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Abstract

Ordinary second order linear differential boundary value problems are of great in-
terest in the study of physical systems, despite this and the length of their history
they have many aspects which have only recently been understood. The aim of this
work is to examine the geometric and functional analytical approaches to the study
of Sturm-Liouville eigenvalue problem with separated boundary conditions. In par-
ticular, the following sub-problems will be investigated: Self-adjointness, oscillation
theory, variational formulations and the completeness of eigenfunction expansions.
The construction of Self-adjoint operators will be studies through deficiency indicies
and through symplectic geometry. After the classical variational problem is identi-
fied and studied, Lusternik-Schnirelmann theory which is a topologically invariant

variational principle will be examined.
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Chapter 1

Introduction

1.1 Basic Overview

The focus of this dissertation is the interplay between geometric and function analytic

approaches to the study of the differential equation

% {p(aﬁ)%l + ()\ — q(x))y =0, x € [a,b), (1.1)

with boundary conditions
y(a)cosa —p(a)y'(a)sina = 0, (1.2)
y(b) cos B — p(b)y'(b)sin B = 0. (1.3)

Here p, ¢ and p’ are real and continuous on the closed interval [a, b], —c0 < a < b < o0,
with p(x) > 0 and « and (3 are real. The associated differential operator, L, is given

by
_d
dx

d

[p(x)—} +q(x), (1.4)

L:
dx

with domain

D(L) = {f € L*([a,b]) : f,Lf € AC, f satisfies (1.2) and (1.3)}. (1.5)
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Finding the values of A for which (1.1), (1.2), (1.3) has a non-identically-zero solution,
will be referred to as the Sturm-Liouville eigenvalue problem. Prominent methods for
studying this problem will be reviewed and an attempt made to lay down a unified

framework that shows the connection between the different approaches.

1.2 History

It has been shown, see chapter 3, that a second order linear ordinary differential
equation (1.1 with p(x) > 0 and p(z), p'(z) and ¢(x) continuous on (a,b), can be

represented in the Sturm-Liouville normal form

—y" +qy =My,
by suitable transformation of the dependent and independent variables (the so called
Liouville transformation). Many differential equations appearing in physics can be
transformed or decomposed into Sturm-Liouville problems, thus making Sturm-Liouville

problems an important area of study for mathematical physics.

The first developments in this area were carried out by Jacques Sturm, see [39] and
[38]. Here he investigated the qualitative properties of the eigenfunctions. This
work was expanded on by Joseph Liouville, see [25], [26] and [27], in which he studied
eigenfunction expansions and their convergence. For a more detailed history of Sturm-

Liouville theory see [29].
The problem (1.1)-(1.3) can be reposed as an operator eigenvalue problem
Lz = Az, x € D(L), (1.6)

where L, as defined in (1.4)-(1.5), is a closed densely defined operator in a suitable
Hilbert space. Here A is an eigenvalue and x is an eigenfunction if x # 0 and (1.6) is

obeyed. This formulation will be studied in greater detail in chapter 2.

An important part of the the theory of regular Sturm-Liouville operators is that the

eigenvalues form a countable set of real numbers which is bounded below and has no
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finite accumulation point and can thus be listed as an increasing sequence,
A <A <o <\, <o < 00, (1.7)

The eigenspace of the eigenvalue, \,, is one-dimensional and consists of scalar multi-
ples of an eigenfunction, f,(x), which has n zeros in the interval (a,b). The sequence

(fn) can be normalized so as to form an orthonormal basis for £3([a, b]).

The relative location of the zeros of these eigenfunctions was studied by Sturm and is
formulated in what is now known as Sturm’s separation, comparison and oscillation

theorems, see Ince, [18].

These results have been reproved in various different contexts and by various methods,
see Ince, [18], Coddington and Levinson, [3]. These proofs are more function analytic
by nature. Ince’s proof makes heavy use of the Picone’s formula, which can be seen
as Green’s formula in a different form, see chapter 4. In Coddington and Levinson,
[3], a Priifer angle approach is taken. A direct geometric formulation of the above
eigenvalue problem was carried out in terms of the, so called, Priifer angle by Priifer
and Kamke, [21], and studied via algebraic topology by Arnold, [1]. Edwards, in
[9], connected the classical analytic approaches mentioned above with such geometric

concepts as bundles, homotopy classes and orbits.

The development of linear operator theory by Hilbert and von Neumann, gave rise
to a general spectral theory, discussed in [28]. This is applicable to (1.1)-(1.3) when
formulated as an operator eigenvalue problem (1.6). As a consequence apparently dis-
similar expansion formulae can be unified as eigenfunction expansions corresponding
to different sencond-order differential equations, see [41]. The spectral theorem for
self-adjoint (unbounded) operators in a Hilbert space, see [17, pp. 257], can be seen
as a generalization of the Hilbert-Schmidt theorem for compact self-adjoint operators,
see [17, pp. 202]. We note that the spectra of operators such as the Sturm-Liouville
operator above are of interest in quantum mechanics where the eigenvalues repre-
sent the energy levels of the quantum system which the operator represents, see [40,

chapter 9].
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To use the spectral theorem to study generalized eigenfunction expansions associated
with an ordinary differential equation, first an appropriate self-adjoint operator, L,
must be found, which represents the boundary eigenvalue problem for the differential
equation and the imposed boundary conditions, see (1.4)-(1.5). This relation is exam-
ined by Kodaira, [22], with special attention to the singular case. A more geometric
point of view is investigated by Markus and Everitt, [10], with the use of symplectic

geometry.

1.3 Chapter Structure

In chapter 1.2 we give a brief history of the subject with references to some of the

important contributions that relate to the work presented.

Chapter 2 focuses on the functional analytic background for Sturm-Liouville operators
on a finite interval. The self-adjointness and domain of the operator (1.4) will be
given detailed consideration here. Also considered are eigenvalue problems and the
existence and uniqueness of solutions for their associated non-homogeneous problems.

These developments will be used in chapters 3 and 6.

In chapter 3 we introduce the Sturm-Liouville expansion and study its convergence

properties. Also considered are some common eigenvalue asymptotic approximations.

We examine in chapter 4 the qualitative properties of the eigenfunctions in the form of
the Sturm Oscillation theorem. This theorem is proved using analytic and geometric
arguments. These classical results prepare the reader for the variational approach to

eigenvalue problems considered in chapter 5.2.

In chapter 5 the calculus of variations and topological considerations are used to
obtain a general minimax principle. This also yields a partial proof for the Sturm

Oscillation theorem known as the Courant nodal domain theorem.

The geometry of the boundary symplectic space is the focus of chapter 6. Here
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self-adjoint boundary conditions are characterized as Lagrangian subspaces of the

boundary space. The Group of transformations of this space is also considered.

Chapter 7 gives an overview of the work presented as well as possible future research

directions.



Chapter 2

Functional Analysis Approaches

2.1 Introduction

Functional analysis in its modern form has seen a fairly rapid development in the
last century. The acceleration of its development began in 1900 with pioneering work
on integral equations carried out by Fredholm, see [12]. Fredholm’s insights where
embraced by David Hilbert who saw that integral equations where an abstraction of
systems of linear equations. In 1912 he published his famous papers, see [15], where he
extended the principle axis theorem to integral equations and showed that arbitrary
functions could be represented linear combinations of eigenfunctions. Further rigour
was introduced through abstraction by Fréchet with the introduction of functional
calculus and function spaces which where endowed with a suitable metric. The the-
ory of function spaces reached its maturity with Banach’s thesis published in 1922 on
abstract treatment of normed function spaces which are complete, see [2]. Although
not mentioned here in detail, other mathematicians that played an important role in
the formulation of functional analysis are Lebesgue, Riesz, Fourier and Titchmarsh.
Functional analysis has become an indispensable tool in studying differential equa-
tions. In this section we will only look at those aspects of functional analysis relevant

to the study of the regular boundary value problems described above.
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2.2 Operator Theory

A linear operator L densely defined in a Hilbert space H is bounded if and only if
it is continuous on its domain. In this case the operator L has a unique continuous
extension to the whole of H and, as is customary, it will be assumed that this extension
has been made, giving D(L) = H. For a bounded linear operator L in H the image,
under L, of the closed unit ball in H is norm-bounded and the infimum of the norm-

bounds is denoted || L] < oo and is called the norm of L.

An operator L is said to be closed if for each convergent sequence (x,,) in D(L) with

(Lx,,) convergent, we have that x = lim,, oz, € D(L) and Lz = lim,,_,, Lx,,.

If L is bounded and D(L) is closed then the operator L is also closed, see [17, pp.
103]. The graph G(L) of L is the linear subspace of H x H consisting of all elements of
the form [f, Lf], where f € D(L). The inverse graph, G'(L), consists of the elements
of H x H of the form [Lf, f], where f € D(L). The Closed Graph Theorem states
that if L is closed and D(L) = H then L is bounded, see [17, pp. 106].

The dual space H* of the Hilbert space H is the linear space consisting of all contin-
uous linear functionals on H. The Riesz representation theorem, see [17, pp. 168],
gives a conjugate linear isometry between the dual space H* and H. In particular to
each element g € H there is a unique g* € H* given by ¢*(f) = (f, g) for each f € H.
The map given by g — ¢* between H and H* is isometric and surjective. Thus the
points of H and H* can be identified with one another making each Hilbert space
self-dual.

We recall, see [24], that the closed unit ball in a Hilbert space is compact if and only

if the Hilbert space is finite dimensional.

The adjoint of the densely defined operator L is defined to be the operator L* with

domain

D(L*)={g€ H:(Lf,g) = (f,h) for all f € D(L), for some h € H}



CHAPTER 2. FUNCTIONAL ANALYSIS APPROACHES 8
and, for g € D(L*), L*(g) is uniquely specified by

(Lf,g) = (f,L"g) for all feD(L). (2.1)

It is essential that L is densely defined as otherwise the adjoint is not uniquely defined.

The adjoint of a densely defined linear operator in a Hilbert space is a closed operator.
This follows from the fact that G’(—L*) = G(L)*, see [17, pp. 182]. Here G(L)* is
the orthogonal complement of G(L) in H x H which is a closed set. A set S is said
to be compact if each open cover of S has a finite subcover. The set S is relatively
compact if S is compact. In the setting of metric spaces (and thus for normed space)
compactness and sequentially compact are equivalent. A set S is sequentially compact
if every sequence in S has a convergent subsequence with limit in S. An operator
L is compact if it maps bounded sets to relatively compact sets. It should be noted
that the adjoint of a compact operator on a Hilbert space is again compact, see [17,

pp. 195].

A set S of real valued functions on [a,b] is said to be equicontinuous if, for every
€ > 0, there is a § > 0 such that |f(z) — f(y)| < e for all f € S and z,y € [a,b]
with |z — y| < J. In finite dimensional normed spaces closed and bounded sets are
compact, but this is not in general true in infinite dimensional normed spaces. A
useful characterization of compact sets of continuous functions on an interval [a, b] is
given by the Arzeld-Ascoli theorem. This states that a set S C C([a, b]) is uniformly

bounded and equicontinuous if and only if S is relatively compact, see [17, pp. 154].

2.3 Spectral Theory

Spectral theory is concerned with studying the properties of the equation
(- L)f =g, (2:2)

as A and g vary. Our interest is in the particular case where L is as defined in (1.4),

f € D(L) and g € L*([a,b]). Tt is of significance to know for which A values the
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above equation has a solution and whether that solution is a unique solution. If the
map A\ — L is surjective and one-to-one on its domain then (Al — L)~! exists. If, in

addition, (A — L)™' is continuous, denote
R\ L) = (M — L), (2.3)

and call this operator the resolvent of L. The set p(L) of A € C for which the resolvent
map R(\; L) exists (and is bounded), is called the resolvent set of L. The set o(L)
which is the complement of the resolvent set in C is called the spectrum of L. The
spectrum can be broken down into three parts:

(a) the point spectrum o, (L), which consists of eigenvalues A € C, that is A for which
the equation,

Af = Lf, (2.4)

has a non-zero solution f, called an eigenfunction;

(b) the continuous spectrum o.(L), which consists of A € ¢(L) for which (A — L) is
one-to-one on its domain with R(AI — L) dense in H;

(c) the residual spectrum, o,.(L), consists of those A € C for which (A — L) is one-

to-one on its domain but for which R(A — L) is not dense in H.

It will be shown later that for the linear operator L, see (1.4)-(1.5), in the Hilbert
space £2]0, 1] associated with the problem (1.1), the resolvent operator is compact.
This will assist with the characterization of the spectrum of L and the study of the

expansion of an arbitrary function from £2[0,1] in terms of the eigenfunctions of L.

Theorem 2.1 The Fredholm Alternative Theorem!

Let T be a compact linear operator in a Hilbert space H. If A # 0, then one of the
two alternatives holds:

(i) The homogeneous equation, (A —T')f = 0 has only the zero solution. In this case
A € p(T), and the resolvent operator R(\;T') exists on H.

(ii) The homogeneous equation, (Al —T)f = 0, has a non-zero solution and thus

Lef. [17, pp. 198]
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A € 0,(T). In this case there is a solution of (AN —T)f = g if and only if g € N(A —
T*)*.

Theorem 2.2 Let T be a compact operator on a Hilbert space H. If X # 0 then
N(M —T) is finite dimensional.

Proof: Let S be a closed unit ball in N(A — T'). Since T' is compact, T'(S), is
relatively compact, so for each sequence {f,} in S, there is a subsequence of {f,},
which we again denote by {f,}, so that T'(f,) is convergent. However T'f,, = Af,,
thus {\f,} is convergent, giving that {f,} is convergent. So each sequence in S has

a convergent subsequence in H and thus in S (as S is closed). Hence the closed unit

ball in N(A —T') is compact, making N(AI — T') finite dimensional. ~ H

Theorem 2.3 Let T be a compact operator defined on H = L2([a,b]), then the spec-
trum of T consists only of discrete spectrum and the point 0. Here each non-zero

eigenvalue has a finite dimensional eigenspace.

Proof: Firstly, suppose 0 ¢ o(T), hence T~! exists and is bounded, furthermore
R(T) = H. Thus T is a homeomorphism from H to H. Let S be a closed unit ball
in H, then T(S) is closed. Also as T' is compact, T'(.S) is relatively compact making
T(S) compact. Thus S = T~'T(S) is the continuous image of a compact set and is

thus compact, making H finite dimensional, contradiction. Thus 0 € o (7).

Now for A # 0, if A ¢ p(T), then by theorem 2.1, we see that the only alternative is
for A to be an eigenvalue, i.e. in the point spectrum. Finally, theorem 2.2 completes

the proof. ®

Theorem 2.4 The set of eigenvalues of a compact operator T, is at most countably

infinite with the only possible limit point being zero.
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Proof: Suppose on the contrary that for some ¢ > 0 there is an infinite sequence
{A\n} of distinct eigenvalues of T' such that |A,| > € for all n. Let {f,} be a sequence

of eigenfunctions of T" associated with the sequence \, of eigenvalues. Let M,, be the

linear span of fi,..., f,. The eigenfunctions fq,..., f, are linearly independent. To
see this observe that if f1,..., f,, are linearly independent but fi,..., f,.1 are linearly
dependent, then there are scalars aq, ..., «, so that
Jnt1 = zn:aifi- (2.5)
i=1
Multiplying (2.5) by A,11 gives
Ant1fnt1 = i @iAn1fi- (2.6)
i=1
Applying T to (2.5) gives
A1 [ = i i fi- (2.7)
i=1
Subtracting (2.7) from (2.6) yields
0= iai()\nﬂ — i) fi- (2.8)
i=1
Since fi,..., f, are linearly independent from (2.8) we conclude that

ai()\n+1 _)\z> :O, for ¢ = 1,...,n.

By assumption A\, 1 # A\;,i = 1,...,n, giving o; = 0 for all i = 1,...,n, which with

(2.5) yields f,+1 = 0, a contradiction.

Thus M,, is an n dimensional space and is a proper subspace of M, 1. There is a

sequence? (g,) such that for each n > 1, g, € M,, ||gn]| = 1 and

lgn = Il = 1/2 forall  fe& M. (2.9)

2¢f. [17, Hutson,Pym and Cloud, page 213], problem 7.7. This can be solved using the orthogonal

decomposition of M.
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n
For each n > 0, we may represent g, = Z a; f; for some a; € C. Since g, is a sum

i=1
of the eigenfunctions fi,..., f, we have that T f,, € M,, as well as

n—1

Ml = T)gn =D (A = M) S, (2.10)

j=1
hence (A, I — T)g, € M, _1. Let m,1 < m < n be an integer and set f = (\,I —
T)gn + Ty, from (2.10) we see that A1 f € M,,_;. Here

Tgn - Tgm = )‘ngn - ()‘ngn - Tgn + TQM) = /\n(gn - )‘;1]6) (2'11)

Now, using (2.9) and the above gives || Tg, —T'g,|| > £|\,| > 1e. Hence the operator
T maps a bounded sequence (g,,) to a sequence (7'g,) with no convergent subsequence,

contradicting the compactness of 7. H

We now give the well know Hilbert-Schmidt Theorem, see [17].

Theorem 2.5 Hilbert - Schmidt
The eigenfunctions of a compact self-adjoint operator, T', on a Hilbert space H, form

an orthonormal basis for H.

Proof:  Let M be the closure of the linear span of the eigenfunctions, {v,}, of
T. Then, from a well known projection theorem, H = M+ @& M. It is clear that
TM C M and for f € M*, we have,

(Tf,h)=(f,Th)=0, forall he M, (2.12)
as Th € M. Thus T (/\/ll) c M.

Denote the restriction of T'to M+ by Ty, hence TyM+ C M+ and T is compact and
self-adjoint. Here Ty has no eigenvalues, since otherwise T would have eigenvalues in

M. This is not possible by the definition of M.

From theorem 2.3, the spectrum, o(7}), may only contain zero and eigenvalues of T,

giving o(7Ty) C {0}. Hence r,(Ty) = 0 and, since ||Ty|| = r,(To), [17, page 100], we
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see that Ty = 0. This gives TM* = 0, which implies that every element of M= is an
eigenfunction of 7" to the eigenvalue 0. Thus M+ C M, giving M+ = 0 and H = M.
|

With L defined as (1.4) and (1.5) from the Sturm-Liouville problem, although L is
not compact or even bounded, (AI — L)™' is compact if A\I — L is one-to-one. Since
L can be shown to be self-adjoint, it follows that the spectrum of L is contained
in the reals. The spectrum of L consists of a sequence of real eigenvalues with no
finite accumulation point. Let p be a real number in the resolvent set of L. Now
(uI — L)~ is self-adjoint and compact. Thus by the Hilbert-Schmidt Theorem the
eigenfunctions, {¢,}, of (uI — L)™' form an orthonormal basis for £2[a,b]. A simple
computation shows that each of the eigenfunctions ¢, is also an eigenfunction of L
and visa versa. Consequently the eigenfunctions oofO L form an orthonormal basis for

L?[a, b]. Hence for each f € £2[a,b] we have f = Z(f, On)®n and

n=1

T)f = Z(f ¢" . (2.13)

n=1

>/

3 is a generalization of the Hilbert-Schmidt theorem to closed

The spectral theorem
unbounded operators. It gives a constructive way of obtaining a generalization of
the orthonormal basis expansion, discussed above, for a closed self-adjoint operator,
provided the spectrum is known and that there is an explicit formula for the resolvent
operator. The spectral theorem asserts that the expansion of an arbitrary function in
terms of generalized eigenfunctions (or more precisely projectors) can be calculated by
integrating the resolvent around a contour containing the spectrum. For self-adjoint
operators the spectral theorem yields the following formula,

lim P(—\\)f = f (2.14)

A—00

3cf. [17, page.257)
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where

(PO, M) frg) = lim Tim — /A RO e L) - RO+ ic D) f.g)dh. (2.15)

§—0t e—0+ 271 146

2.4 Deficiency Indices

In this section we outline the theory of deficiency indices and its application to con-
structing self-adjoint extensions of symmetric operators. A closed linear operator L
in H is symmetric if and only if its domain is dense in H and it satisfies the following

equivalent conditions:

(2) (LOf’g>:(f7L0.g>’ f?geD(LO)v
(i1) Lo C L.

When defining a self-adjoint operator we first consider a symmetric operator with a
severely restricted domain. We then search for a linear subspace satisfying D(Lg) C
M C D(L§) to which the operator Ly has a self-adjoint extension. To determine

whether this is possible it is advantageous to study the closed linear spaces
Ny =N(Ly—iI) and N_=N(Lj+i).

The spaces N, and N_ are called the deficiency spaces of Ly. The difference between
Ny and N_ measures the extent to which the operator L, fails to be self-adjoint,
in that, if Ly were self-adjoint then Ny = N_. Their dimensions, denoted by n4

respectively, are call the deficiency indices of Lg, and for simplicity we write them as

(ny,n_).

The next lemma, based on [17], clearly shows how the adjoint of Ly is related to the
deficiency spaces. The starting point is a well known decomposition of the Hilbert
space H via the operator Ly, see [31]. Let Ly be a symmetric operator on ‘H and let
ImA # 0 then H can be decomposed into a direct sum of closed orthogonal subspaces

as follows,

H = R(Lo — \) @ N(Li — AI). (2.16)
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The remainder of this section is based on a reworking of parts of [17].

Lemma 2.6 Let Ly be a closed symmetric operator, then

D(L) = D(Lo) & Ny & N_.,

Proof: Let f € D(L{), then using the decomposition (2.16) we have

Lif —if = (Log —ig) + h_ for some ¢ € D(Lg), h- € N_. (2.17)

1

Rearranging the above equation and adding Lj(—3

ih_) to both sides gives
. 1. , o L
Lilf g~ in) = i(f — g) + h_ + Ly(~5ih)
1
=i(f—g)+h_ — §h— since Lih- = —ih_.

= i(f g ih)

It is now clear that f—g—%ih_ € N,. Hence setting ¢_ = %z’h_ and ¢, = f—g—%ih_
we have

f=9g+¢_+ o4 for some ¢ € D(Lg), ¢+ € Nx. (2.18)

Since D(Ly) and Ny are contained in D(L{), we will be done if we can show that the
representation is unique, that is if f = 0 implies g = ¢_ = ¢, = 0. Apply L§ — il to
(2.18) and note that (L —il)¢, = 0 and Li¢p_ = —i¢_. Thus

(L — il)g — 2ip_ = 0.

The decomposition in (2.16) is as a direct summation yielding g = ¢_ = 0. Similarly,

applying L§ — il to (2.18) we have ¢, = 0 which completes the proof. ®

A direct consequence of the last lemma is that the domain of any linear extension,
Ly, of Ly satistfying Ly C L1 C L§ can be described as D(L;) = D(Ly) & N where N

is a unique linear subspace of N_ & N,.
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Definition 2.7 Let the bilinear form (-,-) on D(L§) x D(L) be defined as follows
(f.9) = (Lof,9) — (f, Log)  for f, g € D(Lg). (2.19)
Let the adjoint N* of N be the linear subspace such that
N*:={feN_@®N, : (f.g) =0 forge N}
The space N is said to be symmetric if N C N*. The space N is said to be self-adjoint

if N = N*.

Lemma 2.8 Let Ly be a closed symmetric operator on a Hilbert space. A function

f € D(L) is also in D(Lyg) if and only if the following equivalent conditions hold:

(i) (f,g) =0, forall geD(L;); (2.20)
(i1) (f,¢) =0, forall ¢e& N_@ N,. (2.21)

Proof: We begin by proving the necessity and sufficiency of (). As Lg is closed
we have L§* = Ly. Thus from the definition of the adjoint, f € D(L{) lies in
D(L§) = D(Ly) if and only if

(f,g) =0, forall ge&D(L;). (2.22)

Now we prove the necessity and sufficiency of (ii). Necessity is a fortiori true since

N_& N, C D(L).

For sufficiency, using Lemma 2.6, every g € D(Lg) may be written as g = go + ¢ for
go € D(Lp) and ¢ € N_ & N, thus (2.22) becomes

Now (f, ) = 0 by assumption while (f, go) = 0 since L is an extension of Ly. Thus
in total we have (f,g) = 0 for all g € D(L{), giving condition (7). H
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Lemma 2.9 Let Lo be a closed symmetric operator in a Hilbert space and let L be

a linear operator satisfying Lo C Ly C L§. Then
D(Ly) =D(Ly) & N

and

D(L}) =D(Ly) ® N*

where N is a linear subspace of N_ @& N, . Furthermore Ly is symmetric if and only

if N is symmetric, and Ly is self-adjoint if and only if N is self-adjoint.

Proof: From above we have Ly C L; C L7 C L§. Hence, by Lemma 2.6, we can
decompose the domains of L; and its adjoint as D(Ly) = D(Ly) & N and D(L3) =
D(Ly) & P where N, P are linear subspaces of N_ & N, .

For f € D(L}) and g € D(L{), Lemma 2.6 shows that we may write f = fo + ¢ and
g = go + ¥ respectively, where fy, go € D(Lo) and ¢,9 € N_ & N,. Hence

(fr9) = (Lof,9) = (fs Log) = (Lif,9) — (f, Log)
= (fo,90) + (&, 90) + (fo, ) + (,7).

Thus by Lemma 2.8

(f,9) = (&,9). (2.23)

For g as above, Lemma 2.8 and (2.23) give g € D(L;) if and only if (¢, ) = 0 for all
pe P ie.pe P and N=P'. 1

Let Ly have finite deficiency indices n4. From methods of linear algebra we have
that if IV is a linear subspace of N, & N_ of dimension n, then N* has dimension
ny +n_—n. We can thus show that a symmetric operator has a self-adjoint extension

if and only if its deficiency indices are equal.
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A set of functions fi, ..., fr € D(L{) where f; = h; + ¢; for h; € D(Ly) and ¢; € Ny &
N_, are linearly independent relative to D(Ly) if the functions ¢, ..., ¢y, are linearly

independent.

Theorem 2.10 Let Ly be a closed symmetric operator with equal finite deficiency
indices, n := n_ = ny. Let fi,...,f, € D(L§) be linearly independent relative to
D(Lo) with

(fi,f;) =0 forall i,j=1,2 ., n. (2.24)

Let M be a linear subspace of H = L*([a,b]) given by
M:={feD(Lg) : (f,fi)=0,i=12.n} (2.25)

Then the restriction of L§ to M, denoted M, is a self-adjoint extension of Ly. Con-
versely, every self-adjoint extension K of Ly with domain IC can be obtained in this

way.

Proof: From Lemma 2.6, each f; can be represented as f; = ¢; + ¢; where g; € D(Ly)
and ¢; € Ny dN_. Let N C N. @ N_ be the linear span of the f;’s, then by definition
of N*, condition (2.24) guarantees that N is symmetric. Hence N C N*. Since the
dimension of N* and N are equal it follows that N = N* and N is self-adjoint. From
Lemma 2.9, the previous argument shows that the operator M, corresponding to Lj
restricted to the domain of M = D(Ly) @ N, is self-adjoint. Conversely, if I is the
domain of a self-adjoint extension K of Lg, then we have K = D(Ly) & K, where K is
self-adjoint. The result follows on constructing an appropriate basis for I satisfying

(2.24). m

For this theory to be applicable, a concrete representation of the bilinear form (-, -)

and the domains of D(Lg), D(L{) must be found. This is studied in the next section.
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2.5 Self-Adjoint Extensions

In the is section we will use the theory of deficiency indices to find an extension of
the operator L to a domain, on which this extension is self-adjoint. To do this we
find a maximal domain for which L can be extended and remain symmetric. In what

follows we let I(y) be the formal differential expression given by,

1) =~ | 2| + e

Here we require,

1/p,q € L[, b)) (2.26)

We will consider the non-homogeneous equation Ay — I(y) = ¢g and the related ho-
mogeneous equation Ay — [(y) = 0. We first prove an existence result which will be

necessary for calculating the deficiency indices. Consider the matrix equation,
y = Ax)y+ g(z), (2.27)

where § = (y1,..,yn) is a vector with components y,, € AC for 1 < m < n. Let
g(z) = (91(x), ..., gn(z)) and A(z) = (a;;(x)) be such that a;j, gx € L3,.([a,b]) for
1<i,j,k<n.

Denote |A(z)| := Zmax la;j(x)|. The following two theorem and their proofs are
- J

based on [41].

Theorem 2.11 There exists a unique solution to (2.27) which satisfies the initial
condition

y(xo) =40  for Yo € R" and zo € (a,b). (2.28)

Proof:  For any function gy satisfying (2.27) and (2.28), using the initial condition
(2.28) and integrating equation (2.27) gives

9(z) = o + / " (A©)(E) + 9(6) de. (2.20)

Zo
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Since y(€) is absolutely continuous, it is the integral of a locally integrable function
on [zg,z]. Hence it is continuous and bounded, so the integral on the right of (2.29)
exists. We see that g is a solution of (2.27) satisfying (2.28) if and only if it is a
solution of (2.29). It is therefore sufficient to show the existence of a solution to

(2.29). We proceed by the method of successive approximations.

Define recursively

Uni1(x) == o + / A©)yn (&) +g(&)de  forn=0,1,2,3,.... (2.31)

My () == max [yp41(t) — yn(t)]

ro<t<z

o) = [ 1A@ae

z0

From equation (2.31) we have

G (1) — () = / " A a6) — G ()1, (2.32)

o

We would like to show that the series of elements of the form (2.32) converges, to this

end we will prove by induction that

M,(z) < My(x). (2.33)

For n = 1 we see that equation (2.32) gives

|92(t) = 50 (8)] < Mo(t)/ |A(§)]dE < My(x) /m |A(§)[d§ = Mo(x)q(x).

Thus M;(t) < q(x)My(x) for 2o < t < x. Now suppose statement (2.33) is true for

n — 1> 0, thus by induction we have,

G () — r</ LA My (€ dé_ g (©)de, (234)

for xg <t < x. However, since |A(§)] = ¢'(£) almost everywhere,

/ A©)lg"(€)de = - / e =1, (2.35)

n




CHAPTER 2. FUNCTIONAL ANALYSIS APPROACHES 21

Statements (2.34) and (2.35) complete the induction, thus we have the following
bound

}: _ —~q
|yZ+1 - yz )| < |yo| + M(](ZL‘) E l = |y0‘ + M0<x)€q(m)‘
i=0
for ¢t € [z, ] In the above equation the limit of partial sums converges uniformly

on [zg,x]. Hence the sequence (7,) converges absolutely uniformly on every closed
interval to a function y which is a continuous solution to (2.29). As y is continuous
and a solution of (2.27) satisfying the initial conditions (2.28) it also follows that ¢ is

absolutely continuous.

To prove uniqueness, we assume there are two absolutely continuous solutions ()

and z(z) different from each other at some point greater than g, then

9(z) = o + / TA©FE) + g())de,

Zo

o) =0+ [ "A©)2(0) + 9(O)de.

Zo

Subtracting the above equations gives

9(z) — 2(z) = / " A)[(6) — =(e))de (2.36)

Zo

Let « be the largest number such that zZ(z) and y(x) coincide on the interval (z¢, ).

Set p(x) := max,<e<, |Y(§) — Z(€)], then from (2.36) we have the following inequality,

p(z) < max |7(€) — 2(€)] / A(€)]de = pla / A@©)de. (2.37)

alélz

Hence for all x sufficiently close to « such that

/ A@©)]de < 1,

we have p(x) = 0. Contradicting the maximality of «.  H

The above result can be applied to an arbitrary linear n-th ordered ordinary differen-
tial equation with suitable coefficients. In particular, our non-homogeneous equation,

Ay — I(y) = g, can be posed in matrix form (2.27) by setting

0 1/p - 0 - Y
A(x) := , g(x) = and y(r) = ,
g—XA 0 g Y
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Definition 2.12 Let A be the set of all functions, y, on |a,b] such that y and py' are

absolutely continuous and l(y) € L*([a,b]).

The above theorem guarantees the existence of a unique solution in A to the non-
homogeneous equation \y — I(y) = g for each pair of initial conditions y(a) = o and
py'(a) = ay. A fundamental system is a maximal linearly independent set of solutions
of the homogeneous equation. For the existence of such a fundamental system see

Naimark?.

The next theorem allows us to obtain the dimension of the deficiency spaces.

Theorem 2.13 The set of all solutions in A of the homogeneous equation,
I(y) — My =0, (2.39)

forms a linear space of dimension 2, i.e. each fundamental system consist of 2 func-

tions.

Proof:  Each solution y of (2.38) is uniquely determined by the initial conditions
a; = y(a) and ay = py'(a). Let z; and z; be the solutions of (2.38) obeying the
initial conditions z1(a) = 1 = pzi(a) and pzj(a) = 0 = z2(a). Then by the linearity
and uniqueness of the initial value problem, y = a;2; + as29. Hence every solution
of (2.38) is a linear combination of z; and zy. It remains only to show that z; and 2z
are linearly independent. If 0 = o321 + a2y then by evaluation of this equality and
p times its derivative at a we get 0 = a; and 0 = as. Hence z; and 2y are linearly

independent. MW

The Lagrange identity simplifies many of the subsequent calculations. It can easily

be checked via integration by parts. In particular, the Lagrange identity states that

(Uy),2) = (1, 1)) = [y, 2ls  where [y, 2]s = p(2)[y(x)2'(x) — 7' ()2 ()]

4ef. Naimark [31, pp. 58]

(2.39)
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The bilinear form defined in (2.19) has a concrete representation as (f, g) = [f, g]°.

Here [+, -]? is called the Langrange form associated with [.

Lemma 2.14 For arbitrary numbers ag, oy, By and By, there exists a function y in
A such that
Py®a)=a, and py®P ()=,  fork=0,1.

Proof: Let g = vzo + 7121, where zy and z; are a fundamental system of the

homogeneous equation such that (z;, z;) = ¢;; and

Vi = 2 (0) Bo + 2x(D) b1 (2.40)

Let v be the solution of [(v) = g which satisfies the initial conditions pv'(a) = v(a) =

0. Such a v exists by the note following theorem 2.11.
Using the Lagrange identity we obtain
(9, 21) = (1(v), 2) = (v, 1(z1)) + [v, 2]° for k=01 (2.41)
Here (v,1(zx)) = 0 and [v, 2], = 0. Thus we have,
Yo(20, 26) + 71(21, 20) = (9, 26) = [0, 2]” = p(B)[2(B)v(b) + 21 (b)v' (D).
Since (z;, zj) = 9y,

Yook + 1101k = p(b)[2,(0)v(D) + 2k (b)v'(b)],

giving -
Yo | | pzo(b) Z(b) v(b)
gt pz1(b) 21(b) | | pv'(b)
Thus —_
pz(b) z0(b) | | Bo | | pz(b) =0(b) v(b)
pA(b) 20) | | 6 p2(b) () | | prd)
Here Pz(b) 20(b) is invertible as its determinant in the Wronskian of z; and z

pz1(b) z1(D)
which are linearly independent. Hence p*v® (b) = 8, and v (a) = 0 for k = 0,1. In



CHAPTER 2. FUNCTIONAL ANALYSIS APPROACHES 24

a similar fashion, we can construct a w such that w® (b) = 0 and w™® (a) = ay. It is

clear that y = v + w is the required function. MW

From the above lemma, we can make the following deduction.

Corollary 2.15 Let g € L*([a,b]). There is a solution to l(y) = g with
py(a) =py () =0 fork=0,1, (2.42)

if and only if g is orthogonal to all solutions of 1(z) = 0.

Proof: Let g € £%([a,b]) and z1, 25 be a fundamental system of solutions to I(z) = 0,
with (2;,2;) = d;;. Let y be a solution of [(y) = g which satisfies (2.42). Now from
(2.41) we see that

(9, 21) = (L(y), z) = (v, 1(zx)) + [y, 25, = 0.

Since every solution of I(y) = 0 is a linear combination of z; and z,, it follows from

the above equation that ¢ is orthogonal to all solutions of [(z) = 0.

For the converse, suppose that g € £%([a, b]) is orthogonal to all solutions of I(z) = 0.
From the note prior to definition 2.12 it follows that {(y) = ¢ has a uniques solution

with y(a) =0 = py'(a). Now from (2.41) we see that

0=1(9,2) = (L), zx) = (v, (=) + [v, Zk]z = [y, Zk]g = [y, Zk]b>

where 21, 25 is a fundamental system of solutions to [(z) = 0. Thus

N ECREONRTD
22(b) pz(b) | | py(b)
. . 1(b) pzi(b )
Since 21, 29 is a fundamental system det = 0 giving =0
z2(b)  pzy(b py'(b)
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We define Ly and L to be the minimal and maximal operators associated with {. The

domains D(Ly) and D(L) respectively of these operators are given by

D(Lo) ={y € A | y(a) = py'(a) = y(b) = py'(b) = 0},
D(L) = A.

We call L the maximal operator since its domain is the largest linear space of functions
in £?([a,b]) on which the formal operator I(y) can be meaningfully defined. The
minimal operator Ly has domain, D(Lyg), so severely restricted that the domain of any
symmetric operator formed from the formal operator has domain containing D(Ly).
It will be shown that Ly and L are adjoint to one another and are hence closed.
In fact, D(Lg) is the closure of the space of functions in A with compact support
contained in [a,b]. An important decomposition for the space £2([a,b]), which will
be used to show the uniqueness of the adjoint, can now be formulated from Corollary
2.15 as

L*([a,b]) = R(Lo) ®N(L). (2.43)
The adjoint of the operator Ly is defined uniquely if the domain of Ly is dense in

L3([a, b]).
Lemma 2.16 The domain of Lg is dense in H = L*([a,b]).

Proof: We show that every element in ‘H which is orthogonal D(Lyg) is zero. Suppose
h € H is orthogonal to D(Lg) then we have

(h,y) =0 forall ye&D(Ly). (2.44)

By corollary 2.15 the equation {(z) = h has a solution z € D(Lg). It can be seen
directly for the Lagrange identity and the definition of Ly that Ly C L and

(2, Lo(y)) = (Lo(2),y) = (I(2),y) = (h,y) =0 forall yeD(Ly).  (2.45)

Thus z € R(Lg)* and from (2.43) we see that z € N(L). Thus h=L(z)=0. =

We will now show that L and L, are adjoint to one another.
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Theorem 2.17 Let L and Ly be as defined above, then L* = Lo and Lj = L.

Proof: We will first prove Lj = L by a double inclusion. Firstly we see that from
symmetry and Lo C L that (Loz,y) = (z, Ly) for x € D(Ly), y € D(L). Now since
the adjoint is the maximal extension we have L C Lj. We will be done if we can show
L D L§. Let g € D(L§) and set Lig = h. From the existence theorem (2.11) there is
a solution f € D(L) of Lf = h. For each k € D(Ly), using symmetry, we have

(k,h) = (k,Lf) = (Lok, f) butalso (k,h) = (k, L3g) = (Lok, g).

From subtraction we see that (Lok, f — g) = 0. This shows that f — g € R(Lo)*.
Hence, by (2.43), we have f — g € N(L). Since f € D(L), therefore g € D(L) and
Lg=Lf=h=Ljg. Hence Lj = L.

We now show L* = Lj. We already know that L* = L§*. Since L§* is the closure of L
we have L* = L§* D L. It is suffices, therefore, to prove L* C Ly. From symmetry

we have L = L§j D L* and

(Lg, f) = (9, L"f) = (9, Lf) for feD(L), geDL). (2.46)

Hence, by the Lagrange identity, [g, f]2 = 0, for all g € A. So, from Lemma 2.14,
pf'(a) = f(b) = pf'(b) = 0, giving f € D(Ly). Thus D(L*) C D(Ly), completing the
proof. MW

We may now employ the theory of deficiency indices. Since L{j = L, which was shown
in the previous theorem, we have that N'(Li — AI) = N (L — AI). Thus theorem 2.13,
setting A = ¢, shows that the dimension of N, is 2. Similarly, the dimension of N_ is

also 2. Hence the deficiency indices are (2,2), and we may apply theorem 2.10.

From Corollary 2.15 there exist functions f1, fo satisfying the following conditions,

fi(a) = —sina, pfi(a) = —cosa, fla)=0,  pfia)=0,
AB) =0, pfib) =0, f(b) =sin B, pfyb) = cos B.
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It is clear that fi, fo defined above, satisfies condition (2.24), that is, (fi, f;) = 0
for i, = 1,2. Suppose v fi(z) + d fa(x) € D(Lp), then from imposing the boundary
conditions we have the system of equations ysina = §sin§ = ycosa = dcos f = 0.
Solving the system shows that v = 6 = 0. Thus f;, f; are linearly independent
relative to D(Ly), and equality (2.25) of Theorem 2.10 gives that the restriction of L

to the domain
D(M) ={f € A: f satisfies boundary conditions (1.2) and (1.3)},

is a self-adjoint extension of Lg. All self-adjoint extension of Ly may be obtained in

this way, see [31].



Chapter 3

Eigenvalue asymptotics

3.1 Introduction

In this section we apply the functional analysis developed in chapter 2 to Sturm-
Liouville problems. We investigate a slightly different equation to (1.1), never the
less, we show through the Liouville transformation that (1.1) can be transformed to
the form under consideration. A concrete representation of the resolvent operator is
given in terms of the Green’s kernel. Following this, the spectral theorem is used
to obtain the completeness of the eigenfunction and hence eigenfunction expansions.
Asymptotic estimates of the eigenvalues are established through an approach studied
by Hochstadt [16], with these approximants, it is shown that the above eigenfunction
expansions converge in a manner similar to that of Fourier series. The method of

proof presented was developed by Titchmarsh [41, pp. 12].

28



CHAPTER 3. EIGENVALUE ASYMPTOTICS 29

3.2 The Sturm-Liouville Expansion

Toward our goal of studying the operator (1.4) related to (1.1), we will study the
Sturm-Liouville problem

%4_ (A —q(x))y =0, z € [a,b], (3.1)

with boundary conditions
y(a)cosa — 3 (a)sina = 0, (3.2)

y(b) cos B — 3/ (b) sin § = 0, (3.3)

and the associated differential operator
L=—— +q(x), (3.4)
with domain
D(L) = {y € L*(a,b) |y,y' € AC,I(y) € L*(a,b),y obeys (3.2),(3.3)}. (3.5)

Here ¢ € L'(a,b) and —c0 < a < b < oo. We will show later that under an
appropriate transformation (and smoothness conditions), the original problem, (1.1),

can be converted to (3.1) and that it is thus sufficient to study the operator (3.4).

In particular we study the non-homogeneous operator equation,
M —-L)f=y. (3.6)

What will follow can be seen as a particular application of the Hilbert-Schmidt the-
orem. The advantage of studying the problem (3.1) in this functional analytic way
is that it gives concrete representations of the eigenfunction expansion, the resolvent
and the Green’s function. In addition it provides a theoretical foundation from which

the eigenvalue asymptotics can be studied.

Let the wronskian of the solutions ¢ and x of (3.1) be denoted by w(\) and defined
by,
wA) = o)X () — ¢'(2)x(x). (3.7)
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By differentiating w(A) with respect to x and applying equation (3.1), we see that
w'(A) =0, and thus w(A) is independent of x.

Next we construct the Green’s function for (3.1)-(3.3). To this end solutions obeying

the boundary conditions at each endpoint are constructed.

Lemma 3.1 For A\ ¢ o(L)' there exist non-trivial solutions ¢(x,\) and x(x,\) to
(8.1) satisfying the boundary conditions (3.2), (3.3), respectively.

Proof: We have shown the existence? of solutions of (3.6) satisfying arbitrary initial
conditions. Now let ¢g(z, \), xo(x,\) be a pair of such functions forming a funda-
mental system of the homogenous equation (3.1). We know that the solution space
of the homogenous equation is two dimensional®, and may thus write each solution to
the homogeneous equation in the form ¢(z, \) = coo(x, A) + dxo(z, ). These initial

conditions may be set out as,
¢(aa )‘) sin & Qﬁo(d, )‘) XO(a'a /\) ¢
¢'(a, ) cosa hlaN) vo(a ) )\ d

Let the 2 x 2 matrix in the above be denoted by A(a, A), then

Aany = L Xo(a; ) —xo(a, A)

w<)\) _¢6(a> )‘) ¢0(a7 )‘)
Solving for ¢ and d, we thus have,

c 1 Xo(a, A)sina — xo(a, \) cosa
- : (3.8)
d w(A) —(¢p(a, A) sina + ¢o(a, A) cos @)

Substituting ¢ and d back into ¢(a, A) we obtain

(X'(a, A) sina — xo(a, A) cos a)po(x, A) — (¢ (a, \) sina — ¢g(a, A) cos a)xo(z, )
w(A)

P(z,A) =
(3.9)

!This is to ensure w(A) # 0.
2¢f. Theorem 2.11
3¢f. Theorem 2.13
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In a similar fashion, replacing the a, a by b, 8 respectively, we can obtain the expres-
sion for x(z, A) in terms of ¢y and xo. By construction ¢(z, A) and x(x, \) satisfy the

boundary conditions at a and b respectively. H

Following the approach of Coddington and Levinson [3, page 192], we define the
Green’s function of L for A ¢ o(L) as the function k(z,y, A) such that:

i) the function is continuous in = and v,

ii) for x # y, its derivative with respect to x exists and is continuous,

iii) for a < y < b, as a function of z it satisfies the boundary conditions (3.2) and
3.3)

iv)

v %(y%—O,y,A)—%(y—O,y,)\)zlfora<y<b,

(
(
(
(
(
(v) as a function of z, it satisfies the equation lk — Ak = 0 at = # y.

We now give a concrete representation of the resolvent operator of L in terms of its

Green’s function.

Theorem 3.2 (The Resolvent)

Let L be the self-adjoint extension (3.4) with domain (3.5) of . Suppose ImA = 0,
AN¢ o(L), and a < ¢ <b. Let ¢ € Lo(a,c) and x € Lo(c,b) be non-zero solutions
of ly = Ay satisfying the boundary conditions (3.2) at a, and (3.3) at b respectively.
The resolvent operator R(\ : L) : Lo(a,b) — Lo(a,b) is compact and given by

b
RO Lg= [ kayNal)dy (9 € Lafab), (3.10)
where k(xz,y, ) is the Green’s function

k(g 2) = 190 x(y, A) foragz<y -1 (3.11)

1
Yo(y, \)x(x, \) fory <z <b w(\)’

Proof: The existence of the functions ¢(x, A\) and x(z,\) is guaranteed by lemma

3.1. From the definition of the Green’s function k(x,y, A\) we may assume it to be of
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the form,
A(y)p(z, A) fora <z <y,

B(y)x(z,A) fory <a <b.

k(x,y,\) =

We require that k(x,y, \) satisfies the conditions (i) and (iv) and we may write these

conditions via the matrix equation

—d(y, A ;A A 0
¢y, A) - x(y; A) v) ) _ ' (3.12)
Solving this system we find A(y) and B(y) to be
Aly) = x(y, A)/w(A)  and  B(y) = oy, A\)/w(}), (3.13)
thus giving equation (3.11).
We need to verify equation (3.10). Let K : Lo(a,b) — L2(a,b) be given by
b
Kg= [ Moy Nowds. g€ La(ab) (319

It remains to show that K = R(X : L). To this end, we begin by showing that K is

bounded on Ly(a,b). By hélders inequality we have

b b b /
KA <[ [ [ e Py [5G Pdzds] (3.15)

Let || - ||2 be defined as

b rb

From equation (3.15) and the continuity of k(x,y,\), we have
K| < [|k]l2 < oo, (3.17)
and thus K is bounded.

Writing ,
Kg(z) = yx(z) / 69 dy + 16(x) / Yoy,
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for g € L5(a,b), it follows that
(Kg)" —qKg+MKg=g.

Furthermore a direct calculation shows that Kg(x) satisfies the boundary conditions

(3.2) and (3.3). Thus R(K) C D(L — AI) and

K =R(L:\). (3.18)

We now show that R(L : \) is compact. The Green’s kernel k(z,y,\) is continuous,
thus by Weierstrass’ approximation theorem, we may approximate k(z,y,A) by a
sequence of degenerate polynomial kernels k,(z,y,A) that converge to k(z,y,\) in

the supremum norm. Define the operator K, : £%(a,b) — £*(a,b) by

Kof = / (2,9, V) £ (0)dy. (3.19)

Since k,(x,y, \) is a polynomial of finite order n, the range of K, is finite dimensional,
hence K, is compact. We now have
|K — K| < ||k —kpll2 < sup ||k —Fkn|]| =0 as n— oo, (3.20)
z€[a,b]
thus K is the limit of a sequence of compact operators K,, showing that K is compact,

and hence sois R(L:A). W

Towards our goal of obtaining the Sturm-Liouville expansion and its completeness
theorem, we apply the spectral theorem and integrate around the poles of the resol-
vent. Here the terms of the expansion are the residues of these poles. We show that
these poles are simple. From equation (3.10) the poles of the resolvent are the zero’s

of w(A). These are on the real axis since L is self-adjoint.
Theorem 3.3 The poles of w(\) are all simple.

Proof: Let ¢(z, A) and x(x,\) be as in (3.1). Suppose that Ag is an eigenvalue of the
operator (3.4) and also a double zero of w(A). Let A = \g + iv, where v € R.
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We see, from the Lagrange identity, that

b
| 910~ 6Tads = (0.1 (3.21)

Hence we have,

(- ) / 6, o (, Nl = (b, @ (B, N) + o (b, \ (b, ).

Without loss of generality we may assume x(b, A) = sin 8 and x/(b,\) = cos 5. Now
w(A) = ¢(b,\)cosf — ¢'(b, \)sin B, using w(A) multiplying the above equation by

sin 5 we get

b
(A=X) sinﬁ/ Oz, N o(z, Ndr = w(N)o(b, N) — w(N)p(b, A). (3.22)

Considering that Ag is a double zero of w(\), using taylor expansion,

W”(No)(iv)?
2

+ 0(1)2) — M + 0(1)2)_

w(Xo +1v) = w(Ag) + W' (Ag)iv + 5

As ) is real the left hand side of (3.22) is equal to,
b
—24v sinﬁ/ |p(z, \) [P dz.

Hence from (3.22) we have

6(b. ) SN
O ot s~ f|¢ \)ds

2vsin f =

Hence
4 b, A
—sin = (w"(N\o) + 0(1)) 90, A) — (W' (o) + 0 o6, )) .
w Ji 16, 2 Pde f |¢ AP
Here for each € > 0 if v € [—¢,¢] := [ then fab |é(z, \)|?dz is positive and continuous

and is thus bounded below by some § > 0 on I. Also ¢(b, \) is continuous in A and

thus for some k > 0 we have |¢(b, )| < k for v € I. Hence

4
‘,— SiIl/B
(X

< 2(lw" (M) +0(1)) = = O(1)

K
4]

for v € I. This is not possible as the left hand side tends to infinity as v — 0.
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The case of sin § = 0 can be treated in a similar manner. W

Label the eigenvalues in increasing order as A\; < Ay < ... < A,. We may apply
the spectral theorem and its related equations (2.14) and (2.15). For p,v € R, not

eigenvalues, such that u < v, we may change the integration limits of (2.15) to obtain

ve §=A+i —_
s = [ [ am ok [ e 010 ) g . 29

u+6

Let the path I' be the clockwise oriented curve as defined in the diagram below.

140+ i€ F@,G) v—20+1€
1 v

- r

W+ 0 — e ) v—0—ie

As p and v are not poles of k(x,y, )\) it follows that

(P 0)f,g) = // im = ¢ k(e.y NN )o@ dyde.  (3.24)

8,e=0% 270 Jp(s.e)

At an eigenvalue p < A, < v, the Wronskian is zero, thus functions ¢(z, A,) and

x(x, A,) are linearly dependent non-trivial solutions, hence
for some k,, € C\{0}. Using residue calculus and I’'Hopital’s rule we obtain

lim —— By, N = ) kad(z, An)o(y, An) lim —— 2

s,e—0+ 271 Jp

n<An<v
kn
= M</\Z<V m@ﬁ(% An) (Y, An).

It remains only to determine k,. From (3.25)

x(z, )

K TSR
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Now from (3.9), we have,

(X0 (b, An) sin 5 — xo(b; An) c0s B)do (2, An) = Xo (@, An) (P(b; An) sin B — o (b, An) cos )

A

kn = . .

(Xz)(av )\n> S o — Xo(a’a )\n) COS Oé)gﬁo(ﬂj‘, )\n) - XO(Q:; )\n)<¢6(a7 )\n) S & — ¢0(CL, An) Cos Oé)
Since ¢o(z, A) and xo(x, A) are linearly independent, equating their coefficients in the

above equation and solving the resulting two equations for k,, yields,

X6(67 )‘n) Sinﬂ _ XO(bv >\n) COSB o ¢6(b7 )‘n) Sinﬂ _ ¢O(ba )‘n) COS 5

/

k, = = )
" (@A) S — Xo(@ M) oS @ @h(a, M) S — Go(ds An) cos @

(3.26)

By defining ¢, (z) and ¢, as

ky,
W' (An)

Yn(x) = ( )égb(xv)‘n) and ¢, 1= /ab fW)n(y) dy,

we may write equation (3.24) as

b pb
P = X [ [ g o Aa) dyds

/

<A <v w

= < Z ann(x)ag)'
pu<An<v

Here g is an arbitrary element of £2(a,b) giving

P(u,v)f = Z Cnthn ().

<A <v

Now by (2.14), we obtain

f@) =" eathu(a). (3.27)

n=1

We see that {1, (x)} forms an orthonormal eigenfunction basis in L9(a,b) which is
complete as expected by the Hilbert-Schmidt theorem. The canonical form of the

operator L is
Lf(x) =Y Malft)u(x)  for feDL). (3.28)
n=1

Thus -

n=0 n
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3.3 Liouville Transformation

It was stated previously that it was sufficient to consider the differential equation
(3.1) in place of (1.1). In this section we review the Liouville transformation which
allows for this correspondence. The only additional condition requires p(z) > 0
to have continuous derivatives of the first two orders. Two possible forms of this
transformations will be examined where the one comes from Titchmarsh [41] and the

other from Ried [34].

Theorem 3.4 Consider the general second order differential equation,

d*Y ay
CL(X)_dX? + b(X)dX

A—c(X)Y =0 for X € [a,b], (3.29)
with a(X) € Ca,b],b(X) € Cla,b] and a(X) > 0, can be reduced to,

dzy

prol 58'(@) —(2)y =0 (3.30)

PO 8@ -

which is in the form (3.1). Here

B(z) = (b(X ——a X))/vVa(X) and y(x) := (X)),
X dX

\/_
Y = ea;p——/ﬁ ds

Proof: Applying the chain rule with respect to the transformation gives,

OV 4 (dry_ Y do Y
dX? dX2\dzdX/) dXdrzdX dr dX?

Using the above and the transformation equation (3.29) becomes

o B+ (@)Y =0,

dx?

from which (3.30) follows. W
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Theorem 3.5 Consider the general second order differential equation,

d ay
0P 4
with r(X) > 0, k(z) > 0, r(X) € C*([a,b]) and r(X)k(X) € C*([a,b]), then the above

Me(X) = e(X)Y =0 for X € [a,b], (3.31)

equation can be reduced to
d*y
o u—P@)y =0, (3.32)
which is in the form (3.1). Here P(x) = (dﬁ)/f K?g,pn = Kz)\

f(z) = (R(X)r(X)E, gz) = p(X)/k(X) and K =1 [* (’;gj;

Proof: Define the following transformations

2(X) = /0 %(%)ws and y(z) = (k(X)r(X)iY(X).
Now y(z(X)) = f(x(X))Y(X), and by the chain rule,

X WE0) = % ~ Gax
Substituting the transformations into the above equation and simplifying gives,
d d, 2
di dJ;: f X (‘)
Applying the chain rule again to the above gives,
&y dr dedeerde K[dQ_Y (f)é ﬂd_fd_x( >% fﬂi(gé]
di?2dX ~ da?dX dr dX dXx?2" \k

day
—i-d—Xf.

T AX drdx X dX \k
Simplifying the 2nd, 4th and 5th terms and substituting in again the transformations,

we obtain,

- )+ () B ()’

da?  da? dX2\k da k
Simplifying further,
d>y  d*f rird?Y  dY
—-Jd__J K2 o X /
? ar TN g o
Substituting the second term on the right into (3.31), we obtain,
>  df ri
— — =Y + K> |k X)|Y =o.
dz?  dx? * ki [ (X) = nl )]

A reordering of the above, reduces the equation to (3.32). ®
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3.4 Eigenvalue Asymptotics

We now discuss asymptotic approximations of the eigenvalues. There are two con-
structive approaches to obtain these eigenvalue asymptotics, those being the approach
of Titchmarsh, [41], and that of Hochstadt, [16]. Both of these approaches rely on the
Gronwall’s lemma which is outlined in the appendix. The asymptotics obtained here
will be used in a later section to study properties of the Sturm-Liouville expansion.
We now consider the approach of Hochstadt to obtain eigenvalue asymptotics to the
equation (1.1). A variation on Hochstadt’s proof will be given only for the case (3.1),
since (1.1) can be transformed into (3.1) by the Liouville transformation, described

in section 3.3.

Theorem 3.6 Let y1, yo be the solutions of the differential equation (3.1), with q €

L([0,1]), obeying the initial conditions

n(0) =1, y1(0) =0,

y2(0) =0, 5(0) =1.
Let 1 = [Im\/\|, then for large ||,

y1 = cos V Az + O (%) (3.33)

yi = —VAsin Az + O(e™) (3.34)

Y2 = % + O(?) (3.35)

vy = cosVz + O <%) (3.36)

Proof: Define the dependent variables w; and wy by

y/
wy; = v, wy = : (3.37)

VX

Denote the corresponding vector by

v (2)-( )0C)) e



CHAPTER 3. EIGENVALUE ASYMPTOTICS 40

0 1
(00 0)
qg—XA 0

the differential equation (3.1) is equivalent to the first order system

%(Z/):c( yy) (3.39)

Combining (3.38) and (3.39) gives,

0 VA
CZ—W = BCB'W = < )W, (3.40)
X

Setting

which can reformulated as,

d
W xaw + Lw (3.41)

dx vV

S(00) (0D e

Multiplying the above equation by the factor exp(—v/AAz) and integrating gives the

where

Volterra integral equation
W (x) = [exp(VAAZ)|W(0) + % /0 Iq[exp(\/XA)(x — )| MW (¢)dt. (3.43)
From the series expansion of the exponential function we obtain
exp VAAz = (cos VAz)I + (sin vVAz) A
Let W(z) = €™V (x). In terms of V' the above integral equation becomes
V(z) = [exp(VAA — n)z]W (0) + % /Ox glexp(VAA = n)(x — )] MV (t)dt. (3.44)
Since =i are the eigenvalues of A, A = D( vo )D‘1 = DHD™!, where D is the

0 —i
matrix whose columns are eigenvectors of A. Hence

VA7 — DePVA* D1 = D((cos VAz) + (sin VAz)H)D ™" (3.45)



CHAPTER 3. EIGENVALUE ASYMPTOTICS 41
Using (3.45), we see that there exist a constant C independent of x and A, such that,
| exp(VAA —n)z|| < Cy. (3.46)
Combining (3.44) and (3.46) we obtain,
VI <GIwol -+ [ lallvia (3.47)
=~ V1 \/X 0 q . .
Applying Gronwall’s lemma, (A.1), to the above inequality gives
Vi< ctw ey (= [ lar) (3.48)
=~ 1 p \/X 0 q . .

This shows for sufficiently large |v/A| that V(z) = O(||[W(0)||), hence W(z) =
O(|[W(0)||e™). Substituting this estimate into (3.43) gives,

W(z) = exp(VAAz)W(0) + O (||W(0)||%). (3.49)

1
) . Substituting
0

W(0) into (3.49) the asymptotics (3.33) and (3.34) are obtained. Similarly y, corre-

The solution y; corresponds to the boundary condition W (0) = (

sponds to the boundary condition W (0) = ( ) which when substituted into

1/vVA
(3.49) yields (3.35) and (3.36). ®

Theorem 3.7 For sufficiently large A, the estimates (3.33)-(3.36) obtained in theo-

rem 3.6 can be replaced by

y1 = cos(VAx) + % /Oz qgdt+ o <%) : (3.50)
v, = —VAsin(VAz) + M /z gdt+o(1), (3.51)
B sin(vAz)  cos(vVAz) [* 1
Yo = U /0 qgdt+o (X) : (3.52)
;L sin(v/\z) [* 1
yh = cos(VAz) + T/o qdt+o <—/\) : (3.53)
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Proof: Substituting (3.49) into (3.43) we obtain,

Considering the solution ys with corresponding boundary conditions gives W (0) =

0
( ) Through direct calculation of the above we have
1/vVA

sin(vAz) /v @ sin(vV Az — t)) sin(v/A
o (R o)
3.55

Thus giving (3.52) and (3.53).

1
We now set W (0) = ( ), and (3.54) simplifies to
0

wir= (00 Yok [ D Y o5)
(3.56)

Using the product-to-sum formula and then applying the Riemann-Lebesgue* theo-
rem we obtain (3.50) and (3.51). H

Theorem 3.8 The asymptotic form of the eigenvalues of the problem (3.1) are,
(i) sina = sin § = 0,

1

1 1
VA =nm+— [ qdt+ 0(—), (3.57)
2nm J, n
(7i) sina = 0,sin  # 0,
™ 1 [1 /! 1
=T L[ o] +of ). |
nm 2+n7r{2/0q co 6]—1—0” (3.58)
(7i) sina # 0,8in 5 = 0,
11 /! 1
VA, =nmT — T + — [—/ th—i—cotoz} —|—0<—>, (3.59)
2 nm|2) n

4cf. Titchmarsh, [42] pp. 403
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(iv) sinasin 5 # 0,
11 [ 1
VA = (n—1)7r—l—% {5/0 th—i—cotﬁ—cotoz} +0<ﬁ>’ (3.60)

as n — oo forn € N.

Proof: A solution satisfying problem (3.1) and boundary condition (3.2) is
w(z) = sinay; (x) + cos ays(x). (3.61)

For case (i) we substitute (3.61) into (3.3) and obtain y»(1) = 0. Using theorem 3.7
we have sin VA = O(1/n). For n € N large let

VA =70+ 0, for On € (—7/2,m/2]. (3.62)
However using the trigonometric difference identities we have
1
sin /M| = |sind,| > 1/v/2 # o(ﬁ) for 8, € (—m/2, —m /4] U [r/4,7/2]. (3.63)
Thus §, € (—7/4,7/4) and 1/v/A, = O(1/n) giving
i 1
sin d,, = O(—) for 6, € (—n/4,7/4). (3.64)
n
From the limits of §,, we have 1/\/§ < cosd, <1,assin0=0,
1
< 1 = — ). .
10,| < V/2sind, O(n) (3.65)
Thus 9, = O(1/n) and
o . 1
Sin An = (_]-> 577, + O (ﬁ) )
1
cosvVA, = (=1)"+0 (ﬁ) .

The equation y(1) = 0 gives

Combining the above we have

5—;/1 dr=o(t
" 2(nmw +6,) Oq —\n)

n
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1 1 1
6, = —— dt -,
2m>/0 ! *(n)

from which case (i) follows.

Thus

For case (ii) we substitute (3.61) into (3.3) and obtain
Yo(1) cos avcos f — yy(1) sin S cos a = 0, (3.66)

and proceed in an manner similar to that for case (i). For case (iii) we substitute

(3.61) into (3.3) and obtain
yl(l) +Cotay2(1) = O, (367)
and proceed as before. Finally for case (iv) we substitute (3.61) into (3.3) and obtain

cot By1 (1) + cot avcot Bya(1) — y1(1) — cot ayh(1) = 0. (3.68)

We will use the following results in the next section. Let u; and v; be the solutions

of (3.1) obeying the following initial and terminal conditions respectively:

ui(a) =sina, wuj(a) = cosa,
vi(b) =sin B v (b) = cos .

From theorem 3.6 with the variable x shifted by a we have

uy = sinay; + cos ays,
giving
uy () = cos(VA(z — a)) sina 4 O(ell@=a)), (3.69)
u(z) = —VAsin(VA(z — a)) sina + O(el1@=), (3.70)

Reversing the direction in which the interval is traversed we obtain

v1(2) = cos(VA(b — x)) sin 8 + O(ellt=2)), (3.71)
v (2) = VAsin(VA(b — z)) sin 8 + O(el1=2)), (3.72)
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3.5 Properties of the Sturm-Liouville expansion

In this section an important result pertaining to the Sturm-Liouville problem will be
proven, namely, that the Sturm-Liouville expansion converges in a similar manner to
that of an ordinary Fourier series, that is, to the mean value of the left and right

limits of each point in [a, b]. This is summarized by the following theorem.

Theorem 3.9 The Sturm-Liouville expansion of f € L ([a,b]) fora < x < b, defined
in (3.27), converges in the same way as a Fourier series, furthermore, it converges

to 2{f(x+0) + f(z —0)} if f(x) is of bounded variation in the neighborhood of x.

Proof:  Using the asymptotic estimates previously established we will consider the

integral of the resolvent 5 - fr R(L : N)if d\, around the closed contour described as

follows: t )
Ty cosi(t) = ST 4t
r r
: = Ty ¢ sot) = (i + 1) 2Ty
r r
! ! L. - (1)
o 3 . Sg(t) = T —1

Dy osy(t) = (i — 1) gy
Let A = s® where s = 0 +it, and 0 < t < % The above contour is a closed
A-contour which will be denoted by I'. We consider the case when sin § # 0, sin v # 0,

using equations (3.69) and (3.71), we calculate the Wronskian of u; and v; to be,
w(A) = ssin(s(b — a)) sinasin § + O(e!=2). (3.73)

Along the contour, for each path I'; we have |sin(s(b—a))| > Aef®= for some fixed

A > 0. Thus
1

|sin(s(b—a))|
From (3.73) where k := sin asin 3, using (3.74) gives,
I 1 O(et(b—a)|8|71) B 1 i
oo = = - a) ) = R ay ") 7

= O(e"079). (3.74)
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Combining (3.75) and (3.70), we obtain that the first term (3.11) of the resolvent is

/x cos(s(b— x)) cos(s(y — a))
a ssin(s(b — a))

ftn+0(o [ o). @76)

Let 0 < 0 < x — a, then looking at the asymptotic term, we can split the integral as

/a " =) £ )]y = ( / L / :)e““)\f(yﬂdy.

Here, as t > 0, we have ¢!=%) < 1 for y € [z — 6, 2] giving

follows

/ | f ()| dy < / @) dy.
z—6 z—90

For the other term we have

z—4 x
[ e liwiay < [ irwlay

Using the bounds above, the asymptotic term in (3.76), reduces to,

o(z [ e lslan) =0 (i [ 1swias) +0 ()

We now integrate the above asymptotic term around the A\-contour given by \ = s?
with s € " for large n € N. To do this we change variables from the A to s. Here

d)\ = 2sds and the integral of the above gives,

Jolaz [ e miswla)ar = o [ 1rwiay [151)+o( [ e15)
= o [ 1rtway) +of [ ).

The first asymptotic term in the above tends to zero as ¢ tends to zero. The second

term integrated around I' gives,

o(fer)-o(3)

For large n € N let §,, = 1/4/n, now

/O(#/jet(y—z)u(y”dy)d)\ _ O(/x;n\f(y)|dy)+0( ! ) 0

as n — 0.

S
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Finally, a similar argument yields the second part of the resolvent where z <y < b.
In summary we have,

e e L

2mi 27i ssin(s(b — a))

cos(s(b —y)) cos(s(x — a)) .
i /x ssin(s(b — a)) f(Wy} dA + o(1). (3.77)

The right hand side is the sum of two Fourier cosine expansions thus completing the

proof. W



Chapter 4

The Sturm theorems

4.1 Introduction

In this chapter, classical proofs of the Sturm comparison and oscillation theorems
are considered from perspectives varying through a function analytic perspective to
a more geometric argument at the end of the chapter. The first section, 4.2, gives
a series of proofs as considered by Ince [18]. In section 4.3 a Priifer angle argument
is used, while retaining some functional analysis as seen in [3]. For the final section
a geometric proof described by Kamke [21] is given. Throughout this chapter the

following slightly more general problem is considered

% [p(x, /\)g—i} + gz, Ny =0, x € |a, b, (4.1)

satisfying boundary conditions
a'y(a) — ay'(a) =0, (4.2)
By(b) + By'(b) = 0. (4.3)

Where p,p’ and g are continuous, p,g > 0, p and g are monotonically decreasing
functions of A on the interval (A1, Ag). When the oscillation theorem is applied to (1.1)
with boundary conditions (1.2)-(1.3), we obtain the eigenfunctions corresponding to

the nth eigenvalue have n zeros on (a,b), n=10,1....

48
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4.2 Ince

In this section the Sturm Comparison and Oscillation theorems will be proved in a
completely function analytic manner. The Sturm comparison theorems are instru-
mental in the proof of the Oscillation theorems, and will be proved first. Under
suitable conditions, the comparison theorems relate the distribution of zeros of solu-
tions of a Sturm-Liouville equation to the distribution of zeros of solutions of a second

Sturm-Liouville equation.

For the comparison theorems consider the two equations

% [pl (m)%} + q1(x)y =0, (4.4)
T [P0 F| @ =o, (45)

with p; > py > 0, g2 > g1 on [a,b]. We say that ¢ oscillates more rapidly than v

if it has more zeros on the interval [a,b]. We first derive Picone’s formula.

Lemma 4.1 (Picone’s formula) For solutions ¢ and i of (4.4) and (4.5) with ¢

having no zeros in the interval [xy, z3|, the following equation holds,

-2

o )
[%(Pﬂ//@—m%bsﬁl)]zz = (2—g)’dz+ [ (p—p2)¥”da+ [ po(¥ )2d.
¥ ! ¥
Proof: Applying the product rule gives
d i
- [;(pﬂ//so — patoy)] (4.6)

= %[90(1911//)’ = Y(p2) + (pr — )PV + (%%W) [Pt —p2v']. (47)

Expanding the second term of (4.7), yields,

roa / 100 2,12
(¢ (p¢2w90)[p1¢/90_p2w90/] :plwlz o (pl +p2)"¢90¢ _I_P2¢ ¥

© ©?

, (4.8)

while using equations (4.4) and (4.5), the first term of (4.7) gives,

%[90@11?/)/ - 1/1(}92@/)/ + (pl - p2)901¢1] = %[(92 - gl)w@ + (pl - pz)wlSOI]- (4-9)
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Combining the terms (4.8) and (4.9) with the term py)? — pytp’?, (4.7) becomes,

w/¢,¢ ¢280/2
2 + P2 =

(92 — g1)¥* + p1yp? + pap? — pop — 2p
= (g2 = g)¥* + (1 = p2)¥"” + a2 (¢ — 7%0)2.

Integrating the above and (4.6) gives the result. B

Theorem 4.2 (First Comparison theorem) Let ¢ and ¢ be non-trivial solutions

of (4.5) and (4.4) obeying the initial conditions,

ayp(a) —ar'(a) = 0, (4.10)

agp(a) —agp'(a) = 0. (4.11)

In addition assume:

(i) o and o are not both zero;

(i) if aq # 0 then
pi(@)a _ pala)a
o ay

(i11) there is no non-empty open subinterval of (a,b) on which g — g2 = 0.

Then ¢ oscillates more rapidly than 1, with the it" zero of  less than the i*" zero of
.
Proof: Let x; be the zeros of 1 on (a,b) ordered as follows,

a<ri <z <az3<...<z, <bh

We first show that between consecutive zeros, x; and x;,1, of ¥, there is at least one

zero of . Assume that this is not the case. Then ¢ # 0 on (x;, z;41).
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We first consider the case when ¢ is not zero at the end points. Without loss of
generality, we assume that ¢» > 0 and ¢ > 0 on the interval [z;, x;11]. The right side

of Picone’s formula is strictly positive and thus,

0= [%(plw'w —pap)] T > 0.

T

This contradiction shows that ¢ must vanish on [x;, z;41].

If ) vanishes at an endpoints, say x;,
lim [%(pllb/@ — )] = (Md'p — pvoy) () lim ﬁ =0. (4.12)
z=w; Tow; P
Thus in the limit the left hand side of Picone’s formula is zero while the right hand side
is positive, yielding a contradiction. It follows that ¢ vanishes between consecutive

zeros of 1. In the above argument we may replace ¢ and v with ¥ and ¢, respectively,

concluding that the zeros of ¢ and v separate each other.

All that is left to show is that ¢ vanishes once on the interval [a, z1]. If 1/(a) = 0 then
by the above reasoning ¢ vanishes on [a, 2], furthermore ¢ cannot vanish more than
once on [a,x1] otherwise 1) would have a zero less than z;. Suppose ¢ is non-zero
on [a,x1] and a7 # 0 so Picone’s formula can be applied. Assuming without loss of
generality that ¢ is positive then the right hand side of Picone’s formula is positive

while by assumption (ii), the left hand side becomes

From this contradiction it follows that ¢ has a zero in [a,z1]. W

Theorem 4.3 (Second Comparison theorem)
Consider an interior point ¢ of the interval (a,b) such that 1» and ¢ have the same
number of zeros on the interval (a,c). Let all the assumptions be preserved as in the

first comparison theorem furthermore let ¢(c) # 0 then ¥ (c) # 0 and

p(OY(c) _ pae)¢(c)
¥(c) p(c)
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Proof: Suppose there are i zeros of 1) and ¢ on the interval considered. Let x; be
the greatest zero of 1 before ¢. Then by the first comparison theorem, the ith zero
of ¢ is necessarily less that the ith zero of ) on a < x < z;. Thus ¢ is non-zero on
[z, ¢|] and 1) is non-zero on (z;, ¢|. Considering the Picone formula taken between the

limits x; and ¢, as the right hand side of Picone’s formula is positive, we get

> 0.

Bl

This gives the desired inequality. H

T

The first comparison theorem tells us something important about the nature of the
zeros of the solutions, y, of equation (4.1). In particular, as A increases so g(z, \)
diminishes continuously with A and the zeros of y move left towards a in the interval
la,b]. As g(x,\) and p(z, ) are continuous on [a, b], they are bounded for each fixed
A. Since g(z, A) and p(x, \) are monotonically decreasing functions of A on (A1, As)

and bounds on them can be chosen to be monotonically decreasing as follows:

P(A) > p(x,\) > p(A) >0 for x € |a, b,
G(\) > g(z,\) > g(N) for x € [a,b].

Theorem 4.4 (Oscillation theorem)
Consider the equation (4.1) with boundary conditions (4.2 and (4.3). Furthermore

assume

g/P — +oo as A — Ao, (4.13)

G/p - —o0 as A — Ay, (4.14)
then the eigenvalues are bounded below and form a monotonic increasing sequence,
A<M <a<...<\, <..., (4.15)

with accumulation point at infinity, furthermore the eigenfunction vy, corresponding

to the eigenvalue X\, has n zeros in the interval (a,b).
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Proof: Consider a non-trivial solution, y of (4.1) satisfying the boundary condition

(4.2). From the first comparison theorem, the solution z = sin(y/g/Px) of

2z g
FE

oscillates at most as rapidly as y, the solution of (4.1). From this we see that the
assumption (4.13) guarantees an arbitrarily large number of zeros of the solution of
(4.1) for A sufficiently near A;. We know that p(\, z) and g(\,x) are continuous
monotonic decreasing functions of A\. Thus from the first comparison theorem as A
increases, zeros of y will move left towards a. Let u; be the largest value for A such
that the solutions of (4.1) have no more than i zeros on the interval (a,b). We have

an increasing sequence of numbers {u,} where on the interval

pi < A< it

the solutions have exactly i + 1 zeros on (a,b). Applying the second comparison

theorem for \; < Ay on the interval above we have

P(A1,0)y' (6)/y(b) > p(A2, b)y/(b) /y(b). (4.16)

Thus inequality (4.16) shows that

p(A, b)y'(b)/y(b) (4.17)

is a monotonic decreasing function of A on (u;, pi11). When X\ = p; 1 and A = p; we
see that y(b) = 0 and 3/(b) # 0, thus (4.17) must decrease from +oo to —oo. Since 3

and (3’ are constants and p(\, ) is monotonically decreasing in A, we see that

—p(A0)3'/8 (4.18)

is a monotonically increasing function of A\ on (p;, ;+1). Using a similar argument
as above we see that it increasing from —oo to oo as A increases from p; to fiiyq.
At some point A;;; the two function values (4.17) and (4.18) must be equal yielding

following equality
pA DY (b) _ p(A, b)5

yo)y B
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where the solution y satisfying the first boundary condition, (4.2), also satisfies the
above which is equivalent to the second boundary condition, (4.3). Thus when A =
Ait1, we see that the corresponding solution y,, is an eigenfunction which has precisely
i + 1 zeros on the interval (a,b). All that is left to show is that there is a Ay below
which there are no consistent solutions to the system (4.1). We first investigate the
nature of the zeros of the solutions as A tends to A;. Consider the equation,

d*u

with solution u satisfying the boundary conditions (4.2). For A sufficiently near A4

we may rewrite the above equation as

d*u |G|
— — —u = 0. 4.20
dx? P b ( )
Setting s := 1/|G|/p, we see that (4.20) has the solution
1 o s(z—a 1 o —s(z—a
u(x):§(a+?)e( )+§(a—?)e (z—a), (4.21)

Consequently for A near Ay, s becomes large and the above solution is approximated
by acosh s(z — a), which has no zeros. Applying the first comparison theorem to
equations (4.1) and (4.20), we see that y oscillates at most as rapidly as u. Therefore
there is a least p;, namely g, below which the solutions of (4.1) have no zeros.
The second comparison theorem shows that for every A on the interval (Aq, uo) the

following holds
pA D)y (b) _ p(A)u'(b)
>
y(b) u(b)
As A — Ay it follows that |s| — +o0o, thus we may use the hyperbolic approximation

(4.22)

for u(x) and the above inequality to show that
pA b)Y (b) /y(b) — +o0.

This shows that as A increases on (Ay, po), p(b)y'(b)/y(b) decreases from +oo to —oc.
Since ' and [ are constants, we see that —p(b)/’/f increases on the same interval.
Therefore there must exist a single eigenvalue A\ in (Aq, po) corresponding to a solu-

tion of (4.1) with no zeros in (a,b). ®
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We can now apply the above oscillation theorem to (1.1) taking (Aq, A2) as the interval

(—00, 00) where we see that p(z) is bounded and not dependent on A, also

G = m(a}é)()\ —q(x)) = 400 as A — 00,
z€(a,
g = rr%iri)(k —q(z)) = —o0 as A — —o0.
z€(a,

The Sturm theorem thus follows in this case.

4.3 Coddington and Levinson

We now study a more geometric proof of the comparison and oscillation theorems.
This approach involves considering the solutions of (1.1) in the phase plane and
converting the co-ordinate system into polar co-ordinates. In this way we only need
to consider the angle part of the solutions and not the length part, furthermore a
criteria for a solution obtaining a zero can be clearly seen. Let p(z)y’ = g, then (1.1)
gives

Yy = ]% and 7 = —g(x)y, (4.23)

Let
y =rsind and gy =rcosb, (4.24)
applying the chain rule to (4.24), we can write (1.1) as a system, thus

/

sinf  rcosd r 0 1/p(z) rsin 6

cosf —rsind o —g(x) 0 rcosf

By multiplying the above equation by the inverse of the matrix on the left of the

equality, we obtain the following equations,

1

' = (= — g)rsinf cosb, (4.25)
p
1

0 = = cos®0 + gsin® 6, (4.26)
p

thus for ¢ to be a solution of (1.1), there are also solutions r = p(x) and w = 6(z) of

(4.25) and (4.26) respectively such that ¢(x) = p(x)sinw(x). Using pythagorus and
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trigonometric identities we have the following two identities,

and w = tan ! (i)

Py’

P =) + ¢
Since there is no nontrivial solution that satisfies ¢(c) = 0 and ¢'(¢) = 0 for some
¢ € [a,b], thus we may assume that p > 0, therefore the zero’s of ¢ are multiples of .
We can also see that the boundary condition, (1.2) and (1.3), using (4.23) and (4.24),
can be replaced by simpler conditions, namely 0(a) = a(mod 7) and 6(b) = S(mod )

respectively. We can now restate the comparison theorems as follows.

Theorem 4.5 Consider equations defined as (4.4) and (4.5), assuming that wy(a) > wi(a),
then
wo(x) > wi(x) for x € [a,b), (4.27)

Furthermore, if go > g1 on (a,b), then

wa(x) > wi(x) for x € (a,b], (4.28)
Proof: To each of the equations we perform the above procedure to obtain

1

w, = = cos® w; + gsin®w; for  i=1,2. (4.29)

Subtracting the above two equations and adding the term g; sin? wy — g1 sin® w, we

have
1
(wy — wy) = (gl — —)(sin2 wy —sin?wy) +h (4.30)
Y41
where
1 1 9 o
h=(———)cos’wy + (g2 — g1) sin” wy. (4.31)
D2 P1

We can see from first assumptions that A > 0. Let u := ws — w1y, then setting

fi= <g1 — l)(sincug + sinwl)(w), (4.32)

b1 Wo — W1

we my rewrite (4.30) as

u' = fu—+h. (4.33)
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Since p; and g; are point wise continuous hence bounded on a compact interval we

see that f is uniformly bounded. Since h > 0, (4.33) gives,
u' — fu>0. (4.34)

We now can multiply this equation by an integrating factor, set F(z) := ftb f(s)ds,
we now multiply (4.34) by ef', yielding

efu' + Flefu = (efu) > 0. (4.35)
Integrating the above equation on (a,t) gives

el @u(x) > e @Du(a) > 0, (4.36)

this proves (4.27). We will prove (4.28) by contradiction, suppose that the statement
is false, then we will show that in this case the only possibility is that there exists a
¢ > a such that

wa(t) = wi(t) for  tela,d. (4.37)
To show this, we suppose it is not the case, then there is a sequence of points ¢; with
a as its cluster point such that for each t; we have wy(t;) > wq(t;). We then consider
(4.36) with a replaced with t;, we see that for each t > t;, we have wy(t) > wy(t), but
t; has its limit at a, this shows (4.28) is true, thus so is (4.37). Using (4.37), we see
that

(wo(t) —wi(t))' =0  for  te(a,c).

But for the above to be true with g, > g1, (4.30) requires that p; = py on (a,c) and

wy = we = 0(modm) on (a,c),

but (4.29) show this to be impossible, thus (4.28) is proven. H
The above theorem thus shows that w(t, A) is a strictly monotonic increasing function

of \.

Theorem 4.6 Consider equation (1.1) with boundary conditions (1.2)-(1.3), then

the eigenvalues are bounded below and form a monotonic increasing sequence,

A<M <A<...<\<..., (4.38)
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with accumulation point at infinity, furthermore, the eigenfunction v, corresponding

to the eigenvalue X\, has n zeros in the interval (a,b).

Proof: ~ Without loss of generality we may assume a € [0,7), 5 € (0,7]. From
existence theorem 2.11, we may find a non-trivial solution ¢ of the equation (1.1)
which satisfies the boundary condition (1.2). Equivalently for w(¢, \), the Priifer angle
corresponding to ¢, the condition w(a, \) = a is obeyed. If A is such that the solution
© = p(t, \) satisfies both boundary conditions (1.2) and (1.3), then \ is an eigenvalue.
We see by the comparison theorem, that for any fixed z in (a,b], w is a monotonic
increasing function of X\. Furthermore, the zeros of ¢ occur when w = 0(modr).
Considering equation (4.29), we see that w’ > 0 when w = 0(modm). This shows that
w is strictly increasing at the zeros of . Thus the zeros may be labeled consecutively
as r1 < gy < ... and w(zg, A) = km. This also shows that when = > xj, we have

w(x, \) is strictly greater than k7. From the chain rule we obtain,
d dxy, N Ow(xg, \)

Combining the above with the fact that w is monotonic increasing in A, we have

=0.

that the zeros of ¢ decrease monotonically in A, that is z; = x()\) is monotonically

decreasing function in .

For a fixed ¢t = ¢ in (a,b] we will prove

the following, )

AY

w(c,\) 00 as A — oo, (4.39)
w(e,\) >0 as A — —oo. (4.40) = w(z, \) o(5.3)
To prove (4.39) we first see that since \ ( <)p(aa>\)) )
w(a,\) =« ZJ‘

a > 0 we must have that w(z,\) > 0, as

otherwise w(x, A) would have to decrease

through 0, which from the above con-
21 = w(Ta, \)
siderations is impossible. Consider the

equation

Py"+ (A= Q)y =0, (4.41)
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where p(z) < P and ¢(x) > @, with solution @ satisfying @¢(xg, \) = ¢(x¢, ) and
&' (xg, A) = ¢'(x0,\). We may thus take w(xg, \) = w(xg, A). From the comparison
theorem we have

w(e,A) > (e, A). (4.42)

The zeros of (4.41) have a spacing of %. Thus, as A — oo, the number of zeros
in the interval (a,b) grows without bound. Now

(e, N) , c—a

s Pr?
A—Q

-2

Y

so from (4.42),

w(e, \) — oo,

proving (4.39).

To prove (4.40), we let 0 < P < p(x) and @ > ¢(x) for all z in [a,b]. For sufficiently

negative A we may consider the equation

dcu A= Q)|
_ =0 4.43
a2 P T (4.43)
with the initial condition (1.2). Setting s := L];Q‘ the solution u is given by (4.21).

The angular part of this solution w is given by

(i, A) = tan™! (%> |

We will now compute the limit of w(x, \) as A — —oo. To this end we see that the

term inside tan~! is of an indeterminate form, thus using L'Hopital’s rule and (4.43)

we have
, u(z, \) , uw'(x, \)
1 — | =1 —
e (Pu’(x, /\)) P (PSQU(I, A)
i e?(@=9)(cos o + Pssin a)
= lim :
A—oo \ —S(cosa + Pssina + e2(*=%)(cos v + Pssina))

Using L’Hopital’s rule again we see that

, u(z,\) \ . 1
dm (m) = Jim () :
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From the above calculation we deduce that the limit of w(z, ) as A — —oo is zero

for every x € (a,b]. W

We can now see from (4.39) and (4.40) that since § > 0, we can choose a A sufficiently
small such that 0 < w(b, \) < § and as we increase A, there will be a point A\g such
that w(b, \g) = # and at this point condition (1.3) will be satisfied. Furthermore,
0 < w(b, A\g) < 7 there for the solution ¢(t, Ag) has no zeros. As X increase beyond \g
there will be another point A; such that w(b, \;) = S+ . We can see using (4.23) and
(4.24) that it satisfies (1.3) with exactly one zero on (a,b), thus the nth eigenvalue
A, satisfies

w(b,\p) =+ nm

and has exactly n zeros on (a,b). Finally by the comparison theorem there is only

one eigenvalue corresponding to a given oscillation count. M

There are a few other approaches involving the Priifer angle, such as the approach

by Bocher!, by converting (1.1) into the corresponding Riccati differential equation,
u' +p(z)u* + (A —q(z)) =0, where h=1/p(x), yu=p(x)y,

Although interesting they give a similar feel as the above while retaining the main

principles of this section.

Lef. Transactions of the American Mathematical Society, vol. 1, 1900, pp. 414-420.



Chapter 5

Variational approach

5.1 Introduction

In this section we introduce a method of finding the eigenvalues of the differential
operator (3.4). The Calculus of variations has been known to various mathematicians
and physicists throughout history. In particular Lagrange, Morse, Hilbert and Jakobi
have been credited with its modern formulation and use. The variational characteri-
zation of eigenvalues, as so far as it is understood withing the framework of spectral
theory, was originally proposed by Hilbert and Courant, see [4]. It is based on refor-
mulating the eigenvalue problem as a variational problem in the calculus of variations
where the eigenvalues correspond to critical points of a certain functional, this for-
mulation is considered in Watson and Currie, [35]. The variational principle is futher

abstracted by Lusternik and Schnirelmann to a topologically invariant principle.

5.2 Sobolev space and distributions

The Sobolev Space H!(S) and the introduction of the weak derivative on distributions

gives an appropriate space on which to define the variational functional. We note

61
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without proof the following important facts; C5°(S) is dense in £P(S) and the Sobolev
space H!(S) is compactly imbedded in £P(S), see [17, chapter 11].

Definition 5.1 A distribution 7T on S is a conjugate-linear functional defined on
the dual space of C3°(S), thus for f € L], (S), we assign the distribution Ty € C3°(S)*
defined by,

Ty () = /S fBdt e CE(S). (5.1)

As each f is identified with a distribution, 7, we make no distinction between the
function and its distribution, thus f(¢) = T¢(¢)). For the derivative of a distribution
to make sense, it is important that on some level it agrees with the derivative of
a continuously differentiable function. The definition is inspired by integration by

parts.

Definition 5.2 The o' derivative of the distribution T is the distribution 0T
defined by,

°T(¥) = (—)IT(DY), € CX(S). (5.2)

Thus we can see when f € C*(S) we have,

aaf:(—1)“'/Sf(Daw)dt:/SDafEdt=Do‘f, ¥ € C5(S).

Hence the derivative of a distribution agrees with that of a derivative of continu-
ously differentiable function and, more importantly, functions in £?(S), considered

as distributions, have derivatives of all orders.

Definition 5.3 A function f € L. .(S) is said to have a o' weak derivative if

there exists a g € Li,.(S) such that

loc

f(W) =9@), Y elF(S). (5.3)

We call g the o' weak derivative of f.
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Definition 5.4 The Sobolev Space of order m, denoted, H™(S), is the subspace of
L2(8) consisting of the functions with weak derivatives that exist up to and including

order m which are in L*(S), thus,

H™(S) = {f € LXS)|0°f € LX(S) for a < m}. (5.4)

Definition 5.5 A distribution is constant if and only if it depends only on the mean

value of each ¢ € C°(S), thus

T(W) = /3 Tdt, 1 eC(S). (5.5)

Note that for any distribution 7" with 0T = 0, it follows that 7' is constant, i.e,
T(v) = T.(¢). The next lemma is taken from Showalter, see [36].

Lemma 5.6 If f is absolutely continuous on R, then we can define a g € L}, (R) by

Df =g and 0f = g on Cg°(R). Conversely, there exists a distribution T in C§°(R)*
such that 0T € L} (R) and OT = Of.

Proof: Defining f and g as above, since an absolutely continuous function can be
represented as an integral of a locally integrable function, we have that f(z) =
loc

Iy 9(x)dz + f(0), where g € £, (R). Using integrating by parts and representing

f as a derivation gives

of () = — /R F(DD) dt = /R ghdt = o), € Lh(R). (5.6)

Furthermore, let g = 9T € L} .(R) and let h(z) := [ g(t)dt. It is clear that h € AC
and by above 0h = g. By linearity, this shows that 9(T'— h) = 0, and hence T' — h
is constant, and thus is of the form T = h(x) + ¢, for some ¢ € R. This shows that
or=090f. n
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5.3 Variational Formulation

What follows is an exposition and reworking of the mathematics in Watson and Currie

[35).

Definition 5.7 The variational form F of the Sturm-Liouville problem (1.1), is

the sesquilinear functional denoted by

F(x,y) = , frydo + /S(x’y’ + qzy) dt. (5.7)

For brevity we write F(x,x) = F(x) and note that F is continuous on its domain,

D(F) = H'.

The Sturm-Liouville problem with boundary conditions (3.2)-(3.3) can be converted
to a variational problem as follows. Let L be the differential operator defined by (3.4)
on in the compact interval [a, b], set S := [a, b]. Define the sesquilinear form F(x,y)

as F(z,y) := (Lx,y) which may be rewritten as

F(z,y) = (=", y) + (g, ).

Rewriting the inner product as an integral and integrating the first term by parts
gives,

Plo) = -5+ |

2y dt + / qxy dt.
S s
By subjecting x to the boundary conditions (3.2)-(3.3), we see that z'(a)sin(a) =
x(a) cos(a) and 2'(b) sin(B) = z(b) cos(3). Defining

/ ydo :=y(b) — y(a), for y € D(F).
oS

Defining f on 9S by f(a) := —cot(«) and f(b) := —cot(f), gives the required form.

Definition 5.8 The boundary conditions are co-normal if there exists an f defined

on 0S, such that x € D(F) has

frydo = / 'y do, fory € D(F).
s s

if and only if x obeys the boundary conditions.
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From above it is clear that the boundary conditions (3.2)-(3.3) are co-normal. The

F(u,u) -
1S
f[ul?

next theorem shows that L has a least eigenvalue and that the functional
bounded below hence the infimum over its domain exists. This important fact will

be used to give a min-max characterization of the eigenvalues of (3.1).
Theorem 5.9 The operator L is lower semibounded.

Proof:  Since L is self-adjoint, using [43, p.247, Corollary 2|, we only need to show
that L is lower semibounded on a dense subset of the domain of L. To see that is the

case, observe that

(Lf ) =11+ / dlf P de > —||f|Pesssuplal for f € CF(S). m

Definition 5.10 The form F(z,y) is said to have a variational eigenvalue \ with
associated variational eigenfunction u if u € D(F) such that F(u,v) = \(u,v) for

all v € D(F).

The next theorem shows that each variational eigenfunction of the form F' is also an

eigenfunction of the operator eigenvalue problem associated with (3.1).

Lemma 5.11 The function u € D(F) satisfies F(u,v) = A(u,v) for all v € D(F) if
and only if u € H*(S), u obeys (5.1) and the boundary conditions (3.2)-(3.3).

Proof: We begin with necessity. Let u € H?(S) be an eigenfunction of (3.1) satisfying
boundary conditions (3.2)-(3.3) with associated eigenvalue A € R. We have
F(u,v) = fuvdo + /(u'@' + quv)dt for v € D(F).
oS S
Since u obeys the differential equation (3.1), we have

F(u,v) = . fuvdo + /S(u’ﬁ)’dt + Mu, v).
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Integrating the second term on the right and imposing boundary conditions gives,

F(u,v) = /as(fu +u)odo + A(u,v).

Since the the boundary conditions where shown to be co-normal, the first term on
the right is zero, thus proving the necessity of the condition. For sufficiency, assume
u € D(F) satisfies F'(u,v) = A(u.v) for all v € D(F). Since C°(S) is a dense subset
of D(F'), we have

F(u,v) = Mu,v) for v € C°(S). (5.8)
Using Cauchy-Schwartz inequality we obtain |F'(u,v)| < |A|||u|[||v]|, hence F,(-) is

bounded on £2?(S) and can be continuously extended to a bounded functional on

L£?(8S). By the Riesz representation theorem, there exists an h € £2(S) such that
F(u,v) = (h,v) for wve LS).
Restricting the above equation to the dense subset C5°(S) of £%(S) we have

/u’ﬁ’dx:—/(qu—h)idt for v eCCF(S),
s s

thus Ou' = qu — h € L*(S) C L .(S) = L]

loc loc

(S§). Lemma 5.6 shows that v € AC

and v’ € L}, .(S), thus lu = —u" + qu € L], (S). However ' € AC, therefore v’ can
be represented as u' = faz fds where f € L} (S). Integration by parts on the second

term of (5.7) is possible giving
F(u,v) = /(—u” + qu)v dt for all v € C3°(S).
S
Combining the above equation and (5.8) we have (lu,v) = (Au,v) for all v € C3°(S),

which is dense in £2(S). This shows that lu = Au and u” € L*(S), therefore showing
that u € H*(S). W

Lemma 5.12 Let F' be the variational form defined in (5.7) and ¢ € R. Then every
sequence (uy,) C H' satisfying
Fug,ur) — c, (5.9)

has a convergent subsequence.
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Proof: Since H!(S) is compactly embedded in £%(S), there exists a subsequence of
(ug) which we will also denote by (uy), that converges in £2(S). Let us denote this
limit by u € £*(S). To show that u € H'(S) we only need to show that its weak
derivative is in £?(S). Notice that

lim | (u,9") = (ug, ¥")| < lim / lu — wll[[¢[| dt = 0. (5.10)
k—o0 k—oo Jg
Thus for every ¢ € C3°(S) C D(F), taking the limit and integrating u;, by parts gives,
Ou(p) = —(u,¢") = — lim (uy, ) = lim (uj, ). (5.11)
k—o00 k—o00

Since C5°(S) is dense in £3*(S), we have that for each wy, there exists a sequence
(ug,, ) C C5°(S) convergent to uy in £2(S) as m — oco. Taking the cross sequence

(ug,) we have that limsup F'(uy,,u,) = ¢ and the boundary term in F'(uy,,uy,) is

zero, thus
. 1
limsup [Juy, || < (¢ + esssup|q|)?. (5.12)
Furthermore
lim sup [|u|| < limsup [Ju, — uj, || 4 limsup |[w}, || (5.13)
<le+ esssup|q|]%. (5.14)

Combining (5.11) and (5.14) gives,
[Ou(p)| < limsup [[uy]||oll < [e + esssuplal]'/*|o]l.

Thus Ou(-) is bounded on C3°(S), hence it can be extended to a continuous linear
functional on £?(S). By the Riesz representation theorem, there exists an h € £%(S)
such that,

Ju(p) = /Shga dx  for ¢ € C°(S)

this shows that u € H!(S), furthermore by Lemma 5.6 we see that u € AC. We may

now integrate by parts and obtain

(up, V) = —(ug, V') = —(u, ') = (v, ) for all ¥ € C3°(S),
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thus u), converges to v/ in £2(S). ®

The next theorem gives a characterization of the eigenvalues for the boundary value
problem (3.1) in terms of the max-min property. Assume the eigenvalues )\, are
labeled in increasing order and repeated according to multiplicity. The eigenfunctions
yn form a complete orthonormal basis in £*(S). We will denote {vy, ...,v,_1}* to be

the orthogonal compliment in £2(S) of span{vg, ..., v5_1}.

Definition 5.13 The Gateaux derivative of J € C!(H,R) at the point x € H
defines a linear functional J'(x) in the dual space of H defined by,

(J'(2),p) :=dJ(x,p) = %J(m + €p) K (5.15)

for all p € H.

Theorem 5.14 For v; € L*(S) such that j =0,1,2..., let

F(p, @)
]2

(00, ., Vn1) :mf{ ‘go € {vo,..,vnl}LﬂD(F)\{O}}, (5.16)

then
A = sup{d,(vo, ..., Vp_1)|V0s ooy Un_1 € L2(S)}  forn=0,1,....

The max-min is attained for ¢ =y, and v; =y; fort=1,....n — 1.

Proof: Let vy, ...,v,_1 € L*(S). Notice that span{yo,...,yn} is n + 1 dimensional
and that span{vo,...v,—1} is at most n dimensional. Therefore there exists a ¢ €

spanf{yo, ..., yn } \{0} with ¢ € {vp,...v,_1}*+. That is,
(p,v;)=0 fori=0,1,..,n— 1. (5.17)

Since each y; € D(F') it follows that ¢ € D(F), and we may denote ¢ = > """ | ¢;y;,

thus
Flp,p) = Z ik F (Yis yu) = Z CiCkAibij = Z e < )\nz lcil* = Anllol|.
i,j=0 i, k=0 =0 =0

(5.18)
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Considering the above equation and (5.16) we see that
dp(Vo, ..., V1) < A, for all vy, ..., v,_1 € L3(S).

For simplicity we denote m := sup{d,,(vo, ..., Vn_1)|v0, ..., vn_1 € L2(S)}, therefore the
above becomes m < A,,. We will show by induction that there exists a ¢ € D(F') with
lell =1 and (¢, v;) =0 for all i = 0,1,...,n — 1 such that F(p,¢) = d,(vg, ..., Un_1).
If n = 0 then m does not depend on any v; and we have m = dy. Since F is bounded
the infimum exists and by Lemma 5.12 this infimum is attained in {vg, .., v, 1} N
D(F)\{0}. Inequality (5.18) shows that dy is an eigenvalue less than or equal to
the least eigenvalue, thus we must have m = dy = A\g where ¢ = yy. Supposing
all eigenvalues are characterized by the above method up to and including A,,_; with
corresponding eigenfunction y,,_;. We will show that the above method holds true for
the next eigenvalue. From the definition of d, (o, ..., ¥n—1) as an infimum and since
F is continuous on the subspace D(F) N {yo, ..., ¥n_1}>\{0}, there exists a sequence
(ur) C D(F) with ||ug|]| = 1 and (ug,y;) =0 for all i = 0,1,..n — 1 and k € N such
that

F<“’“)>' ) (5.19)

|2

Fug) = dn(yo, -+ yn—1) and H<

Lemma 5.12 shows that there exists a subsequence also denoted by (uy) converging to
au € D(F) N {yo, ..., yn_1}-\{0} such that F(u) = d,(yo, .., yn_1) and |Jul] = 1. We
now show that u is an eigenfunction of (3.1) satisfying boundary conditions (3.2)-(3.3)

with eigenvalue A\, = d,, (Yo, -, Yn—1)-

The second statement of (5.19) gives that the Gateaux derivative is zero in all direc-

tions at the point u, thus

<<1|1|15|2|2)/’ 90> =0, for ¢ € C5°(S) N {vy, ..., U1} (5.20)
A simple calculation shows that

(F'(u), ) = 2RF (0, u) and ((J|ul*)’, ¢) = 2R(p, w).
It is clear that (5.20) becomes

2R{F (p,u) —dp(vo, .., 1) (0, u)} =0 for all p € C°(S)N{vo, ..., U1 . (5.21)
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Consider ¢ € {vy, ..., Uy_1}, We may write ¢ = Z;:Ol ¢;yi, where the ¢;’s are appropri-

ately chosen, then the right side of (5.21) gives

[y

n—

ci[Ai(yi w) = dn (Y1 o Y1) (i, )] = 0. (5.22)

N
Il
o

Thus we have

2R{F(p,u) — dn(vo, .., vn_1)(p,u)} =0  for v € C§°(S). (5.23)

Setting z(v)) 1= F (¥, u) —dp(vo, ..., va_1) (¥, u) for ¢ € C°(S) and a = e~*9*), From
(5.21) we have,

Riz(ay)} = Rlazx()} = [=(¥)] = 0 for ¢ € C°(S).

Thus wu is a variational eigenfunction with variational eigenvalue A\ = d,, (v, ..., Up_1),
hence lemma 5.11 shows that v € H?(S) and u = y, is an eigenfunction of (3.1)

satisfying boundary conditions (3.2)-(3.3) with eigenvalue A\, = d,(vo, ..., vp—1). W

5.4 Lusternik-Schnirelmann method

Lusternik-Schnirelmann theory yields a topological characterization of the eigenvalues
of the differential equation (3.1) with boundary conditions (3.2)-(3.3). Furthermore
the Lusternik-schnirelmann theorems which yield the general Min-max principle relies
heavily on the Quantitative deformation Lemma. This lemma is proven on a compact
manifold of class C? and requires the existence of a so called tangent pseudogradient
vector field. In order to obtain such a characterization the notion of the Lusternik-
schnirelmann catagory must first be made clear. This section is a reworking of the

results obtained in Drabek, see [6].
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5.4.1 Lusternik-Schnirelmann Category

Definition 5.15 A is said be contractable to B denoted, A < B, if A and B are
closed sets contained in a topological space V) and there exists a homotopy h € C([0, 1] x

V, V) with the property that h(0,u) = u for allu € A and h(1, A) C B.

Proposition 5.16 (Transitivity) Let A, B, C be closed sets contained in a topological
space V. If A < B and B < C then A <C.

Proof: Let h,g € C([0,1] x V, V) be the homotopy maps contracting A into B and B

into C respectively. Then define the mapping,

h(2t,u) f0<t<3
ftu) =
g(2t —1,h(1,u)) ifi<t<1
thus f € C([0,1] x V, V) is the homotopy contracting A into C and the result follows.

Definition 5.17 The Lusternik-Schnirelmann category denoted, caty(A), of a
closed non-empty subset A of a topological space V is the least number of closed sets

inV covering A each of which contractable to a point in V.

In a nutshell, the Lusternik-Schnirelmann method asserts the following:
A C'-functional F on a Compact manifold V has at least caty()) critical points.

The critical values corresponding to the critical points found by the Lusternik -

Schnirelmann method are given by

cx := inf sup F(u) where o7, := {A CV: A closed, caty(A) > k}.  (5.24)
A€, ucA

It is important to note that the method described above in general does not yield
all critical points of F' on V. It does however give a lower bound on the number of
critical points and gives the values at these points. We now prove some properties of

the Lusternik-Schnirelmann category.
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Proposition 5.18 Let A, B be closed subsets of V, then we have
(i) caty,(0) = 0,

(i1) if A C B then caty(A) < caty(B),

(111) caty, (AU B) < caty(A) + caty(B),

() if A< B then caty(A) < caty(B).

Proof:  To prove (i) notice that the empty set contains no points and cannot be
contracted to a point. For (ii), if A C B then any cover of B is also a cover of A, thus
caty(A) is bounded above by caty(B). Proving (iii), let {A4;}, and {B;}, be the
coverings of A and B associated with n := caty(A) and m := caty(B) respectively,
then AUB C {U A} U{U™,B;}, which is at most caty(A) + caty(B) sets. Let us
prove (iv). Suppose A < B, then A is contractable to B by homotopy h. Let {8},

be the family of coverings associated with m := caty,(B). We define the sets,

Ai={ue A:h(l,u) e B;}, for j=1,...,m. (5.25)
This gives,
A=|JAjand A; < B; fori=1,...m. (5.26)
i=1

Each A; is contractable to B; which is contractable to a point, thus caty(A) <m. R

Definition 5.19 A metric space V is an absolute neighborhood extensor if for
every metric space E, every closed subset F C E and every continuous mapping

f:F =V there exists a continuous extension of f on a neighborhood of F in E. *

Proposition 5.20 Let A be a closed set of an absolute neighborhood extensor )V, then
there exists a closed neighborhood B of A in V such that

CCLtv(A) = Catv(8>. (527)

!This definition varies in the literature, the object is also known as an “absolute neighborhood

retract” in Deimling [5] and Dugundji [8].
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Proof:  Let us assume that caty(A) = 1, and let h be the homotopy that contracts
A to a point in V. We define the following set

N = ([0,1] x A) U ({0,1} x V) is closed in M :=[0,1] x V. (5.28)
Let p € A be fixed and define the continuous map f : N'— V by

h(t,u) ifte0,1], ue A,
flt,u) =< u if t =0, u € V\A,
h(Lp) ift=1,  ue VA

Since V is an absolute neighborhood extensor there is a continuous extension g of f
defined on a neighborhood U of N in M. From the compactness of [0,1] we may
assume U to be of the form [0, 1] x C = U where C is a neighborhood of A. Consider
the closed sets A and V_\C Since V is a metric space, it is also a normal Hausdorff
space thus there exists open disjoint sets D and &£ such that A C D and V_\C C €.
Set B := V\E, then B is closed and A C B C int(C). By definition of g as a
continuous extension of f, B is contractable to a point, thus caty,(B) = 1. Now
suppose that {A;}", is the covering associated with n := caty(.A), then applying the
above procedure we obtain closed neighborhoods B; of each A;. Define B := U, 3;,
hence A C B. Using Proposition 5.18 (ii) and (iii) we have,

caty(A) < caty(B) < antV(Bz-) =n, (5.29)

thus caty(B) =n. W

5.4.2 The projective Space

Definition 5.21 The (N — 1)-dimensional unit sphere S¥—1 C RY is defined as

SN ={r eRY : ||z|| = 1}. (5.30)
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We define the projective plane by identifying antipodal points in terms of an equiva-

lence relation, that is
AecPV ! ifandonlyif A=AU(-A) forsome AecSV!

where —A is the set of antipodal points of A.

Definition 5.22 The (N — 1)-dimensional projective space is defined as
PN = o, —x} 2 € SN (5.31)

The infinite dimensional projective space defined on an infinite dimensional

Hilbert space H is given by
P> ={{z,—z} 2 € 0B(0,1) C H}, (5.32)

Where 0B(0, 1) is the boundary of a unit ball centered at 0.
We state the following lemmas without proof from Drabek, [6, Corollary 4.3.132].

Lemma 5.23 (Borsuk-Ulam). Let f : S¥~! — RN be a continuous mapping,

then there is a point xo € SN~! such that

f(zo) = f(=m). (5.33)

Lemma 5.24 (Lusternik-Schnirelmann) Let A;,..., Ax be a closed covering of

SN=1 then at least one A; contains a set of antipodal points.

Proof: Suppose that
.Ai N (—AZ) = @ for 1= 1, (N — 1). (534)

From the Tietze Theorem we can define continuous functions f*: S¥=! — [0, 1] such

that

fiA) ={0} and fi(—A)={1} for i=1,..,(N—-1). (5.35)
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We set (f1,...,f¥"1) = f and apply the Borsuk-Ulam theorem, thus there exists
ro € SV such that f(zg) = f(—wo). However this implies that fi(xy) = fi(—m0)
for i = 1,..., N — 1. Therefore zq € A; or xy € (—A;) for i = 1,..., N — 1, which is
not possible by (5.35). Thus the only possibility is that g € (—Ax) N Ay. B

We make use of the following identity.

Proposition 5.25 For the projective plane defined above, the following holds,

catpn-1(PV71) = N. (5.36)

Proof: We first show that catpy—1(PV1) < N inductively. Firstly it is clear S° =
{1,-1}, so P = {{1,—1}} thus catpo(P?) = 1. Considering P~  we note that
a cross section of the equator of SM~! is homeomorphic to S¥~2. Hence this cross
section can be covered by catpu—2(PM72) sets. To completely cover S~ all that
is needed is to cap the north and south poles by one symmetric closed set, thus we

have,

catpu—1 (PM1) < catpu—(P*2) +1 < (M —1)+1= M.

All that is needed is catpn—1(PY=1) > N, the proof of this uses homological algebra,

see 20]. W

Corollary 5.26 For the projective space defined above, with 0 < N —1 < M, the
following holds
catpM (PN_l) = N.

Proof: We first show that catpu(PN¥=1) < N, foreach 0 < N -1 < M, PN lisa
subspace of PM which can be covered by catpn—1(PN71) sets, thus
catpu (PY7Y) < catpn 1 (PN < N,

To show catpm (PN~1) > N, suppose that PY~1 can be covered by N — K sets in P

contractable to a point, where 0 < K < N. Then these N — K sets are homeomorphic
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to N — K convex closed sets which cover PN 1. The intersection of these convex sets

with PV~ covers PV~! by N — K sets, thus
catpn 1 (PN < N — K,

which contradicts proposition 5.25. ®

The above shows an important results that will be used in the sequel, namely

catps (PX) = o0,

catpe (PN71) = N.

5.4.3 Lusternik-Schnirelmann Theorems

We now outline the manifold structure in Banach spaces and the existence of a tangent
pseudogradient vector field thereon. Following this, using the Lusternik-schnirelmann

category we can state and prove the Quantitative Deformation Lemma.

Definition 5.27 2 Let H be a real separable Banach space. Define V and v €
C?(H,R) such that

V={veH:Ypw)=1}#0 and '(v)#0 forall ve, (5.37)

then V is a Differentiable Manifold of class C?.

The norm on H induces a metric on ¥ making it a metric space and thus a metric
manifold. It has also been shown that V is an absolute neighborhood extensor.® The
Manifold V was obtained under the assumption of separability of H, however this
condition can be relaxed by assuming second countability and hence paracompactness,
making V of class C'. Similar results as those presented in this section have been

proved by Ghossoub, see [13].

2¢f. Deimling[5] , Zeidler[46, Chapter 43]
3cf. Deimling[5, Prop. 27.6]
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Definition 5.28 The tangent space at v € V is denoted by T,V and defined as

TV :={yeH: (W (v),y) =0} (5.38)

Definition 5.29 Let F € C*(H,R). The norm of the restriction of the derivative
F'(v) to T,V is defined as
IE'(@)[ls := sup (F'(v),y). (5.39)
|ﬁ/\|EXTv=V1
The point v is a critical point of the restriction of F' to V if the restriction of

F'(v) to T,V is equal to the zero operator.

The norm (5.39) can simply be described as the operator norm restricted to T,V .
This gives the maximum gradient between any two points in 7,,). We will use the

notation

Fi={veV: Fv) <d}. (5.40)

Lemma 5.30 (Duality Lemma).* If f,g € H*, then

sup (f,y) =min||f — Ag||.
<Z’|%Zi?<f y) = min |[f — Ag]|

It is clear from the Duality Lemma and the norm of the restriction of F’ to the tangent

bundle that x is a critical point of F'|y if and only if there exists a A € R such that

F'(u) = M (u). (5.41)

Definition 5.31 Let F' € C'(H,R). A tangent pseudogradient vector field for
F on
M:={ueV:|F(u)l.#0} (5.42)

is a locally Lipshitz continuous vector field g : M — H such that g(u) € T,V and

lg(u)llae < 2 F(u)llx and (F'(u), g(u)) = gHF’(U)H* for everyue M. (5.43)

“Drabek [6, Proposition 6.4.35]
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Proposition 5.32 Let f € C'(H,R) and f(v) > 0 for some v € H, then there is a
neighborhood of v denoted N (v) such that

f(v) >0 for all u e N(v). (5.44)

Proof: Suppose the conclusion is false, then for every neighborhood N (v) of v there
exists a u € N (v) such that f(u) < 0. Let € := f(v), then from continuity there

exists a neighborhood U (v) of v such that,
|f(v) — fu)]| <e for every u e U(v), (5.45)
but then there is a @ € U(v) such that f(u) < 0 giving,
1 () = f@)ll = [[f ()] = e (5.46)

This contradiction proves the result. MW

Definition 5.33 Let f : X — Y, then f is said to be locally Lipschitz continuous
if for every x € X there exists a K € R and a neighborhood U of x such that

() = F)lly < Kflu=vlx  forevery wuvecll.

Lemma 5.34 Let F € C*(H,R). Then there exists a tangent pseudogradient vector
field for F' on M.

Proof:  Since ||[F'(v)||. # 0 for every v € M, the definition of the operator norm
implies that there exists x € T,V such that

(F'(0),2) > S with [l =1 (5.47)

From the definition of M and linearity of ¢’(v) there exists a z € H with (¢'(v), z) =
1. Set y := 3z||F'(v)||« and for u € V such that (F’(u), z) # 0 define

{'(u),y)

golu) =y — W) (5.48)
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Since x € T,V we have (¢/(v), x) = 0 giving (¢'(v),y) = 0 and g,(v) = y, also
lgo()ll2e < 2[[F ()|l and  (F'(v), go(v)) > [ F' ()] (5.49)

Since F’ and g, are continuous, by proposition 5.32, there exists an open neighborhood

N (v) of v such that
lgo (W)l < 2| F"(u) || and (F'(u), go(uw)) > [|F'(w)[[?  for every —u € N(v). (5.50)

The family
N ={M,;:ieN} (5.51)

is a open covering of M. Since M is a metric space, there exists a locally finite open

covering

which is subordinate to .4, that is, the closure of every M, of .# is contained in the
neighborhood N (v) of at least one v € V. For every i € N chose one such v := v; and

define
) gu(w) ifueN(v)
gi(u) == _
0 if ué N(v;)

and

pilu) = dist(u, H\M)°, g(u) =] —g@iggﬁ)ﬁ

Since ¢ € C*(H,R) we have that each g,, € C*(H,R) and are linear thus g(u) is locally

(5.53)

Lipshitz continuous on M. Finally, g(u) is the required tangent pseudogradient vector

field. m
For the sequel if S C H we define,

Sos = {u € H : dist(u,S) < 26}. (5.54)

Lemma 5.35 (Quantitative Deformation Lemma). Let F € CY(H,R), S C V, c € R,
€,0 > 0 be such that

8¢

| F'(u)||« > 5 for any u€ Fi([c—2€e,c+2€¢)) NSy N V. (5.55)

SHere dist(u, H\M;) = inf{||u — b|| : b € H\M,}

6The local finiteness property guarantees only a finite number of p’s are nonzero.
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Then there exists a homotopy n € C([0,1] x V, V) such that
(i) n(t,u) =u ift =0 oru ¢ F_1([c — 2¢,c+ 2¢]) N Sas NV,
(i1) n(1, FetenS) C Fe,

(iii) F(n(-,u)) is decreasing for any u € V,

() n(t,-) is a homeomorphism on H, for each fized t.

Proof: By Lemma 5.34 there exists a tangent pseudogradient vector field g for F' on
M. Define the following sets

A:=F_([c—2e,c+2€¢]) NSy NV and B:=F_(([c—e,c+¢€)NSuNV,

and the functional
o) = dist(u, H\.A)
" dist(u, H\A) + dist(u, B)’

We will now show that ¢ is locally Lipschitz continuous. For xi,z9 € H from a

(5.56)

bounded set, without loss of generality we may assume dist(z;, M) > dist(xe, M),

and for any € > 0 there exists a . € M such that
|ze — x|l < dist(za, M) + €. (5.57)
Applying the triangle inequality to ||x; — z||3 yields
|z — 2|9 < dist(zo, H) + €+ ||z1 — 22|, (5.58)
but since z. € M we have ||x; — x|y > dist(z1, M). Hence
|dist(x1, M) — dist(z2, M)| < ||x1 — 22||%- (5.59)
Noticing that
dist(a;, H\A) + dist(z;, B) > 3, i=1,2 for some 3 > 0. (5.60)
Using the triangle inequality we have from (5.60) and (5.59) that

6(21) — B2)] < %Hxl Cwlly for mLme M. (5.61)
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Thus ¢ is locally Lipschitz continuous on M with the property

1 onB
d(u) == (5.62)
0 on H\A.

Define the following vector field

(w)
Flu) = —0W g, muEA
0 onue H\A,

where ¢ is a pseudogradient vector field for F' on M as given by Lemma 5.34. By
definition g was defined to be continuous and nowhere zero, else M; would not be a
covering of M, and g is locally Lipschitz continuous. The product of locally Lipschitz
functions is locally Lipschitz, thus we see that f is locally Lipschitz continuous. Using

definition (5.43) we have

IE (@)l llg ()l > (F'(w), g(w)) > | F' (w2, (5.63)

hence using (5.55), we have

8¢ )

e 0 (5.64)

We now consider the Cauchy problem ¢ = f(o) with initial condition ¢(0) = w. Since
f is locally Lipschitz continuous the above problem has a unique solution o(-,u)
which is defined on the whole R and o is continuous on R x H. We now define
n:[0,1] x H — H by

n(t,u) := o(8et, u). (5.65)

From (5.55), (5.64) and the Fundamental Theorem of Calculus we have for ¢ > 0,

lor(t, u) — ulls = (T, u)

/ £ (o(,w))||sdr < g_ (5.66)

From the chain rule and (5.49) we have

CP(o(t,0)) = (F(o(t,0)), olt,w) = (F(o(t,0)), f(o(t,u))) < —3ololt,w) <0

(5.67)
Thus (iii) holds. We see that (i) holds for ¢ = 0 from the initial conditions and also

when u ¢ A, f(u) = 0 so o is constant and the initial condition yields o(t,u) = u
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for all u € H\A. (iv) is true since n(¢,u) is continuous and one-to-one, else this
would contradict the uniqueness of solution of the Cauchy problem. Hence n(t, u) is
continuously invertable. All that remains is (ii). Let u € F¢t*N S, there are two
possible cases, the first case, assuming that F(o(t,u)) < ¢ — € for some ¢ € [0, 8¢,
but since F'(o(t,u)) is decreasing we have F'(o(t,8¢)) < ¢ — € and (ii) holds. For the

second case assume that
o(t,u) € F_1([c —€,c+¢€]) for any ¢ € [0, 8¢]. (5.68)

From (5.66) we know o(t,u) € B, (5.67) yields

1 8¢

F(o(8¢,u)) = F(u) + /0 E %F(a(t,u))dt < F(u) — 1), o(o(t,u))dt. (5.69)

Since F(u) = F(0(0,u)) < ¢ — € and ¢(o(t,u)) = 1, the above becomes,
F(o(8¢,u)) <c+e—2e=c—cg, (5.70)

satisfying (ii) and the theorem is complete. M
The preparation is now complete. We proceed with the Lusternik-Schnirelmann the-

Orerns.

Theorem 5.36 (General Minimax Principle) Assume that F' and c; are as in

(5.24). If

C:=Cp=Che1="""= Chim, (5.71)

we have for every ¢,6 >0, A € Wy, and B CV closed with
sup Fl(u) <c+e and  caty(B) < m, (5.72)
ucA

then there exists a ug € V such that

(i) ¢ — 2 < F(up) < ¢+ 2e,

(i) dist(ug, A\int(B)) < 20,

(idi) || F(uo)ll« < 5.
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Proof: Suppose d,¢ > 0 and that there exist closed sets A € ., and B C V
satisfying (5.72). Since the category of A is greater than that of B, by Proposition
5.18 (ii), A is not a subset of B, thus (ii) holds. From (5.24) we see that from the

definition of cx,,, we have the bound

c<supF(u) <c+e, (5.73)
ueA

thus the subset of V satisfying (i) and (ii) is nonempty. We prove (iii), by contradiction
assuming (i) and (ii) hold while (iii) does not. From (5.72) using the Quantitative

Deformation Lemma, we have

A\intB < Fe= (5.74)

From lemma 5.18 (iii) and (iv), noticing that A = A\int(B) U B giving
k+m < caty,(A\int(B)) + caty(B) < caty(F°) + m. (5.75)

Notice that
caty(F°) <k—1, (5.76)

otherwise supposing caty(F°¢) > k then F° ¢ € &7, but then we have
inf sup F(u) < sup F(u)=c—e¢,
.AEJZ{k UEB ( ) - ueF?—e ( )

a contradiction. Thus using (5.75) and (5.76) we obtain

k+m <caty(F©)4+m<k+m-—1

This contradiction proves the result. H

Definition 5.37 A functional F' satisfies the Palais-Smale Condition, (PS)., at

level ¢ on' V if any sequence {x,}22 in V satisfying
F(x,) — ¢, |F' (x|« — 0, (5.77)

has a convergent subsequence.
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This condition on a functional is important because you could have the situation for

a sequence {x,}%, satisfying
F(x,) — ¢, | F'(xn)|l« — 0 (5.78)

but the sequence is unbounded, in this case the conditions on the manifold for a
critical point are satisfied however the critical point does not exist. An example of

such a functional given by Brezis and Nirenberg.”

Theorem 5.38 Let F' be bounded below on V and satisfy (PS). on V. Let
K.:={ueV:F(u)=c|F(u)|.=0},
denote the critical points at level ¢, as in (5.71), then

caty(Ke) > m+ 1.

Proof:  Assume that caty,(K.) < m, since V is an absolute neighborhood extensor
there exists a closed B such that caty(B) < m and K. C int(B). By the General

Minimax Principle setting A =V there exists a sequence {x,}>%, C V such that
F(z,) — ¢, dist(u,, V\int(B)) — 0, | F' ()|« — 0.

But F satisfies (P.S). on V thus a subsequence of z,, converges to a point in K. and

in B\int(B), contradicting the definition of B being a closed neighborhood of A. M

Theorem 5.39 Let F' € C'(H,R) be bounded below on 'V let d be an upper bound for
infuey F(u) and let F satisfy the (PS). on the levels ¢ € |infey F(u),d]. Then Fly

has a minimum and F?® contains at least caty,(F?) critical points of F|y.

Proof: Supposing n := caty(F?) and that ¢;, i = 1,...,n, are given by (5.24) such
that

in\f}F(u):cl§02363§--~§cn§d. (5.79)
ue

cf. Drabek [6, page 428].
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If the critical points correspond to different critical values which are not equal then
we are done. If this is not the case then we have the scenario as in (5.71) and we may

apply theorem 5.38, hence the result follows. ™

Theorem 5.40 Let H be a infinite dimensional real Hilbert space and let the func-
tional F € CY(H,R) be bounded below, even and satisfying (PS). on dB(0,1) C H.

Then Flap(o,a) has infinitely many distinct pairs of critical points.

Proof: We define
X ={z={u,—u} :ueH} Vi={reX:|z|3 =1} (5.80)

We note that ||z]|?, € C*(H,R) and is even, thus we have that ¥V = P> and applying
proposition 5.25, we have

caty(V) = oo.

Since theorem 5.38 shows that the number of critical points of F|), is bounded below

by caty(V), the theorem follows. W

The final theorem of this section characterizes the critical points of the functional (5.7)
related to the Sturm-Liouville variational problem, however the adjustment is made
to only consider the real Hilbert spaces. We consider the functional F(x) := F(z,z)

defined in (5.7) as
F(z,y) = frydo + / 'y + qrydt. (5.81)
aS S
Here § = [a,b] with 0 < a < b < 00, and
X ={z={u,—u}:uecH}, Vi={reX:|z||z=1} (5.82)
Theorem 5.41 The functional F(u) defined above on X has infinitely many critical

points on V defined as,
A; = inf sup F(z)

AEJ?/Z' (EE.A
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where oy ={A CV: Ais closed, caty(A) > i}.

Proof: Theorem 5.9 shows that F is bounded below, now to show that (PS). at level

¢ > inf,ey F(x) is satisfied, let
F(z,) — ¢, ||F'(xn)]|« =0 forx, € V. (5.83)

From Lemma 5.12, there exists a subsequence also denoted x,, such that z,, — x for
some z € V.® We now know from Theorem 5.41 that V has infinitely many critical

points x; € V. Using the Gateaux derivative we have
(F'(2:),0) = 2F (¢, 7;) and (([lzillz2)', 0) = 2(p,25),  for p € H.
From the Duality Lemma 5.30 we obtain
F(oi,p) = Nl 9), €M (5.84)

We know from Lemma 5.11 that z; are eigenvectors and \; are the eigenvalues of the
Sturm-Liouville problem. We show that the above scheme obtains all the variational
eigenvalues of F'. We see that the eigenvalues \; are obtained in increasing order of
magnitude, thus the infimum over H! obtains the first eigenvalue, \;. Suppose now
that Ay is not obtained by the above scheme and all eigenvalues are obtained using

the above method up to and excluding A, for 1 < k < oo. Consider the set,

k k
A= {Zi:1 Yi%i Zi:l |'7i|2 = 1}a

noticing  F(z) <\ for z€ A

It is clear that A is a symmetric set in V, furthermore, A is homeomorphic to P*~1.
From Corollary 5.26 we have,

caty(A) = n,

thus A € 7., and since above scheme does not obtain A\, we have

inf sup F(z) < sup F(z).
A€y ze A zEA

8This x is obtained by normalising this subsequence.
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The above shows that there exists an eigenvalue between two consecutive eigenvalues.

This contradiction proves the result. H

This characterization can also be used for non-linear problems such as the p-Laplacian

eigenvalue problem considered by Drabek and Robinson [7].

5.5 Courant Nodal Domain Theorem

In this section we will give a variational proof of the Courant Nodal domain theorem,
this theorem gives an upper bound for the number of zero’s of each eigenfunction.
This is can be seen as the variational analogue of the upper bound of the Sturm
oscillation theorem. For the next proof we define the following Unique Continuity
Property, (UCP), of the Sturm-Liouville problem. In the sequel we refer to F' as
defined in (5.81) with domain H!. The results in this section are a reworking of those

obtained by Drabek and Robinson, see [7].

Definition 5.42 (UCP). Let uy, be an eigenfunction of F, then uy, has no non-
empty open interval on which it is equal to zero, that is, the set {x : uy,(x) = 0} has

a empty interior.

Definition 5.43 A nodal domain of u € C(S) is a mazximal open connected subset
of {x : u(x) # 0}, that is, it is a maximal set whose Lusternik-Schnirelmann category

18 1.

Theorem 5.44 (Courant). Let uy, be an eigenfunction associated with X\, of F,

then uy, has at most n nodal domains.

Proof: Let us assume that uy, has n 4+ k nodal domains, with £ > 1. We shall call

these nodal domains {S;,Ss, ..., Spix}. Define the following functions w; := wuy,.xs;,
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and u; € H! since

ou; = — / Uy, X8, dt = —/ uy, pdt € H' for p € C3°(S). (5.85)
s S;

(3

Define

A= {i%ul : i’yf/ ufdt = 1},
i=1 i=1 S

i

also for u € A,

[ull> = [gu?dt
=i fs yiug dt
=2 Js uR,dt =1,

hence we see that A C V and is symmetric thus homeomorphic to P*~t. Corollary
5.26 shows that caty(A) = n, thus A € ,. Now for u € A, integrating by parts we

have,

Fu) =>1", [fasi wdo + [ (u')? + qudt]
=2 W o, wido + [5[(u))? + qui] di]
=i v = flau@), + [5(wh,)? + qui dt]
=2t = flau@)y, + fla)u(@)y, + [5,(~ul, + qu, udt]
=M 2y 77 s R, dE = A

Thus F = A\, on A. However for u € A, v = 0 on S,,1, therefore no eigenfunction
is contained in A, as (UCP) would be contradicted. Thus F has no critical points on

A. Since A is compact, there exists numbers 6§, ¢ > 0 such that,

8
1F (w)]], > f for u € A.

From the Quantitative Deformation Lemma 5.35, there exists a homeomorphism
n(t,u) as given in the statement. We can now define a set A := n(t, A), with the
property A € <, and

sup F'(u) < Ay,.
ue A

This contradiction proves the result. W



Chapter 6

Classes of Self-Adjoint operators

6.1 Introduction

Marcus and Everitt, see [10, 30], used methods of symplectic geometry to yield a
theory which can be used to study which boundary conditions lead to self-adjoint
domains of the formal operator L defined in (1.4). This novel approach uses the
Glazman-Krein- Naimark theorem (GKN) which shows that there is a bijection be-
tween self-adjoint boundary conditions and complete Lagrangian subspaces of the
operator L. Using this and a prescribed symplectic product on a symplectic space
S, the problem of finding self-adjoint boundary conditions can be converted to an
entirely algebraic problem of finding the complete Lagrangian subspaces of S. Fur-
thermore, a symplectic algebra gives a criterion for the existence of these self-adjoint
boundary conditions, namely, the balanced intersection principle. The deficiency in-
dices can be determined through the symplectic invariants of the symplectic structure

imposed by the symplectic product.

89



CHAPTER 6. CLASSES OF SELF-ADJOINT OPERATORS 90

6.2 Symplectic Structure

In this section we will consider finite dimensional complex symplectic spaces with

dimension D > 0. In this work a complex symplectic space S is a complex linear space

with a prescribed form [- : -] which satisfies the following properties:
(i) [cru + cov t w] = ¢1u s w] + co[v s w],  (Linearity in the first variable)
(ii) [u:v] = —[v:u], (Skew-Hermitian)

(iii) [w: S]=0 implies w=0 (non-degeneracy),

for all ¢1,¢c € C and u,v,w € S.

A Lagrangian subspace L C S is a subspace of S satisfying [u : v] = 0 for all u,v € L.
A symplectic isomorphism is a linear bijective map ) between two symplectic spaces

S1 and Sy with symplectic forms [- : -]; and [- : -]o respectively, satisfying
[u,v]1 = [Vu : Vula. (6.1)

In view of applications, if there is a symplectic isomorphism )V, say, between a sym-
plectic space of interest S with symplectic product [- : -] and the symplectic space CP,
then we may represent the elements Vu, Vv € CP as the D-tuples Vu = (uy, ..., up)
and Vv = (vy,...,vp). The symplectic isomorphism V induces a symplectic form
on CP specified by a D x D skew-Hermitian non- singular matrix H and we may

represent the symplectic form on S relative to the isomorphism V as
[u:v] = (ut, . u?)H (0 . 0P (6.2)

The isomorphism V takes bases in S into bases in CP. A basis in C” is changed
by congruent matrices which represent automorphisms on C” which may or may not
change the symplectic structure defined by H, but either way, through composition of
maps this change of basis defines a new isomorphism of S onto C”, dependent on V.
Consequently, bases in C” determining a symplectic structure (through the matrix
H) are unique up to isomorphism V. We will examine the symplectic invariants of
S relative to the induced matrix H under an arbitrary fixed symplectic isomorphism

Y, although the invariants are independent of V. Since the spaces S and CP are
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symplectically isomorphic, for brevity we shall drop the subscript and denote their
symplectic products by [ : -]. Unless otherwise stated, when we refer to a basis of S,
we are referring to the basis in C? isomorphic through V to the corresponding basis

in S.

A positive (negative) Lagrangian subspace P C S is a Lagrangian subspace which sat-
isfies [u, v] > 0(< 0) for all u,v € Py. The symplectic invariants of S are (p,q), A, Ex,
determined by the symplectic structure of S. They are defined as follows:

p = max{complex dimension of positive linear subspaces},

¢ = max{complex dimension of negative linear subspaces},

we call (p, q) the signature of S. The Lagrangian index A of S,

A = max{complex dimension of Lagrangian subspaces of S},

and the excess Ex of S, Ex = p — q. The next theorem relates the diagonal form of

the matrix H with the symplectic invariants.

Theorem 6.1 Fiz an isomorphism V and choose a basis for the symplectic space S
with dimension D > 0 and corresponding skew- Hermitian matrix H determined
by the symplectic product |- : |, H is congruent to some diagonal matric G =
diag{i,i,...,i, —1, ..., —i}, furthermore the symplectic invariants are related to H by p
being the number of +i’s on the diagonal of G and q being the number of —i’s on the
diagonal of G, also,

D=p+gq and A = min{p, q}.

Proof: Considering the symplectic space S, we may define a fixed isomorphism ¥’
from an arbitrary basis of S to a basis of CP, then for some associated matrix H we

may write the symplectic form as

[u,v] = (Yu)H(Vv)* for u,v €S, (6.3)
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where * represents the adjoint. Performing an eigenvector decomposition of H, yields
H = QAQ*, where @) is a matrix with columns of orthonormal eigenvectors and
A = diag{i,1,...,i,—1i,...,—i}. Hence we see that H is congruent to A with A having

m > 0 terms (+i) and v > 0 terms (—i). We may now write the symplectic form as
[u,v] = (YuQ)diag{i, i, ....,i, —i, ..., i} (Y vQ)* for u,v € S. (6.4)

We first note that the skew-symmetric property of the symplectic form guarantees
that Re[v : v] = 0 for all v € S, thus the only possibilities for any element v € S
is Im[v : v] > 0 (positive vector), Im[v : v] < 0 (negative vector) or Im[v : v] = 0

(neutral vector). Furthermore from (6.4) we have D = 7 + v. We will prove that
p=m andq=v. (6.5)

We first consider the positive subspace P, C S such that dim P, = m, which is
spanned by the first 7 basis vectors of S taken componentwise. It is clear from (6.4)
that I'mfv : v] > 0 for all v € P,. Since p is the maximal dimension of such a
subspace, we have p > w. To show the reverse inequality we will show that every
linear positive subspace P C S has dim P < 7. Let the subspace N_ C S be spanned
by the basis vectors which are not a basis for P, thus N_ is a negative Lagrangian
subspace with dimension v. Since P N N_ = {0} we have that dim P + v < D,
hence dim P < D — v = 7. We can prove ¢ = v in a similar fashion. We now prove
the last inequality A = min{p, q}. Without loss of generality we may assume that
p > q. The justification above is enough to define V so that the symplectic structure

is determined by the matrix

oI, 0 0
A=| o —il, o |, (6.6)
0 0 il

where | Ez| represents the magnitude of the excess. Let us denote our componentwise

basis for S, relative to the symplectic isomorphism %', by

{617627 "'7eq7 f17 f27 ot fq7gl7 ’gEI}
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We may form a Lagrangian subspace L; of S defined by
Ly = span{e' + f* e + f2, ..., e? + f7}. (6.7)

It is clear that dim Ly = ¢, hence A > q. Every vector v € Py, except v = 0, satisfies
Im[v : v] > 0, thus every Lagrangian subspace L C S satisfies L N P, = {0}. Hence
dimL +p < D, thus dimL < D —p = ¢. This shows that A = ¢q. We may use a

similar argument for when ¢ > p to complete the proof. ®

It is of particular interest for applications when Ex = 0, in this case, p = ¢ and
D = 2p. The deficiency indicies are given by p and g. From the above theorem
D = 2A and the symplectic space S is isomorphic to C** and can be seen as the
complexification! of a real symplectic space R?2, in this case the canonical basis may
be chosen with an appropriate symplectic isomorphism V and the associated matrix

determining the symplectic structure can take the form

0 I
K = . (6.8)
—In 0

6.3 Complete Lagrangian subspaces

A Lagrangian subspace Lisa subspace of the symplectic space S where every vector is
symplectically orthogonal to every other vector in L. A complete Lagrangian subspace

L is a subspace of S which satisfies,
u,L] =0and u € S implies w€ L. (6.9)

Thus a complete Lagrangian subspace is the maximal subspace of all self orthog-
onal Lagrangian subspaces. Two subspaces Sy, Sy C S are symplectic direct sum

decompositions of S denoted by

S =S &S, (6.10)

Lef. Markus and Everitt [10, pp, 4909
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in the case S; and Sy are the symplectic ortho-complements of one another. There
exists a basis, unique up to isomorphism 7, which can be decomposed into the direct

sum

S = 8% @ Sl with  [S*4 . SIF =0, (6.11)

with dimension 2A and |Fz|, and excess 0 and |Exz|, respectively. Depending on
the choice of V, an appropriate basis can be chosen in CP so that the D x D skew-

hermitian matrix preserving the symplectic structure is

0 In O
K=| -1, 0 0 : (6.12)
0 0 iljg

The basis in C” corresponding to the above skew-hermitian matrix is constructed by

first starting with the direct sum decomposition
S=P,.dN_, (6.13)

where P, and N_ are as defined in Theorem 6.1. Taking any Lagrangian d-space
(6 < A) defined by L = spanfe',e?, ...,e’} we can decompose each basis vector in
terms of its components in the N_ and P, spaces. If need be we may recursively
add orthogonal basis vectors to L, each of which are the sum of orthogonal vectors
in the subspaces P, and N_ not in L. The resulting complete Lagrangian A-space,
528 = fel €2, ...,e, ..., e~} is constructed with its ortho-complement being S!F*!,
The associated matrix for the symplectic space S*2 is the first 2A diagonal elements
of (6.6). The basis vectors of S22 can be redefined to get the basis for S22 in canonical
form and thus the associated matrix becomes (6.12). This full construction is seen
in [10, p. 4921]. The construction is important because it shows how to construct
larger Lagrangian subspaces from smaller ones, and it is used in the next theorem to
obtain a necessary and sufficient condition for the existence of complete Lagrangian

subspaces.
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Theorem 6.2 Let S be a complex symplectic space with symplectic form |- : -] then,
(i) there exists a complete Lagrangian subspace of S if and only if S has excess Ex = 0.
If Ex =0 then dim S = 2A and also,

(ii) the Lagrangian subspace L is complete if and only if dim L = A.

Proof: To prove necessity of (i), let Fz = 0, then S is the complexification of the
real symplectic space R?2. Thus there exists a canonical basis? {e!, €2, ...,e2, ..., 22}
relative to V with associated skew-Hermitian matrix (6.8) of the symplectic form. Let
us define the subspace L = span{el,...,e*}, then it is clear that L is a Lagrangian
subspace, furthermore L is complete. To see this, consider an arbitrary element v € S
with u = cie! + cpe? + -+ + cone?® satisfying [u, L] = 0. Then using the definition
of the canonical basis [¢/,e2T] = §;; for 1 < 4,5 < A, we have cap1 = caye =

- = con = 0, hence u € L. We prove sufficiency of (i) by contraposition. Suppose
Ex # 0, then without loss of generality, we may assume that Ex = p —¢q > 0,
so that A = min{p,q} = ¢. There exists a basis for S outlined previously to be
{e!,...,e22 €' .. eP*}. For a given Lagrangian subspace L and the associated skew-
hermitian matrix (6.12), we know that L = Span{é!,...,é*}, however [¢! : L] = 0

and €' ¢ L, thus L is not complete.

In the case Ex = 0, it is clear that dim .S = 2A. For necessity of (ii) we know from
the construction above that for any Lagrangian d-space L with 6 < A there exists
a canonical basis {e!, €2, ..., e2, ..., e**} such that L = span{e, ...,e°}. From the ar-
gument used in the necessity of (i), Lis complete in case 6 = A. Finally, we prove
sufficiency of (ii) by contraposition. If 6 < A, then L is not complete, since we may

choose é°+! € S such that [¢°t! : L] =0 yet &**' ¢ L.

2¢f. [10, pp. 4922 (2.35) and (2.36)]
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6.4 Boundary space and the GKN-theorem

The following results hold for any even ordered ordinary differential equation although
we will just consider the case of equations of the second order. We will consider the
same minimal and maximal operators defined in section 2.5, save some notational
renaming. These domains are chosen so that any self-adjoint extension will be an
extension of the minimal domain and a restriction of the maximal domain. Let the

boundary space S be the quotient space defined as
S = D(T7)\D(Ty). (6.14)

This is a 4 complex dimensional space consisting of elements which are equivalence
classes of functions from D(T}) with the same function and derivative values at the

boundary. That is for any u € D(17),
uesS implies u={veDT):u—veDTp)}

We may define the symplectic form, making use of the Lagrange identity?, as

b

f:g]l=1[f:9]=(T1f.9) — (f. Trg) = p(x)[f(2)7 (x) — f(2)g(x)]|,. (6.15)

The symplectic form defined above is non-degenerate since [u : S| = 0 implies that
u € D(Tp), hence u = 0. Therefore S together with the symplectic form above, forms
a complex symplectic space. The next theorem relates the Lagrangian subspaces of

S to the domain of the self-adjoint operators which are restrictions of 77.

Theorem 6.3 GKN-theorem

There exists a bijection between the set of all self-adjoint operators T as restrictions
of D(T1) and the set of all complete Lagrangian subspaces L on S. For each complete
Lagrangian subspace L corresponding to the self-adjoint operator T, the Lagrangian

subspace is defined as,

L = D(T)/D(Tp). (6.16)

3cf. statement of equation (2.39)
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The domain of the corresponding self-adjoint extension is defined as,
D(T) =arfi+--+aafa+D(Ty), (6.17)

where ay, ...,aq € R are arbitrary and fi, ..., fq are representatives of the equivalence

classes fy, ..., £, respectively, which form a basis of the Lagrangian subspace L in S.

Proof: Consider any self-adjoint operator T" whose domain is the restriction of the
maximal operator 7} and an extension of the minimal operator 7. Define the subset
L of S by

L =D(T)/D(Ty). (6.18)

The elements of S form equivalence classes and hence have a fixed associated projec-
tion mapping ¥ : D(T}) — S taking each element of D(T}) into its equivalence class,

hence

U(f)y=£f=f+D(Tp) for all f € D(Ty). (6.19)

We will show that L is a Lagrangian subspace. It is clear that L is a linear subspace
of S, since D(T) is a linear subspace of D(T}) and V is a linear projective map. We
compute the symplectic product for any f, g € L considering that 7" is a symmetric

restriction of 717,

[fg]:<T1fvg)_(f7Tlg> forallfef,gEg,

It follows that L is a Lagrangian subspace of S. To show that it is complete, consider

any h € S satisfying [h : L] = 0, that is,
(Th,g) = (T1h,g) = (h,T1rg) = (h,Tg) forall g € D(T),h € h. (6.20)

However this is sufficient, by definition of the adjoint * for h € D(T*) to be in D(T)
for all h € h. Thus h € L and L is complete.

Now for the converse, let L be any Lagrangian subspace of S, we must show that

4cf. equation (2.1)
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there exists a self-adjoint operator 1. Moreover we must show that L takes the form
(6.16). To this end we require YD(T") = L, therefore we define D(T’) to be the inverse

set mapping of ¥ as
D(T)=V"'L={heD(T):heL} (6.21)

From the above and D(Ty) = 0 € L, we see that D(Ty) € D(T') € D(T1). Thus T
is a restriction of 77. We will show that T is self-adjoint. Since L is a Lagrangian

subspace of S we have

f:g|=(Tf,q9) —(f,Tg) =0 forall f,g € D(T).

From the definition of the domain® of the adjoint D(T™*), we have that D(T) C D(T*).

Furthermore T' is a restriction of 77 and since Ty and T3 are adjoint to one another,
D(Ty) = D(17) C D(T") € D(Ty) = D(11).
Therefore T* is also a restriction of 77. For f € D(T*) we know by definition,
(T*f,9) = (f,Tg) forall g€ D(T). (6.22)
Since T" and T™* are restrictions of 71, fixing a f € D(T*) and using (6.22) we have,

[f 9l =(T0f,9) — (f,Tig) = 0 for all g € D(T).

The above statement in the quotient space is equivalent to [f : L] = 0 but since L is
complete f € L we have f € D(T'). We have shown that 7 is self-adjoint and from
(6.21) we see that ¥D(T') = L, thus L takes the form (6.18). From equation (6.21),
it is clear that we can define a surjective mapping ¥ from the set of all self-adjoint
operators {T'} onto the set of all Lagrangian subspaces {L} induced by the mapping
U and defined by,

v:T—L=D(T)/D(Tp). (6.23)

To complete the proof we need to show that W is injective. Consider two different self-

adjoint operators T, and T which are restrictions of 77. Define the two corresponding

Scf. domain D(T*) of equation (2.1)
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Lagrangian subspaces as,
L, =D(1,)/D(1y) and Lg="D(13)/D(1p),

respectively. Without loss of generality we may assume that D(73) C D(1,). Then
there exists a u € D(T,) not in D(Tj). This means that u = {u + D(1p)} € L, with

u ¢ Lg, otherwise u € D(Tj). So L, # Lg, thus by contraposition ¥ is injective. W

6.5 A classification of self-adjoint boundary condi-

tions

The GKN-theorem gives a bijection between Lagrangian subspaces and self-adjoint
operators T. With the use of symplectic algebra it is possible to obtain a classifica-
tion of the class of self-adjoint operators in terms of the intrinsic properties of their
corresponding Lagrangian subspaces. A brief exposition of the results obtained by
Markus and Everitt, [10], will be given. One of the main results which gives a char-
acterization of complete Lagrangian subspaces is known as the balanced intersection
principle. This principle states that for every symplectic direct sum decomposition
of S given by

S=S,®S_, (6.24)

with symplectic invariants Ay and Fx., respectively, every complete Lagrangian

subspace L C S satisfies
0<A_ —dim(LNS_)=A; —dim(LNS;) <min{A_,A,}. (6.25)

To give an intuitive meaning to the characterization we will choose a particular de-

composition of S. Define

D_(Ty) := {f € D(T}) : some neighborhood of b does not intersect supp(f)}

D (Ty) :={f € D(T1) : some neighborhood of a does not intersect supp(f)}.
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For ¥ defined as in (6.19), we set
Sl = \I/D_(Tl) and SQ = \I/D+(T1>

The spaces S; and S, are called the left and right boundary spaces, respectively, see
[11, p. 490]. For any non-zero vector v € S we say that v is separated at the left in
case v € S_, separated at the right in case v € S, and coupled otherwise. A basis
for L C S is said to be minimally coupled if no other basis for L has fewer coupled
vectors. For each minimally coupled basis of L, the number of coupled vectors is

called the necessary coupling of L, denoted by
Nec-coupling(L) = A —dim(L NS_) —dim(L N S,). (6.26)
A Lagrangian subspace L C S is said to be strictly separated if
Nec-coupling(L) = 0, (6.27)
and L is said to be totally coupled if
Nec-coupling(L) = A. (6.28)
The coupling grade of L is defined as
grade(L) .= A_ —dim(LNS_) =A, —dim(LNS;). (6.29)

It is known® that there exists Lagrangian subspaces with all possible coupling grades
I =0,...,min{A_ A,}. For any complete basis {fi,...,fa} of L there are at least
dim(L N'S_) vectors which are separated at the left, at least dim(L NS, ) vectors
separated at the right, and at most Nec-coupling(L) coupled vectors, with equality
when the basis of L is minimally coupled.

Suppose we have a basis for S

L T L L o (6.30)

then it is said to be a canonical basis if the following conditions are satisfied:

[ fA) = —[f2 : f/]=1 for 1<j<A,

6 ¢f. Markus and Everitt [10, pp. 4934]
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[f':f]1=0 for i#A+j.

We may choose for S the canonical basis

z—a)(b—x)? a—3b+2x)(a—x)?
fl('Qj) = (p(a)z(() a)% ) f2($) = ( (a b))(3 ) )
3 3a—b—2z)(b—1x)> 4 a—x)2(z—b
] (ZE) - ( (a—b))g ) ) J (ZE) — (p(b)gbﬁa)Z)‘

We next introduce the isomorphism V :S — C* defined by

£ — {p(a)f'(a), f(b), p(a), p(b) f'(b)}- (6.31)

The symplectic isomorphism V is associated with the skew-Hermitian matrix K de-

fined in (6.8), furthermore ¥ maps the above canonical basis into a canonical basis

for C* defined by
er ={1,0,0,0},e; = {0,1,0,0},e3 = {0,0,1,0} and e, = {0,0,0,1}.
We may now define the symplectic form as follows
f:g]=V({E)KV(g) forall f,geS. (6.32)

Using direct algebraic manipulation to verify possible complete Lagrangian subspaces

in C*, we may consider some complete Lagrangian subspaces given by:
Ly = {e1,eq}, Lg = {e2,e3} and Ly = {e1 + eq, €2 + €3}

We see that L, and Lj are strictly separated with grade(Ls) equal to 0, while L,
is totally coupled with grade(L,) equal to 1. We may now use the GKN-Theorem
to yield the self-adjoint domain of the operators corresponding to each complete
Lagrangian subspace mentioned above. We use the inverse mapping of V to obtain the
corresponding complete Lagrangian subspaces in S, and then we obtain the domain

of each self-adjoint operator through formula (6.17) giving”:

D) ={fcA:fla)=0=f(b)}, D) ={fcA:[f(a)=0=[()}
D(Ty) ={f e A: [fla) = f(b) and p(a)f'(a) = p(b) f'(b)}.

7 A is defined in Section 2.5
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Here Ty, T3 and T4 correspond to Lo, L3 and L4, respectively. The operator T3
is obtained by imposing Dirichlet boundary conditions, T35 is obtained by imposing
Neumann boundary conditions and T} is obtained by imposing limit-circle boundary

conditions. We may also consider the following complete Lagrangian subspace of C*,
Ls = {ezcosa — ey sina, ey cos § — ey sin f}. (6.33)

This Lagrangian subspace relative to V, is associated with the boundary conditions
(1.2) and (1.3). It is clear that a continuous transformation in the variables o and
can define a continuous transformation of L, into L3 through intermediary subspaces

which are also complete Lagrangian subspaces of S.

It was illustrated above that transformation of the symplectic form by congruent
matrices is also a change of basis in C”, see (6.2). Of all the transformations of K
by congruent matrices the most important are those transformations which preserve
the symplectic structure defined by K. We call the transformation B a symplectic

automorphism of CP if it satisfies the following formula
BKB* =K. (6.34)

The above subset of transformations is important because under these transforma-
tions the matrix K which determines the symplectic structure is held constant while
the basis of C? is changed. This has the effect through the isomorphism V), that
Lagrangian subspaces of C” are mapped to the corresponding Lagrangian subspaces

in the space S.

The group of all symplectic automorphisms of C” and thus S is called the Sturm-
Liouwille group denoted by YA (C). The topology of this group was studied by Markus,
[30]. The Sturm-Liouville group is known to be a 16 dimensional noncommutative,
noncompact topological group which is a closed, arcwise-connected submanifold of

the general linear group GL(4,C) of 4 x 4 nonsingular matrices.

It is conjectured by Markus and Everitt, [11], that since the Sturm-Liouville group is

arcwise-connected there should be a transformation between strictly separated and
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totally coupled complete Lagrangian subspaces.



Chapter 7

Conclusion

7.1 Summary

What has preceded has been a broad introduction to the interesting, vibrant subject
area of second order differential equations. Various questions on the main problem
outlined in Chapter 1 have been answered, moreover Sturm-Liouville theory as pre-
sented here serves as an introduction to the areas of Functional Analysis, Calculus of

Variations and symplectic algebra.

Chapter 2 lays down the foundations of deficiency index theory and answers the
question of whether a given domain of 1.1 is self-adjoint. Chapter 3 characterizes
the spectrum of the Sturm-Liouville equation and gives a concrete representation
of the Sturm-Liouville expansion using the spectral theorem. The asymptotics are
calculated and are used to prove the completeness of the eigenfunctions. In chapter 4
the Sturm theorems are proven, which relates the number zeros of the eigenfunctions
to the eigenvalue count. In chapter 5 we conclude that the Sturm-Liouville problem
has a variational formulation and using this, we prove the Courant nodal domain
theorem. In chapter 6 we verify the existence of an isomorphism between the set of

all self-adjoint operators and the set of all complete Lagrangian subspaces. This gives
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us an algebraic analogue to the deficiency index theory described in chapter 2.

The project offers a beneficial perspective to the reader because it outlines in the
earlier chapters the classical results in the theory. It also used these results as a
stepping stone in the later chapters for the more contemporary work, thus giving a

good history while laying the foundations for research in the area.

7.2 Future Directions

Due to the broad nature of the project, various diverging research paths can be
taken. In Section 3.4, asymptotic estimates where found for the eigenvalues. We
may consider the equation (1.1) where p and r are allowed to change sign. This has
been investigated by many authors, but most results require additional conditions on
p and r. In addition, for this indefinite case there remain open questions regarding

completeness of the eigenfunctions.

In Section 5.4, the Lusternik-Schirelmann method was outlined. This gave a varia-
tional method which used topological considerations to obtain information regarding
critical values of a given even functional. It might be possible to apply this theory
to differential equations on graphs to obtain new results. In Section 5.5, the Courant
nodal domain theorem gives a variational proof of an upper bound for the number of
zero’s of each eigenfunction. It would be of benefit if a variational proof for a lower
bound where found because this could be used in the theory of non-linear eigenvalue

problems.

In Section 6, a transformation was found between two strictly separated complete
Lagrangian subspaces of the boundary symplectic space in the form of a symplectic
automorphism. It would be interesting to study the topology of the Sturm-Liouville
group of symplectic automorphism as this would give insight into the existence of a
transformations between strictly separated and totally coupled complete Lagrangian

subspaces, as conjectured by Markus and Everitt, [11]. This would be beneficial
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because it would give insight into new ways of classifying the self-adjoint boundary
conditions. However if there does not exist such a transformation then it would mean
that separate analytic theories have been developed for operators with these two
boundary conditions because their underlying symplectic spaces are fundamentally

different.



Appendix A

Gronwall’s Lemma

Lemma A.1 Let ¢,20 and x > 0 be piecewise continuous functions on the interval

a<z<b,if
o) < vi0) + [ x(s)os)ds (11)
then ' t
o) < 00+ [ xo)ern( [ xwyiu)as. (12
Proof: Let
7t = [ sty
Now

Using (1.1), we have,
R(t) = x(H)R(t) < x()v(t).
Multiplying the above by a suitable integrating factor and integrating gives,

/at |:R,<S) - X(s)R(s)} efs Xwdugg < /atx(s)w(s)efst x(udu g (1.3)

The integral on the left hand side can be rewritten using the chain rule as follows,

/ t d%(R(s)e ff><<">d“) ds.
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By the Fundamental Theorem of Calculus, this term is precisely R(t), so by inequality
(1.3), we obtain,

[ x@otsds < [ xlopus)e s (1.4)

On adding 1 (t) to both sides of (1.4) and using (1.1) we obtain (1.2). ®
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