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Abstract

Integrality properties of partial sums over irreducible representations, along
columns of character tables of finite groups, were recently derived using
combinatorial topological string theories (CTST). These CTST were based
on Dijkgraaf-Witten theories of flat G-bundles for finite groups G in two
dimensions, denoted G-TQFTs. We define analogous combinatorial topolo-
gical strings related to two dimensional topological field theories (TQFTs)
based on fusion coefficients of finite groups. These TQFTs are denoted as
R(G)-TQFTs and allow analogous integrality results to be derived for partial
row sums of characters over conjugacy classes along fixed rows. This rela-
tion between the G-TQFTs and R(G)-TQFTs defines a row-column duality
for character tables, which provides a physical framework for exploring the
mathematical analogies between rows and columns of character tables. These
constructive proofs of integrality are complemented with the proof of similar
and complementary results using the more traditional Galois theoretic frame-
work for integrality properties of character tables. The partial row and column
sums are used to define generalised partitions of the integer row and column
sums, which are of interest in combinatorial representation theory.
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Quantum field theories have led to the discovery of new mathematical structures, and have
given us deep insights into several areas of mathematics. Some examples include the study
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of low-dimensional topology using Chern—Simons theory [1-3], the discovery of mirror sym-
metry from string theory [4], the discovery of vertex operator algebras from conformal field
theory [5-7] and many more [8].

In this paper we continue this tradition by studying the implications of string-theoretic con-
structions for finite group representation theory. G-TQFTs are two-dimensional topological
field theories (TQFTs) based on a finite group G [9—12]. The partition functions compute
topological invariants of flat G-bundles over two-manifolds. Using representation theoretic
Fourier transforms over the centres of the group algebras Z(C(G)) these partition functions
are also expressible in terms of representation theory data. In combinatorial representation the-
ory, properties of group representations are studied by introducing combinatorial objects (see
[13] for an overview of combinatorial representation theory). Recently [14], combinatorial
topological string theories (G-CTSTs) based on G-TQFT's were used to obtain constructions
of representation theoretic data. Finite algorithms based on combinatorial amplitudes in the
G-CTST were given for computing the integers

Gl
do (1.1)
where dp is the dimension of irreducible representation R of G. Algorithms for constructing
characters from G-CTST amplitudes were given, and related to the Burnside algorithm for
computing characters.

These results were developed further in [15] where combinatorial observables in G-CTST,
constructed from the combinatorics of flat G-bundles on surfaces of arbitrary genus and one
boundary labelled by a fixed conjugacy class C, were used to derive integrality properties of
partial sums of characters of C over irreducible representations of G. These are partial sums
along columns of the character table of G. For example, proposition 3.4.1-II [15] states that
sums over irreducible characters of a given conjugacy class, for representations of fixed dimen-
sion, are integers. It follows immediately that the sum n¢, over irreducible characters along a
column C of the character table, is an integer (see proposition 2.1 and a positive integrality
property for normalized characters in proposition 2.2 in this paper). It is a known fact in rep-
resentation theory that the sum ng, of irreducible characters of a group G along a row R, is a
positive integer and it is an open problem to find a combinatorial interpretation of this positive
integer [16, problem 12].

This raises the question of whether there is a CTST/TQFT approach to study the sums
along rows of character tables of finite groups G. In this paper, we give a positive answer
to this question by introducing a related family of CTSTs, based on fusion algebras R(G)
where results complementary to those coming from G-CTSTs can be derived, with the role of
columns switched with that of rows. We therefore refer to the relation between G-CTSTs and
R(G)-CTSTs as a row—column duality. The integrality property of the partial column sums
for a column corresponding to conjugacy class C, restricted by fixing the dimension of the
irreps being summed, was generalised to obtain integrality for restrictions involving additional
conjugacy classes which have the property that they have integer characters for all rows (e.g.
propositions 3.4.1-IIT and 3.4.1-IV in [15]). These integrality properties were obtained from the
counting of flat G-bundles on surfaces with one boundary labelled by C and multiple additional
boundaries labelled by these additional conjugacy classes. Following the theme of row—column
duality we will obtain analogous results for partial row sums.

The algebra structure of Z(C(G)) is defined using the product of conjugacy classes of G and
its decomposition into conjugacy classes. Similarly, the fusion algebra R(G) is defined using

3
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the tensor product of representations of G and its decomposition into irreducible representa-
tions. Both the product of conjugacy classes as well as the tensor product of representations
play a crucial role in the fusion rules of line operators in three-dimensional G-TQFTs [9]. In
[17], the Arad—-Herzog conjecture in finite group theory [18] was studied in the context of
three-dimensional topological quantum field theories (TQFTs). It was shown that this conjec-
ture implies special fusion rules for line operators in these TQFTSs. These special fusion rules
were then independently proved giving evidence for the validity of the conjecture. In closely
related work [19], special fusion rules of line operators in three-dimensional TQFTs based on
finite and Lie groups were studied, relating them to the representation theory of these groups.

The more traditional approach to integrality properties of finite group character tables
uses Galois theory and analogies between rows and columns have been investigated in this
framework [20]. In this paper, we will complement the constructive TQFT/CTST approaches
to properties of character tables with the Galois theoretic approaches. We reproduce the integ-
rality properties of the partial row/column sums using Galois theory. We also derive some new
results motivated by these TQFT/CTST investigations.

Every character table has at least one integer row and one integer column : namely, the trivial
representation, and the the identity element. We study, using the Galois theory methods, the
conditions under which the number of integer rows equals the number of integer columns. We
refine this analysis to study the number of rows and columns of the character table belonging
to a field extension of Q. We capture the number theoretic properties of the rows and columns
in two graphs, one defined using rows of the character table and the other using columns. We
find sufficient conditions under which the graphs are isomorphic.

The plan of the paper is as follows. We start with a review of the construction of a G-
CTST in section 2, which is followed by a review of the relevant integrality results in [15].
Following this, we introduce the R(G)-CTST and illustrate how it is used to prove dual integ-
rality results. A G-TQFT is defined through a semi-simple commutative Frobenius algebra
with a basis labelled by conjugacy classes with a product on the classes inherited from group
multiplication, and an appropriate Frobenius pairing. A R(G)-TQFT is defined through a basis
of elements labelled by irreducible representations (irreps) with a product given by a tensor
product multiplicities of irreps and an appropriate Frobenius pairing (A closely related TQFT
with the same product but different pairing is defined in [21]). The idempotent (projector) basis
for G-TQFTs is naturally labelled by irreducible representations, while the idempotent basis
for a R(G)-TQFT is naturally labelled by conjugacy classes. The properties of the idempotent
basis for R(G)-TQFT imply that fusion data can be used to construct the characters of G. This
is analogous to Burnside’s algorithm for constructing characters from structure constants of
the centre of the group algebra. Section 3 builds on section 2, where we prove refined integ-
rality results for character sums using CTST. The refined integrality results are used in the
next subsection, where we give generalized integer partitions of the integers ng and n¢. These
consist of the expression of ng or n¢ as a sum of zeroes with a multiplicity along with a pos-
itive integer equipped with a partition and the negative of another positive integer equipped
with a partition. These expressions are obtained by inspecting the column C adding up to n¢
in terms of level sets of a function defined by considering all the columns other than C which
are all integers. For the row R the generalised partition is obrained from the row-column dual
of the construction used for C. As mentioned, Galois theory is a powerful toolbox for studying
number and field theoretic properties of characters. Therefore, we have dedicated section 4 to
the Galois theory actions on conjugacy classes and representations of finite groups, and their
consequences of interest in relation to CTST. We start with a review of the background and
then prove a set of generalizations of the previously mentioned integrality results obtained
from G-CTST and R(G)-CTST. In section 5 we use Galois theory to study the number of

4
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integer rows and integer columns of character tables. In section 6 we describe an algorithm
which starts from the G-TQFT and arrives at the R(G)-TQFT. The same algorithm applied
to the R(G)-TQFT produces the G-TQFT. The problem of deducing the integrality results in
section 2 from this construction of the duality involves some challenges which we discuss.

In appendix A we prove that the fusion algebra defines a TQFT by explicitly exhibiting the
Frobenius algebra structure. Appendix B contains a proof of the Vandermonde matrix lemma
used to prove the refined integrality results in section 3. We have put some additional construct-
ive formulas and algorithms based on the R(G)-CTST in appendix C. We explore an interesting
connection between Harada’s conjecture and row-column duality in appendix D. The supple-
mentary material contains a table of groups of order up to 100, the number of integer rows
and columns in the character table of these groups, and the isomorphism class of their Galois
groups. We also compute this data for sporadic groups.

2. Row-column duality

In this section we will review the combinatorial construction of partition functions in
a Dijkgraaf-Witten theory based on finite group G, following the presentation in [14].
Closely related discussions have appeared in [22, 23] motivated by the investigation of low-
dimensional models of wormhole physics [24]. We follow this with a review the derivation
from [15] of integrality properties of partial sums along a column of the character table of G.
We then give a combinatorial description of a dual TQFT, based on the fusion algebra R(G),
which gives integrality results for partial sums along rows rather than columns.

2.1 G-CTST

The Dijkgraaf-Witten theory for a finite group G can be described as follows. Let C(G) be
the group algebra of a finite group G and Z(C(G)) the subalgebra of central elements which
commute with all C(G) , also known as the center of C(G). The center of a finite group algebra
has two useful bases. The first one is based on the set

Cl(G) ={Cy,...,Ck}, @2.1)

of distinct conjugacy classes of G, which can be used to label a set of basis elements of the
center since

IC1(G)| = dim Z (C (G)). 2.2)

The sums over elements of each conjugacy class are central elements

Te=Y s 2.3)

gecl

The set

{T¢,s-- -, Tcy}s 24)

form a basis of the center.
The second basis is labelled by irreducible representations of G. It is a standard result in
representation theory that

ICL(G)| = |l (G)], (2.5)
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where

Irr (G) ={Ry,...,Rk}, (2.6)
is a complete set of non-isomorphic irreducible representations of G. This implies that

|Irr (G)| = dim Z (C(G)), 2.7

and in particular there exists a basis for Z(C(G)) labelled by irreducible representations of G.
The representation basis is constructed using irreducible characters x* of G

Pe= 2% > X (e e= |d(’;| > (R (), (2.8)

geG g€eG

where x®(g)) is the complex conjugate of x%(g) and dg = x*(1) the dimension of R. The two
bases are related by

dg —
Pr=— R\T, 2.9
"= 1G] > (Tc (2.9)
CeCl(G)
and
R
_ X" (Tc)
Te= Y. i Pr, (2.10)
ReIr(G)
where
xR = xR (g)for anyg € C. (2.11)

Note that the structure constants fg? ¢, in the conjugacy class basis, defined by

Te,Te, = Z 18 Te, (2.12)
C5€CI(G)

are integers. They have an expression in terms of characters

|Ci[ |G, 1 ®
fee. =TT 2 gXexexd: @.13)
REIT(G)

The structure constants in the representation basis are diagonal,
PR, Pr, = Op,r,Pr,- (2.14)

so that the projectors form an orthogonal set and further satisfy the completeness property

Z Pr=1. (2.15)

Relrr(G)

To define the partition functions in a Dijkgraaf-Witten theory we introduce the delta func-
tion on G

1 if gis the identity,
5(g)= { y Y 2.16)

0 otherwise.
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In the representation basis we have
L &
—0(PR) = —> Z =K. (2.17)
[T o Gl

We use the following short-cut to arrive at the genus A partition functions. Define the handle
creation operator

GI°
= § 2 = P (2.18)
ReTr(G)
Because
XR
TcPg = |C| 2 Py, (2.19)
dr

the eigenvalues of the integer matrix f¢ of structure constants are given by normalized char-
acters. In particular, using (2.9) we have

oyl |G| S W= Y |C|| ffTe= 3 SymCu(f)Te,  (2.20)

REIrr(G) R ceci(o) CeCI(G) CeCI(G)
where
1G]
SymC = (2.21)
ek

is the size of the centralizer of g € C. Therefore, it is possible to express II as an integer linear
combination of conjugacy class basis elements.
Inserting powers of the handle creation operator into the delta function gives

@5 =y (C;')ZH. (2.22)

Relr(G) dr

This is the partition function of a manifold of genus 4 with no boundaries,

Z¢ = (2.23)

In general, we are interested in partition functions of manifolds with boundaries labelled by
conjugacy classes. For example, the genus zero partition function with b boundaries labeled
by conjugacy classes Cy,...,C} is equal to
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280 CriiCy = @5(%1 o Tg,) = (2.24)

This can be re-expressed in terms of characters of G using (2.10), (2.14) and (2.17)

dz X*(Tc,)  x*(T¢,)
Ziocia= D s ” (2.25)
= 9 l;"';Cb 2 e :
Relrr(G) |G| dr dr
d3 X¢ X¢
=Y Ela dC‘...|c,,|d—Cb. (2.26)
gem) |Gl R R

To compute genus £ partition functions with b boundaries we insert handle creation operators

dr dg

dr

1 G|\ R (T, R(T,
Zocrc,= 8 (WTe, .. Te) = Y (") XTe) X' (Te) 2.27)
ReIr(G)

----- b |G\

(2.28)

2.2. Integral partial column sums from G-CTST

We now review relevant integrality results from section 3.4 of [15], based on the above con-
struction of G-CTST.

Let D € CI(G) be a conjugacy class such that x¥ is an integer for all R € Irr(G). That is, D
defines an integer column in the character table of G. Note that this implies that

R R
X" (Tp) XD
= |D| 22 2.29
dR | ‘ dR ( )
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is rational for all R € Irr(G), which will be important in what follows. Fix an irreducible rep-
resentation S € Irr(G) and define the set

[($,D)] = {R € Irr (G)s.t. X" (Tp) _ xX* (Tp) }

dr ds
X5 X2
={RecTr(G)s.t. |[D| 22 = |D| =2 (2.30)
dr ds
R S
Xp _ Xbp
={RETr(G)s.t. 22 =224
{ €lrr (G)s de ds}

It was proved in [15] (proposition 3.4.1-II) that

XR
> Idl el 2.31)
RE((5.)]

for every C € CI(G).
The proof uses the family of partition functions

(2.32)

R b R
> X“(Tp)\ x"(To)
ZE:l;Db’C: < > dp -

Relrr(G) dr

for b a non-negative integer. The sum over irreducible representations is organized in terms of
R
level sets of the normalized characters %

, b
R T R T,
2 me=S (X(D)) 3 %, (2.33)

R’ dr: re(R'.p)] K
where the first sum is over a set {R7, ..., R/} of irreducible representations such that
X5 X 2.34)
de" ey :

are all distinct. Now we restrict to the partition functions with b = 1,... k. We defined (2.30)

R
as the set of irreps having a fixed normalized character | D| ’;—1’: which implies that the conjugacy
class D determines a set partition of the set of irreps Irr(G) :

[(R{,D)]U[(R,D)]U...U[(R;,D)] =Trr (G). (2.35)
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Equation (2.33) can be understood as a matrix equation

y=Vx ; withindices explicit y, = Z VbR XR (2.36)
R/
where

Yo =Zpy 1. (2.37)

R T, R
Xpr = X Te) _ Y oie (2.38)

dr dg

Re[(R',D)] RE[(R',D)]

¥ (1))’ 5\’
Vi = | X220 — [ p|X2 ) | (2.39)
dr dy:

Since we assumed that \X is an integer for all R, the matrix V is a k X k Vandermonde matrix
with rational entries. Consequently, the inverse matrix V! is a rational matrix as well and we
have

X = Vily. (240)

The r.h.s. of this equation is rational vector, while the 1.h.s. is a vector of normalized characters
which are known to be algebraic integers. An algebraic integer is rational if and only if it is an
integer and therefore

xX* (Tc) X¢
xs= 3y = > |C|d—CeZ. (2.41)

RE[(S,D)] dr RE[(S,D)] R

which is the result (2.31).
Integrality can also be shown for sums over irreducible representations with fixed dimen-
sion. Define the sets

_ |G _ |G
[dRI] = {R S II‘I‘(G) s.t. d% = dl%, (2.42)
= {R c Irr(G) s.t. dg = dR/} . (2.43)

A slight variation of the above construction, using insertions of handle creation operators, was
used in [15] to prove that (see [15, proposition 3.4.1-11])

> xbel (2.44)
RE[dg/]

Since the sum of characters along any column is equivalent to a sum of partial sums over
irreducible representations of fixed dimension the following proposition follows.

10
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Proposition 2.1. Column sums of character tables are integers

Y xéez, vCedl(G). (2.45)
Relr(G)

Interestingly, the above sum is not necessarily positive, but a simple G-CTST proof gives
the following proposition.

Proposition 2.2. Let 7" be the set of positive integers, then

T
3 TS g4 YC € CL(G). (2.46)
ReIr(G)

Proof of proposition 2.2. Consider the amplitude

X

Zy o= ‘ S(II T¢) = (2.47)

ReIr(G)

the 1.h.s. is a positive rational number for all C € CI(G), while the r.h.s. is a sum of algebraic
integers. Therefore, it is a positive integer, which proves the proposition.

The equation (2.31) involves sums over sets of irreducible representations (irreps) which
are level sets of a function of irreps defined by a conjugacy class S. A natural question to ask is
if similar integrality results exist for sums over level sets of conjugacy classes. In other words,
are there similar integrality results to the above obtained by exchanging the role of rows and
columns of character tables. Analogies between rows and columns have motivated a number
of investigations on number-theoretic properties of characters [20]. In the next section we will
introduce a new TQFT based on fusion algebras. A similar algebra was defined in [21], but
with different Frobenius structure. We will find that the one used in the next section is the
natural setting for deriving integrality results in the context of CTST which are dual under an
exchange of rows and columns to the above integrality results. This motivates the notion of
a physical row-column duality in the context of CTST which provides a physical framework
for thinking about mathematical analogies based on the exchange of rows and columns of
character tables.

2.3. R(G)-CTST

In this section we give a formulae for the partition functions in the R(G)-TQFT in terms of
fusion coefficients (tensor product multiplicities) of irreps of G. This is analogous to formulae
in the the previous subsection for G-TQFT with fusion coefficients replacing class algebra
structure constants in the central algebra Z(C(G)). To define a TQFT, it is useful to appeal
to the language of Frobenius algebras. In appendix A we show that the set of distinct (iso-
morphism classes) of irreducible representations of G can be given the structure of a com-
mutative Frobenius algebra, using fusion coefficients, and therefore defines R(G)-TQFT. The
appendix contains expressions for genus / partition functions with n boundaries, derived using
the Frobenius structure. In this section we show that equivalent expressions can be computed
using a handle creation operator ©, counit € and fusion of irreducible representations.
The algebra underlying the R(G)-TQFT is a vector space of dimension

dimR (G) = |Irr (G)], (2.48)

1
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where Irr(G) is a complete set of non-isomorphic irreducible representations of G. It has a
basis

{ag,,...,arc}, (2.49)

where the structure constants

Niir, = |G|Zx’“ X (2) X% (g)- (2.50)
geG

are fusion coefficients and

apag, = Y Nigar,. (2.51)
R;€lr(G)

The trivial representation, denoted Ry, corresponds to the identity in this algebra: ag,ar = ag.
The fusion algebra has a basis of orthogonal idempotents (projectors)

2.52

Ac= Sym C Z XCaR7 (2.52)

where Sym C = |G| /|C| as in (2.21). The orthogonal idempotent property is expressed in
AcAc, =0c,6Ac, (2.53)

This proved as follows

1 1 0 3
AcAc, = — K p
A, SymC; SymC; ER: Xc,ar zs: Xc,as

_ 1 1 RS
~ SymC; SymGC, ;XCIXCZaR'aS

! 1 R .S afT
- N
SymC; SymC; I;[‘XCIXCZ RSAT

— ! R S ks 1 |Cl
= SymC, SymG, gTXchcz ZC:XCXCXC G|’ .ar
! I

= oc. . cOc,.cSymC; SymC:
SymC, Symczgcj C,,C0C,,coymey dSymes. |G| CaT

1 T
" SymCy ET:XC‘ “rdec
= Ac,0¢,.c,. (2.54)

where we have used an expression for the fusion coefficient as a sum over characters, along
with character orthogonality relations. The equation (2.53) also shows that the structure con-
stants of the multiplication are diagonal in the idempotent basis.

The orthogonal projectors obey the completeness relation

> Ac=a, (2.55)
C
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where Ry is the trivial representation since

1 -
ZAC = Z SyTCZR:X}édR

C C
|CxE
= a
ER: - |Gl :
R 1
ZZX (g )aR
R —1
DN (é )XR°(g) ag
= Z(SR’RO(IRO = dag,- (256)
R

The idempotents are also eigenvectors of the operation of multiplication by ag :
agAc = XFAc, . (2.57)

This is derived as follows
aRAc = L § XS aras
SymC S ¢

1 _
= SymC Z XéngsaT
y S,T
'

_ 1 S R .S . T IC
- SymC;XC;XC/Xc/Xc/ |G| ar

! sos \ ok o1 |C
= < A XcXc' | Xc'Xc' = -ar
s (St

1 7 |C|
= — 5c.c:SymC’) xR L, L
SymCC“T( c,crSymC’) x¢r X ¢ Gl
:E #xRxTar
= SymC €€
1 _
_ Riz T
_XCSymC - XCaT
=xRAc. (2.58)

Comparing (2.57) and (2.51), we see that the matrix Ny corresponding to left multiplication
of ag has eigenvalues corresponding to characters X% for C € CI(G). Therefore, the fusion
algebra gives an algorithm analogous to the Burnside’s algorithm [25-27], which constructs
characters of G from the structure constant matrices f¢ of the centre of the group algebra. As
discussed in section 3.1 of [14], G-CTST amplitudes on genus one surfaces with boundaries
provide the combinatorial data from multiplication of conjugacy classes in Z(C(G)) which

13
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enters the Burnside construction of the normalized characters #RTC) Similarly the corres-
ponding amplitudes in R(G)-CTST give the positive integer fusion data which can be used to
construct the characters x?(T¢).

To define the partition functions of the fusion TQFT we introduce a counit on R(G) (see
(A.11))

1 if R=Ry,
= 2.59
¢ (a) { 0 otherwise. ( )

In the idempotent basis we have
1 Ro 1

= 2.60
¢ (Ac) Sy CZXC SymC SymC (2.60)

Just as in the G-TQFT, it is possible to construct a handle creation operator © in the fusion
algebra such that

A (SO (2.61)
We can define the handle creation operator
©= Y Nar (2.62)

Selr(G)

which reflects the fact that a torus with a hole (labelled with state R) is obtained by gluing two
boundaries from a sphere with three boundaries. The gluing operation is associated with the
sum over S. This can be used to obtain an expression for © as a sum over the projectors Ac. It
is useful to observe

SN = 1 S O 6 )

S geG

= > X (2.63)

CeCl(G)

where the second line is obtained by using the orthogonality of characters to simplify the sum
over S. It then follows, using the formula (2.52) for the projector A¢ that

0= Z (SymC)Ac. (2.64)
C

From (2.60) we have
Z/9 = (@)= e ((SymC)hAK) =3 (symo)", (2.65)
c c

which agrees with (A.28) derived from the Frobenius structure. Genus 4 partition functions
with n boundaries are given by
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Z3D g =e(0"ap, ... (2.66)
From (2.57) we have
£ (@haRl .. .aRn) = Z (SymC)h&t(AcaR] .. .aR”)
CeCl(G)
= Z (SymC)h X¢ - xc'e (Ac) (2.67)
CECI(G)
= Z (SymC)" "B B
CeCI(G)

which agree with (A.41) derived from the Frobenius structure.

2.4. Integral partial row sums from R(G)-CTST

The R(G)-CTST will allow us to derive integrality results for sums of characters along rows.
The proof mirrors that of section 2.2. The input of the integrality properties of multiplication
in Z(C(G)) in the basis of class central elements T¢ (2.12) exploited in section 2.2 will now
be replaced by the integrality properties of fusion coefficients which play a role as building
blocks for amplitudes in R(G)-TQFT.

Theorem 1. Let S € Irr(G) be an irreducible representation such that XSC is an integer for all
C € CI(G). This defines an integer row in the character table of G. Now, fix a conjugacy class
D and define the set

((S,D)) ={CeCL(G)s.t. x¢ = xp}- (2.68)

Now consider any R € Irr(G) with R # S. We will show that

Y xéez (2.69)
ce((S,D))
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Proof of theorem 1. Consider the vector of partition functions

2= Y (E) xE= (2.70)

CeCI(G)
for b a non-negative integer. We organize the sum into level sets

A S (0 N S+ @2.71)

c’ ce((s,.cr))

where the first sum is over a set {C/,...,C;} of conjugacy classes such that

X XC (2.72)
are all distinct and

((S,€N)U((8,C3)) U=+ U((S, &) = CL(G). (2.73)
Now we restrict to the partition functions with b =1,... k. Equation (2.71) is a matrix
equation

y = Vx, (2.74)
where

w=2 (2.75)

Xcr = Z XX (2.76)

(s,cn)
Vier = (Xc')b- 2.77)

The matrix V is an integer k x k Vandermonde matrix and its inverse V! is a rational matrix.
We have

x=Vly (2.78)

The Lh.s. is a vector of algebraic integers and the r.h.s. is a vector of rational numbers.
Therefore

= Y xtez, (2.79)

ce((8,0))
for all R € Irr(G), which concludes the proof of theorem 1.

16



J. Phys. A: Math. Theor. 57 (2024) 065202 A Padellaro et al

Proposition 2.3. A useful special case to consider is S = Ry, the trivial representation, and
any D € CI(G). Then

((Ro,D)) =CI(G), (2.80)

and it follows that

Y Xéew, (2.81)

CeCI(G)

for any R € Trr(G).
In fact, the R(G)-CTST readily gives the following positivity property.

Proposition 2.4. The sum

> xéezt, (2.82)
ceCI(G)

for any R € Irr(G).

Proof of proposition 2.4. Consider the partition function the expressions for Zf(j) r Obtained
by specialising (2.67) to

73D =c@ap) = > & (2.83)
CeCl(G)
We also have
W= > NS (2.84)
Seln(G)

using the identity (2.63). Since the fusion coefficients N’S% are positive, the proposition follows.

3. Row-column duality: refined integrality properties of rows/columns and
generalised partitions

In this section we will extend the techniques used in the previous section to prove refinements
of the character integrality results in [15, section 3.4]. In particular, we relax the assumption
that entire rows/columns are integer. As we review in section 4, these results can also be proven
using Galois theory. Here, we give a combinatorial topological string theory derivation and
interpretation of these results. We end this section by highlighting a new partition structure in
the integer row and column sums that emerges from our considerations.

3.1. Refined integral column sums from G-CTST
In this subsection we will use the following lemma, which we prove in appendix B.

Lemma 1. Let Z be a diagonalizable K x K matrix of non-negative integers with eigenvalues
Al ..., Ak. Let the set of distinct eigenvalues be {z1,.. .,z }. Note that k < K generally. Define
the k x k Vandermonde matrix

V=20 (3.1)
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In general, the eigenvalues z1, . .. ,zx are algebraic integers. But suppose z; is rational, then the
inverse Vandermonde V~" has rational entries in the jth row:

(V“)MEQ Vbe{l,... k}. (3.2)

We are interested in the special case of z; being an integer.
The first character integrality result, which we will now prove, is the following.

Theorem 2. Let D be a conjugacy class and S an irreducible representation of G such that

x* (Tp)
ds

Define the subset of Irr(G)

XS
= |D| [7? € Z. (3.3)

R S
[(S,D)] = {R € I (G) s.t. & CgTD) =X C(JTD) } (3.4)
R S
X5 xf)}
=JRelr(G)s.t. |D| 22 = |D| 22 1. 3.5
{Rem(G)se D122~ 101 4 6:5)
Then the sum
R R
3 %: 3 |C|§ez, VC e Cl(G). (3.6)
R

rRe[s,p)] R RE[(S,D)]

is an integer for all conjugacy classes. Note that, compared to (2.31), we have dropped the
assumption that x® is an integer for all R € Irr(G).

Proof of theorem 2 (Constructive). To prove the above result, consider the /-dimensional
integer vector y = (y1,...,y;) of amplitudes

R b R
_ _ X (Tp) " x"(Tc) _
¥ (D,C) =7\ py o= ER ( & ) A b=1,...,L (3.7
where [ is a non-negative integer. We re-write the sum as a sum over level sets
, b
R R
x* (Tp) X" (Tc)
D,C)= E TR E e 3.8
Vb ( ; ) ( dR’ ) dR 3 ( )
R’ RE[(R',D)]
where the first sum is over a set of irreducible representations R/, ..., R/ such that

xR (Tp) xR (Tp)
dR ] ’ ) dR/" y

1

(3.9)

are all distinct and

[(R1,D)]U[(Ry, D)]U--- U[(R,D)] = Irr (G). (3.10)
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Now we restrict to the partition functions with b = 1,... k. Define the vector
R
xc (Tc)
(D,C) = A 3.11
e (D,C)= Y o 3.11)
RE[(R’,D)]
and the k x k Vandermonde matrix
b b
R’ R" (T
Vo (D) = [ D] 22 ) = (X 122) o)) (3.12)
dg dg
Note that
R T, R
TCPR:X ( C)PR:|C| EPR, (3.13)
dg dg

and therefore normalized characters are the eigenvalues of the integer structure constant matrix
fc, as required to use the inverse Vandermonde lemma. Now equation (3.8) reads

y(D,C) = V(D)x(D,C). (3.14)

Since V(D) is a Vandermonde matrix of distinct normalized characters it is invertible and

x(D,C)=V~'(D)y(D,C). (3.15)
In terms of the inverse Vandermonde, equation (3.6) reads,
K
xS(D7C): (V_l)s},(D)yb(D7C)' (3.16)
b=1

By lemma (3.2), (V~!)g,(D) is rational for all b= 1,...,k. Since y, is an integer vector, the
r.h.s is rational. The 1.h.s is a sum of algebraic integers. A sum of algebraic integers that is
also rational is necessarily an integer. This concludes the constructive proof of theorem 2. In
section 4 we give a Galois theoretic proof of the same proposition.

The sum in (3.6) was specified by a single pair (S, D). We now prove a refinement of the
above proposition.

Theorem 3. Consider two pairs (S1,D1),(S2,D,) with the property

XS] (TDI) st (TDz)

€. 3.17
s, ds, (3.17)
As we will prove,
R
T
3 XTc) g VCeCl(G), (3.18)
RE[(S1.00IN[(S2.D)]
where the sum is over the set
R T, S1 T, R T, Sa T,
[(SI,DI)]O[(SZ,DZ)]:{RGIrr(G)s.t. X)) _ xUb) o X (Tp) X Dz)}.
dg dsl dr dsz

(3.19)
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Proof of theorem 3 (Constructive). To prove this, consider the matrix y(Dy, D5, C) of partition
functions

Yo' (D1,D2,C) = Z°

h=1,Dt,D%" ,C
R T b R T bR T
S (x c(z’D])> (x (dDz)) XCE ) pb =1, (320)
ReIr(G) R K K

for some non-negative integer /. We partition the sum into a sum over level sets

! b bl
Ri(T, R(Tp, R(T
Yopr (D1,D2,C) = <Xd<D‘)) > (X fl“)) XCE o, 3.21)
; R/ R R
R re (57,01
Now we restrict to the partition functions with b = 1, ...,k where k is the number of irreducible
R
representations R with distinct %ﬁ”‘). The k x k matrix
, b
X () (3.22)
dr/ ’

is a Vandermonde matrix with integer row for R{ = §;, by assumption in the theorem. The
inverse Vandermonde lemma argument in the proof of theorem 2 implies that

3 <XR(TDZ)>V XTe) ., (3.23)

relsion dr

We further partition this sum into level sets as

E T\ T (6 T\ T s
Z dr dg 72 drs Z dg (3.24)
Re[(

ReE[(81,D1)] $1,00]N[(Ry.D2)]

where the sum over Rj is a set of irreducible representations such that

R/
T
X2 (To.) (3.25)
dr;
are all distinct, and the union of [(R},D,)] is all of [(S1,D;)]. Now we restrict to the parti-

tion functions with b’ = 1,... k' where k’ is the number of irreducible representations R with

R
distinct %ﬁ”’) Again, it follows by the Vandermonde argument that

R
T

3 XTe) o YC e CL(G). (3.26)
RE[(S1.D)IN[(S2.02)] K

It is straight-forward to generalize the argument to arbitrary numbers of pairs (S, D) with
integer normalized characters. This is proven using Galois theory in (4.38).

20
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Another generalization involves the insertion of handle creation operators to fix dg in the
sums. This can be used to engineer integral sums over set

k(T S(T,

ReIr(G)s.t.X (Tp) _ X (T0) \ 4 dy = s b = (3.27)
dr ds
X5 Xb

ReTrr(G)s.t.|D| 22 = |D| *2and dg = ds § = (3.28)
dr ds

{ReTrr(G)s.t.xy = xp,and dg = ds } . (3.29)

giving the following proposition.

Proposition 3.1. The following sum over the subset of irreducible representations defined
above

> xé (3.30)
R

is an integer for all C € CI(G).

As we will see in section 4, this is a special case of the Galois result (4.37) where the ordered
list of group elements H = (hy,e) with h; € D and the ordered list of integers N = (x3,,ds).

3.2. Refined integral row sums from R(G)-CTST

In this section we will use R(G)-CTST to derive results dual to those above. We will prove the
following integrality of row sums.

Theorem 4. Let (S,D) € Irr(G) x CI(G) such that

x5 € L. (3.31)
Define the following subset of C1(G)

((S,D)) = {CeCl(G)s.t. xe = XD} (3.32)
Then the sums

> xbez, VRem(G). (3.33)
ce((8,D))

are integers.

Proof of theorem 4 (Constructive). To prove this, we follow steps similar to those in
section 3.1. Consider the K-dimensional integer vector

b
SR =720 =3 () xE b=1,...L (3.34)
C

21
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where [ is a non-negative integer. We partition the sum into level sets

wER=D"08)" Y K& (3.35)

c’ ce((s,c"))
where the first sum is over a set of conjugacy classes Cj,...,C; such that
XSC],,...,XSCZ, (3.36)
are all distinct and
((8.€1)U((S,C3)) U=+~ U((S. €))) = CL(G). 3.37)
Now we restrict to the partition functions with b = 1,... k. Define the vector
xe (SSR)= > x& (3.38)
CE((S,C"))
and Vandermonde matrix
Vier (8) = (&)’ (3.39)
Then
y(S,R) =V(S)x(S,R), (3.40)

and since V(S) is a Vandermonde matrix, it is invertible and
x(S,R)=V"'(8)y(S,R). (3.41)

By the Vandermonde lemma (V~!(S))p, is rational for all 5=1,...,K. The Lhs of
equation (3.33) reads

xp(S,R) =Y (V'(S)) 0 (S,R). (3.42)

b=1

The 1.h.s. is a sum of algebraic integers while the r.h.s. is a sum of rationals, and therefore they
are integers.

The sum can be further refined by fixing several pairs (S1,D;),(S2,D3),.... We omit the
constructive proof of this because it mirrors the analogous proof given in the previous subsec-
tion. The Galois theoretic proof of this generalization, and the above special case is found in
section 4 (see Proof of theorem 4* around equation (4.53)).

22
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3.3. Generalized partitions of the integer row sums

Consider the character table & of a finite group G and fix a row S. The sum
> xé=ns, (3.43)
c

is an integer, as proved in equation (2.81). We will now see that this integer has further com-
binatorial structure. We call a triplet [p, ¢, ] where p, q are integer partitions, and r is a list of
zeroes satisfying

dopi=d G+ n=ns (3.44)
j k

i
a generalized partition of ng and write

[p,q.r] E ng. (3.45)

The previous results on integrality of character sums can be used to give a generalized integer
partition of ng.
To see this, construct the table Xlé;és, equal to the original character table but with row S

removed. From this table, construct Xzé;ss,z by keeping only the rows that are entirely integer.

The table X1é¢s,z defines an equivalence relation on conjugacy classes by

C~yg C’if)(lé3'65’Z = Xlé;,és’zfor all rows. (3.46)
The equivalence relation partitions the set of conjugacy classes into equivalence classes
K1,...,k;. The equivalence classes x; are level sets of the vector-valued function
Z
RO =xT57, (3.47)

on conjugacy classes, defined by the integer rows of the character table with row S removed.
They define a set partition of the set of conjugacy classes such that

1
= 3 =Y (3.48)

CeCI(G) i=1Cex;
Let Cy € k1,...,C; € Kk; be a set of representatives. The equivalence classes «; are equal to
the sets
ki= (] (RC)). (3.49)
R#S

R integer row

Consequently, the sums

> xes (3.50)

CEk;
are integers for all S € Irr(G).
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We illustrate the procedure on the character table of Zg,

C1 C2 C3 C4 C5 C6
R, 1 1 1 1 1 1
Ry | 1 & -G-1 G+1 -1 -G
Ry| 1 —-G-1 G G I —-G-1 (3.51)
Ry | 1 1 1 —1 —1 —1
Rs | 1 & -G-1 —G-1 1 G
Rs | 1 —G-—1 G -G -1 G+l
With § = R; we have
Cl Cz C3 C4 CS C6
Ry | 1 G -G-1 G+1 -1 =G
R#R, _ Ry | 1 —G—1 G G I —G-1
X T Rl 1 1 1 1 -1 -1 (3.52)
Rs | 1 G -G-1 —G-1 1 G
Re | 1 —G-—1 G -G -1 G+1
and
R#R\Z _ \ Ci C C3 Cy Cs5 GCq
X TR 1T 1 1 -1 L (3.53)
This leads to the following partition of the conjugacy classes
{C1,C5,C3,C4,C5,Cs} = {C1,C,C3} U{C4,C5,C} = K1 Uky. (3.54)
In particular, we have
S o6 Y b d Y E=3ia (359)
c C=C1,C5,C; C=C4,Cs,Cs
For § = R, we have
C1 C2 C3 C4 Cs C6
R |1 1 1 1 1 1
RAR, _ R3 | 1 —G—1 G G I —-G-1
S 1 1 1 -1 -1 (3.56)
Rs | 1 G -G-1 —G-1 1 G
Re| 1 —G-—1 G -G -1 G+l
and
‘ C] C2 C3 C4 CS C6
XFRE_TRITT 1 1 1 11 (3.57)
Ry | 1 1 1 -1 -1 -1
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This gives the same partition of the conjugacy classes

{C1,C2,C5,C4,C5,Co} ={C1,C2,C3} U{C4,C5,Co} = K1 U kin (3.58)
and therefore
dxE=0= > x&+ D x&=0+o0. (3.59)
c €=C1,C2,C; C=C4,Cs,Cs
Notably, the partition depends on the choice of S. For example, let S = R4, then
C G C; Cy Cs Cs
R |1 1 1 1 1 1
R#Ry _ Ro | 1 G —G-1 G+l -1 -G 3.60
Xc Ry | 1 —-G-1 G G I -G-1 (5-60)
Rs | 1 G —G-1 —G-1 €
Re| 1 —-G-1 G -G -1 G+l
and
R#Ry,Z ‘ Ci G G C4 G GCs
X! " TROPT 1T 111 (3.61)
such that the induced partition is trivial
{C1,C3,C5,C4,C5,Co} = {C1,C2,C3,C4,Cs5,C6 } = Ky (3.62)
Therefore
Doxe=0= 3 xe=0 (3.63
C C=C,,,GC5,C4,C5,C
In the language of generalized partitions, we have found that
[[Svs}aﬂam ':nRH [[]7“7[030]] bnsz [H?H?[OH ':nR4' (3.64)
We now give some examples of character table partitions for a selection of groups. For

each row we give: the value of the characters on each subset «; that partitions the columns, the

corresponding generalized partition [p, g, r] and lastly the integer row sum ng. In
example of Z¢ we find

the familiar

S | K K2 14 q r ns
Ry | [1,1,1] (1,1,1] B33 0 0 6
R2 [17437 _§3 - ] [43 + 17 1 _Cg] [] H [O’O] 0
Ry | [1,-G—1,¢] G, L,—G—1] [l [0.0] ©
Ry [17_1’1’_1717_1] [] [] [] [O] 0
Rs | [1,G,—G—1] [-G-LLG] ] | [0,0] 0
Re | [1,-G—1,G3] 6, -1,G+1] [ 0 [0,0] 0
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(L9¢)
0 [00°0°0°0°0 00 Uo—cusg — Eo] [MEo 4 vty — T 4 Ty — Ty — iy — 1y 4 T — 5] 0] [9—5—s5+H] o [—d |
0 00000000l Usasg+ U5—] [0 — Ty 4 M5 — TEy 4 Ty vty 4 Ty — Pi5Ply — Mo ] o] [B—5—s5+5] [0 k—d | "y
0 100°0°0°0°0°0°0] Uousg+ To—] [0 4 TEo — Ty TEy — iy — vty — FEy 4 M5 — 5+ M9] o] [5+Hes—H-] o [—d | 9
0 (000000 00 ][5z + Go—usg — U5] [MEy — iy — vy Ey — My ety 4 M5 ety — o5 4ty ] o] [o+Hs—b-] o —d | ™
z [0°0°0°0] 1] [aog + Yo— g — Yo usg + Ys—uvg — Ys) [e—] ool [0] [cel | "y
4 o0‘0°0] el [er9g — 5 cusg + Yo — vz — T g 4 T5—] [t—] ool 0] [tal | oy
0 [00000°0°0°0] [ OK0) [85 — 85— 85 — f5— 85+ Iy 85 + §9] o] [35—5—s5+5] [ - oy
0 [b‘o‘0‘0‘0%0°0°0] [0‘0] [894 8585 4 885 — By — e85 — f5— o] [B5+Hss—5-] o] [—d 8y
T [o‘o] [1="1-1] h=1="1—"1-] [a el o] [tal s
T [o<0l [1=1-1 [¢] [t—z=1 o] [ceal %
T lo‘o‘0‘0‘0l i Tt ool o] [g'e—"2l Rl
1 il 11l [ [1] ] [1e1] s
1 i 11l [ [1] 1 [1e1] Y
1 il el h=1=1—"1-] [ [l ] [r1] o
S1 il 11l [t [ [1] ] [1e1] R
Su r 82y Ly 129 29 Ty Ty S
€7 X Lz 10 pue
(99°¢)
199 [AANYY lo‘o] (1] o] [1-] ol =1 sl | o9
32 [o‘00] [cf1sp] [141] lo] [o] [1] o] [e=] [sv] | ¥
Ly [00°0] (1 “pp] [o‘0] ol =l ol [1-] W vl | %
v [0‘0‘0*0] [ror] [+ "o+ o+ 1o+ o —ny— 15— 15— 15—] [o] [1] o] [z—] o] [o1] | 4
v1 [000%0] [to1]  [r—1o—"1o— 1ty — 1ty s _cnypilyp 154 154 1is] [0] 1 o [c-] o] o1l | %
1 [1ze ] [o‘o] (0] ol b=l [c] el [l | <
8 [00%0] [11°01] i=1=1 [+ 59— 5H-] 1 0] 0] M =] o1l | *u
8 [o0¢0] [11¢01] i—a=1  [»— 35—+ %] (1] [0] [0] m =1 [o] | =
i [cirzéon] [1—1-] [1-] [o] [l (1] e fo1] | @
ot ‘1l (1] (1] (1] (1] (1] W ] v
Su d 83y 93 Sy L&) € Ty Iy S

puy am [ [N dnoi3 naryejn ay3 10
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3.4. Generalized partitions of the integer column sums

Similar considerations are relevant for column sums. For a fixed conjugacy class D, the sum

> xb=m (3.68)

Relir(G)

is an integer, as we proved in proposition 2.1. We use a completely analogous set of rules
to partition the columns. First construct the table )(276 p» corresponding to the character table
without the column D. Further, restrict to only integer columns, yielding the table X’é?é pz- The
table defines an equivalence relation on rows

R ~p R'ifxE . 5 = xEL.pp 7, for all columns, (3.69)
that partitions column D into subsets py, ..., p; such that
SRS » s (3.70)
Relr(G) i=1Rep;

For D equal to the conjugacy class of the identity, the sums
Yoxb=dr, (3.71)
Rep; Repi

are manifestly integers. For D different from the identity element, we can prove that they are
integers as follows. Let R; € py,...,R; € p; be a set of representatives. The equivalence classes
are sets

pi = {R €lrr (G)s.t.xf = X’é" for all integer integer columns C # D} . (3.72)

In particular, the column of the identity conjugacy class is always integer and therefore
included in the above set. This forces dr = dg,. Consequently, the equivalence classes can
be understood as intersections of subsets

pi = (N [(R.O)JO| N[dr]. (3.73)
C#D
Cinteger column

The intersection with [dg,] is necessary to force dg = dp,. It follows that
Y xbeL. (3.74)
Rep;

We give examples of generalized partitions of columns for the same groups as above. Note
that the rows now label columns in the character tables. For Z¢ we have

D | p P2 p q r np

G | [1,1,1] [1,1,1] 3,3 [ [ 6

Cy | [1,G,—G—1] [G+1,-1,-G] ] [ [0,0] ©

G| [1,-G—1,G] (G, L, =G =1 ] [ [0,0] 0 (375
Cy | [1,—1, 1, 1L1,—-1] ] | J [0 o

Cs | [1,G,—G — 1] -G—-1,1,G] ] [ [0,0] ©

Cs [la—C3—1>C3] [—G,—1L,G+1] ] [ [0,0] ©
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4. Galois theory for character tables

In this section we will review Galois theory of field extensions and its particular application
to character theory. By focusing on cyclotomic fields, which are the field extensions of Q
relevant to character theory, we are able to give a concrete exposition of their Galois theory.
In particular, this includes explicit descriptions of their Galois groups, associated actions as
automorphisms of the fields, and the fundamental theorem of Galois Theory for cyclotomic
fields. The Galois action on cyclotomic fields gives rise to Galois actions on characters of G
and we use this to study integrality properties of characters.

Consider a finite group G and a representation R of G. From lemma 2.15 in [28], we know
that the matrix R(g) for some element g € G is similar to a diagonal matrix with eigenvalues
g;. If N, is the order of g such that g+ = 1 it follows that

R(gV)=R(g)" =1, (4.1)

and the eigenvalues satisfy eiv*" = 1. Therefore, ¢; are Nfgh roots of unity. Because the character
of R(g) is given by

X e) =) e (4.2)

i

2mi
it lies in the cyclotomic field Q(e ™ ). This is a number field containing elements of the form

2mi

a+bets 4.3)

where a,b € QQ, and their combinations using the field operations +, x. Since roots of unity are
algebraic integers, the character of a representation evaluated on g € G is an algebraic integer
in Q(eZNLgl )-

In general, let E be the exponent of the group G, that is, the smallest integer E such that
g¥ = 1forall g € G. Then the above argument shows that the characters of all representations
of G lie in the cyclotomic field Q(e% ). In fact, from Brauer’s theorem (theorem 10.3 in [28])
it is known that any representation R of a group G can be realized in the field Q(e% ). In other
words, it is always possible to choose a basis such that the matrix elements of R(g) for any
g € G is a linear combination of E" roots of unity with rational coefficients.

In the next subsection, we will go through properties of cyclotomic fields and associated
Galois actions. Then we will show that elements invariant under the Galois group are neces-
sarily rational. Following this discussion, we will study Galois action on group representations
and characters. This will lead to interesting integrality properties of characters.

4.1. Cyclotomic fields and Galois actions

We found that in the study of group representations and their characters, the cyclotomic field
2mi . . . 2mi

Q(e’F) plays a crucial role*. As we will now explain, Q(e"F ) can be understood as a vector

space. An element & € Q(e’F') is called a primitive E™ root of unity if

E=land & #1fork=1,... . E—1. (4.4)

4 For a discussion on general field extensions and Galois actions, see chapters 13 and 14 of [29].
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¢’F') can be understood as a vector space over QQ of dimension ¢(E), where ¢(E) is the
Q

Euler’s totient functiqn (see section 13.6 corollary 42 in [29]). In general, the set of elements
{1,F "5, ... ,e%pq)} form a basis of Q(e’F") (for example, see [30]). Therefore, a

general element of this field is of the form

$(E) -1
a= ) a& (4.5)

k=0
where gy, are rational and & = eE . _

We now define the Galois group and its action on the field Q(e%). The group Z; is the
subset of integers less than E that are also co-prime to E. The product is given by multiplic-
ation of integers modulo E. The Galois group of the number field Q(e%) is the group of
automorphisms of this field which fixes the rationals. In other words, it is a bijective map

27i

o:Q(eF) — Q(e’F") such that for a,b € Q(e’F )
ola+b)=c(a)+o(b),c(axb)=0c(a)xo(b)ando (a) =aVaeQ. (4.6)

The Galois group of Q(e%) is isomorphic to Z; (see section 14.5 theorem 26 in [29]). Let
oc€Zy anda€ Q(e’F), the action of o on a is given by

¢(E)—1 ¢(E)—1
0(a)0< Z ak§k> = Z a&yf . 4.7

k=0 k=0

4.2. Elements invariant under Galois group

In the cyclotomic field Q(e% ) the elements fixed by the full Galois group Z; are precisely the
rationals. To prove this, we will use the Fundamental Theorem of Galois Theory. Stating this
theorem requires the definition of field extensions of Galois type (Galois extensions), which
we now give.

The field F is called an extension of Q if Q C F and the operations in F' (multiplication,
addition) correspond to operations in Q when restricted to the subset Q. In other words, if Q
is a subfield of F. For example, the real numbers are an extension of Q.

A field extension F of Q is called algebraic if for every o € F,

there exists a Py, (x) € Q [x]such that P, () = 0.

In fact, for an algebraic field extension F and o € F there exists a unique polynomial of lowest
degree for which « is a root [29]. This polynomial is called the minimal polynomial associated
with .

An extension F is called separable if for every o € F and minimal polynomial P, (x) of
degree d

{B]Pa(B) =0} =d.

That is, all roots are distinct. F is called a normal extension if for every a € F and minimal
polynomial P, (x)

P, (8) = 0 implies that 5 € F.
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That is, all roots lie in F. A separable and normal extension is called a Galois extension. This
assumption on a field extension allows one to prove the fundamental theorem of Galois theory
(theorem 14 in [29]).

To apply the fundamental theory of Galois theory to the cyclotomic fields, we first show
that it is a Galois extension. The field Q(e’F") is the minimal field containing all the roots of
the polynomial

px)=xF—1. (4.8)

It follows that (@(e%) is a Galois extension of QQ (see theorem 13 in [29]). Therefore, we are
allowed to use the fundamental theorem of Galois theory, which says

Fundamental theorem of Galois Theory for cyclotomic fields: There is a one-to-one cor-
27 .
respondence between the subgroups of Z; and the subfields of Q(e =) given by

KcQ (e%> — H C Zj which fixes all elements in K. (4.9)
HC ZE — Subfield K C Q (e%> of fixed points under H-action. 4.10)

In particular, this theorem also implies that the trivial subgroup of Zy fixes the full field
Q(e%) and the subfield fixed by the full Galois group is the field of rationals.

4.3. Galois action on representations and characters

In this section, we will study how the Galois group acts on irreducible representations and
conjugacy classes [31, 32]. Given a group G and a rePresentation R, recall that R(g) can be
realized as a matrix with components in the field Q(e# ). An element o in the Galois group
of this field acts on the matrix R(g) component-wise resulting in a new matrix o(R(g)). We
know that R(g) satisfies

R(g)R(h) =R(gh) Vg,h € G. 4.11)

This is an algebraic relation

D _Rij(8) Ry () — Ric(gh) =0 (4.12)

between matrix elements. Since (0) = 0 for all o and using (4.6) we have
o | > Ry(g)Ri(h) —Ru(gh) | =D o (R;(g))o (Ri(h)) — o (R (gh)) =0,  (4.13)
J J
or equivalently
o (R(g))o (R(h)) =0 (R(gh)) Vg,h€G. (4.14)
Therefore, o (R) is also a representation of the group G.
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If R is an irreducible representation, so is o (R). This is understood as follows. The character
of the representation R is an algebraic combination of elements of the matrix R. Therefore,
under a Galois action on the representation R, using (4.6) we get

V® (g =D o (Ralg) =0 (D Rals) ) =0 (" (). (4.15)

i

By character orthogonality, a representation R is irreducible if and only if

1
@ZXR(g)xR (g7) =1 (4.16)
geG

Now assume that R is irreducible. The character of o(R(g)) is simply o (x*(g)) and

%‘ZU (@) o (x*(g7")) =0 |1G|ZXR @\ (g )| =c()=1. (4.17)

geG g€eG

where in the first equality we used (4.6). Very similar manipulations can be used to show that
the Galois action preserves orthogonality of irreducible characters. This implies that two non-
isomorphic irreducible representations remain non-isomorphic after the action of the Galois
group. This discussion implies that the Galois action on the set of irreducible representations
is a permutation (bijection) of the irreducible representations.

Recall that the character of a representation evaluated on an element g € G can be
written as

X e)=) e (4.18)

where ¢; are E™M roots of unity. Then, using (4.6) the action of o € Zg is
a(x"(g) =) _ e =x"(g"). (4.19)

where m, is an integer coprime to the order of g corresponding to the Galois action o. For
ease of notation, from now on we will write g"> as g. The action of the Galois group g — g°
takes conjugacy classes to conjugacy classes since

(hgh™")" =hg"n™". (4.20)

Therefore, Galois group also acts on conjugacy classes as a permutation. If g is in the conjugacy
class C € CI(G), and g° € C’ we write o(C) = C’ for the action on conjugacy classes.

To summarize, equations (4.15) and (4.19) are two equivalent ways in which we can
describe the action of the Galois group on characters. The former action is on the irreducible
representations by a permutation while the latter action permutes the conjugacy classes. This
permutation of the conjugacy classes may not be an automorphism of the group.
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4.4. Integrality of characters

We now study the following question: Given the fundamental theorem of Galois theory for
cyclotomic fields, and the action of the Galois group on representations, can we deduce when
a character is integer valued? As we will now prove, x*(g) is an integer if g7 belongs to the
same conjugacy class as g for all o co-prime to E.

The proof goes as follows. From our discussion in the previous section (see equation (4.19)),
we know that the Galois action on x*(g) gives x*(g%). Suppose g° belongs to the same con-
jugacy class as g for all o, then

X*(g7) =x"(g). (4.21)

In other words, x%(g) is invariant under the full Galois group Z; . Then from our discussion in
section 4.2, we know that x*(g) is a rational number. Since x*(g) is an algebraic integer, x*(g)
being rational implies that x®(g) is an integer. In fact, it is sufficient to consider a subgroup
Zﬁg C Zj; of integers co-prime to N,, the order of g. We will not prove this here.

A famous example of this is the symmetric group Sy. In Sy, both g and g for any o co-
prime to the order of g are in the same conjugacy class. Therefore, all characters are valued in
the integers (see page 103, corollary 2 and following examples in [33]).

4.5. Integrality of sums of characters along columns

As we just learned, the integrality of particular characters requires checking non-trivial prop-
erties of powers of group elements. This depends strongly on the group G. In this section we
will find that there exists combinations of characters that are integral for general G.

Proposition 4.1. For any n € N, define the following sum of irreducible characters

Li(g)=> x*(g), (4.22)

where the sum is over the set
{R € Irr (G) |dr = n} (4.23)

of irreducible representations of dimension equal to n.
We will now use Galois theory to show that the sum is an integer for any n, g.
Proof of proposition 4.1. To show this, consider the Galois action on L,(g) by an element
oE ZE s
o(La(8) =Y _o(x"(g). (4.24)
R

Using (4.15), we get

a(La(g) =>_x"®(g), (4.25)

where o (R) is the permutation action of irreducible representations. Since dg is an integer, we
have

dory =0 (X* (1)) = X" (1) = dg, (4.26)

33



J. Phys. A: Math. Theor. 57 (2024) 065202 A Padellaro et al

for every o € Zj; . Therefore, o(R) and R have the same dimension. In particular, the set in

equation (4.23) is invariant under the action of Z é Equivalently, it is a permutation of terms

in the sum (4.22). Therefore, L, (g) is invariant under the action of the Galois group Z; . From

our discussion in section 4.2, we know that L, (g) has to be rational. Since L,(g) is a sum of

algebraic integers, it is in fact an integer. We have proved that L,(g) is an integer for any n and

g € G. For n = dg/ for some R’ € Irr(G), this is the Galois theory proof of equation (2.44).
More generally, we can consider the following sum of characters.

Proposition 4.2. Fix an element h € G, and an integer n. Define the sum of characters

Lui(g) =Y x"(2), (4.27)
R

where the sum is over the set
{ReIrr(G) |x"(h) =n}. (4.28)
If there are no representations satisfying the constraint in the sum above, we define the sum to
be zero. We will show that L, ,(g) is an integer for any n, g, h.
In fact, the proof is the same as above.

Proof of proposition 4.2. Consider the Galois action on L, »(g) by an element o € Zj . We
have

o (Lun(8) =Y o (x*(2), (4.29)

and using (4.15) we get

o (Lan(2) =Y _x""® (g). (4.30)

R

Since n is an integer we have
o (x*(h)) =x"(h) =n, 4.31)

or equivalently o (R) satisfies x®) (h) = n. The Galois action leaves the set in (4.28) invariant.
That is, it only permutes the terms in equation (4.27) for L, ,(g). Therefore, L, ,(g) is invariant
under the action of the Galois group Z . From our discussion in section 4.2, we know that
L, (g) has to be rational. Since L, ;(g) is a sum of algebraic integers, it is in fact an integer.
We have proved that L, ,(g) is an integer for any n and g,h € G.

Proof of theorem 2 (Galois). A small variation of this is to consider a sum over the set

{R € Irr (G) Xl;ih) - q} , (4.32)

where R is an irreducible representation, d its dimension and ¢ € Q. Since

X" (h) Y X" (h) o (x®(h)  x7® (h) I
J( dr > N (XR(1)> a(xR(1)) - Xa(R)(l) =o(q) =g, (4.33)
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the sum

R
3 X dig), (4.34)
R

is invariant under Galois action and therefore an integer. Picking i € D, S € Irr(G) such that

X5
q= —ds €7 (4.35)
gives theorem 2.

Proposition 4.3. Even more generally, for a given set of group elements H= {hy,hy, ..., h,}
and integers N = {ny,ny,...,n,} we can define the sum of characters

Lyu(g)=> x*(g) (4.36)

where the sum is over the set
{ReIr(G) X" (h)=n1,....x"(h,) =n,}. (4.37)

If there are no representations satisfying the constraint in the sum above, we define the sum to
be zero.

It is straightforward to generalize the arguments used above to show that Ly g(g) is an
integer for any choice of H,N and g € G.

Proof of theorem 3* (Galois). As before, we can make contact with section 3 by consider the
set

R(h R (h,
Reln(G) |2 ( 1)=q|,... X ):q, (4.38)
dr dg
The sum
R
Yo X d(g>7 4.39)
R R
is an integer for g1, ...,q, € Q. Picking #; € D; and S; € Irr(G) such that
Si
g="Lcz, (4.40)
ds

gives the generalization of theorem 3. The special case of r =2 is theorem 3.
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4.6. Integrality of sums of characters along rows
We can also prove integrality of sums of characters along rows.

Proposition 4.4. Consider the following sum of characters. Let R; be a fixed representation
of the group and let n be fixed integer. We define the sum of characters

Kig, (R) = Y x"(q). (4.41)
gxf1(g)=n

If there are no conjugacy classes satisfying the constraint in the sum above, we define the sum
to be zero. We will show that K, g, (R) is an integer for any n,R;,R.

Proof of proposition 4.4. Consider the Galois action on K, g, (R) by an element o € Z . We
have

o (Kug, (R) ==Y o (x"(2))- (4.42)

8

where the sum is over the set

{g€G|x" (g) =n}. (4.43)
Using (4.19), we get
o (K (R) =Y x"(g%). (4.44)
8

Since n is an integer, we have

o (x*(g)) =x"(g") =n. (4.45)

Therefore, g7 satisfies x*! (¢7) = n. The Galois action on K,, g, (R) is a permutation of terms
in the sum (4.41). Therefore, K, g, (R) is invariant under the action of the Galois group Zj .
From our discussion in section 4.2, we know that K,, g, (R) has to be rational. Since K,, g, (R)
is a sum of algebraic integers, it is in fact an integer.

We have proved that K, g, (R) is an integer for any n and representations R, R; of G.

Proposition 4.5. More generally, for a given set of group representations I = {R;,R,,...,R,}
and integers N = {ny,n,...n,} we can define the sum of characters

Ky (R) = x"(g) (4.46)

where the sum is over the set

{g€G|X"(g)=n}. (4.47)

If there are no group elements satisfying the constraint in the sum above, we define the sum to
be zero. This sum is an integer for any choice of 11, N and representation R of G.

It is straightforward to generalize the arguments used above to show that Ky 1(R) is an
integer.
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Proposition 4.6. For a fixed integer n, another combination of characters that we have con-
sidered is

M, (R) ==Y x¢ (4.48)
C

where the sum is over the set
{CeC1(G) ||C|=n} (4.49)
If no such conjugacy classes exist, we define the sum to be zero. We will show that M, (R) is

an integer for any n and representation R.

Proof of proposition 4.6. To see this, we again use Galois theory. Consider the Galois action
on M,(R)) by an element o € Z;:. We have

o (M, (R):=> o (x¢) (4.50)

C

Using (4.19), we get

7 (My(R)) =Y Xs(o) 451
C

We will show that |C| = |o(C)|. Indeed,
hgh ™' =1 = hg°h=1"and hg°h=1° = hg° h=1"" = hgh™' =1 (4.52)

where 7 is the inverse of o in Z;, and therefore g"/T = g. This shows that the conjugacy
classes containing |C| and o (C) contains the same number of elements. Therefore, the Galois
action by o on (4.48) is just a permutation of the terms in the sum (4.48). Therefore, M,,(R)
is invariant under the action of the Galois group Z; . From our discussion in section 4.2, we
know that M,,(R) has to be rational. Since M,,(R) is a sum of algebraic integers, it is in fact an
integer.

We now prove theorem 4 and its generalizations.

Proof of theorem 4* (Galois). Using the above, we can prove the generalization of theorem
4. Consider the set

{CeCl(G)|xE =XD,- - XE=x5 1, (4.53)

where S;, € Irr(G), D; € CI(G) is a collection of irreducible representation such that Xg[ eZ.
It follows that

> (4.54)

CeCl(G)

is an integer for all R € Irr(G), where sum is over the set of conjugacy classes in (4.53).
Theorem 4 is the special case of r=1.
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5. Counting rows and columns in a number field

In this section, we will find sufficient conditions for the number of rows of the character table
belonging to a number field F to be equal to the number of columns of the character table
belonging to F. We will begin with a review of general group actions on character tables.
We will state and prove Brauer’s Lemma on Character tables. We will then use this lemma
to show that if the Galois group of a number field containing the character table is cyclic,
then the number of integer rows and columns of the character table are equal [31]. We will
introduce the minimal number field ¢ containing the character table of G and derive necessary
conditions for its Galois group to be cyclic. We will refine these results by showing that the
the Galois group of Fg being cyclic implies that the number of rows in a subfield of Fg is
equal to the number of columns in the same subfield. We will introduce two decorated graphs
which capture the number-theoretic properties of rows and columns of the character table,
respectively. Finally, we will end this section with various explicitly worked out examples
which illustrates our results.

5.1 Counting integer rows and columns

For a group with a cyclic Galois group, the character table has equal number of integer rows
and columns. The main results that goes into proving this statement are Brauer’s lemma on
character tables and the Fundamental Theorem of Galois theory. Let us recall Brauer’s lemma
on character tables and its proof [31, 34] (see also chapter 18 of [1998]). Before stating the
lemma and proving it, let us fix some notation. For a group G, let CI(G) be the set of conjugacy
classes of G. Let g; € C1(G) be some representatives of the conjugacy classes of G where i € [
belongs to some index set. Similarly, let Irr(G) be the set of equivalence classes of irreducible
representations of G and let R; € Irr(G) be some representatives where i again belongs to
the same index set /. Given this choice of representatives, let X be the character matrix with
components

X =x"(g). (5.1)

Brauer’s lemma on character tables: Let A and G be groups and suppose A acts on the set
Irr(G) and CI(G). Suppose this action satisfies

XN (a(g) = x“®) (g) Vijel (5.2)

where a € A. Then a fixes the same number of irreducible representations as conjugacy classes.
Note that the statement of this lemma is slightly different from that in [31]. Indeed, Brauer’s
lemma on character table is usually proven assuming the condition

) (a(g) = X" () Vij € 1 G

which is different from what we have in (5.2). Action of the automorphism group on the charac-
ter table satisfies (5.3) instead of (5.2). For an automorphism « € Aut(G) acting on the group,
the action on the irreducible representations is defined as

X*®(g) == x"(a"'(g))) (5.4)

The inverse action of « on g is crucial to get the equality

P () =% ((08) ™ (8)) = x* (87 (a7 (8))) = X*® (™" () = xR (g)
(5.5)
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for ai, 8 € Aut(G). On the other hand, using (4.15) and (4.19), the action of the Galois group
satisfies

x*® (g) =x"(g). (5.6)

Therefore, when A is the Galois group action on the characters it satisfies (5.2). To prove
Brauer’s Lemma on Character tables, let us introduce the matrices P(a) and Q(a) where a € A.
The matrix P(a) is defined as follows

(P(a)); = Hif &) =x® (5.7)

(P(a)); = 0 otherwise (5.8)
The matrix Q(a) is defined as follows

(0 (a)),j = lif Ky, = Ka(g) (5.9

(Q(a));; = 0 otherwise . (5.10)
We have

(P(a)X); = (P(a); Xy =x"" (g)). (5.11)

k

Similarly, we find that

(XQ(a); = _Xu(Q(a))y=x"(a(g))- (5.12)
k

Therefore, using (5.2) we find that P(a)X = XQ(a). Therefore, P(a) = XQ(a)X~'. Hence
Tr(P(a)) =Tr(Q(a)). Trace of P(a)/Q(a) precisely gives the number of irreps/conjugacy
classes left invariant by the a € A action. If A is cyclic, then we can apply this lemma to a
generator of this cyclic group showing that A acts trivially on equal number of irreps and con-
jugacy classes. _

If A is the Galois group of the Cyclotomic field Q(e% ), then the action of this Galois group
on the irreducible representations and conjugacy classes satisfies (5.2) (see section 4.3). We
are interested in the case where the Galois group Z, of Q(e%) is cyclic. This is the case if
and only if the exponent of the group E is one of the following form: 1,2,4, p*, 2p* where p is
an odd prime and k is a positive integer [36]. In particular, groups of these orders have a cyclic
Galois group. _

While the character table is guaranteed to be contained in the cyclotomic field Q(e% ), this
field is often much bigger than the minimal field containing the character table. For example,
in the case of the group S, the character table contains only integers while the dimension of
the field Q(e%) as a vector space increases with n. Therefore, it is convenient to define the
field F for a group G which is the minimal field containing the character table of G. F is a
subfield of Q(e% ). Moreover, F is a Galois extension of the rationals. This follows from the
Fundamental Theorem of Galois Theory.

Consider the tower of field extensions F'/I/Q, where F is a Galois extension and let N be
the subgroup of Gal(F) which fixes the field /.

N={oeGal(F)|o(x)=aVael}. (5.13)
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A consequence of the Fundamental Theorem of Galois Theory (see chapter 14.2, theorem 14
(4) in [29]) is that the intermediate field [ is a Galois extension if and only if the subgroup N
is normal in Gal(F). Then the Galois group of I is

Gal (I) = Gal (F) /N. (5.14)

In our case, F = Q(e%) is a cyclotomic field for which all subgroups of the Galois group are
normal. Therefore, all intermediate fields are Galois extensions. In particular, F; is a Galois
extension with Galois group

Gal (Fg) = Z} /N (5.15)

for some normal subgroup N. If Z is cyclic, then its quotient by a normal subgroup is also
cyclic. Therefore, if the exponent of the group G is of the form 1,2,4,p*, 2p*, where p is an
odd prime and k is a positive integer, then Gal(Fg) is cyclic. For the rest of this section, we
will assume that Gal(Fg) is cyclic.

From Brauer’s lemma on character tables applied to the case of Gal(F) acting on irredu-
cible representations and conjugacy classes, it is clear that the number of conjugacy classes
left invariant by the full Galois group is same as the number of irreducible representations left
invariant by it. From the Fundamental Theorem of Galois theory (see section (4.2) for a dis-
cussion), if an element of the field extension F is left invariant under the full Galois group,
then it should be rational. Since characters are algebraic integers, if xg,(g;) is invariant under
the Galois group then it should be an integer. Therefore, we get the following theorem.

Equal number of integer rows and columns: For a finite group G, let F; be the minimal
field containing the character table of G. If the Galois group of F is cyclic, then the character
table of G contains equal number of integer rows and integer columns.

A version of this result is stated and proved in [31, theorem 3.3].

5.2. Counting rows and columns in a number field

Given the results in the previous section, it is natural to wonder whether the number of rows
and columns of the character table belonging to a given subfield of Fg is the same. This is
indeed the case. To understand this, note that Brauer’s lemma on character tables is not just
about invariance under the full cyclic group A, but invariance under the action of any element
a € A. In fact, if xg,(g;) is invariant under the action of a € A, then it is invariant under the full
cyclic subgroup generated by a. Therefore, it is natural to consider invariants under subgroups
of A. Then Brauer’s lemma tells us that the number of rows and columns of the character table
invariant under a given subgroup, say B, of the cyclic group A is the same.

When A = Gal(Fg) is the Galois group of Fg, then the Fundamental Theorem of Galois
theory states that subgroups of Gal(Fg) and subfields of F are in one-to-one correspondence.
For every subgroup of H C Gal(Fg), the corresponding subfield is the set of elements in Fg
fixed by the action of H. In the opposite direction, given a subfield, the corresponding sub-
group of the Galois group is that which fixes the chosen subfield. Therefore, by identifying
columns and rows of the character table invariant under a subgroup of the Galois group, we
are equivalently looking at rows and columns of the character table belonging to a subfield of
F. Using Brauer’s lemma in this case we get the following theorem.

Equal number of rows and columns in a subfield: For a finite group G, let F; be the minimal
field containing the character table of G. If the Galois group of Fg is cyclic, then the number
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Table 1. Character table of Zs.

2 3 4 5
1 g g g 8 8
Ry 1 1 1 1 1 1
i 2w i2 27i4 27is
R, 1 e 6 e 6 —1 e 6 e 6
27 2w i2 27 2mi2
R3 1 es e 3 1 e e 3
Ry 1 -1 1 -1 1 -1
2mi2 2mi 2mi2 27
Rs 1 e 3 e s 1 e 3 e s
2mis 2mi4 2mi2 27
Rg 1 e 6 e 6 —1 e 6 e 6

Figure 1. Graph G1 for Zs.

of rows in the character table with entries in a subfield I C F is the same as the number of
columns with entries in /.

This equality can be depicted using a decorated graph. Given the character table of a group,
we define a graph with vertices labelled by the field F; and its subfields. Two vertices labelled
by fields F, K have a directed edge pointing from K to F'if F is a subfield of K. Once we have
this graph, we can further decorate the vertices in the following two ways

1. G1: Label the vertex corresponding to the field F as the number of rows of the character
table contained in that field.

2. G2: Label the vertex corresponding to the field F as the number of columns of the character
table contained in that field.

Then our results above show that the decorated graphs G1 and G2 are the same. Let us study
a few examples to see this explicitly.

5.2.1. Ze.  Consider the cyclic group Zg with character table given in table 1. We find that
all entries in the character table are contained in the field (@(e% ). Since the primitive 6" roots
of unity are negatives of primitive 3™ roots of unity, Q(e%) = Q(e% ). Therefore, the only
non-trivial subfield is Q. The Galois group of Q(e’") is Z,. The character table has some
rows and columns belonging to the subfield Q. The graph G1 defined above constructed for
this particular case is given in figure 1. The number in the vertices of the graph is the number
of rows of the character table contained in the field attached to the vertex. It is easily verified
that graph G2 constructed as defined above is same as this graph.
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5.2.2. 7Z7 xZ3. The group Z;7 X Z3 can be represented by the following generators and
relations

Zq x 73 = (a,bla’ = b*> = 1,bab™" = a*.) (5.16)

It has the character table given in table 2. We find that all entries in the character table are
contained in the field Q(e5",i\/7). iv/7 is contained in the cyclotomic field Q(e’7 ). This
follows from the quadratic Gauss sum [1998]

ank N if p=1mod 4
2_{\/17 Bp="mo (5.17)

e r .
= iy/p if p=3mod4

where p is prime. Therefore, the smallest cyclotomic field containing the entries of the charac-
ter table is Q(e " ). The Galois group of this number field is Z ~ Z5 x Z} ~ Zg x Z,. Let

o1 and o, be generators of Zg and Z, factors of the Galois group, respectively with action on
the number field given by

2mi 2710 2mi i
ogile? |=e T , 0y e | =e 7 (518)

o acts trivially on iv/7 while o acts as o (iv/7) = —iv/7 and o acts trivially on % while
2mi 2mi2 .

opactsas op(e”3 ) =e"3 . Therefore, both oy and o, have order two actions on the character

table. Let us find the rows fixed by o and o5.

o fixes the rows R{,R,R;3 (5.19)
o, fixes the rows Ry, R4, R5 (5.20)

Similarly, let us find the columns fixed by o and o5.

oy fixes the columns 1,a, b? (5.21)
o, fixes the columns 1,b,a>. (5.22)

Note that o fixes equal number of rows and columns. The same is true for o,. This follows
from Brauer’s lemma on character tables as 0| and o, generate cyclic subgroups of the Galois
group. The rows and columns fixed by the full Galois group are

{rows fixed by o1} N {rows fixed by 02} = R; (5.23)
{columns fixed by o } N {columns fixed by o2} = 1. (5.24)

The graph G1 defined above constructed for this particular case is given in figure 2. It is easily
verified that graph G2 constructed as defined above is same as this graph.

This example shows that even if the Galois group is not cyclic, the number of integer rows
and columns in the character table can be equal.

5.2.8. Zpa xZp. Let us consider the group Zj4 X Z; of order 48 which is represented as
a Polycyclic group with 5 generators f1,f2,13,f4,5 in GAP (SmallGroup(48 6)) [38 39 The
clzlar]gcter table is given by table 3 where A = —2i,B=+/3,C = —¢ et ,D=— =T
e .

A belongs to the field Q(e*F"), B belongs to the field Q(e ) and C,D belongs to the field
Q(e®'). Therefore, all entries in the character table are contained in the field Q(e¢ %" ). The

character table has some rows and columns belonging to the subfields Q(e% ), @(6%) and Q.
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Table 2. Character table of Z7 x Z3.

1 a b b? a
R 1 1 1 1 1
R> 1 5 1 e 1
R; 1 e 1 P 1
Ry 3 0 #ﬁ 0 *l%ﬁ
—1-iV7 —1+iV7
Rs 3 0 i 0 147
© Q (uﬁe%)
2mi
eV @ 'y @)

Do

Figure 2. Graph G1 for Z7 % Zs.

Table 3. Character table of Zy4 X Z>.

UL 2 f3 A S fIfZ 2R 25 f3f5 JAS F21315, f2A1S 345 23415
R 11 1 1 1 1 1 1 1 1 1 1 1 1 1
RR1-1-11 1 1 1 -1 -11 1 -1 -1 1 -1
Rz 1 -11 1 1 1 -1 1 1 1 1 1 1 1 1
R 11 —-11 1 1 -1 -1 -1 1 1 -l -1 1 -1
Rs 20 0 -22 2 0 0 0 -2 2 0 0 -2 0
Re 20 —-22 2 —-10 21 -1 —-11 1 -1 1
R 20 2 2 2 -10 2 -1 -1 -1 -1 -1 -1 -1
Re 20 A 0 -22 0 —-AA 0 -2 A -A 0 —A
R 20 —-AO0 —22 0 A -AO0 -2 -A A 0 A
Rw20 0 -22 -10 0 B 1 -1 -B B 1 -B
Rp20 0 -22 -10 0 -B1 -1 B -B 1 B
R20 A 0O -2-10 -AC -B1 D -C B -D
R3320 A 0 -2-10 -AD B 1 C -D -B -C
R4 20 -AO -2-10 A -DB I -C D -B C
Rs 20 -AO0O -2-10 A -C -B1 -D C B D

The graph G1 defined above constructed for this particular case is given in figure 3. It is
easily verified that graph G2 constructed as defined above is same as this graph. Note that in

this case the Galois group of the cyclotomic field Q(e%) is Zyy ~

X

~

Z;XZ;222XZQXZZ

which is not cyclic. Let o1, 07,03 be the three generators of the cyclic factors which act as

2mil3
—e¢ 2

2mi 2mi
o1 e 4 70'2 e 4
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@) ¢ (%)

Figure 3. Graph G1 for Zoy X Z;.

Table 4. Character table of Qg X Zj.
1 f1 2 f3 f4 f5 fIf2 fIf4 f2f4 f3f4 fAf5 fI1f2f4 fIf2f5 f1f2f4f5

R 11 1 1 1 1 1 1 1 1 1 1 1 1
R, 1 -1 1 1 1 I -1 -1 1 1 1 —1 —1 —1
Ry 1 1 —1 1 1 1 -1 1 -1 1 1 —1 —1 —1
Ry, 1 -1 —-11 1 1 1 -1 -1 1 1 1 1 1
Rs 1 A 1 1 —-11 A -A -1 -1 -1 -A A —A
Re 1 —A 1 1 -11 —-A A -1 -1 -1 A —A A
RR 1A -11 -11 —-A —-A 1 -1 -1 A —A A
Rg 1 —A —1 1 -1 1 A A 1 -1 -1 -A A —A
Ry 20 o -22 2 0 0 0 -2 2 0 0 0
R 2 0 0o -2 -22 0 0 0 2 -2 0 0 0
Ri 20 o 0 2 -2B 0 0 0 -2 B —-B —-B
R 2 0 o 0 2 -2 -B 0 0 0 -2 -B B B
Rz 2 0 o 0 -2 -22¢C 0 0 0 2 —C —C C
R4 20 o 0 -2 -2 -C O 0 0 2 C C -C

Similar to the previous example, we can verify that equal number of rows and columns are left
invariant by the full Galois group even though the Galois group is not cyclic. However, as the
next example shows, there are groups for which the number of integer rows and the number
of integer columns of the character table are different.

5.2.4. Qg xZ4. The character table for a semi-direct product of Qg and Z4 denoted in the
GAP library as SmallGroup(32,10) is given by table 4, where A =i, B=es +e°5 =iy2
and C = V2 [38, 39]. We see that the minimal field containing the character table is Fg =
Q(e*F) = Q(i, v/2). The Galois group for this field is Z, x Z,. We will denote the elements
of this group as 01,03,05,07. These elements act as follows

o, (eT) — & a=13,57 (5.26)
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03,05 and o7 generate three Z, subgroups of the full Galois group. These subgroups fixes the
following subfields of F = Q(i,V/2). o3 fixes the field Q(iv/2), o5 fixes the field Q(i) and
o7 fixes the field (@(\/5) From this information, we can look at the rows and columns of the
character table fixed under the action of the generators of Z, x Z,, say o5 and o7

o5 fixes the rows R{,R>,R3,R4,R5,R¢,R7,R3,R9,R10 (5.27)
o7 fixes the rows Ry, Ry, R3,R4,R9,R10,R13,R14. (5.28)

Similarly, let us find the columns fixed by o5 and o7

o5 fixes the columns 1, f 1,12, f3, {4, f5, f 1f4, £2f4, £3f4, fAf5 (5.29)
o7 fixes the columns 1, £2, {3, {4, 5, f2f4, f3f4, f4f5. (5.30)

We find that o5 fixes the same number of rows and columns implying that the number of rows
and columns contained in the field Q(i) are equal. Similarly, we find that o7 fixes the same
number of rows and columns implying that the number of rows and columns contained in the
field Q(v/2) are equal. This is consistent with Brauer’s lemma on character tables. Indeed,
the subgroup of the full Galois group generated by o5 is isomorphic to the cyclic group Z,.
Therefore, Brauer’s lemma applied to this group tells us that the number of rows and number
of columns columns fixed by o5 are equal. This implies that the number of rows and number
of columns columns contained in Q(7) are equal. Similar argument holds for o7 and o3.

Since o5 and o7 generate the full Galois group, the rows fixed under the action of the full
Galois group are given by

{rows fixed byos} N {rows fixed byo;} = Ry, R2,R3,R4,Ro, Ry (5.31)

which are precisely the 6 integer rows of the character table. Similarly, the columns fixed under
under the action of the full Galois group are given by

{columns fixed byos} N {columns fixed byo; } = 1,12.13, f4, 15, 2f4,f3f4,f4f5 (5.32)

which are precisely the 8 integer columns of the character table. Therefore, this example expli-
citly shows that for non-cyclic Galois groups, the number of rows and number of columns fixed
by the Galois group action may not be equal. The graphs G1 in figure 4 and G2 in figure 5
below illustrates the result above.

6. Constructing row-column duality

In this section we will give an algorithm for going from the G-CTST to the R(G)-CTST and
vice versa.

In the G-CTST we have a basis of elements T, where C € CI(G) is a conjugacy class of
G. The size of the conjugacy class is |C|

Te=Y e ©6.1)
geC

The Frobenius form

C
g(Te,Tc,) = ||Gl||5cl,s(c2), (6.2)

where S(C,) is the conjugacy class which contains the inverses of the elements in Cy. For real

groups such as S, S(C) = C.
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Figure 5. Graph G2 for Qg X Za.

The amplitude for three circles going to the vacuum is

1 1 11| G| G5
Zg:o;c],czcg = @MTCI Tc,Tc,) = P Z TXR XeXG,,  (6.3)
R

where \® is the character of a fixed element g € C.

It is convenient to define TE =Tc H On this, the bilinear form is
¢ (Te, Te,) = b, s (6.4)

and the three-to-null amplitude is

~

1 /e
ZhG:O;Cl,Cng = @5 (TCI Tc, TC3) \m

Z V |(j1 ‘CZ |(:3 R R R (65)

Cz C}'
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We also know that the eigenvectors of 7T'c—yviewed as an operator by multiplication in the

centre of the group algebra, are labelled by a label R and their eigenvalues are given by
C
Ex (Tc) = %x’é. (6:6)
R

Note that we can take the point of view that we have a bunch of commuting matrices, with non-
degenerate pairing. R is just a label for the common eigenvectors. It follows, for the rescaled
versions,

—~ v/ |G||C
Er (TC) = &X’é' (6.7)
dr

As we will now prove,

Maxe |Er (7c )| = v/IG1IC]. 6.8)
In particular, we will prove that
IXE| < dp, (6.9)

from which the result follows. Consider an irreducible representation D¥(g) of an element g €
G with order k (g¥ = 1). The representation is similar to a diagonal matrix Diag(\y, ..., Ag,)-
Since g =1 we have (D*(g))* =1 and therefore )\; are kth roots of unity. It follows that
|Ai] = 1. Now consider

IXR(@)] =M+ A S M+ 4 [ A | = dr, (6.10)

where we used the triangle inequality in the second to last step. Equation (6.8) follows.
The handle creation operator in the idempotent basis is

I :Z@PR. (6.11)
= dy
Let us call
GI*
Il = —. 6.12
R 2 (6.12)

Let us now define a dualisation of the eigenvalues by using the components of the handle
operator and the maximum of the eigenvalues

~ / 1 ~ 1
e (7c) = ——Ee (Te) —
HR MaxR ‘ER (Tc>’
dr VIG[ICIX¢ 1
G| dr  \/|G]|C]
_X¢
|G|

(6.13)

Define the constructive dual amplitudes, by using the dualised eigenvalues, fixing a triple of
eigenvectors Ry, Ry, R3 and summing over the label C € C1(G):

2o ko = 3_|Gl.En, (Tc)Er, (T)Er, (?@.(MaxR(\ER(?C) ‘)2. (6.14)
C
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Now plug in all the ingredients of the duality formula

R Ry R3
75, =Ygl X X Xe )6
h=0;R|,R2,R3 Z| ‘ |G| |G| |G| | || |

Z GXENENe (6.15)
Note that the dualized amplitudes are exactly the amplitudes of the R(G)-CTST

= G
Z}?:O;Rl R Ry T Zﬁ(:o);Rl Ra Ry (6.16)

The structure constants of the dual (R(G)) theory have been constructed using a formula
involving an appropriate form of the eigenvalues of the class-algebra theory. We hope that
the same construction ( in terms of eigenvalues ) starting from the dual theory should produce
back the class algebra theory.

So let us start now with the R(G) theory. Here we have

0 (ar,ar,) = Or, s(r,) 6.17)

where S(R;) is the complex conjugate of R,. For real groups such as S,, S(R;) = R,. The
three-to-null amplitude is

ARG R
(O)Rl,Ro Ry = Z|G| cX c2 Xc'- (6.18)

Look at the eigenvalues

Ec(ag) = x%. (6.19)
The maximum of the absolute value is

Maxc |Ec (ag)| = dg, (6.20)

using the same argument as in the previous case. The handle creation eigenvalues are

|G|
e = —. (6.21)
IC]
Use same formula as above for rescaling the eigenvalue
Ee (ar) = —= Eear) 51—
ar) = Eclag) ——————~
T VI Maxc (|Ek (an)))
VIC x¢
=Y _— AC (6.22)
VG| dr

The dualized amplitude is defined as

280, coco = 2 |GL.Ec, (ar) Ec (ar) Ec, (ar) . (Maxc [Ec (ar)]) . (6.23)
R
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Note that this is the same dualization formula as (6.14) by taking the R(G) as the starting point
(rather than the conjugacy class algebra as the starting point). Simplify

Z| V |C Xél V |C ng V |C'5 Xlé% d
VG| dr /|G| dr /|G| dr

N XEXEXE
—Zijwcm/\cz\\/lCﬂ A (6.24)

Note that the amplitude defined by dualising the R(G) theory is exactly the one of the G-CTST

7

=0;C,6,C3

(o R
he01C1,CosCs = Zht5C1,Co (6.25)

So we have applied a duality transformation—for any system of k commuting k X k matrices
with non-degenerate bilinear form—defined by (6.23).

We remark that the above dualisation process lands at the amplitude in the normalized basis
for the conjugacy class algebra. To get the amplitude in the original, unnormalized, basis we
use the combination

Ec, (ar) Ec, (ar) Ec, (ar) X¢ XCOXC
|G]. -(Maxc|Ec (ag)| |C1| G| Ga| ——=—.
Z NaEnirnin Z |G|
(6.26)
This is equal to the unnormalized amplitude Z,—o.c, c,,c;-
These dualisation procedures have some intriguing properties. Let us call the dualisation
procedure (6.14)
81 (26) =29, (6.27)
and the dualisation (6.23)
S, (ZR<G>) —76. (6.28)

Taking the point of view that we have a set of commuting matrices with non-degenerate bilinear
pairing, we observed that Sy, S, are actually the same procedure. However, since

S5 (81 (29) =26 #2°, (6.29)
they are not exact inverses. On the other hand, let the dualisation (6.26)

S5 (ZR<G>) — 76, (6.30)
It has the property that

S5 (81 (z9)) =z°, (6.31)

but S5 is not the same procedure as S;. It would be interesting to investigate if there is a dual-
isation procedure that satisfies both properties in the future.
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7. Conclusions

In this paper we have introduced a new class of combinatorial topological string theories (R(G)-
CTSTs) based on fusion algebras R(G) of a finite group G. They are dual to G-CTSTs based on
Dijkgraaf—Witten theories (G-TQFTs). G-CTSTs have been used to give constructive proofs of
integrality properties of characters, otherwise only accessible by Galois theoretic techniques.
Integrality properties derived from G-CTSTs concern column sums or sums over irreducible
normalized characters for a fixed conjugacy class. Integrality properties derived from R(G)-
CTSTs concern row sums, or fixed irreducible characters summed over conjugacy classes.
In this sense, G-CTSTs and R(G)-CTSTs are dual. We have made a start towards an explicit
construction of the duality map, but there remain issues to resolve in using this construction
in getting the map of integrality results from rows to columns.

We reviewed the application of Galois theory to character tables and showed how it can be
used to derive refined integrality properties of character sums. Naturally, we asked if such
refinements can be constructed using CTST techniques. We answered this question in the
affirmative for large classes of refined sums. The derivation of these refinements in the context
of CTSTs are novel for G-CTSTs as well as R(G)-CTSTs. The result relies on a lemma on
rationality of inverse Vandermonde matrices, which we proved in appendix B.

Following the observation of the refined integer sums, we defined generalized partitions of
the integer row and column sums of character tables. The row sums of characters are posit-
ive integers while the column sums are integers, not necessarily positive. The row sums are
the subject of a combinatorial construction question highlighted in [16]. We showed that the
row and column sums naturally come equipped with the structure of generalised partitions,
determined by integrality properties of the character table. A refinement of the combinatorial
question is to find combinatorial constructions for these generalised partitions. It is also worth
observing that the column sums of the normalized characters are positive integers. These would
also admit generalised partitions along similar lines.

Two very natural extensions of our work involve extending the type of TQFTSs considered.
G-CTSTs have been extended to twisted G-CTSTs defined by twisted Dijkgraaf-Witten the-
ories (twisted G-TQFTs) in [15]. These are defined using a group G and a 3-cocycle in
H?(G,U(1)). It would be interesting to extend our notion of Row-Column duality of CTSTs
to twisted G-TQFTs. Such an extension will provide a physical setting to analyse number
theoretic properties of characters of projective representations of a group.

The TQFTs considered in this paper were of the closed type. They compute topological
invariants of manifolds with closed boundaries. A TQFT that computes topological invari-
ants of manifolds which can have corners/open boundaries is called an open-closed TQFT.
For closed TQFTs determined by semi-simple Frobenius algebras, which includes G-TQFTs,
there exists a classification of the possible consistent extensions to an open-closed TQFT [40].
An extension of the closed G-TQFT is described by the full non-commutative group algebra
C(G). It would be interesting to consider the open-closed extensions of R(G)-TQFTs and their
implications for row—column duality. A closely related direction is to consider extended oper-
ators in 2D TQFTs. It would be interesting to study the number theoretic properties of the
group G contained in the correlation functions of line operators in the G-TQFT and R(G)-
TQFT. Properties of the gauge group that can be constructed from topological line and surface
operators of higher-dimensional quantum field theories were studied in [41].

The Galois group naturally acts on the rows and columns of the character table. Invariants
under this action correspond to integer rows and columns, respectively. The action of the Galois
groups on irreducible representations and conjugacy classes can be used to define symmetries
(in the sense used in [2021, 43]) of the G-TQFT and R(G)-TQFT respectively [44]. It will
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be interesting to study states in the Hilbert space of the G-TQFT and R(G)-TQFT which are
invariant under this symmetry and relate them to the various sums of characters studied in this
paper.

We explained how Galois theory gives a description of sufficient conditions of the number
of integer rows to agree with the number of integer columns of the character table of a group G.
More generally, we considered the number of rows and columns belonging to particular exten-
sions of the rationals. Formulating a CTST approach to these kinds of integrality questions is
an interesting problem.

The G-CTST construction in subsection 3.1 proves that sums of normalized characters over
sets of irreducible representations

R S;
XD, XD,
Relr(G L =X (7.1)
{ @17 d}

are integral. Meanwhile, Galois theory allowed us to prove integrality over sums of irreducible
representations

{Relr(G) \Xgi =n;}, (7.2)

for integers n;. A good future problem is to reconstruct such level sets within the framework
of CTST.

Another problem in finite group representation theory which has a direct link with CTST
constructions is Harada’s conjecture, which we now describe. The ratio of determinants of the
matrix of structure constants in G-TQFT and R(G)-TQFT is given by the product of conjugacy
class sizes divided by the product of dimensions of irreducible representations

[lcIC]
HRdR.

This is explained in appendix D. The integrality of this ratio is the subject of Harada’s conjec-
ture. A better understanding of the construction of row-column duality (developing section 6)
may provide a physical perspective on the conjecture. A broader question is to characterize
the invariants of the row-column duality between G-CTST and R(G)-CTST.

A similar philosophy to the present paper of using stringy constructions to approach prob-
lems in combinatorial representation theory was taken in [45]. Bipartite graphs connected
to string theory were used to give a realisation of Kronecker coefficients, which are tensor
product multiplicities for symmetric groups, in terms of the counting of null vectors of com-
binatorially constructed integer matrices. The construction of such null vectors is amenable to
known combinatorial algorithms for integer matrices. The null vector equations are related
to eigenvalue problems which can be solved using efficient quantum algorithms based on
quantum phase estimation [46] (see also closely related work [47]). This is along the lines
of the use of quantum algorithms for efficient solution of linear algebra problems [48]. The
CTST algorithms of the present paper, which are based on matrix equations, would similarly
be amenable to quantum algorithms. Finite groups arise as hidden symmetries in correlator
computations for matrix and tensor models (see for example recent work [49, 50]) with con-
tinuous group gauge symmetries. This gives an avenue for wider applications in holography
and gauge-string duality for algorithms related to finite group representation theory.

(7.3)
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Appendix A. Frobenius structure of R(G)-TQFT

We define a two-dimensional TQFT using the algebra of representations of a finite group G,
denoted R(G). As a vector space, R(G) has a basis ag labelled by the set Irr(G) of isomorphism
classes of irreducible representations of G. The product 4 : R(G) ® R(G) — R(G) is given by

1t (ag, ,ag,) ZNRT&aR” (A.1)
where
Niig, = ZXR‘ R (2) xR (g). (A2)
gGG
We introduce the graphical notation
Ry
R
Np 13 Ry = (A3)
Ry Ry

The algebra is commutative since Ry ® Ry = R, ® R;. Itis also unital, the trivial representation,
denoted Ry, plays the role of the identity element. Equivalently, we have a unit 5 : C — R(G)
determined by
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Ry

n(1) = agr, = @ (A.4)

and 7(c) = cn(1) for ¢ € C. This definition of an algebra is the one used in [21, definition
2.1.18].

The algebra R(G) is turned into a Frobenius algebra by adding a non-degenerate bilinear
form g : R(G) ® R(G) — C to its structure (see [21, definition 2.2.5]). We use the definition

1
Swir, = 8 (ar,ar,) = 17 D> xR ()X () = dg s (A.5)
geG

where R is the complex conjugate representation of R. Graphically, this corresponds to

9R Ry = @ (A.6)

Ry Ry
It has an inverse
Ry Ry
_ 1 .~
g = g7 ag,, ar,) = @l D XPlg)xTa(g) = 651 = . A
geG
Graphically,
Ry
_ _ sk
= | |=0m (A8)
Ry
Note that the definition (A.5) gives a bilinear form satisfying
8 (aRlaRZ ) aRs) =& (aRl 7aR2aR3) ) (A.9)
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or

(A.10)

The bilinear form defines a counit € : R(G) — C by

8(&3) = g(aRa aRo) = 5RR70 = (SRRO = ‘._- (A.11)
R

where Ry = Ry is the trivial representation (see [21, 2.2.3]). Graphically we have,
—_ @ (A.12)

A Frobenius algebra has a canonical [21, definition 2.3.16] coproduct A : R(G) — R(G) ®
R(G) defined as follows,

Al(ar,) =Y Ni*ag, @ ag,, (A.13)
Ry ,R»
where
N = "N, = Nz (A.14)
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In terms of cobordisms we have

R, Ry

NER2 _ (A.15)

General genus 4 partition functions come from iterated use of the coproduct A followed by
the product . To get a closed manifold we cap off both ends with a unit 7 and counit ¢,

~=--

ZHD — o (o A on(l) = (A.16)
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To evaluate this, note that

podar) = 3 Nin(aw @ ar,)
Ry ,R3

R2R3 R4
Z N, " Ng,g,ar,
Ry,R3,Ry

_ E R3 Ry
= N NRsz ag,-

Ry,R3,R4

We define
Ry RoR3 ARy
NR] - : :NRI NR2R3’
R>,R3

which is equal to

N = LS R () X G e () () X )

|G| Ry,R3,8,h

|C1| |C2| R Ry Ri R
Z —=Xc.Xc Xc XCZXCZXCz
R>,R3,C1,C |G‘

R 2Ry
= Z XCII (5C1C2) XCi

C1,C

—ZXC Xc

Using the above, we can write the genus /4 partition function as

29— NN M

Ri,...;Ry—1
which is equal to

Ryi—r Ry—1 _ Ri—1_Ry
XC1XC1XC2XC7 ‘X X Xe, Xy

C/x
R R/z 1

Summing over the representations and using
Z XC] XCZ 6C1 CZ

together with Xléo =1 gives

h—1
R(G) 5C1C2 |G| 6Ch—lch ‘G| (|G|) h—1
Z = = — = SymC"™".
2= 2 e o —2\jg) X2

Ciy.etsCh
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(A.18)

(A.19)

(A.20)

(A21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)
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The Frobenius structure can also be used to compute partition functions of closed manifolds
with boundary. As a simple example, the genus % partition function with a single in-boundary
labelled by R is given by

h—1
G
70 =co(po) (ar)= Y. NENg..N =3 (||c||) X (A.29)
Ry,..., Ry C
[
= : (A.30)
R
The partition function with 7 in-boundaries is given by
Z00) n =0 (o) W ag @ @ a,). (A31)
To simplify this we first need to evaluate
P (ag, @ ®@ag,) = NglkzNz?Rg o 'NEZ’:;RnaRnL] : (A.32)
We define
N ok, = Nﬁ:RzNz?R} NG (A33)
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and graphically represent it by the cobordism

Nf pyomy = (A.34)
Note that
NﬁTRsz = Nﬁ:Rzl\’Rz’R; (A.35)
\c|z >R (g1) X (80) XK (81X (82) X (82) X% (52)  (A.36)
81,82
1G] 1G] Rl Ry Rl
- Z C1 XCIXC, XCIZXCZXCZ (A.37)
& 6P
‘G|ZXR’ (@) X™ (8) X% (g). (A.38)
Therefore,
Niif..z, = |G|Zx’“ 2 (g)- X (8) X (g)- (A.39)
Going back to (A.31) we have
Zh) k. ZNRIRZ reo (o) (ar) ZNRIRZ 0 2 (A.40)
G
:Z(H) XEXE X (A4
C

Appendix B. Inverse Vandermonde lemma

In equations (3.2), (3.16) and (3.42) we used the following lemma to prove integrality of char-
acter sums.

Lemma. Let Z be a diagonalizable K x K matrix of non-negative integers with eigenvalues
Al ..., Ak. Let the set of distinct eigenvalues be {z1,. ..,z }. Note that k < K generally. Define
the k x k Vandermonde matrix

Vi =20 (B.1)
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In general, the eigenvalues z1, . .. ,zx are algebraic integers. But suppose z; is rational, then the
inverse Vandermonde V~" has rational entries in the jth row:

(V1),,€Q Vbe{l,... k}. (B.2)

In this paper we use this lemma for the special case of z; being an integer.

Before we go into the technical details involved in proving this lemma, let us outline the
proof. We will use the fact that the matrix elements (V~!); , of a Vandermonde matrix can be
written in terms of elementary symmetric polynomials (see section 1.2.3 exercise 40 of [51])

() erp 21,z 1,501, 2)
j Hi;éj (5 —z)

—1 o
(v )L y = , (B.3)
where e, is the mth elementary symmetric polynomial. Given this, it remains to prove that the

these elementary symmetric polynomials are rational. The strategy will be to investigate the
polynomial

k—1

qZJ(x):H(X*Zi): (*l)iei(Zly-~~,Zj—17Zj+1;-~~,Zk)xk717i~ (B.4
i i

I
<)

By proving that gz ;(x) has rational coefficients, it follows that the corresponding elementary
symmetric polynomials are rational numbers. The polynomial ¢z j(x) is closely related to the
determinant

k
(=x)=[[x=2)", (B.5)

1 i=1

det(x—2) =

K
i=

where m; is the multiplicity of the eigenvalue );. The polynomial corresponding to setting
m; = 1 for all i is called the minimal polynomial of Z

k
pz(x) =[] (x—z). (B.6)
j=1
The minimal polynomial differs from ¢z j(x) by a linear factor
pz(x) = (x—2)qz; (%), (B.7)

with z; € Q. As we will prove in the remainder of this appendix, pz(x) has rational coefficients,
and comparing the coefficients on both sides gives that gz (x) has rational coefficients as well.
It follows that

e (21, ,Zi—1,%j41,---,2) € Q. (B.8)
Lastly,

zi(zi—21).. . (5 —z-1) (g —zj41) .- (5 — 2) = 2792, (zj) € Q, (B.9)
which concludes the proof of the lemma in equation (B.2).
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We will now prove that the minimal polynomial pz(x) has rational coefficients. The non-
negative integers are contained in the field Q of rationals and therefore Z is an element of the
set M (Q) of k x k matrices with rational coefficients. Let F be a finite field extension of the
rationals. The minimal polynomial of a matrix X over a field F is uniquely defined as the monic

polynomial pg(F) (x) € F[x] of lowest degree such that

P (%) =0. (B.10)
The minimal polynomial divides the characteristic polynomial (see [52, theorem 3.3.1])

Py (x) =det(x —X). (B.11)
That is, there exists a monic polynomial z(x) € Fx] such that

Px(x) = h(x)py” (x). (B.12)
In particular, the characteristic polynomial Py(x) satisfies

Py(X)=0 (B.13)

and therefore the minimal polynomial of a matrix exists. The minimal polynomial of a matrix

is unique. To show this, suppose p@ (x) and p@ (x) are minimal polynomials of the matrix X.

We have

Py (x) = q(x) P

s

() +r(x) (B.14)

for some polynomials g(x),r(x) € F[x] and the polynomial r(x) has degree less than that of
(F) . .

Px 1 (x). Evaluating on the matrix X, we get

r(X) =0. (B.15)

Therefore, if #(X) is a non-trivial polynomial, then we have a contradiction with the assumption
that pg]) (x) is a polynomial of least degree evaluating to zero on X. Therefore, r(x) = 0. This

shows that p)((Ff (x) divides the polynomial p)((Fz) (x). Since p)((Fl) (x) and p)((F; (x) are polynomials

of the same degree, g(x) must be a constant polynomial. Since pg? (x) and p)((Fz) (x) are also

monic, we must have g(x) = 1 and therefore,

pya (x) :pg,? (x). (B.16)

s

In our particular case, we have X =Z is a matrix with integer entries. Let us show that the

minimal polynomial pg) (x) has rational coefficients. Let

P () =K+ b+ by, (B.17)

be the expansion of péF) (x) with coefficients in F. We will now show that
bicQ. (B.18)
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Let r]@ be the jth row of Z', then

p(ZF) (Z)=Z+ b Z5 - 4 by=0 (B.19)
implies that
k=1 '
r;k) +5 5, r/{l) -0 (B.20)
i=0
for all j = 1,...,K where K is the size of the matrix Z. That is, the vectors ;f](o), e ,;f](k) are

linearly dependent over the field F. Let f; be a basis for the field F' such that

bi=> Bit (B.21)
1

where fy = 1 and §;; € Q. Substituting this into (B.20) gives
k—1 .
AN gl =o. (B.22)
i=0 1

Note that rj(’) are rational numbers. Therefore, the above equation contains a sum over the basis
elements f; with rational coefficients. Since f; are linearly independent over the rationals, this
implies vanishing of all coefficients in front of f; for every I. In particular, using the fact that
fo =1 we have

k—1 k—1
Y Buaor” = <r;"> +> @,Or}’)) fo=0, (B.23)

i=0 i=0

and vanishing of the coefficients in front of f implies

k—1
I’;k)"r Zﬁiﬁor;l) 0. (B.24)
i=0

Since (B.24) holds for all rows j = 1,...,K, we have
Z 4 8102 4 Boo = 0. (B.25)
That is, the monic polynomial p(x) € Q defined by

p(x) =2+ B0 4+ Boy, (B.26)

satisfies p(Z) = 0. However, since the minimal polynomial is unique, we must have p)((F) (x) =
p(x). Therefore, if the matrix is defined over the rationals, the minimal polynomial has rational
coefficients. This justifies the assumption in the above outline of the proof, and therefore we
have proven the lemma.
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Appendix C. Class sizes and characters from R(G)-CTST

In this appendix we construct polynomials F(x), from R(G)-CTST amplitudes, with roots at x =
SymCi,...,SymCy, where SymC = % Thus, solving the polynomial is a constructive method
for finding conjugacy class sizes from CTST. The polynomial F(x) contains contributions from
manifolds with more than one genus. The roots of F(x) are directly related to the eigenvalues
of the handle creation operator. This is analogous to the G-CTST construction [14, 15] of
dimension of irreducible representations, which uses the fact that the eigenvalues of the G-
TQFT handle creation operator are I%IZ_

The handle creation operators can be used to construct level sets of characters with fixed
eigenvalues of the handle creation operator, or equivalently, fixed conjugacy class sizes. Using
the previously constructed conjugacy class data, we give explicit formulas for these character
sums in terms of elementary symmetric polynomials in z; = SymC; and R(G)-CTST amp-
litudes with one boundary but varying genus. This is dual to the G-CTST considerations in
[15], where the handle creation operator can be used to construct level sets of characters with
the same dimension.

By considering surfaces with a single boundary labelled by R, and b boundaries labelled
by R;, we construct level set sums of X’é? with fixed values of Xlél- This is the row-column
dual fo the construction in [15], where surfaces with a single boundary labelled by C; and b

boundaries labelled by C; gave rise to level sets of normalized characters of C.

C.1. Class sizes from R(G)-CTST

To construct classes sizes from R(G)-CTST amplitudes, define

|G|
z2c = +—= = SymC (C.1)
IC]
and the polynomial
F)= ] x—z)- (C.2)
CeCI(G)

The polynomial can be expanded into elementary symmetric functions ey,

F(x) =Y (=) Fer (2, 2¢,) (C.3)
k

where K = |C1(G)|. Elementary symmetric functions evaluated on zx can be expressed in terms
of the partition functions Zﬁ (G), see [14, equation (2.17)]

1\ '
o) = 3 g TH(AG) c

pk

The sum is over integer partitions p = (py,p2,...,px) of k

> ipi =k,and Aut (p) = [ [ #pi!- (C.5)
i
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Substituting (C.4) into (C.3) gives

N\ D
F(x)=> (1) 7+ (li)ut(p) [1(Z)" (C.6)
pkk i

k

and solving F(x) = 0 gives the conjugacy class sizes from R(G)-CTST data.

C.2. Reducible characters over level sets of class sizes from genus h fusion data

In this section we will probe the irreducible representation S using surfaces labelled by a
boundary S with varying genus. The genus one partition function is

1
Zp=1.5 = ZNR,R,S = cl ZNR]_?S
R R
1
= @ZXR(g)xR ()X (2)
g

|C|SymC
= Z TXSC = ZX% (C.7)
c c

and for higher genus we have

(G) _ E: _ _
Zf;s - NRI“'Rh+I7Rla'“7Rh+1:,S

Ry, Ry
1 » 5 _
=g 2 XX ()X (X" (X (8) X ()X ()
& Ri-Rnp

1
= @ZICI (SymC)" x&
C

= Z (SymC)" " &, (C.8)
c

Define the following equivalence relation on C1(G)

C1 ~ Cz if SymC1 = SymCz. (C9)
It partitions C1(G) into subsets x1,.. ., x; such that
Cl(G) =Kk U---UK;. (C.10)

We introduce the notation
z; = SymC, for any C € k;. (C.11)
Now we can rewrite equation (C.8) as
I
zi =3 AN A (C.12)
i=1 Cer;
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Define the /-vector

yn(8) = (Zais, -, Ziguss)
the / x [ Vandermonde matrix

Vii=12

and [-vector

=) i

Cek;i

Equation (C.8) reads
y(S) =Vx(S)

The inverse of the Vandermonde matrix is

1 - (71)17}'81_;, (Z]...
(V )i’h B Hﬁel(

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

This immediately gives a formula for level set sums of characters:

cs2) Zptiss

ZXC Zh 1 )7hel—h(zl~--

Cce Ki

(C.18)

C.3. Constructing sums of characters of R, over level sets of characters of Ry

Similar arguments allow us to obtain sums of characters of level sets of another character. Fix
an irreducible representation R; and consider the partition functions

1 _
z, (Gl)Rh &= 2 Nerrir = Gl DY X @) " () (x
R g R

1
— @ Z |K|.SymK. (x¥' )bxﬁz

Z Rlez

K

Define the equivalence relation

e R R
Ci ~r, Giifxe, = Xcys

on CI(G), which partitions conjugacy classes into subsets x1,. ..

R — Xlé] for anyC € x;.

& ()" X% (g)

(C.19)

(C.20)

, k. Introduce

(C.21)
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We can re-write the partition functions as

!
b
Zg(:cl);k’{;iez = Z (Zfl ) Z Xléz‘

i=l1 Cer;

As before, define the [-vector

y= (Zh:LR{,sz'"7Zh:1,R’1,R2) )
the / x [ Vandermonde matrix

Vp,i(Ri) = (Zfl)b

and [-vector

xi(Ry) = x&.

Cefiz

Then equation (C.22) reads
y(Ri;Ry) = V(R1)x(Ry).
The inverse of V(R)) is
(e ()

R Ry R, ’
i Hj;éi (Zi _Zj>

(V_l)i,b =

which gives

1

! I-b R R
Ry _ D (leh""?Zi—ll’ i+1a~--7111)Zh:1;R’,’;Rz

© R, R _ R
CER; Zi i Zi _Zj

Appendix D. Harada’s conjecture and row-column duality of TQFTs

From class algebra

Te,Te, = Y _fée,Te:
(&)

Define the matrixfc by
c
(fC)CT :fgz‘l :
We know
x*(T¢)
R

TcPg = Pr.

Thus the eigenvalues of fc are %RTC) The determinant is
R
>\ X (TC) - |C| R
det (fc) = H Tk H aXc-
R R
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(C.22)

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)

D.1)

(D.2)

(D.3)
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This gives an integer for every column of the character table. The product
_ AN €l &
X= 1;[det (fc> - 1;“;[%“’ (D.5)

of these integers is an integer associated with the whole character table.
In the fusion algebra theory we have

agas = Nhgar. (D.6)

Define the matrix N for every row by the equation
\T
(NR) = NI (D.7)
s

We have

agAc = xRAc. (D.8)
This the eigenvalues of N are xX. Take the determinant

det (NR) =TI (D.9)

c

This is an integer for every row. Take the product over all R to get
X =] det (NR> ~TITT (D.10)
R R C
Comparing the two we get

X_ 1<l
i_HHdR' (D.11)

This ratio is conjectured to be an integer by Harada (see notes at the end of chapter 4 of [20]
and the paper [53]).
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