Networks and Spatial Economics (2024) 24:681-706
https://doi.org/10.1007/s11067-024-09632-4

RESEARCH

®

Check for
updates

Proximal Point Algorithms with Inertial Extrapolation
for Quasi-convex Pseudo-monotone Equilibrium Problems

Chinedu Izuchukwu’ - Grace N. Ogwo? - Yekini Shehu?

Accepted: 28 May 2024 / Published online: 20 June 2024
©The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2024

Abstract

In this paper, we study the proximal point algorithm with inertial extrapolation to
approximate a solution to the quasi-convex pseudo-monotone equilibrium problem.
In the proposed algorithm, the inertial parameter is allowed to take both negative
and positive values during implementations. The possibility of the choice of nega-
tive values for the inertial parameter sheds more light on the range of values of the
inertial parameter for the proximal point algorithm. Under standard assumptions, we
prove that the sequence of iterates generated by the proposed algorithm converges
to a solution of the equilibrium problem when the bifunction is strongly quasi-
convex in its second argument. Sublinear and linear rates of convergence are also given
under standard conditions. Numerical results are reported for both cases of negative
and positive inertial factor of the proposed algorithm and comparison with related
algorithm is discussed.
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1 Introduction

Suppose K € R" is a closed and convex subset and f : R” X R” — R a bifunction.
The equilibrium problem is the problem of finding a point X € K such that

f&xy) >0, VyeKk. (1)

Let S denote the solution set of problem (1). It is well known that any point x that
solves (1) is called an equilibrium point of f.

Equilibrium problems involve several other mathematical problems such as mini-
mization problems, complementary problems, Kakutani fixed point problems, sad-
dle point problems, Nash equilibria, and variational inequality problems, among
others (see Bigi et al. 2019; Blum and Oettli 1994; Facchinei and Pang 2003; liduka
2010; Iiduka and Yamada 2009; Konnov 2001; Maingé 2010; Muu and Oettli 1992
and other references therein). The equilibrium problem (1) can also be recognized as
a Ky Fan inequality. This is due to the fact that Fan (1972) obtained the first result
for the existence of the solution of the equilibrium problem (1). It is well known
that Muu and Oettli (1992) established the notion of “equilibrium problems” which
was later advanced further by Blum (1994). Several authors have generalized many
results with regard to establishing the existence of the solution to an equilibrium
problem (see Ansari et al. 1999; Brézis et al. 2008; Cotrina and Garcia 2018; Hieu
2017a, b; Oettli 1997; Peng et al. 2009; Qin et al. 2009; Rehman et al. 2019a, b;
Yuan 1999 and other references therein).

Over the years, the equilibrium problem (1) has been studied in the convex case
with emphasis on the existence of solutions and optimality conditions. Also, some
recent existence solutions, necessary and sufficient optimality conditions have been
established in the nonconvex case (see Cotrina and Garcia 2018; Oettli 1997 and
other references therein). However, Iusem and Lara (2019) obtained an existence
result for the pseudo-monotone equilibrium problem in the general quasi-convex
case.

When solving the equilibrium problem (1), two effective techniques are well used
due to their numerical efficiency. These techniques are the proximal point algorithm
(Moudafi 1999) and the principle of auxiliary problems (Mastroeni 2000). Our
main focus in this work is the proximal point algorithm. The proximal point algo-
rithm was introduced by Martinet (1970) to solve a monotone variational inequality
problem. Rockafellar (1976) improved this work for monotone operators. Moudafi
(1999) generalized the proximal point algorithm introduced by Martinet (1970) from
solving monotone variational inequality problems to solving monotone equilibrium
problems. Several authors have extended the proximal point algorithm to solve
equilibrium problems in the convex case (see Iusem and Sosa 2003; Konnov 2001;
Quoc et al. 2008 and other references therein). We note that some of these algo-
rithms assume a generalized monotonicity concept on the bifunction. The limitation
of these algorithms in the literature lies in the fact that none of these algorithms has
weakened the assumption of convexity on the bifunction in its second argument. To
overcome this limitation, Iusem and Lara (2022) proposed and studied a proximal
point algorithm for solving quasi-convex pseudo-monotone equilibrium problems.
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For more details on the importance of extending the analysis of the proximal point
algorithm to the case of quasi-convex bifunctions, rather than the convex bifunctions
see Tusem and Lara (2022) and other references therein.

Algorithms with inertial extrapolations have attracted the interest of several
researchers due to the increase in the rate of convergence of these iterative algo-
rithms (please, see Nesterov 1983; Polyak 1964). These inertial extrapolation algo-
rithms are based on a discrete analogue of a second-order dissipative dynamical sys-
tem and are known for their efficiency in improving the rate of convergence of the
base iterative methods.

2 Motivation

Equilibrium problem (1) has been applied to modeling, error estimation, operations
research, economics, and visualization of industrial problems. For instance, it was
noted that the equilibrium conditions of the traffic management problem had the
structure of (1) (see Siddigi 2018, Chapter 9). Siddiqi (2018, Chapter 9) identified
network equilibrium conditions with an equilibrium problem (1). Since the equi-
librium theorem is very well established in economics, game theorem, and other
areas of social sciences, problems from these fields can be modeled as equilibrium
problems (1). Stella and Anna Nagurney (see, Siddigi 2018, Chapter 9) developed
a general multinetwork equilibrium model with elastic demands and asymmetric
interactions formulating the equilibrium conditions as a variational inequality prob-
lem. They studied a projection method for computing the equilibrium pattern. Their
work includes several traffic network equilibrium models, spatial price equilibrium
models, and general economic equilibrium problems with production. There are a
series of papers on the successful application of equilibrium problems in the set-
ting of finite-dimensional spaces to qualitative analysis and computation of perfectly
and imperfectly competitive problems, for example, Dupis and Nagurney (1993),
Nagurney (1993), Nagurney and Zhang (1995). Also, it was shown in Wilmott et al.
(1993) that the American option pricing of financial mathematics and engineering is
modeled by an evolution equilibrium problem.

A significant amount of the activities in urban areas concern the movement of
people and goods between different locations in the transportation infrastructure,
and a smooth and efficient transportation system is essential for economic health
and the quality of life within the urban region (see, Wang et al. 2022). When analyz-
ing the present infrastructure for future investments and operating policies, a careful
study of the transportation system is among the planning process’s most important
components. Traffic flow models are usually developed to control such movements
(see, for example, Wang et al. 2022). For instance, consider a traffic flow network
with N number of nodes that are connected by oriented edges (Konnov 2007, Chap-
ter 6). We denote the set of edges of the network and the set of oriented pairs of the
nodes by D and W, respectively. Let w = (a,b) € W, where a and b represent the
original node and the destination node, respectively, then P, is the set of all paths
from node a to node b and Q = U,y P, is the set of all paths in the network. For
each path p € Q, let z, be the path flow. We associate each w € W with a positive
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number d,,, which denotes the flow demand from a to b. The feasible set of flows K
is defined by

K=J[k,=zeR? : Y 7z =d,VweW;z,>0,VpeP,),
wew PEP,,
where
K,={zeR" : Y 7z =d, z,>0,vpeP,).
PeEP,

We can define the value of edge flow A, for each edge d € D (if the flow vector z is

known) by
ha = Zépdzp = 2 2 Epalp:

peQ PEP, weW

where

£ o= 1 if d belongs to path p,
pd ™ ) 0 otherwise.

Also, we can define the value of costs for each edge d € D by t; = K,;(h;). Then, the
value of costs for each path p can be found (see Hieu et al. 2022) by

Fy@) = &ty

deD
A feasible flow vector X € K is called the equilibrium vector if it satisfies

This means that when the traffic network is at equilibrium, among all paths of P,
the path with traffic has the lowest cost. It was shown that (see, for example, Konnov
2007, Theorem 6.1) problem (2) is equivalent to equilibrium problem (1).

Typically (as a numerical example similar to that given in Hieu et al. 2022), we
can consider a traffic network with five nodes and eight edges di (i = 1,2, ...,8),
with cost function K, given by

ah+ py if 0<h<ky,

Kah) = { yh+ ok, + By — vk, if h> Ky, )

where y,, a,, k;, f,; are some given real values. The formula (3) can be explained as
follows:

1. When the traffic % increases but is still within the allowable limit of edge (see,

h < k), the costs increase with a low rate @,. We can see that §; is the minimal
cost on edge d.
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2. Otherwise, when the traffic i exceeds the allowable limit k;, the costs increases
with huge rate y, (traffic jam).

Now, let W ={(1,5)} and d;5 = 100. The set P includes five elements:
py=dl -d6, p,=d3—-d8, p3;=d2-dl, p,=d2—-d5—-d8 and
ps =d2 = d4 — d6 (where di (i = 1,2, ..., 8) are the edges). Since the cost func-
tion K, increases, F is monotone, where F(z) is a vector in R¢! with components
F,(z). By setting f(X,z) = (F(X),z — X), one can employ a proximal point algorithm
to compute numerically.

Our Contribution In this paper, we propose and study a proximal point type algo-
rithm with an inertial extrapolation step for solving a pseudo-monotone equilibrium
problem when the bifunction is quasi-convex. Our proposed algorithm allows us to
relax the convexity in the second argument of the bifunction. Also, the inertial factor
in the proposed algorithm is allowed to take values in (—1, 1), unlike what is known
in the literature of inertial-type algorithms where the inertial factors are taken in
[0, 1). We obtain the global convergence of our proposed algorithm to a solution
of the equilibrium problem (1). We also obtain sublinear and linear rates of con-
vergence of the proposed algorithm using standard assumptions. Finally, numerical
experiments to show the efficiency of our algorithm with related algorithm is given.

Outline We organize the rest of the paper as follows; Section 3 contains basic defi-
nitions, lemmas, and results needed in subsequent sections. In Section 4, we present
the necessary assumptions, our new algorithm, and its convergence results. In Sec-
tion 5, we present some numerical results and comparisons to show the effectiveness
of our proposed algorithm. We conclude the paper with a recap of what we achieved
in Section 6.

3 Preliminaries

In this section, we recall some basic definitions, lemmas, and results that will be
needed in our convergence analysis. Let the inner product and the Euclidean norm of
R" be denoted by (-, -) and || - ||, respectively.

Definition 2.1 Let C be a nonempty set in R". A bifunction f : R" X R” — R is said
to be

(1) strongly monotone on C, if there exists a constant ¢ > 0 such that

f(x»)’) +f()’»x) S _C”-x_y”29 VX,)’ € Cs
(i1) monotone on C, if
fy) +f(,x) <0, Vx,y €C,

(iii) pseudo-monotone on C, if
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fey 20 = f(r,x)<0,Vx,yeC,
(iv) quasi-monotone on C if
fx,y)>0 = f(y,x) <0, Vx,yeC,

(v) satisfying a Lipschitz-like condition on C if there exist constants ¢; > 0 and
a, > 0 such that

f) +f3,2) 2 f(x,2) —ayllx = ylI* —aylly — zlI*, Vx,y,z€ C.

Note that (i) = (ii) = (iii) = (iv) but the converses are not always true
(see Hadjisavvas et al. 2005 and other references therein).

Definition 2.2 The domain of a function # : R* > R := R U {4+0} is defined
by dom & :={x €R" : h(x) < +o0}. The function h: dom hCR" - R :=
R U {+00}is said to be

(1) properifdom h# @ and h(x) > —oco0, Vx € R",
(ii) lower semicontinuous (Isc) at x € dom h if for any sequence {x,} € dom h
with x;, = X

h(x) < liminf A(xy).
k—+oco
We denote the epigraph of the function by epi & := {(x,1) € R" X R : h(x) < t}.
We denote the sublevel set of the function / at the height 4 € R by §,(h) :=
{x € R" : h(x) < A} and the set of all minimal points of the function / by arg ming, A.

Lemma 2.3 Letx,y,z € R"and a € R. Then

@) (x—z y=x)=3llz=yI> = 5llx =zl = Slly - xI%,
(i) 11— a)x—ayll*'= (1 = @)llxl|> = allyll? + (1 — @)lx = yII.

Definition 2.4 A function : dom h C R" — R is called

(i) convex ifforallt € [0,1]and x,y € dom #h,
h(tx + (1 = 1)y) <t h(x) + (1 = Hh(y),

if the inequality is strict, then / is called strictly convex,
(i) strongly convex on dom # if there exists 6 € (0,+0c0) such that for all
x,y € dom handallz € [0, 1],
é
h(ty + (1 = 0)x) < th(y) + (1 — Hh(x) — (1 — t)i llx = yII,

(iii) semistrictly quasi-convex with h(x) # h(y),if for allt € [0, 1]and x,y € dom &,
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h(tx + (1 — 1)y) < max{h(x), h(y)},
(iv) quasi-convex, if forallz € [0, 1]and x,y € dom &,
h(tx + (1 — 1)y) < max{h(x), h(y)},

if the inequality is strict, then / is called strictly quasi-convex,
(v) strongly quasi-convex on dom # if there exists 6 € (0, 4o0) such that for all
x,y € dom handall? € [0, 1],

e+ (1= 1) < max (0, h)) = 11 =3 x =11

Remark 2.5 Every strictly convex function is strictly quasi-convex and semi-strictly
quasi-convex, and every Isc and semi-strictly quasi-convex function is quasi-convex
(see Cambini and Martein 2009, Theorem 2.3.3). In (ii) and (v), we have that A is
strongly convex and strongly quasi-convex respectively with modulus 6 > 0. Also,
we note that every strongly convex function is strongly quasi-convex with the same
modulus and every strongly quasi-convex function is strictly quasi-convex.

Let K be a closed and convex set inR” and  : R” — R be a proper function with
K C dom h. Then the proximity operator on K of parameter § > 0 of 4 at x € R" is
defined as proxg, : R"™ = R", where

. 1
prox, (K, x) = arg I)Iél]l{l {h(y) + ﬁ Iy — x| }
If K = R”, then proxﬁh([R”,x) = proxﬂh(x).
When studying the proximal point algorithm, the properties of proximity are very
important.
Lemma2.6 lusem and Lara (2022) Let K be a closed and convex set inR", h : R" - R

be a proper, Isc, strongly quasi-convex function with modulus 6 > 0 and such that
KC dom h, f>0andx € K.Ifx € Proxﬂh(K,x),then Vy e R,VA € [0, 1]

h(%) — max {h(y), h()‘c)} < %(x ok y—D)+ %(% y /15>||y R
4 Main Results
In this section, we present our proposed algorithm and give its convergence analysis.

We begin by giving the following assumptions under which our convergence result
is obtained.
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Assumption 3.1

(A1) Vx e R", the function f(x, -) is lower semicontinuous and V y € R”, the func-
tion f(-,y) is upper semicontinuous.

(A2) fis pseudo-monotone on R”.

(A3) fis lower semicontinuous jointly with both arguments.

(A4) Vx e R" the function f(x, ) is strongly quasi-convex on R” with modulus
y > 0.

(AS) fsatisfies the Lipschitz condition: there exists # > 0 such that

f2) = fy) = f3.2) <n(llx=yI*+lly—zl*), VxyzeR"

(A6) The Lipschitz constant # and the modulus of quasi-convexity y are such that
12n <y.

Remark 3.2 An example satisfying Assumption (A6) is given as a numerical exam-
ple in Section 5. Kindly see Iusem and Lara (2022, Examples 4.1 and 4.2) for more
examples of bifunctions satisfying Assumption (A6).

Now, we state an additional assumption that is standard in the theory of equilib-
rium problems. This assumption is excluded from Assumption 3.1 because it is a
consequence of (A2) and (AS). This assumption will be used in results that do not

require (AS).

(A0) f(x,x)=0forall x € K.

Remark 3.3 Tusem and Lara (2022) We note that (A2) and (A5) implies (A0).
We now present our algorithm as follows:

Algorithm 1 Proximal Point Algorithm with Inertial

1: Choose 6 € (—1,1), 9,40 € R", 8> 0 and set k = 0.
2: Given xy, y, take

. 1
e € i { P 0) + 5l ol 5)

If z11 = yx, then Stop: {zx41} = S. Otherwise, compute

Ykl = Tpp1 + O(Tpp1 — 21). (6)

3: Set k < k+ 1, and go to Step 2.
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Remark 3.4 If 6 =0, our Algorithm 1 reduces to Iusem and Lara (2022,
Algorithm 1).

For the rest of this paper, we assume that Assumption 3.1 holds in our conver-
gence analysis.

Proposition 3.5 Suppose K is a closed and convex subset of R" and f enjoys
(A0), (A1), (A2) and (A4). Then S is a singleton.

Proof The proof of this proposition is the same as the proof of Proposition 3.1 of
Tusem and Lara (2022). O

Proposition 3.6 Assume that {x, } is generated by Algorithm 1 and f enjoys (A0), (A1)
and (A4). Suppose also that x| = y,. Then, {x; .} = S.

Proof From (5) of Algorithm 1, we obtain Vx € K,

1 1
SOk Xy1) + ﬁ”yk — X+l I* <foex0+ ﬁ”yk —x||*. @)
Since y; = x;, we then obtain further that
1
0 < f(xppp, ) + ﬁuxk+1 —x|I>, VxeK. (8)

Take X € S and let y € K\{x}, A €[0,1], and take x = Ay + (1 — A)x;;. We then
obtain that (noting that f is strongly quasi-convex on R” with modulus y > 0 in its
second argument, and x;,; = y;)

1

0 < fCorrs Ay + (1= Dxgen) + 75 1140xes - I?
Al A 2 n
Smax{.f(xk+l’y)70}+§ E_y-i_iy ||x](+]_y|| ’ VyER > AE(Ovl]
Let us take A such that 0 < A < %
Then, we obtain Vk,
A Y+ Ay <0.

p
Therefore, Vy € K\{x,,}

0 < max {f(ka,y),O} = f (X1, ))-

Thus, x,,; € S. O
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4.1 Convergence Analysis for Nonnegative Inertial Parameter

We first give the convergence result of Algorithm 1 for the case when the inertial
factor 6 > 0.

Assumption 3.7 For the convergence analysis of this subsection, we assume that

(i) 0<0<3;
(i) y+< p< =30

8n 4an(1-6)°

We next give the following two lemmas.

Lemma 3.8 Assume that f enjoys (A;), i =1,2,4,5 in Assumption 3.1 and take
X € S. Let {x, } be generated by Algorithm 1. Then, either (15) or (18) holds.

Proof Observe that f satisfies (A0) because f enjoys (4;), i=1,2,4,5. Therefore,
S is a singleton by Proposition 3.5. Using Lemma 2.6 with y > 0 in (5), we obtain
Vx € K, A € [0, 1] that

S Qs Xj41) — max {f(yk’xk+l)vf(ykvx)} < %(xkﬂ Vi X — xk+l>
)
Al A

+ 5 <E —-r+ 7’/1> [l = X II°.

Substituting x = x € Sin (9), we obtain V 4 € [0, 1],

S s Xpq)— max {f()’kaxk+1),f(}’k755)} < %<xk+1 = Vo X = Xpyy)
(10
Al A -

+ 5 <E -r+ 7/1> (B

We now consider these two cases:
Case I: If f(y;,x.,1) > f(ys, X), then we obtain from (10) that

1 _ 1( 4 _
0 < =Xyt — Vi x—xk+1)+§<ﬁ—y+y/1>||xk+l—x||2’ Ve (,1].

(1)
Let A= % and by Lemma 2.3 (i), we have from (11) that

d+vp

T My = X < My = 3P = g = i, (12)

By Lemma 2.3 (ii), we obtain
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llye = %lI* = I(1 + 0)(x;, — X) — O(x;_, — D)|I?
= (1 + 0)llx, — %1% = Ollx,_; — x| (13)
+ (1 +0)0]lx, — x>
Also, we obtain
(et = Yill? = Xy — G + 00x, — x,_D)II?
= [lxggs — x> — 200Xy = X X — X)) + 0%Ilx, — x, 117
> x4 —Xk||2 = 2001541 — I, — 2 1| + 651, _xk—1||2
> g =50l = 0oy =3l + llv = 1117
+6%||x, — x|

= (1= 0)llxy; — x> + (0° = Ol — x4 1™

(14)
Substituting (13) and (14) into (12), we obtain
I+7vp) - -
5 1 = XNI* = O1llx, = XII* + (1 = )]y — X1
< e = X2 = Oll_y — %1%+ (1 = O)llx — xy 12 (15

+ (30 — Dlx, —x,_,|I%

Case II: Suppose f(yi,xiy1) <f(VX). Then we obtain from (10) that (also noting
(A5))

A _ Al A _ _
0< = (X — Ve X—Xpqq) + E(E -7 +V/1>||xk+1 - x|)? +f (> X)

= Ok Xes1) 16)

A ) ) 5
S =Xy — Vo X—X >+—<——y+y/1>llx - x|l
ﬁ k+1 k k+1 2 ﬂ k+1

+f (1, %) + 11(||xk+1 - yk”2 + [y — 3_5”2)

Since X € § and f is pseudo-monotone, we obtain that f(x;,;,X) < 0. Hence, (16)
implies that

2\p
+ ’7(||xk+1 _yk”2 + ”xk+1 _)_C”z)s V )’ S [07 1]

A - Al A -
0 < = (41 = Yo x_xk+1>+_<__7’+yﬂ>”xk+1_x”2

By Lemma 2.3 (i), we obtain
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A 2 A A 1 12
0 < —|ly, — xIl +—<——J/+M——>le — x|l
ﬂ k 2 ﬁ ﬁ k+1

A 2 2 -2
= % — Vel +”I(||Xk+1 = el + gy — Xl )

26
Taking 4 = %, we have

1+yp _ 1 _ 1
<W - ’1) 1 — XN < E”yk - x| - <E - ’7>”xk+l -yl* an

Using (13) and (14) in (17), we get

1+yp . 1 - -
( 5 —n>||xk+1—x||2sE[<1+e>||xk—x||2—e||xk_1—x||2

+(1+0)8]x, —x,_, ||2]

1
- (ﬁ - '7> [(1 = D)lx41 —xk||2 + (0% - )|lx, _xk71”2

1 - -
= 2|+ Ol = 51— 6,y 1P

4p
1 (L o2 - _ 2
+ |50+ 00~ (55 =1)@ = 01w~
1
= (35 =)0 = Ol =l
(18)
Therefore, at least one of (15) and (18) holds. O

Lemma 3.9 Suppose (4;),i =1,2,4,5,6 in Assumptions 3.1 and 3.7 are fulfilled.
Then {x, } generated by Algorithm 1 is bounded.

1-30

1 . .
i S Also by Proposition

3.5, we have that S is a singleton. Let {x} = S. Then Vk > 1, we have by Lemma 3.8,
one of (15) and (18) holds. Let us, therefore, consider these two cases:

Proof By Assumption 3.7, we obtain @ <p<

Case A: Suppose (15) holds. Since% < y_l—gn < fB, we obtain

ey — X1 = Ollx, — ZII* + (1 = O)|lxp — x I
1+yp
< —_—

2
<llx.—x|*>-0 —XP+ 1 =0)|x, — 2
< lx — x|l [y — XI1° + ( Mxe = x4l

+ 30 = Dllx, — x_y II%.

=12 =12 2
s = X7 = Ol — X117 + (1 = )y — xell

Define, Vk > 1,

-n2 -2 2
a, = |lx = X[I7 = Ollx—y — XII7 + (1 = )|, — x4 17
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Then
Ay — . < (30 — Dllx, — x4 117 (19)
Now, observe that
ap = I = XlI* = Ollx_y = X% + (1 = )l = x, I
> g = 7 = 201l — 51 17 = 2011, = XII* + (1 = O) 1, — x4 17 20)
= (1=20)llx, — x> + (1 = 30) I, — x,y I
>0,
since 6 < % Thus, kll)r?o a,, exists and
lim e — x|l = 0. 21)
Also,
161 = Yiell < Mgy = Xl + Ollxg — x4 Il = 0, k > o0 (22)
and
v = xell = Ollxe — x4 1l = 0, k — oo. (23)

Since 11m a,, exists, we have from (20) that {x; } is bounded. This concludes Case A.
Case e B: Suppose (18) holds. Then, we obtain from (18) that

1+ _ _ -
< Sﬂ)/ﬂ - 77>||Xk+1 - x| < 4—[(1 +0)lx, — x> — Ollx,_, —x||2]

[—ﬁ(l +0)0 — (ﬁ - n>(92 - 9)] Il = X 11

1
- (ﬁ - 77>(1 0)||xk+1 _xk”z_
(24)
Therefore,
1+ _ 0 _
< Sﬂyﬁ - ’1) (1411 —x||2 - E”xk —)C”2 + <E - 71)(1 |1 xp41 _xk||2
_ 1
< g lln =¥+ [—ﬂ(l +000 = (35 =)@ - 0)] e = eI
0
4ﬁ||xk 1 —x||
(25)
Since% < @ < f, we have
1 _ <1+yﬁ_yﬁ—1)
4p 8p 8p 26
1+yp (26)
< —
8p

Using (26) in (25), we obtain
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- - 1
” Xeyr =X = E”xk x| + (E - ’7)(1 = O)llxeyy — I

=12
Il = %17 = lek =P

_4/3 4p

(ﬁ - n>(1 = O)llx, — x4 117

[—(1 +0)0 — (L - 71)(1 - 9)2] [l = X 117

4p 4p
Define
dy t = == [l = # = Oll, — %11
k= 45 k k-1
1
<ﬁ - ”I>(1 = O)lx, — x4 112,
Then
1 2
di <d +|—(1+6)0 - <— —r/)(l—H) ]Hx — x|l
k+1 k [4ﬂ 45 &~ Xk-1 7
= dk - tl’
where
1 2
t, = — - 1-0 ——l 0)6 > 0,
1 (4/3 ’7)( ) ﬂ( +0)
-39 1-30
since f < I (1 ) < ymTrE Now,
1 2
dy = —|lx — %[ - |Ix — x>+ <— —n)(l = Dllx, — x4l
k= 4ﬁ k 45 k-1 Y ©— Xk_1
[ e = XII% = 201x,_y — xII* = 20]1x; —)_C”z]
(— —n>(1 = O)llx, = x4 1 %)
1-20) - 1 20
=" llxe = %1% + ") -0-3 llxe = ey 117
Z 0’
since 6 < % and f < 4;(_13_90). Therefore, {d, } converges. Also, we have just like (21)—
(23), that
klgg Il — X1 Il = ;}‘Jg 141 — yill = klgg llyx — x Il = 0. (29)

Consequently, we have from (27) that {x, } is bounded. This concludes Case B. [
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We now prove the following theorem.

Theorem 3.10 Suppose K C R" is a closed and convex subset. Assume that both
Assumptions 3.1 and 3.7 are satisfied. Then {x,} generated by Algorithm 1 con-
verges to a point X € S.

Proof We have by Lemma 3.9 that {x, } is bounded. Suppose % € K is a cluster point
of {x,}. Then there exists {xkl_} C {x;} such that X = X, i = oo. We obtain from (5)
that Vx € K,

1 1
SO X)) + ﬁ“yk — Xl SFOex) + ﬁllyk —x|?

and this implies that

1
2p
Suppose x = Ay + (1 — )X, when y € K, 4 € [0, 1]. Then,

SOLX) S fOx) + [lyx _x”2’ Vx € K.

JFOr X)) SfOp Ay + (1 = DR) + ﬁllﬂ(yk -+ 1= D = DI

Ad -1
max {31,030 9 = 2052

Ay oo (U=4)
+2ﬁllyk ylIF+ 25

N An N
max {09/ 0D | + 5=y ¥ =)
1 aAn2 AfA ~112
— |y, — =l = - A |
2ﬂllyk | +2<ﬂ y+v >Ily x|
Taking lim sup in (29) and using (A3), we obtain (noting (22), (23) and (28))
VyeK,Aelo,1],

0=/ %) <liminff(y,,x, ) <limsupf(y,x )

i—0o0

IA

2112
lly =i

A=A
e Lt E)

+

< max {f(fc,y),o} + g(% —y+ M) lly — 211>

Now, since y > 0, we take A < % Thus,l—i — v + y4 < 0. Therefore,
0 <max {f(2.7).0} = f(&.y), ¥y € K\[2}.

Hence, x € S. Now, since f is strongly quasi-convex in its second argument, S is a
singleton by Proposition 3.5. Therefore, {x, } converges to x € S. O
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In the next result, we give a non-asymptotic O(1/k) convergence rate of our pro-
posed Algorithm 1 when the inertial factor 6 > 0.

Theorem 3.11 Suppose K C R" is a closed and convex subset. Assume that both
Assumptions 3.1 and 3.7 are satisfied and x_; = xy = x; € R". Let {x, } be generated
by Algorithm 1. Then, for any x € S and k > 1, it holds that

) 242691 -0)

-2
< Sl - P,

min ||x.; —y;
Jmin g =l

where M** = min{36 — 1,4/3($ - n)(l — 072 —(1+0)0).

Proof Case A: Suppose (15) holds. Then, from the definition of {a, }, we get

—n2 -2 2
a; = [lx; = X7 = Ollxo — XII” + (1 = O)lx; — x|

=(1-0)x, — x|I*.
From (19), we obtain
k
B0—1) ) I —x, 17 < a) — gy,
j=1

This implies that

k
1
[|x; _)C'_1||2 < a;

1
T30-1

31)
(1= 0)|lx, — x||*.
Thus,

1-06

. 2 =12
min |[x; — x;_ < —||lx; — X||°.
min b =1 I < g5k — ¥l

From (22), we obtain

2
2
s =30l < (Isr = ll + 01l = x4 1)

2 2 2
< 2( I = 5l + 0l = x4 1)

Hence,
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1 _— . 2 1 . —_— . 2 2 1 o — . 2
Osr}lslly_lllxjﬂ yillm < 20521?_1”’9“ x|l”+ 26 Osr}lsllgl_lllx] Xl
Q+20H1-0), ; _., (32)
S——Ix =xII".
(36— Dk
This concludes Case A.
Case B: Suppose (18) holds. Then, from the definition of {d, }, we obtain
1 -
dy = ﬁ(l - O)llx, —x|I*.
From (26), we obtain
1 1 .
(ﬁ - n>(1 - 07— 251+ 09 Dl = x 12 < dy = dyy.
j=1
This implies that
: 1
Dl —x 1P < d,
1 1
= (5-n)a-07-£a+o00
4p 4p
(33)
(1-9) =112
=— I, = %1,
4p(L=n)a-07 - +0)0
Thus,
. 1-6 -
1r£1‘1n||)c,-—xj_1||2 < [l = xII%.
<j<k - 1 2
|[48(% - n)a - 07—+ 000k
Similar to the arguments in Case A, we arrive at
. 2 +20%)(1 -9) _
0<rn<1]§1_1”xj+1 - yj”2 S 1 ”xl - x”2~ (34)
</ |48( %5 = n) =02 =1+ 000k
This concludes Case B. Therefore, our proof is complete. O

4.2 Convergence Analysis for Negative Inertial Parameter

In this subsection, we obtain convergence analysis of Algorithm 1 when the inertial

parameter 6 < 0.

Assumption 3.12 Here, we assume that
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i -1<6<0;
.. 1 1
(11) m < ﬂ < 4—}1

Lemma 3.13 Suppose (A;),i = 1,2,4,5, 6 are satisfied in Assumptions 3.1 and 3.12
holds. Then {x, } generated by Algorithm 1 is bounded.

Proof Just like in Lemmas 3.8 and 3.9, we consider these two cases:

Case I: Assume f(y, x;.1) = f(¥, X). Then, from (12) and (13), we obtain

D gy =P <l =51 = e = el
=1+ 0)lx, — xII> - 0llx,_, — XII”
+ (14 0)01x, — x> = Ny — vell*
Thus,
LDy 5P = Ol = ¥ = (14 000l — x|
<l = X2 = Ollxe_y — XI* = Ny — yill? (35)

= ||xk _3_5”2 - 9||xk_1 _3_5“2 -1+ 9)9||xk_1 —xk_2||2

2 2
= e = 2ell” + A+ 00l — x5 I7
Since ! < L < B, we have
Y r=8n

||xk+1 - 3_C||2 - 0||xk - 3_C||2 -+ 9)9||xk — Xk ”2
< ||xk _55”2 - 9||xk_1 _3_C||2 -+ 9)9||xk_1 —xk_zllz (36)
= Xy = Yill? + (L4 0)0lx,y — x5 1

Let

¢ =g _)_C”2 = 0|lx,_; _)_C”2 —(1+0)0|x,_, —xk_2||2
> 0.

Then we have
Cept < ¢ = ey = yiell> + (L + 0)0l1x,_, — x, 5117
Therefore, ]}Lrglo ¢, exists and {c, } is bounded. Also,
kli_)r?o”xkﬂ =¥l =0, and ,}ir?o”xk—l x|l =0. 37
Thus, we get that
1o = yiell < Mgy = el + g — x4l = 0,k — oo0.

Since {c; } is bounded, we have that {x, } is bounded.
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Case II: Let f(y;, x,1) < SV X). Then we have from (17) that

1+yp _ 1 -
(5% =) lees =7 < e =1 = (7 =) s =3l
1 _ _
<1 |1+ Ol = 511 = 011, - 7
2 1 2
+ (140000, = 5P| = (5= 1) =l
Therefore,
1+yp ) o2 0 2
=T =)l = 5P = =l — 5
( Sﬁ k+1 ﬁ k
< 4ﬂ“xk_x”2 4ﬁllxk | — X (38)
(1+6)6 1
= wlP = (5 =) e = el

Observe that since 22 = y(1 +0)6 + ( . n)e(l +6) and —<$ - n)H(l +6)
> 0, we obtain from (37) that

(2 = 1)l = 5P = 7l = 5IP
= (35 7)o + Ol —x P

< e =7 = b = 5P 5%
= (5= 1)00 + Oy =l = (75 =) s =l
+ (1 + 0)0l1x, — ey II”.

Using (25) in (38), we have
iﬁuxm -5 - 4ﬂn (=51 = (35 =001+ Ol x|
< 4ﬁ” — x> — E“xk ] <_ﬂ —’7>9(1+9)||xk =Xl 40)

1
- <E - ’7)||xk+1 =yl + 11+ 0)0llx, — x,_, 11
Letting
e 1= e =317 = L, -3
ko= 4,3 k 4,6 k—1
B (ﬁ - ”)9(1 +0)lx_ —x %
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we have from (39) that

1
€1 S € — (ﬁ - ’7>||xk+1 - will?
+ 11+ 0)0l1x, — x_y[I*.
Consequently, klim e, exists and {e, } is bounded. Also,

lim [|x,; — ¥ |l =0, lim [|x, — x,_;[[ =0,
k— o0 k— o0

and
Jim [l =yl = 0.
We finally have the boundedness of {x; } since {¢, } is bounded. O

Now, following similar arguments as in the proof of Theorem 3.10, we can prove
the following theorem.

Theorem 3.14 Suppose K C R" is a closed and convex subset with Assumptions 3.1
and 3.12 satisfied. Then {x, } generated by Algorithm 1 converges to a point x € S.

In the next result, we give a non-asymptotic O(1/k) convergence rate of our pro-
posed Algorithm 1 when the inertial factor 6 < 0.

Theorem 3.15 Suppose K C R" is a closed and convex subset. Assume that both

Assumptions 3.1 and 3.12 are satisfied and x_; = x, = x; € R". Let {x,} be gener-
ated by Algorithm 1. Then, for any X € S and k > 1, it holds that

) (242691 -0)

. . =2
Ogr/nsllgl—l”xﬂl yill® < 4pn161(1 + 0)k llx; — I
Proof It follows from the arguments in the proof of Theorem 3.11. O

We next obtain linear convergence result when 8 = 0 in Algorithm 1 under the
use of error bounds. We refer to Pang (1997), Solodov (2003), Tseng (1995) for
more details and applications on error bounds. Let {x;} be a sequence in K which
converges to X € K. This convergence is said to be Q—linear, if there is g € (0, 1)
such that ||x;,,; —X|| < g|lx;, —X|| for all k large enough. Furthermore, the conver-
gence is R-linear, if for all k large enough, ||x, —X|| < {; and {{,} converges O—
linearly to zero.

Suppose f > 0, we define the natural residual

e . BT
1z, p) i==x argargII(l{.f(y,x)+2ﬂ||y | }
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Clearly, z € S if and only if 7(z, f) = 0. We say that the equilibrium problem (1)
satisfies an error bound condition if there exist positive constants c¢; and ¢, such that

dist(x, S) < ¢lIr(z, p)II, Vx € R* with [Ir(z, Al < c,. (41)

We now obtain the following linear convergence result for equilibrium problem (1).
Theorem 3.16 Suppose K C R" is a closed and convex subset. Suppose Assumptions
3.1, 3.12 and error bound (40) are satisfied. Given x_; = x, = x; € R", let {x;} be

generated by Algorithm 1. Then, {x, } converges to a solution of equilibrium problem
(1) at least R—linearly with 6 = 0.

Proof With 6 = 0, we have from (19) and (26) respectively that

(16 41 _3_C||2 < lxg _)_5”2 = s —xk||2 42)
and
1 2 1 2 1 2
g3 =P < gl =3P = (5 = e = el 43)

By Theorems 3.10 and 3.14, we have that {x, } generated by Algorithm 1 converges
to a point X € S. Then we have ||r(x;, p)|| = 0,k — oo. Setting X = P¢(x;), we have
from (41) that

dist(x,, ,S)*

IA

dist(xy, $)* =[xy — %12

dist(, $) = lI7(x, A

dist(x;, S)* — ldist(xk, S)> (44)
€

IN

(1 - cl—l>dist(xk, S).

Since dist(x;, S)> > 0, we have that 0 < 1 — 1 Similarly, we have from (26) that
€

1 .. 1 .. 1
75051, 97 < s, 97— (@ - n) ey — 12
1 .. 1
= 755t 97 = (35 =) I,
< L dist(r,. 5% — i<i _ )dist(x $)? @
=35 o o 45 n ko
4
= [1 - —ﬁ<i - n)] L dist(x,, 5)°.
¢ \4p 4p
Similarly, we have that 0 <1 — 4—ﬂ<4iﬂ - ;1) since dist(x;,S)> > 0. We then the
Cy
desired conclusion from (43) and (44). O
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10 —o—IL (Alg. 1) —6— IL (Alg. 1)
10k
102
Jx _lx 2
[¢] O 10
= =
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4
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Fig. 1 The behavior of TOL, with € = 107>: Top Left: n = 20; Top Right: n = 50; Bottom left: n = 100;
Bottom Right: n = 500

Table 1 Comparison of algorithms with e = 107>

Algorithms n=20 n =50 n =100 n =500

CPU Iter CPU Iter CPU Iter CPU Iter
Alg. 1 (0 =-0.9) 0.0094 22 0.0283 22 0.0480 24 0.4099 24
Alg. 1 (6 =-0.5) 0.0094 20 0.0278 21 0.0429 21 0.3594 21
Alg. 1 (0 =-0.1) 0.0074 12 0.0245 12 0.0347 12 0.2985 13
Alg.1(0=0.1) 0.0082 15 0.0270 15 0.0409 16 0.3153 17
Alg.1(0=0.2) 0.0090 18 0.0277 19 0.0415 19 0.3844 20
Alg. 1 (0 =0.3) 0.0093 21 0.0284 22 0.0435 22 0.4261 24
IL (Alg. 1) inIusem  1.0149 29 1.0301 28 1.0467 29 2.5456 30

and Lara (2022)
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Remark 3.17

(a) Our results are obtained in the setting of finite dimensional spaces. It would
be interesting to generalize them to infinite dimensional Hilbert spaces, as this
will further enhance the applicability and impact of our proposed algorithm.
For the convergence properties of Algorithm 1 to hold in infinite dimensional
Hilbert spaces, we need to ensure the unique existence of the solution to (1) in
an infinite dimensional Hilbert space (i.e., establish Proposition 3.5 in infinite
dimensional Hilbert spaces). One way to ensure this is to establish that f(x, .)
is 2-supercoercive in an infinite dimensional Hilbert space (see, for example,
Lara 2022, Theorem 1). Furthermore, we also need to establish Lemma 2.6 in
an infinite dimensional Hilbert space, but this is straightforward as seen in the
proof of Lara (2022, Proposition 7). Therefore, to generalize our results in Sec-
tion 4 to infinite dimensional Hilbert spaces, the main difficulty would be to
establish Proposition 3.5 in such settings. This is beyond the scope of this paper
and would be considered in our future research.

(b) In the proof arguments of Lemmas 3.8, 3.9 and Theorem 3.10, we see that the
condition 0 < 0 < % is needed for our convergence analysis. We do not know
if this condition “0 < 6 < 3” could be weakened to “0 < 6 < 1 in the proof of
Lemmas 3.8, 3.9 and Theorem 3.10. Part of clue to this could be by borrowing
proof ideas from Attouch and Cabot (2020). However, we investigate this sce-
nario in our future projects.

5 Numerical Result

We give the numerical implementation of our proposed Algorithm 1 and compare
it with Iusem and Lara (2022, Algorithm 1) using an example of an equilibrium
problem that is not a variational inequality problem. As stated in Iusem and Lara
(2022, Section 4), Assumption 3.1 is satisfied for this numerical test.

Let A, B € R™" be symmetric and positive definite matrices. Then, we define

f(x,y) =y Ay — x'Ax + X' B(y — x). (46)

One can easily verify that f satisfies (4;),i = 1,2,3 in Assumption 3.1. We denote
the largest eigenvalue of B by p(B) and the smallest eigenvalues of A by u(A). By
the positive definiteness assumption, we have that both p(B) and u(A) are positive.
Since f(x,-) is a quadratic function with matrix A, we have that f(x, -) is strongly
convex with modulus u(A), and hence strongly quasi-convex with the same modulus.
Thus, assumption (A4) holds. Also, it is easy to verify that f is Lipschitz continu-
ous with constant 22 so that assumption (A5) holds. blueAssumption (A6) holds
if we assume that 6p(B) < u(A). Since f is not affine on y, we have that the prob-
lem is indeed not a variational inequality problem but a mixed variational inequality
problem.

The computations for the numerical implementation are performed using Matlab
2016 (b) which is running on a personal computer with an Intel(R) Core(TM)
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i5-2600 CPU at 2.30GHz and 8.00 Gb-RAM. During the computations, we ran-
domly generate the starting points x,, and y, for n = 20, 50, 100, and 500. We choose
different choices of 8 € {—0.9,-0.5,-0.1,0.1,0.2,0.3} and we set # = @. Fur-
thermore, we choose f§ = % when 8 > 0 and f = % when 6 < 0. We then
use the stopping criterion; TOL, := ||lx;,; — ¥|| < &, where € is the predetermined
error.

In the table, “CPU” and “Iter” mean the CPU time in seconds and the number of
iterations, respectively. Also, in the table and figure, Alg. 1 and IL (Alg. 1) represent
Algorithm 1 and Algorithm 1 in Iusem and Lara (2022), respectively (Fig. 1 and
Table 1).

Remark 4.1 The experiments show the benefit gained (in terms of number of itera-
tions and CPU time) over Algorithm 1 in Iusem and Lara (2022) by introducing
the inertial parameter 6 in our algorithm. We observe that as 6 increases towards O
for 8 € (—1,0) and as 0 decreases towards 0 for 8 € (0, %), the CPU time and the
number of iterations decrease. Therefore, our proposed algorithm performs better in
terms of CPU time and number of iterations if 8 is very close to 0, with 8 # 0.

6 Conclusion

This paper introduced and studied a proximal point algorithm with inertial extrapo-
lation to solve a quasi-convex pseudo-monotone equilibrium problem. We proved
that the sequence of iterates generated by the proposed algorithm converges to a
solution to the problem. Furthermore, we obtain both sublinear and linear rates of
convergence of the proposed algorithm using standard assumptions. Numerical
comparisons are investigated to show the superiority and efficiency of our proposed
algorithm and the effect of both negative and positive inertial factor. In the future,
we shall study the convergence of the stochastic version of the proposed algorithm
of this paper.
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