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Abstract

This thesis seeks to introduce the concept of bornology to the theory of Frolicher
spaces. Bornologies are induced from the Frolicher structure, Frolicher topology
and the canonical topology on the underlying set of Frolicher space. In each case
the bornologies are compared in a general Frolicher space, subspace, product,
coproduct and quotient. The Frolicher topology refers to the topology induced
from structure functions of the Frélicher space. The bornology induced from the
Frolicher structure is induced from the structure functions of Frolicher space. An
initial bornology is canonically induced on the underlying set of Frolicher sub-
space and product, and a final bornology is induced canonically on the underlying
set of Frolicher coproduct and quotient. For Frolicher subspace and product the
initial bornology is finer than the bornology induced from structure functions.
Dually, the final bornology is coarser than the bornology induced from structure
functions for Frolicher coproduct and quotient. Relatively-compact and compact
bornologies are induced from the Frolicher topology and the canonical topology
on the underlying set of Frolicher space. For each of Frolicher subspace, product,
coproduct and quotient, that is, the objects in the category of Frolicher spaces
under the study of this thesis, there are two topologies - the canonical topology
induced from the underlying set and the Frolicher topology. Subsequently there
are two relatively-compact and compact bornologies, induced from these topolo-
gies, for each of the mentioned objects. The bornological comparison between
the relatively-compact bornologies and the bornological comparison between the
compact bornologies, for each object, is determined by the comparison of these
topologies, that is, the comparison between the Frolicher topology and the canon-
ical topology on the underlying set.
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Chapter 1

Introduction.

In this thesis we introduce the concept of bornology on the theory of Frolicher
spaces. The concept of bornology on a set was introduced by H. Hogbe-Nlend in
[51]. Bornologies have been studied and used mainly in functional analysis, on
metric spaces, Banach spaces, Schwartz spaces and convenient spaces (see [4], [45],
[51], [56] and [67]). They [bornologies] have also been applied to other concepts,
for example on metrizable spaces (see [15], [16], [18] and [52]), general topology
(see [61]), the theory of locally convex sets (see [51]), bitopological metric spaces
(see [74]), etc. The unified theory of differentiability for functions defined on a
general normed space was developed using bornologies (see [23]).

The theory of Frolicher spaces is a developing field, thus our introduction of
the concept of bornology to the theory of Frolicher spaces is a contribution and
an advacement to the theory of Frolicher spaces. There is a series of research that
culminated into the theory and concept of Frolicher spaces, as we will mention
below. Frolicher spaces are named after Alfred Frolicher, who was the first to
define these spaces. Alfred Frolicher referred to these spaces [Frolicher spaces]
as smooth spaces (see [45]). The phrase ”Frolicher spaces” appeared for the first
time in [56] as used by A. Kriegl and P. Michor. However P. Cherenack in [30] was
the first person to refer to these smooth spaces defined by Frolicher as Frolicher
spaces. This is because Cherenack’s paper, [30], was submitted in the year 1996
and published in the year 2000 whereas the work by Kriegl and Michor, [56], was
published in 1997. The book titled Linear Spaces and Differentiation Theory by
Alfred Frolicher and Andreas Kriegl, [45], is the ”genesis” and conception of the
theory of Frolicher spaces. This book is a culmination of the work of Frolicher in
[40], [41], [42] and [43]. Another work that contributed in this theory is the work
in [44] by Frolicher and Kriegl. P. Cherenack, alongside his former students, viz
A. Batubenge, P. Ntumba and B. Dugmore, had significant contributions to the
research and study of Frolicher spaces (see [7], [8], [9], [10], [13], [14] [28], [29], [30],
[31], [32], [33], [36] and [37]). A. Batubenge gives a detailed survey of Frolicher
spaces in [7]. There has been an interest in applying other theories to the theory
of Frolicher spaces and vice versa, and that is: Lie group and Lie algebra (see



[10] and [58]), homotopy theory (see [27] and [36]), symplectic geometry (see [25],
[26] and [38]), symplectic reduction (see [62], [66], [71], [72], [75] and [89]), sheaf
theory and sheaf cohomology (see [6] and [34]), De Rham cohomology (see [49],
[59], [77], [81], [82] and [87]), Alexander-Spanier, Singular and C'ech cohomologies
(see [88]), Poisson geometry (see [73] and [91]), modern Hamiltonian formalism
of mechanics (see [8], [9], [11] and [53]), cosmology and tensor calculus (see [29],
[30] and [32]).

A category is a collection of mathematical objects and associated morphisms
between these objects such that there is an identity morphism for each object
and a composition of morphisms, these are subject to associativity of morphisms
and unity in morphisms (see [1], [2], [5] and [64]). Frolicher spaces and smooth
maps form a category - the category of Frolicher spaces as proven by Frolicher and
Kriegl in [45]. There is an extensive research in the category of Frolicher spaces
(see [7], [13], [14], [29], [30] and [86]). Some of the categorical properties of the
category of Frolicher spaces are that it is Cartesian-closed, complete, cocomplete
and topological over the category of sets (see [29] and [31]). One example of a
Frolicher space is the smooth manifold, thus smooth manifolds are objects in the
category of Frolicher space (see [8], [29], [45] and [56]). The category of Frolicher
spaces is related to other categories of smooth spaces - it is a full subcategory of
diffeological spaces in the sense of Souriau (see [46] and [83]), differential spaces
in the sense of Sikorski (see [79] and [80]) and Smith spaces (see [82]). Bounded
maps and bornological spaces form the category of bornological spaces, which is
also topological over the category of sets (see [22]). Another category which is
critical in the study of this thesis is the category of topological spaces which con-
sists of topological spaces as objects and continuous maps as morphisms. Some
of the categorical properties of the category of topological spaces is that it is
Cartesian-closed, has a final (terminal) and and initial objects, has products and
for each pair of topological spaces there is an equalizer and coequalizer (see [63]
and [78]).

A Frolicher space is a triple (X, Cx, Fx) where X is a non-empty set and (C'y, Fy)
is a Frolicher structure (see [7], [10], [29], [32], [36], [37], [45], [86], [88] and
[89]). There are two topologies from the Frolicher structure (Cx, Fx), that is,
the functional topology, denoted 75, , and the curvaceous topology, denoted 7¢,,
induced from structure functions and structure curves of X respectively (see [13],
[14] and [45]). The curvaceous topology 7¢, is finer than the functional topol-
ogy Try (see [14]). The basis and subbasis of 7p, are given by the collections
{f740,4+00) | f € Fx}and {f71(0,1) | f € Fx}, respectively (see [36] and [45]).
The topology 7r, is the coarsest topology on X in which all smooth maps are
continuous. Due to that, the topology 7p, is considered as the Frolicher topol-
ogy (see [14]). Since we have topologies from the Frolicher structure therefore
the category of Frolicher spaces is a subcategory of the category of topological
spaces. For each of Frolicher subspace, Frolicher product, Frolicher coproduct
and Frolicher quotient A. Batubenge and M. Tshilombo compared the canoni-



cal topology on the underlying set with the Frélicher topologies (see [13] and [14]).

The preliminary work of A. Frolicher and A. Kriegl in [45] included bornologies.
They showed that the category of bounded sequences of real numbers embeds
into the category of bornological spaces and that there is a bornology from the
structure endowed on the set of bounded sequences of real numbers. This thesis
determines the induction of bornology from Frolicher space. The comparison of
topologies induced from Frolicher space by A. Batubenge and M. Tshilombo, in
[13] and [14], inspired the bornological comparison on Frélicher space as studied in
this thesis. Following from the work of A. Batubenge and M. Tshilombo, as cited,
the hypothesis of this thesis is that bornologies can be induced from the Frolicher
structure, the canonical topology from the underlying set of the Frolicher space
and from the Frolicher topology. For a general Frolicher space, canonical bornolo-
gies are induced from the Frolicher structure and from the Frélicher topology. An
initial bornology (see [51]) is induced from the underlying set of Frolicher sub-
space and Frolicher product since they are initial structures in the category of
Frolicher spaces (see [13], [14], [29] and [45]). Similarly the final bornology (see
[51]) is induced from the underlying set of Frolicher coproduct and Frélicher quo-
tient as they are final structures in category of Frolicher spaces (see [13], [14], [29]
and [45]). There is a relationship between topology and bornology in the sense
that a bornology can be induced from a topology (see [47] and [51]). For each of
Frolicher subspace, Frolicher product, Frolicher coproduct and Frolicher quotient
there is canonical topology from the underlying set and the Frolicher topology
from the Frolicher structure. Relatively-compact and compact bornologies are
induced from the Frolicher topology and from the canonical topology on the un-
derlying set, for each of Frolicher subspace, Frolicher product, Frélicher coproduct
and Frolicher quotient. There are three phases of bornological comparison in this
thesis. The first phase is the bornological comparison between initial bornolo-
gies and bornologies from Frolicher structure on Frolicher subspace and Frolicher
product, and the final bornology and the bornologies from the Frolicher struc-
ture on Frolicher coproduct and Frolicher quotient. The second and third phase of
bornological comparison, respectively, is between the relatively-compact and com-
pact bornologies induced from the canonical topology on the underlying set and
the Frolicher topology on Frolicher subspace, Frolicher product, Frolicher coprod-
uct and Frolicher quotient. We conclude by applying these phases of bornological
comparison on Frolicher groups.

The research questions to be investigated include but are not limited to the
following:

e Under which conditions can we induce a bornology from the Frolicher topol-
ogy and from the Frolicher structure?

e What is the bornological relation between the bornologies induced from the
Frolicher structure?

e For initial structures in the category of Frolicher spaces, that is Frolicher



subspace and Frolicher product, what is the relationship between the initial
bornology and the bornologies induced from the Frolicher structure?

e For final structures in the category of Frolicher space, that is Frolicher
coproduct and Frolicher quotient, what is the relationship between the final
bornology and the bornologies induced from the Frolicher structure?

e For each of Frolicher subspace, Frolicher product, Frolicher coproduct and
Frolicher quotient what is the bornological relation between the bornolo-
gies induced from the canonical topology on the underlying set and the
bornology induced from the Frolicher topology? Does that bornological
comparison follow from the comparison of the topologies from which the
bornologies are induced from?

The work of this thesis is divided into six chapters. As usual the first chapter
is the introduction and the second chapter is on preliminaries. Under prelim-
inaries we will outline some concepts from category theory, general topology,
concepts on Frolicher spaces and bornology. Concepts on Frolicher spaces will
include the theory of Frolicher spaces and structures, the category of Frolicher
spaces, Frolicher topologies, Frolicher subspace, Frolicher product, Frolicher co-
product and Frolicher quotient. The third chapter will cover bornologies induced
from Frolicher structure. These bornologies are compared for each of the ini-
tial structures in the category of Frolicher spaces, that is Frolicher subspace and
Frolicher product, they are compared with the initial bornology induced from the
underlying set of these structures, and for the final structures, that is Frolicher
coproduct and Frolicher quotient, they are compared with the final bornology.
The fourth chapter covers on relatively-compact bornologies induced from the
Frolicher topology and the canonical topology on the underlying set of Frolicher
space, and the fifth chapter covers compact bornologies induced from Frolicher
topology and the canonical topology on the underlying set of Frolicher space. In
both the fourth and the fifth chapter, for each of Frolicher subspace, Frolicher
product, Frolicher coproduct and Frolicher quotient, these bornologies are com-
pared. We conclude with the sixth chapter which is on the application of the
induction and comparison of bornologies, as in the third, fourth and fifth chap-
ter, on Frolicher groups.



Chapter 2

Preliminaries.

2.1 Concepts from category theory.

We start off with concepts from category theory. We will only discuss concepts
that are relevant and useful for this thesis.

2.1.1 Category

Definition 2.1.1 Morphism.

In category theory a morphism is an arrow or mapping between two objects, say
between the objects A and B, written A — B. Object A is called the domain of
the morphism and object B is called the codomain of the morphism. Objects in
this case refers to mathematical (abstract) objects such as sets, groups, algebras,
topological spaces, etc.

Definition 2.1.2 Category.

Let {X; | i € I} be a collection of objects and {f; | i € I} be a collection of
morphisms between these objects. Then {X; | i € I} and {f; | j € J} form a
category if the following are satisfied:

1. Identity: For each object X; there exists an identity morphism
IXi X, — X

2. Composition: For each pair of morphisms f; and fj,, with ji,j2 € J,
such that the codomain of f; , denoted cod(f;,), and the domain of f;,,
denoted dom(f;,), are such that cod(f;,) = dom(f;,), then there exists the
composition morphism fj, o fj, : dom(f;,) — cod(f;,).

The above conditions are subject to the following conditions:

1. Associativity: For every morphisms f;,, f;, and f;,, with ji, js, js € J, such
that cod(f;,) = dom(f;,) and cod(f;,) = dom(f;,) then

fjs o (fj2 o fjl) = (fj3 o sz) © fjl'



2.1 Concepts from category theory. 6

2. Unity: For every morphism f; : X, — X,, where j € J and a,b € I,
we have that fjoIx, = f; and Ix, o f; = f; where, Ix, : X, — X, and
Ix, : Xy — Xy are identity morphisms on X, and X, respectively.

Examples of categories:

Example 2.1.1 The category of sets.

Let Ay, Ay and Az be sets such that f : Ay — Ag and g : Ay — Az are
functions. Since f and g are functions then the composition function

go f: Ay — Az emists. For any set X there exists an identity function

Ix : X — X. Therefore sets and functions form a category, called the category
of sets.

Example 2.1.2 The category of posets.
Let X be a non-empty set. Then X is a partially-ordered set (poset) if for the
relation <, on X, we have that¥ a,b,c € X the following conditions are satisfied:

1. a < a (reflexivity).
2. a<bandb<c= a < c (transitivity).

3. a<bandb<a= a=0> (antisymmetry).

Let X and Y be posets, then the morphism f : X — Y 1is called a monotone
function if ¥V x1,20 € X, 1 < 9 = f(x1) < f(x2). For any poset X
the identity morphism Ix : X — X is a monotone function since V. x € X,
r <z < Ix(z) < Ix(x). Let Z be a poset and g : Y — Z be a monotone
function. Since ¥ x1,x9 € X, f(x1), f(x2) €Y and g is a monotone function
therefore f(1) < f(z2) —> g(f(21)) < g(f(@2)) <= (g0 f)(@1) < (g0 f)(w):
Therefore go f : X — Z is a monotone function. Thus, posets and monotone
functions form a category - the category of posets.

Example 2.1.3 Categories of structured sets.

Structured sets are sets endowed with a structure and structure preserving func-
tions (see [5]). The structure on a poset is the relation defined on the poset and
the monotone functions preserve the relation. Therefore a poset is a structured
set. Other examples of structured sets are differential manifolds, groups, graphs,
topological spaces, vector spaces, etc. Structured sets and their preserving struc-
ture functions form a category. For example:

1. Posets and monotone functions form the category of posets as we have seen
in the previous example.

2. Differential manifolds and smooth maps form the category of differential
manifolds.
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3. Groups and group homomorphisms form the category of groups.
4. Graphs and graph homomorphisms form the category of graphs.

5. Topological spaces and continuous maps form the category of topological
spaces.

6. Vector spaces and linear maps form the category of vector spaces.

2.1.2 Initial and final objects.

Definition 2.1.3 Initial object.
Let C be a category and I be an object in C. The object I is called an initial object
if the morphism I — X is unique for every object X in C.

Definition 2.1.4 Final object.
Let C be a category and F' be an object in C. The object F' is called a final object
if the morphism X — F' is unique for every object X in C.

The other phrase used for final objects is terminal objects (see [1], [2] and [5]).
Initial and final objects are the algebraic duals of each other.

Examples of initial and final objects:

Example 2.1.4 Let ¢ denote the empty set, then it is trivial that the morphism
¢ — X is unique for any set X. Thus, ¢ is the initial object in the category of
sets. Consider any singleton {x} in the category of sets. Then it is also trivial
that for any setY', the morphism'Y — {z} is unique. Giving that any singleton
in the category of sets is a final object.

Example 2.1.5 A poset is a set endowed with a relation. Thus the category of
posets is a subcategory of the category of sets. Therefore the empty set is an initial
object in the category of sets. Every singleton {u} in the category of sets with
the relation uw < w is a poset. It follows trivially that the morphism P — {u} is
unique for every poset P. Thus, any singleton is a final object in the category of
posets.

Let (X, <) be a poset. ThenV z,y € X we define a moprhism x — y if and only
if © <y. Then (X, <) is a category. Let m be the least element in X, that is,
m<x,VaxeX. Let M be the greatest element in X, that isx < M,V x € X.
Therefore the morphisms m — x and x — M are unique, ¥ x € X. Thus, the
least element in a poset is an initial object and the greatest element in a poset is
a final object. That is a poset has one initial object and one final object.

Remark 2.1.1 A category can have multiple initial objects and multiple final
objects, as seen from the examples above. However, there are categories that do
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not have neither an initial object nor a final object (see [1] and [5]). The category
of the posets of the form (Z,<) is such a category, it has neither an initial object
nor a final object. Interestingly, there are categories with objects that are both
initial and final objects. An object that is both an initial and a final object is
called a zero object (see [1]).

2.1.3 Functors.

Definition 2.1.5 Functor.
Let Cy and Cy be categories. The morphism F : C; — Cy 1s a functor if:

1. F assigns every object A in Cy to an object F(A) in Cs.

2. I assigns every morphism f: X — Y in C; to a morphism
F(f): F(X) — F(Y) inCy such that F preserves composition and identity
morphisms. That is, for every pair of morphisms f1 and fy in Cy such that
fi o fa is a morphism in Cy then F(fi o fo) = F(f1) o F(f2), and for the
identity morphisms 14 in Cy and Ipcay in Cy, we have that F'(1a) = Ipa).

Examples of functors:

Example 2.1.6 The identity functor.
For any category C, there is an identity functor id : C — C that assigns every
morphism f in C to itself and asigns every object ¢ in C to itself.

Example 2.1.7 The forgetful functor.

Let C be a construct, that is, a category of a structured set (see [1], [2], [5] and
[64]). There is a functor U : C — Set, called the forgetful functor, that assigns
every object in C to it’s underlying set and assigns every morphism f in C to
it’s underlying function. For example, the category of topological spaces, denoted
Top, is a construct as topological spaces are structured sets. Then the forgetful
functor U : Top — Set assigns every topological space (X, T) to it’s underlying
set X and assigns every continuous map f : (X, 7) — (Y, 7) between topological
spaces to the function U(f) : X — Y. That is, the forgetful functor "forgets” the
structure in each assignment. The forgetful functor U : Top — Set "forgets”
the topological structure.

2.1.4 Limits and colimits.

Definition 2.1.6 Diagram.
Let C be a category. A diagram in C is a functor D : A — C for some category
A. The category A is called the scheme or the index of the diagram D.
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Remark 2.1.2 There is a nuance between a diagram and a functor, which can
create confusion between the two. Technically, a diagram is a functor but a functor
is not necessarily a diagram. A diagram D : A — C in the category C, with the
index category A, as defined above can be viewed as indexing a collection of objects
and morphisms in C through A. This is analogous to an index set in set theory.

Definition 2.1.7 Limat.
Let D : A — C be a diagram in the category C.

1. Let A and B be objects in A. The morphism N : C — D(A) is said to be
a natural source for the diagram D if for the morphism M : C — D(B)
we have that for every morphism f: A — B in A, M = D(f)o N. That
is, the triangle

¢ - D(A)
W lD(f)
D(B)
commautes.
2. Let A be an object in A. The limit of the diagram D is the morphism

[ : L — D(A) if for every natural source N : C — D(A) there exists a
unique morphism g : C — L such that N = Lo g. That is, the triangle

c—2 ¢
S
D(A)
commutes.

The algebraic dual of limits is colimits.

Definition 2.1.8 Colimits.
Let D : A — C be a diagram in the category C.

1. Let A and B be objects in A. The morphism N : D(A) — C 1is said to be
a natural sink for the diagram D if for the morphism M : D(B) — C we
have that for every morphism f: B — A in A, M = N o D(f). That is,
the triangle

D(B) D(f)

commutes.
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2. Let A be an object in A. The colimit of the diagram D is a morphism
c: D(A) — K if for every natural sink N : D(A) — C there exists a
unique morphism g : K — C such that N = g o c. That is, the triangle

D(A) —¢ K

o

commutes.

2.1.5 Cartesian-closed categories and exponential law.

Definition 2.1.9 Let F' : C; — Cy be a functor, and A be an object in the
category C1 and B be an object in the category Cs.

1. The morphism f : B — F(A) is called an F-structured morphism with
domain B.

2. An F-structured morphism f : B — F(A) with domain B is called an
F-universal morphism for B given that for each F-structured morphism
f: B —s F(A) with domain B there exists a unique morphism f : A — A
in the category Cy such that f = F(f) o f. That is the triangle

B, F

(4)
N L
F(A)

commutes.

Definition 2.1.10 Adjoint and co-adjoint functors.
Let F': C; — Cy be a functor. Then F s called

1. An adjoint functor if there exists an F-universal morphism with domain B,
for every object B in Cs.

2. A co-adjoint functor if there exists an F-universal morphism with codomain
B, for every object B in C,.

That is, the adjoint functor and the co-adjoint functor are algebraic duals of each
other. The other term used for adjoint and co-adjoint functor is left-adjoint and
right-adjoint functor, respectively.

Definition 2.1.11 Isomorphisms.

Let C be a category. If for the morphism f : A — B in C there exists a morphism
g: B — A inC such that go f = 14 and fog = Ig, where I, : A — A and
Ip : B — B are identity morphisms in C.
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Definition 2.1.12 Isomorphic objects.
Let C be a category. If for the objects A and B in C there exists an isomorphism
f:A— B inC, then we say that A and B are isomorphic, written A = B.

Definition 2.1.13 Functor isomorphism.

Let Cy and Cy be categories. If for the functor F : C; — Cy there exists a functor
G : Co — Cy such that G o F'=ide, and F o G=1d¢,, where ide, : C; — Cy and
tde, : Co — Co are identity functors, then F' s called a functor isomorphism.

Definition 2.1.14 Isomorphic categories.
The categories Cy and Coy are said to be isomorphic if there exists a functor iso-
morphism F : C; — Cy. If C1 and Cy are isomorphic we write C; = Cs.

Definition 2.1.15 Exponential objects.

Let C be a category with products and let A and B be objects in C. We denote all
morphisms from A to B by BA. For any object C in C, the condition

BA*C = (BA)C s called the exponential law. The objects A and B are exponen-
tiable or called exponential objects if they satisfy the exponential law.

Definition 2.1.16 Cartesian-closed categories.

Let C be a category with final objects and finite products. If for each object A
in C the functor (A x —) : C — C is a co-adjoint functor then C is said to be
Cartesian-closed. The functor (A x —) : C — C maps every object B in C to the
product A X B in C.

Following from the definition of Cartesian-closed categories we have that a cat-
egory is Cartesian-closed if and only if it has final objects, finite products and
exponential objects. We have been consistent with the category of sets and the
category of posets thus far in this thesis, and these two categories are Cartesian-
closed (see [1] and [5]).

2.2 Concepts from general topology.

2.2.1 Topology.

Definition 2.2.1 Topology.
Let X be a set, P(X) be the power set of X and 7 C P(X). Then T is a topology
on X if the following conditions are satisfied:

1. ¢, X € 1, where ¢ denote the empty set.

2. If Uy, Uy, -+, U, € T then ﬂUi € 7. That is, T is closed under finite
i=1
intersection.
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3. IfU, €1, a€l then U U, € 7. That is, T is closed under infinite union.
ael

The pair (X, 7) is called a topological space.

Examples of topologies:

Example 2.2.1 Trivial topology.

Let X be a set and ¢ be the exmpty set. It is trivial that the collection {X, ¢} is
a topology on X since X N¢p = ¢ and X U = X. Thus, {X, ¢} is called the
trivial topology.

Example 2.2.2 Dsiscrete topology.
Let X be a non-empty set. Consider P(X) :={U | U C X}, that is, the power
set of X. Since X, ¢ C X therefore X, ¢ € P(X). Let Uy,Us,--- ,U, € P(X),

then U; C X,V i=1,2,--- n. Since ﬂUi C X therefore ﬂUi € P(X). That
i=1 =1
is, P(X) is closed under finite intersection.

LetU, € P(X), a €1, thenU, C X. Since U U, C X therefore U U, € P(X).

acl ael

That is, P(X) is closed under infinite union. With P(X) closed under infinite
union and finite intersection and ¢, X € P(X) therefore P(X) is a topology on
X, called the discrete topology.

Example 2.2.3 Finite complement topology.
Let X be a non-empty set and let

7 ={U CX | X —=Uis finiteor X —U = X}.

Since ¢, X € P(X) then ¢, X C X and we have that X —¢ = X and X — X = ¢.
Therefore ¢, X € 7.
Let Uy,Us, ..., U, € 14, therefore U; C X and X — Uj; is finite or

X-U=X,Vi=1,2,....,n. SinceU; CX,Vi=1,2,...,n, thenﬂUigX.

=1
n

Also X — ﬂ U, = ﬂ(X —U,;). Therefore X — ﬂ U, is finite or all of X. Thus

i=1 i=1 i=1
n
ﬂ Ui € 14, that is, 75 is closed under finite intersection.

=1

Let Uy € 14, v € I, then U, C X such that X — U, is finite or all of X, o € I.

Therefore U U,C X and X — U U, = U(X —U,). Thus X — U U, is finite
acl acl acl acl

or all of X. Therefore U Uy € 7. That is, 75 is closed under infinite union.

a€cl
Hence 7y is a topology on X and is called the finite complement topology.
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Definition 2.2.2 Let (X, 7x) and (Y, 7y) be topological spaces, then the mor-
phism f: X — Y is continuous if f~Y(U) € 7x, VU € 1y.

Definition 2.2.3 Basis of a topology.
Let X be a non-empty set. A collection B of subsets of X, that is B C P(X), is
a basis for a topology on X if:

1. Ve X 4B € such that x € B.

2. If x € By N By, where By, By € [, then there exists By € [ such that
x € Bg C Bl N Bg.

The topology 15 generated by the basis B of a topology on X is defined as
73 ={UCX |VaxeU3Bep suchthat v € BCU}.

Examples of basis of a topology:

Example 2.2.4 Consider the open interval

(a,b) ={x | a <z < b}
in the real line R and let

B ={(a,b) | a,b € R}.

Let r € R be arbitrary, then there exits a,b € R such that a < r < b. That 1is,
VreR 3 (a,b) € such that r € (a,b). Now let (a,b),(z,w) € 5 and

r € (a,b) N (z,w). Since (a,b) N (z,w) # ¢ then (a,b) N (z,w) = (z,y) € B
for some x,y € R. Then there exists m,n € R such that r € (m,n) C (z,y).
Therefore B is a basis of a topology on R. The topology generated by [ is called
the standard topology on R, denoted Tz. Thus, [ is the basis of the standard

topology Tr.

Example 2.2.5 Consider the half-open interval
[a,0) ={x | a <z <b}
in the real line R and let
B ={[a,b) | a,b e R}.

Let r € R, thenr € [r,b), Vb € R. ThatisV r € R3 B € B such that
r € B. Let [a,b),[z,w) € B and r € [a,b) N [z,w). Since [a,b) N [z,w) # ¢ then
[a,b) N [z,w) = [z,y) for some x,y € R. Then there exists t € R such thatt <y
where r € [x,t) C [z,y). Therefore B is a basis of a topology on R. The topology
generated by B is called the lower limit topology. When R is endowed with the
lower limit topology it is denoted Ry. Thus we denote the lower limit topology
by Tr,. Thus B is the basis of the lower limit topology Tw,. The topological space

(Ry, Tr,) is called the Sorgenfrey line.
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Example 2.2.6 Let
1
K= {— | n € Z+} :
n

and let a,b € R and 3 be the collection of all open intervals (a,b) along with all
sets of the form (a,b) — K, that is,

B={(a,b) | a,b e R}U{(a,b) — K | a,b € R}.

Since 5 := {(a,b) | a,b € R} generates the standard topology Tr on R (Ezample
2.2.4) then V' r € R 3 (a,b) such that r € (a,b). It follows that for r # L, n e Z*

then there exists (a,b) such that r € ((a,b) — K). ThereforeY r € R 3 B €
such that r € B. Let By, By € B, then we have 3 cases:

Case 1: By, By € 5 :={(a,b) | a,b € R}.

Since B generates the standard topology T then ¥ x € By N By 4 By € B such
that x € B3 C B; N Bs.

Case 2: By, By € {(a,b) — K | a,b € R}.

Let x € By N By then By N By # ¢ and x # %, n € 7", therefore

By N By = (z,w) — K for some z,w € R. Then there exists m,n € R such that
z € ((mn)—K)C((z,w) — K).

Case 3: By € {(a,b) | a,b € R} and By € {(a,b) — K | a,b € R}.

Let x € By N By which implies that B1 N By # ¢ and © # %, n € Z*, then
By N By = (z,w) — K for some z,w € R. Therefore there exists m,n € (R — K)
such that z € (m,n) C ((z,w) — K). Hence § is a basis of a topology on R. The
topology generated by B 15 called the K -topology on R. When R is endowed with
the K-topology it is denoted Ry. Thus, we denote the K-topology on R by g, .

That is, B 15 the basis of g, .

2.2.2 Category of topological spaces.

Let (X,7x), (Y,7y) and (Z,7z7) be topological spaces and f : X — Y and
g ' Y — Z be continuous maps, that is, f~1(U) € 7x, V U € 7y and
g (V) €1y, VV € 77. Consider the composition go f: X — Z. Let W € 75,
then g~ '(W) € 7y since g : Y — Z is a continuous map, which implies that
g ' (W)) € 7x since f: X — Y is a continuous map. That is, V W € 74
we have that (go f)"' (W) = f~1(¢g7'(W)) € 7x, therefore go f : X — Z is
a continuous map. Let Iy : X — X be an identity map then V U € 7x we
have that Ix(U) = U € 7x, therefore Iy : X — X is a continuous map. Thus,
the topological spaces and the continuous maps form a category - the category
of topological spaces, usually denoted Top. That is, in the category of topolog-
ical spaces the objects are topological spaces and the morphisms are continuous
maps. The category of topological spaces is a category of a structured set since
a topology is a structured set.

We now look at some properties of the category of topological spaces:



2.2 Concepts from general topology. 15

1. An initial object and final objects exist in the category of topological spaces.
In the category of topological spaces the empty set is an initial object and
any singleton topological space is a final object.

2. The category of topological spaces is complete and cocomplete. That is,
limits and colimits exist in the category of topological spaces.

3. There is a canonical forgetful functor, U : Top — Set, from the category
of topological spaces to the category of sets. This forgetful functor assigns
each topological space to its underlying set. Thus the category of topological
spaces is topological over sets (see [24]).

4. The category of topological spaces is not Cartesian-closed (see [50]).

2.2.3 Compactness.

Definition 2.2.4 Open cover.
Let (X, T) be a topological space. An open cover of X is a collection {O, | a € I'}
of open sets (of the topology T) such that X = U Og-

acl

Definition 2.2.5 Subcover of an open cover.

Let (X, 1) be a topological space and the collection {O, | a € I} be an open
cover of X, then the subcover of the open cover {O, | a € I} is the collection
{Oa | @ € J} such that J C I and X = | O,.

aeJ

Definition 2.2.6 Compact space.

The topological space (X, T) is said to be a compact space if every open cover of

X has a finite subcover. That is, for every open cover {O, | a € I} of X, thus

X = U O,, there exists a finite set J such that J C I and {O, | o € J} covers
acl

X, that is X = | J Oa.

a€eJ

Definition 2.2.7 Compact set.
Let (X, T) be a topological space and U C X, then the set U is said to be compact
if for every collection {O, | a € I} of open sets (of the topology T) such that

U C U O, there exists a finite set J such that J C I and that for {O, | a € J}
a€cl
we have that U C U O,.

aeJ

Theorem 2.2.1 The finite union of compact sets is compact.
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Proof: Let (X, 7) be a topological space, A C X and B C X, with A and B being
compact. It is sufficient to prove that AU B is compact. Since A is compact then
the open cover of A, say {O,, | a € I}, has a finite subcover {O,, | i =1,2,--- ,n}.
Similarly, since B is also compact then every open cover, say {U, | A € J}, of B
has a finite subcover {Uy; | j = 1,2,--- ,m}. Then

{Oalae I} J{Us | X e T}

forms an open cover for AU B, and

{Oa;

i=1,2- n} JU\ [j=12-- ,m}

is its finite subcover. Therefore A U B is compact. O

Definition 2.2.8 Closed set.
Let (X, T) be a topological space and U C X. The set U is said to be closed if its
complement is open. Thus if X \ U € T.

Definition 2.2.9 Closure of a set.

Let (X, 1) be a topological space and U C X. The closure of U, denoted CI(U),
1s the smallest closed subset of X containing U, and that is the intersection of all
closed subsets of X containing U.

Proposition 2.2.1 Let (X, 7) be a topological space and U C X, then
U CClU).

Proof: This follows from Definition 2.2.9. O

Theorem 2.2.2 Let (X, 1) be a topological space and U C X, then U is closed
if and only if U = ClL(U).

Proof: (=) Let U be a closed subset of X. The smallest closed subset of X
containing U is U itself. Therefore by Definition 2.2.9 we have that U = CI(U).
(<) Let U = CI(U). Since the closure of a set is closed (see Definition 2.2.9)
then CI(U) is closed. Therefore U is also closed since U = CI(U). O

Definition 2.2.10 Relatively compact set.
Let (X, 7) be a topological space and U C X, then the set U is relatively compact
if its closure, that is CL(U), is compact.

Definition 2.2.11 Hausdorff space.
A topological space (X,T) is a Hausdorff space if V x,y € X with x # y there
exist open sets U,V C X such that for x € U and y € V we have U NV = ¢.
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Theorem 2.2.3 Let X be a Hausdorff space and S C X, then S is Hausdorff
space.

Proof: Let X be a Hausdorff space and s1, s, € S, with s; # $o, then s1,85 € X

since S C X. Since X is a Hausdorff space then there exist open sets U,V C X
such that s; € U, s € Vand UNV = ¢. We have that s; € UNS and s € VNS,
and UN S and VNS are open in S. Then

UNS) N(VNS)=UNVINS=¢nS = ¢

Therefore S is a Hausdorff space. O

Theorem 2.2.4 Let X and Y be Hausdorff spaces, then X XY s a Hausdorff
space.

Proof: Let X and Y be Hausdorff spaces. Let z1,25, € X and y1,y, € Y such
that xy # w9 and y; # y9. Since X is a Hausdorff space then there exist open
sets Uy,Us C X such that x1 € Uy, x5 € Uy and U; NU; = ¢. Similarly, there
exist open sets V1, Vo C Y such that y; € Vi, yo € Vo and Vi NV, = ¢ since YV
is a Hausdorff space. Since z1 # x5 and y; # y» then we have that (z1,y;) and
(22, ys) are distinct in X x Y. Thus (z1,y1) € Uy x V; and (22, y2) € U x V3, and
Uy x Vi and Uy x V, are open in X x Y. Since

(U x Vi) N (Ug x Vo) = (UrNUs) X (ViNVa) = ¢ x ¢ = ¢,
therefore X x Y is a Hausdorff space. U

Theorem 2.2.5 Let X andY be Hausdorff spaces, then the coproduct X [Y is
a Hausdorff space.

Proof: Let
XTTY ={(e.1) | v € X}U{(.2) |y eV},

then we have the canonical projections
pr: X — X][]Y

and
P Y — X[V

Let z1,29 € X and (z1,1), (22,1) € X]]Y such that (x1,1) # (22,1). But
(x1,1) # (w9,1) = w1 # w9, and since X is a Hausdorff space then there
exist open subsets M and N of X such that z; € M, 2o € N and M NN = ¢.
With z; € M and x5 € N therefore (z1,1) € (M x 1) and (z2,1) € (N x 1),
and M x 1 and N x 1 are open subsets of X [[Y since ¢; (M x 1) = M and
07" (N x 1) = N, and

(Mx1)N(Nx1)=(MNN)x1=¢px1=¢.
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Similarly for (y1,2), (y2,2) € X [[Y such that (y1,2) # (y2,2) we have that there
exist disjoint open subsets, say (U x 2) and (V x 2), of X [[Y with
(y1,2) € (U x 2) and (y2,2) € (V x 2), and

Ux2)N(Vx2)=UNV)x2=¢x2=0¢.

Now we need to account for having two non-equal elements with one coming from
{(z,1) | x € X} and the other from {(y,2) | y € Y}. Let x € X and y € Y then
(,1),(y,2) € X][Y and by definition of X [[Y we have that (z,1) # (y,2).
Since

e ({(@1) |2 e X)) = X

and
oy {(,2) |yeY}) =Y

therefore {(z,1) | x € X} and {(y,2) | y € Y} are open subsets of X [[Y. By
definition
{(z,) |z X}n{(y.2) lyeY} =0

Hence X [[Y is a Hausdorff space. O

Theorem 2.2.6 Let X be a Hausdorff space and U C X, then U is closed if it
1§ compact.

Proof: We have to show that X \ U is open. Let x € X \ U. For any y € U
we have that  and y are distinct. Note that y € U = y € X since U C X.
Therefore, since X is Hausdorff, V y € U there exists open sets A, and B, such
that z € A,, y € B, and A, N B, = ¢. Having that U is compact it follows that
there exists a finite set I C U such that U C U B,. Since x € A, Vy € U, then
yel
T € ﬂ A, and ﬂ A, is open since the intersection of finite open sets is open.
yel yel

Then it follows that U N (ﬂ Ay) = ¢. That is, ﬂ A, is a neighbourhood of z
yel yel
disjoint from U. Therefore X \ U is open which implies that U is closed. U

Theorem 2.2.7 Let X be a Hausdorff space. If U C X is compact then it is
relatively compact.

Proof: Let X be a Hausdorff space and U C X be compact. We have to show
that the closure of U, that is CI(U), is compact. Since U C X and X is a
Hausdorff space then by Theorem 2.2.6 we have that U is closed. Now since U is
closed then by Theorem 2.2.2 we have that U = CI(U). This implies that Cl(U)
is compact since U is compact. With CI(U) compact therefore U is relatively
compact. Il
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2.3 Concepts on Frolicher spaces.

2.3.1 Frolicher structures and spaces.

Let X be a non-empty set,
RY :={f: X — R | fisa function}

and
XB:={c:R— X | cisa curve}.

Consider the power sets P(R¥) and P(X®). Let U: F} — Fy and V : Fy, — F3
be inclusion maps where Fy, Fy, I3 € P(RY). Then we have the composition
function V o U : F} < F3 by transitivity of sets. Also, V F' € P(R¥) we have
the identity function I : F — F. Therefore subsets of R* and inclusion maps
make P(R¥) a category. Similarly, P(X®) is also a category.

Let F € P(RX),C € P(X®) and " : P(R¥) — P(X®) and
¢ : P(X®) — P(RY) be defined by

'F={c:R— X | foceC®R,R),V feF}
and
OC:={f: X —R| foce C®R,R), VceC},

where C°(R,R) is the set of all infinitely differentiable (smooth) maps from R
to R. That is, I' maps a set of real-valued functions to a set of curves into X,

and ® maps a set of curves into X to a set of real-valued functions on X. Thus,
FePRY) = TFeP(X®) and C € P(X®) = ®C € P(RY).

Lemma 2.3.1 Let X be a non-empty set, RX be the set of all real-valued func-
tions on X and X® be the set of all curves into X. Given Fy, F; € P(RX) and
Co, C € P(XR)

1. .[fFo g F1 then FFl g FF(), F() Q @FFO and FFO = F@FFO

2. [f Co Q Cl then (I)Cl Q (I)Co, CO Q FCI)CO and (I)CO = (I)F(I)CO

Proof:

1. Let Fy, Fy € P(RY) such that Fy C Fy. For I': P(R¥) — P(X®) we have
that
Il'Fy={c:R— X | foce C®R,R), V [ € Fy}

and

TF={c:R—X|foce C°[R,R), ¥ feF}
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Let ¢ € I'F therefore foce C®(R,R),V f € F|. But since Fy C F; then
it follows that foc e C®(R,R), V f € Fy, and this implies that ¢ € T'Fy.
That is c € I'Fy = c¢ € I'Fy, therefore I'Fy C I'Fy,.

Let ® : P(X®) — P(R¥) be defined, and with

lFp={c:R— X | foce C®R,R), VY f € Fp}
we have that
IFy={f: X —R| foce C*°(R,R), Vcel'F}

Let f € Fy then foc € C®(R,R), V ¢ € I'Fy, which implies that f € ®T'F.
That is f € Fy = f € ®I'F}, therefore Fy C ®I'F. Let f € I'DF}, then
V ¢ € T'Fy we have that foc € C®(R,R). But ¢c € TFy, = f € Fy,
therefore ®I'F, C Fy. That is Fy C ®I'Fy and ®I'Fy C F,. Therefore
Fy = ®T'Fy and since Fy, PT'Fy € P(RX) therefore I'Fy = I'®T' Fy,.

2. Let Cy,C; € P(X®) such that Cy C C;. With & : P(X®) — P(RY)
defined we have that

PCHy={f: X —R| foce C®R,R), Vce Cy}

and

@Olz{fZXHR‘fOCGCOO(R,R), VcECl}.

Let f € ®C; then foce C®(R,R), V ¢ € (4, which implies that

foce C®R,R), V c € Cy, since Cy C (Y, therefore f € Cy. That is
fedC; = [ e dCy, therefore C; C OC.

Let I : P(RY) — P(X®) be defined then applying I' on

PCH={f: X —R| foce C®R,R), Vce Cy}
we have that
['eCy={c:R— X | foce C*(R,R), V f € ®Cy}.

Let ¢ € Cy, then foc € C*(R,R), ¥ f € ®Cy, which implies that f € ['®PC.
That is c € Cy = ¢ € I'®(y, therefore Cy C I'®Cy. Let ¢ € ®I'CYy, then
V f € ®Cy we have that foc € C°(R,R), which implies that ¢ € Cy,
therefore I'®C, C (. That is, Cy C I'®Cy and I'®Cy C ), therefore
Cy = I'®Cy and since Cy, 'PCy € P(XR) therefore ®Cy = SPI'OC,. d

Let Cy, Cy, C3 € P(X®) such that C; C Cy C C3, then we have that @ : C; — ®C;
where ®C; € P(R¥) for i = 1,2,3. Now since C; C Cy C O3 in P(X®), then
we have the inclusion maps 2; : C; — C5 and 15 : Cy — (3 as morphisms in
P(X®). Then it follows that we have the inclusion 125 01, : C; — C3. But since
C; C (5 C (O3 then by Lemma 2.3.1, $C3 C ®Cy C ®(, that is, we have the
inclusion maps ®(1;) : ®Cy — PCy and P(23) : PC3 — PCy as morphisms in
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P(RX). Then it follows that we have the inclusion ®(2;) o ®(25) : ®C3 — ®CY.
Then since C; C C5 then we have that ®C5 C ®C; by Lemma 2.3.1, that is, the
inclusion ®(1301;) : ®C5 — ®CY is the corresponding morphism in P(R¥). Then
it follows that ®(13012;) = ®(21) 0P (22). These is illustrated in the diagram below:

12017

i \ / i

P lcb P
Ol

/ \

<I>C1 OOy

ZQOZl 7,1 O(PZQ

The arrows 11, 19, 22 0 21, ®(21), P(22) and P(29 02;) are inclusion maps.

Let C be any element in P(X®) and consider the identity map Io : C — C.
Then ® : C'+— ®C and since C' C C then by Lemma 2.3.1 ®C C ®C and thus
we have the identity map Igc : @C — ®C in P(R¥). Therefore it follows that
®(Io) = Ipc. These is illustrated in the diagram below:

Ic
C C
) )
oC oC
Isc

From the above diagrams we have that ® preserves composition and identity.
The same process can be applied for I' : P(RY) — P(X®). Hence ® and I" are
functors.

Definition 2.3.1 Frolicher structure and Frolicher space.
Let X be a non-empty set, I : P(RY) — P(X®) and ® : P(X®) — P(R¥) be
defined by

'F:={c:R— X | foce C®R,R),VfeF}
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and

OC :={f: X — R | foce C*[R,R),Vc e C},

where C°(R,R) is the set of all infinitely differentiable (smooth) maps from R to
R. A Frolicher structure on X is the pair (Cx, Fx) where Cx € P(X®) and
Fx € P(R™) with the duality or compatibility condition that

I'Fy =Cyx

and
dCy = Fy.

The triple (X, Cx, Fx) is called a Frélicher space.

That is for a Frolicher space (X, Cyx, Fix) we have that

Cx=TFx={c:R— X | foce C®°(R,R),Vf € Fx}

and

Fy=®Cx ={f: X — R | foce C°R,R),Yc e Cx}

where I' : P(R¥*) — P(X®) and ® : P(X®) — P(R¥). Thus, the diagram
R —— X

N

commutes, V f € Fx and ¢ € Cx. Frolicher spaces were previously called smooth
spaces (see [45])

Lemma 2.3.2 Let (X,Cx, Fx) be a Frélicher space. Then ¢ € Cx if and only
if Fx oc C C®°(R,R) and f € Fx if and only if f o Cx C C*(R,R). And
FxoCx C C*(R,R).

Proof: This follows from the definition of Frolicher structure and Frolicher space.
O

Theorem 2.3.1 Let f : R" — R be a function. Then f is smooth on R™ if and
only if foc:R — R is smooth for each curve ¢ : R — R". That is,
f e C®R"R) if and only if f oc € C®°(R,R) for each curve c € C*(R,R").

Theorem 2.3.1 and its proof are the result of the work by Boman in [21].

Examples of Frolicher spaces:
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Example 2.3.1 The canonical Frolicher space.

Let (R)®", n € N, be the set of all real-vlued functions on R™ and (R™)¥ be the set
of all curves into R™, then P((R)®") and P((R™)®) are categories. Let f € (R)E"
and ¢ € (RME, and let T : P(R)®") — P((R™)®) and

®: P(R")®) — P((R)®") be functors defined by

F'F={c:R—R"| foce C®*R,R), ¥V f€F}
and
PC={f:R" —R| foce C®R,R), Vce(C}.

Let F = C*(R",R). With foc € C*(R,R), Y f € F = C*(R",R), then
c € C®(R,R™) by Theorem 2.3.1. Similarly let C = C*(R,R"), then with foc €
C>*(R,R), V c € C*(R,R"™), we have that f € C*°(R™",R) = F. That is,
FC*R"R)={c:R—R"| foce C®R,R), V f € C*(R",R)} 2.1)
= C*(R,R") '

and

PC*(R,R") ={f:R" — R | foce C*(R,R), Vce C*R,R")}
= C*(R",R).
Therefore (C*(R,R™), C*(R",R)) is a Frolicher structure. Hence the triple
(R™, C>*(R,R™), C*(R™,R)) is a Frolicher space. That is, the diagram
R —— R"

N/

commutes V f € C®(R™",R) and V ¢ € C*(R,R"). The Frélicher space
(R, C*(R,R™), C>*(R",R)) is called the canonical Frélicher space.

(2.2)

Example 2.3.2 Manzifolds.
Let RM and M® be the set of all real-valued functions on M and a set of all
curves into M, respectively, where M is a smooth manifold. Let f : M — R
and ¢ : R — M be a smooth real-valued function on M and a smooth curve into
M, respectively. Then foc: R — R is a smooth map since M is a smooth
manifold. Let T : P(RM) — P(M®) and ® : P(M®) — P(RM) be functors
defined by

'F={c:R— M| foce C*R,R), V f € F}
and

OC={f: M —R| foce C*R,R), Vce(C}
Then since c € C*°(R, M), f € C®°(M,R) and foc e C®(R,R), then we have
that

FC(M,R)={c:R— M| foce C*R,R), V f e C*(M,R)}

— C™(R, M) (23)
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and

PC®R,M)={f: M — R | foce C®R,R), ¥V c e C°(R, M)}

_ C=(M,R). (24)

Therefore the pair (C>*(R, M),C>®(M,R)) is a Frélicher structure, and thus the
triple (M,C>®(R, M),C>®(M,R)) is a Frolicher space. That is, the diagram
R —— M

N

commutes ¥V f € C®°(M,R) and ¥V ¢ € C*(R, M).

2.3.2 The category of Frolicher spaces

Definition 2.3.2 Frolicher smooth map.

Let y: X — Y be a mapping where (X,Cx, Fx) and (Y,Cy, Fy) are Frélicher
spaces. The mapping p: X — Y is a Frolicher smooth map if
{poc|ceCx} CCy and{fop| feFy} CFx. Thatis, p: X — Y isa
Frolicher smooth map if fope C®(X,R), poce C*R,Y) and

fopoce C®R,R). Then we have the diagram

x " .y
h
R - R

fouoc

where h:= fopu and k:=poc.

Let (X,Cx, Fx), (Y,Cy, Fy) and (Z,Cz, Fz) be Frolicher spaces. Let

e (X, Cx, Fx) — (Y,Cy, Fy) and p : (Y,Cy, Fy) — (Z,Cy, Fz) be Frolicher
smooth maps. That is, {poc|ce Cx} CCy, {fou| f € Fy} C Fx,

{fop| f € Fz} C Fy and {poé|é € Cy} C Cy. Since the codomain of i and the
domain of p are the same therefore we have po u: (X,Cx, Fx) — (Z,Cz, Fy).
Let d € C'x and g € Fz. We have that go p € Fy since g € Fz and p is Frolicher
smooth. Since p is Frolicher smooth then it follows that go(pou) = (gop)ou € Fy.
Similarly pod € Cy and (popu)od = po(nod) € Cy since d € Cx and that p
and p are Frolicher smooth. That is, we have that {go (popu) | g € Fz} C Fx
and {(pop)od | de Cx} C Cyz, therefore p o u is Frolicher smooth.

Let (W, Cw, Fw) be a Frolicher space and I : (W,Cw, Fw) — (W, Cw, Fw)
be an identity map. Let f € Fy and ¢ € Cy, then fol = f and [ oc = ¢. That
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is{fol|f€Fw}=Fyand{loc|ce Cw}=Cy. Therefore

I: (W, Cw, Fw) — (W,Cw, Fw) is a Frolicher smooth map. That is, for any
Frolicher space (W, Cy, Fy) the identity morphism

I: (W, Cw, Fw) — (W, Cw, Fiy) is Frolicher smooth.

Thus Frolicher spaces and Frolicher smooth maps form a category, that is the
category of Frolicher spaces, which consists of Frolicher spaces as objects and
Frolicher smooth maps as morphisms (see [7] [8], [10], [13], [14], [29], [30], [32],
[36], [86], [88] and [89]).

The category of Frolicher spaces possesses some interesting properties (see [7],
[13], [30], [45] and [56]). Here are some of the properties:

1. The category of Frolicher spaces is complete and cocomplete. That is the
category of Frolicher spaces has limits and colimits (see definitions 2.1.7
and 2.1.8).

2. The category of Frolicher spaces is Cartesian-closed (this follows from [60],
see also [13]).
Consider the set C*(Y,Z) of all smooth maps from the Frolicher space
Y = (Y, Cy, Fy) to the Frolicher space Z := (Z,Cy, Fz). For any Frolicher
spaces X = (X,Cx, Fx), Y = (Y,Cy, Fy) and Z := (Z,Cz, Fz), the set
C*>(Y, Z) satisfies the isomorphism

O®(X x Y, Z) = C®(X,C®(Y, Z)).

If X =R, that is C*(Rx Y, Z) =2 C*(R,C>(Y, Z)), then we construct the
set Cy.z of curves ¢ : R — C*°(Y, Z) by requiring that the map
¢:RxY — Z defined by ¢é(t,y) := c(t)(y) is smooth. Let Fy z be a set
of real-valued functions f : C*(Y, Z) — R such that foc € C®(R,R)
for all ¢ € Cy.z. Let RE“(}2) and (C*(Y, Z))® be the set of all real-valued
functions on C*°(Y, Z) and the set of all curves into C>* (Y, Z), respectively.
Let T': P(RC™(Y2)) — P((C*®(Y, Z))®) and

®: P((C®(Y, Z2))F) — P(RE“M2)) be functors defined by

IF={c:R—C®Y,2)| foce C®°(R,R), V fc F}
and
OC :={f:C(Y,Z) — R | foce C®(R,R), Vcec C}.

Now let F' = Fy ar}d C = Cy,z, then since fo c € C*(R,R) for all
c € Cyy = C, with f € Fy 4, therefore ®(Cy,z) = Fy,z. Then it follows
that

TFy,={c:R— C®(Y,Z) | foce C*(R,R), ¥V f € Fys} = Cyy
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That is. the duality or compatibility condition holds. Therefore (Cy.z, Fy z)
is a Frolicher structure on C*(Y, Z). Thus the triple (C*(Y, Z), Cy.z, Fy z)
is a Frolicher space. Then the canonical isomorphism

C®(X x Y, Z) = C®(X,0°(Y, Z))

is an exponential law for the category of Frolicher spaces and it holds for
every Frolicher space X := (X, Cx, Fx), Y := (Y,Cy, Fy) and

7 = (Z,Cy,Fz). Therefore the category of Frolicher spaces is Cartesian-
closed.

3. The category of Frolicher spaces is topological over the category of sets (see
[13], [30] and [56]). That is, the faithful (forgetful or underlying) functor
from the category of Frolicher spaces to the category of sets is faithful (see
Subsection 2.1.3).

4. The category of Frolicher spaces is a subcategory of the category of topo-
logical spaces since Frolicher spaces are topological spaces.

5. Subspace, product, coproduct and quotient exist in the category of Frolicher
spaces (see [5], [6], [7], [9], [10], [12], [17], [18] and [19)]).

2.3.3 Frolicher topologies.

Let (X, Cx, Fx) be a Frolicher space and consider the collection
TFX:{UQX | U:f71<V), VETR, erFx},

where 7k is the standard topology on R. Since ¢, X € P(X), with P(X) the
power set of X, then ¢, X C X. For every real-valued function f € Fx we have
that X = f~1(R) and ¢ = f~(¢). Since R, ¢ € 7, as 7 is a topology on R,
therefore X, ¢ € 7p,.

Let Uy, Us, ..., U, € Tp,, therefore U; C X and V f € F'x we have that

U= fY(V;) where V; € g, Vi=1,2,...,n. ThenﬂUi C X since U; C X,
i=1
Vi=1,2,...,n, and

Ui= ) = (ﬂV> .V f € Fx.

n
But mV} € 1g since V; € g, Vi = 1,2,...,n, (as 7g is closed under finite
i=1
intersection) therefore m U; € 7p,. That is, 7, is closed under finite intersection.
i=1
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Now let A, € Tp,, a € I. Therefore A, C X such that A, = f~1(V,), V f € F,
where V,, € 7, @ € I. Then UAO‘ C X since A, C X, a € 1. Also

acl

Ude=Ur'ova)=r" (U Va> , Y f € Fx

acl acl acl

and since 7k is closed under infinite union then U V., € /. Therefore
acl

U A, € Tp,. That is, 7p, is closed under infinite union

acl

Having that 7p, is closed under finite intersection and infinite union and that
¢, X € 7p,, hence 7, is a topology on X.

Now consider the collection
Tor ={U C X | c_l(U) €, Vee Cx}.

We have that ¢, X C X since ¢, X € P(X). Since ¢ € Cx is a curve into X then
cHX) =R,V ceCx. Also, V ¢ € Cx, we have that ¢7*(¢) = ¢. Since 7 is a
standard topology on R therefore ¢, R € 7. Then it follows that ¢, X € 7¢,..
Let Ry, Ry, ..., Ry € T¢y, then R; C X and V ¢ € Cx we have that

k
¢ Y (Rj) €, Vj=1,2,... .k And [|R; C X since R; C X, Vj=1.2,... k

Jj=1

k
But, V¢ € Cx, ¢! (ﬂ Rj> = ﬂc’l(Rj) € 7r since V ¢ € Cx we have that

J=1 J=1

k
c(Rj) € v, V j =1,2,..., k. Therefore ﬂ R; € 17¢,. That is, 7¢, is closed
j=1
under finite intersection.

Let Q, € 7oy, ¢ € I, then @, C X and ¢ (Q,) € ™, V ¢ € Cx. Also

c ! (U Q.| = Uc’l(Qq) € ™, Vc € Cx, since V ¢ € Cx we have that
qel qel
cfl(Qq) € 7r, ¢ € I. Therefore UQ‘J € Tc, since UQq C X. That is, ¢ is

qel qel
closed under infinite union.

Thus, 7¢, is a topology on X since it is closed under finite intersection and
infinite union and ¢, X € 7¢,.

The topology 7p, is induced from the structure functions of Fx and the topol-
ogy Tc, is induced from the structure curves of Cx. Thus these topologies are
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induced from the Frolicher space and for that we call them Frolicher topologies

(see [14]).

Remark 2.3.1 All structure functions and structure curves, of which are Frélicher
smooth, are continuous in T, and Tc, respectively.

Remark 2.3.2 The basis and subbasis of Tp, are given by the collections
{710, +400) | f € Fx} and {f71(0,1) | f € Fx}, respectively (see [36] and [{5]).

Lemma 2.3.3 Let (X,Cx, Fx) be a Frélicher space and Tp, and 7¢, be the
Frolicher topologies. Then Tp, C Ty -

Proof: Let A € 75, then A C X and V f € Fx, A= f~V), where V € 7
and 7R is a standard topology on R. Let ¢ € Cx be arbitrary, then V f € Fx we
have that

cHA) =c (V) = (fo) (V).

Since f € Fx and ¢ € Cx then foc e C®(R,R). Therefore foc: R — R is
Frolicher smooth since (R, C*(R, R), C*(R,R)) is a Frolicher space. This implies
that foc: R — R is continuous. Therefore (foc)™*(V) € g which implies that
c1(A) € g, V c € Cx. It follows that A € 7¢,. That is A € 7p, = A € Tpy,
hence 7p, C 7. 4

2.3.4 Frolicher subspace.

Let (X,Cx, Fx) be a Frolicher space, S be a non-empty set such that S C X
and 2 : S < X be the canonical inclusion. Let R¥ be the set of all real-valued
functions on S and S® be the set of all curves into S. With P(R®) and P(S®)
being power sets let G € P(R®), D € P(S®) and I' : P(R%) — P(S%®) and
® : P(S®) — P(R®) be functors defined by

I'G:={d:R— S |gode C*R,R), VgeqG}
and
®D:={g:S—R|gode C*R,R), Vde D}.

Let
Fr:={fou| fe€Fxandi:S— X}.

The function f o1 with f € Fx is a restriction of f on S and we denote that by
fls, that is, f|ls = f o1 Let d € S® then since ¢(R) C X, V ¢ € Cyx, therefore
there exists ¢ € C'x such that ¢ =1 0d. Thus

flsod=(fo1)od= fo(rod)= foc,
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for some ¢ € Cx. We have that foc € C®(R,R), V f € Fy and V ¢ € Cy,
therefore f|god e C*(R,R). By definition of I" we have that

FF*={d:R— S| flsod e C*(R,R), V fls € F*} := Cs.
Then by definition of ® it follows that
OIrF* ={g9: 5 —R|gode C*R,R), VdeT'F*=Cg}:= Fs.

Since flgod € C*(R,R), V d € I'F* = (g, therefore f|s € PI'F* = Fg which
implies that
F* C OTF* = Fy (2.5)

Then by Lemma 2.3.1 we have that I'F* = I'®T'F™*. Therefore
Fg =T®I'F*=TF"=Cyg (2.6)

and
®Cg = PI'F* = Fyg (2.7)

Thus, (2.6) and (2.7) gives the compatibility condition, therefore
(TF*, ®I'F*) = (Cs, Fs)
is a Frolicher structure. Therefore
(S, TF*, ®I'F*) = (S, Cs, Fs)

is a Frolicher space. Since S C X then (5, Cs, Fs) is a Frolicher subspace of the
Frolicher space (X, Cx, Fx).

Let
C*":={iod|deCsandr:S— X}

then
C* C Cx (2.8)

since flsod = fo(1od) € C*[R,R), V f € Fx, which implies that 1o d € Cyx.
Therefore by (2.5) and (2.8) we have that ¢ : S < X is Frolicher smooth. That
is, the morphism (S, Cg, Fs) < (X,Cx, Fx) is a morphism in the category of
Frolicher spaces.

Since the Frolicher subspace (.5, Cg, Fg) is a Frolicher space then we have Frolicher
topologies induced from the Frolicher structure (Cyg, Fs). That is the topology

T0s = {UCS |t U) €1, VeceCs}
induced from structure curves, and the topology

TFSZ:{UQS|U:]C71(V), VGTR,VfEFs}



2.3 Concepts on Frolicher spaces. 30

induced from structure functions, where 7z denotes the standard topology on R.
By Lemma 2.3.3 we have that 77, C 7¢,. We also have canonical topologies
induced on S, that is, the subspace topologies

Tre (S) ={SNU | U € 1p,. }

and
Toy (S) :={SNU | U € 70, }

The subspace topologies make the inclusion ¢ : S < X continuous.

Lemma 2.3.4 Let (S,Cs, Fs) be a Frolicher subspace of the Frélicher space
(X, CX,FX>, then TFX(S) C TCX(S).

Proof: Let SNU € 75, (S), then U € 7p,. But by Lemma 2.3.3 75, C 7¢y,
therefore U € 7¢,, and hence SNU € 70, (5). Thus 75, (5) C 7, (5). O

Lemma 2.3.5 Let (S,Cs, Fs) be the Frélicher subspace of the Frélicher space
(X,Cx, Fx), then 7, (S) C Try C Tey-

Proof: By Lemma 2.3.3 we have that 7py C 7g, since the Frolicher subspace
(S, Cs, Fs) is a Frolicher space. It is therefore sufficient to show that
Try (S) C Try. We have to show that if U € 7, (S) then U € 7p,. Let U € 75, (.5),

then U = SNV where V € 7p,. Let V = U f1(0,00), fo € Fx. Note that

f:1(0,00), a € I, is in the basis of 75, thereffr; V=[] f2'(0,00) € 7p,. Then
oer
U=5nV
= SN (U fa—l(o,oo))
aer
= LéJI(S N f21(0,00)) (2.9)
= LEJI(Z‘I(f; 1(0,00)))
= LEJI((fa 01)7(0,00))

Since f, € Fx therefore f, 01 = f,|s € Fs, and thus (f, 02)7(0,00), a € I, is
an element of the basis of 7p,. Hence U = SNV = U((fa 01)7(0,00)) € Try,

acl
thus 7, (S) C 7pg. O
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Proposition 2.3.1 Let (S, Cys, Fs) be a Frélicher subspace of the Frélicher space
(X,Cx, Fx). Then the following hold:

1. ]fS € Try, then TFg :TFX(S).

2. If S € 1oy, then 7cg = 7, (9).

Proof:

1. Let S € 7, then S C X. By Lemma 2.3.5 we have that 7x,(S) C 7p,.
Then it is sufficient to prove that 7p, C 75, (S). Let U € 7p, then

U= U((faoz)’l(o,oo)) for some f, € Fx, a € I, where 1: S < X. Then

acl
it follows that

acl

= |J5n £21(0,00))

acl

(2.10)

acl

U £, oo))

a€el

U (f21(0,00))

Since f,;1(0,00) is an element of the basis of 7, then

U= JSNf10,00) € 7 (). That is, U € iy = U € 75 (S).

acl

Therefore 7, C Try (5), and since 74, (S) C Try, hence 7p, = 75, ().

2. Let S € 70, and let U € 7¢. That is, S C X, ¢ *(S) € 7, V ¢ € Cx, and
UCS,d'U) € m, Vde Cs, where 1 is the standard topology on R.

Then it follows that

(2.11)
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Then since 10d € Cx and d ' (U) € 1 therefore (10d)~'(U) € mr. Thus
Ue€1e, as U C X. We also have that

U=1"04))
= S N(U) (2.12)
=SNU

Then U = SNU € 7¢,(S) since U € 7¢,. That is,

Uertey, = U €1, (S), therefore 7o, C 7, (S5).

Let V € 7¢,(S) then V = SNW where W € 7¢,, that is ¢} (W) € 73,
V ¢ € Cx, where 7y is the standard topology on R. Also, S € 7¢, therefore
¢ (U) € 1r, V ¢ € Cx. Then we have that

V)= (SnW)=cH(S)Nc' (W) €

since g is closed under finite intersection as it is a topology. Therefore
V € 7¢,. This implies that (10d)™*(V) € 7 since 10d € Cx. But

d
=d'(VnS) (2.13)
d

)
is, V€ 10, (S) = V € 1¢g therefore 7¢, (S) C 7¢y. Thus we have that
) and 7 (S) C 7oy hence 7o, = 70, (S).

g

2.3.5 Frolicher product.

Let {(X;,Cx,, Fx,) | t =1,2,...,n} be a family of Frolicher spaces and let

X = H X; be a Cartesian product in the category of sets. Let R* be the set of all
i=1

real-valued functions on X and X® be the set of all curves into X. With P(R*) and

P(X%) being power sets let F' € P(R*), C € P(X®) and I : P(R*) — P(XF)

and @ : P(X®) — P(R*) be functors defined by:

I'F={c:R—X| foceC®R,R), VY feF}
OC:={f:X—R| foce C*R,R), Vce(C}.
Let p; : X — X;,Vi=1,2,...,n, be a canonical projection and let
K :={fiopi | fi € Fx,, i=1,2,...,n}.

Let ¢; € Cx, then ¢;(R) C X; and p; ' (¢;(R)) # ¢ since p; : X — X; is a surjective
function Vi = 1,2,...,n. Then there exists d € X¥ such that d(X) = p; ' (c¢;(R)).
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Therefore V ¢; € Cx, 3 d € X® such that ¢; = p;jod, Vi =1,2,...,n. Thus
Vi=1,2,...,n we have that

(fiopi)od= fio(piod) = fioc; € C*(R,R)

since f; € Fx,, ¢; € Cx, and (X;, Cx,, Fx,) is a Frolicher space. By definition of
[' we have that

FK:={d:R—X| (fioc;)od e C*R,R), ¥V (fiop;) € K} := Ck.
Then by definition of ® it follows that
K :={g: X —R|gode C®R,R), Vde&TlFx}:= Fx.

Now since (f;op;) od € C*°(R,R) then we have that K C ®I'K := F. Then by
Lemma 2.3.1 we have that 'K = I'®¢I' K. Therefore

TFy = TOTK =TK = Oy (2.14)

and
OCy = PI'K = Fy (2.15)

Thus (2.14) and (2.15) gives the compatibility /duality condition therefore
(TK,dI'K) = (Cx, Fx)

is a Frolicher structure. Therefore the triple (X, Cy, Fx) is a Frolicher space. Since

X = ﬁ X; is a Cartesian product in the category of sets then we call (X, Cy, F¥)

i=1
the Frolicher product.

With (X, C%, Fx) a Frolicher product, {(X;,Cx,, Fx,) | i = 1,2,...,n} a fam-
ily of Frolicher spaces and p; : X — X, a canonical projection V¢ =1,2,....n
then Vi =1,2,...,n we have that p,od € Cx, V d € (%, since
fio(piod) € C*(R,R), V f; € Fx,. This implies that Vi = 1,2,...,n we have
that

K* = {piod | dGC}j} CCXZ..

Recall that we also have that
K:={fiop; | fi€ Fx,, Vi=1,2,...,n} C Fx.

Therefore with K* C Cx, and K C Fx then we have that the projection
p; » X — X is Frolicher smooth Vi =1,2,... n.

Since the Frolicher product (X, Cx, F%) is a Frolicher space then there are Frolicher
topologies induced from the Frolicher structure (Cyx, Fx). These topologies are
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denoted 7¢, and 7x,, that is the topology induced from structure curves of Cx
and structure functions of Fy, respectively. By definition we have that

TFx:{Ug%’U:fil(V), VGTR,VfEFx}

and
:{UQI|C_1(U)€TR, VCGC};}

where 7y is the standard topology on R. By Lemma 2.3.3 we have that
Try C Tox

since (X, Cy, Fx) is a Frolicher space.

We also have the canonical product topology induced on X = HX“ which
i=1
we denote by 7., and is generated by the basis

{ﬂm ) | Ui € Ty Vi = 1,2, }

(see Lemma 2.6.1 in [89]) where p; : X — X is a canonical projection,
V=12 ...,n. The product topology 7, is canonical on X and makes the
projection p; : X — X, continuous Vi =1,2,... n.

Lemma 2.3.6 Let p; : X — X, be the canonical projection, ¥ 1 = 1,2,...,n,

therefore ﬂpi_l(Ui) = HU"" VU, CX;,Vi=12,...,n.

=1 i=1

Proof: Let z = (21,22, ...,2,) and p; : X — X, be the canonical projection,

Vi=1,2,...,n,such that z € (WpZ . This implies that z € p; ' (U),

=1
Vi=1,2,...,n. Therefore p;(z) = pi(z1,22,...,2,) =2, € U;, YVi=1,2,...,n.

This implies that z € H U,. That is z € ﬂp;l(Ui) = zc HUZ' therefore

i=1 =1 i=1

ﬂp;l(Ui) C H U;. Similarly, let z = (21,29,...,2,) € H U;, therefore
i=1 i=1
pi(2) =z €U, Yi=1,2,. n Which implies that V i = 1,2,...,n we have

that z € p; '(U;), therefore z € mp . That is

z € H U — z¢€ ﬂpl ), therefore H U, C ﬂpz . Hence

HMZQMWW 0
i=1 =1
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Lemma 2.3.7 Let (X,Cx, Fx) be the Frolicher product, T, be the Frélicher
topology induced from the structure functions of Fx and 7, be the canonical prod-
uct topology on X. Then 7, = Tp, C Tc,-

Proof: By Lemma 2.3.3 we have that 7p, C 7¢, since the Frolicher product
(X%, Ck, Fx) is a Frolicher space. It is then sufficient to show that 7, = 7p,. That
is we have to show that 7, C TFy and that 7p, C 7. We first show that 7. C 7p,.

Let H U; € T, but since H U, = ﬂ p; (U;) by Lemma 2.3.6 therefore

=1

UETFX,VZ—IZ nThean—12 .,n we have that U; C X, such
that U; = £, *(V), V fl € Fy,,and V € 1 Where Tr is the standard topology on

R. Thus [JU; € [[ Xi = X since U; € X;, Vi=1,2,....n. Then

=1 =1
n

Vo (up, ug, ..., uy) € HUi 3 W € 7g such that g(ui,us,...,u,) € W, with g € F.

=1

Therefore
{ U, U2y o0y U e X | g(u17u27"'7u ) S W}
= { UL, Uy ovy Up) € HU | g(uy, ug, ..., up) € W}
= (2.16)
= 1, U2, ..., U ) | u; € U}

I
e
=

If fi(x;) e V, V f; € Fx,, for some V € 1, then by pulling-back we have that

g(fL‘l,Ig, "'7$n> - (fl Opi)(‘rlax% 71:71) ev

where p; : ¥ — X, is a canonical projection. Furthermore, since U; = f;*(V),
V fi € Fx,, for some V € 7, therefore

H Ui = H fit
i=1 i=1

B H{%‘ €X;| fiz;) eV} (2.17)
= {(x1,29,....,x,) € X | g(x1,22,...,2,) € V}
=g7(V)

n n
Thus H U; € 7p,. That is, H U, erpn = H U; € g, therefore 7. C 7p,.

i=1 =1 i=1
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Now we have to show that 74, C 7,. Let U € 7p,, then U C X, and there-
fore U = HYi where Y; C X,;. Then HY; = U € 7p,, then we have that

i=1 =1
n

HY;- =U =g ' (T),V g € Fx, where T € 7. Therefore

(1,22, ..., Tn) € HXz' = X | pi(wr, w9, ..own) € fi7H(T), T € TR}
i=1

I
— —

(T1, T, ..., Tp) € HXi =X |z e fi YD), Te TR}

i=1
= H fiH(D)
i=1
(2.18)
Thus Y; = f;"%(T) where T € g, therefore Y; € Try,- By Lemma 2.3.6 this
implies that H Y, e 7, ThatisU = H Yictp, = U= HY} € T, therefore

i=1 i=1 i=1
Try C Tr. Since 7, C 7p, and 7p, C 7, hence 7, = 7p,. O

2.3.6 Frolicher coproduct.

Let {(X},Cx,, Fx,) | j € J} be a family of Frélicher spaces and let NV := HX]-

jeJ
be a coproduct in the category of sets. Let RV be the set of all real-valued
functions on A" and N® be the set of all curves into N, with the power sets
P(RN) and P(N®). Let FF € P(RY), C € P(N®) and T : P(RY) — P(NF)
and ® : P(N®) — P(RV) be functors defined by:

'F:={d:R— N |gode C®R,R), VgeF}

PC:={9g: N —R|gode C*R,R), Vde C}.

Consider the canonical injection ¢; : X; — N, j € J, and let

Cry={pjoc;|c;€Cx,, j€Jt CNE
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By definition of ® we have that
oC ={g9: N —Rgo(pjoc;) € C*(R,R), V(pjoc;) € Cyy, j € J} = Fy.
By definition of T" it follows that

I'eC={d:R— N | gode C*(R,R), Vg e ®C}:=Cy.

Let (pjoc;) € Cy, j € J, then go(pjoc;) € C°(R,R), ¥ g € ®Cy, which implies
that (p;o0c¢;) € '®Cyp = Cyr. Thus (pjoc;) € Clp = (pjo¢;) € TOCY := O,
therefore

CH C FCDCH = Cy (2.19)
Then by Lemma 2.3.1 we have that
OC = PI'OCY (2.20)
Therefore
(1 = PI'OC ) = PCy = Fiy (2.21)
and
I'Fy =T®Cy = Cy (2.22)

Thus (2.21) and (2.22) gives the compatibility /duality condition, therefore
(I'eCry, @Cyp) = (Cy, F)

is a Frolicher structure. Therefore the triple (N, Cyr, Fyr) is a Frolicher space.

Since N := H X is a coproduct in the category of sets then we call (N, Cy, Fy)
jeJ
the Frolicher coproduct.

Let

Fy=A{gowp;lg€Fy, jeJ}.
Then since (N, Cyr, Fyr) is a Frolicher space and (p; o ¢j) € Cy by (2.19) then
V g € Fj we have that go(p;oc;) = (gop;)oc;, V¢; € Cx;, therefore gop; € Fy,
Jj€J. Thatis, goy; € F]] = gop; € Fx, therefore for j € J we have that

[y C Fx,. (2.23)

Then by (2.19) and (2.23) the canonical injection ¢; : X; — N is Frolicher
smooth, 7 € J.

Remark 2.3.3 The morphism ¢; : X; — N is unique only for the coproduct

N = HXj. That is the morphism F — N is not unique for any Frolicher
jeJ

space (F, Cy, F¥). For example, let {(Y;, Cy;, Fy;) | j € J} be a family of Frélicher

spaces and suppose that Y, is a group under the binary operation x, for j € J.

That is Y s closed and associative under the operation *, and there is an inverse

and an identity in Y; under the operation x. Thus for j € J



2.3 Concepts on Frolicher spaces. 38

I.axbey; Vabey;.
2. ax(bxc)=(axb)*c, Vabcey;.

3. YacY;decY, such that axe = exa = a. In this case e is called an
identity in Y.

4. Ya€Y;Ja €Y suchthat a™' xa =axa"' = e where e is an identity
in Y;. In this case we say that a™' is the inverse of a.

Consider the Frélicher product (), Cy, Fy) where ) =Y, X Y,, and the mor-
phism ) 1) — HY] Let x,y € Y, then ¢ can be defined as

jeJ
Y(x,y) = (v,m) , (z,y) = (y,m) and Y(z,y) = (v * y,m). Therefore ¢ is not
UNIQUE.

Since the Frolicher coproduct (N, Cyr, Fir) is a Frolicher space, as such, we can
induce Frolicher topologies from the Frolicher structure (Cys, Fyr). These topolo-
gies are denoted 7¢,, and 7p,, induced from the structure curves of Cyr and the
structure functions of F)r, respectively. They are defined as

Toy ={U CN | ¢ (U) € g, ¥V c€ Cy}

and

Ty ={UCN |U=f(V), Ve,V feFy}
where 7y is the standard topology on R. Lemma 2.3.3 gives that

Trv C Ton

since (N, Cy, F) is a Frolicher space.

We also have a canonical topology on N := H X;. That is the coproduct topol-
j€J
ogy (see [3] and [70]). The coproduct topology on N is given by the collection

T = {UQN ’ g0j71<U) ETFXj, jE J}

Lemma 2.3.8 The coproduct topology i1 s the finest topology in which all canon-
ical injections p; : X; — N are continuous, j € J, and 7¢,, C 1.

Proof: Let 7 be an arbitrary topology on N := H X for which
jed

¢;: X; — N is continuous, j € J. That is, V V' € 7 we have that

o, H(V)=U; € Try,, thus ©; 1 (V) is open in Try,, J € J. Then by applying ¢;

on both sides of U; = ,;71(V) we have that

0i(U;) = 0i(e; (V) =V ng;(U;).



2.3 Concepts on Frolicher spaces. 39

Since U; € 7p, then U; C X; implying that ©i(U;) C N since ¢; : X; — N.
But ¢;~ (gpj(U ) =U; € Try, - therefore ©;(U;) € m1. Thus

i 3 ;(U;) =V Ny, U;). Since 1 is a topology and thus is closed under finite
intersection therefore V€ 7. That is V € 7 = V € 71, therefore 7 C 7.
Since 7 is arbitrary therefore 7y is the finest topology in which ¢; is continuous.
With 7 being arbitrary then we let 7 = 7¢,,, then we have that 7¢,, C 1. OJ

Lemma 2.3.9 Let the Frolicher topologies Tp,, and T¢,. and the canonical co-
product topology i1 be defined as usual, then Tr,, = 7¢,, = Ti1.

Proof: By Lemma 2.3.8 we have that 7p,, C 71 since 7, C 7¢,, C 1. It is
sufficient to show that 71 C 7x,,. Let U € 7, that is U C N and p; ' (U) € 75y ,
J

j € J. Then ;1 (U) € Try, implies that 0; Y(U) C X; and ;7Y (U) = ;71 (V),
V fj € Fx,, j € J and V € 7p. Then it follows that ¢;~'(U) = f;'(V), which
implies that U = ¢;(f; (V). ThenV g € Fyr we have that f; = go;, therefore

U= %(JCJ_I( )
—SOJ((QOSOJ) V)
=pi((p; " og™)(V)) (2.24)
= @i~ ( H(V))

=g '(V)

Since U C N therefore we have that U € Try. That is U € 1 = U € 75y,
hence 71 C 7. Now since 7p, = 71 and 7¢,, C 71 then 7¢,, C 75,,. With
Try C Tc,, (by Lemma 2.3.3) therefore 75, = 7¢,, = 1. O

2.3.7 Frolicher quotient.

Let (X, Cx, Fx) and (Y, Cy, Fy) be Frolicher spaces and

h:(X,Cx,Fx) — (Y,Cy, Fy) be amorphism in the category of Frolicher spaces
and ~ be a relation on X defined by z1 ~ x9 <= h(x;) = h(x), V 21,29 € X.
The relation ~ is reflexive since v ~ z <= h(z) = h(z), V z € X, is trivial.
Also V z1,29 € X we have that h(z1) = h(zy) <= h(x2) = h(x;) therefore
Ty ~ Ty < X9 ~ T1, we say that ~ is symmetric. Let z; ~ x5 and x5 ~ x3
V 21,290,253 € X therefore h(z1) = h(z2) and h(xe) = h(xs) which implies that
h(zy) = h(x3) <= x; ~ x3, thus ~ is transitive. That is ~ is reflexive,
symmetric and transitive therefore it is an equivalence relation on X.

Definition 2.3.3 Kernel equivalence.

Let h : (X,Cx, Fx) — (Y,Cy, Fy) be a morphism in the category of Frélicher
spaces, the equivalence relation ~ defined by x1 ~ x9 <= h(x;) = h(xs),

YV 1,19 € X, is called the kernel equivalence of h.
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Let (X,Cx, Fx) be a Frolicher space, ~ be the kernel equivalence of h where h
is a morphism in the category of Frolicher spaces with the domain (X, Cy, Fx).
Let @ = X/ be a quotient set and ¢ : X — @ be a canonical projection. Let
R? be the set of all real-valued functions on @ and QF be the set of all curves
into R. Let P(R?) and P(Q®) be power sets. Let F € P(R?), C' € P(Q®), and
[': P(RY) — P(Q%) and ® : P(Q®) — P(R?) be functors defined by

'F={d:R—Q|gode C®R,R), VgeF}

PC:={g:Q —R|gode C*R,R), VdeC}.

Let
H:={qoc|ceCx}

then by definition of ® we have that

OPH={g:Q —R|go(goc) e C*[R,R), V(goc) e H}:= Fy.

By definition of I' it follows that
TOH={d:R—Q |gode C*(R,R), Vge dH}=Cp.

Let d € H therefore d = g o ¢ where ¢ : X — () is a canonical projection and
c € Cx. Then god = go(qoc) € C*[R,R), ¥V g € PH, which implies that
deT'dH :=Cq. Thatisd € H = d € '®dH := Cg, therefore

C CTdH = C (2.25)

Then by Lemma 2.3.1 we have that

OH = PI'OH (2.26)
Therefore
and
I'Fog=ToH :=Cy (2.28)

That is (2.27) and (2.28) gives the compatibility/duality condition, therefore
(I'oH, dH) = (Cq, Fq)

is a Frolicher structure. Thus the triple (@, Co, F) is a Frolicher space. We call
(Q,Cq, Fg) the Frolicher quotient since () = X/ is a quotient set. And the set
‘H is the generating set of the Frolicher quotient.

Let
F:={goq|ygeFy}

With g : @ — R a function on @) and the canonical projection ¢ : X — @ a
surjective function on X then go¢: X — R is a function on X and
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V g € Fy = ®H we have that go (goc) = (gog)oc € C®°R,R), V ¢ € Cy,
therefore g o g € Fx. Thus
F C Fx (2.29)

By (2.25) and (2.29) we have that the canonical projection ¢ : X — @ is
Frolicher smooth.

Remark 2.3.4 The morphism F — (@) is not unique for every Frolicher space
(F, Cp, Fr). That is, ¢ : X — @ is unique only for X and the quotient set

Q = X/~. For example, Let (X,Cx,Fx) and (Y,Cy, Fy) be Frolicher spaces
such that Y C X. With the Cartesian product ¥ = X x Y then (X,Cx, Fx)
is a Frolicher product. Consider the morphism ™ : X — Q. Let f € Fy,
then we have that f orn* : X — R. Since (X,Cx, Fx) is a Frolicher space
then (for*)od € C®(R,R), V d € Cx, therefore fon* € Fx. Similarly, we
have that 7* od : R — @Q for d € Cx. Then since (Q,Cq, Fg) is a Frélicher
space, fo(m*od) € C*[R,R), V f € Fg, therefore n* od € Cg. Hence the
morphism 7™ : X — @ is Frolicher smooth. But m* : X — Q) can be defined as
™(z,y) = [z] or 7*(x,y) = [y], [x] # [y], for (x,y) € X. Therefore 7* : X — Q
18 mot unique.

Remark 2.3.5 For any g € Fx there exists a unique map f € Fg such that
g= foq, where q : X — @ is the canonical projection.

Since the Frolicher quotient (@), Cg, Fp) is a Frolicher space then we have Frélicher
topologies induced from the Frolicher structure (Cg, F). The Frolicher topolo-
gies are denoted 7¢,, and 7p, and are induced respectively by structure curves of
Cg and structure functions of Fy. By definition

TCQ:{UQQ | ¢ HU) € T, VeeCgl

and
T, ={UCQ|U=f"(V), Vem VfeFy}

where 7 is the standard topology on R. By Lemma 2.3.3 we have that 77, C 7¢,,.

We also have the canonical topology on @, that is, the quotient topology

T.={VCQlqg'(V)€n}

(see [3] and [70]). The quotient topology makes the canonical projection
q: X — @ continuous. That is the quotient topology is the largest, that is, the
finest topology on @) for which ¢ : X — @ is continuous.

Lemma 2.3.10 Let (Q,Cq, Iy) be the Frélicher quotient, Tr, be a Frélicher
topology induced from the structure functions of F and 7. be the canonical quo-
tient topology on Q, then Tp, = T..
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Proof: We have to show that Try C Tn and 7. C Try- Let U € Try, then U C @)
such that U = f[~Y(V),V f € FQ, V € 7r, where 7R is the standard topology on
R. Recall that V g € F'x 3 f € Iy such that g = f o ¢ where ¢ : X — @ is the
canonical projection (see Remark 2.3.5). Therefore

¢ (U)=q (V)

— (o V)
— (foq) (V) (2.50)
=g (V)

Since ¢~'(U) € X, therefore ¢~'(U) € 7p,. Thus U € 7., and hence 75, C 7.
Let W € 7., that implies that W C @ and ¢~ *(W) € 7p, where

q: X — @ is the canonical projection. That is ¢71(W) C X and

¢ 'W)=g " V),V g€ Fx,V € 7g, where 7 is the standard topology on R.
Since ¢~ 1 (W) = g~ 1(V), then we have that W = (qo ¢ !)(V). By Remark 2.3.5
there exists a unique map f € Fy such that g = f o q. Therefore

W= (qog ")(V)

=q(g~(V))
=q((foq)™'(V)) (2.31)
=q((¢" o f7H(V))
= f7(V)
That is W C Q and V f € Fp 3V € 7 such that W = f~}(V), therefore
W € 7g,. That is, W € . = W € 7g,, hence 7. C 7x,. O

Lemma 2.3.11 Let (Q,Cq, Fg) be the Frolicher quotient, ¢, be the Frélicher
quotient induced from the structure curves of Cg and .. be the canonical topology
on Q, then 7c, = 7.

Proof: We have to show that 7¢, C 7. and that 7. C 7¢,. Let U € 7¢,, then
UCQand c'(U) € 1z, V ¢ € Cg, where 7 is the standard topology on R.
Since V g € Fx 3 f € Fg such that g = f oq then f~! = go g~'. Therefore

(2.32)

for some V' € 1g. Thus ¢ *(U) = ¢ '(V), V g € Fx. Therefore ¢ *(U) € 7r,,
which implies that U € 7., hence 7¢, C ..

Let W € 7., that is W C @ and ¢ (W) € 7p, where ¢ : X — @ is the
canonical projection. But ¢~ '(W) € 7p, implies that ¢~ (1) C X such that
g (W) =g V),V ge Fx, V € g, where 7 is the standard topology on R.
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But ¢ '(W) =g (V) = W =q(¢g'(V)). By Remark 2.3.5 there exists a
unique map f € Fy such that g = f o g, thus

g (V)= (foq) '(V) = (¢ o fTH)V).

Therefore
W =q(g (V)

=q((g o f7H(V))

=4 (V) .

= (V)
Then V ¢ € Cgy we have that

W) =cH(fT ( )
cltof (V) (2.34)

= (
=(fo ) '(V)
But foc: R — R is continuous since f € Fy, ¢ € Cg and foc € C(R,R).

Therefore (foc)™'(V) € 7 implying that ¢~ (W) € 1, V ¢ € Cg, thus W € 7¢,,.
That is, W € 7. = W € 7¢,, hence 7. C 7¢,,. O

Lemma 2.3.12 Let (Q,Cq, Fg) be the Frélicher quotient, Tr, be the Frélicher
topology induced from the structure functions of Fg, Tc, be the Frolicher topology
induced from structure curves of Cg and 7. be the quotient topology on @, then

TFQ = TC’Q = T~.

Proof: From Lemma 2.3.10 we have that Trg = Tm and from Lemma 2.3.11 we
have that 7¢, = 7. Then it follows that 7z, = 7¢, = 7. O

Theorem 2.3.2 Let X be a topological space, Y be a Hausdorff space,
f: X — Y a surjection and ~ an equivalence relation on X defined by x ~ y if
and only if f(z) = f(y), then the quotient set QQ := X/ is a Hausdorff space.

Proof: Since f : X — Y is a surjection then there exists a unique function
h:@Q — Y defined by h : [z] — f(z) such that f: X — Y factors uniquely
viam: X — @, that is f = hon (see Proposition 2.4 and Theorem 3.1 in [90]).
Thus the diagram

X "= Q

N
Y
commutes. Let [z],[y] € Q := X/ such that [z| # [y]. By the definition of the

equivalence relation ~ we have that [z] # [y] <= x ~ y <= f(z) # f(y). Since
Y is a Hausdorft space with f(z), f(y) € Y and f(x) # f(y) then there exists
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open sets W and Z in Y such that f(z) € W, f(y) € Z and W N Z = ¢. By
definition of h : Q — Y we have that h([z]) = f(z) and h([y]) = f(y), therefore
[#] = (h™ o f)(z) and [y] = (k™ o f)(y). Since f(x) € W and f(y) € Z therefore
[#] € ™Y (W) and [y] € h™1(Z), and b1 (W) and h~(Z) are open sets since the
pre-image of an open set is open. Also

WY W)NhYZ)=h""(WNZ)=h"'($) = 0.

Therefore () is a Hausdorff space. O

Lemma 2.3.13 Let f : X — Y be an injection, ~ be the kernel equivalence
of f, that is, x ~ y if and only if f(x) = f(y), V z,y € X and Q := X/ be a

quotient set. The canonical projection ™ : X — Q is an injection.

Proof: Let x,y € X. Then n(x) = 7(y) <= [z] =y <= .~y —
f(z) = f(y). And f(z) = f(y) = x =y since f: X — Y is an injection.
Therefore 7(z) = 7(y) = x =y. Hence 7 : X — @ is an injection. O

Theorem 2.3.3 Let X be a Hausdorff space, f : X — Y be an injective, ~
be an equivalence relation on X defined by x ~ y if and only if f(z) = f(y),
m: X — Q be the canonical projection, Tp, be the functional topology on X and
7. be the quotient topology. The quotient set QQ :== X/ is Hausdorff.

Proof: Let [z] and [y] be equivalence classes such that [z], [y] € @Q and [z] # [y].
That is x ~ y, which implies that © # y, and we have that z,y € X since
[z],[y] € Q. Therefore there exists U,V € 7p, such that x € U, y € V and
UNV = ¢. Having the canonical projection 7 : X — (), which is defined by
m(x) = [z], ¥V z € X, therefore 7(U), n(V) C Q. Having that f : X — YV
is an injection implies that 7 : X — @ is also an injection, by Lemma 2.3.13.
Therefore we have that 7= (7(U)) = U € 7, and 7 (7(V)) =V € 75, since
7 : X — @Q is an injection, which implies that 7(U), 7(V) € 7.. But

relU = [z]en(U)andy € V = [y] € n(V). Since U NV = ¢ therefore

7(U)Nm(V)=7n(UNV)=mn(p) = ¢.

Hence @ := X/. is Hausdorff. O

2.4 Concepts on bornology.

Definition 2.4.1 Bornology and bounded sets.

Let X be a non-empty set. A bornology 5 on X is a collection of subsets of X,
that is B C P(X), with P(X) the power set of X, such that the following are
satisfied:
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1. X = U U, that is, 8 covers X.
Ues

2. If Uy,Us,...,U, € B then UUi € (. That is, B is closed under finite
i=1
UNLON.

3. IfAC B and B € B then A € 5. That is, 8 is closed under inclusion.

The elements of the bornology B are called bounded sets.

Definition 2.4.2 Bornological set.
Let X be a non-empty set and 8 be a bornology on X, then the pair (X, ) is
called the bornological set.

Remark 2.4.1 Let 8 be a bornology as defined in the definition above. Then 3

covers X, that is X = U U. Therefore there exists U € B such that {x} C U,
UeB

Vo € X. Therefore {x} € 5,V o € X, since ( is closed under inclusion.

Since f C P(X), it then follows trivially that {z} € 5, ¥V x € X, implies that

X = U U. Therefore the condition that  covers X and the condition that

Uep
{z} € B,V x € X, are equivalent (see [84]).

If we have that § is a bornology and is closed under finite non-disjoint union
then 8 will be called a prebornology (see [55]). Herewith is the definition of a
prebornology:

Definition 2.4.3 Prebornology.

Let X be a non-empty set. A prebornology 5 on X is a collection of subsets of
X, that is B C P(X), with P(X) the power set of X, such that the following are
satisfied:

1. B covers X, that is, X = U B.
Bep

2. If AC B and B € B then A € 3. That is, B is closed under inclusion.

3. If Uy, Us,...,U, € B and (\U; # ¢ then | JU; € B. That is, B is closed
i=1 i=1
under finite non-disjoint union.

Definition 2.4.4 Base of a bornology.

Let (X, B) be a bornological set then By is a base of the bornology 3 if By C 5 and
VUe€epE AV e By such that U C V. That is, By is a base of the bornology of
if Bo is a subset of B and every element of (5 is contained in an element of [y.
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Lemma 2.4.1 Let X be a non-empty set and [y be a collection of subsets of
X. Then By is a base of a bornology on X if and only if By covers X and

VY UL Us, ..., U, € By 3V € By such thatUUiCV.

i=1

Proof: (=) Let § be a bornology on X and [y be its base. That is, Sy C 8
and VU € 3V € By such that U € V. Let Uy,Us,...,U, € By, therefore

Up,Us,...,U, € B since By C . This implies that U U; € (B since [ is closed
i=1
under finite union as it is a bornology. Then there exists V' € [, such that

UU" C V since fy is a base of 8. Therefore V Uy,Us, ..., U, € By 3V € By
i=1

such that U U; C V. Since ( is a bornology on X then [ covers X, that is
i=1

X = U U. Therefore U V C U U = X since fy C 5. We also have that

Ues Vepo ves
X = UUC U Vsince VU € 3V € [y such that U C V. That is we have
Uep Vepo
that X C U V' and U V C X, therefore X = U V' and thus Sy covers X.
VeBo VeBo VeBo

(«<=) Let By be the collection of subsets of X such that [y covers X and that

VY U,Us,...,U, € 8o 3V € [ such that U U; C V. Therefore there exists a
i=1

bornology S on X such that 5y C 3 since bornologies are closed under finite union

and inclusion. Let Uy, U,,...,U, € By then Uy, Us,..., U, € B since [y C f,

therefore UUi € [ since [ is closed under finite union. Now since both [
i=1
and ( cover X, that is X = U V = U U, and we also have that g, C S
VEpBo Uep

therefore V. B € g 4 Uy,U,,...,U, € By such that B = UUZ" It follows that
i=1

VYUe€p IV e fysuch that U C V. O

Remark 2.4.2 Let X be a non-empty set and [y be the collection of subsets of
X. The collection
B:={UCX|UCV e f}

is such that it is a bornology on X and By is its base (see [51]).
Definition 2.4.5 Bounded maps.

Let (X, Bx) and (Y, By) be bornological sets. We say that the mapping
(X, Bx) — (Y, By) is bounded if u(U) € By, ¥ U € Bx.
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Definition 2.4.6 Finer/coarser bornology.

Let (X, 1) and (X, B3) be bornological sets. If the identity mapping

id : (X, p1) — (X, B2) is bounded then we say that the bornology (1 is coarser
than the bornology Bs or the bornology (o is finer than the bornology (1. This is
equivalent to 1 C Ps.

Definition 2.4.7 Bornological isomorphism.

Let (X, Bx) and (Y, By) be bornological sets then the mapping

w: (X, Bx) — (Y, By) is called a bornological isomorphism if it is bounded and
its inverse is also bounded.

Examples of bornologies:

Example 2.4.1 Let X be any non-empty set and consider the power set
PX):={U | UC X}

of X. By definition of the power set P(X) we have that X = U U. That is,
UeP(X)

P(X) covers X.

Let Uy, Us,...,U, € P(X) then U; C X, Vi = 1,2,...,n, which implies that

U UiCX = U U; € P(X). Therefore P(X) is closed under finite union.
i=1 i=1

LetVCcUe€P(X)thenVCUCX = VCX = Ve P(X). Therefore
P(X) is closed under inclusion.

We have that P(X) is closed under finite union and inclusion and that it covers
X, therefore it is a bornology on X.

Example 2.4.2 Let X be any set and let

F(X):={U C X | Uis finite}.
Let Uy,Us, ..., U, € F(X) then U; C X s finite Vi = 1,2,...,n. Therefore
LnJ U; C X is finite which implies that LnJ U; € F(X). Therefore F(X) is closed

Zurider finite union. -
Let U € F(X) and V C U. Since U € F(X) then U C X s finite, therefore
V CcU = V C X which implies that V' is finite, therefore V- € F(X). That
is, VCU e F(X) = Ve F(X), thus F(X) is closed under inclusion.
The singleton {z} C X is finite V x € X, therefore {x} € F(X), Vx € X. Thus
X = U U, that is F(X) covers X.

UeF(X)
Hence F(X) is a bornology on X since it covers X and it is closed under inclusion
and finite union.
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Remark 2.4.3 With X a non-empty set, the power set P(X) is the largest
bornology on X and the set F(X) = {U C X | U is finite} is the smallest
bornology on X (see [17]).

Definition 2.4.8 Let X be a vector space over the field K.

1. Let B C P(X) such that B is closed under vector addition, scalar multipli-
cation and the formation of balanced hulls (that is, the sum of two bounded
sets is bounded) then B is called a vector bornology on X .

2. IfV X € K, |\ <1, we have that \U C U for U C X then we say that U
is circled (see [65]).

3. We say that A C X absorbs B C X if A r € R, r > 0, such that \A C B
whenever r < |A. If A C X such that it absorbs every singleton of X then
we say that A is absorbent (see [65]).

Example 2.4.3 Let Y be a topological vector space and let
By :={U CY | V neighbourhood V of 0 3 r > 0 such that U C rV'}.

Let By be a base of circled neighbourhoods of 0 in X thenV A C X, A is bounded
if and only if V B € By 3 r > 0 such that A C rB. Therefore By is a covering of
Y since every neighbourhood of 0 is absorbent. Let Uy, U, € By and B € By then
there exists D € By such that D + D C B. Since Uy, Uy € By then there exists
r1,79 > 0 such that Uy C riD and Uy C roD. By letting r = max{ry,r2} then we
have that

(U1 +Uy) C (mD+mrD) C (rD+rD) Cr(D+ D) CrB.

That is, By s closed under vector addition. We also have that By is closed under
the formation of circled hulls since By is closed under the formation of circled
hulls. Therefore By is a vector bornology on Y .

Definition 2.4.9 Let D C R then we say that:

1. D is bounded below if ¥ d € D 31 € R such thatl < d. We call l the lower
bound of D.

2. D 1is bounded above if V. d € D 4 L € R such that d < L. We call L the
upper bound of D.

3. D is bounded if it is bounded below and bounded above. That is
Vde D3I, LeR such thatl <d< L
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Example 2.4.4 Consider the collection
Pr:={S CR | S is bounded}

of subsets of R.

Let A, B € (g, then A C R and B C R such that A and B are bounded. That
isVaeAdm,neR such that m <a<n, andV be B 3 p,qgec R such that
p<b<gq. Sincc ACR and BCR then AUBCR. Let ke AUB thenk € A
orke B,andk e A = m<k<nandk e B = p<k<gq. Therefore
AUB C R is bounded. Thus AUB € pgr. That is Pr is closed under finite union.
Let U CV andV € Bg, then V C R is bounded, that isV v €V 31, L € R such
that | <v < L. SinceV_CR and U CV then U CR. Letu € U, thenu € V
since U CV, therefore | <u < L, YVueU. Thatisue U = [ <u<lL,
therefore U C R is bounded. Thus, U € fr. That is, U CV € g = U € fg,
thus Pr is closed under inclusion.

Let r € R and consider the singleton {r}. Since R is a partially ordered set then
VreRILLER such that ] <r < L. Thus {r} C R is bounded ¥V r € R.
Therefore {r} € pr, ¥ r € R, which implies that R = U U, that is fr covers

Uepr

R.

That is, we have that Br s closed under finite union and inclusion, and it covers
R, therefore OBr is a bornology on R. The bornology Pr is the standard bornology
on R.

The category of bornological sets.

Let (X, Bx), (Y, By) and (Z, 5z) be bornological sets and f : (X, Bx) — (Y, By)
and g : (Y,By) — (Z,5z) be bounded maps. Since the codomain of f and
the domain of ¢g are equal then go f : (X,8x) — (Z,87). We have that
fU) € By, YU € Bx, and g(V) € Bz, VYV € By, since f and g are bounded
maps. Let W € Sy therefore (go f)(W) = g(f(W)) € Bz since f(W) € Py and
g is bounded. That is V W € Bx we have that (go f)(W) € 55 therefore go f is
bounded. Every identity id : (X, fx) — (X, fx) is bounded for every bornolog-
ical set (X, Bx) since id(U) = U € fBx, V U € Bx. Therefore bornological sets
and bounded maps between the bornological sets form a category - the category
of bornological sets. Here are some properties of the category of bornological sets:

e Limits and colimits exist in the category of bornological sets and the for-
getful functor from the category of bornological sets to the category of sets
gives that there are initial and final structures in the category of bornolog-
ical sets, (see [45]).

e The category of bornological sets is Cartesian closed, (see [20]).



Chapter 3

Bornologies induced from
Frolicher space.

3.1 Bornology induced from structure functions.

3.1.1 Structure.

A. Frolicher and A. Kriegl in [45] showed that [*°, that is the set of bounded
sequences of real numbers, embeds into the category of bornological spaces. The
[*-structure (C,F) of the [*-space (X,C,F) consists of a set C of structure
curves ¢ : N — X and a set F of structure functions f : X — R, such that
foce C>®(N,R), that is C and F determines each other (see [45]). Then given
an [*-space (X,C,F) the subset U C X is bounded if and only if f(U) C R
is bounded, V f € F. This is equivalent to U C X is bounded if and only if
every sequence ¢ : N — X with ¢(N) C U, belongs to C (Propostion 1.2.4
in [45]). The [*®-structure (C,F) becomes a Frolicher structure by replacing N
with R in C, that is, by replacing N by R as the domain of the structure curves
in C. Based on this it is assumed that there is a bornology from the Frolicher
structure. This assumption comes about and will be determined based on the
structural similarities between the [*°-structure and the Frolicher structure.

Lemma 3.1.1 Let (X,Cx, Fx) be a Frélicher space then the collection
Bry ={U C X | f(U) CRis bounded, ¥ f € Fx}

1s a bornology on X.

Proof: We have to show that Sr, covers X, it is closed under finite union and
it is closed under inclusion.

Consider any singleton {x} C X. Since f € Fy is such that f : X — R is a
real-valued function, then the image of any singleton {z} C X under f is such

20
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that f({z}) = {f(z)} C R. Since f(x) € R and S, that is the standard bornol-
ogy on R (see Example 2.4.4), covers R, therefore {f(z)} € Bg, V f € Fx. That
is {f(x)} C Ris bounded V f € Fx. This implies that {z} € fr,, V x € X, that
is B, covers X.

Let Uy,Us, -+ ,U, € Bp,, then Vi =1,2,--- n we have that U; C X and

f(U;) € R is bounded, V f € Fx. That is f(U;)) € Pr, ¥V f € Fx and

Vi=1,2---,n Therefore f UUi = Uf(UZ) € PBr, V f € Fy, since
i=1

i=1

Or is closed under finite union. Since U U; C X therefore U U, € Br,. That is

i=1 =1

Uy, Us, -, U, € Br, implies that U U, € Bpy. Thus Bp, is closed under finite
union. =

Let U CV and V € fBp,, then U CV C X and f(V) C Ris bounded, ¥ f € FYy.
That is f(V) € Br, V f € Fx. And U C V implies that f(U) C f(V) € S,
V f € Fx. Therefore f(U) € fr, V f € Fx, since fg is closed under inclusion.
That is f(U) C R is bounded, V f € Fx. This implies that U € fBp,. That is
U CV € Br, implies that U € Bp,. Thus fBp, is closed under inclusion. O

Definition 3.1.1 Let (X, Cx, Fx) be a Frélicher space. The bornology
Bry ={U C X | f(U) CRis bounded, ¥ f € Fx}

on X 1is called the functional bornology as it is induced from structure functions
on X, that is induced from Fx.

Remark 3.1.1 Any subset of X is bounded if and only if f : X — R is bounded
under the functional bornology on X,V f € Fx.

3.1.2 Bounded maps and bounded sets.

This section focuses on bounded maps between functional bornological sets and
bounded sets under structure curves.

Lemma 3.1.2 Let fr, be the functional bornology on X and (X, Pr,) be a
bornological set. The identity map idp, : (X, Bry) — (X, Bry) is bounded.

Proof: Let idp, : (X, Br,) — (X, Bry) be an identity map. Let U € fGp,, that
is U C X such that f(U) C Ris bounded, V f € Fx. But foidp, = f, therefore
flidp (U)) = f(U) C R is bounded V f € Fx, which implies

idpy = (X, Bry) — (X, Bry) is bounded. O

Identity maps between bornological sets are bounded (see [45] and [51]).
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Lemma 3.1.3 Let (X, Cx, Fx) be a Frélicher space, g, be the functional bornol-
ogy on X and (X, Bry) a bornological set. If the mapping
¢ : (X, Bry) — (X, Bry) is Frolicher smooth then it is bounded.

Proof: Let ¢ : (X, Br,) — (X, Br,) be Frolicher smooth, that is

{foo|[feFx}CFx

and
{poc|ceCx} CCk.

Let U € fBpy, then U C X such that f(U) C R is bounded, V f € Fx. Since
foop € Fx,V f € Fx,and U € Bp, therefore (f o ¢)(U) = f(op(U)) C R is
bounded, V f € Fx. This implies that ¢(U) € fr,. Thus U € B, implies that
o(U) € Bpy, therefore ¢ : (X, fr,) — (X, Bry) is bounded. O

Lemma 3.1.4 Let (X,Cx, Fx) and (Y, Cy, Fy) be Frélicher spaces, fr, and Br,
be functional bornologies on X and 'Y respectively, and (X, fr,) and (Y, Br,) be
bornological sets. If the mapping j : (X, Bry) — (Y, Br,) is Frélicher smooth
then it is bounded.

Proof: Let j : (X, f8r,) — (Y,Br) be Frolicher smooth, therefore we have
that goj € Fx, V g € Fy, and that joc € Cy, V ¢ € Cx. We will use
the condition that go j € Fx, V g € Fy, for this proof. Let U € fp,, then
U C X and f(U) C R is bounded, V f € Fyx. Since goj € Fx, V g € Fy,
therefore (g o j)(U) = ¢g(j(U)) C R is bounded, V g € Fy. This implies that
Jj(U) € Br,. That is U € Bp, implies that j(U) € fr,, therefore the mapping
J (X, Bry) — (Y, Br,) is bounded. O

Lemma 3.1.5 Let (X,Cx, Fx) be a Frélicher space. If Uy, Us, -+ ,U, C X such
that ¢ *(U;) C R is bounded ¥V i = 1,2,--- ,n then ¢! (U UZ-> C R is bounded,

i=1

VCECX.

Proof: Let Uy,U,,--- ,U, C X such that V¢=1,2,--- ,n we have that
¢ 1(U;) C Ris bounded, V ¢ € C'x. That is, V ¢ € Cx we have that ¢~ }(U;) € S,
Vi=1,2,---,n. Since fg is closed under finite union therefore

Or 2 Uc_l(Ui) =c! (U Ui> , VeeCy.
i=1 i=1

Thus ¢! (U Ui> C R is bounded V ¢ € C. O
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Lemma 3.1.6 Let (X,Cx, Fx) be a Frélicher space. For allc € Cx, ifU CV
and ¢ (V) C R is bounded then ¢~ (U) is bounded.

Proof: Let U C V such that ¢ (V) C R is bounded, V ¢ € Cx. That is
c (V) € Br, ¥V ¢ € Cx. Since U C V then it follows that ¢~ (U) C ¢ (V) Sk,
V ¢ € Cx. This implies that ¢™(U) € B, V ¢ € Cy, since fBg is closed under
inclusion. Therefore ¢™1(U) C R is bounded V ¢ € Cx. O

Corollary 3.1.1 Let (X,Cx, Fx) be a Frélicher space. The collection
Bey ={U C X | ¢ (U) CR is bounded, for all c € Cx}

1s closed under finite union and inclusion.

Proof: By Lemma 3.1.5 we have that Uy, Us, - -+ , U, € B¢, implies that
UU" € Bcy, therefore Be, is closed under finite union. Also, we have that

=1
U CV € B¢, implies that U € B¢, by Lemma 3.1.6, therefore B¢, is closed
under inclusion. O

Remark 3.1.2 Let ¢ : R — X be a mapping defined by e(r) = t, V r € R,
where t is fived in X. That is e is a constant function. Then ¥ f € Fx we have
that (f oe)(r) = f(e(r)) = f(t) € R, therefore foe € C®(R,R). This implies
that e € Cx. For

Boy =={U C X | ¢} (U) C R is bounded, for all c € Cx}

to cover X we must have that {x} € Peoy,, ¥V x € X. That is, V © € X, we
must have that ¢ '({x}) C R is bounded, ¥V ¢ € Cx. However, {t} ¢ Bc,
since e ({t}) = R, and R is not bounded. This is sufficient that Bc, does not
cover X, therefore it is not a bornology on X. Based on this and on the nature
of structure curves, we cannot attain, or induce, canonically, a bornology from
structure curves.

3.2 Initial bornology.

There are standard methods in Functional Analysis that consists of forming a
structure from an existing structure (see [51]). In the category of Frolicher spaces,
structures, whether initial or final structures, can be built from existing Frolicher
structures. Frolicher subspace, Frolicher product, Frolicher quotient and Frolicher
coproduct are built from existing Frolicher structures in the category of Frolicher
spaces (see [8], [13], [14], [29], [35], [86], [88] and [89]). Similarly bornologies can
be constructed from existing bornologies (see [51]). We hereby start with initial
bornologies.
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Consider the family {(X;, 8;) | ¢ € I} of bornological sets and the family

{gi: X — X, | i € I} of maps, with X being a non-empty set. Then the subset
U C X is bounded if and only if ¢;(U) C X; is bounded, i € I. Such bounded
subsets U C X form a bornology on X called the initial bornology (see [35] and

[51]).

Lemma 3.2.1 Let {(X;,5;) | i € I} be a collection of bornological sets, X be a
non-empty set and {g; : X — X, | i € I} be a collection of maps. The collection

N ={UcCX | qU)CX,;isbounded, i € I}

s a bornology on X.

Proof: Let Uy, Us, -+ ,U, € N, then U; C X and ¢;(U;) C X; is bounded
Vj=12--,n, that is, ¢;(U;) € B, ¥V j = 1,2,---,n, i € I. Therefore

U :(U;) = g (U Uj> € [3; since f3; is closed under finite union as it is a

j=1 j=1

bornology on X;. That is g; (U Uj> C X; is bounded, i« € I, and therefore
j=1

U U; € N. Thus N is closed under finite union.

j=1

Let UCV eN,thenU CV C X and ¢;(V) C X; is bounded, that is g;(V') € £3;,
i€ l. Since U CV C X then ¢;(U) C ¢;(V) C X, therefore g;(U) € p; since f;
is closed under inclusion. That is ¢;(U) C X; is bounded, therefore U € N. Thus
N is closed under inclusion.

Consider the singleton {z} C X. Since f3; covers X;, that is X; = U B, then

Beg;
V z € X we have that g;({z}) = {g(z)} € B;, i € I. That is g;({z}) C X, is

bounded, therefore {z} € N,V 2 € X. Thus N covers X.
Hence N is a bornology on X since it covers X, is closed under inclusion and is
closed under finite union. O

Definition 3.2.1 Initial bornology.
Let X be a non-empty set, {(X;,5;) | ¢ € I} be a family of bornological sets and
{9: : X — X, | 1 € I} be a family of maps, then the bornology

N={UcC X | ¢;(U) C X; is bounded, i € I}

15 called an nitial bornology on X.

Lemma 3.2.2 Let X be a non-empty set, {(X;,58:) | i € I} be a family of
bornological sets and {g : X — X; | i € I} be a family of maps. The col-
lection

No:= (o '(U) | U € B}

el
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1s a base of the initial bornology

N ={UcC X | ¢(U) C X; is bounded, i € I}.

Proof: Let U € N, then ¢;(U) C X, is bounded, that is ¢;(U) € S;, i € I. Then
there exists B; € (3; such that ¢;(U) C B; since f3; is closed under inclusion. And
9(U)C B, = UCg;'(B;) and g; ' (B;) € N. Let V € N, then

V = g7 '(U) € X where U € B;, i € I. Then ¢g;(V) = U € f;, therefore
gi(V) C X, is bounded and hence V'€ N. Thus we have that Ny C N and every
element of AV is contained in an element of Ny, therefore N is a base of the initial
bornology N. O

3.3 Bornological comparison on Frolicher sub-
space.

3.3.1 Subspace bornology.

Let (X, Cx, Fx) be a Frolicher space, S C X, and (5, Cs, Fs) be the Frolicher
subspace of (X, Cx, Fx). Consider the inclusion ¢ : S < X, which is a Frolicher
smooth map (see Section 2.3.4).

Lemma 3.3.1 Let B be a bornology on X, that is (X, B) be a bornological set,
SCX and1:S — X. The collection

Bs:={U CS|U) C X is bounded}

s a bornology on S.

Proof: Let Uy, Uy, - ,U, € s, then U; C S and +(U;) C X is bounded
Vj=12,---,n,thatis«(U;) € B,V j=1,2,--- ,n. Therefore

B> Oz(Uj) =1 (O Uj>

since B is closed under finite union as it is a bornology on X. This implies that

U U; € Bs, thus Bg is closed under finite union.

j=1

Let A C B € g, then A C B C S and #(B) C X is bounded, that is ¢(B) € B.
Since A C B C S then 1(A) C «(B) € 3, therefore 1(A) € [ since B is closed
under inclusion. This implies that A € Ss and thus s is closed under inclusion.
Let {s} C S, then {s} C X since S C X. Therefore B > {s} = {u(s)} = ({s})
since B covers X. This implies that V s € S, {s} € Bg, therefore S5 covers S.
Hence fs is a bornology on S since it covers S, is closed under inclusion and is
closed under finite union. U
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Definition 3.3.1 Subspace bornology.

Let (X, Cx, Fx) be a Frélicher space, S C X, (5,Cys, Fs) be a Frélicher subspace
of (X,Cx, Fx), (X,B) be a bornological set and 1 : S < X be an inclusion map,
then the bornology

Bs:={U CS|U) C X is bounded}

on S is called the subspace bornology.

Proposition 3.3.1 Let the subspace bornology fs be defined as usual and (X, B)
be a bornological set, then By := {UNS | U € B} is a base of the subspace
bornology.

Proof: We have to show that 5y C Bs and that every element of (g is contained
in an element of 3. Let A € By, then A =UNS =1+ 1(U) C S where U € B.
Therefore 1(A) =«(UNS) =1(+"1(U)) = U € B, which implies that +(A) C X is
bounded and thus A € 5. That is A € 5 = U € g, therefore fy C Bs.

Let V € Bg, then V C S and (V) C X is bounded, that is «(V') € B. Therefore
there exists B € B such that +(V) C B since B is closed under inclusion. But
(V) © B = V CcvY(B) =BNS € f. That is every element of Bg is
contained in an element of ;. Hence [, is a base of (. O

Remark 3.3.1 Let g, be a functional bornology on X (see Definition 3.1.1), if
1(U) € Bry then U C S is bounded since Br, is a bornology on X. This follows
from the structure definition of subspace bornology. Therefore the collection

Prx(5) :={U C 5| (U) € Bry}

is a subspace bornology. The subspace bornology Br, (S) will be used in the
bornological comparison on Frélicher subspace. It is a special case of the sub-
space bornology defined in Definition 3.3.1.

Definition 3.3.2 Functional subspace bornology.

Let (X,Cx, Fx) be a Frélicher space, S C X, (S,Cs, Fs) be a Frélicher subspace
of (X,Cx, Fx), Bry be the functional bornology on X and 1 : S — X be an
incluston map. The bornology

Prx(5) :={U € 5 | (U) € Bry}

on S is called the functional subspace bornology.

3.3.2 Bornology from structure functions of Frolicher sub-
space.

Let (X, Cx, Fx) be a Frolicher space, S C X and (S, Cg, Fs) be a Frolicher sub-
space of (X, Cx, Fx). In Section 3.1.1 we induced a bornology from the structure
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functions of a Frolicher space. That is the functional bornology. Recall that for
the Frolicher structure (Cs, Fs) on S we have that

Cs={c:R— S| foce C*[R,R), V f € Fs}
and
Fs={f:S—R| foce C*(R,R), Vce Cs}.

That is Cs and Fs determine each other. The bornology induced from structure
functions of Frolicher subspace is the collection

Bry :={U C S| f(U) C R is bounded, ¥ f € Fgs}.

It is a functional bornology on S (see Section 3.1.1 and Definition 3.1.1).

3.3.3 Bounded maps and bornological comparison.

Let (X,Cx, Fx) be a Frolicher space, S C X and (S,Cg, Fs) be a Frolicher
subspace of (X,Cx, Fx). We have induced two bornologies from the Frolicher
subspace. One bornology induced from structure functions, that is from Fjg, and
that is the functional bornology

Bry ={U C S| f(U) CRis bounded, ¥V f € Fs}

on S. The other bornology is induced canonically on S, and that is the functional
subspace bornology

Prx(8) :={U C 5| (U) € Bry}

where 2 : S — X is an inclusion map and Sp, is the functional bornology on X.
In this section we compare the bornologies fr,, S, (S) and Sr, and the bounded
maps and sets they form.

Lemma 3.3.2 Let fr, be the functional bornology on S, Pr,(S) be the func-
tional subspace bornology, and (S, fry) and (S, Bry (S)) be bornological sets. The
identity maps idy : (S, Prs) — (S, Bry) and idy : (S, Bry (S)) — (S, Bry (5))

are bounded.

Proof: This is trivial, identity maps between bornological sets are bounded (see
[45] and [51]). O

Corollary 3.3.1 Let fr, be the functional bornology on S and (S,Brs) be a
bornological set. The mapping ¢ : (S, Bry) — (S, Bry) is bounded if it is Frolicher
smooth.

Proof: Since fp, is a functional bornology on S then it follows from Lemma
3.1.3 that if the mapping ¢ : (S, Br,) —> (5, Bry) is Frolicher smooth then it is
bounded. U
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Corollary 3.3.2 Let S1,5, C X, (X,Cy, Fx) be a Frélicher space and
(51,Cs,, Fs,) and (S2,Cs,, Fs,) be Frolicher subspaces, Brs and Pry, be the
functional bornology on Sy and Sy respectively, and (S, Bry ) and (Sa, Brs,) be
bornological sets. If the mapping j : (S1, Brg ) — (S2, Bry,) is Frolicher smooth
then it is bounded.

Proof: Since the Frolicher subspaces (51, Cs,, Fs, ) and (Ss, Cs,, Fs,) are Frolicher
spaces then by Lemma 3.1.4 we have that the mapping j : (S1, 8rs,) — (S2, OFs, )
is bounded if it is Frolicher smooth. O

Lemma 3.3.3 Let S C X, (S,Cg, Fs) be the Frélicher subspace of the Frélicher
space (X,Cx, Fx), Bry be the functional bornology on X, Br,(S) be the func-
tional subspace bornology, and (S, Bry (S)) and (X, Br,) be bornological sets. The
inclusion v : (S, Bry (S)) = (X, Bry) is bounded.

Proof: Let U € fBp, (S) therefore «(U) € Sp, by definition. Therefore by defini-
tion ¢ : (S, Bry (S)) — (X, Bry) is bounded. O

Lemma 3.3.4 Let S C X, (5,Cs, Fs) be a Frélicher subspace of the Frolicher
space (X, Cx, Fx), Bry, be the functional bornology on X, Br, be the functional
bornology on S, and (S, fry) and (X, Br,) be bornological spaces. The inclusion
1: (S, Brg) — (X, Bry) is bounded.

Proof: Since (5,Cg, Fg) and (X, Cx, Fx) are Frolicher spaces then

11 (S, Bry) — (X, Bry) is a morphism in the category of Frolicher spaces since it
is Frolicher smooth, that is {fo: | f € Fx} C Fg and {1oc | c € Cs} C Cx.
Let V € Bpg, then V C S and ¢g(V) C R is bounded V g € Fs. Since f o1 € Fg,
V f € Fx,and (V) C X therefore (for)(V) = f(2(V)) C Ris bounded, V f € Fx.
This implies that (V') € Bp,. That is V € fr, = (V) € Sp,. Hence

12 (S, Bry) — (X, Bry) is bounded. O

Theorem 3.3.1 Let (S,Cg, Fs) be a Frélicher subspace of the Frélicher space
(X,Cx, Fx) with S C X, Br,(S) be the functional subspace bornology, g, be the

functional bornology on S, and (S, Bry) and (S, Bry (S)) be bornological sets. Then
Bry C Bry(S), thus the identity map id : (S, Bry) — (S, Bry (S)) is bounded.

Proof: Let U € fp,, then U C S and f(U) C R is bounded V f € Fs. Consider
the inclusion 2 : § < X then «(U) C X and g(«(U)) = (go2)(U) C R,V g € Fy.
But gou1 € Fg, V g € Fx, since v : § — X is Frolicher smooth. Now since
f(U) € Ris bounded V f € Fg therefore g(+(U)) = (g 02)(U) C R is bounded
V g € Fx. This implies that «(U) € B, therefore U € Bp, (S). That is

U e Bry, = U € Br(S5), hence Br, C Pry(5). Then it follows from definition
that the identity map id : (S, Brs) — (S, Bry (S)) is bounded since

ﬁFs CﬁFX<S) O
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Lemma 3.3.5 Let S C X, (S,Cs, Fs) be the Frélicher subspace of the Frolicher
space (X, Cx, Fx), Bry be the functional bornology on X and B, (S) be the func-
tional subspace bornology. Then Br, (S) C Bry -

Proof: Let U € fp,(S), then U C S C X and +(U) € B, which implies that
f((U)) = f(U) C Risbounded V f € Fy, therefore U € B, . That is
U € Br,(S) = U € Bp,, therefore Bp, (S) C fp,. O

Lemma 3.3.6 Let S C X, (S,Cs, Fs) be a Frolicher subspace of the Frélicher
space (X,Cx, Fx), Bry(S) be the functional subspace bornology and [r, be the
functional bornology on S. If ¥V f € Fs 4 g € Fx such that f = g o1 then

BFX (S) - ﬁFS'

Proof: Let U € fr,(S), then U C S and «(U) € Bp,, which implies g(:(U)) C R
is bounded V g € Fx. But since (S, Cg, Fs) is a Frolicher subspace of the Frolicher
space (X,Cx, Fx) and v : S < X is Frolicher smooth then g o1 = g|s € Fjg,
V g € Fx. That is g(+(U)) = (go2)(U) C R is bounded and g o1 € Fs. Since
V f € Fs 3 g € Fx such that f = gou, therefore f(U) C R is bounded V f € Fjs.
Thus U € PBp,. That is we have that U € g (S) = U € pr,, hence

BFX(S) C BFS' U

Let
Bryls :={U C S| f(U) C R is bounded, V f € Fx}.

Note that fr,|s is the bornology fBp, restricted on S C X. The collection Bp,|s
is a subbornology induced by the functional bornology fr,, (see [76]). That is,

Bry|s is a bornology and B, |s C Bry-

Lemma 3.3.7 Let S C X, (5,Cs, Fs) be a Frélicher subspace of the Frolicher
space (X, Cx, Fx), Bry be the functional bornology on X, Br,|s be the subbornol-
0gy of Br, and Br, (S) be the functional subspace bornology. Then

Bryls = Bry (S).

Proof: Let U € fr,|g, then U C Sand f(U) C RisboundedV f € Fx. Consider
the canonical inclusion ¢ : S < X then U = «(U) since U C S. Therefore

f(U) = f(u(U)) C Ris bounded V f € F¥, this implies that «(U) € fp, and
therefore U € fp, (S). That is U € Bpy|s = U € Bp,(5), therefore

BFxls - /BFX(S)

Now we have to show that Br, (S) C Bry|s. Let V € B, (S), then

V =4(V) € Bp, since V.C S. With V € Bp,, V C § and that f(V) C R is
bounded V f € F, therefore V € fp,|s. That is V € fr,(S) = V € Br|s,
therefore Sp, (S) C Bryls. Hence Bry|s = Bry(S) since Bry (S) C fry|s and
Bryls C Bry (S). O
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Lemma 3.3.8 Let S C X, (S,Cs, Fs) be the Frélicher subspace of the Frolicher
space (X, Cx, Fx), Bry be the functional bornology on X, Bry|s be the restriction
of Bry on S and Br, be the subspace functional bornology. Then PBr, C Bry|s-

Proof: Let U € fp,, then U C S and ¢g(U) C R is bounded V g € Fs. Consider
the canonical inclusion 2 : S < X then foi1 € Fg, V f € Fx, sincer: 5 — X
is Frolicher smooth, and U = +(U) since U C S. Then ¢g(U) C R being bounded
V g € Fg implies that (f o2)(U) = f(«(U)) = f(U) C R is bounded V f € F,
therefore U € fp,|s. That is U € fp;, = U € Bp,|s, hence Bpy C frels. O

3.4 Bornological comparison on Frolicher prod-
uct.

3.4.1 Product bornology.

Let {(X;,Cx,, Fx,) | i=1,2,--- ,n} be a family of Frolicher spaces and

X = H X; be the Cartesian product in the category of sets. Then we have the
i=1
Frolicher struture (Cy, Fx) on X where

Cy ={c:R—X| foce C*(R,R), V f € Fx}

and
Fx={f:X—R| foce C*R,R), Vce Cx}.

That is, C'x and Fx determine each other, making the triple (X, Cx, Fx) a Frolicher
space - the Frolicher product (see Subsection 2.3.5). The mapping p; : X — X
is a canonical projection, Vi = 1,2,--- ,n. Let {(X;,5;) |i=1,2,--- ,n} be a
family of bornological sets, the initial bornology on X gives a bornology called the
product bornology, (see [51]). A subset of X is bounded if and only if its image
under p; : X — X is bounded, V i = 1,2,--- ,n. That is, U C X is bounded if
and only if p;(U) C X; is bounded V i = 1,2,--- ,n (see [45] and [51]).

Let {(Y},By;) | 7 = 1,2,...,m} be a family of prebornological spaces. A pre-
bornology is a bornology that is closed under finite non-disjoint union (see Defi-
nition 2.4.3). That is, if 5 is a prebornology and A, B € (8 such that AN B # ¢

then AU B € . The product prebornology on H Y; is given by the collection
j=1

Jj=1
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m

where 7; : HYJ — Yj is a canonical projection (see [55]). Keeping the same
j=1

structure, we use a bornological set instead of a prebornological space to attain

the product bornology on X = H X;.

=1

Lemma 3.4.1 Let X .= HXZ' be the Cartesian product and p; : X — X; be a
i=1
canonical projection, ¥ i =1,2,--- . n. The collection

Bx:={U C X | p;(U) C X; is bounded, ¥V i=1,2,--- ,n}

15 a bornology on X.

Proof: Let Uy, Uy, -+ ,U,, € Bx, then U; C X and p;(U;) C X, is bounded
Vi=12-- mandVi=1,2,--- ,n Thatisp;(U;) € 8;,Vj=1,2--- ;mand
Vi=1,2,---,n, where [3; is a bornology on X;. Then since (; is closed under

finite union as it is a bornology, and U U; C X, then we have that
j=1

Bi > Upi(Uj):pi (UUj>  Vi=1,2,--- ,n.
J=1 j=1

Therefore p; (U Uj> is bounded, Vi = 1,2, -+ ,n, thus | JU; € Bx. Thus By is
1 i—1

closed under ﬁjnite union. !

Let A C B € B, then A C B C X and p;(B) C X; is bounded, that is

pi(B) € Bi, Vi=1,2,--- ,n. Since A C B C X then p;(A) C p;(B) C 3,
therefore p;(A) € B; since B; is closed under inclusion, V i = 1,2,--- ,n. This
implies that A € Bx. That is, A C B € fx = A € [, therefore Sy is closed
under inclusion.

Let z; € X;, Vi=1,2,--- ,n, and {(z1,79,...,2,)} C X be a singleton. Then
pil{(x1,x2,...,2,)}) = {x;} C X, is bounded since {x;} € f5; as §; covers X,
Vi=1,2,--- ,n. Therefore {(z1,2zs,...,2,)} € fx and thus Sy covers X.

Hence By is a bornology on X since it covers X, is closed under finite union and
closed under inclusion. O

Definition 3.4.1 Product bornology.
Let {(X;,Cx,, Fx,) | i =1,2,--- ,n} be a family of Frélicher spaces, X = HX"

=1
be a Cartesian product in the category of sets, (X, Cx, Fx) be a Frolicher product,
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{(X:,8:) | i=1,2,--- ,n} be a family of bornological sets and p; : X — X; be a
canonical projection, ¥ i = 1,2,--- n. The initial bornology

Br:={U CX | pi(U) C X is bounded ¥ i=1,2,--- ,n}

on X 1s called the product bornology.

Proposition 3.4.1 Let the product bornology bx be defined as usual and
{(X;,8:) |i=1,2,--+ ,n} be a family of bornological sets, then the collection

50 = {HUl | Uieﬁi, VZ:1,2 ,n}

=1

s a base of Px.

Proof: We have to show that 5y C Sy and Ehat every element of By is contained
in an element of 5y. Let A € [y, then A = HU- where U; € 5;, Vi = cee .
But U; € 5; 1mphes that U C X, since ;i 1s a bornology on X;, Vi=1,2,--- . n
Therefore A = HU C HX X, and p;(A) = p; (H U; | =U; € s,

=1 =1 =1
Vi=1,2,---,n ThusVi=1,2,--- ,n we have that p;(4) C X, is bounded,
which implies that A € 8. That is A € 5y = A € (%, therefore 5y C Px.

Let V; CX;, Vi=1,2,--- ,n,and let B = HV;, therefore

i=1

B:HV;CHXZ-:%. LetBEthhenpi(B):pi<HVi =V, C X;
i=1 i=1 i=1
is bounded V i = 1,2,--- ,n, that is p;(B) =V, € 8;, Vi =1,2,--- ;n. Thus
Vi=1,2,---,n 3 K; € f; such that p;(B) =V, E K; since B; is closed under

inclusion, as it is a bornology. Therefore B = HV C HK € By. That is,

every element of [y is contained in an element of ,60 Hence 60 is the base of the
product bornology [x. O

Remark 3.4.1 Let {(X;,Cx,, Fx,) | i = 1,2,--- ,n} be a family of Frélicher

spaces, By be a functional bornology on X;. IfU C X = HXi 1s such that
i=1

pi(U) € Bry, then pi(U) is bounded in X;, ¥V i = 1,2,--- ,n, since Bry is a

bornology on X;. This follows from the structure and definition of the product

bornology. Therefore the collection

px ={U CX | pi(U) € Bry,, Vi=12--- n}

15 also a product bornology. We will use the product bornology px in the bornolog-
ical comparison on Frélicher product instead of the general product bornology.



3.4 Bornological comparison on Frolicher product. 63

Definition 3.4.2 Functional product bornology.
Let {(X;,Cx,, Fx,) | i =1,2--- ,n} be a family of Frolicher spaces, X = HXi be

i=1
a Cartesian product in the category of sets, (X,Cx, Fx) be the Frélicher product,
ﬁpxi be the functional bornology on X; and p; : X — X; be a canonical projection.

The product bornology
px:={U CX | p;(U) € Bry, Vi=1,2-- ,n}

on X s called the functional product bornology.

3.4.2 Bornology from structure functions of Frolicher prod-
uct.

In Subsection 3.1.1, given a Frolicher space, a bornology was induced from struc-
ture functions. Recall that Vi =1,2,---  n the Frélicher structure (CY;, Fy;) is
such that

FXi = {.]CZ,X'z — R | inCi ECOO(R,R), Vg € CXz}

and
CXi = {Ci R — X, | inCi S COO(R,R>, W fl < FXz}

For all i =1,2,---,n the bornology
Bry, ={U C Xi | fi(U) C R is bounded, V f; € Fx,}
is from structure functions on X;, that is from Fl,, thus it is the functional

bornology on X;. Since the Frolicher product (X, Cyx, Fx), where X := HX,» a

=1
Cartesian product in the category of sets, is a Frolicher space then from Subsection

3.1.1 we have a bornology from structure functions on X. Recall that Cy and Fy
determine each other in the following way:

Fx={f:X—R| foce C*(R,R), Vce C},
Cx ={c:R—X|foce C*R,R), V f € Fx}

The bornology from Fy, that is from structure functions on X, is given by

Bre ={U CX | f(U) CRis bounded, ¥ f € Fx}.

3.4.3 Bounded maps and bornological comparison.

Let {(X;,Cx,, Fx,) |i=1,2,--- ,n} be a family of Frolicher spaces, X = HXi be
i=1
a Cartesian product in the category of sets, (X, C, Fx) be the Frolicher product
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and p; : X — X, be the canonical projection V ¢ = 1,2,...,n. We have the
functional bornology Br, on X, induced from struture functions on X, and the
functional product bornology px. In this subsection we determine the relationship
between these bornologies and their associated bounded maps.

Theorem 3.4.1 Let px be the functional product bornology, Br, be the functional
bornology on X, and (X, Br,) and (X, px) be bornological sets. Then P, C px
and thus the identity map id : (X, fp,) — (X, px) is bounded.

Proof: Let U € fp,, then U C X and g(U) C R is bounded V ¢g € Fy. Consider
the canonical projection p; : X — X, then p;(U) C X;, Vi=1,2,--- ,n. Let
fi€ Fx,, Vi=1,2,--- ,n,then fiop; € Fx, Vi=1,2--- n, since

p; + X — X, is Frolicher smooth V¢ = 1,2,--- ,n. Therefore Vi=1,2,--- . n
we have that (f; o p;)(U) C R is bounded V f; € Fy, since U € fp,. That is
filpi(U)) = (fiop;))(U) C Ris bounded V f; € Fx,,Vi=1,2,--- ,n. Therefore
pi(U) € Bry,, Vi=1,2---,n, which implies that U € px. Thus U € Bp, =
U € px, hence Bp, C px. It follows that the identity map id : (X, Br,) — (X, px)
is bounded by definition since Bp, C px. O

Lemma 3.4.2 Let Br, be the functional bornology on X, px be the functional
product bornology, and (X, Br,) and (X, px) be bornological sets. The identity
maps idy : (X, B, ) — (X, Br,) and ids : (X, px) — (X, px) are bounded.

Proof: This is trivial, identity maps between bornological sets are bounded (see
[45] and [51]). O

Corollary 3.4.1 Let fBp, be the functional bornology on X and (X,Br,) be a
bornological set.  The mapping ¢ : (X,Br.) — (X, Br,) is bounded if it is
Frolicher smooth.

Proof: Since fr, is a functional bornology on X then it follows from Lemma
3.1.3 that if the mapping ¢ : (X, Br,) — (X, Br,) is Frolicher smooth then it is
bounded. O

Corollary 3.4.2 Let (X1, Cx,, Fx,) and (Xa, Cx,, Ix,) be Frolicher products, Br.,
and PBr,, be the functional bornology on Xy and Xy respectively, and (%1,5@1)
and (X2, Bry,) be bornological sets. If the mapping j : (X1, Bry,) — (X2, Bry,)
15 Frolicher smooth then it is bounded.

Proof: Since the Frolicher products (X1, Cx,, Fx,) and (X2, Cx,, Fx,) are Frolicher
spaces then by Lemma 3.1.4 we have that the mapping
J (X1, Bry,) — (X3, Bry,) is bounded if it is Frolicher smooth. O
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Lemma 3.4.3 Let px be the functional product bornology, Br, be the functional
bornology on X, and (X, fr,) and (X, px) be bornological sets. If Vi=1,2,--- . n
we have that ¥ g € Fx 3 f; € X; such that g = f; o p; then px C Bp,, thus the
identity map id : (X, px) — (X, Br,) is bounded.

Proof: Let U € px, then U C X and p;(U) € Bp,, Vi = 1,2,--- ,n. But
pi(U) € Bry, Vi=1,2,--- ,n, implies that p;(U) C X; and

(fiop)(U) = fi(pi(U)) C Ris bounded V f; € Fx,, Vi =1,2,--- ,n. We have
that Vi =1,2,--- ,n, fi op; € Fy since the Frolicher product (X, Cx, Fy) is an
initial structure and (X;, Cx,, Fi,) is a Frolicher space. That is

(fiop)(U) = fi(p;(U)) C R is bounded and f;op; € Fx,Vi=1,2,--- ,n. Since
Vg€ Fx 3 f; € Fx, such that g = fyop;, Vi=1,2,--- n, therefore g(U) C R
is bounded V g € Fx. Thus U € Bp,. Thatis, U € px = U € Bp,, hence

px C Bry. It follows from definition that the identity map

id : (X, px) — (X, Bp,) is bounded since px C Bp,. O

Lemma 3.4.4 Let Sp, be the functional bornology on X;, px be the functional
product bornology, and (X, px) and (X;, Bry ) be bornological sets. Then
pi (X, px) — (Xi, Bry,) is bounded, ¥V i=1,2,-- ,n.

Proof: Let U € px then U C X and p;(U) € Br,, Vi =1,2,--- ,n. Therefore
by definition of px we have that p; : (X, px) — (X, /BFX,L-) is bounded,
Vi=1,2--n. O

Lemma 3.4.5 Let {(X;,Cx,,Fx,) | i = 1,2,---,n} be a family of Frélicher

spaces, X = HXi be a Cartesian product in the category of sets, (X,Cx, Fx) be
i=1

the Frélicher product, then p; : (X, fr,) — (X, ﬁpxi) is bounded

Vi=1,2,...,n.

Proof: With (X, Cx, Fx) and (X, Cx,, Fx,)!, being Frolicher spaces then

pi: (X, Br) — (Xi, B in) is a morphism in the category of Frolicher spaces since
p; is Frolicher smooth. Thus Vi =1,2,--- ,n we have that

{fiopi | fi € Fx,} C Fx and {p;oc|c € Cx} C Cx,. Let U € fBp,, then U C X and
f(U) CRis bounded V f € Fx. Since fiop; € Fx, ¥V fi € Fx,, Vi=1,2,--+ n,
therefore (f; o p;)(U) = fi(pi(U)) C Ris bounded V f; € Fx,, Vi=1,2,--- n.
Thus p;(U) € Bpy,, Vi=1,2,---,n. Thatis, U € Br, = pi(U) € By, , hence
pi: (X, Br) — (Xi,ﬁpxi) is bounded Vi=1,2,--- ,n. O

3.5 Final bornology.

Let {(Xi,0:) | i € I} be a family of bornological sets, X be a non-empty set
and {h; : X; — X | i € I} be a family of maps. The final bornology on X
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is generated by the family T := U hi(B;) (see [51]). The bornology generated
iel
by a set, say the set U, is the intersection of all bornologies containing U, [51].
Therefore the final bornology, which we denote by Bp, is such that Br = m P;
jeJ
where {P; | j € J} is a family of bornologies on X such that 7 = U hi(Bi) C P;,
il

YV j € J. That is, B is the smallest bornology containing 7. We now use the
characterization in [35] to characterize the final bornology on X on the following
lemma.

Lemma 3.5.1 Let
D={hi(4) | Ai€ Bi,i e I}U{{z} | v € X},
J C 1 be finite and

BF::{UHj|HjED,Vj€J},

jeJ
that is Br is a finite union of elements of D. Then Br is a bornology on X.

Proof: Let # € X then {2} € D by definition of D, therefore {z} € Br. That
is, B covers X.

Let Uy,Us,--- ,U, € Br, that is U; is a finite union of elements of D,
Vi=1,2,---,n. Therefore, with the finite union of ﬁnite sets being finite, we

have that U U; is a finite union of elements of D. Hence U U; € Br.
i=1 i=1
Let A; € 5;,V j € J, then U h;(A;) € Bp. But since V j € J we have that j; is

JjeJ
closed under inclusion and A; € 8;, V j € J, then V j € J 3 C; € 3; such that

C; C Ay = hy(Cy) Chi(Ay) = |Jhy(Cy) € | Jhi(4))

jeJ jeJ

and Uh ) € Bp. LetUCUh ) then U = Uh ;) where C; C A; or

JjeJ jeJ jeJ
U= | h(A), K C J. Now let x1, 23, ,x, € X then {x;} € D,
keK
Vi=1,2,---,n, therefore U{xz} € Bp. Let M C U{xz} then M = U{xa}
i=1 a€L
where L = {1,2,--- ,n}. Thus M = U{xa} is ﬁmte and {zo} € D for a € L,
a€cl

therefore M € Br. Hence if U C V and V € By then U € Br. Thus Br is closed
under inclusion.

That is, we have that Br covers X, is closed under finite union and is closed
under inclusion, therefore B is a bornology on X. O



3.6 Bornological comparison on Frolicher quotient. 67

Definition 3.5.1 Final bornology.
Let {(X;, 5;) | i € I} be a family of bornological sets, X be a non-empty set,

be a family of maps. Let Br be the bornology generated by T := th(ﬁz) or
iel
equivalently Br be the collection of finite union of elements of

D:={h(A) | A ep,icltU{{z} | xze X}

The bornology By is called the final bornology on X.

Remark 3.5.1 From the characterization of the final bornology Br we have that
U C X is bounded in the final bornology Br if and only if U is a finite union of
subsets of

D:={hi(A) | Aief, ielfu{{z}]|xe X}

3.6 Bornological comparison on Frolicher quo-
tient.

3.6.1 Quotient bornology.

Let (X, Cx, Fx) and (Y, Cy, Fy) be Frolicher spaces and
g:(X,Cx,Fx) — (Y,Cy, Fy)

be a morphism in the category of Frolicher spaces. Consider the quotient set
Q := X/. where ~ is an equivalence relation on X defined as: z; ~ zy if
and only if g(z1) = g(z2), V 1,29 € X. We call the equivalence relation ~ a
kernel equivalence of g (see Definition 2.3.3). Then we have a Frolicher structure
(Cg, Fp) on Q where Cq is a set of structure curves into ) and Fy is a set of
functions on @). Thus Cg and Fyy determine each other as follows:

Co={c:R— Q| foce C®R,R),Y f € Fy}
Fo={f:Q—R| foce C*[R,R), Vce Cqy}.

Then we have the Frolicher space (Q, Co, F) called the Frolicher quotient (see
Subsection 2.3.7).

Given a surjection map v : X — Y where (X, ) is a bornological set then
the final bornology on Y is the bornology generated by v(8) (see [51]). That is
v(B) is the base of the final bornology on Y since v : X — Y is onto Y. Now
consider the canonical projection ¢ : X — @ with (X, ) being a bornological
set, then ¢(f8) generates the final bornology on (. The bornological set made
of @ endowed with the final bornology generated by ¢(3) is referred to as the
bornological quotient of (X, 5) (see [51]).
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Lemma 3.6.1 Let (Q be a quotient set on X and [ be a bornology on X. The
image of the bornology 8 under q : X — Q, that is q(5) = {q(B) | B € 8}, is a
bornology on Q.

Proof: Let Uy, Us, - ,U, € q(f), that is, U; = q(B;) where B; € f3,

Vi=1,2,---,n. Then UUZ' = Uq(Bi) =q UBZ> € q(p) since UBi €
i=1 i=1 i=1 i=1

as [ is closed under finite union as it is a bornology. Thus ¢(3) is closed under

finite union.

Let B € [ then ¢(B) € q(f). Since  is closed under inclusion and B € ( then

there exists A € § such that A € B = ¢(A) C ¢q(B), and ¢(A) € q¢(B).

Let U C q(B) then ¢ '(U) C B € 8 which implies that ¢~ '(U) € 8 since 3 is

closed under inclusion. Thus there exists A € § such that U = ¢(A), therefore

U € q(f). Hence if U C V and V' € ¢(p) then U € ¢(B). That is ¢(3) is closed

under inclusion.

Let {[z]} C @ be a singleton V x € X, where [z] is the equivalence class of z. We

have that {z} € 8, V 2 € X, since  covers X as it is a bornology on X. And

q({z}) = {q(x)} = {[z]}, V = € X, therefore {[z]} € ¢(5), V [z] € Q. Thus ¢(5)

covers X.

That is we have that ¢(/) is closed under finite union, is closed under inclusion

and covers X, hence ¢(/3) is a bornology on Q. O

Definition 3.6.1 Quotient bornology.

Let (X, B) be a bornological set, g : (X,Cx, Fx) — (Y,Cy, Fy) be a morphism
in the category of Frélicher spaces, ~ be the kernel equivalence of g, Q := X/~
be a quotient set and q : X — @ be a canonical projection. The bornology q(B)
on @ is called the quotient bornology.

Remark 3.6.1 Let (X, Cy, Fx) be Frélicher space and (Q, Cq, Fg) be a Frélicher
quotient and q : X — @ be a canonical projection. Since (X,Cx,Fx) is a
Frélicher space then we have the functional bornology Br, on X. Since Bp, is
a bornology on X then the image of Br, under q, that is q(Bry), is a quotient
bornology. This follows from the definition of a quotient bornology, thus q(Bry)
s the special case of the quotient bornology in Definition 3.6.1. We’ll use the
quotient bornology q(Bry) in the bornological comparison on Frélicher quotient.

Definition 3.6.2 Functional quotient bornology.

Let (X,Cx, Fx) be a Frélicher space, Bp, be a functional bornology on X,
(Q,Cq, Fg) be a Frélicher quotient and q¢ : X — Q be a canonical projection.
The bornology q(Bry ) is called the functional quotient bornology.
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3.6.2 Bornology from structure functions of Frolicher quo-
tient.

Given the Frolicher quotient (@, Cg, Fy) we have canonical bornology induced
from the structure functions of Frolicher quotient. That is the functional bornol-
ogy on (), denoted fr,, where

Br, :={U C Q| f(U) C R is bounded, V f € Fy},

induced from Fg. This is so since for every Frolicher space there is a functional
bornology from structure functions (see Section 3.1.1), and the Frélicher quotient
is a Frolicher space (see Subsection 2.3.7).

3.6.3 Bounded maps and bornological comparison.
Let (X, Cx, Fx) and (Y, Cy, Fy) be Frolicher spaces,
g: (X70X7FX) — (KCY7FY)

be a morphism in the category of Frolicher spaces, ~ be a kernel equivalence of
g, that is, 1 ~ 19 <= g(x1) = g(x1), ¥V 21,20 € X, Q := X/ be a quotient
set, (@, Co, Fp) be the Frolicher quotient and ¢ : X — () be the canonical
projection. We have the quotient bornology ¢(/3), where § is a bornology on X.
Let Bp, be the functional bornology on X then we have the functional quotient
bornology ¢(8r,). We also have the functional bornology B, on Q. In this
subsection we determine the relationship between the aforementioned bornologies
and their associated bounded maps.

Theorem 3.6.1 Let q(Br,) be the functional quotient bornology, Br, be the func-
tional bornology on Q, and (Q,q(Bry)) and (Q, Br,) be bornological sets. Then
q(Bry) C Br, and thus the identity map id : (Q,q(Br,)) — (Q, Br,) s bounded.

Proof: Let A € ¢(Bry), then A = ¢(U) C @ for some U € fSp,. Therefore
UC X and f(U) C Ris bounded V f € Fx since U € fp,. Let h € Fy, then
we have that h(A) = h(q(U)) = (hoq)(U). But hoq € Fx, V h € Fy, since
q: X — @ is Frolicher smooth, (see Subsection 2.3.7). Therefore

(hoq)(U) = h(q(U)) = h(A) C Ris bounded V h € Fy, since U € S, . Therefore
A =qU) € Br,. Thatis, A € q(Bry) = A € Br,, hence q(Bry) C Br,.
Then we have that the identity map id : (Q, ¢(Bry)) — (Q, Br,) is bounded by
definition. O

Lemma 3.6.2 Let q(fry) be the functional quotient bornology, Br, be the func-
tional bornology on Q, and (Q,Br,) and (Q,q(Br)) be bornological sets. If
Vg€ Fx 3 f € Fg such that g = foq then Br, C q(Bry) and thus the
identity map id : (Q, Br,) — (Q,q(Bry)) is bounded.
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Proof: Let U € fg,, then U C Q and f(U) C Ris bounded V f € F. Now since
U C @ with @ a quotient set of X and ¢ : X — @ is a surjection then there
exists A C X such that U = q(A). Therefore f(U) = f(q(4)) = (foq)(A) CR
is bounded V f € Fg since ¢(A) = U € Bg,. But foq € Fx, V f € Fg, and since
Vg€ Fx 3 fe Fgsuchthat g = fogqthen (foq)(A) C Risbounded V f € Fy,
which implies that g(A) C R is bounded V g € Fx. Therefore A € fp,, which
implies that U = q(A) € q(Bry). That is, U € Br, = U € q(Bry), hence
Bry C q(Bry). By definition it follows that the identity map

id : (Q, Br,) — (Q,q(Bry)) is bounded. O

Lemma 3.6.3 Let Br, be a functional bornology on X, q(Br,) be the functional
quotient bornology, and (X, Br,) and (Q,q(Bry)) be bornological sets. Then

q: (X, Bry) — (Q,q(Bry)) is bounded.

Proof: By definition of ¢(fp,) we have that U € fr, = q(U) € q(Bry),
therefore ¢ : (X, Br,) — (@, q(Bry)) is bounded. O

Lemma 3.6.4 Let 8r, be a functional bornology on X, Br, be the functional
bornology on Q, and (X, Bry) and (Q, Br,) be bornological sets. Then

q: (X, Bry) — (Q, Br,) is bounded.

Proof: Let U € g, then U C X and f(U) C R is bounded V f € Fx. Let
h € Fy be arbitrary. Then h o q € Fx since the Frolicher quotient (Q, Cq, Fg)
is a final structure in the category of Frolicher spaces. Therefore (h o q)(U) C R
is bounded since hoq € Fx and U € fr,. Thus, since h € Fy is arbitrary
and U € fp, then (hoq)(U) = h(q(U)) C R is bounded V h € Fy, therefore
q(U) € Br,. That is, U € fr, = q(U) € Br,, hence ¢ : (X, Br,) — (Q, Br,)
is bounded. U

Lemma 3.6.5 Let (g, be the functional bornology on Q, q(Bry) be the func-
tional quotient bornology, and (Q, Br,) and (Q,q(Br,)) be bornological sets. The
identity maps id; : (Q, Br,) — (Q, Br,) and idy : (Q,q(Bry)) — (@, q(Bry))

are bounded.

Proof: This is trivial, identity maps between bornological sets are bounded (see
[45] and [51]). O

Corollary 3.6.1 Let Br, be the functional bornology on Q and (Q,fr,) be a
bornological set. The mapping ¢ : (Q,Br,) — (Q,Br,) is bounded if it is
Frélicher smooth.

Proof: Since fr, is a functional bornology on @ then it follows from Lemma
3.1.3 that if the mapping ¢ : (Q, fr,) — (@, B, ) is Frolicher smooth then it is
bounded. U
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Corollary 3.6.2 Let ((1,Cq,, Fo,) and (Q2,Cq,, Fo,) be Frilicher quotients,
Bry, and Br,, be the functional bornology on Q1 and Q2 respectively, and (Q1, BFQI)

and (Q2, Br,,) be bornological sets. If the mapping j : (Q1, Bry,) — (Q2, Bry,)
s Frolicher smooth then it is bounded.

Proof: Since the Frolicher quotients (Q1, Cq,, Fo,) and (Q2, Cg,, Fp,) are Frolicher
spaces then by Lemma 3.1.4 we have that the mapping
J (@, 5FQ1) — (@2, 5FQ2) is bounded if it is Frolicher smooth. O

3.7 Bornological comparison on Frolicher coprod-
uct.

3.7.1 Coproduct bornology.

Let {(X;,Cx,,Fx,) | j € J} be a family of Frolicher spaces and N := HXj be
jed
the coproduct of the sets {X; | j € J} in the category of sets and ¢; : X; — N
be a canonical projection, j € J. Then we have a Frolicher structure (Cyr, Fyr)
on N generated by
{pjoc|ceCx,, jeJ}

where

Cv={c:R— N | foce C®(R,R), V f € Fx}

and
Fy={f:N—R| foce C*R,R), Vce Cy}

The triple (N, Cyr, Fyr) is a Frolicher space called the Frolicher coproduct, (see
Subsection 2.3.6).

We construct the notion of coproduct bornology from the concept of coprod-
uct topology. Given the canonical projection ¢; : X; — N we have that the
coproduct topology is the finest topology on N for which ¢; : X; — N is con-
tinuous, j € J. That is, U C N is open if and only if goj_l(U) C Xjisopen, jeJ
(see [3] and [70]). From this concept we construct the coproduct bornology.

Lemma 3.7.1 Let {(X;, ;) | 7 € J} be a family of bornological sets, N := HXj
jeJ
and @; : X; — N be a canonical projection, j € J. The collection

Bi={UCN |¢ (U)ep;, jeJ}

is a bornology on N .
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Proof: Let Uy,Us,---,U, € fy, then Vi = 1,2,--- ,n we have that U; C N
and goj_l(Ui) € B, J € J. Since f; is a bornology on X, then it is closed under

finite union, therefore ng}l(Ui) = go;l (U Ui) € B, j € J. Which implies
i=1 i=1

that U Ui € - Thatis U; € By, Vi=1,2,...,n = UUi € f1, therefore
B11 isZ ciosed under finite union. -

Let A C B and B € 1. Then we have that B C N and goj’l(B) € pj,jed,
since B € f1. And AC BCN = ¢;'(A) C ¢, (B) € B, j € J. Therefore
goj_l(A) € f3; since f3; is closed under inclusion as it is a bornology, j € J. Thus
A € pyp since A C N and gpj’l(A) € B, j € J. That is, A C B and B € f[j
implies that A € 1, therefore fj; is closed under inclusion.

Let j € J be fixed and x € X also be fixed. Consider the singleton {(z,j)} C N.
By definition of ¢; : X; — N we have that gpj_l({(x,j)}) = {z}. The singleton
{z} C X is such that {z} € B, since ; covers X; as f; is a bornology on X;.
That is {z} = ¢; '({(,)}) € B;, therefore {(x,j)} € Si. Thus Sy covers N.
Hence £ is a bornology on A since it covers NV, is closed under inclusion and is
closed under finite union. O

Definition 3.7.1 Coproduct bornology.

Let {(X;,Cx,, Fx,) | j € J} be a family of Frélicher spaces, N := HXj be a
jeJ

coproduct in the category of sets, {(X;,5;) | j € J} be a family of bornological

sets, (N, Cy, Fx) be a Frélicher coproduct and p; : X; — N be a canonical

projection. The bornology

Gir={UCN |¢;'(U)ep;, jeJ}

15 called the coproduct bornology.

Remark 3.7.1 Let {(X;,Cx;, Fx;) | j € J} be a family of Frolicher spaces,
N = HXj be a coproduct in the category of sets, (N, Cyr, Fy) be a Frolicher

jet
coproduct. The collection

By :={UCN | ¢;'(U) € Br, j €T}

s a coproduct bornology since the functional bornology Bpxj on X; is a bornology
on Xj, j € J. For the purpose of bornological comparison on Frolicher coproduct
we will use the coproduct bornology By .

Definition 3.7.2 Functional coproduct bornology.
Let {(X;,Cx,,Fx,) | j € J} be a family of Frélicher spaces, N := HXj be

jedJ
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a coproduct in the category of sets, p; : X; — N be a canonical projection,
(N, Cy, Ex) be the Frolicher coproduct and Bij be a functional bornology on
X, 3 € J. The coproduct bornology

By ={UCN | ¢;'(U) € Bry,, j € J}

1s called the functional coproduct bornology.

3.7.2 Bornology from structure functions of Frolicher co-
product.

Consider the Frolicher coproduct (N, Cyr, Fixr). Since the Frolicher coproduct is
a Frolicher space (see Subsection 2.3.6) then we have a bornology induced from
the structure functions of Frolicher coproduct (See Section 3.1.1). That is, the
functional bornology

Bry :={U CN | f(U) C Ris bounded, ¥ f € Fy}

OHN.

3.7.3 Bounded maps and bornological comparison.

Let {(X;,Cx,, Fx,) | j € J} afamily of Frolicher spaces, N := HXJ- a coproduct
jeJ
in the category of sets, ¢ : X; — N be the canonical projection and (N, C, Fy)
be the Frolicher coproduct. From the Frolicher coproduct we have induced two
bornologies. That is the functional bornology, denoted fp,, on N, and the
functional coproduct bornology, denoted By. We also have a bornology from
the structure functions on X, that is the functional bornology, denoted BFXJ_,
on X;, j € J. In this subsection we determine the relationship between the
aforementioned bornologies and their associated bounded maps and bounded sets.

Lemma 3.7.2 Let Or, be the functional bornology on N, By be the functional
coproduct bornology, and (N, Br,.) and (N, Bxr) be bornological sets. The identity
maps idy : (N, Bry) — (N, Bry) and idy : (N, By) — (N, By) are bounded.

Proof: This is trivial, identity maps between bornological sets are bounded (see

[45] and [51]). O

Corollary 3.7.1 Let S, be the functional bornology on N and (N, Br, ) be a
bornological set. The mapping ¢ : (N, Br,) — (N, Br,) is bounded if it is
Frolicher smooth.
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Proof: Since S, is a functional bornology on A then it follows from Lemma
3.1.3 that if the mapping ¢ : (N, Br,) — (N, Br,) is Frolicher smooth then it
is bounded. U

Corollary 3.7.2 Let (N1, Cy, Fy,) and (N, Cr,, Fin,) be Frolicher coproducts,
Bry, and Bry, be the functional bornology on N1 and Ny respectively, and

(M1, Bry,) and (Na, Bry,,) be bornological sets. If the mapping

J (N, Bey,) — (Na, Bry,) is Frélicher smooth then it is bounded.

Proof: Since the Frolicher coproducts (N7, Cwy, Fia,) and (N, Chy, F,) are
Frolicher spaces then by Lemma 3.1.4 we have that the mapping
j (N, Bey,) — (Na, Bry,) is bounded if it is Frolicher smooth. O

Theorem 3.7.1 Let By be the functional coproduct bornology, Br,, be the func-
tional bornology on N, and (N,By) and (N, fBr,) be bornological sets. Then
By C Bry and thus the identity map id : (N, By) — (N, Br,) is bounded.

Proof: Let U € By, then U C N and ;' (U) € Bry,. J € J. And

o;'(U) € Brx, = U € ¢j(Bry,), j € J. With U € ¢;(fr, ), this implies that
for some j € J 3 A € Bp, such that U = ¢p;(A). Since A € B, then f;(A) CR
is bounded V f; € F;. But v g € Fy, 5 € J, we have that g]o @; € Fx, since
@;: X; — N is Frolicher smooth. Therefore (gop;)(A) = g(p;(A)) = g(U) CR
is bounded V g € F) since A € fp, . This gives that U = ¢;(A) € SF,. That
is, U € By = U € Bp,, hence BN] C Br, . Therefore it follows from definition
that the identity map id : (N, By) — (N, B, ) is bounded. O

Lemma 3.7.3 Let /BFXJ- be the functional bornology on X;, B, be the functional
bornology on N, and (X, ﬂpxj) and (N, Br,.) be bornological sets. Then
©; (Xj,ﬁpxj) — (N, Bry) is bounded, j € J.

Proof: Let U € ,BFXj, then U C X; and f(U) C R is bounded V f € FY,. Since
@i (Xj, Bry,) — (N, Bry) is Frolicher smooth then we have that

gow; € Fx,, ¥ g& Fy. Then (go;)(U) = g(¢;(U)) CR is bounded V g € Fy
since U € fp, . Therefore ¢;(U) € Bp,. Thus U € fp, = ¢;(U) € Bry,
j € J. Hence @, : (X;,fr, ) — (N, ) is bounded, j € J. 0



Chapter 4

Relatively-compact bornologies.

4.1 Relatively-compact bornology from Frolicher
topology.

The previous chapter entails bornologies induced canonically from the structure
functions, and the initial and final bornologies. We now look at the bornology in-
duced from the Frolicher topology. A Frolicher space (X, Cx, Fx) is a topological
space - a bitopological space since we have two topologies, one topology induced
from structure functions, that is

Tre ={UCX |U=f*V), Vem VfeFx}
and the other topology induced from structure curves, that is
Tox ={UC X | ¢ Y (U) €m, VeceCx},

where 7g is the standard topology on R (see [8], [10], [13], [14], [45], [86], [88]
and [89]). The topology 7r, is coarser than the topology 7¢,. If 7p, = 7¢, then
the Frolicher space (X, Cx, Fx) is said to be a balanced space (see [27]). The
topology 7p, is the coarsest topology in which all smooth maps are continuous.
Due to that, the topology 7r, is considered as the Frolicher topology (see [14]).
The basis and subbasis of 7, are given by the collections {f~1(0,+00) | f € Fx}
and {f71(0,1) | f € Fx}, respectively (see [36] and [45]). If V z1, 75 € X such
that z; # x2 we have that there exists f € Fx such that f(z1) # f(x2) then 75,
is Hausdorff (see [89]).

This section focuses on relatively-compact bornology (also called compact bornol-
ogy, see [51]) induced from the Frolicher topology of a general Frolicher space.
The relatively-compact subsets of a separated (Hausdorff) topological space from
a bornology, and the family of compact subsets is the base of such a bornology
(see [45] and [51]).

5
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Definition 4.1.1 7, -compact set.

We say that a set is Tp,-compact if it is compact (see Definition 2.2.6) with
respect to the (open sets of the) topology Tr,. That is, a set U C X is said to be
Try -compact if every open cover {O, | a € I} of U, where O, € Tp,, o € I, has
a finite subcover, say {O,,; | i =1,2,--- ,n}, where Oy, € Tp,, Vi=1,2,--- ,n.

Lemma 4.1.1 Let (X,Cx, Fx) be a Frélicher space. The collection
Qrp, ={V C X | Vis 7p, — compact}

s a base of a bornology on X.

Proof: We have to show that Q.. covers X and that every finite union of 75, -
compact subsets of X is contained in a 7p,-compact subset of X. Consider the
singleton {z} C X. Since f € Fx is such that f : X — R is a function then
there exists {r} C R such that {z} = f~1({r}). There exists W € 7 such that
{r} C W. That is, there exists W € 7z such that {z} = f~'({r}) C f~Y(W),
thus {z} C f~(W) € 7p,. This suffices that {z} is 7,-compact, V z € X. That
is, QTFX covers X.

Let Vi, V5,--- V), € QTFX. That is V; C X is 7p,-compact V¢ =1,2,--- ,n. The

n

finite union of compact sets is compact (see Theorem 2.2.1) therefore U ViCX
i=1

is Tp-compact. That is, Q.. is closed under finite union. Since Q. covers X

n n
then there exists K € QTFX such that U Vi C U(V} UK) € QTFX. That is, every
i=1 i=1
finite union of 7p,-compact subsets of X is contained in a 77, -compact subset of
X. O

Definition 4.1.2 Relatively 7p, -compact set.
Let U C X, then we say that U is relatively T, -compact if it is relatively compact
(see Definition 2.2.10) with respect to (the open sets of ) Tp, .

Lemma 4.1.2 Let X be a Hausdorff space and (X, Cx, Fx) be a Frélicher space.
The collection

Brp, =={U C X | U is relatively Tp, — compact}

1s a bornology on X.

Proof: Let X be a Hausdorff space. We have to show that BTFX covers X, is
closed under finite union and is closed under inclusion.

Since
Q. ={V C X |V is 7p, — compact}
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covers X (see Lemma 4.1.1) therefore the singleton {z} is 7p,-compact, V z € X.
But since X is Hausdorff then by Theorem 2.2.7 we have that {z} is relatively
Tre-compact, V @ € X. Therefore {z} € 5, , V2 € X, thus 3, covers X.

Let Uy,Us,--- ,U, € BTFX, that is, U; € X is relatively 7p, -compact
Vi=1,2,---,n. By definition, Vi =1,2,---  n, the closure of U;, that is CI(U;),
is 7p,-compact since U; is relatively 7p,-compact V ¢ = 1,2,---  n. Therefore

U Cl(U;) =Cl (U Ui) is 7, -compact since by Theorem 2.2.1 the finite union
i=1

i=1

of compact sets is compact. With C1 (U Ui) Tr-compact then by definition
i=1

U U; C X is relatively 7p,-compact. Therefore U U; € 5TFX7 thus ﬁTFX is closed
:uider finite union. -

Let AC B and B € BTFX, then A C B C X and B is relatively 7x,-compact.
Since B is relatively 7p,-compact then the closure of B, that is Cl(B), is Tpy-
compact. But A C B = CI(A) C CI(B), giving that every open cover
of Cl(B) is the open cover of CI(A). Therefore Cl(A) is 7p,-compact which
implies that A is relatively 7p,-compact, which implies that A € Brp, - That is,
ACBE By, = A€ By, thus S, is closed under inclusion. O

Definition 4.1.3 Functional relatively-compact bornology.
Let (X,Cx, Fx) be a Hausdorff Fréolicher space, the bornology

Brp, =={U C X | U is relatively Tp, — compact}

1s called the functional relatively-compact bornology.

Lemma 4.1.3 Let X be a Hausdorff space and (X, Cx, Fx) be a Frélicher space.
The base of the functional relatively-compact bornology

Brp, =={U C X | U is relatively Tp, — compact}
on X s the collection

Q. ={V C X | Vis g, — compact}.

Proof: We have to show that every element of 5, is contained in an element
of Qr, and that Q.. C fr, . Let U € by, , that is U C X is relatively 7p,-
compact. The closure of U, that is CI(U), is Tp,-compact since U is relatively 7p, -
compact (see Definition 2.2.10) and by Proposition 2.2.1 we have that U C CI(U).
That is, V U € B, there exists the closure CclLU) € Qrp, of U, such that
U CClU).

Let V € Q,, , that is V C X is 7p -compact. But by Theorem 2.2.6 we have
that V' C X is closed since X is Hausdorff, and V = CI(V') by Theorem 2.2.2.
Therefore CI(V') is Tp,-compact. This implies that V' is relatively 7, -compact,
thus V' € Bpy, therefore Q. C [y, . O
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4.2 Relatively-compact bornologies from Frolicher
subspace.

Let X be a Hausdorff space, (X,Cx, Fx) be a Frolicher space with S C X
and (S,Cyg, Fs) be a Frolicher subspace of (X, Cx, Fx) (see Subsection 2.3.4).
From the Frolicher subspace (S, Cs, Fs) we have the topologies induced from the
Frolicher structure (Cg, Fs), that is, the functional topology

TFg :{UQS|U:f_1(V), VETR, erps}
on S and the curvaceous topology
0 = {UCS | (U) €, VeeCs}

on S, where 7y is the standard topology on R (see Subsection 2.3.3). The topology
Trg 1s coarser than the topology 7¢y (see Lemma 2.3.3). If 7p, = 7¢ then the
Frolicher subspace (5, Cs, Fg) is said to be a balanced space. The topology 7p, is
the coarsest topology in which all smooth maps are continuous. Due to that, the
topology Tr, is considered as the Frolicher topology from Frolicher subspace. The
basis and subbasis of T, is given by the collections {f1(0,+o0) | f € Fs} and
{f71(0,1) | f € Fs}, respectively (see [36] and [45]). Also, we have the canonical
topology induced on S, and that is the subspace topology

TFX(S> = {SQU | UETFX}
on S.

4.2.1 Functional relatively-compact bornology.

Definition 4.2.1 75,-compact set.

We say that a set is Tp,-compact if it is compact (see Definition 2.2.6) with respect
to (the open sets of) the topology Tr,. That is, a set U C S is said to be Tp,-
compact if every open cover {O, | o € I} of U, where O, € Tpy, a € I, has a
finite subcover, say {O,, | i =1,2,--- ,n}, where Oy, € Tpy, Vi=1,2,--- n.

Definition 4.2.2 Relatively 75,-compact set.
Let U C S, then we say that U is relatively Tr,-compact if it is relatively compact
(see Definition 2.2.10) with respect to (the open sets of) Tp,.

Lemma 4.2.1 Let X be a Hausdorff space, (X,Cx, Fx) be a Frélicher space,
S C X and (S,Cs, Fs) be a Frélicher subspace. The collection

Brp, :={U C S| U is relatively Try — compact}
1s a bornology on S and its base is

Prp ={U C S| U is 7y — compact}.
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Proof: Frolicher subspaces are Frolicher spaces (see Subsection 2.3.4), therefore
the Frolicher subspace (S, Cys, Fs) is a Frolicher space. It then follows, by Lemma
4.1.1, that P, is a base of a bornology on S. By Theorem 2.2.3, since S C X
and X is Hausdorff therefore S is also Hausdorff, therefore by Lemma 4.1.2 we
have that 0, is a bornology on S. Hence Py, is a base of 8, by Lemma 4.1.3.
O

Definition 4.2.3 Let (S,Cg, Fs) be the Frélicher subspace. The bornology
Brpg :={U C S| U is relatively Try — compact}

is called the functional relatively-compact bornology on S.

4.2.2 Subspace relatively-compact bornology.

Definition 4.2.4 75 (S)-compact set.

We say that a set is T, (S)-compact if it is compact (see Definition 2.2.6) with
respect to (the open sets of ) the topology Tp, (S). That is, a set U C S is said to
be T, (S)-compact if every open cover {O, | a € I} of U, where O, € Tp,(S5),
a € I, has a finite subcover, say {O,, | i = 1,2,--- ,n}, where O,, € Tp,(S),
Vi=1,2,--,n.

Lemma 4.2.2 Let (S,Cs, Fs) be a Frolicher subspace. The collection
Pr (8) :=={U C S | U is 7 (S) — compact}

is a base of a bornology on S.

Proof: We have to show that P, (S5) covers S and that every finite union of
Try (S)-compact subsets of S is contained in a 7p, (S)-compact subset of S. Let
s € S, since S C X then we have that s € X. For f € Fyx, we have that
f X — R is a function, then f(s) € R. Therefore there exists V € 7 such
that f(s) € V. ThatisV {s} C S C X IV € 7 such that {s} € f~}(V). Thus
there exists U € 7p, such that {s} C U. Therefore there exists (SNU) € 7p, (5)
such that {s} € SN U. This is sufficient that every open cover of the singleton
{s} € § € X has a finite subcover. That is, every singleton {s} C S C X is
Try (S)-compact. Therefore {s} € P (5), that is Pr, (S5) covers S.

Let Uy, Us, - -+, Uy € Py (5), that is U; € X is 75, (S)-compact Vi =1,2,--- ,n.
Since the finite union of compact sets is compact (see Theorem 2.2.1) therefore

UU,- C S is Tpy(S)-compact. Since P, (S) covers S therefore there exists

i=1

K € P, (S) such that UUZ' C U(K UUi) € Pry (S). That is, every finite
i=1 i=1

union of 7g, (S)-compact subsets of S is contained in a 7, (S)-compact subset of

S. O
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Definition 4.2.5 Relatively 75, (S)-compact set.
Let U C S, then we say that U is relatively T, (S)-compact if it is relatively
compact (see Definition 2.2.10) with respect to (the open sets of ) Ty (S).

Lemma 4.2.3 Let X be Hausdorff, S C X and (S,Cg, Fs) be a Frélicher sub-
space of the Frolicher space (X,Cx, Fx). The collection

B.. (S):={U C S | U is relatively r,(S) — compact}

TFX

s a bornology on S.

Proof: We have to show that B, (5) covers S, is closed under finite union and is
closed under inclusion. Let {s} C S be arbitrary. Since 7p, (S)-compact subsets
of S form a base on S then the singleton {s} is 7p, (S)-compact. The subset
S C X is a Hausdorff space since X is Hausdorff, by Theorem 2.2.3. Then by
Theorem 2.2.7 we have that {s} is relatively 7z, (5)-compact since {s} C S and
S is Hausdorff. That is {s} C S is relatively 7p, (S)-compact V s € S. Therefore
{s} € B (5), Vs €5, thus B, (5) covers S.

Let Uy, Us, - -+, Uy, € By (S5), that is U; C S is relatively 7p, (S)-compact
Vi=1,2,---,n. Then by definition CI(U;), that is the closure of U;, is 7r, (5)-
compact V ¢ = 1,2,--- ,n. Since the finite union of compact sets is compact,

by Theorem 2.2.1, then U clU;) = Cl (U Ui) is 7p, (S)-compact. Therefore
i=1

i=1

U U; is relatively 7p, (S)-compact, by definition. That is U Ui € By (5), thus
i=1 i=1

B, (S) is closed under finite union.

Let A C B and B € By, (5), then A C B C S and B is relatively 7p, (S)-
compact. That is Cl(B), the closure of B, is 7p, (S)-compact by definition. But
AC B = CI(A) C Cl(B), giving that the open cover of Cl(B) is also an open
cover of Cl(A). Therefore CI(A) is also 7p, (S)-compact. This implies that A is
relatively 7p, (5)-compact, therefore A € By, (S). That is, A C B € B, (S5)
= A€ B, (5), therefore B, (5) is closed under inclusion. O

Definition 4.2.6 Subspace relatively-compact bornology.

Let X be Hausdorff, (S,Cs, Fs) be the Frolicher subspace of the Frélicher space
(X, Cx, Fx), and tp, (S) be the subspace topology on S. Then we call the compact
bornology

B.. (S):={U C S | U is relatively p,(S) — compact}

TFX
the subspace relatively-compact bornology.

Lemma 4.2.4 Let X be a Hausdorff space, S C X and (S, Cys, Fs) be the Frolicher
subspace of the Frolicher space (X,Cx, Fx). The collection

Pre, (8) ={U C S | U is 7 (S) — compact}
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15 the base of the subspace relatively-compact bornology

B.. (S)={U C S| U is relatively tp, (S) — compact}.

TFX
Proof: We have to show that P, (S) C B, (S) and that every element of
B:, (S) is contained in an element of P, (S). Since a compact subset of a
Hausdorff space is relatively compact (see Theorem 2.2.7) therefore

Prp, (S) C Bry (S). By definition, for U € B, (S) we have that the closure
of U, that is CI(U), is such that CI(U) € Py, (5), and by Proposition 2.2.1
bU C CU(U). Hence the collection B, (S) is a bornology on S and P, () is i’lc:s,

ase.

4.2.3 Bornological comparison.

Let (X,Cx, Fx) be a Frolicher space, S C X and (5,Cg, Fs) be a Frolicher
subspace. We have the Frolicher topology on S, that is the topology 7p,, from
structure functions. We also have the subspace topology 7r,(S) on S. The
relationship between 77, (S) and 7p, is such that 7p, (S) C 7r, (see Lemma
2.3.5). We have the subspace relatively-compact bornology B, (S) induced from
the subspace topology 7, (S) and the functional relatively-compact bornology
Bre, on S induced from the topology 7. In this subsection we compare the
bornologies By, (S) and Sy, .

Theorem 4.2.1 Let X be Hausdorff, S C X, (S,Cs, Fs) be the Frélicher sub-
space of the Frélicher space (X,Cx, Fyx), By, (S) be the subspace relatively-
compact bornology and BTFS be the functional relatively-compact bornology on S.

Then By, (S) C Bry, -

Proof: Let U € B, (5), that is, U C S such that U is relatively 77, (S5)-
compact. That is the closure of U, denoted CI(U), is 7p, (S)-compact. Thus
every open cover {O, | a € I} C 7r,(5) of CI(U) has a finite subcover. Now
since Try (S) C Try then it follows that {O, | a € I} and its finite subcover are
subsets of 7p,. Therefore CI(U) is Tp,-compact, which implies that U € Sp,.
That is we have that U € B, (S) = U € Sy, hence B, (5) C By, - O

Corollary 4.2.1 Let X be Hausdorff, S C X, (S,Cs, Fs) be the Frélicher sub-
space of the Frélicher space (X,Cx, Fyx), BTFX(S) be the subspace relatively-
compact bornology, BTFS be the functional relatively-compact bornology on S, and
(S, Brp (5)) and (S, Brp,) be bornological sets. The identity map

id : (S, By, (S)) — (S, Brp,) is bounded.

Proof: By Theorem 4.2.1 we have that B, (S) C B, therefore it follows from
definition that the identity maps id : (S, B, (S)) — (5, By, ) is bounded. [
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4.3 Relatively-compact bornologies from Frolicher
product.

Let {(X;,Cx,, Fx,) | i = 1,2,--- ,n} be a family of Frolicher spaces with X; a
Haudorff space, Vi = 1,2,--- ,n, and let X := HX" be a Cartesian product

i=1
in the category of sets. Then we have a Frolicher structure (Cy, Fx) on X, and
thus (X, Cx, Fx) is a Frolicher space called the Frolicher product (see Subsection
2.3.5). We have topologies induced from the Frolicher structure (Cy, Fx), that is,
the functional topology

T = {UCX|U=[f(V), VemVfeFx}
on X and the curvaceous topology
7o, = {UCX | c Y (U) € 1r, V c € Cx}

on X, where 7 is the standard topology on R. The topology 7, is coarser than
the topology 7¢, (see Lemma 2.3.3). If 7/, = 7¢, then the Frolicher product
(X, Ck, Fx) is said to be a balanced space. The topology 7p, is the coarsest
topology in which all smooth maps are continuous. Due to that the topology
Tr, 15 considered as the Frolicher topology from Frolicher product. The ba-
sis and subbasis of 7p, is given by the collections {f~!(0,+00) | f € Fx} and
{f71(0,1) | f € Fx}, respectively (see [36] and [45]). Also we have the canonical

product topology on X := H X, denoted by 7., generated by the basis

i=1

Bi= {ﬂpi_l(Ui) | Ui € TRy, Vi =1,2,- ,n}
i=1

where p; : X — X is a canonical projection, Vi =1,2,--- ,n.

4.3.1 Functional relatively-compact bornology.

Definition 4.3.1 75, -compact set.

We say that a set is g, -compact if it is compact (see Definition 2.2.6) with respect
to (open sets of ) the topology Tp,. That is, a set U C X is said to be T, -compact
if every open cover {O, | a € I} of U, where O, € Tp,, o € I, has a finite
subcover, say {Oq, | j =1,2,--- ,n}, where Oy, € Tr,, V j=1,2,--+ .

Definition 4.3.2 Relatively 7r, -compact set.
Let U C X, then we say that U is relatively Tp, -compact if it is relatively-compact
(see Definition 2.2.10) with respect to (the open sets of) Tp,.
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Lemma 4.3.1 Let {(X;,Cx,, Fx,) | i =1,2,--- ,n} be a collection of Frélicher
spaces with X; a Hausdorff space, Vi =1,2,--- n, X = ﬁXi be the Cartesian
product in the category of sets and (X,Cx, Fx) be the Frdfi:clher product. Then
Brp, ={U C X | U is relatively Tp, — compact}
15 a bornology on X and
P, ={U C X | U is Tp, — compact}

1s 1ts base.

Proof: The collection P,, is a base of a bornology on X, by Lemma 4.1.1. By
T heorem 2.2.4 the Cartesmn product of Hausdorff spaces is Hausdorff, therefore

X = HXi is Hausorff since X; is Hausdorft V7 = 1,2,--- 'n. Then by Lemma
i=1

4.1.2 we have that BTFx is a bornology on X. By Lemma 4.1.3 we have that the

base of fr is Pr. . 4

Definition 4.3.3 Let (X, Cx, Fx) be the Frélicher product. The bornology
Brp, ={U C X | U is relatively Tp, — compact}

is called the functional relatively-compact bornology on X.

4.3.2 Product relatively-compact bornology.

Definition 4.3.4 7,-compact set.

We say that a set is T.-compact if it is compact (see Defintion 2.2.6) with respect
to (open sets of ) the topology T.. That is, a set U C X is said to be T,-compact if
every open cover {O, | « € I} of U, where O, € 7, a € I, has a finite subcover,
5ay {Oq,; | j=1,2,-- ,n}, where O, € T, ¥V j=1,2,--- |0

Lemma 4.3.2 Let {(Xi,Cx,, Fx,) | i =1,2,--- ,n} be a collection of Frolicher

spaces, X := HX,- be a Cartesian product in the category of sets, (X,Cx, Fx)

i=1
be the Frolicher product and T, be the canonical product topology on X. The
collection

pr. ={U C X | U is 1o — compact}

1s a base of a bornology on X.
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Proof: We have to show that p,_covers X and that every finite union of elements
of p,. is contained in an element of p, . Consider the canonical projections
pi: X — X;, fori=1,2,---  n, and recall the basis

8= {ﬂpfl(Ui) | Ui € TRy, Vi =1,2,- ,n}
i=1

of the product topology 7. Let {(x1, 22, ,2,)} C X be a singleton. With the
canonical projections p; : X — X, consider the projections p; : X — X; and

p2: X — Xo. Let Uy € 7 and Uz € 7p,, and since p1(z1, e, -+, x,) = 1
and pa(z1, 72, -+ ,2,) = 22 then
p1 (U) = {(z1, 22, -+ @) € X | pr(ay, 20, -+, 2n) € U} (4.1)
={(z1, 22, -+ ,0,) € X | 21 € Up} .
and similarly
pzfl(U2> = {(IhIz? T 7xn) €X | p2(331,$27 ce ,iUn) € Uz} (4 2)
:{(.%1,1’2,"',iL‘n)E%‘l‘QGUQ} .
Therefore
o H(U) Npe (Us) = {(@1, 22, 2) € X | 21 € U} N{(21, 20, ,2) € X | 29 € Up}
= {(ZEl,l’Q,"' ,ZL’n) eX | xr1 € Ul, To € UQ}
(4.3)
Using this as a conjecture, we have that V¢ =1,2,--- n, for p; : X — X, and
U, € TFXi’
B5(\pi ' (U) ={(x1,22,+ ,2,) €X |2, €U;, Yi=12--- n}
i=1
={(x1, 20, -+ ,x,) |2, €U, Vi=1,2,--- ,n} (4.4)
=[[vicx=]]x
i=1 i=1

By definition U; € 7, implies that ¥V f; € Fy, 3V € 1 such that U; = f;"1(V),
Vi=1,2,---,n. Andlfi € Fx, implies that f; : X; — R is a function, therefore
Vz; € X; AV € g such that z; € f;'(V) = U;. That is, V z; € X; 3 U; € 7p,,
such that z; € U;, Vi =1,2,--- ,n. This implies that V (z1, 29, -+ ,x,) € X

3 B € /3 such that (x1, 29, -+ ,x,) € B. This also follows from

b= {ﬂpi—l(Ui) | Ui € Tpy,Vi=1,2,- - n}
=1

being a basis of the product topology 7, on X. Thus for every singleton
{(x1,29, -+ ,x,)} C X 3 B € f C 7 such that {(z1, 22, -+ ,2,)} C B. This is
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sufficient that every singleton {(x1, 29, ,x,)} C X is 7,-compact, giving that
{(z1,22, -+ ,2n)} € pr,. Thus p,  covers X.

Let Ay, Ao, -+, A, € pr, that is, A; € X and A; is 7,-compact Vi=1,2,--- ,n.
Since the finite union of compact sets is compact by Theorem 2.2.1 therefore

n
U A; C X is T,-compact. Since p,_covers X then there exists K € p,_such that
i=1

UAi C U (KUA;) € p... That is, every finite union of elements of p._ is
i=1 i=1
contained in an element of p, . g

Lemma 4.3.3 Let {(X;,Cx,, Fx,) | i = 1,2,...,n} be a collection of Frélicher

spaces, X; be HausdorffVi=1,2,--- ,n, X := HXZ' be a Cartesian product in
i=1

the category of sets, (X,Cx, Fx) be the Frélicher product and 7, be the canonical

product topology on X. The collection

B, :={U C X | U is relatively 7, — compact}

s a bornology on X.

Proof: We have to show that f3,_is closed under inclusion, is closed under finite
union and it covers X. Since

pr. ={U C X | U is 1, — compact}
is a base of a bornology on X then p,. covers X. That is every singleton
{(z1,29,--+ ,x,)} C X is 7,-compact. The Cartesian product X := HXi is
i—1

Hausdorff by Theorem 2.2.4 since it is a Cartesian product of HausdorﬂZF spaces.
Thus by Theorem 2.2.7 we have that {(z1,x2, - ,z,)} is relatively 7,-compact
since X is Hausdorff. That is, {(z1, 22, -+ ,2,)} C X is relatively 7,-compact

V (21,9, ,2,) € X, therefore {(z1,x2, - ,2,)} € Br., V (21,29, ,1,) € X.
Thus 3., covers X.

Let Uy, Us,--- ,U, € B._, then U; C X is relatively 7,-compact, Vi¢=1,2,--- ,n.
Then CI(U;), the closure of U, is m,-compact ¥V i = 1,2,---  n, by definition.
Now since the finite union of compact sets is compact by Theorem 2.2.1 then

U ClU;) = Cl (U Ui> is T-compact. Since CI (U Ui> is T,-compact, this
i=1 i=1

i=1

n
implies, by definition, that U U; C X is relatively 7,-compact. Therefore
i=1

n
U U; € B._, thus f3,_ is closed under finite union.

=1
Let AC B and B € ... Since B € 3, then B C X is relatively 7,-compact.
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Therefore C(B), that is the closure of B, is T,-compact, by definition. With
CI(A) denoting the closure of A, then A C B = CI(A) C Cl(B). This implies
that the open cover of Cl(B) is an open cover of Cl(A). Therefore Cl(A) is 7,-
compact since Cl(B) is T,-compact. This gives that A is relatively 7,-compact,
therefore A € ... Thatis AC Be€ 3,, = A€ ... Thus 3., is closed under
inclusion. U

Definition 4.3.5 Product relatively-compact bornology.
Let {(X;,Cx,,Fx,) | i = 1,2,---,n} be a collection of Frélicher spaces, X;
be a Hausdorff space ¥V i = 1,2,--- ,n, X = HXi be the Cartesian product,

i=1
(X, Cx, Fx) be the Frélicher product and 1, be the product topology on X. Then
we call the relatively-compact bornology

B, :={U C X | U is relatively 7, — compact}

the product relatively-compact bornology on X.

Lemma 4.3.4 Let {(X;,Cx,, Fx,) | i =1,2,--- ,n} be a collection of Frélicher
spaces, X; be a Hausdorff space ¥ 1 = 1,2,--- n, X = HXi be the Cartesian

i=1
product, (X, Cx, Fx) be the Frélicher product and T, be the product topology on X.
The collection
pr., ={U C X | U is 7, — compact}

1s the base of the product relatively-compact bornology

Br. ={U C X | U is relatively 1, — compact}.

Proof: We have to show that p,. C (. and that every element of 3,_is contained
in an element of p,._ . By Theorem 2.2.7 we’ve that p, C (.. since a compact
subset of a Hausdorff space is relatively-compact. Let A € 5., therefore A C X is
relatively 7,-compact, that is, the closure of A, denoted C1(A), is T,-compact as X
is Hausdorff (Theorem 2.2.4). Thus CI(A) € p... But A C CI(A) by Proposition
2.2.1. That is every element of 3, is contained in an element of p. . Hence the
collection (. is a bornology on X and the collection p._ is its base. ]

4.3.3 Bornological comparison.

Let {(X;,Cx,, Fx,) | i = 1,2,--- ,n} be a collection of Frolicher spaces, X; be

a Hausdorff space Vi =1,2,--- ,n, X = HX" be the Cartesian product and
i=1

(X, Cx, Fx) be the Frolicher product. The Cartesian product of Hausdorff spaces

is Hausdorff by Theorem 2.2.4, therefore X is Hausdorff. We have the functional
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topology 7p, on X induced from Fx. Also, we have the canonical product topol-
ogy 7r on X. The relationship between 7p, and 7, is such that 7p, = 7 (see
Lemma 2.3.7). Then we have the functional relatively-compact bornology BTFX
and the product relatively-compact bornology f,,, induced from 74, and 7, re-
spectively. In this subsection we determine the relation between BTFx and (3, and
any bounded maps between them.

Theorem 4.3.1 Let (X,Cx, Fx) be the Frélicher product, (3, be the functional
relatively-compact bornology on X and BTFx be the product relatively-compact bornol-

0gy, then BTW - ﬁﬁw3€ .

Proof: Let U € 3., that is, U C X is relatively 7,-compact. Thus every open
cover {O, | @ € I} C 7, = 7p, of the closure of U, that is Cl(U), has a finite
subcover, therefore U is relatively 7p,-compact. That is U € 3., = U € BTFX.
Similarly, since 7, = 7,, we also have that U € BTFx — U € (... Therefore

/BTTr :BTFX' D

Corollary 4.3.1 Let (X,Cx, Fx) be the Frélicher product, .. be the functional
relatively-compact bornology on X and BTFx be the product relatively-compact bornol-
ogy, and (X,5,.) and (X, ﬁTFx) be bornological sets. Then the identity maps

idi : (X, Br,) — (X, Brp,) and idy 2 (X, By ) — (X, Br,) are bounded.

Proof: By Theorem 4.3.1 we have that 3, = ,BTF{, which implies that 5, C vax
and B;,, C f;,. Then it follows that the identity maps id; : (X, 3;.) — (X, BTF%)
and idy : (X, B, ) — (X, ;) are bounded, by definition. [n

4.4 Relatively-compact bornologies from Frolicher
quotient.

Let g : (X,Cx, Fx) — (Y,Cy, Fy) be a morphism in the category of Frolicher
spaces, where (X,Cx, Fx) and (Y,Cy, Fy) are Frolicher spaces. Consider the
equivalence relation ~ on X defined by: z ~ y if and only if g(z) = g(y),
V z,y € X. The equivalence relation ~ is called the kernel equivalence (see
[14]). Let Q := X/. be a quotient set on X, (Cg, Fg) be a Frolicher stucture
on Q, then (Q,Cg, Fp) is a Frolicher space - called the Frolicher quotient (see
Subsection 2.3.7). We have topologies induced canonically from the Frolicher
structure (Cg, Fg), that is, the functional topology

TFo :{U§Q|U:gfl(V), VGTR, VgEFQ}
on Q and the curvaceous topology

TCo ‘= {Ug Q | Cil(U) € TR, VCECQ}
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on Q, where 7 is the standard topology on R. The topology 7g, is coarser than
the topology 7¢, (see Lemma 2.3.3). If 75, = 7¢, then the Frolicher quotient
(Q,Cq, Fo) is said to be a balanced space. The topology 7r, is the coarsest topol-
ogy in which all smooth maps are continuous. Thus the topology 7r, is considered
as the Frolicher topology from Frolicher quotient. The basis and subbasis of 7p,
are given by the collections {f1(0,+00) | f € Fg} and {f~1(0,1) | f € Fo},
respectively (see [36] and [45]). Also we have a canonical topology induced on
Q = X/, that is, the quotient topology

. ={UC Q|7 '(U)erp}

where 7 : X — Q is a canonical projection and 7, is a functional topology on

X.

4.4.1 Functional relatively-compact bornology.

Definition 4.4.1 7p,-compact set.

We say that a set is Tp,-compact if it is compact (see Definition 2.2.6) with
respect to (open sets of) the topology Tp,. That is, a set U C Q is said to be
Tro-compact if every open cover {Oy | o € I} of U, where Oy € Tp,, o € I, has
a finite subcover, say {Oq, | j =1,2,--- ,n}, where Oy, € Tpy, ¥V j =1,2,--- 0.

Definition 4.4.2 Relatively 1r,-compact set.
Let U C Q, then we say that U is relatively Tr,-compact if it is relatively compact
(see Definition 2.2.10) with respect to (the open sets of) Tr,.

Lemma 4.4.1 Let (X,Cx, Fx) be a Frélicher space, ~ be the kernel equivalence,
Q := X/. be the quotient set such that Q is Hausdorff and (Q,Cqg, Fg) be the
Frolicher quotient. Then

B, :={U € Q| U is relatively 7p, — compact}
s a bornology on Q and
Prpy :={U € Q| U is 7, — compact}

1s its base.

Proof: The collection PTFQ is a base of a bornology on Q, by Lemma 4.1.1.
Since the quotient Q is Hausdorff then by Lemma 4.1.2 the collection BTFQ is
a bornology on Q. It follows that PTFQ is the base of the bornology BTFQ, by
Lemma 4.1.3. U

Definition 4.4.3 Let (Q,Cq, Fg) be the Frélicher quotient. The bornology
B, ={U € Q| U is relatively Tr, — compact}

is called the functional relatively-compact bornology on Q.
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4.4.2 Quotient relatively-compact bornology.

Definition 4.4.4 7._-compact set.

We say that a set is T..-compact if it is compact (see Definition 2.2.6) with respect
to (open sets of ) the topology 7~.. That is, a set U C Q 1is said to be T.-compact
if every open cover {O, | o € I} of U, where O, € 7., ¥ o € I, has a finite
subcover, say {O, | j =1,2,--- ,n}, where Oy, € 7., V j =1,2,--- ,n.

Definition 4.4.5 Relatively 7..-compact set.
Let U C Q, then we say that U is relatively T..-compact if it is relatively compact
(see Definition 2.2.10) with respect to (the open sets of) 7.

Lemma 4.4.2 Let (X,Cx, Fx) be a Frélicher space, ~ be the kernel equivalence
on X, Q:= X/. be a quotient set such that Q is Hausdorff, (Q,Co, Fg) be the
Frolicher quotient and 7., be the canonical quotient topology. Then

Br. :={U C Q| U is relatively 1. — compact}
1s a bornology on Q with the base
pr. :={U C Q | U is 7. — compact}.
Proof: By Lemma 2.3.12 we have that 7p, = 7., which implies that every 7p,-

compact set is T.-compact, vice versa. Subsequently every relatively 7p,-compact
set is relatively 7.-compact, vice versa. Since, by Lemma 4.4.1,

Prpy :={U € Q| U is Try — compact}
is a base of the bornology
B:., :={U C Q| U is relatively 7p, — compact}

then it follows that 3, is a bornology on Q and its base is p,._. O

Definition 4.4.6 Quotient relatively-compact bornology.
Let (Q,Cq, Fg) be the Frolicher quotient. The bornology

Br. :={U C Q| U is relatively 1. — compact}

15 called the quotient relatively-compact bornology.

4.4.3 Bornological comparison.

Given the Frolicher quotient (Q,Cg, Fg) with Q Hausdorff we have the func-
tional topology 7r, and the canonical quotient topology 7.. The relationship
between 7, and 7. is such that 7, = 7., by Lemma 2.3.12. Then we have the
functional relatively-compact bornology BTFQ on @ and the quotient relatively-
compact bornology 3., induced from 7p, and 7. respectively. We now determine
the relationship between these bornologies and their associated bounded maps.
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Theorem 4.4.1 Let (Q,Cq, Fg) be the Frélicher quotient, BTFQ be the functional
relatively-compact bornology on Q and B, be the quotient relatively-compact
bornology, then BTFQ = 0,_.

Proof: Since 7p, = 7. then it follows that a set that is relatively 7p,-compact
is also relatively 7.-compact, vice versa. Therefore BTFQ = 06,_. U

Corollary 4.4.1 Let (Q,Cq, Fg) be the Frélicher quotient, BTFQ be the func-
tional relatively-compact bornology on Q and 3, be the quotient relatively-compact
bornology, and (Q,BTFQ) and (Q, B,.) be bornological sets. The identity maps

idy : (Q, Bryy) — (Q, Br.) and idy : (Q, Br..) — (Q, Bry) are bounded.

Proof: By Theorem 4.4.1 we have that B,, = [, , which implies that

BTFQ C B,. and B, C BTFQ. Therefore by definition it follows that the identity
maps idy : (Q, By, ) — (Q,5:.) and idy : (Q,8r.) — (Q, By, ) are bounded.
0

4.5 Relatively-compact bornologies from Frolicher
coproduct.

Let {(X;,Cx,, Fx,) | i € I} be a family of Frolicher spaces with X; a Hausdorff
space, i € I, and let (N, Cyr, Fir) be a Frolicher coproduct (see Subsection 2.3.6).

That is,
N =T]X = J(zii) | 25 € X}
i€l el
is a coproduct in the category of sets, and (Cy, Fyr) is a Frolicher structure on
N. We have the topologies induced from the Frolicher structure (Cyr, Fir), that
is, the functional topology

Ty ={UCN |[U=f'V), VemVfecEy}
on N and the curvaceous topology
TCy = {U QN | C_l(U) € TR, Vece CN’}

on N, where 7 is the standard topology on R. The topology 7r,, is coarser than
the topology 7¢,, (see Lemma 2.3.3). If 7p,, = 7¢,, then the Frolicher coproduct
(N, Cy, Fy) is said to be a balanced space. The topology 7r, is the coarsest
topology in which all smooth maps are continuous. Based on that, the topology
Tr, 18 considered as the Frolicher topology from Frolicher coproduct. The basis
and subbasis of 7r, are given by the collections {f~!(0,+00) | f € Fy} and
{f740,1) | f € Ex}, respectively (see [36] and [45]). Also we have the canonical
coproduct topology on N given by

1 :={U eN | p;'(U) € Try,, 1 € 1}

where ¢; : X; — N is a canonical projection and TFy, 1S & functional topology
on X;, i€ 1.
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4.5.1 Functional relatively-compact bornology.

Definition 4.5.1 7p,,-compact set.

We say that a set is Tp,-compact if it is compact (see Definition 2.2.6) with
respect to (open sets of ) the topology Tp,,. That is, a set U C N is said to be
Ty -compact if every open cover {Oy | o € I} of U, where O, € T, o € I, has
a finite subcover, say {Oq; | j =1,2,--- ,n}, where On, € Try, Vj=1,2,--- 0.

Definition 4.5.2 Relatively 7, -compact set.
Let U C N, then we say that U is relatively Tp,,-compact if it is relatively compact
(see Definition 2.2.10) with respect to (the open sets of) Tp,,.

Lemma 4.5.1 Let (N, Cy, Fy) be the Frolicher coproduct such that N is Haus-
dorff. The collection
B, :=={U CN | U is relatively 1r, — compact}
is a functional relatively-compact bornology on N and
Prpy. =AU CN | U is T — compact}
15 its base.
Proof: The collection Prp,, 1s a base of a bornology on N, by Lemma 4.1.1.

Since the quotient N is Hausdorff then by Lemma 4.1.2 the collection B, is

a bornology on N. It follows that Pre,, 18 the base of the bornology BTFN, by
Lemma 4.1.3. L.

Definition 4.5.3 Let (N, Cy, Fyr) be the Frolicher coproduct. The bornology
B, ={U C N | U is relatively 7r, — compact}

is called the functional relatively-compact bornology on N .

4.5.2 Coproduct relatively-compact bornology.

Definition 4.5.4 177-compact set.

We say that a set is T 1-compact if it is compact (see Definition 2.2.6) with respect
to (open sets of ) the topology 1. That is, a set U C N is said to be 1[y-compact
if every open cover {On | o € I} of U, where O, € 111, @ € I, has a finite
subcover, say {Oq, | j =1,2,--- ,n}, where O, € 17, Vj =1,2,--- ,n.

Lemma 4.5.2 Let {(X;,Cx,, Fx,) | i € I} be a family of Frélicher spaces,
N = HXZ-, (N, Cy, Fy) be the Frolicher coproduct and 1y be the canonical
iel
coproduct topology. The collection
pry = U CN | U is 71 — compact}

is a base of a bornology on N .
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Proof: We have to show that p covers N and that every finite union of elements
of pr; is contained in an element of p,,. Let z; € X;, i € I, and {(z;,1)} be a

singleton in N := HXi' Let A € 7pq, that is, A C N and ¢; '(A) € Try,, 1€ 1.
iel

And p;1(A) € Try, implies that there exists M € 7g such that o N (A) = f7H(M),
VY f; € Fx,. Therefore we have that A = ;(f;*(M)) with £, *(M) C X;, and since
0i : (2i € X;) v ((w5,1) € N) therefore A = @;(f; {(M)) = (f;'(M),4). Since
fi € Fx, is such that f; : X; — R is a function, then there exists V' € 7 such
that z; € f;'(V), which implies that (z;,4) € (f; ' (M),i) = @;(fi ' (M)) € 71.
Thus for each singleton {(z;,i)} there exists A € 771 such that {(z;,%)} C A.
This is sufficient that every singleton {(;,7)} in N is 7j1-compact, therefore p, |
covers N.

Let Uy, Uy, - -+ , Uy € pryy, that is, U; € N and Uj is 7yj-compact V j = 1,2, - -+, n.

Then U Ui CNis T11-compact since the finite union of compact sets is compact
j=1
(see Theorem 2.2.1). Since p,; covers N then there exists K € pr; such that

U U; C U(UjUK ) € pryy- Thus every finite union of elements of p, is contained
j=1 j=1
in an element of pr,. U

Lemma 4.5.3 Let {(X;,Cx,, Fx,) | i € I} be a family of Frélicher spaces with

X; Hausdorff, N = HX“ (N, Cn, Fy) be the Frolicher coproduct and 1 be
iel

the canonical coproduct topology. The collection

Bry =AU CN | U is relatively 111 — compact }

is a bornology on N .

Proof: We have to show that BTH is closed under inclusion, is closed under finite
union and it covers A. Since Py = {UCN | U is 7y — compact} is a base of a
bornology on N then p,, covers N'. That is every singleton {(z;,4)} C N is 7q]-
compact. Therefore {(x;,7)} C N is relatively mjj-compact since N is Hausdorff
(see Theorem 2.2.7). That is, {(x;,7)} C N isrelatively rjj-compact V (z;,7) € NV,
therefore {(z;,9)} € By, V (v,7) € N. Thus 3, covers N.

Let Uy, Uy, - -+, Uy € By, then U; C N is relatively 7jj-compact V j = 1,2, -+, n.
Then CI(Uj), the closure of Uj, is mqj-compact V j = 1,2,--- ,n, by defini-
tion. Now since the finite union of compact sets is compact (Theorem 2.2.1)

then U clyU;) = Cl <U Uj> is 7y;-compact. With C1 (U Uj> T[[-compact,
j=1 j=1 j=1

this implies, by definition, that U U; C N is relatively rjj-compact. Therefore
j=1
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U Uj € Bry, thus B5, is closed under finite union.

=1

JLet AC Band B € BTH. Since B € BTH then B C N is relatively 77{-compact,
therefore CI(B), that is the closure of B, is 7yj-compact, by definition. With
Cl(A) denoting the closure of A, then A C B = CI(A) C CI(B). This implies
that the open cover of CI(B) is an open cover of Cl(A). Therefore CI(A) is m1-
compact since Cl(B) is rjj-compact. This gives that A is relatively yj-compact,
therefore A € ;. Thatis AC B € 5, = A € f;;. Thus (3, is closed under
inclusion. U

Definition 4.5.5 Coproduct relatively-compact bornology.
Let (N, Cyr, Fyr) be the Frélicher coproduct and 11 be the canonical coproduct
topology on N'. Then we call the compact bornology

Bryy =AU C N | U is relatively 111 — compact }

the coproduct relatively-compact bornology on N .

Lemma 4.5.4 Let {(X;,Cx,, Fx,) | i € I} be a collection of Frélicher spaces,
N = HXi’ (N, Cy, Ex) be the Frolicher coproduct. The collection
i€l
pry ={U CN | U is 71 — compact}

s the base of the coproduct relatively-compact bornology

5TH ={U C N | U is relatively I — compact}.

Proof: We have to show that p;, C B, and that every element of [, is
contained in an element of pryy- Let U € pry, that is U C N is 7jj-compact,

therefore by Theorem 2.2.7, U is relatively rjj-compact since N := HXi is a
el
Hausdorff space, thus U € fr,. This implies that p, C B;. Let B € B,
then B C N is relatively 7jj-compact. By definition of relative-compactness (see
Definition 2.2.10) we have that the closure of B, denoted CI(B), is m[j-compact,
thus Cl(B) € pr;. But B C Cl(B) (by Proposition 2.2.1). That is every element
of BTH is contained in an element of pr;- Hence ﬁm is a bornology on N and Py
is its base. U

4.5.3 Bornological comparison.

Let {(X;,Cx,, Fx,) | i € I} be the collection of Frolicher space, N := HX" be
iel

a coproduct in the category of sets and (N, Cyr, Fjr) be the Frolicher coproduct.

We have the functional topology 7, on A/, and the canonical coproduct topology
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711- From these topologies we have induced the relatively-compact bornologies,
that is, the functional relatively-compact bornology BTFN on N and the coproduct
relatively-compact bornology ﬂm, induced from 7, and 7], respectively. We de-
termine the relationship between these bornologies and their associated bounded
maps.

Theorem 4.5.1 Let (N, Cy, Fy) be the Frolicher coproduct, N be Hausdorff,
BTFN be the functional relatively-coproduct bornology on N and Bry be the co-
product relatively-compact bornology, then BTFN = ﬂTI_I'

Proof: Based on the definition of BTFN and S, since Tg, = 7] (by Lemma
2.3.9), then it follows that B, = ;. O
Corollary 4.5.1 Let (N,Cy, Ex) be the Frolicher coproduct, N be Hausdorff,
BTFN be the functional relatively-coproduct bornology on N and Br, be the co-
product relatively-compact bornology, and (N, BTFN) and (N, BTH) be bornological
sets. Then the identity maps idy : (N, By, ) — (N, B;) and

idy s (N, Bryy) — (N, By, ) are bounded.

Proof: By Theorem 4.5.1 we have that BTFN = B which implies that

B, v C 51[ and BTH C BTFN. Therefore it follows by definition that the iden-
tity maps idi : (N, By, ) — (N, By) and idy : (N, Bry) — (N, Byy,,,) are
bounded. O



Chapter 5

Compact bornologies.

5.1 Compact bornology from the Frolicher topol-
ogy-

Let X be a topological space, then the subsets of X contained in a compact set
forms a bornology called the compact bornology (see [55]). This implies that a
Frolicher space (X, C'y, Fx) naturally inherits a compact bornology, with bounded
sets as subsets of X contained in a 7p,-compact set.

Lemma 5.1.1 Let (X,Cx, Fx) be a Frélicher space, then every A C X is Tp, -
compact.

Proof: Since f € Fx is such that f: X — R is a real-valued function then
VA C X 3V € g such that A C f~1(V) € 7p,. In fact, by definition of the
standard topology TR on R, V A C X 3V, € g, a € I, such that

AC ft (U Va> = U (V) € Try. Therefore every A C X is 7, -compact.
a€el ael

|

Lemma 5.1.2 Let (X,Cx, Fx) be a Frélicher space, the collection

B,

=4{U C X | U s contained in a T, — compact set
Fx X

15 a bornology on X.

We have to show that B, covers X, is closed under inclusion and closed under
finite union. By Lemma 5.1.1 we have that every A C X is 7p,-compact, which
implies that for every singleton {z} C X there exists a 7p,-compact set A C X
such that {x} C A, hence every singleton {z} C X is contained in a 7z, -compact.
Thus {z} € B, _, V € X, therefore B, covers X.

95
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Let Uy,Us,---,U, € BTFX, that is, U; € X is contained in a 7p,-compact set,
Vi=12---,n Thus V U; C X there exists a 7p,-compact set, say A; C X,
such that U; C A;, Vi=1,2,--- ,n. Since U; C A; C X, Vi=1,2,...,n, then
n n n

U U; C U A; € X and U A; is Tp,-compact since the finite union of compact
i=1 i=1 i=1

n
sets is compact by Theorem 2.2.1, therefore U U, € IB%TFX. Thus IB%TFX is closed
under finite union. =
Let M C N € IB%TFX, that is M € N C X and N is contained in a 7p,-compact
set. This implies that there exists a 7, -compact set, say W, such that N C W.
Since we have that M C N C W C X, therefore by transitivity of inclusion of
sets we have that A C W. This implies that M € B, , that is B;, is closed
under inclusion. ]

Definition 5.1.1 Functional compact bornology.
Let (X,Cx, Fx) be a Frélicher space and Tp, be the functional topology on X.
The compact bornology

B, :={U C X | U is contained in a Tp, — compact set}

15 called the functional compact bornology.

5.2 Compact bornologies from Frolicher subspace.

5.2.1 Functional and subspace compact bornology.

Let (X,Cx, Fx) be a Frolicher space, S C X and (S,Cs, Fs) be a Frolicher
subspace of (X, Cx, Fx). Then we have the functional topology

TFS:{UQS‘U:f_l(V), Ve m, VfEFs}
on S, where 7R is the standard bornology on R. By Lemma 5.1.2 the collection

B, :={U C S| U is contained in a Try — compact set}

is a functional compact bornology on S. There is a canonical topology induced
on the ambient set of Frolicher subspace (S, Cyg, Fys), that is on S. That is the
subspace topology

TFX<S) = {UOS | U e TFX},

where

T ={UCX|U=fYV), VeEm VfcFx}

is a functional topology X.
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Lemma 5.2.1 Let (X,Cy, Fx) be a Frolicher space, S C X, (S,Cs, Fs) be a
Frélicher subspace and Tp, (S) be the subspace topology. The collection

B, (S):={U C S| U is contained in a T, (S) — compact set}

TFX

15 a bornology.

Proof: We have to show that B, (S ) covers S, is closed under finite union and is
closed under inclusion. By Lemma 5.1.1 every A C X is 7p,-compact. Therefore

VAC X3V, em aecl, suchthat A C f! (U Vo | = U F'(Va) € 7.

acl acl

Then ANS C (U f‘l(Va)) NS = J(f 1 (Va)NS). Now since f~1(Va) € 7y,
acl ael

VV,Em,a€l, then f7(V,)NS € 75, (S) which implies that

U(f_l(Va) NS) € 7p, (S) since 7, (S) is closed under infinite union as it is a

acl

topology. Thus AN S C U(f_l(Va) NS) € 7p, (S), therefore V A C X we have

acl
that AN S is 7p, (S)-compact. Now since S C X then by Lemma 5.1.1 we have

that S is 7p,-compact. That is, there exists an open cover {O; | j € J} C Tr,

with a finite subcover such that S C U O;. Therefore since S is 7p,-compact
jeJ

then V {s} C S 3 A € 7p, such that {s} C ANS. Thus {s} € B,, (5), Vs€S,

therefore B, (S) covers S.

Let Uy, Us,--- ,U, € IB%TFX(S), that is U; C S is contained in a 7p, (S)-compact

set, Vi = 1,2,--- ;n. Thus V U; C § there exists a 7p, (S)-compact set, say

A; € S,suchthat U; C A;,Vi=1,2,--- ,n. SinceU; C A, CS,Vi=1,2,--- ,n,

then U U, C UAi C S and UAi is 7p, (S)-compact since the finite union of

=1 =1 i=1

compact sets is compact by Theorem 2.2.1, therefore UU" € IB%TFX(S). Thus
i=1

B, (S) is closed under finite union.

Let M C N € B, (5), that is, M C N C S and N is contained in a 7p, (S)-
compact set. This implies that there exists a 7p, (5)-compact set, say W, such
that N C W. Since we have that M C N C W C S| therefore by transitivity of
inclusion of sets we have that M C W. This implies that M € B, (S). That
is M C N €B, (5) = M e B, (5), therefore B, (S5) is closed under
inclusion. U

Definition 5.2.1 Subspace compact bornology.
Let S C X, (X,Cx, Fx) be a Frdlicher space and (S,Cg, Fs) be the Frélicher
subspace, Tp, (S) be the subspace topology on S. The compact bornology

B, (S):={U C S| U is contained in a Tr,(S) — compact set}

TFX

15 called the subspace compact bornology.
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5.2.2 Bornological comparison.

Let S C X, (X,Cx, Fx) be a Frolicher space and (S, Cg, Fs) be the Frolicher
subspace. Then we have two topologies from the Frolicher subspace. That is, the
canonical subspace topology 7r, (S) on S and the functional topology 7p, on S,
and 7, (S) C Tgy, by Lemma 2.3.5. Subsequently we have the subspace compact
bornology B, (S) and the functional compact bornology B, on S, induced
from 7, (S) and 7x,, respectively. Since (X, Cx, Fx) is a Frolicher space then we
have the functional compact bornology B, —on X, induced from the functional
topology 7p, on X. We compare the bornologies B, (9), By and B, and
their associated bounded maps.

Theorem 5.2.1 Let IB%TFX(S) be the subspace compact bornology, IB%TFS be the
functional compact bornology on S, and (S,B,, (5)) and (S,B,_) be bornological
sets. Then B, (S) C B, and thus the identity map

id : (S, B (S)) — (5, Bry, ) is bounded.

Proof: Let U € B,,_, then U C S and U is contained in a 7p, (5)-compact set.
That is there exists A C S such that A is 7p, (S)-compact and U C A. Since
Try (S) C 7py (Lemma 2.3.5) and A is 7p, (S)-compact then every open cover
{0;]j€ J} C TFX(S) C 7rg of A has a finite subcover

{0;, ,n} C 7py (S) C Tpg. Then it follows that A is Tp,-compact.
Thus U C A and A is Tp,-compact therefore, U € B, . That is,

U € B, (S) = U € By, hence B, (S) C IB% Then it follows, by
definition, that the identity map id : (S, B, (5)) — (S ]]33 rg) 18 bounded. [

Lemma 5.2.2 Let B, (S) be the subspace compact bornology, B,  be the func-
tional compact bornology on X, then B, (S) C By,

Proof: Let U € B, (5), then U C S and it is contained in a 7p, (S)-compact
set. That is, there exists A such that A is 7p, (S)-compact and U C A. Since A
is Tp, (S)-compact then every open cover

{M,NS| M, €1p,,aa€l}
of A has a finite subcover, say
{My,,NS | M, € Tpy,i=1,2--- n}.

Thus A C | J(M.NS) = (UM)ﬂSandA OM Nn_s) (LHJM%)HS.

acl acl i=1
But

Ag(UMa>ﬂS —= Ac| /M,

a€cl a€el
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and

AC <CJM%> NS = AC CJM%,
=1

i=1
where M,, M,, € Tp,, « € [ and ¢t = 1,2,--- ,n. Therefore

{My | My € Tpy,€ 1}
is an open cover of A, with finite subcover

{Ma,

i=1,2--n}.

That is A is 7p,-compact. Also U C S = U C X since S C X, and U C A,
thus we have that U is contained in a 7p,-compact set. Therefore U € B,,
That is U € B, (S) = U € B,,,_, hence B, (S) C B, . O

Proposition 5.2.1 Let 7r, be the functional topology on X, B, (S5) be the sub-
space compact bornology and IB%TFS be the functional bornology on S. If S € Tp,
then B, (S) =B

TFS .

Proof: Let 7x,(5) be the subspace topology on S and 7p, be the functional
topology on S, If S € 7p, then by Proposition 2.3.1 we have that 7p, (S) = Tr,.
Let U € B, (S), then there exists A such that A is 7p, (S)-compact and U C A.
But since 75, (S) = 7p, then it follows that A is also 7p,-compact. Thatis U C A
and A is 7pg-compact, therefore U € B,

Similarly let U € B,,_, then there exists A such that A is 7p,-compact and U C A.
But since 75, (S) = 7p, by Proposition 2.3.1 then it follows that A is also 7p, (5)-
compact. That is, U C A and A is 7g, (S)-compact, therefore U € B, (S5).
Thus U € B, (S) = U € B,  and U € B,,, = U € B, _(5), hence
B, (S) =B, 0
Corollary 5.2.1 Let Tp, be the functional topology on X and (S,B,, (5)) and
(S, B, ) be bornological sets. If S € Tp, then the identity maps

idy : (S B, (5)) — (S, Byy,) and idy : (S,Br, ) — (5,Br, (5)) are bounded.
Proof: Let S € 7p, then by Proposition 5.2.1 we have that B,, (S) = B,,_.
But B, (S) = B, implies that B,, (S) C B, and B, C B, (S). There-
fore, it follows that the identity maps id; : (S,B.. (S)) — (S,B.. ) and
idy 1 (S, By, ) — (S, B, (S)) are bounded, by definition. O
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5.3 Compact bornologies from Frolicher prod-
uct.

5.3.1 Functional and product compact bornology.

Let {(X;,Cx,, Fx,) | i=1,2,--- ,n} be a family of Frolicher spaces, X := HX

be a Cartesian product in the category of sets and (X,C%, Fx) be a Frohcher
product. We have the functional topology

T = {UCX|U=fYV), Vem,VfEecF}

on X, where 7 is the standard topology on R. We also have the canonical product
topology on X, denoted 7., generated by the basis

/B_{ﬂpz |U€Tanpz x—>XZ,VZ:1’2’7n}

where Tp, is a functional topology on X; and p; : X — X; is a canonical
projection, V¢ =1,2,--- ,n. By Lemma 5.1.2 we have that the collection

B, :={U C X |U is contained in a Tp, — compact set}

TFy

is the functional compact bornology on X.

Lemma 5.3. 1 Let {(X;,Cx,,Fx,) | i = 1,2,--- ,n} be a family of Frélicher

spaces, X = HXZ' be a Cartesian product in the category of sets and 7, be the
i=1

canonical product topology on X. The collection
B, :={U C X | U is contained in a 7, — compact}

s a bornology on X.

Proof: We have to show that B, covers X, is closed under finite union and is
closed under inclusion. Since

B_{ﬂpz |U€7'anpz %—>X7,7v’l_1727 ) }

is a basis for the canonical product topology 7, then it follows that
N (xl,xg, -, x,) € X 3 B € 8 such that (z1, 29, -+ ,2,) € B. Since B € 3 then

B = ﬂp ), therefore B C p; 1(U;), Vi=1,2,--- ,n. Since
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ﬂp;l(Ui) Cp;NU;) C X, Vi=1,2,---,n,and 3 is a basis of 7, then it follows
i=1

that (w1, 29, ,2,) € p; "(U;) 3 B € B such that (z1, 29, -+ ,2,) € B C B,

therefore p; '(U;) € 7r, Vi = 1,2,--- ,n. Also, since B € 3 C 7, then there

exists O, € 7., a € I, such that g C UOQ €, — BC UOa € 7,. For
ael acl

every i = 1,2,--- ,n we also have that U(pi_l(Ui) UO,) € 7y since p; 1 (U;) € 7,

ael
Vi=1,2,---,n. It then follows that every open cover of B has a finite subcover.

Therefore B is 7,-compact. Now since V (x1,zo, -+ ,z,) € X 3 B € 5 such that
(x1,29, -+ ,x,) € B therefore {(z1,29, -+ ,2,)} C B, ¥V (21,29, -+ ,2,) € X.
Thus V (21,29, ,2,) € X we have that {(xy, 29, -+ ,2,)} € B,_. This gives
that B, covers X.

Let Uy, Us,--- ,U, € B, _, that is, U; C X is contained in a 7,-compact set,
Vi=1,2,---,n. Thus V U; C X there exists a 7,-compact set, say A;, such that
U CA,YVi=1,2,...,n. Since U; C A;; Vi=1,2,--- n, then

X2 U U, C U A; and U A; is Tr-compact since the finite union of compact sets
i=1 i=1 i=1

is compact by Theorem 2.2.1, therefore U U, € B,.. Thus B,_is closed under
finite union. -

Let M C N eB, ,thatis M C N C X and N is contained in a 7,-compact set.
This implies that there exists a 7,-compact set, say W, such that N C W. Since
we have that M C N C W, therefore by transitivity of inclusion of sets we have
that M C W. This implies that M € B, . Thatis M C N e B, = M eB,,
therefore B, is closed under inclusion. U

Definition 5.3.1 Product compact bornology.
Let {(X;,Cx,, Fx,) | i=1,2,--- ,n} be a family of Frélicher spaces,

X = HX“ (X, Cx, Fx) be a Frélicher product and 7. be the canonical product

i=1
topology on X. The bornology
B, :={U C X | U is contained in a 7, — compact}

15 called the product compact bornology.

5.3.2 Bornological comparison.

Let {(X;,Cx,, Fx,) | i=1,2,--- ,n} be a family of Frolicher spaces, X := HX"

i=1
be the Cartesian product in the category of sets and (X, Cx, Fx) be the Frolicher
product. We have two topologies from (X, C, Fy), that is the functional topology
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Tr, o0 X and the product topology 7., and 7p, = 7, by Lemma 2.3.7. Subse-
quently we have the functional compact bornology B, and the product compact
bornology B, , induced from 7p, and 7., respectively. The bornologies IB%TF36 and
B,, are compared and the bounded maps between them are determined.

Theorem 5.3.1 Let B, be the product compact bornology and IB%TF36 be the func-
tional compact bornology on X, then B, = B, -
Proof: Let U € B,_, then U C X and U is contained in a 7,-compact set. That is
there exists A such that A is 7,-compact and U C A. With A being 7,-compact
then every open cover {O, | a € I} C 7, of A has a finite subcover. Now since
T, = Tp, (Lemma 2.3.7) then it follows that A is also 7p,-compact. ThatisU C A
and A is 7p,-compact, therefore U € B, .

Similarly let U € B, then there exists B C X such that B is 7p,-compact and
U C B. Every open cover {P; | j € J} C 7r, of B has a finite subcover since B is
Tre-compact. It follows that B is 7,-compact since 7, = 7p,. That is U C B and
B is ,-compact, therefore U € B, . Thus we have that U € ]B%TFX — U eB,,
andU eB,, —= UebB hence B, =B O

TFx7 TFx'

Corollary 5.3.1 Let B, be the product compact bornology, B, be the functional
compact bornology on X, and (X,B,) and (X,B,, ) be bornological sets. The
identity maps idy : (X,B,,) — (X,B;, ) and id> : (X,B,, ) — (X,B,,) are
bounded.

Proof: By Theorem 5.3.1 we have that B,, = B,, . But B,, = B, implies
that B, C IB%TF3€ and IB%TF36 C B, . By definition, B, C IB%TF36 implies that the
identity map id; : (X,B,,) — (X,B., ) is bounded. Similarly the identity map
idy : (X, B, ) — (X,B,,) is bounded, since B;, C B,,. O

5.4 Compact bornologies from Frolicher quotient.

5.4.1 Functional and quotient compact bornology.

Let (Q,Cq, Fg) be the Frolicher quotient. That is @ := X/. is a quotient
set, g : (X,Cx, Fx) — (Y, Cy, Fy) is Frolicher smooth where (X, Cy, Fx) and
(Y, Cy, Fy) are Frolicher spaces, and ~ is the equivalence relation on X defined
by: = ~ y if and only if g(z) = g(y), V x,y € X. From the Frolicher quotient
structure (Cq, Fy) we have the functional topology

Ry ={UCQIU=['(V), Vem, ¥ [eFg)

on () induced from the structure functions of Fg. Denoted 7 is the standard
topology on R. We also have the canonical quotient topology on @), that is

. ={UCQ|q"'(U)€rr}
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where ¢ : X — () is a canonical projection and 7r, is the functional topology
on X. By Lemma 5.1.2 we have that the collection

Brp, = {U € Q | U is contained in a Tg, — compact set}

is a functional compact bornology on Q.

Lemma 5.4.1 Let @ := X/. be a quotient set as defined above and 7. be the
canonical qotient topology on Q. The collection

B, :={U C Q| U is contained in a 7. — compact set}

15 a bornology.

Proof: We have to show that B, _ is closed under inclusion, is closed under finite
union and covers Q. Since p,. = {U C Q | U is 7. — compact} is a base of a
bornology on @ (see Section 4.4) then p,_ covers @, therefore {[z]} € p,_,

V [z] € Q. That is every singleton {[z]} is 7.-compact, ¥V [z] € Q. Then for
every T.-compact singleton {[y|} such that z = y <= [z]| # [y] we have that
{lz]} € {[z]} U{[y]} ,V [z] € Q, and {[z]} U {[y]} is T-compact since the finite
union of compact sets is compact by Theorem 2.2.1. Therefore V [z] € Q, every
singleton {[x]} is contained in a 7.-compact set. Thus {[z]} € B,_, V [z] € @,
therefore B, covers Q).

Let Uy, Us,--- ,U, € B,_, that is, U; C @ is contained in a 7.-compact set,
Vi=12---,n Thus V U; C @ there exists a 7.-compact set, say A; C @,
such that U; € A;, Vi =1,2,---,n. Since U; C A;, Vi = 1,2,---,n, then

U U; C U A; C @ and UA" is 7..-compact since the finite union of compact
i=1 i=1 i=1

sets is compact by Theorem 2.2.1, therefore U U; € B, . Thus B,_ is closed
i=1
under finite union.

Let M C N € B,_, that is, M C N C @ and N is contained in a 7.-compact set.
This implies that there exists a 7.-compact set, say W, such that N C W. Since
we have that M C N C W, therefore by transitivity of inclusion of sets we have
that M C W. This implies that M € B, . Thatis M C N e B, — M B,
therefore B, is closed under inclusion. l

Definition 5.4.1 Quotient compact bornology.

Let (X,Cx, Fx) and (Y, Cy, Fy) be Frélicher spaces, ~ be an equivalence relation
on X defined by x ~ y if and only if g(x) = g(y) where

g: (X,Cx,Fx) — (Y,Cy, Fy) is Frélicher smooth, Q = X/. be a quotient set
and 7., 1s the canonical quotient topology. The bornology

B,. :={U C Q| U is contained in a T.. — compact set}

15 called the quotient compact bornology.
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5.4.2 Bornological comparison.

Let (@, Cog, F) be the Frolicher quotient. We have two topologies from (Q, Co, Fp),
that is, the functional topology 7r, and the quotient topology 7.. By Lemma
2.3.12, Tp, = T.. Subsequently we have the functional compact bornology IB%TFQ

on () and the quotient compact bornology B, . These bornologies are compared,
in this subsection.

Theorem 5.4.1 Let B._ be the quotient compact bornology and BTFQ be the func-
tional compact bornology on @, then IB%TFQ =B, .

Proof: Let U € BTFQ U B,_ then there exists B such that B is a 7-compact set
and U C B where 7 = 7, = 7. Therefore U € IB%TFQ N B,_, then it follows that
IB%TFQ =B,_. O
be the func-
tional compact bornology on @, and (Q,B,.) and (Q,]B%TFQ) be bornological sets.
The identity maps id; : (Q,IB%TFQ) — (@Q,B,.) and idy : (Q,B,.) — (Q,IB%TFQ)

are bounded.

Corollary 5.4.1 Let B,_ be the quotient compact bornology, B

TF,

Proof: By Theorem 5.4.1 we have that IB%TFQ = B,_, which implies that
B . C B, and B, C IBTFQ. Therefore it follows, by definition, that the identity

TF,

maps id; : (Q,BTFQ) — (@, B,.) and ids : (Q,B,.) — (Q,IB%TFQ) are bounded.
U

5.5 Compact bornologies from Frolicher coprod-
uct.

5.5.1 Functional and coproduct compact bornology.

Let {(X;,Cx,, Fx,) | ¢ € I} be a family of Frolicher spaces and (N, Cyr, Fir) be
the Frolicher coprodut. That is

No=]]x = J{@ii) | 2 € X3}
iel iel
is a coproduct in the category of sets and (Cys, Fr) is a Frolicher structure on
N. We have the functional topology

TRy ={UCN |U=f!V), Vem, VfekFEy}

on N, where 7 is the standard topology on R. We also have the canonical
topology on N, that is, the coproduct topology

1 :={U CN | o 1(U) € Try, s i€ I},
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where ¢; : X; — N is the canonical projection and Try, is the functional
topology on X;, i € I. By Lemma 5.1.2 we have that the collection

B, =={U CN | U is contained in a T, — compact set}

is a functional compact bornology on .

Lemma 5.5.1 Let {(X;,Cx,, Fx,) | i € I} be a collection of Frolicher spaces,

N = HXi be a coproduct in the category of sets and 111 be the canonical co-
iel
product topology on N'. The collection

B, :=={U CN | U is contained in 1] — compact set}

is a bornology on N .

Proof: We have to show that B, is closed under inclusion, is closed under finite
union and covers N. Let k € I be fixed, x € X}, be arbitrary and fixed, consider
the singleton {(z, k)}. Since p,, := {U C N | U is 711 — compact} is the base of a
bornology on N (see Lemma 4.5.4) then every singleton {(z;,7)}, with z; € X;, is
Tr1-compact for i € I since pr; covers N. Therefore {(z, k)} is also mjj-compact.
Also {(x,k)} C {(y, k) | y € Xi}, but

(k) |y € X} = { xk}u(u{wk ),w%x

weXy

(5.1)
= | (@ r}uf{wk}

weXy,

With p,, a base of a bornology on N it follows that {(w,k)} is 77-compact
YV w € X, w# x. Now since the finite union of compact sets is compact by
Theorem 2.2.1 therefore

U (@ m}u{(w,r)})

weXy,

is mj-compact, thus {(y,k) | y € Xy} is 7y-compact. That is {(y,k) | y € Xi}
is 7j-compact and {(z,k)} C {(y,k) | y € Xy}, therefore {(z,k)} € B,;. Now
since z € X, is arbitrary therefore {(x;,i)} € B,,,, V (x;,4) € N. This gives that
B, covers N.

Let Ul,U2,~~~ ,Up € By, that is, U; C N is contained in a 7j-compact set,
Vij=12---,n Thus V U; C N there exists a rjj-compact set, say A; C N,
suchthatU CAJ,VJ—IQ -,n. Since U; C A;, V7 =1,2,--- n, then

TH?

U U; C U A; C N and U Aj; is Tpj-compact since the finite union of compact

Jj=1 Jj=1 Jj=1

sets is compact by Theorem 2.2.1, therefore U Uj € Byy. Thus B, is closed
j=1
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under finite union.

Let M C N € IB%TH, that is, M C N C N and N is contained in a T11-compact set.
This implies that there exists a 7jj-compact set, say W, such that N C W. Since
we have that M C N C W, therefore by transitivity of inclusion of sets we have
that M C W. This implies that M & IBTH. Thatis M C N € IBTU — M e IB%TU
therefore IB%TH is closed under inclusion. O

Definition 5.5.1 Coproduct compact bornology.
Let (N, Cyr, Fyr) be the Frolicher coproduct and 1y be the canonical coproduct
topology. The bornology

B, :=={U CN | U is contained in 1[] — compact set}

15 called the coproduct compact bornology.

5.5.2 Bornological comparison.

Let {(X;,Cx,, Fx,) | i € I} be a family of Frolicher spaces, N = HXi be a
iel
coproduct in the category of sets. Consider the Frolicher coproduct (N, Cyr, Fi).
We have two bornologies from the Frolicher coproduct. That is, the functional
compact bornology IB%TFN induced from the functional topology 7, on N, and
the coproduct compact bornology B, induced from the coproduct topology .
The functional topology 7r, is induced from structure functions on N, that is
from F)r, and the coproduct topology 7y is the canonical topology on A, and

T[] = Try by Lemma 2.3.9. The bornologies BTFN and IB%TU are compared.

Theorem 5.5.1 Let By, be the coproduct compact bornology, IB%TF be the func-
tional bornology on N, then IB%TFN =B,

Proof: Let U € ]B%TFN then U C N and U is contained in a Try-compact set.
That is there exists A C A such that A is 7p,,-compact and U C A. Since A is
Try-compact therefore every open cover, say {O, | Oy € Tp,,a € I}, of A has a
finite subcover, say {O; | O; € Tp,i = 1,2...,n}. Now since 75, = 777 then it
follows that A is also 7jj-compact. Since U C A and A is 7jj-compact, therefore
UeB,. Thatis U € BTFN — U e B, Similarly, U € IB%TDN — Bn.
Hence IB%TFN = IB%TU. O
Corollary 5.5.1 Let B, be the coproduct compact bornology, IB%TF be the func-
tional bornology on N, and (N,B,,. ) and (N,B, ) be barnologzcal sets. The
identity maps idy : (N, B /\/NIB% and idy : (N, B) — WV, B, ) are

TFN
bounded.
Proof: We have that B, - = B, by Theorem 5.5.1. But BTFN = B, implies
that B, qand B C B, . And IB%TFN C B}, implies that the identity map
idy ./\/N IB%TF — (N, B,,) is bounded, by definition, and B, C B.,,, implies

that, by deﬁmtlon the 1dent1ty map idy : (N, B.;) — (N, B, ) is bounded. [J



Chapter 6

Application: Bornologies from
Frolicher groups.

6.1 Frolicher group.

We now look at the induction of bornologies from the Frolicher group. They
[the bornologies] will be induced as in Chapter 2, Chapter 3 and Chapter 4. This
should be possible since Frolicher groups, as we will see later, are Frolicher spaces.
In literature there are two terminologies for this kind of groups but with the same
definition. The terminologies are ”Frolicher group” by M. Laubinger in [57] and
[58], and "Frolicher Lie group” by A. Batubenge and P. Ntumba in [10]. We use
the terminology by M. Laubinger as it is the latest study on this.

Definition 6.1.1 Frolicher group.
Let (G, %) be a group with the binary operation x. Then (G, x) is a Frolicher group
if:

1. (G,Cgq, Fg) is a Frolicher space, where
Cog={c:R— G| foce C*R,R),V f € Fg}

and
Fo:={f:G—R| foce C*R,R), Vce Cs}.

2. The product function p: G x G — G defined by 1 : (g1, 92) — g1 * go and
the inverse function i : G — G defined by i : g — ¢~ *, are both Frélicher
smooth.

Remark 6.1.1 A. Batubenge and P. Ntumba in [10] used the term Frélicher
Lie group in an attempt to developing the concept of Lie groups in the setting
of Frolicher spaces. A Lie group is a group that is also a smooth manifold such
that the product function and the inverse function are smooth with respect to the

107
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smooth manifold. Structurally, one can think of a Lie group as a group with a
smooth structure, in this case a smooth manifold, such that the product function
and the inverse function are smooth with respect to the smooth structure. For the
Frolicher Lie group by Batubenge and Ntumba the Frolicher structure was used
as a smooth structure, and having the product function and the inverse function
smooth with respect to the Frolicher structure. However, the Frolicher Lie group
by M. Laubinger in [57] and [58] is a Frolicher group (as defined above) endowed
with a Lie algebra that is equipped with a Lie bracket.

Let (G, %) be a Frolicher group, then since G is endowed with a Frolicher structure,
as (G, Cg, Fg) is a Frolicher space, then we can also generate a Frolicher structure
on the Cartesian product G x G (see [10], [45] and Subsection 2.3.5). Therefore
the product function p : G x G — G is a morphism between Frolicher spaces.
The condition that the product function y : G X G — G defined by

(g1, 92) = g1 % go and the inverse function i : G — G defined by i : g — g~*
be both Frolicher smooth is equivalent to the mapping o : G x G — G defined
by o : (g1,92) — g1 * g5 © being Frolicher smooth (see Lemma 2.1 in [10]).

Definition 6.1.2 Group homomorphism.
Let (G, %) be a group under the binary operation * and (H,e) be a group under
the binary operation ®. The mapping ¢ : G — H is a group homomorphism if

&(g1 % g2) = d(g1) ® d(92), ¥V g1,92 € G.

Groups and group homomorphisms form a category - the category of groups.
Therefore since Frolicher groups are groups then Frolicher groups and the group
homomorphisms between them form a category - the category of Frolicher groups
(see [10]). We refer to [10] for the properties of the category of Frolicher groups.
Here are some of the properties of the category of Frolicher groups:

e Since Frolicher groups are Frolicher spaces then we have that the category
of Froélicher groups is a subcategory of the category of Frolicher spaces.

e The category of Frolicher groups is a full subcategory of the category of
groups as Frolicher groups are groups.

e The category of Frolicher groups is complete and cocomplete.

e Even though the category of Frolicher spaces is Cartesian-closed the cate-
gory of Frolicher groups is not Cartesian-closed since the category of groups
is not Cartesian-closed.

e There is a canonical forgetful functor from the category of Frolicher groups
to the category of groups which allows for initial and final structures in the
category of Frolicher groups.

Examples of Frolicher groups.
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Example 6.1.1 Let (R",+) be a group under addition. We have that

(R, C*(R,R™),C>*(R",R)) is a Frélicher space - the canonical n-dimensional
FEuclidean Frélicher space (see Example 2.3.1). Since there is a Frélicher structure
on R™ then there is a Frolicher structure on R™ x R™ (see Subsection 2.3.5 on
Frélicher product), that is,

(C*(R,R" x R"), C°(R" x R", R)).

Let 0 : R" x R" — R" be defined by

n

O-((xhx% s ,.Tn), (yh Y2, .- 7y'fl)) = Z(Il - yl)
i=1
Let ¢ € C*(R,R" x R") and f € C®°(R™ x R",R) then it follows that
goc € C®R,R") and foo € C®°(R" x R",R). Therefore o : R" x R" — R™ is
Frolicher smooth. This is equivalent to the product function u : R™ x R* — R"
defined by

n

,u((.ilﬁl,$2, SR 75571)7 (ylvy?a s >yn)) = Z(mz + yi)

=1

and the inverse function i : R™ — R"™ defined by
(21, Ty ) = (—21, —T2, ..., —Tp)

both being Frolicher smooth. Hence (R™,+) is a Frélicher group.

Example 6.1.2 Let M be a smooth manifold. There is a Frélicher structure, that
is, (C*(R, M),C>*(M,R)), on M. Thus the triple (M,C>*(R, M), C>®°(M,R)) is
a Frélicher space (see Example 2.3.2). Since M is a smooth manifold then M x M
inherits the smooth atlas, that is, the product function M x M — M 1is a map
between smooth spaces. Now let (M, x*) be a Lie group, then the product function
M x M — M defined by p: (my, mg) — my * mg and the inverse function
it M — M defined by i : m — m~" are both smooth. Therefore (M, %) is a
Frélicher group.

6.2 Bornological comparison and bounded maps.

6.2.1 Functional bornology.

Let (G, *) be a Frolicher group, then it follows that (G,Cq, F) is a Frolicher
space, where

Co={c:R— G| foce C*[R,R), V [ € Fg}

and
Fo={f:G—R| foce C®R,R), VceCq}.
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Therefore there is a bornology induced from structure functions on G, that is,
from Fg (see Section 3.1.1). That is the functional bornology

Br, :={U C G| f(U) CRis bounded, ¥ f € Fg}

on G. With (G, fr,) a bornological set then we have that the mapping

¢: (G, Pr,) — (G, Br,) is bounded if it is Frolicher smooth. This follows from
Lemma 3.1.3 since (G, Cg, F) is a Frolicher space. Since the category of Frolicher
groups is a subcategory of the category of Frolicher spaces, if

¢ : (G, Br,) — (G, Br,) is a group homomorphism then it is a morphism in the
category of Frolicher spaces and therefore it is Frolicher smooth. Thus

¢ : (G,Br,) — (G,Br,) is bounded if it is a group homomorphism. Note
that the mapping ¢ : (G, Br,) — (G, fr,) is not necessarily an identity map.
Let id : (G, Br,) — (G, Pr,) be an identity map then it follows trivially that
id : (G, Pr,) — (G, Br,) is bounded. Let (G, *) and (Ga, *) be Frolicher groups,
then it follows that we have the Frolicher spaces (G1, Cg,, Fg,) and (G, Cq,, Fa,)-
Then we have a functional bornology

Brs, == 1{U C Gy | f(U) C R is bounded, V f € Fg,}
on (G, and a functional bornology
Brg, :={U C G2 | f(U) C R is bounded, ¥V f € Fg,}

on Gy. With the bornological sets (G1, Br,, ) and (G, Br,, ) we have that, by
Lemma 3.1.4, if the mapping (G, Bk, ) — (Ga, Brg,) is Frolicher smooth then
it is bounded.

Definition 6.2.1 Bornological group.

Let (G, %) be a group with the binary operation x, then (G,*) is a bornological
group if G is a bornological set such that the product function u: G x G — G,
defined by 1 : (g1, 92) = g1 * g2, and the inverse function i : G — G, defined by
i:g~ gL, are both bounded.

Let i : (G, Br,) — (G,Br,) be an inverse function, that is, it is defined by
i:g+> gt Let U € B, then U C G and f(U) C R is bounded, V f € Fg. We
have that
iU)={ilg) |geUy={97" | g U}.
Therefore
fGU)) ={f(x) |z ci(U)y ={f(g") | g€ U}.

Since (G, *) is a group (a Frolicher group) then V g € G 3 ¢g7! € G such that
g* gt = g7! % g = € where € is the identity element in G. That is

gxe=¢exg=g, Vg€ G. ThereforeV g € G we have that g~! € G. This implies
that g7!' € G, V g € G, since U C G, therefore i(U) C G. With f € Fg, and
f: G — Ris a function, then it follows that ¥ g~! € G we have that f(¢~') € R.
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Therefore V ¢g7' € G 3 11,7y € R such that f(g~') € [ry, 7). Therefore
f(i(U)) CRis bounded V f € Fg, thus i(U) € fr,. Hence
i: (G, Br,) — (G, Br.), defined by i : g — g~ !, is bounded.

Let H := G x G, then there is a Frolicher structure (Cy, Fir) on H where
Cg={c:R— H| foce C®R,R), V f € Fy}

Fyp={f:H—R| foceC®R,R), V feFy}.

That is, the triple (H,Cy, Fy) is a Frolicher space - a Frolicher product (see
Subsection 2.3.5). Then we have a bornology induced from the structure functions
on H, thus, from Fy (see Section 3.1.1). That is, the functional bornology

Br, ={UCH:=GxG| f(U) CRisbounded, ¥ f € Fy}

on H. With H := G x G let p: (H, fr,) — (G, Br,) be a product function,
that is 0 : (g1, 92) = g1 * g2. Let U € fp,, then U C H := G x G and f(U) C R
is bounded, V f € Fy. Now since (G, %) is a Frolicher group then

w: (H,Pr,) — (G, Pr,) is Frolicher smooth. Therefore for U € fBp, we have
that (f o pu)(U) = f(u(U)) € R is bounded, V f € Fg. This implies that
w(U) € Br,. That is U € Bp, = w(U) € Br,, therefore the product function
w: (H,Br,) — (G, Br,) is bounded.

Now since we have that the inverse function i : (G, fr.) — (G, Br,) and
the product function p : (H, Br,) — (G, Br,) are bounded therefore we have
that the Frolicher group (G, %) is a bornological group. The Frolicher smooth-
ness of the product function u : (H, fr,) — (G, Br,) and the inverse function
i:(G,Br,) — (G, Br,) determines their boundedness. The product function
w: (H,Br,) — (G, PBr,) and the inverse function i : (G, fr.) — (G, Br,) can
be condensed into the function o : (H, B, ) — (G, Br,) defined by

o (g1,92) = g1 * g5 - Therefore o : (H, Br,) — (G, Br,) is bounded.

Definition 6.2.2 Frolicher subgroup.

Let (G,%) be a Frélicher group under the binary operation * then (S,%) is a
Frélicher subgroup of (G,x*) if S C G and (S, *) is itself a Frélicher group under
the binary operation .

The characterization of the Frolicher subgroup (.5, ) of the Frolicher group (G, *)
is such that s;,s5 € S = s, %5, €5 (see [48]). Let (S,*) be a Frolicher
subgroup of the Frolicher group (G, ). Then it follows that there is a Frolicher
structure (Cyg, Fs) on S where

Cs:={c:R— S| foce C°[R,R), V f € Fs}

and
Fq ZI{fIS—>R|fOCECOO<R,R), VCGCS}.
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That is the triple (S,Cs, Fs) is a Frolicher space - a Frolicher subspace of the
Frolicher space (G, Cg, F) (see Subsection 2.3.4). Then there is a bornology from
the structure functions on S, thus from Fjg, that is, the functional bornology

Bry ={U C S| f(U) CRis bounded, ¥ f € Fs}

on S. Since S C G then we have the canonical inclusion 2 : S < G. The canoni-
cal inclusion ¢ : S < G is a group homomorphism since V s, s € S we have that
1(s1%82) = s1%S2 = 1(s1)*1(s2) € G since G is closed under the binary operation .

Following from the subsection on Frélicher subspace (Subsection 2.3.4) as (S, Cg, Fg)
is a Frolicher subspace of the Frolicher space (G, Cg, F) then we have the sub-
space bornology on S, that is

Pre(5) :={U € S [uU) € Br,}

where ¢ : S — G is the inclusion map and (g, is a functional bornology on G.
By Theorem 3.3.1 we have that Sr, C S, (5), therefore the identity map

id : (S, Bry) — (S, Br.(S)), with the bornological sets (S, fr,) and (S, Br.(5)),
is bounded, by definition.

6.2.2 Relatively-compact bornology.

With (S, *) a Frolicher subgroup it follows that there is a Frolicher topology from
the Frolicher structure (Cs, Fs) (see Subsection 2.3.3). That is the functional

topology
TFg :{UQS|U:f_1(V), VETR, erps}

on S where 7 is the standard topology on R. And since S C G then there is also
the canonical subspace topology

TFG(S> = {UﬂS ’ UGTFG}

on S. The topological relation on S, that the relationship between the functional
topology on S and the canonical subspace topology on S, is such that

T, (S) C Try (see Lemma 2.3.5). The topologies 75, (S) and 7p, induce the
relatively-compact bornologies

Brp (8) :=A{U C S | U is relatively 7, (S) — compact}
and
Brp, :=={U C S| U is relatively Try — compact},

respectively (see Section 4.2). By Theorem 4.2.1 the bornological relation of
the relatively-compact bornologies on S, that is the relationship between the
relatively-compact bornologies BTFG(S ) and ﬂTFS, is such that BTFG (S) C /BTFS.
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6.2.3 Compact bornology.

The subsets of a 7x,(S5)-compact set and the subsets of a 7p;-compact set form
compact bornologies as in Section 5.2. That is the compact bornologies

B, (S):={U C S| U is contained in a 1r,(S) — compact set}

TFG
and

B, ={U CS|U is contained in a Tp, — compact set},

’TFS

induced respectively from 7p,(S) and 7g,. Since 7p,(S) C Tr, (Lemma 2.3.5)
then we have that B, (5) C B, (Theorem 5.2.1).



Conclusion.

Chapter 3, 4 and 5 are the main work of this thesis. Chapter 1 and 2 were on
introduction and preliminaries, respectively. Herewith is the contribution of this
thesis - the summary and the main results:

Chapter 3 focused on the induction of and comparison of bornologies from the
Frolicher structure of a general Frolicher space and from the Frolicher structure
of the structures in the category of Frolicher spaces. The structures in the cat-
egory of Frolicher spaces, under the study of this thesis, are Frolicher subspace,
Frolicher product, Frolicher coproduct and Frolicher quotient. The induction and
comparison of the bornologies from the Frolicher structure was inspired by the
induction of topologies from the Frolicher structure and the underlying set of a
Frolicher space, and the topological comparison thereof in [13], [14] and [45]. For
a general Frolicher space there is a bornology induced canonically from structure
functions, called the functional bornology. Due to the structure and definition of
structure curves, there is no bornology induced canonically from structure curves.
Since the structures in the category of Frolicher spaces are Frolicher spaces then
for each of them there is a functional bornology. We also showed that Frolicher
smooth maps, that is, the morphisms in the category of Frolicher spaces, are
bounded under the functional bornology (see Lemma 3.1.2, Lemma 3.1.3 and
Lemma 3.1.4). For each of the structures, that is, Frolicher subspace, Frolicher
product, Frolicher coproduct and Frolicher quotient, a canonical bornology was
induced on the underlying set (see Lemma 3.3.1, Lemma 3.4.1, Lemma 3.6.1
and Lemma 3.7.1). The canonical bornology induced from the underlying set of
Frolicher subspace and from the underlying set of Frolicher product is an initial
bornology and that from the underlying set of Frolicher coproduct and Frolicher
quotient is a final bornology. Frolicher subspace and Frolicher product are ini-
tial structures in the category of Frolicher spaces, and Frolicher coproduct and
Frolicher quotient are final structures in the category of Frolicher spaces. That
is, for each of these structures there are two bornologies - the bornology induced
from the underlying set and the bornology induced from structure functions. For
the initial structures the initial bornology is finer than the functional bornology
(see Theorem 3.3.1 and Theorem 3.4.1). Dually, for the final structures the final
bornology is coarser than the functional bornology (see Theorem 3.6.1 and The-
orem 3.7.1).
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Chapter 4 and 5 focused on the induction of bornologies from the topologies
induced from Frolicher space. For a general Frolicher space there is a topology
induced from the structure functions, called the functional topology. In chapter
4 we induced the relatively-compact bornology and in chapter 5 we induced the
compact bornology. The relatively-compact bornology, in this case, is a collec-
tion of relatively-compact sets and the compact bornology is the collection of
subsets of compact sets. Since Frolicher subspace, Frolicher product, Frolicher
coproduct and Frolicher quotient are Frolicher spaces then for each of them we
have the functional topology. Furthermore, for each of these Frolicher structures,
we have a canonical topology induced on the underlying set. Thus, for each of
these structures we have two relatively-compact bornologies - one induced from
the canonical topology and the other induced from the functional topology, as
shown in chapter 4. Similarly, as shown in chapter 5, for each of these structures
we have two compact bornologies - one induced from the canonical topology and
the other induced from the functional topology. The bornological comparison
of these bornologies, that is, the relationship between the bornologies, for each
Frolicher structure, follows from the relationship between the canonical topology
and the functional topology, on that structure. For the initial structures, that is,
Frolicher subspace and Frolicher product, the canonical topology is contained or
equals to the functional topology. Therefore, for initial structures, the relatively-
compact bornology induced from the canonical topology is contained or equals
to the relatively-compact bornology induced from the functional topology (see
Theorem 4.2.1 and Theorem 4.3.1). Similarly, for initial structures, the com-
pact bornology induced from the canonical topology is contained or equals to the
compact bornology induced from the functional topology (see Theorem 5.2.1 and
Theorem 5.3.1). For final structures, that is, Frolicher coproduct and Frolicher
quotient, the canonical topology and the functional topology are equal. Thus,
for final structures the relatively-compact bornology induced from the canonical
topology and the relatively-compact bornology induced from the functional topol-
ogy are equal (see Theorem 4.4.1 and Theorem 4.5.1), and the compact bornology
induced from the canonical topology and the compact bornology induced from
the functional topology are equal (see Theorem 5.4.1 and Theorem 5.5.1).

For application we applied the bornological comparison in chapter 3, 4 and 5
on Frolicher groups as covered in chapter 6. Since a Frolicher group is a group
that is also a Frolicher space (see [10], [25] and [58]) then we have the functional
bornology from Frolicher group, induced from the structure functions on the
Frolicher group, as in chapter 3. For a Frolicher subgroup we have the subspace
bornology, which is an initial bornology, and the functional bornology. They were
compared as in chapter 3. We also have the subspace topology on the underlying
subgroup, which is a canonical topology, and the functional topology induced
from the structure functions on the subgroup. Relatively-compact and compact
bornologies were induced from these topologies and were compared as in chapter
4 and 5 respectively.
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The aim of this thesis was to introduce the concept of bornology on Frolicher
spaces. That is, the induction and comparative analysis of bornologies on Frolicher
space, and this was met. In chapter 3 we induced and compared bornologies from
the Frolicher structure with the initial/final bornology (initial bornology for ini-
tial structures and final bornology for final structures). In chapter 4 we induced
and compared relatively-compact bornology induced from the canonical topol-
ogy on the underlying set and the relatively-compact bornology induced from
the functional topology, for each structure. In chapter 5 we induced and com-
pared compact bornology from the canonical topology on the underlying set and
the compact bornology from the functional topology, for each structure. These
are the contributions and the main results of this thesis. A. Batubenge and M.
Tshilombo studied the topological relation between the canonical topology in-
duced on the underlying set of a Frolicher space and the Frolicher topologies in
[13] and [14]. In this thesis we studied the bornological relation or comparison,
which is an advancement in the theory of Frolicher spaces as a developing theory.

The study of this thesis was limited to relatively-compact and compact bornolo-
gies as bornologies induced from topology. In future we will explore other bornolo-
gies induced from topology besides the relatively-compact and compact bornolo-
gies. The bornological comparison was also limited to Frolicher subspace, Frolicher
product, Frolicher coproduct and Frolicher quotient as structures or subobjects
in the category of Frolicher spaces. One of the main investigative questions was
whether we can induce a bornology from the Frolicher topology and vice versa?
We have shown that bornologies can be induced from the Frolicher topology,
and furthermore from the canonical topology induced on the underlying set of
the Frolicher space. In future research we will look at what topologies does the
bornologies induced from Frolicher space induce. Bornologies have a lot of appli-
cation in functional analysis - we will look into the application of these bornologies
that we have induced from Frolicher space in our future research. Though we in-
duced, canonically, a bornology from structure functions of Frolicher spaces, we
could not induce a bornology from structure curves of Frolicher spaces due to
the nature and structure of structure curves. This is something we also wish to
look into in our future research. That is, looking at the conditions to impose, if
any, on structure curves and/or Frolicher space in order to induce or characterize
a bornology from structure curves of Frolicher space. In future research we will
also look into applying the bornological comparison that we have deduced on this
thesis on the product, coproduct and quotient of Frolicher groups, on Frolicher
algebra and convenient spaces.
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