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Abstract

This thesis may be divided into two themes. The first, consists of a mathemat-
ical analysis of selected models in cosmology, while the second, is in the field
of quantitative finance. The pp-wave spacetime, Bianchi I spacetime, and the
Bianchi II spacetime are the three universes that we examine. The latter two
are studied in the framework of f(R) theory of gravity, a plausible substitute
for general relativity and a solution to the dark energy problem. We apply the
Killing and homothetic vector fields to divide the spacetimes into classes or
categories. Subsequently, potential functions are established using the geom-
etry of the point symmetries of the space, while Noether’s theorem provides
the first integrals connected to each isometry. We take advantage of the ge-
ometric fact that the homothetic algebra of spacetimes yields the Noether
point symmetries of geodesic Lagrangians. For the Bianchi spacetimes, the
Wheeler-DeWitt equations are derived by the quantisation of the spacetime
Lagrangians, and from the Lie point symmetries it admits, we sequentially find
invariant solutions to solve for the universe’s wave function. Finally, exact so-
lutions to the field equations are also found. The research comprising of the
second theme, investigates two nonlinear partial differential equations used in
derivative pricing for financial markets. The point symmetries, invariant so-
lutions, and conversation laws of these equations are found. In our analysis,
we vary certain variables that change the nonlinearity of the models and thus
give us unique symmetries and solutions. With various parameter settings,

graphical solutions are investigated.
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Chapter 1

Preface

The works of two mathematical titans, Isaac Newton and Gottfried von Leibniz serve
as the foundation for the study of differential equations, which since its inception
in the middle of the 17th century, has had a considerable impact on our compre-
hension of natural phenomena. The majority of Leibnizian advancements in the
18th century extended the multi-variate form of the tradition, consolidating it and
resulting in partial differential equations (PDEs). The contributions of several other
notable mathematicians, such as Euler, Lagrange, Cauchy, and Laplace, to the de-
velopment of the subject are also noteworthy. Arguably one of the most well-known
applications of differential equations to physics would be Maxwell’s equations, and
now differential equations are fundamental to several areas of classical and quantum
physics. In fact, the modelling of phenomena through these equations are seen in
almost all disciplines of science and engineering. Beyond illustrating the rules of
nature, differential equations explain several modern-day non-physical systems and

behaviours such as economics, financial markets and social concepts.
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With the foundations laid, the need to solve these equations and systems of differ-
ential equations became a focus in the field, which gave rise to a number of new
branches of mathematics. Enter the concept of Lie symmetry analysis. The idea
was first put forth by Norwegian mathematician Sophus Lie (1842-1899), who saw
that the various approaches to solving these equations are only variations of a more
general integration strategy based on the equation’s invariance under a continuous
group of symmetries [4]. A symmetry exists mathematically when there is invariance
under transformation. Geometrically, a transformation is regarded as a symmetry if
it preserves the object’s structure, is a diffeomorphism, and maps the object to itself
hence the original object and transformed image are identical [5]. A symmetry, as
applied to a PDE, is a transformation that maps one solution to another solution
of the same equation, where invariant solutions are those that map into themselves.
This allows one to categorise the solutions’ various symmetry classes. A differential
equation’s symmetries can be calculated and then used to methodically determine
its analytical solutions. This technique also allows for the construction of new solu-
tions from existing ones. As a result, one of the most popular methods for locating
solutions to nonlinear differential equations and comprehending the physical impli-

cations of those solutions is symmetry analysis.

Related are Noether symmetries that bear the name of mathematician Emmy Noether.
These are symmetries connected to differential equations with a Lagrangian. Noether
established two theorems in 1918 that connected the symmetry groups of a varia-
tional integral to the properties of the corresponding Euler-Lagrange equations [6].
Noether was praised as a “creative mathematical genius” in her obituary by Albert
Einstein, who also highlighted that she was not given credit for her substantial con-
tributions. She revealed the connection between symmetries and conservation laws
by proving that one implies the other. A conservation law in physics asserts that

a quantifiable property of a physical system stays constant despite changes to the

16



system. The relevance of these laws in the study of physics may be attributed to
the fact that they explain physical qualities like the conservation of momentum and
energy, amongst many others. Moreover, conservation laws play a key role in the
analysis of differential equations, notably in relation to linearisation, integrability,

constants of motion, solution analysis, and numerical solution techniques [7, 8, 9].

Albert Einstein’s century-old discovery of general relativity has had a profound
impact on science and has long since left a lasting impression on popular culture
too. Black holes, wormholes, time dilation are all concepts thrown around in science
fiction but are actually founded on Einstein’s theory, which continues to advance
state-of-the-art research, enabling mathematicians, cosmologists and physicists alike
to query the nature of space and time, and in a grander way, study the past and
future of the universe. Late in 1915, Einstein made multiple presentations of his
novel theory of gravity to the Prussian Academy of Sciences. Figure (1.1) shows the

first page of Einstein’s general relativity manuscript. His field equations reads as

1 8rG
R;w - §Rg,uv + Ag,uv = FT,UJIM

where R, is the Ricci curvature tensor, I is the scalar curvature, g,, is a metric
tensor, A is the cosmological constant, G is Newton’s gravitational constant, c¢* is
the speed of light in a vacuum, and finally 7}, is the stress energy tensor. Inter-
preted more simply, the left hand side of the equation tells energy or matter how
to curve spacetime, and the right hand side tells energy or matter how to move
through spacetime. The field equations break down to ten nonlinear PDEs in four
independent variables. When general relativity was initially published, a challenge
emerged as it seemed that energy would not be conserved in substantially curved
spacetime. As was already noted, Noether demonstrated that conserved quantities

are connected to symmetries. Energy is always conserved, according to Noether’s
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Figure 1.1: First page of Einstein’s paper on general relativity [10].

findings, who demonstrated that general relativity’s symmetries between various
reference frames ensure this. The conundrum was thus resolved, and Noether’s sig-
nificant contribution to this astonishing theory was solidified. These equations have
among a plethora of other discoveries, predicted black holes which are a solution
of these equations, postulated the existence of gravitational waves which have been
recently observed, and even enabled us to use a Global Positioning System (GPS),
without which the distance measurements to each satellite would be inaccurate by
about 7 miles each day. It is hardly surprising that many people who are familiar

with this theory consider it to be one of the most beautiful of physical theories.

Among many important nonlinear PDEs used in finance, the Black-Scholes equation

18



is arguably the one commonly adopted. In the 1970’s, F. Black, M. Scholes and R.C.
Merton introduced a mathematical method to price complex financial instruments
[11], winning them a Nobel prize. We are able to ascertain the fair value of a
stock option using the Black-Scholes model by taking into account the price of the
underlying asset, the strike or exercise price of the option, the risk-free interest rate,
time to expiration of the option, and volatility. Theoretically, option sellers may
determine rational pricing for the options they are selling using these factors. In
fact before Black and Scholes, no one had ever imagined that combining shares of
stock and cash might be used to create an option. Furthermore, their work gave
rise to the derivatives market - financial instruments that derive their value from
other assets such as stocks. After the 2008 financial crisis, derivatives acquired a
bad reputation, particularly collateralised debt obligations, which are obligations to
pay investors a portion of the money that comes in from mortgage payments, for
example. The PDEs used in finance, often of parabolic type, are highly nonlinear

so solutions while difficult to come by, are sought after.
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Outline of chapters

This thesis aims at conducting symmetry analysis of the several solutions of Ein-
stein’s field equations, namely the plane-fronted waves with parallel propagation
i.e. pp-wave spacetime, the Bianchi I spacetime, and the Bianchi II spacetime. For
each we provide potential functionals and use Noether’s theorem to find the first
integrals connected to each isometry. For the Bianchi spacetimes, we derive the
Wheeler-DeWitt equations and subsequently derive invariant solutions to solve for
the universe’s wave function. Furthermore, we provide full symmetry analysis and
novel exact solutions to two sets of nonlinear PDEs used in quantitative finance.

This thesis is a collection of several publications.

The basic notation and concepts utilized throughout this thesis are described in

chapter 2.

In chapter 3, we look at the functional forms of the potentials that result from the
pp-wave spacetime’s Lagrangian. This is done using Noether symmetries. Moreover,
we derive additional potentials from the linear combinations of the vector fields and

subalgebras.
The results of chapter 3 have been published in [1].

For chapter 4 we find the analytical solutions to the Bianchi type I universe in f(R)
gravity. We utilize the geometry of the point symmetries of the space to build po-
tential functions and Noether’s theorem to find the conservation laws connected to
each isometry for each class. The Wheeler-DeWitt equation is derived by quan-
tizing the spacetime Lagrangian, and from the Lie point symmetries it admits, we
sequentially find invariant solutions for the universe’s wave function. Finally, exact

classical solutions to the field equations are determined.
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Chapter 4 has been published in [2].

Chapter 5 considers the analytical solutions to the Bianchi type II universe in f(R)
theory of gravity. In the same manner as in chapter 4, the Lagrangian and Hamil-
tonian are calculated, and the conformal vector fields are given. We derive the
potential functionals V' (¢, x,y,2) and the first integrals for each homothetic and
Killing vector field for each class. The Wheeler-DeWitt equation for this spacetime
is then constructed, and we use it to find invariant solutions for the universe’s wave
function by applying the zero-order invariants of the admitted Lie point symmetries.
In order to obtain the exact classical solutions to the field equations for all seven

classes, we reduce the Hamiltonian system.
Chapter 5 has been published in [3].

Chapter 6 investigates the point symmetries, invariant solutions, and conversation
laws of the nonlinear quantum-probability based, Schrodinger type Ivancevic options
pricing model. A non-zero and zero adaptive market potential model is taken into
account in our study. In both cases, we show that this model is invariant under a
five-dimensional Lie algebra and a seven-dimensional Lie algebra, respectively. For
both the non-zero and zero adaptive market potential models, we get reductions,

solutions, and conservation laws. In specific situations, graphic solutions are offered.
Chapter 6 has been submitted for publication.

In chapter 7 we analyse a nonlinear European option pricing equation under a
continuous-time Capital Asset Pricing Model. We specifically find its point sym-
metries using the Lie symmetry method in order to arrive at invariant analytical
solutions. We change the beta coefficient, a gauge of an asset’s systematic risk, in

our research. We look at the model for both a non-zero and a zero market beta.
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We demonstrate that this model is invariant under a smaller three-dimensional Lie
algebra in the first case and a larger six-dimensional Lie algebra in the second.

Graphical solutions with varied parameter values are investigated.

Chapter 7 has been submitted for publication.
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Chapter 2

Notation and theory

2.1 Lie symmetry analysis

In general, a symmetry is a transformation, mapping all solutions of a given equation
to another solution of the very same equation. An extraordinary contribution by
Sophus Lie, this technique has amazing applications in physics and engineering.
This procedure is described here. Consider ¢ unknown functions u* which depend
on p independent variables x’, i.e. u = (u',...,u?), z = (z',...,2P), with indices

a=1,....,qandi=1,...,p. Let

G’a($,u(k)) =0, (1)

be a system of nonlinear differential equations, where u* represents the &t deriva-
tive of u with respect to x. A one-parameter Lie group of transformations with € as

the group parameter, invariant under (1), is given by
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T =2(z,uje) u=P(x,u;e). (2)

Invariance of (1) under the transformation (2) dictates that any solution v = O(z)
of (1) maps into another solution v = W(x;¢) of (1). Expanding (2) around the

identity € = 0, generates the infinitesimal transformations:

= 2"+ e (z,u) + O(e?), (3)
u® = u* + en®(z,u) + O(e?). (4)

The action of the Lie group can be recovered from that of its infinitesimal generators
acting on the space of independent and dependent variables. Hence, we consider the

following vector field

X = €0, + 11°0ye. (5)

The infinitesimal criterion for invariance is given by

X[Go(z,u™)] =0, when Gq(z,u®) =0, (6)

where X is extended to all derivatives appearing in the equation through an ap-
propriate prolongation. The operator in Eq. (5) defines a Lagrange system or
characteristic equation '

de*  du®

g&oape
whose solution provides zero-order invariants

Y

W (2, u®). (7)
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2.2 Euler operators and conservation laws

The generalized total differentiation operator D; with respect to 2’ is given by

0 0

The Euler-Lagrange equations or geodesic equations of motion, if they exist, is the

system
oL
— =0

ou®

where 0 /0u® is the Euler-Lagrange operator given by

50 . )
fur = pur T 2P D

s>1 i1is
and where L is a given Lagrangian.
Multipliers, A®(z,u®), are integrating factors, satisfying the relation

D,T" = A*G,, (8)

where A is derived by equations satisfying

4]
—(A*G,) = 0. 9
- (AG) )
Now having the multipliers, they give rise to a conserved vector T' = (T*,.....,T™)

that satisfies the conservation relation

along the solutions of a given equation.
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2.3 Noether symmetries

In the work below, we illustrate the utility of point transformations, and for the
reader’s convenience we discuss some theory for the analysis which follows. Consider

a system of second-order ordinary differential equations (ODEs)
it =w (s,27,47), (11)

where s is the independent variable and 2’ denotes the dependent variables. We
provide a discussion of this particular type of equation due to its relevance in later

chapters - further details may be found in [12].

An one-parameter point transformation in the space {s,x’}, such that {s, 2/} —
{5(s,a7,€),27 (s,27,€)} has the property of mapping solutions of (11) to them-

selves.

Let its generator X be defined as

oz’

83—1-%

0. (12)

e=0

Suppose that the system (11) follows from the variation of the action integral

S = /L(s,:cj,j;j)ds.

One of Noether’s theorems states that when a (finite) group of transformations

leaves the action form invariant, i.e. when
S (s,xj, ) =S8 (§ (s,xj,e) .z (s,:cj,e) , ) , (13)

then a conserved quantity or first integral exists which can be constructed via the
symmetry generator. In the case of a Lagrangian containing up to first order deriva-

tives of the z’’s as is our case, the condition described by (13) is expressed in
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infinitesimal form as
d
XL+ y

S

05

e (14)

) - b’
e=0

where b = b(s,z7) is a gauge term, and the relative integral of motion is given by

oL 0%7

01I Oe (15)

e=0 e=0

The generator X is called a Noether symmetry and it is straightforward to show
that it is also a Lie symmetry of the equations of motion; however the inverse is not

always true.

There are several methods to construct conservation laws, but Noether’s theorems

form beautiful and simple applications.

2.4 Tensors and metric tensors

A favored class of reference systems is utilized in Newtonian physics, these are the
inertial systems where the Newtonian principles of dynamics are valid. Yet in actual
use, identifying the inertial systems can be challenging. Hence, no reference system
should be given preference in the formulation of the laws of physics. Tensors are

objects designed without any special privileges for reference systems.

Let V(M) be a finite dimensional vector space and let V(M) denote its dual vector
space. A tensor T' of type (k,1) over V,(M) is a multi-linear map [13]
T V(M) X Vy(M) X -+ Vy(M) x V(M) x V(M) -+

~~ -~

k l

Vp*(M) — R.

(16)

J/

Equation (16) demonstrates that with k& dual vectors and [ ordinary vectors, tensor

T produces a number where if we fix all but one of the vectors or dual vectors, it is
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a linear map on the remaining variable. With this definition, a tensor of type (0, 0)

is a scalar, (1,0) is an ordinary vector, and (0, 1) is a dual vector.

A metric tensor is a symmetric second-rank covariant tensor g;; = g(;;)- The metric

or metric form is defined as [14]
ds® = gjjdx'da’. (17)

This expression is a convenient shorthand notation, however, only under an integral
can this expression, a scalar, make sense. The length of arc of a curve z*(\) between

the points z'(\g) and () is

A1 A1
l)\())\l = / dS = /
Ao Ao

2.5 The Riemann curvature tensor, the Ricci ten-

i 7.5 11/2
da” ol 1 (18)

95NN ax

sor and the Ricci Scalar

The Riemann curvature tensor is defined as

Rys = Vs — Ugys + 16 s — Tl (19)

The Riemann curvature tensor in four dimensional space has 256 independent com-
ponents, but its symmetries reduce it to 20. Its covariant form can be expressed

as
Ra,ﬁ'y& = gaeR/EB»yé' (2())

Let W, be a dual vector field, then the Ricci identity is defined by the relation
VoVW, = VsV W, = R, W, (21)

28



where R 5, 18 the Riemann curvature tensor.

The properties of the Riemann curvature tensor are

1. Ragys = —Rpars, flapys = —Rapsy, and Ragys = Fysas,

ii. Rajgys) =0,
iii. the Bianchi identity Ragps.) = Vallsesy + VyRseap + VaRseya = 0,
iv. the Ricci tensor is defined as R.s = R,

v. the Ricci scalar is defined as R = g*’ R,3.

2.6 Collineations

Suppose we have the coordinates {z'} for an arbitrary space K" of dimension n,

and a one parameter point transformation
P =1 +eX' (2"), (22)

where the X are vector field components called the infinitesimal generator of Eq.
(22). If T is a geometric object in K", under the action of (7), T transforms to
© (Y%, 2%, 2") and the transformation law is Y/ = ©7' (Y%, 2, 2"). The Lie derivative

Lx of T is then [15]

LyT = 1im1<@ <T 2, x) — T). (23)

e—0 €

For functions W (z'), the transformation law is ¥’ (#) = W (z%), so that under the

action of Eq. (7), one has
U (i’) =V (:L“Z +eX? (xk)) =V (m’) + e\IfﬂXi + 0 (62) .
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Thus, by Eq. (23) we have
LxV¥=V,X". (24)

If the right hand side of Eq. (24) vanishes, then ¥ (z") is invariant under the point
transformation (7), and X is known as a symmetry of ¥ (z'). If LxT = A, where A
is a tensor having the identical number and symmetries of the indices with T, the

vector field X is called a collineation of T whose type depends on A.

In the context of general relativity, our geometric objects T can be defined in terms

of a metric tensor. That is, let T = g4 and A = 21g,, then we have

LxGab = 29 Gap, (25)

and X is a conformal Killing vector field (CKVF) [16]. Here, ¢ = ¥(z%) is a
conformal factor. If .4, # 0, the CKVF is said to be proper.

Y. =0 <= Xis aspecial CKVF (SCKVF),
e =0 <= Xis a homothetic vector field (HVF), (26)
=0 <<= Xisa Killing vector field (KVF).

These vector fields form a Lie algebra and the dimension of the conformal algebra is
less than or equal to £ (n+ 1) (n + 2). In general, collineations are the generators of
one-parameter transformations which transform geometric objects under a particular

rule [17].

2.7 Potential functions and Hamiltonians

Consider the line element of a space
ds® = gijdxid:vj,
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where the metric tensor g;; is symmetric, its determinant g is in general different

from zero and it possesses an inverse g% [18].

Consider a particle moving in a Riemannian space with metric tensor g;; under
the influence of the potential V (2*). The Lagrangian describing the motion of the
particle is

1 o
L= 5gii'i! - V(2. (27)

Suppose the Noether symmetry vector is of the form X = &(s, 2%)0, + ni(s, 2%)0,,

then by Noether’s theorem, the symmetry conditions are

Vi +VE, = —b,, 28
m9i; — &V = bj,
Liigij = 2(%&)9@77
& =0.
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Equation (31) implies £ = £(s), and from (30), it follows that n* is a HVF. Therefore,
the Noether symmetries of the Lagrangian (27) are generated from the homothetic
algebra of the metric tensor g;; of the space where the motion occurs [19]. If the
HVFs are known, we will have the Noether symmetries, and one can then solve for

the unknown autonomous potential V (z¥).

The corresponding Hamiltonian to (27) is given by

1 .

The Wheeler-DeWitt (WDW) equation is a Klein-Gordon equation which is defined
by the conformal Laplacian operator, i.e.
n

AU + Zl(n—__zl)R(xk)\If + V(") =0, (33)
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. . 1 9 i . .
where A is the Laplacian operator, A = 7a 5.7 (V1919 525), W is a wave function

of the universe, R is the scalar curvature and n is the dimension of the space [20].

The WDW equation is a quantised version of the Hamiltonian of a given system

oL

written using conjugate momenta p; = 3.

The WKB approximation, named after Wentzel, Kramers, and Brillouin, is the
search for solutions of the WDW equation of the form u = A,e”/&") | where f(z*)
has to satisfy the Hamilton-Jacobi equations [21, 22],

gijfifj + V(:Ek) =0, (34)

which is a first-order, nonlinear PDE. Furthermore, similar to the momenta above,

pi = 88;., so that the Hamilton-Jacobi equations lead to a reduced Hamiltonian

system which can be solved to find solutions to the field equations.
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Chapter 3

pp-wave potential functions: a
complete study using Noether

symmetries

In this chapter we examine the functional forms of the potentials W (u, v, z*) that
emerge from the Lagrangian of the pp-wave spacetime. To facilitate this investiga-
tion, Noether symmetries are employed as well as their linear combinations and sub-
algebras. We exploit the geometric fact that Noether point symmetries of geodesic
Lagrangians are generated from the homothetic algebra of spacetimes. Thus, we
provide a complete analysis of the potentials of this spacetime, which are split into

fourteen isometry categories.
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3.1 Introduction

The plane-fronted gravitational waves with parallel rays, abbreviated as pp-waves,
are a prominent class of solutions to Einstein’s equations in general relativity. The
term pp-wave was coined by Ehlers and Kundt, although there exists alternative
definitions within the literature [23, 24]. The spacetime admits a nowhere zero
covariantly constant null bisector field [23]. In relation to this, they admit, in general,
only one independent KVF. The Petrov classification [14] is N or O, and the rank

of the Riemann tensor is two.

Numerous and detailed studies of this metric tensor have been performed - all isome-
try classes are known [23]|. The research by Sippel and Goenner [26] lists all possible
pp-wave isometries, but without any field equations being used. For many types of
vacuum pp-waves, Aichelburg studied curvature collineations [27] and [23] examined
vacuum pp-wave properties to conclude that the pp-wave maximal isometry group
is a one-parameter group generated by the ray vector. In Minkowski spacetime,
pp-waves generalize the characteristic property of having parallel rays of electro-
magnetic plane waves [26]. The spacetime also features as free radiation models
in alternate theories to gravitation, for instance, in string theory [28] as well as in

unified field theories such as supergravity [29].

In the present work, we use Noether point symmetries of the pp-wave Lagrangian
to establish all possible potential functions of the space. Specifically, Noether point
symmetries originate from the homothetic algebra of a space. We tie these two
concepts together and allow geometry to dictate the functional forms of the potential
function. That is, we utilise the Noether symmetry conditions of the metric tensor
to analyse the potential function, on the premise that the Noether point symmetry

is already known. Such a creative approach leads to an extensive classification of
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the potentials. Furthermore, since a Noether symmetry is a Lie symmetry, one may
use the Lie invariant method to reduce the order of the field equations and solve

these equations, corresponding to any potential listed below.

This chapter is organised as follows. In the next section we introduce the pp-wave
spacetime and its Lagrangian, from which we obtain the geodesic equations of motion
for this spacetime. We proceed to focus on the primary motivation of this chapter.
Fourteen symmetry classes of this spacetime, divided into categories, are studied
and the numerous potentials in each class are presented. Tables 3.1, 3.2, 3.3, 3.4,
3.5 and 3.6 display the additional potentials derived from linear combinations of

Noether symmetries and their subalgebras. Finally, we provide concluding remarks.

3.2 The spacetime

The line element of a pp-wave spacetime is [24]
ds® = —2dudv — 2 H (u, fL‘A) du® + dy? + d=?, (35)

where 2 = (y, 2) are the Cartesian coordinates. The space is vacuum if H ,,+H ,, =
0 and conformally flat if H,, = H ., and H,. = 0, where a subscript along with a
comma implies partial derivative. We note that if each point has a neighborhood
that can be mapped to flat space (its Riemann curvature tensor is everywhere zero)

by a conformal transformation, a (pseudo-) Riemannian manifold is conformally flat.
The non-zero connection coefficients are

rv.=H, , I'd =H, , I'y, =Ha. (36)

Further information on connection coefficients can be found in [25].
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The Lagrangian of the pp-wave spacetime is
1
L(u,v,z%) = 5@2 + %) — H(u,y, 2)i? — 1o — W (u,v, z%), (37)

so that the corresponding geodesic equations of motion for the pp-wave spacetime

are

=W, =0, (38)

b+ H,0* + 2H i+ 2H ;02 — W, +2HW, = 0, (39)
§+ Hy >+ W, =0, (40)

P+ H 02+ W, =0. (41)

The energy functional or Hamiltonian of the dynamical system, E, associated with

the Lagrangian (37) is
1
E = é(y2 + 2% — H(u,y, 2)0? — a0 + W (u, v, 2. (42)

The classes listed below arise from classifications by [26] (see also [30]). Also in the
literature, [31] studied the Noether symmetries of pp-wave spaces with vanishing
potential, [32] explored the Noether symmetries of vacuum classes of pp-waves and
the wave equation, while [33] classified the symmetries of the Klein-Gordon equation

of pp-wave spacetimes. Our study is unique for the following two reasons:

e The potential is non vanishing, i.e. our primary objective is to define the

potential functions of pp-wave spacetimes.

e We do not consider the Noether symmetries that contain the arc length pa-
rameter s. Instead we focus on the Noether symmetries that are either from
the homethetic or Killing algebra of pp-waves. Thus solidifying the geometric

nature of this investigation.
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3.3 Category 1

The first case is where the metric function is generic, namely H (u, xA). The Noether
point symmetry admitted by the Lagrangian (37) is the KVF X{ = 9,. In turn,
from the symmetry conditions, the corresponding potential function W (u,v,z%)

generated is

X{: Wu,v,2™) =po+ F (u,2?), (43)

where p is a constant. If the metric function is restricted to H (u,z), two extra

Noether symmetries are obtained,
X, = 0,,and X3 = y0, + ud,.
For these symmetries the potentials are

X21 . W(U, (% l’A) =py +F (U, v, Z) ) (44>

X3 W(u,v,2?) = % + F (u, 2w + 3%, 2) . (45)

Note that each Noether point symmetry above is a Lie point symmetry. We are
able to find more cases for the potential W (u, v, z) by considering two Lie group
properties. Therefore, a construction of linear combinations of the vector fields
will also yield a point symmetry. Furthermore, real subalgebras of the Lie algebra
that has the Noether point symmetries as its basis elements, will provide additional
potential functions. In Table 3.1, we list the additional forms of W (u, v, z*) for this

case and where the ¢; are arbitrary constants.
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Table 3.1: Additional symmetries and potentials functions of Category 1.

Category Symmetry Potential
Combination/Subalgebra Function
1 Clel + CQX21 + CgX?} ucf—?{-cz =+ cg(uli(;l—&-cg)
2
+F u, % —2 u003+icc£))3;22v02+2 cly7 Z>
1 {Xi, X3} F(u,2)+ (v+y)p
1 {Xi, X5} pv—$ 2D 4 P (u, 2)

3.4 Category 2

Consider the function H (u, ), to which we obtain the pair of Noether symmetries
X!, X2=a,
The potential function for the latter is

X3 W(u,v,7,0) =pd+F (u,v,7). (46)

In the special case of H(u,r) = K (cu+ 8)?In(r), with 8 € R and K,a € R*, we
have the additional Noether symmetry

o2 _ K(g+2)(8+auw)! q+2
X3_2a+aq [(ﬁ—l—au)@u—l—(%zqv 21 1) Oy + ar 5 o |,

and corresponding potential

X?? : W(“)”alra 9) = (au + 6)73/2(173/2 F <A1(U,’U),T(au +B)*Q/2*1 79)

1p(g+2)

3 g+1 "7 (47)
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where the function A;(u,v) is

2¢v—2v)a (au+p) "~ K(au+p) (q+2) (au+5) "

Arlu,v) = 242 —2)a

(48)
For ¢ = —1 the symmetry becomes

2 K
Xg(q:_l) == {(/@ + au) 0, — 5 In(5 + au)d, + ard, | .

So that for the potential, we obtain

1 1
3(au+5)3/2

1K (In(au+B))’ +4va 1
+3F<Z1 - ’au+ﬁ’9>]' (49)

W (u,v,7,0) = (OéUﬂLﬁ)g/zp

A second special case, with H (u,r) = Ke %' In (r) where © € R and K, € R,

admits the extra Noether symmetry

Ou
2 Ke %
X2 = —gau + (ﬂ% + 21}) 0, + 10,

and potential function

u 1 u u
X7 W(u,v,r,Q)zg—i-e%F (§Ku+veeﬁ,rel/2®ﬂ,9). (50)

Where © = 0 the symmetry is X42(®:0) = ud, + (v — Ku)d, + r0, and
u? U

1 (K]
Xiomoy: W(wo,r0) =5+ —F (Mge) (51)

Another case that is of interest is H(u,r) = 9™ In(r) with g(u) = —In(pu® +au+
B)—0 [(pu*+au+ ) duand p,a, f € R*, © € R, but does not admit any extra

Noether symmetries. In Table 3.2 we list some extra potentials functions and define

39



the function

Ay(u,v) = (4aq303—4aq03)_1 X
<4 (q=1) ((ves+1/4cr) g +1/2¢1) (g+ 1) a (au+ )1

—Qk(au—l—ﬂ)_qch(au—l—ﬂ)(q—|—2)>. (52)

3.5 Category 3

For this case, consider the form H = u™?W (s,t) where the coordinates {s,t} are

given by the transformation

s =ysin(cln(u)) — zcos (cln (u)),

=ycos(cln(u)) + zsin (cIn (u)) .

Two vector fields X| and
X3 = ud, — v,

make up the Noether symmetries of the geodesic Lagrangian, where the potential

for the latter symmetry is
W (u,v,s,t) = pln (u) + F (vu, s,t). (53)
Also, the symmetry vector ¢; X{ + ¢ X3, admits the potential function

W (4,0, 5,1) = - <pln () + F (M,s,t) cz). (54)

Co Co
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Table 3.2: Additional symmetries and potentials functions of Category 2.

Category Symmetry Potential
Combination/Subalgebra Function
2 a1 Xi + X3 L+ F (u, T, —9616_1“‘32>
2 a1 Xi + X3+ 3 X3 (au+B)73/2q73/2F<A2(u,v),

r(au+ 5)—(1/2—1 ,

1 —c2In(autB)g+260 cs—2co In(autf) )
2 c3

1 p(g+2)
+3 (g+1)cs

2 Clel +02X22+03X§ (ozu+ﬁ)3/2p—l—3><

1
(g=—1) cs(au+B)’/

1 K(In(a u+8))2es+4vacs—2er In(au+B)a
4 «C3 Y

r 1 20cz—ca In(au+p3) c
au+p? 2 c3 3

F

T ol

2 (X1 X2} Fu,r)+ (v+0)p

2 Clel + CQXQZ + Cng L

Ou
27 F(% (uK03+ (2ves 4+ c1)e’ s ),

1 0u
522+ 1 c2Ou+260Lc3
2 g lceYurivpes
re )5 3B )Cg —|—p

1 2 2 P 1 Kln(u)cgutvez+ecr r
2 Cle + CQXQ + C3X4(@:O) 2c3 + u? F( c3u TR
__c2ln(u)—fcy )

c3
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3.6 Category 4

Suppose we apply the transformations

s =ysin(c(u)) — zcos (¢ (u)),

t =ycos(c(u))+ zsin(c(u)), (55)

so that the metric function is defined as H = W (s,t). In this case, one finds the

two Noether symmetries

X!, X3 =0,.

The associated potential for X3 is
W (u,v,8,t) = pu+ F (v,35,1), (56)
and a linear combination of vector fields ¢; X{ + ¢, X3, gives the interesting potential

W(u,v,E,ﬂ:%—i—F(w,E,f). (57)

C2 C2

The potential function generated from the subalgebra { X7, X3} is

W (u,v,5,t) = F(5,t) + (u+v)p. (58)

3.7 Category 5

Let H(u,r) = u™2W(r), to find the three Noether symmetres
X{, Xg =0y, X5 =ud, —v0,.
The corresponding potentials are
X5 W (u,v,7,0) = pd + F (u,v,7), (59)
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and

X2 W (u,v,7,0) = pln (u) + F (vu,r,0). (60)
Several similar definitions for H (u,r) exist, such as H(u,r) = (a2 Inr and H(u,r) =
u2(0r 7 —o(2—0)72r?), |o| # 0,2, but these do not result in any additional Killing
or homothety symmetries - hence we do not explore these subcases. In Table 3.3 we

list additional forms of W (u,v,r,0).

Table 3.3: Additional symmetries and potentials functions of Category 5.

Category Symmetry Potential
Combination/Subalgebra Function
5 Clel + C2X25 + C3X35 % In (U)

—|—F ((vc;a,fcl)u r ¢ ln(u)7003>

D {Xi, X3} Fu,r)+ (v +0)p

5 {X3, X3} pl + pln (u) + F (vu,r)

3.8 Category 6

Where H (u, {EA) = W (r), the spacetime (35) admits the three Noether symmetries

Xi, X3, X§ =0,
whose corresponding potentials are Eq. (46) and
X5 W (u,v,7,0) = pu+ F (v,7,0). (61)
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When W (r) takes the form W (r) = INr? + 7%, we do not get any additional
s

Killing or homothetic symmetries, but when we let N = 0ie. W (r) = 3, we get

an additional symmetry:

Xff = 2ud, + r0,,
whose potential is

Xff:W(u,v,r,@):g—i—%F <v,%,9>. (62)

Whereas when W (r) = (Inr, the additional Noether point symmetry is

X =ud, + (v—Cu)d, +ro,,
and this symmetry results in the potential function

X5 W(wuro) =L+ Lp (w,f,e) (63)

2 u? u u
The final form of W (r) that will be considered is W (r) = & with s # 2,0. Here
we find,

2 2 —
o+t udy, + 7

X§ = v0, + 10,

as the extra Noether vector, whose potential function is

XS W (u,v,7,0) =p/2 + wAet) T g (vu_fr;,ru_z(”?)fl, 9) : (64)

Table 3.4 lists the additional potentials for this case and within the table, we define

the functions

In (UC4 + Cg) UC Cq + In (UC4 + 03) CCg + veq + C3C +
cq (ucy + c3)

By (u,v) = , (65)
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Ci(u) = ocucy+2ucy + 2cs, (66)

1 - _
Co(u,v) = mCI(U) 4(2+o)”! <a2uvc42 —20ucicy + 20 vesey
—duvey? — ducieq — dvegey — 4 C103> ) (67)

3.9 Category 7

Consider H (u, :EA) = e>@%W (r), from which we attain the Noether symmetries

X7, X5 = wud, —wvd, — 0y, X3 =0y,

and the potential functions that follow are

XT: W lwvrf) =+ (pln () + F (Uu,r, “’“—ln(“)) w), (68)

w

and the potential for X7 corresponds to (61).
A linear combination of vector fields ¢; X| + co X7 + c3 X7, yields the potential
1

W (u,v,r,0) = —

W Co

w«9+ln(wu02+63)) e
2

F (vw ucy — ciu + ves, Ty
w

+pln (wucy + ¢3) |- (69)
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Table 3.4: Additional symmetries and potentials functions of Category 6.

Category Symmetry Potential
Combination/Subalgebra Function
6 1 X!+ o XE + s XS By p (et daan)
6 {Xi, X3} Fu,r)+(v+06)p
6 {X1, X5} F(r,0)+ (utv)p
6 {X3, X5} F(v,r)+ (u+0)p
6 {X1, X3, X5} F(r)+(ut+v+0)p

6 aX!+ X5+ X + e X} L

2ucqg+cs

r _ caln(2ucqatc3)—20cq
V2ucqg+cs’ 2cy

pu + F ( _ c1In(2ucytc3)—2vcy

2cy

1

6 aX!+ X3+ 3 X$ + ey X9 %(uc4+63)2 X
[pc4u2 + 2pcgu + 2F <31 (u,v),
r _c In(uca+c3)—6cy
ucq+cs Cq
1 2 6 6 1 1-2e
6 1 X + X5 + 3 X5 + ¢4 X§ 3 | | Cr(w) 2 p+ 2 F| Co(u,v),

TCl (u)—2 (2—}—0’)*1 ’

—0cqo+2caIn(Cr(u))—26cq
46 B c1(2+0) >C4) X

Cy(u)™ (2+0_)1]




The potential from subalgebra {X{, X7} can be recovered from line 3, Table 3.4.

3.10 Category 8

In this category, let H = YW (s') where t' = ny + 0z, s’ =nz — oy, 6 = —

and ¢,n,0 € R — {?* =n*+ 0% = 0}.

When § # 0, the spacetime (35) admits the three Noether vectors

Xi, X8 =wd,, X§=10ud, —vd,) — 0y,

C

T]2+O'2

and for 0 = 0, it admits four symmetries, where the extra Noether symmetry is

X;=t0,+ (n* 4 0°) ud,

The potential functions relating to these symmetries are
F (vt ")

X3 W (u,v,t',8) =2p+ ,
Vu

1 "+1
X3 W (u,v,t',8) = 3 (F (UU,M—FTHW),S') d+pln (u)),

t,
X2 W (u,v,t',8) = CQp +F <u, —2C%w —l—t'2,s’> .
u
When 6 = 0 and
W (s) = K57,
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where K,v € R* and v # 42,1, the added Noether symmetry is

XS =(1- %)U& + (1 + %) v0, + 8’0y + 'Oy

The potential function associated with X8 is

W (u,v,s,t') = ‘g ot g (vuf;jms'u2(’2+7)_1,t’uQ(’Qﬂ)_l) . (74)

In (73), if we let v = 2 this in turn gives us two additional Noether symmetries

X8 =

\/ﬁs’ oS (C\/ﬁu) 0y + sin (C\/ﬁu) Oy, (75)

X8 = \/z_Ks' sin (C\/ﬁu) 0y — cos (Cﬁu) Oy (76)

The potential functions from these particular symmetries are

12
X3 W (u,v,8,t) = L [F (u,s K_El(u’v>,t’) X
VEsin (V2VECu) K

VK sin (\/éx/fg“ u)
VEsin (V2VECu) (V20
cos (\/5\/?(’ u)

+p — Ei(u,v) + s°K ],

(77)

where

Ei(u,v) = VK tan (\/5\/?{ u) V2w, (78)

and
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1
X2 W (u,v,8,t) = o) F(u,

cos (\/5\/?( u> \/5\/?(@ + §?K sin (\/iﬁg u)
K sin <\/§\/EC u)

—p\/K (sin (ﬁﬁ( u)>2 8’2] , (79)

, t’) Es(u)

with

Es(u) = VK sin (\/5\/?( u) Ccos (\@RC u) . (80)

In Table 3.5, we list the additional potentials for this category, and where the func-
tions Dy (u,t") and Ds(u,v) are given by
—ul%cy + 10 t 1
Di(u,t) = uCcs +t'dcg +t'ca +c3 n(u)’ (81)
dcs+ ¢
Do(u,v) = —0%ul?cscs® +2v8%cs® + 3v6°cacs® + vdcy’ecs — 2 Dy (u, t')53032c4 +

2 In (u) e5%c40® — 3 Dy (u, t')0%cacscy — 20°cres® + cocaIn (u) S c3
—D1(u,t")8 ey — 30%creacs — 2c32c46% — dcrca® — 3cacsd e — cr’cy.

(82)

3.11 Category 9

Under this category H = Ke"¥=°% with K,n,0 € R —{(* = n?+ 0% = 0}. From this

we acquire a five dimensional algebra of symmetries, viz. X and the symmetries
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Table 3.5: Additional symmetries and potentials functions of Category 8.

Category Symmetry Potential
Combination/Subalgebra Function
c dc
8 C1X11 —+ CQX28 -+ C3X§ é \‘u—l/Q 6c3ic2 F (%uécngQ 7 8/7

t'§ c3+t' ca+cs In(u)
dc3+c Cy+2 p

8 Clel + CQX28 + 03X§ é <u1/2 écgicz F |:5/7 D, (u7 t’),
Dy (u,v) %
+C4Xff(a=o) 5203(25203;i356203+022)u6 3t 2}02 + 2p)
8 {X1, 00} F(u,s)+ (' +v)p
3 (X1, x3) pv—1/2242) 4 Py, )
X = ud,,

1
X39 = w0, —v0, + —0,,
o

X0 = (y+ )0, +ud, + Lud.,
ag g

x? = 9,+ Lo, (83)
o

Below we list the potential functions corresponding to each symmetry mentioned

above:
F (v, IA)

N

X5 W (u,0,2%) =2p+ (84)
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X5 W (u,v,2%) =pln(u) + F (vu,y, _th(u)) ; (85)

g

Xg : W (u7v7m‘4) — Zﬁ +F<u7 M7
U o
2 2 ) _ 0202 2.2
| jg 2V n(—ny+oz)y—yn’—yo . (86)
o2u
9 A —ny+oz
X? :W(u,v,a: ):py—{—F(u,v,—). (87)
o

Table 6 consists of the additional potentials under this category where we define

1 c3
G = eates | 2vocs”
1(w,v) 02c3% (co + 263)u o [ v

+ (voPer + (—2noz =207y +2n) cs — 20°¢;) ¢5°

+< (—noz—0c’y+n)cs—o’ct) o+ ca (1 + 0%) (u04+265)>03

+eacser (7 +0%) | (88)
3.12 Category 10
When H (u, z*) has the form
H (u,z?) = %(A (u)y* + C(u)z*) + B (u) yz, (89)
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Table 3.6: Additional symmetries and potentials functions of Category 9.

Category Symmetry Potential
Combination/Subalgebra Function
9 WX X tex) L {up ( et
Tc X9 +c X9 (—nes—c3) In(u)—nuca+2z0 ca+zo c3
4% 55 o (ca+c3) )

Gl(ua U)) Ca + 2p

9 {Xllij} pU"‘F(U,, *nycjﬂfz)
+1 p((~y+2)o®~2n0 =4’y )y
2 24
’ X5 F(u, =2222) + (v +y) p
9 {X3, X5} py+pln(u)—|—F(vu7 w)

the spacetime (35) is the well known special case, called a plane wave spacetime.

The spacetime (35) with (89) is a vacuum when A(u) = —C(u), and admits the
symmetries

X1 = (ydy(u) + 264 (1)Dy + do(u)dy, + eq(u)d., (90)

where d,(u) = < (d,) and the functions d,(u), e,(u) satisfy the relations

dy + Cdy + Be, = 0, (91)
¢, + Bd, + Ae, = 0. (92)
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The potential function generated by X! is

- 2
A s Y gid—¢ _ Ca
W (u,v,2%) = 0 + W (u,v dayz YT (dad — €,64), 2 dAay> . (93)

a

Another Noether symmetry admitted is X¢° = 209, + yd, + 20,, and the potential

function that follows is

W (4, 0,9, 2) :§+%F (u%%) (94)

Finally, the linear combination ¢; X{ + ¢, X! + c6X6(10) yields the potential function

- 1 C52 + Cqe
W = (cady + cy) > ( peayda, + =cey” +W(“’ ke Z—M))
( 6Y) (P Yy 56y P 9 v, 7) ¢5(Cadq + c5Y)
(95)

3.13 Category 11

In Eq. (89), if we let
A(u) = au™, B(u) = pu™?, C(u) =yu™?,
we get the added Noether symmetry

X711 = U0y — V0,,
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which gives the potential

W (u,v,2) = pln (u) + F (vu,z?). (96)

3.14 Category 12

In this category, suppose that
A(u) = —cu™?(sing + \), B(u) = cu ?(cos¢), C(u) = cu>(sing — \),
in Eq. (89), where ¢ =20 Inwu .

From this we get another Noether symmetry X3? = X3!+§0,, and potential function

W (u,v,7,0) =pln (u) + F (vu,r,—d In (u) +0) . (97)

3.15 Category 13

When the functions in Eq. (89) are arbitrary constants, such as
A(u) =, B(’LL) = 67 C(U) =G

the related Noether symmetry is X13 = 9, which gives us the potential function

W(u,v,2%) = pu+ F (v,z). (98)
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3.16 Category 14

If we let
A(u) = —csin(20u) + A, B(u) = —ccos(26u), C(u) = csin(20u) + A,

in Eq. (89), X1 = 9, is the extra Noether symmetry. This generates the potential
function

W(u,v,r,0) =pu+ F (v,r,0). (99)

3.17 Discussion

In recent years, point-like Noether symmetries have garnered a lot of interest in
physics, particularly in the field of cosmology. In [34] the Noether symmetry ap-
proach was utilized in extended teleparallel gravity to select the functional forms,
first integrals and exact solutions in flat Friedman-Robertson-Walker cosmology.
The paper [35] successfully applied Noether symmetries and used various potential
functional forms in the study of scalar-tensor teleparallel wormholes. Minisuper-
space quantum cosmology was investigated using the Noether symmetry approach
in [36]. Indeed, Noether symmetries have been central to the study of gravitational
fields and used to select physically consistent theories in cosmology. Further related
applications can be found in [37, 38, 39, 40]. This study has successfully provided
a complete analysis through Noether symmetries of the pp-wave spacetime, and
presents the functional forms of the potential functions. In particular, we consid-
ered fourteen categories of this spacetime, and looked at any special case within
these categories. We noted that linear combinations of the vector fields will also
give us potential functions. In addition to this, numerous subalgebras in each cate-

gory were examined, from which we obtained vital potential functions. These extra
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potentials from the linear combinations and subalgebras appear in tables. Lastly,
one may apply the Lie invariant method to reduce the order and solve the field

equations, corresponding to any potential listed above.
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Chapter 4

Analytical field equation and wave
function solutions of the Bianchi
type I universe in vacuum f(R)

gravity

It has been proposed that f(R) gravity is a viable proxy for general relativity and
a means for an alternative to dark energy. Within this context, we present the
analytical solutions to the Bianchi type I universe. For this spacetime, the KVFs
and HVFs, categorise the space into fourteen classes. Noether’s theorem is used to
determine the first integrals associated with each isometry for every class and we use
the geometry of the point symmetries of the space to establish potential functions.
We also quantise the Lagrangian of the spacetime, to derive the WDW equation
and successively determine invariant solutions for the wave function of the universe

from the Lie point symmetries admitted by the equation. Finally for all cases, exact
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classical solutions to the field equations are found.

4.1 Introduction

In 1929, Edwin Hubble’s famous paper provided evidence that the red shift of galax-
ies, then called ’spiral nebulae’, is directly proportional to the distance of the galaxy
from the earth [41]. This information that the universe was expanding changed the
playing field of cosmology altogether, where prior to this astronomers believed the
universe was an unchanging one. In fact, Einstein initially included the cosmologi-
cal constant, 'A’, to his field equations to keep the universe static. To supplement
this, towards the end of the 20" century, observational data from ten high-redshift
Type la supernovae (SNe Ia) provided proof for an accelerating universe [42]. These
supernovae are uniform and extreme in their brightness and thus a great nominee
for standard candles. Direct measurements revealed that distant supernovae ap-
peared dimmer than predicted, ergo the conclusion that the universe is accelerating
in it’s expansion. Moreover, the Wilkinson Microwave Anisotropy Probe (WMAP)
satellite measurements of the Cosmic Microwave Background (CMB) [43] and sev-
eral other independent tests [44, 45] have yielded the same result. In an attempt
to explain the image painted by these observations, ‘dark energy’ became the term
used to describe a hypothetical energy that admits a negative pressure, explaining
this accelerating expansion of the cosmos. Notwithstanding the clear observational
data, our fundamental understanding of dark energy is still elementary, and further

underdeveloped by the lack of experimental evidence.

Many have suggested that the problem of dark energy could be viewed as a shortfall
in the theory of general relativity, which predicts a deceleration given standard

non-exotic matter. Enter f(R) theory of gravity, a modified theory of gravity first
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introduced by Hans Adolph Buchdahl in 1970 [46], which explains the accelerating
expansion without the addition of exotic matter, providing an entirely geometric
alternative to dark energy. This theory deviates from general relativity by replacing
the Ricci Scalar, R, in the Einstein-Hilbert action, with a scalar curvature function,
f(R) [47]. As opposed to general relativity, f(R) gravity relaxes the rigid hypothesis
that limits the gravitational action to a linear function of R. In fact, there is
no theoretical rationale for imposing such restrictions, allowing the theory to be
generalized to include any curvature invariant and/or any scalar fields [48]. In terms
of scalar curvature, the resulting phase transition from one state of the vacuum to
another can be viewed as a transition from the metastable state with high curvature
to the stable state with low curvature [49]. The theory was also used to develop
the Starobinsky model of cosmic inflation, demonstrating early-time inflation, by
taking the square of R in the Einstein-Hilbert action [50]. Furthermore, early and
late-time inflation have been unified within the context of f(R) gravity [51]. A
concise historical review of the can be found in [52]. Favourably, examination of the
robustness of this modified theory of gravity through observational tests have been

successful [53, 54].

Through solving the Einstein field equations the Bianchi spacetime was derived,
modelling a spatially homogeneous anisotropic universe, and as a result, essential
for explaining the large-scale behaviour of the cosmos. These spacetimes are crit-
ical in developing models that describe the universe’s early stages. Additionally,
Friedmann-Lemaitre-Robertson-Walker (FLRW) universes, describing an expand-
ing homogenous and isotropic universe, are a subclass of the Bianchi universe. The
spacetime has been discussed in relation to anisotropies in a primordial universe
and its evolution to the observed isotropy of the current era [55]. For this reason
studying anisotropic Bianchi spacetimes are of value to us. Some recent explorations

of Bianchi spaces appear in [56, 57, 58].
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Such complex ideas and their analyses may be facilitated by imposing the theory
of symmetry generators. In our analysis, we use known Noether symmetries of
the metric tensor to find and classify the potential functions of the spacetime. As
mentioned, a Noether point symmetry is a Lie point symmetry therefore the method
of Lie invariance can be used to reduce the order and solve the field equations for any
of the potentials mentioned below. The wide applicability of Noether symmetries
in cosmology in particular can be seen in the previous chapter and the works of

[59, 60, 61].

This chapter is organized as follows. Section 4.2 contains the primary results of the
chapter, divided into fourteen subsections or cases, each containing the symmetry
details, field equation solutions, conservation laws, potential functions and wave

function solutions. In section 4.3, we conclude.

4.2 The Bianchi type I spacetime in vacuum f(R)
gravity
The line element of a Bianchi type I spacetimes in the coordinates (¢, x,y, z), given
by (20, 2!, 22, 23) is
ds® = —dt* + H?dx* + E*dy* + W?d2?, (100)
where H = H(t), E = E(t), W = W(t) are non-zero functions of ¢.

The Ricci scalar, R, for the Bianchi I spacetime (100) is
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H// E// W// H/E/ E/Wl W/H/
_ + _

E=2"p+ o wrtae " Ew Y wa |

(101)

where prime denotes the derivative with respect to t. The Einstein field equations

(without matter) is
1
F(R)Ry — 5f(li’)gab — Vo VpF(R) + gOF(R) = 0, (102)

where f(R) is the function of the Ricci scalar R, F(R) = -% f(R), and O = vV,
where V® is the covariant derivative. We take the assumption from the literature
[62] that

F(R) = foR™,

where fo, m € R, and thus for the Bianchi I spacetime in vacuum f(R) gravity, we
take Eq. (100) and substitute it into Eq. (102), to obtain a set of equations to solve
for the metric functions H(t), E(t), W (t). Such a procedure, takes into account an

isometry classification that leads to fourteen cases, see [63] for further details.

The spacetime (100) yields the three KVF's:

0 0

0
%, X2 = s and X3 = = (103)

X1 = oy 0z

The Lagrangian of the spacetime (100) is

1 1 1 1.
,C(t,l‘, Y, Z) = EH (t)Z'IQ + EE (t>2 92 + EW(t)222 - 5 £ — V(t,ﬂf, Ys Z)v (104)

where dot represents derivative with respect to the arclength parameter s and

V(t,x,y, z) is the potential function yet to be determined.
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Using L(t, z,y, z) we derive the geodesic equations of motion:

d L d d )

b= —E@Oy B0 =W @)W () - H()d* 20 ({t)+ 2.V,
C 2HWE(GHO)i- LY
b (H(0) ’
2B ($EW®)i- 2V
b (E@®) ’
—2W (4 _ 9
—— (dtW(?) a (105)
(W (®))

The Hamiltonian of the dynamical system, associated with the Lagrangian (104) is

1 1 1 1.
Etx,y,2) = S H (t)i% + 5B )’ 9% + §W(t)2z'2 -5 P24+ V(txy 2). (106)

We note that all the cases below include, at the minimum, the KVFs listed in (103).
A geometric approach, involving symmetries, will yield the potential functions cor-

responding to each symmetry generator [59]. The potential functions, V (¢, z, vy, 2),

that correspond to these KVFs in Eq.(103) are

Xi:V(twy 2)=pr+F(tyz), (107)

X V(t,w,y,2) =py+ F(tw2), (108)
and

X3 :V(twy 2)=pz+ F(t2y), (109)

where p is a constant. Since these KVFs appear in all fourteen cases, the very same

potential functions will be found for every case.
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The WDW equation, commonly used in quantum cosmology, is a useful guide for
comprehending the quantum properties of spacetime. In fact the equation is funda-
mental to most methods to quantize gravity such as loop quantum gravity, quantum
geometrodynamics, etc [64]. The WDW equation is the wave functional of gravity,
initially called the “Einstein-Schrodinger equation,” by John Wheeler, and is used in
quantum gravity as a tool for understanding the quantum properties of spacetime.
The equation has been a subject of interest recently: in the analysis of a multiscalar
interaction model [65], an exploration of scalar tensor cosmological model adopting
a FLRW geometry with a perfect fluid [66], and in a similar approach to some ax-
isymmetric quantum cosmologies with scalar fields [67]. The WDW equation can be
achieved by a standard quantization, and under our conditions of the Bianchi type
I spacetime in vacuum f(R) gravity, we derive the equation to be a second-order

differential equation

8822 (tCL’y, ) ((%U(tx:% ))dW(t)_

W (t)
(5U (. 2) SEWO)  (FUGa,y2) $H() | U (e y,2)

£ H (t) (H (t))°
LU (t2,y,2) . LU (t,,y, 2)

0 = —U(t,x,y,z)V(t,ZL‘,y, )

0 Wy o)
where U(t,x,y, ) is the wave function of the universe.
The WDW equation admits the five Lie point symmetries:
Wy =Xy,
Wy = Xo,
Ws = X3,
Wy = Udy,
Wo =Q(t,x,y,2)0u,
(111)
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where the function Q(¢,z,y, z) is a solution to the WDW equation (110). Clearly,
Eq. (110) is linear in derivatives, but with four independent variables, the solutions
will be quite involved. That is, several Lie point symmetries are required for (110) to
enact its reduction to an ODE, and thereafter solve the resulting equation to find an
explicit solution. In the subsections to follow, we present the fourteen cases under
study, with the focus of obtaining Lie invariant solutions to the WDW equation and
the field equations of motion for vanishing potential. In pursuit of these solutions,
we mention the Noether first integrals related to each KVF (which is a Noether
symmetry of the field equations) and the functional form of some extra potential

functions admitted by the spacetime.

4.2.1 Case (I)

Under the first case, we have H(t) = (c1t + )™, E(t) = (c1t +¢3), W is a constant
and c1,c0 € R, ¢ £ 0.

In association with these three KVFs (103), the respective conservation laws are:

T
= -——-_
! (Clt+02)2
121 = —Q(Clt+c2)27
n = -z (112)

This spacetime admits a fourth symmetry which is a proper HVF, viz.

H = (Clt+02)at+2xaw+zaz, (113)

8]
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that admits the conservation law

1 . .
I(HI) = 3 X <013t3t — 613t222 + 3012C2t2t
(Clt + CQ) C1
—2¢12eot 23 + 3ttt — cyeo’2E + et — 2 x'xcl>. (114)

Corresponding to the above HVF, is the potential functional

1
2 (tey + ¢3)°

xr VA
2F vy, > 115
((tcl+02)2 Y t01+02) (115)

Concerning the field equations for this spacetime, we solve the system of equations

(105) to obtain

v (t7 z,y, Z) = (pCIth + 2p0162t +

c t
o) = —Z4 21—,

! @y(5>
z(s) = o,

11ln +y18+4c 11In +y18s—4c
y(s) _ = (ylyQ n 1)+_ (yly2 n 1)+

2 C1 2 C1

Yo,
2(s) = z15+ 2, (116)

where all parameters with numerical subscripts are arbitrary constants in this chap-

ter, unless stated otherwise.

Turning our attention to the wave function, Case (I) admits an extra Lie point

symmetry for the WDW equation (110), namely

W[ = 201 WU+61H]. (117)

We utilize the method of Lie invariants and apply the symmetries {Ws, W5, W;} to
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reduce Eq. (110) to an ODE and thus obtain the solution for the wave function ,viz.

222 1/12
G- - o (102 )",
(Clt+02)

11
LegendreP (——, —,2 %)
4°6 (Clt+02)

+02( e 1)1/12><
(Clt+02)

1 1 1z
L d 22— 11

where the C, Cy are arbitrary constants, LegendreP denotes the associated Legen-
dre functions of the first kind, and Legendre() is the associated Legendre functions
of the second kind. Note that this solution only contains the variables x,t, but for
a solution dependent on all four variables, we apply the symmetry combinations
{Y1 =Wo+ Wy, Y = W3+ Wy, Yz = Wy + Wy} whose Lie brackets are zero. The

solution we obtain, after successive reductions and solving the resultant ODE is

2
1 c1 +4 |1
+y+ _ 142 214/ +3
1/]2 (t,[L‘,y, Z) = Y Z(Cle 3 att—eat (t01+02)2 e1? 2 X

12 V1
L2 -
02 e”2 cit“—cat (tCl + Cg) 2 12 >

244 /
HeunB | — %,0,—01—1,0,—01“2 . (119)
C1 \/a

where the HeunB function is the solution of the Heun Biconfluent equation.

244 t
HeunB ( L,O, —c, 10, — a +62> +
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4.2.2 Case (II)

The second case is similar to the first with H(t) = (cit + o)™t W(t) = (c1t + c2),
E is a constant and ¢y, co € R, ¢; # 0. The HVF of this case is the same as those

of Case (I).

The conservation laws associated Eq. (103) are

III _ f]j
1 )
(Clt + 02)2
[211 = _yv
and
Ig{l = _012t22 — 26102t2 — 0222.

Finally, the first integral from Eq.(113) is
1
I'"(H;) = —— (cl5t4zz" + Ay eat® 22 + 6032 t2 25 +
(Clt + 02) C1
dei2e®tzi — e % 4 etz — 32 eot®t — 3 eyt —

CQSf + 2 cw:t).
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Solving the system (105) we obtain, for the field equations

c t
t(s) = —c—2+ do :

! 57 (8)
x(s) = o,

y(S) = y18+y077
1In(z129+2z18+4c 1In(z129+2z18—4c
2(s) = —= (12 1 1)+_ (12 1 1)+
2 C1 2 C1

The WDW equation of this case, admits the same symmetries as Case (I), so as
before, we first reduce the WDW equation with the point symmetries {Ws, W3, W;}

and obtain the wave function solution

zC
U}I(t,x,y,z) = Cl+mx
1 2
1 3 3 c2a?
pperseon([L 8] [ a9 ) 1ag
() [ ). s

where hypergeom is the generalized hypergeometric function.

Lastly, a reduction by {Y7, Y2, Y3} gives us the solution identical to that given by
(119).

4.2.3 Case (III)

With E(t) = (cit+c2) ™t W(t) = (cit+co), and H a constant, this case has identical
KVFs and HVFs as the previous two cases.

Below are the conservation laws linked to Eq. (103):
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I —
L Yy 7
? (ert + c2)”
o = —z (c12t2 + 2cic9t + 622) . (126)

and that associated with the proper HVF Eq.(113)

13222 + 2012 cot 23 + 109225 — eyttt + 2 c1xd — ot

I (Hy) (127)
€1
The geodesic solutions from the system of equations (105) are
c t
t(s) = —C—2+d—°,
! a2 (s)
z(s) = x18+ zo,
y(S) = Yo,
1Iln(z1204+215+4c 1ln(z1204+215—4c
os) = —= (2120 + 21 1)+_ (2120 + 21 1)+
2 C1 2 C1
%. (128)

Using the Lie point symmetries {W;, W3, W;} to do a symmetry analysis for the
WDW equation, the equation (110) admits the solution for the wave function

yC.
Ufln(t»%%z) = Cl+m><
13 3 c12y?
h ( 202 ,4—), 129
ypergeom [2 4} {2} (t61+02>4 (129)

and with {Y1, Y5, Y3}, once again we find a solution given by (119).
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4.2.4 Case (IV)

For this case, let H(t) = (et + o) 72, E(t) = W(t) = (e1t + ca).

The conservation laws in this spacetime associated with the KVFs in Eq. (103) are

x

wWe=__—-__ 130
! (Clt + CQ>4 ( )
Y = —j(at +c)?, (131)
and
IV = — i (et + ). (132)
Here we have a fourth extra KVF,
XY = yo.— 20, (133)
which admits the Noether integral
IV = — (et +¢) (yz — 2y), (134)
and the potential function
V (t,x,y,z) = —parctan (g> +F (t, z,y° + 22) . (135)
z
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The fifth symmetry for this case is a proper HVF, given as
HIV = (Clt + Cg)at + 3011’830, (136)

and an integral

(ert + 02)515 — 31z

I(H) = (ert + 02)4

(137)

Using this HF'V, we derive the potential function
V(t ) ! ( 242 t+2F( ° )) (138)
7x7y7z = 3 pc pc —7y72 *
2 (tCl + 02)2 ! ? (tcl + 02)3

As before, we now give solutions for the equation of motion (105) for Case (IV):

t

t(s) = —%-F L

! L2 (s)
x(s) = o,
’y(S) = Yo,

1In(z129+2z18+4c 1In(z129+218—4c
os) = —= (21 22 1 1)+_ (21 22 1 1)+

2 C1 2 &1

20- (139)

Here we have an additional Lie point symmetry of the WDW equation (110) in
relation to the fourth KVF (133), in the form of

Wiy = = —yd. + 20, (140)

As stated earlier, we will utilize the zeroth-order invariants of the Lie point sym-

metries to reduce the order of the WDW equation and find invariant solution. The
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symmetries used are {Wy, Wy, W3} from which we obtain the solution (only depen-

dent on the parameter t):

Furthermore, we use the set of Lie point symmetries {Y}, Y3, Y3} to get the wave

function solution

1 \ 2 8 /3 (¢t 3
Up = e"te <C’1 Vter + cpBesselJ (— Clcl+ ; <Z/ (o1 + o) >) +

6 C1
1 v/c12 /3 (t ’
Cy\/tei + cyBesselY (6 ot 8, (Z/3< Gt )) ), (142)
C1 C1

where BesselJ and BesselY are the Bessel functions of the first and second kinds,

respectively.

The next two cases, (V) and (VI), admit the same extra vector fields as this one.

4.2.5 Case (V)

In this scenario E(t) = (c1t + ¢2) 72, H(t) = W(t) = (c1t + c2).

The first integrals in this spacetime associated with the KVFs in Eq. (103) are

IY = - (Clth + 2 Clcgt + 022) (143)
Y

V=7 144

2 (Clt + 02)4 ( )
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and

[:;/ = —Z (612t2 + 2ci00t + 022) (145>

Moreover, the KVF (133) admits the Noether integral

6 . .
Ivo— y (c1t + ¢2) ,z—irzy’ (146)
(Clt + CQ)
and the HVF (136) admits
1.
I(Hy) = -3 (Clgxtx' + cicort — 3 t) (1t +¢2) . (147)

For the field equation solutions for Case (V), we find that they are the same as that
for Case (IV). In a similar fashion, the WDW solutions are also the same as that of

Case (IV).

4.2.6 Case (VI)

In this scenario W (t) = (c1t + o) 72, H(t) = E(t) = (c1t + ¢2).

The first integrals in this spacetime associated with the KVFs in Eq. (103) are

]YI = —x (Cl2t2 + 20102t + 622) s

I;/I = —y (Cl2t2 + 2 ClCQt + 022) 5

A — 148)
3 (Clt -+ 62)4 (

From KVF (133) we have the Noether integral
2(et +¢)’y —yz
(Clt -+ C2>4

" (149)
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and the HVF (136) admits the first integral (147).

We now provide solutions for the equation of motion, just as we did before:

c t
) = 240
! %Y (s)
z(s) = o,
| —4 | 4
y(s) = 121 +C‘71” s=da) g, Inyny +c1y1 s+da)

z2(s) = 2.

The WDW solutions are identical to those in Case (IV).

4.2.7 Case (VII)

In this case suppose that H(t) is a constant, whereas E(t) = W (t) = ¢ 2.

Under this case, the conservation laws associated with (103) are:

VII .
Il = —ZE',
vir Y
I =—=,
and
v _ _Z

3

(150)

(151)

(152)

(153)

This spacetime has a fourth KVF given by (133) and corresponding first integral

o = _z'y;yz’
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and also, corresponding to this vector field is the potential function given by (135).

Moreover, a fifth symmetry, a proper HVF given by
3 3
H\/H = tat + x@x + §y8y + izaz, (155)

with the conservation law

12t% — 2@xt — 39y — 3 22

I(H = 156
(Hvi) 5 ; (156)
The HVF yields a potential V (¢, x,y, z) of the form
p 1 r Yy oz
Vi(t,x,y,2) = B t—QF <? PEYE m) ' (157)

Below are the solutions for the geodesics of this case, that is, the solutions for the

system (105):
1 VA (2 (5) 32 (5)
2 5) !

a2 (
z(s) = x15+ x,
y<5) = Yo,
Lo 1
z(s) = %8S +§z23 + 215+ 2. (158)

Next, we investigate the WDW equation (110) of this case. We discover the addi-

tional symmetries given by (140) and:

Wy = Hvu. (159)

As we have seen, when invariant under one-parameter point transformations, the

WDW equation can be solved by reduction, so similar to Case (I) but replacing W;
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with Wy 7, the symmetries yield the invariant two parameter solution for the wave

function

c 1
Ul (t,x) = C1 + %— (160)
2 1

T

A second solution, using the same technique, yields the solution of the WDW equa-

tion as
U\2/II (t7I7y7’Z) = T(t)u (161)

where T'(t) satisfies the equation

2

2T(t)t2+T(t)t—(%T(t))tJr%T(t):O. (162)

4.2.8 Case (VIII)

Assume that E is a constant, and H(t) = W (t) = t~2. As this spacetime is quite
similar to the previous case, we have the same KVFs and HVFs.

The Noether symmetries (103) admits the following conservation laws:

o= T 7
t
=y,
- —? (163)
From KVF (133) we have the Noether integral
o :
o R—— sk i yt+ v (164)
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and from the HVF (155)

2t% — 3tyy — 2xd — 323

[(HVIII) = 1/2 7

(165)

The solutions for the equations of motion for this case, that is, the solutions for

(105) are:

NI %zs 2%zs
t(s):1 (ds()) ()’

2 13~ (5)

z(s) = o,

y(s) = s +yo,

1 |
2(s) = G 3‘3+§z2 s>+ 218+ 2. (166)
Similar to the reduction in (VII), we find the solution for (110) as
CL’OQ
U\l/III <t7x) = Ci + 13/2 X
17 31 9 a?
hypergeom( {5, 61 ; {5} ' t_3>’ (167)

A second solution, UZ,;; (¢,x,y,2) is identical to that of Case (VII) i.e. solution

(161).

4.2.9 Case (IX)

With a spacetime where W is a constant, whereas H(t) = E(t) = t2, quite similar
to the previous Case (VI) and (VII), we have the same vector fields.
From the KVFs (103) we obtain the Noether integrals:

x — 7t
1 t7
x — Y
2 t’
nx = -z (168)
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From KVF (133) we have the Noether integral

X = _M7

and from the HVF (155)

[(Hy) = 1/2 t

The classical field equation solutions of (105) are:

o — LYY E) G
2 )

Ly (s)
x(s) = o,
1 3, 1 2
y(s) = 6y3$ +§y23 + Y1 5 + Yo,
2(s) = z18+ 2.

2t% — 3tz3 — 224 — 3yy

(169)

(170)

(171)

For the WDW solutions of (110) for this case, solutions are given by the expressions

in (167) and (161).

4.2.10 Case (X)

For the tenth case, let H(t) = t~! with E(t) and W (¢) being constants. The first

integrals associated with (103) are:

X $’
]1 — _t_2,
IQX = _yv
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and

LY =z (174)

Similar to Case VII this spacetime has a fourth KVF
X§ = yo. - 20, (175)

and the same potential function (135). However, the conservation law corresponding

to this symmetry is

IX = —iy+yz, (176)

and a fifth symmetry, a proper HVF given by
Hx = t0;+ 220, + yo, + 20,. (177)

The conservation law for this symmetry, with V (¢, z,y, 2) = p(x + y + 2), is

t3 — gyt? — 22t — 2dx

I(Hx) = - (178)
This has a corresponding potential of
p 1 T Y z
Vit ay ) =2 —F(—,—,—). 179
oy 2) =5+ 5F (573 (179)
Below, we find the classical field equations solutions:
22
is) = \/_ £ -,
2
\/2 dsga: 5T (s) — (;SQx(s))
zgts 1 zzts ]
x(s) = 3 x%x%e - 5 rie” - 5 Ty 5
+I’0,
y(s) = w15+ o,
2(s) = 218+ 2. (180)
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For this case we have two additional WDW symmetries, namely the point symmetry

(140) and

Wy = Hx. (181)

Performing a symmetry analysis for the WDW equation using the Lie point sym-

metries {Wy, W3, Wa}, Eq. (110) admits the solution for the wave function
Uk (t,2) = Cyt? + Cy, (182)
and a second, four variable invariant solution

1 1
U (t,r,y,z) = e"tvts (Cl t? <Bessell <O, §t2) + Bessell (1, 5152)) +

1 1
Cyt? (BesselK (0, 3 t2) — BesselK (1, 5 t2>) >, (183)

where Bessell and Bessel K are the modified Bessel functions of the first and second

kinds, respectively.

4.2.11 Case (XI)

Similar to spacetime of the tenth case, let E(t) = t~! with H(¢) and W (t) being
constants. Subsequently, the conformal vector fields are the same.

Utilizing the KVFs (103) we calculate the first integrals as:

o= i,
XI y
[2 —_ _t_2,
LY o= -z (184)

From KVF (133) we have the Noether integral
yt?s — 2y
o= YDA (185)
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and from the HVF (177)

I(Hx;) =

3t — 2t%xd — t222 — yy
t2 '

Furthermore, we obtain the solutions of the geodesics:

V24y (s)
</2 (f_;y (3)) %y (s) — (%y (s))2

Y

r1 S+ xo,

1 yz+s 1 _yzts 1
g?ﬁly%e 1 _iy%e 1 —59%925
+y0)

218+ 2p.

(186)

(187)

Solving (110) for this case yields identical wave function solutions as those of Case

(X) given by (182) and (183).

4.2.12 Case (XII)

With a spacetime where W is a constant, H(t) = E(t) = "2, again we have a

similar situation as to the previous Case (VI) and (VII), that is, we have the same

vector fields.

From the KVFs (103) we obtain the Noether integrals:

XII  __ 3
.[1 — _‘T,
XII .
[2 = VY,
X o _Z
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From KVF (133) we have the Noether integral

_ t2- .
e (159)

and from the HVF (177)

3 — 2t%xq — t2yy — 22

I(Hxn) = 2 (190)
The classical field equation solutions of (105) are:
PES
t(s) = \/_dsz (S> 3’
4 3 2
\/2 (%z (3)) %z (s) — (%z (3))
xz(s) = x5+ x,
y(s) = w15+,
1 za+s 1 _z +s 1
z(s) = 3 2iz3e Ea. 5 e g 5 22
+20. (191)

Just as above, solving (110) for the wave function of the universe yields solutions

(182) and (183). Next we combine the last two cases.

4.2.13 Case (XIII) and (XIV)

These cases are the conformally flat and Minkowski space, with H(t) = E(t) =
W(t) = eMt and H(t) = E(t) = W (t) =constant, respectively. The conformal alge-
bras of such cases are well-known, as is their first integrals and geodesic solutions.
Potential functions in a lower dimension were compiled in [68], which may be extrap-
olated here, given the relation between the potential functions of the Klein-Gordon

equation and the potentials of the geodesic Lagrangian. In one case, the WDW
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equation is simply the standard (14-3) Klein-Gordon equation, whose solutions have
been explored in multiple papers and contexts, and thus, a detailed analysis of these

cases will not be revisited in this work.

4.3 Discussion

In this chapter we considered a class of homogeneous and anisotropic Bianchi models
derived from the Einstein field equations, the Bianchi I spacetime. This spacetime
was studied in f(R) gravity, a modification of general relativity, that has garnered
a great deal of attention from the M-theory [69] and theoretical physics commu-
nity as a whole. Favourably, many f(R) models pass experimental tests and fit
cosmological data. We considered exact solutions to Bianchi I spacetimes in f(R)
gravity and we presented explicit solutions to the wave function of the universe us-
ing Lie symmetry analysis of the WDW equation. Along with solutions to the field
equations, the three-linearly independent KVFs (103) and any additional KVFs and
HVFs, were used to calculate potential functionals and first integrals for all cases.
The WDW equation for the Bianchi I spacetime in f(R) gravity and the five Lie
point symmetries (111) that it admits, were derived. These were used to reduce
and solve for the wave functions. From our calculations, it is evident that the in-
finitesimal generators of the WDW equation and the conformal algebra, particularly
the HVF, are inextricably linked. Concerning the wave solutions, we find that they
comprise interesting special functions in most cases. Moreover, associated with the
WDW equation is the geometric implication that its point transformations provide
Noetherian conservation laws for the classical field equations. This property can be

used to examine the integrability of field equations and find closed-form solutions.

The WDW equation is capable, in principle, of recovering various late-time dynamics
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as it lies at the epicentre of canonical approaches to quantum cosmology. It plays
the role of the Schrédinger equation for the wave function of the universe, and its
solutions are important in the problem of stability and the time evolution of the
universe. Moreover, observations on energy decay related to the solution may prove

the global nonlinear stability of the space-time [70].

In many modified theories, a configuration space called a minisuperspace is con-
structed. In this canonical quantisation approach, a point-like Lagrangian may be
established from an action principle, from which Hamiltonian theory holds. This
draws many ideas from classical mechanics, such as, in the WKB approximation, the
Hamilton- Jacobi equation leads to a reduced Hamiltonian system. General relativ-
ity and f(R) are both tensor theories, but since the latter includes higher powers of
the Ricci scalar, this creates more complicated mathematical expressions, especially
in the context of our analysis, as can be seen above. To pose new conditions for
f(R) gravity as an alternative standard cosmological model to the ACDM model,
further refined investigations on homogeneous universes are needed. We leave these

developments to further work.
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Chapter 5

Classical solutions to Bianchi type
IT spacetimes in f(R) theory of
gravity

We consider the analytical solutions to the Bianchi type II universe in f(R) theory
of gravity, a modified gravity theory. The Lagrangian and Hamiltonian are derived
and the conformal vector fields of the space, which are Noether point symmetries
of the Lagrangian, are presented. This spacetime is categorised into seven isometry
classes. For each class we establish the potential functionals V (¢, z, y, z), and the first
integrals associated with each KVF and HVF via Noether’s theorem. Subsequently,
the Lagrangian of the Bianchi I spacetime is quantized yielding the WDW equation
and we apply the zero-order invariants of the admitted Lie point symmetries to
determine invariant solutions for the wave function of the universe. Lastly, we
reduce the Hamiltonian system to acquire the exact classical solutions to the field

equations for all seven classes.
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5.1 Introduction

We consider the Bianchi type II spacetime in the coordinates (t,z,y, z), whose line

element is
ds® = —dt* + A(t)da® + B (t) dy® + [B (t) 2> + C (t)]d2* — 22B (t) dydz, (192)
where A = A(t), B = B(t), C = C(t) are nowhere zero functions of t.

The Ricci scalar, R, for the Bianchi IT spacetime (192) is

1 2A1/ 2B// 26«// A12 B/Q 012 A/B/ B/C/

=l at* st 2 m etap B’
A B
ca ac| 1%

where prime denotes the derivative with respect to t. However, our interest lies in
analysing the model of Bianchi type II spacetimes in the f(R) theory of gravity.
The Einstein field equations in f(R) theory of gravity is

F(R) Ry, — % F(R)gar — a4 F(R) + g0 F(R) = kT, (194)

where f(R) is the function of the Ricci scalar R, F(R) = 4% f(R), k is the coupling
constant, Ty, is the energy-momentum tensor and 0 = V*V, where V is the covariant

derivative. In a vacuum T, = 0, hence (194) can be rewritten in tensorial form as

Gab = F(lR) f(R) _2RF(R) Gab + vava(R) - gabvavaF(R) ) (195)

where G, denotes the Einstein tensor. By substitution of Eq. (192) into (195)
and taking into account the ad hoc relation from [71], the second author showed

in a previous work [72] that there exist seven solutions to the resulting equations.
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These seven solutions of the model in f(R) theory compose our seven cases, Case

(I)- (VII) in the work that follows.

In this chapter, in order to describe the possible potential functions of this spacetime
in f(R) gravity, we employ Noether point symmetries. In particular, we use known
Noether symmetries of the metric tensor to find and classify the potential functions of
the spacetime. As before, it is feasible to apply the Lie invariance approach to lower
the order and solve the field equations corresponding to any potential listed below

by taking use of the fact that a Noether point symmetry is a Lie point symmetry.

The chapter is organised as follows. Section 5.2 describes the heuristics involving
the Lagrangian and Hamiltonian of the field, the corresponding equations of mo-
tion and the KVFs of the space, which are in fact Noether point symmetries of
the Lagrangian. In section 5.3, we have the main results of our analysis, where we
study the seven cases (I)- (VII) in detail. For each of the cases, we define the
various potential functions of the field and construct the associated first integrals
via Noether’s theorem. Moreover, we derive the equation describing the wave func-
tion of the universe, i.e. the WDW equation and a reduced Hamiltonian system
of equations. Specifically for the WDW equation, we select Lie point symmetries
to reduce the equation in order and provide Lie invariant solutions. As for the re-
duced Hamiltonian system, these are utilized to provide solutions to the equations

of motion in each of the seven cases. Finally, we conclude in section 5.4.
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5.2 The Hamiltonian, geodesics and Killing vec-

tors

From the space (192) of the model, we read that the dependent variables are
t(s), z(s),y(s), z(s).
Hence we assume the generator of the infinitesimal transformation to be
X = 6 (57 ta z,Y, Z) 88 + Ul (57 t> z,y, Z) at + UE (87 ta z,Y, Z) az (196)

+1y (s,t,x,y,z) ay‘"ﬁz (s,t,x,y,z) 0, (197)

and the general form of the Noetherian conservation law for our problem is denoted

as

oL oL oL oL

[=f—Nmr = Nme = Tlyae = oy 198

where f (s,t,z,y,2) is a boundary function.
We continue with the determination of the model dynamics.
The Lagrangian of the spacetime (192) is

Lo 1,5 1 2 .2

Lt,x,y,z) = EAx —|—§By +§ (Bx +C)z —
1.
3 t* —xBy: — V(t, 2,9, 2), (199)

where here, dot represents derivative with respect to the arclength parameter s and

V(t,x,y,z) is the potential function yet to be determined. We derive the corre-
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sponding geodesic equations of motion:

D d d \ .
t = 5‘/—1-1/2( 22 4 2af — 4 )dt —-1/2 (th>a: —
d
1/28 2, (200)
~Bus+ Byi + (§A) il + 2V
i = - : (201)
A
1 ) ) )
j o= @<( B - (J)ayv (aZV)Ber
o d . d
Ct(xz— )dtB+B(—xtzaC+
i((—x%&+xy)B—%C%)>>, (202)
. 1 iy d 0
Z = —5<szx+<&0>tz—3xy+<ay )x
0
*’az‘/) (203)

The Hamiltonian, also called the energy function, of the dynamical system, &, asso-

ciated with the Lagrangian (199) is

1 1 1
E(t,x,y,z) = 5A9’32+§B92~|—§ (Bx2+C') 3?2 —

1

5#—x&ﬂ+vmxw¢) (204)

We define the momentum p; = 2& to find that Eq. (204) has the form

ozt

((=p2C + (pyz +p.)?) B+ p2C) A+ p2BC

1
£€=3 BCA

+V(t,x,y,2). (205)

Furthermore, the field equations are the Hamiltonian constraint (205) and the

Hamilton equations
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it (206)
j="+ xgz ngy, (207)
5= ]%erz, (208)
t=—py, (209)
po = (pyx Epz)py N 8%‘/7 (210)
b= Ve b= 5 V. (211)
pr = —QBQéQAQ <2 <%v) B*C?A? — B2 (pyz + p.)° %C

2 (pgg2 (%A) B? + (%B) py2A2) ) (212)

The spacetime (192) admits the three linearly-independent KVFs:
Xy =0y, Xy =0, + 20y, and X3 = 0., (213)

which represent the translational invariance in y, z and a scale invariance in z and y.
The corresponding Lie bracket relations are [ X7, Xo] =0, [X1, X3] =0, [X2, X3] =
—X1. The conservation laws corresponding to these symmetries are linear momen-
tum. In the sequel, we consider seven cases that exhibit the three KVF's given by
Eq. (213). Within these cases, we identify the corresponding first integrals and the
functional form of the potential function V (¢, x,y, z). We calculate the potentials

that correspond to the three KVFs (X;) in Eq.(213) to be:
X:V(t,z,y,z) =py+ F(t,z,2), (214)

Xo:V(t,x,y,2) =pr+ F(t,z,—xz+y), (215)
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and
X3 :V(twy,2) =pz+ F(tzy). (216)

Note that the above potentials occur in every case that follows.

5.3 Analytical solutions: equations of motion and

wave function

The WDW equation for the Bianchi type II spacetime in f(R) theory is

2

! —2 (Bz* +C) Py R

C SABr OB o2

(22%(B)* +2CB) 8—2U+2A(Bgc2+0) 8—2U+

0x? oy?
0" 2 /2 d
2 <@U> AB + <(—x (B)* — CB) o4
d d 0
—_— 2 —_— —_— —_—
2A ((Bx +1/20C) BT (dtc) B) >6tU+
2B (((%U) xB(t) —2AUV (Bz® + C)) =0, (217)

where U = U (t, z,y, z) is the wave function of the universe.

The differential equation, G = G (a:i, U, %U, 8‘?—2].U ), is invariant under the action

of the one-parameter point transformation if there exists a function p such that [4]

wlla = paG,

where W is the second prolongation of W in the jet space {xi, U, %U, 8?;.U }
When the above condition holds, we say that W is a Lie point symmetry of equation

G. The symmetries W form a Lie algebra.
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The WDW equation (217) is a second-order PDE defined in the space of the inde-

pendent variables ' — {t,z,y, 2z}, where U is the dependent variable.

We include the symmetries and solutions for the WDW equation for spacetimes
corresponding to the cases below. To solve for the WDW equation, point symmetries
corresponding to it are required. In the same manner as before such symmetries can
be used to systematically reduce the order of the WDW equation. Reduced equations
will be reduced once more if they inherit any of the remaining symmetries of the
Lie algebra. For our case, a four variable PDE makes up the WDW equation and,
thus, several symmetries are required to reduce it to an ODE.

The form of the symmetry generator is

W:n(Uut)xay)Z)aU+§t(U7t7x7y7Z)at+§z <U7t7x7yaz)am
+&, (U, t,z,y,2) 0, + &, (U, t,x,y,2)0.. (218)

The WDW equation admits the four Lie point symmetries

Wl :Xla
W2 :X37
Wy = U0y,

Wp = P(t,x,y, 2)0y,
(219)

where the function P(¢,x,y,z) is a solution to the WDW equation (217), when
V(t,z,y,z) = 0 or V(t,x,y,z) = V(z). For arbitrary potential V (¢, z,y, z), only
the point symmetries Wp and Wy are admitted. The vector field Wy is called a
homogeneous symmetry, whereas Wp corresponds to the infinite number of solu-
tions. Both these Lie symmetries are not useful to reduce the differential equation.

However, they indicate that equation (217) is a linear second-order PDE.
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Adopting the WKB approximation to the WDW equation or from (205), we have

(e () ) (2 )

Of\°
+ 5 BC +2VABC = 0. (220)

where f(t,x,y, z) describes the motion of a particle, and this equation is called the
Hamilton-Jacobi equation. Since p; = g—’;, Dy = g—i, Dy = g—i, P, = %, the solution of
the Hamilton-Jacobi equation leads us to the following reduced Hamiltonian system

(see Eq. (206)-(209)):

1o
YT Adr
oy
==
P
 Boy C c
2:M. (221)

C

In the analysis below, we allow the potential V' to vanish in obtaining the exact
solutions of the field equations and the wave function, unless specified otherwise.
We also apply the zero-order invariants of the Lie point symmetries for the WDW
equation in order to reduce the equation and find the solution of the wave function
U(t,z,y, z). Moreover, by using the Hamilton-Jacobi equation, we provide analytical

solutions to the field equations under study.
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5.3.1 Case (I) A=t3, B=t2,C =1t

Associated with each KVF X;, are the first integrals I; listed below:

[ TZ—Y

]1 = t2 )

s 0% — w22 + Yz
12 - — t2 5
I to?z —txy+ 2
.[3 - — t3 .

In addition to the KVFs in Eq. (213), a proper HVF is admitted:

1 1 )
HI = 575(9,5 — Zxﬁx + yay + Zzﬁz,

whose corresponding conservation law is

I(Hy) = -~

1 t%3x +24t* — 5ta?2i + 4tays + Stayz — 4tyy — 522

4 t3
This HVF also gives the potential

1 Yy ooz
Hy:V (t,z,y,z) :p—l—t—2F <a:\/¥,t—2,t57>

The linear combination d; X; + d4H; gives the potential function

1 t(dyx —4d
Vit,z,y,z) = %+§F<\/_(4Z4 2)

5) d4Z +4 d3
£52d,

,1/5

—4 (5dyz +4ds)dy + 5yds* + 5dydy — 4dods

1/5
/ d 22
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This case also admits an extra Lie point symmetry for the WDW equation (217)
5
Wy = 1 Wy + 2H;. (227)

By the method of Lie invariants, we apply the symmetries {7, Ws, W;} to reduce

Eq. (217) to an ODE and hence obtain the solution for the wave function, viz.

Coy
1+
Vittet —3tz2 — 4

10iviz? + 1IvV—t22 + 4 Ep (zx 7, i/2> _

U (t,x,y,z) = C (:1:5755/2—33:3153/2—4:15\/2—1—

36iVtr2 + 1V —ta? + 4 Eg (za: t,z’/2) ) (228)

where the C, Cy are arbitrary constants, F'r denotes the incomplete and complete
elliptic integrals of the second kind, and Er is the incomplete elliptic integral of the
first kind.

From above, we see the obvious geometric connection to the HVF. Thus, we note
that the existence of the Lie point symmetry in the WDW equation, through its
connection to the symmetries of the space, is also equivalent to the existence of a
conserved quantity for the field equations. This may enable one to solve the field
equations via this route. Turning our attention to the field equations, and consider-
ing another path to the solution, the solution of the Hamilton-Jacobi equation (220)

is
f(t,!lj‘,y,Z):y03+ZC4—|—F1<t,.T)+f0, (229)

where ¢; are constants, all variables with zero subscripts are arbitrary constants as

well, and F}(t, z) satisfies the equation

—t%22¢32 — 2102 ¢3¢y — 19¢y? — t9c3® + (%F1)2t3 — (a%FJ)Q
t3

~ 0. (230)
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Figure 5.1: Evolution of the analytical solutions of the WDW equation; we select

the parameter values C; = Cy = 1 in the solution (228).

The expression (230) solves for ¢3 = 0 to provide

€ Co
Vit

and therefore we solve the reduced Hamiltonian system (221) to obtain the following

Fi(tz) =2— +zc + Fo,

solutions of the equations of motion for Case (I):
t(s) = éll (80 s€ ¢y + 32 )",
x(s) = /W ds + w9,
y(s) = /(t (s))? (= ($))°t(s)es +a(s)t(s) s+ c3) ds + o,
s) = / (e5 (5) + c2) (£ (5))° ds + 2o, (231)

where ¢ = £1 for our classical solution of the field equations.
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5.3.2 Case (II) A = (kit + k9)?, B = (kit + k2), C = ;—%2, where

k’l,]@ cr (k’l 7é O)

Applying Noether’s theorem, the conservation laws in this spacetime associated with

the KVFs in Eq. (213) are

I = kytws — kyty 4 kow s — Koy,

I = — (kit + ko) (Bat + ko)* & — 2 (22 — ),
_k13t$22 — kP tay 4 ki Pkon?s — kyPkgxy — 23

III —
3 k12

The fourth conformal vector field in this spacetime is the proper HVF

kit + k
HII = 2( 1]:_ Q)Gt—xam—l—yay—i-Qzaz,

1
and the corresponding conservation law
1
ki
k::ftxyz" + 2 ki’txy'z + k2kl g — 2k 2kon?2i — k:lgtyy +

I(Hy) = <k15t3x9'3 + 3k kot?ed + 3 k3kotad — 2 K3taas +

kil kowys 4+ 2k 2oz 2 — ki 2koyy + 2 ki 2t +
2 /{Ilkzi +4 ZZ) .

Associated with the HVF (233), is the potential

1 1
4 (kyt + ky)®

4 F (x\/ k?lt + k‘g,

V(t%l/ﬂ) = (pk12t2 + 2pk1k2t+

Yy z
VEit + ko k1t+k2) )
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Lastly, the linear combination d; X; + d4sHy gives the potential function

1
V(t,x,y,z) = 3 [l{?12pt2 —{—Qk‘lept—i—

1

4 dy (Kt + ko)

AF \/k1t+k2 (d4$ —dg) 1/2 2d42+d3
dy ’ dy (Kt + kg)’

ydy® — zdady + dydy — dyds
dyl. 236
VIt + kady? ! (236)

Next, we investigate the WDW equation (217) of this case. We discover the addi-

tional symmetry:

k
Wi =~ ]ﬁWU + ElHH (237)

The WDW equation, when invariant under one-parameter point transformations,
can be solved by reduction as seen above. Thus the WDW solution, using the same

technique as Case (I), but replacing W; with Wy, is
Ull(tl‘y, Ol+\/k1t—|—]€2><

/ —da. (238)
k% (hat + ko) —2 (k1 22 (knt + ko) — 4)”

With a vanishing potential in (220) for this spacetime we obtain the functional that

describes the motion of a particle

f(twruyVZ) :y03—|—zc4—|-F2<t,.T)+f0, (239)
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where Fy(t, x) satisfies the equation

1
(kit + ko)?

( - 032]€15t31'2 -2 0304k15t3113 -3 632k14k52t21’2 - C42k15t3

—6 C3 C4k’14k2t2l’ -3 032k13]€22t372 -3 C42k14]€2t2 —6 C3 C4]€13]€22t37 -

a 2
032]{312]{3231'2 -2 (aFg) k13t3 -3 C42k?13k22t -2 6364]{512]{)2323 —

ot

ot

o\ 0 2
6 <—F2> ki2kot® — %K%k — 6 (—Fg) kiko2t +

ot

o 2
2 632k12t2 -2 (—Fg) k‘gg + 4 Cnglet + 2 632]{322 +

(5) )=

(240)

Suppose we let ks = 0 and ¢3 = 0 in (240), so that we solve to find

dt + xcy + Fp. (241)

1 \/—2 k’lt (l{?15t3642 -2 022)

2

It is now possible to solve the reduced Hamiltonian system (221), to obtain the

classcial field equation solutions

]{71204

1 ca?ky’s

x(s) = 3 o
1

/

—Z ks + 2.
5 G4l 0
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\3/5\/3 ca?kicy

Y

Zo,

—3 x(s) cakr 2 ds + o,

(242)



5.3.3 Case (III) A = —%, B = (kit+ky) ™!, C = (kyt+ky), where

—=,
ki

k’l,]@ cr (k’l 7é O)

The first integrals by Noether’s theorem in this spacetime are:

7 xZ—y
! kit + ko
]III _ k12$22’ — k’lzyz + klth‘ + ]{?QZL‘
2 kr? (Kot + ko) ’
o k12125 4 2kikot 2 + ky®2 + 225 — g (243)
kit + ko
This case admits the proper HVF
2 kit + ko 2 1
11 3 & t+3I +y y+3z (244)
for which the associated conservation law is
1 )
I(H — 222 4 (—2kotzE + 2t%) kP +
(Hu) 3k1? (kit + ko) ( ! (=2 ) Fo
2 kowd (4 koft — 2ho’z — (w2 — 3y) (x2 — ) ki +
(2ko% + 2txd) k1> : (245)

Additionally, (244) gives the potential

1

V(t,z,y,2) Zm

(3 pk1 %t + 6 pkykot +

T Yy z
AF , , . 246
<k1t + k2 (k‘lt + k2)3/2 V klt + k2>> ( )
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The linear combination d; X; + dyHyy produces the potential functional

1
Vtryz) = - ————
tzy.2) = 14 (knt + ko)

4F<1/2

1
2 (3 klzth +6 k’1k’2pt +

2d4£€+3d2 d42+3d3
dy (kit + ko) /ot + kody’

(247)

1 2ydy® + 3 zdydy + 2 dydy + 3 dads J
2 (knt + ko)*2 d,2 A

Here we have an additional Lie point symmetry in the case of the WDW equation

(217)

3
WU] = éleH[. (248)

As previously stated, we will apply the zeroth-order invariants of the Lie point
symmetries to reduce the order of the WDW equation (217) to determine invariant
solutions. The symmetries Wy, Wy and Wy, yield the invariant solution for the

wave function

x C
U[[[ (t,l’,y,Z) = Cl -+ 2 . (249)
klt -+ 1{72 x? —+ 1
(k1t+ke)?

The solution of the wave function appears in Figure 5.2.

From (220), we obtain the solution

f(t7xay7z> :y03—|—ZC4—|—F3(t7ZL')+f0, (250)
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Figure 5.2: Plot of (249) with we select the parameter values C; = Cy = 1 and

k1 = ko = 1 in the solution.

where F3(t,x) satisfies the constraint

1 0 ’ 3 2,2 2 0 ’ 2 2
—Fg ]Cl t— k?l t C3 + a—Fg ]{?1 ]{32 — 2k1k2t03
T

klt + k‘z ox
9 ’ 2.2 2 2 0 : 2
—f-k‘lt aFg — C3 k’g — I C3 +k’2 aFg —21'0364—64 =0.
(251)
We substitute ks = 0 and ¢3 = 0 into constraint (251) to get
t
Fy(t,2) =252 4 20y + Fp, (252)

Vat

Furthermore, with ¢, = 0 we solve the system (221) to obtain the solutions of the

geodesics:
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t(s) _ 1 (—12 t() kle Cqy — 12 k?1€ 564)2/37
4 k1
z(s) = o,
r(s)c
W) = [t ds e
o(s) = / 4 ds+z (253)
=) kat(s) o

We continue with the rest of the cases in a similar approach.

5.3.4 Case (IV) A=B= (2t2 + kit + ]{32)%, C = (2t2 + kit + ]{32),
where ki, ky € R (k1 #0).

In this case, the only conformal vector fields are the ones given by Eq.(213). For

these KVFs the Noether integrals in this case are:

IV = (22— 9) Vit + 22 + ko,
LY = ((x2—g)z—d) Vit + 26 + ky,
IV = kit + 262 + ky <x22+2\/k1t+2t2+7€2—$9)- (254)

The linear combination of these vector fields d; X; gives the corresponding potential

—dsz +d
Vit = B p(n =0
1/2 —2 (—dsz + dyz) @ :i v’y — 2dyx + 2yd2>. (255)
2

Performing a symmetry analysis for the WDW equation using the Lie point symme-

tries in the case (217), a reduction with W; followed by W, gives the wave function
Ur (t,z,y,2z) =T(t, x),
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where T'(t, z) satisfies the equation

82 2,2 82 2 / 62 2

0? 9 2
—4 \/2 12 4+ thy + ko (ﬁT (t,x)) thy + 4 \/2 12 + tky + ko (@T) T

0 2 9 2 9 2
2
—A\/212 + thy + ks (%T) ko — 16 /212 + thy + ks (%T)t

—4\/262 + thy + ky (%T) i+ 4212 + thy + ks (a%T) T

0? 9 0? 0?
+8 (@T) t°+4 (%T) thy +4 (@T> ky =0. (256)

An explicit solution is not possible here, as was in the previous cases. This is due

to the fact that this case contains no extra symmetry, say in the form of a HVF.
Thus, the best outcome is to reduce the four variable WDW equation (217) to a two
variable PDE, for which the latter may be subjected to further analysis using some

alternative method.

The solution of the Hamilton Jacobi equation, (220), for this particular case is

f(t7x7y7z> :ng+ZC4—|-F4(t,x)+f0, (257>
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where Fy(t,x) satisfies the relation

1 d .\’
kit | =F kit + 212 + ko +
(k1t+2t2+k’2)3/2< 1 (at 4) \/ 1 2
a 2
2t2 (§F4) \/k1t+2t2+k2—x2032\/k1t+2t2+k2—

.\’ .\’ a1\’
<a—xF4> kit — 2 (£F4> t% + ko (a]ﬂ) Vit + 282 4 ky —

8 2
k1t632—2t2632—2[L'6364\/k?1t+2t2+k52— (8—F4) k‘g—
T

k’2632 — 642 \/k‘lt + 2t2 + k‘z) = 0. (258)

For ky = 0 and ¢3 = 0 in (258), we have

/\/ k1+2t k1+2t <C4 \/ k1+2t +Cg2l€1t—|—2t262>

dt
t(ky +28)\/t (k1 + 2¢)
+xco + F(),
and an exact solution to the reduced Hamiltonian system is found, namely
1 2 1 2
—skie® + 3 VEiTet + 8t
t(S) _ 7 v1t2 1 : 1 €2 4 :
Co
co3s
x(s) = —2— + 0,
c4?
4
co'x (s)
= d
oo) = [ ds
4
As) = 24z (259)
43
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[ ][]

5.3.5 Case (V) A = C = (kit + k»)
ki = +£2,ky € R.

, B = (kit + k), where

The first integrals of this case are:

IV = kitas — kity + kox 2 — kay,

= Vkt+k (—kltj: ki 4 2 (25 — §) VIl ¥ k2> ,
o= (e VRt kot (at+ kb)) Vit b (260

In this spacetime all the conformal vector fields are KVFs, where the extra KVF is

2 2

XV = 0.+ (x ;Z ) 9, — .. (261)

The associated conservation law is

1
]Z = \/]{th—i‘/{?Q(; <l’2—§22> ($Z_y) \V/ k1t+k2+

(w2 — @2) (kyt + ko) ) (262)

and furthermore, this extra KVF generates the potential

1
V (t,x,y,z) = parctan (§> + F (t, z? + 22, 5 %2 + y) . (263)
z

The linear combination d;X; + dy X} yields the potential function
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V(t,z,y,z)

1

Vd,?

1
1/2 73 <xzd43 + 2f(x,2)dydy — 3f(x, z)ds? +
4

F(t, —1/2d422 — 1/2d4$2 - dQZ ‘|—5L’d3,

f(z,2)ds® — 3xdydy® + 2yd,® + 2dsdy® + d2d3d4> ) d,?

+p arcta di” _ds (264)
paretat zdy + dy B dy ’

da(zda+d2)

where f(x,z) = arctan (—”dﬂ_m%g’)) Vg,

Returning to the WDW equation (217), a reduction with W; followed by W, gives

the wave function

UV (taxaya Z) = Q(t,l‘),

where Q(t, ) satisfies the equation

3

82 2

@Q) 1'2/{51t tk’l + k’g — 4 (%Q) 1'2]{‘2\/ tkl + ]{32
2
—4 (%Q) 2k =7 (%Q) kyix®\/thy + ko
H? 0
-8 (@Q) thiky — 8 <§Q) thy?
02 0
—4 (@Q) ky? — 8 (EQ) k1ko

0? 0? 0
+4 x2—2Q +4 —2Q Vitki + ke +42—Q =0, (265)
ox ox oz

where we have a similar situation as in Case (IV). Even though this case has an extra

KVF, it is not admitted by the WDW equation, nor is it related to any symmetry
of the WDW equation.
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Regarding the solution of (220) describing the motion of a particle, we obtain

</\/ k’lt + k’g 63 (k’lt + k’2)3/2 -2 kltcl -2 k’261>

f (thay? = dt
(ot + ko)
1 (—2zc3® —2c3¢0) V=223 —2we3cs — 42 — 2 ¢4
4 032

c1 cs? cs
arctan x+ —
632 \/—ZE2632 - 2$0364 — 642 -2 C1 C3

+ycs + zes + fo.

|

Utilizing the system (221), we find the analytical solutions to the equations of mo-

266)

tion:

—]{2 634 + 4 012
k’l 034

0 = (ol ) ) (o () )

V2 (cos (1/8 %))2 - 64],

1 ! +2 8l (4 N
y(s) = /_ x(s)cs"e (w(s)es+2¢s)y : c’es (L (s)) (x(s) 3 + ca) s
8 Y 1Y€ C3
1 scscy” sc3d
35 +1 4—
8 ¢ +1/ + To,
Y
T en 2
Z(S) € 3 + 2o, ( 67)

where v = \/—032 (2 (s))* =2 cseaz (s) — a2 — 2 ¢1.
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5.3.6 Case (VI) A=C = ky, B= —2k?t"2, where k; € R\{0}.

Here the conservation laws associated with (213) are:

Vo= _2/612(95,273—@)7
t
IVI . _kl (2k1$22—2k1y2+t2l’)
2 = 2 )
ki (2k2%2 — 2kay — t22
o Rkt T 4, (268)

This case possesses five conformal vector fields, where the fourth one is the KVF

x? — 22
XXI = —z@x — ( 5 ) 8y + x@z, (269)
whereas the fifth symmetry is the proper HVF given below

1 1 1 1

First integrals corresponding to the above symmetries are

ky (22 —1/32%) (22 —9) ky — 1/3t% (22 — i2))

Lt =3 " ,
12 (x2—0)(xz —y)ky® — 2 (xd + 22) ky + 13

These additional vector fields (269) and (270) yield the following potential functions

V(t,x,y,z) = —parctan <£> +F (t, 22+ 22 1/222 + y) , (272)
z
8 1 Ty Zz
V(t7$7y7z) - gp—i_mF (¥7¥7Z>7 (27?))
respectively.
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Figure 5.3: Evolution of the solution (275), with we select the parameter values

C; = Cy = 1 and solution k; = 1.
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For this case we have an additional WDW symmetry of Eq. (217)

1
WV[ = §WU+4HV[. (274)

Successive reductions of Eq. (217), with Wy, Wy and Wy yields a solution to WDW

equation, as

C 3,52 VEy
UVI (tu xv@/? Z) = Cl + > 2 5 (2 a t; - tlw
NeL= T

Ep (@,1/2\@) \/5\/—2 iz + 1\/—]{;‘52 + 1),

t2

(275)

where E has been defined in case (I).

Suppose we consider potential function V' = pz, then the solution of (220) is given
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by the expression

f(t?aj’y?Z) = € <

1 t\/—2t2032 — 8k261
4 k

keiv/2 ( V2v/ et )
arctan

2 \/—2t2032—8k3201

C3

+/\/—ZL‘2632 —2kpr —2xc3cy —2ker — ¢4 dm) +

yes + zes + fo, (276)

Hence, we solve the system (221) to find the solution of the field equations

k
t(s) = +2-2
C3

tan (1/2

—kip — c3cq + \/74712292 +2kipescy — 2 k¢ c5?

— tan(l/?e\/@(t0+s)\/§> +1] e X

ki

-1

e\/?(to—i-s)\/?) tom (1/26\/@(t0+s)\/§>2+1

kl kl

032 ’

ds +

u(s) = /_1 (t(5)) cs® 4+ 4z (s) phi® + 22 (5) cakres + dky2er + 2 ek

2
Yo,

o(s) = /x(s) c3+ ¢y

klng

ds + 2. (277)
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5.3.7 Case (VII) A= B = <k2 cos \/%H ks sin \/kzt) C =k,
where ki, ko, k3 € R (kl =+ 0)

The conservation laws associated with the three KVFs, (213), under these conditions

are:
o= (xz—9) <k2 Cos (\/§ kl_lt) + k3 sin (\/5 k1_1t>> :
L= (2 —9)z—1) <k’2 cos (\/5 k1_1t> + kg sin <\/§ k‘l_lt)) :
L = —k2 — ke (22 — 9) cos (\/5 kflt) —

ks (3 — §) sin (\/5 k;;lt) . (278)

The extra KVF generated in this case is

k 2 2
XV = 29, + (%) 8, — k120, (279)

Here we find the first integral is

M= 32 (k:lx?’,é — kg — 1/322% + 1/3 2 (g2 — zg'c)) X
ko cos <\/§ k1_1t> +3/2 (klx?’z" — k2 —1/3x2%% +

1/3 2 (g2 — 2) )kg sin (ﬁ kflt) + ka2, (280)

and admitted potential function

1 T/ k’l
Vi(t,x,y,z) = —<p arctan +
vV kl z
F (t ko + 22, 1/222 + 1) \/kl). (281)

Moreover, the linear combination d; X; + d;X}*! permits the potential
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1
V(t,z,y,2) = ———=|F|t,~1/2k2%dy —1/22%dy — doz + 2ds,
Viidy® ( 1 C
1
1/2 ﬁ |:ZL‘ (2d4 + dg) d4k31 k’ld42 +
V kidy“kdy

2y V k’ld42/{51d42 — 4d2:)3d4k:1 V k’ld42 — 2dlg(a:, Z)d42/{51
+3g(z, 2)dy daky — d3’g(z, z)dy

+ds (2dy + do) \/kldf]) Vkyd,2

Vkid,? ds
t - — 282
+p arctan (zd4 s (:E krd, ) (282)

where the function g(z, z) has the form

Vird® (kyad, — d:») | (283)

= t
g(x, z) = arctan ( Frds (ods + o)

In this case, the WDW equation (217), may be reduced with W; followed by W5, to

give the wave function
Uyrr (t, @,y,2) = M(t,z),

where M (¢, x) satisfies the equation
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(7)) e
(7)) s
- <5—;M>cos< Jo ()

o= () (o) v

e ()+(8)
({2
(G (2) )

. ( fi) (2ar) vk 2 ( f?) (1) etk

(V2 [0 0
+2 sin (\/_/f_1 <—]\/[> kiv/2ks + 3 <—M> V212 koks
0? V2t 0? [ V2t
—2 (@M) COS <\/_k_1> k' 3/2]€ -2 <a 2M) S1n <\/_k_1) k13/2k3
0
19)

+2 cos (ﬁ) <8x > zky/k1 + 2 sin ({;) (—xM> zks/k1

Concerning the solution of (220), we find
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f(tw%'ay?Z) :yC3+ZC4+F7(t,-T)+f0, (285)

where F(t, x) satisfies the constraint equation

1 —
COS <\/§ k1_1t> ky + sin <\/§ k1_1t> b [— coS (\/5 k1 1t> keoa:? 3>
—sin (V2viiTlt) hao'er’ + @F 7>2C°S (Vavh ) ks +

2
<%F7> sin (\/§ kl_lt) k’lkg — 2 cos (\/5 kl_lt) k’QICgC4 —
2 sin (\/5 k1_1t> kszesey — c4° cos (\/§ k1_1t> ko —
a 2
042 sin <\/§ ]{31_1'[;) k’g — (%F*y) k’l — 632/{31] = 0. (286)
Unfortunately this case is challenging to solve and we may a very particular solution,

for the parameter values k1 = k3 = 1, ks = 0 and ¢3 = 0, viz.

Fy(t,x) = ecyt + cox + Fy. (287)

Moreover, for ¢; = 0, we may solve the system (221) to obtain the solutions of the

equations of motion:

t(s) = —escy+tp,

s) = xgycs8 + Yo,

<

(s)
x(s) = o,
(s)
(s)

2(s) = s+ 2. (288)
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5.4 Discussion

We see a good impetus to study Bianchi homogeneous and anisotropic cosmological
models in current literature [73]. The modified f(R) theory of gravity, a generali-
sation of general relativity from Einstein, has also been of prime significance in the
field of theoretical cosmology. In recent years, it has piqued curiosity as a potential
explanation for the observed acceleration of the universe, providing an alternative
to dark energy. Aside from serving as a dark energy substitute, f(R) gravity was
subject to the investigation of traversable wormholes and associated energy condi-
tions in its framework [74, 75, 76]. Theories on other modified gravity models can

be found in, for example, [77, 78, 79].

Indeed there exist many works in the literature surrounding various theories of
modified gravity. The crucial difference between our study and the existing work
is that, to our knowledge, this is the first time that Lie and Noether symmetries
have been used to shape an investigation for the Bianchi type II spacetimes in
f(R) theory of gravity. We have shown firstly, that novel solutions can be found
cosmologically in this space. Secondly, we have calculated new potential functions
of the space via a rigorous mathematical procedure. Specifically, in our study,
KVFs and HVFs were the symmetries used to find the potential functions arising
from the Lagrangian. More significantly, to our knowledge, this is a first time
that several wave function solutions of the universe are obtained for the Bianchi
type II spacetimes in f(R) theory, whose dynamics are governed by the WDW
equation, the quantised Hamiltonian constraint of the system. That is, when the
WDW equation is invariant under a one-parameter point transformation, it may be
reduced in order and an analysis of the invariant properties leads to some solutions
for the wave functions for each of the seven cases. In one case, we showed that the

wave function consists of elliptic integrals. The infinitesimal generators of the WDW
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equation have strong connections to the conformal algebra, in particular, the HVF.
We showed an important geometric implication, that for cases that do not admit a
HVF, explicit solutions for the wave function cannot be found by reduction. These
reasons provide compelling reasons to study the WDW equation in cosmology. In
the relevant literature, neither the field solutions obtained above nor any connections

to other reported findings have been found.
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Chapter 6

Lie symmetry analysis and
analytical solutions of the
nonlinear Ivancevic options pricing

model

This chapter studies the nonlinear quantum-probability based Schrodinger type,
Ivancevic options pricing model (IOPM) using the method of Lie symmetries to
determine its point symmetries, invariant analytical solutions and conversation laws.
In our analysis we consider a non-zero and zero adaptive market potential model.
We demonstrate that this model is invariant under a five-dimensional Lie algebra for
the former, and invariant under a seven-dimensional Lie algebra in the latter case.
We obtain reductions, exact solutions and conservation laws for both the non-zero
and zero adaptive market potential models. We show that many exact solutions

are expressible in terms of two transcendental functions, the Fresnel sine and cosine
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integrals. Graphical solutions are provided in certain cases.

6.1 Introduction

The Black-Scholes model is defined as follows. S = S(t) is the price function of
the underlying asset at time ¢ (0 < t < T'), that satisfies the stochastic differential

equation describing geometric Brownian motion
dS = S(udt + odWy), S €[0,00), (289)

where 1 and o are the drift parameter (in this case the rate of return of the asset
price S) and volatility, respectively, and the standard Wiener process, W;. The
Black-Scholes PDE associated with (289) for an option value V' = V/(S,t) and risk-

free interest rate r can be expressed as

v 1,0V 9V
Yo 22 - — 2
8t+20 652—1—7“565 rV =0, (290)

with V(0,t) = 0, V(S,t) - o0 as S — oo, V(S,t) = mazx(S — E), E the strike

price or exercise price is taken as a constant and the price function is
S(t) = Spelr=F)tHoWe g — 5(0). (291)

This model is primarily used to price European call and put options [80]. The
main assumption of the Black-Scholes model are that p and o are constant. That
is, over the life of the derivative, the underlying volatility remains constant and is
unaffected by changes in the underlying asset’s price level. This constrains the model
since it is unable to account for long-observed characteristics of the implied volatility
surface such as volatility smile and skew, which indicate that implied volatility varies

with strike price and expiration [81]. In relation to physics, (290) resembles the

119



Fokker-Planck equation used to describe the Brownian motion of a particle in a fluid
[82]. Additionally, using quantum mechanics [83] established that the Black-Scholes
equation can be derived from the Schodinger equation. Analytical solutions to this
model has been extensively studied in literature. In [84], the Black-Scholes equation
with a non-smooth boundary condition was transformed into the heat equation using
symmetries to find an exact solution. Lie symmetry methods have been utilised in
the fractional Black-Scholes equation to find invariant solutions and conservation
laws [85]. Other methods to find analytical solutions to the Black-Scholes model
can be found in [86, 87, 88, 89]. Because of the Black-Scholes equation’s limitations
as a result of its assumptions, there has been a push to develop models that loosen

these assumptions and provide a more realistic picture of the markets.

The IOPM is a nonlinear adaptive-wave model, describing controlled Brownian mo-
tion of financial markets, and a wave alternative to the standard Black-Scholes
option-pricing model. The complex-valued equation, introduced by Vladimir G.
Ivancevic [90], is defined by adaptive nonlinear Schrédinger (NLS) equations, in
which the option-pricing wave function is expressed in terms of asset (stock) price
and time. The wave function representing quantum probability amplitude, when

taking its absolute square gives a probability density function. The IOPM is

0T 1 ,0°T
— + 0’ + BIYPU =0, i* = -1 292
where ¥ = W(S,t) denotes the option pricing wave-function at time ¢, |¥|* =

|W(S,t)|* represents the probability density function (PDF) for the option price
in terms of stock price and time, o represents a constant or stochastic process as
the dispersion frequency volatility coefficient, and ( is the Landau coefficient rep-
resenting adaptive market potential. This adaptive market potential in its simplest
non-adaptive form is equal to the interest rate r. For the adaptive scenario, on the

other hand, § = B(r, w) depends on the set of adjustable parameters {w;}. In this
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adaptive case, the Landau coefficient can be linked to market temperature.

The use of Lie symmetry methods to study PDEs is highly effective and a plethora
of work can be found in the literature [91, 92, 93]. In fact, the technique has
been utilised in finding invariant solutions to other financial engineering models
such as the Black-Scholes-Merton model for European options [94], the fractional
Black-Scholes equation as mentioned above, and the Asian option [95] etc. Very
few works on the exact solutions to the IOPM exist in literature. In [96], the He’s
Frequency Amplitude Formulation was utilised, whereas in [97], authors used the
projected differential transform method. The paper [98] constructed dark wave,
rogue wave and perturbation solutions via the trial function method. Solutions to
the time-fractional IOPM was discussed in [81]. In our analysis we consider the
deterministic form of the IOPM model with a constant volatility. We present novel
invariant solutions for both the adaptive and non-adaptive market potentials. Where
appropriate, we provide plots of these solutions. Finally, conservation laws for both

cases are determined.

6.2 Symmetries and invariant solutions for the
IOPM with a non-zero adaptive market po-

tential

In this section we consider a non-zero adaptive market potential i.e. § # 0. We start

by splitting the complex equation (292) into its real and imaginary counterparts by
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taking W(S,t) = u(S,t) + (S, t), obtaining the system:

0 1 82 3 2

5" (8,t)+ 50 @U(S )+ 8 (u(S1)" + Bu(S,t)(v(S,t)" =0, (293)
0 1 62 2 3
(S0 +50 882 v (S,t)+ B (u(S,8) v (S, )+ B8 (v(S,1)" =0.  (294)

The reduction of the number of independent variables in PDEs, is the subject of
this chapter. The reductions can be used to obtain solutions known as invariant
solutions. The value of symmetries is that they allow one to connect sophisticated

equations or systems to simpler ones that may potentially be solved.

The IOPM system, (293)-(294), is invariant under a five-dimensional Lie algebra

consisting of the symmetry vector fields, as determined by Lie theory:

0
X = =3 2
0
Xo = o (296)
0 8
Xy = th + Su2 — Sv— 8 (298)

oS ov ou

0 0 0 8

The commutators of admitted point symmetries of the IOPM with a non-zero adap-

tive market potential are given in Table 1.

6.2.1 Conservation laws for § # 0

Suppose that the system (293)-(294) admits the multipliers of the form
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L1X | X [ Xy | Xe | X5
X, |0 0 0 | X5 |-xi.
X, |0 0 0 |o2X; | —2X,
X5 |0 0 0 |0 0
Xi| X5 | 02Xy |0 |0 X,
Xs | =X | —2Xo |0 | X, |0

Table 6.1: Commutator table for 5 # 0.

A1(87t7U,U,'US,US,'USS7USS), (300)

and

AQ(S,t,U,U,'Us,US,USS,Ugs), (301)

that correspond to the conservation laws composed of T*, the conserved density, and

T?, the conserved flux.

The system (293)-(294) with a non-zero adaptive market potential, 8 # 0, relating
to the IOPM (292) admits the multipliers:

2
t
A = o u;—i— SU’ (302)
2
—0o“t
Ny =T8T Ol 1;52+ Su. (303)

These multipliers give rise to the conservation law vector components T} and T":
1 1 1 1
5 = ZBU4t + §ﬁtu202 + Zﬁtv4 — §SUUS +

1 1 1 1
Zu%azt + §SuSv + Zagtvg - §tuvt +

—tusv,
otut

1 —c*tuvg + oc*tugv + Su? + Sv?
2 o2 '
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The above conservation laws can indeed be written in terms of the original variable
v
s 1 22 L oo = Lowod. &
Tl = Zﬂt(|\l’| ) + ZLO- t‘l’s\lfg - ZZS(\IJ\I/S - \I’\Ifs) -
1 S
Zz’t(\If\Dt —W,),
1 — —
Tt = —E(tiUQ(\II\I/S — Wlg) + 25[0]?),
o

where VU is the conjugate of ¥. The multipliers A; = ug, and Ay = vg, lead to the

conservation laws

1 1 1 1
Ty = 157«04 + 55“27}2 + 15’04 + z_lu%02 +
1,5 1 . 1
4USU QUUt QUUt
1 g 1 o — 1., — —
= 15(“14 )"+ 1° g — ZZ(‘I"I% — W),
and
1 1
Tgt - —EUSU + §UUS

1 _ _
= LilVTs —TT).

Moreover, the admitted integrating factors that satisfy (8) and (9) are
26u%v 4 2803 + 0?vgg

A = = , (304)
2 3 2 2 2
A, = 20 5“; +OoTuss (305)
o
with corresponding conservation laws
1 1 1 1
Tés = —57}1)515 + 5?]51115 - §UU5't + §U5Ut

1 — Lo v o1

= (Vs + D)) + £ (UsT, + Tsly),

1 But + 2Buv? + But + c2uugs + o vvgg
2 o?

= (0 (s + W) + 26(|9)?).

T =
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The last pair of multipliers for our system with g # 0 are Ay = —v,Ay = u. As a

result, we obtain the conservation laws

1 1
Tf = §u1j50'2—§0'2u51)

1 — —
= ZUQi(\II\IJS —TTy),

T, = —v°+ -u

We now construct some exact solutions to the investigated system using the acquired
symmetries. The terms C; denote arbitrary constants. Additionally, since U(S,t) =
u(S,t) +iv(S,t), one may easily recover the solution to the IOPM equation (292),
from the solutions of u(S,t) and v(S,t) obtained.

6.2.2 Reductions and invariant solutions for [ # 0

A reduction with X; leads to the reduce system

%K(t) + B8 (K@) W () +8 (W) =0,
—%W )+ B (K (1) +BK (t) (W (t)* =0,

where u(S,t) = K(t) and v(S,t) = W(t). The above system solves to give us a

trivial (constant) solution.

A reduction using X, gives us a non-trivial solution of

u(S,t) =0,
v (S,) = Cy JacobiSN ((\/ES + Cl) O, z) , (306)
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where the JacobiSN is the inverse of elliptic integrals and doubly periodic elliptic

functions. We plot the above solution in Figure 6.1 for different values of .

Figure 6.1: Graphical illustration of the analytical solutions are depicted, we select
the parameter values C; = Cy = 1 and the range 0 < S < 10: (a) solution of (306)
where = 1.0; (b) solution of (306) where § = 2.0; (c) solution of (306) where
f = 3.0; and, (d) solution of (306) where g = 4.0.
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Lastly, reductions with X5 yields

S 5
d2 t t2 £ \\* t
52 (MQ ?))s— *5(9(5—)) w(m(_Q) 0
SQ
d t t t d t

In the above system u(S,t) = k(<) and v(S,t) = Q(Zz), where unfortunately an

analytical solution is not found for this reduced system.

6.3 Symmetries and invariant solutions for the

IOPM with a zero adaptive market potential

In the special case where we do not consider the adaptive market potential i.e.

f =0, thus (292) becomes linear.

We use Lie’s theory and find that under the action of the following seven-dimensional
point transformation with generators given below, the IOPM system with 5 = 0 is

invariant:
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X17X27X37X47 (307)

1.9 )
Yi=-S95— _
=555 g (308)
Y, = 202512 + 20220 + (—o?tu — S%)2 + (309)
2 oS ot ou
(—c*tv + Szu)(%,
0 )
Yy = — 4+ v—. 1
3 uau + Uav (310)

The commutators of the admitted Lie point symmetries of system (293)-(294), given

a zero adaptive market potential are presented in Table 2.

L] X1 | Xo X3 | Xy

Vi 3X | Xo 0 | —3Xy
Y, | 2X4 | 2025 X, + 40%t Xy — 0%Y5 | O 0
Y310 0 0 |0

Table 6.2: Commutator table for 5 = 0.

6.3.1 Conservation laws for 5 =0

Employing the same mathematical method as detailed in the preceding section, we
derive the conservation laws for our system (293)-(294), now using 5 = 0. This case

is rich in conservation laws, possessing eight of them.

The first two multipliers derived are

1 1 1

A = 503504152 — %Sug — 5UQtU B 51}52’ (311)
1 1 1

Ay = —§ussa4t2 — 027551}5 — 5‘72757} + 5“52; (312)
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from which the conservation laws include

and

A

Ty

= %utSazvt — %UzvtSut — }10504152% + iua4t2uslg —
lu ot t?uy — 1504151)2 + lua‘ltu + luSQcTQU -
1us ) 517 st S
1u2 o*tsS — 1u o?vS? + 11)04751) + 11}0475221
1Us s 1 st St

1 S — 1,1 —

— Zsa%t(qf\m — T, — Za4t2§(qfsxpt + W) +
1o, .1 - 1,1, - =
—oMP o (W + UWg,) + —ot = (VW + UUyg) —
472 4° 2

1 — 1 1., — —

Za%sqfsxps - 1025252'(\1:\1;5 —Ty),

1 1 1 1
= —Zvvsga4t2 + —vo?tSug + ~v2S? — Zo*tPuugs —

2 4 4
1Schtuv + 1u252
2 STy
1 1 — 1 _ _
= —10'4252(5(\1/\1/55 + \I/\I/SS) — 130'2752'(\1/\1/5 — \I/\IJS) +
1
—25%|w2.
(25°10]

Similarly, we obtained the multipliers

Ay = —o*tug — S, (313)
Ay = —0?tvg + Su, (314)
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with conservation laws

1 1 1
5 = 5uSoQUS — Zo“tu% — 5@5’02145 — Zo4tv§ +
1

2 L,
—o“tuvy — —o“tvyy

2 2
1 4 e 1 . 2 — —_—
= —ZO' tWsWg + ZZSU (\IJ\IJS — ‘IJ\I’S) +

1 — —
ot (W, — U,),

4
1 1 1 1
T: = §a2tvus + 551}2 — §a2tuvs + 55u2
1 S — 1
— —ZUQtz'(\I!\IJS — W) + 55\\142.
Further, we apply the multipliers A; = —v, Ay = u, to acquire the conservation laws
1 1
T:f = §UU50'2 — §ozusv
1 — —
= Za%‘(xlnps —UUy),
1 1
Tt — 2 0,2
3 5 + ok
1
= —(|U]?
(o P)
We deduce the multipliers
Ay = —20%tvgs + 2Sus + u, (315)
Ay = 20%tugg + 2Svg + v, (316)

from which we derive the conservation laws and express them in terms of W:
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1 1 1 1
TS = —§uuS02 + 55021% — 51}1}302 + 55’0211% -
wSvy — o tvvg + tvgov, — o tuug + tugou, + vSuy
1 - = 1 — 1 — _
= —102(\1/\115 + W) + 5502\11\113 — §a2t(\If\Ifgt + UWg,) —
1 S 1 -
QZS(\IJ\Pt — \I/\Ilt) + §U2t(\IIS\IJt + \I]S\Ijt),

and

Ti = o*tuugs + o*tvvgs + Suvg — Sugv

1 — 1 _
— 50215(\1/\1155 + UWgs) + 552‘(\11\115 — UUg).

The admitted multipliers also include Ay = ug, Ay = vg, leading to the correspond-

ing conservation law

1 1 1 1
Tf = 11@02 + Za%@ — QU + Ut
1 — 1.,
= 104\113\115 — Zi(\If\I!t —UY,),
- 1 N 1
= —=vu —Uv
5 9 S 9 S

1 _ _
= Li(VTs -~ TT),

followed by Ay = —vgg, and Ay = ugg, to get the conservation law
- Lo Loy 1
= ——wv —VgV; — =UU —UgU
6 9 St 9 SVt 9 St 9 St
1, — 1, . —
= _Z(\IJ\PSt + VW) + Z(\I’S‘I’t + UsWy),
T, = 11}2} + 1uu
6 = gUUss T ulss

1 — _
= Z(\II\I’SS + ‘Iqugs).
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The multipliers A} = 5, Ay = 0, yield conservation laws

1 1
5 = —§u02+5502us

1 — 1 _
— _102(\p+\p)+1502(%+\1}s),
8 = —uS
1 —

and the multipliers A; = 1, Ay = 0, lead to the conservation law

1
TSS = 51650'2
1 —
Ty = —v
L. =
= —(i¥ — V).

6.3.2 Reductions and invariant solutions for 5 =0

Case 1: Reduction for Y;

We obtain the following exact solution by applying Lie symmetry vector Y;:

u(S,t) = Cs+ Cs FresnelS (J Sﬂ) +

C, FresnelC < o ) : (317)

ot
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v(S,t) = —FresneZC’( & )Cg—i-

o\t

S

oVt

FresnelS ( ) c,+ Cy, (318)

where FresnelS and FresnelC' are the Fresnel sine integral and the Fresnel cosine

integral respectively.
In Figure 6.2 we show the graphical solutions (317) and (318) for Case 1.
Case 2: Reduction via the linear combination c¢; X; + ¢ X5

Reduction with X; and X», individually gives the solution for W(S,t) as a trivial
(constant) solution. Instead, under this case we use the linear combinations of

symmetries to get the analytical solutions

u(S,t) = Cy+ Cs sin <2M> +

co202
C1 (SCQ — tCl)
C4 COS (2 T) s (319)
C1 (SCQ — tCl)
v(S,t) = cos (2 CQZT) Cy —
) c1(Scy —te

In Figure 6.3 we plot the solutions (319) and (320).
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() (d)

Figure 6.2: Graphical illustration of the analytical solutions are depicted, we select
the parameter values Cy, = Cy = (3 = (4 = 1 and the ranges 0 < ¢ < 10 and
0 < 8§ < 10: (a) solution of (317) where o = 0.5; (b) solution of (317) where
o = 1.0; (c) solution of (318) where o = 0.5; and, (d) solution of (318) where
o=10.

Case 3: Reductions with ¢ X; + &Y

Similar to Case 2 , we take a linear combination ¢; X7 + coY'1 which yields the

invariant solutions below:
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Figure 6.3: Graphical illustration of the analytical solutions are depicted, we select
the parameter values ¢; = co = Cy = Cy = C3 = Cy = 1 and the ranges 0 <t < 10
and 0 < S <10 : (a) solution of (319) where o = 1.0; (b) solution of (319) where
o = 2.0; (c) solution of (320) where o = 1.0; and, (d) solution of (320) where
o=20.

2
u(S,t) = Cs+ Cs FresnelS (562 + Cl)

vV Tteso

2
+C FresnelC (M> , (321)
135 Vrtego



SC2 + 2 Cl>
S;t) = Ci+F IS|———) C
v (S,t) 1 + Fresne ( oo y

— FresnelC <M> Cs.
\/EC20-

In Figure 6.4 we plot the solutions (321) and (322).

Case 4: A reduction with ¢; X5 + oY)

We consider the linear combination ¢; X5 + ¢oY'1 gives solutions:

S
u(S,t) = Cy+ Cs FresnelS ( Ve > +

o/ (tea + )
S
C, FresnelC ( Ve > ,

oy/T (tea + 1)

S\/C2
v(S,t) = Cy — FresnelC Cs +
(5:%) ' (a 7 (teg + cl)) ’

S\/CQ
F [
resnelS <a oy F +C1)> C4

In Figure 6.5 we plot the solutions (323) and (324).
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Figure 6.4: Graphical illustration of the analytical solutions are depicted, we select
the parameter values ¢; = co = Cy = Cy = C3 = Cy = 1 and the ranges 0 <t < 10
and 0 < S <10 : (a) solution of (321) where o = 0.5; (b) solution of (321) where
o = 1.0; (c) solution of (322) where o = 0.5; and, (d) solution of (322) where
o=10.

Case 5: Reduction via ¢;Y3 + ¢ X,

Application of the linear combinations ¢ Y3 + ¢ Xy provides the following analytical

solutions below:
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Figure 6.5: Graphical illustration of the analytical solutions are depicted, we select
the parameter values ¢; = co = Cy = Cy = C3 = Cy = 1 and the ranges 0 <t < 10
and 0 < S <10 : (a) solution of (323) where o = 0.5; (b) solution of (323) where
o = 1.0; (c) solution of (324) where o = 0.5; and, (d) solution of (324) where
o=10.

as . (1 0% 1 c %0t
u(S,t) =e (Cz sin <§ 1022 ) + Cs cos <§ 1022 )), (325)
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1§ 1 c;%0%t ) 1 ¢ %0%t
v (S, t) = e (— cos (5 " ) C; + sin (5 o Cs |. (326)

In Figure 6.6 we plot the solutions (325) and (326).

Case 6: ¢1Y3 + c2.X5

Under this case we use the linear combinations of symmetries ¢;Y3 4+ ¢, X5 which

yield the exact solutions below:

u(S,t) = ca <01 e+ Coe + Cye + e”), (327)

Sit)=ce
v(s.1) = e (L

c1t \/ — 20,2 . .
(ﬁ (04 e’ — O] e + Cg e — Cg e”)) s (328)

V243/—c12¢928

where v = oo

In Figure 6.7 we plot the solutions (327) and (328).

6.4 Discussion

Econophysics, as the name suggests is an interdisciplinary field, that deviates from

mainstream economics taking concepts and models from the domain of physics to
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(c) (d)

Figure 6.6: Graphical illustration of the analytical solutions are depicted, we select
the parameter values ¢; = ¢ = C} = Cy = 1 theranges 0 <t < 10 and 0 < 5 < 10:
(a) solution of (325) where o = 0.5; (b) solution of (325) where o = 1.0; (c) solution
of (326) where o = 0.5; and, (d) solution of (326) where o = 1.0.

explain economic phenomena. Subsets of the field include quantum finance, ther-
moeconomics etc. In this chapter we have successfully performed a full symmetry

analysis for the IOPM considering both 8 # 0 and § = 0, the Landau coefficient
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() (d)

Figure 6.7: Graphical illustration of the analytical solutions are depicted, we select
the parameter values ¢; = co = Cy = Cy = C3 = Cy = 1 the ranges 0 < ¢t < 10 and
0 <5 < 10: (a) solution of (327) where o = 0.5; (b) solution of (327) where o = 1.0;
(¢) solution of (328) where o = 0.5; and, (d) solution of (328) where o = 1.0.

representing the adaptive market potential. We discovered that the IOPM admits
several invariant solutions as well as conservation laws for the zero and nonzero

adaptive market potential. We provided several plots for our solutions given differ-
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ent levels of volatility. These solutions are novel and haven’t appeared elsewhere in
literature. In one case of a zero adaptive market potential, the IOPM wave function
solution exhibits sinusoidal characteristics, with wave frequency positively correlated

to the Landau coeflicient.
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Chapter 7

Invariant solutions of a European
option pricing equation under a
continuous-time Capital Asset

Pricing Model

This work investigates a nonlinear European option pricing equation under a continuous-
time Capital Asset Pricing Model (CAPM). In particular, we determine its point
symmetries and thereby find invariant analytical solutions using the Lie symmetry
approach. In our research, we vary the beta coefficient, a measure of an asset’s
systematic risk. We examine the model for both a non-zero and a zero market beta
in our study. We show that in the first instance, this model is invariant under a
three-dimensional Lie algebra, and in the second situation, it is invariant under a
bigger six-dimensional Lie algebra. For both the non-zero and zero market beta

models, we get reductions and exact solutions. With various parameter settings,
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graphical solutions are investigated.

7.1 Introduction

H. Markowitz established the groundwork for asset pricing models being the first
to devise a specific measure of portfolio risk and to calculate a portfolio’s expected
return and risk [99]. The CAPM is based on Markowitz’s approach of portfolio
selection and developed by W.F. Sharpe [100] and J. Lintner [101], becoming a sig-
nificant instrument in pricing risky securities, evaluation of portfolio performance,
portfolio diversification, valuation of investments, and portfolio strategy selection.
Particularly, in determining whether or not to add assets to a well-diversified port-
folio, the model can be used to determine the required rate of return of the asset.
The Black-Scholes equation can be extended to give the price of an option under a
continuous-time CAPM. In this work we analyse an option pricing PDE based on
the continuous-time CAPM where the solution to this model gives the price of a
European option. In the continuous-time CAPM the evolution of the market price,

M;, and asset price S; are given as:

dM
Mtt = udy + odW, Y, (329)

ds,  dM,

?tt =8 Mtt + odW?, (330)

where p is the expected rate of return, o,, and o are positive constant volatili-
ties, B is the slope, and Wt(l) and Wt(z) are uncorrelated Brownian motions. From
(329), we see that market price is governed by a geometric Brownian motion and in
(330) the asset’s expected return is proportional to the market’s return. Under a

continuous-time CAPM, the PDE derived by [102] depicts the evolution of the price
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of a European option, V' := V(S, M, 1), depending on underlying asset price , S,

market price, M, and time-to-maturity 7:

WV 1 oy a®®V PV 1, PV
o ~olomf + ) ges + o MSaear + somM oy
v oV
s 2 <
—l—r(SaS—i-MaM V), 0<7<T, SSMeR,, (331)

where 7 is the risk-free interest.

The S of a stock is vital to the development and performance of stock portfolios
showing the extent of the asset’s risk in comparison to the market’s systematic risk.
B statistics for a single stock provides an investor an estimate of how much risk the
stock will add to a supposedly well-diversified portfolio. A stock with 5 of 1.0 added
to a portfolio does not raise risk, but it also does not enhance the chance of the
portfolio providing an excess return. A 3 greater than 1.0 means that the security’s
price is more volatile than the market. Adding a security with said g will increase its
risk but expected return may potentially be increased. New technology companies
usually have a beta greater than one. With the same logic, a § less than 1.0 means
the stock is less volatile than the market, therefore, adding the stock makes the
portfolio less risky. Negative 3’s can occur, indicating that the investment moves in

the opposite direction of the market measure.

The purpose of this work is to use method of Lie symmetries study the continuous-
time CAPM options pricing model, equation (331), for 8 being a constant and [
being equal to zero. We use this approach to identify invariant solutions to this
PDE systematically, using first-order invariants that we construct and use to reduce
the PDE. Section 7.2 incorporates a full symmetry analysis of (331) with a constant
beta. The derivation and application of Lie point symmetries to (331), commutator
relations, PDE reductions and novel invariant solutions of the model are presented

here. Section 7.3 is dedicated to the analysis of this model with no systematic risk
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i.e. f =0, in the same manner as was done in section 7.2. Where appropriate, we
provide plots of these solutions. Finally, in the last section we conclude and discuss

our study.

7.2 Analysis of the European option pricing model

with a constant market beta

The CAPM equation (331), is invariant under a three-dimensional Lie algebra con-

sisting of the symmetry vector fields, as determined by Lie theory:

0
Xi= My (332)
%,
Xp =55, (333)
0
Xy =V-2. 4
3=Vor (334)

In addition to the above three symmetries, there is a fourth, the infinite number of
solution symmetries (trivial symmetries). This will not be used for reduction, and
so we omit it here and the sections that follow. For (332)-(334), calculations of the

Lie brackets show that all commutators vanish.

7.2.1 Reductions and invariant solutions for constant beta

We include the solutions for the CAPM using the symmetries detailed above. To

solve for the European option price function V (S, M, 7), point symmetries corre-
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sponding to it are required. Such symmetries can be used to systematically reduce
the order of the model. Reduced equations will be reduced once more if they inherit
any of the remaining symmetries of the Lie algebra. For our case, a three-variable
PDE makes up the European option price function and, thus, often two symmetries
are required to reduce it to an ODE. Note that static solutions where V' is not de-

pendent on one of the independent variables are omitted.
Case 1: Reduction with X;

We use the symmetry X to reduce equation (331) to
S? 8—2K( S) | B%a* + S* 8—2K( S) ) o*+2 SQK( S)
ezl (T, a ezl (T, o rSagk (T,
—QrK(T,S)—QagK(T,S), (335)
T

where V(S,M,7) = K (7,5). Reduced PDE (335), admits X5 which we use to

reduce again and get the solution

V(S,M,7) = Cie™"", (336)

where (] is an arbitrary constant. This is a solution that we will see in the other

cases that follow.

Secondly, equation (335), admits the vector field a%’ which is then used to get the
solution

V(S,M,7) = CS + Co8 > #omio? (337)

where the C; are arbitrary constants. A more complicated symmetry vector field

yielded by (335) is
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(—02B%1 — 0?1t +2r7 +2 In(9)) Ka% +(=26%70,,% — 20%T) Xy,

giving the price of the European option as

C i 87’ B2o'm2+o'2+27‘)2
V(S, M, 1) = \/—I_e_ A A (338)
T

The application of a linear combination of symmetries yielded by (335), Xs + %,

yields

o'm252+0272 r+ (o'm252+02+2r)2

V(S, M, 7') :Cl S Som26212 02 4

om262+02 21—/ (om2p2+02+2 1)

Cy S Zom2 A7+ . (339)

In the same manner X, + Ka% gives (336). In Figure 7.1 we plot solutions (336)-
(339) by varying either the risk-free interest rates or the f’s.

Case 2: Reduction with X,

Continuing our analysis in the same manner as in the previous case, X, reduces our

model of study to get the reduced PDE

82
2 2
R

0
2 EK (r, M), (340)

K (1, M) + QrMaiMK(T, M) —2rK (r, M) —

where V(S, M, 1) = K (1, M).

Application of (=027 + 277 + 2 In (M)) K ;% —2 X;70,,? admitted by (340) yields

option price function
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Figure 7.1: Graphical illustration of the analytical solutions are depicted, we select
the parameter values C; = C5 = 1, and the ranges 0 <7 <10 and 0 < S < 10. We
choose the parameter values of o, = 0.25 and ¢ = 0.05 for the solutions graphed
and a value of r = 0.05 except for the first plot: (a) solution of (336) where r = 0.05
(blue plot) and 7 = 0.10 (red plot); (b) solution of (337) where § = 1.0 (blue) and
f = 1.5 (red); (c) solution of (338) where 5 = 1.0 (blue) and 8 = 2.0 (red); and, (d)
solution of (339) where 8 = 1.0 (blue) and g = 1.5 (red).
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2
C, _1/8M

V (S, M, 341
( T) = N (341)

Similarly using (o,,* + 4ro,,% + 471?) K — 8 20,° we get
VS, M, 7) = Oy MY2 57 1 MY 5 In (M) (342)

Yet another symmetry of (340) we apply is ((0,,* + 470,,% + 4r?) K35 —8 £0,,%) +
K gives V(S, M, ) of the form

2 X
o —2 r+i —0o +2r+1i
1/2 m m 1/2 "ther

V(S, M, 7') = 01 + 02 (343)

Solution (341) is repeated when symmetry vector field of (340),

((mop?T+2r7+2In(M)) K3% — 27X10,,%) + K5%, is utilized. In Figure 7.2 we

oK’
plot the unique solutions found in this case. For the next few cases in this section

we employ linear combination of the symmetries (332)-(334).

Case 3: Reduction for ¢; X; + X5

Using the reduced PDE (which is too lengthy to appear here) from the application
of this linear combination of symmetry vector fields, then using % admitted by this

reduced PDE and setting ¢; = 0 and ¢, = 1, we get the solution

Um2727‘+ (om2+2r)2

V(S, M,7) =CyM"? om? +
7o'm2+2 r+ (o‘m2+2 7‘)2
CoM ™/ om? . (344)
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Figure 7.2: Plots of the solutions in Case 2 are depicted. We select the parameter
values Cy = Cy = 1 and o, = 0.25, with the ranges 0 <t < 10 and 0 < M < 100,
while changing r: (a) solution of (341) where r = 0.05 (blue) and r = 0.10 (red);
(b) solution of (342) where r = 0.05 (blue) and r = 0.10 (red); (c) solution of (343)
where 7 = 0.05 (blue) and r = 0.10 (red).

Option price function (344) can also be obtained by using % +K 8%, where K a% is

also a symmetry of this reduced equation. In Figure 7.3 we plot (344) to examine
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Figure 7.3: Evolution of the analytical solution (344) in the range 0 < M < 10;
we select the parameter values C; = Cy = 1 and o, = 0.25 in the solution while
varying r, with = 0.05 (blue) and r = 0.10 (red).

30

104
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how it evolves.

Case 4: Reduction for ¢; X; + ¢ X3

This reduces our model to
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0? 0
(@K (T, S)) o’ B25%c,? + (wK(T S)> 25%¢ 2+
2 0 K (7,5) 2B Sciey + 2 aK( ,S) ) rSe®—
a5 7)) om Peae T B3 :
K (1,5) on’cica + K (1,8) 0% co* — 2 K (1, 9) rei®+
2K (1,8)rciey — 2 (;T (T, S)> 1, (345)

where V(S, M, 7) = K (,5). Then utilising X, that (345) exhibits gives

<61762><620m2+2 7‘01)7’

V(S, M,7) = Cre . (346)

As this solution equates to (336) with a particular choice of the ¢; we will not plot
it, and the same will be true in the cases that follow.
Using a symmetry of (345), 2 5=, c1 = 1 and ¢ = 0 we get the invariant solution

om262+02 =274/ (om262+02+21)>

V<S7 M7 T) :Cls 20m2ﬁ2+202 _'_

am2[32+0’2—2r— (07n2[32+02+2r)2

0,9 e . (347)

Likewise, a linear combination of ~+ K% 8 gives (347). In Figure 7.4 we graph
(347) by varying it’s § from 1.0 to 1.5.

Case 5: Reduction for ¢ X5 + ¢2.X5

This linear combination reduces our European options pricing model (331) to
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Figure 7.4: Evolution of the exact solution (347) in the range 0 < S < 10; we select
the parameter values C7; = Cy = 1 and o, = 0.25; 0 = 0.05; 7 = 0.05 while changing
B, with 8 = 1.0 (blue) and 5 = 1.5 (red).

V(SM1)

— K (1,M)a*B*cica + K (1, M) a*B%cy* + 2 (aiMK (T, M)) a®B Mcycy+

52
(aMQK (T, M)) a’M?c;? — K (1, M) 0%cicy + K (1, M) 0% cy*+

9,
2 (8_MK(T’ M)) rMc? —2K (1, M)re,®> + 2 K (7, M) reicy—

2 (;K(T, M)) c?, (348)

T

with V/(S, M, 7) = K (1, M). This PDE has the symmetry vectors X1, & and K ;2.

Firstly, we utilise X; to obtain the following invariant solution

1/2 (C1762)(ﬁ2c20m2+0262+2 ’I‘CI)T

V(S,M,7)=Che a? : (349)
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Additionally, using 6% or the linear combination of symmetries of (348), a% + K55,

with ¢; = 1 and ¢y = 0 gives (344).

Case 6: Reduction for ¢; X + 2 X5 + c3X3

Here the reduced PDE is invariant under the Lie symmetry a%, where o = MS™ .

This gives
2 2 2
_1/2 (cgfcs)(ﬁ cgom 4o cg+2 ’I‘CQ)T

V(S, M, 1) = Cie e? : (350)

Then using % or % + K% and letting ¢; = 0, ¢ = 1 and ¢3 = 0 gives (344).

7.3 Analysis of the European option pricing model

with zero systematic risk

In this section we let 8 = 0 in (331). This gives a zero-beta portfolio that has
been designed to have no systematic risk. Risk-less assets have betas of zero. The
projected return on a zero-beta portfolio would be the same as the risk-free rate.
There is zero correlation with market movements. Due to the lack of market expo-
sure, zero-beta portfolios are unlikely to attract investor attention in bull markets,
as they would under-perform diversified market portfolios. But it may attract at-
tention in bear markets. An example of such an asset is cash whose value remains

constant given no inflation. Our model with this condition is now
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oV >V PV

— —— +1/202%5? 1/20,,2M? 1
oV oV
i M— — =

r(SaSV—i— i V) 0

The model, (351), is invariant under a larger Lie algebra i.e. the six-dimensional Lie

algebra consisting of the Lie point symmetries:

X17X27X37 (352)
0
Xy =—
4T 9 (353)
Vi =2X170,° + X5 (00,°7 — 2r7 — 2 In (M), (354)
Yo = —2Xo10” + X3 (=0t +2r7+2In(9)) . (355)

In Table 2, we present the Lie brackets of the Lie symmetries of (351) derived above.

L] | X | X X3 | X4

X410 0 0 0

YY) 12X5 10 0 —202 X, — (02, — 2r) X3
Y, | 0 -2X510 202X, — (—0% + 2r) X3

Table 7.1: Commutator table for 5 = 0.

7.3.1 Reductions and invariant solutions for 5 =10

We derive the following reductions and invariant solutions using the same mathe-

matical procedure as in the previous section.
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Case 1: Reduction with X;

We use the symmetry X; to reduce model (351) to

0? 0 0
i p— g 2rS—K —2rK —2—-K
o°S 557 (1,5) + rSaS (1,5) rK (r,5) 5 (1,9), (356)

where V' (S, M, 1) = K(7,S5) as a result of the reduction. From (356), it’s symmetry
X5 is used to obtain yet another solution that is identical to (336) just as case
was in the previous section. The third symmetry of the reduced equation (356) is

(0" +4ro* +4r*) K a% — 8%02 from which the invariant solution found is

2 702+27' *0'2+27'

V(S,M,7)=C STV 4 0,822 In(S). (357)

Now (356) has a fourth symmetry vector field (—o?7 + 2r7 + 2 In (5)) K 55 —2X,70?

with the following solution

o'2+27‘ 27‘
V(S,M,T):%e_l/s( 02) . (358)

In Figure 7.5 we plot these two solutions.

Case 2: Reduction with X,

The PDE is reduced for this case to

o? 0
2 a2 2027
0°5% o G K (8, M) + 0, MP o K (S, M) +
o 0
2rS 5 K (S, M) 4+ 2rM =22 K (S, M) = 27K (S, M), (359)

with V(S, M, 7) = K(S, M). It admits X; and so the solution yielded is
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Figure 7.5: Graphical illustration of the analytical solutions are depicted, we select
the parameter values C; = (', = 1 with the ranges 0 < 7 < 10 and 0 < § < 100:
(a) solution of (357) with o = 0.25 where the blue graph is for » = 0.05 and the red
graph is for r = 0.10; (b) solution of (358) with o = 0.05 where the blue graph is
for r = 0.05 and the red graph is for » = 0.10.

V(S,M,7) = CyS + Cy5 %52, (360)

Secondly, it has symmetry Xs. The attached invariant form of V' (S, M, 7) is

V(S,M,7) = CiM + CoM > om®. (361)

Furthermore, we note that the reduced equation exhibits another Lie point symmetry

of the form %. We utilise this symmetry in linear combinations with the other

symmetries to get a few more solutions. The first of this kind is Xy + K 8% which
gives (344). Whereas X; + K53 gives

0'2—2'r+\/ (a2+2r)2 —o'2+2'r+\/ (02+2 7‘)2
V(S,M,7)= C; S? P +C, 872 72 . (362)
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In Figure 7.6 shows the evolution of these solutions for selected parameter values.

- 3
404 404

visMy |, V(SMz)

V(SMg)

Figure 7.6: Plots of the invariant solutions for Case 3. We choose the parameter
values C7; = Cy = 1 for the ranges 0 < M < 10 and 0 < S < 10: (a) solution of
(360) with o = 0.25 where the blue graph is for r = 0.05 and the red graph is for
r = 0.10; (b) solution of (361) with o,, = 0.25 where the blue graph is for » = 0.05
and the red graph is for r = 0.10; (c) solution of (362) with o = 0.5 where the blue
graph is for » = 0.05 and the red graph is for » = 0.10.
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Case 3: Reduction with Y5

o2
27 12 2 4
40,°M <8M2K<T’M)) ot =o' K (1,M) 1+
0
8rM (a—MK(T, M)) o*r —4rK (1, M)o®t — 4 K (1, M) r*1
0
-8 (a—K (T, M)) o’r —40*K (1,M) , (363)
T
with V/(S, M, 1) = K(r, M). Application of X; that this reduced PDE admits gives

. . . . K2 )
solution (358). Invariant solution employing another symmetry —25 — 2 2= of the

reduced PDE:

\/(0'2+o'm2)(o'20'm2+4 r2)+<o'm272 ’V‘)O‘

V(S,M,7) = M2 om?a
7\/(02+am2)( 2am2+4r2)+(0m272'r)
+Co M2 om?s . (364)

Lastly, from Lie point symmetry of the reduced PDE,

(—Kopt +2Krr +2K1n (M)) -2 — 27X,0,,> we have

0K
C _ T(o2+am2)(020m2+4r2)
V(S, M,7) = —te /8 Zom? . (365)
T

In Figure 7.7 these invariant solutions are visually presented.

Case 4: Reduction with ¢ X5 + Y5

The reduced equation in this case exhibits symmetry X; from which we obtain
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Figure 7.7: Evolution of V' (S, M, 7). We select the parameter values C} = Cy = 1
for the ranges 0 < M < 10 and 0 < 7 < 10 with o, = 0.25;0 = 0.05: (a) solution
of (364) where the blue graph is for r = 0.05 and the red graph is for » = 0.10;
(b) solution of (365) where the blue graph is for 7 = 0.05 and the red graph is for

r = 0.10.

V(S,M,r) =

Then using X; + K % we obtain

V(S,M,r)=

— e o2
2 \o?r

These solutions are plotted in Figure 7.8.

Case 5: Reduction with ¢; X; + oY)
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Figure 7.8: Illustration of the solutions under Case 4. We let C; = 1 and r = 0.05
and the range 0 < 7 < 10: (a) solution of (366) for o = 0.25 (blue) and for ¢ = 0.5
(red); (b) solution of (367) for ¢ = 0.25 (blue) and for o = 0.5 (red).

We can only use it’s symmetry X, with ¢; = 0;c2 = 1 in the final solution to obtain

2 2
1 Cyv/2 g (om?eer)
5 B, (368)

V(S,M,7)=

d

It is apparent that this solution is similar to (366) and so we omit the plot.

7.4 Discussion

The CAPM is a critical component of portfolio management. Despite the presence
of more advanced asset pricing and portfolio selection methodologies, the CAPM is
widely utilized due to its ease of use. The European option price under a continuous-
time CAPM can be derived. In this work we have successfully performed a full

symmetry analysis for the European option pricing model under a continuous-time
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CAPM, considering both constant and zero market betas. We discovered that this
PDE admits several invariant solutions for zero and non-zero betas. Commutator
relations where also derived in which, for beta equal to a constant, all commutators
vanished. We provided several plots for our solutions given different levels of beta,

risk-free interest rates, and volatilities.

When beta is constant in our model, we encounter the solution (336). This solution
means the option price decreases exponentially over time for a given interest rate.
This could be explained by time decay which states that as the time to the expiration
date approaches, the value of an option decreases. In our solution, time decay
accelerates as we increase 7 because as the expiration date gets closer there is less
time for an investor to profit from the option. In other graphs in our study we see
that the option price generally increases with market price or with asset price. We

conclude that symmetry analysis provides valuable insights into option pricing.
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Conclusion

In our investigations, we clearly observe that symmetry analysis is a unique tool for
comprehending and formulating solutions to differential equations. In this work, we
have utilized the Lie point symmetries of the WDW equations of the corresponding
universes to discover the invariant solutions to solve for their wave functions, as well
as leverage the symmetries of the financial models to obtain unique invariant solu-
tions to these nonlinear PDEs. When analyzing differential equations, particularly
when linearising them and analyzing the solutions and their physical effects, conser-
vation laws are crucial and frequently employed. As a result, they are the subject
of several mathematical and physical publications. In our research, we looked at
the conservation laws of several spacetimes, also referred to as first integrals. For
the IOPM system, we derive multipliers that give rise to conservation law vector
components. Not every symmetry presented here results in a physical conservation
law. Nevertheless, these are equally helpful in practice, particularly in reducing the

order of the underlying differential equation.

The middle chapters are dedicated to the study of various spacetimes derived from
Einstein’s field equations. The pp-wave spacetime is a spacetime with a single con-
stant wave vector and solely radiation i.e. gravitational waves and electromagnetic

waves. On the other hand, the Bianchi spacetimes which are spatially homogeneous
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anisotropic cosmological models are useful in many ways, including describing the
universe’s large-scale behavior and simulating models explaining the early stages of
the universe’s evolution. We study the Bianchi universes in the framework of the
modified f(R) theory of gravity, a generalisation of general relativity from Einstein.
In an effort to correct general relativity’s flaws, this modified theory has gained
widespread recognition. It has generated interest as a possible explanation for the
apparent acceleration of the universe in recent years, offering an alternative to dark
energy. The WDW equation makes an effort to mathematically integrate the con-
cepts of general relativity with quantum mechanics, in an attempt to develop a
theory of quantum gravity. Thus, the WDW equation can be used to comprehend

the quantum characteristics of spacetime.

Each of these spacetimes were split into isometry classes i.e. KVFs and HVFs,
to categorise the spacetime. Using Noether’s theorem, we determine the potential
functionals and the first integrals connected to each KVF and HVF for each class.
We take advantage of the geometric fact that the homothetic algebra of spacetimes
yields the Noether point symmetries of geodesic Lagrangians. We pointed out that
linearly combining the vector fields is also useful and as a result, we offered more
potential functions in the circumstances that were pertinent. Additionally, for the
pp-wave spacetime we looked at a large number of subalgebras in each category
and derived potential functions from them. For the Bianchi spacetimes our contri-
bution was that of original analytical solutions to the spacetimes in the context of
f(R) theory of gravity, that have not appeared previously in literature. In order to
properly deduce the geodesic equations of motion, we determined the Lagrangian of
these two spacetimes. We also provide the system’s Hamiltonian. Where feasible,
we provide explicit solutions of the wave functions of the universes via Lie symmetry
analysis of the WDW equation, and the solutions to the field equations through a

reduced Hamiltonian system.
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The last two chapters were devoted to the analysis and derivation of new solutions
of mathematical models from quantitative finance, particularly variations of the

Black-Scholes model used in options pricing.

The first of these financial models being the IOPM is an econophysics model, where
in contrast to conventional economic theory, econophysics uses models from the
realm of physics to explain economic phenomena. We have effectively completed a
comprehensive symmetry analysis of the IOPM in this work, taking into account a
varying Landau coefficient reflective of an adaptive market potential. This analy-
sis has lead to us finding novel symmetries, solutions and conservation laws of this
Schrodinger type equation. Our analysis has shown that when the adaptive market
potential is non-zero, this model is invariant under a five-dimensional Lie algebra,
and when it is zero, it is invariant under a seven-dimensional Lie algebra. Commu-
tator tables of the admitted symmetries are also provided. Given various levels of

volatility, we produced a number of graphs for our solutions.

In investigating a nonlinear European option pricing equation under a continuous-
time CAPM, we varied the systematic risk variable, beta, to get invariant analytical
solutions. We have successfully shown that under a three-dimensional Lie algebra
for a constant beta and a six-dimensional Lie algebra with no systematic risk, the
financial model is invariant. Consequently, we used these symmetries to reduce the
order and solve for the model, thus accomplished a full symmetry analysis success-
fully. Given various beta, risk-free interest rates, and volatilities, we have plotted
many graphs for our solutions. It is of interest to note that one of the solutions,
(336), was was often obtained while beta remained constant, attributing it to the
time decay of the option. Since there is less time left for an investor to benefit from
the option as the expiry date approaches, time decay quickens as we raise 7. We

can observe that the option price typically rises along with the market price or the
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asset price in other graphs from our study. From our analysis, it is evident that

symmetry analysis offers useful information to option pricing.

Indeed, symmetries are of paramount importance to the study of both differential
equations and geometry. For ODEs, symmetries reduce the order, while for PDEs
the number of independent variables is decreased by the invariance under a one-
parameter Lie group of transformations, as was seen in this work. In terms of
geometry they leave an object and its transformed image indistinguishable. This
thesis is a culmination of a body of work that successfully utilised symmetries for

the study of differential equations and the geometries of spacetimes.
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