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Preface

Abstract

Modal logics, both propositional and predicate, have been used in computer
science since the late 1970s. One of the most important properties of modal
logics of relevance to their applications in computer science is the complex-
ity of their satisfiability problem. The complexity of satisfiability for modal
logics is rather high: it ranges from NP-complete to undecidable for propo-
sitional logics and is undecidable for predicate logics. This has, for a long
time, motivated research in drawing the borderline between tractable and
intractable fragments of propositional modal logics as well as between decid-
able and undecidable fragments of predicate modal logics.

In the present thesis, we investigate some very natural restrictions on
the languages of propositional and predicate modal logics and show that
placing those restrictions does not decrease complexity of satisfiability. For
propositional languages, we consider restricting the number of propositional
variables allowed in the construction of formulas, while for predicate lan-
guages, we consider restricting the number of individual variables as well
as the number and arity of predicate letters allowed in the construction of
formulas. We develop original techniques, which build on and develop the
techniques known from the literature, for proving that satisfiability for a
finite-variable fragment of a propositional modal logic is as computationally
hard as satisfiability for the logic in the full language and adapt those tech-
niques to predicate modal logics and prove undecidability of fragments of
such logics in the language with a finite number of unary predicate letters as
well as restrictions on the number of individual variables.

The thesis is based on four articles published or accepted for publica-
tion. They concern propositional dynamic logics, propositional branching-
and alternating-time temporal logics, propositional logics of symmetric rela-
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tions, and first-order predicate modal and intuitionistic logics. In all cases,
we identify the “minimal,” with regard to the criteria mentioned above, frag-
ments whose satisfiability is as computationally hard as satisfiability for the
entire logic.
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Chapter 1

Introduction

Modal logics, both propositional and predicate, have been used in computer
science since the late 1970s (see, for example, [64, 24]), when it was realised
that they provide languages for describing and reasoning about mathematical
structures that very naturally model various phenomena of interest to com-
puter scientists—transition systems corresponding to computational paths
of terminating and non-terminating programs, abstract models of hardware
such as CPUs, etc. Therefore, it was realised that these logics can be used
in computer system design, particularly in those cases when empirical meth-
ods such as using a debugger to produce a correct parallel program, are not
guaranteed to succeed.

Modal logics have two main applications to computer system design, cor-
responding to two different stages in the system design process, tradition-
ally conceived of as having specification, implementation, and verification
phases. First, the task of verifying that an implemented system conforms to
a specification can be carried out by checking that a formula expressing the
specification is satisfied in the structure modelling the system,—for program
verification, this structure usually models execution paths of the program;
this task corresponds to the model checking problem [14] for the logic. Sec-
ond, the task of verifying that a specification of a system is satisfiable—and,
thus, can be implemented by some system—corresponds to the satisfiability
problem for the logic. Being able to check that a specification is satisfiable
has the obvious advantage of avoiding wasted effort in trying to implement
unsatisfiable systems. Moreover, an algorithm that checks for satisfiability of
a formula expressing a specification builds, explicitly or implicitly, a model
for the formula, thus supplying a formal model of a system conforming to
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the specification; this model can subsequently be used in the implementation
phase. There is even hope that one day such models can be used as part
of a “push-button” procedure producing an assuredly correct implementa-
tion from a specification model, avoiding the need for subsequent verification
altogether. Satisfiability-checking algorithms, such as tableaux, developed
for modal logics (see, for example, [20], [65], [35], [15]) all implicitly build a
model for the formula whose satisfiability is being checked.

The main problem involved in using modal logics in formal specification of
computer systems is that the computational complexity of checking satisfia-
bility of modal formulas is usually quite high. For propositional languages, it
ranges from NP-complete to undecidable, with any degree of undecidability,
while for predicate languages it is always undecidable, since such languages
extend the language of the classical first-order logic, which is known to be
undecidable [12]. This has stimulated the search for tractable fragments of
propositional modal logics (see, for example, [40]) as well as for decidable
fragments of first-order modal logics (see, for example, [85]). On the other
side, not less important has been work devoted to finding fragments of those
logics that are as algorithmically hard as the entire logics (see, for example,
[8], [40], [18], [10], [82]), since this delineates fragments that should be be
definitely avoided in the search for fragments which desirable computational
properties.

When looking for fragments of modal logics with both desirable and un-
desirable computational properties, a variety of criteria have been used in
delineating such fragments. For propositional languages, the main criteria
looked at have been the depth of nesting of modal connectives (see, e.g., [40]),
the number of propositional variables used in the construction of formulas
(see, e.g., [8, 40]), and the pattern of use of modal connectives (see, e.g.,
[56]), while for predicate languages it has mostly been the number of predi-
cate letters and propositional variables used in the construction of formulas
(see, e.g., [85, 47]).

1.1 Aim

The main aim of the present thesis is to develop techniques and methods for
establishing that a fragment of a propositional or a predicate modal logic is
as algorithmically hard as the entire logic. In particular, we will be looking
at those fragments that are obtained by restricting vocabularies of the lan-
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guages of logics in question. For propositional logics this means restricting
the number of propositional variables allowed in the construction of formu-
las, while for predicate logics this means restricting the number and arity of
predicate letters, as well as the number of individual variables, allowed in the
construction of formulas.

The main purpose of developing these techniques is the improvement on
the similar results known from the literature, as well as proving new results,
most of which could not have been obtained with the use of the known
techniques.

We are not, however, going to be describing techniques and methods in the
abstract; rather, we will be applying them to the particular cases, obtaining
new results. The technique used will be illustrated in action rather than
described in the vacuum.

1.2 Hypotheses and questions

Our main hypothesis is that, for most propositional modal logics of interest
in computer science, complexity of the satisfiability problem is as hard for a
fragment that contains only a very small number of propositional variables—
one or zero, in most cases—as it is for these logics in languages with an
unlimited supply of propositional variables. This appears to be surprising,
or unexpected, in many cases.

Another hypothesis is that, in predicate modal logic, very tight restric-
tions on the language generate fragments that are undecidable—in most
cases, it suffices to have one monadic predicate letter and two individual
variables in the language to generate an undecidable fragment (this is an
improvement on a result from [47], which shows that two-variable fragments
are undecidable, with much weaker restrictions on the number and arity of
predicate letters).

The main question for our investigation is for how many formalisms our
hypotheses hold. We are also angling towards the question, without ad-
dressing it in this thesis, of where exactly the borderline is between log-
ics that are well-behaved in the sense that restricting their languages to
finite-variable fragments, in the propositional case, produces computation-
ally tractable fragments (see, for example, [59] and [40]) and logics that
have the intractable satisfiability problem even in the presence of a very
small number of propositional variables. Similarly, there arises a question of

9



whether it is possible to draw a sharper divide between decidable (see [85])
and undecidable fragments of predicate modal logics, as there is a small, al-
beit a noticeable gap between the fragments described in [85] and those we
investigate.

1.3 Methodology

We have developed our own methodology for proving undecidability and com-
plexity results for propositional and predicate modal logics. Our methodol-
ogy is built upon, and is a refinement of, earlier work done by Joseph Halpern
in [40].

We now briefly explain the main limitations of the methodology used
in [40] and how our techniques overcome those limitations.

The approach of [40] is to model propositional variables by (the so-called
pp-like) formulas of a single variable; to establish the PSPACE-harness re-
sults presented in [40], a substitution is made of such pp-like formulas for
propositional variables into formulas encoding a PSPACE-hard problem. In
the case of logics containing modalities corresponding to transitive relations,
such as the modal logic S4, for such a substitution to work, the formulas into
which the substitution is made need to satisfy the property referred to in [40]
as “evidence in a structure,”—a formula is evident in a structure if it has a
model satisfying the following heredity condition: if a propositional variable
is true at a state, it has to be true at all the states accessible from that state.
In the case of PSPACE-complete logics, formulas satisfying the evidence
condition can always be found, as the intuitionistic logic, which is PSPACE-
complete, has the heredity condition built into its semantics. The situation
is drastically different for logics that are EXPTIME-hard, which is the case
for most propositional modal logics used in computer science; the examples
include propositional dynamic logics, branching-time temporal logics, and
alternating-time temporal logics. To show that a logic is EXPTIME-hard,
one uses formulas that require for their satisfiability chains of states of the
length exponential in the size of the formula,—it is not clear how to achieve
this with formulas that are evident in a structure, as by varying the valu-
ations of propositional variables that have to satisfy the heredity condition
we can only describe chains whose length is linear in the size of the formula.
Thus, the technique from [40] is not directly applicable to EXPTIME-hard
logics with “transitive” modalities, as the formulas into which the substitu-
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tion of pp-like formulas needs to be made do not satisfy the condition that
has to be met for such a substitution to work. As most the logics of interest
to computer science—i.e., propositional dynamic logics, branching-time tem-
poral logics, and alternating-time temporal logics—do have a “transitive”
modality—namely, the temporal connective “always in the future”, which is
interpreted by the reflexive, transitive closure of the relation corresponding
to the temporal connective “at the next instance” as well as the iteration
modality of propositional dynamic logics—this limitation prevents the tech-
nique from [40] from being directly applied to them.

We modify the approach of [40] by coming up with substitutions of single-
variable formulas for propositional variables that can be made into arbitrary
formulas, rather than formulas satisfying a particular property, such as evi-
dence in a structure. This allows us to break away from the class PSPACE
and to deal with such logics as PDL, CTL, CTL∗, ATL, and ATL∗, all of
which are at least EXPTIME-hard.

The flexibility of our methodology allows it to be applied in the settings
where other methodologies are more cumbersome to deal with. Thus, in
the realm of PSPACE-hard logics, while logics describing structures with
reflexive, transitive, serial, and Euclidean relations have been investigated,
no study has been made of logics describing symmetric relations. We use
our methodology for the study of such logics. Also, our methodology can be
readily applied to various predicate modal logics.

1.4 The structure of the thesis

The present thesis comprises, in the form of distinct chapters, the content of
four articles that have been either officially published or pre-published with
a DOI number, awaiting publication in an issue of a journal. These articles
are:

• Mikhail Rybakov and Dmitry Shkatov. Complexity and expressivity
of propositional dynamic logics with finitely many variables. Logic
Journal of the IGPL, 26 (5), 2018, pp. 539–547.

• Mikhail Rybakov and Dmitry Shkatov. Complexity and expressivity
of branching- and alternating-time temporal logics with finitely many
variables. In Fischer B., Uustalu T. (eds) Theoretical Aspects of Com-
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puting - ICTAC 2018. Lecture Notes in Computer Science, Vol. 11187.
Springer, 2018, pp. 396–414.

• Mikhail Rybakov and Dmitry Shkatov. Complexity of finite-variable
fragments of propositional modal logics of symmetric frames. Logic
Journal of the IGPL, 27 (1), 2019, pp. 60–68.

• Mikhail Rybakov and Dmitry Shkatov. Undecidability of first-order
modal and intuitionistic logics with two variables and one monadic
predicate letter. To appear in Studia Logica. DOI 10.1007/s11225-018-
9815-7.

We have made no changes to the content of the articles, with two ex-
ceptions. First, the abstracts of all the articles have been removed and the
bibliographies of all the articles have been combined to conform to the formal
requirements of a PhD thesis. Secondly, for stylistic consistency, the word
“paper” has, in every chapter, been replaced by “chapter”. Finally, we have
corrected a few typos noticed after the publication of the articles. Each of the
original articles, thus, retains its own introduction and conclusion. On the
downside, this makes the introductions repetitive in places; on the upside,
this retains the integrity of the original articles. The order of the chapters,
the same as in the list above, has been chosen so that our methods are seen
in action from the simpler to the more complicated settings. The headings
of the chapters coincide with the titles of the articles.
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Chapter 2

Complexity and expressivity of
propositional dynamic logics
with finitely many variables

2.1 Introduction

The propositional dynamic logic, PDL, introduced in [24], has ever since
been used for reasoning about the input-output behaviour of terminating
programs. Over the years, it has been extended in various ways to deal
with a wider variety of terminating programs [75, 43, 79, 62, 30]. Also,
various formalisms closely linked to PDL have been developed for applications
in areas other than reasoning about programs; among them are knowledge
representation [28, 19, 55], querying semistructured data [1], data analysis
[16], and linguistics [48].

Clearly, the complexity of satisfiability—equivalently, validity—problem
for all of these variants of PDL is of crucial importance to their applica-
tions in the above-mentioned domains. Typically, for formulas containing
an arbitrary number of propositional variables, the complexity of satisfiabil-
ity problem for variants of PDL is rather high: it ranges from EXPTIME-
complete [24] to undecidable [4].

It has, however, been observed that, in practice, one rarely uses formulas
containing a large number of propositional variables—usually, this number
is rather small. This raises the question of whether the complexity of satisfi-
ability for PDL can be tamed by restricting the language to a finite number
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of propositional variables. Such an effect is not, after all, entirely unknown:
for many logics, the complexity of satisfiability goes down from “intractable”
to “tractable” once we place a limit on the number of propositional variables
that can be used in the construction of formulas. For the classical proposi-
tional logic, as well as for the normal extensions of the modal logic K5 [59],
which include logics K45, KD45, and S5 (see also [40]), the complexity of
satisfiability goes down from NP-complete to polynomial-time computable
once we restrict the number of propositional variables to any finite number.
Similarly, as follows from [61], the complexity of satisfiability for intuitionis-
tic propositional logic goes down from PSPACE-complete to polynomial-time
computable if we consider only formulas of one variable.

The main contribution of the present chapter is to show that for propo-
sitional dynamic logics this route to reducing the complexity of satisfiability
seems to be closed: even formulas built out of propositional constants, and
thus containing no propositional variables at all, are as hard to test for sat-
isfiability as formulas with an arbitrary number of propositional variables.

We suspect that this behaviour is representative of PDL-style logics. It
would, however, be difficult to make an exhaustive case, given a wild pro-
liferation of such formalisms. What we do instead is pick three examples
that are representative in the sense of their satisfiability problems belonging
to three representative complexity classes (broadly understood, i.e., treat-
ing “undecidable” as a complexity class); namely, we consider regular PDL,
which has an EXPTIME-complete satisfiability problem [24], PDL with in-
tersection, which has a 2EXPTIME-complete satisfiability problem [52], and
PDL with parallel composition, which has an undecidable satisfiability prob-
lem [4]. We show that satisfiability problem for the variable-free fragment
of each of these logics is as hard as for the entire logic. Moreover, we show
that this is a consequence of the richness of the expressive power of variable-
free fragments: for all the logics we consider, variable-free fragments are as
semantically expressive as entire logics.

Similar results for other propositional modal logics have been obtained
in [8], [40], [44], [18], [82], and [10]. The techniques used in those studies are
not directly applicable to obtain the results presented in this chapter; we do,
however, substantially draw on the ideas from [8] and [40].

The chapter is organised as follows. In section 2.2, we recall the syntax
and semantics of the logics we consider. Then, in section 2.3, we present our
results about complexity and expressivity of their variable-free fragments.
We conclude in section 2.4.
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2.2 Syntax and semantics

In this section, we recall the syntax and semantics of PDL with intersec-
tion (IPDL), regular PDL (PDL), and PDL with parallel composition
(PRSPDL).

The language of IPDL contains a countable set Var = {p1, p2, . . .}
of propositional variables, the propositional constant ⊥ (“falsehood”), the
Boolean connective →, and modalities of the form [α ] , where α ranges over
program terms built out of a countable set AP = {a1, a2, . . .} of atomic
program terms as well as formulas, using the operations ? (test), ; (compo-
sition), ∪ (choice), ∩ (intersection), and ∗ (iteration). The intended meaning
of the formula [α ]ϕ is that every execution of the program α at the current
state results in a state where ϕ holds. Formulas ϕ and program terms α are
simultaneously defined by the following BNF expressions:

ϕ := p | ⊥ | (ϕ→ ϕ) | [α ]ϕ,

α := a | ϕ? | (α ; α) | (α ∪ α) | (α ∩ α) | α∗,

where p ranges over Var and a ranges over AP . The other connectives are
defined as usual. Formulas are evaluated in Kripke models. A Kripke model
is a tuple M = (S, {Ra}a∈AP , V ), where S is a non-empty set (of states),
Ra is a binary (accessibility) relation on S, and V is a (valuation) function
V : Var → 2S . Accessibility relations for non-atomic program terms as well
as the satisfaction relation between models, states, and formulas are defined
by simultaneous induction as follows:

• (s, t) ∈ Rϕ? � s = t and M, s |= ϕ;

• (s, t) ∈ Rα ;β � (s, u) ∈ Rα and (u, t) ∈ Rβ, for some u ∈ S;

• (s, t) ∈ Rα∪β � (s, t) ∈ Rα or (s, t) ∈ Rβ;

• (s, t) ∈ Rα∩β � (s, t) ∈ Rα and (s, t) ∈ Rβ;

• (s, t) ∈ Rα∗ � (s, t) ∈ R∗α, where R∗α is the reflexive, transitive closure
of Rα;

• M, s |= pi � s ∈ V (pi);

• M, s |= ⊥ never holds;
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• M, s |= ϕ→ ψ � M, s |= ϕ implies M, s |= ψ;

• M, s |= [α ]ϕ � M, t |= ϕ whenever (s, t) ∈ Rα.

A formula is satisfiable if it is satisfied at some state of some model. A
formula is valid if it is satisfied by every state of every model. Formally, by
IPDL, we mean the set of all valid formulas in this language.

The language of PDL differs from that of IPDL in that it does not
contain program operations ∩ and ?. The semantics is modified accordingly.

The language of PRSPDL is interpreted on models made up of states
possessing inner structure: a state s is a composition x ∗ y of states x and
y if s can be separated into components x and y; in general, there is no
requirement that ∗ be a function on the set of states. The program terms
are formed out of atomic program terms as well as four special program
terms r1, r2 (recovery of the first and second ∗-components, respectively, of
a state), s1, and s2 (storing a state as the first and second ∗-components,
respectively, of a composite state), using the operations ? (test), ∗ (iteration),
and || (parallel composition). Note that the language of PRSPDL does not
contain the operation of union of program terms. A Kripke model is a tuple
M = (S, {Ra}a∈AP , ∗, V ), where S, Ra, and V have the same meaning as in
Kripke models for IPDL, and ∗ is a function S × S → 2S . The meaning of
||, r1, r2, s1, and s2 is given by the following clauses:

• (s, t) ∈ Rα ||β � there exist x1, y1, x2, y2 ∈ S such that s ∈ x1 ∗ x2,
t ∈ y1 ∗ y2, (x1, y1) ∈ Rα, and (x2, y2) ∈ Rβ;

• (s, t) ∈ Rr1 � there exists u ∈ S such that s ∈ t ∗ u;

• (s, t) ∈ Rr2 � there exists u ∈ S such that s ∈ u ∗ t;

• (s, t) ∈ Rs1 � there exists u ∈ S such that t ∈ s ∗ u;

• (s, t) ∈ Rs2 � there exists u ∈ S such that t ∈ u ∗ s.

The models thus defined are referred to in [4] as “∗-separated.” The authors
of [4] consider a number of logics in the same language, which differ in the
conditions placed on the function ∗ in their semantics. For our purposes,
it suffices to consider only one of the logics from [4],—the rest can be dealt
with in a similar way.

The notions of satisfiability and validity are defined as for IPDL and
PDL.
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For each of the logics we consider, by a variable-free fragment we mean
the subset of the logic containing only variable-free formulas—i.e., formulas
not containing any propositional variables. Given formulas ϕ, ψ and a propo-
sitional variable p, we denote by ϕ(p/ψ) the result of uniformly substituting
ψ for p in ϕ.

2.3 Finite-variable fragments

In this section, we show that variable-free fragments of IPDL, PDL, and
PRSPDL have the same expressive power and computational complexity
as the entire logics, by embedding each logic into its variable-free fragment;
in the case of IPDL and PDL, the embeddings are polynomial-time com-
putable. We initially work with IPDL and subsequently point out how that
work carries over to PDL and PRSPDL.

Let ϕ be an arbitrary IPDL-formula. Assume that ϕ only contains
propositional variables p1, . . . , pn and atomic program terms a1, . . . , al. Let
γ = a1 ∪ . . . ∪ al. First, recursively define translation ·′ as follows:

aj
′ = aj, where j ∈ {1, . . . , l};

(α ; β)′ = α′ ; β′;
(α ∪ β)′ = α′ ∪ β′;
(α ∩ β)′ = α′ ∩ β′;
(α∗)′ = (α′)∗;
(φ?)′ = (φ′)?;
pi
′ = pi, where i ∈ {1, . . . , n};

(⊥)′ = ⊥;
(φ→ ψ)′ = φ′ → ψ′;
([α ]φ)′ = [α′ ] (pn+1 → φ′).

Second, define
Θ = pn+1 ∧ [ γ∗ ] (〈γ〉 pn+1 → pn+1).

Finally, let
ϕ̂ = Θ ∧ ϕ′.

Lemma 2.3.1 Formula ϕ is satisfiable if, and only if, formula ϕ̂ is satisfi-
able.
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Proof. Suppose ϕ̂ is not satisfiable. Then, ¬ϕ̂ ∈ IPDL and,
since IPDL is closed under substitution, ¬ϕ̂(pn+1/>) ∈ IPDL. As
ϕ̂(pn+1/>)↔ ϕ ∈ IPDL, we have ¬ϕ ∈ IPDL; thus, ϕ is not satisfiable.

Suppose that ϕ̂ is satisfiable. In particular, let M, s0 |= ϕ̂ for some model
M and some s0 in M. Define M′ to be the smallest submodel of M such that

• s0 is in M′;

• if x is in M′, xRγy, and M, y |= pn+1, then y is also in M′.

Notice that pn+1 is universally true in M′. It is straightforward to show
that, for every subformula ψ of ϕ and every s in M′, we have M, s |= ψ′ if,
and only if, M′, s |= ψ. As M, s0 |= ϕ′, this gives us M′, s0 |= ϕ; hence, ϕ is
satisfiable.

Remark 2.3.2 It follows from the proof of Lemma 2.3.1 that, if ϕ̂ is satis-
fiable, then it is satisfiable in a model where pn+1 is universally true. Indeed,
if ϕ̂ is satisfiable, then ϕ is satisfiable in a model where pn+1 is universally
true. The claim follows from the fact that ϕ is equivalent to ϕ̂(pn+1/>).

Now, consider the following class M of finite models. Let b be the lexi-
cographically first atomic program term of ϕ if ϕ contains such terms; oth-
erwise, let b be a1. For every m ∈ {1, . . . , n + 1}, where p1, . . . , pn are the
variables in ϕ, class M contains a unique member Mm, defined as follows:
Mm = (Sm, {Ra}a∈AP , Vm), where

• Sm = {rm, tm, sm1 , sm2 , . . . , smm};

• Rb is the transitive closure of the relation {〈rm, tm〉, 〈tm, tm〉, 〈rm, sm1 〉}
∪ {〈smi , smi+1〉 : 1 6 i 6 m− 1};

• Ra = ∅ if a 6= b;

• Vm(p) = ∅ for every p ∈ Var.

The model Mm is depicted in Figure 2.1, where arrows represent Rb; to
avoid clutter, arrows are omitted whenever the presence ofRb can be deduced
from its transitivity; the circle represents a state related by Rb to itself, and
solid dots represent states without such loops.
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Figure 2.1: Model Mm

We now define formulas that will be true at the roots of models from
M. For j > 0, inductively define the formula 〈b〉jψ as follows: 〈b〉0ψ = ψ;
〈b〉k+1ψ = 〈b〉 〈b〉kψ. Next, for every m ∈ {1, . . . , n+ 1}, define

Am = 〈b〉m[ b ]⊥ ∧ ¬〈b〉m+1[ b ]⊥ ∧ 〈b〉 (〈b〉> ∧ [ b ] 〈b〉>).

Lemma 2.3.3 Let Mk ∈ M and let x be a state in Mk. Then, Mk, x |= Am
if, and only if, k = m and x = rm.

Proof. Straightforward.

Now, define
Bm = 〈b〉Am.

Let σ be a (substitution) function that, given an IPDL-formula ψ, re-
places all occurrences of pi in ψ by Bi, where 1 6 i 6 n+ 1. Finally, define

ϕ∗ = σ(ϕ̂)

to produce a variable-free formula ϕ∗.
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Lemma 2.3.4 Formula ϕ is satisfiable if, and only if, formula ϕ∗ is satisfi-
able.

Proof. Suppose that ϕ is not satisfiable. Then, by Lemma 2.3.1, ϕ̂ is not
satisfiable, either, and hence ¬ϕ̂ ∈ IPDL. Since IPDL is closed under
substitution, ¬ϕ∗ ∈ IPDL and, thus, ϕ∗ is not satisfiable.

Suppose that ϕ is satisfiable. Then, in view of Lemma 2.3.1 and Re-
mark 2.3.2, M, s0 |= ϕ̂ for some M such that pn+1 is true at every state of
M and some s0 in M. Define model M′ as follows. Attach to M all the
models from M; then, for every x in M, put xRbrm (where rm is the root
of Mm ∈ M) exactly when M, x |= pm. Notice that rn+1 is accessible in M′

from every x in M.
To conclude the proof, it suffices to show that M′, s0 |= ϕ∗. It is easy to

check that M′, s0 |= σ(Θ). It then remains to show that M′, s0 |= σ(ϕ′). To
that end, it suffices to show that M, x |= ψ′ if, and only if, M′, x |= σ(ψ′), for
every subformula ψ of ϕ and every x in M. This can be done by induction
on ψ; we only consider the base case, leaving the rest to the reader.

Let M′, x |= Bi. Then, for some y in M′, we have xR′by and M′, y |= Ai.
This is only possible if y is not in M. Indeed, suppose otherwise. Then,
M′, y |= pn+1, and therefore, yR′brn+1. Hence, M′, y |= 〈b〉i+1[ b ]⊥, and
therefore, M′, y 6|= Ai, resulting in a contradiction. Thus, y is in Mm, for
some m ∈ {1, . . . , n + 1}. Then, by Lemma 2.3.3, y = ri, and therefore, by
definition of M′, we have M, x |= pi. The other direction is straightforward.

Theorem 2.3.5 There exists an embedding that embeds IPDL into its
variable-free fragment in polynomial time.

We now look at the complexity-theoretic implications of Theorem 2.3.5.
It has been shown in [52] that the fragment of IPDL containing a single
atomic program term is 2EXPTIME-complete. This gives us the following:

Theorem 2.3.6 The satisfiability problem for the fragment of IPDL
containing variable-free formulas with a single atomic program term is
2EXPTIME-complete.

We now point out how the work we have done so far for IPDL carries
over to PDL and PRSPDL.
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It is easy to check that the construction presented above works for PDL,
as well, if we omit the details peculiar to IPDL. This gives us the following:

Theorem 2.3.7 There exists an embedding that embeds PDL into its
variable-free fragment in polynomial time.

Since satisfiability problem for PDL with a single atomic program term
is EXPTIME-complete [24], we have the following:

Theorem 2.3.8 The satisfiability problem for the fragment of PDL contain-
ing variable-free formulas with a single atomic program term is EXPTIME-
complete.

We next show how to modify the above argument for PRSPDL. We re-
mind the reader that we confine our attention to PRSPDL over ∗-separated
models; other variants of this formalism considered in [4] can be treated in
essentially the same way. We first need to construct the analogue of formula
ϕ̂. It is straightforward to define the translation ·′:

ai
′ = ai, where i ∈ {1, . . . , l};

ri
′ = ri, where i ∈ {1, 2};

si
′ = si, where i ∈ {1, 2};

(α ; β)′ = α′ ; β′;
(α || β)′ = α′ || β′
(α∗)′ = (α′)∗;
(φ?)′ = (φ′)?;
pi
′ = pi, where i ∈ {1, . . . , n};

(⊥)′ = ⊥′;
(φ→ ψ)′ = φ′ → ψ′;
([α ]φ)′ = [α′ ] (pn+1 → φ′).

We next define the analogue of formula Θ. As PRSPDL does not have the
operation of choice on program terms, we proceed as follows. Let

α1
1 . . . α

1
n1

. . .
αk1 . . . α

k
nk
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be all sequences of nested program terms in ϕ. Then,

Θ = pn+1 ∧
k∧
i=1

nk−1∧
j=1

[αi1 ] . . . [αij ] (〈αij+1〉 pn+1 → pn+1).

Finally, let
ϕ̂ = Θ ∧ ϕ′.

From here on, we argue exactly as in the case of IPDL to obtain the following:

Theorem 2.3.9 There exists an embedding that embeds PRSPDL over
∗-separated models into its variable-free fragment.

Theorem 2.3.10 The variable-free fragment of PRSPDL over ∗-separated
models is undecidable.

Remark 2.3.11 It is well-known that the consequence relation for propo-
sitional dynamic logics is not compact, as the formula [ a∗ ]ϕ follows from
the infinite set {[ a ] nϕ : n > 0} of formulas but not from any of its finite
subsets; thus, the consequence relation is not reducible to satisfiability for
formulas. The technique presented above can be used to reduce the conse-
quence relation for the logics we have considered to the consequence relation
for their variable-free fragments. To that end, unless the number of proposi-
tional variables occurring in the premises is finite, we need to use an extra
atomic program term corresponding to the accessibility relation connecting
the roots of the models attached in the proof of Lemma 2.3.4 to the original
model. This is necessary as in the proof of Lemma 2.3.4 we relied on the
variable pn+1, used as a marker of the worlds of the original model, having
the maximal index of all the variables of the formula ϕ.

2.4 Conclusion

We have shown that for three variants of propositional dynamic logic repre-
sentative of various complexity classes, broadly understood, the complexity
of satisfiability remains the same if we restrict the language to formulas built
out of propositional constants, i.e., without the use of propositional variables.
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This is a consequence of the richness of the expressive power of the variable-
free fragments—as we have shown, they are as expressive as the logics with
an infinite supply of propositional variables.

We suspect that these results are representative of how PDL-style for-
malisms behave. If this is indeed so, the important question for future re-
search is to find out if there are ways to tame the complexity of satisfiability
that might be applicable en masse to a wide range of PDL-style logics and
that might be of relevance to how these formalisms are applied in practice.
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Chapter 3

Complexity and expressivity of
branching- and alternating-time
temporal logics with finitely
many variables

3.1 Introduction

The propositional Branching-time temporal logics CTL [13, 17] and
CTL∗ [21, 17] have for a long time been used in formal specification and
verification of (parallel) non-terminating computer programs [46, 17], such
as (components of) operating systems, as well as in formal specification and
verification of hardware. More recently, Alternating-time temporal logics
ATL and ATL∗ [2, 17] have been used for formal specification and verifi-
cation of multi-agent [72] and, more broadly, so-called open systems, i.e.,
systems whose correctness depends on the actions of external entities, such
as the environment or other agents making up a multi-agent system.

Logics CTL, CTL∗, ATL, and ATL∗ have two main applications to
computer system design, corresponding to two different stages in the system
design process, traditionally conceived of as having specification, implemen-
tation, and verification phases. First, the task of verifying that an imple-
mented system conforms to a specification can be carried out by checking
that a formula expressing the specification is satisfied in the structure mod-
elling the system,—for program verification, this structure usually models
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execution paths of the program; this task corresponds to the model checking
problem [14] for the logic. Second, the task of verifying that a specification
of a system is satisfiable—and, thus, can be implemented by some system—
corresponds to the satisfiability problem for the logic. Being able to check
that a specification is satisfiable has the obvious advantage of avoiding wasted
effort in trying to implement unsatisfiable systems. Moreover, an algorithm
that checks for satisfiability of a formula expressing a specification builds,
explicitly or implicitly, a model for the formula, thus supplying a formal
model of a system conforming to the specification; this model can subse-
quently be used in the implementation phase. There is hope that one day
such models can be used as part of a “push-button” procedure producing
an assuredly correct implementation from a specification model, avoiding
the need for subsequent verification altogether. Tableaux-style satisfiability-
checking algorithms developed for CTL in [20], for CTL∗ in [65], for ATL
in [35], and for ATL∗ in [15] all implicitly build a model for the formula
whose satisfiability is being checked.

In this chapter, we are concerned with the satisfiability problem for CTL,
CTL∗, ATL, and ATL∗; clearly, the complexity of satisfiability for these log-
ics is of crucial importance to their applications to formal specification. It
is well-known that, for formulas that might contain contain an arbitrary
number of propositional variables, the complexity of satisfiability for all
of these logics is quite high: it is EXPTIME-complete for CTL [24, 20],
2EXPTIME-complete for CTL∗ [80], EXPTIME-complete for ATL [37, 84],
and 2EXPTIME-complete for ATL∗ [71].

It has, however, been observed (see, for example, [18]) that, in practice,
formulas expressing formal specifications, despite being quite long and con-
taining deeply nested temporal operators, usually contain only a very small
number of propositional variables,—typically, two or three. The question
thus arises whether limiting the number of propositional variables allowed to
be used in the construction of formulas we take as inputs can bring down the
complexity of the satisfiability problem for CTL, CTL∗, ATL, and ATL∗.
Such an effect is not, after all, unknown in logic: examples are known of log-
ics whose satisfiability problem goes down from “intractable” to “tractable”
once we place a limit on the number of propositional variables allowed in the
language: thus, satisfiability for the classical propositional logic as well as
the extensions of the modal logic K5 [59], which include such logics as K45,
KD45, and S5 (see also [40]), goes down from NP-complete to polynomial-
time decidable once we limit the number of propositional variables in the
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language to an (arbitrary) finite number.1 Similarly, as follows from [61], sat-
isfiability for the intuitionistic propositional logic goes down from PSPACE-
complete to polynomial-time decidable if we allow only a single propositional
variable in the language.

The question of whether the complexity of satisfiability for CTL, CTL∗,
ATL, and ATL∗can be reduced by restricting the number of propositional
variables allowed to be used in the formulas has not, however, been inves-
tigated in the literature. The present chapter is mostly meant to fill that
gap.

A similar question has been answered in the negative for Linear-time
temporal logic LTL in [18], where it was shown, using a proof technique
peculiar to LTL (in particular, [18] relies on the fact that for LTL with
a finite number of propositional variables satisfiability reduces to model-
checking), that a single-variable fragment of LTL is PSPACE-complete, i.e.,
as computationally hard as the entire logic [73]. It should be noted that, in
this respect, LTL behaves like most “natural” modal and temporal logics,
for which the presence of even a single variable in the language is sufficient
to generate a fragment whose satisfiability is as hard as satisfiability for the
entire logic. The first results to this effect have been proven in [8] for logics
for reasoning about linguistic structures and in [82] for provability logic.
A general method of proving such results for PSPACE-complete logics has
been proposed in [40]; even though [40] considers only a handful of logics,
the method can be generalised to large classes of logics, often in the language
without propositional variables [44, 10] (it is not, however, applicable to LTL,
as it relies on unrestricted branching in the models of the logic, which runs
contrary to the semantics of LTL,—hence the need for a different approach,
as in [18]). In this chapter, we use a suitable modification of the technique
from [40] (see [68, 69]) to show that single-variable fragments of CTL, CTL∗,
ATL, and ATL∗ are as computationally hard as the entire logics; thus, for
these logics, the complexity of satisfiability cannot be reduced by restricting
the number of variables in the language.

Before doing so, a few words might be in order to explain why the tech-
nique from [40] is not directly applicable to the logics we are considering

1To avoid ambiguity, we emphasise that we use the standard complexity-theoretic con-
vention of measuring the complexity of the input as its size; in our case, this is the length
of the input formula. In other words, we do not measure the complexity of the input ac-
cording to how many distinct variables it contains; limiting the number of variables simply
provides a restriction on the languages we consider.
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in this chapter. The approach of [40] is to model propositional variables by
(the so-called pp-like) formulas of a single variable; to establish the PSPACE-
harness results presented in [40], a substitution is made of such pp-like for-
mulas for propositional variables into formulas encoding a PSPACE-hard
problem. In the case of logics containing modalities corresponding to tran-
sitive relations, such as the modal logic S4, for such a substitution to work,
the formulas into which the substitution is made need to satisfy the property
referred to in [40] as “evidence in a structure,”—a formula is evident in a
structure if it has a model satisfying the following heredity condition: if a
propositional variable is true at a state, it has to be true at all the states
accessible from that state. In the case of PSPACE-complete logics, formulas
satisfying the evidence condition can always be found, as the intuitionistic
logic, which is PSPACE-complete, has the heredity condition built into its
semantics. The situation is drastically different for logics that are EXPTIME-
hard, which is the case for all the logics considered in the present chapter:
to show that a logic is EXPTIME-hard, one uses formulas that require for
their satisfiability chains of states of the length exponential in the size of
the formula,—this cannot be achieved with formulas that are evident in a
structure, as by varying the valuations of propositional variables that have
to satisfy the heredity condition we can only describe chains whose length
is linear in the size of the formula. Thus, the technique from [40] is not
directly applicable to EXPTIME-hard logics with “transitive” modalities,
as the formulas into which the substitution of pp-like formulas needs to be
made do not satisfy the condition that has to be met for such a substitution
to work. As all the logics considered in this chapter do have a “transitive”
modality—namely, the temporal connective “always in the future”, which is
interpreted by the reflexive, transitive closure of the relation corresponding
to the temporal connective “at the next instance”—this limitation prevents
the technique from [40] from being directly applied to them.

In the present chapter, we modify the approach of [40] by coming up with
substitutions of single-variable formulas for propositional variables that can
be made into arbitrary formulas, rather than formulas satisfying a particular
property, such as evidence in a structure. This allows us to break away from
the class PSPACE and to deal with CTL, CTL∗, ATL, and ATL∗, all of
which are at least EXPTIME-hard. A similar approach has recently been
used in [68] and [69] for some other propositional modal logics.

A by-product of our approach, and another contribution of this chapter,
is that we establish that single-variable fragments of CTL, CTL∗, ATL, and
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ATL∗ are as semantically expressive as the entire logic, i.e., all properties
that can be specified with any formula of the logic can be specified with a
formula containing only one variable—indeed, our complexity results follow
from this. In this light, the observation cited above—that in practice most
properties of interest are expressible in these logics using only a very small
number of variables—is not at all surprising from a purely mathematical
point of view, either.

The chapter is structured as follows. In Section 3.2, we introduce the
syntax and semantics of CTL and CTL∗. Then, in Section 3.3, we show
that CTL and CTL∗ can be polynomial-time embedded into their single-
variable fragments. As a corollary, we obtain that satisfiability for the single
variable fragment of CTL is EXPTIME-complete and satisfiability for the
single variable of of CTL∗ is 2EXPTIME-complete. In Section 3.4, we in-
troduce the syntax and semantics of ATL and ATL∗. Then, in Section 3.5,
we prove results for ATL and ATL∗ that are analogous to those proven in
Section 3.3 for CTL and CTL∗. We conclude in Section 3.6 by discussing
other formalisms related to the logics considered in this chapter to which our
proof technique can be applied to obtain similar results.

3.2 Branching-time temporal logics

We start by briefly recalling the syntax and semantics of CTL and CTL∗.
The language of CTL∗ contains a countable set Var = {p1, p2, . . .}

of propositional variables, the propositional constant ⊥ (“falsehood”), the
Boolean connective → (“if . . . , then . . . ”), the path quantifier ∀, and tem-
poral connectives h (“next”) and U (“until”). The language contains two
kinds of formulas: state formulas and path formulas, so called because they
are evaluated in the models at states and paths, respectively. State formu-
las ϕ and path formulas ϑ are simultaneously defined by the following BNF
expressions:

ϕ ::= p | ⊥ | (ϕ→ ϕ) | ∀ϑ,

ϑ ::= ϕ | (ϑ→ ϑ) | (ϑUϑ) | hϑ,
where p ranges over Var. Other Boolean connectives are defined as follows:
¬A := (A → ⊥), (A ∧ B) := ¬(A → ¬B), (A ∨ B) := (¬A → B), and
(A ↔ B) := (A → B) ∧ (B → A), where A and B can be either state or
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path formulas. We also define > := ⊥ → ⊥, 3ϑ := (>Uϑ), 2ϑ := ¬3¬ϑ,
and ∃ϑ := ¬∀¬ϑ.

Formulas are evaluated in Kripke models. A Kripke model is a tuple
M = (S, 7−→, V ), where S is a non-empty set (of states), 7−→ is a binary
(transition) relation on S that is serial (i.e., for every s ∈ S, there exists
s′ ∈ S such that s 7−→ s′), and V is a (valuation) function V : Var→ 2S .

An infinite sequence s0, s1, . . . of states in M such that si 7−→ si+1, for
every i > 0, is called a path. Given a path π and some i > 0, we denote
by π[i] the ith element of π and by π[i,∞] the suffix of π beginning at the
ith element. If s ∈ S, we denote by Π(s) the set of all paths π such that
π[0] = s.

The satisfaction relation between models M, states s, and state formulas
ϕ, as well as between models M, paths π, and path formulas ϑ, is defined as
follows:

• M, s |= pi � s ∈ V (pi);

• M, s |= ⊥ never holds;

• M, s |= ϕ1 → ϕ2 � M, s |= ϕ1 implies M, s |= ϕ2;

• M, s |= ∀ϑ1 � M, π |= ϑ1 for every π ∈ Π(s).

• M, π |= ϕ1 � M, π[0] |= ϕ1;

• M, π |= ϑ1 → ϑ2 � M, π |= ϑ1 implies M, π |= ϑ2;

• M, π |= hϑ1 � M, π[1,∞] |= ϑ1;

• M, π |= ϑ1 Uϑ2 �M, π[i,∞] |= ϑ2 for some i > 0 and M, π[j,∞] |= ϑ1

for every j such that 0 6 j < i.

A CTL∗-formula is a state formula in this language. A CTL∗-formula is
satisfiable if it is satisfied by some state of some model, and valid if it is
satisfied by every state of every model. Formally, by CTL∗ we mean the
set of valid CTL∗-formulas. Notice that this set is closed under uniform
substitution.

Logic CTL can be thought of as a fragment of CTL∗ containing only for-
mulas where a path quantifier is always paired up with a temporal connective.
This, in particular, disallows formulas whose main sign is a temporal connec-
tive and, thus, eliminates path-formulas. Such composite “modal” operators
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are ∀ h(universal “next”), ∀ U (universal “until”), and ∃ U (existential “un-
til”). Formulas are defined by the following BNF expression:

ϕ ::= p | ⊥ | (ϕ→ ϕ) | ∀ hϕ | ∀ (ϕUϕ) | ∃ (ϕUϕ),

where p ranges over Var. We also define ¬ϕ := (ϕ → ⊥),
(ϕ∧ψ) := ¬(ϕ→ ¬ψ), (ϕ∨ψ) := (¬ϕ→ ψ), > = ⊥ → ⊥, ∃ hϕ := ¬∀ h¬ϕ,
∃3ϕ := ∃(>Uϕ), and ∀2ϕ := ¬∃3¬ϕ.

The satisfaction relation between models M, states s, and formulas ϕ is
inductively defined as follows (we only list the cases for the “new” modal
operators):

• M, s |= ∀ hϕ1 � M, s′ |= ϕ1 whenever s 7−→ s′;

• M, s |= ∀(ϕ1 Uϕ2) � for every path s0 7−→ s1 7−→ . . . with s0 = s,
M, si |= ϕ2, for some i > 0, and M, sj |= ϕ1, for every 0 6 j < i;

• M, s |= ∃(ϕ1 Uϕ2)� there exists a path s0 7−→ s1 7−→ . . . with s0 = s,
such that M, si |= ϕ2, for some i > 0, and M, sj |= ϕ1, for every
0 6 j < i.

Satisfiable and valid formulas are defined as for CTL∗. Formally, by CTL
we mean the set of valid CTL-formulas; this set is closed under substitution.

For each of the logics described above, by a variable-free fragment we
mean the subset of the logic containing only formulas without any propo-
sitional variables. Given formulas ϕ, ψ and a propositional variable p, we
denote by ϕ[p/ψ] the result of uniformly substituting ψ for p in ϕ.

3.3 Finite-variable fragments of CTL∗ and

CTL

In this section, we consider the complexity of satisfiability for finite-variable
fragments of CTL and CTL∗, as well as semantic expressivity of those frag-
ments.

We start by noticing that for both CTL and CTL∗ satisfiability of the
variable-free fragment is polynomial-time decidable. Indeed, it is easy to
check that, for these logics, every variable-free formula is equivalent to either
⊥ or >. Thus, to check for satisfiability of a variable-free formula ϕ, all we
need to do is to recursively replace each subformula of ϕ by either ⊥ or >,
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which gives us an algorithm that runs in time linear in the size of ϕ. Since
both CTL and CTL∗ are at least EXPTIME-hard and P 6= EXPTIME,
variable-free fragments of these logics cannot be as expressive as the entire
logic.

We next prove that the situation changes once we allow just one variable
to be used in the construction of formulas. Then, we can express everything
we can express in the full languages of CTL and CTL∗; as a consequence,
the complexity of satisfiability becomes as hard as satisfiability for the full
languages. In what follows, we first present the proof for CTL∗, and then
point out how that work carries over to CTL.

Let ϕ be an arbitrary CTL∗-formula. Without a loss of generality we
may assume that ϕ contains propositional variables p1, . . . pn. Let pn+1 be
a variable not occurring in ϕ. First, inductively define the translation ·′ as
follows:

pi
′ = pi, where i ∈ {1, . . . , n};
⊥′ = ⊥;
(φ→ ψ)′ = φ′ → ψ′;
(∀α)′ = ∀(2pn+1 → α′);
( hα)′ = hα′;
(αUβ)′ = α′ Uβ′.

Next, let
Θ = pn+1 ∧ ∀2(∃ hpn+1 ↔ pn+1),

and define
ϕ̂ = Θ ∧ ϕ′.

Intuitively, the translation ·′ restricts evaluation of formulas to the paths
where every state makes the variable pn+1 true, while Θ acts as a guard
making sure that all paths in a model satisfy this property. Notice that ϕ is
equivalent to ϕ̂[pn+1/>].

Lemma 3.3.1 Formula ϕ is satisfiable if, and only if, formula ϕ̂ is satisfi-
able.

Proof. Suppose that ϕ̂ is not satisfiable. Then, ¬ϕ̂ ∈ CTL∗ and,
since CTL∗ is closed under substitution, ¬ϕ̂[pn+1/>] ∈ CTL∗. As
ϕ̂[pn+1/>]↔ ϕ ∈ CTL∗, so ¬ϕ ∈ CTL∗; thus, ϕ is not satisfiable.

Suppose that ϕ̂ is satisfiable. In particular, let M, s0 |= ϕ̂ for some model
M and some s0 in M. Define M′ to be the smallest submodel of M such that
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• s0 is in M′;

• if x is in M′, x 7−→ y, and M, y |= pn+1, then y is also in M′.

Notice that, since M, s0 |= pn+1 ∧ ∀2(∃ hpn+1 ↔ pn+1), the model M′ is
serial, as required, and that pn+1 is true at every state of M′.

We now show that M′, s0 |= ϕ. Since M, s0 |= ϕ′, it suffices to prove
that, for every state x in M′ and every state subformula ψ of ϕ, we have
M, x |= ψ′ if, and only if, M′, x |= ψ; and that, for every path π in M′ and
every path subformula α of ϕ, we have M, π |= α′ if, and only if, M′, π |= α.
This can be done by simultaneous induction on ψ and α.

The base case as well as Boolean cases are straightforward.
Let ψ = ∀α, so ψ′ = ∀(2pn+1 → α′). Assume that

M, x 6|= ∀(2pn+1 → α′). Then, M, π 6|= α′, for some π ∈ Π(x) such that
M, π[i] |= pn+1, for every i > 0. By construction of M′, π is a path is M′;
thus, we can apply the inductive hypothesis to conclude that M′, π 6|= α.
Therefore, M′, x 6|= ∀α, as required. Conversely, assume that M′, x 6|= ∀α.
Then, M′, π 6|= α, for some π ∈ Π(x). Clearly, π is a path in M. Since pn+1

is true at every state in M′, and thus, at every state in π, using the inductive
hypothesis, we conclude that M, x 6|= ∀(2pn+1 → α′).

The cases for the temporal connectives are straightforward.

Lemma 3.3.2 If ϕ̂ is satisfiable, then it is satisfied in a model where pn+1

is true at every state.

Proof. If ϕ̂ is satisfiable, then, as has been shown in the proof of
Lemma 3.3.1, ϕ is satisfied in a model where pn+1 is true at every state; i.e.,
M, s |= ϕ for some M = (S, 7−→, V ) such that pn+1 is true at every state in
S and some s ∈ S. Since ϕ is equivalent to ϕ̂[pn+1/>], clearly M, s |= ϕ̂.

Next, we model all the variables of ϕ̂ by single-variable formulas
A1, . . . , An+1. This is done in the following way. Consider the class M of mod-
els that, for each m ∈ {1, . . . , n+ 1}, contains a model Mm = (Sm, 7−→, Vm)
defined as follows:

• Sm = {rm, bm, am1 , am2 , . . . , am2m};

• 7−→ = {〈rm, bm〉, 〈rm, am1 〉} ∪ {〈ami , ami+1〉 : 1 6 m 6 2m− 1} ∪
{〈s, s〉 : s ∈ Sm};
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Figure 3.1: Model Mm

• s ∈ Vm(p) if, and only if, s = rm or s = am2k, for some k ∈ {1, . . . ,m}.

The model Mm is depicted in Figure 3.1, where circles represent states
with loops. With every such Mm, we associate a formula Am, in the following
way. First, inductively define the sequence of formulas

χ0 = ∀2 p;
χk+1 = p ∧ ∃ h(¬p ∧ ∃ hχk).

Next, for every m ∈ {1, . . . , n+ 1}, let

Am = χm ∧ ∃ h∀2¬p.
Lemma 3.3.3 Let Mk ∈ M and let x be a state in Mk. Then, Mk, x |= Am
if, and only if, k = m and x = rm.

Proof. Straightforward.

Now, for every m ∈ {1, . . . , n+ 1}, define

Bm = ∃ hAm.
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Finally, let σ be a (substitution) function that, for every i ∈ {1, . . . , n + 1},
replaces pi by Bi, and let

ϕ∗ = σ(ϕ̂).

Notice that the formula ϕ∗ contains only a single variable, p.

Lemma 3.3.4 Formula ϕ is satisfiable if, and only if, formula ϕ∗ is satisfi-
able.

Proof. Suppose that ϕ is not satisfiable. Then, in view of Lemma 3.3.1,
ϕ̂ is not satisfiable. Then, ¬ϕ̂ ∈ CTL∗ and, since CTL∗ is closed under
substitution, ¬ϕ∗ ∈ CTL∗. Thus, ϕ∗ is not satisfiable.

Suppose that ϕ is satisfiable. Then, in view of Lemmas 3.3.1 and 3.3.2,
ϕ̂ is satisfiable in a model M = (S, 7−→, V ) where pn+1 is true at every state.
We can assume without a loss of generality that every x ∈ S is connected by
some path to s. Define model M′ as follows. Append to M all the models
from M (i.e., take their disjoint union), and for every x ∈ S, make rm, the
root of Mm, accessible from x in M′ exactly when M, x |= pm. The evaluation
of p is defined as follows: for states from each Mm ∈ M, the evaluation is the
same as in Mm, and for every x ∈ S, let x /∈ V ′(p).

We now show that M′, s |= ϕ∗. It is easy to check that M′, s |= σ(Θ).
It thus remains to show that M′, s |= σ(ϕ′). Since M, s |= ϕ′, it suffices to
prove that M, x |= ψ′ if, and only if, M′, x |= σ(ψ′), for every state x in
M and every state subformula ψ of ϕ; and that M, π |= α′ if, and only if,
M′, π |= σ(α′), for every path π in M and every path subformula α of ϕ.
This can be done by simultaneous induction on ψ and α.

Let ψ = pi, so ψ′ = pi and σ(ψ′) = Bi. Assume that M, x |= pi.
Then, by construction of M′, we have M′, x |= Bi. Conversely, assume that
M′, x |= Bi. As M′, x |= Bi implies M′, x |= ∃ hp and since M, y 6|= p, for
every y ∈ S, this can only happen if x 7−→M′ rm, for some m ∈ {1, . . . , n+1}.
Since, then, rm |= Ai, in view of Lemma 3.3.3, m = i, and thus, by construc-
tion of M′, we have M, x |= pi.

The Boolean cases are straightforward.
Let ψ = ∀α, so ψ′ = ∀(2pn+1 → α′) and σ(ψ′) = ∀(2Bn+1 → σ(α′)).

Assume that M, x 6|= ∀(2pn+1 → α′). Then, for some π ∈ Π(x) such that
M, π[i] |= pn+1 for every i > 0, we have M, π 6|= α′. Clearly, π is a path in
M′, and thus, by inductive hypothesis, M′, π[i] |= Bn+1, for every i > 0, and
M′, π 6|= σ(α′). Hence, M′, x 6|= ∀(2Bn+1 → σ(α′)), as required. Conversely,
assume that M′, x 6|= ∀(2Bn+1 → σ(α′)). Then, for some π ∈ Π(x) such

34



that M′, π[i] |= Bn+1 for every i > 0, we have M′, π 6|= σ(α′). Since by
construction of M′, no state outside of S satisfies Bn+1, we know that π is
a path in M. Thus, we can use the inductive hypothesis to conclude that
M, x 6|= ∀(2pn+1 → α′).

The cases for the temporal connectives are straightforward.

Lemma 3.3.4, together with the observation that the formula ϕ∗ is
polynomial-time computable from ϕ, give us the following:

Theorem 3.3.5 There exists a polynomial-time computable function e as-
signing to every CTL∗-formula ϕ a single-variable formula e(ϕ) such that
e(ϕ) is satisfiable if, and only if, ϕ is satisfiable.

Theorem 3.3.6 The satisfiability problem for the single-variable fragment
of CTL∗ is 2EXPTIME-complete.

Proof. The lower bound immediately follows from Theorem 3.3.5 and
2EXPTIME-hardness of satisfiability for CTL∗ [80]. The upper bound
follows from the 2EXPTIME upper bound for satisfiability for CTL∗ [80].

We now show how the argument presented above for CTL∗ can be
adapted to CTL. First, we notice that if our sole purpose were to prove that
satisfiability for the single-variable fragment of CTL is EXPTIME-complete,
we would not need to work with the entire set of connectives present in the
language of CTL,—it would suffice to work with a relatively simple fragment
of CTL containing the modal operators ∀ hand ∀2, whose satisfiability, as
follows from [24], is EXPTIME-hard. We do, however, also want to establish
that the single-variable fragment of CTL is as expressive the entire logic;
therefore, we embed the entire CTL into its single-variable fragment. To
that end, we can carry out an argument similar to the one presented above
for CTL∗.

First, we define the translation ·′ as follows:

pi
′ = pi where i ∈ {1, . . . , n};

(⊥)′ = ⊥;
(φ→ ψ)′ = φ′ → ψ′;
(∀ hφ)′ = ∀ h(pn+1 → φ′);
(∀ (φUψ))′ = ∀ (φ′ U(pn+1 ∧ ψ′));
(∃ (φUψ))′ = ∃ (φ′ U(pn+1 ∧ ψ′)).
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Next, let
Θ = pn+1 ∧ ∀2(∃ hpn+1 ↔ pn+1).

and define
ϕ̂ = Θ ∧ ϕ′.

Intuitively, the translation ·′ restricts the evaluation of formulas to the
states where pn+1 is true. Formula Θ acts as a guard making sure that all
states in a model satisfy this property. We can then prove the analogues of
Lemmas 3.3.1 and 3.3.2.

Lemma 3.3.7 Formula ϕ is satisfiable if, and only if, formula ϕ̂ is satisfi-
able.

Proof. Analogous to the proof of Lemma 3.3.1. In the right-to-left direction,
inductive steps for modal connectives rely on the fact that in a submodel we
constructed every state makes the variable pn+1 true.

Lemma 3.3.8 If ϕ̂ is satisfiable, then it is satisfied in a model where pn+1

is true at every state.

Proof. Analogous to the proof of Lemma 3.3.2.

Next, we model propositional variables p1, . . . , pn+1 in the formula ϕ̂ ex-
actly as in the argument for CTL∗, i.e., we use formulas Am and their associ-
ated models Mm, where m ∈ {1, . . . , n+1}. This can be done since formulas
Am are, in fact, CTL-formulas. Lemma 3.3.3 can, thus, be reused for CTL,
as well.

We then define a single-variable CTL-formula ϕ∗ analogously to the way
it had been done for CTL∗:

ϕ∗ = σ(ϕ̂),

where σ is a (substitution) function that, for every i ∈ {1, . . . , n+1}, replaces
pi by Bi = ∃ hAi. We can then prove the analogue of Lemma 3.3.4.

Lemma 3.3.9 Formula ϕ is satisfiable if, and only if, formula ϕ∗ is satisfi-
able.
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Proof. Analogous to the proof of Lemma 3.3.4. In the left-to-right
direction, the inductive steps for the modal connectives rely on the fact that
the formula Bn+1 is true precisely at the states of the model that satisfies ϕ.

We, thus, obtain the following:

Theorem 3.3.10 There exists a polynomial-time computable function e as-
signing to every CTL-formula ϕ a single-variable formula e(ϕ) such that
e(ϕ) is satisfiable if, and only if, ϕ is satisfiable.

Theorem 3.3.11 The satisfiability problem for the single-variable fragment
of CTL is EXPTIME-complete.

Proof. The lower bound immediately follows from Theorem 3.3.10 and
EXPTIME-hardness of satisfiability for CTL [24]. The upper bound follows
from the EXPTIME upper bound for satisfiability for CTL [20].

3.4 Alternating-time temporal logics

Alternating-time temporal logics ATL∗ and ATL can be conceived of as
generalisations of CTL∗ and CTL, respectively. Their models incorporate
transitions occasioned by simultaneous actions of the agents in the system
rather than abstract transitions, as in CTL∗ and CTL, and we now reason
about paths that can be forced by cooperative actions of coalitions of agents,
rather than just about all (∀) and some (∃) paths. We do not lose the ability
to reason about all and some paths in ATL∗ and ATL, however, so these
logics are generalisations of CTL∗ and CTL, respectively.

The language of ATL∗ contains a non-empty, finite set AG of
names of agents (subsets of AG are called coalitions); a countable set
Var = {p1, p2, . . .} of propositional variables; the propositional constant ⊥;
the Boolean connective →; coalition quantifiers 〈〈C〉〉, for every C ⊆ AG;
and temporal connectives h (“next”), U (“until”), and 2 (“always in the
future”). The language contains two kinds of formulas: state formulas and
path formulas. State formulas ϕ and path formulas α are simultaneously
defined by the following BNF expressions:

ϕ ::= p | ⊥ | (ϕ→ ϕ) | 〈〈C〉〉ϑ,
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ϑ ::= ϕ | (ϑ→ ϑ) | (ϑUϑ) | hϑ | 2ϑ,
where C ranges over subsets of AG and p ranges over Var. Other Boolean
and temporal connectives are defined as for CTL∗.

Formulas are evaluated in concurrent game models. A concurrent game
model is a tuple M = (AG,S, Act, act, δ, V ), where

• AG = {1, . . . , k} is a finite, non-empty set of agents;

• S is a non-empty set of states;

• Act is a non-empty set of actions;

• act : AG × S 7→ 2Act is an action manager function assigning a non-
empty set of “available” actions to an agent at a state;

• δ is a transition function assigning to every state s ∈ S and every action
profile α = (α1, . . . , αk), where αa ∈ act(a, s), for every a ∈ AG, an
outcome state δ(s, α);

• V is a (valuation) function V : Var→ 2S .

A few auxiliary notions need to be introduced for the definition of the
satisfaction relation.

A path is an infinite sequence s0, s1, . . . of states in M such that, for every
i > 0, the following holds: si+1 ∈ δ(si, α), for some action profile α. The set
of all such sequences is denoted by Sω. The notation π[i] and π[i,∞] is used
as for CTL∗. Initial segments π[0, i] of paths are called histories ; a typical
history is denoted by h, and its last state, π[i], is denoted by last(h). Note
that histories are non-empty sequences of states in S; we denote the set of
all such sequences by S+.

Given s ∈ S and C ⊆ AG, a C-action at s is a tuple αC such that
αC(a) ∈ act(a, s), for every a ∈ C, and αC(a′), for every a′ /∈ C, is an
unspecified action of agent a′ at s (technically, a C-action might be thought
of as an equivalence class on action profiles determined by a vector of chosen
actions for every a ∈ C); we denote by act(C, s) the set of C-actions at s. An
action profile α extends a C-action αC , symbolically αC v α, if α(a) = αC(a),
for every a ∈ C. The outcome set of the C-action αC at s is the set of states
out(s, αC) = {δ(s, α) | α ∈ act(AG, s) and αC v α}.

A strategy for an agent a is a function stra(h) : S+ 7→ act(a, last(h)) as-
signing to every history an action available to a at the last state of the history.
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A C-strategy is a tuple of strategies for every a ∈ C. The function out(s, αC)
can be naturally extended to the functions out(s, strC) and out(h, strC) as-
signing to a given state s, or more generally a given history h, and a given
C-strategy the set of states that can result from applying strC at s or h,
respectively. The set of all paths that can result when the agents in C follow
the strategy strC from a given state s is denoted by Π(s, strC) and defined
as {π ∈ Sω | π[0] = s andπ[j + 1] ∈ out(π[0, j], strC), for every j > 0}.

The satisfaction relation between models M, states s, and state formulas
ϕ, as well as between models M, paths π, and path formulas ϑ, is defined as
follows:

• M, s |= pi � s ∈ V (pi);

• M, s |= ⊥ never holds;

• M, s |= ϕ1 → ϕ2 � M, s |= ϕ1 implies M, s |= ϕ2;

• M, s |= 〈〈C〉〉ϑ1 � there exists a C-strategy strC such that M, π |= ϑ1

holds for every π ∈ Π(s, strC);

• M, π |= ϕ1 � M, π[0] |= ϕ1;

• M, π |= ϑ1 → ϑ2 � M, π |= ϑ1 implies M, π |= ϑ2;

• M, π |= hϑ1 � M, π[1,∞] |= ϑ1;

• M, π |= 2ϑ1 � M, π[i,∞] |= ϑ1, for every i > 0;

• M, π |= ϑ1 Uϑ2 �M, π[i,∞] |= ϑ2 for some i > 0 and M, π[j,∞] |= ϑ1

for every j such that 0 6 j < i.

An ATL∗-formula is a state formula in this language. An ATL∗-formula is
satisfiable if it is satisfied by some state of some model, and valid if it is
satisfied by every state of every model. Formally, by ATL∗ we mean the
set of all valid ATL∗-formulas; notice that this set is closed under uniform
substitution.

Logic ATL can be thought of as a fragment of ATL∗ containing only
formulas where a coalition quantifier is always paired up with a temporal
connective. This, as in the case of CTL, eliminates path-formulas. Such
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composite “modal” operators are 〈〈C〉〉 h, 〈〈C〉〉2, and 〈〈C〉〉 U . Formulas are
defined by the following BNF expression:

ϕ ::= p | ⊥ | (ϕ→ ϕ) | 〈〈C〉〉 hϕ | 〈〈C〉〉2ϕ | 〈〈C〉〉(ϕUϕ),

where C ranges over subsets of AG and p ranges over Var. The other Boolean
connectives and the constant > are defined as for CTL.

The satisfaction relation between concurrent game models M, states s,
and formulas ϕ is inductively defined as follows (we only list the cases for
the “new” modal operators):

• M, s |= 〈〈C〉〉 hϕ1 � there exists a C-action αC such that M, s′ |= ϕ1

whenever s′ ∈ out(s, actC);

• M, s |= 〈〈C〉〉2ϕ1 � there exists a C-strategy strC such that
M, π[i] |= ϕ1 holds for all π ∈ out(s, strC) and all i > 0;

• M, s |= 〈〈C〉〉(ϕ1 Uϕ2)� there exists a C-strategy strC such that, for all
π ∈ out(s, strC), there exists i > 0 with M, π[i] |= ϕ and M, π[j] |= ϕ
holds for every j such that 0 6 j < i.

Satisfiable and valid formulas are defined as for ATL∗. Formally, by ATL we
mean the set of all valid ATL∗-formulas; this set is closed under substitution.

Remark 3.4.1 We have given definitions of satisfiability and validity for
ATL∗ and ATL that assume that the set of all agents AG present in the
language is “fixed in advance”. At least two other notions of satisfiability
(and, thus, validity) for these logics have been discussed in the literature
(see, e.g., [84])—i.e., satisfiability of a formula in a model where the set of all
agents coincides with the set of agents named in the formula and satisfiability
of a formula in a model where the set of agents is any set including the agents
named in the formula (in this case, it suffices to consider all the agents named
in the formula plus one extra agent). In what follows, we explicitly consider
only the notion of satisfiability for a fixed set of agents; other notions of
satisfiability can be handled in a similar way.

3.5 Finite-variable fragments of ATL∗ and

ATL

We start by noticing that satisfiability for variable-free fragments of both
ATL∗ and ATL is polynomial-time decidable, using the algorithm similar to
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the one outlined for CTL∗ and CTL. It follows that variable-free fragments
of ATL∗ and ATL cannot be as expressive as entire logics.

We also notice that, as is well-known, satisfiability for CTL∗ is
polynomial-time reducible to satisfiability for ATL∗ and satisfiability for
CTL is polynomial-time reducible to satisfiability for ATL, using the trans-
lation that replaces all occurrences of ∀ by 〈〈∅〉〉 and all occurrences of ∃ by
〈〈AG〉〉. Thus, Theorems 3.3.6 and 3.3.11, together with the known upper
bounds [37, 77, 71], immediately give us the following:

Theorem 3.5.1 The satisfiability problem for the single-variable fragment
of ATL∗ is 2EXPTIME-complete.

Theorem 3.5.2 The satisfiability problem for the single-variable fragment
of ATL is EXPTIME-complete.

In the rest of this section, we show that single-variable fragments of ATL∗

and ATL are as expressive as the entire logics by embedding both ATL∗ and
ATL into their single-variable fragments. The arguments closely resemble
the ones for CTL∗ and CTL, so we only provide enough detail for the reader
to be able to easily fill in the rest.

First, consider ATL∗. The translation ·′ is defined as for CTL∗, except
that the clause for ∀ is replaced by the following:

(〈〈C〉〉α)′ = 〈〈C〉〉(2pn+1 ∧ α′).

Next, we define

Θ = pn+1 ∧ 〈〈∅〉〉2(〈〈AG〉〉 hpn+1 ↔ pn+1)

and
ϕ̂ = Θ ∧ ϕ′.

Then, we can prove the analogues of Lemmas 3.3.1 and 3.3.2.
We next model all the variables of ϕ̂ by single-variable formulas

A′1, . . . , A
′
n+1. To that end, we use the class of concurrent game models

M = {M′
1, . . . ,M

′
n+1} that closely resemble models M1, . . . ,Mn+1 used in

the argument for CTL∗. For every M′
i, with i ∈ {1, . . . , n + 1}, the set of

states and the valuation V are the same as for Mi; in addition, whenever
s 7−→ s′ holds in Mi, we set δ(s, α) = s′, for every action profile α. The ac-
tions available to an agent a at each state of Mi are all the actions available
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to a at any of the states of the model M to which we are going to attach
models M′

i when proving the analogue of Lemma 3.3.4, as well as an extra
action da that we need to set up transitions from the states of M to the roots
of M′

is.
With every M′

i we associate the formula A′i. First, inductively define the
sequence of formulas

χ′0 = 〈〈∅〉〉2 p;
χ′k+1 = p ∧ 〈〈AG〉〉 h(¬p ∧ 〈〈AG〉〉 hχk).

Next, for every m ∈ {1, . . . , n+ 1}, let

A′m = χ′m ∧ 〈〈AG〉〉 h〈〈∅〉〉2¬p.
Lemma 3.5.3 Let M′

k ∈ M and let x be a state in M′
k. Then, M′

k, x |= A′m
if, and only if, k = m and x = rm.

Proof. Straightforward.

Now, for every m ∈ {1, . . . , n+ 1}, define

B′m = 〈〈AG〉〉 hA′m.
Finally, let σ be a (substitution) function that, for every i ∈ {1, . . . , n + 1},
replaces pi by B′i, and let

ϕ∗ = σ(ϕ̂).

This allows us to prove the analogue of Lemma 3.3.4.

Lemma 3.5.4 Formula ϕ is satisfiable if, and only if, formula ϕ∗ is satisfi-
able.

Proof. Analogous to the proof of Lemma 3.3.4. When constructing the
model M′, whenever we need to connect a state s in M to the root ri of
M′

i, we make an extra action, da, available to every agent a, and define
δ(s, 〈da〉a∈AG) = ri.

Thus, we have the following:

Theorem 3.5.5 There exists a polynomial-time computable function e as-
signing to every ATL∗-formula ϕ a single-variable formula e(ϕ) such that
e(ϕ) is satisfiable if, and only if, ϕ is satisfiable.
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We then can adapt the argument for ATL form the one just presented in
the same way we adapted the argument for CTL from the one for CTL∗,
obtaining the following:

Theorem 3.5.6 There exists a polynomial-time computable function e as-
signing to every ATL-formula ϕ a single-variable formula e(ϕ) such that
e(ϕ) is satisfiable if, and only if, ϕ is satisfiable.

3.6 Discussion

We have shown that logics CTL∗, CTL, ATL∗, and ATL can be polynomial-
time embedded into their single-variable fragments; i.e., their single-variable
fragments are as expressive as the entire logics. Consequently, for these logics,
satisfiability is as computationally hard when one considers only formulas of
one variable as when one considers arbitrary formulas. Thus, the complexity
of satisfiability for these logics cannot be reduced by restricting the number
of variables allowed in the construction of formulas.

The technique presented in this chapter can be applied to many other
modal and temporal logics of computation considered in the literature. We
will not here attempt a comprehensive list, but rather mention a few exam-
ples.

The proofs presented in this chapter can be extended in a rather straight-
forward way to Branching- and Alternating-time temporal-epistemic log-
ics [42, 77, 83, 34], i.e., logics that enrich the logics considered in this chapter
with the epistemic operators of individual, distributed, and common knowl-
edge for the agents. Our approach can be used to show that single-variable
fragments of those logics are as expressive as the entire logics and that, conse-
quently, the complexity of satisfiability for them is as hard (EXPTIME-hard
or 2EXPTIME-hard) as for the entire logics. Clearly, the same approach can
be applied to epistemic logics [22, 32, 36], i.e., logics containing epistemic, but
not temporal, operators—such logics are widely used for reasoning about dis-
tributed computation. Our argument also applies to logics with the so-called
universal modality [31] to obtain EXPTIME-completeness of their variable-
free fragments. The technique presented here has also been recently used [68]
to show that propositional dynamic logics are as expressive in the language
without propositional variables as in the language with an infinite supply of
propositional variables. Since our method is modular in the way it tackles
modalities present in the language, it naturally lends itself to modal languages
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combining various modalities—a trend that has been gaining prominence for
some time now.

The technique presented in this chapter can also be lifted to first-order
languages to prove undecidability results about fragments of first-order modal
and related logics,—see [67].

We conclude by noticing that, while we have been able to overcome the
limitations of the technique from [40] described in the introduction, our modi-
fication thereof has limitations of its own. It is not applicable to logics whose
semantics forbids branching, such as LTL or temporal-epistemic logics of
linear time [42, 33]. Our technique cannot be used, either, to show that
finite-variable fragments of logical systems that are not closed under uniform
substitution—such as public announcement logic PAL [63, 78]—have the
same expressive power as the entire system. This does not preclude it from
being used in establishing complexity results for finite-variable fragments of
such systems provided they contain fragments, as is the case with PAL [53],
that are closed under substitution and have the same complexity as the entire
system.
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Chapter 4

Complexity of finite-variable
fragments of propositional
modal logics of symmetric
frames

4.1 Introduction

While the propositional modal logic S5, which has Kripke-style semantics
in terms of reflexive, transitive, and symmetric frames, is “computation-
ally intractable”—namely, its satisfiability problem is NP-complete—its n-
variable fragments, for every n ∈ N, are polynomial-time decidable. In con-
trast, as originally shown in [40] and further elaborated in [10] (see also [44]
and [82]), most “natural” modal logics whose Kripke frames are reflexive,
transitive, or both, remain intractable even if the number of propositional
variables in their languages is restricted to one (for all logics in the intervals
[K, GL] and [K, Grz]) or zero (for all logics in the interval [K, K4]). It
is, thus, interesting to see if symmetry plays any role in making S5 stand
apart from other propositional modal logics in this regard. More generally,
does the addition of the axiom of symmetry to a logic make its finite-variable
fragments easier to decide than the entire logic? The role of symmetry in
this context has not been investigated in the literature.

In this chapter, we answer this question in the negative by showing that
all logics in the interval [K, KTB], where KTB is the propositional modal

45



logic of reflexive and symmetric frames, have PSPACE-hard single-variable
fragments. As a by-product, we prove that logics KTB and KB, which is the
propositional modal logic of symmetric frames, can be embedded into their
single-variable fragments, which are, thus, as semantically expressive—from
the point of view of validity and (local) satisfiability—as the entire logics.

The chapter is organized as follows. In section 4.2, we briefly recall the
syntax and semantics of the logics we consider in the present chapter and
establish that all the logics in the interval [K, KTB] are PSPACE-hard.
Then, in section 4.3, we present our main results concerning single-variable
fragments of logics in [K, KTB]. We conclude in section 4.4.

4.2 Preliminaries

The propositional modal language contains countably many propositional
variables p1, p2, . . ., the Boolean constant ⊥ (“falsehood”), the Boolean con-
nective →, and the modal connective 2. Other connectives, as well as for-
mulas, are defined as usual. We also use the following abbreviations:

20ϕ = ϕ, 260ϕ = ϕ,
2n+1ϕ = 22nϕ, 26n+1ϕ = 26nϕ ∧2n+1ϕ,
2+ϕ = ϕ ∧2ϕ, 3nϕ = ¬2n¬ϕ.

A (Kripke) frame is a pair F = 〈W,R〉, where W is a non-empty set (of
worlds) and R is a binary (accessibility) relation on W . A (Kripke) model is
a pair M = 〈F, V 〉, where F is a frame and V is a valuation function assigning
to every propositional variable a subset of W ; if M has the form 〈F, V 〉, we
say that it is based on F. The satisfaction relation between models M, worlds
w, and formulas ϕ is defined as follows:

• M, w |= pi � w ∈ V (pi);

• M, w |= ⊥ never holds;

• M, w |= ϕ1 → ϕ2 � M, w |= ϕ1 implies M, w |= ϕ2;

• M, w |= 2ϕ1 � M, w′ |= ϕ1 whenever wRw′.

Let C be a class of frames. A formula is valid on C if it is satisfied at every
world of every model based on a frame from C. A formula is satisfiable in C
if it is satisfied at some world of some model based on a frame from C.
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A propositional modal logic is a set of formulas containing all classical
tautologies as well as the formula 2(p→ q)→ (2p→ 2q) and closed under
uniform substitution, modus ponens, and necessitation. Of particular interest
to us are the logics K, which is the set of formulas valid on all frames; KB,
which is the set of formulas valid on all frames whose accessibility relation is
symmetric; and KTB, which is the set of formulas valid on all frames whose
accessibility relation is reflexive and symmetric. More generally, we will be
concerned with the interval [K, KTB] of logics L such that K ⊆ L ⊆ KTB.
This interval contains a number of logics that have been, for various reasons,
of interest to logicians; examples include T, which is the set of formulas
valid on reflexive frames; KB; KDB, which is the set of formulas valid on
symmetric and serial frames; and Hughes’s logic [45]. If a logic L is Kripke-
complete, i.e., coincides with the set of formulas valid on some class C of
frames, we say that a formula ϕ is L-satisfiable if ϕ is satisfiable in C.

We say that a logic is PSPACE-hard (PSPACE-complete) if the problem
of membership in it is PSPACE-hard (PSPACE-complete); analogously for
fragments of logics. In what follows, we rely on the statement as well as the
proof of the following:

Theorem 4.2.1 Let L be a logic such that K ⊆ L ⊆ KTB. Then, L is
PSPACE-hard.

Proof. The proof is a slight modification of Ladner’s proof for logics between
K and S4 (Theorem 3.1 in [51]; see also [7], Section 6.7), which proceeds by
reduction from the set TQBF of true quantified Boolean formulas, known to
be PSPACE-hard [74]. Note that as PSPACE is closed under complementa-
tion, the complement of TQBF is also PSPACE-hard. Since every quantified
Boolean formula can be reduced to one in the prenex normal form, we may
assume without a loss of generality that both TQBF and its complement
only contain formulas in the prenex normal form.

First, we define a polynomial-time computable translation f from the set
of quantified Boolean formulas in the prenex normal form to the set of modal
formulas such that

• if θ ∈ TQBF, then f(θ) is KTB-satisfiable;

• if θ /∈ TQBF, then f(θ) is not K-satisfiable.

Let θ = Q1p1 . . .Qm pm ϕ(p1, . . . , pm), where Q1, . . . ,Qm ∈ {∃, ∀} and
ϕ(p1, . . . , pm) is a propositional formula containing no variables other than
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p1, . . . , pm. Let q0, q1, . . . , qm be propositional variables not in θ. Then, f(θ)
is a conjunction of the following formulas:

• q0;

• 26m
m∧
i=0

(qi →
∧
j 6=i
¬qj);

• 26m−1
∧

{i :Qi=∃}
(qi−1 → 3qi);

• 26m−1
∧

{i :Qi=∀}
(qi−1 → 3(qi ∧ pi) ∧3(qi ∧ ¬pi));

• 26m−1
m−1∧
i=1

(qi →
∧
j6i

(pj → 2(qi+1 → pj)) ∧
∧
j6i

(¬pj → 2(qi+1 → ¬pj)));

• 2m(qm → ϕ).

Note that only the second-to-last formula is substantively different from the
formulas used in [51]. Suppose that θ is true, and thus, there exists a quanti-
fier tree T witnessing its truth. We use T to define a KTB-model satisfying
f(θ). Let W be the set of nodes of T and R be the symmetric and reflexive
closure of the “daughter-of” relation of T . Thus, 〈W,R〉 is a KTB-frame. It
remains to define the valuation. Let qi be true precisely at the nodes of level
i (where the root is a node of level 0), let pi be true at a node of level j > i if,
and only if, the substitution of truth values for a variable of θ connected to
that node, or to the node of level i on the same branch of T , returns “true”
for pi, and let pi be false at all nodes of levels j < i. It is then straightforward
to check that f(θ) is satisfied at the root of T . That falsehood of θ implies
that f(θ) is not K-satisfiable is argued exactly as in Ladner’s proof [51].

Now, let L be a logic such that K ⊆ L ⊆ KTB. If θ /∈ TQBF,
then ¬f(θ) ∈ K and, hence, ¬f(θ) ∈ L. Conversely, if θ ∈ TQBF, then
¬f(θ) /∈ KTB and, hence, ¬f(θ) /∈ L. Thus, the translation t(θ) = ¬f(θ)
reduces the complement of TQBF, which is PSPACE-hard, to L. Therefore,
L is PSPACE-hard.

As there exist polynomial-space algorithms for deciding satisfiability, and
thus validity, for KB, KDB, and KTB (see, e.g., [38]), these logics are
PSPACE-complete.
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4.3 Complexity of finite-variable fragments

We now show, using a suitable modification of Halpern’s technique [40], that
single-variable fragments of all logics in the interval [K, KTB] are PSPACE-
hard. In the course of the proof we establish that logics KB and KTB can
be effectively embedded into their single-variable fragments.

Let ϕ be an arbitrary modal formula. Assume that ϕ only contains propo-
sitional variables p1, . . . , pn. First, recursively define the translation ·′ as
follows:

pi
′ = pi, where i ∈ {1, . . . , n};
⊥′ = ⊥;
(φ→ ψ)′ = φ′ → ψ′;
(2φ)′ = 2(pn+1 → φ′).

Second, put
ϕ̂ = pn+1 ∧ ϕ′.

Notice that ϕ is equivalent to ϕ̂(pn+1/>) in K and, hence, in KTB.

Lemma 4.3.1 Let L ∈ {K,KTB}. If ϕ̂ is L-satisfiable, then it is satisfiable
in a model based on a frame for L where pn+1 is true at every world.

Proof. Suppose that M, w0 |= ϕ̂ for some model M and some world w0.
Consider the submodel M′ of M that consists of worlds where pn+1 is true.
As M, w0 |= pn+1, the set of worlds of M′ is non-empty. It is straightforward
to check both that M′ is based on a frame for L and that M′, w0 |= ϕ̂.

Lemma 4.3.2 Let L ∈ {K,KTB}. Then, ϕ is L-satisfiable if, and only if,
ϕ̂ is L-satisfiable.

Proof. Suppose that M, w0 |= ϕ. To obtain a model satisfying ϕ̂, make
pn+1 true at every world of M. Conversely, suppose that M, w0 |= ϕ̂. In
view of Lemma 4.3.1, we may assume that pn+1 is universally true in M. As
ϕ is equivalent to ϕ̂(pn+1/>), it follows that M, w0 |= ϕ.

Now, consider the following class M of finite models. For every
k ∈ {1, . . . , n+ 1}, the class M contains a model Mk, depicted in Figure 4.1,
that looks as follows. For brevity, we call some worlds p-worlds; if a world is
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. . .
rk ck1 ck2

p p p p p p¬p ¬p ¬p ¬p

Figure 4.1: Model Mk

not a p-world, we call it a p̄-world. The model Mk is a chain of worlds whose
root, rk, is a p-world. The root is part of a pattern of worlds, described be-
low, which is succeeded by three final p-worlds. The pattern looks as follows:
a single p-world is followed by 2i+ 1 p̄-worlds, for 1 6 i 6 k. Thus, the chain
looks as follows: the root (a p-world), then three p̄-worlds, then a p-world,
then five p̄-worlds, then a p-world, . . . , then a p-world, then 2k+ 1 p̄-worlds,
then three p-worlds. The accessibility relation Rk between the worlds of Mk

is both reflexive and symmetric. To complete the definition of Mk, we define
the propositional variable p to be true at exactly the p-worlds.

Before proceeding, we prove a lemma about the models in M. Given a
model Mk, denote by cki , for i ∈ {1, . . . , k}, the “middle” world of the chain
of 2i+ 1 p̄-worlds preceded and succeeded by p-worlds; see Figure 4.1. Also,
let

εi = 26i¬p ∧3i+1p, where i ∈ N.

Lemma 4.3.3 Let x be a world of Mk that lies between rk and cki , for some
i 6 k (i.e., cki cannot be reached from rk by consecutive steps along Rk without
passing through x). Then, Mk, x |= εi if, and only if, x = cki .

Proof. Straightforward.

We now define formulas we use to simulate the propositional variables
of ϕ̂. First, inductively define, for every k ∈ {1, . . . , n + 1}, the following
sequence of formulas:

δ = 2+p;
δkk = εk ∧3k+2δ;
δki = εi ∧32i+3δki+1, where 1 6 i < k.

Next, let, for every k ∈ {1, . . . , n+ 1},

αk = p ∧32δk1
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and
βk = ¬p ∧3αk.

Let σ be a (substitution) function that, given a formula ψ, replaces all oc-
currences of pi in ψ by βi, where 1 6 i 6 n+ 1. Finally, define

ϕ∗ = σ(ϕ̂)

to produce a single-variable formula ϕ∗.

Lemma 4.3.4 Let L ∈ {K,KTB}. Then, ϕ is L-satisfiable if, and only if,
ϕ∗ is L-satisfiable.

Proof. Suppose that ϕ is not L-satisfiable. Then, in view of Lemma 4.3.2,
ϕ̂ is not L-satisfiable; hence, ¬ϕ̂ ∈ L. Since L is closed under substitution,
¬ϕ∗ ∈ L, and so ϕ∗ is not L-satisfiable.

Suppose that ϕ is L-satisfiable. Then, in view of Lemmas 4.3.1 and 4.3.2,
M, w0 |= ϕ̂ for some M = 〈W,R, V 〉, such that 〈W,R〉 is a frame for L and
pn+1 is true at every w ∈ W , and for some w0 ∈ W . (Recall that ϕ̂ only
contains variables p1, . . . , pn+1.) Define model M′ as follows. Attach to M
all the models from M; then, for every x in M, put xR′rm and rmR

′x, where
rm is the root of Mm ∈ M, exactly when M, x |= pm. Notice that rn+1 is
accessible in M′ from every x ∈ W . Finally, make p true at exactly those
worlds of the attached models where it was true, and make it false at every
world in W . Notice that M′ is based on a frame for L.

To conclude the proof, it suffices to show that M′, w0 |= ϕ∗. To that end,
we first prove two auxiliary Sublemmas:

Sublemma 4.3.5 Let x be a world of M′ that lies between the root rk of the
attached model Mk and the world cki of Mk, for some i 6 k (i.e., cki cannot
be reached from rk by consecutive steps along R′ without passing through x).
Then, M′, x |= εi if, and only if, x = cki .

Proof. Straightforward, using Lemma 4.3.3.

Sublemma 4.3.6 Let x ∈ W and let M′, x |= 3αk. Then, xR′rk.

Proof. Since M′, x |= 3αk, so xR′y and M′, y |= αk, for some y in M′. We
show that y = rk. Since M′, y |= p, clearly y /∈ W , and thus y is the root rm
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of some Mm. As M′, y |= 32δk1 , we can reach from y in two R′-steps a world
y1 such that M′, y1 |= ε1. Since wR′rn+1 holds for every w ∈ W , and thus
M′, w 6|= 2¬p for every w ∈ W , we know that y1 /∈ W , so y1 belongs to one of
the attached models Mj. In two R′-steps, we cannot go past cj1 for any j and
can only reach cj1 if j = m; hence, due to Sublemma 4.3.5, y1 = cm1 . Since
M′, cm1 |= 35(ε2 ∧ δk2), we can reach from cm1 in five R′-steps a world y2 such
that M′, y2 |= ε2. As M′, w 6|= 2¬p for every w ∈ W , we know that y2 /∈ W .
In five R′-steps, we cannot go past cj2 for any j and can only reach cj2 if
j = m; hence, due to Sublemma 4.3.5, y2 = cm2 , and so M′, cm2 |= 37(ε3∧ δk3).
We can now repeat the argument without worrying about the possibility of
satisfying further formulas due to the presence in M′ of the worlds outside
of Mm, as we cannot step outside of Mm, starting from cm2 , in seven steps.
By inductively repeating the argument m times, we arrive at the world cmm
such that M′, cmm |= 3k+2δ, which can only happen if m = k. Thus, all along
we have been evaluating the formulas in Mk, and thus y = rk, as required.

Now, we proceed with the proof of the main Lemma.
Recall that ϕ∗ = σ(ϕ̂) = σ(pn+1 ∧ ϕ′) = βn+1 ∧ σ(ϕ′). It is easy to check

that M′, w0 |= βn+1. It then suffices to show that M, x |= ψ′ if, and only if,
M′, x |= σ(ψ′), for every subformula ψ of ϕ and every x ∈ W . This can be
done by induction on ψ.

For the base case, assume that M′, x |= βi; in particular, M′, x |= 3αi.
Then, due to Sublemma 4.3.6, xR′ri, and therefore M, x |= pi by definition
of M′. The other direction is straightforward. The Boolean cases are also
straightforward.

Let ψ = 2χ. Assume that M′, x 6|= 2(βn+1 → σ(χ′)). Then, xR′y, as
well as M′, y |= βn+1 and M′, y 6|= σ(χ′), for some y in M′. In particular,
M′, y |= ¬p; thus, y cannot be the root of any of the attached models.
Therefore, y ∈ W and the inductive hypothesis is applicable; this gives us
M, x 6|= 2(pn+1 → χ′), as desired. The other direction is straightforward,
using the converse of Sublemma 4.3.6.

Given a formula ϕ, let

e(ϕ) = ¬((¬ϕ)∗).

Theorem 4.3.7 Let L ∈ {K,KTB}. Then, there exists a polynomial-time
mapping that embeds L into its single-variable fragment.
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Proof. Take the mapping e defined above.

Remark 4.3.8 Notice that Lemma 4.3.4 and Theorem 4.3.7 apply to the
logic KB, as well. We did not mention KB in their statements as this is
not required for the proof of our main result, Theorem 4.3.9.

Theorem 4.3.9 Let L be a logic in the interval [K,KTB]. Then, the single-
variable fragment of L is PSPACE-hard.

Proof. We reduce the PSPACE-hard complement of the set TQBF of
true quantified Boolean formulas to the single-variable fragment of L. Let
θ /∈ TQBF; then, t(θ) ∈ K, where t is the translation defined in the proof
of Theorem 4.2.1; hence, in view of Theorem 4.3.7, e(t(θ)) ∈ K, and thus
e(t(θ)) ∈ L. Let, on the other hand, θ ∈ TQBF; then, as shown in the
proof of Theorem 4.2.1, t(θ) /∈ KTB; hence, in view of Theorem 4.3.7,
e(t(θ)) /∈ KTB, and thus e(t(θ)) /∈ L. Thus, the polynomial-time com-
putable translation g(θ) = e(t(θ)) reduces the complement of TQBF to the
single-variable fragment of L; the statement of the Theorem follows.

Theorem 4.3.9 implies that the single-variable fragments of all PSPACE-
complete logics in [K,KTB] are PSPACE-complete; in particular, we have
the following:

Corollary 4.3.10 The single-variable fragments of T, KB, KDB, and
KTB are PSPACE-complete.

Note that the PSPACE-completeness of the single-variable fragment of T has
been established in [40].

4.4 Conclusion

We have shown that when it comes to their computational properties, the
modal logics of symmetric, as well as of reflexive and symmetric frames,
behave in the same way as the logics of transitive, as well as of reflexive and
transitive, frames—they remain intractable, namely, PSPACE-hard, when
their languages are restricted to only one propositional variable.
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Figure 4.2: Cube of modal logics

Adding the axiom of symmetry to the logic of reflexive and transitive
frames, i.e., S4, is not the only way of arriving at S5,—it can also be obtained,
iter alia, by adding the axiom of Euclideanness, ¬2p→ 2¬2p, to T. The role
of Euclideanness is well understood in the context of the present inquiry,—it
has been shown in [59] that every extension of the logic of Euclidean frames,
K5, is locally tabular; therefore, any finite-variable fragment of such a logic
is polynomial-time decidable.

Thus, we have a good understanding of the role played by various prop-
erties of Kripke frames of most interest to “traditional” logicians (reflexivity,
seriality, symmetry, transitivity, and Euclideanness)—represented by logics
included in the “cube of modal logics” [27], see Figure 4.2—in the computa-
tional behaviour of the finite-variable fragments of the corresponding logics:
while Euclideanness—as well as symmetry combined with transitivity, which
imply Euclideanness—make such fragments “tractable”, reflexivity, symme-
try, transitivity, and seriality by themselves—as well as transitivity and sym-
metry combined either with reflexivity or seriality—do not have this effect
(seriality, along with reflexivity and transitivity, has been considered in [10]).

This raises the more general question of where the borderline lies between,
on the one hand, logics that behave like those described in [40], [44], [82], [10],
and in this chapter, i.e., whose finite-variable fragments remain intractable,
and on the other, those that behave like S5, i.e., whose finite-variable frag-
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ments are simpler than entire logics (in all the cases known in the literature,
this amounts to having polynomial-time decidable finite-variable fragments).
It is clear that the answer is not directly linked to the complexity of the
logic in question—as shown in [10], satisfiability for single- and two-variable
fragments of such logics as S4.3, GL.3, and Grz.3, whose satisfiability prob-
lem is NP-complete, is also NP-complete. While the borderline between the
NP-hard and the PSPACE-hard in modal logic has received attention in the
literature (see, for example, [41]), this question has not, as far as we know,
been so far addressed.

55



Chapter 5

Undecidability of first-order
modal and intuitionistic logics
with two variables and one
monadic predicate letter

5.1 Introduction

While the (first-order) quantified classical logic QCl is undecidable [12], it
contains a number of rather expressive decidable fragments [9]. This has
long stimulated interest in drawing the borderline between decidable and
undecidable fragments of QCl using a variety of criteria, in isolation or in
combination, imposed on the language. One such criterion is the number
and arity of predicate letters allowed in the language: while the monadic
fragment is decidable [5], the fragment containing a single binary letter is not,
as follows from [29]. Another criterion is the number of individual variables
allowed in the language: while the two-variable fragment is decidable [58, 39],
the three-variable fragment is not [76].

Similar questions have long been of interest in (first-order) quantified
intuitionistic and modal logics. For languages without restrictions on the
number of individual variables, Kripke [50] has shown that all “natural”
quantified modal logics with two monadic predicate letters are undecidable,
while Maslov, Mints, and Orevkov [54] and, independently, Gabbay [26] have
shown that quantified intuitionistic logic with a single monadic predicate
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letter is undecidable.
The question of where the borderline lies in the intuitionistic and modal

case when it comes to the number of individual variables allowed in the
language has recently been investigated by Kontchakov, Kurucz, and Za-
kharyschev in [47]. It is shown in [47] that two-variable fragments of quanti-
fied intuitionistic and all “natural” modal logics are undecidable. Moreover,
it is established in [47] that, to obtain undecidability of two-variable frag-
ments, in the intuitionistic case, it suffices to use two binary and infinitely
many monadic predicate letters, while in the modal case, it suffices to use
only (infinitely many) monadic predicate letters.

Two questions were raised in [47] concerning the languages combining
restrictions on the number of individual variables and predicate letters: first,
how many monadic predicate letters are needed to obtain undecidability of
the two-variable fragments in the modal case, and second, whether it suffices
to use monadic predicate letters to obtain undecidability of the two-variable
fragment in the intuitionistic case.

In the present chapter, we address both of the aforementioned questions.
First, we show that for two-variable fragments of most modal logics con-
sidered in [47], it suffices to use a single monadic predicate letter to obtain
undecidability. Second, we show that the positive fragment of quantified in-
tuitionistic logic QInt is undecidable in the language with two variables and
a single monadic predicate letter. We also show that the latter result holds
true for all logics in intervals [QBL,QKC] and [QBL,QFL], where QKC
is the logic of the weak law of the excluded middle and QBL and QFL are
first-order counterparts of Visser’s basic and formal logics, respectively.

The chapter is structured as follows. In section 5.2, we prove undecid-
ability results about modal logics. In section 5.3, we do likewise for the
intuitionistic and related logics. We conclude, in section 5.4, by discussing
how our results can be applied in settings not considered in this chapter and
pointing out some open questions following from our work.

5.2 Modal logics

In this section, we prove undecidability results about two-variable fragments
of quantified modal logics with a single monadic predicate letter. This is es-
sentially achieved by adapting to the first-order language of Halpern’s tech-
nique [40] for establishing complexity results for single-variable fragments of
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propositional modal logics.

5.2.1 Syntax and semantics

A (first-order) quantified modal language contains countably many individual
variables; countably many predicate letters of every arity; Boolean connec-
tives ∧ and ¬; modal connective 2; and a quantifier ∀. Formulas as well as
the symbols ∨, →, ∃, and 3 are defined in the usual way. We also use the
following abbreviations: 2+ϕ = ϕ ∧2ϕ and 3+ϕ = ϕ ∨3ϕ.

A Kripke frame is a tuple F = 〈W,R〉, where W is a non-empty set (of
worlds) and R is a binary (accessibility) relation on W . A predicate Kripke
frame is a tuple FD = 〈W,R,D〉, where 〈W,R〉 is a Kripke frame and D is
a function from W into a set of non-empty subsets of some set (the domain
of FD), satisfying the condition that wRw′ implies D(w) ⊆ D(w′). We call
the set D(w) the domain of w. We will also be interested in predicate frames
satisfying the condition that wRw′ implies D(w) = D(w′); we refer to such
frames as frames with constant domains.

A Kripke model is a tuple M = 〈W,R,D, I〉, where 〈W,R,D〉 is a pred-
icate Kripke frame and I is a function assigning to a world w ∈ W and an
n-ary predicate letter P an n-ary relation I(w,P ) on D(w). We refer to I as
the interpretation of predicate letters with respect to worlds in W .

An assignment in a model is a function g associating with every individual
variable x an element of the domain of the underlying frame.

The truth of a formula ϕ in a world w of a model M under an assignment
g is inductively defined as follows:

• M, w |=g P (x1, . . . , xn) if 〈g(x1), . . . , g(xn)〉 ∈ I(w,P );

• M, w |=g ϕ1 ∧ ϕ2 if M, w |=g ϕ1 and M, w |=g ϕ2;

• M, w |=g ¬ϕ1 if M, w 6|=g ϕ1;

• M, w |=g 2ϕ1 if wRw′ implies M, w′ |=g ϕ1, for every w′ ∈ W ;

• M, w |=g ∀xϕ1 if M, w |=g′ ϕ1, for every assignment g′ such that g′

differs from g in at most the value of x and such that g′(x) ∈ D(w).

Note that, given a Kripke model M = 〈W,R,D, I〉 and w ∈ W , the
tuple Mw = 〈Dw, Iw〉, where Dw = D(w) and Iw(P ) = I(w,P ), is a classical
predicate model.
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We say that ϕ is true at world w of model M and write M, w |= ϕ if
M, w |=g ϕ holds for every g assigning to free variables of ϕ elements of
D(w). We say that ϕ is true in M and write M |= ϕ if M, w |= ϕ holds for
every world w of M. We say that ϕ is true in predicate frame FD and write
FD |= ϕ if ϕ is true in every model based on FD. We say that ϕ is true in
frame F and write F |= ϕ if ϕ is true in every predicate frame of the form
FD. Finally, we say that a formula is true in a class of frames if it is true in
every frame from the class.

Let M = 〈W,R,D, I〉 be a model, w ∈ W , and a1, . . . , an ∈ D(w).
Let ϕ(x1, . . . , xn) be a formula whose free variables are among x1, . . . , xn.
We write M, w |= ϕ[a1, . . . , an] to mean M, w |=g ϕ(x1, . . . , xn), where
g(x1) = a1, . . . , g(xn) = an.

Given a propositional normal modal logic L, let QL be QCl⊕L where ⊕
is the operation of closure under (predicate) substitution, modus ponens, gen-
eralization, and necessitation. Of particular interest to us are the quantified
counterparts QGL, QGrz, and QKTB of propositinal logics GL, QGrz,
and KTB. We recall that GL is the logic of Kripke frames whose acces-
sibility relation is irreflexive, transitive, and contains no infinite ascending
chains, while Grz is the logic of frames whose accessibility relation is reflex-
ive, transitive, antisymmetric, and does not contain infinite ascending chains
of pairwise distinct worlds (in other words, the accessibility relation on the
frames for Grz is the reflexive closure of the one on the frames for GL).
We also recall that QGL and QGrz are Kripke-incomplete [57, 70], but are
valid on all the frames for GL and Grz, respectively. Thus, for technical
reasons—namely, to avoid being distracted with Kripke-completeness—we
define logics QGLsem and QGrzsem as the sets of quantified formulas true in
all the frames of GL and Grz, respectively. What is important for us is that
QGL ⊆ QGLsem and QGrz ⊆ QGrzsem. Lastly, we recall that KTB is the
logic of Kripke frames whose accessibility relation is reflexive and symmetric
and that QKTB is complete with respect to this class of frames.

Given a logic L and a closed formula ϕ in the language of L, we say that
ϕ is L-satisfiable if ¬ϕ 6∈ L. If L is complete with respect to a class C of
frames, L-satisfiability of ϕ amounts to ϕ being true at a world of a model
based on a frame in C.

We now turn to addressing the question, raised in [47], of how many
monadic predicate letters are needed in the language of quantified modal
logics to obtain undecidability of their two-variable fragments. Using suitable
adaptations of a technique originally proposed in [40], and further refined
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in [10], [68], and [69], for propositinal languages, we show that all sublogics
of QGL, QGrz, and QKTB are undecidable in the language with a single
monadic predicate letter.

5.2.2 Sublogics of QGL and QGrz

It is established in [47], Theorem 3, that two-variable fragments of a wide va-
riety of quantified modal logics in the language with infinitely many monadic
predicate letters are undecidable.

To that end, it is shown in [47] how, given an instance T of an undecidable
tiling problem [6], one can effectively compute a formula ξT containing only
monadic predicate letters and two individual variables such that T tilesN×N
if, and only if, ξT is satisfiable in a logic L such that L is the set of quantified
formulas valid on all the frames of a propositional logic valid on a frame
containing a world that can see all worlds from an infinite set V1, each of
which can in its turn see infinitely many worlds from an infinite set V2 disjoint
from V1. Note that the logics QK, QGLsem, and QGrzsem satisfy the above
condition; indeed, for GL and Grz, we can take V1 and V2 to be infinite anti-
chains of irreflexive and reflexive worlds, respectively. As formulas ξT are
computed in the same way for all of QK, QGLsem, and QGrzsem, it follows
that if T does not tile N×N, then ξT is not satisfiable in any of them, and if
T tiles N×N, then ξT is satisfiable in each of them. Let L be a logic such that
QK ⊆ L ⊆ QGLsem. If T does not tile N ×N, then ¬ξT ∈ QK, and thus
¬ξT ∈ L. If, on the other hand, T tiles N×N, then ¬ξT 6∈ QGLsem, and thus
¬ξT 6∈ L. This gives us a reduction of (the complement of) the undecidable
tiling problem to L using formulas with only monadic predicate letters and
two individual variables. Thus, every logic in [QK,QGL] is undecidable in
the language with a single monadic letter and two individual variables; a
similar argument can be made for logics in [QK,QGrz].

As formulas ξT are computed in the same way for all the logics in
[QK,QGL] and [QK,QGrz], all formulas ¬ξT corresponding to “bad” in-
stances of the tiling problem [6] make up an undecidable fragment, F , that
belongs to every logic in [QK,QGL] and [QK,QGrz]. In the rest of this
section, we effectively embed F , using an embedding e that does not in-
crease the number of individual variables in a formula, into a fragment, F e,
containing a single monadic predicate letter and belonging to every logic in
[QK,QGL] and [QK,QGrz]. To that end, given a formula ϕ, we effectively
construct, using e, the formula ϕe, such that ϕ ∈ F if, and only if, ϕe ∈ F e;
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as ϕe contains the same number of individual variables as ϕ, our main result
in this section immediately follows.

Let ϕ be a (closed) formula containing monadic predicate letters
P1, . . . , Pn. Let Pn+1 be a monadic predicate letter distinct from P1, . . . , Pn
and let B = ∀xPn+1(x). Define an embedding ·′ as follows:

Pi(x)′ = Pi(x), where i ∈ {1, . . . , n};
(¬φ)′ = ¬φ′;
(φ ∧ ψ)′ = φ′ ∧ ψ′;
(∀xφ)′ = ∀xφ′;
(2φ)′ = 2(B → φ′).

Lemma 5.2.1 Let L ∈ {QK,QGLsem,QGrzsem}. Then, ϕ is L-satisfiable
if, and only if, B ∧ ϕ′ is L-satisfiable.

Proof. Assume that M, w0 |= ϕ, for some M based on a frame for L and
some w0. Let M′ be a model that extends M by setting I(w,Pn+1) = D(w),
for every w ∈ W . Then, M′, w0 |= B ∧ ϕ′. Conversely, assume that
M, w0 |= B ∧ϕ′, for some M based on a frame for L. Let M′ be a submodel
of M with W ′ = {w : M, w |= B}. Then, M′, w0 |= ϕ. Note that, for
every logic L in the statement of the Lemma, M′ is based on a frame for L.

Remark 5.2.2 In view of the proof of Lemma 5.2.1, if B ∧ϕ′ is satisfied in
a model M, we can assume, without a loss of generality, that B is true in
M.

Now, given a monadic predicate letter P , we inductively define the fol-
lowing sequence of formulas:

δ1(x) = P (x) ∧3(¬P (x) ∧32+P (x));
δm+1(x) = P (x) ∧3(¬P (x) ∧3δm(x)).

Using formulas from this sequence, define, for every k ∈ {1, . . . , n + 1}, the
formula

αk(x) = δk(x) ∧ ¬δk+1(x) ∧32+¬P (x).

We now define models associated with formulas αk(x). For every
k ∈ {1, . . . , n + 1}, let Fk = 〈Wk, Rk〉 be a Kripke frame where
Wk = {w0

k, . . . , w
2k
k } ∪ {w∗k} and Rk is the transitive closure of the re-

lation {〈wik, wi+1
k 〉 : 0 6 i < 2k} ∪ {〈w0

k, w
∗
k〉}. For every such k, let
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Mk = 〈Wk, Rk, D, I〉 be a model with constant domains and let a be an
individual in the domain of every Mk (other than that, the relationship be-
tween the domains of Mks is immaterial at this point). We say that Mk is
a-suitable if

Mk, w |= P [a] ⇐⇒ w = w2i
k , for i ∈ {0, . . . , k}.

Lemma 5.2.3 Let a be an individual in the domain of the models
M1, . . . ,Mn+1 and let M1, . . . ,Mn+1 be a-suitable. Then,

Mk, w |= αm[a] ⇐⇒ k = m and w = w0
k.

Proof. Straightforward.

Remark 5.2.4 Notice that the statement of Lemma 5.2.3 holds true if we
replace the accessibility relations in M1, . . . ,Mn+1 with their reflexive clo-
sures.

Now, for every αk(x), where k ∈ {1, . . . , n+ 1}, define

βk(x) = ¬P (x) ∧3αk(x).

Let ϕ∗ be the result of replacing in ϕ′ of Pk(x) with βk(x), for every
k ∈ {1, . . . , n+ 1}.

Lemma 5.2.5 Let L ∈ {QK,QGLsem,QGrzsem}. Then, B ∧ ϕ′ is L-
satisfiable if, and only if, ∀x βn+1(x) ∧ ϕ∗ is L-satisfiable.

Proof. The right-to-left direction follows from the closure of L under pred-
icate substitution. For the other direction, suppose that B ∧ ϕ′ is QK-
satisfiable. Let M = 〈W,R,D, I〉 be a model such that M, w0 |= B ∧ ϕ′, for
some w0 ∈ W . In view of Remark 5.2.2, we may assume, without a loss of
generality, that M |= B.

For every w ∈ W and every frame Fk (1 6 k 6 n + 1), let
Fwk = 〈{w} × Wk, R

w
k 〉 be an isomorphic copy of Fk. For every w ∈ W

and k ∈ {1, . . . , n + 1}, add {w} ×Wk to W to obtain the set W ∗. Define
the relation R∗ on W ∗ as follows:

R∗ = R ∪
⋃{

Rw
k ∪ {〈w, (w,w0

k)〉} : w ∈ W, 1 6 k 6 n+ 1
}
.
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Thus, for every w ∈ W , we make the roots of frames Fw1 , . . . ,F
w
n+1 accessible

from w. Next, for every u ∈ W ∗ let

D∗(u) =

{
D(u), if u ∈ W,
D(w), if u ∈ {w} ×Wk.

Finally, for every u ∈ W ∗ and every a ∈ D∗(u), let

〈a〉 ∈ I∗(u, P ) � u = (w,w2i
k ), for some w ∈ W , k ∈ {1, . . . , n+1},

and i ∈ {0, . . . , k}; and M, w |= Pk[a].

Let M∗ = 〈W ∗, R∗, D∗, I∗〉. It immediately follows from Lemma 5.2.3 that,
for every w ∈ W , every a ∈ D(w), and every k ∈ {1, . . . , n+ 1},

M, w |= Pk[a] ⇐⇒ M∗, w |= βk[a].

We can then show that, for every w ∈ W , every subformula ψ(x1, . . . , xm) of
ϕ, and every a1, . . . , am ∈ D(w),

M, w |= ψ′[a1, . . . , am] ⇐⇒ M∗, w |= ψ∗[a1, . . . , am],

where ψ∗(x1, . . . , xm) is obtained by substituting β1(x), . . . , βn+1(x) for
P1(x), . . . , Pn+1(x) in ψ′(x1, . . . , xm).

The proof proceeds by induction. We only consider
the modal case, leaving the rest to the reader. In this
case, ψ′(x1, . . . , xm) = 2(∀xPn+1(x) → χ′(x1, . . . , xm))
and ψ∗(x1, . . . , xm) = 2(∀x βn+1(x) → χ∗(x1, . . . , xm)). If
M∗, w 6|= ψ∗[a1, . . . , am], then there exists w′ ∈ W ∗ with wR∗w′ such
that M∗, w′ |= ∀x βn+1(x) and M∗, w′ 6|= χ∗[a1, . . . , am]. The condition
M∗, w′ |= ∀x βn+1(x) guarantees that w′ ∈ W ; therefore, we may apply the
inductive hypothesis to conclude that M, w′ 6|= χ′[a1, . . . , am]. The other
direction is straightforward.

Thus, M∗, w0 |= ∀x βn+1(x) ∧ ϕ∗, i. e., ∀x βn+1(x) ∧ ϕ∗ is QK-satisfiable.
For QGLsem and QGrzsem, the proof is similar. The only difference is

that, when defining the model M∗, instead of R∗ mentioned above, we take
as the accessibility relations its transitive, and its reflexive and transitive,
closure, respectively.

We can now prove our main result in this section.
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Theorem 5.2.6 Let L be a logic such that QK ⊆ L ⊆ QGL or
QK ⊆ L ⊆ QGrz. Then, L is undecidable in the language with two in-
dividual variables and a single monadic predicate letter.

Proof. Given a formula ϕ with two individual variables and only monadic
predicate letters, let e(ϕ) = ∀x βn+1(x) ∧ ϕ∗. Let ¬ξT be a formula
corresponding to a “bad” instance T of the tiling problem [6]. Due to
Lemmas 5.2.1 and 5.2.5, ¬ξT ∈ QK if, and only if, ¬e(ξT ) ∈ QK; likewise,
¬ξT ∈ QGLsem if, and only if, ¬e(ξT ) ∈ QGLsem. As noticed at the
beginning of this section, all such ¬ξT make up an undecidable fragment, F ,
belonging to every logic in [QK,QGLsem] and [QK,QGrzsem]. Therefore,
every such logic contains an undecidable fragment F e = {¬e(ξT ) : ¬ξT ∈ F}
made up of formulas with two individual variables and a single monadic
predicate letter. The statement of the Theorem follows.

Corollary 5.2.7 QK, QT, QD, QK4, QS4, QGL, and QGrz are unde-
cidable in the language with two individual variables and a single monadic
predicate letter.

Remark 5.2.8 Theorem 5.2.6 and Corollary 5.2.7 hold true if we re-
place every logic L mentioned in their statements with L ⊕ bf , where
bf = ∀x2P (x) → 2 ∀xP (x); adding bf to L forces us to consider only
predicate frames for L with constant domains.

We conclude this section by noticing that the results obtained herein are
quite tight. In has been shown in [85], Theorem 5.1, that for logics QK, QT,
QK4, and QS4, adding—on top of the restriction to at most two individual
variables and a single monadic predicate letter—the very slight restriction
that modal operators apply only to formulas with at most one free individual
variable results in decidable fragments. As noticed in [85], the same holds
true for the other logics mentioned in Corollary 5.2.7.

5.2.3 Sublogics of QKTB

We now prove results similar to those established in the preceding section
for logics in the interval [QK,QKTB], where QKTB is the predicate logic
of reflexive and symmetric frames. In so doing, we use an adaptation of a
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technique used in [69] for proving results about computational complexity of
finite-variable fragments of sublogics of the propositional logic KTB.

We proceed as in the previous section right up to the point where formulas
αk and models Mk are defined. Then, we define the formulas αk as follows.
First, let

20ϕ = ϕ, 260ϕ = ϕ,
2n+1ϕ = 22nϕ, 26n+1ϕ = 26nϕ ∧2n+1ϕ,
3nϕ = ¬2n¬ϕ, 36nϕ = ¬26n¬ϕ.

Next, inductively define, for every k ∈ {1, . . . , n+ 1}, the following sequence
of formulas:

δ(x) = 2+P (x);
δkk(x) = 26k¬P (x) ∧3k+1P (x) ∧3k+2δ(x);
δki (x) = 26i¬P (x) ∧3i+1P (x) ∧32i+3δki+1(x), where 1 6 i < k,

and let, for every k ∈ {1, . . . , n+ 1},

αk(x) = P (x) ∧32δk1(x).

Now we define models Mk associated with formulas αk. Given an indi-
vidual a and k ∈ {1, . . . , n+1}, a model Mk, whose domain contains a, looks
as follows. For brevity, we call some worlds a-worlds; if a world is not an
a-world, we call it an ā-world. The model is a chain of worlds whose root,
rk, is an a-world. The root is part of a pattern of worlds, described below,
which is in turn succeeded by three final a-worlds. The pattern looks as
follows: a single a-world is followed by 2i + 1 ā-worlds, for 1 6 i 6 k. Thus
the chain looks as follows: the root (an a-world), then three ā-worlds, then
an a-world, then five ā-worlds, then an a-world, . . . , then an a-world, then
2k + 1 ā-worlds, then three a-worlds. The accessibility relation between the
worlds of Mk is both reflexive and symmetric.

We say that Mk is a-suitable if

Mk, w |= P [a] ⇐⇒ w is an a-world.

We can, then, prove the following analogue of Lemma 5.2.3.

Lemma 5.2.9 Let a be an individual in the domain of the models
M1, . . . ,Mn+1 and let M1, . . . ,Mn+1 be a-suitable. Then,

Mk, w |= αm[a] ⇐⇒ k = m and w = rk.
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Proof. Straightforard.

As before, let
βk(x) = ¬P (x) ∧3αk(x),

and let ϕ∗ be the result of replacing in ϕ′ of Pk(x) with βk(x), for every
k ∈ {1, . . . , n+ 1}.

We can then prove the following analogue of Lemma 5.2.5:

Lemma 5.2.10 Let L ∈ {QK,QKTB}. Then, B ∧ ϕ′ is L-satisfiable if,
and only if, ∀x βn+1(x) ∧ ϕ∗ is L-satisfiable.

Proof. Analogous to the proof of Lemma 5.2.5, with the observation
that the truth status of formulas αk is not changed at the worlds of the
models Mk once they get attached to the model M satisfying the formula
B ∧ ϕ′ to obtain the model M∗ satisfying the formula ∀x βn+1(x) ∧ ϕ∗, even
though their roots can now see the worlds of M due to the symmetry of the
accessibility relation of M∗. For a detailed argument showing that the truth
status of formulas αk in M∗ at worlds from Mk is not affected, we refer the
reader to the proof of Lemma 3.9 in [69].

Then, using an argument analogous to the one used in the proof of The-
orem 5.2.6, we obtain the following:

Theorem 5.2.11 Let L be a logic such that QK ⊆ L ⊆ QKTB. Then,
L is undecidable in the language with two individual variables and a single
monadic predicate letter.

Corollary 5.2.12 QKB and QKTB are undecidable in the language with
two individual variables and a single monadic predicate letter.

5.3 Intuitionistic and related logics

We now consider logics closely related to the quantified intuitionistic logic
QInt.
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5.3.1 Syntax and semantics

The (first-order) quantified intuitionistic language contains countably many
individual variables; countably many predicate letters of every arity; proposi-
tional constants ⊥ (“falsehood”) and > (“truth”); propositional connectives
∧, ∨, and →; and quantifiers ∃ and ∀. Formulas are defined in the usual
way; when parentheses are left out, ∧ and ∨ are understood to bind tighter
than →. We also use the following abbreviations: 2ϕ = > → ϕ, 20ϕ = ϕ,
and 2n+1ϕ = 22nϕ.

A Kripke frame is a tuple F = 〈W,R〉, where W is a non-empty set
(of worlds) and R is a binary (accessibility) relation on W that is reflexive,
anti-symmetric, and transitive.

A Kripke model M = 〈W,R,D, I〉 is defined as in the modal case, except
that the interpretation function I satisfies the additional condition that wRw′

implies I(w,P ) ⊆ I(w′, P ). An assignment is defined as in the modal case.
The truth of a formula ϕ in a world w of a model M under an assignment

g is inductively defined as follows:

• M, w 6|=g ⊥;

• M, w |=g >;

• M, w |=g P (x1, . . . , xn) if 〈g(x1), . . . , g(xn)〉 ∈ I(w,P );

• M, w |=g ϕ1 ∧ ϕ2 if M, w |=g ϕ1 and M, w |=g ϕ2;

• M, w |=g ϕ1 ∨ ϕ2 if M, w |=g ϕ1 or M, w |=g ϕ2;

• M, w |=g ϕ1 → ϕ2 if wRw′ and M, w′ |=g ϕ1 imply M, w′ |=g ϕ2, for
every w′ ∈ W ;

• M, w |=g ∃xϕ1 if M, w |=g′ ϕ1, for some assignment g′ that differs from
g at most in the value of x and such that g′(x) ∈ D(w);

• M, w |=g ∀xϕ1 if M, w′ |=g′ ϕ1, for every w′ ∈ W such that wRw′ and
every assignment g′ such that g′ differs from g in at most the value of
x and such that g′(x) ∈ D(w′).

Truth in models, frames, and classes of frames is defined as in the modal
case. QInt is the set of formulas true in all frames.
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We also consider some logics closely related to QInt. First, QKC is
the quantified counterpart of the propositional logic KC = Int + ¬p ∨ ¬¬p.
Semantically, QKC is characterized by the frames that satisfy the (conver-
gence) condition that wRv1 and wRv2 imply the existence of a world u such
that v1Ru and v2Ru.

Second, we consider quantified counterparts of Visser’s basic proposi-
tional logic BPL and formal propositional logic FPL [81]: BPL and FPL
are logics in the intuitionistic language whose modal companions are K4
and GL—that is, given the Gödel’s translation t of the intuitionistic lan-
guage into the modal one (see, for example, [11], § 3.9), BPL = t−1(K4)
and FPL = t−1(GL). Therefore, we define their quantified counter-
parts as logics QBL = T−1(QK4) and QFL = T−1(QGL), where T is
the extension of t with the following clauses: T (∃xϕ) = ∃xT (ϕ); and
T (∀x1 . . . ∀xn ϕ) = 2∀x1 . . . ∀xn T (ϕ), where ϕ does not begin with a uni-
versal quantifier. To give the semantic account of QBL and QFL, we use
Kripke frames and models as defined for QInt, except that the accessibility
relation is now only required to be anti-symmetric and transitive. The re-
lation M, w |=g ϕ is defined as in the intuitionistic case, with the following
modification for the universal quantifiers:

• M, w |=g ∀x1 . . . ∀xn ϕ1, where ϕ1 does not begin with a universal quan-
tifier, if M, w′ |=g′ ϕ1, for every w′ ∈ W such that wRw′ and every as-
signment g′ such that g′ differs from g in at most the values of x1, . . . , xn
and such that g′(x1), . . . , g

′(xn) ∈ D(w′).

This clause is required to make, in the absence of reflexivity of the accessi-
bility relation, the formula ∀x∀y ϕ equivalent to the formula ∀y∀xϕ. Then,
QBL is sound (and complete) with respect to all such frames, while QFL is
sound (but not complete) with respect to the subclass where the converse of
the accessibility relation is well-founded (i. e., with respect to the frames of
the logic GL). For technical reasons, namely to avoid being distracted with
Kripke-completeness, we define the logic QFLsem as the set of formulas valid
in all frames where the converse of the accessibility relation is well-founded;
all that matters to us is that QFL ⊆ QFLsem.

5.3.2 Undecidability results

We now address the question, raised in [47], of whether it suffices to use
only monadic predicate letters to obtain undecidability of the two-variable
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fragment QInt(2) of QInt. We show that, in fact, it suffices to use a single
monadic predicate letter to obtain undecidability of QInt(2). We do so
by suitably adapting the technique used in [66] to (polynomially) reduce
satisfiability in propositional intuitionistic logic Int to satisfiability in the
fragment of Int with only two propositional variables. As the technique
from [66] requires that we work with positive formulas, we first show that
the positive monadic fragment of QInt(2) is undecidable. We note here
that transitioning from the propositional language to the first-order one,
we “strengthen” the result from [66] in the following sense: while in the
propositional case, (the positive fragment of) Int is polynomially reducible
to its two-variable subfragment, in the the first-order case, we (polynomially)
reduce (the positive fragment of) QInt(2) to its subfragment containing a
single predicate letter.1 Working with the positive fragment of QInt also
allows us to extend our results to the interval [QInt,QKC], as all logics in
this interval share the positive fragment. Moreover, a modification of this
construction allows us to obtain analogous results for logics in [QBL,QFL].

It is proven in [47] that QInt(2) is undecidable by reducing
the following undecidable tiling problem [6] to the complement of
QInt(2): given a finite set T of tile types that are tuples of colours
t = 〈left(t), right(t), up(t), down(t)〉, decide whether T tiles the grid
N × N in the sense that there exists a function τ : N × N → T such
that, for every i, j ∈ N, we have up(τ(i, j)) = down(τ(i, j + 1)) and
right(τ(i, j)) = left(τ(i + 1, j)). The results in this section build on this
proof.

We start off by proving that the positive fragment of QInt(2) containing
two binary and an unlimited number of unary predicate letters, as well as
two propositional variables, is undecidable. This is achieved by eliminating
the constant ⊥ from the formulas used in the proof of undecidability of
QInt(2) from [47]. For most formulas from [47], all we do is replace ⊥
with a propositional variable q. The resultant formulas are listed below for
the reader’s convenience; for ease of reference, we preserve the numbering
from [47]:

∀x
∨
t∈T

(Pt(x) ∧
∧
t′ 6=t

(Pt′(x)→ q)), (5.1)

1In light of [61], the reduction of Int to its single-variable fragment would imply that
the complexity classes P and PSPACE are equivalent.
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∧
right(t)6=left(t′)

∀x ∀y (H(x, y) ∧ Pt(x) ∧ Pt′(y)→ q), (5.2)

∧
up(t) 6=down(t′)

∀x ∀y (V (x, y) ∧ Pt(x) ∧ Pt′(y)→ q), (5.3)

∀x ∃y H(x, y) ∧ ∀x∃y V (x, y), (5.4)

∀x ∀y (V (x, y) ∨ (V (x, y)→ q)), (5.5)

∀x∀y [V (x, y) ∧ ∃x (D(x) ∧H(y, x))→
∀y (H(x, y)→ ∀x (D(x)→ V (y, x)))].

(5.6)

Let ψ+
T be the conjunction of formulas (1) through (6). Then, define

ϕ+
T = ψ+

T → ((∃x (D(x)→ q)→ p)→ p),

where p is a propositional variable distinct from q.

Lemma 5.3.1 ϕ+
T /∈ QInt(2) if, and only if, T tiles N×N.

Proof. The proof is a minor modification of the proof of Theorem 1 from [47],
with q essentially playing the role that “falsehood” plays in [47].

For the left to right direction, we observe that, given a model M and
a world w such that M, w 6|= ϕ+

T , as well as an arbitrary d ∈ D(w),
there exists a world u in M with wRu such that M, u |= D[d] and
M, u 6|= q. This is a straightforward consequence of the fact that
M, w 6|= (∃x (D(x) → q) → p) → p. Given this, the argument from [47]
applies.

For the other direction, the model falsifying ϕ+
T is different from the one

used in [47] only in the evaluation of p and q. Thus, we use the same frame
and interpretation of predicate letters as in [47], and additionally make q
false at every world of the model and make p false at w0 and true at every
other world.

Since ϕ+
T is a positive formula, this immediately gives us the following:
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Corollary 5.3.2 The positive fragment of QInt with two individual vari-
ables, two binary predicate letters, an unlimited number of unary predicate
letters, and two propositional variables is undecidable.

We now show how, drawing on an idea of Kripke’s for modal logics [50],
one can, in the positive fragment of QInt, simulate binary predicate letters
using monadic predicate letters and propositional variables. As this does not
increase the number of individual variables in a formula, it will allow us to
eliminate binary predicate letters from the formula ϕ+

T .

Lemma 5.3.3 Let χ be a positive formula in QInt containing an occurrence
of a binary predicate letter Q, and let Q1 and Q2 be unary predicate letters,
and r and s be propositional variables, not occurring in χ. Let χ′ be the
result of uniformly replacing every subformula of χ of the form Q(x, y) with
(Q1(x) ∧Q2(y)→ r) ∨ s. Then, χ ∈ QInt if, and only if, χ′ ∈ QInt.

Proof. The left-to-right direction follows from the closure of QInt
under substitution. For the other direction, assume that there exist
M = 〈W,R,D, I〉 and w0 ∈ W such that M, w0 6|= χ. We modify M to
obtain a model M′ falsifying χ′ as follows. For every w ∈ W and every
a, b ∈ D(w) such that M, w 6|= Q[a, b], add to W a world wa,b with wR′wa,b
and let

M′, wa,b 6|= r;
M′, wa,b |= s;
M′, wa,b |= Q1[d] � d = a;
M′, wa,b |= Q2[d] � d = b;

and let all the predicate letters different from Q1 and Q2 and occurring in χ′

be universally true at every such world; likewise for propositional variables
different from r and s. Also, let M′, w 6|= s.

Then we can show that M, w |= θ[a1, . . . , am] if, and only if,
M′, w |= θ′[a1, . . . , am], for every subformula θ of χ, every w ∈ W , and
every a1, . . . , am ∈ D(w), where θ′ is the result of substituting in θ every oc-
currence of Q(x, y) with (Q1(x)∧Q2(y)→ r)∨ s. The proof is by induction
on θ.

For the base case, first note that if M, w 6|= Q[a, b], then the presence in
M′ of the world wa,b guarantees that M′, w 6|= (Q1[a] ∧ Q2[b] → r) ∨ s; on
the other hand, if M, w |= Q[a, b], then M′, w |= (Q1[a] ∧Q2[b] → r) ∨ s, as
M, u 6|= Q1[a] or M, u 6|= Q2[b], for every u with wR′u.
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The cases for θ = θ1 ∨ θ2, θ = θ1 ∧ θ2, and θ = ∃x θ1 are straightforward.
Let θ = θ1 → θ2. Assume that M′, w 6|= θ′[a1, . . . , am]. Then,

M′, u |= θ′1[a1, . . . , am] and M′, u 6|= θ′2[a1, . . . , am], for some u ∈ W ′ with
wR′u. If we could apply the inductive hypothesis to u, we would be done.
To see that we can, notice that θ′2 is build out of atomic formulas and the
formula (Q1(x)∧Q2(y)→ r)∨s, all of which are true under every assignment
in every w′ ∈ W ′−W , using only ∧, ∨, →, ∃, and ∀. Therefore, θ′2 is true in
every w′ ∈ W ′−W under every assignment; hence, u ∈ W and the inductive
hypothesis is, therefore, applicable. Thus, M, w 6|= θ[a1, . . . , am]. The other
direction is straightforward.

The case θ = ∀x θ1 is similarly argued.

Now, let ξ+T be the result of replacing in ϕ+
T of

H(x, y) with (H1(x) ∧H2(y)→ r1) ∨ s1;
V (x, y) with (V1(x) ∧ V2(y) → r2) ∨ s2.

In view of Lemma 5.3.3, ξ+T 6∈ QInt(2) if, and only if, T tiles N × N. As
we can replace in ξ+T a propositinal variable such as q with, say, ∃xQ(x), we
immediately obtain the following:

Theorem 5.3.4 The positive monadic fragment of QInt with two individual
variables is undecidable.

We now embed the positive monadic fragment of QInt(2) into its subfrag-
ment containing formulas with only one monadic predicate letter, suitably
adapting the technique from [66]. As this embedding does not introduce any
fresh variables, our main result in this section immediately follows.

We start by defining the frame F = 〈W,R〉. This frame, depicted in
Figure 5.1, is made up of “levels” of worlds. The three top-most levels are
depicted at the top of Figure 5.1: the top-most level contains worlds d1, d2,
and d3; level 0, worlds a01, a

0
2, b

0
1, and b02; level 1, worlds a11, a

1
2, a

1
3, b

1
1, b

1
2,

and b13. The successive levels are defined inductively. Assume that level k
has been defined and that it contains worlds ak1, . . . , a

k
n, b

k
1, . . . , b

k
n. For every

i, j ∈ {2, . . . , n}, the level k + 1 contains the world ak+1
m such that ak+1

m Rbk1,
ak+1
m Raki , and ak+1

m Rbkj , as well as the world bk+1
m such that bk+1

m Rak1, bk+1
m Raki ,

and bk+1
m Rbkj . Let M be a model with constant domains, say Z, based on F

(without a loss of generality, we can assume that Z contains at least three
individuals) and let a ∈ Z. We say that M is a-suitable if, for some b ∈ Z
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such that b 6= a, the following hold: I(d2, P ) = {〈c〉 : c ∈ Z and c 6= a};
I(d3, P ) = {〈a〉, 〈b〉}; I(b10, P ) = {〈b〉}; I(w,P ) = ∅, for w 6∈ {d2, d3, b01}.

We now define formulas, of one free variable x, that correspond to the
worlds of an a-suitable model in the sense that each formula fails at a world
w of the model, with a assigned to x, exactly when w can see the world
corresponding to the formula. For these formulas, we use notation that makes
clear which worlds they correspond to; thus, formula Di corresponds to world
di, A

k
i to aki , and Bk

i to bki . First, we define formulas for the three top-most
levels:

D1 = ∃xP (x),
D2(x) = ∃xP (x)→ P (x),
D3(x) = P (x)→ ∀xP (x),
A0

1(x) = D2(x)→ D1 ∨D3(x),
A0

2(x) = D3(x)→ D1 ∨D2(x),
B0

1(x) = D1 → D2(x) ∨D3(x),
B0

2(x) = A0
1(x) ∧ A0

2(x) ∧B0
1(x)→ D1 ∨D2(x) ∨D3(x),

A1
1(x) = A0

1(x) ∧ A0
2(x)→ B0

1(x) ∨B0
2(x),

A1
2(x) = A0

1(x) ∧B0
1(x)→ A0

2(x) ∨B0
2(x),

A1
3(x) = A0

1(x) ∧B0
2(x)→ A0

2(x) ∨B0
1(x),

B1
1(x) = A0

2(x) ∧B0
1(x)→ A0

1(x) ∨B0
2(x),

B1
2(x) = A0

2(x) ∧B0
2(x)→ A0

1(x) ∨B0
1(x),

B1
3(x) = B0

1(x) ∧B0
2(x)→ A0

1(x) ∨ A0
2(x).

Now, assume that the formulas for level k have been defined and define

Ak+1
m (x) = Ak1(x)→ Bk

1 (x) ∨ Aki (x) ∨Bk
j (x),

Bk+1
m (x) = Bk

1 (x)→ Ak1(x) ∨ Aki (x) ∨Bk
j (x),

where m is uniquely determined for every pair i, j ∈ {2, . . . , nk}, where nk is
the maximal index for formulas of level k.

Lemma 5.3.5 Let M = 〈W,R,D, I〉 be an a-suitable model and let w ∈ W .
Then,

M, w 6|= Akm[a] ⇐⇒ wRakm, and M, w 6|= Bk
m[a] ⇐⇒ wRbkm.

Proof. Induction on k.
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Figure 5.1: Frame F

Now, let ϕ be a positive formula containing monadic predicate letters
P1, . . . , Pn (we may assume n > 2). For each i ∈ {1, . . . , n}, define

αi(x) = Ani (x) ∨Bn
i (x).

Finally, let ϕ∗ be the result of substituting, for every i ∈ {1, . . . , n}, of αi(x)
for Pi(x) into ϕ.

Lemma 5.3.6 ϕ ∈ QInt if, and only if, ϕ∗ ∈ QInt.

Proof. The right-to-left direction follows from the closure of QInt under
predicate substitution. For the other direction, assume that Mϕ, w0 6|= ϕ for
some Mϕ = 〈Wϕ, Rϕ, Dϕ, Iϕ〉 and w0 ∈ Wϕ. (We may assume without a loss
of generality that the domain of Mϕ contains at least three individuals; we
use this fact in the construction of M∗ below.) We need to construct a model
M∗ falsifying ϕ∗ at some world.

First, for every w ∈ Wϕ and a ∈ Dϕ(w), consider an a-suitable model
Mw

a = 〈Ww
a , R

w
a , D

w
a , I

w
a 〉, based on a copy of the frame F defined above,

where Dw
a (u) = Dϕ(w), for every u ∈ Ww

a . To obtain the frame F∗, first, ap-
pend to Fϕ = 〈Wϕ, Rϕ〉, for every w ∈ Wϕ and a ∈ Dϕ(w), frames of all such
models Mw

a ; in addition, let wR∗ani and wR∗bni , for ani and bni belonging to
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Mw
a , exactly when Mϕ, w 6|= Pi[a], for i ∈ {1, . . . , n}. Define D∗ to agree with

Dϕ onWϕ and to agree withDw
a onWw

a , for every w ∈ Wϕ and a ∈ Dϕ(w). To
finish off the definition of the model M∗ = 〈W ∗, R∗, D∗, I∗〉, define I∗(u, P )
to agree with Iwa (u, P ) at the worlds in the appended models and to be ∅ at
the worlds from Wϕ. We can now show that Mϕ, w |= ψ[a1, . . . , am], if and
only if, M∗, w |= ψ∗[a1, . . . , am], for every w ∈ Wϕ and every subformula ψ
of ϕ.

The proof proceeds by induction on ψ. The only case we explic-
itly consider here is ψ = ψ1 → ψ2, leaving the rest to the reader.
Assume M∗, w 6|= ψ∗[a1, . . . , am]. Then, M∗, u |= ψ∗1[a1, . . . , am] and
M∗, u 6|= ψ∗2[a1, . . . , am], for some u ∈ W ∗ with wR∗u. If we could apply
the inductive hypothesis to u, we would be done. To see that we can, notice
that ψ∗2 is build out of formulas of the form Ani (x) ∨ Bn

i (x) using only ∧, ∨,
→, ∃, and ∀. As, in view of Lemma 5.3.5, formulas Ani (x) ∨ Bn

i (x) are true
at every world of M∗ that lies outside of Wϕ and is accessible from Wϕ, we
conclude that u ∈ Wϕ, and the inductive hypothesis is, therefore, applicable.
Thus, Mϕ, w 6|= ψ[a1, . . . , am]. The other direction is straightforward.

We conclude that M∗, w0 6|= ϕ∗ and, thus, ϕ∗ /∈ QInt.

As the construction of ϕ∗ from ϕ did not introduce any fresh individual
variables, we have the following:

Theorem 5.3.7 The positive fragment of QInt with two individual variables
and a single predicate letter is undecidable.

We now extend the argument presented above to the logics in the intervals
[QBL,QKC] and [QBL,QFL].

First, to establish the undecidability of the two-variable fragments of
logics whose semantics might contain irreflexive worlds, we need to slightly
modify formulas (1) through (6) listed above. Therefore, we define ψ∗T to be
the conjunction of ψ+

T and following formula:

∀x ∀y (H(x, y) ∨ (H(x, y)→ q)), (5a)

and define
ϕ∗T = ψ∗T → [(∃x (D(x)→ 25q)→ p)→ 2p].

This enables us to prove, using the tiling problem described above, that T
tiles N×N if and only if ϕ∗T 6∈ L(2), where L ∈ {QBL,QFLsem}. We leave
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the details of the proof to the reader. As the construction of ϕ∗T is uniform
for both logics, it follows that the claim holds for every L ∈ [QBL,QFLsem].
Notice that the same proof also works for logics in [QBL,QKC]. We simulate
binary predicate letters by monadic ones as for QInt. We now show how to
simulate all monadic predicate letters with a single one.

For the interval [QBL,QKC], notice that if we add to the model M∗

built in the proof of Lemma 5.3.6 a world d accessible from every element of
W ∗ and such that I∗(d, P ) = D(d), the resultant model is a model of every
logic in the interval [QBL,QKC]. Thus, we have the following:

Theorem 5.3.8 Let L be a logic in the interval [QBL,QKC]. Then, the
positive fragment of L with two individual variables and a single predicate
letter is undecidable.

We next consider the interval [QBL,QFLsem]. In this case, we need
to make a more substantial modification to the frame F, as the semantics
of QFLsem prohibits the existence of reflexive worlds. We then proceed as
follows. First, add to W worlds d̄2 and d̄3 with d2Rd̄2 and d3Rd̄3. Sec-
ond, for every k > 0, do the following: for every world aki , add to W
the world āki and, for every world bki , add to W the world b̄ki ; also, let
akiRā

k
i and bkiRb̄

k
i , for every k and i. Lastly, whenever in F we had ak+1

i Rakj
or ak+1

i Rbkj , let āk+1
i Rakj and āk+1

i Rbkj ; also, whenever we had bk+1
i Rakj or

bk+1
i Rbkj , let b̄k+1

i Rakj and b̄k+1
i Rbkj . We then define a-suitable models so

that I(d̄2, P ) = I(d2, P ), I(d̄3, P ) = I(d3, P ), and for every k and i,
I(āik, P ) = I(aik, P ) and I(b̄ik, P ) = I(bik, P ). In essence, we created “doubles”
for the worlds d2, d3, a

i
k, and bik, which serve to evaluate formulas whose main

connective is → or ∀ at the worlds whose doubles they are. Then, a-suitable
models satisfy the condition in the statement of Lemma 5.3.5, and the model
M∗ built in the proof of Lemma 5.3.6 becomes a model of every logic in
[QBL,QFLsem]. As QFL ⊆ QFLsem, we have the following:

Theorem 5.3.9 Let L be a logic in the interval [QBL,QFL]. Then, the
positive fragment of L with two individual variables and a single predicate
letter is undecidable.

Remark 5.3.10 Note that the results of this section hold true if we only
consider frames with constant domains.
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5.4 Discussion

As already noticed, the results presented in the present chapter concerning
sublogics of QGL and QGrz are quite tight: as shown in [85], for all “nat-
ural” sublogics of QGL and QGrz—including QK, QT, QD, QK4, QS4,
QGL, and QGrz—adding to the restriction to two individual variables and
a single monadic predicate letter considered in section 5.2 a minor restriction
that the modal operators only apply to formulas with at most one free vari-
able, results in decidable fragments of those logics. It is not difficult to notice
that the results analogous to those obtained in section 5.2 can be obtained
for quasi-normal logics such as QS (Solovay’s logic) and Lewis’s QS1, QS2,
and QS3 [23].

A notable exception in our consideration of modal logics is QS5, whose
two-variable monadic fragment was shown to be undecidable in [47]. While
it is not difficult to extend our results to the multimodal version of QS5—we
need to modify the construction used for sublogics QKTB by substituting a
succession of two steps along distinct accessibility relations for a single step
along a single aceessibility relation in the frames of a-suitable models—nor is
it difficult to show, by encoding the tiling problem used in [47], that the two-
variable fragment of QS5 with two monadic predicate letters and infinitely
many propositional symbols is undecidable, the case of QS5 remains elusive.
We conjecture that the fragment of QS5 with two variables and a single
monadic predicate letter is decidable.

On the other hand, it is relatively straightforward to show that the two-
variable fragment of QS5 with a single monadic predicate letter and an
infinite supply of individual variables is undecidable. Indeed, let SIB be
the first-order theory of a symmetric irreflexive binary relation S; it is well-
known that SIB is undecidable [60, 49]. We can then simulate S(x, y) as
2(¬P (x) ∨ ¬P (y)) and show that, if a quantified modal logic L is valid
on a frame containing a world that can see infinitely many worlds, then L
is undecidable in the language with a single monadic predicate letter (and
infinitely many individual variables). This observation covers all modal logics
considered in [47], but not covered by the results of section 5.2, including
QS5, QGL.3, and QGrz.3.
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By contrast, we can say nothing about superintuitionistic logics not in-
cluded in the interval [QInt,QKC], as our proof relies on the fact that we
are working with the positive fragment of those logics. It is not essential to
our proof that formulas Aki (x) and Bk

i (x) be positive; however, by discarding
their positivity we would weaken, rather than strengthen, our results.
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Chapter 6

Conclusion

We have presented a number of results based on techniques for embedding
propositional modal logics into their fragments containing only a small num-
ber of propositional variables. We have also presented similar results for
predicate modal and intuitionistic logics, based on techniques for embedding
such logics into their fragments with a small number of predicate letters and
individual variables.

Our techniques seem to be widely applicable, and the main direction of
future research is exploring how they can be applied to the study of com-
putational complexity of logical formalisms similar to, but also sufficiently
different from, those studied in this thesis. These include non-normal modal
logics, multidimensional modal logics [25], and description logics [3].
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