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_Abstract

- One vonsequence of the non-abelian nature of Quantum Chromodynamic {

' QCD ) gange theory is that it gouge particles, or gluons as they ave called, -
st be able to interact with each other. It has long heen suggested that this
wmust give rise to a compli't:atédQGD vacuum striscture, and many attempts
to describe and model such % problem can be found in the liferature, Another
consequence of the self-interaction of vhe gluons is the effect of eolour confine-
mment, whick specifies that only colonr-charge neutral objects may exist i free

“space, One of the most successful mode]s in QCD so far takes into account

" this confinement effect dlrectly, by means ofa phenomnologma.l confining po-
tential or bag. The aim of this thesis is to conslder the structure of the QCD_
-vacuum within the confines of such a bag.

Tnitially, the intéraction amongst the QCTr gaugs parhdea is considered

self-consistently in the finite M.LT. bag model, nsing a Boglicubov-iype ap-
proximation. We assume the gluons have condensed into the lowest single
particle state of the bag, forming & boson pondénsate. A nmew set of single
particle states is then found by diagonalising the self-energies of gluons prop-
agating in the preserce of such a condensate. From the true single particle
‘spectrum that is found, the energies of possible ghionium states are then es-
timated. The vacuum condensate parameter (i, 3 F(2*) F, (%) ) i also

' explained as an effect of the presence of the gluon condensate.
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Notation
“We work in the so called ‘natuzal® units
. 'ﬁ=c&L' _
. throtighout. To thesc vaits inverse lengthe axe equivalent to enargies and most
Guaatities such a8 the energy, momentum and time ete, have umts of length ("
* or mass ) o some power: ‘We note that -

ko= 19’?.3'MeV£m. _ _

. Since the radiis’ R is the natursl unit of length within a bag, we will work
mainty in units of 1/R. We use Minkowaki space-tims where the metric g*"’.
has signature :
.qﬂ_v = S’;w = dﬁg{la -1,-1, "'1}:

for four vectors 2, = (t,—%) and 2 = (,E). We also use the repeated
index summation convention for all four vector indices 4 ete, unless otherwize
indicated. All sums over other indices, such as the colour indices ‘a’ etc.;axe

~ . shown explicitly, The 3 and 6 symbols are those defined a.ccotdmg 1o the

- conventions of Edmonds [1 1]. Finally we note that in the literature the word

Lagrangian is spelt Lagrangean and Lagrangian with ronghly equal frequmcy
We will adopt the latter convention.
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.Chat)ter 1
Ixitfoduction ”

The concept of 4 gauge field in Physics, namely » field Whose action.is pre-
grrved under some local gauge transformation, has lang besn established in
the literature. For example n Elect.ro dynamics, the electmms,gnet.lc energy
is invariant under global, and indeed local variations in the phese of the cor
respondmg electromagnetic fields or, equivalently, of the four-vector potential
that defines them, Such variations in phase, correspond to the mmplest gange
' {ransformation, defined by the U(1) gauge group. Quantisation of such gauge- _
fields then yields the familiar quantum gauge field theories and defines the -

concept of gauge pazticles, such as the photon of Quantum Electrodynamica

( QED ). The gauge field concept has been extended to more complicated

gauge groups with ¢ome success, notably the electroweak unification model {

T(1)xSU(2) ) of Glishow, Weinherg and Salam [14] and others.

. Nucleonic compenent models have focussed attention on yet another gauge
group, SU(8) colonr, formalised as Quantum Chromodynamics { QCD ), This-
new theory differs markedly from QED in that the gange group is non-abelian,

- g0 that its generators are by definition non-conmautative. The gange particles

- must therefore be able to inferact with themselves, resulting in a highly uon-
linear problem. The long range rature of the interaction between two colour
charges, produced by these self-interacting part.;clm i such that it diverges
as the distance separating the two charge centres increases. One is thus lead.
to the ronclusion that all observable particles must be aeutral with respect to
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this colour chm:ge, ie. conﬁnement of a]l culcm:ed constitvents [8]
. The QCD world-picture would thus seem fo consmt of ama.ll aress of per-
tarbative vacuum, within which coloured constituent particles move freely, em-
~ bedded in a non-perturbative vacaum where the colour chargs is zero, These
“rieroscopic areas { often modelled by so-¢alled bag models ), corresponding to
. gbservable particles, are taken to be bound states of colonred constituents, fo-
" éInding both quarks and the gange particies or gluons, which exert an outward
pressure on the walls to match the collective collapsing effect of thi surround-
ing colour-fre¢ non-perturbative vacwam. Clearly we would expect there to be
observable particles conisting of gauge particles alone, the so-called glichalls
of QCD. In fack it haa been suggested by Hansson, Johnson and Peterson. 6],
that the QCD vacunr itself might be a condensate of such glueball states. -
. 'The identification and analysls of sush glueballs is a topic that has enjnyed
much epeculation in the literature. _
As the full QU Lagmngmn is highly non-linear, the exact modelling <"
. such ghuonic states is difficult to perform. Although QCD as a gauge theory is
in principle rmormahsablc, no dlear method to perform such & renormalisation
has been found, mainly as there is no clear length scale in QCD. Attempts to
perform such a renormalisation in terms of effective gluon nasses by Cornwall
{9], Thoma, Liist and Mang [23] and others { defining glueballs as coupled
pairs of such gluons ), suffer from the drawback that extreme truncations of
the dingrammatic series are necesaary in order to make the problem tzactable,
The problem has also bein. approached via Lattice QCD ( see for example
. the work of Fernandez and Marinsxi [12]), where rough bounds on constitnent
maases are frund by considering the time dependence of plaquette correlation
* functions. Such lattice calculations, from theiy very nature, are dependent on
* the size of the laktice used and no truly effective method has yet been found

" to determine the true continwum Limit of such results, Due to the success of .

-effective Lagrangian methods in nuclear physics, there have also been several
_ attempts to model QCD similarly ( see for example the work by Gomm, Jain,
- Johuson and Schechter {15], where an effective chiral Lagrangion s found in
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termy ofa.smgleheavyglncmmmﬁeld) Uniorhunately itis d:tﬁcult toextra.ct :

* any of the mediating ghueball’s properties from such effective models. ©
The only models to have systematically pmduced any reasma'bla results
for gluoninm are the bag models, based on the original concept of Chodos,
Jaffe, Johnson, Thorn and Weisskopf [6, 7}, which reproduced the hadronic

- sector so well {14]. Simple caleulations by Jaffe and Johnson [19), revenl that -

" there should be & whole plethora of such gluonic states and the problem of '

R finding or explaining such states away has yet to be solved. - However the -

Towest of these gluoic states is in very good agreement with the predictions
of the other models mentioned above. These calculations are, however, made’
~without reference Lo the vacuum properties of QCD ( see the work by Pazcual

- and Tarrach [21] for examples of these ) and usually only use effective ghion-
.. Eluom mtemchons The advantages of suck bag models over other methods ate -
clear,’ The finite nature of the bag 1mme&mte]3 resolves the problem of infta- _
zed dwergences, though there iz some measure of tenormalisatio. required in
order to relate the madel predictions to free p&turbahve QCD, Attempts have
been made fo model the vacuum as some condensate of these ghuchall states by -
Hansson, Johason and Peterson [16] and to reproduce the full QCD vacyum.
properties directly instead.- .

In this thesis we will attemp!. to calculate gluon self-interactions within an
MIT bag model, in. the presence of some hackgroond condensate of gluons, -
* which will generate some of the macroscopic properties of the vacuum even
withie the confines of odr pertusbative bag, From these self-interactions we -
hope to find a new set of self-consistent bag states and hence recalculate the
- gluebail spectrum. One advantége of such a pracedure is to enable us to
determine self-consister:: wavefunctions for these gluons aud thus in principle
to predict the expectaticn values of any operator we might reijuire. In practice,
the symmetry bresking, nature of the bag leads to renormalisation difficuities
as discussed above. though perhaps the method of Hansson. Jolmson and
Peterson [16] might be used to resolve these. '

In our model, we ‘have attempled to model the gluons self-oonmtmtiy, '
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_ nia‘king use of the non-perturbative oﬁnﬂensa.te vacuum picture of Belm.ev {2 - L
 This thesis atterpts to present x clear logmal dertvation of such a model from
- basic prindples. Tn Chapter %, ihe problem of QUD within a finite systerm
. in the presence of a background condensate is discussed, Chapter 8 contains
the details of the self-interactions and the formal structnre of the Schwinger- -
_ Dyson equations that haveto be solved, The connection between QUD vacuum:
properties and our condensate is considered in Chapter 4, and some numerical
- calculations of self-consistent glnon states are presented, Finslly we compare
these results to values found using the other mndels in the htemture and -

discuss a few conclusions,
. We have chosen to details all the more dxﬂicult t:almﬂahonal detmls in the
. appendices, 50 &3 not to interrupt the flow of phiysical ideas in the course Qf

‘the thesit, The appendices thus, in no way represeut a summary of stan- =

dard results, but rather contain the calculational heart of the thesis. Ap-

pendix A containg details of the MIT bag model together with derivations of

the second-quantisation procedure and the corresponding wavefunctions and

propagators used in the text. Appendix B deals with the parameterisation of
the background condensate, and explains how the quantities which describe
the condensate are calenlated. Appendix C containg explanations of the colour
fartors implicit in the gluonic self-energies, including an interesting result de-
tailing the coupling of two actet fields to a colour singlet. Appendix D details
~ the somewhat complex calculation of the integrals found in the model. These
appendices tend to be mathematically exhaustive, but this is intentions? in
oxder to clarify some of the notational and a.pproxmmtlve details of the calcu-

lation.
- In summary then, we find that this model gives rige to a series of multi-

gluon { or gluoninm ) states; in direct analogy with those of the standerd
MIT bag model. The loweat of these is a 0%, 2+ (IM1)? which lies at an
energy that varies from 1313 MeV ( the standard model value ) down to
1073 MeV., We also find a 1, 27, 3~ state with energy between 1308 MoV

and 1511 MeV, a 0~, 1-, 2~ state with energy between 1498 MeV and 1617
MeV, a 0%, 2*, 4+ state with enetgy between 1531 MeV and 1700 MeV, and
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- an mﬁmt'.e series of higher states Although there ig no definite. mgna.ture' S

- for 31uomum atates, elimination of those states knows to be quark-antignark

pairs from the experimental specirum {20], suggests that the fo(1240)01F, - -
' p(1440)0~+, fo(1500)0H+ and fofl 120)2**+ resonances may well he multi-gluor,
 states. These values compare very ‘favowrchly with, the predictions of our

- model. . BTRE '




-Chapter 2
}_Formallsm
21 The QCD Légrangian

The basic form of the Lagrange denmty L(a) for free e]sctromagnet:c ficlds is
P 41 . _ .

ey ey

where ﬁ"‘”(z") is the ﬁeld tensor defined by
Fovaty = -aﬂfiv(a») - A=), (2

in term of the four-potential A“(m") of the flelds. The zeroth component of |
the canonical momentn defined by suck a Lagrange density is identically equal

to zero, which means that we cannot quaitize a Lagrange density of this form. .

Instead we are led to mtmduce AL extra, sa called, gauge-fizing term [24],
follows : -

ﬁ(““) =- Zﬁi W(”‘)ﬁ, wAZ™) — ) (;—)Hji#(xn)) 3 ' (2'3) _

where the factor A can be geen as a Lagmnge multiplief, en:t‘ordﬁg the covariant
Lorentz gauge cundmon S,A"(x") 0. We note that in adding this term, we
have already chosen a gange and, to some exteut transferred the xdea of gauge .
mdependenoe to the nrbltranness of the value of A.




GHAPTEREJFORMISM SRR 11
I‘he cm:respnndmg Hami]toman Fois |
Ho = f d%fe“’(s“) (a,&o(zn) a°A,,(z==))

j &F’“’(z")pr(z“) |

+ approprmte gauge fixing terms e (2.4) '

¥ we now mnslder the case of ths SU(3) chmmomagnetic ﬁelds of QCD,
ihen, we will need elght mdependent fields A2(*) (a.=1,..8 ), corresponding
to the eight generators of SU(&) The full field operator is then =~ :
A = z;. Aa, - (29)

in terms of the Gel]ma.nn matrices A,. Dne to the nop-abelian nature of this
fleld operator, the field tensor in QCD is mora cumplxcated '

(e = PAe) - Ao +g_§mﬂ:(z*)ﬁ.,tx~), (26)

wlie_;re g is the dimensionless QCD coupling constant, and where the fu.. denote
" the structure éanstants of the SU(3) group, defined by - o
[ hay ) = 2¢ Zf.],,)\c. _ _ CEan
- This results in furtht*.r terms in the Hamiltonian _
. . - o . B
) Aulm 1 . L - - .

= D+ T [ fachundble Az A Anta)
a=l . shode o : :
+ e I : ) ) . (2-8)

where the remaining terms are trilincar in the fields A#(z#). Since we wish to
calculate the effects 'of self-interaction within the M.LT. bag, where, to some

+extent, the trilinear terms are responsible for the confinement, we will imitour
stady to the four-point term only, which ta.kes the form of 4 simple two-body

conta.cf. mtera.ct-lon. '




J'::t . .

| '-:cHAPTERz Fomm:sm e _"12' .
: .2 The Non-Interactmg Fleld Equatlons .

: -We wish to work ‘mthm 2 ﬁmte system, speclﬁcally the MI.T oag mndel, o

- so instead of uamg ordinary Fourier transforms, we will acpand in terms of
~the dlm-ete specirum A,.(w") of the finite gystem. From the Lagm.nge density '
 given in equation (2.3) for the case offree felds, we may dmve, usmg the-'_

C Euler—Lngrange re]atmns, the equatxon of motion

OAY(z%) ~ (1—z}a"a“An(¢~) 0, R (2.9)'

subject to the Lorantz condition 6,.;@(3*) =0, This set of equa.tions,_ tdgét.hér' h
with, the bag boundary condition, gives rise to a set of discrete states 4%(z")
( sex Appendix A ) which, since the problem is colour symmstric, will he

independant of the colour ‘a’. We will work in the Fermi-Feynman gauge = _
where A fu taken to be 1, simplifying the equation of motion (2.9) a.bove We o

_ n0W mcpand the field operator in terms of these discrete states

Aﬁ'(z“) = E APz el + EA:(::“)_ Cpas ' (2.1{;)
whsre ct, and c,m are t.he nsual boson crea.tion and annibilatior nperators B
respectWt!ly, with eummutatqr
{"'mm cibl“ St (211) .

" and where m, n areindices denotiﬁg the full quantum numbers of the states,
which usually consists of a rédia._l'q_mtmn number, the usual angular mo-
mentum quentum numbers aud cne further quantum number representing the
pola.msa.twn of the g]nomc wavefanction. ' .

" Taking the cunespondmg exgenmergles io be wy,, we obta.ln for the Hamil~
tonian

A

H

I
R
B
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g Z (j’ fotiy (w“)An"(fﬂ")Amtx“)Ap(z"))

x 3. fmfm emb%cpdeqe
. abeda -

g | AT
‘HE+H1+7fm |
The sums over 11 etc. denote that & sum over both posltwe and negative en-
ergies is intended, bearing in mind that o gange quanta ia its own anti-particle,

so that thie is merely a shorthand notation to inclade both the wavefunction
and 1ts comnga.te in one sum ( see Appendiz A ) '

2.3 Perturbative QCD in a Condensate

We now consider the one particls Gre.en » function, nf the full Ha.m:lt.oman H
in the Helsenberg representation

Bl (z,2") = (S5 T{ﬁﬁ.(w)ﬁ‘ﬁn(df»')} T8 (213)

where the expectation value is taken with respect to the full interacting ground
state. If wemove to the usuai interaction representation, then formally we have
13 |
' i (=, m’) = (T{ﬂi‘,(x)ﬁ’fb(f)@]‘ 8, (2.14) .
in terms of the & matrix ( taking Hre, to be _insigniﬁcant } |
'y . 2 ) . - . . | .
8 =1{on(~ L5 fuctinf A AnVhinla))] - @15)
_ abeds

where now the expeclation value is taken with respect to the non-intevacting

ground state of the Hamilionian 7y, where all the particles are condensed into
the lowest single particle state, :
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. We sepamte off t.he opemtors achng on this Iowest mnglc. pa.ﬂ.xcle state
o exp]icstly as follows :

A&(m~)-=_zi°2(a*)'+_>&':cz*); -(2.1&5
where o : . '
A () = AP () b + (e eone - (217)

We then consider the fo!lowin_g.twﬁ pm.pégators sepatately +

i) = (TSR /), @1y
and ' R _. ;.
D5 (e, e) = (PALWALGN /). (@i9)

Tollowing the method of Beliaev [2], we also divide the two operations T{- ..}
~and {++) into two suctessive operations, the first acting only upon A (29,
and: the second only npon A%, {£%). Thus we define -

DT L ()= )

where TO and {-++}° act on At% (27). Specifically we find that the propagator -
equation {2. 19) now becomes

Do) = (Tn{;@g(,.,,,'q} 1), (221)

where .
(e, o) = (T'{ﬁ’h(f-)fi (3')3 e (222)
Now equation {2.22) has the same structure as the numerator of equation
_ (2.19), but with the operators A‘f’i(m“) appearing in § now to be treated as
~ parameters, The expactation value in equation (2.22) is ¢aken with respect to

the vacuum stat~ of the operators ci, and ¢, (n # 0), and &6 the {crmallsm
of Feynman grapha can be uaed to calevlate eB‘“’ {x, 2 ')
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L A o
R v g wst g ¥

@ - ®
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Figure '2.1.» The Elementary Vertices of the Four-Point Intefaction

We represent ¢ath contact interaction by a single da.rk point wlth four legs,
The free propagator

5 (0, ) (TAL@ALEYY, @

is depmted by a sohd line conmecting the points = and 2!, and each factor

ﬁ_“h(a:"). by & dotted leg at that vertex. The six basic vertices are shown
in Figure 2.1, The calculation of diagrams then proceeds analogously to the

ordinaty case, apart Im‘ai the presence of the A} (2*) operators as param-
eters. For example, one diagram that contributes to 59,1, (=, z’) is shown. in
Figurs 2.2, and the correspondmg integral is

Mo(zr,zd = f DO ) AT () (~=I"-m($n)) (B0 (g )

. N v o
% tD’(o) (w3, 22) ("' ':,?,,‘}(:ts)) *D'm (@2, 34) A(ws)

% dlaidtizy, . (224

where —-zF‘ g(x-“) denotes the fotr-point interaction vertex funetion that we
will handle more explicitly in Chapter 3.
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Figure 2.2: A Typical Second-order Feynman Diagram : see expression (2.24)

~ Now let M be any gfaph, conirfbuting to equation (2.22), that contains no
| disconnected parts ormunm loops. Together with M, we consider all g’mphs
 that differ from A4 by the addition of vacuum Joops. The totality of such
graphs gives M multiplied by 2 factor that is juét the vacuwm expgcﬁtion_ .
valus of the § matrix, namely () in our gﬁgse, since we take the expectaﬁion
valne with respect to the va.cuurh of the ﬁ’}':.(:}\:") operators. Thus the inclusion
of vacwu loaps changes M into

Mza)dy. " (225)
Subst‘atutmg this mto equation (2 91) gives us a term that goes as
(T M(as 2} (Y} (‘§ o (aam)
whete th; obemt.i.o.n. T aets.on t_.ha f&ct.ofs zi"';,(a:")- ete. aﬁfenriﬁg in M .and
in {8Y. Now Kuppose that A containg m pai;s of ﬁ“ﬁ(n:".) operators. Then
e o) = [Mpnne (st . P ) A (1)

e B (E ) O () . Aﬂmhtzm)(d%.)(d*m'),
(2.2m)
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a.udso(Z?ﬁ’)becomes y

/M::‘ Fo »D°:1:,;;"“.;.‘.’;J’.:.(m;--"-z_m;-s;;..-’z:,i.)td%c;)(d&z).f (228

wha-e __

e -nmh .bn Cpa
’Dom- na:m .u...(zl T Ty

(T{Aul.,& 2).. A";aﬂ@m)fi“mm (81) - . A% ()5}
( 5y ’

(229

is the m-particle propagatq, of the wndensed phaae, equa.hon (2. 18) being the
spetial casete =1,
- The gmphs for the propagator in (2. 21) thus coincide with the graphs for

19:'1‘,' (z,2"), only the 2m factors. A“x,(:n“] are replaced by the correspondmg
m-particle propagator for ﬁ‘le rondensed phase. For example, in the integral

of equation (2.24), the fact, A% (22)A%)(2s) io replaced by /595 (22, 2s).
" We need not consider grophs with disconnected pasts, since these are al-
ready included in the appropria.te i.ﬁ“-(m). '

2 4 ’I‘he Propagators of the Condensed Phase

‘We now consider the condensed phase prupagator in its single particle form

D) = (TUL@AREEN S (2.50)
(T {450 45) exn D) EY) 1 (6)
(TAY AT () e (B1efn ()8 101 (8)
(TP e PN
(TP A3 (o) el ENSYY O 1 48)

0

+ + o+
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The total numher of part.mles ina good qumtum nmube.r since the four-point :
term. conserves particle tuniber, Thug only the rmdg!le two terms will cons
' trlbute to the above expression. Colour will #lso be conserved which wil give '
rise fo & &xy dependence. Now, given a Jarge }mmbet Qf patticles in the lowest
single particla state, the addition of one particle: to this state, and the removsl
of another particle from this state, occur essentially mdependently o vack
other As & result, the propagator must be separable in the times cf o such

events as well 88 being exphmt]y spatially sepa.rabla ie,

DV 2,0y = KH(2)K*(a) bup + K*H(2) K*(z") by
Sinee the propagator may atily be dependent on the time difference, «
led to the foliowing form for K¥ and K* 1 '
Vg A(E) ettt (2.82)

K"(a:)
K*¥(z)

It

|

The propagator is thus

B, ) = B AB(EAT(E') o)
b AP (F)AG(E )t (2.98)
1f we compave thig form with the original definition in equation (2.18), weﬂn&

that -
o= Jim {45% | Teaan(t) ot} | 450 (2:34)

Thus g is the mean occupation numier of the Jowest single particle state in
the full interacting condensnte ground state. To detérniine the nature of the _
other parameter go, we consider the first texm of equataon (2.33), which is
related. to

(éH(N } t‘-m.(t)cho,(i') | #8(N)) =
(AN | o) | BBV + 1N BN + 1) | ehiaad) | S5N)) +
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}:( tﬁ?(ﬁ ) | cm,(*) ! éH(N + 1))(¢H(N +1)] cnua(i') 1 é“(N N
o - (2-35)

in terms of the elgenatates of the mtemctmg N+41 parhcle system. Smr.:e in
general .

errull) = 6P g, 6, (2:36)
- R
clgalt) = €T e 074, o fean

.thus the first term of equation (2.35) will have time dependenoe '
| -::Eé’"—-za‘)u~m |
gud the other texms will go, respectively, as
e~ HEIT-EFt-t)

- Comparison of this exact result (2.35) with our approximate result, given by
the first {erm of equation (2.38), reveals that, in the limit of large NV, only one
term. survives, and we conclude that the parameter o tnust go as

po= EFH BN (2.38)
Thus pg js the chomical potential of the condensate, The parameters ng and
Ho sve not totally independent but are related by the exprossion
po =3 g Wan(pio ... ios o« o)y (239) .

(") ' : .

( see Appendixﬁ ) where Wi,(} denotes that component of the connected vac-
uum loop contribution to (S)", which contains m paira of ;i“;,(z") uperé,tora,
and where the sum runs not only over geometric structure, but also over the
position of a special vertex as explained fully in Appendix B.
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eqmtwn (2.39) may be mmdered Al B0 equatmn for ,uu(nu) '.l.‘he ongmal L

: .pmblem:s apecified in terme ofonsfteapa.rameter, the total mumber of parti-
dlea v, Thus bof.h fo andng ought, io he expressible in terms of n. Howevern
does not appear explimﬂyin our equations, It is convenient rather to consider
ng a8 the free parameter instead of n, and to express ajl other quantities as

- & funetions of ng. The connaction between %o and  can be esta;blishe& aiter '
~ the problem is solved. From this standpoint eqnatmn {2.32) completely de-
" termings K® and J(** anrl, oometpzeaﬂy, gl the propagators of the uondensed '
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| 'Chapter 3
Propagatmg Gluons in the
Presence of a Conde_nsate__

31 The _Dyson Equa;tion for the Mo&el '
We zookmwat the-p;opag;xo: | o o '_ -
snf,b(m,w') = (48 IT{A*m(m)«i"'m(mf)} 4, e

and its Founer transfotm, defined by " -
D (a,) = j 2 giets) i i (8,24 0) (3..2)

Tastead of transforming into momentum space as well, we expand rather, in
" terms of eigenstates of the M.LT, Bag [6, 7, 10]

D5, 840 = - L4 W) 45E). 69

We now conmder the general structure of any gra.ph which contxibutes to the
propagator (3,1). Bvery graph contributing to i0umam{w) has the form of &
chain of separate irreducible parts, conneeted to each other by only one con-
tinuous line. There are only three different types of irreducible parts, which
differ in the number of outgoing and incoming continuous lines as shown in
Figure 3.1. 31 describes processes in which the number of particles in the con- .
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| R
. ’ . C . . : :‘-
w =y w o
SERW) —iSR(kp) =50+ )

Figaze .1: The Three frreduriblo Contributions to 1% (2, 2"

densed phiase is congerved, £92 and T120 describe the absorption and emission,
respectively, of two particlen out of the condensed phase. Ta these processes,
two particles must be simultaneously absorbed, or emitted, and the energy
requived 1o do this ( twice the chemical potentisl of the condensate ) must be
taken into accoun. We are thus lead to define -

| —iZ (W) = T e ) — i)y
B, = iR} -+ = 2
~E ) = D)6 b ws - 2p),  (34)

again transforming to the energy/eigenstate representation.
" The Dysou equation for the ordinary propagator then turns out ta be
mnn‘h{w + Fu)
D o+ )
gl + o)~V Ees(wo + )i el + o)

'++

S0+ po) (D)2 (w + o) Dionas (10 + o)y
| (8.5)
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oy

ek
e dp) = =
wtpo.
.-—-iﬁ(w+ﬂn'} = =
—w+m. W pp

Figure 3.2: The Dyson Equationa defining the Full Propagator
" Where i D pyap () is the anomalous propagator with equation
‘iﬁ?mm'b(w + P‘l:l) '

= sD’m pac(—t T+ M)(—‘)Ennd(“w + FD)@W@(W + po)

DB 4 o)) B+ a)iDmas 0 + )y

' ' ' (8.6)
as described gﬁaphiwlly in Figure 3.2, where the double lines, joining two
points, denote the two full propagators, D ms (W) and i mnan(@)- '

3.2 Sblution of the Dyson Equations

The Dyson equahons may be solved exphc:t.ly, though the solut:ons turn out
fo be quite comphcated :

[z (+)ﬁ'f:}(—)z11(‘“)202(+) 1] Bu(-)

Denominaior

iD(4) =
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Denonunato: 4
._ 'whm_the comm_qn denbmiuat_.omg . . L
| '[ﬁ*@i(ﬂ.—zﬁtw] -[Eﬁ(+xﬁfa§(—m;;(—-)naz(+) ~1fSut)
B [EROSeEa(a)], 69

- and where (+}'dem‘bes an argament of w+ o, snd (—) azt argument of —w-ggp.
Here the matrix indices in eigen- and colour-space have been suppressed for
 clarity. The inverses are taken with respect to both these indices simuliane- -

- 8.3 Evaluatmn of the Self—Energles and the
Non-Interactmg Propagator

Théno;;—intera.cting propagator iD'm-,(w) is given by ( seec Appendix A }

2.))0

e ©9)

;ﬁ'ﬂ_ab(”) = _._wmn ban

in terms of the unpertu:bed smgle particle eigenencrgies wy, associsted thh '
. those MLLT. bag states AR (Z) with respect to which we expand.
Ta evaluate the self energies, we start from the simplest, general interaction
diagram, shown in Figuré 3.3, which evaluates to [24] '
—ig® 3 { fube ot (Srstine — ropw) + Facsfodelgrntive — Grapv)
't" I adu.fl:bn(g.\vgm - .Q'ch) } _

x [SAN A @AM, (BW)
Now the lowest order contributions to B! are shown in Figure 3.4. Dueto the
condensation of the gluons into the lowest state, the first of the two diagrams -
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mb pR

Figure 3.3: The Basic Interaction Diagram -

-, Dhe %b 5
. R S 4 ¢ )
~Eerm) = + @0
. ) & _ »y NN
mya 0,4 M d 1_.1,:1

Figure 3.4: Lowest Order Contributions to the Self-Energy 51

ghould dominate. In this diagram we then tie the A, M and ‘¢’}d’ indices.

together with the condensate 'prdpggator. Since this propagator is diagonal in
colour, thia eliminates two of the six terms and we are left with
BIL (w4 ) = 8 T e [ P00 (83 a2 A2(8)
— foafo [ oA ENDE VA
e [ 628000 (B2 e BV ()
 Faafas [EoAL ENDEE D) An(E) }-
' (3.11)

The eclour natute of 1 s eanily determined, as the condensate propagator
is colout ndependent, Thus each term has colour dependence '

L faefier = Cali - (312)
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. - mye b\ )
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Figute 3.5; Lowest Order Contributions to the Anomalous Self-Energies

where Gl is & constant, which, for the SU(3) group; has value 3, Thus we
obtain, substituting for {000 (%,2) ( see equation (2.93) ),

BB+ o) = 206 Chdin{2 [ oY@ 48,(2)45(5) A1 (8)
~ [ oAB(E) A0, (2) 432 )45, (E)
— [Fodn (@) 45, () 4505 ) -
| @)
The anomalous self energies areshowﬁ to lowest order in Figure 3.5. Again we
tie the A, M and ‘¢’,'d’ indices together with & condensate propagator, However

* this time the propagator is anomalous, and so the colour indices must now be
coupled to a colour singlet by some coupling coefficient zog s2y. We have then

o+ 1) =5 A St [ A ENTTH(E, 2 )

= Foafode [ ST (3,80 AL(E ) AnslE)

4 Facfit [ P @I, Arn(3)
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7

. —-fa».f-as f d%um (sc; *)mAmw)chs)
e fd“zﬁm{@ﬁﬂ“ 8 AnalE)
o [ PO

' Analbguus to iﬁﬁ::(m, =) in.Gha.pter 2, we may obtain the anomalous con-
densate p:;opaga.tor

e )—noc,bA (3 )A;”(m')e‘“{“") (@.15)
which gives us finally | |
B8 00+ o) = 20 4P f o Aen(BV A ()AL (E) ()

~ [ PeAH @ BV A AE)
' (3.16)

in terms of some colour coupling constant
Mo = 3, face Ced Fabe = — 504 ba, _ (8.17).
ode o _

as shown explicitly in Appendix C. Examination of the various indices in
equation (3.14) in the light of Figure 3.5 reveals immediately that

Eianfe + fo) = ERm ) . (3.18)

‘The lowest order contribution to o ay be found in an analogous manner -
using the formalism of Appendix B, and as shown there we obtain '

o = 2o g"CaNo{2 [ Eo ARV () A54E145,(2)
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- BAP@ALEHEO I
| N ¢ 20
where the notation 0 and ¢ is dsed $o dencte the twa residual m-supos which -
 remain implicitly in this integral forms Here Ng = 8 is the number-of possible -
hicolours which can be carried by the gluons, and O, is the SU(3) constant

defined above. - o _

The evaluation of the int~grals in the expressions above for the eigenstates

of the M.LT. bag is & complicated procedure, shown explicitly in Appendix D. .
The integrals reduce, in the end, to combinations of radial integrals over four
spherical Bessel functions of varying arguments, which we are only able to -
-evaluate numé_rica.ﬂy. :




Chapter 4

Results of Numerlcal ) .
Calculatlons and Conclus:tons

4.1 Analysis of the Full Propagator
In order to. analyss the full propagator, we make use of the fact that it masy
be expended in terms of itz elgenvalues and eigenstates as {ollm ( of. the
mpertyrbed ptopaga.f.m in Appendrx AY o
%kA”(:c .A‘"(.i:‘ ")

wh — f 440+ “h .

| _wf:.‘:(a,af.w)=-—='s¢>:

where AL(#) denotes the eigenstate with eigenvalue wy. ( Note the distinction
between the full eigenstates AL(Z), and the unperturbed eigenstates A2(%).)
- Now the unperturbed eigenstates form a complete set; ( cf equation (A.20) )

DAL ALBMRE@) =~ PE-2), . ()

so that, usmg the definition (8.3) in Chapter 3, we obtain for the propagator.
| %nlrm | KR )

| aﬁrm,‘,'?,(w)r.-iﬁg,?w&&ogg e (4.3)
- In the previous chapter, we de.termined the propagator to be
. B R(IE () Bea(+) - 1] Su (- ) »
i) =;[ = o Di:mm::r | {ad) -
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where the deuammator is. '

Iﬂ'm(ﬂ Eu(+)] [52 (+>ﬁ'za§(—)21‘(-)zaz(+) 1] z:u(—)

-~ Ba(H) 55 (-—)302(4-)211(—“)] . (e

and where (+) dﬁm_)tes an argt_:ment of w+,uu,'a.nd (-;) an argument of '-w+,ua,
with. the matrix indices in eigen- and colour-space suppressed for clarity, Thus

the poles of the propagator will be given by the values of w for which this

denoninator is Bmgnlar The trus eigenvalues are fhus determined by requiring
that : ' S :
det(Denommator)iw,'_mmb g =0 _ (4.6)

We may also obtain the overlap mtegra.ls of the full elgenstates with. the un-
perturbed mgensta.tes, from the appropriate residue of the propagator :

1 ' : " '
I = g ) Bl )
1 Numerator X adj{Denominator)}

= - . 41?
_ A £ det(Denominator) L_wk_ mmE )

where we take the mth diagonal element in eigenspace, the colour space being
trivial. Unfortunately all information on the relative phases of thess overlaps

is Jost., Here wo use that, given any matrix A{w) such that

 detA(w) =0, s
one may Sho.w Lt ’
Jiy o) = Jig -G
-1
= i i) S AL ek Alen))

dAw)

- g

(4.9)

o




'cHAPTER-: RESULTSAMJ concumows S o wm

_4 2 Parameterlsatxon of g

If we look at the self- enetgles that contribute to the p:opagator, it is easﬂy
‘seen that they all go as nogt. Now, alihough, the variable ny is well defined

in our model, it 1s not something we can easily measare. We would thus like

to relate it to the QCD coupling conatarit g, In order tc do this, we consider
the nsual pa.ramatensahon of ghwon oondensahon in the vacuum, given by the
expectation value

):;(ﬁ.,,,(o)ww)) ~003TGEVY,  (A0)

as obtained from QCD sum-rale sualysis (22}, Now waJmow that
Py = ﬁ“ﬁ,(z‘} 8Ax(z") +9’me Ag mn)A,(zn), (e

and thus ono dentifies the cpndensatm pazameter as - |
Foge T fandaolHOAOAOAO). (12

Assuming that the coherent part of this last expression dominates, we find,
" after equating *b' with *d’ and ‘c‘ with ‘e’, that [5]

F=Dg [S(sw(n)&,.(n) )] )
This | -

am % 0.0377 GeVANe

: i :
Zb)(g’Aﬁ(n)Ah,(o).)_.-.( . Cr ) = 1124GeV?, - (4.14)

since No = 8 and Oy = o 107 5U (3). We now expand our fleld operators gs'

follows _ _
Ap(er) = A 4 AN, . (48)
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AT (") = AP (") el + Af(e) 0p - (4a6)
“and | | B S
A" = LAY el + 3 A" (4.17)
: = S kR o

' in terms of the full eigenstates Af(z*) of the problem. Note that the lowest

state is equal ko its non-interacting form, as the self-energies of this state are

zera, Thus we have

TR0} = A 0) (T (e + el + i)
+ 5O O(Tuch). @19

Cousideration of the unperturbed eigenstates ( MIT 'bag model states ) re-

veals that only the L0 states are non-zero at the origin. Since our interaction

congerves angular momentum, and these are the only I = 0 states, thus thoge
full eigenstates that will contribute to the sum above must be super-positions

-of L0 states, Furthermore, since the states are energy normalised, the lowast
of theso states will dominate the sum, Thus we will consider only the lowest

energy stats, denoted by kg, which must evolve ftom the lowest L0 state as
the interaction is turned on. Since the mixing with higher radial excitations

s also emall, we may take the lowest L0 state to ba the main componmt of

the new stnte &0 that

(R0} = (R 2uo)F S a9y

Now the lowest L0 cigenstate evaluated at the ongm i ( from the general form
in equation (A.44} )

AL(0)45,(0) = m:u(o)Y* (0) [wmio(wioﬂ)]

- :,;,—;g; ERILER (4.20)
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. T]ms we ha.ve for the ﬁﬂl ﬂgmstate, ) t.he ungm, '
AQ(G)AL;:([') (%)’(Lailﬁ)zﬂio(ﬂ)ﬂiw(“

- gl ARt e

 The energy of the lowest L0 state is given by ( see Appendnc A)
WfoR=44038, . (422
and thus substituting, we find that

- B (045, (0) = .1..:_3323 )

Thus we have, from equation {£.18), that

?( g‘&{:(o)ﬁm(o)) - qa Ne i}:s;;i

= 1,124 GeV?, (1.29)
and we ident.ijfy the dimensionless quantity
| | WhR -2 |
e 0 §6721 (R[fm]) {4.25)

- with the bag radius R expressed in fm. Here we have used that
(Towely) =No=8 (1.26)
) . .

In order to calelate the full-propagator exactly, we would need to solve the
mmatzix problers in the full infinite set of unperturbed eigenstates. Although
the freedom in the angularanomentum projection of thre states allows us to
represent each block of projections as a single state { that with zero projection
) with no loss of generalii;y, we a3l have an infinite matrix problem. Thus it is
clear that we must trancate our basis and consider a finite set of states, starking
‘with the lowest energy states first, as the energy normalisation ensures that
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I A A
0.0000 i 4.493 | §.10t1 | 0.00000
" 2.5004 || 5,155 | 83317 | 0.22748 |
4.6670 || 5,683 | 5.4723 | 0.28708 |-
6.8285 if 6.129 | 3.6219 | 0.52053 |
8.9881 | 6,562 | 3.7477 | 0.63095 |. -
11,1476 | 6,968 | 8.8610 | 0.74748 |
j Tt T .

Table 4.1: Sample Calculations of determiniag np ( B = Hm)

‘For each value of ngg?, the full Hamiltonien is diaiona]i_sed 1o find the energy,
ty, of the state which evolves out of the lowest L0 state. From this energy,
using the prescription (4.253, we may determnine the value of g to which each
calculation corresponds, and hence infer the value of ng in each case,

" these states should dominate the low energy spectrum of the full propagator.
We will investigate more fully what the effect of this truncation is, later in
this chapter, In order to numerically evalnate ng as a function of g, we now
proceed by diagonalizing the full Hamiltonian for various values of nog®. After
identifying the energy, wy,, of the state which develops out of the lowest L0
state, from the preseription (4.25) we may determine the appropriate value
of g. ( Note that after a level repulsion, one follows the L0 nature across
into the other state. ) Since we now know both npg® and g, we may ensily
determine {he corresponding ny value in each case, Some example calculations
are shown in Table 4,1. The value of nq turns out to have an approximately
linear dependence on g, and a linear regression analysis over the range of g for
which the model holds reveals thay ' '

no{g) = 1.0130g (Affml)™ ~ 8, 1759 (Rffm])~ : (4.27)

with & confidence level of over 99.9%. We then ize this reéult o determine
the true elgenenergies as functions now only of g and R, Note thet, since by
definition o 2 0, we thus have a lower bound on the QCD coupling constant
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. g eurreupondmg tothennn-mﬁeractmg kxweat Ll} state
| g>3.1345(R[ﬁn]) o (4.28) |

Note alio that we are lead to a modified QOD coupling constant that scales

" as the bag rodiug R, and that, correspondm_gly the value of ny scales as 1/R?,
"o that the interastion strength neg? is independent of B. Thus the true
 eigenenergies wy will scale like 1/ R, just as the non-interacting eigenenergies .
w9 do. The scaling of the coupling constant iz a result of the implicit infra-red
renormalisation that occurs a8 a result of the finite size of the system we are
' ronsidering, All our results are plotted in teérms of the invariant nog?, in order
t¢ resolve any ambiguity such & scaling might otherwise introduce.

4.3 Basis ’I‘runcatidn Eﬁ'ec_ts

As discussed above, we calculate the true eigenstates with respect to a finite
basis of unperturflﬁed states, instead of the full infinite set, We must, therefore,
investigate the effect of this finiteness of the basis on our results, Fortunately
vur interaction breaks up into sub-blocks, allnwing us to consider the effect of
truncation on any ona of these blocks separately, and hence to infer the totel
effect. As shown in section D.4 of appendix D, each of the transverse mr gnetic
states, together with all its radial excitations, forms a closed sub-block with
respect to our interaction. ' '

Consider thus the sub-block of M1 states shown in Table 4.2, caleulated
for some arbitrary value of nog® using varying numbers of these sta.t-es as a
basis. The lowest. state moves in total as fo]]nws

iy, (25694 — 2.5652) -115, e

‘ag the rest of the bagis is included, We see cleany that the truncation effects
are gmall, being of the order of 0.2%. Furthermore, we need only include

one radial excitation over and above those we wisk to determine for the effect
to become totally negligible, Hote also how only the lowest radial exditation
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- [ Basis Size || (2.1437) | (6.1168) | (3.3168) | (12.4850) | (15,6439)
2.5604
2.5663 | 6.1380 |
| 25653 | 61564 | 93301 [
"2.5655 | 6.1864 | 9.3388 | 12.5047 [
25058 | 6.1364 | 0.5385 | 125042 | 16.6595

All Energles in units 1/R - -

LRl ] O3] ba 2

Table 42: Dependence of M1 Eigenenergics on Calculationsl Basis Size
The energies of the first five M1 radial excitations for some arbitrary value
of nog? are shown in the horizontal direction, labelled at the top by their
corresponding unperturbed energies. In the vertical divection the number of
M1 states included in the basis, upon which the Hamiltonian was diagonalised,
is increasing. In sach case, the number of eigenvalues produced is equal to the
© actual basis size. -
moves to lower energies, This is true for all the M states and indeed for the
E states too, though the lowest radisl excitation rises along with the rest in
the caze of the L states as the interaction is turned on.  see Figure 4.1 ). The
effects of truncation are, however, consistently negligible for the second to last :

radial excita_tion mcluded in the basis in each of these threa cases.
4.4 Gluonium in the MIT Ba{g Model

T we consider the full single particle eigenenergien as a funciion of the QCD
coupling constant, we find that the second Towest state moves steadily down-
wards till eventually it i lower than our original lowest state, which has &
constant energy in our formalism. Clearly the whole model would brezk down
at such a point, and hence we obtain an effective upper bound on the value of
g, below which our picture remains valid. This Y¥imiting value is depicted by
the dashed vertical line in Figure 4.1 where the full eigenenergies ate plotted
against nog® over the appropriate range. Disentangling the value of ¢ from the
- Jimit shown in the figure, we find that g should Ye somewhers in the range {
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Figure 4,1: Full Single Patticle Eigenenergien a3 functions of neg®

The single particls states are identified by the %uantum nurnbers iP7, where

{ is the ra.c{:a.l s P the polarisation ( L, M or E ), and j the spin quantum

~ numbers of the state, respectively. The lowest state condensate is included to -
show the critical crossover where the model breaks down, at rigg?® = 2.803.
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' nsing also the relahon . 28))
g:(3. 134 — 3.344) (R[fm]) _ (4.30)

Now the mass of any MIT bag state ig found by mlmmiamg w:th reapect. to
‘the bag radius R, the following energy {10)

m(R) -?_'g'wB_Rs +§bm%; o (4.31) |

consisting of a bag pressure, which acts so as to collapse the bag, and cf
- the energy of the particles making wp the bag state, defined in terms of the
accupation numbers ng, and cigenenergies wy { expressed in units & ) of the'
true eigenstates k. The particles here ould be quarks or gluons, depending
on the bag state one withes to calculate, Since the contdensabe in the lowest
- L] state has, by construction, the quaniom numbery of our new single particle
- vacuum, states of ghionium in this picture will consist of two or more higher
‘state gluons in a colour singlet, coupled to the appropriate spin and parity.
Nots that although the lowest state has an occupation mimber ng, and thus
~ would seem to contribuie to the energy, it forms part of the interacting vacuum,
and thus should be left out.

Now, in general, to minimise m(R)} with respect to R, we require, using
the ugual derivative presmptmn_ for & minimum, that -

 BR - e =0, 432
B gnme 2 | (4.32)
ie. o
W t o .
R = (mﬂkm) — (4.38)

Thus the energy of the bag state is given by

L L I
_m(x...h)=§(4wa)* (Egum) B CED
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I neg® | wimn | Dpsomewr | Boin [ 7 Bwin)
0.000 || 2.7415 | 5.4830 | 1.0985 || 1313.3
12.808 || 2.0044 41888 10270 ) 1073.2
/R 1/R fm [ MeV

mle 4.3: Energy Range of the (IM1}? 0*,2* Gluonium State

“092 ﬂ Wi | WiMa | Fagto 2k | Huin || m{Hmin) |

0.000 ;| 2.7415 3.8532 6.509% 11570 |\ 15109 |
2.803 | 2.0044 1 3.3647 |- B.4591 . 11,0973 | 1309.0 .
1/R | 1/R i/R fm MeV

Table 44: Energy Range of the [(IM1)(1M2)] 1-,2-,3~ Gluonium State

These {wo tables show the steps taken in determining the radiua and energy of
the twa iowest gluonfurn states at both the minimum and maxioum.

values of the interaction strength nog’ ‘I‘he energies are caleulated using the
method detailed in equation (4 34).

Using the single particle gluo:;; spectrnm as a function of m;g’, we may
. now caleulate the energles of the low lying gluonium state Iso as functions of
nog? The rosults aré semmarised in Figure 4.2, The lowest state is a (IM1)?
state, which has spin and parity 0+ ox 2+, the third possibility 1t being ruled
since the giuons obey Bose statistics. The enevgy range of this state, together .
with the range of equilibrated bag radii, is summasised in Table 4.3. Similar
results for the [(IM1)}(1M2)], 17, 2™, 3~ state appear in Table 4.4. The value
of B we have used in our calculations is defined by {10}

Bt = 146MeV, | {4.35)
4.5 Conclusions.

We have considered the interaction of QGD gange particles within a finite bag,
assuming that they will form & condensate in the lowest si:ig_le particle state
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Figuts 4.3: Low-lying States of Gluonium as & function of hogs
The lowest-lying gluorium states consist of two gluons coupled to a colour sin-

glet. Ypin quantum

s are suppressed aas alt the members of & multiplet

will be degerierate. Each gluonium state is labelled by the two occupied single

porticle states, -
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of the system. Thia meny-body ground state or- cdndémsaté is then fakemto
' bethet.meva.cuumonGD snd all physical glitons are considered aa smgle' :
particle excitations thereof. Now the choice of interaction for sm:h a self
 consistent problem will have a direct effect on the final end reault Bearing
this in mind, we have chosén to consider the exact interzction found in the
QCD Lagrangian rather than one of the many effective gluon-ghion '
. interactions that abound in the litetature. Now it is clear that, in working

' within a bag model, we have already built in some of the interaction in terms
of explicit confinement. Thus to work with the full inferaction given in the
- Lagrangian would involve a cerfain degree of overkill. For practical reasons it
ia clear that a number conserving term would be much easier to handle, as this
enables us to use a fixed n-hody approach. In thix spirit we have considered
the four-gluon point interaction term of the Lagrangisn only. Besides it is the
three-gluon term, which does not conserve gluun-number, that is believed to
be vesponsible for the confinement effect.

Since we wish to consider the many-body condensate as the QCD va.cuum,

‘we have attempted i fix the parameters of our model by considering the
value of vacuum parsmeterisations as evaluated on our ground state. Qur
description in terms of a finite bag introduces an intjtitusic unit of length into
the problem, and, 28 2 'r_esult, the connection between the value of the QCD
- coupling constant g within the bag and the equivalent coupling strength in
free space becomes somewhat blurred. We chose to work within a bag model
as it immediatcly resolves the problem of infra-red divergences, which would
otherwise wreak havoc with a lowest-state condensate model. Tn 8o doing, we
ha;vé, in principle, rencrmalised the problém and the sealing of g appears as
& result. 'We presant all results in terms of the effective coupling nog®, which
is free of eny such scaling.

Over the range for which our model is valid, we find that the hwest ghu-
onium state { formed by a two particle excitation of our new vacuum state )
- Kies at energies that raage from 1313 MeV down to 1078 MeV as the effective
interaction increases. The range of energies of the other low-lying stotes is
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o | o | (MyoMy) | [MoaBg; ] aMe? o |
Spin/Pazity ot 2 | 19,8 [0- 09" o+ 2¥ ar [ JF |
Energy Range || 1073-1313 | 1309-1511 | 1498-1617 | 1531-1700 | MeV
Experimental || /5(1240)7 | | g(1440)7 | fo{1599)7 || (MeV)

Table 4.5: Enm:glea and Radii of the Low-lying Gluonium States
We present the spin a.nd parity. quantum nimbers for each of the gluonium

- states depicted in Figure 4.2, along with the energy zange of each state,

Possible experimental candidates are identified after climinating all quark-
a??gmgbﬂ.ates from the spectrum. See also Figure 4.3 for a visual summary '
.of this

shown in Table 4.5. Although there is no definite gluonium signature, some
possible experimental candidates lying in the appropriate rauge may be in-
ferred by eliminating those states which represent quark-sntiquark pairs from
the spectrum [20), and identifying the spin and parity quantum numbers of
the remaining states. See Figure 4.3 for a summary of the resuits. -
The mode} we have developed is an extension of the familiar M.LT. ba,g
model of DeGrand, Jaffe, Johnson and Kiskis [10], as extended by Jaffe and
Johnson {19), but using more complicated self-consistent smglu particle states
as 3 basis, The results turn out to be very similar in nature to the results of
2 straightforward bag model calculation, evolving out of such resulta as the
effective interaction is furned on. We have neglected the centre of mass term
 0f [10], and after the addition of this term, which would shift our values down
by 330 to 370 MeV, we find results in close agreement with Jaffe and Johnson.
Ot results are also in.close sgreement with those of Thoma, Liist and Mang
{23] who obtain an energy of 10504120 MeV for the degencrate Ot, 2+ lowest
state of gluonium, We also find good quantitative agreement with the results -
of Carlson, Hansson and Peterson [4] and Hess and Viollier [17). '
Ons of the features of this model is that it introduces a measure of the full
self-interaction of the glrons in a simple way. It is reasonably easy to calculate,
with few approximations or assumptions necessary to produce results that are
not only gelf-consistent, but ulso in good agreement with other predictions,
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Figure 4.3: Comparison of Theoreﬁcﬂ and Expeﬁmental Gluonium Energies '

Theotetical gluonium energies are plotted, showing the gagible range that the
model. predicty for each state. The experimental candidates for glaopium are
aleo shown and are in good agreement with the theorétical results, The states
are Iabelled as before, only we now include spin/parity JEG,
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No renormalisation of the sélf-energies is required either, a8 the diagrammatic
sums found in this model converge absolutoly. The biggest benefit of this
model is that it provides us with a way to introdnce some messure of vacuum
carrdlation effocts back into the simple bag model, without seriously increasing
‘the technical difficulties, '
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| Appendlx A

Non-Interactmg Gauge Fields
within the ML.L.T. bag

Al " The Equations of Motion for Free Non-
| Interacting Gauge Fields -

The Lagrange density for non-mtera.chng QCD gauge fields is gwen in genera.l
by {24]

2o =~ 5 B Bule) - %; (apﬁgts"))’, (A
where | S |
- Bv(ze) = A (a") - ALz, (A2)

The .Eulen-Lagrange relations state that, given a Lagrange density £(z*) de-

. pendent on co-ordinates g(z*) and their derivatives g;,,, the equation of motion '

for the co-ordinate g; is, formally,

R CO Nl (A2)

dze B, So;

. In our case, the generalised co-ordinates are the fields AN,(a:") Since our

Lagmnge density is dependent only upon derivatives of these fields, and not -

~ explicitly on the fields themselves, the right hand side of the above expression
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evaluates to zero. The clasalcal equation of 1motion for each ﬁeld 15, a9 a reault, _
of the form

SE [ (A_4) o

| | = 8BuAsalz™)
Introducing the exp]iut form of our Lagrange density thsbecomes
- (a%z(w*) - a"Az(w*)) — »\M:(a*) y**“ =0, (A8
ie. o | .
8. °Az(o) - (1 - A)a”anés:(w*) 0. (A.6)

Thus in the Fermi-Faynman gauge () = 1), in which we work throughout this

. thesis, the equation of motion reduces to a sitple Helmholtz equat.mn in essh

of the fields Aﬁ(m"), : .
;...,.g(a.-u) ' o (A 7)

| A. 2 Second Quantlzaﬂ;mn of Non-Interactmg.
' Free Gauge Flelds

We consider the four-—pot.ential of a free travelhng chromomagnetic field. Now -
sinco theve are no interactions, and we are in free space where there are no
colour charges, the scalar potential is sero, and we need only consider the

vector potezutlal A.(r, 1), which will thez o‘oey _ _
B4 -V, =0 , V.4, =0 (A.8)

Expanding now *n terms of the discrete states of a finite box ( volaume V=1
for s:mphclty }, we have

ARty = E&“a“"-i-z"‘“e“"“" a9

whete the coeflicients &' are functions of f.ime

dpmet | wy=ik]. | (At0) -
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From equation (A8) we see that @} must salisfy
apk=0. S (A

~ DBefore we quantize, it is necessary first to transform to suitable canonical
variables (3] -

Gy = @+ar - o
| By = —iw (@} - @)= 0% (A

Expandir. - in terms of these new variables, we have

Tore A o | ST - |

AdR1) =E{kas(k.r) - = Ft sm(k.r)}. (A13)

[ L : .
The fields genersted hy'ﬂ:u_a potential are thus
o= Bha= ;Z:{ﬁ,:cos(i 7) +wGhsinE )},

-

B

It

~9 x B —Ek X {Q“sm(k. )+ —P,: cos(k r)}
| (A 14)
and so the I-_I#miito_nia.n *H is, classically,
1 ' L A
H = E;jd’r (8 + )
. : . -1
=¥ f & [; { B2 con(F. i) + weGsin(k, ;—'}}]
1 ' ' _
= .Eg( 2 4 wiGP) . - | (A.15)
'_ since

jfrco;(i.f)cps(if.f'j = 5E-D),
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li

[Eantieysn®.r) = GEE-R,

[z con(E)sin(®F) = o

We now expand both G and B into two perpendicular transverse polarisa~
tions, so that B - '

1 :
M3 (P +ulQR) (A.16)
ako . )

{uantization is now achieved Ly requiring that
| [ Blas Q] =~ 8%~ F) ot B (a17)
The Hamiltonian may be generalised difect‘.ly from the classical form, as there
are no difficult product texms, such as Qf, L, present, due to their integrand

_ which goes as gin(F. 7) cos(¥',7) and thus yields zero upon integration. Thus

N
A= T (P2 +uls). (A.18)

ke

The eigenvalues of this Hamiltonian are casily found, as the Hamiltonian s
ideritical to that of a system of independent linear oscillators, and thus by -

anslogy we know that _
- T - ) -
| B=3 (1\,,, + 2) iy | (A.19)
where the Ng, are integers. We are also led by this analogy to the familiar

ralsing and lowering operators

i

Choa .ﬁ ﬁ (kanh_iﬁ,:a) .

oo = i (i) )
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with commufator _ |
-~ [Chomchigp] = \/%— ‘[“’k“k'[ Qo Qg ] + ‘Wic'[ B, @kr,al
~=m[¢‘m:"w]+[ﬁ‘m1’m]} * a1

- which, using the original quantization requmement (A.17), gives

[Chom Chopml = m——— {"-"k + wye} 6"(}; k) 8oz 5>

]

63(51 k’) Gog Care {A22)

"The non-sero matsix elements of these operators are

(Nlm_llchal u’)_<N£«[ckaa|Nk¢'—1)“v #«' . (A'za)
Expressmg these uperators in terms of our original expanmnn, we find

v’i"" (e [ak + ap] + §(—twn) fof - 27" ) (A.24)
ie. :
Chos ~ /B 0 e, clon ~ vy 0}, {A.25)
which leads us to the quantized expresgion for A(F,t)
A0 = T Al ehoa + by KralF*) Spous (A268)
ake
where _
Y 1 e ' ;
Bl = g™, (A.27)

so that the orthonormality condition on the cigenfunctions takes ﬁhe form
JEB) ) = e P~ B g, (A2)
" aud the completeness relation is '

3 [ Ehtun Al (AT () = 87 - £ 8, (A.29)
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Al 3 Quani;lzatlon within an M.IT. Bag

Due to the sphencal nature of the M.LT. bag we are led to solve the motropzc
Helmholtz Equation

(¥ +#) ( ‘E.((’:% ) =0, B 4w

in épherical go-ordinates. Assuming that the functions are separable in these
co-ordinates ' o :

eli) = f)e(f) |
ip) = 6rew®,. - (A8
where @ is any vector operator such that

(8,91=0, A

we arzive ab radial and angular component equations that go as

62) b)) wo

[ 8 (,0), L off) )
{sinﬂ % (smﬂaa) + 575 3&’ & i+ 1)} ( %)= (A84)
We recognise the radie] equation (A.33) as thal of & spherical Bessel function,
and hence the radial dependenca takes the form [1]

f(ry = §5(kv)s

ag we need & function that is finite everywhere within the bag, The angular
dependence becomes obvious when we write squation (A.34) in terms of the

angular momentum operator fr_

)

I

g, - {A.38)
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- which cJearly is solved by spherical harionics and vectar spherical harmonics. |
As we will work in the spatial representation the basic functions are thus .

9(#) = Yim(#)-
The most general representation of ou.r.eigenfunctions ig thus

()
A

ik

N 55(kr) Gpm (P)s _
N O ), (A.386)

i

_ with the further restriction that o(F ) and A( #) must be related by the Lorentz
. gauge condition ' :

80 2. dmy =0 (A37)

In 'ord& to determine three independent sulutioné, ﬁa start, from the i)rinciple
‘that any vector fleld. A‘(r';') may be split inéo two pleces
A(F) ='E1(F)4_-Ja(ﬁ‘). : (A.38)
where 44 (7) is the ﬁransverae port of the field characterised by

$.4y(7) =0, O (A)

and Ap(7) is the longltudmal part of the ﬁeld which may a.lwajrs be wntten in

the form . _
Az(f" ) = V() - (As0}

sud where clearly ¥ x Zp(7) = 0, This follows from the guaranteed solubility
of the linear second order differential equation [3]

VE(F) = ¥ AF). (A4)
Since [¥, V2] = 0, £(F) st also obey the isotropic Helmbholtz equation

@+ =0 (ha2)
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and, using the Lorentz condition {A.37), it s clear thut we must take
| | ﬂ. e 1 . o
T = el _ (A43)

where (F) is the corresponding sealar poténtmi
Thus we have derived the so ca]led Long:tudmal-Sm!ar, or L, mode { where
we 1ntrodt1ce the Ri‘ factor explicitly, for oonvemenee )

MI‘ 1 -
) = Eg—u(k;fr)m(r),
e NE 1 .. o '
AE(r) = FF Y A ), (A
for § 2 0, with parity ().

For the transverse pars, we will need & further two independent modea.

Since the angular momentum operaior [ is by definition tranaverse, we are
led to the Trensverse Magne.ic, or M, mode

gy = 2

W J:(@"‘Jﬁm(ﬂ: : (A48}

for § > 0, with paxity (—)t1, The other transverse mode, found to be the curl
of this expression, are the so called Transverse Electric, or B, mode

.1‘3 w

=2 ‘&Ev x W;,(kﬁrmm(r), (A46)

| again for § > 0, but with parity (—). Note that sit s both the Magnetic and
Electric modes are transverse, the correapanding gcalar potentials cp}"*(i‘) and
@ (F) aze zero,

The M.LT. bag bounda.ry conditions correspond to the requiremiens that
no Bux pass through a spherical surface located at » = K. The constrainls on
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53
Tongitudingl | _Magnotic | Bleciric
j=0]4493 T.725] |
J=112.082 59402744 6117 ;4493 7.725
j=2[13342 7.2003.3870 7.443|5h763 9.0956
T3 || 4514 8.584 [4.973 8.723 | 6,988 10.417
| j=4 [ 5647 9.840 | 6.062 9.963 { 8.182 11705
___ Al enorgies specified in unifs 1/R
Table A.l: The Low-Tying Gluon Eigenstates of the M;I.T. Bag Model .
The first two radial excitations for each angular momemtum § are shown for
the three possible polarisations I,M and E. Note how ouly the Longﬂ.udmal '
node has nngul[;r mmntum 3 =0 mode, s
the potentials are thus [B, 7]
#VelF)_, = O
Px (Vx| _, = (A47)
Thia gives tize to denvalue equaﬁons for each of the modes as follows
d
Z;ji(k}'f) R =0, (A'48)
Y :
F W) =0 (A.49)
)| _p =0 (A.50)

gach of which, due to the periodic nature of the spherical Bessel functions,
gives tise to an infinite series of radial excitations for each § and m. The
fixst, few Jow-lying states are shown in Table A.1, along with the first radial
excitation of each. The states are now normalised by reguiring that

[Erer =
f BAF)AF) =

o

L ey
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We find that the required normalisation constants a.re then

Fr T ] +-1l. *
- ,‘l*(f"_ , - '(F,—')‘g 3

| _ | | J\GM {kMJj(k R)[l _,(J+1)]} .

.
i
i

Il

[CI5Y

n.

NE = {iaFR) T

A.4 Second Quantization in the M.I.T. Bag

A.4.1 Notation

The gauge particle of QCD is both massless and equal to 1ts antiparticle, thus
the fields describing it must be hermitisn. - Expanding the field operator in
terms of the eigenstates of the M.LT. bag of section A.3 above, using the
second quentisadon of section A.2, we find

i) = Ao el T A o )

in terms of analogous creation and a.nmhilahon operators respectwely, with
comenutator

. [ Cmar cn'l:] = &n_ﬂ bae (A.54)
‘This expansion is somewhat cumbersome, and it is casier to define a negative .
index —n typified as follows : '

| . u‘;—l'l = =iy,

Alg(am) = AP

Copa = f-"im _

ete, That is to say, that —n will be used to denote the negative energy equive-
lent of the n'th particle state, j.e. the n'th anti-pacticle state. In thi= notation
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the field operator is simply expanded s - .

Ag(z") = E;,M(w*)%

= LA ey (A5
and the comﬁutato: becomes .
| {omar ] = 5A(T) B it
[ehncly) = —galm)dn,-n bt
[emmrely] = S8(m) Emn B L (a8

A.42 The QCD Hamiltonian
Given the Lagrange density {or non-interacting QCD gauge fields
. 1 s X L :
by = —3 DR (e - 52 (B deen), (ABT)
one muy deyive from the definition of the energy-momentum tensor [18]

B db (%)
O = X 55 A

= Eﬁfp {w")d" ju("")
: ™)

Pt - L) (ASD)

~ A DB, Az(a )8k
Pz _
- g B(z"). - (A59)
Consider now the firsk term of this last expression, which we would exupect
to he gaugé invariant in free space. Under the i_'.ra.nsformation A:{:c‘“) -
Ap(2) + B44Dy(z"), ignoring the gange fixing term, '

B (z%) 1+ §(a") — 5 B (2100, d(="), (A.60)
: a .
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~ and thus even this part of Gov(2F) in mamfestly not gauge-invariant, However
following [18], we make use of &, freedom of choice in 9""(3;") defined by

Aé"v(z‘)=28,é”""(m",. . (A61)

where G9¥(z%) s a function that is antisymmetric in 2, 2> and local in the
fields. The gauge dependenoe found above suggeats

A@*"’(z.") _—-—-Z};% (LF“"(S")E"(#)) N (A.az).-
whenca the fil tensor becomes | |
8(a) = =5 Fuote) (Fhunle) - B A=)
- S0zt () + (o)
+_Aa."g(apas(sﬂm(z*)—'g#-f'f.w),. - (as)

since using the ethon of motion (A.8),

.

8, Fr(a%) = B,048(w) ~ 0,0°L(=")

AB¥9, As(z").

il

Now the Hsmilionisn 7 s defined by | |

_jmeme, 4
which gives -
- i 2 j Fofd(=") (8,43") PAule))

&
it

+ %}; [daFean) )

"4+ appropriate gauge fixing terms, (A.85)
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A. 4.3 The Second Quantized. Hamiltonian

' Conmder first the seuond terin nf the above Hamiltonian for the case of non—
interacting fields. Usm,g the field mcpa.nswns of section A4.1, we find

-E [ (822t ~ k() (Buasle) ~ 0, Au(a")

=iz { e @)~ DA Brhle) = o)}

X Z‘: et aCrn o - (AB6)
Now
[ (@ra32(an) — 042 Bp () — Do)
=9 f e (54AY (2¥)B, A () — DHAL (2) By Ana(z) -
(ABT)
By partial integration we have
j P A ()8 And2®)
= j &z - wAm () Am(=*) + awcs*)am,..,(mﬁ))
o () [Tl (A59)
since, from the equation of motion (A.7), we know that | |
Ae) = V) = A A (A9)
_ .. Also by pa:t.lal mteg;ra.tmn and the commut a.tlwty of firat order dlﬁermha.tmn,
we bave - :
[Eatraza)tuAn(=")
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[ (Aol ~ DV Are”)
— A=) Ari(=") + 5iA:f(¢")3"Am5(m"))

= (-l =02+ i) | d“;cd,,?(a:")A,,a(w"), - (AT0)
naing the Lorents condition '

. BiAi (") =~ BoAR(o") = —inl(e")- am
However, from the orthenormalisation (A.28), we know that |

f dr AL (2" ) An(z") = g

P
. b
j d‘-‘mA:,?(w")Ann(w") = { T ks (A7)
0 for M,

whe:e LM and E denote the Long;tudmal, Transverse Magnetic and Trans-
verse Electric modes, respectively, as before, Thus it is clear that this term of
the Hamiltonian

| 'lE [ e (ke — 87Ae)) (Buls(s) = D)) = 0 (Ms)

We now consider the first term of the Hamiltonian, again for the case of
non- mtera.ctmg fields,

S [ (0e(er) - 2248(e) (B,8(er) - a"A.,(w*'})
=3 { [ (@A) - am,,g(zn)) (a,,A (w“)—8°Anp(z"))}'
X ):cr.,.c,.. | N (A7)

I we now proceed by using the Lorentz condition and the sxthonormalisation
inan analogous manner to the fnethod above, then this term yields’

[ (0sp() - A3H() (3o — Fhne(e))
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=, jm,: x")Anu(:n“) Wit fd%Am(z*)Ana(m* |
- (AT5)

Furthermore, since all the gauge fixing terms go ca B, AL(z"), they a.llevalua.te
to zero, and 4o we are left mth the pon-interacting Hamiltonian

. ) (-
fh z;;m:{ ( )a%%%;l}c;,csn{gﬁm

it

1 .
= g un GL%
3 £n(TRANSVERSE) o
- T onchtm | (A.76)

% n{TRANSVERSE)

after perfarmmg the normal ordm.'mg necessary to rernove infinite ‘negative

sea contributions. Putting in the full form of Fﬁ“’(w") and evaluatmg the
intera.ctuon terms, we ﬁnd for the full Hmmltoman

=3 3  wacen
% WIRANSVERSE)

( f &A,i‘(xn)AW(sﬂ)Am(mn) Aol x,))

ﬂ:mﬂp!
%X Y FibofataChpelayaten
. abede .
e, . _ (AT

where the other terms aze trilinear in the fields, and do not interest us ab this
“stage. Tt is interesting to note that it ia only the Transverse Magnetic and
Flectsic modea that contribute to the Humiltonian, the non-physical Longitu-
. dinal mode having dropped out. This is why we only consider the transverse
- modes when we calculate the Gluonium spectrum in Chapter 4. '
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A.5 The Non~1nteract1ng Propagator in the "
M.IL ‘I‘ Bag
‘We consider the pxopagator
D, = (T{A“(zmb{z‘)}w (A78)
Expandmg now in terms of the eigenstates of the M.I.T. bug ag in eqna-

- tion (A, 53). we find

D™ (s, @ = - (T AEAT) cm.cn.,){“’s(t—t’)
i (EA""(=)AJ$') cnuc,t..)‘“’ﬂ(f' - 1)
| {A79)
Tmﬁs{ormiug to energy co-ordinates, we have ' '

D,S!Eﬂv (#,#w). F( ;- t’)i D,(ﬂlm’(z ') el'w{'&—g',

DA [ Ut~ )R
4 5,:.2,41' (£)A% (") / d{t — t)eflmtuli-#) |

s.bz{ A3H(E)An(E) A:.(zm*"(a')}

—i{w? —w—10) a(w“ +w — il¥)

b > {(w" 8 — w)AR(E)A(E)

—-wl * 4 {0

4 lom i*’)4‘1‘“(55' )An(& ')}
w? —wh? i+

. _ (A.80)
Relabeling Y33, = {~}="¥; _ps, the two sums may be re-ordered into one

%t AR(E) ""(a:

{Ohv
'D'ah (2,2, w)nwtﬁahz . w?n ry Y

(A.81)
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| Appendlx B
The Chemlcal Potentlal I

B.1 Relating py to np
K onie examines more closely [2] the approximative method of Section 2.4 in
Chapter 2, defining ' '

() = : (B.1)
w]iere o ia & finite functional in pairs of zi“f,(z") operatofa, then one finds
that ' '

dK(t) _ o{KmK™)

B AR s Heme jar - B
i terms of the functions dofined by
 KMe) = A K = Ja AE) |
K““(-'c) A& )K'(*) \/'_ ATF(@)eHt, (B.3)

Note that the finite nature of our system is reﬂected in the spatial dependence :
~ of these functions, approximated here by the lowest state wavefunction.

Now one may define o in térms of & sum over vacuum-loops with m-pairs -
of incomplete vertices : ' '

S(KPE™) = '-:“‘ jwm o (gh | ol n:.,.) (@),

I (@)Kl Ko (am)(d)(d5), (B4}
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where the sum runs over all such loops. Now the vacumn-ldap expectation

value Wi will depend only on {2m - 1) time dlﬁ‘erenaes There are 2m eXpo-
nentials  from the K’s and K*'a ) and 2m time integrals so that each term
has a divergent form. Variation with respect to one K‘(t) will temove one
integral, and thua give us a finite result for each term and also for the sum.
- Performing the funchonal demratlve, we find that

SF(K”K“) _ 53 s Lo *
s aie "‘E%IW -

. .u,...; {.wn—-i_)Aup..(a’n) Fndd {;GM_]_).. o, 'pm (25
X K 32) - Ko ) 68, — Y2
If we define & generalised Fourier-like transform

W,,.(wl whjw . ..wm) 2#6(2&: Ew’) .
= fw,.*:*-M-"*-wx,m)Au,,,(zlJ A ()
X Ay (2] - Ao (T Jo T ehth0ne) () (),
and use that .
oty =)= fgretd, ®0
we find, after sabstituting for K**(z) and K¥#(z), that
Se(KREY) Y et S e
51{&@)‘ = ‘\/’_‘;fdw (e -FO)_e . g;,n'&‘
x'{Wm(@...pq;p#....pq) 4 +Wm(pa...w;ﬁu...pp)}.
Comparing this expression to that of equation (B.2), we see that

| Pﬂ=n%“’&‘"Wm(Hu--a~nn;#n~—-#o)s' . (B9)
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" Pya 0N
i‘_-'n_ .-"1’_

o = Fnpx ﬂ .
PN
C o 0’_.0'\»
" Figure B.L: Lowest Order Contributions to the Chemical Potential io
where now the sum runs not only over geometric st.rﬁctute, but also over the

position of the special veriex at which the derivative otcurs,

B.2 Lowest Order Calculationr of ug

If we consider the contributions to py As given in equation (B.9) above then
wo sce that the lowest order vontribution must be that of figure B.1, where the
factor 2 comes from the two possible positions of the special vertex, and the
factor dnp from the definitions above. Using expression (3.10) of Chapter 3to0 -

evaluate the diagrams, we find ' '

bo = Snog? [ ;% 10012, 3)100 (2, 3)
X Z {fmfm(yhl\'gmi' - QM'QM;) + fmfm{ghg.\w e gli'gnn‘)} » |
|  (BaY)

where thg 1/4n? factor reduces the condensate propagators ta the appropriate
- lowest state functions as they appear in the definition of Wia(uo . .. pto), each
tepresented by a vectored missing line in the diagram above, Flowever their
propagator source yields the two residual m-sums denoted by the 0 and 0 .
indices, Finally then, filling in the condensate propagator, we cbtain

o =t N2 f B 4G}, )56 A3 (2)
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= [ Poat()85,(8) 45 (E ) Aon(3)
- [ B @) A3 D Al
(B.11)
where No = 8 is the nambet of colours, and where Cj is the STJ_(S) constant

defined by -

; Fuvoforbe = Ca daats (B.12)
L

Note that jip takes a definite non-zero value. The evaluation of this value, in
particuler the residual sums dencted by 0 and ¥, is handled in Appendix D.
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‘Appendix C

Colour Sums and Colour

Factors

C.1 Anomalous Self-Energies
‘We conaider colour surns such g

. Mgy = Efmcoﬂfdhas (C'I)

where fube denotes the siructure constants of the SU(S) group, defined by

[Am *\b] = 2"2 fa\:cke: | . (0'2)

in tesms of the Gellmann matrices Ay of SU(3), and whete cu, denotes the.

. coupling matrix of two oclets to a singlel in SU(8) colour space. In the equation
for £%92 ( see Chapter 3 )

B8R0+ 1) = 8 T Sl [ oAl HDIE,2) A 3)
= Fesofots [ PTG (35,8 groo AL (F) AnilF)
+ fvfato e AuplE WG (8,51 Aus(F)

= fovofute [ DO, FYgrao AB(F) 1. ()
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o JuteToon [ Lodna @ HDTd (5,8 ) AmalE)
= Fotofoen [ BoAmu(E WD (3,8)Ans() }
o (C.3)
we have six terms, the first two going a8
Efuhfbdeccd z fwc:d.fdbc = mnh; _ ~(C4) -
- uging that the fp. sre antisymmetsic in the indices ‘a’,'b' and *¢’. Similarly
the second two terms go as S

Y Fobafudeed = 2 JacaCotSabe = Moty (C.5)

_ assuming that cu, 8 symmetric in its indices, which wé wﬂl ghow below. With
this assumption it is clear that the last two terms o a3

T futofhootia = 0. (€8
% et

Thus it {2 cleo,r.th.a,t. the colour dependence of L% is indeed of the form Mabs
and it remains for us to find a closed form for this quantity.

C. 2 Gouplmg of Two Octets o a Smglet in
SU(3)

The coupling of two octeta to a singlet in SU(3) is bost &eséribcd in the nota-

tion ' : _

|]'-_'; = & - .é.zk:(:rk z")ﬁ;, . (Q.7)

where the singlet is given by '

Cs=ymT, (©8)
. if : . )
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that is, it gocs as TTTY, Comparing this notation with that of the Gellmanz
" matrices A, we have been using up till now, we find

8

T3

Defining an orthogonal transformation from the one notation to the other by

i}

1

(13

1 1.
.- m}m -+ ‘54\33

1
2
1
2
1

Jﬁl - %f\h

Ag - —';-As.r

. "l‘l + %2"3! )

2

1 1 .
mks - E}ta,
E}W - i"‘x‘h
1

: “"4\.4."}' '%‘A.h

2

1 4

"2")‘8 + ‘;'A'h
1

— \/ﬁ'\s'

Tu = Zum AM
2

we find the transformation matrix it

uﬂ‘lk

It
Ba] e

[ram—

cmeos ]l owo

ol

H
coclocoe
O SO O
olocomoa
|
.

oo D oo
oo oo oof -

- Y-E-2- -

(C9)

(C10)

(c.11)
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Here the « index denotes the eight independent components of the tensor,
which we choose to be the first eight of those given above, the other component :
bemg given in terms of them by

T’=-T1—T‘ : | (c: 12)

Tha & index refers to the Gellmann matnees as usua,l ‘Writing the amglet in
the form . .
8= ETI%.BTFR! S (013)

and rewriting equation (0.8) in terms of the first eight cqnspoﬁents of the
tensor, we identify, using (C.12),

- (C14)

aaq:—nm:cw.
coooRCOo
CRODOD SO
N - R -E k]
COOUNO OO -
- -
coooo~Roo
PO ODO

L

Now we wish to determine c,h such that

S=3 " Aeah = 3 ATU o Unt Do (C.15)
. b . aheefl _ _ . .

Thus we find, after some matrix manipulation, that

-

1 _ .
.= "2' nbs (G-lﬁ]

-1

B
[N - .
I E-F-¥-E-E-R-0
-]

- -2
-1 R

mo oo oom
CcCoOOoo OO
EE-E-E A -N-X-N-E-—-
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which is s;rmmetric as required. We may now calculate directly
ma =g T fuain = L outa, e
in. terms of the SU(3) constant G = 3.
@8 Colour Depexidence of Full Propaga.tor
Wt! have o'btamﬂd, in Chapter $. an explicit form for the full propagator

[Enz(“l‘)n'(o)( ~)E5(=)Baa(+) — 1] E11

Denouunator

| iD{4) = , {C.18)

where the denominator is

[D’(n)(+) - En(+)] B Dy(=)B1i () Baa(+) — 1] Ea(~)
Bl [ERO)EaEe)], C(e9)

and where (—i-) denotes an argument of w-po, and (=) an argument of ~w+fio.
Now il the quantities in this equation are proportional to wuit matrices in
colour space, and thus so too are all their inverses, Since the product of
any number of unit matrices yields just another unit matrix, it is clear ihat
the colour dependence of the full propagator is trivial, and we are left with
a straightforward matrix equation in the eigenstate indices alone, with the
appropriste colour factors introduced for each quantity.
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Appendix D .

Evaluati(m of Matrix Eleme-nt -
Integrals |

D.1 The General Form of the Integrals
We rieed to caleulate matris elements of the form |
| B = [EeAE AN AEEE),
1 = / FoAs(E) A5, 2 (81 A(E). (D.1)

- Now in general, the wavefunctions in these matrix elements are

A
a0 =2 (%) 1) Y@ 03

where o is some ooxist.a.ﬁt (1,0,0for I, M, B states respectively ), ami @ some

. vector operator { -'.-:—'-‘-ﬁ, W&."T}" T};;ﬁ bl Wﬁﬁ:ﬁ ). Thus ‘we have integt.nls
that go as T :

o = B AV AilE)
= aaiPaPay®fFeadids ]

— oy o Ar a5 3 hs. 30T as.ﬂla';f*if o304 G OALAAL
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T

 in terms of the basic ﬂJncf.lons | . |
An(#) = .u..(knz) Yimn(#) = %(ﬁ) Tﬂm(ﬂ)- (D4)

In order to prooeaﬁ, we expa,nd the vector_-uperators a8 fo]luws'

2jim) = .2 Py tmt|@lim)y  (0B)
or raithet. ' | _ _
deo(w) yim(-"") E Yo (£) (1' 'I a(z) |Im}, (D#)

where the ((z) is implicit in the function &(x). In pa:ticui..r, We now shll't. to
spherical tensor co-ordinabes a,, where.

A = z (~)*afar, (D7)

pmi

In this notation, the most general term, that containing the double dot-
product, becomes

f & 3 WA, 3OS & D4, 7H0A; =

5 5 el o L) | - )
nt Um)

(i} 58 Terma) (=)™ Ty 2) Vins(2) i@ i)

where we use that

: :?n(i) = (=" Vi-m(#)- {D.8)
The angular integral may now be evaluated, using the relation {11, page 83)

pleneemeliL b e (8 ,)

I
= Vi, (#) Yima (2} {D.9)
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and the orthonormality of the Sﬁherica.l Hf.urmonics [11, page 21]
/ 1{;(&)_11,,-,1'.(5; 52 = Bip S (Do
Thus we find for the angular integeal in the exprension. above
i 8 it (8) Y (9) i ()0
= S B e + v + e + an + 1
Im ’ .
(r;':; 1)(':{, Y 1)(’_:; 2 r)( bo¥ o )
do0)looo)\m mm/\mmo-m/
| (D.11)

* ‘Purthermore, expanding in terme of reduced matrix elements [11, pa,.

(P’ 6 | Im}

%"ﬁ(z’m’m [}l a 40

= e (g L L) e,

(D.12)
we end up with a aum in mi, m} and p that goes as
ypstempemia( B B ( Bk 1\[(& b1
2 (& A ) Sne ) mam n )
(D.13)

which simplifies to [11, page 98]

s B B h k1
{ .)”{(ml ~mg m J BB L)
(D.14)
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- The sum in m, ), ; and g’ mey be performed in an analogons manner a.nd we
find the double dot-product term finally o be

[ a0, 708 20 304 =

5o B D) 1 tar + 1)(2:; + 1)(2l + 1)k + 1)

im
(BB Y (B B 1Yfu w1
0 ] wy —mg m j L BN 1
x(_}is-l-l; b '.F I ) L L 1 L L1l
00 0)\m-m -m {8 B1J.
e 011 ) TR ") Wl o, B ) 140
(D.1B}

-

E 0y

The other terms of our ongmnl integra.l Tass may be foumi a.nalogously Foz
example

—~afPa® [ ep sy O, B8] =

- Seyimen G D g 4 1+ (e AL

itim
% L I ! h &b 1
000 m -z m
LY EIINS L Iy ! L L1
x(-)”(ﬂs_ﬁlﬂ mg —mg - A
¢ ol e pa(e)eita) (B €z D) 0" Oa) R
(D.16)

and the other dot-pfoduct verm is found by exchanging indices 1 with 3, and -
2 with 4. ‘The pute spherical harmonic term may be evaluated directly, using
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| the ahovs relations, and turus out to bé |
| afas ts} *(4)1'&,1, A M =
)::( ot CLEL) E(zh+1)(2!=+1)(2!a+1)(2!4+1)1=
*(Iézu,;)(h.k I)(Is_r.i:)(zs A 1)
: 0 Amg ~my m 0 0 Qfm —~mg —m
MR R R R e S

(D.17)

Further yesidual Th-5m08 remain, correspondmg to tha m-pro;ectmn of the
condensats propagator, and these will be handled explicitly in Section D.3,

D.2 Reduced Ma_trix Elements for the Vector
Operators_

We will zequire the reduced matrix elements of the N and VxD opemtors. :
Now the first of these is [11, page 80}

4 -1
(9ot 10 = Hv(u 0 :1) | (0.18)
¢ _-_-.I_-t‘];—#_._‘ .g——- m' - .
@@+ (ﬂa: z) wz)y, =1+,
X‘ 4 H b [+1 . .’_ _
T (et ) e P=i
.- R .0,. . . otherwite,

. The two 3 symbols may be evaluated directly [11, page 50}

(IT)I 0 :I) = (“)l+1[t21+11“)|-(211+3)]%’-"




' APPENDIX D. EVALUATION OF INTEGRALS o 76

NGED) - [m]*
andm | . .

ot (- 2o r=ron ’

(VeI = ( LAME. )M’ _1', (D.19)
S © otherwie,
The second reduced né.atrix element is tu, page 6]
(P Eie) 17) o= (20 + 1)1+ )1 ) @20)

In order to detémﬁne the third reduced matrix element, we make use of the
decomposition réuation [11, page 109) : ' '

(Y x Iple) 1) = vﬁ(-a**""",ﬂ,,{} ; ?»}

x (¥} Fole) RN PN LRI, (D21)

and thns
I xTpa 1) = VA § ;, }}(2z+1)i- (.22)
¢+ (5‘9; - -f;) olz), 141
% { _geu 24 )t,a(a'.), -l1,
| 0, otherwise
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Ths for the full vactor upm,tors between our stalm we find for the L, M and
T cases

i

()} BRen(@) 1) = (mll 7y = Fipulo) )
| it D eagn(®)s In=ht L,
. i(lﬂ)} '\a!l{fm)(m)g _. Im = In - 1, '

9, otherwise,

(D.23) .

-

AESCIEERS 7;%3%(@) 1)

(2 + 1)% Potte)(®) Frrals

- (D28)

Gl B 1) = ikgv X W0=“ () I/ 1)
v’ﬁ'{ ;; l]:;n. ;‘ }(21,,-1-1)%
*(Iu + 1)% Pﬂ(lm)(m)l !rn =l 41,

%'Un)_% eatm{h =1

0, otherwise,

b4

(D.26)

. respectis'ely; where we have used that [1}
1{8 LY. . '
PR (-5; ~ f).u,. (ko) = ~fiuribnd)

1 ILh+1
(;i.']“ : )J!..Ufnﬁ) = k), - (D.26)
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and defined - . .
- w)(m) w(k..a) B (D.27)
We also make uso of the fact that both the vector Operator d,, and the radial
wavefunction :p,.(z) ougmnte out of the ket of these matrix elements, '
N _D 3 Residual m-sums in Matrix Elements
Tf we compare the four terms of t]m ml:egra.l _

hows= [SeAl@)A,EHEMLE 0B
" in equations (D. 17) A 16) and (D16} we ﬁnd that the m-dependenca of this
integral goes a5

(21+1) s L oL tN{Wk k1]
_ Z( P oy g m f\ g - ) (D.29)

D.3.1 m-sums in the Full Propagator
Consider 1.V the form of the self energy ( 2s derived in Chapter 3 )

B (04 ) = 20 *Cnbinf 2 [ o AB(Z)A5,(2) 40, (8) 45, (8)
— [ ot (@) a2 A7) A5 (E)
~ [ e (@A, (2) AE) A5
Tn the first term we have an m-dependencs that goes as ( rernembering that
there is also a sum over the m-pro_lectmn of the condensate propagatur, ie
over g } . : : o
g2:+1 - ),,,,m_m( b I 1 ) ( H N )

~ mmyp My =Mo M- My, —My —M
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21+ [ mf lo A f-'.m,.fm.-l.. A :
- el b e o)
= L;‘.F (2 + 1) (=) (2 + 1) H G, &mm;. biy {D.31)
since

o -;lzl.(-e)ﬂw ( n::u __i:w ;) = g:(_-)i'u (2104‘1)* B

ll:l Il:l x| ( ?n Iu i)
my '—mﬂ 0 u =My 0 .

(=)° (2o + 1)% bo 022

x

( see [11, pages 48-50 ). For the second term'the rh-dependence is

‘('2'%1‘)‘ E(“)*“mnfM( o f)( S )

m Ty ™ =ty —My =M

- ) (. m,.)

wmmn

4r g M M mg M My
= (2I+1) {21 +1)? s;w,,,ammmna(tn,zn,:), (D.34)

and the third term, by analogy has the same clependence Hence we ses that
the m-dependence is trivial, baing independent of the m-projection a8, We
‘would have expected. The self-energy is also diagonal in the angular momen-
tum index 1, but does exhibif an I-dependence. :
We must also conmder the anomalous seif-energies denved in Chapter 3

mnah(w + Pﬂ) a9 mah{ f &Amy('n" ]AQF(E)AW(‘E )A,wt:i:' }

o B A ALE D))
(D.34)
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In this case, we wish to add no angular momentum to the condensate, so -
we ureate the two AS () particles in the anomelous condensate propagator

* with opposite m—prnjectmns, coupled to angular momentr % 2o, The m-
dependence of the first term is thus

B (e ) (e e ) (,f::. o0

= CLED e gy 411

' VAN L 1 i
X mzm(--:zu'm mm)(-mg_m"—mn)
= E’ﬁ}l—) (=)™ (20 + 174 (@ + 1) Bty Sonmrna & [l I -

(D.35)

" The second term we haudle a.ﬁa.logously :

E - )"‘(;no o o) (o *-Im)('i‘" o 3).'

= Q.‘ill(_)ln (2 +1)%

(s A DS & e
= :'4:;.: (2h + 1)7F 8, G B0 - (D.36)

‘Thus the matrix element is diagonal * #, but oft-diagonsl in m with depen-
dence

("")m".f (UNTN I (9-37)
Howsver thic anomalous self-energy only enters our propagator in a. product
* term, where it is multiptied by the %0 self-energy, whick is given by

-.ma(w-l-;su)-—*l[ (“’+#a)] ) (D.38) .
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_ sothatthepmducttermgwas . _ . | _
P00) it B X 59)
i.e. it is dla.gonal. Thus all the qua.ntmes contributing to the full pmpagator

have a rivial m-dependence ar 1 thus so does the propagator itself. We need .
ouly consider the my, = m, =0 subspace, all the =-values being degenerate.

D.3.2 m-sums in the Chemical Potential yip-
In_Appendix B, we faund tha.t the chemical potential wa_s given by
R gﬂcmc{z [ a5 45,03) 452 420 @)
- [ e 5,153% ”cf)Aw(z
- [y @ 5, @ AE )
| | (D.40)

_where the 0 and ¥ indices denoted the two residual mo-sums associated with
the two independent condensa.  topagators found in the diagrams. Thus in
the fivst term, we have m-dependence

(@1+1) Ry o A S A WA R T
T m%;ma( ™ mqg —mg m j\my —my —-m ]

21+1){En( )m«(mu ~mo III)}2 -

;f,;(%'i- 1) S0y N (D41)

i

- using the result of (D.82). The second term is handled similarly and goos as

@ +1) (B B I B & 1
D 3 (g ) (e

ﬂ—!’ P iy
i}, g —mh m mg mh m)
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- mop(E (8 8 (4 4 L)

mom, —My mo

(21‘-; 1) (__)i§{(31 o+ 1)”*A(in. b, ")}

1

- B yagny 0 e

The third term goes ps

(41 T B "R S A T
- b 2 ) “w (—:lu ~Tng m).('h:g nl:a_-m)

_ @y, (bl T\(b b
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The integrals are then evaluated using the general method detailed above,

D.4 _Seléction Rules of thé_ Interacfion

As shown shove, all the self-energien are diaganal in the angular-momentum,
index; I, and thus we keiow thal angnler momentum must be conserved and
- only tates of the same angular momesntum can interact. Closer examination
' of the foums of the terms of the interaction given by equations (D.17), (D.16)
and (D.15), reveals that for states with a scalar pature, where the term (D.15)
‘is non-gero, there is no further selection rule, Hevee all Longitudinal statesof a
given angular momentum will interact. However when one of the twe external
* liries in the interaction denotes a tramsverse state, only the term givea by
{D.15) is non-zero, and this has a dependence

(3008 ew
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.
in one cese, and

(e b INfE & 1Y
| (u 0 u)(o u_o)’_ (D-45)
in the other, Since we know that
('h Iy Ia) '- | (D6
000/ R _)

is only nom zero if Iy + I + s is even, it is clear from the above that this term
of the interaction will only be zero if I, and ¥ are both even or both odd.
‘However, we aiready know that l, =}, and the reduced matrix dlements in
Section D.2 above tell us that the allowed values of I’ for a given ! aze

=141, fr L. E ) .
o e (D.47)

Hence we see that Longitudinal and Transverse Electric states will form one
sub-block together, and the Transverse Magnetic atates another, for each an-
gular momenturmn valee I, We make use of this fact, in Chapter 4, to consider
the convergence of resulis as a. function of the size of the model space in which
they are calculated. ' '
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