
�

−ux Dt

�

ξ2
�

=
∂ ψ1

∂ t
+ut

∂ ψ1

∂ u
−ut

∂ ξ1

∂ t
−ux

∂ ξ2

∂ t
, (5.36)

and similarly

ϕ2
x =Dx

�

ψ2
�

−ut Dx

�

ξ1
�

−ux Dx

�

ξ2
�

=
∂ ψ2

∂ x
+ηx

∂ ψ2

∂ η
−ut

∂ ξ1

∂ x
−ux

∂ ξ2

∂ x
, (5.37)
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and finally

ϕ1
x x t =Dt

�

ϕ1
x x

�

−ux x t Dt

�

ξ1
�

−ux x x Dt

�

ξ2
�

=

�

∂ 3ψ1

∂ x 2∂ t
+ut

∂ 3ψ1

∂ x 2∂ u

�

+

�

2ux
∂ 3ψ1

∂ u∂ x∂ t
+2ux ut

∂ 3ψ1

∂ u 2∂ x
+2ux t

∂ 2ψ1

∂ u∂ x

�

+

�

(ux )
2 ∂

3ψ1

∂ u 2∂ t
+ (ux )

2ut
∂ 3ψ1

∂ u 3
+2ux ux t

∂ 2ψ1

∂ u 2

�

+

�

ux x
∂ 2ψ1

∂ u∂ t
+ut ux x

∂ 2ψ1

∂ u 2

�

−
�

ux
∂ 3ξ2

∂ x 2∂ t
+ux t

∂ 2ξ2

∂ x 2

�

−
�

2ux t
∂ 2ξ1

∂ x∂ t
+2ux t t

∂ ξ1

∂ x

�

−ux x x
∂ ξ2

∂ t

−
�

2ux x
∂ 2ξ2

∂ x∂ t
+2ux x t

∂ ξ2

∂ x

�

+ux x t
∂ ψ1

∂ u
−ux x t

∂ ξ1

∂ t
.

(5.38)

We substitute the extended infinitesimals (5.365.36)-(5.385.38) into (5.355.35) to give the determining

equation

0=
∂ ψ1

∂ t
+ut

∂ ψ1

∂ u
−ut

∂ ξ1

∂ t
−ux

∂ ξ2

∂ t
+ g

�

∂ ψ2

∂ x
+ηx

∂ ψ2

∂ η
−ut

∂ ξ1

∂ x
−ux

∂ ξ2

∂ x

�

−
h 2

2

��

∂ 3ψ1

∂ x 2∂ t
+ut

∂ 3ψ1

∂ x 2∂ u

�

+

�

2ux
∂ 3ψ1

∂ u∂ x∂ t
+2ux ut

∂ 3ψ1

∂ u 2∂ x
+2ux t

∂ 2ψ1

∂ u∂ x

�

+

�

(ux )
2 ∂

3ψ1

∂ u 2∂ t
+ (ux )

2ut
∂ 3ψ1

∂ u 3
+2ux ux t

∂ 2ψ1

∂ u 2

�

+

�

ux x
∂ 2ψ1

∂ u∂ t
+ut ux x

∂ 2ψ1

∂ u 2

�

−
�

ux
∂ 3ξ2

∂ x 2∂ t
+ux t

∂ 2ξ2

∂ x 2

�

−
�

2ux t
∂ 2ξ1

∂ x∂ t
+2ux t t

∂ ξ1

∂ x

�

−ux x x
∂ ξ2

∂ t
+ux x t

∂ ψ1

∂ u

−
�

2ux x
∂ 2ξ2

∂ x∂ t
+2ux x t

∂ ξ2

∂ x

�

−ux x t
∂ ξ1

∂ t

�

,

(5.39)

subject to (5.15.1) and (5.25.2).

The determining equation (5.395.39) can be separated by ux t t as follows

ux t t :
∂ ξ1

∂ x
= 0. (5.40)

From (5.405.40) we see that ξ1 is independent of x , therefore, (5.215.21) becomes

ξ1 = ξ1(t ) = c2(t ), (5.41)

where c2 is an arbitrary function of t .

Next, we separate (5.395.39) by ηt as follows

ηt :
∂ ξ2

∂ t
= 0. (5.42)

From equation (5.425.42) we see that ξ2 is independent of t , hence, (5.225.22) becomes

ξ2 = ξ2(x ) =
e
p

6x
h h c3− e

−
p

6x
h h c4p

6
+ c5, (5.43)
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where c3, c4 and c5 are arbitrary constants.

Next, we separate (5.395.39) by ux t as follows

ux t : 2
∂ 2ψ1

∂ u∂ x
−
∂ 2ξ2

∂ x 2
= 0. (5.44)

By substituting (5.325.32) into (5.445.44), we get the following second-order PDE

∂ 2ψ1

∂ u∂ x
= 2

∂ 2ψ1

∂ u∂ x
. (5.45)

Equation (5.455.45) is satisfied if and only if

∂ 2ψ1

∂ u∂ x
= 0. (5.46)

By integrating (5.465.46) once with respect to u and then once with respect to x we obtain

ψ1 = c6u + c7(t , x ). (5.47)

Next, we separate (5.395.39) by ut as follows

ut :
h 2

2

∂ 3ψ1

∂ x 2∂ u
−2
∂ ξ2

∂ x
= 0, (5.48)

and using the result obtained in (5.465.46), (5.485.48) simplifies to ξ2 = c5 where c5 is an arbitrary

constant.

We now separate equation (5.395.39) by ηx as follows

ηx :
∂ ψ2

∂ η
−
∂ ψ1

∂ u
+
∂ ξ1

∂ t
= 0. (5.49)

Combining (5.495.49) and (5.295.29), we conclude that c2(t ) = c2 and obtain

ψ2 = c6η+ c8(t , x ). (5.50)

The remaining determining equations cannot be simplified further, and hence, we are left

with the following expressions for ξ1, ξ2,ψ1 andψ2

ξ1 = c2, ξ2 = c5, (5.51)

ψ1 = c6u + c7(t , x ), ψ2 = c6η+ c8(t , x ), (5.52)
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subject to the remaining determining equations

∂ c8(t , x )
∂ t

+h
∂ c7(t , x )
∂ x

=
h 3

6

∂ 3c7(t , x )
∂ x 3

, (5.53)

∂ c7(t , x )
∂ t

+ g
∂ c8(t , x )
∂ x

=
h 2

2

∂ 3c7(t , x )
∂ x 2∂ t

, (5.54)

where c2, c5 and c6 are arbitrary constants and where c7 and c8 are arbitrary functions of t

and x . Interestingly, (5.535.53) and (5.545.54) resemble our original system of equations. Substi-

tuting (5.515.51) and (5.525.52) into (5.35.3), we obtain the infinitesimal generator

X = c2

∂

∂ t
+ c5

∂

∂ x
+ (c6u + c7(t , x ))

∂

∂ u
+
�

c6η+ c8(t , x )
� ∂

∂ η
, (5.55)

producing the symmetries

X1 =
∂

∂ t
, X2 =

∂

∂ x
, (5.56)

X3 = u
∂

∂ u
+η

∂

∂ η
, X4 = c7(t , x )

∂

∂ u
+ c8(t , x )

∂

∂ η
, (5.57)

subject to the following

∂ c8(t , x )
∂ t

+h
∂ c7(t , x )
∂ x

=
h 3

6

∂ 3c7(t , x )
∂ x 3

, (5.58)

∂ c7(t , x )
∂ t

+ g
∂ c8(t , x )
∂ x

=
h 2

2

∂ 3c7(t , x )
∂ x 2∂ t

, (5.59)

g h
∂ 2c8(t , x )
∂ x 2

−2h
∂ 2c7(t , x )
∂ x∂ t

= 3
∂ 2c8(t , x )
∂ t 2

, (5.60)

where (5.605.60) is obtained from combining (5.585.58) and (5.595.59).

5.2 Invariant solutions for the LB equations

In this section, we attempt to obtain invariant travelling wave solutions relating to the fluid

velocity in the x -direction u (t , x ) and the surface elevation η(t , x ) for the LB equations

representing a solitary wave propogating rightward. We refer to the generator obtained in

the previous section, namely

X = c2

∂

∂ t
+ c5

∂

∂ x
+ (c6u + c7(t , x ))

∂

∂ u
+
�

c6η+ c8(t , x )
� ∂

∂ η
. (5.61)
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Now,

u = f (t , x ), (5.62)

η= k (t , x ), (5.63)

are invariant solutions for the system, (5.15.1) and (5.25.2), provided

X
�

u − f (t , x )
��

�

u= f
= 0, (5.64)

X
�

η−k (t , x )
��

�

η=k
= 0. (5.65)

Expanding (5.645.64) using (5.615.61), we obtain the following PDE in terms of f (t , x )

c2

∂ f

∂ t
+ c5

∂ f

∂ x
= c6 f + c7(t , x ). (5.66)

Similarly, expanding (5.655.65) using (5.615.61) gives the following PDE in terms of k (t , x )

c2

∂ k

∂ t
+ c5

∂ k

∂ x
= c6k + c8(t , x ). (5.67)

We are looking for solutions in the form of travelling waves, thus, we consider c7(t , x ) = 0

and c8(t , x ) = 0 where c2 6= 0. We obtain the following differential equations of the charac-

teristic curves of (5.665.66)
d t

c2
=

d x

c5
=

d f

c6 f
. (5.68)

Considering the first two terms of (5.685.68) we obtain

x −
c5

c2
t = b1. (5.69)

where c2 > 0, c5 > 0 and b1 is a constant. Through a consideration of the first and last terms

of (5.685.68) we find that
d f

d t
−

c6

c2
f = 0. (5.70)

We let the integrating factor be

e −
c6
c2

∫

d t = e −
c6
c2

t , (5.71)

and then substitute (5.715.71) into (5.705.70) to get the following expression for f (t , x )

f = e
c6
c2

t b2, (5.72)
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where b2 is a constant. From (5.695.69) we know that the general solution takes the form of

b2 = F (b1), therefore,

f (t , x ) = e
c6
c2

t F
�

x −
c5

c2
t
�

, (5.73)

where c2 > 0 and c5 > 0. Similarly, we use the differential equations of the characteristic

curves of (5.675.67) and by following the same procedure we obtain the following solution for

k (t , x )

k (t , x ) = e
c6
c2

t G
�

x −
c5

c2
t
�

. (5.74)

Substituting the results from (5.735.73) and (5.745.74) into (5.625.62) and (5.635.63) provides the following

expressions for the invariant solutions u (t , x ) and η(t , x )

u (t , x ) = e
c6
c2

t F
�

x −
c5

c2
t
�

= e
c6
c2

t F (ξ), (5.75)

η(t , x ) = e
c6
c2

t G
�

x −
c5

c2
t
�

= e
c6
c2

t G (ξ), (5.76)

where ξ= x − c t , c = c5
c2

and c > 0.

Next, we substitute (5.755.75) and (5.765.76) into the system, (5.15.1) and (5.25.2), and simplify to

obtain the following system of ODEs

c6

c2
G (ξ)−

c5

c2

d G

dξ
+h

d F

dξ
=

h 3

6

d 3F

dξ3
, (5.77)

c6

c2
F (ξ)−

c5

c2

d F

dξ
+ g

d G

dξ
=

h 2

2

�

c6

c2

d 2F

dξ2
−

c5

c2

d 3F

dξ3

�

. (5.78)

subject to the following boundary conditions

F (±∞) =
d F (±∞)

dξ
=

d 2F (±∞)
dξ2

=
d 3F (±∞)

dξ3
=G (±∞) =

d G (±∞)
dξ

=
d 2G (±∞)

dξ2
= 0. (5.79)

Now, we solve (5.775.77) and (5.785.78) simultaneously. Firstly, we multiply (5.775.77) by g to get

g
c5

c2

d G

dξ
= g

c6

c2
G (ξ) + g h

d F

dξ
− g

h 3

6

d 3F

dξ3
, (5.80)

and secondly multiply (5.785.78) by c5 to obtain

g c5

d G

dξ
=−c5c6F (ξ) + c 2

5

d F

dξ
+

h 2

2

�

c5c6

d 2F

dξ2
− c 2

5

d 3F

dξ3

�

. (5.81)

Equating (5.805.80) and (5.815.81) gives

g G (ξ) =−c5F (ξ) +

�

c 2
5 − g h c2

�

c6

d F

dξ
+

h 2

2

�

c5

d 2F

1dξ2

�

+
h 2

6c6

�

g h c2−3c 2
5

� d 3F

dξ3
. (5.82)
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Solving for g d G
dξ by differentiating (5.825.82) with respect to ξ gives

g
d G

dξ
=−c5

d F

dξ
+

�

c 2
5 − g h c2

�

c6

d 2F

dξ2
+

h 2

2

�

c5

d 3F

dξ3

�

+
h 2

6c6

�

g h c2−3c 2
5

� d 4F

dξ4
. (5.83)

Upon substituting (5.835.83) into (5.785.78) we obtain

h 2

6c6

�

g h c2−3c 2
5

� d 4F

dξ4
+h 2 c5

c2

d 3F

dξ3
+

1

c6

�

c 2
5 − g h c2−

h 2

2

c 2
6

c2

�

d 2F

dξ2
−c5

�

1+
1

c2

�

d F

dξ
+c6F = 0. (5.84)

Multiplying (5.845.84) by c6, where c6 is an arbitrary constant thus allowing for this operation,

and substituting c6 = 0 into the result gives the following fourth-order ODE in terms of F (ξ)

h 2

6

�

g h c2−3c 2
5

� d 4F

dξ4
+
�

c 2
5 − g h c2

� d 2F

dξ2
= 0. (5.85)

As commonly observed in classical water wave theory we assume a solution of the form

F (ξ) = Ae λξ. (5.86)

Substituting (5.865.86) into (5.855.85) gives

λ2

�

λ2 h 2

6

�

g h c2−3c 2
5

�

F +
�

c 2
5 − g h c2

�

F

�

= 0. (5.87)

Therefore

λ= 0 or λ2 =−
2(c 2

5 − g h c2)

h 2(c 2
5 −

1

3
g h c2)

, (5.88)

and

F (ξ) = A1+A2ξ+A3e αx +A4e −αx = A1+A2ξ+B1 cosh(αx ) +B2 sinh(αx ), (5.89)

where

α2 =−
2(c 2

5 − g h c2)

h 2(c 2
5 −

1

3
g h c2)

and λ=±α. (5.90)

The expression (5.895.89), relating to the fluid velocity of the solitary wave in the horizontal

direction, takes the form of an oscillatory solution, which does not satisfy the decaying lat-

eral boundary conditions (5.795.79). As such, the solution presented is not a possible solution

for the problem posed. G (ξ)will have a similar form to that of (5.895.89) and, therefore, there is

no solitary wave that satisfies the boundary conditions (5.795.79). We conclude that lineariz-

ing the NB equations does not lead to physically realistic solutions as the lateral boundary

conditions are not satisfied.
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5.3 Associated Lie point symmetry for the LB equations

In this section, we present the associated Lie point symmetry, which we use to determine if

there are any invariant travelling wave solutions associated with the conserved quantities

of the problem. To avoid repetition only calculations relating to the elementary conserved

vectors are presented. We refer to the infinitesimal generator obtained in the previous sec-

tion, namely

X = c2

∂

∂ t
+ c5

∂

∂ x
+ (c6u + c7(t , x ))

∂

∂ u
+
�

c6η+ c8(t , x )
� ∂

∂ η
. (5.91)

We are looking for solutions in the form of travelling waves, therefore, we consider c7(t , x ) =

0 and c8(t , x ) = 0. Thus, (5.915.91) becomes

X = c2

∂

∂ t
+ c5

∂

∂ x
+ c6u

∂

∂ u
+ c6η

∂

∂ η
. (5.92)

In general, we have the infinitesimal generator

X = ξ1 ∂

∂ t
+ξ2 ∂

∂ x
+φ1 ∂

∂ u
+φ2 ∂

∂ η
, (5.93)

where

ξ1 = ξ1(t , x , u ,η) = 1, ξ2 = ξ2(t , x , u ,η) = c5,

φ1 =φ1(t , x , u ,η) = c6u , φ2 =φ2(t , x , u ,η) = c6η.
(5.94)

We introduce the association formula

X (T i ) +T i Dk (ξ
k )−T k Dk (ξ

i ) = 0. (5.95)

For i = 1 and k = 1, 2 we obtain

X (T 1) +T 1
�

D1(ξ
1) +D2(ξ

2)
�

−T 1D1(ξ
1)−T 2D2(ξ

1) = 0 (5.96)

⇒X (T 1) +T 1Dx (ξ
2)−T 2Dx (ξ

1) = 0, (5.97)

and for i = 2 and k = 1, 2 we get

X (T 2) +T 2
�

D1(ξ
1) +D2(ξ

2)
�

−T 1D1(ξ
2)−T 2D2(ξ

2) = 0

⇒X (T 2) +T 2Dt (ξ
1)−T 1Dt (ξ

2) = 0. (5.98)
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In addition, we use the prolongation formulae

ζαi =Di (φ
α)−uαs Di (ξ

s ), ζαi j =Dj (ζ
α
i )−uαi s Dj (ξ

s ),

ζαi j k =Dk (ζ
α
i j )−uαi j s Dk (ξ

s ), ζαi j k l =Dl (ζ
α
i j k )−uαi j k s Dl (ξ

s ),
(5.99)

where

t = x 1, x = x 2, u = u 1, η= u 2. (5.100)

5.3.1 Case 1: Conservation of the mass flow rate

Consider the conserved vector

T 1 = u ,

T 2 = gη−
h 2

2
ux t .

(5.101)

Substituting (5.1015.101) into (5.975.97), using the infinitesimal generator

X = c2

∂

∂ t
+ c5

∂

∂ x
+ c6u

∂

∂ u
+ c6η

∂

∂ η
+ζ1

21

∂

∂ ux t
, (5.102)

gives

X (u ) +uDx (c5)− (gη−
h 2

2
ux t )Dx (1) = 0

⇒c6 = 0. (5.103)

Similarly, substituting (5.1015.101) into (5.985.98), using the infinitesimal generator

X = c2

∂

∂ t
+ c5

∂

∂ x
+ c6u

∂

∂ u
+ c6η

∂

∂ η
+ζ1

21

∂

∂ ux t
, (5.104)

gives

X (gη−
h 2

2
ux t ) + (gη−

h 2

2
ux t )Dt (1)−uDt (c5) = 0

⇒c6

�

gη−
h 2

2
ut x

�

= 0

⇒c6 = 0. (5.105)

The results of (5.1035.103) and (5.1055.105) simplify (5.1025.102) to give the associated Lie point symmetry

X = c2

∂

∂ t
+ c5

∂

∂ x
, (5.106)
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where c2 and c5 are arbitrary.

The associated Lie point symmetry (5.1065.106) takes the form of a symmetry that produces

travelling wave solutions. As such, the conserved mass flow rate is associated with invari-

ant travelling wave solutions that do not satisfy the decaying boundary conditions, as the

solutions are ossilatory functions.

5.3.2 Case 2: Conservation of mass

Consider the conserved vector

T 1 =η,

T 2 = h u −
h 3

6
ux x .

(5.107)

Following the same approach as adopted in Case 1, we again obtain the result that c6 = 0.

The result simplifies to give the associated Lie point symmetry (5.1065.106) obtained in Case 1.

5.4 Concluding remarks

The invariant solutions discovered in this chapter are physically unrealistic. We observe

that the effect of linearizing the NB equations leads to ossilatory type solutions that do

not satisfy the decaying lateral boundary conditions. We conclude that applying a linear

approximation to the NB equations leads to physically unrealistic results and so one should

not linearize these types of equations.

We discovered that all the conserved quantities presented in the previous chapter are

associated, via the associated Lie point symmetry, with invariant travelling wave solutions

that do not satisfy the decaying boundary conditions, as the solutions are ossilatory func-

tions. Finally, we note that the conserved quantities are not needed to solve for the con-

stants in an attempt to obtain linear solutions.
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Chapter 6

Conserved Quantities for the NB

Equations

6.1 Conservation laws and conserved vectors for the NB

equations

In this section, we again make use of the Multiplier method to determine the conservation

laws and conserved vectors for the system of NB equations. We reiterate that, for a solitary

wave unbounded in the horizontal directions, the initial quantities must be conserved and,

as the wave evolves, must still be maintained. Given that initial quantities are difficult

to obtain in general, conservation laws provide us with properties at the initial state of

the system. Solitary wave and soliton solutions satisfy these conservation laws. However,

periodic solutions do not, and thus, the latter are not considered as possible solutions for

the solitary wave [66]. Obtaining conservation laws is, therefore, an important part of the

process of obtaining physically realistic solutions.

We consider the system of NB equations in dimensionless form, (3.323.32) and (3.333.33), given

by

∂ η

∂ t
+
∂ u

∂ x
+ε

�

u
∂ η

∂ x
+η
∂ u

∂ x

�

=
µ2

6

∂ 3u

∂ x 3
, (6.1)

∂ u

∂ t
+εu

∂ u

∂ x
+
∂ η

∂ x
=
µ2

2

∂ 3u

∂ x 2∂ t
, (6.2)
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with lateral boundary conditions

u (t ,±∞) =
∂ u (t ,±∞)

∂ t
=
∂ u (t ,±∞)

∂ x
=η(t ,±∞) =

∂ η(t ,±∞)
∂ t

=
∂ η(t ,±∞)

∂ x
= 0, (6.3)

where u (t , x ) is the fluid velocity of the solitary wave in the x -direction, η(t , x ) is the sur-

face elevation of the solitary wave, ε and µ are the non-linearity and frequency dispersion

parameters respectively.

In order to derive the conservation laws for the system given by (6.16.1) and (6.26.2) using the

Multiplier method, we consider

Λ1(ηt +ux +εuηx +εηux −
µ2

6
ux x x ) +Λ2(ut +εu ux +ηx −

µ2

2
ux x t ) =Dt T 1+Dx T 2, (6.4)

where the multipliers are given byΛ1,2(t , x , u ,η, ut ,ηt , ux ,ηx ) and T = (T 1, T 2) are the com-

ponents of the conserved vector.

We make use of the Euler operator to derive the determining equations. This allows us

to set the divergence of our conservation laws to zero. Thus by employing (6.46.4) as shown

above, together with this property, we structure our determining equations by expanding

Eu [Λ1(ηt +ux +εuηx +εηux −
µ2

6
ux x x ) +Λ2(ut +εu ux +ηx −

µ2

2
ux x t )] = 0, (6.5)

Eη[Λ1(ηt +ux +εuηx +εηux −
µ2

6
ux x x ) +Λ2(ut +εu ux +ηx −

µ2

2
ux x t )] = 0. (6.6)

The determining equations are then separated with respect to products and powers of the

derivatives of u and η. This allows us to obtain the following set of multipliers

Λ1 = k1 and Λ2 = k2, (6.7)

where k1 and k2 are arbitrary. Refer to Appendix C for calculations of the multipliers. The

conserved vector T = (T 1, T 2) can now be obtained using the Multiplier method.

When u (t , x ) and η(t , x ) are solutions for the system of equations (6.16.1) and (6.26.2), we

may obtain a set of conserved vectors by satisfying (6.46.4) such that Dt [T1]+Dx [T2] = 0. Given

that the multipliers (6.76.7) are arbitrary constants, we will now consider various possible val-

ues thereof in order to obtain the conserved vectors for the NB equations.
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6.1.1 Case 1: Λ1 = k1 = 0,Λ2 = k2 = 1

Consider the case where Λ1 = k1 = 0,Λ2 = k2 = 1. We obtain the following conservation law

ut +εu ux +ηx −
µ2

2
ux x t =Dt T 1+Dx T 2 = 0,

⇒Dt (u )+Dx

�

ε

2
u 2+η−

µ2

2
ux t

�

= 0, (6.8)

where the conserved vector is given by

T 1 = u ,

T 2 =
ε

2
u 2+η−

µ2

2
ux t .

(6.9)

6.1.2 Case 2: Λ1 = k1 = 1,Λ2 = k2 = 0

Considering the case whereΛ1 = k1 = 1,Λ2 = k2 = 0, we obtain the second conservation law

given by

ηt +ux +εuηx +εηux −
µ2

6
ux x x =Dt T 1+Dx T 2 = 0,

⇒Dt

�

η
�

+Dx

�

u +εuη−
µ2

6
ux x

�

= 0, (6.10)

where the conserved vector is given by

T 1 =η,

T 2 = u +εuη−
µ2

6
ux x .

(6.11)

6.2 Conserved quantities for the NB equations

In this section, we determine the conserved quantities through the use of the conserved

vectors obtained in the previous section. These are derived by integrating the conserva-

tion laws, obtained via the conserved vectors from Section 6.1, in the direction of wave

propagation and imposing the boundary conditions.
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6.2.1 Case 1: Conservation of the mass flow rate

Consider the following conserved vector

T 1 = u ,

T 2 =
ε

2
u 2+η−

µ2

2
ux t .

(6.12)

The conservation law for the system given by (6.16.1) and (6.26.2) is given by

∂ T 1

∂ t
+
∂ T 2

∂ x
=Dt T 1+Dx T 2 = 0. (6.13)

The first conserved quantity for the dimensionless NB equations is obtained by substitut-

ing (6.126.12) into (6.136.13) and subsequently integrating (6.136.13) with respect to x on the interval

(−∞,∞), having fixed t . Using Leibniz’s rule of integration, we obtain

d

d t

∫ ∞

−∞
u d x =

∫ ∞

−∞

∂

∂ t
u d x . (6.14)

Applying boundary conditions (6.36.3), (6.146.14) reduces to

ρa

∫ ∞

−∞
u d x = J1, (6.15)

where J1 is a constant independent of time. Thus, the mass flow rate,ρa J1, whereρa repre-

sents the area density, is constant along the wave. The mass flow rate is simply the amount

of mass passing by a single point over a duration of time [5151].

6.2.2 Case 2: Conservation of mass

We now turn to the following conserved vector

T 1 =η,

T 2 = u +εuη−
µ2

6
ux x .

(6.16)

The second conserved quantity for the dimensionless NB equations is obtained by substi-

tuting (6.166.16) into (6.136.13) and subsequently integrating (6.136.13) with respect to x on the interval

(−∞,∞), having fixed t . Using Leibniz’s rule of integration, we obtain

d

d t

∫ ∞

−∞
η d x =

∫ ∞

−∞

∂

∂ t
η d x . (6.17)
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Applying boundary conditions (6.36.3), (6.176.17) reduces to

ρa

∫ ∞

−∞
η d x = J2, (6.18)

where J2 is a constant independent of time. Thus, the mass density, ρa J2, where ρa rep-

resents the area density, is constant along the wave. Hence, for all time and for all surface

waves represented by η(t , x ), the mass of the fluid associated with the wave is conserved.

6.3 Concluding remarks

We considered the conservation laws for the dimensionless NB equations, obtained via a

Multiplier approach. The equations produced two local conservation laws. From these

conservation laws we were able to obtain the conserved mass quantity and a newly dis-

covered mass flow rate by integrating across the wave in the horizontal direction.
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Chapter 7

Lie point symmetries for the NB

equations

In this chapter, we obtain the full set of Lie point symmetries for the NB equations (7.17.1) and

(7.27.2) representing a solitary wave at a constant water depth h propagating rightward. The

Lie point symmetries will assist in determining the invariant solutions for the NB equa-

tions. This approach is advantageous, as it is systematic in nature and does not rely on ex-

tensive physical insights to obtain the solutions. We also present the associated Lie point

symmetry, which we use to determine the conserved vectors that are associated with the

linear combination of the time and spatial Lie point symmetries for the NB equations.

7.1 Lie point symmetries for the NB equations

As outlined in Section 5.1, the symmetries obtained in this section have also been calcu-

lated manually.

From (3.323.32) and (3.333.33)

∂ η

∂ t
+
∂ u

∂ x
+ε

�

u
∂ η

∂ x
+η
∂ u

∂ x

�

=
µ2

6

∂ 3u

∂ x 3
, (7.1)

∂ u

∂ t
+εu

∂ u

∂ x
+
∂ η

∂ x
=
µ2

2

∂ 3u

∂ x 2∂ t
, (7.2)

where t is time, x is the horizontal spatial component, µ is the dispersive parameter, ε is
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the non-linear parameter, u is the fluid velocity of the solitary wave in the x -direction and

η is the surface elevation of the solitary wave.

We proceed to obtain the first determining equation by considering (7.17.1) with the Lie

point operator given by

X = ξ1(t , x , u ,η)
∂

∂ t
+ξ2(t , x , u ,η)

∂

∂ x
+ψ1(t , x , u ,η)

∂

∂ u
+ψ2(t , x , u ,η)

∂

∂ η
, (7.3)

whereξ1,ξ2,ψ1 andψ2 are the infinitesimals. This operator is a Lie point symmetry gener-

ator of the governing equation (7.17.1) if and only if the infinitesimal criterion for invariance

holds, i.e.

X [3]
�

∂ η

∂ t
+
∂ u

∂ x
+εu

∂ η

∂ x
+εη

∂ u

∂ x
−
µ2

6

∂ 3u

∂ x 3

�

(7.17.1),(7.27.2) = 0. (7.4)

Since (7.17.1) depends on third derivatives, we take the third prolongation and obtain

X [3] = ξ1 ∂

∂ t
+ξ2 ∂

∂ x
+ψ1 ∂

∂ u
+ψ2 ∂

∂ η
+ϕ1

t

∂

∂ ut
+ϕ1

x

∂

∂ ux
+ϕ2

t

∂

∂ ηt
+ϕ2

x

∂

∂ ηx
+ϕ2

t t x

∂

∂ ηt t x

+ϕ1
t t

∂

∂ ut t
+ϕ1

t x

∂

∂ ut x
+ϕ1

x x

∂

∂ ux x
+ϕ2

t t

∂

∂ ηt t
+ϕ2

t x

∂

∂ ηt x
+ϕ2

x x

∂

∂ ηx x
+ϕ2

t x x

∂

∂ ηt x x

+ϕ1
t t t

∂

∂ ut t t
+ϕ1

t t x

∂

∂ ut t x
+ϕ1

t x x

∂

∂ ut x x
+ϕ1

x x x

∂

∂ ux x x
+ϕ2

t t t

∂

∂ ηt t t
+ϕ2

x x x

∂

∂ ηx x x
,

(7.5)

where we can define explicitly the extended infinitesimals as

ϕαi =Di

�

ψα
�

−uαj Di

�

ξ j
�

, (7.6)

ϕαi j =Dj

�

ϕαi
�

−uαi l Dj

�

ξl
�

, (7.7)

where u 1 = u , u 2 =η, Di =D1 =Dt and Dj =D2 =Dx for i , j , l = 1, 2.

Thus by applying the third prologation (7.57.5) onto (7.17.1) we obtain

�

εψ1ηx +εψ
2ux +

�

1+εη
�

ϕ1
x +ϕ

2
t +εuϕ2

x −
µ2

6
ϕ1

x x x

��

�

�

�

(7.17.1),(7.27.2)

= 0. (7.8)

Similarly for (7.27.2) we obtain

�

εψ1ux +ϕ
1
t +εuϕ1

x +ϕ
2
x −

1

2
µ2ϕ1

x x t

�

�

�

�

�

(7.17.1),(7.27.2)

= 0. (7.9)

The extended infinitesimals for (7.97.9) are given by (D.1D.1), (D.2D.2), (D.3D.3) and (D.4D.4) in Appendix

D. We substitute the extended infinitesimals (D.1D.1), (D.2D.2), (D.3D.3), (D.4D.4) into (7.97.9) to give the

first determining equation given by (D.5D.5) in Appendix D, subject to (7.17.1) and (7.27.2). The
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determining equation (D.5D.5) can be split into the following derivative products of u and η,

containing third-order derivatives of u

ut t x :
∂ ξ1

∂ x
= 0, (7.10)

ux ut t x :
∂ ξ1

∂ u
= 0, (7.11)

ηx ut t x :
∂ ξ1

∂ η
= 0. (7.12)

Considering (7.107.10)-(7.127.12), we note that ξ1 is only dependent on t .

Next, we separate (D.5D.5) by the following derivative products of u andη containing third-

order derivatives of η

ηt x x :
∂ ψ1

∂ η
= 0, (7.13)

utηt x x :
∂ ξ1

∂ η
= 0, (7.14)

uxηt x x :
∂ ξ2

∂ η
= 0. (7.15)

Considering (7.137.13)-(7.157.15), it can be seen that ξ2 andψ1 are independent of η.

We further separate (D.5D.5) by ux t ux x as follows

ux t ux x :
∂ ξ1

∂ u
+3
∂ ξ2

∂ u
= 0. (7.16)

From (7.167.16) we note that ξ2 is independent of u .

Next, we separate (D.5D.5) by ηt as follows

ηt :
∂ ξ2

∂ t
= 0. (7.17)

From (7.177.17) we see that ξ2 is independent of t .

Finally, we separate (D.5D.5) by the following derivative products and powers of u and η

ux x :
∂ 2ψ1

∂ t ∂ u
= 0, (7.18)

ux ux t :
∂ 2ψ1

∂ u 2
= 0, (7.19)

ux t :
d 2ξ2

d x 2
= 2

∂ 2ψ1

∂ x∂ u
, (7.20)

ηx :
dξ2

d x
+

dξ1

d t
=
∂ ψ1

∂ u
−
∂ ψ2

∂ η
, (7.21)
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ux : εu

�

dξ2

d x
+

dξ1

d t

�

=µ2 ∂ 3ψ1

∂ t ∂ x∂ u
−εψ1−

∂ ψ2

∂ u
, (7.22)

ut :
dξ2

d x
=
µ2

4

∂ 3ψ1

∂ u∂ x 2
, (7.23)

1 :
∂ ψ1

∂ t
+εu

∂ ψ1

∂ x
+
∂ ψ2

∂ x
−
µ2

2

∂ 3ψ1

∂ t ∂ x 2
= 0, (7.24)

where

ξ1 = ξ1(t ), ξ2 = ξ2(x ), (7.25)

ψ1 =ψ1(t , x , u ), ψ2 =ψ2(t , x , u ,η). (7.26)

We now proceed to ascertain the next determining equation; that is we consider (7.87.8).

The extended infinitesimals for (7.87.8) are given by the following (subject to results obtained

from the first determining equation, namely (7.257.25) and (7.267.26)),

ϕ2
t =Dt

�

ψ2
�

−ηt Dt

�

ξ1
�

−ηx Dt

�

ξ2
�

=
∂ ψ2

∂ t
+
∂ ψ2

∂ u
ut +

∂ ψ2

∂ η
ηt −

dξ1

d t
ηt . (7.27)

Similarly we obtain

ϕ1
x =Dx

�

ψ1
�

−ut Dx

�

ξ1
�

−ux Dx

�

ξ2
�

=
∂ ψ1

∂ x
+
∂ ψ1

∂ u
ux −

dξ2

d x
ux , (7.28)

and

ϕ2
x =Dx

�

ψ2
�

−ηt Dx

�

ξ1
�

−ηx Dx

�

ξ2
�

=
∂ ψ2

∂ x
+
∂ ψ2

∂ u
ux +

∂ ψ2

∂ η
ηx −

dξ2

d x
ηx , (7.29)

and finally

ϕ1
x x x =Dx

�

ϕ1
x x

�

−ux x t Dx

�

ξ1
�

−ux x x Dx

�

ξ2
�

=
∂ 3ψ1

∂ x 3
+3

∂ 3ψ1

∂ x 2∂ u
ux +3

∂ 3ψ1

∂ x∂ u 2
(ux )

2+3
∂ 2ψ1

∂ x∂ u
ux x +

∂ 3ψ1

∂ u 3
(ux )

3

+3
∂ 2ψ1

∂ u 2
ux ux x +

∂ ψ1

∂ u
ux x x −

d 3ξ2

d x 3
ux −3

d 2ξ2

d x 2
ux x −3

dξ2

d x 2
ux x x . (7.30)
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We substitute the extended infinitesimals (7.277.27)-(7.307.30) into (7.87.8) to give the determining

equation subject to (7.17.1) and (7.27.2)

0= εψ1ηx +εψ
2ux +

�

1+εη
�

�

∂ ψ1

∂ x
+
∂ ψ1

∂ u
ux −

dξ2

d x
ux

�

+
∂ ψ2

∂ t
+
∂ ψ2

∂ u
ut −

dξ1

d t
ηt

−
µ2

6

�

∂ 3ψ1

∂ x 3
+3

∂ 3ψ1

∂ x 2∂ u
ux +3

∂ 3ψ1

∂ x∂ u 2
(ux )

2+3
∂ 2ψ1

∂ x∂ u
ux x +

∂ 3ψ1

∂ u 3
(ux )

3+3
∂ 2ψ1

∂ u 2
ux ux x

+
∂ ψ1

∂ u
ux x x −

d 3ξ2

d x 3
ux −3

d 2ξ2

d x 2
ux x −3

dξ2

d x 2
ux x x

�

+εu

�

∂ ψ2

∂ x
+
∂ ψ2

∂ u
ux +

∂ ψ2

∂ η
ηx −

dξ2

d x
ηx

�

.

(7.31)

Equation (7.317.31) can be separated by ux x t as follows

ux x t :
∂ ψ2

∂ u
= 0. (7.32)

From (7.327.32) we note thatψ2 is independent of u .

Next, we separate (7.317.31) by the following derivative products and powers of u and η

ux ux x :
∂ 2ψ1

∂ u 2
= 0, (7.33)

ux x :
∂ 2ψ1

∂ x∂ u
=

d 2ξ2

d x 2
, (7.34)

(ux )
2 :
∂ 3ψ1

∂ x∂ u 2
= 0, (7.35)

ux : εψ2+2
�

1+εη
� dξ2

d x
−
µ2

6

�

3
∂ 3ψ1

∂ x 2∂ u
−

d 3ξ2

d x 3

�

= 0, (7.36)

ηx : εψ1−εu
∂ ψ1

∂ u
+εu

∂ ψ2

∂ η
+2εu

dξ2

d x
= 0, (7.37)

ηt :−
∂ ψ1

∂ u
+
∂ ψ2

∂ η
−

dξ1

d t
+3

dξ2

d x
= 0, (7.38)

1 :
�

1+εη
� ∂ ψ1

∂ x
+
∂ ψ2

∂ t
+εu

∂ ψ2

∂ x
−
µ2

6

�

∂ 3ψ1

∂ x 3

�

= 0, (7.39)

where

ξ1 = ξ1(t ), ξ2 = ξ2(x ), (7.40)

ψ1 =ψ1(t , x , u ), ψ2 =ψ2(t , x ,η). (7.41)

We now consider (7.187.18)-(7.247.24) and (7.337.33)-(7.397.39); we integrate (7.207.20) twice with respect to x

and obtain

ξ2(x ) = c1 x + c2. (7.42)
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Using (7.457.45) and (7.427.42), we can simplify (7.367.36) to obtain

ψ2(t , x ,η) =−2

�

1+εη
�

ε
c1. (7.43)

We now integrate (7.197.19) twice with respect to u and substitute the result into (7.187.18) giving

ψ1(t , x , u ) = u A(x ) +B (t , x ). (7.44)

By (7.207.20) and (7.347.34),
∂ 2ψ1

∂ x∂ u
= 0. (7.45)

We now substitute (7.447.44) into (7.457.45) to get A(x ) = c3, and hence,

ψ1(t , x , u ) = c3u +B (t , x ). (7.46)

By substituting (7.467.46) into (7.237.23) we obtain c1 = 0, therefore,ψ2 = 0.

In summary

ξ1 = ξ1(t ), ξ2 = c2, (7.47)

ψ1 = c3u +B (t , x ), ψ2 = 0. (7.48)

Substituting (7.477.47) and (7.487.48) into (7.217.21) and integrating once with respect to t gives

ξ1(t ) = c3t + c4. (7.49)

Similarly substituting (7.477.47)-(7.497.49) into (7.227.22) and separating the result by u we deduce that

c3 = 0, thus, B (t , x ) = 0.

In summary

ξ1 = c4, ξ2 = c2, (7.50)

ψ1 = 0, ψ2 = 0. (7.51)

Note that (7.187.18)-(7.247.24) and (7.337.33)-(7.397.39) are now identically satisfied. Substituting (7.507.50)

and (7.517.51) into (7.37.3), we obtain the infinitesimal generator

X = c4

∂

∂ t
+ c2

∂

∂ x
, (7.52)

with symmetries given by X1 =
∂

∂ t
and X2 =

∂

∂ x
.
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7.2 Associated Lie point symmetry for the NB equations

In this section, we present the associated Lie point symmetry, which we use to determine

the conserved vectors that are associated with the linear combination of the time and spa-

tial Lie point symmetries derived in Section 7.1 for all values of c2 and c4 for the NB equa-

tions.

7.2.1 Case 1: Conservation of the mass flow rate

Consider the conserved vector

T 1 = u ,

T 2 =
ε

2
u 2+η−

µ2

2
ux t .

(7.53)

Consider the first invariant condition

X (T 1) +T 1Dx (ξ
2)−T 2Dx (ξ

1) = 0, (7.54)

where ξ1 = c4 and ξ2 = c2.

Equation (7.547.54) simplifies to

�

c4

∂

∂ t
+ c2

∂

∂ x

�

u +uDx (c2)−
�

ε

2
u 2+η−

µ2

2
ux t

�

Dx (c4) = 0, (7.55)

upon substitution of the conserved vector and infinitesimal generator. Thus, equation

(7.557.55) is identically satisfied and the conserved vector is associated with the linear com-

bination of the time and spatial Lie point symmetries for all values of c2 and c4.

7.2.2 Case 2: Conservation of mass

Consider the conserved vector

T 1 =η,

T 2 = u +εuη−
µ2

6
ux x .

(7.56)

Again consider the first invariant condition (7.547.54), which upon substitution of (7.567.56) gives

�

c4

∂

∂ t
+ c2

∂

∂ x

�

η+ηDx (c2)−
�

u +εuη−
µ2

6
ux x

�

Dx (c4) = 0. (7.57)
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Thus, (7.577.57) is identically satisfied and the conserved vector is associated with the linear

combination of the time and spatial Lie point symmetries for all values of c2 and c4.

7.3 Concluding remarks

We have derived the full set of Lie point symmetries for the NB equations. We conclude that

all conserved vectors are associated with the linear combination of the time and spatial Lie

point symmetries for all values of c2 and c4 for the NB equations.
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Chapter 8

Invariant exact solutions for the NB

equations

In this chapter, we make use of a linear combination of the time and spatial symmetry to

obtain invariant travelling wave solutions relating to the fluid velocity in the x -direction

u (t , x ) and the surface elevation η(t , x ) for the NB equations representing a solitary wave

propogating rightward. These solutions can be used to enrich the analytical validation of

numerical models for tsunami detection systems. Through the process of obtaining these

solutions, we observe that there are three cases of solutions dependent on the wave speed

c 2, namely (i) 0 < c 2 <∞ where c 2 6= 1
15 and c 2 6= 1

3 , (ii) c 2 = 1
15 and (iii) c 2 = 1

3 . It is

important to note that, although c 2 = 1
15 can form part of the general case 0< c 2 <∞, we

have instead considered it separately as a special case since it is the only c 2 value for which

the solution takes the form of an explicit hyperbolic function, as will be shown below. In

fact, the case c 2 = 1
15 is most commonly considered when studying the NB equations due

to its explicit functional form, making analysis simpler [22, 2323, 5656].

We now consider the system (3.323.32) and (3.333.33) given by

∂ η

∂ t
+
∂ u

∂ x
+ε

�

u
∂ η

∂ x
+η
∂ u

∂ x

�

=
µ2

6

∂ 3u

∂ x 3
, (8.1)

∂ u

∂ t
+εu

∂ u

∂ x
+
∂ η

∂ x
=
µ2

2

∂ 3u

∂ x 2∂ t
, (8.2)

describing the fluid velocity in the x -direction u (t , x ) and the surface elevation η(t , x ) for
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the NB equations representing a solitary wave propogating rightward along with the lateral

boundary conditions

u (t ,±∞) =
∂ u (t ,±∞)

∂ t
=
∂ u (t ,±∞)

∂ x
=η(t ,±∞) =

∂ η(t ,±∞)
∂ t

=
∂ η(t ,±∞)

∂ x
= 0, (8.3)

where t is time, x is the horizontal spatial component, ε is the non-linear parameter, µ is

the dispersive parameter.

8.1 Case (i): 0< c 2 <∞, c 2 6= 1
15 and c 2 6= 1

3

We recall the infinitesimal generator derived in the previous chapter, namely

X = c4

∂

∂ t
+ c2

∂

∂ x
. (8.4)

Now,

u = f (t , x ) and η= k (t , x ), (8.5)

are invariant solutions for the system, (8.18.1) and (8.28.2), provided

X (u − F (t , x ))|u=F (t ,x ) = 0, (8.6)

X
�

η−G (t , x )
��

�

η=G (t ,x )
= 0. (8.7)

Expanding (8.68.6) using (8.48.4), we obtain the following PDE in terms of F (t , x )

c4

∂ F

∂ t
+ c2

∂ F

∂ x
= 0. (8.8)

Similarly, expanding equation (8.78.7) using (8.48.4) gives the following PDE in terms of G (t , x )

c4

∂G

∂ t
+ c2

∂G

∂ x
= 0. (8.9)

The differential equations of the characteristic curves of the system (8.88.8) and (8.98.9) are

d t

c4
=

d x

c2
, (8.10)

where c4 6= 0. This differential equation is variable separable and integrating (8.108.10) once

gives

x −
c2

c4
t = k1, (8.11)
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where k1 is a constant and c4 6= 0. The general solutions for F (k1) and G (k1) are

k2 = F (k1), (8.12)

k3 =G (k1), (8.13)

where k2 and k3 are arbitrary. Since u = F (t , x ) and η = G (t , x ), the general solutions for

F (ξ) and G (ξ) are

u (t , x ) = F (ξ), and η(t , x ) =G (ξ), (8.14)

where ξ= x − c t , and c = c2
c4
> 0.

We now substitute (8.148.14) into (8.18.1) and (8.28.2) and simplify to obtain

−c
d G

dξ
+

d F

dξ
+εG

d F

dξ
+εF

d G

dξ
=
µ2

6

d 3F

dξ3
, (8.15)

−c
d F

dξ
+εF

d F

dξ
+

d G

dξ
=−
µ2

2
c

d 3F

dξ3
. (8.16)

Using (8.148.14), we then express the boundary conditions (8.38.3) in terms of F (ξ) and G (ξ) given

by

F (±∞) =
∂ F (±∞)
∂ ξ

=
∂ F (±∞)
∂ ξ

=G (±∞) =
∂G (±∞)
∂ ξ

=
∂G (±∞)
∂ ξ

= 0. (8.17)

Integrating (8.158.15) and (8.168.16) with respect to ξwe obtain

−c G + F +εG F =
µ2

6

d 2F

dξ2
+C1, (8.18)

−c F +
ε

2
F 2+G =−

1

2
cµ2 d 2F

dξ2
+C2. (8.19)

From boundary conditions (8.178.17) we deduce that C1 =C2 = 0, thus, (8.188.18) and (8.198.19) give

−c G (ξ) + F (ξ) +εG (ξ)F (ξ) =
µ2

6

d 2F

dξ2
, (8.20)

−c F (ξ) +
ε

2
F 2(ξ) +G (ξ) =−

µ2

2
c

d 2F

dξ2
. (8.21)

We now determine the relation between G (ξ) and F (ξ). From (8.208.20) and (8.218.21), we obtain

d 2F

dξ2
=

6

µ2
(−c G + F +εF G ) , (8.22)

d 2F

dξ2
=−

2

µ2

�

−c F +
ε

2
F 2+G

�

. (8.23)
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Equating (8.228.22) and (8.238.23), we obtain the following expression for G (ξ) in terms of F (ξ)

G (F ) =
−F (4c +εF )

2 (1−3c 2+3c εF )
. (8.24)

We now rewrite the system of equations (8.208.20) and (8.218.21) in terms of F (ξ). From (8.218.21),

G (F ) = c F −
ε

2
F 2−

µ2

2
c

d 2F

dξ2
. (8.25)

Substituting (8.258.25) into (8.208.20), we obtain the following second-order ordinary differential

equation in terms of F (ξ)

d 2F

dξ2
=

2

εcµ2

F
�

−
ε

2
F 2+

3

2
εc F +

�

1− c 2
�

�

F +A
, (8.26)

where

A =
1

εc

�

1

3
− c 2

�

. (8.27)

We now introduce a dummy variable H (ξ) = F (ξ) +A, and express (8.268.26) in terms of H (ξ)

and A to get
d 2H

dξ2
=
ε

cµ2

�

−H 2+B H +D +
E

H

�

, (8.28)

where

B =
1

εc
, D =

1

3ε2c 2

�

3c 4+6c 2−1
�

and E =
5

3ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

. (8.29)

Equation (8.288.28) is a second-order autonomous ODE, which can be reduced and expressed

as a first-order ODE using the chain rule

∂ 2H

∂ ξ2
=

d

dξ

�

d H

dξ

�

=
d

d H

�

d H

dξ

�

d H

dξ
=

1

2

d

d H

�

d H

dξ

�2

. (8.30)

Thus (8.288.28) can be expressed as

∂ 2H

∂ ξ2
=

1

2

d

d H

�

d H

dξ

�2

=
ε

cµ2

�

−H 2+B H +D +
E

H

�

. (8.31)

Integrating (8.318.31) once with respect to H (ξ) gives

�

d H

dξ

�2

=
2ε

cµ2

�

−
1

3
H 3+

B

2
H 2+D H +E ln(H ) +k4

�

, (8.32)
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where k4 is a constant of integration. We now consider the boundary conditions on H (ξ),

recalling that H (ξ) = F (ξ) +A and d H
dξ =

d F
dξ , thus,

H (±∞) = A as F (±∞) = 0, (8.33)

d H (±∞)
dξ

= 0 as
d F (±∞)

dξ
= 0. (8.34)

Transforming (8.328.32) back in terms of F (ξ), we obtain

�

d F

dξ

�2

=
2ε

cµ2

�

−
1

3
(F +A)3+

B

2
(F +A)2+D (F +A) +E ln(F +A) +k4

�

. (8.35)

Imposing boundary conditions (8.178.17) on (8.358.35), provides

k4 =
1

3
A3−

B

2
A2−D A−E ln(A). (8.36)

Substituting (8.298.29) and (8.368.36) into (8.358.35) and simplifying gives

�

d F

dξ

�2

=
2ε

3cµ2

�

−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F +
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

ln
�

F +A

A

��

,

(8.37)

Now we let

P (F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F +
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

ln
�

F +A

A

�

, (8.38)

giving
�

d F

dξ

�2

=
2ε

3cµ2
P (F ), (8.39)

and allows us to express (8.398.39) as
∫ F

d F
p

P (F )
=±

√

√ 2ε

3cµ2
ξ+k5, (8.40)

where k5 is a constant of integration.

Through the general analysis, shown later in Chapter 9, we observe that there are two

distinct regions within which two possible distinct solitary waves may occur. In each case,

we are able to isolate the region in which F (ξ) exists so that we may distinguish between

these two events. The two regions representing these two distinct events are defined by

our choice of the origin of the co-ordinateξ, since, through this choice, the minimum fluid

velocity of the solitary wave and the maximum fluid velocity of the solitary wave, both trav-

elling in the horizontal direction, will correspond to this choice of ξ= ξo r i g i n . The reason
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for this is that these velocities are both defined as F (ξ) = F (ξo r i g i n )within their respective

regions.

We choose the origin such thatξ= 0. As such, the minimum fluid velocity of the solitary

wave in the horizontal direction is defined as F (0) = F2 for F2 ≤ F ≤ 0, and similarly the

maximum fluid velocity of the solitary wave in the horizontal direction is defined as F (0) =

F1 for 0≤ F ≤ F1.

The choice of the origin allows for eloquently written solutions and visually pleasing

graphs since the maximum or minimum fluid velocity coincides with the vertical axis for

the fluid velocity in the horizontal direction F (ξ) versus ξ. As a consequence of the depen-

dency of the surface elevation of the solitary wave G (ξ) on F (ξ), shown later in this section,

the maximum or minimum surface elevation of the solitary wave, namely G2 for F2 ≤ F ≤ 0

and G1 for 0≤ F ≤ F1, coincides with the vertical axis for the surface elevation of the solitary

wave G (ξ) versus ξ. We emphasize that there are two distinct solitary wave solutions, one

in each region. It is important to note that the two solitary waves cannot be generated by

the same event.

Consider the region 0 ≤ F ≤ F1 where, given the choice of origin F (0) = F1 with F1 the

maximum fluid velocity of the solitary wave in the horizontal direction, so that
∫ F1

F

d F
p

P (F )
= k5, (8.41)

where k5 is a constant of integration. Equating (8.408.40) and (8.418.41) and solving forξwe obtain

ξ=±

√

√3cµ2

2ε

∫ F1

F

d F
p

P (F )
. (8.42)

Similarly, when we consider F (ξ) such that we are in the region F2 ≤ F ≤ 0 where, given

the choice of origin F (0) = F2 with F2 the minimum fluid velocity of the solitary wave in the

horizontal direction, we obtain

ξ=±

√

√3cµ2

2ε

∫ F

F2

d F
p

P (F )
. (8.43)

In summary, the invariant exact solution for the fluid velocity of the solitary wave in the

horizontal direction F (ξ), where ξ= x − c t , is given by

ξ=±

√

√3cµ2

2ε

∫ F1

F

d F
p

P (F )
, (8.44)
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when 0≤ F ≤ F1 and

ξ=±

√

√3cµ2

2ε

∫ F

F2

d F
p

P (F )
, (8.45)

when F2 ≤ F ≤ 0 where

P (F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F +
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

ln
�

F +A

A

�

, (8.46)

A =
1

εc

�

1

3
− c 2

�

, (8.47)

for c 2 6= 1
3 , and c > 0. We note that the solution F (ξ) takes the form of an implicit function.

The invariant exact solution for the surface elevation of the solitary wave G (ξ), where

ξ= x − c t , is expressed in terms of F (ξ). Thus, the invariant exact solution for the surface

elevation of the solitary wave G (F ) is given by

G (F ) =−
F
�

4c
ε + F

�

6c (A+ F )
where A =

1

εc

�

1

3
− c 2

�

. (8.48)

8.2 Case (ii): c 2 = 1
15

We now obtain the invariant exact solution for the fluid velocity of the solitary wave in the

horizontal direction F (ξ), where ξ= x − c t , for this special case. Substituting c 2 = 1
15 into

(8.448.44) and (8.468.46) gives

ξ=±

√

√3cµ2

2ε

∫ F1

F

d F
p

P (F )
, (8.49)

where

P (F ) = F 2 (F1− F ) . (8.50)

Upon simplifying (8.508.50), we notice that we have two roots: 0 and 7
10εc . These roots are of

importance because they indicate the values which F (ξ) cannot take without causing ξ to

be indeterminate. As such, we can easily see that the region within which the associated

solution must live in this case is 0 ≤ F ≤ F1 =
7

10εc . We have now defined F1 =
7

10εc as the

first root of (8.508.50) and the maximum fluid velocity of the solitary wave in the horizontal

direction and F = 0 as the second root of (8.508.50). We note that

�

d F

dξ

�2

=
2ε

3cµ2
P (F ). (8.51)
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We determine the invariant exact solution for the fluid velocity of the solitary wave F (ξ),

where ξ= x − c t , by assuming a solution of the form

F (ξ) = F1sech2(θ ) (8.52)

⇒d F (ξ) =
−2F1 sinh(θ )

cosh3(θ )
dθ . (8.53)

Rewriting (8.498.49) and (8.508.50) in terms of θ by making use of (8.528.52), (8.538.53) and the trigono-

metric identity sech2(θ ) + tanh2(θ ) = 1, we obtain

ξ=±

√

√3cµ2

2ε

2
p

F1

θ +k , (8.54)

where k is a constant. Solving for θ gives

θ =±ξ
�p

7

2µ

�

+k . (8.55)

Substituting (8.558.55) into (8.528.52) gives

F (ξ) = F1sech2

�

±ξ
�p

7

2µ

�

+k

�

. (8.56)

We choose the origin of the ξ coordinate so that the maximum corresponds to ξ= 0. Since

sech2 is an even function, we can take the positive ξ value. Thus, the invariant exact so-

lution for the fluid velocity of the solitary wave in the horizontal direction F (ξ), where

ξ= x − c t , is given by

F (ξ) =
21

2
p

15ε
sech2

�p
7

2µ
ξ

�

. (8.57)

We now determine the invariant exact solution for the surface elevation of the solitary wave

G (ξ), where ξ = x − c t . Substituting (8.578.57) into (8.488.48) gives the following invariant exact

solution for G (ξ)

G (ξ) =−
7

4ε
sech2

�p
7

2µ
ξ

�

. (8.58)

The solutions take the form of explicit hyperbolic functions, as there is no logarithmic term

in P (F ) in this case.
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8.3 Case (iii): c 2 = 1
3

We obtain the invariant exact solution for the fluid velocity of the solitary wave in the hor-

izontal direction F (ξ), where ξ = x − c t , for this special case by substituting c 2 = 1
3 into

(8.448.44) and (8.468.46) to obtain

ξ=±

√

√3cµ2

2ε

∫ F1

F

d F
p

P (F )
, (8.59)

where

P (F ) = F (F1− F )(F − F2). (8.60)

Via a similar agrument to that given in Section 8.3, by simplifying (8.608.60) we notice that we

have three roots: 0, 1
4ε

�

3
p

3+
p

91
�

and 1
4ε

�

3
p

3−
p

91
�

. The regions within which the asso-

ciated solution must live in this case is 0≤ F ≤ F1 =
1

4ε

�

3
p

3+
p

91
�

and F2 =
1

4ε

�

3
p

3−
p

91
�

≤

F ≤ 0. We have now defined F1 =
1

4ε

�

3
p

3+
p

91
�

as the first root of (8.608.60) and the maximum

fluid velocity of the solitary wave in the horizontal direction, F2 =
1

4ε

�

3
p

3−
p

91
�

as the

second root of (8.608.60) and the minimum fluid velocity of the solitary wave in the horizontal

direction and F = 0 as the third root of (8.608.60). We note that

�

d F

dξ

�2

=
2ε

3cµ2
P (F ). (8.61)

In summary, the invariant exact solution for the fluid velocity of the solitary wave in the

horizontal direction F (ξ), where ξ= x − c t , is given by

ξ=±

√

√

p
3µ2

2ε

∫ F1

F

d F
p

F 2(F1− F )(F − F2)
, (8.62)

where F1 =
1

4ε

�

3
p

3+
p

91
�

= 3.684
ε and F2 =

1
4ε

�

3
p

3−
p

91
�

=− 1.086
ε . We note that the solution

F (ξ) takes the form of an implicit function.

The invariant exact solution for the surface elevation of the solitary wave G (ξ), where

ξ= x − c t , is expressed in terms of F (ξ). Thus, the invariant exact solution for the surface

elevation of the solitary wave G (F ) is given by

G (F ) =−
1

6c

�

4c

ε
+ F

�

. (8.63)
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8.4 Concluding remarks

Considering the general case (i) where 0< c 2 <∞, c 2 6= 1
15 and c 2 6= 1

3 and the special case

(iii) c 2 = 1
3 , we find solutions in implicit form for the fluid velocity of the solitary wave in

the horizontal direction F (ξ) and the surface elevation of the solitary wave G (ξ). To our

knowledge, these are newly discovered solutions, which can be used to enrich the analyti-

cal validation of numerical models for tsunami detection systems.

For the special case (ii) c 2 = 1
15 , the solutions take the form of explicit hyperbolic func-

tions, as there is no logarithmic term in P (F ) in this case. The reader can refer to the work

done by Dutykh and Dias [22]who obtain the same set of solutions for this specific case.

Finally, we note that the conserved quantities are not needed to solve for the constants

so as to obtain the non-linear solutions.
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Chapter 9

General analysis for the NB equations

We recall that there are two distinct regions to consider, namely F2 ≤ F ≤ 0 and 0≤ F ≤ F1.

The two regions are defined by our choice of the origin of the ξ co-ordinate, as, through

this choice the minimum fluid velocity of the solitary wave in the horizontal direction can

be defined as F (0) = F2 such that F2 ≤ F ≤ 0, and the maximum fluid velocity of the solitary

wave in the horizontal direction can be defined as F (0) = F1 such that 0 ≤ F ≤ F1 corre-

sponds to ξ = 0. As shown in Chapter 8, the maximum or minimum surface elevation of

the solitary wave is dependent on F (ξ), namely G2 for F2 ≤ F ≤ 0 and G1 for 0≤ F ≤ F1.

In this chapter, we analyse the properties of the fluid velocity of the solitary wave in the

horizontal direction and the surface elevation of the solitary wave in the above mentioned

regions for the three cases of solutions dependent on the wave speed c 2, namely (i) 0 <

c 2 <∞ where c 2 6= 1
15 and c 2 6= 1

3 , (ii) c 2 = 1
15 and (iii) c 2 = 1

3 . Although these are the

three main cases, certain sections will consider different cases dependent on the property

under investigation. The study of these properties is important in our pursuit of attaining

physically realistic results, used to enrich the analytical validation of numerical models for

tsunami detection systems.
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9.1 Properties of the fluid velocity of the solitary wave in

the horizontal direction F (ξ)

There are three existance conditions on
�

d F
dξ

�2
for the fluid velocity of the solitary wave F (ξ)

that need to be satisfied for a physically realistic result to occur. There is no physical inter-

pretation for
�

d F
dξ

�2
and it is merely a mathematical artifact used to study the properties of

the integral in the solutions. This investigation is important, as P (F ) contains a logarith-

mic term that will produce both real and imaginary results. However, we are considering

physically realistic measurements such as velocity and surface elevation, thus, we are only

interested in the real results. Consider the relation between
�

d F
dξ

�2
and F (ξ). The regions of

physical significance satisfy the conditions

1.
�

d F

dξ

�2

is real and
�

d F

dξ

�2

≥ 0,

2.
�

d F

dξ

�2

= 0 at F = 0,

3.
�

d F

dξ

�

= 0 is bounded.

Condition (1) ensures that the physical region is real whilst condition (2) ensures that the

boundary conditions are satisfied. Finally condition (3) ensures that the amplitude of the

fluid velocity of the solitary wave in the horizontal direction F (ξ) is finite.

Using the existance condition framework detailed above, we analyse the properties of

the fluid velocity of the solitary wave in the horizontal direction F (ξ). The results of this in-

vestigation will assist us in determining whether the solutions for F (ξ) produce physically

realistic results. This section is broken down into the following two subsections:

• Properties of d w
d F

�

�

F =0
to determine the turning points of w =

�

d F
dξ

�2
, where we investi-

gate existance condition (1),

• Behaviour of
�

d F
dξ

�2
versus F (ξ) as F (ξ) tends to infinity, where we investigate exis-

tance conditions (2) and (3).
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9.1.1 Properties of d w
d F

�

�

F =0
to determine the turning points of w

9.1.1.1 Case (i): 0< c 2 <∞, c 2 6= 1
15 and c 2 6= 1

3

We consider the exact invariant solution for the fluid velocity of the solitary wave in the

horizontal direction F (ξ). We investigate the nature of the turning points of w =
�

d F
dξ

�2
at

F = 0. The results of this investigation will assist us in determining whether
�

d F
dξ

�2
is real

and
�

d F
dξ

�2 ≥ 0 i.e. whether condition (1) is satisfied.

Let

w =
�

d F

dξ

�2

=
2ε

3cµ2
P (F ), (9.1)

where P (F ) is given by (8.468.46) and (8.478.47). Differentiating (8.468.46) with respect to F (ξ) gives

d P

d F
=−3F 2+

6

εc

�

c 2+
1

6

�

F −
5

ε2c 2

�

1

15
− c 2

�

+
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

1

F +A
, (9.2)

and differentiating (9.29.2) with respect to F (ξ) results in

d 2P

d F 2
=−6F +

6

εc

�

c 2+
1

6

�

−
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

1

(F +A)2
, (9.3)

where A = 1
εc

�

1
3 − c 2

�

per equation (8.478.47). Equations (9.29.2) and (9.39.3) are evaluated at F = 0

and both give zero such that
d w

d F

�

�

�

�

F =0

= 0, (9.4)

is a turning point of w at F = 0. The nature of the turning point is given by

d 2w

d F 2

�

�

�

�

F =0

=
4

µ2

�

1− c 2
�

�

1
3 − c 2

� . (9.5)

If d 2w
d F 2

�

�

�

F =0
> 0, a minimum turning point occurs at F = 0 else if d 2w

d F 2

�

�

�

F =0
< 0, a maximum

turning point occurs at F = 0. We now analyse the nature of the turning points by specific

cases.

Case: 0< c 2 < 1
3 , c 2 6= 1

15 and 1< c 2 <∞

From (9.59.5), for the cases 0< c 2 < 1
3 , c 2 6= 1

15 and 1< c 2 <∞,

d w

d F
(0) = 0, (9.6)

and
d 2w

d F 2
(0) =

4

µ2

�

1− c 2
�

�

1
3 − c 2

� > 0, (9.7)
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thus, the turning point at F = 0 is a minimum. Therefore, in the neighbourhood of F = 0,
�

d F
dξ

�2 ≥ 0 for both F < 0 and F > 0.

Case: c 2 = 1

From (9.59.5), for the case c 2 = 1,
d w

d F
(0) = 0, (9.8)

and
d 2w

d F 2
(0) =

4

µ2

�

1− c 2
�

�

1
3 − c 2

� = 0, (9.9)

thus, a point of inflection occurs at F = 0.

Case: 1
3 < c 2 < 1

From (9.59.5), for the case 1
3 < c 2 < 1,

d w

d F
(0) = 0, (9.10)

and
d 2w

d F 2
(0) =

4

µ2

�

1− c 2
�

�

1
3 − c 2

� < 0, (9.11)

thus, the turning point at F = 0 is a maximum. Therefore, in the neighbourhood of F = 0,
�

d F
dξ

�2 ≥ 0 for both F < 0 and F > 0.

9.1.1.2 Case (ii): c 2 = 1
15

Once more we let

w =
�

d F

dξ

�2

=
2ε

3cµ2
P (F ). (9.12)

where P (F ) = F 2(F1− F ) and F1 =
7

10εc . We can express P (F ) as follows

P (F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F. (9.13)

Employing the same approach as has been done in Section 9.1.1.1, we obtain the following

turning point of w , occurring at F = 0

d w

d F

�

�

�

�

F =0

= 0, (9.14)

and
d 2w

d F 2

�

�

�

�

F =0

=
14

µ2
> 0. (9.15)
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Thus, the turning point at F = 0 is a minimum. Therefore, in the neighbourhood of F = 0,
�

d F
dξ

�2 ≥ 0 for both F < 0 and F > 0.

9.1.1.3 Case (iii): c 2 = 1
3

Again we let

w =
�

d F

dξ

�2

=
2ε

3cµ2
P (F ), (9.16)

where P (F ) = F (F1− F )(F − F2), F1 =
1

4ε

�

3
p

3+
p

91
�

= 3.684
ε and F2 =

1
4ε

�

3
p

3−
p

91
�

=− 1.086
ε .

We can express P (F ) as follows

P (F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F. (9.17)

Employing the same approach as has been done in Section 9.1.1.1, we obtain the following

turning point of w , which is the only non-zero turning point

d w

d F

�

�

�

�

F =0

=
8
p

3

3µ2ε
> 0, (9.18)

and
d 2w

d F 2

�

�

�

�

F =0

=
6

µ2
> 0, (9.19)

thus, the turning point at F = 0 is a minimum. Therefore, in the neighbourhood of F = 0,
�

d F
dξ

�2 ≥ 0 for both F < 0 and F > 0.

9.1.2 Behaviour of
�

d F
dξ

�2
versus F (ξ) as F (ξ) tends to infinity

We now consider the behaviour of w =
�

d F
dξ

�2
as F (ξ) tends to infinity in order to under-

stand the interaction between the third-order algebraic term and the logarithmic term in

P (F ). The study of this interaction is important due to the nature of the decaying boundary

conditions at infinty in both the negative and positive directions. The results of this inves-

tigation will assist us in determining whether
�

d F
dξ

�2
= 0 at F = 0 and

�

d F
dξ

�

= 0 is bounded

i.e. whether conditions (2) and (3) are satisfied.
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9.1.2.1 Case (i): 0< c 2 <∞, c 2 6= 1
15 and c 2 6= 1

3

Considering equations (8.468.46) and (8.478.47), we obtain five cases, namely 0< c 2 < 1
15 , 1

15 < c 2 <

1
3 , 1

3 < c 2 < 1, c 2 = 1 and 1< c 2 <∞.

Case: 0< c 2 < 1
15

In the region F < 0, consider the logarithmic term of P (F ) in (8.468.46), for F > −A as

F →−A from the right,

5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

ln
�

F +A

A

�

→−∞. (9.20)

We note that ln
�

F +A
A

�

is complex for F < −A where −A is finite and negative and −F 3 only

equals A3 at F = −A. The logarithmic term dominates the behaviour as F → −∞. Thus,

there will be a point F = F2 < 0 for which
�

d F
dξ

�2
= 0 where F2 is the minimum fluid velocity

of the solitary wave in the horizontal direction F (ξ) at ξ= 0.

Consider now the region F > 0. For sufficiently large F , −F 3 will dominate all terms

in
�

d F
dξ

�2
including the logarithmic term, and therefore,

�

d F
dξ

�2→−∞. Thus, there will be a

point F = F1 for which
�

d F
dξ

�2
= 0 where F1 is the maximum fluid velocity of the solitary wave

in the horizontal direction F (ξ) at ξ= 0.

Case: 1
15 < c 2 < 1

3

Through similar reasoning as was employed for the case above, we see that there is no

point F = F2 < 0 in the region F < 0 for which
�

d F
dξ

�2
= 0 where F2 is the minimum fluid

velocity of the solitary wave in the horizontal direction F (ξ) at ξ= 0. There will be a point

F = F1 in the region F > 0 for which
�

d F
dξ

�2
= 0 where F1 is the maximum fluid velocity of the

solitary wave in the horizontal direction F (ξ) at ξ= 0.

Case: 1
3 < c 2 < 1

In the region F < 0, consider the logarithmic term of P (F ) in (8.468.46) and let B = −A =

1
εc

�

c 2− 1
3

�

. For sufficiently large F , −F 3 will dominate all terms in
�

d F
dξ

�2
including the log-

arithmic term. As F →−∞, −F 3→∞ and
�

1

3
− c 2

��

1

15
− c 2

�

ln
�

B − F

B

�

→−∞. (9.21)

Therefore,
�

d F
dξ

�2→∞ and there is, thus, a point F = F2 for which
�

d F
dξ

�2
= 0 where F2 is the

minimum fluid velocity of the solitary wave in the horizontal direction F (ξ) at ξ= 0.
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In the region F > 0, again consider the logarithmic term above. For F < B as F → B

from the left,
�

1

3
− c 2

��

1

15
− c 2

�

ln
�

B − F

B

�

→−∞. (9.22)

We note that ln
�

B−F
B

�

is complex for F > B where B is finite and positive and −F 3 only

equals −B 3 at F = B . Therefore,
�

d F
dξ

�2→−∞. Thus, there is no point F = F1 > 0 for which
�

d F
dξ

�2
= 0 where F1 is the maximum fluid velocity of the solitary wave in the horizontal

direction F (ξ) at ξ= 0.

Case: c 2 = 1

In this case, a point of inflection occurs at F = 0. Thus, there is no bounded region.

Case: 1< c 2 <∞

Using the same reasoning as was employed for the case 1
3 < c 2 < 1, we see that there is

no point F = F2 < 0 in the region F < 0 for which
�

d F
dξ

�2
= 0 where F2 is the minimum fluid

velocity of the solitary wave in the horizontal direction F (ξ) at ξ= 0. There will be a point

F = F1 in the region F > 0 for which
�

d F
dξ

�2
= 0 where F1 is the maximum fluid velocity of the

solitary wave in the horizontal direction F (ξ) at ξ= 0.

9.1.2.2 Cases (ii) and (iii): c 2 = 1
15 and c 2 = 1

3

Recall equations (9.139.13) and (9.179.17) where P (F ) takes the form

P (F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F.

The dominant behaviour as F →∞ is governed by term −F 3. Considering F < 0, there is

no point F = F2 for which
�

d F
dξ

�2
= 0 where F2 is the minimum fluid velocity of the solitary

wave in the horizontal direction F (ξ) at ξ = 0. For F > 0 there will be a point F = F1 >

0 for which
�

d F
dξ

�2
= 0 where F1 is the maximum fluid velocity of the solitary wave in the

horizontal direction F (ξ) at ξ= 0.

9.2 Properties of the surface elevation of the wave G (ξ)

There are two existance conditions for surface elevation of the solitary wave G (ξ) that need

to be satisfied for a physically realistic result to occur. The first one relates to the interac-
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tion between G (ξ) and F (ξ). We recall that we cannot (with exception of the case c 2 = 1
15 )

explicitly express G (ξ) as a function of ξ, thus, we need to consider the relation G (F ) in or-

der to analyse G (ξ). If F (ξ) does not produce physically realistic results in accordance with

the existance framework outlined in Section 9.1 then the G (ξ) cannot produce physically

realistic results. Further to this, if F (ξ)does produce physically realistic results, the interac-

tion of G (F ) needs to be further analysed to determine whether G (ξ) produces physically

realistic results.

The second existance condition on G (ξ) relates to the physical property inherent in

wave theory, stating that all waves produced need to be above the seabed (i.e. no dry zones)

[22]. We now determine the condition on G (ξ) for a depression wave to be above the seabed.

We make reference to depression waves as this condition is not relevant when studying ex-

citation waves. For a depression wave to be above the seabed, the total wave depth needs to

remain positive, i.e. η′+h ′ > 0, where ′ denotes the dimensional form. As derived in Chap-

ter 3, the free surface kinematic boundary condition occurs at z ′ = η′, whilst the seabed

kinematic boundary condition occurs at z ′ =−h ′, where h ′ = h0 when h0 is a constant.

A dry zone exists at η′ =−h ′, hence,

η′ >−h ′. (9.23)

We now transform to dimensionless variables using the following scalings

η=
η′

a0
, h =

h ′

h0
, ε=

a0

h0
. (9.24)

We note that, since we are considering a constant water depth h ′ = h0, it follows that h = 1.

Substituting (9.249.24) into (9.239.23) gives the following above seabed condition in dimensionless

form

εG (ξ)>−1. (9.25)

Using the existance condition framework detailed above, we analyse the properties of

the surface elevation of the solitary wave G (ξ) in this section. The results of this investiga-

tion will assist us in determining whether the solutions for G (ξ)produce physically realistic

results. This section is broken down into the following three subsections:
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• Relation between the surface elevation of the solitary wave G (ξ) and the fluid velocity

of the solitary wave in the horizontal direction F (ξ), where we investigate the first

existance condition on G (ξ),

• Properties of d G
dξ to determine the turning points of the surface elevation of the soli-

tary wave G (ξ), where we investigate the first existance condition on G (ξ),

• Analysis of the above the seabed condition G (ξ)>− 1
ε , where we investigate the sec-

ond existance condition on G (ξ).

9.2.1 Relation between the surface elevation of the solitary wave G (ξ)

and the fluid velocity of the solitary wave in the horizontal

direction F (ξ)

9.2.1.1 Case (i): 0< c 2 <∞, c 2 6= 1
15 and c 2 6= 1

3

We consider the exact invariant solution for the surface elevation of the wave G (F ) ex-

pressed in terms of F (ξ). Recall equation (8.488.48) given by

G (F ) =−
F
�

4c
ε + F

�

6c (A+ F )
, where A =

1

εc

�

1

3
− c 2

�

. (9.26)

We use (9.269.26) in its current form for wave speeds in the range 1
3 < c 2 <∞. Considering

wave speeds in the range 1
3 < c 2 <∞, we rewrite (9.269.26) as

G (F ) =
F
�

4c
ε + F

�

6c (B − F )
, where B =

1

εc

�

c 2−
1

3

�

. (9.27)

We note that G (ξ) is proportional to F (ξ) for special cases of F (ξ).

9.2.1.2 Case (ii): c 2 = 1
15

We recall equation (8.588.58), representing the exact invariant solution for the surface elevation

of the wave G (ξ) given by

G (ξ) =−
7

4ε
sech2

�p
7

2µ
ξ

�

. (9.28)
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We rewrite (9.289.28) in terms of F (ξ) and obtain the following relation between G (ξ) and F (ξ)

G (F ) =−
F

6c
. (9.29)

This is the only case in which G (ξ) is proportional to F (ξ) for all values of F (ξ), i.e. A =
4c

ε
.

9.2.1.3 Case (iii): c 2 = 1
3

We consider the exact invariant solution for the surface elevation of the wave G (F ) ex-

pressed in terms of F (ξ). We recall equation (8.638.63) given by

G (F ) =−

�

4c
ε + F

�

6c
. (9.30)

This is the only case in which a linear relation exists between G (ξ) and F (ξ). When F = 0,

then (9.309.30) becomes

G (0) =−
2

3ε
. (9.31)

We note that G (0) < 0, thus, a depression wave is formed, but since G (ξ) does not satisfy

the condition G (ξ) > − 1
ε , no physically realistic wave occurs in this case. This is the only

value of c 2 which does not satisfy the condition G = 0 where F = 0.

9.2.2 Properties of d G
dξ to determine the turning points of the surface

elevation of the solitary wave G (ξ)

9.2.2.1 Case (i): 0< c 2 <∞, c 2 6= 1
15 and c 2 6= 1

3

The turning points of the surface elevation of the solitary wave G (ξ) are given by

d G

dξ
=

d G

d F

d F

dξ
. (9.32)

Differentiating (9.269.26) with respect to F (ξ) gives

d G

d F
=−

1

6c (A+ F )2

�

F 2+2AF +
4c

ε
A
�

, where A =
1

εc

�

1

3
− c 2

�

. (9.33)

We now determine the roots of the term F 2+2AF + 4c
ε A from (9.339.33), i.e.

F 2+2AF +
4c

ε
A = 0. (9.34)

92



The discriminant of (9.349.34) is given by

4=
20

ε2c 2

�

1

3
− c 2

��

1

15
− c 2

�

. (9.35)

Thus, we have three cases, namely 0< c 2 < 1
15 , 1

15 < c 2 < 1
3 and 1

3 < c 2 <∞.

We wish to determine the roots of (9.349.34) by using the quadratic formula. We do so by also

making use of (9.359.35) so that we obtain the following roots

F3 =−A+

√

√

5
�

1

3
− c 2

��

1

15
− c 2

�

εc
, (9.36)

and

F4 =−A−

√

√

5
�

1

3
− c 2

��

1

15
− c 2

�

εc
. (9.37)

We note that F4 is a non-real root, and F3 < 0 provided

√

√

5
�

1

3
− c 2

��

1

15
− c 2

�

εc
< A

⇒c 2 > 0. (9.38)

Considering (9.369.36) and pulling out a common denominator gives

F3 =−
1

εc

�

�

1

3
− c 2

�

−
√

√

5
�

1

3
− c 2

��

1

15
− c 2

�

�

. (9.39)

Thus, (9.329.32) can be written as

d G

dξ
=−

1

6c (A+ F )2
(F − F3) (F − F4)

d F

dξ
. (9.40)

For F < 0, there are two turning points, namely d F
dξ = 0 and F3. Thus, the wave takes the

form of a bimodal solitary wave. In the region F > 0, there are no turning points in G (ξ),

aside from d F
dξ = 0, thus, the wave takes the form of a unimodal solitary wave.

We now consider the discriminant (9.359.35), as well as F3 and F4 to analyse the three cases,

namely 0< c 2 < 1
15 , 1

15 < c 2 < 1
3 and 1

3 < c 2 <∞.

Case: 0< c 2 < 1
15
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It can be seen easily, that −A < F3 < 0 and that F4 < −A. Thus, F4 is a non-real root as it

lies outside the physical range, defined in Section 9.1.2.1, where F > −A is required for a

physically realistic result to occur.

Using (9.369.36), (9.379.37) and (9.409.40) we can conclude that d G
dξ has the turning points

F = F2 < 0 obtained from
d F

dξ
in Section 9.1.2.1,

F = F3 < 0 obtained from
d G

d F
,

provided F3 < F2 for F2 ≤ F ≤ 0 and

F = F1 > 0 obtained from
d F

dξ
in Section 9.1.2.1,

for 0≤ F ≤ F1.

Consider the potential solitary wave in the region F < 0. We now return to the turning

point in G (ξ) derived from d F
dξ at ξ= 0 where F = F2 < 0.

G (F2) =−
F2

6c

�

4c
ε + F2

�

A+ F2
, (9.41)

where A = 1
εc

�

1
3 − c 2

�

> 0. Now G (F2) > 0 if F2 > − 4c
ε since − F2

6c > 0 as −F2 < 0 and A + F2 > 0

for 0< c 2 < 1
15 . Similarly, G (F2) = 0 if F2 =− 4c

ε and G (F2)< 0 if F2 <− 4c
ε .

Thus for F < 0, the surface elevation of the wave G (ξ) can have one of three forms in

the region F2 ≤ F ≤ 0. To our knowledge, these are newly discovered forms of the solitary

wave generated by the NB equations, namely

1. Bimodal excitation wave, formed when G (ξ)> 0 at ξ= 0 if −4c
ε < F2 < 0,

2. Bimodal transition wave, formed when G (ξ) = 0 at ξ= 0 if F2 =
−4c
ε ,

3. Bimodal depression wave, formed when G (ξ)< 0 at ξ= 0 if F2 <
−4c
ε < 0.

Consider now F > 0, where G (F ) has two negative turning points F3, F4 but only F3 >−A

lies inside the physical range, defined in Section 9.1.2.1, where F > −A is required for a

physically realistic result to occur. The turning point F3 occurs in the region −A < F2 <

F3 < 0, hence, there are no additional turning points in the region 0 ≤ F ≤ F1. Thus, for

0≤ F ≤ F1, the only turning point in G (ξ) corresponds to d F
dξ = 0, where F = F1 at ξ= 0.
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Case: 1
15 < c 2 < 1

3

In this case the discriminant (9.359.35) is negative. The roots are complex conjugates, there-

fore, d G
d F has no real roots. Thus, the only turning point in G (ξ) corresponds to d F

dξ = 0, where

F = F1 at ξ= 0.

Case: 1
3 < c 2 <∞

In this case, the discriminant (9.359.35) is positive and produces two real roots. From (9.369.36)

we get

F3 = B +

√

√

5
�

c 2−
1

3

��

c 2−
1

15

�

εc
, (9.42)

where F3 > B is outside the physical range. From (9.379.37) we get

F4 = B −

√

√

5
�

c 2−
1

3

��

c 2−
1

15

�

εc
, (9.43)

where F4 < 0 provides

B <

√

√

5
�

c 2−
1

3

��

c 2−
1

15

�

εc

⇒c 2 > 0. (9.44)

Hence, F4 < 0 and we will see later that F4 is outside the physical range.

9.2.2.2 Cases (ii) and (iii): c 2 = 1
15 and c 2 = 1

3

Using (9.299.29) and (9.329.32) we get
d G

dξ
=−

1

6c

d F

dξ
, (9.45)

and
d 2G

dξ2
=−

1

6c

d 2F

dξ2
. (9.46)

From (9.469.46), we deduce that G (ξ) is a minimum when F (ξ) is a maximum. Considering

(9.459.45), we know that G (ξ)will have a turning point if and only if F (ξ) has a turning point at

ξ= 0 i.e. F = F1.
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9.2.3 Analysis of the above the seabed condition G (ξ)>−1
ε

9.2.3.1 Cases (i) and (ii): 0< c 2 <∞, c 2 6= 1
15 and c 2 6= 1

3 and c 2 = 1
15

From (9.269.26) and (9.279.27), we consider two cases, namely 0< c 2 < 1
3 and 1

3 < c 2 <∞.

Case: 0< c 2 < 1
3

Considering (9.269.26), we require the following condition, given by (9.259.25), to be satisfied

in order for the solitary wave to be above the seabed

G (ξ) =G (F ) =−
F
�

4c
ε + F

�

6c (A+ F )
>−

1

ε
, where A =

1

εc

�

1

3
− c 2

�

. (9.47)

We can rewrite condition (9.479.47) as the following condition

F 2−
2c

ε
F −

6c A

ε
< 0. (9.48)

In order to determine the values of F (ξ) for which the surface elevation of the wave G (F ) is

above the seabed, we need to obtain the turning points of (9.489.48). We do this by calculating

the discriminant of (9.489.48) given by

4=
20

ε2

�

2

5
− c 2

�

, (9.49)

where 4 > 0 since 0 < c 2 < 1
3 . We note that the condition (9.489.48) is positive, thus, it will

always have two real roots. We obtain the following expressions for the two real roots by

applying the quadratic formula to (9.489.48)

F5 =
1

ε

�

c +
p

5

√

√2

5
− c 2

�

> 0, (9.50)

and

F6 =
1

ε

�

c −
p

5

√

√2

5
− c 2

�

< 0. (9.51)

where F6 < 0 since 0< c 2 < 1
3 .

Let condition (9.489.48) be expressed as Q (F ) and written in terms of the newly found roots

as follows

Q (F ) = (F − F5) (F − F6)< 0. (9.52)

In order for (9.529.52) to be satisfied for 0< c 2 < 1
3 , we require F1 < F5 and F2 > F6. To obtain the

minimum value of the seabed Q (F ), we equate (9.529.52) to zero and differentiate the result
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with respect to F (ξ) to get the corresponding value of F (ξ) leading to a minimum value of

the seabed Q (F ) given by

F (ξ) =
c

ε
. (9.53)

Evaluating (9.529.52) at F = c
ε , we obtain the minimum value of the seabed Q (F ) given by

Q
�c

ε

�

=
5

ε2

�

c 2−
2

5

�

. (9.54)
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Figure 9.1: Q (F ), determining the F (ξ) values for which the surface elevation of the solitary wave
will be above the seabed for c 2 = 1

17 where ε= 0.005 and µ= 0.06.

The shaded region in Figure 9.19.1 shows the range of F (ξ) values for which the surface

elevaton of the solitary wave is above the seabed i.e. F6 < F < F5 will be satisfied if

F2 > F6 where F2 ≤ F ≤ 0,

or F1 < F5 where 0≤ F ≤ F1.
(9.55)

Case: 1
3 < c 2 <∞

In this case, we consider (9.279.27) and require the following condition, given by (9.259.25), to

be satisfied in order for the solitary wave to be above the seabed

G (ξ) =G (F ) =
F
�

4c
ε + F

�

6c (B − F )
>−

1

ε
, where B =

1

εc

�

c 2−
1

3

�

. (9.56)
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We can rewrite condition (9.569.56) as the following condition

F 2−
2c

ε
F +

6c B

ε
> 0. (9.57)

In order to determine the values of F (ξ) for which the surface elevation of the wave G (F ) is

above the seabed, we need to obtain the turning points of (9.579.57). We do this by calculating

the discriminant of (9.579.57) given by

4=
20

ε2

�

2

5
− c 2

�

, (9.58)

where 4 > 0 provided 1
3 < c 2 < 2

5 . We note that the condition (9.579.57) is positive and it will

always have two real roots provided 1
3 < c 2 < 2

5 . We obtain the following expressions for the

two real roots by applying the quadratic formula to (9.579.57)

F5 =
1

ε

�

c +
p

5

√

√2

5
− c 2

�

> 0, (9.59)

and

F6 =
1

ε

�

c −
p

5

√

√2

5
− c 2

�

> 0. (9.60)

where F6 > 0 since c 2 > 1
3 .

The shaded region in Figure 9.29.2 shows the range of F (ξ) values for which the wave is

above the seabed i.e. F < F6 and F > F5 will be satisfied if

F2 < F6 where F2 ≤ F ≤ 0,

or F1 > F5 where 0≤ F ≤ F1.
(9.61)

Now consider the case 2
5 ≤ c 2 <∞. From (9.589.58), we note that the discriminate4 < 0,

and thus, produces two complex roots. Let condition (9.579.57) be expressed as R (F ) as follows

R (F ) = F 2−
2c

ε
F +

6c B

ε
> 0. (9.62)

To obtain the minimum value of the seabed R (F ), we equate (9.629.62) to zero and differentiate

the result with respect to F (ξ) to get the corresponding value of F (ξ) leading to minimum

value of the seabed R (F ) given by

F (ξ) =
c

ε
. (9.63)
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Figure 9.2: Q (F ), determining the F (ξ) values for which the surface elevation of the solitary wave
will be above the seabed for c 2 = 1

2.9 where ε= 0.005 and µ= 0.06.

Evaluating (9.629.62) at F = c
ε gives

R
�c

ε

�

=
5

ε2

�

c 2−
2

5

�

. (9.64)

Since R
�

c
ε

�

≥ 0 for c 2 ≥ 2
5 , G (F )>− 1

ε for all F (ξ).

In summary, for 1
3 < c 2 < 2

5 the wave is above the seabed for all values where F < F6 and

F > F5. Considering the case 2
5 < c 2 <∞, both roots are complex i.e. 4< 0 and the surface

elevation of the solitary wave is above the seabed for all values of F (ξ).

99



Chapter 10

Case specific analysis for the NB

equations

In this chapter, we plot and analyse the properties of the fluid velocity of the solitary wave in

the horizontal direction and the surface elevation of the solitary wave in the two regions,

namely F2 ≤ F ≤ 0 and 0 ≤ F ≤ F1, considered in the previous two chapters for seven

cases dependent on the wave speed c 2, namely 0 < c 2 < 1
15 , c 2 = 1

15 , 1
15 < c 2 < 1

3 , c 2 = 1
3 ,

1
3 < c 2 < 1, c 2 = 1 and 1 < c 2 <∞. In the study of these case specific properties, we

obtain physically realistic results. To our knowledge, these are new results, used to enrich

the analytical validation of numerical models for tsunami detection systems.

10.1 Case 1: 0< c 2 < 1
15

10.1.1 Properties of the fluid velocity of the wave in the horizontal

direction F (ξ) relating to the exact invariant solution

We recall from Section 9.1 that there are two regions for case 0 < c 2 < 1
15 , namely F2 ≤

F ≤ 0 and 0 ≤ F ≤ F1, in which we potentially obtain a solitary wave. The shaded areas in

Figure 10.110.1, the graph of
�

d F
dξ

�2
versus F (ξ), represent these regions of physical significance.

It is important to note that the two solitary waves cannot be generated by the same event.

100



-600 -400 -200 0 200 400 600
-4.×107

-2.×107

0

2.×107

4.×107

6.×107

8.×107

1.×108
-A

F(ξ)

d
F d
ξ
2

F2 F1

Figure 10.1:
�

d F
dξ

�2
vs F (ξ) at a constant wave speed c 2 = 1

17 where ε= 0.005 and µ= 0.06.

We now present plots of the fluid velocity of the solitary wave in the horizontal direction

F (ξ) against ξ for varying c 2 values in the range 0 < c 2 < 1
15 where ε and µ are constants.

An estimate of the width of the solitary wave is given by

ξB =±

√

√3cµ2

2ε

∫ F

F1
2

d F
p

P (F )

=O

��

±

√

√3cµ2

2ε

��

=O
��p

c
��

, (10.1)

sinceO
�

µ2

ε

�

= 1. We note that the width of the waveξB is directly proportional to the square

root of the wave speed.

Figure 10.210.2 shows that the exact invariant solution for the fluid velocity of the solitary

wave in the horizontal direction forms a unimodal depression fluid velocity profile in the

region F < 0. The profile of the fluid velocity of the solitary wave in the horizontal direc-

tion steepens as the wave speed increases. We note that the minimum fluid velocity of the

solitary wave in the horizontal direction F2 is directly proportional to the wave speed. Re-

fer to Table E.1E.1 for results that can be used as a comparison for experimental or numerical
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investigations.
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Figure 10.2: Fluid velocity of the solitary wave in the horizontal direction F (ξ) in the region F < 0
for varying wave speeds where ε= 0.005 and µ= 0.06.

Figure 10.310.3 shows that the exact invariant solution for the fluid velocity of the solitary

wave in the horizontal direction F (ξ) forms a unimodal excitation fluid velocity profile in

the region F > 0. The profile of the fluid velocity of the solitary wave in the horizontal

direction steepens as the wave speed increases. We note that the maximum fluid veloc-

ity of the solitary wave in the horizontal direction F1 is directly proportional to the wave

speed. Refer to Table E.2E.2 for results that can be used as a comparison for experimental or

numerical investigations.

10.1.2 Properties of the surface elevation of the solitary wave G (ξ)

Consider now the properties of the surface elevation of the solitary wave G (ξ) analysed in

Section 9.2.1.1. From (9.269.26), we have

G (F ) =−
F

6c

�

4c
ε + F

�

A+ F
, where A =

1

εc

�

1

3
− c 2

�

. (10.2)

102



c
2= 1

40

c
2= 1

36

c
2= 1

32

c
2= 1

28

c
2= 1

24

c
2= 1

20

c
2= 1

19

c
2= 1

18

c
2= 1

17

c
2= 1

16

c
2= 1

15.5

c
2= 1

15.1

-0.2 -0.1 0 0.1 0.2
0

100

200

300

400

500

ξ

F
(ξ
)

Figure 10.3: Fluid velocity of the solitary wave in the horizontal direction F (ξ) in the region F > 0
for varying wave speeds where ε= 0.005 and µ= 0.06.

Consider the potential solitary wave in the region F < 0. We now return to the turning

point in G (ξ) derived from d F
dξ at ξ= 0 where the minimum fluid velocity in the horizontal

direction of the solitary wave F2 is given by F = F2 < 0,

G (F2) =−
F2

6c

�

4c
ε + F2

�

A+ F2
, where A =

1

εc

�

1

3
− c 2

�

> 0. (10.3)

Now G (F2) > 0 if F2 > − 4c
ε since − F2

6c > 0 as −F2 < 0 and A + F2 > 0 for 0 < c 2 < 1
15 . Similarly

G (F2) = 0 if F2 =− 4c
ε and G (F2)< 0 if F2 <− 4c

ε .

Thus, in the region F < 0 for the case 0 < c 2 < 1
15 , the surface elevation of the solitary

wave G (ξ) can have one of three forms in the region F2 ≤ F ≤ 0, two of which are shown

in Figure 10.410.4. To our knowledge, these are newly discovered forms of the solitary wave

generated by the NB equations, namely

1. Bimodal excitation wave, formed when G (ξ)> 0 at ξ= 0 if −4c
ε < F2 < 0,

2. Bimodal transition wave, formed when G (ξ) = 0 at ξ= 0 if F2 =
−4c
ε ,

3. Bimodal depression wave, formed when G (ξ)< 0 at ξ= 0 if F2 <
−4c
ε < 0.
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Figure 10.4: Surface elevation of the solitary wave G (ξ) in the region F < 0 illustrating the effect the
factor 4c

ε has on the wave profile for c 2 = 1
16 , c 2 = 1

15.5 and c 2 = 1
15.1 where ε= 0.005 and µ= 0.06.

We now consider the solution for all previously stated c 2 values for the range 0< c 2 < 1
15 .

Figure 10.510.5 shows that the exact invariant solution for the surface elevation of the solitary

wave produces two different wave forms in the region F < 0, namely a bimodal transi-

tion wave and a bimodal depression wave. We note that the minimum surface elevation of

the solitary wave G2 is indirectly proportional to the wave speed for relatively small wave

speeds i.e. 0< c 2 < 1
17 . From a wave speed of approximately c 2 = 1

17 , the minimum surface

elevation of the solitary wave is directly proportional to the wave speed i.e. 1
17 ≤ c 2 < 1

15 . Re-

fer to Table E.1E.1 for results that can be used as a comparison for experimental or numerical

investigations.

Figure 10.610.6 shows that the exact invariant solution for the surface elevation of the soli-

tary wave forms a unimodal depression wave in the region F > 0. For 0 ≤ F ≤ F1, the only

turning point in G (ξ) corresponds to the maximum fluid velocity in the horizontal direc-

tion of the solitary wave turning point F = F1 at ξ= 0 where d F
dξ = 0. Therefore, a unimodal

depression wave is formed since G (ξ)< 0 at ξ= 0. The profile of the solitary wave flattens

as the wave speed increases. We note that the minimum surface elevation of the solitary
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Figure 10.5: Surface elevation of the solitary wave G (ξ) in the region F < 0 for varying wave speeds
where ε= 0.005 and µ= 0.06.

wave G1 is directly proportional to the wave speed. Refer to Table E.2E.2 for results that can

be used as a comparison for experimental or numerical investigations.
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Figure 10.6: Surface elevation of the solitary wave G (ξ) in the region F > 0 for varying wave speeds
where ε= 0.005 and µ= 0.06.
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Further investigations of the bimodal depression wave, in region F < 0, and the uni-

modal depression wave, in the region F > 0, are needed to determine the condition for

which these waves are above the seabed i.e. G (ξ) > − 1
ε . From condition (9.529.52) in Section

9.2.3.1, the following condition needs to be satisfied in order for the wave to be above the

seabed

Q (F ) = (F − F5)(F − F6)< 0, (10.4)

where

F5 =
1

ε

�

c +
p

5

√

√2

5
− c 2

�

> 0, (10.5)

and

F6 =
1

ε

�

c −
p

5

√

√2

5
− c 2

�

< 0. (10.6)

The range of F (ξ) values for which the wave is above the seabed i.e. F6 < F < F5 will be

satisfied if

F2 > F6 where F2 ≤ F ≤ 0,

or F1 < F5 where 0≤ F ≤ F1.
(10.7)

We now determine the values for c 2 that satisfy the above conditions for which G (ξ)

is above the seabed. Considering F < 0, referring to Table E.1E.1, it is evident that the only

physically realistic waves are for cases c 2 = 1
16 , c 2 = 1

15.5 and c 2 = 1
15.1 . These waves are the

only waves that satisfy the condition for the wave to be above the seabed i.e. F2 − F6 > 0

where G (ξ) =G (F ) > − 1
ε = −200 at ξ = 0. The cases where c 2 = 1

16 and c 2 = 1
15.5 both form

bimodal depression waves i.e. the minimum fluid velocity in the horizontal direction of

the solitary wave F2 <− 4c
ε and G (ξ)< 0 at ξ= 0. The case where c 2 = 1

15.1 is the only case in

which a bimodal transition wave is formed i.e. the minimum fluid velocity in the horizontal

direction of the solitary wave F2 = − 4c
ε and G (ξ) = 0 at ξ = 0. It is important to note that

for the case 0< c 2 < 1
15 , in the region F < 0, no physically realistic bimodal elevation waves

exist.

Now considering F > 0, referring to Table E.2E.2, the waves formed are unimodal depres-

sive waves, but none are physically realistic as the condition for the wave to be above the

seabed is not satisfied i.e. F5− F1 < 0 where G (ξ) =G (F )<− 1
ε =−200 at ξ= 0.
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In conclusion, the only physically realistic waves shown in Figures 10.710.7 and 10.810.8 formed

are for cases c 2 = 1
16 , c 2 = 1

15.5 and c 2 = 1
15.1 in the region F < 0. To our knowledge, these are

new results in the form of a bimodal depression wave and a bimodal transition wave.

c
2= 1

16

c
2= 1

15.5

c
2= 1

15.1

-0.1 -0.05 0 0.05 0.1

0

-50

-100

-150

-200

-250

-300

ξ

F
(ξ
)

Figure 10.7: Physically realistic fluid velocity of the solitary wave in the horizontal direction F (ξ) in
the region F < 0 for c 2 = 1

16 , c 2 = 1
15.5 and c 2 = 1

15.1 where ε= 0.005 and µ= 0.06.

10.1.3 Comparision of the results obtained using the approximate

solutions F A4(ξ) and G A4(ξ) to the exact solutions F (ξ) and G (ξ)

In this section, we derive the approximate solutions for the NB equations by making use of

a pertubation method. We then compare results of the approximate solutions of the fluid

velocity of the solitary wave in the horizontal direction F A4(ξ) and the surface elevation of

the solitary wave G A4(ξ) to that of the exact solutions of the fluid velocity of the solitary

wave in the horizontal direction F (ξ) and the surface elevation of the solitary wave G (ξ),

all governed by the NB equations.
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Figure 10.8: Physically realistic surface elevation of the solitary wave G (ξ) in the region F < 0 for
c 2 = 1

16 , c 2 = 1
15.5 and c 2 = 1

15.1 where ε= 0.005 and µ= 0.06.

10.1.3.1 Derivation of approximate solutions F A4(ξ) and G A4(ξ)

We consider a straightforward Taylor series expansion to approximate the term ln (1+ε)

up to order O (4)

ln (1+ε) = ε−
ε2

2
+
ε3

3
−
ε4

4
+O (ε5). (10.8)

A fourth-order approximation is used, as it is the only approximation that gives us two

bounded regions when considering
�

d F
dξ

�2
vs F (ξ). The lower order approximations only

produce a bounded region for F > 0. We now consider the values of c 2 for which the ap-

proximate solution best compares to the exact solution.

Consider equation (8.468.46) given by

P (F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F +
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

ln
�

F +A

A

�

, (10.9)

where

A =
1

εc

�

1

3
− c 2

�

. (10.10)
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Substituting (10.810.8) into (10.910.9), we obtain

P4(F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F

+
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

�

F

A
−

1

2

�

F

A

�2

+
1

3

�

F

A

�3

−
1

4

�

F

A

�4
�

.
(10.11)

Equating terms of the same order of F in (10.1110.11) results in the following systems of equa-

tions

F :−
5

ε2c 2

�

1

15
− c 2

�

+
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

�

εc
1
3 − c 2

�

= 0, (10.12)

F 2 :
3

εc

�

c 2+
1

6

�

+
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

�

−
1

2

�

εc
1
3 − c 2

�2�

=
3c 2

εc
�

1
3 − c 2

�

�

1− c 2
�

, (10.13)

F 3 :−1+
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

�

1

3

�

1

A

�3
�

=
−c 2

�

1+ c 2
�

�

1
3 − c 2

�2 , (10.14)

F 4 :
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

�

−
1

4

�

1

A

�4
�

=−
5εc

4

�

1
15 − c 2

�

�

1
3 − c 2

�3 . (10.15)

Substituting (10.1210.12)-(10.1510.15) into (10.1110.11) results in the following simplified expression

P4(F ) =−
5εc

4

�

1
15 − c 2

�

�

1
3 − c 2

�3 F 4−
c 2
�

1+ c 2
�

�

1
3 − c 2

�2 F 3+
3c 2

εc
�

1
3 − c 2

�

�

1− c 2
�

F 2

=
5εc

4

�

1
15 − c 2

�

�

1
3 − c 2

�3 F 2

�

−F 2−
4c 2

5εc

�

1+ c 2
� �

1
3 − c 2

�

�

1
15 − c 2

� F +
12c 2

5ε2c 2

�

1− c 2
�

�

1
3 − c 2

�2

�

1
15 − c 2

�



 .

(10.16)

We can rewrite (10.1610.16) as

P4(F ) =
�

−F 2−M F +N
� 5εc

4

�

1
15 − c 2

�

�

1
3 − c 2

�3 F 2, (10.17)

where

M =
4c 2

5εc

�

1+ c 2
� �

1
3 − c 2

�

�

1
15 − c 2

� , and N =
12c 2

5ε2c 2

�

1− c 2
�

�

1
3 − c 2

�2

�

1
15 − c 2

� . (10.18)

Consider the polynomial in (10.1710.17)

− F 2−M F +N = 0, (10.19)

with discriminate

4=M 2+4N . (10.20)
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Substituting (10.1810.18) into (10.2010.20) we get

M 2+4N =
16
�

c 6+17c 4−15c 2+1
�

�

1
15 − c 2

�2 . (10.21)

We now check that M 2+4N > 0 for 0< c 2 < 1
15

c 6+17c 4−15c 2+1> 0

⇒c 4
�

c 2+17
�

+15
�

1

15
− c 2

�

> 0. (10.22)

Therefore, the roots of F 2+M F −N = 0 are

F =−
−M ±

p
M 2+4N

2
. (10.23)

Substituting (10.1710.17) and (10.1810.18) into (10.2310.23) we get

F =
2

5ε

�

1
3 − c 2

�

�

1
15 − c 2

�

�

−c
�

1+ c 2
�

±
p

c 6+17c 4−15c 2+1
�

. (10.24)

We check that

p

c 6+17c 4−15c 2+1>−c
�

1+ c 2
�

⇒
�

1− c 2
�

�

1

15
− c 2

�

> 0, (10.25)

for 0< c 2 < 1
15 . Thus, the positive root is valid and

P4(F ) =
5εc

4

�

1
15 − c 2

�

�

1
3 − c 2

�3 (F )
2
�

F4,1− F
� �

F − F4,2

�

, (10.26)

where

F4,1 =
2

5ε

�

1
3 − c 2

�

�

1
15 − c 2

�

�√

√

c 2 (1+ c 2)2+15 (1− c 2)
�

1

15
− c 2

�

− c
�

1+ c 2
�

�

, (10.27)

and

F4,2 =−
2

5ε

�

1
3 − c 2

�

�

1
15 − c 2

�

�√

√

c 2 (1+ c 2)2+15 (1− c 2)
�

1

15
− c 2

�

+ c
�

1+ c 2
�

�

. (10.28)

We have two solution spaces in F (ξ) for the case 0< c 2 < 1
15 . Thus, ξ takes the following

form

ξ=±

√

√3cµ2

2ε

∫ F

F4,n

d F
p

P4(F )
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⇒ξ=±

√

√6

5

µ

ε

�

1
3 − c 2

�
3
2

�

1
15 − c 2

�
1
2

∫ F

F4,n

d F

F
��

F4,1− F
� �

F − F4,2

��
1
2

, (10.29)

where F4,n = F4,1 > 0 when n = 1 and F4,n = F4,2 < 0 when n = 2, where

F4,1 =
2

5ε

�

1
3 − c 2

�

�

1
15 − c 2

�

�√

√

c 2 (1+ c 2)2+15 (1− c 2)
�

1

15
− c 2

�

− c
�

1+ c 2
�

�

, (10.30)

and

F4,2 =−
2

5ε

�

1
3 − c 2

�

�

1
15 − c 2

�

�√

√

c 2 (1+ c 2)2+15 (1− c 2)
�

1

15
− c 2

�

+ c
�

1+ c 2
�

�

. (10.31)

Consider F < 0, we simplify (10.2910.29) to give

ξ=±

√

√6

5

µ

ε

�

1
3 − c 2

�
3
2

�

1
15 − c 2

�
1
2

∫ 0

F4,2

d F A4

F A4
��

F4,1− F A4
� �

F A4− F4,2

��
1
2

. (10.32)

Let

I2 =

∫ 0

F4,2

d F A4

F A4
��

F4,1− F A4
� �

F A4− F4,2

��
1
2

⇒I2 =

∫ 0

F4,2

d F A4

F A4
�

F A4− F4,2

�

�

F A4− F4,2

F4,1− F A4

�
1
2

. (10.33)

Now we introduce a variable s and express F A4 in terms of s . Let

s 2 =
F A4− F4,2

F4,1− F A4
, (10.34)

solving for F A4 we get

F A4 =
F4,1s 2+ F4,2

1+ s 2
. (10.35)

Differentiating F A4 with respect to s gives

d F A4

d s
=

2s

(1+ s 2)2
�

F4,1− F,2

�

. (10.36)

Rewriting I2 in terms of s , we obtain the following

I2 = 2

∫ 0

s2

d s

F4,1s 2−B
, (10.37)

where B =−F4,2. Let

s =

√

√ B

F4,1
tanhθ (10.38)
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⇒d s =

√

√ B

F4,1
sech2θdθ . (10.39)

Rewrite (10.3710.37) in terms of θ to get

I2 = 2

∫ 0

θ2

√

√ B

F4,1
sech2θdθ

B
�

tanh2θ −1
� . (10.40)

Using the trigonometric identity sech2θ + tanh2θ = 1, (10.4010.40) becomes

I2 =−
2

p

F4,1B

∫ 0

θ2

dθ

⇒I2 =−
2

p

F4,1B
θ +k ,

(10.41)

where k is a constant. Thus, (10.3210.32) becomes

ξ=±

√

√6

5

µ

ε

�

1
3 − c 2

�
3
2

�

1
15 − c 2

�
1
2

�

−
2

p

F4,1B
θ +k

�

, (10.42)

where k = 0 as F A4→ F4,2 when ξ= 0. Solving for θ gives

θ =±

√

√ 5

24

ε

µ

�

1
15 − c 2

�
1
2

�

1
3 − c 2

�
3
2

Æ

F4,1Bξ. (10.43)

Substituting (10.3810.38) into (10.3510.35), we get the following approximate solution for the fluid

velocity of the wave

F A4 =−
B sech2θ

1+ B
F4,1

tanh2θ
, (10.44)

where

θ =±

√

√ 5

24

ε

µ

�

1
15 − c 2

�
1
2

�

1
3 − c 2

�
3
2

Æ

F4,1Bξ, (10.45)

and

F4,1 =
2

5ε

�

1
3 − c 2

�

�

1
15 − c 2

�

�√

√

c 2 (1+ c 2)2+15 (1− c 2)
�

1

15
− c 2

�

− c
�

1+ c 2
�

�

, (10.46)

and

F4,2 =−
2

5ε

�

1
3 − c 2

�

�

1
15 − c 2

�

�√

√

c 2 (1+ c 2)2+15 (1− c 2)
�

1

15
− c 2

�

+ c
�

1+ c 2
�

�

. (10.47)
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By substituting (10.4410.44) into the exact solution for G (ξ), we obtain the approximate solution

for the surface elevation of the solitary wave given by

G A4(ξ) =−
F A4

�

4c +εF A4
�

2c (1−3c 2+3c εF A4)
. (10.48)

Now consider F > 0, we simplify (10.2910.29) to give

ξ=±

√

√6

5

µ

ε

�

1
3 − c 2

�
3
2

�

1
15 − c 2

�
1
2

∫ F4,1

0

d F

F
��

F4,1− F
� �

F − F4,2

��
1
2

. (10.49)

Let

I1 =

∫ F4,1

0

d F

F
��

F4,1− F
� �

F − F4,2

��
1
2

⇒I1 =

∫ F4,1

0

d F

F
�

F4,1− F
�

�

F4,1− F

F − F4,2

�
1
2

. (10.50)

Now we introduce a variable s , where s = F A4 and express F in terms of s . Let

s 2 =
F4,1− F

F − F4,2
, (10.51)

solving for F A4 we get

F A4 =
F4,1+ F4,2s 2

1+ s 2
. (10.52)

Differentiating F A4 with respect to s , we get

d F A4

d s
=

2s

(1+ s 2)2
�

F4,2− F4,1

�

. (10.53)

Rewriting I1 in terms of s , we obtain the following

I1 =−2

∫ s1

0

d s

F4,1−B s 2
, (10.54)

where B =−F4,2. Let

s =

√

√F4,1

B
tanhθ (10.55)

⇒d s =

√

√F4,1

B
sech2θdθ . (10.56)
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Rewrite (10.5410.54) in terms of θ

I1 =−2

∫ θ1

0

√

√F4,1

B
sech2θdθ

F4,1

�

1− tanh2θ
� . (10.57)

Making use of the trigonometric identity sech2θ + tanh2θ = 1, (10.5710.57) becomes

I1 =−
2

p

F4,1B

∫ θ1

0

dθ

⇒I1 =−
2

p

F4,1B
θ +k1, (10.58)

where k1 is a constant. Thus, (10.4910.49) becomes

ξ=±

√

√6

5

µ

ε

�

1
3 − c 2

�
3
2

�

1
15 − c 2

�
1
2

�

−
2

p

F4,1B
θ +k1

�

, (10.59)

where k1 = 0 as F A4→ F4,1 when ξ= 0. Solving for θ gives

θ =±

√

√ 5

24

ε

µ

�

1
15 − c 2

�
1
2

�

1
3 − c 2

�
3
2

Æ

F4,1Bξ. (10.60)

Now, using (10.5110.51) and (10.5510.55), we obtain the following approximate solution for the fluid

velocity of the wave

F A4(ξ) =
F4,1sech2θ

1+ F4,1

B tanh2θ
, (10.61)

where

θ =±

√

√ 5

24

ε

µ

�

1
15 − c 2

�
1
2

�

1
3 − c 2

�
3
2

Æ

F4,1Bξ, (10.62)

and

F4,1 =
2

5ε

�

1
3 − c 2

�

�

1
15 − c 2

�

�√

√

c 2 (1+ c 2)2+15 (1− c 2)
�

1

15
− c 2

�

− c
�

1+ c 2
�

�

, (10.63)

and

F4,2 =−
2

5ε

�

1
3 − c 2

�

�

1
15 − c 2

�

�√

√

c 2 (1+ c 2)2+15 (1− c 2)
�

1

15
− c 2

�

+ c
�

1+ c 2
�

�

. (10.64)

The approximate solution for the surface elevation of the solitary wave is given by

G A4(ξ) =−
F A4

�

4c +εF A4
�

2c (1−3c 2+3c εF A4)
. (10.65)
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10.1.3.2 Comparision of the results obtained using the approximate solutions F A4(ξ)

and G A4(ξ) to the exact solutions F (ξ) and G (ξ)

We now analyse the results obtained from the approximate solutions F A4(ξ) and G A4(ξ).

From Figures 10.910.9 and 10.1010.10, where Figure 10.1010.10 provides a closer view of the phenomenon

represented in Figure 10.910.9, the exact and approximate profiles of
�

d F
dξ

�2
for relatively small

c 2 values is of a similar form. The shaded areas represent the regions of physical signifi-

cance.
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Figure 10.9:
�

d F
dξ

�2
,
�

d F A4

dξ

�2
vs F (ξ) at a constant wave speed c 2 = 1

40 where ε= 0.005 and µ= 0.06.

Now consider Figures 10.1110.11 and 10.1210.12, where Figure 10.1210.12 provides a closer view of the

phenomenon represented in Figure 10.1110.11 where the shaded area represents the regions of

physical significance. It is evident that as c 2 increases the exact profile of
�

d F
dξ

�2
steepens

while the approximate profile remains gradual. Thus, the approximate solution is a more

accurate representation of the exact solution for smaller values of c 2.

Consider the behaviour of the fourth-order approximate solutions for F < 0. The uni-

modal depression fluid velocity profile of the approximate solution F A4(ξ), given by Fig-

ure 10.1310.13, is identical to that of the exact solution F (ξ)given by Figure 10.210.2. We note that the
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Figure 10.10: A zoomed in view of
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d F
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,
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d F A4

dξ
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vs F (ξ) at a constant wave speed c 2 = 1

40 where
ε= 0.005 and µ= 0.06.
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Figure 10.11:
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d F
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�2
,
�

d F A4

dξ

�2
vs F (ξ) at a constant wave speed c 2 = 1

17 where ε= 0.005 and µ= 0.06.

relationship between the wave speed and the minimum fluid velocity of the solitary wave

F4,2 is inversely proportional, but when considering the exact solution, the same relation-

ship is directly proportional. Thus, qualitatively the approximate solution is an inaccurate

representation of the exact solution. The approximate solution grossly underestimates the
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Figure 10.12: A zoomed in view of
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vs F (ξ) at a constant wave speed c 2 = 1

17 where
ε= 0.005 and µ= 0.06.

amplitude of the fluid velocity of the solitary wave in the horizontal direction, thus, quan-

titatively, the approximate solution is an inaccurate representation of the exact solution.
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Figure 10.13: Fluid velocity of the solitary wave in the horizontal direction F A4(ξ) in the region
F < 0, using a fourth-order approximation, for varying wave speeds where ε= 0.005 and µ= 0.06.
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Similarly, when considering the approximate solution for the surface elevation of the

solitary wave, G A4(ξ), given by Figure 10.1410.14, in comparison to the exact solution given by

Figure 10.510.5, the approximate solution is qualitatively and quantitatively an inaccurate ap-

proximation. The profile of the approximate solution is of a unimodal excited form whilst

the exact solution is of a bimodal transitional or depressive form. The approximate solu-

tion also underestimates the amplitude of the surface elevation of the solitary wave. We

note that the relationship between the wave speed and the maximum surface elevation of

the solitary wave G4,2 is directly proportional. Considering the exact solution, initially the

maximum surface elevation of the solitary wave decreases as the wave speed increases, but

at a wave speed approximately c 2 = 1
17 the maximum surface elevation of the solitary wave

increases as the wave speed increases.
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Figure 10.14: Surface elevation of the solitary wave G A4(ξ) in the region F < 0, using a fourth-order
approximation, for varying wave speeds where ε= 0.005 and µ= 0.06.

Now consider the behaviour of the fourth-order approximate solutions for F > 0. The

unimodal depression fluid velocity profile of the approximate solution F A4(ξ), given by

Figure 10.1510.15, is identical to that of the exact solution F (ξ) given by Figure 10.310.3. We note

that the relationship between the wave speed and the maximum fluid velocity of the soli-
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tary wave F4,1 is directly proportional. This is identical to that of the exact solution. Thus,

qualitatively, the approximate solution is an accurate representation of the exact solution.

The approximate solution grossly underestimates the amplitude of the fluid velocity of the

solitary wave in the horizontal direction. Thus, quantitatively, the approximate solution is

an inaccurate representation of the exact solution.
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Figure 10.15: Fluid velocity of the solitary wave in the horizontal direction F A4(ξ) in the region
F > 0, using a fourth order approximation, for varying wave speeds where ε= 0.005 and µ= 0.06.

We observe a similar occurrence when considering the approximate solution for the

surface elevation of the solitary wave, G A4(ξ), given by Figure 10.1610.16, in comparison to the

exact solution given by Figure 10.610.6. The profile of the approximate solution is of a uni-

modal depressed form, identical to that of the exact solution. We note that the relation-

ship between the wave speed and the minimum surface elevation of the solitary wave G4,1

is inversely proportional, but when considering the exact solution, the same relationship

is directly proportional. The approximate solution also underestimates the amplitude of

the surface elevation of the solitary wave, thus, quantitatively, the approximate solution is

an inaccurate representation of the exact solution.
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Figure 10.16: Surface elevation of the solitary wave G A4(ξ) in the region F > 0, using a fourth-order
approximation, for varying wave speeds where ε= 0.005 and µ= 0.06.

10.1.4 Concluding remarks

The only physically realistic waves shown in Figures 10.710.7 and 10.810.8 are for cases c 2 = 1
16 ,

c 2 = 1
15.5 and c 2 = 1

15.1 . To our knowledge, these are new results, used to enrich the analyt-

ical validation of numerical models for tsunami detection systems. We observe that two

new wave forms are observed, namely a bimodal depression wave and a bimodal transi-

tion wave. However, the fourth-order approximate solutions are qualitatively and quanti-

tatively inaccurate.

10.2 Case 2: c 2 = 1
15

10.2.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (ξ) relating to the exact invariant solution

We recall from Section 9.1 that there is one region for the special case (ii) c 2 = 1
15 , namely

0≤ F ≤ F1, in which we potentially obtain a solitary wave. The shaded area in Figure 10.1710.17,

the graph of
�

d F
dξ

�2
versus F (ξ), represents the region of physical significance.
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Figure 10.17:
�

d F
dξ

�2
vs F (ξ) at a constant wave speed c 2 = 1

15 where ε= 0.005 and µ= 0.06.

We now present the plot of the fluid velocity of the solitary wave in the horizontal di-

rection F (ξ) against ξ for c 2 = 1
15 where ε and µ are constants. An estimate of the width of

the solitary wave is given by

ξB =

√

√2µ

7

=O (1) . (10.66)

We note that the width of the wave ξB is directly proportional to the square root of the

dispersion of the wave µ. The maximum fluid velocity in the horizontal direction of the

solitary wave F1 is given by F1 =
7

10εc . Figure 10.1810.18 shows that the fluid velocity of the solitary

wave in the horizontal direction has a unimodal excitation profile in the region F > 0.

10.2.2 Properties of the surface elevation of the solitary wave G (ξ)

Consider now the properties of the surface elevation of the solitary wave G (ξ) analysed in

Section 9.2.1.2. From (9.299.29), we consider the relation between G (ξ) and F (ξ) given by

G (F ) =−
F

6c
. (10.67)

This is the only case in which G (ξ) is proportional to F (ξ) for all values of F i.e. 4c
ε = A.
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Figure 10.18: Fluid velocity of the solitary wave in the horizontal direction F (ξ) in the region F > 0
for c 2 = 1

15 where ε= 0.005 and µ= 0.06.

From Section 9.2.2.2, considering d 2G
dξ2 we can say that G1 is a minimum when F1 is a

maximum. Considering d G
dξ we also know that G (ξ) will have a turning point if and only

if F (ξ) has a turning point at ξ = 0 i.e. at the maximum fluid velocity in the horizontal

direction of the solitary wave F1 =
7

10εc . For 0 ≤ F ≤ F1, the only turning point in G (ξ)

corresponds to the maximum fluid velocity in the horizontal direction of the solitary wave

turning point F1 =
7

10εc at ξ= 0 where d F
dξ = 0. Thus, the turning point is given by

d G

dξ
=−

1

6c

d F

dξ
,

=−
1

6c

�

7

10εc

�

,

=−350, (10.68)

where F1 =
7

10εc at ξ= 0 with ε= 0.005.

We now consider the potential solitary wave that forms in the region F > 0. Figure 10.1910.19

shows that the surface elevation of the solitary wave has a unimodal depression profile.

Further investigation of the unimodal depression wave in region F > 0 is needed to

determine the condition for which these waves are above the seabed i.e. G (ξ)>− 1
ε .
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Figure 10.19: Surface elevation of the solitary wave G (ξ) in the region F > 0 for c 2 = 1
15 where

ε= 0.005 and µ= 0.06.

From (10.6810.68), we see that the minimum surface elevation of the solitary wave G1 is given

by

G1 =−
1

6c

�

7

10εc

�

=−350≯−1

ε
=−200, (10.69)

where with ε = 0.005. Thus, the case c 2 = 1
15 is not a physically realistic solution for the

surface elevation of the solitary wave, as the surface elevation is below the seabed.

10.2.3 Concluding remarks

This case does not produce physically realistic waves, thus, the case c 2 = 1
15 does not form

part of the solution set. To our knowledge, these are new results. Readers can refer to the

work done by Dutykh and Dias [22], who perform an alternative analysis on the same set of

solutions for this specific case.
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10.3 Case 3: 1
15 < c 2 < 1

3

10.3.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (ξ) relating to the exact invariant solution

We recall from Section 9.1 that there is one region for case 1
15 < c 2 < 1

3 , namely 0 ≤ F ≤ F1,

in which we potentially obtain a solitary wave. The shaded area in Figure 10.2010.20, the graph

of
�

d F
dξ

�2
versus F (ξ), represents this region of physical significance.
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Figure 10.20:
�

d F
dξ

�2
vs F (ξ) at a constant wave speed c 2 = 1

15 + δ where δ = 10−4, ε = 0.005 and
µ= 0.06.

We now present plots of the potential solution for the fluid velocity of the solitary wave

in the horizontal direction F (ξ) against ξ for varying c 2 values in the range 1
15 < c 2 < 1

3 ,

where ε and µ are constants. An estimate of the width of the solitary wave is given by

ξB =±

√

√3cµ2

2ε

∫ F

F1
2

d F
p

P (F )

=O

��

±

√

√3cµ2

2ε

��

=O
��p

c
��

, (10.70)
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sinceO
�

µ2

ε

�

= 1. We note that the width of the waveξB is directly proportional to the square

root of the wave speed.

Figure 10.2110.21 shows that the fluid velocity of the solitary wave in the horizontal direction

has a unimodal excitation profile. We note that the maximum fluid velocity of the solitary

wave in the horizontal direction F1 is directly proportional to the wave speed. Refer to

Table E.3E.3 for results which can be used as a comparison for experimental or numerical

investigations.
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Figure 10.21: Fluid velocity of the solitary wave in the horizontal direction F (ξ) in the region F > 0
for varying wave speeds where ε= 0.005 and µ= 0.06.

10.3.2 Properties of the surface elevation of the solitary wave G (ξ)

Consider now the properties of the surface elevation of the solitary wave G (ξ) analysed in

Section 9.2.1.1. From (9.269.26), we have

G (F ) =−
F

6c

�

4c
ε + F

�

A+ F
, where A =

1

εc

�

1

3
− c 2

�

. (10.71)

The turning points determined by d G
dξ were fully analysed in Section 9.2.2.1. It was found

that d G
d F has no real roots. Thus, the only turning point in G (ξ) corresponds to the maximum
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fluid velocity in the horizontal direction of the solitary wave turning point F = F1 at ξ = 0

where d F
dξ = 0.

Figure 10.2210.22 shows that the surface elevation of the solitary wave has a unimodal de-

pression profile. For 0≤ F ≤ F1, the only turning point occurs at the origin at the maximum

fluid velocity in the horizontal direction of the solitary wave F = F1 at ξ = 0. We note that

the minimum surface elevation of the solitary wave G1 is inversely proportional to the wave

speed. Refer to Table E.3E.3 for results which can be used as a comparison for experimental

or numerical investigations.
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Figure 10.22: Surface elevation of the solitary wave G (ξ) in the region F > 0 for varying wave speeds
where ε= 0.005 and µ= 0.06.

Further investigation of the unimodal depression wave, in the region F > 0, is needed

to determine the condition for which these waves are above the seabed i.e. G (ξ) > − 1
ε .

From condition (9.529.52) in Section 9.2.3.1, the following condition needs to be satisfied in

order for the wave to be above the seabed

Q (F ) = (F − F5)(F − F6)< 0, (10.72)
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where

F5 =
1

ε

�

c +
p

5

√

√2

5
− c 2

�

> 0, and F6 =
1

ε

�

c −
p

5

√

√2

5
− c 2

�

< 0. (10.73)

The range of F values for which the wave is above the seabed i.e. F6 < F < F5 will be satisfied

if

F1 ≤ F5 where 0< F < F1,

or F2 ≥ F6 where F2 < F < 0.
(10.74)

We now determine the values for c 2 satisfying the above conditions for which G (ξ) is

above the seabed. Considering F > 0, from Table E.3E.3 the waves formed are unimodal de-

pression waves, but none are physically realistic, as the condition for the wave to be above

the seabed is not satisfied i.e. F5− F1 < 0 where G (ξ)<− 1
ε =−200 at ξ= 0.

In conclusion, the case 1
15 < c 2 < 1

3 is not a physically realistic solution for the surface

elevation of the solitary wave, as the surface elevation is below the seabed. Thus, the case

1
15 < c 2 < 1

3 does not form part of the solution set.

10.3.3 Derivation of approximate solutions F An (ξ) and G An (ξ) for

n = 1, 2, 3

We also employed the pertubation method in order to derive the approximate solutions

of the fluid velocity of the solitary wave in the horizontal direction F An (ξ) and surface el-

evation of the solitary wave G An (ξ) for the NB equations, but did not present the results

because the solutions are not physically meaningful.

10.3.4 Concluding remarks

The case 1
15 < c 2 < 1

3 is not a physically realistic solution for the surface elevation of the

solitary wave, as the surface elevation is below the seabed. Thus, the case 1
15 < c 2 < 1

3 does

not form part of the solution set.
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10.4 Case 4: c 2 = 1
3

10.4.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (ξ) relating to the exact invariant solution

We recall from Section 9.1 that there is one region for the special case (iii) c 2 = 1
3 , namely

0≤ F ≤ F1, in which we potentially obtain a solitary wave. The shaded area in Figure 10.2310.23,

the graph of
�

d F
dξ

�2
versus F (ξ), represents the region of physical significance.
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Figure 10.23:
�

d F
dξ

�2
vs F (ξ) at a constant wave speed c 2 = 1

3 where ε= 0.005 and µ= 0.06.

We now present the plot of the fluid velocity of the solitary wave in the horizontal di-

rection F (ξ) against ξ for c 2 = 1
3 , where ε and µ are constants. An estimate of the width of

the solitary wave is given by

ξB =

√

√ 2
p

3

=O (1) , (10.75)

since O
�

µ2

ε

�

= 1.
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Figure 10.24: Fluid velocity of the solitary wave in the horizontal direction F (ξ) in the region F > 0
for c 2 = 1

3 where ε= 0.005 and µ= 0.06.

The maximum fluid velocity in the horizontal direction of the solitary wave F1 is given

by F = F1 =
3.684
ε . Figure 10.2410.24 shows that the fluid velocity of the solitary wave in the hori-

zontal direction has a unimodal excitation profile in the region F > 0. In this case,ξ is finite,

therefore, the boundary conditions at negative and positive infinity are not satisfied. Thus,

the case c 2 = 1
3 does not form part of the solution set.

10.4.2 Properties of the surface elevation of the solitary wave G (ξ)

For completeness we consider the properties of the surface elevation of the solitary wave

G (ξ) analysed in Section 9.2.1.3. From (9.309.30), we have

G =−

�

4c
ε + F

�

6c
. (10.76)

This is the only case in which there is a linear relation between G (ξ) and F (ξ). When F = 0,

then (10.7610.76) becomes

G =−
2

3ε
. (10.77)
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We note that G < 0 at F = 0. Thus, a depression solitary wave is formed. This is the only

value of c 2 for which the condition G = 0 where F = 0 is not satisfied.

From Section 9.2.2.2, considering d 2G
dξ2 we can say that G (ξ) is a minimum when F (ξ) is

a maximum. Considering d G
dξ , we also know that G (ξ)will have a turning point if and only

if F (ξ) has a turning point for ξ = 0 i.e. at the maximum fluid velocity in the horizontal

direction of the solitary wave F = F1 =
3.684
ε . For 0 ≤ F ≤ F1, the only turning point in G (ξ)

corresponds to the maximum fluid velocity in the horizontal direction of the solitary wave

turning point F = F1 =
3.684
ε at ξ= 0 where d F

dξ = 0. Thus, the turning point is given by

d G

dξ
=−

1

6c

d F

dξ

=−
1

6c

�

3.684

ε

�

=−344, (10.78)

where F1 =
3.684
ε at ξ= 0 with ε= 0.005.

We now consider the potential solitary wave that forms in the region F > 0. Figure 10.2510.25

shows that the surface elevation of the solitary wave has a unimodal depression profile. In

this case, ξ is finite, therefore, the boundary conditions at negative and positive infinity are

not satisfied. Thus, the case c 2 = 1
3 does not form part of the solution set.

Further investigation of the unimodal depression wave, in region F > 0, is needed to

determine the condition for which these waves are above the seabed i.e. G (ξ)>− 1
ε .

From (10.6810.68), we see that the minimum surface elevation of the solitary wave G1 given

by

G1 =−
1

6c

�

7

10εc

�

=−344≯−1

ε
=−200, (10.79)

where with ε = 0.005. We once again reach the conclusion that c 2 = 1
3 is not a physically

realistic solution for the surface elevation of the solitary wave, as the surface elevation is

below the seabed.

10.4.2.1 Concluding remarks

This case does not produce physically realistic waves, as ξ is finite, and thus, does not sat-

isfy the boundary conditions at negative and positive infinity. In addition to the above
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Figure 10.25: Surface elevation of the solitary wave G (ξ) in the region F > 0 for c 2 = 1
3 where ε =

0.005 and µ= 0.06.

reasoning, the surface elevation of the solitary wave was also discovered to be below the

seabed for this case. Therefore, the case c 2 = 1
3 does not form part of the solution set.

10.5 Case 5: 1
3 < c 2 < 1

10.5.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (ξ) relating to the exact invariant solution

We recall from Section 9.1 that there is no region of physical significance for case 1
3 < c 2 < 1.

Figure 10.2610.26, the graph of
�

d F
dξ

�2
versus F (ξ), illustrates this finding. Thus, this case does not

produce physically realistic waves and does not form part of the solution set.
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Figure 10.26:
�

d F
dξ

�2
vs F (ξ) at a constant wave speed c 2 = 1

2.5 where ε= 0.005 and µ= 0.06.

10.6 Case 6: c 2 = 1

10.6.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (ξ) relating to the exact invariant solution

We recall from Section 9.1 that there is no region of physical significance for case c 2 = 1, as

a point of inflection occurs at F = 0, and therefore, there is no bounded region for F < 0 or

F > 0. Figure 10.2710.27, the graph of
�

d F
dξ

�2
versus F (ξ), illustrates this finding. Thus, this case

does not produce physically realistic waves and does not form part of the solution set.

10.7 Case 7: 1< c 2 <∞

10.7.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (ξ) relating to the exact invariant solution

We recall from Section 9.1 that there is one region for case 1
15 < c 2 < 1

3 , namely 0 ≤ F ≤ F1,

in which we potentially obtain a solitary wave. The shaded area in Figure 10.2810.28, the graph
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Figure 10.27:
�

d F
dξ

�2
vs F (ξ) at a constant wave speed c 2 = 1 where ε= 0.005 and µ= 0.06.

of
�

d F
dξ

�2
versus F (ξ), represents the region of physical significance.
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Figure 10.28:
�

d F
dξ

�2
vs F (ξ) at a constant wave speed c 2 = 3 where ε= 0.005 and µ= 0.06.

We now present plots of the fluid velocity of the solitary wave in the horizontal direction

F (ξ) against ξ for varying c 2 values in the range 1< c 2 <∞, where ε and µ are constants.
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An estimate of the width of the solitary wave is given by

ξB =±

√

√3cµ2

2ε

∫ F

F1
2

d F
p

P (F )

=O

��

±

√

√3cµ2

2ε

��

=O
��p

c
��

, (10.80)

since O
�

µ2

ε

�

= 1. The width of the wave ξB is directly proportional to the square root of the

wave speed,
p

c .

Figure 10.2910.29 shows that the fluid velocity of the solitary wave in the horizontal direc-

tion has a unimodal excitation profile. We note that the maximum fluid velocity of the

solitary wave in the horizontal direction F1 is directly proportional to the wave speed. Re-

fer to Table E.4E.4 for results that can be used as a comparison for experimental or numerical

investigations.

c
2= 1.1

c
2= 1.5

c
2= 2

c
2= 3

c
2= 4

c
2= 4.9

c
2= 5

c
2= 6

c
2= 7

c
2= 8

c
2= 9

c
2= 10

c
2= 11

-0.3 -0.2 -0.1 0 0.1 0.2 0.3
0

100

200

300

400

500

600

ξ

F
(ξ
)

Figure 10.29: Fluid velocity of the solitary wave in the horizontal direction F (ξ) in the region F > 0
for varying wave speeds where ε= 0.005 and µ= 0.06.
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10.7.2 Properties of the surface elevation of the solitary wave G (ξ)

Consider now the properties of the surface elevation of the solitary wave G (ξ) analysed in

Section 9.2.1.1. From (9.279.27),

G (F ) =
F
�

4c
ε + F

�

6c (B − F )
, where B =

1

εc

�

c 2−
1

3

�

. (10.81)

The turning points determined by d G
dξ were fully analysed in Section 9.2.2.1. It was found

that d G
d F has two real roots, namely

F3 = B +

√

√

5
�

c 2−
1

3

��

c 2−
1

15

�

εc
and F4 = B −

√

√

5
�

c 2−
1

3

��

c 2−
1

15

�

εc
, (10.82)

where F3 > B and F4 < 0 are outside the physical range. Thus for 0≤ F ≤ F1, the only turning

point in G (ξ) corresponds to the maximum fluid velocity in the horizontal direction of the

solitary wave turning point F = F1 at ξ= 0 where d F
dξ = 0.

Figure 10.3010.30 shows that the surface elevation of the solitary wave has a unimodal ex-

citation profile. We note that the maximum surface elevation of the solitary wave G1 is

directly proportional to the wave speed. Refer to Table E.4E.4 for results that can be used as a

comparison for experimental or numerical investigations.

In conclusion, the case 1< c 2 <∞ forms part of the solution set. All waves in this case

will produce unimodal excitation waves. To our knowledge, these are new results.

10.7.3 Comparision of the results obtained using the approximate

solutions F An (ξ) and G An (ξ) to the exact solutions F (ξ) and G (ξ)

for n = 1, 2, 3

In this section, we derive the approximate solutions for the NB equations by making use of

a pertubation method. We then compare results of the approximate solutions of the fluid

velocity of the solitary wave in the horizontal direction F An (ξ) and surface elevation of the

solitary wave G An (ξ) to that of the exact solutions of the fluid velocity of the solitary wave in

the horizontal direction F (ξ) and surface elevation of the solitary wave G (ξ), all governed

by the NB equations.
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Figure 10.30: Surface elevation of the solitary wave G (ξ) in the region F > 0 for varying wave speeds
where ε= 0.005 and µ= 0.06.

10.7.3.1 Derivation of approximate solutions F An (ξ) and G An (ξ) for n = 1, 2, 3

We consider a straightforward Taylor series expansion to approximate the term ln (1+ε)

up to order O (3)

ln (1+ε) = ε−
ε2

2
+
ε3

3
+O (ε4). (10.83)

A first, second and third-order approximation is used in this case, as this is the highest

approximation that produces a positive bounded region when considering
�

d F
dξ

�2
vs F . We

investigate the approximation that best mimics the exact invariant solutions. We now con-

sider the values of c 2 for which the approximate solution best compares to the exact solu-

tion.

Consider (8.468.46) given by

P (F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F +
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

ln
�

F +A

A

�

, (10.84)

where

A =
1

εc

�

1

3
− c 2

�

. (10.85)
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Let B =−A =
1

εc

�

c 2−
1

3

�

, resulting in the following expression

P (F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F +
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

ln
�

1−
F

B

�

. (10.86)

Substituting (10.8310.83) into (10.8610.86), we obtain

P3(F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2−
5

ε2c 2

�

1

15
− c 2

�

F +
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

�

−
F

B
+

1

2

�

F

B

�2

−
1

3

�

F

B

�3
�

.

(10.87)

Equating terms of the same order of F in (10.8710.87) results in the following systems of equa-

tions

F :−
5

ε2c 2

�

1

15
− c 2

�

+
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

�

−
εc

c 2− 1
3

�

= 0, (10.88)

F 2 :
3

εc

�

c 2+
1

6

�

+
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

�

1

2

�

εc

c 2− 1
3

�2�

=
3

εc

�

c 2+
1

6

�

+
5

2εc

�

c 2− 1
15

�

�

c 2− 1
3

� , (10.89)

F 3 :−1+
5

ε3c 3

�

1

3
− c 2

��

1

15
− c 2

�

�

−
1

3

�

1

B

�3
�

=
−c 2

�

1+ c 2
�

�

c 2− 1
3

�2 . (10.90)

Substituting (10.8810.88) into (10.8710.87) results in the following first-order approximation

P1(F ) =−F 3+
3

εc

�

c 2+
1

6

�

F 2

⇒P1(F ) =λ1F 2
�

F1,1− F
�

, (10.91)

where F1,1 =
3

εc

�

c 2+ 1
6

�

and λ1 = 1.

Substituting (10.8810.88) and (10.8910.89) into (10.8710.87) results in the following second-order ap-

proximation

P2(F ) =−F 3+

�

3

εc

�

c 2+
1

6

�

+
5

2εc

�

c 2− 1
15

�

�

c 2− 1
3

�

�

F 2

⇒P2(F ) =λ2F 2
�

F2,1− F
�

, (10.92)

where F2,1 =
3c 4+2c 2− 1

3

c ε
�

c 2− 1
3

� and λ2 = 1.

Substituting (10.8810.88)-(10.9010.90) into (10.8710.87) results in the following third-order approxima-

tion

P3(F ) =
−c 2

�

1+ c 2
�

�

c 2− 1
3

�2 F 3+

�

3

εc

�

c 2+
1

6

�

+
5

2εc

�

c 2− 1
15

�

�

c 2− 1
3

�

�

F 2
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⇒P3(F ) = F 2
c 2
�

1+ c 2
�

�

c 2− 1
3

�2

�

F3,1− F
�

, (10.93)

where F3,1 =

�

3c 4+2c 2− 1
3

� �

c 2− 1
3

�

εc 3 (1+ c 2)
and λ3 =

c 2
�

1+ c 2
�

�

c 2− 1
3

�2 .

Equations (10.9110.91)-(10.9310.93) are all of the form

Pn (F ) =λn F 2
�

Fn ,1− F
�

, (10.94)

for n = 1, 2, 3.

Again, ξ takes the following form

ξ=±

√

√3cµ2

2ε

∫ Fn ,1

0

d F
p

Pn (F )
, (10.95)

for n = 1, 2, 3.

Substituting (10.9410.94) into (10.9510.95) we get

ξ=±

√

√

√3cµ2

2ελn

∫ Fn ,1

0

d F

F An
p

Fn ,1− F An
. (10.96)

Let

F An = Fn ,1sech2θ =
Fn ,1

cosh2θ
. (10.97)

Differentiating (10.9710.97) with respect to θ gives

d F =−2Fn ,1

sinhθ

cosh3θ
dθ . (10.98)

Substituting (10.9710.97) and (10.9810.98) into (10.9610.96) and writing the result in terms of θ we get

ξ=±

√

√

√3cµ2

2ελn

∫ θn ,1

0

�

−2Fn ,1

sinhθ

cosh3θ

�

�

1

Fn ,1sech2θ

�

 

1
q

Fn ,1− Fn ,1sech2θ

!

dθ

⇒ξ=±

√

√

√3cµ2

2ελn

∫ θn ,1

0

�

−2Fn ,1

sinhθ

cosh3θ

�

�

1

Fn ,1sech2θ

��

1
p

Fn ,1 tanhθ

�

dθ

⇒ξ=±

√

√

√ 6cµ2

ελn Fn ,1

∫ θn ,1

0

dθ

⇒ξ=±

√

√

√ 6cµ2

ελn Fn ,1
θ +k . (10.99)
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Solving for θ gives

θ =±
√

√ελn Fn ,1

6cµ2
ξ+k . (10.100)

Since cosh is an even function and F An = Fn ,1 at ξ= 0, we deduce that k = 0, and therefore,

(10.9710.97) simplifies to give the following approximate solution for the fluid velocity of the

wave

F An = Fn ,1sech2θ = Fn ,1sech2

��√

√ελn Fn ,1

6cµ2

�

ξ

�

, (10.101)

giving

F A1(ξ) =
3

εc

�

c 2+
1

6

�

sech2









√

√

√ c 2+ 1
6

2c 2µ2



ξ



 ,

F A2(ξ) =
3c 4+2c 2− 1

3

c ε
�

c 2− 1
3

� sech2





 
√

√

√
3c 4+2c 2− 1

3

6c 2µ2
�

c 2− 1
3

�

!

ξ



 ,

F A3(ξ) =

�

3c 4+2c 2− 1
3

� �

c 2− 1
3

�

εc 3 (1+ c 2)
sech2





 
√

√

√
3c 4+2c 2− 1

3

6c 2µ2
�

c 2− 1
3

�

!

ξ



 .

(10.102)

By substituting (10.10110.101) into the exact solution for G (ξ)we obtain the approximate solution

for the surface elevation of the solitary wave given by

G An =
F An

6c

� 4c
ε + F An

B − F An

�

, (10.103)

where B =
1

εc

�

c 2− 1
3

�

and n = 1, 2, 3, for 1< c 2 <∞.

10.7.3.2 Comparision of the results obtained using the approximate solutions F An (ξ)

and G An (ξ) to the exact solutions F (ξ) and G (ξ) for n = 1, 2, 3

We now analyse the results obtained from the approximate solutions F An (ξ) and G An (ξ).

From Figure 10.3110.31, it is clear that the second order approximate profile of
�

d F
dξ

�2
for relatively

small c 2 values is of a similar form as the exact profile. The shaded areas represent the

regions of physical significance.

Now consider Figure 10.3210.32 where the shaded areas represent the regions of physical

significance. The second-order approximate profile of
�

d F
dξ

�2
for relatively large c 2 values is

very similar to the exact profile. In fact, the second-order approximation for F1 is the most
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vs F (ξ) at a constant wave speed c 2 = 3 where ε =

0.005 and µ= 0.06.

accurate approximation. Thus, we use a second-order approximation for the rest of this

analysis. Note the second-order approximate solution is a more accurate representation

of the exact solution for smaller values of c 2.
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Consider the behaviour of the second-order approximate solution when F > 0. The

unimodal excitation fluid velocity profile of the approximate solution F A2(ξ), given by Fig-

ure 10.3310.33, is identical to that of the exact solution F (ξ)given by Figure 10.510.5. We note that the

relationship between the wave speed and the maximum fluid velocity of the solitary wave

F2,1 is directly proportional. This is identical to that of the exact solution. Thus, qualita-

tively, the approximate solution is an accurate representation of the exact solution. How-

ever, the approximate solution grossly underestimates the amplitude of the fluid velocity

of the solitary wave in the horizontal direction. Thus, quantitatively, the approximate so-

lution is an inaccurate representation of the exact solution.

c
2= 1.1

c
2= 1.5

c
2= 2

c
2= 3

c
2= 4

c
2= 4.9

c
2= 5

c
2= 6

c
2= 7

c
2= 8

c
2= 9

c
2= 10

c
2= 11

-60 -40 -20 0 20 40 60

0.01

0.02

0.03

0.04

0.05

ξ

F
A
2
(ξ
)

Figure 10.33: Fluid velocity of the solitary wave in the horizontal direction F A2(ξ) in the region
F > 0, using a second-order approximation, for varying wave speeds where ε= 0.005 and µ= 0.06.

We now consider the approximate solution for the surface elevation of the solitary wave,

G A2(ξ), given by Figure 10.3410.34, in comparison to the exact solution given by Figure 10.3010.30. Al-

though the profile of the approximate and exact solutions are of a unimodal excited form,

the exact solution has a steepened profile whilst the approximate solution has a more grad-

ual profile. The approximate solution also underestimates the amplitude of the surface

elevation of the solitary wave. We note that the relationship between the wave speed and
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the maximum surface elevation of the solitary wave G12 is inversely proportional, but when

considering the exact solution, the same relationship is directly proportional.

c
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Figure 10.34: Surface elevation of the solitary wave G A2(ξ) in the region F > 0, using a second-order
approximation, for varying wave speeds where ε= 0.005 and µ= 0.06.

10.7.4 Concluding remarks

The case 1 < c 2 <∞ forms part of the solution set. All waves produced in this case are

unimodal excitation waves. To our knowledge, these are newly discovered solutions and

results that can be used to enrich the analytical validation of numerical models for tsunami

detection systems. The second-order approximate solution for the fluid velocity of the soli-

tary wave in the horizontal direction F (ξ) is accurate, qualitatively, but inaccurate quan-

titatively. The second-order approximate solution for the surface elevation of the solitary

wave G (ξ) is qualitatively and quantitatively inaccurate.
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Chapter 11

Conclusion

The aim of this thesis is to contribute to the known solutions of the NB equations, which ef-

fectively describe solitary wave motion in shallow water (typically used to describe tsunami

wave motion), using a systematic symmetry approach. We have been successful in achiev-

ing our aim. The results we have obtained enrich the analytical validation of numerical

models for tsunami detection systems.

The (1+1)D Boussinesq equations investigated in this thesis are considered for the equa-

tions’ ability to model tsunamis via solitary wave motion. Three models are investigated,

namely the (1+1)D Boussinesq equations for a moving bathymetry, the LB equations at a

constant water depth and the NB equations at a constant water depth.

11.1 LB equations at a constant water depth

Conservation laws and physical conserved quantities for the LB equations at a constant

water depth are presented. The equations produced six conserved quantities. Conserved

mass, energy and momentum quantities are found in a more systematic way than that

employed in [66].

In addition to these conserved quantities, we are able to obtain two, as yet, unobserved

conserved quantities, namely a conserved mass flow rate and a conserved energy flux den-

sity. Through the work we have undertaken, we have also been able to observe a conserved
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quantity which we, as yet, cannot relate to any known physical quantities.

The complete Lie point symmetries for the LB equations at a constant water depth are

obtained and used in an attempt to determine the invariant solutions in terms of the fluid

velocity of the solitary wave in the horizontal direction and surface elevation of a solitary

wave. A linear combination of the time and spatial symmetries leads to the invariant trav-

elling wave solutions. The travelling wave solutions do not satisfy the lateral boundary

conditions and, therefore, are not physically realistic solutions. We discover that lineariz-

ing the NB equations does not lead to physically realistic solutions. Lastly, the associated

Lie point symmetry is derived and we deduce that all the conserved quantities are associ-

ated to the travelling wave solutions, which do not satisfy the lateral boundary conditions.

The conserved quantities are not needed to solve for the constants in an attempt to obtain

the linear solutions.

The only other attempt at solving these equations analytically can be seen in Dutykh

and Dias [22], where they use the analytical solutions found to validate their numerical com-

putations. The solutions they obtain are not physically realistic, as the fluid velocity is neg-

ative where it is expected to be positive for a solitary wave propagating from right to left.

11.2 NB equations at a constant water depth

Conservation laws and physical conserved quantities for the NB equations at a constant

water depth are presented. The equations produce two physical conserved quantities,

namely the conservation of mass flow rate and the conservation of mass.

The complete Lie point symmetries for the NB equations at a constant water depth are

obtained and used to determine the invariant solutions in terms of the fluid velocity of the

solitary wave in the horizontal direction and surface elevation of a solitary wave. We derive

the associated Lie point symmetry and deduce that all conserved vectors are associated

with the linear combination of the time and spatial symmetries.

A linear combination of the time and spatial symmetries leads to the invariant exact

travelling wave solutions. We obtain solutions for three cases of the NB equations depen-
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dent on the wave speed c 2, namely (i) 0 < c 2 <∞, c 2 6= 1
15 and c 2 6= 1

3 ; (ii) c 2 = 1
15 and (iii)

c 2 = 1
3 .

To our knowledge, the invariant exact travelling wave solutions for the NB equations for

cases (i) and (iii) are new, whilst case (ii) is identical to that displayed in the work of Dutykh

and Dias [22]. Lastly, we provide physically realistic explanations of the results relating to

the horizontal component of the fluid velocity and surface elevation of the solitary wave

for the invariant exact solutions. We present and discuss the approximate solutions for

cases 0 < c 2 < 1
15 , 1

15 < c 2 < 1
3 and 1 < c 2 <∞ for the NB equations by making use of a

perturbation method. To our knowledge, these are newly discovered solutions and results.

The case 0 < c 2 < 1
15 forms physically realistic waves where c 2 = 1

16 , c 2 = 1
15.5 and c 2 =

1
15.1 . To our knowledge, these are new results and two new wave forms are observed, namely

a bimodal depression wave and a bimodal transition wave. The fourth-order approximate

solutions are qualitatively and quantitatively inaccurate.

The special case, c 2 = 1
15 , does not produce physically realistic waves, and therefore,

does not form part of the solution set. To our knowledge, these are new results. Readers

can refer to the work done by Dutykh and Dias [22], who perform alternative analysis on the

same set of solutions and for this specific case.

The case 1< c 2 <∞ forms part of the solution set. All waves produced in this case are

unimodal excitation waves. To our knowledge, these are new results. The second-order ap-

proximate solution for the fluid velocity of the solitary wave in the horizontal direction F (ξ)

is accurate, qualitatively, but inaccurate quantitatively. The second-order approximate so-

lution for the surface elevation of the solitary wave G (ξ) is qualitatively and quantitatively

inaccurate.
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Appendix A

Multipliers and conserved vectors for the

LB equations

This appendix contains detailed calculations used to determine the multipliers and con-

served vectors for the LB equations by making use of the Multiplier approach.

We recall the system of dimensional LB equations given by

∂ η

∂ t
+h
∂ u

∂ x
=

h 3

6

∂ 3u

∂ x 3
, (A.1)

∂ u

∂ t
+ g
∂ η

∂ x
=

h 2

2

∂ 3u

∂ t ∂ x 2
, (A.2)

where h is constant water depth, g is gravitational acceleration, u is the fluid velocity of the

solitary wave in the horizontal direction in the x -direction and η is the surface elevation

of the solitary wave.

A.1 Conservation laws considering multipliers of the form

Λ1,2(t , x , u ,η)

In order to derive the conservation laws for the system given by (4.14.1) and (4.24.2), we consider

multipliers Λ1(t , x , u ,η) and Λ2(t , x , u ,η). By properties of multipliers we have

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2, (A.3)
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where T = (T 1, T 2) are the components of the conserved vector and the total derivative

operators Dt and Dx are defined by

Dt =
∂

∂ t
+ut

∂

∂ u
+ηt

∂

∂ η
+ut t

∂

∂ ut
+ηt t

∂

∂ ηt
+ut x

∂

∂ ux
+ηt x

∂

∂ ηx
+ . . . , (A.4)

Dx =
∂

∂ x
+ux

∂

∂ u
+ηx

∂

∂ η
+ux x

∂

∂ ux
+ηx x

∂

∂ ηx
+ux t

∂

∂ ut
+ηx t

∂

∂ ηt
+ . . . . (A.5)

In order to derive the determining equations we make use of the Euler operator to annihi-

late the divergence of the conservation law.

The determining equations can be found by expanding

Eu [Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx =

h 2

2
ux x t )], (A.6)

Eη[Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx =

h 2

2
ux x t )], (A.7)

where the Euler operator is defined as

Eu =
∂

∂ u
−Dt

∂

∂ ut
−Dx

∂

∂ ux
+D 2

t

∂

∂ ut t
+D 2

x

∂

∂ ux x
+Dt Dx

∂

∂ ut x
+ . . . , (A.8)

Eη =
∂

∂ η
−Dt

∂

∂ ηt
−Dx

∂

∂ ηx
+D 2

t

∂

∂ ηt t
+D 2

x

∂

∂ ηx x
+Dt Dx

∂

∂ ηt x
+ . . . . (A.9)

By expanding equation (A.7A.7) we obtain the following determining equation

∂ Λ1

∂ η

�

ηt +h ux −
h 3

6
ux x x

�

+
∂ Λ2

∂ η

�

ut + gηx −
h 2

2
ux x t

�

−
∂ Λ1

∂ t
−ut

∂ Λ1

∂ u
−ηt

∂ Λ1

∂ η
− g
∂ Λ2

∂ x
− g ux

∂ Λ2

∂ u
− gηx

∂ Λ2

∂ η
= 0. (A.10)

We split equation (A.10A.10) by the following third order derivatives of u

ux x x :
h 3

6

∂ Λ1

∂ η
= 0, (A.11)

ux x t :
h 2

2

∂ Λ2

∂ η
= 0. (A.12)

From (A.11A.11) and (A.12A.12) we note that Λ1 and Λ2 are independent of η.

Next, we separate by the following first order derivatives of u

ux :g
∂ Λ2

∂ u
= 0, (A.13)

ut :
∂ Λ1

∂ u
= 0. (A.14)
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From (A.13A.13) and (A.14A.14), we see that Λ1 and Λ2 are independent of u . We are left with the

following remainder

1 :
∂ Λ1

∂ t
+ g
∂ Λ2

∂ x
= 0. (A.15)

Now by expanding (A.6A.6) and substituting Λ1 = Λ1(t , x ) and Λ2 = Λ2(t , x ) we obtain the fol-

lowing determining equation

−
∂ Λ2

∂ t
−h
∂ Λ1

∂ x
+

h 2

2

∂ 3Λ2

∂ x 2∂ t
+

h 3

6

∂ 3Λ1

∂ x 3
= 0. (A.16)

Thus, we are left with (A.15A.15) and (A.16A.16). Consider Λ1 = Λ1(x ) and Λ2 = Λ2(t ) then (A.15A.15) is

identically satisfied and (A.16A.16) becomes

−
∂ Λ2

∂ t
−h
∂ Λ1

∂ x
+

h 3

6

∂ 3Λ1

∂ x 3
= 0. (A.17)

By separation of variables, each side is a constant. Thus

h 3

6

∂ 3Λ1

∂ x 3
−h
∂ Λ1

∂ x
=
∂ Λ2

∂ t
= a1. (A.18)

Hence

Λ2(t ) = a1t +a2, (A.19)

and we are left with an ordinary differential equation

∂ 3Λ1

∂ x 3
−

6

h 2

∂ Λ1

∂ x
=

6

h 3
a1. (A.20)

We solve (A.20A.20) by considering a complementary and particular solution as follows. Let

∂ Λ1

∂ x
=w , (A.21)

then (A.20A.20) becomes
∂ 2w

∂ x 2
−

6

h 2
w =

6

h 3
a1. (A.22)

Consider a complementary solution of the form wc = e λx . Substituting this solution, as

well as its derivatives, into (A.22A.22) and equating the right hand side of the equation to zero

gives

e λx (λ2−
6

h 2
) = 0. (A.23)
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Thus, λ=±
p

6
h and hence the complementary solution is given by

Λ1(x ) = c3e
p

6
h x + c4e −

p
6

h x + c5. (A.24)

Now, consider a particular solution of the form wp = P where P denotes a constant. Sub-

stituting this solution, as well as its derivatives, into (A.22A.22) gives

−
6P

h 2
=

6

h 3
a1. (A.25)

Thus, the particular solution is given by

Λ1(x ) =−
a1

h
x +a6. (A.26)

Combining (A.24A.24) and (A.26A.26) gives the general solution

Λ1(x ) = a3e
p

6
h x +a4e −

p
6

h x −
a1

h
x +a7. (A.27)

The set of multipliers of the form Λ1,2(t , x , u ,η) are thus given by

Λ1(x ) = a3e
p

6
h x +a4e −

p
6

h x −
a1

h
x +a7, (A.28)

Λ2(t ) = a1t +a2. (A.29)

The conserved vectors can now be obtained by using the Multiplier method.

Case 1: a2 = 1, a1 = 0, a7 = 0, a3 = 0, a4 = 0

Λ1(x ) = 0, (A.30)

Λ2(t ) = 1. (A.31)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒ut + gηx −
h 2

2
ux x t =Dt T 1+Dx T 2. (A.32)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt [u ] +Dx

�

gη−
h 2

2
ux t

�

= 0. (A.33)

150



Hence the elementary conserved vector T = (T 1, T 2) is given by

T 1 = u , (A.34)

T 2 = gη−
h 2

2
ux t . (A.35)

Case 2: a7 = 1, a1 = 0, a2 = 0, a3 = 0, a4 = 0

Λ1(x ) = 1, (A.36)

Λ2(t ) = 0. (A.37)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒ηt +h ux −
h 3

6
ux x x =Dt T 1+Dx T 2. (A.38)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

η
�

+Dx

�

h u −
h 3

6
ux x

�

= 0. (A.39)

Hence the elementary conserved vector T = (T 1, T 2) is given by

T 1 =η, (A.40)

T 2 = h u −
h 3

6
ux x . (A.41)

Case 3: a1 = 1, a2 = 0, a3 = 0, a4 = 0, a7 = 0

Λ1(x ) =−
x

h
, (A.42)

Λ2(t ) = t . (A.43)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒−
x

h
(ηt +h ux −

h 3

6
ux x x ) + t (ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2. (A.44)
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When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

t u −
1

h
xη

�

+Dx

�

−x u + g tη−
h 2

2
t ux t +

h 2

6
[x ux x −ux ]

�

= 0. (A.45)

Hence the conserved vector T = (T 1, T 2) is given by

T 1 = t u −
1

h
xη, (A.46)

T 2 =−x u + g tη−
h 2

2
t ux t +

h 2

6
[x ux x −ux ] . (A.47)

Case 4: a3 = 1, a4 = 1, a1 = 0, a2 = 0, a7 = 0

Λ1(x ) = e α
p

6
h x , (A.48)

Λ2(t ) = 0, (A.49)

where α=±1.

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒e α
p

6
h x (ηt +h ux −

h 3

6
ux x x ) =Dt T 1+Dx T 2. (A.50)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

h

e ε
p

6
h xη

i

+Dx

�

h 3

6
e ε

p
6

h x

�

ε

p
6

h
ux −ux x

��

= 0. (A.51)

Hence the conserved vector T = (T 1, T 2) is given by

T 1 = e ε
p

6
h xη, (A.52)

T 2 =
h 3

6
e ε

p
6

h x

�

ε

p
6

h
ux −ux x

�

. (A.53)

We have obtained additional multipliers of the formΛ1,2(t , x , u ,η)using Maple software
[5050]. An identical Multiplier approach was implemented and we obtained the following
multipliers as a function of the dependent and independent variables:

Λ1(t , x , u ,η) =
1

2

1
p

c2h

�p
2

r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)e

−
1

2

−2
p

c2t g h +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

C 3C 5
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+
p

2

r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)e

1

2

−2
p

c2t g h +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

C 4C 6

−
p

2

r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)e

−
1

2

2
p

c2t g h +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

C 3C 6

−
p

2

r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)e

1

2

2
p

c2t g h +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

C 4C 5

+
p

2
��

e
−

1

2

−2
p

c2t g h +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

C 1

− e

1

2

2
p

c2t g h +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

C 2
�

C 5

+
�

e

1

2

−2
p

c2t g h +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

C 2

− e
−

1

2

2
p

c2t g h +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

C 1
�

C 6
�
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

+2h
p

c2

�

C 7+C 8e

p
6

h
x
+C 9e

−
p

6

h
x
��

, (A.54)

Λ2(t , x , u ,η) =
1

e
p

c2 t

��

C 3e
−

1

2

p
2
Ç

g (3c2h +6g +
Æ

9h 2c 2
2 +12g h c2+36g 2)

g h
x

+C 4e
1
2

p
2
Ç

g (3c2h +6g +
Æ

9h 2c 2
2 +12g h c2+36g 2)

g h
x

+C 1e
−

1

2

p
2
Ç

g (3c2h +6g −
Æ

9h 2c 2
2 +12g h c2+36g 2)

g h
x

+C 2e

1

2

p
2
Ç

g (3c2h +6g −
Æ

9h 2c 2
2 +12g h c2+36g 2)

g h
x�

[(e
p

c2 t )2C 5+C 6]
�

. (A.55)

Using Table A.1A.1 and assuming c2 = 1 we obtain 8 sets of multipliers given in Table A.2A.2 where

c1 =

q

g (3h +6g −
p

36g 2+12g h +9h 2)
p

2hg
, (A.56)

c3 =

q

g (3h +6g +
p

36g 2+12g h +9h 2)
p

2hg
. (A.57)

Considering Table A.2A.2, since the multipliers in Case (5(a)-8(a)) are identical in form to

those in Case (5(b)-8(b)) respectively, we introduce a constant to reduce the number of

cases we need to consider. Thus the resulting additional multipliers of the formΛ1,2(t , x , u ,η)

are given in Table A.3A.3 , where
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Case 5(a) 6(a) 7(a) 8(a) 5(b) 6(b) 7(b) 8(b)

C1 1 1 0 0 0 0 0 0
C2 0 0 1 1 0 0 0 0
C3 0 0 0 0 1 1 0 0
C4 0 0 0 0 0 0 1 1
C5 1 0 1 0 1 0 1 0
C6 0 1 0 1 0 1 0 1
C7 0 0 0 0 0 0 0 0
C8 0 0 0 0 0 0 0 0
C9 0 0 0 0 0 0 0 0

C10 0 0 0 0 0 0 0 0

Table A.1: Coefficients of multipliers of the form Λ1,2(t , x , u ,η) using Maple software [5050].

Case Multiplier

5(a) Λ1 = c1g e −c1 x+g h t

Λ2 = e −c1 x+t

6(a) Λ1 =−c1g e −c1 x−g h t

Λ2 = e −c1 x−t

7(a) Λ1 =−c1g e c1 x+g h t

Λ2 = e c1 x+t

8(a) Λ1 = c1g e c1 x−g h t

Λ2 = e c1 x−t

5(b) Λ1 = c3g e −c3 x+g h t

Λ2 = e −c3 x+t

6(b) Λ1 =−c3g e −c3 x−g h t

Λ2 = e −c3 x−t

7(b) Λ1 =−c3g e c3 x+g h t

Λ2 = e c3 x+t

8(b) Λ1 = c3g e c3 x−g h t

Λ2 = e c3 x−t

Table A.2: Multipliers of the form Λ1,2(t , x , u ,η).

c4 =

q

g (3h +6g +α
p

36g 2+12g h +9h 2)
p

2hg
, (A.58)
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Case Multiplier

5 Λ1 = c4g e −c4 x+g h t

Λ2 = e −c4 x+t

6 Λ1 =−c4g e −c4 x−g h t

Λ2 = e −c4 x−t

7 Λ1 =−c4g e c4 x+g h t

Λ2 = e c4 x+t

8 Λ1 = c4g e c4 x−g h t

Λ2 = e c4 x−t

Table A.3: Reduced multipliers of the form Λ1,2(t , x , u ,η).

where α=±1.

Using the same Maple code [5050], we were able to obtain multipliers of the formΛ1,2(t , x , u ,

η, ut ,ηt , ux ,ηx ), producing identical sets to the multipliers of the form Λ1,2(t , x , u ,η) - Ta-

ble A.3A.3.

The conserved vectors can now be obtained for Cases (5-8) by using the Multiplier

method.

Case 5

Λ1 = c4g e −c4 x+g h t , (A.59)

Λ2 = e −c4 x+t . (A.60)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒c4g e −c4 x+g h t (ηt +h ux −
h 3

6
ux x x ) + e −c4 x+t (ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.61)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

e −c4 x+t
�

gηx −2u
��

+Dx

�

e −c4 x+tηt

�

−g −
1

c4
ux x −ux −

3

c4
2

ux t −
3

c4
ut +

∫

2u d x

��

= 0.
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Hence the conserved vector T = (T 1, T 2) is given by

T 1 = e −c4 x+t
�

gηx −2u
�

, (A.62)

T 2 = e −c4 x+tηt

�

−g −
1

c4
ux x −ux −

3

c4
2

ux t −
3

c4
ut +

∫

2u d x

�

. (A.63)

where g h = 1 and c4 =α
p

6
h , with α=±1.

Case 6

Λ1 =−c4g e −c4 x−g h t , (A.64)

Λ2 = e −c4 x−t . (A.65)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒− c4g e −c4 x−g h t (ηt +h ux −
h 3

6
ux x x ) + e −c4 x−t (ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.66)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

e −c4 x−t
�

−gηx −2u
��

+Dx

�

e −c4 x−t

�

gηt +
1

c4
ux x +ux −

3

c4
2

ux t −
3

c4
ut −

∫

2u d x

��

= 0.

Hence the conserved vector T = (T 1, T 2) is given by

T 1 = e −c4 x−t
�

−gηx −2u
�

, (A.67)

T 2 = e −c4 x−t

�

gηt +
1

c4
ux x +ux −

3

c4
2

ux t −
3

c4
ut −

∫

2u d x

�

. (A.68)

where g h = 1 and c4 =α
p

6
h , with α=±1.

Case 7

Λ1 =−c4g e c4 x+g h t , (A.69)

Λ2 = e c4 x+t . (A.70)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2
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⇒− c4g e c4 x+g h t (ηt +h ux −
h 3

6
ux x x ) + e c4 x+t (ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.71)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

e c4 x+t
�

gηx −2u
��

+Dx

�

e c4 x+t

�

−gηt +
1

c4
ux x −ux −

3

c4
2

ux t +
3

c4
ut +

∫

2u d x

��

= 0.

Hence the conserved vector T = (T 1, T 2) is given by

T 1 = e c4 x+t
�

gηx −2u
�

, (A.72)

T 2 = e c4 x+t

�

−gηt +
1

c4
ux x −ux −

3

c4
2

ux t +
3

c4
ut +

∫

2u d x

�

. (A.73)

where g h = 1 and c4 =α
p

6
h , with α=±1.

Case 8

Λ1 = c4g e c4 x−g h t , (A.74)

Λ2 = e c4 x−t . (A.75)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒c4g e c4 x−g h t (ηt +h ux −
h 3

6
ux x x ) + e c4 x−t (ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.76)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

e c4 x−t
�

gηx −2u
��

+Dx

�

e c4 x−t

�

gηt −
1

c4
ux x −ux −

3

c4
2

ux t +
3

c4
ut +

∫

2u d x

��

= 0.

Hence the conserved vector T = (T 1, T 2) is given by

T 1 = e c4 x−t
�

gηx −2u
�

, (A.77)

T 2 = e c4 x−t

�

gηt −
1

c4
ux x −ux −

3

c4
2

ux t +
3

c4
ut +

∫

2u d x

�

. (A.78)

where g h = 1 and c4 =α
p

6
h , with α=±1.
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A.2 Conservation laws considering multipliers of the form

Λ1,2(t , x , u ,η, ut ,ηt , ux ,ηx , ut t , ut x , ux x ,ηt t ,ηt x ,ηx x )

Consider multipliers of the form Λ1(t , x , u ,η, ut ,ηt , ux ,ηx , ut t , ut x , ux x ,ηt t ,ηt x ,ηx x )
and Λ2(t , x , u ,η, ut ,ηt , ux ,ηx , ut t , ut x , ux x ,ηt t ,ηt x ,ηx x ). The following multipliers were
obtained using Maple software [5050]:

Λ1(t , x , u ,η, ut ,ηt , ux ,ηx , ux x , ux t , ut t ,ηx x ,ηx t ,ηt t ) =−
3

h 3e
p

c2

�

−
1

6
e
−

1

2

−2
p

c2t hg +
p

2
r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
xp

2

r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)C 9C 13h 2

−
1

6
e

1

2

−2
p

c2t hg +
p

2
r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
xp

2

r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)C 10C 14h 2

+
1

6
e
−

1

2

2
p

c2t hg +
p

2
r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
xp

2

r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)C 9C 14h 2

+
1

6
e

1

2

2
p

c2t hg +
p

2
r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
xp

2

r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)C 10C 13h 2

−
1

6
e
−

1

2

−2
p

c2t hg +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
xp

2

r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)C 11C 13h 2

−
1

6
e

1

2

2
p

c2t hg +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
xp

2

r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)C 12C 14h 2

+
1

6
e
−

1

2

2
p

c2t hg +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
xp

2

r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)C 11C 14h 2

+
1

6
e

1

2

2
p

c2t hg +
p

2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
xp

2

r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)C 12C 13h 2

+
�

−
1

3
C 17e

−

p
6

h
x

h 3 −
1

3
C 16e

p
6

h
x

h 3 +
1

6
C 8h 5ux x + (((−

1

3
ux x x +

4

3
t ux t +

1

3
ux )C 1+

1

6
ux x t C 2+

1

3
ux t C 4

+
1

3
C 3ux x )g +

2

3
C 6ux t −

1

3
C 8u +

2

3
ux x C 5−

1

3
C 15)h 3 + (((tηt t +ηx t x +ηt )C 1+ (

2

3
tηx t +

1

2
ηx )C 2−

1

3
ηC 7)g

+C 2ux t x +ηx t C 5+ηt t C 6)h 2 + (−2C 1g 2tη+u (2C 1x +C 2t )g +
2

3
ηt t x C 2)h −C 2g xη

�p
c2

�

, (A.79)

Λ2(t , x , u ,η, ut ,ηt , ux ,ηx , ux x , ux t , ut t ,ηx x ,ηx t ,ηt t ) =
1

6h 2e
p

c2 t

�

6C 9h 2
�

C 13(e
p

c2 t )2 +C 14
�

C 1e
−

1

2

p
2
r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

+6C 10h 2
�

C 13(e
p

c2 t )2 +C 14
�

C 1e

1

2

p
2
r

g (3c2h +6g −
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

+6C 11h 2
�

C 13(e
p

c2 t )2 +C 14
�

C 1e
−

1

2

p
2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x
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+6C 12h 2
�

C 13(e
p

c2 t )2 +C 14
�

C 1e

1

2

p
2
r

g (3c2h +6g +
q

9h 2c 2
2 +12g h c2 +36g 2)

g h
x

+6
�

−
1

6
h 4ux x C 7−h 3ux x t g C 1+ (((tηx t +ηx x x +ηx )g +2t ut t +ηt )C 1

+(t ux t +ux − (1/2)ux x x + (1/2)ηx x t g )C 2+C 3ux t +C 4ut t

+C 5ηx x +C 6ηx t +C 7u +C 8η)h 2 + (6C 1g t u + (
3

2
(ηx t x +ηt ))C 2)h −6ηx g C 1

+3C 2(−g tη+ x u )
�

e
p

c2 t
�

. (A.80)

Coefficient Case 9 Case 10 Case 11 Case 12 Case 13 Case 14

C1 0 0 0 0 0 0
C2 0 0 0 0 0 0
C3 1 0 0 0 0 0
C4 0 1 0 0 0 0
C5 0 0 1 0 0 0
C6 0 0 0 1 0 0
C7 0 0 0 0 1 0
C8 0 0 0 0 0 1
C9 0 0 0 0 0 0

C10 0 0 0 0 0 0
C11 0 0 0 0 0 0
C12 0 0 0 0 0 0
C13 0 0 0 0 0 0
C14 0 0 0 0 0 0
C15 0 0 0 0 0 0
C16 0 0 0 0 0 0
C17 0 0 0 0 0 0

Table A.4: Coefficients of multipliers of the formΛ1,2(t , x , u ,η, ut ,ηt , ux ,ηx , ut t , ut x , ux x ,ηt t ,ηt x ,ηx x )
using Maple software [5050].

Using Table A.4A.4 and assuming c2 = 1, we obtain an additional six sets of multipliers-

refer to Table A.5A.5. The conserved vectors can now be obtained for Cases (9-14) by using

the Multiplier method.
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Case Multiplier

9 Λ1 =−g ux x

Λ2 = ux t

10 Λ1 =−g ux t

Λ2 = ut t

11 Λ1 =−2ux x −
3

h
ηx t

Λ2 = ux x

12 Λ1 =−2ux t −
3

h 2
ηt t

Λ2 =ηx t

13 Λ1 =
g

h
η

Λ2 = u −
1

6
h 2ux x

14 Λ1 = u −
1

2
h 2ux x

Λ2 =η

Table A.5: Multipliers of the form Λ1,2(t , x , u ,η, ut ,ηt , ux ,ηx , ut t , ut x , ux x ,ηt t ,ηt x ,ηx x )

Case 9

Λ1 =−g ux x , (A.81)

Λ2 = ux t . (A.82)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒− g ux x (ηt +h ux −
h 3

6
ux x x ) +ux t (ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.83)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

−g ux xη
�

+Dx

�

1

2

�

h 3

6
g (ux x )

2− g h (ux )
2−

h 2

2
(ux t )

2+ (ut )
2

�

+ g ux tη

�

= 0.
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Hence the conserved vector T = (T 1, T 2) is given by

T 1 =−g ux xη, (A.84)

T 2 =
1

2

�

h 3

6
g (ux x )

2− g h (ux )
2−

h 2

2
(ux t )

2+ (ut )
2

�

+ g ux tη. (A.85)

Case 10

Λ1 =−g ux t , (A.86)

Λ2 = ut t . (A.87)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒− g ux t (ηt +h ux −
h 3

6
ux x x ) +ut t (ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.88)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

1

2

�

−
g h 3

6
(ux x )

2+ (ut )
2− g h (u 2

x ) +
h 2

2
(ux t )

2

�

+ g utηx

�

+Dx

�

1

2

�

g h 3

3
ux t ux x −h 2ut t (ux t )

�

− g utηt

�

= 0.

(A.89)

Hence the conserved vector T = (T 1, T 2) is given by

T 1 =
1

2

�

−
g h 3

6
(ux x )

2+ (ut )
2− g h (ux )

2+
h 2

2
(ux t )

2

�

+ g utηx , (A.90)

T 2 =
1

2

�

g h 3

3
ux t ux x −h 2ut t (ux t )

�

− g utηt . (A.91)

Case 11

Λ1 =−2ux x −
3

h
ηx t , (A.92)
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Λ2 = ux x . (A.93)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒(−2ux x −
3

h
ηx t )(ηt +h ux −

h 3

6
ux x x ) +ux x (ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.94)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

1

2

�

−
h 2

2
(ux x )

2− (ux )
2

��

+Dx

�

h 3

6
(ux x )

2−
3

2h
(ηt )

2−h (ux )
2+

h 2

2

�

ηx t ux x −ηx x t ux +ηx x x t u
�

+ux ut + g ux xη−uηx t −2uxηt +

∫ �

−
h 2

2
ηx x x t u − g ux x xη+uηx x t

�

d x

�

= 0.

(A.95)

Hence the conserved vector T = (T 1, T 2) is given by

T 1 =
1

2

�

−
h 2

2
(ux x )

2− (ux )
2

�

, (A.96)

T 2 =
h 3

6
(ux x )

2−
3

2h
(ηt )

2−h (ux )
2+

h 2

2

�

ηx t ux x −ηx x t ux +ηx x x t u
�

+ux ut + g ux xη−uηx t −2uxηt +

∫ �

−
h 2

2
ηx x x t u − g ux x xη+uηx x t

�

d x .

(A.97)

Case 12

Λ1 =−2ux t −
3

h 2
ηt t , (A.98)

Λ2 =ηx t . (A.99)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2
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⇒(−2ux t −
3

h 2
ηt t )(ηt +h ux −

h 3

6
ux x x ) +ηx t (ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.100)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

g

2
(ηx )

2−h (ux )
2−

3

2h 2
(ηt )

2−3ux tη−
h 2

2
ηx x x t u −

h 3

3
u ux x x x +

h

2
ηt ux x x −

h

2
ηux x x t

�

+Dx

�

ηt ut −
h 2

2
ηx t ux t +

h 2

2
ηx x t ut +

h 3

3
ut ux x x −

3

h
uηt t

+

∫ �

3

h
uηt t x +3ux t tη+

h 2

2
ηx x x t t u +

h 3

3
u ux x x x t +

h

2
ηux x x t t

�

d x

�

= 0.

(A.101)

Hence the conserved vector T = (T 1, T 2) is given by

T 1 =
g

2
(ηx )

2−h (ux )
2−

3

2h 2
(ηt )

2−3ux tη−
h 2

2
ηx x x t u −

h 3

3
u ux x x x +

h

2
ηt ux x x −

h

2
ηux x x t ,

(A.102)

T 2 =ηt ut −
h 2

2
ηx t ux t +

h 2

2
ηx x t ut +

h 3

3
ut ux x x −

3

h
uηt t

+

∫ �

3

h
uηt t x +3ux t tη+

h 2

2
ηx x x t t u +

h 3

3
u ux x x x t +

h

2
ηux x x t t

�

d x . (A.103)

Case 13

Λ1 =
g

h
η, (A.104)

Λ2 = u −
1

6
h 2ux x . (A.105)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒
g

h
η(ηt +h ux −

h 3

6
ux x x ) + (u −

1

6
h 2ux x )(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.106)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

g

2h
η2+

1

2
u 2+

h 4

24
ux x

2+
h

4
(ux )

2+
h 2

12
(ux )

2

�
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+Dx

�

gηu −
g h 2

6
ux xη+

h

2
ux ut +

h 2

6
ux ut

�

= 0.

(A.107)

Hence the conserved vector T = (T 1, T 2) is given by

T 1 =
g

2h
η2+

1

2
u 2+

h 4

24
(ux x )

2+
h

4
(ux )

2+
h 2

12
(ux )

2, (A.108)

T 2 = gηu −
g h 2

6
ux xη+

h

2
ux ut +

h 2

6
ux ut . (A.109)

Case 14

Λ1 = u −
1

2
h 2ux x , (A.110)

Λ2 =η. (A.111)

By properties of multipliers the following must be satisfied

Λ1(ηt +h ux −
h 3

6
ux x x ) +Λ2(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2

⇒(u −
1

2
h 2ux x )(ηt +h ux −

h 3

6
ux x x ) +η(ut + gηx −

h 2

2
ux x t ) =Dt T 1+Dx T 2.

(A.112)

When u (t , x ) and η(t , x ) are solutions of the system of equations (A.1A.1) and (A.2A.2), we have

Dt

�

ηu −
h 2

2
ux xη−

h 3

4
ux

2

�

+Dx

�

h

2
u 2−
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12
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24
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= 0.

Hence the conserved vector T = (T 1, T 2) is given by
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2
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4
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2, (A.113)

T 2 =
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h 3

6
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h 3

12
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24
(ux x )
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2
η2. (A.114)

164



Appendix B

Lie point symmetries for the LB equations

The extended infinitesimals for (5.85.8) are given by
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and similarly
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and finally
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The first determining equation is given by
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Appendix C

Multipliers for the NB equations

We recall the system of dimensionless NB equations given by

∂ η

∂ t
+
∂ u

∂ x
+ε

∂

∂ x

�

uη
�

=
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6

∂ 3u

∂ x 3
, (C.1)

∂ u

∂ t
+εu

∂ u

∂ x
+
∂ η

∂ x
=
µ2

2

∂ 3u

∂ x 2∂ t
, (C.2)

where u is the fluid velocity of the solitary wave in the x -direction and η is the surface

elevation of the solitary wave.

C.1 Multipliers of the form Λ1,2(t , x , u ,η, ut ,ηt , ux ,ηx )

In order to derive the conservation laws for the system given by (C.1C.1)-(C.2C.2), we consider

multipliersΛ1(t , x , u ,η, ut , ux ,ηt ,ηx ) andΛ2(t , x , u ,η, ut , ux ,ηt ,ηx ). By properties of mul-

tipliers we have
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6
ux x x
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ut +εux u +ηx −
µ2

2
ux x t

�

=Dt T 1+Dx T 2,

(C.3)

where T = (T 1, T 2) are the components of the conserved vector and Dt and Dx represent

the total derivative operators.

In order to derive the determining equations, we make use of the Euler operator to

annihilate the divergence of the conservation law.
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The determining equations can be found by expanding
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ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+Λ2

�

ut +εux u +ηx −
µ2

2
ux x t

��

= 0,

(C.4)

Eη

�

Λ1

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+Λ2

�

ut +εux u +ηx −
µ2

2
ux x t

��

= 0,

(C.5)

where Eu and Eη represent the Euler operators.

By expanding (C.5C.5) we obtain the following determining equation

∂ Λ1

∂ η

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+Λ1εux

+
∂ Λ2

∂ η

�

ut +εux u +ηx −
µ2

2
ux x t

�

−
�

∂ 2Λ1

∂ ηt ∂ t

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ t

+
∂ 2Λ2

∂ ηt ∂ t

�

ut +εux u +ηx −
µ2

2
ux x t

��

−ut

�

∂ 2Λ1

∂ ηt ∂ u

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηt
εηx +

∂ Λ1

∂ u

+
∂ 2Λ2

∂ ηt ∂ u

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηt
εux

�

−ηt

�

∂ 2Λ1

∂ ηt ∂ η

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηt
εux +

∂ Λ1

∂ η

+
∂ 2Λ2

∂ η2
t

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηt
(0)

�

−ut t

�

∂ 2Λ1

∂ ηt ∂ ut

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηt
(0)+

∂ Λ1

∂ ut

+
∂ 2Λ2

∂ ηt ∂ ut

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηt
(1)

�

−ux t

�

∂ 2Λ1

∂ ηt ∂ ux

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηt

�

1+εη
�

+
∂ Λ1

∂ ux

+
∂ 2Λ2

∂ ηt ∂ ux

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηt
εu

�

−ηt t

�

∂ 2Λ1

∂ η2
t

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηt
(1)+

∂ Λ1

∂ ηt

+
∂ 2Λ2

∂ η2
t

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηt
(0)

�

−ηx t

�

∂ 2Λ1

∂ ηt ∂ ηx

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηt
εu +

∂ Λ1

∂ ηx
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+
∂ 2Λ2

∂ ηt ∂ ηx

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηt
(1)

�

−ux x x t

�

−
µ2

6

∂ Λ1

∂ ηt

�

−ux x t t

�

−
µ2

2

∂ Λ2

∂ ηt

�

−
�

∂ 2Λ1

∂ ηx ∂ x

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ x
εu

+
∂ 2Λ2

∂ ηx ∂ x

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ x

�

−ux

�

∂ 2Λ1

∂ ηx ∂ u

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηx
εηx +

∂ Λ1

∂ u
εu +Λ1ε

+
∂ 2Λ2

∂ ηx ∂ u

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηx
εux +

∂ Λ2

∂ u

�

−ηx

�

∂ 2Λ1

∂ ηx ∂ η

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηx
εux +

∂ Λ1

∂ η
εu

+
∂ 2Λ2

∂ ηx ∂ η

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ η

�

−ux t

�

∂ 2Λ1

∂ ηx ∂ ut

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ut
εu

+
∂ 2Λ2

∂ ηx ∂ ut

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηx
(1)+

∂ Λ2

∂ ut

�

−ux x

�

∂ 2Λ1

∂ ηx ∂ ux

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηx

�

1+εη
�

+
∂ Λ1

∂ ux

+
∂ 2Λ2

∂ ηx ∂ ux

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηx
εu +

∂ Λ2

∂ ux

�

−ηt x

�

∂ 2Λ1

∂ ηt ∂ ηx

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηx
(1)+

∂ Λ1

∂ ηt
εu

+
∂ 2Λ2

∂ ηt ∂ ηx

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηx
(0)+

∂ Λ2

∂ ηt

�

−ηx x

�

∂ 2Λ1

∂ η2
x

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ Λ1

∂ ηx
εu +

∂ Λ1

∂ ηx
εu

+
∂ 2Λ2

∂ η2
x

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ Λ2

∂ ηx
(1)+

∂ Λ2

∂ ηx

�

−ux x x t

�

−
µ2

2

∂ Λ2

∂ ηx

�

−ux x x x

�

−
µ2

6

∂ Λ1

∂ ηx

�

= 0.

(C.6)

Equation (C.6C.6) can be split into derivative products and powers of u and η as follows

ux x x x :
µ2

6

∂ Λ1

∂ ηx
= 0. (C.7)
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Thus

Λ1 =Λ1(t , x , u ,η, ut , ux ,ηt ), (C.8)

Λ2 =Λ2(t , x , u ,η, ut , ux ,ηt ,ηx ). (C.9)

Next, we separate by the following derivative of u

ux x t t :
µ2

2

∂ Λ2

∂ ηt
= 0. (C.10)

Thus

Λ1 =Λ1(t , x , u ,η, ut , ux ,ηt ), (C.11)

Λ2 =Λ2(t , x , u ,η, ut , ux ,ηx ). (C.12)

Next, we separate by the following derivative of u

ux x x t :
∂ Λ1

∂ ηt
+3
∂ Λ2

∂ ηx
= 0. (C.13)

Next, we separate by the following derivative of u

ux x x :−
µ2

6

�

∂ Λ1

∂ η
−
∂ 2Λ1

∂ ηt ∂ t
−ut

∂ 2Λ1

∂ ηt ∂ u
−ηt

∂ 2Λ1

∂ η∂ ηt
−ut t

∂ 2Λ1

∂ ut ∂ ηt

−ux t

∂ 2Λ1

∂ ux∂ ηt
−ηt t

∂ 2Λ1

∂ η2
t

�

= 0. (C.14)

Next, we separate (C.14C.14) by the following derivative of u

ut t :
∂

∂ ut

�

∂ Λ1

∂ ηt

�

= 0, (C.15)

and by the following derivative of u

ux t :
∂

∂ ux

�

∂ Λ1

∂ ηt

�

= 0, (C.16)

and by the following derivative of η

ηt t :
∂

∂ ηt

�

∂ Λ1

∂ ηt

�

= 0. (C.17)

From equation (C.15C.15) we know

∂

∂ ut

�

∂ Λ1

∂ ηt

�

t , x , u ,η, ut , ux ,ηx

�

�

= 0, (C.18)
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and from equations (C.15C.15), (C.16C.16) and (C.17C.17) we know

∂ Λ1

∂ ηt
=
∂ Λ1

∂ ηt

�

t , x , u ,η
�

, (C.19)

therefore, we have

Λ1 =ηt f
�

t , x , u ,η
�

+ g
�

t , x , u ,η, ut , ux

�

. (C.20)

Also, we have the following remaining from (C.14C.14)

∂ Λ1

∂ η
−
∂ 2Λ1

∂ ηt ∂ t
−ut

∂ 2Λ1

∂ ηt ∂ u
−ηt

∂ 2Λ1

∂ η∂ ηt
= 0. (C.21)

Substituting (C.20C.20) into (C.21C.21) we get

∂ g

∂ η
(t , x , u ,η, ut , ux )−

∂ f

∂ t
(t , x , u ,η)−ut

∂ f

∂ u
(t , x , u ,η) = 0. (C.22)

Substituting (C.20C.20) into (C.13C.13) and integrating with respect to ηx we get

Λ2(t , x , u ,η, ut , ux ,ηx ) =−
1

3
ηx f (t , x , u ,η) +m (t , x , u ,η, ut , ux ). (C.23)

Thus

Λ1(t , x , u ,η, ut , ux ,ηt ) =ηt f (t , x , u ,η) + g (t , x , u ,η, ut , ux ), (C.24)

Λ2(t , x , u ,η, ut , ux ,ηx ) =−
1

3
ηx f (t , x , u ,η) +m (t , x , u ,η, ut , ux ). (C.25)

Next, we separate by the following derivative of u

ux x t :
µ2

2

�

∂ Λ2

∂ η
+
∂ 2Λ2

∂ x∂ ηx
+ux

∂ 2Λ2

∂ u∂ ηx
+ηx

∂ 2Λ2

∂ η∂ ηx

+ux t
∂ 2Λ2

∂ ut ∂ ηx
+ux x

∂ 2Λ2

∂ ux ∂ ηx
+ηx x

∂ 2Λ2

∂ η2
x

�

= 0. (C.26)

Next, we separate (C.26C.26) by the following derivative of u

ux x :
∂

∂ ux

�

∂ Λ2

∂ ηx

�

= 0, (C.27)

and by the following derivative of u

ux t :
∂

∂ ut

�

∂ Λ2

∂ ηx

�

= 0, (C.28)
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and by the following derivative of η

ηx x :
∂

∂ ηx

�

∂ Λ2

∂ ηx

�

= 0, (C.29)

where equations (C.27C.27), (C.28C.28) and (C.29C.29) are all identically satisfied.

Also, we have the following remaining from (C.26C.26)

∂ Λ2

∂ η
+
∂ 2Λ2

∂ x∂ ηx
+ux

∂ 2Λ2

∂ u∂ ηx
+ηx

∂ 2Λ2

∂ η∂ ηx
= 0. (C.30)

Substituting (C.25C.25) into (C.30C.30) we get

ηx
∂ f

∂ η
(t , x , u ,η) +

∂ f

∂ x
(t , x , u ,η) +ux

∂ f

∂ u
(t , x , u ,η) +ηx

∂ f

∂ η
(t , x , u ,η)

−3
∂m

∂ η
(t , x , u ,η, ut , ux ) = 0.

(C.31)

Next, we separate (C.31C.31) by the following derivative of u

ux :
∂ f

∂ u
(t , x , u ,η) = 0, (C.32)

and by the following derivative of η

ηx :
∂ f

∂ η
(t , x , u ,η) = 0, (C.33)

(which simplifies f = f (t , x )) and by the following remainder

1 :
∂ f

∂ x
(t , x )−3

∂m

∂ η
(t , x , u ,η, ut , ux ) = 0

⇒m (t , x , u ,η, ut , ux ) =
η

3

∂ f

∂ x
(t , x ) +N (t , x , u , ut , ux ). (C.34)

Thus

Λ1(t , x , u ,η, ut , ux ,ηt ) =ηt f (t , x ) + g (t , x , u ,η, ut , ux ), (C.35)

Λ2(t , x , u ,η, ut , ux ,ηx ) =−
1

3
ηx f (t , x ) +

η

3

∂ f

∂ x
(t , x ) +N (t , x , u , ut , ux ). (C.36)

Considering (C.6C.6) and substituting the results obtained in (C.35C.35) and (C.36C.36), we obtain the

following

∂ g

∂ η

�

ηt +ux +εηx u +εηux

�

+εux

�

ηt f + g
�

+
1

3

∂ f

∂ x

�

ut +εu ux +ηx

�

−
∂ f

∂ t

�

ηt +ux +εηx u +εηux

�
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−3ηt
∂ f

∂ t
−
∂ g

∂ t
−ut

�

ε f ηx +
∂ g

∂ u

�

−ηt

�

f εux +
∂ g

∂ η

�

−ut t
∂ g

∂ ut
−ux t

�

f
�

1+εη
�

+
∂ g

∂ ux

�

−ηt t 2 f −ηx t ε f u

−
�

�

ηt
∂ f

∂ x
+
∂ g

∂ x

�

εu −
1

3

∂ f

∂ x

�

ut +εux u +ηx

�

−
1

3
ηx
∂ f

∂ x
+
η

3

∂ 2 f

∂ x 2
+
∂ N

∂ x

�

−ux

�

∂ g

∂ u
εu +

�

ηt f + g
�

ε−
1

3
f εux +

∂ N

∂ u

�

−ηx

�

∂ g

∂ η
εu +

1

3

∂ f

∂ x

�

−ux t

�

∂ g

∂ ut
εu −

1

3
f +

∂ N

∂ ut

�

−ux x

�

∂ g

∂ ux
εu −

1

3
f εu +

∂ N

∂ ux

�

−ηt x f εu +
2

3
ηx x f = 0. (C.37)

Equation (C.37C.37) can be split into derivative products and powers of u and η as follows

ut t :
∂ g

∂ ut
= 0, (C.38)

and by the following derivative of u

ux t : f
�

2

3
−εη

�

+
∂ g

∂ ux
+εu

∂ g

∂ ut
+
∂ N

∂ ut
= 0, (C.39)

and by the following derivative of u

ux x :−
∂ g

∂ ux
εu +

1

3
f εu −

∂ N

∂ ux
= 0, (C.40)

and by the following derivative of η

ηt t :−2 f = 0

⇒ f = 0, (C.41)

and by the following derivative of η

ηx t :−2 f εu = 0

⇒ f = 0, (C.42)

and by the following derivative of η

ηx x :
2

3
f = 0

⇒ f = 0. (C.43)
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Thus

Λ1 =g (t , x , u ,η, ux ), (C.44)

Λ2 =N (t , x , u , ut , ux ), (C.45)

where

∂ g

∂ ux
+
∂ N

∂ ut
= 0, (C.46)

εu
∂ g

∂ ux
+
∂ N

∂ ux
= 0, (C.47)

∂ g

∂ η

��

1+εη
�

ux

�

−
∂ g

∂ t
−
∂ g

∂ u
ut −

∂ g

∂ x
εu −

∂ N

∂ x
−
∂ g

∂ u
εu ux −

∂ N

∂ u
ux = 0. (C.48)

Now by expanding (C.4C.4) and substituting (C.44C.44) and (C.45C.45) we obtain the following deter-

mining equation

∂ g

∂ u

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+ g εηx

+
∂ N

∂ u

�

ut +εux u +ηx −
µ2

2
ux x t

�

+N εux

−
�

∂ 2N

∂ ut ∂ t

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ N

∂ t

�

−ut

�

∂ 2N

∂ ut ∂ u

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ N

∂ ut
εux +

∂ N

∂ u

�

−ηt [0]−ut t

�

∂ 2N

∂ u 2
t

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ N

∂ ut
(1)

�

−ux t

�

∂ 2N

∂ ut ∂ ux

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ N

∂ ut
(εu )+

∂ N

∂ ux

�

−ηt t [0]−ηx t

�

∂ N

∂ ut
(1)
�

−ux x x t [0]−ux x t t

�

−
µ2

2

∂ N

∂ ut

�

−
�

∂ 2g

∂ ux ∂ x

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ g

∂ x

�

1+εη
�

+
∂ 2N

∂ ux ∂ x

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ N

∂ x
εu

�

−ux

�

∂ 2g

∂ ux ∂ u

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ g

∂ ux
εηx +

∂ g

∂ u

�

1+εη
�

+
∂ 2N

∂ ux ∂ u

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ N

∂ ux
εux +

∂ N

∂ u
εu +εN

�

−ηx

�

∂ 2g

∂ ux ∂ η

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ g

∂ ux
εux +

∂ g

∂ η

�

1+εη
�

+ g ε

�
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−ut x

�

∂ 2N

∂ ux ∂ ut

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ N

∂ ux
(1)+

∂ N

∂ ut
εu

�

−ux x

�

∂ 2g

∂ u 2
x

�

ηt +ux +εηx u +εηux −
µ2

6
ux x x

�

+
∂ g

∂ ux

�

1+εη
�

+
∂ g

∂ ux

�

1+εη
�

+
∂ 2N

∂ u 2
x

�

ut +εux u +ηx −
µ2

2
ux x t

�

+
∂ N

∂ ux
εu +

∂ N

∂ ux
εu

�

−ηt x

�

∂ g

∂ ux
(1)
�

−ux x x x

�

−
µ2

6

∂ g

∂ ux

�

−ux x x t

�

−
µ2

2

∂ N

∂ ux

�

+
µ2

6

�

∂ 3g

∂ x 3
+ux

∂ 3g

∂ ux ∂ x 2
+ηx

∂ 3g

∂ x 2∂ η
+ux x

∂ 3g

∂ x 2∂ ux

+ux

�

∂ 3g

∂ x 2∂ u
+ux

∂ 3g

∂ u 2∂ x
+ηx

∂ 3g

∂ u∂ η∂ x
+ux x

∂ 3g

∂ u∂ ux ∂ x

�

+ηx

�

∂ 3g

∂ x 2∂ η
+ux

∂ 3g

∂ u∂ η∂ x
+ηx

∂ 3g

∂ x∂ η2
+ux x

∂ 3g

∂ ux ∂ η∂ x

�

+ux x

�

∂ 3g

∂ x 2∂ ux
+
∂ 2g

∂ x∂ u
+ux

∂ 3g

∂ u∂ ux ∂ x
+ηx

∂ 3g

∂ η∂ ux ∂ x
+ux x

∂ 3g

∂ u 2
x ∂ x

�

+ηx x

�

∂ 2g

∂ x∂ η

�

+ux

�

∂ 3g

∂ x 2∂ u
+ux

∂ 3g

∂ x∂ u 2
+ηx

∂ 3g

∂ x∂ η∂ u
+ux x

∂ 3g

∂ x∂ ux ∂ u

+ux

�

∂ 3g

∂ x∂ u 2
+ux

∂ 3g

∂ u 3
+ηx

∂ 3g

∂ u 2∂ η
+ux x

∂ 3g

∂ u 2∂ ux

�

+ηx

�

∂ 3g

∂ x∂ η∂ u
+ux

∂ 3g

∂ u 2∂ η
+ηx

∂ 3g

∂ u∂ η2
+ux x

∂ 3g

∂ u∂ ux ∂ η

�

+ux x

�

∂ 3g

∂ x∂ ux ∂ u
+ux

∂ 3g

∂ u 2∂ ux
+ηx

∂ 3g

∂ η∂ ux ∂ u
+ux x

∂ 3g

∂ u 2
x ∂ u

�

+ηx x

�

∂ 2g

∂ η∂ u

��

+ηx

�

∂ 3g

∂ x 2∂ η
+ux

∂ 3g

∂ ux ∂ x∂ η
+ηx

∂ 3g

∂ x∂ η2
+ux x

∂ 3g

∂ x∂ ux ∂ η

+ux

�

∂ 3g

∂ x∂ u∂ η
+ux

∂ 3g

∂ u 2∂ η
+ηx

∂ 3g

∂ u∂ η2
+ux x

∂ 3g

∂ u∂ ux ∂ η

�

+ηx

�

∂ 3g

∂ x∂ η2
+ux

∂ 3g

∂ u∂ η2
+ηx

∂ 3g

∂ η3
+ux x

∂ 3g

∂ ux ∂ η2

�

+ux x

�

∂ 3g

∂ x∂ ux ∂ η
+
∂ 2g

∂ u∂ η
+ux

∂ 3g

∂ u∂ ux ∂ η
+ηx

∂ 3g

∂ η2∂ ux
+ux x

∂ 3g

∂ u 2
x ∂ η

�

+ηx x

�

∂ 2g

∂ η2

��

+ut x (0)+ux x

�

∂ 3g

∂ x 2∂ ux
+

∂ 2g

∂ ux ∂ x
+ux

∂ 3g

∂ u∂ ux ∂ x
+ηx

∂ 3g

∂ x∂ η∂ ux
+ux x

∂ 3g

∂ x∂ u 2
x

+

�

∂ 2g

∂ x∂ u
+ux

∂ 2g

∂ u 2
+ηx

∂ 2g

∂ u∂ η
+ux x

∂ 2g

∂ u∂ ux

�

+ux

�

∂ 3g

∂ x∂ u∂ ux
+
∂ 2g

∂ u 2
+ux

∂ 3g

∂ u 2∂ ux
+ηx

∂ 3g

∂ u∂ η∂ ux
+ux x

∂ 3g

∂ u∂ u 2
x

�

+ηx

�

∂ 3g

∂ x∂ η∂ ux
+
∂ 2g

∂ u∂ η
+ux

∂ 3g

∂ u∂ η∂ ux
+ηx

∂ 3g

∂ η2∂ ux
+ux x

∂ 3g

∂ u 2
x ∂ η

�
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+ux x

�

∂ 3g

∂ x∂ u 2
x
+2

∂ 2g

∂ u∂ ux
+ux

∂ 3g

∂ u∂ u 2
x
+ηx

∂ 3g

∂ η∂ u 2
x
+ux x

∂ 3g

∂ u 3
x

�

+ηx x

�

∂ 2g

∂ η∂ ux

��

+ηt x (0)+ηx x

�

∂ 2g

∂ x∂ η
+ux

�

∂ 2g

∂ u∂ η

�

+

�

∂ 2g

∂ x∂ η
+ux

∂ 2g

∂ u∂ η
+ηx

∂ 2g

∂ η2
+ux x

∂ 2g

∂ ux ∂ η

�

+ηx

�

∂ 2g

∂ η2

�

+ux x

�

∂ 2g

∂ η∂ ux

���

+
µ2

2

�

∂ 3N

∂ x 2∂ t
+ut

∂ 3N

∂ x 2∂ u
+ut t

∂ 3N

∂ x 2∂ ut
+ux t

∂ 3N

∂ x 2∂ ux

+ux

�

∂ 3N

∂ t ∂ u∂ x
+ut

∂ 3N

∂ u 2∂ x
+ut t

∂ 3N

∂ ut ∂ u∂ x
+ux t

∂ 3N

∂ u∂ ux ∂ x

�

+ut x

�

∂ 3N

∂ t ∂ ut ∂ x
+
∂ 2N

∂ x∂ u
+ut

∂ 3N

∂ u∂ ut ∂ x
+ut t

∂ 3N

∂ u 2
t ∂ t

+ux t
∂ 3N

∂ ux ∂ ut ∂ x

�

+ux x

�

∂ 3N

∂ t ∂ ux ∂ x
+ut

∂ 3N

∂ u∂ ux ∂ x
+ut t

∂ 3N

∂ ux ∂ ut ∂ x
+ux t

∂ 3N

∂ u 2
x ∂ x

�

+ux

�

∂ 3N

∂ x∂ t ∂ u
+ut

∂ 3N

∂ x∂ u 2
+ut t

∂ 3N

∂ x∂ ut ∂ u
+ux t

∂ 3N

∂ x∂ ux ∂ u

+ux

�

∂ 3N

∂ t ∂ u 2
+ut

∂ 3N

∂ u 3
+ut t

∂ 3N

∂ ut ∂ u 2
+ux t

∂ 3N

∂ u 2∂ ux

�

+ut x

�

∂ 3N

∂ t ∂ ut ∂ u
+
∂ 2N

∂ u 2
+ut

∂ 3N

∂ u 2∂ ut
+ut t

∂ 3N

∂ u 2
t ∂ u

+ux t
∂ 3N

∂ u∂ ux ∂ ut

�

+ux x

�

∂ 3N

∂ t ∂ ux ∂ u
+ut

∂ 3N

∂ u 2∂ ux
+ut t

∂ 3N

∂ u∂ ux ∂ ut
+ux t

∂ 3N

∂ u∂ u 2
x

��

+ηx (0)

+ut x

��

∂ 3N

∂ x∂ t ∂ ut
+
∂ 2N

∂ x∂ u
+ut

∂ 3N

∂ ut ∂ x∂ u
+ut t

∂ 3N

∂ x∂ u 2
t

+ux t
∂ 3N

∂ x∂ ux ∂ ut

�

+ux

�

∂ 3N

∂ ut ∂ t ∂ u
+
∂ 2N

∂ u 2
+ut

∂ 3N

∂ u 2∂ ut
+ut t

∂ 3N

∂ u 2
t ∂ u

+ux t
∂ 3N

∂ u∂ ux ∂ ut

�

+ut x

�

∂ 3N

∂ t ∂ u 2
t

+2
∂ 2N

∂ u∂ ut
+ut

∂ 3N

∂ u∂ u 2
t

+ut t
∂ 3N

∂ u 3
t

+ux t
∂ 3N

∂ ux ∂ u 2
t

�

+ux x

�

∂ 3N

∂ t ∂ ux ∂ ut
+
∂ 2N

∂ u∂ ux
+ut

∂ 3N

∂ u∂ ux ∂ ut
+ut t

∂ 3N

∂ ux ∂ u 2
t

+ux t
∂ 3N

∂ u 2
x ∂ ut

��

+ux x

�

∂ 3N

∂ x∂ t ∂ ux
+ut

∂ 3N

∂ x∂ u∂ ux
+ut t

∂ 3N

∂ x∂ ut ∂ ux
+ux t

∂ 3N

∂ x∂ u 2
x

+

�

∂ 2N

∂ t ∂ u
+ut

∂ 2N

∂ u 2
+ut t

∂ 2N

∂ ut ∂ u
+ux t

∂ 2N

∂ u∂ ux

�

+ux

�

∂ 3N

∂ t ∂ u∂ ux
+ut

∂ 3N

∂ u 2∂ ux
+ut t

∂ 3N

∂ ut ∂ u∂ ux
+ux t

∂ 3N

∂ u∂ u 2
x

�

+ut x

�

∂ 3N

∂ t ∂ ut ∂ ux
+
∂ 2N

∂ u∂ ux
+ut

∂ 3N

∂ u∂ ut ∂ ux
+ut t

∂ 3N

∂ u 2
t ∂ ux

+ux t
∂ 3N

∂ u 2
x ∂ ut

�

+ux x

�

∂ 3N

∂ t ∂ u 2
x
+ut

∂ 3N

∂ u∂ u 2
x
+ut t

∂ 3N

∂ u 2
x ∂ ut

+ux t
∂ 3N

∂ u 3
x

��

+ηt x (0)+ηx x (0)+ux x x x (0)+ux x x t (0)
�

= 0. (C.49)
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Next, we separate (C.49C.49) by the following derivative of u

ux x t t :
µ2

2

∂ N

∂ ut
= 0, (C.50)

and by the following derivative of u

ux x x x :
µ2

6

∂ g

∂ ux
= 0, (C.51)

and by the following derivative of u

ux x x t :
µ2

2

∂ N

∂ ux
= 0. (C.52)

Thus

Λ1 =g (t , x , u ,η), (C.53)

Λ2 =N (t , x , u ), (C.54)

where (C.46C.46) and (C.47C.47) are identically satisfied, and (C.48C.48) remains unchanged. Next, we

separate (C.48C.48) by the following derivative of u

ut :
∂ g

∂ u
= 0, (C.55)

and by the following derivative of u

ux :
∂ g

∂ η

�

1+εη
�

−
∂ N

∂ u
= 0, (C.56)

and by the following remiander

1 :
∂ g

∂ t
+
∂ g

∂ x
εu +

∂ N

∂ x
= 0. (C.57)

Thus

Λ1 =g (t , x ,η), (C.58)

Λ2 =N (t , x , u ), (C.59)

where

∂ g

∂ η

�

1+εη
�

−
∂ N

∂ u
= 0, (C.60)
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∂ g

∂ t
+
∂ g

∂ x
εu +

∂ N

∂ x
= 0. (C.61)

Returning to (C.49C.49) we separate by the following derivative of u

ux x t :
∂ N

∂ u
= 0. (C.62)

Thus

Λ1 =g (t , x ,η), (C.63)

Λ2 =N (t , x ), (C.64)

where (C.60C.60) simplifies to
∂ g

∂ η
= 0, (C.65)

and (C.61C.61) remains as
∂ g

∂ t
+
∂ g

∂ x
εu +

∂ N

∂ x
= 0. (C.66)

Thus

Λ1 =g (t , x ), (C.67)

Λ2 =N (t , x ), (C.68)

where
∂ g

∂ t
+
∂ g

∂ x
εu +

∂ N

∂ x
= 0. (C.69)

Next, we separate (C.69C.69) by u

u :
∂ g

∂ x
= 0. (C.70)

Thus

Λ1 =g (t ), (C.71)

Λ2 =N (t , x ), (C.72)

where
∂ g

∂ t
+
∂ N

∂ x
= 0. (C.73)
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By substituting (C.71C.71) and (C.72C.72) into (C.4C.4) we have

−
∂ N

∂ t
−εu

∂ N

∂ x
+
µ2

2

∂ 3N

∂ x 2∂ t
= 0. (C.74)

We separate (C.74C.74) by u

u :
∂ N

∂ x
= 0. (C.75)

Thus

Λ1 =g (t ), (C.76)

Λ2 =N (t ), (C.77)

where (C.69C.69) simplifies to
∂ g

∂ t
= 0, (C.78)

and equation (C.74C.74) simplifies to
∂ N

∂ t
= 0. (C.79)

Thus

Λ1 =k1, (C.80)

Λ2 =k2, (C.81)

where k1 and k2 are constants.

181



Appendix D

Lie point symmetries for the NB

equations

The extended infinitesimals for (7.97.9) are given by

ϕ1
t =Dt

�

ψ1
�

−ut Dt

�

ξ1
�

−ux Dt

�

ξ2
�

=
∂ ψ1

∂ t
+
∂ ψ1

∂ u
ut +

∂ ψ1

∂ η
ηt −

∂ ξ1

∂ t
ut −

∂ ξ1

∂ u
(ut )

2−
∂ ξ1

∂ η
utηt −

∂ ξ2

∂ t
ux

−
∂ ξ2

∂ u
ut ux −

∂ ξ2

∂ η
ηt ux ,

(D.1)

and

ϕ1
x =Dx

�

ψ1
�

−ut Dx

�

ξ1
�

−ux Dx

�

ξ2
�

=
∂ ψ1

∂ x
+
∂ ψ1

∂ u
ux +

∂ ψ1

∂ η
ηx −

∂ ξ1

∂ x
ut −

∂ ξ1

∂ u
ut ux −

∂ ξ1

∂ η
utηx −

∂ ξ2

∂ x
ux

−
∂ ξ2

∂ u
(ux )

2−
∂ ξ2

∂ η
uxηx ,

(D.2)

and similarly

ϕ2
x =Dx

�

ψ2
�

−ηt Dx

�

ξ1
�

−ηx Dx

�

ξ2
�

=
∂ ψ2

∂ x
+
∂ ψ2

∂ u
ux +

∂ ψ2

∂ η
ηx −

∂ ξ1

∂ x
ηt −

∂ ξ1

∂ u
uxηt −

∂ ξ1

∂ η
ηtηx −

∂ ξ2

∂ x
ηx

−
∂ ξ2

∂ u
ηx ux −

∂ ξ2

∂ η

�

ηx

�2
,

(D.3)

and finally

ϕ1
x x t =Dt

�

ϕ1
x x

�

−ux x t Dt

�

ξ1
�

−ux x x Dt

�

ξ2
�
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=
∂ 3ψ1

∂ t ∂ x 2
+
∂ 3ψ1

∂ u∂ x 2
ut +

∂ 3ψ1

∂ η∂ x 2
ηt +

∂ 3ψ1

∂ t ∂ x∂ u
ux +

∂ 3ψ1

∂ x∂ u 2
ut ux +

∂ 3ψ1

∂ x∂ u∂ η
ηt ux

+
∂ 2ψ1

∂ x∂ u
ux t +

∂ 3ψ1

∂ t ∂ x∂ η
ηx +

∂ 3ψ1

∂ x∂ u∂ η
utηx +

∂ 3ψ1

∂ x∂ η2
ηtηx +

∂ 2ψ1

∂ x∂ η
ηx t +

∂ 3ψ1

∂ t ∂ x∂ u
ux

+
∂ 3ψ1

∂ x∂ u 2
ut ux +

∂ 3ψ1

∂ x∂ u∂ η
ηt ux +

∂ 2ψ1

∂ x∂ u
ux t +

∂ 3ψ1

∂ t ∂ u 2
(ux )

2+
∂ 3ψ1

∂ u 3
ut (ux )

2+
∂ 3ψ1

∂ u 2∂ η
ηt (ux )

2

+2
∂ 2ψ1

∂ u 2
ux ux t +

∂ 3ψ1

∂ t ∂ u∂ η
ηx ux +

∂ 3ψ1

∂ η∂ u 2
utηx ux +

∂ 3ψ1

∂ η2∂ u
ηtηx ux +

∂ 2ψ1

∂ η∂ u
ηx t ux +

∂ 2ψ1

∂ η∂ u
ηx ux t

+
∂ 2ψ1

∂ t ∂ u
ux x +

∂ 2ψ1

∂ u 2
ut ux x +

∂ 2ψ1

∂ η∂ u
ηt ux x +

∂ ψ1

∂ u
ux x t +

∂ 3ψ1

∂ t ∂ x∂ η
ηx +

∂ 3ψ1

∂ x∂ u∂ η
utηx

+
∂ 3ψ1

∂ x∂ η2
ηtηx +

∂ 2ψ1

∂ x∂ η
ηx t +

∂ 3ψ1

∂ t ∂ u∂ η
uxηx +

∂ 3ψ1

∂ u 2∂ η
ut uxηx +

∂ 3ψ1

∂ u∂ η2
uxηtηx +

∂ 2ψ1

∂ u∂ η
ux tηx

+
∂ 2ψ1

∂ u∂ η
uxηx t +

∂ 3ψ1

∂ t ∂ η2

�

ηx

�2
+
∂ 3ψ1

∂ u∂ η2
ut

�

ηx

�2
+
∂ 3ψ1

∂ η3
ηt

�

ηx

�2
+2
∂ 2ψ1

∂ η2
ηxηx t +

∂ 2ψ1

∂ t ∂ η
ηx x

+
∂ 2ψ1

∂ u∂ η
utηx x +

∂ 2ψ1

∂ η2
ηtηx x +

∂ ψ1

∂ η
ηx x t −

∂ 3ξ1

∂ t ∂ x 2
ut −

∂ 3ξ1

∂ u∂ x 2
(ut )

2−
∂ 3ξ1

∂ x 2∂ η
ηt ut

−
∂ 2ξ1

∂ x 2
ut t −

∂ 3ξ1

∂ t ∂ u∂ x
ux ut −

∂ 3ξ1

∂ u 2∂ x
(ut )

2 ux −
∂ 3ξ1

∂ x∂ u∂ η
ux utηt −

∂ 2ξ1

∂ u∂ x
ux t ut −

∂ 2ξ1

∂ u∂ x
ux ut t

−
∂ 3ξ1

∂ t ∂ x∂ η
ηx ut −

∂ 3ξ1

∂ x∂ u∂ η
(ut )

2ηx −
∂ 3ξ1

∂ x∂ η2
ηtηx ut −

∂ 2ξ1

∂ x∂ η
ηx t ut −

∂ 2ξ1

∂ x∂ η
ηx ut t −

∂ 2ξ1

∂ t ∂ x
ut x

−
∂ 2ξ1

∂ u∂ x
ut ut x −

∂ 2ξ1

∂ x∂ η
ηt ut x −

∂ ξ1

∂ x
ut t x −

∂ 3ξ1

∂ t ∂ x∂ u
ut ux −

∂ 3ξ1

∂ x∂ u 2
(ut )

2 ux −
∂ 3ξ1

∂ x∂ u∂ η
ut uxηt

−
∂ 2ξ1

∂ x∂ u
ut t ux −

∂ 2ξ1

∂ x∂ u
ut ux t −

∂ 3ξ1

∂ t ∂ u 2
ut (ux )

2−
∂ 3ξ1

∂ u 3
(ut )

2 (ux )
2−

∂ 3ξ1

∂ η∂ u 2
ut (ux )

2ηt

−
∂ 2ξ1

∂ u 2
ut t (ux )

2−2
∂ 2ξ1

∂ u 2
ut ux ux t −

∂ 3ξ1

∂ t ∂ u∂ η
ηx ut ux −

∂ 3ξ1

∂ u 2∂ η
ηx (ut )

2 ux −
∂ 3ξ1

∂ u∂ η2
ηtηx ut ux

−
∂ 2ξ1

∂ u∂ η
ηx t ut ux −

∂ 2ξ1

∂ u∂ η
ηx ut t ux −

∂ 2ξ1

∂ u∂ η
ηx ut ux t −

∂ 2ξ1

∂ t ∂ u
ut x ux −

∂ 2ξ1

∂ u 2
ut ut x ux −

∂ 2ξ1

∂ u∂ η
ut x uxηt

−
∂ ξ1

∂ u
ut t x ux −

∂ ξ1

∂ u
(ut x )

2−
∂ 2ξ1

∂ t ∂ u
ut ux x −

∂ 2ξ1

∂ u 2
(ut )

2 ux x −
∂ 2ξ1

∂ u∂ η
ηt ut ux x −

∂ ξ1

∂ u
ut t ux x

−
∂ ξ1

∂ u
ut ux x t −

∂ 3ξ1

∂ t ∂ x∂ η
utηx −

∂ 3ξ1

∂ x∂ u∂ η
(ut )

2ηx −
∂ 3ξ1

∂ x∂ η2
utηxηt −

∂ 2ξ1

∂ x∂ η
ut tηx −

∂ 2ξ1

∂ x∂ η
utηx t

−
∂ 3ξ1

∂ t ∂ u∂ η
ux utηx −

∂ 3ξ1

∂ u 2∂ η
ux (ut )

2ηx −
∂ 3ξ1

∂ u∂ η2
ux utηxηt −

∂ 2ξ1

∂ u∂ η
ux t utηx −

∂ 2ξ1

∂ u∂ η
ux ut tηx

−
∂ 2ξ1

∂ u∂ η
ux utηx t −

∂ 3ξ1

∂ t ∂ η2
ut

�

ηx

�2−
∂ 3ξ1

∂ u∂ η2
(ut )

2
�

ηx

�2−
∂ 3ξ1

∂ η3
ut

�

ηx

�2
ηt −

∂ 2ξ1

∂ η2
ut t

�

ηx

�2

−2
∂ 2ξ1

∂ η2
utηxηx t −

∂ 2ξ1

∂ t ∂ η
ut xηx −

∂ 2ξ1

∂ u∂ η
ut ut xηx −

∂ 2ξ1

∂ η2
ut xηxηt −

∂ ξ1

∂ η
ut t xηx −

∂ ξ1

∂ η
ut xηx t

−
∂ 2ξ1

∂ t ∂ η
utηx x −

∂ 2ξ1

∂ u∂ η
(ut )

2ηx x −
∂ 2ξ1

∂ η2
utηx xηt −

∂ ξ1

∂ η
ut tηx x −

∂ ξ1

∂ η
utηx x t −

∂ 3ξ2

∂ t ∂ x 2
ux

−
∂ 3ξ2

∂ u∂ x 2
ut ux −

∂ 3ξ2

∂ x 2∂ η
ηt ux −

∂ 2ξ2

∂ x 2
ux t −

∂ 2ξ2

∂ t ∂ x∂ u
(ux )

2−
∂ 3ξ2

∂ x∂ u 2
ut (ux )

2−
∂ 3ξ2

∂ x∂ u∂ η
ηt (ux )

2
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−2
∂ 2ξ2

∂ x∂ u
ux ux t −

∂ 3ξ2

∂ t ∂ x∂ η
ηx ux −

∂ 3ξ2

∂ x∂ u∂ η
utηx ux −

∂ 3ξ2

∂ x∂ η2
ηx uxηt −

∂ 2ξ2

∂ x∂ η
ηx t ux −

∂ 2ξ2

∂ x∂ η
ηx ux t

−
∂ 2ξ2

∂ x∂ t
ux x −

∂ 2ξ2

∂ u∂ x
ut ux x −

∂ 2ξ2

∂ x∂ η
ηt ux x −

∂ ξ2

∂ x
ux x t −

∂ 3ξ2

∂ t ∂ x∂ u
(ux )

2−
∂ 3ξ2

∂ x∂ u 2
ut (ux )

2

−
∂ 3ξ2

∂ x∂ u∂ η
ηt (ux )

2−2
∂ 2ξ2

∂ x∂ u
ux ux t −

∂ 3ξ2

∂ t ∂ u 2
(ux )

3−
∂ 3ξ2

∂ u 3
ut (ux )

3−
∂ 3ξ2

∂ u 2∂ η
ηt (ux )

3

−3
∂ 2ξ2

∂ u 2
(ux )

2 ux t −
∂ 3ξ2

∂ t ∂ u∂ η
ηx (ux )

2−
∂ 3ξ2

∂ u 2∂ η
utηx (ux )

2−
∂ 3ξ2

∂ u∂ η2
ηtηx (ux )
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The first determining equation is given by
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Appendix E

Table of results for the NB equations

In this appendix, newly discovered results relating to the horizontal component of the fluid

velocity and the surface elevation for the dimensionless NB equations representing a soli-

tary wave propagating from left to right are presented. These results can be used as a com-

parison to numerical and experimental results. In investigating the solutions, we consider

the effect of varying the wave speed c 2 whilst keeping the non-linear parameter ε and the

dispersive parameter µ constant.
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E.1 Case 1: 0< c 2 < 1
15

c 2 F2 F6 F2− F6 G2 F4,2 G4,2

1
40 -304 -242 -59 -622 -0.0094 0.0032

1
36 -298 -240 -58 -665 -0.0094 0.0034

1
32 -291 -236 -55 -740 -0.0095 0.0037

1
28 -281 -232 -49 -841 -0.0096 0.0041

1
24 -268 -227 -41 -1 059 -0.0099 0.0046

1
20 -249 -220 -29 -1 658 -0.0104 0.0055

1
19 -242 -218 -24 -1 687 -0.0106 0.0058

1
18 -235 -215 -20 -1 925 -0.0110 0.0062

1
17 -226 -213 -13 -1 319 -0.0114 0.0067

1
16 -210 -216 6 -100 -0.0122 0.0075

1
15.5 -208 -211 3 -36 -0.0127 0.0080

1
15.1 -206 -207 1 0 -0.0134 0.0086

Table E.1: Results for the fluid velocity in the horizontal direction and surface elevation of the soli-
tary wave in the region F < 0 for varying wave speeds where ε= 0.005 and µ= 0.06.
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c 2 F1 F5 F5− F1 G1 F4,1 G4,1

1
40 487 305 -182 -355 0.0094 -0.0032

1
36 492 306 -186 -354 0.0094 -0.0034
1

32 497 307 -190 -352 0.0095 -0.0037

1
28 504 308 -196 -351 0.0096 -0.0041

1
24 512 309 -203 -350 0.0099 -0.0046

1
20 523 310 -214 -349 0.0104 -0.0055

1
19 526 310 -217 -348 0.0106 -0.0058

1
18 530 310 -220 -348 0.0110 -0.0062

1
17 534 310 -224 -348 0.0114 -0.0067

1
16 538 310 -228 -347 0.0122 -0.0075

1
15.5 540 310 -230 -347 0.0127 -0.0080

1
15.1 542 310 -232 -347 0.0134 -0.0086

Table E.2: Results for the fluid velocity in the horizontal direction and surface elevation of the soli-
tary wave in the region F > 0 for varying wave speeds where ε= 0.005 and µ= 0.06.
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E.2 Case 3: 1
15 < c 2 < 1

3

c 2 F1 F5 F5− F1 G1

1
14.9 543 310 -233 -347

1
14.5 545 310 -235 -348

1
14 547 310 -237 -349

1
10 575 308 -267 -367

1
9 584 307 -277 -373

1
8 596 305 -291 -380

1
7 610 302 -308 -389

1
6 627 298 -329 -400

1
5 650 289 -361 -415

1
4 683 273 -410 -436

1
3.5 705 258 -447 -450

1
3.1 729 238 -491 -465

Table E.3: Results for the fluid velocity in the horizontal direction and surface elevation of the soli-
tary wave in the region F > 0 for varying wave speeds where ε= 0.005 and µ= 0.06.
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E.3 Case 7: 1< c 2 <∞

c 2 F1 G1 F2,1 G2,1

1.1 19 20 0.034 0.033
1.5 85 115 0.033 0.024
2 152 267 0.033 0.019
3 252 672 0.035 0.016
4 329 1 276 0.038 0.014

4.9 386 2 034 0.040 0.013
5 392 2 148 0.041 0.013
6 445 3 251 0.043 0.013
7 492 4 735 0.046 0.012
8 534 6 463 0.048 0.012
9 572 8 116 0.050 0.012

10 607 9 495 0.052 0.011
11 640 10 874 0.054 0.011

Table E.4: Results for the fluid velocity in the horizontal direction and surface elevation of the soli-
tary wave in the region F > 0 for varying wave speeds where ε= 0.005 and µ= 0.06.
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