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Abstract

Deep learning has shown remarkable success at a number of tasks in various applications.
This success is well appreciated in practice but theoretical explanations for how deep learning
works are in their infancy. Previous work suggests that a link may exist between deep
learning and the renormalization group (RG). RG is a powerful tool with a strong theoretical
foundation. It allows one to move from an enormous set of microscopic parameters which
describe a system to a succinct macroscopic description. RG achieves this by repeatedly
performing a local coarse graining. Deep learning can also be viewed as performing a form
of averaging or coarse graining. Deep networks reduce a large number of inputs to a smaller
number of outputs which summarize the input training data. This suggests that a link between
RG and unsupervised deep learning may exist. Such a link would give a possible starting
point from which to develop a theoretical framework for deep learning by exploiting the rich
theory of RG. This thesis is focussed on establishing this link in a quantitative way.

The studies presented here are carried out on models of a magnet, namely the Ising
model and long range spin chain, as well as the MNIST (Modified National Institute of
Standards and Technology - a handwritten digit dataset), TensorFlow Flowers and SWIMSEG
(Singapore Whole sky IMaging SEGmentation - a sky and cloud image dataset). We extend
current work by probing the restricted Boltzmann machine (RBM) flow fixed point using
two-point spin correlators. In the case of the Ising model, the RBM does not correctly
reproduce properties related to longer ranged scaling dimensions. For the long range spin
chain, the RBM does not correctly reproduce even the shortest distance scaling dimensions.
This is an interesting result as this suggests RBMs are better at learning local features as
opposed to long ranged interactions.

We introduce a method for comparing the coarse graining of RBMs and RG using
correlation functions between inputs and outputs of both transformations. By studying spatial
correlators of the input output correlators we learn about the local patterns each output node
encodes. Locality is a key characteristic of RG which motivates this method. Another key
characteristic of the RG flow is the flow of temperature. We compare the flow of temperature
in stacked RBM networks to several steps of RG. Here we see RG-like behaviour when



studying the Ising model but when there are longer ranged interactions as in the case of the
long range spin chain this no longer holds.

The final contribution relates to the generalization and noise rejection properties of RBMs
and autoencoders. One of the main results we present shows that unsupervised deep learning
is performing a coarse graining of the momentum space RG near the free field fixed point.
By performing an eigen decomposition of the trained weight matrix we show that for large
singular values the hidden singular vector is obtained by discarding the high Fourier modes
of the visible singular vector. These large eigenvalues and associated visible and hidden
singular vectors define the relevant modes of the training data. We also find strong agreement
between the subspaces defined by the training data covariance matrix and the trained weights.
Using an initial condition related to the training data covariance matrix we find training times
improve by a factor between 4 and 100. This is shown not only on models of magnets but
also using the MNIST, TensorFlow Flowers and SWIMSEG datasets.

Deep learning when viewed as curve fitting results in the generalization puzzle. There
are millions of parameters which must be fitted using only tens or hundreds of thousands
of training samples. The fact that deep networks do generalize goes against logic as we
require more samples than parameters to fit the training data. The result we present provides
a different framework in which to view unsupervised deep learning and shows that only a
handful of parameters are needed to capture the relevant degrees of freedom. We show that
deep networks are able to learn the underlying structure present in the training data and many
of the parameters are irrelevant and can be set to 0. The reduction is so large that the number
of training samples is greater than the number of parameters which need tuning. This result is
a promising step forward for understanding unsupervised deep learning. In addition we can
now phrase new questions in terms of a coarse graining framework. Future work includes

extending these results to supervised networks.
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Chapter 1
Introduction

In recent years there has been a renewed interest in machine learning. This is in large
due to an increase in compute power, a reduction in storage costs and an increase in the
quantity and availability of data. Specifically deep learning has shown remarkable success
by outperforming humans at a wide range of tasks such as Go [1], the Atari games [2] and
image classification and recognition tasks [3]. The increase in compute power has made
it feasible to train deeper networks. These deep architectures have an enormous number
of parameters which require tuning during training. In the case of top performing image
classification networks the number of parameters is in the order of millions with AlexNet
[4] having approximately 61,000,000 parameters and GoogleNet approximately 7,000,000
parameters [5]. Despite the ability to train these complex networks and their incredible
performance, a theory explaining deep learning is lacking.

No formal scientific definition exists at present for what learning is. We know that humans
are good at learning. People can accurately identify an object in nature as a tree. A tree is
made up of many features such as leaf size, leaf colour, bark texture and height. Trees may
have different branch configurations and go through seasonal changes. Even with all of this
variation, people can agree upon what objects are trees, bushes or grass. There are certain
aspects of individual trees which will be common amongst all trees. These features do not
change a lot when we look at different trees. An example of such a feature may perhaps be
the fact that all trees have bark. Features which may show large variations between different
types of trees could be height, leaves and bark texture. Even a particular tree may look
different depending on the time of year that it is observed. These features vary between
different types of trees, however, are not important when labelling an object as a tree. We sift
through all these features to arrive at an object label, discarding some smaller unimportant
details. This idea of sorting through features and finding which features are important to

aggregate, which can be described as a type of coarse graining, is one possible description of



2 Introduction

how learning works. Coarse-graining means to go from a very detailed, fine level description
to a less detailed coarse description.

Many people have discussed the idea that deep learning can be viewed as performing a
type of coarse-graining [6—8]. Although these papers are focussed on specific applications,
this theme of data being coarse-grained is evident. A reasonable hypothesis is that learning
is coarse-graining.

In physics there exists a powerful and well understood coarse-graining tool, the renormal-
ization group (RG). RG is used to move from a microscopic to a macroscopic description
of a system by repeatedly applying steps of coarse graining. This is achieved by removing
high frequency modes which represent the irrelevant noise in the data, and only keeping the
low frequency modes which represent the signal of interest. Imagine a swimming pool filled
with an enormous number of water molecules. Each molecule has its own position, mass and
momentum and so there exist a vast number of microscopic parameters which characterize
the system. Often we are interested in the average properties of the water molecules as
a whole. These properties may include the pressure or volume of the body of water. RG
gives us a systematic way to perform the coarse graining in order to obtain a macroscopic
description given the microscopic description.

Some studies have suggested that a link between RG and deep learning may exist [9-11].
If this link does exist we could rely on the rich theoretical framework provided by RG to
understand deep learning. This thesis is aimed at examining this link.

Below the background is sketched after which the problem statement and research
objectives are outlined. The chapter ends with a brief summary of the contributions made by
this work. Each objective and contribution includes a reference to where this is included in
the thesis.

1.1 Background

At present, explanations for how and why deep learning works are in their infancy. In [9] a
suggestion is made that deep learning and RG are equivalent. The authors provide an identity
that they claim proves an equivalence between the two coarse graining methods. However a
crucial equation upon which their argument rests does not provide a unique characterization
for RG and the RBM [12] (this point is discussed in Chapter 2).

The link is pursued further in [10, 11] where authors study a model of a magnet, the Ising
model. The two dimensional Ising model consists of a two dimensional grid of lattice sites
where each site contains a spin taking values of £1. This model is well studied and understood

in physics and is therefore a useful setting in which to probe the link between RBMs and
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RG. In addition, the Ising model only allows couplings between nearest neighboring spins.
This enforces locality in the data which is similar to the locality found in images. In images
nearby pixels are likely to have a similar colour and pixels far away from each other are less
likely to be similar. It is well known that deep networks perform well on image data and the
Ising model provides an analogous setting.

To generate data for the Ising model, Monte Carlo simulations are used. The authors
in [10] claim that the RBM learns the critical temperature of the Ising model. This is
demonstrated by generating RBM flows of a single network and measuring their temperatures
using a supervised neural network. The temperature measurements show that the RBM flows
converge to a temperature very close to the critical temperature. In addition to this they
provide analysis of the off diagonal components of the weight matrices showing that as
the distance from the diagonal increases, so the values decrease. They show that for high
temperatures, the fall off is faster than at low temperatures which is consistent with what we
expect from the spin model. At high temperatures interactions are more local than at low
temperatures.

In [10, 11] only single-layered RBM networks are studied. Using the trained network
parameters a flow of inputs and outputs are generated by the network. In RG we perform a
number of steps to eventually arrive at a coarse grained description. If RBMs do perform an
RG-like coarse graining, a network with multiple layers must be investigated as this is one
way we may be able to find similarities between the two techniques.

In studies aimed at understanding noise rejection properties of networks [13, 14], authors
have studied the eigen decomposition of trained fully connected weight matrices. Results
show that many of the singular values are so small they can be set to 0. This results in a large
reduction in the number of parameters. The authors show that this handful of large singular
values is linked to noise rejection properties of the network. This is not surprising as only
the few singular vectors associated to large singular values will carry the noise to the output.

This observation however needs to be explored further to gain understanding.

1.2 Problem statement

A theory for deep learning is yet to be developed. Understanding how and why deep neural
networks perform so well would give a concrete framework in which to ask important
questions about this tool. Such questions would relate to network architecture, training
speeds, or understanding in which settings these methods fail. Being able to answer questions
such as these in a precise manner could aid in further development and refinement of deep

learning.
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1.3 Research objectives

The research objectives include:

* To develop a quantitative measure which probes similarities/differences in both coarse
graining settings. We achieve this by studying statistical properties of the transfor-

mations to determine whether the two behave similarly. This is explored in Chapter
2.

* To probe the link between a single RBM’s flow and the RG flow. We compare statistical
properties of spin configurations generated by a trained RBM using spatial correlators
to probe whether the RBM flow converges to the critical point of these spin systems.
This analysis is performed on the two dimensional Ising model (in Chapter 2) as well
as the long range spin chain (in Chapter 3).

* To study the link between stacked (more than one layer) RBM flow and the RG flow.
This analysis is again performed on the two dimensional Ising model (in Chapter 2) as
well as the long range spin chain (in Chapter 3). Further, by performing the singular
value decomposition of a block spin coarse graining rule with overlapping blocks and
the trained weights of the RBM, we cement the connection (in Chapter 4).

* To study properties of unsupervised networks related to noise rejection and generaliza-
tion. This analysis is concerned with RBMs and autoencoders trained on Ising, MNIST,
TensorFlow Flowers and SWIMSEG datasets (in Chapter 4).

1.4 Contributions and layout of this thesis
This thesis is organized in order of the publications produced as follows

1. Chapter 2 - Is unsupervised deep learning a renormalization group flow? [15]
2. Chapter 3 - Short sighted deep learning [16]

3. Chapter 4 - Why Unsupervised Deep Networks Generalize [17]

The main contributions of this thesis are summarized as follows with reference to where
they appear.
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1.4.1 Quantitative statistical measure to compare RG and RBMs

In Chapter 2 we develop an input output correlation function which can be used to study
patterns between input and output nodes. We find that the RBM learns similar local patterns
to the RG where a cluster of inputs are encoded in a specific output node.

We further quantify these input output correlators by calculating spatial correlators. The
spatial correlators give us important information about the locality encoded in the input

output correlators. Locality is a signature characteristic of RG so is useful to study.

1.4.2 The RBM flow versus the RG flow

We explore the RBM flow in settings of the Ising model and long range spin chain. For
the Ising model the RBM flows correctly reproduce the spin scaling dimension but not the
energy scaling dimension. This is discussed in Chapter 2. For the long range spin chain the
RBM fails to correctly reproduce all spin correlator scaling dimensions. This is discussed in
Chapter 3.

This suggests that RBMs represent the input data more faithfully when interactions are
local. It also confirms that the RBM does not always learn critical points of spin models.

1.4.3 Stacked RBM flows vs RG flows

When we study the stacked RBM flow in relation to the RG flow we find that in the Ising
model setting, both coarse graining schemes show an increase in temperature as we progress
through the flow. This is discussed in Chapter 2.

However in the case of the long range spin chain we do not see the expected RG behavior
in the data generated by the RBM. Here the RBM shows a decrease in temperature as we
move through the layers of the network. This is discussed in Chapter 3.

These results again confirm that the RBM is not good at learning when the data has long

ranged interactions and is more suited to learning localized patterns.

1.4.4 Explaining why deep networks generalize

We demonstrate through numerical experiments that RBMs and autoencoders are performing
a coarse graining of the momentum space RG near the free field fixed point. From this result
we can see that the correct way to understand unsupervised deep learning is from a coarse
graining perspective as opposed to curve fitting.

We achieve this result by performing an eigen decomposition of trained weight matrices

and studying the visible and hidden singular vectors. The visible and hidden singular vectors
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which correspond to large singular values, only have support at low frequency Fourier modes.
These low frequency modes relate to coarse, relevant features of the data. We show that
by truncating the high Fourier modes of the visible singular vectors, we obtain the hidden
singular vectors. This result shows a dramatic reduction in the number of parameters which
are relevant to learning the input data. In addition to this we demonstrate that by initializing
the weights to the subspace of the data covariance matrix we see training speeds improve by
between 4 and 100 times. This is a key result that opens up a vast range of new questions
within the coarse graining setting. This is discussed in Chapter 4.



Chapter 2

Is deep learning an RG flow?

2.1 Introduction

The power of machine learning and artificial intelligence is established: these are powerful
methods that already outperform humans in specific tasks [18-21]. Much of the research
carried out in machine learning is of an applied nature. It establishes the practical utility of the
method but does not construct an understanding of how deep learning works or even if such
an understanding is possible [22-27]. Consequently, deep learning remains an impressive but
mysterious black box. A possible starting point for a theoretical treatment suggests that deep
learning is a form of coarse graining [20, 28, 29]. Since there are more neurons than output
neurons this is almost certainly true. The real question is then if this is a useful observation,
one that might shed light on how deep learning works. This is the question we take up in this
thesis.

We argue that understanding unsupervised deep learning as a form of coarse graining
is a useful observation, and make the case by adopting and adapting several ideas from
theoretical physics. Specifically, in theoretical physics there is a sound framework to carry
out coarse graining, known as the renormalization group (RG) [30]. RG provides a systematic
way to construct a theory describing large scale features from an underlying microscopic
description, which can be understood as recognizing sophisticated emergent patterns, a
routine achievement of deep learning. Further, RG is applicable to field theories, that is,
to systems with a large number of degrees of freedom so that it seems that RG is well
positioned to deal with massive data sets. Finally, the way in which RG works is, in contrast
to deep learning, well understood and can be described in precise mathematical language.
These features suggest that RG may provide a useful framework in which to describe deep
learning and attempts to argue that this is the case have been made in [9-11, 31]. We focus

on unsupervised learning by a restricted Boltzmann machine (RBM).
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Two distinct possible connections to RG have been attempted, both relevant to our study.
The first [9] is an attempt to link unsupervised deep learning to the RG flow. The RG flow is
a smooth process during which degrees of freedom are continuously averaged out, so that we
flow from the initial microscopic description to the final macroscopic description. In deep
learning one stacks layers of networks to obtain a deep network. The proposed connection
of [9] suggests that each layer in the stack performs a small step along the RG flow!. We
contribute to this discussion by developing quantitative tools with which this proposal can
be explored with precision. The basic objects that appear in our analysis are correlation
functions between the visible and the hidden neurons. This allows us to decode the mechanics
of the RBM’s pattern generation and to compare it to what the RG is doing. Although there
are important differences, our results indicate remarkable similarities between how the RBM
and RG achieve their results. The second approach [10, 11] builds an RBM flow using the
weight matrix of the neural network after training is complete. The results of [10, 11] suggest
that the RBM flow is closely related to the RG flow. We carry out a critical examination
of this conclusion. The central tools we employ are correlation functions defined using the
patterns generated by the RBM. We give a detailed and precise argument showing that the
largest scale features of RG and RBM patterns are in complete agreement. The correlation
functions involved are non-trivial probes of the statistics of the generated pattern® so the
conclusion we reach is compelling. We also find that if one probes smaller scale features
there are important differences between the two patterns. We will comment further on the
interpretation of these results in the conclusions.

At this point, a comment is in order. The word “deep” in “deep learning” indicates that
many layers are stacked to produce the network. Each layer in our network is an unsupervised
RBM. The word “flow” in “RG flow” indicates that many small steps of coarse graining
are carried out. Each step performs a local averaging and one basic step is being repeated.
In this study we are developing methods that allow a comparison between one step of the
renormalization group flow to one layer of the deep network. Thus, although we spend
much of our effort on comparing a single RBM layer to a single step in the RG flow, we are
interested in understanding the learning achieved through the composition of many layers as
an RG flow. It is in this sense that although we study a single layer we nevertheless claim we
are exploring the problem of deep learning.

The setting for our study is the two dimensional Ising model [33]. This is a simple
model of a magnet, built for many individual “spins” each of which should be thought of
as a microscopic bar magnet. Each spin can be aligned “up” or “down”. Spins align at low

IFor a critical discussion of this proposal, see [29, 32]
’The studies carried out in [10, 11] used averages of the RBM pattern. Our correlation functions provide
more sensitive probes into the structure of the pattern.
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temperatures producing a magnet. At high temperatures, spins are aligned randomly and
there is no net magnetic field. The spins themselves define a binary pattern (the two states
are up or down) and it is these patterns that the RBM learns. An important motivation for
this choice of model is that it is well understood. The theory exhibits a first order phase
transition terminating at a critical point. The theory at the critical point enjoys a conformal
symmetry so that it can be solved exactly. It exhibits many interesting observables which
we use to explore how deep learning is working [34, 35]. For example, if a neural network
generates a microstate of the model, we can ask what the corresponding temperature of the
microstate is. At the critical point special observables known as primary operators, can be
defined. Their correlation functions are power laws with powers that are known. These are
the natural variables which encode, completely, the long scale features of the patterns. In this
way, the Ising model gives a framework to explore unsupervised deep learning both through
the results of numerical experiments and using the complete understanding of the large scale
features of the coarse grained system. To probe whether unsupervised deep learning is a type
of coarse graining, we will see that this knowledge of correlations on large length scales is a
valuable tool.

Our study of an Ising magnet may seem rather far removed from more usual (and
practical) applications, including for example image recognition and manipulation. However,
one might be optimistic that lessons learned from the Ising model are applicable to these
more familiar examples. Indeed, the energy function of the Ising model tries to align nearby
spins with the result that nearby spins are correlated. This is not at all unlike an image for
which the color of nearby pixels is likely to be correlated [36].

A description of deep learning in the RG framework would have important implications.
RG explains how macroscopic physics emerges from microscopic physics. This understand-
ing leads to an organization of the microscopic physics into features that are relevant or
irrelevant, so that in the end the emergent patterns depend only on a small number of relevant
parameters. Carried over to the deep learning context, a similar understanding will strive to
explain what features of the data and which weights in the network are important for deep
learning. Such an understanding would have implications for what architectures are optimal
and how the learning process can be improved and made more efficient.

We now sketch the content of the chapter and outline how it is organized. In Section 4.1
we give a quick review of RBMs, RG and the Ising model, providing the background needed
to follow subsequent arguments. In Section 2.3 we consider the RBM flows defined using
the matrix of weights learned by the network [10, 11]. By studying correlation functions
of primary operators of the Ising conformal field theory, we argue that although the RBM

and RG patterns agree remarkably well on the largest scales of the pattern they differ on
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the short scale structure. In Section 2.4 we examine the possibility that unsupervised deep
learning reconstructs an RG flow, with each layer of the deep network performing one step
of the flow. Our discussion begins with a critical look at the argument given in [9] that
claims that unsupervised deep learning is mapped onto the RG flow. The argument shows a
system of equations that is obeyed by both the RBM and a variational realization of the RG
flow. Our basic conclusion is that the argument of [9] only shows that aspects of the RBM
learning are consistent with the structure of the RG transformation. Indeed, we explicitly
construct examples that satisfy the equations derived by [9] that certainly do not perform an
RG flow or arise from an RBM. Nevertheless, the arguments of [9] are compelling and we
find the possible connection between unsupervised deep learning and RG fascinating and
deserving of further study. Towards this end we couch some of the qualitative observations
of [9] as statements about the behavior of well chosen correlation functions. The form of
these correlators, puts certain qualitative observations of Section IV.B. of [9] onto a firm
quantitative footing. Finally we study the RG flow of the temperature. This turns out to
be interesting as it reveals a further difference between the RBM patterns and RG. In the
final Section of this chapter, we discuss our results and suggest open directions that can be
pursued.

2.2 RBM, RG and Ising

In this section we introduce the background material used in our study. The first subsection
reviews RBMs emphasizing both the structure of the network and its implementation. Fol-
lowing this, the RG is reviewed, with an emphasis on aspects relevant to unsupervised deep
learning. This section concludes with a review of the Ising model, motivating why the model

is considered.

2.2.1 Restricted Boltzmann Machines

RBMs perform unsupervised learning to extract features from a given data set [37-39]. They
have a visible (input) and a hidden (output) layer. The visible layer is made up of visible
nodes, v; with i = 1,2--- /N, and the hidden layer is made up of hidden nodes, A, with
a=1,2,--- Ny as illustrated in Figure 2.1.

The visible nodes are set with values of +1 and the trained network generates a corre-
sponding pattern by setting the output nodes to 1. The values of the hidden neurons are
obtained by evaluating a non-linear function on a linear combination of the visible neurons,

perhaps offset by a constant bias. The nonlinear function we use here is the hyperbolic
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Fig. 2.1 An RBM network with visible nodes v; and hidden nodes &, where N, = n and
Nj, = k. Connections between visible and hidden nodes are each associated with a weight
Wia.

tangent which can be seen in equation (2.12). The specific linear combination of neurons
is represented by connections between nodes, with a weight for each connection. For the
RBM there are connections between every visible node and every hidden node, while nodes
belonging to the same layer are not connected. The “unrestricted” Boltzmann machines allow
connections between any two nodes in the network [40], but this generality comes at a cost:
training algorithms are much less efficient [37-39]. The connection between visible node v;
and hidden node £, is assigned a weight, Wj,, and visible (hidden) nodes are assigned a bias
bgv) (béh)). Using these ingredients we define a Hamiltonian for the RBM

E==Y b he— Y viWiaha— Y b v: 2.1)

where h,,v; € {—1,1}. The RBM defines the probability distribution for obtaining configu-
rations v and h of visible and hidden vectors by [41]

p(v.h) = %eE : 2.2)

where 2 is the partition function, obtained by summing over all possible hidden and visible
vectors
z=1Y " (2.3)
{vh}
As usual, to determine the marginal distribution of a visible vector, sum over the state space
of hidden vectors

1
p(v) = 7 Y e F (2.4)
{n}
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Similarly, the marginal distribution of a hidden vector is

1
p(h) = — Y e E (2.5)
{v}

The weights, W;, and biases bl(v), bgh) are determined during training. Training strives to
match the model distribution p(v) to the distribution ¢(v) defined by the data and it achieves
this by minimizing the Kullback-Leibler (KL) divergence, which is given by

Dki(qllp) = Y a(v)(log(q(v)) —log(p(v)))

{v}
= %q( )1 g(p(v)). (2.6)

The KL divergence is a measure of how much information is lost when approximating
the actual distribution with the model distribution [42]. Training adjusts {Wj,, bl(v) , bt(lh)} to
minimize the KL divergence. Gradients of the KL divergence used to update the parameters
of the RBM are computed as follows

oD
W - <Viha>data - <Viha>m0d5’l’ 7
al)L((q)‘m - <vi>data - <vi>m04317 29
ob,"
dDk(q||p)
e 22

where the expectation values appearing above are easily derived using (2.2). They are
given explicitly in Appendix A.1. The data set contains an enormous number N; of samples
implying that the method just outlined is numerically intractable: the sum over the whole
state space of visible and hidden vectors is too expensive. In this study we consider networks
with &, in the range of 100 to 1024 nodes and N}, in the range of 81 to 256 nodes. The
number of samples N; we sum over lies in the range of 28! and 21924, To make progress, we
approximate the KL divergence by the contrastive divergence [39]. Rather than summing
over the entire state space of visible and hidden vectors, one simply sets the states of the
visible units to the training data [41]. This is an enormous simplification. Given a set of
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visible vectors, the hidden vectors are sampled by setting each 4, to 1 with probability

plha=1]v) = % (1 +tanh <2Wmv,-+b§h)>> . (2.10)

Likewise, given a set of h,, we are able to sample visible vectors by setting each v; to 1 with
probability

p(vi=1]h) = % (1 + tanh (ZWiaha +b;)> . (2.11)

Expectation values for the data are computed using h, generated using (2.10) and ¥, provided
by the training data set.

To determine model expectation values, determine a sample of visible vectors {¥} and a
sample of the hidden vectors {h}, using the equations (2.11) and (2.10) as we now explain.
The set {¥}, is calculated using {h} and equation (2.11). We then determine {h}, using {¥}
and equation (2.10). The equations for the Ak vectors in the sets {h}, {¥} and {h} are thus

B = tanh (ZmaﬁEA) +b£,’”> , (2.12)
50 tanh (Zwmizéf‘) +b§v>) , @.13)

PN — tanh (ZWmv )y plh )) (2.14)

Expectation values of the model are approximated using these sets. Again, summing these
much smaller sets (and not the complete space of hidden and visible vectors) is an enormous
simplification.

Using this approximation the expressions used to train the RBM are

(Viha)data = sz i (2.15)
<Vl model - Z (2.16)
Ny A

S

(Vi)data = Z (2.17)
A
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(ViYmodel = — Y, 7, (2.18)
s A
1 -
(haaara = — Y Fu™, (2.19)
s°A
1 -
<ha>m0del - _Z a(A)7 (2.20)
s A

where A = 1,2,3,..., N, denotes samples in the training data set made up of N; samples.
These approximations achieve a dramatic speed up in training. Although this method
performs well in practice [18, 43, 44], it is difficult to understand when and why the approx-
imations work [41, 45]. This approximation does not follow the gradient of any function
[46].

222 RG

RG is a tool used routinely in quantum field theory and statistical mechanics [30]. RG coarse
grains by first organizing the theory according to length scales and then averaging over the
short distance degrees of freedom. The result is an effective theory for the long distance
degrees of freedom. RG thus gives a systematic procedure to determine the dynamical laws
governing macroscopic physics of a system with given microscopic laws, and it achieves
this by employing coarse graining. The analogy to deep learning should be evident: deep
learning also extracts regularities from massive data sets.

At this point it is helpful to make a comment on what a field is. A field is a type of
observable. A very simple example of a field could be the temperature inside a room. The
measured value of the temperature depends on exactly where in the room you make the
measurement® and when you make the measurement*. Anything that can be measured
everywhere and/or everywhen is an example of a field.

To illustrate RG consider the example provided by quantum field theory. To have a
concrete example in mind, which is relevant to the discussion that follows, we might study a
field ¢ (x) describing the magnetization inside a magnet. The value of the field ¢ (x) gives
the value of the magnetization at position x. ¢(x) can be manipulated as we would normally
manipulate a function of x. In particular, we can take derivatives of ¢ (x) with respect to x

3For example, there maybe an air conditioner in the room. Points closer to the air conditioner will be cooler.
4Temperature measurements at midnight in the middle of winter will typically be lower than measurements
at midday in the middle of summer.
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and we can take its Fourier transform to obtain ¢ (k). Observables & are functions (usually
polynomials) of the field and its derivatives. Examples of observables are the energy or
momentum of the field. To calculate the expected value (&) of observable &, integrate (i.e.
average) over all possible field configurations

(0 = / [doleS0. (2.21)

To make sense of this integral one can work on a lattice. Here we use the term “lattice” to
denote an ordered array of points, and we imagine replacing the continuum of space with this
discrete structure, so that the set of all possible positions in space is now a discrete set. The
integral over all possible field configurations then becomes a product of ordinary integrals,
with one integral over the allowed range of the field, at each lattice site. The range of the
field is usually taken to be the real number field. The factor 5, which defines a probability
measure on the space of fields, depends on the theory considered. S is called the action of
the theory and is also a polynomial in the field and its derivatives, with the coefficients of
the polynomial providing the parameters of the theory, things like couplings and masses. A
theory is defined by specifying S.

To coarse grain, express the position space field in terms of momentum space components

¢ (x) = / dke™ ¢ (k). (2.22)
¢k oscillates in position space with wavelength 27” High momentum (big k) components
have small wavelengths and encode small distance structure. Low momentum components
have huge wavelengths and describe large distance structure. Declare there is a smallest
possible structure, implemented by cutting off the momentum modes at a large momentum A
as follows

[do] =[] do (k). (2.23)

k<A

RG breaks the integration measure into high and low momentum components [d¢] =
[do-|[d¢~] where

do] = [ do)
k<(l—g)A
[do-] = [T 4o). (2.24)

(I—g)A<k<A
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The dimensionless parameter € defines the split between the two sets of components. In the
end we imagine taking € — 0 as explained below. RG considers observables that depend
only on large scale structure of the theory, i.e. observables that depend only on ¢.. In this
case, when computing the expected value of & we can pull & out of the integral over ¢~ and

integrate over the high momentum components

©0(9) = [ldo-] [1ao-]eS0(9-)
_ / do-] e S 6(¢-). (2.25)

This procedure of splitting momentum components into two sets and integrating over the
large momenta defines a new action Se¢. Repeating the procedure many times defines the
RG flow under which Se¢r changes continuously. To obtain a continuous flow we should take
the limit € — 0, so that the procedure needs to be repeated an infinite number of times to
flow to low momentum. The parameter € should be thought of as a step size in a discrete
flow. It is not a physical parameter and must be taken small enough that the results of
computations are independent of €. After the flow, one is left with an integral over the
very long wavelength modes. This completes the coarse graining: we have a new theory
defined by Se¢r. The new theory uses only long wavelength components of the field and
correctly reproduces the expected value of any observable depending only on long wavelength
components. Values of the parameters of the theory, which appear in Se¢, change under
this transformation. In general, many possible terms are generated and appear in Segr. Each
possible term defines a coupling of the theory. Each coupling can be classified as marginal
(the size of the coupling is unchanged by the RG flow), relevant (the coupling grows under
the flow) or irrelevant (the coupling goes to zero under the flow). It is a dramatic insight
of Wilson that almost all couplings in any given quantum field theory are irrelevant and
so the low energy theory is characterized by a handful of parameters. This is a dramatic
(experimentally verified) simplicity hidden in the rather complicated quantum field theory.
This simplicity explains why “simple large scale patterns” can emerge from “complicated
short distance data”. The possibility that the same simplicity is at work in unsupervised deep
learning is a key motivation of this thesis.

Although the equation (2.25) defines the relationship between S and Se, the connection
is rather abstract and a few clarifying remarks are in order. Consider the situation in which
we started with an action S and we have flowed to obtain some effective low energy dynamics
Seff- The action S is the original action of the theory. In the case of a magnet, this would
describe the dynamics of atomic spins, where the relevant length scale is 10~ °m. The
effective action would describe the dynamics of a classical magnet, where the relevant length



2.2 RBM, RG and Ising 17

scale may be 1073 m or even larger. The renormalization group is the coarse graining that
constructs the classical macroscopic physics from the microscopic physics.

Conceptually, the coarse graining performed by RG is well defined. Computationally,
it is almost impossible to carry out. To develop a useful calculation scheme, partition the
momentum components into tiny sets (i.e. follow (B.21) with € infinitesimal) and ask what
happens when we average over a single tiny set. Two things happen: couplings g; change
0g; = PB; € and the strength of the field changes ¢ = y€¢@. One can prove that all observables
built using n fields will obey the Callan-Symanzik equation [47]

( +Zﬁ, +ny> 0) =0. (2.26)

The parameter u here defines the scale of the effective theory: the smallest wavelength in the
effective theory is %” This equation provides a remarkable and simple description of the
RG coarse graining that captures the essential features of the long distance effective theory.
In practice correlation functions are computed and then inserted into the Callan-Symanzik
equation. The f; and 7y functions are then read from the resulting equations.

If RG (or a variant of it) is relevant to understanding deep learning, it makes concrete
suggestions for the resulting theory. For example, is there an analogue of the Callan-
Symanz(ﬂ; e(%u)atlom One might assign beta functions B, [3 ﬁa to the weights W;, and

b

biases bl. ,by . These would determine which parameters of the RBM are relevant, irrelevant
or marginal.

The RG flow halts at a fixed point, described by a conformal field theory. This field
theory enjoys additional symmetries including scale invariance. It is interesting to note that
the possibility that scale invariance plays a role in unsupervised deep learning has been raised
in [29, 9-11, 31].

Although we have focused mainly on a physical model in this article, we should point out
that there are many other applications of the renormalization group formalism. For example,
RG has been used to understand the spread of forest fires [48], in the modeling of the spread
of infectious diseases in epidemiology [49], for the prediction of earthquakes [49] and more

generally, to any system with self organized criticality [50].

2.2.3 Ising model

The Ising model is a model for a magnet. The two dimensional model has a discrete variable,
called a spin, 0; = £1 on each site of a rectangular lattice. The sites are labeled by a two

dimensional vector k, which has integer components. A state of the system is given by
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specifying a collection of spins, {G%}, one for each site in the lattice. To refer to a specific
state of the spin system we use the notation o = {0y }. Spins on adjacent sites i and j interact
with strength J;;. Each spin will also interact with an external magnetic field 4 ;, with strength
. The energy of a given configuration {Gz} of spins is determined by the Hamiltonian

H:—ZfijGiGj—/.LZthj, (2.27)
(i) J
where the first sum is over adjacent pairs, indicated by (i j). We simplify the model by
setting the external field to zero ; = 0, and by choosing the couplings in the most symmetric
possible way J;; = J. Since J is an energy we can set it to 1 by choosing units appropriately.
The probability of configuration o = {67{'} of spins is given by the Boltzmann distribution,
with inverse temperature 3 > 0
e BH{o})

where the constant Zg, the partition function, is given by

Zg = {Z}eBH @), (2.29)
O

Averages of physical observables are defined by
(f)p =D f(0)Ps(0). (2.30)
(o3

We study unsupervised learning of the Ising model by an RBM. The visible data that is used
to train the network is generated using the probability measure (2.28). The lattices have a
total of L, x L, sites, with each site indexed by a position vector k. We rearrange this array
of spins o into an N, = L, x L, dimensional vector by concatenating the rows of the given
array. These components of these vectors are the training data input to the visible nodes of
the RBM.

There are good reasons to focus on the Ising model. The model has a fixed point in
its RG flow. The fixed point is described by a well known conformal field theory (CFT)
[51]. This fixed point is an unstable fixed point meaning that generic flows move away from
the fixed point. We must tune things carefully if we are to terminate on the fixed point.
This tuning is necessary because there is a relevant operator present in the spectrum of the
conformal field theory and it tends to push us away from the fixed point. We need to tune the

temperature. If the temperature is slightly above the critical temperature, thermal fluctuations
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destroy the long range correlations that are forming, whilst if we are slightly below the
critical temperature, the tendency of spins to align dominates and we find a state with all
spins aligned and no fluctuations at all. It is only exactly at the critical temperature that the
system exhibits the interesting long range correlations that are described by the CFT. The
papers [10, 11] argue that the RBM flow always flows to the fixed point. This challenges
conventional wisdom and it suggests a different kind of coarse graining to that employed by
RG, is at work. A distinct proposal [9] claims that the RG flow arises by stacking RBMs to
produce a classic deep learning scenario. Each layer of the deep network performs a step in
the flow.

At the Ising model fixed point, detailed checks of both proposals are possible. There are
CFT observables, known as primary operators, whose correlators are power laws of distances
on the lattice. The powers entering these power laws are known, so that we have a rich
and detailed data set that the RBM must reproduce if it is indeed performing an RG coarse
graining. This is a compelling motivation for the model. Another advantage of the model is
simplicity: it is a model of spins which take the values +1 so it defines a simple model with
discrete variables, well suited to numerical study and naturally accommodated in the RBM
framework. Finally, the Ising model is not that far removed from real world applications: the
Ising Hamiltonian favors configurations with aligned neighboring spins. Thus, at low enough
temperatures “smooth” slowly varying configurations of spins are favored. This is similar to
data defining images for example, where neighboring pixels are likely to have the same color.
In slightly poetic language one could say that at low temperatures the Ising model favors
pictures and not speckle.

We end this section with a summary of the most relevant features of the Ising model fixed

point. At the critical temperature

2J

—— = 231
kin(14+/2) 23D

where J is the interaction strength and k is the Boltzmann constant, the Ising model undergoes
a second order phase transition. The critical temperature is given by 7. ~ 2.269 when J = 1.
There are two competing phases: an ordered (low temperature) phase in which spins align
producing a macroscopic magnetization, and a disordered (high temperature) phase in which
spins fluctuate randomly and the magnetization averages to zero. At the critical point the
Ising model develops a full conformal invariance and one can use the full power of conformal
symmetry to tackle the problem. The field which takes values £1 in the Ising model is a
primary field, of dimension A = é. The two and three point correlation functions of primary
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fields are determined by conformal invariance to be

B

= 2.32

X — X% AR — X3 |A % — X3]A

(2.33)

where B and B; are constants. Since we study the Ising model on a lattice, the positions X1,
X, and X3 appearing in the above correlation functions refer to sites in a lattice. There is also
a primary operator in the Ising model (which we describe below) with a dimension A = 1.
These correlation functions must be reproduced by the RBM if it is indeed flowing to the

critical point of the Ising model.

2.3 Flows derived from learned weights

In this section we consider the RBM flows introduced in [10, 11]. These flows use the weight

EV) and bg,h), obtained by training, to define a continuous flow

matrix W;,, and bias vectors b
from an initial spin configuration to a final spin configuration. The flow appears to exhibit a
fascinating behavior: given any initial snapshot, the RBM flows towards the critical point
of the Ising model. This is in contrast to the RG which flows away from the fixed point.
In addition, the number of spins in the configuration is a constant along the RBM flow. In
contrast to this, the number of spins in the configuration decreases along the RG flow, as
high energy modes are averaged over to produce the coarse grained description. Despite
these differences, the flow of [10, 11] appears to produce configurations ever closer to the
critical temperature and these configurations yield impressively accurate predictions for the
critical exponents of the Ising magnet. Our goal in this section is to further test if the RBM
flow produces configurations at the critical point of the Ising model. We explore the spatial
dependence of spin correlations in configurations produced by the flow. Our results prove that
on large scales the Ising critical point configurations are correctly reproduced. However, we
are also able to prove that as one starts to probe smaller scales there are definite quantifiable

departures from the Ising predictions.

2.3.1 RBM flow

RBM flows [10, 11] are generated using equation (2.13) together with the trained weight

™) and bgh) . Our data set 7 is labeled by an index A. For

matrix, W;,, and bias vectors, b;
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each value of A, $A) is a collection of spin values, one for each lattice site. The RBM flow is
generated through a series of discrete steps, with each step producing a new data set of the

(4.K) and by

same size as the original. Denote the data set produced after k steps of flow by ¥
convention we identify 74-%) with the original training set. Apply equation (2.13) to plAk)
and then apply (2.14) to carry out a single step of the RBM flow, with the result pAk+D) The
flow proceeds by repeatedly applying equations (2.13) and (2.14). Concretely, for a flow of

length n, we have

(2.34)
54" — tanh (ZWlaﬁaA net) bI(V)>
where
it =tanh ZWm‘;l(A) +b((lh)> ’
h”a(A,l) — tanh ZmaﬁlgA,l)er((lh)) 7
i, = tanh Y st bg)) | (2.35)

1

ﬁa(A’n) =tanh <ZWia\7§A’n) —|—bgh)> .

Note that the length of the vector #4#) is a constant of the flow and consequently there is
not obviously any coarse graining implemented.
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2.3.2 Numerical results

This section considers statistical properties of configurations produced by the RBM flow. At
the Ising critical point, the theory enjoys a conformal invariance. Using this symmetry a
special class of operators with a definite scaling dimension A can be identified. The utility
of these operators is that their spatial two-point correlation functions drop off as a known
power of the distance between the two operators, as reviewed above in equation (2.32).
These two-point functions can be evaluated using the RBM flow configurations and, if these
configurations are critical Ising states, they must reproduce the known correlation functions.
This is one of the checks performed and it detects discrepancies with the Ising model
predictions. There are two primary operators we consider. This first is the basic spin variable
minus its average value s;; = 0;; — 6. The prediction for the two-point function is (2.32)
with Ay = %. This correlator falls off rather slowly, so that this two-point function probes
the large scale features of the RBM flow configurations. The RBM flow nicely reproduces
this correlator and in fact, this is enough to reproduce the critical exponent for the Ising
model consistent with the results of [11]. One should note however that our computation and
those of [11] could very well have disagreed, since they probe different things. The critical
exponent evaluated in [11] uses the magnetization computed from different flows generated
by the RBM, at temperatures around the critical temperature. Magnetization measures the
average of the spin in the lattice. It is blind to the spatial location of each spin. On the other
hand, the two-point correlation function is entirely determined by the spatial location of spins
in a single flow configuration. Thus, the two-point correlation function uses data at a single
temperature, but uses detailed spatial dependence of the lattice state. We also consider a
second primary operator

€ij = Sij* (Sit1,j+8i—1,j+Sij+1+58ij-1) — &, (2.36)

which has A = 1. We have again subtracted off the average value of the operator. This
correlation function falls off much faster and is consequently a probe of shorter scale features
of the RBM configurations. The RBM flow fails to reproduce this correlation function,
indicating that the RBM configurations differ from those of the critical Ising model. They
have the same long distance features, but differ on shorter length scales.

Consider an RBM network with 100 visible nodes and 81 hidden nodes. This corresponds
to an input lattice of size 10 x 10 and an output lattice of size 9 X 9. The number of visible
and hidden nodes is chosen to match [11], so that we can compare our results to existing

literature.
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Fig. 2.2 Estimates of the scaling dimension A,, versus flow length, obtained using the average
magnetization of flows at temperatures 7' = 2.1, 2.2 and 2.3. The red line indicates the value
of A =0.125 at the critical point. After approximately 8 flows, A, converges to this critical
value. The error bars are determined using Mathematica’s NonlinearModelFit function.
Mathematica uses the Student’s t-distribution to calculate a confidence interval for the given
parameters with a 90% confidence level.

We would like to study a lattice that is as small as possible but large enough to detect the
power law fall off of the correlation functions we study. The power law behavior is given in
the scaling dimensions Ag and A;. We demonstrate that when studying a lattice of size 9 x 9
or larger we correctly determine the values for Ay and A¢ using configurations generated
from MC simulations. These results are shown in Figures 2.6a and 2.5b.

The network trains on data generated by Monte Carlo simulations which use the Boltz-
mann distribution given in equation (2.28) [52]. The training data set includes 20000 samples
at each temperature, ranging from 0 to 5.9 in increments of 0.1. This gives a total of 1200000
configurations. Training uses 10000 iterations of contrastive divergence, performed with
the update equations (2.12) to (2.20) which are derived from equations (2.7), (2.8) and (2.9)
[12].

Once the flow configurations are generated, following [10, 11], a supervised network is
used to measure the temperature of each flow.

The supervised network allows us to measure discrete temperatures of 7 = 0,0.1,...,5.9.

We train a network which consists of three layers, an input layer with 100 nodes, a
hidden layer with 80 nodes and an output layer with 60 nodes which correspond to the 60

temperatures we want to measure. All nodes in the input layer are connected to all nodes in
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the hidden layer, and all nodes in the hidden layer are connected to all nodes in the output
layer. No connections between nodes within the same layer exist.

The Ath sample of input data, ZIE‘I) is transformed by the hidden layer using the hyperbolic
tangent function f(x) = tanh(x) as follows

23 = (L ziw + i), (2.37)

The output layer then transforms Z£‘2) into an output probability using the softmax function

8(x)
Zi) = (Y 2w + b)) =1 g(U), (2.38)

where the softmax function normalizes the output to sum to 1 as follows

exp(U/ﬁ))

(2)
gUy,) = :
Yy exp(UL)

an) = (2.39)
The output of the trained network can thus be interpreted as probabilities for the temperatures
we measure. The highest probability in the output is taken as the temperature for the given
input.

We make use of the Keras library [53] to train this network using the back-propagation
algorithm [54]. The cost function used to train the network is the KL divergence as is used
in [11]. We choose a learning rate of € = 0.1 and train the network for 3000 epochs. In
Figure 2.3 we show the validation and training loss versus the number of training epochs.
The supervised network is trained using the same data set used to train the RBM as well
as corresponding labels for each vector. These labels are one hot encoded vectors which
correspond to the temperatures 7 = 0,0.1,...,5.9. Here we use a split of 40 % of the
input data for validation and 60 % of the input data for training. Figure 2.3 shows that the
supervised network has converged to a loss very close to zero after 3000 epochs.

To estimate A using magnetization the study [11] selects flows at temperatures close to
T, where the average magnetization m depends on temperature as

AT — T,
m= T (2.40)

In [11] the magnetization is expanded about the critical point to give values for A = 1.22

and A,, = 1/8 =0.125

‘TC—T‘I/S

m=~1.222 (2.41)

c
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Fig. 2.3 Plot showing the KL divergence loss function of the supervised temperature measur-
ing network versus the number of epochs divided by 100. This network consists of an input
layer with 100 nodes, a hidden layer with 80 nodes and and output layer of 60 nodes.

We denote A obtained by this fitting as A,,. The fit also determines A. The value of
T. = 2.269 is a known theoretical value for the 2D Ising model with coupling strength J = 1.
The fit uses the magnetization computed at temperatures 7 = 2.1, 2.2 and 2.3. A plot of
A, versus flow length is given in Figure 2.2. The error bars shown in Figure 2.2 (and all
subsequent plots) are determined using Mathematica’s NonlinearModelFit function. The
error bars show the standard error obtained from the regression. Mathematica uses the
Student’s t-distribution to calculate a confidence interval for the given parameters with a 90%
confidence level.

Our results indicate that we converge to the correct critical value A, = 0.125 for flows
of length 26. It is evident from Figure 2.2 that the flow converges to the theoretical value
depicted by the red horizontal line. The convergence of the flow is also reflected as a decrease
in the size of the error bars as the flow proceeds. In [11] the value for A/T, is found to be
0.931. The value of A/T. which we find after convergence is 0.942 with a 90% confidence
interval within £0.0168794 of this value. Although the values we obtain for A and A, are
consistent with the results of [11], they have used a flow of length 9, at which point A, is
correctly determined. As just described, we need longer flows for convergence. The fitting of
Ay, and A, for a flow length of 26, is shown in Figure 2.4.

We now shift our focus to consider spatial two-point correlation functions computed using
the configurations generated by the RBM flows. The correlators are calculated using the
flow configuration and the result is then fitted to the function in equation (2.32) to estimate

A. We denote this estimate by Ay as it is determined using spatial information. For RBM
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Fig. 2.4 Plot showing the fit for equation (2.40). The blue line shows the function
m = 0.942(T —2.269)%125, This function is fitted using the dots which show the average
magnetization for flows of length 26 at various temperatures measured using the supervised
network. The vertical red line shows the critical temperature of 7. ~ 2.269. Equation (2.40)
is fitted using data points for temperatures near 7.

flows at the critical temperature, the prediction which is determined by theory is Ay = 0.125
at T =2.269, as explained above.

We expect that for temperatures below the critical temperature Ay will be less than the
theoretical value of 0.125. For temperatures that are above the critical temperature we expect
that Ag will be greater than 0.125. With a lattice of 10 by 10 spins, we find Ay = 0.1263
using Monte Carlo Ising model configurations. A plot showing this estimate can be seen in
Figure 2.5b. The point of this exercise is to demonstrate that a lattice of size 10 by 10 is large
enough to estimate the scaling dimension of interest and to verify the integrity of the data set
used in the numerical simulations.

Figure 2.5a shows the scaling dimension A, versus the flow length, for RBM flows at
temperatures of 2.2 (in gray) and 2.3 (in black). The red horizontal line indicates the scaling
dimension at the critical point. The results are intuitively appealing. The gray points in
Figure 2.5a show estimates of Ay from flows slightly below the critical temperature, where the
scaling dimension is slightly underestimated. Below the critical temperature spins are more
likely to align and so the correlator should fall off more slowly than at the critical temperature.
This is what our results show. The black points in Figure 2.5a show A estimated using flows
slightly above the critical temperature. The scaling dimension is over estimated, again as
expected. Selecting flows at T, would determine the scaling dimension in between the values

shown in Figure 2.5a. This gives a value very close to the theoretical value of A; = 0.125.
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Fig. 2.5 Plot showing the estimated scaling dimension A; versus flow length using the two-
point correlation function for (a) flows at 7 = 2.2 (in gray) and flows at 7 = 2.3 (in black).
Plot (b) shows the estimated scaling dimension versus temperature for the Ising model data
used for training. The error bars are determined using Mathematica’s NonlinearModelFit
function. Mathematica uses the Student’s t-distribution to calculate a confidence interval for
the given parameters with a 90% confidence level.

The two-point correlation functions for the spin variable establish that the critical Ising
states and the states produced by the RBM flow share the same large scale spatial features.
We will now consider the two-point correlation function of the &;; field, which probes spatial
features on a smaller scale. Using critical Ising data generated using Monte Carlo, on a lattice
of size 10 by 10 and 9 by 9, we estimate A, at various temperatures as shown in Figure 2.6a.
We can estimate the error for the point we are interested in, at Ac = 1 and 7 = 2.269 which
is depicted by the red vertical and horizontal lines shown in Figure 2.6a. The error bar of the
estimate for the grey line (9 x 9 lattice) is £0.059 for an estimated value of A¢ being 1.013.
For the black line (10 x 10 lattice) we have an error bar of +£0.044 on an estimated value
of 1.023 for A¢. This is determined using the average of the values as well as the errors on
either side of the red vertical line at 7 = 2.269.

Figure 2.6a, demonstrates that a lattice of size 9 X 9 is large enough to correctly determine
the € scaling dimension Ag.

The intersection of the red horizontal and vertical lines cross the critical temperature
and prediction A = 1. Interpolating the Ising data with a continuous curve, we would pass
through the intersection point, as predicted. These numerical results again demonstrate that a
lattice of size 10 by 10 is large enough for the questions we consider. The RBM flows are
unable to confirm this prediction. Indeed, the RBM flows near 7, are summarized in Figure
2.6b. None of the three temperatures shown have a value of A¢ that converges with flow
length.
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Fig. 2.6 Plots showing A, calculated using (a) Monte Carlo Ising model data on a 10 by
10 lattice (in black) and a 9 by 9 lattice (grey), (b) RBM flows at a temperature of 7 =2.2,
2.3 and 2.4. Error bars in plot (a) indicate a 90% confidence interval. No error bars are
shown in (b) as the error bars are larger than the y range. The error bars shown in (a)
are determined using Mathematica’s NonlinearModelFit function. Mathematica uses the
Student’s t-distribution to calculate a confidence interval for the given parameters with a 90%
confidence level.

The fact that the RBM produces configurations that correctly reproduce the correlation
function of the spin field s;; but not of the &;; implies that although the spatial correlations
encoded into the RBM flow configurations agree with those of the critical Ising configurations
at long length scales, the two start to differ on smaller length scales. This conclusion agrees
with [11] which also finds differences between the RBM flow and RG. [11] considers & # 0

and uses different arguments to reach the conclusion.

2.4 Flows derived from deep learning

The RBM flows of the previous section provide one possible link to RG. An independent
line reasoning, developed in [9], claims a mapping between unsupervised deep learning and
RG. The idea is not that there is an analogy between deep learning and RG, but rather, that
the two are to be identified. The argument for this identity starts from the energy function of
the RBM, which is

E({vi,ha}) = bahg +viWishg + civ;. (2.42)

This energy determines the probability of obtaining configuration {v;,h,} as

eiE({vivha})
pa({viha}) = — (2.43)
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where A = {b,, Wi,,c;} are the parameters of the RBM model which are tuned during training.

Marginal distributions for hidden and visible spins are defined as follows

pl<{ha}) = {z‘,}pl({vi»ha}) = trVip)L({Viaha})a
pa({v}) = {zl}pu{w,ha}) — tty, pa({vi-ha}). (2.44)
hq

The equations (2.44) are key equations of the RBM. [9] essentially uses these to characterize
the RBM. The comparison to RG is made by employing a version of RG known as variational
RG. This is an approximate method that can be used to perform the renormalization group
transformation in practice. As explained in Appendix A.2, the variational RG uses an operator
T ({vi,hs}) defined as follows

i ({ha}) el {visha})—H({vi})
B

In this formula, H({v;}) is the microscopic Hamiltonian describing the dynamics of the

(2.45)

visible spins and HfG({ha}) is the coarse grained Hamiltonian describing the hidden spins
where here A defines the parameters of the variational RG. Block spin averaging is discussed
in more detail in Appendix A.2.2. The operator T ({v;,h,}) is required to obey (see in
equation (A.12))

try, e (Lihad) — 1 (2.46)

which obviously implies that

tr), el Wisha})—H({vi}) — ,—H{vi}) (2.47)

Notice that (2.45) and (2.47) exactly match (2.44) as long as we identify

T({vi,ha}) = —E({vi-ha}) + H({Vvi}). (2.48)
This then implies that
i ({ha}) T visha})—H({vi})
Tz W
e_E({Vivhﬂ})
= try,
e_HfBM({ha}) 2 4
= — (2.49)

which is the central claim of [9].
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The above argument proves an equivalence between unsupervised deep learning and RG
if and only if the equations (2.44) provide a unique characterization of the joint probability
function p ({vi,h,}). This is not the case: it is easy to construct functions p, ({v;,h,}) that
obey (2.44), but are nothing like either the RBM or RG joint probability functions. As an

example, define

ty, (7 (o)) =)

p({vi}) = — |
3 try, <eT({Viaha})fH({v,<}))
p({ha}) = - | -
where
Z = Z ol (viha})—H({vi}) o)
viha

We clearly have tr,,(p({vi})) = 1 = tr, (P ({hs})) Which implies that

Ar({viha}) = p({ha})p({vi}), (2.52)

obeys (2.44). It is quite clear that in A, ({v;, h, }) there are no correlations between the hidden

and visible spins

(vjho) =ty n, (v jho A7 ({vis ha}) )

= try (P ({vi})v;) o, (B (£} ) (2.53)
=(vj) (hp),
so that we would reject it as a possible model of either the RG quantity
g1 T visha})—H ({vi}) (2.54)
or of the RBM quantity
e Eihal), (2.55)

In addition to clarifying aspects of the argument of [9], the joint correlation functions between
visible and hidden spins can be used to characterize the RG flow, as we now explain. The
RG flow “coarse grains” in position space: a “block of spins” is replaced by an effective
spin, whose magnitude is the average of the spins it replaces. Since correlations between

microscopic spins fall off with distance, an RG coarse graining implies that because the
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Fig. 2.7 Correlation plots for Ising model visible data with lattice size 32 by 32 at 7, and RG
decimated Ising data of sizes 16 by 16 (one step of RG) and 8 by 8 (two steps of RG). (a)
shows visible Ising data correlated with configurations resulting after one step of RG. (b)
shows correlations between configurations resulting after one step of RG and configurations
resulting after two steps of RG. (c) shows correlations between Ising model visible data and
configurations resulting after two steps of RG. (d) shows one step of RG. The red dots show
the original visible lattice and the blue dots show the lattice obtained after one step of RG.
Each blue dot is surrounded by four red dots. The value of the blue dot is determined by
averaging the surrounding four red dots.

hidden spin is a linear combination of nearby visible spins, the correlation function between
hidden and visible spins reflects a correlation between a hidden spin and a cluster of visible
spins. This produces distinctive correlation functions, some examples of which are plotted
in Figure 2.7. We will search for this distinctive signal in the (v;h,) correlator, to find
quantitative evidence that unsupervised deep learning is indeed performing an RG coarse

graining.
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2.4.1 Numerical results

Our numerical study aims to do two things: First, we establish whether there are RG-like
patterns present within the correlator (v;h,), for correlators computed using the patterns
generated by an RBM flow. If these patterns are indeed present, this constitutes strong
evidence in favor of the connection between RG and deep learning.

The (v;h,) correlator is calculated using

(vihg) = % AR, (2.56)

Ny 4=
where A = 1,3,...,N; with N, being the number of samples, i = 1,2,..., N, labels the visible
nodes within a visible vector and a = 1,2,3,..., N}, labels the nodes within a hidden vector.

For each hidden node s, we can produce a plot which shows how this hidden node is
correlated to the i = 1,2,3,..., N, visible nodes, v;. This gives us a total of N, plots. Each
panel within the plot for i, shows the N, correlation values for (v;h,). By arranging these
panels according to the lattice sites of the visible spins we get a grid of L, x L, = N, values
for the correlators (v;h,), where a is fixed for the given plot and i runs from 1 to N,,.

By doing this we can determine if a given hidden node is correlated to a local patch of
visible nodes which are neighbors on the original lattices produced from MC. This local
information is not encoded inherently in the RBM so learning about the nearest neighbour
interactions present in the 2D Ising model would show promise that RBMs are performing a
coarse graining related to that of RG. We find that RG-like patterns do indeed emerge.

Second, according to the proposal of [9], in a deep network each layer that is stacked to
produce the depth of the network performs one step in the RG flow. With this interpretation
in mind, it may be useful to compare how a network with multiple stacked RBMs learns as
compared to a network with a single layer. This issue is explored below.

The training data is a set of 30000 configurations of Ising model 32 by 32 lattices, near
the critical temperature 7' = 2.269. The dataset is generated using Monte Carlo simulations.
An input lattice length of 32 allows a large enough final configuration even after two steps
of RG, corresponding to stacking two RBMs. In each step of the RG, the number of lattice
sites is reduced by a factor of 4. Thus, we flow from lattices with 1024 sites to lattices with
64 sites. We enforce periodic boundary conditions. To find signals of RG in the correlation
functions the maximum distance between operators in a correlator must be large enough that
the spin-spin correlation has dropped to zero. We have confirmed that our lattice is large

enough, judged by this criterion.
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Having described the conditions of our numerical experiment, we consider the correlators
(vih,) generated when the hidden neurons A, are generated from the visible neurons v; using
RG. Our goal is to understand the patterns appearing in correlation functions, that are a
signature of the RG. In Figure 2.7d the process of decimation used in our RG is explained.
The red dots, representing the visible lattice, are averaged (coarse grained) to produce the
blue dots which define the lattice after a single step of the RG. The four spin values located
at the red dots surrounding each blue dot are averaged to obtain the value of the spin at the
new (blue) lattice point. This process clearly reduces the number of lattice sites by a factor
of four.

Using the visible data which populates a 32 by 32 lattice, we populate lattices of size 16
by 16 and 8 by 8 spins by applying the RG and then calculate the various possible (v;h,)
correlations.

Figure 2.7a shows the (v;h,) correlation function that results from a single RG step. Each
panel of the three Figures 2.7a, 2.7b and 2.7c, shows how a given hidden spin is correlated
with the visible spins. We can clearly see a peak in correlation values around the spatial
location of the hidden spin. This is the signal of RG coarse graining: small spatially localized
collections of spins are replaced by their average value. We can go into a little more detail:
the patches of large correlation in Figures 2.7b and 2.7c are larger in size than those of Figure
2.7a. This makes sense since each step of the RG implies ever larger spatial regions of the
spins are being averaged to produce the coarse grained variables. The fact that the spins that
are averaged are spatially localized is a direct consequence of the fact that the Ising model
Hamiltonian is local in space so that spatially adjacent spins have similar behaviors. In more
general big data settings it may be harder to decide if the coarse graining is RG-like or not,
since it might not be clear what is meant by spatial locality.

Having established the signal characteristic of the RG flow, we will now search for this
signal in the (v;h,) correlators computed using the configurations generated from the RBM
flow. We consider configurations generated by a stacked network with an RBM having 1024
visible nodes and 256 hidden nodes cascading into a second RBM having 256 visible nodes
and 64 hidden nodes. We also consider configurations generated by a single RBM network
with 1024 visible nodes and 64 hidden nodes. The factor of 4 relating the number of visible
to hidden nodes is chosen to mimic the decimation of lattice sites in each step of the RG. The
networks are trained on the same data used as input for the RG considered above. Training is
through 10000 steps of contrastive divergence [42].

Figures 2.8a-1 to 2.8a-iii show plots for the stacked RBM and Figure 2.8b for the single
RBM network. Figure 2.8a-iii shows the correlation functions between the visible vectors

input to the first network in the stack and the final hidden vectors output from the stack and
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Fig. 2.8 Plots showing the correlation values for (a) the stacked RBMs various layers and (b)
the single RBM. (a-1) shows correlations between visible Ising data (1024 nodes) at 7. and
outputs from the first stacked RBM (256 nodes). (a-ii) shows correlations between outputs
from the first stacked RBM (256 nodes) and outputs from the second stacked RBM (64
nodes). (a-iii) shows correlations between visible Ising data (1024 nodes) at 7. and outputs
from the second stacked RBM (64 nodes). (b) shows correlations between visible Ising data
(1024 nodes) at T, and outputs from the single RBM (64 nodes).

is to be compared to the corresponding RG result in Figure 2.7c. The two patterns are very
similar suggesting that the trained RBM is indeed performing something like the RG coarse
graining.

To quantitatively compare the patterns we observe in the (v;h,) correlators produced by
RG to those produced by the RBM we make use of a two-point correlation function. When
we perform an RG coarse graining we average local nearby nodes from the input (visible
lattice) to obtain the output (hidden lattice). This local averaging is encoded in the (v;h,)
plots by bright spots. The bright spots correspond to a specific hidden node being highly
correlated to a patch of local visible spins. In each (v;h,) plot, the hidden node we consider
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is fixed and we plot its correlation with all visible nodes. If we denote each value of (v;h,)
by x; we calculate the two-point correlator (x;x;) between values (v;h,) and (vh,) summed
over all hidden nodes

1M
<x,~xj) = Fha;l@iha) X <vjha>. (2.57)

By calculating this quantity, we learn about the size of the correlated patches in the (v;h,)
plots. We can plot the value of (x;x;) versus the distance, |i — j|. This quantity tells us
important information about the size of the correlated patches. We average the values of
(xix;) where the distances |i — j| are equal. The patches present in (vik,) will thus be detected
regardless of where they appear in the plot. If we do have local patches of high correlation,
<x,-x j> will be peaked at short distances and as distance increases, <x,-x j> will decrease in
value.

For RG, the plots seen in Figure 2.9 show a linear fall off in the correlator as distance
increases. The fall off of these correlators is in the order of magnitude of 10~*. In Figure 2.10
the behavior of the RBM correlator is shown. Figures 2.10a and 2.10c show similar behavior
to that seen for RG. There is a linear decrease in <x,~x j> in the same order of magnitude of
10~4. A difference between these plots is that the RBM correlators are offset. We do not
have an explanation for this offset.

We also study <x,~x j> where the visible lattice is of size 48 x 48 = 2304 and the hidden
lattice is of size 24 x 24 = 576. The (v;h,) correlators are determined using a visible set
of 40000 lattices at 7, = 2.269 and the hidden set produced by an application of RG and
by applying a trained RBM (which is trained on this same visible data set). The results for
<x,~x j> are shown in Figure 2.11. For the RBM (Figure 2.11d) the fall off of the correlator
again matches the behavior of RG (Figure 2.11b). For the RBM the fall off trend is clearer
with these larger lattice sizes when compared to the RBMs of smaller lattice sizes. There is a
slight increase in correlation in Figure 2.11d as the distance nears L, /2 = 24. This suggests
that there are more than 1 local patches of correlation in the RBM (v;h,) plots. In Figure
2.11c we can see that some plots show some speckle with a few highly correlated spots in
a single (v;h,) plot. We verify this observation by considering specific (v;h,) correlation
patterns below.

To gain more understanding of the information encoded in the two-point correlator we
consider (v;h,) patterns of white noise in addition to a checkerboard shape with various sizes
for the sub-blocks on the checkerboard. This allows us to explore the benefit of studying
(xixj) in probing patterns present in (v;/1,). We show an example of a single hidden node’s

correlation with all visible nodes constructed using white noise in Figure 2.12a. In Figure
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Fig. 2.9 Plots showing (x;x;) for RG (v;h,) plots shown in Figures 2.7a, 2.7b and 2.7c.

2.12b we can see <x,~x j> calculated from the values shown in Figure 2.12a. We see different
behavior to that observed in Figures 2.9 and 2.10. As expected, there is no clear relationship
between the value of the two-point correlator <xix j> and the distance between values x; and
X;.

We also study (v;h,) with a checkerboard pattern as shown in Figure 2.13. We explore
various sub-block sizes within the checkerboard pattern. In Figures 2.13a, 2.13c and 2.13e we
show the (v;h,) plot with a checkerboard pattern on a lattice of size 32 x 32 with sub-blocks
of size 4 by 4, 8 by 8 and 16 by 16 respectively. The corresponding two-point correlators
are shown in Figures 2.13b, 2.13d and 2.13f. We can see from these plots that having many
correlated patches in (v;h,) which are of size < L, /2, produces a two-point correlator which
is peaked at a number of points. In the case of Figure 2.13f, where the sub-block sizes
equal L, /2 we see similar behavior to that seen in the RBM and RG correlator plots. The

additional peaks seen in Figures 2.13b and 2.13d are due to multiple patches in the image
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Fig. 2.10 Plots showing (x;x;) for RBM (v;h,) plots shown in Figures 2.8a-i, 2.8a-ii and
2.8a-iii.

being correlated. This behavior is not characteristic of the RG local patches as a single highly
correlated patch is present in the RG (v;h,) plots.

There is one more interesting comparison that can be carried out and it quantitatively
tests the flow. The temperature is a relevant coupling so it grows as the flow proceeds. In
the block spin RG that we are considering, the length of the lattice keeps halving. Thus,
after 7 steps our unit of length is 27 = 128 ~ 100 times larger than it was. To get some
insight into the effect of this change of units, imagine we change units from centimeters to
meters. In the new units, a length of 100cm is now 1m. Anything with the units of length
will roughly halve with each step of the flow. In contrast to this, the temperature of the
system, which in suitable units has a dimension of inverse length, will roughly double. There
will be small departures from precise doubling due to interactions, but the temperature must

increase by roughly a factor of 2 as each new layer is stacked. If the RBM is performing an
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Fig. 2.11 Plots showing the (v;h,) correlators and corresponding two-point correlator <x,~x j>
values for one step of RG and a single RBM starting from an input lattice of size 48 x 48 =
2304 which is reduced to an output lattice of size 24 x 24 = 576.

RG-like coarse graining, the temperature should grow in a similar way as we pass through
the layers of the deep network. Figure 2.14a plots the temperature of coarse grained lattices,
generated by applying three steps of RG to an input lattice of size 64 by 64, at a temperature
of T =2.7 . There is a clear increase in the measured temperature as the number of RG steps
increase. The temperature of each layer is roughly 7 = 2.3, 4.8 and 11 for layers 1, 2 and
3 respectively, which is indeed consistent with the rough rule that the temperature doubles
with each step.

Now consider a deep network made by stacking three RBMs. The first network has 4096
visible nodes and 1024 hidden nodes, the second 1024 visible nodes and 256 hidden nodes
and the third 256 visible nodes and 64 hidden nodes. The network is trained on Ising data at
the critical temperature, as described above. Figures 2.14b-1, 2.14b-ii and 2.14b-iii give the
temperatures of the outputs of the layers of the RBM, given input lattices at temperatures
of T =2.269, 2 and 2.7 respectively. Temperatures of 7 =2 and 7 = 2.269 lead to the
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Fig. 2.12 White noise: Plots showing (a) a hypothetical (v;h,) correlator (for a single hidden
node with all visible nodes) consisting of white noise and (b) the two-point correlator (x;x ;)
calculated from the values of (v;h,) in (a).

same behavior for the temperature flow, as exhibited in Figures 2.14b-i and 2.14b-ii. The
temperature jumps rapidly to a high temperature in the first step of the flow, and remains fixed
when the second step is taken. This is an important difference that deserves to be understood
better. It questions the identification of layers of a deep network with steps in an RG flow.

Figure 2.14b-11i shows different characteristics to those of 2.14b-i and 2.14b-1i. Here
the temperature of the input is above 7, at 2.7. Layer 1 is not as sharply peaked near 7, as
observed in Figures 2.14b-i and 2.14b-ii. In addition to this, layers 2 and 3 are not at the
same temperature but rather layer 2 is at a higher temperature than layer 3. This differs to the
RG flow, where temperature increases along the flow. Figure 2.14b-iii shows a decrease in
temperature from layer 2 to layer 3 rather than an increase. These plots demonstrate that the
flow defined by multiple layers in a “deep” network show important differences to the RG
flow. The discrepancies we have uncovered are important and precise quantitative mismatches
that may provide useful clues in understanding the relationship between unsupervised deep
learning by an RBM and the RG flows.

The results above have shown that the correlator (v;h,) exhibits RG-like characteristics.
This is evident from the comparison between the (v;h,) plots from RG, a stacked RBM
network and a network with a single RBM. We can see RG-like patterns in the correlators
produced by the two RBM networks. This is a promising result that demonstrates that a form

of coarse graining is taking place when networks are stacked.
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Fig. 2.13 Checkerboard: Plots showing (v;h,) correlators generated to depict a checkerboard
with varying block sizes as well as the two-point correlator (x;x;) corresponding to the given
(vihg) plots. Plot (b) corresponds to plot (a), plot (d) corresponds to plot (c) and plot (f)

corresponds to plot (e).
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Fig. 2.14 (a) shows the average probability of the measured temperature of lattices resulting
after 3 steps of RG, applied to an input lattice at 7. with 4096 sites. (b) shows the average
probability plot of the measured temperature of outputs produced by a stacked RBM with
4096 input nodes, 1024 nodes in the first layer, 256 nodes in the second layer and 64 nodes
in the output layer. (b-i) is given input Ising samples at 7 = 2.269, (b-ii) is given input Ising
samples at 7 = 2 and (b-ii1) is given input Ising samples at 7 = 2.7.

2.5 Conclusions and discussion

Our main goal has been to explore the possibility that RG provides a framework within which
a theoretical understanding of unsupervised deep learning can be pursued. We have focused
on a single model, the Ising model, which is naturally related to RBMs. Thus, at best our
conclusions and discussion can only suggest interesting avenues for further study. We are
not able to draw general definite conclusions about the applicability of RG as a framework
within which a theoretical understanding of deep learning can be achieved. Our data set
contains the possible states of an Ising magnet, generated using Monte Carlo simulation. This
is an interesting data set, since we know that there is a well defined theory for the magnet
defined on large length scales. The existence of this long distance theory guarantees that
there is some emergent order for the unsupervised learning to identify. Another point worth
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stressing is that the RG treatment of this system is well understood and is easily implemented
numerically. It is therefore an ideal setting in which both unsupervised deep learning and RG
can be implemented and their results can be compared. At the critical temperature, where the
system is on the verge of spontaneous magnetization, there is an interesting scale invariant
theory which is well understood. By working at this critical point, we have managed to probe
the patterns generated by the RBM at different length scales and to compare it to the expected
results from an RG treatment.

Our first set of numerical results compare the RBM flow introduced in [10] and further
pursued in [11]. From a theoretical point of view the RBM flow looks rather different to RG
since the RBM flow appears to drive configurations towards the critical temperature. The RG
would drive configurations to ever higher temperatures due to the fact that the temperature
corresponds to a relevant perturbation. Another important difference between the RBM flow
and RG is that the number of spins is a constant of the RBM flow, but decreases with the
RG flow. Our numerical results confirm that the RBM flow does indeed generate RG-like
Ising configurations and we have reproduced the scaling dimension of the spin variable from
the spatial statistics of the patterns generated by the RBM. This is a remarkable result and it
extends and supports results reported and discussed in [10, 11]. The spin variable has the
smallest possible scaling dimensions and consequently probes the largest possible scales in
the pattern. When considering correlation functions of the next primary operators we find
that the RBM data does not reproduce the correct scaling dimension, proving that the spatial
statistics of the patterns generated by the RBM flow and those generated by RG start to differ
as smaller scales are tested. We therefore conclude that the RBM flow and RG are distinct,
but they do agree on the largest scale structure of the generated patterns. This is a hint into
the mechanism behind the RBM flow and it deserves an explanation.

Our second numerical study has explored the idea that unsupervised deep learning is an
RG flow with each stacked layer performing a step of RG. We have explained why correlation
functions between the visible and hidden neurons, (v;h,) are capable of diagnosing RG-
like coarse graining and we have computed these correlation functions using the patterns
generated by the RBM. The basic signal of RG coarse graining is a “bright spot” in the (v;h,)
correlation function, since this indicates that spins in a localized region were averaged to
produce the coarse grained spin. The numerical results do indeed show a dark background
with emerging bright spots. It would be interesting if the emergent patterns again guarantee
agreement on the largest length scales, similar to what was found for the RBM flows, but we
can not confidently make this assertion yet.

Our final numerical study considered the flow of the temperature, a relevant operator
according to the RG. We find three distinct behaviors. Section 2.3.2 reviewed that RBM



2.5 Conclusions and discussion 43

flows converge to the critical temperature. This is borne out in our results. The RG flows
to ever higher temperatures, with (roughly) a doubling in temperature for each step. Again,
this is precisely what we observe. Finally, for a deep network made by stacking three RBMs,
the temperature appears to flow when moving between the first and second layers of a deep
network, but is fixed when moving between the second and third layers. This is an important
difference that deserves to be understood better. It questions the identification of layers of a
deep network with steps in an RG flow.

Our results are encouraging. There are enough similarities between unsupervised learning
by an RBM and the RG flow that the relationship between the two should be developed further.
Regarding future studies, it maybe useful to explore models other than Ising. The Ising model
has an unstable fixed point due to the presence of relevant operators. Consequently, finite
flows starting near the critical point all terminate on different models. In this case its not easy
to know if the RBM has flowed to the “right answer” because there are many possible right
answers! The stable fixed point of the model is at infinite temperature and the configurations
at this fixed point are random with correlators that have a correlation length of zero. This is
hardly a promising answer to shoot for. It maybe more instructive to study models that have
an attractive RG fixed point. In this case the minimum that the RBM is looking for would be
unique and the connection between the two may be easier to recognize.

We have in mind systems that exhibit self organized criticality [50], including models
constructed to understand the spread of forest fires [48] and models for the spread of infectious
diseases [49].

By using Ising model data, generated by Monte Carlo simulation, starting from a local
Hamiltonian we know how a coarse graining capable of identifying emergent patterns should
proceed: spatially neighboring spins should be averaged. For more general data sets, this
may not be the case. It is fascinating to ask what the rules determining the correct coarse
graining are and in fact, with respect to this question, unsupervised deep learning has the
potential to shed light on RG.

Another interesting comparison worth mentioning is the similarity between an average
pooling layer within a convolutional neural network (CNN) and the averaging performed in
variational RG. CNNs are known for their excellent performance in image recognition and
classification tasks [4, 55, 56]. CNNs have a number of layers which act on groups of nearby
pixels in the image. One of these layers which is similar to the coarse graining performed
in variational RG is called a pooling layer. The pooling layer performs a down-sampling
on the data it receives from previous layers in the network [57-59]. The down-sampled
data is more robust to changes in position of features and gives the network the property of

local translation invariance. One way in which the pooling operation is implemented is by
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averaging all values in the given patch of data it acts on to obtain a new value to replace these
values. Pooling usually averages blocks of data which are of size 2 x 2. This results in an
input block of data being reduced by a factor of 2 in length and by a factor of 4 in the number
of values which is the same factor of rescaling which occurs in variational RG.

In recent years a connection between the renormalization group and tensor networks
[60] has been discovered, providing a connection to the field of quantum information. The
discovered connection demonstrates that the multi-scale entanglement renormalization ansatz
(MERA) tensor networks carry out a coarse graining that agrees in many ways with the
coarse graining performed by the renormalization group [61] . This suggests that there maybe
a link between tensor networks and deep learning. For related ideas see [62]. Since tensor
networks have been extensively studied for calculations the connection may prove to be
useful for better understanding deep learning.

Apart from the exciting possibility that the link to RG might contribute towards a
theoretical understanding of unsupervised deep learning, one might also ask if the connection
would have any practical applications. One possibility that we are currently pursuing, is
a Callan-Symanzik like equation governing the learning process. Roughly speaking, one
might mimic RG by dividing the weights to be learned into relevant, marginal and irrelevant
parameters, depending on gross statistical properties of the training data. If this classification
is itself not too expensive, one could pursue a more efficient approach towards training, since
the classification of weights would provide an understanding of which weights are important,
and which can simply be set to zero. We hope to report on this possibility in the future.

2.6 Author’s contribution

The above work is published in IEEE Access and is a collaboration between the author,
Robert de Mello Koch and Ling Cheng.

The author had a major contribution to the above published article which includes the
development and implementation of all numerical experiments and contributions to writing

the manuscript.



Chapter 3

Short sighted deep learning

3.1 Introduction

In recent years machine learning has shown remarkable success in a wide range of problems.
These algorithms can outperform humans at a number of tasks including image classification
and complex strategy games [4, 63, 44, 43, 22, 23]. In many fields efforts to harness the
power machine learning offers are being pursued. Specifically in physics, machine learning is
being explored as a tool to uncover properties of systems that are difficult to study analytically
[34, 64-68, 35, 69]. However, there is at present no convincing explanation of how these
networks learn and why they can achieve such remarkable feats [25, 27, 18, 29].

Recent studies have aimed to gain insight into how and why deep learning works,
by employing the statistical mechanics of spin systems as simple toy models [9, 10, 70—
72,11, 32, 31]. The idea is that deep learning, which is a form of coarse graining, is related
to the renormalization group (RG) of statistical mechanics and quantum field theory. This is
a natural idea since both problems are concerned with reducing many degrees of freedom
to an effective description employing far fewer degrees of freedom. Spin systems are an
ideal setting in which to explore this proposal, thanks to their simplicity. In addition to
the simplicity of these models, their statistical mechanics is well understood making them
a reasonable laboratory for deep learning studies. Further, spin systems are also not far
removed from more standard applications of deep learning including image analysis: the
state of a spin system is composed of local interacting patches much in the same way that an
image is made up of local collections of pixels which are highly correlated [36].

Although a number of recent studies have explored the link between Kadanoff’s varia-
tional renormalization group (RG) and unsupervised deep learning [9, 10, 70-72, 11, 32, 31],
itis still not settled whether such a link exists. Studies have so far focused on nearest neighbor
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Ising models. We add to this discussion by considering long range interacting spin systems
which, as we will see, exhibit important differences from their short ranged cousins.

The paper [10] trained three (Restricted Boltzmann machines) RBM networks on Ising
model data. The first was trained on data generated at temperatures ranging from above to
below the critical temperature, the second network on data above the critical temperature
and the third at temperatures below the critical temperature. The trained weights of each
network were used to define a map from the visible spins back to the visible spins. Iterating
this map defines an RBM flow. Results produced by the first network show interesting
behavior suggesting that RBMs learn the critical temperature in the sense that the RBM flow
terminates on the critical point of the Ising model. This is in contrast to RG flows: the critical
point of the Ising model is an unstable fixed point and fine tuning is required to construct an
RG flow trajectory that terminates on this critical point.

In a follow up paper, [70], scaling dimensions are used to provide precise quantitative
tests that probe whether or not the network reproduces the critical point dynamics. The
approach recognizes that the critical point of the Ising model is described by a conformal
field theory (CFT), so that correlation functions of the spins in patterns generated by the
RBM can be compared to known CFT predictions. The results of [70] show that the network
correctly reproduces the smallest scaling dimension, which belongs to the Ising spin itself.
The network does not correctly reproduce the next smallest scaling dimension, which is
related to the energy density. This implies that although the RBM has correctly learned the
largest scale correlations in the critical spin states, it fails on shorter length scales.

Our goal is to repeat the above investigations, for a two-dimensional long range spin
lattice. Training a network on a system with a different range of interactions will allow us
to probe how robust the claim is that RBMs learn the critical temperature of a given spin
system and we can again probe what length scales are captured by training. We use Markov
Chain Monte Carlo methods (MCMC) to determine the critical temperature of the long range
spin lattice and corresponding scaling dimensions, as well as to generate the RBM training
data. Our results suggest that the RBM flow does not converge to the critical temperature.
Further, stacking RBMs does not appear to generate a flow that matches the coarse features
of RG flows. Consequently, one lesson we learn is that it is dangerous to draw general
conclusions from numerical experiments conducted on a single system. Furthermore an
interesting question which suggests itself (but which we will not manage to answer) is the
question of what classes of models a given conclusion applies to.

The long range spin lattice we study is described in Section 3.1.1. A quick overview of
RG and RBMs is given in sections 3.1.2 and 3.1.3. MCMC is discussed in Section 3.1.4
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along with the numerical approximations made for various properties of the long range spin

lattice. The results of our study are presented in Section 3.2.

3.1.1 Long range spin lattice model

The long range spin lattice is a model of a magnet made up of binary spins. Considering the
two-dimensional model we have a square lattice of sites with a spin at each site. Each spin,
sk, can take values of +1 and each site k is labelled by a two-dimensional vector of integer
coordinates k = (x,y). Spins on sites i and j interact with a strength of J;;. Each spin also
interacts with an external magnetic field, with strength u.

The Hamiltonian of the long range spin lattice model is given by

H:—Z.IijsiSj—,uZSj. (3.1)
(iLj) i
The interaction strength Jj; is inversely proportional to a power of the distance between sites
iandj
1
By = "o (3.2)

where r = |i —j|. We set @ =3 and u = 0.

For the two-dimensional nearest neighbour Ising model, analytic results give precise
values for the critical temperature and scaling dimensions. When moving to models such as
the long range spin lattice, no analytic results exist and we thus rely on MCMC methods to
determine these properties before training the RBM [73].

The critical point of the long ranged spin system will again be described by a CFT. The
two-point functions of primary operators of this CFT will have the usual power law fall off,
something that can be explored numerically. The two-point function of primary operators at

the fixed point of the spin lattice are of the form [51]

B
(9(x1)9(X2)) = Y (3.3)

where A is the scaling dimension and B is a constant. To probe the largest scales of the
patterns generated by the RBM we will focus on the two operators of the lowest dimension.
The first operator is the spin itself. The two-point correlator between spins <sisj>, with
scaling dimension Ay takes the form

B
(sisj) = ﬁ (3.4)
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with A to be determined numerically. The second operator of interest is the energy density

where we study the correlator between <£iej>, with scaling dimension Ag¢

B

(gg) = e (3.5)
with
& = Si Z Jiij — éi, (3.6)
(iLj)
- 1Y (k)
= — A 3.7
&=y k;sl : (3.7)

where N; is the number of sample configurations summed and (k) denotes the kth sample.
We use MCMC sampling methods to determine the critical temperature of this model which
is found to be T, ~ 7.7 (details are discussed later in Section 3.1.4).

3.12 RG

RG defines a coarse graining transformation which is applied repeatedly to a microscopic
description of a system to eventually arrive at a macroscopic description of the system
[74, 75]. Each application of RG results in a rescaling where unimportant degrees of freedom
are removed and important degrees of freedom remain. The degrees of freedom or operators
are characterized as either relevant, irrelevant or marginal. At each step of applying RG,
couplings between variables change and we obtain a new coarse grained Hamiltonian [74].
The only change that occurs when obtaining a new Hamiltonian at each step is the couplings
update. The couplings that are relevant will become larger and the couplings that are irrelevant
will get smaller as more steps of coarse graining are applied. The marginal terms in the
Hamiltonian will remain unchanged.

In this thesis we study a discrete spin lattice and so are interested in a discrete version of
RG, defined by Kadanoff, which performs a block spin average [76]. Block spin averaging
takes four spins as seen in Figure 3.1 in red, and averages these spins to produce the blue
spin found in the centre of each group of four red spins. The average value of the red spins
becomes the value of the new centre blue spin. By performing this averaging we rescale
lengths in the system by a factor of 1/2.

The RG flow halts at a critical point where the system exhibits scale invariant properties.
This is because all couplings remain unchanged regardless of the length scale studied [51]. A

basic observable of the fixed point is the spectrum of scaling dimensions.
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Fig. 3.1 Block-spin averaging as introduced by Kadanoff. Groups of four red sites are
averaged to obtain blue sites within their centre.

3.1.3 RBM

Restricted Boltzmann machines are made up of two layers of nodes, an input layer called the
visible layer and an output layer called the hidden layer. The number of nodes in the visible
layer is dependant on the number of data points each training sample has. Selecting the
number of nodes in the hidden layer is an iterative process, which tries to select architectures
that give the best results. Nodes in both layers take values of +1. Every visible node
is connected to every hidden node and connections between nodes in the same layer are

forbidden. The connection between a visible node v; and a hidden node %, has an associated

weight W;,. Each visible node v; and hidden node 4, has an associated bias bl(v) and bg,h)
respectively.
The energy function of an RBM is given by
N, N, N, Ny A
Evh)=—Y Y viWiho— Y vib) = Y b, (3.8)
i=la=1 i=1 a=1

where N, is the number of visible nodes and N}, is the number of hidden nodes. This energy
determines the probability of a visible and hidden vector occurring together, which is given
by

o—E(vh)
P(v.h) = — —, (3.9)
where
z=Y e BN, (3.10)

v.,h
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is the partition function. The goal of training is to match the distribution of the input data
q(v) to the distribution generated by the RBM model p(v) [41], where

1
p(v) = szE(v’h)- 3.11)
h

To achieve this the weights and biases are updated using derivatives of the Kullback-Liebler

divergence

Dxr(qllp) = ) q(vi) (log (q(vi)) —log (p(v:)))
(3.12)

Computation of the partition function Z is practically impossible due to the enormous number
of states summed over. To overcome this an approximate method, contrastive divergence, is
used to train the network [39, 41, 46]. Rather than summing over the entire space of vectors,
we sum only over the vectors given in the training set [42]. During training the weights and
biases are updated according to the following update rules

oD
—I;l"/‘(/ZJ |P) = <Viha>dgm - <Viha>modela (3.13)
aDKL((q)! ) ) dera — 8 modes (3.14)
ob;"
dDkz(ql|p)
Tt(lh) = <ha>data - <ha>model- (315)

We use values from the training data set to determine expectations given by ()44, and
values from the model to determine expectations given by (-),,04.;- To obtain the expectation
of (vi) .., We simply use the training data set, however we do not have a set of hidden
vectors in the training set to determine (vifg) j4,, OF (ha) 440,- In order to find a set of data
hidden vectors which we can use in the data expectations we sample hidden vectors using
the training data set with a probability given by equation (B.10)

plhalv) = %(1 +tanh(Y viWia +b")). (3.16)

We also do not have a set of visible vectors and hidden vectors for the model expectation
values. We use the data hidden vectors (generated using equation (B.10) and the training



3.1 Introduction 51

data set) to generate model visible vectors with equation (B.11)
1 %
p(vilh) = (1 +tanh (Y haWia +5")). 3.17)
a

Then using these model visible vectors, we can generate a set of model hidden vectors using
equation (B.10). This occurs at each step of training in order to calculate the updates given
by equations (3.13), (3.14) and (3.15).

Once training is complete, we can generate configurations, which we call an RBM flow,
using the trained RBM [10, 11]. Starting from a set of visible vectors v(0) (could be the
initial training data or MCMC data at a specific temperature), we generate a flow of visible
and hidden vectors by sampling with the probabilities given in equations (B.10) and (B.11),
each time using the most recently generated set of vectors

vO S hO v Sy @ (3.18)

In order to get h(®) we would sample hidden nodes given the visible vectors v9. To get v
we would sample visible nodes given the hidden vectors h(®). We can iterate the process to
generate an RBM flow of a certain length. Flow length is defined as the number of visible
samples generated using the visible MCMC data set v(9) and hidden set h(9). The hidden
set h(© is found using equation (B.10) given the trained RBM weights and biases and the
visible training data. v(1) can then be found using equation (B.11) given h(® and the trained
RBM weights and biases. In equation (3.18), v(1) would define a flow of length 1 and v
would define a flow length of 2. We could continue this chain and with each successive v(®)
generated, the flow length increases by 1. In Section 3.2.1 we discuss results derived from
RBM flows.

3.1.4 Markov chain Monte Carlo

Studying the long range spin lattice analytically is difficult. We rely on MCMC numerical
simulations to determine key statistical properties of the fixed point of the long range spin
lattice. The fixed point theory is a conformal field theory, with a special class of operators,
primary operators, that have two point functions that have a power law fall off. Probing these
correlation functions provides detailed quantitative tests for the RBM output. We are most
interested in two primary operators: the basic spin and energy density operators given in
equations (3.4) and (3.5).

We begin with a randomly initialized lattice with each spin taking values of +1 and a
fixed temperature. A single step of MCMC consists of the following:
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1. Randomly select a site i.
2. Determine the change in energy, AE, that results from flipping s;.

3. If AE <0, accept the new configuration with probability 1.

4. If AE > 0, accept the new configuration with probability e ~4F /T,

We can generate a chain of lattice states by repeating the above process. Starting from a
randomly initialized lattice means that a number of MCMC steps are required before we have
a state that resembles states at the temperature we are concerned with. To ensure we sample
valid states, allow a burn in period of sufficiently many MCMC steps before keeping samples
generated. The number of steps required for the burn in period is not known precisely but
a good rule of thumb is to measure observables such as the magnetization or specific heat
of the samples generated and ensure these values have stabilized before keeping samples
generated.

We generate 2000 samples at each temperature 7 = 0,0.1,0.2,...,14 using a burn in
period of 50000 MCMC steps. From the magnetization plot in Figure 3.2¢ we see the critical
temperature lies between 7 = 5 and T = 8.

We can give an independent determination of the critical temperature by studying cor-
relation functions of the primary operators given in equations (3.4) and (3.5). The scaling
dimension related to the energy, A¢, must have a value of 1 at the critical point. From Figure
3.2a we see that A; = 1 when T = 7.7. This value for the critical temperature lies in the
correct range given by the magnetization plot. Using 7.7 for 7. we determine A from Figure
3.2b which is shown by the vertical and horizontal lines as 0.53.

3.2 Numerical results

We perform two separate numerical experiments - one investigating a single RBM network
and one investigating a simple "deep" network. The first experiment studies the RBM flow,
while the second explores the possibility that the layers in a stacked RBM network mimic
steps in an RG flow.

The RBM flow is generated using a trained RBM. The flow produces sets of visible
vectors, one for each given initial vector, as described in Section 3.1.3. Our RBM flows
for the two-dimensional long range spin lattice can be compared to existing results for the
two-dimensional Ising spin lattice with nearest neighbour interactions. As we will see, this
comparison sheds light on the possible connection between RBM and RG flows. Existing

work shows that for the two-dimensional nearest neighbour Ising model, the RBM flows
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Fig. 3.2 Scaling dimensions of the spin lattice, with Hamiltonian as in equation (3.1) with
U =0 and o = 3, determined using MCMC. A¢ is 1 and A; = 0.53 at T = 7.7. These values
are at the intercept of the vertical and horizontal red lines in plots (a) and (b). (a) shows A¢
versus temperature for s lattice of size of 10 by 10. (b) shows A versus temperature for a
lattice size of 10 by 10. (c) shows the magnetization versus temperature curve for various
lattice sizes.

converge to the critical temperature of the system [10, 11]. This is in contrast to RG flows
because the Ising critical point is unstable and significant fine tuning is needed to ensure that
a flow will terminate at the critical point. The attractive fixed points for the 2D Ising model
lie at high and low temperature. Any points near an attractive fixed point will flow towards
this point. A more interesting fixed point lies at the critical temperature 7; and is unstable.
This fixed point is not attractive but rather called a mixed point [37]. For some points near a
mixed point one will flow towards the fixed point and for others one will flow away from
it. Here the temperature must be tuned very carefully to ensure that no relevant operators
are captured and we flow towards the critical point. If we do capture even a small piece of
a relevant operator, the application of RG will result in this operator growing and thus we
flow away from the fixed point. Consequently we almost always flow away from the critical

point and this is why it is regarded as an unstable fixed point. The fixed point lying at the
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critical temperature defines where the Ising model experiences a phase transition. Here the
two competing phenomena of minimizing energy and maximizing entropy exactly balance.

Do RBM flows of the long range spin lattice flow to the critical point? We have in-
terrogated this question by comparing scaling dimensions for the spin and energy density
operators, as well as temperatures, calculated using the configurations generated by the
RBM flow. By calculating these quantities for successive configurations in an RBM flow we
determine if there is a fixed point of the flow and whether or not this fixed point is related to
critical point of the long range spin lattice. The results obtained from the RBM flows are
reported in Section 3.2.1.

The second experiment chooses the number of nodes in the stacked RBM networks in
such a way that if there is a correspondence to RG, the block spinning of each step combines
spins in groups of 4. This corresponds to scaling the input lattices by a factor of 1/2. To
accomplish this, choose the number of hidden nodes to be 1/4 of the number of visible nodes.
We study the flow generated by each RBM layer. Each layer of the RBM network produces a
set of hidden vectors that are input to the next RBM network in the stack. Comparing each
RBMs hidden layer configurations to steps in the coarse grained configurations produced by
RG gives a quantitative comparison between the two methods.

The stacked network of RBMs is trained in a greedy layer-wise manner [28]. In greedy
layer-wise training, each layer is trained independently and the hidden vectors produced by a
trained layer are used as training data for the next layer. Once all layers have been trained,
we use the initial set of visible configurations (generated from MCMC at 7;) and the hidden
configurations from each layer to calculate correlations between visible and hidden nodes.
This (vh) correlator provides a diagnostic for comparing the coarse graining performed by
RG versus that performed by stacked RBM networks.

For the variational RG (vh) correlators for v configurations we use the initial set of
configurations generated by MCMC, while the & configurations are generated by block
spinning. Results comparing RG to the stacked RBM are reported in Section 3.2.2.

3.2.1 RBM flows

In this experiment we train a single RBM network and study the associated RBM flow. An
RBM flow is a sequence of configurations generated by the trained network, starting from a
set of initial visible configurations (see Section 3.1.3 for more details). The RBM network
we consider has NV, = 10 x 10 = 100 visible neurons and N, = 9 x 9 = 81 hidden neurons.
The data used to train the network is generated using MCMC using the long range spin
lattice Hamiltonian. 2000 configurations are generated at each temperature 7 = 0,0.5,...,14.
The network is trained using 30000 training steps, a learning rate of 10~ and batches of
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Fig. 3.3 RBM flows starting from low temperature (7" = 0) configurations. The RBM has
N, = 100 visible nodes and N, = 81 hidden nodes. The training set is comprised of 2000
configurations at each temperatures 7 = 0,0.5, ..., 14 giving 30000 configurations in total.
(a) shows A versus flow length. (b) shows A; versus flow length. (c) shows the average
probability of temperature versus temperature of flows of various lengths. The flow tends to
a temperature of 6. The red vertical line indicates the critical temperature of 7.7.

1000 samples. Once the network has been trained, we generate flows starting from (i) low
temperature 7 = 0, (ii) the critical temperature 7, = 7.7 and (iii) high temperature 7' = 14.
The configurations generated for different flow lengths determine the scaling dimensions
of the spin, A, and energy density, A, operators. In addition, by employing a supervised
neural network, we also measure the average temperature of flows at different lengths. This
allows us to determine both how the dimensions and the temperature evolve with the RBM
flow. The supervised network is trained on the same data as is used to train the RBM. Note
however that for the supervised case this data contains temperature labels.

Results for flows starting from (i) low temperature configurations are given in Figure
3.3, (i1) the critical temperature in Figure 3.4 and (ii1) high temperature in Figure 3.5. Error
bars shown on these plots are determined using Mathematica’s NonlinearModelFit function.
Using the standard error obtained from the regression, the Student’s - t distribution is used to

calculate a confidence interval for the given parameters with a 95% confidence level. These
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Fig. 3.4 RBM flows starting from configurations near the critical temperature (7, ~ T =7.7).
The RBM has N, = 100 visible nodes and N;, = 81 hidden nodes. Training uses 2000
configurations at temperatures 7' = 0,0.5,. .., 14 giving 30000 configurations in total. (a)
shows A versus flow length. (b) shows A versus flow length. (c) shows the average
probability of temperature versus the temperature of flows of various lengths. The red
vertical line indicates the critical temperature of 7.7.

results are found using 30000 samples, which are generated by performing the RBM flow,
using a single trained RBM network. For each flow length shown in the plot, we use the
value of (v;v;) calculated from 30000 samples and the corresponding distances |i — j|. This
allows us to determine a value for Ay and A¢ with a 95% confidence interval for a given flow
length.

Figure 3.3a converges after a flow length of +20 to a value for Ay of approximately
0.175 which underestimates the value determined from MCMC of 0.53 shown by the red
horizontal line. This implies that the patterns generated by the RBM are more correlated on
large length scales than they should be. In contrast to this, results obtained in [70] show that
flows generated by an RBM trained on two-dimensional Ising model configurations, starting
from low temperature configurations, converge to the correct value for As [70]. There is not
improvement when these RBM configurations are used to estimate the scaling dimension of
the energy density: Figure 3.3b shows that the flows generate a value of A = 0.25, which is
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again an under estimate of the correct value A = 1. The RBM consistently underestimates
the spin scaling dimension, implying that distant spins are more correlated than they should
be. The RBM flows have a scaling dimension which is smaller than the value determined
by MCMC simulations. Having a smaller scaling dimension implies that the two-point
correlation values will have a slower fall off as distance increases. The network has learnt
that spins far away from each other are more correlated than they are in reality. Intuitively,
more correlation suggests that we are below the critical temperature and we indeed find that
the flows converge to a temperature of approximately 6 which is below 7;.. A configuration
below the critical temperature, has more correlation between distant spins than those at the
critical temperature. In [70] for the case of the Ising model, the spin scaling dimension is

correctly determined from the RBM flows. In this case no long range interactions exist.
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Fig. 3.5 RBM flows starting from configurations at a high temperature (7' = 14). The RBM
network has N, = 10 x 10 = 100 visible nodes and N, = 9 x 9 = 81 hidden nodes. The
training set is made up of configurations at temperatures of 7 = 0,0.5,...,14 with 2000
configurations at each temperature (in total 30000 configurations). (a) shows Ay versus flow
length. (b) shows A, versus flow length. (c) shows the average probability of temperature
versus temperature of flows of various lengths. The red vertical line indicates the critical
temperature of 7.7.
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Clearly the RBM has not correctly determined the critical point of the long range spin
lattice, which is in tension with conclusions reached when studying the nearest neighbor
Ising spin lattice: in that case flows converge to the critical temperature [10, 11].

Starting the flow from configurations at the critical temperature gives the results shown
in Figure 3.4a. The flows converge to a value close to 0 for A;, well below the critical point
value. For A, the flow converges to a value near 1.2, as shown in Figure 3.4b. This is an over
estimate of the critical point value A = 1. Figure 3.4c shows that the flow converges to a
temperature of 3.75, again lower than the critical temperature. These results suggest that the
configurations generated by the RBM flow have not managed to capture the physics of the
long ranged spin lattice.

For the RBM flow starting from high temperature, results in Figure 3.5a suggest that
Ay < 0, which is completely unphysical: this corresponds to a situation when the correlation
between two spins grows with the distance between the spins. The results in Figure 3.5b
suggest that the A¢ value does not converge. In the flow starting from high temperature
configurations, the temperature appears to remain high as the RBM flow length increases.

We also explore larger values of & equal to 4, 5 and 6. The coupling strengths for spins
a distance of 2 units apart will have an interaction strength equal to 2% In the case of
a =3 and a = 6 we would have an interaction strength of 1/23 22 0.125 and 1/2% ~ 0.016
respectively. As o increases the interaction strength will approach zero for all interactions
a distance of 2 or further apart. For the Ising model interactions further than 1 unit apart
have a strength equal to zero. For the long range spin chain we therefore expect the critical
temperature to decrease as o increases, and approach the critical temperature of the Ising
model, 7, ~ 2.269. Using MCMC simulations we determine the critical temperatures and
spin scaling dimensions as we did for & = 3 by determining the temperature at which Ag = 1.
The estimated temperatures and scaling dimensions for the different values of o are shown
in Table 3.1. We do indeed see a decrease in T, as & increases.

Table 3.1 MCMC estimates for T, and Ay for various values of ¢ for the long range spin
chain.

o Estimate of T A

3 7.7 053
4 5.4 0.52
5 3.8 0.36
6 3.1 0.25
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Table 3.2 Convergence values for Ay and A¢ for flows of length 1 up to 100 for different
values of . A value of NC denotes “no convergence” which describes values which do not
show convergence over flow lengths of 1 to 100 (such a plot can be seen in Figure 3.5b).

Flows a=3 a=4 a=>5 a==6
start T | A;=053 | A;=0.52 | A;=0.36 | A;=0.25
T.=17.7 T.=5.4 T.=3.8 T.=3.1
T=0 0.175 0.15 1 NC
Ag | T =T, 0 0.05 0.05 0
T=14 -1.75 0 NC -1.75
T=0 0.2 NC NC NC
Ae | T=T, 1.2 0.8 1.3 1.2
T=14 NC 1.1 NC 0.3

We train three additional RBM networks using data from the long range spin chain with
o setto 4, 5 and 6 in the same way as for o = 3. By increasing the value of & we move closer
to the Ising model. By studying these networks with larger values of o, we can determine if
the RBM flows show more similar behaviour to the Ising model [10, 11, 70] as o increases.

Repeating the numerical experiments for o« = 3, we use the trained RBM networks
to generate flows of length 1 up to 100 and calculate values for Ay and A, at each flow
length. The RBM flows do not correctly reproduce the spin and energy scaling dimensions.
The results for flows starting from configurations at low temperature 7 = 0, the critical
temperature and high temperature 7 = 14 are summarized in Table 3.2. In the case of ox =4
we see convergence for the value of A to values well below 0.52 for flows starting from
temperatures of 0 and 7. ~ 5.4. For A we only see convergence when starting flows from
T = 14 and T, =~ 5.4 where we converge to values of 0.8 and 1.1 respectively. In the case
of oo =5 we see convergence for the value of A; when starting the flow from temperatures
of T =0 and T, ~ 3.8 where we converge to values of 1 and 0.05 respectively where we
would expect a value of A; = 0.36. For A we only see convergence when starting flows from
T, ~ 3.8 where we converge to a value of 1.3. In the case of @ = 6 we see convergence for
the value of Ay to values of 0 and -1.75 for flow starting temperatures of 7. ~ 3.1 and T = 14
respectively. The value we expect here is A; = 0.25. For A¢ we only see convergence when
starting flows from 7. ~ 3.1 and T = 14 where we converge to values of 1.2 and 0.3.

When starting flows from configurations at 7. we see convergence in both values of A
and A¢ for all values of o. However these values do not correctly match the values expected

for the various long range spin chain models. Here we again see the spin scaling dimensions
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Fig. 3.6 Plots showing the average temperature of flows of different lengths for different
values of . (a) shows results for @ = 4, (b) shows results for ¢ = 5 and (c¢) shows results

for ¢x = 6.

being underestimated as with o = 3. In Figure 3.6 the average temperature of flows starting
from 7, are shown for various flow lengths. If we compare these plots to the plot shown in
Figure 3.4c we see that as o increases, the average temperature of flows moves closer to
the vertical red line shown which gives the critical temperature for each respective model.
The values of Ay at convergence (when starting flows from T7;) are all underestimates of the
values determined by MCMC. This is in line with the average temperatures of flows depicted
in Figure 3.6. For all values of « the temperatures converge to a temperature below 7. (to
the left of the red line). As discussed earlier for the case of o = 3, an underestimated spin
scaling dimension signifies that the long distance correlations are over-estimated. When we
have configurations at low temperatures there is a greater tendency for spins to align. This
means that spins far away from each other will be more correlated at temperatures below 7;.
than at temperatures equal to 7,.. The average temperatures shown in Figure 3.6 supports the
fact that the spin scaling dimensions are underestimated.

In addition to the average temperature of flows, we can determine the percentage of
flows at each flow length, that have a temperature near the critical temperature. We consider
temperatures within 1 unit of the critical temperature to be near 7; i.e. 1 < |T —T,|. In Figure
3.7 the percentage of flow configurations near the critical temperature is shown. In Figure
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Fig. 3.7 Plots showing the percentage of samples that are near the critical temperature for
different flow lengths and different values of ¢. (a) shows results for o« = 3, (b) shows results
for oo = 4, (c) shows results for ¢ = 5 and (d) shows results for ¢ = 6

3.7a the percentage of flows at a flow length of 100 is below 5% regardless of the starting
configurations temperature. When o is increased to a value of 6 as shown in Figure 3.7d
the percentage of flows near 7. ~ 3.1 increases between 20% and 50% which is a definite
increase from flows at o = 3. As « increases the long range spin model moves closer to
the Ising model as interactions other than nearest neighbour interactions tend to 0. From
[10, 11, 70] we know that flows generated by RBMs trained on the Ising model do move
towards the critical temperature. The increase in the percentage of flows near 7, as we move

closer to the Ising model is therefore expected.

3.2.2 Stacked RBM and RG comparison

In this section we study the flow generated by successive stacked layers of a 3-layer deep
RBM network. The first layer has N, = 64 x 64 = 4096 visible and 32 x 32 = 1024 hidden
nodes, the second 32 x 32 = 1024 visible and 16 x 16 = 256 hidden nodes and the third
16 x 16 = 256 visible and 8 x 8 = 64 hidden nodes. The networks are trained in a greedy
layer wise manner, i.e. each layer is trained separately and in order.

The first network is trained on 30000 configurations at a temperature of T = 7.7 ~ T, with
lattice size 64 x 64 [28]. Once this network is trained, hidden configurations are generated

by feeding training data to the first network. The hidden configurations generated by the first
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RBM are the training data for the second RBM. Once trained the second RBM generates
training data for the third and final layer.

To test if the stacked RBM flow resembles an RG flow, we compare to three steps of an
RG flow. The deep network we have studied eliminates a quarter of the spins in each layer,
which we mirror by block spinning groups of four spins. Consequently, the first step of RG
will coarse grain lattices with N, = 64 x 64 = 4096 spins to lattices with 32 x 32 = 1024
spins, the second step then coarse grains to lattices with 16 x 16 = 256 spins and the third to
lattices with 8 x 8 = 64 spins.

Our goal is to compare RG to unsupervised deep learning. One step of RG involves
taking a linear combination of input (visible) spins to arrive at output (hidden) spins. For
RG we perform an average of four spins to arrive at a new coarse grained spin in the output

lattice. We can write the RG coarse graining as follows
ha =Y cajvi, (3.19)
i

where c, j is a coefficient that ensures we perform a block spin average. Using this we can

rewrite the (vh) correlators in terms of only the visible inputs

1 NY n n
(ihe) = 3 o1
S n=1

N (3.20)
:]7 Z Vi(n) (ZCa,kVI((n)),
S n=1 k

where n denotes the nth sample and N, denotes the total number of samples. From this
equation we can see that the (vjh,) correlator tells us information about the averaging
performed as it depends on the coefficient ¢, k.

An RBM consisting of one layer also takes a linear combination of input, visible nodes to
get to an output, hidden node. The RBM accepts a vector of N, = L, X L, sites and produces
an output vector of size N, = Lj, X L. The transformation performed by the RBM is

ha = tanh(Y. Wigvi +53"), (3.21)

which gives us the following correlator

N
(iha) = 2 Y vf" (tanh(ZWkavi”) +b£h)>> - (3.22)
S n=1 k



3.2 Numerical results 63

In the case of the RBM transformation, all input spins can contribute to the average which
produces an output spin. During training these weights are learned and some connections
may be more important than others. It is evident from the above rewriting of (vh) in terms of
only input visible spins, that this correlator captures important information about the coarse
graining that occurs between inputs and outputs.

To develop a quantitative comparison of the flows of the stacked RBM and those of block
spin RG, we calculate (vh) correlators between the initial spins populating the 64 x 64 = 4096
lattice and the spins populating each subsequent coarse grained lattice. The result is a matrix
of values, (v;h,), indexed by a label i for a site of the original lattice and a label a for a site of
a coarse grained lattice. Selecting a specific column, for example (v;h), gives the correlation
of a specific coarse grained spin with all of the original spins. Rearranging the resulting
(vih1) vector into a 64 x 64 matrix, produces a visual pattern of the correlation between the
coarse grained spin and the original spins. In this way our results are used to produce a
picture of how the coarse graining is achieved.

Figure 3.8 shows (vh) plots obtained from the RG flow. Plots (a) to (d) show typical
correlation between the input spins and a block spin after one application of RG. The first
four plots show a small highly correlated local patch with other areas having lower correlation
values. The highly correlated patch corresponds to the set of spins averaged to produce the
block spin, so that the coarse graining is indeed reflected in this correlator plot. Plots (e) to
(h) show (vh) plots between the original spins and a block spin produced by two steps of
RG. The plots clearly demonstrate that the patch of high correlation has increased in size,
which is a consequence of the fact that after two steps of RG each block spin averages 16 of
the original spins. Plots (i) to (1) show (vh) plots between the original spins and block spins
produced by three steps of RG. The high correlation region has again increased, reflecting
the fact that now each block spin summarizes 64 of the original spins. A significant feature
of these plots is that the regions of correlation are local, which is a hallmark of the RG coarse
graining in which short distance features are removed first by the coarse graining.

Figure 3.9 shows (vh) plots for the stacked RBM. Again here plots (a) to (d) show (vh)
correlation between the training configurations (64 x 64 visible nodes) and hidden configu-
rations (32 x 32 hidden nodes) from the first RBM, plots (e) to (h) show (vh) correlations
between the training configurations (64 x 64 visible nodes) and the hidden configurations
(16 x 16 hidden nodes) from the second RBM and plots (i) to (1) show (vh) correlations
between configurations (64 x 64 visible nodes) of the training data and the hidden configu-
rations (8 x 8 hidden nodes) from the third RBM. There is no clear difference between the
plots for the first layer, second layer and third layer. There are some local patches but these

are not as distinct as those of the RG flow of Figure 3.8. Comparison of figures 3.8 and 3.9
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Fig. 3.8 RG (vh) correlation plot.

Plots (a), (b), (c) and (d) show typical <v(1)h(1)> plots where v(D) is an input spin and K is
a block spin produced by one step of RG.

Plots (e), (f), (g) and (h) show typical <v(1)h(2)> plots where v is an input spin and h?) is
a block spin produced by two steps of RG.

Plots (a), (b), (c) and (d) show typical <v(1)h(3)> plots where v(D) is an input spin and h3) is
a block spin produced by three steps of RG.

In all 12 plots a single block spin’s correlator with the complete collection of 64 x 64 input
spins is plotted.

reveals that there is not much similarity, suggesting that the two coarse graining schemes are
quite different. Another interesting aspect to explore is the temperature of each successive
flow. Here we make use of the same supervised network used to measure temperature in
Section 3.2.1. Figure 3.10 shows the average measured temperature of configurations at
different steps in the RG and stacked RBM flows. After each step of RG, the temperature
of the coarse-grained configurations appears to increase. After one application of RG we
measure an average temperature of 6.25 which increases to 7 after two applications of RG
and further increases to 7.5 after the third step of RG as seen in Figure 3.10b.

The stacked RBM appears to cause a decrease in temperature as we move through
successive layers. The hidden vectors from the first RBM are at a high temperature with
a maximum probability at a temperature of 12.5, the second and third RBMs have hidden
vectors at a temperature just above 7.5.

Considering the comparison between (vh) plots and the temperature measurement of
flows for the RG and stacked RBM network, we do not see convincing evidence that suggest

the two are equivalent. In the case of the measured temperatures, we see very different
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1.0

Fig. 3.9 RBM (vh) correlation plot. Plots (a), (b), (¢) and (d) show a sample of the <v(1)h(1)>
plots where v(!) is an input spin and A" is a hidden spin produced by the first RBM in the
stacked network. Plots (e), (f), (g) and (h) show a sample of the <v(1)h(2)> plots where v is
an input spin and h? is a hidden spin produced by the second RBM in the stacked network.
Plots (a), (b), (c) and (d) show a sample of the <v(1)h(3)> plots where vl is an input spin

and 23 is a hidden spin produced by the third RBM in the stacked network. In all 12 plots a
single hidden node’s correlator with the complete collection of 64 x 64 input spins is plotted.

lattice size A lattice size
0.100 a Y s

00 25 50 75 100 125 0.0 2.5 5.0 7.5 10.0 125

(a) (b)

Fig. 3.10 Average probability of temperature versus temperature of a flow for a stacked RBM
network trained on lattices at 7 = 7.7 and an RG flow of 3 steps. The RG flow and RBM
flows are generated by applying both methods to the training set of 30000 lattices at T = 7.7

consisting of 64 x 64 spins. (a) shows results for the stacked RBM flow and (b) shows results
for the RG flow.

behavior with the temperature flowing in opposite directions. With RG we see temperature
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increasing with increased steps in the flow and with the stacked RBM we see a decrease in
temperature with successive hidden vectors produced by the RBM layers.

For the two-dimensional Ising model as explored in [70], the flows went to a higher
temperature in both the case of RG and that of the stacked RBM network. This contrasts
with the flow of the long range spin model where we see an increase in temperature when
applying successive steps of RG and a decrease in temperature when applying successive
RBMs.

3.3 High temperature expansion

In this section we derive the high temperature expansion for the long range spin chain and
explore the idea of performing an analogous expansion for the RBM. The high temperature
expansion in statistical mechanics allows us to intuitively understand how certain quantities
such as correlators behave at high temperature. This expansion can be performed when
B =1/T is small (f << 1). To calculate the correlator (X) for a given spin model with

Hamiltonian H (s) we have
(x) =Y e PH0IX. (3.23)

To expand the above expression for high temperature we expand in powers of 3. We know
that each successive term in the expansion will get smaller as the nth term will be B”H" /n!.
Here we have " getting smaller as n increases as well as n! in the denominator. We begin

by exploring the high temperature expansion for the long range spin chain.

3.3.1 Expanding the long range spin chain

The Hamiltonian of the long range spin chain, includes pair-wise interactions between every
spin with an interaction strength of 1/n%, where « is a constant and # is the distance between
the pair of spins. When we perform a high temperature expansion for this model, the first
order term of BH (where H is given in equation (3.1)) already contains a term with s;sj;
which is scaled by 1/n%*. We know that si2 =1 and Y ¢s; = O because spins take values
of +1. This means that when we expand in powers of 3, only terms which have squared
spins will survive. The two-point correlation function (s;sj;n) Will therefore have the largest

contribution from the first order term. We can thus write the two-point correlator as

(siSien) o D = pn®, (3.24)

n%
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which demonstrates correlations have a power law fall off in the high temperature expansion.

We now explore an analogous expansion for the case of the RBM.

3.3.2 Expanding the RBM for small £

The form of the RBM probability distribution is inspired by the Boltzmann distribution of
statistical mechanics. We might therefore think that we could apply a high temperature
expansion to the RBM as is done for spin systems. For the RBM there is no direct variable
linked to the temperature of a system and it is not obvious what the notion of temperature
means in this setting. If we consider expanding the RBM, we require some parameter to be
small which we could expand in. Let us assume the energy to be small. If the energy is small

we could expand the following two-point correlator (v;v;i,) as

1 _
(Vivisin) =7 Z(Ze E(V’h))viviJm
v h

1 E?(v,h)

= ZZV:ViVi+nzh:(l —E(v,h)+ T (3.25)
E3(v,h)

)

where the energy for the RBM is given in equation (B.1). The RBM’s energy function is
linear in the visible and hidden spins so the first order term will only have a v/ b(") term
remaining as this term is not removed by the sum over h. This term however will not result
in a non-zero term when calculating (v;v;;,) due to ¥, v; = 0.

When we have even powers of the expansion, such as EZ, there will be terms hi2 which
when summed over h will be equal to 1. Using this we calculate the two-point correlator as

2
<ViVi+n> :% Z (Z(l —FE+ % — ... )vivi+n>

v h
1 E?
:z Z (Z(O -0+ 7 — ... )v,-vi+n)
v h
2Nh v v
S (a1 520

v

N
+ Y vivieaWi jWign, j> ViVisen
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2N
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where we denote the off diagonal components of the matrix (W - W) by i,i+ n. For the long
range models the one-point correlator is zero in the high temperature expansion. The energy
function of the RBM has terms linear in v; so the expectation of (v;) would be non-zero if
bl@ is non-zero. In order for us to match the one-point function between the RBM and spin
models we require that all elements of b™) are zero. Assuming that the visible bias term is
zero we now have the following expression for the two-point function

2N/1

(W- WT)i,i+n~ (3.27)

From the above analysis we know that (W - W) i i+n Tequires a power law fall off as n
increases if the RBM is to correctly reproduce the one and two-point spin correlators of the
long range spin chain.

We explore these analytic results below comparing the RBM correlators derived here to
those derived for the long range spin chain. We do this using a RBMs trained on MCMC
long range spin chain data at high temperature, 7 = 14, with values of 3, 4, 5 and 6 for «.

3.3.3 Numerical analyses of the high temperature expansion

In the high temperature expansion for the long range spin chain the two-point correlation
function has a power law fall off. If we apply an expansion to the RBM for small energy,
W - W7 should demonstrate this same behavior if we have correctly learnt the probability
distribution of the spin model. To check this we train four RBMs on data from the long range
spin chain model at high temperature, 7 = 14 with « set to 3, 4, 5 and 6. The training data is
made up of 25000 samples for each network.

The input lattices used to train the RBM are rearranged from configurations of size
L, x L, to vectors of length N, = L, x L,. When we look at a value (W - W) i j we must
take into account which spin sites the visible nodes v; and v; relate to on the lattice of size
L, x L,. Spins v; and v;, may appear to be a distance of n apart however if they are from a
lattice of size n x n (L, = n) they are a distance of 1 away from each other.

We determine the location ig on the original lattice, of a visible spin v; as
is = (i\L,,i mod L,), (3.28)

where the symbol \ denotes integer division (the truncation of decimals) and the mod
operation defines taking the remainder of the division of i/L,. This allows us to calculate
distances between v; and v; according to locations on the spin lattice which we denote by i

and js.
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Fig. 3.11 The lines labelled RBM show the log of average values of off-diagonal components,
x;; versus the distance between spins v; and v; given by |is — js|. The weight matrices are
from RBMs with N, = 10 x 10 and N;, = 9 x 9 trained on long range spin chain data at
T = 14 and the specified values of .

The line labelled oc = 2.3 shows the log of a power law fall off of 1/[is — js|* with a = 2.3.

The value (W - WT),-, j tells us about the connection between visible nodes v; and v;. We
know that diagonal elements of W- W relate to connections between v;v;. We want to check
if the connections between visible nodes v; and v;, where i # j, show a power law fall off as
the distance |is — js| increases.

Values of (W-WT); ; are normalized by dividing by the diagonal component (W - WT); ;

to obtain x; ;
(W-W'),

Xij = W (3.29)
We plot the distances |is — js| versus the average values of x; ; in Figure 3.11. In this plot
values of x; ; for each of the four RBMs are shown by the dashed lines labelled “RBM”. The
solid line shows a power law fall off for a value of o@ = 2.3 which has a similar gradient to
the dashed lines shown. Here we see that there is a clear power law fall off of the two-point
correlators learnt by the RBMs. The fall off of ¢ = 2.3 matches the fall off for the RBM
trained on data with & = 3. However for the values of « equal to 4, 5 and 6 we see similar
gradients where we would have expected a steeper fall off. This suggests that the weight
matrices of the RBMs have not correctly determined the exact power law fall off of the
models they are trained on. As discussed in Section 3.3.1 the one-point function for the long
range spin chain will be zero as there are no terms linear in s; in the Hamiltonian. In the

RBM energy function there are terms linear in v; after summing over the hidden vectors. We
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Fig. 3.12 Histograms showing the visible biases for RBMs trained on high temperature
(T = 14) long range spin chain data with N, = 10 x 10 and N, = 9 x 9. Each plot shows
results for a different value of o. (a) shows results for o = 3, (b) shows results for & = 4, (¢)
shows results for o¢ = 5 and (d) shows results for o¢ = 6.

thus require the values of the visible biases to be zero for the RBM to match the one-point
function of the long range spin chain. Histograms showing values of b¥) for the different
values of « are given in Figure 3.12. The values lie between 0.35 and 0.6, which shows
b is non-zero for all values of . The RBM has therefore not correctly determined the
one-point correlator of the long range spin models. Another interesting aspect to explore is
the value of the energy of these four RBM networks and how this compares to models in
statistical mechanics. In statistical mechanics we can have a system consisting of N lattice
sites. The complete set of possible configurations consists of 2"V configurations. Only one
configuration in this set will have all spins pointed up and only one will have all spins pointed
down. Most configurations in the set will have roughly the same number of spins pointing
up as pointing down. This gives a distribution for the energies which is highly peaked at
specific values with almost no energies at other values. When considering values of the
energy for the RBM shown in the histogram in Figure 3.13 we see that this is not the case.
This distribution is not highly peaked at specific values as we would expect for a spin model
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Fig. 3.13 Energy histograms for 2000 pairs of visible and hidden vectors for RBMs trained
on long range spin chain data at 7 = 14 for various values of ¢&«. The RBM networks have
N, =10 x 10 and N, =9 x 9. Each plot shows results for a different value of «. (a) shows
results for & = 3, (b) shows results for & = 4, (c) shows results for o = 5 and (d) shows
results for @ = 6.

from statistical mechanics. This suggests that the RBM has some inherent differences from

models in statistical physics even though it too uses the Boltzmann distribution.

3.4 Conclusions and discussion

We have explored the link between RG and unsupervised deep learning using RBM’s trained
on data taken from states of a long range spin lattice. This generalizes existing work [10, 11]
exploring the two-dimensional Ising model with nearest neighbor interactions. Our results
show important differences from those of [10, 11], which are discussed and interpreted in
this section.

We have explored the RBM flow generated by the weights of a single RBM network,
trained using spin configurations of a two-dimensional long range spin lattice. Data sets
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generated at low temperature, at high temperature and near the critical temperature, have
been considered. Our results demonstrate that regardless of the temperature from which the
flow begins, the RBM flow fixed point does not resemble the critical point of the long range
spin lattice. The scaling dimensions for the spin and energy operators do not converge to the
values we expect at the critical point. In addition, when measuring the temperature of the
flows, they do not converge to the critical temperature. This contrasts with results obtained
for the Ising spin lattice where the Ay correlator is correctly reproduced and the flows appear
to converge to the critical temperature [70].

Our study has also compared the RG flow to the flow produced by a stacked deep
RBM network. Following proposals put forward in [70] this comparison was performed by
comparing the (vh) correlator resulting from the two flows. (vh) plots from RG show local
correlated patches surrounded by a large uncorrelated region. As the number of steps in the
RG flow increases so does contrast between the patch of high correlation and the surrounding
uncorrelated environment. This is very clearly a signature of the locality built into the block
spinning RG procedure. Plots for the stacked RBM show random patches of correlation
surrounded by dark uncorrelated regions. The patches lack the regularity of the patterns that
emerge in the case of RG, and consequently they are not enhanced by subsequent layers of
the deep RBM. As we move through successive layers of the RBM flow’s (vh) plots there is
no noteworthy organized change in the size or shape of the correlated patches which were
observed for the RG flow.

In addition to the (vh) plots, the average temperature of successive steps in both the
RG and the stacked RBM flows were determined. As expected the RG flow shows a clear
increase in temperature with the length of the flow. This simply reflects the presence of
relevant operators in the theory so that the fixed point is unstable. The RBM however shows
a different behavior: the temperature decreases with the depth of the stacked network. For
nearest neighbor Ising lattices temperature increases both along the RG flow and with the
depth of the stacked RBM network, showing agreement on this very basic question. Even for
this most basic question, the RBM flow and RG flow disagree for the long ranged spin lattice.

The lack of locality present in the (vi) RBM plots coupled with a decrease in temperature
with successive applications of stacked RBM networks suggest that for the case of the long
range spin chain, the RBM is not performing the same averaging as that present in an RG
transformation. Locality is a signature of RG due to the manner in which the transformation
is performed. If we study convolutional RBMs we know that locality is inherently built
into the network [77]. With a standard RBM it is interesting to consider if it too performs
a transformation with locality as a signature as this is not hard-coded into the structure

of the network. If locality was present in the RBM averaging this would be convincing
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evidence that these transformations are related. Even if we disregard locality as an important
characteristic, the RBM shows important differences with the temperature flow through a
stacked RBM network. The flow of temperature relates to relevant and irrelevant operators.
In RG relevant operators grow and irrelevant operators die. If the RBM is performing an RG
coarse graining, it should show this same behaviour with regards to the flow of relevant and
irrelevant operators. Our analysis of the temperature flow suggests that this is not the case.

Our results clearly demonstrate that the coarse graining performed by the RBM does not
correspond to block spin RG of the long range spin lattice. For the nearest neighbor Ising
model there is at least some evidence that deep RBM'’s are reproducing some features of
the RG flow. Why does the long ranged spin lattice differ so significantly from the nearest
neighbor Ising lattice? In the long range spin lattice, interactions decrease smoothly in
strength as the distance between the interacting spins increases. The net result is that more
distant spins are correlated by interactions in the long range spin lattice, as compared to the
Ising lattice whose interactions switch off abruptly as one moves beyond nearest neighbors.
Consequently, it is harder for the RBM to recognize locality in the emergent patterns. Without
locality, the resulting coarse graining is nothing like RG.

Setting aside this disagreement, there maybe a more fundamental obstacle to comparing
the flows. The RBM energy function is simple and linear in v and 4. Setting the coefficient
of the term linear in v corresponds to fixing the single spin expectation value, i.e. the
magnetization of the lattice. There are no further parameters in the RBM energy function that
could be used to fix higher order correlators, such as two-point or three point spin correlators.
This implies that not all relevant parameters in the theory have been fixed, so that it would be
surprising if the RBM and RG flows terminate at the same point in the space of all possible
lattice models. Small differences between the two will be magnified by the flow making the
two look very different. Including higher order terms in the RBM energy function might
allow us to use additional properties present in the input data, during training. This would
allow the RBM to correctly learn essential physical characteristics of the long range spin
lattice. Clearly our most credible conclusion is that more work is required to explore the

connection that may exist between RG and unsupervised deep learning!

3.5 Author’s contribution

The above work is published in Physical Review E and is a collaboration between the author,
Anita de Mello Koch, Nicholas Kastanos and Ling Cheng.
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Chapter 4

Why unsupervised deep networks

generalize

Training a deep network involves applying an algorithm, which fixes the parameters of the
network, using a training data set as input. After training is complete, the deep network is
evaluated, by studying the trained network’s performance on unseen test data. The difference
between how the network performs on the test data and how it performs on unseen data
defines a generalization error. Networks that perform as well on unseen data as they did on
training data, have a small generalization error. On the other hand, networks that do well on
training data but fail on unseen data, have a large generalization error.

Even with an incomplete understanding of how deep learning works, we have definite
expectations for the size of the generalization error, based essentially on common sense. If
the training data set is much smaller than the number of parameters in the network, training
can fit the data perfectly, so that not only trends in the data but also errors and noise are
captured during training. Intuitively we expect the generalization error is large, a penalty for
fitting noise. If the training data set is much larger than the number of parameters, training
forces the network to ignore noise in the data and only consistent and repeated trends will
be learned. In this case we expect the generalization error is small. For the deep networks
we discuss in this article, we have hundreds of millions of parameters trained using data
sets with tens of thousands of elements. These are typical sizes of data sets and numbers of
network parameters in practical deep learning applications. Clearly then, we are squarely
in the regime of large generalization errors. Remarkably however, for typical deep learning
applications, the generalization error is small. This begs the question: why do deep nets
generalize?

The fact that such a basic puzzle remains open underscores that despite the remarkable

success of deep learning applications, there is till a lot to learn about how deep learning
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works. One does not need to prove generalization since it is well established in practice.
However, an understanding of why networks generalize will shed light on what properties
define well trained networks and in this way it will suggest how to find better architectures
and more efficient training algorithms. The importance of the generalization question is
appreciated and it has been studied for decades. Early attempts to explain generalization,
suggested [78, 79] that deep networks that have flat minima in the training loss generalize
well. Intuitively this is rather appealing: a potential that is truly flat in a given direction does
not depend on the corresponding coordinate, and it is not a parameter of the network. With
a flat enough potential, the effective number of network parameters may be small enough
that the generalization puzzle is resolved. Numerical studies seem to support this idea, by
demonstrating that sharp minima lead to higher generalization errors [80]. The “flatness” of
the potential can be quantified in terms of the stability of the network’s output, under addition
of noise to the network’s parameters [81]. By exploiting this noise stability phrasing of the
problem, a number of generalization bounds were derived [82-87, 83, 88], but the bounds
obtained are not yet tight enough to resolve the puzzle. Another notion of noise stability
is the networks ability to reject noise injected at its input or internal nodes of the network
[89]. Using this version of noise stability [13] proved generalization bounds that are almost
strong enough to resolve the generalization puzzle. The insights of [13] strongly motivated
the study presented in this chapter, so it is worth reviewing some of the key ideas.

The article [13] starts off by considering a fully connected layer, meaning that each input
neuron is connected to every output neuron. The transformation from the input to the output
neurons is linear and consequently one can perform a singular value decomposition of the
weight matrix constructed by the training algorithm. Many of the resulting singular values
are small, and can be set to zero. Consequently these should not be counted as parameters
of the deep network, so that we have a much smaller number of “effective parameters”. An
operational test that there are a small number of singular values is captured by studying the
noise rejection properties of the network: if noise is added to the input of a layer, it hardly
has an effect on the output of that layer. The idea behind the equivalence of noise rejection
and a small number of large singular values is rather simple: noise projects equally onto all
singular vectors, but it is only the noise that is projected onto singular vectors associated
to large singular values that is transmitted by the network. If only a small fraction of the
singular values are large, only a small fraction of the noise is transmitted. For a network with
many layers, the problem is non-linear so we can not use the singular value decomposition to
analyze the network. However, the idea of noise rejection does generalize to a multi layer
network, and this is why it is useful. For the multi layer case, we can compute a Jacobian

which tells us how output changes in response to small changes in input. Trained multi layer
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deep networks again exhibit noise rejection [13]. The observed noise rejection is evidence
that the network only passes input information lying in a small subspace and so it again
indicates that we are dealing with a very special map and that only a very small number of the
total parameters that might appear in this map actually appear. This is a powerful idea: the
naively very large number of parameters translates into a much smaller number of effective
parameters and it is only the values of these effective parameters that actually determine the
output of the deep net!. Using this much smaller number of effective parameters we come
close to understanding why deep nets generalize.

The explanation provided in [13] is convincing, but it can only be part of the answer. To
resolve the generalization puzzle, one needs an understanding of why so many of the singular
values are small. Two natural questions to consider are: “Is it generic that such a large set of
parameters ultimately get reduced to a very much smaller set of effective parameters?” and
“What is the mechanism responsible for ensuring that almost all of the parameters of the deep
network are irrelevant, that only a handful of the parameters actually count?” It is this class
of questions that concern us in this study. A good answer should argue that the appearance of
a large number of very small singular values is generic and further it should provide some
insight into the basic mechanism for why this happens. Our approach to these questions
shows that the structures that appear in the renormalization group descriptions of coarse
graining in statistical physics and quantum field theory, naturally appear in unsupervised
deep learning.

The renormalization group is used to generate a low distance effective theory (called the
infrared or IR theory) starting from a microscopic theory (called the ultraviolet or UV theory).
The UV theory can be specified in terms of a Hamiltonian, giving the energy of the system.
Apriori, there are an enormous number of possible parameters of the theory corresponding to
the possible terms that can be added to the Hamiltonian. Typically any term that is consistent
with the symmetries of the theory can be added, so that the Hamiltonian is given by an infinite
series and each term in the series has its own coupling constant. These coupling constants are
the parameters of the UV theory. The renormalization group classifies parameters as relevant,
marginal or irrelevant, according to how they evolve under the coarse graining. Relevant
parameters grow as the coarse graining proceeds, irrelevant parameters decay and marginal
parameters are fixed. Further, in situations in which the coarse graining has a well defined
end point, i.e. in which there is a long distance effective description, most parameters of the
problem are irrelevant. This provides a natural setting in which a problem with a potentially
enormous number of parameters turns out to have very few effective parameters. Our central

hypothesis in this chapter is that the mechanisms behind the renormalization group are also

I'This reduction is dramatic. For the cases we study here, ~ 0.3% of the parameters are effective parameters.
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at work in unsupervised deep learning, and that this leads to a resolution of the generalization
puzzle.

Our motivation for this study was to map the unsupervised deep learning problem into the
renormalization group language and thereby to shed light on how the generalization puzzle
might be resolved. We will see that this is a useful exercise and what is more, it suggests
a new framework within which a theoretical description of unsupervised deep learning can
be developed. For the case of an RBM trained on Ising data, a study of the trained network
proves that the network is coarse graining the input data, by discarding high momentum
modes. The Ising example teaches us what to look for to recognize the renormalization group
transformation, in the trained RBM. With this experience in hand, we find that autoencoders
trained on various standard data sets all perform renormalization group transformations.
This new point of view achieves a detailed understanding of what the network is doing
and precisely what it learns, enabling us to give an algorithm to compute the network’s
parameters, given the learning data set. Although the resulting network does not perform
quite as well as a trained network, it is an excellent initial condition for learning, cutting
training times by a factor between 4 and 100 for the experiments we performed. Further, we
are able to suggest a simple criterion to decide if a given problem can or can not be solved
using a deep network.

In the next section we consider unsupervised learning using a restricted Boltzmann
machine (RBM). To engineer an unsupervised deep learning setting, which is as similar to
the renormalization group set up as possible, we train an RBM using data given by states of
an Ising model. The trained weight matrix has a small number of large singular values and
many small ones, which is the scenario of interest. We give the trained weight matrix a coarse
graining interpretation, by showing that it is a quantitative match to block spin averaging,
naturally used to implement the renormalization group for spin systems. A novel feature
is that blocks overlap so that a spin in the UV lattice is averaged in more than one IR spin.
This coarse graining interpretation gives an attractive interpretation of the singular value
decomposition of the weight matrix. Singular vectors with a large singular value are relevant,
and those with a small singular value are irrelevant. Further, the hidden singular vectors are
obtained by discarding the high momentum modes of the visible singular vectors, so that
the coarse graining being performed by the RBM is an exact match for the renormalization
group transformation close to the free field fixed point! We go on to understand how the
relevant degrees of freedom are determined, directly from the data set used for learning.
We also consider a 3-layer stacked RBM, as well as autoencoders trained on the MNIST
data set and data sets given by images of flowers and clouds. We present our conclusions

in Section 4.2 and discuss the implications of thinking about unsupervised deep learning in
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terms of a coarse graining perspective, instead of the more usual curve fitting paradigm. The
Appendices collect technical results and further supporting data obtained from numerical

experiment.

4.1 Unsupervised learning

In this section we study an RBM trained on data given by the states of an Ising model, at
fixed temperature on a rectangular lattice. The renormalization group interpretation for the
Ising problem is well studied, so this is a good starting point. Our primary goal is to explain
why deep networks have far fewer parameters than suggested by naive estimates. The layers
that are completely connected, i.e. they have a connection between every visible and hidden
neuron, often contain the majority of parameters of the network. The RBM is a completely
connected layer so it is a good example of a layer with many parameters.

In subsection 4.1.1 we study a single layer RBM trained on Ising data. This allows us to
establish a link to the renormalization group. A useful way to implement the renormalization
group is through block spin transformations, which are reviewed in Appendix B.2.2. We
explore this connection both at the level of singular values and singular vectors. Singular
vectors with dimension given by the number of input neurons will be called visible singular
vectors, while singular vectors with dimension given by the number of output neurons will
be called hidden singular vectors A network with three layers is also considered. One valid
criticism of this work is that lessons learned from the Ising data might not be applicable to
more usual applications. In subsection 4.1.2 we train using the MNIST data set, in subsection
4.1.3 we use a data set of images of flowers and in 4.1.4 one of clouds. These examples all

exhibit the general features uncovered using the Ising data set.

4.1.1 Ising

We trained an RBM on Ising data. The input to the network is a set of 6400 dimensional
vectors whose entries are the values (£1) of spins located on the sites of an 80 x 80 rectangular
lattice. The spin states used for training were generated using a Monte Carlo simulation with
the Boltzmann distribution for the Ising Hamiltonian at a temperature of 7 = 4. The output
from the network is a set of 1600 dimensional vectors whose entries are the values (41) of
spins located on the sites of a 40x40 rectangular lattice. Thus, the weight matrix of the RBM
has 10 240 000 entries, constituting the vast majority of the total number of parameters of

the network.
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During training we used batch sizes of 1000 samples, and training was performed with
a total of 40 000 samples. The learning rate was 1 x 1073 and we used a tanh(-) activation
function. The total number of training samples was chosen so that the training error had
converged. See Appendix B.1 for a detailed description of the RBM including the equations
we used in this study, and see Appendix B.4 for a discussion of the Ising model together with
the Hamiltonian we used.

The trained weight matrix defines a linear map from input neurons to output neurons.
One way to exhibit the structure of a linear map is by the singular value decomposition.
In particular, it can interrogate how many parameters the linear map actually has. A large
number of small singular values implies that there are not many parameters in the map.
The weight matrix trained using Ising data has many small singular values, and the size of
the singular values has a distinctive fall off, described by a smooth curve. The block spin
averaging, also a linear operation, can also be studied using the singular value decomposition.
As shown in Figure 4.1, we find that the plot of the singular values of the trained RBM weight
matrix and the block spin coarse graining, are almost identical. Here we choose the size of
the blocks that are averaged to produce a block spin, to maximize agreement with the RBM
weight matrix. One novel feature of our results is that blocks that are averaged to produce
the block spin, overlap. In the usual block spin averaging one averages a block of spins to
produce an effective spin (as we do here) and the averaging rule does not allow blocks to
overlap (unlike what we do here), i.e. each spin that is averaged contributes to only one
effective spin[90]. There is however precedent for overlapping blocks: correlations between
blocks, which are key for successful real space renormalization group algorithms[91], are
captured with an overlapping block approach [92]. See Appendix B.5 for more details of the
block spin averaging.

The real space renormalization group transformation is well understood: it is performing
a coarse graining. The singular value decomposition provides a basis on which the coarse
graining has a particularly simple action: coarse graining a visible singular vector gives the
corresponding hidden singular vector multiplied by the singular value. Very small singular
values correspond to visible singular vectors that are essentially coarse grained to zero. These
are naturally associated with irrelevant degrees of freedom. The visible singular vectors
that are associated with large singular values dominate the answer of coarse graining and
hence are the relevant degrees of freedom. Consequently, the singular value decomposition
is breaking the coarse graining up according to relevant and irrelevant degrees of freedom.

We know that the renormalization group is constructing the low energy effective theory.
Consequently we expect the relevant degrees of freedom are associated with long distance

behaviour of system. Another way to say this, is that the Fourier transform of the relevant
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Fig. 4.1 A comparison of the singular values of the weight matrix of the trained RBM and
the singular values of the matrix implementing the renormalization group by block spin
averaging.

degrees of freedom should have its support in the lowest Fourier modes. We can explore
the singular vectors to probe this expectation. The singular vectors are states on the lattice.
The Fourier transform on the lattice is well defined, so we can take the Fourier transform
of these states. To produce a one dimensional plot we average the magnitude of the FFT
over angles to obtain a radial FFT. See Appendix B.6 for the details. This radial average
is well motivated physically since we are simply exploiting the rotational symmetry of the
problem. The rotational symmetry is broken by the lattice, so it is only an exact symmetry in
the continuum limit.

The results for the Fourier transform of the singular vectors shown in Figure 4.2 and
Figure 4.3 are intuitively appealing. Both the visible and hidden singular vectors associated
with the large singular values have all of their support for small Fourier modes. Further, these
hidden and visible singular vectors are identical, after a simple rescaling - multiplication by
two. The hidden singular vectors are defined on a lattice with fewer total lattice sites, so that
if we change units to keep the total length of the lattice fixed, the hidden singular vectors
are obtained from the visible singular vectors by discarding the high momentum modes. As
Figure 4.2 shows, this is not an approximate statement - after the high momentum modes of
the visible singular vectors are discarded, there is an exact equality with the hidden vectors.
This is remarkable because the procedure of discarding high momentum modes is an exact
match to the form of the momentum space renormalization group transformation near the
free field fixed point! The momentum space renormalization group transformation near the
free field fixed point is reviewed in Appendix B.2.1. Since the transformation discards modes

that are zero anyway, one might mistakenly conclude that the transformation is trivial. This
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Fig. 4.2 The Fourier transform of the visible and hidden singular vectors associated to the
five largest singular vectors, obtained from the singular value decomposition of the trained
RBM weight matrix.

is not the case. Indeed, the Fourier transforms associated with the hidden and visible singular
vectors are different, so that in the end the above transformation is extracting long distance
features.

In contrast to this, the singular vectors associated with small singular values do not have
most of their support at low Fourier modes, but are spread across the complete Fourier space.
Further, the hidden and visible singular vectors are no longer related by the free field fixed
point renormalization group. These modes are irrelevant and should simply be dropped.
Dropping these does not affect the performance of the network.

The interpretation of the RBM in terms of coarse graining suggests that multiplying the
weight matrix into a visible vector can be interpreted as follows: The size of the singular
value tells you how relevant the mode is. We keep only the terms that are associated with
large singular values. Each visible singular vector associated to a large singular value defines

a relevant degree of freedom. The corresponding hidden singular vector is what the averaged
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Fig. 4.3 The Fourier transform of the visible and hidden singular vectors associated to the
five smallest singular vectors, obtained from the singular value decomposition of the trained
RBM weight matrix.

relevant mode becomes after coarse graining. The visible singular vectors that correspond to
small singular values correspond to irrelevant modes. The weight matrix decomposes the
state it acts on into relevant and irrelevant modes and the irrelevant modes are discarded,
while the relevant modes are averaged.

The specific form of the relevant modes is determined by the training data set. The fact
that an effective description even exists strongly suggests that the data is concentrated on
a sub manifold of the vector space in which the data lives. If this is the case, it is natural
to expect that the visible singular vectors span this space. This simple picture provides a
definition for the relevant modes, directly in terms of the data. A nice feature of this proposal,
is that it is simple to test numerically using the training data. Using the data, we can evaluate
the data covariance matrix and study it’s eigen decomposition. If there are a few large
eigenvalues and many small ones, the data is indeed concentrated on a sub manifold. The
projection operator, projecting to this sub manifold is constructed using the eigenvectors
associated to the large eigenvalues. Call this projector Py,q,; it’s eigenvalues are, as for any
projection operator, given by 0 or 1. We can also construct a projection operator that projects

to the sub space spanned by the visible singular vectors associated to the large singular values.
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Call this projector Pyained; it’s eigenvalues are, again, O or 1. The operator
O=P dataPirained Pdata (4 1)

will measure the alignment of these two subspaces. If all of O’s eigenvalues are O or 1,
and the number of eigenvalues equal to 1 matches the number of large singular values,
then the subspaces are perfectly aligned. In general we expect many zero eigenvalues, plus
eigenvalues that are close to, but not exactly equal to 1. The closer these eigenvalues are to
1 the better the two subspaces are aligned. The numerically computed eigenvalues, shown
in Figure 4.4, demonstrate that there is a convincing alignment between the two subspaces.
They are evaluated using the singular vectors associated to the largest 200 singular values
and the eigenvectors associated to the largest 200 eigenvalues of the data covariance matrix.
The numerical results show that of the 200 eigenvalues that might be 1, a majority of 177
of them are above 0.8 and only two are close to zero. This check is non-trivial: since both
subspaces are embedded in a 1600 dimensional space, there was plenty of room for them
to be completely orthogonal. These results are in agreement with observations reported in
[93-95].
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Fig. 4.4 The eigenvalues of O = PyuiaPirainedPaata cOmputed using the trained weight matrix
and the Ising training data set.

Since we have developed an understanding of the irrelevant and relevant modes of the
weight matrix it makes sense to revisit the counting of effective parameters. There are three
important ideas

1. The sum over singular values can be truncated since many of the singular values are

very small.
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2. The visible singular vectors have support only at low Fourier modes. High Fourier

modes are not parameters as they are set to zero.

3. Since the hidden singular vector is identical to the visible singular vector, we do not

introduce new parameters for the hidden singular vector.

The reduction in the number of parameters implied by point 1 above is the reduction discussed
in [13]. Keeping the largest 200 singular values (which amounts to dropping singular values
less that 20% of the largest) reduces the number of parameters to 1 280 000, which is still very
much larger than the number of data samples. For this particular example, the singular value
curve is not very sharp and although this reduction in the number of effective parameters
look impressive, its a little on the low side compared to typical. Even in more favorable cases,
the reduction in the number of effective parameters achieved by the singular value truncation
is not quite enough to resolve the generalization puzzle. Points 2 and 3 above are further
reductions, not yet appreciated in the literature. This new reduction only becomes apparent
after taking a Fourier transform, as instructed by the renormalization group logic. Looking at
the singular vectors in Figure 4.2, it is clear that all modes above Fourier mode 10 vanish.
The fact that we have taken a radial average implies that the number of distinct modes grows
as the square of the mode number. Consequently, setting all modes above mode 10 to zero
implies a further dramatic reduction in the number of effective parameters, by a factor of 36.
This leaves us with 35 555 effective parameters, which is indeed less than the number of data
samples in the training data set, explaining why we should expect the network to generalize
i.e. why there is no over fitting. Thus, truncating the smallest singular values takes us a long
way, but it is a nudge from the renormalization group that gets us over the line.
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Fig. 4.5 The singular values obtained from a singular value decomposition of the trained
weight matrix of the second layer of the stacked RBM.

An interesting extension of the study above is to consider stacked RBMs. We consider a

three layer network. The first layer is as above, that is, the input is given by a set of states
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of an 80 x 80 lattice and the output is a set of states of a 40 x 40 lattice; the second layer
outputs states of a 20 x 20 lattice and the third states of a 10 x 10 lattice. Training uses the
input data set described above. Training is carried out in a greedy layer-wise fashion.

The singular value curves are shown in Figure 4.5 and in Figure 4.6. It is clear that the
singular value curves go to zero ever more steeply as the depth increases. Further, we have
checked that the Fourier transform of the visible and hidden vectors are again in complete
quantitative agreement, up to the scaling by 2 we found in the first layer. This is again a
smoking gun for momentum space renormalization group coarse graining near the free field
fixed point. The reader interested in these numerical results is referred to Appendix B.7.
Consequently, our conclusions continue to hold when we increase the number of layers, to
obtain a deep network. This is completely unsurprising, since the network is trained in a

greedy layer-wise fashion.
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Fig. 4.6 The singular values from a singular value decomposition of the trained weight matrix
of the third layer of the stacked RBM, trained using Ising data.

4.1.2 MNIST

A reasonable criticism of the previous section is that Ising data is rather special, and perhaps
more closely related to usual renormalization group applications than the typical deep
learning data set. For that reason, we consider the MNIST data set [96] in this section. The
input to the RBM is images containing 28 x 28 pixels and the output from the RBM are
images containing 14 x 14 pixels.

The singular values of the trained weight matrix are shown in Figure 4.7. There are
again a large number of vanishing singular values, which may be set to zero. In the previous
subsection, the strongest evidence, proving that the RBM is performing a renormalization

group coarse graining, is given by verifying that the hidden singular vectors are given
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Fig. 4.7 The singular values obtained from a singular value decomposition of the trained
weight matrix of an RBM trained using the MNIST data set.

by discarding the high momentum modes of the visible singular vectors. The radially
averaged Fourier transform of the singular vectors obtained from the MNIST data set are
shown in Figure 4.8, proving that the RBM is again carrying out a renormalization group
transformation.

The link between the RBM and renormalization group coarse graining gives a rather
detailed understanding of the parameters of the network. The key ideas are as follows

1. Visible singular vectors are given by the eigenvectors associated to the large eigenvalues

of the data covariance matrix.

2. Hidden singular vectors are given by dropping the large Fourier modes of the visible
singular vectors. One takes the Fourier transform of the visible singular vector using
the Fourier transform defined by the lattice associated to the input data (a 28 x 28
lattice for MNIST), drops the higher Fourier modes and performs the inverse Fourier
transform defined by the lattice associated with the output data (a 14 x 14 lattice for
our RBM).

3. The singular values tell us whether modes are relevant, marginal or irrelevant. To
estimate the singlar value associated to a visible singular vector, we perform a block
spin coarse graining of the singular vector and then use the norm of this vector as an

estimate for the singular value.

4. The biases tell us what visible and hidden singular vectors are favored by the RBM
probability distribution. These should of course be related to the largest visible and

hidden singular vectors. For numerical evidence supporting this identification, see



88 Why unsupervised deep networks generalize

FFT Magnitude: S=28.0289

8 504 \ _ \.-"i.sible
2 \ Hiddenx2
‘2 10 |
g N
0 E T _I = T T T T T T
0.0 2.5 5.0 7.5 10.0 125 15.0 17.5
FFT Modes
FFT Magnitude: 5=10.4478
4 - .
L \ —— \Visible
2 Hiddenx2
a2
£ \
< :
04 —

T T T T T T
0.0 2.5 5.0 7.5 10.0 12,5 15.0 17.5
FFT Modes

FFT Magnitude: S=10.0746

5.0 —— \isible
/ Hiddenx2
254 | \

0.0 -

Amplitude

T T T T
0.0 2.5 5.0 1.5 10.0 12,5 15.0 17.5
FFT Modes

FFT Magnitude: 5=9.4507

—— \isible
\ Hiddenx2

T T T T T
0.0 2.5 5.0 1.5 10.0 12,5 15.0 17.5
FFT Modes

s
1

Amplitude
N

[=]
1

Fig. 4.8 The radial average of the Fourier transform of the singular vectors associated to the
largest singular values, of the RBM weight matrix trained on the MNIST data set.

Figure 4.9. We take the visible (hidden) biases to be equal to the largest singular value,
computed in 3. above, times the corresponding visible (hidden) singular vector.

These observations provide an algorithm to choose the parameters of the RBM using
only the training data set. We call the resulting network an RGM for renormalization group
machine. For a more detailed description of the RGM see Appendix B.3.

Table I shows a comparison of the RGM and the RBM. The RGM is not quite correct,
although the images it produces are similar to images that are produced quite late in the
training process. This suggests that the algorithmically computed weights are not far from
the weights that are obtained from training. In this case, the RGM may well provide a good
initial condition for training. The MNIST data set typically trains very quickly so it is not the
best to use to test by how much training times are reduced. Nevertheless, we see that training
from the RGM initial condition for 2 epochs gives roughly the same performance as an RBM

trained using 8 epochs.
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Table 4.1 Results of the RBM and RGM on the MNIST handwriting dataset. The RBM is
trained for 8 epochs and the RGM has been trained for 2 epochs.
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Fig. 4.9 A plot showing the visible bias and the visible singular vectors associated to the
largest singular vector.

4.1.3 Flowers

In this section we have chosen to train an RBM on a flower data set, chosen specifically
because a single layer RBM seems to have difficulty converging to a good set of weights
when trained on this data. The TensorFlow Flowers data set [97] contains 3670 colour images
divided into five classes which are often used for supervised learning. These images are less
correlated to each other than the images in the MNIST data set, with complicated shapes
appearing in some images, such as humans and teapots. We use the complete set of images
to train a single layer RBM autoencoder. The images are all rescaled to 100 x 100, which
is larger than the MNIST 28 x 28 input, and converted to grayscale before they are fed into
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Fig. 4.10 The singular values obtained from a singular value decomposition of the trained
weight matrix of an RBM trained using the TensforFlow flowers data set

the autoencoder. The autoencoder takes input data of size 100 x 100 and outputs a 50 x 50
image.

The singular value decomposition of the resulting trained weight matrix again supports
the coarse graining interpretation of the RBM. From Figure 4.10 we again find a small
number of large singular values, with a very sharp dropoff in size. In addition, from Figure
4.11 we see that the singular vectors asociated to large singular values again have all of their
support at low Fourier modes. The hidden singular vectors are once again given by discarding
the large Fourier modes of the visible singular vectors confirming the renormalization group
link.

The results of the trained RBM (trained for 1000 epochs), the RGM and the trained RGM
(trained for 10 epochs) are shown in Table 4.2. The images used to produce Table 4.2 did
not appear in the training data set. The RBM used a Xavier initialization. For many of
the images, it is clear that the RGM, whose parameters are agorithmically computed from
the training data set, outperforms the RBM trained with 1000 epochs. This is compelling
numerical support in favor of the understanding of the parameters of the RBM developed in
this chapter. Further, if one now trains for 10 epochs, using the RGM as an initial condition,
one obtains an autoencoder that outperforms the trained RBM.

It is worth noting that a single layer RBM trained with the same initialization and the
same data set, but with images resized to 200 <200 pixels, fails to converge. The block spin
coarse graining rule is a very crude approximation to the true weight matrix. If the RBM
is initialized to the block spin coarse graining rule, the RBM again converges to a valid
autoencoder. For all of the experiments we conducted, initializing to the block spin coarse

graining rule give significantly better results than the Xavier initialization, but not as good as
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Fig. 4.11 The radial average of the Fourier transform of the singular vectors associated to the
largest singular values of the RBM weight matrix trained on the TensorFlow flower data set.

initializing with the RGM. This again supports the idea that the RBM is performing a coarse

graining.

4.1.4 Clouds

We used the Singapore Whole sky IMaging SEGmentation (SWIMSEG) data set [98] to
train an RBM autoencoder. Images of clouds and the sky tend to be rather homogeneous
and featureless, so this is another class of images with which to test our ideas. SWIMSEG
is made up of 1013 sky images, each 600 x 600 pixels. To increase the number of images,
we divide each image into 36 100 x 100 images and convert all images to grayscale. The
autoencoder takes an input of 100 x 100 and outputs a 50 x 50 image. Training is initialized
with a renormalization group block averaging initial condition. From Figure 4.12 and Figure
4.13 it is again clear that the trained RBM exhibits the hallmark features of renormalization

group coarse graining.

4.2 Conclusions and discussion

A central conclusion of this study is that unsupervised deep learning is performing a coarse
graining. More specifically, it is performing precisely the coarse graining of the momentum
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Fig. 4.12 The singular values obtained from a singular value decomposition of the trained
weight matrix of an RBM trained using the SWIMSEG data set
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Fig. 4.13 The radial average of the Fourier transform of the singular vectors associated to the
largest singular values of the RBM weight matrix trained on the SWIMSEG data set.

space renormalization group near the free field fixed point. The singular value decomposition
replaces visible singular vectors with hidden singular vectors. The hidden singular vectors
are obtained by dropping the large Fourier modes of the visible singular vectors - which is
the definition of the momentum space renormalization group near the free field fixed point.
Further, each replacement is associated with a singular value that determines when modes are

relevant or irrelevant. The large singular values, defining the relevant modes, are associated
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with singular vectors that have all of their support at low Fourier modes. These are precise
mathematical statements that hold perfectly in every example we have presented.

The connection to coarse graining has implications for the generalization puzzle. First
only the relevant modes given by the large singular values need to be retained, implying a
dramatic reduction in the number of parameters, as pointed out in [13]. Second, relevant
modes only have support at low Fourier modes, so that the coefficients of large momentum
modes are set to zero. In addition, the coefficients appearing in the Fourier expansion of
the hidden and visible singular vectors are not independent. This implies a further dramatic
decrease in the number of parameters, which has not previously been pointed out in the
literature and it is a direct consequence of the connection to the renormalization group.

The link to the renormalization group has allowed us to develop a rather detailed under-
standing of how the training data set determines the parameters of the trained network. This
allows us to choose a set of network parameters given the training data set, defining what we
have called a renormalization group machine or RGM. Although this choice is not perfect, it
does give results that are close to a trained network and this choice provides a good initial
condition that can speed up training. These results show that our study has shed light both on
unsupervised deep learning and on the renormalization group. Indeed, the RGM shows how
to define a renormalization group transformation for a finite data set.

Our study in this article is strongly motivated by the generalization puzzle. Deep networks
seem to have so many parameters that over fitting is inevitable. Another facet of this puzzle
is as follows: we break the data set into two disjoint subsets, one to be used for training the
network and one for testing the trained network. There is nothing in the problem formulation
that suggests that the results will be independent of how we perform the split into training
and test data subsets. This independence, which is present in successful deep networks, is
mysterious.

An equally vexing problem is the optimization puzzle: training a deep network boils down
to finding the minimum of a loss function, which is a function of the millions of parameters
of the deep network. We would generically expect that such a function, depending on such
an enormous number of parameters, has many local minima and that a simple learning rule
would almost always fail to take us to the global minimum. The different minima would
correspond to different ways to thread a surface through the data. Typical deep learning
problems, which do use simple training rules - typically some form of gradient descent
implemented using back propagation - do manage to find great solutions and hence the
puzzle.

A tacit assumption made by both puzzles is that deep learning is a form of curve fitting.

In our opinion these puzzles suggest that curve fitting is the wrong paradigm to explain deep
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learning. Our study suggests an alternative point of view: unsupervised deep learning is a
sophisticated coarse graining which extracts trends and meaning from enormous data sets?.
Consider an analogy which illustrates the idea. Imagine for the sake of example, that our
system is a container filled with water. The state of the water is specified by an enormous list
of positions and velocities of the water molecules, and the fine grained description uses the
masses of the water molecules, as well as detailed and complicated interaction potentials. The
coarse grained description uses a handful of parameters: things like the density of the fluid,
its viscosity, the speed of sound in the fluid and its state is specified by a much smaller list of
quantities like pressure and temperature of the water. Assuming the water is at equilibrium,
we can choose any (large enough) subregion of the water (the training data) and use it to
determine the parameters of the coarse grained description (the trained network). The rest of
the system (test data) can then be used to test how good the description provided by the coarse
grained theory is. Within the setting of coarse graining to obtain an effective description,
it is natural to ask if the analysis depends on the details of the split into test and training
data. Assuming that an effective theory exists and since the water is at equilibrium, we are
certain that our results are independent of the details of this split, and hence generalization is
a natural question and is guaranteed. There will obviously be fluctuations in the effective
theory parameters, but these are small for large systems, so that to very good accuracy we get
the same effective theory no matter how the training data is chosen. Thus, within the coarse
graining framework, the generalization puzzle is a natural question and it is convincingly
resolved.

Let us return to the optimization puzzle. By curve fitting logic, we expect there are many
different minima, each corresponding to a different way of threading a surface through the
data. It is inconceivable that these different surfaces give the same prediction on unseen data.
On the other hand, coarse graining logic suggests that the network is finding the subspace
on which the data is located. It is true that many of the parameters of networks trained on
different training data sets will differ, because they will have different values for the irrelevant
parameters. The point however, is that these networks will still agree on unseen data to good
accuracy, because they have both learned the data subspace. This corresponds to a famous
fact known as universality of the renormalization group flow: many different UV theories
flow to the same IR theory.

The above discussion suggests a simple criterion to decide if a given problem can be
solved or not. The criterion basically checks to see if the effective description constructed
by coarse graining is well defined. One starts by selecting data samples at random, from

the training data set, and computing their data covariance matrix. Once the number of large

2Gee [9, 10, 99, 100, 15, 16] where this idea was already considered.
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eigenvalues of the data covariance matrix is no longer increasing as additional samples are
selected, the process is terminated and the eigenvectors associated to the large eigenvalues are
recorded. The process is then repeated, to produce a second set of eigenvectors associated to
the large eigenvalues. If no matter how many times the process is repeated, the eigenvectors
that are produced span the same subspace, the problem has a well defined effective description
and it can be solved using a network. It would be interesting to explore the relation between
this criterion and the one presented in [14].

Experience with the renormalization group suggests more. It relates a short distance, high
energy theory to a long distance, low energy theory. According to our analogy, states of the
high energy theory correspond to elements of the input data set, while the network outputs
states of the coarse grained effective theory. The renormalization group splits parameters of
the high energy theory into relevant, marginal and irrelevant parameters, according to how the
coarse graining affects the value of the parameters. Relevant parameters grow under coarse
graining, irrelevant parameters go to zero and marginal parameters maintain their size. The
renormalization group explains why there are a handful of relevant or marginal parameters,
but many irrelevant parameters. Changing the input data, for example by adding noise,
changes the state of the high energy theory and hence it corresponds to changing parameters.
Almost all changes of the input data correspond to changes in irrelevant couplings which
will not change the low energy state, i.e. the output of the deep network. In this way the
coarse graining framework predicts noise rejection of deep networks, which is established in
practice.

There are a number of interesting directions that can be pursued. In what follows we list

some of them.

* In this article we have focused on unsupervised learning. It would be fascinating
to explore supervised learning in detail, in the coarse graining framework. If this
framework is applicable, a key question is how the labels of the data are used to
determine the relevant modes of the coarse grained description. There are also a
number of simple tests that can be performed to test whether or not the coarse grained
description is the correct one. For example, does one still see a large number of small
singular values for the weights of fully connected layers? Further, if the weight matrix
is initialized correctly, does one still find that the singular vectors associated to large
singular values have their support on low Fourier modes? Are the hidden singular
vectors still obtained from the visible singular vectors by discarding large Fourier
modes?

* Our study considers learning data sets composed of images. The pixels are organized

in a two dimensional lattice. This is an important ingredient: for the Fourier transform
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the data needs to be organized in a sensible two dimensional lattice. For more general
applications there might be no obvious way to define the Fourier transform. This is an

interesting direction that deserves to be explored.

The role of depth of the network can be studied in more detail. For stacked RBMs,
where the deep network is trained layer-wise, we have seen that each layer is performing
a renormalization group transformation. Thus, a stacked network is performing a
renormalization group flow. Renormalization group flows can have a rich behavior,
with the relevance and irrelevance of modes changing as the flow proceeds. It would

be interesting to see if similar phenomena appear in a deep network.

Our choice for the network parameters, in the form of the RGM, is close to what is
produced by training. By improving our understanding of what determines the singular
values of the trained weight matrix, it may be possible to further improve this choice.
Giving an algorithm for the network parameters in terms of the training data, which is
as good as parameters learned from training maybe too ambitious. What is however
clear is that progress along this direction may lead to initial conditions that significantly
reduce training times.

This is a rather incomplete list of questions. The coarse graining framework suggests many

more. We look forwards to exploring these in the future.

4.3 Author’s contribution

The above work has been submitted for publication. This work is a collaboration between
the author, Robert de Mello Koch and Anita de Mello Koch.

The author had a major contribution to the above published article which includes the

development and implementation of numerical experiments and contributions to writing the

manuscript.
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Table 4.2 Results of the RBM and RGM on the flower dataset. The RBM is trained for 1000
epochs and the RGM has been trained for 10 epochs.

Original Image RBM RGM Trained RGM
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Chapter 5
Discussion and conclusion

The key question addressed by this thesis is whether there is a link between RG and un-
supervised deep learning. Although previous studies had suggested a link and provided
circumstantial evidence for such a connection, the study presented in this thesis is the first
to give compelling numerical evidence establishing the connection in a number of definite
settings. The link provides a compelling starting point from which to develop an understand-
ing of deep learning, as RG provides a rich set of ideas and is a well developed theory. This
thesis develops techniques and methods to probe the link between RG and unsupervised deep
learning. The results presented culminate in showing that a clear link does exist between the
two coarse graining techniques. We focus on comparing a discrete version of RG, block-spin
averaging developed by Kadanoff, to RBM networks and autoencoders in various settings.

This thesis develops techniques and methods to expose and quantify the link between RG
and unsupervised deep learning. This logic culminates in quantitative results that establish
the equivalence of the coarse graining performed by the trained RBM and coarse graining
performed by RG. A central insight of this study is to focus on a discrete version of RG
known as block-spin averaging, to establish its identity with trained RBM networks and
autoencoders in various settings. A key technique that plays a central role is the singular
value decomposition, which can be applied to both the block-spin averaging and to the trained
RBM. The results obtained can be used to achieve an understanding of the values of trained
parameters of the RBM and this is translated into more efficient training protocols. These
results also shed light on deep theoretical issues in the field, including the generalization
puzzle.

RG defines certain operators which are relevant, irrelevant and marginal. With successive
applications of RG only the relevant and marginal operators remain in the new coarse grained
description. If we can determine what parameters in a model are important for learning

relevant and marginal operators we might be able to reduce the number of parameters tuned
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during training. This would have a number of significant consequences such as reduced
training times, reduced network size and novel architectures.

The data used in our first two studies consists of physical models of magnets. These
models are made up of discrete spins which take values of 1. The first model studied is
the Ising model where interactions are allowed only between nearest neighbor spins. The
Ising model is well studied in physics and so has a rich set of analytically derived statistical
properties which allow us to probe the RG and RBM coarse grainings. The second spin
system we explore is the long range spin chain where interactions are allowed between any
two spins on the lattice with an interaction strength proportional to the inverse distance.

Spin systems are a useful setting in which to explore this link as they have inherent
locality as is the case in images. Nearby spins are highly correlated to one another. As the
distance between two spins increases, their correlation decreases. This is true of images too
as nearby pixels are more likely to have a similar colour than pixels which are far away from
each other.

We generate data using Monte Carlo simulations and study both stacked and single
layered RBM networks.

To compare RBM networks to RG we develop statistical techniques which allow us
to study how the inputs and outputs are correlated. RG is characterized by locality. We
introduce a technique to study the spatial correlators of the input and output correlators of
each coarse graining method. This is a quantitative way to compare how the hidden/output
nodes encode the visible/input data.

The final result presented here demonstrates that RBMs and autoencoders are performing
a coarse graining equivalent to RG. This analysis is performed on magnetic spin systems in
addition to more relevant datasets of MNIST, TensorFlow Flowers and SWIMSEG [96-98].
This result also shows that initializing weights to values related to the training data covariance
matrix gives speed ups of training time of between 4 and 100.

Below each chapter is discussed, highlighting the major contributions of each.

5.1 Discussion of main results

Chapter 2 explores the extent to which the RBM flow converges to configurations at the
critical temperature. The critical temperature of the Ising model is where a phase change
occurs. At this point the spin system moves between a state of magnetization and a state
of disorder where even nearby spins have little correlation. At the critical temperature we
see a balance in the competing effects of minimizing energy versus maximizing entropy. A

key finding is that the RBM produces configurations which exhibit the correct spin scaling
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dimension but fail to reproduce the longer distance energy scaling dimension. The critical
temperature is an unstable fixed point of the RG flow. This means that the temperature must
be tuned very carefully if one is to flow towards this fixed point. The RBM flow is not the
correct flow to consider as we have no depth which is a key characteristic of unsupervised
deep learning.

In addition to exploring properties of the RBM flow we also study properties of stacked
RBM networks consisting of 3 layers. We calculate correlations between the input and
outputs of each coarse graining method at each step of the coarse graining. We then quantify
these using spatial correlations. Both in the case of RG and the RBM we find that locality
is present. This is evident in the fall off of the correlations as the distance between sites
is increased. This is an encouraging result as locality is a key characteristic present in RG.
In addition to the locality we also see an increase in the temperature as we move through
layers of the RBM. This too is characteristic of the RG flow as there are relevant operators
present in the Ising model which grow as we apply successive steps. These relevant operators
increase the temperature as the critical temperature is unstable and so we flow to a stable
fixed point at high temperature.

In chapter 3 we study the long range spin chain. In the case of the Ising model we find that
the locality signatures and the temperature flow show similarities between RG and stacked
RBMs. The Ising model only allows interactions between neighboring spins. In the long
range spin chain we allow interactions between all spins proportional to the inverse distance
between them. We study RBM flows of a single RBM network starting from temperatures
below, above and at the critical temperature. Regardless of the starting temperature we find
that the RBM flows do not flow towards the critical temperature and as a result the scaling
dimensions are not correctly determined.

In addition to the RBM flow we again study stacked networks. In the setting of the long
range spin chain we find that the flow of temperature for the RBM does not match that of
RG. RG shows an increase in temperature with successive coarse graining steps. The RBM
shows a decrease in temperature with successive steps. In addition to the discrepancy in
temperature flow there is also a lack of locality present in the input output correlation plots.
These results show that for the case of the long range spin chain, RBMs are not performing
the same averaging as that of RG. This is an important difference to highlight when compared
to the case of the Ising model. This suggests that when interactions are strictly local the
RBM behaves in a similar way to RG.

In Chapter 4, a concrete result for why deep networks generalize is presented. We give
convincing evidence that what RBMs and autoencoders learn are in fact representations

equivalent to what is given by RG theory. We observe that the hidden and visible vectors are
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identical in the low frequency modes and that high frequency modes have been discarded.
By initializing weights to the low frequency modes of the data covariance matrix we see
dramatic speed ups in training times of between 4 and 100. Understanding unsupervised
deep learning from a curve fitting framework is the incorrect approach. This result shows
that unsupervised deep learning is performing a coarse graining related to RG. Phrasing
this problem in terms of coarse graining removes the paradoxes present in the curve fitting
setting.

This work holds weight in the broader machine learning community as we demonstrate
the low Fourier mode properties of the weight matrix and training speed ups in settings other
than Ising. We study RBMs and autoencoders trained on the MNIST, a sky and cloud dataset
(SWIMSEG) and TensorFlow’s flower dataset. We show that the number of parameters
which require training is reduced to a value below that of the number of training samples.
This is due to the fact that many of the weight matrix’s singular values are small and due to
the relation between the hidden and visible singular vectors.

This result is a significant step forward in developing a theory for deep learning.

5.2 Future work and conclusion

In this work novel methods exploring the link between unsupervised deep learning and RG
have been developed. More importantly this work culminates in the result that unsupervised
networks are performing an RG coarse graining.

Further work includes studying supervised networks in an attempt to show whether they
too are performing an RG like coarse graining. We could perform similar analysis to that
presented in Chapter 4 on the trained weights.

In a supervised setting we care about the labels of each sample in the training data. If
we are to view this in terms of coarse graining one such question to ask would be how the
subspaces of each set of labelled samples differ from one another. This would give a clear
method for distinguishing one labelled set from another.

In addition we make use of a Fourier transform to determine which modes in the training
data are relevant. This relies on the data being organized sensibly on a two dimensional
lattice. If this method is to apply to more general applications where the training data is not
organized in this way, we may need to find a different criteria. This would be an interesting
avenue to pursue further.

The RGM we develop shows similar characteristics to the fully trained weight matrix and
reduces training times significantly. This guess could be improved by understanding better
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what determines the singular values of the trained weight matrix. An improvement in this

guess could further improve reductions in training times.
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Appendix A

Derivations

A.1 RBM expectation values

The expectation values quoted in equations (2.7), (2.8) and (2.9) are derived using (2.2).
Data expectation values are evaluated by summing over all samples, v; (4) in the training set.
On the other hand model expectation values employ sums over the entire space of visible and
hidden vectors. This is such an enormous sum that its numerically intractable. Consequently,
the approximations described in Section 2.2.1 are used. The complete set of expectation
values needed to describe the RBM are given by

N,
(Viha) dara = Z » tanh (ZWkavk )+ by )>

, (A.1)
(Viha)modes = Y, tanh (Zwkavk+b£,h>> :
{v,h} k
(A.2)
tanh <ZW,- i+ b§”)> ,
7
1 N
Vi) dara = Z 74, (A3)
SA 1
<Vi>m0del = Ztanh <Z‘/le’la +b§V)) ’ (A.4)

{h}
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1 &
dala Z tanh (Z VVlaVl b > ) (A.5)

sAl

(ha)modes = ¥ tanh (ZWmv,+b( )> (A.6)

{v} ‘

with ﬁEA) the Ath sample of the data set, V.

A.2 Two Versions of RG

In this section we review two versions of the RG that are needed in this article. The first of
these, the variational renormalization group, was introduced by Kadanoff [101, 76, 75] as a
method to approximately perform the renormalization group in practice. The second version,
block spin averaging is a discrete version of RG. This version of RG is useful in settings we

study in this thesis as well as more general unsupervised deep learning applications.

A.2.1 Variational RG

Consider a system of N spins {v;} which each take the values 1. The partition function

describing the system is given by

Z= Ze (i) (A7)

Here the sum is over all possible configurations of the system of spins and the function
H({vi}), called the Hamiltonian, gives the energy of the system. This would include the
energy of each individual spin as well as the energy associated to the fact that the collection
of spins is interacting. The Hamiltonian H({v;}) can be an arbitrarily complicated function

of the spins

H({vi}) = ZK v — ZK,jv,vj

Z Kijgviv ,vk +oe (A.8)
i,jk
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The RG flow maps the original Hamiltonian to a new Hamiltonian with a different set of

coupling constants. The new Hamiltonian

H({h,}) = ZK/ ZK;bhah,,

Z Ky hbhc +- (A.9)

a,b,c

gives the energy for the coarse grained spins /,. After many RG iterations many coupling
constants (the so called irrelevant terms) flow to zero. A much smaller number may remain
constant (marginal terms) or even grow (relevant terms). To implement this conceptual
framework a concrete RG mapping is needed. Variational RG provides a mapping which
is not exact but can be implemented numerically. It does this by introducing an operator
T),({vi,hs}) which is a function of a set of parameters {A }. The Hamiltonian after a step of
RG flow is

_HRG {ha ZeTk {tha {Vl}) (AlO)

The form of T ({vi, h,}) must be chosen cleverly, for each problem we consider. This is the
tough step in variational RG and it is carried out using physical intuition, but essentially on a
trial and error basis. Once a given Tj ({v;,h,}) has been chosen, we minimize the following

quantity by choosing the parameters {1 }
log Ze (1)) —1og(} e Hro(tha))), (A.11)
ha

The minimum possible value for this quantity is zero. Notice that when

Y efallvihad) = 1 (A.12)

(A.11) attains its minimum value of 0 and the RG transformation is called exact.

A.2.2 Block spin averaging

Block spin averaging is a pedagogical version of RG. To illustrate the method, consider
a rectangular lattice of interacting spins. Divide the lattice into blocks of 2 x 2 squares.
Block spin averaging describes the system in terms of block variables, which are variables

describing the average behavior of each block. The “block spin” is literally the average of
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the four spins in the block. The plots shown in Figures 2.7a use block spin averaging. The

block spins A, are each an average of four visible spins v;.

A.3 Equivalence of maximum log likelihood estimation and

minimization of Kullback-Liebler divergence

Maximum log likelihood estimation (MLE) is a widely used method to determine model
parameters. Using MLE, model parameters are determined by maximizing the log likelihood

that the model p(v|6), with parameters 6, produced the given data v

Omre = argmax log(p(v|0)). (A.13)
0

The Kullback Liebler (KL) divergence determines the difference between two distributions,
which is used to match the data distribution ¢(v) to the model distribution p(v|6). Model
parameters are determined by minimizing the KL divergence between the model and data

distributions

OminkL =argmin E,[log(q(v)) —log(p(v]6))]
0 (A.14)
Zarggnin (Eq[log(g(v))] — Eq[log(p(v]0))]).

The first term E,4[log(g(v))] does not have any 6 dependance so removing this term gives
Oin1, =argmin — Eq[log(p(v16))], (A.15)
which we can change to an argmax
Omink1, =argmax Eq[log(p(v]6))]- (A.16)

We know that averaging log(p(v;|0)) over enough samples, v;, where i =1,2,...,nasn — oo,
will give us the expected value of log(p(v;|0)) using the law of large numbers. Using this,
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equation (A.13) becomes
n

L =argmax ,}glgoi_Zl log(p(vil6))

=argmax E,[log(p(v|0)]
6

=UminKL-

A.4 RBM learning rule

(A.17)

The goal of training an RBM is to match the RBM model probability distribution to that
of the data. If the model has learnt the probability distribution of the data, the updates will

be zero. The parameter updates performed during training consist of model averages and

data averages. By deriving the learning rule from the KL divergence we will see how these

averages appear. We know the distribution of the data g(v). The unknowns in the model

distribution, p(v), are the parameters b™, M and W

1
)= G T
with
Z= Ze*E(V’h).
v.,h

aD[(L . q(V) 8p(v)
Wi _;pw) Wi

dDkL _Zmap(V)
b T apl"

8DKL . _Zmap(v)
op) A p(v) gpt b

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

We can arrive at update rules which relate averages for the model and averages for the data

by calculating derivatives of p(v) with respect to the model parameters Wi, b;

)

™) and b as
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follows
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Zh ZV —k

Zhh e
Zh Zv
Yhe ©
R ——— a
(Zh ZV 2 ZZ ‘<
_ haYpe YhYyhee ©
Tarve ? PV T e
haYne £ YhLyhae E
Tz T
=—hap(v) +p(v) <ha>p~

Averages related to the model are denoted by (-) , and averages related to the data by (), .
Substituting equations (A.23), (A.24) and (A.25) into equations (A.20), (A.21) and (A.22)

we get

i

(A.25)

)
==Y (=a(V)viha+q(v){viha)p) (A.26)

b p(v)
== L(avi+av)(vy) (A.27)
=(vi)g = (vi)p,

= L 2 (b)) 1))
=—;<—q(v>ha+q<v><ha>p> (A.28)

:<ha>q - <ha>p-
From this derivation we can see that the KL. divergence compares expectation values of
the model to expectation values of the data to determine the most suitable parameters for
the RBM. Equations (A.20), (A.21) and (A.22) will equal zero when training halts i.e. the

network’s parameter updates AW;,, Abl(v) and Abéh) are zero.






Appendix B

Supporting technical details

B.1 Restricted Boltzmann machines

Restricted Boltzmann Machines (RBMs) consist of two layers of nodes - a visible layer
(input nodes) and a hidden layer (output nodes). Connections are allowed between every
visible and hidden node but no connections are allowed between nodes within the same layer.
The energy function for the RBM is given by
N, N, N, Ny
E==Y Y viWiho— Y vt = ¥ habll", (B.1)
i=1 a=1

i=la=1

where W, is the weight matrix which determines strengths between the ith visible, v;, and

ath hidden node, A, b(V) is the bias of the ith visible node and bg,h) the bias of the ath hidden
node. The visible and hidden nodes take values of +1.

i
The probability of a given visible and hidden vector is
(vh) = 2o F (B.2)
V. = —€ .
p ) Z )
where the normalization Z is the partition function

z=Y " (B.3)
{vh}

The marginal distribution of a visible or hidden vector is given by summing over the space of
hidden and visible vectors respectively

1
p) ==Y ", (B.4)
{n}
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= %%e‘E . (B.5)

The network is trained using a technique called contrastive divergence which approx-
imates minimizing the Kullback-Liebler divergence. The goal of training is to match the
distribution of the model to the distribution of the data. The Kullback-Libeler divergence

measures how similar two distributions are and is given by

Dkr(qllp) = Zq (log(gq(v)) —log(p(v)))
) ) (B.6)
=Lt <p<v>>’

where g(v) defines the data distribution and p(v) denotes the model distribution we determine
during training. The Kullback-Libeler divergence is always not negative and only vanishes
if the two distributions are equal. Training tunes the model parameters Wj,, bgv) and bc(,h)

to minimize Dgy. We tune parameters by taking derivatives of Dy with respect to each

parameter
DL (ohbta — o ®.7)
ng = (Vi) data = Vidmodel > (B.8)
ii—g,? = (ha) dara = {ha) model - (B.9)

The right hand side of these expressions can now be evaluated. It is impractical to perform
the sum over the state space of visible and hidden vectors, because the size of each state space
is enormous. It is for this reason that we employ contrastive divergence (CD) to approximate
the KL divergence. CD allows us to sum over the space of input vectors present in the
training set rather than the entire state space of visible vectors. To approximate the state
space of hidden vectors we sample a set of hidden vectors, generated using the input (visible)
vectors.

Given a set of visible vectors we can sample the hidden vectors using the probability

plha = 1|v) = % (1 +tanh (vaf,-avieréh))) . (B.10)
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Given a set of hidden vectors we can sample a set of visible vectors using the probability

p(vi=1]h) = % <1+tanh (Zwmhﬁbl@)). (B.11)

To calculate expectation values over the data we use the input training set of visible
vectors denoted V. To generate the set of hidden vectors used in the data averages, fz, we
sample hidden vectors using equation (B.10) and 7.

We then sample the set of visible vectors which are used in the model averages, v, using
h and equation (B.11). Using ¥ and equation (B.10) we sample hidden nodes to be used in
the model expectations, A.

Contrastive divergence now amounts to the following sequence of approximations

1Y .
Vila) gata N ﬁEA)haA), (B.12)
S A=1
|
<vlha>model NG ﬁl(A)h((lA)a (B13)
S A=1
1Y
) dara = — ¥ 9, (B.14)
S A=1
1 Nv NA)
Vidmoder = 5 2 Vi s (B.15)
S A=1
1 Ny R
<ha>data = 37 haA)7 (B16)
S A=1
1N
<ha>model = A haA)- (B17)
S A=1

B.2 RG

In this Appendix we will give a brief review of the renormalization group. The goal of
the renormalization group is to derive a long distance effective description, given some
underlying microscopic dynamics. This typically happens by coarse graining the short
distance degrees of freedom. The name “the renormalization group” is a bad one since the
mathematical structure of the renormalization group is not that of a group, renormalization

of quantum field theory is not an essential ingredient! and the method is not unique but

!One of the earliest applications of these methods is to quantum field theory, which is the origin of the name.
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rather it is a set of ideas that must adapted to the nature of the problem at hand. In the
next section we will review the method as it applies to Euclidean quantum field theory.
We have chosen to review this material because it is the basic mechanism at work in fully
connected layers and, further, it is a good example of how the renormalization group explains
why so many parameters of the short distance theory simply have no effect on the effective
description. We have interpreted this as the basic mechanism behind understanding why deep
networks generalize. We go on to describe the block spin transformation implementation of
the renormalization group coarse graining as it is directly relevant to the discussion of the

Ising model in Section 4.1.1.

B.2.1 Momentum space RG

Momentum space RG is a tool used routinely in quantum field theory and statistical mechanics
[74]. The method coarse grains by first organizing the theory according to length scales and
then averaging over the short distance degrees of freedom, which gives an effective theory
for the long distance degrees of freedom.

To illustrate the procedure, we will consider a quantum field theory, describing a quantum
field ¢. Observables ¢ are functions (usually polynomials) of the field and its derivatives.
Examples of observables are the energy or momentum of the field, or correlation functions of
the field. To calculate the expected value (&) of observable @, integrate (i.e. average) over

all possible field configurations
(0) = /[d¢]e—5ﬁ. (B.18)

The factor e =5, which defines a probability measure on the space of fields, depends on the
theory considered. S is called the action of the theory. The action is a polynomial in the
field and its derivatives. The coefficients appearing in this polynomial are the parameters of
the theory, things like couplings and masses. These are the parameters of the short distance
theory. A theory is defined by specifying the action S.

To coarse grain, express the position space field in terms of momentum space components

0(x) = [ dke™*o (k). (B.19)
¢'** oscillates in position space with wavelength 27” High momentum (big k) components
have small wavelengths and encode small distance structure. Low momentum components
have huge wavelengths and describe large distance structure. Declare there is a smallest

possible structure, implemented by cutting off the momentum modes at a large momentum A
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as follows

[do] =[] do(k). (B.20)

k<A

The renormalization group breaks the integration measure into high and low momentum
components [d¢| = [d9-]|[d¢d-] where

[do<] = [] dek)
k<(1—g)A

[do.] = [T 4o, (B.21)
(I—g)A<k<A

By assumption, we consider observables that depend only on large scale structure of the
theory, i.e. observables that depend only on ¢ . In this case, when computing the expected
value of &’ we can pull & out of the integral over ¢~ and integrate over the high momentum

components

©09) = [ldoc] [1ag.]e S0 (92)
= [ldg-] e S0 (90, (B.22)

This procedure of splitting momentum components into two sets and integrating over the
large momenta defines a new action Se¢r. Repeating the procedure many times defines the
RG flow under which Se¢ changes continuously. After the flow, one is left with an integral
over the very long wavelength modes. This completes the coarse graining: we have a new
theory defined by Sefr. The new theory uses only long wavelength components of the field
and correctly reproduces the expected value of any observable depending only on long
wavelength components.

Values of the parameters of the theory, which appear in Sef change under this transforma-
tion. In general, many possible terms are generated and appear in Sefr. Each possible term
defines a coupling of the theory. Each coupling can be classified as marginal (the size of
the coupling is unchanged by the RG flow), relevant (the coupling grows under the flow) or
irrelevant (the coupling goes to zero under the flow). It is a dramatic insight of Wilson that
almost all couplings in any given quantum field theory are irrelevant and so the low energy
theory is characterized by a handful of parameters.

To compare how parameters have changed, we want to compare the action before and
after integrating out a shell of modes. For this comparison to be meaningful, the integration

domains, before and after integrating the shell out, must match. To achieve that we rescale
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momenta (k), positions (x) and the field (¢) as follows

Pow o= ko
1—¢
=¥ = (1-¢)x
S
N B.23

The rule for scaling momenta is fixed by matching integration domains. Since momentum is
an inverse length, positions scale oppositely to momenta. The rule for how the field is scaled
ensure that the free field theory, described by the action

1—» —
— 4, .
S—/d x2Vq) Vo, (B.24)

1s invariant under the renormalization group flow. Here we have committed to d = 4 dimen-
sions. The scaling of the field depends on d.

So there are two reasons why the couplings change: (i) we integrate over high momentum
modes in (B.22)and (ii) we rescale according to (B.23). If we are very close to the free field
fixed point couplings are weak and we can neglect the effect coming from doing the integral
in (B.22). In this case we simply discard the high momentum modes and use the scaling

(B.23). With the above transformation, a general term will scale as follows

A(Pn(%(p . ﬁgb)m N (1 _ £)n+4m—4l (p/n(%/(p/ . %/(P/)m7

(B.25)
so that the coupling changes as
A=A =(1—g)t4m4), (B.26)
Since 1 — € < 1, the only relevant terms in the Lagrangian are
0, 9% ¢ (B.27)
The only marginal terms are”
0, Vo.Vo. (B.28)

2Quantum corrections, that is the corrections from actually integrating the shell of high momentum modes,
make this term irrelevant. We call it marginally irrelevant.
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There are an infinite number of irrelevant terms
ot 9" (Vo-Ve)'.  man>1 (B.29)

Thus, although there are an infinite number of possible couplings in the microscopic short
distance description, only five couplings in total survive in the long distance theory!

Key Idea: Near the free field fixed point, the renormalization group transformation simply
discards the high momentum modes of the field that is being coarse grained. This is precisely

what the trained deep network does.

B.2.2 Block spin transformations

The implementation of the renormalization group for the RBM trained on Ising data is block
spin transformation as discussed in Section 4.1.1. Large groups of spins are averaged to
produce the block spin. Any fluctuations of the spins on the lattice, that average to zero and
are contained within the block being averaged, will be removed by the coarse graining. This
implies that irrelevant perturbations are the ones that produce localized changes to the state,
with the changes averaging to zero. This is in line with our intuition: irrelevant perturbations

are associated with short length scales.

B.3 RGM

The connection between unsupervised deep learning and the renormalization group that
we are arguing for in this study suggests economic parameterizations of the weight matrix.
Understanding these parametrizations will shed light on the generalization puzzle. Since the
specific form adopted for the weights is motivated by the renormalization group, we refer to
the resulting deep network as a renormalization group machine, or RGM for short.

The economy of the parametrization follows because we know that only the big singular
values count and that these only have low Fourier modes. We are going to build this into the
weight matrix.

Using the singular value decomposition, we can write the weight matrix W, ,) as
Np
Wina = Y Silv, (B, 1, (B.30)
=1

wherem=1,...N,=L?anda=1,...,N, = L%. We have in mind input data given by two

dimensional Ising lattices that have N, sites arranged in an L, X L, square, or images that
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have a total of N, pixels. The data output by the network are states of a two dimensional Ising
lattice with N, sites, or images with a total of N, pixels. We will use the language “visible
lattice” and “hidden lattice” for both Ising and images in what follows. The index m runs
over the sites of the visible lattice, so we can trade it for the coordinates (/,n) of a site in the
visible lattice. Here [/ and n both run from 1 to L,. Similarly, the index a runs over the sites
of the hidden lattice, so we can trade it for the coordinates (b, c) of a site in the hidden lattice.
Here b and ¢ both run from 1 to L;. With the new notation we can write the weight matrix
Wina as
Wina = Wiin) (b,c) IZ151|VI (1) (s (,c)-

Using the known simplifications we have

K
Wi (b.e) = X St (1) (1| (p.0),
=1
where k is the number of large singular values and typically kK < N,,. We can also simplify
the singular vectors appearing in the above expansion. To do this we use the discrete Fourier
transform to write

L, L, ()
VD)) = Z Z e ML L) (B.31)
for the visible vector and
& —2m(E 47
1,0 Z Z hd|gpe =~ (B.32)

for the hidden vector. The inverse Fourier transform is

1 L, L, T &_i_np)
VD) (1) = —ZZ Z 2L (B.33)
1 L, Ly
1,1 () i y Z (1] ™™ (H+1). (B.34)
h x=1y=

The coarse graining interpretation implies that the singular vectors only have support at low
Fourier modes. Consequently a more efficient parametrization of the visible singular vector
is

a a . "
VD = Y, Y, Ch et (B.35)
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to form the visible vector |v). Typically oo < L;, < L,. For the hidden vector, (h|, we use
L3 & Gl m )
gy =5 Y, Y 2 T (B.36)
Lh x=1y=1 2

The fact that the same Fourier coefficients appear in the expansion of both the visible and
the hidden singular vectors is a consequence of the fact that the network is performing a
renormalization group transformation, so that the low frequency modes of the two vectors

agree. Further, the fact that the singular vectors are real implies that
P
Clkp) = Clotp)- (B.37)

Since the singular vector S; appears as an overall factor, it can be absorbed into the definition
of C{ kp)* We will not do this, but it is worth noting since this observation implies that the S’
should not be counted when the number of effective parameters is counted. Thus, we finally

obtain
1 1 K o o
Wonn@h) = 72730 2 L
v LhoI=1kp=1xy=I
CI C] . mk | n ax | by
5, k) o) (B4 (B.38)

2

The only unknowns in the above formula for the weight matrix are the coefficients C{ k.p) and
the singular values S’. To obtain these coefficients we compute the data covariance matrix for
the training data set. The eigenvectors associated with the largest eigenvalues are identified
with the visible singular vectors |v,/ >(17,1). By taking a Fourier transform of this vector and
setting small Fourier modes to zero, we obtain the Cgk,p)'

Although we do not have a perfect formula for the singular values S;, we have developed
a simple rule that works reasonably well in practice. While the data determines the singular
vectors, the singular values are determined by the coarse graining rule. Large singular values
correspond to relevant modes and small singular values to irrelevant modes. To estimate the

size of the singular value we estimate the magnitude of the vector

L,
|I>(”>S) = Z C(r,s)(l,n)|val>(l,n)7 (B.39)
l,n=1

where C,. (1, 1s a block spin transformation and v, 1 )(l,n) is a normalized singular vector.
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The hidden and visible biases are chosen to be equal to the hidden and visible singular
vectors associated to the largest singular vector. This choice is intuitively appealing: they
bias configurations towards the subspace on which the data is concentrated. In addition, the
trained biases are in remarkably good agreement with the singular vectors associated with
the largest singular vectors.

The weakest part of our discussion has been in fixing the overall scales of the biases and
the term involving the weights. Thanks to the activation functions in the network, much of
the sensitivity to these scales is removed.

B.4 Ising model

The Ising model Hamiltonian is
Hy=—JY ssj, (B.40)
(i.j)

where the sum runs over nearest neighbors. In this study we take the spins to sit at the sites
of a rectangular lattice. The probability distribution implied by the Hamiltonian is e BH 5o
that B and J are not independent parameters. We set J = 1 and use the temperature 7 to set
B= % By employing Monte Carlo methods we generate states of this 2D Ising lattice model.
The training data set used to train the networks described in Section 4.1.1 is comprised of
40 000 samples of this lattice model. Each training epoch used the complete data set, and
training was completed is roughly 6000 epochs.

B.S5 Overlapping coarse graining

We can define many different coarse graining rules that use block spin transformations. Many
of these rules result in overlap between different averaging blocks. The coarse graining rules
at work in the trained RBM network is a quantitative match for block spin transformations
with overlapping blocks, so it is important to understand the effect that overlap has if we are

to understand what is happening in the network.

B.5.1 Generating the weight matrix

We create an effective weight matrix that, when applied to an input vector, will apply the
coarse graining rule. The input vector is a 6400 dimensional vector, obtained by rearranging
the elements of an 80 x 80 matrix. Each column of the weight matrix is constructed to

average a single block of spins on the lattice. Thus, each column only has entries of 1’s and
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0’s. For all coarse graining rules we move by two elements in the x and y direction for each

new averaging block. This implies that the averaged vector is a 1600 dimensional vector.
The first block averaged is centered at the topmost and leftmost corner of the lattice.

Any elements that should be averaged in the block, but do not exist in the input matrix, are

discarded. This occurs for blocks averaging the edges of the input matrix.

B.5.2 Effect of overlapping

Weight matrices generated with block spins that have no overlap, have no variation in their
singular values. For example, the weight matrix generated using an averaging block of size
2x2 has all singular values equal to 2. Each element in the output vector is obtained by
averaging 4 elements from the input vector and each element in the input vector contributes
to a unique element in the output vector. The hidden and visible singular vectors of the
weight matrix are identical.

As overlap begins to occur, we see some variation in the singular values. The weight
matrix used to plot figure B.1 has a coarse grain rule that uses averaging blocks with size
4 x 4, so that 16 spins are averaged to produce a single element in the output vector. In this
case, the singular values decay almost linearly, as in Figure B.1. Since the block is moved by

two elements for each new average, a single spin contributes to multiple outputs.

Singular Value
] w - w (=] ~
) ) | ) )

,_.
L

T T T T T T T T T
0 200 400 600 800 1000 1200 1400 1600
Index

Fig. B.1 Singular values from a weight matrix generated from a coarse graining rule with
little overlap.

Singular vectors corresponding to large singular values, shown in Figure B.2, are con-
centrated at low frequencies. Additionally, the visible and hidden singular vectors have the
same shape. The hidden singular vectors agree perfectly with the visible singular vectors

after rescaling by a factor of 2. For small singular values, shown in Figure B.3, the hidden
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and visible singular vectors no longer agree and they are no longer concentrated at low

frequencies.
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Fig. B.2 Singular vectors from a weight matrix generated from a coarse graining rule with
little overlap for large singular values.

As the overlap between the averaging blocks grows, we see a small number of very large
singular values that fall off rapidly. Figure B.4 is from a weight matrix with a block size of
20x20, averaging 400 elements for each output. The large block size means each element
will contribute to a large number of output elements and so has a significant overlap between

averaging blocks.
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Fig. B.3 Singular vectors from a weight matrix generated from a coarse graining rule with
little overlap for small singular values.

For large singular values, the Fourier transform of the visible and hidden singular vectors
are again identical and they are again concentrated at low frequencies. The singular vectors
associated to small singular values, are again not concentrated at low frequencies and the

Fourier transform of the visible and hidden singular vectors no longer agree.
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Fig. B.4 Singular values from a weight matrix generated from a coarse graining rule with
large overlap.

B.6 Radial FFT

We study the frequency domain of our singular vectors using the two-dimensional discrete

Fourier transform?

Ly

Ly
S v —iam (g
Fuv)= Y Y fmhae v L (B.41)
L Ly,

—_ Ly Ly
m= > n= 5

Assuming that we want to learn features of the data that are rotationally invariant, it makes
sense to consider the radially averaged Fourier transform. This significantly simplifies the
presentation of the data and it makes comparisons easier to interpret.

After we have completed the singular value decomposition of the weight matrix, we have
the hidden and visible singular vectors as one-dimensional vectors. These one-dimensional
vectors are rearranged to give states of a two-dimension square lattice with L, x L, lattice
sites for the visible vectors and L, x L;, sites for the hidden vectors. The center of the lattice
is the zero frequency and the frequency increases radially from the center. We average values
in an annulus centered on the zero frequency site, to get a single radially averaged frequency

mode.

3Note that the conventions for the Fourier transform in this section are related to those of Section B.3 by
shifting the momentum space lattice.
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B.7 Numerical results

In this Appendix we collect the numerical results that were briefly mentioned in the body of
the article.

B.7.1 Deep RBM trained on Ising data

In Section 4.1.1, we claimed that each layer of the layered RBM performs a renormalization
group transformation. The numerical evidence for this statement again comes from looking
at the Fourier transform of singular vectors associated to large singular values. We again find
that these singular vectors have support on low Fourier modes and that the hidden singular
vector is obtained from the visible singular vector by discarding high Fourier modes.
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Fig. B.5 The radial Fourier transform of singular vectors of the trained weight matrix,
corresponding to large singular values, for an RBM trained on Ising data. The singular
vectors shown were obtained from a singular value decomposition of the weight matrix
associated to the second layer of a three layer network.

Figure B.5 shows the radially averaged Fourier transform for the large singular vectors of

layer 2, while Figure B.6 shows the same thing for layer 3.

B.7.2 MNIST

The MNIST data set is a rather simple data set. We have seen that training from the RGM
cuts training time by a factor of 4. The fashion MNIST data set, was introduced as a more
challenging data set. We have compared the performance of the RGM, a trained RBM and a
trained RGM on the fashion MNIST data set. In this case, we find a speed up of 10 times.
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Fig. B.6 The radial Fourier transform of singular vectors of the trained weight matrix,
corresponding to large singular values, for an RBM trained on Ising data. The singular
vectors shown were obtained from a singular value decomposition of the weight matrix
associated to the third layer of a three layer network.

Recall that the flower data set used in Section 4.1.3 was even more challenging. It lead to a
speed up of about 100 times. The fashion MNIST results are shown in Table B.1.

B.7.3 Singular value decomposition of the block spin transformation

coarse graining

We have used both the block spin transformation to coarse grain and the momentum space
renormalization group. In this Appendix we show the equivalence of the two by performing a
singular value decomposition of the matrix implementing the block spin coarse graining. The
results are given in Figure B.7 and Figure B.8. The visible and hidden singular vectors have
all of their support at low Fourier modes, and the hidden singular vector is again obtained
from the visible singular vector by discarding large Fourier modes. In this case too, singular
vectors associated to small singular values are again spread across Fourier space and the

hidden and visible singular vectors again no longer agree.
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Table B.1 Results of the RBM and RGM on the fashion-MNIST dataset. The RBM is trained
for 1000 epochs and the RGM has been trained for 100 epochs.
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Fig. B.7 The Fourier transform of the visible and hidden singular vectors associated to the
five largest singular vectors, obtained from the singular value decomposition of the block
spin averaging matrix.
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Fig. B.8 The Fourier transform of the visible and hidden singular vectors associated to the
five largest singular vectors, obtained from the singular value decomposition of the block
spin averaging matrix.
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