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Abstract

This thesis contributes to the known analytical solutions of the (1+1)D non-linear Boussi-
nesq (NB) equations, which effectively describe solitary wave motion in shallow water
(typically used to describe tsunami wave motion) using a systematic symmetry approach.
These results can be used to enrich the analytical validation of numerical models for tsunami
detection systems.

Tsunami detection systems based on numerical models provide real-time forecasting
and inundation mapping, playing a critical role in evacuation plans. These models have
become more sophisticated over the past three decades through precise and rigorous ana-
lytical and experimental validation. Although analytical and experimental benchmarking
cannot ensure that numerical models that pass benchmark tests will always produce re-
alistic inundation predictions, validation largely reduces the uncertainty in the results to
initial geophysical conditions [1].

The true benefit of analytical solutions in tsunami model predictions is the ability to
identify the dependence of the desired results (such as run-up height, wave height and
wave speed) on the independent variables of the model (such as water depth and beach
slope). Problem scalingis also made simpler through analytical calculations, as opposed to
numerical techniques, which usually require repeated numerical computations. Lastly, by
comparing the numerical solutions to exact analytical solutions, systematic errors can be
identified, making analytical solutions useful in validating complex numerical models with
realistic applications [1]. The use of conserved quantities as an analytical validation mech-
anism is a good example of how analytical solutions can assist with numerical tsunami
model validation. Upon substitution of these quantities into the numerical models, these
conserved quantities should remain constant throughout the calculation. Although ana-
lytical solutions are powerful for the reasons previously stated, these solutions are complex
to obtain, and therefore, not as widely used in comparison to experimental validation for
tsunami detection system development.

The (14+1)D Boussinesq equations investigated in this work are considered for the equa-



tions’ ability to model tsunamis via solitary wave motion. Three models are investigated,
namely the (14+1)D Boussinesq equations for a moving bathymetry, the (14+1)D linear Boussi-
nesq (LB) equations at a constant water depth and the NB equations at a constant water
depth.

We obtain three cases of solutions for the NB equations at a constant water depth de-
pendent on the wave speed ¢, namely (i) 0 < ¢? < 00, ¢? # + and ¢ # 3; (i) ¢ = &
and (iii) c?= % To our knowledge, the invariant exact travelling wave solutions for the NB
equations for cases (i) and (iii) are new and can be used in analytical validation of numer-
ical models for tsunami detection systems, whilst the remaining case, case (ii), is identical
to that displayed in the work of Dutykh and Dias [2].

We provide physically realistic explanations of the results relating to the horizontal
component of the fluid velocity and surface elevation of the solitary wave for the invari-
ant exact solutions. This is done by considering seven cases dependent on the wave speed

1 1

c?, namely0<c?< 4, =4, L<c?<3,c?=3,1<c?<1,c?=1and 1< c?<o0. To our

knowledge, these are newly discovered solutions and results.
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Chapter 1

Introduction

As tsunamis, a series of long oceanic waves generated by impulsive geophysical events
such as earthquakes, propagate shoreward, their height increases significantly due to shoal-
ing. Upon reaching the shoreline, the effects of this powerful phenomenon are observed
as the waves travel inland for relatively long distances destroying anything in their path.
Since 1998, there have been more than 250 000 deaths due to tsunamis worldwide, includ-
ing more than 227 000 deaths due to the Indian Ocean tsunami in 2004 [3]. The Indian
Ocean tsunami in 2004 displaced 1.8 million people, spread over a dozen countries, and is
by far the worst natural disaster of its kind in recorded human history. In financial terms,
the humanitarian aid mobilization (over USD 14 billion) is the largest ever international
response to a natural disaster on record [4]. Given the potentially deadly and far reaching
consequences of tsunami events, their ongoing investigation is of prime importance and
forms the basis of this research. It is crucial to note that most of the damage associated
with tsunamis is related to their run-up at the coastline. Therefore, the inundation mod-
elling of these waves is critical in order to gain insight into the maximum run-up height. By
accurately modelling this phenomenon, town planners may construct evacuation routes
and manage the placement of infrastructure in coastal areas more efficiently.

The aim of this thesis is to contribute to the known analytical solutions of the NB equa-
tions, which effectively describe solitary wave motion in shallow water (typically used to

describe tsunami wave motion), using a systematic symmetry approach. We attempt to
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determine the effect that linearizing these equations has on the solution. We also endeav-
our to provide new conserved quantities with physical significance for both the linear and
non-linear (1 + 1)D Boussinesq equations. These results enrich the analytical validation
of numerical models for tsunami detection systems. Tsunami detection systems based on
numerical models provide real-time forecasting and inundation mapping, playing a criti-
cal role in evacuation plans. Inaccuracies in these models can have serious implications,
such as lives lost or unnecessary evacuations, potentially leading to a loss of credibility in
these systems [1].

Aninitial attempt at a theory of water waves was made by Newton in 1687, with his work
being used extensively throughout the mid-17*" century [5]. The 18" and early 19" cen-
turies gave rise to theoretical advances in linear wave theory, made by French mathemati-
cians Laplace, Lagrange, Poisson and Cauchy. During this time, neighbouring Germany
saw advances in non-linear wave theory where Gerstner considered non-linear waves, while
the Weber brothers performed experimental work in the same field. It was only in 1837 that
Britain started making contributions to wave theory. Over the next decade, Russell, Green,
Kelland, Airy and Earnshaw made advances in the field, with their findings used in sub-
sequent work by Stokes, Boussinesq, Rayleigh and others. A concise summary of many of
these equations is presented in a book written by Johnson [6].

A system of equations that is of particular interest within this context is the system
of non-linear, dispersive Boussinesq equations, a generalization of the Korteweg-de Vries
(KdV) equation when considering a higher-dimensional co-ordinate system. Boussinesq
equations are widely used in coastal and oceanic engineering. One example of their ap-
plication is in tsunami wave modelling via a solitary wave form. Solitary wave motion in
shallow water is effectively described by these equations, where the shape and propagation
velocity remain constant as a consequence of the balancing of the non-linear and disper-
sive effects.

Solitary waves or combinations of negative and positive solitary-like waves (N-waves)
are often used to simulate the run-up and shoreward inundation of waves [7, 8, 9, 10, 11,

12, 13, 14, 15]. Such waves are easily reproduced in an experimental set-up and can be de-
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scribed entirely by their amplitude, making the modelling of tsunamis via solitary waves
advantageous. In fact, important characteristics of the run-up can be obtained analyti-
cally, numerically and experimentally by modelling tsunamis in this fashion. Thus, solitary
waves or N-waves will be the focus of this thesis, specifically focusing on tsunamis.

Significant developments of the Boussinesq equations occurred in 1871 and 1872. Of
particular importance was the paper presented by Boussinesq on solitary wave motion in
1871 [16]. Boussinesq’s derivation is restricted to (1+1)D Boussinesq equations with a flat
bottom. These equations have a hyperbolic structure (identical to the non-linear shallow-
water equations) and contain high-order derivatives, which model the wave dispersion.
Further development of these equations is seen in work done by Peregrine [17], Nwogu
[18], Wei et al. [19] and Madsen and Schaffer [20]. Various other forms of the Boussinesq
equations exist, depending on the choice of the velocity variable. In the majority of cases,
the velocity is chosen at an arbitrary water level or the depth-averaged velocity vector. The
right choice of the velocity variable can significantly improve the propagation of moder-
ately long waves, as the model performance is highly dependent on the linear dispersion
properties [21].

There has been renewed interest in the study of the Boussinesq equations in recent
years. Such a study regarding the dynamics of shallow water waves has been presented
by Krishnan et al. [22]. Chen [23] presents several systematic ways to determine exact
travelling wave solutions of the systems describing small amplitude long waves in a water
channel, formally equivalent to the classical first-order Boussinesq system. Yang et al. [24]
makes use of the modified Jacobi elliptic function expansion method and the pseudo spec-
tral method to obtain solutions of homogeneous and inhomogeneous dissipative Boussi-
nesq equations. Dutykh and Dias [2] present two models in which the addition of a dissi-
pative term to the Boussinesq equations is considered. The dissipative Boussinesq equa-
tions are solved numerically to determine whether the solutions remain close to the non-
dissipative Boussinesq equations. By following work done by Chen [23], Dutykh and Dias
[2] obtain analytical solutions for the NB equations in order to validate numerical results

found. The results they obtain are not physically realistic, as the fluid velocity of the soli-
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tary wave in the horizontal direction is negative where it is expected to be positive for a
solitary wave propagating from right to left.

Early investigations oflong wave run-up have mainly considered an analytical approach.
Carrier and Greenspan [25] pioneered the investigation of non-linear run-up analysis and
obtained a periodic solution using a hodograph transformation of the non-linear shal-
low water equations. A solution for run-up of non-breaking solitary waves has been ob-
tained by Synolakis [7]. In his work, he simplifies the transformation used by Carrier and
Greenspan [25] and derives a significant wave breaking criterion, comparing favourably
to experiments. Zhang [26] obtains a linear solution for the 3D run-up of a solitary wave
using Fourier analysis. By considering varying linear topographies, Kanoglu and Syno-
lakis [27] obtain solutions using the linear shallow water equations. Aydin and Kanoglu
[28] solve the non-linear shallow water wave equations over a linearly sloping beach as
an initial boundary value problem under general initial conditions using an eigenfunction
expansion method. The travelling wave solutions of the foam drainage equation and non-
linear evolution equations of fourth-order are found by Rani et al. [29] using the (G’/G)-
expansion method.

Since 1970, numerical approaches have become the preferred method of solution due
to the complex beach geometries and wide range of wave parameters that exist. An anal-
ysis of wave run-up on rough inclines, considering long shallow water equations using a
Lax-Wendroff scheme, has been presented by Kobayashi ef al. [30]. Liu ef al. [31] uses an
explicit leap-frog finite difference model to simulate tsunami propagation based on linear
shallow water equations. A Lagrangian finite-element Boussinesq model is used by Zelt
[8] to describe breaking and non-breaking solitary wave run-up on impermeable beaches.
The results compare favourably with Synolakis’ [32] maximum run-up laboratory data,
where the run-up of non-breaking long waves on plane beaches is investigated. Titov and
Synolakis [33] present a variable grid finite difference approximation to an identical phys-
ical situation, which Zelt [8] considers without taking into account the artificial viscosity.
The scheme effectively predicts the solitary wave run-up without making any assumptions

about viscosity and friction. In turn, non-breaking and breaking solitary wave run-up has
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been investigated by Li and Raichlen [14], where the post breaking condition is considered
via a bore structure. A weighted non-oscillatory shock capturing scheme is used to solve
the linear shallow water equations and an accurate estimate for the energy dissipation as-
sociated with wave breaking is given. A moving boundary technique has been developed
by Lynett et al. [34] to investigate wave run-up and run-down with depth-integrated equa-
tions. They solve highly non-linear and weakly dispersive equations via a high-order fi-
nite difference scheme. Amini-Afshar [35] uses the finite-volume method for the spatial
discretization of odd equations, modelling the propagation of fifth-order Stokes waves in
deep water conditions. Fan [36] presents an Euler solver for non-linear water waves using a
modified staggered grid and Gaussian quadrature approach. A meshless method, based on
exponential basis functions, has been developed by Zandi et al. [37]. This method is used
to simulate the propagation of solitary waves and run-up on the slope. It has been verified,
through experiments, that this new formula is more accurate than the preceding formu-
lae in predicting the maximum run-up of non-breaking solitary waves. Smith et al. [38]
have investigated non-breaking solitary waves and measurements of swash zone dynam-
ics on an inclined beach, using a boundary integral technique, combined with a boundary
layer model. The velocity profiles at the lower regions of the beach compare favourably to
experiments, whilst the maximum run-up is over predicted by this method.

Tsunami numerical models have become more sophisticated over the past three decades
through precise and rigorous analytical and experimental validation. Although analytical
and experimental benchmarking cannot ensure that numerical models that pass bench-
mark tests will always produce realistic inundation predictions, validation largely reduces
the uncertainty in the results to initial geophysical conditions [1]. The true benefit of an-
alytical solutions in tsunami model predictions is the ability to identify the dependence
of the desired results (such as run-up height, wave height and wave speed) on the inde-
pendent variables of the model (such as water depth and beach slope). Problem scaling
is also made simpler through analytical calculations, as opposed to numerical techniques
usually requiring repeated numerical computations. Lastly, by comparing the numerical

solutions to exact analytical solutions, systematic errors can be identified, making analyti-
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cal solutions useful in validating complex numerical models with realistic applications [1].
The use of conserved quantities as an analytical validation mechanism is a good example
ofhow analytical solutions can assist with numerical tsunami model validation. Upon sub-
stitution of these quantities into the numerical models, these conserved quantities should
remain constant throughout the calculation.

A common analytical approach used to solve wave equations requires the use of con-
servation laws. Conservation laws play an important role in studying the integrability of
equations. The family of KdV equations emit infinitely many conservation laws, and hence,
the equations may be fully integrable and written as a Hamiltonian system [6]. The conser-
vation laws and conserved quantities obtained for a system of equations may also assist in
the solution process. Upon consideration of the family of KdV equations, the integral re-
lations, acting as existence conditions, are properties of the wave and its motions; in fact
they represent the conserved quantities of mass, momentum and energy. These integral
relations (i.e. conservation laws) define how the system behaves and must be conserved
at the initial state. For a solitary wave unbounded in the horizontal directions, these initial
quantities must be conserved and, as the wave evolves, must still be maintained. Given
that initial quantities are difficult to obtain in general, conservation laws provide us with
properties at the initial state of the system. Solitary wave and soliton solutions satisfy these
conservation laws. However, periodic solutions do not, and therefore, the latter are not
considered as possible solutions for the solitary wave [6]. Thus, obtaining conservation
laws is an important part of the process of obtaining physically meaningful solutions.

There are many methods used to obtain conservation laws and conserved quantities
of a system of Partial Differential Equations (PDEs) [39]. By considering a method heav-
ily reliant on physical insight of the problem, Johnson [6] established the conservation of
mass, momentum and energy relating to the LB equations. A systematic method of obtain-
ing conservation laws and conserved quantities is the Multiplier method. This method was
firstintroduced by Steudel [40] and has been used extensively by Naz [39] in obtaining con-
servation laws and conserved quantities for the various KdV equations. We will employ this

method for the purpose of isolating such conserved quantities.
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The approach of obtaining symmetries and using these symmetries to obtain invari-
ant solutions for a given PDE was developed by Sophus Lie (1842-1899). He developed
the theory of Lie group analysis, providing an algorithmic method for obtaining invariant
solutions to a given PDE via the use of Lie point symmetries [41, 42]. Using a symmetry ap-
proach to obtain analytical solutions to water wave equations is a common method, as the
equations describing these waves are usually non-linear and dispersive in nature, making
them difficult to solve. Rui et al. [43] uses a Lie symmetry approach to determine the in-
variant solutions of the (24+1)D Boussinesq equation. Conservation laws for the underlying
equation are derived by utilizing the new conservation theorem and the partial Lagrange
approach. Chen and Jiang [44] make use of the Multiplier method and Ibragimov theorem
to determine conservation laws and invariant solutions of the generalized Kaup Boussi-
nesq equation.

This thesis comprises of eleven chapters. Chapter 2 provides a brief overview of the
theory of Lie group analysis. In Chapter 3, we consider the non-linear, dispersive Boussi-
nesq equations, derived by Dutykh and Dias [2] from first principles. We derive the NB
equations representing a solitary wave at a constant water depth h, propagating from left
to right. We further derive the LB equations representing a solitary wave at a constant wa-
ter depth h, propagating from left to right, by considering a linear approximation of the
NB equations on condition that the wave amplitude is small [6].

In Chapter 4, we obtain the conserved quantities for the LB equations in dimensional
form by employing the systematic Multiplier method. The full set of newly discovered Lie
point symmetries for the LB equations is obtained in Chapter 5.

The Multiplier method is again used in Chapter 6 to obtain the conserved quantities
for the NB equations in dimensionless form. We obtain the full set of newly discovered Lie
point symmetries for the NB equations in Chapter 7. In Chapter 8, a linear combination
of the time and spatial symmetries leads to the invariant exact travelling wave solutions.
Results relating to the horizontal component of the fluid velocity and the surface elevation
for the NB equations are discussed in Chapters 9 and 10. The main results and conclusions

of this thesis are summarised in the final chapter.
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We have included five appendices. Appendix A contains detailed calculations of the
multipliers and conserved vectors for the LB equations. Appendix B contains expressions
for the extended infinitesimal generators and for the determining equations for the LB
equations. Detailed calculations relating to the multipliers for the NB equations are pre-
sented in Appendix C. In Appendix D, we present expressions for the extended infinites-
imal generators and for the determining equations for the NB equations. In Appendix E,

we present tables of results for the NB equations.
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Chapter 2

Methodology

In this chapter, we outline the definitions and concepts relating to Lie group analysis used
throughout this thesis. In particular, we discuss the concept of conservation laws and con-
served vectors and its relation to conserved quantities. We discuss the Multiplier method,

the method chosen to obtain conservation laws in this work.

2.1 Conservation laws and conserved vectors
Ibragimov [42] discusses the concept of a conservation law for a differential equation
F(x,u,uy,...,u;)=0, (2.1)

where the partial derivatives are denoted by a subscript. This concept is motivated by the
conservation of such quantities as energy, linear and angular momentum, etc. for equa-
tions that arise in classical particle mechanics. These quantities (here denoted by T') are
conserved in the sense that they are constant on each trajectory, i.e. if ¢ denotes time, g(¢)
a trajectory, and ¢(t) the corresponding velocity, then T(t) = T(t,q(t), q(t)) satisfies the

equation
aT

a1 0. (2.2)

The conservation law given by (2.2) generalizes to continuum mechanics in the form

ot

37 +divp =0, (2.3)
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where ¢ is again time and div is the divergence operator with respect to spatial variables

x = (x},...,xP). The function 7 is called a conserved density, called such because of its

integral form

T= f Tdx, (2.4)
RP
which also satisfies
d—T =0, (2.5)
dt

under the usual assumption that p vanishes at infinity. The conserved density 7 is a func-
tion of the dependent variables, ¢t and x, and their partial derivatives up to some order,
whereas p =(p!,..., p")is a vector with the same arguments as 7. Since the differentiation
with respect to ¢ and x must be understood as a total differentiation, (2.3) can be written

as
p

Dy(t)+ Y Di(p")=0. (2.6)

i=1
For an arbitrary differential equation we consider

F(x' u% u',...,u;)=0, 2.7

where we do not distinguish between space and time variables, instead let x?, i = 1,2,...,n
be n independent variables and u%, ¢ =1,2,...,N be N dependent variables [45]. In this

case a conservation equation is written in the form

Di(TH =0, (2.8)
where
Da+“a+“a+ =1,2 (2.9
= — 4 U u..— ..., 1=1,42,...,n. .
' Oxi L dua ”au;?‘

Note that T/ € ./ (i.e. each T is a differential function of finite-order, and .<f denotes the
space of all differential functions of all finite-orders). Thus (2.8) is called a conservation

law of (2.7), a more general form of (2.1), if the equation
D; [Ti(xi, u®(xh), u%(xh),..., u,‘:(x"))] =0, (2.10)

is satisfied for all solutions u“(x’) of (2.7). The vector T}, i =1,2,...n, is called a conserved

vector.
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2.1.1 The Multiplier method

The Multiplier method is one of the methods used to obtain conservation laws. The ad-
vantage of this method is that it may be used to obtain conservation laws for PDEs that do
not admit a Lagrangian or a partial Lagrangian. Naz ef al. [46] consider multipliers to be
functions of the position variables as well as the function itself.

For a given PDE,

F(x',u*,uf,...,uf)=0, 2.11)

we consider a multiplier of the form A = A(x’, u®, u?,..., uf). By the property of multipliers

as presented by Bluman and Kumei [41], the following equation is obtained
AF(x%, u? u's...,u)=D; [Ti (xi, u®(x"), u%(xh,..., u,‘j(xi))] =0, (2.12)

where T?,i =1,2,...n, are the components of the conserved vector and the derivative op-

erators are defined as

+..., i=12,...,n. (2.13)
The determining equation is given by
E,.(AF(x', u® uf,...,u;))=0, (2.14)

where the Euler operator, used for its divergence annihilating property, is given by [45]

E. =2 +Z(—1)3Dil...DiS

Y oua

0
ou® .’

s>1 i1.ds

a=1,2,...N. (2.15)

Expanding (2.14) by using operators (2.15) and (2.13) successively, a resulting determining
equation is obtained. This equation can now be separated accordingly in order to reduce
the multipliers to functions of the dependent and independent variables only, i.e. A =
A(x?, u%). Depending on the nature of the equation, different separation approaches may
be considered; certain resulting equations are separated according to products and powers
of the partial derivatives of the dependent variables u*,a =1,2,..., N. By substituting the

multipliers into (2.12), we may write (2.12) in conserved form by considering elementary
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manipulations. Under the condition that the dependent variables u% a¢ = 1,2,...,N, are

solutions to (2.11), (2.12) simplifies to
D; [Ti(xi, u®(xh), u%(xh,..., u,‘:(x"))] =0, (2.16)

where T!,i = 1,2,...n. Equation (2.16) takes the form of (2.10), thus, it may be called a
conservation law for the PDE given by (2.11) and the resulting vector T%,i = 1,2,...n, is

known as a conserved vector.

2.2 Lie group analysis

While the equations considered in this research are difficult to solve due to their non-linear,
dispersive nature, we still aim to obtain analytical solutions if possible. We will therefore
consider asymmetry approach, which was initially investigated by Sophus Lie (1842-1899).
He developed the theory of Lie group analysis, providing an algorithmic method for ob-
taining invariant solutions to a given PDE via the use of Lie point symmetries [41]. Since
the development of this theory, many advances have been made in this field. Ibragimov
[42] and Bluman and Kumei [41] have provided detailed explanations regarding Lie group
analysis, and hence, we refer the reader to these for further clarification.
Consider the PDE

F(x' u% ufs...,u;)=0, (2.17)

where x?,i =1,..., n denote the dependent variables and u% a =1,..., N, denote the inde-
pendent variables. Let

o 0 )
ngz(xz,ua)__i_na(xz,ua)

) 2.18
oxi oud (218
be the infinitesimal generator of the one-parameter Lie group of transformations
=X(x"u%e),
(2.19)
u*=U(x',u%e),
then (2.19) is admitted by PDE (2.17) if and only if
XOFx, utul,..., ul)=0, (2.20)
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when (2.17) holds, where X*) is defined to be the k' extended infinitesimal generator of
(2.18). Bluman and Kumei [41] provide an elegant definition for the invariant solution of
the k'" order PDE (2.17), admitting a one-parameter Lie group of transformations with

infinitesimal generator (2.18). We consider the definition as follows.

Definition 1 (Invariant Solution) Assuming that £'(x', u%) # 0, u = ©(x) is an invariant

solution of PDE (2.17) corresponding to (2.18) admitted by PDE (2.17) if and only if
1. u=0(x) is an invariant surface of (2.18),
2. u=0(x) solves (2.17).

It follows that u = ©(x) is an invariant solution of (2.17) resulting from its invariance under

(2.18) if and only if u =©(x) satisfies

1. X(u—0(x))=0 when u=0(x), i.e.

00
axi

Ei(x,0(x)) 73— =n(x,0(x)); (2.21)

i 0 4,0 ay — _ 7°0(x) s _
2. F(x,u ,ul,...,uk)—O,whereuilizmis—W,forls—1,2,...,nf0rs—1,2,...,k.

Equation (2.21) is called the invariant surface condition for invariant solutions corre-
sponding to (2.18). The components of (2.20) constitute the determining equations where
the prolongation of the generator X is dependent on the derivatives in (2.17). The invariant

solution is deduced from the determining equations.
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Chapter 3

Derivation of the (14+1)D Boussinesq

equations

Some of the work in this chapter has appeared in:

C. Carvalho and C. Harley, Conservation laws and conserved quantities for (1+1)D linearized
Boussinesq equations, Communications in Nonlinear Science and Numerical Simulation,

46, 37-48, 2017.

3.1 NB equations for a constant water depth

In this chapter, we are guided by the work of Dutykh and Dias [2]. Consider a (x, z) carte-
sian co-ordinate system with the x-axis along the undisturbed water level, extending in-
finitely to the left and right. Consider a z-axis perpendicular to the undisturbed water
level. We investigate the inviscid region where u(t, x, z) and w(t, x, z) represent the x and
z-components of the fluid velocity of the solitary wave, respectively - refer to Figure 3.1.
Let Q, represent the fluid domain, changing with respect to time in R?.

The domain is vertically bounded below by the moving seabed z =—h(t, x) and above
by the free surface z = (¢, x). We assume that the fluid extends infinitely in the horizontal

direction [6]. Since the fluid is irrotational, no wave breaking will occur and we can intro-
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X
Figure 3.1: Visual representation of the fluid domain.
duce a scalar potential ¢(z, x, z) such that
v=Vo, (3.1)
_ (8 o T __0¢ __0¢ . ..
where v = (1, w), V=(£,£) and, hence, u = 5% and w = 5Z. Since the flow is incom-
pressible the continuity equation applies
du N ow 0 (3.2)
ox dz ‘
Upon substitution of (3.1) into (3.2) we obtain
o¢ 0%¢
+ =0, (x,2)eQ, =R x[—h,n], 3.3
0x2 D22 ( ) t [ nl 3.3)

therefore, ¢ (1, x, z) satisfies Laplace’s equation.

We now consider two types of boundary conditions:

1. Adynamic boundary condition specifying the forces and pressures at the free surface

z=n(t,x),

2. A kinematic boundary condition specifying the flow velocity v(z, x) at the moving

seabed z =—h(t, x) and the free surface z =1(¢, x).

29



The dynamical boundary condition on the free surface can be derived by considering
Bernoulli’s equation for unsteady flow under the assumptions that surface tension effects
are neglected and the pressure remains constant on the free surface. Thus the dynamic

boundary condition at the free surface is given by

sral(Ge) (32

Given that a fluid particle on the moving seabed remains on the seabed our kinematic

+gn=0, z=n(t,x). (3.4)

boundary condition, z + h(t, x) =0, traces the motion of a particle on the seabed. In this
instance, the material operator is used to trace the path of a particle in time, which follows

the fluid flow, providing a condition at the seabed z =—h(t, x) given by

oh d¢oh d¢

ot T oxox Tz Y (3-5)

Dy_

where ay + v -Vy.In turn, the kinematic boundary condition at the free surface z =

n(t, x) is as follows
on 0¢on_09

ot Oxdx 0z’ (3.6)

Thus equations (3.3)-(3.6) create the system of full potential flow equations given by

o*¢p 9%*¢
St 32 =0 (e =Rx[=hn(1,x)]
arl(5) ()
—+= +gn=0, z=n(t,x),
o aZh azz 8¢ dh @7
3t "9z axax @=—hit,x)
o9 9n 9¢dn _
9z ot dxox @=nlt, x)
We now scale the full potential flow equations using the classic Boussinesq scalings
% X % < % vV ghot
X'=—, Zz'=—, "= ,
[ hy l (3.8)
]’l*:ﬁ T]*:Q ¢*: gh0¢
hy’ a, gayl

where we define the following

30



hy - characteristic water depth,

l - wavelength, measured as the distance between the maximum points of
any two consecutive wave crests,

ao - amplitude of the wave,

v ghy - constant celerity or phase velocity, used as the characteristic velocity.

Employing (3.8) in order to scale the system of equations (3.7), we obtain the following
dimensionless full potential flow equations in which the * notation is removed to avoid

cumbersome representation

o¢p 0%¢

2

u _2+ o =0, (x,2)eQ;, =R x[—h,n(t, x)], 3.9)
¢ ’ 2., — =

_r — | — +'u n_O’ Z 677, (310)

_‘P _2@+ 209 0h _
2t ear M e
a9 ,0n ,000n
22 Ha M a0

z=-—h, (3.11)

zZ=€n, (3.12)

_ 4y _ hy . . . .
where € = 7! and u = 7 are the non-linearity and frequency dispersion parameters respec-

tively. It is important to note that upon inspection of (3.9)-(3.12), under the assumptions

that u, € € 1, we may claim that ¢ is not dependent on z and # is steady i.e. % =0 and

2 — 0. These conclusions will in fact come about from the calculations which are to follow.

We consider an expansion of the velocity potential ¢ in powers of u?

P=o+lP+u' o+ ulPs+.... (3.13)

In order to solve for ¢, ¢, ¢,, we substitute (3.13) into (3.9) and obtain

Hz(a%po 0% (s )+62¢0 0%y (3

o W e T G G TG TG tee=0 B

Separating coefficients according to the powers of the frequency dispersive parameter u,

we obtain the following relations

2%¢
0 0
—=0, 1
ey 0 (3.15)
2%¢p, 0%¢
2 0 1
——+—=0, 3.16
0x2 * 0z2 (.16
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22¢p, %@
4 1 2
e, £ 1
Jx2 02z2 0 8.17)

Similarly, we consider the kinematic boundary condition at the seabed and substitute (3.13)

into (3.11) to obtain the following relations

i
0. Po =0, (3.18)
0z

. 20 10h 2p,2h _
"8z €0t Ox dx
op, 0¢,0h

. —=0.

Jdz +8x 2x

(3.19)

U (3.20)

The above relations make it evident that ¢, is independent of z, such that ¢, = ¢, (¢, x).
Considering a zeroth-order approximation, eliminating the vertical component of the ve-

locity from the equations, we define the velocity in the x-direction as

0
u(t,x)= ¢°. (3.21)
ox
Given (3.16), we know that a;g;l = —Z—Z. Upon double integration of (3.16) with respect to z

and making use of (3.19) to solve for the constant of integration, we obtain an expression

for ¢, given by

du_ 10 oh 592)
ox ‘ear “ax” ‘

We find ¢, by firstly substituting the double derivative of expression (3.22) with respect to

1
¢1=—5(z+hf

x into (3.17). We then integrate this result with respect to z and combine it with (3.18).

Thus the expression for ¢, is given by

1 ,(0h\*0u (z+hPo*hou (z+hPohd*u (z+h)*3%u z° o%h
Po=-z"— | =—+ —+ — +—

2 dx) dx 6 Jdx27x 3 JdxJx? 24 0x3 6edx20t
+z362u8h+z38u82h+z3u63h zh Oh 8%h i uﬁhﬁzh zh? 93%h
6 0x20x 3 Jdxdx?2 6 Jx3 € 0x0Jtdx Jdxdx2 2e Jtdx?
zh?0%udh ,0uo*h zh* 03%h

2 9x20x “ oxdx2 2 ué’x3'

The flow is incompressible and inviscid, and therefore, the wave amplitude is identical

(3.23)

oh

to the amplitude of the moving bottom, i.e. 15 may be expressed in this form due to

the fact that the moving seabed, given in (3.23) may be written in scale form as h(t, x) =
hy(x)—e€l(t, x) where hy(x) is the static seabed and (¢, x) is the dynamic component.

10h _ 0¢_

=5 =0(). (3.24)
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We consider dispersion terms of up to order 0 (uz) since the Ursell number is also assumed

tobe 0(1),i.e

€
U:E:ﬁ(l), (3.25)

termed the non-linearity dispersion relation. Therefore we neglect 0 (62) and 0 (euz) terms.
We now have all the information needed to derive the non-linear, dispersive Boussi-
nesq equations. The substitution of the asymptotic expansion (3.13) into the free surface

kinematic boundary condition (3.12) leads to the free surface elevation equation, the first

of the NB equations, represented in asymptotic expansion form as

29, za¢1 43¢2 577 d¢, 0
G, THG, tHg S g e g o

an ., O (e* +eu*+ub). (3.26)

It is evident that the first term is equal to zero and by making use of the expressions found

9¢z

for ¢, and ¢,, we can evaluate — and on the free surface, where the former is given

as

op,
5_—(en+h)ax— —o TS (3.27)

From this point onwards, our derivation differs from the work done by Dutykh and Dias

du (lah 3h)

[2] in terms of the expressmn we obtain for and the subsequent effects thereafter. The

expression we obtain for 2 is given by

o9, Jdh\ 2u (en+h) 0%h du ,0ho%u 1 ;0%u
EE ‘”’(ax) axt 7 amax TENTTI g Tt G5
+1 1 93h 52u5h+28_u82_h+ ﬁ?’_h _ﬁ@ 0%h (3.28)
TI eé’xzat Jdx20x Jdx 0x2 u6x3 €0x0tdx '

0°hoh h% 03%h h230%uodh 3u52h h2 53h
u3x26’x 2¢0x20t 2 0x2d8x = dxdx? 6x3'

It seems that the expression obtained by Dutykh and Dias [2] considers the term 1% % " to
be equivalent to zero, which is peculiar as the expression they obtained for 2 >, contains
this term. By substituting the relevant expressions into (3.26), dividing by u? and retaining
terms of order 0 (6 + ,uz), we obtain the free surface elevation equation for a moving seabed
expressed in terms of the fluid velocity of the solitary wave in the horizontal direction and

the surface elevation of the solitary wave given by

an, @ (7 +en)u) = 18h+h2 02 (1ah)+h ,0h 0 (13};) N ,h*o3u
ot ox nu)=—\ 37" 332\ car oxox\ear)) ™™ 6 o8

3.29
, ( houdh ho*ush h o'k 82h6h) 3.29)
+plh|—= = L

28x5‘x2+26x23x 2 3x3 WE
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The second NB equation representing the evolution of the fluid velocity of the solitary wave
in the horizontal direction is now derived. Upon evaluating ¢, and % on the free surface,
we substitute these expressions into the asymptotic form of the dynamic boundary con-
dition, (3.10) on the free surface. We further divide by u? and by retaining terms of order
0 (€ + u?) we obtain

290 z(hﬁﬁu 0*h h* o%u

1
ot drox o 2 oxar )* SEu +n=0. (3.30)

We differentiate (3.30) with respect to x in order to obtain the evolutionary equation of the

horizontal fluid velocity for the NB equations

0=

CC T L T UL T R T L L L
ot ox ox Jox 0t dx otox 0x ot dx2 Jdx dt2 Jt20x
N oh d*u Jrh_2 2%u )

Oxdxdr 2 9x20t)

(3.31)

Finally we make a simplifying assumption by allowing the water depth to be constant (h =
constant). We apply this assumption to (3.29) and (3.31). Thus the system of dimensionless
NB equations for a constant water depth of order accuracy P% = 0 (1) are given by

on ou a(u) 12 8%u 332)
ot ox  Cax' 68x3 '

Ju du on _p* du

o1 "Max T ax T 2 axear 559
with the following lateral boundary conditions
du(t, :I:oo) Jdu(t,£00) on(t,xo00) dn(t,£o0)
ult,£60)= =5, ox  MbEeR)I=To ox B3

Boundary conditions (3.34) describe the fluid velocity of the solitary wave in the x-direction,
its derivatives and the surface elevation of the solitary wave and its derivatives where | x| —
00. As the fluid extends to infinity in the x-direction, there is no fluid motion, hence, the
fluid velocity of the solitary wave in the x-direction, its derivatives, and the surface eleva-
tion of the solitary wave are zero [6]. Using (3.8) to scale the system of equations (3.32) and

(3.33), we obtain the following dimensional NB equations for a constant water depth

an ,du 0 h3o3u
o T T M= o 333

Ju Jdu dn h* d%u
+u (3.36)

3t Moax T 8ax T 2 ax0r
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with the following lateral boundary conditions

Ju(t,+00) Ju(t,+00)
ot B ox

on(t,+o00) In(t,+00)

ult, £00)= a1 EP

=0. (3.37)

:T](t,ﬂ:OO)Z

3.2 LB equations for a constant water depth

In this section, we consider a linear approximation of the governing equations and bound-

ary conditions presented in the previous section. We assume € — 0 on condition that the

amplitude q, is small, thus, (3.32), (3.33), (3.35) and (3.36) become linearized [6].
Considering (3.32) and (3.33) under the assumption proposed, we obtain the following

dimensionless LB equations for a constant water depth

ot dx 6 dx3 '
du Jon u* d%u
e an_u , 3.39
or " ax 2 ox?d1 (3.39)
with the following lateral boundary conditions
Ju(t,* ou(t,x on(t,+ on(t,+
u(t, tooy= 2ULESR) _oult£00) ) dnltkeo)  Initixo0) g

ot Jx ot Jx

Using (3.8) to scale the system of equations (3.38) and (3.39), we obtain the following di-

mensional LB equations for a constant water depth

@ hﬁu_h_383u

e_tet 3.41
ot ""ax " 6 oax 34D
ot " 8ax " 2 axat’ '

with the following lateral boundary conditions

Ju(t,+ Ju(t,+ on(t,+ on(t,+
u(t,to0)= u OO): u oo):n(t,:i:oo): U oo): U oo):O. (3.43)

ot ox ot ox
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Chapter 4

Conserved Quantities for the LB

Equations

Some of the work in this chapter has appeared in:

C. Carvalho and C. Harley, Conservation laws and conserved quantities for (1+1)D linearized
Boussinesq equations, Communications in Nonlinear Science and Numerical Simulation,

46, 37-48, 2017.

4.1 Conservation laws and conserved vectors for the LB
equations

The Multiplier method is a very systematic approach to finding conservation laws that do
not require the system of equations to emit a Lagrangian. A high number of conservation
laws for a PDE makes it more likely that the PDE is strongly integrable and can be linearized
or explicitly solved [47]. In this section, we make use of the Multiplier method to determine
the conservation laws and conserved vectors for the dimensional LB equations. The con-
servation laws and conserved quantities obtained for a system of equations assists in the
solution process. Upon consideration of the family of KdV equations, the integral relations,

acting as existence conditions are properties of the wave and its motions; in fact they rep-
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resent the conserved quantities of mass, momentum and energy. These integral relations
(i.e. conservation laws) define how the system behaves and must be conserved at the ini-
tial state. In our case, for a solitary wave unbounded in the horizontal directions, these
initial quantities must be conserved and, as the wave evolves, must still be maintained.
Given that initial quantities are difficult to obtain in general, conservation laws provide us
with properties at the initial state of the system. Solitary wave and soliton solutions satisfy
these conservation laws. However, periodic solutions do not, and thus, the latter are not
considered as possible solutions for the solitary wave [6]. Obtaining conservation laws is,
therefore, an important part of the process of obtaining physically meaningful solutions.
The interested reader is referred to the works [39, 40, 48, 49] for further clarification on the
method employed here.
We consider the system of LB equations in dimensional form, (3.41) and (3.42), given
by
an ’ du_h’d°u

et 4.1
ot 'ax 6 ax @D
ot 8ox " 2 dtax?’ '

with lateral boundary conditions

Ju(t,x Ju(t,x on(t,x on(t,x
u(t,+o0)= ut,200) _ dul oo):r)(t,:lzoo): U oo): U c>O)=0, (4.3)

G ot dx

where ¢ is time, x is the horizontal spatial component, / is constant water depth, g is
gravitational acceleration, u(t, x)is the fluid velocity of the solitary wave in the x-direction
and n(t, x) is the surface elevation of the solitary wave.

In order to derive the conservation laws for the system given by (4.1) and (4.2) using the
Multiplier method, we need to first obtain the multipliers of the system. The latter will be
obtained via a consideration of (4.4)

B3 B2
A+ Rty = =t + Dot + 81 = St )= D T+ D T, (4.4)
which derives from properties of the multipliers themselves. Given the dimensional LB

equations, given by (4.1) and (4.2), we consider multipliers of the form A, »(¢, x, u,n, u;, n;,
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Ugy Ny Uy Uyt Urry Ny N> Nee)- We have defined T = (T, T?), present in (4.4), as the

components of the conserved vector, where the total derivative operators D, and D, are

defined by
D_a+u + +u 8+ a+u a+ a+ (4.5)
t= 57 ‘30 man ttau[ mtan[ txaux U;xanx e, .
D=L v L Ly % tu a2+ (4.6)
x_ax uxau TIXET’ XX3ux T’XXanx xtaut nx[ant ceee .

We make use of existing Maple Software in order to obtain these multipliers. Some of these
results were corroborated manually [50].

We make use of the Euler operator to derive the determining equations. This allows us
to set the divergence of our conservation laws to zero. Thus, by employing (4.4) as shown

above, along with this property, we structure our determining equations by expanding

h3 h2

Eu[Al(T’t + hux - Euxxx)'i'AZ(ut +81x— 7 uxxt)] =0, 4.7)
h3 hz

En[Al(T’t + hux - Euxxx)'i'Az(ut +gnx - ? uxxt)] =0, (4.8)

where the Euler operators E, and E, are defined by

E _9 i—D g +D? g +D? g +D,D L+ 4.9)

““ou 'ou, ~“ou, ~‘'ou, Fou,, ' ‘ou, '
Foj b, b, , O , 0O G,

E +D +D +D,D,——+.... (4.10)

-2 _p-2 _p,
Ton T'on, on,  'on,  TOn. oM ¢x

The determining equations are then separated with respect to products and powers of the
derivatives of u and ). This allows us to obtain the sets of multipliers as given in Tables 4.1-
4.3. The reader can refer to Appendix A for calculations of the multipliers. The conserved
vectors T = (T, T?) can now be obtained using the Multiplier method. Please refer to Ap-
pendix A for detailed calculations of the conserved vectors using the Multiplier method.

When u(t, x)and n(¢, x) are solutions of the system of equations (4.1) and (4.2), we may
obtain a set of conserved vectors by satisfying (4.4) such that D,[T;]+ D,[T,] = 0. If we were
to consider Case 2 presented in Table 4.1 we may write such an instance as follows

3

3 h? h
hu—Euxx =0, (4.11)

h
Al(nt+hux_guxxx)+A2(ut+gnx__

> Uyy) =D, [T]] + Dy
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where we have employed one set of vectors (Case 2), as displayed in Table 4.1. Hence,

for each set of multipliers we can obtain the corresponding conserved vectors as given in

n /3682 +12g h 1912 .
Tables 4.1- 4.3, where ¢, = V56 +6g+aﬁ3:5 1287 9%) and @ = 1. Cases 5 to 8 are the special

cases where we obtain non-local conserved vectors. In these cases gh =1and ¢, = a‘/Tg.

Table 4.1: Multipliers and conserved vectors for the LB equations

Case Multiplier Conserved vector

AIZO T'=u
1 _ 2 h2
A=1 T?=gn—"3 Uy
, M=l r'=n
A, =0 T?=hu—"2u,,

4.2 Conserved quantities for the LB equations

We consider a system with a collection of constraints. Some of these constraints can be
interpreted as physical observables such as energy, mass and momentum, whilst there are
additional constraints that assist in reducing the solution space. This particular problem
is identical to a wide range of other wave problems both physically and mathematically.
However, we note that for the problem under consideration, the additional conservation
laws obtained give us a solution space that distinguishes this problem from apparently
equivalent problems.

A systematic Multiplier approach is used to obtain these conservation laws in dimen-
sional form - refer to Section 4.1. Conserved quantities are then derived by integrating the
conservation laws in the direction of wave propagation and imposing the boundary condi-
tions. In this section, while Tables 4.1- 4.3 provide the conserved vectors, we will endeavour

to investigate only those providing physical insight into the problem.
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Table 4.2: Multipliers and conserved vectors for the LB equations continued

Case Multiplier

Conserved vector

10

11

12

Alz_%
A=t

Al — ea%xec4x+ght
A2:0

Al — C4ge—c4x+ght
A2 — e—c4x+t

Al — _C4ge—c4x—ght
A2 = g~ Gx—t

Al =—c,g ec4x+ght
A2 = X+t

Al — C4gec4x—ght

A2: ec4x—t
Al =—8Uxx
A2: uxt
Al =—8 Uy
Ay=uyy

3
Al :_zuxx - Enxt
A2: uxx

A ="2u,;,— =Ny
Azznxt

T'=tu—1xn
2 h? h?
Te=—xu+gin—"5tuy +5[XU—u,]

75
T?="en x[e%ux—uxx]

T! = g—cix+t [gnx —Zu]

- 1 3 3
T2—¢ C4x”nt[—g—c—4uxx—ux—muxt—a”ﬁfz” dx]
T'=e ' [—gn,—2u]

—eyx— 1 3 3
T2 = p—Gx t[gnt+c_4uxx+ux_?uﬂ_c_z;ut_fzudx]
Tl = gax+t gnx_zu]
Tzzec4x+t_—g?’]t-i-c—{luxx_ux_%uxt+%ut+f2udx]

T!=e@xt 'gnx —2u]

2 _ pox—t| 1 3 3
T =e“ _gnt—auxx—ux—muxt+c—4ut+f2udx]

Tl :_g UyxxT)
3 2
T2 =2 g (u P — g (e — B (e o+ (w ]+ g e
T =[5 P+ (e P g b, P+ B (P |+ g,
T*= % _% UxrUyxx — hzutt uxt]—guﬂ’h
T' =3[~ (e P,
h

TzzK(uxx)z_%(nt)z_h(ux)z'i'h?z[nxtuxx_nxxr ux+77xxxtu]
+Uy ut+guxxn_ unxt_zuxnt+f(_h7nxxxtu_guxxxn+ unxxt) dx

2 3
T! = £ 2~ h(u )2 — g (0P =Bt =5 =5 Ut

h
+_nt Uxxx— Enuxxxt

n 1 n 3
= o Nxt U T 5 Next U T3 U Uy — U
3 h? h3 h
+f(ﬁ unttx+3uxttn+7nxxxttu+?uuxxxxt+Enuxxxtt) dx
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Table 4.3: Multipliers and conserved vectors for the LB equations continued

Case Multiplier Conserved vector

A1=§n 1_ 8.2, 1,2 h 2, h o R o
13 h | Th= g5 + w4 gp(ue ) 4 g (w4 35 (1)

h 2
AZ:u—EhZMM Tzzgnu—%uxxn+guxut+%uxut
1 2 1 h? h3 2

14 Alzu_éh Uyx T :7714—73””77—?(3%) )

AZZTI TZ:%uz_%uuxx'i'il_z(uxx)2+g_4(uxx)2+§7’]2

4.2.1 Case 1: Conservation of the mass flow rate

Consider the following conserved vector

T'=u,
2 2 (4.12)
T"=gn—— s
The conservation law for the system given by (4.1) and (4.2) is given by
6T1+6T2_D T'+D,T*=0 (4.13)
ot  dx ' S '

The first conserved quantity for the dimensional LB equations is obtained by substitut-
ing (4.12) into (4.13) and subsequently integrating (4.13) with respect to x on the interval

(—00, 00), having fixed t. Using Leibniz’s rule of integration, we obtain

d (7 * 0
— = —_— . 4.14
P _Ooudx J_ atudx ( )

o0

Applying boundary conditions (4.3), (4.14) reduces to

f udx=J, (4.15)

(e0)
where J; is a constant independent of time. Thus, the mass flow rate, p, J;, where p,, repre-
sents the area density, is constant along the wave. The mass flow rate is simply the amount

of mass passing by a single point over a duration of time [51].
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4.2.2 Case 2: Conservation of mass

We now turn to the following conserved vector

T'=n,

4.16)

B3 (

T’=hu——u,,.
u 6 u

The second conserved quantity for the dimensional LB equations is obtained by substitut-

ing (4.16) into (4.13) and subsequently integrating (4.13) with respect to x on the interval

(=00, 00), having fixed ¢. Using Leibniz’s rule of integration, we obtain

d ([~ =0
— = - . 4.1
o _Oondx J_Ooatndx (4.17)
Using boundary conditions (4.3), (4.17) reduces to
J ndx=J, (4.18)

where J, is a constant independent of time. Thus, the mass density, p, J,, where p, rep-
resents the area density, is constant along the wave. Hence, for all time and for all sur-
face waves represented by 1(z, x), the mass of the fluid associated with the wave is con-
served. Johnson [6] established the conserved mass (4.18) directly from the dimensionless
equations for 1D gravity wave propagation at a constant water depth. In this instance, de-
cay conditions at infinity are invoked by integrating the continuity equation over the fluid

depth.

4.2.3 Case9: Conservation of the energy flux density

Consider the following conserved vector

le_guxxn’
ey . (4.19)
T2:E[Eg(uxx)z—gh(ux)z—7(ux[)2+(ut)2 +8 Uy,

Similary for this case, we substitute (4.19) into (4.13) and subsequently integrate (4.13) with
respect to x on the interval (—oo, 00), while fixing . Employing Leibniz’s rule of integra-

tion and making use of boundary conditions (4.3), we obtain

f (_g uxxn) dx=Js (4.20)

oo
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where J; is a constant independent of time. Thus, the energy flux density, p, J;, where p,,
represents the area density, is constant along the wave. The energy flux can be defined as
the rate of transfer of energy through a unit area [52]. In terms of the conservation of en-
ergy flux in water wave theory, the physical significance of a conserved energy flux density
can be interpreted as the magnitude of the wave current being conserved. Simply put, the
amount of water that flows through a cross-section of the wave at each second is conserved

[52].

4.2.4 Case 13: Conservation of energy

Consider the following conserved vector

g , 1, ht , h , h?

=8 2 2,21 n &
on ! +2u +24(uxx) +4(ux) + lz(ux) wa
gh? h n? '
T2:gnu——6 uxxn+5uxu,+guxu,.

The conserved quantity is obtained by substituting (4.21) into (4.13) and subsequently in-
tegrating (4.13) with respect to x on the interval (—oo, 00), while fixing . Employing Leib-
niz’s rule of integration and making use of boundary conditions (4.3), we obtain

g , 1, n , h , h* ,
i — —_— —_— _ = y 4.22
f_ (Zhn +2u +24(uxx) +4(ux) +12(ux) dx=Js ( )

where J; is a constant independent of time. Thus, the energy density, p, J5, where p,, repre-
sents the area density, is constant along the wave. Johnson [6] established the same result
directly from the dimensionless equations for 1D gravity wave propagation. The differ-
ences observed are a result of the way we define the free surface and the seabed. We also
eliminate the z-component of the fluid velocity of the solitary wave, w, by making use of an
asymptotic expansion on the potential flow equations and assuming the zeroth Boussinesq
approximation. Johnson [6], in turn, writes the conserved energy in terms of w. Lastly, the
conserved energy we obtain is in dimensional form whilst it takes on a dimensionless form

in the work by Johnson [6].
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4.2.5 Case 14: Conservation of momentum

Consider the conserved vector

h? h3
Tl :nu__uxxn__(ux)z’
2 4 (4.23)
ho, B K3 h? '
T2 = _u2_ —UUyy + _(uxx)2 + _(uxx)z + gnZ
2 6 12 24 2

Once again the conserved quantity is obtained by substituting (4.23) into (4.13) and sub-
sequently integrating (4.13) with respect to x on the interval (—oo, o) while fixing ¢. Em-

ploying Leibniz’s rule of integration and making use of boundary conditions (4.3), we ob-

« h? h®
J (nu—;uxxn—z(ux)z) dx=Js (4.24)

tain

where J; is a constant independent of time. Thus, the momentum density, p, J;, where p,,
represents the area density, is constant along the wave. Johnson [6] established the con-
served energy directly from the dimensionless equations for 1D gravity wave propagation.
Once again, the conserved momentum (4.24) looks slightly different from that found in

Johnson [6] due to the differences discussed above when we considered Case 13.

4.3 Concluding remarks

We considered the conservation laws for the dimensional LB equations that were obtained
using the Multiplier method. The equations produced eight local and six non-local con-
servation laws [53]. From these conservation laws we were able to obtain six conserved
quantities by integrating across the wave in the horizontal direction. Conserved mass, en-
ergy and momentum quantities were found in a more systematic way than that employed
in [6]. In addition to these conserved quantities, we were able to obtain two, as yet, unob-
served conserved quantities, namely a conserved mass flow rate and a conserved energy
flux density.

Of additional interest is Case 10, where we were able to observe a conserved quantity
that we, as yet, cannot relate to any known physical quantities. However, for the sake of

completion, we will include our discussion thereon. The following conserved vector is ob-
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tained via

1[ gh? h?
Tl:5l_g?(um)ﬁ(utf—gh(ux)%E(uxt)z rgun.,
4.25
s 2 (4.25)
T :E Tuxtuxx_h Upp Uy [—8 U]

The conserved quantity is obtained by substituting (4.25) into (4.13) and subsequently in-
tegrating (4.13) with respect to x on the interval (—oo, 00), fixing t. Employing Leibniz’s
rule of integration and making use of boundary conditions (4.3), we obtain

Oo l_g_hg 2 2 2 h? 2
J;oo(2|_ 6 (uxx) +(ut) gh(ux) +?(uxt)

+gutnx) dx =], (4.26)

where J, is a constant independent of time. The conserved density, J,, is a new result for

which we have no physical interpretation as yet.
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Chapter 5

Lie point symmetries and invariant

solutions for the LB equations

In this chapter, we attempt to find the invariant solutions for the LB equations by making
use of the full Lie point symmetry approach. This method is preferred over the associated
Lie point symmetry approach for this problem due to the large number of conserved vec-
tors obtained. We make use of alinear combination of the time and spatial symmetry in an
attempt to obtain a travelling wave solution. We conclude this chapter by presenting the
associated Lie point symmetry to determine if there are any invariant travelling wave so-
lutions associated with the conserved quantities of the problem. The associated Lie point

symmetry approach was introduced by Kara and Mahomed [54, 55].

5.1 Lie point symmetries for the LB equations

Although all calculations in this section could be computed using software, the symmetries
obtained have all been calculated manually. The advantage of not using software is that the
expressions are neater and we avoid unnecessary repetitive terms, usually occurring when
software is used to obtain symmetries.

From (3.41) and (3.42) the dimensional LB equations are given by

on hau_h_383u

gu_rt ot 5.1
at Jdx 6 Jdxs3 6.1)
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é’u+ on h?* d%u
ot 8ax 20t0x2

(5.2)

where 1 is time, x is the horizontal spatial component, & is the constant water depth, g
is the gravitational acceleration, u(z, x) is the fluid velocity of the solitary wave in the x-
direction and n)(t, x) is the surface elevation of the solitary wave.

We proceed to obtain the first determining equation by considering (5.1) with the Lie

point operator given by

o 0 o o
_ 1 2 1 2
X=£ (t,x,u,n)—at +& (t,x,u,n)—ax +y(t, x, u,n)—auﬂp (t,x,u,n)—an, (5.3)

where &1, £2, 1! and v)? are the infinitesimals. This operator is a Lie point symmetry gener-
ator of the governing equation (5.1) if and only if the infinitesimal criterion for invariance

holds, i.e.

Voj ou h®d3u
XB]( Nyepdt v 3) =0. (5.4)
dt dx 6 3dx 5.1,6.2)
Since (5.1) depends on third derivatives, we take the third prolongation. That is
17 d d 17 17
xBl = g1 2 2 2 1Y
5 +§ 'H/J 'H/J +§0ta t+90xa +¢tant+¢xanx+§0ttaun

+15+18+ a+ A la+1L(55)
(‘Otxautx Soxxau (pttan Sotxan (pxxan (ptttautt[ (pttxauttx °

1 1 2
+(10txxaut +(pxxxau +80tttant” +(10ttxan” +30txxan[ +(10xxx
XX XXX X XX

anxxx '
where we can define explicitly the extended infinitesimals as
¢f =D;(y")—uiD;(&’), (5.6)
vi;=D;i(ef)—uf;D;(g'), (5.7)

where u' = u, u* =n, D; = D, = D, and D; = D, = D,.. Thus by applying the third prologa-

tion (5.5) onto (5.1) we obtain

=0. (5.8)
(5.1),(5.2)

2 1 h3 1
((pt + h(,Dx - E(loxxx)
The extended infinitesimals for (5.8) are given by (B.1), (B.2), (B.3) in Appendix B. We sub-
stitute the extended infinitesimals (B.1), (B.2), (B.3) into (5.8) to give the first determining
equation given by (B.4) in Appendix B, subject to (5.1) and (5.2). The determining equation

(B.4) can be split into the following derivative products and powers of u and
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2,_Y5 _
(M) : an 0, (5.9)
U, u h—3 36’_&1 =0 (5.10)

Xt o A 6 au - ) .

h3 8251
”“'_E(_P’axz)zo' (5.11)
From (5.9)-(5.11) we obtain

=8t x)=c(t)x+ (1), (5.12)

We separate the first determining equation (B.4) by the first-order derivative products of u

and 7, given by (5.13) and (5.14), and note that &2 is independent of u and 7

'2agz =0 (5.13)
TIITIX' an — Y, .
u 3§2+h3 3 8352 =0 (5.14)
M= 5w e Poxean )T '
Next, we split (B.4) by ..., given by (5.15), and see that &2 is independent of 1)
h3 (oy!
— =0. 5.15
nxxx 6 ( an ) ( )
By separating (B.4) by u; we obtain
alpz h3 3351
: —— (- =0. 1
“u e ( Jx3 0 (.16)

Upon substituting (5.11) into (5.16), we deduce that 2 is independent of . We now sep-

arate (B.4) by u, and u,, as follows

hS aSlpl 8352 a&:Z
— — 2h—— =0, 5.17
6 ( dx20u 0x3 )+ 617

ox
32 1 222
uxx:—w_a 5 =
Judx Jx2

U, :—

(5.18)

Differentiating (5.18) with respect to x and substituting this result into (5.17), we obtain

the following third-order PDE

=6——. (5.19)



Solving (5.19) gives

e%hcg(t)—e#hal(t)

(¢, x)= NG +c5(1), (5.20)
where ¢;, ¢, and c; are arbitrary functions of ¢.
In summary we have the following expressions
=t x)=c(t)x +cx(2), (5.21)
V/6x —/6x
“n hey(t)— he,(t
g = 221, x)= <1 )ﬁ " halt) |, (5.22)
Y=yt x, ), (5.23)
Y =y(t,x,1), (5.24)

which upon subsitution into (B.4) reduce the determining equation to

3¢2 alpz agl 352 alpl 31/)1 agl 552
0= — — h — —
(31‘ o T e T )T M ok T T e T

_%3[(331/)1—'_ 33¢1 ux)—i_(zaasl/)l _— 331/11 (ux)2+ 27’01 )

0x3 90x20u 20u ¥ Tou2dx dudx” 5.25)
23! 23! 221 221 221 .
H s S+ S v |+ 2wt S )

3352 3252 51 3262 352
(a 3Lt 0x Zuxx) (35 hz(ut’l'gnx) Wuxx""sa hs(nt+hux)

Finally after applying the third prolongation onto (5.25) we are left with the following re-

maining equations

h3 [ o3y!
3. —
(u,): 5 ( ) (5.26)
I’l Swl
2. "
(uy): 5 ( e x) , (5.27)
([ o%y
Uy Uyy —E( 212 ) (5.28)

oy 88 ay!

: =0, 2
T Gy " 31 ou +38x 0 (5.29)
o agl
h =0, 5.30
3 2h—— =0, 5.31
e ( 0x20u 6x3)+ J0x 631

49



h3 32¢1 8252
. _ —0, 32
Hex i ™78 (33uﬁx 36x2) 0 (5.32)
a 2 a 1 h3 83 1
1: Y +h Y Y =0, (5.33)

ot ox 6 Ox3

which will be of use when we come back to it later in this calculation.
We now proceed to ascertain the second determining equation. A similar procedure is

followed so that we once again consider the Lie point operator given by (5.3)

0 0 0 0
_rl — 2 _ 1 . 2 .
X_é:(t’x’u,n)at—i_&:(t’x’u,n)ax—i_w (t»xyuxn)au+l/) (t)xyu)n)any

where &1, £2, 1! and v)? are the infinitesimals. This operator is a Lie point symmetry gener-
ator of the governing equation (5.2) if and only if the infinitesimal criterion for invariance
holds, i.e.

h2
X (ut +gn,— 7um) =0. (5.34)

Since (5.2) also depends on third-order derivatives, we take the third prolongation given

(5.1),(5.2)

by (5.5) where the extended infinitesimals and the derivative operators have been explictly

defined. Thus by applying the third prologation (5.5) onto (5.2) we obtain

=0. (5.35)

1 2 hZ 1
((pt +g30x_730xxt)

(5.1),(5.2)
The extended infinitesimals for (5.35) are given by the following (subject to results obtained

from the first determining equation, namely equations (5.21)-(5.24))

90; =D, (1/)1)— utDt(gl)_ u, D, (52)
_al/)l alpl_ aé’l 852

TR R TR T (5.36)
and similarly
Wi:Dx(¢2)_uth(gl)_uxDx(gz)
oy? oyY? o&! 0&?
= Y + Y — 3 ¢ (5.37)

“ox on T%ax %oy
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and finally

Spixt:D (Saxx) uxxtDt (5 ) uxxth (62)

aSwl 3¢1 a3w1 aslpl 32¢1

= 2Uy————+2 — T 2uy

( ox20t  Mgxeou ) \“ M Fuaxar M ueax T Guox

aSlpl aSlpl 32¢1 32¢1 821/)1
( a W20t ( x)zut o us +2uxuxt 0 u2 + xxa ot utuxxﬁ (5.38)

5352 5252 |, 5251 s 551 3_52
“xgreor T gz Urigyar Tttty |7 gy

Yex 5ot du gy

2 2 0 2 0 1 0 1
—(2 —§+2uxxt%)+uxxti—u _@'

We substitute the extended infinitesimals (5.36)-(5.38) into (5.35) to give the determining

equation

ot 'ou
h2 53¢1 33¢1 31/)1 53¢1 521/)1
- — 2 +2 2
2 [(8x28t+ut8x28u)+( “Fuoxar M MGueax T M Guox

831/)1 331/)1 321701 321#1 aZwl
2 2
+((ux) 31201 +(uy) u, ETE +2uxu“—6u2 + ””—auat +utuxx—u (5.39)

( 3352 3252) ( aZgl 351) 352 awl

—u,———+u u,,———+2u u +u
“ox20r ' ox2 Toxot o x xxx gy T haxr g o

—(2 ﬁ+2u a—éﬂ)—u a—gl],

_oy! oy! og! &2 oyY? dy? og! &
0=y TGy ~Wgy g T8 Gy Ty Mgy Mgy

u
XXaxat xxt ax xxt at

subject to (5.1) and (5.2).
The determining equation (5.39) can be separated by u,,, as follows

a 1
U, % =0. (5.40)

From (5.40) we see that &! is independent of x, therefore, (5.21) becomes

g =E1)=cy(1), (5.41)

where c, is an arbitrary function of ¢.
Next, we separate (5.39) by n); as follows

2
3;; =0. (5.42)

From equation (5.42) we see that &2 is independent of t, hence, (5.22) becomes

hcs—e = “he,

V6

g =E%x)= +cs, (5.43)
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where ¢, ¢, and c; are arbitrary constants.

Next, we separate (5.39) by u,, as follows

a 2 l/)l a 2 é‘z
2 — =0. 5.44
Wt dudx 0xz (5.44)
By substituting (5.32) into (5.44), we get the following second-order PDE
a 2 '(/J 1 a 2 lp 1
=2 . 5.45
dudx dudx ( )
Equation (5.45) is satisfied if and only if
321’01
=0. 5.46
dudx ( )

By integrating (5.46) once with respect to u and then once with respect to x we obtain
Y= cgu+ oot x). (5.47)

Next, we separate (5.39) by u, as follows

"2 90x20u ox

u, 0, (5.48)

and using the result obtained in (5.46), (5.48) simplifies to £? = ¢; where c; is an arbitrary
constant.
We now separate equation (5.39) by n, as follows

oy oy! 2g
_ =0. 4
on  du ot " (5-49)

Ny
Combining (5.49) and (5.29), we conclude that c,(t) = ¢, and obtain
? = cen + Gt X). (5.50)

The remaining determining equations cannot be simplified further, and hence, we are left

with the following expressions for £?, &2, 1! and y)?

El=c, &=, (5.51)

Yr=csutc(t,x), Y*=cen+cy(t,x), (5.52)
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subject to the remaining determining equations

3c8(t,x)+hac7(t,x) _ h?3%c(t, x)
ot ox 6 Ox3
307(t,x)+ Ocg(t,x)  h*3°c(t,x)
or 8 ax 2 oxia¢

) (5.53)

) (5.54)

where ¢,, ¢; and cg are arbitrary constants and where c¢; and cg are arbitrary functions of ¢
and x. Interestingly, (5.53) and (5.54) resemble our original system of equations. Substi-

tuting (5.51) and (5.52) into (5.3), we obtain the infinitesimal generator

X= 8+ a+( +c(t ))a+( + cy(t ))8 (5.55)
=gt ag ot Gut ol x) cen+cg(t, x o .

producing the symmetries

! 31, 3x’ )
u 57”’ ’ 3u ’ 57’]’ '

subject to the following

dcy(t, x) +hﬁc7(t,x) 3 h_38307(t,x)

Jt ox 6 9x3 (5-58)
dci(t,x)  dcy(t,x)  h*3%ci(t,x)
ot 87 ax 2 oxeor (5-59)
2 2 2
17 cg(t,x)_ 7 c7(t,x):38 cg(t, x) (5.60)

0 x2 oxot otz

where (5.60) is obtained from combining (5.58) and (5.59).

5.2 Invariant solutions for the LB equations

In this section, we attempt to obtain invariant travelling wave solutions relating to the fluid
velocity in the x-direction u(t, x) and the surface elevation 1(z, x) for the LB equations
representing a solitary wave propogating rightward. We refer to the generator obtained in

the previous section, namely

0 0 0
X=c—+c—+(cgu+c,(t, x)—+ (0677 + cy(t, x)) (5.61)

or ox du on’
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Now,

u=f(t,x), (5.62)

n=k(t,x), (5.63)
are invariant solutions for the system, (5.1) and (5.2), provided

X(u—f(t,x))|u:f:0, (5.64)

X (n—k(t,x)],_,=0. (5.65)

Expanding (5.64) using (5.61), we obtain the following PDE in terms of f(z, x)

0 0
623_{4_05%: cof +ci(t, x). (5.66)

Similarly, expanding (5.65) using (5.61) gives the following PDE in terms of k(z, x)

Jk ok
CZE—FCF’E: cgk + cq(t, x). (5.67)

We are looking for solutions in the form of travelling waves, thus, we consider c;(#,x) =0
and cg(t, x) =0 where ¢, # 0. We obtain the following differential equations of the charac-

teristic curves of (5.66)

dt dx df
—_— == (5.68)
G ¢ Cf
Considering the first two terms of (5.68) we obtain
x—Zp=p, (5.69)

G
where ¢, > 0, ¢; > 0 and b, is a constant. Through a consideration of the first and last terms

of (5.68) we find that

af ¢

—— _2f=0. 5.70

dt 02f ( )
We let the integrating factor be

e ald =7 (5.71)

and then substitute (5.71) into (5.70) to get the following expression for f(z, x)
f=e'h, (5.72)
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where b, is a constant. From (5.69) we know that the general solution takes the form of
b, = F(b,), therefore,

f(t,x):eigtF(x—Et), (5.73)

%)

where ¢, > 0 and ¢; > 0. Similarly, we use the differential equations of the characteristic
curves of (5.67) and by following the same procedure we obtain the following solution for
k(t,x)

k(t,x)zeith(x—%t). (5.74)
2

Substituting the results from (5.73) and (5.74) into (5.62) and (5.63) provides the following

expressions for the invariant solutions u(¢, x) and n(¢, x)

u(t,x)zeigtF(x—%t)zeigtF(i), (5.75)

2

n(t,x)zeith(x—%t):eﬁth(g), (5.76)
2

where { =x—ct, c=¢ and ¢ > 0.
Next, we substitute (5.75) and (5.76) into the system, (5.1) and (5.2), and simplify to
obtain the following system of ODEs

¢ dG dF h®d’F

_G(g)__zd_i hd_gzgd_é’ (5.77)
Cs csdF  dG h*(cd?F ¢ d°F
G Fie) c dé e 5 2 (Cz dg? ¢, d&s -76)

subject to the following boundary conditions

dF (+ d?F (£ d3F (o0 dG(+ da’G(+
Flreo)= 6(1500): d(izw): d(€3) G(oo)= 6(1500)_ d(ézoo)zo' 679

Now, we solve (5.77) and (5.78) simultaneously. Firstly, we multiply (5.77) by g to get

: Z(; gE—zG(é’) ghfé };3 %, (5.80)
and secondly multiply (5.78) by c; to obtain
G ,dF h? sz ,d3F
gC—— ac C5CGF(§)+CSd—€+ (05(:6 az c; d§3) (5.81)
Equating (5.80) and (5.81) gives
gG(E)=—csF(E)+ % Zlg S ( . f;;)* " (ghe,—3c2) 6;; (5.82)
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Solving for g by differentiating (5.82) with respect to & gives

a6 __2f . (¢ —ghe)d’F to L PR —(ghc,—3¢ )d4F (5.83)
84 = %ac e dee % qes ) 6g 8% dze '
Upon substituting (5.83) into (5.78) we obtain
h? d*F ,csd’F 1( , h? ¢\ d*F 1\dF
6 G(gl’lCZ—gC )d§4 +h C_Zd_g?’-’_c_G(CS —ghCz—?c— d—é,2—05(1 )dg—i-CGF 0. (5.84)

Multiplying (5.84) by ¢, where ¢ is an arbitrary constant thus allowing for this operation,
and substituting cg = 0 into the result gives the following fourth-order ODE in terms of F(£)

h? d*F d*F
(ghc2 )d54 +(c2—ghc) e =0. (5.85)

As commonly observed in classical water wave theory we assume a solution of the form

F(&)=Ae™. (5.86)
Substituting (5.86) into (5.85) gives
h2
22 AZE(ghcz—Sc:)F+(csz—ghcz)F =0. (5.87)
Therefore
2(cc—ghc
A=0 or A2=— (& f ?) : (5.88)
h?(c; —gghcz)
and
F(E)=A+ A+ Ase™ +Aje™* = A, + A&+ B, cosh(ax)+ B, sinh(ax), (5.89)
where
2(ct—ghc
a’=— (& ‘f 2) and A==a. (5.90)
h2(c: —gghcz)

The expression (5.89), relating to the fluid velocity of the solitary wave in the horizontal
direction, takes the form of an oscillatory solution, which does not satisfy the decaying lat-
eral boundary conditions (5.79). As such, the solution presented is not a possible solution
for the problem posed. G(£) will have a similar form to that of (5.89) and, therefore, there is
no solitary wave that satisfies the boundary conditions (5.79). We conclude that lineariz-
ing the NB equations does not lead to physically realistic solutions as the lateral boundary

conditions are not satisfied.
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5.3 Associated Lie point symmetry for the LB equations

In this section, we present the associated Lie point symmetry, which we use to determine if
there are any invariant travelling wave solutions associated with the conserved quantities
of the problem. To avoid repetition only calculations relating to the elementary conserved
vectors are presented. We refer to the infinitesimal generator obtained in the previous sec-

tion, namely

0 % 0
X=c—+c—+(cgu+c,(t,x)=— +(cﬁn+ cylt, x)) (5.91)

or ox du on’
We are looking for solutions in the form of travelling waves, therefore, we consider ¢, (t, x) =
0 and c¢4(t, x)=0. Thus, (5.91) becomes

X= a+ g + d + d (5.92)
=Gt Gt GU CGnan. :

In general, we have the infinitesimal generator

0 0 0 0
X = £! 2 1 22 .
§3t+§ 3x+¢ 3u+¢ on (5.93)

where

=&t x,u,m)=1, &*=E&*t,x,u,n)=cs,

(5.94)
L= (t, x,u,n)=csu, G*=P*(t,x,u,n)=cgn.
We introduce the association formula
X(TH+T'D(EX)— T*Du(E) =0. (5.95)
Fori=1and k =1, 2 we obtain
X(T"Y+T'(Di(E")+Dy(EH)— T'Dy(EN)— T Dy(E") =0 (5.96)
=>X(TH+T'D,(£)—T?D,(EM) =0, (5.97)
and for i =2 and k =1,2 we get
X(T*)+ T?*(Dy(E") + Dy(E%))— T' Dy (8%)— T?Dy(E%) =0
=X(T*)+T*D,(E)—T'D,(E*)=0. (5.98)
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In addition, we use the prolongation formulae

i =Di(@")—uiDy(E%), I =Di(T7)—u Di(E%),

(5.99)
l]k_Dk(ga) uljsDk(é‘ ) l]kl_Dl(gl]k) u,]kle(gs)’
where
t=x!, X =x?, u=u', n=u’. (5.100)
5.3.1 Case 1: Conservation of the mass flow rate
Consider the conserved vector
T'=u,
2 (5.101)
= gn_?uxt
Substituting (5.101) into (5.97), using the infinitesimal generator
X=c a+ca+cua+c 3+§ o (5.102)
TGy TG Tt TG ey '
gives
hZ
X(U)+ UDx(CS)_(gn_?uxt)Dx(l):O
;=0 (5.103)
Similarly, substituting (5.101) into (5.98), using the infinitesimal generator
Xca+ca+cua+c 0 4 o (5.104)
TGy TGy TG TR, Teagy, '
gives
h? h?
X(gn— PY Uy)+(8NnN— Py Uy )D,(1)—uD,(c;5)=0
hZ
icﬁ(gn__utx)zo
2
=cs=0. (5.105)

The results of (5.103) and (5.105) simplify (5.102) to give the associated Lie point symmetry

X=c a+c 9 (5.106)
T 20t Cox’ '
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where ¢, and c; are arbitrary.

The associated Lie point symmetry (5.106) takes the form of a symmetry that produces
travelling wave solutions. As such, the conserved mass flow rate is associated with invari-
ant travelling wave solutions that do not satisfy the decaying boundary conditions, as the

solutions are ossilatory functions.

5.3.2 Case 2: Conservation of mass

Consider the conserved vector

T'=n,
3 (5.107)

Tzzhu—guxx.

Following the same approach as adopted in Case 1, we again obtain the result that ¢5 = 0.

The result simplifies to give the associated Lie point symmetry (5.106) obtained in Case 1.

5.4 Concluding remarks

The invariant solutions discovered in this chapter are physically unrealistic. We observe
that the effect of linearizing the NB equations leads to ossilatory type solutions that do
not satisfy the decaying lateral boundary conditions. We conclude that applying a linear
approximation to the NB equations leads to physically unrealistic results and so one should
not linearize these types of equations.

We discovered that all the conserved quantities presented in the previous chapter are
associated, via the associated Lie point symmetry, with invariant travelling wave solutions
that do not satisfy the decaying boundary conditions, as the solutions are ossilatory func-
tions. Finally, we note that the conserved quantities are not needed to solve for the con-

stants in an attempt to obtain linear solutions.
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Chapter 6

Conserved Quantities for the NB

Equations

6.1 Conservation laws and conserved vectors for the NB
equations

In this section, we again make use of the Multiplier method to determine the conservation
laws and conserved vectors for the system of NB equations. We reiterate that, for a solitary
wave unbounded in the horizontal directions, the initial quantities must be conserved and,
as the wave evolves, must still be maintained. Given that initial quantities are difficult
to obtain in general, conservation laws provide us with properties at the initial state of
the system. Solitary wave and soliton solutions satisfy these conservation laws. However,
periodic solutions do not, and thus, the latter are not considered as possible solutions for
the solitary wave [6]. Obtaining conservation laws is, therefore, an important part of the
process of obtaining physically realistic solutions.

We consider the system of NB equations in dimensionless form, (3.32) and (3.33), given

by

—+—+€(ua—n+na—u):‘u—233—u, (6.1)
Jdt 0x ox Jx 6 Jdx3
qu eIt o1 o 6.2)
ot dx 0x 2 dx20t’ '
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with lateral boundary conditions

Ju(t,£00) Ju(t,+00)

on(t,+£00) In(t,£00)
Jt B dx -

4+ =
u(t,+00) a1 ox

Zn(t»ioo)=

=0, (6.3)

where u(t, x) is the fluid velocity of the solitary wave in the x-direction, n(t, x) is the sur-
face elevation of the solitary wave, € and u are the non-linearity and frequency dispersion
parameters respectively.

In order to derive the conservation laws for the system given by (6.1) and (6.2) using the
Multiplier method, we consider

2 2
AN+ Uy +eun,+enu,— ‘% Uyrr) FAo(Uy +EUU+1) — ‘% Uye:)=D,T'+D,T? (6.4)

where the multipliers are givenby A, (¢, x, u,n, u;,n;, u,,n,)and T =(T*, T?)are the com-
ponents of the conserved vector.

We make use of the Euler operator to derive the determining equations. This allows us
to set the divergence of our conservation laws to zero. Thus by employing (6.4) as shown

above, together with this property, we structure our determining equations by expanding

2 2

Eu[Al(T’t +Uu,+ €U, + eEnu, — %uxxx)+A2(ut teuu, + Nx— %uxxt)] =0, (65)
‘u2 ‘uZ

E [A(n, +uy+eun, +enu,— Euxxx)+A2(ut +euu,+n,— ?uxxt)] =0. (6.6)

The determining equations are then separated with respect to products and powers of the

derivatives of u and r). This allows us to obtain the following set of multipliers
Al = kl and A2 = kz, (6.7)

where k, and k, are arbitrary. Refer to Appendix C for calculations of the multipliers. The
conserved vector T =(T!, T?) can now be obtained using the Multiplier method.

When u(t, x) and (¢, x) are solutions for the system of equations (6.1) and (6.2), we
may obtain a set of conserved vectors by satisfying (6.4) such that D,[ T, ]+ D,[T;] = 0. Given
that the multipliers (6.7) are arbitrary constants, we will now consider various possible val-

ues thereof in order to obtain the conserved vectors for the NB equations.
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6.1.1 Casel: A\=k;=0,A,=k,=1

Consider the case where A, = k; =0, A, = k, = 1. We obtain the following conservation law

2
ut+6uux+nx—%uxxt:DtT1+DxT2=O,

€ > u*
=D, (u)+ D, Eu +n—?uxt =0, (6.8)

where the conserved vector is given by

T'=u,
(6.9)
€ 2
T2:5u2+n—‘%uxt.

6.1.2 Case2: Alzklzl,AzszZO

Considering the case where A, = k; =1, A, = k, =0, we obtain the second conservation law
given by

2
nt+ux+eunx+enux—%uxxx:DtT1+DxT2:0,

2
=>Df(n)+Dx(u+6un—%uxx)=0, (6.10)
where the conserved vector is given by
T'=n,

P 6.11)
T? = Ut eun ="ty

6.2 Conserved quantities for the NB equations

In this section, we determine the conserved quantities through the use of the conserved
vectors obtained in the previous section. These are derived by integrating the conserva-
tion laws, obtained via the conserved vectors from Section 6.1, in the direction of wave

propagation and imposing the boundary conditions.
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6.2.1 Case 1: Conservation of the mass flow rate

Consider the following conserved vector

T'=u,
(6.12)
€ u?
TZZEMZ-FT]—?MJ”.

The conservation law for the system given by (6.1) and (6.2) is given by

oTr' oT*?

=D, T+ DT =0, (6.13)

The first conserved quantity for the dimensionless NB equations is obtained by substitut-
ing (6.12) into (6.13) and subsequently integrating (6.13) with respect to x on the interval

(—00, 00), having fixed t. Using Leibniz’s rule of integration, we obtain

d [ M,
77 _Ooudx—f_ Eudx. (6.14)

o0

Applying boundary conditions (6.3), (6.14) reduces to

paf udx=1], (6.15)

(o]

where J; is a constant independent of time. Thus, the mass flow rate, p, J;, where p, repre-
sents the area density, is constant along the wave. The mass flow rate is simply the amount

of mass passing by a single point over a duration of time [51].

6.2.2 Case 2: Conservation of mass
We now turn to the following conserved vector

T'=n,
2 (6.16)

T?= u+eun—%um.

The second conserved quantity for the dimensionless NB equations is obtained by substi-
tuting (6.16) into (6.13) and subsequently integrating (6.13) with respect to x on the interval
(—00, 00), having fixed t. Using Leibniz’s rule of integration, we obtain

a (= <0
- = — ) 1
7 _Oondx J_Ooatndx (6.17)
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Applying boundary conditions (6.3), (6.17) reduces to

paJ ndx=J, (6.18)

o0
where J, is a constant independent of time. Thus, the mass density, p, J,, where p, rep-
resents the area density, is constant along the wave. Hence, for all time and for all surface

waves represented by 1)(z, x), the mass of the fluid associated with the wave is conserved.

6.3 Concluding remarks

We considered the conservation laws for the dimensionless NB equations, obtained via a
Multiplier approach. The equations produced two local conservation laws. From these
conservation laws we were able to obtain the conserved mass quantity and a newly dis-

covered mass flow rate by integrating across the wave in the horizontal direction.
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Chapter 7

Lie point symmetries for the NB

equations

In this chapter, we obtain the full set of Lie point symmetries for the NB equations (7.1) and
(7.2) representing a solitary wave at a constant water depth / propagating rightward. The
Lie point symmetries will assist in determining the invariant solutions for the NB equa-
tions. This approach is advantageous, as it is systematic in nature and does not rely on ex-
tensive physical insights to obtain the solutions. We also present the associated Lie point
symmetry, which we use to determine the conserved vectors that are associated with the

linear combination of the time and spatial Lie point symmetries for the NB equations.

7.1 Lie point symmetries for the NB equations

As outlined in Section 5.1, the symmetries obtained in this section have also been calcu-
lated manually.

From (3.32) and (3.33)

6_n+8_u+€(u8_n+n8_u):u_283_u (7.1)
ot 0x dx '0x) 6 0x3 '
0,00, 00 i 2 s
ot dx 0x 2 0x20t’ '

where ¢ is time, x is the horizontal spatial component, u is the dispersive parameter, € is
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the non-linear parameter, u is the fluid velocity of the solitary wave in the x-direction and
1 is the surface elevation of the solitary wave.
We proceed to obtain the first determining equation by considering (7.1) with the Lie

point operator given by

0 bl 0 0
_ 1 2 1 2
X=Z (t,x,u,n)—at +& (t,x,u,n)—ax +y(t, x, u,n)—auﬂb (t,x,u,n)—an, (7.3)

where &1, £2, 1! and v)? are the infinitesimals. This operator is a Lie point symmetry gener-
ator of the governing equation (7.1) if and only if the infinitesimal criterion for invariance
holds, i.e.

on du 0 Ju u®>du
X[B] (_n - n M ) (7.1),(7.2) = 0. (7.4)

dx 6 0x3

Since (7.1) depends on third derivatives, we take the third prolongation and obtain

0 7 7 7 7 7 0 7 7
Bl_x19 | 29 1.9 2 9 1 1 2 2 2
X e e T G T Gy TG, Y x G, Py, T gy, T
S SRR RS A S A R L (7.5)
@nau” Sptxautx wxxauxx w”ann w”‘amx prxanxx (p”x@mxx .
+ ! 9 +p! vl gl 2 g2 C 2
O Uy X0 Uy 10 Uy O Uy xx "EONy O xx
where we can define explicitly the extended infinitesimals as
i =Di(y)-uiDi(&’), (7.6)
pi=D;(pf)—uiD; ('), (7.7)
where u' = u, u*=n, D;=D,=D, and D; =D, =D, for i, j,1 =1,2.
Thus by applying the third prologation (7.5) onto (7.1) we obtain
1 2 1 2 . W
(ez,/; N, + €Y ux+(1+€n)g0x+npt+6ug0x—€g0xxx) =0. (7.8)
(7.1),(7.2)
Similarly for (7.2) we obtain
1 1 1 2 1 2,1
P U+, Feup o= ute,, =0. (7.9)
(7.1),(7.2)

The extended infinitesimals for (7.9) are given by (D.1), (D.2), (D.3) and (D.4) in Appendix
D. We substitute the extended infinitesimals (D.1), (D.2), (D.3), (D.4) into (7.9) to give the

first determining equation given by (D.5) in Appendix D, subject to (7.1) and (7.2). The
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determining equation (D.5) can be split into the following derivative products of u and n,

containing third-order derivatives of u

o8
uttx._—o, (7.].0)
dx
U, Uy :8—51:0, (7.11)
X X 5”
o8
NxUprx: an =0. (7.12)

Considering (7.10)-(7.12), we note that £ is only dependent on ¢.
Next, we separate (D.5) by the following derivative products of u and r) containing third-

order derivatives of n

oyY!
ixx s —=—=0, (7.13)
an
utntxx:a—gl:(), (7.14)
an
98
uxntxx.%—O. (7.15)

Considering (7.13)-(7.15), it can be seen that £2 and y! are independent of 1.

We further separate (D.5) by u,; u,, as follows

8§1+33§2 0 (7.16)
Uy Uy —=——+3—=—=0. .
xt%xx a u a u
From (7.16) we note that £2 is independent of u.
Next, we separate (D.5) by n), as follows
: oF =0 (7.17)
T’l’ . at - Y. .

From (7.17) we see that &2 is independent of ¢.

Finally, we separate (D.5) by the following derivative products and powers of u and n

821/)1
: =0, 1

Uy, ETED 0 (7.18)
82 1

UyUyy: 83)2 =0, (7.19)

d2€2 321/)1

Uyt = =20——, (7.20)
d&? d&' oy'! oy?

UER 3 + 3 = 4 - v (7.21)

"dx dt du dn’
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U, €u

— — 1_
dx | dr dioxen Y "o

' dé’z _HZ 631’01
Ue: dx 4 dudx?
1: ,
or %y T ax T 2 aroxe 0

(dgz dgl)_ ) 331/)1 3_¢2

where

g=EYr), &=8&(x)
Y=y, x,u), Y>2=y*t,x,u,n).

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

We now proceed to ascertain the next determining equation; that is we consider (7.8).

The extended infinitesimals for (7.8) are given by the following (subject to results obtained

from the first determining equation, namely (7.25) and (7.26)),

902=Dt(wz)—me(il)—nxDz(iz)
_oy? oy?  ay?  de!
ot T out T oM a4y

Ne.

Similarly we obtain

90)15 =Dy (lpl)_ u; Dy (51)_ Uy D, (52)
B 51/)1 alpl dgz

© 9x * du " dx "
and
92 =Dy (?) =1 Dy (£1) =1, Ds (%)
~ 1/)2 aqﬂ azpz _ag
“ox T au T an T ax e
and finally

sojlcxx =D, ((P)lcx)_ Uyt Dy (51)_ Uy xDx (52)

33¢1 aSl/)l 3¢1 ) azlpl aSwl 3
= ox Saxzan T3 axaw U 3 gigy et gye (U
azlpl 31/)1 d3§2 d2€2 dgz

+3 U UyUyx + ou Uxxx— dx3 Uy— d x? Uxx — d x? 5 Uxxx-
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(7.28)

(7.29)

(7.30)



We substitute the extended infinitesimals (7.27)-(7.30) into (7.8) to give the determining

equation subject to (7.1) and (7.2)

oyl oyl dé&? oyY? oy? d&t
Ozelplnx+elp2ux+(l+en) al/; + al/; Uy— ax Uy |+ al/; + ali Uy — P N
‘uz 831/)1 anl 331/)1 ) 32¢1 531/)1 3 32¢1
6| dx3 +38x28qu+38x8u2(uX) +33xauu”+ ous ()" +3 guz 1xlax
awl d3§2 d2§2 d§2 3¢2 awz awz dgz
TG Yenn T e T3 g Y T g e | R U T on M= x|
(7.31)
Equation (7.31) can be separated by u, ., as follows
ou?
Uyyr: i =0. (7.32)
du

From (7.32) we note that 12 is independent of u.

Next, we separate (7.31) by the following derivative products and powers of u and 1

Up Uy 8;3); =0, (7.33)
201 g2r2

Upx ! jxlgu = %, (7.34)

(uy ) % =0, (7.35)

u, e’ +2(1+en) z—iz —%2 3 af;glu — ff:] =0, (7.36)

nx:ewl—euaa—l’/;:+euaal/;;+26u62—§::0, (7.37)

LI T et 730

1:(1+€n) a;z; + a;z;z +6ua;z;2 —%Z[a;;il]:o, (7.39)

where
gh=gr), =), (7.40)
Y=yt x,u), P =yt xmn) (7.41)

We now consider (7.18)-(7.24) and (7.33)-(7.39); we integrate (7.20) twice with respect to x
and obtain

A x)=c1x +Co. (7.42)
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Using (7.45) and (7.42), we can simplify (7.36) to obtain

(1+e€n)

?/J(f,x’ﬂ):—Z p

. (7.43)

We now integrate (7.19) twice with respect to © and substitute the result into (7.18) giving

Yl(t, x, u)= uA(x)+ B(t, x). (7.44)
By (7.20) and (7.34),
521‘01
oxou 0. (7.45)

We now substitute (7.44) into (7.45) to get A(x)= c;, and hence,
Y(t,x, u)=csu+ B(t, x). (7.46)

By substituting (7.46) into (7.23) we obtain ¢, =0, therefore, y)* =0.

In summary

g=Et), &=c, (7.47)

Y'=cu+B(t,x), P> =0. (7.48)
Substituting (7.47) and (7.48) into (7.21) and integrating once with respect to ¢ gives
EN(t)=cst + ¢y (7.49)

Similarly substituting (7.47)-(7.49) into (7.22) and separating the result by u we deduce that
c; =0, thus, B(t, x)=0.

In summary

El=c, &=, (7.50)

P'=0, Y*=0. (7.51)

Note that (7.18)-(7.24) and (7.33)-(7.39) are now identically satisfied. Substituting (7.50)

and (7.51) into (7.3), we obtain the infinitesimal generator

0 %
X:C4_+CZ

ot ox ( )

0
with symmetries given by X; = 37 and X, = EPS
X
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7.2 Associated Lie point symmetry for the NB equations

In this section, we present the associated Lie point symmetry, which we use to determine
the conserved vectors that are associated with the linear combination of the time and spa-
tial Lie point symmetries derived in Section 7.1 for all values of ¢, and ¢, for the NB equa-

tions.

7.2.1 Case 1: Conservation of the mass flow rate

Consider the conserved vector

T'=u,
(7.53)
€ u?
T2:§u2+n—?uxt.
Consider the first invariant condition
X(TY)+T'D(E%)—T?D,(E") =0, (7.54)
where &' = ¢, and &2 = ¢,.
Equation (7.54) simplifies to
0 G, € u?
(645 + CZH) u+ UDx(CZ)_ (5 u2 +n— ? uxt) Dx(c4) =0, (7.55)

upon substitution of the conserved vector and infinitesimal generator. Thus, equation
(7.55) is identically satisfied and the conserved vector is associated with the linear com-

bination of the time and spatial Lie point symmetries for all values of ¢, and c,.

7.2.2 Case 2: Conservation of mass

Consider the conserved vector
T'=n,
2 (7.56)

T?= U €Un == Uy

Again consider the first invariant condition (7.54), which upon substitution of (7.56) gives

0 0 2
(04— + cz—) nN+nD(c,)—| u+eun— ull U, |D.(c,)=0. (7.57)
ot ox 6
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Thus, (7.57) is identically satisfied and the conserved vector is associated with the linear

combination of the time and spatial Lie point symmetries for all values of ¢, and c,.

7.3 Concluding remarks

We have derived the full set of Lie point symmetries for the NB equations. We conclude that
all conserved vectors are associated with the linear combination of the time and spatial Lie

point symmetries for all values of ¢, and c, for the NB equations.
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Chapter 8

Invariant exact solutions for the NB

equations

In this chapter, we make use of a linear combination of the time and spatial symmetry to
obtain invariant travelling wave solutions relating to the fluid velocity in the x-direction
u(t, x) and the surface elevation r)(¢, x) for the NB equations representing a solitary wave
propogating rightward. These solutions can be used to enrich the analytical validation of
numerical models for tsunami detection systems. Through the process of obtaining these
solutions, we observe that there are three cases of solutions dependent on the wave speed
c2, namely (i) 0 < ¢ < oo where ¢ # & and ¢? # 3, (ii) ¢? = 1z and (iii) ¢? = 3. Itis
important to note that, although c? = % can form part of the general case 0 < ¢? < co, we
have instead considered it separately as a special case since it is the only c¢? value for which
the solution takes the form of an explicit hyperbolic function, as will be shown below. In
fact, the case ¢2 = 5 is most commonly considered when studying the NB equations due

to its explicit functional form, making analysis simpler [2, 23, 56].

We now consider the system (3.32) and (3.33) given by

8n+8u+€( 8n+ 8u)_,u233u (6.1)
ot Tox  \"ax""ax )" 6 ax '
Ju du on u* d’u

ar Maxtox T 20x0¢ (8.2)

describing the fluid velocity in the x-direction u(¢, x) and the surface elevation (¢, x) for
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the NB equations representing a solitary wave propogating rightward along with the lateral
boundary conditions

Ju(t,£00) Ju(t,+00)

on(t,£00) In(t,£00)
Jt B dx -

ult, £00)= a1 ox

=1(t,+00)= =0, (8.3)

where ¢ is time, x is the horizontal spatial component, € is the non-linear parameter, u is

the dispersive parameter.

8.1 Case (i):0<c?<o00,c?#-and c?#2

We recall the infinitesimal generator derived in the previous chapter, namely

X=c 0 +c g (8.4)
o Pox '
Now,
u=f(t,x)and n=k(t, x), (8.5)

are invariant solutions for the system, (8.1) and (8.2), provided

X(u_F(t,X))lu:F(t'x):(), (86)

X(n=G(t,%))|, _g(rn =0 8.7)

Expanding (8.6) using (8.4), we obtain the following PDE in terms of F(t, x)

3_F+ 3_F_0 (8.8)
“5: T%x '

Similarly, expanding equation (8.7) using (8.4) gives the following PDE in terms of G(¢, x)

oG 9G _

045 + CZE =0. (8.9)

The differential equations of the characteristic curves of the system (8.8) and (8.9) are

dt_dx
C4_ G

) (8.10)

where ¢, # 0. This differential equation is variable separable and integrating (8.10) once
gives

C
x—2t=k, (8.11)
Cy
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where k; is a constant and ¢, # 0. The general solutions for F(k,) and G(k;,) are

k, = F(ky), (8.12)

ks = G(ky), (8.13)

where k, and k; are arbitrary. Since u = F(t, x) and n = G(¢, x), the general solutions for
F(&)and G(&) are
u(t,x)=F(&), and n(t, x)=G(&), (8.14)

where £ = x—ct, and c=§—j>0.
We now substitute (8.14) into (8.1) and (8.2) and simplify to obtain

4G dF _ dF FdG W d°F 815
g d¢ ag dg 6 d&3’ '
dF _dF dG  p? d°F
—Cc——+€eF—+——=—Fc .
dc A dg 2 des

(8.16)

Using (8.14), we then express the boundary conditions (8.3) in terms of F(&) and G(&) given
by

Fe00) = 8Féi§oo) _ 8Féﬂ:€oo) — G(to0)= 3Géﬂ;oo) _ 8Géi€oo) o (8.17)

Integrating (8.15) and (8.16) with respect to £ we obtain

u? d*F

—CG—I—F—i—eGF:gng—I-CI, (8.18)
€ _, 1 ,d*F

From boundary conditions (8.17) we deduce that C, = C, =0, thus, (8.18) and (8.19) give

dz
—cG(E)+ F(&)+eG(E)F (é)— W (8.20)
—cF(&)+ - Fz(g +G g)——“;cj; (8.21)

We now determine the relation between G(&) and F(&). From (8.20) and (8.21), we obtain

d*F 6

a :lﬁ(_CGJrF’LeFG) (8.22)
@°F _ 2( cF+€F2+G) (8.23)
dez e 2 ' '

75



Equating (8.22) and (8.23), we obtain the following expression for G(&) in terms of F(&)

G(F)= —F(4c+€F) (8.24)
2(1—3c2+3ceF)’ '

We now rewrite the system of equations (8.20) and (8.21) in terms of F(£). From (8.21),

€ u? d*F
G(F)=cF——-F*—— :
(F)=c 2 2 “az

(8.25)

Substituting (8.25) into (8.20), we obtain the following second-order ordinary differential

equation in terms of F(&)

PF
dE2  ecu? F+A

_E 2 § _ 2)
5 F( SF +26(2F+(1 c?)

) (8.26)

where
1 (1
A:—(——c ) (8.27)
ec

We now introduce a dummy variable H(£) = F(&)+ A, and express (8.26) in terms of H(&)

and A to get
d*H € ) E
=—\|-H°"+BH+D+— |, (8.28)
&2 cuz? H
where
1 5 1 1
B=—,D= (3c*+6c*~1) and E = (——cz)(——cz). (8.29)
€c 3€e2¢2 3e3¢3\ 3 15

Equation (8.28) is a second-order autonomous ODE, which can be reduced and expressed

as a first-order ODE using the chain rule

32H_i(dH)_ d (dH)dH_l d (dH)z (8.30)
082 di\di) dH\di)dE 2dH\dE)’ '
Thus (8.28) can be expressed as

o'H _1d (dH)Z— ¢ ( H2+BH+D+E) (8.31)

0&2 2dH\dE) cuz H) '
Integrating (8.31) once with respect to H(&) gives

dH\* 2¢ (1 B

— | =—|—-=H’+—H*+DH+EIn(H k), 8.32

(@) cuZ(s Fp P BTk (632
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where k, is a constant of integration. We now consider the boundary conditions on H (&),

recalling that H(&)= F(&)+ A and ‘fi—? = fi—lg, thus,

H(xoo)=A as F(£o00)=0, (8.33)
dH (£o0) 0 dF (+00) 8.34)
—di = as —d§ = .

Transforming (8.32) back in terms of F(£), we obtain

dF\* 2 1 B
(—) - (——(F + AP+ 2(F+ AP +D(F +A)+ EIn(F + A)+ k4) . (8.35)
ag cuz\ 3 2

Imposing boundary conditions (8.17) on (8.35), provides

1 B
k, = gA3 - EA2 —DA—EIn(A). (8.36)

Substituting (8.29) and (8.36) into (8.35) and simplifying gives

(dF)Z_ 2€ |: P34 3 (CZ—FI)FZ 5 (1 CZ)F-I- 5 (1 02)( 1 CZ)IH(F+A):|
dé)  3cu? ec 6 €2c2\ 15 €3¢c3\3 15 A )l
(8.37)

Now we let

3 1 5 1 5 1 1 F+A
p(p)z_p3+_(c2+_)p2__(__cz)p+_(__02)(__02)111(_), (8.38)
€c 6 €2¢c2\ 15 €3¢c3\3 15 A

giving

(Z_I;)Z %€ p(p), (8.39)

and allows us to express (8.39) as

Tdr [ 2 Etk (8.40)
VP(F)  \3epz” '

where k; is a constant of integration.

Through the general analysis, shown later in Chapter 9, we observe that there are two
distinct regions within which two possible distinct solitary waves may occur. In each case,
we are able to isolate the region in which F(&) exists so that we may distinguish between
these two events. The two regions representing these two distinct events are defined by
our choice of the origin of the co-ordinate &, since, through this choice, the minimum fluid
velocity of the solitary wave and the maximum fluid velocity of the solitary wave, both trav-

elling in the horizontal direction, will correspond to this choice of £ = &,,,4;,. The reason
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for this is that these velocities are both defined as F(&) = F(&,,;4;,) within their respective
regions.

We choose the origin such that £ = 0. As such, the minimum fluid velocity of the solitary
wave in the horizontal direction is defined as F(0) = E for , < F < 0, and similarly the
maximum fluid velocity of the solitary wave in the horizontal direction is defined as F(0) =
Ffor0O<F<H.

The choice of the origin allows for eloquently written solutions and visually pleasing
graphs since the maximum or minimum fluid velocity coincides with the vertical axis for
the fluid velocity in the horizontal direction F (&) versus £. As a consequence of the depen-
dency of the surface elevation of the solitary wave G (&) on F(&), shown later in this section,
the maximum or minimum surface elevation of the solitary wave, namely G, for 5, < F <0
and G, for 0 < F < F;, coincides with the vertical axis for the surface elevation of the solitary
wave G(&) versus £. We emphasize that there are two distinct solitary wave solutions, one
in each region. It is important to note that the two solitary waves cannot be generated by
the same event.

Consider the region 0 < F < F, where, given the choice of origin F(0) = F, with F the
maximum fluid velocity of the solitary wave in the horizontal direction, so that

i dF

= k ,
JPE)

where k; is a constant of integration. Equating (8.40) and (8.41) and solving for £ we obtain

R
£=x+\ 36“ dF (8.42)

Similarly, when we consider F(&) such that we are in the region F, < F < 0 where, given

(8.41)

the choice of origin F(0) = F, with F the minimum fluid velocity of the solitary wave in the
horizontal direction, we obtain

£=x\ 36“2fF ar (8.43)
2¢ | VP(F) '

In summary, the invariant exact solution for the fluid velocity of the solitary wave in the

horizontal direction F(&), where £ = x —ct, is given by

L BC,u JFI aF (8.44)




when0< F < F and

=\ sew’ (7 _dF (8.45)
B 2¢ Jp VP(F) '

3 1 5 1 5 1 1 F+A
P(F)=—F3+—(cz+—)F2— (——CZ)F—F (——cz)(——cz)ln( ) (8.46)
€c 6 €2c2\ 15 €3c3\3 15 A

11,
Az—(——c ) (8.47)

for ¢c? # %, and ¢ > 0. We note that the solution F(&) takes the form of an implicit function.

The invariant exact solution for the surface elevation of the solitary wave G(&), where
& =x—ct,is expressed in terms of F(&). Thus, the invariant exact solution for the surface

elevation of the solitary wave G(F) is given by

F(%+F) 1 (1
G(F)=——— where A= — .
6¢c(A+F) €ec

3 (8.48)

8.2 Case (ii): ¢’ = %

We now obtain the invariant exact solution for the fluid velocity of the solitary wave in the
horizontal direction F(&), where & = x — c ¢, for this special case. Substituting ¢? = 1—15 into

(8.44) and (8.46) gives

S i ¢ _dF (8.49)
2¢ ). +/P(F) '
where
P(F)=F*(F,—F). (8.50)

7
10ec *

Upon simplifying (8.50), we notice that we have two roots: 0 and These roots are of
importance because they indicate the values which F(&) cannot take without causing & to
be indeterminate. As such, we can easily see that the region within which the associated
solution must live in this case is 0 < F < F, = 5. We have now defined F, = 5 as the

first root of (8.50) and the maximum fluid velocity of the solitary wave in the horizontal

direction and F = 0 as the second root of (8.50). We note that

(d—F)z— € p(F) (8.51)
dt) 3cu? ' '
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We determine the invariant exact solution for the fluid velocity of the solitary wave F(&),

where £ = x — ct, by assuming a solution of the form

F(&)= Esech?(0) (8.52)
—2F, sinh(0)

dF ()= ——M— 8.53

=dF) cosh®(9) (8.53)

Rewriting (8.49) and (8.50) in terms of 8 by making use of (8.52), (8.53) and the trigono-

metric identity sech®() + tanh?*(0) = 1, we obtain

3cu® 2
= 0 +k, (8.54)
: 2¢e /K
where k is a constant. Solving for 8 gives
7
0 :i§(£)+k. (8.55)
2u
Substituting (8.55) into (8.52) gives
7
F(&)= Esech® (ig(‘z/—;)m). (8.56)

We choose the origin of the & coordinate so that the maximum corresponds to £ = 0. Since
sech? is an even function, we can take the positive £ value. Thus, the invariant exact so-
lution for the fluid velocity of the solitary wave in the horizontal direction F(&), where

& =x—ct,isgiven by

21 (V7
F(é)—z‘/l_Sesech (Ei) (8.57)

We now determine the invariant exact solution for the surface elevation of the solitary wave
G(&), where & = x — ct. Substituting (8.57) into (8.48) gives the following invariant exact
solution for G(&)

G(g)z—lsechz(ﬁé). (8.58)
4e 2u

The solutions take the form of explicit hyperbolic functions, as there is no logarithmic term

in P(F)in this case.
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8.3 Case (iii): c2=3

We obtain the invariant exact solution for the fluid velocity of the solitary wave in the hor-
. . . _ . . . . 2 _ 1 -
izontal direction F(&), where & = x — c ¢, for this special case by substituting ¢ = 3 into

(8.44) and (8.46) to obtain

Foi 3cu? foar (8.59)
2¢ Jp VPF) '
where
P(F)=F(F,—F)F—E). (8.60)

Via a similar agrument to that given in Section 8.3, by simplifying (8.60) we notice that we
have three roots: 0, - (3v3++/91) and 2 (33— +/91). The regions within which the asso-
ciated solution mustlive in this caseis0 < F < F = .- (3v3+ v/91)and E = .- (3v3—v91) <
F <0. We have now defined F, = ;- (3v/3 + v/91) as the first root of (8.60) and the maximum
fluid velocity of the solitary wave in the horizontal direction, F, = (3«/5 — «/ﬁ) as the
second root of (8.60) and the minimum fluid velocity of the solitary wave in the horizontal
direction and F =0 as the third root of (8.60). We note that

(d—F)z— € p(F) (8.61)
d&) 3cu? ' '

In summary, the invariant exact solution for the fluid velocity of the solitary wave in the

horizontal direction F(&), where £ = x —c ¢, is given by

£==\ ﬁ“zjﬂ aF , (8.62)
2¢ ), /FYE—F)F—-E)

where F, = - (3v/3+v91) = 24 and F, = ;- (3v3— v/91) =128, We note that the solution

F (&) takes the form of an implicit function.
The invariant exact solution for the surface elevation of the solitary wave G(&), where
& =x—ct,is expressed in terms of F(&). Thus, the invariant exact solution for the surface

elevation of the solitary wave G(F) is given by

1 (4c
G(F):——(—+F). (8.63)

6c \ €
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8.4 Concluding remarks

Considering the general case (i) where 0 < ¢? < 00, ¢? # % and c? # % and the special case
(iii) ¢? = %, we find solutions in implicit form for the fluid velocity of the solitary wave in
the horizontal direction F(£) and the surface elevation of the solitary wave G(&). To our
knowledge, these are newly discovered solutions, which can be used to enrich the analyti-
cal validation of numerical models for tsunami detection systems.

For the special case (ii) ¢2 = &, the solutions take the form of explicit hyperbolic func-
tions, as there is no logarithmic term in P(F) in this case. The reader can refer to the work
done by Dutykh and Dias [2] who obtain the same set of solutions for this specific case.

Finally, we note that the conserved quantities are not needed to solve for the constants

so as to obtain the non-linear solutions.
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Chapter 9

General analysis for the NB equations

We recall that there are two distinct regions to consider, namely 5, < F <0and0< F < F.
The two regions are defined by our choice of the origin of the £ co-ordinate, as, through
this choice the minimum fluid velocity of the solitary wave in the horizontal direction can
be defined as F(0) = F such that F, < F <0, and the maximum fluid velocity of the solitary
wave in the horizontal direction can be defined as F(0) = F, such that 0 < F < F, corre-
sponds to & = 0. As shown in Chapter 8, the maximum or minimum surface elevation of
the solitary wave is dependent on F(&), namely G, for £, < F <0and G, for0O< F < F,.

In this chapter, we analyse the properties of the fluid velocity of the solitary wave in the
horizontal direction and the surface elevation of the solitary wave in the above mentioned
regions for the three cases of solutions dependent on the wave speed c¢?, namely (i) 0 <
c? < oo where ¢ # & and ¢? # 3, (ii) ¢? = 1z and (iii) ¢2 = 1. Although these are the
three main cases, certain sections will consider different cases dependent on the property
under investigation. The study of these properties is important in our pursuit of attaining
physically realistic results, used to enrich the analytical validation of numerical models for

tsunami detection systems.
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9.1 Properties of the fluid velocity of the solitary wave in

the horizontal direction F(&)

There are three existance conditions on (Z—g)z for the fluid velocity of the solitary wave F(&)
that need to be satisfied for a physically realistic result to occur. There is no physical inter-
pretation for (Z—g)z and it is merely a mathematical artifact used to study the properties of
the integral in the solutions. This investigation is important, as P(F) contains a logarith-
mic term that will produce both real and imaginary results. However, we are considering
physically realistic measurements such as velocity and surface elevation, thus, we are only

interested in the real results. Consider the relation between (Z—g)z and F(&). The regions of

physical significance satisfy the conditions

1 (dF)Z, 1 d(dF)2>0
. di 1S real an df =2V,

2 (dF)z—OatF—O
\az) = =0,

dF
3. (d_i) =0is bounded.

Condition (1) ensures that the physical region is real whilst condition (2) ensures that the
boundary conditions are satisfied. Finally condition (3) ensures that the amplitude of the
fluid velocity of the solitary wave in the horizontal direction F(£) is finite.

Using the existance condition framework detailed above, we analyse the properties of
the fluid velocity of the solitary wave in the horizontal direction F(&). The results of this in-
vestigation will assist us in determining whether the solutions for F (&) produce physically

realistic results. This section is broken down into the following two subsections:

dF

. . . 2 . .
dw to determine the turning points of w = (d—_,) , where we investi-

e Properties of 77|, _,

gate existance condition (1),

e Behaviour of (Z_g)z versus F(£) as F(£) tends to infinity, where we investigate exis-

tance conditions (2) and (3).
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9.1.1 Properties of 4%

dF | p— t0 determine the turning points of w

9.1.1.1 Case (i): 0<c?<00,c?#and c>#3

We consider the exact invariant solution for the fluid velocity of the solitary wave in the

horizontal direction F(&). We investigate the nature of the turning points of w = (‘;—’;) at

F = 0. The results of this investigation will assist us in determining whether (‘fi—?) is real
and (‘2—?)2 > 0 i.e. whether condition (1) is satisfied.

Let

—(d—F)Z— 2 p(F) 9.1)
= dt)  3cu? ’ '

where P(F)is given by (8.46) and (8.47). Differentiating (8.46) with respect to F(&) gives

AP _ 4, 6 ( 2+1)F 5 (1 2)+ 5 (1 2)( 1 2) 1 ©.2)
—_— = —|c*+=-|F——|——c¢ ——c || —==c" | ——, .
dF €c 6 €2c2\ 15 €3c3\3 15 F+A

and differentiating (9.2) with respect to F(&) results in

dzp 6(, 1\ 5 (1 (1 ,\ 1
=—6F+—|c?+= |- =t == —, 9.3)
dF? €c 6) €3¢3\3 15 (F+A)

where A = é (% - cz) per equation (8.47). Equations (9.2) and (9.3) are evaluated at F =0

and both give zero such that

d
20 =, 9.4)
aF |, .

is a turning point of w at F =0. The nature of the turning point is given by
dw| 4 (1-c?
sz F=0 Mz (%_CZ)

. (9.5)

< 0, a maximum

2 o . . . 2
If 42 > 0, a minimum turning point occurs at F = 0 else if 4%

turning point occurs at F =0. We now analyse the nature of the turning points by specific
cases.

Case: 0<c?<i,c?#tand1<c?<o0

From (9.5), for the cases 0 < ¢2< 3, c># £ and 1 < ¢? < 00,

dw
d_F(O) =0, (9.6)

and

>0, 9.7)



thus, the turning point at F = 0 is a minimum. Therefore, in the neighbourhood of F =0,
(4E) > 0 for both F <0 and F > 0.
Case: c*=1

From (9.5), for the case c? =1,

aw sy=o, 9.8)
dF
and ,
2 —
ZFMZ}(O):/%EI—ZZ%ZO’ 9.9)
thus, a point of inflection occurs at F =0.
Case: 3 <c2<1
From (9.5), for the case § < <1,
4w oy =o, 9.10)
dF
and ,
2 —
%(0) - ; % <0, 9.11)

thus, the turning point at F =0 is a maximum. Therefore, in the neighbourhood of F =0,

(4E)* >0 for both F <0 and F > 0.

9.1.1.2 Case (ii): c>=

Once more we let

(%) ~aop) ©.12)
w= T ) .

where P(F)= F*(F,— F) and F, = —. We can express P(F) as follows

3 1 5 1
P(F)=—F3+—|c*+= |F*— ——c*|F. (9.13)
€c 6 €2¢c2\ 15

Employing the same approach as has been done in Section 9.1.1.1, we obtain the following

turning point of w, occurringat F =0

dw =0 (9.14)
dF |,_, '
and
dw| 14, 9.15)
AF?|p_, W
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Thus, the turning point at F =0 is a minimum. Therefore, in the neighbourhood of F =0,

(4E) > 0 for both F <0 and F > 0.

9.1.1.3 Case (iii): c2 =3

Again we let

—(d—P)Z— %€ p(F) 9.16)
w= d&) 3cu? ’ '

where P(F)=F(F,—F)(F —E), F =% (3v3++v91)=2® and F, = L (3v3—+91) =128,

We can express P(F) as follows

3 1 5 (1
P(F)=—F’+—|c*+— |F*— ——c*|F. 9.17)
€c 6 €2¢2\ 15

Employing the same approach as has been done in Section 9.1.1.1, we obtain the following

turning point of w, which is the only non-zero turning point

d 843
wioo_ >0, (9.18)
dF |._, 3u’e
and
dwl - _6 9.19)
dFz|,_, w2~ '

thus, the turning point at F =0 is a minimum. Therefore, in the neighbourhood of F =0,

(4E) > 0 for both F <0 and F > 0.

9.1.2 Behaviour of (‘é—lg)z versus F (&) as F(£) tends to infinity

We now consider the behaviour of w = (Z_?)z as F(&) tends to infinity in order to under-

stand the interaction between the third-order algebraic term and the logarithmic term in
P(F). The study of this interaction is important due to the nature of the decaying boundary
conditions at infinty in both the negative and positive directions. The results of this inves-
tigation will assist us in determining whether (i—g)z =0at F =0and (Z—g) =0 is bounded

i.e. whether conditions (2) and (3) are satisfied.
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9.1.2.1 Case (i): 0< c2<00,c?# and c?# 3

Considering equations (8.46) and (8.47), we obtain five cases, namely 0 < c? < %, % <c?<
5,3<c?<1,c?=1land 1< c?<o0.
Case: 0< c2<

In the region F < 0, consider the logarithmic term of P(F) in (8.46), for F > —A as

5 r1 S\ (1 ) F+A
——cC ——c¢? |lnf —— | —» —o0. (9.20)
e3c3\ 3 15 A

We note that In(£%4) is complex for F < —A where —A is finite and negative and —F? only

F — —A from the right,

equals A3 at F = —A. The logarithmic term dominates the behaviour as F — —oco. Thus,
there will be a point F = F, < 0 for which (Z—?)z = 0 where F is the minimum fluid velocity
of the solitary wave in the horizontal direction F(&) at £ =0.

Consider now the region F > 0. For sufficiently large F, —F? will dominate all terms
in (4£)” including the logarithmic term, and therefore, (45)* — —00. Thus, there will be a
point F = F, for which (‘;—?)2 =0 where F is the maximum fluid velocity of the solitary wave
in the horizontal direction F(&) at £ =0.
Case: ;- <c?<1

Through similar reasoning as was employed for the case above, we see that there is no
point F = F, < 0 in the region F < 0 for which (‘fl—lg)z = 0 where F, is the minimum fluid
velocity of the solitary wave in the horizontal direction F(&) at £ =0. There will be a point
F = F in the region F > 0 for which (Z—g)z =0 where F is the maximum fluid velocity of the
solitary wave in the horizontal direction F(£) at £ =0.
Case: 3 <c?<1

In the region F < 0, consider the logarithmic term of P(F) in (8.46) and let B=—A =

L
€c

(02 - %) For sufficiently large F, —F? will dominate all terms in (‘2—?)2 including the log-

arithmic term. As F — —o00, —F® — 00 and

(l—cz)(i—cz)ln(B_F)ﬂ—oo. (9.21)
3 15 B

Therefore, (’Zl—g)z — o0 and there is, thus, a point F = F, for which (’Zl—g)z =0 where F is the

minimum fluid velocity of the solitary wave in the horizontal direction F(&) at £ =0.
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In the region F > 0, again consider the logarithmic term above. For F < Bas F — B

35— m(55")
——cC ——c¢“|ln — —0Q. (9.22)
3 15 B

We note that 1n(%) is complex for F > B where B is finite and positive and —F3 only

from the left,

equals —B? at F = B. Therefore, (‘Zl—lg)z — —00. Thus, there is no point F = F, > 0 for which
(%)2 = 0 where F is the maximum fluid velocity of the solitary wave in the horizontal
direction F(&) at £ =0.
Case: ¢’ =1

In this case, a point of inflection occurs at F =0. Thus, there is no bounded region.
Case: 1 < c?< 00

Using the same reasoning as was employed for the case 1 < ¢? < 1, we see that there is
no point F = F, < 0 in the region F < 0 for which (‘2—’;)2 = 0 where F, is the minimum fluid
velocity of the solitary wave in the horizontal direction F(&) at £ = 0. There will be a point

F = F in the region F > 0 for which (Z—?)Z =0 where F is the maximum fluid velocity of the

solitary wave in the horizontal direction F(£) at £ =0.

9.1.2.2 Cases (ii) and (iii): c?= & and ¢ =3

Recall equations (9.13) and (9.17) where P(F) takes the form

3 1 5 (1
P(F):—F3+—(c2+—)F2— (——CZ)F.
6 €2c2\ 15

The dominant behaviour as F — oo is governed by term —F3. Considering F < 0, there is
no point F = F for which (‘fi—g)z = 0 where F is the minimum fluid velocity of the solitary
wave in the horizontal direction F(&) at £ = 0. For F > 0 there will be a point F = F, >
0 for which (‘Zl—g)z = 0 where F is the maximum fluid velocity of the solitary wave in the

horizontal direction F(&) at £ =0.

9.2 Properties of the surface elevation of the wave G(&)

There are two existance conditions for surface elevation of the solitary wave G(£) that need

to be satisfied for a physically realistic result to occur. The first one relates to the interac-
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tion between G(&) and F(&). We recall that we cannot (with exception of the case c? = 1)

15
explicitly express G(&) as a function of £, thus, we need to consider the relation G(F) in or-
der to analyse G(&). If F(£) does not produce physically realistic results in accordance with
the existance framework outlined in Section 9.1 then the G(&) cannot produce physically
realistic results. Further to this, if F(&) does produce physically realistic results, the interac-
tion of G(F) needs to be further analysed to determine whether G (&) produces physically
realistic results.

The second existance condition on G(£) relates to the physical property inherent in
wave theory, stating that all waves produced need to be above the seabed (i.e. no dryzones)
[2]. We now determine the condition on G (&) for a depression wave to be above the seabed.
We make reference to depression waves as this condition is not relevant when studying ex-
citation waves. For a depression wave to be above the seabed, the total wave depth needs to
remain positive, i.e. '+ h’ > 0, where’ denotes the dimensional form. As derived in Chap-
ter 3, the free surface kinematic boundary condition occurs at z’ = ), whilst the seabed
kinematic boundary condition occurs at z’ =—h’, where h’ = h, when h, is a constant.

A dry zone exists at ” =—h’, hence,
n>—h. (9.23)

We now transform to dimensionless variables using the following scalings

n/ h/ ao
=—, h:—, = —.
1 ay hy ¢ hy

(9.24)
We note that, since we are considering a constant water depth h’ = h, it follows that i =1.
Substituting (9.24) into (9.23) gives the following above seabed condition in dimensionless

form

eG(&)>—1. (9.25)

Using the existance condition framework detailed above, we analyse the properties of
the surface elevation of the solitary wave G(&) in this section. The results of this investiga-
tion will assist us in determining whether the solutions for G(&) produce physically realistic

results. This section is broken down into the following three subsections:
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¢ Relation between the surface elevation of the solitary wave G(£) and the fluid velocity
of the solitary wave in the horizontal direction F(£), where we investigate the first

existance condition on G(&),

e Properties of ‘;—g to determine the turning points of the surface elevation of the soli-

tary wave G(&), where we investigate the first existance condition on G(&),

e Analysis of the above the seabed condition G(£) > —1, where we investigate the sec-

ond existance condition on G(¢&).

9.2.1 Relation between the surface elevation of the solitary wave G(&)
and the fluid velocity of the solitary wave in the horizontal

direction F(¢&)
9.2.1.1 Case (i): 0< c2<00,c?# and c?#

We consider the exact invariant solution for the surface elevation of the wave G(F) ex-

pressed in terms of F(&). Recall equation (8.48) given by

F(%+ 1 (1
GUU:———+——nmmmeA=——(——c). (9.26)
6¢c(A+F) ec\3

We use (9.26) in its current form for wave speeds in the range % < ¢? < co. Considering
wave speeds in the range ; < ¢? < 0o, we rewrite (9.26) as

_F(%+F)
m_GdB—H

1 , 1
, where B=—|c“——|. 9.27)
€c 3

We note that G(&) is proportional to F(&) for special cases of F(&).

9.2.1.2 Case (ii): c>= &

We recall equation (8.58), representing the exact invariant solution for the surface elevation
of the wave G(&) given by

G(i)z—lsechz(ﬁi). (9.28)
4e 2u
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We rewrite (9.28) in terms of F (&) and obtain the following relation between G(&) and F(&)

G(F):—i. (9.29)
6¢

4c
This is the only case in which G(&) is proportional to F(&) for all values of F(£),i.e. A= e

9.2.1.3 Case (iii): c2 =3

We consider the exact invariant solution for the surface elevation of the wave G(F) ex-

pressed in terms of F(&). We recall equation (8.63) given by

(£+r)

GlF)== 6¢

(9.30)

This is the only case in which a linear relation exists between G(&) and F(&). When F =0,
then (9.30) becomes

G(o):_i, 9.31)

We note that G(0) < 0, thus, a depression wave is formed, but since G(£) does not satisfy
the condition G(&) > —é, no physically realistic wave occurs in this case. This is the only

value of ¢? which does not satisfy the condition G =0 where F =0.

9.2.2 Properties of Z—g to determine the turning points of the surface
elevation of the solitary wave G (&)
9.2.2.1 Case (i): 0< c?2<00,c?# +and c?#

The turning points of the surface elevation of the solitary wave G(&) are given by

dG dGdF 9.32)
dé  dF d&’ '
Differentiating (9.26) with respect to F(&) gives
G 1 ) 4c 1 (1,
=— 5| F*+2AF+—A , where A=—| ——c°|. (9.33)
dF 6¢(A+F) € ec\3
We now determine the roots of the term F?+2AF + %A from (9.33), i.e.
9 4c
F~+2AF + ?A =0. (9.34)
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The discriminant of (9.34) is given by

20 (1 1
A= (— — cz) (— — cz). (9.35)
€2c2\ 3 15

L
15’

Thus, we have three cases, namely 0 < ¢2 < &, 1t < ¢?< 3 and 3 < ¢? < 00.
We wish to determine the roots of (9.34) by using the quadratic formula. We do so by also

making use of (9.35) so that we obtain the following roots

FB-))

E=—A+ , (9.36)
€c
and
1 1
Pl
3 15
E=—A— . (9.37)
€c

We note that F, is a non-real root, and F < 0 provided

%5(%-62(%—02)

=c?>0. (9.38)

<A

Considering (9.36) and pulling out a common denominator gives

O e FEs s

Thus, (9.32) can be written as

a¢c __ 1 (F—F)(F—F)d—F (9.40)
dZ ~ 6c(A+F) ’ Yag '

For F <0, there are two turning points, namely ‘fi—lg =0and E. Thus, the wave takes the
form of a bimodal solitary wave. In the region F > 0, there are no turning points in G(&),
aside from Z—g =0, thus, the wave takes the form of a unimodal solitary wave.

We now consider the discriminant (9.35), as well as F and F, to analyse the three cases,

1 1

2 2 1 1 2
namely0<c” <y, s <c“<jzand 3 <c®<oo.

Case: 0< c? < ¢
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It can be seen easily, that —A < F; < 0 and that F, < —A. Thus, F, is a non-real root as it
lies outside the physical range, defined in Section 9.1.2.1, where F > —A is required for a
physically realistic result to occur.

Using (9.36), (9.37) and (9.40) we can conclude that (Zz has the turning points

dF
F =F <0 obtained from —— in Section 9.1.2.1,

ag

F = E <0 obtained from —,
dF

provided < F for , < F <0 and
. dF | .
F = F >0 obtained from d_§ in Section 9.1.2.1,

for0O<F <F.
Consider the potential solitary wave in the region F < 0. We now return to the turning

point in G(&) derived from at & =0where F =F, <0.

E (¢ +B)
G(E)= 60 TFZ’ (9.41)

where A= L (2 —c¢?)>0. Now G(B) > 0if F, > —% since —22 >0as—F, <0and A+ F, >0
for 0 < ¢ < . Similarly, G(E)=0if F, =—2 and G(K) < 0if E < —2.

Thus for F < 0, the surface elevation of the wave G(£) can have one of three forms in
the region F;, < F < 0. To our knowledge, these are newly discovered forms of the solitary

wave generated by the NB equations, namely

—4c

1. Bimodal excitation wave, formed when G(&)>0at & =0if — < FE, <0,

2. Bimodal transition wave, formed when G(&)=0at & =0 if = =<,

—4L‘

3. Bimodal depression wave, formed when G(§)<0at&=0if F, < — <0.

Consider now F > 0, where G(F) has two negative turning points F, F, butonly i > —A
lies inside the physical range, defined in Section 9.1.2.1, where F > —A is required for a
physically realistic result to occur. The turning point K occurs in the region —A < F, <
FE; <0, hence, there are no additional turning points in the region 0 < F < F. Thus, for

0<F<E, 4% =0, where F = F at £ =0.
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Lozl
Case: : <c“<j3

In this case the discriminant (9.35) is negative. The roots are complex conjugates, there-

fore, fl—g hasnoreal roots. Thus, the only turning pointin G(&) corresponds to fi—g =0, where

F=Faté=0.

Case: ; < c2< 00

In this case, the discriminant (9.35) is positive and produces two real roots. From (9.36)

we get

@:BNS(”—%)(Cz_%)

€cC

)

where F > B is outside the physical range. From (9.37) we get

where F, < 0 provides

0

€c

=c%>0.

Hence, F, < 0 and we will see later that F, is outside the physical range.

9.2.2.2 Cases (ii) and (iii): =+ and c?=3

Using (9.29) and (9.32) we get

dG 1 dF
dé  6cdE’
and
d’G 1 d*F
ac2 ~ 6¢C d&z’

(9.42)

(9.43)

(9.44)

(9.45)

(9.46)

From (9.46), we deduce that G(&) is a minimum when F(£) is a maximum. Considering

(9.45), we know that G (&) will have a turning point if and only if F(£) has a turning point at

£=0ie F=F,.
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9.2.3 Analysis of the above the seabed condition G(&) > —X

€
9.2.3.1 Cases (i) and (ii): 0< c>< 00, c?# - and c®# ; and ¢? = -

From (9.26) and (9.27), we consider two cases, namely 0 < ¢? < 3 and 3 < ¢2 < 0.
Case: 0< c?< 3
Considering (9.26), we require the following condition, given by (9.25), to be satisfied

in order for the solitary wave to be above the seabed

F(+F) 1 1 (1
G()=G(F)=———""—2<>—-=, where A= — ——cz). 9.47
(€) (F) 6¢c(A+F) € wher €c (3 ( )
We can rewrite condition (9.47) as the following condition
, 2C 6CcA
FF——F——<0. (9.48)
€ €

In order to determine the values of F(&) for which the surface elevation of the wave G(F) is
above the seabed, we need to obtain the turning points of (9.48). We do this by calculating

the discriminant of (9.48) given by

A:i—g(g—cz), (9.49)

where A > 0 since 0 < ¢? < % We note that the condition (9.48) is positive, thus, it will
always have two real roots. We obtain the following expressions for the two real roots by

applying the quadratic formula to (9.48)

1 2
F5=—(C+\/5\ ——c2)>0, (9.50)
€ 5

and

1 2
szg(c—«/ﬁ\g—cz)w. (9.51)

where F; < 0 since 0 < ¢ < 3.
Let condition (9.48) be expressed as Q(F ) and written in terms of the newly found roots

as follows

Q(F)=(F — E)(F —F) <0. (9.52)

In order for (9.52) to be satisfied for 0 < ¢? < %, we require F, < F, and E, > F;. To obtain the

minimum value of the seabed Q(F), we equate (9.52) to zero and differentiate the result
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with respect to F(£) to get the corresponding value of F(&) leading to a minimum value of
the seabed Q(F) given by
c
F(&)=—. (9.53)

Evaluating (9.52) at F = %, we obtain the minimum value of the seabed Q(F) given by
Q(C) 5( 2 2) (9.54)
—|l=—(c"—=]. .
€ €2 5
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Figure 9.1: Q(F), determining the F(&) values for which the surface elevation of the solitary wave
will be above the seabed for ¢2 = ;- where € =0.005 and u = 0.06.

The shaded region in Figure 9.1 shows the range of F(£) values for which the surface

elevaton of the solitary wave is above the seabed i.e. F; < F < F will be satisfied if

E>F where E<F<Z0,
(9.55)

or F<F, where 0<F<HE.

Case: 3 < c2< 00
In this case, we consider (9.27) and require the following condition, given by (9.25), to

be satisfied in order for the solitary wave to be above the seabed

6©=6(r)= e 1 e 5= L(e2-]) 056
- " 6¢(B—F) e Ve E=o\C T3) '
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We can rewrite condition (9.56) as the following condition

, 2C 6¢B

In order to determine the values of F(&) for which the surface elevation of the wave G(F) is
above the seabed, we need to obtain the turning points of (9.57). We do this by calculating
the discriminant of (9.57) given by
A:@(g—cz), (9.58)
€215
where A > 0 provided 3 < ¢2 < % We note that the condition (9.57) is positive and it will
always have two real roots provided 3 < ¢2 < £. We obtain the following expressions for the

two real roots by applying the quadratic formula to (9.57)

E-,:l(c+\/§\ g—c2)>o, (9.59)
€ 5

and

1 2
Fﬁz—(c—«/ﬁ\ ——02)>0. (9.60)
€ 5

where F; > 0 since ¢2> 3.
The shaded region in Figure 9.2 shows the range of F(&) values for which the wave is

above the seabed i.e. F < F; and F > F; will be satisfied if

E<FE where E<F<ZO0,
(9.61)
or F>F where O0<F<HE.

Now consider the case % < ¢? < 00. From (9.58), we note that the discriminate A < 0,

and thus, produces two complex roots. Let condition (9.57) be expressed as R(F) as follows

_ 2 2cC 6¢cB
R(F)=F 6F+—6 > 0. (9.62)

To obtain the minimum value of the seabed R(F), we equate (9.62) to zero and differentiate
the result with respect to F(&) to get the corresponding value of F(£) leading to minimum
value of the seabed R(F) given by

F(&)= g (9.63)
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Figure 9.2: Q(F), determining the F(£) values for which the surface elevation of the solitary wave
will be above the seabed for ¢? = ﬁ where € =0.005 and u =0.06.

Evaluating (9.62) at F = ¢ gives

R(g)zg(cz—g). 9.64)

Since R(£)>0 for ¢>> 2, G(F)>—1 forall F(&).
In summary, for 3 < ¢2 < £ the wave is above the seabed for all values where F < F; and
F > F,. Considering the case % < ¢? < 00, both roots are complexi.e. A < 0 and the surface

elevation of the solitary wave is above the seabed for all values of F(&).
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Chapter 10

Case specific analysis for the NB

equations

In this chapter, we plot and analyse the properties of the fluid velocity of the solitary wave in
the horizontal direction and the surface elevation of the solitary wave in the two regions,

namely , < F < 0and 0 < F < F, considered in the previous two chapters for seven

2 2_1 .2_1 1 2 1 2 _
cases dependent on the wave speed ¢, namely 0 < ¢“ < 5, ¢* =15, s < ¢“ <3, "=

)

W

1<c?<1,c2=1and]1 < c? < oco. In the study of these case specific properties, we
obtain physically realistic results. To our knowledge, these are new results, used to enrich

the analytical validation of numerical models for tsunami detection systems.

10.1 Casel:0<c?< %

10.1.1 Properties of the fluid velocity of the wave in the horizontal

direction F (&) relating to the exact invariant solution

We recall from Section 9.1 that there are two regions for case 0 < ¢ < 1, namely F, <

F <0and 0 < F < K, in which we potentially obtain a solitary wave. The shaded areas in
Figure 10.1, the graph of (‘;—g)g versus F (&), represent these regions of physical significance.

It is important to note that the two solitary waves cannot be generated by the same event.
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Figure 10.1: (‘fi—?) vs F(&) at a constant wave speed c? = % where € =0.005 and u = 0.06.

We now present plots of the fluid velocity of the solitary wave in the horizontal direction
F(&) against & for varying c? values in the range 0 < ¢? < ;- where € and u are constants.

An estimate of the width of the solitary wave is given by
ot 3cu? " ar
B 2¢e i) v P(F)
2
2€

= 0((v7), (10.1)

since 0 (“72) = 1. We note that the width of the wave £ ; is directly proportional to the square
root of the wave speed.

Figure 10.2 shows that the exact invariant solution for the fluid velocity of the solitary
wave in the horizontal direction forms a unimodal depression fluid velocity profile in the
region F < 0. The profile of the fluid velocity of the solitary wave in the horizontal direc-
tion steepens as the wave speed increases. We note that the minimum fluid velocity of the
solitary wave in the horizontal direction F is directly proportional to the wave speed. Re-

fer to Table E.1 for results that can be used as a comparison for experimental or numerical
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investigations.
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Figure 10.2: Fluid velocity of the solitary wave in the horizontal direction F(£) in the region F <0
for varying wave speeds where € =0.005 and u = 0.06.

Figure 10.3 shows that the exact invariant solution for the fluid velocity of the solitary
wave in the horizontal direction F(&) forms a unimodal excitation fluid velocity profile in
the region F > 0. The profile of the fluid velocity of the solitary wave in the horizontal
direction steepens as the wave speed increases. We note that the maximum fluid veloc-
ity of the solitary wave in the horizontal direction F is directly proportional to the wave
speed. Refer to Table E.2 for results that can be used as a comparison for experimental or

numerical investigations.

10.1.2 Properties of the surface elevation of the solitary wave G (&)

Consider now the properties of the surface elevation of the solitary wave G(&) analysed in

Section 9.2.1.1. From (9.26), we have

F(%“+F 1 /1
G(F):——u, WhereA:—( 2).
6c A+ F €c

3 (10.2)
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Figure 10.3: Fluid velocity of the solitary wave in the horizontal direction F(&) in the region F > 0
for varying wave speeds where € =0.005 and u = 0.06.

Consider the potential solitary wave in the region F < 0. We now return to the turning
point in G(&) derived from ‘;—g at £ = 0 where the minimum fluid velocity in the horizontal

direction of the solitary wave F is given by F = F, <0,

E (X+E 1 /1
G(E)=—-=2 —( € 2), where A= —(——CZ) > 0. (10.3)
6c A+ E ec\3

Now G(B)> 0 if F, > —2 since —2 > 0as —F, <0 and A+ E > 0 for 0 < ¢? < . Similarly
G(E)=0if E=—%¢and G(E)<0if F <—%.

Thus, in the region F < 0 for the case 0 < ¢? < %, the surface elevation of the solitary

wave G(&) can have one of three forms in the region F, < F < 0, two of which are shown
in Figure 10.4. To our knowledge, these are newly discovered forms of the solitary wave

generated by the NB equations, namely

—4c
€

1. Bimodal excitation wave, formed when G(&)>0at&=0if == < E, <0,

—4c
€ )

2. Bimodal transition wave, formed when G({)=0at & =0if F, =

3. Bimodal depression wave, formed when G(£)<0at & =0if F, < =< <0.

€

103



100+

S50

G(&)

-50

-0.1 —0.05 0 0.05 0.1
¢

Figure 10.4: Surface elevation of the solitary wave G(&) in the region F < 0 illustrating the effect the

factor ¢ has on the wave profile for ¢? = 15, ¢? = ;2= and ¢? = ;27 where ¢ = 0.005 and u = 0.06.

We now consider the solution for all previously stated c? values for the range 0 < ¢? < +-.
Figure 10.5 shows that the exact invariant solution for the surface elevation of the solitary
wave produces two different wave forms in the region F < 0, namely a bimodal transi-
tion wave and a bimodal depression wave. We note that the minimum surface elevation of

the solitary wave G, is indirectly proportional to the wave speed for relatively small wave

=1

speeds i.e. 0 < ¢? < ;=. From a wave speed of approximately ¢ = -, the minimum surface

elevation of the solitary wave is directly proportional to the wave speed i.e. ﬁ <c?< % Re-
fer to Table E.1 for results that can be used as a comparison for experimental or numerical
investigations.

Figure 10.6 shows that the exact invariant solution for the surface elevation of the soli-
tary wave forms a unimodal depression wave in the region F > 0. For 0 < F < F, the only
turning point in G(&) corresponds to the maximum fluid velocity in the horizontal direc-
tion of the solitary wave turning point F = F at £ =0 where Z—g =0. Therefore, a unimodal

depression wave is formed since G(£) < 0 at £ = 0. The profile of the solitary wave flattens

as the wave speed increases. We note that the minimum surface elevation of the solitary

104



0
l 2_ 1 2_ 1
! =% =1
—-500F ! 21 2_ 1
= 35 =16
—_—2— 1 2 1
=5 "= 155
X 2 1 2 1
=~ — O — Y= ——
] —1000| : 218 15.1
CZﬂ
2_ 1
=2
21
—1500+ =1
_— 2= L
ST
-0.1 —-0.05 0 0.05 0.1

Figure 10.5: Surface elevation of the solitary wave G(£) in the region F < 0 for varying wave speeds
where € =0.005 and u = 0.06.

wave G, is directly proportional to the wave speed. Refer to Table E.2 for results that can

be used as a comparison for experimental or numerical investigations.
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Figure 10.6: Surface elevation of the solitary wave G(&) in the region F > 0 for varying wave speeds
where € =0.005 and u = 0.06.
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Further investigations of the bimodal depression wave, in region F < 0, and the uni-
modal depression wave, in the region F > 0, are needed to determine the condition for
which these waves are above the seabed i.e. G(&) > —%. From condition (9.52) in Section

9.2.3.1, the following condition needs to be satisfied in order for the wave to be above the

seabed
Q(F)=(F—-E)F—-E)<0, (10.4)
where
F—1 c++/5 2—02 >0 (10.5)
5— € \ 5 ) .
and

1 2
Fﬁzg(c—«/ﬁ\ g—c2)<o. (10.6)

The range of F(&) values for which the wave is above the seabed i.e. F; < F < F;, will be

satisfied if

E>F where E<F<ZO0,
(10.7)
or FF<F where 0<F<F.

We now determine the values for ¢? that satisfy the above conditions for which G(&)
is above the seabed. Considering F < 0, referring to Table E.1, it is evident that the only
1 2 1

. . . 2 _ _
physically realistic waves are for cases ¢ ==

=1, and c? = 7. These waves are the

only waves that satisfy the condition for the wave to be above the seabed i.e. F,—F >0
where G(§) = G(F)>—1 =—200 at £ =0. The cases where ¢ = ;- and ¢? = 3= both form
bimodal depression waves i.e. the minimum fluid velocity in the horizontal direction of
the solitary wave F, < —4?” and G(&) < 0at & =0. The case where c? = Fll is the only case in
which a bimodal transition wave is formed i.e. the minimum fluid velocity in the horizontal
direction of the solitary wave F, = —%¢ and G(&) = 0 at £ = 0. It is important to note that
for the case 0 < ¢? < £, in the region F < 0, no physically realistic bimodal elevation waves
exist.

Now considering F > 0, referring to Table E.2, the waves formed are unimodal depres-

sive waves, but none are physically realistic as the condition for the wave to be above the

seabed is not satisfied i.e. F;—F, <0 where G(£)=G(F)<—1=-200at&=0.

€
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In conclusion, the only physically realistic waves shown in Figures 10.7 and 10.8 formed

2= and ¢? = 135 in the region F < 0. To our knowledge, these are

2_ 1
are for cases ¢* =35, ¢ = 15

new results in the form of a bimodal depression wave and a bimodal transition wave.

0

-50

—-100

-150
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—200

—-250
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-300 : : -
~0.1 -0.05 0 0.05 0.1

Figure 10.7: Physically realistic fluid velocity of the solitary wave in the horizontal direction F(&)in
the region F < 0 for ¢ = 15, ¢? = 105 and ¢? = ;27 where € =0.005 and u =0.06.

10.1.3 Comparision of the results obtained using the approximate

solutions F44(&) and G44(&) to the exact solutions F(&) and G(&)

In this section, we derive the approximate solutions for the NB equations by making use of
a pertubation method. We then compare results of the approximate solutions of the fluid
velocity of the solitary wave in the horizontal direction F#4(£) and the surface elevation of
the solitary wave G4(&) to that of the exact solutions of the fluid velocity of the solitary
wave in the horizontal direction F(&) and the surface elevation of the solitary wave G(&),

all governed by the NB equations.
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Figure 10.8: Physically realistic surface elevation of the solitary wave G(£) in the region F < 0 for
c?=4, ¢?= 3= and ¢? = 37 where € =0.005 and u = 0.06.

10.1.3.1 Derivation of approximate solutions F*(&) and G**(&)

We consider a straightforward Taylor series expansion to approximate the term In(1+ €)
up to order 0'(4)

ln(1+e)=e—e—2+€—3—€—4+0’(65). (10.8)

2 3 4

A fourth-order approximation is used, as it is the only approximation that gives us two
bounded regions when considering (Z—g)z vs F(&). The lower order approximations only
produce a bounded region for F > 0. We now consider the values of c¢? for which the ap-
proximate solution best compares to the exact solution.

Consider equation (8.46) given by

3 1 5 1 5 1 1 F+A
P(F)=—F3+—(cz+—)F2— (——cz)FJr (——cz)(——cz)ln(
€c 6 €2c2\ 15 €3c3\3 15

where

1 (1
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Substituting (10.8) into (10.9), we obtain

3 1 5 1
P4(F):—F3+—(cz+—)F2— (——CZ)F
€c 6 €2c?

e R O Ol

Equating terms of the same order of F in (10.11) results in the following systems of equa-

(10.11)

tions
5 1 2 5 (1 ,\(1 2 €c
F:— ——c° |+ ——c || =—¢c" |7 =0, (10.12)
€2¢2\ 15 €3¢3\3 15 3—C?
2
3 1 5 (1 1 1{ ec 3c?
FZ:—(CZ+—)+ (——cz)(——cz) —| 5 = (1—¢?), (10.13)
ec 6) €3¢3\3 15 2\1—c2 ec(3—c2?)
5 (1 1 1(1\}] —c?(1+c?
Fte—(5-¢) () 5(5) i (10.14)
€3¢3\3 15 3\ A (L—c?)
3
5 (1 1 1/1)!] 5ec(g—c?
o () ()[R (4) ]t (10.15)
€3¢3\3 15 4\ A 4 (1_¢2)
3
Substituting (10.12)-(10.15) into (10.11) results in the following simplified expression
& —c? c?(1+c? 2
P4(F):—5EC(15 3 a_ 1( 2) 35, 310 (1—c?) F?
t (3-c?) (3—c2) ec(z—c?)
(10.16)
B T I (R [ P N ()
A e Sec (—e?) - seert(F—c?)
We can rewrite (10.16) as
L2
S5e€c\i5—C
P4(F):(—F2—MF+N)—(15—2F2, (10.17)
4 1_02)
3
where )
4c? (1+c?)(5—c? 12¢2 3—c?
M= ( 1)(3 ),andN:—(l— 2)(31—). (10.18)
5ec  (§—c?) 5€2¢2 (& —c?)
Consider the polynomial in (10.17)
—F*~MF+N=0, (10.19)
with discriminate
A=M?*+4N. (10.20)
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Substituting (10.18) into (10.20) we get

16(c®+17¢*—15¢%+1)

M?+4N = > (10.21)
(e
15
We now check that M2+4N >0 for0< ¢2< &
c®+17¢*—15¢*+1>0
1
=c*(c?+17)+ 15(E—c2)>0. (10.22)
Therefore, the roots of F2+ M F — N =0 are
—M vV M2+4N
—— . (10.23)
2
Substituting (10.17) and (10.18) into (10.23) we get
1_ 2
2 (3—c
=—(f—)[—c(1+c2)i Vb +17¢1—15¢2 +1]. (10.24)
5¢ (5 —c?)
We check that
Veb+17¢c4—15c2+1>—c(1+c?)
1
:(1—c2)(——c2)>0, (10.25)
15
for 0 < ¢2 < . Thus, the positive root is valid and
12
Sec(iE—¢C
Py(F)= —M(F)Z(E;,l—F)(F—ELz), (10.26)
4 (1_02)
3
where
2 (2—c? 1
F,, = —(‘;‘—) \J c2(1+4 c2)* + 15(1—02)(——02)—c(l+ c?)|, (10.27)
" be (E_CZ) 15
and
2 (2—c? 1
E,, :——(f—) Q c2(1+ c2)* + 15(1—(:2)(—— CZ) +c(1+c?)|. (10.28)
' 5€ (E_CZ) 15

We have two solution spaces in F(&) for the case 0 < ¢? < %5 Thus, & takes the following

foy 3cu2JF dF
2€ ), vV P(F)
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1_ 2% F
:izi\JEE(3 ¢?) f ar
“(s—c2)" Jan F[(E—F)(F = )]
where F, ,, = F;; >0when n=1and F, , = F,, <0 when n =2, where

[N

) (10.29)

Nl

¢ 2 1 2
_WI\J c2(1+c2) +15(1—62)(E—62)—C(1+C )

, (10.30)
and
2 (3—c? 1
E,, ——(?—) \J c2(14c2)*+15(1— 02)(— — 02) +c(1+c?)|. (10.31)
' 5€ (E — 02) 15
Consider F < 0, we simplify (10.29) to give
3
1 2)2 0 Ad
6ulz—c dF
§=i\JiH G )1 J - (10.32)
Y€ (—c) Jne Fas[(B, —Fas)(Fas— )]
Let
’ d P4
12 :J 1
b 41| (B — Fa0) (P4 — )
0 d FA4 FM_F, 3
S, = ( : ) : (10.33)
5, F4 (FA4_EL2) E,—F#
Now we introduce a variable s and express F#* in terms of s. Let
FM—F,
2= %2 (10.34)
PA'I'I_FA4
solving for F4* we get
F, s>+ F,
L (10.35)
1+ s2
Differentiating F4* with respect to s gives
dFY 25 (p _F) (10.36)
ds — (1+s22° "0 0 '
Rewriting I, in terms of s, we obtain the following
ez =48 (10.37)
© ), Fas=B’ '
S2 ’

where B=—F,. Let

B
s=\| —tanh@o (10.38)
J F,,
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B
=ds="| —sech?0d#. (10.39)
J E,

Rewrite (10.37) in terms of 0 to get

—sech?0do
41
L= J J

. (10.40)
B(tanh’0 —1)

Using the trigonometric identity sech®@ +tanh® @ = 1, (10.40) becomes

L=— dao
? \/la,lBLZ

(10.41)
0+k,

:>.[2:_

v E,.B

where k is a constant. Thus, (10.32) becomes

(10.42)

(10.43)

Substituting (10.38) into (10.35), we get the following approximate solution for the fluid
velocity of the wave

A4 Bsech®6
FM = (10.44)
1+Etanh 0
where )
5 2
==\ els- )3 VL BE, (10.45)
24,11( )2
3
and
2 (2—c? 1
F“:_(fl‘ ) \J02(1+02)2+15(1—02)(——02)—c(l+02), (10.46)
" 5 (g —c?) 15
and
2 (1—¢2 1
E,=——— (f ) \J02(1+02)2+15(1—02)(——02)+c(1+CZ). (10.47)
T 5e(gp—c?) 15

112



By substituting (10.44) into the exact solution for G(£), we obtain the approximate solution

for the surface elevation of the solitary wave given by

FA4 (40 + 6FA4)

GM(E)=— .
() 2c(1—3c2+4+3ceFA4)

Now consider F > 0, we simplify (10.29) to give

W=

[N

_ful=e) dr
- ¢;€(-—w)J; Fl(En—F)(F— Bl

Gl=

Let

D=

(™ dF
=), Pl F)(F— )

:ﬂ_fF“ dF (134_1—1?)5
"), F(R,—-F)\F-E,) "’

Now we introduce a variable s, where s = F4* and express F in terms of s. Let

_E,-F
~ F—F,

2

solving for F4* we get
FA4 _ El,l + El,zsz

1+ s2
Differentiating F4* with respect to s, we get
dF*  2s (Fa—F)
ds — (1+s2p 2 M

Rewriting I, in terms of s, we obtain the following

T ds
Il:_ZJ ’
o Fi1—Bs?

F,
s= \ —2ltanh@
B

F,
=>ds= %sechzede.

where B=—F,,. Let
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(10.48)

(10.49)

(10.50)

(10.51)

(10.52)

(10.53)

(10.54)

(10.55)

(10.56)



Rewrite (10.54) in terms of 8

J \ ﬁsechzedﬂ

. (10.57)
E,;(1—tanh® )
Making use of the trigonometric identity sech?6 +tanh?0 =1, (10.57) becomes
2
Il =
vV EL,IB 0
2
:>II - 9+k1, (10.58)
vV F,.B
where k, is a constant. Thus, (10.49) becomes
(f-c)’
6ulz—¢c 2
£= :I:\Js 1 (— 0+k ) (10.59)
5¢€ ( 62)2 v F.B !

where k, =0 as F** — F,, when £ =0. Solving for 0 gives

5 e (5—c?)’
H:i\J;M( ) —+/ F.1BE. (10.60)

Now, using (10.51) and (10.55), we obtain the following approximate solution for the fluid

velocity of the wave ,
E, ;sech”@
FA&)= —— (10.61)
3 1+F“tanh29
where
9=+ > el )2,/F 10.62
(3—¢?)
and
(%_Cz) 2
Eu——(l ] (1+c2f+15(1—c?)| —=—c2 |—c(1+c?) (10.63)
E_C
and
2 (1—c? 1
5’2:_5(%_—62))[\] c2(1+62)2+15(1—62)(E—cz)+c(1+02) . (10.64)
15

The approximate solution for the surface elevation of the solitary wave is given by

G™M(&) F(dc+erh) (10.65)
"~ 2c(1—3c2+3ceFA) '
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10.1.3.2 Comparision of the results obtained using the approximate solutions F44(&)

and G*(£) to the exact solutions F(&) and G(&)

We now analyse the results obtained from the approximate solutions FA4(&) and G*4(&).
From Figures 10.9 and 10.10, where Figure 10.10 provides a closer view of the phenomenon
represented in Figure 10.9, the exact and approximate profiles of (‘2—?)2 for relatively small
c? values is of a similar form. The shaded areas represent the regions of physical signifi-

cance.

1.x108

—1.x108

-2.x108

|
w
X
[uny
o
%
T

0 200 400 600
F(&)

—600 —400 —200

2 2
Figure 10.9: (d ) , (d5;4) vs F(&) at a constant wave speed c? = % where € =0.005 and u = 0.06.

M
vy Yy

Now consider Figures 10.11 and 10.12, where Figure 10.12 provides a closer view of the
phenomenon represented in Figure 10.11 where the shaded area represents the regions of
physical significance. It is evident that as c? increases the exact profile of (Z—g)z steepens
while the approximate profile remains gradual. Thus, the approximate solution is a more
accurate representation of the exact solution for smaller values of ¢?.

Consider the behaviour of the fourth-order approximate solutions for F < 0. The uni-
modal depression fluid velocity profile of the approximate solution F#4(&), given by Fig-

ure 10.13, isidentical to that of the exact solution F (&) given by Figure 10.2. We note that the
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Figure 10.10: A zoomed in view of (
€ =0.005 and u =0.06.
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Figure 10.11: (‘;—g) , (djgm) vs F(&) at a constant wave speed ¢? = % where € =0.005 and u = 0.06.

relationship between the wave speed and the minimum fluid velocity of the solitary wave
F,, is inversely proportional, but when considering the exact solution, the same relation-
ship is directly proportional. Thus, qualitatively the approximate solution is an inaccurate

representation of the exact solution. The approximate solution grossly underestimates the
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Figure 10.12: A zoomed in view of (Z—Ig) , (dgé“) vs F(&) at a constant wave speed c? = 1—17 where

€ =0.005 and u =0.06.

amplitude of the fluid velocity of the solitary wave in the horizontal direction, thus, quan-

titatively, the approximate solution is an inaccurate representation of the exact solution.
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Figure 10.13: Fluid velocity of the solitary wave in the horizontal direction F#4(&) in the region
F <0, using a fourth-order approximation, for varying wave speeds where € = 0.005 and u = 0.06.
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Similarly, when considering the approximate solution for the surface elevation of the
solitary wave, G**(&), given by Figure 10.14, in comparison to the exact solution given by
Figure 10.5, the approximate solution is qualitatively and quantitatively an inaccurate ap-
proximation. The profile of the approximate solution is of a unimodal excited form whilst
the exact solution is of a bimodal transitional or depressive form. The approximate solu-
tion also underestimates the amplitude of the surface elevation of the solitary wave. We
note that the relationship between the wave speed and the maximum surface elevation of
the solitary wave G, , is directly proportional. Considering the exact solution, initially the
maximum surface elevation of the solitary wave decreases as the wave speed increases, but
at a wave speed approximately ¢? = % the maximum surface elevation of the solitary wave

increases as the wave speed increases.
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Figure 10.14: Surface elevation of the solitary wave G*(&) in the region F < 0, using a fourth-order
approximation, for varying wave speeds where € =0.005 and u = 0.06.

Now consider the behaviour of the fourth-order approximate solutions for F > 0. The
unimodal depression fluid velocity profile of the approximate solution F44(£), given by
Figure 10.15, is identical to that of the exact solution F(&) given by Figure 10.3. We note

that the relationship between the wave speed and the maximum fluid velocity of the soli-
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tary wave F, , is directly proportional. This is identical to that of the exact solution. Thus,
qualitatively, the approximate solution is an accurate representation of the exact solution.
The approximate solution grossly underestimates the amplitude of the fluid velocity of the
solitary wave in the horizontal direction. Thus, quantitatively, the approximate solution is

an inaccurate representation of the exact solution.
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Figure 10.15: Fluid velocity of the solitary wave in the horizontal direction F#4(&) in the region
F > 0, using a fourth order approximation, for varying wave speeds where € =0.005 and u = 0.06.

We observe a similar occurrence when considering the approximate solution for the
surface elevation of the solitary wave, G#4(&), given by Figure 10.16, in comparison to the
exact solution given by Figure 10.6. The profile of the approximate solution is of a uni-
modal depressed form, identical to that of the exact solution. We note that the relation-
ship between the wave speed and the minimum surface elevation of the solitary wave G,
is inversely proportional, but when considering the exact solution, the same relationship
is directly proportional. The approximate solution also underestimates the amplitude of
the surface elevation of the solitary wave, thus, quantitatively, the approximate solution is

an inaccurate representation of the exact solution.
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Figure 10.16: Surface elevation of the solitary wave G**(&) in the region F > 0, using a fourth-order
approximation, for varying wave speeds where € =0.005 and u =0.06.

10.1.4 Concluding remarks

. o« e . . 1
The only physically realistic waves shown in Figures 10.7 and 10.8 are for cases ¢? = 1,

¢? =12z and c% = 37. To our knowledge, these are new results, used to enrich the analyt-
ical validation of numerical models for tsunami detection systems. We observe that two
new wave forms are observed, namely a bimodal depression wave and a bimodal transi-

tion wave. However, the fourth-order approximate solutions are qualitatively and quanti-

tatively inaccurate.

10.2 Case2: c’=1

10.2.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (&) relating to the exact invariant solution

We recall from Section 9.1 that there is one region for the special case (ii) ¢ = %, namely
0 < F < F, in which we potentially obtain a solitary wave. The shaded area in Figure 10.17,

the graph of (fi—g)z versus F(&), represents the region of physical significance.
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Figure 10.17: (d_g) vs F(&) at a constant wave speed ¢? = % where € =0.005 and u = 0.06.

We now present the plot of the fluid velocity of the solitary wave in the horizontal di-

rection F(&) against & for ¢? = % where € and u are constants. An estimate of the width of

the solitary wave is given by

2u
§B: 7

=0(1). (10.66)

We note that the width of the wave & is directly proportional to the square root of the
dispersion of the wave y. The maximum fluid velocity in the horizontal direction of the
7

solitary wave K is given by F; = 15 . Figure 10.18 shows that the fluid velocity of the solitary

wave in the horizontal direction has a unimodal excitation profile in the region F > 0.

10.2.2 Properties of the surface elevation of the solitary wave G (&)

Consider now the properties of the surface elevation of the solitary wave G(£) analysed in
Section 9.2.1.2. From (9.29), we consider the relation between G(&) and F(&) given by

F

G(F)=——. (10.67)
6¢

This is the only case in which G(&) is proportional to F(&) for all values of F i.e. 4?6 = A.
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Figure 10.18: Fluid velocity of the solitary wave in the horizontal direction F(&) in the region F >0
for c? = {= where € =0.005 and u = 0.06.

From Section 9.2.2.2, considering ‘5—5 we can say that G, is a minimum when F is a
maximum. Considering ’fi—g we also know that G(&) will have a turning point if and only
if F(&) has a turning point at £ = 0 i.e. at the maximum fluid velocity in the horizontal
direction of the solitary wave F = ﬁ For 0 < F < F, the only turning point in G(&)

corresponds to the maximum fluid velocity in the horizontal direction of the solitary wave

turning point F, = — at & =0 where ‘2—’; =0. Thus, the turning point is given by

aG __14F
dé  6cdE’
“~aloec)
~ 6c¢ \10ec )’
=—350, (10.68)

where F, = ;- at & =0 with € = 0.005.
We now consider the potential solitary wave that forms in the region F > 0. Figure 10.19
shows that the surface elevation of the solitary wave has a unimodal depression profile.
Further investigation of the unimodal depression wave in region F > 0 is needed to

determine the condition for which these waves are above the seabed i.e. G(&) > —%.
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Figure 10.19: Surface elevation of the solitary wave G(&) in the region F > 0 for ¢? = % where
€ =0.005 and u =0.06.

From (10.68), we see that the minimum surface elevation of the solitary wave G, is given

by

17 7 1
G =—— =350 % —= =—200, 10.69
! 60(1060) 7 € ( )

where with € = 0.005. Thus, the case ¢? = + is not a physically realistic solution for the

surface elevation of the solitary wave, as the surface elevation is below the seabed.

10.2.3 Concluding remarks

This case does not produce physically realistic waves, thus, the case c? = ;= does not form
part of the solution set. To our knowledge, these are new results. Readers can refer to the
work done by Dutykh and Dias [2], who perform an alternative analysis on the same set of

solutions for this specific case.
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10.3 Case3: ;- <c?<%

10.3.1 Properties of the fluid velocity of the solitary wave in the
horizontal direction F (&) relating to the exact invariant solution
We recall from Section 9.1 that there is one region for case % <c?’< %, namely0< F < F,

in which we potentially obtain a solitary wave. The shaded area in Figure 10.20, the graph

of (fl—lg)z versus F(&), represents this region of physical significance.
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Figure 10.20: (’2?) vs F(&) at a constant wave speed c? = % + 6 where 6 = 1074, € = 0.005 and
u=0.06.

We now present plots of the potential solution for the fluid velocity of the solitary wave
. . . . . . 2 . 1 2 1
in the horizontal direction F(&) against £ for varying ¢ values in the range = < ¢* < 3,

where € and u are constants. An estimate of the width of the solitary wave is given by
S 3cu? " ar
5 2¢e B 4 /P(F)
2
2e

=0((v¢)), (10.70)
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since 0 (“?2) = 1. We note that the width of the wave & ; is directly proportional to the square
root of the wave speed.

Figure 10.21 shows that the fluid velocity of the solitary wave in the horizontal direction
has a unimodal excitation profile. We note that the maximum fluid velocity of the solitary
wave in the horizontal direction F is directly proportional to the wave speed. Refer to
Table E.3 for results which can be used as a comparison for experimental or numerical

investigations.
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Figure 10.21: Fluid velocity of the solitary wave in the horizontal direction F(&) in the region F > 0
for varying wave speeds where € =0.005 and u = 0.06.

10.3.2 Properties of the surface elevation of the solitary wave G(&)

Consider now the properties of the surface elevation of the solitary wave G(&) analysed in

Section 9.2.1.1. From (9.26), we have

F(&+F 1 (1
G(F)=——u, WhereA=—(——cz). (10.71)
6c A+F €c\3
The turning points determined by ‘;—g were fully analysed in Section 9.2.2.1. It was found

that Z—g has noreal roots. Thus, the only turning pointin G(&) corresponds to the maximum
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fluid velocity in the horizontal direction of the solitary wave turning point F = F, at £ =0
where ‘{fl—g =0.

Figure 10.22 shows that the surface elevation of the solitary wave has a unimodal de-
pression profile. For 0 < F < F, the only turning point occurs at the origin at the maximum
fluid velocity in the horizontal direction of the solitary wave F = F, at £ = 0. We note that
the minimum surface elevation of the solitary wave G; is inversely proportional to the wave

speed. Refer to Table E.3 for results which can be used as a comparison for experimental

or numerical investigations.
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Figure 10.22: Surface elevation of the solitary wave G(£) in the region F > 0 for varying wave speeds
where € =0.005 and u = 0.06.

Further investigation of the unimodal depression wave, in the region F > 0, is needed
to determine the condition for which these waves are above the seabed i.e. G(&) > —%.
From condition (9.52) in Section 9.2.3.1, the following condition needs to be satisfied in

order for the wave to be above the seabed

Q(F)=(F - E)F —K)<0, (10.72)
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where

1 2 1 2
F, (c+\/3 3—02)>0,andl%=g(c—x/§ g—c2)<o. (10.73)

"€
The range of F values for which the wave is above the seabedi.e. F; < F < F, will be satisfied
if

FE<FE where O0<F<E,
(10.74)

or E>F where FE<F<O.

We now determine the values for c? satisfying the above conditions for which G(&) is
above the seabed. Considering F > 0, from Table E.3 the waves formed are unimodal de-
pression waves, but none are physically realistic, as the condition for the wave to be above
the seabed is not satisfied i.e. F;,— F, <0 where G(§) < —% =—200at & =0.

In conclusion, the case &+ < ¢? < 3 is not a physically realistic solution for the surface
elevation of the solitary wave, as the surface elevation is below the seabed. Thus, the case

# < ¢? < 3 does not form part of the solution set.

10.3.3 Derivation of approximate solutions F4*(£) and G*"(&) for

n=1,2,3

We also employed the pertubation method in order to derive the approximate solutions
of the fluid velocity of the solitary wave in the horizontal direction F4"(£) and surface el-
evation of the solitary wave G"(£) for the NB equations, but did not present the results

because the solutions are not physically meaningful.

10.3.4 Concluding remarks

The case 1—15 <c?< % is not a physically realistic solution for the surface elevation of the
solitary wave, as the surface elevation is below the seabed. Thus, the case & < ¢% < 3 does

not form part of the solution set.
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10.4 Case4: c>=1

10.4.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (&) relating to the exact invariant solution

We recall from Section 9.1 that there is one region for the special case (iii) ¢ = %, namely
0 < F < K, in which we potentially obtain a solitary wave. The shaded area in Figure 10.23,

the graph of (Z—g)z versus F(&), represents the region of physical significance.
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Figure 10.23: (‘;—?) vs F(&) at a constant wave speed ¢ = % where € =0.005 and u = 0.06.

We now present the plot of the fluid velocity of the solitary wave in the horizontal di-
rection F(&) against & for ¢? = %, where € and u are constants. An estimate of the width of

the solitary wave is given by

V3
=0(1), (10.75)

2

since ﬁ(“—) =1.
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Figure 10.24: Fluid velocity of the solitary wave in the horizontal direction F(&) in the region F >0
for c? = § where € =0.005 and u = 0.06.

The maximum fluid velocity in the horizontal direction of the solitary wave F is given

by F = F, = 2% Figure 10.24 shows that the fluid velocity of the solitary wave in the hori-

€

zontal direction has aunimodal excitation profile in the region F > 0. In this case, £ is finite,
therefore, the boundary conditions at negative and positive infinity are not satisfied. Thus,

the case c? = % does not form part of the solution set.

10.4.2 Properties of the surface elevation of the solitary wave G(&)

For completeness we consider the properties of the surface elevation of the solitary wave

G(&) analysed in Section 9.2.1.3. From (9.30), we have

(€ +F)
G=—t. (10.76)

This is the only case in which there is a linear relation between G(&) and F(£). When F =0,
then (10.76) becomes

G=—rn. 10.77
3¢ ( )
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We note that G < 0 at F =0. Thus, a depression solitary wave is formed. This is the only
value of ¢? for which the condition G =0 where F =0 is not satisfied.

From Section 9.2.2.2, considering ‘f—g we can say that G(&) is a minimum when F(&) is
a maximum. Considering ‘Zl—g, we also know that G(&) will have a turning point if and only
if F(£) has a turning point for £ = 0 i.e. at the maximum fluid velocity in the horizontal
direction of the solitary wave F = F, = @ For 0 < F < F, the only turning point in G(&)
corresponds to the maximum fluid velocity in the horizontal direction of the solitary wave

turning point F = F; = 2%% at & = 0 where 4% = 0. Thus, the turning point is given by

dG 1 dF
df  6cdE

1 (3.684)

A

=—344, (10.78)

where F, = 28 gt £ =0 with € =0.005.

We now consider the potential solitary wave that forms in the region F > 0. Figure 10.25
shows that the surface elevation of the solitary wave has a unimodal depression profile. In
this case, £ is finite, therefore, the boundary conditions at negative and positive infinity are
not satisfied. Thus, the case ¢2 = 3 does not form part of the solution set.

Further investigation of the unimodal depression wave, in region F > 0, is needed to

determine the condition for which these waves are above the seabed i.e. G(&) > —%.
From (10.68), we see that the minimum surface elevation of the solitary wave G, given

by

10€ec

where with € = 0.005. We once again reach the conclusion that c? = § is not a physically

1 7 1
Gi=—5 ( ) =344 # —— =200, (10.79)
c €

realistic solution for the surface elevation of the solitary wave, as the surface elevation is
below the seabed.
10.4.2.1 Concluding remarks

This case does not produce physically realistic waves, as £ is finite, and thus, does not sat-

isfy the boundary conditions at negative and positive infinity. In addition to the above
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Figure 10.25: Surface elevation of the solitary wave G(&) in the region F > 0 for c? = % where € =
0.005 and pu = 0.06.

reasoning, the surface elevation of the solitary wave was also discovered to be below the

seabed for this case. Therefore, the case c? = % does not form part of the solution set.

10.5 Case5::<c2<]1

10.5.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (&) relating to the exact invariant solution

We recall from Section 9.1 that there is no region of physical significance for case % <c?<l.
Figure 10.26, the graph of(z—g)z versus F (&), illustrates this finding. Thus, this case does not

produce physically realistic waves and does not form part of the solution set.
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Figure 10.26: (‘2—?) vs F(&) at a constant wave speed c? = % where € =0.005 and pu = 0.06.

10.6 Case6: c’=1

10.6.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (&) relating to the exact invariant solution

We recall from Section 9.1 that there is no region of physical significance for case c? =1, as
a point of inflection occurs at F =0, and therefore, there is no bounded region for F <0 or
F > 0. Figure 10.27, the graph of (Z—g)z versus F(&), illustrates this finding. Thus, this case

does not produce physically realistic waves and does not form part of the solution set.

10.7 Case7:1<c?< o0

10.7.1 Properties of the fluid velocity of the solitary wave in the

horizontal direction F (&) relating to the exact invariant solution

We recall from Section 9.1 that there is one region for case % <c?’< %, namely0< F < F,

in which we potentially obtain a solitary wave. The shaded area in Figure 10.28, the graph
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Figure 10.27: (‘;—'g) vs F(&) at a constant wave speed ¢ =1 where € = 0.005 and u = 0.06.

of (‘fi—F)Z versus F(&), represents the region of physical significance.
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Figure 10.28: (‘fi}g) vs F(&) at a constant wave speed c? =3 where € = 0.005 and u = 0.06.

We now present plots of the fluid velocity of the solitary wave in the horizontal direction

F(&) against £ for varying c? values in the range 1 < ¢* < oo, where € and u are constants.
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An estimate of the width of the solitary wave is given by
oot 3cu? " ar
B \J 2¢ Ju /P(F)
2
2e€

o((ve)), (10.80)

since 0 (“?2) = 1. The width of the wave &5 is directly proportional to the square root of the
wave speed, 4/C.

Figure 10.29 shows that the fluid velocity of the solitary wave in the horizontal direc-
tion has a unimodal excitation profile. We note that the maximum fluid velocity of the
solitary wave in the horizontal direction F is directly proportional to the wave speed. Re-

fer to Table E.4 for results that can be used as a comparison for experimental or numerical

investigations.
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Figure 10.29: Fluid velocity of the solitary wave in the horizontal direction F(£) in the region F >0
for varying wave speeds where € =0.005 and u = 0.06.
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10.7.2 Properties of the surface elevation of the solitary wave G (&)

Consider now the properties of the surface elevation of the solitary wave G(&) analysed in
Section 9.2.1.1. From (9.27),

F(%+F) 1(, 1
G(F)=——, WhereB:—(c ——). (10.81)
6¢c(B—F) €c 3

The turning points determined by ‘;—g were fully analysed in Section 9.2.2.1. It was found

that 2% has two real roots, namely

1 1 1 1
S5(c2—= || c2—— S5({c2—= )| c2——
3 15 3 15
E=B+ and F,=B—

€c €c

, (10.82)

where F, > B and F, < 0 are outside the physical range. Thus for 0 < F < F, the only turning
point in G(&) corresponds to the maximum fluid velocity in the horizontal direction of the
solitary wave turning point F = F; at £ =0 where ‘Zi—g =0.

Figure 10.30 shows that the surface elevation of the solitary wave has a unimodal ex-
citation profile. We note that the maximum surface elevation of the solitary wave G, is
directly proportional to the wave speed. Refer to Table E.4 for results that can be used as a
comparison for experimental or numerical investigations.

In conclusion, the case 1 < ¢? < oo forms part of the solution set. All waves in this case

will produce unimodal excitation waves. To our knowledge, these are new results.

10.7.3 Comparision of the results obtained using the approximate
solutions F4"(&) and GA"(£) to the exact solutions F (&) and G(&)

forn=1,2,3

In this section, we derive the approximate solutions for the NB equations by making use of
a pertubation method. We then compare results of the approximate solutions of the fluid
velocity of the solitary wave in the horizontal direction FA"(&) and surface elevation of the
solitary wave G4"(&) to that of the exact solutions of the fluid velocity of the solitary wave in
the horizontal direction F(&) and surface elevation of the solitary wave G(&), all governed

by the NB equations.
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Figure 10.30: Surface elevation of the solitary wave G(£) in the region F > 0 for varying wave speeds
where € =0.005 and u =0.06.

10.7.3.1 Derivation of approximate solutions F4"(£)and G*"(£)for n=1,2,3

We consider a straightforward Taylor series expansion to approximate the term In(1+¢€)
up to order @'(3)
2 63

ln(1+e):6—%+§+ﬁ(64). (10.83)

A first, second and third-order approximation is used in this case, as this is the highest
approximation that produces a positive bounded region when considering (‘fi—g)z vs F. We
investigate the approximation that best mimics the exact invariant solutions. We now con-
sider the values of ¢? for which the approximate solution best compares to the exact solu-
tion.

Consider (8.46) given by

3 1 5 (1 5 (1 1 F+A
P(F)=—F3+—(cz+—)F2— (——cz)F+—(——c‘2)(——cz)ln( ) (10.84)
€c 6 €2¢c2\ 15 e3c3\ 3 15 A

where

1 (1
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1 1
Let B=—A=— (cz - 5)’ resulting in the following expression
ec

3 1 5 1 5 1 1 F
P(F :—F3+—( 2+—)F2— (—— 2)F+—(—— 2)(—— 2)1 (1——). 10.86
(F) €c ¢ 6 €2c?2\ 15 ¢ €3c3\3 ¢ 15 cm B ( )

Substituting (10.83) into (10.86), we obtain
F N 1 (F)2 1 (F)?’
B 2\B 3\ B '

3 1 5 (1 5 (1 1
Py(F :—F3+—(cz+—)F2— (__CZ)H_(__CZ)(__CZ)
5(F) ec 6 e2c2\ 15 €3¢3\ 3 15
(10.87)

Equating terms of the same order of F in (10.87) results in the following systems of equa-

5 1 2 5 (1 ,\(1 9 €c
F:— ——c° |+ ——c || =—c°||— T [=0, (10.88)
€2c2\ 15 €3c3\ 3 15 c2—3

2
3 1 5 1 1 1
FZ:_(CZ+_)+ (__02)(__62) 1f_ec
€c 6 e3¢3\ 3 15 2 cZ—%

_3(02+1) 5 (¢*—15)

tions

+—, 10.89
5 ( )

€cC

. 5 (1 N1 N[ 1/1\] —c?(1+¢?)
F:—1+ (——c )(——c ) ——(—) =——" (10.90)
e3c3\3 15 3\B (c2-1)

Substituting (10.88) into (10.87) results in the following first-order approximation

3 1
P(F)=—F*+— (02 + —) F?
€c 6

=P(F)=MF*[F,—F], (10.91)
3
where F, = — (c2+1)and A, =1.
c

Substituting (10.88) and (10.89) into (10.87) results in the following second-order ap-

proximation
3 1 5 c2—L
P(F)=—F%+ _(Cz+_)+_( 15) P2
€cC 6 2€c (62_%)
=>Py(F)=2,F*[F,,—F], (10.92)
364+2CZ—§
where B, = ————2 and A, =1.
ce(cZ—g

Substituting (10.88)-(10.90) into (10.87) results in the following third-order approxima-

tion




—P,(F)= F? - [E,—F],
where E , = (3C4+202_%)(62_§1’) and A =L+CZ)
> ec3(1+ c2) 3 , 12 °
(C 3)

Equations (10.91)-(10.93) are all of the form
Pn(F):Aan[Fn,l_F];

forn=1,2,3.

Again, £ takes the following form
2 Fn,l
" l 3cu J dF |
2€ 0 \Y Pn(F)

Substituting (10.94) into (10.95) we get

forn=1,2,3.

Fos 3cu? [ dF
= 2€An o F An /Fn,l_FAn_'

Let
F,
FA" = F, sech?) = —"——.
! cosh® @

Differentiating (10.97) with respect to 6 gives

sinh

dF =—2F,;———d®.
cosh’ 0

(10.93)

(10.94)

(10.95)

(10.96)

(10.97)

(10.98)

Substituting (10.97) and (10.98) into (10.96) and writing the result in terms of 8 we get

1

. 3cu? 0"'1( oF sinh 6 )( 1 )(
- \26/1n o "1 cosh® 0 F, sech’0 J\ /F, tanh@

6cu? O
¢ \ €A F, 1 fo

6cu?

0+k.
GAnFn,l

:>§::I:\

138

3cu? 1 sinh 0 1
&:::l:\ 2 A (_2Fn,1 3 ) 2 2
€An J, cosh”0 J\ F;,1sech®0 J\ \/F,  —F, ;sech’0

Jao

)de

(10.99)



Solving for 6 gives

2 F
o=\ Lrmle g (10.100)
6cu?

Since cosh is an even function and FA” = F,, at £ =0, we deduce that k =0, and therefore,

(10.97) simplifies to give the following approximate solution for the fluid velocity of the

wave
€L F,
FA" = nlseChZH:FnlsechZK o ”’1)5 , (10.101)
’ ' 6cu?
giving
3 1 c?+3
FAl(g):—(cz+—)seCh2 S le],
€c 6 2c2u?
3ct+2c2—3 3ct+2c2—1
F*?(&)= ——>sech? —2 ], (10.102)
ce(c2—§) 602u2(c2——)

et r2e=3)(e=3) ol [acvze—1),
ec3(1+c?) 6c2u?(c2—1)

By substituting (10.101) into the exact solution for G(&) we obtain the approximate solution

FP(g)=

for the surface elevation of the solitary wave given by

FAn 4_C+FAn
G = (f ) (10.103)

6¢c \ B—FAn

1 2 1 2
whereBzg(c —5) andn=1,2,3,for1< c*<o0.

10.7.3.2 Comparision of the results obtained using the approximate solutions F4"(&)

and G*"(&) to the exact solutions F(£) and G(&)for n=1,2,3

We now analyse the results obtained from the approximate solutions FA"(&) and GA"(&).
From Figure 10.31, itis clear that the second order approximate profile of (’fi—g)z forrelatively
small ¢? values is of a similar form as the exact profile. The shaded areas represent the
regions of physical significance.

Now consider Figure 10.32 where the shaded areas represent the regions of physical
significance. The second-order approximate profile of (‘2—’5)2 for relatively large c? values is

very similar to the exact profile. In fact, the second-order approximation for F, is the most
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Figure 10.31: (fl—g) , (dggs) , (djgz) , (df;;l) vs F(&) at a constant wave speed c? = 3 where € =
0.005 and u = 0.06.

accurate approximation. Thus, we use a second-order approximation for the rest of this
analysis. Note the second-order approximate solution is a more accurate representation

of the exact solution for smaller values of c2.
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Figure 10.32: (‘;—g) , (dggs) , (djgz) , (dngl) vs F(&) at a constant wave speed c¢? = 9 where € =
0.005 and u = 0.06.
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Consider the behaviour of the second-order approximate solution when F > 0. The
unimodal excitation fluid velocity profile of the approximate solution F#2(&), given by Fig-
ure 10.33, isidentical to that of the exact solution F (&) given by Figure 10.5. We note that the
relationship between the wave speed and the maximum fluid velocity of the solitary wave
E , is directly proportional. This is identical to that of the exact solution. Thus, qualita-
tively, the approximate solution is an accurate representation of the exact solution. How-
ever, the approximate solution grossly underestimates the amplitude of the fluid velocity
of the solitary wave in the horizontal direction. Thus, quantitatively, the approximate so-

lution is an inaccurate representation of the exact solution.
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0.01
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0
¢

Figure 10.33: Fluid velocity of the solitary wave in the horizontal direction F#%(&) in the region
F >0, using a second-order approximation, for varying wave speeds where € =0.005 and u = 0.06.

We now consider the approximate solution for the surface elevation of the solitary wave,
G*%(&), given by Figure 10.34, in comparison to the exact solution given by Figure 10.30. Al-
though the profile of the approximate and exact solutions are of a unimodal excited form,
the exact solution has a steepened profile whilst the approximate solution has a more grad-
ual profile. The approximate solution also underestimates the amplitude of the surface

elevation of the solitary wave. We note that the relationship between the wave speed and
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the maximum surface elevation of the solitary wave G, is inversely proportional, but when

considering the exact solution, the same relationship is directly proportional.
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Figure 10.34: Surface elevation of the solitary wave G*?(&) in the region F > 0, using a second-order
approximation, for varying wave speeds where € =0.005 and u = 0.06.

10.7.4 Concluding remarks

The case 1 < ¢? < oo forms part of the solution set. All waves produced in this case are
unimodal excitation waves. To our knowledge, these are newly discovered solutions and
results that can be used to enrich the analytical validation of numerical models for tsunami
detection systems. The second-order approximate solution for the fluid velocity of the soli-
tary wave in the horizontal direction F (&) is accurate, qualitatively, but inaccurate quan-
titatively. The second-order approximate solution for the surface elevation of the solitary

wave G (&) is qualitatively and quantitatively inaccurate.
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Chapter 11

Conclusion

The aim of this thesis is to contribute to the known solutions of the NB equations, which ef-
fectively describe solitary wave motion in shallow water (typically used to describe tsunami
wave motion), using a systematic symmetry approach. We have been successful in achiev-
ing our aim. The results we have obtained enrich the analytical validation of numerical
models for tsunami detection systems.

The (14+1)D Boussinesq equations investigated in this thesis are considered for the equa

tions’ ability to model tsunamis via solitary wave motion. Three models are investigated,
namely the (14+1)D Boussinesq equations for a moving bathymetry, the LB equations at a

constant water depth and the NB equations at a constant water depth.

11.1 LB equations at a constant water depth

Conservation laws and physical conserved quantities for the LB equations at a constant
water depth are presented. The equations produced six conserved quantities. Conserved
mass, energy and momentum quantities are found in a more systematic way than that
employed in [6].

In addition to these conserved quantities, we are able to obtain two, as yet, unobserved
conserved quantities, namely a conserved mass flow rate and a conserved energy flux den-

sity. Through the work we have undertaken, we have also been able to observe a conserved
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quantity which we, as yet, cannot relate to any known physical quantities.

The complete Lie point symmetries for the LB equations at a constant water depth are
obtained and used in an attempt to determine the invariant solutions in terms of the fluid
velocity of the solitary wave in the horizontal direction and surface elevation of a solitary
wave. A linear combination of the time and spatial symmetries leads to the invariant trav-
elling wave solutions. The travelling wave solutions do not satisfy the lateral boundary
conditions and, therefore, are not physically realistic solutions. We discover that lineariz-
ing the NB equations does not lead to physically realistic solutions. Lastly, the associated
Lie point symmetry is derived and we deduce that all the conserved quantities are associ-
ated to the travelling wave solutions, which do not satisfy the lateral boundary conditions.
The conserved quantities are not needed to solve for the constants in an attempt to obtain
the linear solutions.

The only other attempt at solving these equations analytically can be seen in Dutykh
and Dias [2], where they use the analytical solutions found to validate their numerical com-
putations. The solutions they obtain are not physically realistic, as the fluid velocity is neg-

ative where it is expected to be positive for a solitary wave propagating from right to left.

11.2 NB equations at a constant water depth

Conservation laws and physical conserved quantities for the NB equations at a constant
water depth are presented. The equations produce two physical conserved quantities,
namely the conservation of mass flow rate and the conservation of mass.

The complete Lie point symmetries for the NB equations at a constant water depth are
obtained and used to determine the invariant solutions in terms of the fluid velocity of the
solitary wave in the horizontal direction and surface elevation of a solitary wave. We derive
the associated Lie point symmetry and deduce that all conserved vectors are associated
with the linear combination of the time and spatial symmetries.

A linear combination of the time and spatial symmetries leads to the invariant exact

travelling wave solutions. We obtain solutions for three cases of the NB equations depen-
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dent on the wave speed c?, namely (i) 0 < ¢2 < 00, ¢? # - and ¢? # £; (ii) ¢ = = and (iii)
c?=1.

To our knowledge, the invariant exact travelling wave solutions for the NB equations for
cases (i) and (iii) are new, whilst case (ii) is identical to that displayed in the work of Dutykh
and Dias [2]. Lastly, we provide physically realistic explanations of the results relating to
the horizontal component of the fluid velocity and surface elevation of the solitary wave
for the invariant exact solutions. We present and discuss the approximate solutions for
cases 0 < > < &, £ < ¢?2< }and 1 < ¢? < oo for the NB equations by making use of a
perturbation method. To our knowledge, these are newly discovered solutions and results.

The case 0 < ¢ < = forms physically realistic waves where ¢ = 1, ¢? = 2= and ¢% =
Fl.l- To our knowledge, these are new results and two new wave forms are observed, namely
a bimodal depression wave and a bimodal transition wave. The fourth-order approximate
solutions are qualitatively and quantitatively inaccurate.

The special case, ¢? = %, does not produce physically realistic waves, and therefore,
does not form part of the solution set. To our knowledge, these are new results. Readers
can refer to the work done by Dutykh and Dias [2], who perform alternative analysis on the
same set of solutions and for this specific case.

The case 1 < ¢? < oo forms part of the solution set. All waves produced in this case are
unimodal excitation waves. To our knowledge, these are new results. The second-order ap-
proximate solution for the fluid velocity of the solitary wave in the horizontal direction F (&)
is accurate, qualitatively, but inaccurate quantitatively. The second-order approximate so-

lution for the surface elevation of the solitary wave G (&) is qualitatively and quantitatively

inaccurate.
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Appendix A

Multipliers and conserved vectors for the

LB equations

This appendix contains detailed calculations used to determine the multipliers and con-
served vectors for the LB equations by making use of the Multiplier approach.

We recall the system of dimensional LB equations given by

ot  dx 6 dx3 '
du 0n h* d%u

ot 83x 2 arax?’

(A.2)

where £ is constant water depth, g is gravitational acceleration, u is the fluid velocity of the
solitary wave in the horizontal direction in the x-direction and 1) is the surface elevation

of the solitary wave.

A.1 Conservation laws considering multipliers of the form
Al,z(t’ X, U, 77)

In order to derive the conservation laws for the system given by (4.1) and (4.2), we consider
multipliers A,(z, x, u,n) and A,(¢, x, u,n). By properties of multipliers we have
3 2

h h
Al(nt + hux - E uxxx)+A2(ut +gnx - ?uxxt) = DtTl +Dx Tz) (AS)

147



where T = (T, T?) are the components of the conserved vector and the total derivative

operators D, and D, are defined by

D=2 vu, 2 il u, L in, L vu, L, Sy (A4)
t= 57 ‘3L man ttaut n”f?m txaux T]txanx e .
*“ox You '“on ou, "fon, ou, 'on, '

In order to derive the determining equations we make use of the Euler operator to annihi-
late the divergence of the conservation law.

The determining equations can be found by expanding

3 hz
Eu[Al(T’t + hux - Euxxx)'i_AZ(ut +gnx = ?uxxt)]) (AG)
h3 h?
En[Al(nt + hux - Euxxx)'i'AZ(ut +gnx = ?uxxt)]’ (A.7)
where the Euler operator is defined as
E—aDa Da+Dza+D28+DDa+ (A.8)
““du 'du, Tou " ou *Ou ou,, '
E—aDa D6+D26+D28+DD8+ (A.9)
k an tant xanx L on, T 0Ny ' xamx '

By expanding equation (A.7) we obtain the following determining equation

6A1 +hu hgu +3A2 u; + hzu
an ne+ g Wxxx on t T8MNx— 5 Wt

COABABA dA, dA, dA,

ot “an My 8oy 8%y 81, =0 (A.10)

We split equation (A.10) by the following third order derivatives of u

RPaA,
uxxx . 6 an )
h2oA, _

xxt 2 an

(A.11)

u (A.12)

From (A.11) and (A.12) we note that A, and A, are independent of 1.

Next, we separate by the following first order derivatives of u

oA,
U, Ig%:(), (Alg)

oA,
U; ZE =0. (A14)
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From (A.13) and (A.14), we see that A; and A, are independent of u. We are left with the

following remainder

1-3A1+ aAz—0 (A.15)
"ot 8k '
Now by expanding (A.6) and substituting A; = A,(¢, x) and A, = A,(f, x) we obtain the fol-

lowing determining equation

aN, IN h* 93A, h_383A1

or "ox 20x20:r 6 a3

=0. (A.16)

Thus, we are left with (A.15) and (A.16). Consider A; = A,(x) and A, = A,(¢) then (A.15) is

identically satisfied and (A.16) becomes

on, 0N, 3N,

— —h +— = A.17
ot Jdx 6 0Jx3 ( )
By separation of variables, each side is a constant. Thus
h® 93\, OA, OA,
- —h = =a,. A.18
6 ox3 " ax ot 418
Hence
Az(t)=611[+612, (A.lg)
and we are left with an ordinary differential equation
J%\, 6 JA, 6
————=—a. (A.20)

ox3 h2dx h3

We solve (A.20) by considering a complementary and particular solution as follows. Let

oM _ (A.21)
ox '
then (A.20) becomes
o’w 6 6
=—a,. (A.22)

oxz ' ne
Consider a complementary solution of the form w, = e**. Substituting this solution, as
well as its derivatives, into (A.22) and equating the right hand side of the equation to zero
gives
6

Ax _
e (A2 — ﬁ) =0. (A.23)
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Thus, A = ﬂ:% and hence the complementary solution is given by

/6 _¥6
A(x)=cse " +c,e” "+ s

(A.24)

Now, consider a particular solution of the form w, = P where P denotes a constant. Sub-

stituting this solution, as well as its derivatives, into (A.22) gives

6P 6
T T

Thus, the particular solution is given by

A(x) :—%x + ag.

Combining (A.24) and (A.26) gives the general solution

_¥6, O
P ——x+a.

%
Al(x):ageTGx+a4e A

The set of multipliers of the form A, »(¢, x, u, ) are thus given by

_/6 a,
P ——x+ay,

V6
A(x)=ase™* +aye 2

Az(t) == alt + az.

The conserved vectors can now be obtained by using the Multiplier method.

Casel:a,=1,a,=0,a,=0,a;=0,a,=0

By properties of multipliers the following must be satisfied

3 2

h
Al(nt—i_hux_guxxx)-"_Az(ut +gnx_7uxxt):DtT1+DxT2

hz
=>u, +gnx—7uxxt =D,T'+D,T>.

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

When u(t, x) and n(t, x) are solutions of the system of equations (A.1) and (A.2), we have

D, [u]+ D,

hZ
gn_?uxt]:()-
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Hence the elementary conserved vector T = (T, T?) is given by

T =y, (A.34)

2 h2
T =gn—?ux,. (A.35)

Case2: a,=1,a,=0,a,=0,a;=0,a,=0

A(x)=1, (A.36)

Ay(2)=0. (A.37)

By properties of multipliers the following must be satisfied

h3 2
Al(nt + hux - Euxxx)'i'AZ(ut +gr}x_?uxxt): DtTl +Dx TZ
hS
:>nt+hux—Euxxx:DtT1+DxT2. (A.38)

When u(t, x) and (¢, x) are solutions of the system of equations (A.1) and (A.2), we have

D,[n]+ D,

h3
hu—Eu”] =0. (A.39)
Hence the elementary conserved vector T = (T, T?) is given by

T'=n, (A.40)

T2=hu—gu”. (A.41)

Case3:a,=1,a,=0,a;=0,a,=0,a,=0

Afx)=—= (A.42)

Ay(t)=t. (A.43)

By properties of multipliers the following must be satisfied

3 h2
Al(nt + hux_Euxxx)'i_Az(ut +gnx_?uxxt):DtT1 +DxT2
X 3 2 2
:>_E(T]t+hux_guxxx)+ t(ut+gnx_?uxxt):DtTl+DxT . (A44)
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When u(t, x) and n(t, x) are solutions of the system of equations (A.1) and (A.2), we have

h? h?
—Xu+gtn——rtu,+—I[xu.,—u,]|=0. (A.45)

1
Dt[tu—ﬁxn]+Dx 2 5

Hence the conserved vector T = (T, T?) is given by

1
T'= fu—-x, (A.46)
2 h2
T2:—xu+gtn—?tum+F[xuxx—ux]. (A.47)

Case4:a;=1,a,=1,a,=0,a,=0,a,=0

A(x)=e" ", (A.48)

Ay(£)=0, (A.49)

where a = +£1.

By properties of multipliers the following must be satisfied

h3 2
Al(nt + hux_guxxx)+A2(ut +gnx_guxxt):l)t Tl +Dx T2

h?)
:>e“§x(nt+hux—Euxxx)=DtTl+DxT2. (A.50)

When u(t, x) and n(t, x) are solutions of the system of equations (A.1) and (A.2), we have

x[e%ux—uxxﬂzo. (A.51)

B e
6

=15

Dt[e‘?%xn]Jer

Hence the conserved vector T =(T!, T?) is given by

V6

T'=e“%*p, (A.52)
h? V6
TZ:EeEfxlETMX—uxxl. (A.53)

We have obtained additional multipliers of the form A, ,(¢, x, u, ) using Maple software
[50]. An identical Multiplier approach was implemented and we obtained the following
multipliers as a function of the dependent and independent variables:

1—2/Gtgh+ ﬁ\/g(3czh +6g +4/9n2cZ +12g hc, +36g2)
- X
[ﬁ\/g(3c2h+6g+\/9h2c22+12ghc2+36g2)e 2 gh C3C5

11
2 JGh

Ay(t,x,u,m)=
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1—2JCtgh+ \/i\/g(Sczh +6g + \/thczz +12ghc, +36g2)

X
+1/§\/g(3c2h+6g+\/9h2022+12gh02+36g2)e2 gh €4C6
12/GCtgh+ ﬁ\/g(3c2h+6g+ V9Rr2cZ +12ghc, +36g2)
—= x
—ﬁ\/g(302h+6g+\/9h2022+12gh02+36g2)e 2 gh C3C6
1 2mtgh+ﬁ\/g(3c2h+6g+ V9h2c? +12ghc, +36g2)
- X
—«/E\/g(3czh+6g+\/9h2022+12gh02+36g2)62 gh C4aC5
1—2yCtgh+ ﬁ\/g(302h+6g+ \/9h2022+12ghcz +36g2)
——= x
+ﬁ((e 2 gh C1
1 ZMtgh+ﬁ\/g(3czh+6g+\/9h2022+12gh02 +36g2)
- X
—e2 gh cz)cs
1 —2/Ctgh+ ﬁ\/g(302h+6g+ V9h2cZ +12ghc, +36g2)
- X
+(62 gh c2
12/Gtgh+ ﬁ\/g(302h+6g+ V9h2c} +12ghc, +36g2)
—— X
—e 2 gh Cl)C6)\/g(302h+6g+\/9h2022+12ghcz+36g2)
V6 -6
- X X
+2h¢a(c7+cse h  +C9e h )] (A.54)

1 ﬁ\/g(362h+6g+ V9h2cZ +12ghc, +36g2)
1 =z
— 2 gh
A (t,x,u,n)= e‘@t[(c\%e

X

) V24/g(Bc,h+6g + /92 + 12ghc, +36g?)
+C4e2 gh

X

1 v2y/g(Beyh+6g —/9h2cZ + 12g hc, +36g2)
+Cle 2 gh

X

1 v24/g(Bc,h+6g —/9h2cZ +12ghc, +36g?)
+C2e2 gh )[(eﬁf)zcs+ce]. (A.55)

Using Table A.1 and assuming ¢, = 1 we obtain 8 sets of multipliers given in Table A.2 where

_ \/g(3h+6g—/36g2+12gh +91?)

¢ , (A56)
' V2hg
3h+6g + /3652 + 12gh +9h?
63:\/g( g++/36g7 +12¢g ) A57)
V2hg

Considering Table A.2, since the multipliers in Case (5(a)-8(a)) are identical in form to
those in Case (5(b)-8(b)) respectively, we introduce a constant to reduce the number of
cases we need to consider. Thus the resulting additional multipliers of the form A, ,(¢, x, u, 1)

are given in Table A.3 , where
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|Case || 5(@) | 6@ | 7@ | 8@ | 5Mm) | 6(b) | 7(b) | 8(b) |

Cl1 1 1 0 0 0 0 0 0
C2 0 0 1 1 0 0 0 0
C3 0 0 0 0 1 1 0 0
C4 0 0 0 0 0 0 1 1
C5 1 0 1 0 1 0 1 0
C6 0 1 0 1 0 1 0 1
C7 0 0 0 0 0 0 0 0
C8 0 0 0 0 0 0 0 0
c9 0 0 0 0 0 0 0 0
C10 0 0 0 0 0 0 0 0

Table A.1: Coefficients of multipliers of the form A, ,(t, x, u, n) using Maple software [50].

Table A.2: Multipliers of the form A, »(z, x, u,n).

C4_

Case Multiplier

5(a)

6(a)

7(a)

8(a)

5(b)

6(b)

7(b)

8(b)

Al =cg e—clx-t-ght
A2 =g X+t

Al =—cg e—qx—ght
AZ =Xt

Al =—cg eCxtght
A2 — e01x+t

Al =g eclx—ght
A2: ec1x—t

Al =38 e—63x+ght
Az — e—03x+t

Al =—Cg e GX—ght
A, = e C3x—t

Al =—C38 ec3x+ght
AZ = pCsxtt

Al =38 eCx—ght
A2 — ec3x—t

\/ €(3h+6g +a+/36g2+ 12gh + 9R?)

V2hg
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Case Multiplier

5 Al =8 e—c4x+ght
A2 — e*C4X+t

6 A =—c,g e~ —ght
A= e Cax—t

7 A1=—C4g eCax+ght
A2 — ec4x+t

8 Al - C4g ec4x—ght
A, = e Cax—t

Table A.3: Reduced multipliers of the form A} ,(¢, x, u,n).

where a = =*1.

Using the same Maple code [50], we were able to obtain multipliers of theform A ,(¢, x, u,
1, Us, Mgy Uy, 1), producing identical sets to the multipliers of the form A, ,(¢, x, u,n) - Ta-
ble A.3.

The conserved vectors can now be obtained for Cases (5-8) by using the Multiplier
method.

Case 5

A, =c,ge 4 tEht (A.59)
A, = e ax (A.60)

By properties of multipliers the following must be satisfied
3 hz
Al(nt + hux_guxxx)'i'/\z(ut +81Nx— ?uxxt) :Dt T1 +Dx T2
h® h?

=c,g e My, +hu, — 5 Ugro)+e u, +gn,— > u,.,)=D,T'+D,T?

(A.61)

When u(t, x) and n(¢, x) are solutions of the system of equations (A.1) and (A.2), we have

1 3 3
e_c“x”n[[—g—c—uxx— ux——zuxt——ut+J2u dx” =0.

Dt[e_c4x+’[gnx—2u]]+Dx . .
4 4 4
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Hence the conserved vector T = (T, T?) is given by

T'=e “*'[gn,—2u], (A.62)

1 3 3
T?=e ', | —g— — Uy, — Uy — — U — U+ | 2u dxl . (A.63)

Cy Cy Cy

wheregh=1and ¢, = a‘/TE, with ¢ = =+1.
Case 6

A, =—c,g e”“ 8" (A.64)
A, = e %5, (A.65)

By properties of multipliers the following must be satisfied

h3 h?
Al(nt + hux _Euxxx)+A2(ut +gnx_7uxxt): ljtT1 +D, T?
3 h2
= 18 e_C4x_ght(nt + hux - Euxxx)'i_ e_C4x_t(ut +gnx - ?uxxt) = DtTl +Dx Tz-

(A.66)
When u(t, x) and n(t, x) are solutions of the system of equations (A.1) and (A.2), we have

—CyX—t
e 4

D,[e *'[—gn,—2u]]+ D,

1 3 3
gnt+c—uxx+ux—;uxt—c—ut— 2udx||=0.

4 4 4

Hence the conserved vector T = (T, T?) is given by

T'=e %" '[—gn,.—2u], (A.67)

2 —C4X—t 1 3 3
T =e gn,+—uy, +tu,——u,——u,— | 2udx]. (A.68)

Cy C4? Cy

where gh=1and ¢, = a%, with a =+£1.
Case 7

A, =—c,g e 8t (A.69)
Ay = e T, (A.70)

By properties of multipliers the following must be satisfied

h3 h?
Al(nt + hux_guxxx)'i'Az(ut +g7’lx—7uxx¢)=DtTl +DxT2
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3 2

h
=>—08 ec4x+ght(7,’t + hux - Fuxxx)'i_ eC4x+t(ut +gnx - ?uxxt) = DtTl +Dx TZ'

(A.71)

When u(t, x) and n(¢, x) are solutions of the system of equations (A.1) and (A.2), we have

1 3 3
€C4x+tl_gnt+_Uxx_ux_juxt+_ut+f2udx]]:
Cy Cy Cq

Hence the conserved vector T = (T, T?) is given by

D, e [ Caxtt [gn —2u]] +D,

Tl = plaxtt [gnx_ZM] (A.72)
1 3 3

Tz C4x+t l_gnt xx_ux__uxt+_ut+f2udxl‘ (A73)
C4 Cy? Cy

where gh=1and ¢, = a‘hf, with a ==1.
Case 8

A, =c,g e 8ht, (A.74)

Ay = e, (A.75)

By properties of multipliers the following must be satisfied

3 2
Al(m+hux—guxxx)+/\z(ut+gnx—7 U,.,)=D,T'+D,T?
h3 h2
=68 eC4x_ght(nt+hux_guxxx)'i'eC4x_t(ut+gnx_7 xxt) D T1+D T>.

(A.76)

When u(t, x) and n(¢, x) are solutions of the system of equations (A.1) and (A.2), we have

1 3 3
Cyx—t _
e4 [gnt_auxx_ux_auxt+c—4ut+JZMdX]]—

Hence the conserved vector T = (T, T?) is given by

D [ Cyx— t[gnx_zu]]'i‘Dx

Tl C4X t[gnx_zu] (A.77)
1 3 3

T2 e tlgnt__uxx U, _uxt+_ut+J2udx]' (A78)
C4 C42 C4

wheregh=1and ¢, = a‘hr, with ¢ = +1.
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A.2 Conservation laws considering multipliers of the form

Al,Z(t’ X, U, n) ut) Tlt’ th, T]xr utt’ utx» uxxr ntt» T]txr nxx)

Consider multipliers of the form A, (£, x, u, 1), U, sy U, s Ursy Usry Uiy i1 N i M)
and Ay(f, X, U, 1), Uy, Ny U, Ny Upsy sy, U, 65 Mo Nix)- LThe following multipliers were
obtained using Maple software [50]:

1 —2/Cthg + fz\/g(sczh +6g —/9h2c? +12g hc, +36g2)

3 1 =5 x
Ayt x,u,m, utvntvuxvnxvuxxruxtrut[vnxxrnxtvntt):_hsem[_ge 2 gh V2

\/g(?:czh +6g—1/9h2cZ +12ghc, +36g2)CIC13NH°

1—-2,/Cthg+ ﬁ\/g(?)czh +6g— \/Shzczz +12ghc, +36g2)

_1,2 gh xfz\/ (3cyh+6g—+/9h2c2 +12ghc, +36g2)C10C14h>
5 8(8c g ¢y +12ghc, +36g2)

1 thhg+x/§\/g(3czh+6g—\/9h2022+ 12ghc, +36g2)

1 X
+ie 2 gh ﬁ\/g(3c2h+6g—\/9h2c22+12ghc2+36g2)C9C14h2

12/Gthg+ Jé\/g(sczh +6g—4/9h2c? +12ghc, +36g2)

1 - X
+ge2 gh ﬁ\/g(302h+6g—\/9h2022+12gh02+36g2)C10C13h2

1—2/Cthg + ﬁ\/g(3c2h +6g +4/9n2cZ +12g hc, +36g2)

_L2 gh vz 2¢} 2 :
6e 21/ g(Bcyh+6g++4/9h2cy +12ghc, +36g2)C11C13h

12/Gthg+ Jé\/g(3c2h+6g+ V9r2cZ +12g he, +36g2)

12 gh xf 202 2 2
6e 21/ g(8cyh+6g ++4/9h2cy +12ghc, +36g2)C12C14h

1 2/Gthg+ ﬁ\/g(ssczh +6g +4/9n2cZ +12g hc, +36g2)

1 — X
+ge 2 gh ﬁ\/g(302h+6g+\/9h2022+12ghcg+36g2)C11C14h2

12/Gthg + ﬁ\/g(sczh +6g +4/9h2cZ +12ghc, +36g2)

1 X
+862 gh ﬁ\/g(3c2h+6g+J9h2c§+12ghc2+36g2)c12C13h2

V6 V6

1 ——x 1 —x 1 1 4 1 1 1
+(—§C17e h h3—§C166h h3+6C8h5uxx+(((—§uxxx+gtux[+§ux)C1+guxxtC2+§ux,C4

1 2 1 2 1 2 1 1
+§C3u“)g+§C6u“—§C8u+gu“CS—§C15)h3+(((tntt+nxtx+n,)C1+(§tnxt+Enx)CZ—gnCﬂg

2
+C2Uy X415, C5+1,,CO)R2 +(—2C1g2% tn+ u(2Clx + C2t)g + §r;,,xCZ)h— czgxr;)m], (A.79)

AZ(['xr U1 Uy Ny Uxy Ny Ux s Ut ut[vnxxrnxtvntt): |i6C9h2(C13(emt)2+ C14)

1
6h2evezt

1 ﬁ\/g(302h+6g—\/9h2022 +12ghc, +36g2)
Y X
Cle 2 gh

1 ﬁ\/g(3czh+6g—\/9h2022+12gh02 +36g2)
+6C10h2(C13(em[)2+C14)C162 gh

X

1 ﬁ\/g(302h+6g+ V9h2cZ +12ghc, +36g2)
+6c11h2(c13(e¢5f)2+c14)c1e 2 gh

X
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1 «/E\/g(3czh+6g+ \/E)hzcz2 +12ghc, +36g2)
+6C12h2(C13(e‘@’)2+C14)C1e2 gh

X

1
+6(— gh“umC?—h3uxxth1+(((mx, e X +0)g +2t U +1,)C1
Htuyr + Uy —(1/2) Uy X +(1/2)0x t8)C24+ C3uy, + Chuy,
3
+C5Nyx+C6Ny +CTu+ C8n)h2+(6C1gtu+(§(nx[x+n,))C2)h—6nng1

+3C2(—gtn+xu))em’]. (A.80)

Coefficient || Case 9 |Case 10| Case 11 | Case 12 | Case 13 | Case 14
Cl1 0 0 0 0 0 0
C2 0 0 0 0 0 0
C3 1 0 0 0 0 0
C4 0 1 0 0 0 0
C5 0 0 1 0 0 0
C6 0 0 0 1 0 0
C7 0 0 0 0 1 0
C8 0 0 0 0 0 1
C9 0 0 0 0 0 0
C10 0 0 0 0 0 0
Cl11 0 0 0 0 0 0
C12 0 0 0 0 0 0
C13 0 0 0 0 0 0
Cl4 0 0 0 0 0 0
C15 0 0 0 0 0 0
C16 0 0 0 0 0 0
C17 0 0 0 0 0 0

Table A.4: Coefficients of multipliers of the form A (£, x, u, 1), Ue, g, Uy, Ny Uppy Uy Uy Nets M iexr M)
using Maple software [50].

Using Table A.4 and assuming ¢, = 1, we obtain an additional six sets of multipliers-

refer to Table A.5. The conserved vectors can now be obtained for Cases (9-14) by using

the Multiplier method.
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Case Multiplier

9 A1 =—8Uxx
AZ = uxt

10 Al =—8 Uy
Ay =uyy

3
11 Alz_zuxx_ﬁnxt

A2: Uyx
3
12 A1=—2uxt—ﬁﬂn
Azznxt
_ 8
13 Al—ﬁn
1
A, =u—-hu,,
6

1
14 Alzu—zhzum
Ay=n

Table A.5: Multipliers of the form A 5(2, X, u, 1), Uy, Ny, Uy, Ny Uppy Upzes Uy Nt M M)

Case 9

A =—gu,,, (A.81)
Ay =uy,. (A.82)

By properties of multipliers the following must be satisfied
3 B2
Al(nt +hux_€uxxx)+A2(ut +gnx_?uxxt):DtT1 +DxT2
3 2
=—gu.(n, +hux—Euxxx)+ uy, (U, +g1’)x—?uxm)=D,T1 +D, T2

(A.83)

When u(t, x) and n(¢, x) are solutions of the system of equations (A.1) and (A.2), we have

Dt [_g uxxn] + Dx

1| A h?
a5 l_g(uxx)z_gh(ux)z_?(uxt)z—i_(u[)z +guxtn] =0.

216
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Hence the conserved vector T = (T, T?) is given by

le_guxxn’
1[ 3 h?
T = | o glan = g — (a0, |+ gt
Case 10
Ay =—8uy,
Ay =uy,

By properties of multipliers the following must be satisfied

hS 2
Al(nt +hux_guxxx)+A2(ut +gnx_?uxxt):Dt Tl +l)x T2

n? h?

:>_guxt(nt+hux_guxxx)+ utt(ut+gnx_?uxxt):DtTl+DxT2-

(A.84)

(A.85)

(A.86)

(A.87)

(A.88)

When u(t, x) and n(t, x) are solutions of the system of equations (A.1) and (A.2), we have

3 2
D | 3|~ gt + B

+gutnxl

1{gh3
+Dx [E [gTuxt Uxx — hzutt(uxt)]_gutnt] =0.

Hence the conserved vector T = (T, T?) is given by

1[ gh? h?
Tl:5[—%(uxx)u(ut)tgh(uxh7(uxt)2 A
1{gh3
Tz:é[_gg uxtuxx_hzutt(uxt)]_gutnt'

Casell
3
Al :_Zuxx_ﬁnxt»
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(A.89)

(A.90)

(A.91)

(A.92)



A2 = uxx.

By properties of multipliers the following must be satisfied

3 h2
Al(nt +hux_guxxx)+A2(ut +gnx_?uxxt):DtT1 +Dx T2

3 h2

(A.93)

3
:(_zuxx - Enxt)(nt + hux - E uxxx)+ uxx(ut +gr]x - 7 uxxt) = Dt Tl +l)x Tz'

When u(t, x) and (¢, x) are solutions of the system of equations (A.1) and (A.2), we

D [t~ |

h3 2

3 h
_(uxx)z_ ﬁ(nt)z_ h(ux)z + ? [nxt Uyx —TMxxtUx + Nxxxt Lt]

+D, 5

h2
tUL U, +guxxn_ UT)xt _zuxnt +f (—7%“: u_guxxxn+ unxxt)dx] =0.

Hence the conserved vector T = (T, T?) is given by

1{ h?
Tl = E _E(Mxx)z_(ux)z‘lr

2 hS 2 3 2 2 hz
T :E(uxx) _ﬁ(nt) _h(ux) +7[nxtuxx_nxxtux+nxxxtu]

hZ
tU U+ GUT)— UMy —ZuxTh +f (—777”)” U—8Uxxx] T unxxt)dx-

Case 12

3
A =—"2u,, _ﬁntm

Azznxt-

By properties of multipliers the following must be satisfied

h3 h?
Al(nt+hux_Euxxx)'i_Az(ut+gnx_?uxxt):DtTl+DxT2
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(A.94)

have

(A.95)

(A.96)

(A.97)

(A.98)

(A.99)



3 3 2
:>(_2uxt - ﬁntt)(nt + hux - Euxxx)'i_ nxt(ut +gnx - ?uxxt) = Dt Tl +Dx Tz'

(A.100)

When u(t, x) and n(¢, x) are solutions of the system of equations (A.1) and (A.2), we have

g 3 h? K h h
Dt [E(nx)z - h(ux)z_ 2—}12(%)2 _3uxtn_ ?nxxxt u— ?uuxxxx + Ent Uxxx— Enuxxxt
h? h? h3 3
+Dx Ny — ?T’xt Uy + ?nxxtut + ? UrUyxx — Euntt

3 h? h3 h
+ T Ui +3uxttn+ ?nxxxttu-i' ?uuxxxxt + Enuxxxtt dx|=0.

h
(A.101)
Hence the conserved vector T = (T, T?) is given by
g 3 h? h? h h
Tl = E(nx)z_ h(ux)z_ ﬁ(nt)z_?’uxtn_ ?nxxxt u— ?uuxxxx + Ent Uyxx— Enuxxxt’
(A.102)
, h? h? h? 3
"= nNeuy— ?T’xt Uyr + 777”: U+ ? Ui Uyxx — Euntt
3 h? h3 h
+ Eunttx+3uxttn+?nxxxttu'i_?uuxxxxt'i_gnuxxxtt dx. (A103)
Case 13
A= %n, (A.104)
1
A= u—ghzu”. (A.105)

By properties of multipliers the following must be satisfied
3 K2
Al(nt +hux_Euxxx)+A2(ut +gnx_?uxxt):DtTl +DxT2
8 h? 1, ’ 1 2
iﬁn(nt + hux_guxxx)'i'(u_gh uxx)(ut +gnx_?uxxt):DtT +DxT .

(A.106)

When u(t, x) and n(¢, x) are solutions of the system of equations (A.1) and (A.2), we have

g§ » 1, h o R 2 h? 2
2t Ut U P (U )P —

D
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gh2 h h?
+D,|gnu———u N+—-u,u,+—u,u |=0.

6 2 6
(A.107)
Hence the conserved vector T = (T, T?) is given by
g§ , 1, n L , I 2
T'==n*+-u’+— +— +—(u,), A.108
ST 1 g+ + () (A.108)
) gh? h h?
T =8gNUu———U,, N+ = U, U; +— U, U,. (A.109)
6 2 6
Case 14
12
Alzu—éh Uy ) (A.110)
Ay =n. (A.111)
By properties of multipliers the following must be satisfied
h3 h?
Al(nt+hux_Euxxx)+A2(ut+gnx_?uxxt):DtT1+DxT2
1 h3 2
ﬁ(u_éhzuxx)(nt+hux_guxxx)'i'n(ut+gnx_7uxxt):DtT1+DxT2-
(A.112)

When u(t, x) and n(¢, x) are solutions of the system of equations (A.1) and (A.2), we have

h 2 hS h?: 2 2 2
Eu —Euuxx+ﬁuxx +ﬂuxx +—-n"|=0.

h? h3
Dt nu__uxxn_ZMxZ

5 +D,

Hence the conserved vector T = (T, T?) is given by

h? h?

T === (), (A.113)
h h3 h3 h®
TZZEuz_Euuxx+E(uxx)2+ﬂ(uxx)2+%nz- (A.114)
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Appendix B

Lie point symmetries for the LB equations

The extended infinitesimals for (5.8) are given by

‘P? =Dy (lpz)_ntDt (51)_77th (52)

3 awz alpz 51/)2 agl agl agl 9 352
= T a1 G Mt gy (1 = s (B.1)
o o8
au T’x t an ntnxr
and similarly
(,0)16=Dx(l/)1)—uth(gl)—uxDx(gz)
3 31/)1 31,01 awl agl agl agl agz
~ Ox + ou ot on 'Y ox YT utux—%utnx—ﬂux (B.2)
352 ) aé‘z
ou ( x) - an UxTx,
and finally
Soxxx=Dx(¢}cx)_uxxth(gl)_uxxxDx(gz)
331/11 831/)1 531/J1 831/)1 a?;wl ) 331/)1 21/)1
= 2 2 2———
(8x3 ax2au' T axan ™ ) T\ 2axzan 2 aweax Y Y 2 Guaxan 1 2 G Y
33¢1 831/)1 Swl 2¢1
2
+(zaxzannx Gudnax et g e M) 25 5
33¢1 ) a3¢1 3 331/)1 ) aZwl
+(auzax(“x> F o M gy S B e
531/)1 2 aSlpl 31111 3 2¢1
+(an2ax(” S+ G2d () + — () + 2z Tl
33¢1 33¢1 3¢1 ) 522701 521/)1
4.5 oA 2
+(28u3n3xuxnx+zau23n(u’C) 87’]23 (nx) + auannxuxx ou anuxnxx
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031 7 o | |
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Appendix C

Multipliers for the NB equations

We recall the system of dimensionless NB equations given by

8n+8u+63 ( _wdlu C.1)
ot ox ‘ax "7 6 axv’ ’
Ju du Jn u?* ddu
——teu—+——= (C.2)

ot ox  dx 2 dx20t’

where u is the fluid velocity of the solitary wave in the x-direction and 7 is the surface

elevation of the solitary wave.

C.1 Multipliers of the form A, (¢, x,u,n, u;, N, Uy, Ny)

In order to derive the conservation laws for the system given by (C.1)-(C.2), we consider
multipliers A, (¢, x, u,n, u;, u,,n;,n)and Ay(t, x, u,n, u,;, u,,n;,1,). By properties of mul-
tipliers we have

A (n[ +u, +enxu+6nux—‘%2u”x)+A2(ut +euxu+nx—‘%2uxxt) =D, T'+D,T?

(C.3)
where T = (T}, T?) are the components of the conserved vector and D, and D, represent
the total derivative operators.

In order to derive the determining equations, we make use of the Euler operator to

annihilate the divergence of the conservation law.
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The determining equations can be found by expanding

where E, and E, represent the Euler operators.

By expanding (C.5) we obtain the following determining equation

oA %
% N+ ux+enxu+enux—guxxx +MA€eu,

+%(ut+6u u+T) —'u—zu )
an X X 2 xxt

82A1 ‘UZ 5’]\1
_|:6T]t5t (T)t+ux+€nxu+677ux—€uxxx)+%

%A, u?
37%5 g+ €U U+ T = - Uy

I R _# oA 0N
t[antau(nt+ux+€nxu+enux 6 uxxx) anten + au
2 2
+;7t[;2u (ut+euxu+nx—%uxxt) gzj €Uy
%A, u? oA, dA
_nt[m(nt"‘ux+6nxu+6nux_€uxxx)+a_m6ux+%
2 2
+ aa—%(ut+euxu+nx ,uz uxxt)+g—2j(0)]
. R _u_z oA oA
tt[—amaut (m+ux+€nxu+€nux 6 uxxx) 37’)t(0) 24,
2 2
aztaut (ut+euxu+nx—‘u?uxxt)+gzj (1)]
%A, w? Z2\8) oA
— t[m(nt+ux+6nxu+6nux—guxxx)+a—nt(1+en)+aux
%A, u? oA,
—3T)t5ux (ut+euxu+nx—?ux“)+a—nteu]
%M, u? oM oA
—Nee [anz (nt+ux+enxu+6nux Euxxx)"i'a_t(l)‘i'a_nt
2 2
+ g A% (ut+euxu+nx ‘L; uxxt)+g—zj(0)]
u? oA, oA,
—nxt[am (nt+ux+6nxu+€nux—3uxxx)+a—meu+anx
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' % 5
E, |\, (nt+ ux+6r}xu+enux—€uxxx)+A2(ut+euxu+nx—?uxxt)

[ 5 5
E, Ay (nt+ ux+enxu+6nux—guxxx)+A2(u,+euxu+nx—?uxxt)



2
K )+%(1)

|

X

g e el u+
91,01, U TEUxyUTT) > Uxxt an,
" p* oA " u* oA,
xXxxt 6 ant XXxXtt 2 ant
oM vugrengutenug—ou, )+ ey
anxax N X Nx niy 6 XXX dx
%A w? A
+ anxazx (ux+€uxu+ﬁx—7uxx:)+a—xz]
2 A JA
)+a—nlenx+a—uleu+Ale

FEIN
_ux[anxalu (T)H' thy €0 U+ €Ny =" Uy

|

|

|

|

+ 0% (u feuu+ e, )+%6u +%]
an.ou t X Nx o xxt an, *Vau
92\, 2 oA oA
—nx[m(n[+ux+enxu+enux—guxxx)+%eux+a—neu
¢ 2t (u Feugu+1 _E, )+%
anxan t X X 2 xXxt an
22M 2 oA
_u’”[m(T’H_u"+€nxu+€nu"_zu"“)+a_ut€u
2 2
+ ajxgzut(ut+6uxu+nx—%uxxt)+2—2i(l)+Zﬁj]

02\, 2 oM 1
—uxx[anx—aux(nt+ux+er)xu+enux—€uxxx)+m(1+6n)+aux
+ﬂ(ut+euxu+nx——2uxxt)+%eu+aAz

01Ny 0 Uy 2 ONy duy,

22N\ 2 oA oA

_ntx[m(nt"'ux+6nxu+€nux_guxxx) ﬂ(l)'i‘a_meu

2 2
+ azté\i}x (ut+6uxu+nx—%uxxt)+2—$i(0)+Zgi

02\, 2 oA oM

_Tlxx[ﬁ(m+ux+6nxu+enux—guxxx)+a—nxeu+anxeu

2 2
+aa—%z(ut+euxu+nx—%uxx[)+j—2i(l)+22§

u? aAl]_

u* 0 A,

—Uxxxt |:_? 3T)x

]_ Uxxxx [_E 3T]x
(C.6)

Equation (C.6) can be split into derivative products and powers of u and r) as follows
(C.7)

p? oA
Uxxxx+ =
6 dn,
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Thus

Al :Al(trx» u!ny utr ux’nt)’

A2 :Az(t, X, UyT), Uyy Uy, Ty, nx)

Next, we separate by the following derivative of u

u "u—zaAZ:O
xXxtt 2 ant .

Thus

Al :Al(ty X, U, 1, Uy, ux’nt)’

A2 :Az(t, X, U, T’) ut} ux} T’x)‘

Next, we separate by the following derivative of u

PRPLLL e
G, e
Next, we separate by the following derivative of u
u? [ OA, 0%\, 0%\, 0%\, 0%\,
uxxx:__ __—_ut _T’t _utt—
6 \dn 0Jn,0t ondu onon, du,on,

IS - A
xtauxant T’lt an% — Y

Next, we separate (C.14) by the following derivative of u

- 7, (3A1)_0
tt'aut on; -

and by the following derivative of u

0 (5A1)_0
umiaux on, -

and by the following derivative of )

0 (5/\1)_0
n”'ﬁm on, .

From equation (C.15) we know

0 (OA
tr ) y 1D y Wy I [ x =V,
But(ﬁn,( X, U1, U, U n)) 0
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(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)



and from equations (C.15), (C.16) and (C.17) we know

oA, 0N
on, 0n,

(¢,x,u,n),

therefore, we have
A= ntf(t, X, u,n)+g(t,x, u,n, Uy, ux).
Also, we have the following remaining from (C.14)

oA, 9%\ 02\, 0%\,
- — U —N: =0.
on dn,o0t ondu onon,

Substituting (C.20) into (C.21) we get

0 0 0
%(t, X, U,n, U, ux)—a—j;(t, X, u,n)— ut%(t,x, u,n)=0.

Substituting (C.20) into (C.13) and integrating with respect to 1, we get

1
Ay(t, x,u,n, uy,, ux,nx)z—gnxf(t, x,u,n)+m(t,x,u,n, u, u,).

Thus

Al(t)x) uvn! ut} ux)nt):ntf(trxy u,n)+g(t»X, u»n! ut) ux),

1
A(t,x,u,n, uy,, ux,nx)z—gnxf(t,x, u,n)+m(t,x, u,n, u;, Uy).

Next, we separate by the following derivative of u

y .u_Z(aAer 22A, i 92A, N d%A,
o\ on oxén, Toudn, nx@nﬁnx

+u 0% +u Oy + @):
“udn,  owdn. Yo

Next, we separate (C.26) by the following derivative of u

L0 (3A2)_0
*ou\on,)

and by the following derivative of u
. %} ( oA, ) o
o u; \ o1, o
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(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)



and by the following derivative of )

. (3M)—0 (C.29)
nJCX'anx anx - » .

where equations (C.27), (C.28) and (C.29) are all identically satisfied.

Also, we have the following remaining from (C.26)

a&+_a%g +u A, + oA, =0 (C.30)
on Jxdn, oudn, ”Xananx - '
Substituting (C.25) into (C.30) we get
0 0 0 0
nxa—f(t,x,u,n)+—f(t,x,u,n)+ ux—f(t,x,u,n)+nx—f(t,x,u,n)
n dx du on
om (C.31)
—3%(t,x,u,n,ut,ux):0.
Next, we separate (C.31) by the following derivative of u
af
:—(t,x,u,n)=0, C.32
u, au( X, u,n) ( )
and by the following derivative of )
%}
nngg(hx,uﬂnzo, (C.33)
(which simplifies f = f(¢, x)) and by the following remainder
of om
lza(t,x)—?)%(t,x,u,n, u;,u,)=0
_nof
=>m(t,x,u,n, ut,ux)—gﬂ(t,x)+N(t,x,u, Uy Uy). (C.34)
Thus
At x,u,m, u, uy,n,) =0, f(t, x)+8(8, %, u,n, Uy, uy), (C.35)
1 nof
Ay(t,x,u,n, ut,ux,nx):—gnxf(t,x)+ga(t,x)+N(t,x,u,ut,ux). (C.36)

Considering (C.6) and substituting the results obtained in (C.35) and (C.36), we obtain the

following

17
%(T)t+ux+6nxu+6nux)+6ux(ntf+g)
+ a—f(ut+euux+nx)—a—f(nt+ux+er)xu+enux)

30x ot
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of @ 0 0
—3ma—];—a—§—ux(€fnx+%)—m(feuﬁ%)

17 17
_utt% g ]—mﬂf—nxrffu
¢

du,
of og 10f 1 of nof oN
[(ntﬁx+5x)6u 38x(ut+€uxu+nx) 3nx8x+38x2+5x

—uxt[f(1+6n)+

og 1 ON og 10f
ux[ﬁeu+(ntf+g)€ §f€ux+ﬁj| nx(a—n€u+§a)
og 1 ON og 1 ON
u“(@uteu 3f+5ut) u”(@uxeu 3f6u+5ux)
2
—mxfeu+§nxxf=0- (C.37)

Equation (C.37) can be split into derivative products and powers of u and n as follows

g
U, :=——=0, (C.38)
du,
and by the following derivative of u
2 og og ON
N : I + + + = 0, C39
Het f(S en) du, euﬁut du, ( )
and by the following derivative of u
og 1 ON
= - — =0, 4
Uy 3ux6u+3f€u i 0 (C.40)
and by the following derivative of )
Neei=2f=0
:}f =0, (C.41)
and by the following derivative of )
Ne:—2f€eu=0
:}f =0, (C.42)
and by the following derivative of )
2
=f=0
Nexi3f
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Thus

Ay =g(t,x,u,n, uy), (C.44)
Ay =N(t,x,u,u;, u,), (C.45)
where
98 [ ON _, (C.46)
ou, ou, '
Jg ON
Uzt ——=0, (C.47)
og og 0g og ON Og ON
—° (1 — ooy —Leyuy—-—-== ———u, =0. 4
aylliren)u] =3, -7 m—greu-go—g eun— 7 u=0 (€48

Now by expanding (C.4) and substituting (C.44) and (C.45) we obtain the following deter-
mining equation

% +u,+ + _e +

au T’l’ ux Enxu Enux 6 uxxx genx

ON u?
+E ut+euxu+nx—7uxxt +Neu,

0°N wu? ON
— m ut+6uxu+nx—?uxxt +E

u N U, +€eu, u+ ‘uzu +3N6u +6’N
t@utﬁu ! . Mx 2 X du, ' du

2 2

0°N u
—n¢ [0]—uyy 3_u‘§ ut+€uxu+nx_7uxxt

N ON
ou,;

(1)

- N +€ + —“—2 +6‘_N(€ )+ oN
uxt autaux ut uxu nx 2 uxxt aut u aux

u? N
2 du,;

ON
—Ntt [0]_nxt [a u, (1)]_ Uxxxt [0]_ Uxxtt |:_

o°g u og
_[ﬁuxﬁx (nt+ux+enxu+enux—€uxxx +a(l+er))

+ O°N U, +eu, u+ ‘uzu +aNeu
oudox\ ' U e = 5 e |75

2 2
g u og og
— R - —_ 1
ux[auxau(nt+ux+enxu+enux s uxxx)+auxenx+au( +en)

N 0N
u,du

u? ON ON
ut+6uxu+nx—?uxxt +m6ux+ﬂ€u+€N

2 2
g u g g
—Nx [W(nt+ux+6nxu+677ux_€uxxx)+a_uxeux_"%(l-i_en)—'_ge
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0N

u? ON ON
— Uy 6‘—6‘u[ Ur+EULUFT)y— —Uyyy +—(1)+—6u

2 du ou,

og og
2u. (1+en)+ Tu.

2
(nt+ux+€nxu+enux ‘lé uxxx)+ (1+en)

JZC 2 du, du,

u? og u? ON
] Uxxxx 6 ou —Uxxxt _7au
X X

d°g d°g d°g d°g
ox3 T guaxe Maxean T " x20u,

+u o’ +u o’ + o’ +u o’
“\ox2ou " ouzax " ouonox T oudu,ox

+ 53g +u aSg + asg + asg
u —
M 0x20n Toudndx ”xaxanz Y ou,ondx

a
( s ) ON ON ]
U+ EUL U+ — T Uyyy | T =—EU+ €u
og
du

7'ltx[

+_

o°g o%g o°g a°g g o’
+uxx(8x23ux+8x8u+ux8u3ux6’x+nx6n3ux6’x+uxx6u§8x 1 2xdn
d3g d3g d3g d3g
ox20u  “oxowz M axonou  “oxou.u

d3g d23g d3g d23g
+ux(?7‘x6‘u2+ux3u3+nx3u26n+u”8u28ux

+ a4 +u o°8 + '8 +u o’8
M\ Gxonou " ouzon T ouonz T " uau,on

+u 538 +u agg + asg +u 33g + 52g
Y\ oxdu,du Tou2du, nxé’né‘uxau Y outou M ondu

33

+ o°g tu '8 + o'g +u g
T 0x20n  “Ou,dxdn ”xaxanz Y Ooxdu,.on
do3g o3g o3g o3g
* (3x3 won T auzan M Guene T Y Gudu.an

d3g do3g d23g d3g
+’7"(axan2+”"auan2 xgps T e gy o
d°g o%g o°g d°g g d%g
Tl (axa w.on oudn “Fudu,on  onmzou,  “autan) "\
o3g J%g d3g d3g o3g
dx20u, * du,dx TG U0 X +nx6x6n3 Uy * U5 u?

33

+ utx(0)+ uxx[

d%g d%g d%g g
+(6x6u M PR Y T Py PN
do3g J%g d3g d23g d23g
tu (3x3u3ux+3u2+ux3u28ux Gudnou,  ““*Fuoul
aBg azg aSg aSg aSg
”x(axanaux T ouon T Funou, T omou, T “*aulan
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d3g J%g d3g d3g d3g J%g
2 -1 -
+uxx(8x8u§+ 3u5‘ux+ux8u8u§+nxé’n@u§+u“6u§; Tl ondu,

o%g o%g o%g o%g J%g J%g
0 - = - =
F1ex (0) 1. 6x3n+ux(8uan \oxon Y auon Mo T gy an

J%g J%g
+”X(a_fvz)+””(ana u)ﬂ

u_z 03N u 3N iy 93N iy 03N
2 |0x20t ‘'ox20u ''ox20u, *'ox2du,
03N 93N 03N 93N
ux(ﬁtﬁuﬁx+uté’u23x+u”3uté’ué‘x+uxt5ué’uxﬁx)
u ( 23N N 0°N . 23N i 3N o 23N )
\otou,0x oxou 'dudu,dx 'outor 'du,du,dx
+u ( O°N +u O°N +u &N +u —6’3N)
*\otoudx oududx = oududx oudx
03N 3N 03N 93N
ux[axatau+ut3x3u2+u”6x8ut3u+u“8x8ux3u
+u ( O°N +u 83N+u o°N +u o°N )
“\otouz  "'ous ""ououz 'ouzdu,

+

+

i ( 03N +82N+u 23N o 03N u 03N )
\otou,0u ouz  'ou2du, "'outou 'oudu,du,
+u ( O°N +u O°N +u O°N +u 33N)
“\otouou 'ou2du, 'oudu,du, 'ououd
( 23N N 9°N u 93N u 93N i 23N )
0xdtdu, 0xdu 'Ou,dxdu ''dxou: “'dxdu,du,
+u( 93N +82N+u 23N . 23N u 23N )
*\ou,otou  ouz  'ou2du, "oulou 'oudu,du
( 23N 0°N 23N 23N 23N )
+ Uysy

+1x(0)

+ Uy

+2 +u +u +u
orou? “oudu, oudu: 'oud  'Ou.oud

. ( 23N N 0°N . 93N i 93N i 23N )]
““\otoudu, Jdudu, 'oududu, ouou: “'ouldu,
+u [ O°N +u O°N +u o°N +u —33N
| oxotou, ~0xdudu, 'oxdudu, “'oxou?
+(62N +u62N+u 92N u 62N)
otou  'ouz "ou,du F'oudu,
+u( o°N +u O°N +u N +u o°N )
“\otoudu, 'ou2du, "Oududu, “'oudu
. ( 93N . 92N i 93N u 93N 93N )
“\otou,du, Judu, 'dududu, ''oudu, dutdu,
S (O O S .1
“\orouz ouou: "ouiou, 'oud

t1Nx (O)+T]xx (0)+ Uy xx (0)+ uxxxt(o)]:()- (C.49)
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Next, we separate (C.49) by the following derivative of u

u? ON
Urxtr: 55 ” =0, (C.50)
and by the following derivative of u
Uxxxx ' %Z:Ii =0, (C.51)
and by the following derivative of u
u? ON
Uyyxr: ?3_ux =0. (C.52)
Thus
Ay =g(t, x,u,n), (C.53)
A, =N(t,x,u), (C.54)

where (C.46) and (C.47) are identically satisfied, and (C.48) remains unchanged. Next, we

separate (C.48) by the following derivative of u
U, 22 =0, (C.55)

and by the following derivative of u

u -a—g(1+e )—a—N—o (C.56)
o Vmeu T '

and by the following remiander

1_5g+5g€u+5N_0 (C.57)
"0t 0Ox ox )

Thus
Al :g(t} X, T’); (C58)
A, =N(t, x, u), (C.59)
where
og ON
oy L= 5, (C.60)
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Thus

where (C.60) simplifies to

and (C.61) remains as

Thus

where

Next, we separate (C.69) by u

Thus

where

AZ :N(t,x),

dg ON
= +—=0.
Jt Ox
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(C.61)

(C.62)

(C.63)

(C.64)

(C.65)

(C.66)

(C.67)

(C.68)

(C.69)

(C.70)

(C.71)

(C.72)

(C.73)



By substituting (C.71) and (C.72) into (C.4) we have

N  ON u* 3N

_ _ =0. 74
ot “oxt2ox0: "0 (€70
We separate (C.74) by u
ON
u:—=0. (C.75)
ox
Thus
A, =g(1), (C.76)
A, =N(t), (C.77)
where (C.69) simplifies to
%8 _o (C.78)
ot '
and equation (C.74) simplifies to
IN =0 (C.79)
ot '
Thus
A, =k, (C.80)
A2 :kz, (C.81)

where k; and k, are constants.
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Appendix D

Lie point symmetries for the NB

equations

The extended infinitesimals for (7.9) are given by

‘P; =Dy, (wl)_ u; D, (’51)_ Uy Dy (52)

—i—gjutux—aa—izmux»
and
¢y =Dy (y")—u; Dy (&")— uy Dy (&%)
—z—gj(ux)z—aa—izumx,
and similarly
02 =Dy (?) =1, Dy (£1) =1 D, (£2)
_ a;iz . a;f s aa,ﬁ,]znx_ ngl . iiul uxnt—i,—ilmnx—g—iznx (D.3)

_o9¢ u_a_gz( i
aunx X 677 T].x )

and finally

Sa)lcxt =D, (30;1”5)_ Uxxt Dy (51)_ Uy xxDy (52)
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a3¢1 aswl aswl a3¢1 aswl a3w1

“oiox Toue  anae !t aroxon T axowe T Gxouon 1t
2 1 3,41 3,41 3 1 2 1 3,41
7y a7y s 7y %Y 7y
T oxon T atoxon axouon T gxae Mt axon Tt Gioxou
33¢1 3¢1 azlpl 33¢1 ) 831/)1 2 331/)1 )
T axow Ut Fxauan Mt axan et T Grawe Wt Gy Wt ag e (i)
alel 331/)1 aSlpl 331/)1 21/)1 821/)1
+2 auz uxuxt ata annx x ana zu[nx x+anza T]tnx X anaunxtux-’_anaunxuxt
521,01 aZwl 2¢1 awl a3¢1 a3¢1
T otou e T e Mttt gy Methex T G e Y g e It g uan T
33¢ aZwl aswl 331/)1 a3w1 32¢1
5x3n2nﬂ)x ox annxt G10udn UxTlxt 5 Zanutuxnx+muxntnx+muxtnx
2 1 3 1 3,41 3 2 1 2 1
oY Y 2 9% %! 27y 7Y
* uan xnxt+m(nx +auan2ut( G0 N (ne) + 2 et o s
21/11 aZwl awl 3351 3351 ) 351
3u6n tnxx anz ntnxx an = Nxxt— 010 x2 ut_auaxz(ut) axzannt t
52@'1 aSgl 33&1 ) 3351 aZgl 3251
T x T Frauax Y T Guzax MY T aguan U T G s Y T Gy et
5351 y 5351 ( )2 5351 y aZgl y 5251 y aZgl y
oroxon M T gxouon Y T gxon T T G T T o T T Grax
3251 32&:1 agl 3351 aSgl ) aBgl
T Guax T Gaan T T G T gy an M T e e ) T GGy e
aZgl 3251 351 351 a3€1
_mutt ux_mut Uy — 21012 us(u x)z (ut)z(ux)z_ o1 u? ux(ux)zflt
_aZglu (u )2 232§1u o aSgl o 3351 ( )2 a3§1 y
2 Yt g2 Wt Ualxe —atauannx tUr =3 Zannx t auanzntnx Uy
3251 8251 3251 8251 32@'1 3251
—mnxxutux—mnxunux—mnxutuxr—mumux—mututxux—mumuxm
5€1 351 ) 52@'1 aZgl ) 3251 agl
_%uttxux_ﬁ(utx) _mutuxx_m(ut) uxx_mntutuxx_ﬁunuxx
N T L - . L0
au t%xxt at_axan tnx axauan t T)x axanz tnxnt axan ttnx axan [nxt
aSé‘l 3351 3351 6261 32&:1

_6t8u3n uxutnx_auzanux(ut)znx_ au—anz Uy Ul x Tt — 8u6n uxtutnx_muxuttnx

32 1 . 3351 y ( )2 3351 (u )2( )2 3@‘1 ( ) aZglu ( )2
Judn x Ut xt oion? t\Nx Sudn? ) \Mx o Nx) Nt on? rt\Mx
3251 251 261 3251 agl agl
anz UNxNxr— atﬁn UpxTx — auan UrUpxT)x — 8772 UpxNxMe— %uttxnx_%utxnxt
aZgl aZgl ) aZgl agl agl 3352
_mutnxx_m(ut) nxx_a_nzutnxxnt_a_nuttnxx_%utnxxt_mux
B 3352 o 5352 y _aZgZu B 5252 (u )2_ 5352 y (u )2_ 5352 (u )2
duox M T gxzon T T g Y T graxou Y T axouwz ' M T Gxauan M

183



3252 . asgz y 3352 y y 3352 3252 y 3252 y
oxou xUxt 6té’xannx X 6x6u6‘n t1xUx axanznx UxT)— axannxt X axannx xt

B 32&2 y 32§2 o 3252 y _a_é’zu B 3352 (u )2_ 5352 y (u )2
ox0t T Guox M T Gxan T Gy Mt T Graau Y T gxowe
3352 ) 252 33&2 3 3352 3 3352 3
—mm(ux) P uxt_m(ux) up(uy)’ — auzanfh(ux)
252 352 3352 352 252
(x)z xt mnx(ux)z_mutnx(ux)z_a—anzntnx(ux)z ER annxt( )
—Zﬁn U U 252 —— U, U 2gzu U U o%¢" ——N:U U 26§2u u —Za—gzu u
auan xWUWxUxt ™ a at xWxx ™ a 2 tUxUxx— a an t4x“Yxx au xtYWxx au xYxxt
3362 3252 a3€2 3252 5252
_Wuxnx_W“tuxnx_W”tuxnx_muxtnx_muxnxt
asé‘Z ) 3352 2 635:2 3252 aZgZ )
- > — ) - >
atauan(MX) MNx auzanut(ux) “ou on z(ux) NxNe auanuxuxmx 5’u3n(MX) Nxt
3362 9 6352 3352 2 32(:2 9 aZgZ
—mux(nx) —Mutux(nx) o SNty (0) —a—nzuxt(ﬂx) _za_nzuxnxnxt
32€2 aZgZ 3252 5&*2 352 3252
_Tanuxxnx_mutuxxnx_a_nzntuxxnx_%uxxtnx_%uxxnxt_muxnxx
6252 5252 352 agZ azé‘l 6251
_mutuxnxx_a_nzntuxnxx_a_nuxtnxx_%uxnxxt_muxt_mutuxt
32 1 0 1 32 1 32 1 32 1 0 1
5 S NelUxr— g uxtt_—guxuxt__gutuxuxt_—&:ntuxuxt__g(uxt)z
Bnax ox Jtdu ou? oudn du
aé‘lu y 3251 o aZgl Do aZgln Do agln y agln y
ou xUxrt — 31‘31’) xUxt— 37’]3 UrN)x Uxt 31’]2 tix“%xt 0x xtYxt an xUxrt
3252 ) aZgZ o aZgZ agzu aZgZ o aZgZu .
0tdx XX udx tUxx axannt xx 0x xxt ouot xUxx ENE tUxUxx
B 3252 T’ o _agzu y _3§2u y B 525217 y B 3252 un y _325277 n y
auan tY%x%xx au xt%xx au xYWxxt anat X xx anau t'Ix“%xx anz t'Ix%xx
oz oz o _ea gl o og o og o
an S NxtUxx— on S NxUxxe EP: Uxxt ou U Uxxt an NeUxxr o1 Uxxx ou UrUxxx
0&?
— 3 NitUxxx-
an
(D.4)
The first determining equation is given by
awl awl awl agl 551 561 662 3@'2 352

0=eylu, + + u; +

or | ou on 1T oy T gy M T gy T gy T gy et T gy T
+eu(a;f 33"“+35’f7n—§5—2§—%n—aa—g—i—g()—%n)
+a;b2 aaz’fu alf;nx Zélm—iiluxm—i—ilmm Ziznx ?:nxux—?—iz(nx)z

1 831 631 631 331 331 331
2 2(3tgbx2+3u;bx2ut+8n;px2m 3t5‘f&‘uu +5’x;‘pu2u ta Wwﬁnmux
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aZwl a3¢1 a3¢1 a3¢1 lel a3¢1

Y oxon  aroxon " axouon T gxane M  Gxon T Y Giaxou
33#}1 3¢1 21./)1 a3¢1 ) 31/)1 ) 331,/)1 )
a a 2u u a a anntux a a ata 2( x) + auS ut(ux) +auzannt(ux)
621/)1 Sl/Jl 31/)1 3l/J1 521/)1 azlpl
2 —_ T —_r
+ auz uxuxt a[auar]nx x ana 2 tnx X anzauntnxux+anaunxtux+anaunxuxt
321/)1 azlpl 2¢1 31/11 5?’l/)1 5?’l/)1
T otou T e ”‘”xx+anau”‘””+ 2u T Groxon +axauan””7x
a3¢1 21)01 33¢1 3¢1 331,01 Zwl
321/)1 a3¢1 2 331/)1 2 a3¢ 32¢1 32¢
e xnxt+at—ar)2(nx) o e (1) + R ne(n:) + 2 Mt ¥ Gra i
321/)1 Zwl awl 835:1 aSgl ) 351
5 anutnxx anz T’tnxx an = Nxxt— 010 x2 ut_auaxz(ut) _mntut
32 1 63 1 3 1 33 1 82 1 32 1
- 3 Upr— 3 UxUs— o 55— (u t)z —guxumt——guxrut——guxun
0x2 otdudx du2dx oxdudn oudx oudx
A i Sy SR i SR i S i S
oroxon M T gxouon Y T gxon T T G T T o T T Grax
B 3251 . 5251 o a_glu B 3351 o aBgl (u )Zu B aBgl uy
dudx ' gxon 'Y ax U groxou Y oxouz UV Y oxduon
aZgl 3251 3351 ) 3351 ) ) aSgl )
T aray Lt T gy et T Gy g e ()T — S () (ue) - Gnauz ue(uy)™n;
32 1 52 1 33 1 53 1 33 1
g utt( x)2_2 5 utuxuxt_—gnxutux_—gnx(ut)z ux_—gntnxutux
C ou? ou? Jdtdudn du?2dn ouon?
3251 aZgl 3251 3251 3251 aZgl

_3u37’]n“utux_3u5’r]nxu”ux_5uannxutuxt_mutxux—Wututxux—mutxuxnt

_ﬁ_élu u _5_§l(u )Z_EU u 3251(u 2 u, ﬁ U.u _6_@’1u u
oy Hrtxle= 5 s Droy ttexT Gz (e auanﬂt tlhox = 5 Urelhx
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Appendix E

Table of results for the NB equations

In this appendix, newly discovered results relating to the horizontal component of the fluid
velocity and the surface elevation for the dimensionless NB equations representing a soli-
tary wave propagating from left to right are presented. These results can be used as a com-
parison to numerical and experimental results. In investigating the solutions, we consider
the effect of varying the wave speed ¢? whilst keeping the non-linear parameter € and the

dispersive parameter u constant.
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E.1 Casel:0<c?<

c? F, F E—F G, E,, Gy
% -304 -242 -59 -622  -0.0094 0.0032

= -298 -240 -58  -665 -0.0094 0.0034
= 291 -236  -55 -740  -0.0095 0.0037
5= =281 -232 -49 -841  -0.0096 0.0041
5 =268 -227  -41  -1059 -0.0099 0.0046
5 =249 -220 -29  -1658 -0.0104 0.0055
& -242 -218 -24 -1687 -0.0106 0.0058
& =235 -215 -20 -1925 -0.0110 0.0062

% 226 -213 -13  -1319 -0.0114 0.0067

% -210 -216 6 -100  -0.0122 0.0075
s -208 -211 3 -36  -0.0127 0.0080
m 206 -207 1 0  -0.0134 0.0086

Table E.1: Results for the fluid velocity in the horizontal direction and surface elevation of the soli-
tary wave in the region F < 0 for varying wave speeds where € =0.005 and u = 0.06.
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c? K E E-h|K G, E,, Gy,
L 487 305 -182 -355 0.0094 -0.0032

4 492 306 -186 -354 0.0094 -0.0034
& 497 307 -190 -352 0.0095 -0.0037

-~ 504 308 -196 -351 0.0096 -0.0041
-4 512 309 -203 -350 0.0099 -0.0046
-~ 523 310 -214 -349 0.0104 -0.0055
L 526 310 -217 -348 0.0106 -0.0058
L 530 310 -220 -348 0.0110 -0.0062
L 534 310 -224 -348 0.0114 -0.0067
L 538 310 -228 -347 0.0122 -0.0075

== 540 310 -230 -347 0.0127 -0.0080

15.

(&2}

= 542 310 -232 -347 0.0134 -0.0086

15.1

Table E.2: Results for the fluid velocity in the horizontal direction and surface elevation of the soli-
tary wave in the region F > 0 for varying wave speeds where € = 0.005 and u = 0.06.
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L2l
E.2 Case3: <c“<j3

¢c> K EKE E-F G
L. 543 310 -233 -347

L 545 310 -235 -348
L 547 310 -237 -349
+ 575 308 -267 -367

584 307 -277 -373

O

596 305 -291 -380

ol

610 302 -308 -389

~ =

627 298 -329 -400

D=

650 289 -361 -415

(S0

683 273 -410 -436

NS

5-’°|,_.
o

705 258 -447  -450

729 238 -491 -465

2l
b ]
—

Table E.3: Results for the fluid velocity in the horizontal direction and surface elevation of the soli-
tary wave in the region F > 0 for varying wave speeds where € =0.005 and u = 0.06.
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E.3 Case7:1<c?<o0

c? K G, E, Gy,

1.1 19 20 0.034 0.033
1.5 85 115 0.033 0.024
2 152 267 0.033 0.019
3 252 672 0.035 0.016
4 329 1276 0.038 0.014
49 386 2034 0.040 0.013
5 392 2148 0.041 0.013
6 445 3251 0.043 0.013
7 492 4735 0.046 0.012
8
9

534 6463 0.048 0.012
572 8116 0.050 0.012
10 607 9495 0.052 0.011
11 640 10874 0.054 0.011

Table E.4: Results for the fluid velocity in the horizontal direction and surface elevation of the soli-
tary wave in the region F > 0 for varying wave speeds where € =0.005 and u = 0.06.
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