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Abstract

Singularly perturbed differential equations pose significant challenges for many
numerical and semi-analytical solution methods in classical calculus. The complexity
of these equations increases when dealing with fractional differential equations, which
exhibit unique properties, including the nonlocal nature of the arbitrary non-integer
order differential operators. This study presents an adaptive multidomain Chebyshev
pseudospectral method to effectively approximate the solutions of singularly perturbed
fractional differential equations. In each subdomain, the fractional differential operator
in the Caputo sense accounts for both local derivative effects and memory by dividing
the discrete fractional operator into two distinct components, one representing local
behavior and the other capturing memory effects. The adaptivity of the method is con-
trolled by ensuring that the maximum residual error in each domain remains below
a predetermined tolerance value. If the maximum error exceeds the set tolerance, the
size of the subinterval is reduced by a specified ratio, and the solution is recomputed
within that interval. To assess the performance of the adaptive method, a compara-
tive study with the multidomain pseudospectral method with uniform step length is
used. The accuracy of the adaptive multidomain Chebyshev pseudospectral method
is validated through a series of numerical tests on various fractional differential equa-
tions, thus demonstrating the effectiveness of the approach. The adaptive multidomain
pseudospectral method offers a robust solution for handling the challenges posed by
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singularly perturbed differential equations common in fields such as wave propagation,
astrophysics, and quantum mechanics.
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1 Introduction

Fractional differentiation and integration, which originated around the same time
as their classical counterparts, form the foundation for fractional differential equa-
tions (Podlubny 1999). In recent years, the understanding and practical application
of fractional differential equations has gained significant recognition across various
disciplines, including elasticity theory, transport theory, experimental fluid dynamics,
and mathematical biology, among others (Ninghu 2020; Diethelm and Freed 1999;
Rossikhin and Shitikova 1997). The calculus of arbitrary order has expanded the
range of mathematical tools available for modeling real-world phenomena. The oper-
ators used in fractional differential equations, like the Riemann—Liouville and Caputo
derivatives, are nonlocal, meaning that the derivative at a point depends on all values
to the left or right rather than only those in a local neighborhood of the point. This non-
local property of fractional operators characterizes fractional differential equations as
global in nature (Owolabi and Atangana 2019). A significant advantage of fractional
differential equations is their ability to model problems that involve nonlocality and
memory effects, aspects that classical differential equations cannot address (Podlubny
1999; Huseynov et al. 2021). It can be argued that most classical differential equa-
tions do not readily lend themselves to closed-form solutions (Evans 1998). This may
be due to nonlinearity, higher orders, or non-homogeneity of the differential equa-
tions. Fractional differential equations are typically more intricate and challenging
to solve than classical differential equations (Garrappa 2018). As a result, numerical
approximations have emerged as efficient techniques for solving differential equations
and addressing uncertainties in differential models. The nonlinearity in the equation
itself or in its initial or boundary conditions fundamentally complicates a differential
equation (Logan 1994). An example of this complexity is the singularly perturbed
differential equation (Kadalbajoo and Patidar 2002).

Singularly perturbed problems are a key aspect of initial-boundary value problems
and have significant applications in geomechanics, enzyme models, and mathematical
biology problems (Kadalbajoo and Patidar 2002). These equations arise when a small
parameter multiplies the highest order of the differential equation (Kadalbajoo and
Patidar 2002; Endrie and Duressa 2024). Consider the equation

dZu(r)

2 tum =1 1€, u© =u)=0. (1

— €
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From Eq. (1), it can be seen that if the parameter € is set to zero, it yields u(t) = 1, which
is inconsistent with the boundary conditions. Consequently, the reduced problem has
no solution in C2([0, 1]), the space of twice continuously differentiable functions. This
indicates that the solution to Eq. (1) is not well posed when € becomes very small.
This implies that the solution to the problem may exhibit large derivatives near the
boundary, and the presence of boundary layers typically makes numerical approxima-
tions of singularly perturbed problems challenging (Kadalbajoo and Patidar 2002). It
also renders certain classical numerical techniques unstable, resulting in inaccurate
numerical results. Finite difference-based methods, such as Crank—Nicholson, may
produce reasonable approximations when very fine meshes are used for the grid dis-
cretization, but this can lead to a computationally demanding scheme (Sharma et al.
2013). Therefore, developing an efficient, fast, and accurate numerical method for
approximating solutions to such differential equations is essential. In this study, we
will consider singularly perturbed fractional initial-value differential equations of the
form:

e DG u(t) = glt, u(t), u(@)®, u' (1), u” (1), €. )

Here, cDg’ , is the Caputo fractional differential operator of order 6, g : R — R".
Following the study of Shen et al. (2011), spectral methods belong to a class
of methods known as the method of weighted residuals, which use infinitely dif-
ferentiable functions to approximate the solutions of differential equations. These
methods use a truncated series of orthogonal functions, such as Chebyshev, Legen-
dre, Jacobi, and Hermite polynomials, to approximate the solutions of differential
equations (Canuto et al. 2006). Spectral methods are considered global methods as
they discretize differential equations globally to achieve high-order approximations of
their solutions (Gottlieb and Gottlieb 2009). Spectral methods can frequently achieve
higher accuracy, surpassing the accuracy typically obtained through other traditional
numerical methods like the finite difference or finite element methods (Trefethen
2000; Zayernouri and Em Karniadakis 2014). Sweilam and Khader (2010) applied
the Legendre pseudospectral method to discretize the fractional advection-dispersion
equation involving the Caputo fractional differential operator. Oloniiju et al. (2019)
used the Chebyshev pseudospectral method to tackle a continuum mechanics problem
involving fractional constitutive equations for a fluid dynamics problem. Other appli-
cations of the spectral-based methods to classical and fractional differential equations
can be found in the following studies (Motsa 2012; Otegbeye 2018; Oloniiju et al.
2021; Doha et al. 2011; Li et al. 2012; Ezz-Eldien and Doha 2023). Ezz-Eldien (2018)
applied the spectral tau method, using Jacobi polynomials as basis functions, to solve
a system of multi-pantograph equations. The performance of the method was vali-
dated through numerical simulations. The spectral Galerkin (SG) technique using the
shifted Jacobi polynomials was employed to approximate the solution of a delay time-
fractional partial differential equation by Alsuyuti et al. (2023). The effectiveness of
the proposed method was assessed by comparing the numerical solutions from five
examples with known analytic solutions and results from other techniques in the liter-
ature. Spectral-based methods typically use the extrema of orthogonal polynomials as
collocation points, which are densely packed near the boundaries. This is particularly
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advantageous for problems like Rayleigh—Bénard convection or channel flow, where
a higher density of collocation points is needed to accurately resolve viscous sub-
layers (Nnakenyi et al. 2015). However, for problems where rigidity is concentrated
in the interior points, the direct application of a single-domain pseudospectral method
may lead to some numerical trade-offs. Despite advances in spectral methods, their
direct application to certain differential equations, such as fractional singularly per-
turbed equations within a single domain, can lead to significant accuracy issues (Motsa
et al. 2013). This is due to the nonlinearity introduced by the singular perturbation
parameter and the nonlocal nature of these fractional differential equations. To mini-
mize the loss of accuracy, domain decomposition or multidomain techniques can be
applied (Samuel and Motsa 2019).

The multidomain technique for initial-value problems involves dividing the time
interval into multiple subintervals and solving the differential equation on each subin-
terval sequentially. The process begins with the initial condition, which serves as
the starting point or left boundary for the first subinterval. The solution obtained at
the last discrete point in the first subinterval is then used as the initial condition for
the next subinterval. This procedure continues through all subintervals until the final
domain is reached (Oloniiju et al. 2024; Xu and Hesthaven 2014). This approach
offers several advantages, such as improving the condition of the algebraic system
and allowing larger step sizes compared to single-domain methods. It is particularly
effective for solving problems that involve interface tracking and immersed boundary
methods (Motsa 2012), and it significantly enhances the accuracy of approximations
for stiff and chaotic systems. The multidomain technique is also efficient for problems
with long-term dynamics (Oloniiju et al. 2024). However, its direct application to sin-
gularly perturbed differential equations may give rise to some significant numerical
challenges. To overcome these challenges, an adaptive multidomain approach, which
dynamically adjusts each subdomain’s length, may improve efficiency and accuracy.

An adaptive numerical technique dynamically adjusts the subdomains based on the
complexity of the differential equation or the error estimation of the approximate solu-
tion (Peter and Martin 2012). These numerical techniques aim to improve efficiency,
accuracy, and computational time by adapting their step sizes, mesh resolutions, or
other parameters during the computation (Qureshi et al. 2023). An example of an
adaptive numerical technique is adaptive quadrature for numerical integration (Gan-
der and Gautschi 2000). Instead of using a fixed number of equally spaced intervals,
adaptive quadrature methods automatically refine the intervals in regions where the
integrand changes rapidly and coarsen them in smoother areas. This approach enables
more accurate results with fewer function evaluations.

Another example is adaptive time-stepping ordinary differential equation solvers,
like the Runge—Kutta—Fehlberg (RKF) methods, which dynamically adjust their time
steps to efficiently handle stiff or non-stiff differential models. This allows the tech-
nique to focus computational resources where they are most needed. However, the
effectiveness of these methods deteriorates when applied to fractional differential
equations. This is because the RKF method is local, while fractional differential equa-
tions are inherently nonlocal. Global methods, such as the Chebyshev pseudospectral
method, are better suited for this purpose (Oloniiju et al. 2024). Adaptive techniques
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have become particularly important for handling nonlinear models, chaotic systems,
stiff equations, and singular perturbation problems (Hans-Gorg et al. 1994).

A thorough literature review reveals that no existing studies have explored the
performance of an adaptive multidomain Chebyshev pseudospectral method for sin-
gularly perturbed fractional differential equations. To demonstrate the efficiency of
the adaptive multidomain technique, we will use established numerical metrics, such
as absolute error, residual error, and computational time, to compare the accuracy and
efficiency of this proposed technique with a multidomain pseudospectral method with
equal subintervals and other numerical methods.

The rest of this manuscript is structured as follows: Section 2 provides the prelim-
inaries and definitions required to develop the adaptive multidomain scheme in the
context of the calculus of arbitrary orders. Section 3 details the development of the
adaptive scheme using the Chebyshev—Gauss—Lobatto quadrature and discusses the
development of a nonoverlapping multidomain pseudospectral scheme for differential
equations of arbitrary non-integer orders. This section also briefly addresses the error
estimates associated with using Chebyshev—Gauss—Lobatto points. Section 4 presents
the numerical performance of the method through five distinct numerical examples,
and finally, Section 5 concludes the study.

2 Preliminaries and Definitions

This section outlines vital preliminary concepts that will be referenced later, estab-
lishing the foundation for the terminology used throughout the article.

Definition 1 The gamma function, which extends the factorial function, is defined as
Podlubny (1999)

o0

F'n)=n-1= /t"—le—’dt, (3)

0

where I is the Euler gamma function.

Definition 2 Suppose t > 0 and g € C([O, t]) is continuously defined on a closed
interval [0, #]. From Cauchy multiple integrals (Sikora 2023)

L )Y o

(n_w/(t—a)” '¢(o)do, neN. )

Definition3 (Let6 € Ry, r e Ry,and g € C ([0, t]), then the Riemann-Liouville
fractional integral of order, 6 is Podlubny (1999))

1g(1) = — O f (t —0)'g(o)do ®)
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Definition 4 Let g(r) € C"([0, t]), the space of n-times continuously differentiable
functions, then the left-sided arbitrary non-integer 6-order differential operator in the
Caputo sense is defined as (Oloniiju et al. 2024; Caputo 1967)

1 ' g"0)
F'n—0)J)y (t —o)ftl-n
cDj, g(t) = (6)
d"g(1)
de”

do, for n—1<0 <n,

, for 6=n, neZy.

In Caputo’s definition of the fractional differential operator, the integer order deriva-
tive of the function is computed first, followed by applying the Riemann—Liouville
integral of arbitrary order. For &6 € (n — 1,n), the Caputo fractional derivative
cDS,, g(t) existsif g € C" ([0, t]). As the Caputo fractional derivative is expressed in
integral form, it operates as a nonlocal operator with memory properties, where the
current state depends on past states.

Remark 1 The Caputo derivative defined in Eq. (6) satisfies several fundamental prop-
erties, including linearity, consistency with the classical result for the derivative of a
constant, and adherence to both the generalized Leibniz rule and the index law for
fractional orders (Podlubny 1999).

Definition 5 The fractional derivative of #* in the Caputo sense is defined as (Li et al.
2012)
0, we Ny, u<T[0]
0 u _
CD() tt - (7)
’ Fp+1) -0
—tM k) S N k] 2 9 k]
Fi+1-0) € No, u=>1[67

where [67 is the ceiling function of 6 and [07] > 6.

3 Numerical Discretization via Pseudospectral Approximation
In this section, we derive the multidomain schemes used in this study. The procedure for
approximating the solution u(¢) of a differential equation of arbitrary real order is first

demonstrated, followed by the approximation of the arbitrary real-order derivatives of
the function and the subsequent implementation of the multidomain schemes.

3.1 Approximation of the Function u(t)

Given the function u (), which belongs to the space C" ([0, T1), it can be approximated
using the shifted Chebyshev polynomials of the first kind. The following recursive
expression defines the Chebyshev polynomials:

D (1) =1,
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Or,1(1) = 2 1,
’ T
cI’Tz(f)zg—ﬂ—ngl
’ T2 T ’
O +1(t) =201,1(t) - P (1) — Py —1(), m = 3. (8)

The series expression for the shifted Chebyshev polynomials takes the form:

I N G i R e VIey
<1>T,m<r>—m;0 o enm e m=o ©)

Hence, using the Chebyshev polynomial, the function «(¢) can be approximated in
terms of a truncated series as

M
u®) =00 &Y Qu®rm(t). (10)

m=0

Here, ©,, are coefficients to be determined and satisfy the orthogonality condition,
defined by the following inner product

T o0
O = (1), D1 (1)) = ifo YOPTHD 3y e S 001 O (102,
=0

ki Tt — 12
(1)
where
T
T m=0 M j=0M
ke = and  Aj = (12)
— otherwise, T otherwise.
M

Suppose u(¢) is a square-integrable and analytic function; therefore, u(¢) is approxi-
mated using a linear combination of M + 1 shifted Chebyshev polynomials at M + 1
shifted Chebyshev—Gauss—Lobatto nodes, ¢, as

M M M
_ 1 _ _
wt) = Y 0 Y - ra ()P = Y V) Fia) =FJT,  (13)
j=0 m=0 """ j=0
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where Fr = KCD}XCDT, and

>
=
=

1
1372
Droto) Pro(t) ... Proltm)
Dy (o) Pr1(t1) ... Pr1(tm)

AM
Op = (14)

D m(to) P, m(t1) - O m(tm)

The next step is to find the Caputo fractional derivative of Eq. (13). Assume that
u(t) € C4([0, T]), where M + [0] + 1 < g, denoting the space of continuously
differentiable functions for # > 0 and a fractional order 6 > 0, so that

M M
_ 1
eDfu) ~ Y Upr; Y —drm(t;)c Dy, Prm(®). (15)
k
j=0 m=0""

The Caputo derivative of the space of shifted first kind Chebyshev polynomials,
CD8‘ ,©1,m(2), can be derived using the series expansion of the polynomials (Oloniiju
et al. 2024)

2 (=D (m 4 j — 1122
(m — H2H'TI

(=) Im4j— DR T +1) o
(m — PI2j)TI rg—-o+1

0 4+J
CDO,It

cDf , drm(t) =m
j:

(=]

(16)

E
NE

~

I
—
<
=

The expression, t/=% is now written as a linear combination of the shifted Cheby-
shev polynomials of the first kind at the Chebyshev—Gauss—Lobatto points. Therefore,
Eq. (16) can be written as:

cDf) @1 m(ty) ~ D@, (17)
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where D@ =7 Y ZT K. The entries of the matrices Z, 1, and W are defined by
the following:

1 m=0,j=0,
-1 m—j '_1!22m
Zyy =MVt T = D2 M, = 0(hm,
(m — P'EH'T/
0 otherwise,
0 J <101,
nj.j= rGg+1 :
— 2 i =[0]1()M,
rG—o+1 ’ [o1(1)
0 j<Te1,
Wy j = VT OHT(G — 0+ v+ 1)
i =[01(HM,v=0(1)s, s=0(1)M.
STy j=T01(HM, v=0(D)s, s=0(1)

(18)

Thus, cDgytu(tr) is given as:
cD{ u(ty) ~ (o,1D?)' U, (19)

where o,TDe =L CD} K D® &r. The matrix (OYTDQ )T is the fractional differentiation
matrix which evaluates the fractional derivative of a function at the shifted Chebyshev—
Gauss—Lobatto nodes in the domain [0, T].

3.2 Approximation in Equal Nonoverlapping Partitioned Domains

Consider a function u(¢) defined on the interval r € [0, T], which is subdivided into
p nonoverlapping subintervals. The partitioned points are given by 0 = 1y < 1 <

- < t, = T, where the length of each subinterval is denoted as 6; = # — ;| for
k=1,2,..., p. Assumethatt € [t, tx+1]and 6 € ([6]—1, [07], then, the fractional
derivative cDS,, can then be expressed as:

Do u() = — o) 20
c 0"”()_1“((91—9) ) (= o)fri-Tal o. (20)

This integral representation in Eq. (20) can be further decomposed into a sum of terms
corresponding to the ‘memory’ and ‘local’ fractional derivatives in each subinterval
as

k
D u) =Y [eDf)_, , u)| +cDf uo, 21
f=1
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0
Tf_1,1f
the previous f-th subinterval and CDZJM([) is the local fractional derivative in the
current subinterval [fy, fx+1]. Eq. (21) is rewritten as

where ¢ D u(t) represents the contribution of the fractional derivative from

1
(o1 -0

] R B O R
o L (t — )0 +1-T01 o L (—o)p T ol.

The first term in Eq. (22) represents the ‘memory’ term of the fractional derivative,
incorporating contributions from all previous subintervals. In contrast, the second term
is the local fractional derivative within the current subinterval, [#, tx+1]. These terms
are then approximated using the pseudospectral method at M + 1 Chebyshev—Gauss—
Lobatto (CGL) points tf in the subinterval [#, #x+1]. The local fractional derivative in
the subinterval [#, tx41] is approximated as:

cDfu(t) =

e Dy u(t) & (48D Uk, 1 € [, 11411, (23)

where Uy is u(t) evaluated at the CGL points within the k-th subinterval. The
memory term, ¢ D¢ u(t), is also approximated as

tf—1,tf
M i M 1
Dy~ Y U Y = @ant]) DYy, 1 im0,
j=0 m=0 """
f
tj € [tr1,1r] (24)

In Eq. (24), the Chebyshev polynomials, ®s, ,, (), are evaluated at the M + 1 shifted
CGL points, t* € [t, tx+1]. Therefore, the definite integrals, ch)f_],, , D, (1F),
defined as o

0 J <101

25)

(
do, t* e [t ti1l,

Qm,r = m! /‘lj» (O’ _ tf_])m—[e]
C([07 —0)m — [OD! J;,_, (tf — o) +1=10]
j=101,....M,

can be evaluated using any quadrature formula. Hence, the approximation of the mem-
ory term evaluated at the collocation points, t;f € [ty_1, tr], becomes

k k
Z CDtgf—lJf“(t’f) ~ Z(f.f—l»t.ng)T Uy, (26)
f=1 f=1

where ;,_, 1, DY = k@gk KZQ and the entries of the matrix, Q, are defined by Eq. (25).
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3.3 Adaptive Nonoverlapping Partitioned Domain for Initial-Value Problem

Consider the function, u(t), defined on the interval + € [0, T]. In contrast to the
multidomain method with equal subinterval lengths described in Sect. 3.2, where the
interval [0, T] is divided into p nonoverlapping subintervals, the adaptive approach
dynamically adjusts both the length of each subinterval and the number of subintervals
p based on a predefined tolerance and how well the numerical scheme approxi-
mates the solution of the differential equation. The subdomains and partition points,
0 =1,t1,...,tp, = T, are not predetermined but are generated iteratively as the
computation progresses. Beginning with 7y = 0, the length of each subinterval
8k = tx — tx—1 is adaptively determined according to the following procedure:

1. Initializing the computation: The computation starts at the initial point #y = 0, with
an initial step length §; defined. The solution is computed in the first subinterval
[0, t1]. A tolerance value, denoted as rol, is set to check and control the accuracy
of the solution within each subinterval.

2. Estimating the residual error: The norm of the residual error in each subinterval
[tx—1, tx] is estimated and checked against the preset tolerance using the following
formula:

Residual error= HCD?H u(t)—glt, u(e), u(@)?, ' (1), u" (1), e]H <tol.
’ e’}
27

3. Adjusting the step length:

e If the norm of the residual error is less than or equal to the preset tolerance, the
approximate solution in the current subinterval [fx_1, #x] is accepted, and the
procedure doubles the latest step length and moves forward to approximate the
solution in the next subinterval, [, txy1]-

e If the norm of the residual error exceeds the set tolerance, the step length, dy,
is reduced using the expression

1

tol M
Y = 0.9 x 80 x (> M (28)
Residual error

and the solution is recomputed in the adjusted subinterval.

4. Extending the adaptive domain: The procedure adaptively partitions the interval
[0, T] by sequentially creating new subintervals [#, fx41] based on the adaptive
criterion. The number of subintervals, p, varies as needed, and the process continues
until the endpoint ¢, = T of the domain is reached. To ensure that the partitioning
does not exceed the domain of the differential equation, we set the condition that
if g + 6, > T, then, § =T — .
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3.4 Error Estimates

This subsection presents the general error estimates of the approximation in terms of
the Chebyshev polynomials. Assume that ® ,,u is the projection of u(¢) onto the
space of M + 1 Chebyshev polynomials. The error estimate for u — & ,u in the
Sobolev space equipped with its usual norm for u(¢) € H"(0, T) and n € [1, 00) is
defined as

||u - CDT,mquz(O’T) < CM7n|M|Hn,M(O’T). (29)
We have the following error estimate for interpolation on the Gauss—Lobatto nodes
llu — CI>T,m14||e2(0,T) = CMl_n|u|Hn-M(o,T), (30)

where C is independent of M and n. The proof of the above estimates is provided in
Canuto et al. (2006).

4 Numerical Experimentation and Results

This section presents a detailed analysis of the performance of the proposed adaptive
multidomain method. Various numerical examples are used to illustrate the accuracy,
efficiency, and stability of the technique when applied to singularly perturbed frac-
tional differential equations. The results are compared to the nonadaptive multidomain
scheme using key metrics such as the absolute error (the difference between the exact
and approximate solutions), the norm of the residual error, and the computational time
to demonstrate the effectiveness of the adaptive technique.

Example 4.1 Consider the singularly perturbed linear fractional differential equation

CDQ ” ’ _ 2 2—6
o D u(t) + €u (l)—}—u(t)—ml +2e¢+4+2t, for 0 <6 <1, (31)

subject to the initial conditions #(0) = 0, and u’(0) = 0. The closed-form solution of
Eq. (31)is u(t) = t*. The right-hand side belongs to the space of at least second-order
continuously differentiable functions, i.e., C2([0, T)).

Table 1 compares the maximum absolute errors, residual errors, and computational
times between the adaptive multidomain pseudospectral method and the multidomain
pseudospectral method with uniform step sizes (i.e., p = 50, 200 and 300) (Oloniiju
et al. 2024). The results indicate that the adaptive Chebyshev pseudospectral method
yields lower absolute and residual errors than the multidomain technique with uniform
step size. This improvement demonstrates the effectiveness of the adaptive approach in
achieving higher accuracy. For this comparative analysis, the tolerance of the residual
error for the adaptive technique was set at 1073, The table also suggests that the
absolute errors of the equally spaced multidomain method decrease as the number
of subdomains increases. However, this improvement comes at the cost of a higher
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Table 1 The ¢o-norms of the absolute and residual errors and CPU time of Example 4.1 with M = 10

Metrics €=001,0=05 T=50, £ =50

Adaptive scheme (p =1) p =50 p =200 p =300
Absolute error ~ 9.3478 x 104 22464 x 1072 2.1780 x 1072 1.9003 x 102
Residual error ~ 1.3855 x 10713 5.6626 x 10711 24131 x 10710 7.3949 x 10~10
CPU time 0.012s 7.818s 119.515s 269.316s

Table 2 The ¢~o-norms of the absolute and residual errors of Example 4.1 for different values of the
perturbation parameter, € with = 0.5, M = 10,and T =5

Metrics 60=05 £=50, T=50, p=1
€e=0.1 € =0.01 € =0.001 € = 0.0001
Absolute error 1.4324 x 1073 9.3478 x 10~4 8.9589 x 10~4 8.9209 x 10~4

Residual error 3.5171 x 10713 1.3855 x 10~13 6.7501 x 10~ 14 5.0626 x 10~14

Table 3 The maximum absolute and residual errors of Example 4.1 for different initial step size, & with
€=001,M=10,0 =05,andT =5

Metrics =05 ¢€=001, T=5.0

E=1.0 £=20 £§=30 E=40
Absolute error 8.9307 x 1073 83432 x 1073  8.1970 x 1073 5.5004 x 1073
Residual error 22515 x 10713 14521 x 10713 3.1796 x 10713 1.0897 x 10712
Number of subdomains (p) 3 2 2 2

computational time. Tables 2 and 3 present the maximum errors obtained by varying
the singularly perturbed parameter € and the step size of the first domain, &. The
adaptive method uses only a single domain for the results presented in Table 2.

The results in Tables 2 and 3 , respectively, clearly show that the absolute errors
improve as € — 0 and the initial step size increases, i.e., £ — T. The residual
error data in Table 2 highlight that the method proposed approximates the solution
of Eq. (31) more accurately as € approaches zero. Table 3 shows that the adaptive
method uses three subdomains when the initial step size equals one. However, when
the initial step sizes equal 2, 3, and 4, the method only requires two subdomains. This
demonstrates how the adaptive approach adjusts the number of subdomains based on
the complexity of the solution in each interval.

Example 4.2 Consider the nonlinear singularly perturbed fractional differential equa-
tion

§Dlut) +eu (1) +u' () + u(t) = 30

2
T3 -0)

ra—0) @2)

1270 4 e6r —2) +3t2 — 2t + (12 — 122
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Table 4 The absolute and residual error norms and CPU time of Example 4.2 with M = 10

Metrics €=001,0=05 T=50, =50

Adaptive domain (p = 1) p =50 p =200 p =300
Absolute error ~ 8.5023 x 10~% 1.7049 x 1072 2.0310 x 1073 1.7557 x 1073
Residual error ~ 6.1299 x 10710 12015 x 1078 12119 x 1072 1.1895 x 10~
CPU time 0.035s 7.863s 229.459s 536.195s

Table 5 The norms of the absolute and residual errors of Example 4.2 using different values of the pertur-
bation parameter, €, with6 = 0.5, M = 10and T =5

Metrics 6=05 £=50 T=50, p=1
e=0.1 e =0.01 e =0.001 e = 0.0001
Absolute error 1.1346 x 1073 8.5023 x 1074 8.2330 x 1074 8.2065 x 1074

Residual error 6.2937 x 10710 6.1299 x 10710 6.0936 x 10710 6.0254 x 10710

Table 6 The maximum absolute and residual errors of Example 4.2 for different initial domain length, &,
withe =0.01, M =10,and T = 5

Metrics =05, e=001, T=5.0

E=10 £=20 £E=30 £E=4.0
Absolute error 7.7770 x 1074 5.0100 x 1074 4.4339 x 107%  6.1360 x 10~*
Residual error 1.9707 x 1078 12778 x 1078 1.9955 x 10~8  1.8087 x 10~8
Number of subdomains (p) 3 2 2 2

Here, 8 € (0, 1] with the starting conditions #(0) = 0, and u’(0) = 0. The analytical
solution to Eq. (32) subject to its initial conditions is given as u(r) = t>(t — 1).
The right-hand side belongs to the space of second-order continuously differentiable
functions.

The residual and absolute error norms presented in Table 4 mirror the trends
observed for Example 4.1. The residual errors are nearly zero, indicating that the
numerical scheme closely approximates the solution of the differential equation, albeit
with varying accuracy. As shown in Table 4, the adaptive method surpasses the mul-
tidomain scheme with uniform step size in terms of error reduction and computational
efficiency. The tolerance set for the adaptive scheme for this example is 1073.

A similar trend to that observed in Table 2 is evident in Table 5, where the pro-
posed method effectively solves the arbitrary real-order differential equation as the
perturbation parameter approaches zero. However, unlike the consistent reduction in
absolute error with increase in domain length seen in Table 3, Table 6 reveals a distinct
pattern. Specifically, the absolute errors decrease for £ = 1.0 to & = 3.0, but subse-
quently increase as & progresses from 3.0 to 5.0. When the initial domain length is
1.0 (i.e., & = 1.0), the adaptive method uses three subdomains (p = 3). By contrast,
for £ =2.0,& = 3.0, and £ = 4.0, only two subdomains (p = 2) are required.
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Table 7 The maximum absolute and residual errors and CPU time for Example 4.3 with M = 10

Metrics €=001,0=05 T=50, £=5.0

Adaptive domain (p = 1) p =50 p =200 p =300
Absolute error  3.4525 x 1079 4.7580 x 10! 1.2889 x 103 1.1311 x 10%
Residual error ~ 2.4364 x 10~ 1.9016 x 102 2.2390 x 10~3 1.6084 x 10~8
CPU time 0.014s 8.405s 124.019s 281.111s

Table 8 The maximum absolute and residual errors of Example 4.3 for different values of the perturbation
parameter, €, with = 0.5, M = 10and T =5

Metrics =05 £=50 T=50, p=1
€=0.1 € =0.01 € = 0.001 € = 0.0001

Absolute error 3.4525 x 1074 3.4525 x 1079 3.4525 x 100 3.4525 x 10~

Residual error 2.4364 x 107 2.4364 x 10~ 11 2.4364 x 10713 2.4364 x 10715

Example 4.3 Given the nonlinear singularly perturbed fractional differential equation

2

e SDu(t) +u2(r) = ﬁt‘*e 41 +02, for 0<6<1, (33)

where u(0) = €. The exact solution to Eq. (33) is given as u(¢) = €(1 +¢).

A detailed analysis of Table 7 underscores the importance of using the adaptive
multidomain technique. Notably, only the solution from the adaptive multidomain
Chebyshev pseudospectral method agrees with the closed-form solution with an accu-
racy of 107>, In contrast, the multidomain pseudospectral method with uniform step
size is unable to accurately resolve the singularly perturbed fractional differential
equation in Example 4.3, resulting in an absolute error of 1.1311 x 10 with 300 sub-
domains. Additionally, Table 8 confirms that the performance of the adaptive method
improves as the value of the perturbation parameter approaches zero. The tolerance
set for the results in Table 9 is 10~!; the method fails to converge for smaller toler-
ances. Furthermore, for this particular example, using a multidomain approach does
not yield an accurate solution to the differential equation, as evidenced by the results
in Tables 7 and 9 . These tables illustrate that while effective in other cases, the
multidomain technique struggles to provide sufficient accuracy for this problem. The
inaccuracies, even when using multiple subdomains, indicate that the structure of this
differential equation requires a numerical scheme in a single domain (Table 8), as a
multidomain technique, in this instance, does not improve the solution quality.

Example 4.4 Consider the singularly perturbed fractional differential equation, which
is an interior layer problem (Ramos 2005)

e SDVu(t) +u(t) = g(t) +eg/(r), for 0<1,0 <1, (34)
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Table 9 The norms of the absolute and residual errors of Example 4.3 for different starting domain length,
&, withe =0.0land T =5

Metrics =05 ¢€=001, T=5.0

E=1.0 £§=20 £§=30 E=40
Absolute error 3.9980 x 10~ 1.7007 x 10~!  1.6734 x 10~!  7.0310 x 10~!
Residual error 6.6713 x 1072 53586 x 1072 32314 x 1072 6.9536 x 107!
Number of subdomains (p) 3 2 2 2

where g(r) = 10 — (10 + )e~" and u(0) = 10. Typically, this type of differential
equation is characterized by solutions with steep gradients or layers that become
increasingly thin as the perturbation parameter decreases. When the perturbation
parameter € is small, the solution u(¢) exhibits a boundary layer near + = 0 or another
critical point, where the solution changes rapidly. Outside of this boundary layer, the
solution changes more gradually. The challenge in numerical methods for this kind of
problem is accurately capturing the dynamics in the boundary layer while maintaining
the overall accuracy of the solution. The analytical solution of Eq. (34), for the case

t

when 60 = 1.0, is given as u(¢) = 10 — (10 + t)e_é + 10e™ €.

Figure la illustrates the dynamics of the solution of Eq. (34) as € — 0, highlighting
the presence of a steep gradient 1 = 0. As € decreases beyond 1073, the solutions
of the equation begin to superimpose, and no significant differences are observed.
Figure 1b depicts the norms of the absolute and residual errors in each subdomain
for different values of the perturbation parameter. The number of subdomains used
remains consistent when the value of the perturbation parameter is changed, while the
initial step length remains constant. For instance, when & = 0.01, seven subdomains
were used for the different values of €. According to Table 10, for larger €, the choice of
initial domain length £ has less impact on the accuracy of the approximate solution. In
contrast, smaller € generally benefits from a smaller initial domain length £ to achieve
lower errors. The table also shows that the accuracy of the approximate solution
deteriorates as € — 0. Table 11 presents the maximum residual error for two different
non-integer orders of the differential equation, noting that the residual errors were
computed as the exact solutions for these cases are unknown.

Table 11 shows that for both values of 6, decreasing & generally leads to more signif-
icant residual errors, while smaller values of € result in more minor residual errors. This
suggests that the method exhibits greater accuracy for smaller perturbation parameters.
As 6 — 1, the residual errors decrease, which indicates that solving the fractional
differential equation is more challenging than the classical case. Additionally, it was
observed that for a given initial domain length, the number of subdomains used by the
adaptive method remains constant, regardless of changes in the perturbation parameter
for Example 4.4. The adaptivity criterion was only met once across all the subdomains
used in this example.
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Fig. 1 a The exact and numerical solutions of Eq. (34), b the norms of the residual and absolute errors for
different values of € with 6 = 1.0, & = 10*2, T=10 M=15

Table 10 The maximum absolute errors for Example 4.4 using different values of the initial domain length
gand M =15, 0 = 1.0, tol = 1073

€ M=156=10 T=10

£=10""T £=10"2 £=10"7 £=10""7 £=10°
100 1.698 x 1078 2.081 x 1078 2.664 x 1078 1880 x 10°8  —
107! 3.086 x 1077 9.961 x 1078 1.036 x 1077 1.147 x 10~7  8.458 x 108
1072 8.944x 107%  3.225x 1077  1.437x 1077 1389 x 1077  1.207 x 10~/
1073 5.990 x 10! 8.746 x 107%  3.058 x 1077 1.423x 10~7  1.503 x 10~/
Number of 4 7 10 14 17

subdomains (p)

Table 11 The maximum residual errors for Example 4.4 using different values of the initial domain length

&M =15andtol = 1073

€ M=15 T=10

E=10"1 £E=10"7 E=10"7 £=10"7%
6 =0.90
510! 6.575 x 1078 8360 x 1077 4.025x 1070 2574 x 107
1072 2.424 x 1079 9.449 x 1078 1.434 x 1073 -
1073 2.072 x 10710 1296 x 1078 2539 x 1072 -
6 =095
100 3.680 x 107 2609 x 1070 2480 x 1075  1.569 x 10~
1071 2.811 x 1078 3.695 x 1077 3541 x 107 2.065 x 107
10—2 1.780 x 1079 2342x 1078 5668 x 1077 3.567 x 107>
1073 7.016 x 10711 4308 x 107°  1.880x 1070  1.246 x 107°©
Number of subdomains (p) 4 7 10 14
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—eg=10!

Numerical (¢ = 10°)
O Exact

—— Numerical (e = 107"
O  Exact

Numerical (e = 10'2)

O Exact

Number of adaptivity

0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35 40 45
t Subdomain (p)

(a) e =10°, 1071, 1072 (b) e=10"3

Fig. 2 a The plot of the exact and approximate solutions with & = 10~!, T = 35.0, and b the number of
adaptivity in each subdomain with € = 1073, T=1.0for0 =1.0, M = 12

Example 4.5 Next, we evaluate the performance of the adaptive method for the non-
linear singularly perturbed fractional Ricatti equation, given as (Ramos 2005)

1
€ $DYu(r) + %u(t)(u(t) —20)=0, for 0<6<1, reR", (35

with ©(0) = 1. The closed-form solution when 6 = 1 is u(t) = L,
14 19e™ 3

Figure 2 demonstrates the accuracy of the adaptive method in capturing the dynam-
ics of Example 4.5, where the solution plateaus at u(t) = 20. As the singularly
perturbed parameter decreases, the solution reveals an interior layer near the left
boundary. In this example, the number of subdomains the adaptive method uses fluc-
tuates with changes in €. Table 12 presents the maximum absolute errors obtained by
the adaptive multidomain method when approximating Equation (35) with 8 = 1.0.
Notably, the error worsens as the perturbation parameter approaches zero. However,
reducing the initial step size & improves the error, indicating increased accuracy in the
approximate solution. In a multidomain method with a uniform step size of £ = 1074,
the domain [0, 1] would be partitioned into 100, 000 subdomains. In contrast, the
adaptive technique resolves the problem using only 42 subdomains, demonstrating its
computational efficiency.

5 Conclusion

This study examined the performance of an adaptive multidomain pseudospectral
method for solving singularly perturbed fractional differential equations. These equa-
tions involve derivatives of arbitrary non-integer order with singular perturbations,
where small parameters influence the behavior of the solution, often leading to solu-
tions with steep gradients. The adaptive method is constructed by projecting the
solution of the differential equation onto the space of Chebyshev polynomials and using
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Table 12 The maximum absolute errors for Example 4.5 using different values of the initial domain length
gand M =12, § = 1.0, tol = 1073

€

M=12,6=10 T=10

£=10"" £=10"2 £=10"3 £=10"% £=1077

100 1.98 x 10711, 2.19 x 10711, 337x 1071, 6.53 x 10711, 537x 1071,
p=4 p=1 p=10 p=14 p=17

10~1 1.73 x 1079, 1.84 x 1079, 1.05 x 1079, 1.15 x 1079, 2.64 x 1072,
p=4 p=7 p=10 p=14 p=17

102 1.67 x 1074, 1.21 x 10793, 1.03 x 1079, 9.49 x 1079, 5.53 x 107,
p=4 p=7 p=10 p=14 p=17

1073 279x 1071, 1.85 x 1074, 1.27 x 1073, 9.56 x 1077, 1.13 x 1077,
p =30 p =31 p =730 p =36 p=42

the Gauss—Lobatto points to collocate within each domain. The method’s accuracy is
assessed through various linear and nonlinear differential equations. The findings of
this study reveal the following key points:

The adaptive multidomain scheme demonstrates superior accuracy and computa-
tional efficiency performance compared to multidomain with fixed step sizes.

In the case of differential equations with interior layers, the adaptive multidomain
scheme performed reasonably well, effectively capturing the solution’s complex
behavior while maintaining accuracy across the layers.

As the singularly perturbed parameter approaches zero, the adaptive scheme suc-
cessfully handles the presence of interior layers, showcasing its ability to adjust
to regions of rapid variation in the solution, ensuring accurate approximation in
these regions.

Although the adaptive method generally enhances accuracy and improves com-
putational efficiency, the relationship between the initial domain length and the
accuracy of the solution remains uncertain, as some problems considered in this
study required a large initial step length and others required a smaller step length
to achieve the desired accuracy. Further investigation is needed to understand this
balance fully.

For the problems considered in this study, using a small tolerance value often
results in residual errors that are approximately as small as those obtained with a
more significant tolerance.

The adaptive multidomain scheme is generally effective for solving singularly

perturbed fractional differential equations. In the future, we aim to broaden the applica-
bility and improve the performance of the proposed method through two key objectives:

Refinement of the adaptive strategy: We will focus on improving the core algorithm
by developing more sophisticated error estimators and mesh-refinement criteria.
The goal is to achieve higher levels of accuracy while maintaining or even reducing
computational cost.

Extension to new problem classes: We plan to adapt the technique to address
a wider class of challenging fractional differential equations, notably singularly
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perturbed fractional boundary value problems and fractional partial differential
equations.

Successfully adapting the method to boundary value problems will require a fun-
damental shift from the way the continuity condition is currently enforced across
the subdomains. While initial-value problems ensure continuity sequentially from
one subdomain to the next, boundary value problems involve handling the subdo-
mains globally. This will involve formulating and solving the problem globally to
ensure that the boundary conditions at both ends of the domain are satisfied in a
single, unified computational step.
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