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Abstract

This thesis seeks to introduce the concept of bornology to the theory of Frölicher
spaces. Bornologies are induced from the Frölicher structure, Frölicher topology
and the canonical topology on the underlying set of Frölicher space. In each case
the bornologies are compared in a general Frölicher space, subspace, product,
coproduct and quotient. The Frölicher topology refers to the topology induced
from structure functions of the Frölicher space. The bornology induced from the
Frölicher structure is induced from the structure functions of Frölicher space. An
initial bornology is canonically induced on the underlying set of Frölicher sub-
space and product, and a final bornology is induced canonically on the underlying
set of Frölicher coproduct and quotient. For Frölicher subspace and product the
initial bornology is finer than the bornology induced from structure functions.
Dually, the final bornology is coarser than the bornology induced from structure
functions for Frölicher coproduct and quotient. Relatively-compact and compact
bornologies are induced from the Frölicher topology and the canonical topology
on the underlying set of Frölicher space. For each of Frölicher subspace, product,
coproduct and quotient, that is, the objects in the category of Frölicher spaces
under the study of this thesis, there are two topologies - the canonical topology
induced from the underlying set and the Frölicher topology. Subsequently there
are two relatively-compact and compact bornologies, induced from these topolo-
gies, for each of the mentioned objects. The bornological comparison between
the relatively-compact bornologies and the bornological comparison between the
compact bornologies, for each object, is determined by the comparison of these
topologies, that is, the comparison between the Frölicher topology and the canon-
ical topology on the underlying set.

ii



I dedicate this work to my mother Ntombi Jester MAHUDU, and to the memory
of my father Sebushi Johanness MAHUDU.



Acknowledgments

This thesis was supervised by Dr Mukinayi Hermenegilde Tshilombo. I hereby ac-
knowledge him for his meticulous supervision, mentorship and guidance through-
out the work of this thesis. I appreciate all the discussions and conversations
during our meetings. They have gone a long way in shaping my views on life and
mathematics.

I hereby acknowledge the funds, entities and/or programmes that made this thesis
possible.

• The Wits staff bursary for funding my PhD studies.

• The University Capacity Development Programme (UCDP) for funding the
research conferences and workshops that I have attended, which have aided
in the work of this thesis.

• The National Graduate Academy for Mathematical Science’s Mathemati-
cal Sciences Early Career Fellowship for provision of a research grant and
research workshops in support of early career academics.

• The Geo-Maths library at the University of Witwatersrand, for assisting
with the books and journals for the research of this thesis.

I cannot begin to thank my family in this endeavour. Their sacrifices, support
and encouragement was my pillar of strength. Ke a leboga ba bina Kwena!

With all and sundry, praises, in abundance, are due to God for making this
possible. Modimo wa thaba ya Sione!

iv



Contents

Declaration i

Abstract ii

Acknowledgments iv

1 Introduction. 1

2 Preliminaries. 5

2.1 Concepts from category theory. . . . . . . . . . . . . . . . . . . . 5

2.1.1 Category . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.2 Initial and final objects. . . . . . . . . . . . . . . . . . . . 7

2.1.3 Functors. . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.4 Limits and colimits. . . . . . . . . . . . . . . . . . . . . . . 8

2.1.5 Cartesian-closed categories and exponential law. . . . . . . 10

2.2 Concepts from general topology. . . . . . . . . . . . . . . . . . . . 11

2.2.1 Topology. . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.2 Category of topological spaces. . . . . . . . . . . . . . . . 14

2.2.3 Compactness. . . . . . . . . . . . . . . . . . . . . . . . . . 15
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3.1 Bornology induced from structure functions. . . . . . . . . . . . . 50

3.1.1 Structure. . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.1.2 Bounded maps and bounded sets. . . . . . . . . . . . . . . 51

3.2 Initial bornology. . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
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Chapter 1

Introduction.

In this thesis we introduce the concept of bornology on the theory of Frölicher
spaces. The concept of bornology on a set was introduced by H. Hogbe-Nlend in
[51]. Bornologies have been studied and used mainly in functional analysis, on
metric spaces, Banach spaces, Schwartz spaces and convenient spaces (see [4], [45],
[51], [56] and [67]). They [bornologies] have also been applied to other concepts,
for example on metrizable spaces (see [15], [16], [18] and [52]), general topology
(see [61]), the theory of locally convex sets (see [51]), bitopological metric spaces
(see [74]), etc. The unified theory of differentiability for functions defined on a
general normed space was developed using bornologies (see [23]).

The theory of Frölicher spaces is a developing field, thus our introduction of
the concept of bornology to the theory of Frölicher spaces is a contribution and
an advacement to the theory of Frölicher spaces. There is a series of research that
culminated into the theory and concept of Frölicher spaces, as we will mention
below. Frölicher spaces are named after Alfred Frölicher, who was the first to
define these spaces. Alfred Frölicher referred to these spaces [Frölicher spaces]
as smooth spaces (see [45]). The phrase ”Frölicher spaces” appeared for the first
time in [56] as used by A. Kriegl and P. Michor. However P. Cherenack in [30] was
the first person to refer to these smooth spaces defined by Frölicher as Frölicher
spaces. This is because Cherenack’s paper, [30], was submitted in the year 1996
and published in the year 2000 whereas the work by Kriegl and Michor, [56], was
published in 1997. The book titled Linear Spaces and Differentiation Theory by
Alfred Frölicher and Andreas Kriegl, [45], is the ”genesis” and conception of the
theory of Frölicher spaces. This book is a culmination of the work of Frölicher in
[40], [41], [42] and [43]. Another work that contributed in this theory is the work
in [44] by Frölicher and Kriegl. P. Cherenack, alongside his former students, viz
A. Batubenge, P. Ntumba and B. Dugmore, had significant contributions to the
research and study of Frölicher spaces (see [7], [8], [9], [10], [13], [14] [28], [29], [30],
[31], [32], [33], [36] and [37]). A. Batubenge gives a detailed survey of Frölicher
spaces in [7]. There has been an interest in applying other theories to the theory
of Frölicher spaces and vice versa, and that is: Lie group and Lie algebra (see
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[10] and [58]), homotopy theory (see [27] and [36]), symplectic geometry (see [25],
[26] and [38]), symplectic reduction (see [62], [66], [71], [72], [75] and [89]), sheaf
theory and sheaf cohomology (see [6] and [34]), De Rham cohomology (see [49],
[59], [77], [81], [82] and [87]), Alexander-Spanier, Singular and Čech cohomologies
(see [88]), Poisson geometry (see [73] and [91]), modern Hamiltonian formalism
of mechanics (see [8], [9], [11] and [53]), cosmology and tensor calculus (see [29],
[30] and [32]).

A category is a collection of mathematical objects and associated morphisms
between these objects such that there is an identity morphism for each object
and a composition of morphisms, these are subject to associativity of morphisms
and unity in morphisms (see [1], [2], [5] and [64]). Frölicher spaces and smooth
maps form a category - the category of Frölicher spaces as proven by Frölicher and
Kriegl in [45]. There is an extensive research in the category of Frölicher spaces
(see [7], [13], [14], [29], [30] and [86]). Some of the categorical properties of the
category of Frölicher spaces are that it is Cartesian-closed, complete, cocomplete
and topological over the category of sets (see [29] and [31]). One example of a
Frölicher space is the smooth manifold, thus smooth manifolds are objects in the
category of Frölicher space (see [8], [29], [45] and [56]). The category of Frölicher
spaces is related to other categories of smooth spaces - it is a full subcategory of
diffeological spaces in the sense of Souriau (see [46] and [83]), differential spaces
in the sense of Sikorski (see [79] and [80]) and Smith spaces (see [82]). Bounded
maps and bornological spaces form the category of bornological spaces, which is
also topological over the category of sets (see [22]). Another category which is
critical in the study of this thesis is the category of topological spaces which con-
sists of topological spaces as objects and continuous maps as morphisms. Some
of the categorical properties of the category of topological spaces is that it is
Cartesian-closed, has a final (terminal) and and initial objects, has products and
for each pair of topological spaces there is an equalizer and coequalizer (see [63]
and [78]).

A Frölicher space is a triple (X,CX , FX) whereX is a non-empty set and (CX , FX)
is a Frölicher structure (see [7], [10], [29], [32], [36], [37], [45], [86], [88] and
[89]). There are two topologies from the Frölicher structure (CX , FX), that is,
the functional topology, denoted τFX

, and the curvaceous topology, denoted τCX
,

induced from structure functions and structure curves of X respectively (see [13],
[14] and [45]). The curvaceous topology τCX

is finer than the functional topol-
ogy τFX

(see [14]). The basis and subbasis of τFX
are given by the collections

{f−1(0,+∞) | f ∈ FX} and {f−1(0, 1) | f ∈ FX}, respectively (see [36] and [45]).
The topology τFX

is the coarsest topology on X in which all smooth maps are
continuous. Due to that, the topology τFX

is considered as the Frölicher topol-
ogy (see [14]). Since we have topologies from the Frölicher structure therefore
the category of Frölicher spaces is a subcategory of the category of topological
spaces. For each of Frölicher subspace, Frölicher product, Frölicher coproduct
and Frölicher quotient A. Batubenge and M. Tshilombo compared the canoni-
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cal topology on the underlying set with the Frölicher topologies (see [13] and [14]).

The preliminary work of A. Frölicher and A. Kriegl in [45] included bornologies.
They showed that the category of bounded sequences of real numbers embeds
into the category of bornological spaces and that there is a bornology from the
structure endowed on the set of bounded sequences of real numbers. This thesis
determines the induction of bornology from Frölicher space. The comparison of
topologies induced from Frölicher space by A. Batubenge and M. Tshilombo, in
[13] and [14], inspired the bornological comparison on Frölicher space as studied in
this thesis. Following from the work of A. Batubenge and M. Tshilombo, as cited,
the hypothesis of this thesis is that bornologies can be induced from the Frölicher
structure, the canonical topology from the underlying set of the Frölicher space
and from the Frölicher topology. For a general Frölicher space, canonical bornolo-
gies are induced from the Frölicher structure and from the Frölicher topology. An
initial bornology (see [51]) is induced from the underlying set of Frölicher sub-
space and Frölicher product since they are initial structures in the category of
Frölicher spaces (see [13], [14], [29] and [45]). Similarly the final bornology (see
[51]) is induced from the underlying set of Frölicher coproduct and Frölicher quo-
tient as they are final structures in category of Frölicher spaces (see [13], [14], [29]
and [45]). There is a relationship between topology and bornology in the sense
that a bornology can be induced from a topology (see [47] and [51]). For each of
Frölicher subspace, Frölicher product, Frölicher coproduct and Frölicher quotient
there is canonical topology from the underlying set and the Frölicher topology
from the Frölicher structure. Relatively-compact and compact bornologies are
induced from the Frölicher topology and from the canonical topology on the un-
derlying set, for each of Frölicher subspace, Frölicher product, Frölicher coproduct
and Frölicher quotient. There are three phases of bornological comparison in this
thesis. The first phase is the bornological comparison between initial bornolo-
gies and bornologies from Frölicher structure on Frölicher subspace and Frölicher
product, and the final bornology and the bornologies from the Frölicher struc-
ture on Frölicher coproduct and Frölicher quotient. The second and third phase of
bornological comparison, respectively, is between the relatively-compact and com-
pact bornologies induced from the canonical topology on the underlying set and
the Frölicher topology on Frölicher subspace, Frölicher product, Frölicher coprod-
uct and Frölicher quotient. We conclude by applying these phases of bornological
comparison on Frölicher groups.

The research questions to be investigated include but are not limited to the
following:

• Under which conditions can we induce a bornology from the Frölicher topol-
ogy and from the Frölicher structure?

• What is the bornological relation between the bornologies induced from the
Frölicher structure?

• For initial structures in the category of Frölicher spaces, that is Frölicher
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subspace and Frölicher product, what is the relationship between the initial
bornology and the bornologies induced from the Frölicher structure?

• For final structures in the category of Frölicher space, that is Frölicher
coproduct and Frölicher quotient, what is the relationship between the final
bornology and the bornologies induced from the Frölicher structure?

• For each of Frölicher subspace, Frölicher product, Frölicher coproduct and
Frölicher quotient what is the bornological relation between the bornolo-
gies induced from the canonical topology on the underlying set and the
bornology induced from the Frölicher topology? Does that bornological
comparison follow from the comparison of the topologies from which the
bornologies are induced from?

The work of this thesis is divided into six chapters. As usual the first chapter
is the introduction and the second chapter is on preliminaries. Under prelim-
inaries we will outline some concepts from category theory, general topology,
concepts on Frölicher spaces and bornology. Concepts on Frölicher spaces will
include the theory of Frölicher spaces and structures, the category of Frölicher
spaces, Frölicher topologies, Frölicher subspace, Frölicher product, Frölicher co-
product and Frölicher quotient. The third chapter will cover bornologies induced
from Frölicher structure. These bornologies are compared for each of the ini-
tial structures in the category of Frölicher spaces, that is Frölicher subspace and
Frölicher product, they are compared with the initial bornology induced from the
underlying set of these structures, and for the final structures, that is Frölicher
coproduct and Frölicher quotient, they are compared with the final bornology.
The fourth chapter covers on relatively-compact bornologies induced from the
Frölicher topology and the canonical topology on the underlying set of Frölicher
space, and the fifth chapter covers compact bornologies induced from Frölicher
topology and the canonical topology on the underlying set of Frölicher space. In
both the fourth and the fifth chapter, for each of Frölicher subspace, Frölicher
product, Frölicher coproduct and Frölicher quotient, these bornologies are com-
pared. We conclude with the sixth chapter which is on the application of the
induction and comparison of bornologies, as in the third, fourth and fifth chap-
ter, on Frölicher groups.



Chapter 2

Preliminaries.

2.1 Concepts from category theory.

We start off with concepts from category theory. We will only discuss concepts
that are relevant and useful for this thesis.

2.1.1 Category

Definition 2.1.1 Morphism.
In category theory a morphism is an arrow or mapping between two objects, say
between the objects A and B, written A −→ B. Object A is called the domain of
the morphism and object B is called the codomain of the morphism. Objects in
this case refers to mathematical (abstract) objects such as sets, groups, algebras,
topological spaces, etc.

Definition 2.1.2 Category.
Let {Xi | i ∈ I} be a collection of objects and {fi | i ∈ I} be a collection of
morphisms between these objects. Then {Xi | i ∈ I} and {fj | j ∈ J} form a
category if the following are satisfied:

1. Identity: For each object Xi there exists an identity morphism
IXi

: Xi −→ Xi.

2. Composition: For each pair of morphisms fj1 and fj2, with j1, j2 ∈ J ,
such that the codomain of fj1, denoted cod(fj1), and the domain of fj2,
denoted dom(fj2), are such that cod(fj1) = dom(fj2), then there exists the
composition morphism fj2 ◦ fj1 : dom(fj1) −→ cod(fj2).

The above conditions are subject to the following conditions:

1. Associativity: For every morphisms fj1, fj2 and fj3, with j1, j2, j3 ∈ J , such
that cod(fj1) = dom(fj2) and cod(fj2) = dom(fj3) then
fj3 ◦ (fj2 ◦ fj1) = (fj3 ◦ fj2) ◦ fj1.

5
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2. Unity: For every morphism fj : Xa −→ Xb, where j ∈ J and a, b ∈ I,
we have that fj ◦ IXa = fj and IXb

◦ fj = fj where, IXa : Xa −→ Xa and
IXb

: Xb −→ Xb are identity morphisms on Xa and Xb, respectively.

Examples of categories:

Example 2.1.1 The category of sets.
Let A1, A2 and A3 be sets such that f : A1 −→ A2 and g : A2 −→ A3 are
functions. Since f and g are functions then the composition function
g ◦ f : A1 −→ A3 exists. For any set X there exists an identity function
IX : X −→ X. Therefore sets and functions form a category, called the category
of sets.

Example 2.1.2 The category of posets.
Let X be a non-empty set. Then X is a partially-ordered set (poset) if for the
relation ≤, on X, we have that ∀ a, b, c ∈ X the following conditions are satisfied:

1. a ≤ a (reflexivity).

2. a ≤ b and b ≤ c =⇒ a ≤ c (transitivity).

3. a ≤ b and b ≤ a =⇒ a = b (antisymmetry).

Let X and Y be posets, then the morphism f : X −→ Y is called a monotone
function if ∀ x1, x2 ∈ X, x1 ≤ x2 =⇒ f(x1) ≤ f(x2). For any poset X
the identity morphism IX : X −→ X is a monotone function since ∀ x ∈ X,
x ≤ x ⇐⇒ IX(x) ≤ IX(x). Let Z be a poset and g : Y −→ Z be a monotone
function. Since ∀ x1, x2 ∈ X, f(x1), f(x2) ∈ Y and g is a monotone function
therefore f(x1) ≤ f(x2) =⇒ g(f(x1)) ≤ g(f(x2)) ⇐⇒ (g ◦f)(x1) ≤ (g ◦f)(x2).
Therefore g ◦ f : X −→ Z is a monotone function. Thus, posets and monotone
functions form a category - the category of posets.

Example 2.1.3 Categories of structured sets.
Structured sets are sets endowed with a structure and structure preserving func-
tions (see [5]). The structure on a poset is the relation defined on the poset and
the monotone functions preserve the relation. Therefore a poset is a structured
set. Other examples of structured sets are differential manifolds, groups, graphs,
topological spaces, vector spaces, etc. Structured sets and their preserving struc-
ture functions form a category. For example:

1. Posets and monotone functions form the category of posets as we have seen
in the previous example.

2. Differential manifolds and smooth maps form the category of differential
manifolds.
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3. Groups and group homomorphisms form the category of groups.

4. Graphs and graph homomorphisms form the category of graphs.

5. Topological spaces and continuous maps form the category of topological
spaces.

6. Vector spaces and linear maps form the category of vector spaces.

2.1.2 Initial and final objects.

Definition 2.1.3 Initial object.
Let C be a category and I be an object in C. The object I is called an initial object
if the morphism I −→ X is unique for every object X in C.

Definition 2.1.4 Final object.
Let C be a category and F be an object in C. The object F is called a final object
if the morphism X −→ F is unique for every object X in C.

The other phrase used for final objects is terminal objects (see [1], [2] and [5]).
Initial and final objects are the algebraic duals of each other.

Examples of initial and final objects:

Example 2.1.4 Let ϕ denote the empty set, then it is trivial that the morphism
ϕ −→ X is unique for any set X. Thus, ϕ is the initial object in the category of
sets. Consider any singleton {x} in the category of sets. Then it is also trivial
that for any set Y , the morphism Y −→ {x} is unique. Giving that any singleton
in the category of sets is a final object.

Example 2.1.5 A poset is a set endowed with a relation. Thus the category of
posets is a subcategory of the category of sets. Therefore the empty set is an initial
object in the category of sets. Every singleton {u} in the category of sets with
the relation u ≤ u is a poset. It follows trivially that the morphism P −→ {u} is
unique for every poset P . Thus, any singleton is a final object in the category of
posets.
Let (X,≤) be a poset. Then ∀ x, y ∈ X we define a moprhism x −→ y if and only
if x ≤ y. Then (X,≤) is a category. Let m be the least element in X, that is,
m ≤ x, ∀ x ∈ X. Let M be the greatest element in X, that is x ≤ M , ∀ x ∈ X.
Therefore the morphisms m −→ x and x −→M are unique, ∀ x ∈ X. Thus, the
least element in a poset is an initial object and the greatest element in a poset is
a final object. That is a poset has one initial object and one final object.

Remark 2.1.1 A category can have multiple initial objects and multiple final
objects, as seen from the examples above. However, there are categories that do
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not have neither an initial object nor a final object (see [1] and [5]). The category
of the posets of the form (Z,≤) is such a category, it has neither an initial object
nor a final object. Interestingly, there are categories with objects that are both
initial and final objects. An object that is both an initial and a final object is
called a zero object (see [1]).

2.1.3 Functors.

Definition 2.1.5 Functor.
Let C1 and C2 be categories. The morphism F : C1 −→ C2 is a functor if:

1. F assigns every object A in C1 to an object F (A) in C2.

2. F assigns every morphism f : X −→ Y in C1 to a morphism
F (f) : F (X) −→ F (Y ) in C2 such that F preserves composition and identity
morphisms. That is, for every pair of morphisms f1 and f2 in C1 such that
f1 ◦ f2 is a morphism in C1 then F (f1 ◦ f2) = F (f1) ◦ F (f2), and for the
identity morphisms IA in C1 and IF (A) in C2, we have that F (IA) = IF (A).

Examples of functors:

Example 2.1.6 The identity functor.
For any category C, there is an identity functor id : C −→ C that assigns every
morphism f in C to itself and asigns every object c in C to itself.

Example 2.1.7 The forgetful functor.
Let C be a construct, that is, a category of a structured set (see [1], [2], [5] and
[64]). There is a functor U : C −→ Set, called the forgetful functor, that assigns
every object in C to it’s underlying set and assigns every morphism f in C to
it’s underlying function. For example, the category of topological spaces, denoted
Top, is a construct as topological spaces are structured sets. Then the forgetful
functor U : Top −→ Set assigns every topological space (X, τ) to it’s underlying
set X and assigns every continuous map f : (X, τ) −→ (Y, τ) between topological
spaces to the function U(f) : X −→ Y . That is, the forgetful functor ”forgets” the
structure in each assignment. The forgetful functor U : Top −→ Set ”forgets”
the topological structure.

2.1.4 Limits and colimits.

Definition 2.1.6 Diagram.
Let C be a category. A diagram in C is a functor D : A −→ C for some category
A. The category A is called the scheme or the index of the diagram D.
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Remark 2.1.2 There is a nuance between a diagram and a functor, which can
create confusion between the two. Technically, a diagram is a functor but a functor
is not necessarily a diagram. A diagram D : A −→ C in the category C, with the
index category A, as defined above can be viewed as indexing a collection of objects
and morphisms in C through A. This is analogous to an index set in set theory.

Definition 2.1.7 Limit.
Let D : A −→ C be a diagram in the category C.

1. Let A and B be objects in A. The morphism N : C −→ D(A) is said to be
a natural source for the diagram D if for the morphism M : C −→ D(B)
we have that for every morphism f : A −→ B in A, M = D(f) ◦N . That
is, the triangle

C D(A)

D(B)

N

M
D(f)

commutes.

2. Let A be an object in A. The limit of the diagram D is the morphism
l : L −→ D(A) if for every natural source N : C −→ D(A) there exists a
unique morphism g : C −→ L such that N = L ◦ g. That is, the triangle

C L

D(A)

g

N
l

commutes.

The algebraic dual of limits is colimits.

Definition 2.1.8 Colimits.
Let D : A −→ C be a diagram in the category C.

1. Let A and B be objects in A. The morphism N : D(A) −→ C is said to be
a natural sink for the diagram D if for the morphism M : D(B) −→ C we
have that for every morphism f : B −→ A in A, M = N ◦D(f). That is,
the triangle

D(B) D(A)

C

D(f)

M
N

commutes.
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2. Let A be an object in A. The colimit of the diagram D is a morphism
c : D(A) −→ K if for every natural sink N : D(A) −→ C there exists a
unique morphism g : K −→ C such that N = g ◦ c. That is, the triangle

D(A) K

C

c

N

g

commutes.

2.1.5 Cartesian-closed categories and exponential law.

Definition 2.1.9 Let F : C1 −→ C2 be a functor, and A be an object in the
category C1 and B be an object in the category C2.

1. The morphism f : B −→ F (A) is called an F -structured morphism with
domain B.

2. An F -structured morphism f : B −→ F (A) with domain B is called an
F -universal morphism for B given that for each F -structured morphism
f́ : B −→ F (Á) with domain B there exists a unique morphism f̂ : A −→ Á
in the category C1 such that f́ = F (f̂) ◦ f . That is the triangle

B F (A)

F (Á)

f

f́
F (f̂)

commutes.

Definition 2.1.10 Adjoint and co-adjoint functors.
Let F : C1 −→ C2 be a functor. Then F is called

1. An adjoint functor if there exists an F -universal morphism with domain B,
for every object B in C2.

2. A co-adjoint functor if there exists an F -universal morphism with codomain
B, for every object B in C2.

That is, the adjoint functor and the co-adjoint functor are algebraic duals of each
other. The other term used for adjoint and co-adjoint functor is left-adjoint and
right-adjoint functor, respectively.

Definition 2.1.11 Isomorphisms.
Let C be a category. If for the morphism f : A −→ B in C there exists a morphism
g : B −→ A in C such that g ◦ f = IA and f ◦ g = IB, where IA : A −→ A and
IB : B −→ B are identity morphisms in C.
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Definition 2.1.12 Isomorphic objects.
Let C be a category. If for the objects A and B in C there exists an isomorphism
f : A −→ B in C, then we say that A and B are isomorphic, written A ∼= B.

Definition 2.1.13 Functor isomorphism.
Let C1 and C2 be categories. If for the functor F : C1 −→ C2 there exists a functor
G : C2 −→ C1 such that G ◦ F = idC1 and F ◦G= idC2, where idC1 : C1 −→ C1 and
idC2 : C2 −→ C2 are identity functors, then F is called a functor isomorphism.

Definition 2.1.14 Isomorphic categories.
The categories C1 and C2 are said to be isomorphic if there exists a functor iso-
morphism F : C1 −→ C2. If C1 and C2 are isomorphic we write C1 ∼= C2.

Definition 2.1.15 Exponential objects.
Let C be a category with products and let A and B be objects in C. We denote all
morphisms from A to B by BA. For any object C in C, the condition
BA×C ∼= (BA)C is called the exponential law. The objects A and B are exponen-
tiable or called exponential objects if they satisfy the exponential law.

Definition 2.1.16 Cartesian-closed categories.
Let C be a category with final objects and finite products. If for each object A
in C the functor (A × −) : C −→ C is a co-adjoint functor then C is said to be
Cartesian-closed. The functor (A×−) : C −→ C maps every object B in C to the
product A×B in C.

Following from the definition of Cartesian-closed categories we have that a cat-
egory is Cartesian-closed if and only if it has final objects, finite products and
exponential objects. We have been consistent with the category of sets and the
category of posets thus far in this thesis, and these two categories are Cartesian-
closed (see [1] and [5]).

2.2 Concepts from general topology.

2.2.1 Topology.

Definition 2.2.1 Topology.
Let X be a set, P (X) be the power set of X and τ ⊆ P (X). Then τ is a topology
on X if the following conditions are satisfied:

1. ϕ,X ∈ τ , where ϕ denote the empty set.

2. If U1, U2, · · · , Un ∈ τ then
n⋂

i=1

Ui ∈ τ . That is, τ is closed under finite

intersection.
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3. If Uα ∈ τ , α ∈ I then
⋃
α∈I

Uα ∈ τ . That is, τ is closed under infinite union.

The pair (X, τ) is called a topological space.

Examples of topologies:

Example 2.2.1 Trivial topology.
Let X be a set and ϕ be the exmpty set. It is trivial that the collection {X,ϕ} is
a topology on X since X ∩ ϕ = ϕ and X ∪ ϕ = X. Thus, {X,ϕ} is called the
trivial topology.

Example 2.2.2 Discrete topology.
Let X be a non-empty set. Consider P (X) := {U | U ⊆ X}, that is, the power
set of X. Since X,ϕ ⊆ X therefore X,ϕ ∈ P (X). Let U1, U2, · · · , Un ∈ P (X),

then Ui ⊆ X, ∀ i = 1, 2, · · · , n. Since
n⋂

i=1

Ui ⊆ X therefore
n⋂

i=1

Ui ∈ P (X). That

is, P (X) is closed under finite intersection.

Let Uα ∈ P (X), α ∈ I, then Uα ⊆ X. Since
⋃
α∈I

Uα ⊆ X therefore
⋃
α∈I

Uα ∈ P (X).

That is, P (X) is closed under infinite union. With P (X) closed under infinite
union and finite intersection and ϕ,X ∈ P (X) therefore P (X) is a topology on
X, called the discrete topology.

Example 2.2.3 Finite complement topology.
Let X be a non-empty set and let

τf := {U ⊆ X | X − U is finite or X − U = X}.

Since ϕ,X ∈ P (X) then ϕ,X ⊆ X and we have that X−ϕ = X and X−X = ϕ.
Therefore ϕ,X ∈ τf .
Let U1, U2, . . . , Un ∈ τf , therefore Ui ⊆ X and X − Ui is finite or

X − Ui = X, ∀ i = 1, 2, . . . , n. Since Ui ⊆ X, ∀ i = 1, 2, . . . , n, then
n⋂

i=1

Ui ⊆ X.

Also X −
n⋂

i=1

Ui =
n⋂

i=1

(X − Ui). Therefore X −
n⋂

i=1

Ui is finite or all of X. Thus

n⋂
i=1

Ui ∈ τf , that is, τf is closed under finite intersection.

Let Uα ∈ τf , α ∈ I, then Uα ⊆ X such that X − Uα is finite or all of X, α ∈ I.

Therefore
⋃
α∈I

Uα ⊆ X and X −
⋃
α∈I

Uα =
⋃
α∈I

(X − Uα). Thus X −
⋃
α∈I

Uα is finite

or all of X. Therefore
⋃
α∈I

Uα ∈ τf . That is, τf is closed under infinite union.

Hence τf is a topology on X and is called the finite complement topology.
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Definition 2.2.2 Let (X, τX) and (Y, τY ) be topological spaces, then the mor-
phism f : X −→ Y is continuous if f−1(U) ∈ τX , ∀ U ∈ τY .

Definition 2.2.3 Basis of a topology.
Let X be a non-empty set. A collection β of subsets of X, that is β ⊆ P (X), is
a basis for a topology on X if:

1. ∀ x ∈ X ∃ B ∈ β such that x ∈ B.

2. If x ∈ B1 ∩ B2, where B1, B2 ∈ β, then there exists B3 ∈ β such that
x ∈ B3 ⊂ B1 ∩B2.

The topology τβ generated by the basis β of a topology on X is defined as

τβ = {U ⊆ X | ∀ x ∈ U ∃ B ∈ β such that x ∈ B ⊂ U}.

Examples of basis of a topology:

Example 2.2.4 Consider the open interval

(a, b) = {x | a < x < b}

in the real line R and let

β = {(a, b) | a, b ∈ R}.

Let r ∈ R be arbitrary, then there exits a, b ∈ R such that a < r < b. That is,
∀ r ∈ R ∃ (a, b) ∈ β such that r ∈ (a, b). Now let (a, b), (z, w) ∈ β and
r ∈ (a, b) ∩ (z, w). Since (a, b) ∩ (z, w) ̸= ϕ then (a, b) ∩ (z, w) = (x, y) ∈ β
for some x, y ∈ R. Then there exists m,n ∈ R such that r ∈ (m,n) ⊂ (x, y).
Therefore β is a basis of a topology on R. The topology generated by β is called
the standard topology on R, denoted τR. Thus, β is the basis of the standard
topology τR.

Example 2.2.5 Consider the half-open interval

[a, b) = {x | a ≤ x < b}

in the real line R and let

β̃ = {[a, b) | a, b ∈ R}.

Let r ∈ R, then r ∈ [r, b), ∀ b ∈ R. That is ∀ r ∈ R ∃ B ∈ β̃ such that
r ∈ B. Let [a, b), [z, w) ∈ β̃ and r ∈ [a, b) ∩ [z, w). Since [a, b) ∩ [z, w) ̸= ϕ then
[a, b) ∩ [z, w) = [x, y) for some x, y ∈ R. Then there exists t ∈ R such that t < y
where r ∈ [x, t) ⊂ [x, y). Therefore β̃ is a basis of a topology on R. The topology
generated by β̃ is called the lower limit topology. When R is endowed with the
lower limit topology it is denoted Rℓ. Thus we denote the lower limit topology
by τRℓ

. Thus β̃ is the basis of the lower limit topology τRℓ
. The topological space

(Rℓ, τRℓ
) is called the Sorgenfrey line.
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Example 2.2.6 Let

K =

{
1

n
| n ∈ Z+

}
,

and let a, b ∈ R and β̂ be the collection of all open intervals (a, b) along with all
sets of the form (a, b)−K, that is,

β̂ = {(a, b) | a, b ∈ R} ∪ {(a, b)−K | a, b ∈ R}.

Since β := {(a, b) | a, b ∈ R} generates the standard topology τR on R (Example
2.2.4) then ∀ r ∈ R ∃ (a, b) such that r ∈ (a, b). It follows that for r ̸= 1

n
, n ∈ Z+

then there exists (a, b) such that r ∈ ((a, b) − K). Therefore ∀ r ∈ R ∃ B ∈ β̂
such that r ∈ B. Let B1, B2 ∈ β̂, then we have 3 cases:
Case 1: B1, B2 ∈ β := {(a, b) | a, b ∈ R}.
Since β generates the standard topology τR then ∀ x ∈ B1 ∩ B2 ∃ B3 ∈ β such
that x ∈ B3 ⊂ B1 ∩B2.
Case 2: B1, B2 ∈ {(a, b)−K | a, b ∈ R}.
Let x ∈ B1 ∩B2 then B1 ∩B2 ̸= ϕ and x ̸= 1

n
, n ∈ Z+, therefore

B1 ∩ B2 = (z, w) −K for some z, w ∈ R. Then there exists m,n ∈ R such that
x ∈ ((m,n)−K) ⊂ ((z, w)−K).
Case 3: B1 ∈ {(a, b) | a, b ∈ R} and B2 ∈ {(a, b)−K | a, b ∈ R}.
Let x ∈ B1 ∩ B2 which implies that B1 ∩ B2 ̸= ϕ and x ̸= 1

n
, n ∈ Z+, then

B1 ∩ B2 = (z, w)−K for some z, w ∈ R. Therefore there exists m,n ∈ (R−K)
such that x ∈ (m,n) ⊂ ((z, w)−K). Hence β̂ is a basis of a topology on R. The
topology generated by β̂ is called the K-topology on R. When R is endowed with
the K-topology it is denoted RK. Thus, we denote the K-topology on R by τRK

.

That is, β̂ is the basis of τRK
.

2.2.2 Category of topological spaces.

Let (X, τX), (Y, τY ) and (Z, τZ) be topological spaces and f : X −→ Y and
g : Y −→ Z be continuous maps, that is, f−1(U) ∈ τX , ∀ U ∈ τY and
g−1(V ) ∈ τY , ∀ V ∈ τZ . Consider the composition g ◦ f : X −→ Z. Let W ∈ τZ ,
then g−1(W ) ∈ τY since g : Y −→ Z is a continuous map, which implies that
f−1(g−1(W )) ∈ τX since f : X −→ Y is a continuous map. That is, ∀ W ∈ τZ
we have that (g ◦ f)−1(W ) = f−1(g−1(W )) ∈ τX , therefore g ◦ f : X −→ Z is
a continuous map. Let IX : X −→ X be an identity map then ∀ U ∈ τX we
have that IX(U) = U ∈ τX , therefore IX : X −→ X is a continuous map. Thus,
the topological spaces and the continuous maps form a category - the category
of topological spaces, usually denoted Top. That is, in the category of topolog-
ical spaces the objects are topological spaces and the morphisms are continuous
maps. The category of topological spaces is a category of a structured set since
a topology is a structured set.

We now look at some properties of the category of topological spaces:
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1. An initial object and final objects exist in the category of topological spaces.
In the category of topological spaces the empty set is an initial object and
any singleton topological space is a final object.

2. The category of topological spaces is complete and cocomplete. That is,
limits and colimits exist in the category of topological spaces.

3. There is a canonical forgetful functor, U : Top −→ Set, from the category
of topological spaces to the category of sets. This forgetful functor assigns
each topological space to its underlying set. Thus the category of topological
spaces is topological over sets (see [24]).

4. The category of topological spaces is not Cartesian-closed (see [50]).

2.2.3 Compactness.

Definition 2.2.4 Open cover.
Let (X, τ) be a topological space. An open cover of X is a collection {Oα | α ∈ I}
of open sets (of the topology τ) such that X =

⋃
α∈I

Oα.

Definition 2.2.5 Subcover of an open cover.
Let (X, τ) be a topological space and the collection {Oα | α ∈ I} be an open
cover of X, then the subcover of the open cover {Oα | α ∈ I} is the collection

{Oα | α ∈ J} such that J ⊂ I and X =
⋃
α∈J

Oα.

Definition 2.2.6 Compact space.
The topological space (X, τ) is said to be a compact space if every open cover of
X has a finite subcover. That is, for every open cover {Oα | α ∈ I} of X, thus

X =
⋃
α∈I

Oα, there exists a finite set J such that J ⊂ I and {Oα | α ∈ J} covers

X, that is X =
⋃
α∈J

Oα.

Definition 2.2.7 Compact set.
Let (X, τ) be a topological space and U ⊆ X, then the set U is said to be compact
if for every collection {Oα | α ∈ I} of open sets (of the topology τ) such that

U ⊆
⋃
α∈I

Oα there exists a finite set J such that J ⊂ I and that for {Oα | α ∈ J}

we have that U ⊆
⋃
α∈J

Oα.

Theorem 2.2.1 The finite union of compact sets is compact.
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Proof: Let (X, τ) be a topological space, A ⊆ X and B ⊆ X, with A and B being
compact. It is sufficient to prove that A∪B is compact. Since A is compact then
the open cover of A, say {Oα | α ∈ I}, has a finite subcover {Oαi

| i = 1, 2, · · · , n}.
Similarly, since B is also compact then every open cover, say {Uλ | λ ∈ J}, of B
has a finite subcover {Uλj

| j = 1, 2, · · · ,m}. Then

{Oα | α ∈ I}
⋃

{Uλ | λ ∈ J}

forms an open cover for A ∪B, and

{Oαi
| i = 1, 2, · · · , n}

⋃
{Uλj

| j = 1, 2, · · · ,m}

is its finite subcover. Therefore A ∪B is compact. □

Definition 2.2.8 Closed set.
Let (X, τ) be a topological space and U ⊆ X. The set U is said to be closed if its
complement is open. Thus if X \ U ∈ τ .

Definition 2.2.9 Closure of a set.
Let (X, τ) be a topological space and U ⊆ X. The closure of U , denoted Cl(U),
is the smallest closed subset of X containing U , and that is the intersection of all
closed subsets of X containing U .

Proposition 2.2.1 Let (X, τ) be a topological space and U ⊆ X, then
U ⊆ Cl(U).

Proof: This follows from Definition 2.2.9. □

Theorem 2.2.2 Let (X, τ) be a topological space and U ⊆ X, then U is closed
if and only if U = Cl(U).

Proof: (=⇒) Let U be a closed subset of X. The smallest closed subset of X
containing U is U itself. Therefore by Definition 2.2.9 we have that U = Cl(U).
(⇐=) Let U = Cl(U). Since the closure of a set is closed (see Definition 2.2.9)
then Cl(U) is closed. Therefore U is also closed since U = Cl(U). □

Definition 2.2.10 Relatively compact set.
Let (X, τ) be a topological space and U ⊆ X, then the set U is relatively compact
if its closure, that is Cl(U), is compact.

Definition 2.2.11 Hausdorff space.
A topological space (X, τ) is a Hausdorff space if ∀ x, y ∈ X with x ̸= y there
exist open sets U, V ⊆ X such that for x ∈ U and y ∈ V we have U ∩ V = ϕ.
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Theorem 2.2.3 Let X be a Hausdorff space and S ⊆ X, then S is Hausdorff
space.

Proof: Let X be a Hausdorff space and s1, s2 ∈ S, with s1 ̸= s2, then s1, s2 ∈ X
since S ⊆ X. Since X is a Hausdorff space then there exist open sets U, V ⊆ X
such that s1 ∈ U , s2 ∈ V and U∩V = ϕ. We have that s1 ∈ U∩S and s2 ∈ V ∩S,
and U ∩ S and V ∩ S are open in S. Then

(U ∩ S) ∩ (V ∩ S) = (U ∩ V ) ∩ S = ϕ ∩ S = ϕ.

Therefore S is a Hausdorff space. □

Theorem 2.2.4 Let X and Y be Hausdorff spaces, then X × Y is a Hausdorff
space.

Proof: Let X and Y be Hausdorff spaces. Let x1, x2 ∈ X and y1, y2 ∈ Y such
that x1 ̸= x2 and y1 ̸= y2. Since X is a Hausdorff space then there exist open
sets U1, U2 ⊆ X such that x1 ∈ U1, x2 ∈ U2 and U1 ∩ U2 = ϕ. Similarly, there
exist open sets V1, V2 ⊆ Y such that y1 ∈ V1, y2 ∈ V2 and V1 ∩ V2 = ϕ since Y
is a Hausdorff space. Since x1 ̸= x2 and y1 ̸= y2 then we have that (x1, y1) and
(x2, y2) are distinct in X×Y . Thus (x1, y1) ∈ U1×V1 and (x2, y2) ∈ U2×V2, and
U1 × V1 and U2 × V2 are open in X × Y . Since

(U1 × V1) ∩ (U2 × V2) = (U1 ∩ U2)× (V1 ∩ V2) = ϕ× ϕ = ϕ,

therefore X × Y is a Hausdorff space. □

Theorem 2.2.5 Let X and Y be Hausdorff spaces, then the coproduct X
∐
Y is

a Hausdorff space.

Proof: Let
X
∐

Y = {(x, 1) | x ∈ X} ∪ {(y, 2) | y ∈ Y },

then we have the canonical projections

φ1 : X −→ X
∐

Y

and
φ2 : Y −→ X

∐
Y.

Let x1, x2 ∈ X and (x1, 1), (x2, 1) ∈ X
∐
Y such that (x1, 1) ̸= (x2, 1). But

(x1, 1) ̸= (x2, 1) =⇒ x1 ̸= x2, and since X is a Hausdorff space then there
exist open subsets M and N of X such that x1 ∈ M , x2 ∈ N and M ∩ N = ϕ.
With x1 ∈ M and x2 ∈ N therefore (x1, 1) ∈ (M × 1) and (x2, 1) ∈ (N × 1),
and M × 1 and N × 1 are open subsets of X

∐
Y since φ−1

1 (M × 1) = M and
φ−1
1 (N × 1) = N , and

(M × 1) ∩ (N × 1) = (M ∩N)× 1 = ϕ× 1 = ϕ.
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Similarly for (y1, 2), (y2, 2) ∈ X
∐
Y such that (y1, 2) ̸= (y2, 2) we have that there

exist disjoint open subsets, say (U × 2) and (V × 2), of X
∐
Y with

(y1, 2) ∈ (U × 2) and (y2, 2) ∈ (V × 2), and

(U × 2) ∩ (V × 2) = (U ∩ V )× 2 = ϕ× 2 = ϕ.

Now we need to account for having two non-equal elements with one coming from
{(x, 1) | x ∈ X} and the other from {(y, 2) | y ∈ Y }. Let x ∈ X and y ∈ Y then
(x, 1), (y, 2) ∈ X

∐
Y and by definition of X

∐
Y we have that (x, 1) ̸= (y, 2).

Since
φ−1
1 ({(x, 1) | x ∈ X}) = X

and
φ−1
2 ({(y, 2) | y ∈ Y }) = Y

therefore {(x, 1) | x ∈ X} and {(y, 2) | y ∈ Y } are open subsets of X
∐
Y . By

definition
{(x, 1) | x ∈ X} ∩ {(y, 2) | y ∈ Y } = ϕ.

Hence X
∐
Y is a Hausdorff space. □

Theorem 2.2.6 Let X be a Hausdorff space and U ⊂ X, then U is closed if it
is compact.

Proof: We have to show that X \ U is open. Let x ∈ X \ U . For any y ∈ U
we have that x and y are distinct. Note that y ∈ U =⇒ y ∈ X since U ⊂ X.
Therefore, since X is Hausdorff, ∀ y ∈ U there exists open sets Ay and By such
that x ∈ Ay, y ∈ By and Ay ∩By = ϕ. Having that U is compact it follows that

there exists a finite set I ⊆ U such that U ⊆
⋃
y∈I

By. Since x ∈ Ay, ∀ y ∈ U , then

x ∈
⋂
y∈I

Ay and
⋂
y∈I

Ay is open since the intersection of finite open sets is open.

Then it follows that U ∩

(⋂
y∈I

Ay

)
= ϕ. That is,

⋂
y∈I

Ay is a neighbourhood of x

disjoint from U . Therefore X \ U is open which implies that U is closed. □

Theorem 2.2.7 Let X be a Hausdorff space. If U ⊆ X is compact then it is
relatively compact.

Proof: Let X be a Hausdorff space and U ⊆ X be compact. We have to show
that the closure of U, that is Cl(U), is compact. Since U ⊆ X and X is a
Hausdorff space then by Theorem 2.2.6 we have that U is closed. Now since U is
closed then by Theorem 2.2.2 we have that U = Cl(U). This implies that Cl(U)
is compact since U is compact. With Cl(U) compact therefore U is relatively
compact. □



2.3 Concepts on Frölicher spaces. 19

2.3 Concepts on Frölicher spaces.

2.3.1 Frölicher structures and spaces.

Let X be a non-empty set,

RX := {f : X −→ R | f is a function}

and
XR := {c : R −→ X | c is a curve}.

Consider the power sets P (RX) and P (XR). Let U : F1 ↪→ F2 and V : F2 ↪→ F3

be inclusion maps where F1, F2, F3 ∈ P (RX). Then we have the composition
function V ◦ U : F1 ↪→ F3 by transitivity of sets. Also, ∀ F ∈ P (RX) we have
the identity function IF : F −→ F . Therefore subsets of RX and inclusion maps
make P (RX) a category. Similarly, P (XR) is also a category.

Let F ∈ P (RX), C ∈ P (XR) and Γ : P (RX) −→ P (XR) and
Φ : P (XR) −→ P (RX) be defined by

ΓF := {c : R −→ X | f ◦ c ∈ C∞(R,R), ∀ f ∈ F}

and
ΦC := {f : X −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ C},

where C∞(R,R) is the set of all infinitely differentiable (smooth) maps from R
to R. That is, Γ maps a set of real-valued functions to a set of curves into X,
and Φ maps a set of curves into X to a set of real-valued functions on X. Thus,
F ∈ P (RX) =⇒ ΓF ∈ P (XR) and C ∈ P (XR) =⇒ ΦC ∈ P (RX).

Lemma 2.3.1 Let X be a non-empty set, RX be the set of all real-valued func-
tions on X and XR be the set of all curves into X. Given F0, F1 ∈ P (RX) and
C0, C1 ∈ P (XR).

1. If F0 ⊆ F1 then ΓF1 ⊆ ΓF0, F0 ⊆ ΦΓF0 and ΓF0 = ΓΦΓF0.

2. If C0 ⊆ C1 then ΦC1 ⊆ ΦC0, C0 ⊆ ΓΦC0 and ΦC0 = ΦΓΦC0.

Proof:

1. Let F0, F1 ∈ P (RX) such that F0 ⊆ F1. For Γ : P (RX) −→ P (XR) we have
that

ΓF0 = {c : R −→ X | f ◦ c ∈ C∞(R,R), ∀ f ∈ F0}

and
ΓF1 = {c : R −→ X | f ◦ c ∈ C∞(R,R), ∀ f ∈ F1}.
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Let c ∈ ΓF1 therefore f ◦ c ∈ C∞(R,R), ∀ f ∈ F1. But since F0 ⊆ F1 then
it follows that f ◦ c ∈ C∞(R,R), ∀ f ∈ F0, and this implies that c ∈ ΓF0.
That is c ∈ ΓF1 =⇒ c ∈ ΓF0, therefore ΓF1 ⊆ ΓF0.
Let Φ : P (XR) −→ P (RX) be defined, and with

ΓF0 = {c : R −→ X | f ◦ c ∈ C∞(R,R), ∀ f ∈ F0}

we have that

ΦΓF0 = {f : X −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ ΓF0}.

Let f ∈ F0 then f ◦c ∈ C∞(R,R), ∀ c ∈ ΓF0, which implies that f ∈ ΦΓF0.
That is f ∈ F0 =⇒ f ∈ ΦΓF0, therefore F0 ⊆ ΦΓF0. Let f ∈ ΓΦF0, then
∀ c ∈ ΓF0 we have that f ◦ c ∈ C∞(R,R). But c ∈ ΓF0 =⇒ f ∈ F0,
therefore ΦΓF0 ⊆ F0. That is F0 ⊆ ΦΓF0 and ΦΓF0 ⊆ F0. Therefore
F0 = ΦΓF0 and since F0,ΦΓF0 ∈ P (RX) therefore ΓF0 = ΓΦΓF0.

2. Let C0, C1 ∈ P (XR) such that C0 ⊆ C1. With Φ : P (XR) −→ P (RX)
defined we have that

ΦC0 = {f : X −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ C0}

and
ΦC1 = {f : X −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ C1}.

Let f ∈ ΦC1 then f ◦ c ∈ C∞(R,R), ∀ c ∈ C1, which implies that
f ◦ c ∈ C∞(R,R), ∀ c ∈ C0, since C0 ⊆ C1, therefore f ∈ ΦC0. That is
f ∈ ΦC1 =⇒ f ∈ ΦC0, therefore ΦC1 ⊆ ΦC0.
Let Γ : P (RX) −→ P (XR) be defined then applying Γ on

ΦC0 = {f : X −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ C0}

we have that

ΓΦC0 = {c : R −→ X | f ◦ c ∈ C∞(R,R), ∀ f ∈ ΦC0}.

Let c ∈ C0, then f◦c ∈ C∞(R,R), ∀ f ∈ ΦC0, which implies that f ∈ ΓΦC0.
That is c ∈ C0 =⇒ c ∈ ΓΦC0, therefore C0 ⊆ ΓΦC0. Let c ∈ ΦΓC0, then
∀ f ∈ ΦC0 we have that f ◦ c ∈ C∞(R,R), which implies that c ∈ C0,
therefore ΓΦC0 ⊆ C0. That is, C0 ⊆ ΓΦC0 and ΓΦC0 ⊆ C0, therefore
C0 = ΓΦC0 and since C0,ΓΦC0 ∈ P (XR) therefore ΦC0 = ΦΓΦC0. □

Let C1, C2, C3 ∈ P (XR) such that C1 ⊆ C2 ⊆ C3, then we have that Φ : Ci 7→ ΦCi

where ΦCi ∈ P (RX) for i = 1, 2, 3. Now since C1 ⊆ C2 ⊆ C3 in P (XR), then
we have the inclusion maps ı1 : C1 ↪→ C2 and ı2 : C2 ↪→ C3 as morphisms in
P (XR). Then it follows that we have the inclusion ı2 ◦ ı1 : C1 ↪→ C3. But since
C1 ⊆ C2 ⊆ C3 then by Lemma 2.3.1, ΦC3 ⊆ ΦC2 ⊆ ΦC1, that is, we have the
inclusion maps Φ(ı1) : ΦC2 ↪→ ΦC1 and Φ(ı2) : ΦC3 ↪→ ΦC2 as morphisms in



2.3 Concepts on Frölicher spaces. 21

P (RX). Then it follows that we have the inclusion Φ(ı1) ◦ Φ(ı2) : ΦC3 ↪→ ΦC1.
Then since C1 ⊆ C3 then we have that ΦC3 ⊆ ΦC1 by Lemma 2.3.1, that is, the
inclusion Φ(ı2 ◦ ı1) : ΦC3 ↪→ ΦC1 is the corresponding morphism in P (RX). Then
it follows that Φ(ı2 ◦ ı1) = Φ(ı1)◦Φ(ı2). These is illustrated in the diagram below:

-

ı1 ı2

Φ(ı1) Φ(ı2)

�ΦC1

? ?

C1 C3

ΦC3

Φ ΦΦ

PPPPPPPPPPq ���������1

C2

?

����������) PPPPPPPPPPi
ΦC2

Φ(ı2 ◦ ı1) = Φ(ı1) ◦ Φ(ı2)

ı2 ◦ ı1

The arrows ı1, ı2, ı2 ◦ ı1, Φ(ı1), Φ(ı2) and Φ(ı2 ◦ ı1) are inclusion maps.

Let C be any element in P (XR) and consider the identity map IC : C −→ C.
Then Φ : C 7→ ΦC and since C ⊆ C then by Lemma 2.3.1 ΦC ⊆ ΦC and thus
we have the identity map IΦC : ΦC −→ ΦC in P (RX). Therefore it follows that
Φ(IC) = IΦC . These is illustrated in the diagram below:

-

-

IC

ΦC
? ?

C

ΦC

Φ

C

Φ

IΦC

From the above diagrams we have that Φ preserves composition and identity.
The same process can be applied for Γ : P (RX) −→ P (XR). Hence Φ and Γ are
functors.

Definition 2.3.1 Frölicher structure and Frölicher space.
Let X be a non-empty set, Γ : P (RX) −→ P (XR) and Φ : P (XR) −→ P (RX) be
defined by

ΓF := {c : R −→ X | f ◦ c ∈ C∞(R,R),∀f ∈ F}



2.3 Concepts on Frölicher spaces. 22

and
ΦC := {f : X −→ R | f ◦ c ∈ C∞(R,R),∀c ∈ C},

where C∞(R,R) is the set of all infinitely differentiable (smooth) maps from R to
R. A Frölicher structure on X is the pair (CX , FX) where CX ∈ P (XR) and
FX ∈ P (RX) with the duality or compatibility condition that

ΓFX = CX

and
ΦCX = FX .

The triple (X,CX , FX) is called a Frölicher space.

That is for a Frölicher space (X,CX , FX) we have that

CX = ΓFX = {c : R −→ X | f ◦ c ∈ C∞(R,R),∀f ∈ FX}

and

FX = ΦCX = {f : X −→ R | f ◦ c ∈ C∞(R,R),∀c ∈ CX}

where Γ : P (RX) −→ P (XR) and Φ : P (XR) −→ P (RX). Thus, the diagram

R X

R

c

f◦c
f

commutes, ∀ f ∈ FX and c ∈ CX . Frölicher spaces were previously called smooth
spaces (see [45])

Lemma 2.3.2 Let (X,CX , FX) be a Frölicher space. Then c ∈ CX if and only
if FX ◦ c ⊂ C∞(R,R) and f ∈ FX if and only if f ◦ CX ⊂ C∞(R,R). And
FX ◦ CX ⊂ C∞(R,R).

Proof: This follows from the definition of Frölicher structure and Frölicher space.
□

Theorem 2.3.1 Let f : Rn −→ R be a function. Then f is smooth on Rn if and
only if f ◦ c : R −→ R is smooth for each curve c : R −→ Rn. That is,
f ∈ C∞(Rn,R) if and only if f ◦ c ∈ C∞(R,R) for each curve c ∈ C∞(R,Rn).

Theorem 2.3.1 and its proof are the result of the work by Boman in [21].

Examples of Frölicher spaces:
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Example 2.3.1 The canonical Frölicher space.
Let (R)Rn

, n ∈ N, be the set of all real-vlued functions on Rn and (Rn)R be the set
of all curves into Rn, then P ((R)Rn

) and P ((Rn)R) are categories. Let f ∈ (R)Rn

and c ∈ (Rn)R, and let Γ : P ((R)Rn
) −→ P ((Rn)R) and

Φ : P ((Rn)R) −→ P ((R)Rn
) be functors defined by

ΓF = {c : R −→ Rn | f ◦ c ∈ C∞(R,R), ∀ f ∈ F}

and
ΦC = {f : Rn −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ C}.

Let F = C∞(Rn,R). With f ◦ c ∈ C∞(R,R), ∀ f ∈ F = C∞(Rn,R), then
c ∈ C∞(R,Rn) by Theorem 2.3.1. Similarly let C = C∞(R,Rn), then with f ◦c ∈
C∞(R,R), ∀ c ∈ C∞(R,Rn), we have that f ∈ C∞(Rn,R) = F . That is,

ΓC∞(Rn,R) = {c : R −→ Rn | f ◦ c ∈ C∞(R,R), ∀ f ∈ C∞(Rn,R)}
= C∞(R,Rn)

(2.1)

and

ΦC∞(R,Rn) = {f : Rn −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ C∞(R,Rn)}
= C∞(Rn,R).

(2.2)

Therefore (C∞(R,Rn), C∞(Rn,R)) is a Frölicher structure. Hence the triple
(Rn, C∞(R,Rn), C∞(Rn,R)) is a Frölicher space. That is, the diagram

R Rn

R

c

f◦c
f

commutes ∀ f ∈ C∞(Rn,R) and ∀ c ∈ C∞(R,Rn). The Frölicher space
(Rn, C∞(R,Rn), C∞(Rn,R)) is called the canonical Frölicher space.

Example 2.3.2 Manifolds.
Let RM and MR be the set of all real-valued functions on M and a set of all
curves into M , respectively, where M is a smooth manifold. Let f : M −→ R
and c : R −→M be a smooth real-valued function on M and a smooth curve into
M , respectively. Then f ◦ c : R −→ R is a smooth map since M is a smooth
manifold. Let Γ : P (RM) −→ P (MR) and Φ : P (MR) −→ P (RM) be functors
defined by

ΓF = {c : R −→M | f ◦ c ∈ C∞(R,R), ∀ f ∈ F}
and

ΦC = {f :M −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ C}
Then since c ∈ C∞(R,M), f ∈ C∞(M,R) and f ◦ c ∈ C∞(R,R), then we have
that

ΓC∞(M,R) = {c : R −→M | f ◦ c ∈ C∞(R,R), ∀ f ∈ C∞(M,R)}
= C∞(R,M)

(2.3)
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and

ΦC∞(R,M) = {f :M −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ C∞(R,M)}
= C∞(M,R).

(2.4)

Therefore the pair (C∞(R,M), C∞(M,R)) is a Frölicher structure, and thus the
triple (M,C∞(R,M), C∞(M,R)) is a Frölicher space. That is, the diagram

R M

R

c

f◦c
f

commutes ∀ f ∈ C∞(M,R) and ∀ c ∈ C∞(R,M).

2.3.2 The category of Frölicher spaces

Definition 2.3.2 Frölicher smooth map.
Let µ : X −→ Y be a mapping where (X,CX , FX) and (Y,CY , FY ) are Frölicher
spaces. The mapping µ : X −→ Y is a Frölicher smooth map if
{µ ◦ c | c ∈ CX} ⊆ CY and {f ◦ µ | f ∈ FY } ⊆ FX . That is, µ : X −→ Y is a
Frölicher smooth map if f ◦ µ ∈ C∞(X,R), µ ◦ c ∈ C∞(R, Y ) and
f ◦ µ ◦ c ∈ C∞(R,R). Then we have the diagram

-X Y
µ

-R R

A
A
AU�

�
��c f

HHH
HHHj

�
���

���*

h
k

f ◦ µ ◦ c

where h := f ◦ µ and k := µ ◦ c.

Let (X,CX , FX), (Y,CY , FY ) and (Z,CZ , FZ) be Frölicher spaces. Let
µ : (X,CX , FX) −→ (Y,CY , FY ) and ρ : (Y,CY , FY ) −→ (Z,CZ , FZ) be Frölicher
smooth maps. That is, {µ ◦ c | c ∈ CX} ⊆ CY , {f ◦ µ | f ∈ FY } ⊆ FX ,
{f̃ ◦ρ | f̃ ∈ FZ} ⊆ FY and {ρ◦ c̃ | c̃ ∈ CY } ⊆ CZ . Since the codomain of µ and the
domain of ρ are the same therefore we have ρ ◦ µ : (X,CX , FX) −→ (Z,CZ , FZ).
Let d ∈ CX and g ∈ FZ . We have that g ◦ ρ ∈ FY since g ∈ FZ and ρ is Frölicher
smooth. Since µ is Frölicher smooth then it follows that g◦(ρ◦µ) = (g◦ρ)◦µ ∈ FX .
Similarly µ ◦ d ∈ CY and (ρ ◦ µ) ◦ d = ρ ◦ (µ ◦ d) ∈ CZ since d ∈ CX and that ρ
and µ are Frölicher smooth. That is, we have that {g ◦ (ρ ◦ µ) | g ∈ FZ} ⊂ FX

and {(ρ ◦ µ) ◦ d | d ∈ CX} ⊂ CZ , therefore ρ ◦ µ is Frölicher smooth.

Let (W,CW , FW ) be a Frölicher space and I : (W,CW , FW ) −→ (W,CW , FW )
be an identity map. Let f ∈ FW and c ∈ CW , then f ◦ I = f and I ◦ c = c. That
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is {f ◦ I | f ∈ FW} = FW and {I ◦ c | c ∈ CW} = CW . Therefore
I : (W,CW , FW ) −→ (W,CW , FW ) is a Frölicher smooth map. That is, for any
Frölicher space (W,CW , FW ) the identity morphism
I : (W,CW , FW ) −→ (W,CW , FW ) is Frölicher smooth.

Thus Frölicher spaces and Frölicher smooth maps form a category, that is the
category of Frölicher spaces, which consists of Frölicher spaces as objects and
Frölicher smooth maps as morphisms (see [7] [8], [10], [13], [14], [29], [30], [32],
[36], [86], [88] and [89]).

The category of Frölicher spaces possesses some interesting properties (see [7],
[13], [30], [45] and [56]). Here are some of the properties:

1. The category of Frölicher spaces is complete and cocomplete. That is the
category of Frölicher spaces has limits and colimits (see definitions 2.1.7
and 2.1.8).

2. The category of Frölicher spaces is Cartesian-closed (this follows from [60],
see also [13]).
Consider the set C∞(Y, Z) of all smooth maps from the Frölicher space
Y := (Y,CY , FY ) to the Frölicher space Z := (Z,CZ , FZ). For any Frölicher
spaces X := (X,CX , FX), Y := (Y,CY , FY ) and Z := (Z,CZ , FZ), the set
C∞(Y, Z) satisfies the isomorphism

C∞(X × Y, Z) ∼= C∞(X,C∞(Y, Z)).

If X = R, that is C∞(R×Y, Z) ∼= C∞(R, C∞(Y, Z)), then we construct the
set CY,Z of curves c : R −→ C∞(Y, Z) by requiring that the map
ĉ : R × Y −→ Z defined by ĉ(t, y) := c(t)(y) is smooth. Let FY,Z be a set
of real-valued functions f̄ : C∞(Y, Z) −→ R such that f̄ ◦ c ∈ C∞(R,R)
for all c ∈ CY,Z . Let RC∞(Y,Z) and (C∞(Y, Z))R be the set of all real-valued
functions on C∞(Y, Z) and the set of all curves into C∞(Y, Z), respectively.
Let Γ : P (RC∞(Y,Z)) −→ P ((C∞(Y, Z))R) and
Φ : P ((C∞(Y, Z))R) −→ P (RC∞(Y,Z)) be functors defined by

ΓF := {c : R −→ C∞(Y, Z) | f̄ ◦ c ∈ C∞(R,R), ∀ f̄ ∈ F}

and

ΦC := {f̄ : C∞(Y, Z) −→ R | f̄ ◦ c ∈ C∞(R,R), ∀ c ∈ C}.

Now let F = FY,Z and C = CY,Z , then since f̄ ◦ c ∈ C∞(R,R) for all
c ∈ CY,Z = C, with f̄ ∈ FY,Z , therefore Φ(CY,Z) = FY,Z . Then it follows
that

ΓFY,Z = {c : R −→ C∞(Y, Z) | f̄ ◦ c ∈ C∞(R,R), ∀ f̄ ∈ FY,Z} = CY,Z
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That is. the duality or compatibility condition holds. Therefore (CY,Z , FY,Z)
is a Frölicher structure on C∞(Y, Z). Thus the triple (C∞(Y, Z), CY,Z , FY,Z)
is a Frölicher space. Then the canonical isomorphism

C∞(X × Y, Z) ∼= C∞(X,C∞(Y, Z))

is an exponential law for the category of Frölicher spaces and it holds for
every Frölicher space X := (X,CX , FX), Y := (Y,CY , FY ) and
Z := (Z,CZ , FZ). Therefore the category of Frölicher spaces is Cartesian-
closed.

3. The category of Frölicher spaces is topological over the category of sets (see
[13], [30] and [56]). That is, the faithful (forgetful or underlying) functor
from the category of Frölicher spaces to the category of sets is faithful (see
Subsection 2.1.3).

4. The category of Frölicher spaces is a subcategory of the category of topo-
logical spaces since Frölicher spaces are topological spaces.

5. Subspace, product, coproduct and quotient exist in the category of Frölicher
spaces (see [5], [6], [7], [9], [10], [12], [17], [18] and [19]).

2.3.3 Frölicher topologies.

Let (X,CX , FX) be a Frölicher space and consider the collection

τFX
= {U ⊆ X | U = f−1(V ), V ∈ τR, ∀ f ∈ FX},

where τR is the standard topology on R. Since ϕ,X ∈ P (X), with P (X) the
power set of X, then ϕ,X ⊆ X. For every real-valued function f ∈ FX we have
that X = f−1(R) and ϕ = f−1(ϕ). Since R, ϕ ∈ τR, as τR is a topology on R,
therefore X,ϕ ∈ τFX

.
Let U1, U2, . . . , Un ∈ τFX

, therefore Ui ⊆ X and ∀ f ∈ FX we have that

Ui = f−1(Vi) where Vi ∈ τR, ∀ i = 1, 2, . . . , n. Then
n⋂

i=1

Ui ⊆ X since Ui ⊆ X,

∀ i = 1, 2, . . . , n, and

n⋂
i=1

Ui =
n⋂

i=1

f−1(Vi) = f−1

(
n⋂

i=1

Vi

)
, ∀ f ∈ FX .

But
n⋂

i=1

Vi ∈ τR since Vi ∈ τR, ∀ i = 1, 2, . . . , n, (as τR is closed under finite

intersection) therefore
⋂
i=1

Ui ∈ τFX
. That is, τFX

is closed under finite intersection.



2.3 Concepts on Frölicher spaces. 27

Now let Aα ∈ τFX
, α ∈ I. Therefore Aα ⊆ X such that Aα = f−1(Vα), ∀ f ∈ FX ,

where Vα ∈ τR, α ∈ I. Then
⋃
α∈I

Aα ⊆ X since Aα ⊆ X, α ∈ I. Also

⋃
α∈I

Aα =
⋃
α∈I

f−1(Vα) = f−1

(⋃
α∈I

Vα

)
, ∀ f ∈ FX

and since τR is closed under infinite union then
⋃
α∈I

Vα ∈ τR. Therefore⋃
α∈I

Aα ∈ τFX
. That is, τFX

is closed under infinite union

Having that τFX
is closed under finite intersection and infinite union and that

ϕ,X ∈ τFX
, hence τFX

is a topology on X.

Now consider the collection

τCX
= {U ⊆ X | c−1(U) ∈ τR, ∀ c ∈ CX}.

We have that ϕ,X ⊆ X since ϕ,X ∈ P (X). Since c ∈ CX is a curve into X then
c−1(X) = R, ∀ c ∈ CX . Also, ∀ c ∈ CX , we have that c−1(ϕ) = ϕ. Since τR is a
standard topology on R therefore ϕ,R ∈ τR. Then it follows that ϕ,X ∈ τCX

.
Let R1, R2, . . . , Rk ∈ τCX

, then Rj ⊆ X and ∀ c ∈ CX we have that

c−1(Rj) ∈ τR, ∀ j = 1, 2, . . . , k. And
k⋂

j=1

Rj ⊆ X since Rj ⊆ X, ∀ j = 1, 2, . . . , k.

But, ∀ c ∈ CX , c
−1

(
k⋂

j=1

Rj

)
=

k⋂
j=1

c−1(Rj) ∈ τR since ∀ c ∈ CX we have that

c−1(Rj) ∈ τR, ∀ j = 1, 2, . . . , k. Therefore
k⋂

j=1

Rj ∈ τCX
. That is, τCX

is closed

under finite intersection.

Let Qq ∈ τCX
, q ∈ I, then Qq ⊆ X and c−1(Qq) ∈ τR, ∀ c ∈ CX . Also

c−1

(⋃
q∈I

Qq

)
=
⋃
q∈I

c−1(Qq) ∈ τR, ∀ c ∈ CX , since ∀ c ∈ CX we have that

c−1(Qq) ∈ τR, q ∈ I. Therefore
⋃
q∈I

Qq ∈ τCX
since

⋃
q∈I

Qq ⊆ X. That is, τCX
is

closed under infinite union.

Thus, τCX
is a topology on X since it is closed under finite intersection and

infinite union and ϕ,X ∈ τCX
.

The topology τFX
is induced from the structure functions of FX and the topol-

ogy τCX
is induced from the structure curves of CX . Thus these topologies are



2.3 Concepts on Frölicher spaces. 28

induced from the Frölicher space and for that we call them Frölicher topologies
(see [14]).

Remark 2.3.1 All structure functions and structure curves, of which are Frölicher
smooth, are continuous in τFX

and τCX
respectively.

Remark 2.3.2 The basis and subbasis of τFX
are given by the collections

{f−1(0,+∞) | f ∈ FX} and {f−1(0, 1) | f ∈ FX}, respectively (see [36] and [45]).

Lemma 2.3.3 Let (X,CX , FX) be a Frölicher space and τFX
and τCX

be the
Frölicher topologies. Then τFX

⊂ τCX
.

Proof : Let A ∈ τFX
, then A ⊆ X and ∀ f ∈ FX , A = f−1(V ), where V ∈ τR

and τR is a standard topology on R. Let c ∈ CX be arbitrary, then ∀ f ∈ FX we
have that

c−1(A) = c−1(f−1(V )) = (f ◦ c)−1(V ).

Since f ∈ FX and c ∈ CX then f ◦ c ∈ C∞(R,R). Therefore f ◦ c : R −→ R is
Frölicher smooth since (R, C∞(R,R), C∞(R,R)) is a Frölicher space. This implies
that f ◦c : R −→ R is continuous. Therefore (f ◦c)−1(V ) ∈ τR which implies that
c−1(A) ∈ τR, ∀ c ∈ CX . It follows that A ∈ τCX

. That is A ∈ τFX
=⇒ A ∈ τFX

,
hence τFX

⊂ τCX
. □

2.3.4 Frölicher subspace.

Let (X,CX , FX) be a Frölicher space, S be a non-empty set such that S ⊆ X
and ı : S ↪→ X be the canonical inclusion. Let RS be the set of all real-valued
functions on S and SR be the set of all curves into S. With P (RS) and P (SR)
being power sets let G ∈ P (RS), D ∈ P (SR) and Γ : P (RS) −→ P (SR) and
Φ : P (SR) −→ P (RS) be functors defined by

ΓG := {d : R −→ S | g ◦ d ∈ C∞(R,R), ∀ g ∈ G}

and
ΦD := {g : S −→ R | g ◦ d ∈ C∞(R,R), ∀ d ∈ D}.

Let
F ∗ := {f ◦ ı | f ∈ FX and ı : S ↪→ X}.

The function f ◦ ı with f ∈ FX is a restriction of f on S and we denote that by
f |S, that is, f |S = f ◦ ı. Let d ∈ SR then since c(R) ⊆ X, ∀ c ∈ CX , therefore
there exists c ∈ CX such that c = ı ◦ d. Thus

f |S ◦ d = (f ◦ ı) ◦ d = f ◦ (ı ◦ d) = f ◦ c,
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for some c ∈ CX . We have that f ◦ c ∈ C∞(R,R), ∀ f ∈ FX and ∀ c ∈ CX ,
therefore f |S ◦ d ∈ C∞(R,R). By definition of Γ we have that

ΓF ∗ = {d : R −→ S | f |S ◦ d ∈ C∞(R,R), ∀ f |S ∈ F ∗} := CS.

Then by definition of Φ it follows that

ΦΓF ∗ = {g : S −→ R | g ◦ d ∈ C∞(R,R), ∀ d ∈ ΓF ∗ = CS} := FS.

Since f |S ◦ d ∈ C∞(R,R), ∀ d ∈ ΓF ∗ = CS, therefore f |S ∈ ΦΓF ∗ = FS which
implies that

F ∗ ⊂ ΦΓF ∗ = FS (2.5)

Then by Lemma 2.3.1 we have that ΓF ∗ = ΓΦΓF ∗. Therefore

ΓFS = ΓΦΓF ∗ = ΓF ∗ = CS (2.6)

and
ΦCS = ΦΓF ∗ = FS (2.7)

Thus, (2.6) and (2.7) gives the compatibility condition, therefore

(ΓF ∗,ΦΓF ∗) = (CS, FS)

is a Frölicher structure. Therefore

(S,ΓF ∗,ΦΓF ∗) = (S,CS, FS)

is a Frölicher space. Since S ⊆ X then (S,CS, FS) is a Frölicher subspace of the
Frölicher space (X,CX , FX).

Let
C∗ := {ı ◦ d | d ∈ CS and ı : S ↪→ X}

then
C∗ ⊆ CX (2.8)

since f |S ◦ d = f ◦ (ı ◦ d) ∈ C∞(R,R), ∀ f ∈ FX , which implies that ı ◦ d ∈ CX .
Therefore by (2.5) and (2.8) we have that ı : S ↪→ X is Frölicher smooth. That
is, the morphism (S,CS, FS) ↪→ (X,CX , FX) is a morphism in the category of
Frölicher spaces.

Since the Frölicher subspace (S,CS, FS) is a Frölicher space then we have Frölicher
topologies induced from the Frölicher structure (CS, FS). That is the topology

τCS
:= {U ⊆ S | c−1(U) ∈ τR, ∀ c ∈ CS}

induced from structure curves, and the topology

τFS
:= {U ⊆ S | U = f−1(V ), V ∈ τR, ∀ f ∈ FS}
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induced from structure functions, where τR denotes the standard topology on R.
By Lemma 2.3.3 we have that τFS

⊂ τCS
. We also have canonical topologies

induced on S, that is, the subspace topologies

τFX
(S) := {S ∩ U | U ∈ τFX

}

and
τCX

(S) := {S ∩ U | U ∈ τCX
}.

The subspace topologies make the inclusion ı : S ↪→ X continuous.

Lemma 2.3.4 Let (S,CS, FS) be a Frölicher subspace of the Frölicher space
(X,CX , FX), then τFX

(S) ⊂ τCX
(S).

Proof : Let S ∩ U ∈ τFX
(S), then U ∈ τFX

. But by Lemma 2.3.3 τFX
⊂ τCX

,
therefore U ∈ τCX

, and hence S ∩ U ∈ τCX
(S). Thus τFX

(S) ⊂ τCX
(S). □

Lemma 2.3.5 Let (S,CS, FS) be the Frölicher subspace of the Frölicher space
(X,CX , FX), then τFX

(S) ⊂ τFS
⊂ τCS

.

Proof : By Lemma 2.3.3 we have that τFS
⊂ τFS

since the Frölicher subspace
(S,CS, FS) is a Frölicher space. It is therefore sufficient to show that
τFX

(S) ⊂ τFS
. We have to show that if U ∈ τFX

(S) then U ∈ τFS
. Let U ∈ τFX

(S),

then U = S ∩ V where V ∈ τFX
. Let V =

⋃
α∈I

f−1
α (0,∞), fα ∈ FX . Note that

f−1
α (0,∞), α ∈ I, is in the basis of τFX

, therefore V =
⋃
α∈I

f−1
α (0,∞) ∈ τFX

. Then

U = S ∩ V

= S ∩

(⋃
α∈I

f−1
α (0,∞)

)
=
⋃
α∈I

(S ∩ f−1
α (0,∞))

=
⋃
α∈I

(ı−1(f−1
α (0,∞)))

=
⋃
α∈I

((fα ◦ ı)−1(0,∞))

(2.9)

Since fα ∈ FX therefore fα ◦ ı = fα|S ∈ FS, and thus (fα ◦ ı)−1(0,∞), α ∈ I, is

an element of the basis of τFS
. Hence U = S ∩ V =

⋃
α∈I

((fα ◦ ı)−1(0,∞)) ∈ τFS
,

thus τFX
(S) ⊂ τFS

. □
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Proposition 2.3.1 Let (S,CS, FS) be a Frölicher subspace of the Frölicher space
(X,CX , FX). Then the following hold:

1. If S ∈ τFX
, then τFS

= τFX
(S).

2. If S ∈ τCX
, then τCS

= τCX
(S).

Proof :

1. Let S ∈ τFX
, then S ⊆ X. By Lemma 2.3.5 we have that τFX

(S) ⊂ τFS
.

Then it is sufficient to prove that τFS
⊂ τFX

(S). Let U ∈ τFS
then

U =
⋃
α∈I

((fα ◦ ı)−1(0,∞)) for some fα ∈ FX , α ∈ I, where ı : S ↪→ X. Then

it follows that

U = ı−1ı(U)

= ı−1ı

(⋃
α∈I

((fα ◦ ı)−1(0,∞))

)

= ı−1

(⋃
α∈I

(ı((fα ◦ ı)−1(0,∞)))

)

= ı−1

(⋃
α∈I

(ı(ı−1(f−1
α (0,∞))))

)

= ı−1

(⋃
α∈I

f−1
α (0,∞)

)
=
⋃
α∈I

ı−1(f−1
α (0,∞))

=
⋃
α∈I

(S ∩ f−1
α (0,∞))

(2.10)

Since f−1
α (0,∞) is an element of the basis of τFX

then

U =
⋃
α∈I

(S ∩ f−1
α (0,∞)) ∈ τFX

(S). That is, U ∈ τFS
=⇒ U ∈ τFX

(S).

Therefore τFS
⊂ τFX

(S), and since τFX
(S) ⊂ τFS

, hence τFS
= τFX

(S).

2. Let S ∈ τCX
and let U ∈ τCS

. That is, S ⊆ X, c−1(S) ∈ τR, ∀ c ∈ CX , and
U ⊆ S, d−1(U) ∈ τR, ∀ d ∈ CS, where τR is the standard topology on R.
Then it follows that

d−1(U) = d−1(ı−1(ı(U)))

= (ı ◦ d)−1(ı(U))

= (ı ◦ d)−1(U).

(2.11)
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Then since ı ◦ d ∈ CX and d−1(U) ∈ τR therefore (ı ◦ d)−1(U) ∈ τR. Thus
U ∈ τCX

as U ⊆ X. We also have that

U = ı−1(ı(U))

= S ∩ ı(U)
= S ∩ U

(2.12)

Then U = S ∩ U ∈ τCX
(S) since U ∈ τCX

. That is,
U ∈ τCS

=⇒ U ∈ τCX
(S), therefore τCS

⊂ τCX
(S).

Let V ∈ τCX
(S) then V = S ∩W where W ∈ τCX

, that is c−1(W ) ∈ τR,
∀ c ∈ CX , where τR is the standard topology on R. Also, S ∈ τCX

therefore
c−1(U) ∈ τR, ∀ c ∈ CX . Then we have that

c−1(V ) = c−1(S ∩W ) = c−1(S) ∩ c−1(W ) ∈ τR

since τR is closed under finite intersection as it is a topology. Therefore
V ∈ τCX

. This implies that (ı ◦ d)−1(V ) ∈ τR since ı ◦ d ∈ CX . But

(ı ◦ d)−1(V ) = d−1(ı−1(V ))

= d−1(V ∩ S)
= d−1(V ) ∩ d−1(S) ∈ τR

(2.13)

And d−1(V ) ∩ d−1(S) ∈ τR =⇒ d−1(V ) ∈ τR therefore W ∈ τCS
. That

is, V ∈ τCX
(S) =⇒ V ∈ τCS

therefore τCX
(S) ⊂ τCS

. Thus we have that
τCS

⊂ τCX
(S) and τCX

(S) ⊂ τCS
hence τCS

= τCX
(S).

□

2.3.5 Frölicher product.

Let {(Xi, CXi
, FXi

) | i = 1, 2, . . . , n} be a family of Frölicher spaces and let

X :=
n∏

i=1

Xi be a Cartesian product in the category of sets. Let RX be the set of all

real-valued functions on X and XR be the set of all curves into X. With P (RX) and
P (XR) being power sets let F ∈ P (RX), C ∈ P (XR) and Γ : P (RX) −→ P (XR)
and Φ : P (XR) −→ P (RX) be functors defined by:

ΓF := {c : R −→ X | f ◦ c ∈ C∞(R,R), ∀ f ∈ F}

ΦC := {f : X −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ C}.
Let pi : X −→ Xi, ∀ i = 1, 2, . . . , n, be a canonical projection and let

K := {fi ◦ pi | fi ∈ FXi
, i = 1, 2, . . . , n}.

Let ci ∈ CXi
then ci(R) ⊆ Xi and p

−1
i (ci(R)) ̸= ϕ since pi : X −→ Xi is a surjective

function ∀ i = 1, 2, . . . , n. Then there exists d ∈ XR such that d(X) = p−1
i (ci(R)).
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Therefore ∀ ci ∈ CXi
∃ d ∈ XR such that ci = pi ◦ d, ∀ i = 1, 2, . . . , n. Thus

∀ i = 1, 2, . . . , n we have that

(fi ◦ pi) ◦ d = fi ◦ (pi ◦ d) = fi ◦ ci ∈ C∞(R,R)

since fi ∈ FXi
, ci ∈ CXi

and (Xi, CXi
, FXi

) is a Frölicher space. By definition of
Γ we have that

ΓK := {d : R −→ X | (fi ◦ ci) ◦ d ∈ C∞(R,R), ∀ (fi ◦ pi) ∈ K} := CX.

Then by definition of Φ it follows that

ΦΓK := {g : X −→ R | g ◦ d ∈ C∞(R,R), ∀ d ∈ ΓFX} := FX.

Now since (fi ◦ pi) ◦ d ∈ C∞(R,R) then we have that K ⊂ ΦΓK := FX. Then by
Lemma 2.3.1 we have that ΓK = ΓΦΓK. Therefore

ΓFX = ΓΦΓK = ΓK = CX (2.14)

and
ΦCX = ΦΓK = FX (2.15)

Thus (2.14) and (2.15) gives the compatibility/duality condition therefore

(ΓK,ΦΓK) = (CX, FX)

is a Frölicher structure. Therefore the triple (X, CX, FX) is a Frölicher space. Since

X =
n∏

i=1

Xi is a Cartesian product in the category of sets then we call (X, CX, FX)

the Frölicher product.

With (X, CX, FX) a Frölicher product, {(Xi, CXi
, FXi

) | i = 1, 2, . . . , n} a fam-
ily of Frölicher spaces and pi : X −→ Xi a canonical projection ∀ i = 1, 2, . . . , n
then ∀ i = 1, 2, . . . , n we have that pi ◦ d ∈ CXi

∀ d ∈ CX, since
fi ◦ (pi ◦ d) ∈ C∞(R,R), ∀ fi ∈ FXi

. This implies that ∀ i = 1, 2, . . . , n we have
that

K∗ := {pi ◦ d | d ∈ CX} ⊂ CXi
.

Recall that we also have that

K := {fi ◦ pi | fi ∈ FXi
, ∀ i = 1, 2, . . . , n} ⊂ FX.

Therefore with K∗ ⊂ CXi
and K ⊂ FX then we have that the projection

pi : X −→ Xi is Frölicher smooth ∀ i = 1, 2, . . . , n.

Since the Frölicher product (X, CX, FX) is a Frölicher space then there are Frölicher
topologies induced from the Frölicher structure (CX, FX). These topologies are
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denoted τCX
and τFX

, that is the topology induced from structure curves of CX

and structure functions of FX, respectively. By definition we have that

τFX
= {U ⊆ X | U = f−1(V ), V ∈ τR, ∀ f ∈ FX}

and
τCX

= {U ⊆ X | c−1(U) ∈ τR, ∀ c ∈ CX}
where τR is the standard topology on R. By Lemma 2.3.3 we have that

τFX
⊂ τCX

since (X, CX, FX) is a Frölicher space.

We also have the canonical product topology induced on X =
n∏

i=1

Xi, which

we denote by τπ, and is generated by the basis

β̂ =

{
n⋂

i=1

pi
−1(Ui) | Ui ∈ τFXi

,∀ i = 1, 2, . . . , n

}

(see Lemma 2.6.1 in [89]) where pi : X −→ Xi is a canonical projection,
∀ i = 1, 2, . . . , n. The product topology τπ is canonical on X and makes the
projection pi : X −→ Xi continuous ∀ i = 1, 2, . . . , n.

Lemma 2.3.6 Let pi : X −→ Xi be the canonical projection, ∀ i = 1, 2, . . . , n,

therefore
n⋂

i=1

p−1
i (Ui) =

n∏
i=1

Ui, ∀ Ui ⊆ Xi, ∀ i = 1, 2, . . . , n.

Proof: Let z = (z1, z2, . . . , zn) and pi : X −→ Xi be the canonical projection,

∀ i = 1, 2, . . . , n, such that z ∈
n⋂

i=1

p−1
i (Ui). This implies that z ∈ p−1

i (Ui),

∀ i = 1, 2, . . . , n. Therefore pi(z) = pi(z1, z2, . . . , zn) = zi ∈ Ui, ∀ i = 1, 2, . . . , n.

This implies that z ∈
n∏

i=1

Ui. That is z ∈
n⋂

i=1

p−1
i (Ui) =⇒ z ∈

n∏
i=1

Ui therefore

⋂
p−1
i (Ui) ⊂

n∏
i=1

Ui. Similarly, let z = (z1, z2, . . . , zn) ∈
n∏

i=1

Ui, therefore

pi(z) = zi ∈ Ui, ∀ i = 1, 2, . . . , n. Which implies that ∀ i = 1, 2, . . . , n we have

that z ∈ p−1
i (Ui), therefore z ∈

n⋂
i=1

p−1
i (Ui). That is

z ∈
n∏

i=1

Ui =⇒ z ∈
n⋂

i=1

p−1
i (Ui), therefore

n∏
i=1

Ui ⊂
n⋂

i=1

p−1
i (Ui). Hence

n∏
i=1

Ui =
n⋂

i=1

p−1
i (Ui). □



2.3 Concepts on Frölicher spaces. 35

Lemma 2.3.7 Let (X, CX, FX) be the Frölicher product, τFX
be the Frölicher

topology induced from the structure functions of FX and τπ be the canonical prod-
uct topology on X. Then τπ = τFX

⊂ τCX
.

Proof : By Lemma 2.3.3 we have that τFX
⊂ τCX

since the Frölicher product
(X, CX, FX) is a Frölicher space. It is then sufficient to show that τπ = τFX

. That
is we have to show that τπ ⊂ τFX

and that τFX
⊂ τπ. We first show that τπ ⊂ τFX

.

Let
n∏

i=1

Ui ∈ τπ but since
n∏

i=1

Ui =
n⋂

i=1

p−1
i (Ui) by Lemma 2.3.6 therefore

Ui ∈ τFXi
, ∀ i = 1, 2, . . . , n. Then ∀ i = 1, 2, . . . , n we have that Ui ⊆ Xi such

that Ui = fi
−1(V ), ∀ fi ∈ FXi

, and V ∈ τR where τR is the standard topology on

R. Thus
n∏

i=1

Ui ⊆
n∏

i=1

Xi = X since Ui ⊆ Xi, ∀ i = 1, 2, . . . , n. Then

∀ (u1, u2, . . . , un) ∈
n∏

i=1

Ui ∃ W ∈ τR such that g(u1, u2, ..., un) ∈ W , with g ∈ FX.

Therefore

g−1(W ) = {(u1, u2, ..., un) ∈ X | g(u1, u2, ..., un) ∈ W}

=

{
(u1, u2, ..., un) ∈

n∏
i=1

Ui | g(u1, u2, ..., un) ∈ W

}
= {(u1, u2, ..., un) | ui ∈ Ui}

=
n∏

i=1

Ui

(2.16)

If fi(xi) ∈ V, ∀ fi ∈ FXi
, for some V ∈ τR, then by pulling-back we have that

g(x1, x2, ..., xn) = (fi ◦ pi)(x1, x2, ..., xn) ∈ V

where pi : X −→ Xi is a canonical projection. Furthermore, since Ui = fi
−1(V ),

∀ fi ∈ FXi
, for some V ∈ τR, therefore

n∏
i=1

Ui =
n∏

i=1

fi
−1(V )

=
n∏

i=1

{xi ∈ Xi | fi(xi) ∈ V }

= {(x1, x2, ..., xn) ∈ X | g(x1, x2, ..., xn) ∈ V }
= g−1(V )

(2.17)

Thus
n∏

i=1

Ui ∈ τFX
. That is,

n∏
i=1

Ui ∈ τπ =⇒
n∏

i=1

Ui ∈ τFX
, therefore τπ ⊂ τFX

.
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Now we have to show that τFX
⊂ τπ. Let U ∈ τFX

, then U ⊆ X, and there-

fore U =
n∏

i=1

Yi where Yi ⊆ Xi. Then
n∏

i=1

Yi = U ∈ τFX
, then we have that

n∏
i=1

Yi = U = g−1(T ), ∀ g ∈ FX, where T ∈ τR. Therefore

n∏
i=1

Yi = U

= g−1(T )

= (fi ◦ pi)−1(T )

= pi
−1(fi

−1(T ))

=

{
(x1, x2, ..., xn) ∈

n∏
i=1

Xi = X | pi(x1, x2, ..., xn) ∈ fi
−1(T ), T ∈ τR

}

=

{
(x1, x2, ..., xn) ∈

n∏
i=1

Xi = X | xi ∈ fi
−1(T ), T ∈ τR

}

=
n∏

i=1

fi
−1(T )

(2.18)

Thus Yi = fi
−1(T ) where T ∈ τR, therefore Yi ∈ τFXi

. By Lemma 2.3.6 this

implies that
n∏

i=1

Yi ∈ τπ. That is U =
n∏

i=1

Yi ∈ τFX
=⇒ U =

n∏
i=1

Yi ∈ τπ, therefore

τFX
⊂ τπ. Since τπ ⊂ τFX

and τFX
⊂ τπ, hence τπ = τFX

. □

2.3.6 Frölicher coproduct.

Let {(Xj, CXj
, FXj

) | j ∈ J} be a family of Frölicher spaces and let N :=
∐
j∈J

Xj

be a coproduct in the category of sets. Let RN be the set of all real-valued
functions on N and N R be the set of all curves into N , with the power sets
P (RN ) and P (N R). Let F ∈ P (RN ), C ∈ P (N R) and Γ : P (RN ) −→ P (N R)
and Φ : P (N R) −→ P (RN ) be functors defined by:

ΓF := {d : R −→ N | g ◦ d ∈ C∞(R,R), ∀ g ∈ F}

ΦC := {g : N −→ R | g ◦ d ∈ C∞(R,R), ∀ d ∈ C} .

Consider the canonical injection φj : Xj −→ N , j ∈ J , and let

C∐ := {φj ◦ cj | cj ∈ CXj
, j ∈ J} ⊂ N R.
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By definition of Φ we have that

ΦC∐ = {g : N −→ R | g ◦ (φj ◦ cj) ∈ C∞(R,R), ∀ (φj ◦ cj) ∈ C∐, j ∈ J} := FN .

By definition of Γ it follows that

ΓΦC∐ = {d : R −→ N | g ◦ d ∈ C∞(R,R), ∀ g ∈ ΦC∐} := CN .

Let (φj◦cj) ∈ C∐, j ∈ J , then g◦(φj◦cj) ∈ C∞(R,R), ∀ g ∈ ΦC∐, which implies
that (φj ◦cj) ∈ ΓΦC∐ = CN . Thus (φj ◦cj) ∈ C∐ =⇒ (φj ◦cj) ∈ ΓΦC∐ := CN ,
therefore

C∐ ⊂ ΓΦC∐ := CN (2.19)

Then by Lemma 2.3.1 we have that

ΦC∐ = ΦΓΦC∐ (2.20)

Therefore
ΦC∐ = ΦΓΦC∐ = ΦCN := FN (2.21)

and
ΓFN = ΓΦC∐ := CN (2.22)

Thus (2.21) and (2.22) gives the compatibility/duality condition, therefore

(ΓΦC∐,ΦC∐) = (CN , FN )

is a Frölicher structure. Therefore the triple (N , CN , FN ) is a Frölicher space.

Since N :=
∐
j∈J

Xj is a coproduct in the category of sets then we call (N , CN , FN )

the Frölicher coproduct.

Let
F∐ := {g ◦ φj | g ∈ FN , j ∈ J}.

Then since (N , CN , FN ) is a Frölicher space and (φj ◦ cj) ∈ CN by (2.19) then
∀ g ∈ FN we have that g◦(φj◦cj) = (g◦φj)◦cj, ∀ cj ∈ CXj

, therefore g◦φj ∈ FXj
,

j ∈ J . That is, g ◦ φj ∈ F∐ =⇒ g ◦ φj ∈ FXj
therefore for j ∈ J we have that

F∐ ⊂ FXj
. (2.23)

Then by (2.19) and (2.23) the canonical injection φj : Xj −→ N is Frölicher
smooth, j ∈ J .

Remark 2.3.3 The morphism φj : Xj −→ N is unique only for the coproduct

N :=
∐
j∈J

Xj. That is the morphism F −→ N is not unique for any Frölicher

space (F, CF, FF). For example, let {(Yj, CYj
, FYj

) | j ∈ J} be a family of Frölicher
spaces and suppose that Yj is a group under the binary operation ∗, for j ∈ J .
That is Yj is closed and associative under the operation ∗, and there is an inverse
and an identity in Yj under the operation ∗. Thus for j ∈ J
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1. a ∗ b ∈ Yj, ∀ a, b ∈ Yj.

2. a ∗ (b ∗ c) = (a ∗ b) ∗ c, ∀ a, b, c ∈ Yj.

3. ∀ a ∈ Yj ∃ e ∈ Yj such that a ∗ e = e ∗ a = a. In this case e is called an
identity in Yj.

4. ∀ a ∈ Yj ∃ a−1 ∈ Yj such that a−1 ∗ a = a ∗ a−1 = e where e is an identity
in Yj. In this case we say that a−1 is the inverse of a.

Consider the Frölicher product (Y, CY, FY) where Y := Ym × Ym and the mor-

phism ψ : Y −→
∐
j∈J

Yj. Let x, y ∈ Ym then ψ can be defined as

ψ(x, y) = (x,m) , ψ(x, y) = (y,m) and ψ(x, y) = (x ∗ y,m). Therefore ψ is not
unique.

Since the Frölicher coproduct (N , CN , FN ) is a Frölicher space, as such, we can
induce Frölicher topologies from the Frölicher structure (CN , FN ). These topolo-
gies are denoted τCN and τFN induced from the structure curves of CN and the
structure functions of FN , respectively. They are defined as

τCN = {U ⊆ N | c−1(U) ∈ τR, ∀ c ∈ CN}

and
τFN = {U ⊆ N | U = f−1(V ), V ∈ τR, ∀ f ∈ FN}

where τR is the standard topology on R. Lemma 2.3.3 gives that

τFN ⊂ τCN

since (N , CN , FN ) is a Frölicher space.

We also have a canonical topology on N :=
∐
j∈J

Xj. That is the coproduct topol-

ogy (see [3] and [70]). The coproduct topology on N is given by the collection

τ⨿ := {U ⊆ N | φj
−1(U) ∈ τFXj

, j ∈ J}.

Lemma 2.3.8 The coproduct topology τ⨿ is the finest topology in which all canon-
ical injections φj : Xj −→ N are continuous, j ∈ J , and τCN ⊂ τ⨿.

Proof : Let τ be an arbitrary topology on N :=
∐
j∈J

Xj for which

φj : Xj −→ N is continuous, j ∈ J . That is, ∀ V ∈ τ we have that
φj

−1(V ) = Uj ∈ τFXj
, thus φj

−1(V ) is open in τFXj
, j ∈ J . Then by applying φj

on both sides of Uj = φj
−1(V ) we have that

φj(Uj) = φj(φj
−1(V )) = V ∩ φj(Uj).



2.3 Concepts on Frölicher spaces. 39

Since Uj ∈ τFXj
then Uj ⊆ Xj implying that φj(Uj) ⊆ N since φj : Xj → N .

But φj
−1(φj(Uj)) = Uj ∈ τFXj

, therefore φj(Uj) ∈ τ⨿. Thus

τ⨿ ∋ φj(Uj) = V ∩ φj(Uj). Since τ⨿ is a topology and thus is closed under finite
intersection therefore V ∈ τ⨿. That is V ∈ τ =⇒ V ∈ τ⨿, therefore τ ⊂ τ⨿.
Since τ is arbitrary therefore τ⨿ is the finest topology in which φj is continuous.
With τ being arbitrary then we let τ = τCN , then we have that τCN ⊂ τ⨿. □

Lemma 2.3.9 Let the Frölicher topologies τFN and τCN and the canonical co-
product topology τ⨿ be defined as usual, then τFN = τCN = τ⨿.

Proof : By Lemma 2.3.8 we have that τFN ⊂ τ⨿ since τFN ⊂ τCN ⊂ τ⨿. It is
sufficient to show that τ⨿ ⊂ τFN . Let U ∈ τ⨿, that is U ⊆ N and φj

−1(U) ∈ τFXj
,

j ∈ J . Then φj
−1(U) ∈ τFXj

implies that φj
−1(U) ⊆ Xj and φj

−1(U) = fj
−1(V ),

∀ fj ∈ FXj
, j ∈ J and V ∈ τR. Then it follows that φj

−1(U) = fj
−1(V ), which

implies that U = φj(fj
−1(V )). Then ∀ g ∈ FN we have that fi = g ◦φi, therefore

U = φj(fj
−1(V ))

= φj((g ◦ φj)
−1(V ))

= φj((φj
−1 ◦ g−1)(V ))

= φj(φj
−1(g−1(V )))

= g−1(V )

(2.24)

Since U ⊆ N therefore we have that U ∈ τFN . That is U ∈ τ⨿ =⇒ U ∈ τFN ,
hence τ⨿ ⊂ τFN . Now since τFN = τ⨿ and τCN ⊂ τ⨿ then τCN ⊂ τFN . With
τFN ⊂ τCN (by Lemma 2.3.3) therefore τFN = τCN = τ⨿. □

2.3.7 Frölicher quotient.

Let (X,CX , FX) and (Y,CY , FY ) be Frölicher spaces and
h : (X,CX , FX) −→ (Y,CY , FY ) be a morphism in the category of Frölicher spaces
and ∼ be a relation on X defined by x1 ∼ x2 ⇐⇒ h(x1) = h(x2), ∀ x1, x2 ∈ X.
The relation ∼ is reflexive since x ∼ x ⇐⇒ h(x) = h(x), ∀ x ∈ X, is trivial.
Also ∀ x1, x2 ∈ X we have that h(x1) = h(x2) ⇐⇒ h(x2) = h(x1) therefore
x1 ∼ x2 ⇐⇒ x2 ∼ x1, we say that ∼ is symmetric. Let x1 ∼ x2 and x2 ∼ x3
∀ x1, x2, x3 ∈ X therefore h(x1) = h(x2) and h(x2) = h(x3) which implies that
h(x1) = h(x3) ⇐⇒ x1 ∼ x3, thus ∼ is transitive. That is ∼ is reflexive,
symmetric and transitive therefore it is an equivalence relation on X.

Definition 2.3.3 Kernel equivalence.
Let h : (X,CX , FX) −→ (Y,CY , FY ) be a morphism in the category of Frölicher
spaces, the equivalence relation ∼ defined by x1 ∼ x2 ⇐⇒ h(x1) = h(x2),
∀ x1, x2 ∈ X, is called the kernel equivalence of h.
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Let (X,CX , FX) be a Frölicher space, ∼ be the kernel equivalence of h where h
is a morphism in the category of Frölicher spaces with the domain (X,CX , FX).
Let Q = X/∼ be a quotient set and q : X −→ Q be a canonical projection. Let
RQ be the set of all real-valued functions on Q and QR be the set of all curves
into R. Let P (RQ) and P (QR) be power sets. Let F ∈ P (RQ), C ∈ P (QR), and
Γ : P (RQ) −→ P (QR) and Φ : P (QR) −→ P (RQ) be functors defined by

ΓF := {d : R −→ Q | g ◦ d ∈ C∞(R,R), ∀ g ∈ F}

ΦC := {g : Q −→ R | g ◦ d ∈ C∞(R,R), ∀ d ∈ C}.
Let

H := {q ◦ c | c ∈ CX}
then by definition of Φ we have that

ΦH = {g : Q −→ R | g ◦ (q ◦ c) ∈ C∞(R,R), ∀ (q ◦ c) ∈ H} := FQ.

By definition of Γ it follows that

ΓΦH = {d : R −→ Q | g ◦ d ∈ C∞(R,R), ∀ g ∈ ΦH} = CQ.

Let d ∈ H therefore d = q ◦ c where q : X −→ Q is a canonical projection and
c ∈ CX . Then g ◦ d = g ◦ (q ◦ c) ∈ C∞(R,R), ∀ g ∈ ΦH, which implies that
d ∈ ΓΦH := CQ. That is d ∈ H =⇒ d ∈ ΓΦH := CQ, therefore

C ⊂ ΓΦH := CQ (2.25)

Then by Lemma 2.3.1 we have that

ΦH = ΦΓΦH (2.26)

Therefore
ΦCQ = ΦΓΦH = ΦH := FQ (2.27)

and
ΓFQ = ΓΦH := CQ (2.28)

That is (2.27) and (2.28) gives the compatibility/duality condition, therefore

(ΓΦH,ΦH) = (CQ, FQ)

is a Frölicher structure. Thus the triple (Q,CQ, FQ) is a Frölicher space. We call
(Q,CQ, FQ) the Frölicher quotient since Q = X/∼ is a quotient set. And the set
H is the generating set of the Frölicher quotient.

Let
F := {g ◦ q | g ∈ FQ}.

With g : Q −→ R a function on Q and the canonical projection q : X −→ Q a
surjective function on X then g ◦ q : X −→ R is a function on X and
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∀ g ∈ FQ = ΦH we have that g ◦ (q ◦ c) = (g ◦ q) ◦ c ∈ C∞(R,R), ∀ c ∈ CX ,
therefore g ◦ q ∈ FX . Thus

F ⊂ FX (2.29)

By (2.25) and (2.29) we have that the canonical projection q : X −→ Q is
Frölicher smooth.

Remark 2.3.4 The morphism F −→ Q is not unique for every Frölicher space
(F, CF, FF). That is, q : X −→ Q is unique only for X and the quotient set
Q = X/∼. For example, Let (X,CX , FX) and (Y,CY , FY ) be Frölicher spaces
such that Y ⊂ X. With the Cartesian product X = X × Y then (X, CX, FX)
is a Frölicher product. Consider the morphism π∗ : X −→ Q. Let f ∈ FQ,
then we have that f ◦ π∗ : X −→ R. Since (X, CX, FX) is a Frölicher space
then (f ◦ π∗) ◦ d ∈ C∞(R,R), ∀ d ∈ CX, therefore f ◦ π∗ ∈ FX. Similarly, we
have that π∗ ◦ d : R −→ Q for d ∈ CX. Then since (Q,CQ, FQ) is a Frölicher
space, f ◦ (π∗ ◦ d) ∈ C∞(R,R), ∀ f ∈ FQ, therefore π∗ ◦ d ∈ CQ. Hence the
morphism π∗ : X −→ Q is Frölicher smooth. But π∗ : X −→ Q can be defined as
π∗(x, y) = [x] or π∗(x, y) = [y], [x] ̸= [y], for (x, y) ∈ X. Therefore π∗ : X −→ Q
is not unique.

Remark 2.3.5 For any g ∈ FX there exists a unique map f ∈ FQ such that
g = f ◦ q, where q : X −→ Q is the canonical projection.

Since the Frölicher quotient (Q,CQ, FQ) is a Frölicher space then we have Frölicher
topologies induced from the Frölicher structure (CQ, FQ). The Frölicher topolo-
gies are denoted τCQ

and τFQ
and are induced respectively by structure curves of

CQ and structure functions of FQ. By definition

τCQ
= {U ⊆ Q | c−1(U) ∈ τR, ∀ c ∈ CQ}

and
τFQ

= {U ⊆ Q | U = f−1(V ), V ∈ τR, ∀ f ∈ FQ}

where τR is the standard topology on R. By Lemma 2.3.3 we have that τFQ
⊂ τCQ

.

We also have the canonical topology on Q, that is, the quotient topology

τ∼ = {V ⊆ Q | q−1(V ) ∈ τFX
}

(see [3] and [70]). The quotient topology makes the canonical projection
q : X −→ Q continuous. That is the quotient topology is the largest, that is, the
finest topology on Q for which q : X −→ Q is continuous.

Lemma 2.3.10 Let (Q,CQ, FQ) be the Frölicher quotient, τFQ
be a Frölicher

topology induced from the structure functions of FQ and τ∼ be the canonical quo-
tient topology on Q, then τFQ

= τ∼.
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Proof : We have to show that τFQ
⊂ τ∼ and τ∼ ⊂ τFQ

. Let U ∈ τFQ
, then U ⊆ Q

such that U = f−1(V ), ∀ f ∈ FQ, V ∈ τR, where τR is the standard topology on
R. Recall that ∀ g ∈ FX ∃ f ∈ FQ such that g = f ◦ q where q : X −→ Q is the
canonical projection (see Remark 2.3.5). Therefore

q−1(U) = q−1(f−1(V ))

= (q−1 ◦ f−1)(V )

= (f ◦ q)−1(V )

= g−1(V )

(2.30)

Since q−1(U) ⊆ X, therefore q−1(U) ∈ τFX
. Thus U ∈ τ∼, and hence τFQ

⊂ τ∼.
Let W ∈ τ∼, that implies that W ⊆ Q and q−1(W ) ∈ τFX

where
q : X −→ Q is the canonical projection. That is q−1(W ) ⊆ X and
q−1(W ) = g−1(V ), ∀ g ∈ FX , V ∈ τR, where τR is the standard topology on R.
Since q−1(W ) = g−1(V ), then we have that W = (q ◦ g−1)(V ). By Remark 2.3.5
there exists a unique map f ∈ FQ such that g = f ◦ q. Therefore

W = (q ◦ g−1)(V )

= q(g−1(V ))

= q((f ◦ q)−1(V ))

= q((q−1 ◦ f−1)(V ))

= f−1(V )

(2.31)

That is W ⊆ Q and ∀ f ∈ FQ ∃ V ∈ τR such that W = f−1(V ), therefore
W ∈ τFQ

. That is, W ∈ τ∼ =⇒ W ∈ τFQ
, hence τ∼ ⊂ τFQ

. □

Lemma 2.3.11 Let (Q,CQ, FQ) be the Frölicher quotient, τCQ
be the Frölicher

quotient induced from the structure curves of CQ and τ∼ be the canonical topology
on Q, then τCQ

= τ∼.

Proof : We have to show that τCQ
⊂ τ∼ and that τ∼ ⊂ τCQ

. Let U ∈ τCQ
, then

U ⊆ Q and c−1(U) ∈ τR, ∀ c ∈ CQ, where τR is the standard topology on R.
Since ∀ g ∈ FX ∃ f ∈ FQ such that g = f ◦ q then f−1 = q ◦ g−1. Therefore

(g ◦ q−1)(U) = (q ◦ g−1)−1(U)

= (f−1)−1(U)

= f(U)

= V

(2.32)

for some V ∈ τR. Thus q−1(U) = g−1(V ), ∀ g ∈ FX . Therefore q−1(U) ∈ τFX
,

which implies that U ∈ τ∼, hence τCQ
⊂ τ∼.

Let W ∈ τ∼, that is W ⊆ Q and q−1(W ) ∈ τFX
where q : X −→ Q is the

canonical projection. But q−1(W ) ∈ τFX
implies that q−1(W ) ⊆ X such that

q−1(W ) = g−1(V ), ∀ g ∈ FX , V ∈ τR, where τR is the standard topology on R.
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But q−1(W ) = g−1(V ) =⇒ W = q(g−1(V )). By Remark 2.3.5 there exists a
unique map f ∈ FQ such that g = f ◦ q, thus

g−1(V ) = (f ◦ q)−1(V ) = (q−1 ◦ f−1)(V ).

Therefore

W = q(g−1(V ))

= q((q−1 ◦ f−1)(V ))

= q(q−1(f−1(V )))

= f−1(V )

(2.33)

Then ∀ c ∈ CQ we have that

c−1(W ) = c−1(f−1(V ))

= (c−1 ◦ f−1)(V )

= (f ◦ c)−1(V )

(2.34)

But f ◦ c : R −→ R is continuous since f ∈ FQ, c ∈ CQ and f ◦ c ∈ C∞(R,R).
Therefore (f ◦ c)−1(V ) ∈ τR implying that c−1(W ) ∈ τR, ∀ c ∈ CQ, thus W ∈ τCQ

.
That is, W ∈ τ∼ =⇒ W ∈ τCQ

, hence τ∼ ⊂ τCQ
. □

Lemma 2.3.12 Let (Q,CQ, FQ) be the Frölicher quotient, τFQ
be the Frölicher

topology induced from the structure functions of FQ, τCQ
be the Frölicher topology

induced from structure curves of CQ and τ∼ be the quotient topology on Q, then
τFQ

= τCQ
= τ∼.

Proof: From Lemma 2.3.10 we have that τFQ
= τ∼ and from Lemma 2.3.11 we

have that τCQ
= τ∼. Then it follows that τFQ

= τCQ
= τ∼. □

Theorem 2.3.2 Let X be a topological space, Y be a Hausdorff space,
f : X −→ Y a surjection and ∼ an equivalence relation on X defined by x ∼ y if
and only if f(x) = f(y), then the quotient set Q := X/∼ is a Hausdorff space.

Proof: Since f : X −→ Y is a surjection then there exists a unique function
h : Q −→ Y defined by h : [x] 7→ f(x) such that f : X −→ Y factors uniquely
via π : X −→ Q, that is f = h ◦ π (see Proposition 2.4 and Theorem 3.1 in [90]).
Thus the diagram

X Q

Y

π

f
h

commutes. Let [x], [y] ∈ Q := X/∼ such that [x] ̸= [y]. By the definition of the
equivalence relation ∼ we have that [x] ̸= [y] ⇐⇒ x ≁ y ⇐⇒ f(x) ̸= f(y). Since
Y is a Hausdorff space with f(x), f(y) ∈ Y and f(x) ̸= f(y) then there exists
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open sets W and Z in Y such that f(x) ∈ W, f(y) ∈ Z and W ∩ Z = ϕ. By
definition of h : Q −→ Y we have that h([x]) = f(x) and h([y]) = f(y), therefore
[x] = (h−1 ◦ f)(x) and [y] = (h−1 ◦ f)(y). Since f(x) ∈ W and f(y) ∈ Z therefore
[x] ∈ h−1(W ) and [y] ∈ h−1(Z), and h−1(W ) and h−1(Z) are open sets since the
pre-image of an open set is open. Also

h−1(W ) ∩ h−1(Z) = h−1(W ∩ Z) = h−1(ϕ) = ϕ.

Therefore Q is a Hausdorff space. □

Lemma 2.3.13 Let f : X −→ Y be an injection, ∼ be the kernel equivalence
of f , that is, x ∼ y if and only if f(x) = f(y), ∀ x, y ∈ X and Q := X/∼ be a
quotient set. The canonical projection π : X −→ Q is an injection.

Proof: Let x, y ∈ X. Then π(x) = π(y) ⇐⇒ [x] = [y] ⇐⇒ x ∼ y ⇐⇒
f(x) = f(y). And f(x) = f(y) =⇒ x = y since f : X −→ Y is an injection.
Therefore π(x) = π(y) =⇒ x = y. Hence π : X −→ Q is an injection. □

Theorem 2.3.3 Let X be a Hausdorff space, f : X −→ Y be an injective, ∼
be an equivalence relation on X defined by x ∼ y if and only if f(x) = f(y),
π : X −→ Q be the canonical projection, τFX

be the functional topology on X and
τ∼ be the quotient topology. The quotient set Q := X/∼ is Hausdorff.

Proof: Let [x] and [y] be equivalence classes such that [x], [y] ∈ Q and [x] ̸= [y].
That is x ≁ y, which implies that x ̸= y, and we have that x, y ∈ X since
[x], [y] ∈ Q. Therefore there exists U, V ∈ τFX

such that x ∈ U , y ∈ V and
U ∩ V = ϕ. Having the canonical projection π : X −→ Q, which is defined by
π(x) = [x], ∀ x ∈ X, therefore π(U), π(V ) ⊂ Q. Having that f : X −→ Y
is an injection implies that π : X −→ Q is also an injection, by Lemma 2.3.13.
Therefore we have that π−1(π(U)) = U ∈ τFX

and π−1(π(V )) = V ∈ τFX
since

π : X −→ Q is an injection, which implies that π(U), π(V ) ∈ τ∼. But
x ∈ U =⇒ [x] ∈ π(U) and y ∈ V =⇒ [y] ∈ π(V ). Since U ∩ V = ϕ therefore

π(U) ∩ π(V ) = π(U ∩ V ) = π(ϕ) = ϕ.

Hence Q := X/∼ is Hausdorff. □

2.4 Concepts on bornology.

Definition 2.4.1 Bornology and bounded sets.
Let X be a non-empty set. A bornology β on X is a collection of subsets of X,
that is β ⊆ P (X), with P (X) the power set of X, such that the following are
satisfied:
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1. X =
⋃
U∈β

U , that is, β covers X.

2. If U1, U2, . . . , Un ∈ β then
n⋃

i=1

Ui ∈ β. That is, β is closed under finite

union.

3. If A ⊆ B and B ∈ β then A ∈ β. That is, β is closed under inclusion.

The elements of the bornology β are called bounded sets.

Definition 2.4.2 Bornological set.
Let X be a non-empty set and β be a bornology on X, then the pair (X, β) is
called the bornological set.

Remark 2.4.1 Let β be a bornology as defined in the definition above. Then β

covers X, that is X =
⋃
U∈β

U . Therefore there exists U ∈ β such that {x} ⊂ U ,

∀ x ∈ X. Therefore {x} ∈ β, ∀ x ∈ X, since β is closed under inclusion.
Since β ⊆ P (X), it then follows trivially that {x} ∈ β, ∀ x ∈ X, implies that

X =
⋃
U∈β

U . Therefore the condition that β covers X and the condition that

{x} ∈ β, ∀ x ∈ X, are equivalent (see [84]).

If we have that β is a bornology and is closed under finite non-disjoint union
then β will be called a prebornology (see [55]). Herewith is the definition of a
prebornology:

Definition 2.4.3 Prebornology.
Let X be a non-empty set. A prebornology β on X is a collection of subsets of
X, that is β ⊆ P (X), with P (X) the power set of X, such that the following are
satisfied:

1. β covers X, that is, X =
⋃
B∈β

B.

2. If A ⊆ B and B ∈ β then A ∈ β. That is, β is closed under inclusion.

3. If U1, U2, . . . , Un ∈ β and
n⋂

i=1

Ui ̸= ϕ then
n⋃

i=1

Ui ∈ β. That is, β is closed

under finite non-disjoint union.

Definition 2.4.4 Base of a bornology.
Let (X, β) be a bornological set then β0 is a base of the bornology β if β0 ⊂ β and
∀ U ∈ β ∃ V ∈ β0 such that U ⊂ V . That is, β0 is a base of the bornology of β
if β0 is a subset of β and every element of β is contained in an element of β0.
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Lemma 2.4.1 Let X be a non-empty set and β0 be a collection of subsets of
X. Then β0 is a base of a bornology on X if and only if β0 covers X and

∀ U1, U2, . . . , Un ∈ β0 ∃ V ∈ β0 such that
n⋃

i=1

Ui ⊂ V .

Proof: (=⇒) Let β be a bornology on X and β0 be its base. That is, β0 ⊂ β
and ∀ U ∈ β ∃ V ∈ β0 such that U ⊂ V . Let U1, U2, . . . , Un ∈ β0, therefore

U1, U2, . . . , Un ∈ β since β0 ⊂ β. This implies that
n⋃

i=1

Ui ∈ β since β is closed

under finite union as it is a bornology. Then there exists V ∈ β0 such that
n⋃

i=1

Ui ⊂ V since β0 is a base of β. Therefore ∀ U1, U2, . . . , Un ∈ β0 ∃ V ∈ β0

such that
n⋃

i=1

Ui ⊂ V . Since β is a bornology on X then β covers X, that is

X =
⋃
U∈β

U . Therefore
⋃

V ∈β0

V ⊂
⋃
U∈β

U = X since β0 ⊂ β. We also have that

X =
⋃
U∈β

U ⊂
⋃

V ∈β0

V since ∀ U ∈ β ∃ V ∈ β0 such that U ⊂ V . That is we have

that X ⊂
⋃

V ∈β0

V and
⋃

V ∈β0

V ⊂ X, therefore X =
⋃

V ∈β0

V and thus β0 covers X.

(⇐=) Let β0 be the collection of subsets of X such that β0 covers X and that

∀ U1, U2, . . . , Un ∈ β0 ∃ V ∈ β0 such that
n⋃

i=1

Ui ⊂ V . Therefore there exists a

bornology β on X such that β0 ⊂ β since bornologies are closed under finite union
and inclusion. Let U1, U2, . . . , Un ∈ β0 then U1, U2, . . . , Un ∈ β since β0 ⊂ β,

therefore
n⋃

i=1

Ui ∈ β since β is closed under finite union. Now since both β0

and β cover X, that is X =
⋃

V ∈β0

V =
⋃
U∈β

U , and we also have that β0 ⊂ β

therefore ∀ B ∈ β ∃ U1, U2, . . . , Un ∈ β0 such that B =
n⋃

i=1

Ui. It follows that

∀ U ∈ β ∃ V ∈ β0 such that U ⊂ V . □

Remark 2.4.2 Let X be a non-empty set and β0 be the collection of subsets of
X. The collection

β := {U ⊆ X | U ⊂ V ∈ β0}

is such that it is a bornology on X and β0 is its base (see [51]).

Definition 2.4.5 Bounded maps.
Let (X, βX) and (Y, βY ) be bornological sets. We say that the mapping
µ : (X, βX) −→ (Y, βY ) is bounded if µ(U) ∈ βY , ∀ U ∈ βX .
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Definition 2.4.6 Finer/coarser bornology.
Let (X, β1) and (X, β2) be bornological sets. If the identity mapping
id : (X, β1) −→ (X, β2) is bounded then we say that the bornology β1 is coarser
than the bornology β2 or the bornology β2 is finer than the bornology β1. This is
equivalent to β1 ⊂ β2.

Definition 2.4.7 Bornological isomorphism.
Let (X, βX) and (Y, βY ) be bornological sets then the mapping
µ : (X, βX) −→ (Y, βY ) is called a bornological isomorphism if it is bounded and
its inverse is also bounded.

Examples of bornologies:

Example 2.4.1 Let X be any non-empty set and consider the power set

P (X) := {U | U ⊆ X}

of X. By definition of the power set P (X) we have that X =
⋃

U∈P (X)

U . That is,

P (X) covers X.
Let U1, U2, . . . , Un ∈ P (X) then Ui ⊆ X, ∀ i = 1, 2, . . . , n, which implies that
n⋃

i=1

Ui ⊆ X =⇒
n⋃

i=1

Ui ∈ P (X). Therefore P (X) is closed under finite union.

Let V ⊂ U ∈ P (X) then V ⊂ U ⊆ X =⇒ V ⊂ X =⇒ V ∈ P (X). Therefore
P (X) is closed under inclusion.
We have that P (X) is closed under finite union and inclusion and that it covers
X, therefore it is a bornology on X.

Example 2.4.2 Let X be any set and let

F (X) := {U ⊆ X | U is finite}.

Let U1, U2, . . . , Un ∈ F (X) then Ui ⊆ X is finite ∀ i = 1, 2, . . . , n. Therefore
n⋃

i=1

Ui ⊆ X is finite which implies that
n⋃

i=1

Ui ∈ F (X). Therefore F (X) is closed

under finite union.
Let U ∈ F (X) and V ⊂ U . Since U ∈ F (X) then U ⊆ X is finite, therefore
V ⊂ U =⇒ V ⊂ X which implies that V is finite, therefore V ∈ F (X). That
is, V ⊂ U ∈ F (X) =⇒ V ∈ F (X), thus F (X) is closed under inclusion.
The singleton {x} ⊂ X is finite ∀ x ∈ X, therefore {x} ∈ F (X), ∀ x ∈ X. Thus

X =
⋃

U∈F (X)

U , that is F (X) covers X.

Hence F (X) is a bornology on X since it covers X and it is closed under inclusion
and finite union.
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Remark 2.4.3 With X a non-empty set, the power set P (X) is the largest
bornology on X and the set F (X) := {U ⊆ X | U is finite} is the smallest
bornology on X (see [17]).

Definition 2.4.8 Let X be a vector space over the field K.

1. Let β ⊂ P (X) such that β is closed under vector addition, scalar multipli-
cation and the formation of balanced hulls (that is, the sum of two bounded
sets is bounded) then β is called a vector bornology on X.

2. If ∀ λ ∈ K, |λ| ≤ 1, we have that λU ⊂ U for U ⊆ X then we say that U
is circled (see [65]).

3. We say that A ⊆ X absorbs B ⊆ X if ∃ r ∈ R, r > 0, such that λA ⊂ B
whenever r ≤ |λ|. If A ⊆ X such that it absorbs every singleton of X then
we say that A is absorbent (see [65]).

Example 2.4.3 Let Y be a topological vector space and let

βY := {U ⊆ Y | ∀ neighbourhood V of 0 ∃ r > 0 such that U ⊆ rV }.

Let β0 be a base of circled neighbourhoods of 0 in X then ∀ A ⊆ X, A is bounded
if and only if ∀ B ∈ β0 ∃ r > 0 such that A ⊆ rB. Therefore βY is a covering of
Y since every neighbourhood of 0 is absorbent. Let U1, U2 ∈ βY and B ∈ β0 then
there exists D ∈ β0 such that D + D ⊂ B. Since U1, U2 ∈ βY then there exists
r1, r2 > 0 such that U1 ⊂ r1D and U2 ⊂ r2D. By letting r = max{r1, r2} then we
have that

(U1 + U2) ⊂ (r1D + r2D) ⊂ (rD + rD) ⊂ r(D +D) ⊂ rB.

That is, βY is closed under vector addition. We also have that βY is closed under
the formation of circled hulls since β0 is closed under the formation of circled
hulls. Therefore βY is a vector bornology on Y .

Definition 2.4.9 Let D ⊆ R then we say that:

1. D is bounded below if ∀ d ∈ D ∃ l ∈ R such that l ≤ d. We call l the lower
bound of D.

2. D is bounded above if ∀ d ∈ D ∃ L ∈ R such that d ≤ L. We call L the
upper bound of D.

3. D is bounded if it is bounded below and bounded above. That is
∀ d ∈ D ∃ l, L ∈ R such that l ≤ d ≤ L
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Example 2.4.4 Consider the collection

βR := {S ⊆ R | S is bounded}

of subsets of R.
Let A,B ∈ βR, then A ⊆ R and B ⊆ R such that A and B are bounded. That
is ∀ a ∈ A ∃ m,n ∈ R such that m ≤ a ≤ n, and ∀ b ∈ B ∃ p, q ∈ R such that
p ≤ b ≤ q. Since A ⊆ R and B ⊆ R then A ∪B ⊆ R. Let k ∈ A ∪B then k ∈ A
or k ∈ B, and k ∈ A =⇒ m ≤ k ≤ n and k ∈ B =⇒ p ≤ k ≤ q. Therefore
A∪B ⊆ R is bounded. Thus A∪B ∈ βR. That is βR is closed under finite union.
Let U ⊆ V and V ∈ βR, then V ⊆ R is bounded, that is ∀ v ∈ V ∃ l, L ∈ R such
that l ≤ v ≤ L. Since V ⊆ R and U ⊆ V then U ⊆ R. Let u ∈ U , then u ∈ V
since U ⊆ V , therefore l ≤ u ≤ L, ∀ u ∈ U . That is u ∈ U =⇒ l ≤ u ≤ L,
therefore U ⊆ R is bounded. Thus, U ∈ βR. That is, U ⊆ V ∈ βR =⇒ U ∈ βR,
thus βR is closed under inclusion.
Let r ∈ R and consider the singleton {r}. Since R is a partially ordered set then
∀ r ∈ R ∃ l, L ∈ R such that l ≤ r ≤ L. Thus {r} ⊆ R is bounded ∀ r ∈ R.
Therefore {r} ∈ βR, ∀ r ∈ R, which implies that R =

⋃
U∈βR

U , that is βR covers

R.
That is, we have that βR is closed under finite union and inclusion, and it covers
R, therefore βR is a bornology on R. The bornology βR is the standard bornology
on R.

The category of bornological sets.

Let (X, βX), (Y, βY ) and (Z, βZ) be bornological sets and f : (X, βX) −→ (Y, βY )
and g : (Y, βY ) −→ (Z, βZ) be bounded maps. Since the codomain of f and
the domain of g are equal then g ◦ f : (X, βX) −→ (Z, βZ). We have that
f(U) ∈ βY , ∀ U ∈ βX , and g(V ) ∈ βZ , ∀ V ∈ βY , since f and g are bounded
maps. Let W ∈ βX therefore (g ◦ f)(W ) = g(f(W )) ∈ βZ since f(W ) ∈ βY and
g is bounded. That is ∀ W ∈ βX we have that (g ◦ f)(W ) ∈ βZ therefore g ◦ f is
bounded. Every identity id : (X, βX) −→ (X, βX) is bounded for every bornolog-
ical set (X, βX) since id(U) = U ∈ βX , ∀ U ∈ βX . Therefore bornological sets
and bounded maps between the bornological sets form a category - the category
of bornological sets. Here are some properties of the category of bornological sets:

• Limits and colimits exist in the category of bornological sets and the for-
getful functor from the category of bornological sets to the category of sets
gives that there are initial and final structures in the category of bornolog-
ical sets, (see [45]).

• The category of bornological sets is Cartesian closed, (see [20]).



Chapter 3

Bornologies induced from
Frölicher space.

3.1 Bornology induced from structure functions.

3.1.1 Structure.

A. Frölicher and A. Kriegl in [45] showed that l∞, that is the set of bounded
sequences of real numbers, embeds into the category of bornological spaces. The
l∞-structure (C,F) of the l∞-space (X, C,F) consists of a set C of structure
curves c : N −→ X and a set F of structure functions f : X −→ R, such that
f ◦ c ∈ C∞(N,R), that is C and F determines each other (see [45]). Then given
an l∞-space (X, C,F) the subset U ⊆ X is bounded if and only if f(U) ⊆ R
is bounded, ∀ f ∈ F . This is equivalent to U ⊆ X is bounded if and only if
every sequence c : N −→ X, with c(N) ⊆ U , belongs to C (Propostion 1.2.4
in [45]). The l∞-structure (C,F) becomes a Frölicher structure by replacing N
with R in C, that is, by replacing N by R as the domain of the structure curves
in C. Based on this it is assumed that there is a bornology from the Frölicher
structure. This assumption comes about and will be determined based on the
structural similarities between the l∞-structure and the Frölicher structure.

Lemma 3.1.1 Let (X,CX , FX) be a Frölicher space then the collection

βFX
:= {U ⊆ X | f(U) ⊂ R is bounded, ∀ f ∈ FX}

is a bornology on X.

Proof: We have to show that βFX
covers X, it is closed under finite union and

it is closed under inclusion.
Consider any singleton {x} ⊂ X. Since f ∈ FX is such that f : X −→ R is a
real-valued function, then the image of any singleton {x} ⊂ X under f is such

50



3.1 Bornology induced from structure functions. 51

that f({x}) = {f(x)} ⊂ R. Since f(x) ∈ R and βR, that is the standard bornol-
ogy on R (see Example 2.4.4), covers R, therefore {f(x)} ∈ βR, ∀ f ∈ FX . That
is {f(x)} ⊂ R is bounded ∀ f ∈ FX . This implies that {x} ∈ βFX

, ∀ x ∈ X, that
is βFX

covers X.
Let U1, U2, · · · , Un ∈ βFX

, then ∀ i = 1, 2, · · · , n we have that Ui ⊆ X and
f(Ui) ⊂ R is bounded, ∀ f ∈ FX . That is f(Ui) ∈ βR, ∀ f ∈ FX and

∀ i = 1, 2, · · · , n. Therefore f

(
n⋃

i=1

Ui

)
=

n⋃
i=1

f(Ui) ∈ βR, ∀ f ∈ FX , since

βR is closed under finite union. Since
n⋃

i=1

Ui ⊆ X therefore
n⋃

i=1

Ui ∈ βFX
. That is

U1, U2, · · · , Un ∈ βFX
implies that

n⋃
i=1

Ui ∈ βFX
. Thus βFX

is closed under finite

union.
Let U ⊆ V and V ∈ βFX

, then U ⊆ V ⊆ X and f(V ) ⊂ R is bounded, ∀ f ∈ FX .
That is f(V ) ∈ βR, ∀ f ∈ FX . And U ⊆ V implies that f(U) ⊆ f(V ) ∈ βR,
∀ f ∈ FX . Therefore f(U) ∈ βR, ∀ f ∈ FX , since βR is closed under inclusion.
That is f(U) ⊂ R is bounded, ∀ f ∈ FX . This implies that U ∈ βFX

. That is
U ⊆ V ∈ βFX

implies that U ∈ βFX
. Thus βFX

is closed under inclusion. □

Definition 3.1.1 Let (X,CX , FX) be a Frölicher space. The bornology

βFX
:= {U ⊆ X | f(U) ⊆ R is bounded, ∀ f ∈ FX}

on X is called the functional bornology as it is induced from structure functions
on X, that is induced from FX .

Remark 3.1.1 Any subset of X is bounded if and only if f : X −→ R is bounded
under the functional bornology on X, ∀ f ∈ FX .

3.1.2 Bounded maps and bounded sets.

This section focuses on bounded maps between functional bornological sets and
bounded sets under structure curves.

Lemma 3.1.2 Let βFX
be the functional bornology on X and (X, βFX

) be a
bornological set. The identity map idFX

: (X, βFX
) −→ (X, βFX

) is bounded.

Proof: Let idFX
: (X, βFX

) −→ (X, βFX
) be an identity map. Let U ∈ βFX

, that
is U ⊆ X such that f(U) ⊂ R is bounded, ∀ f ∈ FX . But f ◦ idFX

= f , therefore
f(idFX

(U)) = f(U) ⊆ R is bounded ∀ f ∈ FX , which implies
idFX

: (X, βFX
) −→ (X, βFX

) is bounded. □

Identity maps between bornological sets are bounded (see [45] and [51]).
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Lemma 3.1.3 Let (X,CX , FX) be a Frölicher space, βFX
be the functional bornol-

ogy on X and (X, βFX
) a bornological set. If the mapping

ϕ : (X, βFX
) −→ (X, βFX

) is Frölicher smooth then it is bounded.

Proof: Let ϕ : (X, βFX
) −→ (X, βFX

) be Frölicher smooth, that is

{f ◦ ϕ | f ∈ FX} ⊆ FX

and
{ϕ ◦ c | c ∈ CX} ⊆ CX .

Let U ∈ βFX
, then U ⊆ X such that f(U) ⊂ R is bounded, ∀ f ∈ FX . Since

f ◦ ϕ ∈ FX , ∀ f ∈ FX , and U ∈ βFX
therefore (f ◦ ϕ)(U) = f(ϕ(U)) ⊂ R is

bounded, ∀ f ∈ FX . This implies that ϕ(U) ∈ βFX
. Thus U ∈ βFX

implies that
ϕ(U) ∈ βFX

, therefore ϕ : (X, βFX
) −→ (X, βFX

) is bounded. □

Lemma 3.1.4 Let (X,CX , FX) and (Y,CY , FY ) be Frölicher spaces, βFX
and βFY

be functional bornologies on X and Y respectively, and (X, βFX
) and (Y, βFY

) be
bornological sets. If the mapping j : (X, βFX

) −→ (Y, βFY
) is Frölicher smooth

then it is bounded.

Proof: Let j : (X, βFX
) −→ (Y, βFY

) be Frölicher smooth, therefore we have
that g ◦ j ∈ FX , ∀ g ∈ FY , and that j ◦ c ∈ CY , ∀ c ∈ CX . We will use
the condition that g ◦ j ∈ FX , ∀ g ∈ FY , for this proof. Let U ∈ βFX

, then
U ⊆ X and f(U) ⊂ R is bounded, ∀ f ∈ FX . Since g ◦ j ∈ FX , ∀ g ∈ FY ,
therefore (g ◦ j)(U) = g(j(U)) ⊂ R is bounded, ∀ g ∈ FY . This implies that
j(U) ∈ βFY

. That is U ∈ βFX
implies that j(U) ∈ βFY

, therefore the mapping
j : (X, βFX

) −→ (Y, βFY
) is bounded. □

Lemma 3.1.5 Let (X,CX , FX) be a Frölicher space. If U1, U2, · · · , Un ⊆ X such

that c−1(Ui) ⊂ R is bounded ∀ i = 1, 2, · · · , n then c−1

(
n⋃

i=1

Ui

)
⊂ R is bounded,

∀ c ∈ CX .

Proof: Let U1, U2, · · · , Un ⊆ X such that ∀ i = 1, 2, · · · , n we have that
c−1(Ui) ⊂ R is bounded, ∀ c ∈ CX . That is, ∀ c ∈ CX we have that c−1(Ui) ∈ βR,
∀ i = 1, 2, · · · , n. Since βR is closed under finite union therefore

βR ∋
n⋃

i=1

c−1(Ui) = c−1

(
n⋃

i=1

Ui

)
, ∀ c ∈ CX .

Thus c−1

(
n⋃

i=1

Ui

)
⊂ R is bounded ∀ c ∈ CX . □
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Lemma 3.1.6 Let (X,CX , FX) be a Frölicher space. For all c ∈ CX , if U ⊆ V
and c−1(V ) ⊂ R is bounded then c−1(U) is bounded.

Proof: Let U ⊆ V such that c−1(V ) ⊂ R is bounded, ∀ c ∈ CX . That is
c−1(V ) ∈ βR, ∀ c ∈ CX . Since U ⊆ V then it follows that c−1(U) ⊆ c−1(V )βR,
∀ c ∈ CX . This implies that c−1(U) ∈ βR, ∀ c ∈ CX , since βR is closed under
inclusion. Therefore c−1(U) ⊂ R is bounded ∀ c ∈ CX . □

Corollary 3.1.1 Let (X,CX , FX) be a Frölicher space. The collection

βCX
:= {U ⊆ X | c−1(U) ⊂ R is bounded, for all c ∈ CX}

is closed under finite union and inclusion.

Proof: By Lemma 3.1.5 we have that U1, U2, · · · , Un ∈ βCX
implies that

n⋃
i=1

Ui ∈ βCX
, therefore βCX

is closed under finite union. Also, we have that

U ⊆ V ∈ βCX
implies that U ∈ βCX

by Lemma 3.1.6, therefore βCX
is closed

under inclusion. □

Remark 3.1.2 Let e : R −→ X be a mapping defined by e(r) = t, ∀ r ∈ R,
where t is fixed in X. That is e is a constant function. Then ∀ f ∈ FX we have
that (f ◦ e)(r) = f(e(r)) = f(t) ∈ R, therefore f ◦ e ∈ C∞(R,R). This implies
that e ∈ CX . For

βCX
:= {U ⊆ X | c−1(U) ⊂ R is bounded, for all c ∈ CX}

to cover X we must have that {x} ∈ βCX
, ∀ x ∈ X. That is, ∀ x ∈ X, we

must have that c−1({x}) ⊂ R is bounded, ∀ c ∈ CX . However, {t} /∈ βCX

since e−1({t}) = R, and R is not bounded. This is sufficient that βCX
does not

cover X, therefore it is not a bornology on X. Based on this and on the nature
of structure curves, we cannot attain, or induce, canonically, a bornology from
structure curves.

3.2 Initial bornology.

There are standard methods in Functional Analysis that consists of forming a
structure from an existing structure (see [51]). In the category of Frölicher spaces,
structures, whether initial or final structures, can be built from existing Frölicher
structures. Frölicher subspace, Frölicher product, Frölicher quotient and Frölicher
coproduct are built from existing Frölicher structures in the category of Frölicher
spaces (see [8], [13], [14], [29], [35], [86], [88] and [89]). Similarly bornologies can
be constructed from existing bornologies (see [51]). We hereby start with initial
bornologies.
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Consider the family {(Xi, βi) | i ∈ I} of bornological sets and the family
{gi : X −→ Xi | i ∈ I} of maps, with X being a non-empty set. Then the subset
U ⊂ X is bounded if and only if gi(U) ⊂ Xi is bounded, i ∈ I. Such bounded
subsets U ⊂ X form a bornology on X called the initial bornology (see [35] and
[51]).

Lemma 3.2.1 Let {(Xi, βi) | i ∈ I} be a collection of bornological sets, X be a
non-empty set and {gi : X −→ Xi | i ∈ I} be a collection of maps. The collection

N := {U ⊂ X | gi(U) ⊂ Xi is bounded, i ∈ I}

is a bornology on X.

Proof: Let U1, U2, · · · , Un ∈ N , then Uj ⊂ X and gi(Uj) ⊂ Xi is bounded
∀ j = 1, 2, · · · , n, that is, gi(Uj) ∈ βi, ∀ j = 1, 2, · · · , n, i ∈ I. Therefore
n⋃

j=1

gi(Uj) = gi

(
n⋃

j=1

Uj

)
∈ βi since βi is closed under finite union as it is a

bornology on Xi. That is gi

(
n⋃

j=1

Uj

)
⊂ Xi is bounded, i ∈ I, and therefore

n⋃
j=1

Uj ∈ N . Thus N is closed under finite union.

Let U ⊆ V ∈ N , then U ⊆ V ⊂ X and gi(V ) ⊂ Xi is bounded, that is gi(V ) ∈ βi,
i ∈ I. Since U ⊆ V ⊂ X then gi(U) ⊆ gi(V ) ⊂ Xi, therefore gi(U) ∈ βi since βi
is closed under inclusion. That is gi(U) ⊂ Xi is bounded, therefore U ∈ N . Thus
N is closed under inclusion.
Consider the singleton {x} ⊂ X. Since βi covers Xi, that is Xi =

⋃
B∈βi

B, then

∀ x ∈ X we have that gi({x}) = {g(x)} ∈ βi, i ∈ I. That is gi({x}) ⊂ Xi is
bounded, therefore {x} ∈ N , ∀ x ∈ X. Thus N covers X.
Hence N is a bornology on X since it covers X, is closed under inclusion and is
closed under finite union. □

Definition 3.2.1 Initial bornology.
Let X be a non-empty set, {(Xi, βi) | i ∈ I} be a family of bornological sets and
{gi : X −→ Xi | i ∈ I} be a family of maps, then the bornology

N = {U ⊂ X | gi(U) ⊂ Xi is bounded, i ∈ I}

is called an initial bornology on X.

Lemma 3.2.2 Let X be a non-empty set, {(Xi, βi) | i ∈ I} be a family of
bornological sets and {g : X −→ Xi | i ∈ I} be a family of maps. The col-
lection

N0 :=
⋂
i∈I

{g−1
i (U) | U ∈ βi}
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is a base of the initial bornology

N = {U ⊂ X | gi(U) ⊂ Xi is bounded, i ∈ I}.

Proof: Let U ∈ N0, then gi(U) ⊂ Xi is bounded, that is gi(U) ∈ βi, i ∈ I. Then
there exists Bi ∈ βi such that gi(U) ⊂ Bi since βi is closed under inclusion. And
gi(U) ⊂ Bi =⇒ U ⊂ g−1

i (Bi) and g
−1
i (Bi) ∈ N . Let V ∈ N0, then

V = g−1
i (U) ⊂ X where U ∈ βi, i ∈ I. Then gi(V ) = U ∈ βi, therefore

gi(V ) ⊂ Xi is bounded and hence V ∈ N . Thus we have that N0 ⊂ N and every
element of N is contained in an element of N0, therefore N0 is a base of the initial
bornology N . □

3.3 Bornological comparison on Frölicher sub-

space.

3.3.1 Subspace bornology.

Let (X,CX , FX) be a Frölicher space, S ⊆ X, and (S,CS, FS) be the Frölicher
subspace of (X,CX , FX). Consider the inclusion ı : S ↪→ X, which is a Frölicher
smooth map (see Section 2.3.4).

Lemma 3.3.1 Let B be a bornology on X, that is (X,B) be a bornological set,
S ⊆ X and ı : S ↪→ X. The collection

βS := {U ⊆ S | ı(U) ⊂ X is bounded}

is a bornology on S.

Proof: Let U1, U2, · · · , Un ∈ βS, then Uj ⊆ S and ı(Uj) ⊂ X is bounded
∀ j = 1, 2, · · · , n, that is ı(Uj) ∈ B, ∀ j = 1, 2, · · · , n. Therefore

B ∋
n⋃

j=1

ı(Uj) = ı

(
n⋃

j=1

Uj

)
since B is closed under finite union as it is a bornology on X. This implies that
n⋃

j=1

Uj ∈ βS, thus βS is closed under finite union.

Let A ⊆ B ∈ βS, then A ⊆ B ⊆ S and ı(B) ⊂ X is bounded, that is ı(B) ∈ B.
Since A ⊆ B ⊆ S then ı(A) ⊆ ı(B) ∈ β, therefore ı(A) ∈ β since B is closed
under inclusion. This implies that A ∈ βS and thus βS is closed under inclusion.
Let {s} ⊂ S, then {s} ⊂ X since S ⊂ X. Therefore B ∋ {s} = {ı(s)} = ı({s})
since B covers X. This implies that ∀ s ∈ S, {s} ∈ βS, therefore βS covers S.
Hence βS is a bornology on S since it covers S, is closed under inclusion and is
closed under finite union. □
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Definition 3.3.1 Subspace bornology.
Let (X,CX , FX) be a Frölicher space, S ⊂ X, (S,CS, FS) be a Frölicher subspace
of (X,CX , FX), (X,B) be a bornological set and ı : S ↪→ X be an inclusion map,
then the bornology

βS := {U ⊆ S | ı(U) ⊂ X is bounded}

on S is called the subspace bornology.

Proposition 3.3.1 Let the subspace bornology βS be defined as usual and (X,B)
be a bornological set, then β0 := {U ∩ S | U ∈ β} is a base of the subspace
bornology.

Proof: We have to show that β0 ⊂ βS and that every element of βS is contained
in an element of β0. Let A ∈ β0, then A = U ∩ S = ı−1(U) ⊂ S where U ∈ B.
Therefore ı(A) = ı(U ∩ S) = ı(ı−1(U)) = U ∈ B, which implies that ı(A) ⊂ X is
bounded and thus A ∈ βS. That is A ∈ β0 =⇒ U ∈ βS, therefore β0 ⊂ βS.
Let V ∈ βS, then V ⊆ S and ı(V ) ⊂ X is bounded, that is ı(V ) ∈ B. Therefore
there exists B ∈ B such that ı(V ) ⊂ B since B is closed under inclusion. But
ı(V ) ⊂ B =⇒ V ⊂ ı−1(B) = B ∩ S ∈ β0. That is every element of βS is
contained in an element of β0. Hence β0 is a base of βS. □

Remark 3.3.1 Let βFX
be a functional bornology on X (see Definition 3.1.1), if

ı(U) ∈ βFX
then U ⊂ S is bounded since βFX

is a bornology on X. This follows
from the structure definition of subspace bornology. Therefore the collection

βFX
(S) := {U ⊆ S | ı(U) ∈ βFX

}

is a subspace bornology. The subspace bornology βFX
(S) will be used in the

bornological comparison on Frölicher subspace. It is a special case of the sub-
space bornology defined in Definition 3.3.1.

Definition 3.3.2 Functional subspace bornology.
Let (X,CX , FX) be a Frölicher space, S ⊆ X, (S,CS, FS) be a Frölicher subspace
of (X,CX , FX), βFX

be the functional bornology on X and ı : S ↪→ X be an
inclusion map. The bornology

βFX
(S) := {U ⊆ S | ı(U) ∈ βFX

}

on S is called the functional subspace bornology.

3.3.2 Bornology from structure functions of Frölicher sub-
space.

Let (X,CX , FX) be a Frölicher space, S ⊆ X and (S,CS, FS) be a Frölicher sub-
space of (X,CX , FX). In Section 3.1.1 we induced a bornology from the structure
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functions of a Frölicher space. That is the functional bornology. Recall that for
the Frölicher structure (CS, FS) on S we have that

CS = {c : R −→ S | f ◦ c ∈ C∞(R,R), ∀ f ∈ FS}

and
FS = {f : S −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ CS}.

That is CS and FS determine each other. The bornology induced from structure
functions of Frölicher subspace is the collection

βFS
:= {U ⊆ S | f(U) ⊂ R is bounded, ∀ f ∈ FS}.

It is a functional bornology on S (see Section 3.1.1 and Definition 3.1.1).

3.3.3 Bounded maps and bornological comparison.

Let (X,CX , FX) be a Frölicher space, S ⊆ X and (S,CS, FS) be a Frölicher
subspace of (X,CX , FX). We have induced two bornologies from the Frölicher
subspace. One bornology induced from structure functions, that is from FS, and
that is the functional bornology

βFS
:= {U ⊆ S | f(U) ⊂ R is bounded, ∀ f ∈ FS}

on S. The other bornology is induced canonically on S, and that is the functional
subspace bornology

βFX
(S) := {U ⊆ S | ı(U) ∈ βFX

}

where ı : S ↪→ X is an inclusion map and βFX
is the functional bornology on X.

In this section we compare the bornologies βFS
, βFX

(S) and βFX
and the bounded

maps and sets they form.

Lemma 3.3.2 Let βFS
be the functional bornology on S, βFX

(S) be the func-
tional subspace bornology, and (S, βFS

) and (S, βFX
(S)) be bornological sets. The

identity maps id1 : (S, βFS
) −→ (S, βFS

) and id2 : (S, βFX
(S)) −→ (S, βFX

(S))
are bounded.

Proof: This is trivial, identity maps between bornological sets are bounded (see
[45] and [51]). □

Corollary 3.3.1 Let βFS
be the functional bornology on S and (S, βFS

) be a
bornological set. The mapping ϕ : (S, βFS

) −→ (S, βFS
) is bounded if it is Frölicher

smooth.

Proof: Since βFS
is a functional bornology on S then it follows from Lemma

3.1.3 that if the mapping ϕ : (S, βFS
) −→ (S, βFS

) is Frölicher smooth then it is
bounded. □
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Corollary 3.3.2 Let S1, S2 ⊆ X, (X,CX , FX) be a Frölicher space and
(S1, CS1 , FS1) and (S2, CS2 , FS2) be Frölicher subspaces, βFS1

and βFS2
be the

functional bornology on S1 and S2 respectively, and (S1, βFS1
) and (S2, βFS2

) be
bornological sets. If the mapping j : (S1, βFS1

) −→ (S2, βFS2
) is Frölicher smooth

then it is bounded.

Proof: Since the Frölicher subspaces (S1, CS1 , FS1) and (S2, CS2 , FS2) are Frölicher
spaces then by Lemma 3.1.4 we have that the mapping j : (S1, βFS1

) −→ (S2, βFS2
)

is bounded if it is Frölicher smooth. □

Lemma 3.3.3 Let S ⊆ X, (S,CS, FS) be the Frölicher subspace of the Frölicher
space (X,CX , FX), βFX

be the functional bornology on X, βFX
(S) be the func-

tional subspace bornology, and (S, βFX
(S)) and (X, βFX

) be bornological sets. The
inclusion ı : (S, βFX

(S)) ↪→ (X, βFX
) is bounded.

Proof: Let U ∈ βFX
(S) therefore ı(U) ∈ βFX

by definition. Therefore by defini-
tion ı : (S, βFX

(S)) ↪→ (X, βFX
) is bounded. □

Lemma 3.3.4 Let S ⊆ X, (S,CS, FS) be a Frölicher subspace of the Frölicher
space (X,CX , FX), βFX

be the functional bornology on X, βFS
be the functional

bornology on S, and (S, βFS
) and (X, βFX

) be bornological spaces. The inclusion
ı : (S, βFS

) ↪→ (X, βFX
) is bounded.

Proof: Since (S,CS, FS) and (X,CX , FX) are Frölicher spaces then
ı : (S, βFS

) ↪→ (X, βFX
) is a morphism in the category of Frölicher spaces since it

is Frölicher smooth, that is {f ◦ ı | f ∈ FX} ⊆ FS and {ı ◦ c | c ∈ CS} ⊆ CX .
Let V ∈ βFS

, then V ⊆ S and g(V ) ⊆ R is bounded ∀ g ∈ FS. Since f ◦ ı ∈ FS,
∀ f ∈ FX , and ı(V ) ⊆ X therefore (f◦ı)(V ) = f(ı(V )) ⊆ R is bounded, ∀ f ∈ FX .
This implies that ı(V ) ∈ βFX

. That is V ∈ βFS
=⇒ ı(V ) ∈ βFX

. Hence
ı : (S, βFS

) ↪→ (X, βFX
) is bounded. □

Theorem 3.3.1 Let (S,CS, FS) be a Frölicher subspace of the Frölicher space
(X,CX , FX) with S ⊆ X, βFX

(S) be the functional subspace bornology, βFS
be the

functional bornology on S, and (S, βFS
) and (S, βFX

(S)) be bornological sets. Then
βFS

⊂ βFX
(S), thus the identity map id : (S, βFS

) −→ (S, βFX
(S)) is bounded.

Proof: Let U ∈ βFS
, then U ⊆ S and f(U) ⊂ R is bounded ∀ f ∈ FS. Consider

the inclusion ı : S ↪→ X then ı(U) ⊂ X and g(ı(U)) = (g ◦ ı)(U) ⊂ R, ∀ g ∈ FX .
But g ◦ ı ∈ FS, ∀ g ∈ FX , since ı : S ↪→ X is Frölicher smooth. Now since
f(U) ⊂ R is bounded ∀ f ∈ FS therefore g(ı(U)) = (g ◦ ı)(U) ⊂ R is bounded
∀ g ∈ FX . This implies that ı(U) ∈ βFX

, therefore U ∈ βFX
(S). That is

U ∈ βFS
=⇒ U ∈ βFX

(S), hence βFS
⊂ βFX

(S). Then it follows from definition
that the identity map id : (S, βFS

) −→ (S, βFX
(S)) is bounded since

βFS
⊂ βFX

(S). □
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Lemma 3.3.5 Let S ⊆ X, (S,CS, FS) be the Frölicher subspace of the Frölicher
space (X,CX , FX), βFX

be the functional bornology on X and βFX
(S) be the func-

tional subspace bornology. Then βFX
(S) ⊂ βFX

.

Proof: Let U ∈ βFX
(S), then U ⊂ S ⊆ X and ı(U) ∈ βFX

, which implies that
f(ı(U)) = f(U) ⊂ R is bounded ∀ f ∈ FX , therefore U ∈ βFX

. That is
U ∈ βFX

(S) =⇒ U ∈ βFX
, therefore βFX

(S) ⊂ βFX
. □

Lemma 3.3.6 Let S ⊆ X, (S,CS, FS) be a Frölicher subspace of the Frölicher
space (X,CX , FX), βFX

(S) be the functional subspace bornology and βFS
be the

functional bornology on S. If ∀ f ∈ FS ∃ g ∈ FX such that f = g ◦ ı then
βFX

(S) ⊂ βFS
.

Proof: Let U ∈ βFX
(S), then U ⊂ S and ı(U) ∈ βFX

, which implies g(ı(U)) ⊂ R
is bounded ∀ g ∈ FX . But since (S,CS, FS) is a Frölicher subspace of the Frölicher
space (X,CX , FX) and ı : S ↪→ X is Frölicher smooth then g ◦ ı = g|S ∈ FS,
∀ g ∈ FX . That is g(ı(U)) = (g ◦ ı)(U) ⊂ R is bounded and g ◦ ı ∈ FS. Since
∀ f ∈ FS ∃ g ∈ FX such that f = g ◦ ı, therefore f(U) ⊂ R is bounded ∀ f ∈ FS.
Thus U ∈ βFS

. That is we have that U ∈ βFX
(S) =⇒ U ∈ βFS

, hence
βFX

(S) ⊂ βFS
. □

Let
βFX

|S := {U ⊆ S | f(U) ⊂ R is bounded, ∀ f ∈ FX}.

Note that βFX
|S is the bornology βFX

restricted on S ⊆ X. The collection βFX
|S

is a subbornology induced by the functional bornology βFX
, (see [76]). That is,

βFX
|S is a bornology and βFX

|S ⊂ βFX
.

Lemma 3.3.7 Let S ⊆ X, (S,CS, FS) be a Frölicher subspace of the Frölicher
space (X,CX , FX), βFX

be the functional bornology on X, βFX
|S be the subbornol-

ogy of βFX
and βFX

(S) be the functional subspace bornology. Then
βFX

|S = βFX
(S).

Proof: Let U ∈ βFX
|S, then U ⊆ S and f(U) ⊂ R is bounded ∀ f ∈ FX . Consider

the canonical inclusion ı : S ↪→ X then U = ı(U) since U ⊆ S. Therefore
f(U) = f(ı(U)) ⊂ R is bounded ∀ f ∈ FX , this implies that ı(U) ∈ βFX

and
therefore U ∈ βFX

(S). That is U ∈ βFX
|S =⇒ U ∈ βFX

(S), therefore
βFX

|S ⊂ βFX
(S).

Now we have to show that βFX
(S) ⊂ βFX

|S. Let V ∈ βFX
(S), then

V = ı(V ) ∈ βFX
since V ⊆ S. With V ∈ βFX

, V ⊆ S and that f(V ) ⊂ R is
bounded ∀ f ∈ FX , therefore V ∈ βFX

|S. That is V ∈ βFX
(S) =⇒ V ∈ βFX

|S,
therefore βFX

(S) ⊂ βFX
|S. Hence βFX

|S = βFX
(S) since βFX

(S) ⊂ βFX
|S and

βFX
|S ⊂ βFX

(S). □
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Lemma 3.3.8 Let S ⊆ X, (S,CS, FS) be the Frölicher subspace of the Frölicher
space (X,CX , FX), βFX

be the functional bornology on X, βFX
|S be the restriction

of βFX
on S and βFS

be the subspace functional bornology. Then βFS
⊂ βFX

|S.

Proof: Let U ∈ βFS
, then U ⊆ S and g(U) ⊂ R is bounded ∀ g ∈ FS. Consider

the canonical inclusion ı : S ↪→ X then f ◦ ı ∈ FS, ∀ f ∈ FX , since ı : S ↪→ X
is Frölicher smooth, and U = ı(U) since U ⊆ S. Then g(U) ⊂ R being bounded
∀ g ∈ FS implies that (f ◦ ı)(U) = f(ı(U)) = f(U) ⊂ R is bounded ∀ f ∈ FX ,
therefore U ∈ βFX

|S. That is U ∈ βFS
=⇒ U ∈ βFX

|S, hence βFS
⊂ βFX

|S. □

3.4 Bornological comparison on Frölicher prod-

uct.

3.4.1 Product bornology.

Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a family of Frölicher spaces and

X :=
n∏

i=1

Xi be the Cartesian product in the category of sets. Then we have the

Frölicher struture (CX, FX) on X where

CX := {c : R −→ X | f ◦ c ∈ C∞(R,R), ∀ f ∈ FX}

and
FX = {f : X −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ CX}.

That is, CX and FX determine each other, making the triple (X, CX, FX) a Frölicher
space - the Frölicher product (see Subsection 2.3.5). The mapping pi : X −→ Xi

is a canonical projection, ∀ i = 1, 2, · · · , n. Let {(Xi, βi) | i = 1, 2, · · · , n} be a
family of bornological sets, the initial bornology on X gives a bornology called the
product bornology, (see [51]). A subset of X is bounded if and only if its image
under pi : X −→ Xi is bounded, ∀ i = 1, 2, · · · , n. That is, U ⊂ X is bounded if
and only if pi(U) ⊂ Xi is bounded ∀ i = 1, 2, · · · , n (see [45] and [51]).

Let {(Yj, βYj
) | j = 1, 2, . . . ,m} be a family of prebornological spaces. A pre-

bornology is a bornology that is closed under finite non-disjoint union (see Defi-
nition 2.4.3). That is, if β is a prebornology and A,B ∈ β such that A ∩ B ̸= ϕ

then A ∪B ∈ β. The product prebornology on
m∏
j=1

Yj is given by the collection

{
U ⊆

m∏
j=1

Yj | πj(U) ∈ βYj
, ∀ j = 1, 2, · · · ,m

}
,
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where πj :
m∏
j=1

Yj −→ Yj is a canonical projection (see [55]). Keeping the same

structure, we use a bornological set instead of a prebornological space to attain

the product bornology on X =
n∏

i=1

Xi.

Lemma 3.4.1 Let X :=
n∏

i=1

Xi be the Cartesian product and pi : X −→ Xi be a

canonical projection, ∀ i = 1, 2, · · · , n. The collection

βX := {U ⊆ X | pi(U) ⊆ Xi is bounded, ∀ i = 1, 2, · · · , n}

is a bornology on X.

Proof: Let U1, U2, · · · , Um ∈ βX, then Uj ⊆ X and pi(Uj) ⊆ Xi is bounded
∀ j = 1, 2, · · · ,m and ∀ i = 1, 2, · · · , n. That is pi(Uj) ∈ βi, ∀ j = 1, 2 · · · ,m and
∀ i = 1, 2, · · · , n, where βi is a bornology on Xi. Then since βi is closed under

finite union as it is a bornology, and
m⋃
j=1

Uj ⊆ X, then we have that

βi ∋
m⋃
j=1

pi(Uj) = pi

(
m⋃
j=1

Uj

)
, ∀ i = 1, 2, · · · , n.

Therefore pi

(
m⋃
j=1

Uj

)
is bounded, ∀ i = 1, 2, · · · , n, thus

m⋃
j=1

Uj ∈ βX. Thus βX is

closed under finite union.
Let A ⊆ B ∈ βX, then A ⊆ B ⊆ X and pi(B) ⊆ Xi is bounded, that is
pi(B) ∈ βi, ∀ i = 1, 2, · · · , n. Since A ⊆ B ⊆ X then pi(A) ⊆ pi(B) ⊆ βi,
therefore pi(A) ∈ βi since βi is closed under inclusion, ∀ i = 1, 2, · · · , n. This
implies that A ∈ βX. That is, A ⊆ B ∈ βX =⇒ A ∈ βX, therefore βX is closed
under inclusion.
Let xi ∈ Xi, ∀ i = 1, 2, · · · , n, and {(x1, x2, . . . , xn)} ⊂ X be a singleton. Then
pi({(x1, x2, . . . , xn)}) = {xi} ⊂ Xi is bounded since {xi} ∈ βi as βi covers Xi,
∀ i = 1, 2, · · · , n. Therefore {(x1, x2, . . . , xn)} ∈ βX and thus βX covers X.
Hence βX is a bornology on X since it covers X, is closed under finite union and
closed under inclusion. □

Definition 3.4.1 Product bornology.

Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a family of Frölicher spaces, X =
n∏

i=1

Xi

be a Cartesian product in the category of sets, (X, CX, FX) be a Frölicher product,
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{(Xi, βi) | i = 1, 2, · · · , n} be a family of bornological sets and pi : X −→ Xi be a
canonical projection, ∀ i = 1, 2, · · · , n. The initial bornology

βX := {U ⊆ X | pi(U) ⊆ Xi is bounded ∀ i = 1, 2, · · · , n}

on X is called the product bornology.

Proposition 3.4.1 Let the product bornology βX be defined as usual and
{(Xi, βi) | i = 1, 2, · · · , n} be a family of bornological sets, then the collection

β0 :=

{
n∏

i=1

Ui | Ui ∈ βi, ∀ i = 1, 2 · · · , n

}
is a base of βX.

Proof: We have to show that β0 ⊂ βX and that every element of βX is contained

in an element of β0. Let A ∈ β0, then A =
n∏

i=1

Ui where Ui ∈ βi, ∀ i = 1, 2, · · · , n.

But Ui ∈ βi implies that Ui ⊆ Xi since βi is a bornology on Xi, ∀ i = 1, 2, · · · , n.

Therefore A =
n∏

i=1

Ui ⊆
n∏

i=1

Xi = X, and pi(A) = pi

(
n∏

i=1

Ui

)
= Ui ∈ βi,

∀ i = 1, 2, · · · , n. Thus ∀ i = 1, 2, · · · , n we have that pi(A) ⊆ Xi is bounded,
which implies that A ∈ βX. That is A ∈ β0 =⇒ A ∈ βX, therefore β0 ⊂ βX.

Let Vi ⊆ Xi, ∀ i = 1, 2, · · · , n, and let B =
n∏

i=1

Vi, therefore

B =
n∏

i=1

Vi ⊂
n∏

i=1

Xi = X. Let B ∈ βX then pi(B) = pi

(
n∏

i=1

Vi

)
= Vi ⊆ Xi

is bounded ∀ i = 1, 2, · · · , n, that is pi(B) = Vi ∈ βi, ∀ i = 1, 2, · · · , n. Thus
∀ i = 1, 2, · · · , n ∃ Ki ∈ βi such that pi(B) = Vi ∈ Ki since βi is closed under

inclusion, as it is a bornology. Therefore B =
n∏

i=1

Vi ⊂
n∏

i=1

Ki ∈ β0. That is,

every element of βX is contained in an element of β0. Hence β0 is the base of the
product bornology βX. □

Remark 3.4.1 Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a family of Frölicher

spaces, βFXi
be a functional bornology on Xi. If U ⊆ X =

n∏
i=1

Xi is such that

pi(U) ∈ βFXi
then pi(U) is bounded in Xi, ∀ i = 1, 2, · · · , n, since βFXi

is a
bornology on Xi. This follows from the structure and definition of the product
bornology. Therefore the collection

ρX := {U ⊆ X | pi(U) ∈ βFXi
, ∀ i = 1, 2 · · · , n}

is also a product bornology. We will use the product bornology ρX in the bornolog-
ical comparison on Frölicher product instead of the general product bornology.
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Definition 3.4.2 Functional product bornology.

Let {(Xi, CXi
, FXi

) | i = 1, 2 · · · , n} be a family of Frölicher spaces, X =
n∏

i=1

Xi be

a Cartesian product in the category of sets, (X, CX, FX) be the Frölicher product,
βFXi

be the functional bornology on Xi and pi : X −→ Xi be a canonical projection.
The product bornology

ρX := {U ⊆ X | pi(U) ∈ βFXi
, ∀ i = 1, 2, · · · , n}

on X is called the functional product bornology.

3.4.2 Bornology from structure functions of Frölicher prod-
uct.

In Subsection 3.1.1, given a Frölicher space, a bornology was induced from struc-
ture functions. Recall that ∀ i = 1, 2, · · · , n the Frölicher structure (CXi

, FXi
) is

such that

FXi
:= {fi : Xi −→ R | fi ◦ ci ∈ C∞(R,R), ∀ ci ∈ CXi

}

and
CXi

:= {ci : R −→ Xi | fi ◦ ci ∈ C∞(R,R), ∀ fi ∈ FXi
}.

For all i = 1, 2, · · · , n the bornology

βFXi
:= {U ⊂ Xi | fi(U) ⊂ R is bounded, ∀ fi ∈ FXi

}

is from structure functions on Xi, that is from FXi
, thus it is the functional

bornology on Xi. Since the Frölicher product (X, CX, FX), where X :=
n∏

i=1

Xi a

Cartesian product in the category of sets, is a Frölicher space then from Subsection
3.1.1 we have a bornology from structure functions on X. Recall that CX and FX

determine each other in the following way:

FX := {f : X −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ CX},

CX := {c : R −→ X | f ◦ c ∈ C∞(R,R), ∀ f ∈ FX}.
The bornology from FX, that is from structure functions on X, is given by

βFX
:= {U ⊆ X | f(U) ⊂ R is bounded, ∀ f ∈ FX}.

3.4.3 Bounded maps and bornological comparison.

Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a family of Frölicher spaces, X =
n∏

i=1

Xi be

a Cartesian product in the category of sets, (X, CX, FX) be the Frölicher product
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and pi : X −→ Xi be the canonical projection ∀ i = 1, 2, . . . , n. We have the
functional bornology βFX

on X, induced from struture functions on X, and the
functional product bornology ρX. In this subsection we determine the relationship
between these bornologies and their associated bounded maps.

Theorem 3.4.1 Let ρX be the functional product bornology, βFX
be the functional

bornology on X, and (X, βFX
) and (X, ρX) be bornological sets. Then βFX

⊂ ρX
and thus the identity map id : (X, βFX

) −→ (X, ρX) is bounded.

Proof: Let U ∈ βFX
, then U ⊆ X and g(U) ⊂ R is bounded ∀ g ∈ FX. Consider

the canonical projection pi : X −→ Xi, then pi(U) ⊂ Xi, ∀ i = 1, 2, · · · , n. Let
fi ∈ FXi

, ∀ i = 1, 2, · · · , n, then fi ◦ pi ∈ FX, ∀ i = 1, 2 · · · , n, since
pi : X −→ Xi is Frölicher smooth ∀ i = 1, 2, · · · , n. Therefore ∀ i = 1, 2, · · · , n
we have that (fi ◦ pi)(U) ⊂ R is bounded ∀ fi ∈ FXi

since U ∈ βFX
. That is

fi(pi(U)) = (fi ◦ pi)(U) ⊂ R is bounded ∀ fi ∈ FXi
, ∀ i = 1, 2, · · · , n. Therefore

pi(U) ∈ βFXi
, ∀ i = 1, 2 · · · , n, which implies that U ∈ ρX. Thus U ∈ βFX

=⇒
U ∈ ρX, hence βFX

⊂ ρX. It follows that the identity map id : (X, βFX
) −→ (X, ρX)

is bounded by definition since βFX
⊂ ρX. □

Lemma 3.4.2 Let βFX
be the functional bornology on X, ρX be the functional

product bornology, and (X, βFX
) and (X, ρX) be bornological sets. The identity

maps id1 : (X, βFX
) −→ (X, βFX

) and id2 : (X, ρX) −→ (X, ρX) are bounded.

Proof: This is trivial, identity maps between bornological sets are bounded (see
[45] and [51]). □

Corollary 3.4.1 Let βFX
be the functional bornology on X and (X, βFX

) be a
bornological set. The mapping ϕ : (X, βFX

) −→ (X, βFX
) is bounded if it is

Frölicher smooth.

Proof: Since βFX
is a functional bornology on X then it follows from Lemma

3.1.3 that if the mapping ϕ : (X, βFX
) −→ (X, βFX

) is Frölicher smooth then it is
bounded. □

Corollary 3.4.2 Let (X1, CX1 , FX1) and (X2, CX2 , FX2) be Frölicher products, βFX1

and βFX2
be the functional bornology on X1 and X2 respectively, and (X1, βFX1

)
and (X2, βFX2

) be bornological sets. If the mapping j : (X1, βFX1
) −→ (X2, βFX2

)
is Frölicher smooth then it is bounded.

Proof: Since the Frölicher products (X1, CX1 , FX1) and (X2, CX2 , FX2) are Frölicher
spaces then by Lemma 3.1.4 we have that the mapping
j : (X1, βFX1

) −→ (X2, βFX2
) is bounded if it is Frölicher smooth. □
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Lemma 3.4.3 Let ρX be the functional product bornology, βFX
be the functional

bornology on X, and (X, βFX
) and (X, ρX) be bornological sets. If ∀ i = 1, 2, · · · , n

we have that ∀ g ∈ FX ∃ fi ∈ Xi such that g = fi ◦ pi then ρX ⊂ βFX
, thus the

identity map id : (X, ρX) −→ (X, βFX
) is bounded.

Proof: Let U ∈ ρX, then U ⊆ X and pi(U) ∈ βFXi
, ∀ i = 1, 2, · · · , n. But

pi(U) ∈ βFXi
∀ i = 1, 2, · · · , n, implies that pi(U) ⊂ Xi and

(fi ◦ pi)(U) = fi(pi(U)) ⊂ R is bounded ∀ fi ∈ FXi
, ∀ i = 1, 2, · · · , n. We have

that ∀ i = 1, 2, · · · , n, fi ◦ pi ∈ FX since the Frölicher product (X, CX, FX) is an
initial structure and (Xi, CXi

, FXi
) is a Frölicher space. That is

(fi ◦ pi)(U) = fi(pi(U)) ⊂ R is bounded and fi ◦ pi ∈ FX, ∀ i = 1, 2, · · · , n. Since
∀ g ∈ FX ∃ fi ∈ FXi

such that g = fi ◦ pi, ∀ i = 1, 2, · · · , n, therefore g(U) ⊂ R
is bounded ∀ g ∈ FX. Thus U ∈ βFX

. That is, U ∈ ρX =⇒ U ∈ βFX
, hence

ρX ⊂ βFX
. It follows from definition that the identity map

id : (X, ρX) −→ (X, βFX
) is bounded since ρX ⊂ βFX

. □

Lemma 3.4.4 Let βFXi
be the functional bornology on Xi, ρX be the functional

product bornology, and (X, ρX) and (Xi, βFXi
) be bornological sets. Then

pi : (X, ρX) −→ (Xi, βFXi
) is bounded, ∀ i = 1, 2, · · · , n.

Proof: Let U ∈ ρX then U ⊆ X and pi(U) ∈ βFXi
, ∀ i = 1, 2, · · · , n. Therefore

by definition of ρX we have that pi : (X, ρX) −→ (Xi, βFXi
) is bounded,

∀ i = 1, 2, · · · , n. □

Lemma 3.4.5 Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a family of Frölicher

spaces, X =
n∏

i=1

Xi be a Cartesian product in the category of sets, (X, CX, FX) be

the Frölicher product, then pi : (X, βFX
) −→ (Xi, βFXi

) is bounded
∀ i = 1, 2, . . . , n.

Proof: With (X, CX, FX) and (Xi, CXi
, FXi

)ni=1 being Frölicher spaces then
pi : (X, βFX

) −→ (Xi, βFXi
) is a morphism in the category of Frölicher spaces since

pi is Frölicher smooth. Thus ∀ i = 1, 2, · · · , n we have that
{fi◦pi | fi ∈ FXi

} ⊆ FX and {pi◦c | c ∈ CX} ⊆ CXi
. Let U ∈ βFX

, then U ⊆ X and
f(U) ⊂ R is bounded ∀ f ∈ FX. Since fi ◦ pi ∈ FX, ∀ fi ∈ FXi

, ∀ i = 1, 2, · · · , n,
therefore (fi ◦ pi)(U) = fi(pi(U)) ⊂ R is bounded ∀ fi ∈ FXi

, ∀ i = 1, 2, · · · , n.
Thus pi(U) ∈ βFXi

, ∀ i = 1, 2, · · · , n. That is, U ∈ βFX
=⇒ pi(U) ∈ βFXi

, hence
pi : (X, βFX

) −→ (Xi, βFXi
) is bounded ∀ i = 1, 2, · · · , n. □

3.5 Final bornology.

Let {(Xi, βi) | i ∈ I} be a family of bornological sets, X be a non-empty set
and {hi : Xi −→ X | i ∈ I} be a family of maps. The final bornology on X
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is generated by the family T :=
⋃
i∈I

hi(βi) (see [51]). The bornology generated

by a set, say the set U , is the intersection of all bornologies containing U , [51].

Therefore the final bornology, which we denote by BF , is such that BF =
⋂
j∈J

Pj

where {Pj | j ∈ J} is a family of bornologies on X such that T =
⋃
i∈I

hi(βi) ⊂ Pj,

∀ j ∈ J . That is, BF is the smallest bornology containing T . We now use the
characterization in [35] to characterize the final bornology on X on the following
lemma.

Lemma 3.5.1 Let

D = {hi(Ai) | Ai ∈ βi, i ∈ I} ∪ {{x} | x ∈ X},

J ⊂ I be finite and

BF :=

{⋃
j∈J

Hj | Hj ∈ D, ∀ j ∈ J

}
,

that is BF is a finite union of elements of D. Then BF is a bornology on X.

Proof: Let x ∈ X then {x} ∈ D by definition of D, therefore {x} ∈ BF . That
is, BF covers X.
Let U1, U2, · · · , Un ∈ BF , that is Ui is a finite union of elements of D,
∀ i = 1, 2, · · · , n. Therefore, with the finite union of finite sets being finite, we

have that
n⋃

i=1

Ui is a finite union of elements of D. Hence
n⋃

i=1

Ui ∈ BF .

Let Aj ∈ βj, ∀ j ∈ J , then
⋃
j∈J

hj(Aj) ∈ BF . But since ∀ j ∈ J we have that βj is

closed under inclusion and Aj ∈ βj, ∀ j ∈ J , then ∀ j ∈ J ∃ Cj ∈ βj such that

Cj ⊂ Aj =⇒ hj(Cj) ⊂ hj(Aj) =⇒
⋃
j∈J

hj(Cj) ⊂
⋃
j∈J

hj(Aj)

and
⋃
j∈J

hj(Cj) ∈ BF . Let U ⊂
⋃
j∈J

hj(Aj) then U =
⋃
j∈J

hj(Cj) where Cj ⊂ Aj or

U =
⋃
k∈K

hk(Ak), K ⊂ J . Now let x1, x2, · · · , xn ∈ X then {xi} ∈ D,

∀ i = 1, 2, · · · , n, therefore
n⋃

i=1

{xi} ∈ BF . Let M ⊂
n⋃

i=1

{xi}, then M =
⋃
α∈L

{xα}

where L = {1, 2, · · · , n}. Thus M =
⋃
α∈L

{xα} is finite and {xα} ∈ D for α ∈ L,

therefore M ∈ BF . Hence if U ⊂ V and V ∈ BF then U ∈ BF . Thus BF is closed
under inclusion.
That is, we have that BF covers X, is closed under finite union and is closed
under inclusion, therefore BF is a bornology on X. □
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Definition 3.5.1 Final bornology.
Let {(Xi, βi) | i ∈ I} be a family of bornological sets, X be a non-empty set,

{hi : Xi −→ X | i ∈ I}

be a family of maps. Let BF be the bornology generated by T :=
⋃
i∈I

hi(βi) or

equivalently BF be the collection of finite union of elements of

D := {hi(Ai) | Ai ∈ βi, i ∈ I} ∪ {{x} | x ∈ X}.

The bornology BF is called the final bornology on X.

Remark 3.5.1 From the characterization of the final bornology BF we have that
U ⊂ X is bounded in the final bornology BF if and only if U is a finite union of
subsets of

D := {hi(Ai) | Ai ∈ βi, i ∈ I} ∪ {{x} | x ∈ X}.

3.6 Bornological comparison on Frölicher quo-

tient.

3.6.1 Quotient bornology.

Let (X,CX , FX) and (Y,CY , FY ) be Frölicher spaces and

g : (X,CX , FX) −→ (Y,CY , FY )

be a morphism in the category of Frölicher spaces. Consider the quotient set
Q := X/∼ where ∼ is an equivalence relation on X defined as: x1 ∼ x2 if
and only if g(x1) = g(x2), ∀ x1, x2 ∈ X. We call the equivalence relation ∼ a
kernel equivalence of g (see Definition 2.3.3). Then we have a Frölicher structure
(CQ, FQ) on Q where CQ is a set of structure curves into Q and FQ is a set of
functions on Q. Thus CQ and FQ determine each other as follows:

CQ := {c : R −→ Q | f ◦ c ∈ C∞(R,R),∀ f ∈ FQ}

FQ := {f : Q −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ CQ}.
Then we have the Frölicher space (Q,CQ, FQ) called the Frölicher quotient (see
Subsection 2.3.7).

Given a surjection map v : X −→ Y where (X, β) is a bornological set then
the final bornology on Y is the bornology generated by v(β) (see [51]). That is
v(β) is the base of the final bornology on Y since v : X −→ Y is onto Y . Now
consider the canonical projection q : X −→ Q with (X, β) being a bornological
set, then q(β) generates the final bornology on Q. The bornological set made
of Q endowed with the final bornology generated by q(β) is referred to as the
bornological quotient of (X, β) (see [51]).
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Lemma 3.6.1 Let Q be a quotient set on X and β be a bornology on X. The
image of the bornology β under q : X −→ Q, that is q(β) = {q(B) | B ∈ β}, is a
bornology on Q.

Proof: Let U1, U2, · · · , Un ∈ q(β), that is, Ui = q(Bi) where Bi ∈ β,

∀ i = 1, 2, · · · , n. Then
n⋃

i=1

Ui =
n⋃

i=1

q(Bi) = q

(
n⋃

i=1

Bi

)
∈ q(β) since

n⋃
i=1

Bi ∈ β

as β is closed under finite union as it is a bornology. Thus q(β) is closed under
finite union.
Let B ∈ β then q(B) ∈ q(β). Since β is closed under inclusion and B ∈ β then
there exists A ∈ β such that A ⊂ B =⇒ q(A) ⊂ q(B), and q(A) ∈ q(β).
Let U ⊂ q(B) then q−1(U) ⊂ B ∈ β which implies that q−1(U) ∈ β since β is
closed under inclusion. Thus there exists A ∈ β such that U = q(A), therefore
U ∈ q(β). Hence if U ⊂ V and V ∈ q(β) then U ∈ q(β). That is q(β) is closed
under inclusion.
Let {[x]} ⊂ Q be a singleton ∀ x ∈ X, where [x] is the equivalence class of x. We
have that {x} ∈ β, ∀ x ∈ X, since β covers X as it is a bornology on X. And
q({x}) = {q(x)} = {[x]}, ∀ x ∈ X, therefore {[x]} ∈ q(β), ∀ [x] ∈ Q. Thus q(β)
covers X.
That is we have that q(β) is closed under finite union, is closed under inclusion
and covers X, hence q(β) is a bornology on Q. □

Definition 3.6.1 Quotient bornology.
Let (X, β) be a bornological set, g : (X,CX , FX) −→ (Y,CY , FY ) be a morphism
in the category of Frölicher spaces, ∼ be the kernel equivalence of g, Q := X/∼
be a quotient set and q : X −→ Q be a canonical projection. The bornology q(β)
on Q is called the quotient bornology.

Remark 3.6.1 Let (X,CX , FX) be Frölicher space and (Q,CQ, FQ) be a Frölicher
quotient and q : X −→ Q be a canonical projection. Since (X,CX , FX) is a
Frölicher space then we have the functional bornology βFX

on X. Since βFX
is

a bornology on X then the image of βFX
under q, that is q(βFX

), is a quotient
bornology. This follows from the definition of a quotient bornology, thus q(βFX

)
is the special case of the quotient bornology in Definition 3.6.1. We’ll use the
quotient bornology q(βFX

) in the bornological comparison on Frölicher quotient.

Definition 3.6.2 Functional quotient bornology.
Let (X,CX , FX) be a Frölicher space, βFX

be a functional bornology on X,
(Q,CQ, FQ) be a Frölicher quotient and q : X −→ Q be a canonical projection.
The bornology q(βFX

) is called the functional quotient bornology.
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3.6.2 Bornology from structure functions of Frölicher quo-
tient.

Given the Frölicher quotient (Q,CQ, FQ) we have canonical bornology induced
from the structure functions of Frölicher quotient. That is the functional bornol-
ogy on Q, denoted βFQ

, where

βFQ
:= {U ⊂ Q | f(U) ⊂ R is bounded, ∀ f ∈ FQ},

induced from FQ. This is so since for every Frölicher space there is a functional
bornology from structure functions (see Section 3.1.1), and the Frölicher quotient
is a Frölicher space (see Subsection 2.3.7).

3.6.3 Bounded maps and bornological comparison.

Let (X,CX , FX) and (Y,CY , FY ) be Frölicher spaces,

g : (X,CX , FX) −→ (Y,CY , FY )

be a morphism in the category of Frölicher spaces, ∼ be a kernel equivalence of
g, that is, x1 ∼ x2 ⇐⇒ g(x1) = g(x1), ∀ x1, x2 ∈ X, Q := X/∼ be a quotient
set, (Q,CQ, FQ) be the Frölicher quotient and q : X −→ Q be the canonical
projection. We have the quotient bornology q(β), where β is a bornology on X.
Let βFX

be the functional bornology on X then we have the functional quotient
bornology q(βFX

). We also have the functional bornology βFQ
on Q. In this

subsection we determine the relationship between the aforementioned bornologies
and their associated bounded maps.

Theorem 3.6.1 Let q(βFX
) be the functional quotient bornology, βFQ

be the func-
tional bornology on Q, and (Q, q(βFX

)) and (Q, βFQ
) be bornological sets. Then

q(βFX
) ⊂ βFQ

and thus the identity map id : (Q, q(βFX
)) −→ (Q, βFQ

) is bounded.

Proof: Let A ∈ q(βFX
), then A = q(U) ⊂ Q for some U ∈ βFX

. Therefore
U ⊆ X and f(U) ⊂ R is bounded ∀ f ∈ FX since U ∈ βFX

. Let h ∈ FQ, then
we have that h(A) = h(q(U)) = (h ◦ q)(U). But h ◦ q ∈ FX , ∀ h ∈ FQ, since
q : X −→ Q is Frölicher smooth, (see Subsection 2.3.7). Therefore
(h ◦ q)(U) = h(q(U)) = h(A) ⊂ R is bounded ∀ h ∈ FQ since U ∈ βFX

. Therefore
A = q(U) ∈ βFQ

. That is, A ∈ q(βFX
) =⇒ A ∈ βFQ

, hence q(βFX
) ⊂ βFQ

.
Then we have that the identity map id : (Q, q(βFX

)) −→ (Q, βFQ
) is bounded by

definition. □

Lemma 3.6.2 Let q(βFX
) be the functional quotient bornology, βFQ

be the func-
tional bornology on Q, and (Q, βFQ

) and (Q, q(βFX
)) be bornological sets. If

∀ g ∈ FX ∃ f ∈ FQ such that g = f ◦ q then βFQ
⊂ q(βFX

) and thus the
identity map id : (Q, βFQ

) −→ (Q, q(βFX
)) is bounded.
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Proof: Let U ∈ βFQ
, then U ⊂ Q and f(U) ⊂ R is bounded ∀ f ∈ FQ. Now since

U ⊂ Q with Q a quotient set of X and q : X −→ Q is a surjection then there
exists A ⊂ X such that U = q(A). Therefore f(U) = f(q(A)) = (f ◦ q)(A) ⊂ R
is bounded ∀ f ∈ FQ since q(A) = U ∈ βFQ

. But f ◦ q ∈ FX , ∀ f ∈ FQ, and since
∀ g ∈ FX ∃ f ∈ FQ such that g = f ◦ q then (f ◦ q)(A) ⊂ R is bounded ∀ f ∈ FQ,
which implies that g(A) ⊂ R is bounded ∀ g ∈ FX . Therefore A ∈ βFX

, which
implies that U = q(A) ∈ q(βFX

). That is, U ∈ βFQ
=⇒ U ∈ q(βFX

), hence
βFQ

⊂ q(βFX
). By definition it follows that the identity map

id : (Q, βFQ
) −→ (Q, q(βFX

)) is bounded. □

Lemma 3.6.3 Let βFX
be a functional bornology on X, q(βFX

) be the functional
quotient bornology, and (X, βFX

) and (Q, q(βFX
)) be bornological sets. Then

q : (X, βFX
) −→ (Q, q(βFX

)) is bounded.

Proof: By definition of q(βFX
) we have that U ∈ βFX

=⇒ q(U) ∈ q(βFX
),

therefore q : (X, βFX
) −→ (Q, q(βFX

)) is bounded. □

Lemma 3.6.4 Let βFX
be a functional bornology on X, βFQ

be the functional
bornology on Q, and (X, βFX

) and (Q, βFQ
) be bornological sets. Then

q : (X, βFX
) −→ (Q, βFQ

) is bounded.

Proof: Let U ∈ βFX
, then U ⊆ X and f(U) ⊂ R is bounded ∀ f ∈ FX . Let

h ∈ FQ be arbitrary. Then h ◦ q ∈ FX since the Frölicher quotient (Q,CQ, FQ)
is a final structure in the category of Frölicher spaces. Therefore (h ◦ q)(U) ⊂ R
is bounded since h ◦ q ∈ FX and U ∈ βFX

. Thus, since h ∈ FQ is arbitrary
and U ∈ βFX

then (h ◦ q)(U) = h(q(U)) ⊂ R is bounded ∀ h ∈ FQ, therefore
q(U) ∈ βFQ

. That is, U ∈ βFX
=⇒ q(U) ∈ βFQ

, hence q : (X, βFX
) −→ (Q, βFQ

)
is bounded. □

Lemma 3.6.5 Let βFQ
be the functional bornology on Q, q(βFX

) be the func-
tional quotient bornology, and (Q, βFQ

) and (Q, q(βFX
)) be bornological sets. The

identity maps id1 : (Q, βFQ
) −→ (Q, βFQ

) and id2 : (Q, q(βFX
)) −→ (Q, q(βFX

))
are bounded.

Proof: This is trivial, identity maps between bornological sets are bounded (see
[45] and [51]). □

Corollary 3.6.1 Let βFQ
be the functional bornology on Q and (Q, βFQ

) be a
bornological set. The mapping ϕ : (Q, βFQ

) −→ (Q, βFQ
) is bounded if it is

Frölicher smooth.

Proof: Since βFQ
is a functional bornology on Q then it follows from Lemma

3.1.3 that if the mapping ϕ : (Q, βFQ
) −→ (Q, βFQ

) is Frölicher smooth then it is
bounded. □
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Corollary 3.6.2 Let (Q1, CQ1 , FQ1) and (Q2, CQ2 , FQ2) be Frölicher quotients,
βFQ1

and βFQ2
be the functional bornology on Q1 and Q2 respectively, and (Q1, βFQ1

)
and (Q2, βFQ2

) be bornological sets. If the mapping j : (Q1, βFQ1
) −→ (Q2, βFQ2

)
is Frölicher smooth then it is bounded.

Proof: Since the Frölicher quotients (Q1, CQ1 , FQ1) and (Q2, CQ2 , FQ2) are Frölicher
spaces then by Lemma 3.1.4 we have that the mapping
j : (Q1, βFQ1

) −→ (Q2, βFQ2
) is bounded if it is Frölicher smooth. □

3.7 Bornological comparison on Frölicher coprod-

uct.

3.7.1 Coproduct bornology.

Let {(Xj, CXj
, FXj

) | j ∈ J} be a family of Frölicher spaces and N :=
∐
j∈J

Xj be

the coproduct of the sets {Xj | j ∈ J} in the category of sets and φj : Xj −→ N
be a canonical projection, j ∈ J . Then we have a Frölicher structure (CN , FN )
on N generated by

{φj ◦ c | c ∈ CXj
, j ∈ J}

where
CN = {c : R −→ N | f ◦ c ∈ C∞(R,R), ∀ f ∈ FN}

and
FN = {f : N −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ CN}.

The triple (N , CN , FN ) is a Frölicher space called the Frölicher coproduct, (see
Subsection 2.3.6).

We construct the notion of coproduct bornology from the concept of coprod-
uct topology. Given the canonical projection φj : Xj −→ N we have that the
coproduct topology is the finest topology on N for which φj : Xj −→ N is con-
tinuous, j ∈ J . That is, U ⊂ N is open if and only if φ−1

j (U) ⊂ Xj is open, j ∈ J
(see [3] and [70]). From this concept we construct the coproduct bornology.

Lemma 3.7.1 Let {(Xj, βj) | j ∈ J} be a family of bornological sets, N :=
∐
j∈J

Xj

and φj : Xj −→ N be a canonical projection, j ∈ J . The collection

β∐ := {U ⊂ N | φ−1
j (U) ∈ βj, j ∈ J}

is a bornology on N .
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Proof: Let U1, U2, · · · , Un ∈ β∐, then ∀ i = 1, 2, · · · , n we have that Ui ⊂ N
and φ−1

j (Ui) ∈ βj, j ∈ J . Since βj is a bornology on Xj then it is closed under

finite union, therefore
n⋃

i=1

φ−1
j (Ui) = φ−1

j

(
n⋃

i=1

Ui

)
∈ βj, j ∈ J . Which implies

that
n⋃

i=1

Ui ∈ β∐. That is Ui ∈ β∐, ∀ i = 1, 2, . . . , n =⇒
n⋃

i=1

Ui ∈ β∐, therefore

β∐ is closed under finite union.
Let A ⊆ B and B ∈ β∐. Then we have that B ⊂ N and φ−1

j (B) ∈ βj, j ∈ J ,

since B ∈ β∐. And A ⊆ B ⊂ N =⇒ φ−1
j (A) ⊆ φ−1

j (B) ∈ βj, j ∈ J . Therefore

φ−1
j (A) ∈ βj since βj is closed under inclusion as it is a bornology, j ∈ J . Thus

A ∈ β∐ since A ⊂ N and φ−1
j (A) ∈ βj, j ∈ J . That is, A ⊆ B and B ∈ β∐

implies that A ∈ β∐, therefore β∐ is closed under inclusion.
Let j ∈ J be fixed and x ∈ Xj also be fixed. Consider the singleton {(x, j)} ⊂ N .
By definition of φj : Xj −→ N we have that φ−1

j ({(x, j)}) = {x}. The singleton
{x} ⊂ X is such that {x} ∈ βj since βj covers Xj as βj is a bornology on Xj.
That is {x} = φ−1

j ({(x, j)}) ∈ βj, therefore {(x, j)} ∈ β∐. Thus β∐ covers N .
Hence β∐ is a bornology on N since it covers N , is closed under inclusion and is
closed under finite union. □

Definition 3.7.1 Coproduct bornology.

Let {(Xj, CXj
, FXj

) | j ∈ J} be a family of Frölicher spaces, N :=
∐
j∈J

Xj be a

coproduct in the category of sets, {(Xj, βj) | j ∈ J} be a family of bornological
sets, (N , CN , FN ) be a Frölicher coproduct and φj : Xj −→ N be a canonical
projection. The bornology

β∐ := {U ⊂ N | φ−1
j (U) ∈ βj, j ∈ J}

is called the coproduct bornology.

Remark 3.7.1 Let {(Xj, CXj
, FXj

) | j ∈ J} be a family of Frölicher spaces,

N :=
∐
j∈J

Xj be a coproduct in the category of sets, (N , CN , FN ) be a Frölicher

coproduct. The collection

BN := {U ⊂ N | φ−1
j (U) ∈ βFXj

, j ∈ J}

is a coproduct bornology since the functional bornology βFXj
on Xj is a bornology

on Xj, j ∈ J . For the purpose of bornological comparison on Frölicher coproduct
we will use the coproduct bornology BN .

Definition 3.7.2 Functional coproduct bornology.

Let {(Xj, CXj
, FXj

) | j ∈ J} be a family of Frölicher spaces, N :=
∐
j∈J

Xj be
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a coproduct in the category of sets, φj : Xj −→ N be a canonical projection,
(N , CN , FN ) be the Frölicher coproduct and βFXj

be a functional bornology on

Xj, j ∈ J . The coproduct bornology

BN := {U ⊂ N | φ−1
j (U) ∈ βFXj

, j ∈ J}

is called the functional coproduct bornology.

3.7.2 Bornology from structure functions of Frölicher co-
product.

Consider the Frölicher coproduct (N , CN , FN ). Since the Frölicher coproduct is
a Frölicher space (see Subsection 2.3.6) then we have a bornology induced from
the structure functions of Frölicher coproduct (See Section 3.1.1). That is, the
functional bornology

βFN := {U ⊂ N | f(U) ⊂ R is bounded, ∀ f ∈ FN}

on N .

3.7.3 Bounded maps and bornological comparison.

Let {(Xj, CXj
, FXj

) | j ∈ J} a family of Frölicher spaces, N :=
∐
j∈J

Xj a coproduct

in the category of sets, φ : Xj −→ N be the canonical projection and (N , CN , FN )
be the Frölicher coproduct. From the Frölicher coproduct we have induced two
bornologies. That is the functional bornology, denoted βFN , on N , and the
functional coproduct bornology, denoted BN . We also have a bornology from
the structure functions on Xj, that is the functional bornology, denoted βFXj

,

on Xj, j ∈ J . In this subsection we determine the relationship between the
aforementioned bornologies and their associated bounded maps and bounded sets.

Lemma 3.7.2 Let βFN be the functional bornology on N , BN be the functional
coproduct bornology, and (N , βFN ) and (N ,BN ) be bornological sets. The identity
maps id1 : (N , βFN ) −→ (N , βFN ) and id2 : (N ,BN ) −→ (N ,BN ) are bounded.

Proof: This is trivial, identity maps between bornological sets are bounded (see
[45] and [51]). □

Corollary 3.7.1 Let βFN be the functional bornology on N and (N , βFN ) be a
bornological set. The mapping ϕ : (N , βFN ) −→ (N , βFN ) is bounded if it is
Frölicher smooth.
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Proof: Since βFN is a functional bornology on N then it follows from Lemma
3.1.3 that if the mapping ϕ : (N , βFN ) −→ (N , βFN ) is Frölicher smooth then it
is bounded. □

Corollary 3.7.2 Let (N1, CN1 , FN1) and (N2, CN2 , FN2) be Frölicher coproducts,
βFN1

and βFN2
be the functional bornology on N1 and N2 respectively, and

(N1, βFN1
) and (N2, βFN2

) be bornological sets. If the mapping
j : (N1, βFN1

) −→ (N2, βFN2
) is Frölicher smooth then it is bounded.

Proof: Since the Frölicher coproducts (N1, CN1 , FN1) and (N2, CN2 , FN2) are
Frölicher spaces then by Lemma 3.1.4 we have that the mapping
j : (N1, βFN1

) −→ (N2, βFN2
) is bounded if it is Frölicher smooth. □

Theorem 3.7.1 Let BN be the functional coproduct bornology, βFN be the func-
tional bornology on N , and (N ,BN ) and (N , βFN ) be bornological sets. Then
βN ⊂ βFN and thus the identity map id : (N ,BN ) −→ (N , βFN ) is bounded.

Proof: Let U ∈ BN , then U ⊂ N and φ−1
j (U) ∈ βFXj

, j ∈ J . And

φ−1
j (U) ∈ βFXj

=⇒ U ∈ φj(βFXj
), j ∈ J . With U ∈ φj(βFXj

), this implies that

for some j ∈ J ∃ A ∈ βFXj
such that U = φj(A). Since A ∈ βFXj

then fj(A) ⊂ R
is bounded ∀ fj ∈ FXj

. But ∀ g ∈ FN , j ∈ J , we have that g ◦ φj ∈ FXj
since

φj : Xj −→ N is Frölicher smooth. Therefore (g◦φj)(A) = g(φj(A)) = g(U) ⊂ R
is bounded ∀ g ∈ FN since A ∈ βFXj

. This gives that U = φj(A) ∈ βFN . That

is, U ∈ BN =⇒ U ∈ βFN , hence BN ⊂ βFN . Therefore it follows from definition
that the identity map id : (N ,BN ) −→ (N , βFN ) is bounded. □

Lemma 3.7.3 Let βFXj
be the functional bornology on Xj, βFN be the functional

bornology on N , and (Xj, βFXj
) and (N , βFN ) be bornological sets. Then

φj : (Xj, βFXj
) −→ (N , βFN ) is bounded, j ∈ J .

Proof: Let U ∈ βFXj
, then U ⊂ Xj and f(U) ⊂ R is bounded ∀ f ∈ FXj

. Since

φj : (Xj, βFXj
) −→ (N , βFN ) is Frölicher smooth then we have that

g ◦ φj ∈ FXj
, ∀ g ∈ FN . Then (g ◦ φj)(U) = g(φj(U)) ⊂ R is bounded ∀ g ∈ FN

since U ∈ βFXj
. Therefore φj(U) ∈ βFN . Thus U ∈ βFXj

=⇒ φj(U) ∈ βFN ,

j ∈ J . Hence φj : (Xj, βFXj
) −→ (N , βFN ) is bounded, j ∈ J . □



Chapter 4

Relatively-compact bornologies.

4.1 Relatively-compact bornology from Frölicher

topology.

The previous chapter entails bornologies induced canonically from the structure
functions, and the initial and final bornologies. We now look at the bornology in-
duced from the Frölicher topology. A Frölicher space (X,CX , FX) is a topological
space - a bitopological space since we have two topologies, one topology induced
from structure functions, that is

τFX
:= {U ⊆ X | U = f−1(V ), V ∈ τR, ∀ f ∈ FX},

and the other topology induced from structure curves, that is

τCX
:= {U ⊆ X | c−1(U) ∈ τR, ∀ c ∈ CX},

where τR is the standard topology on R (see [8], [10], [13], [14], [45], [86], [88]
and [89]). The topology τFX

is coarser than the topology τCX
. If τFX

= τCX
then

the Frölicher space (X,CX , FX) is said to be a balanced space (see [27]). The
topology τFX

is the coarsest topology in which all smooth maps are continuous.
Due to that, the topology τFX

is considered as the Frölicher topology (see [14]).
The basis and subbasis of τFX

are given by the collections {f−1(0,+∞) | f ∈ FX}
and {f−1(0, 1) | f ∈ FX}, respectively (see [36] and [45]). If ∀ x1, x2 ∈ X such
that x1 ̸= x2 we have that there exists f ∈ FX such that f(x1) ̸= f(x2) then τFX

is Hausdorff (see [89]).

This section focuses on relatively-compact bornology (also called compact bornol-
ogy, see [51]) induced from the Frölicher topology of a general Frölicher space.
The relatively-compact subsets of a separated (Hausdorff) topological space from
a bornology, and the family of compact subsets is the base of such a bornology
(see [45] and [51]).

75
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Definition 4.1.1 τFX
-compact set.

We say that a set is τFX
-compact if it is compact (see Definition 2.2.6) with

respect to the (open sets of the) topology τFX
. That is, a set U ⊆ X is said to be

τFX
-compact if every open cover {Oα | α ∈ I} of U , where Oα ∈ τFX

, α ∈ I, has
a finite subcover, say {Oαi

| i = 1, 2, · · · , n}, where Oαi
∈ τFX

, ∀ i = 1, 2, · · · , n.

Lemma 4.1.1 Let (X,CX , FX) be a Frölicher space. The collection

QτFX
:= {V ⊆ X | V is τFX

− compact}

is a base of a bornology on X.

Proof: We have to show that QτFX
covers X and that every finite union of τFX

-
compact subsets of X is contained in a τFX

-compact subset of X. Consider the
singleton {x} ⊂ X. Since f ∈ FX is such that f : X −→ R is a function then
there exists {r} ⊂ R such that {x} = f−1({r}). There exists W ∈ τR such that
{r} ⊂ W . That is, there exists W ∈ τR such that {x} = f−1({r}) ⊂ f−1(W ),
thus {x} ⊂ f−1(W ) ∈ τFX

. This suffices that {x} is τFX
-compact, ∀ x ∈ X. That

is, QτFX
covers X.

Let V1, V2, · · · , Vn ∈ QτFX
. That is Vi ⊆ X is τFX

-compact ∀ i = 1, 2, · · · , n. The

finite union of compact sets is compact (see Theorem 2.2.1) therefore
n⋃

i=1

Vi ⊆ X

is τFX
-compact. That is, QτFX

is closed under finite union. Since QτFX
covers X

then there exists K ∈ QτFX
such that

n⋃
i=1

Vi ⊂
n⋃

i=1

(Vi ∪K) ∈ QτFX
. That is, every

finite union of τFX
-compact subsets of X is contained in a τFX

-compact subset of
X. □

Definition 4.1.2 Relatively τFX
-compact set.

Let U ⊆ X, then we say that U is relatively τFX
-compact if it is relatively compact

(see Definition 2.2.10) with respect to (the open sets of) τFX
.

Lemma 4.1.2 Let X be a Hausdorff space and (X,CX , FX) be a Frölicher space.
The collection

βτFX
:= {U ⊆ X | U is relatively τFX

− compact}

is a bornology on X.

Proof: Let X be a Hausdorff space. We have to show that βτFX
covers X, is

closed under finite union and is closed under inclusion.
Since

QτFX
:= {V ⊆ X | V is τFX

− compact}
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covers X (see Lemma 4.1.1) therefore the singleton {x} is τFX
-compact, ∀ x ∈ X.

But since X is Hausdorff then by Theorem 2.2.7 we have that {x} is relatively
τFX

-compact, ∀ x ∈ X. Therefore {x} ∈ βτFX
, ∀ x ∈ X, thus βτFX

covers X.
Let U1, U2, · · · , Un ∈ βτFX

, that is, Ui ⊆ X is relatively τFX
-compact

∀ i = 1, 2, · · · , n. By definition, ∀ i = 1, 2, · · · , n, the closure of Ui, that is Cl(Ui),
is τFX

-compact since Ui is relatively τFX
-compact ∀ i = 1, 2, · · · , n. Therefore

n⋃
i=1

Cl(Ui) = Cl

(
n⋃

i=1

Ui

)
is τFX

-compact since by Theorem 2.2.1 the finite union

of compact sets is compact. With Cl

(
n⋃

i=1

Ui

)
τFX

-compact then by definition

n⋃
i=1

Ui ⊆ X is relatively τFX
-compact. Therefore

n⋃
i=1

Ui ∈ βτFX
, thus βτFX

is closed

under finite union.
Let A ⊆ B and B ∈ βτFX

, then A ⊆ B ⊆ X and B is relatively τFX
-compact.

Since B is relatively τFX
-compact then the closure of B, that is Cl(B), is τFX

-
compact. But A ⊆ B =⇒ Cl(A) ⊆ Cl(B), giving that every open cover
of Cl(B) is the open cover of Cl(A). Therefore Cl(A) is τFX

-compact which
implies that A is relatively τFX

-compact, which implies that A ∈ βτFX
. That is,

A ⊆ B ∈ βτFX
=⇒ A ∈ βτFX

, thus βτFX
is closed under inclusion. □

Definition 4.1.3 Functional relatively-compact bornology.
Let (X,CX , FX) be a Hausdorff Frölicher space, the bornology

βτFX
:= {U ⊆ X | U is relatively τFX

− compact}

is called the functional relatively-compact bornology.

Lemma 4.1.3 Let X be a Hausdorff space and (X,CX , FX) be a Frölicher space.
The base of the functional relatively-compact bornology

βτFX
:= {U ⊆ X | U is relatively τFX

− compact}

on X is the collection

QτFX
:= {V ⊆ X | V is τFX

− compact}.

Proof: We have to show that every element of βτFX
is contained in an element

of QτFX
and that QτFX

⊂ βτFX
. Let U ∈ βτFX

, that is U ⊆ X is relatively τFX
-

compact. The closure of U , that is Cl(U), is τFX
-compact since U is relatively τFX

-
compact (see Definition 2.2.10) and by Proposition 2.2.1 we have that U ⊆ Cl(U).
That is, ∀ U ∈ βτFX

there exists the closure Cl(U) ∈ QτFX
of U , such that

U ⊆ Cl(U).
Let V ∈ QτFX

, that is V ⊆ X is τFX
-compact. But by Theorem 2.2.6 we have

that V ⊆ X is closed since X is Hausdorff, and V = Cl(V ) by Theorem 2.2.2.
Therefore Cl(V ) is τFX

-compact. This implies that V is relatively τFX
-compact,

thus V ∈ βFX
, therefore QτFX

⊂ βτFX
. □
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4.2 Relatively-compact bornologies from Frölicher

subspace.

Let X be a Hausdorff space, (X,CX , FX) be a Frölicher space with S ⊆ X
and (S,CS, FS) be a Frölicher subspace of (X,CX , FX) (see Subsection 2.3.4).
From the Frölicher subspace (S,CS, FS) we have the topologies induced from the
Frölicher structure (CS, FS), that is, the functional topology

τFS
:= {U ⊆ S | U = f−1(V ), V ∈ τR, ∀ f ∈ FS}

on S and the curvaceous topology

τCS
:= {U ⊆ S | c−1(U) ∈ τR, ∀ c ∈ CS}

on S, where τR is the standard topology on R (see Subsection 2.3.3). The topology
τFS

is coarser than the topology τCS
(see Lemma 2.3.3). If τFS

= τCS
then the

Frölicher subspace (S,CS, FS) is said to be a balanced space. The topology τFS
is

the coarsest topology in which all smooth maps are continuous. Due to that, the
topology τFS

is considered as the Frölicher topology from Frölicher subspace. The
basis and subbasis of τFS

is given by the collections {f−1(0,+∞) | f ∈ FS} and
{f−1(0, 1) | f ∈ FS}, respectively (see [36] and [45]). Also, we have the canonical
topology induced on S, and that is the subspace topology

τFX
(S) := {S ∩ U | U ∈ τFX

}

on S.

4.2.1 Functional relatively-compact bornology.

Definition 4.2.1 τFS
-compact set.

We say that a set is τFS
-compact if it is compact (see Definition 2.2.6) with respect

to (the open sets of) the topology τFS
. That is, a set U ⊆ S is said to be τFS

-
compact if every open cover {Oα | α ∈ I} of U , where Oα ∈ τFS

, α ∈ I, has a
finite subcover, say {Oαi

| i = 1, 2, · · · , n}, where Oαi
∈ τFS

, ∀ i = 1, 2, · · · , n.

Definition 4.2.2 Relatively τFS
-compact set.

Let U ⊆ S, then we say that U is relatively τFS
-compact if it is relatively compact

(see Definition 2.2.10) with respect to (the open sets of) τFS
.

Lemma 4.2.1 Let X be a Hausdorff space, (X,CX , FX) be a Frölicher space,
S ⊆ X and (S,CS, FS) be a Frölicher subspace. The collection

βτFS
:= {U ⊆ S | U is relatively τFS

− compact}

is a bornology on S and its base is

PτFS
:= {U ⊆ S | U is τFS

− compact}.
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Proof: Frölicher subspaces are Frölicher spaces (see Subsection 2.3.4), therefore
the Frölicher subspace (S,CS, FS) is a Frölicher space. It then follows, by Lemma
4.1.1, that PτFS

is a base of a bornology on S. By Theorem 2.2.3, since S ⊆ X
and X is Hausdorff therefore S is also Hausdorff, therefore by Lemma 4.1.2 we
have that βτFS

is a bornology on S. Hence PτFS
is a base of βτFS

by Lemma 4.1.3.
□

Definition 4.2.3 Let (S,CS, FS) be the Frölicher subspace. The bornology

βτFS
:= {U ⊆ S | U is relatively τFS

− compact}

is called the functional relatively-compact bornology on S.

4.2.2 Subspace relatively-compact bornology.

Definition 4.2.4 τFX
(S)-compact set.

We say that a set is τFX
(S)-compact if it is compact (see Definition 2.2.6) with

respect to (the open sets of) the topology τFX
(S). That is, a set U ⊆ S is said to

be τFX
(S)-compact if every open cover {Oα | α ∈ I} of U , where Oα ∈ τFX

(S),
α ∈ I, has a finite subcover, say {Oαi

| i = 1, 2, · · · , n}, where Oαi
∈ τFX

(S),
∀ i = 1, 2, · · · , n.

Lemma 4.2.2 Let (S,CS, FS) be a Frölicher subspace. The collection

PτFX
(S) := {U ⊆ S | U is τFX

(S)− compact}

is a base of a bornology on S.

Proof: We have to show that PτFX
(S) covers S and that every finite union of

τFX
(S)-compact subsets of S is contained in a τFX

(S)-compact subset of S. Let
s ∈ S, since S ⊆ X then we have that s ∈ X. For f ∈ FX , we have that
f : X −→ R is a function, then f(s) ∈ R. Therefore there exists V ∈ τR such
that f(s) ∈ V . That is ∀ {s} ⊂ S ⊆ X ∃ V ∈ τR such that {s} ⊂ f−1(V ). Thus
there exists U ∈ τFX

such that {s} ⊂ U . Therefore there exists (S ∩U) ∈ τFX
(S)

such that {s} ⊂ S ∩ U . This is sufficient that every open cover of the singleton
{s} ⊂ S ⊆ X has a finite subcover. That is, every singleton {s} ⊂ S ⊆ X is
τFX

(S)-compact. Therefore {s} ∈ PτFX
(S), that is PτFX

(S) covers S.
Let U1, U2, · · · , Un ∈ PτFX

(S), that is Ui ⊆ X is τFX
(S)-compact ∀ i = 1, 2, · · · , n.

Since the finite union of compact sets is compact (see Theorem 2.2.1) therefore
n⋃

i=1

Ui ⊆ S is τFX
(S)-compact. Since PτFX

(S) covers S therefore there exists

K ∈ PτFX
(S) such that

n⋃
i=1

Ui ⊂
n⋃

i=1

(K ∪ Ui) ∈ PτFX
(S). That is, every finite

union of τFX
(S)-compact subsets of S is contained in a τFX

(S)-compact subset of
S. □
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Definition 4.2.5 Relatively τFX
(S)-compact set.

Let U ⊆ S, then we say that U is relatively τFX
(S)-compact if it is relatively

compact (see Definition 2.2.10) with respect to (the open sets of) τFX
(S).

Lemma 4.2.3 Let X be Hausdorff, S ⊆ X and (S,CS, FS) be a Frölicher sub-
space of the Frölicher space (X,CX , FX). The collection

BτFX
(S) := {U ⊆ S | U is relatively τFX

(S)− compact}

is a bornology on S.

Proof: We have to show that BτFX
(S) covers S, is closed under finite union and is

closed under inclusion. Let {s} ⊂ S be arbitrary. Since τFX
(S)-compact subsets

of S form a base on S then the singleton {s} is τFX
(S)-compact. The subset

S ⊆ X is a Hausdorff space since X is Hausdorff, by Theorem 2.2.3. Then by
Theorem 2.2.7 we have that {s} is relatively τFX

(S)-compact since {s} ⊂ S and
S is Hausdorff. That is {s} ⊂ S is relatively τFX

(S)-compact ∀ s ∈ S. Therefore
{s} ∈ BτFX

(S), ∀ s ∈ S, thus BτFX
(S) covers S.

Let U1, U2, · · · , Un ∈ BτFX
(S), that is Ui ⊆ S is relatively τFX

(S)-compact
∀ i = 1, 2, · · · , n. Then by definition Cl(Ui), that is the closure of Ui, is τFX

(S)-
compact ∀ i = 1, 2, · · · , n. Since the finite union of compact sets is compact,

by Theorem 2.2.1, then
n⋃

i=1

Cl(Ui) = Cl

(
n⋃

i=1

Ui

)
is τFX

(S)-compact. Therefore

n⋃
i=1

Ui is relatively τFX
(S)-compact, by definition. That is

n⋃
i=1

Ui ∈ BτFX
(S), thus

BτFX
(S) is closed under finite union.

Let A ⊆ B and B ∈ BτFX
(S), then A ⊆ B ⊆ S and B is relatively τFX

(S)-
compact. That is Cl(B), the closure of B, is τFX

(S)-compact by definition. But
A ⊆ B =⇒ Cl(A) ⊂ Cl(B), giving that the open cover of Cl(B) is also an open
cover of Cl(A). Therefore Cl(A) is also τFX

(S)-compact. This implies that A is
relatively τFX

(S)-compact, therefore A ∈ BτFX
(S). That is, A ⊆ B ∈ BτFX

(S)
=⇒ A ∈ BτFX

(S), therefore BτFX
(S) is closed under inclusion. □

Definition 4.2.6 Subspace relatively-compact bornology.
Let X be Hausdorff, (S,CS, FS) be the Frölicher subspace of the Frölicher space
(X,CX , FX), and τFX

(S) be the subspace topology on S. Then we call the compact
bornology

BτFX
(S) := {U ⊆ S | U is relatively τFX

(S)− compact}

the subspace relatively-compact bornology.

Lemma 4.2.4 Let X be a Hausdorff space, S ⊆ X and (S,CS, FS) be the Frölicher
subspace of the Frölicher space (X,CX , FX). The collection

PτFX
(S) = {U ⊆ S | U is τFX

(S)− compact}
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is the base of the subspace relatively-compact bornology

BτFX
(S) = {U ⊆ S | U is relatively τFX

(S)− compact}.

Proof: We have to show that PτFX
(S) ⊂ BτFX

(S) and that every element of
BτFX

(S) is contained in an element of PτFX
(S). Since a compact subset of a

Hausdorff space is relatively compact (see Theorem 2.2.7) therefore
PτFX

(S) ⊂ BτFX
(S). By definition, for U ∈ BτFX

(S) we have that the closure
of U , that is Cl(U), is such that Cl(U) ∈ PτFX

(S), and by Proposition 2.2.1
U ⊆ Cl(U). Hence the collection BτFX

(S) is a bornology on S and PτFX
(S) is its

base. □

4.2.3 Bornological comparison.

Let (X,CX , FX) be a Frölicher space, S ⊆ X and (S,CS, FS) be a Frölicher
subspace. We have the Frölicher topology on S, that is the topology τFS

, from
structure functions. We also have the subspace topology τFX

(S) on S. The
relationship between τFX

(S) and τFS
is such that τFX

(S) ⊂ τFS
(see Lemma

2.3.5). We have the subspace relatively-compact bornology BτFX
(S) induced from

the subspace topology τFX
(S) and the functional relatively-compact bornology

βτFS
on S induced from the topology τFS

. In this subsection we compare the
bornologies BτFX

(S) and βτFS
.

Theorem 4.2.1 Let X be Hausdorff, S ⊆ X, (S,CS, FS) be the Frölicher sub-
space of the Frölicher space (X,CX , FX), BτFX

(S) be the subspace relatively-
compact bornology and βτFS

be the functional relatively-compact bornology on S.
Then BτFX

(S) ⊂ βτFS
.

Proof: Let U ∈ BτFX
(S), that is, U ⊆ S such that U is relatively τFX

(S)-
compact. That is the closure of U , denoted Cl(U), is τFX

(S)-compact. Thus
every open cover {Oα | α ∈ I} ⊂ τFX

(S) of Cl(U) has a finite subcover. Now
since τFX

(S) ⊂ τFS
then it follows that {Oα | α ∈ I} and its finite subcover are

subsets of τFS
. Therefore Cl(U) is τFS

-compact, which implies that U ∈ βFS
.

That is we have that U ∈ BτFX
(S) =⇒ U ∈ βτFS

, hence BτFX
(S) ⊂ βτFS

. □

Corollary 4.2.1 Let X be Hausdorff, S ⊆ X, (S,CS, FS) be the Frölicher sub-
space of the Frölicher space (X,CX , FX), BτFX

(S) be the subspace relatively-
compact bornology, βτFS

be the functional relatively-compact bornology on S, and
(S,BτFX

(S)) and (S, βτFS
) be bornological sets. The identity map

id : (S,BτFX
(S)) −→ (S, βτFS

) is bounded.

Proof: By Theorem 4.2.1 we have that BτFX
(S) ⊂ βτFS

, therefore it follows from
definition that the identity maps id : (S,BτFX

(S)) −→ (S, βτFS
) is bounded. □
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4.3 Relatively-compact bornologies from Frölicher

product.

Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a family of Frölicher spaces with Xi a

Haudorff space, ∀ i = 1, 2, · · · , n, and let X :=
n∏

i=1

Xi be a Cartesian product

in the category of sets. Then we have a Frölicher structure (CX, FX) on X, and
thus (X, CX, FX) is a Frölicher space called the Frölicher product (see Subsection
2.3.5). We have topologies induced from the Frölicher structure (CX, FX), that is,
the functional topology

τFX
:= {U ⊆ X | U = f−1(V ), V ∈ τR, ∀ f ∈ FX}

on X and the curvaceous topology

τCX
:= {U ⊆ X | c−1(U) ∈ τR, ∀ c ∈ CX}

on X, where τR is the standard topology on R. The topology τFX
is coarser than

the topology τCX
(see Lemma 2.3.3). If τFX

= τCX
then the Frölicher product

(X, CX, FX) is said to be a balanced space. The topology τFX
is the coarsest

topology in which all smooth maps are continuous. Due to that the topology
τFX

is considered as the Frölicher topology from Frölicher product. The ba-
sis and subbasis of τFX

is given by the collections {f−1(0,+∞) | f ∈ FX} and
{f−1(0, 1) | f ∈ FX}, respectively (see [36] and [45]). Also we have the canonical

product topology on X :=
n∏

i=1

Xi, denoted by τπ, generated by the basis

β̂ :=

{
n⋂

i=1

pi
−1(Ui) | Ui ∈ τFXi

,∀ i = 1, 2, · · · , n

}

where pi : X −→ Xi is a canonical projection, ∀ i = 1, 2, · · · , n.

4.3.1 Functional relatively-compact bornology.

Definition 4.3.1 τFX
-compact set.

We say that a set is τFX
-compact if it is compact (see Definition 2.2.6) with respect

to (open sets of) the topology τFX
. That is, a set U ⊆ X is said to be τFX

-compact
if every open cover {Oα | α ∈ I} of U , where Oα ∈ τFX

, α ∈ I, has a finite
subcover, say {Oαj

| j = 1, 2, · · · , n}, where Oαj
∈ τFX

, ∀ j = 1, 2, · · · , n.

Definition 4.3.2 Relatively τFX
-compact set.

Let U ⊆ X, then we say that U is relatively τFX
-compact if it is relatively-compact

(see Definition 2.2.10) with respect to (the open sets of) τFX
.



4.3 Relatively-compact bornologies from Frölicher product. 83

Lemma 4.3.1 Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a collection of Frölicher

spaces with Xi a Hausdorff space, ∀ i = 1, 2, · · · , n, X =
n∏

i=1

Xi be the Cartesian

product in the category of sets and (X, CX, FX) be the Frölicher product. Then

βτFX
:= {U ⊆ X | U is relatively τFX

− compact}

is a bornology on X and

PτFX
:= {U ⊆ X | U is τFX

− compact}

is its base.

Proof: The collection PτFX
is a base of a bornology on X, by Lemma 4.1.1. By

Theorem 2.2.4 the Cartesian product of Hausdorff spaces is Hausdorff, therefore

X =
n∏

i=1

Xi is Hausorff since Xi is Hausdorff ∀ i = 1, 2, · · · , n. Then by Lemma

4.1.2 we have that βτFX
is a bornology on X. By Lemma 4.1.3 we have that the

base of βτFX
is PτFX

. □

Definition 4.3.3 Let (X, CX, FX) be the Frölicher product. The bornology

βτFX
:= {U ⊆ X | U is relatively τFX

− compact}

is called the functional relatively-compact bornology on X.

4.3.2 Product relatively-compact bornology.

Definition 4.3.4 τπ-compact set.
We say that a set is τπ-compact if it is compact (see Defintion 2.2.6) with respect
to (open sets of) the topology τπ. That is, a set U ⊆ X is said to be τπ-compact if
every open cover {Oα | α ∈ I} of U , where Oα ∈ τπ, α ∈ I, has a finite subcover,
say {Oαj

| j = 1, 2, · · · , n}, where Oαj
∈ τπ, ∀ j = 1, 2, · · · , n.

Lemma 4.3.2 Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a collection of Frölicher

spaces, X :=
n∏

i=1

Xi be a Cartesian product in the category of sets, (X, CX, FX)

be the Frölicher product and τπ be the canonical product topology on X. The
collection

ρτπ := {U ⊆ X | U is τπ − compact}

is a base of a bornology on X.
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Proof: We have to show that ρτπ covers X and that every finite union of elements
of ρτπ is contained in an element of ρτπ . Consider the canonical projections
pi : X −→ Xi, for i = 1, 2, · · · , n, and recall the basis

β̂ :=

{
n⋂

i=1

pi
−1(Ui) | Ui ∈ τFXi

,∀ i = 1, 2, · · · , n

}

of the product topology τπ. Let {(x1, x2, · · · , xn)} ⊂ X be a singleton. With the
canonical projections pi : X −→ Xi consider the projections p1 : X −→ X1 and
p2 : X −→ X2. Let U1 ∈ τFX1

and U2 ∈ τFX2
, and since p1(x1, x2, · · · , xn) = x1

and p2(x1, x2, · · · , xn) = x2 then

p1
−1(U1) = {(x1, x2, · · · , xn) ∈ X | p1(x1, x2, · · · , xn) ∈ U1}

= {(x1, x2, · · · , xn) ∈ X | x1 ∈ U1}
(4.1)

and similarly

p2
−1(U2) = {(x1, x2, · · · , xn) ∈ X | p2(x1, x2, · · · , xn) ∈ U2}

= {(x1, x2, · · · , xn) ∈ X | x2 ∈ U2}
(4.2)

Therefore

p1
−1(U1) ∩ p2−1(U2) = {(x1, x2, · · · , xn) ∈ X | x1 ∈ U1} ∩ {(x1, x2, · · · , xn) ∈ X | x2 ∈ U2}

= {(x1, x2, · · · , xn) ∈ X | x1 ∈ U1, x2 ∈ U2}
(4.3)

Using this as a conjecture, we have that ∀ i = 1, 2, · · · , n, for pi : X −→ Xi and
Ui ∈ τFXi

,

β̂ ∋
n⋂

i=1

pi
−1(Ui) = {(x1, x2, · · · , xn) ∈ X | xi ∈ Ui, ∀ i = 1, 2, · · · , n}

= {(x1, x2, · · · , xn) | xi ∈ Ui, ∀ i = 1, 2, · · · , n}

=
n∏

i=1

Ui ⊂ X =
n∏

i=1

Xi

(4.4)

By definition Ui ∈ τFXi
implies that ∀ fi ∈ FXi

∃ V ∈ τR such that Ui = fi
−1(V ),

∀ i = 1, 2, · · · , n. And fi ∈ FXi
implies that fi : Xi −→ R is a function, therefore

∀ xi ∈ Xi ∃ V ∈ τR such that xi ∈ fi
−1(V ) = Ui. That is, ∀ xi ∈ Xi ∃ Ui ∈ τFXi

such that xi ∈ Ui, ∀ i = 1, 2, · · · , n. This implies that ∀ (x1, x2, · · · , xn) ∈ X
∃ B ∈ β̂ such that (x1, x2, · · · , xn) ∈ B. This also follows from

β̂ =

{
n⋂

i=1

pi
−1(Ui) | Ui ∈ τFXi

,∀ i = 1, 2, · · · , n

}
being a basis of the product topology τπ on X. Thus for every singleton
{(x1, x2, · · · , xn)} ⊂ X ∃ B ∈ β̂ ⊂ τπ such that {(x1, x2, · · · , xn)} ⊂ B. This is
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sufficient that every singleton {(x1, x2, · · · , xn)} ⊂ X is τπ-compact, giving that
{(x1, x2, · · · , xn)} ∈ ρτπ . Thus ρτπ covers X.
Let A1, A2, · · · , An ∈ ρτπ , that is, Ai ⊆ X and Ai is τπ-compact ∀ i = 1, 2, · · · , n.
Since the finite union of compact sets is compact by Theorem 2.2.1 therefore
n⋃

i=1

Ai ⊆ X is τπ-compact. Since ρτπ covers X then there exists K ∈ ρτπ such that

n⋃
i=1

Ai ⊂
n⋃

i=1

(K ∪ Ai) ∈ ρτπ . That is, every finite union of elements of ρτπ is

contained in an element of ρτπ . □

Lemma 4.3.3 Let {(Xi, CXi
, FXi

) | i = 1, 2, . . . , n} be a collection of Frölicher

spaces, Xi be Hausdorff ∀ i = 1, 2, · · · , n, X :=
n∏

i=1

Xi be a Cartesian product in

the category of sets, (X, CX, FX) be the Frölicher product and τπ be the canonical
product topology on X. The collection

βτπ := {U ⊆ X | U is relatively τπ − compact}

is a bornology on X.

Proof: We have to show that βτπ is closed under inclusion, is closed under finite
union and it covers X. Since

ρτπ = {U ⊆ X | U is τπ − compact}

is a base of a bornology on X then ρτπ covers X. That is every singleton

{(x1, x2, · · · , xn)} ⊂ X is τπ-compact. The Cartesian product X :=
n∏

i=1

Xi is

Hausdorff by Theorem 2.2.4 since it is a Cartesian product of Hausdorff spaces.
Thus by Theorem 2.2.7 we have that {(x1, x2, · · · , xn)} is relatively τπ-compact
since X is Hausdorff. That is, {(x1, x2, · · · , xn)} ⊂ X is relatively τπ-compact
∀ (x1, x2, · · · , xn) ∈ X, therefore {(x1, x2, · · · , xn)} ∈ βτπ , ∀ (x1, x2, · · · , xn) ∈ X.
Thus βτπ covers X.
Let U1, U2, · · · , Un ∈ βτπ , then Ui ⊆ X is relatively τπ-compact, ∀ i = 1, 2, · · · , n.
Then Cl(Ui), the closure of Ui, is τπ-compact ∀ i = 1, 2, · · · , n, by definition.
Now since the finite union of compact sets is compact by Theorem 2.2.1 then
n⋃

i=1

Cl(Ui) = Cl

(
n⋃

i=1

Ui

)
is τπ-compact. Since Cl

(
n⋃

i=1

Ui

)
is τπ-compact, this

implies, by definition, that
n⋃

i=1

Ui ⊆ X is relatively τπ-compact. Therefore

n⋃
i=1

Ui ∈ βτπ , thus βτπ is closed under finite union.

Let A ⊆ B and B ∈ βτπ . Since B ∈ βτπ then B ⊆ X is relatively τπ-compact.
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Therefore Cl(B), that is the closure of B, is τπ-compact, by definition. With
Cl(A) denoting the closure of A, then A ⊆ B =⇒ Cl(A) ⊆ Cl(B). This implies
that the open cover of Cl(B) is an open cover of Cl(A). Therefore Cl(A) is τπ-
compact since Cl(B) is τπ-compact. This gives that A is relatively τπ-compact,
therefore A ∈ βτπ . That is A ⊆ B ∈ βτπ =⇒ A ∈ βτπ . Thus βτπ is closed under
inclusion. □

Definition 4.3.5 Product relatively-compact bornology.
Let {(Xi, CXi

, FXi
) | i = 1, 2, · · · , n} be a collection of Frölicher spaces, Xi

be a Hausdorff space ∀ i = 1, 2, · · · , n, X =
n∏

i=1

Xi be the Cartesian product,

(X, CX, FX) be the Frölicher product and τπ be the product topology on X. Then
we call the relatively-compact bornology

βτπ := {U ⊆ X | U is relatively τπ − compact}

the product relatively-compact bornology on X.

Lemma 4.3.4 Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a collection of Frölicher

spaces, Xi be a Hausdorff space ∀ i = 1, 2, · · · , n, X =
n∏

i=1

Xi be the Cartesian

product, (X, CX, FX) be the Frölicher product and τπ be the product topology on X.
The collection

ρτπ = {U ⊆ X | U is τπ − compact}

is the base of the product relatively-compact bornology

βτπ = {U ⊆ X | U is relatively τπ − compact}.

Proof: We have to show that ρτπ ⊂ βτπ and that every element of βτπ is contained
in an element of ρτπ . By Theorem 2.2.7 we’ve that ρτπ ⊂ βτπ since a compact
subset of a Hausdorff space is relatively-compact. Let A ∈ βτπ , therefore A ⊆ X is
relatively τπ-compact, that is, the closure of A, denoted Cl(A), is τπ-compact as X
is Hausdorff (Theorem 2.2.4). Thus Cl(A) ∈ ρτπ . But A ⊆ Cl(A) by Proposition
2.2.1. That is every element of βτπ is contained in an element of ρτπ . Hence the
collection βτπ is a bornology on X and the collection ρτπ is its base. □

4.3.3 Bornological comparison.

Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a collection of Frölicher spaces, Xi be

a Hausdorff space ∀ i = 1, 2, · · · , n, X =
n∏

i=1

Xi be the Cartesian product and

(X, CX, FX) be the Frölicher product. The Cartesian product of Hausdorff spaces
is Hausdorff by Theorem 2.2.4, therefore X is Hausdorff. We have the functional
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topology τFX
on X induced from FX. Also, we have the canonical product topol-

ogy τπ on X. The relationship between τFX
and τπ is such that τFX

= τπ (see
Lemma 2.3.7). Then we have the functional relatively-compact bornology βτFX

and the product relatively-compact bornology βτπ , induced from τFX
and τπ, re-

spectively. In this subsection we determine the relation between βτFX
and βτπ and

any bounded maps between them.

Theorem 4.3.1 Let (X, CX, FX) be the Frölicher product, βτπ be the functional
relatively-compact bornology on X and βτFX

be the product relatively-compact bornol-
ogy, then βτπ = βτFX

.

Proof: Let U ∈ βτπ , that is, U ⊆ X is relatively τπ-compact. Thus every open
cover {Oα | α ∈ I} ⊂ τπ = τFX

of the closure of U , that is Cl(U), has a finite
subcover, therefore U is relatively τFX

-compact. That is U ∈ βτπ =⇒ U ∈ BτFX
.

Similarly, since τπ = τFX
, we also have that U ∈ BτFX

=⇒ U ∈ βτπ . Therefore
βτπ = BτFX

. □

Corollary 4.3.1 Let (X, CX, FX) be the Frölicher product, βτπ be the functional
relatively-compact bornology on X and βτFX

be the product relatively-compact bornol-
ogy, and (X, βτπ) and (X, βτFX

) be bornological sets. Then the identity maps
id1 : (X, βτπ) −→ (X, βτFX

) and id2 : (X, βτFX
) −→ (X, βτπ) are bounded.

Proof: By Theorem 4.3.1 we have that βτπ = βτFX
, which implies that βτπ ⊂ BτFX

and BτFX
⊂ βτπ . Then it follows that the identity maps id1 : (X, βτπ) −→ (X, βτFX

)
and id2 : (X, βτFX

) −→ (X, βτπ) are bounded, by definition. □

4.4 Relatively-compact bornologies from Frölicher

quotient.

Let g : (X,CX , FX) −→ (Y,CY , FY ) be a morphism in the category of Frölicher
spaces, where (X,CX , FX) and (Y,CY , FY ) are Frölicher spaces. Consider the
equivalence relation ∼ on X defined by: x ∼ y if and only if g(x) = g(y),
∀ x, y ∈ X. The equivalence relation ∼ is called the kernel equivalence (see
[14]). Let Q := X/∼ be a quotient set on X, (CQ, FQ) be a Frölicher stucture
on Q, then (Q, CQ, FQ) is a Frölicher space - called the Frölicher quotient (see
Subsection 2.3.7). We have topologies induced canonically from the Frölicher
structure (CQ, FQ), that is, the functional topology

τFQ := {U ⊆ Q | U = g−1(V ), V ∈ τR, ∀ g ∈ FQ}

on Q and the curvaceous topology

τCQ := {U ⊆ Q | c−1(U) ∈ τR, ∀ c ∈ CQ}
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on Q, where τR is the standard topology on R. The topology τFQ is coarser than
the topology τCQ (see Lemma 2.3.3). If τFQ = τCQ then the Frölicher quotient
(Q, CQ, FQ) is said to be a balanced space. The topology τFQ is the coarsest topol-
ogy in which all smooth maps are continuous. Thus the topology τFQ is considered
as the Frölicher topology from Frölicher quotient. The basis and subbasis of τFQ

are given by the collections {f−1(0,+∞) | f ∈ FQ} and {f−1(0, 1) | f ∈ FQ},
respectively (see [36] and [45]). Also we have a canonical topology induced on
Q = X/∼, that is, the quotient topology

τ∼ := {U ⊆ Q | π−1(U) ∈ τFX
}

where π : X −→ Q is a canonical projection and τFX
is a functional topology on

X.

4.4.1 Functional relatively-compact bornology.

Definition 4.4.1 τFQ-compact set.
We say that a set is τFQ-compact if it is compact (see Definition 2.2.6) with
respect to (open sets of) the topology τFQ. That is, a set U ⊆ Q is said to be
τFQ-compact if every open cover {Oα | α ∈ I} of U , where Oα ∈ τFQ, α ∈ I, has
a finite subcover, say {Oαj

| j = 1, 2, · · · , n}, where Oαj
∈ τFQ, ∀ j = 1, 2, · · · , n.

Definition 4.4.2 Relatively τFQ-compact set.
Let U ⊆ Q, then we say that U is relatively τFQ-compact if it is relatively compact
(see Definition 2.2.10) with respect to (the open sets of) τFQ.

Lemma 4.4.1 Let (X,CX , FX) be a Frölicher space, ∼ be the kernel equivalence,
Q := X/∼ be the quotient set such that Q is Hausdorff and (Q, CQ, FQ) be the
Frölicher quotient. Then

BτFQ
:= {U ⊆ Q | U is relatively τFQ − compact}

is a bornology on Q and

PτFQ
:= {U ⊆ Q | U is τFQ − compact}

is its base.

Proof: The collection PτFQ
is a base of a bornology on Q, by Lemma 4.1.1.

Since the quotient Q is Hausdorff then by Lemma 4.1.2 the collection BτFQ
is

a bornology on Q. It follows that PτFQ
is the base of the bornology BτFQ

, by
Lemma 4.1.3. □

Definition 4.4.3 Let (Q, CQ, FQ) be the Frölicher quotient. The bornology

BτFQ
:= {U ⊆ Q | U is relatively τFQ − compact}

is called the functional relatively-compact bornology on Q.
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4.4.2 Quotient relatively-compact bornology.

Definition 4.4.4 τ∼-compact set.
We say that a set is τ∼-compact if it is compact (see Definition 2.2.6) with respect
to (open sets of) the topology τ∼. That is, a set U ⊆ Q is said to be τ∼-compact
if every open cover {Oα | α ∈ I} of U , where Oα ∈ τ∼, ∀ α ∈ I, has a finite
subcover, say {Oαj

| j = 1, 2, · · · , n}, where Oαj
∈ τ∼, ∀ j = 1, 2, · · · , n.

Definition 4.4.5 Relatively τ∼-compact set.
Let U ⊆ Q, then we say that U is relatively τ∼-compact if it is relatively compact
(see Definition 2.2.10) with respect to (the open sets of) τ∼.

Lemma 4.4.2 Let (X,CX , FX) be a Frölicher space, ∼ be the kernel equivalence
on X, Q := X/∼ be a quotient set such that Q is Hausdorff, (Q, CQ, FQ) be the
Frölicher quotient and τ∼ be the canonical quotient topology. Then

βτ∼ := {U ⊆ Q | U is relatively τ∼ − compact}

is a bornology on Q with the base

ρτ∼ := {U ⊆ Q | U is τ∼ − compact}.

Proof: By Lemma 2.3.12 we have that τFQ = τ∼, which implies that every τFQ-
compact set is τ∼-compact, vice versa. Subsequently every relatively τFQ-compact
set is relatively τ∼-compact, vice versa. Since, by Lemma 4.4.1,

PτFQ
:= {U ⊆ Q | U is τFQ − compact}

is a base of the bornology

BτFQ
:= {U ⊆ Q | U is relatively τFQ − compact}

then it follows that βτ∼ is a bornology on Q and its base is ρτ∼ . □

Definition 4.4.6 Quotient relatively-compact bornology.
Let (Q, CQ, FQ) be the Frölicher quotient. The bornology

βτ∼ := {U ⊆ Q | U is relatively τ∼ − compact}

is called the quotient relatively-compact bornology.

4.4.3 Bornological comparison.

Given the Frölicher quotient (Q, CQ, FQ) with Q Hausdorff we have the func-
tional topology τFQ and the canonical quotient topology τ∼. The relationship
between τFQ and τ∼ is such that τFQ = τ∼, by Lemma 2.3.12. Then we have the
functional relatively-compact bornology BτFQ

on Q and the quotient relatively-
compact bornology βτ∼ , induced from τFQ and τ∼ respectively. We now determine
the relationship between these bornologies and their associated bounded maps.
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Theorem 4.4.1 Let (Q, CQ, FQ) be the Frölicher quotient, BτFQ
be the functional

relatively-compact bornology on Q and βτ∼ be the quotient relatively-compact
bornology, then BτFQ

= βτ∼.

Proof: Since τFQ = τ∼ then it follows that a set that is relatively τFQ-compact
is also relatively τ∼-compact, vice versa. Therefore BτFQ

= βτ∼ . □

Corollary 4.4.1 Let (Q, CQ, FQ) be the Frölicher quotient, BτFQ
be the func-

tional relatively-compact bornology on Q and βτ∼ be the quotient relatively-compact
bornology, and (Q,BτFQ

) and (Q, βτ∼) be bornological sets. The identity maps

id1 : (Q,BτFQ
) −→ (Q, βτ∼) and id2 : (Q, βτ∼) −→ (Q,BτFQ

) are bounded.

Proof: By Theorem 4.4.1 we have that BτFQ
= βτ∼ , which implies that

BτFQ
⊂ βτ∼ and βτ∼ ⊂ BτFQ

. Therefore by definition it follows that the identity

maps id1 : (Q,BτFQ
) −→ (Q, βτ∼) and id2 : (Q, βτ∼) −→ (Q,BτFQ

) are bounded.
□

4.5 Relatively-compact bornologies from Frölicher

coproduct.

Let {(Xi, CXi
, FXi

) | i ∈ I} be a family of Frölicher spaces with Xi a Hausdorff
space, i ∈ I, and let (N , CN , FN ) be a Frölicher coproduct (see Subsection 2.3.6).
That is,

N :=
∐
i∈I

Xi =
⋃
i∈I

{(xi, i) | xi ∈ Xi}

is a coproduct in the category of sets, and (CN , FN ) is a Frölicher structure on
N . We have the topologies induced from the Frölicher structure (CN , FN ), that
is, the functional topology

τFN := {U ⊆ N | U = f−1(V ), V ∈ τR, ∀ f ∈ FN}
on N and the curvaceous topology

τCN := {U ⊆ N | c−1(U) ∈ τR, ∀ c ∈ CN}
on N , where τR is the standard topology on R. The topology τFN is coarser than
the topology τCN (see Lemma 2.3.3). If τFN = τCN then the Frölicher coproduct
(N , CN , FN ) is said to be a balanced space. The topology τFN is the coarsest
topology in which all smooth maps are continuous. Based on that, the topology
τFN is considered as the Frölicher topology from Frölicher coproduct. The basis
and subbasis of τFN are given by the collections {f−1(0,+∞) | f ∈ FN} and
{f−1(0, 1) | f ∈ FN}, respectively (see [36] and [45]). Also we have the canonical
coproduct topology on N given by

τ∐ := {U ∈ N | φ−1
i (U) ∈ τFXi

, i ∈ I}
where φi : Xi −→ N is a canonical projection and τFXi

is a functional topology
on Xi, i ∈ I.
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4.5.1 Functional relatively-compact bornology.

Definition 4.5.1 τFN -compact set.
We say that a set is τFN -compact if it is compact (see Definition 2.2.6) with
respect to (open sets of) the topology τFN . That is, a set U ⊆ N is said to be
τFN -compact if every open cover {Oα | α ∈ I} of U , where Oα ∈ τFN , α ∈ I, has
a finite subcover, say {Oαj

| j = 1, 2, · · · , n}, where Oαj
∈ τFN , ∀ j = 1, 2, · · · , n.

Definition 4.5.2 Relatively τFN -compact set.
Let U ⊆ N , then we say that U is relatively τFN -compact if it is relatively compact
(see Definition 2.2.10) with respect to (the open sets of) τFN .

Lemma 4.5.1 Let (N , CN , FN ) be the Frölicher coproduct such that N is Haus-
dorff. The collection

BτFN
:= {U ⊆ N | U is relatively τFN − compact}

is a functional relatively-compact bornology on N and

PτFN
:= {U ⊆ N | U is τFN − compact}

is its base.

Proof: The collection PτFN
is a base of a bornology on N , by Lemma 4.1.1.

Since the quotient N is Hausdorff then by Lemma 4.1.2 the collection BτFN
is

a bornology on N . It follows that PτFN
is the base of the bornology BτFN

, by
Lemma 4.1.3. □.

Definition 4.5.3 Let (N , CN , FN ) be the Frölicher coproduct. The bornology

BτFN
:= {U ⊆ N | U is relatively τFN − compact}

is called the functional relatively-compact bornology on N .

4.5.2 Coproduct relatively-compact bornology.

Definition 4.5.4 τ∐-compact set.
We say that a set is τ∐-compact if it is compact (see Definition 2.2.6) with respect
to (open sets of) the topology τ∐. That is, a set U ⊆ N is said to be τ∐-compact
if every open cover {Oα | α ∈ I} of U , where Oα ∈ τ∐, α ∈ I, has a finite
subcover, say {Oαj

| j = 1, 2, · · · , n}, where Oαj
∈ τ∐, ∀ j = 1, 2, · · · , n.

Lemma 4.5.2 Let {(Xi, CXi
, FXi

) | i ∈ I} be a family of Frölicher spaces,

N :=
∐
i∈I

Xi, (N , CN , FN ) be the Frölicher coproduct and τ∐ be the canonical

coproduct topology. The collection

ρτ∐ := {U ⊆ N | U is τ∐ − compact}

is a base of a bornology on N .
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Proof: We have to show that ρτ∐ coversN and that every finite union of elements
of ρτ∐ is contained in an element of ρτ∐ . Let xi ∈ Xi, i ∈ I, and {(xi, i)} be a

singleton in N :=
∐
i∈I

Xi. Let A ∈ τ∐, that is, A ⊆ N and φ−1
i (A) ∈ τFXi

, i ∈ I.

And φ−1
i (A) ∈ τFXi

implies that there existsM ∈ τR such that φ−1
i (A) = f−1

i (M),

∀ fi ∈ FXi
. Therefore we have thatA = φi(f

−1
i (M)) with f−1

i (M) ⊆ Xi, and since
φi : (xi ∈ Xi) 7→ ((xi, i) ∈ N ) therefore A = φi(f

−1
i (M)) = (f−1

i (M), i). Since
fi ∈ FXi

is such that fi : Xi −→ R is a function, then there exists V ∈ τR such
that xi ∈ f−1

i (V ), which implies that (xi, i) ∈ (f−1
i (M), i) = φi(f

−1
i (M)) ∈ τ∐.

Thus for each singleton {(xi, i)} there exists A ∈ τ∐ such that {(xi, i)} ⊂ A.
This is sufficient that every singleton {(xi, i)} in N is τ∐-compact, therefore ρτ∐
covers N .
Let U1, U2, · · · , Un ∈ ρτ∐ , that is, Uj ⊆ N and Uj is τ∐-compact ∀ j = 1, 2, · · · , n.

Then
n⋃

j=1

Uj ⊆ N is τ∐-compact since the finite union of compact sets is compact

(see Theorem 2.2.1). Since ρτ∐ covers N then there exists K ∈ ρτ∐ such that
n⋃

j=1

Uj ⊂
n⋃

j=1

(Uj∪K) ∈ ρτ∐ . Thus every finite union of elements of ρτ∐ is contained

in an element of ρτ∐ . □

Lemma 4.5.3 Let {(Xi, CXi
, FXi

) | i ∈ I} be a family of Frölicher spaces with

Xi Hausdorff, N :=
∐
i∈I

Xi, (N , CN , FN ) be the Frölicher coproduct and τ∐ be

the canonical coproduct topology. The collection

βτ∐ := {U ⊆ N | U is relatively τ∐ − compact}

is a bornology on N .

Proof: We have to show that βτ∐ is closed under inclusion, is closed under finite
union and it covers N . Since ρτ∐ = {U ⊆ N | U is τ∐ − compact} is a base of a
bornology on N then ρτ∐ covers N . That is every singleton {(xi, i)} ⊂ N is τ∐-
compact. Therefore {(xi, i)} ⊂ N is relatively τ∐-compact since N is Hausdorff
(see Theorem 2.2.7). That is, {(xi, i)} ⊂ N is relatively τ∐-compact ∀ (xi, i) ∈ N ,
therefore {(xi, i)} ∈ βτ∐ , ∀ (xi, i) ∈ N . Thus βτ∐ covers N .
Let U1, U2, · · · , Un ∈ βτ∐ , then Uj ⊆ N is relatively τ∐-compact ∀ j = 1, 2, · · · , n.
Then Cl(Uj), the closure of Uj, is τ∐-compact ∀ j = 1, 2, · · · , n, by defini-
tion. Now since the finite union of compact sets is compact (Theorem 2.2.1)

then
n⋃

j=1

Cl(Uj) = Cl

(
n⋃

j=1

Uj

)
is τ∐-compact. With Cl

(
n⋃

j=1

Uj

)
τ∐-compact,

this implies, by definition, that
n⋃

j=1

Uj ⊆ N is relatively τ∐-compact. Therefore
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n⋃
j=1

Uj ∈ βτ∐ , thus βτ∐ is closed under finite union.

Let A ⊆ B and B ∈ βτ∐ . Since B ∈ βτ∐ then B ⊆ N is relatively τ∐-compact,
therefore Cl(B), that is the closure of B, is τ∐-compact, by definition. With
Cl(A) denoting the closure of A, then A ⊆ B =⇒ Cl(A) ⊆ Cl(B). This implies
that the open cover of Cl(B) is an open cover of Cl(A). Therefore Cl(A) is τ∐-
compact since Cl(B) is τ∐-compact. This gives that A is relatively τ∐-compact,
therefore A ∈ βτ∐ . That is A ⊆ B ∈ βτ∐ =⇒ A ∈ βτ∐ . Thus βτ∐ is closed under
inclusion. □

Definition 4.5.5 Coproduct relatively-compact bornology.
Let (N , CN , FN ) be the Frölicher coproduct and τ∐ be the canonical coproduct
topology on N . Then we call the compact bornology

βτ∐ := {U ⊆ N | U is relatively τ∐ − compact}

the coproduct relatively-compact bornology on N .

Lemma 4.5.4 Let {(Xi, CXi
, FXi

) | i ∈ I} be a collection of Frölicher spaces,

N =
∐
i∈I

Xi, (N , CN , FN ) be the Frölicher coproduct. The collection

ρτ∐ = {U ⊆ N | U is τ∐ − compact}

is the base of the coproduct relatively-compact bornology

βτ∐ = {U ⊆ N | U is relatively τ∐ − compact}.

Proof: We have to show that ρτ∐ ⊂ βτ∐ and that every element of βτ∐ is
contained in an element of ρτ∐ . Let U ∈ ρτ∐ , that is U ⊆ N is τ∐-compact,

therefore by Theorem 2.2.7, U is relatively τ∐-compact since N :=
∐
i∈I

Xi is a

Hausdorff space, thus U ∈ βτ∐ . This implies that ρτ∐ ⊂ βτ∐ . Let B ∈ βτ∐ ,
then B ⊆ N is relatively τ∐-compact. By definition of relative-compactness (see
Definition 2.2.10) we have that the closure of B, denoted Cl(B), is τ∐-compact,
thus Cl(B) ∈ ρτ∐ . But B ⊆ Cl(B) (by Proposition 2.2.1). That is every element
of βτ∐ is contained in an element of ρτ∐ . Hence βτ∐ is a bornology on N and ρτ∐
is its base. □

4.5.3 Bornological comparison.

Let {(Xi, CXi
, FXi

) | i ∈ I} be the collection of Frölicher space, N :=
∐
i∈I

Xi be

a coproduct in the category of sets and (N , CN , FN ) be the Frölicher coproduct.
We have the functional topology τFN on N , and the canonical coproduct topology
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τ∐. From these topologies we have induced the relatively-compact bornologies,
that is, the functional relatively-compact bornology BτFN

onN and the coproduct
relatively-compact bornology βτ∐ , induced from τFN and τ∐, respectively. We de-
termine the relationship between these bornologies and their associated bounded
maps.

Theorem 4.5.1 Let (N , CN , FN ) be the Frölicher coproduct, N be Hausdorff,
BτFN

be the functional relatively-coproduct bornology on N and βτ∐ be the co-
product relatively-compact bornology, then BτFN

= βτ∐.

Proof: Based on the definition of BτFN
and βτ∐ , since τFN = τ∐ (by Lemma

2.3.9), then it follows that BτFN
= βτ∐ . □

Corollary 4.5.1 Let (N , CN , FN ) be the Frölicher coproduct, N be Hausdorff,
BτFN

be the functional relatively-coproduct bornology on N and βτ∐ be the co-
product relatively-compact bornology, and (N ,BτFN

) and (N , βτ∐) be bornological
sets. Then the identity maps id1 : (N ,BτFN

) −→ (N , βτ∐) and
id2 : (N , βτ∐) −→ (N ,BτFN

) are bounded.

Proof: By Theorem 4.5.1 we have that BτFN
= βτ∐ which implies that

BτFN
⊂ βτ∐ and βτ∐ ⊂ BτFN

. Therefore it follows by definition that the iden-
tity maps id1 : (N ,BτFN

) −→ (N , βτ∐) and id2 : (N , βτ∐) −→ (N ,BτFN
) are

bounded. □



Chapter 5

Compact bornologies.

5.1 Compact bornology from the Frölicher topol-

ogy.

Let X be a topological space, then the subsets of X contained in a compact set
forms a bornology called the compact bornology (see [55]). This implies that a
Frölicher space (X,CX , FX) naturally inherits a compact bornology, with bounded
sets as subsets of X contained in a τFX

-compact set.

Lemma 5.1.1 Let (X,CX , FX) be a Frölicher space, then every A ⊆ X is τFX
-

compact.

Proof: Since f ∈ FX is such that f : X −→ R is a real-valued function then
∀A ⊆ X ∃ V ∈ τR such that A ⊆ f−1(V ) ∈ τFX

. In fact, by definition of the
standard topology τR on R, ∀ A ⊆ X ∃ Vα ∈ τR, α ∈ I, such that

A ⊆ f−1

(⋃
α∈I

Vα

)
=
⋃
α∈I

f−1(Vα) ∈ τFX
. Therefore every A ⊆ X is τFX

-compact.

□

Lemma 5.1.2 Let (X,CX , FX) be a Frölicher space, the collection

BτFX
:= {U ⊆ X | U is contained in a τFX

− compact set}

is a bornology on X.

We have to show that BτFX
covers X, is closed under inclusion and closed under

finite union. By Lemma 5.1.1 we have that every A ⊆ X is τFX
-compact, which

implies that for every singleton {x} ⊂ X there exists a τFX
-compact set A ⊆ X

such that {x} ⊂ A, hence every singleton {x} ⊂ X is contained in a τFX
-compact.

Thus {x} ∈ BτFX
, ∀ x ∈ X, therefore BτFX

covers X.

95
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Let U1, U2, · · · , Un ∈ BτFX
, that is, Ui ⊆ X is contained in a τFX

-compact set,
∀ i = 1, 2, · · · , n. Thus ∀ Ui ⊆ X there exists a τFX

-compact set, say Ai ⊆ X,
such that Ui ⊂ Ai, ∀ i = 1, 2, · · · , n. Since Ui ⊂ Ai ⊆ X, ∀ i = 1, 2, . . . , n, then
n⋃

i=1

Ui ⊂
n⋃

i=1

Ai ⊆ X and
n⋃

i=1

Ai is τFX
-compact since the finite union of compact

sets is compact by Theorem 2.2.1, therefore
n⋃

i=1

Ui ∈ BτFX
. Thus BτFX

is closed

under finite union.
Let M ⊆ N ∈ BτFX

, that is M ⊆ N ⊆ X and N is contained in a τFX
-compact

set. This implies that there exists a τFX
-compact set, say W , such that N ⊂ W .

Since we have that M ⊆ N ⊂ W ⊆ X, therefore by transitivity of inclusion of
sets we have that M ⊂ W . This implies that M ∈ BτFX

, that is BτFX
is closed

under inclusion. □

Definition 5.1.1 Functional compact bornology.
Let (X,CX , FX) be a Frölicher space and τFX

be the functional topology on X.
The compact bornology

BτFX
:= {U ⊆ X | U is contained in a τFX

− compact set}

is called the functional compact bornology.

5.2 Compact bornologies from Frölicher subspace.

5.2.1 Functional and subspace compact bornology.

Let (X,CX , FX) be a Frölicher space, S ⊆ X and (S,CS, FS) be a Frölicher
subspace of (X,CX , FX). Then we have the functional topology

τFS
= {U ⊆ S | U = f−1(V ), V ∈ τR, ∀ f ∈ FS}

on S, where τR is the standard bornology on R. By Lemma 5.1.2 the collection

BτFS
:= {U ⊆ S | U is contained in a τFS

− compact set}

is a functional compact bornology on S. There is a canonical topology induced
on the ambient set of Frölicher subspace (S,CS, FS), that is on S. That is the
subspace topology

τFX
(S) := {U ∩ S | U ∈ τFX

},

where
τFX

= {U ⊆ X | U = f−1(V ), V ∈ τR, ∀ f ∈ FX}

is a functional topology X.
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Lemma 5.2.1 Let (X,CX , FX) be a Frölicher space, S ⊆ X, (S,CS, FS) be a
Frölicher subspace and τFX

(S) be the subspace topology. The collection

BτFX
(S) := {U ⊆ S | U is contained in a τFX

(S)− compact set}

is a bornology.

Proof: We have to show that BτFX
(S) covers S, is closed under finite union and is

closed under inclusion. By Lemma 5.1.1 every A ⊆ X is τFX
-compact. Therefore

∀ A ⊆ X ∃ Vα ∈ τR, α ∈ I, such that A ⊆ f−1

(⋃
α∈I

Vα

)
=
⋃
α∈I

f−1(Vα) ∈ τFX
.

Then A∩S ⊆

(⋃
α∈I

f−1(Vα)

)
∩S =

⋃
α∈I

(f−1(Vα)∩S). Now since f−1(Vα) ∈ τFX
,

∀ Vα ∈ τR , α ∈ I, then f−1(Vα) ∩ S ∈ τFX
(S) which implies that⋃

α∈I

(f−1(Vα) ∩ S) ∈ τFX
(S) since τFX

(S) is closed under infinite union as it is a

topology. Thus A ∩ S ⊆
⋃
α∈I

(f−1(Vα) ∩ S) ∈ τFX
(S), therefore ∀ A ⊆ X we have

that A ∩ S is τFX
(S)-compact. Now since S ⊆ X then by Lemma 5.1.1 we have

that S is τFX
-compact. That is, there exists an open cover {Oj | j ∈ J} ⊂ τFX

with a finite subcover such that S ⊆
⋃
j∈J

Oj. Therefore since S is τFX
-compact

then ∀ {s} ⊂ S ∃ A ∈ τFX
such that {s} ⊂ A∩S. Thus {s} ∈ BτFX

(S), ∀ s ∈ S,
therefore BτFX

(S) covers S.
Let U1, U2, · · · , Un ∈ BτFX

(S), that is Ui ⊆ S is contained in a τFX
(S)-compact

set, ∀ i = 1, 2, · · · , n. Thus ∀ Ui ⊆ S there exists a τFX
(S)-compact set, say

Ai ⊆ S, such that Ui ⊂ Ai, ∀ i = 1, 2, · · · , n. Since Ui ⊂ Ai ⊆ S, ∀ i = 1, 2, · · · , n,

then
n⋃

i=1

Ui ⊂
n⋃

i=1

Ai ⊆ S and
n⋃

i=1

Ai is τFX
(S)-compact since the finite union of

compact sets is compact by Theorem 2.2.1, therefore
n⋃

i=1

Ui ∈ BτFX
(S). Thus

BτFX
(S) is closed under finite union.

Let M ⊆ N ∈ BτFX
(S), that is, M ⊆ N ⊆ S and N is contained in a τFX

(S)-
compact set. This implies that there exists a τFX

(S)-compact set, say W , such
that N ⊂ W . Since we have that M ⊆ N ⊂ W ⊆ S, therefore by transitivity of
inclusion of sets we have that M ⊂ W . This implies that M ∈ BτFX

(S). That
is M ⊆ N ∈ BτFX

(S) =⇒ M ∈ BτFX
(S), therefore BτFX

(S) is closed under
inclusion. □

Definition 5.2.1 Subspace compact bornology.
Let S ⊆ X, (X,CX , FX) be a Frölicher space and (S,CS, FS) be the Frölicher
subspace, τFX

(S) be the subspace topology on S. The compact bornology

BτFX
(S) := {U ⊆ S | U is contained in a τFX

(S)− compact set}

is called the subspace compact bornology.
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5.2.2 Bornological comparison.

Let S ⊆ X, (X,CX , FX) be a Frölicher space and (S,CS, FS) be the Frölicher
subspace. Then we have two topologies from the Frölicher subspace. That is, the
canonical subspace topology τFX

(S) on S and the functional topology τFS
on S,

and τFX
(S) ⊂ τFS

, by Lemma 2.3.5. Subsequently we have the subspace compact
bornology BτFX

(S) and the functional compact bornology BτFS
on S, induced

from τFX
(S) and τFS

, respectively. Since (X,CX , FX) is a Frölicher space then we
have the functional compact bornology BτFX

on X, induced from the functional
topology τFX

on X. We compare the bornologies BτFX
(S), BτFS

and BτFX
and

their associated bounded maps.

Theorem 5.2.1 Let BτFX
(S) be the subspace compact bornology, BτFS

be the
functional compact bornology on S, and (S,BτFX

(S)) and (S,BτFS
) be bornological

sets. Then BτFX
(S) ⊂ BτFS

and thus the identity map
id : (S,BτFX

(S)) −→ (S,BτFS
) is bounded.

Proof: Let U ∈ BτFS
, then U ⊆ S and U is contained in a τFX

(S)-compact set.
That is there exists A ⊆ S such that A is τFX

(S)-compact and U ⊂ A. Since
τFX

(S) ⊂ τFS
(Lemma 2.3.5) and A is τFX

(S)-compact then every open cover
{Oj | j ∈ J} ⊂ τFX

(S) ⊂ τFS
of A has a finite subcover

{Oji | i = 1, 2, · · · , n} ⊂ τFX
(S) ⊂ τFS

. Then it follows that A is τFS
-compact.

Thus U ⊂ A and A is τFS
-compact therefore, U ∈ BτFS

. That is,
U ∈ BτFx

(S) =⇒ U ∈ BτFS
, hence BτFX

(S) ⊂ BτFS
. Then it follows, by

definition, that the identity map id : (S,BτFX
(S)) −→ (S,BτFS

) is bounded. □

Lemma 5.2.2 Let BτFX
(S) be the subspace compact bornology, BτFX

be the func-
tional compact bornology on X, then BτFX

(S) ⊂ BτFX
.

Proof: Let U ∈ BτFX
(S), then U ⊆ S and it is contained in a τFX

(S)-compact
set. That is, there exists A such that A is τFX

(S)-compact and U ⊂ A. Since A
is τFX

(S)-compact then every open cover

{Mα ∩ S | Mα ∈ τFX
, α ∈ I}

of A has a finite subcover, say

{Mαi
∩ S | Mαi

∈ τFX
, i = 1, 2 · · · , n}.

Thus A ⊆
⋃
α∈I

(Mα∩S) =

(⋃
α∈I

Mα

)
∩S and A ⊆

n⋃
i=1

(Mαi
∩S) =

(
n⋃

i=1

Mαi

)
∩S.

But

A ⊆

(⋃
α∈I

Mα

)
∩ S =⇒ A ⊆

⋃
α∈I

Mα
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and

A ⊆

(
n⋃

i=1

Mαi

)
∩ S =⇒ A ⊆

n⋃
i=1

Mαi
,

where Mα,Mαi
∈ τFX

, α ∈ I and i = 1, 2, · · · , n. Therefore

{Mα | Mα ∈ τFX
, α ∈ I}

is an open cover of A, with finite subcover

{Mαi
| Mαi

∈ τFX
, i = 1, 2 · · · , n}.

That is A is τFX
-compact. Also U ⊆ S =⇒ U ⊆ X since S ⊆ X, and U ⊂ A,

thus we have that U is contained in a τFX
-compact set. Therefore U ∈ BτFX

.
That is U ∈ BτFX

(S) =⇒ U ∈ BτFX
, hence BτFX

(S) ⊂ BτFX
. □

Proposition 5.2.1 Let τFX
be the functional topology on X, BτFX

(S) be the sub-
space compact bornology and BτFS

be the functional bornology on S. If S ∈ τFX

then BτFX
(S) = BτFS

.

Proof: Let τFX
(S) be the subspace topology on S and τFS

be the functional
topology on S, If S ∈ τFX

then by Proposition 2.3.1 we have that τFX
(S) = τFS

.
Let U ∈ BτFX

(S), then there exists A such that A is τFX
(S)-compact and U ⊂ A.

But since τFX
(S) = τFS

then it follows that A is also τFS
-compact. That is U ⊂ A

and A is τFS
-compact, therefore U ∈ BτFS

.
Similarly let U ∈ BτFS

, then there exists A such that A is τFS
-compact and U ⊂ A.

But since τFX
(S) = τFS

by Proposition 2.3.1 then it follows that A is also τFX
(S)-

compact. That is, U ⊂ A and A is τFX
(S)-compact, therefore U ∈ BτFX

(S).
Thus U ∈ BτFX

(S) =⇒ U ∈ BτFS
and U ∈ BτFS

=⇒ U ∈ BτFX
(S), hence

BτFX
(S) = BτFS

. □

Corollary 5.2.1 Let τFX
be the functional topology on X and (S,BτFX

(S)) and
(S,BτFS

) be bornological sets. If S ∈ τFX
then the identity maps

id1 : (S,BτFX
(S)) −→ (S,BτFS

) and id2 : (S,BτFS
) −→ (S,BτFX

(S)) are bounded.

Proof: Let S ∈ τFX
then by Proposition 5.2.1 we have that BτFX

(S) = BτFS
.

But BτFX
(S) = BτFS

implies that BτFX
(S) ⊂ BτFS

and BτFS
⊂ BτFX

(S). There-
fore, it follows that the identity maps id1 : (S,BτFX

(S)) −→ (S,BτFS
) and

id2 : (S,BτFS
) −→ (S,BτFX

(S)) are bounded, by definition. □
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5.3 Compact bornologies from Frölicher prod-

uct.

5.3.1 Functional and product compact bornology.

Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a family of Frölicher spaces, X :=
n∏

i=1

Xi

be a Cartesian product in the category of sets and (X, CX, FX) be a Frölicher
product. We have the functional topology

τFX
:= {U ⊆ X | U = f−1(V ), V ∈ τR, ∀ f ∈ FX}

on X, where τR is the standard topology on R. We also have the canonical product
topology on X, denoted τπ, generated by the basis

β :=

{
n⋂

i=1

p−1
i (Ui) | Ui ∈ τFXi

, pi : X −→ Xi, ∀ i = 1, 2, · · · , n

}

where τFXi
is a functional topology on Xi and pi : X −→ Xi is a canonical

projection, ∀ i = 1, 2, · · · , n. By Lemma 5.1.2 we have that the collection

BτFX
:= {U ⊆ X | U is contained in a τFX

− compact set}

is the functional compact bornology on X.

Lemma 5.3.1 Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a family of Frölicher

spaces, X =
n∏

i=1

Xi be a Cartesian product in the category of sets and τπ be the

canonical product topology on X. The collection

Bτπ := {U ⊆ X | U is contained in a τπ − compact}

is a bornology on X.

Proof: We have to show that Bτπ covers X, is closed under finite union and is
closed under inclusion. Since

β :=

{
n⋂

i=1

p−1
i (Ui) | Ui ∈ τFXi

, pi : X −→ Xi, ∀ i = 1, 2, · · · , n

}

is a basis for the canonical product topology τπ then it follows that
∀ (x1, x2, · · · , xn) ∈ X ∃ B ∈ β such that (x1, x2, · · · , xn) ∈ B. Since B ∈ β then

B =
n⋂

i=1

p−1
i (Ui), therefore B ⊂ p−1

i (Ui), ∀ i = 1, 2, · · · , n. Since
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n⋂
i=1

p−1
i (Ui) ⊂ p−1

i (Ui) ⊂ X, ∀ i = 1, 2, · · · , n, and β is a basis of τπ then it follows

that ∀ (x1, x2, · · · , xn) ∈ p−1
i (Ui) ∃ B ∈ β such that (x1, x2, · · · , xn) ∈ B ⊂ β,

therefore p−1
i (Ui) ∈ τπ, ∀ i = 1, 2, · · · , n. Also, since B ∈ β ⊂ τπ then there

exists Oα ∈ τπ, α ∈ I, such that β ⊂
⋃
α∈I

Oα ∈ τπ =⇒ B ⊂
⋃
α∈I

Oα ∈ τπ. For

every i = 1, 2, · · · , n we also have that
⋃
α∈I

(p−1
i (Ui)∪Oα) ∈ τπ since p−1

i (Ui) ∈ τπ,

∀ i = 1, 2, · · · , n. It then follows that every open cover of B has a finite subcover.
Therefore B is τπ-compact. Now since ∀ (x1, x2, · · · , xn) ∈ X ∃ B ∈ β such that
(x1, x2, · · · , xn) ∈ B therefore {(x1, x2, · · · , xn)} ⊂ B, ∀ (x1, x2, · · · , xn) ∈ X.
Thus ∀ (x1, x2, · · · , xn) ∈ X we have that {(x1, x2, · · · , xn)} ∈ Bτπ . This gives
that Bτπ covers X.
Let U1, U2, · · · , Un ∈ Bτπ , that is, Ui ⊆ X is contained in a τπ-compact set,
∀ i = 1, 2, · · · , n. Thus ∀ Ui ⊆ X there exists a τπ-compact set, say Ai, such that
Ui ⊂ Ai, ∀ i = 1, 2, . . . , n. Since Ui ⊂ Ai, ∀ i = 1, 2, · · · , n, then

X ⊇
n⋃

i=1

Ui ⊂
n⋃

i=1

Ai and
n⋃

i=1

Ai is τπ-compact since the finite union of compact sets

is compact by Theorem 2.2.1, therefore
n⋃

i=1

Ui ∈ Bτπ . Thus Bτπ is closed under

finite union.
Let M ⊆ N ∈ Bτπ , that is M ⊆ N ⊆ X and N is contained in a τπ-compact set.
This implies that there exists a τπ-compact set, say W , such that N ⊂ W . Since
we have that M ⊆ N ⊂ W , therefore by transitivity of inclusion of sets we have
that M ⊂ W . This implies that M ∈ Bτπ . That is M ⊆ N ∈ Bτπ =⇒ M ∈ Bτπ

therefore Bτπ is closed under inclusion. □

Definition 5.3.1 Product compact bornology.
Let {(Xi, CXi

, FXi
) | i = 1, 2, · · · , n} be a family of Frölicher spaces,

X :=
n∏

i=1

Xi, (X, CX, FX) be a Frölicher product and τπ be the canonical product

topology on X. The bornology

Bτπ := {U ⊆ X | U is contained in a τπ − compact}

is called the product compact bornology.

5.3.2 Bornological comparison.

Let {(Xi, CXi
, FXi

) | i = 1, 2, · · · , n} be a family of Frölicher spaces, X :=
n∏

i=1

Xi

be the Cartesian product in the category of sets and (X, CX, FX) be the Frölicher
product. We have two topologies from (X, CX, FX), that is the functional topology
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τFX
on X and the product topology τπ, and τFX

= τπ, by Lemma 2.3.7. Subse-
quently we have the functional compact bornology BτFX

and the product compact
bornology Bτπ , induced from τFX

and τπ, respectively. The bornologies BτFX
and

Bτπ are compared and the bounded maps between them are determined.

Theorem 5.3.1 Let Bτπ be the product compact bornology and BτFX
be the func-

tional compact bornology on X, then Bτπ = BτFX
.

Proof: Let U ∈ Bτπ , then U ⊆ X and U is contained in a τπ-compact set. That is
there exists A such that A is τπ-compact and U ⊂ A. With A being τπ-compact
then every open cover {Oα | α ∈ I} ⊂ τπ of A has a finite subcover. Now since
τπ = τFX

(Lemma 2.3.7) then it follows that A is also τFX
-compact. That is U ⊂ A

and A is τFX
-compact, therefore U ∈ BτFX

.
Similarly let U ∈ BτFX

, then there exists B ⊆ X such that B is τFX
-compact and

U ⊂ B. Every open cover {Pj | j ∈ J} ⊂ τFX
of B has a finite subcover since B is

τFX
-compact. It follows that B is τπ-compact since τπ = τFX

. That is U ⊂ B and
B is τπ-compact, therefore U ∈ Bτπ . Thus we have that U ∈ BτFX

=⇒ U ∈ Bτπ

and U ∈ Bτπ =⇒ U ∈ BτFX
, hence Bτπ = BτFX

. □

Corollary 5.3.1 Let Bτπ be the product compact bornology, BτFX
be the functional

compact bornology on X, and (X,Bτπ) and (X,BτFX
) be bornological sets. The

identity maps id1 : (X,Bτπ) −→ (X,BτFX
) and id2 : (X,BτFX

) −→ (X,Bτπ) are
bounded.

Proof: By Theorem 5.3.1 we have that BτX = BτFX
. But BτX = BτFX

implies
that Bτπ ⊂ BτFX

and BτFX
⊂ Bτπ . By definition, Bτπ ⊂ BτFX

implies that the
identity map id1 : (X,Bτπ) −→ (X,BτFX

) is bounded. Similarly the identity map
id2 : (X,BτFX

) −→ (X,Bτπ) is bounded, since BτFX
⊂ Bτπ . □

5.4 Compact bornologies from Frölicher quotient.

5.4.1 Functional and quotient compact bornology.

Let (Q,CQ, FQ) be the Frölicher quotient. That is Q := X/∼ is a quotient
set, g : (X,CX , FX) −→ (Y,CY , FY ) is Frölicher smooth where (X,CX , FX) and
(Y,CY , FY ) are Frölicher spaces, and ∼ is the equivalence relation on X defined
by: x ∼ y if and only if g(x) = g(y), ∀ x, y ∈ X. From the Frölicher quotient
structure (CQ, FQ) we have the functional topology

τFQ
:= {U ⊆ Q | U = f−1(V ), V ∈ τR, ∀ f ∈ FQ}

on Q induced from the structure functions of FQ. Denoted τR is the standard
topology on R. We also have the canonical quotient topology on Q, that is

τ∼ := {U ⊆ Q | q−1(U) ∈ τFX
}
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where q : X −→ Q is a canonical projection and τFX
is the functional topology

on X. By Lemma 5.1.2 we have that the collection

BτFQ
:= {U ⊆ Q | U is contained in a τFQ

− compact set}

is a functional compact bornology on Q.

Lemma 5.4.1 Let Q := X/∼ be a quotient set as defined above and τ∼ be the
canonical qotient topology on Q. The collection

Bτ∼ := {U ⊆ Q | U is contained in a τ∼ − compact set}

is a bornology.

Proof: We have to show that Bτ∼ is closed under inclusion, is closed under finite
union and covers Q. Since ρτ∼ = {U ⊆ Q | U is τ∼ − compact} is a base of a
bornology on Q (see Section 4.4) then ρτ∼ covers Q, therefore {[x]} ∈ ρτ∼ ,
∀ [x] ∈ Q. That is every singleton {[x]} is τ∼-compact, ∀ [x] ∈ Q. Then for
every τ∼-compact singleton {[y]} such that x ≁ y ⇐⇒ [x] ̸= [y] we have that
{[x]} ⊂ {[x]} ∪ {[y]} ,∀ [x] ∈ Q, and {[x]} ∪ {[y]} is τ∼-compact since the finite
union of compact sets is compact by Theorem 2.2.1. Therefore ∀ [x] ∈ Q, every
singleton {[x]} is contained in a τ∼-compact set. Thus {[x]} ∈ Bτ∼ , ∀ [x] ∈ Q,
therefore Bτ∼ covers Q.
Let U1, U2, · · · , Un ∈ Bτ∼ , that is, Ui ⊆ Q is contained in a τ∼-compact set,
∀ i = 1, 2, · · · , n. Thus ∀ Ui ⊆ Q there exists a τ∼-compact set, say Ai ⊂ Q,
such that Ui ⊂ Ai, ∀ i = 1, 2, · · · , n. Since Ui ⊂ Ai, ∀ i = 1, 2, · · · , n, then
n⋃

i=1

Ui ⊂
n⋃

i=1

Ai ⊂ Q and
n⋃

i=1

Ai is τ∼-compact since the finite union of compact

sets is compact by Theorem 2.2.1, therefore
n⋃

i=1

Ui ∈ Bτ∼ . Thus Bτ∼ is closed

under finite union.
Let M ⊆ N ∈ Bτ∼ , that is, M ⊆ N ⊆ Q and N is contained in a τ∼-compact set.
This implies that there exists a τ∼-compact set, say W , such that N ⊂ W . Since
we have that M ⊆ N ⊂ W , therefore by transitivity of inclusion of sets we have
that M ⊂ W . This implies that M ∈ Bτ∼ . That is M ⊆ N ∈ Bτ∼ =⇒ M ∈ Bτ∼

therefore Bτ∼ is closed under inclusion. □

Definition 5.4.1 Quotient compact bornology.
Let (X,CX , FX) and (Y,CY , FY ) be Frölicher spaces, ∼ be an equivalence relation
on X defined by x ∼ y if and only if g(x) = g(y) where
g : (X,CX , FX) −→ (Y,CY , FY ) is Frölicher smooth, Q = X/∼ be a quotient set
and τ∼ is the canonical quotient topology. The bornology

Bτ∼ := {U ⊆ Q | U is contained in a τ∼ − compact set}

is called the quotient compact bornology.
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5.4.2 Bornological comparison.

Let (Q,CQ, FQ) be the Frölicher quotient. We have two topologies from (Q,CQ, FQ),
that is, the functional topology τFQ

and the quotient topology τ∼. By Lemma
2.3.12, τFQ

= τ∼. Subsequently we have the functional compact bornology BτFQ

on Q and the quotient compact bornology Bτ∼ . These bornologies are compared,
in this subsection.

Theorem 5.4.1 Let Bτ∼ be the quotient compact bornology and BτFQ
be the func-

tional compact bornology on Q, then BτFQ
= Bτ∼.

Proof: Let U ∈ BτFQ
∪ Bτ∼ then there exists B such that B is a τ -compact set

and U ⊂ B where τ = τFQ
= τ∼. Therefore U ∈ BτFQ

∩ Bτ∼ , then it follows that

BτFQ
= Bτ∼ . □

Corollary 5.4.1 Let Bτ∼ be the quotient compact bornology, BτFQ
be the func-

tional compact bornology on Q, and (Q,Bτ∼) and (Q,BτFQ
) be bornological sets.

The identity maps id1 : (Q,BτFQ
) −→ (Q,Bτ∼) and id2 : (Q,Bτ∼) −→ (Q,BτFQ

)

are bounded.

Proof: By Theorem 5.4.1 we have that BτFQ
= Bτ∼ , which implies that

BτFQ
⊂ Bτ∼ and Bτ∼ ⊂ BτFQ

. Therefore it follows, by definition, that the identity

maps id1 : (Q,BτFQ
) −→ (Q,Bτ∼) and id2 : (Q,Bτ∼) −→ (Q,BτFQ

) are bounded.
□

5.5 Compact bornologies from Frölicher coprod-

uct.

5.5.1 Functional and coproduct compact bornology.

Let {(Xi, CXi
, FXi

) | i ∈ I} be a family of Frölicher spaces and (N , CN , FN ) be
the Frölicher coprodut. That is

N :=
∐
i∈I

Xi =
⋃
i∈I

{(xi, i) | xi ∈ Xi}

is a coproduct in the category of sets and (CN , FN ) is a Frölicher structure on
N . We have the functional topology

τFN := {U ⊆ N | U = f−1(V ), V ∈ τR, ∀ f ∈ FN}

on N , where τR is the standard topology on R. We also have the canonical
topology on N , that is, the coproduct topology

τ∐ := {U ⊆ N | φ−1
i (U) ∈ τFXi

, i ∈ I},
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where φi : Xi −→ N is the canonical projection and τFXi
is the functional

topology on Xi, i ∈ I. By Lemma 5.1.2 we have that the collection

BτFN
:= {U ⊆ N | U is contained in a τFN − compact set}

is a functional compact bornology on N .

Lemma 5.5.1 Let {(Xi, CXi
, FXi

) | i ∈ I} be a collection of Frölicher spaces,

N :=
∐
i∈I

Xi be a coproduct in the category of sets and τ∐ be the canonical co-

product topology on N . The collection

Bτ∐ := {U ⊆ N | U is contained in τ∐ − compact set}

is a bornology on N .

Proof: We have to show that Bτ∐ is closed under inclusion, is closed under finite
union and covers N . Let k ∈ I be fixed, x ∈ Xk be arbitrary and fixed, consider
the singleton {(x, k)}. Since ρτ∐ := {U ⊆ N | U is τ∐−compact} is the base of a
bornology on N (see Lemma 4.5.4) then every singleton {(xi, i)}, with xi ∈ Xi, is
τ∐-compact for i ∈ I since ρτ∐ covers N . Therefore {(x, k)} is also τ∐-compact.
Also {(x, k)} ⊂ {(y, k) | y ∈ Xk}, but

{(y, k) | y ∈ Xk} = {(x, k)} ∪

( ⋃
w∈Xk

{(w, k)}

)
, w ̸= x

=
⋃

w∈Xk

({(x, k)} ∪ {(w, k)})
(5.1)

With ρτ∐ a base of a bornology on N it follows that {(w, k)} is τ∐-compact
∀ w ∈ Xk, w ̸= x. Now since the finite union of compact sets is compact by
Theorem 2.2.1 therefore ⋃

w∈Xk

({(x, k)} ∪ {(w, k)})

is τ∐-compact, thus {(y, k) | y ∈ Xk} is τ∐-compact. That is {(y, k) | y ∈ Xk}
is τ∐-compact and {(x, k)} ⊂ {(y, k) | y ∈ Xk}, therefore {(x, k)} ∈ Bτ∐ . Now
since x ∈ Xk is arbitrary therefore {(xi, i)} ∈ Bτ∐ , ∀ (xi, i) ∈ N . This gives that
Bτ∐ covers N .
Let U1, U2, · · · , Un ∈ Bτ∐ , that is, Uj ⊆ N is contained in a τ∐-compact set,
∀ j = 1, 2, · · · , n. Thus ∀ Uj ⊆ N there exists a τ∐-compact set, say Aj ⊂ N ,
such that Uj ⊂ Aj, ∀ j = 1, 2, · · · , n. Since Uj ⊂ Aj, ∀ j = 1, 2, · · · , n, then
n⋃

j=1

Uj ⊂
n⋃

j=1

Aj ⊂ N and
n⋃

j=1

Aj is τ∐-compact since the finite union of compact

sets is compact by Theorem 2.2.1, therefore
n⋃

j=1

Uj ∈ B∐. Thus Bτ∐ is closed
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under finite union.
LetM ⊆ N ∈ Bτ∐ , that is,M ⊆ N ⊆ N and N is contained in a τ∐-compact set.
This implies that there exists a τ∐-compact set, say W , such that N ⊂ W . Since
we have that M ⊆ N ⊂ W , therefore by transitivity of inclusion of sets we have
thatM ⊂ W . This implies thatM ∈ Bτ∐ . That isM ⊆ N ∈ Bτ∐ =⇒ M ∈ Bτ∐
therefore Bτ∐ is closed under inclusion. □

Definition 5.5.1 Coproduct compact bornology.
Let (N , CN , FN ) be the Frölicher coproduct and τ∐ be the canonical coproduct
topology. The bornology

Bτ∐ := {U ⊆ N | U is contained in τ∐ − compact set}

is called the coproduct compact bornology.

5.5.2 Bornological comparison.

Let {(Xi, CXi
, FXi

) | i ∈ I} be a family of Frölicher spaces, N =
∐
i∈I

Xi be a

coproduct in the category of sets. Consider the Frölicher coproduct (N , CN , FN ).
We have two bornologies from the Frölicher coproduct. That is, the functional
compact bornology BτFN

induced from the functional topology τFN on N , and
the coproduct compact bornology Bτ∐ induced from the coproduct topology τ∐.
The functional topology τFN is induced from structure functions on N , that is
from FN , and the coproduct topology τ∐ is the canonical topology on N , and
τ∐ = τFN by Lemma 2.3.9. The bornologies BτFN

and Bτ∐ are compared.

Theorem 5.5.1 Let Bτ∐ be the coproduct compact bornology, BτFN
be the func-

tional bornology on N , then BτFN
= Bτ∐.

Proof: Let U ∈ BτFN
then U ⊆ N and U is contained in a τFN -compact set.

That is there exists A ⊆ N such that A is τFN -compact and U ⊂ A. Since A is
τFN -compact therefore every open cover, say {Oα | Oα ∈ τFN , α ∈ I}, of A has a
finite subcover, say {Oi | Oi ∈ τFN , i = 1, 2 . . . , n}. Now since τFN = τ∐ then it
follows that A is also τ∐-compact. Since U ⊂ A and A is τ∐-compact, therefore
U ∈ Bτ∐ . That is U ∈ BτFN

=⇒ U ∈ Bτ∐ . Similarly, U ∈ BτDN
=⇒ Bτ∐ .

Hence BτFN
= Bτ∐ . □

Corollary 5.5.1 Let Bτ∐ be the coproduct compact bornology, BτFN
be the func-

tional bornology on N , and (N ,BτFN
) and (N ,Bτ∐) be bornological sets. The

identity maps id1 : (N ,BτFN
) −→ (N ,Bτ∐) and id2 : (N ,Bτ∐) −→ (N ,BτFN

) are
bounded.

Proof: We have that BτFN
= Bτ∐ by Theorem 5.5.1. But BτFN

= Bτ∐ implies
that BτFN

⊂ Bτ∐ and Bτ∐ ⊂ BτFN
. And BτFN

⊂ Bτ∐ implies that the identity map
id1 : (N ,BτFN

) −→ (N ,Bτ∐) is bounded, by definition, and Bτ∐ ⊂ BτFN
implies

that, by definition, the identity map id2 : (N ,Bτ∐) −→ (N ,BτFN
) is bounded. □



Chapter 6

Application: Bornologies from
Frölicher groups.

6.1 Frölicher group.

We now look at the induction of bornologies from the Frölicher group. They
[the bornologies] will be induced as in Chapter 2, Chapter 3 and Chapter 4. This
should be possible since Frölicher groups, as we will see later, are Frölicher spaces.
In literature there are two terminologies for this kind of groups but with the same
definition. The terminologies are ”Frölicher group” by M. Laubinger in [57] and
[58], and ”Frölicher Lie group” by A. Batubenge and P. Ntumba in [10]. We use
the terminology by M. Laubinger as it is the latest study on this.

Definition 6.1.1 Frölicher group.
Let (G, ∗) be a group with the binary operation ∗. Then (G, ∗) is a Frölicher group
if:

1. (G,CG, FG) is a Frölicher space, where

CG := {c : R −→ G | f ◦ c ∈ C∞(R,R) ,∀ f ∈ FG}

and
FG := {f : G −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ CG}.

2. The product function µ : G×G −→ G defined by µ : (g1, g2) 7→ g1 ∗ g2 and
the inverse function i : G −→ G defined by i : g 7→ g−1, are both Frölicher
smooth.

Remark 6.1.1 A. Batubenge and P. Ntumba in [10] used the term Frölicher
Lie group in an attempt to developing the concept of Lie groups in the setting
of Frölicher spaces. A Lie group is a group that is also a smooth manifold such
that the product function and the inverse function are smooth with respect to the

107
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smooth manifold. Structurally, one can think of a Lie group as a group with a
smooth structure, in this case a smooth manifold, such that the product function
and the inverse function are smooth with respect to the smooth structure. For the
Frölicher Lie group by Batubenge and Ntumba the Frölicher structure was used
as a smooth structure, and having the product function and the inverse function
smooth with respect to the Frölicher structure. However, the Frölicher Lie group
by M. Laubinger in [57] and [58] is a Frölicher group (as defined above) endowed
with a Lie algebra that is equipped with a Lie bracket.

Let (G, ∗) be a Frölicher group, then sinceG is endowed with a Frölicher structure,
as (G,CG, FG) is a Frölicher space, then we can also generate a Frölicher structure
on the Cartesian product G× G (see [10], [45] and Subsection 2.3.5). Therefore
the product function µ : G × G −→ G is a morphism between Frölicher spaces.
The condition that the product function µ : G×G −→ G defined by
µ : (g1, g2) 7→ g1 ∗ g2 and the inverse function i : G −→ G defined by i : g 7→ g−1

be both Frölicher smooth is equivalent to the mapping σ : G×G −→ G defined
by σ : (g1, g2) 7→ g1 ∗ g−1

2 being Frölicher smooth (see Lemma 2.1 in [10]).

Definition 6.1.2 Group homomorphism.
Let (G, ∗) be a group under the binary operation ∗ and (H, •) be a group under
the binary operation •. The mapping ϕ : G −→ H is a group homomorphism if
ϕ(g1 ∗ g2) = ϕ(g1) • ϕ(g2), ∀ g1, g2 ∈ G.

Groups and group homomorphisms form a category - the category of groups.
Therefore since Frölicher groups are groups then Frölicher groups and the group
homomorphisms between them form a category - the category of Frölicher groups
(see [10]). We refer to [10] for the properties of the category of Frölicher groups.
Here are some of the properties of the category of Frölicher groups:

• Since Frölicher groups are Frölicher spaces then we have that the category
of Frölicher groups is a subcategory of the category of Frölicher spaces.

• The category of Frölicher groups is a full subcategory of the category of
groups as Frölicher groups are groups.

• The category of Frölicher groups is complete and cocomplete.

• Even though the category of Frölicher spaces is Cartesian-closed the cate-
gory of Frölicher groups is not Cartesian-closed since the category of groups
is not Cartesian-closed.

• There is a canonical forgetful functor from the category of Frölicher groups
to the category of groups which allows for initial and final structures in the
category of Frölicher groups.

Examples of Frölicher groups.
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Example 6.1.1 Let (Rn,+) be a group under addition. We have that
(Rn, C∞(R,Rn), C∞(Rn,R)) is a Frölicher space - the canonical n-dimensional
Euclidean Frölicher space (see Example 2.3.1). Since there is a Frölicher structure
on Rn then there is a Frölicher structure on Rn × Rn (see Subsection 2.3.5 on
Frölicher product), that is,

(C∞(R,Rn × Rn), C∞(Rn × Rn,R)).

Let σ : Rn × Rn −→ Rn be defined by

σ((x1, x2, . . . , xn), (y1, y2, . . . , yn)) =
n∑

i=1

(xi − yi).

Let c ∈ C∞(R,Rn × Rn) and f ∈ C∞(Rn × Rn,R) then it follows that
σ ◦ c ∈ C∞(R,Rn) and f ◦σ ∈ C∞(Rn×Rn,R). Therefore σ : Rn×Rn −→ Rn is
Frölicher smooth. This is equivalent to the product function µ : Rn × Rn −→ Rn

defined by

µ((x1, x2, . . . , xn), (y1, y2, . . . , yn)) =
n∑

i=1

(xi + yi)

and the inverse function i : Rn −→ Rn defined by

i(x1, x2, . . . , xn) = (−x1,−x2, . . . ,−xn)

both being Frölicher smooth. Hence (Rn,+) is a Frölicher group.

Example 6.1.2 LetM be a smooth manifold. There is a Frölicher structure, that
is, (C∞(R,M), C∞(M,R)), on M . Thus the triple (M,C∞(R,M), C∞(M,R)) is
a Frölicher space (see Example 2.3.2). SinceM is a smooth manifold thenM×M
inherits the smooth atlas, that is, the product function M ×M −→ M is a map
between smooth spaces. Now let (M, ∗) be a Lie group, then the product function
µ : M ×M −→ M defined by µ : (m1,m2) 7→ m1 ∗m2 and the inverse function
i : M −→ M defined by i : m 7→ m−1 are both smooth. Therefore (M, ∗) is a
Frölicher group.

6.2 Bornological comparison and bounded maps.

6.2.1 Functional bornology.

Let (G, ∗) be a Frölicher group, then it follows that (G,CG, FG) is a Frölicher
space, where

CG := {c : R −→ G | f ◦ c ∈ C∞(R,R), ∀ f ∈ FG}

and
FG := {f : G −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ CG}.
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Therefore there is a bornology induced from structure functions on G, that is,
from FG (see Section 3.1.1). That is the functional bornology

βFG
:= {U ⊆ G | f(U) ⊆ R is bounded, ∀ f ∈ FG}

on G. With (G, βFG
) a bornological set then we have that the mapping

ϕ : (G, βFG
) −→ (G, βFG

) is bounded if it is Frölicher smooth. This follows from
Lemma 3.1.3 since (G,CG, FG) is a Frölicher space. Since the category of Frölicher
groups is a subcategory of the category of Frölicher spaces, if
ϕ : (G, βFG

) −→ (G, βFG
) is a group homomorphism then it is a morphism in the

category of Frölicher spaces and therefore it is Frölicher smooth. Thus
ϕ : (G, βFG

) −→ (G, βFG
) is bounded if it is a group homomorphism. Note

that the mapping ϕ : (G, βFG
) −→ (G, βFG

) is not necessarily an identity map.
Let id : (G, βFG

) −→ (G, βFG
) be an identity map then it follows trivially that

id : (G, βFG
) −→ (G, βFG

) is bounded. Let (G1, ∗) and (G2, ∗) be Frölicher groups,
then it follows that we have the Frölicher spaces (G1, CG1 , FG1) and (G2, CG2 , FG2).
Then we have a functional bornology

βFG1
:= {U ⊆ G1 | f(U) ⊆ R is bounded, ∀ f ∈ FG1}

on G1, and a functional bornology

βFG2
:= {U ⊆ G2 | f(U) ⊆ R is bounded, ∀ f ∈ FG2}

on G2. With the bornological sets (G1, βFG1
) and (G2, βFG2

) we have that, by
Lemma 3.1.4, if the mapping (G1, βFG1

) −→ (G2, βFG2
) is Frölicher smooth then

it is bounded.

Definition 6.2.1 Bornological group.
Let (G, ∗) be a group with the binary operation ∗, then (G, ∗) is a bornological
group if G is a bornological set such that the product function µ : G× G −→ G,
defined by µ : (g1, g2) 7→ g1 ∗ g2, and the inverse function i : G −→ G, defined by
i : g 7→ g−1, are both bounded.

Let i : (G, βFG
) −→ (G, βFG

) be an inverse function, that is, it is defined by
i : g 7→ g−1. Let U ∈ βFG

, then U ⊆ G and f(U) ⊆ R is bounded, ∀ f ∈ FG. We
have that

i(U) = {i(g) | g ∈ U} = {g−1 | g ∈ U}.

Therefore
f(i(U)) = {f(x) | x ∈ i(U)} = {f(g−1) | g ∈ U}.

Since (G, ∗) is a group (a Frölicher group) then ∀ g ∈ G ∃ g−1 ∈ G such that
g ∗ g−1 = g−1 ∗ g = ϵ where ϵ is the identity element in G. That is
g ∗ ϵ = ϵ∗ g = g, ∀ g ∈ G. Therefore ∀ g ∈ G we have that g−1 ∈ G. This implies
that g−1 ∈ G, ∀ g ∈ G, since U ⊆ G, therefore i(U) ⊆ G. With f ∈ FG, and
f : G −→ R is a function, then it follows that ∀ g−1 ∈ G we have that f(g−1) ∈ R.
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Therefore ∀ g−1 ∈ G ∃ r1, r2 ∈ R such that f(g−1) ∈ [r1, r2]. Therefore
f(i(U)) ⊆ R is bounded ∀ f ∈ FG, thus i(U) ∈ βFG

. Hence
i : (G, βFG

) −→ (G, βFG
), defined by i : g 7→ g−1, is bounded.

Let H := G×G, then there is a Frölicher structure (CH , FH) on H where

CH := {c : R −→ H | f ◦ c ∈ C∞(R,R), ∀ f ∈ FH}

FH := {f : H −→ R | f ◦ c ∈ C∞(R,R), ∀ f ∈ FH}.

That is, the triple (H,CH , FH) is a Frölicher space - a Frölicher product (see
Subsection 2.3.5). Then we have a bornology induced from the structure functions
on H, thus, from FH (see Section 3.1.1). That is, the functional bornology

βFH
:= {U ⊆ H := G×G | f(U) ⊆ R is bounded, ∀ f ∈ FH}

on H. With H := G × G let µ : (H, βFH
) −→ (G, βFG

) be a product function,
that is µ : (g1, g2) 7→ g1 ∗ g2. Let U ∈ βFH

, then U ⊆ H := G×G and f(U) ⊆ R
is bounded, ∀ f ∈ FH . Now since (G, ∗) is a Frölicher group then
µ : (H, βFH

) −→ (G, βFG
) is Frölicher smooth. Therefore for U ∈ βFH

we have
that (f ◦ µ)(U) = f(µ(U)) ⊆ R is bounded, ∀ f ∈ FG. This implies that
µ(U) ∈ βFG

. That is U ∈ βFH
=⇒ µ(U) ∈ βFG

, therefore the product function
µ : (H, βFH

) −→ (G, βFG
) is bounded.

Now since we have that the inverse function i : (G, βFG
) −→ (G, βFG

) and
the product function µ : (H, βFH

) −→ (G, βFG
) are bounded therefore we have

that the Frölicher group (G, ∗) is a bornological group. The Frölicher smooth-
ness of the product function µ : (H, βFH

) −→ (G, βFG
) and the inverse function

i : (G, βFG
) −→ (G, βFG

) determines their boundedness. The product function
µ : (H, βFH

) −→ (G, βFG
) and the inverse function i : (G, βFG

) −→ (G, βFG
) can

be condensed into the function σ : (H, βFH
) −→ (G, βFG

) defined by
σ : (g1, g2) 7→ g1 ∗ g−1

2 . Therefore σ : (H, βFH
) −→ (G, βFG

) is bounded.

Definition 6.2.2 Frölicher subgroup.
Let (G, ∗) be a Frölicher group under the binary operation ∗ then (S, ∗) is a
Frölicher subgroup of (G, ∗) if S ⊆ G and (S, ∗) is itself a Frölicher group under
the binary operation ∗.

The characterization of the Frölicher subgroup (S, ∗) of the Frölicher group (G, ∗)
is such that s1, s2 ∈ S =⇒ s1 ∗ s−1

2 ∈ S (see [48]). Let (S, ∗) be a Frölicher
subgroup of the Frölicher group (G, ∗). Then it follows that there is a Frölicher
structure (CS, FS) on S where

CS := {c : R −→ S | f ◦ c ∈ C∞(R,R), ∀ f ∈ FS}

and
FS := {f : S −→ R | f ◦ c ∈ C∞(R,R), ∀ c ∈ CS}.
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That is the triple (S,CS, FS) is a Frölicher space - a Frölicher subspace of the
Frölicher space (G,CG, FG) (see Subsection 2.3.4). Then there is a bornology from
the structure functions on S, thus from FS, that is, the functional bornology

βFS
:= {U ⊆ S | f(U) ⊆ R is bounded, ∀ f ∈ FS}

on S. Since S ⊆ G then we have the canonical inclusion ı : S ↪→ G. The canoni-
cal inclusion ı : S ↪→ G is a group homomorphism since ∀ s1, s2 ∈ S we have that
ı(s1∗s2) = s1∗s2 = ı(s1)∗ı(s2) ∈ G since G is closed under the binary operation ∗.

Following from the subsection on Frölicher subspace (Subsection 2.3.4) as (S,CS, FS)
is a Frölicher subspace of the Frölicher space (G,CG, FG) then we have the sub-
space bornology on S, that is

βFG
(S) := {U ⊆ S | ı(U) ∈ βFG

}

where ı : S ↪→ G is the inclusion map and βFG
is a functional bornology on G.

By Theorem 3.3.1 we have that βFS
⊂ βFG

(S), therefore the identity map
id : (S, βFS

) −→ (S, βFG
(S)), with the bornological sets (S, βFS

) and (S, βFG
(S)),

is bounded, by definition.

6.2.2 Relatively-compact bornology.

With (S, ∗) a Frölicher subgroup it follows that there is a Frölicher topology from
the Frölicher structure (CS, FS) (see Subsection 2.3.3). That is the functional
topology

τFS
:= {U ⊆ S | U = f−1(V ), V ∈ τR, ∀ f ∈ FS}

on S where τR is the standard topology on R. And since S ⊆ G then there is also
the canonical subspace topology

τFG
(S) := {U ∩ S | U ∈ τFG

}

on S. The topological relation on S, that the relationship between the functional
topology on S and the canonical subspace topology on S, is such that
τFG

(S) ⊂ τFS
(see Lemma 2.3.5). The topologies τFG

(S) and τFS
induce the

relatively-compact bornologies

βτFG
(S) := {U ⊆ S | U is relatively τFG

(S)− compact}

and
βτFS

:= {U ⊆ S | U is relatively τFS
− compact},

respectively (see Section 4.2). By Theorem 4.2.1 the bornological relation of
the relatively-compact bornologies on S, that is the relationship between the
relatively-compact bornologies βτFG

(S) and βτFS
, is such that βτFG

(S) ⊂ βτFS
.
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6.2.3 Compact bornology.

The subsets of a τFG
(S)-compact set and the subsets of a τFS

-compact set form
compact bornologies as in Section 5.2. That is the compact bornologies

BτFG
(S) := {U ⊆ S | U is contained in a τFG

(S)− compact set}

and
BτFS

:= {U ⊆ S | U is contained in a τFS
− compact set},

induced respectively from τFG
(S) and τFS

. Since τFX
(S) ⊂ τFS

(Lemma 2.3.5)
then we have that BτFG

(S) ⊂ BτFS
(Theorem 5.2.1).



Conclusion.

Chapter 3, 4 and 5 are the main work of this thesis. Chapter 1 and 2 were on
introduction and preliminaries, respectively. Herewith is the contribution of this
thesis - the summary and the main results:

Chapter 3 focused on the induction of and comparison of bornologies from the
Frölicher structure of a general Frölicher space and from the Frölicher structure
of the structures in the category of Frölicher spaces. The structures in the cat-
egory of Frölicher spaces, under the study of this thesis, are Frölicher subspace,
Frölicher product, Frölicher coproduct and Frölicher quotient. The induction and
comparison of the bornologies from the Frölicher structure was inspired by the
induction of topologies from the Frölicher structure and the underlying set of a
Frölicher space, and the topological comparison thereof in [13], [14] and [45]. For
a general Frölicher space there is a bornology induced canonically from structure
functions, called the functional bornology. Due to the structure and definition of
structure curves, there is no bornology induced canonically from structure curves.
Since the structures in the category of Frölicher spaces are Frölicher spaces then
for each of them there is a functional bornology. We also showed that Frölicher
smooth maps, that is, the morphisms in the category of Frölicher spaces, are
bounded under the functional bornology (see Lemma 3.1.2, Lemma 3.1.3 and
Lemma 3.1.4). For each of the structures, that is, Frölicher subspace, Frölicher
product, Frölicher coproduct and Frölicher quotient, a canonical bornology was
induced on the underlying set (see Lemma 3.3.1, Lemma 3.4.1, Lemma 3.6.1
and Lemma 3.7.1). The canonical bornology induced from the underlying set of
Frölicher subspace and from the underlying set of Frölicher product is an initial
bornology and that from the underlying set of Frölicher coproduct and Frölicher
quotient is a final bornology. Frölicher subspace and Frölicher product are ini-
tial structures in the category of Frölicher spaces, and Frölicher coproduct and
Frölicher quotient are final structures in the category of Frölicher spaces. That
is, for each of these structures there are two bornologies - the bornology induced
from the underlying set and the bornology induced from structure functions. For
the initial structures the initial bornology is finer than the functional bornology
(see Theorem 3.3.1 and Theorem 3.4.1). Dually, for the final structures the final
bornology is coarser than the functional bornology (see Theorem 3.6.1 and The-
orem 3.7.1).
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Chapter 4 and 5 focused on the induction of bornologies from the topologies
induced from Frölicher space. For a general Frölicher space there is a topology
induced from the structure functions, called the functional topology. In chapter
4 we induced the relatively-compact bornology and in chapter 5 we induced the
compact bornology. The relatively-compact bornology, in this case, is a collec-
tion of relatively-compact sets and the compact bornology is the collection of
subsets of compact sets. Since Frölicher subspace, Frölicher product, Frölicher
coproduct and Frölicher quotient are Frölicher spaces then for each of them we
have the functional topology. Furthermore, for each of these Frölicher structures,
we have a canonical topology induced on the underlying set. Thus, for each of
these structures we have two relatively-compact bornologies - one induced from
the canonical topology and the other induced from the functional topology, as
shown in chapter 4. Similarly, as shown in chapter 5, for each of these structures
we have two compact bornologies - one induced from the canonical topology and
the other induced from the functional topology. The bornological comparison
of these bornologies, that is, the relationship between the bornologies, for each
Frölicher structure, follows from the relationship between the canonical topology
and the functional topology, on that structure. For the initial structures, that is,
Frölicher subspace and Frölicher product, the canonical topology is contained or
equals to the functional topology. Therefore, for initial structures, the relatively-
compact bornology induced from the canonical topology is contained or equals
to the relatively-compact bornology induced from the functional topology (see
Theorem 4.2.1 and Theorem 4.3.1). Similarly, for initial structures, the com-
pact bornology induced from the canonical topology is contained or equals to the
compact bornology induced from the functional topology (see Theorem 5.2.1 and
Theorem 5.3.1). For final structures, that is, Frölicher coproduct and Frölicher
quotient, the canonical topology and the functional topology are equal. Thus,
for final structures the relatively-compact bornology induced from the canonical
topology and the relatively-compact bornology induced from the functional topol-
ogy are equal (see Theorem 4.4.1 and Theorem 4.5.1), and the compact bornology
induced from the canonical topology and the compact bornology induced from
the functional topology are equal (see Theorem 5.4.1 and Theorem 5.5.1).

For application we applied the bornological comparison in chapter 3, 4 and 5
on Frölicher groups as covered in chapter 6. Since a Frölicher group is a group
that is also a Frölicher space (see [10], [25] and [58]) then we have the functional
bornology from Frölicher group, induced from the structure functions on the
Frölicher group, as in chapter 3. For a Frölicher subgroup we have the subspace
bornology, which is an initial bornology, and the functional bornology. They were
compared as in chapter 3. We also have the subspace topology on the underlying
subgroup, which is a canonical topology, and the functional topology induced
from the structure functions on the subgroup. Relatively-compact and compact
bornologies were induced from these topologies and were compared as in chapter
4 and 5 respectively.
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The aim of this thesis was to introduce the concept of bornology on Frölicher
spaces. That is, the induction and comparative analysis of bornologies on Frölicher
space, and this was met. In chapter 3 we induced and compared bornologies from
the Frölicher structure with the initial/final bornology (initial bornology for ini-
tial structures and final bornology for final structures). In chapter 4 we induced
and compared relatively-compact bornology induced from the canonical topol-
ogy on the underlying set and the relatively-compact bornology induced from
the functional topology, for each structure. In chapter 5 we induced and com-
pared compact bornology from the canonical topology on the underlying set and
the compact bornology from the functional topology, for each structure. These
are the contributions and the main results of this thesis. A. Batubenge and M.
Tshilombo studied the topological relation between the canonical topology in-
duced on the underlying set of a Frölicher space and the Frölicher topologies in
[13] and [14]. In this thesis we studied the bornological relation or comparison,
which is an advancement in the theory of Frölicher spaces as a developing theory.

The study of this thesis was limited to relatively-compact and compact bornolo-
gies as bornologies induced from topology. In future we will explore other bornolo-
gies induced from topology besides the relatively-compact and compact bornolo-
gies. The bornological comparison was also limited to Frölicher subspace, Frölicher
product, Frölicher coproduct and Frölicher quotient as structures or subobjects
in the category of Frölicher spaces. One of the main investigative questions was
whether we can induce a bornology from the Frölicher topology and vice versa?
We have shown that bornologies can be induced from the Frölicher topology,
and furthermore from the canonical topology induced on the underlying set of
the Frölicher space. In future research we will look at what topologies does the
bornologies induced from Frölicher space induce. Bornologies have a lot of appli-
cation in functional analysis - we will look into the application of these bornologies
that we have induced from Frölicher space in our future research. Though we in-
duced, canonically, a bornology from structure functions of Frölicher spaces, we
could not induce a bornology from structure curves of Frölicher spaces due to
the nature and structure of structure curves. This is something we also wish to
look into in our future research. That is, looking at the conditions to impose, if
any, on structure curves and/or Frölicher space in order to induce or characterize
a bornology from structure curves of Frölicher space. In future research we will
also look into applying the bornological comparison that we have deduced on this
thesis on the product, coproduct and quotient of Frölicher groups, on Frölicher
algebra and convenient spaces.
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[33] P. Cherenack, P Multarzyński, Smooth Exponential Objects and Smooth Dis-
tributions, preprint, 2000.

[34] D. Cibotaru, Sheaf Cohomology, Department of Mathematics, University of
Notre Dame, Notre Dame, IN 46556-4618 , April 27, 2005

[35] E. Colebunders, R. Lowen, Bornologies and metrically generated theories,
Topology and its Applications, Volume 156, Issue 7, 1 April 2009, Pages 1224
- 1233.

[36] B. Dugmore, A Framework for Homotopy Theory and Differential Geometry
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[74] S Özcay, Bornologies and bitopological function spaces, University of Nis,
Faculty of Sciences and Mathematics, Filomat, Vol. 27, No. 7 (2013), pp.
1345 - 1349.



BIBLIOGRAPHY 122

[75] A. Perroza, Induced Hamiltonian Maps on the Symplectic Quotients, Differ-
ential Geometry and Its Applications, 26 (5), 2008, pp. 503 - 507.

[76] I. Protasov, Bornological, course and uniform groups, arXiv:1807.03028v2
[math.GN], 15 Nov 2018.

[77] W. Sasin, The De Rham Cohomology of Differential Spaces, Demonstration
Mathematica, 22 (1), 1989, pp.249 - 270.

[78] D. Schlomiuk, An Elementary Theory of the Category of Topological Spaces,
Transitions of the American Mathematical Society, Volume 149, May 1970.

[79] R. Sikorski, Differential Modules, Colloq. Math., 24, 1971, pp. 45 - 79.

[80] R. Sikorski, Abstract Covariant Derivative, Colloq. Math., 18, 1967, pp. 251
- 272.

[81] R. Sjamaar, A de Rham Theorem For Symplectic Quotients, Pacific J.
Math.,220 2005, no 1, 153-166.

[82] J. Smith, The De Rham Theorem for General Smooth Spaces, Tôhoku Math.
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