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Abstract

An extension to classical lamination theory (CLT) is presented to analyse the natural fre-
quencies and critical buckling loads of simply supported functionally graded plates. The
variation of the through-thickness properties of the plate is governed by a power law which
is subsequently represented by a polynomial series of sufficient order and varies according
to the law of mixtures or the Mori-Tanaka Homogenization method. The stiffness matrices
are found, from which the position of the neutral plane is established which allows for the
governing equations for the natural frequency and critical buckling load to be derived using
the Rayleigh-Ritz method. The natural frequency and critical buckling loads are determ-
ined for various volume indices, aspect and span ratios and the accuracy thereof is validated
against 2D, 3D and quasi-3D solutions found in literature. A comparison with CLT found
that the present study produces natural frequencies and critical bucking loads which are more

accurate and which converge faster than CLT.
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1 Introduction

The concept of Functionally Graded Materials (FGMs) was first introduced in 1987 during
a project at the National Aerospace Laboratory of Japan. Researchers building a space
plane which would be subject to extreme temperatures, required a material which had high
thermal resistance that was capable of withstanding 2000K on the outer surface and reduce
the inner surface to a temperature of 1000K over a 10 mm thick plate [I, 2]. These materials
are composite materials, characterized by having two distinct materials on either side of a
dimension, with a gradual change from one of these materials to the other between these
two points [1]. The gradual material transformation of FGMs may occur via volume fraction

gradient, shape gradient, orientation gradient or size gradient [3].

The original application of FGMs were for the aerospace industry and specifically for the
thermal barrier required for space plane bodies. However, since then, applications for FGMs
have increased significantly and include applications in medicine, defence, the energy industry,

electronics and optoelectronics, automobiles, tooling and machining [1, 2, 4].

Functionally Graded Material Plates (FGMPs) are being increasingly used for various applic-
ations among a number of industries due to their superior thermal and mechanical properties,
among others. There are properties and advantages to FGMs which are superior to tradi-
tional composites and stand alone materials. They can have high hardness, high thermal and
corrosive resistance and can offer various desirable properties from each type of material used
to form the material [2, 3, 1]. These properties, advantages and the ability to tailor make
materials to suit applications renders FGMs versatile and uniquely superior to traditional

composites and materials.

The increasing number of applications and the vast list of superior properties and advantages
that FGMPs provide, infers that these new materials will be increasingly used in various
applications among a number of industries. Given that these materials are relatively new
and not widely used at present, there is complex theory relating to their practical mechanical
analysis. These analyses involve significant complex mathematics which renders the analysis
impractical for many typical engineering applications. As a result, engineers are unable to
sufficiently and confidently design these materials without performing these complex analyses.
This research report adapts a well known theory for composite materials to simply and

practically calculate the critical buckling loads and natural frequencies of FGMPs.



2 Literature Survey

2.1 Load Cases In Literature

The following section briefly discusses literature of a similar nature to the present study, all

of which will be used for comparison with the results of the present study.

A review of the range of methods used to study the vibration and buckling of FGMPs was con-
ducted by Swaminthan et al.[5]. The research covers both numerical finite element methods
and meshless methods for vibrational and buckling cases. In addition, 2D and 3D analytical
methods are covered for vibrational load cases whereas only 2D methods are covered for the
buckling cases. The majority of the methods used for the analysis are extensions of the ap-
proaches used in composite or isotropic plates including Classical Lamination Theory (CLT).
Since FGMs have the potential for future use in engineering applications, Swaminathan et
al.[5] have proposed five areas of study which may assist in improving the solution techniques

and methodologies.

Birman and Byrd [6], conducted a review of the recent developments in FGMs since 2000. The
research documents a number of aspects related to FGMs including a brief introduction, ap-
proaches to homogenization, mechanical response to static or dynamic loads, manufacturing,
design and modelling related aspects, testing methods and results and applications. Birman
and Byrd [0] list a number of observations or areas of study which need focus to achieve
effective implementation of FGMs. Several of these areas include the interaction between the
particles which should not be disregarded, irrespective of which homogenization method is
adopted. In addition, FGMs are generally asymmetric and therefore, a coupling effect exists

which needs to be accounted for.

2.1.1 Free Vibration

A three-dimensional (3D) exact solution for the natural frequency of SSSS (simply supported
on all four sides) FGMPs was presented by Vel and Batra [7]. The authors used a set of
suitable displacement functions which were reduced to ordinary differential equations and
solved by the power series method. FExact solutions were found for thin and thick plates
with an arbitrary variation of material properties which were found using the Mori-Tanaka
Homogenization [3] or the self-consistent method. The results were obtained for a range of
material property variations and aspect ratios. The results were compared with CLT, a First

Order Shear Deformation Theory (FSDT) and a third order shear deformation theory. Neves



et al.[9] used a Higher-Order Shear Deformation Theory (HSDT) through the Unified For-
mulation proposed by Carrera (CUF) to model the natural frequency of SSSS FGMPs, with
and without accounting for through thickness stretching. The authors used the Mori-Tanaka
Homogenization [8] method to determine the elastic properties and obtained results for a
range of material property variations and aspect ratios. Their approach achieved accurate
results when compared to 3D results. Akavci and Tanrikulu [10] presented a two-dimensional
(2D) and quasi 3D shear deformation analysis for the free vibration of FGMPs using a new
hyperbolic shape function. The method accounted for transverse and normal shear strains.
Hamilton’s principle was used to obtain the governing equations and the Double Fourier
series was used to solve the partial differential equations. The authors considered three dif-
ferent through thickness variations of material: power law, exponential and the Mori-Tanaka
Homogenization [%] method. Results were compared to 2D, 3D and quasi 3D literature in-
cluding Neves et al.[l1] and Vel and Batra [7]. The results obtained illustrated agreement
with 2D, 3D and quasi 3D literature, including for thick plates. Moghaddam and Baradaran
[12] presented a 3D analysis using the meshless local Petrov-Galerkin (MLPG) method for
FGMPs. The penalty method was used to impose the boundary conditions and the Mori-
Tanaka Homogenization method [%] was used to determine the elastic properties through the
thickness. Results were obtained for various through thickness variations in material prop-
erties, aspect ratios and boundary conditions. These results were compared to the results
presented by Vel and Batra [7]. The comparison illustrated that Moghaddam and Baradaran
[12] obtained results which were comparable to other 3D results. Matsunaga [13] analysed
natural frequencies of plates, taking into account the transverse shear, normal deformations
and rotatory inertia. Using the method of power series expansion, a set of equations of 2D
higher order theory was derived using Hamilton’s principle. Transverse stresses were obtained
by integrating the 3D equations of motion through the plate thickness. The results of this
theory accurately predicted the natural frequencies. Belabed et al.[l1] used a new higher
order shear and normal deformable plate theory (HOSNDPT) which has five unknowns and
includes the stretching effect of the plate. The displacement field chosen was a hyperbolic
variation of in plane and transverse displacements. The equations of motion and boundary
conditions were solved using Hamiltons principle. The results were compared and were in
agreement with 3D results even for the case of very thick plates with a/h = 2. Sheikholeslami
and Saidi [15] analysed the natural frequency of plates using the HOSNDPT of Batra and
Vidoli. All three displacement components are expanded in the thickness direction using
the Legendre polynomials. Transverse shear and normal deformations were accounted for
and the equations of motion are derived using the principle of virtual work. The natural
frequencies were then established through the governing equations. Results were compared

and considered to be close to 3D theory.



Qian et al. [16] used a HOSNDPT and a MLPG method to analyse the natural frequency of
rectangular SSSS FGMPs. Plate theory equations were used to compute the equations of the
stress tensor. The authors used the Mori-Tanaka Homogenization method [%] to determine
the elastic properties and compared their results to that of Vel and Batra [7]. The results
obtained by Qian et al. [10] agree well with those of Vel and Batra [7]. Neves at al.[l1]
presented a new application for Carrera’s Unified Formulation (CUF) by utilising a meshless
discretization for the analysis of FGMPs. The governing equations were established using a
sinusoidal shear deformation theory (SDT). The Mori-Tanaka Homogenization method [] was
used to determine the elastic properties and results were obtained considering and neglecting
through thickness stretching. The results were compared to Qian et al. [16] and Vel and
Batra [7]. The results which accounted for through thickness stretching were significantly
more accurate, especially for thicker plates. Hosseini et al.[l7] presented exact closed form
solutions for natural frequency of thick functionally graded plates based on Reddy’s third
order shear deformation plate theory. Five governing partial differential equations of motion
were solved. The author compared results that vary with length ratio, aspect ratio and the
volume index with various 3D literature and found that the theory accurately predicts the

natural frequency of plates.

Zhu and Liew [18] used the local Kriging meshless method to establish the natural frequencies
of moderately thick plates. The system equations for the eigenvalues were based on FSDT
and the Petrov-Galerkin formulation. Comparison with other literature such as Matsunaga
[13], showed that the results were accurate and robust for moderately thick plates. A four
variable refined plate theory for natural frequency was presented by Benachour et al.[19].
Unlike other shear deformation theories, the four variable plate theory has four unknowns as
opposed to five for other shear deformation theories. This results in a lower computational
effort and has many similarities to CLT. The material properties vary according to the rule
of mixtures and obey the power law variation. Equations of motion are established using the
Hamilton’s principle and the closed form solutions are obtained using the Navier technique.
The natural frequencies are then found by solving the eigenvalue problems. Results were
compared to other shear deformation theories and results were found to be in good agreement

and sometimes identical.

Baferani et al.[20] presented an analysis of functionally graded thin plates based on classical
lamination theory. Navier and Levy-type solutions were used to study the natural frequency
of thin plates. Results were compared with an analysis of FSDT. Kumar et. al[21] used
dynamic stiffness method based on classical lamination theory. The dynamic stiffness matrix
was established using Wittrick-Williams algorithm, allowing the natural frequencies to be
found. Results were compared with literature including Baferani et al.[20] and found to

be in agreement. Li et al.[22] used classical lamination theory to obtain relations between



solutions for bending, buckling and free vibration for functionally graded plates and for a
reference homogeneous plate with the same load condition and geometry. Establishing the
neutral surface, the natural frequency of the functionally graded plates could be predicted
using the relations and results of the reference homogeneous plate. Results were compared

with available literature.

2.1.2 Buckling

Asemi et al.[23] presented a 3D approach to determine the buckling loads of functionally
graded plates. The authors used a formulation that utilizes a full compatible 3D Hermitian
element with 168 degrees of freedom. The buckling results were then established based
on Galerkin type orthogonality. Results were presented for a range of load cases. Liu et
al.[24] based their research on isogeometric analysis (IGA) and a simple quasi 3D hyperbolic
shear deformation theory (S-Q3DHSDT) to study the critical buckling loads on functionally
graded plates. The authors found that their results compared favourably with results from
other literature including Neves et al.[9] and Thai and Choi [25]. Uymaz and Aydogdu [20]
considered the buckling of functionally graded plates using a 3D linear elasticity theory and
exponential shear deformation plate theory (ESDPT). Uymaz and Aydogdu [27] used small
strain elasticity theory for the buckling of functionally graded plates. Both sets of results
were obtained using the Ritz method with Chebyshev polynomials as displacement functions.

Various load cases were considered with varying aspect ratio and volume indices.

Shariat and Eslami [28] derived the equilibrium and stability equations for buckling using
the third order shear deformation plate theory (TSDT). Closed-form solutions were obtained
for the critical buckling loads for each load case. Results were then compared with other
literature including Javaheri and Eslami [29]. Thai and Choi [25] used a HSDT by accounting
for a quadratic variation of the transverse shear strains through the thickness without using
any shear correction factors. The governing equations were established using the principle of
minimum potential energy. A comparison with other literature including Shariat and Eslami
[28] and Asemi et al.[23] was done and results were shown to be accurate. Bodaghi and Saidi
[30] established equilibrium and stability equations using a HSDT. The coupled governing
equations were converted into two uncoupled partial differential equations. The Levy-type
solution was used to solve for the buckling loads under various loading conditions. The
results compared well with the results by Mohammadi et al.[31]. Kulkarni et al.[32] made use
of a recently developed non-polynomial shear deformation theory called inverse trigonometric
shear deformation theory (ITSDT). The governing differential equations were solved using
the Navier-type technique. The results compared were found to be accurate for predicting the

buckling loads of functionally graded SSSS plates. Nguyen [33] presented a HSDT where the



transverse shear stresses were accounted for using a hyperbolic variation through the plate
thickness. The theory only had four unknowns and the equations of motion were established
using Hamilton’s principle. The Navier-type solutions were then used to find the critical

buckling loads. The results obtained agreed compared well with HSDT and quasi 3D models.

Yin et al.[34] presented a S-FSDT for analysing the buckling of functionally graded plates.
The non-uniform rational B-spline (NURBS) based isogeometric analysis was used to satisfy
C'-continuity required by FSDT. The results were found to compare well with other literature
for both thin and thick plates.

Javaheri and Eslami [29] derived equations CLT and the variational approach was used to
determine equilibrium and stability equations. Results were then derived for SSSS plates
subjected to in-plane loading. Mohammadi et al.[31] presented a buckling analysis based
on CLT and governing equations were obtained using the principle of minimum total poten-
tial energy. The boundary conditions were imposed using the Levy solution. Results were

obtained for various volume indices and aspect ratios.

2.2 Volume Fraction

The material properties of the functionally graded plate vary through the thickness. This
variation of material properties is governed by the two constituent materials, being a ceramic

and metallic material. The volume fraction of the ceramic phase, V., is described according

o= (4-7) )

where z is the through thickness coordinate, h is the thickness of the plate and A is the volume

to the power law [35]:

index, a dimensionless constant that influences the extent of the variation in the profile of
the volume fraction of the ceramic. Figure 1 is an illustration of the effects of the varying

values of A on the volume fraction of the ceramic.
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Figure 1: Variation of volume fraction of the ceramic material for various values of .

The power law equation for the volume fraction of the ceramic phase may be described using

various other forms of equations, including simple higher order polynomials as follows:
V(Zy) = anZp™ + an 12"t + ... + a2 Zn? + a1Zy, + ag
Depending on the fit required, a greater order polynomial is required in order to achieve the

required accuracy.

2.3 Through-Thickness Variation

The following section explores the two common methods of accounting for the through thick-
ness variation of materials in functionally graded plates. There are two common meth-
ods for establishing these properties, the rule of mixtures method and the Mori-Tanaka

Homogenization method [8][36].

2.3.1 Rule of Mixtures

The rule of mixtures method is based on micromechanics of composite materials and is the

simplest method for establishing the variation of the local effective material properties of



functionally graded plates. The method entails the summation of the respective Young’s
modulus and Poisson’s ratio based on the volume fraction of the respective metallic and

ceramic materials, V;,, and V. respectively. The rule of mixtures method is given as follows:

E(z) = BV, + E.V, (2)
v(z) = U Vin + Ve (3)

Once the effective layer properties have been established using the rule of mixtures method,

the elastic constants of the stress-strain relationships can be established.

2.3.2 Mori-Tanaka Homogenization Procedure

The Mori-Tanaka Homogenization method [3], later reformulated by Benveniste [3(], estab-
lishes the locally effective material properties of composites. Perfect bonding is assumed
between the two constituent materials which are also assumed to be of a random size and
orientation. The two parameters required for the establishment of the effective material prop-
erties are the bulk modulus K, shear modulus G and Poisson’s ratio, v of each constituent
material. However, literature shows that in many cases, only the Young’s modulus E and
Poisson’s ratio v, of a given constituent material is given and therefore, the bulk modulus

and shear modulus of each material must be established as follows:

E

K=30—) )
E

¢=310) 2

Having established the bulk and shear moduli for each constituent material, the method
entails the calculation of the modified bulk and shear moduli, Kand G, which are then used
to establish the effective Young’s modulus and Poisson’s ratio, E¥ and v* respectively. The

modified bulk and shear moduli are given as follows:

G(z) —Gm V. (7)
— B Ge—Gm
Ge—Gnm 1+(1—VC)Gm+nm

where the subscripts for m and c refer to the metallic and ceramic components respectively

and where the parameter n,, is given by equation 8 as follows:

_ Gr(9K,, +8Gy,)
= T (K + 2Gin) (8)




Using the modified bulk and shear moduli, Kand G, the effective values for Young’s modulus,

E*, and Poisson’s ratio, v*, are then found using Equations 9 and 10 respectively, as follows:
9KG

EF(z) = —— 9
(2) 3K +G )

3K — 2G

k

_ 10
V) = ar T o (10)

Once the effective layer properties have been established using the Mori-Tanaka Homogenization

method, the elastic constants of the stress-strain relationships can be established.

2.4 Classic Lamination Theory

The present study is based on CLT which greatly simplifies the analysis of the natural fre-
quencies and critical buckling loads of FG plates. CLT is a model which can be used to
establish the stresses and strains in plates subjected to forces and moments. It is useful to
establish the macromechanics of laminates before exploring CLT. The generalized Hooke’s

Law which relates the stresses and strains can be written as follows [37]:
o; — Eijei ’i,j == 1,26

where the first 3 stresses are normal stresses in the 1,2 and 3 directions and the last three are
shear stresses acting on the 23, 31 and 12 planes respectively. These strains are specifically

given as follows:

_ Ou
61_83:
o
eg—ay
_ou
63732
ov  Ow
64:’723:%‘1‘%
ow Ou
55:731:87‘1‘&
o
66—’712—ay o

where u, v and w are the displacements in the x, y and w directions respectively. CLT makes
use of a number of assumptions which greatly reduces the complexity of the analysis and

allows the problem to be easily solvable. The following assumptions underpin CLT [37]:

e The plate consists of orthotropic materials.

e The laminate thickness is very small in comparison with other dimensions.



The lamina of the laminate are perfectly bonded.

The laminate is macroscopically homogeneous and linearly elastic.

Straight lines normal to the mid-plane remain normal to the mid-plane after deforma-

tion.

e The through-thickness strains are negligible.

These assumptions render the plate to be in a state of plane stress and significantly simplifies
the analysis without sacrificing too much accuracy in most cases. These assumptions are not
strictly true and may have an impact on the results. As a result of the assumptions, the

following strains are eliminated:

ow
“=5 =
ov Ow
€4 = ’723:£+87y =0
ow Ou
= m=g, 15 =0

As a result, the strain-stress relationship reduces to [37]:

€ 511 512 0 (o]
€2 | = |51 S22 0 P} (11)

712 0 0 Ses

[ay

B

12

where Equation 11 is a 3x3 matrix known as the compliance matrix. In addition, each term

is given as follows [37]:

511=El1

1% 1%
522=El2

1
566:G712

where E7 and vq9 is the Young’s modulus and Poisson’s ratio in the longitudinal or primary
direction respectively and Fs5 and 1o; is the Young’s modulus and Poisson’s ratio in the
transverse or secondary direction respectively. (2 is the in-plane shear modulus which is

given by:

G2 = m (12)

10



Equation 12 for the calculation of the shear modulus is only applicable to isotropic materials.

Inverting the compliance matrix, the stress as a function of strain can be established [37]:

o1 Quu Q2 O €1
o2 | = [Q2a1 Q22 O €2 (13)
T12 0 0 Qes| |72

where Equation 13 is a 3x3 matrix known as the reduced stiffness matrix, abbreviated as [Q]

and its terms are given in terms of the elastic constants by [37]:

Eq
Qu=—"7""
1 —viov01
 BEa
Q2= —"
1 — viovo
Es
Qo= —"—
1 —vio191
Qe = G12

The reduced stiffness matrix for o1, o9 and 712 only allows for the normal stresses and strains
to be established relative to the 1 and 2 direction and shear stress and strain in the 1-2 plane
respectively. However, it is assumed that when the FG plate is transformed into the global
coordinate system, the principle coordinate system is rotated relative to the global coordinate

system and the stress-strain relationship is written as [35]:

Oz @1 1 @12 0 €x
oy| = Qa1 Qa2 O €y (14)
Tzy 0 0 Qes] |Vay

where the transformed reduced stiffness matrix is often referred to as @ and where o, oy
and 7, represent the normal stresses in the x and y directions and the shear stress in the xy
plane respectively [35]. To establish the coordinate system for CLT, it is assumed that the
laminate will lay in the x and y plane. Displacements will be defined as u, v and w in the x,
y and z directions respectively. Figure 2 illustrates these displacements of the plate and the

resulting strains are defined as [37]:

_ou
o= ox
ov
6y = 67y (15)
_ou,
Y12 = oy ox
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Figure 2: Displacement of a plate [37].

The total in-plane displacement of the plate at any point is the sum of the normal displace-
ments plus the displacements due to bending. Figure 3 illustrates the total displacement at

a point after loads have been applied to a plate.

Top surface of plate
+Z
Midp]anp I X
-Z
Bottom surface of plate

Deformed edge of plate

Figure 3: Total displacement in a plate [37].
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The slope of the plate during bending is given as [37]:

0, ~ — (16)

since the slope 6 is small. By combining the displacements of the plate at the mid-plane,

together with the displacement due to bending, the total displacements are as follows:

=y — 22
- Ox
0
v:vofza—z) (17)

where ug and vy are the displacements of the mid-plane of the plate in the x and y directions

respectively. From Equations 16 and 17, it then follows [37]:

du  Oug 0w

= o= o Con?
ov  Oug 0w
€y ay 8y z 8y2 ( )
ou Ov Oug Ovg 0w
nyzi_‘_i:i —— — 2z
oy O oy Ox 0xdy
Equation 18 can the be simplified and rewritten in matrix form as [37]:
€z € Ky
€y | = 62 + 2| Ky (19)
Yy ’ng Ry

where €Y, 62 and 'ygy are the mid-plane strains and s, Ky, and Ky, are the plate curvatures.
kz and K, is the rate of change of the slope of the bending plate in the z and y direction
accordingly. kg, curvature term is the amount of bending in the z direction along the y axis

(i.e., twisting). From Equation 14, the stress-strain relationship can now be expressed as [37]:

Oy Qu Qpp 0 fg Qi Qi 0 K
oy| = |Qa1 Ry O €| +2[Qy Qpn 0 Ry
Tay 0 0 Qe |79y 0 0 Q| |Kay

Since the stress in the laminate varies through the thickness due to the variation in material
properties, the stresses are defined in terms of the equivalent forces acting at the mid-plane.
The stresses acting at the end of the plate may be discretized and summed to produce an

integral which is defined as the force resultant, N, which is a force per unit of width. The

13



force resultants are defined as follows [37].

NI

T T
N=[N, N, Ny| = ﬂ o0 oy Ty

M

The stresses acting within the plate produce moments about the mid-plane. The moment
resultants, which are moments per unit of width, M, acting on a laminate are equal to the
integral of stresses over the laminate thickness acting at a moment arm z.

_h
2

T T
M=|M, M, Mmy] :/ [aw oy Txy] zdz

h

V]

This section is a summary of CLT and will form the basis for all subsequent analysis.

2.5 Rayleigh-Ritz

To establish the natural frequencies and critical buckling loads, the use of an approximate
method is required such as that of the Rayleigh-Ritz method. This method is based on the
principle of stationary total potential energy, i.e. at equilibrium. Plates that are experiencing
free vibration or buckling from it’s initial unstrained position possess internal strain energy
which is introduced through the external work being applied[38]. The principle of conserva-

tion of energy infers that the sum of the kinetic and strain energy must remain the same over

time [39]. Therefore, the total potential energy, II, remains constant and at equilibrium, is
given as:

oIl
——F =0 20
85w, 1,7) 20

where IT is the difference between the internal(or strain energy) and the external work and
A(z,y,z) is a deflection function which represents the displacement at an arbitrary point
within the plate described by the displacement function or trial function with deflection
coefficients C. The method assumes that the displacement or trial function can be approx-
imated by a combination of linear discrete vectors. Therefore, a reasonable displacement or
trial function must be assumed which will approximate the form of the solution [38]. In the
present theory, the following trial function has been assumed for the out of plane displacement

specifically for the buckling case:

where M and P are the total number of half waves in the x and y directions respectively,

Wy is a deflection coefficient,  and y are the positions on the x and y axes and a, b are the
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length and width of the plate respectively. Since the natural frequency is a function of time,

the trial function for the natural frequency case includes a time dependent variable:

=305 Wi (5 i (P2 in (44)

m=1p
where 2 is the natural frequency of the plate. Using an expression with a finite number

M~

1

of degrees of freedom constrains the solution to a set number of deformations states which
increases convergence, however, the accuracy thereof depends on the trial function chosen.
Solutions generally underestimate plate deflections as a result of the assumed approximate
displacement form which constrains the true shape of the plate and produces an artificial
stiffening effect. No clear rules apply to the assumed trial function, only that it must satisfy

the geometric boundary conditions [35]. It then follows that at equilibrium:

ol _ o oC
OA(z,y,z) OC OA(z,y,2)

where A(z,y,2) = d(z,y, 2)-C, d(z,y, 2) is an array of deflection functions and C' is an array
of deflection coefficients. The partial derivative of the coefficient with respect to the deflection

function results in:

oC 1

OA(z,y,2z)  d(z,y,2)
but since d(z,y, z) is a constant at any position, it follows that:

oIl oIl

IA(wyz) aC " .

Splitting the dividend of Equation 21 into the two forms of energy results in the following

expression:
aw_dav _,
dCc  dC
w _av

dc  dC

which is the condition of equilibrium for the system, where U is the internal strain energy
and V is the total external work. The internal strain energy may be expressed in a concise

form, where the stress-strain relationship is represented by the generalized Hooke’s Law:

U= %/ ZUT(xvyvz)e(:U,y,Z) dvol

U= %/ ZGT($7y72)Q6(x,y,z) dwol (22)
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Furthermore, the strains may be expressed in terms of the displacement or trial function by

appropriately differentiating the function:

e =Dd(z,y,2)C (23)
where D is the appropriate differential operator. By defining the matrix B as:

B =D(d(z,y,z2))

Equation 23 may be rewritten as:

e = B(x,y,2)C (24)
Substituting the above equation into Equation 22, Equation 22 can be rewritten as:

U= %/ ZCTBT({B’y’ Z)QB(x7y,Z)C dvol (25)

Subsequently, defining K - / BT(.CU, y,2)QB(z,y, z), the strain energy equation, Equation
vol

25 is given by:
U=iwl'Kw

The Rayleigh-Ritz method is used to establish the natural frequencies and critical buckling
loads of the present theory.
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3 Objectives

The work aims to achieve the following objectives:

e Develop the extension to CLT of Reid and Paskaramoorthy [35] to establish equations
which describe the critical buckling loads and natural frequencies of vibration for FG-
MPs.

e Using the developed theory, obtain the critical buckling loads and natural frequencies

of vibration for load cases presented in the literature for which exact solutions exist.
e Compare and discuss the results obtained with those of the exact solutions.

e Determine the practicality of the use of the developed theory for basic engineering

applications.
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4 Theory Development

4.1 Elastic Stress-Strain Relationships

The laminate configuration illustrated in Figure 4 is under consideration. The laminate can
be made up of any number of N layers of Functionally Graded Material (FGM) of orthotropic
material properties with a layer thickness of h,,, total laminate thickness h, length of a and
width of b. However, in the present study, it will be assumed that the laminate will only be
made up of 1 layer. The z-axis is perpendicular to the plane and is taken positive downwards
with it’s origin at the mid-plane of the laminate. The layer properties vary through the
thickness of the layer with the top surface of the layer being a pure ceramic material while
at the bottom of the layer is a pure metallic material. The z-coordinate of the mid-plane of

each layer is denoted by Z,.

-h/2 e Ceramic

h/2 Metal

Figure 4: Configuration of laminate under consideration

A non-dimensional z-coordinate is introduced within each layer in Z,, which varies from -1 at
the top surface to 4+1 at the bottom surface. The relationship between z and Z,, is defined

as follows:
2=7Zn+ 7Zn (26)

The stress in the laminate varies through the thickness of the laminate so it is convenient
to establish the force resultants, N, acting at the mid-plane. The force resultant, N, acting
on a laminate must satisfy the conditions of equilibrium and is balanced by the integral of

stresses over the laminate thickness.

T P T
N:[Nx Ny ny} :/ [0'33 oy Txy] dz
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The strain variation through the laminate is a function of both the mid-plane strain and
the curvature and is continuous through the plate thickness. By substituting the geometric

relationship for the total displacement in the laminate, it can be rewritten as:

Ny _hn €0z Rz
2
N = Ny = [l . Q €0y + z Ky dz
2
N, Ty ’Yazy Hl’y

where @ is the laminate stiffness matrix, €q is the mid-plane strains and & the curvatures of
the mid-plane. Should more than 1 layer be considered, the material properties in each layer
are discontinuous, therefore, the resulting force, N, is found by summing the contributions

for each layer:

N, N . €0z Ry
N=|N, | = Z/ Q! ey | +2 | 8y dz (27)
n=1"%n1
ny Yy Ray

where @, is the transformed stiffness matrix of layer n. In the present study however,
only 1 layer will be considered and therefore, N = 1. At this stage, it is clear that unless
the z-variation of the terms within @,, are simple functions, the integration of Equation 27
is complex. Therefore, each of the terms in @, may be represented in terms of the non-
dimensional variable Z,, through a polynomial curve fit. As a result, the original function
can be accurately represented by the polynomial series if sufficiently high order terms are
used. Appendix D provides the software code used to establish the polynomial curves used
to establish the elastic constants. The polynomial curve fit order is increased until each
error percentage at a set number of locations within the plates through thickness is within
a predetermined range. The polynomial representing the terms of @, can be rewritten in

terms of the polynomial series of order P as follows:

P @11np @mnp @31%
Q= Z Q12np Q22np Q32np 4 (28)
=0 |~ - =
" Qs Qas,, Qs

where the square matrix on the right hand side of the equation represents the coefficients of
the p'" terms in the series used to describe @,,. Let @n,, represent the p! matrix on the right

hand side of Equation 28:

~|@n, @, @,
@y, = Q12np Q22np Q32np
Q13np Qz:snp Q33np
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Equation 28 can accordingly be rewritten as:

P
Qn = ZQHPZE

p=0

Substituting Equation 26 and changing the variable of integration within each layer to Z,,

the resulting equation can be written as:

N= 2/ ZQn 2o+ (ut "2 2,)) 2z,

N=Y / @, (0 + (z2h 2 2wz,
1

n=1 p=0,1,2.. n=1 p=0,1,2
P
hn(1 — (=1)P*%) )
+ > Q, |k (29)
p=0,1,2... 4 p+ 2) !

In a similar manner, the moment resultants, M, acting on a laminate must satisfy the con-
ditions of equilibrium and is balanced by the integral of stresses over the laminate thickness

acting at a moment arm z.

_hn

T =R T
M:{Mw M, Mxy] —ﬁ [oz oy Txy:| zdz

2

The integral is evaluated as follows:

N P _ Ny N Ry 2y
M= Zhn( Z Zn(l ( 1)p+ )an + hnn(l ( 1)p+ )an>€0

n=l  \p=012 2(p+1) Alp+2)
N P _ 9 L B )
Zn~ (1 — (—1)P+ )~ Znhn (1 — (_1)p+ ) —
: 7; " </p=§2.“ 2(p+1) Cnp 2(p+2) Qnp
Py (1 = (—1)P+3)

The forces and moments acting on the laminate, Equation 29 and 30 respectively, can be
expressed in matrix form as:

N A B
M B D

« (31)

R
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where each component of the square matrix on the right hand side has a distinct function

and is termed:

A = extensional stiffness matrix
B = extension-bending coupling stiffness matrix

D = bending stiffness matrix

The A, B and D terms can then be found as:

N P p+1
A:Zhn( > p+)1 an) (32)

n=1 p=0,1,2...

N P _
_ Zo(l— (0P (1= (D)P2)
o ;::1 . <p=0,1,2... (p+1) O 4(p+2) np) (33)
N P _ 9 1 _ )
_ Z2(1— (1)~ Z,h,(1— (—1)PF2)
D= ; hn(p:%‘fz.. 2D Gmt 22
EnZ 1— (=1)p+3
e ) (34

Appendix E provides the software code used to establish the stiffness matrix as described

above.

4.2 Internal Strain Energy

The governing equations need to be formulated to establish the natural frequency and critical
buckling load for any functionally graded plate. To establish the governing equations, the
Rayleigh-Ritz method is used which requires a trial function which must be assumed and
must satisfactorily model the expected displacements in the z direction as well as satisfy the

geometric boundary conditions. The trial function used is as follows:
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and

_ fﬂ)
5= (5
The trial function can then be written as follows:

M P
w = Z Z Winp sin(am) sin(Bpy) sin(Qmpt) (35)

m=1 p=1

The strain energy within the plate is given by the work done in deforming the plate which is
therefore the product of all moments and their corresponding curvatures integrated over the

entire surface of the plate. The strain energy equation in its basic form is given by:

1 (A
U:/ Mgr dA
2 Jo

Considering the contributions from all moments, the strain energy equation can be rewritten

as follows:

o=y [ T My ) [ 2]y 36

where wg;, wy, and w,, are the plate curvatures as discussed in Section 2.4 and are defined

as follows:
0w
d?w
Wyy = Ky = 342

Wy, and wy, are the rates of change in the slope in the = or y directions, respectively, while
Wgy is the rate of change of slope in the z direction with respect to changes in the y direction

(i.e. twisting). The bending moments for an orthotropic plate are given by:

M, Dy D12 O —Wgg
My |=|Dy Dy 0 || -w, (37)
Mmy 0 0 D66 —way
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Therefore, the bending moments can be described by the following equations:

M, = —Diywgs — D12wyy
My = _D2lwxx — Dggwyy
Myy = —2Dgewsy

Substituting the above bending moment equations into Equation 36 results in the following:

1 [e b
U= B / / [Dllwxa: + D12wyy} Wy + [D21wmx + D22wyy] Wyy + [2D66wzy:| 2wxy dxdy
0 JO

Since D19 is equal to D1, the above equation can simplified to:

1 a rb
U= 2/ / Dllwmm2 + 2D12w:pxwyy + D22wyy2 + 4D66wmy2 dzdy (38)
0 0

Equation 38 provides the strain energy for an orthotropic plate. CLT assumes that the mo-
ments are applied relative to the mid-plane, Z,,. However, FGMPs are usually unsymmetrical
and therefore, the mid-plane and neutral axis, Z,, do not coincide. In the case of vibration,
the simply supported plate infers that there is no moment at the edges and the in-plane
displacements are assumed to be zero at the neutral axis. In the case of the buckling loads,
the load is assumed to be applied on the neutral axis and not the mid-plane since this would
induce a moment. This means that Equation 38 is based on the assumption that moments
are calculated relative to the neutral axis, while the D terms of Equation 34 are calculated
relative to the mid-plane. Therefore, they need to be reformulated so that they are calculated
relative to the neutral axis to be used in Equation 38. As before, Equation 31 expresses the

forces and moments acting on the laminate in matrix form as:

N
M

A B
B D

€0

K

To make the mid-plane strains and curvatures the subject of the formula, Equation 31 is
inverted:

=l

From CLT, the strain variation through the laminate is expressed using the mid-plane strains

and the mid-plane curvatures as follows:

€= €+ 2K (40)
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The strain variation through the laminate can then be expressed in terms of the inverted

matrix of Equation 39:
€ =[aN + bM] + z[bN + dM]

When only a moment M is applied, the tensile load N is zero and the strains within the

laminate can be expressed as follows:

€ =[aN + bM| + z[bN + dM]
€ =bM + zdM
e=(b+zd)M

The components of strain variation through the laminate are split as follows:

€z b1 b2 dir di2 M,
€y | = | [b12 D22 + 2 |di2 dao M,
Vxy b33 d33 Mxy

The simple support is located at the neutral axis, therefore, when only a moment M is
applied, the neutral axis experiences no strain. At the neutral axis, z,, the strain in the x

direction is zero, ¢, = 0, when only M, is applied:

0 =(b11 + Znd11) My
0 =b11 + Zpd11
Zn = —bi1/du (41)

Similarly, in the y direction:

Zn = — baa/dao
The position of the neutral axis is then equal to z,, = —b11/d11. The z position of the neutral

axis has now been established. The internal strain energy must be modified to account for

the neutral axis position. Now, it is known from Equation 31 that:
M =Bey + Dk (42)

So for pure bending about the neutral axis, ¢ = 0 at the neutral axis. Using Equation 40 and

making the strain equal to zero at the neutral axis results in the mid-plane strain equal to
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the strain induced by the curvature at the neutral axis:

€ = €0 + Znk
0=¢cg+Zpk
€0 = — Znk (43)

Substituting Equation 43 into Equation 42 results in:

M = — BZz,x + Dk
M =(D - z,B)k

Substituting Equation 41 in for z, results in:
M =(D + b11/d11B)k (44)

By comparing the moment matrix, Equation 37, with Equation 44, it is clear that the D
matrix must now be replaced with the expression in Equation 44 which includes the extension-

bending coupling stiffness matrix. The modified D matrix can now be redefined as:
D =D + (bn/dll)B

And as a result, the internal strain energy equation, Equation 38 can now be expressed as:

1 b — — —
U= 2/ / Dllwwmz + 2D12wxzwyy + D22wyy2 + 4D66wxy2 dzdy (45)
0 0

Now that the internal strain energy equation has been modified to include the D matrix
terms calculated relative to the neutral axis, the simplified expression for the internal strain
energy of a plate can now be found. To evaluate Equation 45, the first and second partial

differential equation with respect to x must be established as required from Equation 35:

M P
= Z Z mpQim, €OS(Qm @) sin(Bpy) sin(Qppt)

m=1p=1

M P
Wy Z Z Wnpum sin(am ) sin(Bpy) sin(Qppt) (46)
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In addition, the first and second partial differential equation with respect to y must be

established as required from Equation 35:

M P
v Z Z WonpBp sin(am) cos(Bpy) sin(Qpmpt)

m=1 p=1

M P
Wyy = — Z Z mpﬂp sin(am ) sin(Bpy) sin(Qmpt) (47)

Finally, the partial differential with respect to x and y as required from Equation 35 must be
established:

M P
d
Wy = % = Z Z WinpQum, cos(amx) sin(Bpy) sin(Qppt)
m=1p=1
duw M P
Wy = TJ = Z Z WonpQim Bp cos(aumx) cos(Bpy) sin(Qmpt) (48)
m=1 p=1

Breaking the integral of Equation 45 into components and substituting in Equation 46. The

first term is evaluated:

a rb
/ / ﬁllwcﬂm2 dzdy

//Dn ZZ WonpQun sm(ozmx)sm(ﬁpy)&n(ﬁmpt)) dzdy

m=1 p=1
M P M P

Dy Z Z Z Z WinpWstoum, 2052 sin? Qppt / / sin(am ) sin(Bpy) sin(asx) sin(fry) dedy

1t=1

=Dy, f: i i ZP: Wonp Wit as? sin? (Qpt) /Oa /Ob %(cos((am — ag)z) — cos((am + a5)$)>

((cos((8y = B)y) — cos((B, + B)y)) dady

M P M P |:

a

=Dn Z Z Z Z meWStam2a52 sin2(Qmpt)i -

n((am — as)z)  sin((am + as)x)}
m=1p=1 s=1 t=1

(v — as) (Qm + )

0

. . b
[Sln((ﬁp Bt)y) — Sln((ﬁp + /Bt)y):| Note : Terms in brackets only have values if m=sand p=t
(517 - /Bt) (ﬁp - ﬁt) 0
L M P ab
=Du Zl 221 Wt Sinz(ﬂmpt)z (m = s][p = t]
m=1 p=
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Similarly, the second term is evaluated as follows:

a b
/ / 2ﬁ12wmwyy dzdy

//2D12 ZZ meam sin(amx) sin(Bpy) sin(2 mpt)>

m=1 p=1
M P
( Z Z —WonpBp? sin(aunz) sin( Byy) Sin(Qmpt)) dzdy
m=1 p=1

M M P a b
=2D19 Z Z Z Z Winp Wt O Bpoes Be sin2 Qppt / / sin(a,x) sin(Bpy) sin(asz) sin(fry) dedy
m=1p=1 s=1 t=1
P
WonpWstQm Bpars B sin® (Qpt) / / cos( — ag)z) — cos((aym + Oés).l‘)>

=1 t=1

%(cos((ﬁp — Be)y) — cos((Bp + ﬁt)y)) dzdy
M P M P ' |
= 2Dz Z Z Z Z WinpW st 0t Bpoes B sinQ(Qmpt)l [Sm((am — a5)x) B sin((om + Oés)x)]

3
I
H
=
I
A
»

a

4 (am - as) (am + as)

0

Note : Terms in brackets only have valuesif m=sand p=t

[sin«ﬁp —By)  sin((By+ ﬁ»y)} '

(Bp — Br) (Bp — Br) 0
M P ab
=2D19 Z Z me O, ,Bp sin ( mpt) — 1 [m = 8][p = t]
m=1 p=1

The third term is evaluated as follows:

a b
//Dggwyy2 dzdy

//D22 ZZ —WonpBp sm(amaj)Sln(ﬁpy)sm(Qmpt)) dzdy

m=1 p=1
P

M P M
= Doy Z ZZZmeWstﬂp ;2 sin? Qpt / / sin(am ) sin(Bpy) sin(asz) sin(Bry) dezdy

m=1p=1 s=1 t=1

M P M P
= Dy Z Z Z Z meWStﬁp 8,2 sin? (Qmpt) / / cos( — ag)x) — cos((am + as)m))

m=1p=1 s=1 t=1

%(COS((BP — B)y) — cos((Bp + Bt)y)) dzdy

M P M P

= Doy Z Z Z Z meWst/Bp25t2 Sinz(Qmpt)i

m=1p=1 s=1 t=1

a

sin((am — as)r)  sin((am + as):x)]
(aom — o) (o + )

0

. . b
[Smi(ﬁip—_ﬂ%)y) — Smi(ﬁﬁp——i_ﬁfg)y)} . Note : Terms in brackets only have values if m=sand p=t
_ ab
= Dao Z Z me2/8p sin® mpt) 1 [m = s][p = t]
m=1 p=1
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The final term is evaluated as follows:

a b
/ / 4ﬁﬁ6wxy2 da:dy

/ / 4D66 ZZmeamﬁpcos(amx)cos(ﬁpy) sin(Q2 mpt)) dzdy

m=1 p=1

M P
ZZWmPWStamﬂpasﬁtsm mpt //cos am) cos(Bpy) cos(asx) cos(Bry) dady

1s=1t

P M P
ZZZmeW tamﬁpasﬁtsm Qpt) / / cos( —ozs)az)—i-cos((am—i-ozs)a:))

=1p=1s=1t

N |

VN
(@)
o
wn
—
~
EQ
9
SN—
Neg
N—
+

cos((By + Bi)y) ) dady

M P M P ' _
=4Dss Y D> D WnpWaram Fparsfs SmZ(Qmpt)i [Smi(oj;n_ai;)x) + Sln((faza: ++ ai;)x)]

a

0

Note : Terms in brackets only have valuesif m=sand p=t

(Bp — Bt) (Bp + Bt) 0
M P ab
= 4Dgg Z Z me Om ,6’p sin ( mpt) — 1 [m = 8][p = t]
m=1 p=1

Therefore, combining the components of the resulting integrals:
ab
U= |: Z Z - (Dllam + 2D1205m Bp + D225p + 4D66am Bp ):| mp2 Sln2(Qmpt)
m=1 p=1
Simplifying the above equation results in:
ab
U= [Z Z (Dnam + (2D12 + 4Dgs)am> B, + D2afsy )} p2 SN (Qpt)
m=1 p=1

The critical buckling case is independent of time and therefore, the trial function does not
contain the sin({,,t) term at the end. The trial function specific to the critical buckling

load case is given as:

MoP
= Z Z mp S (a2 sin(Bpy)

As a result of the independence with time, the internal strain energy equation for the critical

bucking load case is given by:

U= [ Z Z C;b (DnOém + (2D12 + 4Dg6)am By + D2afp )} Winp?
m=1 p=1
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From Section 2.5, it is known that:

aw  d
AWpp AWy

(%WTKW sin2(Qt)> — KW sin?(Qt) (49)

Therefore, in order to find the stiffness matrix K:

d
AWy

K sin2(Qt) = (KW sin2(m))
Substituting for KW sin?(Qt) from Equation 49 results in:

K sin?(Qt) =

d (dU )deQU

KW sin?(Qt)) =
( sin”( )) AWp \ AWy W

AWy

Therefore, the stiffness matrix K is given by:

d2U M ab /— _ _
K sin2(Qf) = “(Di1am* + (2D15 + 4Dgg) i 2 8,2
sin®(Qt) dme2 dme ( [2:1; 1 ( 110m" + (2D12 + 4Deg ) o B~ +

Da2f3p )} mp2 st(Qmpt)>

. d?U d ab

K sin®(Qt) = dme2 AWy [ (Dllam (2D12 + 4Des) am> B> + D22y )} mp ST (Qapt)
. d?U ab — _ _ _

K sin®(Qt) = AW? = (Dnam (2D12 + 4Dg6)am> By + D22/3p4> sin®(Qmpt)

In both cases, the stiffness matrix K is:

ab — — —
K = T (Dllam + (2D12 + 4Dg6 ) B2 + D22/8p4> (50)

4.3 External Work - Vibration Case

The next matter of interest is the total external energy due to vibration, Vy. The total
external energy of the system is comprised of the out of plane inertial energy, V,,, the in-
plane inertial energy in the x direction, V,, and the in-plane inertial energy in the y direction,
Vo:

Vi=V+Vu+Vy

This equation may be broken into parts and each considered separately. The work done by

the inertial force moving through a displacement in the z direction is given by:

Vi, = —%Fzéz (51)
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Where F, and J, are the inertial force and displacement in the z direction respectively.
Equation 51 can be rewritten with familiar terms in addition to the differential mass dm and

the acceleration in the z direction, a,, as follows:

1
w:_*Fzéz
v 2
1 [m
Vw:—/ a0, dm
2 Jo

Since Z,, is the non-dimensional z-coordinate introduced in Section 4.1 , Figure 4, p(Z,,) is
the density of the laminate which is a function of non-dimensional Z,, and may be represented
by a polynomial curve fit in terms of Z,, directly, dm can be written as p(Z,) h, dzdydZ,

and hence:

1 a rb p-1
= / / / *p(Zn)hnaz(gz dzdydZy,
/ / / n)hnwpw dedydZ, (52)

The resulting Equation 52 forms the basis for establishing the out of plane inertial energy.
To evaluate Equation 52, the first and second partial derivative with respect to ¢t must be

established as required, from the trial function, Equation 35:

M P
d
w = v Z Z WonpQmp sin(ouy,z) sin(Bpy) cos(Qppt)
m=1 p=1
Pu e : : :
Wit =y = Z Z W22, Sin (00 @) sin(Bpy) sin(Qpt) = a. (53)
m=1 p=1

Substituting the trial function, Equation 35 and 53 into Equation 52:

/ / / fﬁi Wi 02, Sin () Sin(Gpy) sin( Q) )

mlpl

( Z Z Winp sin(amz) sin(Bpy) sin(Qmpt)> dzdydZ,
m=1 p=1
M

S S S Wi Warsin? @t [ / / ) sin(am) sin(Byy) sin(ayz) sin(Ay) do

m=1p=1 s=1 t=1

MQMiii%MM»W/// (om0 om0

m=1 p=1 s=1 t=1

5 (cos((8, — Buw) — cos((B, + B)y)) dedydZ,

Vw =
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hQ2 M P a

M P -1
mp Z Z Z ZmeWSt sin® (. )/1 p(Zn)

m=1p=1 s=1 t=1

[mm@—mw_mwm+mwr
(By — Bt) (Bp + 5t)

sin((am — ag)r)  sin((am + as)z)
| |

(atm — QS) (am + as)

ENy

0

dZ,  Note: Terms in brackets only have values if m = s and p = t

0

Now, let:

1
Iy = / p(Zn) dz,
1

The resulting equation is as follows:

hQQ M P M P

Sy S S S W Wit Qg Y -l

m=1 p=1 s=1 t=1

The resultant equation is then simplified to provide the governing equation for the out of

plane inertial energy of the plate:

h Q Fw ab
Vw Z ZW mp sm ’mpt) (54)

mlpl

Applying the same methodology developed before, the work done by the inertial force moving

through a displacement in the x direction is thus:

1 a b -1
= 5/0 /0 /1 _p(Zn)hnuttu dzdydZ,

Figure 5 illustrates the displacements in an unsymmetrical plate with the indicative mid-

plane and neutral axis.

Neutral Axis

Uy

Figure 5: Cross section of laminate under consideration

Substituting in the relations for the curvature of the midplane:

/// [i(uﬁ%%i—:ﬂ(uﬁ%%iw) dzdydZ,
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ug is assumed to be fixed at the neutral axis and so:

dw
=0-—2z n—
UuQ z dx
h,, dw
= Z —
ug = 0— 2 de

where Z is equal to b11/d11. Substituting in for ug:

d? = hy, dw hy, dw ~ h, dw h,, dw

=3 / / / [dt2< by 2da:>}< Ty gy + Py ) dedudZ

5 hndw hp dw 5 hn dw hy, dw
T / // (B2, — B ”2 i) (B g ) dedwdz,
hn = hn dw
hn 92 212 B2 <o 7 dwn 2
Vu = /// 722 ZHTZH"FTZT%)(@) dxdydZ,
392 M P
o= / / / T+ 5 22) (32 Wanpm cos(oma) sin(By) sin (€ ))

m=1 p=1

Z Z WinpQm cos(aum ) sin(Bpy) sin(Qmpt)> dzdydZ,

/

m=1 p=1
SQQ M P S T
Vi= 2 5 SUSTS T s W W sin?(Qunpt / / / — ZnZn + 22)
m=1p=1 s=1 t=1
(cos(ozmx) sin(Bpy) cos(asx) sin(ﬁw)) dzdydZ,
_ ' 2imp 2
Vu = 1 Z ZZZamQSmeWstsm mpl / / / Z I + Z )
m=1p=1 s=1 t=1
1 1
i(cos((am — as)z) — cos((am + ozs)x)> §<cos((5p — Be)y) + cos((Bp + Bt)y)) dedydZ,
Now, let:

-1
1 = 14
T, = /1 p(Zn)(EZZ — Zn T + 523) dZ,
The resulting equation is as follows:

= n3Q%lp Z Z i ZP: U Qs Wi Wy sin? Qupt / / cos —ag)z) — cos((am + as):c)>

m=1p=1 s=1 t=1

%(COS((BP — Br)y) + cos((Bp + &)y)) dxdy
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P P

a

3 2 M M . |
Q 1[sin((am — as)z)  sin((oum + as)x)
= mp Z Z Z OtmOZSmeWst sin (Q ) - m s B m < :|
et i1 2 anma) amra)
1[si _ - b
- |:Sln((/8p /Bt)y> 4 SlD((ﬁp + 5t)y):| Note : Terms in brackets only have values if m=s and p =t
2 (Bp — Br) (By + Br) o
SQQ M P M P o
_ P E:I z:l Z:l ; amOészpWst sin (Qmpt) 4
m p S

The resultant equation is then simplified to provide the governing equation for the in plane

inertial energy in the x direction of the plate:

hQFub
Vv, = o mpm E:EZMawcml$n(Qmﬂ) fm = s][p - 4]

mlpl

Similarly, the work done by the inertial force moving through a displacement in the y direction

is thus:

1 a b -1
=3 / / / _p(Zn)hnUtt'U drdydZ,
2J)o Jo 1

The resultant equation is then simplified to provide the governing equation for the in plane

inertial energy in the y direction of the plate:

h QT 92 Ty ab
Vy = i Zzwmp Bp Sln( mpt) [m = s][p = t]

mlpl

The resulting total external energy as before is as follows:

Vi=Vu+Vu+V,
M P 2 M 2 M P
_2abh 9  hp Ty 9 o  hyTy 25 2| 2 2
Vi =00, [er;;me + =5 mp” 0 + = DD Wip?Bp? | sin®(Qpt)

m=1p=1 m=1p=1

Applying the same methodology as before for the internal strain energy, the inertial energy

may be expressed as follows:

av  d
AWy AWy

(%Q?WWTMW sin2(Qmpt)) — Q2 MW sin®(Qmpt) (55)

Therefore, in order to find the mass matrix M:

d

anpM sin?(Qppt) = Wy

(QQ MW sin (Qmpt)>
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Substituting for anpM W sin?(Qmpt) from Equation 55 results in:

d d dVv d?v
W.M'QthZA——(W<MW'Qth): ( ):
mp S ( P ) dme mp S ( P ) dme dme dme2
Therefore, the mass matrix M is given by:
d2v, a2 N Il on —
2 ) _ fo_ 2 2 ntu 2 2
Q;,p M sin (Qmpt) = dmez = dme2 |:Qmp8 <Fw Z Zme + 9 Z Z Winp™tm
m=1p=1 m=1p=1
A 2F M P
+ n2 u Z Zme2ﬁp2>] 81n2(Qmpt)
m=1 p=1
_ d2v; d abh hn 2T, h, 2T, ,
Qg@pM S1n2(Qmpt) = dme2 = AW [anpél <Fmep + Tmeosz + 5 meﬁp2>} Sln2(Qmpt)
. d?v; abh hn 2Ty, I :
QTQM,M sin?(Qpt) = ST = QQmpT <Fw + 5 . 5 Bp2> sin“(Qpmpt) (56)
Therefore, the M matrix is as follows:
abh hnzru 2 thFv 2

In terms of the Rayleigh Ritz method, for equilibrium we have the static total potential

energy:
v dVy
dWpp B dWpp

Which equates to the following:

KW sinX(€h,0) = Q7 MW sin*{(€,,1) (58)

Equation 58 is an eigenvalue problem and therefore, the natural frequency can be found

directly as:

ap (— — — — a hnlTuam?  hn’Ty B>
%(Dllam[l'*’(2D12+4D66)am2ﬁp2+D22Bp4> = Q?nphn%(rw'k = 2u = + = 2U 2 )

Solving for natural frequency 2:

(Ellam4 + (2D12 + 4Dg6) a2 B> + 5225124)

2 2 2
i (T + Ty Il )

2 _
Qp =
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The natural frequency € is given by:

0 (En&m4 + (2D12 + 4Dgg ) 23y + E225;::4) (59)
— 59
mp
(T + 2oLy 4 Bl )

4.4 External Work - Buckling Case

The next matter of interest is the total external energy due to the buckling load, V;. The
total external work of the system is comprised of the in-plane work in the x direction, V,

and the in-plane work in the y direction, Vj:
‘/;) = V:p + Vy

This equation may be broken into two parts and each considered separately, one for the in-
plane work in the = direction and one for the in-plane work in the y direction. The in-plane
work in the x direction is given as the critical buckling load multiplied by the shortening of

the plate due to curvature:

1 a b
Vo= / / Ncr:cwx2 dzdy (60)
2J)o Jo

To evaluate Equation 60, the partial derivative of the out of plane displacement, w, with

respect to x must be established as required from the trial function, Equation 35:

dw M P
We =7 = Z Z WonpQim cos(amx) sin(Bpy) (61)

m=1 p=1

Substituting Equation 61 into Equation 60 results in the following:

1 a b M P 2
V, = 2/ / ch( Z Z WonpQm, €08 (0t ) sin(ﬁpy))> dxdy

0 Jo m=1p=1

Simplifying the above equation before integration:

a bl

N, M P M P
v, = Nera Z Z Z Z Wonp Wt Qtm s 5(cos((am — ag)x) + cos((am, + ozs)x)>

0 JO
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Integrating the resulting simplified equation results in the following:

a

Nerg M P M 1 [sin((qyn — ag)x sin((om + ag)x
Vo D030 S W Wy | S S e RO

p=1 s=1 t=1 2 (Oém - as) (am + as)

0

1 |:Sln((5p Bi)y) Sln((ﬁp + Bt)y)] Note : Terms in brackets only have values if m = s and p=t
21 (Bp—B) (Bp+ B8 1lo
N M P M P ab

D 35 ) 3) BRI A

m=1p=1 s=1 t=1

The resultant equation is then simplified to provide the governing equation for the potential

energy of the plate in the x direction:

Nerg ab Z Z W22 (62)

mlpl

Similarly, the in-plane potential energy in the y direction is given as follows:

1 a b
= 2/ / Ncrywa dzdy
0 0

The resultant equation is then simplified to provide the governing equation for the potential

energy of the plate in the y direction:

cry ab Z Z me (63)

m=1 p=1

At this point it will be useful to introduce a new variable which determines the magnitude

and direction of the load in the y direction relative to the load in the x direction.

w _ ]]:;CTy
cre

CTy wNCTm (64)

Therefore Equation 63 may be re-written as follows:

vV, = Nery ab j{: jgjlaanp (65)

m=1 p=1
The resulting total external energy as before is as follows:

Vi = Vo +V,

NC’I":E b
v, — [a
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Applying the same methodology as before for the vibration case, the inertial energy may be

expressed as follows:

av d
AWy dWpnp

(AN, WTSW) = N, SW (66)

Therefore, in order to find matrix S:

NersS = o (NoyiSW)
mp

Substituting for N, SW from Equation 66 results in:

Noa = g (NargSW) = (3 ) = 4V

AW, AWy \dWop/ AW,
Therefore, the matrix S is given by:
d2v dz ab] -
NergS = = Nero— W 2 m2 + 2
dme2 dme2 |: 8 :| ,,nz::l; P (a ¢ﬂp )
d?v d ab
Ncra:SZ = Ncrzi Wi m2 2
AWon? AWy [ 4} plom’ + 96
d?v ab 9 9
NergS = dme2 = Ncrxz(am + ¢Bp ) (67)

Therefore, the S matrix is as follows:

§— “Zb(amz +us,) (68)

In terms of the Rayleigh Ritz method and in the same manner as for the vibration case, for

equilibrium we have the static total potential energy:

dU dv,

AWy AWy

Which equates to the following:
KW = N¢p o S (69)

In the same manner as the case of the natural frequency, Equation 69 is an eigenvalue problem

and so the buckling loads can be found directly as:

alf /— _ — — a
74g<D1105m4 + (2D12 + 4D66)Olm2ﬂp2 + D22ﬂp4> = Ncrng(anﬂ + w6p2>
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The critical buckling load N, is given by:

(511am4 + (2D12 + 4Dg6) B2 + E22ﬁp4)

Nerg = (am2+¢5p2>

(70)

Equations 59 and 70 are the governing equations for establishing the natural frequencies
and critical buckling loads for functionally graded plates given the input parameters. These
two equations are used to establish the natural frequencies and critical buckling loads for
functionally graded plates for a range of aspect ratios, a/h, and volume indices, A, the results

of which are detailed in section 5.

Appendix I provides the software code used to establish the natural frequency and buckling

load as described above.

4.5 Natural Frequency of Plate Subjected to Compressive Loads

The variation of natural frequency with compressive load may be of interest and may be
established using the present theory. To establish the governing equation for this relationship,

the Rayleigh-Ritz method is employed. As before, at equilibrium we have:

U AV
AWpp AWy
dU dV; dV;
= L+ 2 (71)

d me dme d me

where U is the internal strain energy and V' is the sum of the external energy due to vibration
as well as an in-plane loads as before. The partial derivative of the strain energy with respect

to W,y is given by:

M P
1 ab (— 4 - Y 2,2, P 4 2 .. 2
U= Q[E S = (Dnam + (2D12 + 4Dgg)am?By2 + Doy ) Winp? sin2(Q2t)

m=1 p=1
dU ab /— — — — .
= |— (D11Qm4 + (2D12 + 4D66)am25p2 + Dggﬁp4) me Sln2(Qt) (72)
Wy |2

The partial derivative of the external work due to vibration with respect to W, is given by:

abh [ <L & ) A h®Ty wi &
Vi= Q2mza? [Fw DD W + n2 LD Waptam® + n2 “>. Zmezﬁpz] sin®(Q2t)
m=1 p=1 m=1 p=1 m=1 p=1
W~ QmpT [Fw + 5 Om + 5 Bp” | Winp sin®(2t) (73)
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In this instance, the application of the in-plane compressive load will vary with time and
therefore, sin?(2t) forms part of the equation. The partial derivative of the external work

due to in-plane loads with respect to W, is given by:

Neypab ML
Vi, = [é’”] DD Wi (am® + ¢B,%) sin®(Qt)

m=1 p=1

av, [Aavxab

AT 1 } Wonp (am2 + 1/}5},2) sin? (Q1) (74)

Substituting Equations 72, 73 and 74 into Equation 71 and removing the common terms

results in the following:
B 4 * D) 202, 4\ _ 2 2 2 2 2
<D11am + (2D12 + 4D66)am 51) + DQQﬁp ) - th (Fw + Fuam + Fvﬂp ) + Ncrm(am + wﬁp )

The governing equation for the variation of natural frequency with compressive load is given
by:

(Ellam4 + (2D12 + 4Dg6) a2 B> + 5225;;4) — Nerg(am? + ¥5,%)

Q= 5
hn(Fw + 1_‘uO[mQ + Fv/Bp )

(75)

It is clear that when N, is zero, the natural frequency collapses to Equation 59. The critical

buckling load is found by setting the natural frequency equal to zero:

0 (Ellam4 + (2D12 + 4Dg6) am2B,* + E225p4) — Nevz(am? + ¥8,%)
= =0
A (Do + Lo ? + T 3p°)

The critical buckling load is found as follows, as before, in accordance with Equation 70:

<E1104m4 + (2D + 4E66)am2/6p2 + 5225;)4)

Ncrx =
(am? + ¢5p2)

Appendix G provides the software code used to graphically present the variation in natural

frequency with compressive load as described above.
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5 Results

To demonstrate the accuracy and practicality of the present theory for predicting the natural
frequency and buckling loads of simply supported functionally graded plates, various load
cases are considered and compared to literature found and described in Section 2.1. All the
results of the present theory have been established using a polynomial fit over 1000 points

and an error percentage at each point of less than 0.1%.

5.1 Natural Frequency Results

Various numerical results of specific load cases for natural frequency are presented in the
tables below. Tables 1, 2, 3 and 4 present the non-dimensional fundamental frequencies
results for plates with a varying volume index A and various aspect ratios a/h. To compare
the results of various mode shapes, Table 5 and 6 present the non-dimensional frequency for
various mode shapes with varying volume index A and an aspect ratio a/h = 20 and a/h = 10
respectively. Finally, Table 7, 8 and 9 present the non-dimensional fundamental frequencies
results for plates excluding in-plane inertial effects in x and y directions. With the exception
of Table 4, all the results of the present theory have been presented with at least one set of
three-dimensional results which are used for comparison. The results were obtained using

software, the code of which is presented in Appendix C to Appendix F.

Tables 1, 2 and 3 display the non-dimensional fundamental frequencies of a simply supported
square plate made from Al/ZrOy or Al/Aly;O3 with varying volume index A\ and aspect ratios
a/h = 5, a/h = 10 and a/h = 20 respectively. The resulting error percentage for each set
of results was established by comparing the results of the present study to the 3D results
obtained by Neves et al.[9] and Akavci and Tanrikulu [10] accordingly.
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Table 1: Comparison of non-dimensional fundamental frequency w = wh, /g—f of a SSSS square plate

(Al/ZrO2) with a varying volume index A and an aspect ratio a/h = 5 using the present theory (a=b=1).

Source A=0 A=05 A=1 A=3 A=10
Neves et al.] ]1 0.2469 0.2228 0.2193 0.2215 0.2229
Neves et al.] ]2 0.2459 0.2219 0.2184 0.2206 0.2219
Vel and Batra [7]* 0.2192 0.2211
Qian et al.[16] 0.2152 0.2172
Neves et al.[11]* 0.2193 0.2212
Neves et al.[11]* 0.2184 0.2202
Moghaddam and Baradaran [12]* 0.2474 0.2251 0.2188
Akavci and Tanrikulu [10]* 0.2193 0.2216
Present 0.2693 0.2419 0.2386 0.2437 0.2453
Error % relative to Neves et al.[0]" 9.07% 8.57% 8.80% 10.02% 10.04%

Note : Material properties vary according to the Mori-Tanaka Homogenization procedure.

! Work done by Neves et al.[9] (Quasi 3D), Vel and Batra [7], Neves et al.[11] (Quasi 3D), Moghaddam
and Baradaran [12] and Akavci and Tanrikulu [10] (Quasi 3D) based on 3D theory.

2 Work done by Neves et al.[9] based on HSDT.

3 Work done by Qian et al.[16] based on HOSNDPT and MLPG.

4 Work done by Neves et al.[11] based on Sinusoidal SDT.

Table 2 displays the non-dimensional fundamental frequencies of a simply supported square

plate made from Al/AlyO3 with a varying volume index A and an aspect ratio a/h = 10.

Table 2: Comparison of non-dimensional fundamental frequency w = wh,/g—i of a SSSS square plate

(Al/Al;O3) with a varying volume index A and an aspect ratio a/h = 10 using the present theory (a=b = 1).

Source A=0 A=0.5 A=1 A=4 A=10
Akavci and Tanrikulu [10]* 0.0578 0.0494 0.0449 0.0389 0.0368
Zhu and Liew [18)? 0.0576 0.0489 0.0441 0.0381 0.0365
Benachour et al.[19]* 0.0576 0.0490 0.0441 0.0380 0.0363
Hosseini et al.[17]* 0.0577 0.0490 0.0442 0.0381 0.0364
Matsunaga | }1 0.0577 0.0491 0.0442 0.0381 0.0364
Sheikholeslami and Saidi [15]* 0.0577 0.0491 0.0442 0.0381 0.0364
Belabed et al.[14]! 0.0578 0.0494 0.0449 0.0389 0.0368
Present 0.0592 0.0502 0.0452 0.0393 0.0378
Error % relative to Akavci and Tanrikulu [10]'  2.42% 1.61% 0.66% 1.02% 2.711%

Note : Material properties vary according to the rule of mixtures.

! Work done by Akavci and Tanrikulu [10] (Quasi 3D), Matsunaga [13] (Quasi 3D), Sheikholeslami and
Saidi [15] and Belabed et al.[14] based on 3D theory.

2 Work done by Zhu and Liew [18] based on Kriging meshless method (FSDT).

3 Work done by Benachour et al.[19] based on four variable SDT.

4 Work done by Hosseini et al.[17] based on Reddy’s TSDT.

Table 3 displays the non-dimensional fundamental frequencies of a simply supported square

plate made from Al/AlyO3 with a varying volume index A and an aspect ratio a/h = 20.
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Table 3: Comparison of non-dimensional fundamental frequency w = wh, /g—‘z of a SSSS square plate

(Al/Al;03) with a varying volume index A and an aspect ratio a/h = 20 using the present theory (a = b = 1).

Source A=0 A=0.5 A=1 A=4 A=10
Akavci and Tanrikulu [10])* 0.0148 0.0126 0.0115 0.0100 0.0095
Benachour et al.[19]? 0.0148 0.0125 0.0113 0.0098 0.0094
Hosseini et al.| ]3 0.0148 0.0125 0.0113 0.0098 0.0094
Sheikholeslami and Saidi [15]* 0.0148 0.0125 0.0113 0.0098 0.0094
Belabed et al.[14]! 0.0148 0.0126 0.0115 0.0100 0.0095
Present 0.0149 0.0126 0.0114 0.0099 0.0095
Error % relative to Akavci and Tanrikulu [10]'  0.67% 0.00% -0.86% -1.00% 0.00%

Note : Material properties vary according to the rule of mixtures.

! Work done by Akavci and Tanrikulu [10] (Quasi 3D), Sheikholeslami and Saidi [15] and Belabed et al.[14]
based on 3D theory.

2 Work done by Benachour et al.[19] based on four variable SDT.

3 Work done by Hosseini et al.[17] based on Reddy’s TSDT.

Table 4 displays the non-dimensional fundamental frequencies of a simply supported square
plate made from Al/Al,O3 with a varying volume index A and an aspect ratio a/h = 100.
The resulting error percentage was established by comparing the results of the present study
to the 3D results obtained by Baferani et al.[20]. The macroscopic material properties vary
according to the rule of mixtures. Importantly, various other CLT results were also included

for comparison with the present study.

2
Table 4: Comparison of non-dimensional fundamental frequencies @ = wa?4/ % of a SSSS square plate
Al/Al;O3) with a varying volume index A and an aspect ratio a/h = 100 using the present theory (a=b = 1).
ying g y

Source A=0 A=05 A=1 A=2

Baferani et al.] ]1 19.7281 16.6879 15.0357 13.6808
Kumar et. al[21]! 19.7392 16.7142 15.0610 13.6031
Li et. al[22]* 19.7398 16.7141 15.0609 13.6930
Present 19.7376 16.7167 15.0655 13.6993
Error % relative to Baferani et al.[20]" 0.04% 0.17% 0.19% 0.13%

Note : Material properties vary according to the rule of mixtures.
! Work done by Baferani et al.[20], Kumar et al.[21] and Li et al.[22] based on CLT.

Tables 5 and 6 display the first 4 and 5 non-dimensional fundamental frequencies of a simply
supported square plate made from Al/Al;Os3 and Al/ZrOy with a varying volume index A
and a volume index A = 1 respectively. Table 5 illustrates results for an aspect ratio a/h = 10
and Table 6 for an aspect ratio a/h = 20. The resulting error percentages were established
by comparing the results of the present study to the 3D results obtained by Neves et al.[9]
and Akavci and Tanrikulu [10]. The macroscopic material properties vary according to the

Mori-Tanaka Homogenization procedure [¢] and the rule of mixtures.
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Table 5: Comparison of first 4 non-dimensional frequencies @ = wa?/h, /g—‘z of a SSSS square plate (Al/Al,O3)

with a varying volume index A and an aspect ratio a/h = 10 using the present theory (a= b= 1).

Source (m;n) A=0 A=05 A=1 A=10
Akavci and Tanrikulu [10])* (1;1) 5.7807 4.9410 4.4907 3.6827
Benachour et al.[19]? 5.7690 4.9000 4.4160 3.6350
Matsunaga [13]* 5.7777 4.9170 4.4270 3.6420
Belabed et al.[14]" 5.7800 4.9400 4.4900 3.6800
Present 5.9248 5.0186 4.5225 3.7755
Error % relative to Akavci and Tanrikulu[10]* 2.49% 1.57% 0.70% 2.51%
Akavci and Tanrikulu [10]* (1;2) 13.817 11.851 10.773 8.6768
Benachour et al.[19]? 13.760 11.731 10.576 8.5570
Matsunaga [13]* 13.810 11.800 10.630 8.5880
Belabed et al.[14]! 13.800 11.840 10.770 8.6800
Present 14.635 12.398 11.171 9.3220
Error % relative to Akavci and Tanrikulu[10]* 5.92% 4.61% 3.72% 7.43%
Akavci and Tanrikulu [10])* (2;2) 21.237 18.268 16.609 13.002
Benachour et al.| ]2 21.125 18.055 16.282 12.995
Matsunaga | }1 21.210 18.190 16.400 13.060
Belabed et al.[11]! 21.210 18250  16.590 13.180
Present 23.144 19.610 17.667 14.735
Error % relative to Akavci and Tanrikulu [10]* 8.97% 7.34% 6.37% 13.32%

Material properties vary according to the rule of mixtures.

! Work done by Akavci and Tanrikulu [10] (Quasi 3D), Matsunaga[13] (Quasi 3D) and Belabed et al.[14]
based on 3D theory.

2 Work done by Benachour et al.[19] based on four variable SDT.

Table 6 displays the first 5 non-dimensional fundamental frequencies of a simply supported

square plate made from Al/ZrOs with varying volume index A and an aspect ratio a/h = 20.

Table 6: Comparison of first 5 non-dimensional frequencies @ = wh,/£= of a SSSS square plate (Al/ZrO2)

with a volume fraction index A = 1 and an aspect ratio a/h = 20 using the present theory (a=b = 1).

Source 1(1;1) 2(1;2) 3(2:1) 4(2:2) 5(3;1)
Neves et al.[9]* 0.0153 0.0377 0.0377 0.0596 0.0739
Qian et al.[16]? 0.0149 0.0377 0.0377 0.0593 0.0747
Neves et al.| ]3 0.0153 0.0377 0.0377 0.0596 0.0739
Present 0.0154 0.0383 0.0383 0.0611 0.0762
Error % relative to Neves et al.[0]" 0.65% 1.59% 1.59% 2.51% 3.11%

Note : Material properties vary according to the Mori-Tanaka Homogenization procedure.
! Work done by Neves et al.[9] (Quasi 3D) based on 3D theory.

2 Work done by Qian et al.[16] based on HOSNDPT and MLPG.

3 Work done by Neves et al.[11] based on Sinusoidal SDT.

To demonstrate the significance of accounting for the in-plane displacements and the resulting
strain energy on the accuracy of the natural frequency, the following results were established.

These results exclude any inertial energy in the x and y directions. Tables 7, Table 8 and
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Table 9 display the non-dimensional fundamental frequencies of a simply supported square
plate made from Al/ZrOs and Al/AlsO3 with a varying volume index A and an aspect ratio
a/h=5,a/h =10 and a/h = 20 respectively. The resulting error percentage was established by
comparing the results of the present study to the 3D results obtained by Neves et al.[9] and
Akavci and Tanrikulu [10]. The macroscopic material properties vary according to the Mori-
Tanaka Homogenization procedure[] or the rule of mixtures. The newly presented results all

exclude all in-plane inertial effects in the z and y directions and the resulting external work.

Table 7: Comparison of non-dimensional fundamental frequency w = wh, /g—’; of a SSSS square plate

(Al/ZrO2) with a varying volume index A and an aspect ratio a/h = 5, excluding in-plane displacements

using the present theory (a=b = 1).

Source A=0 A=05 A=1 A=3 A=10
Neves et al.[9]" 0.2469 0.2228 0.2193 0.2215 0.2229
Neves et al.| ]2 0.2459 0.2219 0.2184 0.2206 0.2219
Present 0.2693 0.2419 0.2386 0.2437 0.2453
Present?® 0.2781 0.2495 0.2462 0.2522 0.2541
Error % relative to Neves et al.[0]" 9.07% 8.61% 8.89% 10.15% 10.09%
Error % relative to Neves et al.[9]> *  12.63% 11.98% 12.26% 13.86% 13.99%

Note : Material properties vary according to the Mori-Tanaka Homogenization procedure.
! Work done by Neves et al.[9] (Quasi 3D) based on 3D theory.
2 Work done by Neves et al.[9] based on HSDT.

3 Result excludes in-plane inertial effects in = and y directions.

Table 8 displays the non-dimensional fundamental frequencies of a simply supported square

plate made from Al/AlyO3 with a varying volume index A and an aspect ratio a/h = 10.

Pc.
Ec

(Al/Al2O3) with a varying volume index A and an aspect ratio a/h = 10, excluding in-plane displacements

Table 8: Comparison of non-dimensional fundamental frequency w = wh of a SSSS square plate

using the present theory (a=b = 1).

Source A=0 A=05 A=1 A=4 A=10
Akavci and Tanrikulu[10]* 0.0578 0.0494 0.0449 0.0389 0.0368
Present 0.0592 0.0502 0.0452 0.0393 0.0378
Present? 0.0597 0.0506 0.0456 0.0396 0.0381

Error % relative to Akavci and Tanrikulu[10]* 2.42% 1.61% 0.66% 0.77% 2.44%
Error % relative to Akavci and Tanrikulu[10]* 2 3.28% 2.42% 1.55% 1.79% 3.53%

Material properties vary according to the rule of mixtures.
! Work done by Akavci and Tanrikulu[10] (Quasi 3D) based on 3D theory.

2 Result excludes in-plane inertial effects in = and y directions.

Table 9 displays the non-dimensional fundamental frequencies of a simply supported square

plate made from Al/AlyO3 with a varying volume index A and an aspect ratio a/h = 20.
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Table 9: Comparison of non-dimensional fundamental frequency @ = wh g—i of a SSSS square plate

(Al/Al;03) with a varying volume index A and an aspect ratio a/h = 20, excluding in-plane displacements

using the present theory (a=b = 1).

Source A=0 A=0.5 A=1 A=4 A=10
Akavci and Tanrikulu[10]* 0.0148 0.0126 0.0115 0.0100 0.0095
Present 0.0149 0.0126 0.0114 0.0099 0.0095
Present * 0.0149 0.0126 0.0114 0.0099 0.0095
Error % relative to Akavci and Tanrikulu[10]*  0.67% 0.00% -0.86% -1.00% 0.00%
Error % relative to Akavci and Tanrikulu[10]' 2 0.67% 0.00% -0.86% -1.00% 0.00%

Note : Material properties vary according to the rule of mixtures.
! Work done by Akavci and Tanrikulu[10] (Quasi 3D) based on 3D theory.

2 Result excludes in-plane inertial effects in 2 and y directions.
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5.2 Buckling Load Results

Various numerical results of specific load cases for buckling load are presented in the tables
below. Tables 10, 11, 12, 13 and 14 present the uniaxial buckling load results for simply
supported square plate made from Al/AlsO3 and SUS304/SisN, accordingly, with a volume
index A, varying aspect ratio a/h and varying span ratio a/b. Table 15 displays 4 non-
dimensional uniaxial critical buckling loads of an in-plane compressive load on a simply
supported square plate with a volume index A = 0 and an aspect ratio a/h = 100. Finally,
Tables 16 and 17 display the biaxial critical buckling loads on a simply supported plate with
varying aspect ratio a/h and a volume index A = 1. The results are all based on the material
properties varying according to the rule of mixtures. Most of the results of the present
theory have been presented with at least one set of three-dimensional results which are used
for comparison, however, Tables 11 and 12 contain only a comparison to 2DT. The results

were obtained using software,the coding of which is presented in Appendies C to F.

Table 10 displays the uniaxial critical buckling load (MN) of an in-plane compressive load on
a simply supported square plate made from Al/AlsO3 with a volume index A = 1 and varying
aspect ratio a/h . The resulting error percentage was established by comparing the results

of the present study to the 3D results obtained by Asemi et al.[23].

Table 10: Comparison of uniaxial critical buckling load (MN) of a SSSS square plate (Al/Al,O3) with varying
aspect ratio a/h and a volume index A = 1 using the present theory (a=1;b=2) (¢ = 0).

A=1
Source a/b a/h=5 a/h=10 a/h=20 a/h=30 a/h=40 a/h=50
Asemi et al.| ]1 0.5 237.9880  32.3325 4.1289 1.2289 0.5195 0.2664
Javaheri and Eslami [29]? 0.5 267.4800  33.4350 4.1794 1.2383 0.5224 0.2675
Shariat and Eslami | ]3 0.5 239.1500  32.4720 4.1486 1.2343 0.5215 0.2672
Thai and Choi [ ]4 0.5 239.1450  32.4721 4.1486 1.2343 0.5215 0.2672
Bodaghi and Saidi [ ]4 0.5 239.1500  32.4720 4.1486 1.2343 0.5215 0.2672
Kulkarni et al.| }5 0.5 239.6600  32.4900 4.1492 1.2343 0.5215 0.2672
Present 0.5 267.4817  33.4352 4.1794 1.2383 0.5224 0.2674

Error % relative to Asemi et al.[23]* 12.39% 3.41% 1.22% 0.76% 0.55% 0.37%

Note : Material properties vary according to the rule of mixtures.

! Work done by Asemi et al.[23] based on 3D theory.

2 Work done by Javaheri and Eslami [29] based on CLT.

3 Work done by Shariat and Eslami [28] based on TSDT.

* Work done by Thai and Choi [25] and Bodaghi and Saidi [30] based on HSDT.
® Work done by Kulkarni et al.[32] based on ITSDT.

Tables 11, 12, 13 and 14 display the non-dimensional uniaxial critical buckling load of
an in-plane compressive load on a simply supported square plate made from Al/AlsO3 or

SUS304/Si3Ny with varying aspect ratio a/h, volume indices A and span ratios a/b. Table
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11 displays the error percentages established by using the 2D SDT results by Thai and Choi

[25]-

Table 11: Comparison of non-dimensional uniaxial critical buckling load N = Na?/h*E,, of a SSSS square plate

(Al/Al203) with varying aspect ratio a/h and volume index A using the present theory (a=1;b=1/2) (¢ = 0).

Source a/b a/h A=0 A=05 A=1 A=2 A=5 A=10
Thai and Choi[ }1 0.5 5 6.7203 4.4235 3.4164 2.6451 2.1484 1.9213
Nguyen | ]1 0.5 5 6.7417 4.4343 3.4257 2.6503 2.1459 1.9260
Kulkarni et al.[32]> 0.5 5 6.7372 4.4334 3.4237 2.6489 2.1451 1.9242
Present 0.5 5 7.6662 4.9695 3.8212 2.9817 2.5216 2.2968

Error % relative to Thai and Choi [25]* 14.07%  12.34%  11.84% 12.72%  17.37%  19.54%

Thai and Choi [25]' 1 5 16.0211  10.6254 8.2245 6.3432 5.0531 4.4807
Nguyen [33]* 1 5 16.1003  10.6670 8.2597 6.3631 5.0459 4.4981
Kulkarni et al.[32]? 1 5 16.0837  10.6624 8.2524 6.3578 5.0432 4.4919
Present 1 5 19.6256  12.7217 9.7822 7.6332 6.4552 5.8798

Error % relative to Thai and Choi [25]* 22.49%  19.72%  18.93%  20.33%  27.74%  31.22%

Thai and Choi [ ]1 0.5 10 7.4053 4.8206 3.7111 2.8897 2.4165 2.1896
Nguyen | ]1 0.5 10 7.4115 4.8225 3.7137 2.8911 2.4155 2.1911
Kulkarni et al.| ]2 0.5 10 7.4102 4.8234 3.7131 2.8907 2.4152 2.1904
Present 0.5 10 7.6662 4.9695 3.8212 2.9817 2.5216 2.2968
Error % relative to Thai and Choi [25]* 3.52% 3.08% 2.96% 3.18% 4.34% 4.89%
Thai and Choi [25]' 1 10 18.5785  12.1229 9.3391 7.2631 6.0353 5.4528
Nguyen [33]* 1 10 18.6030  12.1317 9.3496 7.2687 6.0316 5.4587
Kulkarni et al.| ]2 1 10 18.5977  12.1340 9.3473 7.2671 6.0307 5.4560
Present 1 10 19.6256  12.7217 9.7822 7.6332 6.4552 5.8798
Error % relative to Thai and Choi [25]* 5.63% 4.93% 4.74% 5.09% 6.95% 7.83%
Thai and Choi [25]' 0.5 20 7.5993 4.9315 3.7930 2.9582 2.4944 2.2690
Nguyen [33]* 0.5 20 7.6009 4.9307 3.7937 2.9585 2.4942 2.2695
Kulkarni et al.| ]2 0.5 20 7.6005 4.9322 3.7936 2.9584 2.4941 2.2692
Present 0.5 20 7.6662 4.9695 3.8212 2.9817 2.5216 2.2968
Error % relative to Thai and Choi [25]* 0.88% 0.77% 0.74% 0.79% 1.09% 1.22%
Thai and Choi [25]" 1 20 19.3528  12.5668 9.6675 7.5371 6.3448 5.7668
Nguyen [33]* 1 20 19.3593  12.5652 9.6702 7.5386 6.3437 5.7689
Kulkarni et al.[32]? 1 20 19.3579  12.5697 9.6696 7.5382 6.3434 5.7676
Present 1 20 19.6256  12.7217 9.7822 7.6332 6.4552 5.8798

Error % relative to Thai and Choi [25]* 1.40% 1.23% 1.18% 1.27% 1.74% 1.95%

Note : Material properties vary according to the rule of mixtures.
! Work done by Thai and Choi [25] and Nguyen [33] based on HSDT.
2 Work done by Kulkarni et al.[32] based on ITSDT.

Table 12 displays the non-dimensional uniaxial critical buckling load of an in-plane com-
pressive load on plate made from Al/AlyO3 with a varying volume index A and aspect ratio
a/h.
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Table 12: Comparison of non-dimensional uniaxial critical buckling load N = Na?/h*E,, of a SSSS square plate

(Al/Al2O3) with varying aspect ratio a/h and volume index A using the present theory (a=1;b=1/2) (¢ = 0).

Source a/b a/h A=0 A=05 A=1 A=5 A=10 A=20 AX=100
Thai and Choi[25]' 0.5 20 7.5993 4.9315 3.7930 2.4944 2.2690 2.0054 1.5683
Present 0.5 20 7.6662 4.9695  3.8212 2.5216 2.2968 2.0287  1.5833
Error % relative to Thai and Choi [25]"  0.82% 0.77%  0.74% 1.09% 1.22% 1.16%  0.95%
Thai and Choi | ]1 1 20 19.3528 12.5668 9.6675 6.3448 5.7668 5.0988  3.9923
Present 1 20 19.6256  12.7217 9.7822 6.4552 5.8798 5.1935 4.0534
Error % relative to Thai and Choi [25]*  1.40% 1.23% 1.18% 1.74% 1.95% 1.85%  1.53%
Thai and Choi [25]* 0.5 50 7.6555 4.9634 3.8166 2.5172 2.2923 2.0250 1.5809
Present 0.5 50 7.6662 4.9695  3.8212 2.5216 2.2968 2.0287  1.5833
Error % relative to Thai and Choi [25]'  0.13% 0.12%  0.12% 0.17% 0.19% 0.18%  0.15%
Thai and Choi [25]' 1 50 19.5814  12.6970 9.7636 6.4373 5.8614 5.1782  4.0434
Present 1 50 19.6256  12.7217 9.7822 6.4552 5.8798 5.1935 4.0534
Error % relative to Thai and Choi[25]* 0.22% 0.19%  0.19% 0.27% 0.31% 0.29%  0.24%
Thai and Choi [25]' 0.5 100 7.6635 4.9680  3.8200 2.5205 2.2957 2.0278  1.5827
Present 0.5 100 7.6662 4.9695  3.8212 2.5216 2.2968 2.0287  1.5833
Error % relative to Thai and Choi [25]'  -0.01% 0.03% 0.03% 0.04% 0.04% 0.04% 0.03%
Thai and Choi [25]' 1 100 19.6145 12.7158 9.7775 6.4507 5.8752 5.1897  4.0508
Present 1 100 19.6256  12.7217 9.7822 6.4552 5.8798 5.1935 4.0534
Error % relative to Thai and Choi [25]'  0.05% 0.04%  0.04% 0.06% 0.07% 0.07%  0.06%

Note : Material properties vary according to the rule of mixtures.

! Work done by Thai and Choi [25] based on HSDT.

Table 13 displays the non-dimensional uniaxial critical buckling load of a in-plane compressive

load on a plate made from Al/AlyO3 with a varying span ratio a/b. The error percentage

was established using the 3D results obtained by Liu et al.]

Table 13: Comparison of non-dimensional uniaxial critical buckling load N = Na?12(1-v.%)/h*E. of a SSSS

square plate (Al/Al,O3) with an an aspect ratio a/h = 100 and volume index A = 0 using the present theory

(a:l,b:1/2) (’(/):O)

Source a/b=0.5 a/b=1
Liu et al.[24]" 15.4065 39.4640
Yin et al.[34)? 15.4200 39.4720
Mohammadi et al.[31]3 15.4212 39.4784
Present 15.4213 39.4784
Error % relative to Liu et al.[24]* 0.09% 0.03%

Note : Material properties vary according to the rule of mixtures.
! Work done by Liu et al.[24] (S-Q3DHSDT) based on 3D theory.
2 Work done by Yin et al.[34] based on S-FSDT.

3 Work done by Mohammadi et al.[31] based on CLT.

Table 14 displays the non-dimensional uniaxial critical buckling load of a in-plane compressive

load on a simply supported square plate made from SUS304/SizN4. The error percentage

was established using the 3D results obtained by Uymaz and Aydogdu [20].
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Table 14: Comparison of non-dimensional uniaxial critical buckling load N = Na?12(1-v.2)/72h3E. of a SSSS

square plate (SUS304/SisN4) with varying aspect ratio a/h and volume index A using the present theory

(a=b=1) (6= 0).

Source a/h A=0 A=0.5 A=1 A=5 A=10
Uymaz and Aydogdu [26]* 5 - - - - -

Uymaz and Aydogdu [26]? 5 - - - - -

Present 5 4.0000 3.3849 3.1528 2.8423 2.7262
Error % relative to Uymaz and Aydogdu [26]* -% -% -% -% -%

Uymaz and Aydogdu | ]1 10 3.8099 3.2299 2.9899 2.6699 2.5699
Uymaz and Aydogdu [ ]2 10 3.8009 3.2609 3.0609 2.7709 2.6609
Present 10 4.0000 3.3849 3.1528 2.8423 2.7262
Error % relative to Uymaz and Aydogdu [26]* 4.98% 4.79% 5.44% 6.45% 6.08%
Uymaz and Aydogdu [26]* 20 3.9499 3.3299 3.1099 2.7899 2.6699
Uymaz and Aydogdu | ]2 20 3.9709 3.3709 3.1409 2.8309 2.7109
Present 20 4.0000 3.3849 3.1528 2.8423 2.7262
Error % relative to Uymaz and Aydogdu [26]* 1.26% 1.70% 1.37% 1.87% 2.10%
Uymaz and Aydogdu [ ]1 50 3.9899 3.3699 3.1499 2.8299 2.7099
Uymaz and Aydogdu | ]2 50 3.9909 3.3809 3.1509 2.8409 2.7209
Present 50 4.0000 3.3849 3.1528 2.8423 2.7262
Error % relative to Uymaz and Aydogdu [26]* 0.25% 0.44% 0.09% 0.43% 0.60%
Uymaz and Aydogdu | ]l 100 3.9899 3.3699 3.1499 2.8299 2.7099
Uymaz and Aydogdu [ ]2 100 3.9909 3.3809 3.1509 2.8499 2.7209
Present 100 4.0000 3.3849 3.1528 2.8423 2.7262
Error % relative to Uymaz and Aydogdu [26]* 0.25% 0.44% 0.09% 0.43% 0.60%

Note : Material properties vary according to the rule of mixtures.
! Work done by Uymaz and Aydogdu [26] based on 3D theory.
2 Work done by Uymaz and Aydogdu [26] based on ESDPT.

Table 15 displays 4 non-dimensional uniaxial buckling loads of an in-plane compressive load

on a plate made from SUS304/SisN, with an aspect ratio a/h = 100 and a volume index A = 0.

The error percentage was established using the 3D results obtained by Uymaz and Aydogdu

[27]-

Table 15: Comparison of 4 non-dimensional uniaxial buckling loads N = Na?12(1-v.?)/m*h3E. of a SSSS
square plate (SUS304/SisN4) with an aspect ratio a/h = 100 and volume fraction index A = 0 using the present

theory (a=b=1) (¢ = 0).

Source mode (1;1) mode (2;1) mode (2;2) mode (4;1)
Uymaz and Aydogdu [27]* 3.9899 6.2099 16.010 19.610
Present 4.0000 6.2500 16.000 18.062
Error % relative to Uymaz and Aydogdu [27]* 0.25% 0.64% -0.06% -7.86%

Note : Material properties vary according to the rule of mixtures.
! Work done by Uymaz and Aydogdu [27] based on 3D theory.

Tables 16 and 17 display the results of biaxial critical buckling loads.

Table 16 displays

the non-dimensional biaxial critical buckling load of plate made from SUS304/SisNy with a
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volume index A\ and a varying aspect ratio a/h. Table 17 displays biaxial critical buckling
load (MN) of plate made from Al/Al;Os with a volume index A = 1 and a varying aspect
ratio a/h. The resulting error percentages were established using the 3D results obtained by

Uymaz and Aydogdu [26] and Asemi et al.[23] accordingly.

Table 16: Comparison of non-dimensional biaxial critical buckling load N = Na?12(1-v.2)/m*h*E. of a SSSS
square plate (SUS304/SisN4) with varying aspect ratio a/h and volume index A using the present theory
(azb=1) (p=1).

Source a/h A=0 A=0.5 A=1 A=5 A=10
Uymaz and Aydogdu [26]* 5 - - - - -

Uymaz and Aydogdu [26]? 5 - - - - -

Present 5 2.0000 1.6925 1.5764 1.4212 1.3631
Error % relative to Uymaz and Aydogdu [26]* -% -% -% -% -%

Uymaz and Aydogdu | ]1 10 1.8999 1.6099 1.4999 1.3399 1.2799
Uymaz and Aydogdu [ ]2 10 1.9009 1.6309 1.5309 1.3809 1.3309
Present 10 2.0000 1.6925 1.5764 1.4212 1.3631
Error % relative to Uymaz and Aydogdu [26]* 5.26% 5.13% 5.10% 6.06% 6.50%
Uymaz and Aydogdu [26]* 20 1.9699 1.6699 1.5599 1.3999 1.3399
Uymaz and Aydogdu [26)? 20 1.9809 1.6809 1.5709 1.4109 1.3509
Present 20 2.0000 1.6925 1.5764 1.4212 1.3631
Error % relative to Uymaz and Aydogdu [26]* 1.52% 1.35% 1.05% 1.52% 1.73%
Uymaz and Aydogdu [ ]1 50 1.9899 1.6899 1.5699 1.4199 1.3599
Uymaz and Aydogdu | ]2 50 1.9909 1.6909 1.5709 1.4299 1.3609
Present 50 2.0000 1.6925 1.5764 1.4212 1.3631
Error % relative to Uymaz and Aydogdu [26]* 0.50% 0.15% 0.41% 0.09% 0.23%
Uymaz and Aydogdu | ]1 100 1.9899 1.6899 1.5699 1.4199 1.3599
Uymaz and Aydogdu [26]2 100 1.9909  1.6909  1.5709 14209  1.3609
Present 100 2.0000 1.6925 1.5764 1.4212 1.3631
Error % relative to Uymaz and Aydogdu [26]* 0.50% 0.15% 0.41% 0.09% 0.23%

Note : Material properties vary according to the rule of mixtures.
! Work done by Uymaz and Aydogdu [26] based on 3D theory.
2 Work done by Uymaz and Aydogdu [26] based on ESDPT.

Table 17 displays the non-dimensional critical buckling load of a biaxial in-plane compressive

load on a simply supported square plate made from Al/Al2O3.
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Table 17: Comparison of biaxial critical buckling load (MN) of a SSSS square plate (Al/Al;O3) with varying
aspect ratio a/h and a volume index A = 1 using the present theory (a=1;b=2) (¢ = 1).

A=1
Source a/b a/h=5 a/h=10 a/h=20 a/h=30 a/h=40 a/h=50
Asemi et al.| ]1 0.5 190.386 25.868 3.3071 0.9839 0.4162 0.2131
Javaheri and Eslami [29]? 0.5 213.99 26.748 3.4353 0.9907 0.4179 0.2140
Shariat and Eslami [28] 0.5 191.32 25978 3.3189 0.9879 0.4172 0.2137
Thai and Choi | ]4 0.5 191.3160  25.9777 3.3189 0.9874 0.4172 0.2137
Bodaghi and Saidi [30]* 0.5 191.3200  25.9780 3.3189 0.9879 0.4172 0.2137
Kulkarni et al.[32]° 0.5 191.7300  25.9920 3.3194 0.9875 0.4172 0.2137
Present 0.5 213.9853  26.7481 3.3435 0.9906 0.4179 0.2139

Error % relative to Asemi et al.[23]* 12.39% 3.40% 1.10% 0.68% 0.40% 0.37%

Note : Material properties vary according to the rule of mixtures.

! Work done by Asemi et al.[23] based on 3D theory.

2 Work done by Javaheri and Eslami [29] based on CLT.

3 Work done by Shariat and Eslami [28] based on TSDT.

*Work done by Thai and Choi [25] and Bodaghi and Saidi[30] based on HSDT.
® Work done by Kulkarni et al.[32] based on ITSDT.
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5.3 Variation of Natural Frequency with Compressive Load

The graphical representations of the variations of natural frequency with buckling load are
presented in Figures 6, 7 and 8. They illustrate the variation of natural frequency for both the
uniaxial and biaxial buckling loads (MN) of in-plane compressive loads on a simply supported
square plate made from Al/AlyO3 and SUS304/SisN, with an aspect ratio a/h = 20 and
a/h = 100 with various volume indices A accordingly. The natural frequency is observed on
the y axis and the compressive load on the x axis. Material properties vary according to the

rule of mixtures as before.
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Figure 6: Comparison of uniaxial and biaxial compressive load (MN) with natural frequency of a SSSS square

plate (Al/Al>O3) with an aspect ratio a/h = 20 and varying volume index X using the present theory (a=b=1).

Figure 7 illustrates the variation of natural frequency for both uniaxial and biaxial compress-
ive loading (MN) of a simply supported square plate made from Al/AlyO3 with an aspect
ratio a/h = 20.
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Figure 7: Comparison of uniaxial and biaxial compressive load (MN) with natural frequency of a SSSS square
plate (Al/Al,O3) with an aspect ratio a/h = 20 and varying volume index A using the present theory (a = 1,
b=2).

Figure 8 illustrates the variation of natural frequency for both the uniaxial and biaxial buck-
ling loads (MN) of in-plane compressive loads on a simply supported square plate made from
SUS304/Si3N, with an aspect ratio a/h = 100.
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Figure 8: Comparison of uniaxial and biaxial compressive load (MN) with natural frequency of a SSSS square
plate (SUS304/SisN4) with an aspect ratio a/h = 100 and varying volume index A using the present theory
(a=b=1).
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5.4 Curve Fit Accuracy and Convergence

Since the present theory is an extension to CLT, the solutions to the natural frequency and
critical buckling load using CLT may be of interest for comparison with the present study. In
addition, it is worth noting that the polynomial fit error percentage limit has an effect on the
results of the present study and therefore, confirming convergence may also be of interest.
As such, results are displayed for CLT and the present study for both natural frequency, as

well as for critical buckling loads for a particular load case.

To compare results of the CLT and the present study and confirm convergence of the present
study, the following particular load case is considered: the results of CLT and the present
study for the fundamental natural frequency (Hz) of a SSSS square plate (Al/AlsO3) with
an aspect ratio a/h = 20 and varying volume index A (a = 1 ; b= 1) are presented in Table
18 and 19 respectively. The natural frequencies for CLT vary with the degree of discretiza-
tion, while for the present study, they vary with polynomial fit error percentage limit. For
both set of results, the macroscopic material properties vary according to the Mori-Tanaka

Homogenization procedure[3].

Table 18: Natural frequency (Hz) results for various discretization layers of a SSSS square plate (Al/Al>O3)
with an aspect ratio a/h = 20 and varying volume index X using CLT (a=1; b= 1).

Number of Layers

A 1000 2000 5000 10000 20000 50000 100000

A=0 2980.5559 2980.5559 2980.5559 2980.5559 2980.5559 2980.5559 2980.5559
A=0.1 2658.8279 2658.3461 2658.0438 2657.9390 2657.8850 2657.8518 2657.8404
A=0.2  2480.4940 2479.9737 2479.6531 2479.5437 2479.4882 2479.4543 2479.4429
A=0.5 22079311 2207.4727 2207.1959 2207.1033 2207.0568 2207.0289 2207.0196
A=1 2031.8483 2031.4790 2031.2574 2031.1835 2031.1466 2031.1244 2031.1170
A=2 1927.0706 1926.6996 1926.4770 1926.4028 1926.3656 1926.3434 1926.3359
A=5 1851.0377 1850.3598 1849.9531 1849.8176 1849.7498 1849.7092 1849.6956
A=10 1776.6197 1775.5132 1774.8506 1774.6300 1774.5197 1774.4536 1774.4315
A=12 1754.1866 1752.9565 1752.2206 1751.9756 1751.8532 1751.7797 1751.7553
A=15 1726.5609 1725.1804 1724.3554 1724.0809 1723.9438 1723.8616 1723.8342
A=20 1692.1814 1690.6137 1689.6787 1689.3680 1689.2129 1689.1198 1689.0888
A =50 1605.8980 1603.8286 1602.6097 1602.2071 1602.0066 1601.8865 1601.8465
A =100 1567.4539 1565.0863 1563.7185 1563.2716 1563.0498 1562.9173 1562.8732
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The graphical representation of the results of Table 18 is displayed in Figure 9.

3200 T T T T T
3000 o O O o O O o O O o 07
2800 1
O A=0 © o o o0 o o o o o o o
2600 O A=0.1 ]
g g ifg? o o o 0o o o o o o o o
52400* o A=l ]
5 o A=2
22200 A=5 O o o o 0o o o o o o o4
E A=5
= A=10 o o o
£ _ 0O 0o o o o o o o
£ 2000 - A=12 ]
= A=201 0 o o o o o o o o
A=50
A =100
1800 4
1600 4
1 1 1 1 1
10' 10° 10° 10* 10°

Number of Discretized Layers

Figure 9: Variation of natural frequency using CLT with increasing discretization layers.

Table 19 lists the natural frequencies of the present study which vary with polynomial fit
error percentage limits. The error percentage between a polynomial fit error percentage limit

of 0.05% and the equivalent results for CLT using 100000 layers is listed in the final column.

Table 19: Natural frequency (Hz) results for various polynomial fit error percentage limits of a SSSS square

plate (Al/AlyO3) with an aspect ratio a/h = 20 and varying volume index A using the present study (a=1;b=1).

Polynomial Fit Error Percentage Error
A 5% 2% 1% 0.5% 0.2% 0.1% 0.05%
A=0  2980.5559  2980.5559  2980.5559  2980.5559  2980.5559  2980.5559  2980.5559  -0.00%
A=0.1 2657.3975 2657.8248 2657.7507 2657.7429  2657.7429  2657.7429  2657.7429 -0.00%
A=0.2 2479.1627 2479.2731  2479.4122  2479.4315  2479.4462  2479.4462  2479.4462  0.00%
A=0.5 2207.0259 2207.0482 2207.0559  2207.0528 2207.0572  2207.0631 2207.0726  0.00%
A=1 2031.1113  2031.1113 2031.1311 2031.1183 2031.1183 2031.1202 2031.1202  0.00%
A=2 1926.3299  1926.2414  1926.2617  1926.2439  1926.2478  1926.2444  1926.2444 -0.00%
A=bH 1849.6707  1849.5658  1849.5256  1849.5197  1849.5245 1849.5193  1849.5168  -0.00%
A=10 1774.3545 1774.3040 1774.2790 1774.2738 1774.2679  1774.2650 1774.2636 -0.00%
A=12 1751.7399 1751.6881 1751.6496 1751.6231 1751.6007 1751.5990 1751.5975 -0.00%
A=15 1723.8109 1723.7813 1723.7383 1723.7143 1723.6953 1723.6919 1723.6901 -0.00%
A=20 1689.2263 1689.0616 1689.0250 1688.9793 1688.9723 1688.9680 1688.9624 -0.00%
A=50 1602.0568 1601.8649 1601.8413 1601.8020 1601.7748 1601.7655 1601.7695 -0.00%
A=100 1563.1273 1562.9593 1562.9000 1562.8815 1562.8253 1562.8111 1562.8040 -0.00%
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The graphical representation of the results of Table 19 is displayed in Figure 10.
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Figure 10: Variation of natural frequency using the present study with the polynomial fit error percentage.

Similarly for the critical buckling load, the results of CLT and the present study for a uniaxial
critical buckling load (MN) of a SSSS square plate (Al/AlyO3) with an aspect ratio a/h = 20
and varying volume index A (a=1; b=2) (¢ = 0) are presented in Table 20 and 21 respectively.
The critical buckling loads for the CLT analysis vary with the degree of discretization, while
for the present study, they vary with polynomial fit error percentage limit. For both set of

results, the macroscopic material properties vary according to the rule of mixtures.

Table 20: Critical buckling loads (MN) results for various discretization layers of a SSSS square plate
(Al/Al2O3) with an aspect ratio a/h = 20 and varying volume index A using CLT (a=1; b= 2).

Number of Layers

A 1000 2000 5000 10000 20000 50000 100000

A=0 8384.9553 8384.9553 8384.9553 8384.9553 8384.9553 8384.9553 8384.9553
A=0.1 7561.7978 7559.6917 7558.3189 7557.8249 7557.5639 7557.3986 7557.3405
A=0.2 6880.7117 6877.7846 6875.9294 6875.2803 6874.9449 6874.7373 6874.6662
A=0.5  5441.3443 5438.4356 5436.6697 5436.0759 5435.7776 5435.5979 5435.5378
A=1 4183.3641 4181.3826 4180.1940 4179.7978 4179.5997 4179.4809 4179.4413
A=2 3263.5579 3262.4106 3261.7225 3261.4931 3261.3785 3261.3097 3261.2868
A=5 2760.1285 2759.0460 2758.3959 2758.1791 2758.0706 2758.0056 2757.9839
A=10 2515.8237 2513.9652 2512.8492 2512.4771 2512.2910 2512.1794 2512.1422
A=12 2441.8304 2439.7028 2438.4256 2437.9998 2437.7868 2437.6590 2437.6164
A=15 2347.3855 2344.9172 2343.4360 2342.9422 2342.6954 2342.5472 2342.4978
A=20 2224.7249 2221.8216 2220.0804 2219.5001 2219.2100 2219.0360 2218.9780
A =50 1895.5408 1891.4915 1889.0724 1888.2678 1887.8659 1887.6248 1887.5445
A =100 1740.9351 1736.3164 1733.5749 1732.6660 1732.2125 1731.9407 1731.8502

The results of Table 20 are plotted for illustrative purposes in Figure 11.
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Figure 11: Variation of critical buckling load using CLT with increasing discretization layers.

Table 21 lists the critical buckling loads of the present study which vary with polynomial fit

error percentage limits. The error percentage between a polynomial fit error percentage limit

of 0.05% and the equivalent results for CLT using 100000 layers is again, listed in the final

column.

Table 21: Critical buckling load (MN) results for various polynomial fit error percentage limits of a SSSS

square plate (Al/Al;O3) with an aspect ratio a/h = 20 and varying volume index A using the present study

(a=1;b=2).

Polynomial Fit Error Percentage Error
A 5% 2% 1% 0.5% 0.2% 0.1% 0.05%
A=0 83849553 8384.9553 8384.9553 8384.9553 8384.9553 8384.9553  8384.9553 -0.00%
A=0.1 7555.6341 7555.5658  7555.5658  7555.5658  7555.5658  7555.5658  7555.5658  -0.02%
A=0.2 6872.3790 6873.7008 6873.9313 6873.9313 6873.9313 6873.9313 6873.9313 -0.01%
A=0.5 5435.1938 5435.3158 5435.3479  5435.4560 5435.4462 5435.2569  5435.4454  -0.00%
A=1  4179.4017 4179.4017 4179.4017 4179.4017  4179.4017  4179.4017 4179.4017 -0.00%
A=2  3261.2638 3261.2638 3261.2638 3261.2638 3261.2638 3261.2638 3261.2638 -0.00%
A=5 27579130 27579130 2757.9622 2757.9622 2757.9622 2757.9622 2757.9622 -0.00%
A=10 2512.0738 2512.0738 2512.1237 2512.1237 2512.1041 2512.1041 2512.1041 -0.00%
A=12 24375332 2437.6374 2437.5701 2437.5701 2437.5757  2437.5757 2437.5757 -0.00%
A=15 2342.6358 2342.4408 2342.4408 2342.4632 2342.4478  2342.4478 2342.4489 -0.00%
A=20 22189371 2219.0049 2218.9193 2218.9193 2218.9283 2218.9197 2218.9197 -0.00%
A=50 1887.6457 1887.5164 1887.5316 1887.4766 1887.4810 1887.4666 1887.4676 -0.00%
A=100 1732.1718 1731.9506 1731.8409 1731.7886 1731.7699 1731.7710 1731.7634 -0.00%
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The results of Table 21 are plotted for illustrative purposes in Figure 12.

9000 T T T T T
©O 0O 00O 0O OO0 O O O O
8000 [ 7
©O 0 O 0 O OO0 O 0 O ©°
7000 [ 0O 0o o0 o0 o OO0 O 0 o o 7
6000 - O A=0 1
= O X=0l| 0 0O 0 0 0O O O O O O O
25000 [ O A=02 1
3 O A=05
o o A=1
- 5 B O 0O O 0O 0O O 0O O O O O
&0 4000 [- A=2 1
= o A=5
S O A=5
a O A=10 O O 0O 0O O O O Oo O o©
§3000k O A=12 7
= © X=20| 8 o o o o o o o 0 O o
O O A=50
=0 8§ 888 888 8§88
o (®] O O O 0 O O O O O
o
2000 6} 7
o O O O O o O O O O O
Q
1 1 1 1 1
10° 107 10" 10° 107!

Polynomial Fit Error Percentage Limit

Figure 12: Variation of critical buckling load using the present study with increasing polynomial fit error

percentage limits.
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6 Discussion

The discussion of results is presented in the same order as was presented in Section 5.

6.1 Natural Frequency

The non-dimensional fundamental natural frequencies of plates with varying volume index
A and an aspect ratio a/h = 5, a/h = 10 and a/h = 20 are displayed in Tables 1, 2 and 3
respectively. The results show that for relatively thick plates, a/h = 5, the error percentage
compared to the three dimensional results produced by Neves et al.[9] vary between 8.61% and
10.15% depending on the extent of the variation of material properties through the thickness
which is given by the volume index A. The results illustrate that the error percentage for
an aspect ratio a/h = 10 compared to the three dimensional results produced by Akavci and
Tanrikulu[10] improve to between 0.66% and 2.44%. These results are improved even further
for an aspect ratio a/h = 20 where the error percentage improves to between 0.00% and 1.00%
absolute. The negative errors and magnitude of the errors observed in Table 3 is a result
of the difference in the last significant figure which has a significant impact on the error
percentage, given the low value of the non-dimensional natural frequency for the load case.
It may also be attributed to rounding off errors and the number of decimal places displayed.
It is clear however, that the accuracy of the results compared to three dimensional results
increase significantly as the aspect ratio a/h is increased. Consequently, for plates with an
aspect ratio a/h = 20, the results compare very well with three dimensional results by Akavci
and Tanrikulu[l0]. By way of comparison, the average error percentage for the results of
Table 1 for an aspect ratio a/h = 5 is 9.36%. The average error percentage for the results of
Table 2 for an aspect ratio of a/h = 10 is 1.58%. The average error percentage for the results
of Table 2 for an aspect ratio a/h = 10 is 1.58%. The average error percentage for the results of
Table 3 for an aspect ratio of a/h = 20 is 0.50% (using all error percentages as absolute values).
This confirms the sharp decrease in the significance of the through-thickness strains and their
associated energy with increasing aspect ratio. The natural frequencies established using the
present theory are in most cases, greater than the three-dimensional results. This observation
is expected, given that the present theory has neglected the through thickness strains. In
thicker plates the through-thickness strain energy is proportionately more significant than
in thinner plates, and hence, neglecting this energy has a greater impact in thicker plates.
Comparing Tables 1, 2 and 3, it is clear that the non-dimensional natural frequencies are

greater for thicker plates and decrease with increasing aspect ratio a/h.

Tables 2 and 3 illustrate that the non-dimensional frequencies are at their greatest when the

volume index A = 0, and decrease with increasing volume index A. This trend can be attributed
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to the plate being made completely of the stiff ceramic material at A = 0 which becomes
increasing less stiff as more metallic material is introduced with increasing volume index
A. The difference in the specific stiffness (Young’s modulus to density ratio) for aluminium
and aluminium oxide is relatively high so, with the addition of the ceramic material, it is
expected that the plate’s natural frequency will increase. Contrary to Tables 2 and 3, Table
1 does not follow the same trend, the non-dimensional natural frequency is at a minimum
at a volume index A = 1 and then increases marginally as the metallic material is introduced
with increasing A. It is worth noting that the materials for the load case of Table 1 is made
from aluminium and zirconium oxide whose difference in specific stiffness is relatively small.
Appendix B details an investigation conducted to explain the reason for better results at
volume indices of around A = 1. The plate’s neutral axis moves away from the mid-plane
when there is a difference in stiffness between the top and bottom surfaces of the plate.
Appendix B illustrates that at and around X = 1, the difference between D(1,1) and D(1,1)
is greatest while the displacement between the mid-plane and the neutral axis also appears
to peak at this point. The result of this displacement of the neutral axis from the mid-plane
is that the D matrix has lower values at around A = 1 and A = 2. As a result, a lower bending
stiffness matrix is calculated and therefore, greater curvature is experienced by the plate.
This would imply that the plate experiences a greater bending strain which means that the
bending strain will be a significantly greater proportion of the total internal strain energy
in the plate, while the through-thickness strains diminish in significance. Considering the
effect of the D matrix and the relatively small difference in specific stiffness for aluminium
and zirconium oxide, it is reasonable to assume that this D effect dominates the material
properties at A = 1, in plates where the specific stiffnesss are relatively constant. This would
explain why the results in Table 1 increase after A = 1. Conversely, since there is a relatively
large difference in the specific stiffnesss in Tables 2 and 3, the effects of the reversion of the
neutral axis to the mid-plane after A = 1 is not large enough to counter the effects of the

introduction of the less stiff metallic materials.

The non-dimensional fundamental natural frequencies of plates with varying volume index
A, aspect ratio a/h = 100 and varying span ratio a/b are displayed in Table 4. The error
percentages compared with the three dimensional results by Baferani et al.[20] are relatively
small, given that the aspect ratio a/h = 100. This is consistent with the insignificant effects
of the through thickness strains on thin plates. The natural frequencies of the present study
compare well with the natural frequencies of the results of all the other authors used as
a comparison and particularly with the CLT results as expected. However, the results of
the present study should be exactly the same as the results for the CLT results, given that
all the methods including the present study is based on CLT. The difference in the natural

frequencies may perhaps be due to the insufficient polynomial accuracy fit of the present
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study or that the CLT results have not reached convergence of results to the last significant

figure. Further discussions on these issues are discussed in Section 6.4.

Tables 5 and 6 display the non-dimensional natural frequencies at various mode shapes. The
first four (4) non-dimensional frequencies for a plate with an aspect ratio a/h = 10 and varying
volume index A is displayed in Table 5. The first five (5) non-dimensional frequencies for a
plate with an aspect ratio a/h = 20 and volume index A = 1 is displayed in Table 6. The
results of both tables confirm that the fundamental natural frequency (mode 1;1) compares
very well with their respective three-dimensional results as before. The results in Table
5 illustrate that for the fundamental frequency, the average error percentage compared to
the three dimensional results by Akavci and Tanrikulu[!0] may be established as 1.76% and
varies between 0.65% and 3.11%. The next mode shape, (1;2) or (2;1), has an average error
percentage compared to the three dimensional results of 5.28% and varies between 3.52%
and 7.16%. Similarly, for the mode shape (2;2), the average error percentage is 8.79%. By
comparison of the various mode shapes and average error percentages, it is evident that the
error percentages increase significantly with higher mode shapes. Investigation of the strain
displacement relationships from other 3D literature illustrates that the through-thickness

strains, 7y,. and v,., are a function of the out-of-plane trial function and given by % + ngt’v’

and % + %171; respectively. As such, increasing the mode shape parameter would increase the

ng‘; and %dTZ components. Accordingly, it is expected that the through-thickness strains would
become increasingly more significant and would explain the increase in the error percentages
with increasing mode shapes in the present study. It is also worth noting that at higher mode

shapes, the natural frequency increases as expected.

To compare the effect of the aspect ratio a/h at different mode shapes, a comparison of
the error percentages must be investigated. The error percentage for natural frequencies of
Table 5 and 6 for a volume index A = 1, is 0.63% and 0.65% respectively. Similarly, the next
mode shape, (2;1 or 1;2) is 3.52% and 1.59%. Finally, for the mode shape (2;2), the error
percentages are 6.09% and 2.51% respectively. It is important to note the reduced magnitude
of there errors between the two tables is due to the difference in the aspect ratios a/h, where
Table 5 has an aspect ratio a/h = 10, while Table 6 has an aspect ratio a/h = 20. It is clear

that the greater aspect ratios derive smaller errors as before.

The non-dimensional fundamental natural frequencies of plates of aspect ratio a/h =5, a/h =10
and a/h = 20, including and excluding in-plane inertial energy are displayed in Table 7, 8, and
9 respectively. The results show that for plates with an aspect ratio a/h = 5 and neglecting
in-plane inertial energy, the error percentage compared to the three dimensional results vary
between 11.98% and 13.99% depending the volume index A\. For an aspect ratio a/h = 10,
the error percentage compared to the three dimensional results vary between 1.55% and

3.53% and for an aspect ratio a/h = 20, the error percentage varies between 0.00% and 1.00%
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absolute. When comparing the error percentages of Table 7 for the results including and
excluding in-plane inertial energy for an aspect ratio a/h = 5, the difference in the error
percentages of the two results vary between 3.9% and 3.37%, with an average difference of
3.58%. The difference indicates that for relatively thick plates, the in-plane inertial energy
should be considered. The error percentages of Table 8 for the results including and excluding
in-plane inertial energy for an aspect ratio a/h = 10 vary between 1.09% and 0.81%. The
average error percentage is 0.93% which is an improvement of 2.65% when compared to the
average error percentage of plates with an aspect ratio a/h = 5. This illustrates that the
significance of the in-plane inertial energy decrease sharply as the aspect ratio increases.
This is confirmed when considering the error percentages of Table 9 for the results including
and excluding in-plane inertial energy for an aspect ratio a/h = 10 which show no difference
and are identical. The results indicate that plates with an aspect ratio a/h = 20 are not
influenced by in-plane inertial energy and therefore, there is no need to consider the in-plane

inertial energy for plates with greater aspect ratios a/h = 20.
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6.2 Buckling Load

Tables 10, 11, 12, 13 and 14 display the uniaxial critical buckling load of plates as a function
of volume index A, aspect ratio a/h and span ratio a/b accordingly. Table 10 displays the
critical buckling load (MN) with a volume index X = 1. The error percentage compared to the
three dimensional results, which vary between 0.37% and 12.39% depending on the aspect
ratio a/h. As expected, plates with an aspect ratio a/h = 5 have greater critical buckling
loads since thicker plates can withstand greater loads and therefore, the critical buckling
load decreases with increasing aspect ratio a/h. In addition, the error percentage decreases
sharply with increasing aspect ratio a/h, given that the through thickness shear strains are
increasingly less significant. It is also clear that the results of the present study produce
results which over estimate the buckling load for a particular load case. It is worth noting
that the results obtained in Table 10 for the present study compare very well with the CLT
results found by Javaheri and Eslami[29] and at larger aspect ratios, the results compare well
with the three dimensional results found by Asemi et al.[23]. The non-dimensional critical
buckling load of plates with varying volume index A\ and span ratio a/b are displayed in Table
11 and 12. These results could not be compared to 3DT but they have been compared to
2D results which include some forms of simple or complex shear deformation theories. The
average error percentage of critical buckling loads for an aspect ratio a/h = 5 is 14.64% and
23.40% depending on the span ratio a/b. Consistent with previous observations, these error
percentages decrease significantly with increasing aspect ratio a/h. The results illustrate that
the critical buckling load varies with volume index A, with the greatest values at volume index
A = 0, decreasing with increasing volume index A. This is due to the ceramic material having
a greater Young’s modulus than the metallic material. Interestingly though, the critical
buckling load established by other authors increase with increasing aspect ratio a/h, while
the critical buckling loads of the present study remain the same for a particular load case and
therefore are independent of aspect ratio a/h. This is a result of the fact that CLT does not
consider through-thickness shear strains and associated energy which is dominant for thick
plates, so therefore, the resulting energy which would produce the variation with thickness
is non-existent and critical buckling loads are produced independent of thickness. Similarly
to the results for natural frequency, the error percentages for critical buckling loads are at
their minima at around A = 1. This observation can be attributed to the displacement of
the neutral access from the mid-plane, resulting in greater curvature and the dominance of
bending energy which renders the through-thickness strains less significant. Details presented
in Appendix B. Table 11, 12 and 13 illustrate the effect that the span ratio a/b has on the
critical buckling loads for a particular load case. As expected, the results of the present
theory compare well with comparative results at large aspect ratios. The span ratio a/b has
a significant effect on the non-dimensional buckling load. An increase in the span ratio a/b

results in an increase in the non-dimensional buckling load. This is as a result of the plate
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having a greater length along is loaded side (the side measuring a length a) which will allow
it to withstand a greater load. A smaller span ratio a/b would imply that it’s effective length
(the side measuring a length b) relative to it’s loaded side would be significantly greater,
thereby rendering the plate to act similar to a column. A simple caparison between each
particular load case reveals that plates with a span ratio a/b = 1 buckle at 2.56 times more
load than plates with a span ratio a/b = 0.5 according to the present theory. This factor arises
from a purely geometric relation between the span ratios. Another important observation
is the increased error percentage between load cases with different span ratios a/b. Span
ratios a/b = 1 have significantly higher error percentages than the same load case with a span
ratio of a/b = 0.5. In fact, load cases with lower aspect ratios a/h and a span ratio a/b = 1
have a consistent error percentage which is approximately 60% (for the load case in Table 11
for volume index A = 0 and aspect ratio a/h = 5 : (22.49 - 14.07)/14.07) greater than their
corresponding load case with a span ratio of a/b = 0.5. The reason for the increased error
percentage is unknown at this stage, however, the author suspects that it may be a result
of the difference in curvature which is due to the difference in the geometric properties of
the plates. The critical buckling loads of the present theory in Table 12 compare well with
results found by Thai and Choi[25]. The non-dimensional critical buckling load of plates
with varying span ratio a/b, volume index A = 0 and aspect ratios a/h = 100 are displayed
in Table 13. The error percentage compared to the three dimensional results produced by
Liu et al. [24] vary between 0.03% and 0.09%. The critical buckling loads compare well with
three dimensional results produced by Liu et al. [24], as well as the other 2 authors, Yin et
al. [31] and Mohammadi and Saidi [31], given that the aspect ratio a/h = 100. The error
percentage compared to the three dimensional results produced by Uymaz and Aydogdu [20]
in Table 14 vary between 0.09% and 6.45%. It is again clear that at increasing aspect ratios,
the results compare very well to three dimensional results. At an aspect ratio a/h = 10, the
error percentage varies between 6.45% and 4.78% with an average percentage error of 5.54%.
At an aspect ratio a/h = 20, the error percentage varies between 2.10% and 1.26% with an
average error percentage of 1.64%. This translates into an average improvement of 3.90%
(5.54% - 1.64%) from an aspect ratio a/h = 10 to an aspect ratio a/h = 20. A further average
improvement of 1.28% is realised at an aspect ratio a/h = 50. At an aspect ratio a/h = 50, the
authors results appear to converge and remain constant for an aspect ratio a/h = 100. It is
again evident that the present theory produces results which over estimate the buckling loads,
as before. In addition, the results illustrate the effect of the displacement of the neutral axis
and resulting increased curvature as detailed in Appendix B, in which the error percentages

are at their minima between a volume index A = 0.5 and \ = 1.

The non-dimensional critical buckling load of four (4) modes shapes for a plate with an
aspect ratio a/h = 100 and volume index A = 0 is displayed in Table 15. The error percent-

age compared to the three dimensional results produced by Uymaz and Aydogdu [20] vary
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between 0.25% and -7.86%. The results illustrate that the non-dimensional critical buckling
load increases with increasing mode shapes. The error percentage compares very well with
the three dimensional results by Uymaz and Aydogdu [20] except for the (4;1) mode shape
load case. The results of the present study compare very well, given that the aspect ratio
a/h = 100 and therefore, through-thickness shear strain and the associated energy contrib-
utes insignificantly to the total internal strain energy. Interestingly, the error percentage
for the mode shape (4;1) is -7.86% which indicates a lower non-dimensional buckling load.
This however, is contrary to the expectation that the present study should over approximate
the non-dimensional buckling load at higher mode shapes, given the additional shear strain
energy induced by the four (4) half waves. There is no obvious reason for this discrepancy at

this stage.

Tables 16 and 17 display the biaxial critical buckling load of plates with varying volume
index A. Much of the observations for the uniaxial critical buckling load in Table 14 for
similar load cases apply to the biaxial critical buckling load results. The error percentages
compared to the three dimensional results produced by Uymaz and Aydogdu [26] in Table 16
vary between 0.09% and 6.50%, with results comparing very well at greater aspect ratios. It
is once again clear that the present theory produces results which over estimate the buckling
loads, as before, and the results of the present theory remain constant with varying aspect
ratio a/h as a result of neglecting the through-thickness shear strains. The biaxial critical
buckling load is again, greatest at a volume index A = 0 and decreases with increasing volume
index A, similarly with uniaxial critical buckling load. Table 17 displays the biaxial critical
buckling load (MN) with a volume index A = 1. The error percentage compared to the three
dimensional results by Asemi et al.[23] vary between 0.37% and 12.39%, closely related to
similar figures achieved in Table 10 for similar load cases. It is worth pointing out that the
results obtained in Table 17 for the present study compare very well with the CLT results
found by Javaheri and Eslami[29]. The results compare well with the three dimensional
results found by Asemi et al.[23] at an aspect ratio a/h = 10 and greater. The results of Table
16 and 17 confirm that the present theory is able to establish the biaxial critical buckling

load with similar accuracy to that of uniaxial critical buckling load.
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6.3 Variation in Natural Frequency with Compressive Load

The natural frequency of a simply supported plate is a function of the end load applied to
the plate through Equation 75. The natural frequency of a plate is effected by the end load
applied to the plates which reduces its frequency. Figures 6, 7 and 8 graphically represent
the variation of the natural frequency as a function of the end load applied to the plates.
When no end load is applied, the natural frequency collapses to the fundamental natural
frequency for the specific load case. The figures confirm that with increasing volume index
A, the fundamental natural frequency decreases, consistent with previous observations that
the plate composition is increasingly metallic which is less stiff than the ceramic material.
The variation of natural frequency for both a uniaxial and biaxial end load is displayed in
the figures which clearly illustrate the critical buckling loads when the natural frequency is
zero. Figures 6 and & display a plate with a span ratio a/b = 1. The biaxial critical buckling
load is half of the uniaxial critical buckling load. However, plates with a span ratio a/b = 0.5
do not illustrate the same behaviour, which is confirmed in Figure 7. It can be seen that
the biaxial critical buckling load is not half of the uniaxial load, as before. This is because
these relationships are effected by changes in the geometric properties and critical buckling
modes. Comparison of the natural frequencies for a particular load case with a span ratio
a/b=0.5 and a/b = 1 reveals a consistent 37.4% decrease in value from a/b =1 to a/b = 0.5.
This inherently infers a geometric relationship which exists for different geometric properties
of the plate. Interestingly, the variation in natural frequency with compressive load is not
linear and the natural frequency of the plates reduce significantly as the end load approaches
the critical buckling load. Finally, comparing the natural frequencies and critical buckling
loads of Figures 6 and 7 for a particular load case, the values for the natural frequency and
critical buckling loads for Figure 7 are significantly lower given the span ratio a/b = 0.5. This

observation is consistent with the results found in Tables 11, 12 and 13.
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6.4 Convergence and Curve Fit Accuracy

The results for the natural frequency calculated using CLT are displayed in Table 18. Careful
observation shows that for 100000 layers, 1 natural frequency converges to 8 significant figures,
11 of the natural frequencies converge to 5 significant figures, while 1 natural frequency
converges to 4 significant figures. Convergence to 5 significant figures for all listed value of
A is only achieved at 100000 layers. At 5000 layers, convergence of about half the results is
achieved to 4 significant figures, while the other half of the results show that 100000 layers
are needed to get convergence to 5 significant figures. Similarly for the critical buckling
load results of CLT displayed in Table 20, after careful analysis, it can be shown that 1
natural frequency converges to 8 significant figures, 11 of the natural frequencies converge to
5 significant figures, while 1 natural frequencies converge to 4 significant figures. There is no
apparent trend with volume index A which would result in convergence to greater significant
figures. In addition, by analysing the rate at which the results differ from 50000 layers
to 100000 layers, it is reasonable to expect that not all results have converged to the said
number of significant figures and that convergence may only occur for a greater number of
discretization layers. The results for natural frequency using the present study for the same
load case are displayed in Table 19. By contrast, the results illustrate that at a polynomial
fit error percentage of 0.05%, 5 of the natural frequencies converge to 8 significant figures, 2
of the natural frequencies converge to 7 significant figures and 6 natural frequencies converge
to 6 significant figures. In addition, it is clear that at least 6 results have fully converged
at a polynomial fit error percentage of 0.05%, and possibly more since the rate of change
of various of the results vary by only slightly at the 7th significant figure. Finally, careful
consideration of the critical buckling load results of the present study displayed in Table 21
clearly illustrates 9 of the critical buckling loads converge to 8 significant figures, while 3
natural frequencies converge to 6 significant figures and 1 to 4 significant figures. Most of
these results have clearly converged between a polynomial fit error percentage of between 1%
and 0.2%. In addition and similarly to the natural frequency results for the present study,
there is a possibility that some results have already converged which only possess 6 significant
figures, given the rate of change of various of the results that vary only slightly at the 7th
significant figure. Taking into consideration the results, it is clear that the present study
obtains results which converge faster than CLT albeit, using greater computational effort in
terms of time. To enable the comparison of the results to be truly comparable, there needs to
be a method by which the number of discretization layers is equivalent to the polynomial fit
error percentage. If the number of layers is considered and assuming a discretization of 100
layers is used by way of an example, then the error may be estimated as 1/100 which would
equate to 0.01. However, this error would then need to be halved since the error would be
the difference between the mid-point of the two layers and therefore, 0.005. Conversion of

the decimal to a percentage translates to 0.5%. Thus, for a polynomial fit error percentage
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of 0.05%, the equivalent number of layers for the results of CLT would equate to 2000 layers.
Should this argument be valid as an approximation, then the present theory is by far superior

with regards to the convergence of the results.

The results of Table 19 and 21 contain the error percentages between a polynomial fit error
percentage limit of 0.05% and the equivalent results for CLT using 100000 layers for the
natural frequency and critical buckling load respectively. The critical buckling load results
of the present study illustrate lower loads, and thus better results for all values of volume
index A. However, for the natural frequency case, this does not hold true. Interestingly, for
a volume index X = 0.2 to A = 1, the results illustrate that CLT produces better results than
the present study. This observation would imply that for a linear and moderately smooth
variation of through-thickness properties, CLT produces better results. On further analysis,
it is clear that the discrepancy lies within the x and y in-plane accelerations which contain
I’y and ', of Equation 59 respectively. Using the CLT analysis reveals that the second term
in the integral degenerates to zero whereas for the present study, this term is a small negative
value. As a result of CLT having a zero value for the analysis of natural frequencies, the
divisor of Equation 59 is increased in comparison to the present study, which then leads to a
smaller value for natural frequency. However, for aggressive changes in the through-thickness
properties of the plate governed by the very large or small values for volume index A, the
present study appears to model these in-plane affects better and although the second term in
the integral degenerates to zero when using CLT, the other two terms in the integral appear
to increase to a greater extent, offsetting the disappearance of the negative value contribution
by the second term. This ultimately leads to the present study producing lower, and therefore
better results for volume indices which induce rapid changes in through-thickness properties
when compared to CLT. The exact reason for the second terms of I', and I';, of Equation 59
degenerating to zero is not clear. This observation is not applicable to the critical buckling
load results since the analysis of the critical buckling load does not contain these terms
and as a result, the critical buckling load results for the present study are better than for
CLT irrespective of the value of volume index A. Finally, should the comparability argument
between discretization layers being equivalent to the polynomial fit error percentage, then the
results achieved by the present study are more accurate and therefore, superior to the results
achieved by CLT. This would indicate that the present study produces natural frequency and

critical bucking load results which are more accurate and which converge faster than CLT.
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7 Conclusions

An extension to CLT has been presented to analyse the natural frequencies and critical
buckling loads of simply supported functionally graded material plates. The governing equa-
tions for the natural frequency and critical buckling load consider the variation of properties
through either the rule of mixtures or the Mori-Tanaka Homogenization method and are
derived using Classical Lamination Theory and consequently solved with the Rayleigh-Ritz
method. The natural frequency and critical buckling loads are determined for various load
cases by exploring the effects of the volume index A\ and aspect ratio a/h for various mater-
ials, modes and directional loadings respectively. The accuracy thereof is validated against
2D, 3D and quasi-3D solutions found in literature and found to compare well with 3D and
quasi-3D results when the aspect ratio is greater than or equal to a/h = 20. In addition,
the results indicate that plates with an aspect ratio a/h = 20 are not influenced by in-plane
inertial energy. A comparison with CLT found that the present study produces natural fre-
quency and critical bucking load results which are more accurate and which converge faster
than CLT. Validation results demonstrate that the present method has sufficient accuracy
for many practical engineering applications regarding moderately thick to thin functionally

graded plates.
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8 Recommendations

The following recommendations have been made for consideration and further research:

e Develop a set of non-dimensional curves and/or equations (similar to affinity /similarity
laws) for engineering design purposes. This theory may be applied to simply calculate
the natural frequency or buckling load for a given volume index A, aspect ratio a/h and

span ratio a/b.

e Develop the present theory to accommodate various plate boundary conditions using
other approximation methods such as a polynomial series for trial functions as developed

by Baharlou and Leissa [10].
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A Input Parameters and Constituent Properties

The standard input parameters used in the software code for the analysis are listed in Table

22.
Table 22: Standard input parameters.
Parameter Software Code Variable Value
Number of Linearly Spaced Vectors for Polynomial Fit NumPts 1000 [-]
Polynomial Fit Error Percentage ErrorPercentage 0.1 [%)]
Location of Mid-Plane zBar 0 [mm)]
First Mode Parameter m 1
Second Mode Parameter p 1[]

The material property values used in the analysis are listed in Table 23.

Table 23: Material properties of plate constituents.

Ceramic E [GPa] v p [kg/m?) E/p [10°m?s™?]
Aluminium Oxide, AloO3 380.00 0.30 3800 100
Zirconium Dioxide, ZrO» 200.00 0.30 5700 35.08
Silicon Nitride, SizNy4 348.43 0.24 2370 147.01
Silicon Carbide, SiC 420.00 0.30 3100 135.48
Metal E [GPa] v p [kg/m?) E/p [10°m?s™?]
Aluminium, Al 70.00 0.30 2702 25.90
Stainless Steel, SUS304 201.04 0.3262 8166 24.61

Note : Material property values taken from appropriate literature used in the results comparison.

The values listed in Table 22 and 23 may be found in the software code displayed in Appendix

C and users are prompted to specify the relevant material for the appropriate load case.
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B Bending Stiffness Matrix Investigation

The following section illustrates the effect on the bending stiffness matrix, D matrix, due
to the shifting neutral axis from the mid-plane. The D matrix terms are calculated about
the plate mid-plane. However, since the plate’s neutral axis moves away from the mid-plane
when there is a difference in stiffness between the top and bottom surfaces of the plate, there
is a need to reformulate and calculate the D matrix terms about the neutral axis. This
reformulated D matrix is referred to as D. Figure 13 illustrates how Young’s modulus, F,
the D(1,1) and the D(1,1) terms vary with A. The Young’s modulus, E, varies throughout

the thickness so an average value has been used.
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Figure 13: Variation of E, D matrix, D matrix with A

Analysis of the figure illustrates that at and around A = 1, the difference between D(1,1)
and D(1,1) is greatest. This is confirmed by Figure 14, which illustrates the displacement
between the mid-plane and the neutral axis, z,,. It can be seen that the displacement of the
neutral axis peaks at around A = 1 and A = 2, following which, it approaches zero again. The
negative displacement as indicated confirms that the neutral axis moves upwards toward the

top surface which is the ceramic surface as illustrated in Figure 4 in Section 4.1.
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Figure 14: Displacement of the neutral axis from mid-plane with A

The implications of the neutral axis being displaced from the mid-plane is that D matrix has
lower values at around A = 1 and A = 2. A lower bending stiffness matrix results in a greater
curvature in the plate. This would therefore, imply that the plate would experience a greater
bending strain and as a result, the bending strain will be a significantly greater proportion
of the total internal strain energy in the plate, while the through-thickness strains diminish

in significance.

The software code used to establish the figures in this section follows.
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D Matrix Investigation

General descritpion of each section:

= ANALYSIS - Calculates the values of E, D(1,1) and DBar (1,1) for a range of through-thickness variations.
= PLOTS - Specifies the plot properties used to generate the plots.

Contents

= ANALYSIS
= PLOTS

ANALYSIS

Calculates the values of E, D(1,1) and DBar (1,1) for a range of through-thickness variations.

clear all % Clears the Workspace of all variables.
clc % Clears the Command Window.

load('InvestigationInputNF') % Loads the standard load case parameters

ErrorPercentage = 1; % Specifies the error percetage (greater error percentage accepted, analysis is purely visual).
LambdaArray = [0,0.1,0.2,0.5,1,2,5,10,15,20,50,100]; % Array for the variation of material properties.

CountLambda = numel(LambdaArray); % Counts the number of elements in the array.

EMax = zeros(1,CountLambda); % Defines size of matrix to save time and memory.

DArray = zeros(1l,CountLambda); % Defines size of matrix to save time and memory.

DBarArray = zeros(1,CountLambda); % Defines size of matrix to save time and memory.

zbarxArray = zeros(1,CountLambda);

%For Loop For Volume Indices%
for y = 1:CountLambda % For loop for the variation of material properties.

k = LambdaArray(1,y);
PolynomialFit % Run script Polynomial Fit.
ABDMatrices % Run script ABDMatrices.
RayleighRitz % Run script RayleighRitz.
zbarxArray(1,y) = zbarx; % Defines array to store values for zbarx.
EMax(1,y) = mean(E)/Ec; % Finds th emean value of the Young's modulus array.
if y == 1 % First value.
DMax = D(1,1); % Specifies the largest value of D(1,1)
DArray(1l,y) = 1; % Indexed value starts at 1.

else

DArray(1,y) = D(1,1)/DMax; % Indexes all D values after the first.
end
if y == 1 % First value.

DBarMax = DBar(1,1); % Specifies the largest value of DBar(1,1)
DBarArray(1l,y) = 1; % Indexed value starts at 1.
else
DBarArray(1,y) = DBar(1,1)/DBarMax; % Indexes all DBar values after the first.
end
end

LambdaArray(1,1) = 3*107-2; % Allows for plotting a log plot with a value of zero at the x axis.

PLOTS

Specifies the plot properties used to generate the plots.

%Present Study Plot Properties%

figure (5) % Opens plot in a sepearate window.

box on %Applies plot border.

semilogx(LambdaArray,EMax, '--k'); % Plots the polynomial density at each point within the plate.

hold on

semilogx(LambdaArray,DArray, '--b'); % Plots the polynomial density at each point within the plate.
hold on

semilogx(LambdaArray,DBarArray, '--r'); % Plots the polynomial density at each point within the plate.
axis([@ 100 © 1]) %sets the limits for the x- and y-axis of the current axes

set(gca, 'FontName', 'Times New Roman') % Sets plot font type.

ylabel('E, D, $\overline{D}$ Indexed to 1','Interpreter','Latex','FontSize',10); % Inserts a y-axis label.
xlabel('$\lambda$', 'Interpreter’', 'Latex', 'FontSize',10); % Inserts a x-axis label.

legend({'E','D", '$\overline{D}$"'}, 'Interpreter’, 'latex', 'FontSize',10); % Adds a legend to the plot.
set(gca, 'XTickLabel',{'0.1"','1',"'10"','100"'}) % Sets x label ticks.

figure (6) % Opens plot in a sepearate window.

box on %Applies plot border.

semilogx(LambdaArray,zbarxArray, '--k'); % Plots the polynomial density at each point within the plate.

axis([@ 100 -0.01 0]) %sets the limits for the x- and y-axis of the current axes

set(gca, 'FontName', 'Times New Roman') % Sets plot font type.

ylabel('Neutral Axis Displacement ($\widehat{z}_n$)','Interpreter’,'Latex','FontSize',10); % Inserts a y-axis label.
xlabel('$\lambda$', 'Interpreter’', 'Latex', 'FontSize',10); % Inserts a x-axis label.
legend({'$\widehat{z}_n$'}, 'Interpreter’, 'latex’', 'FontSize',10); % Adds a legend to the plot.

set(gca, 'XTickLabel',{'0.1"','1","'10"','100"'}) % Sets x label ticks.
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C Input Code

The following section provides the software code used to prompt the user for the parameters
related to a specific load case for analysis. Material properties and standard input parameters

are listed in Section A.
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Input

General description of each section:

= STANDARD PARAMETERS - This section has the standard input parameters.
= PROMPTED INPUTS - Prompts the user for various inputs used for the modelling.
= RUN CODES - Runs other scripts to perform the modelling.

Contents
= STANDARD PARAMETERS
= PROMPTED INPUTS
= RUN CODES

STANDARD PARAMETERS
Contains the standard parameters used to perform the modelling. These values may be adjusted as required.
clear all % Clears the Workspace of all variables
clc % Clears the Command Window.
NumPts = 1000; % Number of points used to fit the polynomial.
ErrorPercentage = @.1; % The allowable absolute error percentage at each point of the polynomial fit.

zBar = @; % Non-dimensional midplane of the laminate

m=1; % The number of half wave length in the x-direction which determines the mode shape
p=1; % The number of half wave length in the y-direction which determines the mode shape

PROMPTED INPUTS

Prompts user for various parameters required to perform the modelling

LoadingType = menu('Please Select The Type Of Loading:','Natural Frequency','Buckling Load'); % Prompt for type of loading.

if(LoadingType 1) % Natural Frequency loading.
MaterialVariationMethod = menu('Please Select The Material Variation:', 'Mori-Tanaka Homogenization Method','Law Of Mixtures'); % Method of calculating the effective material properties.
NondimensionalEquation = menu('Please Select The Correct Non-Dimensional Equation:','Dimensional Natural Frequency','Omega*h*sqrt(Rhom/Em)’,'Omega*h*sqrt(Rhoc/Ec)"', 'Omega*(a~2)*(1/h)*sqrt(Rhoc/Ec)', 'Omeg

else % Buckling Load
MaterialVariationMethod = 2; % Law of mixtures is the only method used to calculate the effective material properties.
NondimensionalEquation = menu('Please Select The Correct Output:®,'Dimensional Buckling Load','(N*a”2)/((h”~3)*Em)", " (N*a”2*12(1-vc*2)/(pir2*h~3*Ec) ", " (N*ar2*12(1-vc"2)/(h*3*Ec)"); % Select whether the res
LoadDirections = menu('Please Select The Load Directions:','Uniaxial','Biaxial’, 'Tension/Compression');

end

aDimensionType = menu('Please Select The Dimensions of "a":','@.5','1','1.5','2"); % Prompt for dimensions of length of plate in x-direcion
if(abDimensionType == 1)
a = 0.5; % Length of the plate in the x-direction.
elseif (aDimensionType == 2)
a = 1; % Length of the plate in the x-direction.
elseif (aDimensionType == 3)
a = 1.5; % Length of the plate in the x-direction.
elseif (aDimensionType == 4)
a = 2; % Length of the plate in the x-direction.
end

bDimensionType = menu('Please Select The Dimensions of "b":','®@.5','1','1.5','2"); % Prompt for dimensions of length of plate in y-direcion

if(bDimensionType == 1)

b = @.5; % Length of the plate in the y-direction.
elseif (bDimensionType == 2)

b = 1; % Length of the plate in the y-direction.
elseif (bDimensionType == 3)

b = 1.5; % Length of the plate in the y-direction.
elseif (bDimensionType == 4)

b = 2; % Length of the plate in the y-direction.
end

CeramicType = menu('Please Select The Type Of Ceramic:','Aluminium Oxide','Zirconium Dioxide','Silicon Nitride','Silicon Carbide'); % Prompt for type of ceramic used in the modelling.

%Ceramic Properties’%

if(CeramicType == 1)

Ec = 380*1079; % Aluminium Oxide (A1203) Bulk modulus.

Rhoc = 3800; % Aluminium Oxide (A1203) density.

PoissonsRatioC = ©.3; %% Aluminium Oxide (A1203) Poissons ratio.
elseif (CeramicType == 2)

Ec = 200*10"9; % Zirconium Dioxide (Zr02) Bulk modulus.

Rhoc = 5700; % Zzirconium Dioxide (Zr02) density.

PoissonsRatioC = ©.3; % Zirconium Dioxide (Zr02) Poissons ratio.
elseif (CeramicType == 3)

Ec = 348.43*1079; % Silicon Nitride (Si3N4) Bulk modulus.

Rhoc = 237@; % Silicon Nitride (Si3N4) density.

PoissonsRatioC = ©.24; % Silicon Nitride (Si3N4) Poissons ratio.
elseif (CeramicType == 4)

Ec = 420%1079; % Silicon Carbide (SiC) Bulk modulus.

PoissonsRatioC = @.3; % Silicon Carbide (SiC) Poissons ratio.
end

MetalType = menu('Please Select The Type Of Metal:','Aluminium’,'Stainless Steel'); % Prompt for type of ceramic used in the modelling.

%Metal Properties%
if(MetalType == 1)
Em = 70*1079; % Aluminium (Al) Bulk modulus.
Rhom = 2702; % Aluminium (Al) density.
PoissonsRatioM = ©.3; % Aluminium (Al) Poissons ratio.
elseif (MetalType 2)
Em = 201.04*10"9; % Stainless Steel (SUS304) Bulk modulus.
Rhom = 8166; % Stainless Steel (SUS304) density.
PoissonsRatioM = ©.3262; % Stainless Steel (SUS304) Poissons ratio.

end
CeramicVolumeIndex = menu('Please Select The Ceramic Volume Index:','®','@.5','1','2','3","'4",'5',"10"); % Prompt for the extent of the metal variation for the Power Law.

%Ceramic Index Volume Ratio%

if(CeramicVolumeIndex == 1)

k = @; % The extent of the metal variation for the Power Law.
elseif (CeramicVolumeIndex 2)

k = @.5; % The extent of the metal variation for the Power Law.
elseif (CeramicVolumeIndex 3)

k = 1; % The extent of the metal variation for the Power Law.
elseif (CeramicVolumeIndex == 4)

k = 2; % The extent of the metal variation for the Power Law.
elseif (CeramicVolumeIndex == 5)

k = 3; % The extent of the metal variation for the Power Law.
elseif (CeramicVolumeIndex == 6)

k = 4; % The extent of the metal variation for the Power Law.
elseif (CeramicVolumeIndex == 7)

k = 5; % The extent of the metal variation for the Power Law.
else

k = 10; % The extent of the metal variation for the Power Law.




end

AspectRatio = menu('Please Select The Aspect Ratio:','5','10','20','30','40','50','60','80",'100"); % Aspect ratio ie; a/h.

%Aspect Ratio%
if(AspectRatio == 1)

AR = 5; % Determine the correct aspect ratio based on the users selection.
elseif (AspectRatio == 2)

AR = 10; % Determine the correct aspect ratio based on the users selection.
elseif (AspectRatio == 3)

AR = 20; % Determine the correct aspect ratio based on the users selection.
elseif (AspectRatio == 4)

AR = 30; % Determine the correct aspect ratio based on the users selection.
elseif (AspectRatio == 5)

AR = 40; % Determine the correct aspect ratio based on the users selection.
elseif (AspectRatio == 6)

AR = 5@; % Determine the correct aspect ratio based on the users selection.
elseif (AspectRatio == 7)

AR = 60; % Determine the correct aspect ratio based on the users selection.
elseif (AspectRatio == 8)

AR = 80; % Determine the correct aspect ratio based on the users selection.
elseif (AspectRatio == 9)

AR = 100; % Determine the correct aspect ratio based on the users selection.
end

h = a/AR; % Calculating the thickness based on the aspect ratio.

RUN CODES

Runs the remaining three (3) scripts required to complete the modelling. The three remaining scrpits include the fitting a curve to teh power law and retrieving a polynomial, establishing the ABD matrices and using the Rayleigh Ritz method to perform the required
modelling.

PolynomialFit % Run script Polynomial Fit.
ABDMatrices % Run script ABDMatrices.
RayleighRitz % Run script RayleighRitz.

Omega =

0.0155
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D Polynomial Fit Code

The following section provides the software code used to establish the curve fit of the poly-

nomial for the elastic constants as described in Section 4.1.

82



Polynomial Fit For Stiffness Matrix and Density

General descritpion of each section:

VOLUME FRACTION USING POWER LAW - Discretize the volume fraction into a fixed number of non-dimensional points through the thickness of the plate.

MORI-TANAKA HOMOGENIZATION METHOD - Applies Mori-Tanaka Homogenization method to calculate the effective material properties and elastic constants at each non-dimensional point within the plate thickness.
LAW OF MIXTURES METHOD - % The Law of Mixtures Method is used to establish the effective material properties and consequently the elastic constants.

ELASTIC CONSTANT POLYNOMIAL FIT - Fits a curve with polynomial of order zero to the elastic constants at each non-dimensional point within the plate thickness.

ELASTIC CONSTANT ERROR CALCULATION - Calculates the absolute error percentage at each point within the plate, increases the order of the polynomial until the absolute error is within predefined limits and a visual plot of the error is then
displayed.

ELASTIC CONSTANT VISUAL COMPARISON - A visual plot of the polynomial fit is then displayed for elastic constant Q11.
DENSITY USING POWER LAW - Discretize the density into a fixed number of non-dimensional points through the thickness of the plate.

DENSITY POLYNOMIAL FIT - Fits a curve with polynomial of order zero to the density at each non-dimensional point. within the plate thickness.

DENSITY ERROR CALCULATION - Calculates the absolute error percentage at each point within the plate, increases the order of the polynomial until the absolute error is within predefined limits and a visual plot of the error is then displayed.
DENSITY VISUAL COMPARISON - A visual plot of the polynomial fit is then displayed for the density.

Contents

VOLUME FRACTION USING POWER LAW
MORI-TANAKA HOMOGENIZATION METHOD
LAW OF MIXTURES METHOD

ELASTIC CONSTANT POLYNOMIAL FIT
ELASTIC CONSTANT ERROR CALCULATION
ELASTIC CONSTANT VISUAL COMPARISON
DENSITY USING POWER LAW

DENSITY POLYNOMIAL FIT

DENSITY ERROR CALCULATION

DENSITY VISUAL COMPARISON

VOLUME FRACTION USING POWER LAW

Creates a predefined number of points through the thickness of the laminate and evaluates the volume fraction at each point.

PtsVector = linspace(-1,1,NumPts+1); % Returns a row vector, PtsVector, of evenly spaced points between non-dimensional values of -1 and 1.
Vc = ((1-PtsVector)/2).~k; % Converted non-dimensional Power Law equation for volume fraction in terms of predefined points between -1 and 1.

MORI-TANAKA HOMOGENIZATION METHOD

The Mori-Tanaka Homogenization Method is used to establish the effective material properties and consequently the elastic constants.

if(MaterialvariationMethod == 1)

% Converts two known homogenous isotropic elastic properties (Youngs
% modulus and Poisson's ratio) to the bulk and shear modulus for each
% material.

Km = Em./(3*(1-2*PoissonsRatioM)); % Bulk modulus of metal.

Kc = Ec./(3*(1-2*PoissonsRatioC)); % Bulk modulus of ceramic.

Gm = Em./(2*(1+PoissonsRatioM)); % Shear modulus of metal.

Gc = Ec./(2*(1+PoissonsRatioC)); % Shear modulus of ceramic.

%The Mori-Tanaka Homogenization Method%
Fm = (Gm.*((9.*Km)+(8.%Gm)))/(6.*(Km+(2.*Gm)));

= zeros(1,NumPts+1); % Defines size of matrix to save time and memory.
zeros(1,NumPts+1); % Defines size of matrix to save time and memory.
zeros(1,NumPts+1); % Defines size of matrix to save time and memory.
zeros(1,NumPts+1); % Defines size of matrix to save time and memory.
PowerLawQll = zeros(1l,NumPts+1); % Defines size of matrix to save time and memory.
PowerLawQ12 = zeros(1,NumPts+1); % Defines size of matrix to save time and memory.
PowerLawQ66 = zeros(1,NumPts+l); % Defines size of matrix to save time and memory.

K
G
v
E

%Calculation of Elastic Constants at Each Point Using Power Law%
for j = 1:NumPts+1
K(:,3) = (((Ve(:,3)) . *(Ke-Km)). / (1+((1-(Ve(:,3))) . *((Kc-Km) . /(Km+((4/3)*Gm))))))+Km; %Mori-Tanaka effective Bulk modulus.
G(:,3) = (((Ve(:,3)).*(Gc-Gm))./(1+((1-(Vc(:,3))).*((Gc-Gm)./(Gm+Fm)))))+Gm; % Mori-Tanaka effective Shear modulus.

v(:,3) = (3.%K(:,3)-2.%G(:,3))./(2.%(3.*%K(:,3)+G(:,3))); %Mori-Tanaka effective Poisson's ratio.
E(:,3) = (9.*%K(:,3).*G(:,3))./((3.%K(:,3))+G(:,3)); %Mori-Tanaka effective Youngs modulus.

PowerLawQ11(:,j) = E(:,3)./(1-(v(:,3).~2)); %Elastic constant Q11 for power law using effective material properties.
PowerLawQ12(:,7) (v(:,3).*E(:,3))./(1-(v(:,3).”2)); %Elastic constant Q12 for power law using effective material properties.
PowerLawQ66(:,j) = G(:,j); %Elastic constant Q66 for power law using effective material properties.

LAW OF MIXTURES METHOD

The Law of Mixtures Method is used to establish the effective material properties and consequently the elastic constants.

if(MaterialvariationMethod == 2)

PoissonsRatio = zeros(1,NumPts+1); % Defines size of matrix to save time and memory.
%Law of Mixtures Method%
for j = 1:NumPts+1 %j is a count variable

E(:,j) = Em+(Ec-Em).*Vc(:,]);
PoissonsRatio(:,j) = PoissonsRatioM+(PoissonsRatioC-PoissonsRatioM).*Vc(:,j);

PowerLawQ11(:,j) = E(:,j)./(1-(PoissonsRatio(:,j)."2)); %Q11 Elastic Constant using Effective Material Properties
PowerLawQ12(:,j) = (PoissonsRatio(:,j).*E(:,j))./(1-(PoissonsRatio(:,j).”2)); %Q12 Elastic Constant using Effective Material Properties
PowerLawQ66(:,j) = E(:,J)./(2.*(1+PoissonsRatio(:,J))); %Q66 Elastic Constant using Effective Material Properties

ELASTIC CONSTANT POLYNOMIAL FIT

Fits a curve to the predefined number of points and establishes the coefficients of a polynomial, starting with a zero order polynomial for each elastic constant. The elastic constant is then evaluted using the polynomial. This is repeated for the remaining
two elastic constants.

PolyOrderElasticConstants = @; % Polynomial order starting at zero, ie; straight line curve fit.

%Polynomial Fit Trendline To Order of "PolyOrderElasticConstants = 0"%

PolyCoeffQll = polyfit(PtsVector,PowerLawQll,PolyOrderElasticConstants); % Returns the coefficients for the polynomial fit based on the power law points.
PolyCoeffQ12 = polyfit(PtsVector,PowerLawQl2,PolyOrderElasticConstants); % Returns the coefficients for the polynomial fit based on the power law points.
PolyCoeffQ66 = polyfit(PtsVector,PowerLawQ66,PolyOrderElasticConstants); % Returns the coefficients for the polynomial fit based on the power law points.



PolynomialQll = polyval(PolyCoeffQl1l,PtsVector); % Returns the Q11 values of the new polynomial at each point for comparison with the power law function.
PolynomialQl2 = polyval(PolyCoeffQ12,PtsVector); % Returns the Q12 values of the new polynomial at each point for comparison with the power law function.
PolynomialQ66 = polyval(PolyCoeffQ66,PtsVector); % Returns the Q66 values of the new polynomial at each point for comparison with the power law function.

ELASTIC CONSTANT ERROR CALCULATION

Calculates the percentage error between the value of the elastic constant evaluted using the power law and the polynomial. A while loop is run which increases the order of the polynomial until such time that all the errors at each of the points of the
elastic constant fall below a predetermined absolute percentage.

%Calculation of Error Percentage Between Polynomial and Power Law%

ErrorQll = zeros(1,NumPts+l); % Defines size of matrix to save time and memory.

ErrorQl2 = zeros(1,NumPts+l); % Defines size of matrix to save time and memory.

ErrorQ66 = zeros(1,NumPts+1); % Defines size of matrix to save time and memory.

for j = 1:NumPts+1
ErrorQ11(:,j) = 1@@*abs((PowerLawQl1(:,j)-PolynomialQ11(:,j))/PowerLawQ11(:,j)); % Error calculation at each point as a percentage.
ErrorQ12(:,j) = 1@@*abs((PowerLawQ12(:,j)-PolynomialQ12(:,j))/PowerLawQ12(:,j)); % Error calculation at each point as a percentage.
ErrorQ66(:,j) = 1@@8*abs((PowerlLawQ66(:,j)-PolynomialQ66(:,j))/PowerLawQ66(:,j)); % Error calculation at each point as a percentage.

end

%Increasing of Polynomial Degree to Decrease Error Percentage%
while (any(~((abs(ErrorQll)) <= ErrorPercentage)) && any(~((abs(ErrorQl2)) <= ErrorPercentage)) && any(~((abs(ErrorQ66)) <= ErrorPercentage))) %Loop runs while any elastic constant is outside error limits.

PolyOrderElasticConstants = PolyOrderElasticConstants + 1;% Increasing Order of Polynomial To Reduce Error Percentage.

%Fitting of Polynomial Trendline%

PolyCoeffQ1l = polyfit(PtsVector,PowerLawQl1l,PolyOrderElasticConstants); % Returns the coefficients for the polynomial fit based on the power law points.
PolyCoeffQ12 = polyfit(PtsVector,PowerLawQ12,PolyOrderElasticConstants); % Returns the coefficients for the polynomial fit based on the power law points.
PolyCoeffQ66 = polyfit(PtsVector,PowerLawQ66,PolyOrderElasticConstants); % Returns the coefficients for the polynomial fit based on the power law points.

PolynomialQll = polyval(PolyCoeffQ11,PtsVector); % Returns the Q11 values of the new polynomial for comparison with the power law function.
PolynomialQl2 = polyval(PolyCoeffQ12,PtsVector); % Returns the Q12 values of the new polynomial for comparison with the power law function.
PolynomialQ66 = polyval(PolyCoeffQ66,PtsVector); % Returns the Q66 values of the new polynomial for comparison with the power law function.

%Calculation of Error Percentage Between Polynomial and Power Law’%

for j = 1:NumPts+1
ErrorQ11(:,j) = 100*((PowerLawQ11(:,j)-PolynomialQ11(:,j))/PowerLawQll(:,j)); % Error calculation at each point as a percentage.
ErrorQ12(:,j) = 100*((PowerLawQ12(:,Jj)-PolynomialQ12(:,j))/PowerLawQ1l2(:,])); % Error calculation at each point as a percentage.
ErrorQ66(:,Jj) = 100*((PowerLawQ66(:,Jj)-PolynomialQ66(:,]j))/PowerLawQ66(:,]j)); % Error calculation at each point as a percentage.

end

%Plotting of Error Between Polynomial and Power Law Elastic Constant for Comparison%
figure (1) %Opens plot in a seperate window
PloterrorQll = plot(PtsVector,ErrorQll, 'Color', 'r','LineWidth', ©.5); % Plots the polynomial elastic constant error at each point within the plate.
title(['Error Between Power Law and Polynomial For Q11 (Polynomial Order = ' num2str(PolyOrderElasticConstants) ')'],'FontSize',10); % Inserts a title.
xlabel('Through Thickness (Zn) [-]','FontSize',10); % Inserts an x-axis label.
ylabel('Error Percentage [%]','FontSize',10); % Inserts a y-axis label.
hline = refline(@,ErrorPercentage); % Inserts the upper error reference line.
set(hline, ‘color','b");
set(hline, 'LineStyle', '--");
hline = refline(@,-ErrorPercentage); % Inserts the lower error reference line.
set(hline, ‘color','b");
set(hline, ‘LineStyle', '--");
hline = refline(@,0.); % Inserts the zero reference line.
set(hline, ‘color’, 'k");
set(hline, 'LineStyle’, '-");
ylim([-ErrorPercentage*1.1 ErrorPercentage*1.1]) % Sets the y-axis value limits.
legend('Percentage Error', 'Error Limits','Location’,'Best') % Adds a legend to the plot.
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ELASTIC CONSTANT VISUAL COMPARISON

Plots a visual comparison of the variation through the thickness of elastic constant Q11 for both the polynomial function as well as the power law.

%Plotting of Elastic Constant Polynomial and Power Law for Comparison%
figure (2) % Opens plot in seperate window.
PlotQll = plot(PtsVector,PowerLawQll, ‘Color', 'b','LineWidth', ©.5); % Plots the power law elastic constant at each point within the plate.
title(['Polynomial Fit (Polynomial Order = ', num2str(PolyOrderElasticConstants), ') versus Power Law for Q11'],'FontSize',10); % Inserts a title.
xlabel('Through Thickness (Zn) [-]','FontSize',10); % Inserts an x-axis label.
ylabel('variation of Elastic Constant Q11 [Pa]','FontSize',10); % Inserts a y-axis label.
hold on % Retains current plot when adding a new plot.
PlotPolynomialQll = plot(PtsVector,PolynomialQll, '--', ‘Color','r'); % Plots the polynomial elastic constants at each point within the plate.
legend([PlotQ1l PlotPolynomialQl1],{ 'Power Law','Polynomial'},'Location’,'Best') % Adds a legend to the plot.
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DENSITY USING POWER LAW

Calculation of density at each point using the Power Law.

if(LoadingType == 1)

%Calculation of Density Using Power Law Over Predefined Number of Points%
PowerLawRho = zeros(1,NumPts+1); % Defines size of matrix to save time and memory.
for j = 1:NumPts+1 % j is a count variable
PowerLawRho(:,j) = Rhom + Vc(j)*(Rhoc-Rhom); % Average density calculation equation.
end
end

DENSITY POLYNOMIAL FIT

Fits a curve to the predefined number of points and establishes the coefficients of a polynomial, starting with a zero order polynomial for density. The density is then evaluted using the polynomial.

if(LoadingType == 1)
PolyOrderRho = @; % Polynomial order starting at zero, ie; straight line curve fit.

%Polynomial Fit Trendline To Order of "PolyOrderRho = 0"%
PolyCoeffRho = polyfit(PtsVector,PowerLawRho,PolyOrderRho); % Returns the coefficients for the polynomial fit based on the power law points.
PolynomialRho = polyval(PolyCoeffRho,PtsVector); % Returns the density values of the new polynomial for comparison with the power law function.

DENSITY ERROR CALCULATION

Calculates the percentage error between the value of the density evaluted using the power law and the polynomial. A while loop is run which increases the order of the polynomial until such time that all the errors at each of the points of the density fall
below a predetermined absolute percentage.

if(LoadingType == 1)

%Calculation of Error Percentage Between Polynomial and Power Law%
ErrorRho = zeros(1,NumPts+1); % Defines size of matrix to save time and memory.
for j = 1:NumPts+1 % For loop runs for each of the predetermined points within the through thickness.
ErrorRho(:,j) = 1@@*abs((PowerLawRho(:,j)-PolynomialRho(:,j))/PowerLawRho(:,j)); % Error calculation at each point as a percentage.
end

%Increasing Order of Polynomial to Decrease Error Percentage’%
while any(~((abs(ErrorRho)) <= ErrorPercentage)) % Loop runs while the density at any point is outside error limits.
PolyOrderRho = PolyOrderRho + 1;% Increasing order of polynomial in order to reduce error percentage.

%Fitting of Polynomial Trendline%
PolyCoeffRho = polyfit(PtsVector,PowerLawRho,PolyOrderRho); % Returns the coefficients for the polynomial fit based on the power law points.

PolynomialRho = polyval(PolyCoeffRho,PtsVector); % Returns the density values of the new polynomial for comparison with the power law function.

%Calculation of Error Percentage Between Polynomial and Power Law%
for j = 1:NumPts+1
ErrorRho(:,j) = 100*((PowerLawRho(:,j)-PolynomialRho(:,j))/PowerLawRho(:,Jj)); % Error calculation at each point as a percentage.
end

end

%Plotting of Error Between Polynomial and Power Law Densities for Comparison%
figure (3) % Opens plot in seperate window.
PlotErrorRho = plot(PtsVector,ErrorRho, 'Color', 'r','LineWidth', ©.5); % Plots the polynomial density error at each point within the plate.
title(['Error Between Power Law and Polynomial For Density (Polynomial Order = ' num2str(PolyOrderRho) ')'], 'FontSize',10); % Inserts a title.
xlabel('Through Thickness (zZn) [-]','FontSize',10); % Inserts an x-axis label.
ylabel('Error Percentage [%]', 'FontSize',10); % Inserts a y-axis label.
hline = refline(@,ErrorPercentage); % Inserts the upper error reference line.
set(hline, ‘color','b");
set(hline, 'LineStyle','--");
hline = refline(@,-ErrorPercentage); % Inserts the lower error reference line.
set(hline, 'color’','b");
set(hline, 'LineStyle','--");
hline = refline(@,8.); % Inserts the zero reference line.
set(hline, 'color’, 'k");
set(hline, 'LineStyle’, '-");
ylim([-ErrorPercentage*1.1 ErrorPercentage*1.1]) % Sets the y-axis value limits.
legend('Percentage Error', 'Error Limits','lLocation','Best') % Adds a legend to the plot.
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DENSITY VISUAL COMPARISON

Plots a visual comparison of the density variation through the thickness of the plate for both the polynomial as well as the power law.

if(LoadingType == 1)

%Plotting of Polynomial and Power Law Densities for Comparison%
figure (4) % Opens plot in a sepearate window.
Plotrho = plot(PtsVector,PowerLawRho, 'Color', 'b','LineWidth', @.5); % Plots the power law density at each point within the plate.
title(['Polynomial Fit (Polynomial Order = ', num2str(PolyOrderRho), ') versus Power Law For Density'],'FontSize',10); % Inserts a title.
xlabel('Through Thickness (z) [mm]','FontSize',10); % Inserts an x-axis label.
ylabel('variation of Density Through The Thickness [kg/m~3]','FontSize',10); % Inserts a y-axis label.
hold on % Retains current plot when adding a new plot.

PlotPolynomialRho =

:

plot(PtsVector,PolynomialRho, '--*, 'Color’,'r'); % Plots the polynomial density at each point within the plate.
legend([Plotrho PlotPolynomialRho],{'Power Law','Polynomial'},'Location’,'Best') % Adds a legend to the plot.
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E ABD Matrices Code

The following section provides the software code used to establish the stiffness matrix as

described in Section 4.1.
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Establishment of ABD Matrix

General descritpion of each section:

= CALCULATION OF A MATRIX - Performs the summation of matrix A
= CALCULATION OF B MATRIX - Performs the summation of matrix B
» CALCULATION OF D MATRIX - Performs the summation of matrix D
= DISPLAY MATRIX A - Displays the values of matrix A.
= DISPLAY MATRIX B - Displays the values of matrix B.
= DISPLAY MATRIX D - Displays the values of matrix D.

Contents

= CALCULATION OF A MATRIX
= CALCULATION OF B MATRIX
= CALCULATION OF D MATRIX
= DISPLAY MATRIX A
= DISPLAY MATRIX B
= DISPLAY MATRIX D

CALCULATION OF A MATRIX

Calculates the A Matrix.

Q11A = 0;

for j = @:PolyOrderElasticConstants
TempMatrix = ((1-((-1)"~(j+1)))/(j+1))*PolyCoeffQl1(PolyOrderElasticConstants+1-j); % A matrix summation for Q11
Q11A = TempMatrix + Q11A;

end

Q12A = 0;

for j = @:PolyOrderElasticConstants
TempMatrix = ((1-((-1)"~(j+1)))/(j+1))*PolyCoeffQ12(PolyOrderElasticConstants+1-j);% A matrix summation for Q12
Q12A = TempMatrix + Q12A;

end

Q66A = 0;
for j = @:PolyOrderElasticConstants
TempMatrix = ((1-((-1)"~(j+1)))/(j+1))*PolyCoeffQ66(PolyOrderElasticConstants+1-j);% A matrix summation for Q66
Q66A = TempMatrix + Q66A;
end

A = (h/2)*[Q11A Q12A ©;Q12A Q11A ©;8 @ Q66A]; % A Matrix

CALCULATION OF B MATRIX

Calculates the B Matrix.

Q11B = 0;
for j = @:PolyOrderElasticConstants
TempMatrix = (((zBar*(1-((-1)~(j+1))))/(j+1))*PolyCoeffQll(PolyOrderElasticConstants+1-j)) + ((h*(1-((-1)"(3+2))))/(2*(j+2)))*PolyCoeffQ11(PolyOrderElasticConstants+1-3j);
Q11B = TempMatrix + Q11B;
end

Q12B = ©;

for j = @:PolyOrderElasticConstants
TempMatrix = (((zBar*(1-((-1)~(j+1))))/(j+1))*PolyCoeffQl2(PolyOrderElasticConstants+1-j)) + ((h*(1-((-1)~(3+2))))/(2*(3+2)))*PolyCoeffQ12(PolyOrderElasticConstants+1-3j);
Q12B = TempMatrix + Q12B;

end

Q66B = 0;
for j = @:PolyOrderElasticConstants
TempMatrix = (((zBar*(1-((-1)~(j+1))))/(j+1))*PolyCoeffQ66(PolyOrderElasticConstants+1-j)) + ((h*(1-((-1)"(j+2))))/(2*(j+2)))*PolyCoeffQ66(PolyOrderElasticConstants+1-j);
Q66B = TempMatrix + Q66B;
end

B = (h/2)*[Q11B Q12B 0;Q12B Q11B 0;0 © Q66B]; % B Matrix

CALCULATION OF D MATRIX

Calculates the D Matrix.

Q11D = 0;

for j = @:PolyOrderElasticConstants
TempMatrix = ((((zBar~2)*(1-((-1)~(j+1))))/(j+1))*PolyCoeffQl1(PolyOrderElasticConstants+1-j)) + ((h*zBar*(1-((-1)"(j+2))))/((j+2)))*PolyCoeffQl1l(PolyOrderElasticConstant
Q11D = TempMatrix + Q11D;

end

012D = 0;
for j = @:PolyOrderElasticConstants
TempMatrix = ((((zBar~2)*(1-((-1)~(j+1))))/(j+1))*PolyCoeffQ12(PolyOrderElasticConstants+1-j)) + ((h*zBar*(1-((-1)~(j+2))))/((j+2)))*PolyCoeffQl2(PolyOrderElasticConstant
Q12D = TempMatrix + Q12D;
end

Q66D = 0;
for j = @:PolyOrderElasticConstants
TempMatrix = ((((zBar~2)*(1-((-1)"(j+1))))/(j+1))*PolyCoeffQ66(PolyOrderElasticConstants+1-j)) + ((h*zBar*(1-((-1)~(j+2))))/((j+2)))*PolyCoeffQ66(PolyOrderElasticConstant
Q66D = TempMatrix + Q66D;
end



D = (h/2)*[Q11D Q12D 8;Q12D Q11D 8;0 @ Q66D]; % D Matrix

DISPLAY MATRIX A

Displays matrix A.

disp (A)
1.0e+09 *
7.1427 2.0867 2]
2.0867 7.1427 2]
0 0 2.5280
DISPLAY MATRIX B

Displays matrix B.

disp (B)
1.0e+07 *
5.0390 1.4483 2]
1.4483 5.0390 2]
Q0 2] 1.7953
DISPLAY MATRIX D

Displays matrix D.

disp (D)
1.0e+06 *
1.8235 0.5353 2]
0.5353 1.8235 2]

0 2] 0.6441
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F Rayleigh Ritz Code

The following section provides the software code used to establish the natural frequency and

critical buckling load as described in Section 4.2, 4.3 and 4.4.
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Rayleigh Ritz Energy Method

General descritpion of each section:

= ESTABLISHMENT OF NEUTRAL AXIS - Obtains the non-dimensional locations of the neutral axes and amends the D matrix accordingly.

= OUT OF PLANE STRAIN ENERGY - Calculates the strain energy associated with the out-of-plane displacements.

= |IN PLANE STRAIN ENERGY - Calculates the strain energy associated with the in plane displacements in the x and y directions.

= EQUILIBRIUM - Equates the strain energy to the potential energy and solves equation for the natural frequency or buckling load.

Contents

= ESTABLISHMENT OF NEUTRAL AXIS
= OUT OF PLANE STRAIN ENERGY

= IN PLANE STRAIN ENERGY

= EQUILIBRIUM

ESTABLISHMENT OF NEUTRAL AXIS

Performs the inverse of the ABD matrices in order to establish the non-dimensional location of th eneutral axis. Lastly, amends the D matrix accordingly.

ABDMatrix = [A B;B D]; % Generates the combined ABD matrix.

InvABDMatrix = inv(ABDMatrix); % Inverse function to obtain the inverse of the ABD matrix.

specific
specific
specific
specific
specific
specific

element in the

element
element
element
element
element

in
in
in
in
in

the
the
the
the
the

combined
combined
combined
combined
combined
combined

matrix.
matrix.
matrix.
matrix.
matrix.
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-b11/d11; % Non-dimensional location of the neutral axis in the x-direction.
-b12/d12; % Non-dimensional location of the neutral axis in the y-direction.

b1l = InvABDMatrix(1,4); % Defines
d11 = InvABDMatrix(4,4); % Defines
b12 = InvABDMatrix(1,5); % Defines
d12 = InvABDMatrix(4,5); % Defines
b13 = InvABDMatrix(3,6); % Defines
d13 = InvABDMatrix(6,6); % Defines
zbarx =
zbary =
zbarz =

DBar = D - zbarx*B;

-b13/d13; % Non-dimensional location of the neutral axis in the z-direction.

OUT OF PLANE STRAIN ENERGY

Calculates the strain energy associated with the out-of-plane displacements.

if(LoadingType == 1)

%Strain Energy Due To Accelerations in the Z-Direction%
WW = (1/((1)-(-1)))*diff(polyval(polyint(PolyCoeffRho), [(-1) (1)])); % Out of plane energy integration and evaluation.

end

IN PLANE STRAIN ENERGY

Calculates the strain energy associated with the in plane displacements in the x and y directions.

if(LoadingType == 1)

%Strain Energy

Vul
Vu2
Vu3
VUl
VU2
vu3
VU =

%Strain

end

Vvl
Vv2
Vv3
w1
W2
w3

Due To Accelerations in the X-Direction%

[0 @ ((1/2)*(-bl1/d11)~2)]; % Term 1 of energy equation.
[6 (bl1/d11) @]; % Term 2 of energy equation.
[(1/2) @ @]; % Term 3 of energy equation.

(1/((1)-(-1)))*diff(polyval(polyint(conv(PolyCoeffRho,Vul)),

(1/((1)-(-1)))*diff(polyval(polyint(conv(PolyCoeffRho,Vu2)),

(1/((1)-(-1)))*diff(polyval(polyint(conv(PolyCoeffRho,Vu3)),
VU1 + VU2 + VU3; % Summation of all the energy terms.

Energy Due To Accelerations in the Y-Direction%
[0 @ ((1/2)*(-b12/d12)72)]; % Term 1 of energy equation.
[6 (bl2/d12) @]; % Term 2 of energy equation.
[(1/2) @ @]; % Term 3 of energy equation.

(1/((1)-(-1)))*diff(polyval(polyint(conv(PolyCoeffRho,Vvl)),
(1/((1)-(-1)))*diff(polyval(polyint(conv(PolyCoeffRho,Vv2)),
(1/((1)-(-1)))*diff(polyval(polyint(conv(PolyCoeffRho,Vv3)),
W = W1 + W2 + W3;% Summation of all the energy terms.

EQUILIBRIUM

Equates the strain energy to the potential energy and solves equation for the natural frequency or buckling load.

[(-1) (WD)
[-1) (11N
[¢-1) (W)
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[(-1) (WD)
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% Modification to the D matrix to account for the location in the neutral axis.
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%Definition of Parameters’%
alpham = (m*pi)/a; % Defines alpham.
betap = (p*pi)/b; % Defines betap.

%Establishment of Stiffness Matrix%
Kmp = (DBar(1,1)*(alpham)”~4)+((2*DBar(1,2)+4*DBar(3,3))*((alpham)~2)*((betap)~2))+(DBar(2,2)*((betap)~4)); % Equation for the stiffness matrix.

%Establishment of Mass Matrix and Calculation%

if(LoadingType == 1) % Natural frequency load.
MmpNF = (h*(VW+(VU)*((h~2)/2)*(alpham”2)+(VV)*((h”2)/2)*(betap”2))); % Equation for the mass matrix.
%MmpNF = (h*(VW)); % Exclude in-plane accelerations.

if(NondimensionalEquation == 1) % Non-dimensional output type 1 selected.
Omega = sqrt(Kmp/MmpNF); % Equation for natural frequency.

elseif (NondimensionalEquation == 2) % Non-dimensional output type 2 selected.
Omega = sqrt(Kmp/MmpNF)*h*sqrt(Rhom/Em); % Equation for natural frequency.

elseif (NondimensionalEquation == 3) % Non-dimensional output type 3 selected.
Omega = sqrt(Kmp/MmpNF)*h*sqrt(Rhoc/Ec); % Equation for natural frequency.

elseif (NondimensionalEquation == 4) % Non-dimensional output type 4 selected.
Omega = sqrt(Kmp/MmpNF)*(a~2)*(1/h)*sqrt(Rhoc/Ec); % Equation for natural frequency.

else % Non-dimensional output type 5 selected.
Omega = sqrt(Kmp/MmpNF)*(a”2)*sqrt((12*(1-PoissonsRatioC”*2)*Rhoc*h)/(Ec*(h”3))); % Equation for natural frequency.

end

display (Omega) % Displays result.
end

if(LoadingType == 2) % Buckling load.

if(LoadDirections == 1) % Uniaxial buckling load.
Gamma = ©;

elseif(LoadDirections == 2) % Biaxial buckling load.
Gamma = 1;

elseif(LoadDirections == 3) % Tension/compression buckling load.
Gamma = -1;

end

MmpBL = (alpham~2+Gamma*betap”2); % Equation for the mass matrix.

if(NondimensionalEquation == 1) % Dimensional output 1 selected.
N = Kmp/MmpBL; % Equation for buckling load.

elseif (NondimensionalEquation == 2) % Non-dimensional output type 2 selected.
N =((Kmp/MmpBL)*a~2)/((h*3)*Em); % Equation for buckling load.

elseif (NondimensionalEquation == 3) % Non-dimensional output type 2 selected.
N =(Kmp/MmpBL*(a”2)*12*(1-PoissonsRatioC.”2))/((pi”2)*Ec*(h”3)); % Equation for buckling load.

elseif (NondimensionalEquation == 4) % Non-dimensional output type 2 selected.
N =(Kmp/MmpBL*(a”2)*12*(1-PoissonsRatioC.”2))/(Ec*(h*3)); % Equation for buckling load.

end
display (N) % Displays result.

end

Omega =

0.0155
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G Natural Frequency with Buckling Load Code

The following section provides the software code used to establish the variation of natural

frequency with end load as described in Section 4.5.
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Natural Frequency with Buckling Load
General description of the section:
= CALCULATION & PLOTTING - This section performs the calculation and plots various load cases on a single plot for comparison.

Contents

= CALCULATION & PLOTTING

CALCULATION & PLOTTING

This section performs the calculation and plots various load cases on a single plot for comparison.

Input % Run code for a specific buckling load case.

LoadDirectionSelector = [1,2,1,2,1,2]; % Defines an array specifying uniaxial or biaxial load.
CeramicVolumeIndexSelector = [0,0,1,1,10,10]; % Defines an array for the volume index for the variation of material properties.
PlotMarkerType = ['0','d",'0","d",'0","d"]; % Defines an array for the marker type for the plot.

PlotMarkerColour = ([228, 26, 28;228, 26, 28;0.13%256 ©.98*256 ©.53*256;0.13*256 0.98*256 0.53*256; 253, 180, 98; 253, 180, 98]/256); % Defines an array for the colour of the markers.

NNumPts = 40; % Defines the number of vectors points plotted for each load case.
MarkerSize = linspace(45,5,40); % Defines a vector for the variation of sizes of the markers being plotted.

Omega = zeros(6,NNumPts); % Defines size of matrix to save time and memory.
Necr = zeros(6,NNumPts); % Defines size of matrix to save time and memory.

for LCCount = 1:6 % Count variable for the number of load cases bring plotted.

LoadingType = 2; % Change load type to natural frequency for calculation.

k = CeramicVolumeIndexSelector(1,LCCount); % Selects the volume index from array CeramicVolumeIndexSelector for the load case.

LoadDirections = LoadDirectionSelector(1,LCCount); % Selects the buckling type from array LoadDirectionSelector for the load case.

PolynomialFit % Re-run code to calculate buckling load the specific load case.

ABDMatrices % Re-run code to calculate buckling load the specific load case.

RayleighRitz % Re-run code to calculate buckling load the specific load case.

NVector = linspace(N,8,NNumPts); % Generates NNumPts linearly spaced vectors for buckling load.

Ncr(LCCount,:) = NVector; % Array with the linearly spaced vectors of buckling load for plotting on the x-axis.

LoadingType = 1; % Change load type to natural frequency for calculation.
MaterialvariationMethod = 2; % Change material variation method for natural frequency calculation (Law of Mixtures).
NondimensionalEquation = 1; % Change output of natural frequency for natural frequency calculation (Hz).

PolynomialFit; % Re-run code to calculate the specific load case for natural frequency.
ABDMatrices; % Re-run code to calculate the specific load case for natural frequency.

RayleighRitz; % Re-run code to calculate the specific load case for natural frequency.

for NCount = 1:NNumPts % Count for each vector point per load case.

Omega(LCCount,NCount) = sqrt((Kmp-NVector(:,NCount)*MmpBL)/(h*(VW+(VU)*((h"2)/2)*(alpham*2)+(VV)*((h*2)/2)*(betap”2)))); % Natural frequency calculated for each buckling load vector.

end

figure (5) % Opens plot in a sepearate window.

PlotOmegavsN = scatter(Ncr(LCCount,:),Omega(LCCount,:),MarkerSize,PlotMarkerColour(LCCount,:),PlotMarkerType(1,LCCount)); % Plots the the natural frequency and corresponding buckling load vector.

hold on % Retains current plot when adding a new plot.
end

box on % Applies plot border.

set(gca, 'FontName', 'Times New Roman') % Sets plot font.

xlabel( 'Compressive Load [N]',‘FontSize',10); % Inserts an x-axis label.

ylabel('Natural Frequency [Hz]','FontSize',1@); % Inserts a y-axis label.

legend({'Uniaxial - \lambda = ©','Biaxial - \lambda = @', ‘'Uniaxial - \lambda = 1', 'Biaxial - \lambda = 1','Uniaxial - \lambda
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10'}, 'Location', 'Best') % Adds a legend to the plot.
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H Curve Fit Accuracy and Convergence Code

The following section provides the software code used to establish the results for the curve

fit accuracy and convergence in Section 5.4.
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Convergence and Curve Fit Accuracy

General descritpion of each section:

CLT ANALYSIS - Calculates the natural frequency or critical buckling load for a particular load case for various volume indices and discretzation layers using CLT.

VOLUME FRACTION USING POWER LAW - Creates a predefined number of points through the thickness of the laminate and evaluates the volume fraction at each point.
MORI-TANAKA HOMOGENIZATION METHOD - The Mori-Tanaka Homogenization Method is used to establish the effective material properties and consequently the elastic constants.

LAW OF MIXTURES METHOD - The Law of Mixtures Method is used to establish the effective material properties and consequently the elastic constants.
DENSITY USING POWER LAW - Calculation of density at each point using the Power Law and CLT.
ABD MATRICES - Establishment of the ABD matrix using CLT.

ESTABLISHMENT OF NEUTRAL AXIS - Performs the inverse of the ABD matrices in order to establish the non-dimensional location of th eneutral axis. Lastly, amends the D matrix accordingly.
OUT OF PLANE STRAIN ENERGY - Calculates the strain energy associated with the out-of-plane displacements.

IN PLANE STRAIN ENERGY - Calculates the strain energy associated with the in plane displacements in the x and y directions.

EQUILIBRIUM - Equates the strain energy to the potential energy and solves equation for the natural frequency or buckling load.

CLT PLOT - Specifies the plot properties used to generate the plot.

PRESENT STUDY ANALYSIS - Calculates the natural frequency or critical buckling load for a particular load case for various volume indices and polynomial fit error percentage limits using the present study.
PRESENT STUDY PLOT - Specifies the plot properties used to generate the plot.

Contents

CLT ANALYSIS

VOLUME FRACTION USING POWER LAW
MORI-TANAKA HOMOGENIZATION METHOD
LAW OF MIXTURES METHOD

DENSITY USING POWER LAW

ABD MATRICES

ESTABLISHMENT OF NEUTRAL AXIS
OUT OF PLANE STRAIN ENERGY

IN PLANE STRAIN ENERGY
EQUILIBRIUM

CLT PLOT

PRESENT STUDY ANALYSIS

PRESENT STUDY PLOT

CLT ANALYSIS

Calculates the natural frequency or critical buckling load for a particular load case for various volume indices and discretzation layers using CLT.

clear all % Clears the Workspace of all variables.
clc % Clears the Command Window.

load('ConvergeInputBL') % Loads the standard load case parameters

DiscretizationLayersCLT = [50,100,200,500,1000,2000,5000,10000,20000,50000,100000]; % Array for the discretization layers.

LambdaArrayCLT = [0,0.1,0.2,0.5,1,2,5,10,12,15,20,50,100]; % Array for the variation of material properties.

CountLambda = numel(LambdaArrayCLT); % Counts the number of elements in the array.

CountIterations = numel(DiscretizationLayersCLT); % Counts the number of elements in the array.

OmegaCLT = zeros(CountLambda,CountIterations); % Defines size of matrix to save time and memory.

NCLT = zeros(CountLambda,CountIterations); % Defines size of matrix to save time and memory.

figure (1) % Opens plot in a sepearate window.

MarkerColourl = colormap(autumn); % Defines a standard colour set for makers in plots.

MarkerColour2 = colormap(winter); % Defines a standard colour set for makers in plots.

ColourPos = round(linspace(1, 64, CountLambda),@); % Defines a number of positions within the color map vector, used to plot various shades of colour for markers.

for g = 1:CountLambda % For loop for the variation of material properties.
k = LambdaArrayCLT(1,g); % Variable to define the value of Lambda within the array.

for f = 1: CountIterations

VOLUME FRACTION USING POWER LAW

Creates a predefined number of points through the thickness of the laminate and evaluates the volume fraction at each point.

PtsVector = linspace(-1,1,DiscretizationLayersCLT(f)+1); % Returns a row vector, PtsVector, of evenly spaced points between non-dimensional values of -1 and 1.
Ve = ((1-PtsVector)/2).~k; % Converted non-dimensional Power Law equation for volume fraction in terms of predefined points between -1 and 1.

MORI-TANAKA HOMOGENIZATION METHOD

The Mori-Tanaka Homogenization Method is used to establish the effective material properties and consequently the elastic constants.

if(MaterialvariationMethod == 1)

% Converts two known homogenous isotropic elastic properties (Youngs
% modulus and Poisson's ratio) to the bulk and shear modulus for each
% material.

Km = Em./(3*(1-2*PoissonsRatioM)); % Bulk modulus of metal.

Kc = Ec./(3*(1-2*PoissonsRatioC)); % Bulk modulus of ceramic.

Gm = Em./(2*(1+PoissonsRatioM)); % Shear modulus of metal.

Gc = Ec./(2*(1+PoissonsRatioC)); % Shear modulus of ceramic.

%The Mori-Tanaka Homogenization Method%
Fm = (Gm.*((9.*Km)+(8.*Gm)))/(6.*(Km+(2.*Gm)));

= zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
= zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
= zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
PowerLawQll = zeros(1l,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
PowerLawQ12 = zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
PowerLawQ66 = zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.

m<ax
n

%Calculation of Elastic Constants at Each Point Using Power Law%

for j = 1:DiscretizationLayersCLT(f)
K(:,3) = (((Ve(:,3))-*(Ke-Km))./(1+((1-(Ve(:,3))) - *((Kc-Km) ./ (Km+((4/3)*Gm))))))+Km; %Mori-Tanaka effective Bulk modulus.
G(:,3) = (((Ve(:,3)).*(Gc-Gm))./(1+((1-(Vc(:,3))).*((Gc-Gm)./(Gm+Fm)))))+Gm; % Mori-Tanaka effective Shear modulus.

v(:,3) = (3.%K(:,3)-2.*%G(:,3))./(2.%(3.%K(:,3)+G(:,]))); %Mori-Tanaka effective Poisson's ratio.
E(:,3) = (9.*K(:,3)-*G(:,3))./((3.%K(:,3))+G(:,])); %Mori-Tanaka effective Youngs modulus.

PowerLawQ11(:,j) = E(:,3)./(1-(v(:,3)."2)); %Elastic constant Q11 for power law using effective material properties.

PowerLawQ12(:,J) = (v(:,3).*E(:,3))./(21-(v(:,3).72)); %Elastic constant Q12 for power law using effective material properties.
PowerLawQ66(:,j) = G(:,j); %Elastic constant Q66 for power law using effective material properties.

LAW OF MIXTURES METHOD



The Law of Mixtures Method is used to establish the effective material properties and consequently the elastic constants.

if(MaterialvariationMethod == 2) % Law of mixtures.
PoissonsRatio = zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
%Law of Mixtures Method%

for j = 1:DiscretizationLayersCLT(f) %j is a count variable

E(:,j) = Em+(Ec-Em).*Vc(:,3);
PoissonsRatio(:,j) = PoissonsRatioM+(PoissonsRatioC-PoissonsRatioM).*vc(:,]);

PowerLawQ11(:,j) = E(:,j)./(1-(PoissonsRatio(:,j).~2)); %Q1l Elastic Constant using Effective Material Properties

PowerLawQ12(:,J) (PoissonsRatio(:,3).*E(:,3))./(1-(PoissonsRatio(:,j).*2)); %Q12 Elastic Constant using Effective Material Properties

PowerLawQ66(:,j) = E(:,])./(2.*(1+PoissonsRatio(:,]))); %Q66 Elastic Constant using Effective Material Properties

end

DENSITY USING POWER LAW

Calculation of density at each point using the Power Law and CLT.

if(LoadingType == 1)

%Calculation of Density Using Power Law Over Predefined Number of Points%
PowerLawRho = zeros(1l,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
for j = 1:DiscretizationLayersCLT(f) % j is a count variable.
PowerLawRho(:,j) = Rhom + Vc(j)*(Rhoc-Rhom); % Average density calculation equation
end

Rho = @;
TempRho = zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.

for e = 1:DiscretizationLayersCLT(f) % For loop for the number of discretization layers considered.

TempRho(1,e) = (PowerLawRho(1,e))*(((h/2)*(PtsVector(1,e)))”1 - ((h/2)*(PtsVector(1l,e+1)))*1); % Temporary storage of density.
Rho = Rho + TempRho(1,e); % Density matrix summation.

end

Rho = Rho/h; % Average density in plate.

ABD MATRICES
Establishment of the ABD matrix using CLT.

Q11A = @; % Clears previous value used for calculation.
Q12A = @; % Clears previous value used for calculation.
Q66A = @; % Clears previous value used for calculation.
TempQllA = zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
TempQ12A = zeros(1,DiscretizationLayersCLT(f)); % Defines size of matrix to save time and memory.
TempQ66A = zeros(1,DiscretizationlLayersCLT(f)); % Defines size of matrix to save time and memory.

for e = 1:DiscretizationLayersCLT(f)

TempQl1A(1,e) = (PowerLawQ11(1,e))*(((PtsVector(1l,e+1)))"1 - ((PtsVector(l,e)))*1); % Temporary storage of A matrix summation for Q11

Q11A = Q11A + TempQl1A(1,e); % A matrix summation for Q11

TempQ12A(1,e) = (PowerLawQl2(1,e))*(((PtsVector(l,e+1)))*1 - ((PtsVector(l,e)))*1); % Temporary storage of A matrix summation for Q12

Q12A = Q12A + TempQ12A(1,e); % A matrix summation for Q12

TempQ66A(1,e) = (PowerLawQ66(1,e))*(((PtsVector(1l,e+1)))"1 - ((PtsVector(l,e)))*1); % Temporary storage of A matrix summation for Q66

Q66A = Q66A + TempQ66A(1,e); % A matrix summation for Q66
end
A = (h/2)*[Q11A Q12A 0;Q12A Q11A 0;@ @ Q66A]; %Defines the A matrix

Q11B = @; % Clears previous value used for calculation.
Q12B = 0; % Clears previous value used for calculation.
Q66B = @; % Clears previous value used for calculation.
TempQ11B = zeros(1,DiscretizationLayersCLT(f)+1); % Defines size of matrix to save time and memory.
TempQ12B = zeros(1,DiscretizationLayersCLT(f)+1); % Defines size of matrix to save time and memory.
TempQ66B = zeros(1,DiscretizationLayersCLT(f)+1); % Defines size of matrix to save time and memory.

for e = 1:DiscretizationLayersCLT(f)

TempQ11B(1,e) = (PowerLawQl1(1,e))*(((h/2)*(PtsVector(1,e+1)))"2 - ((h/2)*(PtsVector(l,e)))"2); % Temporary storage of B matrix summation for Q11

Q11B = Q11B + TempQ11B(1,e); % B matrix summation for Q11

TempQ12B(1,e) = (PowerLawQl2(1,e))*(((h/2)*(PtsVector(1,e+1)))*2 - ((h/2)*(PtsVector(1,e)))~2); % Temporary storage of B matrix summation for Q12

Q12B = Q12B + TempQ12B(1,e); % B matrix summation for Q12

TempQ66B(1,e) = (PowerLawQ66(1,e))*(((h/2)*(PtsVector(1l,e+1)))*2 - ((h/2)*(PtsVector(1,e)))"2); % Temporary storage of B matrix summation for Q66

Q66B = Q66B + TempQ66B(1,e); % B matrix summation for Q66
end
B = (1/2)*[Q11B Q12B ©;Q12B Q11B @;0 © Q66B]; %Defines the B matrix

Q11D = 0; % Clears previous value used for calculation.
Q120 = @; % Clears previous value used for calculation.
Q66D = @; % Clears previous value used for calculation.
TempQ11D = zeros(1,DiscretizationLayersCLT(f)+1); % Defines size of matrix to save time and memory.
TempQ12D = zeros(1l,DiscretizationLayersCLT(f)+1); % Defines size of matrix to save time and memory.
TempQ66D = zeros(1,DiscretizationLayersCLT(f)+1); % Defines size of matrix to save time and memory.

for e = 1:DiscretizationLayersCLT(f)

TempQ11D(1,e) = (PowerLawQ11(1,e))*(((h/2)*(PtsVector(1l,e+1)))*3 - ((h/2)*(PtsVector(1,e)))"3); % Temporary storage of D matrix summation for Q11

Q11D = Q11D + TempQ11D(1,e); % D matrix summation for Q11

TempQ12D(1,e) = (PowerLawQl2(1,e))*(((h/2)*(PtsVector(1l,e+1)))*3 - ((h/2)*(PtsVector(1,e)))~3); % Temporary storage of D matrix summation for Q12

Q12D = Q12D + TempQ12D(1,e); % D matrix summation for Q12

TempQ66D(1,e) = (PowerLawQ66(1,e))*(((h/2)*(PtsVector(1,e+1)))*3 - ((h/2)*(PtsVector(1l,e)))"3); % Temporary storage of D matrix summation for Q66

Q66D = Q66D + TempQ66D(1,e); % D matrix summation for Q66
end
D = (1/3)*[Q11D Q12D 0;Q12D Q11D ;8 © Q66D]; % Defines the D matrix.

ESTABLISHMENT OF NEUTRAL AXIS

Performs the inverse of the ABD matrices in order to establish the non-dimensional location of th eneutral axis. Lastly, amends the D matrix accordingly.

ABDMatrix = [A B;B D]; % Generates the combined ABD matrix.

InvABDMatrix = inv(ABDMatrix); % Inverse function to obtain the inverse of the ABD matrix.

bll = InvABDMatrix(1,4); % Defines a specific element in the combined matrix.

d1l = InvABDMatrix(4,4); % Defines a specific element in the combined matrix.

b12 = InvABDMatrix(1,5); % Defines a specific element in the combined matrix.

d12 = InvABDMatrix(4,5); % Defines a specific element in the combined matrix.
a
a

b13 = InvABDMatrix(3,6); % Defines specific element in the combined matrix.
d13 = InvABDMatrix(6,6); % Defines specific element in the combined matrix.

zbarx = -b11/d11; % Non-dimensional location of the neutral axis in the x-direction.
zbary = -b12/d12; % Non-dimensional location of the neutral axis in the y-direction.

zbarz = -b13/d13; % Non-dimensional location of the neutral axis in the z-direction.

DBar = D - zbarx*B; % Modification to the D matrix to account for the location in the neutral axis.

OUT OF PLANE STRAIN ENERGY

Calculates the strain energy associated with the out-of-plane displacements.



if(LoadingType == 1) % Natural frequency case.

%Strain Energy Due To Accelerations in the Z-Direction%
WW = (Rho); % Out of plane energy integration and evaluation.
end

IN PLANE STRAIN ENERGY

Calculates the strain energy associated with the in plane displacements in the x and y directions.

if(LoadingType == 1) % Natural frequency case.

%Strain Energy Due To Accelerations in the X-Direction%
Vul = [@ @ ((1/2)*(-b11/d11)72)]; % Term 1 of energy equation.
Vu2 = [0 (b11/d11) @]; % Term 2 of energy equation.
vu3 = [(1/2) @ @]; % Term 3 of energy equation.
VU1 = Rho*(1/((1)-(-1)))*diff(polyval(polyint(Vul),[(-1) (1)])); % Term 1 in plane energy integration and evaluation.
VU2 = Rho*(1/((1)-(-1)))*diff(polyval(polyint(Vvu2),[(-1) (1)])); % Term 2 in plane energy integration and evaluation.
VU3 = Rho*(1/((1)-(-1)))*diff(polyval(polyint(Vu3),[(-1) (1)])); % Term 3 in plane energy integration and evaluation.
VU = (VU1 + VU2 + VU3); % Summation of all the energy terms.

%Strain Energy Due To Accelerations in the Y-Direction%
Wil = [0 8 ((1/2)*(-b12/d12)"2)]; % Term 1 of energy equation.
W2 = [0 (b12/d12) @]; % Term 2 of energy equation.
W3 = [(1/2) @ @]; % Term 3 of energy equation.
W1 = Rho*(1/((1)-(-1)))*diff(polyval(polyint(Vvl), [(-1) (1)])); % Term 1 in plane energy integration and evaluation.
W2 = Rho*(1/((1)-(-1)))*diff(polyval(polyint(vv2), [(-1) (1)])); % Term 2 in plane energy integration and evaluation.
W3 = Rho*(1/((1)-(-1)))*diff(polyval(polyint(vv3), [(-1) (1)])); % Term 3 in plane energy integration and evaluation.
W = (W1 + W2 + W3);% Summation of all the energy terms.

EQUILIBRIUM

Equates the strain energy to the potential energy and solves equation for the natural frequency or buckling load.

%Definition of Parameters%
alpham = (m*pi)/a; % Defines alpham.
betap = (p*pi)/b; % Defines betap.

%Establishment of Stiffness Matrix%
Kmp = (DBar(1,1)*(alpham)~4)+((2*DBar(1,2)+4*DBar(3,3))*((alpham)"2)*((betap)~2))+(DBar(2,2)*((betap)~4)); % Equation for the stiffness matrix.

%Establishment of Mass Matrix and Calculation
if(LoadingType == 1) % Natural frequency load.
MmpNF = (h*(VW+(VU)*((h"2)/2)*(alpham~2)+(VWV)*((h~2)/2)*(betap~2))); % Equation for the mass matrix.

if(NondimensionalEquation 1) % Non-dimensional output type 1 selected.
OmegaCLT(g,f) = sqrt(Kmp/MmpNF); % Equation for natural frequency.
end

end
if(LoadingType == 2) % Buckling load.

if(LoadDirections == 1) % Uniaxial buckling load.

Gamma = 9;

elseif(LoadDirections == 2) % Biaxial buckling load.
Gamma = 1;

elseif(LoadDirections == 3) % Tension/compression buckling load.
Gamma = -1;

end

MmpBL = (alpham”2+Gamma*betap”2); % Equation for the mass matrix.

if(NondimensionalEquation == 1) % Dimensional output 1 selected.
NCLT(g,f) = (Kmp/MmpBL)/(1*10~3); % Equation for buckling load.

end

if(LoadingType == 1) % Natural frequency
loglog(DiscretizationLayersCLT,OmegaCLT(g,:), '0", 'MarkerEdge' ,MarkerColourl(ColourPos(g),:), 'MarkerSize',5); %Plots the natural frequency for each degree of discretization layer
hold on % Keeps the data on the plot graph

end

if(LoadingType == 2) % Critical buckling load
loglog(DiscretizationLayersCLT,NCLT(g,:), ‘0", 'MarkerEdge',MarkerColourl(ColourPos(g),:), ‘MarkerSize',5); %Plots the critical buckling load for each degree of discretization layer
hold on % Keeps the data on the plot graph

end

end

CLT PLOT

Specifies the plot properties used to generate the plot.

% Classic Lamination Theory Plot Properties%

box on % Applies plot border

set(gca, 'FontName', 'Times New Roman') % Sets plot font

xlabel('Number of Discretized Layers','FontSize',10); % Inserts an x-axis label
set(gca, 'xLim',[2 150000]); % Sets the x axis limits.

if(LoadingType == 1) % Natural frequency case.

ylabel('Natural Frequency [Hz]','FontSize',10); % Inserts a y-axis label.
set(gca, 'yLim',[1500 3200]); % Sets the y axis limits.

end

if(LoadingType == 2) % Critical buckling load case

ylabel('Critical Buckling Load [kN]','FontSize',18); % Inserts a y-axis label.

set(gca, 'yLim',[1500 9000]);% Sets the y axis limits.

end

legend('\lambda = @', '\lambda = @©.1','\lambda = ©.2',"'\lambda = 0.5",'\lambda = 1', '\lambda = 2', '\lambda = 5', '\lambda = 5', '\lambda = 10', '\lambda = 12', '\lambda = 2@', '\lambda = 50", '\lambda = 100') %

PRESENT STUDY ANALYSIS

Calculates the natural frequency or critical buckling load for a particular load case for various volume indices and polynomial fit error percentage limits using the present study.

%Parameters%

AccuracyArrayECLT = [1e@, 50,20,10,5,2,1,0.5,0.2,0.1,8.05]; % Polynomial fit error percentage limit array.
CountAccuracy = numel(AccuracyArrayECLT); % Counts the number of elements in the array.

OmegaECLT = zeros(CountLambda,CountAccuracy); % Defines size of matrix to save time and memory.

NECLT = zeros(CountlLambda,CountAccuracy); % Defines size of matrix to save time and memory.

Diff = zeros(13,1); % Defines size of matrix to save time and memory.

clear PowerLawQ1l1l PowerlLawQ12 PowerlLawQ66 % Clears these variable for new values using the present study.
figure (2) % Opens plot in a sepearate window.

aH = axes;



%For Loop For Volume Indices%
for y = 1:CountLambda % For loop for the variation of material properties.

%For Loop For Polynomial Fit Error Percentage Limits%
for r = 1:CountAccuracy % For loop for the various polynomial fit error percentage limits.

k = LambdaArrayCLT(1,y);

ErrorPercentage = AccuracyArrayECLT(r); % Updates the polynomial error percentage limit for particular load case.
PolynomialFit % Run script Polynomial Fit.

ABDMatrices % Run script ABDMatrices.

RayleighRitz % Run script RayleighRitz.

if(LoadingType == 1) % Natural frequency case.
OmegaECLT(y,r) = (Omega); % Creates array with all the natural frequencies calculated.
end

if(LoadingType == 2) % Critical buckling load case.
NECLT(y,r) = (N)/(1*1@3); % % Creates array with all the critical buckling loads calculated and converts critical buckling load to MN.
end
end

if(LoadingType == 1) % Natural frequency case.
Diff(1,y) = 100*((OmegaECLT(y,11)-OmegaCLT(y,11))/OmegaCLT(y,11)); % Calculates the error percentage difference between CLT and present study.
loglog(AccuracyArrayECLT,OmegaECLT(y,:), ‘o', '"MarkerEdge ' ,MarkerColour2(ColourPos(y),:), ‘MarkerSize',5); %Plots the natural frequency for each polynomial error percentage fit limit.
hold on % Keeps the data on the plot graph.

end
if(LoadingType 2) % Critical buckling load case.

Diff(1,y) = 100*((NECLT(y,11)-NCLT(y,11))/NCLT(y,11)); % Calculates the error percentage difference between CLT and present study.
loglog(AccuracyArrayECLT,NECLT(y,:), '0', 'MarkerEdge',MarkerColour2(ColourPos(y),:), 'MarkerSize',5); %Plots the critical buckling load for each polynomial error percentage fit limit.
hold on % Keeps the data on the plot graph.

end

end
PRESENT STUDY PLOT

Specifies the plot properties used to generate the plot.

% Present Study Plot Properties%

box on % Applies plot border.

set(gca, 'FontName', 'Times New Roman') % Sets plot font.

xlabel('Polynomial Fit Error Percentage Limit', 'FontSize',10); % Inserts an x-axis label.

if(LoadingType == 1) %Natural frequency case.
ylabel('Natural Frequency [Hz]', FontSize',18); % Inserts a y-axis label.
set(gca, 'yLim',[1500 3200]); % Sets y axis limits.

end

if(LoadingType == 2) % Critical buckling load case.
ylabel('Critical Buckling Load [kN]','FontSize',1@); % Inserts a y-axis label
set(gca, 'yLim',[1500 9000]); % Sets y axis limits

end
set(gca, 'xLim',[0.02 4000]); % Sets x axis limits.
aH.XDir = 'reverse'; % Sets x axis to reverse.

legend('\lambda = @', '\lambda = ©.1','\lambda = ©.2',"'\lambda = 0.5",'\lambda = 1', '\lambda = 2', '\lambda = 5', '\lambda = 5', '\lambda = 10', '\lambda = 12', '\lambda = 20', '\lambda = 50", '\lambda = 100') %
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