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 A B S T R A C T

A deep operator network (DeepONet) is designed and developed for rapid estimation of residual stress 
in composite laminates, which traditionally requires intensive finite element method (FEM) calculations 
to calibrate the incremental hole-drilling (IHD) method used in measuring residual stresses. The proposed 
DeepONet model incorporates graph convolution, trigonometric series expansion, and Monte Carlo dropout 
to effectively learn the relationship between residual stress distribution and the corresponding deformation 
observed in the IHD procedure. This learning is based on FEM data from various symmetric composite laminate 
configurations, which are composed of eight layers of fiber-reinforced plates with possible ply orientations 
at −45◦, 0◦, 45◦, and 90◦. Trained on 30 configurations, the proposed model exhibits strong generalization 
capabilities over an additional 40 unseen configurations, achieving a forward strain prediction error of 1.59% 
and an inverse stress calculation error of 3.92%. These errors are within the range of experimental noise 
and corresponding stress uncertainty levels commonly encountered in real experiments. The performance of 
the model suggests the potential for establishing a comprehensive database for the IHD method as applied 
to composite materials, filling a significant gap in resources when compared to those available for metallic 
materials.
1. Introduction

Residual stress within materials is a critical factor in addressing 
a wide range of engineering problems such as material design [1], 
micromechanics [2,3], additive manufacturing [4,5], fracture mechan-
ics [6,7], and biomechanics [8]. The incremental hole-drilling method 
(IHD), a prevalent semi-destructive method, is employed for mea-
suring residual stresses by gradually drilling a hole in the stressed 
material and recording the strain response. The strain data obtained 
are then used to inversely determine the residual stresses released 
during the material’s removal [9]. The IHD method is widely applicable 
in various materials, including metals [10], composites [11,12], and 
fiber-metal laminates [13]. It proves particularly beneficial for materi-
als with non-crystalline microstructures, where non-destructive testing 
methods are constrained [14]. Nevertheless, the inverse calculation in 
IHD necessitates numerous calibration coefficients to correlate strain 
measurements with released stress, which are derived from repetitive 
finite element method (FEM) calculations [15]. The demand for rapid, 
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efficient, and modern methods for measuring residual stress is increas-
ingly pressing within the industrial sector, a challenge that traditional 
FEM-based approaches find difficult to address. This difficulty arises 
primarily from the high computational costs associated with FEM, par-
ticularly for composite materials, which necessitate unique calibration 
coefficients for each material combination [16].

The emergence of deep neural networks and data-driven model-
ing has opened promising pathways for enhancing efficiency in the 
scientific and engineering realms. This development is especially signif-
icant for its ability to streamline the complex and resource-demanding 
processes inherent in traditional physics-based models. The adapt-
ability and broad applicability of deep neural networks have been 
demonstrated in their successful application to a range of challeng-
ing mechanics problems, including rapid topology optimization [17], 
multiscale analysis [18,19], as well as multiphysics analyses that inte-
grate thermo-mechanical [20], electro-mechanical [21], and magneto-
mechanical [22] couplings. Furthermore, neural network models have 
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data mining, AI training, and similar technologies. 
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shown exceptional efficacy in integrating experimental data into nu-
merical methods for material identification [23], highlighting their 
robustness in managing realistic measurement noise [24].

The deep operator network (DeepONet), developed by Lu et al. is 
characterized by a unique dual deep neural network architecture [25]. 
It includes a branch network designed to encode the discrete represen-
tation of input function and a trunk network that encodes the domain 
of the output functions. This innovative structure facilitates the approx-
imation of the operator that connects an input function represented by 
the branch network to an output function in the domain represented 
by the trunk network. DeepONet is unique in its approach, shifting 
from traditional function approximation to operator approximation. 
This shift enables the efficient learning of both linear and nonlinear 
solution operators for parametric partial differential equations (PDEs). 
The trained operators serve as effective surrogates for otherwise compu-
tationally intensive physics-based models. DeepONet has found applica-
tions across a spectrum of mechanics problems, including heat conduc-
tion [26], boundary layer instability [27], phase field modeling [28], 
phase field modeling with governing free-energy flow [29], fracture 
mechanics [30], structures under sequential loading conditions [31], 
multiphysics problems in additive manufacturing [32], and multiscale 
problems employing domain decomposition [33]. Furthermore, signif-
icant efforts have been directed towards integrating advanced model 
architectures and training methods to elevate DeepONet’s accuracy and 
reliability, fully capitalizing on its inherent flexibility as suggested in 
the original work on DeepONet [25]. These enhancements include the 
implementation of residual U-Net with information fusion [34], Fourier 
transform layers [35], training methodologies enriched with additional 
observations or governing equations [36], and uncertainty quantifica-
tion [37,38]. Recent advancements in DeepONet have targeted large-
scale and complex applications with strong generalization capabilities. 
Notable examples include zero-shot prediction aiming for robust dig-
ital twin systems [39], energy-dissipative frameworks for modeling 
classes of PDEs governed by gradient flows [40], and rapid full-field 
predictions on varying 3D geometries through advanced geometric 
encoding [41].

There has been an increasing interest in leveraging neural net-
work models for enhancing residual stress measurement methods [16]. 
For instance, Mathew et al. deployed a neural network to predict 
welding-induced residual stress distributions across various geometries 
and welding parameters, targeting applications in nuclear plants. This 
model, validated against experimental data obtained through neu-
tron diffraction and contour methods, demonstrated good agreement 
with experimental measurements [42,43]. In IHD, Held and Gibmeier 
proposed a novel neural network-based approach to determine the 
correction function for strain measurements in thick films. This model 
is capable of deriving the correction function from the parameters of 
thick film coatings, a task that traditionally necessitated FEM for each 
coating system [44]. Chupakhin et al. proposed a neural network-based 
method to accommodate the plasticity effect within IHD, effectively 
broadening the technique’s stress level applicability up to yield strength 
and across large stress gradients in the thickness direction [45]. Despite 
these advancements, most previous efforts have been concentrated on 
predicting case-specific targets using fully connected layers, while little 
attention has been paid to the strategic design of model architectures 
that incorporate domain knowledge of the residual stress measurement 
process.

In this research, we present a DeepONet architecture specifically 
designed for surrogate modeling of the IHD process in composite lami-
nates, representing a notable advancement in the application of neu-
ral network-based models for critical components of residual stress 
measurement. The DeepONet model is conceptually aligned with the 
general integral equation governing destructive residual stress mea-
surement methods [46], closely associating with the kernel function 
and integration within the integral equation. The model, trained on 
FEM data, is adept at predicting the deformation caused by the release 
2 
of residual stress. It serves dual purposes: as a forward surrogate 
model and for the swift generation of calibration matrices for inverse 
calculations, without the need for additional FEM. Remarkably, with 
training on merely 30 composite laminate configurations, the model 
demonstrates exceptional generalization ability to 40 additional con-
figurations of varying stacking orders in both forward and inverse 
problems, achieving prediction errors within the experimental noise 
level and offering a significant acceleration over the traditional FEM-
based approach. Additionally, the DeepONet architecture is enriched 
with features like graph convolution, trigonometric series expansion, 
and Monte Carlo dropout. This enhancement improves prediction ac-
curacy and mitigates challenges related to the sparse dataset and the 
inherently ill-posed nature of the IHD inverse problem.

The contributions of this work can be summarized as follows:

1. To our knowledge, this study is the first to introduce a neural 
network model specifically designed for surrogate modeling and 
calibration matrix construction of IHD for composite laminates, 
marking a pioneering contribution in the field.

2. Drawing inspiration from the underlying general integral equa-
tion, our proposed DeepONet architecture facilitates a seam-
less extension to broad applications with the same background. 
These might include other destructive residual stress measure-
ment methods such as Sachs’ method, the layer removal method, 
and crack compliance, all of which are fundamentally based on 
the same mathematical structure of the Volterra equation of the 
first kind [46]. This highlights the potential versatility of our 
approach.

3. By incorporating advanced model architectures and model un-
certainty quantification, the model exhibits solid generalization 
capabilities. This advancement paves the way for the establish-
ment of a comprehensive database for the IHD method applied 
to composite materials.

The rest of this paper is structured into three main sections. Section 2 
outlines the methodology, beginning with an overview of the IHD 
method and the integral method. This is followed by a detailed de-
scription of the FEM model, data generation process, and architecture 
of the proposed model. Section 3 presents the results of the model’s 
training and prediction capabilities, including the hyperparameter tun-
ing process, forward strain prediction, and inverse stress calculation. 
Additionally, an ablation study within this section evaluates the impact 
of individual components of the proposed DeepONet architecture on its 
overall performance. Section 4 concludes the paper by discussing the 
study’s limitations and suggesting directions for future research.

2. Methods

2.1. Incremental hole-drilling and integral method

IHD is a semi-destructive residual stress measurement method where
the removal of material is achieved by incrementally drilling a hole 
into the specimen. Removing a small portion of material from the 
specimen during each incremental depth leads to the release of residual 
stress, prompting the specimen to shift towards a new equilibrium 
state different from that before material removal. The magnitude of the 
released residual stress can be inversely determined by measuring the 
resulting deformations as the depth of the hole increases. Deformations 
are most commonly measured using a strain gauge rosette. Let ℎ, 
𝜎(𝐻), and 𝜖(ℎ) denote the current depth of the hole, the residual 
stress released at depth 𝐻 and the strain measured at hole depth ℎ, 
respectively. The general relation between the released stress and the 
measured strain can be expressed by the Volterra equation of the first 
kind: 

𝜖(ℎ) =
ℎ
𝐾(𝐻,ℎ)𝜎(𝐻) 𝑑𝐻, (1)
∫0
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Fig. 1. Overview of incremental hole-drilling with the integral method. (a) Incremental hole-drilling and strain measurement, (b) inverse calculation using measured strain 
and calibration matrix.
Fig. 2. Example of calibration matrix construction for 4 depth increment levels.
where 𝐾(𝐻,ℎ) is the kernel function that describes the sensitivity of 
the measured strain 𝜖(ℎ) to the released stress 𝜎(𝐻) [46]. In a real 
experiment, there are three components of residual stress, and strain 
is measured at three strain gauge locations. Assuming constant stress 
in each depth increment level 0 < ℎ1 < ⋯ < ℎ𝑗 < ⋯ < ℎ𝑖, the integral 
equation can be simplified as 

𝜖𝑖𝑔 =
3
∑

𝑠=1

𝑖
∑

𝑗=1
𝑐𝑖𝑔𝑗𝑠𝜎𝑗𝑠, (2)

where 𝜖𝑖𝑔 denotes strain measured at gauge location 𝑔 after depth 
increment 𝑖, and 𝜎𝑗𝑠 denotes stress component 𝑠 released at the region 
of depth increment 𝑗. Specifically, we consider three strain gauges 
aligned with the 𝑥-axis (𝜖𝑖1 = 𝜖𝑖,0◦ ), the 𝑦-axis (𝜖𝑖2 = 𝜖𝑖,90◦ ), and 
at 45◦ orientation (𝜖𝑖3 = 𝜖𝑖,45◦ ). Also considered are the three stress 
components; the normal stresses 𝜎𝑗1 = 𝜎𝑗,𝑥 and 𝜎𝑗2 = 𝜎𝑗,𝑦, and the shear 
stress 𝜎𝑗3 = 𝜏𝑗,𝑥𝑦. Calibration coefficient 𝑐𝑖𝑔𝑗𝑠 corresponds to the kernel 
function 𝐾(ℎ𝑗 , ℎ𝑖) in Eq. (1) for strain gauge 𝑔 and stress component 𝑠. 
Eq. (2) can be written in matrix and vector notation. 
𝜖 = 𝑪 𝜎⃗ (3)
3 
This integral equation and the procedure of incremental hole-
drilling are depicted in Fig.  1. It is important to note that only the 
released stress (the residual stress present in the material at depths 
shallower than the current depth of the hole) influences the current 
strain measurement. Consequently, the calibration matrix 𝑪 has a block 
lower triangular form [12]. Each element of the calibration matrix 
can be derived by applying a unit stress to a finite element model, 
as shown in Fig.  2. For instance, applying unit stress 𝜎2,𝑥 = 1 at 
the depth increment level 3 in the finite element model allows us to 
determine calibration coefficients based on strain values: 𝑐3121 = 𝜖3,0◦ , 
𝑐3221 = 𝜖3,90◦ , and 𝑐3321 = 𝜖3,45◦ .

In this process, accurately modeling the strain gauge within the 
finite element model is crucial to address the non-uniform strain field 
experienced by a finite-sized strain gauge, as reflected in the strain 𝜖𝑖𝑔
derived from the finite element solution. This study adopts the strain 
gauge modeling approach detailed in [11]. Within the finite element 
model, the strain gauge is depicted as a rectangular area, with nodal 
displacement interpolated at each edge of this rectangle. Considering 
the strain gauge to be aligned with the 𝑥-axis, the rectangular region 



S.-W. Lee et al. Composites Part B 299 (2025) 112409 
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜖1,0◦
𝜖1,90◦
𝜖1,45◦
𝜖2,0◦
𝜖2,90◦
𝜖2,45◦
𝜖3,0◦
𝜖3,90◦
𝜖3,45◦
⋮
𝜖𝑖𝑔

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑐1111 𝑐1112 𝑐1113 0 0 0 0 0 0 ⋯
𝑐1211 𝑐1212 𝑐1213 0 0 0 0 0 0 ⋯
𝑐1311 𝑐1312 𝑐1313 0 0 0 0 0 0 ⋯
𝑐2111 𝑐2112 𝑐2113 𝑐2121 𝑐2122 𝑐2123 0 0 0 ⋯
𝑐2211 𝑐2212 𝑐2213 𝑐2221 𝑐2222 𝑐2223 0 0 0 ⋯
𝑐2311 𝑐2312 𝑐2313 𝑐2321 𝑐2322 𝑐2323 0 0 0 ⋯
𝑐3111 𝑐3112 𝑐3113 𝑐3121 𝑐3122 𝑐3123 𝑐3131 𝑐3132 𝑐3133 ⋯
𝑐3211 𝑐3212 𝑐3213 𝑐3221 𝑐3222 𝑐3223 𝑐3231 𝑐3232 𝑐3233 ⋯
𝑐3311 𝑐3312 𝑐3313 𝑐3321 𝑐3322 𝑐3323 𝑐3331 𝑐3332 𝑐3333 ⋯
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱

𝑐𝑖𝑔11 𝑐𝑖𝑔12 𝑐𝑖𝑔13 𝑐𝑖𝑔21 𝑐𝑖𝑔22 𝑐𝑖𝑔23 𝑐𝑖𝑔31 𝑐𝑖𝑔32 𝑐𝑖𝑔33 𝑐𝑖𝑔𝑗𝑠

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜎1,𝑥
𝜎1,𝑦
𝜏1,𝑥𝑦
𝜎2,𝑥
𝜎2,𝑦
𝜏2,𝑥𝑦
𝜎3,𝑥
𝜎3,𝑦
𝜏3,𝑥𝑦
⋮
𝜎𝑖𝑠

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(4)

Box I. 
 

is specified as 𝐺0◦ = {(𝑥, 𝑦)|1.8 ≤ 𝑥 ≤ 3.3,−0.385 ≤ 𝑦 ≤ 0.385}. Finite 
element nodes located within 1.7 ≤ 𝑥 ≤ 3.6 and −0.4 ≤ 𝑦 ≤ 0.4 serve 
as data points and are denoted by 𝑥⃗𝑑,𝑛, with 𝑛 = 1, 2,… , 𝑁𝑑 . Query 
points are represented by equally spaced points along the edges of 
the rectangular region, denoted as 𝑥⃗𝑞,𝑚, where 𝑚 = 1, 2,… , 𝑁𝑞 . The 
Green’s function matrix, which calculates pairwise distances between 
data points and between query points and data points, is computed 
accordingly. 

𝑮𝑑𝑑 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑔(𝑥⃗𝑑,1, 𝑥⃗𝑑,1) 𝑔(𝑥⃗𝑑,1, 𝑥⃗𝑑,2) ⋯ 𝑔(𝑥⃗𝑑,1, 𝑥⃗𝑑,𝑁𝑑
)

𝑔(𝑥⃗𝑑,2, 𝑥⃗𝑑,1) 𝑔(𝑥⃗𝑑,2, 𝑥⃗𝑑,2) ⋯ 𝑔(𝑥⃗𝑑,2, 𝑥⃗𝑑,𝑁𝑑
)

⋮ ⋮ ⋱ ⋮
𝑔(𝑥⃗𝑑,𝑁𝑑

, 𝑥⃗𝑑,1) 𝑔(𝑥⃗𝑑,𝑁𝑑
, 𝑥⃗𝑑,2) ⋯ 𝑔(𝑥⃗𝑑,𝑁𝑑

, 𝑥⃗𝑑,𝑁𝑑
)

⎤

⎥

⎥

⎥

⎥

⎦

, (5)

𝑮𝑞𝑑 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑔(𝑥⃗𝑞,1, 𝑥⃗𝑑,1) 𝑔(𝑥⃗𝑞,1, 𝑥⃗𝑑,2) ⋯ 𝑔(𝑥⃗𝑞,1, 𝑥⃗𝑑,𝑁𝑑
)

𝑔(𝑥⃗𝑞,2, 𝑥⃗𝑑,1) 𝑔(𝑥⃗𝑞,2, 𝑥⃗𝑑,2) ⋯ 𝑔(𝑥⃗𝑞,2, 𝑥⃗𝑑,𝑁𝑑
)

⋮ ⋮ ⋱ ⋮
𝑔(𝑥⃗𝑞,𝑁𝑞

, 𝑥⃗𝑑,1) 𝑔(𝑥⃗𝑞,𝑁𝑞
, 𝑥⃗𝑑,2) ⋯ 𝑔(𝑥⃗𝑞,𝑁𝑞

, 𝑥⃗𝑑,𝑁𝑑
)

⎤

⎥

⎥

⎥

⎥

⎦

, (6)

where 𝑔(𝑥⃗𝑚, 𝑥⃗𝑛) = ‖𝑥⃗𝑚 − 𝑥⃗𝑛‖22(ln ‖𝑥⃗𝑚 − 𝑥⃗𝑛‖2 − 1) represents Green’s func-
tion for biharmonic spline in 2D. This interpolation process is executed 
once using the finite element data and is then frequently applied to 
the displacement output obtained from neural networks, a procedure 
that will be elaborated upon in subsequent sections. Consequently, 
the weight matrix 𝑾 𝑞𝑑 can be precomputed, facilitating interpolation 
through a straightforward multiplication of this weight matrix with the 
displacement data at the data points. This approach not only ensures 
efficient interpolation but also maintains the full differentiability of 
the interpolation process. As a result, the procedure can be seamlessly 
integrated into the backpropagation algorithm during the training of 
the neural network, enhancing the efficiency of the neural network’s 
learning process. 

𝑾 𝑞𝑑 = 𝑮𝑞𝑑𝑮−1
𝑑𝑑 , 𝑢𝑞 = 𝑾 𝑞𝑑𝑢𝑑 = 𝑮𝑞𝑑𝑮−1

𝑑𝑑𝑢𝑑 , (7)

Using interpolated displacements, longitudinal strain 𝜖, transverse strain
𝜖, and transverse sensitivity corrected strain 𝜖 are calculated as fol-
lows [11]. 

𝜖 =
𝑢𝑜𝑢𝑡𝑒𝑟 − 𝑢𝑖𝑛𝑛𝑒𝑟

𝐿
, 𝜖 =

𝑣𝑢𝑝𝑝𝑒𝑟 − 𝑣𝑙𝑜𝑤𝑒𝑟

𝑊
, 𝜖 =

𝜖 + 𝜖𝐾𝑡𝑝

1 − 𝜈0𝐾𝑡𝑝
, (8)

where 𝑢𝑜𝑢𝑡𝑒𝑟 and 𝑢𝑖𝑛𝑛𝑒𝑟 represent averaged 𝑥 displacement interpolated 
at outer edge {(𝑥, 𝑦)|𝑥 = 3.3,−0.385 ≤ 𝑦 ≤ 0.385} and inner edge 
{(𝑥, 𝑦)|𝑥 = 1.8,−0.385 ≤ 𝑦 ≤ 0.385}, 𝑣𝑢𝑝𝑝𝑒𝑟 and 𝑣𝑖𝑛𝑛𝑒𝑟 represent averaged 𝑦
displacement interpolated at upper edge {(𝑥, 𝑦)|1.8 ≤ 𝑥 ≤ 3.3, 𝑦 = 0.385}
and lower edge {(𝑥, 𝑦)|1.8 ≤ 𝑥 ≤ 3.3, 𝑦 = −0.385}, 𝐿 = 1.5, and 𝑊 = 0.77. 
𝐾𝑡𝑝 denotes the transverse sensitivity coefficient of the strain gauge, and 
𝜈0 is the Poisson’s ratio for the material used in measuring the gauge 
factor. Strain gauges in other directions, 𝐺  and 𝐺  can be regarded 
90◦ 45◦

4 
as rotation of 𝐺0◦ . Given nodal displacement 𝒖̂, we denote this strain 
calculation procedure compactly as 
𝜖 = [𝜖0◦ , 𝜖90◦ , 𝜖45◦ ] = (𝒖̂) (9)

All strain components and calibration coefficients in Eq. (4) in Box  I 
are computed by .

After the calibration matrix is constructed, residual stress can be 
inversely calculated from strain measurements as follows. 
𝜎⃗ = 𝑪−1𝜖 (10)

It is important to recognize that this inversion process is also typically 
ill-conditioned, and the condition number of 𝑪 tends to increase with 
the addition of depth increment levels or as the hole depth itself 
increases. This phenomenon occurs because residual stress is released 
at the location of the hole, whereas strain is measured on the speci-
men’s surface. Consequently, according to Saint Venant’s principle, the 
strain response rapidly decreases as the hole depth increases. Thus, 
a slight error or noise in the right-hand side of Eq. (10) can lead to 
significant variations in the calculated residual stress. This variation, 
or stress uncertainty, is briefly illustrated by the error bars in Fig. 
1(b). Proper quantification of all sources of stress uncertainty is cru-
cial. In real experiments, factors such as material properties, noise in 
strain measurements, and finite element calculations are considered 
sources of stress uncertainty. This uncertainty is quantified using Monte 
Carlo simulations, assuming an error distribution for each uncertainty 
source [12]. In this study, we also account for neural network model 
uncertainty, quantified through Monte Carlo dropout, as a source of 
stress uncertainty [47,48]. This aspect will be further explained in the 
section dedicated to model architecture.

2.2. Finite element model and data generation

In this section, we detail the finite element model and dataset 
construction. The overall finite element model geometry, boundary 
conditions, loading conditions, and strain gauge placement are illus-
trated in Fig.  3. To generate a single finite element model, inputs such 
as material properties, geometry, and loading conditions are required. 
These inputs are identified by four indices (𝑙, 𝑖, 𝑗, 𝑠), each corresponding 
to laminate configuration 𝜃𝑙, hole depth ℎ𝑖, and load case 𝜎⃗𝑗𝑠. The 
base geometry for the finite element model is a circular plate with a 
radius of 18 mm and a thickness of 1.6 mm, defined within the domain 
0 = {(𝑥, 𝑦, 𝑧)|𝑥2 + 𝑦2 ≤ 182, 0 ≤ 𝑧 ≤ 1.6}. To prevent rigid body motion, 
displacement boundary conditions are applied as 𝑢(0, 0, 0) = 𝑣(0, 0, 0) =
𝑤(0, 0, 0) = 0, 𝑣(−18, 0, 0) = 𝑤(−18, 0, 0) = 0, and 𝑤(0, 18, 0) = 0.

The material property for each layer in the composite laminate, 
defined by ply orientations 𝜃𝑙 = [𝜃𝑙1, 𝜃𝑙2, 𝜃𝑙3, 𝜃𝑙4] (𝑙 = 1, 2,… , 70), 
determines the constitutive matrix of orthotropic material assigned to 
each of the eight layers of the fiber-reinforced plate. The constitutive 
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Fig. 3. Overview of the finite element model. Geometry, boundary conditions, loading conditions, and strain gauge placement of the finite element model with a quarter part 
depicted for visualization purpose.
matrix 𝑬𝑖 for layer 𝑖 is assigned within 1.6−0.2𝑖 ≤ 𝑧 ≤ 1.6−0.2(𝑖−1) for 
𝑖 = 1, 2,… , 8, and material properties are symmetrically assigned about 
the 𝑧 = 0.8 plane as 
𝑬𝑖 = 𝑬9−𝑖 = 𝑻 𝜃𝑖𝑬𝑻 𝑇

𝜃𝑖
, (11)

where 𝑬 is the constitutive matrix for orthotropic material, whose prop-
erties are listed in Table  1, and 𝑻 𝜃𝑖  is the 6 × 6 stress transformation 
matrix for rotation 𝜃𝑖 in the 𝑥𝑦 plane.

The hole depth increments are represented by ℎ𝑖 = 0.1𝑖 (𝑖 =
1, 2,… , 𝐷) with 𝐷 = 8 different depth increment levels, corresponding 
to the incremental removal of material from domain 0 to simulate 
drilling a hole up to 0.8 mm in depth. Each depth increment modifies 
the domain to 𝑖 = 0 ⧵ {(𝑥, 𝑦, 𝑧)|𝑥2 + 𝑦2 ≤ 𝑎2, 1.6 − ℎ𝑖 ≤ 𝑧 ≤ 1.6}, where 
𝑎 = 0.77 indicates the radius of the drilled hole.

The load cases 𝜎⃗𝑗𝑠 ∈ R3𝐷 (𝑗 = 1, 2,… , 𝐷, s=1, 2, 3) correspond 
to unit stress components 𝑠 applied at depth level 𝑗, as shown in Fig. 
3. Each load case 𝜎⃗𝑗𝑠 is a vector matching the shape of 𝜎⃗ in Eqs.  (3) 
and (4), with a single component set to one and all others equal to 
zero. The index 𝑗 denotes the depth at which the load is applied, while 
𝑠 specifies the stress component: 𝑠 = 1, 2, 3 corresponds to 𝜎𝑗,𝑥, 𝜎𝑗,𝑦, 
and 𝜏𝑗,𝑥𝑦, respectively. For example, 𝜎⃗2,3 represents the vector defined 
in Eq. (4) with 𝜏2,𝑥𝑦 = 1 and all other components set to zero. The 
corresponding finite element model applies a unit stress 𝜏2,𝑥𝑦 = 1
at depth ℎ2. The unit stress 𝜎𝑗𝑠 is imposed as traction forces over 
the surface 𝑗 = (𝑥, 𝑦, 𝑧) ∣ 𝑥2 + 𝑦2 = 𝑟2, 1.6 − ℎ𝑗 ≤ 𝑧 ≤ 1.6 − ℎ𝑗−1 for each 
stress component 𝑠, using the following stress transformation: 
𝜎𝑗,𝑟𝑟 = 𝜎𝑗,𝑥 cos2 𝜃 + 𝜎𝑗,𝑦 sin

2 𝜃 + 𝜏𝑗,𝑥𝑦 sin 2𝜃, (12)

𝜏𝑗,𝑟𝜃 = −
𝜎𝑗,𝑥 − 𝜎𝑗,𝑦

2
sin 2𝜃 + 𝜏𝑗,𝑥𝑦 cos 2𝜃, (13)

where 𝜎𝑗,𝑟𝑟 and 𝜏𝑗,𝑟𝜃 denote the normal and shear traction forces applied 
at the surface 𝑗 at angle 𝜃 from the 𝑥-axis in the 𝑥𝑦 plane.

Simulations were performed using the commercial finite element 
software Abaqus, employing 20-node quadratic hexahedral elements 
with reduced integration [49]. Validation of the finite element model 
was conducted using reference data from [12], which were devel-
oped using Nastran, validated through mesh independence studies, and 
applied in experimental investigations of cross-ply laminates. Strain 
responses at the strain gauge locations shown in Fig.  3 were compared 
with the reference data for a laminate configuration of [0◦, 0◦, 90◦, 90◦]. 
Validation was carried out for two drilled hole depths: half the max-
imum hole depth and the maximum hole depth. To ensure numerical 
accuracy, a mesh convergence study was performed, as presented in 
Fig.  4.
5 
Table 1
Material properties of orthotropic glass fiber rein-
forced plastic lamina [12].
 Longitudinal modulus, 𝐸1 38154 MPa 
 Transverse modulus, 𝐸2 10747 MPa 
 Shear modulus, 𝐺12 3712 MPa  
 Poisson’s ratio, 𝜈12 0.3113  
 Poisson’s ratio, 𝜈23 0.4124  

This study demonstrated a consistent reduction in relative strain 
error as the number of elements in the 𝑧-direction increased from 4 to 
8, 16, and 32. The corresponding degrees of freedom at the maximum 
hole depth were 262,131 for the 16 elements case, and 2,005,731 for 
the 32 elements case. On our computational setup using 4 parallel CPU 
cores from an Intel i7-11700 and an NVIDIA RTX 2070 GPU, the time 
required to construct the calibration matrix in Eq. (4) was 12.28 min 
for 16 elements and 294.15 min for 32 elements in the 𝑧-direction. 
Based on the mesh convergence results (Fig.  4) and considering the 
balance between numerical accuracy and computational efficiency for 
data generation, the finite element model with 16 elements in the 
𝑧-direction was selected for the following data generation.

A single datapoint is derived from the finite element model (𝑙, 𝑖, 𝑗, 𝑠), 
comprising input data and label data as summarized in Fig.  5a. The 
input data includes the graph 𝐺𝑙𝑖, based on a finite element model for 
a specific hole depth ℎ𝑖 and laminate configuration 𝜃𝑙, and the load case 
𝜎⃗𝑗𝑠. The graph 𝐺𝑙𝑖 consists of vertices 𝑉 , representing the finite element 
nodes within the defined region of interest (0.772 ≤ 𝑥2 + 𝑦2 ≤ 42, 𝑧 =
1.6), and edges 𝐸 formed using a k-nearest neighbor approach where 
each vertex is connected to its eight closest neighbors based on spatial 
coordinate of the finite element node (Fig.  5b). Each vertex is associated 
with embedding vector 𝑥⃗, derived from the spatial coordinates of the 
finite element node and its relative angle to the ply orientation. The 
components of 𝑥⃗ ∈ R𝑑𝑖𝑛  with input dimension 𝑑𝑖𝑛 = 26, denoted as 𝑥⃗(⋅), 
are defined as follows:

Normalized radius: 𝑥⃗(1) =
[

1
1 + 𝑟∕𝑎

]

, (14)

Trigonometric series basis: 𝑥⃗(2∶9) = [cos 𝑘𝜃, sin 𝑘𝜃]

(𝑘 = 1,… , 4), (15)
Relative angle from ply orientation: 𝑥⃗(10∶25) = [

cos2 𝑘(𝜃 − 𝜃𝑙𝑖)
]

(𝑘 = 1,… , 4 𝑖 = 1,… , 4), (16)

Normalized hole depth: 𝑥⃗(26) = [

ℎ∕ℎ𝑚𝑎𝑥
]

, (17)
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Fig. 4. Mesh convergence study. Relative strain response error at drilled hole depths of (a) half the maximum hole depth, and (b) the maximum hole depth, validated against 
reference data from [12].
Fig. 5. Workflow of data generation. (a) data generation by finite element model and post-processing, (b) the first quadrant of the k-nearest neighbor graph constructed based 
on the finite element node coordinates.
, 
where 𝑟 =
√

𝑥2 + 𝑦2, 𝜃 represents the angle from the 𝑥-axis, 𝑎 = 0.77 is 
the radius of the drilled hole, and ℎ𝑚𝑎𝑥 = 0.8 indicates the maximum 
depth of the hole.

Label data is composed of nodal displacement 𝒖̂𝐹𝐸𝑀 ∈ R𝑁𝑛×3, 
sampled for 𝑁𝑛 finite element nodes within the region of interest, 
and strain 𝜖𝐹𝐸𝑀 = [𝜖0◦ , 𝜖90◦ , 𝜖45◦ ] = (𝒖̂) calculated based on Eq. (9). 
Both displacement and strain are normalized according to the method 
proposed in [50], with the characteristic length 𝑙𝑐 = 0.77 chosen as the 
radius of the hole, and displacement normalization factor 𝑢𝑐 = 10−6

selected based on the approximate ratio between the stress level and 
Young’s modulus.

2.3. DeepONet-based model architecture and training

In this research, we introduce a model architecture that primarily 
utilizes the deep operator network (DeepONet) framework. Unlike tra-
ditional neural networks that approximate a function directly from the 
input to the label dataset, DeepONet is designed to learn an operator 
mapping from an input function space to an output function space [25]. 
The DeepONet architecture comprises two distinct neural networks: the 
branch net and the trunk net. The branch net processes the discrete 
representation of the input function, which, in our context, is the 
residual stress distribution along the hole depth, denoted as 𝜎⃗. On 
the other hand, the trunk net manages the domain information of the 
output function, represented by the graph 𝐺 derived from the finite 
element mesh in our study. Given that our training data involves the 
displacement field resulting from linear finite element model outputs, 
6 
adopting a linear branch network and a graph neural network-based 
trunk network is thought to be a natural approach.

Specifically, the branch network is implemented as a single fully 
connected layer 𝑾 , without a nonlinear activation function. This maps 
the stress distribution 𝜎⃗ ∈ R3𝐷 to branch network output 𝑏⃗ ∈ R9𝐷 as 

𝑏⃗(𝜎⃗) = 𝜎⃗ ⋅𝑾 . (18)

The trunk network employs a graph convolution network (GCN) [51]
with the GCN block as proposed in [52]. Given the input feature of 
vertex 𝑖, 𝑥⃗𝑖 ∈ R𝑑𝑖𝑛  within a graph with edges 𝐸, the graph convolution 
operation maps ⃗𝑥𝑖 to an output vertice feature ⃗𝑥′𝑖 ∈ R𝑑𝑜𝑢𝑡  by aggregating 
vertice features of neighboring vertices 𝑥⃗𝑗 ∈ R𝑑𝑖𝑛  and itself. This 
operation is parameterized by a learnable weight matrix Θ ∈ R𝑑𝑖𝑛×𝑑𝑜𝑢𝑡

and is defined as 

𝑥⃗′𝑖 =

⎛

⎜

⎜

⎜

⎝

∑

𝑗∈𝛤 (𝑖)∪{𝑖}

𝑒𝑗,𝑖
√

𝑑𝑗𝑑𝑖
𝑥⃗𝑗

⎞

⎟

⎟

⎟

⎠

⋅Θ, (19)

where 𝛤 (𝑖) denotes the set of neighbors of vertex 𝑖, 𝑑𝑖 = 1 +
∑

𝑗∈𝛤 (𝑖) 𝑒𝑗,𝑖
is the degree of vertex 𝑖, and 𝑒𝑗,𝑖 = 1 if there exists an edge in edges 𝐸
connecting node 𝑗 to node 𝑖 and 𝑒𝑗,𝑖 = 0 otherwise.

The trunk network, constructed by stacking multiple GCN blocks, 
maps the input vertex feature 𝑥⃗ ∈ R𝑑𝑖𝑛  in a graph 𝐺 to a sequence 
of hidden vertex features 𝑥⃗ℎ(𝑥⃗;𝐺) ∈ R𝑑ℎ , before projecting it to an 
output vector of the trunk network in R9𝐷(2𝐾+1). The output vector 
is consequently divided into 2𝐾 + 1 vectors of equal length 𝑡⃗ ∈ R9𝐷
𝑖
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Fig. 6. Schematic of the model architecture and training procedure. (a) the proposed DeepONet architecture with linear branch network and trunk network based on GCN 
blocks, (b) training step of model prediction, loss calculation, and backpropagation.
⃗

to compute the final prediction of trunk network using trigonometric 
series expansion of order 𝐾 as follows 

𝑡(𝑥⃗;𝐺) = 𝑡0 +
𝐾
∑

𝑘=1
𝑡⃗2𝑘−1 cos 𝑘𝜃 + 𝑡⃗2𝑘 sin 𝑘𝜃. (20)

The incorporation of trigonometric series expansion is inspired by the 
Fourier finite element method [53], with the trigonometric series order 
𝐾 = 4 selected based on the typical angular displacement profiles 
reported in [54], yet without presupposing a specific functional form 
since the coefficients of the trigonometric series 𝑡⃗𝑖 remain dependent 
on 𝜃. The efficacy of this method will be evaluated in an ablation study 
presented in the results section.

Monte Carlo dropout is applied within the trunk network to account 
for model uncertainty when predicting inputs beyond the training 
data [47]. The mean and standard deviation of 10 model predictions 
under different dropout configurations are taken as the model’s predic-
tion and uncertainty, respectively. Displacements at each vertex (𝑢, 𝑣,𝑤)
constitute the model’s final predictions and are calculated by the dot 
product of the trunk network’s output 𝑡⃗(𝑥⃗;𝐺) with the output of the 
branch network ⃗𝑏(𝜎⃗). Specifically, the trunk network’s output is divided 
into three equal length vectors 𝑡⃗[1], 𝑡⃗[2], 𝑡⃗[3] ∈ R3𝐷, and the branch 
network’s output is similarly divided into 𝑏⃗[1], 𝑏⃗[2], 𝑏⃗[3] ∈ R3𝐷.

𝑢(𝑥⃗, 𝜎⃗;𝐺) = 𝑏⃗[1](𝜎⃗) ⋅ 𝑡⃗[1](𝑥⃗;𝐺), 𝑣(𝑥⃗, 𝜎⃗;𝐺) = 𝑏⃗[2](𝜎⃗) ⋅ 𝑡⃗[2](𝑥⃗;𝐺),

𝑤(𝑥⃗, 𝜎⃗;𝐺) = 𝑏⃗[3](𝜎⃗) ⋅ 𝑡⃗[3](𝑥⃗;𝐺) (21)

The prediction on every 𝑁𝑛 vertices of graph 𝐺 will be denoted as 
𝒖̂ = 𝜑(𝐺, 𝜎⃗) ∈ R𝑁𝑛×3, where 𝜑 represents the model with train-
able parameters 𝜑⃗. To compute 𝑁𝑛 nodal displacement predictions at 
vertices from the single graph 𝐺, branch network output ⃗𝑏(𝜎⃗) is simply 
repeated 𝑁  times for computing dot product in Eq. (21).
𝑛

7 
This DeepONet with linear branch network has direct implications 
for integral relation in Eqs.  (1) and (2), where dot product of branch 
network weight and trunk network prediction 𝑾 ⋅ 𝑡⃗(𝑥⃗;𝐺) corresponds 
to kernel function 𝐾(𝐻,ℎ) or discrete representation of kernel function 
𝑐𝑖𝑔𝑗𝑠 and integral operation. The final displacement prediction, 𝜎⃗ ⋅𝑾 ⋅
𝑡(𝑥⃗;𝐺), highlights the linear dependency on the stress distribution 𝜎⃗, 
while the highly nonlinear dependencies on the laminate configuration 
and hole depth, embedded in the graph 𝐺, are effectively captured 
by the GCN blocks within the trunk network. The effectiveness of 
this design can be further supported by a similar approach in [55], 
where a linear branch network demonstrated strong generalization for 
components with linear dependencies. The overall architecture of the 
proposed DeepONet is illustrated in Fig.  6a.

The displacement loss for prediction of batched 𝐵 graphs each 
containing 𝑁𝑛 vertices, 𝑢, is defined as follows 

𝑢 =
1

3𝑁𝑛𝐵
‖𝒖̂ − 𝒖̂𝐹𝐸𝑀‖

2
2, (22)

where 𝒖̂ represents the batched predictions of displacement for every 
vertex, and ‖ ⋅ ‖2 denotes the 𝐿2 norm.

The strain loss, 𝜖 , is defined as 

𝜖 =
1
3𝐵

‖𝜖 − 𝜖𝐹𝐸𝑀‖

2
2, (23)

where 𝜖 and 𝜖𝐹𝐸𝑀  denote the strains for batched displacement pre-
dictions 𝒖̂ and the label data 𝒖̂𝐹𝐸𝑀 , calculated in accordance with 
Eq (9).

To integrate 𝑢 and 𝜖 , we employ an adaptive weight balancing 
method proposed in [56] 

 = 1
2
𝑢 +

1
2
𝜖 + ln 𝛼1 + ln 𝛼2, (24)
2𝛼1 2𝛼2
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Table 2
k-fold cross-validation results.
 Common Activation Batch size Avg. Std.  
 model 1 - 6 GCN blocks

- 512 hidden dimension
- 0.01 weight decay

ReLU 16 0.0616 0.0137  
 model 2 32 0.0764 0.0208  
 model 3 Tanh 8 0.0464 0.0107  
 model 4 16 0.0478 0.0062 

where 𝛼1 and 𝛼2 are initially set to 1 and are updated along with the 
model parameters 𝜑⃗ to address the following optimization problem 
using standard backpropagation as depicted in Fig.  6(b). 
inf

𝜑⃗,𝛼1 ,𝛼2
 (25)

We utilize the AdamW optimization algorithm to apply weight de-
cay effectively, benefiting from the stable optimization afforded by 
the adaptive learning rate of Adam combined with the learning rate 
scheduler 𝑙𝑟 = 0.001 × 0.99𝑒𝑝𝑜𝑐ℎ [57,58]. The utility of adaptive weight 
balancing in Eq. (24) for engineering applications of neural networks, 
as reported in [50], will be further explored in an ablation study 
specific to our application.

3. Results

This section details the training and prediction outcomes of our 
model. The dataset encompasses inputs and labels for 70 laminate 
configurations, with eight depth increments, 𝑖, up to the midplane and 
3𝑖 load cases per depth increment 𝑖, resulting in a total of 70 × (3 +
6 +⋯ + 24) = 7560 data points. The dataset is divided into 30 training 
configurations (3240 data points) and 40 testing configurations (4320 
data points), ensuring a balanced distribution of ply orientations across 
each layer for the training configurations. For the 40 testing laminate 
configurations, 𝜃𝑙, pairs of virtual residual stress distribution 𝜎⃗𝑙 and 
strain measurement 𝜖𝑙 are generated. Initially, this section discusses the 
selection of hyperparameters and the outcomes of training with the 30 
configurations designated for training. Subsequently, it illustrates the 
forward prediction and inverse calculation results for the virtual resid-
ual stress distribution of the 40 test configurations. Lastly, an ablation 
study is presented to assess the contribution of each component to the 
overall performance of the model.

3.1. Hyperparameter selection and training

Training a neural network model typically involves a nested loop 
process, where model parameters are optimized in the inner loop, and 
hyperparameters are optimized in the outer loop. While the inner loop 
benefits from well-established, theoretically grounded gradient-based 
optimization algorithms, optimizing hyperparameters in the outer loop 
is often viewed as more challenging. This challenge arises from the 
need for a robust estimate of model performance, which is computa-
tionally demanding [59]. To address this, we implemented k-fold cross-
validation for four model candidates, chosen through a grid search of 
hyperparameters.

In the grid search, hyperparameters were divided into two cate-
gories. The first category focused on model size, including the num-
ber of GCN blocks (6,8), hidden dimensions of GCN outputs (𝑑ℎ =
128, 256, 512), and weight decay (𝜆 = 10−5, 10−4, 10−3, 10−2). The second 
category addressed model architecture and optimization, encompass-
ing the activation function (ReLU, Tanh), dropout probability (𝑝 =
0.005, 0.01, 0.05, 0.1), and batch size (𝐵 = 4, 8, 16, 32). Based on the 
training loss 𝜖 over 30 training configurations after 1000 epochs, two 
candidates each using the ReLU and Tanh activation functions were 
selected as summarized in Table  2 considering a superiority of tanh 
activation in PDE-related tasks reported empirically and mathemati-
cally [60,61].
8 
For the k-fold cross-validation, the 30 training configurations were 
randomly divided into 10 folds. Training results are subsequently ob-
tained for 10 different dataset compositions using one fold for valida-
tion and the other nine folds for training. The stress 𝐿2 relative error 
was calculated for the validation fold at every epoch of training as 
follows 

𝑒(𝜎⃗) =
‖𝜎⃗ − 𝜎⃗𝑙‖2
‖𝜎⃗𝑙‖2

(26)

Here, 𝜎⃗ denotes the stress using the calibration matrix composed by 
model predictions and virtual strain measurement 𝜖𝑙. The average of 
the minimum validation errors across the 10 folds was used to estimate 
the model’s generalization performance, with the standard deviation 
providing a measure of this estimate’s reliability [62]. The training 
procedure of k-fold cross-validation is shown in Fig.  7a with a shaded 
area representing twice the standard deviation of 10 folds in each 
epoch. The results of the k-fold cross-validation are summarized in Fig. 
7b and Table  2. Based on both the average and standard deviation of 
errors across the 10 folds, Model 4 was selected. Forward and inverse 
predictions in the subsequent section were performed using Model 4, 
trained with the full set of 30 training configurations.

3.2. Forward prediction and inverse calculation

In this section, we showcase the visualization of forward and in-
verse prediction results. Fig.  8 presents a histogram of the strain and 
stress relative 𝐿2 error, as defined in Eq. (26), for 39 test laminate 
configurations. We exclude configurations where all ply orientations 
are aligned in a single direction, resulting in no residual stress. Three 
configurations representing the best, median, and worst cases of strain 
and stress relative 𝐿2 errors are selected to illustrate the results of 
forward and inverse predictions.

For forward predictions, the model processes virtual residual stress 
distributions, 𝜎⃗𝑙, corresponding to particular laminate configurations, 
𝜃𝑙. It predicts the displacement field and strain measurements related 
to the depth increments of the drilled hole. The displacement field and 
strain for a given depth increment level 𝑖 are calculated as follows 
𝒖̂𝑙𝑖 = 𝜑(𝐺𝑙𝑖, 𝜎⃗𝑙𝑖), 𝜖𝑙𝑖 = (𝒖̂𝑙𝑖) (27)

where each element of 𝜎⃗𝑙𝑖 equals 𝜎⃗𝑙 up to the 3𝑖𝑡ℎ component, with 
the remaining components set to zero since only the residual stress 
present in the material at depths shallower than the current depth 
of the hole influences the current strain measurement [12]. Fig.  9 
displays the outcomes for three configurations chosen to span the 
range of strain prediction errors, averaging the strain and displacement 
predictions over 10 Monte Carlo trials as detailed in the methodology, 
with uncertainty represented by a shaded area indicating twice the 
standard deviation of these trials.

For inverse predictions, the model constructs the calibration matrix 
in Eq. (4) for specific laminate configurations. This involves multiple 
forward predictions for unit stress input at each depth region for 
each depth increment level. Calibration coefficients 𝑐(𝑙)𝑖𝑔𝑗𝑠 for a laminate 
configuration 𝜃𝑙 are derived as follows 
[𝑐(𝑙)𝑖1𝑗𝑠, 𝑐

(𝑙)
𝑖2𝑗𝑠, 𝑐

(𝑙)
𝑖3𝑗𝑠] = (𝜑⃗(𝜎⃗𝑗𝑠, 𝐺𝑙𝑖)), (28)

for 𝑖 = 1, 2,… , 8, 𝑗 = 1, 2,… , 𝑖, and 𝑠 = 1, 2, 3. Assuming strain mea-
surements are provided, the residual stress distribution is calculated 
using Eq. (10). Fig.  10 illustrates the prediction outcomes, representing 
averages across 10 Monte Carlo trials, with error bars reflecting the 
uncertainty, quantified as twice the standard deviation of these trials. 
The histogram on the right of Fig.  10 displays the full statistics from the 
10 Monte Carlo trials. The results reveal that the majority of dominant, 
non-zero components of residual stress are encompassed within the 
error bars. Additionally, an observable trend is that the magnitude of 
the error bars increases with the depth of the hole. This phenomenon 
aligns with the expected behavior according to Saint Venant’s principle, 
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Fig. 7. k-fold cross-validation results for selected models. (a) Mean validation error curve with the shaded area representing 2 × 𝑠𝑡𝑑 for 10 folds, (b) box plot for minimum 
validation error distribution for 10 folds.
Fig. 8. Error histogram. (a) Strain 𝐿2 relative error, (b) stress 𝐿2 relative error.
illustrating a consistent feature of the IHD method related to the 
propagation of error with increasing depth.

Quantified model uncertainty provides further insight into predic-
tion errors, as illustrated in Fig.  11. We analyzed 1680 stress predictions 
(70 laminate configurations × 8 hole depths × 3 components) by sorting 
them based on quantified model uncertainty, dividing them into eight 
equal groups, and computing the mean uncertainty and error for each 
group. Using Monte Carlo dropout, which approximates a Gaussian pro-
cess, we found that higher uncertainty generally corresponds to inputs 
farther from the training data [47,48], where prediction errors tend 
to increase. The trends observed in Fig.  11 confirm a clear correlation 
between higher uncertainty and larger prediction errors, demonstrating 
how uncertainty quantification can effectively explain model behavior.

Due to the ill-conditioned nature of the equation referenced as 
Eq. (10), the selections for forward and inverse predictions differ. 
This condition also leads to a higher relative error in stress prediction 
compared to strain prediction, a consequence of the equation’s ill-
conditioned inversion. In practical settings of incremental hole-drilling, 
where a complete procedure for stress uncertainty quantification is 
9 
applied, strain measurement noise is typically assumed to range be-
tween 1% ∼ 2%, such as the instrumentation error of 1.6% reported 
in [12]. Furthermore, the calibration coefficient’s compact representa-
tion for metallic materials, which is the basis of the current American 
Society for Testing and Materials (ASTM) E837 standard, achieves an 
average accuracy within 1% ∼ 2%, with occasional deviations reaching 
about 3% [63]. An IHD experiment on a laminate configuration of 
[0◦, 0◦, 90◦, 90◦] reported a stress uncertainty of 5.2% ∼ 8.5% arising 
from strain noise, and when combined with other sources of uncer-
tainty, the total quantified uncertainty amounted to up to 13.5% [12]. 
This level of experimental uncertainty can even increase for more 
complex laminate configurations, as observed in [11]. Considering 
these aspects, the average strain and stress errors in our predictions 
can be regarded as practically acceptable, taking into account the major 
sources of uncertainty.

3.3. Ablation study

This section details the results of an ablation study conducted 
to evaluate the contribution of each component within the proposed 
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Fig. 9. Forward strain and displacement prediction results. (a) best case 𝜃𝑙 = [45◦ ,−45◦ , 0◦ , 90◦], (b) median case 𝜃𝑙 = [45◦ ,−45◦ , 45◦ ,−45◦], (c) worst case 𝜃𝑙 = [0◦ , 45◦ ,−45◦ , 0◦].
model. The study examined five different configurations by systemati-
cally removing specific components of the proposed model architecture 
or loss term. All other setups for training, including dataset generation, 
geometry, material properties, and loading conditions, remained iden-
tical to those described in Section 2. When fully connected layers are 
used in place of graph convolution, the operation in Eq. (19) simplifies 
to 
𝑥⃗′𝑖 = 𝑥⃗𝑖 ⋅Θ + 𝑏⃗, (29)

where Θ ∈ R𝑑𝑖𝑛×𝑑𝑜𝑢𝑡  and 𝑏⃗ ∈ R𝑑𝑜𝑢𝑡  are learnable parameters.
Below, we summarize the configurations analyzed in the study:

– Without GCN (w/o GCN): The GraphConv layer depicted in Fig. 
6, whose operation is described in Eq. (19), is replaced by fully 
connected layers maintaining identical input, output, and hidden 
dimensions.

– Without trigonometric series expansion (w/o trig): The trigono-
metric series expansion in Eq. (20) is omitted, with the trunk 
network solely predicting ⃗𝑡 = 𝑡⃗ ∈ R9𝐷.
0
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– Coordinate-based fully connected layer DeepONet (standard Deep-
ONet): Both branch and trunk networks use fully connected 
layers with hidden dimensions matching the GCN blocks of our 
proposed model. The branch network processes load cases (𝜎⃗𝑗𝑠) 
and laminate configurations (𝜃𝑙), while the trunk network handles 
spatial coordinates and hole depth (𝑥, 𝑦, ℎ𝑖).

– Without displacement loss (w/o displ loss): The displacement loss 
term in Eq. (22), which aids in strain prediction, is removed, 
leading to  = 𝜖 .

– Without strain loss (w/o strain loss): The strain loss term in 
Eq. (23) derived from displacement interpolation is omitted, lead-
ing to  = 𝑢.

Fig.  12 illustrates the results of the ablation study through a box plot 
for 39 test configurations. Overall, the complete model demonstrates 
superior performance over the variations, in terms of both average 
and worst-case errors. The significance of incorporating a GCN is 
highlighted in the ‘w/o GCN’ case, where predictions at a vertex are 
made without information about neighboring vertices. This limitation 
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Fig. 10. Inverse stress calculation results and histogram for 10 Monte Carlo trials. (a) best case 𝜃𝑙 = [0◦ , 45◦ , 90◦ ,−45◦], (b) median case 𝜃𝑙 = [0◦ , 0◦ , 0◦ , 90◦], (c) worst case 
𝜃𝑙 = [−45◦ ,−45◦ , 45◦ , 45◦].
restricts the contextual understanding of material properties, which are 
influenced by the relative angle from the ply orientation of each vertex. 
The importance of trigonometric series expansion is evident in the 
‘w/o trig’ scenario, underscoring the known effectiveness of the Fourier 
finite element method, especially in handling non-axisymmetric loads 
on axisymmetric geometries. The ‘standard DeepONet’ employs fully 
connected layers in both branch and trunk networks, where the branch 
network processes load cases and ply orientation as PDE parameters, 
and the trunk network handles spatial coordinates and hole depth. In 
contrast, our model separates the linear contribution of load cases in 
the branch network and nonlinear ply orientation in the trunk network 
11 
using a graph-based representation with relative ply orientations em-
bedded as features of a vertex. This architecture achieves improved 
accuracy, showcasing the effectiveness of integrating a linear branch 
network with a GCN-based trunk network.

Furthermore, the ablation of either the displacement or strain loss 
terms results in reduced accuracy, indicating that while the full dis-
placement field at the region of interest is not the direct prediction 
target, it plays a role in enhancing the model’s generalization per-
formance. Given the dataset’s composition of discrete ply orientation 
combinations (−45◦, 0◦, 45◦, and 90◦), the full displacement field data 
furnish insights into the continuously varying relative ply orientations. 
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Fig. 11. Correlation between quantified uncertainty and prediction error.

This is facilitated by feature embedding, which incorporates the relative 
angle between the vertex and each ply orientation, thereby supporting 
the model’s overall effectiveness.

4. Discussion

In this study, we introduced a deep operator network (DeepONet) 
architecture combining a linear branch network and a graph convo-
lution trunk network to model the relationship between residual stress 
distribution and the resulting deformation. The model swiftly generates 
the calibration matrix for the inverse solution process, significantly 
reducing time compared to traditional methods that compute each 
coefficient individually using finite element simulations. Specifically, 
while training requires 12.23 min per laminate configuration on an 
NVIDIA RTX A6000 GPU and 12.28 min for FEM data generation as 
described in Section 2.2, the trained model predicts the calibration 
matrix for unseen laminate configurations in just 2.89 s, achieving two 
orders of magnitude speedup. We used a finite element model with 
16 elements in the 𝑧-direction for efficiency in this study, but a 32-
element model, as used in [12], requires 294.15 min for each laminate 
configuration using the traditional method, demonstrating an even 
greater potential for time reduction with higher-resolution models.

For metallic materials, IHD practitioners have access to the ASTM 
E837 standards with polynomial functions derived from FEM compli-
ances to calculate calibration matrices, and IHD machines equipped 
with software that interprets stress results from strain measurements 
using standard processes. In contrast, such resources are not read-
ily available for composite laminates, and it is unlikely they will be 
developed through conventional methods due to the vast and com-
plex experimental parameter space introduced by the myriad possible 
combinations of ply orientations in composite materials. This gap high-
lights the potential of our study to facilitate establishing a large-scale 
calibration database for composite laminates using neural network 
methodologies, extending the standard of compact calibration data for 
metallic materials using a polynomial function [63].

To further illustrate the large-scale application potential highlighted 
earlier, we conducted additional experiments by varying the training 
dataset size and model complexity. As shown in Fig.  13, the results 
consistently showed a reduction in test error as both the data size 
and the number of model parameters increased, validating the scal-
ability and robustness of the proposed DeepONet architecture based 
on linear branch network and graph convolution trunk network. The 
proposed architecture, grounded in the Volterra equation of the first 
12 
kind which is a fundamental framework for relaxation-based residual 
stress measurement methods [46], can be extended through trans-
fer learning, enabling pre-trained models to adapt efficiently to new 
material systems with additional data [50]. Leveraging uncertainty 
quantification results described in Section 3.2, the model can employ 
active learning to iteratively expand its training dataset, prioritizing the 
most informative samples to enhance performance in underrepresented 
configurations [64,65]. Furthermore, integrating advanced geometric 
encoding techniques can enable the model to generalize effectively 
across diverse shapes and systems [41,66].

Looking ahead, our future work will focus on expanding the model’s 
capabilities and applying it to real experimental scenarios. Enhancing 
the framework to incorporate nonlinearities such as material nonlin-
earities [44], local plasticity [45], and contact phenomena including 
tool-part interactions [67] will significantly increase the model’s ap-
plicability to real-world drilling processes and other manufacturing 
scenarios. Additionally, we aim to validate the framework with real 
experimental data, leveraging its computational efficiency and scalabil-
ity to establish a robust calibration database for composite laminates. 
These efforts will pave the way for developing a neural network-based 
large-scale database for incremental hole drilling (IHD) in composite 
laminates.
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Fig. 12. Results of ablation study by stress 𝐿2 relative error for test laminate configurations. .
Fig. 13. Effect of training data size and model parameter size on test error. test error (mean and standard deviation across test laminate configurations) as a function of (a) 
training data points, and (b) model parameter size, adjusted by the dot product dimension in Eq. (21).
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