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NB-LDPC codes have shown better bit error performance than their binary coun-
terpart but at the cost of an increased computational complexity. Furthermore,
these decoding algorithms need to be implemented efficiently to fulfil the cost,
time, power and bandwidth requirement. In addition, NB-LDPC codes are capa-
ble of correcting symbol wise error and are particularly suitable for burst noise
channels where multiple bits are corrupted successively. The classical sum-product
non-binary LDPC algorithm has a better performance than binary sum-product
algorithm for short block length and low-rate codes. Using iterative belief prop-
agation algorithms, NB-LDPC codes can be decoded in time linear to the block
length. High decoding complexity is a main challenge in VLSI implementation of
NB-LDPC codes. The research in this thesis is focused on proposing low complex-
ity symbol flipping NB-LDPC decoding algorithms achieving the low complexity
design of decoder to ensure optimum performance both at the waterfall and error
floor regions. This thesis presents three new approaches to develop low complex-
ity and improved performance symbol flipping NB-LDPC decoding algorithms.
Firstly, a method of short-listing through voting has been introduced to update
variable nodes which possibly have incorrect tentative decision and are most likely
to be corrected. The proposed method plays key role in reducing complexity and
enhances the error correction capability of the NB-LDPC decoder. Five improved
algorithms are presented using the voting based short-listing of the variable nodes.
These five algorithms are used with BPSK modulation. The proposed schemes give

an appealing trade-off between complexity and performance in comparison to the
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existing schemes. The method of short-listing by voting significantly lowers the
decoding computational complexity. Secondly, to achieve the goal of high data
rate using higher order QAM modulation, new joint iterative detection-decoding
NB- LDPC algorithms are presented. Three new algorithms for improving the bit
error rate performance of the non-binary LDPC decoder are presented. The first
type is the symbol flipping decoding algorithm using a flipping function based on
the channel reliability to identify the least reliable symbol position. The second
and third type of joint algorithms are improvement to iterative joint detection-
decoding algorithm by using the method of iterative hard decision based majority
logic to select the new candidate symbol value. In these algorithms, if the pre-
dicted symbol value satisfies the check sum, then the value is declared as correct
otherwise the value is adjusted and sent back to the QAM detector. The feed-
back value to the QAM detector is adjusted by using Euclidean distance between
the current symbol and the newly selected symbol value. The complexity anal-
ysis shows that these proposed decoding algorithms help in reducing the overall
latency. Thirdly, a layered based symbol flipping decoding algorithm is proposed
for BPSK modulation. Layered decoding is the way to get efficient and high-
throughput implementation of LDPC decoders. A new adaptive grouping of vari-
able nodes in each iteration using bit reliability and majority voting of individual
received symbol is presented for the class of symbol flipping decoding of NB-LDPC
codes. Grouping of variable nodes and the subsequent decoding is based on in-
dividual symbol reliability and majority logic voting. Voting and bit reliability
of symbols are used to form groups from high priority to low priority. A high
priority group is considered to contain most un-reliable variable nodes and is de-
coded on priority while the second priority group contains variable nodes having
second level of reliability. This novel hard decision adaptive group based decoding
algorithm is different from the scheme used for soft iterative message passing al-
gorithms. Though in this method, apparently the cumulative density function to
forms groups increases complexity but it is computed once for each value of SNR
but the overall decoding computational complexity is reduced as only the selected
group is proceed. Therefore, this proposed scheme can be considered suitable for

many applications.
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CHAPTER 1

Introduction

1.1 Introduction

Channel coding is an important and integral part of transmission and storage de-
vices of digital information. All communication systems depend on how precisely
receiver can assess the transmitted signal. Perfect estimation is possible only in
the absence of noise, but noise is always present in communication media and sys-
tems . The superimposed noise on transmitted signal limits the receiver capability
to correctly determine the intended signal and therefore limits the rate of trans-
mitted information. The noise arises from different sources and can be classified
as human created or naturally present. To ensure a desired level of reliability of
the information and communication systems, data is always encoded before trans-
mission for wireless channel or wired channel and secondly for the storage systems
like magnetic or optical recording devices. Claude Shannon laid the foundation
for error correction coding by presenting his famous theorem of information [1]
and revolutionaries the idea of reliable transmission of information over unreliable
(noisy) channels. No major research work was done to achieve the limits set by
Shannon for decades before the invention of Turbo [2] code and the rediscovery
of the LDPC codes [3] which revolutionized the field of error correction coding.
Davey and Mackay showed in [4] that near Shannon limit performance can be
achieved for a very long sparse LDPC codes which set the path for future reli-
able communication. LDPC codes have now been included in many standards like
second generation terrestrial digital video broadcasting (DVB-T2), second gen-

eration satellite digital video broadcasting (DVB-S2) and IEEE 802.16e mobile
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WiMAX [5]. The Consultative Committee for Space Data Systems (CCSDS) [6]
has also included LDPC codes in its recommendation for deep space and near
earth communication. The important parameter to be considered for inclusion of
the non-binary LDPC codes into the standards of communication systems are the
coding gain, error floor, implementation complexity and the delay in encoding and
decoding. The performance of LDPC codes are evaluated mainly at three regions;

at low SNR, water fall [7, 8] and at high SNR [9, 10] as shown in Figure 1.1.

Low SNR

Waterfall

BER

Error Floor

Shannon Limit

High SNR

v

SNR{dB)

Figure 1.1 Bit Error Performance for LDPC Codes

FicURre 1.1: Typical LDPC Codes BER, Performance Curve.

In the sum-product NB LDPC decoding [11, 12], each message passing through
each edge of a Tanner graph [13] is a vector of length equal to the field size ¢
over Galois field GF(q). As the field size ¢ increases, the complexity of the NB
LDPC decoding also increases. Symbol flipping decoding algorithms [14-18] are
best among the low complexity decoding algorithms but the bit error rate(BER)
performance is still far from the belief propagation message passing algorithms.
The recently developed symbol flipping algorithms [19, 20] perform well but with

an increased computational complexity. To reduce the complexity and maintain
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the BER performance, new symbol flipping decoding algorithms [21, 22] are de-
veloped. The two symbol flipping decoding algorithms [20] perform well but they
have high complexity due to the prediction of ¢ candidate symbol for each of the
received symbol sequence and correct one symbol per iteration. The D-SFDP al-
gorithm in [20] adds the hard reliability as well as the Galois field structure to the
flipping function to correctly identify the position of the least reliable symbol and
predicts the candidate symbol value while P-SFDP algorithm in [20] adds reliabil-
ity information using plurality logic. These two algorithms predict the candidate
symbol value by taking into accounts the information before flipping and as well
as after flipping.

Reliability based majority logic decoding algorithms offer low complexity as they
send only the most reliable field message and are more similar to message passing
decoding algorithms. In the iterative majority logic decoding (MLgD) algorithm
for non-binary LDPC codes, each symbol is iteratively updated by the extrinsic
information-sums (EXIs) with the most reliable field element along each edge of
the Tanner graph. The iterative reliability based hard (IHRB) and soft (ISRB)
majority logic decoding (MLgD) algorithms [23] have lower complexity but suf-
fer from performance degradation. Some performance improvements to ITHRB-
MLgD and ISRB-MLgD algorithms have been presented in [24-27]. To improve
the performance of IHRB-MLgD algorithm, an enhanced (E-IHRB-MLgD) algo-
rithm is presented in [25] by introducing soft reliability at the initialization and
re-computing the extrinsic-information. The enhanced IHRB algorithm has the
same complexity as that of IHRB except at the initialization but it has an im-
proved performance which is close to ISRB algorithm. The majority logic decod-
ing algorithms are particularly suitable for parity check matrices with high column
weight, constructed based on finite fields [28, 29] and finite geometries [30]. These
algorithms suffer from performance loss for codes with small column weight. An
improved performance bit reliability based algorithms are presented in [31]. These
algorithms introduce reliability updates in terms of the bit rather than symbols
and are termed as bit reliability based (BRB) algorithms. The BRB algorithms

require integer and Galois field operations only, which reduces the computational
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complexity. The performance of the BRB algorithm is improved by multiplying the
extrinsic information-sum by Hamming distance based weighted coefficients. This
weighted BRB (wBRB) algorithm shows improved performance over ISRB and
BRB and does not suffer from error floor for parity check matrices with small col-
umn weight. A full bit-reliability based decoder [32] is the binary form of weighted
BRB as this algorithm uses the binary representation of the non-zero entries of
the parity check matrix to facilitate hardware implementation. The complexity
versus performance” tradeoff is the main criterion in the field of communication
when it comes to the selection of suitable decoding algorithms. This research
focuses on the development of a decoding techniques that iteratively utilizes the
channel soft information to yield a better error correction performance at reduced

computational complexity.

This PhD research is focused on the low complexity solutions for symbol flipping
(SF) decoding algorithms. The SF decoding algorithms presented in this research
work in two parts; the first part identifies the positions of unreliable symbols taking
into account the reliability information before flipping and the second part choose
the best candidate symbols taking into account the predicted reliability for those
unreliable positions. The proposed scheme reduces complexity and enhances the
convergence speed. Also, the soft reliability information are updated iteratively
for improving further the BER performance.

High rate data transmission is another demand of present and future communica-
tion. To achieve reliability for high rate data transmission, new symbol flipping
decoding algorithm is proposed. This SF algorithm is based on Euclidean distance
based feedback and works on principle of joint iterative detection and decoding us-
ing higher order quadrature amplitude modulation (QAM). Improved performance
iterative hard reliability based joint detection-decoding algorithms are proposed.
This research is further extended to layered and shuffle symbol flipping decoding
algorithms for further improvement in the tradeoff between complexity and per-
formance.

This thesis is structured into chapters that individually address the research ques-

tions in Section 1.2 below. There is some overlap in the introductions to each
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chapter to provide context for the work within. In Chapter 2, a broad background
of NB-LDPC decoding algorithms is provided in order to supplement the readers
understanding of subsequent chapters, which are self contained due to the fact that
they are based on publications. Chapter 6 provides a summary and conclusions of

the findings present in this thesis and suggests some future research direction.

1.2 Research Questions and Contributions

The main challenge for hardware implementation of non-binary LDPC decoding is
the high computational complexity and large memory requirement. In the current
literature, the mostly asked question is “How to reduce the complexity of non-
binary LDPC decoder and make efficient implementation of the non-binary LDPC
decoder without compromising performance?” In order to address this problem,
the following research questions are posed in this PhD thesis.

1. How correctly the received symbol can be determined with most probable erroneous
tentative decision and is likely to be corrected? Once the least reliable symbol position
is identified, then how the most reliable decision can be made to replace the incorrect
symbol value with correct value?

The symbol flipping decoding algorithms update, iteratively, the hard decision re-
ceived vector to search for the valid codeword in the vector space of Galois field.
The selection criterion for least reliable symbol positions is based on the informa-
tion from the failed checks and the reliability information from the Galois field
structure as well as from the received channel soft information. To choose the
correct value for the candidate symbol, two methods are used. The first method
is based on the prediction of the error symbol from the set of Galois field sym-
bols which maximizes an objective function. In the second method, individual
bits are flipped based on the reliability information obtained from the channel.
To achieve the reduced complexity,a method of short-listing least reliable variable
nodes which are most likely to be corrected, is used. The detail description of

these methods are given in detail in Chapter 3.
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2. How the symbol flipping concept can be exploited for the iterative joint detection-
decoding using higher order modulation? Secondly how effectively the reliability infor-
mation from the received sequence are processed for feedback to detector?

Symbol flipping decoding algorithm based on the channel reliability can be used
to identify the least reliable symbol position. In this method, if the predicted sym-
bol value satisfies the check sum, then the value is declared as correct otherwise
the value is adjusted and sent back to the QAM detector. The feedback value to
the QAM detector is adjusted by using Euclidean distance between the current
symbol and the newly selected symbol value. Also, an improvement to iterative
joint detection-decoding algorithm is proposed by using the method of iterative
hard decision based majority logic decoding to select the new candidate symbol
value. To reduce computational cost, majority voting scheme is used to short list
the symbols with erroneous tentative decision and all the computation are carried
out only for the short listed least reliable symbols which significantly lowers the
processing complexity. Further detail is given in Chapter 4.

3. Layered technique has proven reduced complexity for message passing LDPC decod-
ing. How effectively this technique can be implemented to reduce further the symbol
flipping algorithms?

A layered scheme can be applied to symbol flipping non-binary LDPC decoding
algorithms to achieve the goal of low latency and high reliability. The parity
check matrix is divided column-wise into layers having equal number of variable
nodes. Only those layers are considered for processing which contains erroneous
variable nodes while layers having no erroneous variable node are considered re-
liable and are excluded from computation to find flipped value of the candidate
symbol. This hard decision adaptive layered decoding algorithm is different from
the scheme used for soft iterative message passing algorithms. An adaptive layer
approach can be more effective for using by groups having variable nodes from least
reliable to most reliable. Voting and bit reliability information can be utilised to

form such groups. The layered schemes are explained in Chapter 5.



CHAPTER 2

Non-binary LDPC Decoding Algorithms

2.1 Background

Davey and Mackay [3] presented the non-binary LDPC codes by extending the
order of Galois field GF(q) with ¢ > 2. Comparison of binary and non-binary
LDPC codes shows that non-binary LDPC codes outperform their binary coun-
terpart, particularly for short length codes. In particular, good LDPC codes over
GF(q) are defined by ultra-sparse matrices and thereby easier to decode, and they
empirically show better performance around the waterfall region than their binary
counterparts, especially for small code-word lengths. Dave and Mackay [3] used
Monte Carlo methods to simulate the behaviour of the decoding algorithm ap-
plied to an infinite LDP code in an effort to investigate the effects of changes in
field order, code construction and noise level on the decoding performance. These
Monte Carlo results have been used to design better codes for practical decoding.
Despite the bit error performance advantage of the NB-LDPC codes, but their de-
coding complexity over GF(q > 2) is very high. For the received symbol sequence
y € GF(q), each element of the received sequence during the decoding need to
be computed, stored in memory and passed between the variable (bit) nodes and
check nodes. The check node processing is much more complicated than binary
LDPC code. The major drawback of the NB-LDPC codes are the large memory
requirement and check node processing complexity. At check node, the computa-
tion is considered as the convolution of the messages [11]. This convolution can be
represented in frequency domain by applying fast Fourier transform (FFT) to re-

duce the computational cost. This modification of the belief propagation decoding
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algorithm defined over high order Galois field has the computational complexity
in the order of glogs(q).

2.1.1 Construction of Non-binary LDPC Codes

The performance of LDPC codes specifically under iterative belief propagation
algorithms is particularly dependent on the distribution of short cycles and gen-
erally on the structure of the code’s Tanner graph [33],[34]. The short cycles play
an important role particularly in the error floor of low density parity check codes,
where they causes to create trapping sets [35]. Therefore, it is of interest to have
an approximations for the number of cycles of particular length in a given graph of
parity check matrix. Regarding this, it is also of interest to get the distribution of
short cycles of a particular length in an ensemble of LDPC codes. The knowledge
of cycles distribution in a given Tanner graph can help in the analysis and design

of LDPC codes.

To get short cycles free parity check matrix (PCM), an important constraint on
parity check matrix is that any two rows or columns of H can have at most one po-
sition in common and is called Row-Column constraint. This constraint on PCM
H ensures that the Tanner graph of an LDPC code is at least free of four cy-
cles. Based on the broad construction methods, LDPC codes are categorized into
two types: random-like LDPC codes which are based on computer search such as
progressive edge growth [33] and photograph based methods [36] while structured
LDPC codes are based on algebraic techniques [37] such as finite geometries [30]
combinatorial structures [38],[39] and finite fields [28],[40]. The QC-LDPC [41],[29]
codes, more suitable for hardware implementation and also known as architecture-
aware codes, are one of the well studied LDPC codes. QC-LDPC codes have their
parity- check matrices with a special structure which facilitates the implementa-
tions of an LDPC encoder and decoder. In comparison to random like codes, the
generator matrices of QC-LDPC codes are quasi cyclic and therefore, the encoder

implementation have linear complexity.
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Moreover, NB-LDPC codes can be categorized broadly in two classes: regular
LDPC codes and irregular LDPC codes. A((d,,d.) regular LDPC code is the one
having parity check matrix H with constant column weight d, and constant row
weight d. such that md. = nd,. However if the row and column weight of the
parity check matrices are not constant then it is called irregular LDPC code. It
has been shown that irregular LDPC codes [42, 43] perform better than regular
LDPC code. In irregular LDPC codes both the variable node (VN) and check
node (CN) degrees are allowed to vary and if properly designed then these codes
can approach the Shannon Capacity limit. The randomly constructed regular and
irregular LDPC codes perform well but in practice, it is very hard to implement
on hardware as require more memory and computational complexity. To overcome
this problem, well systematically designed LDPC codes called quasi cyclic (QC) are
introduced which have performance close to channel capacity and have low memory
requirement. QC LDPC codes are included in the CCSDS [6] recommendation for
deep space and near earth Telemetry. They have included those codes which are

represented by b X b circulant matrices as base matrix.

The bit error rate performance of the LDPC codes depends also on the well-
designed parity check matrix (PCM) H which need not be full rank but in such
case the rate of that code is bounded as R <1—" =1 — Z—Z. In case of full rank,
the inequality is replaced with equality. LDPC codes have three important param-
eters: Codeword length, message length k and its number of parity bits m = n—k.
There are few methods to create NB-LDPC parity check matrices [44] but mostly
these codes are constructed by taking known binary LDPC parity check matrix
and the non-zero entries are replaced with the randomly generated Galois field
elements. Similar to binary LDPC codes, NB-LDPC codes can be classified as
random like codes constructed by computer under certain design rules and cri-
teria, secondly structured NB-LDPC codes constructed on the bases of algebraic
methods, finite field or finite geometry. An array dispersion method to construct
good NB-LDPC code was presented by Shu Lin in [44]. All the methods and tech-
niques developed for binary LDPC codes can be applied to construct NB-LDPC

codes over GF(q) with some modifications. Keeping in view the performance and
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implementation complexity, some specific construction techniques are devised for
NB-LDPC codes. Some popular methods of construction are Euclidean Geometry
(EG) and Projective Geometry (PG) based construction while the later method
is mostly used to construct quasi cyclic (QC) codes.

The important drawback of initial construction of Gallagar and Mackay LDPC
codes, is the lack of good structure to ensure low complexity encoding and de-
coding for hardware implementation. Encoding is performed via Gauss-Jordan
elimination by converting H to the lower or upper triangular matrix of the form
[pT I] from which we can get the systematic generator matrix G = [P I]. The
issue performing encoding with G is that it is not sparse, hence these codes have
high complexity. A relatively efficient method of encoding for H was proposed by

Richardson and Urbanke where the H matrix is divided into sub matrices.

Based on the construction methods of LDPC codes, they are classified as random
and structured codes. Random LDPC codes are designed by exhaustive computer
search based on certain criteria, while structured codes follows certain design meth-
ods like quasi cyclic LDPC code [30],[28]. Quasi-cyclic LDPC codes are specially
advantageous due to their simple encoders and decoder structure [45]. The alge-
braic construction of non binary quasi cyclic (NB-QC) LDPC codes are given in
[40]. In [40] finite fields approach is used to generate a parity-check matrix with a
girth of at least 6.

2.2 Decoding of NB-LDPC Codes

2.2.1 Preliminaries

An LDPC code which is fully represented by a Tanner graph, also aide in the
description of decoding algorithm. A tanner graph has two types of nodes— variable
(bit) node (VN) and check node (CN). Let GF(q) be the Galois field with ¢
elements. Consider a NB LDPC code C of length n with a regular parity check
matrix H, defined over the GF(q), with m as number of rows and n as number

of columns such that each row of H has a constant weight of d. and each column
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of H has a constant weight of d,,. Each element h; ;(1 <i<m ,1<j <n)of
H is an element over the Galois field GF'(q) where ¢ = 2". The non-zero entries
of H(h;; # 0) in the Tanner graph show the i check node connected to the
4™ variable node. For the column weight d, and the row weight d,, the Tanner

graph edge connections are shown as M(j) = {i: 1 < i< m, h;; # 0} and

N(i) ={j: 1 <j<n,h;# 0} and for regular matrix ™ = fl—z.
Let ¢ = (e1,¢2,...,¢4,...,¢,) be a codeword in C and the binary representa-
tion of j” symbol in ¢ is ¢;= (¢j1,¢j2,---,Cjty---,Cjr), 1 < t < r. This bi-

nary sequence is modulated with binary phase shift keying (BPSK), where 1 is
modulated as +1 and 0 is modulated as -1. The BPSK modulated j** symbol
x; = (Tj1,%j2,---,Tjt,--.,Tj,r) is transmitted over additive white Gaussian noise
(AWGN) channel. The received binary sequence y; = (Yj1, Y2, -, Yits---»Yjn)
is obtained from the transmitted sequence z; after adding the additive white
Gaussian channel noise n — N(0, 0%) with zero mean and two sided power spec-

tral density No/2 as y; = z; +n;. The hard decision binary sequence z; =

(215 Zj2y -+ Zjity - - - » Zj.r) Tor the j7 received symbol y; is given by:
1 ity >0
Zit = (21)
0 else

The hard decision binary sequence z;, is mapped to an element in GF(q) to obtain
the symbol z;. Let s = (81,82,...,8i,...,8n,) = Hz" is the syndrome vector, then
the " syndrome of the j™ hard decision symbol sequence can be defined for
hij#0:
si= Y hijz (2.2)
)

JEN(

Here it is important to mention that the value of s; is also an element in GF(q).
If HzT # 0(1,n—k), which means that some of the variable nodes connected to check
node are in error.

Let GF(q)= (a1,az,...,q,...,,), then for the j received symbol z;, the pri-
ori probabilities (7,752, . .., 75" ... ,7?"") are equal to {aq, ag, ..., 0, ..., a,} re-

spectively such as (7§75, ..., 75", ... ,”y}lq):l holds. The priori probability for
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the symbol a; € GF(q) is given below.
For1<j<n,1<1<q¢q,1<t<r,theprobability of the received binary sequence

zj+ to be 1 for the channel out put y;, is:

Vit = Tyje (2.3)
0

and the probability for the received binary sequence z;; to be 0 is '7?,t =1- ’le,t'
Now the probability of 7} being the element «; € GF(q) for the received symbol
z; corresponding to the channel output y;, is given by:

o

=110 (2.4)

t=1

This probability of the j** symbol is then used as priori information at the ini-
tialization of the QSPA. For an LDPC code defined over GF(q = 2") where each
received symbol a; must be one of the symbols in GF'(¢q), the check node process-
ing becomes more complicated as there are more possible values of the ¢ to satisfy
the parity check equations. For each element defined over GF'(q) of the parity
check matrix H(h;; # 0), there are ¢ probabilities associated with it as compared
to its binary counterpart which has only two probabilities for 0 and 1. Therefore,
g messages need to be computed, stored in the memory, and exchanged between
the check and variable nodes during this iterative process.

The major bottleneck of the sum-product NB-LDPC decoding algorithm is the
check node computational complexity and the large memory required to store the
g-tuple messages. The posteriori probability ’yfjl (message sent to check node from

variable node) is given by:

=Y Prisi=0z;=a) [] ¥, (2.5)

z;€GF(q) JEN()\j
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The computed values of 77} for oy € GF(q) fori € M(j),j € N(i) are then used to
update the extrinsic information qff ; to be used in the next iteration and is given

as follows:

ay =75 IT (2:6)

i'eM(5)\i

Where the scaling factor A is chosen such that the sum of all probabilities equal
to 1, ie qi; +¢;+...+ qu i=1. The above mentioned equations serve as the

check and variable node processing rule for message passing decoder.

2.2.2 Decoding NB-LDPC Codes with SPA

The NB-LDPC sum-product decoding algorithm [3, 46] is summarized as follows:

Sum Product NB-LDPC Algorithm

1. Initialization: For1<j<n,1<m<1<10<q

Received symbol sequence: y=(Y1,¥2,- - Yj - Yn).
Hard decision symbol sequence: 2 = (21,22,...,2,...,25).
Priori probabilities: v; = Pr(z; = aily;).
Extrinsic probabilities : gy = 5"

2. Set k=1 to 1,4
. Compute s* = 2FHT | if s* =0 or k=I,,4,, stop decoding.

3

4. Compute &fj’k using equation (2.5).
5. Compute qiofj’k using equation (2.6).
6

k __ e 7k
= argmax?y; ;" .

o

. Estimate the symbol sequence as z

7. k=Fk+1, go to step 3.

Each j™ symbol of the received sequence y; has associated likelihood in the or-

der of GF'(q), as the order of GF(q) increases the complexity increase in order of

O(q).
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Writing the field elements of GF(q) as power of primitive element o, GF(q) =

0 al,... a?7?) where « is the primitive element. When two field elements

(™«
of GF(q) are multiplied, it is equivalent to shift the powers of the primitive el-
ements cyclically and then get the resultant field element. This cyclic shifts are

known as permutation.

2.2.3 Decoding NB-LDPC Codes with FFT-QSPA

The main complexity of the g-ary sum-product algorithm (QSPA) lies in the check
node processing. The check node computation is like convolution which can be
implemented more easily in the frequency domain as term by term multiplication.
In the frequency domain decoding [11], check node message at the k' iteration is

computed as:

%@-:F‘l( 11 F(Qﬁfj)) (2.7)

J'EN(D\j

here F and F~! are the Fourier and the inverse Fourier transform and [] is the
term by term multiplication. When the probability mass function is defined over
the GF(q), then the Fourier transform is the two point, r-dimensional message
vector. Both the Fourier and inverse Fourier transform are 2 x 2 matrices given
by:

1

1 1
F = and F =
1 -1

1 1
(2.8)

DO | —

1 -1

The FFT-QSPA decoding algorithm presented by Davey and Mackay, can be used
over the Galois field GF(q) where ¢ is power of 2. Though it can be generalized
to the prime power of ¢ as presented in [11] but since ¢ is commonly used as
power of 2 for practical applications, therefore, the generalized FFT-QSPA is of
not much consideration. Equation (2.8) is known as binary Fourier transform
or the Walsh Hadamard transform. The Fast Fourier Transform based decoding

reduces complexity by O(q log q).
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2.2.4 Log-Domain Sum-Product NB-LDPC Algorithm

A simplified version of the QSPA decoding called LogSPA is presented in [12] which
uses additions, subtractions, and look-up tables only. The LogSPA decoder re-
quires a fairly accurate knowledge of the signal-to-noise ratio (SNR) at the input of
the decoder but less sensitive to quantization noise. The computational complex-
ity for this LogSPA scales as O(¢?). Denoting the GFy(q) = (ag,as, ..., a1, ..., q,)
without the zero element, then the log likelihood ration (LLR) of nonzero elements

a € GF(q) is written as:

L(a;) = L(a; = a2), L(ay = as),..., Loy = o), ..., L(a; = o) (2.9)
Lla; = ) = ln% (2.10)

The priority probability of the j™* received symbol is given by:

2
%= 3 Z Yt (2.11)
JEN(?)

and the posteriori information is updated as follows:

=t Y dy (2.12)

JEN()\J

The check node message update for the next iteration is computed as follows:

= Y d (213)
ieM()\&
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NB-LDPC LogSPA Decoding Algorithm

1. Initialization: For1<j7<n,1<m<,1<1<¢q

Received symbol sequence: y=(Y1,¥2,- - Yj - Yn).
Hard decision symbol sequence: 2 = (21,22,...,2,...,25).
Priori probabilities: V=2 > jeni) Yit-
Extrinsic probabilities : Gi; = Vj-

2. Set k=1 t0 L.

. Compute s* = 2FHT | if s* =0 or k=I,,,,, stop decoding.

. Update the check node message qfi;rl by using (2.13).

) capk
. Estimate the symbol sequence as 2* = argmax 4" i

[&7]

3
4. Compute %’“ using equation (2.12).
)
6

7. k=k+1, go to step 3.

2.2.5 Mixed Domain (FFT-LogSPA)

A new mixed domain (FFT-LogSPA) was proposed which perform Fourier trans-
form in probability domain and carries out the check node processing in log-
domain. The main drawback is that it needs conversion between the two domains
and also lookup tables. In the paper [47] a low complexity simplified soft dis-
tance (SSD) decoding algorithm for NB-LDPC codes is presented, which is an
adaption for NB-LDPC codes of a previously reported SSD algorithm for binary
LDPC codes [48, 49], but now operates in the transform domain, called the Fast
Fourier Transform Simplified Soft Distance (FFT-SSD) decoding algorithm. This
decoding algorithm uses squared Euclidean distance as the metric, which offers as
a great advantage that it does not require knowledge of the signal-to-noise ratio
of the received signal, and requires only additions, subtractions and look-up ta-
bles. Large lookup tables and conversion between the two domains are the main

drawback of this algorithm.
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2.2.6 Min-Sum NB-LDPC Decoding Algorithms

The QSPA is the optimal iterative decoding at the price of an increased com-
putational complexity and noise variance dependence. The Min-Sum NB-LDPC
decoding algorithm [50, 51] is a class of sub-optimal iterative decoding with less
complexity than the Sum-Product decoding, and is independent of the noise esti-
mation errors. The Min-Sum NB-LDPC decoding is considered sub-optimal due to

the overestimation of extrinsic messages computed during check-node processing.

Other simplified approaches were developed to approximate the QSPA, such as
the extended Min-Sum algorithm (EMSA), which applies message truncation and
sorting to further reduce complexity and memory requirements [52][53]. Its main
advantage in comparison to the Min-Sum NB-LDPC decoding is that it is com-
putationally stable and does not need to normalize the exchanged messages. The
second widely used decoding algorithm is the min-max (MMA) [54], which re-
places the sum operations in the check node (CN) processing by max operations.
The complexity of NB-LDPC decoders is still too high for practical applications,
especially for the check node (CN) processing, which limits the maximum achiev-
able throughput. Although a great effort has been made in the recent literature
to overcome this disadvantage, the proposed decoders are still not ready for high-
speed implementations over higher GF'(g). In the papers [55][56], a simplified
trellis min-max algorithms are proposed, where the CN messages are computed
in a parallel way using only the most reliable information. This decoder increases

hardware efficiency in comparison to the existing solutions for the same code.

2.2.7 TIterative Reliability Based NB-LDPC Algorithms

Reliability based majority logic decoding(MLgD) algorithms are similar to message
passing decoding but they send only the most reliable field message and that is why
they have reduced computational and implementation complexity. Zhao et al [57]
presented the iterative MLgD decoding algorithm for non-binary LDPC where each

symbol is iteratively updated by the extrinsic information sums (EXIs) with the
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most reliable field element along each edge of the Tanner graph. Using a plurality
voting scheme, a symbol reliability based message passing decoding algorithm
(SRBMP) over GF(q) is presented in [58]. The SRBMP algorithm requires Galois
field and integer operations only. This SRBMP algorithm is improved by MV-SF
algorithm presented in [59]. The MV-SF algorithm performs well but an increased

complexity due to test vector.

The iterative reliability based hard (IHRB) and soft (ISRB ) MLgD algorithms
[23] have lower complexity but at the cost of poor performance. The algorithms
in [23] are further improved by different techniques to make a better tradeoff
between complexity and bit error performance by proposing several modifications
[24-27]. Both the iterative hard and soft reliability based MLgD algorithm and its
improved versions achieve better bit error rate performance while they still have
low complexity. These algorithms perform well for NB-LDPC codes with large
column weight since large number of check nodes (CNs) messages are required to
update the reliability of the variable nodes (VNs) reliability in each iteration.

A bit reliability based NB-LDPC decoding algorithms is presented in [31]. This
algorithm updates the reliability information in terms of bit rather than symbols.
The bit reliability based decoding method for non-binary LDPC is more efficient
than others and is termed as weighted bit reliability based (wBRB) algorithm. The
wBRB algorithm passes only one Galois field element as its reliability along each
edge of a tanner graph in the same manner as traditional MLgD base decoding
algorithms. The performance of wBRB algorithm is close to g-ary SPA (QSPA)
for LDPC codes with small column weights. Also this algorithm requires the
integer and Galois field operation only. To further enhance the wBRB decoding
algorithms, a full bit-reliability base decoder is proposed in [32] based on the binary
matrix representation of the non-zero entries of the parity check matrix and has

achieved better performance.
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2.3 Symbol Flipping Decoding Algorithms

Symbol flipping decoding algorithms have low complexity as compared to the bit
reliability based decoding algorithms [31, 32] and the g-ary belief propagation
[3, 11] message passing algorithms but at the cost of reduced bit error rate per-
formance. In the symbol flipping decoding algorithm presented in [14], the least
reliable position is determined by majority decision, while the flipped symbol value
is computed from the reliability of the received bits. The weighted algorithm B
(wt.Algo B ) in [15] introduces the binary Hamming distance and plurality logic
to improve performance. The parallel symbol flipping decoding (PSFD) algo-
rithm [16] uses majority voting to get better flipping decision but this algorithm
performs better only if the parity check matrix has a large column weight. The
PSFD algorithm is improved further by using multiple votes in [18] and performs
better even for the LDPC parity check matrix with small column weight. The
non-binary LDPC decoder based on symbol flipping with multiple votes (MV-SF)
[59] performs better than MV-PSFD but at the cost of an increased complexity

and memory size especially for the higher order Galois field.

The other recently developed symbol flipping algorithms (D-SFDP and P-SFDP)
[20] offer better performance than most of the existing symbol flipping algorithms,
but a major disadvantage is the exhaustive and computationally complex predic-
tion mechanism. The complexity of these algorithms [20] depend on the size of
the Galois field order ¢ and length n of a codeword. A decision-symbol reliability-
based SFD (DRB-SFD) algorithm [60] is aimed to show better performance in
applications like data storage based on NAND flash memory. In [60] is focused
on an algorithm for NAND flash memory and the BER performance has not been
compared with existing algorithms like MV-SF, MV-PSFD, and D-SFDP.

The low complexity hard decision symbol flipping decoding algorithm based on the
majority logic decision is known as generalized algorithm B [15]. This algorithm
is based on plurality logic which counts the number of occurrences of each symbol.

Let 7 be a predefined threshold, then if the number of occurrence of one finite
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field symbol over GF'(q) exceeds 7, the algorithm chooses that received symbol as
reliable, otherwise it chooses the same symbol. This algorithm is further improved
by weighting factor 6 (o) based on the Hamming distance between the finite
field symbol and extrinsic information-sum. This improved algorithm is called
weighted algorithm B [15]. In this algorithm, the counts of occurrence of a finite
field symbol is multiplied by the weighting coefficients assigned to the Hamming
distance. The decision is taken based on the largest product. The optimal set of

weights was not determined in the weighted algorithm B and is left as future work.

Let d(zj,0;;) be the binary Hamming distance between EXI o, ; and the hard
decision symbol z;, and 0y(,, ., ;) be the corresponding weighting factor. Denoting
e as the number of occurrence of an element ov € GF'(q) based on the plurality

logic of each element o;; at the j” variable node, then the weighted algorithm

(k)

B (wt.Algo B) decision for an estimated correct symbol v;” at k™ iteration is

obtained as follow:

a, if .0 oy > T
o = dlonz; ) (2.14)

z;"”, otherwise.

Here a corresponds to the largest product of 7,0, ON and the preset threshold

(oe,zj

7 is determined through simulations.

In the voting scheme [16, 18], each unsatisfied check node gives one vote to the
relevant variable node. The ;™ variable node then collects all the votes, say Vj(k),

from the failed check nodes at k' iterations.

(k) (k)
V- Y v 215)
)

ieM(j
where Vz(f) =1if sgk) # 0, otherwise Vl(jk) = (. For the accumulated voting Vj(k)
equal or greater than a predefined threshold V};, those variable nodes fulfilling the
condition V; > Vy;, will be passed to calculate the flipping function EJ(-k) through
equations (2.14) and (2.15). Suppose § stores the positions of all the variable nodes
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for V; >V, , then the values of § at k" iteration can be calculated as follows:

8 =V if V>V (2.16)

J

for 1 < 5/ < p and p shows the total number of the short listed variable nodes. This
method reduces the computational complexity from n number of variable nodes to
just few variable nodes p. Here 5§f€) € 6% shows the position of each short listed
variable node and ) contains all those positions of the variable nodes. In other
words, ) have all the positions of variable nodes having less reliable information
and must be replaced with reliable symbols from z;,(k) € F;,(k). The multiple voting
method presented in [18] defines two voting levels (, > ¢; > 0, using the same
voting function defined in (2.15). For sg-k) #0, Vzgk) = (o with the largest flipping
function and Vék) = (3 for the VN with the second largest flipping function. In
the proposed algorithms, a single level voting scheme is used for short listing of
least reliable symbols which reduces the memory consumption and computational

complexity.

The concept of hard reliability to improve the performance of the bit reliability
based (BRB) decoding algorithm was introduced in [31]. The binary Hamming
distance between hard decision symbol sequence z = (21, 22, ..., 2j, .. ., 2,) and the
extrinsic information-sums (EXIs) indicate the hard reliability of the EXIs. The
author in [31] showed that the Hamming distance d(z;, 0; ;) indicates the correct
probability of extrinsic information-sum o; ;. If p, is raw bit error probability
of variable nodes (VNs) over the Galois field GF(¢ = 27), then the symbol error
probability of the individual variable node is 1—(1—p;)". The relationship between
the EXI and Hamming distance [31] is written as:

Pr(o;;ld(z;,0i;) = u) =

Py
Phq — (1 —pp)"= + (1 — pp)~dertrtu

(2.17)

for1 <u<r.
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Different from the wt.Algo B which only considers the information before flipping,
the recent algorithms (D-SEFDP and P-SFDP)[20] use both the information before
and after flipping. These algorithms also take into account the hard reliability to
evaluate correctly the contribution of the unsatisfied checksums. For the received
hard decision symbol sequence z = (21, 22,...,2j,...,25), (¢ — 1) values for each
symbol of the sequence is predicted through an exhaustive search for the symbol
value which maximizes an objective function. The flipping function derived in [20]

(%)

predicts symbols for each position of the received hard decision sequence z; such

that z 7é z(k and ; z ) has all possible symbol values of the GF'(q) except for the

symbol value of zj € GF(q). Therefore, there are ¢ — 1 possible values for each

(%)

position of 2, which can be written as:

P =z 2WeaF(g), 2" # 2V} (2.18)

Define the binary operator for hard decision symbol zgk) and its corresponding

channel soft symbol information y; as:

r—1

k k
20y =328 - 1y, (2.19)

t=0

To include the reliability derived from the structure of the Galois field, a vector
of extrinsic weighting coefficients are defined as 8 = [0y,01,...,0k,...,0,]. Here

0 shows the extrinsic weighting factor corresponding to d( =k for 0 <

j 7 z])
k < r. According to equation (2.17), de ®) (k)

71])

information and it has very low probablhty to be corrected [31]. According to

> 2 does not carry much useful

this, the weighting coefficients are distributed as 6 = [y, 01, 05] for the extrinsic

information-sum and are optimized through simulation.
The flipping function of the D-SFDP algorithm introduced the hard reliability to

predict the most reliable candidate symbol and can be written as follow:

E](-k)(ég»k), gk)) @y] + Z 0 (3 ). (k)

1€EM;
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Yoy = 0,0 (2.20)

i, i)
For plurality logic P-SFDP algorithm, the extrinsic weighting coefficients are de-
fined as p = [0, M1, ..., M, ... Na.] where 1, shows the weighting coefficient corre-
sponding to the number of occurrence of & € GF(q) in the extrinsic information-
sum a - for 0 <1 < d.. Now equation (2.20) can be re-written to include the hard
reliablhty7 the number of occurrence of the element o € GF(q), of the j* symbol

as follow:

EPEP 20y =20 oy +mE®) - 2 0y —ni(z®) (2.:21)

To predict all the ¢ —1 values of zgk) for each symbol in 2 = (21, 22,...,2;,...,2n),
the algorithm becomes computationally very complex and also requires more mem-
ory to store the processed values. For large values of GF'(¢) and length of the code
n, the algorithm [20] is very slow to find the candidate symbol value for the po-
sition to be flipped. The flipping function E ) of the 4 symbol and its relevant

(k)

flipped value v;™ are calculated as follows:

(k) _ (k) (5 (k) (k)

5 e BjET 20 (2.22)
() i

(k) 5k (k)

v; —argmaXE] (j J25) (2.23)

k)

The flipping function Ej( is very complex in computation and secondly a large

memory is required to store all the ¢ — 1 predicted values for n symbols.

Though symbol flipping decoding algorithms are simple in nature and the decoder
takes less computation to process the received information but the bit error rate
performances of symbol flipping decoding are still far from belief propagation
decoding algorithms and further investigation on this topic is important. The
flipping function to determine correctly the position of a symbol in doubt plays

main role in such type of decoding algorithms. Once the position of a symbol
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is determined correctly, then the next question arises is the selection of suitable

candidate symbol for that position.

2.3.1 Layered and Shuffled LDPC Coding Techniques

To improve the convergence speed, layered decoding scheme is used both for binary
and NB-LDPC codes. Two type of strategies are used for layer decoding- row
layered and column layered. The main difference between them is the type of
layer and theoretically they are equivalent and have better decoding performance.
Due to data dependencies, next layer cannot start until that of the current layer is
completed. Column-layered decoding scheme is termed as Shuffled decoding [61].
In the column-layered decoding, the columns of the parity check matrix H are
divided into groups or layers, and at a time, the decoding is performed on one
column layer. For quasi cyclic LDPC codes, each group normally consists of one

block column.

The standard SPA decoding updates the check node from the information values
calculated at the previous iteration (k—1)" while in the shuffle decoding technique,
certain values could already be computed based on partial computation of values
at variable node. These partial computed information can be used for the check
node update at the same k' iteration instead of previous values calculated at
(k — 1)™ iteration. This method provides the shuffling of the check and variable

node.

Group shuffled decoding [61] algorithm divides the VNs into groups and performs
decoding in parallel with in the same group while from group to group, the de-
coding is performed sequentially. This method partitions decoding iteration into
several sub-iterations effectively and as a result achieves faster convergence. Other
advantage of the group shuffled decoding is to prioritize the updates of those erro-
neous variable nodes likely to be corrected. This early update of the VNs, enhances
the probability of reliable message passing and avoid the tentative incorrect local

decision to propagate.
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()

FIGURE 2.1: Figure (a)Parity check matrix. (b) Standard decoding. (c¢) Shuffle
decoding with two groups

The Figure 2.1 depicts the decoding process for standard and group shuffle schemes
for one iteration of SPA. Here the variable nodes are divided into two groups. If
it is divided them into six, then it becomes the layered or just shuffle decoding.
The shuffled SPA for LDPC codes have the computational advantage of forward-
backward computation with the same complexity as standard SPA. This shuffling

techniques can be generalized to the approximate version of SPA decoding.

In the shuffle SPA decoding [61],[62], initialization, stopping criterion, and the
output stage are the same as in standard SPA. The only difference between the
shuffle and the standard SPA lies in the updating procedure. The check node

update procedure for 1 < j < n and i € M(j), the check node and variable node
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are processed jointly. The n codeword is divided into G groups and each group
is comprised of n/G = f for 1 < g < . Equation (2.5) of the standard SPA is
calculated for shuffle decoding as g: f+1 <7 < (g+1)p.

For G = 1 the shuffle decoding becomes the standard SPA and with G = n
the group shuffle becomes the shuffle or layered SPA. It is observed that in one
iteration the SPA algorithm can fully process in parallel while the shuffle SPA
decoding process message passing in serial. This parallel shuffle scheme for LDPC
code is called group shuffle decoding. In this algorithm, the code length is divided
into specified groups where in each group the updating of messages is completed
in parallel while inside the group, information is processed serially. The group
shuffle decoding is summarised as:

e Within the same group, message passing is processed in parallel.

e Between the groups, message passing is processed in serial.

The variable node can be divided into groups of different sizes based on the local
girth and edges of Tanner graph [63] which increases the bit error performance and
convergence speed. The local girth of a variable node is used for the appropriate
partition. A new dynamically re-grouping of VNs per iteration based on simple
binary/integer decision has been presented in [64]. The following metric decides
the selection of VNs from the index set v of the variable nodes with least reliable

decision and high probability to be corrected during updates:

Ei=9( ) s) (2.24)

where Q;(r) = %d;,, and d;,,, = max;[d’(j)]. This equation (2.24) can be
J
associated with the flipping function of the Gallagar algorithm B and is equal to

the number of failed check-sum. The flipping function is defined as:

Fj= ) d4uysi (2.25)
)

1EN(j
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where

1, if maxyeny By = Ej and E; > h
qig) = (2.26)
0, else

Here Fj counts the number of unsatisfied check-sums and A is an integer opti-
mized numerically. This method of identifying the most unreliable VNs can be
explored for possible utilization in the NB-LDPC to improve performance as well
as convergence speed. In literature, Group-Shuffled [61],[63] sum-product decod-
ing algorithms divide either check nodes or variable nodes of the relevant bipartite
graph into small sub-groups called layers. Also each main iteration is broken into
multiple sub-iterations. The group might have one or more than one rows and
columns. Also the quasi cyclic parity check matrix is divided horizontally into
groups in such a manner that each group has exactly one non-zero entry in each
column. This is the most common method used for sum-product LDPC decoder
hardware implementation. For the variable nodes Vi, Va, ..., V;, ..., V,, let G, be

a group, then a set of groups G is given by:

G:{Gl,GQ,...,GT,...7Ga},1§T§Oé (227)

In layer decoder, extrinsic information are exchanged more sufficiently due to
division of main iteration into sub iteration, therefore, this scheme results in more
accurate decision and also lower the burden of processing. In the group decoding
algorithm, groups are processed sequentially and VN belonging to the same group
are updated in parallel. These grouping techniques are developed for the message
passing sum-product algorithm and have not yet applied to the symbol flipping

decoding technique.
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Low Complexity Symbol Value Selection
Decoding Algorithms

This section is based on the following research publication.
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ity and Predication Based Symbol Value Selection Decoding Algorithms for Non-
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the co-authors: Prof. Ling Cheng and Prof. Fambirai Takawira.

Abstract:The main challenge for hardware implementation of non-binary LDPC
decoding is the high computational complexity and large memory requirement.
To address this challenge, five new low complexity LDPC decoding algorithms
are proposed in this paper. The proposed algorithms are developed specifically
towards the low complexity, yet effective, decoding of the NB LDPC codes. The
proposed decoding algorithms update, iteratively, the hard decision received vector
to search for the valid codeword in the vector space of Galois field (GF'). The
selection criterion for least reliable symbol positions is based on the information
from the failed checks and the reliability information from the Galois field structure
as well as from the received channel soft information. To choose the correct value
for the candidate symbol, two methods are used. The first method is based on
the prediction of the error symbol from the set of Galois field symbols which

maximize an objective function. In the second method, individual bits are flipped

28



Chapter 3. Low Complexity Symbol Value Selection Decoding Algorithms 29

based on the reliability information obtained from the channel. Algorithms 1 and
2 flip a single symbol per iteration whilst the other three algorithms 3,4 and 5 flip
multiple symbols in each iteration. The proposed voting based Algorithms 1,2 and
5 first short list the unreliable positions using a majority voting scheme and then
choose the candidate symbol value from the set of the symbols in GF(q) while
not violating the field order ¢q. These methods simplify the decoding complexity
in terms of computation and memory. Results and analysis of these algorithms

show an appealing tradeoff between computational complexity and bit error rate

performance for NB LDPC codes.

3.1 Introduction

Reliable and efficient communication depends on the performance of forward error
correction (FEC) codes. Among error correction codes, non-binary (NB) LDPC
codes have shown an excellent bit error rate (BER) performance, especially in
comparison to binary LDPC codes [3, 65, 66]. An important feature of NB LDPC
is that they have good performance for short and medium length codes [67]. The
performance of LDPC codes depend on the type of decoders used. One of the
good decoders is the g—ary sum-product algorithm (QSPA) decoder which passes
a vector of ¢ probability messages over each edge of the Tanner graph, representing
the probability of all ¢ elements of GF(q). However, the high check node com-
putational complexity of the QSPA decoder is a major obstacle to their finding
a place in practical applications. After the invention of the NB LDPC codes [3],
most of the research has focused on how to reduce the computational complexity
of the check node processing. To lower the complexity of QSPA, a Fast Fourier
transform based SPA (FFT-SPA) algorithm was proposed in [11] to reduce the
check node computational complexity from order of O(q¢?) to O(qlogq) for each
check node update. Other low complexity algorithms called extended min-sum
(EMS) [68, 69], trellis based EMS [70], bubble check EMS [71] and min-max algo-
rithms [54] were proposed but they have a performance degradation in comparison

to QSPA. Further, the complexity of the computations of all these algorithms is
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still too high for hardware implementation. On the other hand, reliability based
message passing algorithms [24, 25],[26, 27] and the symbol flipping algorithms
[15, 16] are simple and computationally very fast for NB LDPC codes but at a

cost of reduced performance.

Reliability based majority logic decoding algorithms offer low complexity as they
send only the most reliable field message and in this respect are similar to message
passing decoding algorithms. In the iterative majority logic decoding (MLgD) al-
gorithm for non-binary LDPC codes, each symbol is iteratively updated by the
extrinsic information-sums (EXIs) with the most reliable field element along each
edge of the Tanner graph. The iterative reliability based hard (IHRB) and soft
(ISRB) majority logic decoding (MLgD) algorithms [23] have lower complexity
but suffer from performance degradation. Some performance improvements to
IHRB-MLgD and ISRB-MLgD algorithms have been presented in [24-27]. To im-
prove the performance of IHRB-MLgD algorithm, an enhanced (E-IHRB-MLgD)
algorithm is presented in [25] by introducing soft reliability at the initialization
and re-computing the extrinsic-information. The enhanced IHRB algorithm has
the same complexity as that of IHRB except at the initialization but it has an
improved performance which is close to ISRB algorithm. The majority logic de-
coding algorithms are particularly suitable for parity check matrices with high
column weight, constructed based on finite fields [28] and finite geometries [30].

These algorithms suffer from performance loss for codes with small column weight.

Better performing, low complexity message passing decoding algorithms were pre-
sented in [31]. These algorithms introduce reliability updates in terms of the bit
rather than symbols and are termed as bit reliability based (BRB) algorithms. The
BRB algorithm require integer and Galois field operations only, which reduces the
computational complexity. The performance of the BRB algorithm is improved by
multiplying the extrinsic information-sum by Hamming distance based weighted
coefficients. This weighted BRB (wBRB) algorithm shows improved performance
over ISRB and BRB and does not suffer from error floor for parity check matrices

with small column weight. A full bit-reliability based decoder [32] is the binary
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form of weighted BRB as this algorithm uses the binary representation of the

non-zero entries of the parity check matrix to facilitate hardware implementation.

Symbol flipping (SF) decoding algorithms have low complexity as compared to the
bit reliability based decoding algorithms [31, 32] and the g-ary belief propagation
[3][11] message passing algorithms but at the cost of reduced bit error rate per-
formance. In the symbol flipping decoding algorithm presented in [72], the least
reliable position is determined by majority decision, while the flipped symbol value
is computed from the reliability of the received bits. The weighted algorithm B
(wt.Algo B ) in [15] introduces the binary Hamming distance and plurality logic
to improve performance. The parallel symbol flipping decoding (PSFD) algo-
rithm [16] uses majority voting to get better flipping decision but this algorithm
performs better only if the parity check matrix has a large column weight. The
PSFD algorithm is improved further by using multiple votes in [18] and performs
better even for the LDPC parity check matrix with small column weight. The
non-binary LDPC decoder based on symbol flipping with multiple votes (MV-SF)
[59] performs better than MV-PSFD but at the cost of an increased complexity

and memory size especially for the higher order Galois field.

The other recently developed symbol flipping algorithms (D-SFDP and P-SFDP)
[20] offer better performance than most of the existing symbol flipping algorithms,
but a major disadvantage is the exhaustive and computationally complex predic-
tion mechanism. The complexity of these algorithms [20] depend on the size of
the Galois field order ¢ and length n of a codeword. A decision-symbol reliability-
based SFD (DRB-SFD) algorithm [60] is aimed to show better performance in
applications like data storage based on NAND flash memory. In [60] is focused
on an algorithm for NAND flash memory and the BER performance has not been
compared with existing algorithms like MV-SF, MV-PSFD, and D-SFDP.

The objective of this chapter is to propose algorithms with good performance and
low complexity to fulfill the requirement of low power and efficient memory usage.
The proposed algorithms can be divided into three categories; 1) algorithms using

voting and prediction [16][18][20]; 2) algorithms using voting with channel bit
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reliability [16][18][17] and 3) multiple symbol flipping decoding algorithms based
on prediction as well as bit reliability [20][17].

Algorithm 1 is based on the category 1. In [16] and its improved version [18],
the flipping function is computed for all the received symbols and the majority
voting scheme is used in parallel to the flipping function to select the flipping
position while in the proposed Algorithm 1, the majority voting scheme is used
only for short listing the least reliable variable nodes. The flipping function is
then computed only for the short listed variable nodes. Algorithm 2 also belongs
to category 1, but simplifies the flipping function by using the divide and conquer
rule by using the flipping function for identifying first the symbol positions and
then finding the candidate symbol value. Algorithm 3 is from category 3 but
differs from the algorithm [17] as the proposed Algorithm 3 uses flipping function
based on channel reliability information as well as information from Galois field
structure while the flipping function in [17] is based on the syndromes and channel
likelihood information. Algorithm 4 is also based on category 3 and flips multiple
symbols per iteration but it uses the symbol value prediction instead of the bit
reliability used in [17]. Algorithm 5 is based on categories 2 and 3. This algorithm
uses majority voting scheme for short listing the least reliable symbols unlike in
[16] and [18] where they use voting in parallel with the flipping function. The
proposed Algorithm 5 flips the unreliable bit of the selected least reliable symbol
instead of the prediction method adopted in [20]. Algorithm 5 also flips multiple

symbols per iteration.

The set of failed parity checks and the infinite loop detection procedure are ap-
plied only when multiple symbols are flipped in each iteration. In the multiple
symbol flipping decoding algorithms, the set of failed parity checks and infinite
loop detection procedures restrict the number of symbols to be flipped in consec-
utive iterations. On the other hand, the proposed algorithms based on the voting
scheme except for Algorithm 5, flip single symbol per iteration and do not require

information from the failed checks and infinite loop detection procedure.
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The rest of the chapter is summarized as follows. Section II summaries the relevant
literature on NB LDPC decoding algorithms whilst Section III presents the pro-
posed algorithms. Section IV compares the complexity and memory requirement
of various algorithms. Section V shows the results and analysis of the existing and

proposed algorithms in detail. Section VI gives a conclusion of the chapter.

3.2 Symbol Flipping Decoding Algorithms

3.2.1 Preliminaries

Let GF(q) be the Galois field with ¢ elements. Consider a NB LDPC code C of
length n with a regular parity check matrix H, defined over the GF(q), with m
as number of rows and n as number of columns such that each row of H has a
constant weight of d. and each column of H has a constant weight of d,. Each
element h; j(1 < i <m ,1 < j <n)of H is an element over the Galois field
GF(q) where ¢ = 2. The non-zero entries of H(h;; # 0) in the Tanner graph show
the i" check node (CN) connected to the j variable node (VN). For the column
weight d, and the row weight d., the Tanner graph edge connections are shown
as M(j) ={i:1<i<m, h;# 0} and N(i) = {j: 1 <j< nh;; # 0} and for

regular matrix 2 = 4o
n

de
Let ¢ = (e1,¢2,...,¢4,...,¢,) be a codeword in C and the binary representa-
tion of j” symbol in ¢ is ¢;= (¢j1,¢j2,---,Cjty---,Cjr), 1 < t < r. This bi-

nary sequence is modulated with binary phase shift keying (BPSK), where 1 is
modulated as +1 and 0 is modulated as -1. The BPSK modulated j** symbol
x; = (xj1,%2,...,%js,...,2;,) is transmitted over additive white Gaussian noise
(AWGN) channel. The received binary sequence y; = (Yj1, Y2, -+ Yjts---»Yjn)
is obtained from the transmitted sequence z; after adding the additive white

Gaussian channel noise n — N(0, 0?) with zero mean and two sided power spec-

tral density No/2 as y; = x; + n;. The hard decision binary sequence z; =
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(215 2j2y -+ Zjity - - - » Zj.r) for the j7 received symbol y; is given by:
1 y;r >0
Zit = (31)
0 Yjt <0

The hard decision binary sequence z;, is mapped to an element in GF(q) to obtain
the symbol z;. The i"" syndrome of the j* hard decision symbol sequence can be

defined for h;; # 0 :
S, = Z hi,jzj (32)
)

JEN(
Here it is important to mention that the value of s; is also an element in GF'(q).
If s; # 0, it means that some of the variable nodes contributing to this check node

are incorrect.

For the given hard decision symbol z;, the extrinsic information-sum(EXI) denoted
as 0;; that is passed from " check node (CN) to the j™ variable node (VN) is

given by:

for 1 <i<m,je N(i).

3.2.2 Symbol Flipping Non-Binary LDPC Decoding Algo-

rithms

The low complexity hard decision symbol flipping decoding algorithm based on the
majority logic decision is known as generalized algorithm B [15]. This algorithm
is based on plurality logic which counts the number of occurrences of each symbol.
Let 7 be a predefined threshold, then if the number of occurrence of one finite
field symbol over GF(q) exceeds 7, the algorithm chooses that received symbol as
reliable, otherwise it chooses the same symbol. This algorithm is further improved

by weighting factor 6 o based on the Hamming distance between the finite

a,z;k))
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field symbol and extrinsic information-sum. This improved algorithm is called
weighted algorithm B [15]. In this algorithm, the counts of occurrence of a finite
field symbol is multiplied by the weighting coefficients assigned to the Hamming
distance. The decision is taken based on the largest product. The optimal set of

weights was not determined in the weighted algorithm B and is left as future work.

Let d(zj,0;) be the binary Hamming distance between EXI o, ; and the hard
decision symbol z;, and 6y, ., ;) be the corresponding weighting factor. Denoting
N as the number of occurrence of an element o € GF(q) based on the plurality

logic of each element o;; at the j" variable node, then the weighted algorithm

(k

B (wt.Algo B) decision for an estimated correct symbol v; ) at k" iteration is

obtained as follow:

a, itn.0, w >T
MONS d(ez;™) (3.4)

z§-k) , otherwise.

Here « corresponds to the largest product of .0, 209 and the preset threshold 7
2

(
is determined through simulations. Equation 3.4 belongs to the weighted algorithm

B in [15] while the research in this chapter proposes modification and improvement

to the D-SPDF algorithm [20].

The concept of hard reliability to improve the performance of the bit reliability
based (BRB) decoding algorithm was introduced in [31]. The binary Hamming
distance between hard decision symbol sequence z = (21, 22, ...,2;,...,2,) and the
extrinsic information-sums (EXIs) indicate the hard reliability of the EXIs. The
author in [31] showed that the Hamming distance d(z;, 0; ;) indicates the correct
probability of extrinsic information-sum o; ;. If p, is raw bit error probability
of variable nodes (VNs) over the Galois field GF(¢ = 27), then the symbol error
probability of the individual variable node is 1—(1—pj)". The relationship between
the EXI and Hamming distance [31] is written as:

Pr(o;;|d(z;,0:;) = u) =
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Pyd
p})tq _ (1 _ pb)ufr + (1 _ pb)fdcr+r+u

for 1 <u<r.

Different from the wt.Algo B which only considers the information before flipping,
the recent algorithms (D-SEFDP and P-SFDP)[20] use both the information before
and after flipping. These algorithms also take into account the hard reliability to
evaluate correctly the contribution of the unsatisfied checksums. For the received
hard decision symbol sequence z = (21, 22,...,2j,...,2,), (¢ — 1) values for each
symbol of the sequence is predicted through an exhaustive search for the symbol

value which maximizes an objective function. The flipping function derived in [20]
(4
J

that z§k) =+ égk) and égk) has all possible symbol values of the GF'(q) except for the

predicts symbols for each position of the received hard decision sequence 2 such

symbol value of z§k) € GF(q). Therefore, there are ¢ — 1 possible values for each

position of zgk) which can be written as:

W = 3% 3Wear(q), 2V # 20 (3.6)

(k

Define the binary operator for hard decision symbol z; ) and its corresponding

channel soft symbol information y; as:

r—1
(

k k
Woy =3 @) -y (3.7)

t=0

z

To include the reliability derived from the structure of the Galois field, a vector
of extrinsic weighting coefficients are defined as 8 = [0y,01,...,0k,...,0,]. Here

0, shows the extrinsic weighting factor corresponding to d(zg-k), ai(?) =kfor 0 <

k < r. According to equation (3.5), d, > 2 does not carry much useful

(2",
information and it has very low probability to be corrected [31]. According to
this, the weighting coefficients are distributed as 6 = [0y, 01, 6] for the extrinsic

information-sum and are optimized through simulation.



Chapter 3. Low Complexity Symbol Value Selection Decoding Algorithms 37

The flipping function of the D-SFDP algorithm introduced the hard reliability to

predict the most reliable candidate symbol and can be written as follow:

k). (k k
BV =5 04 3 g

J %4
1€M;

@y] Z@d( (k) (k (38)

iy 7us)
For plurality logic P-SFDP algorithm, the extrinsic weighting coefficients are de-
fined as n = [no, M1, ..., M, ...na.] where 1, shows the weighting coefficient corre-
sponding to the number of occurrence of & € GF(q) in the extrinsic information-
sum o} ; for 0 <1 < d.. Now equation (3.8) can be re-written to include the hard

reliablhty, the number of occurrence of the element o € GF(q), of the j* symbol

as follow:
k) (k) (k
EPEY, 2 =50 oy +mEY)
k
— 2 oy, —m(=") (3.9)
To predict all the ¢ —1 values of zgk) for each symbol in z = (21, 22,...,2;,...,2n),

the algorithm becomes computationally very complex and also requires more mem-
ory to store the processed values. For large values of GF'(q) and length of the code
n, the algorithm|[20] is very slow to find the candidate symbol value for the position
to be flipped. The flipping function E ) of the 4% symbol and its relevant flipped

(k)

value v, are calculated as follows:

(k) _ (k) (5 (k) (k)
E" = (il)’leéi%}%k)E z;7,2;) (3.10)
J J
v](k) = argmax E* )( gk),z§k)) (3.11)

5(B) (k)
J GFJ
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)

The flipping function Ej(k is very complex in computation and secondly a large

memory is required to store all the ¢ — 1 predicted values for n symbols.

3.2.3 Candidate Symbols Short-listing By Voting

In the voting scheme [16, 18], each unsatisfied check node gives one vote to the
relevant variable node. The ;™ variable node then collects all the votes, say Vj(k),

from the failed check nodes at k' iterations.

v S v 31
i€ M ()

where Vl(f) =1if sgk) # 0, otherwise Vl(jk) = (. For the accumulated voting Vj(k)

equal or greater than a predefined threshold V};, those variable nodes fulfilling the

condition V; > Vy;, will be passed to calculate the flipping function EJ(-k) through

equations (5.7) and (3.8). Suppose § stores the positions of all the variable nodes

for V; >V, , then the values of § at k™" iteration can be calculated as follows:
8 =34, if V;>Va (3.13)

for 1 < 5/ < p and p shows the total number of the short listed variable nodes. This
method reduces the computational complexity from n number of variable nodes
to p. Here (5](.5) € 8 shows the position of each short listed variable node and §*)
contains all those positions of the variable nodes. In other words, §%) have all the
positions of variable nodes having less reliable information and must be replaced
with reliable symbols from z;,(k) el ;k,(k) The multiple voting method presented in
[18] defines two voting levels (y; > ¢; > 0, using the same voting function defined
in (3.12). For sék) # 0, Vlgk) = (o with the largest flipping function and Vlgk) =G
for the VN with the second largest flipping function. In the proposed algorithms,
a single level voting scheme is used for short listing of least reliable symbols which

reduces the memory consumption and computational complexity.
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3.3 Proposed Algorithms

3.3.1 Voting Based Symbol Value Prediction Algorithm

In this proposed algorithm, the least reliable variable nodes are short listed by
majority voting and the candidate symbol value is selected by prediction method.
The prediction based symbol flipping algorithms (D-SFDP and P-SFDP) [20] offer
reasonably better performance than most of the symbol flipping algorithms in
literature but at the cost of exhaustive and computationally complex prediction
mechanism. The other disadvantage of the algorithms in [20] is the high memory
requirement to store the matrix of predicted values for all symbols in the codeword.
A voting based approach is used in this proposed algorithm, to lower decoding

latency and computational power by short listing the symbols with low reliability.

B )

z;’,z; ) in equation (3.8) is calculated ¢ — 1 times

The flipping function E( )(
for the j'* variable node of the codeword n, including the information before

and after the flipping to predict correctly the most reliable symbol during each
(F)

z;, J ) for all the variable nodes, a matrix of

iteration. After calculating E(k)(

size n(q — 1) is formed and must be stored for further processing.

(6) L (0)

z;’,z;") can be lowered from n to

The complexity of the flipping function E( )(
p by first short-listing the candidate symbols through voting as given in equation
(3.11) and (3.12) respectively. This method also reduces the memory requirement
from n(q — 1) to p(¢ — 1). This newly improved algorithm is termed as voting
based symbol flipping decoding(V-SFD) algorithm. The new rule to calculate the

flipping function and the corresponding flipped value for j € 6*) is given by:

E](fg) (éyf),zyf)) = zyf) Oy + Z 0,50

g
. ]/ ’ ZJl)
ZGMj/

—2:/ OF Z 9 (1/c)7 ON (3.14)

'/
’L€M /
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The above flipping metric is calculated for the short listed symbols only, resulting

in low complexity and memory. The flipping function EJ(-k) gives the reliability

(k)

measure of the j** symbol to be flipped to the value v;

(k) _ (k) (5 (k) (F)
B, = max Ej7(Z ) (3.15)

- j/ 5 j/
0 k)
J J

This flipping function is similar to the maximum likelihood method and the max-

imum value of the flipping function for all the possible candidate symbols zj(k)

shows the most reliable variable node update.

k k) /s
v = arg max EP(z
J (k) (k) 7
Z eFj,

2 (3.16)

Here j' shows the short listed least reliable variable nodes and the flipping function
is calculated only for those selected variable nodes, thus reducing tremendously the
computational complexity and memory requirement. In this chapter, the Ham-
ming distance based reliability information are used as in D-SFDP algorithm and
the plurality logic based reliability information used in the P-SFDP algorithm is
left intentionally as intuitively the later will show the same performance with the

proposed schemes.

Proposed Algorithm 1 (V-SFD)

1. Initialization: For the received symboly; = {y;1,v;2,...,y;.}, the hard
decision symbol z; is calculated by using (1) for 1 <t <r, 1 <j <n.

2. For iteration k =1 to I,,42-

3. Syndrome Check-Sum: if sl(-k) =0 orif k = I,,4., stop decoding and
output z*) as codeword.

4. Determine the un-reliable symbol 5](.5) using the voting scheme by (3.12)
and (3.13).

5. Calculate E](,k ) (éyf),z;{g)) for 6 symbols by (3.14) and then calculate E](fg )
by (3.15).

6. Find its flipped value v](.fc) by (3.16) and update z*+1) with vj(f) .

7. k=Fk+1 and go to step 3.
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3.3.2 Voting Based Simplified Symbol Value Prediction
Algorithm

This algorithm further reduces the complexity of the flipping function in Algorithm
1 by applying a divide and conquer strategy. Equation (3.14) is divided into two
parts: first the algorithm finds the unreliable positions to be flipped and then
predicts the candidate symbol for that position. The unreliable symbol position

is determined by the following equation.

k k
EP ) =20 oy + > 0, 409 (3.17)
EM/
B _ k) (R)
E —él}}gé(Ej (257)) (3.18)

Equation (3.18) will determine the most unreliable position to be flipped. From
the set ng) of ¢ — 1 predicted symbols, a candidate symbol value is selected as
the correct symbol which maximize the flipping function in equation (3.19). After
a symbol value is predicted for each unreliable position, then the hard decision

sequence is updated with that symbol at every k' iteration as follows:

B (2 § ) = z(f) Oy + Y Hd( 09,59 (3.19)
ZEM/

After calculating the flipping function E*k( 5 )) the position for the candidate

symbols which maximize Ej/ is given by:

E® = max {E;P W) (3.20)

J . J J
W ep®
J J

The predicted symbol value vj(fg) from the set of the predicted values Fyf) is found
through the following equation:

i}j(k) = arg max E" )(z

)
B, 5 k) (3.21)

(
J
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The function E;,(k) in (3.20), determines the position of the most unreliable ;%

symbol and equation (3.21) selects the flipped value vj(fc)

The voting scheme, used in this chapter, helps to further reduce the computational
complexity of the decoder. The voting scheme also helps in saving the memory
consumption as the reliability information related to the selected least reliable

variable nodes, are stored for further processing.

Equations (3.17), and (3.18) are computed only for § positions of the received
codeword sequence instead of all the symbols of codeword having length of n.
After selecting the most unreliable symbol position, a reliable symbol value from

), is computed using

the set of possible predicted ¢ — 1 values such as zglf) #* z;iﬁ
equations (3.19), (3.20) and (3.21) respectively. Since equations (3.19), (3.20) and
(3.21) are computed for a single variable node with possible ¢ — 1 values, the pro-

posed Algorithm 2 further reduces the decoder computational complexity.

Proposed Algorithm 2 (Simplified V-SFD)

1. Initialization: For the received symboly; = {y;1,y;z2,- .-, Yj,}, the hard
decision symbol z; is calculated by using (1) for 1 <t <r, 1 <j <mn.

2. For iteration k =1 to I,,,4z-

3. Syndrome Check-Sum: if sgk) =0 orif k = [, stop decoding and
output z*) as codeword.

4. Determine the unreliable symbol 5](.56) using the voting scheme by (3.12)
and (3.13).

5. For j' € 4, find the unreliable positions Ej(fﬁ) (z;’f)) for § symbols by
(3.17) and (3.18).

6. Calculate the predicted candidate symbol position E;,(k) (z;{g)) by (3.19)
and (3.20).

7. Find predicted flipped value vj({c) by (3.21) and update 2V with vj(ﬁ)
8. k=k+ 1 and go to step 3.
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3.3.3 Multiple Symbol Flipping Bit Reliability Based De-

coding Algorithm

In this section, a multiple symbol flipping decoding algorithm for NB LDPC de-
coder is proposed which flips the unreliable bit of a symbol by using the channel
bit reliability information. Variable node short listing by voting is not used in this
algorithm. This algorithm finds positions of symbols with less reliability using the
information before flipping and then selects the reliable symbol values for those
positions based on the information after flipping. The computational cost of this
proposed algorithm is smaller than most of the NB LDPC decoding algorithms
in literature as this algorithm compare and flips individual bit of a symbol. This
algorithm also gives the advantage of multiple symbol flipping in each decoding it-

eration. The unreliable multiple symbol positions are determined by the following

equations:
k) (K k
E]( )(z§ )y = z§~ ) Oy, + Z Qd(z;m’az@?) (3.22)
iEMj
(k) _ s (k) (k)
B = 1r§njl%1n{Ej (z;7)} (3.23)

Let 7 be the threshold, then the number of flipping positions can be determined
based on the column weight d,, and the number of variable nodes contributing to
the failed checks. If p is the maximum number of the symbols to be flipped per

iteration then it is determined as follows:

P1 if T 2 é‘ldv
p = (3.24)

po  else

where £1 is an integer value. Equation (3.24) can also be used directly with p = (3
where (3 is an integer value. Based on the value of p, the unreliable multiple

flipping positions are determined by (3.23).

The number of symbols to be flipped is further restricted in the loop detection
procedure (3.34) and secondly if the flipping positions are not in the set of the

failed checks. The i*"* syndrome of the j** hard decision symbol at k" iteration
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can be defined as:

Sz(k) = Z hi,jz§‘k) (3.25)
)

JEN(
A valid codeword is received if m-tuple sgk) =0 for 1 < i < m. The cause of the

failure of check sum is due to the contribution of the variable nodes in error. All

those variable nodes are given as follow:
v={i: 8#0,1<i<m,j€ M@} (3.26)
The variable nodes contributing to the successful check-sum are given by:
o={i:8=01<i<m,j€ M(®)} (3.27)

Suppose 9 is the vector containing all the flipping positions found by (3.23) and ©
contains all the correct variable nodes contributing to sl(-k) = 0, then those variable
node contributing to the failed checks to which % must belong as a subset, are
defined as:

T ={v(j)\vnov} (3.28)

Equation (3.28) identifies and removes those variable nodes which are common in
equation (3.26) and (3.27). This helps to decide the number of flipping positions
in ¥ as subset to 7. Once the flipping positions are identified, the symbol values
are updated by flipping that individual bit of symbol with the smallest absolute
value. The absolute channel soft values are termed as reliability information. The
smaller the absolute value of the bit, the less is the reliability of that bit and vice
versa. For j% received symbols yg.k), the bit closer to zero or having the minimum
absolute value is expressed for 1 <t < r as:

715 = min |y§-k)| (3.29)

Bt <<y
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The corresponding bit zj(-i) in the hard decision symbol zg-k) is then flipped. The

expression for the flipped bit is written as:

1, if 2P =0
M = 7t (3.30)
0, otherwise.

Flipping the bit in the hard-decision symbol can cause oscillating behaviour.

(k+1)

Therefore, the channel soft reliability information y; is also updated using

equation (3.31) or (3.32):

k+1 k
it =~ (3.31)
B i k) _
Sy _ ) T v i =0 (3:32)
7t ®) e k) _ '
Lty , if 2/ =1

In this chapter equation (3.32) is used. The new hard decision symbol sequence

will be updated for the next (k + 1) iteration as:

20D = () 20 g W) (3.33)

If sgk) # 0, then decoding failure due to some of the variable nodes (VNs) contribut-
ing to check nodes (CNs) will have occured. The information of the successful and
failed syndromes are stored for further processing. Normally if construction of the
parity check matrix H is 4 cycles free, then the variable nodes contributing to the
failed checks can easily be identified. The process for isolating the incorrect sym-
bols (variable nodes) is done by identifying only those variable nodes contributing
to the failure of check nodes. Unique variable node positions contributing to the
failure of check nodes are stored and are used further for comparison with the least

reliable symbol positions identified through the flipping function.

The proposed multiple symbol flipping algorithm significantly lowers the complex-
ity by selecting multiple positions and then flips the less reliable bit of each of
the selected symbols. This newly proposed algorithm is termed as B-MSFD algo-
rithm. Since the prediction mechanism of the D-SFDP algorithm|[20] is complex
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in computation, this method makes an effective tradeoff between complexity and

performance.

Proposed Algorithm 3 (B-MSFD)

1. Initialization: For the received symbol ¥; = {y;1,Y;2,-..,Yjr}, the
hard decision symbol z; is calculated by using (1) for 1 <t <7, 1<j<n
2. For iteration k =1 to 1,42

3. Syndrome Check-Sum: if sl(-k) =0 or if £k = I,,,4., stop decoding and
output 2 as codeword

4. Calculate E](k)(zgk)) by (3.22) and determine the number of symbol
positions p to be flipped by (3.24) and calculate Ef,k) by (3.23).

5. Find %™ positions by (3.28) and then corresponding flipped values by
(3.29) and (3.30).

6. Update z*+1) with z'g-k) and the soft channel information y*+Y with
yg.’“) by (3.33) and (3.32) respectively.

7. k=k+ 1 and go to step 3.

In symbol flipping decoding algorithms, the flipping position might be the same

for successive iterations when the decoder is trapped in an infinite loop. To avoid

the decoding being trapped in successive iterations, the symbol positions to be

flipped are recorded and are compared with the next iteration to make sure that

the same symbol is not flipped in consecutive iterations. Therefore, a symbol is

flipped in iteration k only if
I

(3.34)

for 1 < b < p,k > 1. At first iteration £k = 1 all the selected symbols positions

will be flipped based on the preset threshold but in successive iterations (k > 1),

the number of symbol positions to be flipped depends on condition (3.34).
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3.3.4 Multiple Symbol Flipping Prediction Based Algo-

rithm

Different from Algorithm 2 which flips single symbol per iteration and uses the
voting scheme to short list the variable nodes before computing the flipping func-
tion, this proposed Algorithm 4 flips multiple symbols per iteration and does not
short list the least reliable variable nodes for computing the flipping function. This
proposed algorithm for non-binary LDPC decoder is primarily divided into two
steps. In the first step, the positions of the least reliable symbols are selected and

in the second step, the most reliable symbol value for those position are predicted.

In this algorithm, the successful and failed checks are isolated as shown in equations
(3.26),(3.27) and (3.28). The set of the variable nodes that contributed to the failed
checks, helps to decide which symbol position should be flipped and how many
positions needs to be flipped. The unreliable symbols’ positions are determined

by the following equations.

k k k
E]( )(zj )) = ZE' : Oy;+ Z ed(z;k),crg?) <335)
e M;
E® = min (EP(27)) (3.36)

1<j<n 1 M
This proposed algorithm is used to flip multiple symbols in each iteration and the

number of flipping symbols depend on a pre-defined threshold p.

After finding all the unreliable symbol positions p, those candidate symbol values
are chosen for which the flipping function is maximized. A symbol value is pre-
dicted for each of the unreliable positions and then the hard decision sequence is

updated with those symbols at every k' iteration.

() 50y _ 50
EOEY) =27 0 g+ Y 06w 0, (3.37)

J J
i€ M,
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#(k) _ *(k) (5 (k)
B = é(g?;%k)(Ej (2;7)) (3.38)
J J
i® = arg_mex B (") (3.39)
J J

In (3.37), the function £} *) measures the position of the most unreliable j symbol

to be flipped to the value vj(k)

In this proposed prediction based multiple symbol
flipping decoding(P-MSFD) algorithm, symbols are predicted for p positions only
which makes the algorithm very efficient and less complex in computation at the
order of O(pq) and is independent of the length of the code n. For understanding,
let p = 1, so only ¢ — 1 values for the position ¥ = j,% € v at k' iteration will be

calculated by (3.38) and (3.39).

Equation (3.37) predicts the most reliable position for symbol which maximize the
function and then (3.38) determines the candidate symbol value z;(k) # zg-k) for
that position. The new hard decision symbol sequence will be updated for the

next (k + 1) iteration as:

ZH = (zgk),zék), e ,2§-k), R - k)) (3.40)
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Proposed Algorithm 4 (P-MSFD)

1. Initialization: For the received symboly; = {y;1,Y;2,- .-, Yj,}, the hard
decision symbol z; is calculated by using (1) for 1 <t <r, 1 <j <mn.

2. For iteration k =1 to I,,,4z-

3. Syndrome Check-Sum: if s = 37y bz = 0 o if k = Iaq, stop
decoding and output z*) as codeword.

4. Calculate Ej(-k) (zg.k)) by (3.37) and determine the number of symbol
positions p to be flipped by (3.24) and calculate E[()k) by (3.35) and (3.36).
5. Calculate E;(k) (zf,(k)) and E;(k) by (3.37) and (3.38) respectively for
50 e b,

6. Determine ¥ positions by (3.34) and then its flipped value i}'fpk) b
(3.39). Update 2"V with 5.

y

7. k=Fk+1 and go to step 3.

3.3.5 Voting Based B-MSFD Algorithm

The bit error rate performance and complexity of B-MSFD algorithm is further
improved and simplified by using the voting scheme to flip multiple symbols in
each iteration. Once these positions are selected, the bit with less reliability in
each symbol is chosen to be flipped based on the channel reliability information.
This algorithm is termed as voting based multiple symbol flipping decoding (VB-
MSFD). The least reliable symbol positions are short-listed by (3.12) and (3.13).
The selected p number of unreliable positions 4, are used only to find the flipping
values using the bit reliability information and the flipping function is not required
to determines the least reliable symbols. This algorithm does not need the loop
detection procedure and also does not need to isolate the failed and successful vari-
able nodes as in B-MSFD, resulting in further simplification. Finding the flipped
value from the channel reliability information is the same as for the B-MSFD al-
gorithm. The proposed algorithm significantly lowers the decoder computational

complexity as well as memory requirement to store the information for further
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processing.

Proposed Algorithm 5 (VB-MSFD)

1. Initialization: For the received symboly; = {y;1,v;2,...,y;r}, the hard
decision symbol z; is calculated by using (1) for 1 <t <r, 1 <j <n.

2. For iteration k = 1 to I,,4z-

3. Syndrome Check-Sum: if sl(-k) = 0 or if k = I,,,42, stop decoding and
output z*) as codeword.

4. Determine the un-reliable symbol 5](.5) using the voting scheme by (3.20)
and (3.21).

5. Find the flipped values by (3.29) and (3.30) for each candidate symbol.
6. Update z*+1) with z§i€) and the channel soft information y**!) with
yglf) by (3.33) and (3.32) respectively.

7. k=Fk+ 1 and go to step 3.

3.4 Complexity Analysis

In this section, we evaluate the decoding computational complexity and memory
requirement of the proposed algorithms in comparison with various existing NB
LDPC decoding algorithms. The complexity analysis is carried out in terms of
numerical operations per decoder iteration. Consider a NB LDPC code C for
GF(q) = 2" having a parity check matrix H of size m x n. Focusing on the regular
LDPC code with constant column weight d, and constant row weight d,., the total
number of edges of the Tanner graph is v = d,n = d.m. In a single iteration,

computational complexity of the proposed algorithms are mainly involved in the

equations (3.14),(3.17),(3.22) and (3.35).

To get the hard decision symbol sequence z at the decoder initialization, the pro-
posed algorithms require nr real comparisons. To calculate the syndrome check-

sum for valid codeword, md,. Galois field multiplication and m(d. — 1) Galois field
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additions are required. To get the extrinsic information-sums(EXIs), the decoder

requires md,. Galois field multiplications and md,. Galois field additions.

The major complexity of the algorithm in [20] involves computation of the binary

(k

for each edge, the binary function z; ) ® y; for n

number of symbols and the second binary function zE

Hamming distance d( Z; ), ”)

©y; for ng predicted values.

Therefore, the total complexity of the algorithms in [20] are in order of O(ngq)
when all ¢ — 1 values are computed to predict the candidate symbol value while
the proposed Algorithms 1 and 2 lower this complexity to order of gp where p
shows the number of unreliable variable nodes and is much less than n (p << n).
The other two proposed Algorithms 3 and 5 further reduces the complexity as they

do not require any prediction but simply flip a bit within each selected symbol.

In Algorithm 1, to compute the flipping function E( (2 3 (k))

tions zg-

2 the binary func-

) ® y; for the symbol values before flipping and zjk

©y; for the predicted
values of ng) € I' are calculated. Ignoring multiplication of the plus or minus one,
r real additions are required for the binary function before flipping and (¢ — 1)
addition are required to compute the sz) ©y; for all the predicted symbols. In step
1 of the algorithms in [20], n(3 + d,)r additions are required for all the symbols
while p(3 + d,)r additions for the proposed Algorithm 1 and only ér additions for

proposed Algorithm 5 as it does not require information after flipping.

For the decoding Algorithm 1, let E(-k)( ) 5 ) = F1 — F; where F; = zgk) ®

y( ) ¢ > 0, (=) o) and Fy ) ® y(k) + > 0, PRGOS To compute Fi,
ieM(j) 0 7 ieM() Va7

pd, real additions are required and to compute Fa, pd,(d, + q) real additions are

required. Computation of all values of F;—Fj, requires p(d,+q) real additions. For
(k) (k)

each symbol in the received sequence, the function E( )( z;,z;

) requires (d, +q)
comparisons. The function EJ( , for received sequence of length n, p(d,+¢—1) real
comparisons are required. Since Algorithms 1,3 and 5 also do not need any loop

detection procedure, the decoder computational complexity is further reduced.

The proposed algorithms for NB LDPC codes also significantly lower the memory

consumption as shown in Table 3.2. Suppose r bits are required to store each of
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TABLE 3.1: Computational complexity per iteration for various NB-LDPC de-
coding algorithms
Algorithms Number of operations
GM GA IA/RA RC/IC IM/RM
Algorithm1| d,(2d. — | pd,(d,  + | p(d? + | nr+p(d, —1)+
(V-SFD) | 1) r) + | 2dyr+4r+ | 2(p—1)
2d,(d, — 1) | 2d,)
Algorithm5| md, m(d, —1) | nd, rm+p—1
(VB-
MSFED)
D-SFDP | d,(2d.— | nd,(d, + | n(d? + | n(dy +7r—1)+
1) 7) + | 2dyr+4r+ | 2(n—1)
2d,(d. — 1) | 2d,)
P-SFDP | d,(2d.— | 2d,(d. — 1) | n(dyr + | n(d, +7—1) +
1) 5r+3d, + | 2(n—1)
b
MV-SF nd,(L + | nd,(L+2)+ | ndyq + | ndyqlogaq +
2) +|2m(L—-2) | 2nd,L n(g — 1) +
de—1
i ﬂ Pl
BRB 2nd, 2nd, — m 2nd,r d,(2r+1)—3m
wBRB 2nd, 2nd, —m 2nd,r d,(2r+ 1) 3m | nd,
PSFD 2nd, nd,+2n—m | 2nd,—2n+ Qnd -
m
MV- 2nd, nd,+2n—m | 3nd,+m— | 2nd, —m —n+ | 2nd,+1
PSFD 1 nlogsn
EMS 2ndyng, | g (nd, — | 1,(20nd,— | nplogan, (Ind,—
2m) 18m—12n) | 4(3m —n))
ISRB 2nd, 2nd, — m nd, +n2" | 2n2" — 2n n2”
wt-Algo.B | 2nd, 3nd, —m nd, nd,, nd,,

IM/IC/IA: Integer Multiplication/Comparision/Adittion; p is the total number
of variable nodes stored in é;
RA/RM/RC: Real Addition/Multiplication/Comparision; GA/GM: Galois Field

Addtion/Multiplication;

Notations used: v = nd, = md, , L = v¢ such that £ < d., n,, < ¢

the GF(q) element where ¢ = 2" and b bits are required for storing floating-point

values for each of the reliability metric. These algorithms require nrb bits to store

the received sequence. The hard decision symbol sequence z;

information-sums o; ;

(k)

(k)

require nr and nd,r bits respectively.

and the extrinsic

For the weighting coefficients 6; of the binary Hamming distance, d,b bits are
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TABLE 3.2: Memory required for decoding of NB-LDPC algorithms

Algorithms Required Memory(bits)

Algorithm1 (V-SFD) | nr(b+ 1) + b(d, + q) + p(b+ 1)
Algorithmb (VB- | nr(b+1) +d,b+r

MSFD)

D-SFDP nrb+ (2n +v)r + (n 4+ ¢+ d,)b + logan
P-SFDP nrb+ (2n+y)r + (n+ q)b+ logan + qllogad,]
wBRB 2nrb+y(r+b—1)

PSFD 2ng+ 3n+ )b+ (n+v)r + v + nllogad,]
MV-PSFD 2ng +4n+ 27)b+ (n + v)d + logam

EMS 2ngb 4+ yny, (r 4+ b)

T-EMS 2ngb + vqb

wt.Algo.B (n 4+ y)r + dyb + logad,

MV-SF b(vq +nqg + deqg +nr) + r(deg + d.L +n)

required to store the values. For the received sequence of length n, only p elements

(k) z(k)) and pgb bits

need to be stored. ¢b bits memory is required for each E](-k) (z] ¥2
for all the values. Similarly pb and pr bits of memory are required for storing EJ(-k)
and vj(k) respectively. The proposed algorithms reduce the memory requirement
from n to p only. The smaller are the number of variable nodes in error, the
less is the value of the p in comparison to the length of the received sequence n.
The proposed Algorithms 3 and 5 significantly lower the memory consumption as
these algorithm does not need to store the set of the predicted values zﬁk) The
Algorithms 3 and 5 require only r bits to store the value for the flipped symbol
v](-k). Algorithm 5 offers significantly lower complexity as it does not calculate the
flipping function for ¢ selected variable nodes. On the other hand, Algorithm 3
stores all the p number of selected variable nodes § to be used in finding the least

reliable variable node during computation of the flipping function E](.k) (z§k),z§k))

3.5 Results and Discussion

In this section, the performance and complexity of the proposed algorithms are
compared with various algorithms in the literature. An all zeros codeword is
transmitted over additive white Gaussian channel(AWGN) using BPSK modula-
tion (1 — 41 and 0 — —1). In the proposed prediction based algorithms, all the
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g — 1 possible values such as z;(k) #* zg»k) from GF(q) are considered to predict
the correct candidate symbol value. The other two Algorithms 3 and 5 do not use
the symbol prediction method but only the less reliable bit of erroneous symbol is
flipped. In the proposed algorithms, to predict the correct symbol, all possible g—1

) are considered. However, only those values from the GF (q)

values of zg»k) from ng
table can be considered whose binary representation is one bit different from the
binary representation of zék) as there is higher chances of thier occurrence under
AWGN. For example, in the hard decision symbol sequence, if the current value
before prediction of the 5™ symbol z§k) is 101 for the code over GF(8), then the
predicted values look like 100,001, and 010. The maximum number of iterations
in the following examples is determined through computer simulation and is set
to 15. For code (120,60) over GF(128), the transmitted bits at 4.2dB are decoded
using Algorithm 2 with 10, 15 and 20 iterations and the decoded bits have the
error rate of 0.003117, 0.002011, and 0.001980 respectively. As the bit error rate
difference of 15 and 20 is 0.000031 which is in the tolerance range. Therefore, the
maximum iterations are kept as 15. The simulation is terminated either when 100
bits errors are received or the number of transmitted bits reaches to 10%. For com-

parison, the low complexity bit reliability based majority logic decoding algorithm

(wBRB) is included which shows performance close to g-ary SPA.

Ezxample 1: In order to demonstrate the effective performance of the proposed
algorithms, BER performance of NB LDPC decoding algorithms under additive
white Gaussian noise as shown in Figure 3.1. The results are for a regular Gal-
lagar code C1 (204,102) [18] over GF(16) with code rate 1/2. The code has a
constant column weight d, = 3 and constant row weight d. = 6. The extrinsic
weighting coefficients 8 = [0, 01, 0] of the newly proposed algorithms are set as

0 = [2, 75, 05] fOl” de(z(_k) U(k.)

7',)22.

Figure 3.1 illustrates the bit error rate performance of NB LDPC decoding algo-
rithms. We see that the proposed Algorithms 2 and 4 are close in performance

to the D-SFDP algorithm while Algorithms 1,3 and 5 perform better than BRB,
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FIGURE 3.1: BER performance of NB LDPC code (204, 102) over GF(16)

MV-SFDP, PSFD, and D-SFDP. Algorithm 5 outperforms than all existing sym-
bol flipping algorithms including MV-SF and wBRB. Similarly, the proposed Algo-
rithm 1 performs close to MV-SF at the beginning and after 4.5 dB, it outperforms
the MV-SF algorithm. The proposed Algorithms 3, 4 and 5 are multiple symbol
flipping algorithms and perform better than BRB, ISRB, PSFD, MV-PSFD. At
the BER 1076, the proposed Algorithm 5 outperforms by about 1.5 dB and 0.65
dB in comparison to D-SFDP, MV-SF and wBRB algorithms respectively. The
MV-PSFD algorithm performs better than PSFD and the performance gap be-

tween them is about 0.5 dB but less in performance to the proposed algorithms.

Example 2: In this example, the performance of the proposed algorithms is shown
for a quasi cyclic (QC) NB LDPC code (120,60) over GF(128). This is a reg-
ular parity check matrix with constant column weight d, = 4 and constant row

weight d. = 8 with code rate 1/2. The performance of the proposed algorithms
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FIGURE 3.2: BER performance of NB LDPC code (120, 60) over GF(128)

is compared with reliability based algorithms like BRB and ISRB. The extrinsic

weighting coefficient are set as 6 = [2,.75,0.5].

From the curves in the Figure 3.2, we see that all the proposed algorithms out-
perform than BRB and ISRB algorithms and are better than wBRB after 4.5
dB. At the bit error rate performance of 104, the proposed Algorithms 1 and 5
achieves performance gain of about 2.2 and 3 dB over BRB and ISRB respectively.
The performance gap between the proposed Algorithm 2 and BRB algorithm at
BER 10~* is around 1.3 dB and from the ISRB algorithm, the gap is around 1.8
dB. The Algorithms 3 and 4 have similar performance trend and show significant
performance gain over all the algorithms in Figure 3.2. It is also observed that
the decoding Algorithm 1 performs better than Algorithm 5. The reason for this
is the higher order Galois field ( ¢ = 2" = 128,r = 7) where each symbolS; is
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F1GURE 3.3: SER performance of NB LDPC code (120, 60) over GF'(128)

composed of 7 bits (e.g.S; =bob1b2b3bsbsbebr). The proposed Algorithm 5 correct
one bit in each symbol per iteration and there are more chances to get more than
one bit in error. The more are the number of bits in symbols, the more iterations
are required to correct that symbol using Algorithm 5 in comparison to Algorithm
1 which is using the maximum likelihood technique. The Algorithm 1 try one by
one each of the symbols zgk) #* z§-k) € GF(128) for the selected unreliable position
and chooses the best candidate symbol value for the selected position. Due to this
fact, Algorithm 1 performs better than Algorithm 5 for higher order Galois field
GF(q).

Similarly, Figure 3.3 shows the symbol error rate performance (SER) of the pro-
posed algorithms in comparison to BRB and ISR algorithms. The performance

curves show similar trends as the BER curves in Figure 3.2. However, the BER
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curves in Figure 3.3 for BRB and ISRB are not smooth as the required number of

iteration for these algorithms to converge properly are less in this example.

Example 3: In this example the average number of iterations versus BER and SNR
are plotted to show the complexity and convergence of the proposed NB LDPC
decoding algorithms in comparison to some other algorithms in the literature. The
code for Example 2 with the extrinsic weighting coefficient set as 8 = [2,0.75,0.5]
is used here as well. From the curves in the graphs shown in Figures 3.4 and
3.5, we see that the proposed Algorithm 5 converges slowly compared to the other
proposed algorithms as well as to BRB and ISRB algorithms. BRB algorithm
is the fast converging algorithm followed by ISRB while the proposed algorithms
convergence speed is slower than BRB and ISRB but faster than D-SFDP.

20 =

Algorithm 3
=—©— Algorithm 2
18 |- | =@ Algorithm 4 .
=== Algorithm 5
- BRB
16 [ | —g—SRB
~=ife— D-SFDP
14 F +Algorithm 1

12 -

Average lterations
=
o
T

BER

FIGURE 3.4: BER versus average number of iterations for NB LDPC code (120,
60) over GF'(128)

Since the proposed Algorithms 1 and 2, flip a single symbol per iteration, the aver-
age number of iterations shown in Figures 3.4 and 3.5 are more than the proposed

Algorithm 3 and 4 which flip multiple symbols in each iteration. Algorithm 5 flips
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TABLE 3.3: Computational complexity per iteration of various algorithms at
BER 10~ FOR CODE(120, 60) over GF'(128)

Algorithms Number of operations

GM GA IA/RA | RC/IC | Avg. Itr
Algorithmb 60 216 136 8 8.4
(VB-MSFD)
Algorithm1 (V- | 60 1112 216 20 10.89
SFD)
D-SFDP 60 5336 12960 1438 13.91
BRB 960 900 6720 7020 2.1
ISRB 960 900 15840 30480 4.5

a single bit in each of the multiple selected symbols and that is why it takes more
iterations for higher order Galois field. At the BER 107%, for the given average
number of iterations, the computational complexity of BRB, ISRB and the pro-
posed Algorithms 3 and 4 is lower than the D-SFDP and the Algorithms 2 and 5.
As shown in Figure 3.5, we see that the Algorithm 5 performs better than other
algorithms in terms of the average number of iterations, especially at the lower
SNR. At higher SNR, the average number of iterations, except for Algorithm 5,

exhibits almost the same trends.

Table 3.3 summarizes the complexity per iteration of the various algorithms in
comparison to the proposed Algorithms 1 and 5. At BER 10~*, the typical value
for the p is around 6 to 15 at the first iteration and decreases after every iteration

if the symbol flipped at the previous iteration is correct.

From the analysis of the BER performance curves, the proposed algorithms show
an appealing trade-off between complexity and performance and therefore can be
recommended as good candidates for applications like data storage and communi-

cation systems.

3.6 Conclusion

In this paper, low complexity symbol flipping decoding algorithms have been pro-

posed. Incorporating the voting scheme to short list the least reliable symbols
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FIGURE 3.5: SNR versus average number of iterations for NB LDPC code (120,
60) over GF'(128)

improves BER performance and reduces decoding latency. The voting scheme
also helps in reducing memory requirements for storing the reliability values and
extrinsic information for processing. Also, multiple symbol flipping decoding algo-
rithms are proposed which helps in reducing the overall computational complexity
of the NB LDPC decoder. Simulation results illustrate that the voting based pro-
posed algorithms outperform all the existing symbol flipping decoding algorithms
except Algorithm 2 whose performance is less than [59]. However, the Algorithm
2 is much superior when compared to the decoder complexity of [59]. The other
proposed Algorithms 3 and 4, achieve the BER performance close to the algo-
rithm [20] with significantly reduced complexity. From the results and complexity
analysis, the proposed Algorithms 1 and 5 have shown an appealing trade-off be-
tween BER performance and computational complexity and are more suitable for

practicable applications.
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Abstract:This chapter addresses the problem of decoding non-binary low density
parity check codes(LDPC) over finite field G F(q) using symbol flipping approach.
To achieve low complexity reliable communication, three new algorithms for im-
proving the bit error rate performance of the non-binary LDPC decoder are pre-
sented. The first type is the symbol flipping decoding algorithm using a flipping
function based on the channel reliability to identify the least reliable symbol posi-
tion. In this algorithm, if the predicted symbol value satisfies the check sum, then
the value is declared as correct otherwise the value is adjusted and sent back to the
QAM detector. Algorithms 2 in this chapter is an improvement to iterative joint
detection-decoding algorithm by using the method of iterative hard decision based
majority logic to select the new candidate symbol value. The feedback value to the
QAM detector is adjusted by using Euclidean distance between the current symbol
and the newly selected symbol value. Algorithm 3 is a low complexity version of
Algorithm 2 which is derived by applying a majority voting scheme. In the major-
ity voting scheme, symbols are short listed first by voting and all the computation

61
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are carried out only for the short listed least reliable symbols which significantly
lowers the processing complexity. Numerical results and complexity analysis show
that the proposed methods have good bit error rate versus complexity trade-off

for various applications when compared with some existing algorithms.

4.1 Introduction

Non-binary low density parity check (NB-LDPC) codes defined over GF(q > 2)
are an extension of binary LDPC codes [3, 73]. NB-LDPC codes have shown bet-
ter bit error rate (BER) performance than binary LDPC codes. The NB-LDPC
codewords can be transmitted as binary sequence. The codeword symbols defined
over GF'(q) are mapped to a binary sequence and stream of bit vectors is transmit-
ted over a binary input channel. At the receiver, the NB-LDPC decoder performs
de-mapping of the received bit vectors to symbols. The main challenge of LDPC
codes defined over high order Galois fields GF(¢ > 2) is the high computational
complexity. Fast Fourier transform (FFT) based sum product algorithm (FFT-
SPA) [11] for decoding of non-binary LDPC was proposed to reduce the check

node complexity in terms of hardware computation.

In the bit reliability [32] and symbol flipping NB-LDPC decoding algorithms
[21, 22] the codeword is transmitted as binary sequence and the received binary
sequence is then used as reliability information in the decoder. Reliability based
majority logic decoding algorithm is similar to message passing decoding but it
sends only the most reliable field message and is considered as the low compu-
tational algorithm. In the iterative majority logic decoding (MLgD) algorithm
for non-binary LDPC codes, each symbol is iteratively updated by the extrinsic
information-sums (EXIs) with the most reliable field element along each edge of
the Tanner graph. The iterative reliability based hard (IHRB) and soft (ISRB)
MLgD algorithms [23] have lower complexity but perform well only for parity
check matrices with high column weights. The two algorithms in [23] are further

improved by introducing soft reliability information at the initialization to achieve
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better trade-off between complexity and bit error performance by proposing sev-
eral modifications [24, 27]. One of the drawback of IHRB and ISRB algorithms
in literature, is the requirement of large column weights. To overcome this draw-
back, an improvement to these algorithms was presented in [31] by introducing
reliability updates in terms of bit rather than symbols. The bit reliability based
decoding algorithm for NB-LDPC is comparatively more efficient and is termed as
weighted bit reliability based (wBRB) algorithm [32]. This bit reliability based al-
gorithm requires integer and Galois field operations only which helps to reduce the
hardware implementation complexity and processing time. To further enhance the
wBRB decoding algorithms, a full bit-reliability based decoding scheme was pro-
posed in [32]. To lower the processing complexity, this algorithm uses the binary
representation of non-zero entries of the parity check matrix. Symbol flipping de-
coding algorithms have low computational complexity but at the cost of reduced
performance. A majority logic decision based algorithm was presented in [72],
where the symbol position to be flipped is determined by majority decision while
the flipped value is calculated from channel output by flipping individual bits of
the symbol with low reliability. Another algorithm termed as weighted algorithm
B (wt.Algo B ) presented in [15] introduces the binary Hamming distance and
plurality logic performance improvement. The parallel symbol flipping decoding
(PSFD) algorithm in [16], has good performance only for parity check matrix of
large column weight. A multiple voting based PSFD (MV-PSFD) algorithm was
proposed in [18] for the improvement of PSFD algorithm. The performance of the
SRBMP decoding algorithm [58] has been improved by the multiple voting symbol
flipping (MV-SF) decoding algorithm [59].

Non-binary LDPC codes can also be transmitted using direct mapping to the high
order modulation. The advantage of NB-LDPC codes using high-order g-ary mod-
ulations is the direct encoding and decoding over the g-ary constellation as the
binary to non-binary mapping and de-mapping operations are not required. Also
the non-binary symbol likelihoods are computed directly without any conversion.

The mapping and de-mapping operations are cost effective in terms of complexity
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and introduce performance degradation that would have to be partially coun-
tered by a good choice of mapping and de-mapping at decoder. The NB-LDPC
sum-product and its variants can be used to map to the higher order modula-
tion to achieve high data rates. The binary Min-Sum decoding algorithm [74, 75]
extended to the non-binary decoding, is known as Extended Min-Sum (EMS) algo-
rithm [52, 69, 70], and it gives better trade-off between hardware complexity and
bit error rate performance. The complexity in the Extended Min-Sum decoding
largely arises from the computation of the check node (CN). To reduce the check
node processing, a Forward-Backward scheme [54][76] was proposed where a serial
computation is carried in the hardware and intermediate results are used during
that serial computation. However this scheme adds high latency and offers less
throughput which becomes more significant when the finite field size of GF(q) is
increased. To overcome these challenges, a new hardware aware algorithm called
syndrome based EMS algorithm was presented in [77]. This algorithm achieves
better bit error rate performance as well as throughput due to increased paral-

lelism.

An M-QAM based hard decision NB-LDPC algorithm was proposed in 78, 79] and
is called the iterative joint detection-decoding (IJDD) algorithm. This algorithm
uses the M-QAM modulation to get the higher throughput but its performance is
poor compared to the g-ary LDPC (QSPA). This algorithm uses the hard decision
symbol sequence as feedback in each iteration to the M-QAM detector to move

the received messages towards correct direction and reduce the noise effect.

To enhance the bit error rate (BER) performance of the IJDD, an Improved IJDD
(IIJDD) algorithm has been proposed in [80, 81] and it shows better bit error rate
performance. The Improved IJDD algorithm takes into account the probability
of symbols at initialization from channel information and then combines with the
plurality logic based reliability information during iterative updates. This iterative
reliability update of information is termed as accumulated reliability of a symbol.
The accumulated reliability of symbols make the IIJDD algorithm computationally
very complex. The IJDD algorithms are used with the majority-logic decodable

non-binary LDPC codes with high column weight but show performance loss for
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low rate codes with low column weight [66]. As research in the literature is focused
mostly on low column or ultra-low column weight LDPC codes, therefore, we have
also chosen to use low/ultra-low column weight. In the literature, those symbol
flipping NB-LDPC decoders, showing better BER performances for low column
weight, are considered as good decoding algorithms LDPC codes using high column
weight increase the decoding computational complexity and contribute towards
error floor [7, 13, 25]. Therefore, ultra sparse LDPC codes are used to achieve low
decoding latency and to overcome error as shown in [8, 9, 14, 28]. Other advantages
of ultra-sparse LDPC codes like high girth and better BER performance are given
in the references [19, 29, 34].

In this chapter, symbol flipping decoding algorithms are proposed for the QAM
based NB-LDPC codes. The proposed algorithms are inspired by the IJDD al-
gorithms [80, 81] and use the concept of iterative hard reliability based majority
logic decoding algorithm in [23, 25]. Euclidean distance is used to define the step
size of the feedback to the detector to move the symbol towards correct position
unlike to [80, 81]. Precise step size of the feedback message plays an important
role in improving the BER performance. The IJDD algorithm can show oscillat-
ing behaviour if the feedback step size is not controlled properly and results in
performance degradation. The IJDD algorithms in literature use the step size as
the difference of the first and second maximum numbers of occurrences of a sym-
bol in the extrinsic information-sum as a scaling factor for the symbol feedback
information to the QAM detector. This is not the efficient way of optimizing the
received sequence to remove the noise by moving the channel output in the correct

direction.

The followings are the main contributions in this chapter:

e A new symbol flipping decoding algorithm is presented for QAM modulated
NB-LDPC codes. Currently all the symbol flipping algorithms in literature are
for BPSK modulation but in this chapter, symbol flipping decoding algorithm for
higher order modulation is introduced for the first time. Along with syndrome
information, the flipping function of Algorithm 1 uses Euclidean distance with

plurality logic to identify the positions of the short listed least reliable variable
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nodes. A majority voting scheme is utilised to short list the unreliable variable
nodes. The value of the candidate symbol is selected by prediction from the set
of the finite field GF(q).

e To achieve better BER performance, an iterative hard decision based majority
logic decoding scheme is introduced in Algorithm 2. Through an iterative ap-
proach, the feedback to the QAM detector is improved by the Euclidean distance
based reliability of the received sequence to remove noise by moving the message
in the correct direction. This differs from the IJDD algorithms which use a dif-
ference in number of votes between first and second highest voted candidates in
conjunction with column weight to move the symbol in correct direction.

e Algorithm 3 is the low complexity version of the Algorithm 2. The majority
voting scheme is applied to short list the least reliable nodes and then the symbol
values are computed only for those short listed candidate symbols. This algorithm
uses only the first reliability values of the hard decision symbols to update the ex-
trinsic information-sums unlike [IJDD algorithm which uses the first and second

reliability values of the hard decision symbols.

The rest of the chapter is summarized as follows. Section II describes the relevant
literature on non-binary LDPC decoding algorithms. The proposed algorithms on
low complexity multiple symbol flipping decoding algorithm are presented in the
section III. Section IV presents the results and discussion of the existing and pro-
posed methods, while Section V gives complexity analysis. Section VI concludes

the chapter.

4.2 Non-binary LDPC Codes

Consider a regular parity check matrix H with dimension m x n defined over the
Galois field (GF) size ¢ > 2 where each element h; ;(1 < i <m,1 < j < n) of
H is an element over the GF'(q) where ¢ = 2" and r shows the number of bits in
each symbol. Now consider a NB-LDPC code C of length n for a regular parity
check matrix H, such that each row of H has weight of d. and each column of H

has weight of d,. In the Tanner graph, for parity check matrix H, the non-zero
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entries (h; ; # 0) show the " check node (CN) connected to the j™ variable node
(VN) and the Tanner graph edge connection is given by M(j) = {i: 1 <i < m,
h@j #0} and N(Z) = {j 01 S] Sn,hm #0}

4.2.1 NB-LDPC Codes Using BPSK

Let e = (e, 69, .. .,€j,...,€,) be a codeword in C and the binary form of ' symbol
incise;j=(¢j1,¢2, .-, Cjt,---+Cjr), 1L <t <r. This binary sequence is modulated
with binary phase shift keying (BPSK), where 1 is modulated as +1 and 0 is mod-
ulated as -1. The BPSK modulated j** symbol Tj = (T51,%j2,- -, Tjty- s Tjr)
is sent over additive white Gaussian noise (AWGN) channel. At receiver, the bi-
nary sequence y¥; = (¥j1,Yjz2,---,Yjts---,Yjn) is obtained from the transmitted
sequence z; by adding the additive white Gaussian channel noise N'(0,0?) with

two sided power spectral density as y; = x; +n;. The hard decision (HD) binary

sequence z; = (21,22, - -, Zji, - - - » i) for the j™ received symbol y; is given by:
1, if Yjt > 0

Zj,t = (41)
0, if y;;, <0

The log likelihood ratio (LLR) for NB-LDPC codes corresponding to the j sym-
bol, is computed as follows for the BPSK signalling in AWGN channel [12].

LLR(c;) = In (M)

PT(yj ‘Cj:())

—In (PT(ZJH(CJ'J,CJ‘,% L0 Cit) = Oé)) (4.2)
Pr(y;|(cja, ¢js-- - i) = 0)

The *" syndrome of the j** hard decision symbol sequence can be defined for the

nonzero element of the parity check matrix H = [h; ;]mn with h; ; € GF(q).

S, = Z ]’LZ"ij (43)
)

JEN(
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If s; # 0, it means that one or more of the variable nodes contributing to this

check node are incorrect.

4.2.2 NB-LDPC Codes Using QAM

The codeword ¢ € GF(q) is mapped to the constellation x of the quadrature
amplitude modulation (QAM) before transmission. Defining §2(-) as the sym-
bol mapping function for QAM constellation then the codeword ¢ is mapped as
xz; = Qc¢;) € x with complex signal vector * = (21,22,...,%;,...,,) and is
transmitted over the additive white Gaussian noise (AWGN) channel. The re-
ceived symbol sequence ¥y = (Y1,¥2,...,¥;,--.,Yn) is obtained from the transmit-
ted sequence x after adding the complex additive white Gaussian channel noise
n — CN(0,0?%) with zero mean and two sided power spectral density Ny/2 as

Y =x; +n,.

At the receiver side, the detector estimate each symbol #; using the maximum

likelihood decision rule.

&; = argmin |ly; — = (4.4)
FASH'Y

fory=1,2,...... n.
The above equation (4.4) becomes very complex for high order QAM. This com-
plexity can be reduced by defining a radius D of a sphere and the received symbol

is estimated for those symbols in the region of D.

Z; =argmin |ly;, —z|| < D (4.5)

FASH'S

In this chapter we use the QAM constellation size y equal to the Galois field size
q [80]. For the given code rate r. = k/n where k is the information length, the

spectral efficiency for this coded scheme is ¢ = r.logs|x| bits per symbol.
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The " syndrome of the j* hard decision symbol sequence for h;; # 0 can be

defined as:
S, = Z hi,jzj (46)
)

JEN(i
If s; # 0, it means that one or more of the variable nodes contributing to this

check node are incorrect.

At the initialization of the non-binary sum-product and min-sum decoding algo-
rithms, the LLR value for each symbol of the received sequences [82] is computed

with the assumption that all symbols have equal probability.

P?"(y|59))
LLR(c) =1In 4.7
=1 (Frgie 0
where  is the symbol value which maximizes the probability function Pr(y|z),

1.e.

z = argmax{ Pr(y|z)}. (4.8)
TEGF(q)

If the value of LLR(c) = 0 or close to 0, it means more reliability and vice versa.

When M-QAM coded modulation is used, the received symbol sequence contains
noise which shifts the symbol from the position in the QAM constellation. There-
fore, it is hard to detect correctly the symbol value. The Euclidean distance based
likelihood method is used to calculate the approximate position of the received

symbol using LLR which is given as:
2 .
LLR(a) = 5 (d(y,a)’ ~ d(y, &%) (19

where &4? is the closest QAM point of the received symbol y and « is the primitive

element of GF(q) in the QAM constellation.
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4.2.3 Non-Binary LDPC Decoders

A review of NB-LDPC codes and related decoding algorithms are presented in
this section but particular emphasis is on the IJDD algorithms [78, 79] using
QAM modulation.

For a given NB-LDPC code C over GF(q), the j received symbol y;, can be
any of the ¢ element in the GF'(q). If « is the primitive element of GF(q), then
the ¢ elements of the GF(q) are expressed as GF(q) = {0,1,a,a?, ..., a7}
Therefore, there are g messages passed between the check and variable nodes in
the classic belief propagation NB-LDPC decoding algorithm. There are ¢ probable
information for each of the channel received symbols. To satisfy the check sum in

equation (4.6) for ¢ symbols, the complexity is in order of O(q%~2).

The low complexity hard decision symbol flipping decoding based on the majority
logic decision is known as generalized algorithm B [15]. This algorithm is based
on plurality logic which counts the number of occurrences of each symbol. For the
preset threshold ¢, if the counts of more than one finite field symbol over GF(q)
exceed t, choose in favor of that received symbol, otherwise choose some common
symbol. This algorithm is further improved by weighting coefficients based on the
Hamming distance between finite field symbol and extrinsic information-sums.
This improved algorithm is called weighted algorithm B [15]. In this algorithm,
the counts of occurrences of a finite field symbol is multiplied by the weighting
coefficients assigned to the Hamming distance. The decision is taken based on
the largest product. The optimal set of the weights was not determined in the
weighted algorithm B and was left as future work. For the given hard decision
symbol z;, the normalized extrinsic information-sum (EXI) for the k™ iteration is

calculated as:

o) = hi! Z h”,zj/ (4.10)

jEN

for 1 <i<m,je N(>).
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The generalized algorithm B (Algo B) decision for estimated correct symbol is

obtained using the plurality logic as:

~(k «Q if n(a)>T
® = o (4.11)
Z; else

Here n(«) is the number of the occurrences of & € GF(q) in the extrinsic information-

sum O'i(,kj) for a corresponding to the largest count of n(«). T is the preset threshold
determined through simulations. In this chapter, it is set to the column weight of

the parity check matrix.

In the IJDD algorithm [78, 79], the main idea is to correct the symbol vector y by
removing noise in an iterative way and moving the received vector y closer towards

the transmitted symbol point.

At the receiver side, the detector estimates each symbol .'I:E»k) using the maximum

likelihood decision rule. The hard decision symbol zgk) is made available to the

NB-LDPC decoder after de-mapping the detector output x; as follow:

2 =01 @) (4.12)

J

From equation (4.11), let 7., be the largest reliability and 7y, as the sec-

ond largest reliability of the symbol in o e GF (q) at the k' iteration, then

0]
Anj(.k) = n,(,lfgz — niﬁz which represents the voting difference between two high re-

liable candidates. The pair of information (v](-k), An](-k)) is provided to the QAM
detector as feedback. The detector updates the received sequence ygk) with the
information provided by the LDPC decoder. Let d(yék), ) be a search sphere with
radius r, centered at y§-k). The following is the update rule at detector:

o If Q(v§k)) € d(ygk),r), then

y =y A0, (4.13)

J
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e Otherwise y*1) = y(*),

Here A*) and B%) are calculated as follow:

Ank)

AR —
dy

(4.14)

and

B = ! (4.15)

Qv®) — :icg.k), otherwise.

The IJDD algorithm [79] is further improved by combining the plurality logic based
scheme with the accumulated reliability [80, 81] from channel. The reliability
vector P§-k) of the j™ variable node at k™ iteration for each element o € GF(q) is
given by:
k) _ 1,k (k) (k)
P = [p;7(0),p;° (1), .., p; (¢ = 1)] (4.16)

J

where p(-k)(oz) is the probability that the estimated value of ﬁj(k) is equal to the ele-

J
ment o € GF(q). The reliability vector ng) at k = 1 is initialized with likelihood
values from the channel.

The second reliability metric p*) () for the j* variable node is calculated by the

following equation:
(k)(

o

a)

() = (4.17)

where n](k)(oz) is the number of the votes of element o and ® denotes the sum of
the votes obtained by each candidate symbol in GF(q) for the j* variable node.
If any of the element « has got zero vote, then it is assigned a value equal to half
of the minimum votes of an element in (4.17) to avoid premature exclusion.

In order to combine the effect of reliability at current iteration k£ with the reliability
at (k — 1), the normalised reliability for an element « of the j** variable node is

given by:
_(k k—1
(@) (@)
(k) . k—1 .
Nacaro Py (@)l (d)

such that > o p®(a) = 1. The candidate symbol value 9*)s is selected based

¥ () = (4.18)

on the highest probability and 5n](.k) is calculated based on the first and second
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highest reliability values of the two candidates.

The accumulated reliability based IJDD algorithm is further improved by using
the first and second hard decision based symbols for each of the j** variable node to
improve the bit error rate performance and is termed as Improved 1JDD( I1JDD)

algorithm [80].

In the improved IJDD algorithm, for each check sum s; connecting to d. variable
nodes, a variable node, say v; with least reliability is chosen based on the Euclidean
distance. Let (2;1) and (z;2) be the two most reliable symbols passed from the
QAM detector to the variable node v; in two configurations and z; € GF(q) be the

least reliable symbol, then the two check-to-variable messages from the detector

are {31,22,...,Zj’l,...zdc}\{zl,l # ]} and {21,22,...,Zj’Q,...ch}\{Zl,l 7é j}
(k)

For the least variable node v;, the most reliable symbol 27 and the next most

kQ) are delivered to the associated check node s; while for other

variable node connected to this check node s; , only the most reliable symbol zgkl)

reliable symbol zg

is delivered.

4.3 Proposed NB-LDPC Decoding Algorithms

4.3.1 System Model

This chapter uses the most common type of QAM modulation which is rectan-
gular QAM, where the constellation points are arranged in a square grid. Figure
4.1 shows the receiver structure to reduce the complexity of the QAM detector
where the received symbol quadrant is first identified and then the symbols in that

quadrant are used to estimate the correct symbol.

The non-binary LDPC code defined over the GF'(q) is used in connection with the
QAM constellation such that the size of the coded symbol is the same as the QAM
constellation. The NB-LDPC encoder encodes information symbols to construct
a codeword of length n. These n symbols are modulated by the QAM module and

are transmitted over wireless channel. The complex AWGN channel CN (0, 0?)
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with zero mean and two sided power spectral density Ny/2, affects each of the

transmitted symbol as shown below:

yj = il?j + nj (419)

K-Symbols N-Symbols
—— —» NB-LDPCEncoder

M-QAM

\

Y

Y Channel Information
Z Hard Decision AWGN Channel
Quadrant-Based
Detection
K-Symbols Z
«+——— NB-LDPCDecoder |= M-QAM Detector =
Y
| A
| |
Feedback

FIGURE 4.1: System Model: NB-LDPC coded QAM modulation
The quadrant based QAM detector estimates the transmitted signal as follows:

(i
J

. k
= argmin [[y\") — z|| (4.20)

Tq€Xq

z

where x, contains all the constellation symbol in the ¢’k quadrant. The quadrant
Xq is determined from the sign of the real and imaginary parts of the symbol y;.
This quadrant based QAM (QQAM) detection reduces the complexity enormously
as only four symbols are required to estimate the correct symbol. The QAM
ML detection used in [80] as shown in equation (4.4) requires all the symbols
in constellation which makes the estimation of correct symbols very complex in

computation.

This proposed method is very different than the QAM detector presented in [80,
81] where maximum likelihood detection is used. The received symbol sequence
estimated using reduced complexity quadrant based QAM detection is sent to the

symbol flipping NB-LDPC decoder. The decoder predicts the unreliable symbol
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FI1GURE 4.2: 16-QAM Gray coded constellation and the received symbol

value for each of the failed variable nodes contributing to failure of check-sum s;
at k'™ iteration. Let the check node s; have d, number of connected variable nodes
U1, V2, ..., Ug,. For each unreliable node, a set of symbols from the GF(q) table is
predicted where each predicted symbol is different in one bit from the unreliable
symbols with the assumption that AWGN channel has affected one bit in each
symbol at the most. Also keeping in view that, in Gray coded QAM, the symbols
in the same quadrant are different by one bit. Therefore, it is more likely to choose

the correct symbol for the least reliable symbol of the connected failed check node.

In case the predicted symbol does not satisfy the check-sum, the NB-LDPC de-
coder updates the information and sends back the newly adjusted symbols to
the M-QAM detector. The newly adjusted signal may move to another quadrant
due to the iterative adjustment and then all the symbols in the new quadrant are

used to estimate the newly adjusted symbol.
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4.3.2 Proposed Algorithm 1

In this section, a new symbol flipping decoding algorithm for QAM modulated
NB-LDPC codes is presented. Reliability information are added to the flipping
function to decide the accurate symbol position in error as shown in Figure 4.3.
For this selected position, a new candidate symbol value is predicted for the least
reliable variable node connected to the failed check. In this proposed algorithm,
only those variable nodes contributing to the failed checks are considered for flip-
ping in order to maintain low complexity and fast convergence. The voting scheme
adopted in parallel symbol flipping[16, 18] is used for selection of symbol positions
to be flipped at the k" iteration. In Figure 4.3, the short listing of least reliable
symbols is completed first and the p number of variable nodes are sent to the
next module for computing the flipping function. The flipping function decide the
number of variable nodes to be flipped whereas the parity check module selects

the flipping value for the positions selected by flipping function. The output of

Stop

Equation(4.20) Calculate for p
positions
Y QAM - . Flipping
Detector Voting "| Function
Short listing by Equation(4.25,4.26)
Equations(4.23, 4.24)
Feedback
Feedback | poation(4.31) Equation(4.29, 4.30),
[ Figure(4) Equation(4.27, 4.28)
No .
. Unreliable
=07 - -
Parity Check=07 Positions

Predict values from set of
symbols

FIGURE 4.3: Proposed Algorithm 1 Execution Cycle

the QAM detector is fed into the check sum. The variable nodes contributing to
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the successful check sum are given as:
o={i': 8,=01<i<m,j€ M@} (4.21)

Those variable nodes contributing to the failed checks belong to v which is the
vector containing the number of positions to be flipped, then it must be the subset

of 7 and is defined as:

Yer={v(j)\vno}. (4.22)

Here T is a set of erroneous variable nodes and equation (4.22) contains all variable
nodes contributing to failed checks. If a single symbol is flipped in each iteration,

then ¥=1.

4.3.2.1 Variable Node Selection by Voting

In the voting scheme [16, 18], each unsatisfied check node gives one vote to the
relevant variable node. The j* variable node then collects all the votes, say Vj(k),

from the failed check nodes at k' iterations.

vV = 3"y (4.23)
i€M(j)

where Vz(Jk) =1if sgk) # 0, otherwise Vz(f) = 0. For the accumulated voting Vj(k)

equal or greater than a predefined threshold V};, those variable nodes fulfilling the

condition V; > V;;, will be passed to calculate the flipping function EJ(-k) through

equation (4.25). This reduces the computational complexity from n number of

variable nodes to just few variable nodes, say 8. The values of § at k'"can be

calculated snnply as follows:
5! I j = Vth .

for 1 < 5/ <p.
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Here p shows the total number of variable nodes having maximum votes and §*)
contains all positions for those variable nodes (VNs). In other words, these are the
number of variable nodes having less reliable information and need to be replaced
with more reliable symbols. The positions of these variable nodes are stored as 5§f€).
The multiple voting method presented in [18] define two voting levels (y, > (3 > 0,
using the same voting function defined in (4.24). For sgk) # 0, Vzgk) = (p for the
largest flipping function and V;gk) = (1 for the VN with the second largest flipping
function. In this chapter, a voting scheme is used for short listing of least reliable

symbols which reduces the memory consumption and computational complexity.

4.3.2.2 QAM Based Flipping Function

) provides one vote to the variable node

Each unsatisfied syndrome(check-node) sgk
and the variable node accumulates the votes. To find the position of variable nodes

with less reliability, the following expression is used for 1 < j' < p:

k k k k
FP = 3" @2 —1el) —nP(a) (4.25)

i€M(5')

where n(k)(a) is number of occurrence of & € GF'(q) in the extrinsic information-

]'/
sum O'i(E-) and fj(fc ) contains the reliability information derived from the channel

received sequence by the following mathematical expression.

k k ~(k
&P =y’ — 20|, (4.26)

The flipping function in equation (4.25) is derived from BPSK based symbol flip-
ping decoding algorithm in [14]. The proposed algorithm finds iteratively the valid
codeword from vector space over GF(q). At the k™ iteration, if sz(k) = yg-k)hi,j # 0,
the aim is to perturb y*) and create a new sequence of candidate symbols y*+1.
Two steps are required to choose a new candidate symbol value: 1) compute the

flipping function to identify the flipped position; 2) candidate symbol value selec-

tion by predictive syndrome method as shown in Figure 4.4.
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The position to be flipped is determined for the variable nodes having less relia-

bility information by the following equation.

G0 = argmaX(F(k)). (4.27)

J

Importantly, 7**) will belong to d, number of check nodes. Therefore, to lower the
complexity, d, should be as small as possible. Let T be the threshold to determine
the number of symbols to be flipped, then it can be determined in conjunction
wih the column weight d,. If p is the maximum number of symbols to be flipped

per iteration then it can be determined as:

P1 if T > €1dv
p= (4.28)

pa  else,

where €, is an integer value and p; > ps. To find the position of the candidate
symbol value, the equation for syndrome based symbol value prediction is written

as:

Z hig2l = hiaz? + higzd + . hig 2P (4.29)

In equation (4.29), let z2 ) be in error and contributes to the failure of the check
node. To choose a correct candidate symbol, the symbol value is predicted from the
set of the symbols which are different in one bit. If sgk) is satisfied, then prediction
process is terminated otherwise we choose another check node connected to z;{ﬁ)
until d, number of check nodes. If all these check nodes fail, then we choose the

last predicted value of the symbol and adjust zgk) as shown in the following section.

4.3.2.3 Symbol Value Selection

To replace an unreliable symbol, the candidate symbol value selection is important.
To choose a correct symbol value, a symbol prediction method is used from set of
values in GF(q). A symbol in the same quadrant as the received symbol is selected

as correct symbol which satisfies the parity check equation sz(»k) =0.
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Let zg.]f) be the variable node symbol considered to be the least reliable symbol

(k)

connected to the failed check node s; To satisfy this parity check equation,

a symbol is predicted for the selected position of hard decision symbol zg.],c) such
that zyf) # zyf) and zgﬁ) has all possible symbol values of the GF(q) inside the
quadrant. Therefore, the possible candidate symbol values from that quadrant for

each position of zyc) are given below:

B9 = (59 50 € GF(g), 59 # 2) (1.30)

FIGURE 4.4: Symbol Value Prediction

The candidate symbol value prediction in equation (4.29) is illustrated in Figure
4.4. If zj is the least reliable symbol connected to check node s; at k' iteration,
then symbol Z; is the predicted value such as z;, # z; and 2j/ € I ;» which satisfies

the parity check equation i.e s; = 0.
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4.3.2.4 Feedback to Detector

In this proposed algorithm, if the predicted value does not satisfy the check equa-
tion, then the value is adjusted and sent back to the QAM detector as follows:

gt =y + fA®)B0. (4.31)

Here f is a scaling factor and is determined through simulations. The other
parameters A®) and B®*) are calculated in the following equations. A® is the

[2-norm used to scale the second term of the equation (4.31).

For the selected candidate symbol value v®), then A*) and B*) are calculated as

follows:
(R () e k) — A 0F)
Bk — A ) =2 (4.32)
Q(v™)) — :i:yf), otherwise
(k) (k) £ Q(p®)) — 30
A®) — Ll Q) =2 (4.33)

12(v®) — 2P|, otherwise
Equations (4.32) and (4.33) give the step size to move the received symbol towards
the correct position by removing the noise in a systematic way. The difference be-
tween the received symbol y;@ and the selected candidate symbol value determines
the step size more accurately. The computed value of A*) can be large and needs
to be truncated, otherwise this can lead to large step size and as a result the sym-
bol will be moved to a far off location in the QAM constellation. The step size
truncation is specially important in higher order QAM modulation as the number
of symbols get congested and the distance between them decrease making it hard
to estimate the correct symbol.

Continuous Loop Detection: A continuous loop detection procedure is adopted in
this chapter and positions of all the flipped symbols are recorded. The symbol

flipped in an iteration is not flipped again in the successive iterations. In case the

new candidate symbol does not satisfy the check equation, then it is re-adjusted
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and sent to the QAM detector. This loop detection procedure is applied to algo-
rithm 1 only while the proposed algorithms 2 and 3 do not use any loop detection.
For example, if a test flag (T'F') is defined to store position of all flipping symbols,
say TF = [2,4,19] at k'™ iteration and in next iterations these symbols are not
flipped until the T'F' equal to total number of those variable nodes selected by the
voting and then the T'F is reset to zero for storing the symbol positions from next

iteration.

Proposed Algorithm 1

1. Initialization: For 1 < j<n,1<[<qgand1<i<m.

The hard decision symbols z; is obtained from the received symbol y; after
de-mapping by using (4.20) and (4.12).

2. Set max iteration k =1 to I,,,4z-

3. Syndrome Check-Sum: if sl(-k) = ZjeN(i) h,-ng-k) =0orif k = I,,4, stop
decoding and output 2*) as codeword.

4. Determine the variable nodes contributing to failed check-sum by (4.21)
and (4.22).

5. Calculate the votes for each of the variable node by using (4.23) and
short list the least reliable symbol positions by (4.24).

6. For 1 < j' < p, compute the flipping function for the selected number
of positions by using (4.26) and (4.29).

7. Predict the symbol values zyf) by (4.30) for the chosen number of the
symbol positions. If sgk) =0, update the symbol zgf:) and go to step 2.

8. If sgk) # 0, adjust the symbol by using (4.31).

9. The QAM detector updates the hard decision symbol zgf) based on the
feedback.

10. k =k + 1 and go to step 3.
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4.3.3 Proposed Algorithm 2

In this proposed scheme, iterative hard reliability based majority logic decoding
algorithm in [25, 83] is used which offers very low complexity at the initialization
as well as to compute iteratively the hard reliability of the symbols as shown in
Figure 4.5. Secondly Euclidean distance based feedback is used to control the
step size of the symbol in the QAM constellation and move the symbol towards
correct position by removing noise. Precise step size of the feedback scheme play
an important role in improving the BER performance. The IJDD algorithm can
show oscillating behaviour if the feedback step size is not controlled properly which

can result in performance degradation.

Stop
Equations(4.34,4.35,4.36) TYGS
(k) (k) , (k)
Y QAM - {zj1.2;2,80d);} AT No | Compute
Detector NG o EXIs
A Equations(4.38,4.39)
Equation(4.44) Equations(4.40 to 4.43)
Compute | _ Symbol Value | _
Feedback | Selection

FIGURE 4.5: Proposed Algorithm 2 Execution Cycle

In the proposed Algorithm 2, for each check sum s; connecting to d. variable
nodes, a variable node, say v; with least reliability is chosen based on the Eu-
clidean distance same as in [80]. Let 2;; and 2,2 be in the quadrant ¢ and
are assumed as the two most reliable symbols passed from the QAM detector
to the variable node v; in two configurations. Suppose z; € GF(q) is the least
reliable symbol, then the two check-to-variable messages from the detector are
{z1,29,...,2j1,. .. 2a. }\{21, # j} and {z1,29,...,2;2,...24,}\{2;, # j}. For
each least reliable variable node among the nodes connected by the same check

node, the detector generates two most reliable symbols as follows:
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Y = argmin " — x| (4.34)

TqEXq

P
zj,
and the next reliable symbol is generated by:

(K . k
m§2) = argmin ||y§ ) — x| (4.35)

. (k
ngxg,zqi:c;’l)

Let dgkl) = Hyﬁk) —:igﬁ) | and d¥, = Hyﬁk) —ii‘gkz) || be the radiabilities for the two sym-
bols :f:ﬁkl) and :i:%) and the reliability metric for each variable node v; is expressed

as:

AdP = |d%) —al)| (4.36)

Ad;k) represent the reliability of the symbol for corresponding VN. Smaller value
of the Ad(~k) shows less reliability of the variable node and vice versa. After de-

28, A

1 ( 1y
mapping, jl—Q 1andz32—Q 11252,

] 2 , the pair of information {z

are sent to the NB-LDPC decoder at k + 1% iteration. The position for least re-
liable variable node v; among all others VNs connecting to the same check node

s;, is selected as:

j=argminAd;, [=1,2,...,d. (4.37)

JEN(D)
For this variable node v;, most reliable symbol 2 1) and the next most reliable
symbol zj72) are delivered to the associated check node s; while for other variable
node connected to this check node s;, only most reliable symbol zgkl) is delivered.
As there are two sets of message sequence from detector to NB-LDPC decoder, the

extrinsic information-sum(EXI) in (4.10) results in the following configurations:

o) _ iy 2 e 5']77)1’ =y (4.38)
51 v hiy zl(, 1+ h”z]kg, otherwise.
and
5 = hiy' 2 e 1 i = (4.39)

-1 .
i 2peninon l, 1 + hwz] 5, otherwise.

Here (4.38) shows the extrinsic information-sums of the most reliable hard decision

'}
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messages and (4.39) denotes the configuration for next most reliable hard decision

based messages.

The concept of iterative hard reliability [25, 83] is used to find the correct symbol
for all those positions having less reliable information. Suppose z;, being the most
reliable symbol, then it is used for the initialization of the reliability of a symbol

a; € GF(q) to a value v for 1 <1 < ¢

v, itz =q
R; = e (4.40)

0, otherwise.

Here ~ is the predefined numerical value. Reliability information at the current
iteration is used to find the most reliable symbol for the j** position through the

following expression:

Ifol = € GF(q)

i =
k k
R} =R% +1 (4.41)
and the reliability information are updated for the next (k + 1) iteration as
follows:
RUFD — R®), (4.42)

Based on these reliability information, the new candidate symbol is selected as

follow:
25 = argmax R%). (4.43)

J
a

In the Algorithm 2, the update rule at detector is given by :
k k
Y =y 4+ r(®)8Y, (4.44)

Here f is the scaling factor and A®) and B*) are calculated as given in equations

(4.32) and (4.33) respectively.
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Proposed Algorithm 2 (E-IJDD)

1. Initialization: For 1 < j<n,1 <[ <qgand 1<i<m.

Signal Detection: The hard decision symbols z; is obtained from the re-
ceived symbol g; by (4.20) and (4.12). Also find £, and Ad™ by
using equations (4.34),(4.35) and (4.36).

Decoder: If z; = oy € GF(q), then R;; = v else R;; = 0.

2. Set max iteration k£ = 1 to I,,4z-

3. Syndrome Check-Sum: if sgk) =53 @) h,-jzg-k) =0orif k = I,,4:, stop

JEN
decoding and output 2*) as codeword.
4. Calculate extrinsic information-sums 02-(;) by (4.38) and (4.39).

5. Calculate symbol reliability R\ by (4.41) and update RV} by (4.42).
6. Select the new candidate symbol value z§k+1) by (4.43).

7. Adjust the symbol by using (4.44) and feedback to detector. Repeat
equations (4.20),(4.12) (4.34),(4.35) and (4.36).

8. k =k 4+ 1 for next iteration.

4.3.4 Proposed Algorithm 3

This proposed Algorithm 3 further simplifies Algorithm 2 by introducing the con-
cept of short listing of the candidate symbols by voting scheme as shown in Figure
4.6. In this proposed algorithm, the variable nodes contributing to the failure of
the check-sum are first short listed and then only those short listed variable nodes
are processed to estimate the their correct values. This process results in very less
computational complexity as well as require less memory to store the processed

data.

At the decoder, for the hard decision symbol sequence z(¥), the candidate symbols

are short listed. Suppose d stores the positions of all the variable nodes with
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FIGURE 4.6: Proposed Algorithm 3 Execution Cycle

maximum voting, then the values of § at k" iteration can be calculated as follows:
8 =4, if V;>Va (4.45)

for 1 < 5/ < p and p shows the total number of variable nodes with maximum
votes. This reduces the computational complexity from n number of variable nodes
to just few variable nodes p. Here (5‘;5) € 6% stores the position of each variable
node with maximum votes and 6 contains all those positions of the variable
nodes. In other words, 8**) have all the positions of variable nodes having less

reliable information and must be replaced with reliable symbols.

For the short listed candidate symbols ), the normalized extrinsic information-

sum (EXI) for the k' iteration is calculated as:

(k) _ 71
o = hi; Z h,g 3 (4.46)
JENG@\S'
for 1 < i < m,1 < j < p. The extrinsic information-sum computation in the
IIJDD algorithm [80] takes into account the first and the second most reliable
symbols {zj 1 ]2} while the proposed algorithm 3 does not require the second

reliability value. The symbols value is selected based on the IHRB algorithm as



Chapter 4. Joint Iterative Detection- Decoding Algorithms 88

mentioned in algorithm 2. The feedback to the QAM detector is used as discussed

in the algorithm 1 but only for the short listed variable nodes § at the k" iteration.

Proposed Algorithm 3 (V-IJDD)

1. Initialization: For 1 < j<n,1<[<qgand1<i<m.

The hard decision symbols z; is obtained from the received symbol y; after
de-mapping by using (4.20) and (4.12).

if z; = oy € GF(q), then R;j; = 7y else R;; = 0.

2. Set max iteration k =1 to I,,,4z-

3. Syndrome Check-Sum: if sgk) =5 hijzg-k) =0orif k = I,,4:, stop

JEN()
decoding and output z*) as codeword.

4. Calculate the votes for each of the variable node by using (4.23) and
(4.45). Now short list the least reliable symbol positions by (4.24).

5. For 1 < j' < p, calculate extrinsic information-sum az(lj), by (4.46).

6. Calculate symbol reliability R')) by (4.41) and update R\ by (4.42).
7. Select the new candidate symbol value UJ(.fﬁLl) by (4.43).

8. Adjust the symbol by using (4.44) and feedback to detector as in (4.20)
and (4.12).

9. k =k + 1 for next iteration.

4.4 Numerical Results and Analysis

The proposed decoding algorithms for the NB-LDPC code (n,d,, d.) with d, and
d. as the column and row weights respectively, have been simulated using QAM
as the modulation technique and the performance parameters are compared with
I[JDD decoding algorithms in literature. The parity check matrices with d, = 2 in
this chapter, is based on the construction method given in [66] and are available
on the web site [84].  The ultra-sparse parity check matrices are designed for
multiple possible applications and more specifically for building good NB-LDPC

codes in higher order Galois field. The maximum number of iteration in all the
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examples are kept as [,,,,=15 and the value of v = 1.75. The scaling factor f is
set to 0.5 for 8 QAM and 0.25 for 16 QAM. The simulation is terminated either
when 100 bits errors are received or the number of transmitted bits reaches to
108. In the following examples, it is observed clearly from the BER performance
curves that the proposed algorithm 2 performs better than the IJDD algorithms
in literature. It should be noted that in all these examples, the QAM modulation

order is the same as Galois field size.

Example 1: In this example, BER performance of quadrant based detection
scheme is compared with the ML QAM detection. The simulation results are
shown for 8,16 and 64 QAM. In the Figure 4.7, it is clear that the performance
curves of the proposed system model are similar and almost perfectly overlap on
the ML QAM detection. For higher order QAM modulator like 128 or 256, the
BER performance curves might not overlap perfectly as the symbols are close

enough to be detected exactly in one quadrant of the constellation.

Exzample 2: The construction of NB-LDPC code (45,2,3) in this example over
GF(8) is based on the alist format given in [84]. In this example 8 QAM mod-
ulation has been used to simulate the proposed algorithms in comparison to the
IJDD and Improved IJDD NB-LDPC decoding algorithms in literature [80]. The
performance curves of various algorithms under AWGN are as shown in Figure
4.8. At BER of 1079, the algorithm 2 outperforms the Improved IJDD by about
3.5dB. The proposed Algorithm 3 and Improved IJDD have a performance gap
of about 4.2dB. The proposed Algorithm 3 performance is better than Algorithm
1 as well as IJDD while the proposed Algorithm 1 which is based on the symbol
flipping decoding, performs better than IJDD algorithm by approximately 2dB.
The step size of the Algorithm 2 is based on the Euclidean distance between the
received symbol and the newly selected candidate symbol which help in moving
the received symbol in correct direction. Also the adaptation of the IHRB algo-
rithm to select the candidate symbol value helps to improve the BER performance

of Algorithm 2.
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FIGURE 4.7: Comparison of ML and Quadrant QAM Detection

In this example, Figure 4.9 depicts the curves for BER and average number of
iterations of various algorithms. It is visible from the graph that the algorithm 1
converges faster than the other algorithms. Around the BER 107%, the average
number of iterations of the IJDD algorithm and algorithm 1 are equal while the
proposed algorithm 3 and the Improved I1JDD algorithm are almost equal with
average number of iteration less than 3 while algorithm 2 has slightly more than

3 iteration.

Example 3: In this example, the LDPC code(45, 2, 3) over GF(16) is used to
illustrate the BER performance of the proposed decoding algorithms in comparison
to Improved IJDD and IJDD algorithms. From the BER curves illustrated in
Figure 4.10, it is observed that the proposed algorithm 1 and 3 perform better than
IJDD algorithm and close to the Improved IJDD algorithm. The performance gap
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FIGURE 4.8: BER Performance of NB-LDPC Code (45, 2, 3) over GF(8)

at BER 1079 between the proposed algorithm 2 is about 2.5dB while the algorithm
3 is around 2.5 less in performance than Improved [JDD and 2.5dB better than
algorithm 1. Algorithm 1 shows an excellent performance in comparison to IJDD
algorithm. It is worth mentioning that the algorithms in [21, 83] are using BPSK
modulation while those presented in this chapter are using QAM. The NB-LDPC
code (45, 2, 3) over GF(16) has been simulated using BPSK modulation to get
the BER performance curves for ISRB and V-SFD algorithms as shown in Figure
4.10.

Exzample 4: Here a NB-LDPC code(105,2,5) over GF(8) is simulated using the
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FIGURE 4.9: Average number of iterations verus BER for the (45, 2, 3) code
over GF'(8)

8 QAM modulation. The performance curves for the proposed algorithms and
[JDD algorithms are illustrated in Figure 4.11. The BER performance curves de-
picted in Figure 4.11, shows that algorithm 2 outperforms by 3.0dB than Improved
[JDD(IIJDD) at BER 107%. The performance gap between the algorithm 3 and
I1JDD algorithm is around 4.0dB while algorithm 1 is around 3.8dB away from
algorithm 2. Algorithm 1 is performing better than IJDD algorithm by 2dB. An
individual decoder and QAM detector is also added to this example. Algorithm 3
is simulated without using the feedback to the 8 QAM detector. The BER perfor-
mance curves shows that at 10.6db, the individual decoder-detector has achieved
BER of 1.6037° while the feedback based joint decoder-detector has achieved BER
of 3.304=°. Also at 1073, there is around 0.9dB difference which shows an obvious
advantage of feedback based I1JDD algorithm.

Example 5: In this example, a quasi cyclic high column NB-LDPC code (120, 4, 8)

over GF(8) is simulated using the 8 QAM modulation. The performance curves for
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FIGURE 4.10: BER Performance of NB-LDPC Code (45, 2, 3) over GF'(16)

the proposed algorithms and Improved IJDD algorithm are illustrated in Figure
4.12. The BER performance curves depicted in Figure 4.12, shows that algorithm
2 outperforms by 4.7dB as compared to ILJDD algorithm at BER 107>7. The
performance gap between the algorithm 3 and Imrpoved IJDD algorithm is around
5.0dB while algorithm 1 is around 1dB away from algorithm 2 at the beginning

and the performance gap is getting increased to more than 2.0dB.

From the above examples, it is observed that as the order of the QAM modulation
is increased, the Euclidean distance based QAM detection gets more and more
inefficient due to the symbols placed in more close vicinity. This property of the
QAM modulation effects the iterative joint detection and decoding as well. The
basic concept in IJDD algorithm is to move the received symbol towards the correct

location by removing the noise in steps. This step size is very important and can



Chapter 4. Joint Iterative Detection- Decoding Algorithms 94

107 - . ; :
E = Algorithm 2

: =B~ Improved |JDD
P [ =¥ Algoruthm 3

10 3 —&— Algorithm 1

—%— |JDD

- Algorithm 3(Individual)
103
104
10°E \\
10_6 3 3

0 5 10 15 20 25
SNR(Es/NO)(dB)

BER

FI1GURE 4.11: BER Performance of NB-LDPC Code(105, 2, 3) over GF(8)

lead to over or under estimation if it is not adjusted properly. It is important to
note that the effect of the factor f becomes very sensitive for an increased size
of the M-QAM where M is the modulation order. An adaptive step size can be

investigated in further research to improve the BER performance.

Soft decision decoding algorithms have high complexity in comparison to the hard
decision decoding [7, 9] which requires only integer’s addition and multiplications
and maintain hardware friendly architecture [85]. The soft decision iterative de-
coders achieve better BER performance but the main concerns is the high decoding
complexity while on the other hand, hard decision decoding offer low complexity

which is of interest for hardware implementation.

Since in this chapter, optimized LDPC codes from literature are used, therefore
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FIGURE 4.12: BER Performance of NB-LDPC Code(120, 4, 8) over GF(8)
EXIT chart [73, 86] and density evolution [87] are not applied to do the code

analysis.

4.5 Complexity Analysis

In this section, the computation complexity of the proposed algorithms is analysed
in detail and compared to that of the Improved IJDD algorithm. Consider an
LDPC code (N,d,,d.) over GF(q) and let 0 represents the nonzero elements in



Chapter 4. Joint Iterative Detection- Decoding Algorithms 96
TABLE 4.1: Computational complexity of different NB-LDPC decoding algo-
rithm per iteration

Algorithms Number of operations
GM GA IA/RA RC/IC IM/RM

Algorithm | ~ +1v  +|pld+D)+p | Jalp+p) 2(p + p)
1 iqdv(dc) leqdv(dc_

1)
Algorithm | 3nd, 3nd, 2n(q+1) 2n(q — 1) nq
2
11JDD 3nd, 3nd, 2nd, + n + | 2n(qg—1) 3ng+4n

2n(q+1)

EMS 2ndyng, | Inm(nd, | ny,(20nd,  — | nploganm, (Ind

—2m) 18m — 12n) —12m — 4n)
1JDD 2nd, 2nd, — | nd, +n+4n | n(2¢ —3) 4n

m
wt-Algo.B | 2nd, 3nd, — | nd, nd, nd,

m
ISRB 2nd, 2nd, — | nd, +n2" 2n2" — 2n n2"

m
V-SFD d,(2d, pd,(dy+ | p(d?> + 2dyr + | nr + p(d, —

—1) )+ 4r + 2d,) 1)+2(p—1)

2d,(d.

~1)
M-QAM | (2¢ + 1) | bnd,q 6m + | Tm + | n(g—1)
FFT- nd, 2qnd,logaq qnd,(d, +
QSPA d. —2)

IM/IC/IA: Integer Multiplication/Comparision/Adittion; p is the total number

of variable nodes stored in §.

RA/RM/RC: Real Addition/Multiplication/Comparision; GA/GM: Galois Field

Addtion/Multiplication;

Notations used: v = nd, = md, , L = v¢ such that ¢ < d,, n,, < q.

the parity check matrix H where v = nd, = md.. At the ML QAM detector, ¢

symbols of the QAM constellation are tested for each of the n received symbol

sequence which results in ng real addition and multiplication. These operation

are reduced to (%)q for the proposed quadrant based detection in this paper. The

proposed Algorithms 1 and 3 require z; only as opposite to IILJDD algorithm which

require the pair of {(2z;1, 2;2), Ad,} information. This results in further complexity

reduction by 2ng + n real additions.

At the NB-LDPC decoder initialization, md,. Galois field multiplication and m(d,—
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1) additions are required to compute the m check-sum and gn real comparisons
are required to initialize the reliability information in case of Algorithm 2 and 3
only. For Algorithm 2, the update of the extrinsic information-sum o; ; needs pair
of (2;1,2j2), therefore, 2md, Galois field multiplications and 2m(d. — 1) Galois
field additions are required. On the other hand Algorithms 1 and 3 require md,
multiplications and m(d.—1) additions which means two times less computational

complexity than IIJDD algorithm and Algorithm 2.

In the IIJDD algorithm, a pair of message (vj, An;) is sent as feedback to the
QAM detector while in the proposed algorithms, only the updated soft information

yg-kﬂ) is used for the feedback. To compute the feedback yg»kH)

, n real addition
and multiplications are required for the proposed Algorithm 2 while for Algorithm
1, only p real addition and multiplications are required. To calculate the symbol
flipping function in the Algorithm 1, pd, real addition and p real multiplications
are required. To compute the candidate symbol value for the position in error,
d, times the check-sum s; is calculated. Therefore, to predict a single symbol

value from the quadrant QAM constellation, iqalv(dC — 1) Galois field addition

and %qdv(dc) multiplications are required for the symbols.

Table 1 shows the computational complexity of the proposed decoding algorithms

in comparisons to other algorithms from the literature.

4.6 Conclusion

In this chapter, three algorithms are proposed for symbol flipping decoding of
NB-LDPC over high order modulation. There is no symbol flipping decoding
algorithm for the M-QAM in the literature. The results show significant per-
formance improvement in terms of the bit error rate and complexity. The new
concept of symbol flipping based IJDD is also showing better BER performance
for the low column and row weights in comparison with the IJDD algorithms in
literature. The proposed Algorithm 2 outperforms the Improved IJDD algorithm
while Algorithm 1 and 3 perform better than IJDD. The step size of the Algorithm
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2 is based on the Euclidean distance between the received symbol and the newly
selected candidate symbol which help in moving the received symbol in correct
direction. The numerical results and complexity analysis show that the proposed
algorithms using the concept of iterative joint detection and decoding, offer an

appealing trade-off between bit error rate and computational complexity.



CHAPTER 5

Layered Symbol Flipping Decoding Algorithms

This chapter is based on the following research publication.

Waheed Ullah, Ling Cheng, Fambirai Takawira. “ Adaptive Group Shuffled Multi-
ple Symbol Flipping Decoding Algorithm”. (To be submitted to an IEEE journal)
Contribution Statement: The first author is responsible for the conceptualization
of the work, experimental data collection, analysis and interpretation, as well as
project execution and results collection. The work was done with assistance from

the co-authors: Prof. Ling Cheng and Prof. Fambirai Takawira.

Abstract: In this chapter , two group-based decoding techniques are presented
for the class of symbol flipping non-binary LDPC codes. Firstly, a new technique
of adaptive grouping of variable nodes in each iteration using bit reliability and
majority voting of each received symbol is presented. Grouping of variable nodes
and the subsequent decoding are based on individual symbol reliability and major-
ity voting. To form groups adaptively, the cumulative density of variable nodes is
used where a high priority group is considered to contain the most unreliable vari-
able nodes and is decoded while the second priority group contains variable nodes
having a second level of reliability and so on. Secondly, a fixed grouping technique
is applied to symbol flipping decoding of non-binary LDPC codes. In the fixed
grouping decoding, each group contains an equal number of variable nodes, and se-
lected symbols in each group are flipped according to pre-defined flipping criteria.
Numerical results and analysis show that the proposed group-based hard decision
symbol flipping decoding algorithms have the advantage of reduced computational
complexity and show better performance.Therefore, the proposed algorithms can

be considered for applications like data storage and mobile communication.

99
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5.1 Introduction

The current research focus on non-binary LDPC (NB-LDPC) codes is to reduce
the decoding computational complexity and to improve performance. NB-LDPC
codes have higher computational complexity but they have the advantage over
binary LDPC codes that they can be directly mapped to the order of modula-
tion [3][88]. The NB-LDPC message passing algorithm in [3] over GF'(q) has a
computational complexity in an order of O(¢?) during check node processing and
is the main hurdle in implementation. The check node complexity is reduced by
using an efficient log-domain based fast Fourier transform (FFT) in [11]. The FFT
based sum-product algorithm in [11] reduces the check node processing complexity
from O(q?) to O(qlogq). To further reduce the computational and implementation
complexity, an Extended Min-Sum (EMS) algorithm in [52] is presented which
has greatly reduced the check node computational complexity and has the im-
plementation advantage over the other algorithms. For hardware implementation,
authors in [76, 89] present a Bubble Check algorithm to reduce the number of com-
parisons during check node processing without any performance loss. Reliability
based majority logic decoding algorithm is similar to message passing decoding
but it sends only the most reliable field message and is considered as the low
computational algorithm. In the iterative majority logic decoding (MLgD) algo-
rithm for non-binary LDPC codes, each symbol is iteratively updated by extrinsic
information-sums (EXIs) with the most reliable field element along each edge of
the Tanner graph. The iterative reliability based hard (IHRB) and soft (ISRB)
MLgD algorithms in [23] have low complexity but show better performance only for
parity check matrices with high column weights. These two algorithms in [23] are
further improved by introducing soft reliability information at the initialization to
achieve better trade-off between complexity and bit error performance by propos-
ing several modifications in [24, 27]. To overcome this drawback, an improvement
to these algorithms is presented in [31] by introducing reliability updates in terms
of bit rather than symbols. The bit reliability based decoding algorithm for NB-

LDPC is comparatively more efficient and is termed as weighted bit reliability
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based (wBRB) algorithm [32]. This bit reliability based algorithm requires integer
and Galois field operations only which helps to reduce the hardware implemen-
tation complexity and processing time. To further enhance the wBRB decoding
algorithm, a full bit-reliability based decoding scheme is proposed in [32]. To
lower the processing complexity, this algorithm uses the binary representation of

non-zero entries of the parity check matrix.

However, the hardware implementation of the NB-LDPC codes is still a chal-
lenge. To achieve hardware friendly architecture, a reduced complexity decoder
architecture via layered decoding of LDPC codes is presented in [90]. A more hard-
ware friendly high-throughput quasi-cyclic LDPC codes based on layered decoding
scheme is presented in [91] for binary LDPC codes [73, 92]. Later this concept has
also been adopted in [64, 93] for non-binary LDPC decoding algorithms.

In a layered scheme, the LDPC decoding algorithm processes information by di-
viding check nodes or variable nodes of the Tanner graph. Basically this scheme
divides the Tanner graph into subgraphs which are termed as layers [61][93, 94].
Interestingly, both the vertical and horizontal processing of the layers achieve the
same goal of fast convergence and better performance. Fully serialization of the
LDPC codes can restrict the throughput and thus partial serial architecture in
which each layer contains more than one column or row for VLSI implementation
is presented in [61]. Standard parallel message passing LDPC decoder [95] nor-
mally takes much more iterations for decoding process to converge which causes
high decoding delay. Secondly, desired LDPC code can have large codeword length
which can be difficult for hardware implementation in a fully parallel manner. The
aim of the layered LDPC decoder [61] is to increase the convergence speed and

facilitate the hardware implementation.

The standard SPA decoding updates the check node at k' iteration from the
information values calculated at the previous iteration (k— 1) while in the shuffle
decoding technique, certain values could already be computed based on a partial
computation of values at variable nodes. These partial computed information can

be used for the check node update at the same k' iteration instead of previous
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values calculated at (k — 1) iteration. This method provides the shuffling of the
check and variable nodes and is called a group shuffle decoding [63, 64].

Other than the message-passing decoding, a simplified method to correct an error
in the received sequence is the symbol flipping (SF) decoding algorithm. In the
SF decoding, an unreliable symbol position is detected and a correct symbol value
is chosen for that position. A majority logic decision based algorithm is presented
in [14], where a symbol position to be flipped is determined by majority decision
while the flipped value is obtained from channel output by flipping individual bits
of a symbol with low reliability. Another algorithm termed as weighted algorithm
B (wt.Algo B ) presented in [15] introduces the binary Hamming distance and plu-
rality logic for performance improvement. The parallel symbol flipping decoding
(PSFD) algorithm in [16] flips multiple symbols per iteration and has introduced
the concept of voting for each variable node. The maximum value of the flipping
function is used in conjunction with the voting value of the corresponding variable
nodes to identify a symbol to be flipped. The PSFD has shown good performance
only for parity check matrix of large column weight. A multiple voting based
PSFD (MV-PSFD) algorithm is proposed in [18] to improve bit error rate perfor-
mance of the PSFD algorithm. The MV-PSFD algorithm has implied a method
of multiple voting levels from each failed checksum to the corresponding variable
nodes. The performance of a symbol-reliability based message-passing decoding
(SRBMP) decoding algorithm [58] has been improved by multiple voting symbol
flipping (MV-SF) decoding algorithm [59]. The MV-SF only passes the most re-
liable Galois field elements from each variable node to the corresponding check
node. Therefore, a list of test vectors is required to compute the flipping function
for each check node. MV-SF has shown an improved performance but due to the
test vectors, its complexity increase with an increase in the size of the Galois field.
Recently, low complexity voting-based symbol flipping decoding algorithms are
presented in [21, 22| which can flip single and multiple symbols per iteration and

have shown better bit error rate performance.

The method of adaptive layering [64] based on the most unreliable VNs, can be ex-
plored for possible utilization in a symbol flipping NB-LDPC decoding algorithm
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to improve performance as well as convergence speed. To address the low com-
plexity implementation of the SF decoding algorithms, an adaptive group shuffled
and a fixed group-based symbol flipping decoding algorithms are proposed. The
proposed methods have two main advantages over other NB-LDPC algorithms.
One advantage is the hardware-friendly simple architecture and the second is the
fast convergence due to multiple symbols flipping per iteration which reduces the
overall decoding computation. The followings are the main contributions of this

chapter:

1) A new method for adaptively grouping variable nodes is presented. In this
method, a cumulative distributive function of the received bits sequence, which is
being contaminated by Gaussian random noise, is utilized along with the majority
voting based reliability of variable nodes. This proposed method is different from
the existing method of layered decoding [61] and from shuffled decoding presented
in [64]. In this proposed method, the variable nodes in each group are selected
adaptively. A group having less reliability is decoded first and then three level
of voting are defined to select either next group for processing or terminate and
go for the next iteration. So far in the literature, voting and reliability of the
variable nodes are not used to form and process groups. In [64], the non-binary
sum-product algorithm decodes the least reliable variable nodes in a group and

the variable nodes which satisfy certain condition are excluded from the group.

2) The major complexity of the conventional SF decoding algorithm lies in com-
putation of the flipping function. The issue of computational complexity can be
overcome by proposing adaptive group based symbol flipping algorithm. In the
group based SF decoding, the flipping function is computed for the selected group
only which helps in reducing processing latency and is different from traditional
symbol flipping decoding presented in [21, 22]. A group is selected for decoding
upon fulfillment of certain condition specially after the first iteration, therefore,
this technique helps in reducing the overall computation as all the groups might
not be selected to decode. This adaptive grouping scheme is also aimed to improve

BER performance particularly at low SNR region.
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3) A fix grouping technique is applied to the symbol flipping decoding in order to
reduce the computational complexity. In this scheme variable nodes are divided
equally among a predefined number of groups. In this proposed fixed grouping
technique, a group is processed only if it contains erroneous variable nodes which

makes it different from the fixed grouping technique presented in [61].

The rest of the chapter is divided into sections as follows. Section II briefly explains
the existing layered and grouping schemes in literature. The proposed group based
symbol flipping decoding algorithms is presented in section III. Section IV is based
on the results and discussion of the existing and proposed methods. Finally Section

V gives the conclusion of the chapter.

5.2 Background

5.2.1 System Model

Consider a regular parity check matrix H with dimension m x n defined over the
Galois field (GF) size ¢ > 2 where each element h; (1 <i<m,1 < j<n)of H
is an element over the GF'(q) such that ¢ = 2" and r shows the number of bits in
each symbol. Now consider a NB-LDPC code C(N, 7, p) of length N for a regular
parity check matrix H, such that each column of H has constant weight of v and
each row of H has constant weight of p. In the Tanner graph, for parity check
matrix H, the non-zero entries (h; ; # 0) show the i check node (CN) connected
to the j variable node (VN) and the Tanner graph edge connection is given by
M@G)={i:1<i<m,h;; #0} and N(i) ={j:1<j <n, h;; #0}.

Let ¢ = (e1,¢a,...,¢;, ..., ¢,) be a codeword in C and the binary form of j* symbol
incisej=(cj1,¢2,---,Cjt,---,¢r), 1 <t <r. This binary sequence is modulated
with binary phase shift keying (BPSK), where 1 is modulated as +1 and 0 is mod-
ulated as -1. The BPSK modulated j™ symbol &; = (2,1, %9, .., Tty Tjr)
is sent over additive white Gaussian noise (AWGN) channel. At receiver, the bi-

nary sequence y¥; = (Y;1,Y;2---:Yjts---,Yjr) 1S obtained from the transmitted
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sequence z; by adding the additive white Gaussian channel noise N'(0,0?) with

two sided power spectral density as y; = x; +n;. The hard decision (HD) binary

sequence 2; = (21,22, -+, Zjis - - -, Zj,) for the j™ received symbol y; is given by:
0, if Yie < 0

Zit = (5].)
17 lf yj,t Z O

5.2.2 Group Formation

In literature, Group-Shuffled [61],[63] sum-product decoding algorithms divide
either check nodes or variable nodes of the relevant bipartite graph into small
sub-groups called layers. Also each main iteration is broken into multiple sub-
iterations. The group might have one or more than one rows and columns. In some
methods, a quasi cyclic parity check matrix is divided horizontally into groups in
such a manner that each group has exactly one non-zero entry in each column.
This is the most common method used for sum-product LDPC decoder hardware
implementation. For the variable nodes Vi, Vs, ..., V;, ..., V,, let G, be a group,
then a set of groups (G is given by:

G:{Gl,GQ,...,GT,...,Ga},1§7’§Oé (52)

The n number of variable nodes are divided into a groups and each group is
comprised of n/a = f variable nodes for 1 < j* < 5. For a = 1, the group based
decoding becomes the standard flooded schedule SPA.

It is observed that in one iteration the SPA algorithm can fully process in parallel
while the shuffle SPA decoding process message passing in serial. This parallel
shuffle scheme for LDPC code is called group shuffle decoding. In this algorithm,
the code length is divided into specified groups where in each group the updating of
messages is completed in parallel while inside the group, information is processed

serially. The group shuffle decoding is summarised as:
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e Within the same group, message passing is processed in parallel.

e Between the groups, message passing is processed in serial.

The variable node can be divided into groups of different sizes based on the local
girth and edges of Tanner graph [63] which increases the bit error performance and
convergence speed. The local girth of a variable node is used for the appropriate

partition.

A dynamically re-grouping of VNs in each iteration based on simple binary and
integer decision is presented in [64]. The following metric decides the selection
of VNs from the index set variable nodes with least reliable decision and high

probability to be corrected during updates:

Ej=( ) s) (5.3)

where Q;(2) = T Ymee and Ymee = max;[y(j)]. This equation (5.3) can be asso-
ciated with the flipping function of the Gallagar algorithm B and is equal to the

number of failed check-sum. The flipping metric is defined as:

Fj= ) 4655 (5.4)
)

1EN(J

where
Uig) = JEN (5.5)
0, else

Here Fj counts the number of unsatisfied check-sums and A is an integer opti-
mized numerically. This method of identifying the most unreliable VNs can be
explored for possible utilization in the NB-LDPC to improve performance as well
as convergence speed. In literature, Group-Shuffled [61],[63] sum-product decod-
ing algorithms divide either check nodes or variable nodes of the relevant bipartite
graph into small sub-groups called layers. Also each main iteration is broken into

multiple sub-iterations. The group might have one or more than one rows and



Chapter 5. Layered Symbol Flipping Decoding Algorithms 107

columns. Also the quasi cyclic parity check matrix is divided horizontally into
groups in such a manner that each group has exactly one non-zero entry in each

column

In layered decoder, extrinsic information are exchanged more sufficiently due to
division of main iteration into sub iteration, therefore, this scheme results in more
accurate decision and fast convergence as compared to non-layered decoding tech-
niques. In the group decoding algorithm, groups are processed sequentially and
VN belonging to the same group are updated in parallel. These grouping tech-
niques are developed for the message passing sum-product algorithm and have not

yet applied to the symbol flipping decoding technique.

5.3 Proposed Adaptive Group Shuffled SF Decoding

In this section, a new dynamically re-grouping of variable nodes in each iteration
using bit reliability and majority voting of individual received symbol is presented
for the class of symbol flipping decoding of NB-LDPC codes. The VNs achieving
least reliability are grouped together and then variable nodes with second level of
reliability are grouped and so on with the last group comparatively being more re-
liable. This grouping is accomplished by taking cumulative density function(CDF)
of the received sequence which is being contaminated by Gaussian random noise.
In this algorithm, the number of variable nodes in a group are selected according
to the reliability value of each variable node. Secondly, a fixed grouping scheme is
applied to the symbol flipping decoding algorithm in which the variable nodes are
divided equally among predefined number of groups. During the sub-iterations, a
group is selected for decoding if it contains a variable node connected to a failed

check.

5.3.1 Adaptive Group Shuffling

For the given parity check matrix H defined over GF(q), the received sequence is

divided into groups such that each group contains variable nodes based on the bit
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reliability of each symbol.

Variable nodes are grouped based on the reliability of the channel received soft
and hard decision information. A symbol is considered to be less reliable if it
has a minimum reliability value and vice versa. The following equation is used to

compute reliability of individual symbol.

T

k k k k k
RV gy =3 @228 — 1)yl (5.6)

t=1

here R§k) calculates the reliability information of a j** symbol at k" iteration for
(k)

;5 and the channel soft information y§k). A
symbol is considered to be less reliable if the numerical value of Rg»k) (zg»k),y;-k))

the hard decision symbol sequence z

is minimum. As the received bit sequence is Gaussian random, therefore, the

individual bit reliability is combined as a symbol reliability using equation (5.6).

Here it is important to mention that each group can have different number of
variable nodes. The group containing the variable nodes with maximum votes is
considered to be the most unreliable. After decoding of the first group, the next

group is decoded under the defined criterion.

In this chapter, a group priority scheme is used to speed up the convergence. A
priority is given to a group which contains variable nodes with most probable
erroneous tentative decision and are more likely to be corrected. In (5.8), the
reliability of a group increase from G; to G,. Based on preset threshold, the
variable nodes with minimum reliability are grouped as G, and variable nodes
with the second reliability are grouped in Gy and so on. A group can be chosen
randomly in case there is a tie among groups.

To group variable nodes, assume that the cumulative density function (CDF) of
R; is known and let this be F, and the probability density function (PDF) be f,.
De finition: Use inverse of Fg, for grouping and let a be the total number of

groups, then the number of variable nodes are allocated to the group 7 if and only
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if the following condition holds:

7'—1)

Fr, (1= =) < Ry < Fi, (1 - (5.7)

o
In this section, majority voting scheme presented in [21, 22] is explained where
each unsatisfied check node gives one vote to the relevant variable node. The ;™
variable node then collects all the votes, say Vj(k), from the failed check nodes at

k" iteration.
(k) _ (k)
Vit= 2V (538)
)

ieM(j
where V;(Jk) =1if sgk) # 0, otherwise V;(Jk) = 0. Those variable nodes fulfilling the
condition V; > Vj;, will be passed to calculate the flipping function. This reduces
the computational complexity from n number of variable nodes to just few variable
nodes, say 8*). Here §® stores all the position of those variable nodes having votes
greater than the predefined threshold V}; and 53(.53) is the positions of the j"*variable
node. In other words, §) stores the positions of all the variable nodes having less

reliable information and must be replaced with reliable symbols from GF(q).

After decoding of the first least reliable group, the decoder has to take decision
whether to terminate the sub-iteration and go to main iteration or continue to
decode next group. To make this decision, average voting of the variable nodes in
that group is computed again. The average voting before and after flipping of the
group are compared in order to decide whether to move to next group or terminate
sub-iteration and shift to next main iteration. If the average voting of the that
group after flipping is less than before flipping, then next group is selected for
decoding based on the defined criterion. Therefore, three types of average voting

of the variable nodes are required.

Average voting of each group before flipping are stored until the group processing
is terminated for next iteration. However, average voting of each group is re-
computed only after symbol flipping in that particular group. Average voting of
a group remains the same if no symbol is flipped in a group. At each decoding

iteration, three types of voting values are computed as follow:
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V.: Average votes of each group. This voting is fixed after grouping the VNs till
next iteration.
V. Average votes for group G, after decoding.

V.. Average votes for group G, after decoding of group 7 — 1.

Let %7 be the number of variable nodes in a group 7, then the voting based

reliability of each group 7 at k** iteration is determined by the following method:

(5.9)

where V*) is the sum of votes for a group 7.

Let 7 be a group to be decoded, then a next group G, is selected for decoding

based on voting using the following criterion:

I = (7> V) 510

Terminate sub-iteration, otherwise.

The flow chart for equation (5.10) is shown in Figure 5.1.

Initialization

4

» le=k e= Imx
Group Formation G={G1,G2,..GT,.Ga}
Y
Decode < le=T<=ox
r
Y
Next lteration Re-calculate Votes for
G
T

l

If

No — (z?r > Fr)”(fr >V) —» Yes

FiGURE 5.1: Flow chart of group decoding
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Algorithm 1: Adaptive Group Shuffling

Set 7=1 to a.

Compute average voting V; for each group using equation (5.9).
Decode group 7.

Compute votes V, after flipping.

If the condition in equation (5.10) is false then terminate sub-iterations.

A I

Set T =71+ 1. If 7 = «, terminate sub-iteration.

5.3.2 Bit Reliability Based SF Decoding

In this section, each group is decoded using bit reliability based symbol flipping
decoding algorithm (B-MSFEFD) [21]. The flipping function is computed only for
the variable nodes in the selected group 7 which results in reduced computational

complexity.

The symbol position to be flipped must belong to the set of failed checks. In case,
the flipping position does not belong to the set of erroneous variable nodes T,
then a variable node is selected randomly from the set of erroneous VNs which will
perturb the decoder flipping function values to avoid infinite looping [21, 22, 88|.
Suppose 1 is the vector containing the number of positions to be flipped then it
must be the subset of T, as given in equation (5.14). The i** syndrome of the ;"

hard decision symbol at k" iteration can be defined as:

k k
stV = 3" byl (5.11)
)

JEN(

A valid codeword is received if sgk) =0 for 1 <i < m. The cause of the failure of
check sum sgk) # 0, is due to the contribution of the variable nodes which are in
error. These failed check-sums are stored in a variable v. For 1 < i < m, this can

be represented as:

v = {i| s; #0}. (5.12)
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The variable nodes contributing to the successful check sum are stored in a variable

0. For 1 <14 < m, this can be represented as follows:

o = {i| 5; = 0}. (5.13)

As © contains all the correct variable nodes contributing to sgk) = 0, therefore,
the variable nodes contributing to the failed checks to which @ must belong as a

subset, are defined for j € N(i) as follows:
v eT={j\vnuo}. (5.14)

Equation (5.14) contains all the variable nodes contributing to the failed checks.

Let 7’ is the symbol in a group 7, then the flipping function EJ(-ff’T) (zy,”)) to find
P(krT)

unreliable variable node position P, is computed for the group 7 as follows:

k,T k,T k,T k,T
E;, )(zg., )) = z(, >®y§-, )—i— Z Qd(zillc,f)’algz,r)) (5.15)

J
iEMj/

Let %) be the size of group 7 which shows the total number of variable nodes
in that group.

(k) . (k1) (k,T)
Py = argmin {E}""(z;7)} (5.16)

J J
1<5' <k

The flipping position Pj(,k) must belong to T as given in equation (5.14) otherwise
a variable node is chosen randomly from the set of erroneous variable nodes in

(5.14).

After choosing the least reliable flipping position, the symbol value for that po-
sition is updated by flipping erroneous bit of the symbol. The absolute values
of channel soft information are termed as reliability information and a bit with
smallest absolute value in a symbol is considered erroneous [14]. The smaller the

absolute value of the bit, the less is the reliability of that bit and vice versa. The
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expression to find the absolute value of a bit in a j*" received symbol is given as:

(k

77—)
Yyt

= arg min |yj(.fi’;)| (5.17)

1<t<r

)

The corresponding bit é](.fif in the hard decision symbol zj(.fC’T) is then flipped. The

expression for the flipped bit is written as:

3 (va)_
Lot 25,0 =0

= ’ (5.18)
0, otherwise.

The corresponding to the hard decision bit flipping in a symbol, the channel soft

(k.)

reliability information y;,”" is also updated using equation:

—1—yir i 2D =0

k,7+1 R )t

G = N p (5.19)
L+, it 2 =1,

The new hard decision symbol sequence is updated for the next (7 + 1) sub-

iteration as:

- k,T kT (k7 k,m
20D = (50 28 AGT, L 2) (5.20)
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Algorithm-2: Proposed Adaptive Group Shuffled SF (A-
BMSFD)

1. Initialization: For 1 < j<n, 1 <t<rand1<i:<m.

The hard decision binary sequence z; = (zj1,2;2;- -, Zjts - - -, Zj) for the
J' received symbol y; is obtained by (5.1).

2. Create CDF values.

3. For k=1 to I,

4. Check if s®) = 0 or if k = 4., declare 2 as codeword and stop
decoding.

5. Map CDF values to the reliability values R as in (5.7) to form groups
from low to high reliability.

6. Compute average voting V; for each group using equation (5.9).

7. For 7 =1 to a.

8. Find those VNs contributing to failed checks-sum in G, by using (5.12),
(5.13) and (5.14).

9. Select candidate symbol value by using (5.15),(5.16) and (5.17) .

10. Update HD sequence and the soft information by using (5.18), (5.19)
and (5.20) respectively.

11. Calculate votes V, after flipping.

12. If the condition in equation (5.10) is false, then go to 14.

13. Set 7 =7+ 1. If 7 = «, terminate sub-iteration, else go to 8.

14. Set k=k+ 1. If k = I,,,,. and go to 4.

5.3.3 Fixed Group SF Decoding

In this section, the concept used in [90], has applied to the symbol flipping de-
coding algorithm. For the given parity check matrix H defined over GF(q), vari-
able nodes are divided into groups such that each group contains more than one

variable node and the size of all the groups are equal. For the variable nodes
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Vi,Vo, ..., Vi, ..., Vy, let G, be a group of H as shown in Figure 5.2, then a set of

the groups G is given by:

G=1{G1,Ga...,Gr\.. G (5.21)

for 1 < 7 < a and a shows the total number of groups. It should be noted that
in the proposed fixed group decoding, only those groups are chosen for decoding

which have erroneous variable nodes and results in failure of check-sum.

Processing Order

4 — g
G
N
" o
CJ
v,
GT
G
v
G .
V., ) G
a

FIGURE 5.2: Vertical Group Decoding

This method helps to decrease overall decoding complexity as all the groups are
not computed specially for iteration k£ > 1. The group containing all the reliable
variable nodes are not included in the computation of flipping function and symbol
value selection. The proposed grouping scheme results in reducing the decoder
computational burden. Based on the following condition, a new set of groups is

formed as follows;

G={G,:G,NT#D,1<7<a)} (5.22)
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where @ is an empty set. The new set of groups G contains ¢*) number of groups

at k' iteration which might be less than or equal to a and each group size is fixed

as Bp = .

To decide the number of symbols to be flipped per group, let T be the preset
threshold, then it can be determined in combination to the column weight v and
the number of the variable nodes contributing to the failed checks[21]. If £ is the

total number of symbols to be flipped per iteration then it can be given as follows:

if T
£ = o = (5.23)

& else

where €; is an integer value. Based on the value of &, the number of flipping

positions is determined. &; is normally kept as 1 to avoid decoder oscillation.
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Algorithm-3: Fixed Group SF (F-BMSFD)

1. Initialization: For 1 < j7<n, 1 <t<rand 1 <7< m.

The hard decision binary sequence z; = (21,22, -, 2jt - - -, 2j) for the
J'" received symbol y; is obtained by (5.1).

2. Divide the parity check matrix H into groups using (5.8).

3. For k=1 to I,,4.

4. Check if s®) = 0 or if k = I, declare 2¥) as codeword and stop
decoding.

5. Find erroneous VNs by using (5.12), (5.13) and (5.14).

6. Select groups to decode by using (5.22).

7. For 7 = 1 to ¢® where ¢® is the number of groups having at least one
erroneous VN.

8. Find the least reliable VN position in the selected group by using
(5.15),(5.16) and (5.17).

9. Select candidate symbol value by using (5.15),(5.16) and (5.17).

10. Update HD sequence and the soft information by using (5.18), (5.19)
and (5.20).

11. Set 7 =7 + 1. If 7 = ¢®, terminate sub-iteration, else go to 8.

12. Set k =k + 1. Go to 4.

5.4 Complexity Analysis

The decoding computational complexity and memory requirement of the proposed

algorithms in comparison with existing B-MSFD decoding algorithm are evaluated

in this section. The computational complexity of the algorithms are explained

in terms of numerical computation per iteration. The flipping function for the

proposed adaptive group decoding is computed for the selected group only. Let

be the total number of groups and 3%7) is the size of group 7 at k" iteration where

B*7) varies each time with k and 7. Let C be NB-LDPC code over GF(q) = 2,
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for a given regular parity check matrix H of size m x n where each column of
H has constant weight of v and each row of H has constant weight of p. The
total number of edges of the Tanner graph is 6 = ny. The main complexity of the
algorithm is due to the computation of the flipping function in the equations (5.15)
and (5.16). To convert the received sequence into hard decision binary sequence
and then to symbols z at the decoder initialization, the algorithms require nr real

comparisons.

Let b and ¢® be the converging values such that 1 < k < band 1 <7 < c(k),
then to compute the syndrome check-sum for valid codeword, ny Galois field
multiplication and ny—m Galois field additions are required. For each transmitted
code-word, the numerical value of the variables k£ and 7 changes. Therefore, b is the
convergence value for a particular transmitted code-word of length n. Similarly,
the numerical value of vairable ¢®) changes during each iteration and might not
obtain the maximum value o. To get the extrinsic information-sums (EXIs) for
the n symbols, the decoder requires ny Galois field multiplications and n~vy Galois
field additions but in case of layered decoder, the EXIs are computed for g%
number of variable nodes in a group 7 at the k™ iteration, then S®*7)~ Galois
field addition and multiplications are required. To compute the reliability of ;™
symbol, r real comparisons are required. Voting for each group is obtained after

syndrome check-sum computation.

To get votes for a particular symbol j, v — 1 additions are required. For the code-
word of symbols n, a total of ny —m additions are required. This is the additional
computation in the proposed adaptive layered decoding (A-BMSFD) algorithm in
comparisons to F-BMSFD and B-MSFD algorithms. The complexity of the pro-

posed A-BMSFD algorithm involves computation of the binary Hamming distance

(k,r)
J

d(2", '*) for each edge, the binary function 2

i 05 ®y§k7T) for 47 number of

symbols. To compute reliability R;k), r real additions are required. To form pre-
defined number of groups a based on the reliability, n comparisons are required.

Similarly, to compute the votes for each group, 3%*7)(y — 1) integer additions are

required. To compute the Hamming distance d(zyg’ﬂ, JZ(S-’,T)) of a symbol j' in a

group 7, 7y integer comparisons are required and to compute summation of
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95: T(,)C gy BT (4 — 1) additions are required. To find the position of least
reh;ble symbol Pj(,k T), B*T) comparisons are required and %77 comparison are
required to flip a bit in €7 number of symbols. After symbol flipping, to move
to next group or exit to main iteration k+1, & — 1 comparisons are required. Since
the proposed A-BMSFD algorithm does not need any loop detection procedure as
in B-MSFD algorithm, the decoder computational complexity is reduced. For the
F-BMSFD algorithm, the size of each group S is fixed and also the grouping is
not adaptive, therefore, it does not require voting and reliability information. In
comparisons to B-MSFD algorithm, the group based decoding reduces the com-

putation of the flipping function as it computed for the number of variable nodes

in a group instead of whole code-word n.

The proposed algorithms for NB-LDPC codes also have an advantage of reduced
memory consumption for storing the values of the flipping function as well as
flipped values due to the fact that computation is done for the selected group
only. However,the values for the CDF are required to store for the allocation of
VNs in the next iteration which increases the memory size. Let r bits be required
to store each of the symbol over GF'(q) and b bits be required for storing floating-
point values for each of the reliability metric, then these algorithms require nrb
bits to store the received sequence. Similarly, the hard decision symbol sequence
zglf’ﬂ requires nr bits and the extrinsic information-sums Uikj’f) requires S5 pr

bits.

To store the weighting coefficients 9 (k 7 o T)) of the binary Hamming distance, pb
bits are required to store the values. To keep each value of the flipping function in
(5.15), b bits memory is required and 3%*7)rb bits for all the values. Similarly 3%7p

and €7y bits of memory are required for storing Pj(,k’T)

and y’}fif) respectively.
The proposed algorithms reduce the memory requirement from n to 3%7). The

A-BMSFD algorithm requires only r bits to store the value for the flipped symbol.

Table 5.1 shows the complexity of the proposed adaptive and fixed group based
decoding algorithms in comparison to B-MSFD algorithm. From the table, it can
be observed that algorithms A-BMSFD, F-BMSFD and B-MSFD algorithms have
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TABLE 5.1: Computational complexity for various decoding algorithms
Algorithms Number of operations
GA GM IA/RA RC/IC
A- Sp(mom)t | () -+ [ Sy = m) e 5 () +
b c T b c T c ck -
BMSFD Py ZT=1<5(k’ 2B ZT=1<ﬁ(k’ )V)Zkkzl > (T + 27:1(5(k’ T+
BEI(y — 1) + | (a—1)+ Bk 4
é‘(k‘ﬂ')r) f(k’T)T)
b b b (k)
F- Zk:1(n7(;m)+ 25:1(”72@ + | 2k ZT:(%)(ﬁF(,Y_ nr () +
BMSFD 22:1 > 1 (BrY) Yot Do BeN | ) +r+ &) P ZT=1(%;(T+
1) +aBr+&7r)
B-MSFD | S0 (2nr —m) | So0_,(2nr) S (nrr Ry n)r + %;)Zz)l(n(r +
1) +&%r

IM/IC/IA: Integer Multiplication/Comparision/Adittion;
RA/RM/RC: Real Addition/Multiplication/Comparision; GA/GM: Galois Field
Addtion/Multiplication;

Notations used: § = ny = mp.

similar complexity in case all the groups are decoded. Since the overall complexity
of an algorithm depends on the converging value b, therefore effect of number of
iterations k has been shown in computing numerical values of various decoding
operations. The converging value of k£ varies for each code-word transmission and

also for each value of SNR.

Also in case of adaptive group shuffled decoding, the values of ¢*) and %) are
not fixed and can be as small as 1 while in the fixed layered decoding algorithm,
c®) can be less than a as those groups having no erroneous variable nodes are not

included in decoding.

5.5 Results and Performance Analysis

In this section, the proposed adaptive group shuffled SF algorithm is compared
with the flooding schedule SF algorithms. The algorithms in the following exam-
ples for the NB-LDPC code (n,~, p) with v and p as the column and row weights
respectively, have been simulated using BPSK as the modulation technique. In

the following examples, the total number of iterations are kept as I,,,, = 15. The
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simulation is terminated either when 100 bits errors are received or the number
of transmitted bits reaches to 10%. The performance and processing complexity
of the proposed groups based algorithms are compared with flooding schedule SF
algorithm in the literature[21, 22]. An all zeros codeword is transmitted over
additive white Gaussian channel(AWGN) using binary phase shift keying mod-
ulation. 1 is modulated as +1 and 0 is modulated as -1. The CDF values are
generated once for each value of SNR. Both y — azis and x — axis values are
rounded to two digits for simplicity and for easy mapping. The weighting coeffi-
cients 6 = [0y, 6, ..., 0,] of the proposed A-BMSFD as well as B-MSFD algorithm

[21] are set as 0 = [2,0.75,0.5] for dy(yim) ,er)y = 2 as it has very low probability
J 7iyg

to be corrected and does not carry much useft)ll information [31]. Also the values
of 8 should be in a decreasing order of reliability information. The higher value
means more reliability and vice versa. It should be noted that in the following
examples, the proposed algorithms flip single symbol per group. The number of
symbol per group for the B-BMSD algorithm is also set as 1. In the following

examples, the maximum group size of the proposed decoding algorithms are kept

as 6.

Example 1: In this example, the proposed decoding algorithms are simulated
using a half rate quasi-cyclic (QC) NB-LDPC code (120,3,6) over GF'(128), whose
column and row weights are 3 and 6 respectively. The performance of the proposed
algorithms are also compared with B-MSFD algorithm in the literature. The BER
performance of the proposed A-BMSFD and F-BMSFD algorithms show better
BER performance than B-BMSFD algorithm as illustrated by performance curves
in Figure 5.3.

The performance gap between non-layered B-MSFD and the proposed layered
algorithms at 3.5dB and 4.5dB is around 0.5dB which is getting narrow at 5.5dB
and 6dB. BER curves shows that the proposed adaptive group shuffied based NB-
LDPC decoding algorithm has an improved performance than the proposed fixed
group decoding algorithm.
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FIGURE 5.3: BER performance of NB-LDPC code (120, 3, 6) over GF'(128)

Example 2: In this example, the NB-LDPC code (105,2,5) over GF(8) is used
to demonstrate the BER performance of the proposed decoding algorithms in
comparison to B-MSFD. Here the parity check matrix H with constant row weight
v = 2 is based on the construction method presented in [66] and the alist format
is available on the web site [84]. In this example, the code-word length is 105 and
this can not be divided equally into groups. This is a special case of F-BMSFD
algorithm and in this case, the even three groups have one more variable node and
the group size is 18 while the odd three groups contain 17 variable nodes. Thus
the first odd layer contains 17 variable nodes and the second even layer contains

18 variable nodes and so on.
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From the BER curves shown in Figure 5.4, it is observed that the proposed adap-
tive group shuffled decoding algorithm performs better than flooded schedule B-
MSFD algorithm at higher SNR. From the curves, it is also clear that these al-
gorithms have less performance for ultra low column parity check matrices. The
reason is that these algorithm use the technique to isolate the variable nodes con-
tributing to failed checks and for the ultra low column weight matrices, it becomes
difficult to isolate the variable nodes in error by comparing the set of VNs con-
tributing to failed and successful check nodes. In this example as shown in Figure
5.4, the proposed A-BMFSD algorithm has shown better BER performance in
comparison to F-MSFD and B-MSFD algorithms.

10'1 T T T T T T T T
—+— A-BMSFD
—&8— F-BMSFD
—¥— B-MSFD
102 F E
103 F E
o
LLl
m
10*F ;
10°F .
1 1 1 1 1 1 1 1

2.5 3 3.5 4 4.5 5 5.5 6 6.5 7
SNR

FIGURE 5.4: BER performance of NB-LDPC code (105, 42) over GF'(8)
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Exzample 3: In this example, Figure 5.5 shows the symbol error rate performance
(SER) of the proposed algorithms in comparison to non-layered symbol flipping
decoding algorithm. The non-binary LDPC decoding algorithms are simulated for
a regular quasi cyclic (QC) NB-LDPC code (120,4,8) over GF'(128) to get the SER
performance curves. This code has a parity check matrix with constant column
weight 7 = 4 and constant row weight p = 8. The SER performance curves show

similar trends as the BER performance curves.

From the symbol error rate performance curves in the Figure 5.5, it is clear that
the proposed decoding algorithms SER performance is also better than the B-
MSFD. The proposed F-BMSFD algorithm SER performance at ~ 1072 is better
than B-MSFD algorithm by approximately 0.5dB but less than A-BMSFD algo-
rithm by around 0.1dB. The proposed A-BMSFD algorithm has shown better SER
performance in comparison to F-BMSFD as well as B-MSFD algorithms. In this
example, it can be noted that the proposed grouping based decoding performance
is better for the relatively high column weigh of the NB-LDPC codes. In the sym-
bol flipping decoding algorithm, computation of the flipping function is the main
complexity. The proposed A-BMSFD algorithm takes advantage of the adaptive
grouping and computes the flipping function for the variable nodes contained in

the selected group 7 only.

The reason for the better BER performance of the A-BMSFD algorithm is the
reliability and voting based additional information to identify the position of least
reliable variable node. In the adaptive scheme, the most unreliable variable nodes
are grouped together. This benefits the flipping function to identify the flipping

position more accurately as compared to the B-MSFD algorithm.

Exzample 4: A half rate quasi-cyclic (QC) NB-LDPC code (120, 3, 6) over GF'(128)
is used whose column and row weights are 3 and 6 respectively. The average
iteration (b) versus signal to noise ratio (SNR) is given in Figure 5.6 to illustrate
the complexity and convergence of the proposed NB-LDPC decoding algorithm in
comparison to B-MSFD algorithm in the literature.
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FIGURE 5.5: SER performance of NB-LDPC code(120, 4, 8) over GF'(128)

For the average number of iteration at 5.5dB, the numerical computation com-
plexity of the considered algorithms are listed in Table 5.2. In the B-MSFD and
F-BMSFD algorithms, as the number of symbols to be flipped in each iteration
and group, are not fixed and can vary each time, therefore, to compute numeri-
cal complexity, the number of symbol flipped per group is fixed as 1 for all the
these algorithms. Remember that B-MSFD algorithm is using the code-word as
single group. Looking at curves in Figure 5.6, the trend line of the convergence of
B-MSFD algorithm is slower than adaptive layered and fixed layered algorithms.
At 5.5dB, the average number of iteration of the adaptive layered decoder is get-
ting close to B-MSFD algorithm. Since at higher SNR, there are less number of

errors in the received sequence, therefore the convergence of the three algorithms
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FIGURE 5.6: SNR versus average number of iterations for NB-LDPC code (120,
3, 6) over GF'(128)

are getting closer at 6.5dB. The primary reason for fast convergence of the fixed
layered decoding algorithm is due to the identification of erroneous variable nodes
in each group. In a F-BMSFD algorithm, a group is processed only if it contains
variable nodes which is useful in identifying a least reliable symbol but this in
turn increase the integer comparison as it is obvious from the IC/RC section of
Table 5.2. This feature of the F-BMFSD algorithm increases the complexity by
40% from A-BMSFD algorithm but 16% less than B-MSFD algorithm.

In Table 5.1, computational complexity of the algorithms are listed while in the
Table 5.2, the computations are given as empirical values which are computed

at 5.5dB. In the Table 5.2, the computation are carried out for NB-LDPC code
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(120, 3, 6) over GF'(128) and the average computations are obtained by repeating
the code-word transmission for 1000 times. From the Table 5.2, it is clear that
complexity of the newly proposed algorithms is much lower than the existing
symbol flipping B-MSFD algorithm in literature. The total number of operations
for the proposed NB-LDPC algorithms as well as for the B-MSFD algorithm are
given in Table 5.1.

The empirical data in Table 5.2 is obtained by computing the statistical average
of the numerical values of ¢ and f%7). The numerical results in Table 5.2 are
dependant on the variables listed in Table 5.1. In case of A-BMSFD algorithm,
the numerical values depends on b which is the maximum value attained at which
the algorithm converges, ¢®, g7 and £#7) . The convergence of the proposed
decoding algorithms depend on b which is the main iteration loop while ¢*) varies
at every k'" iteration and shows the complexity of the sub-iteration loop. Therefore
Table 5.2 shows it clearly that the proposed A-BMSFD algorithm is numerically
less complex in comparison to the other algorithms listed in Table 5.2. g®*7)
shows the size of the particular group 7 which also effect the decoding latency and

numerical complexity. This can also be observed from the curves in Figure 5.6.

From the complexity curves in Figure 5.6, the average value of b for B-MSFD al-
gorithm is around 4.2. The total number of variable nodes for B-MSFD algorithm
is 120. By replacing the variables in Table 5.1 by numerical values to compute
G A, the number of operations are computed as 6804 which are approximately the
same as the empirical values in Table 5.2. Similarly, for the F-BMSFD algorithm,
the value of b is 3.2 as illustrated in Figure 5.6. The value of ¢*) is obtained as
2.69 by comparing the values in Table 5.1 and Table 5.2 for b = 3.2 and Sr = 20.
These values are in close approximation to get the empirical results in Table 5.2.
The average number of iterations for A-BMFSD algorithm is b = 4.12 as shown in
Figure 5.6, while the empirical value of group size is 57 = 14.4. By replacing
these values in the Table 5.1 and comparing with Table 5.2, the value of ¢ is
computed as 1.35. From the Table 5.2, it is observed that the proposed adap-
tive layered decoder has almost 64% less computational complexity than B-MSFD

algorithm in terms of GF additions and multiplications but approximately 4%
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more than fixed layered decoding algorithm. As the extrinsic information sum is
computed for the selected number of variable nodes in a group i.e Bp and B*7)
for F-BMSFD and A-BMSFD algorithms respectively, therefore, the number of
computation for the proposed algorithms are much less than B-MSFD algorithm.
Secondly, the proposed algorithms converge faster than B-MSFD algorithm and
thus the numerical complexity is computed for less number of iterations. The pro-
posed adaptive group A-BMSFD algorithm has extra integer additions to compute
voting of each symbol in the received hard decision sequence. Therefore, it has an
increased complexity in comparison to the fixed group F-BMSFD decoding algo-
rithmic as shown in Table 5.2. From the Table 5.2, this can be observed clearly
that the complexity due to IA/RA of the adaptive layered decoder is around 22%
less than B-MSFD algorithm and almost similar to the F-BMSFD algorithm.

The average number of iterations of the layered decoding algorithms are less than
non-layered symbol flipping decoding and it has an improved BER performance.
Therefore, the proposed schemes provide an appealing trade-off between BER and

complexity.

TABLE 5.2: Numerical complexity of various algorithms at 5.5dB for code(120,
3, 6) over GF'(128)

Algorithms Number of operations

GA GM RA/IA IC/RC
A-BMSFD 1478 1704 2252 1460
F-BMSFD 1339 1534 2210 3488
B-MSFD 6807 7059 3588 4903

5.6 Conclusion

In this chapter, two types of layered decoding algorithms for symbol flipping NB-
LDPC codes are proposed. The proposed grouping techniques reduce the compu-
tational complexity of the flipping function for the received symbols and reduce
the decoder processing latency to select new candidate symbol value for the er-

roneous position. The CDF based adaptive grouping scheme applied to the SF
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decoding algorithm helps to reduce numerical computation and also results in an
improved BER performance. The proposed A-BMSFD algorithm uses the relia-
bility of the received bit sequence and also takes into account the voting based
reliability of each variable node. The voting based reliability information are used
to process the next group or terminate the sub-iterations. In the fixed decoding
algorithm, each group contains fixed number of variable nodes and the group is
processed only if it has some erroneous variable nodes. The proposed two group-
ing methods can be applied to quasi-cyclic as well as non-quasi-cyclic NB-LDPC
codes. The numerical results show that the proposed grouping schemes have ef-
ficiently reduced the decoder computation and also achieved better bit error rate
performance. From the BER performance curves and the complexity analysis, the
proposed group based symbol flipping decoding algorithms are more suitable for

applications like storage systems and mobile communication.



CHAPTER 6

Conclusion and Future Work

6.1 Conclusion

Ultra reliable and low latency communication (URLLC) is the key concept of the
5" generation communication systems. Other than URLLC, high data rate is
another demand of next generation of communication which requires higher order
modulation. To achieve ultra reliable data transmission in a noisy environment,
NB-LDPC codes play an important role. Also, use of iterative joint detection-
decoding of NB-LDPC codes using high order modulation shows improved bit

error rate performance.

The main objective of this research is to propose NB-LDPC decoding algorithms
with low complexity while maintaining the bit error rate performance. In this
thesis, three types of low NB-LDPC decoding algorithms are presented. This goal
is achieved by proposing voting based short listing of the least reliable candidate
symbols. Also layered technique is applied to the symbol flipping algorithms to
achieve better BER performance with reasonable computational complexity. In-
corporating the voting scheme to short list the least reliable symbols improves
BER performance and reduces decoding latency. The voting scheme also helps
in reducing memory requirements for storing the reliability values and extrinsic

information for processing.

Over high order modulation, three types of NB-LDPC decoding algorithms are
proposed for symbol flipping decoding of NB-LDPC codes. The symbol flipping
decoding algorithm for the M-QAM is proposed for the first time in this thesis.
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The new concept of symbol flipping based IJDD algorithm has shown better BER
performance for the low column and row weights in comparison with the 1JDD
algorithms in literature. Also, two types of modifications are proposed for the
existing IJDD algorithms which have shown improved performance. Euclidean
distance based feedback between the received symbol and the newly selected can-
didate symbol is introduced which help in moving the received symbol in correct
direction. Least reliable candidate symbol short-listing by voting is also introduced

to reduce the decoding computational complexity.

However, the hardware implementation has remained a challenge for NB-LDPC
codes. To achieve hardware friendly architecture, a reduced complexity decoder ar-
chitecture via layered decoding of LDPC codes is proposed as well. A new adaptive
group shuffled algorithm for symbol flipping NB-LDPC codes is proposed. This
adaptive group shuffling technique overcomes the complexity of computing the
flipping function for all the received symbols and reduces the decoder processing
latency for selecting new candidate symbol value for the erroneous position. The
CDF based proposed grouping scheme applied to the SF decoding algorithm helps
to improve convergence speed and results in an improved BER performance. The
groups effectively support the reduced computational complexity as each group
contains a fairly less number of variable nodes as compared to the whole parity
check matrix. This method can be applied to quasi-cyclic as well as non-quasi-
cyclic NB-LDPC codes. The numerical results and complexity analysis show that
the proposed decoding algorithms in this thesis offer an appealing trade-off between
bit error rate and computational complexity and are more suitable for practical

applications like storage systems and mobile communication.

6.2 Recommendations for Future Work

The main focus of this thesis is to achieve high performance and low complexity
NB-LDPC decoding. Although, the proposed decoding algorithms work well but
there is always space for improvement. For the NB-LDPC decoding, a better hard-

ware implementation is still lacking. The current methods by using voting and
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layer techniques lower the decoding complexity and improve performance. How-
ever, further investigation can be carried out to improve the high order QAM based
NB-LDPC decoding. Extraction of Reliability information from the received se-
quence of higher order modulation can be studied to improve the flipping function
for better flipping decision. Future studies over the CDF values for layered decod-
ing to further improve the performance and efficiency of the proposed algorithms

without a significant increase in complexity will be of interest.
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