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ABSTRACT

The purpose of this research was to determine the impact that ordinal data
(Likert type responses) has on principle axis method exploratory factor analysis,
and whether these results could be improved through first rescaling the ordinal
data using the distribution fitting method proposed by Stacey (2005), or using
analysis that ignores the inter scale distances by using Spearman-rank

correlation analysis, prior to performing exploratory factor analysis.

This research was a simulation study. It simulated the continuous
attitudes/beliefs of respondents given a known (unobserved) factor structure,
and then used these to create responses on an ordinal scale. The study
compared the robustness of exploratory factor analysis using varimax rotation
when applied; directly to the ordinal data, to the Spearman-rank correlation
matrix of the same ordinal data, and to the transformed ordinal data using a
distribution fitting algorithmic approach. Comparison was done between these
methods and the known factors of the contrived ‘latent’ continuous population

from which the ordinal data was derived.

The research found that discretisation creates both a negative bias and an
increase in the variance in the factor loading results. The amount of negative
bias and variance increase both as the number of categories used in the
response scale decrease, and as the underlying communalities in the factor
structure decrease. Given various forms of scale distortion introduced during
the discretisation process (skew, kurtosis, and bimodality), it was found that
both the negative bias and the variance of the results will increase even further
as the scale distortion increases. These scale distortions are akin to the various
biases that a group of respondents may exhibit when completing an ordinal
scale questionnaire. Skewed distortion was found to be the most destructive,
followed by bimodal distortion. Although no improvement was found in the
results when using normal distribution fitting algorithm prior to exploratory factor
analysis, it was found that, in cases of skewed or bimodal distortion, performing

exploratory factor analysis on the Spearman-rank correlation matrix of the



ordinal data was superior to performing the factor analysis directly on the

ordinal data.

These results are relevant to many fields of research, including business, given
the prolific use of ordinal scales to gather data due to their simplicity and ease
of use, and given the need by researchers to simplify or further analyse the
ordinal data using multivariate techniques intended for interval level data (such
as exploratory factor analysis). It was found that researchers need to take care
in the selection of the response scale for their analysis, since it is shown that
the correct choice in category size is the most effective way to ensure that data
loss due to discretisation error is minimised. Data loss was shown to constitute
both a strengthening and a weakening in the observed factor loading when
compared to the unobserved (intended) factor structure. The risk is therefore
shown that a researcher may unknowingly discard good data, or include
spurious data, through the incorrect use of the response scale. These results

begin to guide the researcher to avoid these pitfalls.
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1 INTRODUCTION

1.1 Purpose of study

The purpose of the research was to determine the impact that ordinal data has on principle
axis method exploratory factor analysis (EFA), and whether these results can be improved
through first transforming the ordinal data into interval data using the distribution fitting

method proposed by Stacey (2005).

1.2 Context of study

A literature review was conducted in 1984 on various fields of study to determine the extent
of use of multivariate techniques (Gnanadesikan and Kettenring, 1984). It reported that in
five of eight surveyed fields, factor analysis was the most widely used multivariate
technique. In education, psychology, and sociology it was applied six to eight times as
much as discriminant analysis, the next most popular multivariate method. In business, the
use of factor analysis has certainly increased as the number of variables for analysis has
increased (Hair et al., 2005) .

No doubt many of these studies used ordinal verbal scales (e.g. Likert scale) to gather the
data due to its simplicity for gathering responses (Srinivasan and Basu, 1989), yet this
simplicity introduces potential problems when these ordinal response categories are simply
assigned numeric values (e.g. 1 — 5 for a Likert scale) for the purposes of any parametric
statistical analysis. Many of these statistical analysis techniques assume continuous data,
yet the observed responses have been categorised into just a few discrete measures and in
so doing cast a shadow on the validity or accuracy of the results (Labovitz, 1967, Somers,
1968, Hawkes, 1971, Wilson, 1971, Olsson, 1979, Vierra and Carlson, 1981, Young, 1981,
Babakus et al., 1987, Potthast, 1993, Velleman and Wilkinson, 1993, Dolan, 1994,
Hutchinson and Olmos, 1998, Lubke and Muthén, 2004, Stacey, 2005, Temme, 2006).

It is the purpose of this study to attempt to highlight the problems that may arise in using
EFA on ordinal data, so that researchers may understand the implications this could have

on the results they obtain and the conclusions they reach. It will attempt to caution for those



conditions under which the results of EFA on ordinal data may be invalid. It will also test the
application of distribution fitting to transform the data from ordinal to interval prior to the

EFA being performed, and hopefully make meaningful recommendations for its use.

1.3 Problem statement

1.3.1 Problem Statement

What could be some of the conditions under which the accuracy of EFA is adversely
affected through the simple allocation of a discrete interval scale to ordinal data, and would
the accuracy of the results improve through the use of distribution fitting (Stacey, 2005) as a

method to transform ordinal data to interval data prior to performing EFA?

1.3.2 Sub-problems

The first sub-problem is: to identify conditions under which the accuracy of EFA is adversely

affected through the simple allocation of a discrete interval scale to ordinal data?

The second sub-problem is: to determine the accuracy of the results obtained through the
use of distribution fitting (Stacey, 2005) as a method to analyse ordinal data prior to

performing EFA?

1.4 Significance of study

The study adds to the literature by giving guidance to researchers in many fields, including
business, who use EFA as a method for analysing or simplifying ordinal data. Ordinal data
is commonly found in much research and includes Likert-type response scales, age

observations, income observations etc.

Much of the existing research is done on confirmatory factor analysis which in effect works
in reverse to exploratory factor analysis. The principle behind confirmatory factor analysis is
that it tests a set of observations (sample) against a previously developed or known model
to confirm whether the expected factors exist within the newly observed sample. EFA on

the other hand is used by researchers who do not have any known model against which to



compare their data, but are trying to find underlying factors that have never before been

observed, or are trying to reduce the complexity of their observed data.

The study attempts to provide guidance on when not to use EFA on ordinal data, and also

attempts to provide a more robust method.

1.5 Delimitations and limitations

1.5.1 Delimitations

The study was performed using EFA using the principle components method only, and it did

not attempt to compare the results against any other factor analysis methods.

This study was based purely on simulated (contrived) data and did not attempt to test on
empirical data - with simulated data the results can be better analysed for specific changes

in the input data (skewness, kurtosis, sample size, number of categories etc.).

The study is restricted to ordered categories where the latent variables are continuous.



1.6 Definition of terms

Latent population is used to refer to the unobserved continuous population. In this study the
latent population is the simulated attitudes and beliefs that are categorised, and the

categorised population is referred to as the observed or manifest population.

Scaling or categorization or discretisation are terms used to refer to a process where
continuous data is collapsed into categories through either applying thresholds, or in the
field through applying a questionnaire with Likert type responses (since the underlying
attitude may be continuous, observations are practically implemented using a few discrete

categories).

The terms ‘interval’ and ‘ordinal’ refer only to the scales used or the data produced, and

does not refer to the underlying (unobserved or latent) data.
EFA is always meant to refer to principle component method exploratory factor analysis.

Communalities referred to with regards to factor analysis refer to the correlations amongst

variables and factors.

The following labels will be used to denote Matrices in factor analysis (Tabachnick and
Fidell, 2007):

e R - correlation matrix (Matrix of correlation between variables)

e A — factor loading matrix (Matrix of regression-like weights used to estimate the
unique contribution of each factor to the variance in a variable. In this study the
factors are created to be orthogonal, and therefore this is also the correlations

between the variables and the factors).



2 LITERATURE REVIEW

2.1 Introduction

The literature review attempted to uncover any known weaknesses of performing EFA on
ordinal data, and in so doing hoped to guide the design of the methodology for this

simulation study.

2.2 The use of Ordinal Data in Multivariate Analysis

Treating ordinal data as continuous data in multivariate analysis potentially violates the
assumptions of multivariate normality as discussed by many authors (Labovitz, 1967,
Somers, 1968, Hawkes, 1971, Wilson, 1971, Olsson, 1979, Bollen and Barb, 1981, Vierra
and Carlson, 1981, Young, 1981, Babakus et al., 1987, Potthast, 1993, Velleman and
Wilkinson, 1993, Dolan, 1994, Hutchinson and Olmos, 1998, Lubke and Muthén, 2004,
Stacey, 2005, Temme, 2006, Tabachnick and Fidell, 2007). The subject is not new and has
had much methodological debate beginning with the work of Stevens (1946). One of the
main strategies of dealing with ordinal data is to assume it to be interval in nature, and
continue with the various parametric and multivariate statistical methods. Labovitz (1967,
1971) seems to be quoted the most as being at the forefront of this strategy since part of
his research showed that “certain assumptions of both descriptive and inference statistics
can be violated without unduly altering the conclusions” (Labovitz, 1967 ,pg. 151). Yet
Labovitz does not blindly suggest converting all ordinal to interval scales regardless of the
underlying distributions, and makes it clear to his critics in his 1971 paper that “the
procedure is not risky if care is taken to avoid extreme exponential distributions” (Labovitz,
1971, pg. 521). In response to a critic, Mayer (1970), who criticised this strategy stating that
not all statistics had been tested, Labovitz replied that he too welcomed further evidence. It
is therefore in line with this statement that this study attempts to add greater clarity to a

statistical method that has not been fully analysed under ordinal data conditions.

Harwell and Gatti (2001) attempted to estimate the prevalence of ordinal data being used
as interval data. They limited their analysis to three publications in 1997 only; American

Educational Research Journal, Sociology of Education, and Journal of Education



Psychology. They found that 73% of the dependant variables used in studies published in
these three articles in that year alone appeared to be measured using an ordinal scale, yet

the statistical tests that were used required assumptions of normality.

The purist’s view to this alternate strategy of using the parametric approach would be to use
the non-parametric measures exclusively to analyse ordinal data (Kim, 1975). Yet Kim
found that there was no ordinal multivariate-analysis method that compared to those like
multiple regression, and that the practical advantages of using such multivariate techniques
outweighed the compromises made in violating the measurement assumptions. Kim goes
on to advocate the use of the parametric strategy, not because it produces minor errors, but

because of the power of the techniques.

Both Nunnally (1975) and Hensler and Stipak (1979) acknowledge the power that interval
level analysis brings, even though interval level measurement has not been achieved.
Hensler and Stipak (1979) goes on to state that because of the clear advantages of

interval-level statistics, data analysts will continue to use them.

Hensler and Stipak (1979) provides a cautionary note to researchers though who
unthinkingly use the pre-existing code values that may already exist on datasets since they
may have been nonlinearly distorted from the underlying variables through the process of
categorization. The authors do however consider the most prevalent practice, of assigning
equal interval values as a coding scheme, to be preferable as a general strategy, but
continue by advising that the researcher needs to understand the loss in information in

doing so.

Following on from this, care should also obviously be taken by a researcher in the
construction of the scale used to observe the data (Kim, 1975). Kim states that the entire
purpose of analysing the association between two observed (measured) variables is to
understand the nature of the underlying unobserved variables. The extent to which the
relationship between these unobserved variables can be understood depends however on
the relationship between the underlying values and the observed values, and this can
potentially be distorted through the improper use of scale (Kim, 1975). This is directly
relevant to this study in that all exploratory factor analysis methods attempt to uncover and

simplify underlying relationships between variables, yet if those relationships are altered



through the incorrect use of scale, then the technique may in fact be unable to show the

underlying relationship or may yield erroneous results.

Kim continues by explaining how scale may distort the understanding of the underlying
distribution. With interval data it can be assumed that the underlying distribution is the same
as the observed distribution, but with ordinal data it is not possible to make this assumption
due to the potential distortions created in applying the scale, as can be seen in Figure 1
(Kim, 1975).

Resultant Pattern between
Scale in Use Underlying Pattern Measured Variables
Interval ........ooeeeiiiie Linear Linear
Monotonic Monotonic
Nonmonotonic Nonmonotonic
Ordinal ...oooeveeeieieeeeeeeeee Linear Linear or monotonic
Monotonic Linear or monotonic
Nonmonotonic Nonmonotonic

Figure 1: Distortions in Applying Scale - redrawn from Kim (1975)

2.2.1 Issues with Factor Analysis on Ordinal Data

Some simulation studies using confirmatory factor analysis have shown that as the
skewness or positive kurtosis of the observed ordinal variables moved away from zero, the
estimation of the factor structure deteriorated from the known underlying unobserved
variables (Babakus et al, 1987, Potthast, 1993, Dolan, 1994, Hutchinson and Olmos, 1998).

In one study using maximum likelihood factor analysis, the classification of data caused
through assigning integer values to ordinal data created a goodness of fit problem with the
model, and lead to an erroneous indication that more factors were needed than were

actually required (Olsson, 1979). Although some other studies had shown the method to be



robust against the effects of ordinal data, these were based on methods that took variables
from the same distribution (Fuller and Hemmerle, 1966), and were later proven to be
incorrect when variables were used that were skewed in opposite directions and had high

true loadings (Olsson, 1979).

Bartholomew et al. (2002) did not recommend performing factor analysis on categorical

data since this was likely to result in biased estimates of the factor loadings.

Since exploratory factor analysis calculates a matrix of association between variables as a
first step, and indeed this is why it is possible to provide a correlation matrix as the input to
an exploratory factor analysis process, further evidence could be found of the potential
impact that ordinal data could have on EFA by looking at the effects that ordinal data has
on correlation. Bollen and Barb (1981) analysed the effects of categorization on correlation.
They simulated a normally distributed continuous data set, consisting of two variables which
were correlated with one another, from which they drew samples that they then categorized
(collapsed) into a simple ordinal scale. The means and standard deviations of the
correlation coefficients of the collapsed variables were then compared to the corresponding
metrics of the original continuous data set. The simulation varied the magnitude of the
correlation (0.2, 0.4, 0.6, 0.8, and 0.9) and the size of the categories (2 through 10). What
they found was that the collapsed correlation coefficients would be smaller than the actual
correlation coefficients, and that this difference would be greatest for low correlation and
low number of categories, and smallest for high number of categories with high underlying
correlation. It appeared there was a threshold at 5 categories, above which the results for
the correlation were found to have an ‘acceptable’ difference (the collapsed correlation
coefficient is 89% of the value of the underlying correlation — 11% under). Bollen and Barb
(1981) also found that the standard deviation of the collapsed correlation coefficients would
be worst when the underlying correlation is high and the number of categories is low, but
came to the same conclusion about the threshold at 5 categories where the error was

‘acceptable’.

This would therefore lead to the belief that EFA, under these circumstances, could be
expected to have very little error, but it does draw attention to the fact that the number of
categories should not be below 5. As an example, this would impact on researchers that

categorise Age or Salary into less than five categories and then attempt to run multivariate



analysis. Gorsuch (1983) cautions that low correlations (communalities) may allow for the
result of factor analysis to capitalize on chance, and this may very well influence the result

(this is discussed in more detail in section 2.2.2).

Yet Bollen and Barb (1981) goes on to highlight that their simulation used normally
distributed continuous variables, and highlights results found in another study (Wylie, 1976)
that showed that correlation errors (differences) occurred most when continuous variables
were dichotomized and had extreme opposite skews. If it is accepted that this would then

affect factor analysis, then this supports Olsson’s (1979) findings sited earlier.

Bollen and Barb (1981) does go on to analyse a skewed set of real-life data containing two
variables, in which they find the results to be more satisfactory than in their simulation, but
they do not mention the amount of skew present in the data except to mention that it was

positively skewed.

Perhaps a method of correlation worth investigation as an input to EFA would be the
Spearman Rank Correlation method (Spearman, 1904) which analyses the rank and not the
distance between scale points. It makes sense that a scale that has distorted the inter-
category distance should use a method of analysis that ignores these distances (i.e. uses
rank only), although this would constitute a loss of data (Hensler and Stipak, 1979), and
does not account for the scale creating distortions in the relationship with the underlying
distribution (Kim, 1975).

It can therefore be stated that, based on the literature review, there is an expected error or
bias in the EFA results as a result of the discretisation of continuous data into ordinal data,

but it is unclear from the literature review what magnitude of error could be expected.

It must be noted that a separate body of research exists that proposes alternative
approaches to the factor analysis of ordinal data. Ordinal factor analysis, or more
specifically latent class analysis and latent trait analysis, are approaches designed for the
factor analysis of binary or categorical data. For polytomous categorical variables (variables
with more than two categories) there are two main approaches, namely; item response
function approach, and underlying variable approach. An explanation and comparison of
these methods is provided by Moustaki (2000), Joreskog and Moustaki (2001), or

Bartholomew et al. (2002). These approaches are considered superior to performing EFA



directly on ordinal data, yet are not as readily available or as simple to implement, and in
some cases may not allow for the analysis of models with more than two factors
(Bartholomew et al., 2002). These approaches are not considered here though, since this
research paper is concerned with highlighting the effects of EFA on ordinal data, and
determining whether normal distribution fitting is able to improve the results of EFA on
ordinal data. While it is highly recommended that these superior approaches be used by
researchers, as cited previously, researchers continue to use EFA with ordinal level data.
This research is aimed at providing guidance under these circumstances and therefore

remains relevant.

Research Question 1:

What will the effects of ordinal level data be on the output of EFA?

Research Question 2:

Will EFA on the Spearman-rank correlation matrix of the ordinal level data yield better

results than performing EFA on the ordinal level data directly?

2.2.2 Validity and Reliability

A researcher is interested in factor analysis as a method to better understand and perhaps
simplify his data correctly to reveal the underlying constructs. Neuman (2006) says that
“validity suggests truthfulness” (Neuman, 2006, pp188), and that this indicates how well the
analysis represents or ‘fits’ the underlying construct, and therefore reliability and validity are
central issues in the use of factor analysis as with any statistical instrument. Various
references highlight the different types of validity that a researcher must take into account
(for example, Bailey, 1987, Lewis-Beck, 1993, Neuman, 2006), but it is specifically the
impact that factor analysis could have on the validity of an experiment using ordinal data

that are of concern here. Does the analysis correctly represent the underlying construct?

The invalidity of an instrument is discussed at length in many references as a factor in both
the internal and external validity of a study (for example, Bailey, 1987, Lewis-Beck, 1993,

Neuman, 2006). Part of this instrument would be the scale used to gather the observations,
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which in the context of this study are those specific scales that at best produce ordinal data.
As an example, these could be a Likert scale, a summated rating, or a Guttman scalogram
analysis technique. These scales, if used correctly, may certainly have measurement
validity as an instrument since they measure what they are supposed to measure (Bailey,
1987, Lewis-Beck, 1994), since the measures are ordinal rather than interval level data
(Bailey, 1987), statistical validity is threatened when one performs factor analysis since the
data does not meet the statistical methods’ assumptions — that factor analysis assumes an
interval scale at worst (Neuman, 2006, Gorsuch, 1983). There are scales that produce
interval level data as a way of avoiding such validity threats, such as Thurstone’s method of
equal-appearing intervals (Bailey, 1987), but this report is specifically interested in
determining the extent of the threat of ordinal data on the statistical validity of studies that
use EFA. This part of the instrument is therefore not of concern here, and it is assumed that

at best ordinal level data is the input to this statistical analysis.

Another part of the instrument that potentially affects internal and external validity of a study
is the method used for data analysis, and since reliability is necessary for validity (Neuman,
2006), it is also of interest in this study to determine the reliability of EFA. It would be
impossible to evaluate the entire validity of the EFA method under all conditions since these
would be specific to each researcher’s study, and would depend in that specific case on
whether the entire instrument was designed correctly by the researcher to produce valid
results, i.e. representative of the underlying constructs in that specific instance. It is
however possible to attempt to evaluate the reliability of EFA in isolation within the context
of its use on ordinal data, and therefore the impact of this reliability of the method on the

validity of the instrument, and as a result, the study.

Maximizing the generalizability of a factor analysis study is important since there are rarely
significance tests, and there are many possibilities for capitalizing on chance (Gorsuch,
1983). Gorsuch (1983) discusses the issues that are more likely to make factor analysis
more reliable between studies of different random samples from the same population

(higher replicability):

e Method of Factoring - Gorsuch (1983) concluded that the component model will
yield different results to the common factor model when a low number of variables

(10 or 20) are used, and where some do not correlate well with other variables. The
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author also found evidence that the common factor model may lead to more
replicable factors than the component model when communalities were low. Gorsuch
states also that the number of factors extracted interacts with the rotation, and that
adding an additional factor to a model of only a few extracted factors will cause the
factors to shift considerably when rotated, but adding to a moderate number of
extracted factors will not. He concludes that it appears that extracting too few factors
decreases replicability. No differences between the replicability of oblique and
orthogonal factor rotations can be given due to lack of evidence, yet some evidence
does suggest that rotated factors are more stable than unrotated factors. Factor
analysis does however capitalize on chance in the extraction procedure and in the

rotation procedure, and this may result in variability of results.

Importance of communalities — Gorsuch (1983) states that when the
communalities are high, the unique factor weights are low in the common factor
model. In this model the chance correlations are multiplied with the unique weights,
so therefore if the communalities are high then these result in a lower chance
correlation and therefore greater replicability of the factors. The author notes that it
also appears from cited research that, adding variables with low communalities may
decrease the replicability through increasing the capitalization on chance, and that
high communalities increase stability and replicability. “Therefore, variables without a
prior history of good reliability estimates and good correlations with other variables in
the analysis are not desired in a factor analysis” (Gorsuch, 1983, pg. 331). In
exploratory factor analysis the luxury of any ‘prior history’ of variables may not exist,
and other precautions would need to be employed as mentioned in this section to

ensure replicability.

Variables per Factor — Gorsuch (1983) states that the larger the number of
variables in the study (he considers 30 to be moderately large) the less dependent
the study should be on the choice of method and the more replicable the results
should be. As the number of variables per factor increases it will increase the unique
rotational position, reduce the capitalization on chance, and increase the replicability.

In the common factor model the greater the number of factors the greater will be the
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factor scores that are determined, which leads to greater replicability. The goal would

be to have a minimum of four to six variables per factor (Gorsuch, 1983).

e Number of individuals — The number of variables has a similar increase in the
expected replicability, and should not be below 5 individuals per variable, or below
100 individuals for an analysis (Gorsuch, 1983). These minimums only apply when
the expected communalities are high and the number of variables per factor is

sufficient, otherwise they should be increased.

Gorsuch (1983) suggests that for analysing data that may have issues with replicability, to
split the data in half and run factor analysis on these two halves. The study should then only
proceed with those factors that matched across the two studies (sample sizes would need
to be sufficient to ensure significance). Any further statistics required for another study
could now be taken by running factor analysis on the entire data set, but only extracting and

analysing those factors identified in the first analysis.

2.2.3 Parameters to consider for the methodology

Certain parameters were found in the literature worth consideration for the methodology of
this study. Although no study was found that identically matched a methodology for
obtaining the outcomes this study was targeting, various smaller ‘components’ were taken
from the several different studies referenced up to this point. The ‘components’ for

consideration were;

e Sample size — Flora and Curran (2004) used sample sizes of 100, 200, 500, and
1000, in a one and two factor design. Muthen and Kaplan (1992) used a 500 and
1000 sample size for a two and three factor design, and reported that Harlow (1985)

used a 200 and 400 sample size in a two factor design.
Gorsuch (1983) advised against any study with less than 100 respondents.

e Number of Categories — Bollen and Barb (1981) highlighted the potential issues
with the number of categories chosen and the effects on the correlation coefficient,
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and it was postulated earlier that although that study did not specifically analyse the
effects on factor analysis, this could have an effect on the factor analysis output
since correlation is the underlying input for this multivariate technique. Their study
analysed 2, 3, 4, 5, 6, 7, 8, 9, and 10 categories, and they found an apparent

threshold was reached at 5 categories.

Correlation strength — Gorsuch (1983) stated that variables with low correlation
could influence the replicability of a factor analysis output (this is discuss in more
detail under the section on validity 2.2.2). Bollen and Barb (1981) also showed the
effects that ordinal data had on the strength of correlation, and therefore the potential

effect this could have on factor analysis was postulated.

Hair et al (2005) discussed the importance of statistical significance of factor
loadings and provided guidelines of which factor loadings to consider given a specific
sample size. For example, given a sample size of 200, 0.4 factor loading should be
considered as the smallest factor loading to be considered to ensure significance. As
a rule of thumb, the authors consider +.30 and +.40 factor loadings as minimally
acceptable, with values exceeding *.50 generally necessary for practical

significance.

Scale distortion — Flora and Curran (2004) manipulated the unobserved continuous
distribution, and then applied thresholds, to generate varying observed ordinal
variables with varying levels of skewness and kurtosis. In this way it directly tests the
robustness of the underlying unobserved variables being non-normally distributed.
There were five different continuous distributions used as input; multivariate normal,
and four with different levels of non-normality (low skewness vs. low kurtosis,
moderate skewness vs. low kurtosis, low skewness vs. moderate kurtosis, moderate
skewness vs. moderate kurtosis). These were chosen to test the separate effects of
skewness and kurtosis, and were indicative of those distributions encountered in
applied psychology. Thresholds were used to transform the continuous ‘unobserved’

distributions into ordinal data of five categories (Flora and Curran, 2004).
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Muthén and Kaplan (1985, 1992) used a continuous normal distribution and varied
the inter-category distances to produce ordinal data of varying levels of skewness

and kurtosis.

As an example, scale distortion would be the effect that the questionnaire design
would have on not correctly representing the underlying attitudes of the respondents.
When the respondents ‘fit' their attitudes to the ordinal scale provided for each
response item the scale may distort the true underlying attitudes’ distribution. Muthen
and Kaplan (1992) refers to an unpublished study by Harlow (1985) that chose
skewness values ranging from -2.0 to +2.0 and kurtosis values ranging from -1.0 to
+8.0. Muthen and Kaplan (1992) considered these settings to be ‘moderately
normal’, and used 6 cases of scale distortion in their study with skewness and
kurtosis respectively of; 0.0 and 0.0, -0.74 and -0.33, -1.22 and 0.85, -2.03 and 2.9,
0.0 and 2.79, 0.0 and -1.3. Both these studies varied the inter-scale distances of the
categories applied to the normal distribution, and did not vary the underlying
distribution itself, to effectively vary the input distribution or scale distortion. Flora and
Curran (2004) created underlying distributions with varying skewness and kurtosis,
then applied standard equal distance category thresholds to generate the ordinal
data. They utilized input skewness and kurtosis respectively of; 0.0 and 0.0, 0.75 and
1.75, 0.75 and 3.75, 1.25 and 1.75, 1.25 and 3.75. This was not what was actually
tested though, since the categorisation changed the skewness and kurtosis values
from what was originally intended — a categorised result will have a different
skewness and kurtosis to the original continuous distribution because it has been
categorised and the continuous distribution has been collapsed into an ordinal

distribution of only a few numbers.

Since it was the intention of this study to provide a control which isolated the affects
of categorisation, it was thought more prudent to follow the methods of Muthen and
Kaplan (1992) of varying categories rather than varying the underlying distribution,
since this allowed the control to be conducted on a constant normal distribution
without the effects of scale distortion, and mimicked the in-field practice of incorrectly
applying scale to normally distributed latent variables (underlying attitudes). It also
provided a meaningful control input to factor analysis (continuous normal distribution)

that did not violate any of the multivariate assumptions of the method.
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The literature review also uncovered another form of scale distortion which was
expected to have an effect on factor analysis (Olsson, 1979, Wylie, 1976) and
distribution fitting, that of an oppositely skewed set of item responses, which follows
the real-life possibility of respondent’s inconsistently applying the scale from question

to question to represent their underlying attitudes or beliefs.

2.3 Distribution Fitting Prior to Factor Analysis on Ordinal Data

It has been previously mentioned that researchers facing ordinal data have a choice of
using either parametric or non-parametric approaches to analyse their data. One potential
option is to attempt to transform the ordinal data into interval data (Gautam et al., 1996,
Hensler and Stipak, 1979, Stacey, 2005) or to rescale the ordinal data (Stacey, 2005) to
allow for the correct use of more powerful statistical analysis techniques. Hensler and
Stipak (1979) stated that using only rank-order statistics on an ordinal scale discards
information about inter-category distances. Scaling attempts to correct this while minimizing
nonlinear distortion. Hensler and Stipak (1979) refered to this as attempting to preserve the
inter-category distances, while trying to construct observed variables that are linear
transformations of their latent (underlying) variable (but which have an error term that
represents the loss of intra-category information). Therefore to attempt to increase the
external validity of this study, it would be important to analyse as many of the options
available to a researcher, and it is therefore important to test for the robustness of EFA

following some sort of data rescaling.

Various methods exist in the literature for rescaling ordinal data. Hensler and Stipak (1979)
demonstrated a method using the frequency of the observed distribution to find category
thresholds on a table for area under a standard normal curve, and Bendixen and Sandler
(1995) used correspondence analysis as a method for rescaling. Stacey (2005) used an
algorithmic approach, which he compared against the correspondence analysis method for
transformation of ordinal variables (Bendixen and Sandler, 1995) and found it to be

superior.
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Stacey (2005) did not test the distribution fitting method as an input for EFA, nor did he test

the model with multivariate data.

Stacey’s (2005) normal distribution fitting algorithm (NDF) is based on using a linear solving
algorithm (such as Solver for Excel®) to find the best distribution fit between a normal

distribution and the observed categorical data. Conceptually this is shown in Figure 2.
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Figure 2 - NDF Method - Conceptual Diagram

It begins by calculating the observed frequencies for every ordinal response (say 1-5ina 5
category questionnaire) for every item (question). It then tabulates this against the expected
frequency for the same responses and items, given a standard normal distribution of a
given mean, standard deviation, and set of thresholds. At the start of running the algorithm
these input parameters for the normal distribution (mean, standard deviation, and

thresholds) are guessed.

Figure 3 shows a typical layout of an NDF for a 5 Category solution with 8 questions. The

values show the initial ‘guesses’ prior to solving.
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Figure 3 - NDF Initial setup
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The two frequencies (expected and observed) are compared using the 4 statistic (Chi

Squared) which is a ‘goodness of fit measurement.
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Figure 4 - NDF after Solving (right), & after Standardisation (left)
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The linear solving algorithm now solves to reduce the total 22 number by manipulating the
mean and standard deviation of the normal distributions for each item, and the thresholds
for all items. Once solved (Figure 4), 8 different means and standard deviations are left
(one for each item), with one set of thresholds, that best match the observed data. As the

last step of the NDF the distributions are standardized by making changes to the;
e Thresholds ... New t,, = (Old 7, - “T)/ _
VOr

= Where 7, is the n™ Threshold (‘Old’ being the value prior to
standardisation, and ‘New’ being the new standardised value), u; is the
total mean across all 8 normal distributions prior to standardisation,
o2 is the total variance across all 8 normal distributions prior to

standardisation.

_ (Old py — pr)
e Means... New u, = /\/_2
or

= Where pu, is the n" mean (‘Old’ being the value prior to standardisation,
and ‘New’ being the new standardised value), ur is the total mean
across all 8 normal distributions prior to standardisation, ¢ is the total

variance across all 8 normal distributions prior to standardisation.
_Old o

e Standard Deviation... New g,, = "/\/_2
or
= Where g, is the n"™ standard deviation (‘Old’ being the value prior to
standardisation, and ‘New’ being the new standardised value), 2 is the

total variance across all 8 normal distributions prior to standardisation.

Once standardised, a threshold set for a normal distribution with an overall mean of 0 and
variance of 1 remains (Figure 4). Using the threshold, scaled responses can be ‘created’

from the old responses.

Research Question 3:

Will the normal distribution fitting algorithm proposed by Stacey (2005) improve the results
of the Factor Analysis over the other two methods (No transformation, and Spearman-

rank)?
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2.4 Conclusion of Literature Review

The literature review revealed little detailed information about the effects of ordinal data on

EFA, but it did allude to expected difficulties that could be uncovered in the study.
The study is certainly worthwhile, having shown that factor analysis is widely used, and that
ordinal data is routinely treated as interval level data.

241 Research Question 1:
What will the effects of ordinal level data be on the output of EFA?
(Bollen and Barb, 1981, Gorsuch, 1983, Muthén and Kaplan, 1985, Babakus et al., 1987,
Muthén and Kaplan, 1992, Flora and Curran, 2004)

2.4.2 Research Question 2:

Will EFA performed on the Spearman-rank correlation matrix of the ordinal level data yield

better results than performing EFA on the ordinal level data directly?

(Spearman, 1904, Bollen and Barb, 1981, Gorsuch, 1983)

2.4.3 Research Question 3:

Will the normal distribution fitting algorithm proposed by Stacey (2005) improve the results

of the factor analysis over the other two methods (No transformation, and Spearman-rank)?

(Hensler and Stipak, 1979, Bendixen and Sandler, 1995, Gautam et al., 1996, Stacey,
2005)
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3 RESEARCH METHODOLOGY

The study compared the robustness of EFA using varimax rotation when applied; directly to
ordinal data, to the Spearman-rank correlation matrix of the same ordinal data, and to the
transformed ordinal data using a distribution fitting algorithmic approach. Comparison was
done between these methods and the known factors of the contrived ‘latent’ continuous
population from which the ordinal data was derived. The ordinal data was derived through a
discretisation process - allocating a simple interval scale (applying thresholds) to the

contrived ‘latent’ continuous data.

3.1 Research methodology /paradigm

This study was run as a simulation using contrived data. The synthesis of data in favour of
using empirical data was important to allow for the isolated test of certain parameters’
effects on the EFA output. External validity of this study depended on it being able to isolate
the parameter influence from other issues of measurement or sampling error that may have

been difficult to isolate if empirical data were used.

3.2 Research Design

The methodology is shown in graphical form in Figure 5. The aim of the study was to test
the effects that ordinal data has on Exploratory Factor Analysis, which in effect is actually
testing the effects of incorrect categorization or scaling (which produce ordinal data) on
Factor Analysis. A continuous normal latent (underlying) population is assumed, which was

then discretised or categorised to produce the ordinal responses which was then analysed.
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Varying the inter-threshold distances applied to obtain the categorical data is what
produced the scale distortion (Muthén and Kaplan, 1992, Stacey, 2005).

The simulation was similar to those done before on confirmatory factor analysis (Muthén
and Kaplan, 1985, Muthén and Kaplan, 1992, Flora and Curran, 2004), except that this
study used EFA.

3.2.1 Methodology Overview

The methodology was implemented by building an automated model programmed in Visual
Basic for Applications (VBA) that operated out of Microsoft® Excel® 2007, and once given
a set of factor loadings and category thresholds, would automatically generate the
necessary data. The factor analysis was performed using NCSS 2007, and the results were
re-imported into Excel® files for storage and further analysis. All linear and non-linear
solving was performed using Premium Solver Platform for Excel® version 7.1 (Frontline

Systems).
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3.2.2 Methodology - Inputs to the study (Steps 1, 2, 3 & 8)

The study compared the results of EFA on categorical data against the results of the same
technique on the underlying continuous data from which the ordinal data was produced.

The method started with a continuous population with a known factor loading structure (A).
Step 1

Item 1 in the schematic of the methodology (Figure 5) shows this factor structure input as

the start to the entire process, and the comparison point for evaluating the results.
Step 2

From factor analysis theory’ it is known that multiplying the factor loading matrix (A) by its
transpose (A’) yields the correlation matrix (R) of the data set if the factors are orthogonal
(Tabachnick and Fidell, 2007). This second step was done in the various study’s iterations
(discussed later) whenever a new factor loading structure (A) and correlation structure (R)

was analysed.

! For a simple explanation of the Factor Analysis method see GORSUCH, R. L. (1983) Factor Analysis, New Jersey, Lawrence Erlbaum
Associated, Inc. , or TABACHNICK, B. G. & FIDELL, L. S. (2007) Using Multivariate Statistics, Boston, Pearson Education, Inc.
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Factor Loading Matrix

Factor 1

Factor 2

Transpose Factor Loading Matrix

Var 1 Var 2 Var 3 Var4 Var5 Var6 Var7
Factor

Var 8

Var1 0.8 0 1 0.8 0.8 0.8 0.8 0 0 0 0
Var2 08 0 X Fagtor 0 0 0 0 07 07 07 07
Var 3 0.8 0
Var 4 0.8 0
Var 5 0 0.7
Var 6 0 0.7
Var7 0 0.7
Var 8 0 0.7
Correlation Matrix
Var 1 Var 2 Var 3 Var 4 Var 5 Var 6 Var 7 Var 8
Var 1 0.64 0.64 0.64 0.64 0 0 0 0
— Var 2 0.64 0.64 0.64 0.64 0 0 0 0
— Var 3 0.64 0.64 0.64 0.64 0 0 0 0
Var 4 0.64 0.64 0.64 0.64 0 0 0 0
Var 5 0 0 0 0 0.49 0.49 0.49 0.49
Var 6 0 0 0 0 0.49 0.49 0.49 0.49
Var 7 0 0 0 0 0.49 0.49 0.49 0.49
Var 8 0 0 0 0 0.49 0.49 0.49 0.49

Figure 6 - Obtaining Correlation Matrix from Factor Loading Matrix

Step 3

The second input to the study was normally-distributed random continuous data with a
mean of 0 (u) and a standard deviation of 1 (o), represented in Figure 5 by Step 3, and was
obtained by using the Microsoft® Excel® Function “=NORMSINV(RAND())". It is known that
criticism may exist for this function on its accuracy to generate normal data. Since the
accuracy of the method has improved in later versions of Excel® to 14 or 15 decimal places

(Microsoft, 2007), and since this study does not utilize this function in the extreme tails of

the distribution, it is considered practically sufficient for its use here (West, 2005).
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Step 4

The other main inputs to the study were the thresholds (Step 4) used to distort the

continuous data in the categorisation step. These will be discussed later in this section.

3.2.3 Methodology - Creating the latent continuous data (Steps 5 to 8)

The creation of the latent data was done by taking the desired factor loading structure’s
correlation matrix (R) gained in Step 2 and using this to synthesise the perfect samples for
the study by applying Steps 5 — 8. These steps are crucial to removing sampling error from
each sample in an attempt to isolate only those effects or errors that are to be observed
(namely categorization error). In effect, each sample is exactly representative of the
underlying population since sampling error is entirely removed, and therefore follows
exactly the intended factor structure introduced into each model. Each sample then can be
considered as a population, with each population used in each iteration of every model

being identical in their underlying parameters.
Step 5

The correlation matrix that formed the input from Step 2 consists only of the common
components and so the diagonal of the correlation matrix will not be 1’s after the matrix
multiplication has created it, but will be less than 1 since they exclude the unique

components (Figure 6, shown earlier, is an example of this).

For this reason the diagonals are forced to 1’s in Step 5 for the purposes of generating the
covariance matrix. Generating the covariance matrix from the correlation matrix is
necessary since it is required as the input for the next step, the Choleski transformation?.
The covariance matrix (variance-covariance) was obtained through multiplying the
correlation (r) between two variables with the standard deviation (o) of the two variables.
Therefore the diagonals where r = 1 are the variance of each variable (02), and off diagonal

elements are (1,5 X g4 X o) which is the covariance of each pair of variables.

2 A Choleski Transformation is a linear transformation of random data (X) performed to obtain a new set of data with a known covariance
matrix (Y*) —i.e. multivariate data.
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Step 6

Once the covariance matrix was obtained it is used to produce a Choleski matrix (Step 6 in
Figure 5), which is a lower half matrix only (Figure 7). Here the bottom left corner of the
example Choleski matrix shown in Figure 7 are zero’s because of the method of ‘pure’
loading utilized in this study, i.e. variables do not cross load onto both factors (see Section

Error! Reference source not found.).

Choleski Decomposition

1.003551604 0 0 0 0 0 0 0
0.613539402 0.73660669 0 0 0 0 0 0
0.643320199 0.301409207 0.711121752 0 0 0 0 0
0.652696959 0.305802419 0.202522599 0.692479415 0 0 0 0

0 0 0 0 0.940591653 0 0 0

0 0 0 0 0.483018335 0.859301873 0 0

0 0 0 0 0.456981326 0.267356291 0.767763 0

0 0 0 0 0.445692126 0.26075156 0.185308 0.725504

Figure 7 - Choleski Matrix

Three methods for obtaining the Choleski matrix were found (Hunt, 2001, Lynch, 1994,
Moore, 2001) but the simplest to incorporate into an automated model was the code shown
by Moore (2001) which could be incorporated into VBA to run automatically when called by

the model.
Step 7

Once the matrix is completed, the random data was then multiplied with the elements of the

Choleski matrix, according to the Choleski method, to produce the final data set (Step 7).

Y*1 = (CHy; x X1)
Y*2 = (CH,; X X1) + (CH,, X X2)
Y*3 = (CH3; X X1) + (CH3, X X2) + (CH33 X X2)

...etc
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Where Y*n is the n variable output of the Choleski transformation, and where CH, . is the " row
and ¢ column element of the Choleski matrix (CH), and Xn is the n” random variable generated in
Step 3.

Step 8

The final step for creating each sample set for each model was to remove all remaining
correlation deviation using non-linear solving in Step 8 (Premium Solver Platform). This is
necessary since steps 5-7 do not produce a sample with a perfectly matched correlation
matrix (shown as R in Figure 5) to the initial intended correlation structure (R); there is still
an error component present (since the covariance matrix was obtained using standard
deviations prior to linear transformation). Therefore the model was made to step through
each sample set of every model and perform a non-linear solving routine to reduce the
SUM? error between the actual correlation matrix (R) of each sample set and the intended
correlation matrix (R) by manipulating the Choleski matrix. The result still contained a small
error component due to the finite sample size, and hence the correlation matrix of this
sample is referred to as R* and not R. This error will be shown later when the results are

presented, but it is considered practically insignificant to the results of the study.

To skip Steps 5-7, although possible, would make the non-linear solving of each model
extremely time consuming. It is simpler, and far quicker, to use these steps to start the non-
linear algorithm much closer to the final solution (R*) and therefore reduce the required

processing time to reach the final sample with the desired correlation matrix (R*).

The result is a set of continuous data that follow a multivariate normal distribution consisting
of 8 variables (Y’1 — Y’8), with a known correlation matrix (R*), given an intended factor
loading structure (A). This is considered as the latent or unobserved data, and would
represent a respondent’s underlying attitudes or beliefs which a researcher is trying to
uncover through a Likert-type questionnaire (ordinal response scale). This data is the input
to the categorisation process, just as a respondent’s beliefs or attitudes would be the input
when completing a questionnaire. For the purposes of this study it also formed the input to
a EFA ‘control process’ which enables the measurement of both the discretisation error and
the replicability of the EFA method.
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3.2.4 Methodology - Categorisation of the latent data (Step 9)

The threshold inputs from Step 4 were applied to the latent continuous data from Step 8 to
produce the ordinal or categorical data (marked Y1 — Y8 in Figure 5) as the output of the

categorisation step (Step 9 — shown in yellow).
YVij=C, if 1,0, <Y';j <1y

Where Y;j is the simulated response generated in Step 9 of the " respondent to the /' survey item,
C, is the n" ordinal response, 7, is the threshold that differentiates Cy from Cy.s, Y’; is the simulated
underlying attitude or belief generated in Step 8 of the i respondent to the j survey item. A

practical example is included in the Appendix for ease of understanding (Section 7.1).

This data represents a respondent’s answers to a set of categorical questions, and by
varying and then applying the thresholds in step 4, the model produced a set of ordinal data

that contained a discretisation error which represents:

e the loss of data through collapsing a continuous set of beliefs into a much smaller set
of discrete ordinal responses, and

e The distortions in the respondents underlying attitudes and beliefs created through
their interpretation of the questions posed or perhaps their cultural predisposition to

how they answer questionnaires with rigid categorical responses.

3.2.5 Methodology - Analysis of output (Step 10 to 16)

The categorical data (Y) were then all analysed using EFA, using four different

approaches:

e The first approach was to simply apply EFA to the ordinal data (Step 11).

e The second method attempted to compensate for the incorrect use of Pearson’s
correlation analysis on ordinal data by using Spearman’s rank method which ignores
inter category distance (inter category distance is potentially distorted through the
categorisation process). In this approach the data was used to create a Spearman
rank correlation matrix (Step 12) which then became the input to the factor analysis

process (Step 13).
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e The third and fourth methods both used Normal Distribution Fitting (NDF) to attempt
to ‘rescale’ the ordinal data (Step 14) prior to factor analysis. The NDF was applied
using the linear solving algorithm of Premium Solver in the manner set out by Stacey
(200%5), and is described in the literature review of this study. However, the NDF
process produces thresholds, not data points, and so further sampling needed to
take place before factor analysis could be done.

o The third method sampled randomly within the truncated normal distribution
formed by applying the thresholds obtained from the NDF process in Step 15.
This produced true interval data, yet it was unclear prior to the analysis what
this random sampling would do to the correlation structures and therefore the
factor analysis output, and therefore a fourth method was introduced.

o The fourth method (Step 16) assumed that random sampling, even within the
confines of the thresholds produced by the NDF process, would further
degrade the correlation structure by adding a random error. It also assumed
that the rescaling exercise of the NDF process was necessary to bring the
ordinal level data closer to interval level data before the factor analysis could
take place. Therefore if it was accepted that the thresholds were accurate
(Stacey, 2005), then the mean could be taken of the truncated normal
distributions formed by applying the rescaled thresholds, and these would
represent rescaled values for the original categorical data. This would return
the correct inter-scale distance since instead of 1, 2, 3, 4, and 5, it would now
have a more correctly scaled data set, perhaps 0.8, 1.1, 2.6, 3.7, and 4.8.
Even though this would still represent pseudo categorical type data, it would
be assumed to have retained the correlation structure of the original
categorical data. Finding the mean of a truncated normal distribution is
possible through calculating the integral formula®

—(x-u))? —(x-u))?

Y= [" x.e 20 dx/x.e 9} dx  (Stacey, 2005).

2 ‘[k_l

® This study estimated the mean for practical simplicity by obtaining 1000 random samples from each truncated normal distribution
between each threshold and then obtaining the mean of each of these sample sets.
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3.2.6 Methodology — Comparison of Results (Step 17)
Step 17

Step 17 then formed the point of comparison and analysis by which to compare; firstly the
effects that ordinal data had on factor analysis, and secondly the improvement (if any) that
the various methods studied here had on the results. The methods for analysis and

comparison are discussed in more detail in Section 3.5 on Data analysis and interpretation.

It must be noted that factor analysis does not necessarily return the two factors in the order
that was intended, i.e. what was used as input for factor 1 may be returned as factor 2. It
may also not return the signs intended, i.e. two positively loaded variables may be returned
as two negatively loaded variables. The model was designed to automatically switch signs
and factor names depending on the relative strength of variable 1 and variable 8 (since

these were never intended to be loaded on the same factor).

3.2.7 Model Inputs and Constraints

Given the methodology approach in the previous section, there were three inputs that could
be varied to produce different results to analyse and compare, namely; different factor
loading structures, different number of categories to collapse the data into, and differing
amounts of scale distortion to apply by manipulating the thresholds. There are also various
other constraints that remained fixed (sample size, number of variables, etc.) and these will

be discussed further in this section.

Fixed constraints

Although sample size would have an impact on the stability of the results, just as it is a
factor in any other statistical analysis, it was fixed here to 200 samples per analysis
(iteration) purely to reduce the amount of data analysed. Gorsuch (1983) advised against
any study with less than 100 respondents, and therefore a number of 200 was chosen
which has been used in various other similar studies (Harlow, 1985, Flora and Curran,
2004).
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Hair et al (2005) stated that factor loadings of +.40 could be considered as a minimum for

practical significance.

The number of variables (akin to the number of survey items in real-life) were fixed at 8, this
allowed for a 2 factor design to have split loading with 4 variables loading uniquely onto

each factor while still adhering to the minimums advised by Gorsuch (1983).

The number of simulations (iterations) performed per model was set to 100. This provided
100 different iteration results on every metric to allow the study to analyse the
distribution/variability of each model, and to provide some idea of confidence intervals. This
provided a measure of replicability based on the combination of input variables, and will be
discussed further in Section 3.5. Only the random data input changed for each of the 100
iterations, the input factor structure, thresholds, and categories remained identical for all

iterations (100 in total) of a specific model.

Model inputs

As discussed at the beginning of this section, there were three variable inputs to this study

that could be varied for each model;

Factor Loading Structure — the number of variables loading onto each factor remained the
same (4), as did the number of factors (2), but the individual loadings of each variable on
each factor were varied for each model (remaining the same for each iteration). Factor
loadings for this study were set to either 0.4, 0.5, 0.6, 0.7, 0.8 or 0.9 depending on the
model being analysed (the models are discussed in more detail in the next section). As a
rule, if variables 1 to 4 were loaded onto Factor 1, then variables 5 to 8 would be given
factor loadings of O for Factor 1 to ensure that the design did not intend* to cross-load any

factors.

* The term ‘intend’ is used here since although the model may have used 0 (zero) as a loading input for a variable on a particular Factor
when the data was generated, the results of any of the EFA outputs may have revealed a positive or negative loading since the
categorization degraded the data and therefore could provide the opportunity for the factor analysis process to capitalize on chance, and
perhaps create a spurious loading.
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Numbers of Categories — the number of categories were varied in each iteration to
produce a range of outputs for comparison. The categories chosen for the study were 2, 3,
4,5,6,7,and 8.

Scale Distortion — was achieved by manipulating the thresholds applied to the continuous
data during the categorization process. As discussed in the literature review, various
different studies have applied different scale distortions in two different methods; firstly
varying the underlying continuous distribution, and secondly by manipulating the thresholds
applied to a fixed normal distribution. This study adopted the later for reasons already
discussed. It should be noted that both the variation in random data and the categorization
process affected the final skewness and kurtosis from what was intended, and so the
numbers provided below are merely a guideline to the intent (actual resultant skewness and

kurtosis figures are provided later). The various different methods of manipulation were;
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e Little /No Scale Distortion m

The following thresholds were applied for the different desired categories to create as little distortion

on the distribution as possible (as close to skewness 0, kurtosis 0 as possible):

2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category

Threshold 1 0 -1 -1.5 -1.8 -2 -2.14286 -2.25
Threshold 2 1 0 -0.6 -1 -1.28571 -1.5
Threshold 3 1.5 0.6 0 -0.42857 -0.75
Threshold 4 1.8 1 0.42857 0

Threshold 5 2 1.28571 0.75
Threshold 6 2.14286 1.5

Threshold 7 2.25

. . : : |

300

250
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« Bimodal Distribution W

The following thresholds were applied for the different desired

categories to achieve a bimodal

distribution:
2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category

Threshold 1 0 -0.05 -0.5 -0.5 -0.7 -0.7 -0.7
Threshold 2 0.05 0 -0.05 -0.2 -0.2 -0.3
Threshold 3 0.5 0.05 0 -0.05 -0.08
Threshold 4 0.5 0.2 0.05 0
Threshold 5 0.7 0.2 0.08
Threshold 6 0.7 0.3
Threshold 7 0.7

500

300

200

200

200

300

250

200

100

300

250

200

achieved on a 2 Category Distribution.
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e Skewed Distortion M

The following thresholds were applied for the different desired categories to achieve a desired

skewness of -1.22 and a kurtosis of 0.85:

2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category

Threshold 1 -0.7 -2 -1.6 -1.5 -2 -2 -2

Threshold 2 -0.55 -0.5 -1.05 -1.4 -1.5 -1.5
Threshold 3 2.2 -0.25 -0.89 -1.1 -1.1
Threshold 4 2 0 -0.62 -0.7
Threshold 5 2 -0.1 -0.2
Threshold 6 2 1.65
Threshold 7 2
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e Kurtotic Distortion w

The following thresholds were applied for the different desired categories to achieve a kurtosis of 0.85

and a skewness of 0:

2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category

Threshold 1 -0.89 -1.15 -1.19 -1.40 -1.65 -2 -2

Threshold 2 1.15 1.13 -0.54 -1.1 -1.6 -1.5
Threshold 3 3.91 1.20 0.35 -0.54 -0.8
Threshold 4 1.72 1.36 0.54 0.5
Threshold 5 1.8 1.6 1.05
Threshold 6 2 1.5
Threshold 7 2

000 800 800 700

800 700 700 —
600

600 600

500 500
400

500

300

300 300

200 200

100

300 250 300

200 200

1 .
!

2 3 4 5 & 7 8 12 3 4 5 8 7 8 12 3 4 5 & 7 8

The actual results for kurtosis and skewness naturally varied between the various category
sizes from the intended numbers. The actual resulting skewness and kurtosis numbers can

be seen in Section 4.3.
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Each model produced all the information necessary to analyse its part of all three

3.2.8 Model Outputs

questions, i.e. it produced the outputs as shown in the tree below (Figure 8).

-
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Figure 8 - Model Tree
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Therefore, each model produced (reading from left to right in Figure 8); 100 iteration
outputs, each consisting of 7 category outputs, each of these analysed by the 4 methods,
and each containing a control, each of those producing 50 EFA metrics (of which the factor

loadings are the metric most utilized — 16 in total).

Therefore one model produced 100 X 7 X 5 X 200(samples) X 8(variables) = 4,480,000
data points for factor analysis, and required 3,500 separate EFA’s to be performed per
model. Once passed through EFA it produced a control plus 4 sets of method results (for
each analysis method; ordinal, Spearman, NDF', and NDF?), for every category size (2-8),
each set containing 100 sets of eigen values, factor loadings, factor coefficients and eigen
vectors. This study was only concerned with analysing the factor loading’s output as a
means of evaluation and comparison, therefore the eventual output of each model was 100
X 16 (factor loadings) X 7 (categories) X 4 (methods) + 100 control points = 44,900
analysed points split into the various distributions and descriptive statistics as required to
answer or analyse each question (factor loading’s means and standard deviation mainly -

discussed later in Section 3.5 Data analysis and interpretation).

The large size of data created is the reason that sample size, pertinent to any statistical
investigation, was not treated as another variable to be analysed here but was fixed for the

entire study to reduce the amount of data being analysed (200 sample size).

3.3 Population and sample

3.3.1 Population

The data for this study was created to simulate sets of underlying attitudes of respondents,
yet it is possible to think of the study as having 12 separate populations (1 for each model),
since in this case a population would be any set of responses that follow the same
underlying characteristics of; factor structure, and category distortion (designed underlying
attitudes). The population for each model in this study was therefore different to other

models.
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Each population was a contrived set of continuous data, made up of 100 sample sets
created with known relationships between 8 variables and two unobserved factors (factor
structure). Since the methodology aimed to remove as much sampling error as was
practical, the population is almost exactly represented by each of the 100 samples created
for it. The samples were not randomly selected from a larger sample frame as would be
done in a bootstrap resampling. This study would more closely resemble a Monte Carlo
simulation in the way each analysis (sample) was created based on a set of governing rules

(population).

3.3.2 Sample

Sets of samples were created repeatedly (100 times) according to the process outlined in
Section 3.2.3, and according to the set input parameters for each model (those of the
population). The total sum of these 100 samples could be considered as the population for
each model, each exactly representative of their population (although different from each
other due to their random origins), and each consisting of 200 individual responses to 8
items (variables). Repeating the analysis with 100 sample sets provided a better
understanding of the accuracy and precision of each method under each set of test criteria

(please see comments of external validity versus precision in section 3.6).

Each time a sample set was created (Step 7 of Figure 5) it was analysed in its continuous
state (prior to categorisation) using EFA to provide a control for internal validity (Muthén
and Kaplan, 1992), after which it was passed through a categorisation phase (Step 9 of
Figure 5) to produce the ordinal data for the analysis (akin to observed data obtained in the

field in empirical studies).

3.4 Creation of the Input Data

The method for the creation of the data has been discussed in Section 3.2 Research
Design, yet it is important at this stage to explain the various inputs to each of the 12
models, and how each of these individually contributed to analysing or answering the

various research questions.
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To recap, there were 3 research questions. They were:

1. What will the effects of ordinal level data be on the output of EFA?

Will performing EFA on the Spearman-rank correlation matrix of the ordinal level
data yield better results than performing EFA on the ordinal level data directly?

Will the normal distribution fitting algorithm proposed by Stacey (2005) improve the
results of the EFA over the other two methods (No transformation, and Spearman-

rank)?

Data for Research Question 1

Various models were run to generate the large amount of data required to analyse and

answer the research questions posed. Question 1, “what is the effect of ordinal data on

EFA”, is a very broad question, and as such has required that this study approach it from

two main angles (groups) to make analysis and presentation simpler:

Group 1. The effects on factor analysis of pure categorization with as little distortion
of the underlying distribution as possible — the goal was to ascertain what the effects
on EFA are through the loss of data when a continuous distribution is collapsed into
discrete categories, but provide as little distortion to the underlying distribution as
possible during this categorisation process.

Group 2. The effects on factor analysis of the most common forms of distribution
distortion — the goal was to ascertain not only the effects of discretisation error, but
also what is the effect when the categorization process misrepresents (distorts) the

underlying distribution.

Data for Research Questions 2 & 3

Every model run in the two groups presented above to answer Question 1 produced an

output in all four analysis methods (ordinal, Spearman, NDF', and NDF?) and therefore
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while running separate models to analyse question 1, the models automatically produced
the data necessary for analysis of research questions 2 and 3.
3.41 Model Summary

In summary each model with its inputs can be tabulated. A schematic representation of

each model can be found in Section 7.2 of the appendix.

Model Input Factor Loading Input Distribution Distortion Input to
Research
Question
Number
M MM M A F | M FA
1 2 3
Vi V2 V3 V4 V5| V6 V7
1104 04 04 04 0 0 0 0 0 0 0 0 |05 05 05 05 § v v v
2 ]o6 06 06 06 0 0 0 OJ|O0O O 0O 0 07 07 07 07 § v vV
3]08 08 08 08 0 0 0 O] O O O 0 09 09 09 09 § v vV
4 |04 /04 04 040 0 0 0 0 0 0 0 |05 05 0505 § v v v
5|06 06 06 06 0 0 0 OO O 0O 0 07 07 07 07 § v vV
6 o8 08 08 08 0 0 0O OO O O 0 09 09 09 09 § v vV
7]04 04 04 04 0 0 0 O|O O O 0 05 05 05 05 § v vV
~
8 o6 06 06 06 0 0 0 OO O O 0 07 07 07 07 § v vV
x
9 |08 /08 08 08 0 0 0 0 0 0 0 0 09 09 0909 g v v v
x
10|04 04 04 04 0 O O 0]O0 0 O 0 05 05 05 05 EB|v v |V
o
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11106 06 06 06 O 0 0 0 0 0 0 0 07 07 0707

Bimodal
AN
AN
AN

1208 08 08 08 0 0 0 0 0 0 0 0 09 090909

Bimodal
AN
AN
AN

Table 1 - Model Summary

3.5 Data analysis and interpretation

The main statistics used for comparison, as already mentioned, were the factor analysis
output of factor loading because these could be directly compared back to the ‘intended’
factor structure (A), and therefore there is a clear indication of the amount of data lost

(discretisation error) through the various categorisation and scale distortion methods.

Since 100 separate iterations for every model were performed, and 4 variables were loaded
homogenously onto every factor, the output was 400 (100 X 4) separate factor loading data
points. This provided a distribution that could be analysed to better compare accuracy and
bias of each model and provide confidence intervals to further guide researchers. It is
important to note that in many respects it is more important to look at the range of values
received from the 100 iterations than it is to look at the average value (bias) of those 100
iterations. This is because a researcher faced with only one empirical sample, would not
have the luxury of multiple iterations from which to draw an average bias, but would in fact
have only one factor loading value that could fall anywhere within the distributions shown
here. Therefore although bias is shown in these results, it is the confidence intervals and
CV results that are of more value to any researchers using this study to guide the

interpretation of results.

3.5.1 Comparative Measures Used

The main measures for the average value and the spread of the results are the mean and
standard deviation respectively. Relative measures of mean and standard deviation were
chosen however that would make results more comparable across models, intended factor

loading strengths, and category sizes. Relative Bias (RB) was chosen as a relative
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measure to represent the mean value, and is a percentage measure obtained by applying

6—0
RB=< 5 >><100

Where 6 is the population parameter (or in this case the intended factor loading), and 8 is

the formula:

the estimated statistic (or in this case the observed factor loading).

The Coefficient of Variation (CV) was chosen as a relative measure to represent the

standard deviation, and is a percentage measure obtained by applying the formula:
G
cv = (—) x 100
i

Where & is the observed standard deviation (in this case the standard deviation of the 100
iterations X 4 variables for the given model — the standard deviation of 400 points), and /i is
the observed mean (in this case the mean of the 100 iterations X 4 variables for the given
model - the mean of 400 points). If the ‘raw’ statistics are of interest for mean or standard

deviation, then these can be found in the appendices.

In both groups the factor loadings in each factor are homogenous (for example all 0.7),
therefore the factor loading mean’s presented for a particular model are in fact the mean of
all iterations in all homogenous variables under the same input conditions, i.e. values
presented are based on 400 data points taken from the 4 homogenous variables in each of
the 100 iterations. It is felt that since these variables are in fact homogenous, and that the 4
variables were chosen to load equally and purely (i.e. no cross loading) onto each factor to
increase the replicability of the study, analysis can be done on these as though they are
one sample and thereby not reduce any information. Likewise, Standard Deviation, RB, and

CV, are calculated in this same manner.
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3.5.2 Tabular Presentation of RB and CV

Figure 9 shows a typical table used to present a set of RB or CV values for a given group of

models.

Relative Bias

RB Category
Factor Loading | Method | 2 CAT | 3 CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
0.4 CAT -26.3% -13.8% -99% -50% @ -39% @ -2.7% -2.9%
0.5 CAT -21.9% -132% -86% -59% @ -3.8% @ -31% -2.4%
0.6 CAT -184% -146% -81% -57% @ -41% -33% -22%
0.7 CAT -181% -143% -84% -56% -40% -3.0% -22%
0.8 CAT -16.6% -140% -85% -5.6% @ -41% -3.0% -2.3%
0.9 CAT -18.7% -12.8% -85% -6.0% @ -42% @ -32% -24%

Figure 9 - Tabular presentation of RB or CV

Firstly, all groups of models are presented with two varying axes; intended factor loading,
and category size. They are always presented using intended factor loadings. These
represent the factor loadings represented in the underlying continuous (unobserved)
population, and never represent the observed factor loadings because these are

represented in the data themselves as either an RB or CV measure.

Secondly, in Figure 9 there is a ‘method’ column, in this case all are marked as ‘CAT’. This
column will be used to denote the method used in obtaining the results being presented,

namely:

CAT - represents factor loading results obtained directly from the ordinal data with
absolutely no rescaling, and it uses the standard Pearson’s method to obtain the
correlation matrix from the categorical data as the first step of the factor analysis

process. It represents the status quo method used by most researchers.

SPR - represents factor loading results obtained directly from the categorical data
with absolutely no rescaling, BUT it uses the Spearman Rank method to obtain the
correlation matrix from the categorical data as the first step of the factor analysis

process.
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NDF' — represents factor loading results obtained after first using the Normal
Distribution Fitting Algorithm discussed in Section 3.2.5, and then sampling once

randomly within the thresholds obtained.

NDF? — represents factor loading results obtained after first using the Normal
Distribution Fitting Algorithm discussed in Section 3.2.5, then drawing 1000 random
samples from each truncated normal distribution found between thresholds, and

using the mean of these values as the input to the factor analysis.

Thirdly, the relative measure presented (RB or CV) in the table is shown in the top left hand
corner of the table, in this case the RB values are shown for the group of models in

question.

Lastly, the shading used in the tabular presentation, as can be seen in the example (Figure
9), is colour coded for quick visual reference indicating the amount of variance or bias
presented. Values below 5% have been shaded green and represent a trivial bias/variance,
values between 5% and 10% are shaded yellow and represent a moderate bias/variance,
and values at or exceeding 10% are shaded red and constitute a substantial bias/variance.
The chosen bands and the naming (trivial, moderate, substantial) follow Bollen and Barb
(1981).

3.5.3 Plots Used

All plots represent actual nominal values, and do not represent relative measures unless

specifically stated.

When comparability is desired between more results, a modified box plot is used as can be
seen in Figure 10. It is felt that these give a simple visual comparison in less space than

would be possible with traditional box plots.

Figure 10 is used to easily compare a single measure at various different factor loading
values. The vertical axis represents the intended factor loading, while the horizontal axis
represents the observed factor loadings in each of 100 iterations. Each plot then represents

a separate set of input parameters which is highlighted in the legend, and comprises; a
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‘central’ dot representing the mean value for the 100 iterations, two open spaces left and
right of this dot representing the inter-quartile range, and a line to the left of the left hand
gap and to the right of the right hand gap representing the lower and upper quartiles
respectively. The diagonal line provides a visual reference for the intended loading, and

therefore is used to easily see the amount of error and spread represented in the data.

2 Category, CAT Method, Bimodal Distortion

09 - — 0 —

0.8

0.7 A

0.6

——2Cat, Cat, (A)= 0.4

Intended (Latent) Factor Loading

——2Cat, Cat, (A)= 0.5

——2Cat, Cat, (A)=0.6
0.3
2Cat, Cat, (A) = 0.7

2Cat, Cat, (A)=0.8
0.2

——2Cat, Cat, (A)= 0.9

0.1

-0.2 -0.1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Observed Factor Loading

Figure 10 - Example 'singular’ modified box plot

-48 -



3.6 Validity and reliability

3.6.1 External validity

External validity of this study is important since its purpose is to provide guidelines to other
researchers, and therefore in this context external validity would mean the applicability of
these results to other studies of Exploratory Factor Analysis on ordinal data. The study ran
only 100 iterations per model (Muthen et al (1992) ran 1000 replications per analysis set).
This freed up processor resources that were better used on a greater variation in the input
parameters, and in so doing perhaps traded off accuracy for greater external validity
(greater applicability to a larger range of external studies), and provided a better indication

of where further research could be focused.

3.6.2 Internal validity

Internal validity would have meant that the study measured what it intended to measure
within the confines of this study — i.e. the effect of ordinal data on factor analysis. This
would mean that the study would have wanted to exclude any variability in the factor output
that may be as a result of some unintended causes. The study provided a ‘control’ to
monitor this internal validity. It did this by running Exploratory Factor Analysis on the interval
data prior to categorization for each analysis (Muthén and Kaplan, 1992) and by
‘engineering’ samples to exclude sampling error. The control provided a measure of the
success of factor analysis on the continuous data for the input criteria of every model. If
variability was observed in the control, then it would indicate that the input parameters were
creating instability in factor analysis even prior to categorization (issues eluded to in the
literature review namely; too few variables, variables with low communalities, or too few
individuals etc. (Gorsuch, 1983)). If the control showed very little (or no) instability, then any
instability observed post categorization must have been introduced at this stage - i.e. the
effects of categorisation distortion only was successfully isolated, which was the effect

being studied.
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3.6.3 Reliability

Reliability of Factor Analysis has been discussed at length under the Literature Review
section, and was controlled by excluding the undesirable affects that may create reliability

issues in Factor Analysis as discussed in 3.6.2 above.
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4 INTERNAL VALIDITY ACHIEVED IN THE STUDY

4.1 Introduction

This section presents the actual descriptive statistics of the input data, both continuous and
categorical, as well as the factor analysis output of the control (being the factor analysis
output applied to the continuous or un-categorized input data). The purpose of this section

is to prove the internal validity of this study. It is possible to show that;

1. Sampling error is almost entirely removed from the input data — each sample almost
perfectly represents the intended underlying parameters. This shows that the
categorization error was successfully isolated to within practical limits.

2. There was virtually no variability in the factor analysis output performed on the
underlying continuous data, which means that the input parameters of the
continuous data did not create any variability in the accuracy or reliability of the
factor analysis method, and therefore any variations shown in the results of the
factor analysis performed on the categorized data could be attributed to the

categorization error introduced.

4.2 Sampling Error and EFA Stability in the Continuous Data

The underlying continuous data represents the unobserved or latent data that a researcher
is attempting to analyse and understand. Perhaps these represent the attitudes of some
population under research. In this study it is assumed that the researcher attempts to
analyse this population using a simple questionnaire method that results in categorical
(ordinal) data. However, as discussed before, this research does not sample from a
population, but rather constructs a set of continuous samples with near perfect factor
structures. This is necessary to attempt to eliminate the effects of measurement error and
sampling error that would normally occur in real life since it is the intention to isolate and
analyse the categorisation error only. Therefore to show the reduction in all errors except

that of categorisation error it is important to present:

a) The descriptive statistics of this constructed underlying set of continuous sample

data. This shows the normality of the underlying distribution, void of any distortion
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introduced in the engineering of the continuous samples that may influence the
results.

b) The error between the desired correlation structures and the actual correlation
structures of the continuous samples. This shows the reduction of the effect of
sampling error on the correlation structures and proves that each sample is
representative of the intended parameters. This proves that the FA result obtained
from the categorised data can be compared to the intended parameters as a
measure of categorisation error.

c) The resultant factor analysis on the continuous sample as the control. This shows
any error created by the factor analysis method itself, and speaks to the reliability of

the factor analysis instrument (as discussed in Section 2.2.2 Validity and Reliability).

4.2.1 Descriptive Statistics of the Underlying Samples

In the Methodology section it was discussed that the underlying continuous distribution was
created by; first taking random data from a normal distribution which had a mean of 0 and a
standard deviation of 1, and then applying a Choleski linear transformation to obtain a data
set with the desired correlation structure, that was then further perfected using a Non-linear

Solving Algorithm.

Analysis of the constructed/contrived continuous data showed no significant errors
introduced through the Choleski process and were all considered normal, showing little to
no distortion in skewness or kurtosis, and showed no significant shift in mean or significant
variance in the amount of standard deviation. The descriptive statistics for 400 of the
samples analysed for these errors (each measured on 200 data points X 8 variables
combined) are shown in Table 2 below. This is shown as a representative example of all
the studies samples, purely to show the robustness of the method used to create the data

sets. In the interests of space, there is no attempt to present all the data for the entire study.

-52-



Sample’s Mean Median Std Dev UCL (95%) LCL (95%)

Mean 0.0003 0.0012 0.0394 0.0041 —0.0036
(intended = 0)

Std Dev 0.9972 0.9967 0.0394 1.0012 0.9934
(intended = 1)

Kurtosis 0.0628 0.0550 0.1565 0.0782 0.0474

0.0059 0.0051 0.0769 0.0135 —0.0016

Skewness

Table 2 - Continuous Data Descriptive Statistics

4.2.2 Correlation Error between Intended (R) and Sample (R*)

The correlation error is the error between; the intended® correlation matrices (R), and the
actual correlation matrices of the continuous ‘unobserved’ or contrived data (R*). The error
is measured using the sum of squared differences between the two matrices. The

descriptive statistics for 400 of the samples are shown in Table 3.

Great care was taken to construct the data with a correlation structure as close to the
desired matrices as possible®. The correlation is the single most important factor in this
study since it is the one input that could introduce the greatest unintended error into the
analysis — sampling error. If a Choleski Matrix is used to derive a set of data from random
inputs a SUM? error in the order of greater than 0.1 would be observed, and this error would

be expected to vary greatly from sample to sample. This error can be likened to sampling

® The desired correlation matrices are derived through multiplying the desired factor loadings with their transverse matrices as discussed
in the Methodology section.
® Given the time and resource constraints.
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error since it would effectively distort the view of the underlying/intended population and it
would introduce variability from sample to sample. This would combine with, and therefore
inflate, discretisation error and therefore deserves particular attention and great care to
avoid/reduce it. With non-linear solving in addition to the Choleski transformation (as
discussed in the Methodology section), the error is reduced to a mean of 0.0000005, and is
maintained within a narrow band to prevent huge variability in samples (standard deviation
of 0.0000005). It should therefore be noted that these errors are extremely small, and

therefore sampling error was considered to have been practically eliminated.

Correlation Mean Median Std Dev UCL (95%) LCL (95%)
Sum
Squared 0.0000005 0.0000003 0.0000005 0.0000005 0.0000004
Error

Table 3 - Correlation Error of Samples

4.2.3 Factor Analysis Error

The error produced by the instrument of factor analysis directly affects the reliability of the
results and the study took care not to subject factor analysis to input parameters in the
continuous data that would affect reliability. Therefore the ‘control’ factor analysis was
introduced (as discussed in Section 3.6 Validity and reliability) on all the latent continuous
data iterations to test the reliability of the instrument across iterations (samples) as well as

across models, and it was done to test validity of the method itself.

Validity ensures that no input model is selected that factor analysis is unable to solve using
the continuous latent data (issues affecting factor analysis validity and reliability were

discussed in section 2.2.2). Once an input is known to yield valid factor results, then
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reliability can be shown by analysing whether factor analysis performs accurately in a

reliable manner across all latent samples.

Any introduction of error by factor analysis would reduce the ability to isolate the errors
introduced through categorisation (discretisation error). Conversely, if it can be shown that
factor analysis performs reliably and accurately on the latent data, then any difference
between the intended results and the results of factor analysis on the categorised data can
be attributed to discretisation error or the affects of ordinal data on factor analysis. Table 4
shows the descriptive statistics of the control factor loading results. It can be seen from the
mean and the relative bias (RB) of the factor loadings that the output of the factor analysis
performed on the continuous data (control) is extremely accurate, while the low standard
deviation and coefficient of variation (CV) shows the high precision. As would be expected
though, these small errors do increase as the factor loadings decrease, but even at the

worst are only contributing fractions of a percentage to the final outcome.
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Controls’
Actual Factor Actual Factor
Intended
Loading Loading Std RB cv
Factor .y
Mean Deviation
Loading
04’ 0.400002 0.0001 0.0003% 0.03%
058 0.500008 0.0001 0.0007% 0.02%
0.6 ° 0.600002 0.0001 0.0003% 0.01%
07 " 0.700002 0.0001 0.0003% 0.01%
08 " 0.799999 0.0001 -0.0002% 0.01%
0.9 " 0.900001 0.0001 0.0001% 0.01%

Table 4 - Control Results on positively loaded variables

Presented in Table 4 are only the controls from Group 1. This is done to provide an
example of the level of stability obtained throughout the study for varying factor strengths.
In the interest of space the detailed control outputs for all models is not shown, but were all

in line with the results presented above.

" Taken from the factor loading results of variables 1-4 for Factor 1 of Model 2.
® Taken from the factor loading results of variables 5-8 for Factor 2 of Model 2.
® Taken from the factor loading results of variables 1-4 for Factor 1 of Model 3.
"% Taken from the factor loading results of variables 5-8 for Factor 2 of Model 3.
" Taken from the factor loading results of variables 1-4 for Factor 1 of Model 4.
"2 Taken from the factor loadings results of variables 5-8 for Factor 1 of Model 4.
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4.3 Manifest Categorical Data Descriptive Statistics

4.3.1 Limited Scale Distortion Manifest Categorical Data

The first group aimed to reduce the amount of scale distortion of the underlying
(unobserved) continuous data during the categorisation process. By attempting to set the
thresholds used for categorisation to values that best retain a ‘pseudo’ normal distribution in
the resultant categorised data, the study introduced as little skewness, kurtosis, or
distribution distortion as possible, and in so doing the results represent the loss of data
created in simply collapsing continuous data (attitudes) into categorical data (Likert-type
responses) without any distortion of the underlying attitudes. The loss of data creates a bias

and instability into the factor analysis output.

The thresholds selected for this model are shown below in Table 5.

2 Category | 3 Category | 4 Category | 5 Category | 6 Category | 7 Category | 8 Category
Threshold 1 0 -1 -1.5 -1.8 -2 -2.14286 -2.25
Threshold 2 1 0 -0.6 -1 -1.28571 -1.5
Threshold 3 1.5 0.6 0 -0.42857 -0.75
Threshold 4 1.8 1 0.42857 0
Threshold 5 2 1.28571 0.75
Threshold 6 2.14286 1.5
Threshold 7 2.25

Table 5 — Group 1 Thresholds

It is impossible to not distort the scale and distribution in the lower category sizes, even
though normality tests like Martinez-Iglewicz could not reject normality on even the 2
category distribution, it is hard to appreciate that a 2 category histogram ‘appears’ normal. It
is therefore important to present the actual descriptive statistics of the manifest categorical
samples with their histograms to gain a better understanding of what constitutes ‘minimal

scale distortion’ in this study.

Plots of the resultant (manifest) categorical data presented in this section are shown per
category size, across the 8 variables for the first iteration of each Model (1-3). This provides
a sufficient view of the resultant categorical distribution (6,400 data points per category

size), rather than presenting the distribution across all iterations for all Models in Group 1
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(640,000 data points per category size). The descriptive stats are gathered from all

iterations.

M o Msk Osk Mku Oku

2 Category | 1.4992 0.5000 0.0032 0.1459 -1.9988 0.0309
3 Category | 1.9986 0.5602 0.0008 0.0487 0.2908 0.5933
4 Category | 2.4989 0.7174 0.0025 0.1438 -0.2824 0.1033
5 Category | 2.9983 0.8709 0.0038 0.1398 -0.2064 0.2311
6 Category | 3.4979 1.0293 0.0047 0.1427 -0.1918 0.2318
7 Category | 3.9972 1.1903 0.0012 0.1436 -0.1753 0.2366
8 Category | 4.4974 1.3517 0.0035 0.1452 -0.1608 0.2395

Table 6 - Manifest Categorical Data Descriptive Statistics (Limited
Distortion) ¥

Table 6 presents the average value for each category size for this group (see footnote on
how these were derived), and as would be expect, the value is roughly half the difference of
the two outer category values i.e. for an 8 category sample with little distortion to left or right
an average value of (8 — 1)/)2 + 1 = 4.5 is expected, and is observed. The average
skewness (Jsk) confirms that there is little side to side distortion of the distributions during
the categorisation process, and little variation or non-uniformity in this skewness
represented across all category sizes (shown by o). Likewise, the effect of categorisation
in Group 1 on kurtosis (U, and oy) is limited and uniform, except for the 2 category
samples, but it is impossible to not affect Kurtosis when collapsing a continuous distribution

into just two ordinal values, and it is therefore accepted to be unavoidable.

Table 7 presents density plots of each category without any significant distortion, and are

shown along with a superimposed normal distribution curve for comparison.

3 In this table, y is the average across variables of iterations of the average value within variables of iterations, i.e. the average of
variable 1 for iteration 1 is taken along with all other variable of all other iterations, and these are then averaged to get y. Likewise, o is
the average of all the standard deviations obtained from every variable of every iteration. The next four measures are the average skew
and its standard deviation, and average kurtosis and its standard deviation, obtained in a similar method to the first two measures.
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2 Category 3 Category

4 Category 5 Category

6 Category 7 Category

8 Category

Table 7 - Histogram for Discrete Manifest Data (Limited Distortion)
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4.3.2 Skewed Distortion Manifest Categorical Data

As part of Group 2 the study investigated the effects on factor analysis of a skewed
distortion applied during categorisation on the underlying continuous normal distribution.
The statistics and plots shown here were obtained, and are presented, in the same manner

as the previous section.

The thresholds used in this Sub-Group are shown in Table 8 and were designed to attempt

to obtain a similar skewness (-1.22) and kurtosis (0.85) across all category samples.

2 Category | 3 Category | 4 Category | 5 Category | 6 Category | 7 Category | 8 Category

Threshold 1 -0.7 -2 -1.6 -1.5 -2 -2 -2

Threshold 2 -0.55 -0.5 -1.05 -1.4 -1.5 -1.5
Threshold 3 2.2 -0.25 -0.89 -1.1 -1.1
Threshold 4 2 0 -0.62 -0.7
Threshold 5 2 -0.1 -0.2
Threshold 6 2 1.65
Threshold 7 2

Table 8 - Group 2 Thresholds - Skewed Distortion

M (o} HMsk Osk Mku Oku

2 Category | 1.7596 0.4264 -1.2421 0.2352 -0.4060 0.6184
3 Category | 2.6878 0.5081 -1.3013 0.2026 0.6183 0.6810
4 Category | 2.6527 0.5994 -1.1620 0.2152 0.8599 0.5200
5 Category | 3.4103 0.9128 -1.2413 0.1776 0.9843 0.6313
6 Category | 4.2343 1.0191 -1.1628 0.1569 1.1110 0.5850
7 Category | 5.0735 1.3195 -1.2732 0.1643 0.9776 0.6080
8 Category | 5.1874 1.3832 -1.1268 0.2002 1.0962 0.6423

Table 9 - Manifest Categorical Data Descriptive Statistics (Skewed
Distortion)

Table 10 presents density plots of each category for the skew distortion sample set, and are

shown along with a superimposed normal distribution curve for comparison.

-60 -



2 Category 3 Category

4 Category 5 Category

6 Category 7 Category

8 Category

Table 10 - Histogram for Discrete Manifest Data (Skewed Distortion)
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4.3.3 Kaurtotic Distortion Manifest Categorical Data

As part of Group 2 the study investigated the effects on factor analysis of a kurtotic
distortion applied during categorisation on the underlying continuous normal distribution.
The statistics and plots shown here were obtained, and are presented, in the same manner

as the previous section.

The thresholds used in this Sub-Group are shown in Table 11 and were designed to

attempt to obtain a similar skewness (0) and kurtosis (0.85) across all category samples.

2 Category | 3 Category | 4 Category | 5 Category | 6 Category | 7 Category | 8 Category
Threshold 1 -0.89 -1.15 -1.19 -1.40 -1.65 -2.00 -2.00
Threshold 2 1.15 1.13 -0.54 -1.10 -1.60 -1.50
Threshold 3 3.91 1.20 0.35 -0.54 -0.80
Threshold 4 1.72 1.36 0.54 0.50
Threshold 5 1.80 1.60 1.05
Threshold 6 2.00 1.50
Threshold 7 2.00

Table 11 - Group 2 Thresholds - Kurtotic Distortion

The actual descriptive statistics for the categorical samples created with kurtotic distortion
are shown in Table 12. With the exception of the 2 Category samples, all samples were
created with low levels of skewness, thereby effectively isolating the effects of kurtosis as
far as possible. Kurtosis values averaged close to or above 0.85 as can be seen in Table
12, although a large degree of standard deviation in kurtosis was observed if compared to

the much lower amounts observed for kurtosis and skewness in the previous sections.

M o Msk Osk Mku Oku

2 Category 1.8158 0.3862 -1.6744  0.3077 0.9072 1.1067
3 Category 1.9993 0.4946 0.0005 0.1124  1.2637 0.9197
4 Category 20124 0.4897 0.0395 0.1263 1.3572  0.9480
5 Category 27816 0.8478 0.0316  0.2026  0.9740  0.5251
6 Category 3.2981 0.9868 0.2445 0.2060 1.1383  0.4997
7 Category 3.9981 1.0596  0.0005 0.2338 0.9389  0.3954
8 Category 42392 12915 04898 0.2098 1.1618  0.5650

Table 12 - Manifest Categorical Data Descriptive Statistics (Kurtotic
Distortion)
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Table 13 presents density plots of each category for the kurtotic distortion, and are shown

along with a superimposed normal distribution curve for comparison.

2 Category 3 Category

4 Category 5 Category

6 Category 7 Category

8 Category

Table 13 - Histogram for Discrete Manifest Data (Kurtotic Distortion)
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4.3.4 Bimodal Distortion Manifest Categorical Data

As part of Group 2 the study investigated the effects on factor analysis of a bimodal
distortion applied during categorisation on the underlying continuous normal distribution.
The statistics and plots shown here were obtained, and are presented, in the same manner

as the previous sections.

The thresholds used in this Sub-Group are shown in Table 14 and were designed to

produce some form of bimodality across all category samples.

2 Category | 3 Category | 4 Category | 5 Category | 6 Category | 7 Category | 8 Category

Threshold 1 0 -0.05 -0.5 -0.5 -0.7 -0.7 -0.7
Threshold 2 0.05 0 -0.05 -0.2 -0.2 -0.3
Threshold 3 0.5 0.05 0 -0.05 -0.08
Threshold 4 0.5 0.2 0.05 0
Threshold 5 0.7 0.2 0.08
Threshold 6 0.7 0.3
Threshold 7 0.7

Table 14 - Group 2 Thresholds - Bimodal Distortion

Although the descriptive statistics are shown for this sample set, there is no firm measure of

bimodality that could be included for comparative purposes.

M (o} Hsk Osk Hku Oku

2 Category | 1.4992 0.5000 0.0034 0.1454 -1.9990 0.0300
3 Category | 1.9981 0.9795 0.0038 0.1427 -1.9560 0.0332
4 Category | 2.4979 1.2140 0.0029 0.1160 -1.5531 0.0777
5 Category | 2.9969 1.6720 0.0034 0.1266 -1.6967 0.0524
6 Category | 3.4952 1.9593 0.0033 0.1213 -1.6017 0.0618
7 Category | 3.9942 24219 0.0035 0.1273 -1.6983 0.0495
8 Category | 4.4937 2.8338 0.0032 0.1272 -1.6975 0.0505

Table 15 - Manifest Categorical Data Descriptive Statistics (Bimodal
Distortion)
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Table 16 presents density plots of each category, and are shown along with a

superimposed normal distribution curve for comparison.

2 Category 3 Category

4 Category 5 Category

6 Category 7 Category

8 Category

Table 16 - Histogram for Discrete Manifest Data (Bimodal Distortion)
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5 PRESENTATION OF RESULTS

5.1 Introduction

The results are presented and discussed below. Simplified tables and figures are included
with the discussions where they can be referenced as they are discussed. More detailed

views of the data are available in the Appendices.

Section 5.2 represents the results from Group 1, and answers part of the first research
question by attempting to show the affects of the categorisation process (discretisation
error) on factor analysis results. Sections 5.3, 5.4, and 5.5 represent the results from Group
2. These sections complete the answer for the first research question by including the

effects of scale distortion.

The second and third research questions — understanding the benefits of Spearman Rank
and Normal Distribution Fitting Algorithm in these situations — are covered together in
sections 5.6, 5.7, 5.8, and 5.9, as it is believed that this gives a better comparison when

methods are seen side by side.

As discussed before, the study chose two relative measures to do the main comparisons
on, one that represents the bias introduced (RB), and one that shows the relative amount of
variance in the factor loading (CV). In all sections below these values are tabulated and
discussed, or included in the Appendices where more detail is required. In all tables,
shading and discussion on the amount of bias and variance (trivial, moderate, substantial)

has been done as per the guidelines in Section 3.5.2.
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5.2 The Effects of Categorisation on FA with Limited Distortion

The full descriptive statistics for factor loadings are presented in the Appendices Section
7.3. Shaded RB and CV results for limited scale distortion are shown below in Table 17 and

Table 18 respectively.

Relative Bias

RB Category
Factor Loading | Method | 2 CAT | 3CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
0.4 CAT -253% -13.8% -99% -5.0% -39% -27% -2.9%
0.5 CAT 219% -132% -86% -59% @ -38% -31% -2.4%
0.6 CAT -18.4% -146% -81% -57% -41% -33% -2.2%
0.7 CAT -18.1% -143% -84% -56% -40% -3.0% -2.2%
0.8 CAT -16.6% -14.0% -85% -56% -41% -3.0% -2.3%
0.9 CAT -13.7% -12.8% -85% -6.0% -42% -32% -2.4%

Table 17 - RB of Factor Loadings with Little Scale Distortion

The RB under limited scale distortion conditions shows substantial bias below 4 categories,
and moderate bias below 6 categories. In general, bias improves as category size
increases, yet the increase in intended (underlying) factor loading under these conditions
appears to have less of an impact on bias above 4 categories. Going back to the results
presented earlier on the work on categorisation’s effect on correlation strength (Bollen and
Barb, 1981) the authors pointed to an apparent threshold at 5 Categories where results at
varying intended correlations converged with moderate bias. Here the relative bias of factor
loadings becomes moderate at 4 categories, and trivial at 6 categories. Convergence of the
bias results, similarly as with Bollen and Barb (1981), occurs at 5 or perhaps 6 categories

as can be seen in Figure 11.
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Factor Loading as % of Intended Value - Limited Scale
Distortion
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Figure 11 - Factor Loading as % of Intended Factor Loading

Looking at the coefficient of variance (CV), in general it is found that the CV improves both
as the category size increases and as the factor strength increases. This can be seen by

the diagonal pattern in Table 18.

At 5, 6, and 7 category results, for low underlying loadings of 0.4, the CV is substantial.
Therefore even though the bias may be considered borderline trivial at this factor loading,
the CV shows a wild fluctuation of the results around this bias. This shows the ‘destruction’

of factor structure caused by categorization, even at high category values of 6 and 7.
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Coefficient of Variation

cv Category
Factor Loading | Method | 2 CAT | 3 CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
0.4 CAT 481% 26.8% 191% 148% 127% 105% 9.3%
0.5 CAT 29.7% 169% 123% 9.5% 7.6% 6.7% 5.9%
0.6 CAT 183.7% 11.7% 8.0% 6.3% 5.2% 4.6% 4.1%
0.7 CAT 11.6% 8.4% 5.9% 4.7% 3.8% 3.2% 2.7%
0.8 CAT 8.4% 6.3% 4.3% 3.1% 2.5% 2.2% 1.9%
0.9 CAT 5.2% 5.0% 2.9% 2.3% 1.8% 1.4% 1.2%

Table 18 - CV of Factor Loadings with Little Scale Distortion

Suppose a researcher was analysing a factor analysis result obtained from a 6 Category
response scale. As part of wanting to retain only significant results the researcher follows
the guidelines of Hair et al (2005) and sets a threshold at 0.4 factor loading (observed) for a
sample size of N=200 (as with this study). It can be seen from this study that the CV shows
a fluctuation of over 12% given a 6 category response scale and an underlying factor
loading of 0.4, and that this fluctuation occurs not around 0.4 but around a value that is
3.9% less than 0.4 (negative bias). It could be expected then that if the researcher sets their
threshold at 0.4 factor loading (observed), then there is a high probability that a true
underlying attitude of 0.4 factor loading will load below the 0.4 threshold due to
discretisation error, and would be excluded from the researcher’s results. Figure 13 in the
Appendices shows that according to these results, there would be a 64% probability that

the data would load below a factor loading of 0.4, and would be excluded as a result.

Figure 12 visually shows this ‘loss’ of data below the 0.4 threshold of both the 0.4 and 0.5
true underlying factor loading results. Yet it also shows the amount of spurious loading that
occurs by the 0.4 intended data over the 0.5 factor loading mark. This represents the

‘creation’ of spurious loadings by the discretisation error.
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Figure 12 - 6 Category Plot - Little Scale Distortion

As with any statistic then, the choice of where to ‘draw the line’ is a balance of what the
researcher finds more acceptable between the typical Type | and Type Il errors. The gut
reaction of an inexperienced researcher may be to just lower the threshold in Figure 12 to
attempt to capture more of this missed data. They may believe that lowering the threshold
would be justified on the basis that this study shows that categorisation creates a negative
bias in general, and lowering this threshold then captures more of the negatively biased
results. However, it is noticed that CV increases as underlying intended factor loading
strength decreases, that is to say that the spread of data becomes wider as factor loadings
become weaker. Also, it can be seen from Figure 12 that many observed values end up
above their true underlying values. These spurious loadings, which can be seen where the
plotted lines extend to the right beyond the diagonal line (which represents the true
underlying values), shows that this increase in CV also extends above the true underlying
value. In these cases the categorisation process actually incorrectly strengthened the
underlying relationships. Since CV increases as factor strength decreases, and that some
of this spread would be manifest as spurious loading above both the bias and the actual

underlying loading, it could potentially be expected that true factor loadings below 0.4 may

-70 -



very well overlap with those values from a true underlying factor loading of 0.4 and above.
Therefore a variable with a true underlying factor loading of below 0.4, which should
rightfully be excluded from the analysis due to lack of significance based on Hair et al
(2005), could now be unknowingly included by the researcher if they lowered the threshold
in an attempt to capture more of the missed data. The lower the threshold is made, the
more conceivable the likelihood that this could occur. Since this study only analysed
loadings at a minimum of 0.4 true underlying factor loading, it is unclear what level of
spurious loadings could be experienced by smaller factor loadings. More research would be

required to understand at which point this would become critical.

Besides the immediate information these results present around the loss of data caused by
categorisation, and also the potential spurious loadings created by the same process, it can
clearly be seen how any ordinal response scale with less than 5 or even 6 categories
should be avoided under these conditions of limited scale distortion. It also becomes clear
how advantageous it would be to rather employ a 7 Category response scale that would
allow the inclusion of much more of the smaller significant communalities without the

greater chance of including spurious ones.

When presented visually, a greater comparison of the vast differences between high and
low categories, and between high and low communality strengths, can be observed. Figure
14 in the Appendices shows modified box plots of categories 2, 4, 5, 6, 7, and 8, across all
factor strengths. What are immediately evident are the vast differences in the magnitude of
the spread of outliers, and the spread of the interquartile ranges, as the underlying factor
strength increases/decreases. What is also evident is the difference in outliers and
interquartile ranges as the number of categories increase/decrease, with a 2 Category
response showing dismal results, and 7 and 8 Category responses showing much improved
results. Added to this, Figure 14 also shows the increase in bias in nominal terms as factor
strength increases. This is the reason that a percentage bias measure (RB) was used in
this study instead of a nominal bias measurement, because in nominal terms it appears at
first glance that the bias is increasing as intended factor loading increases, where in reality

it is improving, but this is only visible when compared on a percentage (relative) measure.

For a more detailed view of the spread of the results compared to the 0.4 chosen threshold,

refer to Figure 13 that shows the percentage of each tail above a chosen observed factor
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loading. When using a 2 Category response scale, there is approximately 30% probability
that a data point with a true underlying factor loading of 0.4 would be included if the
threshold is set at 0.4 observed. This means that there is about a 70% probability that this
data would be lost! This is not much better for the true underlying loadings of 0.5, with
approximately 51% probability of the data being missed (only 49% included in the tail above
0.4), and 7% being missed in the case of 0.6 true underlying. Therefore choosing a
response scale of only 2 Categories vastly increases the probability that lower factor
loading values would be lost due to categorisation error, with only the very largest of factor
loadings being preserved (although negatively biased), and this is without the influences of
sampling error experienced in real life. Changing the response scale to 7 Categories would
immediately improve all data retention, decreasing the probability of exclusion to

approximately 58% for 0.4 true underlying factor loadings.

5.3 The Effects of Categorisation on FA with Skewed Distortion

The full descriptive statistic results for the factor loadings for this section can be found in the
appendices in Section 7.4. The results here will be presented using the relative measures
(RB, CV) used before, and these are presented in Table 19 and Table 20 respectively,

utilising the same shading method as before.

In the previous section the data was analysed for a situation where the response scale
added little distortion to the underlying continuous data’s normal distribution. In this section
the results are presented where the response scale skewed the underlying normal

distribution.

Table 19 shows the greatly reduced area with trivial bias when compared to the results in
Section 5.2 (no intended scale distortion). Firstly it can be seen that moderate bias can only
be expected on a 5 Category response above a factor loadings of 0.7 (true underlying), but
that in essence the clear cut threshold has perhaps shifted to the 6 category mark, but only

for moderate biased results!
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Relative Bias

RB Category
Factor Loading | Method | 2 CAT | 3CAT | 4CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
0.4 CAT -26.5% -24.7% -16.9% -122% -91% -102% -8.9%
0.5 CAT 271% -25.0% -16.0% -112% -86% -89% -8.1%
0.6 CAT -23.5% -19.0% -15.7% -114% -84% -91% -8.5%
0.7 CAT 21.7% -171% -143% -10.0% -74% -76% -7.5%
0.8 CAT -19.2% -152% -128% -85% -6.3% -61% -6.0%
0.9 CAT -15.5% -12.4% -10.3% -6.6% -53% -43% -4.4%

Table 19 - RB of Factor Loadings with Skew Scale Distortion

If trivial bias is the desired result then the scale is confined to 6 categories, and only for very
high underlying factor loadings of 0.9 and perhaps 0.8. Hair et al (2005) notes how very
unlikely high loadings of 0.9 are in empirical data, and therefore it would appear that based
on these results the expectation would be that skewing of the underlying distribution would
create at best moderate biases in EFA results. This highlights the data destruction present
if a response scale distorts the underlying attitudes/beliefs through skewing them, even

unfortunately at the desired larger category sizes.

Coefficient of Variance

CcVv Category
Factor Loading | Method | 2 CAT | 3 CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
0.4 CAT 50.5% 47.5% 37.0% 28.8% 23.4% 25.6% 23.6%
0.5 CAT 38.8% 385% 221% 17.7% 141% 15.0% 14.1%
0.6 CAT 20.8% 171% 147% 11.0% 92%  104% 9.7%
0.7 CAT 15.3%  11.8% 10.1% 8.0% 6.8% 6.9% 6.9%
0.8 CAT 10.2% 8.1% 6.9% 5.8% 4.8% 4.8% 4.6%
0.9 CAT 7.5% 5.9% 4.4% 3.2% 2.5% 2.5% 2.6%

Table 20 - CV of Factor Loadings with Skew Scale Distortion

Table 20 shows the CV for the skewed results, with a slight change (only 1% or 2%
weakening) in the trivial variance area (green) when compared to the previous results in
Section 5.2., yet with a ‘sharper’ and more severe ‘drop off’ to substantial variances which

reach much higher values at the extremes (top left corner).
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As before, analysing the variances is important to understand the impact that lower-loading
variables could have for researchers when they are incorrectly observed as higher loadings
due to the discretisation and scale distortion errors. Figure 23 shows a modified box plot of
2,4,5,6, 7, and 8 Category responses with skewed scale distortion. The increase in bias
and the increase in spread under these distortion conditions can be seen clearly in this
visual representation. In the previous section it was shown how at 6 categories the 0.4
intended loading results spuriously loaded above the 0.5 mark. With skewed distortion
however, given a 6 category response scale, the results show spurious loadings of the
intended 0.4 factor loadings to over the 0.6 factor loading mark. Not only is this factor
loading spuriously loading higher as a result of the skewed distortion, but so too are the 0.5

and 0.6 intended factor loadings.

Again the simplified percentile plots in the Appendices (Figure 22) give a better
understanding of the probability of spurious loadings and lost data. Looking at Figure 22 it is
immediately evident the probability of the loss in data when keeping to the 0.4 threshold
discussed earlier. Given a 6 category response scale, probable data loss would extend to
the 0.5 true underlying factor loading, with as much as a 70% and 17% probability of
missing the data on the 0.4 and 0.5 true underlying factor loadings respectively. Moving to a
7 category response scale would decrease the probability of losing data to 67% and 21%
for the 0.4 and 0.5 true underlying factor loadings respectively, yet still far worse than the
levels of around 58% and 0% respectively that were observed when there was little scale

distortion.

5.4 The Effects of Categorisation on FA with Kurtotic Distortion

As with the previous sections, full descriptive statistics for the factor loading results on the
kurtotic distortion can be found in the appendices, Section 7.5. Here again the relative
measures (RB and CV) are presented, shown below in Table 21 and Table 22 respectively,

shaded in the same manner as before.
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Relative Bias

RB Category
Factor Loading | Method | 2 CAT | 3CAT | 4CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
0.4 CAT -35.2% -181% -17.8% -8.7% -6.2% -47% | -4.7%
0.5 CAT -34.5% -20.1% -20.3% -9.4% -65% @ -49% -52%
0.6 CAT -26.7% -18.1% -184% -8.8% -6.6% -48% | -4.7%
0.7 CAT -23.8% -182% -185% -9.1% -6.5% -48% -52%
0.8 CAT -20.8% -16.1% -16.5% -83% -6.1%  -48% -4.6%
0.9 CAT -16.9% -14.6% -149% -74% -59% -46% @ -4.0%

Table 21 - RB of Factor Loadings with Kurtotic Scale Distortion

The RB for the kurtotic-distorted data seems an improvement on the skewed results at
higher category sizes, but slightly worse at lower category sizes. Here a clear threshold of
borderline trivial bias is apparent at the 7 Category mark. The 5 Category level is clearly
moderate at all true underlying factor loadings levels. As with limited distortion results,
kurtotic RB results tend to be more affected by the category scale chosen than by the

underlying factor loading (with the obvious exception of the 2 category scale).

Coefficient of Variance

cv Category
Factor Loading | Method | 2 CAT | 3 CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
0.4 CAT 67.6% 349% 334% 202% 162% 13.9% 14.6%
0.5 CAT 54.0% 256% 259% 13.0% 11.2% 8.9% 9.2%
0.6 CAT 23.7% 131%  14.0% 8.5% 7.7% 5.8% 6.5%
0.7 CAT 17.9% 10.9% 10.9% 6.4% 5.3% 4.2% 4.8%
0.8 CAT 125% 7.4% 7.6% 4.5% 3.5% 2.9% 3.2%
0.9 CAT 7.9% 5.6% 5.9% 3.1% 2.4% 2.0% 2.1%

Table 22 - CV of Factor Loadings with Kurtotic Scale Distortion

The CVs are very similar in pattern to those in Section 5.2 and Section 5.3 in that they are
almost split into an upper and lower diagonal. With kurtotic distortion however, it appears

that CV results for the lower categories seem to be affected even more than with skewed
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distortion, yet the higher category values resemble more closely those results for limited
scale distortion. Perhaps this gives even more weight to the argument to avoid lower
category sizes, where it appears in the case of kurtotic distortion that both RB and CV

results become more negatively pronounced as the category size decreases.

Figure 32 gives a visual representation of the results under these conditions. Figure 31
shows the percentile plots under kurtotic distortion conditions. Given a 6 category design
the expected probability of losing data would be 63% and 9% for 0.4 and 0.5 underlying
factor loading respectively, whereas for a 7 category scale it would be 62% and 3%
respectively. The higher category sizes perform much better than in the skewed distortion

situation.

5.5 The Effects of Categorisation on FA with Bimodal Distortion

As with the previous sections, full descriptive statistics for the factor loading results on the
kurtotic distortion can be found in the appendices, Section 7.6. Here again the relative
measures (RB and CV) are presented, shown below in Table 23 and Table 24 respectively,

shaded in the same manner as before.

Relative Bias

RB Category
Factor Loading | Method | 2 CAT | 3CAT | 4CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
0.4 CAT -23.7% -20.6% -9.8% @ -11.1% -87% -10.0% -9.6%
0.5 CAT -216% -17.6% -84% -92% -7.0% -80% -7.9%
0.6 CAT -19.0% -17.6% -83% -94% -73% -84% -81%
0.7 CAT -18.3% -16.6% -7.9% -87% -6.6% -7.6% -7.4%
0.8 CAT -17.0% -155% -73% -81% -6.0% -7.0% -6.8%
0.9 CAT -13.8% -122% -5.0% -55% -4.0% -4.7% -4.5%

Table 23 - RB of Factor Loadings with Bimodal Scale Distortion
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The RB results for bimodal distortion conditions show an apparent shift in the moderate
threshold down to the 4 Category level. However, if the objective is again to get trivial bias
results only, then this is now a threshold for greater than 0.8 factor loadings and 6
categories or higher only. The results show a very narrow band of trivial bias, in a region of
factor loading strength that is rarely encountered in practice. As with skewed results it
appears that at best moderate RB results are obtained, and the bimodal bias results appear
to be affected more by factor loading strength, becoming more and more negatively biased
as the factor loading has decreased, even in the higher category sizes. The much larger
band of moderate bias is now very similar in size and shape to the trivial bias band found in

Section 5.2 (for results with limited scale distortion).

Coefficient of Variance

cv Category
Factor Loading | Method | 2 CAT | 3 CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
0.4 CAT 43.7% 37.8% 20.2% 22.8% 19.0% 214% 20.2%
0.5 CAT 29.0% 218% 129% 134% 11.6% 12.4% 12.7%
0.6 CAT 15.0% 14.6% 8.3% 9.4% 8.0% 8.9% 8.7%
0.7 CAT 10.9% 10.2% 6.0% 6.5% 5.4% 6.0% 5.9%
0.8 CAT 7.9% 7.3% 4.1% 4.5% 3.8% 4.1% 4.2%
0.9 CAT 5.4% 5.1% 2.4% 2.7% 2.2% 2.5% 2.5%

Table 24 - CV of Factor Loadings with Bimodal Scale Distortion

The CV result show the same aversion to factor loading strength as RB did, even in the
higher category sizes. The previous ‘diagonal’ pattern observed in the CV results of the

previous sections has almost flattened.

Modified box plots are provided in Figure 41 in the Appendices, and immediately one can
see the uniformity in the spread of the results for the higher category sizes as discussed
above. Figure 40 shows the simplified percentiles for bimodal distortion. Given a 6 category

design, the expected probability of losing data would be 70% and 9% for 0.4 and 0.5
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underlying factor loading respectively, whereas for a 7 category scale it would be 71% and

12% respectively.

5.6 Comparison of Methods in Limited Distortion Situations

Figure 18 and Figure 19 show the comparative statistics of RB and CV, respectively, for the
limited distortion models tested. Figure 20 and Figure 21 show the differences of each
method against the best performing method (amount of underperformance), for the given
intended factor loading and category size, of RB and CV respectively, and includes a “total
best performer” metric which is the average underperformance by category size for the

method.

The CAT method (performing FA directly on ordinal data) and the NDF? method (NDF with
the average of truncated distribution) perform very well, with the difference in performance
between the two methods rarely exceeding 0.2% in RB or 0.5% in CV measures'. For
categories 4 to 8 the CAT method is the best performer in both RB and CV. SPR method
(Spearman Rank) fairs relatively the same as CAT and NDF? at 2 and 3 categories for both
RB and CV, then slightly poorer for the rest; performing less than 1.5% worse on CV and
RB than the best performer (in this case CAT) for 4 to 6 categories, and just over 1.5%
worse for CV for 7 and 8 categories and remaining below 1.5% underperformance on RB

for these two categories.

NDF' method (NDF with random sampling) is outperformed by the other methods, and as
logic would suggest, random sampling, even within the bounds of a truncated normal

distribution, further degrades the correlation strength during the re-scaling process.

The question is whether to discard NDF?, the next best performer, as a method for applying
factor analysis to categorical data? Certainly if the researcher is planning to obtain
statistical measures other than factor analysis from empirical data, then there is a strong

case made by Stacey (2006) for first ‘standardising’ the data before further analysis. It can

' One notable exception being an anomaly for NDF? for 4 Category at 0.5 intended factor loading.
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be seen from these results that applying EFA on this basis would yield satisfactory results.
However, if it is not the intention or the desire to first scale the data, then it can be seen that
EFA applied directly to the categorical data under these situations yields the best results,
and with much less time and effort considering the lengthy processing time required for the

NDF algorithm (especially with large numbers of categories and items).

The study found that the NDF algorithm struggled in fitting a single threshold set to
standard normal distributions for 8 items of 200 responses at higher category sizes.
Perhaps future studies should investigate better ways to solve for this (different solving
algorithms), or ways to perform NDF with a unique threshold per item instead of one shared
threshold set across all items. The potential increase in fit may very well yield superior

performance to that of CAT.

The RB and CV results give a fair idea of the performance of each method under these
circumstances, but showing percentiles gives a better understanding of the probability of
lost data in the various methods when a particular threshold is chosen. Percentile plots are

provided in the Appendices (Figure 13, Figure 15, Figure 16, and Figure 17).

5.7 Comparison of Methods in Skewed Distortion Situations

For skewed distortion it is found that NDF? is now relegated to third best performer, with
CAT performing best at RB in general, and SPR performing best at CV in general (Figure
27, Figure 28, Figure 29, and Figure 30). The differences in percentage between CAT and
SPR are very slight; generally less than 1% for CV and approximately 1% difference for RB
(for categories greater than 5). Section 5.3 showed that skew distortion creates on average
the most spread in the results out of all the other distortion types. Increased spread leads to
greater probability of data loss below the 0.4 acceptance criteria and greater spurious
loadings, and therefore choosing a method that limits this is greatly advantages. Therefore
SPR would be a preferred method when data is skewed, however the difference in
performance is marginal based on the CV results. Looking at the percentile plots (Figure
22, Figure 24, Figure 25, and Figure 26) shows this slight improvement. As an example, on

a 7 category response, using CAT method would give a probability of loss of data of 67%
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and 21% for a 0.4 and 0.5 underlying factor loading respectively, while the SPR method
shows 70% and 19% respectively, but with almost 1% in lost data for the 0.6 underlying

factor loading.

5.8 Comparison of Methods in Kurtotic Distortion Situations

Under kurtotic distortion conditions, the basic CAT method appears again from the CV and
RB results to be the overall preferred method, except on low category sizes on CV where
SPR is preferred (Figure 36, Figure 37, Figure 38, and Figure 39).

NDF? method appears not to outperform on any of the parameters. Perhaps again this may
be proved to be a valid method if future research is able to reduce the fitting process within

the algorithm as discussed in Section 5.6.

It would appear from the face value results of RB and CV that kurtotic distortion is best
analysed using the standard CAT method, and that the effort of rescaling prior to factor
analysis certainly holds no advantage at all. Looking at the percentile plots (Figure 31,
Figure 33, Figure 34, and Figure 35) further confirms this. As an example, given a 7
category response scale, using CAT method would give a probability of loss of data of 62%
and 3% for a 0.4 and 0.5 underlying factor loading respectively, while the SPR method

shows 67% and 7% respectively.

5.9 Comparison of Methods in Bimodal Distortion Situations

As with skewed results, the results show that when the responses have bimodal distortion,
SPR becomes a more universally reliable method (Figure 18, Figure 19, Figure 20, and
Figure 21). In this case, unlike the skewed distortion results, even on the RB measure it
yields superior results. In many cases this outperformance is larger than 1%. Looking at the
percentile plots (Figure 40, Figure 42, Figure 43, and Figure 44) further confirms this. As an

example, given a 7 category response scale, using CAT method would give a probability of
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loss of data of 71% and 12% for a 0.4 and 0.5 underlying factor loading respectively, while

the SPR method shows 66% and 6% respectively.

NDF? here shows promising results, in most cases outperforming the CAT method on RB,

and fairing well on CV against CAT (even bettering it on higher categories of 7 and 8).
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6 CONCLUSION

6.1 Introduction

This study set out to begin to understand the isolated effect that ordinal data has on the
reliability of exploratory factor analysis. It was considered as an important goal given the
prolific use of this multivariate technique in all research fields, including business, and
considering how often ordinal scales are used to gather data due to their simplicity and
ease of use. The conclusions of this study, and suggestions for future research, are set out

below.

6.2 Summary of the main findings

Similar to those studies cited earlier from the literature, on the effects of ordinal data on
Confirmatory Factor Analysis, Maximum Likelihood Factor Analysis, and correlation
strength, this study also finds a general deterioration of the factor structure due to

categorization, and has referred to this as discretisation error.
Key findings:

e In general it has been seen that discretisation error's effect on factor loadings is
worse as category size decreases, as lower underlying factor loading strengths are
encountered, or as the distortion of the underlying normal distribution increases.

e The most destructive forms of distortion in the study were skewness, followed by
bimodality.

e The benefits of selecting a higher category size far outweigh any attempts to
‘recover’ data after the fact. The recommendation is to choose a minimum category

size of 7 when performing such data analysis, and the benefits in reducing
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discretisation error’'s effects on EFA in doing this are far greater than using normal
distribution fitting algorithm or inter scale distance dependant methods like
Spearman-rank after the fact.

e Normal distribution fitting prior to EFA is not consistently superior enough to be
considered favourable over performing EFA directly on ordinal data, yet it shows
some promise and can perhaps be refined further.

e Performing EFA on Spearman rank correlation matrices is consistently superior
under conditions of skewness or bimodality to be considered favourable over
performing EFA directly on ordinal data.

e Discretisation error's affect on factor loading results are manifest as both a
weakening in observed factor loading below the unobserved factor loading construct,
as well as an incorrect strengthening of the observed factor loading above the
unobserved factor loading construct (a spurious loading). This potentially leads to a
researcher’s incorrect inclusion of spurious data, as well as the unfortunate exclusion

of valid data.

Based on the findings of this research there are two sets of recommendations to be made
that could reduce the effects observed in this study, namely; those measures that a
researcher can take during the design of their research, and those that can be applied after
data has been gathered in the data analysis phase. These recommendations are

summarised and discussed in Sections 6.2.1 and 6.2.2 below.

6.2.1 Recommendations for Research Design

This study has highlighted that a researcher should ensure that the minimal amount of
distortion of the underlying attitudes or beliefs are introduced by the chosen response scale,
and has provided a general guide to suitable methods when faced with such distortions. Yet
it is the results that point to the choice in the number of categories to use in a study that is
the most critical guideline offered here. The findings of this research show that the

precautions a researcher can take in the design of their research, when using EFA on
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ordinal data, will be far more effective at preventing data loss and distortion than any
measures could be at attempting to rescale distorted data once it has already been

gathered.
It is highly advisable to avoid the lower category sizes at all costs for two main reasons:

e The results show that the lower the number of categories, and the lower the
communalities, the greater the variance of the observed factor loading results and
the greater the mean negative bias. This higher variance and negative bias increase
the risk of data being lost as significant findings load below the chosen factor loading
threshold, as was observed in this research. It also raises a concern that lower
communalities spuriously load higher than their actual underlying values. If in this
study the factor loadings of a 0.4 true underlying factor loading were observed to
spuriously load above 0.5, then one would need to ask how many non-significant
underlying factor loadings of below 0.4 would spuriously load above this threshold,
and as a result would be incorrectly interpreted as significant results? This study did
not investigate the spurious loadings of non-significant underlying factor loadings,
and so it can only be speculated as to whether or not this could be a real concern.
Yet it has been observed that the variance of the factor loadings increase as the
communalities decrease in strength, and therefore this risk of spurious loading would
be highly probable.

e Since the results show that lower category sizes are affected even greater when
underlying attitudes are distorted, and it may be unknown in advance by a
researcher what sort of distortions may be introduced in their study or what
weakness of communalities may be uncovered, it would be more prudent of the
researcher to select higher category sizes when designing the research. Selecting
higher category sizes would be more robust to sometimes unavoidable distortions

introduced through the way respondents capture their underlying attitudes or beliefs.

This study suggests the use of category sizes of 7 or more if at all possible, given that if
communalities are closer to the 0.4 level and high levels of distortion are experienced, then

at least the researcher is assured the highest practical probability of not missing this data,
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and is given some comfort in the reduced possibility of spurious loadings contaminating the

results, as can be seen in Table 25.

Factor Loading Recommended Expectation'®

Threshold’®  Minimum Category Size

0.4 FL" 7 Category Under worst conditions of distortion observed
(Skewness), 67% probability of 0.4 true underlying
factor loading data, and 21% probability of 0.5 true
underlying factor loading data would be lost, with an
unknown amount of spurious loading from non-

significant factor loadings below 0.4.

0.5FL™ 7 Category Under worst conditions of distortion observed
(Skewness), 93% probability of 0.4 true underlying
factor loading data successfully excluded from the
practical significant findings. 75% probability of 0.5
true underlying factor loading data, and 22%
probability of 0.6 true underlying factor loading data,
lost. 7% probability of spurious loading from the 0.4
true underlying factor loading data, with an unknown
amount of spurious loading from non-significant

factor loadings below 0.4.

Table 25 - Category size recommendation

'® The threshold chosen by the researcher given a sample size of 200 (as with this study). Factor loadings observed below this threshold
would not be interpreted as significant to their study.

"% s the worst expectation based on the constraints of this study, namely; n=200 and skew distortion as tested.

"7 Considered to be the minimum factor loading for significance at n=200, and the minimum to interpret structure (Hair et al, 2005).

'8 Considered to be the minimum factor loading for practical significance at n=200 (Hair et al, 2005).
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6.2.2 Recommendations for Data Analysis

Once the data has been gathered, it is recommended that the following steps are followed

for data analysis.
Step 1 — Analyse the observed data and determine if any distortion is present.

Step 2 — Refer to Table 26 below, and determine the suggested method to apply (if any)
prior to EFA.

Step 3 — Perform EFA.

Step 5 — Choose a factor loading threshold using the table below as a guide; below which
the factor will be excluded from the analysis and deemed not to be practically significant.
Setting it higher than normal would reduce the chance of spurious loadings but would also
exclude much of the wanted data, and setting it lower would include the wanted data but
increase the chances of erroneous data being included in the results. Care should still be
taken in the selection of this threshold, and it is strongly recommended that the percentile
plots in the appendix are consulted, rather than just blindly applying the thresholds included

below. It must be remembered that these results are based on a sample size of 200.

Step 6 — Proceed with caution when interpreting the results. Where possible seek further
validation of the results, and be very wary of unexpected or unusual constructs. This
cautious approach is particularly prudent; when using a category size below 7, when
confronted with a study that deviates from the constructs of this study, when the most
devastating forms of scale distortion analysed here are encountered (skewness and
bimodality), or when a type of distortion is encountered that was not studied here (such as

opposite skew).
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Distortion Recommended Recommended Expectation

Observed Method prior to Factor Loading

EFA Threshold™

96.8% probability of 0.4 true underlying
factor loading data being successfully
excluded. 77.4% probability of 0.5 true
Limited underlying factor loading data being
None 0.46 FL
Distortion observed on or above the threshold
(successfully included). An unknown
amount of spurious loading from non-

significant factor loadings below 0.4.

95.7% probability of 0.4 true underlying
factor loading data being successfully
excluded. 28.3% probability of 0.5 true
underlying factor loading data, and 88.4%
Skew Distortion | Spearman Rank 0.49 FL probability of 0.6 true underlying factor
loading data, being observed on or above
the threshold (successfully included). An
unknown amount of spurious loading from

non-significant factor loadings below 0.4.

95.1% probability of 0.4 true underlying
factor loading data being successfully
excluded. 56.8% probability of 0.5 true
Kurtotic underlying factor loading data being
None 0.47 FL
Distortion observed on or above the threshold
(successfully included). An unknown
amount of spurious loading from non-

significant factor loadings below 0.4.

"% Considered to be the estimated factor loading threshold to maximise the probability of including the true underlying factor loadings of
0.5 or more, and minimize the probability (5% or less) of including the 0.4 true underlying factor loading, for practical significance at
n=200 (Hair et al, 2005).
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Distortion Recommended Recommended Expectation

Observed Method prior to Factor Loading

EFA Threshold™

96% probability of 0.4 true underlying
factor loading data being successfully
excluded. 43.2% probability of 0.5 true
underlying factor loading data, and 97.7%
Spearman Rank 0.48 FL probability of 0.6 true underlying factor

Bimodal

Distortion
loading data, being observed on or above

the threshold (successfully included). An
unknown amount of spurious loading from

non-significant factor loadings below 0.4.

Table 26 - Recommended Methods
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6.3

Recommendations for future research

Many questions were highlighted in this research and remain unanswered.

1.

What could be some of the conditions under which discretisation error creates
spurious significant factor loadings from EFA performed on factor structures
that have underlying non-significant factor loadings? Given that this study
observed variances in factor loading results of EFA performed on ordinal data, and it
can be seen that much of this variance appears as a spurious loading above the true
underlying factor loading, then what is the probability of smaller underlying factor
loadings that are not significant to begin with, spuriously loading high enough (due to
discretisation error) for them to be incorrectly accepted as significant loadings? This
is probable given that it can be observed from this study that the variance increases
as communalities decrease. The significance of a study of this nature would be that if
spurious loadings are not found to be as problematic as are expected, then the
recommended thresholds given in this study can be revised to increase the
probability of capturing more relevant factor loadings. However, if the spurious
loading is indeed an issue, then further guidelines can be provided for the researcher
to ensure that these spurious loadings are excluded from any analysis.

What is the effect on the validity of EFA performed on ordinal data when
factors are composed of different sized ordinal scales? Given that large
category sizes perform better than smaller category sizes in EFA performed on
ordinal data, yet research questionnaires are typically made up of at least some
mixed ordinal scales, do large category sizes increase the reliability of the results of
smaller category sizes within the same factor, performing a stabilising effect, or is
there a weakening effect on the larger category by the smaller category?

What is the effect of sample size on the validity of EFA performed on ordinal
data? This study focused only on one sample size given the physical constraints, yet
this is extremely pertinent to any researcher for any statistical analysis. Given that

this study has narrowed the focus of the most relevant parameters affecting EFA
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performed on ordinal data, further research with sample size as central research
parameter would add greater external validity to these results providing greater
guidelines to future researchers.

. What is the effect of opposite skew in ordinal variables within a factor on the
validity of EFA performed on these variables? |t was discussed in the literature
review that both Olsson (1979) and Wylie (1979) found opposite skew in variables to
be the most destructive distortion for analyses like these, yet this was not within the
scope of this research. It is conceivable that distortions of attitudes and beliefs
created through completing ordinal scales would not all follow the same form of
distortion from item to item, that is; the same level or direction of skewness.
Therefore an analysis like this would add greater insight into the effects of scale

distortion prior to EFA.
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7.1 Categorisation — a Practical Example

A Practical Example for Ease of Understanding

In this study, simulation is done for 8 variables (8 survey items) and for a sample size of 200 (N = 200 or
200 respondents). Given a 5 category iteration, then the respondent’s answers would either be ‘1’, ‘2’, ‘3’,
‘4’ or ‘5’ depending on their underlying beliefs. They would choose between answering 2’ or ‘3’ to a
specific survey item because there is an unobserved threshold that leads them to differentiate between
these two answers. The thresholds are simulated as inputs in Step 4, and for this example of 5 categories
there would be 4 thresholds, and it is the position of these thresholds that distort the respondent’s answers

from their true underlying belief as discussed before.
Therefore if for example:

The 10" response (sample 10) of the 5" item (survey item 5) will be 2’ (C, = 2°) if the respondent’s
underlying attitude on a continuous scale (represented by Y’igs) of -0.9° was evaluated against their
unobserved threshold set and was believed by the respondent to be larger than threshold 1 (t4 — say -1.2")

but smaller than threshold 2 (1, — say ‘-0.8).

Written again in the format above for ease of understanding;
Y10,5 = Cz lf Tl < Y,10,5 S TZ

& Yios = 2'if -12<—-09 < —08
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7.2 Schematics of Models

Each model’s inputs, and the group to which it belonged, is highlighted in the bulleted

points below.

Group 1 — Investigated the effects of ‘pure’ categorization on factors of various

strengths.

e Model 1 — Uses Factor 1 to investigate the effects of categorization with little
distortion on a 0.4 Factor Loading, and uses Factor 2 to investigate the effects of

categorization with little distortion on a 0.5 Factor Loading.

Zero
Loading
Positive - =
Loading 0.4 0.4 0. = j\
~
~N ~

/

-~ 0.5
0.4 i// - N3 - /:\_/t:o-\”\ 0.5 "o
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e Model 2 — Uses Factor 1 to investigate the effects of categorization with little
distortion on a 0.6 Factor Loading, and uses Factor 2 to investigate the effects of

categorization with little distortion on a 0.7 Factor Loading.

Zero
Loading

Positive
Loading

0.606 -
06 06 /f7>§ -~ \;; 07 o7

e Model 3 — Uses Factor 1 to investigate the effects of categorization with little

7 o7

distortion on a 0.8 Factor Loading, and uses Factor 2 to investigate the effects of

categorization with little distortion on a 0.9 Factor Loading.

Zero

Loading

Positive ST~ _-= _
Loading 8\\:»< =<7 -"0.

: ~2709
0.89¢ S~
0.8 ?3/ /f7>§ - <tji\ig¢? 0.9
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Group 2 — Investigated the effects of categorization with scale distortion on factors of

various strengths.

e Model 4 — Uses Factor 1 to investigate the effects of categorization with skew on a
0.4 Factor Loading, and uses Factor 2 to investigate the effects of categorization

with skew on a 0.5 Factor Loading.

Loading

Positive
Loading

0.4 047

0.4 %/ ~ 2
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e Model 5 — Uses Factor 1 to investigate the effects of categorization with skew on a
0.6 Factor Loading, and uses Factor 2 to investigate the effects of categorization

with skew on a 0.7 Factor Loading.

Loading
Positive BN
Loading 0.6Y-
0.6 °i'6/ ~ j\( "I TS >/ = 0.7 o7
- - -~ - ~ x ~ - ~

e Model 6 — Uses Factor 1 to investigate the effects of categorization with skew on a

7 o7

0.8 Factor Loading, and uses Factor 2 to investigate the effects of categorization

with skew on a 0.9 Factor Loading.

Zero
Loading

Positive

Loading o0.g 0.8 0

0.8 %/ ~ 2
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Model 7 — Uses Factor 1 to investigate the effects of categorization with kurtosis
on a 0.4 Factor Loading, and uses Factor 2 to investigate the effects of

categorization with kurtosis on a 0.5 Factor Loading.

Zero
Loading
Positive Tx— == //
Loading 0.4 0 404" ~o=IT=Z<7-705 05
0'4 ) - /\&/\/: - ~ ~K~ -
~ =~ =~

%/ _ 05 o5
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Model 8 — Uses Factor 1 to investigate the effects of categorization with kurtosis
on a 0.6 Factor Loading, and uses Factor 2 to investigate the effects of

categorization with kurtosis on a 0.7 Factor Loading.

Zero
Loading
g N~~~ —
Positive ST ==~
i — ~ <>~ - — pd
Loadlng 6 N =<

7 o7

0606 -
06 96 /j\;/\j\ ~ \;ﬁ\ 0.7 7

Model 9 — Uses Factor 1 to investigate the effects of categorization with kurtosis
on a 0.8 Factor Loading, and uses Factor 2 to investigate the effects of

categorization with kurtosis on a 0.9 Factor Loading.

Zero
Loading

Positive ~<
—— ~

Loadin . -
g 0.8 0_8/0.8/ 5 /\/\ - 7~ <
f /% - P - ~ = ~
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Model 10 — Uses Factor 1 to investigate the effects of categorization with
bimodality on a 0.4 Factor Loading, and uses Factor 2 to investigate the effects of

categorization with bimodality on a 0.5 Factor Loading.

Zero
Loading
" N =< —_=
Positive X3 _-==2
i — =
Loadin . N =< -
9 0.4 0.4 04 e SN~
— N - =~
~ N\ FaS
7 N =~

. //
04 04752 5
f/// /// //
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Model 11 — Uses Factor 1 to investigate the effects of categorization with
bimodality on a 0.6 Factor Loading, and uses Factor 2 to investigate the effects of

categorization with bimodality on a 0.7 Factor Loading.

Zero
Loading
Positive \\\\\\\I - == ;///
. - -~
Loading 0.6 6 =T ==<_ 707
. -
0.6 /\/&\/\\\ \0.7
N FaS ~
7N =~ =~

0'6 — - - /; - ~ ~ 0.7 0.7

Model 12 — Uses Factor 1 to investigate the effects of categorization with
bimodality on a 0.8 Factor Loading, and uses Factor 2 to investigate the effects of

categorization with bimodality on a 0.9 Factor Loading.

Zero
Loading
Positive ST ==
i — ~ <>~ - — e
Loadmg 8 N =<

% 0.9

0.80-8 ~
0.8 °ff/ /j\:/\j\ ~ \;ﬁ\ 09 g
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7.3 Factor Loading Descriptive Statistics — Little Scale Distortion

2 Category
Factor Loading | Method M o RB cv
CAT 0.317721 | 0.119502 | -20.56975% | 37.61214%
0.4 SPR 0.317721 | 0.119502 | -20.56975% | 37.61214%
NDF' | 0.207647 | 0.198831 | -48.08830% | 95.75452%
NDF? | 0.317721 | 0.119502 | -20.56975% | 37.61214%
CAT | 0.397689 | 0.105868 | -20.46219% | 26.62085%
05 SPR | 0.397689 | 0.105868 | -20.46219% | 26.62085%
NDF' | 0.287667 | 0.179056 | -42.46652% | 62.24407%
NDF? | 0.397689 | 0.105868 | -20.46219% | 26.62085%
CAT 0.489792 | 0.067076 | -18.36805% | 13.69480%
0.6 SPR | 0.489792 | 0.067076 | -18.36805% | 13.69480%
NDF' | 0.394708 | 0.107912 | -34.21531% | 27.33982%
NDF? | 0.489792 | 0.067076 | -18.36805% | 13.69480%
CAT | 0.573167 | 0.066303 | -18.11903% | 11.56781%
0.7 SPR 0.573167 | 0.066303 | -18.11903% | 11.56781%
NDF' | 0.457965 | 0.097149 | -34.57641% | 21.21323%
NDF? | 0.573167 | 0.066303 | -18.11903% | 11.56781%
CAT | 0.666873 | 0.055893 | -16.64083% | 8.38142%
0.8 SPR 0.666873 | 0.055893 | -16.64083% | 8.38142%
NDF* 0.53059 | 0.078058 | -33.67621% | 14.71161%
NDF? | 0.666873 | 0.055893 | -16.64083% | 8.38142%
CAT | 0.776256 | 0.03999 | -13.74933% | 5.15171%
0.9 SPR | 0.776256 | 0.03999 | -13.74933% | 5.15171%
NDF' | 0.619956 | 0.065018 | -31.11604% | 10.48750%
NDF? | 0.776256 | 0.03999 | -13.74933% | 5.15171%

Table 27 - FL Descriptive Statistics - Little Scale Distortion on 2

Categories
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3 Category

Factor Loading | Method M (o] RB cv
CAT | 0.342872 | 0.095217 | -14.28204% | 27.77043%
0.4 SPR | 0.342656 | 0.094986 | -14.33594% | 27.72048%
NDF' | 0.266874 | 0.165096 | -33.28143% | 61.86289%
NDF? | 0.342843 | 0.095426 | -14.28914% | 27.83360%
CAT | 0.431909 | 0.071712 | -13.61820% | 16.60358%
05 SPR 0.43183 | 0.072294 | -13.63398% | 16.74122%
NDF' | 0.348189 | 0.141202 | -30.36216% | 40.55333%
NDF? | 0.432072 | 0.071808 | -13.58565% | 16.61952%
CAT | 0.512361 | 0.059906 | -14.60643% | 11.69222%
0.6 SPR | 0.512297 | 0.059898 | -14.61716% | 11.69201%
NDF' | 0.440677 | 0.089404 | -26.55381% | 20.28791%
NDF? | 0.512214 | 0.059824 | -14.63096% | 11.67942%
CAT | 0.599645 | 0.050462 | -14.33644% | 8.41524%
0.7 SPR | 0.599595 | 0.050438 | -14.34361% | 8.41196%
NDF' | 0.516478 | 0.072183 | -26.21748% | 13.97598%
NDF? | 0.599611 | 0.050346 | -14.34135% | 8.39650%
CAT | 0.688116 | 0.043149 | -13.98553% | 6.27054%
0.8 SPR | 0.688065 0.0431 | -13.99186% | 6.26390%
NDF' | 0.591904 | 0.06503 | -26.01203% | 10.98653%
NDF? | 0.688041 | 0.043144 | -13.99484% | 6.27049%
CAT | 0.784828 | 0.038924 | -12.79690% | 4.95950%
0.9 SPR | 0.784742 | 0.038841 | -12.80647% | 4.94956%
NDF' | 0.669655 | 0.058435 | -25.59385% | 8.72607%
NDF? | 0.784887 | 0.039013 | -12.79033% | 4.97048%

Table 28 - FL Descriptive Statistics - Little Scale

Categories
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Distortion on 3




4 Category

Factor Loading | Method M o RB cv
CAT | 0.364935 | 0.072469 | -8.76614% | 19.85793%
0.4 SPR 0.35974 | 0.077985 | -10.06505% | 21.67814%
NDF' | 0.329472 | 0.101994 | -17.63194% | 30.95668%
NDF? | 0.364969 | 0.072513 | -8.75773% | 19.86827%
CAT | 0.460752 | 0.054741 | -7.84965% | 11.88088%
05 SPR | 0.453457 | 0.061839 | -9.30855% | 13.63729%
NDF' | 0.419611 | 0.082724 | -16.07783% | 19.71438%
NDF? 0.46086 | 0.054497 | -7.82797% | 11.82517%
CAT | 0.551543 | 0.043921 | -8.07621% | 7.96338%
0.6 SPR | 0.544132 0.0472 | -9.31134% | 8.67446%
NDF' | 0.504436 | 0.06457 | -15.92730% | 12.80047%
NDF? 0.55143 | 0.044154 | -8.09495% | 8.00723%
CAT | 0.641066 | 0.03794 | -8.41921% | 5.91825%
07 SPR | 0.633002 | 0.044599 | -9.57109% | 7.04560%
NDF' 0.58154 | 0.055042 | -16.92280% | 9.46485%
NDF? | 0.641008 | 0.037543 | -8.42745% | 5.85686%
CAT | 0.731988 | 0.031254 | -8.50152% | 4.26975%
0.8 SPR | 0.724826 | 0.037214 | -9.39675% | 5.13422%
NDF' | 0.669588 | 0.046039 | -16.30151% | 6.87578%
NDF? | 0.731773 | 0.031008 | -8.52836% | 4.23739%
CAT | 0.823682 | 0.024164 | -8.47981% | 2.93366%
0.9 SPR | 0.818088 | 0.027853 | -9.10130% | 3.40463%
NDF' | 0.750985 | 0.039524 | -16.55723% | 5.26294%
NDF? | 0.823279 | 0.024183 | -8.52460% | 2.93737%

Table 29 - FL Descriptive

Categories

Statistics - Little Scale
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Distortion on 4




5 Category

Factor Loading | Method M o RB cv
CAT | 0.379945 | 0.056334 | -5.01384% | 14.82678%
0.4 SPR | 0.374519 | 0.067122 | -6.37036% | 17.92210%
NDF' | 0.359873 | 0.082611 | -10.03173% | 22.95556%
NDF? | 0.379951 | 0.056093 | -5.01231% | 14.76313%
CAT | 0.470589 | 0.044807 | -5.88221% | 9.52142%
05 SPR 0.46215 | 0.051082 | -7.56992% | 11.05311%
NDF' | 0.445577 | 0.063718 | -10.88456% | 14.30015%
NDF? | 0.470583 | 0.044663 | -5.88340% | 9.49091%
CAT 0.56551 | 0.03541 | -5.74841% | 6.26155%
0.6 SPR | 0.558805 | 0.040926 | -6.86575% | 7.32379%
NDF' | 0.534584 | 0.053086 | -10.90268% | 9.93036%
NDF? | 0.565332 | 0.035475 | -5.77803% | 6.27499%
CAT | 0.660586 | 0.030863 | -5.63052% | 4.67205%
07 SPR | 0.652979 | 0.035802 | -6.71726% | 5.48290%
NDF' | 0.622947 | 0.043497 | -11.00758% | 6.98242%
NDF? | 0.660467 | 0.030735 | -5.64763% | 4.65354%
CAT | 0.755364 | 0.023695 | -5.57944% | 3.13688%
0.8 SPR 0.74841 | 0.027439 | -6.44875% | 3.66628%
NDF* 0.71247 | 0.033474 | -10.94121% | 4.69828%
NDF? 0.75447 | 0.024901 | -5.69130% | 3.30041%
CAT | 0.846379 | 0.019276 | -5.95791% | 2.27751%
0.9 SPR | 0.840237 | 0.021695 | -6.64033% | 2.58206%
NDF' | 0.794058 | 0.031056 | -11.77131% | 3.91107%
NDF? | 0.845661 | 0.019429 | -6.03768% | 2.29753%

Table 30 - FL Descriptive

Categories

Statistics - Little Scale
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Distortion on 5



6 Category

Factor Loading | Method M (o] RB cv
CAT 0.384206 | 0.048805 | -3.94851% | 12.70288%
0.4 SPR | 0.377476 | 0.057586 | -5.63092% | 15.25555%
NDF* 0.37156 | 0.069618 | -7.11001% | 18.73674%
NDF? | 0.383611 | 0.049487 | -4.09720% | 12.90028%
CAT | 0.480783 | 0.036326 | -3.84341% | 7.55558%
05 SPR | 0.472392 | 0.044729 | -5.52166% | 9.46859%
NDF’ 0.46011 | 0.052311 | -7.97802% | 11.36933%
NDF? | 0.480306 | 0.037015 | -3.93879% | 7.70645%
CAT | 0.575497 | 0.029877 | -4.08380% | 5.19147%
0.6 SPR | 0.567569 | 0.035426 | -5.40510% | 6.24169%
NDF' | 0.552006 | 0.045244 | -7.99907% | 8.19623%
NDF? | 0.574215 | 0.03554 | -4.29743% | 6.18924%
CAT 0.67199 | 0.025337 | -4.00142% | 3.77038%
0.7 SPR | 0.662583 | 0.032993 | -5.34530% | 4.97946%
NDF' | 0.644468 | 0.034663 | -7.93314% | 5.37851%
NDF? | 0.669633 | 0.033796 | -4.33810% | 5.04701%
CAT | 0.766989 | 0.019139 | -4.12643% | 2.49531%
0.8 SPR | 0.758717 | 0.024802 | -5.16037% | 3.26894%
NDF* 0.73556 | 0.027599 | -8.05503% | 3.75210%
NDF? | 0.766389 | 0.019484 | -4.20143% | 2.54238%
CAT | 0.862147 | 0.015136 | -4.20584% | 1.75563%
0.9 SPR | 0.855049 | 0.018663 | -4.99459% | 2.18263%
NDF' | 0.823622 | 0.024528 | -8.48646% | 2.97803%
NDF? | 0.861471 | 0.015346 | -4.28104% | 1.78136%

Table 31 - FL Descriptive Statistics - Little Scale Distortion on 6

Categories
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7 Category

Factor Loading | Method M (o] RB cv
CAT 0.389131 | 0.041022 | -2.71732% | 10.54189%
0.4 SPR | 0.381708 | 0.05605 | -4.57288% | 14.68396%
NDF' | 0.380167 | 0.060535 | -4.95823% | 15.92316%
NDF? | 0.389082 | 0.045554 | -2.72955% | 11.70795%
CAT | 0.484561 | 0.03263 | -3.08778% | 6.73390%
05 SPR | 0.474582 | 0.042342 | -5.08360% | 8.92197%
NDF' | 0.468982 | 0.043404 | -6.20366% | 9.25489%
NDF? | 0.483675 | 0.035583 | -3.26508% | 7.35689%
CAT | 0.580195 | 0.026532 | -3.30078% | 4.57296%
0.6 SPR | 0.570943 | 0.032238 | -4.84288% | 5.64641%
NDF' | 0.559106 | 0.034656 | -6.81567% | 6.19840%
NDF?> | 0.577876 | 0.036889 | -3.68728% | 6.38350%
CAT | 0.678679 | 0.021513 | -3.04591% | 3.16979%
0.7 SPR | 0.668367 | 0.029378 | -4.51902% | 4.39547%
NDF' | 0.657238 | 0.028463 | -6.10882% | 4.33067%
NDF? | 0.678239 | 0.03188 | -3.10870% | 4.70039%
CAT 0.77564 | 0.017211 | -3.04494% | 2.21898%
0.8 SPR | 0.766407 | 0.02186 | -4.19918% | 2.85232%
NDF' | 0.751172 | 0.025333 | -6.10354% | 3.37242%
NDF? | 0.774645 | 0.018097 | -3.16939% | 2.33620%
CAT | 0.870809 | 0.012392 | -3.24349% | 1.42299%
0.9 SPR | 0.863193 | 0.016994 | -4.08967% | 1.96868%
NDF' | 0.842113 | 0.019655 | -6.43194% | 2.33395%
NDF? | 0.869951 | 0.012527 | -3.33879% | 1.43998%

Table 32 - FL Descriptive Statistics - Little Scale Distortion on 7

Categories
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8 Category

Factor Loading | Method M (o] RB cv
CAT 0.388485 | 0.036111 | -2.87876% | 9.29542%
0.4 SPR | 0.381916 | 0.048288 | -4.52105% | 12.64372%
NDF' | 0.381789 | 0.049954 | -4.55287% | 13.08416%
NDF? | 0.388369 | 0.036128 | -2.90786% | 9.30252%
CAT | 0.488178 | 0.029015 | -2.36436% | 5.94346%
05 SPR | 0477777 | 0.041236 | -4.44466% | 8.63080%
NDF' | 0.474953 | 0.039976 | -5.00931% | 8.41692%
NDF? | 0.488129 | 0.029105 | -2.37414% | 5.96265%
CAT | 0.587035 | 0.024012 | -2.16087% | 4.09038%
0.6 SPR 0.57762 | 0.032043 | -3.73004% | 5.54743%
NDF' | 0.574089 | 0.034145 | -4.31850% | 5.94767%
NDF? | 0.586817 | 0.024119 | -2.19712% | 4.11012%
CAT | 0.684709 | 0.018551 | -2.18446% | 2.70936%
0.7 SPR | 0.673987 | 0.027386 | -3.71617% | 4.06323%
NDF' | 0.667996 | 0.027403 | -4.57206% | 4.10233%
NDF? 0.68453 | 0.018596 | -2.20996% | 2.71668%
CAT | 0.781934 | 0.014584 | -2.25826% | 1.86510%
0.8 SPR | 0.772869 | 0.021415 | -3.39136% | 2.77082%
NDF* 0.76343 | 0.020902 | -4.57122% | 2.73788%
NDF? | 0.781537 | 0.014699 | -2.30786% | 1.88076%
CAT 0.878138 | 0.010425 | -2.42907% | 1.18718%
0.9 SPR 0.87071 | 0.014807 | -3.25447% | 1.70055%
NDF' | 0.856216 | 0.016839 | -4.86494% | 1.96672%
NDF? | 0.877487 | 0.010492 | -2.50142% | 1.19572%

Table 33 - FL Descriptive Statistics - Little Scale Distortion on 8

Categories
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128 137 1 86 3 99 5 8 12
0.80) 1 37 1 50 3 93 7 100 11 18 28
0.79 12 50 1 59 7 9% 16 25 42 57
0.78 13 6 13 68 11 98 29 45 66 82
0.77 16 69 15 74 18 100 44 167 83 %4
0.76 1 9 75 1 8 81 30 100 60 1 81 92 99
0.75) 112 84 112 87 140 175 192 99 1100
0.74 114 87 116 92 153 1 88 199 1100 1
0.73 2 18 91 122 95 2 66 2 92 3 100 4100 2
0.72 2 23 95 2 30 99 4 77 5 98 6 8 7
0.71 3 30 9% 2 40 100 6 85 9 100 12 15 20
0.70 3 35 98 3 51 100 10 92 18 100 24 32 ]
0.69 11 4 42 9 5 60 100 14 9 28 100 39 48 63
0.68 11 1 7 47 100 8 68 100 20 98 140 55 69 81
0.67] 1 1 1 10 54 100 1 10 76 100 1 32 100 1 53 70 81 91
0.66 11 1 14 61 100 115 81 100 141 100 2 66 80 89 197
0.65) 11 2 18 69 2 22 87 100 153 100 2 77 190 2 97 199
0.64) 11 2 2276 3 30 92 100 13 63 100 4 85 4 9% 3 100 4 100
0.63 1 2 3 25 81 1 4 37 96 100 1 65 73 6 91 6 99 7 8 100
0.62 12 4 30 85 11 6 43 97 1.8 80 110 9 113 100 15 17
0.61 2 2 6 3589 11 8 50 98 1.1 14 86 116 98 121 100 25 28
0.60 2 3 8 40 92 12 11 58 99 11 20 92 1 25 99 134 100 37 47

- 0.59 2 4 9 46 94 1 3 14 67 100 1 2 28 95 1 38 100 1 45 1 49 63

3 gg; 3 4 13 52 96 1 4 18 74 100 1 3 35 97 2 44 100 1 57 1 65 179

< 0.26 3 4 16 57 98 2 5 22 79 100 1.5 44 99 2 57 2 7 178 2 88

o g 4 6 20 64 99 2 7 27 83 100 1 6 51100 1.3 68 3 82 2 86 3 93

< . 4 7 24 71 99 3 8 31 90 100 18 62100 1.5 76 6 90 5 94 5 97

L 0.54 5 9 27 76 100 4 11 38 93 1 10 71 100 1 9 84 11 94 9 98 9 99

2 0.53 6 10 31 79 100 5 13 45 95 2 14 78 100 113 91 16 98 115 100 15 100

5 0.52 7 14 38 82 100 6 16 51 97 2 18 83 100 119 9 24 98 124 1 24 100

s 0.51 7 17 44 87 7 18 57 97 2 24 9 2 28 98 131 99 132 134

- 0.50 8 20 51 91 8 23 63 98 3 29 93 3 34 99 2 39 100 2 42 1 46

5 0.49 9 23 56 93 9 28 70 100 4 34 94 5 40 100 2 49 100 2 55 1 62

ki 0.48 1 25 61 94 11 33 76 100 5 41 9 7 49 100 5 62 2 65 2 76

P 0.47 1 27 67 9% 1137 81 100 6 45 98 9 59 100 8 75 4 78 4 86

c 0.46 13 28 73 98 12 41 85 100 11 53 99 11 66 11 82 7 84 6 94

2 045 14 31 77 99 16 48 90 100 12 60 99 13 75 15 90 1 93 9 98

s g-:g 16 35 82 99 19 52 94 100 16 68 100 18 82 18 93 18 97 13 100

o - 18 40 85 99 22 57 97 100 20 75 100 23 86 24 9% 25 99 18 100
0.42 19 45 90 100 24 64 98 100 24 79 100 29 o1 29 98 33 100 26 100
0.41 20 49 93 100 28 68 98 29 84 35 94 36 100 42 100 37
0.40/2353 94 100 31 73 9 34 89 1 9% 42 100 a7 a7
0.39] 26 57 96 100 34 78 99 40 92 48 97 51 100 59 58
0.38] 29 61 o7 37 82 100 46 96 53 98 59 69 65
0.37 33 66 98 41 85 100 52 97 61 99 66 78 76
0.36 37 69 98 47 88 100 59 99 69 100 74 84 83
0.35] 4 73 99 51 91 100 63 100 76 82 9 %0
0.341 43 76 100 54 93 100 68 100 81 86 % %
0.33 46 81 100 59 95 100 74 100 87 91 96 98
0.32 50 84 100 64 96 100 78 100 % 93 99 98
0.31 53 86 67 97 100 82 100 %2 9% 99 99
0.30 57 87 71 98 84 9% 98 100 100
0.29] 4 g9 73 99 87 % 99 100 100
0.28] 62 90 78 99 90 98 99
0.27) g5 o 82 99 93 99 9
0.26] 49 o3 85 100 94 100 100
0.25] 71 g 87 100 % 100 100
0.24 72 95 91 97 100 100
0.23 76 95 93 99 100 100
0.22 78 97 95 100 100 100
0.21 81 o7 o7 100 100
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Figure 13 - Percentiles - CAT Method - Limited Distortion
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8 Category, CAT Method, Limited Distortion
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Figure 14 - Modified Box Plots Category 2, 4, 5, 6, 7 and 8 (Limited
Distortion)
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1 28 137 177 5 o7 1 6 100 8 10
0.80 137 1 49 5 88 7 99 1 9 100 15 22
0.79 12 50 160 7 92 12 100 1 18 100 27 40
0.78 1 3 61 1 3 67 1 12 95 23 100 1 34 42 54
0.77 16 69 1.5 74 120 97 35 1 51 63 172
0.76) 19 75 1.7 80 127 99 49 1 64 79 187
0.75) 112 84 112 87 135 100 1 62 2 77 88 2 95
0.74 1 14 87 1 16 92 2 44 100 174 2 88 1 9 2 99
0.73 2 18 91 1 22 95 3 54 3 86 4 95 4 98 4 100
0.72 2 23 95 2 30 98 3 67 5 93 7 98 8 100 10 100
0.71 3 30 9% 2 40 100 6 74 1 9 9% 12 100 17 17
0.70 3 35 98 3 51 100 9 83 1 15 99 21 100 25 29
0.69 11 4 42 99 5 60 100 16 90 1 23 100 31 34 M
0.68) 1 1 1 7 47 100 8 68 100 1 22 94 1 34 100 42 50 54
0.67 11 1 10 54 100 111 76 100 127 9 1 46 1 54 1 63 172
0.66 11 1 14 61 100 2 15 82 100 2 36 98 2 56 165 2 76 2 83
0.65) 11 2 18 69 2 22 87 100 3 47 99 2 65 2 75 2 8 4 91
0.64 1 1 2 2276 3 29 92 100 1 4 53 100 1 5 74 4 86 3 90 6 95
0.63 1 2 3 25 81 1 4 37 95 100 1 6 60 100 1 9 83 1.7 9 7 95 1 8 99
0.62 12 4 30 8 11 6 43 97 18 72100 11 11 89 112 9% 12 99 114 99
0.61 2 2 6 35 89 1 1 8 49 98 2 11 79 100 11 15 94 119 99 20 99 123 100
0.60 2 3 8 40 @2 12 11 59 99 2 16 84 11 22 97 1 26 99 1 28 100 136 100
0.59 2 4 9 46 94 1 2 14 67 100 1 2 25 88 1 1 31 98 1 36 100 1 39 100 1 49 100
% ggg 3 4 13 52 96 1 3 18 74 100 1 3 30 93 1 2 39 99 1 1 48 100 2 52 2 61 100
< - 3 4 16 57 98 2 5 22 79 100 14 37 9% 1 2 46 100 12 61100 3 64 3 73 100
5 ggg 4 6 20 64 99 2 7 27 83 100 2 5 45 98 2 5 58 100 13 73100 5 74 5 82
< - 4 7 24 71 99 3 8 31 90 100 2 8 53 99 2 6 68 100 17 80 100 7 85 7 88
= 0.54 5 9 27 76 100 3 11 39 93 2 11 64 99 2 9 77 100 1 10 88 100 1 11 90 9 94
2 0.53 6 10 31 79 100 4 12 45 95 3 13 72 100 3 13 84 100 114 91 100 116 94 113 97
k=] 0.52 7 14 38 82 100 5 16 51 97 3 16 78 100 4 19 9 120 95 2 20 98 1 21 98
3 0.51 7 17 44 87 7 18 57 97 4 23 84 100 4 24 93 2 27 97 3 27 100 1 29 99
- 0.50 8 20 51 91 8 23 63 99 4 26 8 100 5 31 9% 3 37 9 3 35 100 3 38 100
§ g~:g 9 23 56 93 9 28 70 99 5 32 92 100 6 39 98 4 44 99 5 43 100 4 49 100
© - 11 25 61 94 10 33 76 100 6 38 94 100 8 46 100 7 52 100 6 53 5 60
£ 0.47 11 27 67 9% 11 36 80 100 8 44 97 100 9 55 100 9 63 100 8 62 7 69
c 0.46 13 28 73 98 12 40 86 100 10 49 98 12 60 100 12 71 100 10 73 9 76
o 0.45) 14 31 77 99 15 48 90 100 13 54 99 14 66 100 14 79 15 80 12 82
_g g:g 16 35 82 99 18 52 94 100 17 59 100 19 7 19 86 20 87 16 88
o - 18 40 85 99 22 58 97 100 18 67 100 23 78 24 90 26 93 21 93
0.42 19 45 90 100 24 64 98 100 24 74 100 30 83 29 93 32 9% 28 96
0.41 20 49 93 100 28 69 98 26 79 100 34 88 34 9% 37 o7 34 97
0.40 23 53 94 100 31 73 99 29 83 93 39 97 45 98 20 99
0.39 56 57 96 100 35 77 99 36 87 47 95 46 99 50 99 51 100
0.38 29 61 97 37 83 100 40 90 52 97 54 99 57 100 58 100
0.37 33 66 98 41 85 100 46 93 60 99 62 99 66 100 67 100
0.36 37 69 98 46 88 100 53 95 64 100 68 99 74 74 100
0.35) 40 73 99 51 91 100 58 97 70 100 74 100 80 81
0.34) 43 76 100 54 93 100 64 99 75 100 80 100 84 85
0.33 46 81 100 59 95 100 70 100 79 100 84 100 88 93
0.32 50 84 100 64 96 100 73 100 85 89 91 95
0.31 53 86 67 97 100 77 100 88 9 92 98
0.30 57 87 71 98 79 100 91 % 94 99
0.29[ gy g9 73 99 82 o4 9% % 100
0.28 62 90 78 99 85 95 %8 98 100
0.27 66 92 81 99 % 9% 99 99 100
0.26 69 93 85 100 92 o7 99 99 100
0.25) 71 94 88 100 o 99 100 100 100
0.24f 75 o5 90 94 100 100 100 100
0.23 76 95 % % 100 100 100 100
0.22 78 97 95 %8 100
0.21 81 97 o7 98 100
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2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category
Underlying (Intended) Factor Loading
Method = SPR

Figure 15 — Percentiles — SPR Method - Limited Distortion
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1 10 1 45 2 83 3 99 3 100
0.80 2 17 160 3 93 7 100 11 100
0.79 3 1 24 2 69 6 o7 13 21 100
0.78 1 1 s 133 4 82 9 9 23 38 100
0.77 1 16 2 43 17 88 18 100 39 60 100
0.76) 2 19 4 54 113 92 32 100 55 76
0.75) 12 2 12 6 63 1 22 9 1 43 100 67 2 8
0.74 14 1 2 15 19 7 131 99 2 57 100 180 2 o4
0.73 1 1 6 1 3 19 1 15 81 1 43 100 2 7 1 90 3 97
0.72 1101 2 7 1 14 24 120 88 3 54 100 4 81 3 95 5 100
0.71 1101 21 11 1 6 32 2 27 92 4 65 100 5 90 7 8 10 100
0.70 111 3 13 11 1 7 39 2 37 o4 6 76 100 8 9% 13 99 120
0.69 11 1 4 18 11 1 9 45 11 3 44 9 9 84 100 12 99 22 100 1 34
0.68) 1 11 2 5 25 1 1 1 1 12 49 1 1 4 53 98 14 89 100 1 25 100 1 35 1 49
0.67 11 2 2 6 31 1.1 2 2 15 57 11 6 59 98 1 22 95 100 133 1 49 1 64
0.66 11 3 2 7 35 11 2 3 18 64 1.2 9 67 99 1 28 97 100 2 43 1 61 2 76
0.65) 12 3 4 8 39 11 2 3 27 12 2 15 73 99 13 36 99 2 55 172 3 87
0.64 1 2 3 4 9 46 1 1 3 4 26 76 1 2 3 20 79 100 1 4 44 99 4 69 3 83 4 92
0.63 12 4 5 138 2 2 3 7 33 81 12 4 28810 1 1 6 52 100 7 80 5 90 9 9%
0.62 13 4 6 16 60 2 2 4 9 39 8 12 6 34 91100 1 1 8 63100 110 85 1.7 9% 16 99
0.61 13 4 8 19 65 2 3 4 12 46 90 12 8 41 94 100 11 11 70 100 11 16 91 112 98 23 100
0.60 13 5 10 21 70 2 3 5 16 52 93 12 9 48 95 1.2 16 77 1.2 22 9 1 19 100 34 100
0.59 1 4 5 11 25 74 3 4 7 19 58 95 1 3 11 54 98 1 3 21 8 1 3 28 97 2 28 1 43 100
% ggg 2 5 6 12 29 79 4 5 8 24 65 97 1 4 15 57 99 1 4 26 91 1 4 36 99 2 37 1 57 100
< - 3 6 7 14 35 83 4 6 9 29 70 97 2 5 19 63 99 1.6 33 93 14 41100 2 49 2 67 100
5 ggg 3 7 9 18 42 85 4 7 11 34 75 98 3 6 24 72 100 1.7 40 9% 1 5 52100 12 61 1 3 76 100
< - 3 8 10 20 47 88 5 7 13 41 80 99 3 6 30 78 100 1 9 47 98 2 7 62 100 14 72 1.6 8
= 0.54 4 8 12 24 51 90 6 8 17 45 84 99 3 8 36 85 2 12 53 98 2 9 70 100 2 8 81 1 8 9
2 0.53 4 9 13 26 58 93 7 9 21 51 89 99 3 10 43 88 3 15 60 99 2 12 79 100 2 11 89 115 94
k-] 0.52 5 10 14 30 61 94 8 11 24 55 92 100 4 11 49 91 4 18 68 100 3 16 83 3 16 94 1 22 98
3 0.51 5 11 17 32 67 9 10 12 25 63 93 100 5 13 53 93 5 21 74 100 4 20 88 3 23 97 2 26 99
- 0.50 6 12 20 38 72 98 11 14 29 67 94 100 6 16 58 95 7 23 81 6 28 94 3 31 97 3 34 100
s 0.49 6 12 21 43 77 99 12 15 32 70 96 100 7 21 65 97 8 26 86 8 35 95 4 43 99 3 46 100
S 0.48 6 13 23 48 81 99 13 18 37 75 96 100 9 24 70 97 11 31 90 10 41 97 6 53 100 4 58 100
£ 0.47 9 15 25 51 82 100 14 21 40 79 98 100 11 28 76 98 12 37 92 1 51 98 8 61 100 7 65
c 0.46 9 16 29 55 86 100 15 24 43 83 99 13 33 81 100 16 43 95 14 59 99 12 69 10 74
o 0.45) 9 16 32 58 88 100 15 27 47 86 99 15 38 86 100 18 53 97 17 67 100 15 76 13 82
_g g:g 10 17 35 62 89 100 17 29 53 88 100 16 43 88 100 22 58 98 21 72 100 19 83 17 88
o - 11 19 38 66 92 100 19 33 59 91 100 20 49 90 100 25 64 99 25 78 100 25 88 22 91
0.42 12 21 44 71 94 100 21 35 63 93 22 57 93 100 28 71 100 29 83 33 91 27 95
0.41 14 22 47 74 95 22 38 68 94 25 62 96 31 77 100 33 88 39 o4 34 98
0.40 15 23 50 77 9 24 42 73 9% 28 66 97 34 82 100 38 93 47 o7 99
0.39 16 25 52 79 98 25 44 76 96 31 70 97 40 86 100 43 95 53 97 49 100
0.38 18 26 58 83 98 27 47 79 97 34 74 99 43 90 100 47 97 58 98 59 100
0.37 19 28 62 86 99 29 50 84 98 37 78 100 48 94 100 55 98 65 100 66 100
0.36 21 29 65 88 100 31 52 86 100 41 81 100 51 95 100 60 99 71 100 74 100
0.35) 22 32 68 91 100 34 56 88 100 46 84 100 57 97 66 100 76 81 100
0.34 23 34 73 92 100 36 59 92 100 49 87 100 63 98 73 100 80 87 100
0.33 25 36 78 93 100 40 62 93 100 52 91 100 68 99 79 100 83 93
0.32 26 38 79 94 42 68 94 100 57 93 100 73 100 83 86 95
0.31 28 41 83 95 45 71 95 100 61 95 100 77 100 87 89 o7
0.30 29 42 85 96 47 76 97 65 96 100 81 100 % 93 98
0.29( 51 43 g5 o7 50 78 97 68 97 100 85 100 92 95 %8
0.28 33 46 89 98 53 80 97 70 98 88 100 % 97 100
0.27 35 48 92 98 55 81 99 74 98 90 % 98 100
0.26 36 50 93 98 58 83 99 77 99 92 o7 100 100
0.25) 37 52 94 98 62 85 100 82 99 94 98 100 100
0.24f 59 54 95 99 66 86 100 84 99 % % 100 100
0.23 41 56 96 99 69 89 100 86 99 o7 99 100
0.22 42 58 98 100 72 89 100 88 99 o7 100
0.21 45 59 98 100 73 90 100 91 99 9 100
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Figure 16 — Percentiles — NDF' Method - Limited Distortion
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1 28 138 1 86 3 9 4 17 1
0.80 137 150 3 93 7 100 1 117 31
0.79 12 50 1 59 6 9 16 2 1M 54
0.78 1 3 61 1 3 68 11 98 28 1 44 1 63 80
0.77 16 69 1.5 74 18 100 43 11 65 182 93
0.76) 19 75 18 8t 29 100 59 11 81 191 %
0.75) 112 84 112 87 141 173 11 91 1 98 1 100
0.74 1 14 87 1 16 92 152 1 86 12 98 1100 1
0.73 2 18 91 1 22 95 2 67 2 9 1 3 99 1 4 100 2
0.72 2 23 95 2 30 9% 5 77 5 97 16 100 1 9 100 9
0.71 3 30 9% 2 40 100 5 86 9 99 111 1 18 100 19
0.70 3 35 98 3 50 100 10 92 17 100 123 1 32 100 40
0.69 11 4 42 99 5 60 100 13 95 29 100 138 1 47 61
0.68) 1 1 1 7 47 100 8 67 100 21 98 1 39 100 1 55 1 68 81
0.67 11 1 10 54 100 110 76 100 131 100 1 52 100 1 68 1 179 191
0.66 11 1 14 61 100 1 15 81 100 1 42 100 2 65 100 179 1 1 89 197
0.65) 11 2 18 69 2 22 88 100 153 100 3 77 2 88 1 2 95 1 99
0.64 1 1 2 2276 3 30 92 100 1 3 64 100 4 85 4 94 1 3 100 4 100
0.63 1 2 3 25 81 1 4 37 95 100 1 5 73 6 91 6 98 1 7 100 8 100
0.62 12 4 30 8 11 6 43 97 18 80 10 9 12 99 1 16 100 17
0.61 2 2 6 35 89 11 8 51 98 11 14 88 16 98 21 99 1 24 100 28
0.60 2 3 8 40 @2 1 2 11 58 99 11 21 91 24 99 1 33 99 11 34 100 46
0.59 2 4 9 46 94 1 3 14 67 99 1 2 28 95 1 35 100 1 45 100 1 1 49 100 63
% ggg 3 4 13 52 96 1 4 18 74 100 1 3 35 98 2 44 100 1 57 100 1 2 64 100 79
< - 3 4 16 57 98 2 5 22 79 100 14 44 99 2 56 170 100 12 76 100 1 88
5 ggg 4 6 20 64 99 2 7 27 83 100 16 52100 1 3 68 3 82 100 1 4 85 100 2 93
< - 4 7 24 71 99 3 8 31 90 100 18 62 100 1.5 76 6 89 100 14 93100 5 o7
= 0.54 5 9 27 76 100 4 11 38 93 1 10 71 100 1 10 83 1 10 94 100 1 7 97 100 9 99
2 0.53 6 10 31 79 100 4 13 45 95 1 14 78 100 1 13 90 1 15 97 100 113 99 100 14 100
k-] 0.52 7 14 38 82 100 5 16 51 97 117 83 100 2 19 % 2 22 98 100 123 100 100 1 21 100
3 0.51 7 17 44 87 7 18 56 97 2 23 89 3 25 98 2 27 98 100 132 100 100 135
- 0.50 8 20 51 91 8 23 63 99 3 29 92 4 36 99 2 39 99 100 145 100 100 1 49
§ g~:g 9 23 56 93 9 28 69 100 3 33 94 5 44 100 4 51 100 100 2 55 100 100 1 62
© - 11 25 61 94 11 33 75 100 5 40 96 6 52 100 5 63 100 100 3 69 100 100 2 74
£ 0.47 11 27 67 9% 11 37 81 100 7 45 98 8 60 100 8 72 100 100 478 100 100 3 81
c 0.46 13 28 73 98 13 40 86 100 10 53 99 10 67 100 10 81 100 100 7 85 100 100 5 91
o 0.45) 14 31 77 99 16 48 90 100 12 59 99 15 76 1288 100 100 12 91 100 100 8 95
_g g:g 16 35 82 99 18 53 94 100 15 67 100 19 83 17 93 100 100 17 95 100 100 13 99
o - 18 40 85 99 22 58 96 100 19 74 100 22 87 23 96 100 100 24 98 100 100 19 100
0.42 19 45 90 100 24 63 98 100 23 79 100 28 91 29 98 100 100 32 99 100 100 28
0.41 20 49 93 100 29 68 98 29 84 34 95 37 99 100 100 39 99 100 100 38
0.40 23 53 94 100 31 73 99 33 88 12 o7 43 99 100 100 50 100 100 100 18
0.39 26 57 96 100 35 78 99 40 91 51 99 49 100 100 61 100 100 100 58
0.38 29 61 97 38 82 100 44 95 59 100 57 100 100 69 100 100 100 68
0.37 33 66 98 41 85 100 53 o7 64 100 70 100 100 77 100 100 100 77
0.36 37 69 98 47 88 100 59 o7 69 100 77 100 100 83 100 100 100 87
0.35) 40 73 99 51 91 100 63 99 76 100 84 100 100 89 100 100 100 92
0.34) 43 76 100 54 93 100 67 99 82 100 88 100 100 93 100 100 100 o7
0.33 46 81 100 58 95 100 73 99 88 93 96 100 100 98
0.32 50 84 100 63 96 100 78 100 90 95 97 100 100 100
0.31 53 86 66 97 100 81 100 93 o7 99 100 100
0.30 57 87 71 98 84 100 95 98 100 100
0.29 60 89 73 99 86 100 97 99 100 100
0.28 62 90 78 99 89 100 98 100 100 100
0.27 66 92 82 99 92 100 99 100 100 100
0.26 69 93 84 100 94 100 100 100 100 100
0.25) 71 94 87 100 96 100 100 100 100 100
0.24 72 95 91 97 100 100 100 100 100
0.23 76 95 93 98 100 100 100
0.22 78 97 % 99 100 100 100
0.21 81 97 o7 99 100 100 100
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Underlying (Intended) Factor Loading
Method = NDF?

Figure 17 — Percentiles — NDF? Method - Limited Distortion
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Relative Bias

RB Category

Factor Loading | Method | 2 CAT | 3 CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
CAT -25.3% -13.8% -9.9% 5.0% | -83.9% -27% -2.9%

04 SPR -256.3% -138% -116% -6.4% -56% -4.6% -4.5%
NDF? -541% -298% -181% -10.0% -7.1% -5.0% -4.6%

NDF2 -25.3% -138% -105% -5.0% -41% -27% -2.9%

CAT -219% -132% -8.6% -59% | -38% -3.1% -24%

0.5 SPR -21.9% -132% | -102% -7.6% -55% -51% @ -4.4%
NDF! -51.8% -30.2% | -16.7% -109% -8.0% -6.2% -5.0%

NDF2 -219% -132% -9.5% 59% | -39% -33% -24%

CAT -184% -146% -8.1% 57% | -41% -33% -22%

0.6 SPR -18.4% -14.6% -9.3% -6.9% -54% -48% -3.7%
NDF! -342% -266% -159% -109% -8.0% -6.8% @ -4.3%

NDF2 -18.4% -14.6% -8.1% -58% | -43% -83.7% -22%

CAT -18.1% -14.3% -8.4% -56% | -4.0% -3.0% -22%

0.7 SPR -18.1% -143% -9.6% -6.7% -53% -45% -3.7%
NDF! -346% -262% -169% -11.0% -79% -6.1% -4.6%

NDF?2 -18.1% -143% -8.4% -5.6% | -43% -31% -2.2%

CAT -16.6% -14.0% -8.5% -56% | -41% -3.0% -2.3%

SPR -16.6% -14.0% -9.4% -6.4% -52% @ -42% -3.4%

08 NDF! -33.7% -26.0% -16.3% -109% -81% -6.1% -4.6%
NDF?2 -16.6% -14.0% -8.5% 5.7% | -42% -32% -2.3%

CAT -18.7% -128% -8.5% -6.0% | -42% -32% -24%

SPR -13.7% -12.8% -9.1% -6.6% | -5.0% -41% -3.3%

09 NDF* -31.1% -256% -166% -118% -85% -6.4% -4.9%
NDF?2 -13.7% -12.8% -8.5% -6.0% | -43% -33% -2.5%

Figure 18 — Method RB Comparison - Limited Distortion
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Coefficient of Variation

CcVv Category
Factor Loading | Method | 2 CAT | 3CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
CAT 481% 268% 19.1% 148% 12.7% 10.5% 9.3%
04 SPR 481% 269% 21.8% 17.9% 153% 14.7% 12.6%
' NDF! 100.1% 55.3% 31.8% 23.0% 18.7% 15.9% 13.1%
NDF2 481% 26.8% 202% 14.8% 129% 11.7% 9.3%
CAT 29.7% 16.9% 123% 9.5% 7.6% 6.7% 5.9%
0.5 SPR 29.7%  16.9% 13.8% 11.1% 9.5% 8.9% 8.6%
' NDF! 825% 429% 211% 143% 11.4% 9.3% 8.4%
NDF2 29.7% 16.9% 159% 9.5% 7.7% 7.4% 6.0%
CAT 18.7% 11.7% 8.0% 6.3% 5.2% 4.6% 4.1%
0.6 SPR 13.7%  11.7% 8.7% 7.3% 6.2% 5.6% 5.5%
' NDF? 27.3% 203% 128% 9.9% 8.2% 6.2% 5.9%
NDF2 13.7%  11.7% 8.0% 6.3% 6.2% 6.4% 4.1%
CAT 11.6% 8.4% 5.9% 4.7% 3.8% 3.2% 2.7%
0.7 SPR 11.6% 8.4% 7.0% 5.5% 5.0% 4.4% 4.1%
' NDF? 21.2% 14.0% 9.5% 7.0% 5.4% 4.3% 4.1%
NDF2 11.6% 8.4% 5.9% 4.7% 5.0% 4.7% 2.7%
CAT 8.4% 6.3% 4.3% 3.1% 2.5% 2.2% 1.9%
0.8 SPR 8.4% 6.3% 5.1% 3.7% 3.3% 2.9% 2.8%
' NDF? 14.7% 11.0% 6.9% 4.7% 3.8% 3.4% 2.7%
NDF?2 8.4% 6.3% 4.2% 3.3% 2.5% 2.3% 1.9%
CAT 5.2% 5.0% 2.9% 2.3% 1.8% 1.4% 1.2%
0.9 SPR 5.2% 4.9% 3.4% 2.6% 2.2% 2.0% 1.7%
' NDF* 10.5% 8.7% 5.3% 3.9% 3.0% 2.3% 2.0%
NDF2 5.2% 5.0% 2.9% 2.3% 1.8% 1.4% 1.2%

Figure 19 — Method CV Comparison - Limited Distortion
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Relative Bias Difference

RB Diff Category
Factor Loading Method 2 CAT 3 CAT 4 CAT 5 CAT 6 CAT 7 CAT 8 CAT
CAT 0.0000% 0.0019% | 0.0000% | 0.0015% | 0.0000% | 0.0000% | 0.0000%
0.4 SPR 0.0000% 0.0000% | 1.7169% | 1.3580% | 1.6824% | 1.8556% | 1.6423%
) NDF! 28.8586% | 16.0073% | 8.2055% | 5.0194% | 3.1615% | 2.2409% | 1.6741%
NDF2 0.0000% 0.0038% | 0.5646% | 0.0000% | 0.1487% | 0.0122% | 0.0291%
CAT 0.0000% 0.0143% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
- SPR 0.0000% 0.0310% | 1.5428% | 1.6877% | 1.6783% | 1.9958% | 2.0803%
) NDF! 29.9719% | 17.0585% | 8.0891% | 5.0024% | 4.1346% | 3.1159% | 2.6450%
NDF2 0.0000% 0.0000% | 0.8280% | 0.0012% | 0.0954% | 0.1773% | 0.0098%
CAT 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.6 SPR 0.0000% 0.0107% | 1.2351% | 1.1173% | 1.3213% | 1.5421% | 1.5692%
) NDF! 15.8473% | 11.9474% | 7.8511% | 5.1543% | 3.9153% | 3.5149% | 2.1576%
NDF2 0.0000% 0.0245% | 0.0187% | 0.0296% | 0.2136% | 0.3865% | 0.0362%
CAT 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.7 SPR 0.0000% 0.0072% | 1.1519% | 1.0867% | 1.3439% | 1.4731% | 1.5317%
’ NDF* 16.4574% | 11.8810% | 8.5036% | 5.3771% | 3.9317% | 3.0629% | 2.3876%
NDF2 0.0000% 0.0049% | 0.0082% | 0.0171% | 0.3367% | 0.0628% | 0.0255%
CAT 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.8 SPR 0.0000% 0.0063% | 0.8952% | 0.8693% | 1.0339% | 1.1542% | 1.1331%
) NDF? 17.0354% | 12.0265% | 7.8000% | 5.3618% | 3.9286% | 3.0586% | 2.3130%
NDF? 0.0000% 0.0093% | 0.0268% | 0.1119% | 0.0750% | 0.1244% | 0.0496%
CAT 0.0000% 0.0066% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.9 SPR 0.0000% 0.0161% | 0.6215% | 0.6824% | 0.7887% | 0.8462% | 0.8254%
) NDF! 17.3667% | 12.8035% | 8.0774% | 5.8134% | 4.2806% | 3.1885% | 2.4359%
NDF2 0.0000% 0.0000% | 0.0448% | 0.0798% | 0.0752% | 0.0953% | 0.0723%
CAT 0.0000% 0.0038% | 0.0000% | 0.0003% | 0.0000% | 0.0000% | 0.0000%
o I Best Perf (Mean) SPR 0.0000% 0.0119% | 1.1939% | 1.1336% | 1.3081% | 1.4778% | 1.4637%
verall Best Performer (Mean
NDF! 20.9229% | 13.6207% | 8.0878% | 5.2880% | 3.8921% | 3.0303% | 2.2689%
NDF2 0.0000% 0.0071% | 0.2485% | 0.0399% | 0.1574% | 0.1431% | 0.0371%

Figure 20 — Method RB % Underperformance - Limited Distortion
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Coefficient of Variation Difference

CV Diff Category
Factor Loading Method 2 CAT 3 CAT 4 CAT 5 CAT 6 CAT 7 CAT 8 CAT
CAT 0.0000% | 0.0000% | 0.0000% | 0.0636% | 0.0000% | 0.0000% | 0.0000%
0.4 SPR 0.0000% | 0.0714% | 2.6629% | 3.1590% | 2.5527% | 4.1421% | 3.3483%
NDF! 52.0240% | 28.4971% | 12.6562% | 8.1924% | 6.0339% | 5.3813% | 3.7887%
NDF2 0.0000% | 0.0405% 1.0174% | 0.0000% | 0.1974% | 1.1661% | 0.0071%
CAT 0.0000% | 0.0539% | 0.0000% | 0.0305% | 0.0000% | 0.0000% | 0.0000%
05 SPR 0.0000% | 0.0157% 1.5221% | 1.5622% | 1.9130% | 2.1881% | 2.6873%
NDF! 52.7229% | 26.0325% | 8.7649% | 4.8092% | 3.8138% | 2.5210% | 2.4735%
NDF2 0.0000% | 0.0000% | 3.5531% | 0.0000% | 0.1509% | 0.6230% | 0.0192%
CAT 0.0000% | 0.0128% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.6 SPR 0.0000% | 0.0126% | 0.7111% | 1.0622% | 1.0502% | 1.0735% | 1.4570%
NDF! 13.6450% | 8.6085% | 4.8371% | 3.6688% | 3.0048% | 1.6254% | 1.8573%
NDF2 0.0000% | 0.0000% | 0.0439% | 0.0134% | 0.9978% | 1.8105% | 0.0197%
CAT 0.0000% | 0.0187% | 0.0614% | 0.0185% | 0.0000% | 0.0000% | 0.0000%
0.7 SPR 0.0000% | 0.0155% 1.1887% | 0.8294% | 1.2091% | 1.2257% | 1.3539%
NDF! 9.6454% | 5.5795% | 3.6080% | 2.3289% | 1.6081% | 1.1609% | 1.3930%
NDF2 0.0000% | 0.0000% | 0.0000% | 0.0000% | 1.2766% | 1.5306% | 0.0073%
CAT 0.0000% | 0.0066% | 0.0324% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.8 SPR 0.0000% | 0.0000% | 0.8968% | 0.5294% | 0.7736% | 0.6333% | 0.9057%
NDF* 6.3302% | 4.7226% | 2.6384% | 1.5614% | 1.2568% | 1.1534% | 0.8728%
NDF2 0.0000% | 0.0066% | 0.0000% | 0.1635% | 0.0471% | 0.1172% | 0.0157%
CAT 0.0000% | 0.0099% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.9 SPR 0.0000% | 0.0000% | 0.4710% | 0.3045% | 0.4270% | 0.5457% | 0.5134%
NDF? 5.3358% | 3.7765% | 2.3293% | 1.6336% | 1.2224% | 0.9110% | 0.7795%
NDF2 0.0000% | 0.0209% | 0.0037% | 0.0200% | 0.0257% | 0.0170% | 0.0085%
CAT 0.0000% | 0.0170% | 0.0156% | 0.0188% | 0.0000% | 0.0000% | 0.0000%
SPR 0.0000% | 0.0192% | 1.2421% | 1.2411% | 1.3209% | 1.6347% | 1.7109%
Overall Best Performer (Mean)
NDF? 23.2839% | 12.8695% | 5.8056% | 3.6991% | 2.8233% | 2.1255% | 1.8608%
NDF2 0.0000% | 0.0113% | 0.7697% | 0.0328% | 0.4492% | 0.8774% | 0.0129%

Figure 21 — Method CV % Underperformance - Limited Distortion
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7.4 Factor Loading Descriptive Statistics — Skew Distortion

2 Category
Factor Loading | Method M o RB cv
CAT | 0.293976 | 0.148554 | -26.50593% | 50.53249%
0.4 SPR | 0.293976 | 0.148554 | -26.50593% | 50.53249%
NDF' | 0.148198 | 0.203491 | -62.95043% | 137.30981%
NDF? | 0.293976 | 0.148554 | -26.50593% | 50.53249%
CAT 0.364412 | 0.141478 | -27.11759% | 38.82374%
05 SPR 0.364412 | 0.141478 | -27.11759% | 38.82374%
NDF' | 0.188744 | 0.211483 | -62.25129% | 112.04782%
NDF? | 0.364412 | 0.141478 | -27.11759% | 38.82374%
CAT 0.459203 | 0.095532 | -23.46614% | 20.80384%
0.6 SPR | 0.459203 | 0.095532 | -23.46614% | 20.80384%
NDF' | 0.318366 | 0.154339 | -46.93902% | 48.47857%
NDF? | 0.459203 | 0.095532 | -23.46614% | 20.80384%
CAT | 0.547817 | 0.084034 | -21.74040% | 15.33977%
0.7 SPR 0.547817 | 0.084034 | -21.74040% | 15.33977%
NDF' | 0.385195 | 0.140484 | -44.97220% | 36.47081%
NDF? | 0.547817 | 0.084034 | -21.74040% | 15.33977%
CAT | 0.646027 | 0.066074 | -19.24660% | 10.22773%
0.8 SPR 0.646027 | 0.066074 | -19.24660% | 10.22773%
NDF' | 0.473417 0.0864 | -40.82290% | 18.25034%
NDF? | 0.646027 | 0.066074 | -19.24660% | 10.22773%
CAT 0.76027 | 0.057233 | -15.52558% 7.52793%
0.9 SPR 0.76027 | 0.057233 | -15.52558% 7.52793%
NDF' | 0.552666 | 0.077858 | -38.59270% | 14.08772%
NDF? 0.76027 | 0.057233 | -15.52558% 7.52793%

Table 34 - FL Descriptive Statistics - Skew Scale Distortion on 2

Categories
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3 Category

Factor Loading | Method M (o] RB cv
CAT | 0.301009 | 0.142943 | -24.74774% | 47.48809%
0.4 SPR | 0.298713 | 0.139557 | -25.32179% | 46.71944%
NDF' | 0.200274 | 0.180357 | -49.93154% | 90.05497%
NDF? | 0.294554 | 0.148613 | -26.36152% | 50.45344%
CAT | 0.375157 | 0.144549 | -24.96867% | 38.53018%
05 SPR | 0.379874 | 0.12925 | -24.02513% | 34.02438%
NDF' 0.24634 | 0.191012 | -50.73198% | 77.54001%
NDF? | 0.365541 | 0.154908 | -26.89181% | 42.37775%
CAT | 0.486103 | 0.083056 | -18.98279% | 17.08600%
0.6 SPR | 0.476655 | 0.08443 | -20.55753% | 17.71298%
NDF' | 0.374881 | 0.126172 | -37.51988% | 33.65665%
NDF? | 0.478657 | 0.087019 | -20.22380% | 18.17984%
CAT | 0.580246 | 0.068245 | -17.10772% | 11.76140%
0.7 SPR | 0.569623 | 0.069128 | -18.62535% | 12.13576%
NDF' | 0.437022 | 0.120539 | -37.56822% | 27.58198%
NDF? | 0.571058 | 0.076217 | -18.42026% | 13.34658%
CAT | 0.678373 | 0.05473 | -15.20332% | 8.06789%
0.8 SPR | 0.663282 | 0.059407 | -17.08981% | 8.95648%
NDF' | 0.525798 | 0.079507 | -34.27519% | 15.12117%
NDF? | 0.670116 | 0.06992 | -16.23552% | 10.43400%
CAT | 0.788413 | 0.046694 | -12.39851% | 5.92255%
0.9 SPR | 0.777529 | 0.050859 | -13.60785% | 6.54116%
NDF' | 0.609879 | 0.066375 | -32.23567% | 10.88337%
NDF? | 0.780889 | 0.058578 | -13.23459% | 7.50145%

Table 35 - FL Descriptive Statistics - Skew Scale Distortion on 3

Categories
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4 Category

Factor Loading | Method M o RB cv
CAT | 0.332324 | 0.122995 | -16.91906% | 37.01045%
0.4 SPR | 0.327054 | 0.121745 | -18.23656% | 37.22489%
NDF' | 0.257341 | 0.180616 | -35.66466% | 70.18550%
NDF? | 0.320827 | 0.131539 | -19.79322% | 41.00007%
CAT | 0.420118 | 0.092967 | -15.97642% | 22.12884%
05 SPR | 0.413384 | 0.092752 | -17.32328% | 22.43716%
NDF' | 0.325659 | 0.148099 | -34.86822% | 45.47668%
NDF? | 0.400194 | 0.117155 | -19.96124% | 29.27451%
CAT 0.50568 | 0.074173 | -15.72002% | 14.66807%
0.6 SPR 0.49651 | 0.074644 | -17.24832% | 15.03380%
NDF' | 0.416145 | 0.105569 | -30.64254% | 25.36839%
NDF? | 0.486134 | 0.093003 | -18.97771% | 19.13111%
CAT | 0.599879 | 0.060358 | -14.30299% | 10.06167%
07 SPR | 0.586496 | 0.061177 | -16.21481% | 10.43086%
NDF' | 0.492295 | 0.085357 | -29.67207% | 17.33854%
NDF? | 0.573142 | 0.076489 | -18.12258% | 13.34561%
CAT | 0.697419 | 0.048048 | -12.82263% | 6.88945%
0.8 SPR 0.68178 | 0.051027 | -14.77755% | 7.48437%
NDF' | 0.575409 | 0.068369 | -28.07387% | 11.88187%
NDF? | 0.672242 | 0.068589 | -15.96969% | 10.20295%
CAT 0.80738 | 0.035679 | -10.29107% | 4.41915%
0.9 SPR | 0.792467 | 0.041193 | -11.94810% | 5.19810%
NDF' | 0.661391 | 0.056722 | -26.51207% | 8.57609%
NDF? 0.7842 | 0.05244 | -12.86669% | 6.68711%

Table 36 - FL Descriptive

Categories

Statistics - Skew Scale
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5 Category

Factor Loading | Method M o RB cv
CAT | 0.351045 | 0.101078 | -12.23879% | 28.79335%
0.4 SPR 0.35042 | 0.089961 | -12.39511% | 25.67231%
NDF' | 0.313032 | 0.126252 | -21.74204% | 40.33215%
NDF? 0.34852 | 0.09595 | -12.86990% | 27.53068%
CAT | 0.444054 | 0.078404 | -11.18927% | 17.65636%
05 SPR | 0.441402 | 0.07514 | -11.71961% | 17.02298%
NDF' | 0.394533 | 0.107467 | -21.09335% | 27.23913%
NDF? | 0.435808 | 0.079674 | -12.83850% | 18.28183%
CAT 0.53183 | 0.058435 | -11.36168% | 10.98748%
0.6 SPR | 0.528372 | 0.052309 | -11.93794% | 9.90008%
NDF' | 0.477722 | 0.073352 | -20.37975% | 15.35446%
NDF? | 0.520387 | 0.06071 | -13.26891% | 11.66625%
CAT | 0.630315 | 0.050538 | -9.95501% | 8.01783%
07 SPR | 0.620336 | 0.047454 | -11.38053% | 7.64966%
NDF' | 0.563166 | 0.064791 | -19.54778% | 11.50485%
NDF? | 0.610686 | 0.056803 | -12.75921% | 9.30151%
CAT 0.73211 | 0.04225 | -8.48626% | 5.77104%
0.8 SPR | 0.718198 | 0.039384 | -10.22530% | 5.48377%
NDF' | 0.647529 | 0.050123 | -19.05886% | 7.74061%
NDF? | 0.711248 | 0.047785 | -11.09402% | 6.71854%
CAT | 0.840837 | 0.026781 | -6.57365% | 3.18502%
0.9 SPR | 0.823793 | 0.031395 | -8.46744% | 3.81101%
NDF' | 0.737156 | 0.045202 | -18.09374% | 6.13201%
NDF? 0.8169 | 0.038332 | -9.23337% | 4.69237%

Table 37 - FL Descriptive

Categories

Statistics - Skew Scale
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6 Category

Factor Loading | Method M o RB cv
CAT | 0.363526 | 0.084886 | -9.11849% | 23.35082%
0.4 SPR | 0.360786 | 0.078073 | -9.80338% | 21.63971%
NDF' | 0.342391 0.0939 | -14.40222% | 27.42490%
NDF? 0.35902 | 0.081473 | -10.24496% | 22.69324%
CAT | 0.457242 | 0.064333 | -8.55160% | 14.06987%
05 SPR | 0.455248 | 0.059029 | -8.95032% | 12.96640%
NDF' | 0.427076 | 0.078829 | -14.58475% | 18.45788%
NDF? 0.44942 | 0.064034 | -10.11590% | 14.24823%
CAT | 0.549386 | 0.050279 | -8.43570% | 9.15189%
0.6 SPR | 0.543884 | 0.046268 | -9.35269% | 8.50705%
NDF' | 0.512971 | 0.057909 | -14.50476% | 11.28890%
NDF? | 0.541067 | 0.053088 | -9.82209% | 9.81178%
CAT | 0.648432 | 0.043865 | -7.36692% | 6.76485%
07 SPR | 0.638986 | 0.041033 | -8.71627% | 6.42161%
NDF' | 0.598332 | 0.053746 | -14.52394% | 8.98255%
NDF? | 0.633487 | 0.048643 | -9.50190% | 7.67855%
CAT | 0.749416 | 0.03582 | -6.32297% | 4.77975%
0.8 SPR | 0.734571 | 0.034857 | -8.17860% | 4.74518%
NDF' | 0.688669 | 0.042047 | -13.91635% | 6.10556%
NDF? | 0.733072 | 0.039111 | -8.36603% | 5.33520%
CAT | 0.852136 | 0.021568 | -5.31828% | 2.53105%
0.9 SPR | 0.836169 | 0.024671 | -7.09236% | 2.95046%
NDF* 0.77615 | 0.034503 | -13.76108% | 4.44539%
NDF? | 0.833139 | 0.031508 | -7.42895% | 3.78182%

Table 38 - FL Descriptive

Categories

Statistics - Skew Scale
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7 Category

Factor Loading | Method M o RB cv
CAT 0.35911 0.092 | -10.22261% | 25.61886%
0.4 SPR 0.35512 | 0.08578 | -11.21998% | 24.15525%
NDF' | 0.333783 | 0.105333 | -16.55429% | 31.55746%
NDF? | 0.356991 | 0.08856 | -10.75222% | 24.80741%
CAT | 0.455599 | 0.068562 | -8.88028% | 15.04876%
05 SPR | 0.451295 | 0.07621 | -9.74102% | 16.88692%
NDF' | 0.425842 | 0.084783 | -14.83151% | 19.90951%
NDF? | 0.448867 | 0.078269 | -10.22657% | 17.43695%
CAT | 0.545691 | 0.056539 | -9.05152% | 10.36095%
0.6 SPR | 0.542508 | 0.048337 | -9.58206% | 8.90995%
NDF' | 0.506471 | 0.063273 | -15.58825% | 12.49297%
NDF? | 0.541771 | 0.053322 | -9.70481% | 9.84222%
CAT | 0.646509 | 0.044863 | -7.64153% | 6.93932%
07 SPR | 0.637377 | 0.040281 | -8.94621% | 6.31976%
NDF' | 0.595239 | 0.048868 | -14.96586% | 8.20984%
NDF? | 0.634693 | 0.044533 | -9.32963% | 7.01651%
CAT | 0.751267 | 0.036214 | -6.09164% | 4.82033%
0.8 SPR | 0.735884 | 0.033734 | -8.01450% | 4.58421%
NDF' | 0.684782 | 0.042484 | -14.40222% | 6.20400%
NDF? | 0.734295 | 0.039291 | -8.21313% | 5.35081%
CAT | 0.861347 | 0.021869 | -4.29482% | 2.53892%
0.9 SPR | 0.842686 | 0.025638 | -6.36826% | 3.04242%
NDF' | 0.778474 | 0.033466 | -13.50293% | 4.29892%
NDF? 0.83957 | 0.032115 | -6.71442% | 3.82521%

Table 39 - FL Descriptive

Categories

Statistics - Skew Scale
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8 Category

Factor Loading | Method M o RB cv
CAT | 0.364378 | 0.086018 | -8.90552% | 23.60692%
0.4 SPR | 0.362546 | 0.07334 | -9.36357% | 20.22917%
NDF' | 0.345591 | 0.092695 | -13.60226% | 26.82227%
NDF? | 0.359471 | 0.077777 | -10.13229% | 21.63644%
CAT | 0.459428 | 0.064971 | -8.11441% | 14.14182%
05 SPR 0.45856 | 0.060923 | -8.28801% | 13.28569%
NDF' | 0.432078 | 0.076861 | -13.58434% | 17.78863%
NDF? | 0.455179 | 0.066564 | -8.96416% | 14.62360%
CAT | 0.548821 | 0.053213 | -8.52987% | 9.69586%
0.6 SPR | 0.546686 | 0.044196 | -8.88573% | 8.08435%
NDF' | 0.514462 | 0.057341 | -14.25630% | 11.14581%
NDF? | 0.546319 | 0.050139 | -8.94686% | 9.17752%
CAT | 0.647703 | 0.044533 | -7.47104% | 6.87554%
0.7 SPR | 0.640117 | 0.041447 | -8.55477% | 6.47498%
NDF' | 0.600896 | 0.05341 | -14.15774% | 8.88833%
NDF? 0.63424 | 0.048171 | -9.39424% | 7.59510%
CAT | 0.751675 | 0.034252 | -6.04064% | 4.55677%
0.8 SPR | 0.737387 | 0.032237 | -7.82667% | 4.37185%
NDF' | 0.694443 | 0.041668 | -13.19467% | 6.00017%
NDF? | 0.735894 | 0.038621 | -8.01320% | 5.24817%
CAT | 0.860032 | 0.022004 | -4.44087% | 2.55849%
0.9 SPR | 0.842913 | 0.026022 | -6.34304% | 3.08711%
NDF' | 0.789529 | 0.034122 | -12.27451% | 4.32188%
NDF?> | 0.839834 | 0.030033 | -6.68514% | 3.57609%

Table 40 - FL Descriptive

Categories

Statistics - Skew Scale
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126 141 11 8 5 94 7 100 9 100 8 100
0.80) 2 32 2 52 1 2 74 7 97 12 13 100 13 100
0.79 3 38 14 60 1.3 80 10 99 18 20 100 122
0.78 14 45 14 69 1 6 8 19 100 31 1032 1032
0.77 14 52 16 74 110 o1 1 27 100 143 142 142
0.76 1 6 60 1 10 81 1 1 14 95 1 1 36 100 1 51 1 52 1 54
0.75) 17 67 113 85 11 21 97 11 46 2 63 2 62 2 67
0.74 12 10 74 2 17 89 12 26 98 12 56 4 73 3 75 3 75
0.73 11 3 1479 2 23 93 13 35 99 11 5 63 6 83 5 83 4 82
0.72 11 4 18 83 1 2 30 % 14 44 100 1177 9 89 8 88 8 89
0.71 1 1 4 21 86 1 1 3 36 98 1 4 50 100 1 1 8 77 13 92 1 13 92 1 13 95
0.70 1.2 4 26 89 1.1 5 45 98 15 59 100 101 12 84 118 95 117 97 118 97
0.69 1.2 6 31 91 1.1 6 51 98 17 66 100 11 16 90 122 97 122 97 1 23 98
0.68 11 2 7 36 93 12 8 57 9 12 10 73 101 24 93 12 20 98 11 29 99 131 99
0.67] 1 1 2 8 41 94 1 2 11 64 99 1 2 14 77 1 1 30 96 1 2 37 98 1 2 38 100 1 1 2 41100
0.66 1.2 3 9 49 % 2 3 15 69 100 13 21 83 12 35 97 12 52100 13 48 100 11 3 49 100
0.65) 13 3 11 54 98 12 4 18 76 100 2 4 26 87 101 2 42 9 13 60 100 14 58100 11 5 58
0.64) 13 4 15 60 99 12 5 24 82 12 5 33 91 12 3 52100 11 6 68100 16 66 11 7 65
0.63 2 3 5 19 66 99 1 2 5 30 87 1 2 7 38 94 1 3 6 61 100 1 1 8 76 100 1 9 74 1 1 9 75
0.62 2 4 6 22 73 100 13 7 34 91 2 2 8 46 9 13 11 66 100 12 11 82 12 1479 11 13 81
0.61 2 4 8 27 76 100 2 3 7 41 92 2 2 9 53 9 14 13 72 100 12 17 88 1.3 18 85 12 19 88
0.60 3 5 9 33810 2 3 9 48 95 2 3 12 59 100 2 4 17 77 100 13 21 92 13 23 89 13 23 91
- 0.59 3 5 10 38 84 3 4 12 52 97 3 4 15 66 100 2 4 22 83 100 1 4 28 93 1 5 30 93 1 3 31 94
3 ggg 4 6 13 42 88 4 5 15 58 97 3 6 19 73 100 3 6 27 87 2 6 37 9 1 6 35 96 1 65 37 97
< 0.26 5 7 16 45 90 4 6 18 63 98 47 227 3 8 34 92 2 7 44 98 3 8 44 97 2 7 44 98
o g 6 7 18 49 92 5 6 22 69 99 5 8 28 81 4 9 40 94 2 10 51 99 3 10 49 99 2 10 50 99
< . 7 8 20 56 95 5 8 26 76 100 6 10 33 85 5 11 46 o7 3 11 58 100 3 12 56 100 3 11 57 100
L 0.54 7 10 23 61 96 6 10 32 80 100 6 11 39 88 6 14 51 99 4 13 66 100 4 14 61 100 3 14 63 100
2 0.53 8 11 27 66 98 7 12 37 84 100 7 13 45 90 7 18 57 100 5 16 74 100 5 17 68 100 5 17 69 100
5 0.52 10 12 28 70 98 8 13 42 87 100 7 15 50 93 7 21 64 100 6 20 80 100 6 21 73 6 22 76 100
s 0.51 11 14 33 73 99 9 15 46 90 8 19 54 94 8 25 72 100 7 24 83 7 25 78 7 27 81 100
- 0.50 11 17 37 76 100 11 18 50 92 9 23 59 9 9 29 77 9 29 88 9 29 82 9 32 87 100
5 0.49 13 19 42 80 100 11 21 55 94 12 26 64 97 1 32 81 10 35 90 11 35 8 11 38 91 100
ki 0.48 13 22 47 84 13 23 59 95 13 32 69 98 13 35 87 12 40 95 15 41 91 13 43 94
P 0.47 14 25 50 88 14 26 64 96 16 34 73 99 15 38 89 13 46 97 15 47 94 15 49 o7
c 0.46 16 28 55 90 17 29 69 96 17 39 79 100 16 44 91 14 53 99 16 55 96 17 56 98
2 045 47 31 59 o1 18 33 72 97 20 45 82 100 20 49 95 18 60 99 20 59 97 22 64 98
s g-:g 19 33 63 93 19 37 76 98 21 48 85 23 55 97 21 66 100 22 66 99 23 69 100
o - 21 37 67 93 22 42 80 99 22 53 88 26 61 97 25 71 100 24 69 100 26 74 100
042 23 35 71 96 23 45 83 99 24 56 91 27 67 99 27 77 100 29 76 100 28 78 100
0.41 24 41 74 96 24 48 84 99 27 61 94 29 70 99 30 83 100 33 79 30 83
0.40/25 21 76 o7 26 51 87 99 31 63 94 32 76 100 35 87 36 83 34 87
0.39 25 47 79 o7 27 54 89 100 35 68 9 35 81 100 490 40 87 39 89
0.38] 30 50 84 98 29 58 92 100 38 70 97 40 86 45 94 43 91 43 91
0.37 31 54 86 98 32 62 94 100 42 75 98 43 88 49 95 48 92 51 93
0.36 34 58 90 99 34 65 95 100 45 78 98 49 90 56 97 52 94 57 96
0.35] 37 61 91 100 37 68 97 50 81 99 55 92 62 97 58 96 61 97
0.341 39 64 92 100 43 71 98 53 83 100 58 94 66 99 63 o7 65 98
0.33 42 66 94 100 45 75 98 56 86 100 61 96 72 100 67 99 70 99
0.321 44 69 95 100 48 78 98 58 88 100 67 9 75 100 70 99 74 100
0.31 47 73 95 100 53 80 99 62 91 100 70 o7 79 100 75 100 78 100
0.30 50 74 96 100 56 83 99 64 93 100 74 98 81 100 78 100 82 100
0.291 55 77 97 100 59 84 99 68 95 77 99 85 100 82 85 100
0.28] 56 79 98 100 61 86 100 71 96 80 99 88 100 85 86
0.27 59 82 99 100 64 86 100 74 97 83 100 % 85 89
0.26] 41 84 99 100 66 87 77 o7 86 100 93 88 91
0.25] 44 85 99 100 69 89 79 98 86 100 94 () 92
0.24 67 87 100 100 72 90 82 99 89 95 92 95
0.231 71 g5 100 100 76 91 83 100 %2 97 93 9%
0.22 7390 100 100 77 92 85 100 % 98 95 98
0.21 76 91 100 79 93 86 100 o4 %8 o7 )
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Figure 22 - Percentiles — CAT Method - Skewed Distortion
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7 Category, CAT Method, Skew Distortion
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8 Category, CAT Method, Skew Distortion
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Figure 23 - Modified Box Plots Category 2, 4, 5, 6, 7 and 8 (Skewed
Distortion)

-139 -




1 26 13 1 45 2 78 1 4 93 3 o7 4 95
0.80 2 32 2 42 11 56 4 87 15 97 7 98 5 98
0.79 3 38 3 51 12 65 5 92 111 99 10 100 9 99
0.78 1 4 45 4 59 1 4 74 8 95 1 18 100 14 100 14 100
0.77 1 4 52 5 64 16 82 14 98 123 24 100 1 24 100
0.76) 1 6 60 8 72 110 87 121 100 133 132 1031
0.75) 17 67 11 10 79 11 14 91 128 100 1 44 1 46 1 47
0.74 1.2 10 74 11 13 84 12 18 95 139 100 2 54 157 2 6
0.73 11 3 14 79 1 2 17 88 1 2 24 96 1 50 2 66 1 68 2 74
0.72 11 4 18 83 13 23 91 13 31 98 3 60 4 79 4 80 4 81
0.71 11 4 21 86 11 3 30 94 13 39 98 5 70 6 8 6 88 8 88
0.70 12 4 26 89 11 4 34 9% 1 5 45 99 779 1 92 9 93 1 92
0.69 12 6 31 91 11 5 39 o7 17 52 99 111 8 1 1 16 9 14 96 17 o7
0.68) 1 1 2 7 36 93 1 2 7 46 98 2 9 60 100 1 15 90 1 1 24 97 1 21 98 1 26 98
0.67 11 2 8 41 94 11 2 9 52 99 2 11 67 100 2 21 94 11 32 98 130 99 133 100
0.66 12 3 9 49 % 11 3 11 59 99 13 14 73 100 3 29 9% 1 1 40 99 1 39 99 2 4
0.65) 13 3 11 54 98 1 1 3 15 66 100 11 4 16 79 100 13 36 98 1 2 48 100 13 49 100 3 51
0.64 1 3 4 15 60 99 1 1 4 19 72 100 1 1 4 20 83 100 1 1 3 45 99 1 3 58 100 1 4 60 100 3 62
0.63 2 3 5 19 66 99 1 1 5 23 78 100 1 1 5 28 90 1 1 4 52 99 1 3 69 1 7 69 4 70
0.62 2 4 6 22 73 100 1.2 6 28 83 2 1 6 35 92 1 2 5 59 100 1.6 78 110 76 6 78
0.61 2 4 8 27 76 100 2 2 7 34 86 3 2 7 43 95 1.3 9 67 100 110 84 113 81 110 85
0.60 3 5 9 33 81100 2 4 9 39 88 3 4 9 50 97 13 11 73 100 2 17 9 2 17 88 1 16 89
0.59 3 5 10 38 84 2 4 11 45 91 4 5 12 56 99 1 4 17 78 100 1 2 23 93 1 3 22 92 2 24 93
% ggg 4 6 13 42 88 3 6 12 52 94 5 7 15 65 99 1 5 21 84 100 1 3 31 95 1 3 27 96 3 31 97
< - 5 7 16 45 90 4 7 14 56 9 5 7 19 71 99 1.6 26 91 1 5 38 98 14 34 97 5 39 98
5 ggg 6 7 18 49 92 5 8 18 63 98 5 8 24 75 100 2 7 33 94 1 5 44 99 2 7 44 99 6 48 99
< - 7 8 20 56 95 5 9 21 69 99 6 9 29 80 100 2 10 41 97 17 53100 2 9 52100 1 9 58 100
= 0.54 7 10 23 61 96 6 10 25 76 100 6 10 35 83 3 13 50 98 2 10 65 100 3 12 61 100 1 13 67 100
2 0.53 8 11 27 66 98 7 11 31 79 100 7 12 40 87 4 17 57 99 2 14 73 3 16 69 100 2 17 75 100
k-] 0.52 10 12 28 70 98 9 13 35 83 100 8 15 44 91 5 19 65 100 4 18 78 4 20 78 3 23 80 100
3 0.51 11 14 33 73 99 10 15 40 87 100 10 18 47 93 5 23 72 100 5 24 84 4 23 84 4 29 84
- 0.50 11 17 37 76 100 11 16 44 91 10 20 54 95 6 26 78 100 7 29 89 5 29 89 5 33 90
E 0.49 13 19 42 80 100 11 19 49 92 10 24 61 96 8 30 84 100 8 35 91 7 34 9 7 38 94
S 0.48 13 22 47 84 13 22 53 94 12 29 65 o7 11 35 88 100 10 42 94 9 41 94 9 44 98
£ 0.47 14 25 50 88 15 26 59 95 13 32 69 98 13 41 91 100 12 47 97 10 47 97 11 50 99
c 0.46 16 28 55 90 16 27 65 96 15 35 73 98 15 46 95 15 54 99 12 55 97 13 57 99
o 0.45) 17 31 59 91 17 31 70 o7 16 39 79 99 17 51 96 17 60 100 15 60 99 16 63 100
_g g:g 19 33 63 93 18 35 75 98 18 44 83 99 20 57 97 19 64 100 17 65 99 19 68 100
o - 21 37 67 93 19 40 78 98 21 49 85 100 24 62 99 22 72 100 22 71 99 22 74 100
0.42 23 38 71 96 21 43 81 99 24 53 89 100 27 68 99 26 79 100 26 76 100 27 79 100
0.41 24 41 74 96 23 47 83 99 26 56 90 100 29 73 100 30 84 100 30 81 100 32 83 100
0.40 26 44 76 97 25 50 85 99 26 61 93 33 75 100 34 88 100 34 86 100 37 87 100
0.39 55 47 79 o7 27 55 87 99 30 66 95 36 78 100 39 90 100 38 90 100 40 90 100
0.38 30 50 84 98 29 58 90 99 35 70 96 40 83 100 44 94 100 43 93 100 47 93 100
0.37 31 54 86 98 31 62 92 100 39 73 97 44 87 50 96 100 48 94 100 51 95 100
0.36 34 58 90 99 35 67 94 100 43 74 98 49 89 55 97 100 53 96 100 56 96
0.35) 37 61 91 100 37 70 96 100 45 78 99 52 92 61 98 100 60 97 60 96
0.34 39 64 92 100 39 73 96 100 49 81 99 56 93 64 99 65 97 65 99
0.33 42 66 94 100 42 74 97 100 52 84 100 63 95 69 99 70 98 72 100
0.32 44 69 95 100 45 78 97 100 55 86 100 68 o7 73 100 74 98 76 100
0.31 47 73 95 100 49 80 98 59 89 100 73 98 78 100 78 99 80 100
0.30 50 74 96 100 53 82 99 63 92 100 77 99 82 100 80 99 83 100
0.29 53 77 97 100 55 84 99 67 94 81 99 86 83 99 87
0.28 56 79 98 100 60 87 99 71 95 83 99 89 86 99 91
0.27 59 82 99 100 62 89 100 73 o7 85 100 92 88 100 9
0.26 61 84 99 100 65 89 100 75 97 87 100 % 92 100 95
0.25) 64 85 99 100 68 91 77 98 89 % 93 100 %
0.24 67 87 100 100 70 93 79 98 92 97 95 100 97
0.23 71 88 100 100 72 94 82 99 9 %8 95 100 98
0.22 73 90 100 100 75 94 85 99 95 98 96 100 98
0.21 76 91 100 78 95 87 100 9% 99 97 100 100
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2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category
Underlying (Intended) Factor Loading
Method = SPR

Figure 24 — Percentiles — SPR Method — Skewed Distortion
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1 8 27 128 44
0.80 1 12 1 138 1 39 53
0.79 1 1 3 1 18 1 48 1 51 1 65
0.78 1 13 124 3 58 2 62 2 75
0.77 1 14 133 5 69 3 73 5 83
0.76) 1 2 15 2 42 8 78 6 82 9 88
0.75) 1 1 3 17 1 3 50 11 85 8 87 1 14 93
0.74 1 1 1 3 11 10 1 4 57 17 91 14 92 1 20 94
0.73 1 112 11 5 1113 18 66 123 9 20 9 127 97
0.72 1 112 11 5 12 18 2 12 75 12 31 98 127 98 2 36 99
0.71 1 113 11 8 13 24 12 17 79 13 41 99 2 38 99 3 48 99
0.70 1 1 1 4 11 1 10 1 1 4 31 11 2 22 8 1 4 49 99 3 49 100 5 59 100
0.69 1 1 1 1 6 11 2 14 1 1 1 6 38 11 4 28 9 1 1 6 61 100 1 4 58 100 8 68 100
0.68 111 2 8 11 2 18 11 1 2 10 48 11 5 35 92 11 9 70 100 1 6 68 10 76
0.67 11 2 2 10 11 3 323 11 1 2 12 8 11 7 41 9% 11 11 77 100 12 10 74 113 81
0.66) 111 2 2 12 11 3 3 27 11 2 2 13 63 11 1 9 48 98 1 2 16 83 12 14 81 1 19 85
0.65) 1 1.2 2 3 13 1 2 3 4 34 11 2 3 18 70 1 1 1 11 55 99 2 2 21 88 1 2 19 86 1 22 90
0.64) 11 2 3 5 16 11 2 4 7 40 11 2 4 275 1.2 1 16 64 99 2 4 28 92 11 3 25 90 12 32 %4
0.63 11 2 5 5 19 11 2 4 10 46 12 3 6 26 79 1.2 3 18 71 9 12 5 35 %4 11 4 32 93 13 38 %
0.62 12 3 5 6 24 11 2 5 14 8 12 4 8 318 2 2 4 22 78 100 12 6 44 97 12 5 39 9 14 46 97
0.61 2 2 3 6 8 28 12 3 6 18 59 2 2 4 10 38 8 2 3 5 29 8 100 12 7 52 98 12 7 46 98 2 6 53 99
0.60 2 2 3 6 9 32 1 3 5 8 24 64 2 3 7 12 44 90 2 3 6 34 87 100 1 2 9 59 99 1 2 9 55 99 1 2 9 59 100
0.59 3 3 4 8 11 38 14 6 9 28 69 3 3 8 15 50 92 2 4 8 39 91 12 12 66 100 12 12 63 99 13 13 66 100
% g-gg 4 3 4 9 14 42 14 6 113375 4 5 9 20 56 95 2 6 9 47 9 13 15 74 100 14 16 72 100 15 18 72 100
< - 4 4 5 10 16 48 2 4 7 123879 4 6 9 24 60 9% 2 6 13 54 o7 14 20 79 100 2 4 21 77 100 2 6 21 78 100
2 0.56) 4 4 5 12 18 53 2 4 7 14 4 83 5 7 11 28 66 98 3 8 17 61 98 2 6 28 85 100 2 6 26 83 100 2 7 28 83 100
H 0.55 5 5 6 12 22 57 3 5 8 16 46 85 5 8 12 32 71 98 4 9 21 67 9 3 8 33 88 3 7 31 87 100 2 9 34 88 100
= 0.54 5 7 7 15 26 62 4 6 9 19 52 88 6 9 16 35 75 98 4 11 26 72 100 3 10 39 91 4 10 36 91 100 3 11 42 91
2 0.53 5 7 8 17 29 66 5 7 11 22 5 92 7 10 18 39 78 99 5 12 29 77 100 4 12 44 94 5 13 43 94 3 12 49 93
k=] 0.52 6 8 9 20 34 71 6 8 14 26 59 95 8 11 20 43 84 99 6 14 34 82 5 14 51 9 6 15 48 9% 4 15 56 9
b4 0.51 6 9 11 20 38 74 6 9 16 30 66 95 9 12 23 48 8 100 7 16 39 85 6 17 59 96 7 19 53 98 6 19 63 98
- 0.50 6 9 13 21 43 78 6 9 17 34 70 9% 9 13 26 52 89 100 8 18 44 87 6 20 65 97 8 23 61 99 7 23 70 99
§ 3'23 6 9 15 23 46 82 7 10 20 37 74 97 11 14 20 57 93 100 10 21 49 90 7 24 72 98 8 26 66 100 9 26 72 100
7] - 7 10 16 25 52 86 8 11 24 41 77 98 11 15 31 62 94 1 24 53 92 9 27 76 99 10 30 72 100 10 32 76 100
& 0.47 7 10 18 28 56 89 9 13 26 45 81 99 13 17 34 66 96 13 26 59 94 12 32 83 100 11 33 79 100 12 38 83 100
c 0.46) 8 11 19 32 61 92 9 15 30 48 85 99 14 19 37 71 97 15 29 66 96 15 37 87 100 13 38 84 100 14 43 87 100
3 0.45] 8 11 21 35 66 93 11 15 31 53 87 99 15 21 40 74 98 17 34 72 97 17 44 90 100 15 43 86 15 48 90 100
g g-gg 9 12 23 38 71 94 11 17 34 57 89 100 17 24 44 78 98 19 38 77 98 18 52 93 100 16 50 90 19 52 93 100
o - 10 12 25 41 75 97 12 19 37 60 90 100 19 26 47 81 100 22 41 80 99 22 58 9 100 19 54 93 23 57 95 100
0.42 10 13 27 46 78 98 13 20 41 64 93 100 20 29 52 85 100 23 43 84 99 24 62 97 100 22 61 94 25 61 98
0.41 11 15 29 48 82 99 14 23 44 69 94 100 22 31 55 88 100 26 47 87 99 26 67 98 100 26 66 95 28 64 99
0.40 12 18 32 51 85 99 15 25 47 73 95 100 24 34 60 90 100 28 50 88 100 30 71 99 100 30 71 96 32 69 100
0.39 12 18 36 55 88 99 17 26 53 77 97 25 38 63 90 100 30 55 92 100 34 75 100 100 34 75 98 36 74 100
0.38 13 19 39 58 90 100 19 28 54 79 97 27 41 65 93 33 60 93 100 39 78 100 100 38 79 98 39 79 100
0.37 14 20 42 61 91 100 21 29 57 82 98 30 44 70 93 36 63 95 100 44 82 100 42 83 99 42 84 100
0.36) 15 21 45 64 93 100 22 32 61 85 98 31 46 73 94 39 67 9% 48 85 100 46 85 100 49 87 100
0.35] 16 24 47 66 94 100 24 35 63 86 99 34 49 77 96 41 72 97 52 87 100 49 89 100 54 90 100
0.34 17 26 50 69 95 100 27 37 65 88 100 36 52 80 96 44 74 98 56 88 52 91 57 93 100
0.33 18 28 51 74 96 28 39 67 90 100 38 54 83 98 48 78 99 59 91 56 92 61 94 100
0.32 19 29 54 76 97 29 40 71 91 100 41 57 8 99 50 81 99 62 92 61 94 65 96 100
0.31 21 32 58 78 99 31 41 74 92 100 44 60 87 99 54 84 100 66 94 65 95 68 96 100
0.30 22 33 59 81 99 32 43 76 93 100 45 62 90 100 57 87 100 71 95 69 96 7197
0.29 23 36 63 82 99 33 44 78 94 100 47 65 92 100 60 89 100 74 97 72 9 77 99
0.28 25 37 65 84 100 35 47 81 94 100 48 67 93 100 63 91 100 77 98 75 o7 80 99
0.27 27 39 67 85 100 38 49 83 94 100 50 70 94 100 65 93 100 80 99 77 98 82 100
0.26) 28 40 69 87 100 41 51 86 95 100 54 72 95 100 68 94 83 100 80 99 85 100
0.25( 3 42 73 88 100 43 53 87 95 100 55 75 96 100 7 95 85 100 82 99 87 100
0.24) 33 44 76 91 100 45 56 89 96 100 57 77 97 100 74 9 88 100 85 99 89 100
0.23 35 45 78 91 100 47 60 91 96 60 79 97 100 77 o7 90 100 87 99 91 100
0.22 39 46 80 92 100 50 62 92 96 61 81 98 100 80 97 92 100 89 100 94 100
0.21 40 48 81 93 100 52 64 92 97 63 83 98 100 82 98 95 90 100 95 100
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Underlying (Intended) Factor Loading
Method = NDF’

Figure 25 — Percentiles — NDF' Method - Skewed Distortion
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1 26 11 39 2 40 3 73 3 88 3 9 1.5 92
0.80 2 32 1 3 48 12 49 5 81 6 93 6 93 1.8 9
0.79 3 38 1 4 57 12 59 6 85 10 o7 10 95 1 12 9
0.78 1 4 45 1 5 63 1 1 4 69 9 91 16 98 16 97 1 17 98
0.77 1 4 52 1.7 68 11 8 74 14 94 23 99 126 99 127 99
0.76) 1 6 60 110 76 11 1179 20 95 1 34 99 1 36 9 1 34 99
0.75) 17 67 2 13 80 11 14 8 127 98 1 46 99 1 45 100 147 100
0.74 1.2 10 74 12 17 8 12 21 89 1 34 98 2 59 99 1 60 100 2 62
0.73 11 3 1479 13 22 88 12 26 o1 145 99 3 68 100 2 71 100 3 73
0.72 11 4 18 83 11 3 27 9 13 30 92 2 53 99 16 78 100 4 78 100 5 77
0.71 11 4 21 86 11 4 35 94 2 4 36 95 4 62 99 19 82100 5 83 100 7 82
0.70 12 4 26 89 11 6 40 95 2 5 41 % 1.7 70 99 1 1 12 88 100 1 10 88 1 12 88
0.69 12 6 31 91 11 1 7 48 % 1 2 6 51 9 11 9 78 100 1 1 16 90 100 1 14 93 117 94
0.68) 1 1 2 7 36 93 1 1 1 9 54 97 1 3 7 57 97 1 1 14 85 100 1 1 23 95 100 1 22 96 1 25 96
0.67 11 2 8 41 94 1.2 2 11 61 o7 1.3 9 63 97 11 20 89 100 11 31 97 100 130 9 2 29 97
0.66) 12 3 9 49 % 1.2 3 13 67 98 1 4 13 67 98 1 2 25 93 100 1 2 38 98 100 12 39 o7 12 36 98
0.65) 13 3 11 54 98 2 2 3 17 71 98 1 4 18 74 98 11 3 32 94 11 2 46 99 100 1 3 49 99 1 1 3 46 99
0.64 1 3 4 15 60 99 2 3 4 21 75 99 1 5 22 78 99 1 1 4 41 96 1 1 3 55 99 1 5 59 99 1 1 4 53 99
0.63 2 3 5 19 66 99 2 3 5 25 82 99 1 2 7 26 81 99 1 2 4 47 97 1 1 5 64 100 1 8 67 100 1 1 6 64 100
0.62 2 4 6 22 73 100 2 3 6 31 85 100 2 2 7 30 84 99 1 2 6 5 98 12 8 72100 111 74 100 1.1 9 74100
0.61 2 4 8 27 76 100 2 4 8 35 88 100 2 3 9 38 88 100 1.3 9 62 98 1 2 10 78 100 1 12 80 100 11 15 81
0.60 3 5 9 33 81100 2 4 10 41 91 100 3 4 11 44 90 100 1 4 12 67 99 1 2 15 84 100 11 17 84 100 11 19 86
0.59 3 5 10 38 84 3 5 12 48 94 100 3 5 14 50 92 100 1 5 16 72 99 1 2 25 87 100 1 2 23 88 100 1 2 26 90
% ggs 4 6 13 42 88 4 6 13 53 95 100 4 6 17 57 93 100 1 5 21 79 100 2 2 31 90 100 1 3 30 92 100 1 3 34 93
< - 5 7 16 45 90 5 8 15 59 96 100 5 7 20 64 96 2 6 26 82 100 2 3 40 93 100 2 6 38 95 100 1 4 42 95
5 ggg 6 7 18 49 92 6 9 20 64 96 100 6 9 25 69 9 2 7 31 86 100 2 5 47 95 100 2 8 45 97 100 1.7 49 9
< - 7 8 20 56 95 6 10 24 68 97 100 6 10 28 75 97 2 10 36 89 100 3 6 53 97 100 2 9 55 98 100 2 10 57 97
= 0.54 7 10 23 61 96 7 11 28 73 98 100 7 11 34 77 98 3 11 47 91 100 3 10 60 99 100 3 13 61 98 100 2 15 63 98
2 0.53 8 11 27 66 98 7 12 34 77 99 100 7 12 37 80 99 4 13 54 95 100 3 12 67 99 100 3 15 68 99 100 3 17 71 99
k-] 0.52 10 12 28 70 98 8 14 38 82 99 100 8 14 43 83 99 5 17 59 96 100 4 16 76 99 4 18 75 100 4 23 77 99
3 0.51 11 14 33 73 99 8 17 42 84 99 100 9 16 48 86 99 6 20 67 98 100 5 20 82 100 5 23 79 100 5 28 82 100
- 0.50 11 17 37 76 100 10 19 48 87 99 100 10 19 54 89 100 8 22 71 98 6 27 86 100 6 27 85 100 6 31 87 100
E 0.49 13 19 42 80 100 11 21 50 89 100 100 12 23 57 90 100 10 28 76 99 7 33 91 100 8 32 91 7 35 92 100
S 0.48 13 22 47 84 12 23 55 91 100100 14 28 60 92 100 11 32 79 99 9 38 93 9 40 93 8 41 96 100
£ 0.47 14 25 50 88 14 26 60 93 100100 15 31 63 93 100 14 38 84 99 10 46 94 11 46 95 11 50 97 100
c 0.46) 16 28 55 90 15 29 64 95 100 17 36 67 94 100 16 44 88 99 13 50 95 13 52 95 12 55 98 100
o 0.45) 17 31 59 91 17 31 70 96 100 19 39 71 94 100 18 50 91 100 15 58 97 17 58 97 15 62 98 100
_g g:g 19 33 63 93 18 34 74 97 100 21 41 75 96 100 21 53 94 100 16 65 98 19 64 99 18 68 99 100
o - 21 37 67 93 19 39 77 98 100 23 44 80 97 100 23 59 95 100 20 69 99 22 69 99 23 72 100
0.42 23 38 71 96 20 41 81 98 100 25 48 82 97 100 27 65 98 100 25 76 99 27 76 100 27 76 100
0.41 24 41 74 96 22 45 82 98 100 27 51 84 98 100 31 70 98 100 31 81 99 30 81 100 3180 100
0.40 26 44 76 97 25 48 84 99 100 30 55 86 98 100 35 75 98 100 35 85 99 35 84 100 34 84 100
0.39 28 47 79 97 26 51 87 99 100 32 58 87 99 100 38 77 99 100 39 87 100 40 88 100 38 87 100
0.38 30 50 84 98 28 53 90 99 100 35 63 89 99 100 42 80 99 100 46 89 100 48 92 100 43 90
0.37 31 54 86 98 32 58 94 100 100 38 66 90 99 100 45 83 100 53 91 100 52 93 100 47 93
0.36) 34 58 90 99 34 62 95 100 100 41 70 92 100 100 49 85 100 56 93 100 55 95 100 52 95
0.35) 37 61 91 100 39 65 95 100 100 45 73 93 100 100 53 88 100 60 96 100 59 96 100 57 95
0.34 39 64 92 100 41 67 97 100 100 47 76 94 100 100 57 91 100 66 98 63 97 100 63 97
0.33 42 66 94 100 45 70 98 100 49 80 95 100 100 62 94 100 69 98 67 98 100 69 98
0.32 44 69 95 100 48 73 98 100 52 84 96 100 100 64 96 100 73 99 72 98 100 74 99
0.31 47 73 95 100 50 76 98 100 55 88 97 100 100 69 o7 76 100 76 98 100 78 99
0.30 50 74 96 100 54 78 98 100 58 89 98 100 100 74 o7 79 100 81 98 83 99
0.29 53 77 97 100 57 80 99 100 62 91 99 100 100 76 98 83 100 84 99 88 100
0.28 56 79 98 100 58 81 99 100 65 91 99 100 78 98 86 100 87 99 90 100
0.27 59 82 99 100 62 83 99 100 69 94 99 100 82 99 90 100 90 99 92 100
0.26) 61 84 99 100 64 84 100 100 71 94 100 100 85 99 92 100 92 99 93 100
0.25) 64 85 99 100 66 87 100 100 72 96 100 88 100 93 93 99 95 100
0.24{ &7 g7 100 100 68 89 100 100 75 9% 100 91 100 94 94 100 97 100
0.23 71 88 100 100 71 89 100 100 78 96 92 100 % 95 100 98 100
0.22 73 90 100 100 74 90 100 100 83 o7 94 100 98 96 100 99 100
0.21 76 91 100 76 90 100 100 85 97 95 100 98 97 100 99 100
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Underlying (Intended) Factor Loading
Method = NDF?

Figure 26 — Percentiles — NDF? Method - Skewed Distortion
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Relative Bias

RB Category

Factor Loading | Method | 2 CAT | 3CAT | 4CAT | 5CAT | 6 CAT | 7CAT | 8 CAT
CAT -26.5% -24.7% | -16.9% -122% -9.1% -102% -8.9%

SPR -26.5% -253% -182% -124% -9.8% -112% -9.4%

0.4 NDF! -63.0% -499% -357% -21.7% -144% -16.6% -13.6%
NDE2 -26.5% -264% -198% -129% -102% -10.8% -10.1%

CAT 271% -25.0% -16.0% -11.2% -8.6% -8.9% -8.1%

SPR 271% -24.0% -17.3% -11.7% -9.0% -9.7% -8.3%

05 NDF? -62.3% -50.7% -349% -21.1% -14.6% -14.8% -13.6%
NDE2 271% -269% -200% -128% -10.1% -102% -9.0%

CAT -23.5% -19.0% -15.7% -114% -8.4% -9.1% -8.5%

SPR -235% -206% -172% -11.9% -9.4% -9.6% -8.9%

06 NDF? -46.9% -37.5% -30.6% -204% -145% -15.6% -14.3%
NDE2 -235% -202% -19.0% -13.3% -9.8% -9.7% -8.9%

CAT 21.7% -171% | -14.3% -10.0% -7.4% -7.6% -7.5%

SPR 21.7% -18.6% -16.2% -114% -8.7% -8.9% -8.6%

0.7 NDF? -45.0% -37.6% -29.7% -195% -145% -15.0% -14.2%
NDE2 21.7% -184% -181% -128% -9.5% -9.3% -9.4%

CAT -19.2% -152%  -12.8% -8.5% -6.3% -6.1% -6.0%

SPR -19.2% -171%  -148% -102% -8.2% -8.0% -7.8%

08 NDF? -40.8% -343% -281% -191% -13.9% -144% -13.2%
NDF?2 -19.2% -16.2% -16.0% -11.1% -8.4% -8.2% -8.0%

CAT -155% -124%  -10.3% -6.6% -5.3% -4.3% -4.4%

SPR -15.5% -13.6%  -11.9% -8.5% -7.1% -6.4% -6.3%

09 NDF? -38.6% -322% -26.5% -18.1% -13.8% -13.5% -12.3%
NDF2 -15.5% -13.2% | -129% -9.2% -7.4% -6.7% -6.7%

Figure 27 — Method RB Comparison - Skewed Distortion
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Coefficient of Variance

CVv Category
Factor Loading | Method | 2 CAT | 3CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
CAT 50.5% 47.5% 37.0% 28.8% 23.4% 256% 23.6%
04 SPR 50.5% 46.7% 37.2% 25.7% 21.6% 242% 20.2%
' NDF? 137.3% 90.1% 70.2% 403% 27.4% 31.6% 26.8%
NDF2 50.5% 50.5% 41.0% 27.5% 22.7% 248% 21.6%
CAT 38.8% 385% 221% 17.7% 14.1% 15.0% 14.1%
0.5 SPR 38.8% 34.0% 224% 17.0% 13.0% 16.9% 13.3%
' NDF? 112.0% 77.5% 45.5% 272% 18.5% 19.9% 17.8%
NDF2 38.8% 424% 293% 183% 142% 17.4% 14.6%
CAT 208% 171% 14.7% 11.0% 92%  104% 9.7%
0.6 SPR 20.8% 17.7% 15.0% 9.9% 8.5% 8.9% 8.1%
' NDF! 485% 33.7% 254% 154% 113% 125% 11.1%
NDF2 20.8% 182% 191% 11.7% 9.8% 9.8% 9.2%
CAT 153% 11.8% 10.1% 8.0% 6.8% 6.9% 6.9%
0.7 SPR 15.3% 121% 104% 7.6% 6.4% 6.3% 6.5%
' NDF! 36.5% 27.6% 17.3% 11.5% 9.0% 8.2% 8.9%
NDF?2 153% 13.3% 133% 9.3% 7.7% 7.0% 7.6%
CAT 10.2% 8.1% 6.9% 5.8% 4.8% 4.8% 4.6%
0.8 SPR 10.2% 9.0% 7.5% 5.5% 4.7% 4.6% 4.4%
' NDF? 183% 151% 11.9% 7.7% 6.1% 6.2% 6.0%
NDF?2 10.2% 104% 10.2% 6.7% 5.3% 5.4% 5.2%
CAT 7.5% 5.9% 4.4% 3.2% 2.5% 2.5% 2.6%
0.9 SPR 7.5% 6.5% 5.2% 3.8% 3.0% 3.0% 3.1%
' NDF! 14.1% 109% 8.6% 6.1% 4.4% 4.3% 4.3%
NDF?2 7.5% 7.5% 6.7% 4.7% 3.8% 3.8% 3.6%

Figure 28 — Method CV Comparison - Skewed Distortion
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Relative Bias Difference

RB Diff Category

Factor Loading Method 2 CAT 3 CAT 4 CAT 5 CAT 6 CAT 7 CAT 8 CAT
CAT 0.0000% 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
04 SPR 0.0000% 0.5740% 1.3175% | 0.1563% | 0.6849% | 0.9974% | 0.4580%
) NDF’ 36.4445% | 25.1838% | 18.7456% | 9.5033% | 5.2837% | 6.3317% | 4.6967%
NDF? 0.0000% 1.6138% 2.8742% | 0.6311% | 1.1265% | 0.5296% | 1.2268%
CAT 0.0000% 0.9435% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.5 SPR 0.0000% 0.0000% 1.3469% | 0.5303% | 0.3987% | 0.8607% | 0.1736%
) NDF? 35.1337% | 26.7069% | 18.8918% | 9.9041% | 6.0332% | 5.9512% | 5.4699%
NDF2 0.0000% | 2.8667% 3.9848% 1.6492% | 1.5643% | 1.3463% | 0.8497%
CAT 0.0000% 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.6 SPR 0.0000% 1.5747% 1.5283% | 0.5763% | 0.9170% | 0.5305% | 0.3559%
) NDF! 23.4729% | 18.5371% | 14.9225% | 9.0181% | 6.0691% | 6.5367% | 5.7264%
NDF2 0.0000% 1.2410% 3.2577% 1.9072% | 1.3864% | 0.6533% | 0.4170%
CAT 0.0000% 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
. SPR 0.0000% 1.5176% 1.9118% 1.4255% | 1.3494% | 1.3047% | 1.0837%
) NDF! 23.2318% | 20.4605% | 15.3691% | 9.5928% | 7.1570% | 7.3243% | 6.6867%
NDF2 0.0000% 1.3125% 3.8196% | 2.8042% | 2.1350% | 1.6881% | 1.9232%
CAT 0.0000% 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.3 SPR 0.0000% 1.8865% 1.9549% 1.7390% | 1.8556% | 1.9229% | 1.7860%
) NDF* 21.5763% | 19.0719% | 15.2512% | 10.5726% | 7.5934% | 8.3106% | 7.1540%
NDF2 0.0000% 1.0322% 3.1471% | 2.6078% | 2.0431% | 2.1215% | 1.9726%
CAT 0.0000% 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.9 SPR 0.0000% 1.2093% 1.6570% 1.8938% | 1.7741% | 2.0734% | 1.9022%
) NDF* 23.0671% | 19.8372% | 16.2210% | 11.5201% | 8.4428% | 9.2081% | 7.8336%
NDF? 0.0000% 0.8361% | 2.5756% | 2.6597% | 2.1107% | 2.4196% | 2.2443%
CAT 0.0000% | 0.1573% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
Overall Best Performer SPR 0.0000% 1.1270% 1.6194% | 1.0535% | 1.1633% | 1.2816% | 0.9599%
(Mean) NDF’ 27.1544% | 21.6329% | 16.5669% | 10.0185% | 6.7632% | 7.2771% | 6.2612%
NDF? 0.0000% 1.4837% | 3.2765% | 2.0432% | 1.7276% | 1.4597% | 1.4389%

Figure 29 — Method RB % Underperformance - Skewed Distortion
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Coefficient of Variation Difference

CV Diff Category

Factor Loading Method 2 CAT 3 CAT 4 CAT 5 CAT 6 CAT 7 CAT 8 CAT
CAT 0.0000% 0.7687% 0.0000% | 3.1210% | 1.7111% | 1.4636% | 3.3777%
04 SPR 0.0000% 0.0000% 0.2144% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
) NDF’ 86.7773% | 43.3355% | 33.1751% | 14.6598% | 5.7852% | 7.4022% | 6.5931%
NDF? 0.0000% 3.7340% 3.9896% 1.8584% | 1.0535% | 0.6522% | 1.4073%
CAT 0.0000% | 4.5058% 0.0000% | 0.6334% | 1.1035% | 0.0000% | 0.8561%
0.5 SPR 0.0000% 0.0000% 0.3083% | 0.0000% | 0.0000% | 1.8382% | 0.0000%
) NDF? 73.2241% | 43.5156% | 23.3478% | 10.2162% | 5.4915% | 4.8608% | 4.5029%
NDF2 0.0000% 8.3534% 7.1457% 1.2589% | 1.2818% | 2.3882% | 1.3379%
CAT 0.0000% 0.0000% 0.0000% 1.0874% | 0.6448% | 1.4510% | 1.6115%
0.6 SPR 0.0000% 0.6270% 0.3657% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
) NDF! 27.6747% | 16.5706% | 10.7003% | 5.4544% | 2.7818% | 3.5830% | 3.0615%
NDF2 0.0000% 1.0938% | 4.4630% 1.7662% | 1.3047% | 0.9323% | 1.0932%
CAT 0.0000% 0.0000% 0.0000% | 0.3682% | 0.3432% | 0.6196% | 0.4006%
. SPR 0.0000% 0.3744% 0.3692% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
) NDF! 21.1310% | 15.8206% | 7.2769% | 3.8552% | 2.5609% | 1.8901% | 2.4134%
NDF2 0.0000% 1.5852% 3.2839% 1.6518% | 1.2569% | 0.6968% | 1.1201%
CAT 0.0000% 0.0000% 0.0000% | 0.2873% | 0.0346% | 0.2361% | 0.1849%
0.3 SPR 0.0000% 0.8886% 0.5949% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
) NDF* 8.0226% 7.0533% | 4.9924% | 2.2568% | 1.3604% | 1.6198% | 1.6283%
NDF2 0.0000% | 2.3661% 3.3135% 1.2348% | 0.5900% | 0.7666% | 0.8763%
CAT 0.0000% 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.9 SPR 0.0000% 0.6186% 0.7789% | 0.6260% | 0.4194% | 0.5035% | 0.5286%
) NDF* 6.5598% | 4.9608% | 4.1569% | 2.9470% | 1.9143% | 1.7600% | 1.7634%
NDF? 0.0000% 1.5789% | 2.2680% 1.5074% | 1.2508% | 1.2863% | 1.0176%
CAT 0.0000% | 0.8791% | 0.0000% | 0.9162% | 0.6395% | 0.6284% | 1.0718%
Overall Best Performer SPR 0.0000% | 0.4181% | 0.4386% | 0.1043% | 0.0699% | 0.3903% | 0.0881%
(Mean) NDF’ 37.2316% | 21.8761% | 13.9416% | 6.5649% | 3.3157% | 3.5193% | 3.3271%
NDF? 0.0000% | 3.1186% | 4.0773% | 1.5462% | 1.1230% | 1.1204% | 1.1421%

Figure 30 — Method CV % Underperformance - Skewed Distortion
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7.5 Factor Loading Descriptive Statistics — Kurtotic Distortion

2 Category
Factor Loading | Method M (o) RB cv
CAT | 0.259235 | 0.175293 | -35.19124% | 67.61930%
0.4 SPR 0.259235 | 0.175293 | -35.19124% | 67.61930%
NDF* 0.11813 | 0.23015 | -70.46745% | 194.82744%
NDF? | 0.259235 | 0.175293 | -35.19124% | 67.61930%
CAT | 0.327312 | 0.176902 | -34.53766% | 54.04698%
05 SPR 0.327312 | 0.176902 | -34.53766% | 54.04698%
NDF' | 0.133366 | 0.240744 | -73.32684% | 180.51400%
NDF? | 0.327312 | 0.176902 | -34.53766% | 54.04698%
CAT | 0.439534 | 0.104023 | -26.74429% | 23.66667%
0.6 SPR | 0.439534 | 0.104023 | -26.74429% | 23.66667%
NDF' | 0.266636 | 0.17848 | -55.56061% | 66.93744%
NDF? | 0.439534 | 0.104023 | -26.74429% | 23.66667%
CAT | 0.533584 | 0.095599 | -23.77377% | 17.91649%
0.7 SPR 0.533584 | 0.095599 | -23.77377% | 17.91649%
NDF' | 0.324176 | 0.177284 | -53.68910% | 54.68755%
NDF? | 0.533584 | 0.095599 | -23.77377% | 17.91649%
CAT | 0.633339 | 0.079064 | -20.83264% | 12.48374%
0.8 SPR | 0.633339 | 0.079064 | -20.83264% | 12.48374%
NDF' | 0.440291 | 0.111455 | -44.96368% | 25.31390%
NDF? | 0.633339 | 0.079064 | -20.83264% | 12.48374%
CAT 0.748204 | 0.058967 | -16.86627% 7.88110%
0.9 SPR | 0.748204 | 0.058967 | -16.86627% 7.88110%
NDF' 0.5112 | 0.088864 | -43.19996% | 17.38337%
NDF? | 0.748204 | 0.058967 | -16.86627% 7.88110%

Table 41 - FL Descriptive Statistics - Kurtotic Scale Distortion on 2

Categories
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3 Category

Factor Loading | Method M (o] RB cv
CAT | 0.327744 | 0.114443 | -18.06398% | 34.91830%
0.4 SPR | 0.327727 | 0.114155 | -18.06832% | 34.83232%
NDF' 0.23655 | 0.180837 | -40.86253% | 76.44752%
NDF? | 0.297179 | 0.160728 | -25.70517% | 54.08454%
CAT | 0.399746 | 0.102477 | -20.05085% | 25.63556%
05 SPR | 0.399698 | 0.102438 | -20.06041% | 25.62897%
NDF' | 0.284353 | 0.178876 | -43.12943% | 62.90634%
NDF? | 0.371995 | 0.146308 | -25.60090% | 39.33066%
CAT 0.4916 | 0.064221 | -18.06663% | 13.06360%
0.6 SPR | 0.491621 | 0.064162 | -18.06317% | 13.05116%
NDF' | 0.401197 | 0.115476 | -33.13380% | 28.78285%
NDF? | 0.474919 | 0.087916 | -20.84681% | 18.51173%
CAT | 0.572716 | 0.062709 | -18.18346% | 10.94939%
0.7 SPR | 0.572607 | 0.062764 | -18.19902% | 10.96115%
NDF' | 0.466498 | 0.099934 | -33.35743% | 21.42209%
NDF? | 0.554251 | 0.080627 | -20.82134% | 14.54704%
CAT | 0.671376 | 0.049626 | -16.07803% | 7.39168%
0.8 SPR | 0.671464 | 0.049516 | -16.06703% | 7.37435%
NDF' | 0.550483 | 0.076728 | -31.18964% | 13.93837%
NDF? | 0.655601 | 0.071203 | -18.04989% | 10.86071%
CAT | 0.768643 | 0.043301 | -14.59523% | 5.63338%
0.9 SPR 0.76858 | 0.043302 | -14.60217% | 5.63399%
NDF' | 0.630018 | 0.06744 | -29.99796% | 10.70443%
NDF? | 0.760671 | 0.054697 | -15.48099% | 7.19057%

Table 42 - FL Descriptive

Categories

Statistics - Kurtotic Scale Distortion on 3
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4 Category

Factor Loading | Method M o RB cv
CAT | 0.328955 | 0.109782 | -17.76129% | 33.37300%
0.4 SPR | 0.328853 | 0.109717 | -17.78676% | 33.36364%
NDF' | 0.221721 | 0.186199 | -44.56981% | 83.97899%
NDF? | 0.303878 | 0.137471 | -24.03040% | 45.23890%
CAT | 0.398522 | 0.103322 | -20.29553% | 25.92615%
05 SPR | 0.398366 | 0.103076 | -20.32678% | 25.87457%
NDF* 0.28789 | 0.165949 | -42.42202% | 57.64334%
NDF? | 0.372925 | 0.136108 | -25.41507% | 36.49752%
CAT | 0.489317 | 0.068411 | -18.44722% | 13.98088%
0.6 SPR 0.48936 | 0.06842 | -18.44005% | 13.98162%
NDF' | 0.403166 | 0.102786 | -32.80562% | 25.49468%
NDF?* | 0.471672 | 0.088593 | -21.38807% | 18.78281%
CAT | 0.570555 | 0.062445 | -18.49210% | 10.94453%
07 SPR | 0.570346 | 0.062503 | -18.52201% | 10.95870%
NDF' | 0.466168 | 0.093086 | -33.40453% | 19.96825%
NDF? | 0.556576 | 0.081765 | -20.48914% | 14.69069%
CAT | 0.667797 | 0.050566 | -16.52533% | 7.57201%
0.8 SPR | 0.667744 | 0.050332 | -16.53197% | 7.53756%
NDF' | 0.543828 | 0.073731 | -32.02152% | 13.55773%
NDF? | 0.654178 | 0.074648 | -18.22770% | 11.41090%
CAT | 0.765789 | 0.044984 | -14.91229% | 5.87418%
0.9 SPR | 0.765724 | 0.045092 | -14.91960% | 5.88876%
NDF* 0.62638 | 0.064265 | -30.40218% | 10.25977%
NDF? | 0.757075 | 0.057451 | -15.88058% | 7.58852%

Table 43 - FL Descriptive

Categories

Statistics - Kurtotic Scale Distortion on 4
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5 Category

Factor Loading | Method M o RB cv
CAT | 0.365165 | 0.073827 | -8.70874% | 20.21736%
0.4 SPR | 0.361219 | 0.078751 | -9.69525% | 21.80145%
NDF' | 0.330722 | 0.109673 | -17.31959% | 33.16169%
NDF? | 0.353366 | 0.091438 | -11.65850% | 25.87621%
CAT | 0.453105 | 0.058815 | -9.37907% | 12.98034%
05 SPR | 0.448557 | 0.060107 | -10.28853% | 13.40001%
NDF' | 0.408464 | 0.089995 | -18.30727% | 22.03246%
NDF? | 0.440258 | 0.074994 | -11.94830% | 17.03411%
CAT | 0.546972 | 0.046355 | -8.83803% | 8.47476%
0.6 SPR | 0.540484 | 0.05059 | -9.91940% | 9.36012%
NDF' | 0.499607 | 0.065608 | -16.73211% | 13.13185%
NDF? | 0.529247 | 0.063363 | -11.79212% | 11.97235%
CAT | 0.636273 | 0.04068 | -9.10389% | 6.39348%
07 SPR | 0.630092 | 0.04236 | -9.98679% | 6.72283%
NDF' | 0.581251 | 0.06253 | -16.96410% | 10.75776%
NDF? | 0.617239 | 0.052377 | -11.82296% | 8.48576%
CAT | 0.733788 | 0.032864 | -8.27651% | 4.47873%
0.8 SPR | 0.724383 | 0.03486 | -9.45209% | 4.81240%
NDF' | 0.668329 | 0.04853 | -16.45886% | 7.26141%
NDF? | 0.718819 | 0.044475 | -10.14762% | 6.18723%
CAT 0.83304 | 0.025698 | -7.44001% | 3.08488%
0.9 SPR | 0.822285 | 0.02909 | -8.63496% | 3.53769%
NDF' | 0.757764 | 0.039295 | -15.80395% | 5.18560%
NDF? | 0.822194 | 0.034682 | -8.64508% | 4.21827%

Table 44 - FL Descriptive

Categories

Statistics - Kurtotic Scale Distortion on 5
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6 Category

Factor Loading | Method M o RB cv
CAT | 0.375229 | 0.060797 | -6.19279% | 16.20269%
0.4 SPR | 0.370139 | 0.066366 | -7.46519% | 17.92997%
NDF* 0.35486 | 0.082608 | -11.28490% | 23.27896%
NDF? | 0.366122 | 0.075714 | -8.46948% | 20.67986%
CAT | 0.467416 | 0.052271 | -6.51675% | 11.18296%
05 SPR 0.46135 | 0.055939 | -7.72992% | 12.12499%
NDF' | 0.441992 | 0.071516 | -11.60161% | 16.18040%
NDF? | 0.457498 | 0.067719 | -8.50049% | 14.80209%
CAT | 0.560452 | 0.043264 | -6.59133% | 7.71955%
0.6 SPR | 0.554883 | 0.04652 | -7.51942% | 8.38372%
NDF' | 0.528004 | 0.05624 | -11.99939% | 10.65146%
NDF? | 0.547007 | 0.052965 | -8.83212% | 9.68277%
CAT | 0.654736 | 0.034704 | -6.46628% | 5.30044%
07 SPR 0.64783 | 0.037552 | -7.45283% | 5.79660%
NDF' | 0.615702 | 0.047719 | -12.04251% | 7.75037%
NDF? | 0.642308 | 0.043183 | -8.24177% | 6.72310%
CAT | 0.751154 | 0.026563 | -6.10579% | 3.53629%
0.8 SPR | 0.740836 | 0.02933 | -7.39555% | 3.95905%
NDF' | 0.706697 | 0.041016 | -11.66282% | 5.80386%
NDF? | 0.736447 | 0.037117 | -7.94414% | 5.04004%
CAT | 0.847207 | 0.020581 | -5.86586% | 2.42932%
0.9 SPR | 0.834953 | 0.023851 | -7.22749% | 2.85661%
NDF* 0.79364 | 0.031893 | -11.81778% | 4.01853%
NDF? | 0.831845 | 0.028717 | -7.57282% | 3.45225%

Table 45 - FL Descriptive

Categories

Statistics - Kurtotic Scale Distortion on 6
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7 Category

Factor Loading | Method M (o] RB cv
CAT 0.381181 | 0.052903 | -4.70483% | 13.87871%
0.4 SPR | 0.374848 | 0.062536 | -6.28807% | 16.68308%
NDF' | 0.367493 | 0.072623 | -8.12676% | 19.76162%
NDF? | 0.372537 | 0.064044 | -6.86586% | 17.19143%
CAT 0.4753 | 0.042079 | -4.94004% | 8.85317%
05 SPR | 0.468676 | 0.048653 | -6.26483% | 10.38085%
NDF' | 0.457601 | 0.056537 | -8.47979% | 12.35504%
NDF? | 0.465827 | 0.050121 | -6.83456% | 10.75947%
CAT | 0.571356 | 0.033085 | -4.77407% | 5.79059%
0.6 SPR | 0.564798 | 0.038245 | -5.86705% | 6.77149%
NDF' | 0.547605 | 0.045244 | -8.73251% | 8.26213%
NDF? | 0.561701 | 0.040873 | -6.38316% | 7.27662%
CAT | 0.666153 | 0.028071 | -4.83533% | 4.21387%
0.7 SPR | 0.659407 | 0.029851 | -5.79905% | 4.52700%
NDF' | 0.638273 | 0.038754 | -8.81817% | 6.07177%
NDF? 0.65442 | 0.035975 | -6.51139% | 5.49720%
CAT 0.76141 | 0.021796 | -4.82379% | 2.86257%
0.8 SPR 0.751944 | 0.026124 | -6.00694% | 3.47415%
NDF' | 0.728082 | 0.031404 | -8.98970% | 4.31330%
NDF? | 0.747046 | 0.029878 | -6.61926% | 3.99952%
CAT | 0.858752 | 0.017379 | -4.58313% | 2.02381%
0.9 SPR | 0.851699 | 0.019613 | -5.36676% | 2.30277%
NDF' | 0.820242 | 0.025959 | -8.86198% | 3.16480%
NDF? | 0.844404 | 0.025156 | -6.17736% | 2.97913%

Table 46 - FL Descriptive Statistics - Kurtotic Scale Distortion on 7

Categories
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8 Category

Factor Loading | Method M (o] RB cv
CAT 0.381094 | 0.055608 | -4.72649% | 14.59161%
0.4 SPR | 0.378412 | 0.058798 | -5.39697% | 15.53818%
NDF' | 0.369715 | 0.066495 | -7.57129% | 17.98546%
NDF? | 0.375728 | 0.068225 | -6.06788% | 18.15817%
CAT | 0.473795 | 0.043366 | -5.24102% | 9.15282%
05 SPR | 0.470248 | 0.045869 | -5.95040% | 9.75416%
NDF' | 0.459562 | 0.056808 | -8.08770% | 12.36133%
NDF? | 0.466918 | 0.051135 | -6.61645% | 10.95162%
CAT | 0.572073 | 0.03747 | -4.65449% | 6.54990%
0.6 SPR | 0.568467 | 0.038209 | -5.25551% | 6.72133%
NDF' | 0.553715 | 0.04436 | -7.71422% | 8.01127%
NDF? 0.56552 | 0.039635 | -5.74671% | 7.00867%
CAT | 0.663641 | 0.03186 | -5.19411% | 4.80083%
0.7 SPR | 0.659835 | 0.032121 | -5.73785% | 4.86800%
NDF' | 0.638804 | 0.039951 | -8.74228% | 6.25397%
NDF? | 0.656876 | 0.037581 | -6.16052% | 5.72111%
CAT 0.763101 | 0.024515 | -4.61239% | 3.21258%
0.8 SPR | 0.753106 | 0.02556 | -5.86180% | 3.39397%
NDF* 0.7315 | 0.03056 | -8.56249% | 4.17777%
NDF? | 0.752268 | 0.029045 | -5.96645% | 3.86094%
CAT | 0.863802 | 0.01784 | -4.02200% | 2.06534%
0.9 SPR 0.85114 | 0.020406 | -5.42890% | 2.39750%
NDF' 0.82429 | 0.026759 | -8.41217% | 3.24633%
NDF? | 0.849469 | 0.024238 | -5.61457% | 2.85327%

Table 47 - FL Descriptive Statistics - Kurtotic Scale Distortion on 8

Categories
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12 19 124 125 2 90 3 9 5 100 7
0.80) 1 2 22 1 33 1 33 4 97 7 99 9 13
0.79 11 4 30 2 42 2 43 8 98 15 100 19 23
0.78 11 4 37 3 50 2 51 12 99 2 33 39
0.77 12 5 42 14 82 4 58 22 100 37 54 58
0.76 1 1 2 7 49 1 6 70 1 6 64 1 33 100 52 1 72 1 74
0.75) 1.1 2 9 5 17719 1.8 72 1 44 168 186 183
0.74 1.1 3 12 61 113 83 111 79 2 57 2 81 193 191
0.73 11 3 15 69 117 87 115 85 3 70 3 88 2 98 4 9%
0.72 11 4 1876 2 2 92 121 9 4 80 5 94 6 100 6 98
0.71 11 4 21 81 2 28 94 2 27 93 5 87 10 98 12 100 13 100
0.70 1.2 5 2385 3 35 9% 12 33 9% 10 90 16 99 23 100 21 100
0.69 1.2 6 26 89 4 44 o7 14 40 97 14 94 25 100 33 32
0.68 12 8 31 91 1 5 52 98 1 6 48 98 19 97 134 45 143
0.67] 1 1 2 10 37 94 1 9 61 99 1 8 56 99 1 29 99 1 2 44 58 1 56
0.66 12 2 11 42 97 111 70 100 12 11 65 100 2 39 100 13 58 17 2 69
0.65) 12 3 13 47 o7 1 14 76 100 11 2 13 74 100 2 49 100 14 68 3 83 5 77
0.64) 2 3 3 15 51 98 1 2 19 81 11 3 17 78 100 4 58 100 15 18 5 90 6 87
0.63 2 4 4 18 58 98 1 1 2 24 86 1 1 3 22 83 100 7 66 100 1 9 84 8 96 10 93
0.62 2 4 4 21 61 9 11 3 28 89 1.1 5 28 87 100 19 74 113 90 12 98 16 96
0.61 2 5 6 24 68 100 101 4 34 93 1.2 6 3391 112 82 118 94 121 100 24 97
0.60 3 6 7 28 72 100 12 6 41 95 13 7 40 94 11 16 87 11 25 97 130 100 131 99
- 0.59 3 7 9 32 77 100 2 3 8 47 97 1 3 10 45 97 1 1 24 93 1 2 31 99 1 4 1 42 100
3 ggg 3 9 10 36 81 100 2 3 11 53 99 1 3 12 50 99 1 3 31 9 1 2 41 100 2 52 2 51 100
< 0.26 3 10 12 41 85 100 3 4 15 58 99 2 4 16 59 99 14 41 98 13 51100 3 62 2 63 100
o g 4 10 14 45 88 3 4 20 64 100 2 5 20 65 99 14 49 99 1.5 59 4 75 14 75 100
< . 5 11 17 49 91 5 6 25 69 100 3 6 23 69 100 2 6 57 99 177 6 83 17 83
L 0.54 6 12 19 51 92 5 6 28 74 100 4 7 29 74 100 2 9 66 100 1 11 78 1 10 90 1 11 88
2 0.53 7 13 21 55 94 6 8 33 79 100 5 9 33 79 100 3 13 73 100 116 84 114 95 115 93
5 0.52 7 15 25 59 94 6 10 39 84 100 6 11 36 84 100 3 18 81 2 22 90 2 19 97 2 21 95
s 0.51 8 16 30 64 9 7 13 45 90 100 7 12 42 88 3 24 86 3 28 94 2 28 9 2 28 98
- 0.50 9 17 32 68 97 8 18 52 92 8 15 47 91 5 28 91 4 34 96 3 38 100 3 38 99
5 0.49 11 19 37 73 98 9 21 59 94 9 19 53 92 6 36 93 5 42 98 4 48 100 4 45 99
ki 0.48 12 20 40 75 99 10 23 64 96 10 23 62 94 7 42 95 5 48 99 5 57 6 53 100
P 0.47 12 21 44 79 99 12 26 69 98 12 26 69 97 9 48 9% 8 56 99 6 64 8 62 100
c 0.46 13 24 47 83 99 13 31 74 99 13 30 74 97 12 54 98 11 63 100 8 73 10 71
2 045 45 26 50 86 99 14 35 80 99 14 35 79 98 15 60 99 15 72 100 1 82 13 80
s g-:g 17 28 53 88 99 17 40 82 99 16 39 82 99 18 65 100 19 79 100 18 87 18 83
o - 19 31 58 89 100 21 46 87 99 19 45 86 100 22 71 100 25 83 100 24 91 24 89
0421 21 33 62 91 100 23 50 92 100 22 50 90 27 76 30 87 100 32 94 32 93
0.41 22 34 65 92 100 26 54 95 100 25 56 92 31 80 37 91 38 97 38 96
0.40/2537 69 93 100 28 60 95 100 29 60 93 37 84 1 93 24 98 75 98
0.39 25 39 73 95 100 31 64 96 100 33 63 95 43 89 45 94 52 99 52 99
0.38] 27 43 76 96 100 35 68 98 100 35 66 96 48 93 52 o7 58 100 57 100
0.37 29 45 79 97 100 39 73 99 100 37 71 98 55 95 59 98 65 100 65 100
0.36 30 47 81 98 100 4177 9 41 73 98 60 96 64 98 72 73 100
0.35] 3 50 84 98 100 43 80 100 44 77 99 66 97 71 99 79 78
0.341 34 54 86 99 100 47 81 100 50 79 99 71 98 77 100 85 83
0.33 38 56 88 100 100 52 84 100 55 84 100 75 99 82 89 87
0.321 4 59 89 100 56 86 100 59 87 100 79 100 88 92 89
0.31 42 63 91 100 61 88 100 61 89 100 83 100 91 9% %
0.301 44 66 93 100 63 89 100 65 90 100 86 94 o7 95
0291 47 65 94 100 69 91 100 69 91 100 88 9% 99 o7
0.28] 51 70 95 100 72 93 100 72 93 100 92 97 99 98
0.27 54 71 96 100 76 93 100 75 94 100 93 £ 99 98
0.26 56 72 97 100 79 95 100 79 96 100 £ 99 99 99
0.25] 59 75 93 100 81 9 83 9 9% 9 100 100
0.24 61 76 99 100 84 97 86 97 97 100 100 100
0.231 41 75 99 87 o7 87 o7 £ 100 100
0.221 44 g0 100 89 98 89 98 98
0.21 66 81 100 91 98 91 98 %
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2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category
Underlying (Intended) Factor Loading
Method = CAT

Figure 31 - Percentiles — CAT Method - Kurtotic Distortion
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4 Category, CAT Method, Kurtotic Distortion
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8 Category, CAT Method, Kurtotic Distortion
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Figure 32 - Modified Box Plots Category 2, 4, 5, 6, 7 and 8 (Kurtotic
Distortion)
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12 19 1 25 1 24 181 3 @2 4 9 4 100
0.80 12 2 133 132 3 87 4 9 7 100 7
0.79 11 4 3 2 4 2 43 6 o 8 99 14 15
0.78 1 1 4 37 2 50 2 51 10 95 16 100 24 26
0.77 1.2 5 42 1 4 61 4 58 16 98 2 39 39
0.76) 11 2 7 49 1.6 70 15 63 1 25 99 40 56 1 56
0.75) 11 2 9 56 1.8 79 18 7 133 100 51 70 17
0.74 11 3 12 61 112 84 111 80 2 42 100 2 65 181 2 82
0.73 1 1 3 15 69 1 16 87 1 15 85 2 56 3 78 2 89 4 91
0.72 11 4 18 76 2 22 @2 121 91 4 68 6 87 4 95 1.7 9%
0.71 11 4 21 81 2 27 o4 2 27 93 5 77 8 93 9 9 1 9 98
0.70 1 2 5 23 8 3 35 95 12 33 % 17 87 13 97 16 99 117 100
0.69 12 6 26 89 4 44 97 1 4 40 o7 110 91 20 99 24 99 1 25 100
0.68) 1.2 8 31 91 1 5 52 98 1 6 48 98 1 16 94 1 28 99 38 100 1 38 100
0.67 11 2 10 37 94 19 61 9 18 57 9 2 24 9% 139 100 51 151
0.66 12 2 11 42 97 111 70 100 1 1 10 65 100 2 33 98 2 48 100 63 2 63
0.65) 12 3 13 47 o7 1 14 76 100 11 2 14 74 100 1 4 43 99 3 58 1.2 76 3 77
0.64 2 3 3 15 51 98 1 2 18 81 1 1 3 17 78 100 1 5 51 100 5 70 1 5 85 6 84
0.63 2 4 4 18 58 98 1 1 2 24 86 1 1 3 22 82 100 1 1 6 60 9 77 1 8 90 1 9 89
0.62 2 4 4 21 61 99 11 3 28 88 1 1 5 27 8 100 1.1 9 70 1 11 86 114 95 114 95
0.61 2 5 6 24 68 100 11 4 34 93 12 6 34 9 11 1179 1 17 92 119 98 120 o7
0.60 3 6 7 28 72 100 1.2 5 41 95 13 7 40 94 1 2 16 85 11 25 95 127 99 2 30 99
0.59 3 7 9 32 77 100 2 3 8 48 97 1 3 10 45 97 1 2 20 90 1 2 31 97 1 37 100 2 38 100
% g-gg 3 9 10 36 81 100 2 3 12 53 99 13 13 51 9 13 27 94 1 3 39 99 2 47 100 13 49 100
< - 3 10 12 41 85 100 3 4 15 58 100 2 4 15 58 99 1 4 36 9 1 4 48 100 4 55 1 4 60 100
5 ggg 4 10 14 45 88 3 4 19 64 100 2 4 20 64 99 2 4 43 @8 17 57 100 5 66 1 5 68 100
< - 5 11 17 49 91 4 5 24 68 100 3 5 24 68 100 2 5 50 98 1 8 65100 1.8 73 17 78 100
= 0.54 6 12 19 51 92 5 6 28 74 100 4 7 29 74 100 3 8 58 99 1 11 74 1 11 81 1 10 86 100
2 0.53 7 13 21 55 94 5 9 34 79 100 6 9 33 80 100 4 11 65 99 114 78 2 14 89 2 14 91
k-] 0.52 7 15 25 59 94 6 10 39 84 100 6 11 36 84 100 4 14 75 100 2 20 83 2 19 93 2 18 95
3 0.51 8 16 30 64 9% 7 13 45 90 100 7 13 42 88 4 21 80 100 3 24 87 3 24 9 3 23 o7
- 0.50 9 17 32 68 97 8 18 51 92 8 16 47 90 4 26 85 100 4 29 9 4 31 98 4 30 8
S 0.49 11 19 37 73 98 9 21 59 94 9 19 53 92 7 32 90 100 5 39 94 6 40 99 5 40 99
S 0.48 12 20 40 75 99 10 23 64 96 10 22 63 94 9 39 94 7 45 97 7 49 100 6 52 100
£ 0.47 12 21 44 79 99 12 26 69 98 12 27 69 96 11 44 95 8 52 99 9 58 100 8 61 100
c 0.46 13 24 47 83 99 13 31 74 99 13 30 74 o7 13 49 o7 12 59 99 11 65 100 10 69
o 0.45) 15 26 50 86 99 14 35 80 99 14 34 79 98 17 56 98 16 66 100 14 71 100 14 77
_g g:g 17 28 53 88 99 18 39 82 99 16 39 82 99 19 64 99 19 74 100 20 78 18 83
o - 19 31 58 89 100 21 45 87 99 18 45 86 100 23 70 100 23 79 100 22 84 24 87
0.42 21 32 62 91 100 23 50 91 100 22 51 89 27 75 100 27 84 28 89 29 92
0.41 22 34 65 92 100 26 53 95 100 25 56 92 30 80 100 31 89 33 93 35 94
0.40 23 37 69 93 100 28 60 95 100 29 59 93 34 84 100 37 91 39 97 14 o7
0.39 25 39 73 95 100 31 63 96 100 32 63 95 38 87 44 93 46 99 51 98
0.38 27 43 76 96 100 35 68 98 100 35 66 96 44 90 50 9 53 99 58 99
0.37 29 45 79 97 100 39 72 99 100 37 70 98 49 94 58 9 60 100 64 100
0.36 30 47 81 98 100 41 76 99 40 73 99 54 95 64 98 66 100 70 100
0.35) 32 50 84 98 100 44 80 100 44 77 99 61 o7 69 98 74 100 76 100
0.34 34 54 86 99 100 47 82 100 50 80 99 66 98 73 99 79 100 81
0.33 38 56 88 100 100 52 84 100 55 83 100 72 98 78 99 83 100 84
0.32 40 59 89 100 56 86 100 59 87 100 75 99 83 100 87 100 87
0.31 42 63 91 100 60 88 100 62 88 100 80 100 87 100 % 92
0.30 44 66 93 100 64 89 100 66 90 100 84 100 89 100 92 95
0.29 47 68 94 100 69 91 100 70 90 100 86 100 92 100 94 96
0.28 51 70 95 100 72 92 100 72 93 100 88 94 100 97 o7
0.27 54 71 96 100 76 93 100 75 94 100 90 % 98 98
0.26 56 72 97 100 79 96 100 80 95 100 94 98 99 99
0.25) 59 75 98 100 81 9% 82 9% 95 98 99 99
0.24{ 51 76 99 100 85 97 85 97 % 9% 9 100
0.23 61 78 99 87 o7 87 o7 o7 99 100 100
0.22 64 80 100 88 98 88 98 98 100 100 100
0.21 66 81 100 91 98 9 98 99 100 100 100
TVWLON®O TVLOKN®OO TVLONOO THVLONQD TOONO TWLON®O TBONDO
© © 0o 0o o o o ©o 0o 0o o o © © ©o 0o oo o o 0o o oo ©c © ©o o oo © © ©o ©o oo o ©o 0o o oo
2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category
Underlying (Intended) Factor Loading
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Figure 33 — Percentiles — SPR Method - Kurtotic Distortion
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1 113 145 181 1 84
0.80 1 1 128 17 2 89 2 90
0.79 1 11 1 2 3 3 69 5 93 3 95
0.78 1 1 1 2 1 1 2 40 7 78 8 96 9 97
0.77 11 13 1 2 2 5 10 85 14 98 18 99
0.76) 11 13 11 2 14 6l 16 91 24 100 32 100
075 11 14 11 4 16 7 24 9% 37 100 2
0.74 12 1 16 11 5 2 8 77 130 97 2 51 100 55
0.73 1 1 2 1 1 8 1 1 7 2 13 85 2 39 99 2 61 100 1 67
0.72 1 1 12 1 112 1 12 1 9 2 18 90 3 49 100 4 73 100 3 7
0.71 1 1 2 2 112 18 1 12 11 3 27 @ 15 58 100 6 82 6 85
0.70 1 1 2 2 111 3 19 1 12 2 15 4 34 95 1 6 66 100 9 89 19 o
0.69 1 112 4 111 3 2 1 13 3 18 16 43 97 19 75 14 94 117 95
0.68 1 1 1 2 4 1 1 1 5 31 1 1 3 4 23 1 8 54 98 1 12 81 21 97 1 24 98
0.67 1 11 2 5 111 2 7 3% 1 13 5 31 111 61 99 119 88 129 99 132 9%
0.66| 12 3 6 11 2 3 8 a1 1 14 7 a7 113 69 100 3 26 @ 138 99 142 100
0.65| 12 3 8 11 2 3 9 a7 111 5 9 45 12 17 75 100 3 32 % 2 49 100 3 52 100
0.64 1 2 3 4 10 1 1 2 5 12 52 1 1 1 5 12 53 1 2 24 80 100 4 40 97 1 3 60 100 5 60 100
0.63 1 2 3 4 12 1 1 3 5 17 58 2 1 2 6 16 60 1 1 3 29 84 100 1 7 46 98 1 5 68 8 67 100
0.62 11 2 3 612 2 2 4 6 26 2 2 3 7 266 1 1 4 348 100 1 8 56 99 17 80 111 77 100
0.61 11 2 3 814 2 3 4 8 268 2 2 3 8257 1 1 6 40 91 11 11 64 100 113 85 115 84
060 ', 1 3 5 919 3 3 5 93174 2 2 4 92873 1 1 845095 12 un 11 19 91 121 90
0.59 2 1 4 6 11 22 3 3 6 12 38 79 2 3 5 10 34 77 2 2 12 49 9% 1 3 17 77 1 1 25 94 3 27 93
3 ggg 2 2 4 7 1224 3 4 7 15 45 83 2 3 6 12 38 83 2 2 14 55 97 14 2 82 12 33 9% 3 35 97
£ - 2 2 4 7 1428 3 4 9 1750 8 2 3 8 1544 86 2 2 18 63 98 15 29 88 13 40 97 4 45 o7
3 ggg 3 3 5 9 163 3 5 10 20 5 8 2 4 8 17 5 8 3 3 21 70 99 16 37 @2 2 4 48 98 7 55 99
] - 3 3 5 101839 4 6 11 24 60 91 3 5 10 20 54 90 3 5 28 75 100 2 8 41 95 2 6 58100 18 64 100
= 0.54 3 4 6 11 21 43 4 7 13 27 65 93 4 6 10 23 59 92 4 7 34 80 100 2 11 48 98 2 10 67 1 11 71 100
2 053| 5 4 7 122447 5 8 1530699 5 6 13 27 65 94 5 10 40 84 100 3 14 54 99 2 17 75 2 15 79 100
5 0.52) 5 5 9 13 28 51 6 10 17 32 73 95 6 7 14 30 70 95 6 13 45 88 100 3 17 61 99 3 20 82 2 19 86 100
b 0.51 5 5 10 1531 56 7 11 19 3 77 97 6 9 16 33 73 97 7 15 52 91 4 21 70 100 5 25 86 3 21 9 100
] 0.50] 5 5 11 16 35 59 8 12 21 41 82 99 7 10 19 37 76 98 8 17 59 93 5 25 77 100 5 29 o1 4 28 @2
E 0.49 6 7 12 18 38 65 8 14 25 47 85 99 7 11 22 41 80 99 10 20 65 96 6 29 82 100 6 36 94 5 35 96
o 048 7 7 4420 4169 9 16 27 53 88 99 8 12 27 46 84 99 11 23 70 97 8 34 86 8 43 9 7 43 98
£ 047 g § 15 22 44 72 11 17 31 56 90 100 10 15 31 52 87 100 14 27 76 98 1 42 89 10 50 98 9 50 99
c 046 g 9 16 24 48 77 12 19 35 59 92100 10 15 33 58 90 100 15 31 79 99 12 46 93 13 55 98 12 59 99
2 045 g 41 18 25 51 80 14 21 39 64 93 100 11 17 37 65 92 100 16 35 83 99 15 52 95 14 64 99 15 67 100
_g g':g 9 12 18 27 55 84 15 23 41 68 94 100 13 18 40 70 93 100 17 40 85 100 18 59 97 18 70 100 19 73 100
o - 9 13 19 32 59 87 16 24 45 71 94 100 14 22 44 73 95 100 20 48 87 100 21 66 9 22 76 100 24 78
042 g 44 21 35 63 89 17 26 49 74 96 100 16 24 47 75 9 100 22 52 89 100 24 70 99 28 81 100 28 83
0.41) 40 16 24 30 66 90 19 28 51 77 956 100 18 26 49 78 97 27 58 92 100 28 74 99 32 85 100 33 87
0.40/——1—5 25 41 69 92 21 30 56 81 9 20 28 55 80 99 32 62 94 100 34 78 100 36 87 3 89
0.39( 4y 47 57 42 71 93 23 31 60 84 98 21 31 58 84 99 36 69 96 100 38 82 100 43 90 44 9
0.38] 43 45 29 45 74 95 25 32 63 8 98 22 34 63 86 100 38 71 98 46 86 100 48 o4 50 94
0.37) 4319 30 46 76 9 26 35 66 88 99 24 36 65 88 100 40 76 99 50 89 100 55 9 58 96
0.36| 14 19 32 48 80 97 27 37 69 90 100 27 39 69 90 100 41 81 99 56 91 61 o7 63 97
0.35| 46 20 34 51 82 97 20 39 72 92 100 28 41 74 92 100 45 83 100 60 94 67 98 68 98
0.34 47 21 37 53 85 98 31 40 75 93 100 29 45 77 94 100 49 85 100 64 95 72 99 73 99
0.33| 47 23 39 56 85 99 34 43 77 94 100 32 48 79 95 100 52 87 68 96 77 100 78 100
0.32| 49 54 42 58 88 99 35 48 79 95 100 33 50 82 9 57 90 72 9 80 82 100
0.31) 51 25 44 60 90 100 36 50 81 9 100 36 52 84 97 59 92 75 98 86 84 100
0301 2 25 47 63 92100 39 52 84 97 100 38 54 88 98 63 94 79 %8 87 88 100
0.29( 5, 27 50 65 93 100 41 56 86 98 100 39 57 90 99 68 95 82 98 89 91 100
0.28| 5 25 53 68 94 100 43 59 88 99 100 40 59 91 99 7 % 85 99 92 %
027 25 30 55 70 96 100 46 61 90 99 100 43 62 93 99 76 o7 87 99 93 9
0.26] 5 33 56 73 95 100 48 64 91 99 100 45 64 95 100 78 97 90 100 95 %
0.25| 53 35 60 74 8 49 65 93 99 100 47 65 96 100 81 98 92 100 9% %
0.24( 55 36 62 76 98 52 67 94 99 100 50 68 97 100 83 98 94 100 97 %
0.23| 31 39 64 77 %8 55 68 9 99 53 69 97 100 8 98 95 100 9 100
0.22) 3 49 65 78 9 57 70 9% 99 54 70 98 88 99 97 100 99 100
0.21) 35 41 68 80 100 59 71 97 99 56 72 99 9 99 97 100 100 100
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Figure 34 — Percentiles — NDF' Method - Kurtotic Distortion
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12 19 3 27 2 23 3 77 2 88 3 % 3 %
0.80 12 2 13 32 3 29 4 83 6 92 6 o7 6 o7
0.79 11 4 3 14 37 14 39 7 9 9 95 12 99 16 99
0.78 1 1 4 37 1 4 44 1 5 45 12 93 1 15 97 21 100 30 100
0.77 1.2 5 42 1 4 51 11 6 52 17 96 124 99 34 100 45 100
0.76) 11 2 7 49 11 6 60 11 9 60 25 o7 1 38 99 48 100 1 57
0.75) 11 2 9 56 12 9 68 11 12 67 1 35 98 1 52 100 1 64 100 17
0.74 11 3 12 61 12 1176 12 15 73 1 43 99 2 65 100 177 2 8
0.73 11 3 15 69 12 16 79 13 19 78 2 53 9 3 74 100 3 86 4 89
0.72 11 4 18 76 12 21 84 13 22 82 13 63 100 6 81 100 6 9 7 93
0.71 11 4 21 81 12 27 88 13 27 8 1 4 72100 9 87 12 93 112 95
0.70 1 2 5 23 8 13 34 91 14 32 89 17 75100 14 91 17 97 117 97
0.69 12 6 26 89 2 5 39 93 15 37 92 1 2 11 81 100 11 21 94 1 23 98 1 26 98
0.68) 1.2 8 31 91 2 8 46 95 1 8 42 93 1 1 2 14 86 1 1 27 9 1 34 99 1 39 99
0.67 11 2 10 37 94 12 10 52 9 2 11 50 94 1.1 2 19 89 1.2 35 97 1 46 100 1 49 100
0.66) 12 2 11 42 97 12 13 58 o7 1 3 13 56 96 11 3 27 92 1 3 45 98 2 61 100 2 64 100
0.65) 12 3 13 47 o7 2 1 3 15 62 98 11 3 15 63 o7 11 4 35 9% 1 4 55 99 2 71 100 3 71 100
0.64 2 3 3 15 51 98 2 1 5 19 68 99 1 1 4 19 66 98 1 1 7 44 97 1 6 63 99 4 78 100 1 5 78
0.63 2 4 4 18 58 98 2 1 5 273 9 12 5 24 70 99 11 8 52 99 18 71 99 8 83 100 19 8
0.62 2 4 4 21 61 99 2 2 6 25 76 99 2 3 5 27 75 99 1 1 8 60 100 112 77 100 1 13 89 113 91
0.61 2 5 6 24 68 100 3 3 7 29 80 100 2 4 7 30 79 99 11 11 68 100 2 16 85 100 118 94 119 93
0.60 3 6 7 28 72 100 3 4 8 33 85 100 2 5 8 36 83 99 12 14 74 100 3 21 88 100 11 25 9% 1 25 96
0.59 3 7 9 32 77 100 3 4 10 38 88 100 2 5 9 41 86 100 1 3 19 80 100 3 26 92 100 1 1 34 98 1 1 34 98
% ggg 3 9 10 36 81 100 4 5 13 43 90 3 6 13 43 88 100 1 4 24 84 1 4 33 95 100 1 3 44 99 1 2 48 99
< - 3 10 12 41 85 100 5 6 16 47 93 3 7 16 50 91 100 1 5 30 88 1 6 38 97 100 14 52100 1 3 58 99
5 ggg 4 10 14 45 88 6 6 19 53 95 4 8 19 53 93 100 2 6 38 91 1 8 48 98 100 15 62 100 1 4 69 99
< - 5 11 17 49 91 7 7 22 58 96 4 9 23 58 95 100 2 9 45 93 1 12 57 99 100 17 70 100 1 6 76 100
= 0.54 6 12 19 51 92 7 8 27 63 97 4 10 26 63 96 100 2 12 53 96 2 14 67 1 9 78 1 8 82 100
2 0.53 7 13 21 55 94 9 9 32 68 97 6 11 29 68 97 100 3 14 59 o7 2 18 73 113 84 2 14 88 100
k-] 0.52 7 15 25 59 94 10 12 36 71 97 7 12 33 74 97 3 17 67 o7 3 2278 117 90 3 19 @2
3 0.51 8 16 30 64 9% 10 14 39 77 98 7 14 38 80 98 5 20 71 98 6 28 82 2 25 95 4 26 94
- 0.50 9 17 32 68 97 11 16 43 81 99 8 16 43 82 98 6 26 78 99 6 34 86 3 31 9 5 33 97
§ g~:§ 11 19 37 73 98 11 20 49 83 99 9 19 48 84 99 9 30 82 100 8 39 90 4 40 99 6 44 99
© - 12 20 40 75 99 12 22 54 86 99 10 21 53 86 99 10 35 85 100 9 43 92 6 50 99 7 52 100
£ 0.47 12 21 44 79 99 14 26 57 90 99 12 24 58 88 99 11 40 88 100 10 48 94 8 58 100 10 59 100
c 0.46) 13 24 47 83 99 15 28 62 91 100 13 27 63 91 100 13 45 90 100 13 54 96 12 65 100 13 65 100
o 0.45) 15 26 50 86 99 17 33 67 93 100 15 30 68 93 100 17 52 91 100 15 60 98 16 71 100 16 74 100
E g':g 17 28 53 88 99 19 36 71 95 100 17 34 72 94 100 20 58 93 100 18 66 98 20 78 21 78
o - 19 31 58 89 100 21 41 75 97 100 18 39 75 95 100 22 64 95 100 24 71 100 25 82 26 84
0.42 21 32 62 91 100 23 46 80 97 100 20 43 77 96 100 27 70 97 100 29 77 100 30 87 31 89
0.41 22 34 65 92 100 25 49 85 98 100 22 48 80 97 100 33 74 98 100 31 82 3690 36 90
0.40 23 37 69 93 100 28 52 86 98 100 25 52 82 98 100 37 79 99 100 37 86 38 93 13 94
0.39 25 39 73 95 100 29 54 89 99 100 28 56 85 98 40 82 99 100 43 89 45 95 50 95
0.38 27 43 76 96 100 31 58 91 99 100 30 58 87 99 43 84 99 100 47 92 51 98 53 97
0.37 29 45 79 97 100 33 62 93 99 33 62 90 100 47 88 100 52 93 59 99 60 98
0.36) 30 47 81 98 100 36 65 94 99 37 65 92 100 54 90 100 58 95 65 100 66 98
0.35) 32 50 84 98 100 39 68 95 99 41 68 94 100 59 92 100 63 9% 71 100 72 99
0.34 34 54 86 99 100 41 72 95 100 44 69 95 100 62 94 100 69 97 76 100 78 100
0.33 38 56 88 100 100 43 75 96 100 47 71 97 100 66 95 100 74 98 83 100 81 100
0.32 40 59 89 100 47 78 97 100 50 73 97 100 70 96 100 78 99 86 84 100
0.31 42 63 91 100 50 79 98 100 53 77 98 100 74 97 100 83 100 89 88 100
0.30 44 66 93 100 54 81 98 100 57 79 99 78 o7 87 100 92 90 100
0.29 47 68 94 100 58 82 98 100 61 80 99 81 98 91 100 93 92 100
0.28 51 70 95 100 62 84 98 64 82 99 84 99 93 100 9% 95 100
0.27 54 71 96 100 64 86 99 67 84 99 86 99 95 97 o7
0.26) 56 72 97 100 67 87 99 71 86 99 88 99 % 98 o7
0.25) 59 75 98 100 70 88 99 73 87 99 89 99 o7 98 99
0.24{ 51 76 99 100 72 89 99 76 88 100 91 100 9% 9 %
0.23 61 78 99 74 90 100 79 89 100 93 100 99 98 100
0.22 64 80 100 75 90 100 80 91 100 94 100 99 99 100
0.21 66 81 100 79 91 100 82 91 100 96 100 99 100 100
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Underlying (Intended) Factor Loading
Method = NDF?

Figure 35 — Percentiles — NDF? Method - Kurtotic Distortion
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Relative Bias

RB Category

Factor Loading | Method | 2 CAT | 3CAT | 4CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
CAT -35.2% -181% -178% -87% -62%  -47% -4.7%

SPR -35.2% -181% -178% -9.7% -7.5% -6.3% -54%

04 NDF? -70.5% -40.9% -446% -17.3% | -113% -8.1% -7.6%
NDFz | -352% -25.7% -24.0% -11.7% -85% -6.9% -6.1%

CAT -345% -201% -203% -94% -65%  -49% -52%

0.5 SPR -345% -201% -20.3% -10.3% -7.7% -6.3% -6.0%
NDF! -73.3% -431% -424% -183% | -11.6% -85% -8.1%

NDFz | -345% -25.6% -254% -11.9% -85% -6.8% -6.6%

CAT -26.7% -181% -184% -88% -6.6%  -48% -4.7%

SPR -26.7% -181% -184% -99% -75% -59% -5.3%

06 NDF! -55.6% -33.1% -32.8% -16.7% -12.0% -87% -7.7%
NDFz | -26.7% -20.8% -214% -11.8% -88% -6.4% -5.7%

CAT -23.8% -182% -185% -9.1% -6.5%  -48% -52%

SPR -23.8% -182% -185% -10.0% -75% -58% -5.7%

07 NDF! -53.7% -33.4% -33.4% -17.0% -12.0% -8.8% -8.7%
NDF2 | -23.8% -20.8% -205% -11.8% -82% -6.5% -6.2%

CAT -20.8% -16.1% -165% -83% -6.1%  -48% -4.6%

SPR -20.8% -16.1% -165% -95% -74% -6.0% -5.9%

08 NDF! -45.0% -31.2% -32.0% -16.5% -11.7% -9.0% -8.6%
NDF2 | -20.8% -18.0% -182% -10.1% -7.9% -6.6% -6.0%

CAT -16.9% -146% -149% -74% -59%  -46% -4.0%

SPR -16.9% -146% -149% -86% -72% -54% -54%

09 NDF* -43.2% -30.0% -30.4% -15.8% -11.8% -89% -8.4%
NDEF2 | -16.9% -1565% -159% -8.6% -7.6% -6.2% -5.6%

Figure 36 — Method RB Comparison - Kurtotic Distortion
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Coefficient of Variance

CVv Category
Factor Loading | Method | 2 CAT | 3CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
CAT 67.6% 349% 334% 202% 16.2% 13.9% 14.6%
04 SPR 67.6% 34.8% 334% 21.8% 179% 16.7% 15.5%
' NDF? 194.8% 76.4% 84.0% 332% 23.3% 19.8% 18.0%
NDF2 67.6% 54.1% 452% 25.9% 20.7% 17.2% 18.2%
CAT 54.0% 25.6% 259% 13.0% 11.2% 8.9% 9.2%
0.5 SPR 54.0% 25.6% 259% 13.4% 121% 10.4% 9.8%
' NDF! 180.5% 62.9% 57.6% 22.0% 162% 124% 12.4%
NDF2 54.0% 39.3% 36.5% 17.0% 14.8% 10.8% 11.0%
CAT 23.7% 13.1% 14.0% 8.5% 7.7% 5.8% 6.5%
0.6 SPR 23.7% 131% 14.0% 9.4% 8.4% 6.8% 6.7%
' NDF! 66.9% 28.8% 255% 13.1% 10.7% 8.3% 8.0%
NDF2 23.7% 18.5% 188% 12.0% 9.7% 7.3% 7.0%
CAT 179% 109% 10.9% 6.4% 5.3% 4.2% 4.8%
0.7 SPR 17.9% 11.0% 11.0% 6.7% 5.8% 4.5% 4.9%
' NDF? 547% 21.4% 20.0% 10.8% 7.8% 6.1% 6.3%
NDF?2 17.9% 145% 14.7% 8.5% 6.7% 5.5% 5.7%
CAT 12.5% 7.4% 7.6% 4.5% 3.5% 2.9% 3.2%
0.8 SPR 12.5% 7.4% 7.5% 4.8% 4.0% 3.5% 3.4%
' NDF! 253% 13.9% 136% 7.3% 5.8% 4.3% 4.2%
NDF?2 125% 10.9% 11.4% 6.2% 5.0% 4.0% 3.9%
CAT 7.9% 5.6% 5.9% 3.1% 2.4% 2.0% 2.1%
0.9 SPR 7.9% 5.6% 5.9% 3.5% 2.9% 2.3% 2.4%
' NDF! 174% 10.7% 10.3% 5.2% 4.0% 3.2% 3.2%
NDF?2 7.9% 7.2% 7.6% 4.2% 3.5% 3.0% 2.9%

Figure 37 — Method CV Comparison - Kurtotic Distortion
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Relative Bias Difference

RB Diff Category
Factor Loading Method 2 CAT 3 CAT 4 CAT 5 CAT 6 CAT 7 CAT 8 CAT
CAT 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
04 SPR 0.0000% | 0.0043% | 0.0255% | 0.9865% | 1.2724% | 1.5832% | 0.6705%
) NDF? 35.2762% | 22.7985% | 26.8085% | 8.6109% | 5.0921% | 3.4219% | 2.8448%
NDF2 0.0000% | 7.6412% | 6.2691% | 2.9498% | 2.2767% | 2.1610% | 1.3414%
CAT 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.5 SPR 0.0000% | 0.0096% | 0.0312% | 0.9095% | 1.2132% | 1.3248% | 0.7094%
) NDF? 38.7892% | 23.0786% | 22.1265% | 8.9282% | 5.0849% | 3.5398% | 2.8467%
NDF2 0.0000% | 5.5501% | 5.1195% | 2.5692% | 1.9837% | 1.8945% | 1.3754%
CAT 0.0000% | 0.0035% | 0.0072% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.6 SPR 0.0000% | 0.0000% | 0.0000% | 1.0814% | 0.9281% | 1.0930% | 0.6010%
) NDF? 28.8163% | 15.0706% | 14.3656% | 7.8941% | 5.4081% | 3.9584% | 3.0597%
NDF2 0.0000% | 2.7836% | 2.9480% | 2.9541% | 2.2408% | 1.6091% | 1.0922%
CAT 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
. SPR 0.0000% | 0.0156% | 0.0299% | 0.8829% | 0.9865% | 0.9637% | 0.5437%
) NDF! 29.9153% | 15.1740% | 14.9124% | 7.8602% | 5.5762% | 3.9828% | 3.5482%
NDF2 0.0000% | 2.6379% 1.9970% | 2.7191% | 1.7755% | 1.6761% | 0.9664%
CAT 0.0000% | 0.0110% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.3 SPR 0.0000% | 0.0000% | 0.0066% | 1.1756% | 1.2898% | 1.1832% | 1.2494%
) NDF! 24.1310% | 15.1226% | 15.4962% | 8.1823% | 5.5570% | 4.1659% | 3.9501%
NDF2 0.0000% 1.9829% 1.7024% | 1.8711% | 1.8384% | 1.7955% | 1.3541%
CAT 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.9 SPR 0.0000% | 0.0069% | 0.0073% | 1.1950% | 1.3616% | 0.7836% | 1.4069%
) NDF* 26.3337% | 15.4027% | 15.4899% | 8.3639% | 5.9519% | 4.2788% | 4.3902%
NDF2 0.0000% | 0.8858% | 0.9683% | 1.2051% | 1.7070% | 1.5942% | 1.5926%
CAT 0.0000% | 0.0024% | 0.0012% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
o || Best Perf (Mean) SPR 0.0000% | 0.0061% | 0.0168% | 1.0385% | 1.1753% | 1.1553% | 0.8635%
verall Best Performer (Mean
NDF? 30.5436% | 17.7745% | 18.1998% | 8.3066% | 5.4450% | 3.8913% | 3.4399%
NDF2 0.0000% | 3.5802% | 3.1674% | 2.3781% | 1.9703% | 1.7884% | 1.2870%

Figure 38 — Method RB % Underperformance - Kurtotic Distortion

- 166 -




Coefficient of Variation Difference

CV Diff Category

Factor Loading Method 2 CAT 3 CAT 4 CAT 5 CAT 6 CAT 7 CAT 8 CAT
CAT 0.0000% 0.0860% 0.0094% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
04 SPR 0.0000% 0.0000% 0.0000% 1.5841% | 1.7273% | 2.8044% | 0.9466%
NDF! 127.2081% | 41.6152% | 50.6154% | 12.9443% | 7.0763% | 5.8829% | 3.3938%
NDF? 0.0000% 19.2522% | 11.8753% | 5.6588% | 4.4772% | 3.3127% | 3.5666%
CAT 0.0000% 0.0066% 0.0516% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.5 SPR 0.0000% 0.0000% 0.0000% | 0.4197% | 0.9420% | 1.5277% | 0.6013%
NDF! 126.4670% | 37.2774% | 31.7688% | 9.0521% | 4.9974% | 3.5019% | 3.2085%
NDF2 0.0000% 13.7017% | 10.6230% | 4.0538% | 3.6191% | 1.9063% | 1.7988%
CAT 0.0000% 0.0124% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.6 SPR 0.0000% 0.0000% 0.0007% | 0.8854% | 0.6642% | 0.9809% | 0.1714%
NDF! 43.2708% | 15.7317% | 11.5138% | 4.6571% | 2.9319% | 2.4715% | 1.4614%
NDF2 0.0000% 5.4606% | 4.8019% | 3.4976% | 1.9632% | 1.4860% | 0.4588%
CAT 0.0000% 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.7 SPR 0.0000% 0.0118% 0.0142% | 0.3294% | 0.4962% | 0.3131% | 0.0672%
NDF! 36.7711% | 10.4727% | 9.0237% | 4.3643% | 2.4499% | 1.8579% | 1.4531%
NDF2 0.0000% 3.5976% 3.7462% | 2.0923% | 1.4227% | 1.2833% | 0.9203%
CAT 0.0000% 0.0173% 0.0345% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.8 SPR 0.0000% 0.0000% 0.0000% | 0.3337% | 0.4228% | 0.6116% | 0.1814%
NDF! 12.8302% | 6.5640% 6.0202% | 2.7827% | 2.2676% | 1.4507% | 0.9652%
NDF2 0.0000% 3.4864% 3.8733% 1.7085% | 1.5037% | 1.1370% | 0.6484%
CAT 0.0000% 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
0.9 SPR 0.0000% 0.0006% 0.0146% | 0.4528% | 0.4273% | 0.2790% | 0.3322%
NDF* 9.5023% 5.0711% | 4.3856% | 2.1007% | 1.5892% | 1.1410% | 1.1810%
NDF? 0.0000% 1.5572% 1.7143% 1.1334% | 1.0229% | 0.9553% | 0.7879%
CAT 0.0000% 0.0204% | 0.0159% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
Overall Best Performer SPR 0.0000% 0.0021% | 0.0049% | 0.6675% | 0.7799% | 1.0861% | 0.3833%
(Mean) NDF! 59.3416% | 19.4553% | 18.8879% | 5.9835% | 3.5521% | 2.7177% | 1.9438%
NDF? 0.0000% 7.8426% | 6.1057% | 3.0241% | 2.3348% | 1.6801% | 1.3634%

Figure 39 — Method CV % Underperformance - Kurtotic Distortion

- 167 -




7.6 Factor Loading Descriptive Statistics — Bimodal Distortion

2 Category
Factor Loading | Method M o RB cv
CAT | 0.305088 | 0.13322 | -23.72797% | 43.66611%
0.4 SPR 0.305088 | 0.13322 | -23.72797% | 43.66611%
NDF' | 0.222461 | 0.185294 | -44.38477% | 83.29271%
NDF? | 0.305088 | 0.13322 | -23.72797% | 43.66611%
CAT | 0.391965 | 0.113818 | -21.60691% | 29.03773%
05 SPR 0.391965 | 0.113818 | -21.60691% | 29.03773%
NDF' | 0.286082 | 0.187994 | -42.78353% | 65.71327%
NDF? | 0.391965 | 0.113818 | -21.60691% | 29.03773%
CAT | 0.485757 | 0.07306 | -19.04046% | 15.04043%
0.6 SPR | 0.485757 | 0.07306 | -19.04046% | 15.04043%
NDF' | 0.389033 | 0.114077 | -35.16117% | 29.32310%
NDF? | 0.485757 | 0.07306 | -19.04046% | 15.04043%
CAT 0.5716 | 0.062369 | -18.34287% | 10.91136%
0.7 SPR 0.5716 | 0.062369 | -18.34287% | 10.91136%
NDF* 0.46069 | 0.090637 | -34.18713% | 19.67425%
NDF? 0.5716 | 0.062369 | -18.34287% | 10.91136%
CAT 0.6638 | 0.052307 | -17.02501% | 7.87991%
0.8 SPR 0.6638 | 0.052307 | -17.02501% | 7.87991%
NDF' | 0.530709 | 0.074602 | -33.66144% | 14.05702%
NDF? 0.6638 | 0.052307 | -17.02501% | 7.87991%
CAT 0.776139 | 0.042109 | -13.76228% | 5.42542%
0.9 SPR 0.776139 | 0.042109 | -13.76228% | 5.42542%
NDF* 0.62219 0.0604 | -30.86778% | 9.70772%
NDF? | 0.776139 | 0.042109 | -13.76228% | 5.42542%

Table 48 - FL Descriptive

Categories

Statistics - Bimodal Scale Distortion on 2
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3 Category

Factor Loading | Method M (o] RB cv
CAT | 0.317781 | 0.120199 | -20.55477% | 37.82453%
0.4 SPR | 0.317436 | 0.120397 | -20.64094% | 37.92804%
NDF' | 0.214959 | 0.187856 | -46.26019% | 87.39150%
NDF? | 0.316032 | 0.122161 | -20.99202% | 38.65468%
CAT | 0.411983 | 0.08996 | -17.60338% | 21.83577%
05 SPR | 0.412156 | 0.090057 | -17.56881% | 21.85026%
NDF' | 0.294434 | 0.179725 | -41.11325% | 61.04077%
NDF? | 0.410674 | 0.090056 | -17.86519% | 21.92889%
CAT | 0.494476 | 0.072189 | -17.58736% | 14.59918%
0.6 SPR | 0.494447 | 0.072257 | -17.59219% | 14.61365%
NDF' | 0.404552 | 0.096144 | -32.57473% | 23.76560%
NDF? | 0.492611 | 0.073383 | -17.89821% | 14.89675%
CAT | 0.583727 | 0.059638 | -16.61038% | 10.21678%
0.7 SPR | 0.583728 | 0.059611 | -16.61022% | 10.21213%
NDF' | 0.474676 | 0.089649 | -32.18907% | 18.88628%
NDF? | 0.581587 | 0.060231 | -16.91615% | 10.35626%
CAT | 0.676015 | 0.049094 | -15.49808% | 7.26224%
0.8 SPR | 0.675968 | 0.049183 | -15.50394% | 7.27596%
NDF' | 0.548358 | 0.069284 | -31.45524% | 12.63485%
NDF? | 0.676022 | 0.049083 | -15.49726% | 7.26061%
CAT | 0.790467 | 0.039927 | -12.17030% | 5.05105%
0.9 SPR | 0.790453 | 0.039853 | -12.17191% | 5.04181%
NDF' | 0.643531 | 0.053749 | -28.49658% | 8.35228%
NDF? | 0.790477 | 0.039911 | -12.16918% | 5.04901%

Table 49 - FL Descriptive

Categories

Statistics - Bimodal Scale Distortion on 3
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4 Category

Factor Loading | Method M o RB cv
CAT | 0.360987 | 0.072985 | -9.75336% | 20.21824%
0.4 SPR | 0.362329 | 0.071787 | -9.41768% | 19.81256%
NDF' 0.32881 | 0.102974 | -17.79752% | 31.31730%
NDF? | 0.355662 0.0819 | -11.08450% | 23.02736%
CAT | 0.457881 | 0.058964 | -8.42387% | 12.87767%
05 SPR | 0.458522 | 0.058457 | -8.29556% | 12.74897%
NDF* 0.42049 | 0.081793 | -15.90198% | 19.45193%
NDF? | 0.448165 | 0.065697 | -10.36709% | 14.65919%
CAT | 0.550027 | 0.045477 | -8.32890% | 8.26811%
0.6 SPR | 0.551352 | 0.044753 | -8.10805% | 8.11692%
NDF' | 0.503136 | 0.065388 | -16.14403% | 12.99606%
NDF? | 0.541669 | 0.051769 | -9.72184% | 9.55739%
CAT | 0.644827 | 0.038391 | -7.88180% | 5.95365%
07 SPR | 0.645982 | 0.03786 | -7.71683% | 5.86081%
NDF' | 0.588865 | 0.052686 | -15.87640% | 8.94698%
NDF? | 0.633244 | 0.043642 | -9.53654% | 6.89184%
CAT | 0.741532 | 0.030762 | -7.30845% | 4.14844%
0.8 SPR | 0.742451 | 0.030104 | -7.19363% | 4.05462%
NDF' | 0.675718 | 0.041171 | -15.53531% | 6.09289%
NDF? | 0.742551 | 0.029846 | -7.18113% | 4.01937%
CAT | 0.854733 | 0.020626 | -5.02969% | 2.41316%
0.9 SPR 0.85508 | 0.020284 | -4.99106% | 2.37217%
NDF' | 0.776582 | 0.030429 | -13.71311% | 3.91828%
NDF? | 0.853984 | 0.019851 | -5.11292% | 2.32450%

Table 50 - FL Descriptive

Categories

Statistics - Bimodal Scale Distortion on 4
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5 Category

Factor Loading | Method M o RB cv
CAT | 0.355535 | 0.080968 | -11.11629% | 22.77363%
0.4 SPR | 0.362285 | 0.072606 | -9.42874% | 20.04122%
NDF* 0.32601 | 0.10664 | -18.49759% | 32.71062%
NDF? | 0.355289 | 0.082136 | -11.17781% | 23.11824%
CAT 0.45408 | 0.060726 | -9.18391% | 13.37330%
05 SPR | 0.459591 | 0.057612 | -8.08179% | 12.53559%
NDF' | 0.414967 | 0.093892 | -17.00660% | 22.62630%
NDF? | 0.452989 | 0.06564 | -9.40223% | 14.49051%
CAT | 0.543675 | 0.050914 | -9.38744% | 9.36486%
0.6 SPR | 0.551846 | 0.045981 | -8.02561% | 8.33213%
NDF' | 0.504541 | 0.064642 | -15.90981% | 12.81201%
NDF? | 0.543456 | 0.052703 | -9.42398% | 9.69782%
CAT | 0.638998 | 0.041231 | -8.71461% | 6.45248%
07 SPR | 0.647198 | 0.037462 | -7.54317% | 5.78839%
NDF' | 0.590248 | 0.049728 | -15.67888% | 8.42486%
NDF? | 0.635592 | 0.042241 | -9.20109% | 6.64597%
CAT | 0.735592 | 0.033245 | -8.05099% | 4.51943%
0.8 SPR | 0.743631 | 0.030128 | -7.04608% | 4.05145%
NDF' | 0.677659 | 0.042748 | -15.29262% | 6.30813%
NDF? | 0.743775 | 0.029882 | -7.02809% | 4.01764%
CAT | 0.850705 | 0.023301 | -5.47721% | 2.73907%
0.9 SPR | 0.856909 | 0.020109 | -4.78791% | 2.34667%
NDF' | 0.779243 | 0.028593 | -13.41744% | 3.66932%
NDF? | 0.855784 | 0.019522 | -4.91286% | 2.28122%

Table 51 - FL Descriptive

Categories

Statistics - Bimodal Scale Distortion on 5
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6 Category

Factor Loading | Method M o RB cv
CAT | 0.365303 | 0.069374 | -8.67414% | 18.99092%
0.4 SPR | 0.372502 | 0.061489 | -6.87456% | 16.50709%
NDF' | 0.352319 | 0.088838 | -11.92028% | 25.21529%
NDF? | 0.368566 | 0.071028 | -7.85844% | 19.27139%
CAT 0.46503 | 0.05373 | -6.99404% | 11.55419%
05 SPR | 0.471691 | 0.048606 | -5.66175% | 10.30467%
NDF* 0.44304 | 0.066135 | -11.39196% | 14.92759%
NDF? | 0.464288 | 0.056361 | -7.14246% | 12.13914%
CAT | 0.556253 | 0.044278 | -7.29115% | 7.96003%
0.6 SPR | 0.564552 | 0.038889 | -5.90806% | 6.88843%
NDF' | 0.530013 | 0.049939 | -11.66449% | 9.42221%
NDF? | 0.554793 | 0.046524 | -7.53456% | 8.38579%
CAT | 0.653602 | 0.03553 | -6.62833% | 5.43608%
07 SPR | 0.662492 | 0.030684 | -5.35834% | 4.63160%
NDF' | 0.623185 | 0.040988 | -10.97358% | 6.57712%
NDF? | 0.653994 | 0.035447 | -6.57234% | 5.42015%
CAT | 0.751643 | 0.028258 | -6.04460% | 3.75954%
0.8 SPR 0.76009 | 0.025034 | -4.98881% | 3.29358%
NDF' | 0.713415 | 0.034767 | -10.82315% | 4.87336%
NDF? | 0.760803 | 0.024638 | -4.89957% | 3.23836%
CAT | 0.864076 | 0.018769 | -3.99153% | 2.17209%
0.9 SPR | 0.869749 | 0.015614 | -3.36122% | 1.79527%
NDF* 0.81458 | 0.023914 | -9.49106% | 2.93571%
NDF? | 0.867962 | 0.015054 | -3.55975% | 1.73444%

Table 52 - FL Descriptive

Categories

Statistics - Bimodal Scale Distortion on 6
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7 Category

Factor Loading | Method M o RB cv
CAT | 0.360006 | 0.077048 | -9.99857% | 21.40189%
0.4 SPR | 0.372362 | 0.062149 | -6.90948% | 16.69050%
NDF' | 0.349519 | 0.091573 | -12.62019% | 26.19976%
NDF? | 0.367779 | 0.067185 | -8.05534% | 18.26771%
CAT | 0.460153 | 0.056848 | -7.96936% | 12.35409%
05 SPR | 0.471923 | 0.048385 | -5.61540% | 10.25267%
NDF' | 0.439248 | 0.078943 | -12.15035% | 17.97227%
NDF? | 0.464333 | 0.05424 | -7.13339% | 11.68130%
CAT | 0.549685 | 0.048673 | -8.38576% | 8.85463%
0.6 SPR | 0.564528 | 0.039379 | -5.91204% | 6.97550%
NDF' 0.53026 | 0.053096 | -11.62337% | 10.01326%
NDF? | 0.558045 | 0.044808 | -6.99254% | 8.02953%
CAT | 0.646681 | 0.038858 | -7.61705% | 6.00883%
07 SPR | 0.662669 | 0.03079 | -5.33296% | 4.64633%
NDF' | 0.620149 | 0.043471 | -11.40734% | 7.00982%
NDF? | 0.655851 | 0.035714 | -6.30701% | 5.44539%
CAT | 0.744186 | 0.030687 | -6.97674% | 4.12354%
0.8 SPR | 0.760163 | 0.025032 | -4.97965% | 3.29294%
NDF* 0.71181 | 0.036109 | -11.02379% | 5.07287%
NDF? | 0.760899 | 0.024624 | -4.88765% | 3.23624%
CAT | 0.857679 | 0.021654 | -4.70234% | 2.52475%
0.9 SPR | 0.869899 | 0.015753 | -3.34455% | 1.81093%
NDF' | 0.815411 | 0.023727 | -9.39872% | 2.90979%
NDF?> | 0.868171 | 0.015072 | -3.53650% | 1.73606%

Table 53 - FL Descriptive Statistics - Bimodal Scale Distortion on 7

Categories
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8 Category

Factor Loading | Method M o RB cv
CAT | 0.361537 | 0.073087 | -9.61565% | 20.21559%
0.4 SPR | 0.373788 | 0.059046 | -6.55300% | 15.79668%
NDF' | 0.353738 | 0.079276 | -11.56542% | 22.41095%
NDF? | 0.370556 | 0.066897 | -7.36101% | 18.05318%
CAT | 0.460687 | 0.058675 | -7.86256% | 12.73632%
05 SPR | 0.472491 | 0.04997 | -5.50177% | 10.57583%
NDF* 0.44724 | 0.065842 | -10.55192% | 14.72184%
NDF? | 0.466462 | 0.053812 | -6.70769% | 11.53624%
CAT | 0.551462 | 0.048051 | -8.08959% | 8.71336%
0.6 SPR 0.56636 | 0.03899 | -5.60660% | 6.88425%
NDF' | 0.536307 | 0.053046 | -10.61542% | 9.89103%
NDF? | 0.559935 | 0.044118 | -6.67743% | 7.87905%
CAT | 0.647939 | 0.038294 | -7.43727% | 5.91005%
07 SPR | 0.664369 | 0.02974 | -5.09010% | 4.47640%
NDF' | 0.627118 | 0.040352 | -10.41170% | 6.43450%
NDF? | 0.658158 | 0.032321 | -5.97749% | 4.91083%
CAT | 0.745267 | 0.031281 | -6.84165% | 4.19728%
0.8 SPR | 0.761481 | 0.025576 | -4.81493% | 3.35875%
NDF' | 0.715413 | 0.034698 | -10.57332% | 4.85005%
NDF? | 0.762856 | 0.026144 | -4.64302% | 3.42708%
CAT | 0.859334 | 0.021122 | -4.51848% | 2.45797%
0.9 SPR | 0.871745 | 0.015501 | -3.13942% | 1.77820%
NDF' | 0.817853 | 0.022742 | -9.12742% | 2.78073%
NDF?> | 0.870631 | 0.015223 | -3.26327% | 1.74855%

Table 54 - FL Descriptive

Categories

Statistics - Bimodal Scale Distortion on 8
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129 42 3 100 2 100 4 3 100 3
0.80) 1 40 1 51 6 4 100 9 7 9
0.79 2 50 2 62 10 8 17 12 13
0.78 12 57 13170 20 14 26 21 123
0.77 14 65 14 18 127 126 39 130 133
0.76 1 5 76 1 7 84 1 # 1 36 1 52 2 43 2 45
0.75) 18 82 110 89 154 2 46 2 69 2 56 3 58
0.74 2 11 86 2 13 94 2 65 2 59 2 79 2 7 3 70
0.73 2 14 91 2 20 o7 3 77 3 69 3 89 3 81 3 82
0.72 13 18 93 13 24 9 4 84 4 81 5 93 4 89 5 88
0.71 1 4 23 9 1 3 31 100 7 92 1 6 85 9 97 8 93 7 93
0.70 14 32 98 1.1 4 38100 10 9 19 93 17 99 14 96 13 9
0.69 1.5 40 99 1.1 5 48100 117 o7 116 9 23 100 120 99 120 99
0.68 117 47 100 11 8 57 100 1 28 99 1 23 98 32 100 127 100 1 28 100
0.67] 1 2 9 54 100 1 2 10 67 1 37 100 2 32 9 1 43 100 2 37 100 1 38 100
0.66 1 2 10 62 100 1.2 1473 2 45 100 3 39 100 2 55 100 3 48 100 3 49 100
0.65) 1.2 1470 1.3 1879 13 57 100 14 49 100 367 100 3 58 100 1 4 61100
0.64) 11 2 1775 103 22 84 1 5 66 16 61100 6 74 100 15 66 100 16 68 100
0.63 1 1 4 22 80 1 5 26 89 2 7 74 1 7 68 100 9 83 1 9 75 100 1 9 76 100
0.62 11 5 2 8 117 31 91 2 11 82 19 76 100 112 90 112 83 100 1 12 84 100
0.61 11 7 32 90 12 8 38 92 2 15 90 2 13 83 118 93 115 89 2 16 90 100
0.60 12 8 37 @ 12 10 46 9% 13 20 93 1 2 18 88 1 22 9 121 93 3 2 9

- 0.59 2 3 10 43 95 2 2 13 54 98 1 3 25 95 1 2 23 93 3 30 99 3 26 97 4 28 97

3 gg; 2 3 13 49 9% 2 2 15 59 99 1 4 34 99 1 3 30 9 4 38 100 1 4 34 99 4 35 99

< 0.26 3 4 16 57 98 3 3 18 64 99 15 41100 1.5 36 99 5 46 100 15 42 100 5 43 100

o g 4 5 20 63 99 3 5 20 71 9 1 6 49 100 17 45 100 1.6 55 16 51100 17 51100

< . 5 6 22 68 99 4 7 24 78 100 18 57 100 3 8 55100 18 64 2 7 57 100 19 58 100

L 0.54 6 8 27 75 100 4 8 30 82 100 2 9 66 100 3 10 63 100 1 11 72 2 10 65 100 2 11 68 100

2 0.53 7 9 32 80 100 5 11 37 86 100 3 14 76 100 4 13 69 100 2 14 81 3 1473 3 15 76

5 0.52 7 12 37 85 100 6 12 42 91 100 3 18 82 100 4 17 75 100 2 19 88 4 19 81 3 19 82

s 0.51 8 14 43 89 100 8 14 47 93 4 23 88 100 5 23 80 100 4 25 91 4 24 8 4 23 87

- 0.50 9 16 47 92 10 17 53 96 5 29 92 5 28 86 100 5 31 94 5 29 91 5 32 92

5 0.49 9 19 52 94 10 20 60 98 6 33 95 6 33 90 100 6 39 9 6 37 94 6 36 94

ki 0.48 10 22 60 96 11 24 64 99 7 39 97 9 39 94 100 8 49 98 8 44 9% 7 44 9%

P 0.47 12 26 63 98 13 29 69 99 9 47 98 11 45 95 10 55 99 11 50 97 10 51 98

c 0.46 13 29 69 99 14 33 73 100 11 53 99 14 53 98 11 61 99 13 57 98 12 57 99

2 045 45 3 75 100 16 38 78 100 14 62 100 17 59 99 13 69 100 15 66 99 14 64 99

s g-:g 17 36 79 100 18 43 83 100 17 70 100 19 66 99 17 75 100 17 73 99 17 71 99

o - 20 42 83 100 20 49 87 100 21 78 21 73 100 20 82 20 78 100 21 78 100
042 2 45 87 100 23 54 89 100 27 83 2480 100 25 87 25 85 100 25 82 100
0.41 24 52 89 100 25 58 91 100 32 87 29 84 30 91 29 88 30 88
0.40—5757 92 100 29 65 93 100 34 90 32 88 37 9 35 90 32 90
0.39 29 61 94 31 69 95 40 92 37 91 44 95 39 92 39 93
0.38] 31 65 o5 33 73 9 44 94 42 93 48 o7 46 94 45 95
0.37 35 69 96 37 76 98 48 96 47 94 53 97 51 96 52 96
0.36 38 73 9% 40 80 98 53 97 52 96 59 99 55 98 57 97
0.35] 41 76 o7 42 84 99 59 98 56 98 64 99 60 98 62 98
0.341 44 80 99 45 88 100 67 99 61 98 71 100 67 99 68 99
0.33 47 83 99 49 89 100 72 99 66 99 76 100 71 99 72 100
0.32 50 85 100 52 90 100 76 100 72 99 80 100 77 100 78 100
0.31 53 87 100 56 91 100 80 100 76 100 83 100 80 100 81 100
0.30 56 89 100 60 93 100 83 79 100 87 83 100 85 100
0.291 59 91 100 63 94 100 87 84 100 % 86 87 100
0.28] 62 93 67 94 90 87 100 93 89 91 100
0.27) g5 o3 70 95 93 % 94 91 92
0.26] g5 o4 72 9% 95 92 9% % 93
0.25] 7 g 74 o7 o7 S o7 94 9
0.24 73 95 77 97 98 95 98 97 97
0.231 75 o5 79 98 99 % 99 98 97
0.22 78 95 82 99 99 98 99 98 99
0.21 80 9 85 99 100 98 % 99 100
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2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category
Underlying (Intended) Factor Loading
Method = CAT

Figure 40 - Percenti

les — CAT Method - Bimodal Distortion
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Intended (Latent) Factor Loading
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Intended (Latent) Factor Loading
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Intended (Latent) Factor Loading
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Intended (Latent) Factor Loading
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8 Category, CAT Method, Bimodal Distortion
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Figure 41 - Modified Box Plots Category 2, 4, 5, 6, 7 and 8 (Bimodal
Distortion)

-181 -




129 42 3 100 2 100 5 6 6
0.80 1 40 1 51 5 5 13 14 14
0.79 2 50 2 62 10 1 21 20 23
0.78 12 87 13 70 19 20 3 33 38
0.77 14 65 1.4 78 29 31 52 52 54
0.76) 15 76 17 84 141 45 68 69 68
0.75) 1 8 82 110 89 1 54 2 56 181 182 83
0.74 2 11 86 2 13 o4 167 2 69 2 9 2 9 2 91
0.73 2 14 o1 2 20 97 3 78 3 80 3 % 3 9 4 o
0.72 1.3 18 93 13 24 98 4 86 4 87 6 o7 6 98 5 o7
0.71 1 4 23 9 13 31100 6 93 7 o4 10 99 11 99 11 100
0.70 1 4 32 98 11 4 38100 12 97 1 13 9 21 100 21 100 21 100
0.69 1 5 40 99 11 5 48 100 119 98 1 21 98 29 100 29 100 33 100
0.68) 1 1 7 47 100 1 1 8 57 100 1 29 99 1 29 100 43 100 44 100 45 100
0.67 1.2 9 54100 12 10 67 138 100 1 39 100 53 100 53 1 57 100
0.66 12 10 62 100 12 1473 11 47 100 12 48 100 1 66 2 67 2 70
0.65) 12 1470 13 1879 1 2 58 13 61 3 77 3 76 3 78
0.64 1 1 2 17 75 1 3 23 84 1 5 67 1 5 68 5 86 4 86 1 5 87
0.63 1 1 4 22 80 1 5 26 89 2 9 76 1.9 77 8 90 9 91 1 10 93
0.62 11 5 26 86 11 7 31 91 2 12 84 2 12 85 1 15 9 116 95 114 97
0.61 11 7 32 90 1 2 8 38 93 2 16 89 2 17 90 1 19 98 120 99 2 21 99
0.60 12 8 37 92 1 2 10 46 96 3 20 92 13 21 93 127 100 127 100 2 27 100
0.59 2 3 10 43 95 2 2 13 54 98 1 3 25 96 1 3 27 97 3 35 2 36 3 36

% ggg 2 3 13 49 9% 2 2 16 59 99 1 4 34 98 1 4 33 99 3 44 3 45 4 46

< - 3 4 16 57 98 3 3 18 64 99 15 41100 1 4 41100 4 56 4 54 5 58

5 ggg 4 5 20 63 99 3 5 21 71 99 16 50 100 1 5 51100 6 63 6 64 7 67

< - 5 6 22 68 99 4 7 25 77 100 18 59 100 2 7 60 100 1.8 72 17 712 9 76

= 0.54 6 8 27 75 100 5 9 30 82 100 2 9 69 100 3 10 68 100 1 11 83 1 11 82 1 12 83

2 0.53 7 9 32 80 100 5 11 36 86 100 3 13 77 100 3 14 76 100 1 16 89 1 15 89 1 16 88

k-] 0.52 7 12 37 85 100 6 12 42 91 100 3 18 83 100 3 20 81 100 2 22 %4 2 20 93 2 22 %4

3 0.51 8 14 43 89 100 8 14 48 93 4 24 88 3 23 88 100 3 28 9% 3 28 9 2 28 9%

- 0.50 9 16 47 92 10 17 53 96 5 29 93 5 29 94 3 35 97 4 36 98 3 34 98

E 0.49 9 19 52 94 10 20 60 97 6 33 96 6 34 96 4 43 99 4 44 98 4 44 99

S 0.48 10 22 60 9 11 23 64 98 8 40 98 7 40 97 6 52 100 6 53 99 5 52 99

£ 0.47 12 26 63 98 13 29 69 99 9 45 98 10 48 98 8 60 100 8 61 100 8 60 100

c 0.46 13 29 69 99 14 33 72 100 11 54 99 12 57 99 10 69 100 11 69 100 10 68 100

o 0.45) 15 32 75 100 16 38 78 100 14 63 100 13 66 100 15 75 15 76 13 73

_g g:g 17 36 79 100 19 43 83 100 16 72 100 18 73 100 18 81 18 81 18 82

o - 20 42 83 100 21 49 86 100 21 79 20 78 23 87 23 87 22 87
0.42 22 48 87 100 23 54 89 100 26 82 25 83 28 91 27 91 2 91
0.41 24 52 89 100 26 59 91 100 31 88 31 87 33 95 34 04 34 94
0.40 27 57 92 100 28 65 93 100 36 90 36 91 20 9% 39 97 %
0.39 29 61 94 31 69 95 40 92 40 92 47 98 46 98 47 97
0.38 31 65 95 33 73 9% 42 93 43 94 52 99 53 99 54 99
0.37 35 69 9 37 76 98 49 95 47 95 58 99 59 99 61 99
0.36 38 73 9% 40 80 98 55 o7 55 98 64 100 64 100 66 100
0.35) 49 76 97 41 84 99 62 99 61 99 70 100 72 100 73 100
0.34 44 80 99 45 88 100 68 99 67 99 75 100 75 100 78 100
0.33 47 83 99 49 89 100 74 99 74 100 81 100 80 100 82
0.32 50 85 100 52 90 100 77 100 80 100 86 84 100 86
0.31 53 87 100 55 91 100 82 100 83 100 89 89 90
0.30 56 89 100 60 93 100 85 85 92 92 93
0.29( 59 91 100 63 94 100 87 87 94 9 94
0.28 62 93 67 95 % 90 95 95 9%
0.27 65 93 70 95 [ 93 o7 97 o7
0.26 68 94 72 9% % 9% 98 98 99
0.25) 71 94 74 o7 97 o7 99 99 99
0.24) 73 95 77 97 98 98 100 99 100
0.23 76 95 79 98 ) 99 100 100 100
0.22 78 95 82 99 %9 99 100 100 100
0.21 80 96 85 99 100 100 100 100
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2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category
Underlying (Intended) Factor Loading
Method = SPR

Figure 42 - Percentiles — SPR Method - Bimodal Distortion
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1 23 24 176 175 178
0.80 1 1 34 38 186 2 8 189
0.79 1 1 45 150 3 % 3 % 3 o4
0.78 1 11 159 163 4 97 6 o7 6 99
0.77 1 11 2 69 177 8 99 11 99 10 100
0.76) 1 103 3 81 4 8 15 100 116 17 100
0.75) 1 2 1 4 1 6 89 17 9 25 100 1 22 27
0.74 1 3 1 5 1 10 95 1 11 96 1 35 1 30 1 36
0.73 1 2 4 18 115 97 11 16 99 2 44 1M 1 46
0.72 11 2 6 111 2 20 99 11 25 99 2 54 2 52 3 57
0.71 1 11 2 9 12 14 13 28 100 11 33100 3 66 12 65 5 68
0.70 1 11 1 2 14 1.2 19 1 1 5 39 100 11 1 41 100 5 77 1 5 74 1 6 78
0.69 1 11 1 3 18 1 1 3 26 1 1 5 47 1 1 2 50 100 7 84 1 9 82 1 10 85
0.68 11 1 1 3 24 1 2 4 32 11 7 56 11 5 58 1 113 89 1 15 88 115 90
0.67 11 2 1 4 28 11 2 5 40 11 1 9 67 11 7 67 1 121 %4 118 93 119 93
0.66) 11 2 2 6 35 11 3 7 48 11 2 1076 12 1175 1 126 97 11 25 o7 2 29 o7
0.65) 1.2 2 3 7 41 1 1 4 10 56 1 1 3 14 83 1 3 16 83 1 1 35 99 1 2 34 97 1 2 40 99
0.64) 12 2 3 1147 11 1 5 11 62 12 3 21 88 14 22 89 1 2 44 99 13 43 99 15 48 100
0.63 13 3 4 1355 12 1 6 15 67 12 4 28 91 2 4 30 92 1 3 54 100 1 4 51100 17 57
0.62 13 3 5 15 60 12 1 7 1872 12 5 35 93 2 5 36 9 1 6 63 17 60 110 69
0.61 2 3 4 7 17 65 2 2 2 8 2379 2 3 7 4 o7 1.2 7 45 97 11 8 73 111 70 2 13 76
0.60 2 3 4 8 20 70 2 3 3 10 28 85 2 3 8 51 98 1 3 10 53 98 1 1 12 80 1 2 14 78 2 15 81
0.59 2 4 5 10 25 76 3 3 4 14 32 88 2 3 11 58 99 13 12 62 99 12 16 8 13 18 81 3 22 88
% g-gg 3 5 7 13 31 80 3 4 4 17 38 91 3 4 13 65 100 1 4 16 69 99 13 23 89 13 24 88 4 27 93
< - 3 5 7 15 35 83 3 4 4 19 44 94 3 5 19 72 100 1 5 22 74 100 15 28 95 15 30 92 5 33 97
2 0.56) 3 7 9 17 40 88 3 5 6 21 50 9% 3 6 24 77 100 2 6 25 79 100 2 7 34 97 16 37 94 1 8 40 98
E 0.55] 4 8 10 18 45 90 4 6 8 23 54 98 3 7 30 81 2 8 28 85 100 2 9 41 9 2 7 44 97 1 8 47 98
= 0.54 5 9 13 23 50 93 4 6 10 27 61 100 3 9 35 8 3 9 35 89 100 3 10 50 100 3 11 49 98 2 10 54 99
2 0.53 5 10 13 26 56 96 4 7 12 30 67 100 4 10 41 9 3 11 40 93 100 3 12 59 100 3 13 56 100 3 12 60 100
k=] 0.52 5 11 16 30 60 98 4 8 14 34 72 100 5 12 48 94 5 14 46 95 4 14 69 100 4 15 65 100 3 18 69 100
b4 0.51 6 11 17 35 66 98 6 11 15 38 77 100 6 17 53 96 6 18 53 9 5 18 75 100 6 19 72 100 4 276
- 0.50 8 12 18 39 70 99 7 12 18 40 83 100 7 20 59 98 6 20 61 97 5 23 81 100 6 24 77 100 5 27 82
§ g-:g 8 14 21 43 76 100 8 14 22 45 86 100 9 23 66 99 7 22 66 97 7 29 85 100 8 30 84 6 32 86
7] - 9 15 23 46 79 100 8 16 25 50 89 10 25 70 100 9 26 69 100 10 36 90 9 34 87 7 36 9t
& 0.47 10 16 26 50 84 100 10 17 30 57 91 10 30 75 100 9 30 74 100 12 4 94 12 40 93 10 40 94
c 0.46) 12 17 29 55 87 100 11 19 34 61 93 12 35 81 100 11 34 79 100 13 48 9 14 46 95 12 47 9
2 0.45) 12 18 33 58 89 11 21 38 66 94 1440 84 100 13 40 84 100 17 53 97 16 52 96 13 52 98
g g-gg 13 21 35 63 92 12 22 41 69 9 17 44 87 16 44 88 100 20 59 98 19 58 97 17 59 99
o - 15 23 38 68 94 13 25 47 74 97 19 49 90 19 48 91 100 24 64 99 23 64 99 20 66 99
0.42 18 24 42 71 97 14 27 51 76 98 20 54 92 22 54 94 26 72 99 25 70 100 24 75 99
0.41 19 27 46 75 98 15 29 55 80 98 22 59 94 27 58 96 29 77 100 30 76 100 28 78 100
0.40 20 28 49 80 98 17 31 58 84 98 25 64 9 29 63 o7 35 81 100 34 81 100 34 82 100
0.39 23 31 51 83 99 19 33 61 88 99 28 70 98 32 66 99 38 84 100 37 84 100 39 85 100
0.38 24 34 56 85 99 21 35 65 90 100 33 75 99 37 71 99 42 87 100 42 87 43 90 100
0.37 27 36 60 87 99 23 39 69 91 100 35 79 99 41 77 100 46 91 100 46 88 48 93
0.36) 27 38 64 89 100 25 42 73 92 39 82 99 44 80 100 53 93 51 90 53 95
0.35] 28 40 68 91 100 26 44 75 95 43 87 100 47 83 56 94 54 92 57 96
0.34 29 42 71 93 100 29 47 79 9 48 89 100 51 86 61 96 57 94 62 97
0.33 31 46 73 95 100 32 50 82 96 52 91 100 56 88 63 97 62 95 66 98
0.32 33 48 76 96 33 53 84 o7 58 93 100 59 of 68 98 68 96 70 99
0.31 35 51 79 97 35 56 87 98 63 95 100 62 93 71 98 73 98 74 100
0.30 36 53 82 97 37 58 88 98 67 95 63 94 75 99 75 99 80 100
0.29 38 55 84 98 40 60 89 99 69 97 67 9% 80 99 79 99 86 100
0.28 40 57 88 99 42 62 91 100 72 98 70 o7 83 100 82 99 88 100
0.27 42 59 90 100 44 65 92 100 76 99 73 98 86 100 85 99 89 100
0.26| 44 62 91 100 45 66 94 100 79 99 76 98 88 100 88 100 91 100
0.25] 45 65 93 100 48 69 95 100 82 99 79 98 90 100 92 100 92
0.24] 43 65 04 100 50 70 96 100 84 99 82 99 92 100 94 100 9
0.23 51 69 95 100 52 73 97 100 85 100 84 99 93 100 94 100 o7
0.22 53 70 96 100 54 74 98 88 100 87 99 95 100 96 100 o7
0.21 55 73 97 100 55 76 98 91 100 89 99 9 100 97 100 98
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2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8 Category
Underlying (Intended) Factor Loading
Method = NDF’

Figure 43 - Percentiles — NDF' Method - Bimodal Distortion
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1 29 42 3 100 2 5 6 7
0.80 1 40 1 51 5 6 13 12 13
0.79 2 50 2 62 1" 12 23 22 26
0.78 12 57 1.3 70 19 19 36 37 1 40
0.77 1 4 65 14 78 29 131 152 52 1 55
0.76 1 5 76 17 84 141 143 1 69 69 17
0.75) 1 8 82 1 10 89 1 54 1 56 2 81 1 81 1 83
0.74 2 11 86 1 13 94 1 68 1 69 2 90 2 90 1 92
0.73 2 14 9 2 20 97 2 80 2 8 4 o7 4 9 2 %
0.72 1 3 18 93 13 24 98 3 87 4 87 5 98 6 98 4 98
0.71 1 4 23 9 13 31100 5 92 6 93 9 100 10 99 9 99
0.70 1 4 32 98 1 4 38 100 8 97 1 9 9 16 100 16 100 16 100
0.69 1 5 40 99 1 5 48 100 1 13 97 1 1 14 98 23 100 26 24 100
0.68 11 7 47 100 11 7 57100 121 100 11 23100 33 137 38
0.67 12 9 54100 12 10 67 11 29 100 11 29 100 1 45 11 48 1 49
0.66) 12 10 62 100 12 1373 1 2 38100 11 38 100 2 56 12 59 1 62
0.65) 1 2 14 70 1 3 18 79 1 3 46 1 3 47 1 3 65 1 2 69 3 74
0.64) 11 2 1775 14 22 84 15 57 15 57 1.5 74 1.6 78 17 82
0.63 11 4 22 80 1 5 25 89 17 67 11 7 67 1 8 83 19 83 110 90
0.62 11 5 26 86 2 7 30 91 11 9 73 1.2 1176 1 15 90 1 14 88 1 15 94
0.61 11 7 32 9 2 2 8 37 93 12 1278 1 3 15 81 118 94 1 20 93 119 96
0.60 1 2 8 37 92 2 2 10 45 96 1 2 17 86 1 3 20 8 1 23 98 1 25 97 2 25 99
0.59 2 3 10 43 95 2 2 12 52 98 13 23 90 14 27 91 3 30 99 3 30 99 2 32 9
% g-gg 2 3 13 49 9% 3 3 15 57 99 14 28 92 2 4 31 94 4 37 100 3 40 100 3 41 100
< - 3 4 16 57 98 3 3 17 64 99 1 5 36 95 2 5 36 % 4 46 100 4 49 100 1 5 50 100
2 0.56) 4 5 20 63 99 4 5 20 70 99 2 7 45 9% 2 7 43 @8 1 6 56 1 6 56 100 1.7 59
E 0.55] 5 6 22 68 99 4 7 25 77 100 3 8 53 98 3 9 52 99 1 9 63 1 8 65 1 8 70
= 0.54 6 8 27 75 100 4 8 29 81 100 3 10 60 99 4 12 62 99 114 72 112 76 112 77
2 0.53 7 9 32 80 100 6 9 35 85 100 4 13 69 100 5 16 70 100 116 77 1 14 83 2 17 83
k-] 0.52 7 12 37 85 100 6 11 41 89 100 4 17 74 100 5 19 76 100 1 23 8 2 18 89 2 21 89
b4 0.51 8 14 43 89 100 8 14 46 92 5 21 81 100 5 23 82 2 28 91 3 26 92 3 27 @2
- 0.50 9 16 47 92 9 16 50 95 6 27 86 100 6 27 87 3 34 94 4 33 95 4 32 93
§ g-zg 9 19 52 94 10 18 57 97 7 33 88 100 6 33 89 5 38 9% 5 39 96 5 37 97
© - 10 22 60 9 11 23 66 98 8 39 93 9 40 92 7 45 97 7 47 97 8 47 98
& 0.47 12 26 63 98 12 28 70 99 11 43 95 12 46 93 9 53 98 9 54 98 10 56 99
c 0.46) 13 29 69 99 14 33 73 100 12 49 97 13 50 95 13 60 99 11 63 99 12 62 100
3 0.45] 15 32 75 100 17 39 76 100 15 55 97 15 55 97 18 68 99 14 71 99 15 70 100
g g-gg 17 36 79 100 17 45 81 100 17 61 98 18 62 99 22 73 99 20 76 100 19 79 100
o - 20 42 83 100 19 49 84 100 20 67 99 20 70 99 25 80 100 24 81 25 83
0.42 22 48 87 100 23 54 87 100 24 73 100 24 76 100 30 84 100 29 84 29 88
0.41 24 5289 100 25 59 91 100 2877 100 27 82 100 35 88 100 35 88 34 92
0.40 27 57 92 100 28 64 93 35 81 100 32 84 39 92 38 91 39 94
0.39 29 61 94 31 67 94 39 84 100 36 88 47 94 43 94 45 95
0.38 31 65 95 32 70 9% 4487 100 39 90 51 9% 49 o7 51 96
0.37 35 69 96 37 76 98 46 91 44 93 57 98 54 97 55 97
0.36) 38 73 9 40 79 99 50 93 50 95 62 98 60 99 62 98
0.35] 41 76 97 42 83 99 56 96 55 98 67 99 66 99 65 99
0.34 44 80 99 46 86 99 62 97 60 98 71 100 71 100 72 99
0.33 47 83 99 48 88 99 68 98 65 99 75 100 77 100 77 100
0.32 50 85 100 51 90 100 73 100 71 100 80 100 80 81 100
0.31 53 87 100 54 91 100 77 100 75 100 86 100 83 85 100
0.30 56 89 100 60 93 100 81 80 100 87 100 86 90
0.29 59 91 100 63 94 84 84 100 90 100 88 93
0.28 62 93 67 94 86 88 100 92 92 95
0.27 65 93 69 95 88 90 9 9% 9%
0.26) 68 94 72 9% % 91 95 98 o7
0.25] 71 94 74 97 92 94 96 99 98
0.24) 73 95 76 97 % 95 %8 99 99
0.23 76 95 79 99 % o7 98 100 100
0.22 78 95 80 99 97 98 99 100
0.21 80 96 83 99 %8 99 100
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Figure 44 - Percentiles — NDF? Method - Bimodal Distortion
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Relative Bias

RB Category

Factor Loading | Method | 2 CAT | 3CAT | 4CAT | 5CAT | 6 CAT | 7CAT | 8 CAT
CAT -23.7% -206% -98% -111% -87% -10.0% -9.6%

SPR -23.7% -206% -94% -94% -69% -69% -6.6%

04 NDF* -44.4% -46.3% -17.8% -185% -11.9% -12.6% -11.6%
NDFz2 | -23.7% -21.0% -111% -112% -79% -81% -7.4%

CAT -216% -176% -84% -92% -7.0% -8.0% -7.9%

0.5 SPR -216% -176% -83% -81% -57% -56% -55%
NDF* -42.8% -411% -159% -17.0% -11.4% -122% -10.6%

NDFz | -21.6% -17.9% -104% -94% -71% -71% -6.7%

CAT -190% -176% -83% -94% -7.3% -84% -8.1%

0.6 SPR -19.0% -176% -81% -8.0% -59% -59% -5.6%
NDF* -35.2% -326% -16.1% -15.9% -11.7% -11.6% -10.6%

NDFz | -19.0% -17.9% -9.7% -94% -7.5% -7.0% -6.7%

CAT -183% -166% -7.9% -87% -6.6% -7.6% -7.4%

0.7 SPR -183% -166% -7.7% -75% -54% -53% -5.1%
NDF* -342% -322% -159% -15.7% -11.0% -11.4% -10.4%

NDFz | -183% -16.9% -95% -92% -6.6% -6.3% -6.0%

CAT -170% -155% -73% -81% -6.0% -7.0% -6.8%

0.8 SPR -17.0% -155% -72% -7.0% @ -5.0% -5.0% -4.8%
NDF* -33.7% -315% -155% -153% -10.8% -11.0% -10.6%

NDFz | -17.0% -165% -7.2% -7.0% @ -49% -49% -4.6%

CAT -13.8% -122% -5.0% -55% @ -4.0% @ -47% @ -45%

0.9 SPR -13.8% -122% -5.0% -48% -34% -33% -3.1%
NDF? -30.9% -285% -13.7% -134% -95% -94% -9.1%

NDFz | -138% -122% -51%  -49% -3.6% -35% -3.3%

Figure 45 — Method RB Comparison - Bimodal Distortion
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Coefficient of Variance

CVv Category
Factor Loading | Method | 2 CAT | 3 CAT | 4 CAT | 5CAT | 6 CAT | 7 CAT | 8 CAT
CAT 43.7% 37.8% 20.2% 22.8% 19.0% 21.4% 20.2%
04 SPR 43.7% 37.9% 19.8% 20.0% 16.5% 16.7% 15.8%
' NDF? 83.3% 874% 313% 327% 252% 26.2% 224%
NDF2 43.7% 38.7% 23.0% 231% 193% 183% 18.1%
CAT 29.0% 21.8% 129% 134% 11.6% 12.4% 12.7%
0.5 SPR 29.0% 219% 127% 125% 10.3% 10.3% 10.6%
' NDF? 65.7% 61.0% 19.5% 226% 14.9% 18.0% 14.7%
NDF2 29.0% 219% 14.7% 145% 121% 11.7% 11.5%
CAT 15.0% 14.6% 8.3% 9.4% 8.0% 8.9% 8.7%
0.6 SPR 15.0% 14.6% 8.1% 8.3% 6.9% 7.0% 6.9%
' NDF! 29.3% 238% 13.0% 128% 9.4%  10.0% 9.9%
NDF2 15.0% 14.9% 9.6% 9.7% 8.4% 8.0% 7.9%
CAT 10.9% 10.2% 6.0% 6.5% 5.4% 6.0% 5.9%
0.7 SPR 10.9% 10.2% 5.9% 5.8% 4.6% 4.6% 4.5%
' NDF* 19.7% 18.9% 8.9% 8.4% 6.6% 7.0% 6.4%
NDE2 10.9% 10.4% 6.9% 6.6% 5.4% 5.4% 4.9%
CAT 7.9% 7.3% 4.1% 4.5% 3.8% 4.1% 4.2%
0.8 SPR 7.9% 7.3% 4.1% 4.1% 3.3% 3.3% 3.4%
' NDF! 14.1% 12.6% 6.1% 6.3% 4.9% 5.1% 4.9%
NDF?2 7.9% 7.3% 4.0% 4.0% 3.2% 3.2% 3.4%
CAT 5.4% 5.1% 2.4% 2.7% 2.2% 2.5% 2.5%
0.9 SPR 5.4% 5.0% 2.4% 2.3% 1.8% 1.8% 1.8%
' NDF! 9.7% 8.4% 3.9% 3.7% 2.9% 2.9% 2.8%
NDF?2 5.4% 5.0% 2.3% 2.3% 1.7% 1.7% 1.7%

Figure 46 — Method CV Comparison - Bimodal Distortion
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Relative Bias Difference

RB Diff Category
Factor Loading Method 2 CAT 3 CAT 4 CAT 5 CAT 6 CAT 7 CAT 8 CAT
CAT 0.0000% 0.0000% | 0.3357% | 1.6875% | 1.7996% | 3.0891% | 3.0627%
04 SPR 0.0000% 0.0862% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
NDF* 20.6568% | 25.7054% | 8.3798% | 9.0688% | 5.0457% | 5.7107% | 5.0124%
NDF2 0.0000% 0.4373% | 1.6668% | 1.7491% | 0.9839% | 1.1459% | 0.8080%
CAT 0.0000% 0.0346% | 0.1283% | 1.1021% | 1.3323% | 2.3540% | 2.3608%
0.5 SPR 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
NDF! 21.1766% | 23.5444% | 7.6064% | 8.9248% | 5.7302% | 6.5350% | 5.0502%
NDF2 0.0000% 0.2964% | 2.0715% | 1.3204% | 1.4807% | 1.5180% | 1.2059%
CAT 0.0000% 0.0000% | 0.2209% | 1.3618% | 1.3831% | 2.4737% | 2.4830%
0.6 SPR 0.0000% 0.0048% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
NDF* 16.1207% | 14.9874% | 8.0360% | 7.8842% | 5.7564% | 5.7113% | 5.0088%
NDF2 0.0000% 0.3109% | 1.6138% | 1.3984% | 1.6265% | 1.0805% | 1.0708%
CAT 0.0000% 0.0002% | 0.1650% | 1.1714% | 1.2700% | 2.2841% | 2.3472%
. SPR 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
NDF! 15.8443% | 15.5789% | 8.1596% | 8.1357% | 5.6152% | 6.0744% | 5.3216%
NDF2 0.0000% 0.3059% | 1.8197% | 1.6579% | 1.2140% | 0.9741% | 0.8874%
CAT 0.0000% 0.0008% | 0.1273% | 1.0229% | 1.1450% | 2.0891% | 2.1986%
0.3 SPR 0.0000% 0.0067% | 0.0125% | 0.0180% | 0.0892% | 0.0920% | 0.1719%
NDF! 16.6364% | 15.9580% | 8.3542% | 8.2645% | 5.9236% | 6.1361% | 5.9303%
NDF2 0.0000% 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
CAT 0.0000% 0.0011% | 0.0386% | 0.6893% | 0.6303% | 1.3578% | 1.3791%
0.9 SPR 0.0000% 0.0027% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
NDF* 17.1055% | 16.3274% | 8.7220% | 8.6295% | 6.1298% | 6.0542% | 5.9880%
NDF2 0.0000% 0.0000% | 0.1219% | 0.1250% | 0.1985% | 0.1919% | 0.1239%
CAT 0.0000% 0.0061% | 0.1693% | 1.1725% | 1.2600% | 2.2746% | 2.3052%
SPR 0.0000% 0.0167% | 0.0021% | 0.0030% | 0.0149% | 0.0153% | 0.0287%
Overall Best Performer (Mean)
NDF* 17.9234% | 18.6836% | 8.2097% | 8.4846% | 5.7002% | 6.0369% | 5.3852%
NDF2 0.0000% 0.2251% | 1.2156% | 1.0418% | 0.9173% | 0.8184% | 0.6827%

Figure 47 — Method RB % Underperformance - Bimodal Distortion
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Coefficient of Variation Difference

CV Diff Category

Factor Loading Method | 2 CAT 3 CAT 4 CAT 5 CAT 6 CAT 7 CAT 8 CAT
CAT 0.0000% | 0.0000% | 0.4057% | 2.7324% | 2.4838% | 4.7114% | 4.4189%
04 SPR 0.0000% | 0.1035% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
NDE' | 39.6266% | 49.5670% | 11.5047% | 12.6694% | 8.7082% | 9.5093% | 6.6143%
NDFz | 0.0000% | 0.8301% | 3.2148% | 3.0770% | 2.7643% | 1.5772% | 2.2565%
CAT 0.0000% | 0.0000% | 0.1287% | 0.8377% | 1.2495% | 2.1014% | 2.1605%
05 SPR 0.0000% | 0.0145% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
NDF' | 36.6755% | 39.2050% | 6.7030% | 10.0907% | 4.6229% | 7.7196% | 4.1460%
NDFz | 0.0000% | 0.0931% | 1.9102% | 1.9549% | 1.8345% | 1.4286% | 0.9604%
CAT 0.0000% | 0.0000% | 0.1512% | 1.0327% | 1.0716% | 1.8791% | 1.8291%
SPR 0.0000% | 0.0145% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
06 NDF' | 14.2827% | 9.1664% | 4.8791% | 4.4799% | 2.5338% | 3.0378% | 3.0068%
NDFz | 0.0000% | 0.2976% | 1.4405% | 1.3657% | 1.4974% | 1.0540% | 0.9948%
CAT 0.0000% | 0.0046% | 0.0928% | 0.6641% | 0.8045% | 1.3625% | 1.4336%
o7 SPR 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
NDF' | 8.7629% | 8.6741% | 3.0862% | 2.6365% | 1.9455% | 2.3635% | 1.9581%
NDF2 | 0.0000% | 0.1441% | 1.0310% | 0.8576% | 0.7886% | 0.7991% | 0.4344%
CAT 0.0000% | 0.0016% | 0.1291% | 0.5018% | 0.5212% | 0.8873% | 0.8385%
08 SPR 0.0000% | 0.0153% | 0.0352% | 0.0338% | 0.0552% | 0.0567% | 0.0000%
NDE' | 6.1771% | 5.3742% | 2.0735% | 2.2905% | 1.6350% | 1.8366% | 1.4913%
NDFz | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0683%
CAT 0.0000% | 0.0092% | 0.0887% | 0.4578% | 0.4377% | 0.7887% | 0.7094%
09 SPR 0.0000% | 0.0000% | 0.0477% | 0.0654% | 0.0608% | 0.0749% | 0.0296%
NDF' | 4.2823% | 3.3105% | 1.5938% | 1.3881% | 1.2013% | 1.1737% | 1.0322%
NDFz | 0.0000% | 0.0072% | 0.0000% | 0.0000% | 0.0000% | 0.0000% | 0.0000%
CAT 0.0000% | 0.0026% | 0.1660% | 1.0378% | 1.0947% | 1.9551% | 1.8984%
Overall Best Performer SPR 0.0000% | 0.0246% | 0.0138% | 0.0165% | 0.0193% | 0.0219% | 0.0049%
(Mean) NDF' | 18.3012% | 19.2162% | 4.9734% | 5.5925% | 3.4411% | 4.2734% | 3.0414%
NDFz | 0.0000% | 0.2287% | 1.2661% | 1.2092% | 1.1474% | 0.8098% | 0.7857%

Figure 48 — Method CV % Underperformance - Bimodal Distortion
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