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A B S T R A C T 

Patchy reionization generates kinematic Sunyaev–Zel’dovich (kSZ) anisotropies in the cosmic microwave background (CMB). 
Large-scale velocity perturbations along the line of sight modulate the small-scale kSZ power spectrum, leading to a trispectrum 

(or four-point function) in the CMB that depends on the physics of reionization. We investigate the challenges in detecting this 
trispectrum and use tools developed for CMB lensing, such as realization-dependent bias subtraction and cross-correlation based 

estimators, to counter uncertainties in the instrumental noise and assumed CMB power spectrum. We also find that both lensing 

and extragalactic foregrounds can impart larger trispectrum contributions than the reionization kSZ signal. We present a range 
of mitigation methods for both of these sources of contamination, validated on microwav e-sk y simulations. We use ACT DR6 

and Planck data to calculate an upper limit on the reionization kSZ trispectrum from a measurement dominated by foregrounds. 
The upper limit is about 50 times the signal predicted from recent simulations. 

K ey words: cosmology: observ ations – cosmic background radiation – dark ages, reionization, first stars – large-scale structure 
of Universe. 
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 I N T RO D U C T I O N  

he epoch of reionization (EoR) is the period during which the 
niverse’s first stars and galaxies formed, and the resulting radiation 
egan the process of ionizing the Uni verse, e ventually leading to
 Universe populated with the low-density, ionized hydrogen we 
bserve today. The EoR is a challenging period to observe, as the
igh-redshift ionizing sources are extremely faint, although recent 
ata from the JWST presents a dramatic increase in available data on
he formation of these first galaxies (e.g. Eisenstein et al. 2023 ;
inkelstein et al. 2023a , b ). While current and upcoming 21 cm
xperiments, such as the Hydrogen Epoch of Reionization Array 
HERA) 1 and the Square Kilometre Array (SKA) 2 , aim to map out
he neutral hydrogen abundance during reionization, they will need 
o address foregrounds that are orders of magnitude abo v e the signal.

Reionization also leaves imprints on the cosmic microwave 
ackground (CMB). As well as a large-scale polarization signature 
e.g. Kogut 2003 ), there is a contribution to the kinematic Sunyaev–
eldovich (kSZ) signal from reionization, commonly referred to as 

he ‘patchy’ kSZ effect (e.g. Santos et al. 2003 , McQuinn et al. 2005 ,
rac, Bode & Ostriker 2011 , Shaw, Rudd & Nagai 2012 , Battaglia
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t al. 2013 ). During reionization, there are large inhomogeneites in
he free electron density as ‘bubbles’ surrounding ionizing sources 
onize before other regions. These bubbles will have a range of radial
eculiar velocities with respect to the observer, leading to a scattering
nd Doppler shifting of the CMB photons that corresponds to a
oosting (for bubbles moving towards us) or reduction (for bubbles 
o ving a way) in the observ ed CMB temperature. This generates a

ontribution to the kSZ power spectrum of the same order of magni-
ude as the low-redshift effect, which arises due to radially moving
nhomogeneities in the (now fully ionized) electron density field. 

The kSZ power spectrum dominates o v er the blackbody primary
MB signal at small scales, l � 4500. Data from ground-based, high-

esolution, low-noise, CMB experiments such as the South Pole Tele- 
cope (SPT) and the Atacama Cosmology Telescope (ACT; which we 
se here) already have greater sensitivity to this small-scale regime 
han Planck . While there have been recent attempts to disentangle this 
eionization kSZ signal from the different contributions to the small- 
cale CMB temperature (Planck Collaboration XLVII 2016 ; Choi 
t al. 2020 ; Reichardt et al. 2021 ; Gorce, Douspis & Salvati 2022 ) us-
ng only the power spectrum, the presence of foregrounds (including 
he late-time kSZ) has thus far posed significant challenges. These 
hallenges are also discussed in Calabrese et al. ( 2014 ) and Ade
t al. ( 2019 ) who forecast the potential of upcoming experiments
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 

http://orcid.org/0000-0003-4922-7401
http://orcid.org/0000-0002-1297-3673
mailto:niall.maccrann@gmail.com
https://reionization.org/
https://www.skao.int/en
https://creativecommons.org/licenses/by/4.0/


4248 N. MacCrann et al. 

M

l  

p
 

o  

i  

G  

s  

n  

t  

i  

r  

p  

b  

s  

t  

i  

m  

t  

t
 

t  

d  

b  

i  

t  

p  

t
 

(  

a  

c  

t  

f  

s  

d  

r  

a  

S  

r
 

c  

i  

a  

l  

w  

S  

u  

w

2
T

I  

e  

a  

t  

i  

S

3

4

i

2

T  

C

�

w  

f  

a  

v  

s  

w  

w  

fl  

c

�

w  

t
 

c  

l  

o

�

w  

t

�

a

w  

a  

v  

U  

u
 

t  

o  

a  

i  

e  

b  

fi  

r  

d  

f  

p  

t

5 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/532/4/4247/7716700 by W
itw

atersrand U
niversity user on 11 Septem

ber 2024
ike Simons Observatory 3 to constrain reionization using the kSZ
ower spectrum. 
In this work, we focus on the non-Gaussian signature imparted

n the CMB due to the kSZ effect during reionization. As laid out
n Smith & Ferraro ( 2017 ) and Ferraro & Smith ( 2018 ), this non-
aussianity should be present due to the modulation of the kSZ

ignal by large-scale radial velocity modes. For a given line of sight
ˆ 
 , the small-scale kSZ power spectrum is amplified depending on

he squared radial velocity field, projected along the line of sight,
n direction ˆ n , with respect to the sk y-av eraged projected squared
adial v elocity. Giv en the large coherence length of the v elocity
erturbations, even after the line-of-sight projection there should
e significant variation of the (squared) radial velocity across the
ky, leading to a position-dependent kSZ power spectrum, i.e. a
rispectrum. Both the power spectrum and the kSZ trispectrum
nclude contributions from moving ionized overdensities in the

ore recent universe ( z � 3) as well as from reionization. The
rispectrum gives us additional information with which to disentangle
he contributions from the two kSZ epochs (Alvarez et al. 2021 ). 

In an idealized forecast, 4 we forecast a signal-to-noise ratio for
he patchy kSZ trispectrum of roughly unity, for the current ACT
ata set used in this work, when assuming the signal is described
y the Alvarez ( 2016 ) simulation. As we will describe, complexities
n the measurement mean the achieved signal-to-noise ratio is less
han this, ho we ver, there is significant theoretical uncertainty in the
redicted signal, and an upper limit could still rule out more extreme
heoretical models. 

While this paper was in collaboration re vie w, Raghunathan et al.
 2024 ) presented a first upper limit on the kSZ trispectrum using
 combination of SPT and Herschel -SPIRE data, finding that the
ontribution from foregrounds dominates over the kSZ signal. In
his work, we also find that foregrounds present a major challenge
or measuring the kSZ trispectrum, dominating o v er the predicted
ignal for current ACT + Planck data. With upcoming, lower noise
ata ho we v er, we e xpect that residual fore grounds can be greatly
educed (because, e.g. fainter sources and clusters can be detected
nd mitig ated ag ainst), and with the mitig ation methods described in
ection 3 , the kSZ trispectrum may become an informative probe of
eionization physics. 

Estimating an unbiased trispectrum from CMB data which has
omplex, anisotropic noise, and non-Gaussian foregrounds, has var-
ous challenges. In Section 2, we describe our trispectrum estimator
nd bias corrections. In Section 3 , we describe the biases due to
ensing and foregrounds, and our mitigation strategies. In Section 4 ,
e estimate foreground biases from microwave-sky simulations. In
ection 5 , we describe the ACT DR6 + Planck data and simulations
sed, and in Section 6 , we describe our measurement. In Section 7 ,
e conclude and discuss future impro v ements. 

 T H E O R E T I C A L  B  AC K G R  O U N D  A N D  

RISPECTRU M  ESTIMATOR  

n Section 2.1 , we briefly outline and moti v ate the trispectrum
stimator we use, and refer the reader to Smith & Ferraro ( 2017 )
nd Ferraro & Smith ( 2018 ) for further details. We also discuss
he sensitivity of the trispectrum statistic to the properties of reion-
zation in Section 2.2 , and discuss the bias corrections required in
ection 2.3 . 
NRAS 532, 4247–4260 (2024) 
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 Not using the cross-correlation-based estimator (see Section 2.3 ) and not 
ncluding foregrounds in the noise (see Section 3.2 ). 
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.1 The estimator 

he kSZ effect imparts a fractional temperature fluctuation on the
MB: 

� 

kSZ ( ̂  n ) = −1 

c 

∫ 

d χ g( χ ) [ 1 + δe ( χ ˆ n ) ] v r ( χ ˆ n ) , (1) 

here χ is the comoving distance, g( χ ) = e −τ d τ
d χ is the visibility

unction, τ is the optical depth, δe ( χ ˆ n ) is the free electron o v erdensity,
nd v r ( χ ˆ n ) = 

ˆ n · v ( χ ˆ n ) is the line-of-sight component of the peculiar
elocity. As we will describe, in this work we are interested in the
mall-scale (high- l) temperature fluctuation generated by the kSZ,
hich depends on small-scale electron density perturbations, hence
e drop the constant electron density term in equation ( 1 ). In the
at-sky limit, in the Fourier domain, the multiplication becomes a
onvolution: 

� ( l ) = −1 

c 

∫ 

d χ g( χ ) 
∫ 

d 2 l ′ 

(2 π ) 2 
δe ( l ′ − l , χ ) v r ( l ′ , χ ) , (2) 

here v r ( l , χ ) = 

∫ 
d 	e i l · ˆ n ˆ n · v ( χ ˆ n ) and d 	 is the area element on

he sky. 
Ignoring for now the integral over the line-of-sight, it is useful to

onsider the case where the radial velocity field has only a single
arge scale velocity mode V L , i.e. v r ( l ′ , r) = δD 

( l ′ − L ) V L . Ignoring
ther contributions to the temperature, we would then have 

� ( l ) ∝ 

∫ 
d 2 l ′ δe ( l − l ′ ) δD 

( l ′ − L ) V L , (3) 

∝ V L δe ( l − L ) , (4) 

here δD 

( l ) denotes the Dirac delta function. The product of two
emperature modes is then 

� ( l 1 ) �� ( l 2 ) ∝ V 

2 
L δe ( l 1 − L ) δe ( l 2 − L ) , (5) 

nd has expectation, for fixed V L 

〈 �� ( l 1 ) �� ( l 2 ) 〉 fixed V L ∝ V 

2 
L δD 

( l 1 + l 2 − 2 L ) C 

ee 

| � l 1 −� L | , (6) 

here C 

ee 
l is the electron density power spectrum. We see then that

 product of two temperature modes is an estimator for the radial
elocity squared V 

2 
L , i.e. the kSZ effect enables us to probe the

niv erse’s v elocity field, a rich source of cosmological information,
sing the CMB. 
The physical picture here is that the small-scale power in the CMB

emperature due to the kSZ is modulated up or down for a given line
f sight ˆ n , depending on the size of 

〈
V 

2 
L 

〉
( ̂  n ) for that region (where

ngle brackets imply an averaging along the line of sight). Note that
n reality the kSZ effect has a broad redshift kernel, so the quadratic
stimator is sensitive to the radial velocity squared projected o v er this
road redshift kernel. Given the large coherence length of the velocity
eld, there is still significant variation across the sky in this projected
adial velocity squared, and this modulation generates a position-
ependent power spectrum. Note that the trispectrum (i.e. four-point
unction) is the lowest order non-zero statistic of the kSZ temperature
erturbations beyond the power spectrum, since the bispectrum (i.e.
hree-point function) is zero by symmetry. 5 
One can argue this in the following way: Consider the correlation of 
hree radial velocity modes 〈 v r ( k 1 ) v r ( k 2 ) v r ( k 3 ) 〉 . The configuration with 
 r → −v r is equally likely, in which case the three-point function is 
〈 v r ( k 1 ) v r ( k 2 ) v r ( k 3 ) 〉 . In the ensemble average over possible values of 

 r , these two configurations will always cancel, and 〈 v r ( k 1 ) v r ( k 2 ) v r ( k 3 ) 〉 , 
v eraged o v er realizations of the v r field, is zero. 

https://simonsobservatory.org/
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Moti v ated by this, Smith & Ferraro ( 2017 ) formed a quadratic
stimator for this non-Gaussianity induced by the kSZ at reionization 

 L = N 

KK 

L 

∫ 

d 2 l 
(2 π ) 2 

W l W L −l T l T L −l , (7) 

ith the filter function, 

 l = 

√ 

C 

pkSZ 
l /C 

tot 
l , (8) 

hosen to up-weight the kSZ contribution to the temperature modes. 
ere, C 

pkSZ 
l is the contribution to the temperature power spectrum 

ue to the kSZ at reionization (i.e. the ‘patchy’ term), and C 

tot 
l is the

otal observed temperature power spectrum (i.e. including noise). 
hroughout this work, when constructing the filter W l , we set C 

pksz 
l 

qual to the angular power spectrum measured from the Alvarez 
 2016 ) simulations, and use as C 

tot 
l a smoothed measurement of the

ower spectrum of the (beam-deconvolved) data temperature map 
see Section 5 for more details). In the squeezed limit L � l, K is
ust a measure of the local amplitude of the ( l-weighted) temperature
ower spectrum, integrated over scales l. One can think of K( ̂  n ) then
s some measure of the local temperature power spectrum around 
he direction ˆ n . The power spectrum of K , C 

KK 

L , is a measure of
ow much it varies across the sky. Note that throughout, we will
se L to denote the large scale on which we measure K , while l 
abels the (small scale) CMB temperature fluctuations which enter 
ur quadratic estimator for K L . 
N 

KK 

L is a normalization factor which we define following Sailer, 
chaan & Ferraro ( 2020 ): 

 N 

KK 

L ) −1 = 

∫ 

d 2 l 
(2 π ) 2 

W 

2 
l W 

2 
L −l C 

tot 
l C 

tot 
L −l . (9) 

e note that this normalization is fairly arbitrary – so long as
easurement and theoretical prediction are normalized consistently, 

he exact choice is not crucial. None the less, we discuss alternative
pproaches, including that taken by Raghunathan et al. ( 2024 ), in
ppendix C . 
As a baseline theory model, we measure C 

KK 

L from the Alvarez 
 2016 ) simulations, using the same W l as in the ACT DR6 + Planck
ata measurement (see Section 6 ). This model is shown as the black
olid line in Fig. 2 , where it is scaled by L 

2 , hence one can see it
as strong support at low L i.e. large angular scales. We use this
odel as a template to which we compare the data measurement and

oreground biases, often reporting a fitted amplitude parameter that 
imply re-scales this template, which we call A A16 i.e. 

 A16 = 

∑ 

L C 

KK 

L C 

K K , A16 
L /σ 2 

L ∑ 

L ( C 

K K , A16 
L /σL ) 2 

, (10) 

here C 

KK 

L is the data measurement, C 

K K , A16 
L is the Alvarez ( 2016 )

odel, and σL ) is the data measurement uncertainty. 
We note that there is considerable theoretical uncertainty in the 
 

KK 

L signal and that the Abundance Matching Box for the Epoch 
f Reionization (AMBER) simulations (Trac et al. 2022 ; Chen et al.
023 ) provide an updated treatment relative to Alvarez ( 2016 ). They
lso include a range of reionization scenarios. We consider these 
ore e xtensiv e simulations in Appendix A . 

.2 Sensitivity to properties of reionization 

mith & Ferraro ( 2017 ) and Ferraro & Smith ( 2018 ) moti v ate the
ollowing theoretical model for C 

KK 

L : 

 

KK 

L ∝ 

∫ 

d z 
H ( z) 

χ2 ( z) 

[ 

d C 

pksz 
l 

d z 

] 2 

P η [ L/χ ( z ) , z ] , (11) 
here χ ( z) is the comoving distance to redshift z and 

( ̂  n , z) = v 2 r ( ̂  n , z) / 
〈
v 2 r ( z, ̂  n ) 

〉
ˆ n (12) 

s the squared radial velocity contrast, i.e. the squared radial velocity
ivided by its sk y av erage. The dependence on the details of

eionization enters largely through 

[
d C pksz 

l 

d z 

]2 

, which is the deri v ati ve

f the reonization contribution to the kSZ power spectrum as a
unction of redshift. Thus C 

KK 

L may be increased by physics that
ncreases C 

pkSZ 
l , such as in models where more of the reionization

ccurs at higher redshift, since the physical electron density is higher
scaling as (1 + z) 3 ). The trispectrum signal additionally depends on
 η [ L/χ ( z ) , z ] , the power spectrum of the squared radial velocity 
ontrast. This largely sets the scale-dependence of the C 

KK 

L , with
arlier reionization corresponding to the signal peaking on smaller 
angular) scales. 

As discussed in Smith & Ferraro ( 2017 ), Ferraro & Smith ( 2018 ),
lvarez et al. ( 2021 ), and Raghunathan et al. ( 2024 ) the kSZ

rispectrum signal is mainly sensitive to the midpoint, z mid and width,
z of reionization. In particular, when more of the reionization 

ccurs at higher redshift (which could result from larger z mid or �z),
he kSZ power spectrum tends to be increased since ionized bubbles
f a given size have higher mean density, and thus higher optical
epth. Since the trispectrum signal arises from the modulation of 
his power spectrum, it also increases. For the trispectrum signal we
ote that there should be a competing effect whereby larger �z means
he modulating radial velocity field is av eraged o v er a longer line-of-
ight and therefore should have smaller fluctuations. Hence, we do 
xpect a somewhat different sensitivity to changes in the reionization 
arameters for the power spectrum and the trispectrum, allowing for 
reaking of the τ − �z de generac y demonstrated in Alvarez et al.
 2021 ). 

The complementary information provided by the trispectrum is 
ikely even more important when realistic foregrounds are present, 

aking interpretation of either statistic alone more difficult. In 
ppendix A , we study the response of the reionization kSZ power

pectrum and trispectrum to changes in the reionization parameters. 

.3 N 

0 bias, mean-field, and the cr oss-corr elation estimator 

here is a bias to C 

KK 

L arising from the disconnected trispectrum,
.e. the trispectrum one would measure for a Gaussian field with the
ame power spectrum. We follow the CMB lensing convention here 
nd denote this bias as N 

0 
L . 

As in the case of CMB lensing, this correction depends on the
otal power spectrum of the input temperature map (i.e. including 
MB, foregrounds, and instrumental noise), and inaccuracy in the 
ssumed total power spectrum will lead to bias in the calculated N 

0 

orrection, thus biasing the inferred C 

KK 

L . Hence, a calculation where
he estimator is simply applied to many Gaussian simulations with 
epresentati ve po wer, and averaged (an approach we will refer to as

C N 

0 ), is susceptible to biases in that assumed representative power
pectrum. As we will see, the N 

0 bias can be orders of magnitude
arger than the kSZ signal we are trying to reco v er here, so ev en a
mall fractional bias in the N 

0 can cause biases in C 

KK 

L . 
In this work, we propose to follow the approach taken in CMB

ensing and use a realization-dependent N 

0 (RD N 

0 ; Hanson et al.
011 ; Namikawa, Hanson & Takahashi 2013 ). 6 This method remo v es
MNRAS 532, 4247–4260 (2024) 
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0 that depend linearly on the fractional difference,
C l /C 

tot 
l , between the true power spectrum and that assumed

or the simulations. With this method remaining biases are then
 

[
( �C l /C 

tot 
l ) 2 

]
or higher, thus a sub-per cent accuracy N 

0 can
e achie ved e ven with fe w per cent uncertainty in the total power
pectrum. We show in Section 6 that this method accounts for
mall errors in the assumed temperature power spectrum. We believe
his is especially important given the high ls considered for this
easurement ( l � 3000), where highly uncertain foregrounds and

he kSZ signal itself dominate o v er the better understood primary
MB power spectrum. 
There is another bias to K L , and hence C 

KK 

L , arising from statistical
nisotropy of the noise or surv e y mask, which can also generate
n observed position-dependent power spectrum or trispectrum. We
gain follow the CMB literature by calling this the mean-field , K̄ L . It
s calculated as the mean of the K L estimator applied to simulations
hich have the same statistical anisotropy due to noise and mask as

he data, as well as the same underlying power spectrum. 
We also follow the lead of CMB lensing approaches by using the

ross-correlation-only trispectrum estimator of Madhavacheril et al.
 2021 ), as described in Section 6 , which makes both the N 

0 bias and
he mean-field independent of the instrumental noise (which would
therwise be difficult to model accurately). We note that the cross-
orrelation estimator results in a reduction of the signal-to-noise ratio
 S / N) of the measurement, since it remo v es the autocorrelations of
he independent data splits. This reduction is significant in the high
 regime used here, where noise that is uncorrelated between data
plits becomes dominant o v er signal. Madhavacheril et al. ( 2021 )
how that using a greater number of splits reduces the S / N cost
f the cross-correlation estimator. In this work, we use four splits,
hich results in roughly a factor of 2 to 3 increase of our measurement
ncertainties. As we will demonstrate in Section 6 , given that our
pper-limit is dominated by foreground contamination rather than
tatistical uncertainty, we think the extra robustness provided by the
ross-correlation estimator is worth the S / N cost. 

The N 

0 and mean-field biases are thus accounted for in our
stimator for C 

KK 

L : 

 

KK 

L = 

[〈
( ˆ K AB − K̄ AB ) L ( ˆ K 

∗
CD 

− K̄ 

∗
CD 

) L 
〉−

RD N 

0 ,ABCD 

L 

] 
/ 
(
w 4 T 

KK 

L 

)
. (15) 

n this expression the angled brackets, 〈 XY 〉 denote the angular
ower spectrum between fields X and Y . ˆ K 

AB 
L is the ‘raw’ (i.e. before

ean-field correction) data measurement of the K L field in equation
 7 ), computed from two temperature maps labelled A and B. These
wo temperature maps may be the same or different (for example if
ifferent foreground cleaning measures have been applied to each,
ee Section 3.2 for discussion). K̄ 

AB 
L is mean-field and RD N 

0 ,ABCD 

L 
s the realization-dependent N 

0 correction, both described abo v e.
NRAS 532, 4247–4260 (2024) 

emperature maps S and S ′ : 

CN 

0 
L ∼ 2 

〈〈
K L ( S , S 

′ ) K L ( S , S 
′ ) 
〉〉

S ,S ′ , (13) 

the RD N 

0 additionally uses combinations of data and simulations to 
ompute the Gaussian bias: 

DN 

0 
L ∼ 2 

〈〈 K L ( D, S) K L ( D, S) 〉 − 〈
K L ( S , S 

′ ) K L ( S , S 
′ ) 
〉〉

S ,S ′ . (14) 

In these expressions, K L ( X, Y ) denote the K L estimate from two temper- 
ture maps X and Y , the inner angle brackets is simply the angular power 
pectrum of two K L estimates, and 〈 〉 S ,S ′ denotes averaging over pairs of 
andom simulations. 

e  

t  

e  

d  

w  

c  

l

7

p
i

m
ber 2024
inally, we also include multiplicative factors w 4 
7 and T KK 

L (detailed
n Section 5.1 ) to account for the surv e y mask and surv e y transfer
unction. These final corrections mean our estimator is for the full-
ky C 

KK 

L . 
It is this estimator that we apply to ACT DR6 and Planck in

ection 6 , where we also demonstrate the importance of using the
ross-correlation-based estimator, and RD N 

0 , for our measurement.
irst though, we turn to the significant contamination of the C 

KK 

L 

ignal by extragalactic foregrounds and CMB lensing. 

 N E W  M E T H O D S  F O R  M I T I G AT I O N  O F  

ENSING  A N D  F O R E G RO U N D  BIASES  

ur trispectrum statistic, C 

KK 

L is susceptible to contamination from
ther sources of non-Gaussianity in the observed CMB, in particular,
ravitational lensing and e xtragalactic fore grounds. In Section 4 , we
stimate biases to C 

KK 

L using microwave sky simulations. In this
ection, we introduce and moti v ate methods to mitigate against these
iases: lensing-hardening and frequency-based methods. Note also
hat the use of RD N 

0 , as proposed in the previous section, will
lso mitigate the impact of foreground uncertainty via reducing the
ensitivity to the assumed foreground contribution to the assumed
ower spectrum. 

.1 Lensing and bias-hardening 

ensing of the CMB by a lensing potential field φL generates a
ode-coupling 

〈 � ( l ) � ( L − l ) 〉 = f 
φ

l , L φL , (16) 

here 

 

φ

l , L = C l l · L + C | L −l | l · ( L − l ) , (17) 

nd C l is the CMB power spectrum without noise. 
Lensing therefore produces a bias to our K estimate, K 

φ
L , which

as expectation 

 

φ
L = N 

K 

L φL 

∫ 

d 2 l 
(2 π ) 2 

W l W L −l f 
φ

l , L . (18) 

s we will show below, this signal is larger than the expected
ignal from the kSZ, but can be mitigated via bias-hardening, a
ethod developed for CMB lensing (Namikawa et al. 2013 ; Osborne,
anson & Dor ́e 2014 ) that aims to isolate the lensing potential from
ther sources of mode-coupling in the reconstruction, such as Poisson
istributed point-sources or anisotropy due to the mask. When the
unctional form of mode-coupling is given, e.g. equation ( 17 ) for
ensing, one can write down a response of some other quadratic
stimator to that source of mode-coupling. Our case is most similar
o that investigated in Sailer et al. ( 2020 ), which used a bias-hardened
stimator to remo v e the contamination to lensing due to Poisson-
istributed extended sources. Noting the similarity of our K estimator
ith the extended source estimator of Sailer et al. ( 2020 ), here we

an instead use bias-hardening to remo v e the contamination due to
ensing from our K estimator. 
 w 4 = 

∑ 

i a i ( m 

i ) 4 / 
∑ 

i a i where the sum is o v er pix els i, a i is the area of 
ixel i, and m 

i is the value of the (apodized) mask (between 0 and 1) for pixel 
. 
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Figure 1. Expected fractional foreground biases from the WEBSKY (blue lines) and S 10 (orange lines) simulations, for our baseline CMB temperature l range 
3000 < l < 4000. Note the y -axis is linear in the range [ −100,100], and log-scaled otherwise. Solid lines use a minimum variance ILC to combine frequency 
channels. For dashed lines, one of the temperature maps in the trispectrum has tSZ and CIB spectra de-projected (see Section 3.2 ). In the legend, we quote 
�A A16 which is the bias in the amplitude fitted to the C 

K K 

L prediction from the Alvarez ( 2016 ) simulations. We also show the bias due to lensing multiplied 
by 10, without lensing mitigation (black solid line), when lensing-hardening (‘LH’) is used, (dashed black line, see Section 3.1 ) and when an additional N 

1 

correction is used (dotted black line). 
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In general a bias-hardened estimator for a field x L in the presence
f a contaminant y L is 

 L = 

ˆ x L − N 

x 
L R 

xy 

L ˆ y L 
1 − N 

x 
L N 

y 

L ( R 

xy 

L ) 2 
, (19) 

here ˆ x L is the non-hardened estimator, 

 

xy 

L = 

∫ 

d 2 l 
(2 π ) 2 

f 
y 

l , L f 
x 
l , L 

2 C 

tot 
l C 

tot 
| L −l | 

, (20) 

nd N 

x 
L is the estimator normalization, given by 1 /R 

xx 
L . The functions

 

x 
l , L and f y l , L set the mode-coupling generated by the fields x and y,
.g. the function for lensing is given above in equation ( 17 ). 

The noise on the bias-hardened estimator is 

 

BH,x 
L = N 

x 
L / (1 − N 

x 
L N 

y 

L ( R 

xy 

L ) 
2 ) . (21) 

For the case of lensing, the contaminant field is φL , with f φl , L given
y equation ( 17 ). Our ‘lensing-hardened’ estimator is then 

 

LH 
L = 

ˆ K L − N 

K 

L R 

Kφ
L 

ˆ φL 

1 − N 

K 

L N 

φ
L 

(
R 

Kφ
L 

)2 . (22) 

e have implicitly assumed here that the mode-coupling gener- 
ted by the K field is equi v alent to that generated by Poisson-
istributed extended sources with profile 
√ 

C 

kSZ 
l , i.e. setting f K 

l , L = 

 

C 

pkSZ 
l C 

pkSZ 
| L −l | . While this is an approximation, we only assume this 

n order to construct the lensing-hardened estimator, and test the 
ccuracy of this below. 

In Fig. 1 , we show the lensing bias measured as the average of our
 

KK 

L estimator applied to simulations of the lensed CMB. We use
he same filtering and l-ranges as for our baseline data measurement
described in Section 6 ). We find that lensing-hardening alone 
educes the lensing bias to C 

KK 

L by roughly an order of magnitude.
e see also that the lensing-hardened estimator can be further 

mpro v ed by subtracting a simulation-based N 

1 correction. This 
erm, identified for the CMB lensing power spectrum estimator by 
esden, Cooray & Kamionkowski ( 2003 ), is required to correct the
ˆ φ ˆ φ

〉
terms appearing in C 

KK 

L when the lensing-hardened estimator 
f equation ( 22 ) is used. 
Bias-hardening can also be used to remo v e the contribution

rom Poisson-distributed point-sources (this was one of its original 
oti v ations in the CMB-lensing context). We might expect this

o significantly help with contamination from the cosmic infrared 
ackground (CIB) and radio galaxies. Ho we ver, one would also
xpect a significant noise cost, since the form of mode-coupling 
MNRAS 532, 4247–4260 (2024) 
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8 https:// nemo-sz.readthedocs.io/ en/ latest/ 
9 For the bias-hardened case, this is given by 

N 

0 
fg , BH = 

N 

0 
fg + ( R 

xy ) 2 ( N 

x ) 2 N 

y − 2 R 

xy N 

y ( A 

x ) 2 R 

xy 
fg 

[
1 − N 

x N 

y ( R 

xy ) 2 
]2 , (26) 

where N 

0 
fg is the N 

0 for the foreground-only map without bias hardening, 
and all quantities are functions of L . 
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nduced is similar to our signal of interest (which appear roughly
ike Poisson-distributed extended sources). 

.2 Extragalactic for egr ounds and fr equency-cleaning methods 

on-Gaussian signatures in the CMB are also generated by astro-
hysical sources of microwave radiation, such as radio sources and
he CIB and the late-time kSZ and thermal SZ (tSZ) effects, which
rise from inverse-Compton scattering of CMB photons. These will
n general impart a trispectrum. As well as contributions from the
rispectrum of each individual foreground, various other terms will
rise due to correlations between the foreground fields (e.g. the tSZ
nd CIB fields are quite correlated). 

Various strategies can be employed to reduce the contamination of
he CMB temperature by foregrounds. Finding (e.g. via matched filter

ethods) and masking (or modelling, or inpainting) point-sources
nd clusters reduces the contribution from radio sources, the CIB
nd the tSZ. In addition, one can use the frequency spectral depen-
ence of extragalactic foregrounds to ‘clean’ temperature maps. In
nternal linear combination (ILC) methods (see e.g. Remazeilles,
elabrouille & Cardoso 2011 ), linear combinations of observed

requencies are constructed which preserve the CMB signal, but null
or ‘deproject’) one or more assumed foreground frequency spectra.

e note that the contribution from the low-redshift kSZ can not be
eprojected, since it has the same frequency spectral dependence as
he reionization kSZ that we are aiming to measure. Deprojecting
oreground spectra will result in a noisier ILC map compared to the
LC where the only constraint is that the variance is minimized. For
ur case this noise cost is amplified by the fact that we are measuring
 trispectrum of the temperature map (e.g. a factor of 2 increase in
oise at the map level corresponds to a factor of 8 increase in noise
n the trispectrum). 

Ho we ver, here we are interested in the kSZ signal at reionization,
hich we can assume is to a good approximation uncorrelated with

he lower redshift large-scale structure generating the foreground
ontamination. Unlike for the CMB lensing case then, to remo v e
he foreground contribution from the trispectrum, we need not use
 foreground-cleaned map in all four legs of the C 

KK 

L estimator.
enoting our K estimator from two temperature maps � A and � B 

s K( � A , � B ), then the following C 

KK 

L estimators are all unbiased
y foregrounds: 

〈 K( � clean , � clean ) , K( � clean , � ) 〉 , (23) 

〈 K( � clean , � ) , K( � clean , � ) 〉 , (24) 

and 〈 K( � clean , � ) , K( �, � ) 〉 , (25) 

here � clean is a foreground-cleaned map, and � is the minimum-
ariance ILC map (see e.g. Madhavacheril & Hill 2018 ; Darwish
t al. 2023 for similar approaches, sometimes referred to as ‘gradient-
leaning’, in CMB lensing and Kusiak et al. 2021 for a similar
pproach for the projected fields kSZ estimator). 

These estimators will ho we v er hav e different noise properties,
ince the statistical uncertainty on the trispectrum depends on the
ower spectrum of (and level of correlation between) the input maps.
n the realistic case that foreground cleaning does not work perfectly
e.g. since the CIB is not perfectly described by a single l-dependent
requenc y spectrum), the y will also hav e dif ferent le vels of residual
oreground bias. 

We will explore the performance of various of these estimators on
imulations in Section 4 . 
NRAS 532, 4247–4260 (2024) 
 F O R E G RO U N D  C O N TA M I NAT I O N  

STIMATES  

n order to predict the levels of e xtragalactic fore ground contamina-
ion, we use the ACT DR6-like versions of the WEBSKY (Stein et al.
020 ) and Sehgal et al. ( 2010 ; S 10 henceforth) simulations produced
n MacCrann et al. ( 2023 ) – see section 4 of that work for a description
f the simulation processing. The simulations include tSZ, late-time
SZ, radio sources, and the CIB. After adding simulated CMB and
ealistic ACT DR6-like noise, we run the NEMO 

8 source and cluster
nding code, and use the outputs to subtract models for S/N > 4
oint sources, and the tSZ contamination from S/N > 5 clusters
the same thresholds applied in the ACT DR6 data processing).
he predicted contamination to C 

KK 

L , which we will refer to as
C 

KK 

L , is simply estimated by measuring the C 

KK 

L of the total
i.e. summed o v er all astrophysical components) residual fore ground
ap, after applying the same sky mask we use when performing the

ata measurement (see Section 5 ). We correct for the mean-field
necessary since we apply a mask to the foreground simulations in
rder to make realistic the source and cluster finding) and N 

0 . 9 

As described in Section 3.2 , in each leg of our trispectrum
stimator, we can use a (possibly different) linear combination of the
emperature maps from our range of frequency channels (channels
entred at 97 and 149 GHz from ACT, and the 217, 353, and 545 GHz
hannels from Planck ). We test linear combinations that minimize
he variance in harmonic space, and also the case where frequency
pectra for tSZ and CIB are additionally deprojected. Specifically,
e generate temperature maps with the following configurations: 

(i) Minimum variance ILC, ‘MV ILC’ henceforth. 
(ii) tSZ and CIB-deprojected ILC, ‘tSZ + CIB-nulled ILC’ hence-

orth. We assume a CIB frequency spectrum: 

 CIB ( ν) ∝ 

ν3 + β

e hν/k B T CIB − 1 

( 

d B ( ν, T ) 

d T 

∣∣∣∣
T CMB 

) −1 

, (27) 

here h is Planck’s constant, k B is the Boltzmann constant, B( ν, T )
s the Planck function, and T CMB is the CMB temperature. We set
= 1 . 2 and T CIB = 24 K (following Ade et al. 2019 ). We note this

s only an approximation to the true ( l-dependent) CIB frequency
pectrum, so we should not expect CIB to be perfectly removed. 

We also investigated CIB-deprojected ILC (without tSZ-
eprojection), as well as deprojecting additional components using
he ‘moments method’ (Chluba, Hill & Abitbol 2017 ; Rotti & Chluba
021 ), but find that they do not reduce biases further (we think
hat given the relatively high noise in the high-frequency Planck
hannels at the high l we are using, there is insufficient information
o usefully constrain the additional components introduced in the
oments method). 
We show in Fig. 1 the fractional bias to C 

KK 

L predicted from the
EBSKY (blue lines) and S 10 (orange lines) simulations for several

stimator variations. The bias, �C 

KK 

L is divided by the Alvarez
 2016 ) C 

KK 

L prediction, hence can be interpreted as a fractional bias
f one assumes the Alvarez ( 2016 ) prediction is correct. In the legend,

https://nemo-sz.readthedocs.io/en/latest/
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e also include the predicted bias to A A16 , denoted �A A16 . We show
he bias for the following cases, which we find to perform best: 

(i) We use a minimum-variance ILC in all trispectrum legs, 
abelled ‘ILC’. 

(ii) The same as (i) but replacing the temperature map in just one
eg with a tSZ and CIB-nulled version, labelled ‘one leg (tSZ and
IB)-nulled’. 

We also checked the case where we deproject tSZ and CIB from
ore than one trispectrum leg, but this generally results in larger fore-

round biases, 10 as well as higher noise. While the ‘ILC’ case shows
ery significant biases for both simulations, this estimator does have 
he advantage that the foreground biases are very likely positive, 11 

o a data measurement can be interpreted simply as an upper-limit 
n the reionization kSZ trispectrum. In contrast, the case where 
ne trispectrum leg is ‘cleaned’ may generate positive or negative 
oreground biases (since the residual foreground contribution in the 
leaned leg may be correlated or anticorrelated with the foreground 
ontributions in the other legs). While there is still significant 
ncertainty in the theoretical prediction of the foreground bias (as 
videnced by the difference in the WEBSKY and S 10 predictions), we
onclude that the strict positive upper-limit makes the ILC case more 
nterpretable, and we use that as our baseline case. 

We note here that for our current data, the biases due to extra-
alactic foregrounds are significantly larger than those due to lensing 
especially when lensing-hardening is used) – note that the lensing 
iases have been multiplied by 10 in Fig. 1 . There will also exist
iases to C 

KK 

L arising from the correlation between lensing and 
 xtragalactic fore gounds, i.e. trispectrum terms like 〈
K( � cmb , � cmb ) K( � fg , � fg ) 

〉
, (28) 

nd 
〈
K ( � cmb , � fg ) K ( � cmb , � fg ) 

〉
, (29) 

hich depend on the bispectrum 

〈
φ� fg � fg 

〉
, where � fg is the 

emperature perturbation due to foregrounds. Ho we ver, gi ven the 
ominance of the foreground-only biases for our current data, we do 
ot consider those cross-terms here. 
We investigate in Appendix B the dependence of the fractional 

oreground bias on the maximum CMB temperature multipole, l 
sed, for the ILC case. For both WEBSKY and S 10 , the foreground
iases increase when increasing l max , and we decide to use l max =
000 as our baseline choice. We use l min = 3000 throughout. We
onclude that extragalactic foregrounds are a major systematic for the 
SZ trispectrum, and will dominate the limits on the kSZ reioniation 
rispectrum in this work. 

 AC T  D R 6  + Planck DATA  A N D  SIMULATIONS  

SED  

e use CMB data from the ACT. ACT was a telescope located in
he Atacama Desert in northern Chile and observed the millimetre 
av elength sk y from 2007 until 2022. F or this analysis we use night-

ime temperature data collected from 2017 to 2022 in the CMB-
ominated bands F 090 (77–112 GHz) and F 150 (124–172 GHz). 
0 This can occur when residual, i.e. post-deprojection foreground contribu- 
ions are amplified by the large weights required to null the assumed frequency 
pectra in the ILC. 
1 This is true for Poisson distributed foreground sources, which is likely a 
ood approximation for the high CMB temperature ls we use here. We note 
lso that in both WEBSKY and S 10 simulations the foreground bias for the 
LC case is strongly positive. 

r  

R
k
s

1

3
g

hese maps have a pixel scale of 0 . 5 arcmin resolution, with a beam
ull width at half-maximum of 2.2 and 1.5 arcmin for F 090 and F 150,
especti vely. These observ ations at F 1090 ( F 150) were made using
wo (three) dichroic detector modules, known as polarization arrays 
PAs; Thornton et al. 2016 ). For each frequency channel and PA,
our independent data split maps were constructed by using different 
ubsets of the time-ordered data. For this analysis, we obtain four
ndependent data splits for a given frequency channel by combining 
he data for given split from each PA. We do this by performing
n inverse-variance coadd in harmonic space (following Qu et al. 
024 , see section 5.6 of that work for details) allowing us to use the
ross-correlation estimator described in Section 2.3 . 

We find approximate equi v alent white noise levels of 12.4 μK
rcmin and 16.3 μK arcmin for F 090 and F 150, respectively, for
he coadd of the four independent splits. We subtract and inpaint
 catalogue of 1779 objects that include especially bright sources 
nd extended sources with SNR > 10. We further subtract tSZ
odel images corresponding to clusters detected with the NEMO 

oftware. Refer to MacCrann et al. ( 2023 ) for further details regarding
oint-source and cluster template subtraction. We also include 
he Planck NPIPE (Planck Collaboration LVII 2020 ) 217, 353, and
45 GHz channels, from which we model and subtract S/N > 5
oint sources. 
For all frequencies (ACT and Planck ) we mask Fourier modes

ith | � x | < 90 and | � y | < 50 to remo v e contamination by ground,
agnetic, and other types of pick-up in the data due to the scanning

f the ACT telescope. We apply a 60 per cent galactic sky mask, with
 3 ◦ apodization, following Qu et al. ( 2024 ). 

For Planck we do not have four independent data splits, so we just
se the same Planck data in each leg of the trispectrum estimator. This
eans our mean-field and N 

0 is independent of ACT instrumental 
oise, but not of Planck instrumental noise. Ho we ver, the Planck
oise is easier to simulate (e.g. as there is no atmospheric noise
nd the scan strategy is simpler). Furthermore, for our baseline 
esult where we use a minimum-variance ILC, the Planck channels 
ontribute very little weight to the ILC anyway given their higher
ap noise and larger beam. 
We construct the covariance matrix for harmonic ILC weights 

sing heavily-smoothed 12 auto and cross-power spectra measured 
rom each ACT and Planck frequenc y. F or the ACT channels, we
easure these power spectra from the average of the four independent 

ata splits. Having constructed the ILC maps, we again measure 
eavily smoothed, beam-deconvolved angular power spectra, which 

re used as C 

tot 
l in the filter function W l = 

√ 

C 

pkSZ 
l /C 

tot 
l . 

We did not find significant impro v ement from using the Needlet
LC method presented in Coulton et al. ( 2024 ), perhaps because in the
igh l regime considered here, the foregrounds are fairly isotropic. 
ence, we decided to stick with a harmonic ILC approach given the

esser computational cost. 

.1 Simulations for bias corrections and co v ariance 

o accurately calculate the RD N 

0 and mean-field bias corrections we
equire simulations with the same power spectrum as the data. For the
D N 

0 calculation the simulations need not contain a non-Gaussian 
SZ component, while for the mean-field calculation Gaussian signal 
imulations should also suffice, since we are interested only in 
MNRAS 532, 4247–4260 (2024) 

2 We use a Savitzky–Golay filter (Savitzky & Golay 1964 ) of window length 
01, order 2, as implemented at https:// docs.scipy.org/ doc/ scipy/ reference/ 
enerated/scipy.signal.savgol filter.html 

https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.savgol_filter.html
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he statistical anisotropy generated by the noise and the mask. We
enerate 200 Gaussian signal simulations, ensuring these have the
orrect power spectrum via the following procedure: 

(i) Measure auto and cross-power spectra for all frequency (or
LC) maps, apply a w 2 correction to account for the mask, 13 and
pply a smoothing filter. 14 Call this C 

data 
l,ij for frequencies i and j . We

hecked our results are not sensitive to using an increased smoothing
indow length. 
(ii) Generate Gaussian random fields with covariance C 

data 
l,ij . Apply

he surv e y mask and k-space masking. Measure the resulting power
pectra C 

cal 
l,ij , again applying the w 2 correction. 

(iii) Define 

 i = C 

cal 
l,ij /C 

data 
l,ij . (30) 

(iv) Generate Gaussian random fields with power C l,ij =
 

data 
l,ij / 

√ 

T i T j . Apply surv e y mask and k-space masking as on the
ata. 

We then add these signal simulations to noise-only simulations
enerated following Atkins et al. ( 2023 ) for the ACT channels, and
sing those provided by Planck Collaboration LVII ( 2020 ) for the
lanck channels. We use these simulations to calculate the mean-
eld and RD N 

0 biases, from which we can calculate our corrected
 

KK 

L according to equation ( 15 ). 
To compute the covariance matrix and T KK 

L (see equation 15 ), we
dd a randomly rotated version of the Alvarez ( 2016 ) reionization
SZ simulation to each realization. The covariance matrix is then
omputed from the application of our C 

KK 

L estimator (equation 15 )
o each of these simulation realizations. We do not recalculate RD N 

0 

or every simulation realization, instead replacing it with MC N 

0 (see
ection 2.3 ). This likely results in a small o v erestimation of the off-
iagonal cov ariance, ho we ver, we will show that our upper limit on
he kSZ trispectrum is dominated by the foreground bias rather than
tatistical uncertainty, so we believe it is reasonable to avert the very
igh computational cost of including the RD N 

0 correction for every
ealization. We note also that the covariance matrix simulations do
ot then include non-Gaussian foregrounds, which may result in an
nderestimate of the cov ariance. Again, gi ven that the upper limit
n the kSZ trispectrum is dominated by foreground bias rather than
tatistical uncertainty, we do not believe this potential underestimate
ignificantly affects our conclusions. 

Finally, we use these simulations to compute a multiplicative
orrection to C 

KK 

L that arises largely from the Fourier mode
asking described in Section 5 . For each simulation realization
e compute the ratio of our mean-field, N 

0 and w 4 -corrected C 

KK 

L 

stimator to the input, reionization kSZ-only C 

KK 

L . Averaged over
ealizations, we infer a close to scale-independent multiplicative bias
 

KK 

L = 0 . 94. 

 RESU LTS  

.1 ACT DR6 + Planck measurements of C 

K K 
L 

e show in Fig. 2 the measurement from ACT DR6 + Planck ,
ombined via a harmonic space ILC, as described in Section 5 .
e calculate the best-fitting rescaling amplitude of the Alvarez
NRAS 532, 4247–4260 (2024) 

3 We divide all power spectra by w 2 = 

∑ 

i a i ( m 

i ) 2 / 
∑ 

i a i where the sum is 
 v er pix els i, a i is the area of pixel i, and m 

i is the value of the (apodized) 
ask (between 0 and 1) for pixel i. 

4 We use a Savitzky–Golay filter of window length 101, order 2. 

a  

t  

s  

c
 

t  
 2016 ) theory prediction, which is reported in the le gend. F ollowing
mith & Ferraro ( 2017 ) and Ferraro & Smith ( 2018 ), we use
 min = 3000. For our baseline measurement, we use l max = 4000.

e find consistent results when we use l max = 5000, but the re-
uction in uncertainty is modest (see left panel of Fig. 3 ), and as
hown in Section 4 the expected foreground biases are smaller for
 max = 4000. 

The measurement is generally well abo v e the Alvarez ( 2016 ) the-
ry prediction, as indicated by the amplitude fit A A16 = 56 . 4 ± 19 . 9
see Section 2.1 for the definition of A A16 ). It is quite consistent with
he simulation predictions of the contamination from extragalactic
oregrounds (dashed and dotted lines from the WEBSKY and S 10
imulations, respectively). The plotted errorbars are the diagonal of
 covariance matrix calculated by running the C 

KK 

L estimator on the
imulations described in Section 5.1 . 

In the right panel of Fig. 3 , we show cases where we use
oreground-cleaned temperature in one of the four trispectrum legs.
range points show the case where frequency spectra for tSZ and
IB are nulled in one of the trispectrum legs. The C 

KK 

L uncertainty
oughly doubles for this case, ho we ver, in our scenario, where the
pper limit is dominated by the foreground biases, this noise cost
s not particularly rele v ant. The result from the baseline (ILC-only)
ase has the advantage that the foreground bias is very likely positive,
ence the measurement can be straightforwardly interpreted as an
pper limit. In contrast, the case where we deproject tSZ and CIB
rom one leg of the estimator is no longer an autocorrelation, so the
esidual foreground bias need not be positive. 

We do not perform a model fit due to the significant uncertainties
n the foreground template, as can be inferred from the difference in
he predictions from the WEBSKY and S 10 simulations. We discuss
mpro v ements to data and methodology designed to enable robust
odelling of the signal in Section 7 . 
When we apply lensing-hardening, we obtain measurements

onsistent with the baseline case ( A A16 = 77 ± 33). In the current
egime where other foregrounds are dominant, lensing-hardening
oes not yet impro v e our upper limits. We find also that point-source
ardening results in a very large increase in uncertainty (a factor of
0 with respect to the baseline case). We conclude that our current
ata do not yet warrant the use of point-source hardening, and we do
ot present measurements using them here. 

.2 Robustness of N 

0 and mean-field subtraction 

e discuss here the importance for our measurement of using the
ross-correlation based estimator (as discussed in Section 2.3 ), and
 realization-dependent N 

0 calculation. The left-hand panel of Fig.
 demonstrates the impro v ement when using the cross-correlation
ased estimator. Both the mean-field and N 

0 are much smaller, and
iven the lack of dependence on the observational noise, presumably
ore accurate, leading to a tighter upper limit when using the cross-

orrelation based estimator (blue data points). We also show a set of
reen points where we do use the cross-correlation-based estimator,
ut the simulations used for the mean-field and N 

0 bias calculations
re not matched to data. Instead they are generated assuming a power
pectrum that is the sum of a primary CMB theory prediction, a
oreground power spectrum contribution estimated from WEBSKY ,
nd a reionization kSZ power spectrum contribution estimated from
he Alvarez ( 2016 ) simulation (labelled ‘CMB + WEBSKY + A16
ims’). We see a larger amplitude for both of these cases, which we
onsider to be less robust than our baseline analysis. 

In the right-hand panel of Fig. 4 , we focus on the N 

0 for these same
hree cases. The solid lines show RD N 

0 and dashed lines MC N 

0 .
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Figure 2. Blue points show C 

K K 

L from ACT and Planck data (combined via a harmonic space ILC). Ne gativ e points are indicated by open symbols. The 
dashed and solid lines show the corresponding predictions of the foreground bias from WEBSKY and S 10 , respectively, and do not include the reionization kSZ 

component that we are most interested in here. The black solid line shows the prediction of the kSZ 4-point signal from the Alvarez ( 2016 ) simulations. Thus, we 
believe the measurement is dominated by foregrounds, as discussed in Sections 4 and 6 , so should be interpreted only as an upper limit on the reionization signal. 
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or our baseline case, where the simulations are tuned to match the
ata power spectrum, we see good agreement between MC N 

0 and 
D N 

0 . For the case where the cross-correlation estimator is not used,
e also see good agreement, but given the correction is much larger

n this case, and two or three orders of magnitude abo v e the signal,
ne would need to validate the correction extremely carefully. This 
oti v ates our choice to use the cross-correlation-only estimator in 

his work. Again we also show the ‘CMB + WEBSKY + A16 sims’
ase, which reveals differences between RD N 

0 and MC N 

0 . If one
sed the naive MC N 

0 to correct the signal in this case, one would
ignificantly bias the C 

KK 

L signal low. The use of RD N 

0 in this
ase does lead to better agreement with the baseline case which we
onsider most robust. 

 C O N C L U S I O N S  

e presented a limit on the kSZ trispectrum from wide-field CMB
ata which combines observations from ACT DR6 and Planck . 
stimating this trispectrum from this data set has presented various 
hallenges, especially the levels of foreground and CMB lensing con- 
amination, and uncertainties in the mean-field and N 

0 corrections 
hat are potentially large compared to the signal of interest. Similarly
o Raghunathan et al. ( 2024 ), we find that the contamination due to
oregrounds dominates over the reionization signal. 

We address these challenges by presenting a range of mitigation 
chemes. For lensing and extragalactic foregrounds, we demonstrated 
he performance of bias-hardening for the first time in this context.
ias hardening against CMB lensing can very ef fecti v ely remo v e

he bias due to CMB lensing, and is likely to be useful beyond
he kSZ trispectrum measurement, for example in the ‘projected 
elds’ method of kSZ measurement (Dore, Hennawi & Spergel 2004 ;
erraro et al. 2016 ; Hill et al. 2016 ). 
We also proposed new trispectrum estimators where only a single 

e g has fore ground frequenc y spectra nulled, which have significantly
etter performance than nulling all trispectrum le gs. F or the mean-
eld and N 

0 , also inspired by CMB lensing approaches, we demon-
trate the utility of cross-correlation estimators and realization- 
ependent N 

0 , as well as the importance of having simulations whose
ower spectrum match the data. 
With these approaches in hand, we measure a trispectrum from 

CT DR6 + Planck data that has an amplitude roughly 50 times
he expected reionization signal from the Alvarez ( 2016 ) simula-
MNRAS 532, 4247–4260 (2024) 
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Figure 3. Measurements of C 

K K 

L from ACT and Planck data (combined via a harmonic space ILC), highlighting alternative choices for analysis. Ne gativ e data 
points are indicated by open symbols. Left panel: The blue data points show our baseline measurement which uses CMB temperature l max = 4000, while the 
orange data points use l max = 5000. Right panel: The blue data points show our baseline measurement which uses a minimum variance harmonic-space ILC in 
all trispectrum legs, while for the orange points, one of the four trispectrum legs has tSZ and CIB frequency spectra nulled (see Section 3.2 ). Note that we have 
switched to a linear scale here given the expectation that the tSZ and CIB-nulled measurement can be ne gativ e, and find that removing the L 

2 scaling allows for 
a clearer view of the data points (and also results in a very slightly different amplitude fit for the baseline case). As elsewhere, the black solid line shows the 
prediction of the kSZ 4-point signal from the Alvarez ( 2016 ) simulations and the dashed and solid lines show the corresponding predictions of the foreground 
bias from WEBSKY and S 10 , respectively. 

Figure 4. Demonstration of the importance of the cross-correlation based estimator of Madhavacheril et al. ( 2021 ), and using simulations with the correct power 
spectrum, for our measurement. Left panel : The orange data points, which do not restrict to cross-correlations in the trispectrum estimation, result in a worse 
upper-limit compared to the baseline case (blue data points). Green data points do use the cross-correlation-based estimator, but do not use a set simulations that 
have power spectrum tuned to the data (see Section 6.2 for details). Ne gativ e data points are indicated by open symbols. Right panel : N 

0 estimates for the same 
three cases. RD N 

0 is shown in solid lines, and MC N 

0 in dashed lines. For the baseline case in blue, there is good agreement between RD N 

0 and MC N 

0 , arising 
from the good agreement in the power spectrum between simulations and data. For the cases where the cross-correlation estimator is not used the N 

0 is much 
higher, making this estimator more susceptible to small errors in the N 

0 correction. For the ‘CMB + WEBSKY + A16’ case, we do see significant differences 
between MC N 

0 and RD N 

0 . 
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ions. This signal is roughly consistent with the expectation from
 xtragalactic fore grounds, as we hav e demonstrated using two
ndependent foreground simulations (from Stein et al. 2020 and
NRAS 532, 4247–4260 (2024) 
ehgal et al. 2010 ). Thus, we are not yet in a position to constrain
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As this work was being finalized, Raghunathan et al. ( 2024 )
resented an upper-limit on the reionization kSZ trispectrum from 

PT + Herschel -SPIRE data that is ∼ 5 to 10 times tighter than
his work. The authors argued that their inclusion of high-resolution, 
igh-frequency data from Herschel -SPIRE mitigated CIB contam- 
nation. Even more importantly, since the SPT maps have roughly 
 times lower noise than the ACT maps used here (though o v er
uch smaller area), the authors were able to apply much stricter
ux thresholds for point-sources and clusters which are the main 
ontributors to foreground contamination. In this paper, we have 
mphasized methodologies for robust first detections of the small 
ignatures of reionization on the CMB trispectrum in the future, and 
emonstrated them on the ACT DR6 + Planck data. We anticipate 
hat techniques described here will be essential: bias-hardening, 
D N 

0 and cross-correlation-based estimators. 
We believe the constraint presented here can be impro v ed by

ncorporating further ACT data (in particular data taken during 
aytime if we can demonstrate adequate systematics control), and 
ursuing more aggressive source and cluster finding. An analysis 
hat more optimally takes into account the noise variations in the 
CT data (both when performing the ILC, and in the filtering of the

emperature modes entering the trispectrum estimator) will also be 
 focus of future work. Beyond ACT, upcoming data from Simons
bservatory and CMB-S4, which will have an order of magnitude 

ower noise, and additional frequency channels, have the potential to 
ake the kSZ trispectrum a highly informative probe of reionization 

Alvarez et al. 2021 ). 
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Figure A1. Predictions of the kSZ power spectrum (left panel), and trispectrum (right panel) from reionization, using the AMBER simulations (Trac et al. 2022 ; 
Chen et al. 2023 ). We show the fractional difference with respect to a fiducial AMBER simulation (the third line in the legend). We also show the prediction 
based on the Alvarez ( 2016 ) simulations (blue dashed lines). For the trispectrum, below L = 10 the fractional differences become very noisy thus we only show 

the range L > 10 for clarity. 
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PPENDIX  A :  KSZ  IN  T H E  AMBER  

IMULATION S  

ig. A1 shows the kSZ power spectrum (left panel) and trispec-
rum (right panel) measured from the AMBER simulations (Trac
t al. 2022 ; Chen et al. 2023 ). In both cases the predictions
re normalized by the measurement from the fiducial AMBER
imulation. 15 The AMBER simulations vary several reionization
arameters: 

(i) �z: The duration of reionization, defined as z 10 − z 90 , where
 10 and z 90 are the redshifts where the Universe is 10 per cent and
0 per cent ionized, respectively. 
(ii) z mid : The redshift where the Universe is 50 per cent ionized. 
(iii) A z : An asymetry parameter defined ( z 10 − z mid ) / ( z mid − z 90 ).
(iv) M h : The minimum halo mass hosting ionizing sources (spec-

fied in Fig. A1 in M ∗). 
(v) λmpf : The mean free path of ionizing photons (specified in Fig.

1 in Mpc h −1 ). 
NRAS 532, 4247–4260 (2024) 

5 That is not the Alvarez ( 2016 ) simulation, which we use as a fiducial 
emplate throughout this paper. 

A

I  

g  

f  
As argued in Section 2 , we see a strong dependence for both
ower spectrum and trispectrum on �z and z mid , with longer or
arlier reionization increasing both signals. We show also, as the
lue dashed line, the prediction from Alvarez ( 2016 ) that we use
s a template throughout this paper. This predicts a higher power
pectrum and trispectrum than most of the AMBER variations which
an be explained by the relatively high choice of z mid = 10. The other
arameters varied in AMBER have less impact on the kSZ power
pectrum and trispectrum, but see figs 10 and 13 in Chen et al. ( 2023 )
or a more detailed view. 

We see also that the response to changing these parameters is
ifferent for the power spectrum and trispectrum, demonstrating
he complementary information in the two statistics (see Alvarez
t al. 2021 for forecasts of de generac y-breaking power of these two
tatistics). 

When foregrounds are taken into account, which also affect the
wo signals differently, the gain from including the trispectrum
nformation can be even greater. While the same is true in theory
or the other varied parameters, A z , M h , and λmpf , the responses for
he trispectrum are relatively small, and thus will be difficult to detect
ith CMB data. 

PPENDI X  B:  C M B  TEMPERATURE  

l-DEPENDENCE  O F  F O R E G RO U N D  BIASES  

n Fig. B1 , we demonstrate the dependence of the fractional fore-
round bias, on the maximum CMB temperature multipole, l used,
or the ILC case. For both WEBSKY and S 10 , there is a significant

http://dx.doi.org/10.1088/0004-637X/727/2/94
http://dx.doi.org/10.3847/1538-4357/ac5116
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Figure B1. Expected fractional foreground biases from the WEBSKY (blue lines) and S 10 (orange lines) simulations. Here, we show the impact on the foreground 
bias of changing the range of scales l entering the quadratic estimator. 
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ncrease in the foreground biases when increasing l max , hence we use
 max = 4000 for our baseline analysis. 
PPENDI X  C :  N O R M A L I Z AT I O N  

O N V E N T I O N S  

hile we have moti v ated the quadratic estimator for K by analogy
ith CMB lensing, the choice of normalization of the K estimator

s less obvious than in the case of CMB lensing, where one is
econstructing the lensing potential φ. In the main body of this work,
e have adopted a convention that is closely related to the Sailer et al.

 2020 ) source estimator, mainly for convenience when adapting the
MB lensing codes to measure and debias the K statistic (and include

ensing-hardening etc.). The Sailer et al. ( 2020 ) source estimator is
efined: 

 

S20 
L = N 

s ( L ) 
∫ 

d 2 l 
(2 π ) 2 

u l u | L −l | T l T L −l 

2 u L C 

tot 
l C 

tot 
| L −l | 

, (C1) 

here u L is the source profile and 

[
N 

s ( L ) 
]−1 = 

∫ 

d 2 l 
(2 π ) 2 

1 

2 C 

tot 
l C 

tot 
| L −l | 

[
u l u | L −l | 

u L 

]2 

. (C2) 

fter substituting u L = 

√ 

C 

pkSZ 
l , our K estimator is similar, except

e divide out dependence on u L , since our measurement should not
epend on C 

pkSZ 
l at large scales: 

 L = 

[∫ 

d 2 l 
(2 π ) 2 

u l u L −l W l W | L −l | 

]−1 

, (C3) 

×
∫ 

d 2 l 
(2 π ) 2 

W l W | L −l | T l T L −l . (C4) 

he normalization factor here is somewhat different to that cho- 
en by Smith & Ferraro ( 2017 ), who include a C 

tot 
l factor in

heir normalization, aiming to construct a K statistic that is a
MNRAS 532, 4247–4260 (2024) 
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ate
easure of the kSZ non-Gaussianity relative to the total power
pectrum: 

¯
 = 

∫ 

d 2 l 
(2 π ) 2 

W 

2 
s ( l) C 

tot 
l . (C5) 

 

tot 
l is ho we v er both surv e y-dependent (if it includes noise) and

he signal component is quite uncertain in the l > 3000 regime we
re considering. This would moti v ate a normalization where one
imply divides out the effect of the filtering, which we call K filter ,
efined 

 filter = 

∫ 

d 2 l 

(2 π ) 2 
(
W 

eff 
l W 

eff 
| L −l| 

)
, (C6) 

≈
∫ 

d 2 l 

(2 π ) 2 
(
W 

eff 
l 

)2 
, (C7) 

≈
∫ 

ld l 

2 π

(
W 

eff 
l 

)2 
. (C8) 

n the second line, we have assumed the squeezed limit L << l. 
Raghunathan et al. ( 2024 ) adopt a different normalization again: 

 

R24 
L = F̄ 

−1 
∫ 

d 2 l 
(2 π ) 2 

W l W | L −l | T l T L −l , (C9) 

here 

¯
 = 

∫ 

W 

2 
l B 

2 
l, eff F l d ln l . (C10) 

ote for simplicity we have neglected their f sky corrections, as we
ave in the discussion above. B 

2 
l, eff denotes their ef fecti ve beam, and

an be considered as part of an ef fecti ve filter W 

eff 
l . 

In case useful for comparison purposes, we show in Fig. C1
ersions of our Fig. 2 using the K filter and F̄ normalizations. 
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Figure C1. Two versions of this work’s Fig. 2 with alternative normalizations, in case useful for comparison purposes. In the left panel, we normalize K with 
K filter (defined in equation C6 ). In the right panel, we use the Raghunathan et al. ( 2024 ) normalization, and also their L -scaling of the y -axis. 

© 2024 The Author(s). 
Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative Commons Attribution License 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/532/4/4247/7716700 by W
itw

atersrand U
niversity user on 11 Septem

ber 2024

https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 THEORETICAL BACKGROUND AND TRISPECTRUM ESTIMATOR
	3 NEW METHODS FOR MITIGATION OF LENSING AND FOREGROUND BIASES
	4 FOREGROUND CONTAMINATION ESTIMATES
	5 ACT DR6 Planck DATA AND SIMULATIONS USED
	6 RESULTS
	7 CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: KSZ IN THE AMBER SIMULATIONS
	APPENDIX B: CMB temperature -dependence of foreground biases
	APPENDIX C: NORMALIZATION CONVENTIONS

