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A B S T R A C T

In this article, the (2 + 1)-dimensional nonlinear damped Klein–Gordon Fock equation is studied using the
classical Lie symmetry method. A complete Lie group classification is conducted to derive the specific forms
of the arbitrary smooth functions included in the equation, resulting in two distinct cases. Using the similarity
transformation method, the reductions of the considered equation in the form of ordinary differential equations
are obtained. Several invariant solutions including the traveling wave solutions and soliton solutions of
the (2 + 1)-dimensional nonlinear damped Klein–Gordon Fock equation are uncovered. Also, the results are
represented through 2D and 3D graphs with their physical interpretations. Notably, using the partial Lagrangian
method, the conservation laws are derived, which also yield two separate cases with several subcases. These
results offer better insights into the solution properties of nonlinear damped Klein–Gordon Fock equation and
other complex nonlinear wave equations.
1. Introduction

Nonlinear partial differential equations are significant in the areas
of engineering, nonlinear science, and mathematics, providing key
components for a variety of real-life phenomena. In this context, the
nonlinear damped Klein–Gordon Fock equation (Kge) is pivotal for com-
prehending energy dissipation phenomena and complex wave behavior.

In the literature, the following (2 + 1)-dimensional Kge:

𝑢𝑡𝑡 + 𝑝(𝑢) = 𝑢𝑥𝑥 + 𝑢𝑦𝑦 (1)

was studied by Magalakwe et al. via the Lie symmetry method and they
obtained its conservation laws using Ibragimov’s theorem.1

The present study deals with the (2 + 1)-dimensional nonlinear
damped Kge, which reads as follows

𝑢𝑡𝑡 + 𝛽(𝑢) 𝑢𝑡 = 𝛼(𝑢) + 𝑢𝑥𝑥 + 𝑢𝑦𝑦, 𝛽(𝑢) ≠ 0, (2)

here, 𝑢(𝑥, 𝑡, 𝑦) represents the amplitude of the wave, while both 𝛽(𝑢)
and 𝛼(𝑢) are smooth, arbitrary functions. The addition of the damping
term, denoted by 𝛽(𝑢) 𝑢𝑡, in Eq. (2) models phenomena like, soliton
formations, self interactions of the wave and significantly imparts
more complexity and nonlinear dynamics absent in Eq. (1). Moreover,
the inclusion of this damping term changes the overall analysis and

∗ Corresponding author at: IT4Innovations, VSB-Technical University of Ostrava, Ostrava-Poruba, Czech Republic.
E-mail address: adil.jhangeer@gmail.com (A. Jhangeer).

solutions found in Ref. 1. The nonlinearity of the equation is due
to the inclusion of the damping term 𝛽(𝑢) 𝑢𝑡 and 𝛼(𝑢), allows for the
study of the nonlinear dynamics described by the physical system.
Eq. (2) has numerous applications in the scientific areas, such as wave
propagation, energy dissipation, quantum physics, nonlinear dynamics,
and applied mathematics research.2 Grasping its solutions is essential
as it allows modeling energy transfer and improving damping processes
in several engineering applications, as well as it reveals the nonlinear
effects, energy dissipation, and system stability. The damped Kge has
some applications in signal processing, nonlinear optics, and energy
dissipation, as discussed in Refs. 3, 4.

Initially, within the domain of group analysis for differential equa-
tions (Des), S. Lie5 studied the Kge of the form 𝑑2𝑢

𝑑𝑥𝑑𝑦 = 𝐺(𝑢). Further,
the Lie symmetry classification of Kge in general Riemannian space
was carried out by Ref. 6 Preeti et al. employed the group theoretical
approach to study the Klein–Gordon Zakharov equation. They find its
Lie symmetries, reduced forms and obtained its series solutions.7

Identifying an exact solution to a nonlinear De is a crucial and
fundamental aspect of nonlinear science. Solving such equations often
requires advanced mathematical techniques and computational meth-
ods. Researchers apply a variety of approaches, such as analytical
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Nomenclature

Abbreviations

Des Differential equations
Kge Klein–Gordon Fock equation
Ode𝑠 Ordinary differential equations
Pde𝑠 Partial differential equations

Other Symbols

𝑢 Amplitude of wave
𝛽(𝑢) Unknown arbitrary smooth function
𝛼(𝑢) Unknown arbitrary smooth function
𝑋 Symmetry operator
𝑖 Total derivative operator
𝑋 [2] Second-order prolongation
,  Constants
1, 1 Constants
𝛾, 𝜎, 𝑘 Constants
𝐴𝑖(𝜇) Airy function of the first kind
𝐵𝑖(𝜇) Airy function of the second kind
𝐹1(𝑎, 𝑏; 𝑐; 𝑠) Hypergeometric function
 Lagrangian
𝑇 𝑖 Conserved vector components, 𝑖 = 1, 2, 3

methods, numerical methods and software tools, to understand the
dynamics of various kinds of Des. Exact solutions of various nonlinear
partial differential equations (Pdes) derived via group-theoretical ap-
proaches, are documented in references such as Refs. 8, 9. Nevertheless,
Lie symmetry analysis method, renowned for its effectiveness, excels
in uncovering reductions, exact invariant solutions and equivalences to
more simple forms for both linear and nonlinear differential equations,
making it different from other methods. Unlike numerical or analytical
approaches that solve equations either directly or by approximations,
Lie symmetry method is based on algebraic structure to derive the
conserved quantities and symmetries or transformation groups of dif-
ferential equations, keeping the structure of the Des. This can lead
to lessen the complexity of the equation and find the exact solution
of differential equations or new perception on the dynamics of the
system that might not be obtained through other methods. For a better
understanding of this method, readers are directed to the renowned
works authored by Ovsiannikov,10 Ibragimov,11 Olver12 and Bluman
nd Kumei.13

The following (1 + 1)-dimensional Kge

𝑡𝑡 = 𝛼(𝑢) + 𝑢𝑥𝑥 (3)

as studied for various forms of the function 𝛼, for instance, in Refs. 14,
5. Eq. (3), named after Oskar Klein and Walter Gordon, represents a
econd-order equation in both time and space, comes under the class
f nonlinear evolution equations. It models the dynamics of scalar par-
icles in quantum theory. Also, the nonlinear damped Kge is significant
n applied mathematics as it acts as a test tool for the development
f the numerical, semi-analytical, and analytical methods, to study the
tability, uniqueness and existence of solutions, as well as construc-
ion of numerical methods to understand the more complex nonlinear
des.16 The partial differential equation represented in Eq. (2) extends
he (1+1)-dimensional Kge (3) by including the term 𝛽(𝑢) 𝑢𝑡 and a third
imension. The presence of these terms models the self-interaction of
ave and give rise to solitons and complex wave dynamics.

The Lie symmetry approach aid in studying the nonlinear damped
ge by finding its Lie symmetries, which then simplifies the equa-
ion by reducing its number of independent variables, leading to the

2 
dentification of exact invariant solutions. These invariant solutions
ffer complete insight into the properties and dynamics described by
he equation. More recently, Azad et al.17 proposed a complete group
lassification and reductions for Eq. (3) (See Tables 1 and 2). Xiao-Yan
t al.18 studied the (2 + 1)-dimensional nonlinear Kge by using the Lie
ymmetry method and derived its reduced forms. Moreover, Khalique
t al. conducted a Lie symmetry analysis of the nonlinear Kge, leading to
he derivation of stationary solutions.19 The main purpose of this study
s to find the comprehensive Lie group classification of Eq. (2), per-
orm reductions and derive conservation laws. Ferenc et al. discussed
he special dynamics of the Klein–Gordon equation in three different
rameworks.20 Moreover, using the Nikiforov–Uvarov approach, analyt-
cal solutions of Klein–Gordon equation featuring exponential potential
ere obtained by Ahmadov et al..21

Conservation laws in the analysis of Pdes provide essential infor-
ation, such as identification of conserved components for all the

olutions, revelation of non-local symmetries, assessment of integra-
ility and the provision of indicators to check accuracy and stability
f numerical methods. Additionally, abundance of conservation laws
ignifies the integrability of the differential and difference equations,
ee, for example, Refs. 22, 23.

There exist numerous approaches to derive the conservation laws
f Des, including the multiplier approach, the direct method24 and

Noether’s theorem25 applicable to variational problems. However, de-
spite the efficiency of these methods in finding conservation laws,
our chosen approach is the partial Lagrangian method, initially pre-
sented by Kara and Mahomed.26 This method offers an efficient way
to discover conservation laws, even when a typical Lagrangian is ab-
sent. Unlike Noether’s theorem, this approach works for differential
equations both with Lagrangian and without a Lagrangian formula-
tion. Applying the Lie symmetry approach, Usman et al. studied the
(2 + 1)-dimensional elastic wave equation and identified its conser-
vation laws through the Noether and partial Noether approaches.27

Zaman et al. conducted a comprehensive Lie group classification of
the non-linear damped Kge featuring power-law nonlinearity. They also
determined the optimal system, performed reductions and identified as-
sociated conservation laws.28 Imran et al. derived the soliton solutions
of third-order Kge.29

The structure of this paper is outlined in the following manner:
Section 2 focuses on finding the comprehensive Lie symmetries of the
(2+1)-dimensional nonlinear damped Kge by systematically deriving the
specific forms of the smooth, unknown arbitrary functions 𝛽(𝑢) and 𝛼(𝑢).
Subsequently, Section 3 deals with the reductions of Eq. (2), covering
all the cases introduced in Section 2. Also, Section 3 features the 2D
and 3D graphs of traveling wave solutions. Finally, Section 4 presents
the conservation laws, derived using the partial Noether method.

2. Complete Lie group classification

In this section, we consider the Lie group properties for Eq. (2) and
summarize the various cases pertaining to the arbitrary functions 𝛽(𝑢)
and 𝛼(𝑢). For this purpose, we take one-parameter Lie group of point
transformations that keep the invariance of Eq. (2). The transformation
formula are widely recognized and can be found, e.g., in Ref. 10

̄ 𝑖 = 𝑥𝑖 + 𝜀 𝜏𝑖(𝑢, 𝑥, 𝑦, 𝑡) + (𝜀2), 𝑖 = 1,… , 3,

𝜑̄ = 𝑢̄ + 𝜀𝜑(𝑢, 𝑥, 𝑦, 𝑡) + (𝜀2),

ere, 𝜏𝑖 = 𝜕𝑥̄𝑖

𝜕𝜀
|

|

|𝜀=0
characterizes the symmetry operator as follows

𝑋 = 𝜏1 𝜕
𝜕𝑡

+ 𝜏2 𝜕
𝜕𝑥

+ 𝜏3 𝜕
𝜕𝑦

+ 𝜑 𝜕
𝜕𝑢
. (4)

If the following invariance condition

𝑋 [2](𝑢 + 𝛽(𝑢) 𝑢 − 𝑢 − 𝑢 − 𝛼(𝑢)
)

|

| = 0, (5)
𝑡𝑡 𝑡 𝑥𝑥 𝑦𝑦
|Eq. (2)=0
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Table 1
Generalizations from existing models in the literature.

Present study Magalakwe et al.1 Azad et al.17

Equation
𝑢𝑡𝑡 + 𝛽(𝑢) 𝑢𝑡 = 𝛼(𝑢) + 𝑢𝑥𝑥

+ 𝑢𝑦𝑦 , 𝛽 ≠ 0
𝑢𝑡𝑡 + 𝑝(𝑢) = 𝑢𝑥𝑥 + 𝑢𝑦𝑦 𝑢𝑡𝑡 = 𝛼(𝑢) + 𝑢𝑥𝑥

Key extension Inclusion of a damping term i.e.,
𝛽(𝑢) 𝑢𝑡

Function forms • Case 1.
𝛽(𝑢) =  (𝑢 + 𝛾)𝑘 ,

𝛼(𝑢) =  (𝑢 + 𝛾)1+2𝑘 , 𝑘 ≠ 0, 1.
• Case 2.
𝛽(𝑢) = 1 𝑒

𝜎 𝑢 ,

𝛼(𝑢) = 1 𝑒
2 𝜎 𝑢 , 𝜎 ≠ 0.

• 𝑝(𝑢) = 𝜎 + 𝛿 𝑢
• 𝑝(𝑢) = 𝜎 + 𝛿 𝑢𝑛

• 𝑝(𝑢) = 𝜎 + 𝛿 𝑒𝑢 𝑛

• 𝛼(𝑢) = ln(𝑎𝑢+𝑏)
𝑎

+ 𝑐
• 𝛼(𝑢) = (𝑎𝑢+ 𝑏)𝑛 + 𝑐
• 𝛼(𝑢) = 𝑎 𝑒𝑏𝑢 + 𝑐
• 𝛼(𝑢) = 𝑎𝑢2 + 𝑏𝑢 + 𝑐

Reductions Yes No Yes
Solutions Yes Yes Yes
Soliton solutions Yes No No
Graphical representations All solutions are represented

through 2D and 3D graphs with
physical interpretations.

No No

Conservation laws By partial Lagrangian method By Ibragimov’s theorem No
Table 2
Comparison of reduced forms and some solutions from existing models in the literature.

Present study Magalakwe et al.1

Traveling wave solutions
(

1 − (𝑝2 + 𝑞2)
)

𝜔′′(𝑠) + 𝛽 𝜔′(𝑠) − 𝛼 = 0.
Solution:

𝑢1(𝑥, 𝑦, 𝑡) = 𝛼
𝛽
(𝑡 − 𝑝𝑥 − 𝑞𝑦) +

(𝑝2 + 𝑞2 − 1)
𝛽

𝑐1 𝑒
𝛽

(𝑝2 + 𝑞2 − 1)
(𝑡− 𝑝𝑥− 𝑞𝑦) + 𝑐2 .

(

1 − (𝑝2 + 𝑞2)
)

𝜔′′(𝑠) + 𝛽 𝜔′(𝑠) − 𝛼 𝜔 = 0.
Solution:

𝑢2(𝑥, 𝑦, 𝑡) = 𝑐1 𝑒
1
2
(𝑡− 𝑝𝑥− 𝑞𝑦) 𝜈1 + 𝑐2 𝑒

1
2
(𝑡− 𝑝𝑥− 𝑞𝑦) 𝜈2 .

(

1 − (𝑝2 + 𝑞2)
)

𝜔′′(𝑠) + 𝛽 𝜔𝜔′(𝑠) − 𝛼 = 0.
Solution:

𝑢3(𝑥, 𝑦, 𝑡) = − 1
𝛽 𝑐2

(

𝐴𝑖(𝜇) + 𝐵𝑖(𝜇)
)

( 𝛼 𝛽
𝜇1

(

2(𝑝2 + 𝑞2 − 1)𝐴𝑖′(𝜇) + 𝐴𝑖′(𝜇)
)

)

.
For arbitrary case

𝜗𝑠𝑠 + 𝛼(𝜗) = 0.
Solution:

∫
(

1 − 2 ∫ 𝛼(𝑢) 𝑑𝑢
)− 1

2 𝑑𝑢 = 2 ± 𝑦.
𝑠 𝜗𝑠𝑠 + 𝜗𝑠 + 1

2
𝛼 = 0.

Solution:
𝑢4(𝑥, 𝑦, 𝑡) = − 𝛼

4
(𝑦2 + 𝑥2) + 𝑐1 log ( 1

2
(𝑥2 + 𝑦2)) + 𝑐2 .

𝜗𝑠𝑠 + 𝛽 𝜗𝑠 = 𝛼.
Solution:

𝑢(𝑥, 𝑦, 𝑡) = 𝛼
𝛽
𝑡 + 𝑐1

1
𝛽
𝑒−𝛽 𝑡 + 𝑐2 .

For case 1
𝜗𝑠𝑠 +  (𝜗 + 𝛾)1+2𝑘 = 0.

Solution:
2 ± 𝑦 = ∫

[

1 − 2 ∫  (𝛾 + 𝑢)1+2𝑘𝑑𝑢
]− 1

2 𝑑𝑢.

2𝑐𝑓𝑠𝑠 − 𝛿 𝑓 (𝑠)𝑛 = 0.
Solution:

𝑢(𝑥, 𝑦, 𝑡) = ( 2
𝑛−1

)
2
𝑛−1

[

√

𝛿
𝑐(𝑛+1)

(

(𝑐 − 1)𝑡 − 𝑐𝑥 + 𝑦
)

+ 𝐶2
]

2
1−𝑛 .

For case 2
𝜗𝑠𝑠 + 1 𝑒2 𝜎 𝜗 = 0.

Solution:

𝑢(𝑥, 𝑦, 𝑡) = 1
𝜎
log

[

±

√

𝜎 1 (1− tanh2
(

√

𝜎2 1 ( 𝑦+2 )2
)

)
√

1

]

.

2𝑐𝐹𝑠𝑠 − 𝛿 𝑒𝑛𝐹 (𝑠) = 0.
Solution:

𝑢 = 1
𝑛
ln
[ 𝑐𝐶1

𝑛𝛿

(

tanh2
( 1
2

√

𝐶1(𝐶2 +((𝑐−1)𝑡− 𝑐𝑥+𝑦))
)

−1
)

]

.

𝑠𝜗𝑠𝑠 + 𝜗𝑠 +
1
2
1𝑒2𝜎𝜗 = 0.

Solution:

𝑢 = 1
𝜎
log

[

±
𝜄
√

811𝜎3+1

√

tanh2
(

1
2

√

811𝜎3+1
(

2±log(𝑠)
)

−1
)

√

21𝜎𝑠

]

.

t
c
t

is satisfied, then operator in Eq. (4) refers to a Lie point symmetry
generator of Eq. (2). Here, 𝑋 [2] represents the required second-order
rolongation that aligns with the order of Eq. (2), defined as

[2] = 𝑋 + 𝜓 𝑖 𝜕
𝜕𝑢𝑖

+ 𝜓 𝑖𝑗 𝜕
𝜕𝑢𝑖𝑗

, (6)

where

𝜓 𝑖 = 𝑖 (𝜑) − 𝑢𝑗 𝑖 𝜏
𝑗 ,

𝜓 𝑖𝑗 = 𝑗 (𝜓 𝑖) − 𝑢𝑗𝑖𝑖 𝜏
𝑗 , 𝑖, 𝑗 = 1, 2, 3,
3 
herein, 𝑖 refers to the total derivative operator:

𝑖 =
𝜕
𝜕𝑥𝑖

+ 𝑢𝑖
𝜕
𝜕𝑢

+ … ,

where (𝑥1, 𝑥2, 𝑥3) = (𝑡, 𝑥, 𝑦). The following subsequent system of de-
ermining Pdes are obtained from expansion of Eq. (5), where the
oefficients of the independent partial derivatives are compared and
hen set equal to zero,

𝜑𝑢𝑢 = 0, 𝜏1𝑢 = 0, 𝜏2𝑢 = 0, 𝜏3𝑢 = 0, (7)

𝜏2 + 𝜏2 − 𝜏2 − 𝛽(𝑢) 𝜏2 − 2𝜑 = 0, (8)
𝑦𝑦 𝑥𝑥 𝑡𝑡 𝑡 𝑥𝑢
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𝜏3𝑦𝑦 + 𝜏3𝑥𝑥 − 𝜏3𝑡𝑡 − 𝛽(𝑢) 𝜏3𝑡 − 2𝜑𝑦𝑢 = 0, (9)

𝜏1𝑦𝑦 + 𝜏1𝑥𝑥 − 𝜏1𝑡𝑡 + 𝛽(𝑢) 𝜏1𝑡 + 2𝜑𝑡𝑢 + 𝜑𝛽𝑢 = 0, (10)

𝜏2𝑥 − 𝜏
1
𝑡 = 0, (11)

𝜏3𝑦 − 𝜏
1
𝑡 = 0, (12)

𝜏1𝑥 − 𝜏
2
𝑡 = 0, (13)

𝜏1𝑦 − 𝜏
3
𝑡 = 0, (14)

𝜏2𝑦 + 𝜏
3
𝑥 = 0, (15)

−𝜑𝛼𝑢 + 𝛽(𝑢)𝜑𝑡 + (𝜑𝑢 − 2𝜏1𝑡 ) 𝛼(𝑢) + 𝜑𝑡𝑡 − 𝜑𝑥𝑥 − 𝜑𝑦𝑦 = 0. (16)

Eq. (7) implies that

𝜑 = 𝑓 (𝑥, 𝑦, 𝑡) 𝑢 + 𝑔(𝑥, 𝑦, 𝑡).

From Eqs. (11) and (12), we have

𝜏3𝑦 − 𝜏2𝑥 = 0. (17)

Further, Eqs. (11)–(15) yield the following

𝜏2𝑡𝑡 − 𝜏2𝑥𝑥 = 0, 𝜏2𝑦𝑦 + 𝜏2𝑥𝑥 = 0, 𝜏3𝑡𝑡 − 𝜏3𝑦𝑦 = 0, 𝜏3𝑦𝑦 + 𝜏3𝑥𝑥 = 0,

𝜏1𝑡𝑡 = 𝜏1𝑦𝑦 = 𝜏1𝑥𝑥.

After certain manipulations, we obtain the following updated forms of
Eqs. (8)–(10)

𝜏2𝑡𝑡 + 𝛽(𝑢) 𝜏2𝑡 + 2 𝑓𝑥 = 0, (18)

𝜏3𝑡𝑡 + 𝛽(𝑢) 𝜏3𝑡 + 2 𝑓𝑦 = 0, (19)

𝜏1𝑦𝑦 + 𝛽(𝑢) 𝜏1𝑡 + 2 𝑓𝑡 +
(

𝑓 (𝑥, 𝑦, 𝑡) 𝑢 + 𝑔(𝑥, 𝑦, 𝑡)
)

𝛽𝑢 = 0. (20)

Moreover, Eq. (16) now become

− (𝑓 𝑢 + 𝑔) 𝛼𝑢 + 𝛽(𝑢) (𝑓𝑡 𝑢 + 𝑔𝑡) + (𝑓 − 2𝜏1𝑡 ) 𝛼(𝑢) + (𝑓𝑡𝑡 − 𝑓𝑥𝑥 − 𝑓𝑦𝑦) 𝑢

+ (𝑔𝑡𝑡 − 𝑔𝑥𝑥 − 𝑔𝑦𝑦) = 0. (21)

If 𝛽 and 𝛼 are arbitrary in 𝑢, then we deduce from Eqs. (18) and (19)

𝜏2𝑡 = 0, 𝜏3𝑡 = 0, 𝑓 = 𝑓 (𝑡).

It then follows from Eqs. (13) and (14) that

𝜏1 = 𝜏1(𝑡),

implying that

𝜏1 = 𝑎1 𝑡 + 𝑎2. (22)

Using the aforementioned results in Eq. (20) provides

𝑓 = 0, 𝑔 = 0, 𝑎1 = 0,

as well as

𝜏1(𝑡) = 0, 𝜏2(𝑥) = 0, 𝜏3(𝑦) = 0.

For arbitrary functions 𝛽(𝑢) and 𝛼(𝑢), we derive the four-dimensional
Lie algebra constituting the principal algebra of Eq. (2) and is spanned
by

𝑋1 =
𝜕
𝜕𝑡
, 𝑋2 =

𝜕
𝜕𝑥
, 𝑋3 =

𝜕
𝜕𝑦
,

4 = 𝑦 𝜕
𝜕𝑥

− 𝑥 𝜕
𝜕𝑦
, (𝛽 ≠ 0).

ow, in order to extend the principal algebra, we have
1 = 𝜏1(𝑡), 𝜏2 = 𝜏2(𝑥, 𝑦), 𝜏3 = 𝜏3(𝑥, 𝑦).

From Eq. (20), we find

2 𝑓 (𝑡)𝑡 + 𝛽(𝑢) 𝑎1 +
(

𝑓 (𝑡) 𝑢 + 𝑔(𝑥, 𝑦, 𝑡)
)

𝛽𝑢 = 0. (23)
Two cases arise for which the principal algebra extends.

4 
Table 3
Commutation relations for arbitrary functions 𝛽 and 𝛼.

[𝑋𝑖 , 𝑋𝑗] 𝑋1 𝑋2 𝑋3 𝑋4

𝑋1 0 0 0 0
𝑋2 0 0 0 −𝑋3
𝑋3 0 0 0 𝑋2
𝑋4 0 𝑋3 −𝑋2 0

Table 4
Commutation relations for Case 1.

[𝑋𝑖 , 𝑋𝑗] 𝑋1 𝑋2 𝑋3 𝑋4 𝑋5

𝑋1 0 0 0 0 −𝑘𝑋1
𝑋2 0 0 0 −𝑋3 −𝑘𝑋2
𝑋3 0 0 0 𝑋2 −𝑘𝑋3
𝑋4 0 𝑋3 −𝑋2 0 0
𝑋5 𝑘𝑋1 𝑘𝑋2 𝑘𝑋3 0 0

Case 1: 𝑓 ≠ 0

Differentiating Eq. (23) 𝑤.𝑟.𝑡. 𝑥 and 𝑦, and then comparing the
coefficients of 𝑢, we obtain

𝑔 = 𝑔(𝑡).

Substituting this in Eq. (23) and differentiating the obtained equation
𝑤.𝑟.𝑡. 𝑡, yields

2 𝑓𝑡𝑡 +
(

𝑓𝑡 𝑢 + 𝑔(𝑡)𝑡
)

𝛽𝑢 = 0. (24)

t is clear that, 𝛽𝑢 and 𝑢 𝛽𝑢 are not related, this implies that

𝑡 = 0, 𝑔𝑡 = 0.

ntegrating this 𝑤.𝑟.𝑡. 𝑡, we get

= 𝑎6, 𝑔 = 𝑎7.

sing these values in Eqs. (23) and (21) leads to the subsequent forms
f the functions 𝛽(𝑢) and 𝛼(𝑢), which read as follows

(𝑢) =  (𝑢 + 𝛾)𝑘, 𝛼(𝑢) =  (𝑢 + 𝛾)1+2𝑘, 𝑘 ≠ 0, 1.

sing the other equations in the determining system, results in the
ubsequent infinitesimals

𝜑 = (𝑢 + 𝛾) 𝑎6, 𝜏1 = − 𝑘 𝑎6 𝑡 + 𝑎2,
2 = − 𝑘 𝑎6 𝑥 + 𝑎3 𝑦 + 𝑎4, 𝜏3 = − 𝑘 𝑎6 𝑦 − 𝑎3 𝑥 + 𝑎5.

he algebra for these forms of functions is five-dimensional and is
panned by the principal algebra, as well as the operator:

5 = −𝑘 𝑡 𝜕
𝜕𝑡

− 𝑘 𝑥 𝜕
𝜕𝑥

− 𝑘 𝑦 𝜕
𝜕𝑦

+ (𝛾 + 𝑢) 𝜕
𝜕𝑢
.

Herein, 𝑎𝑗 where 𝑗 = 1,… , 6. Also ,  and 𝑘 represent the constants.

Case 2: 𝑓 = 0

For 𝑓 = 0, following the same steps as in Case 1, this case results in
other form of the functions, 𝛽(𝑢) and 𝛼(𝑢)

𝛽(𝑢) = 1 𝑒
𝜎 𝑢, 𝛼(𝑢) = 1 𝑒

2 𝜎 𝑢, 𝜎 ≠ 0.

The principal algebra in this case expands to five-dimensions along with
the operator:

𝑋5 = −𝜎 𝑥 𝜕
𝜕𝑥

− 𝜎 𝑡 𝜕
𝜕𝑡

− 𝜎 𝑦 𝜕
𝜕𝑦

+ 𝜕
𝜕𝑢
.

Here, 𝜎, 1, and 1 represent constants.
The commutator tables for both the cases listed above are presented

in Tables 3 and 4, which aid in performing the reductions of Eq. (2).
The results in the table for Case 2 overlap with the table for Case 1,

except for the change in symmetry 𝑋5 and the possibility of replacing
𝑘 by 𝜎.
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2.1. Equivalence transformations

Equivalence transformations of an equation basically refer to certain
transformations that can be applied to the equation while maintain-
ing its fundamental properties and leaving its family and solutions
invariant.11 The general method for finding the equivalence transfor-
mation can be found, for example, in the book Ref. 30. Eq. (2) possesses
the following equivalence transformations

𝑡 = 𝑒1 𝑡 + 𝑒2, 𝑥̄ = 𝑒1 𝑥 + 𝑏1, 𝑦̄ = 𝑒1 𝑦 + 𝑏2, 𝑢̄ = 𝑐1 𝑢 + 𝑐2, (25)

here 𝑐1, 𝑐2, 𝑒1, 𝑒2, 𝑏1, and 𝑏2 represent arbitrary constants. We
emonstrate this to be the case. Indeed

𝑖 = 𝑖 𝜁
𝑗 ̄𝑗 , 𝑥̄𝑖 = 𝜁 𝑖(𝑥),

here 𝑥̄1 = 𝑡 = 𝜁1, 𝑥̄2 = 𝑥̄ = 𝜁2, 𝑥̄3 = 𝑦̄ = 𝜁3, and 𝑖
epresents the total derivative transform on 𝜁 𝑖. For the above transforms
n (𝑥, 𝑦, 𝑡)−space, we have

𝑥 = 𝑥 𝜁
1 ̄𝑡 + 𝑥 𝜁

2 ̄𝑥̄ + 𝑥 𝜁
3 ̄𝑦̄,

𝑦 = 𝑦 𝜁
1 ̄𝑡 + 𝑦 𝜁

2 ̄𝑥̄ + 𝑦 𝜁
3 ̄𝑦̄,

𝑡 = 𝑡 𝜁
1 ̄𝑡 + 𝑡 𝜁

2 ̄𝑥̄ + 𝑡 𝜁
3 ̄𝑦̄.

fter certain manipulations, we deduce

̄ 𝑥̄ = 1
𝑒1

𝑥, ̄𝑦̄ = 1
𝑒1

𝑦, ̄𝑡 =
1
𝑒1

𝑡.

The implication of the above three operators on 𝑢̄ yields

𝑢̄𝑡 =
𝑐1
𝑒1
𝑢𝑡, 𝑢̄𝑥̄ =

𝑐1
𝑒1
𝑢𝑥, 𝑢̄𝑦̄ =

𝑐1
𝑒1
𝑢𝑦,

̄𝑡𝑡 =
𝑐1
𝑒21
𝑢𝑡𝑡, 𝑢̄𝑥̄𝑥̄ =

𝑐1
𝑒21
𝑢𝑥𝑥, 𝑢̄𝑦̄𝑦̄ =

𝑐1
𝑒21
𝑢𝑦𝑦.

q. (2), under the aforementioned equivalence transformations, trans-
orms into the following form

̄𝑡𝑡 + 𝛽(𝑢̄) 𝑢̄𝑡 = 𝛼̄(𝑢̄) + 𝑢̄𝑥̄𝑥̄ + 𝑢̄𝑦̄𝑦̄,

ubject to equivalence conditions

(𝑢) =
𝑒21
𝑐1
𝛼̄(𝑢̄) and 𝛽(𝑢) = 𝑒1 𝛽(𝑢̄).

By using equivalence transformations one can simplify 𝛼(𝑢) and 𝛽(𝑢) in
both cases.

Case 1
Here, if we set 𝑒1 = 𝑐1 = 1 and 𝑐2 = 𝛾, then 𝛽 =  𝑢̄𝑘 and

̄ =  𝑢̄1+2𝑘.

ase 2
In this case, if we take 𝑒1 = 1, 𝑐1 = 𝜎 and 𝑐2 = 0, then 𝛽 = 1 𝑒𝑢̄

nd 𝛼̄ = ̃1 𝑒2 𝑢̄.
Thus, one can take 𝛾 = 0 and 𝜎 = 1 in the extended algebras.

. Reductions

In the following section, we reduce Eq. (2) into the ordinary dif-
erential equations (Odes), using two-dimensional sub-algebras and
dentify invariant solutions in some cases. For the reduction process,
e use commutator tables 3 and 4. The following steps are involved in

his process:

(i) Selection of commuting generators: The commuting symmetries
share common properties allowing to simplify the system using
one symmetry at a time. Therefore, identify the commuting
generators from the commutator table.
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(ii) Starting point: From commuting generators, select one generator
which simplifies the equation directly and more easily. After
reduction of the equation with one symmetry generator apply
the other commuting symmetry generator to reduce the resulting
equation into more simpler form. For instance, from Table 3,
the generators 𝑋1 and 𝑋2 commute, [𝑋1, 𝑋2] = 0, either 𝑋1
or 𝑋2 can be used as a starting point to initiate the reductions
of Eq. (2). If we start reduction with 𝑋1, then 𝑋2 can later be
applied to reduce the resulting equation further, and vice-versa.

(iii) Using the characteristic method, write the characteristic equa-
tion of the chosen symmetry and solve to obtain the similarity
variables, which ultimately reduces the Pdes into Odes.

e also briefly outline the steps involved in reducing Eq. (2).

.1. Reductions for arbitrary functions

raveling wave solutions
For obtaining the traveling wave solutions of Eq. (2), we consider

he linear combination of 𝑋1, 𝑋2, and 𝑋3 𝑖.𝑒., given by

= 𝜕
𝜕𝑡

+ 𝑝 𝜕
𝜕𝑥

+ 𝑞 𝜕
𝜕𝑦
.

Corresponding to this symmetry generator, we obtain the following
similarity variables

𝑢 = 𝜔(𝑠), 𝑠 = 𝑡 − 𝑝𝑥 − 𝑞𝑦. (26)

Eq. (26) reduces Eq. (2) into the following Ode
(

1 − (𝑝2 + 𝑞2)
)

𝜔′′(𝑠) + 𝛽(𝜔)𝜔′(𝑠) − 𝛼(𝜔) = 0. (27)

Herein, 𝑝 and 𝑞 are constants. We now propose the following ansatz to
obtain the solutions of Eq. (27), which ultimately leads to the solutions
of Eq. (2).

Ansatz 1. If 𝛽(𝜔) = 𝛽 and 𝛼(𝜔) = 𝛼 are constant.

Eq. (27) admits the following solution for this case

𝜔(𝑠) = 𝛼
𝛽
𝑠 +

(𝑝2 + 𝑞2 − 1)
𝛽

𝑐1 𝑒
𝛽

(𝑝2 + 𝑞2−1)
𝑠
+ 𝑐2.

rom here, we find the subsequent exact solution to Eq. (2), given by

1(𝑥, 𝑦, 𝑡) = 𝛼
𝛽
(𝑡 − 𝑝𝑥 − 𝑞𝑦) +

(𝑝2 + 𝑞2 − 1)
𝛽

𝑐1 𝑒
𝛽

(𝑝2 + 𝑞2 − 1)
(𝑡− 𝑝𝑥− 𝑞𝑦)

+ 𝑐2

Graphically, this solution can be represented as follows:
The plots of solution 𝑢1 in Fig. 1 represents a traveling wave that

has a linear as well as exponential behavior due to the presence of
combination of the linear and exponential components in the solution.
The amplitude of the wave grows exponentially for various time values
𝑡. The exponential behavior is due to the dominance of the exponential
term 𝑒

2
7 (𝑡−2𝑥−2𝑦), and this causes the amplitude of the wave to rise non-

inearly, whereas the first term (𝑡 − 2𝑥 − 2𝑦) causes the amplitude of
ave to make linear shifts. It can be seen from the graphs that at time
= 0, the amplitude of wave varies slowly and linearly across 𝑥𝑦−plane
nd with the increase in time, for instance, at time 𝑡 = 1, the wave starts
o grow exponentially over the region.

nsatz 2. If 𝛽(𝜔) = 𝛽 is constant and 𝛼(𝜔) = 𝛼 𝜔.

The following solution of Eq. (27) is obtained in this case

(𝑠) = 𝑐1 𝑒
1
2 𝑠 𝜈1 + 𝑐2 𝑒

1
2 𝑠 𝜈2 ,

where

𝜈1 =
𝛽 −

√

𝛽2 − 4 𝛼 (𝑝2 + 𝑞2 − 1)
(𝑝2 + 𝑞2 − 1)

, and

𝜈2 =
𝛽 +

√

𝛽2 − 4 𝛼 (𝑝2 + 𝑞2 − 1)
.

(𝑝2 + 𝑞2 − 1)
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Fig. 1. 3𝐷 and 2𝐷 plots of 𝑢1 for different time values 𝑡, with parameters 𝑝 = 𝑞 = 𝑐1 = 𝑐2 = 2 and 𝛼 = 𝛽 = 2.
Subsequently, we obtain

𝑢2(𝑥, 𝑦, 𝑡) = 𝑐1 𝑒
1
2 (𝑡− 𝑝𝑥− 𝑞𝑦) 𝜈1 + 𝑐2 𝑒

1
2 (𝑡− 𝑝𝑥− 𝑞𝑦) 𝜈2 .

This solution can be visualized graphically as:
These plots represents the exponential decay in the amplitude of

the wave over time. As time progresses, the amplitude of wave ex-
pands over the spatial region, whereas, the second exponential term
in solution becomes more dominant over increase in time values,
showing exponential behavior in graph. So, the amplitude of wave
decays exponentially with the increase in time (see Fig. 2).

Ansatz 3. If 𝛽(𝜔) = 𝛽𝜔 and 𝛼(𝜔) = 𝛼 is constant.

Eq. (2) admits the ensuing solution

𝑢3(𝑥, 𝑦, 𝑡) = − 1
𝛽 𝑐2

(

𝐴𝑖(𝜇) + 𝐵𝑖(𝜇)
)

(𝛼 𝛽
𝜇1

(

2(𝑝2 + 𝑞2 − 1)𝐴𝑖′(𝜇) + 𝐴𝑖′(𝜇)
)

)

,

where

𝜇1 = 3
√

2 (𝑝2 + 𝑞2 − 1)2 (
𝛼 𝛽

(𝑝2 + 𝑞2 − 1)
)
2
3 ,

and

𝜇 = (
𝛼 𝛽

)−
2
3

2
1
3 (

𝛼 𝛽 (𝑡 − 𝑝𝑥 − 𝑞𝑦) + 𝑐1 𝛽 (𝑝2 + 𝑞2 − 1)
)

.

(𝑝2 + 𝑞2 − 1) (𝑝2 + 𝑞2 − 1)

6 
Reductions under 𝑋1 and 𝑋2
From Table 3, it can be seen that the generators 𝑋1 and 𝑋2 com-

mute, [𝑋1, 𝑋2] = 0. Therefore, either 𝑋1 or 𝑋2 can serve as a starting
point to initiate the reductions of Eq. (2). For our intent, we choose
to begin the reduction with 𝑋1 = 𝜕

𝜕𝑡 . The associated characteristic
equation for this generator is as follows
𝑑𝑥
0

=
𝑑𝑦
0

= 𝑑𝑡
1

= 𝑑𝑢
0
.

According to standard procedure, we integrate this equation in order
to derive the similarity invariants, as follows

𝑧 = 𝑥, 𝑟 = 𝑦, 𝑢 = 𝜔(𝑧, 𝑟).

Using these similarity transformations, Eq. (2) can be reformulated in
the form

𝜔𝑧𝑧 + 𝜔𝑟𝑟 + 𝛼(𝜔) = 0. (28)

Utilizing 𝑋2, we further reduce the partial differential Eq. (28). To
proceed, we express 𝑋2 in new variables, 𝑧 and 𝑟, as defined above.
Thus, 𝑋2 now becomes

𝑋2 = 𝑌2 = 𝜕
𝜕𝑧
.

The characteristic equation for this generator can be described as
follows
𝑑𝑧 = 𝑑𝑟 = 𝑑𝜔 ,

1 0 0
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Fig. 2. 3𝐷 and 2𝐷 plots of 𝑢2 for different time values 𝑡, with parameters 𝑝 = 𝑞 = 𝑐1 = 𝑐2 = 1, 𝛼 = 2 and 𝛽 = 4.
which yields the following similarity variables

𝑠 = 𝑟, 𝜔 = 𝜗(𝑠),

resulting in the subsequent ordinary differential equation

𝜗𝑠𝑠 + 𝛼(𝜗) = 0, (29)

having solution

∫
(

1 − 2 ∫ 𝛼(𝜗) 𝑑𝜗
)− 1

2 𝑑𝜗 = 2 ± 𝑠.

Substituting the original variables back, we obtain

∫
(

1 − 2 ∫ 𝛼(𝑢) 𝑑𝑢
)− 1

2 𝑑𝑢 = 2 ± 𝑦.

Next, 𝑋1 and 𝑋3 yield the same reduction as given in Eq. (29), with
similarity invariants

𝑠 = 𝑧, 𝜔 = 𝜗(𝑠).

Reductions under 𝑋1 and 𝑋4
From Table 3, it is evident that [𝑋1, 𝑋4] = 0. Therefore, we can

either start with 𝑋 or 𝑋 . We begin with 𝑋 and derive Eq. (28). To
1 4 1

7 
reduce this equation into an Ode, we now consider 𝑋4, which in terms
of new variables, become

𝑋4 = 𝑌4 = 𝑟 𝜕
𝜕𝑧

− 𝑧 𝜕
𝜕𝑟
,

giving rise to the following invariants

𝑠 = 1
2
(𝑟2 + 𝑧2), 𝜔 = 𝜗(𝑠).

Using these similarity variables, Eq. (28) reduces to Ode

𝑠 𝜗𝑠𝑠 + 𝜗𝑠 + 1
2
𝛼(𝜗) = 0.

If 𝛼(𝜗) = 𝛼, in this case, Eq. (2) yields the following solution

𝑢4(𝑥, 𝑦, 𝑡) = −𝛼
4
(𝑦2 + 𝑥2) + 𝑐1 log ( 1

2
(𝑥2 + 𝑦2)) + 𝑐2,

herein, 𝑐1 and 𝑐2 represent constants. Graphically, this solution can be
represented as follows:

Fig. 3 shows slow and sharp variations in the amplitude of the wave.
It can be observe that the solution accounts for the parabolic behavior
of the wave which is due to the term (𝑥2 + 𝑦2) present in the solution.
The wave amplitude reduces with increasing distance from the origin.
The slower variations are due to the logarithmic terms.
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Fig. 3. 3𝐷 and 2𝐷 plots of 𝑢4 with parameters 𝛼 = 4 and 𝑐1 = 5 = 𝑐2.
Reductions under 𝑋2 and 𝑋3
Here from Table 3, we have [𝑋2, 𝑋3] = 0. Hence, we can initiate

the reduction process either with 𝑋2 or 𝑋3. We start with 𝑋3 and obtain
the following Pde

𝜔𝑟𝑟 + 𝛽(𝜔)𝜔𝑟 = 𝑤𝑧𝑧 + 𝛼(𝜔), (30)

which is subjected to the similarity variables associated with 𝑋3, viz.

𝑧 = 𝑥, 𝑟 = 𝑡, 𝑢 = 𝜔(𝑧, 𝑟).

Now, 𝑋2 in new variables, defined by

𝑋2 = 𝑌2 = 𝜕
𝜕𝑧
,

results in the following similarity variables

𝑠 = 𝑟, 𝜔 = 𝜗(𝑠).

Corresponding to these invariants, Eq. (30) now takes on the following
form

𝜗𝑠𝑠 + 𝛽(𝜗) 𝜗𝑠 = 𝛼(𝜗).

For 𝛼(𝜗) = 𝛼 (𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) and 𝛽(𝜗) = 𝛽 (𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) the above equation
admits the subsequent solution

𝑢(𝑥, 𝑦, 𝑡) = 𝛼
𝛽
𝑡 + 𝑐1

1
𝛽
𝑒−𝛽 𝑡 + 𝑐2.

3.2. Reductions for Case 1

In this case, Eq. (2) now become

𝑢𝑡𝑡 +  (𝑢 + 𝛾)𝑘 𝑢𝑡 = 𝑢𝑥𝑥 + 𝑢𝑦𝑦 +  (𝑢 + 𝛾)1+2𝑘. (31)

Reductions under 𝑋1 and 𝑋2
From Table 4, we observe that [𝑋1, 𝑋2] = 0. Consequently we can

begin the reduction process either with 𝑋1 or 𝑋2. Let us begin with 𝑋1
and we derive the following Pde

𝜔𝑧𝑧 + 𝜔𝑟𝑟 +  (𝜔 + 𝛾)1+2𝑘 = 0, (32)

which is subject to the similarity variables

𝑧 = 𝑥, 𝑟 = 𝑦, 𝑢 = 𝜔(𝑧, 𝑟).

Now, 𝑋2, in new variables, undergoes the transformations

𝑠 = 𝑟, 𝜔 = 𝜗(𝑠),
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resulting in Eq. (32) being simplified to the following Ode

𝜗𝑠𝑠 +  (𝜗 + 𝛾)1+2𝑘 = 0. (33)

The exact invariant solution associated with Eq. (2) is

2 ± 𝑦 = ∫
[

1 − 2∫  (𝛾 + 𝑢)1+2𝑘𝑑𝑢
]

− 1
2
𝑑𝑢,

or alternatively,

[(𝑦 + 2)2, 𝑢(𝑥, 𝑦, 𝑡)]

=
(𝛾 + 𝑢)2

(

1 −  (𝛾 + 𝑢)2+2𝑘
1 (𝑘+1)

)

𝐹1
(

1
2 ,

1
2𝑘+2 ; 1 +

1
2𝑘+2 ;

 (𝛾 + 𝑢)2+2𝑘
1 (𝑘+1)

)2

1 −  (𝛾 + 𝑢)2+2𝑘
𝑘+1

,

where 𝐹1(𝑎, 𝑏; 𝑐; 𝑠) represents the hypergeometric function. By setting
 = − 𝛿

2𝑐 and 1+2𝑘 = 𝑛 in Eq. (33), we obtain the reduced Ode outlined
in Ref. 1.

Reductions under 𝑋1 and 𝑋3
For [𝑋1, 𝑋3] = 0, we have the following invariants

𝑠 = 𝑧, 𝜔 = 𝜗(𝑠),

resulting in Eq. (33).

Reductions under 𝑋1 and 𝑋4
We start the reduction process with 𝑋4. The transformations asso-

ciated with this generator

𝑧 = 1
2
(𝑥2 + 𝑦2), 𝑟 = 𝑡, 𝑢 = 𝜔(𝑧, 𝑟),

lead to the reduction of Eq. (31) to the Pde

𝜔𝑟𝑟 + (𝜔 + 𝛾)𝑘 𝜔𝑟 = 2𝜔𝑧 + 2 𝑧𝜔𝑧𝑧 +  (𝜔 + 𝛾)1+2𝑘. (34)

Now, when 𝑋1 is expressed in terms of new variables

𝑋1 = 𝑌1 = 𝜕
𝜕𝑟
,

it yields the following invariants

𝑠 = 𝑧, 𝜔 = 𝜗(𝑠),

yielding the reduction of Eq. (34) to the resultant Ode

𝑠 𝜗 + 𝜗 + 1  (𝜗 + 𝛾)1+2𝑘 = 0. (35)
𝑠𝑠 𝑠 2
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Reductions under 𝑋1 and 𝑋5
We start with 𝑋1 and obtain Eq. (32). Now, 𝑋5, in new variables

akes the form

5 = 𝑌5 = −𝑘 𝑧 𝜕
𝜕𝑧

− 𝑘 𝑟 𝜕
𝜕𝑟

+ (𝜔 + 𝛾) 𝜕
𝜕𝜔

.

Corresponding to this, the similarity transformations

𝑠 = 𝑧
𝑟
, 𝜔 = 𝜗 𝑧−

1
𝑘 − 𝛾,

ield the following reduced form

2(1 + 𝑠2) 𝜗𝑠𝑠 + 2 𝑠 (𝑠2 − 1
𝑘
) 𝜗𝑠 + 𝜗1+2𝑘 + 1 + 𝑘

𝑘2
𝜗 = 0. (36)

eductions under 𝑋2 and 𝑋3
We initiate with 𝑋2. Associated with this generator the similarity

ransformations are

= 𝑦, 𝑟 = 𝑡, 𝑢 = 𝜔(𝑧, 𝑟).

hese transformations result in Eq. (31) being transformed into the
ollowing Pde

𝑟𝑟 + (𝜔 + 𝛾)𝑘 𝜔𝑟 = 𝜔𝑧𝑧 +  (𝜔 + 𝛾)1+2𝑘. (37)

Now, when expressing 𝑋3 in terms of new variables, it undergoes the
ransformations

= 𝑟, 𝜔 = 𝜗(𝑠),

giving rise to the reduction

𝜗𝑠𝑠 +  (𝜗 + 𝛾)𝑘 𝜗𝑠 =  (𝜗 + 𝛾)1+2𝑘, (38)

having the following solution

[(𝑡 + 2)2, 𝑢(𝑥, 𝑦, 𝑡)]

= ∫

𝑢(𝑥,𝑦,𝑡)

1

(

1
√

1 + 2 ∫ 2
1 (−(𝛾 +𝑘

1) +  (𝛾 +1)1+2𝑘) 𝑑1

)

𝑑2.

Reductions under 𝑋2 and 𝑋5
From Table 4, it is evident that the provided generators satisfy

[𝑋2, 𝑋5] = −𝑘𝑋2. This implies that reduction in this case should
commence with 𝑋2. For 𝑋2, we derive Eq. (37). Now, 𝑋5 in terms of
new variables, has the transformations

𝑠 = 𝑧
𝑟
, 𝜔 = 𝜗(𝑠) 𝑧−

1
𝑘 − 𝛾,

which give the following reduction

𝑠2(1− 𝑠2) 𝜗𝑠𝑠 − 2 𝑠 (𝑠2 − 1
𝑘
) 𝜗𝑠 +𝑠2 𝜗𝑘 𝜗𝑠 + 𝜗1+2𝑘 + 1 + 𝑘

𝑘2
𝜗 = 0. (39)

Reductions under 𝑋3 and 𝑋5
Based on Table 4, we find [𝑋3, 𝑋5] = −𝑘𝑋3, indicates that the

reduction must begin with 𝑋3. For 𝑋3, we obtain Eq. (37), subject to
the subsequent similarity transformations

𝑧 = 𝑥, 𝑟 = 𝑡, 𝑢 = 𝜔(𝑧, 𝑟).

Now, expressing 𝑋5 in terms of new variables yields the same reduction
as provided in Eq. (39).

Reductions under 𝑋4 and 𝑋5
We start with 𝑋4, and corresponding to this generator, we obtain

the same Pde as given in Eq. (34). Now, 𝑋5, in terms of new variables,
possesses the following invariants

𝑠 = 𝑧
𝑟2
, 𝜔 = 𝜗 𝑧−

1
𝑘 − 𝛾,

hich consequently results in the subsequent Ode

2(2𝑠 − 1) 𝜗 + 𝑠 (3𝑠 − 1 + 1 ) 𝜗 −𝑠
3
2 𝜗𝑘 𝜗 − 𝜗1+2𝑘 − 1 𝜗 = 0.
𝑠𝑠 𝑘 𝑠 𝑠 4𝑘2
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3.3. Reductions for Case 2

Eq. (2) in this particular case becomes

𝑢𝑡𝑡 + 1 𝑒
𝜎 𝑢 𝑢𝑡 = 𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 1𝑒

2 𝜎 𝑢. (40)

Reductions under 𝑋1 and 𝑋2
Based on Table 4, we find that [𝑋1, 𝑋2] = 0. Consequently we can

begin the reduction process either with 𝑋1 or 𝑋2. Let us start with 𝑋1,
resulting in the Pde

𝜔𝑧𝑧 + 𝜔𝑟𝑟 + 1 𝑒
2 𝜎 𝜔 = 0, (41)

hich is subject to the following transformations

= 𝑥, 𝑟 = 𝑦, 𝑢 = 𝜔(𝑧, 𝑟).

ow, 𝑋2, in new variables possesses the invariants

= 𝑟, 𝜔 = 𝜗(𝑠),

esulting in the following Ode

𝑠𝑠 + 1 𝑒
2 𝜎 𝜗 = 0. (42)

he exact invariant solution associated with Eq. (2) for this case, is
epresented as follows

(𝑥, 𝑦, 𝑡) = 1
𝜎

log
[

±

√

𝜎 1 (1 − tanh2
(
√

𝜎2 1 ( 𝑦 + 2 )2
)

)
√

1

]

.

When we take 1 = − 𝛿
2𝑐 and 2𝜎 = 𝑛 in Eq. (42), it simplifies to the

reduced Ode discussed in Ref. 1.
A graphical comparison of this solution 𝑢 and the solution 𝑣 pre-

sented in the paper Ref. 1 is represented in Fig. 4.

Reductions under 𝑋1 and 𝑋3
For [𝑋1, 𝑋3] = 0, we observe the following invariants

𝑠 = 𝑧, 𝜔 = 𝜗(𝑠),

leading to the derivation of Eq. (42).

Reductions under 𝑋1 and 𝑋4
We start with 𝑋1. The transformations associated with this gen-

erator yield Eq. (41). Now, when 𝑋4 is expressed in terms of new
variables

𝑋4 = 𝑌4 = 𝑟 𝜕
𝜕𝑧

− 𝑧 𝜕
𝜕𝑟
,

it gives the following invariants

𝑠 = 1
2
(𝑟2 + 𝑧2), 𝜔 = 𝜗(𝑠).

his results in the reduction of Eq. (41) to the following Ode

𝜗𝑠𝑠 + 𝜗𝑠 + 1
2
1 𝑒

2 𝜎 𝜗 = 0. (43)

he exact invariant solution to Eq. (2) is in Box I

eductions under 𝑋1 and 𝑋5
We take 𝑋1 and derive Eq. (41). Now, 𝑋5, in terms of new variables

ssumes the form

5 = 𝑌5 = −𝜎 𝑧 𝜕
𝜕𝑧

− 𝜎 𝑟 𝜕
𝜕𝑟

+ 𝜕
𝜕𝜔

.

Corresponding to this, we introduce similarity transformations

𝑠 = 𝑧
𝑟
, 𝜔 = − 1

𝜎
ln 𝑧 + ln 𝜗.

These transformations lead to the following reduced version of Eq. (41)

𝑠2(1 + 𝑠2) (𝜗 𝜗 − 𝜗2) + 2 𝑠3 𝜗 𝜗 + ( 1 +  𝜗2 𝜎 ) 𝜗2 = 0. (44)
𝑠𝑠 𝑠 𝑠 𝜎 1
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Fig. 4. 2𝐷 comparison plots of 𝑢 = 1
2
log

(

√

2(1 − tanh2(
√

4(𝑦 + 1)2))
)

from present study and 𝑣 = 1
3
ln
(

tanh2( 1
2
(1 + 2𝑡 − 3𝑥 + 𝑦) − 1)

)

from Ref. 1.
𝑢(𝑥, 𝑦, 𝑡) = 1
𝜎

log
[

±
𝜄
√

81 𝜎3 1 + 1
√

tanh2
(

1
2

√

81 1 𝜎3 + 1
(

2 ± log( 12 (𝑥
2 + 𝑦2))

)

− 1
)

√

21 𝜎
1
2 (𝑥

2 + 𝑦2)

]

.

Box I.
Reductions under 𝑋2 and 𝑋3

We commence with 𝑋2. For this generator, we introduce the follow-
ing similarity variables

𝑧 = 𝑦, 𝑟 = 𝑡, 𝑢 = 𝜔(𝑧, 𝑟).

These transformations reduce Eq. (40) into the following Pde

𝜔𝑟𝑟 + 1 𝑒
𝜎 𝜔 𝜔𝑟 = 𝜔𝑧𝑧 + 1 𝑒

2 𝜎 𝜔. (45)

Now, 𝑋3, in terms of new variables, yields the invariants

𝑠 = 𝑟, 𝜔 = 𝜗(𝑠),

which lead to the following reduction of Eq. (45)

𝜗𝑠𝑠 + 1 𝑒
𝜎 𝜗 𝜗𝑠 = 1 𝑒

2 𝜎 𝜔. (46)

Corresponding to this equation the solution of Eq. (2) reads

𝑢(𝑥, 𝑦, 𝑡) = 1
𝜎

ln[− 𝜎
1

(1 + 𝛿2 ln|𝜅| − 𝛿 𝜅)],

where 𝛿 = −1∕1 and

𝑡 = − 𝛿
𝜎 ∫ 𝜅−1 (1 + 𝛿2 ln|𝜅| − 𝛿 𝜅)−1𝑑𝜅 + 2.

Reductions under 𝑋2 and 𝑋5

By Table 4, we have [𝑋2, 𝑋5] = −𝑘𝑋2. Thus, we begin with 𝑋2.
For 𝑋2, we obtain Eq. (45). Now, 𝑋5 in terms of new variables, has the
similarity variables

𝑠 = 𝑧
𝑟
, 𝜔 = − 1

𝜎
ln 𝑧 + ln 𝜗.

These invariants lead to the following reduction of Eq. (45)

𝑠2(𝑠2−1) (𝜗 𝜗− 𝜗2)+ 2 𝑠3 𝜗 𝜗− 𝑠2  𝜗𝜎+1 𝜗 + ( 1 − 𝜗2 𝜎 ) 𝜗2 = 0. (47)
𝑠𝑠 𝑠 𝑠 1 𝑠 𝜎 1
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Reductions under 𝑋3 and 𝑋5
From Table 4, we find that [𝑋3, 𝑋5] = −𝑘𝑋3. This implies

reduction to initiate with 𝑋3. For 𝑋3, we obtain Eq. (45), subject to
the subsequent transformations

𝑧 = 𝑥, 𝑟 = 𝑡, 𝑢 = 𝜔(𝑧, 𝑟).

Now, expressing 𝑋5 in terms of new variables, yields the same reduc-
tion as presented in Eq. (47).

Reductions under 𝑋4 and 𝑋5
We start with 𝑋4, and we obtain the following Pde

𝜔𝑟𝑟 + 1 𝑒
𝜎 𝜔 𝜔𝑟 = 2𝜔𝑧 + 2 𝑧𝜔𝑧𝑧 + 1 𝑒

2 𝜎 𝜔,

subject to the invariants

𝑧 = 1
2
(𝑥2 + 𝑦2), 𝑟 = 𝑡, 𝑢 = 𝜔(𝑧, 𝑟).

Now, 𝑋5, in terms of new variables, possesses the following similarity
transformations

𝑠 = 𝑧
𝑟2
, 𝜔 = − 1

2 𝜎
ln 𝑧 + ln 𝜗.

From these transformations, we obtain the following Ode

𝑠2(2𝑠 − 1) (𝜗𝑠𝑠 𝜗 − 𝜗2𝑠 ) + 𝑠 (3𝑠 − 1) 𝜗𝑠 𝜗 −1𝑠
3
2 𝜗𝜎+1 𝜗𝑠 − 1

2
1 𝜗

2(1+ 𝜎) = 0.

3.4. Examples of soliton solutions

This section deals with several examples of soliton solutions for
Eq. (2).31–33

Example 1. If 𝛽(𝑢) = 𝑐3 and 𝛼(𝑢) = 𝑐1 𝑢 − 𝑐2 𝑢2.
Eq. (2) admits the following soliton solution for 𝛽(𝑢) = 𝑐3 and

𝛼(𝑢) = 𝑐1 𝑢 − 𝑐2 𝑢2.

𝑢 (𝑥, 𝑦, 𝑡) = 3 (1 + tanh( 3 𝑡 −

√

5
𝑥 − 𝑦 + 𝐶)

)

.
5 2 2 2
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Fig. 5. 3𝐷 and 2𝐷 plots of 𝑢5 for different time values 𝑡, with parameter 𝐶 = 2.
Herein, we consider 𝑐1 = 𝑐2 = 1 = 𝑐3. This solution is represented
graphically as:

Fig. 5 shows a traveling wave that constantly changes diagonally
over time depending on tanh function. Its amplitude is modulated by
the factor 3

2 and experiences constant phase shifts by 𝐶. The shifts in

amplitude occur near the line 3
2 𝑡−

√

5
2 𝑥− 𝑦+ 2. The graphs shows that

as time changes the wave shifts diagonally, maintaining its shape and
amplitude, which is the nature of solitons.

Example 2. If 𝛽(𝑢) = 𝑐3 and 𝛼(𝑢) = 𝑐2 𝑢3 + 𝑐1 𝑢.
The soliton solution to Eq. (2) for 𝛽(𝑢) = 𝑐3 and 𝛼(𝑢) = 𝑐2 𝑢3 + 𝑐1 𝑢 is

given as

𝑢6(𝑥, 𝑦, 𝑡) = 1
√

2

(

1 + tanh( 3
2
𝑡 −

√

6
2
𝑥 − 𝑦 − 𝐶)

)

,

herein, 𝑐1 = 2, 𝑐2 = −1, and 𝑐3 = 1. This solution can be shown
graphically as follows:

Fig. 6 illustrates a traveling wave that continuously evolves over
time according to the tanh function. The amplitude of the wave is
being scaled and modulated by the factors 1

√

2
and 3

2 , respectively.
Moreover, the amplitude of the wave experiences constant phase shifts
by 𝐶, suggesting that the traveling wave propagates across 𝑥𝑦−plane
maintaining its shape.
11 
Example 3. If 𝛽(𝑢) = 𝑢 and 𝛼(𝑢) = 𝑐1 𝑢 − 𝑐2 𝑢2.
Eq. (2) has the subsequent soliton solution for 𝛽(𝑢) = 𝑢 and 𝛼(𝑢) =

𝑐1 𝑢 − 𝑐2 𝑢2.

𝑢7(𝑥, 𝑦, 𝑡) = −1
2
(

1 + tanh( 𝑡 − 1
2
𝑥 − 𝑦 − 𝐶)

)

.

Herein, we assume 𝑐1 = −1 and 𝑐2 = 1. The graphs of this solution at
different times 𝑡 can be seen as:

Fig. 7 depicts a traveling wave evolving over different time values.
The amplitude of the wave is being scaled by the factor (− 1

2 ), and it
make smooth transitions across the region due to hyperbolic tangent
function. Moreover, it experiences constant phase shifts by 𝐶.

Example 4. If 𝛽(𝑢) = 𝑢 and 𝛼(𝑢) = 𝑐1 𝑢 + 𝑐2 𝑢3.
For 𝛽(𝑢) = 𝑢 and 𝛼(𝑢) = 𝑐1 𝑢 + 𝑐2 𝑢3, Eq. (2) yields the following

solution

𝑢8(𝑥, 𝑦, 𝑡) = 1
√

4
tanh( 3

√

4
𝑡 − 𝑥 − 𝑦 − 𝐶),

herein, 𝑐1 = 1
4 and 𝑐2 = −1. Graphically, this solution is represented

as:
Fig. 8 shows a traveling wave that changes over different time

values, characterized by a tanh function. Its amplitude is being scaled
by the factor 1

√ and it underwent phase shifts by 𝐶.

4
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Fig. 6. 3𝐷 and 2𝐷 plots of 𝑢6 for different time values 𝑡, with parameter 𝐶 = 2.
Example 5. If 𝛽(𝑢) = 𝑢 and 𝛼(𝑢) = 𝑐1 𝑢 + 𝑐2 𝑢2 − 𝑐3 𝑢3.
For 𝛽(𝑢) = 𝑢 and 𝛼(𝑢) = 𝑐1 𝑢 + 𝑐2 𝑢2 − 𝑐3 𝑢3, we obtain

𝑢9(𝑥, 𝑦, 𝑡) = 1
√

2

(

1 − tanh(
√

2 𝑡 − 𝑥 − 𝑦 − 𝐶)
√

8
)

,

herein, 𝑐1 = 7
4 and 𝑐2 = 1 = 𝑐3. This solution can be visualized as

follows:
Fig. 9 depicts a stable traveling wave that evolves diagonally over

different time values with sharp change in amplitude. The amplitude
of the wave is being scaled by the factor 1

√

2
and it underwent diagonal

phase shifts by 𝐶. This amplitude remains almost constant on either
side of the wavefront, revealing the soliton behavior.

4. Conservation laws by partial Lagrangian approach

Conservation laws, play a major role in Lie symmetry analysis as
well as other approaches. These are expressed as divergences, signify
the conservation of specific physical quantities owing to the inherited
symmetries of a system defined by Des. The identification of these con-
servation laws is, among other things, beneficial for the linearization
of Pdes, double reduction, and determination of non-local symmetries
in differential equations.

The following section discusses the conservation laws associated
with the (2 + 1)- dimensional non-linear damped Kge through the
12 
partial Lagrangian approach, which is employed even in cases where
the conventional Lagrangian for a system is not straightforward or
non-existent, unlike Noether’s theorem, which requires the existence
of Lagrangian of a system. This scenario arises, for instance, in scalar
evolution equations and even in the case of the simple classical heat
equation. To explore conservation laws of Eq. (2), we opt for the partial
Noether’s method, as the existence of the damping term 𝛽(𝑢) 𝑢𝑡 prevents
the standard Lagrangian from being formulated for this equation, that
means 𝛿

𝛿𝑢 ≠ 0.
The partial Lagrangian of Eq. (2) is as follows

 = 1
2
𝑢2𝑡 − 1

2
𝑢2𝑥 − 1

2
𝑢2𝑦 + ∫ 𝛼(𝑢) 𝑑𝑢, (48)

where
𝛿
𝛿𝑢

= 𝛼(𝑢) + 𝑢𝑥𝑥 + 𝑢𝑦𝑦 − 𝑢𝑡𝑡 = 𝛽(𝑢) 𝑢𝑡.

Associated with the partial Lagrangian (48), the operator defined
in Eq. (4) is termed as partial Noether operator of Eq. (2) if the
following criterion

𝑋 [1]  + (𝑡 𝜏
1 + 𝑥 𝜏

2 + 𝑦 𝜏
3) = 𝑊 𝛿

𝛿𝑢
+ 𝑡 1 + 𝑥 2 + 𝑦 3,

(49)

holds, where

𝑊 = 𝜑 − 𝜏1 𝑢 − 𝜏2 𝑢 − 𝜏3 𝑢 ,
𝑡 𝑥 𝑦
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Fig. 7. 3𝐷 and 2𝐷 plots of 𝑢7 for different time values 𝑡, with parameter 𝐶 = 2.
1, 2 & 3 denote gauge terms that depend on (𝑡, 𝑥, 𝑦, 𝑢). A subse-
quent set of equations is derived from Eq. (49)

𝜏1𝑢 = 0, 𝜏2𝑢 = 0, 𝜏3𝑢 = 0, (50)

2
𝑢 + 𝜑𝑥 = 0, (51)

𝜑𝑡 − 𝜑𝛽(𝑢) − 1
𝑢 = 0, (52)

3
𝑢 + 𝜑𝑦 = 0, (53)

−2𝜑𝑢 + 𝜏2𝑥 − 𝜏1𝑡 − 𝜏3𝑦 = 0, (54)

−2𝜑𝑢 − 𝜏2𝑥 − 𝜏1𝑡 + 𝜏3𝑦 = 0, (55)

2𝜑𝑢 + 2 𝜏1 𝛽(𝑢) + 𝜏2𝑥 − 𝜏1𝑡 + 𝜏3𝑦 = 0, (56)

𝜏1𝑥 − 𝜏2𝑡 + 𝜏2 𝛽(𝑢) = 0, (57)

𝜏1𝑦 − 𝜏3𝑡 + 𝜏3 𝛽(𝑢) = 0, (58)

𝜏3𝑥 + 𝜏2𝑦 = 0, (59)

𝜑𝛼(𝑢) + (𝜏1𝑡 + 𝜏2𝑥 + 𝜏3𝑦 ) ∫ 𝛼(𝑢) 𝑑𝑢 = 1
𝑡 + 2

𝑥 + 3
𝑦. (60)

From Eqs. (54) and (55), we have

3 2
𝜏𝑦 − 𝜏𝑥 = 0. (61)

13 
Consequently, we obtain

𝜑 = − 1
2
𝜏1𝑡 𝑢 + (𝑡, 𝑥, 𝑦). (62)

Using Eqs. (61) and (62) in Eq. (56) yields

𝜏2𝑥 − 𝜏1𝑡 + 𝛽 𝜏1 = 0. (63)

Next, we examine the subsequent cases for arbitrary smooth functions
𝛽(𝑢) and 𝛼(𝑢):

Case 1: 𝛽(𝑢) is an arbitrary function of 𝑢

If 𝛽(𝑢) is an arbitrary function of 𝑢, i.e. 𝛽(𝑢) ≠ Constant, then from
Eqs. (57), (58) and (63), we determine

𝜏1 = 0, 𝜏2 = 0, 𝜏3 = 0.

From here, we obtain

𝜑 = (𝑡, 𝑥, 𝑦). (64)

Now, Eqs. (51)–(53) give rise to the following

1 = 𝑡 𝑢 −  ∫ 𝛽(𝑢) 𝑑𝑢 + 1(𝑡, 𝑥, 𝑦), (65)

2 = −𝑥 𝑢 + 2(𝑡, 𝑥, 𝑦), (66)

3 = − 𝑢 + 3(𝑡, 𝑥, 𝑦). (67)
𝑦
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Fig. 8. 3𝐷 and 2𝐷 plots of 𝑢8 for different time values 𝑡, with parameter 𝐶 = 2.
Using these equations in Eq. (60), results in

 𝛼(𝑢) = (𝑡𝑡 − 𝑥𝑥 − 𝑦𝑦) 𝑢 −𝑡 ∫ 𝛽(𝑢) 𝑑𝑢 + 1
𝑡 + 2

𝑥 + 3
𝑦 . (68)

Subcase 1.1
If 𝛽(𝑢), 𝛼(𝑢) and 𝑢 are not related, then from Eq. (68)

 = 0,

and additionally

1
𝑡 + 2

𝑥 + 3
𝑦 = 0.

Therefore, no operator is obtained in this case.

Subcase 1.2
If 𝛽(𝑢) is an arbitrary function of 𝑢 and 𝛼(𝑢) = 0, Eq. (68) then yields

𝑡 = 0, (69)

𝑥𝑥 + 𝑦𝑦 = 0, (70)

1
𝑡 + 2

𝑥 + 3
𝑦 = 0. (71)

After solving Eqs. (69) and (70), we obtain

 = 𝑎 + 𝑎 𝑥 + 𝑎 𝑦 + 𝑎 𝑥 𝑦 + 𝑎 (𝑥2 − 𝑦2).
1 2 3 4 5

14 
To find the conserved vector components, we utilize the following
identity

𝑇 𝑖 = 𝑖 − 𝜏 𝑖  − (𝜑 − 𝜏1 𝑢𝑡 − 𝜏2 𝑢𝑥 − 𝜏3 𝑢𝑦)
𝜕
𝜕𝑢𝑖

, (72)

where 𝑖 = (1, 2, 3) = (𝑡, 𝑥, 𝑦). The conserved vectors for this case are

𝑇 𝑡 = −
(

𝑎1 + 𝑎2 𝑥 + 𝑎3 𝑦 + 𝑎4 𝑥 𝑦 + 𝑎5 (𝑥2 − 𝑦2)
)

(𝑢𝑡 + ∫ 𝛽(𝑢) 𝑑𝑢),

𝑇 𝑥 = − (𝑎2 + 𝑎4 𝑦 + 2 𝑎5 𝑥) 𝑢

+
(

𝑎1 + 𝑎2 𝑥 + 𝑎3 𝑦 + 𝑎4 𝑥 𝑦 + 𝑎5 (𝑥2 − 𝑦2)
)

𝑢𝑥,

𝑇 𝑦 = − (𝑎3 + 𝑎4 𝑥 − 2 𝑎5 𝑦) 𝑢

+
(

𝑎1 + 𝑎2 𝑥 + 𝑎3 𝑦 + 𝑎4 𝑥 𝑦 + 𝑎5 (𝑥2 − 𝑦2)
)

𝑢𝑦.

Here, 𝑎𝑝 represents constants and 𝑝 = (1,… , 5). Consequently for
constants 𝑎𝑝, there exist five independent conserved quantities.

Subcase 1.3
If 𝛼(𝑢) = 𝛼1 + 𝛼2 𝑢, and 𝛽(𝑢) is not linear in 𝑢, it consequently follows

from Eq. (68) that

𝑡 = 0, (73)

𝛼2  + 𝑥𝑥 + 𝑦𝑦 = 0, (74)

1 + 2 + 3 = 𝛼 . (75)
𝑡 𝑥 𝑦 1
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Fig. 9. 3𝐷 and 2𝐷 plots of 𝑢9 for different time values 𝑡, with parameter 𝐶 = 2.
The application of the method of separation of variables to solve
Eq. (74) gives rise to three subcases:

Subcase 1.3.1: 𝜆2 + 𝛼2 > 0
In this subcase

 = 𝑎1 cos(𝜌 𝑥) cos(𝜌 𝑦) + 𝑎2 cos(𝜌 𝑥) sin(𝜌 𝑦) + 𝑎3 sin(𝜌 𝑥) cos(𝜌 𝑦)

+ 𝑎4 sin(𝜌 𝑥) sin(𝜌 𝑦),

and the conserved vectors are given as

𝑇 𝑡 = −
(

𝑎1 cos(𝜌 𝑥) cos(𝜌 𝑦) + 𝑎2 cos(𝜌 𝑥) sin(𝜌 𝑦) +

𝑎3 sin(𝜌 𝑥) cos(𝜌 𝑦) + 𝑎4 sin(𝜌 𝑥) sin(𝜌 𝑦)
)

(𝑢𝑡 + ∫ 𝛽(𝑢) 𝑑𝑢),

𝑇 𝑥 =
(

cos(𝜌 𝑥) + sin(𝜌 𝑥)
)

(

(

𝑎1 cos(𝜌 𝑦) + 𝑎2 sin(𝜌 𝑦)
)

(𝜌 𝑢 + 𝑢𝑥) +
(

𝑎3 cos(𝜌 𝑦) + 𝑎4 sin(𝜌 𝑦)
)

(𝑢𝑥 − 𝜌 𝑢)
)

,

𝑇 𝑦 =
(

cos(𝜌 𝑦) + sin(𝜌 𝑦)
)

(

(

𝑎1 cos(𝜌 𝑥) + 𝑎3 sin(𝜌 𝑥)
)

(𝑢𝑦 + 𝜌 𝑢) +
(

𝑎2 cos(𝜌 𝑥) + 𝑎4 sin(𝜌 𝑥)
)

(𝑢𝑦 − 𝜌 𝑢)
)

,

herein, 𝜌 =
√

𝜆2 + 𝛼 and 𝜆 is a separation constant.
2

15 
Subcase 1.3.2: 𝜆2 + 𝛼2 = 0
Here, the following components of the conserved vectors are derived

𝑇 𝑡 = −
(

𝑎1 𝑥 𝑦 + 𝑎2 𝑥 + 𝑎3 𝑦 + 𝑎4
)

(𝑢𝑡 + ∫ 𝛽(𝑢) 𝑑𝑢),

𝑇 𝑥 = − (𝑎1 𝑦 + 𝑎2) 𝑢 +
(

𝑎1 𝑥 𝑦 + 𝑎2 𝑥 + 𝑎3 𝑦 + 𝑎4
)

𝑢𝑥,

𝑇 𝑦 = − (𝑎1 𝑥 + 𝑎3) 𝑢 +
(

𝑎1 𝑥 𝑦 + 𝑎2 𝑥 + 𝑎3 𝑦 + 𝑎4
)

𝑢𝑦.

Subcase 1.3.3: 𝜆2 + 𝛼2 < 0
The following conserved vectors are derived for this particular

subcase

𝑇 𝑡 = −
(

𝑎1 𝑒
𝜌 (𝑥+𝑦) + 𝑎2 𝑒

𝜌 (𝑥−𝑦) + 𝑎3 𝑒
𝜌 (𝑦−𝑥) + 𝑎4 𝑒

−𝜌 (𝑥+𝑦)) (𝑢𝑡

+ ∫ 𝛽(𝑢) 𝑑𝑢) + 1,

𝑇 𝑥 = −
(

𝑎1 𝑒
𝜌 (𝑥+𝑦) + 𝑎2 𝑒

𝜌 (𝑥−𝑦) − 𝑎3 𝑒
𝜌 (𝑦−𝑥) − 𝑎4 𝑒

−𝜌 (𝑥+𝑦)) 𝜌 𝑢 +
(

𝑎1 𝑒
𝜌 (𝑥+𝑦) + 𝑎2 𝑒

𝜌 (𝑥−𝑦) + 𝑎3 𝑒
𝜌 (𝑦−𝑥) + 𝑎4 𝑒

−𝜌 (𝑥+𝑦)) 𝑢𝑥 +2,

𝑇 𝑦 = −
(

𝑎1 𝑒
𝜌 (𝑥+𝑦) − 𝑎2 𝑒

𝜌 (𝑥−𝑦) + 𝑎3 𝑒
𝜌 (𝑦−𝑥) − 𝑎4 𝑒

−𝜌 (𝑥+𝑦)) 𝜌 𝑢 +
(

𝑎1 𝑒
𝜌 (𝑥+𝑦) + 𝑎2 𝑒

𝜌 (𝑥−𝑦) + 𝑎3 𝑒
𝜌 (𝑦−𝑥) + 𝑎4 𝑒

−𝜌 (𝑥+𝑦)) 𝑢𝑦 +3.

Here, 𝜌 =
√

𝜆2 + 𝛼 , with 𝜆 serving as a separation constant.
2
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Subcase 1.4
If 𝛼(𝑢) = 𝑘 ∫ 𝛽(𝑢) 𝑑𝑢, then from Eq. (68) we find

𝑘 + 𝑡 = 0, (76)

𝑡𝑡 − 𝑥𝑥 − 𝑦𝑦 = 0, (77)

1
𝑡 + 2

𝑥 + 3
𝑦 = 0. (78)

rom Eq. (76), we obtain

= (𝑥, 𝑦) 𝑒−𝑘 𝑡.

sing Eq. (76) in Eq. (77) and solving the resulting equation through
he method of separation of variables gives rise to three subcases:

ubcase 1.4.1: 𝑘2 − 𝜆2 > 0
The following conserved vectors are derived for this particular

ubcase

𝑇 𝑡 = −𝑒−𝑘 𝑡
(

𝑎1 𝑒
𝜚 (𝑥+𝑦) + 𝑎2 𝑒

𝜚 (𝑥−𝑦) + 𝑎3 𝑒
𝜚 (𝑦−𝑥) + 𝑎4 𝑒

−𝜚 (𝑥+𝑦))

× (𝑘 𝑢 + 𝑢𝑡 + ∫ 𝛽(𝑢) 𝑑𝑢) + 1,

𝑇 𝑥 = 𝑒−𝑘 𝑡
(

(

𝑎1 𝑒
𝜚 (𝑥+𝑦) + 𝑎2 𝑒

𝜚 (𝑥−𝑦)) (𝑢𝑥 − 𝜌 𝑢)

+
(

𝑎3 𝑒
𝜚 (𝑦−𝑥) + 𝑎4 𝑒

−𝜚 (𝑥+𝑦)) (𝑢𝑥 + 𝜌 𝑢)
)

+2,

𝑇 𝑦 = 𝑒−𝑘 𝑡
(

(

𝑎1 𝑒
𝜚 (𝑥+𝑦) + 𝑎3 𝑒

𝜚 (𝑦−𝑥)) (𝑢𝑦 − 𝜌 𝑢)

+
(

𝑎2 𝑒
𝜚 (𝑥−𝑦) + 𝑎4 𝑒

−𝜚 (𝑥+𝑦)) (𝑢𝑦 + 𝜌 𝑢)
)

+3.

Subcase 1.4.2: 𝑘2 − 𝜆2 = 0
In this subcase, the components of the conserved vectors are

𝑇 𝑡 = − 𝑒− 𝑘 𝑡
(

𝑎1 𝑥 𝑦 + 𝑎2 𝑥 + 𝑎3 𝑦 + 𝑎4
)

(𝑘 𝑢 + 𝑢𝑡 + ∫ 𝛽(𝑢) 𝑑𝑢),

𝑇 𝑥 = 𝑒− 𝑘 𝑡
(

−(𝑎1 𝑦 + 𝑎2) 𝑢 +
(

𝑎1 𝑥 𝑦 + 𝑎2 𝑥 + 𝑎3 𝑦 + 𝑎4
)

𝑢𝑥
)

,

𝑇 𝑦 = 𝑒− 𝑘 𝑡
(

− (𝑎1 𝑥 + 𝑎3) 𝑢 +
(

𝑎1 𝑥 𝑦 + 𝑎2 𝑥 + 𝑎3 𝑦 + 𝑎4
)

𝑢𝑦
)

.

Subcase 1.4.3: 𝑘2 − 𝜆2 < 0

𝑇 𝑡 = −𝑒− 𝑘 𝑡
(

𝑎1 cos(𝜚 𝑥) cos(𝜚 𝑦) + 𝑎2 cos(𝜚 𝑥) sin(𝜚 𝑦) +

𝑎3 sin(𝜚 𝑥) cos(𝜚 𝑦) + 𝑎4 sin(𝜚 𝑥) sin(𝜚 𝑦)
)

(𝑘 𝑢 + 𝑢𝑡 + ∫ 𝛽(𝑢) 𝑑𝑢),

𝑇 𝑥 = 𝑒− 𝑘 𝑡
(

cos(𝜚 𝑥) + sin(𝜚 𝑥)
)

(

(

𝑎1 cos(𝜚 𝑦) + 𝑎2 sin(𝜚 𝑦)
)

(𝑢𝑥 + 𝜚 𝑢) +
(

𝑎3 cos(𝜚 𝑦) + 𝑎4 sin(𝜚 𝑦)
)

(𝑢𝑥 − 𝜚 𝑢)
)

,

𝑇 𝑦 = 𝑒− 𝑘 𝑡
(

cos(𝜚 𝑦) + sin(𝜚 𝑦)
)

(

(

𝑎1 cos(𝜚 𝑥) + 𝑎3 sin(𝜚 𝑥)
)

(𝑢𝑦 + 𝜚 𝑢) +
(

𝑎2 cos(𝜚 𝑥) + 𝑎4 sin(𝜚 𝑥)
)

(𝑢𝑦 − 𝜚 𝑢)
)

,

wherein, 𝜚 =
√

𝑘2 − 𝜆2 and 𝜆 is a separation constant.

ase 2: 𝛽(𝑢) = 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝑞

In this case, Eqs. (51)–(53) yield

1 = 1
4
(𝑞 𝜏1𝑡 − 𝜏1𝑡𝑡) 𝑢

2 + (𝑡 − 𝑞) 𝑢 + 1(𝑡, 𝑥, 𝑦), (79)

2 = 1
4
𝜏1𝑡𝑥 𝑢

2 − 𝑥 𝑢 + 2(𝑡, 𝑥, 𝑦), (80)

3 = 1
4
𝜏1𝑡𝑦 𝑢

2 − 𝑦 𝑢 + 3(𝑡, 𝑥, 𝑦). (81)

By using Eqs. (62) and (79)–(81) in Eq. (60) and taking derivatives of
the obtained equation thrice 𝑤.𝑟.𝑡. 𝑢, yields

(−1
2
𝜏1𝑡 𝑢 + ) 𝛼𝑢𝑢𝑢 + (−1

2
𝜏1𝑡 + 𝜏2𝑥 + 𝜏3𝑦 ) 𝛼𝑢𝑢 = 0. (82)

ere, two subcases arise:
 T
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ubcase 2.1: 𝛼𝑢𝑢 = 0
In this subcase, 𝛼(𝑢) takes the form

(𝑢) = 𝑎 𝑢 + 𝑏.

onsequently, we derive an infinite number of conserved vector com-
onents, which are as follows

𝑡 = (𝑡 − 𝑞) 𝑢 + 1
2
(𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6) 𝑒𝑞 𝑡 (𝑢2𝑡 + 𝑢2𝑥 + 𝑢2𝑦

− 𝑎 𝑢2 − 2 𝑏 𝑢 − 2 𝑐 + 𝑞 𝑢 𝑢𝑡) −

 𝑢𝑡 + 𝑒𝑞 𝑡 𝑢𝑡
(

(−𝑎1 𝑦 + 𝑎5 𝑡 + 𝑎4) 𝑢𝑥 + (𝑎1 𝑥 + 𝑎3 𝑡 + 𝑎2) 𝑢𝑦
)

+1,

𝑇 𝑥 = 1
4
𝑎5 𝑞 𝑒

𝑞 𝑡 𝑢2 − 𝑥 𝑢 +  𝑢𝑥 + 1
2
(−𝑎1 𝑦 + 𝑎5 𝑡 + 𝑎4) 𝑒𝑞 𝑡 (−𝑢2𝑡

− 𝑢2𝑥 + 𝑢2𝑦 − 𝑎 𝑢2 − 2 𝑏 𝑢 − 2 𝑐) −

𝑒𝑞 𝑡
(

( 1
2
𝑞 𝑢 𝑢𝑥 + 𝑢𝑡 𝑢𝑥) (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6)

− (𝑎1 𝑥 + 𝑎3 𝑡 + 𝑎2) 𝑢𝑥 𝑢𝑦
)

+ 2,

𝑇 𝑦 = 1
4
𝑎3 𝑞 𝑒

𝑞 𝑡 𝑢2 − 𝑦 𝑢 +  𝑢𝑦 + 1
2
(𝑎1 𝑥 + 𝑎3 𝑡 + 𝑎2)

× 𝑒𝑞 𝑡 (−𝑢2𝑡 + 𝑢2𝑥 − 𝑢2𝑦 − 𝑎 𝑢2 − 2 𝑏 𝑢 − 2 𝑐) −

𝑒𝑞 𝑡
(

( 1
2
𝑞 𝑢 𝑢𝑦 + 𝑢𝑡 𝑢𝑦) (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6)

− (−𝑎1 𝑦 + 𝑎5 𝑡 + 𝑎4) 𝑢𝑥 𝑢𝑦
)

+ 3,

subject to

𝑎 + 1
2
𝑞 𝑒𝑞 𝑡 (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6) 𝑏 = 𝑡𝑡 − 𝑞𝑡 − 𝑦𝑦. (83)

The following ansatz can be applied to Eq. (83):

1. If  = (𝑥), then

(𝑥) = − 1
2 𝑎

𝑏 𝑞 𝑒𝑞 𝑡 (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6).

2. If  = (𝑦), then we have

(𝑦) = 𝑎7 sin(
√

𝑎 𝑦) + 𝑎8 cos(
√

𝑎 𝑦)

− 1
2 𝑎

𝑏 𝑞 𝑒𝑞 𝑡 (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6).

3. If  = (𝑡), then we obtain

(𝑡) = 𝑎7 𝑒
1
2 (𝑞 +

√

4 𝑎+ 𝑞2)𝑡 + 𝑎8 𝑒
1
2 (𝑞 +

√

4 𝑎− 𝑞2)𝑡

− 1
2 𝑎

𝑏 𝑞 𝑒𝑞 𝑡 (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6).

Subcase 2.2: 𝛼𝑢𝑢 ≠ 0
From Eq. (82), we arrive at

(−1
2
𝜏1𝑡 𝑢 + )

𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

+ (−1
2
𝜏1𝑡 + 𝜏2𝑥 + 𝜏3𝑦 ) = 0. (84)

ifferentiating Eq. (84) 𝑤.𝑟.𝑡. 𝑢, we obtain the following equation

− 1
2
𝜏1𝑡

(

𝑢
𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

)

𝑢 + 
(𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

)

𝑢 = 0. (85)

From here, we consider different subcases:

Subcase 2.2.1:
(

𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

)

𝑢
= 0

Following this subcase, we consider
𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

= 𝑑.

Substituting back into Eq. (85), we determine

−1
2
𝜏1𝑡 𝑑 = 0.

his equation gives rise to new subcases:
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Subcase 2.2.1.1: 𝑑 ≠ 0
For this subcase

𝜏1 = 𝜏1(𝑥, 𝑦),

and 𝛼(𝑢) take the following form

𝛼(𝑢) = 𝑑2 𝑒
𝑑 𝑢 + 𝑑3 𝑢 + 𝑑4.

he conserved vectors obtained are as follows

𝑇 𝑡 = 𝑒𝑞 𝑡
(

(−𝑎1 𝑦 + 𝑎3) 𝑢𝑥 + (𝑎1 𝑥 + 𝑎2) 𝑢𝑦
)

𝑢𝑡 + 1,

𝑇 𝑥 = 1
2
𝑒𝑞 𝑡

(

(−𝑎1 𝑦 + 𝑎3) (−𝑢2𝑡 − 𝑢2𝑥 + 𝑢2𝑦 − 2
𝑑2
𝑑
𝑒𝑑 𝑢 − 𝑑3 𝑢

2 − 2 𝑑4 𝑢)

− 2 (𝑎1 𝑥 + 𝑎2) 𝑢𝑦 𝑢𝑥
)

+ 2,

𝑇 𝑦 = 1
2
𝑒𝑞 𝑡

(

(𝑎1 𝑥 + 𝑎2) (−𝑢2𝑡 + 𝑢2𝑥 − 𝑢2𝑦 − 2
𝑑2
𝑑
𝑒𝑑 𝑢 − 𝑑3 𝑢

2 − 2 𝑑4 𝑢)

− 2 (−𝑎1 𝑦 + 𝑎3) 𝑢𝑦 𝑢𝑥
)

+ 3.

Subcase 2.2.1.2: 𝑑 = 0
In this subcase, 𝛼(𝑢) takes the following form

𝛼(𝑢) = 1
2
𝛼1 𝑢

2 + 𝛼2 𝑢 + 𝛼3.

Furthermore, the conserved vectors found are

𝑇 𝑡 = 𝑒𝑞 𝑡
(

(−𝑎1 𝑦 + 𝑎3) 𝑢𝑥 + (𝑎1 𝑥 + 𝑎2) 𝑢𝑦
)

𝑢𝑡 + 1,

𝑇 𝑥 = 1
2
𝑒𝑞 𝑡

(

(−𝑎1 𝑦 + 𝑎3) (−𝑢2𝑡 − 𝑢2𝑥 + 𝑢2𝑦 − 1
3
𝛼1 𝑢

3 − 𝛼2 𝑢
2 − 2 𝛼3 𝑢)

− 2 (𝑎1 𝑥 + 𝑎2) 𝑢𝑦 𝑢𝑥
)

+ 2,

𝑇 𝑦 = 1
2
𝑒𝑞 𝑡

(

(𝑎1 𝑥 + 𝑎2) (−𝑢2𝑡 + 𝑢2𝑥 − 𝑢2𝑦 − 1
3
𝛼1 𝑢

3 − 𝛼2 𝑢
2 − 2 𝛼3 𝑢)

− 2 (−𝑎1 𝑦 + 𝑎3) 𝑢𝑦 𝑢𝑥
)

+ 3.

Subcase 2.2.2:
(

𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

)

𝑢
≠ 0

In this subcase, we have from Eq. (85)

− 1
2
𝜏1𝑡

(

𝑢 𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

)

𝑢
( 𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

)

𝑢

+  = 0. (86)

Now, we assume
(

𝑢
𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

)

𝑢 = 𝛼1
(𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

)

𝑢.

Eq. (86) yields the following expression

−1
2
𝜏1𝑡 𝛼1 +  = 0.

fter some manipulations, we deduce the result
𝛼𝑢𝑢𝑢
𝛼𝑢𝑢

=
𝛼2

𝑢 − 𝛼1
. (87)

Now, we need to consider various cases from here.

Subcase 2.2.2.1: 𝛼1 ≠ 0
In this subcase, the following form is obtained for the function 𝛼(𝑢)

𝛼(𝑢) =
𝛼3

(𝛼2 + 1) (𝛼2 + 2)
(𝑢 − 𝛼1)𝛼2 +2 + 𝛼4 𝑢 + 𝛼5.

Case A: 𝛼2 + 1 ≠ 0
For this case, the following conserved vectors are obtained

𝑇 𝑡 = 𝑒𝑞 𝑡
(

(−𝑎1 𝑦 + 𝑎3) 𝑢𝑥 + (𝑎1 𝑥 + 𝑎2) 𝑢𝑦
)

𝑢𝑡 + 1,

𝑇 𝑥 = 1
2
𝑒𝑞 𝑡

(

(−𝑎1 𝑦 + 𝑎3) (−𝑢2𝑡 − 𝑢2𝑥 + 𝑢2𝑦

− 2 ∫ 𝛼(𝑢) 𝑑𝑢) − 2 (𝑎1 𝑥 + 𝑎2) 𝑢𝑦 𝑢𝑥
)

+ 2,

𝑇 𝑦 = 1
2
𝑒𝑞 𝑡

(

(𝑎1 𝑥 + 𝑎2) (−𝑢2𝑡 + 𝑢2𝑥 − 𝑢2𝑦 − 2 ∫ 𝛼(𝑢) 𝑑𝑢)

− 2 (−𝑎 𝑦 + 𝑎 ) 𝑢 𝑢
)

+ 3.
1 3 𝑦 𝑥
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Case B: 𝛼2 + 1 = 0
We obtain the following conserved components

𝑇 𝑡 = (𝑡 − 𝑞) 𝑢 + 1
2
(𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6) 𝑒𝑞 𝑡 (𝑢2𝑡 + 𝑢2𝑥 + 𝑢2𝑦

−2∫ 𝛼(𝑢) 𝑑𝑢 + 𝑞 𝑢 𝑢𝑡) −

 𝑢𝑡 + 𝑒𝑞 𝑡 𝑢𝑡
(

(−𝑎1 𝑦 + 𝑎5 𝑡 + 𝑎4) 𝑢𝑥 + (𝑎1 𝑥 + 𝑎3 𝑡 + 𝑎2) 𝑢𝑦
)

+1,

𝑇 𝑥 = 1
4
𝑎5 𝑞 𝑒

𝑞 𝑡 𝑢2 − 𝑥 𝑢 +  𝑢𝑥 + 1
2
(−𝑎1 𝑦 + 𝑎5 𝑡 + 𝑎4)

× 𝑒𝑞 𝑡 (−𝑢2𝑡 − 𝑢2𝑥 + 𝑢2𝑦 − 2∫ 𝛼(𝑢) 𝑑𝑢) −

𝑒𝑞 𝑡
(

( 1
2
𝑞 𝑢 𝑢𝑥 + 𝑢𝑡 𝑢𝑥) (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6)

− (𝑎1 𝑥 + 𝑎3 𝑡 + 𝑎2) 𝑢𝑥 𝑢𝑦
)

+ 2,

𝑇 𝑦 = 1
4
𝑎3 𝑞 𝑒

𝑞 𝑡 𝑢2 − 𝑦 𝑢 +  𝑢𝑦 + 1
2
(𝑎1 𝑥 + 𝑎3 𝑡 + 𝑎2)

× 𝑒𝑞 𝑡 (−𝑢2𝑡 + 𝑢2𝑥 − 𝑢2𝑦 − 2∫ 𝛼(𝑢) 𝑑𝑢) −

𝑒𝑞 𝑡
(

( 1
2
𝑞 𝑢 𝑢𝑦 + 𝑢𝑡 𝑢𝑦) (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6)

− (−𝑎1 𝑦 + 𝑎5 𝑡 + 𝑎4) 𝑢𝑥 𝑢𝑦
)

+ 3,

where

 = 1
2
𝑞 𝑒𝑞 𝑡 𝛼1 (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6).

ubcase 2.2.2.2: 𝛼1 = 0
In this subcase, we obtain the form for the function 𝛼(𝑢)

𝛼(𝑢) =
𝛼3

(𝛼2 + 1) (𝛼2 + 2)
𝑢𝛼2 +2 + 𝛼4 𝑢 + 𝛼5.

ase C: 𝛼2 + 1 ≠ 0
This case leads to the following conserved components

𝑡 = 𝑒𝑞 𝑡
(

(−𝑎1 𝑦 + 𝑎3) 𝑢𝑥 + (𝑎1 𝑥 + 𝑎2) 𝑢𝑦
)

𝑢𝑡 + 1,

𝑇 𝑥 = 1
2
𝑒𝑞 𝑡

(

(−𝑎1 𝑦 + 𝑎3)
(

− 𝑢2𝑡 − 𝑢2𝑥 + 𝑢2𝑦

−2 (
𝛼3

(𝛼2 + 1) (𝛼2 + 2)(𝛼2 + 3)
𝑢𝛼2 +3 +

1
2
𝛼4 𝑢

2 + 𝛼5 𝑢)
)

− 2 (𝑎1 𝑥 + 𝑎2) 𝑢𝑦 𝑢𝑥
)

+ 2,

𝑇 𝑦 = 1
2
𝑒𝑞 𝑡

(

(𝑎1 𝑥 + 𝑎2)
(

− 𝑢2𝑡 + 𝑢2𝑥 − 𝑢2𝑦

−2 (
𝛼3

(𝛼2 + 1) (𝛼2 + 2)(𝛼2 + 3)
𝑢𝛼2 +3 +

1
2
𝛼4 𝑢

2 + 𝛼5 𝑢)
)

− 2 (−𝑎1 𝑦 + 𝑎3) 𝑢𝑦 𝑢𝑥
)

+ 3.

Case D: 𝛼2 + 1 = 0
We derive the following conserved vectors for this subcase

𝑇 𝑡 = 1
2
(𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6) 𝑒𝑞 𝑡 (𝑢2𝑡 + 𝑢2𝑥 + 𝑢2𝑦 − 2∫ 𝛼(𝑢) 𝑑𝑢 + 𝑞 𝑢 𝑢𝑡) +

𝑒𝑞 𝑡 𝑢𝑡
(

(−𝑎1 𝑦 + 𝑎5 𝑡 + 𝑎4) 𝑢𝑥 + (𝑎1 𝑥 + 𝑎3 𝑡 + 𝑎2) 𝑢𝑦
)

+ 1,

𝑇 𝑥 = 1
4
𝑎5 𝑞 𝑒

𝑞 𝑡 𝑢2 + 1
2
(−𝑎1 𝑦 + 𝑎5 𝑡 + 𝑎4) 𝑒𝑞 𝑡

× (−𝑢2𝑡 − 𝑢2𝑥 + 𝑢2𝑦 − 2∫ 𝛼(𝑢) 𝑑𝑢) −

𝑒𝑞 𝑡
(

( 1
2
𝑞 𝑢 𝑢𝑥 + 𝑢𝑡 𝑢𝑥) (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6)

− (𝑎1 𝑥 + 𝑎3 𝑡 + 𝑎2) 𝑢𝑥 𝑢𝑦
)

+ 2,

𝑇 𝑦 = 1 𝑎 𝑞 𝑒𝑞 𝑡 𝑢2 + 1 (𝑎 𝑥 + 𝑎 𝑡 + 𝑎 ) 𝑒𝑞 𝑡

4 3 2 1 3 2
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× (−𝑢2𝑡 + 𝑢2𝑥 − 𝑢2𝑦 − 2∫ 𝛼(𝑢) 𝑑𝑢) −

𝑒𝑞 𝑡
(

( 1
2
𝑞 𝑢 𝑢𝑦 + 𝑢𝑡 𝑢𝑦) (𝑎3 𝑦 + 𝑎5 𝑥 + 𝑎6)

− (−𝑎1 𝑦 + 𝑎5 𝑡 + 𝑎4) 𝑢𝑥 𝑢𝑦
)

+ 3.

5. Conclusion

The Lie symmetry approach was used to examine the (2 + 1)-
imensional nonlinear damped Kge. A comprehensive Lie group clas-
ification was conducted for the arbitrary functions, namely, 𝛽(𝑢) and
(𝑢) appearing in Eq. (2). This classification resulted in the derivation
f an extended Lie algebra for each distinct case that arose during
ur analysis. Following this, we utilized the similarity transformations
ethod to systematically reduce the (2 + 1)-dimensional nonlinear
amped Kge to ordinary differential equations, considering each case
ndividually. Several invariant solutions of the equation were identi-
ied. Additionally, the conservation laws were derived by employing
he partial Lagrangian approach. Throughout our analysis, we have
onsidered all possible cases to determine conserved vectors associated
ith the equation.

Concisely, the application of Lie symmetry approach on the non-
inear damped Kge resulted in the derivation of its Lie symmetries,
pecific forms of smooth, arbitrary functions 𝛽(𝑢) and 𝛼(𝑢) involved in

the equation, reduction to (1+1)-dimensional Kge and then subsequently
to Odes, and identification of its solutions e.g., soliton and traveling
wave solutions.

Regarding future work, further exploration will involve finding the
solution of the set of reduced Odes to further understand the behavior
of the invariant solutions. This approach, known for its conciseness and
efficacy, can similarly be employed to address other nonlinear Pdes . We
studied the conservation laws from the mathematical aspect, they not
only help in understanding the structure of the differential equations
but also advances in simplifying the process of solving nonlinear partial
differential equations, as they lead to the double reduction theory.34

In future, the discovered conservation laws of the nonlinear Kge can
be used to find the solutions and reductions of more complex systems.
The discovered conservation laws offer valuable tools for studying the
dynamics and stability of physical systems, making this work relevant
to a range of scientific endeavours that can be performed.
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ppendix

.1. Reduction under 𝑋1 and 𝑋2

In this appendix, we outline the detailed steps require to reduce
q. (2) into an Ode, for the arbitrary functions 𝛽(𝑢) and 𝛼(𝑢). It can be

seen from Table 3 that the generators 𝑋1 and 𝑋2 commute, [𝑋1, 𝑋2] =
0. Therefore, as explained earlier, either 𝑋1 or 𝑋2 can be used as a
starting point to begin the reductions of Eq. (2).

We choose to initiate with 𝑋1 = 𝜕
𝜕𝑡 , for which the corresponding

characteristic equation is expressed as follows
𝑑𝑥 =

𝑑𝑦
= 𝑑𝑡 = 𝑑𝑢 .
0 0 1 0

18 
According to standard procedure, we integrate this equation to obtain
the respective similarity variables, as follows

𝑧 = 𝑥, 𝑟 = 𝑦, 𝑢 = 𝜔(𝑧, 𝑟).

Differentiating these similarity variables twice 𝑤.𝑟.𝑡. 𝑥, we obtain

𝑢𝑥 = 𝜔𝑧, 𝑢𝑥𝑥 = 𝜔𝑧𝑧.

Similarly, differentiating these similarity variables twice 𝑤.𝑟.𝑡. 𝑦 and 𝑡,
we get

𝑢𝑦 = 𝜔𝑟, 𝑢𝑦𝑦 = 𝜔𝑟𝑟,

𝑢𝑡 = 0 = 𝑢𝑡𝑡.

Using these derivatives, Eq. (2) can be reformulated in the form

𝜔𝑧𝑧 + 𝜔𝑟𝑟 + 𝛼(𝜔) = 0. (88)

Since, we begin with 𝑋1. Now, we apply the other commuting genera-
tor, that is 𝑋2, to further reduce the Pde (88). To proceed, we express
𝑋2 in new variables, 𝑧 and 𝑟, as defined above. Thus, 𝑋2 now becomes

𝑋2 = 𝑌2 = 𝜕
𝜕𝑧
.

The characteristic equation for this generator can be expressed as
follows
𝑑𝑧
1

= 𝑑𝑟
0

= 𝑑𝜔
0
,

hich yields the following similarity variables

= 𝑟, 𝜔 = 𝜗(𝑠),

ifferentiating these similarity variables twice 𝑤.𝑟.𝑡. 𝑟 and 𝑧, we get

𝜔𝑟 = 𝜗𝑠, 𝜔𝑟𝑟 = 𝜗𝑠𝑠,

𝑧 = 0 = 𝜔𝑧𝑧.

ubstitution of these derivatives in Eq. (88) results in the subsequent
de

𝑠𝑠 + 𝛼(𝜗) = 0.

.2. Reduction under 𝑋1 and 𝑋4

Herein, we explain the steps require to reduce Eq. (31) into an Ode.
rom Table 4, it can be seen that the generators 𝑋1 and 𝑋4 commute,
𝑋1, 𝑋4] = 0. Thus, either 𝑋1 or 𝑋4 can serve as a initiating point to
tart the reductions of Eq. (31).

We begin with

4 = 𝑦 𝜕
𝜕𝑥

− 𝑥 𝜕
𝜕𝑦
.

The associated similarity transformations are as follows

𝑧 = 1
2
(𝑥2 + 𝑦2), 𝑟 = 𝑡, 𝑢 = 𝜔(𝑧, 𝑟),

where the characteristic equation for this symmetry is
𝑑𝑥
𝑦

=
𝑑𝑦
−𝑥

= 𝑑𝑡
0

= 𝑑𝑢
0
,

differentiating these similarity variables twice 𝑤.𝑟.𝑡. 𝑡, 𝑥, and 𝑦, we get

𝑢𝑡 = 𝜔𝑟, 𝑢𝑡𝑡 = 𝜔𝑟𝑟,

𝑢𝑥 = 𝑥𝜔𝑧, 𝑢𝑥𝑥 = 𝜔𝑧 + 𝑥2 𝜔𝑧𝑧,

𝑢𝑦 = 𝑦𝜔𝑧, 𝑢𝑦𝑦 = 𝜔𝑧 + 𝑦2 𝜔𝑧𝑧.

By putting these derivatives into Eq. (31), we get the following reduced
Pde

𝜔𝑟𝑟 + (𝜔 + 𝛾)𝑘 𝜔𝑟 = 2𝜔𝑧 + 2 𝑧𝜔𝑧𝑧 +  (𝜔 + 𝛾)1+2𝑘. (89)

Now, when 𝑋1 is expressed in terms of new variables

𝑋 = 𝑌 = 𝜕 ,
1 1 𝜕𝑟
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it yields the following invariants

𝑠 = 𝑧, 𝜔 = 𝜗(𝑠),

here the associated characteristic equation is
𝑑𝑧
0

= 𝑑𝑟
1

= 𝑑𝜔
0
,

differentiating these similarity variables twice 𝑤.𝑟.𝑡. 𝑧 and 𝑟, we obtain

𝜔𝑧 = 𝜗𝑠, 𝜔𝑧𝑧 = 𝜗𝑠𝑠,

𝜔𝑟 = 0 = 𝜔𝑟𝑟.

This transforms Eq. (89) to the following Ode

𝑠 𝜗𝑠𝑠 + 𝜗𝑠 + 1
2
 (𝜗 + 𝛾)1+2𝑘 = 0. (90)
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