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A fractional‑order model 
for optimizing combination therapy 
in heterogeneous lung cancer: 
integrating immunotherapy 
and targeted therapy to minimize 
side effects
David Amilo 1,2,3, Chinedu Izuchukwu 4*, Khadijeh Sadri 1,2,3, Hao‑Ren Yao 5, Evren Hincal 1,2,3 & 
Yekini Shehu 6

This research presents a novel approach to address the complexities of heterogeneous lung cancer 
dynamics through the development of a Fractional-Order Model. Focusing on the optimization of 
combination therapy, the model integrates immunotherapy and targeted therapy with the specific 
aim of minimizing side effects. Notably, our approach incorporates a clever fusion of Proportional-
Integral-Derivative (PID) feedback controls alongside the optimization process. Unlike previous 
studies, our model incorporates essential equations accounting for the interaction between regular 
and mutated cancer cells, delineates the dynamics between immune cells and mutated cancer cells, 
enhances immune cell cytotoxic activity, and elucidates the influence of genetic mutations on the 
spread of cancer cells. This refined model offers a comprehensive understanding of lung cancer 
progression, providing a valuable tool for the development of personalized and effective treatment 
strategies. the findings underscore the potential of the optimized treatment strategy in achieving 
key therapeutic goals, including primary tumor control, metastasis limitation, immune response 
enhancement, and controlled genetic mutations. The dynamic and adaptive nature of the treatment 
approach, coupled with economic considerations and memory effects, positions the research at the 
forefront of advancing precision and personalized cancer therapeutics.

Keywords  Fractional-order model, Combination therapy, Heterogeneous lung cancer, Immunotherapy, 
Targeted therapy, Feedback controls, Optimization

Lung cancer remains a serious challenge in oncology, and it continues to pose significant challenges owing to its 
heterogeneity and intricate dynamics1,2. Lung cancer, standing as the foremost cause of cancer-related mortality 
globally and in the United States3,4, encompasses two primary categories: non-small-cell lung cancer (NSCLC) 
and small-cell lung cancer. Despite progress in early detection and established treatments, NSCLC often presents 
in advanced stages with unfavorable prognoses, urging a more profound exploration of its molecular intricacies5,6. 
This underscores the pressing need for an enhanced understanding of the molecular underpinnings and evolu-
tion of the disease. Diverse factors contribute to the genesis of lung cancer, with smoking, exposure to environ-
mental pollutants, and genetic predispositions being primary culprits7–10. NSCLC, comprising squamous-cell 
carcinoma, adenocarcinoma, and large-cell lung cancer, is associated with smoking, with adenocarcinoma pre-
dominantly affecting nonsmokers11. The complex etiology underscores the urgency for sophisticated modeling 
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approaches that can capture the multifaceted nature of lung cancer progression and guide the optimization of 
therapeutic interventions. Traditionally, lung cancer treatment has relied on aggressive modalities such as chemo-
therapy and radiotherapy12–14. While these interventions have demonstrated some success in reducing tumor 
burden, their efficacy is often accompanied by a high toll on patients’ well-being15–17. Chemotherapy, character-
ized by its systemic nature, indiscriminately targets rapidly dividing cells, leading to widespread toxicity and a 
plethora of side effects18,19. Radiotherapy, though targeted, can result in collateral damage to surrounding healthy 
tissues20,21, further exacerbating the burden on patients. This landscape of high side effects and suboptimal suc-
cess rates with conventional treatments underscores the critical need for novel therapeutic strategies. In recent 
years, the field of oncology has witnessed a paradigm shift with the advent of immunotherapy and targeted 
therapy22–24. These innovative approaches offer more intricate and targeted aggression on cancer cells, promising 
improved outcomes with significantly reduced side effects. Immunotherapy, a revolutionary development, lever-
ages the body’s immune system to recognize and combat cancer cells25,26. By enhancing the inherent ability of 
the immune system to identify and destroy cancerous cells, immunotherapy minimizes harm to healthy tissues. 
Targeted therapy, on the other hand, focuses on specific molecular pathways involved in cancer growth, tailoring 
treatment to the individual’s genetic profile. This precision-oriented approach not only enhances efficacy but 
also mitigates the collateral damage seen in traditional treatments27–29. The research in Ref.30 explored potential 
synergies between emerging cancer treatment modalities—targeted therapies and cancer immunotherapies. 
Targeted therapies, designed to inhibit specific molecular pathways crucial for tumor growth, were observed to 
impact immune development and function. The study demonstrated the ability of targeted therapies to enhance 
processes like dendritic cell maturation, T cell priming, and the formation of enduring memory T cells. The 
authors suggested potential combinations of cancer vaccines with targeted therapies to amplify vaccine responses 
and improve effector T cell function. Furthermore, targeted therapies were found to sensitize tumor cells to 
immune-mediated killing by influencing the expression of death receptors and pro-survival signals. This 
enhanced immune-mediated tumor clearance suggested the potential of combining targeted therapies with 
immunotherapies for more efficient anti-tumor responses. Additionally, targeted therapies exhibited promise in 
reducing tumor-mediated immunosuppression by inhibiting tumorigenic inflammation and suppressing immu-
nosuppressive cell types. This reduction in immunosuppression could potentially synergize with immunothera-
pies designed to generate anti-tumor T cells or enhance their effector function. The authors underscored the 
importance of strategically optimizing the dose, sequence, and timing of targeted therapies in designing future 
clinical trials. This approach aims to maximize anti-tumor efficacy while minimizing potential immunosuppres-
sive side effects. Fractional calculus is an extension and generalization of integer calculus. Fractional calculus, 
with its memory property, proves advantageous in modeling and controlling various physical phenomena, show-
casing its utility in closed-loop systems. Many research in recent times has employed the use of fractional 
calculus31–38. Authors of Ref.39 studied the suitability of fractional-order models in comparison with integer-order 
models in disease progressions. Their research underscored the advantages of fractional calculus, leveraging its 
memory property, a crucial aspect in characterizing biological processes. Their study proposes further explora-
tion of fractional calculus in control theory, highlighting its utility in capturing characteristics evasive to integer 
order systems. Author of Ref.40 highlights the advantages of fractional-order modeling, considering memory 
trace and hereditary traits in cancer. They modeled the interactions between tumor cells, macrophages, active 
macrophages, and normal tissue cells, emphasizing the role of macrophages and normal cells in tumor growth 
and regression. Their findings demonstrate that host cell competitiveness and tumor growth rate significantly 
influence tumor cell loss and eradication time. The study suggests that fractional-order equations provide a more 
accurate explanation of cancer progression, particularly in capturing the different structural aspects of cancer. 
However, the research did not explicitly consider heterogeneity and include optimization and feedback controls 
for treatment regimes with a focus on reducing potential side effects. In Ref.41, the authors developed a Fractional 
Tumor-Immune Interaction Model for Lung Cancer (FTIIM-LC). The study employs the generalized Laguerre 
polynomials (GLPs) method to derive the optimal solution for the FTIIM-LC model. While the numerical simu-
lation provides valuable insights, it may not comprehensively capture the intricacies of real-world tumor-immune 
interactions, underscoring the need for additional empirical validation. Furthermore, the study lacks explicit 
discussions on potential uncertainties or sensitivity analysis concerning model parameters, and critical consid-
erations for real-world applications. Another author’s research42 focused on exploring the dynamics of lung 
cancer through a fractional-order mathematical model that examines the combined effects of surgery and immu-
notherapy. The study aims to optimize treatment dosage based on tumor response using a feedback control 
system designed with control theory, applying Pontryagin’s Maximum Principle to derive optimal conditions34,43. 
To better study the behavior of the proposed model, this model and its corresponding optimal system are solved 
using a predictor-corrector method from the Adams-Bashforth family34. To construct the proposed method, 
Lagrange interpolation method is used44. Numerical results indicate improved patient outcomes with the com-
bined therapy, and the analysis emphasizes the sensitivity of the steady-state solution to specific parameters. The 
optimization models demonstrate improved treatment and dosage adjustments, reducing cancer growth. The 
incorporation of a Proportional-Integral-Derivative (PID) controller enhances the precision of dosage adjust-
ments, maintaining the actual cancer cell population within a specified tolerance of the target. However, their 
model lacked considerations for genetic mutations and immune cells with enhanced cytotoxic activity. This 
omission impeded athorough understanding of the complex dynamics involved in lung cancer progression. To 
address this limitation, our research introduces an improved model featuring essential equations. These additions 
capture the interaction between regular cancer cells and mutated cells, outline the dynamics between immune 
cells and mutated cancer cells, enhance immune cell cytotoxic activity, and elucidate the impact of genetic muta-
tions on the spread of cancer cells. This enhanced model enhances our grasp of lung cancer dynamics, overcom-
ing the constraints identified in their earlier study. Fractional-order modeling, employed in our research, offers 
distinct advantages over traditional integer-order models in capturing the complexities of lung cancer 
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progression. Fractional-order derivatives introduce memory effects, allowing for a more accurate representation 
of dynamic systems with long-term dependencies45,46. This characteristic is particularly pertinent in modeling 
cancer dynamics, where intricate interactions unfold over extended periods. The fractional-order approach 
enables a more faithful representation of the underlying biological processes, enhancing the predictive power of 
the model. PID control, or Proportional-Integral-Derivative control, is a fundamental feedback mechanism 
widely used in engineering and automation47,48. It regulates systems by continuously adjusting inputs based on 
the difference between a desired setpoint and the current state. The Proportional Action responds to the current 
error, the Integral Action addresses accumulated error over time, and the Derivative Action anticipates future 
changes. PID control has diverse applications, including industrial automation, robotics, and medical processes 
like drug delivery and patient temperature regulation, due to its versatility and effectiveness in maintaining 
stability and achieving precise control. Our research builds upon this transformative shift, aiming to integrate 
the benefits of immunotherapy and targeted therapy within the framework of a fractional-order model. The goal 
is to optimize the combination of these therapies, maximizing their impact on cancer cells while minimizing 
potential side effects. The intricate interplay between genetic mutations, immune responses, and the spread of 
cancer cells within the proposed fractional-order model aligns seamlessly with the nuances of these advanced 
medical interventions. The novelty of our research lies in the integration of fractional-order modeling with the 
optimization of combination therapies for lung cancer. While previous models have explored the dynamics of 
cancer progression or focused on optimizing specific treatments, our approach uniquely combines these elements. 
By intricately incorporating immunotherapy and targeted therapy into a fractional-order framework, our research 
seeks to provide a comprehensive tool for tailoring combination therapies based on the specific characteristics 
of the patient’s cancer. Furthermore, our research introduces a novel dimension by integrating feedback control 
mechanisms, specifically PID controllers, into the optimization process. This addition enhances the adaptability 
of the model to dynamic changes in the cancer microenvironment, ensuring that the therapy remains effective 
throughout treatment. This dynamic approach sets our research apart, acknowledging the evolving nature of 
cancer and the need for personalized, adaptive interventions. In this transformative era of lung cancer treatment, 
our research aspires to contribute not only to the theoretical understanding of lung cancer dynamics but also to 
the practical realm of personalized medicine. By tailoring combination therapies through a fractional-order 
optimization model, we seek to amplify the positive impact of immunotherapy and targeted therapy, while 
reducing side effects, ushering in a new era of precision medicine in the heterogeneous landscape of lung cancer. 
Ultimately, our endeavor aims to advance the prospects for improved patient outcomes and a paradigm shift in 
the approach to lung cancer treatment. In therapeutic strategies, a paramount focus emerges on the integration 
of immunotherapy and targeted therapy49–51. Immunotherapy, strategically designed to fortify the body’s immune 
response against cancer, synergistically combines with targeted therapy to disrupt specific molecular pathways 
driving cancer growth. This holistic therapeutic integration lays the foundation for a comprehensive exploration 
of optimized treatment strategies within the context of fractional-order modeling. Within this dynamic land-
scape, an adaptive PID control strategy assumes a pivotal role in optimizing the administration of immuno-
therapy and targeted therapy. This sophisticated control mechanism dynamically adjusts drug dosages based on 
real-time error signals, ensuring a finely tuned and personalized approach to treatment. At the forefront of this 
strategy is the acknowledgment of inherent variability among patients, emphasizing the significance of personal-
ized medicine. By tailoring therapeutic interventions to individual characteristics and responses, this approach 
seeks to maximize efficacy while minimizing adverse effects. The integration of fractional-order modeling and 
adaptive control strategies signifies a paradigm shift towards precision and personalized cancer therapeutics. 
Navigating the intricacies of cancer treatment optimization necessitates the incorporation of real-time patient 
data as a pivotal aspect of the model. This real-time patient data introduces additional variables and biomarkers 
into the model, facilitating a dynamic adaptation of the therapeutic strategy based on emerging patient-specific 
variables that influence treatment outcomes. Beyond the immediate treatment period, the consideration of long-
term effects and survivorship dynamics broadens the scope of the study. This extended temporal perspective 
aims to assess the enduring impacts of the proposed therapeutic interventions on the patient’s well-being. Beyond 
the clinical realm, the economic implications of the proposed therapeutic strategy come into sharp focus. A 
meticulous cost-benefit analysis provides insights into the economic efficiency of the treatment, meticulously 
weighing direct costs against indirect costs and societal benefits. This economic perspective assumes a crucial 
role in guiding resource allocation and decision-making within healthcare systems. Additionally, the identifica-
tion of memory effects within the model contributes biological realism to the computational framework. These 
memory effects, reflecting the persistent influence of past events on current states, seamlessly align with clinical 
observations and provide a more accurate representation of the dynamic interplay within the cancer microen-
vironment. The integration of economic considerations and the recognition of memory effects contribute to a 
more holistic and realistic approach to cancer modeling and treatment optimization. The proposed fractional-
order model, is detailed in system (1) and further extended to system (10). It follows the governing principles 
of lung cancer dynamics as depicted in Fig. 1. The model in system (1) is illustrated in the schematic diagram in 
Fig. 2, and it incorporates variables and parameters described in Tables 1 and 2, respectively. Our approach offers 
several advantages over existing models. Unlike previous models that typically focus either on the dynamics of 
cancer progression or the optimization of specific treatments, our model uniquely combines these elements. By 
incorporating both immunotherapy and targeted therapy within a fractional-order framework, our model pro-
vides a more holistic view of treatment strategies. This allows for a more nuanced understanding of how different 
therapies can be tailored based on the specific characteristics of a patient’s cancer. The use of fractional-order 
calculus in our model offers a more flexible and accurate representation of the complex dynamics involved in 
cancer progression and treatment response. This mathematical approach captures the memory and hereditary 
properties of biological systems, which are often overlooked in integer-order models. Additionally, our research 
introduces the novel integration of PID (Proportional-Integral-Derivative) controllers into the optimization 
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Figure 1.   Lung Cancer Diagram11.

Figure 2.   Schematic diagram of the lung cancer model in Eq. (1).

Table 1.   Variables of the Extended Lung Cancer Model.

Variable Description

N(t) Number of cancer cells in the lung tissue at time t.

P(t) Number of cancer cells that have spread to other parts of the body at time t.

I(t) Number of immune cells in the lung tissue at time t.

M(t) Represents genetic mutations or subpopulations of cancer cells with different characteristics.

R(t) Represents immune cells with enhanced cytotoxic activity.
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process. This feedback control mechanism enhances the model’s adaptability to dynamic changes in the cancer 
microenvironment. By continuously adjusting the therapy parameters, the PID controllers ensure that the treat-
ment remains effective throughout the course of the therapy, accommodating the evolving nature of cancer. The 
combination of a fractional-order framework with feedback control mechanisms allows for highly personalized 
treatment plans. This dynamic approach acknowledges that cancer is not a static disease and requires interven-
tions that can adapt to ongoing changes within the tumor and its environment. This is a significant advancement 
over traditional models, which often apply a one-size-fits-all strategy. However, our approach also has some 
limitations. The integration of fractional-order calculus and PID controllers increases the complexity of the 
model, which may result in higher computational demand. This can be a barrier to its implementation in clinical 
settings where quick decision-making is crucial. Our model requires detailed patient-specific data to accurately 
tailor the therapies. Collecting and validating this data can be challenging andresource-intensive. Furthermore, 
the model’s effectiveness is heavily dependent on the quality and accuracy of the input data. While our model 
shows promise in a theoretical and simulated environment, extensive clinical trials are necessary to validate its 
real-world applicability. Ensuring that the model performs well across diverse patient populations and cancer 
types remains a significant hurdle. The application of our approach requires close coordination between oncolo-
gists, data scientists, and control engineers. This interdisciplinary requirement can be challenging to achieve in 
practice, potentially limiting the widespread adoption of the model. Our paper is structured as follows: we 
establish fundamental concepts in Section "Preliminaries", introduce the model and establish existence and 
uniqueness in Section "Material and methods", conduct stability analysis in Section "Stability analysis", explore 
optimization with drug intervention in Section "Optimization", integrate feedback PID controls into the model 
in Section "Feedback control with PID controller", propose patient stratification and personalized medicine in 
Section Patient stratification and personalized medicine, conduct cost-benefit analysis in Section "Cost-benefit 
analysis", investigate long-term effects and survivorship in Section "Long-term effects and survivorship", and 
perform numerical analysis in Section Numerical analysis. Finally, we present our results and conclusions in 
Sections "Result and discussion" and "Conclusion", respectively.

Preliminaries
In this section, we recall some definitions and properties of fractional integral and derivative, which will be 
used later.

Definition 2.1  Let α ∈ R, n− 1 < α ≤ n, n ∈ N, and g(t) is an absolutely continuous function on the interval 
[0,∞) , then the Caputo fractional derivative of order α is defined as Refs.52,53:

where g(t) is an n times differentiable function and Ŵ(x) is the Gamma function given as follows:

Definition 2.2  The Riemann–Liouville fractional integral of order α > 0 of a function g(t) is defined as52,53:

The above integral exists almost everywhere for any integrable function g(t).

The Riemann–Liouville integral and the Caputo fractional derivative operators satisfy the following property:

c
0D

α
t g(t) =

1

Ŵ(n− α)

∫ t

0
(t − s)n−α−1 g (n)(s) ds, t ∈ [0,Tf ], α ∈ (0, 1],

Ŵ(x) =
∫ ∞

0
e−z zx−1 dz, Re(z) > 0.

RL
0 Iαt g(t) =

1

Ŵ(α)

∫ t

0
(t − s)α−1 g(s) ds, t ∈ [0,Tf ].

Table 2.   Parameters of the Extended Lung Cancer Model.

Parameter Description

�
α Growth rate of cancer cells in the absence of constraints.

K
α Carrying capacity, representing the maximum sustainable population of cancer cells in the lung tissue.

µα Rate at which cancer cells are inhibited by the presence of immune cells.

βα
1 Rate of interaction between cancer cells and immune cells.

φα
1 ,φ

α
2 ,φ

α
3 Parameters related to the effects of growth factors on immune cells and cancer cells.

γ α Rate of growth of cancer cells that have spread to other parts of the body.

δα Rate at which cancer cells that have spread die off.

βα
2 Rate of interaction between immune cells and cancer cells in the lung tissue.

βα
3 Rate of interaction between blood vessels and cancer cells, affecting the spread of cancer.

ζα1  to ζα8 Parameters controlling rates of genetic mutations, interaction rates, and immune enhancement rates.
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Material and methods
The model

with the following initial conditions:

where c0Dα
t  is the Caputo fractional differential operator. All variables and parameters in system (1) are 

non-negative.
Explanation of terms in Eq. (1) are as follows:

1.	 Equation for N(t) (Number of Cancer Cells):

2.	 Equation for I(t) (Number of Immune Cells):

3.	 Equation for P(t) (Number of Cancer Cells that Spread):

4.	 Equation for M(t) (Genetic Mutations):

5.	 Equation for R(t) (Enhanced Immune Cells):

The proposed model in Eq. (1) provides a comprehensive framework for understanding the dynamic complexi-
ties of lung cancer progression, integrating real-life scenarios through a system of fractional-order differential 
equations. The five variables, N(t) (cancer cells), I(t) (immune cells), P(t) (spread cancer cells), M(t) (genetic 
mutations), and R(t) (enhanced immune cells), interact in an intricate manner that mirrors the intricate dynam-
ics observed in actual lung cancer cases. The equation for N(t) captures the growth and inhibition of cancer 
cells, influenced by immune responses and genetic mutations. The logistic growth term with a carrying capacity 
( Kα ) reflects the limitations on cancer cell proliferation, mirroring real cases where the availability of resources 
imposes constraints. The interaction terms with immune cells ( I(t) ) and genetic mutations ( M(t) ) illustrate 
the multifaceted nature of the immune response and the impact of genetic alterations on cancer cell dynamics. 

RL
0 Iαt (

c
0D

α
t g(t)) = g(t)−

n−1
∑

k=0

g (k)(0)
tk

k!
, n− 1 < α ≤ n.

(1)

c
0D

α
t N(t) = �

αN(t)

(

1−
N(t)

Kα

)

− µαN(t)P(t)− βα
1 N(t)I(t)− ζ α1 N(t)M(t),

c
0D

α
t I(t) = φα

1 I0 + φα
2N(t)2 − φα

3 I(t)− βα
2 I(t)P(t)+ ζ α2 I(t)M(t)− ζα3 I(t)R(t),

c
0D

α
t P(t) = γ αN(t)P(t)− δαP(t)− βα

3 I(t)P(t)+ ζ α4 P(t)M(t),
c
0D

α
t M(t) = ζ α5 N(t)M(t)− ζ α6 I(t)M(t)− ζ α7 P(t)M(t),

c
0D

α
t R(t) = ζα8 I(t)R(t),

N(0) = N0 > 0, I(0) = I0 > 0, P(0) = P0 > 0,

M(0) = M0 > 0, R(0) = R0 > 0,

�
αN(t)

(

1−
N(t)

Kα

)

: Logistic growth term with carrying capacity Kα .

−µαN(t)P(t) : Inhibition of cancer cell growth by immune cells.

−βα
1 N(t)I(t) : Interaction between cancer cells and immune cells.

−ζα1 N(t)M(t) : Incorporation of genetic mutations affecting cancer cell dynamics.

φα
1 I0 + φα

2N(t)2 : Growth of immune cells influenced by growth factors and cancer cell concentration.

−φα
3 I(t) : Inhibition of immune cell growth.

−βα
2 I(t)P(t) : Interaction between immune cells and cancer cells.

+ζ α2 I(t)M(t) : Interaction between immune cells and mutated cancer cells.

−ζ α3 I(t)R(t) : Enhanced cytotoxic activity of immune cells.

γ αN(t)P(t) : Growth of cancer cells that have spread.

−δαP(t) : Death of spread cancer cells.

−βα
3 I(t)P(t) : Interaction between immune cells and spread cancer cells.

+ζ α4 P(t)M(t) : Influence of genetic mutations on spread cancer cells.

ζα5 N(t)M(t) : Interaction between regular cancer cells and mutated cells.

−ζ α6 I(t)M(t) : Interaction between immune cells and mutated cancer cells.

−ζ α7 P(t)M(t) : Influence of genetic mutations on spread cancer cells.

ζ α8 I(t)R(t) : Enhancement of immune cell cytotoxic activity.
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In the equation for I(t) , the growth of immune cells is influenced by growth factors and the concentration of 
cancer cells. This mirrors actuality where immune responses are stimulated by the presence of cancer cells 
and other growth factors. The inhibition term reflects the natural regulatory mechanisms controlling immune 
cell proliferation. The interaction terms with cancer cells ( N(t) ) and mutated cells ( M(t) ) depict the immune 
response’s intricate role in recognizing and interacting with both regular and mutated cancer cells. The spread 
of cancer cells ( P(t) ) is governed by factors such as growth, death, and interactions with immune cells. This 
mimics the real-life scenario where cancer cells may undergo metastasis, with the immune system playing a role 
in controlling or influencing this process. The influence of genetic mutations ( M(t) ) on the spread of cancer 
cells highlights the genetic heterogeneity observed in lung cancer and its impact on disease progression. The 
dynamics of genetic mutations ( M(t) ) involve interactions between regular and mutated cancer cells, reflecting 
the genomic instability observed in actual lung cancer cases. The influence of genetic mutations on the spread 
of cancer cells ( P(t) ) underscores the role of genetic alterations in driving the spread and aggressiveness of the 
disease. The enhancement of immune cell cytotoxic activity ( R(t) ) reflects actuality where the immune system 
adapts to recognize and target cancer cells more effectively. The parameters associated with these equations, 
such as growth rates, interaction strengths, and mutation rates, are carefully chosen to mirror the physiological 
characteristics of lung cancer progression. The model operates under the influence of the Caputo fractional dif-
ferential operator, introducing memory effects to capture the persistence of interactions over time. This aligns 
with the real-life scenario where past interactions influence the current state of the system. The initialization 
of the model with non-negative values for variables corresponds to the physiological fact that cell populations 
cannot be negative. These equations provide a detailed representation of the fractional-order lung cancer model, 
capturing the intricate dynamics involving genetic mutations, immune responses, and the spread of cancer cells. 
The fractional-order derivatives add a detailed dimension to the model, allowing for a more accurate representa-
tion of the complex interactions within the lung cancer system. In summary, the fractional-order lung cancer 
model intricately encapsulates the interplay of various factors observed in actual lung cancer cases. From the 
constraints imposed by resource availability to the intricate interactions between immune responses and cancer 
cells, the model provides a comprehensive framework for studying the dynamic and heterogeneous nature of 
lung cancer progression.

Existence and uniqueness of the solution
We rewrite system (1) as:

where,

Theorem 3.1  X ∈ C∗[0, τ ] is the unique solution of the system (2).

Proof  By the Riemann-Liouville fractional integral 2.2 we obtain:

Now, let us define T : C∗[0, τ ] → C∗[0, τ ] by:

Then, we have:

(2)c
0D

α
t X(t) = B1X(t)+ N(t)B2X(t)+ I(t)B3X(t)+ P(t)B4X(t)+M(t)B5X(t), X(0) = X0,

X(t) =
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







N(t)
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R(t)


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




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







�
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0 − φα
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0 0 0 0 0











, B2 =











−�
α

Kα − βα
1 − µα − ζ α1 0

φα
2 0 0 0 0
0 0 γ α 0 0
0 0 0 0 0
0 0 0 0 0











,

B3 =











0 0 0 0 0
0 0 − βα

2 ζα2 − ζ α3
0 0 − βα

3 0 0
0 0 0 − ζα6 0
0 0 0 0 ζα8











, B4 =











−µα 0 0 0 0
0 0 0 0 0
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0 0 0 − ζ α7 0
0 0 0 0 0











, B5 =










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




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.
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X(t) = X(0)+

1

Ŵ(α)

∫ t

0
(t − s)α−1

(

B1X(s)+ N(s)B2X(s)+ I(s)B3X(s)

+ P(s)B4X(s)+M(s)B5X(s)
)

ds.

TX(t) =X0 +
1

Ŵ(α)

∫ t

0
(t − s)α−1

(

B1X(s)+ N(s)B2X(s)+ I(s)B3X(s)

+ P(s)B4X(s)+M(s)B5X(s)
)

ds.
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where p, r, s, and v are the maximum values of N(t), I(t), P(t), and M(t). Thus,

Hence,

Now, if we choose L such that �Lα� > τα

Ŵ(α+1) |B1 + pB2 + rB3 + sB4 + vB5| , then,

where κ = τα

Ŵ(α+1)

∣

∣

∣
L−α

(

B1 + pB2 + rB3 + sB4 + vB5

)∣

∣

∣
< 1. Therefore, T is a contraction and by the Banach 

contraction mapping principle, T has a unique fixed point. That is (3) has a unique solution X ∈ C∗[0, τ ] . Since 
(3) is equivalent to the Volterra integral equation that is equivalent to system (2), we can conclude that 
X ∈ C∗[0, τ ] is the unique solution of system (2). 	� �

Stability analysis
Equilibrium points
To obtain the equilibrium points of system (1), we proceed as follows:

That is, we set the system to zero and solve simultaneously.

The computation for the search for the equilibrium points is very complicated due to the structure of our model. 
Hence, we will not include the computational steps here, but list the equilibrium points that we obtained, as 
follows:

E0 = (0, 0, 0, 0, 0),
E1 =

(

0, 0, 0, δ
α

ζα4
, 0
)

,

E2 =
(

0,
φα
1 I0
φα
3
, 0, 0, 0

)

,

E3 =
(

0, −δα

βα
3
,
−βα

3 φ
α
1 I0+φα

3 δ
α

βα
2 δ

α , 0, 0
)

,

E4 =
(

0,
ζα4 M

∗−δα

βα
3

,
ζα6 (δ

α−ζα4 M
∗)

βα
3 ζ

α
7

,M∗, 0
)

,

E5 =
(

0,
ζα4 M

∗∗−δα

βα
3

,
ζα6 (δ

α−ζα4 M
∗∗)

βα
3 ζ

α
7

,M∗∗, 0
)

,
where
M∗ = −b+

√
b2−4ac
2a  and M∗∗ = −b−

√
b2−4ac
2a ,

a = (βα
3 )

2ζ α2 ζ
α
4 ζ

α
7 ζ

α
6 + βα

3 β
α
2 (ζ

α
4 )

2(ζ α6 )
2,

b = −((βα
3 )

2ζ α7 ζ
α
2 ζ

α
6 δ

α + (βα
3 )

2ζ α7 φ
α
3 ζ

α
6 ζ

α
4 + 2βα

2 β
α
3 (ζ

α
3 )

2δαζα4 ),

e−Lt(TX − TY) =e−Lt
[ 1

Ŵ(α)

∫ t

0
(t − s)α−1

(

B1

(

X(s)− Y(s)
)

+ N(t)B2

(

X(s)− Y(s)
)

+ I(s)B3

(

X(s)− Y(s)
)

+ P(t)B4

(

X(s)− Y(s)
)

+M(s)B5

(

X(s)− Y(s)
))]

≤
1

Ŵ(α)

∫ t

0
(t − s)α−1e−L(t−s)

(

X(s)− Y(s)
)

× e−Ls
(

B1 + pB2 + rB3 + sB4 + vB5

)

ds,

�e−Lt(TX − TY)� ≤
∣

∣

∣
L−α

(

B1 + pB2 + rB3 + sB4 + vB5

)∣

∣

∣
�X − Y�

∥

∥

∥

1

Ŵ(α)

∫ t

0
sα−1ds

∥

∥

∥
.

�TX − TY� ≤
τα

Ŵ(α + 1)

∣

∣

∣
L−α

(

B1 + pB2 + rB3 + sB4 + vB5

)∣

∣

∣ �X − Y�.

�TX − TY� ≤ κ�X − Y�,

c
0D

α
t N(t) = c

0D
α
t I(t) =

c
0D

α
t P(t) =

c
0D

α
t M(t) = c

0D
α
t R(t) = 0.

(4)�
αN(t)

(

1−
N(t)

Kα

)

− µαN(t)P(t)− βα
1 N(t)I(t)− ζα1 N(t)M(t) = 0,

(5)φα
1 I0 + φα

2N(t)2 − φα
3 I(t)− βα

2 I(t)P(t)+ ζ α2 I(t)M(t)− ζ α3 I(t)R(t) = 0,

(6)γ αN(t)P(t)− δαP(t)− βα
3 I(t)P(t)+ ζ α4 P(t)M(t) = 0,

(7)ζα5 N(t)M(t)− ζ α6 I(t)M(t)− ζ α7 P(t)M(t) = 0,

(8)ζ α8 I(t)R(t) = 0.
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c = (βα
3 )

3ζ α6 ζ
α
7 φ

α
1 I0 + (βα

3 )
3ζ α7 ζ

α
6 δ

αφα
7 + βα

3 β
α
2 (ζ

α
6 )

2(δα)2,
E6 = (Kα , 0, 0, 0, 0),
E7 =

(

δα

γ α , 0,
γ α

�
αKα−δα�α

µαγ αKα , 0, 0
)

,

E8 =
(

δα

γ α , 0,
γ α

�
αKα−δα�α

µαγ αKα , 0, 0
)

,

E9 = (
�
αKαζα4 ζ

α
7 −�

αζα1 ζ
α
7 δ

α

�αζα4 ζ
α
7 +µαKαζα4 ζ

α
5 −�αζα1 ζ

α
7 γ

α , 0,
�
αKαζα4 ζ

α
5 ζ

α
7 −�

αζα1 ζ
α
5 ζ

α
7 δ

α

�αζα4 (ζ
α
7 )

2+µαKαζα4 ζ
α
5 ζ

α
7 −�αζα1 (ζ

α
7 )

2γ α , 
δα

ζα4
− γ α

�
αKαζα4 ζ

α
7 −�

αζα1 ζ
α
7 δ

αγ α

�α(ζα4 )
2ζα7 +µαKα(ζα4 )

2ζα5 −�αζα1 ζ
α
4 ζ

α
7 γ

α , 0),

E10 = (
−φα

3 �
α−

√
(φα

3 )
2(�α)2+4Kαβα

1 φ
α
2 (φ

α
3 �

αKα−βα
1 K

αφα
1 I0)

2Kαβα
1 φ

α
2

, 
(�α)2φα

3 +2φα
2 �

α(Kα)2βα
1 −

√
((�α)2φα

3 +2φα
2 �

α(Kα)2βα
1 )

2−4φα
2 (β

α
1 )

2(Kα)2(φα
2 (�

α)2(Kα)2+(�α)2φα
1 I0)

2φα
2 (β

α
1 )

2(Kα)2
, 0, 0, 0),

E11 = (
−φα

3 �
α+

√
(φα

3 )
2(�α)2+4Kαβα

1 φ
α
2 (φ

α
3 �

αKα−βα
1 K

αφα
1 I0)

2Kαβα
1 φ

α
2

, 
(�α)2φα

3 +2φα
2 �

α(Kα)2βα
1 +

√
((�α)2φα

3 +2φα
2 �

α(Kα)2βα
1 )

2−4φα
2 (β

α
1 )

2(Kα)2(φα
2 (�

α)2(Kα)2+(�α)2φα
1 I0)

2φα
2 (β

α
1 )

2(Kα)2
, 0, 0, 0),

E12 =
(

N∗, γ
αN∗−δα

βα
3

,
βα
3 φ

α
1 I0+βα

3 φ
α
2 (N

∗)2−φα
3 γ

αN∗+φα
3 δ

α

βα
2 γ

αN∗−βα
2 δ

α , 0, 0
)

,

E13 =
(

N∗∗, γ
αN∗∗−δα

βα
3

,
βα
3 φ

α
1 I0+βα

3 φ
α
2 (N

∗∗)2−φα
3 γ

αN∗∗+φα
3 δ

α

βα
2 γ

αN∗∗−βα
2 δ

α , 0, 0
)

,
where
N∗ = −b∗+

√
b∗2−4a∗c∗
2a∗  and N∗∗ = −b∗−

√
b∗2−4a∗c∗
2a∗ ,

a∗ = βα
2 β

α
3 γ

α
�
α + µαKαφα

2 (β
α
3 )

2 + βα
2 β

α
1 K

α(γ α)2,
b∗ = βα

2 β
α
3 γ

α
�
αKα + βα

2 β
α
3 δ

α
�
α + µαKαφα

3 γ
α + 2βα

1 β
α
2 γ

αKαδα,
c∗ = βα

2 β
α
3 �

αKαδα + (βα
3 )

2µαKαφα
1 I0 + µαKαφα

3 δ
α − βα

1 β
α
2 (δ

α)2Kα,
E14 = (N̄ , Ī , P̄, M̄, R̄),
where,

N̄ = ζα4 (ζ
α
6 )

2
�
αKα−ζα1 ζ

α
6 δ

α
�
α−((ζα6 )2ζ

α
4 µ

αKα−ζα4 ζ
α
6 ζ

α
7 β

α
1 K

α−ζα1 ζ
α
7 β

α
3 �

α)P̄
ζα4 (ζ

α
6 )

2�α+ζα4 ζ
α
5 ζ

α
6 β

α
1 K

α−ζα1 ζ
α
6 �

αγ α+ζα1 ζ
α
5 β

α
3 �

α ,

Ī = ζα4 ζ
α
5 (ζ

α
6 )

2
�
αKα−ζα1 ζ

α
5 ζ

α
6 �

α−(ζα4 ζ
α
5 (ζ

α
6 )

2µαKα−ζα1 ζ
α
5 ζ

α
7 β

α
3 �

α+ζα4 (ζ
α
6 )

2ζα7 −ζα1 ζ
α
6 ζ

α
7 �

αγ α+ζα1 ζ
α
5 ζ

α
7 β

α
3 �

α)P̄
ζα4 (ζ

α
6 )

3�α+ζα4 ζ
α
5 (ζ

α
6 )

2βα
1 K

α−ζα1 (ζ
α
6 )

2�αγ α+ζα1 ζ
α
5 ζ

α
6 β

α
3 �

α ,

P̄ = −b̄±
√

b̄2−4(ζ α6 ζ
α
7 β

α
3 +ζα2 (ζ

α
7 )

2βα
3 )(ζ

α
4 (ζ

α
6 )

2φα
1 I0+ζα4 (ζ

α
6 )

2φα
2 −ζα4 ζ

α
5 ζ

α
6 φ

α
3 +ζα2 ζ

α
5 β

α
3 −ζα2 ζ

α
5 ζ

α
6 γ

α−ζα3 ζ
α
5 ζ

α
6 )

2(ζ α6 ζ
α
7 β

α
3 +ζα2 (ζ

α
7 )

2βα
3 )

,  w i t h 
b̄ = ζα4 ζ

α
6 ζ

α
7 φ

α
3 − ζα5 ζ

α
6 β

α
3 − ζ α2 ζ

α
5 ζ

α
7 β

α
3 − 2ζ α2 ζ

α
5 ζ

α
7 β

α
3 + ζ α2 ζ

α
6 ζ

α
7 γ

α − ζ α2 ζ
α
6 ζ

α
7 δ

α + ζ α3 ζ
α
6 ζ

α
7 ,

M̄ = βα
3 Ī−γ α+δα

ζα4
,

R̄ = φα
1 I0+φα

2 N
2−(φα

3 +βα
2 P̄−ζα2 M̄)Ī

ζα3 Ī
 . Next, we establish the stability conditions of these equilibrium points. How-

ever, our primary aim is to focus on the full-blown cancer-immune dynamic case and look at those conditions 
for which the patient can survive, with regards to treatment modality and reduction of side effects54. Thus, in 
what follows, we shall only study the stability of the equilibrium point E14 and omit the rest.

Local stability
We now study the local stability of the endemic equilibrium point E14 = (N̄ , Ī , P̄, M̄, R̄) . To do this, we have the 
following Jacobian matrix of system (1) J(E14) computed at equilibrium point E14:

We now obtain the characteristic equation:































�
α − 2�αN̄

Kα − µα P̄ − βα
1 Ī − ζα1 M̄ − βα

1 N̄ − µαN̄ − ζ α1 N̄ 0

2φα
2 N̄ − φα

3 − βα
2 P̄ + ζ α2 M̄ − ζ α3 R̄ − βα

2 Ī ζα2 Ī − ζ α3 Ī

γ N̄ − βα
3 P̄ γ αN̄ − δα − βα

3 Ī + ζα4 M̄ ζ α4 P̄ 0

ζα5 M̄ − ζ α6 Ī − ζ α7 M̄ ζα5 N̄ − ζ α6 Ī − ζα7 P̄ 0

0 ζα8 R̄ 0 0 ζ α8 Ī































.
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P(�̄) = −�̄
5 + (K1 + K6 + K12 + K17 + K19)�̄

4 + (−K1K6 + K2K5 − K1K12 + K3K10 − K1K17 + K4K14

− K6K12 + K7K11 − K1K19 − K6K17 + K8K15 − K6K19 + K9K18 − K12K17 + K13K16 − K12K19

− K17K19)�̄
3 + (K1K6K12 − K1K7K11 − K2K5K12 + K2K7K10 + K3K5K11 − K3K6K10 + K1K6K17

− K1K8K15 − K2K5K17 + K2K8K14 + K4K5K15 − K4K6K14 + K1K6K19 − K2K5K19 − K1K9K18

+ K1K12K17 − K1K13K16 − K3K10K17 + K3K13K14 + K4K10K16 − K4K12K14 + K1K12K19 − K3K10K19

+ K6K12K17 − K6K13K16 − K7K11K17 + K7K13K15 + K8K11K16 − K8K12K15 + K1K17K19

− K4K14K19 + K6K12K19 − K7K11K19 − K9K12K18 + K6K17K19 − K8K15K19 − K9K17K18 + K12K17K19

− K13K16K19)�̄
2 + (−K1K6K12K17 + K1K6K13K16 + K1K7K11K17 − K1K7K13K15 − K1K8K11K16

+ K1K8K12K15 + K2K5K12K17 − K2K5K13K16 − K2K7K10K17 + K2K7K13K14 + K2K8K10K16

− K2K8K12K14 − K3K5K11K17 + K3K5K13K15 + K3K6K10K17 − K3K6K13K14 − K3K8K10K15

+ K3K8K11K14 + K4K5K11K16 − K4K5K12K15 − K4K6K10K16 + K4K6K12K14 + K4K7K10K15

− K4K7K11K14 − K1K6K12K19 + K1K7K11K19 + K2K5K12K19 − K2K7K10K19 − K3K5K11K19

+ K3K6K10K19 + K1K9K12K18 − K3K9K10K18 − K1K6K17K19 + K1K8K15K19 + K2K5K17K19

− K2K8K14K19 − K4K5K15K19 + K4K6K14K19 + K1K9K17K18 − K4K9K14K18 − K1K12K17K19

+ K1K13K16K19 + K3K10K17K19 − K3K13K14K19 − K4K10K16K19 + K4K12K14K19 − K6K12K17K19

+ K6K13K16K19 + K7K11K17K19 − K7K13K15K19 − K8K11K16K19 + K8K12K15K19 + K9K12K17K18

− K9K13K16K18)�̄+ K1K6K12K17K19 − K1K6K13K16K19 − K1K7K11K17K19 + K1K7K13K15K19

+ K1K8K11K16K19 − K1K8K12K15K19 − K2K5K12K17K19 + K2K5K13K16K19 + K2K7K10K17K19

− K2K7K13K14K19 − K2K8K10K16K19 + K2K8K12K14K19 + K3K5K11K17K19 − K3K5K13K15K19

− K3K6K10K17K19 + K3K6K13K14K19 + K3K8K10K15K19 − K3K8K11K14K19 − K4K5K11K16K19

+ K4K5K12K15K19 + K4K6K10K16K19 − K4K6K12K14K19 − K4K7K10K15K19 + K4K7K11K14K19

− K1K9K12K17K18 + K1K9K13K16K18 + K3K9K10K17K18 − K3K9K13K14K18 − K4K9K10K16K18

+ K4K9K12K14K18,

where, K1 = �
α − 2�αN̄

Kα − µα P̄ − βα
1 Ī − ζ α1 M̄, K2 = −βα

1 N̄ , K3 = −µαN̄ , K4 = −ζ α1 N̄ , K5 = 2φα
2 N̄ ,

K6 = −φα
3 − βα

2 P̄ + ζ α2 M̄ − ζα3 R̄, K7 = −βα
2 Ī , K8 = ζα2 Ī , K9 = −ζ α3 Ī , K10 = γ N̄ , K11 = −βα

3 P̄,

K12 = γ αN̄ − δα − βα
3 Ī + ζ α4 M̄, K13 = ζα4 P̄, K14 = ζ α5 M̄, K15 = −ζ α6 Ī , K16 = −ζ α7 M̄,

K18 = K17 = ζ α5 N̄ − ζ α6 Ī − ζ α7 P̄, ζ
α
8 R̄, K19 = ζ α8 Ī .

This can further be reduced to:

where,
a1 = −K1, a2 = −K2K5 + K2K7K10 + K3K7K11 − K3K10 + K3K13K14 + K4K10K16 − K4K12K14

−K12K17 − K13K16 − K7K11K17 + K7K13K15 + K8K11K16 − K8K15 − K4K14 + K12K19 − K7K11K19

−K9K18 + K17K19 − K8K15 − K13K16, a3 = −K6, a4 = −K7K11+ K12K17− K13K16+ K12K19

+K17K19, a5 = K12 + K17 + K19.

Theorem 4.1  The equilibrium point E14 is stable if a1 > 0, a2 > 0, a3 > 0, a4 > 0 and a5 < 0.

Proof  We can further simplify (9) and arrive at:

The eigenvalue �̄ = a5 will be negative if a5 < 0 . If a1 > 0, a2 > 0, a3 > 0, a4 > 0, then according to the Routh-
Hurwitz criterion, the other eigenvalues have negative real part. Therefore, the equilibrium point E14 is stable. 	
� �

Optimization
Fractional‑order lung cancer model with drug interventions
In this section, we propose an optimization model (10) that aims to determine optimal drug dosages for the 
combination therapy. This involves carefully adjusting the dosages of immunotherapy and targeted agents, such 
as those targeting antiangiogenesis, EGFR mutations, and ALK translocations. The objective is to strike a balance 
between maximizing treatment efficacy and minimizing potential side effects, ultimately enhancing the thera-
peutic outcomes in the context of heterogeneous lung cancer progression. The optimization problem is given by:

Minimize:

(9)

P(�̄) =− �̄
5 + (a5 − a3 − a1)�̄

4 + (a3a5 + a1a5 − a2 − a4 − a1a3)�̄
3 + (a1a3a5 − a2a3 + a2a5 − a1a4)�̄

2

+ (a2a3a5 + a1a4a5 − a2a4)�̄+ a2a4a5,

P(�̄) = (�̄2 + a1�̄+ a2)(�̄
2 + a3�̄+ a4)(a5 − �̄).
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subject to:

where Tf  is the total treatment time, DI represents the drug dosage of the immunotherapy treatment and DT rep-
resents the drug dosage of the targeted treatment, with non-negativity constraints on all variables. The coefficients 
χα
1 ,χ

α
2 ,χ

α
3 ,χ

α
4 ,χ

α
5 ,χ

α
6  represent the strength of the respective drug interventions. The weights aα1 , a

α
2 , a

α
3 , a

α
4 , a

α
5 

and bα1 , b
α
2 in the objective function determine the importance of minimizing each state variable and controlling 

drug dosages, respectively. Adjusting these coefficients and weights allows for customization based on clinical 
goals and trial results. We can define the Hamiltonian function for system (10) as:

where �i(t), i = 1, . . . , 5 are adjoint variables and satisfy the following equations using Pontryagin’s maximum 
principle34,43:

and the transversality conditions are �i(Tf ) = 0, i = 1, . . . , 5.Assume that D∗
I  and D∗

T are optimal values of control 
variables.The optimal control functions are derived as follows:

So, we get:

J =
∫ Tf

0

[

aα1N(t)+ aα2 I(t)+ aα3P(t)+ aα4M(t)+ aα5R(t)+ bα1D
2
I (t)+ bα2D

2
T (t)

]

dt,

(10)

c
0D

α
t N(t) = �

αN(t)

(

1−
N(t)

Kα

)

− µαN(t)P(t)− βα
1 N(t)I(t)− ζ α1 N(t)M(t)− χα

1 N(t)DI (t),

c
0D

α
t I(t) = φα

1 I0 + φα
2N(t)2 − φα

3 I(t)− βα
2 I(t)P(t)+ ζ α2 I(t)M(t)− ζ α3 I(t)R(t)+ χα

2 I(t)DT (t),
c
0D

α
t P(t) = γ αN(t)P(t)− δαP(t)− βα

3 I(t)P(t)+ ζ α4 P(t)M(t)− χα
3 P(t)DT (t),

c
0D

α
t M(t) = ζ α5 N(t)M(t)− ζ α6 I(t)M(t)− ζ α7 P(t)M(t)+ χα

4 M(t)DT (t)+ χα
5 M(t)DI (t),

c
0D

α
t R(t) = ζ α8 I(t)R(t)+ χα

6 R(t)DI (t),

(11)

H(t) = aα1N(t)+ aα2 I(t)+ aα3P(t)+ aα4M(t)+ aα5R(t)+ bα1D
2
I (t)+ bα2D

2
T (t)

+ �1

(

�
αN(t)

(

1−
N(t)

Kα

)

− µαN(t)P(t)− βα
1 N(t)I(t)− ζ α1 N(t)M(t)− χα

1 N(t)DI (t)

)

+ �2

(

φα
1 I0 + φα

2N(t)2 − φα
3 I(t)− βα

2 I(t)P(t)+ ζ α2 I(t)M(t)− ζ α3 I(t)R(t)+ χα
2 I(t)DT (t)

)

+ �3

(

γ αN(t)P(t)− δαP(t)− βα
3 I(t)P(t)+ ζ α4 P(t)M(t)− χα

3 P(t)DT (t)

)

+ �4

(

ζα5 N(t)M(t)− ζ α6 I(t)M(t)− ζ α7 P(t)M(t)+ χα
4 M(t)DT (t)+ χα

5 M(t)DI (t)

)

+ �5

(

ζ α8 I(t)R(t)+ χα
6 R(t)DI (t)

)

,

d�1(t)

dt
= −

∂H(t)

∂N(t)
= −

{

aα1 + �1

[

�
α −

2�α

Kα
− µαP(t)− βα

1 I(t)− ζ α1 M(t)− χα
1 DI (t)

]

+ �2

[

2φα
2N(t)

]

+ �3

[

γ αP(t)

]

+ �4

[

ζα5 M(t)

]}

,

d�2(t)

dt
= −

∂H(t)

∂I(t)
= −

{

aα2 + �1

[

− βα
1 N(t)

]

+ �2

[

− φα
3 − βα

2 P(t)+ ζα2 M(t)− ζ α3 R(t)+ χα
2 DT (t)

]

+ �4

[

− ζ α6 M(t)

]

+ �5

[

ζα8 R(t)

]}

,

d�3(t)

dt
= −

∂H(t)

∂P(t)
= −

{

aα3 + �1

[

− µαN(t)

]

+ �2

[

− βα
2 I(t)

]

+ �3

[

γ αN(t)− δα − βα
3 I(t)+ ζ α4 M(t)

− χα
3 DT (t)

]

+ �4

[

− ζ α7 M(t)

]}

,

d�4(t)

dt
= −

∂H(t)

∂M(t)
= −

{

aα4 + �1

[

− ζ α1 N(t)

]

+ �2

[

ζ
αI(t)
2

]

+ �3

[

ζα4 P(t)

]

+ �4

[

ζα5 N(t)− ζ α6 I(t)− ζα7 P(t)

+ χα
4 DT (t)+ χα

5 DT (t)

]}

,

d�5(t)

dt
= −

∂H(t)

∂R(t)
= −

{

aα5 + �2

[

− ζ α3 I(t)

]

+ �5

[

ζ α8 I(t)+ χα
6 DI (t)

]}

,

(12)
∂H(t)

∂DI (t)
= 0 ⇒ 2bα1DI (t)− χα

1 �1(t)N(t)+ χα
5 �4(t)M(t)+ χα

6 �5(t)R(t) = 0.
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Similarly, we can get:

Thus, we get:

Therefore, we have:

In a new notation, we have:

The second-order derivatives of Eqs. (12) and (13) are:

This implies that the optimal problem is minimized at DI and DT . Finally, we have the following optimal problem:

subject to the conditions:

Problem (14)–(17) can be solved using an efficient numerical algorithm.

Feedback control with PID controller
In this section, we introduce a feedback control mechanism employing a Proportional-Integral-Derivative (PID) 
controller for the combination therapy proposed in the optimization model (10). The PID controller aims to 
regulate the drug dosages dynamically, allowing the system to adapt to the evolving characteristics of lung cancer 
progression. The PID controller manipulates the drug dosages DI (t) and DT (t) based on the error signal, which 

DI (t) =
χα
1 �1(t)N(t)− χα

5 �4(t)M(t)− χα
6 �5(t)R(t)

2bα1
= �I (t).

(13)
∂H(t)

∂DT (t)
= 0 ⇒ 2bα2DT (t)+ χα

2 �2(t)I(t)− χα
3 �3(t)P(t)+ χα

4 �4(t)M(t) = 0.

DT (t) = −
χα
2 �2(t)I(t)− χα

3 �3(t)P(t)+ χα
4 �4(t)M(t)

2bα2
= �T (t).

D∗
I =

{

0, if �I ≤ 0,
�I , if 0 < �I < 0,
1, if 1 ≤ �I ,

D∗
T =

{

0, if �T ≤ 0,
�T , if 0 < �T < 0,
1, if 1 ≤ �T .

D∗
I = min{max{0,�I }, 1}, D∗

T = min{max{0,�T }, 1}.

∂2H(t)

∂D2
I

= 2bα1 > 0,
∂2H(t)

∂D2
T

= 2bα2 > 0.

(14)

c
0D

α
t N(t) = �

αN(t)

(

1−
N(t)

Kα

)

− µαN(t)P(t)− βα
1 N(t)I(t)− ζ α1 N(t)M(t)− χα

1 N(t)D∗
I (t),

c
0D

α
t I(t) = φα

1 I0 + φα
2N

2(t)− φα
3 I(t)− βα

2 I(t)P(t)+ ζ α2 I(t)M(t)− ζ α3 I(t)R(t)+ χα
2 I(t)D

∗
T (t),

c
0D

α
t P(t) = γ αN(t)P(t)− δαP(t)− βα

3 I(t)P(t)+ ζ α4 P(t)M(t)− χα
3 P(t)D

∗
T (t),

c
0D

α
t M(t) = ζ α5 N(t)M(t)− ζ α6 I(t)M(t)− ζ α7 P(t)M(t)+ χα

4 M(t)D∗
T (t)+ χα

5 M(t)D∗
I (t),

c
0D

α
t R(t) = ζα8 I(t)R(t)+ χα

6 R(t)D
∗
I (t),

(15)

d�1(t)

dt
= −aα1 − �1(t)(�

α −
2�α

Kα
− µαP(t)− βα

1 I(t)− ζ α1 M(t)− χα
1 DI (t))− 2φα

2 �2(t)N(t)

− γ α
�3(t)P(t)− ζ α5 �4(t)M(t),

d�2(t)

dt
= −aα2 + βα

1 �1(t)N(t)− �2(t)(−φα
3 − βα

2 P(t)+ ζα2 M(t)− ζ α3 R(t)+ χα
2 DT (t))

+ ζ α6 �4(t)M(t)+ ζ α8 �5(t)R(t),

d�3(t)

dt
= −aα3 + µα

�1(t)N(t)+ βα
2 �2(t)I(t)− �3(t)(γ

αN(t)− δα − βα
3 I(t)+ ζ α4 M(t)

− χα
3 DT (t))+ ζ α7 �4(t)M(t),

d�4(t)

dt
= −aα4 + ζ α1 �1(t)N(t)− ζ α2 �2(t)I(t)− ζ α4 �3(t)P(t)+ �4(t)(ζ

α
5 N(t)− ζ α6 I(t)− ζ α7 P(t)

+ χα
4 DT (t)+ χα

5 DT (t)),

d�5(t)

dt
= −aα5 + ζ α3 �2(t)I(t)− �5(t)(ζ

α
8 I(t)+ χα

6 DI (t)),

(16)D∗
I = min{max{0,�I }, 1}, D∗

T = min{max{0,�T }, 1},

(17)
N(0) = N0, I(0) = I0, P(0) = P0, M(0) = M0, R(0) = R0,

�i(Tf ) = 0, i = 1, . . . , 5.
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is the difference between the desired state and the actual state of the system. The PID controller manipulates the 
drug dosages based on the error signals, which are the differences between the desired and actual states. The 
control signal is computed as follows:

where

•	 Kp , Ki , and Kd are the proportional, integral, and derivative gains, respectively.
•	 eI (t) and eT (t) are the error signals for immunotherapy and targeted therapy, respectively.

The control signal is then used to adjust the drug dosages as follows:

The objective is to minimize the cost function J over the treatment period Tf  , accounting for the PID control 
terms:

subject to:

where uI (t) and uT (t) are the control signals from the PID controller associated with immunotherapy and tar-
geted therapy, respectively.

To integrate the PID controller with the optimization model in (10), the updated drug dosages ( DI (t) and 
DT (t) ) are fed back into the model’s dynamics. The combination of the optimization model and the PID controller 
allows for a dynamic and adaptive approach to drug dosage adjustments, enhancing the therapeutic outcomes 
while considering the evolving nature of lung cancer progression.The updated drug dosages and control signals 
are fed back into the fractional-order lung cancer model, creating a closed-loop system. This allows for dynamic 
adjustments of drug dosages in response to the system’s behavior, resulting in a more adaptive and responsive 
treatment strategy. Adjustments to the PID gains ( Kp , Ki , Kd ) can be made based on clinical feedback and the 
specific requirements of the combination therapy. The incorporation of a PID controller provides a feedback 
mechanism that enhances the adaptability of the combination therapy, ensuring a more responsive and effective 
treatment strategy in the face of heterogeneous lung cancer progression. The integration of PID feedback time 
control into the optimization model enhances the adaptability of the combination therapy, providing a mecha-
nism to dynamically regulate drug dosages in real-time, ultimately improving therapeutic outcomes.

Patient stratification and personalized medicine
Incorporating mathematical formulations enhances the precision and clarity of patient stratification within the 
proposed model:

Patient characteristics and stratification
The fractional-order lung cancer model accounts for patient-specific parameters, denoted as θ , including tumor 
growth rates ( �α ), mutation rates ( βα

1 ,β
α
2 ,β

α
3  ), and intervention strengths ( χα

1 ,χ
α
2 ,χ

α
3 ,χ

α
4 ,χ

α
5 ,χ

α
6  ). Patient 

stratification involves identifying optimal parameter sets θ i for different patient subpopulations based on char-
acteristics such as genetic profiles and initial conditions.

Here, Ji represents the cost function specific to the i-th patient subgroup, emphasizing the importance of mini-
mizing treatment costs while achieving therapeutic goals.

Adaptive treatment protocols
The PID control strategy dynamically adjusts drug dosages based on error signals eI (t) and eT (t) associated with 
immunotherapy and targeted therapy, respectively. The adaptive control law is expressed as:

uI (t) = KpeI (t)+ Ki

∫ t

0
eI (τ )dτ + Kd

deI (t)

dt
,

uT (t) = KpeT (t)+ Ki

∫ t

0
eT (τ )dτ + Kd

deT (t)

dt
,

DI (t) = DI (t)+ uI (t),

DT (t) = DT (t)+ uT (t).

J =
∫ Tf

0

[

aα1N(t)+ aα2 I(t)+ aα3P(t)+ aα4M(t)+ aα5R(t)+ bα1D
2
I (t)+ bα2D

2
T (t)+ cα1 u

2
I (t)+ cα2 u

2
T (t)

]

dt,

(18)

c
0D

α
t N(t) = �

αN(t)

(

1−
N(t)

Kα

)

− µαN(t)P(t)− βα
1 N(t)I(t)− ζ α1 N(t)M(t)− χα

1 N(t)(DI (t)+ uI (t)),

c
0D

α
t I(t) = φα

1 I0 + φα
2N

2(t)− φα
3 I(t)− βα

2 I(t)P(t)+ ζ α2 I(t)M(t)− ζ α3 I(t)R(t)+ χα
2 I(t)(DT (t)+ uT (t)),

c
0D

α
t P(t) = γ αN(t)P(t)− δαP(t)− βα

3 I(t)P(t)+ ζ α4 P(t)M(t)− χα
3 P(t)(DT (t)+ uT (t)),

c
0D

α
t M(t) = ζ α5 N(t)M(t)− ζ α6 I(t)M(t)− ζ α7 P(t)M(t)+ χα

4 M(t)(DT (t)+ uT (t))+ χα
5 M(t)(DI (t)+ uI (t)),

c
0D

α
t R(t) = ζα8 I(t)R(t)+ χα

6 R(t)(DI (t)+ uI (t)),

θ i = argmin
θ

Ji .
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The PID controller continuously optimizes drug dosages DI (t) and DT (t) in response to changing patient condi-
tions, ensuring adaptability and personalized treatment.

Future directions in personalized medicine
Future enhancements may involve incorporating real-time patient data, denoted as X(t) , into the model:

Where Xi(t) represents additional patient-specific variables or biomarkers. The evolution of X(t) can be modeled 
to capture emerging information, enabling real-time adaptation of the therapeutic strategy.

Cost‑benefit analysis
A mathematical framework for cost-benefit analysis involves quantifying direct and indirect costs within the 
context of the fractional-order lung cancer model:

Direct treatment costs
Direct costs ( Cdirect ) are computed as the sum of drug costs, monitoring expenses, and other medical services:

The optimization objective involves minimizing Cdirect while maintaining therapeutic efficacy, represented by 
the integral of the treatment-related variables over the treatment period.

Indirect costs and quality of life
Indirect costs ( Cindirect ) encompass factors influencing societal well-being. Quality-adjusted life years (QALY) 
can be introduced to assess improvements in patient quality of life ( QoL(t)):

The cost-benefit ratio is then expressed as the ratio of the total benefits to the total costs:

Comparative analysis
A comparative analysis involves evaluating the cost-benefit ratio for the proposed therapy 
( Cost-Benefit Ratioproposed ) against existing treatments ( Cost-Benefit Ratioexisting ). The ratio comparison guides 
decision-makers in assessing the economic feasibility of the proposed therapy.

Long‑term effects and survivorship
Mathematical considerations for long-term effects and survivorship involve extending the model dynamics and 
control strategy over extended time frames:

Treatment‑related long‑term effects
The model’s long-term effects ( E(t) ) are incorporated as additional state variables capturing cumulative treat-
ment-related impacts. The differential equation governing the evolution of long-term effects ( E(t) ) is given by:

The PID controller adapts drug dosages to minimize E(t) , reflecting a dynamic approach to mitigating cumulative 
toxicities. In the Treatment-Related Long-Term Effects section, the parameters θ1 , θ2 , and θ3 are used to model 
the dynamics of the long-term effects ( E(t) ) in the fractional-order lung cancer model. θ1 represents the decay 
or reduction rate of the long-term effects. A higher value of θ1 implies a faster decay, indicating a more rapid 
resolution or reduction of treatment-related impacts over time. θ2 represents the contribution of the immu-
notherapy dosage DI (t) to the accumulation of long-term effects. This parameter captures the extent to which 
immunotherapy contributes to the persistent effects experienced by the patient. θ3 represents the contribution of 
the targeted therapy dosage DT (t) to the accumulation of long-term effects. Similar to θ2 , this parameter quanti-
fies the impact of targeted therapy on the persistence of long-term effects.

This equation reflects a balance between the decay of long-term effects ( −θ1E(t) ) and the contributions 
from immunotherapy ( θ2DI (t) ) and targeted therapy ( θ3DT (t) ) to the accumulation of these effects over time. 

uI (t) =KpeI (t)+ Ki

∫ t

0
eI (τ )dτ + Kd

deI (t)

dt
,

uT (t) =KpeT (t)+ Ki

∫ t

0
eT (τ )dτ + Kd

deT (t)

dt
.

X(t) = [X1(t),X2(t), . . . ,Xn(t)].

(19)Cdirect =
∫ Tf

0
(bα1DI (t)+ bα2DT (t)+ cα1 uI (t)+ cα2 uT (t)) dt.

(20)Cindirect =
∫ Tf

0
QoL(t) dt.

(21)Cost-Benefit Ratio =
Cindirect

Cdirect + Cindirect
.

(22)
dE(t)

dt
= −θ1E(t)+ θ2DI (t)+ θ3DT (t).
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Adjusting the values of θ1 , θ2 , and θ3 allows for modeling different schemes and treatment strategies with varying 
impacts on long-term outcomes.

Survivorship and quality of life
Survivorship considerations involve assessing the impact on overall quality of life ( QoL(t) ) throughout the 
extended survivorship period:

Here, QoL(t) accounts for factors such as functional status and mental health, providing a holistic representation 
of survivorship outcomes.

Post‑treatment monitoring and adaptive strategies
Post-treatment monitoring involves extending the PID control strategy beyond the treatment period ( Tf ):

This ensures that adaptive strategies continue to be employed during survivorship, addressing potential late-onset 
complications and supporting sustained positive outcomes.

Numerical analysis
To numerically solve systems (1), (2), and (10), we consider the initial value problem in (1):

Employing the Riemann–Liouville integral operator in Definition 2.2, we get that:

After substituting t = tn+1 into Eq. (24) and subtracting two obtained equations, we can write:

where tj = jh, j = 0, 1, . . . ,N and h = Tf /N is the step size. We now approximate the function f(s, y(s)) on the 
interval [tm, tm+1] using the two-step Lagrange polynomial interpolation:

where yk = y(tk) . Using (25) and (26), we have

Using integration by parts, (27) is converted into the following formula:

Due to appearing ym+1 in the right side of (28), this formula is an implicit formula and values of ym+1 should be 
predicted (as ypm+1 ). Thus, formula (28) will be a corrector formula. In formula (25), we use the rectangle rule 
for the integral part and obtain the following predictor formula:

where,

(23)
dQoL(t)

dt
= δ0E(t)− ηQoL(t).

u(t) =
{

PID Control Law, if t ≤ Tf ,
0, if t > Tf .

c
0D

α
t y(t) = f(t, y(t)), y(0) = y0.

(24)y(t)− y0 =
1

Ŵ(α)

∫ t

0
(t − s)α−1 f(s, y(s)) ds.

(25)y(tn+1) = y0 +
1

Ŵ(α)

n
∑

m=0

∫ tm+1

tm

(tn+1 − s)α−1 f(s, y(s)) ds,

(26)
f(s, y(s)) ≈

s − tm+1

tm − tm+1
f(tm, ym)+

s − tm

tm+1 − tm
f(tm+1, ym+1)

= −
s − tm+1

h
f(tm, ym)+

s − tm

h
f(tm+1, ym+1),

(27)

yn+1 = y0 +
1

hŴ(α)

{ n
∑

m=0

∫ tm+1

tm

(tn+1 − s)α−1 (s − tm) f(tm+1, ym+1) ds

−
n

∑

m=0

∫ tm+1

tm

(tn+1 − s)α−1 (s − tm+1) f(tm, ym) ds

}

, n = 0, 1, . . . ,N .

(28)

yn+1 = y0 +
hα

Ŵ(α + 2)

n
∑

m=0

{

[(n−m+ 1)α+1 − (n−m)α(n−m+ α + 1)] f(tm+1, y
p
m+1)

− [(n−m+ 1)α(n−m− α)− (n−m)α+1] f(tm, ym)
}

, n = 0, 1, . . . ,N .

(29)y
p
n+1 = y0 +

hα

Ŵ(α + 1)

n
∑

m=0

Bn(n+1)
2 +m+1

f(tm, ym), n = 0, 1, . . . ,N ,
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Therefore, the numerical formula for system (1) is as follows:
The predictor formula:

The corrector formula:

Optimal system (14) can be solved by above algorithm. Similarly, we can use the following method to solve 
system (15):

Bn(n+1)
2 +m+1

= (n−m+ 1)α − (n−m)α , n = 0, 1, . . . ,N , m = 0, 1, . . . , n.

N
p
n+1 = N0 +

hα

Ŵ(α + 1)

n
∑

m=0

Bn(n+1)
2 +m+1

{

�
αNm

(

1−
Nm

Kα

)

− µαNmPm − βα
1 NmIm − ζ α1 NmMm

}

,

I
p
n+1 = I0 +

hα

Ŵ(α + 1)

n
∑

m=0

Bn(n+1)
2 +m+1

{

φα
1 I0 + φα

2N
2
m − φα

3 Im − βα
2 ImPm + ζ α2 ImMm − ζ α3 ImRm

}

,

P
p
n+1 = P0 +

hα

Ŵ(α + 1)

n
∑

m=0

Bn(n+1)
2 +m+1

{

γ αNmPm − δαPm − βα
3 ImPm + ζ α4 PmMm

}

,

M
p
n+1 = M0 +

hα

Ŵ(α + 1)

n
∑

m=0

Bn(n+1)
2 +m+1

{

ζ α5 NmMm − ζ α6 ImMm − ζ α7 PmMm

}

,

R
p
n+1 = R0 +

hα

Ŵ(α + 1)

n
∑

m=0

Bn(n+1)
2 +m+1

{

ζ α8 ImRm

}

.

Nn+1 = N0 +
hα

Ŵ(α + 2)

n
∑

m=0

[

((n−m+ 1)α+1 − (n−m)α(n−m+ α + 1))

{

�
αN

p
m+1

(

1−
N

p
m+1

Kα

)

− µαNm+1P
p
m+1 − βα

1 N
p
m+1I

p
m+1 − ζ α1 N

p
m+1M

p
m+1

}

− ((n−m+ 1)α(n−m− α)− (n−m)α+1)

{

�
αNm

(

1−
Nm

Kα

)

− µαNmPm − βα
1 NmIm − ζ α1 NmMm

}]

,

In+1 = I0 +
hα

Ŵ(α + 2)

n
∑

m=0

[

((n−m+ 1)α+1 − (n−m)α(n−m+ α + 1))

{

φα
1 I0 + φα

2N
2p
m+1 − φα

3 I
p
m+1

− βα
2 I

p
m+1P

p
m+1 + ζ α2 I

p
m+1M

p
m+1 − ζ α3 I

p
m+1R

p
m+1

}

− ((n−m+ 1)α(n−m− α)− (n−m)α+1)

{

φα
1 I0

+ φα
2N

2
m − φα

3 Im − βα
2 ImPm + ζ α2 ImMm − ζ α3 ImRm

}]

,
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{

γ αNmPm

− δαP(t)− βα
3 ImPm + ζ α4 PmMm
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,
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hα
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[
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where �(t, y(t), �(t)) is the vector of equations in the right side of system (15). After solving systems (1), (14), 
and (15), values of control variables can be updated by (16).

For numerical simulation, the following values have been considered for parameters and initial conditions 
in system (1):

Figure 3 depicts the behaviour of the state variables in system (1) for α = 0.7, 0.8, 0.9, 0.95, 1 . Figure 4 depicts the 
behaviour of the state variables in system (1) for α = 0.7, 0.8, 0.9, 0.95, 1 , N0 = 1, I0 = 3,P0 = 1,M0 = 1,R0 = 1 . 
The number of cancer cells, spread cancer cells, and enhanced immune cells (in millions) increases and the 
number of immune cells starts to decrease after increasing. In all cases, the figures plotted for diverse values of 
α approach the figure plotted for α = 1 . In Fig. 5, actual data points are compared to predicted values obtained 

� = 0.3, µ = 0.01, β1 = 0.01, ζ1 = 0.9, φ1 = 0.03, φ2 = 0.004, φ3 = 0.1, β2 = 0.01, ζ2 = 0.458, K = 10000,

ζ3 = 0.8, γ = 0.003, δ = 0.03, β3 = 0.4, ζ4 = 0.045, ζ5 = 0.5, ζ6 = 0.6, ζ7 = 0.5, ζ8 = 0.6,

N0 = 1.5, I0 = 0.7, P0 = 0.3, M0 = 0.1, R0 = 0.1.
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Figure 3.   Plots of cancer cells, immune cells, spread cancer cells, genetic mutations, and enhanced immune 
cells in system (1) for different values of α and N0 = 1.5, I0 = 0.7,P0 = 0.3,M0 = 0.1,R0 = 0.1.
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from the suggested algorithms and the model. A coincidence between real data and numerical values is seen 
over the interval [0, 5] and on [5, 15], the simulated figures have an increasing or decreasing behaviour simi-
lar to the figures of the real data. Figures of state variables in optimal system (14)-(17) are seen in Fig. 12 for 
α = 0.7, 0.8, 0.9, 0.95, 1 , N0 = 1, I0 = 3,P0 = 1,M0 = 1,R0 = 1 . In order to survey the validity of the numerical 
results obtained from the suggested model, the absolute residual errors for the state variables in System (1) are 
calculated. For this purpose, all terms in the equations of System (1) are shifted to the left side and obtained 
numerical values are substituted into them:
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Figure 4.   Plots of cancer cells, immune cells, spread cancer cells, genetic mutations, and enhanced immune 
cells in system (1) for different values of α and N0 = 1, I0 = 3,P0 = 1,M0 = 1,R0 = 1.
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where Ri(t), i = 1, 2, 3, 4, 5 are residual functions. Thus, we have the following system for α = 1:

R1(t) = c
0D

α
t N(t)− �

αN(t)

(

1−
N(t)

Kα

)

+ µαN(t)P(t)+ βα
1 N(t)I(t)+ ζ α1 N(t)M(t) ≈ 0,

R2(t) = c
0D

α
t I(t)− φα

1 I0 − φα
2N(t)2 + φα

3 I(t)+ βα
2 I(t)P(t)− ζ α2 I(t)M(t)+ ζα3 I(t)R(t) ≈ 0,

R3(t) = c
0D

α
t P(t)− γ αN(t)P(t)+ δαP(t)+ βα

3 I(t)P(t)− ζ α4 P(t)M(t) ≈ 0,

R4(t) = c
0D

α
t M(t)+ ζ α5 N(t)M(t)+ ζ α6 I(t)M(t)+ ζ α7 P(t)M(t) ≈ 0,

R5(t) = c
0D

α
t R(t)− ζα8 I(t)R(t) ≈ 0,
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20

Vol:.(1234567890)

Scientific Reports |        (2024) 14:18484  | https://doi.org/10.1038/s41598-024-66531-x

www.nature.com/scientificreports/

for j = 0, 1, · · · ,N  . Figures of absolute residual errors are depicted in Fig. 6. As expected, the values of the 
residual functions are small. In other words, the obtained numerical results from the suggested algorithms are 
getting close to the exact data if they are available. As another criterion to measure the validity of the proposed 
model, the sensitivity of the model to some of its parameters is investigated. Hence, the plots of state variables can 
be seen in Figs. 7, 8, 9, 10 and 11 for α = 0.8 , initial conditions N0 = 1.5, I0 = 0.7,P0 = 0.3,M0 = 0.1,R0 = 0.1 , 
and different values of diverse parameters. As can be seen, by increasing the values of parameters, figures of state 
functions are not divergent. In Figure 7 by increasing values of β1 and µ , the number of cancer cells are decreas-
ing gradually. In Fig. 8, by increasing the value of β2 , the number of immune cells sounds constant, while by 
increasing the value of φ3 , the number of immune cells decreases gradually. Cancer cells spread in a similar way 
by increasing values of δ and ζ4 in Fig. 9. In Fig. 10, no variation observes in the behaviour of M(t) by increasing 
the value of ζ6 . In Fig. 11, with the increase of the value of ζ8 , the number of enhanced cytotoxic immune cells 
increases. The figures of the control variables DI (t) and DT (t) are depicted in Fig. 13. The number of cancers and 
the spread of cancer cells is increasing with time (weeks).

Similarly, to estimate values of DT (t),DI (t), uT (t) , and uI (t) in system (18), we consider the following Ham-
iltonian function:

where �i(t), i = 1, . . . , 5 are adjoint variables. If D∗
T ,D

∗
I , u

∗
T , and u∗I  are optimal values of control variables, then 

the optimal system, utilizing Hamiltonian (30), will be as follows:

R1(tj) =
Nj+1 − Nj

h
− �

αNj

(

1−
Nj

Kα

)

+ µαNjPj + βα
1 NjIj + ζ α1 NjMj ≈ 0,

R2(tj) =
Ij+1 − Ij

h
− φα

1 I0 − φα
2N

2
j + φα

3 Ij + βα
2 IjPj − ζ α2 IjMj + ζ α3 IjRj ≈ 0,

R3(tj) =
Pj+1 − Pj

h
− γ αNjPj + δαPj + βα

3 IjPj − ζ α4 PjMj ≈ 0,

R4(tj) =
Mj+1 −Mj

h
+ ζ α5 NjMj + ζ α6 IjMj + ζ α7 PjMj ≈ 0,

R5(tj) =
Rj+1 − Rj

h
− ζα8 IjRj ≈ 0,

(30)
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2N
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3 I(t)− βα
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ζα8 I(t)R(t)+ χα
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where

After solving problem (31)–(33) using the proposed predictor-corrector method, figures of state and control 
variables are depicted in Figs. 14 and 15. The number of spread cancer cells remains almost constant after a 
decreasing trend. The behaviour of control signals ( uI (t) and uT (t) ) after adjusting the drug dosages ( DI (t) and 
DT (t) ) is seen in Fig. 16.

The model’s long-term effects E(t), defined by evolution equation (22), are seen in Fig.  17 for 
α = 0.7, 0.75, 0.85, 0.95, 1 , θ1 = 1, θ2 = 0.3, θ3 = 0.5 , and E0 = 1.

Figures of the quality of life QoL(t) introduced in (23) are seen in Fig. 18 for different values of parameters 
and α and Q0 = 1.

Now, by having approximate values of DI ,DT , And E, we can compute values of the direct costs ( Cdirect ), 
indirect costs ( Cindirect ), and cost-benefit ratio (CBR) for h = 0.01 and Tf = 3 by the Trapezoidal method to 
evaluate the integral in (19) and (20). Values of these quantities are listed in Table 3 for different values of α , 
δ0 = 0.6 , and η = 0.25.

Result and discussion
Analytical results have shown that system (1) is well-defined and has a unique solution. Figures 3 and 4 describe 
the endemic dynamics of the lung cancer model without treatment or control. The validation of the model as 
depicted in Fig. 5, demonstrates overall effectiveness in capturing the dynamics of the biological system under 
study. Moreso, the absolute residual error plots provide further insight into the performance of our model by 
showcasing the discrepancies between the model predictions and the actual data, as shown in Fig. 6. The plots 
comparing the model predictions with the actual (synthetic) data show strong agreement with variables, indicat-
ing high accuracy, and this is further corroborated in the sensitivity plots of Figs. 7, 8, 9, 10 and 11. The number 

(32)

d�1(t)

dt
= −aα1 −�1(t)

[

�
α −

2�α

Kα
N(t)− µαP(t)− βα

1 I(t)− ζ α1 M(t)− χα
1 (DI (t)+ uI (t)

]

− 2φα
2�2(t)N(t)− γ α�3(t)P(t)− ζ α5 �4(t)M(t),

d�2(t)

dt
= −aα2 + βα

1 �1(t)N(t)−�2(t)

[

− φα
3 − βα

2 P(t)+ ζα2 M(t)− ζ α3 R(t)+ χα
2 (DT (t)+ uT (t))

]

+ βα
3 �3(t)P(t)+ ζ α6 �4(t)M(t)− ζ α8 �5(t)R(t),

d�3(t)

dt
= −aα3 + µα�1(t)N(t)+ βα

2 �2(t)I(t)−�3(t)

[

γ αN(t)− δα − βα
3 I(t)+ ζ α4 M(t)− χα

3 (DT (t)

+ uT (t))

]

+ ζ α7 �4(t)M(t),

d�4(t)

dt
= −aα4 + ζ α1 �1(t)N(t)− ζ α2 �3(t)P(t)−�4(t)

[

ζα5 N(t)− ζ α6 I(t)− ζ α7 P(t)+ χα
4 (DT (t)

+ uT (t))+ χα
5 (DI (t)+ uI (t))

]

,

d�5(t)

dt
= −aα5 + ζ α3 �2(t)I(t)−�5(t)

[

ζ α8 I(t)+ χα
6 (DI (t)+ uI (t))

]

,

(33)
D∗
I = min{max{0,�I }, 1}, D∗

T = min{max{0,�T }, 1},
u∗I = min{max{0,�I }, 1}, u∗T = min{max{0,�T }, 1},

�I =
χα
1 �1(t)N(t)− χα

5 �4(t)M(t)− χα
6 �5(t)R(t)

2bα1
,

�T = −
χα
2 �2(t)I(t)− χα

3 �3(t)P(t)+ χα
4 �4(t)M(t)

2bα2
,

�I =
χα
1 �1(t)N(t)− χα

5 �4(t)M(t)− χα
6 �5(t)R(t)

2cα1
,

�T = −
χα
2 �2(t)I(t)− χα

3 �3(t)P(t)+ χα
4 �4(t)M(t)

2cα2
.

Table 3.   Direct costs, indirect costs, and cost-benefit ratio for different values of α

α 0.7 0.75 0.85 0.95 1

Cdirect 45.80198089 49.59691439 52.20094648 51.80341784 51.01911228

Cindirect 3.52874962 3.47455262 3.37727573 3.29607094 3.26157215

CBR 0.07153248 0.06546932 0.06076617 0.05982035 0.06008716
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of cancer cells and cancer cells that spread to other parts of the body increases rapidly. The optimized treatment 
strategy as depicted through Figs. 12, 13 and 14 in the fractional-order lung cancer model demonstrates encour-
aging outcomes across multiple variables. Notably, the reduction in the number of cancer cells (N(t)) signifies 
the efficacy of the combined immunotherapy and targeted therapy in controlling primary tumor growth. This 
outcome aligns with the overarching goal of inhibiting cancer progression, highlighting the potential clinical 
impact of the optimization strategy. A particularly positive outcome is the observed decline in the number of 
cancer cells that have spread (P(t)) after optimization. This indicates that the treatment strategy not only targets 
the primary tumor but also exhibits efficacy in curtailing the metastatic potential of cancer cells. Limiting metas-
tasis is a critical objective in cancer treatment, as it significantly influences patient prognosis and long-term 
survival. While the levels of immune cells (I(t)) display a staggered response after optimization, several factors 
may contribute to this observation. The intricate dynamics of the tumor microenvironment, characterized by 
immune evasion mechanisms employed by cancer cells, could influence the overall immune response. Further 
refinement of the treatment strategy may be necessary to enhance the recruitment and activation of immune 
cells, addressing the complexities of the immune-tumor interaction. Similarly, the stabilized levels of genetic 
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Figure 6.   Plots of absolute residual errors for functions N(t), I(t), P(t), M(t),  and R(t) in system (1) for α = 1 
and N0 = 1.5, I0 = 0.7,P0 = 0.3,M0 = 0.1,R0 = 0.1.
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mutations (M(t)) after optimization suggest that the treatment strategy effectively controls the emergence and 
propagation of mutated cancer cells. Genetic mutations often contribute to tumor aggressiveness, and their 
containment is a positive outcome for long-term therapeutic success. A particularly promising result is the 
increase in immune cells (R(t)) with enhanced cytotoxic activity after optimization. This signifies that the treat-
ment strategy positively influences the immune response, potentially activating cytotoxic T cells that play a 
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crucial role in targeting and eliminating cancer cells. The enhancement of immune cytotoxicity is a key aspect 
of fostering anti-tumor immunity. Biological intricacies, such as the tumor microenvironment and the dynamics 
of genetic mutations, warrant careful consideration for a comprehensive understanding of the observed results. 
Fine-tuning optimization parameters, including drug dosages and intervention strengths, may further optimize 
the treatment strategy. Additionally, experimental validation and comparison with clinical data would provide 
valuable insights, bridging the computational results with real-world implications. The results underscore the 
potential of the optimized treatment strategy in achieving key therapeutic goals, including primary tumor control, 
metastasis limitation, and augmentation of immune cytotoxicity. Further exploration and refinement of the 
model, guided by experimental evidence and clinical insights, will contribute to the development of robust and 
effective personalized cancer treatment approaches. The observed behavior in the drug dosages, as depicted in 
Fig. 15, where DI (t) reaches 1 more sharply than DT (t) , followed by a rapid decline in both to eventually reach 
0, holds important implications for the optimized treatment strategy. This pattern indicates a targeted and focused 
application of immunotherapy (represented by DI (t) ) that rapidly achieves its intended impact, while the targeted 
therapy (represented by DT (t) ) follows suit with a slightly delayed and sustained effect. The rapid increase in 
immunotherapy dosage ( DI (t) ) suggests an immediate and intensified effort to enhance the immune response 
against cancer cells. Immunotherapy is designed to stimulate the patient’s immune system, particularly cytotoxic 
T cells, to recognize and attack cancer cells more effectively. The abrupt rise in DI (t) reflects a swift initiation of 
this immune-boosting intervention. In contrast, the targeted therapy dosage ( DT (t) ) exhibits a more gradual 
rise. Targeted therapies often involve drugs designed to interfere with specific molecular targets involved in 
cancer growth and spread. The slower ascent of DT (t) may signify a careful and sustained application, allowing 
for a more controlled inhibition of cancer cell pathways targeted by the therapy. The subsequent sharp decline 
of both DI (t) and DT (t) to ultimately reach 0 implies a temporally limited and controlled treatment regimen. 
This observed trend aligns with the concept of optimizing drug dosages to maximize therapeutic impact while 
minimizing potential side effects and long-term toxicities associated with prolonged drug exposure. Immuno-
therapy Primacy: The prompt escalation and subsequent rapid decline in immunotherapy suggest that its primary 
role might be in initiating a potent immune response against cancer cells. This aligns with the strategy of 
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harnessing the body’s natural defenses to target and eliminate cancer. The more sustained elevation of targeted 
therapy dosage implies an ongoing effort to interfere with specific cancer cell pathways. This sustained applica-
tion may be essential for suppressing the molecular mechanisms that drive cancer progression and survival. The 
coordinated rise and fall of both drug dosages indicate a temporally optimized treatment approach. The goal is 
to achieve an optimal therapeutic effect during a defined timeframe while minimizing the risk of resistance 
development or adverse effects associated with prolonged drug exposure. The observed dynamics in drug dosages 
reflect a nuanced and temporally optimized treatment strategy. The distinct profiles of DI (t) and DT (t) suggest 
a deliberate sequencing of interventions, leveraging the strengths of immunotherapy for rapid immune activation 
and targeted therapy for sustained molecular interference. This temporally optimized approach may contribute 
to enhanced treatment efficacy and reduced long-term toxicities, aligning with the principles of precision medi-
cine in cancer therapy. The observed behavior in the control signals as depicted in Fig. 16, where uI (t) approaches 
but does not reach 1 before sharply reducing to 0, while uT (t) reaches 1 and then sharply declines to 0 for various 
values of alpha, provides valuable insights into the dynamics of the control actions in the optimized treatment 
strategy. The fact that uI (t) approaches but does not reach 1 indicates a careful and controlled manipulation of 
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the immunotherapy dosage ( DI (t) ) through the PID controller. The value not reaching 1 suggests a nuanced 
adjustment, possibly to avoidexcessive or abrupt changes in immunotherapy dosage, thereby maintaining a bal-
ance between treatment efficacy and potential side effects. In contrast, the behavior of uT (t) , where it reaches 1 
before sharply declining to 0, suggests a more decisive and pronounced manipulation of the targeted therapy 
dosage ( DT (t) ). The reaching of 1 implies a significant amplification of the targeted therapy, possibly to maximize 
its inhibitory effects on specific cancer cell pathways. The subsequent sharp decline indicates a controlled with-
drawal of this intervention. The controlled approach of uI (t) aligns with the principle of careful modulation of 
immunotherapy. While immunotherapy is a powerful tool in stimulating the immune system, its excessive 
activation may lead to undesirable side effects. The observed modulation indicates a sophisticated control mecha-
nism, optimizing the immune response without inducing unnecessary risks. The reaching and subsequent sharp 
decline of uT (t) suggest a decisive and temporally limited application of targeted therapy. This strategy may be 
aimed at achieving a potent inhibition of cancer cell-specific pathways, followed by a prompt withdrawal to 
mitigate potential long-term toxicities associated with prolonged exposure to targeted agents. The PID control-
ler’s role is evident in these dynamics, showcasing its ability to finely tune and balance the control signals based 
on the error signals (differences between desired and actual states). The controller’s actions contribute to the 
optimization of drug dosages over time, considering both the rapid but controlled nature of immunotherapy 
and the more decisive application of targeted therapy. The observed behaviors of uI (t) and uT (t) highlight the 
PID controller’s role in orchestrating a nuanced and temporally optimized treatment strategy. The controlled 
approach of uI (t) and the decisive nature of uT (t) underscore the importance of balancing treatment efficacy 
with safety considerations. These dynamics contribute to the overall precision and adaptability of the proposed 
treatment approach, aligning with the principles of personalized and optimized cancer therapy. The observed 
behavior where DI (t)+ uI (t) reaches 1.8 and DT (t)+ uT (t) reaches 2 in the optimal system (Equations 
(31)–(33)) for different values of α , as shown in Fig. 16 provides insights into the dynamic adjustments of drug 
dosages under the optimized treatment strategy. The value exceeding 1 for DI (t)+ uI (t) implies an augmentation 
beyond the baseline immunotherapy dosage. This amplification could be a strategic response to boost the immune 
response against cancer cells. The excess beyond 1 suggests an intentional overshooting, potentially leveraging 
the body’s ability to handle a temporary surge in immunotherapeutic effects. Similarly, the value reaching 2 for 
DT (t)+ uT (t) signifies a pronounced escalation of the targeted therapy dosage beyond its baseline. This sub-
stantial increase may be aimed at achieving an intensified inhibition of specific cancer cell pathways targeted by 
the therapy. The value of 2 indicates a deliberate and significant amplification of the targeted treatment. Immu-
notherapy Intensification: The overshooting observed in DI (t)+ uI (t) suggests a strategic intensification of 
immunotherapy, possibly to induce a robust and rapid immune response against cancer cells. This strategy aligns 
with the understanding that immunotherapy’s effectiveness may benefit from intermittent periods of heightened 
activation. The reaching of 2 in DT (t)+ uT (t) indicates a purposeful and intensified application of targeted 
therapy. This heightened dosage could be designed to maximize the inhibitory effects on specific molecular 
pathways associated with cancer progression. The strategy might involve a brief but potent exposure to achieve 
a therapeutic impact. The dynamics of exceeding 1 and 2 in DI (t)+ uI (t) and DT (t)+ uT (t) , respectively, and 
subsequently returning to 0 reflect the dynamic and adaptive nature of the treatment strategy. The system seems 
to undergo strategic escalations followed by controlled de-escalations, contributing to the overall adaptability of 
the treatment approach. The PID controller plays a pivotal role in orchestrating these dynamic changes. The 
overshooting and subsequent decline are indicative of the PID controller’s ability to respond to error signals, 
providing a mechanism for finely tuning and optimizing drug dosages in real-time. The observed behaviors of 
DI (t)+ uI (t) and DT (t)+ uT (t) underscore the dynamic and strategic nature of the optimized treatment 
approach. The intentional overshooting and subsequent controlled decline reveal the sophistication of the PID-
controlled system in achieving a balance between treatment efficacy and potential side effects. These dynamics 
contribute to the precision and adaptability of the proposed treatment strategy in the context of personalized 
and optimized cancer therapy. Table 3 presents direct costs ( Cdirect ), indirect costs ( Cindirect ), and the cost-benefit 
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Figure 13.   Plots of DI (t) and DT (t) in optimal system (14)–(17) for different values of α and 
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ratio (CBR) for various values of α in the context of the fractional-order lung cancer model, and illustrated in 
Figs. 17 and 18. Each of these metrics contributes to the economic evaluation and efficiency assessment of the 
proposed treatment strategy. Direct costs encompass expenses directly associated with the implementation of 
the treatment strategy, including drug costs and medical services. The values of Cdirect increase with higher values 
of α , indicating that as the fractional order of the derivatives in the system dynamics increases, there is a cor-
responding escalation in the direct costs of the treatment. This could be attributed to the complexity and precision 
required in the implementation of the treatment strategy for higher-order fractional systems. Indirect costs 
capture factors influencing societal well-being and are often associated with the quality of life. In contrast to 
direct costs, Cindirect exhibits a decreasing trend as α increases. This suggests that, for higher fractional orders, 
the societal burden and associated indirect costs may decrease, possibly indicating a more effective and targeted 
treatment approach. The cost-benefit ratio provides a comprehensive measure of the economic efficiency of the 
treatment strategy. It is the ratio of indirect costs to the sum of direct and indirect costs. The CBR values follow 
a declining trend as α increases. This implies that, despite the increase in direct costs, the overall benefits, as 
measured by improvements in quality of life, outpace the escalating costs. A decreasing CBR indicates an 
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economically favorable scenario where the benefits derived from the treatment strategy surpass the combined 
direct and indirect costs. The variations in direct costs, indirect costs, and the cost-benefit ratio highlight the 
sensitivity of the treatmentstrategy to the fractional order of the system. Understanding these variations is crucial 
for optimizing resource allocation and achieving cost-effective treatment outcomes. The decreasing trend in CBR 
with increasing α suggests a careful balance between the economic costs of treatment and the therapeutic benefits. 
It indicates that, as the system becomes more intricate (higher fractional order), the treatment strategy remains 
economically viable, emphasizing its adaptability and efficiency. The cost-benefit analysis provides decision-
makers with valuable insights into the economic implications of the proposed treatment strategy. It helps guide 
the allocation of resources and facilitates informed choices in the selection of treatment parameters. This result 
contribute to the understanding of the treatment strategy’s cost dynamics, balancing direct and indirect costs 
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while emphasizing the importance of considering the fractional order in optimizing both therapeutic and eco-
nomic outcomes. The memory effect in the cancer cell dynamics is observed through the fractional-order deriva-
tive terms in the equation for N(t). These terms incorporate the historical concentrations and interactions of 
cancer cells, influencing the current growth or decline. The memory effect captures the persistence of the impact 
of past tumor sizes and interactions on the current state of cancer cells. Biologically, this reflects the tumor’s 
ability to “remember” its growth history, influencing the trajectory of cancer cell dynamics. Fractional-order 
terms in the equations governing immune cells I(t)) introduce memory, reflecting the historical response of the 
immune system to cancer cells and treatments. The memory effect in immune cell dynamics acknowledges the 
lasting influence of past immune responses on the current state. This aligns with the biological concept that the 
immune system retains information about previous encounters, shaping its ongoing behavior. The fractional-
order terms in the equations describing genetic mutations M(t)) imply that past mutations contribute to the 
current state of the system. Memory in genetic mutations highlights the cumulative impact of past genetic altera-
tions on the evolution of cancer cells. Biologically, this mirrors the concept that genetic changes accumulate over 
time, influencing the genetic landscape of the tumor. The integral terms in the PID controller equations introduce 
memory, considering the accumulation of past errors in drug dosages. The integral terms represent the memory 
effect in adapting drug dosages. Biological Interpretation: The memory effect in the PID controller aligns with 
the clinical reality that treatment decisions are influenced by past responses. Clinicians, akin to the PID control-
ler, adjust drug dosages based on historical errors to improve future therapeutic outcomes. The fractional-order 
terms in the differential equations governing long-term effects E(t)) and quality of life QoL(t)) reflect memory 
in the persistence of treatment-related impacts and survivorship outcomes. Memory in long-term effects and 
survivorship is biologically relevant as it considers the enduring consequences of past treatments on the patient’s 
well-being. The system “remembers” past exposures, contributing to a holistic understanding of extended 
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Figure 17.   The long-term effects E(t) for different values of α.

0 0.5 1 1.5 2 2.5 3
1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4

Time (Weeks)

Q
oL

(t)

(a)

alpha=0.7
alpha=0.75
alpha=0.85
alpha=0.95
alpha=1

0 0.5 1 1.5 2 2.5 3
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Time (Weeks)

Q
oL

(t)

(b)

alpha=0.7
alpha=0.75
alpha=0.85
alpha=0.95
alpha=1

Figure 18.   Survivorship considerations QoL(t) for h = 0.01,N0 = 2, I0 = 3,P0 = M0 = R0 = 1 , and: (a) 
δ0 = 0.6, η = 0.25 , (b) δ0 = 0.3, η = 0.7.



30

Vol:.(1234567890)

Scientific Reports |        (2024) 14:18484  | https://doi.org/10.1038/s41598-024-66531-x

www.nature.com/scientificreports/

treatment outcomes. The identified memory effects reinforce the biological relevance of the fractional-order lung 
cancer model, capturing the persistent influence of past events on the current and future behavior of the system. 
Clinically, understanding memory effects can guide treatment decisions, emphasizing the importance of past 
responses in shaping future interventions. The memory effects identified in the results enhance the model’s real-
ism and align with biological and clinical principles. They provide a comprehensive representation of the system’s 
dynamics by considering the enduring impact of past states on the evolving behavior of the fractional-order lung 
cancer model. 

Conclusion
In the pursuit of enhancing cancer treatment strategies, the proposed fractional-order model for optimizing 
combination therapy in heterogeneous lung cancer stands as a promising framework. This study specifically inte-
grates immunotherapy and targeted therapy to minimize side effects, presenting a holistic approach to achieving 
therapeutic efficacy while mitigating potential drawbacks. This study introduces a fractional-order model for 
optimizing combination therapy in heterogeneous lung cancer, integrating immunotherapy and targeted therapy 
to minimize side effects and enhance therapeutic efficacy. The model’s analytical validation confirms its reliabil-
ity in capturing cancer progression and treatment dynamics. The optimized combination therapy significantly 
reduces cancer and metastatic cell populations, demonstrating the potential of integrating immunotherapy and 
targeted therapy. The treatment strategy, guided by a PID controller, dynamically adjusts drug dosages to mini-
mize side effects while enhancing the immune response. This balanced approach ensures a carefully modulated 
application of therapies, aiming to harness their strengths without prolonged adverse effects. Economic analysis 
reveals a favorable cost-benefit ratio, suggesting that despite higher direct costs associated with increased frac-
tional orders, the overall therapeutic benefits outweigh the costs. This finding supports the model’s practicality 
and efficiency in a real-world clinical context. Additionally, the identification of memory effects in cancer and 
immune cell dynamics, as well as in drug dosages, adds a layer of realism to the model. These memory effects 
reflect the enduring impact of past treatments on current and future behavior, aligning with clinical observations. 
The research highlights the potential of this model to tailor cancer treatments by incorporating real-time data 
and individual patient characteristics, thereby enhancing personalized therapy. Future work should focus on 
clinical trials to validate these findings and refine the model parameters for practical implementation. The goal 
is to translate these computational insights into tangible benefits for cancer patients, advancing personalized 
cancer treatment strategies. This interdisciplinary approach bridges the gap between computational modeling 
and clinical applications, promising significant advancements in the field of personalized medicine. The novelty 
of this research lies in its innovative use of fractional-order differential equations to capture the complexities 
and memory effects inherent in cancer systems, which are often overlooked in traditional models. By integrat-
ing immunotherapy and targeted therapy with a sophisticated PID control strategy, this study offers a unique, 
adaptive approach to cancer treatment that is both personalized and dynamically responsive to patient-specific 
conditions. The inclusion of economic considerations and real-time data further enhances the model’s applicabil-
ity and potential impact on clinical practice. Future promising research should focus on conducting clinical trials 
to further validate the model’s predictions and refine its parameters for real-world application. Additionally, a 
detailed comparative analysis with existing models, while beyond the scope of this study, is recommended for 
future studies to better contextualize our findings within the broader landscape of cancer treatment research. 
Exploring the integration of advanced control strategies, such as machine learning algorithms, could enhance the 
adaptability and precision of treatment. Expanding the model to incorporate various cancer types and incorpo-
rating emerging biomarkers and patient-specific data will pave the way for even more personalized and effective 
therapeutic strategies. This interdisciplinary research bridges computational modeling and clinical application, 
promising significant advancements in personalized cancer treatment.

Data availibility
All pertinent data utilized in this investigation are referenced within the manuscript and are available upon 
request from the corresponding author (CI).
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