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In this article, the (2 + 1)-dimensional nonlinear damped Klein-Gordon Fock equation is studied using the
classical Lie symmetry method. A complete Lie group classification is conducted to derive the specific forms
of the arbitrary smooth functions included in the equation, resulting in two distinct cases. Using the similarity
transformation method, the reductions of the considered equation in the form of ordinary differential equations
are obtained. Several invariant solutions including the traveling wave solutions and soliton solutions of
the (2 + 1)-dimensional nonlinear damped Klein-Gordon Fock equation are uncovered. Also, the results are

represented through 2D and 3D graphs with their physical interpretations. Notably, using the partial Lagrangian
method, the conservation laws are derived, which also yield two separate cases with several subcases. These
results offer better insights into the solution properties of nonlinear damped Klein-Gordon Fock equation and
other complex nonlinear wave equations.

1. Introduction

Nonlinear partial differential equations are significant in the areas
of engineering, nonlinear science, and mathematics, providing key
components for a variety of real-life phenomena. In this context, the
nonlinear damped Klein-Gordon Fock equation (Kce) is pivotal for com-
prehending energy dissipation phenomena and complex wave behavior.

In the literature, the following (2 + 1)-dimensional Kgg:

Uy + pu) = uyy +uy, (€D)]

was studied by Magalakwe et al. via the Lie symmetry method and they
obtained its conservation laws using Ibragimov’s theorem.'

The present study deals with the (2 + 1)-dimensional nonlinear
damped KcEe, which reads as follows

g + Bu, = a@u) + uy, + uyy, pu) #0, (2)

here, u(x,t,y) represents the amplitude of the wave, while both f(u)
and a(u) are smooth, arbitrary functions. The addition of the damping
term, denoted by p(u)u,, in Eq. (2) models phenomena like, soliton
formations, self interactions of the wave and significantly imparts
more complexity and nonlinear dynamics absent in Eq. (1). Moreover,
the inclusion of this damping term changes the overall analysis and

solutions found in Ref. 1. The nonlinearity of the equation is due
to the inclusion of the damping term f(u)u, and a(u), allows for the
study of the nonlinear dynamics described by the physical system.
Eq. (2) has numerous applications in the scientific areas, such as wave
propagation, energy dissipation, quantum physics, nonlinear dynamics,
and applied mathematics research.? Grasping its solutions is essential
as it allows modeling energy transfer and improving damping processes
in several engineering applications, as well as it reveals the nonlinear
effects, energy dissipation, and system stability. The damped Kce has
some applications in signal processing, nonlinear optics, and energy
dissipation, as discussed in Refs. 3, 4.

Initially, within the domain of group analysis for differential equa-
tions (DEs), S. Lie® studied the KgE of the form d‘f;y = G(u). Further,
the Lie symmetry classification of Kce in general Riemannian space
was carried out by Ref. 6 Preeti et al. employed the group theoretical
approach to study the Klein—-Gordon Zakharov equation. They find its
Lie symmetries, reduced forms and obtained its series solutions.”

Identifying an exact solution to a nonlinear Dk is a crucial and
fundamental aspect of nonlinear science. Solving such equations often
requires advanced mathematical techniques and computational meth-
ods. Researchers apply a variety of approaches, such as analytical
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Nomenclature

Abbreviations

Des Differential equations

Kce Klein—Gordon Fock equation
ObEs Ordinary differential equations
PpEs Partial differential equations

Other Symbols

u Amplitude of wave

Bu) Unknown arbitrary smooth function
a(u) Unknown arbitrary smooth function
X Symmetry operator

D, Total derivative operator

X Second-order prolongation

A, F Constants

Ay, Ty Constants

v, 0,k Constants

Ai(p) Airy function of the first kind

Bi(u) Airy function of the second kind
Fi(a,b;c;s) Hypergeometric function

L Lagrangian

T! Conserved vector components, i = 1,2, 3

methods, numerical methods and software tools, to understand the
dynamics of various kinds of Des. Exact solutions of various nonlinear
partial differential equations (Ppes) derived via group-theoretical ap-
proaches, are documented in references such as Refs. 8, 9. Nevertheless,
Lie symmetry analysis method, renowned for its effectiveness, excels
in uncovering reductions, exact invariant solutions and equivalences to
more simple forms for both linear and nonlinear differential equations,
making it different from other methods. Unlike numerical or analytical
approaches that solve equations either directly or by approximations,
Lie symmetry method is based on algebraic structure to derive the
conserved quantities and symmetries or transformation groups of dif-
ferential equations, keeping the structure of the Des. This can lead
to lessen the complexity of the equation and find the exact solution
of differential equations or new perception on the dynamics of the
system that might not be obtained through other methods. For a better
understanding of this method, readers are directed to the renowned
works authored by Ovsiannikov,'? Ibragimov,'! Olver'? and Bluman
and Kumei.!®
The following (1 + 1)-dimensional Kce

u, = a(u) + u, 3

was studied for various forms of the function «, for instance, in Refs. 14,
15. Eq. (3), named after Oskar Klein and Walter Gordon, represents a
second-order equation in both time and space, comes under the class
of nonlinear evolution equations. It models the dynamics of scalar par-
ticles in quantum theory. Also, the nonlinear damped Kgt is significant
in applied mathematics as it acts as a test tool for the development
of the numerical, semi-analytical, and analytical methods, to study the
stability, uniqueness and existence of solutions, as well as construc-
tion of numerical methods to understand the more complex nonlinear
Ppes.'® The partial differential equation represented in Eq. (2) extends
the (1 + 1)-dimensional Kat (3) by including the term f(u)u, and a third
dimension. The presence of these terms models the self-interaction of
wave and give rise to solitons and complex wave dynamics.

The Lie symmetry approach aid in studying the nonlinear damped
Kce by finding its Lie symmetries, which then simplifies the equa-
tion by reducing its number of independent variables, leading to the
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identification of exact invariant solutions. These invariant solutions
offer complete insight into the properties and dynamics described by
the equation. More recently, Azad et al.'” proposed a complete group
classification and reductions for Eq. (3) (See Tables 1 and 2). Xiao-Yan
et al.'® studied the (2 + 1)-dimensional nonlinear Kgt by using the Lie
symmetry method and derived its reduced forms. Moreover, Khalique
et al. conducted a Lie symmetry analysis of the nonlinear Kce, leading to
the derivation of stationary solutions.'® The main purpose of this study
is to find the comprehensive Lie group classification of Eq. (2), per-
form reductions and derive conservation laws. Ferenc et al. discussed
the special dynamics of the Klein-Gordon equation in three different
frameworks.2? Moreover, using the Nikiforov—Uvarov approach, analyt-
ical solutions of Klein—-Gordon equation featuring exponential potential
were obtained by Ahmadov et al..?!

Conservation laws in the analysis of Ppoes provide essential infor-
mation, such as identification of conserved components for all the
solutions, revelation of non-local symmetries, assessment of integra-
bility and the provision of indicators to check accuracy and stability
of numerical methods. Additionally, abundance of conservation laws
signifies the integrability of the differential and difference equations,
see, for example, Refs. 22, 23.

There exist numerous approaches to derive the conservation laws
of Des, including the multiplier approach, the direct method** and
Noether’s theorem?® applicable to variational problems. However, de-
spite the efficiency of these methods in finding conservation laws,
our chosen approach is the partial Lagrangian method, initially pre-
sented by Kara and Mahomed.?® This method offers an efficient way
to discover conservation laws, even when a typical Lagrangian is ab-
sent. Unlike Noether’s theorem, this approach works for differential
equations both with Lagrangian and without a Lagrangian formula-
tion. Applying the Lie symmetry approach, Usman et al. studied the
(2 + 1)-dimensional elastic wave equation and identified its conser-
vation laws through the Noether and partial Noether approaches.?”
Zaman et al. conducted a comprehensive Lie group classification of
the non-linear damped Kt featuring power-law nonlinearity. They also
determined the optimal system, performed reductions and identified as-
sociated conservation laws.>® Imran et al. derived the soliton solutions
of third-order KaE.?’

The structure of this paper is outlined in the following manner:
Section 2 focuses on finding the comprehensive Lie symmetries of the
(2+1)-dimensional nonlinear damped KgE by systematically deriving the
specific forms of the smooth, unknown arbitrary functions f(u) and a(u).
Subsequently, Section 3 deals with the reductions of Eq. (2), covering
all the cases introduced in Section 2. Also, Section 3 features the 2D
and 3D graphs of traveling wave solutions. Finally, Section 4 presents
the conservation laws, derived using the partial Noether method.

2. Complete Lie group classification

In this section, we consider the Lie group properties for Eq. (2) and
summarize the various cases pertaining to the arbitrary functions f(u)
and a(u). For this purpose, we take one-parameter Lie group of point
transformations that keep the invariance of Eq. (2). The transformation
formula are widely recognized and can be found, e.g., in Ref. 10

=x edux, )+ 06ED, i=1,..3

@ =0+ epux,y1)+0@E),

here, 7' = ‘)d—’: 0 characterizes the symmetry operator as follows
=
7} d d
X=1t 2+ 4+ +p—. 4
ot ox oy " % ou @

If the following invariance condition

X, + pwyu, = ugy — uy, — a(u))‘ 0, ©)

Eq. (2)=0 =
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Table 1
Generalizations from existing models in the literature.
Present study Magalakwe et al.! Azad et al.'”
. u, + pwu, = a(u) + u,,
Equation Uy + pu) = uy + uy, u, = a(u) + u,
+u,, B#O0
Key extension Inclusion of a damping term i.e.,
Bu)u,
Function forms « Case 1. *pu) =c+du ca(u) = '"("uﬂ +c
B = A+, s pu)y =oc+ou" cau) =(au+b)"+c

Reductions
Solutions
Soliton solutions

Graphical representations

Conservation laws

au) = Fu+n"*, k #0, 1.

« Case 2.

Plu) = A e,

au) = F e, o #0.
Yes

Yes

Yes

All solutions are represented
through 2D and 3D graphs with
physical interpretations.

By partial Lagrangian method

ca(u) =ae +c

s a(u) =a’ +bu+c

cpu) =c+ébe"

No Yes
Yes Yes
No No
No No
By Ibragimov’s theorem No

Table 2

Comparison of reduced forms and some solutions from existing models in the literature.

Present study

Magalakwe et al.!

Traveling wave solutions

For arbitrary case

For case 1

For case 2

(1= + ) " (s) + fo'(s) — a = 0.

Solution: 5 s
a P +q -1
u e,y = -0 —-px—qy + ————
: B [
¢ eﬁ(hprm + .
(1= + ) @"(s) + fa/(s) — aw = 0.

Solution:
Uy, y,1) = ey e3 CTPmIM 4 o o Py
(1= + ) &"(s) + fwa/(s) — a = 0.
Solution: P
1 a
uz(x,y,1) = —%<f
By (Ai(u) + Bi(w)) \ Hy

(26 +¢* = D AT G0 + AT (1) ).

9, + a(®) = 0.
Solution: ,
f(C =2 [adu) >du =C, + y.
59, + 9, + ta=0.
Solution: )
weyt) = =5 07 +2) 4o log(5 (2 +) + e
I + I = a.
Solution:
ux.y.n) = 51+ ¢ %e’ﬂ’ + .
9, + FO+p)1** = 0.
Solution: !
CGxy=[[C,=2[F@ +w**du * du.

9, + Fe? = 0.
Solution:

o€y (—ank? (Vo7 G HG )
T I

u(x, 0= 1 log [+
595+ 9, + 1F e =0,
Solution:

u:ilogi

\2Fos

WECFroi+l ‘/umh2 ( LB Fo A (('Ztlog(,x))fl)

2f,, ~5f(s)" = 0.

Solution: R ,
u(x,y,1) = (ﬁ)ﬁ [‘/ c(:+1) ((c -t —cx+y) +C2] =,
2cF — §e"f® = 0.

Solution:

w= 5ln[%(lanhz(%\/a(cz+((c—1)!—cx+y)))—l)]A

is satisfied, then operator in Eq. (4) refers to a Lie point symmetry

generator of Eq. (2). Here, X [?! represents the required second-order

prolongation that aligns with the order of Eq. (2), defined as

D,

=

ox
where (x!,x2,x3) = (,x,y). The following subsequent system of de-
termining Ppes are obtained from expansion of Eq. (5), where the

herein, D; refers to the total derivative operator:

9 49y
u

coefficients of the independent partial derivatives are compared and
then set equal to zero,

X0 = x oyt Oy 9 )
ou; ou;

where

v = D, (p) — ujD[Tj,

v =D, —u; D 0j=1.2.3,

@ =0, Tul =0, 15 =0, 13 =0, )
2 2 2 2 _
T, + T, -1 - bW - 20, =0, (8)
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5, T =T = BT 20, =0, ©
Ty, + Ty = Ty + BT+ 20, + @ f, =0, (10)
i-1 =0, an
1'43 - 1',1 =0, (12)
-1 =0, 13)
7, -1, =0, a4
Tﬁ + ‘rﬁ =0, (15)
—@a, +pu) @, + (@, —21)) () + ¢, — @ — @, =0. 16)

Eq. (7) implies that

@ = f(x,y.0)u+gx, y1).

From Egs. (11) and (12), we have

1'3 - Tf =0. a7)
Further, Egs. (11)-(15) yield the following

2 2 _ 2 2 _
7, — T =0, ryy+rxx—0,
| R |

Ty = Ty =Ty

After certain manipulations, we obtain the following updated forms of
Egs. (8)—(10)

2+ fw Tt + 2 f, =0, (18)
T+ T +2f, =0, 19)
T+ BWT +2f, + (f(x,y.0u+gx,y,0)p, = 0. (20)

Moreover, Eq. (16) now become

—(futga, +Bu)(fu+g)+(f —21)) a@) + (fyy = frx — Fyu

+ (811 — 8xx — &) =0. @1
If p and a are arbitrary in u, then we deduce from Egs. (18) and (19)
f=r5.

It then follows from Egs. (13) and (14) that

o =0, Tt3=0,

=),
implying that
7 = at + a,. (22)

Using the aforementioned results in Eq. (20) provides

f=0g=0, a =0,
as well as
=0 2x)=0, < =0.

For arbitrary functions f(u) and a(u), we derive the four-dimensional
Lie algebra constituting the principal algebra of Eq. (2) and is spanned
by

2 ) )

X ==, X, ==, X, =2,

LAY 27 ox 37 0y
0 b

X,=y< - xZ, 0).

4=y X()y B #0)

Now, in order to extend the principal algebra, we have

=1, =Py, o= Py,

From Eq. (20), we find

2f@), + pwa; + (fOu+gkx0)p, = 0. (23)

Two cases arise for which the principal algebra extends.
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Table 3

Commutation relations for arbitrary functions g and a.
[X;, X;1 X, X, X; X,
X, 0 0 0 0
X, 0 0 0 -X,
X; 0 0 0 X,
X, 0 X, -X, 0

Table 4

Commutation relations for Case 1.
X, X;1 X, X, X, X, X
X, 0 0 0 0 kX,
X, 0 0 0 -X, kX,
X, 0 0 0 X, —kX,
X, 0 X, -X, 0 0
X kX, kX, kX, 0 0

Case 1: f # 0

Differentiating Eq. (23) w.r.t. x and y, and then comparing the
coefficients of u, we obtain

g = g.

Substituting this in Eq. (23) and differentiating the obtained equation
w.r.t. t, yields

2fy + (fru+sg@,) B, =0. 24
It is clear that, g, and u , are not related, this implies that

fi =0,
Integrating this w.r.t. t, we get
f = ag,

Using these values in Egs. (23) and (21) leads to the subsequent forms
of the functions f(u) and a(u), which read as follows

Bw) = A+,

Using the other equations in the determining system, results in the
subsequent infinitesimals

g =0.

g = a;.

aw) = Fu+p)**, k#0,1.

@ = (u+7y)ag, ol = —kagt + ay,

7 =—kagx + a3y + ay, 73 =-kagy — azx + as.
The algebra for these forms of functions is five-dimensional and is
spanned by the principal algebra, as well as the operator:

P P P P
Xe=—kt 2 —kx L iy L v+
5 o " Rxoy Thkyg Tutwg

Herein, a ; where j = 1,...,6. Also A, F and k represent the constants.
Case 2: f =0

For f =0, following the same steps as in Case 1, this case results in
other form of the functions, f(u) and a(u)

P) = A", au) = F e, o #0.

The principal algebra in this case expands to five-dimensions along with
the operator:

X5:—ax% - at% - Gydiy + %
Here, o, A, and F, represent constants.
The commutator tables for both the cases listed above are presented
in Tables 3 and 4, which aid in performing the reductions of Eq. (2).
The results in the table for Case 2 overlap with the table for Case 1,
except for the change in symmetry X5 and the possibility of replacing

k by o.
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2.1. Equivalence transformations

Equivalence transformations of an equation basically refer to certain
transformations that can be applied to the equation while maintain-
ing its fundamental properties and leaving its family and solutions
invariant.!! The general method for finding the equivalence transfor-
mation can be found, for example, in the book Ref. 30. Eq. (2) possesses
the following equivalence transformations

f=et+e, X=ex+b, y=ey+by, =ciu+tc, (25)

where ¢, ¢,, e, e,, b, and b, represent arbitrary constants. We
demonstrate this to be the case. Indeed

D, =D,¢D, &=,

where 3! =7 =¢!, ® =3x=¢%, =73 = ¢, and D
represents the total derivative transform on ¢'. For the above transforms
in (x, y, t)—space, we have

Dx Dx€1D?+DxCZﬁX + Dxé’3i))7»
D, =D,{'D; + D,{*D; + D, Dy,
D, = D,¢'D; + D,?D; + D, Dy,

After certain manipulations, we deduce

= 1 = 1 = 1
D; = —D,, D, = —D,, D; = —D,.
X e x y e, y 1 e, t

The implication of the above three operators on @ yields

= €l _ ! _ !
U = —u Uy = —u U; = —u
t t
ep * e Y e
_ (5] _ Cy _ c
ug = e—2um Ugg = S lUxxs Uy = e_”yy

Eq. (2), under the aforementioned equivalence transformations, trans-
forms into the following form

g + p@a; = a@ + iz + iy
subject to equivalence conditions

2
e —
a(u) = C—' a@ and B = e, f(i).
1

By using equivalence transformations one can simplify a(«) and () in
both cases.

Case 1
Here, if we set ¢, = ¢; = landc, = y, then § = Ai* and
ﬁ_ — 7:-’21+2k.

Case 2
In this case, if we take e; = 1,¢; = s and ¢, = 0, then § = A, e”
and @ = F, &2

Thus, one can take y = 0 and ¢ = 1 in the extended algebras.
3. Reductions

In the following section, we reduce Eq. (2) into the ordinary dif-
ferential equations (Opges), using two-dimensional sub-algebras and
identify invariant solutions in some cases. For the reduction process,
we use commutator tables 3 and 4. The following steps are involved in
this process:

(i) Selection of commuting generators: The commuting symmetries
share common properties allowing to simplify the system using
one symmetry at a time. Therefore, identify the commuting
generators from the commutator table.
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(ii) Starting point: From commuting generators, select one generator
which simplifies the equation directly and more easily. After
reduction of the equation with one symmetry generator apply
the other commuting symmetry generator to reduce the resulting
equation into more simpler form. For instance, from Table 3,
the generators X; and X, commute, [X;, X,] = 0, either X,
or X, can be used as a starting point to initiate the reductions
of Eq. (2). If we start reduction with X, then X, can later be
applied to reduce the resulting equation further, and vice-versa.

(iii) Using the characteristic method, write the characteristic equa-
tion of the chosen symmetry and solve to obtain the similarity
variables, which ultimately reduces the PpEs into Obes.

We also briefly outline the steps involved in reducing Eq. (2).
3.1. Reductions for arbitrary functions

Traveling wave solutions
For obtaining the traveling wave solutions of Eq. (2), we consider
the linear combination of X, X,, and X3 i.e., given by

d 0 0
Z—E+p$+qa}.

Corresponding to this symmetry generator, we obtain the following
similarity variables

u = w(s), s =1t — px — qy. (26)
Eq. (26) reduces Eq. (2) into the following Obs
(1= + ) &"(5) + p@) &' (s) — a(w) = 0. (27

Herein, p and q are constants. We now propose the following ansatz to
obtain the solutions of Eq. (27), which ultimately leads to the solutions
of Eq. (2).
Ansatz 1. If f(w) = p and a(w) = « are constant.

Eq. (27) admits the following solution for this case

2 2 _ B
a (P~ +q -1 cle(l’z“f‘iz“)s +

o(s) = — s +
B p
From here, we find the subsequent exact solution to Eq. (2), given by
2 2 B
+ -1 (- px-
u(x,y,1) = La—-px—qy+ wcle(pzwz,l)( Px=4qy) + o

B B
Graphically, this solution can be represented as follows:

The plots of solution u, in Fig. 1 represents a traveling wave that
has a linear as well as exponential behavior due to the presence of
combination of the linear and exponential components in the solution.
The amplitude of the wave grows exponentially for various time values
t. The exponential behavior is due to the dominance of the exponential
term e% (1=2x-2))and this causes the amplitude of the wave to rise non-
linearly, whereas the first term (+ — 2x — 2y) causes the amplitude of
wave to make linear shifts. It can be seen from the graphs that at time
t = 0, the amplitude of wave varies slowly and linearly across xy—plane
and with the increase in time, for instance, at time ¢ = 1, the wave starts
to grow exponentially over the region.

Ansatz 2. If f(w) = p is constant and a(w) = a .
The following solution of Eq. (27) is obtained in this case
1 1
o(s) = cjez*M + cye2*?,

where

— 2 2 2 _
=t VB —4a(p® +q D and
@ +4¢ -1
A R )

YV, =
: P+ -1
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y

(a) For time t = 0.

Partial Differential Equations in Applied Mathematics 12 (2024) 100962

y

(b) For time ¢ = 1.

—t=0
—t=1
—_—t=2
—t=3

(¢) 2D plots of u; for different time values ¢.

Fig. 1. 3D and 2D plots of u, for different time values ¢, with parameters p=g=c¢, =¢, =2 and a =p = 2.

Subsequently, we obtain

uy(x, 3, 1) = ¢ e%(t_”x_qy)vl + ¢ e%('_”x_‘mvz.
This solution can be visualized graphically as:

These plots represents the exponential decay in the amplitude of
the wave over time. As time progresses, the amplitude of wave ex-
pands over the spatial region, whereas, the second exponential term
in solution becomes more dominant over increase in time values,
showing exponential behavior in graph. So, the amplitude of wave
decays exponentially with the increase in time (see Fig. 2).

Ansatz 3. If f(w) = pw and a(w) = a is constant.

Eq. (2) admits the ensuing solution

1 ap 2 2 o N

=t (%P —A A ,
5060 ﬂcz(Ai(ll)+Bi(M))<M1 (20" +4 JATG+ I(M)))
where

22 B2
wo= V20 +q - 1) (ra)
and

1

_ ap -2 23 e 2, 2

Ol Y s Ul (af@=px—gn+c f*+q° = 1)).

Reductions under X, and X,

From Table 3, it can be seen that the generators X, and X, com-
mute, [X,;, X,] = 0. Therefore, either X, or X, can serve as a starting
point to initiate the reductions of Eq. (2). For our intent, we choose
to begin the reduction with X, = a%' The associated characteristic
equation for this generator is as follows

dx _dy _di _ du
0 0 1 0

According to standard procedure, we integrate this equation in order

to derive the similarity invariants, as follows

z=x, r=Yy, u=w(zr).

Using these similarity transformations, Eq. (2) can be reformulated in
the form

W, + o, + a(®) = 0. (28)

Utilizing X,, we further reduce the partial differential Eq. (28). To
proceed, we express X, in new variables, z and r, as defined above.
Thus, X, now becomes

d
X, =Y, = —.
2 2= 5
The characteristic equation for this generator can be described as
follows

dz dr do

1 0 0’
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¥

(a) For time ¢t = 0.
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16

y

(b) For time t = 1.

50

45

40

35

30

—t=0
—t=1
—t=2
—t=3

(c) 2D plots of ug for different time values ¢.

Fig. 2. 3D and 2D plots of u, for different time values ¢, with parameters p=g=c, =¢, = 1, a=2and g = 4.

which yields the following similarity variables

s=r, o=9390),

resulting in the subsequent ordinary differential equation

9, + a® =0, (29)

having solution

/(c1 -2 /a(S)ds)’%ds =G £

Substituting the original variables back, we obtain

/(c1 -2 /a(u)du)_%du =Gty

Next, X, and X; yield the same reduction as given in Eq. (29), with
similarity invariants

s =12z, o= 3J3(s).
Reductions under X, and X,

From Table 3, it is evident that [X,, X,] = 0. Therefore, we can
either start with X, or X,. We begin with X, and derive Eq. (28). To

reduce this equation into an Obk, we now consider X,, which in terms

of new variables, become

X4=Y4=r%—Z%,

giving rise to the following invariants

s = %(r2 +22), o= 90).

Using these similarity variables, Eq. (28) reduces to Ope
s + 95 + %a(é)) = 0.

If (9) = a, in this case, Eq. (2) yields the following solution
uy(x, p,1) = —% 0P +x) +¢ log(% 2+ ) + ¢

herein, ¢, and ¢, represent constants. Graphically, this solution can be
represented as follows:

Fig. 3 shows slow and sharp variations in the amplitude of the wave.
It can be observe that the solution accounts for the parabolic behavior
of the wave which is due to the term (x? + y?) present in the solution.
The wave amplitude reduces with increasing distance from the origin.
The slower variations are due to the logarithmic terms.
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(b) 2D plot of us.

Fig. 3. 3D and 2D plots of u, with parameters a =4 and ¢, =5 =¢,.

Reductions under X, and X3

Here from Table 3, we have [X,, X3] = 0. Hence, we can initiate
the reduction process either with X, or X;. We start with X; and obtain
the following Ppe

o, + o, = w,, + a(w), (30)
which is subjected to the similarity variables associated with X3, viz.
z = x,

r=t u=awzr).

Now, X, in new variables, defined by

9

oz’

results in the following similarity variables

X, =Y, =
s=r, o= 93().

Corresponding to these invariants, Eq. (30) now takes on the following
form

55 + B I = a(9).

For a(d9) = a(constant) and B(9) = p(constant) the above equation
admits the subsequent solution

u(x,y,t) = %t + ¢ %e’ﬂ’ + .

3.2. Reductions for Case 1

In this case, Eq. (2) now become
Uy + Aw+y)fu = u, + Uy, + F(u+y) 2. (31)
Reductions under X, and X,

From Table 4, we observe that [X;, X,] = 0. Consequently we can

begin the reduction process either with X, or X,. Let us begin with X,
and we derive the following PpE

w0, + 0, + Flo + y)'*%* =0, (32)
which is subject to the similarity variables

4

x, r=Yy u=wzr).
Now, X,, in new variables, undergoes the transformations

N

r, o= 9(s),

resulting in Eq. (32) being simplified to the following ObE
9 +F@+pT =0 (33)

The exact invariant solution associated with Eq. (2) is

-1
2

C+y= /[c1 - Z/P(y + w2 du| " du,

or alternatively,
[y + C)% ulx, y, 0]

2 (1 F<y+u)2+2") (1 L 1 ,r<y+u)2+2k>2
B r +u) (1 oy ) B s 1 st e

_ Fu+ u)2+2k
G k+1

B

where F,(a, b;c; s) represents the hypergeometric function. By setting
F =- % and 142k = n in Eq. (33), we obtain the reduced Obk outlined
in Ref. 1.

Reductions under X, and X;

For [X,, X3] = 0, we have the following invariants
s =12z w=90s),

resulting in Eq. (33).

Reductions under X, and X,
We start the reduction process with X,. The transformations asso-
ciated with this generator

z = %(x2+y2), r=t, u=awzr),
lead to the reduction of Eq. (31) to the Ppr
@, + A@+ 7 0, = 20, + 2z0,, + F(0+ 7). 349

Now, when X, is expressed in terms of new variables

d
X1=Y1=5,

it yields the following invariants
s =2z, o=3J3(Q),

yielding the reduction of Eq. (34) to the resultant Obg

s9 + 9, + %T‘(19+y)]+2k =0. (35)
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Reductions under X, and X5

We start with X, and obtain Eq. (32). Now, X5, in new variables
takes the form

Jd d

Xs =Ys = —kz— —kr—

1T oz or

Corresponding to this, the similarity transformations

+ (w+7y) i.
dw

s=£, =39z % —y,
r
yield the following reduced form

SA+5H)9,, + 2s(s? — i)sx + P9I 4

1+k
78:0. (36)

Reductions under X, and X3
We initiate with X,. Associated with this generator the similarity
transformations are

z=y, r=t u=awzr).

These transformations result in Eq. (31) being transformed into the
following PpE

w, + A+ 0, = 0, + F 0+ 37)

Now, when expressing X; in terms of new variables, it undergoes the
transformations

s=r, o=3J3(Q),
giving rise to the reduction
Iy + A+ 8, = FWO+p", (38)

having the following solution

[t + ), ulx, ,0]

u(x,y,t) 1
-

K.
\/c1 +2 /IICZ(—A(y+IC’]‘)+T’(y+IC1)1+2k)dIC1)

Reductions under X, and X5

From Table 4, it is evident that the provided generators satisfy
[X,, X5] = —kX,. This implies that reduction in this case should
commence with X,. For X,, we derive Eq. (37). Now, X5 in terms of
new variables, has the transformations

z _1
s==, w=98sz*k -y,
;

which give the following reduction

2 (1 =519, — 25(s% — %),95 +As? 9k 9, + P9Ik 4 llj—zks = 0. (39)

Reductions under X3 and X5

Based on Table 4, we find [X;, X5] = —k X3, indicates that the
reduction must begin with X;. For X5, we obtain Eq. (37), subject to
the subsequent similarity transformations
z=x, r=t u=wzr).
Now, expressing X in terms of new variables yields the same reduction
as provided in Eq. (39).

Reductions under X, and X5

We start with X, and corresponding to this generator, we obtain
the same PoE as given in Eq. (34). Now, X5, in terms of new variables,
possesses the following invariants

s==, w=9zk —y,
which consequently results in the subsequent OpE

3
Qs =18 +sBs—1+ %)195 - As2 9k 9, — P9Itk —
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3.3. Reductions for Case 2

Eq. (2) in this particular case becomes
uy, + Ay e®tu = uy + uy, + F,eza". (40)
Reductions under X, and X,

Based on Table 4, we find that [X,, X,] = 0. Consequently we can

begin the reduction process either with X, or X,. Let us start with X,
resulting in the Ppe

w,, + @, + F 27 =0, 41D
which is subject to the following transformations

z

x, r=y u=awzr).

Now, X,, in new variables possesses the invariants
s=r, o=93(),

resulting in the following Obpe

9, + F e = 0. (42)

The exact invariant solution associated with Eq. (2) for this case, is
represented as follows

\/ac1 (1 - tanh® (/62 C{ (y + cz)l))]
VE |
When we take 7, = — 2% and 20 = n in Eq. (42), it simplifies to the
reduced Obk discussed in Ref. 1.
A graphical comparison of this solution « and the solution v pre-
sented in the paper Ref. 1 is represented in Fig. 4.

ux, y,1) = % log [+

Reductions under X, and X,

For [X;, X3] = 0, we observe the following invariants
s =z,

= ),

leading to the derivation of Eq. (42).

Reductions under X, and X,

We start with X;. The transformations associated with this gen-
erator yield Eq. (41). Now, when X, is expressed in terms of new
variables

it gives the following invariants

s = %(r2 +zz), o = I(s).

This results in the reduction of Eq. (41) to the following Ope

58 + 9, + %rl 299 = 0. (43)

The exact invariant solution to Eq. (2) is in Box I

Reductions under X, and X5
We take X, and derive Eq. (41). Now, X5, in terms of new variables
assumes the form

d d Jd
Xs=Ys=-0z— —or—+ —.
ST T T T e
Corresponding to this, we introduce similarity transformations
s==, o -1 Inz + Ind.
(2

These transformations lead to the following reduced version of Eq. (41)

P+ 9 — 9H+2579,9 + A4 F, 9299 = 0. (44)
o
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Fig. 4. 2D comparison plots of u = %log( 2(1 — tanh?(1/4(y + 1)?))) from present study and v = %ln(tanhz(%(l +2t=3x+y)—1)) from Ref. 1.

N 1\/tanh2 (% 8C 7100 + 1(Cy = log3(x2 +)2)) - 1)

u(x, y,1) = é log [+

V2Fio 163 +32)

|

Box I.

Reductions under X, and X3
We commence with X,. For this generator, we introduce the follow-
ing similarity variables

z=y, r=t u=awzr).

These transformations reduce Eq. (40) into the following PpE

0, + A0, = w,, + F °°. (45)
Now, X3, in terms of new variables, yields the invariants

s=r, o=93(%),

which lead to the following reduction of Eq. (45)

9, + A e”?9, = F 00 (46)

Corresponding to this equation the solution of Eq. (2) reads
1 o 2

u(x,y,t) = = In[-— (C; + 46~ In|x| =6 x)],
c Fy

where § = -F; /A, and

t:—é/K_l (C; + 8% In|k| —8x) 'dx +C,.
o

Reductions under X, and X5

By Table 4, we have [X,, X5] = —k X,. Thus, we begin with X,.
For X,, we obtain Eq. (45). Now, X5 in terms of new variables, has the
similarity variables

s = E, [0} =—l Inz + Ind.
r o

These invariants lead to the following reduction of Eq. (45)

2P (9, 9= 9D)+ 257 9,9 — 57 A, 9! 19S+(l —F, 929)9% = 0. (47)
o

10

Reductions under X5 and X5

From Table 4, we find that [X;, X5] = —kX;. This implies
reduction to initiate with X;. For X3, we obtain Eq. (45), subject to
the subsequent transformations

z=x, r=1t u=aw(zr).

Now, expressing X5 in terms of new variables, yields the same reduc-
tion as presented in Eq. (47).

Reductions under X, and X5
We start with X,, and we obtain the following PpE

0, + A0, = 2w, + 22w, + F 2°°,
subject to the invariants

1
z = i(x2+y2), r=1t u=uwzr).

Now, Xs, in terms of new variables, possesses the following similarity
transformations

z
=,
r2

® = - Inz + Ind.
20

From these transformations, we obtain the following ObE

1

3
225 = D@59 =99 +5Bs— 19,9 — Ays2 97 9, - 5Fi 9+ = .

3.4. Examples of soliton solutions

This section deals with several examples of soliton solutions for
Eq. (2)'3]733

Example 1. If f(u) = c; and a(u) = ¢ u — ¢, u°.
Eq. (2) admits the following soliton solution for f(u) = c¢; and

a(u) =cyu—cyul.

Vs

us(x,y,t) = %(1 +tanh(%t— 7x—y+C)).
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Fig. 5. 3D and 2D plots of us for different time values 7, with parameter C = 2.

Herein, we consider ¢, = ¢, = 1 = ¢;. This solution is represented
graphically as:

Fig. 5 shows a traveling wave that constantly changes diagonally
over time depending on tanh function. Its amplitude is modulated by
the factor % and experiences constant phase shifts by C. The shifts in

V5

amplitude occur near the line % t — = x — y+2. The graphs shows that
as time changes the wave shifts diagonally, maintaining its shape and
amplitude, which is the nature of solitons.

Example 2. If f(u) = ¢; and a(u) = ¢, u® + ¢, u.

The soliton solution to Eq. (2) for f(u) = ¢; and a(u) = ¢, u® +c; u is
given as
NG

- x=y=0).

ug(x, y,t) = L(1 + tanh(% t—

5

herein, ¢; = 2, ¢, -1, and ¢ 1. This solution can be shown
graphically as follows:

Fig. 6 illustrates a traveling wave that continuously evolves over
time according to the tanh function. The amplitude of the wave is
being scaled and modulated by the factors Lz and %, respectively.
Moreover, the amplitude of the wave experiences constant phase shifts
by C, suggesting that the traveling wave propagates across xy—plane

maintaining its shape.

11

Example 3. If f(u) = u and a(u) = ¢; u — ¢, u?.

Eq. (2) has the subsequent soliton solution for f(u) = u and a(u) =

e u—cyul.

up(x, y,1) = —%(1+tanh(t—%x—y—C)).

Herein, we assume ¢; = —1 and ¢, = 1. The graphs of this solution at
different times 7 can be seen as:

Fig. 7 depicts a traveling wave evolving over different time values.
The amplitude of the wave is being scaled by the factor (—%), and it
make smooth transitions across the region due to hyperbolic tangent
function. Moreover, it experiences constant phase shifts by C.

Example 4. If f(u) = u and a(u) = ¢; u+ ¢y u.
For f(u) = u and a(u) = c¢;u + ¢, u?, Eq. (2) yields the following
solution

1 3
ug(x,y,1) = — tanh(—1—- x— y— C),

Va4
herein, ¢; = i and ¢, = —1. Graphically, this solution is represented
as:

Fig. 8 shows a traveling wave that changes over different time
values, characterized by a tanh function. Its amplitude is being scaled
by the factor and it underwent phase shifts by C.

L

vi
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Fig. 6. 3D and 2D plots of u, for different time values 7, with parameter C = 2.

Example 5. If f(u) = u and a(u) = ¢, u+c,u> — c5u°.

For f(u) = u and a(u) = ¢, u + ¢, 4> — c; u>, we obtain

Uy(x,y.1) = —= (1 = tanh(v21 = x— y— O)V3),

V2
herein, ¢, = % and ¢; = 1 = ¢;. This solution can be visualized as
follows:

Fig. 9 depicts a stable traveling wave that evolves diagonally over
different time values with sharp change in amplitude. The amplitude
of the wave is being scaled by the factor Lz and it underwent diagonal
phase shifts by C. This amplitude remains almost constant on either
side of the wavefront, revealing the soliton behavior.

4. Conservation laws by partial Lagrangian approach

Conservation laws, play a major role in Lie symmetry analysis as
well as other approaches. These are expressed as divergences, signify
the conservation of specific physical quantities owing to the inherited
symmetries of a system defined by Des. The identification of these con-
servation laws is, among other things, beneficial for the linearization
of Ppes, double reduction, and determination of non-local symmetries
in differential equations.

The following section discusses the conservation laws associated
with the (2 + 1)- dimensional non-linear damped Kce through the

12

partial Lagrangian approach, which is employed even in cases where
the conventional Lagrangian for a system is not straightforward or
non-existent, unlike Noether’s theorem, which requires the existence
of Lagrangian of a system. This scenario arises, for instance, in scalar
evolution equations and even in the case of the simple classical heat
equation. To explore conservation laws of Eq. (2), we opt for the partial
Noether’s method, as the existence of the damping term f(u) u, prevents
the standard Lagrangian from being formulated for this equation, that
means £ # 0.

Su
The partial Lagrangian of Eq. (2) is as follows

£=%utz_%u§—%u§+/a(u)du, (48)
where
oL

ou
Associated with the partial Lagrangian (48), the operator defined
in Eq. (4) is termed as partial Noether operator of Eq. (2) if the
following criterion

= a(u) + uyy + uy, —u; = pu,.

xWe+ @ +D, 2+ D, L =W oL\ p,B' +D B +D, B,

(49)

holds, where

- 1 2 3
W=¢-1tu—1tu —1tu,
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Fig. 7. 3D and 2D plots of u, for different time values 7, with parameter C = 2.

B!, B?> & B3 denote gauge terms that depend on (¢, x, y, u). A subse-
quent set of equations is derived from Eq. (49)

h=0,72=0 17 =0, (50)
B2+ @, =0, (51)
@ — opu) — B =0, (52)
B+, =0, (53)
2@, + ‘rf - ‘rtl - 3 =0, (54)
2@, -2 -1+ 73 =0, (55)
29, + 27 ) + 72 - 7 + 73 =0, (56)
r)lc - th + 72 pw) = 0, (57)
T, -1 4T W =0, (58)
o+ =0, (59)

1 2 3 1 2 3
pa) + (r, + 7, + 1) /a(u)du =B, + B, + B, (60)

From Egs. (54) and (55), we have

1}3) - 13 = 0. (61)

13

Consequently, we obtain

P == 37U+ Mtxy) (62)
Using Egs. (61) and (62) in Eq. (56) yields
22—+ pt =0 (63)

Next, we examine the subsequent cases for arbitrary smooth functions
Pu) and a(u):

Case 1: B(u) is an arbitrary function of u
If p(u) is an arbitrary function of u, i.e. f(u) # Constant, then from
Egs. (57), (58) and (63), we determine

Tl=0, 12=0, 2 =0.

From here, we obtain

@ = M(.x.y). 64
Now, Egs. (51)-(53) give rise to the following

B'= Mu-M /ﬂ(u)du + H' (1, x, ), (65)
B = — M, u + HA(t,x,9), (66)
B = - M,u+ H3(t,x,). 67)
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Fig. 8. 3D and 2D plots of ug for different time values 7, with parameter C = 2.

Using these equations in Eq. (60), results in
Ma@) = (M — M, — M, )u—-M, / Bw) du+ M/ + H; +H,. (68)
Subcase 1.1
If f(u), a(u) and u are not related, then from Eq. (68)
M =0,
and additionally
M + H; + M = 0.

Therefore, no operator is obtained in this case.

Subcase 1.2
If f(u) is an arbitrary function of u and a(u) = 0, Eq. (68) then yields
M, =0, (69)
My + M, =0, (70)
M + H; + H) = 0. 71D

After solving Egs. (69) and (70), we obtain

M =a; + ayx + a3y + agxy + as (x> = ).

14

To find the conserved vector components, we utilize the following
identity
T' =B -+cL- (72)

where i = (1, 2, 3) = (1, x, y). The conserved vectors for this case are

T'=—(ay +ax + ayy + ayxy + a5 = ) (4 + /ﬂ(u)du),
T* = —(ay + a4y +2asx)u
+ (al +ayx + a3y +a,xy+ a5(x2 - yz))ux,
TV = —(a3 + ayx — 2as5y)u
+(a) + a;yx + a3y + agxy + as (< — y))u,,.
Here, a, represents constants and p = (I,...,5). Consequently for

constants a,, there exist five independent conserved quantities.

Subcase 1.3
If a(u) = a; + ay u, and (u) is not linear in u, it consequently follows
from Eq. (68) that

M, =0, (73)
HM+ My + M, =0, 74)
M+ H, + H) = ay M. (75)
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Fig. 9. 3D and 2D plots of u, for different time values 7, with parameter C = 2.

The application of the method of separation of variables to solve

Eq. (74) gives rise to three subcases:

Subcase 1.3.1: 22 + a, > 0
In this subcase

M = a;cos(px) cos(py) + a,cos(px) sin(py) + a;sin(p x) cos(p y)
+ ay sin(p x) sin(p y),

and the conserved vectors are given as

T' = —(ajcos(px) cos(py) + a;cos(px) sin(py) +

as sin(p x) cos(p y) + a4 sin(p x) sin(p y)) (u, + / P(u) du),

T = (cos(px) + sin(px))((al cos(py) + a, sin(p y)) (pu + uy) +

(a3 cos(py) + ay sin(py)) (u, — pu)),

TY = (cos(p y) + sin(p y))((al cos(px) + as sin(p x)) (uy, + pu) +
(02 cos(px) + ay sin(p x)) (u, — pu)),

herein, p = y/A2 + a, and 1 is a separation constant.

15

Subcase 1.3.2: 22 + a, = 0

Here, the following components of the conserved vectors are derived
T'=—(ajxy+ ayx + a3y + ay) @, + /ﬂ(u)du),
TX
TY

—(a1y + ay)u + (alxy+ ayx +azy+ a4)ux,

—(a;x + az)u + (alxy+ ayx +ayy + a4)uy.

Subcase 1.3.3: 22 + a, < 0
The following conserved vectors are derived for this particular
subcase

T' = _(“1 P Xty 4 a, P =Y 4 a3 P =% 4 a, e—ﬂ(x+y)) (4,

+ /ﬂ(u)du) + M,

T = —(‘11 Pty ay eP =y _ ay P =x) _ ay e—p(X+y))pu+

(“1 e (xty) ay P =) 4 ay e? =) 4 ay e_”(x*'y))ux +H2,

TY = _(‘11 P (xty) _ azep(X—y) + a; P =% _ a4e_”(x+y))pu+

(al P (Y ay ey 4 as P =X ay e—p(X+y)) u, +H3.

Here, p = /22 + a,, with 4 serving as a separation constant.
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Subcase 1.4
If a(u) = k [ p(u) du, then from Eq. (68) we find
KM+ M, =0, (76)
My = My = M, =0, 77)
M + H + M) = 0. (78)

From Eq. (76), we obtain
M = C(x, y)e .

Using Eq. (76) in Eq. (77) and solving the resulting equation through
the method of separation of variables gives rise to three subcases:

Subcase 1.4.1: k> — 4> > 0
The following conserved vectors are derived for this particular
subcase

T! = —e~kt (al 0ty ay 0=y 4 a =) 4 ay e—o(JH—y))
x (ku + u, + /ﬂ(u)du) + H!,

T* = ™" ((al ) 4 gy I (u, — pu)
+ (23207 + gy e u, + pu))+7‘l2,

TY = ekt ((01 O 1 gy 0 () — pu)

+ (aze"(x_y) + a4e_"(x+”) (uy, + pu))+H3.

Subcase 1.4.2: k> — 2> = 0
In this subcase, the components of the conserved vectors are

T! = —e_k’(alxy+ a)x + a3y+a4)(ku+u, + /ﬁ(u)du),
T = e‘k’<—(aly+ a))u + (alxy +ayx + a3y + a4)ux>,
TY = e””(—(a]x +tau+ (ajxy+ayx +a3y+ a4)uy>.

Subcase 1.4.3: k> — A2 < 0

T! = —e ¥t (@) cos(px) cos(oy) + a,cos(ox) sin(oy) +

ay sin(o x) cos(oy) + ay sin(o x) sin(o y)) (ku + u, + /ﬂ(u) du),

T = ¢kt (cos(ox) + sin(o x))((al cos(ey) + a, sin(gy)) (u, + ou) +
(a5 cos(oy) + a sin(oy) (@, = ow)),
TY = ekt (cos(oy) + sin(oy))((al cos(ox) + a3 sin(gx)) (u, + ou) +

(a2 cos(ox) + a4 sin(ox)) (uy, — ou)),
wherein, ¢ = Vk% — 42 and 4 is a separation constant.
Case 2: f(u) = Constant = q

In this case, Egs. (51)—(53) yield

1
B = s th — i + M, — gM)u + H'(@t,x,y), (79)
B = ‘1—‘ tlx ut - M u + H2(1, %, y), (80)
B = ‘1_‘ L@ — Myu+ 13, x. ). 1)

By using Egs. (62) and (79)—(81) in Eq. (60) and taking derivatives of
the obtained equation thrice w.r.t. u, yields

1 1
(—5 7,1 u+ Mya,, + (—zz',l + ‘rf + ri)auu = 0. (82)

Here, two subcases arise:
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Subcase 2.1: a,, = 0
In this subcase, a(u) takes the form
a(u) = au + b.

Consequently, we derive an infinite number of conserved vector com-
ponents, which are as follows

T' = M, — qgMu + %(a3y + asx + aG)e’”(u[2 + u)z( + uf}
—auw? —2bu—-2c + quu,) —

Mu, + e u, ((—aly +ast + ay)u, + (ayx + azt + a2)uy)
+H!,

T = z—llasqe‘“u2 - Myu+ Mu, + %(—aly+ast+a4)e"’(—ut2
—ui+u§—au2—2bu—26)—

at (lquu + uwu)(azy + asx + ag)

€ 2 x 1Ux) a3 5 6

—(a;x + a3zt + az)uxuy) + H?,

%a3qe‘”u2 _ Myu + Muy + %(alx + a3t + ay)
><e‘”(—u,2 + u)z( - ui —au® —2bu—-2¢) —

ed! ((%quuy + uuy)(azy + asx + ag)

—(—a;y + ast + a4)uxuy) + M3,

subject to

aM+%qeq'(a3y+a5x+a6)b=M,t—qM,—Myy. (83)

The following ansatz can be applied to Eq. (83):
1. If M = M(x), then

M(x) = —zl—a bge' (azy + asx + ag).
2. If M = M(y), then we have
M(y) = a;sin(y/ay) + ag cos(y/ay)

1
——bgel (azy + asx + ag).
2a q (azy 5 6)

3. If M = M(), then we obtain
M(l) — a7e%(q+\/4a+q2)t + ag e%(q+\/4a—q2)t

1
——bgel (a3 y + asx + ay).
2a q (a3 y 5 6)

Subcase 2.2: a,, # 0
From Eq. (82), we arrive at

(—lrlu + M)a“ﬂ + (—lrr1 +2 4 rﬁ) =0.

2" 2 &4

uu

Differentiating Eq. (84) w.r.t. u, we obtain the following equation

N (100 WA VY G Wy

t u
2 Ay Ay

[

(85)

From here, we consider different subcases:

Subcase 2.2.1: GZ‘J) =0
Following thisuusulgcase, we consider
Su g,

Ay

Substituting back into Eq. (85), we determine
|
—E TT d = O

This equation gives rise to new subcases:
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Subcase 2.2.1.1: d # 0
For this subcase

= (x, ),
and a(u) take the following form
a(u) = dye? + dyu + dy.

The conserved vectors obtained are as follows

T' =" ((—ayy + a)u, + (a1 x + a))u,)u, + H!,
1 d
T = ieqt((_aly+ a3)(—u,2 - u)z( + ui —27edu — dyi® —2dyu)
- 2(a x + az)uyux) + H?,
d
TY = %eqf((alx + az)(—u,2 + u)z( - uf, —272611“ _ d3u2 —2d,u)

- 2(-a;y + a3)uyux) + H3.

Subcase 2.2.1.2: d = 0
In this subcase, a(u) takes the following form

a(u) = %aluz + au+ a;.

Furthermore, the conserved vectors found are

T' = e ((—ayy + ap)u, + (a;x + ayuy)u, + H',
T = %eqf((—aly + 113)(—14,2 - ui + ui - %“1 w - azuz —2azu)
- 2(a; x + az)uyux) + H2,
TV = %eqt((alx + az)(—u,2 + ui - ui - %al @ — i —2au)
- 2(-=a;y + aa)"y"x) + H3.
Subcase 2.2.2: ( Zuww ) £ (
In this subcaséj we have from Eq. (85)
Xy
1 1 (ua)u
—51—+M:0. (86)

! ( o )
L

Now, we assume

a
= (%)u-
uu

Q,

()
Eq. (86) yields the following expression

Lo

2 t
After some manipulations, we deduce the result

a + M =0.

Q

uuu ]

= —2 (87)

a,, u— o

Now, we need to consider various cases from here.

Subcase 2.2.2.1: a; # 0
In this subcase, the following form is obtained for the function a(u)

— L _ a +2
a(u) = @+ D@ +2) u—ay) + agu + as.
Case A: ay +1#0

For this case, the following conserved vectors are obtained

T' = e ((—ayy + a3)u, + (ax + a))u,)u, + H!,
1
T = 5 e ((—ay y + a3)(—uf - ui + ui
-2 /a(u)du) —2(a; x + az)uyux) + H?,
1
TV — 3 ed! ((al x + az)(—ut2 + u)z( - ui -2 /a(u)du)

- 2(=a;y + a3)uyux) + 3.
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Case B: ay +1=0
We obtain the following conserved components

1

T' = M, — qgMu + §(a3y + asx + aé)e‘”(ur2 + u)z( + ui
—Z/a(u)du+quu,)—
Mu,+e"’u,((—a1y+a5l+a4)ux +(a1x+a3t+a2)uy)
+H!,
z—llasqe"’u2 - M,u+ Mu, + %(—aly + ast + ay)
><e‘”(—u[2 - ui + ui —Z/a(u)du) -

1
e"’((zquu)c + u,uy)(azy + asx + ag)
—(a;x + a3t + az)uxuy) + H2,
la gt v — Myu + Mu +l(a X+ azt + ay)
473 y y T 5\ 3 2
X eq'(—u,2 + ui — ui —Z/a(u)du) —
ar (L
e ((Equuy+u,uy)(a3y+a5x+a6)
—(—a;y + ast + ay)uy uy) + 13,
where

1
M = qu"'al(a3y+ asx + ag).

Subcase 2.2.2.2: a; = 0
In this subcase, we obtain the form for the function a(u)

*3 a +2
I .
a(u) A Y7 u + au+ as
Case C: a, +1 #0

This case leads to the following conserved components

T' = e ((—ayy + a3)u, + (a x + a))u,)u, + H!,

L gt 2 2, 2
T = Eeq ((—a1y+a3)(—u, —u o
a3

3 a +3 +
@ + D + D@ +3)

-2(

%a4u2 + asu)) —-2(a;x + a2)uyux> + H?,

1
= Eeqt((a1x+a2)(—ut2+ui —ui
3

a +3 +
(ay + D)(ay + 2)(ap + 3)

—2(

%a4 u? + as u)) —2(-a;y + a3)uyux) + H3.

CaseD: ay +1 =0
We derive the following conserved vectors for this subcase

1
T' = 5(a3y+ asx + a(,)eq'(u,2 + ui +u§ —Z/a(u)a'u + quu,) +

eu ((—ayy + ast + apu, + (a;x + a3t + a)u,) + H',

T = z—llasqe‘“u2 + %(—aly + ast + ay)el’
X (—u,2 - u}zc + ui —Z/a(u)du) -

qt 1

e ((5 quu, + u,u)(azy + asx + ag)

—(a;x + a3t + ay)u u,) + H?,

1 1
TY = Za3qe‘”u2 + E(alx + azt + ay) e’
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X (—u,2 + u)z( - ui —Z/a(u)du) -

1
ed! ((5 quuy, + uwuy)(a3y + asx + ag)

—(=a;y + ast + a4)uxuy) + M.
5. Conclusion

The Lie symmetry approach was used to examine the (2 + 1)-
dimensional nonlinear damped Kce. A comprehensive Lie group clas-
sification was conducted for the arbitrary functions, namely, f(u) and
a(u) appearing in Eq. (2). This classification resulted in the derivation
of an extended Lie algebra for each distinct case that arose during
our analysis. Following this, we utilized the similarity transformations
method to systematically reduce the (2 + 1)-dimensional nonlinear
damped Kak to ordinary differential equations, considering each case
individually. Several invariant solutions of the equation were identi-
fied. Additionally, the conservation laws were derived by employing
the partial Lagrangian approach. Throughout our analysis, we have
considered all possible cases to determine conserved vectors associated
with the equation.

Concisely, the application of Lie symmetry approach on the non-
linear damped Kgce resulted in the derivation of its Lie symmetries,
specific forms of smooth, arbitrary functions #(u) and a(u) involved in
the equation, reduction to (1+1)-dimensional Kt and then subsequently
to Obes, and identification of its solutions e.g., soliton and traveling
wave solutions.

Regarding future work, further exploration will involve finding the
solution of the set of reduced Obes to further understand the behavior
of the invariant solutions. This approach, known for its conciseness and
efficacy, can similarly be employed to address other nonlinear Poes . We
studied the conservation laws from the mathematical aspect, they not
only help in understanding the structure of the differential equations
but also advances in simplifying the process of solving nonlinear partial
differential equations, as they lead to the double reduction theory.>*
In future, the discovered conservation laws of the nonlinear KGe can
be used to find the solutions and reductions of more complex systems.
The discovered conservation laws offer valuable tools for studying the
dynamics and stability of physical systems, making this work relevant
to a range of scientific endeavours that can be performed.
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Appendix
A.1. Reduction under X, and X,

In this appendix, we outline the detailed steps require to reduce
Eq. (2) into an Obg, for the arbitrary functions f(u) and a(u). It can be
seen from Table 3 that the generators X, and X, commute, [X|, X,] =
0. Therefore, as explained earlier, either X; or X, can be used as a
starting point to begin the reductions of Eq. (2).

We choose to initiate with X| = %, for which the corresponding
characteristic equation is expressed as follows
dx _dy _di_ du

0o -0 1" o
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According to standard procedure, we integrate this equation to obtain
the respective similarity variables, as follows

z=x, r=y u=w(zr).
Differentiating these similarity variables twice w.r.r. x, we obtain

u, =

x w

z uXX = a)ZZ'

Similarly, differentiating these similarity variables twice w.r.r. y and ¢,
we get

u, = o,
0= u,.

u =

yy = @

rr>

u, =
Using these derivatives, Eq. (2) can be reformulated in the form

®,, + @, + a(w) = 0. (88)

Since, we begin with X ;. Now, we apply the other commuting genera-
tor, that is X,, to further reduce the PpE (88). To proceed, we express
X, in new variables, z and r, as defined above. Thus, X, now becomes
X, =Y, = %.

The characteristic equation for this generator can be expressed as
follows

dz _ dr _ do

T 0 0

which yields the following similarity variables

@ = I(s),

s =r,
differentiating these similarity variables twice w.r.t. r and z, we get
w, = ’9s’ Oy = '9559

w, =0=0w,.

Substitution of these derivatives in Eq. (88) results in the subsequent
ObpE

9, + a(®) = 0.
A.2. Reduction under X, and X,

Herein, we explain the steps require to reduce Eq. (31) into an Obk.
From Table 4, it can be seen that the generators X; and X, commute,
[X,, X4] = 0. Thus, either X, or X, can serve as a initiating point to
start the reductions of Eq. (31).

We begin with
9 _ 9
ox dy’

The associated similarity transformations are as follows

X4=y
z= %(x2+y2), r=1 u=o@rn,
where the characteristic equation for this symmetry is

dx _dy _ di_ du
Ly

y -x 0
differentiating these similarity variables twice w.r.t. t, x, and y, we get

U = 0, Uy = Wpps
_ _ 2

U, = Xy, Uy, = @, + X" @,
— — 2

u, = yaw,, Uy, = o, +y .

By putting these derivatives into Eq. (31), we get the following reduced
PpE

0, + A+ 0, =20, + 22w, + F(o+7)+*. (89)

Now, when X, is expressed in terms of new variables

7}

X1=YI=E,
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it yields the following invariants
s =2z, =930),

where the associated characteristic equation is

dz _dr _ do
0 1 0’

differentiating these similarity variables twice w.r.t. z and r, we obtain
o, =9, o = Y,

,

r 0 = mrr‘
This transforms Eq. (89) to the following Obpe

SO, + 9, + %r(sw)“ﬂf -0 (90)
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