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e q 1  = D l a [ t .  x l .  t l  + a l t ,  x l D l u l t ,  x ] ,  x l  + u l t , : c l D I c ] t ,  x l ,  x l  : = 0 ;

e q ?  =  p  ( D l u l t ,  x l r  t l  +  u l t ,  x l  D l u l t ,  x l  ,  x l )  +  D l P l a l t .  x l l ,  x l  r R l a l t , : r l  ,  u l t ,  x l  I  = :  o ;

VD  =  f a .  u ) ;

V I s  =  { t ,  x } ;

v P  =  f D l a l t ,  x l  ,  t l ,  D l u [ t ,  x l ,  t l ] ;

EDs = Yaf, ie[  [aql ,  eqZJ,  vD, vIB.  vP I  ;
DFormat, lTruel ;
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{ u a  ( x i l 1 l . )  -  a  ( x i I z ] , )  -  o z  ( x i t : - l o )  = =  o ,  - t  
( P o )  ( x i l r l ' )  

+  
( P " )  ( x i [ 2 ] ' )  

+  
q  ( P " )  ( x i l 1 l " )  

- -  0 ,
p p p

R l d ,  u l  ( P h i  [ 1 l u )  a  R l t x ,  u ]  ( x j -  [ 1 ] x )-- - - : - - - - i - - : - - - - - - - i - - j  +u (phi [1]*)  +a (phi [2]*)  + - : - : - : - - : - - : - : : j -+phi [1 l r  ==0.
p p

P h i [ 1 ]  I E , x , s ,  u l  + q ( F h i [ 2 ] ' )  - a ( P h i l l l q ) + 2 u a ( X i [ 1 ] * )  - a ( x J - l Z l * ) + a ( x i l J - l r )  = = 0 ,

.  ( P c )  ( P h i  [ 1 ] u )  u  R [ a ,  u ]  ( x i  [ 1 ] u )  R [ a ,  u ]  ( x i  I 2 1 , , )
P h j - [ z ] l E , x , a ,  * l  - -  - - - - - = -  + < x ( P h i l 2 l " ) r

q R l q '  u l - ( x i l 1 l ' )  
*  f r t  *  "  

( " ' )  
I  ( x i l l l r )  - u  ( x i l z l " )  + u  ( x i [ 1 ] g )  - x i [ z ] r  = =  0 ,

p \ p r
/ D  \ 2  / e i r l l  \

a  ( P q )  ( x i t 1 l ' )  - u a p  ( x i l l l o )  + a p  ( x i - [ 2 ] q )  = =  o ,  -  ' ' o '  ' : - ' - ' ' '  
+ u  ( P c )  ( x i [ 1 ] q )  -  ( P d )  ( x i l Z l o )  = =  0 ,

p

R I a ,  u ] z  ( x i l r l u )
P h i l Z l l E ,  x ,  d ,  u l  ( R ' )  + P h i [ 1 ]  l r . ,  x ,  a ,  u l  ( R " )  - R l a ,  u l  ( P h i l Z l u )  -

p

( P q )  ( P h i l l l * )  + u p  ( P h i I z ] * )  + u R l c ,  u l  ( x i [ 1 ] x )  + p  ( e h i l 2 l " )  + R l d ,  u l  ( x i [ 1 l r )  = = 0 ,

phrt l t  tE,  xr  s ,  u l  (poo)  -  (pq)  (phj - tz t* )  -  3 lH: . . "Y"1."J"1: l  ! * .1"L. ] . " : . ) .  -
p

( P c )  ( P h i l J - l s )  + 2  u  ( P c )  ( x i [ 1 ] x )  -  ( P q )  ( x i I z l * )  +  ( P q )  ( x i [ 1 ] c )  = =  0 ,

p P h i [ 2 ] [ t ,  x ,  q ,  u ]  +  ( P q )  ( P h i l r l " )  - u R l d .  u l  ( x i [ 1 ] u )  + R l d ,  u l  ( x i l z l u )  - a p  ( P h i l z l " )  -

a R [ a ,  u ]  ( x i [ l l c )  *  ( r t o + q  ( P d ) )  t x i t r l * )  - r p  ( x i [ 2 ] x )  + u p  ( x i l l l r )  -  p  ( x i l ? t " )  = = 0 i

I x i  =  { - t  +  c [ 1 ]  ,  c l 2 l  ] ;
l F l l i  =  { c [ 3 ]  a .  u ] ;

EDe = s i rp l" i fy lSlnf i r r i . tes imale*[EDsr LXi ,  rp ld l  I

I T rue ,  t r r ue ,  T ruB .  T rue ,  T rue ,  T rua .  T rue ,

Z R I a ,  u ]  = = u ( R q )  + a c l 3 l  ( R " ) .  ( - 2 + c [ 3 ] )  ( p " )  + a c [ 3 ]  ( e " " ;  = = 0 ,  r r u e J

r x i  =  { - r ,  o } ;
L P h L  =  { k c ,  u } ;

EDe =  SJ . rg r l i f y lS ln f in i tes imle* lED* ,  LX i ,  [P fL i l  I

[ ! r u e ,  [ r u e ,  l l r u e .  T r u e ,  T r u e ,  T r u E .  I y \ ) e , 2  R [ a ,  u ]  = =  u  ( R q )  + k d  ( R d ) ,  ( - 2 +  k )  ( p " )  + k c  ( P q d )  : : 0 ,  T r u e

klO since we require that PlO.

D s o l v e l k c P '  ' l *  I  *  ( - 2  +  k )  P ' [ c  I  : : 0 .  P .  a  I

( (  r  1

{ {n + r ' r r " " t i " . [ t " ] ,  
- in  

" "*k l3 l  
.  k l { l  l } }

D s o ] . v e l  2 R [ 4 ,  u l  = = u D I R l a ,  t r l ,  u  I  . n o D r * r o ,  u l  ,  a  ] .  R ,  [ a ,  u ] l

{ { n  +  r r - " t i o * [ { . ,  . , 1 ,  * 2 / k r [ "  
" - 1 l r l  ] ] ]

2 o f2
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e q 1  = D l a l t ,  x l ,  t l  +  c [ t ,  x l  D l u [ t .  x l ,  x l  + u [ t ,  x l  D [ a t t ,  x t ,  x l  = =  O ;

e q 2 = p  ( o [ u [ t .  x l ,  t l  + u [ t ,  x l r ] [ u [ t .  x l ,  x l ) '  
" [ { } k a l t ,  

x l 2 t r x t a l  + x t l ] ) ,  x l  .

c z l * r [ u 1 t ,  x l  a l t .  x 1 - a / x l  = =  o ;

v D  =  { a .  u } ;

V I *  =  [ t ,  x J ;

v r  =  [ D [ a l t ,  x l .  t ] ,  D l u l t .  x l .  t l ] ,

EDE  =  Ya l i e l  { eq1 ,  eq2 } ,  VD ,  v l e ,  vp  I  ;
Dr 'omt lTruel ;

E D 8

{ u a  ( x i [ 1 l q )  -  a  ( x i t z l , )  -  a z  1 x i 1 r 1 o ;  = =  o ,
t - z  , . 2

u q - " i l  K I 3 l  ( x i l 1 l , )  a - ' * ' ;  r 1 e ]  ( x i l z l q )  c r z l k  K [ 3 ]  ( x i t l l d )
+  _  : :  o ,p p p

a z l k r [ u a - * ] / ) . - l  ( p h i l t l u )  . - . . . - .  o t * o 3 r [ u q - ] / t l  ( x i t l l x )
+  u  (Ph i [ 11 " )  +  a  (Ph i [ 2 ] * )  +  - : - : - : - - - : - - : : :  +  ph i [ 1 ] g  : :  0 ,

v o

P h i [ 1 ]  l t - ,  x ,  a ,  u l  + a  ( P h i l Z l . )  - a  ( p h i l l l d )  + Z  u a  ( x i t J - l x )  -  a  ( x i l ? l x )  + a  ( x i t l l c )  , =  0 ,

o - t * i  x l C l  ( p h i l l l u )  p q z t 8 T  I u a - r / l ]  ( x i t l l u )  a z i t k  r , I u a - r / t r l  ( x i l Z ] u )
Philzllr, x, a, ul - ---------------:-:-:-------j-- :' 

?-
, . 2

a " * r I u a - r / k l  ( x i [ 1 ] c )  i "  d z l k K [ 3 ]  ia (Phi [2 ld)  + - - - - - - - - - - - - : - - - - - - - - : - - - : - - : - - : : :  + 
[uz+ ,  

r_:  j  (x i11l1)  -u (x i lz l* )  + u (x i [1]g)  -x i [z ]c ==r

a z l k r < [ 3 ]  ( x i t 1 ] u )  - u a p  ( x i [ 1 l o )  + a p  ( x i I z ] " )  = = 0 ,

o - t * f ,  x 1 r  I  z  ( x i  [ 1 l u )  - , - z  ,  .  z
+  u  q - " i i  K l 3  |  ( x i  l 1 l " )  -  a - " i i  K 1 3 l  ( x i  I z  l o )  = :  0 r

D

( - t - : )  o - t * o t  * [ s l p h i l l l  l E ,  x ,  a , , r ;  - o - ] * i K t 3 l  ( p h i t 2 l * )  -  
2 d - r + i  K [ 3 l r l u d - t / k l  ( x i [ 1 ] u )  

+
p

o - t * i  r l g l  ( p h i I r ] q )  * z u o - ' * t E  K I 3 l  ( x i l l l * )  - . , - t * i  * l s l  ( x i t z l x )  + o - r ' 1 ,  K t 3 l  ( x i I r ] g )  : =  0 ,

u d - r + l i :  p h i [ 1 ] [ t ,  x ,  a ,  u l  y l u d - r , / k ]  
* o i  p r r i  p l l t ,  x ,  a ,  u l  r , [ u a _ r / k ]  _  o z t h  t f u c _ r / k ]  ( p h i l z l . )  _

W + o - 1 * i K l 3 | ( P h i [ 1 l * ) + u p ( P h i I 2 | * ) + u c z / h r [ u a - l / | . ] ( x i [ 1 ] . ) +

p  ( p h i [ z l . )  + o z l k  r [ , r a - u k ]  ( x i t l l r )  = =  D ,  p p h i l l l  [ r ,  x ,  a ,  u l  + c r - r * i  x l s l  ( p h i l l l u )  -

u a z l k  r [ u o - r / k ]  { x l t r l u )  * o ' = ' *  r [ . u d - t / k ]  ( x i [ z l u )  - a p  ( p h i  l z l " )  - o t ' i  
" [ , r c - ] / k ]  

( x i l r - l o )  +
( w z p + q z t x  K l 3 l )  ( x i t 1 l * )  - u p  ( x i l ? l * )  + u p  ( x i [ 1 l t )  - p  ( x i t z ] s )  = : 0 ]

I . x i  =  [ 0 ,  c l 2 ]  E : r p l x l ] ;

rP l r i  =  { c l 3 l  r : r p l x l  a ,  c l 2 l  E : cp l x l  u } ;

EDs = Sinpl i fy [Slnf in i tesima1eslED$, LXi ,  Iphi ]  |

6 * o - r + f i  ( k c l z l  - c t 3 l )  x t 3 l
T r u e , T r u e , e x u c ( c [ 2 ] + c [ 3 l ) = = 0 , T r u e , T r u e , T r u e , T r u 8 , *

e ' l v ( w z p c l z l + a z t \ c l 3 l K t 3 l ) - v * r * c [ z ]  r [ u d - r r k l + r o *  ( o  c l l l - c t 3 l ) r ,  l u o - v n l J
== 0 '  r rue ]
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f , x i  =  [ 0 ,  c l 2 l  s : c r r l x l  ] ;
LP IL i  =  { k  o [2 ]  E : rp l x ]  a ,  c [ 2 ]  E :q r [ x ]  uJ ;

EDs = Sirp l i fy lSlnf iu i tesimle=[EDs, LXi ,  f ,Phf  ]  |

{ t r r r " ,  T r u e ,  e x  ( 1 + k )  u  a c l ? l  = =  0 ,  T r u e ,  T r u e ,  T r u 6 ,

T r u e ,  T r u e ,  e x c [ 2 ]  ( u z p + k  o z t h x l 3 l  - a z l t t  r [ u a - r r x ] )  = = 0 ,  l . r u ]

We must have k=-l since c[2]10.

k = - 1 ;

e c 1 1  = D l < r [ t ,  x l ,  t . ]  +  ( 1 l t ,  x l  D l u l t ,  x l  ,  x l  + u [ t ,  x l  D l a l t ,  x l ,  x ]  = =  O ;

a q 2  = p  ( D l u l t ,  x l ,  t l  + u l t ,  x l  D l u l t ,  x l ,  x l )  .  o [ [ 1  k a l r ,  x l 2 t * K  
I  I

.  r r 2  -  I 3 l + x l a l J , x l +

az l k  r  [ u1 t ,  x l  c t l  t ,  x ;  
- 1 ' r  

|  ==  o ;

V D  =  { a ,  u } ;

V I r  =  [ t ,  x ] ;

v r  =  [ o [ a ] t ,  x l ,  t l ,  D l u l t ,  x l ,  t l ] ;

EDe = Ia l ie l  {eql- .  aqz},  vD, v ls,  VP I  ;

DPornat lTruel ;

ED=

r  u K [ 3 ]  ( x i l l l u )  K [ 3 ]  ( x i [ 2 l u )  K [ 3 i  ( x r  [ 1 l q )  
= : 0 ,  u a  ( x i t l l u )  - a  ( x i t 2 l , )  - * z  1 x i 1 r 1 0 ;  = = 0 ,t- 

"% 
* 

^", 
* --Tp

r [ u a ]  ( P h i [ 1 ] , )  r l u q l  ( x i [ ] . ] , )
+  u  ( P h i l J - l * )  +  a  ( e h i [ 2 ] * )  +  -  +  P h i [ 1 ] e  -  0 ,

a ' p  d , p

P h i [ 1 ] l t ,  x ,  a ,  u l  + a  ( P h i 1 2 l . )  - a  ( P h i [ 1 ] " )  + 2 u a  ( x i [ 1 ] * )  -  a ( x i - l z l , )  + a  ( x i [ 1 ] r )  = = 0 ,

p h i l z l  l t ,  x ,  q ,  r l  -  K t 3 l  ( 1 h i t 1 l ' )  
-  u r l u d l  ( x i l l l u )  r I u c ]  ( x i [ 2 ] ' )- - -Fp-  -  

" rp  

*  
^ "p

.  r [ u a ]  ( x i [ ] . ] " )  I  "  
K [ 3 ] \

a ( e h i [ 2 1 " ) * - - - - ; ; - - j - i : - : + [ u ' + # J  ( * t [ 1 ] , ) - u ( x i [ 2 ] * ) + u ( x i [ 1 l E ) - x i 1 2 l E = = 0 .

K [ 3 ] 2  ( x i l 1 l , )  u r < [ 3 ]  ( x i [ 1 ] " )  K [ 3 ]  ( x i [ 2 l q )  -  K l 3 l  ( x i l 1 ] u )- ^ % * " , '

3  K [ 3 ]  P h i [ 1 ]  [ t ,  x ,  a ,  u ]  K [ 3 ]  ( P h i [ 2 ] u )  2  K [ 3 ]  r I u a l  ( x i [ 1 ] " )

d '  
" "  " " "

K [ 3 ]  ( p h i [ 1 ] q )  2  u K [ 3 ]  ( x i [ 1 l x )  K [ 3 ]  ( x i l 2 l x )  K [ 3 ]  ( x i l l l u )

#  
*  

o t  
-  

o F  
* - - - - ; - : : U '

u P h i [ 1 ]  l L ,  x ,  a ,  u l  I ' l u q l  P h i l 2 l l | - ,  x ,  a ,  u l  r ' I u a ]  I [ u a l  ( P h i [ 2 ] . )  r I u a l 2  ( x i [ 1 ] u )

#
K [ 3 ]  ( P h i [ 1 ] , )  _ , h L j r _ i  .  ' r r l u c l  ( x i l 1 l " )  I I u a ]  ( x i [ 1 ] " )- - - -F- - : - -  +up (Ph i [2 ] * )  +  

-  
+p  (Ph i lz l r )  +  - - - - i - - - -  ==o,

p ehi [zr l r ,  x ,  a ,  u ]  + I l l -# lJ : l  -  ur lua l - (x i [11")  
.  a=3#@ -cp (phi rzr" )  -

I [ u a l  ( x i [ r l " )  l .  K t 3 l \- +  l u z p  +  -  t - J  t x i t r t * )  - r p  ( x i [ 2 l r )  + u p  ( x i l l l r )  - p  ( x i I z l . )  = = 0 i
c  I  a z  I '

k = - 1 ;

l x5 -  =  [O ,  o [2 ]  n r cS r [ x l  ] ;
IP t r i  =  { k  c l 2 l  E r rp l x l  a ,  c l ? l  Exp [ x l  u ] ;

EDa = s i rp l i fy lSlnf in i tea. lmleslEDz, LXL, lPhi l  I

t T ru8 ,  T rue ,  T rue ,  t r r ue ,  l l r ue ,  T rue ,  T rue ,  T rue ,

2 o f2

* Cr€at€d with Wollam Mathemati@ 7.0

o x c l ? )  ( u z o z p  - K [ 3 ]  - r [ u a ] )
= =  0 ,  f r u e ]
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Case II: Classification with respect to 3D Lie algebras

. 3D Lie algebra: 4r O 4z (0

e q I -  =  D [ c [ t ,  x l  ,  t l  +  a [ t ,  x l  D ] u [ t ,  x l  ,  x l  +  u [ t .  x l  D [ a [ t ,  x l ,  x l  : :  O ;

e q ?  =  p  ( n [ u [ t .  x l ,  t l  +  u [ t ,  x l  D ] u [ t ,  x l ,  x l )  +  R [ a ] t .  x l .  u [ t .  x l  |  = =  O ;

VD =  {c ,  t r } ;

V I s  =  { t .  x } ;

I t ?  =  { D [ c [ t .  x l  ,  t l .  D l u l t .  x l  .  t l ] ;

EDs = Yaf, ie[ [eq1, eq2l ,  VD, VIs, VP I ;

Df'ormat [True | ;

EDe

{ u a  ( x i [ 1 ] , )  - a  ( x i [ 2 ] , )  - o z  ( x i [ 1 ] c )  = =  0 .

R [ a ,  u ]  ( P h i [ J - l u )  a R [ a ,  u l  ( v :  r r  r  \
- - * - - : * - - - - - - -  +  u  ( p h i [ 1 ] " )  +  a  ( p h i  l z l * )  +  

s ' r t s '  s r  \ ^ r t + r x /  
+  P h i I l l s  = =  0 ,

p p

P h i [ 1 ]  [ t . x . a . u ]  + a ( P h i [ 2 ] , ) - a ( P h i [ 1 1 " ) + 2 u a ( x i [ 1 ] * ) - a ( x i [ 2 ] * ) + a ( x i [ J - l e ) = = C

p h i l z l l r ,  x ,  ( I ,  u l  -  
u R l a '  u l  ( x i [ 1 ] ' )  

*  
R [ ( x '  u l  ( x i [ 2 ] ' )  

+ a  ( p h i  I | l o J  +  
q R [ q '  u l  ( x i [ 1

p p p

u z  1 x i t 1 l * )  - u  ( x i I Z ] * )  + u  ( x i [ 1 l g )  - x i [ 2 ] s : : 0 7  - u a p  ( x i [ 1 ] o )  + a p  ( x i [ 2 l q )  = = 0 ,

p h i [ z l [ t ,  x ,  a .  u l  ( R * )  + p h i l t l [ r .  x .  a .  u l  ( R a )  - R [ a .  u l  ( e h i t z l , r )  -  
R l d '  u ] 2  ( x i [ 1 l u )

p

u p  ( P h i [ 2 ] * )  + u R [ a ,  u ]  ( x i [ 1 ] * )  + p  ( P h i l z l t )  +  R I a ,  u l  ( x i [ 1 l r )  = =  0 .

p  P h i [ 2 ] [ t .  x .  d ,  u l  - u R [ a ,  u ]  ( x i [ 1 ] ' )  + R [ a .  u ]  ( x i [ 2 l u )  - a p  ( P h i I Z l " )  -

a R [ a ,  u l  ( x i [ 1 l o )  + u z p  ( x i t 1 ] * )  - u p  ( x i [ 2 ] * )  + u p  ( x i t l l t , )  - p  ( x i t 2 l r )  = = 0 ]

I , X i  =  { a l u l  ,  - x + b [ u l ] ;

L P t t - i  =  { c I c .  u l ,  d l u l  ] ;
EDs = SinErl i fy[SInf initeeJ-mal-ea]EDs. fxi ,  fPhi l  I

{ u a  ( a * )  = = q  ( b u ) .  9 i &  = = 0 ,  c r  + c l a ,  u l  + a  ( d q )  = = q  ( c o ) ,  
u p + p d l u l  + R [ a '  u l  ( - u

p p

r r r u e ,  d l u l  ( n , )  + c [ a ,  u ]  ( R * )  = = R l q .  
" ,  ( A a * g  * o * ) .  r , p + p d [ u l  + R [ a ,  u ]  ( b q )  = = r . 1

t ' I r
f , x i  =  

f a [ u ] ,  
- x  +  c [ 2 ]  +  a [ u l  t *  -  

J  " [ u l  
d u J ;

f , P h i  =  { c I a l  ,  d l u l  ] ;

EDe = SinqrJ-ifylSlnfirri-tesimal-e:[EDe. f,Xl- , fPtlil I

{ f r t r u ,  T r u e ,  c r  ( c q )  = =  a + c [ a ]  + a  ( d * ) .  u + d [ u l  = =  0 .  1 s s . ,

d lu l  ( nu )  +c [a l  (Ro )  ==R [a .  u ]  ( 11+1 - l  * 0 , ) ,  p  ( u+d [u l )  ==0 ]
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-  (  - ,  f  1
L x i  =  

{ a l u l ,  
- : c + c [ 2 ]  +  a [ u l  u -  

J a l u l  
A U J ;

l P h i  =  [ c [ c ] .  - u ] ;

ED* = SinpJ-i fy[Slnf initerimales[BD€. trXi.  LFhil  I

{rr , r" ,  True, c[at : :  a (cq).  rrue. rr , r" ,  l l l - IJ lJ l : l  +u (Ru) : :  R[c,  u]  +clal  (n,) .  rrue]
p

-  ( -  f  - r
Lx i  =  

{a lu l  ,  - x  +  c l 2 l  +  a [u l  t r  -  
J  " [ u l  

r l l uJ ;

f ,P tL i  -  { c [3 ]  a .  - u ] ;

EDe = SirqrJ-ifylslnfirlite*irnalee[8D8. I.xi, f,p]ril I

{ t r r r " ,  T rue ,  l r r ue ,  T rue ,  r r , r r ,  1 ! I 1 ' J1  l l : l  
+u  (Rs )  ==  R [a ,  u l  +ac t3 l  (R " ) ,  r r ue ]

a ' I u l  f  O ;  c [ 3 ]  =  c [ ? l ;

LX i  =  { t r ,  - x  +  u^2  |  2 } ;
l P h i  =  { c l ? |  c .  - u } ;

EDs = Sirqrl i fy[Slnf ini-teaimal.eslEDe, LXi. fphi l  I

{ r r , r " ,  l l r u e .  T r u e .  T r u e .  r r , r " ,  1 ! 1 ' j " l :  + u  ( R o )  = =  R I q ,  u ]  + a c t ? t  ( R " ) .  r r u e ]
p

D s o l v e I U  
* 1 2  

+ u D [ R [ a .  u l ,  u l  = = R [ a ,  u ]  + c e [ ? l D [ R [ a .  u l .  ( r l .  n ,  { < r .  u } ' l
I  p  

- ' - r - r - l - - l - - t  - I '  - r t  - - t  l - t  _ J J

{ {n 
t  r " . " t io ' r [ ta ,  u] .  - +1]]

_1* cpc["  " .TTTl  o f r

c [ ? l  =  O ;

L X i  =  { u ,  - x  +  u ^ 2  t  2 l ;

f ,Ph i  =  tO,  -u ) ;

EDs = Sir5rl i fylSlnf initesimales[EDe. LXi. f ,SlrLl I

{ r r r . ,  T r u e ,  T r u e ,  T r u e ,  r , r , r r ,  L ! 3 '  
' J t  

+ u  ( R . )  : :  R [ a .  u ] ,  r r u e ]
p '

osorve [ r y  +  uD ]R la ,  u l ,  u  |  ==  R la ,  u l ,  R ,  t * ,  . ] l
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r (  J  u P  r ' t l

t tn + rurtcrion[f. l ,  u], _ 
;eff i  IJJ

a '  [ u l  =  O ;

I x i  =  { c [ 1 1 .  - * + c [ 2 1 ] ;

L P f r i  =  { c [ 3 ]  a .  - u ] ;

EDs = Sinpl- i fy[Slnf inite*imal-es[EDB. LXi, LShil  I

{ T r u e ,  T r u e .  T r u e ,  T r u e ,  l l r u e ,  R [ 4 .  u l  +  a C [ 3 ]  ( R " )  = .  u  ( R q ) ,  T r u e ]

c [ 3 ]  =  c [ 8 ] ;

D S o I w e [ u D [ R [ < r ,  u ] ,  u  |  - c [ 8 ]  * D [ R [ r r .  u ] ,  f t  ]  -  R I s .  u l  : :  0 ,  R .  [ n ,  u ] l

{ { *  
t  . r - ' " . i o ' r [ { n , , , 1 ,  * -#  . [ "  

" t -  ] ] ] ]

c [ 8 ]  =  O ;

I , x i  =  {0 ,  - x } ;

fPb - i  =  [O ,  - r r ] ;

EDe = Sinpl i fy ISInf in i teeima1eelEDe, LXi ,  I .PIdl  I

f T r u e ,  T r u e ,  T r u e ,  T r u e ,  T r u e .  R [ a .  u ]  : :  u  ( R q ) .  T r u e ]

f , X i  =  { 0 ,  x } ;

E P h i  =  [ O ,  u ] ;

EDs = Sirpl i fylSlnf irr i- te*irnal-es[EDs, LXi. f ,PtLl]  I

( T r u e ,  T r u e .  T r u e ,  T r u e .

D S o I v e I u D [ R l a ,  u l .  u  |  -

l l r u e ,  R [ a ,  u ]  : =  q  ( R s ) ,  T r u e ]

R [ c ,  u . l  = =  O ,  R .  { c t .  u } ]

[ [ R  +  r , u r r c t i o n [  [  a ,  u ] ,  u  e I  r r l  ]  ] J

.# Created with Wolfram MathematicaT.O
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Case II: Classification with respect to 4D Lie algebras

.4D Lie algebra containing 3D Lie algebrall e *. (f)

c l B l

. r  r r
o t  a  l c t B l  ( k l 1 l  +  k l { l )  -  u a l i l s l  h l 3 l ' [ u o ( - . i 6 T  ] J

file : I I I C: lD o cumentsyoz} and%20Settings/molati/Desktop/collap4D...

e q l -  =  D l a l t .  x l  ,  t l  +  a l t ,  x l  D [ u l t ,  x l ,  x l  +  u l t ,  x l  D l a [ t ,  x l ,  x l  = =  O ;

e q 2  =  p  ( D l u l t ,  x l ,  t l  +  u l t ,  x l  D t u l t ,  x l ,  r t l )  *  a 1 t ,  1 ; - E f u  e  
[ u l t ,  

x l  d l t ,  * 1 # ]  = =  o ,

v I !  =  { c .  u } ;

v r 3  =  { t .  x } ;

v P  =  f n l a l t ,  x l  ,  r . l  ,  D l u [ t ,  x l .  l l ] ;

EDs  =  Ya f , i e l  l eqL ,  eq2 l ,  \ tD ,  V I s ,  vP  l ;
DFormt lTrue I i

nDa

{ u c  ( x i t 1 l . )  -  a  ( x i l 2 l q )  -  c 2  1 x i 1 t 1 o 1  = =  o ,

{ c t  a k 1 2 l  = =  o ,

I I I I

d - E r d l  c [ u d . i 6 l  ]  ( p h i t l l u )  
+ u  ( p h i l 1 l , )  + a  ( e h i l z l , ,  *  

o ^ - 6 t s l  e [ r o i - i 6 l ' ]  ( r i l r l * )  
+ p h i I r l c  = 0 ,

p p

P h i l J . l l t ,  x ,  a ,  u l  + a  ( P b i [ 2 ] , )  - c  ( P h i [ 1 ] " )  + Z  u d  ( x i [ 1 1 1 )  - a  ( x i [ 2 l x )  + a  ( x i l ] . l r )  =  0 ,

1 1  I I

u a - r i i i i  e I u c d i ' 6 i  ]  t x i t r l , )  a - d i E i  e  I u a t i e i  ]  ( x i t z l u )
P h i l 2 l l t , x , a , u l  + - +

p p

a^-Eii ' i  G Iu acl3-) I  1xi 1r 1" 1
a ( P h i [ 2 1 " ) * _ + u 2 1 x i | 1 | " ) - u ( x i l 2 | x ) + u ( x i t 1 ] e ) - x i [ 2 l t - o ,

I

- u a p  ( x i [ l l c )  + c p  ( x i [ 2 l a )  = =  0 ,  P h i 1 2 l l t ,  x ,  a ,  u ]  c ' [ u q ; l 6 l  ]  + e n i [ 1 ] [ t ,  x ,  c ,  u l

i t l t l \ 2 r Z
I  o- ' - ; ts f  c [uaaTgTl  ue ' lud. |Ef  I  I  - .  r  L  q1- ;TsT c luacfs l l  (x i t r ]u)
l _  : ; j ;  

, * # l _ o - ; T e r e [ u a ; l E T ]  ( p h i l z l u ) _  ,  
: ,  

'  *
|  " t u l  

q c l u l  
|  

'  p

t ,

l l l l

up (ph i Iz ! * )  +  ro -6TFT e  [uc ; i6 l ]  (x i l : - l r )  +p  (ph i Iz ]c )  +c-a i -e - f  e  [uaE16 l - ]  (x i [1 lg )  : :  o ,

p p , l i l Z l  I r ,  x ,  q ,  u l  - r o - , * ,  e  [ . o a i e t ]  t x i t r l " )  + o - ; i ' l 6 f  e [ r o ; t i ]  t x i l z l , )  - a p  ( p h i t z l c )  -

'- --l-
a ' - i T d I  e [ u a c l 6 T ]  t x i t r l " )  + u 2 p  ( x i l 1 l " )  - u p  ( x i [ 2 ] ' )  + r p  ( x i t l t e )  - p  ( x i t 2 l b )  = o ]

L x i  =  ( k l 1 l  E ' . p l t l ,  k l 2 l  u u : < p l t l ] ;
L P t d  =  ( k l 3 l  l a ^  ( 1 / c l B l )  u l  E r . p l t l  a ,  E : r p I t l  ( h l a l  u ) ] ;
EDs =  S i rp l i f y ls rn f in i tB i iD ] .o3 IED$,  I , x i ,  rPh i I  I

t L I I

e t  c  
[ e  

k l 3 l  [ ' " f f i ]  -  G [ ' d E T d I ]  r c l o l ' [ u " a T d r ]  
J

I ,  I I

" t  
o - d i 6 i  l e  [ u a ; l 6 t ]  r .  1 2 1  + u a i i 6 i  p  ( k l r l  - k [ 2 ]  + k t { l )  i

1  - - f . .  r  * i * -  ,  -  - -L -  r

; l i i l  " " o  
c t e l  

l e  l u a c t e l l  l c t B l  ( k l l l  - k t 4 l )  - t t t s l [ u a " l s l l i +

I  ;  r  t  1  I  r r
u d ; t B i  l p  c l s l  k l a l  +  

[ " 1 e ]  
k l 4 l  +  r t a l  [ u d ; f a i  ] J  c ' [ u a ; f b i  ] j J  = =  t ,

- - - I  i  -  I  -  I *  I
e e q  c [ 8 ]  

[ c [ u a c l e l  I  k l z l  + u q c [ 8 ]  p  ( k l 1 l  - k t z l  + k [ { ] ) J  = = 0 J
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e r  c  l c t B l  ( k l 1 l
I

L x i  =  { k l L l  E x p l t l  ,  o J ;

L P I L i  =  { k [ 3 ]  [ a ^  ( 1 / c l 8 l )  u l  E ' . p l t l  a ,  E : r p l t l  ( k l a l  u ) ] ;

EDE = siryrll-fylSlnfirrite8inrnleslEDs, I,xi, rPtlil I

file: / I / C : lD ocumentso/o20and%20Settings/molati/Desktop/collap4D...

= = 0 ,  e c u  ( k [ 1 ]  + k [ { l )  : : 0 ,

{  r t r r ,
o"  o  [ o  r . t 3 t [ ' * # ]  - e [ " *# r1  k r31 ' [ ' * #T ] ]

p

l t \
+  k t { l  )  - . o E - i a i  t t r l ' [ u q a i d T ]  

]

c  I B  I

1  - l -  i  r - - -  i
r r u e ,  - . *  e E  q  c [ 8 t  l c l u  a c t a t  I  I c l B  |  ( k  I 1 ]

c l B l  I  i
L r

r o C i 6 j  l o c l E l  k { { l  +  l c l E l  k t { l + k l 3 lt '  '  '  |  '  '

1 \
- k t 4 1 )  - k 1 3 l [ u " f f i ]  i *'  - ]

r  1  r  \ r
[ u a ; i 6 i  ]  i  n ' [ " * . f d r ]  ]  |  = =  o ,  . "  u p  ( k l 1 l  + k l 4 l )  = = 0 ]
-  . l  -  ' ! J

o" r or**tEt r.  ts l '  [r  o*T ]

L x i  =  ( k l 1 l  E 4 t l t l .  o l ,

L P h J .  =  [ k [ 3 ]  l a ^ ( 1 / c l 8 l )  u l  E 4 r l t l  a ,  E q r l t l  ( - k [ 1 ]  u ) ] ;

EDs = SL-Dllft,lSInf{h{te3l.nLerlEDr. LXi, rPhil I

"c  a  
{a  

r l s l  [ "#1  -  c [ ' .6 fu ]  k t3 l ' [uc ; r r€ i - ]  
J

{1.r" ,

Truc,  TEuG, - l  
" "c  l E  I

,  oai ' ta i  
[o "  t ,  I

. - #  1 .1 , .a fu r1  [ - ,  c lB l  k t r - ]  +k t3 t [uc " r+ r ]

r l r y  *  i " 1a ;  h t r . t  - h t3 t  [ ' o ; i e r  ] i  " t " ' r f u , t J ]

C I B ]

] .

== 0,  True)

I , l l -  = tk l ] . l  E:qr l t l  ,  o l  t
rP r l i  =  ( 0 ,  E : ( I ' l t l  ( - k l ] - l  u ) ] ;

EDr = sturqrlifylsrnfirriterl.naJ-eslEDs, lxi, lPllil I

l i l , J ,

{T rue .  E rue ,  T rue ,  T rue ,  ! ! r ue ,  c t sc -ETET  k t11  
[ - ze [uaa t6T ]+ roETr I

Dso l ve l  - 28 l z l ,  z  ( ! t  *  a ' l E l )  = =  O ,  G ,  z l

{ {e  +  r * " t i " . [ { " } ,  
" r  

.  
"2  

x l } }

[ " *  u 'J" '#  1 l i-  ' ! t
= '  0 ,  f r u e ]

{u r t .  
x r  n r r ,  x r# i ' . )  =

e q 1  =  D l a l t ,  x l ,  b l  +  q l t ,  x l

eqz =

p  ( D l u l t ,  x l  ,  t l  +  u l t ,  : ( l

o ;

D l u l t ,  x l  ,  x l  +  u l t ,  * l  D l q l t ,  r c l  ,  x l  : :  Q ;

_ r  I
D l u l t ,  x l  ,  x l )  +  c l t ,  x l - ; T d J  l u t t ,  x l  a [ t ,  x l E T T I  p  +

V D  =  { 4 ,  u } ;

V I s  =  [ t ,  x ] ,

v P  =  { D [ a l t ,  x l  ,  t l ,  D l u ] t ,  x l .  t l J ,

EDs =

Dr 'o rmt lTrue l ;

EDg
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I  t "  - *  t "  o* - I
P h i l z l  l t ,  x ,  a ,  u l  +  

l - r  p
I

- u a p  ( x i l l l d )  + a p

eh i [ ] - ]  l t ,  x ,  a ,

l - x u z a a T 6 T - q p 1
I J

. I t Z I \

o-^- 616T 
I r< uz a;161 + , oEI6l p 

i

file: I I I C: lD ocamentsYo2DandYo20 Settings/molati/Desktop/collap4D...

{ u a ( x i t l l o )  
- a ( x i t 2 l q )  - o 2  1 x i 1 r ; o 1  = = 0 ,

f *,r. "aicr I t Kuz crr*;i+T'l .
l - " -  

" -  
: -  I  ( P h i t l l u )  + u  ( P h i [ 1 1 1 )  + a  ( P h i l 2 l , I  +  l r * *  J l  ( x i t l l ' )  + P h i [ 1 l r  = = 0 ,

l / o j  t o l
P h i [ 1 ]  [ t ,  x ,  a ,  u l  + c  ( P h i 1 2 l u )  - a  ( e h i [ 1 l q )  + z  u a  ( x i [ 1 1 1 )  - a  ( x i [ 2 ] ' )  + q  ( l i [ 1 ] ! )  =  0 ,

i *,. o"# I
l u a +  i i l - - 1 - - - - - -  |  ( x i t r l " )  + . 2  1 x i 1 r 1 . )  - u  ( x i I z ] 1 )  + u  ( x i [ 1 ] " )  - x i l ? l a  = = o ,
l e l

{ * ' .  *.h i
( x i l l l u )  *  

[ " *  

-  
o  j  ( x i t z l u )  + d  ( P h i 1 2 l " )  +

[  -  r  f ,  * rz  o-r* ; fe1 , ro- t .#  o ]( x i l z t d )  =  r ,  
l "  

. ' t ,  
|  " _  

.  
" _  j  

-

, l  * o - #  i z  * , o ; i s l  * o #  o  j " n t f  r l l t ,  x ,  a ,  u l  +

I  -  l  *z , ro ;14 t i  ^  l
(Ph i l2 lu )  +  l -z  x13 ocTe-T

l e j

c [ 8 1

I - - r - l t , - l - |
i n " 3 . ' a | d l + " 2 c |  1 x l  1 r ; , )  + p  ( p h i 1 2 l . l  *  

[ ^ ' 2 a a l f l l " + ' p ]  1 x ; .  1 1 1 " 1  = 0 ,

p p h i l z l l E ,  x ,  a ,  u |  +  [ - r u 3 . d & T  - t t o ]  ( r i t r l , l  *  f x r t o ; i a l  * r o ]  ( " r t r l , )  - c p  ( p h i [ 2 l o )  +
l . r l J

t . I

[ - n 1 2 o ' * a r c T  
- u o o ]  ( x i [ 1 l a )  + u z p  ( x i [ 1 l r )  - u p  ( x i [ 2 ] , )  + u p  ( x i l l l r )  - p  ( x i l z l " )  = = o ]

I ,xL = [E: . IDI t l ,  Ol ;

I .PhL  =  [O ,  - uE :cp l t l ] ;

ED: = sir{,llrylslnfL$LtssLr.J.crlEDr, I'xl, lPhil I

{T ruc ,  T ru r ,  l ! r u6 ,  l ! r u ! ,  T ruo ,  T rue ,  T rua }

rul].sJ.nplJ.fyIa1 t, x1 
-afrl

/ 1 \
. l p * x . o f f i l

\ /

o [ 8 ]  =  0 ;

e q 1 -  =  D l a l t . .  x l  ,  t l  +  q l t .  x l  D l u l t ,  x l  .  x l  +  u l t ,  x l  D l a l t ,  x l  ,  x l  : :  O ;

e q 2  =  p  ( D l u l t ,  x l  ,  t l  +  u l t ,  : c l  D [ u [ t ,  x ] ,  x l )  +  u l t ,  x l  c l a l t ,  x l  |  -  0 ;

VD  =  [ a ,  u ] ;

V I s  =  [ t ,  x ] ;

v B  =  { D l a l t ,  x l ,  t l ,  D I U I I ,  x l ,  t l ] ;

EDe = Yalie [ { eq1, eq2J , ItD , VI3. t? I ;

DromtlTruel ,

E D g

3 o f4 12/22/2009 4:29PM



collap4DAl+A2iia file.. I I / C : ID ocumentsoh2} ando/o20Settings/molati./Desktop/collap4D"'

{ u a  ( x i t l l u )  - q  ( x i 1 2 l . )  - o z  1 x i 1 t 1 o ;  =  o ,

u e I a ]  ( e h i [ 1 ] , )
+ u  ( P h i [ 1 ] x )  + d  ( P h i [ 2 ] * )  +

u d G l q l  ( x i l 1 l - )
---:-:j-:--- + phi I 1lE == 0.

p h i l l l  t t ,  x ,  a ,  u l  + d  ( P h i l z l ' )  - a  ( P h i [ 1 l c )  + 2 u d  ( x i l l ] * )  - a  ( x i [ 2 ] * )  + a  ( x i [ 1 ] . )  . =

u 2  e 1 a 1  ( x i  I l l u )  u  c l s l  ( x i  1 2 1 , , )  u  d  G [ q l  ( x i  [ 1 l q )
P h i t z l l t , x , n , u l  - -  + q ( P h i l z l " ) +  

p

r z  1 x l - 1 r 1 * )  - u  ( x i I 2 l * )  +  u  ( x i [ 1 ] g )  - x i [ 2 l r  = : o .  - u c p  ( x i [ 1 1 " )  + c p  ( x i [ 2 l q )  = = 0 ,

c lc l  ph i  l z l lE .  x r  a ,  u l  +uph i [1 ]  I t ,  x ,  q ,  u l  (co)  -uc ld l  (ph i l z lu )  -  -Y : - . .9 . j :1 : l : ( . lL ] r l "  -
o

u p  ( p h i l z l * )  + ' z c l a l  ( x i t l . l r )  + p  ( P h i l 2 l e )  + u e  I a ]  ( x i t l l c )  = = 0 .

p p h i l z l l 1 - ,  x ,  q ,  u ;  - u 2  e 1 c 1  ( x i t l l u )  + u c l q l  ( x i l z l u )  - a p  ( P h i [ 2 1 " )  -

u d c l a l  ( x i t l l d )  + u z p  ( x i l 1 l ' )  - u p  ( x i [ 2 1 1 )  + u p  ( x i [ 1 ] g )  - p  ( x i [ 2 1 . )  = = 0 ]

I , x i  =  [ k l 1 l  B r y l t l ,  o l ;

rP r r i  =  { 0 ,  E4 l l t l  ( - k l 1 l  u ) } ;

EDs = SiryI i f i t lSInf in i tor i r : ror IEDr,  r . - ; ,  !Phi l  I

{ T r u e ,  T r u e ,  T r u e ,  T r u e ,  t r u e ,  e r  u  ( p  -  G [ q l )  k l 1 1  =  0 .  [ r u e ]

e q l  =  D [ a [ t ,  x l  ,  t l  +  a l t .  r l  D l u [ t ,  r l ,  r l  +  u l t .  x l  D I c l t . ,  x l ,  x ]  : :  O ;

e q Z = p  ( D I u l t , x l  ,  t l  + u l t , - l D l u l t , x l . x l )  + p u [ t , x l  . = 0 ;

I rD  =  [ a ,  u ] ,

V I g  =  [ t ,  x ] ;

v P  =  ( D l q l t ,  x l  ,  t i l .  D l u l t . ,  r l  ,  t l l ,

ED*  =  Ya l , i e l [ eq l ,  eg2 ] ,  vD ,  v l r ,  Y?1 ,

Dformt lTruel ;

ED3

{ u a  ( x i l 1 l , )  -  a  ( x i l z l q )  -  o z  1 x i 1 r ; o ;  =  o ,

- u  ( P h i [ 1 ] q )  + u  ( P h i [ 1 l r )  + d  ( P h i l Z l t )  + u a  ( x i l l l a )  +  F h i [ 1 ] g  = =  0 .

P h i [ 1 ] [ t ,  x ,  a ,  u ]  + a  ( P h i l 2 l q )  - a  ( P h i [ 1 1 6 )  + 2  u a  ( x i [ 1 ] x )  - a  ( x i [ 2 ] x )  + c  ( x i [ 1 ] q )  : : 0 ,

P h i 1 2 l t t ,  x .  c ,  u l  - r z  1 x i l 1 l . )  + u  ( x i [ 2 l q )  + c  ( F h i [ 2 l a )  + u a  ( x i [ 1 ] " )  +

, z  1 x i 1 t 1 * 1  - u  ( x i 1 2 l , )  + u  ( x i [ l l t )  - x i l 2 l c  - 0 ,  - u a p  ( x l l l l o )  +  a p  ( x i l z ; o ;  = = 0 r

p  P h i [ 2 ]  l r * ,  x ,  q ,  u l  - u p  ( P h i t 2 l u )  - u 2 p  ( x i [ 1 ] * )  + u p  ( P h i [ 2 1 " )  + u z p  ( x i [ l t a )  + p  ( P h i [ 2 l c )  + u p  ( x i [ 1 ] g )

0 ,  p  P h i l 2 l l t ,  x ,  a ,  u l  - u 2 p  ( x i l ] . l o )  + u p  ( x i [ 2 ] q )  - a p  ( P h i 1 2 l o )  -

u a p  ( x i l l l o )  + u z p  ( x i [ 1 ] ' )  - u p  ( x i [ 2 ] ' )  + u p  ( x i t l l u )  - p  ( x i t 2 ] r )  = = 0 ]

Lxi = {E)cp lt | , O} ;
L P h i  =  { 0 .  - u E : c p l t l } ,

EDs = s i ryr ] " i fy ls lnf in l tesimleslEDs, Lxi ,  LPhi l  I

{T rue .  l l r ue ,  T ru6 ,  T rue ,  T rue ,  T rue ,  T rue )
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