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differ Significantly from small scale laboratory results.. In addition, it 
is not possible to .model or even map all the faults, dykes hnd joints 
present in the rock mass. t ___  _ _ L

Very often, therefore, it is necessary to select a range for each of the 
above parameters and to try to assess their influence on the final 
results. In addition, analyses are often carried out to compare the rela­
tive stability of a number of different geometries or to assess the effect 

. of different primitive stress conditions on a particular geometry rather 
than to predict categorically the stability' of a given excavation. Confi­
dence in the method is obtained once predictions have been observed in the 
field.

The above uncertainties are imposed by the particular problem at hand. 
These have to be considered together with the numerical uncertainties 
imposed try the particular numerical technique being used. #ien boundary 
element or finite element analyses are carried out, one of the first ques­
tions concerns the size of the grid or mesh. One rule of thumb which has 
proved particularly useful is described in seme detail below. ^

It is not advisable to attempt calculating stresses within One element 
width of each element, where the width is defined as the square root of 
the element area. Ibis restriction arises primarily from the assumption 
that displacements and tractions are constant over any .one element. As a 
result a displacement jump or discontinuity arises at each element 
boundary resulting in localised stresses which are infinite. : The trac­
tions, however, usually vary much more slowly than displacements except of 
course at edges or corners, where tire true tractions are discontinuous. 
If it is necessary to calculate stresses within one element width, then 
these should be calculates over the element centroid rather than above the 
element boundaries (biering, 1980b). .

This simple rule leads to numerous other rules of thumb which assist the 
user in drawing up a boundary element mesh.

(i) The aspect ratio of these areas of adjacent elements in; the same 
plane should not exceed 4 or 5 to 1.
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(ii) When a tabular excavation is feeing modelled, elements on opposite
surfaces of the excavation should fee separated fey at _ least one ele- 

  ment width.   - - _ - _ . , _

(iii) Elements on opposite sides of solid material should "be separated fey
at least three element widths. This enables a reasonable stress 
distrifeutioh to fee obtained within the intervening solid material.

(iv) The angles between elements at corners or edges should exceed sixty
degrees, if possible.

(v) At least two and preferably three elements should be used to span 
the side or edge of an excavation.

The following factors contributed towards drawing dp and explaining the 
above rules.

(a) The use of numerical integration of limited accuracy can be expected 
to break down if elements are too close to one another.

(b) Considerable experience has been gained from the use of the two- 
- dimensional programme HMM?; {Croutih, 1976) and three-dimensional dis­
placement discontinuity formulations for tabular excavations 
(Starfield and Crouch, 1973).

(c) The Use of the programmes to model problems for which analytic or ot­
her solution were available.

In addition, it was found that a badly specified boundary element mesh 
usually produced a set of equations which was divergent or converged very 
slcwly.

The above rules were used in drawing up the meshes for the practical 
examples which are described below. It should be "borne in mind at all 
times that the computer programmes described here are merely tools which 
provide the engineer with stress and displacement information about a real 
problem. Interpretation of the results to predict failure or select 
pillar sizes etc must still rely cn engineering judgement and experience.
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9.1 Progranma BEM

*
9.1.1 Underground excavations close to surface - -

A nickel mine in Southern Africa is at present mining two 
major ore bodies in close proximity. The larger and smaller 
are here termed orebodies A and B respectively. Collapse of 
the 18 m thick, crown pillar above the workings in orebody A 

. prompted a. stress analysis of the situation to determine 
whether further failures could be expected. The complexity of 
the situation required a three-dimensional analysis. Even so, 
the geometry was considerably simplified as shown in Fig 9.1 
for the analysis. The situation was modelled as a homogeneous 
elastic problem using 300 boundary elements and stresses and 
displacements were determined, at numerous points in and around 
the crown pillars of the two excavations.

From the displacements it was apparent that overall surface 
uplift occurred as a result of mining but that the immediate 
hangingwa.ll of excavation A subsided under its own weight. An 
extensive zone of horizontal and vertical tension was revealed 
by the calculated stresses and this can be attributed to the 
surface deformation pattern. A representative exairple of the 
tensile zone is shewn in Fig 9.2 as a NE-SW section through 
the centre of the excavation. Because rock is weak in tension 
and because of extensive weathering of the near surface rock, 
it was possible to delineate a potential zone of failure 
around excavation A. In this zone, failure would typically 
result from the combination of tensile failure close to 
surface and shear failure extending down to the excavation. 
Calculated shear stresses in this region exceeded measured 
values of cohesion. The modelled and observed failure zones 
are shewn in Fig 9.3. The actual failure zone extended 
approximately 40 m to the north of the modelled failure zone, 
this difference being due to the presence of a weak geological 
contact (between the talc carbonate host rock and neighbouring 
greestone). Calculations show that it is also possible that



SURFACE
118 m18m {18 m18 m 8 m

18 m

EXCAVATION B

EXCAVATION A

0 m

GEOMETRY USED TO MODEL FAILURE OF CROWN PILLAR
ABOVE EXCAVATION .A



- ••

• '!



70

T—" F00TWALL AND L0W6A 
\P O A T IO N  OF EXCAVATIO)
\

-APPROXIMATE POSITION OF 
ACTUAL FAILURE ZONE AT 
SURFACE

HANGINGWALL 
OF EXCAVATION

MODELLED FAILURE ZONE 
CLOSE TO SURFACE

Om 50mtem*amme«m!»ssfczzr 1 0 0m=d

FIG. 9.3 PLAN SHOWING OBSERVED AND MODELLED 
ZONES OF FAILURE RELATIVE TO THE  
HANGINGWALL AND FOOTWALL OF

EXCAVATION A



father collapse of the crown pillar will take place south of 
the present zone. This corresponds with future mining at 
depth which will be further to the south as shewn by the plan 
ouline of the lower portion of excavation A in Fig 9.3.

It is important to emphasize that this analysis was - carried 
out using a bare minimum of boundary elements and after making 
several simplifying assumptions about the excavation geometry. 
Thus failure of excavation A was able to be modelled by a 
simple elastic boundary element analysis while excavation B, 
which has a smaller span, was shewn to be stable due to the 
absence of any extensive tensile zone.

Interaction of underground and open pit excavations

Fig 9.4 shows a schematic representation of the geometry for 
this problem. A number of items were of interest, the most 
important being:

(i) the stability of the crown pillar between the under­
ground and cpen pit excavations,

(ii) the stability of the hangingwall above the larger 
underground excavation,

(iii) the optimum size and shape for the pillar between the 
stope and larger underground excavation (Fig 9.4), and

(iv) the stresses below the stope, since this is where ore- 
passes and service excavations are located.

Use was made of one plane of symmetry to reduce the total 
number of elements, but more than 350 elements were required 
for the problem. Unlike the previous example, stresses and, 
displacements were required at a number of widely separated 
points, so that a fairly uniform and fine mesh was required. 
As the primitive stresses were not known with any certainty,
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it was necessary to do a number of different runs to check the 
effects of different;primitive stress states.

It proved vottWiile to write a small programme which gener­
ated a line or plane of points or benchmarks at which stresses
were to be calculated, 'Bbr example, three planes of bench­
marks Were inserted into the pillar, between the stope and 
underground excavation and three in the stope footwall.

Typically, from two to four hundred points were selected as 
benchmarks and again it proved worthwhile to write a small 
programme to analyse the points. This programme high-lighted 
areas of high tension, or high shear on specified planes. It 
also described the position of each point, ie five metres in 
the. footwall of the stope or fifteen metres in the hangingwall 
etc. It is felt that this type of "post processing" facility
should form an integral part of the analysis cycle.

Thus a fairly simple analysis was able to provide adequate 
information to the design engineer enabling him to answer the 
above questions with increased confidence.

Circular pile in sandstone

Although this is not a mining problem, it is included here 
since it demonstrates the interaction between subregions with 
different elastic properties as well as the effects of slip 
across the vertical interface between pile and sandstone, 186 
elements were used together with 2 planes of symmetry. The 
pile diameter was 1 , 8  m and the vertical pile load equivalent 
to 5,28 MPa (Fig 9.5). Table 9.1 gives a comparison of 
vertical stresses and displacements at various points and it 
is seen that the load shedding, characteristics of the pile 
depend significantly upon the choice of cdhesion and angle of 
friction. The pile and sandstone moduli were:
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Ei = 26 000 MPa
vi — 0,22
E2 = 20 000 MPa
v 2 0/25 

respectively.

TABLE Ski: DOAD SHEDDING OF PILE ABE) SETTCEMEmS FOR
VARIOUS COHESIONS AND ADKILES OF FRICTION

Item Run 1 Run 2 Run 3
Cohesion (MPa) 9999 0,48 0,45
Angle of friction 30° 15° 0°
Settlement (mm) 0,95 1,07 1,10
Vertical stress below centre (1) 1,40 2,40 2,60
Resisting Stress at surface (2) 3,00 0,90 0,45
Pressure at base edge of pile(3) 1,40 3,80 4,0
Vertical stress at radial 
distance of 1,5 m 0,25 m below 
pile (4) 0,50 0,31 0,28

In particular, Table 9.1 shews hew the load is transferred 
directly below tlie pile as cohes’ on and angle of friction of 
the pile/sandstone interface are reduced. The load distribu­
tion at the end of the pi!- is also shown in Fig 9*5. It 
should also be noted that no other boundary: element formula­
tion has been found in the literature capable of modelling 
this particular situation.

9*2 Programme MBEM

9*2.1 Tabular underground excavation close to an Open pit 
excavation.

A copper mine in Central- Africa is currently mining two 
tabular ore bodies, the upper by open pit and the lower by 
underground block caving. As the two excavations approach 
one another, the stability of the open pit slopes is gradually 
being reduced. The problem was well suited to an analysis
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using the: mixed boundary element programme. Some 220 boundary 
elements were used to model the cpen pit and surrounding 
ground surface, while the underground excavation was initially 
modelled with a 12x12 and subsequently with a 20x24 grid of 
displacement discontinuity elements. A schematic represen- 
tatidn of the situation is shown, in Fig 9.6%

This example differs from the previous examples in that dis­
placements, not stresses, were of interest. Although the 
surrounding rockmass is grossly non-homogenous, this : simpli­
fied homogeneous elastic analysis was carried cut with the 
aim of correlating surface elastic deformations with observed 
cave cracks. Since the boundary element method gives dis­
placements more reliably than stresses, it was felt that the 
rather coarse mash of 2 2 0  elements was adequate.

A major advantage of the displacement discontinuity element 
formulation is that it is easy to alter the underground mine 
layout without having to re-draw the entire mesh. Contours of 
surface displacements for various underground mine layouts 
were used to assess relative influences of open pit and under­
ground mining in each. case. Details of the grid used to model 
the underground mining are shewn in Pig 9.7. Different 
shading patterns show the extent of mining for various alter­
natives . A typical contour map of vertical displacements for 
the "present" mining layout is shewn in Fig 9.8.

Tabular excavation close to a vertical fault

The presence of major faults in the gold mines of Southern 
Africa gives rise to numerous rock mechanics problems. In 
particular, large amounts of energy may be released - as the 
mining approaches a fault. As the energy released sometimes 
manifests itself in the form of rockbursts and often results, 
in adverse mining conditions, the manner in which, the fault is 
approached is of considerable importance. Two-dimensional 
modelling of this type of situation has been well described by 
Crouch (1976). Usually, however, the mining and fault make up 
a fully three-dimensional problem.
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A sinple test problem was devised to test the MfiEM programme. 
A six six array of displacement discontinuity elements was 
placed perpendicular to a ten ty ten array of double or inter­
face boundary elements (Fig 9.9).

Two mining steps Were carried out and in the second step, the 
amount and extent of slip occurring along the fault was much 
greater than for the first step. Material properties and 
loading for the analysis were:

Young1s Modulus = 60 000 MPa
Poisson's Ratio = 0 , 2
Fault Cohesion = 0
Fault Angle of Friction = 10 degrees
Vertical Primitive Stress . = 60 MPa
Horizontal Primitive Stress - 30 MPa

Table 9.2 shews variation of closure vs distance from the 
fault along a section normal to the fault through the centre 
of the excavation. The three-dimensional programme RIDE was 
used to obtain check values for tine case in which no fault was 
present. (ie no fault slip allowed). Maximum fault shear 
displacements are also shewn in each case.

TABLE 9.2;

Programme Step Fault Slip Fault Shear 
(nm)

Closure (ira)
15 m 45 m 75 m 105 n 135 m 165 m

RIDE : 1 NO 0 63 90 103 103 91 64
MBEM 1 NO 0 61 88 102 102 89 63
MBEM 1 # 8 30 81 96 105 104 90 63
MBEM 2 YES 53 125 127 130 125 110 83Mlt&P NO 0 120 163 181 181 163 120
MMAP. YES 125 268 258 245 224 192 136

Although this is a very simple analysis in which a tare 
minimum of fault interface elements and displacement discon­
tinuity elements were used, it demonstrates the marked differ­
ence between equivalent two and three-dimensional analyses.
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It also shows -that. Cbousafias, rather -than hundreds, of 
elenehtg. are required bo »nodei this type of problem realisti­
cally in practice, The simple type of analyses is nsverther 
lass' useful for studying representative and for
modelling general effects.

Programme MIN&PH

9* 3*1 kilning of a (33211 seam beltxv a dolerite sill

Many Soutli African coal- ;nines have coal seams, v&ich are over- 
lain by fairly Hiick dolerite sills. Ihe stresses in these 
sills and their affect on stresses in and around the coal 
seams sure of considerable interest, gig 9*10 Shows an exainple 
selected to test the rlTN&PH jacogranme for this type of prob­
lem. The stresses and displacements for the 12 reference 
points in Big 9,10 are given in liable 9,3, "These values are 
compared with an equivalent liomogensous run.

lOELB 9.3: mdPARISOW OF STRESSES APT) DISPIACEMENTS FOR . 
ma-m.t)3ENB0US A m  %KX4CX5EbG30tR3 ANALYSES

Reference tW4TORK>%eneous model Hbmogenecus model
points y Cx

(m) (kDPa) (MPa) (m) (MPa) (MPa)
1 -0,043 0,6 1,1 -0,039 1,0 0,4
2 -0,044 0,5 1,4 -0,040 0,8 0,1
3 ^0,044 . -6,4 0,3 -0,042 0,3 -0,1
4 -0,044 -2,1 0,0 -0,044 -1,0 —0,1
5 — — 0,0 0,0
6 0,011 —1,4 0,3 0,013 -0,2 0,2
7 -0,035 0,5 1,3 -0,032 0,4 1,6
8 -0,034 -5,9 2,8 -0,030 0,0 2, "9
9 -0,034 -5,0 6,4 -0,028 -0,4 4,6
10 -0,029 0,3 10,7 -0,023 0,8 9,4
11 -0,011 - 12,9 0,010 12,0
12 -0,006 -0,5 0,2 -0,003 0,7 8,6
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Although the (liaplacemeAte W^llar iu each, case, the homo- 
geneous model ĵ ila to detect t high horizontal tension
in the ̂sill while over-estimating the- extent of induced ten­
sion above the excavation. As rock (especially jointed rock) 
is weak in tension, it is import-ant to knew, .where zones of 
tension occur since this demonstrates if and where failure is 
likely to initiate. % e  non-hemogenbus linear analysis cannot 
model the complete failure path, but is at least an improve­
ment over the equivalent linear Wnogenous analysis.

Tabular excavation with different footwall and hangingwall 
properties

This problet was selected to see how different hangingwall 
and footwall materials might affect the behaviour of a fault 
in close proximity to a tabular excavation (fig 9.11). Con­
stant field stresses of 30 MPa and 60 MPa were applied in the 
horizontal and vertical directions respectively* Elastic 
parameters for the hangingwall and footwall were as follows*

Hangingwall; Ei = 50 000 MPa 
=0,35

Footwall: .92 = 80. 000 MPa
Vz =0,20

The analyses showed that the normal stresses and hence the 
shear strengths along the fault were the sane, within a few 
percent, in both the hangingwall and footwall rocks. the 
shear displacements were about 1,5 tines greater in the hang­
ingwall than in the footwall. Consequently, to a first degree 
of approximation, some 60% of the energy dissipated along the 
fault would be in the hangingwall.
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CFAPTERlO GENBR&L DISCUSSION AND CCBCLUSICNS

' It' 'i8"dtfficult bo" evaluate the utility of the Ebmulations described in 
this dissertation whan the range of boundary, displacement discxsntinuity 
and. finite element Eorwlations 'Already in existence is so latge* '#ien 
considering three-dimensional elastostatic foorulatione directly applic- 
,ahle to mining engineering problems, then the - finite element m̂ethod 
becomes very inefficient in moat cases as large numbers of elements are 
usually required.

The displacement discontinuity method has found wide application for tie 
mc.elling of tabular excavations i*- homogeneous ground and in two dimen­
sions has been 'extended (Croucli,. to enable realistic modelling of 
mining in homogeneous faulted gfou a. The extension of the displacement 
discontinuity method d/scribed here which enables mining in 
nonrhomogeneons ground b - : a modelled is therefore a logical and useful 
extension.

In tliree dimensions, the main applications of the displacement disconr- 
tinuity method in South Africa have been the modelling of tabular excava­
tions, Tn the coal mining industry, multiple coal seams at relatively 
shallow depths are often encountered. The "multi-reef" MINSIM or SH&MIP. 
programmes developed lay tdie Giamber of Mines of Ekyutli Africa are well 
suited to tliis type tf problem in most cases find it is only when out­
cropping coal seams or very irregular ground surfaces are encountered* 
that the mixed boundary element method of this dissertation would prove 
useful. The multilayered stratigraphies in many instances are not well 
suited to any type of three-dimsnsioanl analysis since a. very large number 
Of finite or boundary elements is normally required. Such problems are 
probably best modelled by a three-dimensional finite elanent analysis, 
especially if use can be made of n'̂ neroua planes of symmetry or repeti­
tion.

A vdlcle variety of displacement discontinuity formulations exist fbr 
modelling the tabular excavations encountered in the gold and platinum 
mines of South Africa including the SHAMIP, MINSIti and "Multi Reef MINSIM" 
programmes of tlie Chamber of Mines and tiie PRBEP, DRGEF and MREER pro­
grammes of Croucli, These programmes do not allow for different
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hangingwaH and fcqtvall_iraterial or for the presence of .faults or dykes. 
The formulations of this dissertation provide reams of rodellihg these 
situations. Practical problems of this type would require a large number 
of elements, probably in exce&S of two Qiousand. A computer larger than 
the Data General #ova 3 on which these programmes were developed would be 
required. This should not detract from the utility of the programmes, 
however, as the Data General flova 3 is a very small mini-oorqputer by 
modern standards.

Pefhaps the best applications for the programmes of this dissertation 
arise from the interaction of open pit and underground excavations of for 
underground caverns such as are encountered in underground hydro electric 
power stations and massive underground mining.operations for example. The 
three-dimensional boundary element programmes of the Chamber of Mines and 
of Lachat and Watson are also well suited to this type of problem. These 
formulations are not designed to run on small mini-computers and as such 
are not as readily available bo the rock mechanics practitioner and other 
users.

Finally, a brief summary of the good points and Shortcomings Of the formu­
lations of this dissertation is given. In addition, scope for future 
development is high-lighted.

The main advantages of the formulations Of this dissertation may be summa­
rised as follows:

(1) The combination of boundary and displacement discontinuity elements 
in a single programme is demonstrated to be both possible and prac­
tical.

(2) The lumping scheme described here forms an essential part of the 
formulations for the following main reasons:
(i) Reduction of disk storage and execution time.
(ii) Reduction of core storage requirements.
(ill) Numerous Checks for user input errors.

(3) The facility for allowing non linear behaviour on interface bounda-
ries should prove extremely useful in the future. This has



already been demonstrated by the Wô -diinensioAal programme MIN&P of 
Crouch (1976),-

(4) The use of an iterative solution technique as opposed to a direct 
technique has the following main advantage®:

deduction in execution time by at least an order of magnitude 
for most problems.
It enables.the lumping mechanism to be implemented.
It enables non-linear behaviour of displacement discontinuity 
cor interface boundary elements to be modelled fairly effi­
ciently.

(5) The formulations are designed for arid execute on a small mini­
computer making them both more accessible and cheaper to run few: 
those users who have jus house mini-computers and previously had to 
rely on si computer beureux fbr this type of analysis.

(6) Both the boundary and displacement discontinuity elements are the 
constant displacement/traction type so that their accuracies are very 
similar. This, the simplest element type, has the following advan-

(i) It is well suited to the development of formulations such as 
have been described here.

(ii) Failure of boundary interface elements poses no special 
problems.

(iii) In mining problems, negligible errors are introduced by the 
assumption of constant tractions over each element, since the 
primitive or virgin stress field which gives rise to the trac­
tions on each element usually varies slowly with depth.

The main disadvantages of the DEM andiMBEM programmes are as follows!

(1) The use of constant displ? emsnt/traction elements often necessitates 
the use of a large number of elements. Most of the basic ideas

(i)

(ii)
(iii)



90

described in the dissertation, however, should be applicable to more 
sophisticated element types.

(2) Some problem geometries, especially those involving more than one 
subregion, produce sets of equations Which cannot readily be solved 
using the method of Successive over relaxation.

(3) The present MBM formulation caters only for . one regular array of 
displacement discontinuity elements, so that mining up to a fault 
could be modelled, but not mining through a fault.

Very considerable scope for further development of and improvements to the
BEM and MBEM formulations exists at present,

(1) A linear or higher order variation of displacements and tractions 
over each .element is desirable.

(2) The numerical integration and lumping schemes, although efficient at 
present, can still be improved and optimised, especially for very 
large problems.

(3) It is suspected that alternative iterative techniques might perform 
better than the Successive over relaxation method being used at 
present. IWo methods look fairly promising, the first-being-the 
conjugate gradient method (Reid, 1970) and the second, a partial 
elimination scheme (Tuff, 1981)

(4) For large problems, it is not only generation of the boundary element 
mesh that is time consuming but also interpretation of the output 
data. Current development is aimed at improving the "pre-" and 
"post-processing" facilities available to the BEM and MBEM pro­
grammes. An interface with computer graphics would be particularly 
useful.

(5) Problems involving the earth's surface are frequently encountered. A 
semi infinite formulation based on Mindlin's solution for a point 
load in a half space seems both feasible and desirable.
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(6) The present MBBM programme has demonstrated the. utility of a combined 
boundary and * displacement discontinuity element programme. A 
computer package allowing for complete mixing of displacement discon­
tinuity and boundary elements with, a number of subregions seems to be 
a logical extension to the current "state of the art" programmes 
available to the rock mechanics practitioner.

The boundary element method of stress analysis has already been used
widely in various rock mechanics aspects of mine design. The formulations 
described above were written specially for execution on. a small mini­
computer, This renders them more accessible to the small group user.
Limited storage requirements necesitate judicious use of elements and
- careful choice of simplifying assumptions about excavation geomtry and 
material properties. However, since thm type of problem described here is 
usually so oorrplex as to defy very accurate modelling even, using very 
large computers, a more rewarding approach is to simplify the problem with 
the aim of evaluating general effects and calculating stresses and dis­
placements Which can reasonably be related to the actual problem and used 
for the: purposes of comparison.

The formulations of this dissertation have already been tested and, used 
successfully on a number of practical mining problems and as such it is 
felt that they constitute useful additions to the tool box of the rock 
mechanics engineer.
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EQUIVALENCE OB DlSBLACEUENT DISCONTINUITY' AND BOUNDARY 
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APPENDIX 1: EQUIVALENCE OF DISPLACEMENT DISCONTmUITY AND BOUNDARY
ELEMENT STRESS AND DISPLACEMENT FUNCTIONS .

The stresses and displacements induced at interior points, by the displace­
ment discontinuity elements are given (Starfield and Crouch, 1973) in 
terms of three harmonic functions 0%, 0̂ , and 1031 It is shown here 
that these functions sure equivalent to the Kelvin solution used for the 
boundary elements, (This equivalence made combining the two element types 
much easier from si programming point of view since only Kelvin type solu­
tions were used. The solution in terms of 01, 0g, and 03 is not as 
easily programmed as the Kelvin type solution) .

Hie displacment component (in the a -direction of the co-ordinate system 
chosen for the displacement discontinuity elements) is (Starfield and 
Crouch, 1973).

(Al)

where* 0 = 01̂ 1
0i = Gi/f

8TT(1 V )

a = Area of displacement discontinuity element 
= 4h2 (h is the element half width)

0,3 = 0i,i3 .
r = Distance from element to interior point p
di = Displacement discontinuity component in the i direction



Or ia tensor notation

+ < 3  ( ̂ . 3 - a  -C, ^3 - 3  ̂  - ( 3 <Li. "-3 fTa f73 ( Q

T' r  M ' "M) -:) ̂ 3  ̂ -a r. <1

" ™ i  ( ) -» !? MV-t-i 4 ^ 1 -r- -r- A » I (A3)
The equation for ugfp) is found (fora single element) from (3) as

U, (f) = --A  T,j ff,^) UjC^) 1-A  H (f,■k) aj CV, (M)

In order to compare (M) and (A3) the displacements Uj in (A4) were 
replaced by dj jja accordance witli the definition of a displacement dis­
continuity (11)» The second term in (A.4) is not present, in a displacement 
discontinuity element since the tj components have opposite signs on the 
two displacement discontinuity surfaces and cancel one another. Also in 
comparing (AA) and (A3) the integration implicit in the T term is evalu­
ated using a one point integral formula so that (A4) may be rewritten as:



Mdw the Choice of co-ordinate system is such that

rti - (nl'n2'nŜ  ~ (0, 0, 1)

A5 therefore reduces to
. (i -̂ i v)

Stt i-x (j- y)

-o,(| -xv) 
Stt -C- ij (S ■t-T-ii)'!} r,: -i;y _

This is the same as (A3)

(A6)

The equivalence of the displacements uj_ and Ug &hd stresses may be 
derived in similar fashion to that above.
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