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Abstract

In this dissertation, we will develop novel methods for determining the spectrum of primary
operators in a free conformal field theory (vector model) and to construct some of these
primaries. To count the spectrum of primaries, we use group theoretic techniques to obtain
character formulas for any number of fields as representations of SO(4,2). More precisely,
we will construct generating functions that can be expanded to any order in the conformal
scaling dimension A to yield the complete spectrum of primaries constructed out of n scalar
fields. We also develop efficient methods to construct these primaries by using a polynomial
description. Finally, these primary operators, which are higher spin currents in the free
conformal vector model, correspond to higher spin gauge fields in Vasiliev higher spin theory
through the holographic duality.



Acknowledgments

First, I would like to thank my supervisor Professor Robert de Mello Koch. Under his su-
pervision, I have gained an invaluable wealth of knowledge both in high energy physics as
well as problem solving skills. T am very grateful to have been given the opportunity to be a
part of the research project and have learned many good qualities from him, as an example
of a successful physicist.

Next, I would like to thank my fiancée Irma Kruger. She has supported me in every
manner during the time it took to complete this dissertation (especially during the many
weekends that I had to work). From the long road to becoming a theoretical physicist, I am
very fortunate to have met someone as wonderful and understanding as her.

Finally, I would like to thank both my parents/sister and Irma’s family. They have helped
keep me motivated and were always willing to help in any way possible.



Contents

1 Motivation 6
2 Higher Spin Theory 15
2.1 Higher Spin Theory: Flat Spacetime 15
2.2 Higher Spin Theory: AdS Spacetime 18
2.3 Twistor Variables and the x-Product Realization of the Higher Spin Algebra 26
2.4 AdS4 Bosonic Vasiliev Theory 30
3 Holography 34
4 Spectrum of Primaries 44
4.1 Objective 44
42 The Conformal Group SO(4,2) 44
4.3 Group Characters 45
4.4 Example Using SU(2) Characters 47
4.5 Group Characters of SO(4, 2) 48
4.6 Product of Two Operators 52
4.7 Product of Many Operators 56
4.8 Deriving a Generating Function for the Spectrum of Primaries 59
5 Constructing Higher Spin Currents/ Primaries 72
5.1 Spin-2 Primary Operator 72
5.2 Spin-3 Primary Operator 74
5.3 Spin 3 Primary: Using the Subalgebra 78
5.4 Performing Checks On Our Construction 79
5.5 Constructing Primaries with Mixed Symmetry 83
5.6 A More Efficient Method Through Gegenbauer Polynomials 85
5.7 Extracting Primaries from F'(a, f3) 89
5.8 An Algorithm to Construct More General Primaries 97
5.9 Constructing Polynomials Using Complex Coordinates 103
6 Conclusion 106
A Appendices 107
A1 The large N limit 107
A.2  The General Primary Operator for Four Fields: Construction 114
A.3  Spin, Representations, and Projectors 120
A4 MATHEMATICA Sample Code: Character Formulas 144
A5 MATHEMATICA Sample Code: Gegenbauer Polynomials 145
A6  MATHEMATICA Sample Code: Total Angular Momentum Operator 146

4



List of Figures

T i W N =

Phase Space . . . . . . . . 7
Closed String Propagating in Spacetime . . . . . . . . ... ... ... ... 10
Holography . . . . . . . . . 34
Feynman Diagrams for Quartic Interactions in Vector Model . . . . . . . .. 107
Propagator . . . . . ... 112

Abbreviations and Conventions

We will often use the following abbreviations:

e Conformal field theory or CFT,
e Representation or irreducible representation as rep or irrep, respectively.

Furthermore, we will use capital letters to denote a group. For example, SO(4). We will
use lower case letters in Fraktur style with boldface for algebras. For example, su(2).



1 Motivation

In this dissertation, we want to study quantum gravity. A theory of quantum gravity is
crucial to our understanding of the origin of the universe through the big bang model and
for the evaporation of black holes through Hawking radiation. Naive attempts to merge gen-
eral relativity with quantum mechanics has proven extremely troublesome. However, string
theory has emerged as a strong candidate for a theory of quantum gravity. More recently,
we have seen the conjectured holographic duality [1] prove to be invaluable to the study of
quantum gravity. As we will argue in the following paragraphs, a promising approach to
learning about quantum gravity is to study possible new symmetries. These symmetries are
considered to be broken/Higgsed at lower energies, but are believed to be made manifest at
higher energies (trans-Planckian energies since this is the domain of quantum gravity). It is
thus reasonable to expect that new symmetries will emerge in studies of quantum gravity-
symmetries that are broken at energies below the Planck scale (we will provide strong mo-
tivation for this in the following paragraphs)[2].

With respect to the fields that transform under higher spin symmetry, we mean any
gauge field with spin s > 2. Here, we can start to see a possible connection to string theory;
indeed, string theory contains higher spin states. This indicates that string theory should
admit an interpretation as a higher spin theory with spontaneously broken higher spin sym-
metries [2]. In the last few years we have seen the holographic duality successfully tested
in the framework of higher spin gauge theories (see, for example, the three-point functions
calculated by Giombi, Yin [3]).

Consider Figure (1), which represents parameter space that has been divided up in terms
of regimes. Here, area A1l represents the domain of perturbative conformal field theory while
area A2 represents the domain of classical supergravity (see Remark (2) in Chapter (3) for
the duality between type IIB string theory and N = 4 Super Yang Mills theory). The
y-axis is labeled with the string coupling constant gs, which is equivalent to A of quantum
gravity. The z-axis is labeled by a dimensionless ratio A between the radius of curvature
Rags of AdS spacetime and the string length [, (note that string length can be related to
the tension T of the string through T oc 1/I2, and thus we see that the string tension defines
the length of the string). Furthermore, \ is also the well known t’ Hooft coupling constant
A = ¢g& ;N in Yang-Mills theory which is equivalent to & of conformal field theory (CFT).
Currently, we are limited to analyzing the two small regions A; and A, of parameter space.
If we are to completely understand quantum gravity, we must be able to understand all of
the parameter space. Thus, our problem is to study the parameter space outside these two
regions.

Now, there have been several methods that have met some success in understanding



quantum gravity outside of the two small regions. We briefly mention each of these methods:
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Figure 1: Comparison of the free parameters in the dual theories

e Non-Renormalized Quantities Some observables have the same value at strong
and weak coupling. For example, the dimensions of a certain operator (representing some
observable) would not change under varying the CFT coupling constant (thus, we would
have no loop corrections) and therefore one would be able to compare the shaded areas.
Crucially, this method depends on the use of sypersymmetry; in particular, it allows one to
trust some of the weak coupling calculations even at strong coupling. These quantities are
guaranteed by non-renormalization theorems. An example of non-renormalized quantities
are the dimensions of BPS operators. For more information, see for example [4].

e Localization In some special circumstances, it is possible to evaluate the partition
function and even certain correlation functions exactly, even for interacting theories. Criti-
cally, this depends on the use of supersymmetry. For some observables, one can reduce the
path integral to a finite dimensional integral. As a very simple example (we will be very brief
here, the precise derivation can be found at [5]) consider the following partition function and
action in a 0-dimensional spacetime

_ d¢d¢1dw2 —S(¢abi)
z / Lo, , (1)

where

(0,11, t2) = 30M(0)? — v1:0°h(0), )

and h(¢) € R is some polynomial in ¢. Here, the derivatives are with respect to the fields ¢;
in other words, Oh(¢) = Oh(¢)/d¢. Also, ¢ is a bosonic field and 91,1, are fermionic fields
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that obey the rules of Grassmann variables. Under the supersymmetric transformations

00 = €11 + €21, 0y = €0h, 01y = —€10h, (3)

(where ¢; are fermionic parameters), the action is invariant. If we now consider the super-
symmetric variation of the operator O, = dg1; (for some g = g(¢)) and set the parameters
to €, = —€3 = €, then under the invariance of the action we find the following correlation
function

0= (00,) = e(gdh — P gihr¢)s). (4)

The important point to notice here is that the term 0gdh — 0*gi) 4, is the first-order change
in the action under the deformation h — h + ¢, as long as g does not alter the behaviour of
h as |¢| — oo. If one chooses g o h, then the deformation simply rescales h — (1 4+ A)h and
therefore Zh| is independent of the overall scale of h. Through iterating this procedure, we
can rescale h by a larger factor; in particular, we can imagine rescaling h as h — (1+ A\)h —
(1+ A)2h — -+ — Ah, where A is related to some power of (1 + \) such that |A| >> 1
(A > 0). Consequently, the bosonic part of the action becomes (9h)?/2 — A?(0h)?/2; and
as A — oo, the factor e™® exponentially suppresses any contribution to Z except from an
infinitesimal neighbourhood of the critical points of h where Oh = 0. This is known as
localization. These critical points are in fact saddle-points. We thus emphasize here that
we have reduced the integral to a finite dimensional integral; that is, we have reduced the
integral Z to a saddle-point evaluation of Z, which is exact. Near such critical points, say
¢., the partition function simplifies to a particularly simple form

Z= S sen(@®hl,.), (5)

¢*:8h|¢* :0

which clearly depends only on the degree of the polynomial 9*h(¢) (the precise form of h
is irrelevant). If h is a polynomial of odd degree, then Oh reduces the degree by one and
therefore Oh = 0 will have an even number of roots. Furthermore, 9*h will alternate sign
between each pair of roots and since we have an even number of roots, Z[h] = 0 identically.
Similarly, if h is a polynomial of even degree, then 0h = 0 will have an odd number of roots.
Consequently, Z[h] = £1, with the sign depending on whether h — +o0 as |¢| — oco.

Under the AdS/CFT correspondence, one can study the duality by looking at operators
that can be computed exactly by localization. One such operator with a well established

holographic dual is the Wilson loop, which has local invariance under supersymmetric trans-
formations in N' =4 SYM. (see [6][7][8]).

e Integrability This relates the planar limit of a CFT (spin chain in d = 2-dimensions)
to a string world sheet theory (d = 2). Consider N' = 4 SYM, which has a rich set of
symmetries due to supersymmetry and conformal symmetry. Due to the latter, there are no
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massive particles whose mass spectrum we might hope to compute. Instead, we can replace
the characteristic quantity of mass by scaling dimension. In the planar limit of N'= 4 SYM
(by planar limit, we mean the t’ Hooft limit N — oo while keeping the gauge coupling
A = ¢2,,N finite which suppresses Feynman graphs that have crossing lines; this reduces
the complexity of graphs from factorial to exponential growth such that the radius of con-
vergence of the perturbative series grows to a finite size), we can essentially solve for the
spectrum exactly. More precisely, one can express the scaling dimension of some local oper-
ator as a function of the coupling constant A. This function is given as the solution of a set
of integral equations which follow from the so-called Thermodynamic Bethe Ansatz or re-
lated techniques (Y-system). In a certain limit, these equations simplify to a set of algebraic
equations called the asymptotic Bethe equations. Through the AdS/CFT correspondence,
this translates to integrability of the string world sheet model (the dual theory for planar
N =4 SYM at arbitrary coupling A is free type IIB superstrings on AdSs x S° at arbitrary
tension 7"). The spectrum of planar scaling dimenions for local operators as a function of
A as predicted by integrability is dual to the energy spectrum of free string states. Integra-
bility makes coincident predictions from both models and agreement can be found over the
complete range of couplings. Furthermore, integrability can be viewed as a hidden symme-
try which is not well understood. More concretely, the type of quantum integrable systems
that is studied is usually formulated in terms of deformed universal enveloping algebras of
affine Lie algebras called quasi-triangular Hopf algebras. However, the gauge/string theory
integrable model appears to be based on some unconventional superalgebra which remains
largely to be understood. For more information, see for example [9].

Could there be a more general symmetry which governs the theory as one moves from
strong to weak coupling”? The points mentioned above certainly suggests that symmetries
are being exploited. Concretely, we ask (1) Is this a good question? (2) Could the answer
be yes?

Consider then the following arguments:

e Uniqueness In a quantum field theory, we can describe interactions through pertur-
bative methods which can be graphically represented by Feynman graphs. Here, particles
propagate along worldlines and interaction occurs where worldlines meet, thus creating a ver-
tex. Information about interactions are inserted at these vetrices. Each vertex increases in
number with increasing order of perturbation; consequently, the number of Feynman graphs
grow factorially at each order of perturbation theory and examining higher orders in the
perturbation becomes a complicated task. In addition, if one thinks locally and performs a
cut of the Feynman graph along an axis, then we obtain a new scattering process. Now, in
string theory, particles are described by 1—dimensional extended objects that trace out a
worldsheet in spacetime. For example, consider a free closed string propagating in spacetime
(see Figure (2)). The string traces out a cylindrical worldsheet in spacetime. If we turn



on interactions, notice that no vertices emerge. More precisely, every part of the diagram
looks like a free propagating string locally (this can be seen by comparing the red areas in
Figure (2); indeed, one cannot locally distinguish which diagram the red area originated
from). Thus, once the free string theory is determined, then the interacting theory is fixed.
It is only globally that we identify a scattering process. Consequently, the number of distinct
topologies is very small compared to the number of distinct Feynman graphs at various orders
of perturbation theory. In essence, a single string graph contains all the equivalent quantum
field theory graphs at each respective order in perturbation theory [10][11]. Furthermore, in
quantum field theory, we must specify coupling strengths, the type of fields in the theory,
and which of the fields interact. This information is contained within the Lagrangian of the
theory. Thus, there are a plethora of Lagrangians we can write down for different choices
of coupling strengths, field types, and which fields interact. In contrast, for the string, we
know that once the free theory is specified, then the interacting theory is determined. This
interacting theory is unique and we refer to this property as uniqueness.

Q@ o

Figure 2: (Top) A Free Closed String Propagating Through Spacetime, Thus Tracing Out
A Worldsheet. (Bottom) A Scattering Process Between Two Closed Strings

Uniqueness is usually a consequence of symmetry. This motivates us to conclude that
there may be a more general gauge symmetry which is most likely broken/Higgsed at lower
energies. A logical next step, therefore, would be to look for a phase where the hidden
symmetry is made manifest. To contrast this with the previously mentioned methods used
to study the correspondence, note that uniqueness is general and thus it holds for all observ-
ables in the theory.

e Large gauge invariance of open string field theory A further motivation for this
hidden gauge symmetry comes from the stringy version of Chern-Simons theory. In 1992,
Witten [12] was able to show that one can formulate Chern-Simons gauge theory in terms of
open string theory. This gauge theory exhibits an enormous gauge symmetry. Chern-Simons

10



theory is topological since it is defined on oriented manifolds without any choice of metric.
Thus, it admits diffeomorphism groups as symmetries as well as the usual isometries [13].
Note that these open string symmetries are directly inherited by closed strings through the
open-closed string duality.

e Enlarged symmetry at high energy scattering Furthermore, there are hints of
enlarged symmetry in high energy scattering of closed strings through simple relations be-
tween distinct amplitudes. Starting with the work of Gross in 1988 [14], it was demonstrated
that one can derive linear relations between string scattering amplitudes through the anal-
ysis of the high-energy limit of string scattering. This was performed in the so-called fixed
angle regime or Gross Regime. This hinted at broken symmetries that were made mani-
fest at high energies. Later work exploited a second regime, called the Regge regime, that
showed an infinite number of recurrence relations among Regge string amplitudes. An inter-
esting link has also been discovered between string amplitudes of the two regimes, which is
considered crucial to probing high-energy spacetime symmetries of string theory [15][16][17] .

e Gauge-gravity dualities in the tensionless limit The tensionless limit of string
theory leads to a huge number of symmetries. The limit is taken as (El2)™! = TR ;5 =
R? ,5/1? — 0, where E is the scattering energy. Here, all the massive tower of string states
become compressed to a common zero point energy. In the corresponding dual theory, this
corresponds to free massless gauge theories. These theories have a large number of conserved
currents J®) of spin s > 2 (which are symmetric traceless tensors of rank s) which implies a
large number of symmetries. These conserved currents of the boundary gauge theory couple
to bulk sources (which are fields in the bulk) that must therefore have a gauge invariance
AL~ A+ 9AD . Recently, apart from the gauge symmetries, an infinite number of
global symmetries was also realized in the tensionless limit of bosonic strings [18][19][20][21].

We certainly consider these points to be sufficient motivation for the question; in other
words, there is likely an interesting symmetry that governs the theory as we move from weak
coupling to strong coupling.

Under consideration of these ideas, we will study free conformal field theory (for more
information on conformal field theories and conserved currents, we refer the reader to [22]).
It is expected that free theories have the maximum number of conserved quantities and thus
have the maximum number of symmetries. To argue this, we will consider the conserved
currents in free CFT vector models in d = 3-dimensions. Let ¢'(x), where i = 1,.., N, be
complex fields described by the action

S = / d*z0, 0" ¢;, (6)
where summation over repeated indices is implied. The field ¢ lives in the [ representation

11



of U(N), a global symmetry, with dimension D7 = N (see Appendix A.3 for more discussion
on Young diagrams). From this action, one can extract many conserved traceless currents.
For spin s = 1, we have

Ju = gb:ﬁ u¢i - szauﬁb;ka (7)
and for s = 2, we simply have the stress-energy tensor of the theory
* 1 1 2 *
J/W = T/W = a(#(bi V)¢i - Zm((d - 2)8“8,, + nuva )¢z G;.- (8)

For a general spin s current J,, ,,, one can make use of Gegenbauer polynomials

- (=DF

Jurops = — —
s ,;k!(m%)!(s—k)!(s—kMT)

..0,,¢" — traces. (9)

| 8#1 8/Jk ¢:aﬂk+1 '
where summation over i is implied. Here, J, is a U(N) singlet and thus does not transform
under U(N) transformations. The case for s = 0 gives the scalar J) = ¢;¢" which is not
a higher spin current. These higher spin currents have conformal dimension A =d —2 + s
and thus, for d = 3, A =1+ s. The s term tells us how many derivatives are acting on the
fields. This conformal dimension saturates the unitarity bounds in d-dimensional CFT (see
[23] for more on restrictions due to unitarity bounds); in other words, in order to ensure a
unitary theory, our conformal dimension A is bounded below through A > d —2+s. As a
consequence of this, the representation includes null states (for a more thorough discussion
of this, see the discussion after equation (200)). The conservation law corresponds to these
null states. From the action, the scalar field ¢ has dimension [¢] = (d — 2)/2. Rewriting the
conformal dimension as A = s+ 2 x (d — 2)/2, we see that for d = 2, we can have many
more conserved currents. For d > 2, the conserved currents are all bilinear in the fields (also,
the maximal symmetry the dual string theory can have is Vasiliev gauge theory). Clearly,
we obtain the maximum number of conservation laws when we saturate the most unitarity
bounds. Furthermore, to saturate a unitarity bound, ¢ must have a free field dimension
which implies we must have a free CFT.

Importantly for this dissertation, note that we therefore have a current for each spin
s =1,2,3... and a single s = 0 scalar. These are referred to as single trace operators (note
that this is language borrowed from matrix-models - we are not, of course, performing an
actual trace here). Later, when considering AdS; bosonic Vasiliev theory, we will see that
this fact precisely reproduces the spectrum of gauge fields in Vasiliev theory via the holo-
graphic duality.

From [24], the full list of single trace primaries is exhausted by the singlet higher spin cur-
rents and the scalar operator Jg). In other words, the complete set of single trace primaries
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is
Jo) + Z J(S),
s=1

(A, s) :(d—2,0)+§:(d—2+s,s). (10)

In addition, Vasiliev constructed a theory of gravity that is unique in that it is completely
determined by its gauge symmetries. More precisely, in the tensionless limit, the bulk string
theory must have a closed subsector of massless fields of s > 2 and Vasiliev was able to
construct the classical dynamics of such a subsector of interacting gauge fields of spin s > 2
in AdSgy1. We can thus study free CFT’s and match the conserved currents to Vasiliev’s
gauge fields. This seems like the most promising direction to study these hidden symmetries
and explore their implications.

Our approach to the problem. In this dissertation, we determine the spectrum of
primary operators in free conformal field theory and explain how to construct these primary
operators. Through the holographic duality, this will give the spectrum of the dual gravity
theory. As further avenues of research, it would be of enormous value if we can understand
the implications of the symmetry and to understand how the symmetry is broken at lower
energies. We will show that we have been able to count the primaries in the free CF'T for
any number of fields and we have determined how to construct these primaries.

As a brief display of the results derived in later sections in this dissertation, we have
shown that the number Nja ;, j,) of primary operators, of dimension A and spin (ji, j2) built
out of n scalar fields ¢ can be obtained by expanding the generating function

Gu(s,z,y) = Z N[nvjl,jﬂsnleyh’ (11)
n,j1,52
where the generating function G, (s,x,y) is given by (here it is important that n > 3 since
there are short representations that appear in the n = 2 case)

= Lot S, T — 5\/x S 8 S T A 1
Guloan) = (1= DU = D) Z,(svr)1 = sy (1 =5, [D)0 J/ho =) .
(12)

where Z,,(s,x,y) is defined by

H H H tSqulxa Zt" 8 r y (13)

=0 a=—1 b_,,
For example, for n = 3, the generating function has the form

3
2

Gs(s,z,y) =8+ s"xy+ s x?y? + sty 5Tt + 5Ty 4+ B x?y? + 58 x2y2 + 58 ny
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+239x3y3 + sgxyg + 39x3y + smx%y% + slox%y% + sloa:gy% + slox%y

+s0r2y2 + (14)

3
2

A similar generating function was also found for the free fermion CFT. From here, we can
construct these primaries by phrasing the problem in terms of polynomials (the corresponding
tensor is easily extracted from the polynomial), which are generally easier to manipulate than
tensors. Importantly for the construction, we have used a polynomial representation of the
conformal group which is given by

0
Ku= o0 (15)
P, =2%0, — 2z,x -0 — 2z, (16)

(the other generators can be determined using the conformal algebra commutators). Using
spherical harmonic polynomials, we can construct polynomials corresponding to primary
operators using a harmonic condition as well as the four equations

0
U =0, I=1,.,n (17)
;31’5

For any polynomial in z-x, we can translate back into a primary using (z-P)* « i*2Fk!(z-2)F,

where z is any null polarization. As an example, for the n = 3 case with dimension A =7
and spin (2,0), we have the polynomial

U - (w(:’»)(g(m —30) 4 @ (30— 56)) L0 (50 _ Z(2>)>2’ (18)
which is translation invariant and thus a primary.

In Section (2), we will discuss higher spin theory and write down AdS, bosonic Vasiliev
theory. We will then state the correspondence between free CFT and higher spin theory
through the holographic duality in Section (3). In Section (4) we will develop our methods
for determining the spectrum of primaries. Finally, in Section (5), we will develop methods
to construct these primaries.
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2 Higher Spin Theory

In this section, we will develop higher spin theory following [24]. At the end of this section,
we will state the equations of motion for AdS, bosonic Vasiliev theory.

Higher spin gauge theories might be useful tools in studying quantum gravity. The spec-
trum of higher spin theory always includes a spin s = 2 field, which corresponds to the
graviton. If one introduces a field of spin s > 2, then an infinite tower of higher spin fields
necessarily follows, thus generalizing Einstein’s theory of gravitation. In addition to quan-
tum gravity and string theory, it is possible that higher spin gauge theories will also shed
more light on the holographic duality [2].

It is interesting to note that Vasiliev’s higher spin theory was constructed several years
before the holographic duality. At the time, flat spacetime no-go theorems (such as the
Mandula-Coleman theorem) severly restricted the construction of an S-matrix for higher-spin
theories. This theorem could be surpassed by assuming a non-zero cosmological constant;
consequently, this leads to the study of higher spin theory in AdS (or dS) spacetimes. Con-
sistent cubic vertices of higher spin fields in AdS/dS backgrounds were constructed explicitly
by Fradkin and Vasiliev [25] and, later, a fully non-linear classical theory of higher spins in
AdS/dS backgrounds was realized by Vasiliev (see [26][27][28][29]). From the view point of
the AdS/CFT correspondence, it is natural that consistent theories of massless higher-spin
theories do exist and they have precisely the right structure to be dual to simple vector

model CFT’s at the the boundary of AdS [24].

2.1 Higher Spin Theory: Flat Spacetime

In this section, we develop some of the theory for free higher spin fields on a d+ 1-dimensional
flat spacetime and we discuss why we cannot construct a higher spin theory with interactions
in flat spacetime. We start with reviewing some familiar examples.

We first consider the spin s = 1 gauge field from Yang-Mills theory. Recall the mode
expansion for a gauge field A, in theory which is given by

dd_lk —ik-x ik-x
Aul) = [ g (an e + al (™) (19

To quantize the theory, one would impose the following Lorentz invariant commutator

[y (K), al,(p)] = 1 (2) 2008 (k — D). (20)
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However, this would lead to unitarity violations in quantum mechanics; in particular, one
finds necessarily that negative normed states would emerge in the theory. These negative
normed states correspond to unphysical polarizations in the theory. By choosing a suitable
gauge fixing (for example, the Coulomb gauge), one can essentially remove these unphysical
polarizations, at the cost of manifest Lorentz invariance. Under the gauge symmetry group
SU(N), the gauge field varies as

dA,(x) = Oy, (21)

where € must be hermitian and traceless. Note, that this is only the linearized gauge trans-
formation. This gauge symmetry leaves the linearized equation of motion

0,F" =0=0A, — 9,0A,. (22)

invariant. Here, F,, = 0,A, — 0,A,, is the usual field strength tensor and the equation of
motion can be determined from the free theory action

1 v
S = / dw " F, (23)
using the Euler-Lagrange equations.

Similarly, we can consider the spin s = 2 case which corresponds to a gravitational field.
If we perturb the metric g, () as

I = Nuv + h,ullu (24)

(we can think of this as a ripple on spacetime) then we can linearize the Einstein field
equations with zero cosmological constant

1
R,uz/ - ég;wR = 07 (25)
to obtain
Ohy — 0,0°hy, — 0,0°h,, + 0u(?yhg =0. (26)

This equation is invariant under the linearized gauge transformation

Sty = Oy + Dyep. (27)

For s > 2, Fronsdal was able to develop consistent equations of motion for the free theory
of higher spin fields in flat spacetime [30]. Here, we consider gauge fields ¢, 4,. .. (z) where
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s > 2 and the fields are symmetric and traceless. The linearized gauge transformation of the
higher spin field takes the form

0Py .y = 8(M16#2~-~Ms)‘ (28)

The brackets that surround the indices mean that the indices are to be symmetrized; that
is, we take the sum of all possible permutations of the indices and divide by the number of
terms. We require the equation of motion G, ,, to be gauge invariant as usual. We will
use the free theory action

1 v
S = /dd+1x(90“1m“sG,ul-..Hs - ZS<S - 1)80;;HM3“.HSG Vug.../j,s)' (29>
which implies the equation of motion
s(s—1)
Guyopre = B0u .y — 50 0" Opiy gy yn + Ta(mauz‘pug...us)u = 0. (30)
Now, the gauge invariance of S places an interesting restriction on ¢, . ()
08 = 0 under 09y, . u, = O €po...ps) = @ et =0, (s >4). (31)

In other words, the higher spin gauge field must be double traceless. In addition, for the
equation of motion to be gauge invariant, we find that under gauge transformation

s(s—1)(s —2)
2

which vanishes if €,, ., is traceless. Now, similar to the spin s = 1 case, the higher- spin

0G . e = 011 Oy Oy € - (32)

K3 ™ g s ) po

gauge field suffers from the same symptoms when we want to quantize. The mode expansion
of the gauge field is given by

ddk —ik-x ik-x
o se®) = [ S (e (), (33)

and quantization can be imposed by the commutator

[aul...us (k>7 a:r/l,,,z/s <p>] X nM1V1UM2V2 "'nusVs + AR (34)

where the ‘dots’ mean all other possible permutations (pairings) of the p’s and v’s. Again,
we find negative norm states. For higher spin gauge theory, we can remove the unphysical
polarizations using the de-Donder gauge fixing
s—1

9 8(“29%3..-#5)#

"=, (35)

m
MO ps —

which ensures that ¢, .., is transverse and traceless. This gauge fixing does not remove all
gauge freedoms but leaves a residual gauge transformation by a gauge parameter satisfying

De,“‘l“u“fsfl - 0 (36)
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Using this residual gauge freedom, we can fix ¢#, = = 0 on shell. Under this gauge fixing,
Gy, Teduces to the Pauli-Fierz equations [24]

DSOM.‘.;LS =0,
M Oppnps = 0,
¢MM;L3...;43 =0. (37)

The next step in developing higher spin theory in flat spacetime would be to turn on
interactions; however, any higher spin theory with interactions runs into severe difficulties.
This is a consequence of a theorem of Coleman and Mandula [31][32] which states that
there exists no non-trivial S-matrix for s > 2. More precisely, the theorem states that any
conserved higher spin charges @, ,, , must commute with the scattering matrix S, since
the S-matrix must be trivial and therefore no particle scattering can occur. Thus, we cannot
hope to formulate consistent equations of motions for interacting higher spin theory. There
is, however, a caveat to the theorem: the theorem only holds for flat spacetimes.

2.2 Higher Spin Theory: AdS Spacetime

In this section, we develop some ideas about higher spin theory in AdS spacetime; in par-
ticular, we will generalize the results of Fronsdal from the previous section. We will discuss
both the metric-like description and the frame-like description. Due to the ”yes-go” results
of Fradkin and Vasiliev [26][25], one can write down consistent fully non-linear equations of
motion for higher spin fields in the interacting theory. In this spacetime, we will always have
theories of gravity (that is, theories of s = 2 fields) and, interestingly, if one includes s = 3
fields then an infinite tower of higher spin fields necessarily follows.

In order to introduce gravity interactions, we look at curved spacetimes. Consequently,
we will replace partial derivatives with covariant derivatives

Oy —=V,=0,+T1,, (38)
where I', is the usual Christoffel symbol. This derivative will act on a vector V' as follows
V. V=0,V +T0,V7. (39)

We also replace the flat space metric 7,, with the metric g,, for curved spaces. However,
it turns out that this is not sufficient to generalize the Fronsdal equations to general back-
grounds due to complications with the Riemann tensor: due to the non-commutative nature
of covariant derivatives, the gauge variation of the Fronsdal equations for s > 3 involves the
full Riemann tensor which is unconstrained for a general background. Consequently, we must
remove the extra terms that appear in the Fronsdal equations under a gauge variation so
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that the equations remain gauge invariant. To simplify the problem, we focus on maximally
symmetric spacetimes; in this dissertation, we will focus on AdS backgrounds (these spaces
exhibit a constant negative curvature) which has a particularly simple Riemann tensor

1
R;wpa = _2—(gupgua - guagup)a (40)
RAdS

where R 45 is the radius of curvature in AdS space. We first proceed with the metric-like
description (this name arises due to considering the higher spin gauge field as a generalization
of the metric). In AdS spacetimes in d 4+ 1-dimensions, the Fronsdal equation generalizes to
1
AdS,
Gm...ztl =Gy ps (au — Vu> - RQ—((3 —(d+1)=s)(2—s)— 8)90;1,1.,./1,3 =0. (41)
AdS
The notation in the first term is an instruction to replace each derivative in equation (30)
with a covariant derivative. The second term exactly cancels the extra terms introduced
when trying to vary the equations under a gauge transformation. Due to this extra term,
pme 1s invariant under the gauge transformation

0Ppurts = V(1 €pgepis) - (42)

This describes the consistent propagation of all massless fields for all integer spins in AdS.
We can impose again de-Donder gauge fixing to ensure a transverse and traceless gauge field.
The generalized Fronsdal equation reduces to the generalized Pauli- Fierz equations

(v? C(s=2(s+(d+1)—3)— s>%“#s o

Rias
V¥ s s =0,
90”##3...#.9 = 0. (43)
Now, the metric for AdS;.1 can be written
d*z + dz - dx
dsideH = 0<z< . (44)

For small z, we thus approach the boundary of AdS. Here, the symmetric traceless transverse
tensor obeying the wave equation

(s =2)(s+(d+1—-3)—5)

(V2 - R2 )90/11---#5 =0, (45)
AdS
has the following behaviour on the boundary
Qpil...is ~ ZA_sail...is (j)a (46)
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with
AA=d)—s=(2—-d—s)(2—2s). (47)

Solving for the two roots for A gives: A = 2 —s and A = s+ d — 2. The second A
value is precisely the dimension of a conserved current in the dual CFT} theory (the first A
corresponds to gauging the higher spin symmetry at the boundary). In the case of a massive
scalar field, the boundary behaviour is given by

o(z, 1) ~ 22 A(T). (48)

Under the AdS/CFT correspondence (see Chapter (3)), the relationship between the mass
m and the conformal weight A is given by
. AB-d)

mt=———, (49)
Ras

where A = d — 2 [3][24].

The metric-like formulation of higher spin fields is of limited utility since a fully non-
linear quantum theory of interacting higher spin fields is not yet known at present (see [24]
for recent progress on this problem). For Vasiliev non-linear higher spin theory, we will use
the frame-like formulation as in [3][24], which generalizes the vielbein approach to gravity.
In this formalism, we will use differential forms.

First, consider s = 2. The vielbein is given by

€ns (50)
and is related to the metric through
v (%) = €, ()napey (). (51)

Notice, that we are using Greek symbols for curved indices and Latin symbols for flat indices.
Now, let A%(z) € SO(1,d) (which is the Lorentz group). By definition, this transformation
leaves the flat metric invariant

AZ’?abAZ = Necd- (52>
This implies that the vielbein is not a unique choice; more precisely,
Guv () = €,()aey (x) = (€, (2) A nap (Agey (). (53)

We thus have a local SO(1,d) gauge symmetry. Indeed, the vielbein has (d + 1)? compo-
nents while the metric only has (d + 1)(d + 2)/2 components. The remaining (d + 1)d/2
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components can be accounted for by the freedom of local Lorentz rotations, which act as
gauge symmetries. The gauge field that transforms under these symmetries is wzb, which is
known as the spin connection, and can be written in terms of the vielbein as [33]

wfjb = %e”a (aﬂeﬁ — (91,62) — %e”b (8#65 — (91,62) — %e”“e"b (8peoc — 8(,6,)0) € (54)

This replaces the metric tensor g, (which determines the gravitational field) with the fields

en, (wu)y (note, that the flat indices are raised/lowered using the flat space metric 7).

We would like to combine e* and w® into a single one-form W = —idz*W,. We can
view W as the gauge field for the Lie algebra of SO(2,d) which can be argued as follows:
the vielbein and spin connection together gives (d + 1)? — (d + 1)d/2 = (d + 1)(d + 2)/2

b is a gauge field under

one-forms. This is the dimension of our Lie algebra. Now, since w®
SO(1,d) transformations, the algebra must containt the Lorentz generator M,, satisfying

the usual commutator relations for a Lorentz algebra.
[Maba Mcd] - inbcMad - Z'77bc]\4ad + inbnda - Z.T/andb~ (55)

Also, e* transforms as a vector under SO(1, d) and thus the corresponding generator P, must
transform as a vector. This fixes the commutator between P,, M. since we know from the
previous commutator how M, acts on each index. Thus,

[Pa; Mbc] = inbcPa - inacpb- (56>

Finally, to close the algebra, observe that [P,, P] is antisymmetric (since, [P,, Py] = —[P, Pa])
and therefore we can only have M,, on the right hand side of the equation. Futhermore,
to satisfy dimensional analysis, we need to add a coefficient with dimension L~2 since
|[P,Py] = L% and [M,] = L°. Thus, since we are working in AdS, our commutator is

i

[Paa Pb] =
R s

M, (57)

Remark 1. Observe that if Rags — oo, then [P,, B, = 0; in other words, we obtain the
usual commutator in flat space (Poincare algebra). Furthermore, if we rewrite the factor
i/R% s as —i/R%,q (that is, we change the sign of the cosmological constant), then we have
the corresponding commutator for dS space.

Recall from Yang-Mills theory that the gauge field A, lives in the algebra since we can
write the field in terms of components of the Lie algebra generators; in other words,

(A = ATy where [T, T°] = f*917. (58)

Similarly, we can write the one-form W as components of the SO(d,2) generators. By
expressing the vielbein and the spin connection as one forms

e’ = ey dat, w® = wilda, (59)
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we can write the the gauge field as

W = —ida"W,
1
= —i(da’ el Py + Sda'w My,
1
= —i(e"P, + §w“b]\/[ab). (60)
Under the Cartan structure equation,
1
AW +W AW = —i((de* +w A e’)P, + §(dw“b + W A w® 4 7N ") M)
AdS
1 1
= —i((de® +w A €") Py + = (R + —5—e* N e’) My). (61)

2 Ras

Here, we have a flat connection dW +W AW = 0. To argue this, consider the group element
g of some Lie group GG. Then, using the generators of the Lie algebra T" € g, we can always
write the group element as an exponent

g = @7 (62)
Thus,
dg = “@7Ti(9,a)Tdx" = g 'dg = i(9,0)Tdz". (63)

Observe that this is precisely the form of the gauge field W in equation (60). In other
words, W can be written as W = g~ 'dg, with the generators concretely given by P,, M.
Consequently,

dW  =dg ' ANdg+ g 'd%g
=dg~' Ndg, (64)

where the second term vanishes since d? = 0. Furthermore,

WAW =g ldgngldg
=—dg'gAgdg
= —dg~* Ndg. (65)

where we used d(g~'g) = 0 = dg~'g + g 'dg. Thus, we have dW + W AW = 0. Therefore,
the terms in equation (61) in brackets must go to zero and, in particular, we find that

1

ab
RY = 7
AdS

e’ Neb. (66)
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The first term set to zero T% = de® + w% A ¢® = 0 is a zero torsion constraint. Now, we can
rewrite the above equation as follows

1
R® = —RQ—efLegdx“ A dx”
Ads

1
=— (eZeI;das“ A dx” — eZel;d;E” A d;v“)

B 1

= ———(e%’ — ePet)da A da”, (67)
2R,24ds( 12 12 )

where we used equation (59) in the first line, the antisymmetry of the wedge product in the
second line, and relabeled dummy indices to achieve the third line. The Riemann tensor
two-form can be written as

a 1 Qa v
R = §R”’;dx# Adz”. (68)
Equating the above expressions thus yields
1
ab a b b _a
R, = T (eher, —eber). (69)
AdS

Finally, the Riemann tensor written in terms of the Riemann tensor two-form is given by

Ryvpo = R €pato. (70)
Using equation (51), we therefore find that
1
R;wpa = - R2Ad5 (ezegepaeab - ezezepaeob>
1
= —% (Uacﬁdbeze?,e;@g - nacndbeﬁeﬁeﬁei)
1
= _% (gupgw - gzwgvp)' (71)

This is simply the Riemann tensor in equation (40), which follows naturally from the flat
connection condition. Finally, the gauge transformations for W are

W = de+ [W, ¢
1
e =—i(e"P, + éeabMab), (72)

where €, €? are the gauge parameters for local translations and local Lorentz transforma-
tions, respectively [24].

From here we can generalize the frame-like approach to arbitrary s. First, we introduce
the linearized relation between vielbein and metric fluctuations

(0)

g/H/ = g'u,y + SDMV
e = oy, + €5 (73)
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Then equation (51) yields to first order in the fluctuation

Puvy = é,u,zx + éu,u; (74)

where €, = é;‘;ei(’o)ynab. Observe that the totally symmetric Fronsdal field ¢,, is precisely
equal to the symmetric part of the vielbein fluctuation. From here, we can generalize to the
higher spin case. The vielbein is now given by the one-form

ettt = et tet dyh, (75)
Here, the vielbein is totally symmetric and traceless in the fiber indices
nabeaba;;...as_l — 0 (76)

The Fronsdal field ¢, is then related to the symmetric part of the higher spin vielbein
through

Put.ps = C(pr,pz...pis)> <77)

where the fiber indices are lowered with the background vielbein €loyu- Observe here that

©(s) 1s automatically traceless as is required by Fronsdal’s approach.

Now, the frame-like higher spin field stated above has more components than the Fronsdal
field. We can decompose the tensor efl~-1 according to representations of SO(d). If
i, 7, k,...] represents a Young diagram with i boxes in the first row, j boxes in the second
row, k boxes in the third row, and so forth, then the tensor decomposes according to the
following tensor product

[1,0,..]®[s = 1,0,..] = [5,0,..] +[s — 2,0,..] + [s — 1,1,0,...]. (78)

Clearly, the first two representations make up a totally symmetric, double traceless field.
Indeed, if we have a symmetric double traceless spin s tensor (which we will denote with a
hat symbol)

TclcQ...cs’ Jraabbes...cs _ 0, (79)
and a symmetric traceless spin s tensor (which we will denote without a hat symbol)
Taras Taaesas _ () (80)
then we can decompose T into
ercs _ eica...cs + ylercapes...cs). (81)

The first term is precisely the symmetric spin s representation and the second term is the
symmetric spin s — 2 representation. The last representation above, which is hook-type,
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corresponds to gauge redundancies (similar to the local Lorentz group for s = 2) and thus
we need a corresponding gauge field wzl“'as—lvb, which generalizes the spin connection. Inter-
estingly, the spin connection here has its own gauge redundancy (due to the fact that the
analog version of the torsion constraint does not determine the spin connection, as opposed
to the n = 2 case) which requires us to add another higher spin connection wzl'“a*l’bc. We
thus find a tower of spin connection-like fields in the frame-like formulation of higher spin

fields

eal..‘as
12
wzl...as,blu-bt’ t fry 1’ 2, ceey S — 17 (82)

with a corresponding tower of torsion-like constraints

Ru-as—1 — ()
Ral...as_l,b =0

Ralmas—l»blmbs—l — 6(0)3 /\ e(o)dcal...as_l,bl...bs_ld (83)

that allow one to solve for the spin connections in terms of the higher spin vielbein. Here,

Rovwas—ubibe ¢ — () s —1 are curvature two-forms and C'®1++@s-1.b1.:bs—1d

is the higher spin
generalization of the Weyl tensor which transforms in the [s,s,0,...] representation and is
constructed out of s—derivatives of the Fronsdal field. These equations are equivalent to the

Fronsdal equations (41) in terms of the symmetric field given by equation (77).

In the s = 2 case, we were able to combine e, w® into a single gauge field in the adjoint
of SO(d,2). Here, we can do the same by writing the tower of fields into a single irreducible
representation of SO(d,2), with A, B =0,...,d + 1,

{eal...as_1’wal...as_l,bl...bt|t:17m7s_1} — (/uAl...As_17B1....BS_17 (84)

which is in the [s — 1,5 — 1,0, ...] representation of the AdS algebra (or the conformal al-
gebra). Then, each gauge field is associated to a generator T, 4, , B, . B, , i the same
representation. These generators live in the universal enveloping algebra u(d,2). This al-
gebra consists of all polynomials of all the generators of SO(d,2) quotiented by the Lie

algebra. For example, if we consider SO(4,2) which is generated by P,, M., K,, D, then
the universal enveloping algebra of SO(4,2) consists of elements of the form
P, ..P,, P,M,.K,..., ete. (85)

Clearly, this is an infinite algebra. Furthermore, we must divide out by the Lie algebra by
using the commutators of SO(d,2). In the example for the univeral enveloping algebra for
SO(4,2), we can replace terms such as

P,K, — K,P,, (86)
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with the relevant commutator. These generators of the higher spin algebra becomes a gauge
algebra from the AdS point of view. We can now combine all the higher spin fields into a
single one-form

. § A1...As—1,B1...Bs—
W = —s w smhPL ° 1TA1...AS,1,Bl...Bsfl' (87)
S

We can expand this to linear order in the fluctuations w; around the AdS background

W = —i(wi®Tap + Zwfl"'As_l’Bl"’Bs_lTAI...AS,l,Bl...BS,l)- (88)

The linearized curvatures in the torsion-like constraints above may then be obtained accord-
ing to the gauge theory rules

Rl - (dW + WA W)linearized - dwl + [WO, wl]) (89)

where the commutators [T(2), T(s)] needed to perform this calculation are fixed by the SO(d, 2)
algebra. In a similar manner, the linearized gauge transformations are given by

dwy = de + [wo, €, (90)

Ay..As_1,B1..Bs_
where wy = WiPTup, w = oWt el "T'A,. A, 1.B1..B. 1, and the gauge parameter

; — Ay..As—1,B1...Bs—1
15 €= Zs € ° ® TAl...Asfl,Bl...Bs,l-

Thus, we have generalized the higher spin fields in the frame-like description of the one-

form W [24].

2.3 Twistor Variables and the x-Product Realization of the Higher
Spin Algebra

We briefly develop some new mathematics which will be used to formulate AdS; bosonic
Vasiliev theory. Specifically, we will focus on using the group SO(4). This simplifies com-
putations considerably since we can decompose SO(4) into SU(2) x SU(2). Now, a totally
symmetric tensor that transforms under SU(2), transforms in an irreducible representation
(irrep). Furthermore, a tensor that transforms under SO(4) decomposes into a sum of SU(2)
irreps. For example, if we have a two index tensor 7, then each index transforms under
SU(2) x SU(2). This representation decomposes as follows

11 11
(575)@)(5,5

Here, a symmetric traceless tensor would transform in the (1, 1) representation and an anti-

)=1(0,0)® (1,0) & (0,1) ¢ (1,1). (91)

symmetric tensor would transform in the (1,0) @ (0, 1) representation. The (0, 0) representa-
tion is a trace (scalar). Thus, to construct these SU(2) irreps, we must construct a traceless
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tensor. Traceless tensors simplify calculations and this fact makes SU(2) simpler to work
with than SO(4).

Under the isomorphism SO(4) = SU(2) x SU(2), we can replace a vector index by a
bispinor index. The explicit map is given by

(Ua)aa = (1,5)aa, a=0,..,3, a,a=1,2. (92)

Here & are the usual Pauli matrices. We can therefore associate a vector v* to a bispinor
Vac S

V" = Vaa = V(00)ad- (93)

This is the correspondance between the fundamental representation [1,0] of SO(4) and the
(1/2,1/2) representation of SU(2) x SU(2). Furthermore, we can raise and lower spinor
indices as follows

v = e*Pug, Vo = V7 €gq, (94)

where

0 1
alB p— =
€ €ap (_1 O) : (95)

The case for dotted indices is similar. Using the € tensor, we can also define the following
matrix

(695 = e (0,) 45, (96)
where we may sometimes drop the 'bar’ notation since it is understood how the matrices
above are related. See [24] for useful relations that follow from this. Moreover, we can also
write the antisymmetric tensor Fy, in the [1, 1] representation of SO(4) in the corresponding

representation (1,0) & (0,1) of SU(2) x SU(2) as
Fab — Faﬁ, Fo’z,@‘ (97)

Observe that Fz, F ap are related to F;, through its selfdual and anti-selfdual parts. Thus,
as an example of the s = 2 case, the vielbein and spin connection in spinoral notation is

e, w® — e WP HIB, (98)

From here, we can write the higher spin equations (82) in terms of spinorial language.
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Consider a representation [k, ] of SO(4); in other words, a representation corresponding
to a Young diagram with £ boxes in the first row and [ boxes in the second row. Let J;; be
a generator of SO(4). Then, the expressions

1
A = §(Eijkjjk + Ji4),

1
B; = §(€ijkjjk — Ju), (99)

relates SO(4) to SU(2) x SU(2); indeed, this representation is precisely

(% %) (100)

However, observe that under the parity transformation 2* — —z*, we have A; <+ B;. Thus,
to ensure invariance under this transformation, the SU(2) x SU(2) reps are related to the

[k, 1] reps of SO(4) under
kE+1 k-1 k=1 kE+1
WEE LENLSRES 101
( 2 72 )@< 2 72 ) (101)

Therefore, under the general map between SO(4) and SU(2) x SU(2) representations

kE+1 kE—1 k—1 k+1
k,l _ _— 102
wa - (S A e (AL A, (102)

tensors become
pakbi b ,UOél---Oék—&-hdl---dk—l’@al---ak—lvdl---dk+l‘ (103)

Thus, the tower of fields in equation (82) in the frame-like description corresponds to the
collection of multispinors

WO @s—1tn Al Go—lon n=—(s—1),...,(s—1), (104)

where the spin s vielbein e* %~ corresponds to the n = 0 case above; in other words,
e1@s-1,01-ds—1 = A] other fields are spin connection-like.

Next, we introduce the twistor-like variables y,, ¢, Which are in the spinor representations
(1/2,0) and (0,1/2). Since y,y® = €*y,ys = 0, these variables are bosonic. We then define
the x-product as follows

ot
@l

B _0_

Q|
<
QQ}T
+
™
Q
™

F.9)*9(y.9) = f(y,9)e % 00 g(y, 1), (105)

e
where the infix notation means f 0,9 = (0.f)g and fﬁag = f0,g (in other words, the
arrows indicate on which object the derivative acts). Then for the monomials y,y we have

Yo * Y = YaUp + €ap
Ya *Yp = YalYp t+ €45
Yo * gd = yagob (106)
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We can also represent the x-product as an integral
fxg= /dQudzvd2ﬁd2@e“”+“”f(y +u, g+ u)g(y + v,y +0), (107)

where uv = u®v,, U0 = 1*v, and a choice of integration contour and measure normalization
is assumed so that 1 x f = f x1 = f. For example, we assume that

/ Pue™ = §2(v). (108)

Now, consider the following bilinears in y, y

P.o = Yali, Maﬁ = Yal¥s, MdB = gaﬂg (109)
These bilinears satisfy an algebra under x-commutators (where [A, B], = A*x B — B x A,
see [24] for useful identities) that, up to normalization, is precisely the SO(3,2) algebra; in
other words, [M, M|, ~ M,[M, P|, ~ P,[P,P], ~ M. Here, P, corresponds to the local
translations P,; and Mg, M, ; the selfdual and anti-selfdual parts of the Lorentz generators
M. Note that we have set the AdS scale R% ;5 = 1 in our definition of the x-product. This
is the utility in using the x-product; our commutation relations reduces to the familiar forms
of the commutators given in equations (55)-(57). Later, when we apply the x-product com-
mutator to the generators of the higher spin algebra, we will find that their commutators will
also have a surprisingly simple form, despite the fact that the higher spin generators have
complicated structures (recall, that the generators live in the universal enveloping algebra

u(d,2)).

From here, we can realize the s = 2 gauge field in equation (60) as a function of homo-
geneous degree 2 in y, y

Wiz = €aa()y " + wap(x)y*y” + @aﬁ'@)?d?ﬁ- (110)

To generalize to higher spins, we take a one form W(z|y,y) = da*W,(x|y,y) which is a
general function of the twistor variables

o

— 1 n,m [ Qi =G —
W(aly,7) = D Wil a8y g™ g, (111)
n,m=0

We refer to this one-form as a master field. The Taylor expansion of the master field encodes
the physical higher spin gauge fields of all spins. Indeed, the spin s gauge fields described
by equation (104) can now be written as

W(sfl+n,sflfn) —(S - 1) <n<s— 1’ (112)

Q1. Qs— 14,1 Os—1—n "

which are the terms of total degree 2(s — 1) in y,y in the master field. These monomials are
interpreted as the generators of the higher spin algebra

Ts<y7 g) = {yal e yangdl"'gdm}|n+m:2(s—1)- (113)
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which
was previously mentioned. The higher spin algebra is therefore the algebra of the generators

These generators can be rewritten in the SO(3,2) representation Ta, A, ,.B. B. 15
under x-commutators, with the x-product defined as above. Schematically, the commutator
has the following form

S1+s2—2

T, Toli= Y, T, (114)
s=|s1—s2|+2
which is very simple and follows from the fact that the higher spin generators consists of poly-
nomials. As some examples, the commutator above yields [Ty, Ty, ~ Ts, [T3, T3], ~ Ty + Ts,
and [Ty, Ty] ~ Tg + Ty + T5. Observe that for each commutator for s > 2, we must introduce
another generator; in other words, we will have an infinite tower of generators.

Finally, we can the relate the Fronsdal field to the higher spin vielbein through the
component W =151 that is,

Qf...0g—1,000...05—1 al...as—1 _
Jons TS T 0 = €tz (115)

Now, W(x|y,y) encodes all gauge fields with s > 1. From the holographic duality (see
Section (3)), we should include a scalar field (in other words, an s = 1 field). The correct
master zero-form is

o

— 1 n,m a iy =G —Q
Blaly,9) = Y — =Bl a0 YT G (116)
n,m=0

We emphasize here for clarity that the main difference between equation (111) and equa-
tion (116) is the fact that Wé?f@nmmdm is a one-form and Bg’ﬁ){mdlmdm is a zero-form;
more precisely, there is a ‘hidden index’” which can be seen by seen by writing the one-form
explicitly Wo(fn;)n o = dx“WlEZ’f)%“ a1, (there is no such index for Bé?’_ﬁ)ém Gy, SiDCE

it is a is a zero-form).

Thus, we have found two master fields W (x|y, y), B(z|, y, y) that encode all physical fields
and are sufficient to write down the equations of motion for the free theory.

Thus, in conclusion, we have achieved tremendous simplification of the higher spin algebra
by using spinor notation and the x-product. In addition, we have been able to construct
two master fields, namely, the one-form W and the zero-form B. We can now proceed to
formulate Vasiliev theory.

2.4 AdS; Bosonic Vasiliev Theory

In this section, we develop AdS,; bosonic Vasiliev theory. The work in this section was orig-
inally pioneered by Vasiliev in [26][27] [28][29].
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Note that we study AdS, as it provides the most simplistic bosonic version of the model.
In addition, [34] conjectured that Vasiliev’s minimal bosonic theory in AdSy is dual to either
the d = 3-dimensional field theory of N massless scalar fields or the critical O(N) vector
model (depending on the choice of the boundary for the bulk scalar field)[3]. Note also that
if we chose to rather study AdSs, then the dual theory is given by CF'T,. This is a special
type of CFT with an infinite dimensional algebra. C'F'T;’s with d > 3 are considered to be
more generic CFT’s and thus d = 3 is the simplest CE'T (dual theory) we can study here.

First, we introduce a technical trick that will be useful to us. To construct the fully non-
linear theory, we will double the auxiliary twistor space by introducing additional variables

2,2

(Yas Ua) = (Yas Jas Zao Za)- (117)

The benefit of this trick, as will be seen later, is that it allows us to write the equations
of motion of Vasiliev theory in an extremely simple form. Note, that the new variables are
purely auxiliary and the physical fields will be encoded in the (z, Z)-independent part of the
master fields we derive below. Consequently, we must extend the definition of our *-product
to

[V, 2) % g(Y. Z) = (Y, Z)exp [eaﬁ (% + Ra) (% - %)
+ ¢0# (%ya + %Za) (523 - 325)}9(1@ 2), (118)

where (Y, Z) = (Yo, Ua, 2as Za)- As before, we can represent the extended x-product as an
integral

fYV,2)xg(Y, Z)
:i/foV&wwﬂy+wy+wz+wz+uM@+wy+uz—uz—w, (119)
where d*U = d*ud?u (the other cases are similar). Just as in the previous case, we assume
an integration contour and measure normalization such that fx1 = 1% f = 1. This star

product admits the operators K = "% Kk = e*'%s known as the Kleinian operators, which
satisfies Kk x k = 1 and K« & = 1. As before, more properties are shown in [24].

From here, we can introduce the full set of master fields necessary to formulate the
Vasiliev equations. As in [24], we list them as follows

e A Master one-form The master one-form is W(zly,y, 2, 2) = da*W,(z|y, 7, 2, Z),
which is to be viewed as a gauge field of the higher spin algebra (observe that this is the
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same one-form we stated earlier except is is now dependent on the enlarged twistor space
variables). The gauge transformation is

W = d.e + [W, €. (120)
Here, the gauge parameter ¢ = €(y, ¥, 2, Z) is a function of all twistor space variables.
e A Master zero-form The zero-form B(x|y,y, z, Z) is postulated to transform in the
twisted-adjoint representation. It transforms under gauge symmetry as

0B = —ex B+ Bx*m(e)
m(e) = e(x| —y,§,—2,%) = Kxex k. (121)

Using the Kleinian operators, one can map the twisted adjoint to the ordinary adjoint by
the x-product. It follows from the above equations then, that ® = B % s transforms in the
adjoint as follows

0P =—€exD+Dxe. (122)

e An additional gauge field This additional gauge field is a one-form in the (z, Z)-direction
and is given by

S(zly, 7, 2, 2) = dz*Su(z|y, 7, 2, 2) + dz2*Ss(z|y, 7, 2, 2), (123)
which transforms under gauge symmetry as
0S =dze+ [S, €, (124)
where dy = dzo‘% + dZé‘az%.

As some remarks, note that the physical degrees of freedom are contained in W and B
projected to the z = z = 0 subspace. The additional gauge field S is purely auxiliary.

We will impose necessary constraints on the master fields which will be important for the
consistency of the non-linear equations. These constraints are

W(Y,2) = W(-Y,~2),  B(Y,Z)=B(-Y,~2),
Sa(Y,Z) = =S,(-Y,=2), Sy = —S4(=Y,—2). (125)
The gauge parameter has a similar constraint €(Y,Z) = €(—Y,—Z2). These constraints
ensure that the physical spectrum includes only integer spins. To see why, we project to the

z = z = 0 subspace and consider the one-form W (Y, Z) as a simple example. The projected
one-form is then precisely equation (111); in other words,

WY, 2)|_._, = W(zly, ). (126)
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Now, the statement W(Y,Z) = W (=Y, —Z) is translated to the statement W(z|y,y) =
W(z| — vy, —y). From the form of equation (111), this implies that (—1)"*" =1=n+m =
2k, k € {0,1,2,...}. The labels n,m are related to the spin s through n +m = 2(s — 1) (see
comments after equation (111)). Thus, 2(s —1) =2k =s=k+1=s={1,2,3,...}. Thus,
the constraint ensures that the physical spectrum only includes integer spins.

Before we introduce the equations of motion, we will define a one-form that will allow us
to write the equations in a compact form. The one-form in (z, Z) space is given by

A(z|Y, Z) = da" W, (2]Y, Z) + dz*Sa(2|Y, Z) + dz*S4(x|Y, Z), (127)
which transforms under the gauge symmetry as
JA =de+ [A, €, d=d, +dy. (128)
Finally, the Vasiliev non-linear equations of motion are given by

dA+ Ax A= f(Bxr)dz* + f(B*R)dz*,
dB+ A% B — B+n(A) =0. (129)

More explicitly in terms of the master fields, the equations are given by

d, W+ W« W =0,
d;W +d, S+ W xS+ SxW =0,

dzS + S+ S = f(Bxr)dz?+ f.(B*R)dz?,

dyB+W xB—B*n(W) =0,

dzB+S*B—Bx7(S)=0. (130)

Here, f(X) is an analytic function of X, and f is its complex conjugate. Moreover, f,(X) is
the corresponding x-function obtained by replacing all products of X in the Taylor series of
f(X) by *-products. The symbol 7 is defined in general as the operation that switches the
signs of (y, z, dz) while preserving the signs of (¥, z, dz).

Note, that we can recover Fronsdal’s equation from the master fields by expanding the
fields perturbatively around the AdS; vacuum. This allows us to solve Vasiliev’s equations
order by order. The precise argument can be found in [26]. Also, observe that equation (129)
is gauge manifestly invariant under the transformations in equation (121) and equation (128).

In conclusion, we have constructed the exact non-linear equations of motion of Vasiliev
theory. These equations admit a vacuum solution which corresponds to AdS. As a conse-
quence of the construction, the theory necessarily includes an infinite tower of higher spin
massless fields with integer-valued spins (note, that one can add further constraints to the
theory which results in a spectrum of even spins, thus simplifying the theory further- this is
known as minimal bosonic higher spin theory).
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3 Holography

In this section, we discuss holography which will relate the free conformal field theory to the
higher spin theory. More precisely, we will use important results from holography which are
important for the rest of the dissertation. We will first state the correspondence between the
CFT living on the boundary of AdS and the higher spin gauge fields in AdS. From here, we
use bi-local fields to state how the product of scalar fields in 2 + 1-dimensions decomposes
into an infinite sum of gravity fields in 3 4+ 1-dimensions. Finally, we will prove an impor-
tant result known as factorization, which is shown to exist in the large-/N limit. For more
information about holography itself, we refer the reader to [1][35][36][37].

CFTy4

Quantum
Gravity

AdSg+1

Figure 3: Holography

According to the duality, a singlet sector CFT should be dual to some kind of gravitational
theory in AdS which becomes weakly coupled in the large N limit. More precisely, we expect
that single trace operators in the CFT should be dual to single particle states in AdS. For
each conserved spin s current Ji,) there is a dual massless higher spin gauge field ¢, in
AdS (the massless property of the gauge theory corresponds to the conserved property of
the CFT operator) and the scalar operator Jg is dual to a bulk scalar field. Schematically,

Jis), A=d—2+s & massless gauge field ¢(y), 0Pty = Vi €ps.is)s
(131)

A(A —
Jop, A=d-2 & o m’= M. (132)
RAdS

Here, m? is the mass of the bulk field and the above expression relates the dimension of the
scalar operator to the field mass. In our case of a free CF'T}, the dual scalar operator has
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A = d — 2 so that m?* = —2(d — 2)/R?%s; consequently, for CFTy, m* = —2/R? 5. In flat
spacetimes, negative masses signal instabilities (tachyon condensation). However, in curved
space this is not a problem since we are above the so-called Breitenlohner-Freedman bound
which is given by m? > —9/(4R%,5) [38]. Futhermore, from the above duality, we note
that the stress-energy tensor 7, is dual to a graviton in the bulk theory (in other words,

T < Guw)-

Remark 2. The first example of the correspondence was given by [1] for AdSs/CFTy. In its
strongest form, the correspondence can be stated as follows: N = 4 Super Yang-Mills (SYM)
theory with gauge group SU(N) and dimensionless Yang-Mills coupling constant gy is
dynamically equivalent to type I1B superstring theory with string length Iy (a dimensionful
constant which which sets the size of fluctuations of the string worldsheet) and coupling
constant gs (a dimensionless constant which measures the string interaction strength relevant
for string splitting and joining) on AdSs x S® with radius of curvature Rags and N units of
Fs) fluz on S® (by dynamically equivalent, we mean that the physics in one description is
mapped precisely to the physics in the dual description). The parameters on the gauge field
theory side are gyyr and N; the parameters on the string theory side are gs and R?,q/1%.
The parameters are mapped to each other as follows

912/M = 27y, 29)2’MN = Rids/li- (133)

Notice that the second term contains precisely the t’ Hooft coupling constant A = g2 ,,N.
Observe that X is a ratio between the string length and the radius of curvature; in other
words, A\ compares the size of a string to the size of the space the string lives in. A large
space and small string will result in a large value for X. [37][35].

Using these facts, we can compare correlation functions. To do this, we can make use of
the so called GKPW (Gubser, Klebanov, Polyakov, Witten) dictionary (see [39] and [36]).
In the CFT theory, the path integral can be written

ZewrlJ] = / [Dgle=Scrr+] 10, (134)

where J denotes source terms and the measure, for the d = 3 vector model, is given by
[D@] = D¢ Dg;. On the AdS side, the path integral can be written

Zgravity[él)] = / [dq)dguu-,,]efsgmvity' (135)
AdSy

In order to define the gravity path integral, we need to give the boundary condition for ®
on the boundary of AdS,. This condition is given by

D|paas, = Po. (136)
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Now, the i analogy to quantum gravity is the string coupling given by g; ~ 1/N. Moving
to the large N limit causes this coupling to vanish and thus we reduce to classical gravity.
In this case, the gravity path integral reduces to a simpler form

7 S,

gravity[q)[)] = Vet

®lpads,=Po- (137)

One can thus calculate correlators in both dual theories. Indeed, under the duality, we should
expect the three-point functions

5 o 0
JS JS J ) PN —Sgram'ty7 138
< (s1)Y(s2)Y( 3)> 5®J(51) 5¢J(52> 5¢J(53> € ( )

to be in perfect agreement and [3] finds exactly this.

Now, we can rewrite the vector model in terms of bi-local fields. We can perform a loop
expansion in powers of /& for the path integral in equation (134) (which can be seen by restor-
ing h in the exponent to give %SCFT); alternatively, by making use of bi-local fields, we can
perform a loop expansion in 1/N. In other words, we have a loop expansion in the A of the
quantum gravity. Thus, this change of variables seems to be performing the reorganization
from CF'T degrees of freedom into gravity degrees of freedom.

In vector model Lagrangians (such as in [40]) there is an implicit dependence in N; more
precisely, there is a factor of NV in the summation over repeated indices

N
Boi=> Doy (139)
i=1
We would like to write this dependence on N in an explicit form.

One method to achieve this is to introduce an auziliary field o as is demonstrated in [41]
(see Remark (3)). The use of an auxiliary field is well demonstrated in the Gross-Neveu model
as well as the CPV~! model. The use of an auxiliary field does, however, have limitations.
As stated in [40], this method is only viable for Lagrangians consisting of quadratic plus
quartic terms and the local auxiliary field is a poor substitute for the composite (bi-local)
meson field.

Remark 3. Using an auxiliary field, we can transform the Lagrangian density as

1N 190
7 N P
3.7 TN

¢ "), (140)
This transformation does not affect the physics being studied (as it should be) since, by the
Euler-Lagrange equations, we find that o is not determined by a true equation of motion;
rather, it 1s given by an equation of constraint
_ 1%

2N

o

¢Uo". (141)
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This transformation leads to the new Lagrangian density

1 1 1N
L = S0.0°0"¢" — Jpbd"d" + 5 —o” - —a¢“¢“ (142)
2 g0

where p3 is a mass parameter. From this, [{1] derives an effective action Se;y defined through
the equation

iSers(@) — /H[Ckﬁa]eisw’g)a (143)

where they have integrated over all configurations of the ¢’s only. This effective action allows

one to write the N dependence explicitly
Sers(0,N) = NSegs(0,1). (144)

The use of bi-local fields solve the shortcomings of the auxiliary field method, although
here, we will only show that we can achieve an effective action with explicit N dependence.
This explanation follows directly from [40].

The time ordered expectation value of invariant operators is given by

(Flol)

o [ D Do [T o, yi)
<];!: O'(xwyz» = fD¢*D¢elZS , (145)

where o(x,y) = ¢**(x)¢*(y) is the bi-local field. Starting from the well-known identity
o
Dx— =0 146
[ Do flal =0, (146)

(where f[z] is some functional that vanishes at the boundary and for which the functional
derivative exists) we obtain

0= [ Do Do W 167 ) Flole™
= [ Do DolFlol T + 6 L i ol e
_ « Ay _ i 4 * ary OF[0] oS
~ [ orpons y)Fé + [ Do Do) e
* - a S (o~
+ [ Do Doier ) Flol; et ’
d ar \ OF|0 e 08
= (No%(z —y)F[o]) + (¢ (y)5¢a<$>> +i(o (y)F[a]W>. (147)

We now perform a change of variables from the original fields ¢® to the bi-local fields o(x, y)
and add a Jacobian J associated with this change of variables; more precisely,

/ D¢*DéF|o] / Do JF|o (148)



We can now write an effective action Scss as
eiSeff — ei(S—ian)‘ (149)

In order to write Scsr in an explicit form of the parameter N, we need to determine an
expression for J. Using the identity above again, we have

oz/Da/w%di@w@wwww%w (150)

We again apply the product rule as in the previous application of the identity and follow the

same procedure. The first term makes use of

oo(z,y) (6™ (2)¢(v))

6o (z,z)  0(¢"(2)0b(x))

8(0™(2)9' (y) + ... + 0™ (2)0" (v))
()¢ ( )

"~ 001 (2)0 (@) + . + OV (2)9N (x))
= 0%z — 2)0%(z — y)
= 0%z — y)6*(0). (151)

Thus the first term will be given by

/ Do / dsz[a]%eiseff: / Do Flo]6(z — )5%(0)eSess / bR

= / Do F[o]6%(x — y)6%(0) LieSess
= 6%z — y)6*(0) L Fo]), (152)
where L¢ (note d is not a power here) is defined by the volume of the system we are studying
LY = / dz. (153)

As stated, the rest of the terms are obtained exactly as before with the application of the
identity. This yields

(e = I OLFloly + ([ otz )t
i olnJ , d oS
</d ca(z.) Flol 55 ) +z</d () Flol 02 ) = 0 (154)

Now according to equation (148), equation (147) and equation (154) must be in agreement.
To see this, we apply the chain rule

5¢“ / 4% / a 65(;‘12 - 50((i y)
b
.ﬂ”/”w*gii e
/dd /ddy¢a* )04z — )50(5 "
/M¢w>%@@, (155)
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to equation (147) to yield the equivalent expression

(N6 (z — y)Flo]) + (/ dzo(z,y) OF o] )+ z(/ dzo(z,y)F|o] 6063

do(z,x) 6o(z,x)

Comparing equation (154) and equation (156), we obtain a differential equation for the

) =0. (156)

Jacobian J

/ 20z, ) 5521;‘;) (N = L45(0))6x — y), (157)
with solution
InJ = (N — L%%(0))Tr(Ino), (158)

where the trace acts on functional space. Observe here that the Jacobian is independent
of the action. Substituting this result into the expression for S.ss given by equation (149)
yields

Serr =S —ilnJ = —iNTr(Ino) + S + i L46*(0) Tr(Ino). (159)
Finally, we rescale 0 — No so that S — NS, to obtain an explicit effective action
Setp = —iNTr(Ino) + NS + iL4%6%(0)Tr(Ino) = NSy + 5. (160)

Note that this rescaling is possible since [40] assumes that coupling constants of the theory
have been rescaled appropriately so as to yield a systematic 1/N expansion. An equivalent
statement to this is that a rescaling of the fields exists under which S — NS. Thus,
equation (134) becomes

ZewrlJ] = / Doz, y)le5n+/ 90, (161)

Furthermore, it was recently concretely shown that this duality does indeed exist in this
case. For scalar fields ¢(t,x) on 2 + 1-dimensional spacetime with O(N) symmetry, where

x = (x', 2%), we have the bi-local collective fields

o(t,x,y) Zgb (t,x)p(t,y)
= Ze”eas (t,z) (162)

where z = (2!, 2%, 2%) and s corresponds to spin number with even parity. Thus, the product

of the scalar fields in 2 + 1-dimensions decomposes into an infinite sum of fields o, in 3 + 1-
dimensions. Each field o (corresponding to an even spin s) is a gravity field [42][43].
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As a final topic for this section, we prove a result that has a non-trivial consequence. In
particular, we will show that for distinct scalar fields ¢?¢°. .. ¢ in the large-N limit,

(¢ (21)9" (22) " (23)¢" (24) . . . O (20) D" (Tpp1)) =
(9% (21)9" (22)) (0" (23)9"(24)) . . . (97 (2n) D" (2n11)). (163)

That is, the expectation value in equation (163) can be written as the product of expecta-
tion values for each pair of fields in the large-/N limit. This important result is known as
factorization.

Here, we will work in O-dimensions and use the action S = a¢®®® + g(¢*¢*)?. The result
immediately extends to higher dimensional spacetimes. As a simpler case, we will show that

(0" (21)¢" (22)0" (3)" (wa)) = (¢"(21)8" (22))(¢" (w5)¢" (4)), (164)

in the large- N limit. The two-point correlation function was calculated in the O-dimensional
model (see Appendix (A.1)). We therefore need to determine the four-point function in the
interacting theory.

Similar to equation (513) of Appendix (A.1), we can write the four-point function as a
perturbative expansion of correlation functions in the free theory

(9% (21)9" (22) 9" (23)0 (24) ) imt =
<¢a¢b¢c¢d>free - g<¢a¢b¢c¢d¢e¢e¢f¢f>free +.... (165)
We calculated the four-point function in the free theory which is given by equation (518). In
terms of Feynman diagrams, the four-point function in the free theory can be represented as

(¢° 0" D) free =
a b a b a b
e XK
¢ d c d c d

(166)

Applying the Feynman rules previously determined will give the correct expression given
by equation (518). Note that the cross term above does not intersect.

The first order correction can be represented through Feynman diagrams as four external

points (labeled a, b, ¢, and d) and a vertex (labeled d,d, e, and e€). The number of Feynman
diagrams for the first order correction is very large (7!! = 105 Feynman diagrams); therefore,
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we will only consider a few of the important diagrams. After renormalization (therefore,
ignoring vacuum diagrams), we have diagrams of the form

<¢a¢b¢c¢d¢e¢e¢f¢f>free = (167)

(2) b e e d (2) b f f d (2) a e e ¢
c c d
b ~ 2 e! !f 2 f! !e
(2) alfch + (a) b~ e f d + (4) b~ f e d
d c c
b e f b § e
@) aiech - @ a_f()e_c +
d d
2 ac sbe ¢f f ced 2 ac sbf see cfd
= ——(0%0"0770°) + —— (660" 0°°0
(20) (2a)*
2 2
+(2a)4 (5bd5ae5ff5e0) + (2a)4 (5bd5af5ee5f0)
4 4
+(2a)4 (6ac5be5ef5fd) + (2a)4 (5a65bf5f€5€d)
+(2iLT)4(5bd5aeaefafC) n @(5“5@]‘5}‘65%) o (168)

The other terms are similar. Thus, up to first order,

1
(2)?

(20)*
__9

<¢a¢b¢c¢d>mt: (5abé‘cd + 5@05bd + 5ad5bc>

Q

(16N + 32)6°6™

Q

(16N + 32)§%5°

~—~
[\
< Q
S~—

)t (16N + 32)6°%5% 4 . ..
— [L __9

(20)*  (2a)
X((Sabdcd + 6ac(5bd T 6ad5bc). (169)

(16N +32) +...]
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As before, we rescale the coupling constant to the t’Hooft coupling constant and add the
term K; to represent uncalculated factors in front of higher order terms. In the large-N
limit, we therefore obtain in leading order of terms in 1/N

1 B 16 N\ 32 i
(20)?2  (2a)* (20)* N
K Ky N
+ W)\ + WN + .. ]
X (890574 4 goeghd 4 §adhe) (170)

(06" 6 )it = |

For meson type a and meson type b with a # b, we obtain

pewo 116 32 A
I m= G0 T ey T @ayi N
Kl 2 K2 /\2 aa sbb
i T e e (171)
and
S B R I
<¢ ¢ >z’nt— [2(1 (204)3)\ (204)3 N + (20()5
K, N
o (172)
b L8 16 A Ky
)= 5 T Gap T @ap N T ey
2
+(2%5% 4.8 (173)

Analysis of the above expression shows that we can recover the terms of the four-point
function from the product of the two two-point functions. For example, the second term in
the series for the four-point function is given by the two two-point functions as

16 soaghhy 1 8 1 8

- aa sbby bbaa. 174
(2a) 20 @ap’ O AT 2a(ap’ O (174)

We therefore conclude that in the large-N limit, equation (164) holds. In addition, the
proof demonstrated here for the simpler case extends directly to arbitrary distinct fields, as
in equation (163); and, since only the terms change when considering the same graphs in
higher dimensions, but the explicit contribution of N from Kronecker delta functions remain
the same, we conclude that factorization also holds for 3 + 1-dimensions.

The result of factorization leads to a very important and non-trivial statement about
the large-N limit of a vector model. To understand this result, we draw an analogy with
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statistical mechanics. Consider the expectation value of some physical parameter O (such
as energy F') in some macrostate with many different microstates

(0) = Z piO (). (175)

where ¢ indexes all possible configurations (microstates) of the system, p; is the probability
to be in state 7, and O(i) is the value of O in state i. Assuming we can write the expectation
value for n parameters in terms of factorization yields

(0105...0n) = (01)(O3) ... (On)
= Z 101 (1) Oa (i) . .. O (i) =

> 11,01(i1) Y 3, 02(i2) - Y 12, Onlin). (176)
The above statement holds if and only if
1 1 =1x%
- . 1
Hi { 0 :i#ix (177)

That is, factorization implies that only one configuration contributes. Returning to quantum
field theory, equation (163) implies that only one configuration of the vector model con-
tributes in the large- N limit. This single configuration must correspond to the classical limit
of some quantum theory. In fact, the AdS/CFT correspondance states that this classical
theory is precisely the dual gravitational theory.
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4 Spectrum of Primaries

4.1 Objective

In this chapter, we will demonstrate how we can use group characters to determine the spec-
trum of primaries. More precisely, we will develop a character formula that will yield the

number of primaries built using any number of scalar fields. Conformal field theories are
invariant under SO(d, 2). We will look specifically at SO(4, 2).

The problem of determining the spectrum of primaries for a product of fields is effectively
a group theory problem. Indeed, distinct primary states in conformal field theory belong
to distinct irreducible representations of the conformal group SO(4,2); all other states in
an irreducible representation are descendants of the primary states. These primaries are
constructed out of a product of fields. We therefore want to understand how the product
of representations decomposes into a sum of representations. If we can then determine the
irreducible representations in this sum, we have determined the spectrum of primaries in the
theory.

4.2 The Conformal Group SO(4,2)

In this subsection, we will briefly discuss the conformal group generators and the conformal
algebra that is closed under the commutators of these generators. These commutators will
be used extensively for later results in the dissertation.

The full set of generators for the conformal group in d—dimensional Minkowski space is
given by the following generators: {P,, M,,,

generates translations, M, (the Lorentz operator) generates rotations/boosts, D (the dilata-

D,K,}. Here, P, (the momentum operator)

tion operator) generates scaling, and K, (the special conformal operator) generates special
conformal transformations. Furthermore, these generators closes the Lie algebra through the
following commutators

[Pom M}U/} = ina,upu - inaupu [Kaa Muu] = inauKV - inaVKu
[D,P,] =iP, D, K,| =—iK, [D,M,,] =0
(P, K] = 2i(n,D + M,,)

[Maﬁ’ MHV] = inN/BMaV - inVﬁMau + inuaMVﬂ - inVaMu,B- (178)

All other possible commutators are zero. Here, we work with a metric with mostly negative
signature (+, —, —, —).

44



Remark 4. The algebra of the conformal group can be rewritten in terms of an antisymmetric
operator Tag, A, B =—1,0,1,2,....d, which is defined through

1
Ty = My Ty = _(Pu + Ku)

2
1
Taa=D  Lu=5(P— Ky (179)
The resulting algebra is
[TAB, TMN] = imBLaN — NBTAM — MmaTBN + inaTBur- (180)

From this, it is clear why the conformal group is given by SO(4,2), since clearly the above
commutator is the Lorentz algebra so(d,2) in (d + 2)-dimensions.

As stated in Remark 4, SO(4,2) is the Lorentz group in (4 + 2)-dimensions. Now,
S0O(4,2) = SO(2) x SO(4); that is, SO(2) x SO(4) is the maximal compact subgroup of
SO(4,2). Furthermore, SO(4) = SU(2), x SU(2)g (here, the equality is given under iso-
morphism between the two groups; we say that SU(2) x SU(2) forms a double cover of
SO(4)). The generator for SO(2) is the dilatation operator D and the generator for SU(2)
is J;, 1 = 1,2,3. Now, the Cartan subalgebra of so0(4,2) is the largest set of commuting
generators. Here, we will use {D, J3r, J3sg} as the Cartan subalgebra. Since these generators
are diagonalizable, we can use them to label states; more precisely, we can label a state as
|A,mp, mg), where —js;, < mp < jsr and —jsg < mpg < jsg.

These generators also label the irreducible representations of SO(4,2). Indeed, since
there is a unique primary in the irreducible representation, we can use the labels of the
primary to label the irreducible representation. The scalar field itself is a primary operators
with A =1 and j;, = jg = 0. Consequently we say that the scalar field ¢ is in representation
[1,0,0].

4.3 Group Characters

In this subsection, we will prove a few basic results using group characters. In later subsec-
tions, we will make use of these results to determine the spectrum of primaries.

We start by defining a group character. Let G be any group that admits a matrix

representation and let ¢ € G. Then, if ['g(g) is any matrix representation R of G, the
corresponding character yg(g) is given by

xr(g) = TrT'r(g). (181)
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Here, Tr denotes the trace operation acting on a matrix; that is, we sum the diagonal ele-
ments of the matrix.

Using this definition and the properties of traces, we can prove some useful relations that
will be used later. The relations are as follows
1) If R is the tensor product of two representations R = r; ® 7y, then

XR(g) = Xry (g)Xm(g) (182)

2) If R is the direct sum of two representations R = ® ry, then

XR(g> = Xr (g) + Xra (g) (183)

These relations can be argued as follows. For relation 1), if R =7 ® r9 then g € G can be
represented as

FR(Q) - Fm (g> ® Fm (g) (184)

Then,

XR = TIFR(g) = Tr(rm (g) ® Frz (g)) (185)

Since the I'’s are matrices, we can make use of the Kronecker product, defined as:

AnB ApB - AnB
AnB Ax»nB
AgB= |17 7% (186)
From this, observe that
TI‘(A ® B): AHTTB + AQQTT’B + + AnnTTB
= (AH + A22 + ...+ AnnTI‘B
= (TrA)(TrB). (187)

For relation 2), if R = r; ® 1o, then Vg € G (using the definition of the direct sum for
matrices),

FR(Q): Fm (g) D Frz(g)

L, 0
B ( 0 rm>
= TiT'r(g) = Tl (g) + TrLy, (g)
= Xr(9) = X (9) + Xr. (9)- (188)
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Ultimately, we would like to take products of fields as primaries. Thus, we want to
understand how the product of group representations decomposes. Using group characters
we can construct equations of the form

xa(@)x5(9) = xal9)- (189)

From relation 1) above, this tells us that
A® B = @,a, (190)

in other words, how the product of representations decompose.

4.4 Example Using SU(2) Characters

As a simple example, we consider the group SU(2), which is generated by the opera-
tors {Ji, J2, J3} € su(2). Again, we use the Cartan subalgebra, which in this case corre-
sponds to a single generator J3, say. Thus, the typical group element we will consider is
g = e e SU(2).

Now, recall from undergraduate non-relativistic quantum mechanics that the wave func-
tion of a particle with spin j can have 25 + 1 different spin states. Futhermore, if we
take two particles with spin j; and spin js, say, the total number of spin states has range
|71 — jo| < J < 1+ j2. We can easily recover this result using the idea of group characters.

For simplicity, define z = €. Then, if a particle is in the spin j irreducible representation
of SU(2), the corresponding character has the form

i(g)=a/ +27 I g

_attt—ah (191)
r2 — 2
In the first line, the trace was taken over all possible spin states |j,m = —j),...,|7,m = j)
through x;(g) = Zn:7j<j,m]a:‘]|j, m). In the second line, we argued as follows: Let S =
»—_; 2" Then, we can write

S =125, (192)
and

S =128, (193)
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where S_1 = Z " and S1 = z". Now, observe that
2 2
n—=—j—3 n—=—j+3
Si— S 1 =gt —gis, (194)
2 2
Also,
S S
S1—8 1 =" -2 =5(xz—a2). (195)
2 2 T2 T3

Equating these expressions gives

1 3
R (196)
T2 — 2
Now, consider two particles; let one particle be in the spin j; irredicible representation of
SU(2) and let the other particle be in the spin js irredicible representation of SU(2). Taking
the tensor product of the two representations and using the above result, we find that (assume
for the following argument that js > j;)
3 g
i (x)ng (ZE) _ (le + 21 4t it + $—j1>x32+z — xiﬂj 2
T2 — 2

I piathts _ p—datk—g

1 _1
. 2 — 2
ke T2 — X

I piatkts _ p—ja—k—j

1 _1
i 2 — 2
e, T T
1 ] 1 1
J2+71 $k+§ . :L‘*kfi
- E : 1 _1
— 2 — 2
k=j2—7j1 x x
J2+i1
= E Xe(T). (197)
k=j2—j1

From equation (182), this implies that

J1®J2 = @f;ﬁ;ﬂ J- (198)

In other words, the product of representations for two particles decomposes into a direct

sum of representations. This is precisely the result derived in an undergraduate quantum
mechanics course.

4.5 Group Characters of SO(4,2)

The previous section is a concrete example of the strategy we are going to use in this section.
That is, if we have the characters of SO(4,2) then we can easily compute the products of
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irreducible representations in the conformal field theory. More precisely, if we suppose that
the free scalar field belongs to the irreducible representation V' of SO(4,2), then we want to
decompose the character xgym(ven) into a sum over characters of irreducible representations.
Note that symbol “Sym” in the subscript denotes ‘symmetric’ since we must respect the
bosonic statistics of the field. This can be achieved using Young projectors, which will be
seen later in this section when we consider products of fields.

As stated previously, the Cartan subalgebra consists of the generators {D, J., Jg}. As
in the previous example, we can make the same simplification by defining s = e!, x = ¢%r,
and y = €%, Then the group element we will look at is given by g = sPz/ty’® € SO(4,2).
In other words, our characters will be functions of three variables. The scalar field is thus
labeled by three numbers [1,0,0]. Note that SO(4,2) is not compact and can thus have null

states.

For a scalar field in the representation V', the group character for SO(4,2) can be deter-
mined by using the work of [44]. For a representation with labels [1,0,0] (in other words, a
scalar field), the character of a unitary irreducible representation of SO(4,2) is given by

Afll,o,o]: sP(s,x,y)
s

_ 199
(1—s2)(1—s9)(1 —sz~1)(1—sy71)’ (199)
where 7 = /xy and § = /xy~!'. We can show that this formula is equivalent to
Xv(s,2,y) = s(1— %) Y s g ()x1(y). (200)
p,q=0

Here, the factor (1 —s?) removes null states and its descendants. This is due to the fact that
SO(4,2) is not compact, and thus can have null states; in fact, the free scalar field saturates
the unitarity bound. This can be readily seen from dimensional analysis. From the action
in equation (6) for d = 4, the dimension of ¢ is [¢] = L™!; from [23], the unitarity bound is
given by € > 1. The corresponding null state is precisely the equation of motion 9,0"¢ = 0.
To derive this bound we have examined the norm of descendents of the primary. If we try
to derive a bound for the primary itself we find € > 0 which is consistent with the fact that
the identity, which is the primary of the trivial representation, has dimension zero and no
descendents.

To show that (199) and (200) are equivalent, we show that the terms are equal for
arbitrary powers of s™. If the terms are equal for arbitrary n € N, then the relation above
must hold. We start with equation (200). For terms of order s", we have

D g (w)xs () — > 5PN ()x s (y), (201)

p.q p,q
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where we must have 2p+q¢+1 = n and 2p+ g+ 3 = n. Using this, we can restrict the values
of the ¢ in each character y; in particular, we have

g=n—1-—2p, (202)

q=mn—3—2p. (203)
Apparently, for a given n and p, ¢ can only take on two values. For example,

p=0:g=n—-1,g=n—-3
p=1l:gq=n—-3,gq=n—5
p=2:q=n—5q9g=n—17
(204)

In addition, observe that due to the minus in equation (201), only ¢ = n — 1 survives for
arbitrary n € N. This is due to the fact that 1—s? removes the null state and its descendants.
We are therefore left with
§" Xz (@) Xnz1 (y)]
1

2
n—

=@ o2 )T 4ty )]
— " Z {[ z/ka/Q l/2y m/Q] n— 1)}’ (205)
i,k,l,m
where the bracket [2%/2y*/22~!/2y=m/2)("=1) means: Vi, k,{,m € N,2(i+k+1+m)=n—1
(in other words, each term should have powers that add up to n — 1).

Next, we consider equation (199). Here, we have
s
=51 —s)(1 =7 D)1 — 55
=s(1+s8+ 8222+ )1 +s7+ 27> +...)
x(1+s2 '+ 8252+ )1 +sgt +67524..)

oo oo

— 3 () S () S (s S (s )™ (206)

1=0 k=0 =0 m=0

Now, consider terms of order s”. We must therefore have s/ HEHHl — gn — 4 j 4 k4] =
n — 1. Using the expressions for z and g, we find that terms of order s™ must have powers
distributed as

Z{ /24K /2512 =m/2] (1)} (207)

i,k,l,m

This is precisely the same result as equation (205). We conclude that the relation is true.
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Now, we can check that equation (200) does indeed produce the correct group character
for SO(4,2). If we expand this equation, we obtain (up to order s?)

o0

xv(s,z,y)=s(1— ") > s xg(x)xs(y)

s(1+ sy (@)xs () + s xa(@)xay) + s™xa (@)xa () + )

= 8(1 +s(@r+ a7y +y ) + 2@+ 1) + 1y
3, 3 1 _1 _3 3 1 _1 _3
+s (Z'Q—f—l'?—f—l' 2 +x 2)<y2+y2—|—fy 2+y 2>+ . (208)

Lets consider the character from its definition. In this case, since g = s”2/2y”/%, the character
is given by the trace

Tr(g) = Tr(sP2’ry’/r) = Z (A, mp, mg|ePTOLIsttOrSBRIA mp mpg).  (209)
Amp,mp

(Note, that here we mean the trace of the matrix, say I, representing g. For simplicity
however, we will simply write Tr(g)). For the scalar field ¢, the group element acts as
follows

glg)= s"ax"ty’"[1,0,0)

= ¢'1,0,0)
— sl). (210)
Thus the contribution to the trace from this state is given by
(9lgld) = s = sxo(z)x0(y)- (211)

For the descendant 0,¢ of the scalar field, there is a range of states

11 1 1 11 1 1
27_7_ ) 27_7__ ) 2a__7_ ’ 27__7__ . (212)

22 27 2 272 2" 2
Acting on these states with g gives

11 1 1 11
910,8)<> {52:61/23/1/2 9 = —>,82x1/2y1/2 2, 5 —§>,s2x1/2y1/2 2, -5 §>7
1 1
2, ——,—— ) ¢. 213
Y 27 2>} ( )

7272
Thus the contribution to the trace from these states is given by

o)+ {

525671/23;71/2

(0,01910,0) = s*(x% +273)(y? +y~2) = s*x1(2)x2(y). (214)

1
2
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Similarly, for the descendant 0,0, ¢, we have
g|auau¢>H {S3$y|3, 17 1>> 53‘%‘37 17 0>7 83373/71‘37 17 _1>7 33?/‘37 07 1>7 33y71’37 07 _1>7
s%3,0,0), s’z 1y[3, —1,1), 83273, —1,0), s>z~ 'y~ 13, —1, —1)}, (215)
giving the contribution

(0,0,9\910,0,¢)= Say+r+oy tty+y 1+ ly et aly
= s"x1(z)x1(y).- (216)

Comparing these results with the terms in the expansion of equation (200), we see that the
two expressions contain identical terms. This result holds for higher orders as well. Thus,

Tr(etD+i9LJ3,L+i9RJ37R) — XV(57 x, y) (217)

4.6 Product of Two Operators

Using the results of the previous sections, we can now consider products of fields. That is,
we want to take a product of two copies of the representation V' that the scalar field belongs
to.

Here, we need to project to the symmetric subspace to satisfy bosonic statistics. Thus,
the character we want to compute in this case is

Xsym(vez) = Y (il @ (jlg @ g Pli) @ ), (218)
2%

where P projects us onto the symmetric subspace as follows

Pl 1) = 3 1) ® 1) + 17} ® li)]. (219)

We have shortened the notation here to sums over 4, j for states |i) and |j).

To construct this character, consider first the following argument: the matrix represen-
tation M (for some group element g € G in representation V') acting on the basis |i) can be
constructed through the inner product

(i M|j) = M, (220)

and thus, the trace of the matrix is given by

ST GMl) = 37 My (221)

7 7
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Now, the tensor product M ® M can be computed through
(inie] M @ M|j1j2) = M, j, Miyj, (222)
and thus the trace yields
Tr(M®)="> (i1, is| M & Mli, iz)

11,82

= My, M,

11,12

= Tr(M)2. (223)

This is, of course, the character of ¢ in representation V®2; in other words, xye2(g). When
we move to the symmetric subspace of V ® V', the character becomes more complicated. We
can project to the symmetric subspace using the projection operator

1
P= Y o (224)

gES2

where Sy is the symmetric group. The operator ¢ acts by exchanging indices that labels
a state; in other words, if o = (12) then oliy,is) = (12)]i1,d2) = |iz,41) (similar for other
permutations in the symmetric group S;). In this example, the trace of M®? over the
symmetric subspace can be calculated as

XSym(V®2)= TI"(M®2>Sym

1
:Z<i1,i2 (M®M§ O'>

11,19 o€eSa

i1, i2>. (225)
Expanding this and permuting indices according to S, yields

1
XSym(Ve2)= 5 Z(Miﬂd Mi2i2 + Mi1i2Mi1i2)

11,02

= %(Tr(M)Q + Tr(M?)). (226)

Similarly, for the product M®3, the character is given by

X Sym(V©3)= TI"(M@g)Sym

1 S
:g Z <217227Z3

11,12,13
1
= E;f :g:: (]»j%1i1j»1%2i2j»4;3i3 + jkl;lizjbfézi1l\4;3i3 _F’]»121illX4%2i3]»1%3i2

M®? (1 + (12) 4+ (23) + (13) + (123) + (132))

i17i27i3>

11,12,13

*_]»4%1i3]»1%2izjng3i1 _F’lx4%1i2JX4;2i3j»1%3i1 + j»1%1i3j»1;2iljbfé3i2>

_ %(Tr(M)?’ + 3Te(M?)Te(M) + 2Te(M?)). (227)
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These are the so-called Schur polynomials.

For our case then, the relevant character to calculate is

Xsumivery = 5 (Te(9)* + Te(g?)) (228)

Now, Tr(g)? = xv(s,z,y)?. We need to therefore determine the character Tr(g?). Using our

previous arguments and the fact that ¢?> = s?P2?/ty’/%_ we find the following

g’lo)= s*Px* 1y R(1,0,0) = 5°|¢), (229)

11 _ 1 1 _
g2‘au¢><_> {845171]./1 27§7§>734x1y ! 27 57 _§>754x 13/1

2,_%,_%>}. (230)

The contribution to the trace from these states is given by

4, .—-1, —1

(0lg°[0) = 5%, (231)

(0,01910,0)= s*(xy +ay ' + a7y + 27y ™)
=s'z+a Yy+y ")
= 5" (2?)x1 (1) (232)

Comparing this with previous results, it clear that

1 1
2 2

Tr(g®) = xv(s? 2%, 7). (233)
The character to calculate is

1
XSym(ve2) = §(XV<57$73/)2 + XV(52a 5627312))- (234)

From here, we can compute the character for product of two operators explicitly. Using
the expression from [44]

1
P(s,z,y) = (1 — s2V2y172)(1 — sa2y=12) (1 — sz-12y1/2)(1 — sz—1/2y=1/2)’ (235)
and expanding, we obtain
P(s,z,y) = > s e (2)xs(y). (236)
p,q=0



Using the trivial identity
1
= (237)

1—t2 1—t1+41¢t

1 1

for each of the four factors in P(s,z,y), we find

P(s*, 2%, y*)= P(s,z,y)P(—s,z,y)
(238)

Therefore,

= s*(1 = s")P(s,z,y) p;o( §)P g () x4 (y)
- 201 +SQ)P(&%?J)i(—s)ng(ﬂf)Xg(y)
= $P(s,2,y) - i( 1) [ xag (0)xap () = 5" g (@)x5 (0)] Pls. )
— 2P(s,0,0) i( 1)1 (st ua(0)xaca (4) — 5 xa(0) s (0)] Plos )
(239)

Moreover,
= X[100] X X[1,0,0]

— § :Squl

g
2
="P(s,z,y) + ) [sgﬂx%ﬂ(x))(%(y) —s

(XV(57 Z, y>)2

Thus, our character is given explicitly by

1
Xsym(ven= 5 (v (s, 2,9)) + xv (s, 2%, 7))

= 5*P(s,z,y) +Z[2d+2 de(y)—s 2021
d=1
(241)
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Using [44], this can be written as

Sym(Dpoo) ® Dpooy) = Apoo) + Z D[Qkﬁz@ 2k ). (242)

72
ki=1

Here, Apgo is the representation for a spinless scalar field of dimension 2; the corresponding

primary is ¢?. This representation has no null states. The term D 201 2k is the repre-

[2k1+27 [}
sentation for conserved currents. As we will see later, this will agree with our construction

of primaries. These representations do have null states.

4.7 Product of Many Operators

In this section, we will generalize the results from the previous section. In particular, we will
generalize (233) to any n. Using this, we will be able to calculate the character xgymyen for
arbitrary product of representations V.

From Section (4.4), we found that the character for SU(2) in the spin j representation
can be written

i(@)=a) + 27 I g
.1 .1
2t — i3

_ e (243)
xr2 —xr 2
Consequently,
nk n(k—2) _n(k:72) _nk
X%(xn):x2 —|—x 2 _|_+x 2 —|—$ 2
nk n(k—2) _n(k—2) _nk
T2 +x 2 + .- 42 2 +x 2 1 1
= < 1 1 ) (a’j2 - 2)
xr2 —x 2
|k/2] [(k—1)/2]
= D Xwoa@) = Y Xemo (@), (244)
1=0,1,... 1=0,1,...

where the last line can be found by multiplying the numerator out and collecting terms.
This implies that

P(Sn,$n,yn) _ Z S2np+an% ($n)X%(yn)
p,q=0
1 = nq n n
= 1_82n28 xa (2")xe(y")

q=0
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0 lg/2] [(g—1)/2]

1
:1_82nzan Z Z X —nl— 1

4=0 1=0,1,... 1=0,1,...
la/2) l(a-1)/2)
<UD Xz = D X ()| (245)
1=0,1,... 1=0,1,...

and therefore,

XV(Sna xn7 yn): P(Sn, xn’ yn)sn(l _ 8271)

00 la/2] [(¢—1)/2]
= Snzan Z X%fnl(x) - Z X%fnzfl(ﬁ)
q=0 1=0,1,... 1=0,1,...
la/2] [(¢—1)/2]
X Z X4 — - Z X%—M—l(y) . (246)
1=0,1,... 1=0,1,...

In practice, we would like to write the result as SU(2) characters multiplied by a factor of
P(s,x,y) since then we can easily translate the terms into a sum of SO(4,2) characters as
in [45]. Towards this result, observe that

1= P(s,z,y)(1 — sz*?yY?) (1 — sa?y~Y2)(1 — sz 2y1?)(1 — sz~ /2y~ 1/2)
= P(s,z,y)[1+ 5" = s(1+s")x1(@)x1(y) + s* (@) + xa ()] (247)

Using this, we find the lengthy expression

Xv<8n,xn,yn) — P<Sn’xn’yn)8n<1 - 82n)

00 la/2] L(¢—1)/2]
(1 + 54) anq Z X%—nh (LIZ') - Z X%—nh—l(‘r)
q=0 11=0,1,... 11=0,1,...
la/2] L(¢—1)/2]
X Z X%_nzg Z X% —nly—1 (v)
lo=0,1,... 15=0,1,...
o) La/2] L(¢—1)/2] la/2]
—s(L+s) Y 8™ | D Namt g (@) = Y Xawy (@) D Xanay, (2)
q:0 l1=0,1,... L= 01,... l1=0,1,...
L(¢—1)/2] La/2] —-1)/2
D Xt (@) X | D X, (0 Z L)
11=0,1,... lo=0,1,... =0,1,...
la/2] [(¢—1)/2]
F Y @) Y e )
15=0,1,... la=0,1,...
00 la/2] [(¢—1)/2]
w23 @ - Y v aa()
q=0 1,=0,1,... 11=0,1,...

27



la/2] L(g—1)/2] la/2]

X Z X an fnngrl Z X 771[2 Z X 771[2

12=0,1,... 12=0,1,... 12=0,1,...
L(g—1)/2] la/2] L(¢—1)/2]
Z Xﬂ—nlz 1 Z Xﬁ—nlz 1 Z Xﬂ—nlz 2 )
12=0,1,... l2=0,1,... 12=0,1,...
0 La/2] L(¢—1)/2]
1D 5 D X W) = D Xgowa ()
q=0 11=0,1,... 11=0,1,...
la/2] L(¢—1)/2] la/2]
X Z X%—nzgﬂ(ﬂf)— Z X%—n12($)+ Z X%—nzg(f)
l5=0,1,... l5=0,1,... l5=0,1,...
L(a—1)/2] la/2] L(g—1)/2]
= Y Xzowa(@) D Xewoua(@) = D Xzmoaa(r) | | Pls,2,y).
15=0,1,... 15=0,1,... l5=0,1,...

(248)

We can now calculate characters for higher order products of operators. The relevant Schur
polynomials for the characters for three, four, and five fields are

1
XSym(Ve3) = 6 ((XV(57 L, y))?, + SXV(SJ L, y)XV(527 ZL’2, yQ) + 2XV(537 133, yS)) ) (249)

1
Xsym(ven) = 5 S (Cavls @) + 60w (s, 2.9) X (5%, 2%, 9%) + 8w (57,27, 5w (5, 2, )
+30xv (5%, 2%, y%)* + bxv (s*, 2, ) (250)

1

Xsym(ves) = 755 ((Xv(s z,y))° +10(xv (s, z,y))*xv (s*, 2%, ¥%) + 20xv (s, 2°, v°) (xv (s, 2, 9))?
+30xv (s, %,y )xv (s, 2, ) + 15(xv (%, 2%, 47)) *xv (s, @, y)
+20XV(52, z2, yQ)XV(s?’, z3, y3) + 24XV(55, z, y5)> (251)

Using the results we derived, one can easily calculate the characters using mathematics
software such as MATHEMATICA (see Appendix (A.4)). The results are

Xsym(ven= Apoo + Aps11 + A[G 33+ A2 + Ajzo02) + A2
T A5 3.5) + Ags g+ Ag s s+ 24055 + Az + Apal
—l—A[lO’%’%] + Alo,% 5+ Apo 10,3,7] A[lo’%’%] + A[lo’%’%] + .. (252)
Xsymveny= Auo,0 + Afs,11] +-A[7 2.3 + A0 + A2 + Aig20 + A1 + 2A8.2,2
+&%é+A%a+A%@+A%a+&%a+&%é+&%é
+Ap0,0,0 + 2A00,1,1) + Aoz + 2A0031) + Apogg + 2An0,2,2) + Ajios2)
+2A010,1,3 + Apo,z,3 + 3Anoss + - (253)
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Xsymvesy= Ajso,0 + A1 +A[8 3.3 + Ajg 0,00 + Ap,1,1) + Ap,2,0) T Apo,2 + 2Ap9.2,2)
+A[10 1 1] + A[lO 3 1] + A[107%7%] + ’AIO + A[IO,% % + ./4[10 5 1] + A[l
+ A3 50+ 2./4 5.3 + ... (254)

[10,5,5] 1375]

33 33
12032 1

In conclusion, we have formulated the problem of determining the spectrum of primaries
into a group theory problem. By using characters, we have successfully developed a method
that can count the number of primaries for any number of scalar fields.

4.8 Deriving a Generating Function for the Spectrum of Primaries

In this section, we reproduce the same results as the previous section by deriving generating
functions that can be used to extract the spectrum of primaries in the theory.

The Basic Idea. First, to illustrate the idea, consider the following argument. Let M
be a diagonal matrix with entries

M= B (b)] . (255)

Then, the characters in the [J, [T, [T 1] representations of SU(2) (that is, the totally sym-
metric matrices) is given by

xO(M) =a+b, (256)

xi(M) = a* + ab + b?, (257)
x(M) = a® + a®b + ab® + b, (258)
xrTo(M) = a* + a®b + a®0* + ab® + b (259)

We can of course continue this to higher orders. However, these reults can also be expressed
in terms of a generating function given by

deir ) ~ 2o M (260)

which holds for any matrix M. We can check thls result for our matrix M above. Indeed,
1 1
det(1 —tM) (1 —ta)(1—tb)
=1 +ta+t?a®+t3a®+ )1 +tb+0* +°0° + -+ +)
=1+ (a+b)t+ (a® +ab+ b*)t* + (a® + a®b + ab® + b*)t® +
=1+ x1t + xot* 4+ x3t* + - -

— Z "X () (M). (261)
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To prove equation (260), we can make use of the following Gaussian integral

(T)iyi3 = / de dyse™ 2 —zu 2y B 2 (262)
We can evaluate this integral as follows: consider first the generating function

N

1 _ - .

: / [ dosdyse™ Sn s+ EnGanind) (263)
=1

By shifting z — z + j and Z — z + j and completing the square, we find that

1

I= N dzidze” DA TET 0 (264)

This is the usual Gaussian integral times some source terms. FEvaluating the Gaussian
integral thus leaves us with

[ = eXnd"ik, (265)

Using this result we now find

. 1 9 ) o -
(L= =0 20 0 e
" nldj;, 07, 074 dgin
1 .
_ j j
Y Z 52';( 5zl(n)

oeSn

>k itk

Ji=ji=0

. .jknjkl .. 'jkn)e

(266)
Furthermore, observe that

(I, )Jl ]nM’Ll M2 ... Min— = Z 5
n.

i1in J2 Jn io(1) z

MM - M

creSn

) Z oy Ml

oeSn

= % > Tr(eM®m)
| &
= Xr(M). (267)

Continuing with the proof, consider next the integral

N
1 i i)5i
- _N/ | | da;dyse™ 200 05D (268)
i=1

Notice that we have a matrix in the exponent. We can make use of an identity (often used
in quantum field theory) where a matrix is inserted in the exponent. The identity is

1 - 1
JR— . . 721']'21'0;2] —
" / | |dxldyze ; dotO " (269)




Thus, the above integral can also be written in terms of a determinant; more precisely,
B 1
~det(1 —tM)’

By expansion, we can compute Z as follows

(270)

o0

N
1 B o . . .
— oo i ZiE AU My ey FI L5
~ | |da:zdyze % t Mj1 sz Mj:z21 2, 2 ZIn
i=1

n=0

= ") (M). (271)
Comparing equation (270) with equation (271) thus completes the proof.

In our case, we have
M = sPylsrylsr, (272)

In view of equation (200), we must have

det(1 — ¢tM) 1 —tM) H H H 1_ tsq+1xa (273)

=0 a=—1% b=—1

We would like to decompose this result into representations of SO(4,2). A useful approach
to this can be found in [46].

To illustrate the idea, we first start with a simpler problem. Suppose we are given a
partition function that is a sum of SU(2) characters

Z(x) = Z ZO+ZZk:c +ah). (274)

k=1

To obtain the last equality, we made use of the fact that all the SU(2) characters have an
inversions symmetry; in other words, the characters are invariant under x — 1/x. We would
like to determine the numbers N;. To do this, we will make use of character orthogonality.
Rewriting the SU(2) character as
sin ((7 + 3)0
Xj(x) = #, (275)
S1n (5)

we can prove the following orthogonality relations

4 Sln29
| 0%t = b
0
4T sin Q
| a7 ) ) = = G
0

47 Sln29
| a5 = a (276)
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Indeed, for positive integers j and k (j,k > 0),

/047r d@si;ing ()00 (@)= /047f - sin® ¢ (sin((j + ; /2)0)) (sm((k + ; /2)9)>

21 sin 5 sin 5

_ /47r apS U ;1/2)” sin((k + 1/2)6)

Am 10 (i) _ o=ili+3)0\ [ eilk+3)0 _ o—ilk+3)0
B /O %< 21 ) ( 2% )

Am a0 [ .. . L .
_ _/ “v (ez(]+k+1)9 . 62(]—1@)9 o ez(k—])@ + 6—(]+k+1)0>
o 8

1

= _8_7T (47T(Sj+17_k — 47T5j,k — 4776j,k + 477'5_]'_17,14;)
1

= _8_7T — 4775j,k — 4775j,k

and

Xi (@) (2" +27")

/471' " SiHQ(g)
0 2m
_ /47r dQSiDQ(g) Sin((j'+91/2)9) (€M 4 =ik

0 27 sin(3)

™ de 7 Lo ire

= [T S Do s [T L S+ Do
—027r1n21nj2e 027T1n21Ilj26

/ Tl (e70/2 — eT/2 (U200 _ omilGH/2ON
- 9 e

4 —i0/2 _ ,—i0/2 i(j+1/2)0 _ —i(j+1/2)0

do /2 _ o—if/ (G+1/2)0 _ o=i(i+1/2) .

s [ (ot ‘ ‘ (278)
0 2m 2 2

Multiplying out the terms in the brackets, we obtain

47 0200 4
/ ) (ﬁ)Xj(x)(xk +277)= —/ @ <ei(j+k+1)9 — k=0 _ il t)0 e_i(j_kﬂ)e)
0

2m o 8
A
_/ ﬁ <ei(j—k+1)€ — e tkHNO _ gik=)0 e—i(j+k+1)6‘)
g 8T
1
= _8_7T (4775j+1,—k — 47T(5j,k — 47T5j’_k + 47T(5j+1,k)

1
_8_7T (47T(5j+1,k - 47T5j,—k — 47’(’(5]',]4 + 4775j+k,—k>

= 0jk — 011k (279)
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Finally,

2 2

_ % /0 " %(cos(je) — cos((j + 1>9>)
~ 5 (250)

an gin2(@ 4
/0 db (Q)Xj(x):/o d—esingsin((j+1/2)0)

Using these relations, it is simple to see that

Am ¢in? A gin?
/0 4052, (0) () = /0 407 2(2) Y Nexu()
k

iz (281)

IS
IS

and

N

4T gin? 4m gin? g > % _k
/ de o xj(x)Z(z) = / de o X;i(@) | Zo + ZZk(x + 27"
0 0 P
=Zj—Zjnn  (1>0)
4 (o) (252)

Next, we define the generating function

Glz) = Z 2/ N;, (283)

and the “regular part of a function” as

[Z anx"] = Z apx"”, (284)

in other words, we discard all negative powers of x. Then, we can write

Glo) = (1 )20 X (285)

X

which is the result we wanted for the SU(2) case.

Generating function for the bosonic field case. From the SU(2) example, we can
turn to the SO(4,2) case. Here, the role of Z(s,z,y) is played by Xsym(venr)(s,z,y); more
precisely,

2(57 €, y) = XSym(V®”)(37 Z, y) = Z N[A,jl,jQ]X[A,jl,jz} (87 Z, y) (286>
Avjlva

For now, we will restrict to the case that n > 3; this is due to the fact that the characters
which contribute in the n = 2 case saturates a unitarity bound and thus contain null states.
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In other words, the theory for n = 2 has short multiplets. As we will see, naive application
of (288) leads to smaller integer coefficients in the expansion of the generating function. In
fact, these coefficients will be negative.

For n > 3 [46],

SAle (m)ij (y)
(287)
(L= sy/mp)(1 - s,/3)(

X[A,jl,jg](saxvy) =

and thus

Z(s,2,y)(1 — sy/ry)(1 — 3\/?(1 —s %)(1 - \/x—y) = Z Niajui)5™ X (@)X, (1)

(288)

Observe that the right hand side of this equation is precisely the sum of products of SU(2)
characters and, therefore, we can use the SU(2) example above to derive the generating
function. To achieve this, we rewrite equation (288) as follows (where we have shortened the
left hand side to Z’)

3 T y Z NA]I]QS X]l( )Xj2(y)
ALg1,52

= Z 5% Z Nia i) Xin (x) Z Nia ja) X (v), (289)
A g J2

where we relate these two lines through

Niag - Niagel = Niasgal- (290)
Continuing, we find that
Z(s,2,y) = 35 2(0) 2 (y), (201)
A

where

£) = NajXi (z)
Ji

= 2 Nz ) (292)

Now, the generating function for the SO(4,2) version of equation (283) is defined by

(s,z,y) Z N jr o] 8" 0 Y2 (293)

n,J1,j2
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Rewriting this equation in a similar manner allows us to apply equation (285) to each of the
SU(2) characters in our expression

G(s,x,y)= > s"aly”

= s"G(x)G(y)
=) [ é)Z(Jﬁ)Lp (- ;)Z(y)}y» (294)

where the subscript on each bracket means we only consider the regular part of the function
in the brackets with respect to x and y. From this, we find that

Gls.o.)= [(1= D)1= 2) 3 2@ 2.

- 0= D= D7), (295)

Substituting the expression for Z’'(s, x,y) from the left hand side of equation (288) gives the
result

= Ll S, T — Sy/x s /D1 —s /D - 2
Glovr) = |(1= D= D21 = sy =5y [0 =5y 2]

(296)

which is the generating function we wanted to derive.

Thus, we can state our final result: the number N j, j,) of primary operators, of di-
mension A and spin (j1, j2) built out of n scalar fields ¢ can be obtained by expanding the
generating function

Gn(s,z,y) = Z N jr o] "2 Y72 (297)

n,J1,J2

The generating function is given by (we emphasize here that, by our construction, n > 3)

= “haot S, — 8/ s /D1 —s /D - 2
Golosr) = [(1= D0 = Dz (s 1= sy sy [T sy /D= )]
(298)

where Z,(s,x,y) is defined by

o § 3 . =
ITII 11 T fsatigoyp an_;t Zn(8,2,Y). (299)

— —— 935__ 9
=0 a=—% b=—1
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Again, using MATHEMATICA, the generating function for n = 3,4, and 5 thus yields

5 5 3 5 5 3

T2?y? 4+ sTat 4 5Ty + sSSrrye + sBwrye 4 Sy
1oz T s 5 7 T3
TN SR SN HUPPRIINS S5 SURPET IS S0 TUPRTI I UL Jos

5108y 4+ . (300)

Gs(s,z,y)=5° + SPxy + sSx2y? + s

Gals, z,y)= s* + Sy + sTa3y2 + 28%2%% + 822 + Swy + s%y° + &

9g 5 5 g 5 3 g 5 1 g 3 5 g 3 1 g 1 35
—+s xr2y? + s xr2y? + s r2y?2 + s xr2y? + s r2y?2 + s x2y2—|—

+sPzry? 4 (301)

G5(s, z, y): s+ s7xy + ssxgy% + 239x2y2 + s%2% + sggf + sgxy +5°

502 Y2 + 003 y3 + s027y7 + 003y + 251023y5

+5023y7 + 5022y7 + §023y3 + s023y7 + (302)
Comparing these expression to our answers in the previous section, we do indeed find agree-
ment.

So far, we have excluded the n = 2 case. If we naively compute Gy(s,z,y), then we
obtain the following terms

Go(s,x,y)= s> + s'wy — "/ \/y + "%y — sTad2y3% (303)

Observe here that we have negative coefficients. This is due to the fact that we have null
states which have not been subtracted correctly. From [46], the condition for a short multiplet
is A = f(71) + f(j2) with f(j) =0if j =0or f(j) =j+ 1if j > 0. Observe that there is
a primary with A = 2 and j; = j, = 0, which is not short. We also have a primary with
A =4 and j; = jo = 1. This is short and the —35\/5\/§ is precisely the null state for this
primary. Furthermore, it is clear that we also have a primary with A =6 and j; = j, = 2.
This is also short and the —s”23/2y%/2 is precisely the null state for this primary. Removing
the A = 2 and j; = j, = 0 primary, subtracting the null states (this is done by dividing
by 1 —s/,/xy) and then putting the original primary back in we find the correct generating
function for n = 2

1—5H(1—-HZy(s,x,
GQ(s,m,y):[<( (1= 1) Zs( y)_82> 15]7

P(vaay) 1_\/@

(304)

1

P(s,z,y) = :
T Um0 - s/B - )

(305)
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Indeed, this generating function yields
Go(s,x,y) = 8% + s*wy + sS22y* 4+ 8239 + s'0%0%y* + 52275 + ... (306)

which is the correct result.

Generating function for the free fermion field case. We can extend these results
to the case of fermion fields. Here, the fields are Grassman fields, and are thus antisymmetric
when exchanged (in other words, they change sign under exchange). Consequently, we need
to project to the antisymmetric product of representations.

First, we need to adapt our Schur polyomials that expresses our characters. The formula
is exactly the same as in equation (225), except that permuting indices in a term an odd
number of times will change the sign of the term. For example, consider the matrix

M = (307)

o O 2

0
b
0

o O O

Then, the character in the @ representation is given by

1 i io i
X@(M): 6 Z XE(U)Miou)Mio@) Miag(?s)

oES3

6
—X@((B))MZJMZEMZE - X@((%))MEMSMZS

1 i1 8 iz g i1 0 iz g
= —[X@(l)lele;sz - X@((lQ))Ml;MZSM’L;

+X@((123))Mf§ M2 M + X@<<132>)M;; M2 M)

_ é[(Tr(M))?’ — 3Tr(M?)Tr(M) + 2Tr (M?)]

= abc. (308)

Similarly,

xO(M)=a+b+c, (309)

XH(M) = ab+ ac + be. (310)

As a short notation, we will use 1" to denote a Young diagram with a single column of n
boxes. Then, we have the following relation

det(1 + tM) = (1 + ta)(1 + tb)(1 + tc) = itnx(ln)(M). (311)
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We can argue this formula by making use of the following integral

N
[ T avaire S, (312
i=1

We emphasize here that the fields are Grassman variables; in other words ¥;1; = —v;4;.
First, consider the N = 3 case. We rewrite the summation in the exponent to matrix
multiplication

, 100 a 0 0] [

D ild; M= [ vy w]( 01 0{+t{0 b 0 ) Vs
001 00 ¢ Vs

= (1 +tM). (313)

ij=1

We then expand the exponential as follows,
3 N . L=
/H Ay’ e 2ig=1 Vil HIMYT /dwldﬁldwzdizdiﬂ?)dlzs (1 — (1 +tM)y
i=1

gL+ IR = (L I+ ). (B1a)

Here, only the fourth term yields a non-zero integral. Thus,

N
/ H d@bz‘d@/)ie* Zﬁ\fj:l Y3 (S5t M1)p
i=1

— / d¢1d¢1d¢2d@ﬁzd¢3d¢3%(¢(l +tM))?
3
S / d¢1d?/_11d1/12d1;2d¢3d1;3% (¢1(1 +ta)y + 1o (1 + D)y + (1 + tb)lﬁ?’)

== / dipy dipy dipodipydipsdips ((1 +ta)(1+tb)(1 + 750)) V11hathathsis

= (1 +ta)(1+tb)(1 + tc)

=1+ (a+b+ )t + (ab + ac + be)t* + (abe)t?

—_ Z tn)((ln) (M)

n=0

= det(1 4+ tM). (315)
In general, only the term of the form — 1 (¢(1+¢M)v)" would contribute. Thus, this result
generalizes. Observe also that the series above only expands to n = 3; in other words, for
n > 3, the character yi» vanishes. This results from the fact that the trace terms in the

character formula for x;» are no longer independent . This occurs precisely when the rank of
the matrix (here, the rank is 3) is less than the number of matrices appearing in each trace
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term in the Schur polynomial (see [47]).

From here, we can derive the generating function for the free fermion. From [44], the
character of a left-handed Weyl Fermion is given by
(x1(z) —sx1(y))P(s, z,y), (316)

3
2

XL<37x7y) =S

which can be rewritten as

o0

S (X1 () = sx1 (1)) P(s,2,y) = 57 (xa (2) —sx1 () D s xg(w)xg(x). (317)
P,q=0
Now, using the equation
i+’
Xjey (2) = x;(@)x;(z) = X, (), (318)
k=]j—j']
we obtain
00 $+3 3+3
W= 3 (3 o) -5 Y )
PO Nkelgoh k=14-4
_ o3 S 2p+q
=52 ) s (Xg_;(x)Xg(y) + Xap1(2)xg(y) = sxg(@)xa_1(y) - SXg(ﬁ)Xu;(y))
p,q=0

(319)

Observe that by shifting ¢ — 1 in the first term and the third term, the first term cancels
with the last term. Consequently, the second and third terms simplify into

Xi(s,2,y) =821 = %) > 5™ g 1 (2)x5(y)- (320)
p,q=0
Summing over the sP terms then yields
3
Xe(s,,y) =52 ) sTxa ()xg(y). (321)
q=0
For our case, M = sPx”31y73r and therefore
atl a
S8 2 2 3
det(1+tM) =]] (14 ts2 9%, (322)

The generating function for primary operators in the free fermion conformal field theory is
given by

= R S, — S/ s D1 - s /DHa - 2
Gulovr) = (1= D)1= Dzl = sy = [0 = sy o= 2]

(323)
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where now Z,(s,x,y) is defined by

g+1 q
o0 2 2 o0
det(1+tM) H H + ts%“xayb) = Zt"Z (s,z,y). (324)
1=0 g4+l p——1 n=0

As an example, the generating function for the n = 3 case yields (see Appendix (A.4))

15 3

G(5:cy)—s2:c\/_+s2x2+s2y2+s2a:y2+ (325)

We can compare this with the approach in the previous sections. Here, the relevant Schur
polynomial is given by

1
Xasym(V@’S)(Sv x, y): 6 [(XL(SJ xZ, y))3 - 3XL(527 $2, y2)XL(57 xz, y)
+2x1(s%, 23, yg)} ) (326)

Next, we adapt the equations from Section (4.7)

XL(Sny l,n’ yn): S3n/2 Z anX@(xn)X%(yn)

q=0
o0 L(a+1)/2] La/2]
— g3n/2 Z g™ Z X(qﬂ)n nl(:l?) — Z X@_nl_l(l‘)
4=0 1=0,1,... 1=0,1,...
lq/2] [(¢—1)/2]
X Z X%—nl(y) - Z X%—nz—l(y) . (327)
1=0,1,... 1=0,1,...

As before, we need to add a factor of P(s,z,y). Using equation (247), we rewrite the above
expression as

XL(STL7 xn’ yn>: XL(Sn7 xn7 yn)(l + 54 - 8(1 + Sz)X

+5* (@) + xa(y))) P (s, 2, y)

el gL+ ) — (1 )3

1(z)x1(y)

q=0
L(g+1)/2]
[ Z (XW—nl—lm(x)+XW—nl+1/2(I))
1=0,1,...
la/2]
- Z XlatDn_ 3/2< )+X@fnlfl/2(x))}
1=0,1,.
Lq/2J
x| Z (X2 —ni—1/2(Y) + X2z —pi1/2(y))
1=0,1,...



L(g—1)/2]
- Z (X%—nl—S/Z(y)+X%—nl—l/2(y))}

1=0,1,...
+82 3n/22:8nq><
q=0
L(g+1)/2]
[ > (Xatnn 1 (#) + Xeaenn_y (2) + X@inn_ (7))
1=0,1,...
la/2]
- Z X(q+1)n —nl— 2( )+X@_nl_1($)+><w%l($m
1=0,1,...

—1)/2

lg/2]
X[ Z Z %—nl 1 }
1=0,1,...

+82 3n/2 E " %

q=0
[(g+1)/2] lg/2]
Z X(q+1)n nl Z X(q+1)n nl_l x)]
1=0,1,... 1=0,1,...
lg/2]
X[ Z (Xﬂ—nl—l(y) +Xﬂ—nl<y) +Xﬂ—nl+1(y))
1=0,1,
[(g—1)/2]

- (X2 —i—2(y) + Xam i1 (y) + X2t (¥))] -
1=0,1,...

(328)

Using similar arguments, one can derive the other terms in the polynomial. Using MATHE-

MATICA, we find

Xasym(V®3)(3a :L‘,y): A[n 1, 1 + A[13 5 0] + A 13 3 3 1]

(329)

In conclusion, we have derived a generating function from which we can extract the spectrum

of primaries. This is clearly a more efficient method than our previous algorithm for counting

primaries.
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5 Constructing Higher Spin Currents/ Primaries

In this section, we will develop methods to construct primary operators. First, we will con-
struct symmetric traceless primary operators using an ansatz. After this, we will show how
we can construct primaries by rephrasing the problem in the language of polynomials. In
some cases, these polynomials turn out to be the hyperspherical Gegenbauer polynomials.
Finally, we will use a many-body wavefunction problem to solve for primaries, which will be
more general in form than the approach using Gegenbauer polynomials.

5.1 Spin-2 Primary Operator

We start by constructing the symmetric traceless primary built out of two fields. More
precisely, we are constructing primaries that are in the (I, 1) representations of SO(4), which
corresponds to symmetric tensors. Furthermore, these representations are traceless. Thus,
to construct the primary, we must subtract the trace. To see a concrete example of this,
consider the following decomposition

(%,%)@(%,%) =(0,0)® (1,0) & (0,1) & (1,1). (330)

The representation (1,0) & (0, 1) corresponds to an antisymmetric tensor. Thus, we are left
with the representation (0,0) @ (1,1). The representation (1,1) is a spin-2 tensor. The
representation (0,0) is a trace (in other words, a scalar) and thus does not transform under
SO(4). To construct the irrep (1,1) (which is the type of primary operators we are consid-
ering in this section), we must construct a tensor that is symmetric in its two indices and we
must subtract the trace. For this example, this tensor is precisely the stress-energy tensor (8).

The ansatz for the four field primary operator with two indices is given by
1
Omuzz C1 (81/1 ¢8V2¢ - 1771/11128#¢a/1¢)¢2
+c9(0,,0,, ). (331)

This operator is indeed traceless since

771/1,/201/11/2: €1 (au¢au¢ - au¢au¢)¢2
+¢2(0"0,0)¢”
=0, (332)
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where we used the fact that n*’n,, = 0!, = 4 and the equation of motion 9"9,,¢ = 0. In
addition, the operator is also symmetric since

Ors= 1(01s 001, — sn ¥ 00,)7
+¢9(0,,0,,0)9°
= C1(00 B0 — 060,007
+¢2(0,,0,,0)9”
= Oprin- (333)

To show that this operator is primary, we use the special conformal operator K, and solve
the equation K,0,,,, = 0 for the coefficients ¢; and c,. We make use of the following
commutation relations

[P, K] = —i(2n,D + 2M,,),

[M;wa Pa] = _i(nuapu - nuapu)v

(D, P,| = —iP,. (334)
We also use
D¢ = —ig, K,$ =0, Mo = 0. (335)
Using the equivalent expression in terms of momentum operators d,, — P,, we therefore
obtain
KpOup= 1Py 6Poyo + P KuPos — 0 K P 6Py
—inulz,QP"gbKuPaqﬁ)qSQ + c2(K,u Py Pryd) 8. (336)
Now,
K,P, =P, K, +2in,,,D + 2iM,,,,
K,P,, = P,K, + 2in,,,D + 2iM,,,. (337)
Similarly,
KuPU: n””KuPp = 770p<PpKu + 2i77puD + QiMP#)
= P7K,, + 200, D + 2in°" My, (338)
Finally,

K.P, P,,¢0= (P, K, + 2in,,D + 2iM,,,) P, ¢
= P, K,P,,¢ + 2in,,,DP,,¢ + 2iM,,,P,,¢
= P, (P, K, + 2in,,,D + 2iM,,,)¢ + 2in,,,, (P, D — iP,,) ¢
+2i(Py My, — iy By + iy, P ) ¢
= A0y, B & + 410, Py @ — 20,0, B (339)
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Using these results, we find that

1 1
K OVIVQ 1 (277V1M¢PV2¢ + 277'/2# V1 ¢¢ 77V1V25M¢P0'¢ 771111/2]3 ¢770u¢)¢
+e2(400op, Py @ + 400, Py @ — 21,00 u¢)¢3
1
- Cl(2nV1M¢PV2¢ + 277V2u V1 ¢¢ 77V1V2¢ ¢ 771/1”2 u¢¢)¢

+C2<477vzu Poo+4n,,P,0 — 277u1u2 u¢)¢3
=0 (2771/1/L¢P1/2¢ + 277V2uPV1 ¢¢ - 77V1l/2pu¢¢)¢2

2 (40, Py @ + 4000, Py @ — 277V1V2PM¢)¢3- (340)
Setting this equation equal to zero, we find the solution ¢y = —1/2¢;. Choosing ¢; = 1, we
have therefore determined that the operator
1
Omuz = ( V1¢8112¢ 771/11/2 ¢au¢)¢2 - 5(8V18V2¢)¢3 (341)

is a primary operator.

Remark 5. In the beginning of this argument, we assumed the equation of motion holds ie
0"0,¢ = 0. Interestingly, we still obtain the same coefficients even if this assumption does
not hold. In this case, our ansatz for the traceless two index primary operator will be given

by
Ovvn= €1(0,,$0,,¢ — 4num " $0,0)

+¢2(0, 00, — mm@ )9’ (542)
Acting with K, on this new term gives
K, PP,¢p= [K,, P.,]JP*¢ + P*|K,, P,]¢
=i(2nuaD + 2M,,) P ¢ + i P (200D + 2M,,,) ¢
= 4P, ¢ + 2i[M,,, P*|¢ + 2P,¢
= 06P,¢ +2(F, — 4P,)¢
=0. (343)

Thus, the coefficients remain unchanged even if we were to assume that the equation of
motion does not hold. This is also true for the spin 3 primary operator in the next section.

5.2 Spin-3 Primary Operator

The ansatz for the operator with three indices is given by

Ovyvpvs= €1(0y, 90y 90, — traces)p + co(0y, Ouy 0y @ + Oy Oy @0,y &
+0,,0,, 90y, ¢ — traces)¢® + c3(0,,0,,0,,0)0°. (344)
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To write this operator out in full detail, we must first determine the traces. More precisely,
we need to ensure that

UVIVQOszVs =" OV1V2V3 =" OV1V2V3 =0. (345)

Consider the first term in the above expression. Choosing any of the combinations for indices
in the metric in equation (345) will result in raising an index. We must thus subtract three

terms to cancel this:
1
1/1 (ballz ¢8V3 ¢ T]lll 12) Qba“ ¢al/3 - 4 771121/3 144 ¢a ¢au¢ 771/1 v3 (baUQ ¢aﬂ¢ (346>

However, if we act with any of the combinations of metric given in equation (345) on equa-
tion (346), we are left with a nonzero term. For example, using 7> reduces equation (346)
to

Vl . ( V1 ¢al/2 ¢8V3 ¢ 77111 v 8N ¢au¢al/3 ¢ 77112 v3 V1 ¢a ¢au¢ 77u1 v3 @u ¢al/2 (ba,u ¢)

= —5 s 00 90, . (347)

Thus, to account for this, we need to again add three new terms. This will consequently lead
to an infinite number of terms to add in order to compensate for each different combination
of metric indices. In other words, we must have

- (" (D)
0000 = () ", )a“¢au¢ay3¢—<n§:; )00, 00" 60,0
- S 000,000 (345)
n=2

The series in the brackets is well known to converge

IR 2oy S 2 (349)

Therefore, the first terms and its traces is given by

01y 90, 90,30 — —3“ ¢ 00y ¢ — =0, 90" 90 — —3”91)&/2@#(? (350)

This same argument also apphes for the second term. The third term requires no extra trace
terms since it will be zero by the equation of motion.

Thus, our ansatz for the traceless and symmetric primary operator is given by
Ovrvavs= €1(0y 90y, 0,y 9 — UWQ " 0,90y, ¢ — 77u2u3 b $O" G0, — 771/1113 " $0,,00,0)¢
+¢2(0y, 01, 003 & + 0y, 013000, & + 0y, 0, (bamﬁb 77V1 1, 0" 0., 00,0

1 1
- 6 Mv1vs 8u 8V3 ¢8 ¢ 6 Uz am o gbau Cb 77V2 V3 aV1 au gba ¢

1 1
6771111/38 01, $0,9 — nV1V38V28N¢au¢)¢2 + ¢3(0,, (91,28,,3¢)d) (351)
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Rewriting this equation in terms of P,, we have

Ovrvas= (PO s Pos® ~ S sis PPOPUOPG — s PGP OFLD — Sl PHOP 0 Pa)
F(Poy Py P+ P Pos6Pos + PryPoyPoso = s P PryoPus
s PuP 6P énygyg,PmP 6Pt - 1ny2y3PV1Pﬂ¢P 2

s P PP — s P PubPRO)6 4 5( P PryPoyd) (352

To determine the coefficients, we again solve the equation K,0,,,,,, = 0, and thus show
that our ansatz is indeed a primary operator. We start by letting K, act on the first term

1
a1 (I, Pu1¢Pu2¢Pu5¢+Pul¢K Poy¢Pos@ + Loy 0Py K, Py = ey Ko PO L, 0Py

1 1
/T OK,P,0P,,¢ — 77,,1,,2P¢ WOK, B0 — 77V2V3K P, oP"oP e

6

1

6771/21/3 V1¢KP¢ ¢_ 77V2V3 V1¢P gbK Qb 77!/1113 P'“ngVng ¢
1
_6771/11/3PM¢KpP112¢ ¢ 771/11/3P ¢PI/2¢K ¢>¢

2
=0 (277V1p¢PV2¢PV3¢ + PV1 P20y Py + By ¢Plfz O20y5p® — 77V1V2¢ O P, ¢

1
- §77u1 |12 p ¢ ¢77u3p¢ 771/21/3 U p¢P ¢ ¢ 771/2 Vs I/1 ¢¢ ¢ 771/1 V3 p¢PV2 ¢¢

1
_§UV1V3PH¢UV2P¢PM¢)¢' (35?))

Similarly, for the second term we get

(KoL By Py¢ + P Pyo K, Py + K, By Po Py + PV1PV3¢K P¢+ KPPyl ¢
1

+P,P,0K,P, ¢ — numK P'P,,0P,p — nl,l,,zP P,oK,P,p — 77V1,,2K P,P,,oP"¢

1 1
677V1V2P PI/3¢K P#¢ nV2l/3K Pl/lP ¢ ¢ 77V21/3PV1P (bK (b nV2V3KpPV1P/L¢P#¢

1
_677”2113 ¢K P“¢ 77V1V3K PMPIQQS Qb 77V1V3PMPV2¢K QS 77V1V3KPPV2PM¢PH¢

1
_6771/11/3 2 M¢Kppﬂ¢)¢2
= 02(477V2PPV1 ¢PI/3¢ + 477V1pp1/2 ¢pl/3¢ - 277V1V2Pp¢PV3¢ + 2PI/1 Pl/2¢771/3p¢ + 477V3pP1/1 ¢Pl/2¢
+477V1pPV3¢PV2¢ - 2nu1V3Pp¢PV2¢ +2P, P,,3¢)77,,2p¢ + 477V3p e PP @ + 4771/2,0 V3¢PV1¢

4
2Ny p¢PV1¢+2PV2PV5¢77V1p¢ 77V1V277V3pp OP ¢ 771/11/2 V3¢ ¢ 771/1V2P PV3¢¢

1

2 1 4
377111V277up 1/3¢P ¢+ 771111/27]#1/3 p¢P¢_ 77112113 U1¢Pp¢ 771/21/377V1pp ¢Pu¢

2 1 4
377V2V3 ¢¢ nuzugyup V1 oP o + 77V2u377u1u p¢P ¢ — gnV1V377V2pPM¢PM¢
1 2 1
—3 s P,0P,p — nuwgP P00 — 3w B,oP"¢ + 3w s P,pP"¢)¢”. (354)
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For the third term, we obtain the following

K,P, P,,P,,0= (P, K, + 2in,,,D + 2iM,,,)P,, P,, ¢
= Py (P K, + 2inyu D + 2iM,,,) Py + 2in, (P D — iP,,) Py b
+2i( P,y My, — i1y Py + i1y P) Py ®
= P, P, K, Py + 2i1), Py DPyy o + 2i P, M, Psd + 2i1,, Py D P,y
+200, Py Py + 20 8,, My, Py @ + 20, Py Py — 20,0, B Py @
= P, P, (P, K, + 2in,,,D + 2iM,,,)¢ + 2in,,, P (Pyy D — iP,) ¢
+2i P, (Pyy Moy — 0wy Py 4 000y Pu) ¢ + 2iny, Py (P, D — B, )0
20,1 Py Py @ + 20 Py, (Poy My, — iy Py + 000,05 Pu) @ + 20,0, Py Py @
20y, P By @
= 2y, Py Poa ® + 2005, B0y Bus @ + 2000 Py Py @ + 200, By Py @ — 2000, Py P
2000 Py Py @ + 200, Py Bus @ + 200, Py Py @ + 20,0, By By @ — 200,05 Py P
+ 20y Py Pug® — 2010, By Py @
= 6Ny, Py Py ® + 6000 B0y Py @ + 600, Py Py @ — 20000, Py Py — 20,05 Py P
2010 PPy, (355)

and thus

63(KpPV1PV2PV3¢)¢3 = 03(6771/3/)PV1PV2¢ + 677V2ppl/1 P,o+ 677V1pPV2PV3¢ — 277V2V3PV1P,0¢
- 277V1V3PV2 Ppgb - 277V1V2 PPPV3¢)¢3' (356)

Collecting terms and equating to zero, we find the following expressions for the coeffi-

cients:
1
Cy = —ch
1
C3 — —§C2. (357)
Thus, choosing ¢; = 1, the primary operator is given by

1 1 1
OV1 vovz — (81/1 ¢al/2 ¢8V3 (b - 6771/1 %] au¢8u¢aus ¢ - 677112 V3 81/1 ¢au¢au¢ - 6771/1 V3 au¢aug ¢au ¢) ¢

1 000s80,,6 + 010,010 + 00D 00 — s 060,
1 1 1
_gnV1V28M8V3¢aH¢ - 6771/21/381/18M¢8u¢ - 6771/21/381/1 0M¢6“¢
G n 000010 = s Dy 00 0)P + (01 0sD1s ) (359)
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5.3 Spin 3 Primary: Using the Subalgebra

We now recalculate the coefficients of the spin-3 primary operator using the subalgebra.
Thus, we are constructing a single state. Now, the primary is a spin multiplet worth of
states. Therefore, from the single state we construct, the remaining states follow by per-
forming rotations.

Defining P = P, — iP; and K = K; + iK,, we define the subalgebra through the com-
mutators

[D,P]=—iP, [D,K|=iK, |[K,P]=4iD +4Msy,

[Msy, K] = — K, [Msy, P] = P. (359)
As before, D¢ = —i¢ and M>1¢ = 0. Using the subalgebra, we can prove the following useful
relation
KPi¢p = 4s°P5 1. (360)
Now,
s—1
(K, P?]=" P '""[K, P|P"
k=0
s—1 s—1
=4iY PV R(PED 4 (D, PY) +4> PR (PR My + [My, PY))
k=0 k=0

s—1 s—1
=4isP*'D +4sP* My +4i Y _ P*7UF[D, PY+4) " PR My, PR,

k=0 k=0

(361)

where we used the fact that S w—o 1 = s. The commutators in the final line can be calculated
as follows

[D, P¥]= Z P*'[D, PP
= —zk;Pk, (362)
[My, P Zp’f My, P|P*

= kP’“. (363)
Therefore,

[K, P] = 4isP*'D + 48P "My + 2(s — 1)sP* 1 4+ 2(s — 1)sP* !, (364)
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where we used the fact that 320_1 k = (s — 1)s/2. Finally,

KP¢= K, P*|$
= 4isP* ' D¢ + 4sP* ' M1+ 2(5s — 1)sP* '+ 2(s — 1)sP* ¢
=4sP o4+ 2(s — 1)sP 1o+ 2(s — 1)sP* ¢
= 452 P 1. (365)

Using the ansatz for the three index operator

Oy = c1(POPOP)d + co( P*9P¢) ¢ + c3(P>9) ¢, (366)
and applying K, we find that

KO@= ci(46PoPo + APodPd + APGP¢)d + ca(16PHP
+4P?*¢¢)¢* + 363 P2 pp”
=0 (367)

from which it follows that

16¢c; + 12¢9 = 0,

402 + 3603 = 0,
B _3
Cy = 401
1
C3 — —§CQ. (368)
Previously, we found that ¢; = —1/4¢; and ¢3 = —1/3¢y using the full conformal algebra.

The difference in the coefficients can be attributed to our specialization to the subalgebra,
which results in a change of basis, and therefore a different set of coefficients for the three
index operator.

However, to ensure that our results are indeed in agreement, we can perform various

checks, which is the topic of the following section.

5.4 Performing Checks On Our Construction

Here, we will briefly digress from our construction of primaries to perform some useful checks
on our calculations. We begin with the spin-2 primary.
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The spin-2 primary operator. We can check our results as follows. For the two index
primary operator we found in the previous sections, we can use the sublagebra to write

O)= (01 — i02)P(D1 — 102)p° — %(8? — 21010, — 95)p¢’
= 000106 — 000” — I0\600" — D001 06° — L3760’
+i01 0200 + %agw”. (369)

Using the full conformal algebra, we must be able to write both the real and imaginary part
of this expression as a linear combination of the two index operator determined previously; if
the form for our operator is incorrect, then we won’t be able to write the above expression’s
real /imaginary parts as a linear combination. Consider then the real part

RelOa)) = 100100° — 0a0s66” — L (37 — 05)00" (370

Observe that we can rewrite this using the traceless matrix M, given by

([1) ! 1) , (371)

s
RelO] = Mo — 5 Moo’ (372)
Previously, we found (using the full conformal algebra)
Ovrrs = (Dy 900, — }Lnywﬁ“qﬁ@“qﬁ)& - %((‘%ﬁmgb)(b?’. (373)
Then,
Ou = (016010 — 1000,0)0° — 5(0:010)0",
On = (020020 — 10" 60,0)0% — 5(0:026)0" (374
Clearly,
Re[O9)] = 011 — Oy (375)

Thus we can be confident of the form of our two index operator.

The spin-3 primary operator. We first do a small check to see if our coefficients,
calculated using the full conformal algebra, agree with a specific choice of indices. If the
coefficients of our three index operator is correct, we should find the same coefficients for
this specific case (since our calculation was done in general). The case we consider has the
following restrictions on the indices: vy # 1o, vy # v3, and vy # v3. This restriction greatly
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simplifies the calculation since all terms containing the metric will now be zero; in particular,
the operator simplifies to

Ovyvavs= CI(PV1¢PV2¢PV3¢)¢ + 02(PV1PV2¢PV3¢ + P, PyoP,0 + PV2PV3¢PV1¢)¢2
+c3(P,, P,,prggb)(bg. (376)

Apply K, we find that

KO o= (K, P, 0P, 0P,,¢ + P, K, P,,¢0P,,¢ + P, 0P, K, P,,¢)¢
+¢y(K, Py Py Poyp + Py Pryd K, Py + K, Py Py Py + Py Py K, Py
+K,P,,P),6P, 6 + P, P, ¢ K, P, $)¢* + c3(K, Py, Py Py
= 1 (20, PP, O Py @ + 200, Py @O Py + 21 Py P, 00) 0
+¢2 (4N Poy + 4003 Py @) Py + 2003 Py Py 66 + (40, Py + 40, Py )Py ¢
+ 2000 Py Py + (40003 Py + A0 Py )OPo & + 200, Py Py 90)
36003 Py Py @ + 6105 Py Py 4 600,y Py Py — 2000 Py Pud — 21,0, Py Pu@)
= 0. (377)

Collecting terms as before, we find that

261 + 802 = 0,
2¢co + 603 = 0, (378)
from which it follows that
1
Co = —1017
1
¢ = —3C2. (379)

This is indeed the same result we found previously.

The three index operator in the subalgebra has the form (with choice ¢; = 1)

O(z)= (01 — i02)p(01 — i02)$(O1 — 102) ¢ — %(% — 21010y — 03) (01 — 102)p¢?
+1—12(318131 — 1010105 — 20010201 — 20,0205 — 02050, + 1050505)p°
= (01001001 ¢ — 10101020 — 21010201 — 20100202 — Do D20 P+
1090020020)p — 2(81(91¢5’1(]§ — 101010020 — 210105001 — 201050020
— 0s0s G + D2abDa0) D + 1—12@1@13@ 10,0, De) — 200,050, —
20100000 — 0202019 + 1020:020)8°, (380)
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from which we find that
Re[O3)|= (0190010010 — 301$0:¢0:¢)¢ — %(815@81@5 — 201020020 — 020500 0)¢”
s (@191 — 30,0:020)" (381)

From the conformal algebra we found that

Ovyvavs= ( 1 90, 90, — 771/1 1, 0" 00,,00,,¢ — 771/2 1300, ¢8 0,0 — 771/1 30" 30,00, P)
(81/1 8V2 gbav‘; ¢ + 8V1 61/3 ¢al/2 ¢ + aVQ 61/3 ¢8V1 gb 77111 v 8 al/‘s ¢au¢

1 1 1
“Mvivg a 8113 ¢a (b - 771/2 v3 a1/1 8 ¢a,u¢ 771/2 v3 8111 au¢a ¢

6
s 0700, 9O — nu1u33u23u¢3”¢)¢ t15 (8,,18V28,,3¢)¢ (382)

1
6
Clearly, we need to calculate (9111 and Oja9:
3 1 3 3
Orii= (0010016 — =000 60,0)0 — 1 (B0rD10010 — ~00,60,6 — ~0,0160"0) "

+1—12(818181¢)¢3, (383)

Ovr= (01602606 — 181¢a“¢8u¢>¢ — (200000 + 0:0260,6 — L1060,

—681 0,00" ) ¢? + (818282¢)¢3 (384)

Observe that to obtain the ﬁrst and third line of equation (381), we can simply form the
combination Q17 — 3O019s.

Remark 6. If our coefficients for the three index operator is correct, then we expect this
combination to be a primary operator as well. Indeed, we find that
K (0111 = 30122)= (611,90 P19 L1 — 611 Pagp Pogp — 1212,0 P1o Pagp)
S 8mu PP ~ 2PL6P0 + 2 PLPio
—8M2y ProPogp — 801, Poao Pop — 412, 9 P1 Pop
—8110, Pap Prop + 2,0 Piop — 2111, Pa Pagp)
+112(18771MP1P1¢ 6P P,¢ — 3612, P P¢
—18m, Py P2 + 6P, P,9) "

= 0. (585)
We therefore find that
3
Re[O3)]= (01¢01001¢ — 301$02¢02¢)p — 1(513@31(? — 201020050 — 0202001 $)P”
1
‘l'ﬁ(alaﬁlcb - 3013232¢)¢3
= 0111 — 30122, (386)

which is the expected result.
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5.5 Constructing Primaries with Mixed Symmetry

From our spectrum of primaries for n = 3, we found primaries with representation (7,0, 2)
and (7,2,0) in the n = 3 case. Here, we attempt to reconstruct these primaries. As in
Section 2.3, we will use spinor indices, thus simplifying the treatment of the SO(4) irreps.

Consider the primary with representation (7,2,0) or, in terms of the group element, s”z2.
We have A = 344 = 7 and thus we will have 4 derivatives acting on the fields. Furthermore,
we have spin representation (2,0) and thus our tensor will have mixed symmetry. Further-
more, note that the operator will be complex and the irrep (7,0, 2) is its complex conjugate.

Now, we introduce the Pauli matrices 07"y with 0™ = (—id, 1) (see Section (2.3) for more
on spinorial notation). Note that we are working in Euclidean space here. The commutators
in this case is given by

[M Mrs} - 5q7" s + 5pqur - 5qupr - 5pqusa

[Mpqa D} [D P} By, [D Kp] = — Ky,

[Mpqa r] 6qu Opr Py [Mpqa K ] = 0gr K — Opr Ky,

(K, Py = 2M,y — 26,4 D. (387)

To obtain a spin-0 state for the y spin, we must contract all the dotted indices, in pairs,
using

= {_01 (1)1 , (388)

and to obtain a spin-2 state for the x spin we must symmetrize all the undotted indices (see
Appendix (A.3) for more information). Now note that

Ty = 0202650, Oy, (389)

afB TP

is antisymmetric and thus can not be symmetrized. Therefore, of all the possible terms, only
two structures will contribute

Olaﬁvp = ¢PadPﬂB¢P77Ppp¢€d7€Bp7

Osapye = Paa®Psgd Py Pppe™ ™ (390)
where we use the more convenient notation P,o!, = P,s. Our primary will thus be con-
structed out of two terms; consequently, we must determine the coefficient in front of each

term such that K, annihilates this primary. Moreover, we must symmetrize the undotted
indices af8yp. A tedious, but straightforward, computation shows that
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K, O10p7p= —40(07)aa(P) 50(P)3(P) p50e* 7€ Bp
F20(07 o (97) 35 Prd ()i (P) ppoe e
) p¢ & Bp

ﬁﬁ'?b(P)W(Ur)ppgbemeﬂpv (391)

and

(392)
Another similar calculation shows that
K, (O11111 — 4051111) = 0 = K, (O19920 — 4035). (393)
Indeed, we find that

Op.0jasve = Ot(apvp) — 402(app) (394)

(indices inside round brackets are totally symmetrized) is the primary corresponding to s’z
As an example for a specific choice of indices, the primary has the following form

Opoi111 = —2(050 + 201020 — 97¢)(049)? + 40200205001 — 41020203004
+4103005 04 + 410204001 904 + 40203001 p0sp + 410201 04$Ds¢)
—4010010,004¢ + 402001030049 + 41019010300, — 803001020049

—4iB300} pOs¢ + 2050020 — (02040)* + $pD2030% — 2059016 + H(D1049)°
—$01050% — 4103002002046 — 403005005030 + 2ipD204$0203¢p + 203> 03¢

— 05005 p + 4i05pD2001p + 40300504001 — 410300203001 ¢ + 40300201 D4
—2i¢0204001 040 — 200203001040 + 410301901040 — 410300201 03¢
—20050,00103¢p + 2ip020500103¢ + 403001 p01 03¢0 — 210104001 03¢

+4i030° 01030 — 21905001050 + 03¢ (—2029° — 4i01002¢ + 20,0

+ (050 + 2101020 — 079)) — 2050°07 6 + 60300; ¢

+2i0304¢ (2050° + 4i01D0p — 2010” + ¢ (=050 — 2101020 + D7 ¢)) . (395)
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A similar argument shows that the primary operator counted by the monomial s7y? is

given by

Opgagss = Owassn) ~ 40uapip) (396)
where
Oraipsp = OPacPagd Py Bpppe™ €,
Osasp = Paa®PagdPys Pope™ €. (397)

As another example, we construct the primary operator corresponding to ssxgy%. This
operator is built using 5 derivatives. Here, two dotted indices must be contracted and the
remaining indices are symmetrized. Concretely, the primary operator in this case is given

by

O[%v%}aﬁwﬁvdﬁ‘& = Ov(apyon).a8%) ~ 20a(apypr).a83) T 303(aspm).a85) (398)
where
Ol&B’YPT@B’Y - ngﬁBPWPpﬁ¢PaaPr+¢€M,
OQaﬁwT,dﬁW - Padgﬁpﬂﬁpwppﬁbpf%‘bepj,
0 = PaaBys0 Py Py Preoe” (399)

2a8vpT,0 By

All these results can be checked in MATHEMATICA.

5.6 A More Efficient Method Through Gegenbauer Polynomials

In this section, we translate the problem of constructing primaries into a problem of polyno-
mials. In general, polynomials are simpler to work with than tensors. The ideas here stem
from [48]. See also [49].

The primary fields of spin [ that we are trying to construct are built in terms of symmetric
traceless tensors. We can encode the symmetric tensor into a symmetric polynomial. If one
considers the polynomial

f(2) = fayoaz™ .2, (400)
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then we can see that the coefficients of f,, ,, clearly define symmetric tensors. However, we
need to ensure that the corresponding tensor is traceless. To do this, we demand that we
have harmonic polynomials

0 0
0z% 0z4

f(z2)=0=11-1)foaas. .0 2*...2". (401)

Equivalently, we can choose the variables 2% to be a null vector 2?2 = 0. Thus, these con-
ditions drop terms explicitly proportional to z? which ensures the corresponding symmetric
tensor is traceless.

We can extract the corresponding tensor from the polynomial by defining the following
differential operator

d 0., 0 1 o0 0
Du=(G =142 5) 50~ 3% o (402)

In fact, this operator ensures that the corresponding symmetric tensor is traceless so that
we do not even have to impose one of the above conditions. This can be seen through the
following commutators

[D,.,D,)=0, D"D,=0. (403)

The corresponding tensor is given by

o = —— D Dy f(2), (404)
l

where (a); is the so-called Pochammer symbol that is defined by

(a) = % (405)
Thus, if O, ,,..,, is a conserved spin-l current

"Oupg..y = 0, (406)
then the polynomial version of this statement can be written

' Dyfolz) = 0, (407)

where fo is the polynomial corresponding to O, .. ;-

We therefore wish to construct a formula that will yield symmetric traceless tensors. In
free conformal field theory with N scalar fields, we have an infinite tower of conserved higher
spin currents which are bilinears in the scalar fields with a total of s derivatives acting on
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the fields. Let ¢* be a null vector ¢2 = 0. By projecting indices with this null vector, the
conserved currents can be written

J7 =) a0 Fg oy (408)
k=0

where d = 0,¢* is the projected derivative and ¢, are coefficients that will be determined.
Next, we define two operators

0 0
Oé:C'a—xl‘i‘C'a—@:C'al-FC'az,
0 0
6:08_931_08_:152:('81_082' (409)

Then the collection of conserved currents can be written as

J9(x,¢) = F(a, B) : ¢'(x1)¢ (x2) : | (410)

T1=T0=2"

where the coefficients have been effectively coded into the function F(a, #). The statement
that the current is conserved is given by

(014 0y) - DF (v, B) : ¢" (1)@ () : | = 0. (411)

Tr1=T2=T

One can use this equation to solve for F'(«, ) by expressing D,, in terms of «, 5. Terms that
are multiplied by 0y - 9y or 0y - 0y can be dropped since we are working in the free theory.
The solution is given by

1

(1-28+a2)s 3

F(a,B) = (412)

To show that this is indeed a solution, we can rewrite equation (411) as a partial differ-
ential equation in terms of a and 8 through use of the chain rule

OF _ 9a OF 98 OF
ACH OCH dor  OCH O

OF oF
= (00 + (0] 5+ [(@0) — (@25 (413
Now,
d 0 oF 1 0 0
H = (= — C— K y— . —
where we have use the fact that (0; + 02)"(, = a. We expand the first term
OF OF
Rl Y Rl
(01 + 02) acr 201 - Oy S0 (415)
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0 oF 0 OF

¢ 8C(81 + 0" o =2(01 - %) - o 9o
0 OF
=2(01 - 2)¢° 8_046_C"
0 oF 0 oF
= 201 OG5 [(B0)s + (Pa)o) 5+ 2001 )T [(O1), — ()55
=201 0)C°1(01)s + (@), 1§§—F 201 0[O0 — (@2)o 5 o
6’2 8
Thus, the first term becomes
d 0 oF oF oF
(5 —1+¢- _C)(al + Op)" ack =d(0r - 82)8_ —2(01 - Op) - 50
O*F OP*F
200 BaG + 20 B)S g (A
We next expand the second term
o 0 0 oF 0 oF
8_@8_§#F: 8_@[(81>“ +(O2)ul 5+ %[(al)u — (02)u ]%
a (9F 0 oF
8 oF 0 oF
= 100 + (@)l 5 -1(01)" + (02)"] 5=+ [(91) s + (D)l 5 ~1(01)" = (32)”]%
(@) — @550 + @50 + (0 — @0 - 0150
2 2
=2(0 - 82)2— —2(0 - 82)252 (418)
Thus, the second term becomes
1 0 0 O*F O*F
5% O_CF = (D1 D)a— + (01~ D)o ETER (419)
We have therefore obtained the following differential operator acting on F(«, f3)
0 0 0? 0? 0? 0?
(d%—2%+2aa 5 +2580¢8ﬁ g +a852)F(a,ﬁ) =0, (420)
which simplifies to
0 0 0? 0? 0?
(d— —-2—+« +258a86 852) (ar, B) = 0. (421)

Oa Oa Oa?

Using MATHEMATICA, one can show that F' is indeed a solution to the conservation

equation.
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Fascinatingly, F'(«a, () is precisely the generating function for the Gegenbaur polynomials
C¥(x) which is given by

Za C272(p). (422)

The Genebauer polynomials are ultraspherical harmonics (they are a generalization of the
Legendre polynomials). For more on ultraspherical polynomials, see for example [50][51].

5.7 Extracting Primaries from F(a, ()

Here, we wish to extract a few primaries from F(«, 5). We can therefore check if the Gegen-
bauer polynomials extracted from F do indeed constitute primaries, by acting on these
polynomials with the differential operator we found in the previous section (since the op-
erator D converts the polynomial to its corresponding tensor and (0; + d;) checks current
conservation). In this section, we will also demonstrate how to recover the Gegenbauer
polynomials from the generating function; however, the explicit calculations were performed
using MATHEMATICA.

We can approach this problem in two ways. We will demonstrate one of the ways and leave
the second as a remark. Consider first the generating function for Gegenbauer polynomials
in [51]

Flt) =q= 2xt—|—t2 an
= Og( ) + O (x) + P C5 () + ... (423)

where C%(z) are the Gegenbauer polynomials. We can recover a specific polynomial by
taking the appropriate derivative; in particular, we see that

1o

Cr(r) = o F(x,t)|,_,- (424)

The polynomials can be determined by this relation using the MATHEMATICA code shown
in Appendix (A.5). To specialize to our case, we can simply make the substitution z = 5/«
t =, and a = (d/2 — 3/2) into the polynomials we have obtained.

Remark 7. Alternatively, we can immediately specialize to our case

1 X d_3
F e "
@8 = grrarrr= 2 O e

(5/04) 2Cz

d_3
2 2

(B/a) + ... (425)



Taking the deriwative here with respect to o s problematic; in particular, we can not set
a = 0 after differentiation. To overcome this, we can demand that the term /o remains
constant in the limit as o goes to 0. Let this constant be A. Then, our equation becomes

! -4

= O TH(A) + 2 B0FH(A) + 55205 H(A) + .
(1-28+p2/A2)53 (A) + 2 BCE HA) + A0 2 (A) + (426)

We can therefore recover the polynomials by taking the derivative with respect to f (A is of
course a constant)

NI

a1 1

nlopr (1—28+ 52/A2>§—§ (427)

82

5=0
Substitution of A = B/« then leads to the same polynomials determined by the first method.

From here, we can extract the primaries from F'(«, ) by substituting the expressions for
« and (. For example, consider

d/2-3/2 d 3
aCyP (B la) =25 - )8 (428)
Then the polynomial is given by

aCy PR (Bla) ¢ ()¢ (22) ¢ |,y

= 2(; N g)(c ' 81 - C : 82) : ¢Z($1)¢](x2) : |:L‘1=x2=$
=25 - D) C AP (@)1 6 @) B (1)) |y
_ 2<§ = )¢ 06 ()8 ) — H ()¢ - 00 (x). (429)

As another example, consider

POy (Bla) L ¢l (@) (w2) ¢ |y

= (14 w5 (2 +w)5* ~ 2807 F ()8 (22) - Ly

= (1wl @+ )¢ 0)° = 3(C- ¢85+ 3¢ (- ) — (- 00)°)
S2{(C O+ (€ 0CB) (G- )C 0 = (C- 0N+ 6 @) (02) |

(430)
where w = d/2 — 3/2.
To obtain the corresponding tensor, we use
d 0. 0 1.0 0
D,=(=-1 ) — (= —. 431
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Consider the first polynomial on the previous page. Since this polynomial contains a single ¢
in each term, we conclude that the corresponding tensor must have one index. We therefore
act on the polynomial once with D,

D, {aC* 2 (Bla) : ¢ (x1)d (12) : |40y}

=25~ DD 06 (@) () — ¢ (@)D,C - 9 (). (132)
Now,
d 8 8 1

= (&~ 10 (433)

and thus the corresponding tensor is given by

O,= ﬁDM{aCf/“”(ﬁ/w R CA L R -
;)
1 d 3. .d ; . ; d 3. ,d .
= l!(gl——l)lD“ 2(5 = 3G = DO ()¢ (2) = 6'(2)2(5 = 5)(5 = DI’ (2)],

(434)

where we used equation (404). Using the special conformal operator K, and the following
commutation relations

[P, K] = —i(20,,D + 2M,,),
[Muw P ] i(nuapu - nua—Pl/>7
[D,P,| = —iP,, (435)
with
D¢ = _i& ; 2¢, K,p=0,  My,é=0, (436)

(where we have restored the eigenvalue of D to its general form since we are working in
d-dimensions - see the discussion after equation 9) we find that

2 d 3.d Y . ,
K.0,= gy (G~ (g ~ VLS @) (@) = ¢ (@)K, (@)
- u<42— D (5= )G = Vs @) (@) - 2,6/ (2)6) @)

= o', (437)

where we have rewritten the operator in terms of the corresponding momentum operators.
We therefore conclude that O, is a primary operator.
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To find the corresponding tensor for the second polynomial in our example, notice that
it is a degree three polynomial in ¢; we must therefore apply D, three times to obtain the
corresponding three index tensor. Now,

d

D¢ 0= (§ —14¢ )7

)
ac'ac

1
0

d
= (5 - 1+C-5—C)3(C-3)23u - 5@(@“-8)3-0
d

=3(5 = (- 9)°0, +6(C-9)°0, = 3¢,(C-9)9- 0, (438)

d 0., 0 1.0 0

DMDV(<8)3: (__1+C_)a_<‘MDV(< ) Cﬂac— ac—

3
. 5 —D,(¢ )
d 0 d

—1rc a—g> 62— 1)(C- )3, +12(C - 0)0,0, — 3n,ulC - D)0 -0
~3(,0,0- 9] — —gu[ (— —1)9- 00, + 120 - 90, — 60,0 - 0]
6<§><§ -~ a)@ 0, +12(5)(C- 0),0, — 35 (- 0)0 -0

=3(5 )@80 0—3(5 )C,ﬁa 9, (439)

where we used the fact that ¢ - B_C computes the homogeneity degree and therefore cancels
the effect of the (—1)(9/9¢*)D,(C - 9)® term. Finally,

DuDLDG 0= (5 = 14 G+ 505 DuDUC - 0 = 36+ SEDLDUC 0. (440

2 oC” o¢r
Observe that
8 d.  d d
aes PeDr(C 0)'=6(3)(5 = 1)9,0u0» +12(5 0,00, - 3~ 0,0 -0
d d
—3(5)77,),,@8 -0 — 3(5)%#&,8 - 0. (441)
Thus, we find that
d. . d d. . d d. . d
DpDuDV(C ) 8)3: 6(5)(5 - 1)23,)6“@ + 12(5)(5 - 1)6pauav - 3(5)(5 - 1)77W@p5 -0
d. . d d. . d
_3(5)(5 - 1)77puaua -0 — 3(5)(5 - 1)779H8y8 - 0. (442)
Therefore, we obtain
3 d. . d 9 d. . d
DyDuDu (G- 01)°= 6(5)(5 = 1) (01)p(01)u(01)w +12(5)(5 = 1)(01)p(01)(1)s
d. . d d. .d
=355 = D (91)p01 - 01 = 3(5)(5 = 1)1 (91),.01 - Oy
d. . d
_?’(5)(5 - 1>77pu(81)u81 - 0. (443)
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The case for D,D,, D, (¢ - 8;)? is similar. In addition,

0, 0 1.0 0

(2 1+¢- 3_C)(9§”<< o)? (C'(92>—§ ua—c'ag(g 0)*(C - D)

__1+g _){2(¢ )¢ 02) (D) + (€~ 01)*(D2) }

0
0@{ (€ 01)(C ) (D)o + (G 01)*(Oe)o }

——1){2<c 01)(C - 2) (D) + (€~ 1))}
+{4(§ 01)(C - D2)(01)y +2(C - 01)*(Da), }
—%CV{Q(C -+ 09)01 - 01 +4(C - 01)01 - 02}

= (L DR(C D DD + (€00,

D,(¢-01)*(C - D)=

= (
1
2@
= (

—Cu(C 02)01 - 01 — 2¢,(C - 01)0h - Do (444)
DG O(C - Bu)= (5 = 1 € ) DG 016 0s) = 5+ 5EDu(C 4G -0
= (5 = L+ ¢ 50l + D20 - 3e)(@1), + 206 - 003} (00),
(G OO0 (€201 01 = B
1 d

—277mz(C - 01)01 - Oy — 2@(81)“31 - Oo] — g”@( (5 +1)

x{2(01)4(C - 92)(O1)y + 2(¢ - 01)(02)0 (1) + 2(C - 81)(81) (02)u}
77171/(C 82)81 . a1 - CV(OQ) 81 a1 - 2770V(C 01)81 82 - 2(1/(81)081 82]

= (D DRA0C- 0)B1), +2(C- ()01

+2(¢ - 01)(01)u(02)v} — (g){ﬁuu(f £ 02)01 - 01 + ((02),01 - Or + 21y

X(C-01)0 - Oz +2¢,(01),01 - 0o} — %(g + 1){2¢,(01),01 - 02 + 2¢,

1 1
x(@l)uﬁl . 82 + 2@(82)1,81 . 81} + §CH(82)1,81 . 81 -+ §CH(82)1,81 . 82

+(u(01),01 - O3 + (u(01),01 - Oa

d, d

(2)(2 + 1{2(01) (€ 32)(01) + 2(¢ - 01)(02) (1)

F2ACO)(O)u(D:)0) — (§) (€ 0200101+ G.(3:),0, -0

2 D)0 By + 26, (00)ur - 02} — (DGO, -,
+2(,,(02),01 - 01} (445)

93



Finally,
0,0

DDA OC 3= (5 1+ G- 2 LDuDC 272
1.0 0
~3G5e e DuDAC P -0
— (5~ Ve DuDu(C (¢ -0
= (§ = DG + D20 (O)u(D:), + 2(00),(02)u(D1),
2000000200 — (3~ DD 321,010+ 9021,
+1up(02),01 - O1 + 20, (O1) ,01 - Do + 21, (O1) 01 - O
+27]up(81)1,81 . 82} (446)
Similarly,
, d . d. d
DpDuDy(C - 01)(C - 02)°= (5 = D(5)(5 + DI2(01)p(32)u(02) + 2(2)(01)u(52)s
20O~ (5 = DD 011,02 0+ 1, 01), 0
+77up(01),,82 . 82 + 277/“,(82),081 . 82 + 277p,,((92)M81 . 62
+21,,p(02),01 - Do} (447)

Using v = d/2 —1 and ¢' = ¢'(x1), ¢’ = ¢’(x3), we find that the corresponding tensor is
given by

B w(l4+w) (4 i
O = l'(g——l)z ([5(2 +w) = 2J[6(y + 17?1 (01),(01) (D), 0"

F12(7 4+ 1)y (01),(01)u(01)s @' = =3(y + 1)y = (1) 01 - D19'¢ -
=3(v 4+ Dy : (01)01 - 019° ¢+ =3(y + 1)ympp 2 (01),01 - O1¢°¢ ] O
(24 @)~ A6+ 177 6 (D), (D), (00)u
F12(7 4 1)7 1 ¢'(02),(02)u(02)v ¢+ —=3(y + 1)y = ¢'(02),05 - 0o -
=3(v+ Dy : ¢i(a2) Do Ory =3(y + 1)y : ¢i(32)u32 - Oa ] |x1:x2:m
[4w +10][29(y + 1) (v +2) 1 (01)u(D1),¢"(92) 9" = +29(y + 1) (v +2)
F(00)p(00)0 " (02)u¢” = +29(y + 1) (v +2)  (81)p(01) @' (D2)® : =v(7 + 1)
X 0O 019" (D2) ¢ - —y(v + 1)77pu : 31 ¢ (D2)d’ : = (Y + 1)y O - 019" (02) ¢
—27(Y 4+ 1)1 2 (01)(01)6 @' (02)7¢ = =2v(v + 1)y < (01),u(01)6 ' (82)7 ¢
=29(7 + D) (01)0(01)09" (02)7¢ ] |4y —pys 1[40 + 10][29(y + 1)
X (7 +2) 1 (01),0"(82)u(82)0 @+ +29(y + 1)(7 +2) 2 (01)u0'(92),(02)¢
F29(y + D) (7 +2) 1 (01),0"(9)p(32)u” = = (Y + V) + (01),0°0s - Do’
=7 + Dy (01)p' Dz - 0o - —=y(y + 1)y + (D1)09'Da - Dog? = =2v(7y + 1)1
(01)76'(32)p(02)®” = =29(v 4+ 1) = (01)7 " (02)u(B2)6® = =2v(7 + 1)y

(06 (D), (02)o r) 5 (48)



Setting x1 = x9 = x, we find that

o (1504~ 260+ 1720000

+12(7 + 1)7(0),(9)u(0),¢'¢” — 3(v + 1)1, (), - 'Y

=3(7 + 1)1 ()0 - 0¢'¢" — 3(y + 1)y - (9),0 - 06" ]

52+ w) — 2607 + 17764(0),(0),(0),

+12(7 + 1)76'(9),0(9)u(9)0¢” = 3(v + 1)1 9" (), - ¢

=3(7 + 1)1 ¢’ (9),0 - 0¢7 — 3(y + 1)y1,p¢'(9),,0 - O]

—[4w +10][27(y + 1)(v + 2)(9)u(0),9'(9) ¢ + 27(v + 1)(v + 2)(9),(9), 0" (9) u o’
+29(7 + 1)(7 +2)(0),(0),8' ()08 = (v + 1)1, - 0¢°(9) o’

=7 + 1)1 0 - 09" (9) up? — v(v + 1)1,,0 - 09'(0) ¢’

=29(y + 1)1 (0),(3)6 0" (0)7¢" — 29(7 + 1)1 (9)u(0)5 0" (9)7 ¢’

—27y(vy + 1>77up( )1(0)o ¢Z( )7 W]

4w +10][29(y + 1)(7 +2)(9),¢'(0),(0)0¢” + 2v(7 + 1) (7 + 2)(9),46'(9),(9) ¢’
+29(y + 1)(7 +2)(9),6'(9),(9)ud = 7(v + 1)1, (9),¢°0 - I

=7 + D1 (0)00 - 0§ — (v + 1)1p(0),¢'D - O

—2v(7 + )1 (9)79"(9)(0) 0 — 29(7 + 1)1 (9)7 9" (9) 1(0) ¢’

oyt 1>mp<a>°¢i<a>y<a>a¢f]>. (449)

Oppv=

To test whether this tensor is a primary operator, we act on it with the special conformal
operator K,. We start with a case that simplifies the tensor; in particular, consider the
tensor for the case u # v, v # p, and u # p:

Opu= % ([§<2 ) = 20[6(7 + 1)77(0),(9),(9),6'
120y + 1D3(0),(0),(0),6'¢Y) — [5(2 + ) — 26y + 1)7°6'(0),(0),(0),

1)y |-
+12(y + 1)7¢"(9),(0),(9),¢"] — [4W+10][27(7+1)(7+2)(8 1(0),0'(0) ¢’
+27(y + 1)(7 4 2)(9),(9)0¢" (0)u¢” + 2v(v + 1) (v + 2)(9),(0) ¢ (9), ¢’]

+[4w + 10][29(y + 1) (v + 2)(0),,0"(8),(0)0 ¢’ + 27(y + 1) (7 + 2)(9) .8 () ()’

£29(1 + D)3+ 2)(0), 6 (0),(9) 1). (450)
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Rewriting this equation in terms of the corresponding momentum operators yields

Cw(ldw) (4 5 -
= I, ([5(2 +w) = 2|[6(y + 1)y P,P.P9'¢

FI20y + INB RG] — [5(2+0) = 26y + 176 Py BBy
+12(y + 1)7¢' P, P Py¢’] — [4w + 10][29(y + 1) (v + 2) P P60 Py
+2y(y + 1)(v + 2) P, P,¢' Pu¢’ + 29(y + 1) (7 + 2) P, Pu¢' P, ¢/

+4w + 10]2y(y + 1)(v + 2) B¢ PP’ + 29(y + 1)(y + 2)Fu¢' P, P ¢/

0+ D0+ DRGRRY]) (451)

We will explicitly verify that O, is a primary operator. We can use the following expressions
Fpp = (d = 2)1p0¢ (452)
K,P,P,¢ = dnyePud + dijpue Py — 21, Prdp (453)
Ko PPy Pyd= (d + 2)0ye Py Pudd + (d + 2)1u60 Py P + (d + 2)00 PPy

20, P, Py — 20, P, Py — 21, P, P, 0, (454)

which for this case, specializes to
P, = (d—2)1,0¢ (455)
KoPyPy¢ = dnyePu¢ + dnue Py (456)

Ko PyPuP,¢ = (d+ 2)nye Py Py + (d + 2)10 B, Py + (d + 2)10 B P 6. (457)

We therefore find that
w(l+w

+(d + Q)WpoPuPu¢i)¢j + 12(7 + 1)y((d + 2)77uaPpPu¢i + (d + 2)77ucprPz/¢i
+(d + 2)1,0 P, P,¢")¢'] — [ (2 +w) = 2J[6(y + 1)7*¢"((d + 2)10 P, Pug?
+(d + 2)1u0 PPy’ + (d + 2)npaP Pyg?) +12(7y + 1)y¢'((d 4 2)nyo By Pud’
+(d 4+ 2)1u0 P, P,¢" + (d + 2)0,0 PuPy¢’)] — [4w + 10][27(y + 1) (v + 2) (dnyo Pud’
+dnue Py¢ ) Bod? 4 27(7 4+ 1) (v + 2) PuP,¢" ((d — 2)10p) ¢ + 2v(7 + 1)
(v + 2)(d77wpp¢i + dnpapuﬁbi)Puqu +29(y+1)(v+2)B, ¢Z(< )nau)Cb
"‘27(7 + 1)(7 + 2)(d7hwpp¢i + dnpapu¢i>Pu¢j + 27(7 + 1)(7 + 2)Pupp¢ (( - 2)
XN )] 4 [4w + 10][2v(y + 1) (7 + 2)((d = 2)10p¢' Pu Py’ + 29(y + 1)(7 +2)
X Py (Ao Pug + diue Pd) ¢ + 2v(y + 1) (v + 2)((d — 2)10) 8" B, P + 2(y
+1) (v + 2) Pud' (dipe Pop + dnjpe P )¢ + 2(y + 1) (v + 2)((d = 2)100, )¢ P, P’

+29(y + 1)(v + 2) Po¢' (Ao Py + dipo Putd) ¢’ ]) : (458)

(15024 = 2160+ D220+ D o6+ (4 + D PoP
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Observe that terms with a single derivative acting on ¢%, ¢’ cancel each other out. For
example, we have

—=2dy(v + 1) (7 + 2) 1o Bu¢' Py’ + 2dy(y + 1) (v + 2)n06 Pug' Bp? = 0. (459)
Similarly, for terms with two derivatives on ¢ or ¢/, we find cancellation. For example,
4 o 4 o
[3(2+w) —2]6(d + 27 (v + Vo B Pud’ &’ + [3(2+w) = 212(d + 2)y(y + Vo Py Pug' ¢’
—[4w + 10]2dy(y + 1) (v + 2)0e P, Pug’ ¢’

= [dw + 2129(y + 1) (v + 2)(d + 2) — [4w + 10]2v(y + 1) (v + 2)(d — 2)
= [4w + 10)127(y + 1) (v 4 2)(d — 2) — [4w + 10]2y(y + 1) (7 + 2)(d — 2)
= 0. (460)

This completes the demonstration that O,,, is indeed a primary operator.

5.8 An Algorithm to Construct More General Primaries

In this section, we will derive an algorithm for constructing primaries. The utility of this
algorithm will be in its ability to provide primaries that are even simpler in form than the
approach using Gegenbauer polynomials.

First, we introduce a new representation for the conformal group. This representation is
given by taking

0
B = G
P, = 2?0, — 2z, -0 — 2z,,. (461)

To determine a D and M, that closes the conformal algebra, we will make use of the
following commutator:

[Py, K] = (200 D + 2M,,) (462)

Using the above expressions for P, and K, and making use of a test function (to keep track
of derivatives), we find that
[P, K, f(z)= (2*0, — 2z,2 - 0 — 21,)0, f (2)
—0,(2*0, — 2x,2 - 0 — 2z,,) f (2)
= 0,(2*0,f(v)) — 0,2%0,.f (z) — 20, (z,2 - Of (z))
+20,x,2 - Of (x) + 22,0, f(x) — 20, (x, f(x)) + 20,2, f (x)
—0,(2*0,f (2)) + 20, (w2 - Of (x)) + 20, (x,.f ()
= —22,0,f(z) + 2nx - Of (v) + 22,0, f (x) + 21 f (). (463)
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Using the commutator above, it follows that
D=—i(x-0+1) M,, = —i(z,0, — ©,0,). (464)
These operators do indeed close the conformal algebra. For example,

(M, Maglf ()= [2a0s, 2,0,] f (x) — [£a05, 2,0,] f (z)
—[2500, 2.0 f(x) + [250, 2,0,] f ()
= NusTa0u f(T) = Nuat, 08 f (7) — Nuprad, f(2)
F1uavO8f () = Nuat 0, f () + s 00 f (7)
+va®a0uf () — sy Oa f (2)
= Nup(Ta0y — ©,00) () + Mva(T0, — %%)f@)
(205 — £50,) [ () + Nup (2400 — a0, f(
= i(NusMya + MaMus — NuaMyp nuBMua> (z)
= [Muw Mog] = i(”uﬁMua + MvaMpup — NpaMyp — nuﬁMua)-

7)

(465)
Similarly, we find that
[M/u Pa] = i(nuapu nalfpu)
D, K,| =1iK,
[D, P,] = —iF,
[M/wa Ka] = i(nauKu WVaKu)
D, MW] =0. (466)

Now, consider n fields with corresponding coordinates :L‘ , I =1,2,....;n. Thus, we will
have n cop1es of SO(4,2). For our algorithm, we will use an oscillator realization which
replaces x — aJ f and a — a . Then, states at dimension n + k in V%" are generated by
acting w1th k oscﬂlator cr#eatlon operators afj. Thus, constructing the primaries is the same
as constructing degree k polynomials \Il(xi) subject to the constraints

0

K,V = aqu/ 0,
o 9
v=S U=
L 5T oar” = (467)

The construction of primaries has therefore been framed as a many-body wavefunction prob-
lem subject to the above constraints. Notice that there are n + 4 equations to solve here.
The second condition is the null state condition and it comes from the fact that images of
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states like P] P! in the Fock space is zero. States like af,7al,’ are not in the image of the
map from Verma module to Fock space. Setting a-a to zero ensures that there are no traces
of the form aL IaL I

Remark 8. Using
P, =20, — 2z,x - 0 — 2x,, (468)
we easily find
[P,,0-0] = —4z,(2—x-0)0-0 (469)

(this can be phrased in terms of oscillators too). This immediately implies that if f is a
harmonic polynomial, so is P, f

0-0f=0 = 9-0(P,f)=0 (470)
Operators of this type have been described and studied in detail by [52].

Translating between momenta and polynomials and vice versa. Now, in gen-
eral, it does not seem to be trivial to translate a polynomial in the x,’s back into the field
language. However, we can simplify things a bit by considering z - x = 2z, with z* a null
vector 2#z, = 0. Any polynomial in z - z is automatically related to a traceless symmetric
tensor, which is like working with a specific state (value of m) in the spherical harmonic
Y7, () description.

The field ¢ is represented by 1. Thus,
aﬂl"'aukquPm'”PMk'l (471)

By considering a few examples, we observe that (z#P,)* -1 o (z - z)*. Define the constant
of proportionality to be a

(z"P)" 1 = ap(z - 2)F. (472)
Then
(zMP) 1 = 2MPuag(z - 2)F = —2(k + Dag(z - ) = a1 (2 - 2)" (473)
Thus
ape1 = —2(k + 1)ay, a; = —2, (474)
which implies that
ar, = (—1)2%k!, (475)
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and hence that the translation we are looking for is

(z-0)F¢ & (—1)*2%k!(2 - x)*. (476)

Testing the translation formula. Using the above translation, we can translate some
of the primaries that we know into polynomials; indeed, this will yield insight into the form
of the primary polynomials. The simplest case to consider is n = 2 fields, which includes all
of the conserved higher spin currents. Using formula (2.13) of [49], we read off the primaries
(note, that these originate from the Gegenbauer polynomials; here, we have set d = 4 and s
is any even integer)

0. = Z (=D*((=-9)**¢)((z - 9)*¢)

(B(s — k))) (477)

k=0

Note, that this corresponds to equation (242). Indeed, each O is in representation Disia,5 51

If sis odd, O; = 0 so we have a primary for each representation on the right hand side of
(242). Using our translation formula, we find that

0, =3 FU G ) e )

— El(s — k)!
_ ;(z (1 — )" (478)

Observe that z; — x5 = X is translation invariant. Notice also that the polynomials cor-
responding to the higher spin currents are remarkably simple in this language; concretely,
the spin s primary is simply (z - X™)*. Furthermore, note that we are allowing s to be
any even integer which therefore gives the complete construction of the primaries for n = 2;
indeed, this choice yields an S5 invariant. In conclusion, this is significantly simpler than
the Gegenbauer polynomial description.

Testing our results on symmetric representations of SO(4). If we repeat the
algorithm, with

\Dl1712,~~~ln;m17m2,~“,mn = H(Z ’ I(i))li> (479)

we are choosing a specific value for the m; in the product of spherical harmonics. With
this choice, we know that the z# continue to enforce tracelessness so that we continue to
get a primary. Note, that the construction using polynomials in z - x is incomplete; indeed,
for n = 3 we have primaries with (A, j.,jr) = (3,0,0),(5,1,1), (6, %, %), (7,2,2) which all
correspond to symmetric traceless tensors and hence are captured. There are however also
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primaries (A, jr, jr) = (7,2,0), (7,0, 2), which require mixed symmetry tensors.

Consider the (6, %, %) primary. It is given by

O= (2 P)*|9)|¢)|0) — 9(z - P)*|9) (= - P)|¢)|o)
+12(z - P)|o)(z - P)9)(z - P)|9). (480)
This can be translated into the operator (this is just to motivate the polynomial)
0= 3 (((=+ 9°)06 + 6((= - 0Y'9)0 + 66((= - 9)°9))
2 (((z-070)(= - 00)0 + (= 0V 0)o(= - 90) + (= 00)((= - 0V0)
+(2 - 09)9((2 - 9)*0) + ¢((2 - 0)°9) (2 - 09) + (= - 09)((= - 0)*9))
+12(z - 0)p(z - 0)p(z - D). (481)

This then translates into the following polynomial

O= % ((z-21)* + (- 22)* + (2 - 23)*) — 9( (z-2)%(z-22) + (2-21)%(2 - 73)
(2 20)? (2 @1) + (2 2)* (2 - w3) + (20 23)% (2 - 1) + (2 - 23)*(2 - 22))
+12(z - 1) (2 - x2) (2 - x3). (482)

Thanks to the fact that this is a polynomial in z-z;, it is manifestly traceless and symmetric;
in other words, harmonic in all three coordinates. It is also simple to verify that

0 0 0
<8x‘f + BT + (’)xéf) O =0, (483)

so that it is indeed primary. Using the transformation
XOm — g gk ok XWn = g _ gkt X = gh gk (484)

and its inverse

= % (XOr 4 oxOn . XOm) = % (X — x4 xCr)
2l — % (XOn — X _9x ) (485)
we easily find
O=(2- XU 2. X2z XV 4 2. XO)(z. XV 4 22. Xx@), (486)

There is no dependence on X in line with the fact that the polynomial must be translation
invariant.
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The above polynomial has a rather natural explanation: First, recall the characters

=2 D=0 () =-1 (487)

The character of the tensor product of reps is the product of the characters, so that for

R:Bj@)Bj@ije have

xe(l) =8 xa((+) =0 xz((--)) = -1, (488)

This rep is reducible and, as usual, irrep r appears n, times with

n= 15 3 0loMe(o) = 5 3 xloh(o). (489)

og€S3 o€S3

We easily find nr7 =1, TLB] =3 and nﬁ = 1. This is consistent with the Appendices of

~. X

[53]. We can easily construct the H representation which acts on { ¥ @
Z .

] . The result is

10 0

=y Y =T =[] )

e = L sy =[] g =2
(491)
The representation R is now obtained by taking the Kronecker product
g(o) = FB:‘(O') ® FB:‘(U) ® FBj(O'). (492)
We can now build the projector
P=> Tg(o), (493)

o€ES3

which projects V&3 to V@ Vi ® VHj (see Appendix A.3 for more discussion on projectors

and Young diagrams); in other words, the subspace of V®3 spanned by mixed symmetric
states. This can be seen from the action of the F matrices. For example,

z- XM -1 0] [z-XW
it )= [3 3] [
—x. XM
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~. X @) ~. X (@) 5. x (@
which is in the subspace VH:‘. Applying P to [ } ® [ X(Z)} & [ X(Z)} results in

(495)

where
P=(2- XU~ 2. X2z XU 4+ 2. X)(z. xV 122 X@)), (496)

Thus, the form of the above polynomial is determined by requiring that we have an Sj
invariant.

5.9 Constructing Polynomials Using Complex Coordinates

In the previous section, we used our algorithm with a specific value for the m; in the prod-
uct of spherical harmonics to find polynomials that correspond to symmetric traceless ten-
sors. This construction thus produced polynomials that corresponded to primaries such
(3,0,0), (5,1,1), (6, %, %) However, the construction failed to capture primaries with mixed
symmetry, such as (7,2,0) and its conjugate (7,0,2). In this section, we will construct the
corresponding polynomial to the primary (7,2,0) considered in Section 5.5 by making use

of our translation formula and complex coordinates.

Consider then n = 3 fields with dimension A = 7 with spin representation (2,0). Thus,
we need to consider polynomials with total degree 4. Recall from Section (5.5) we had
constructed the primary

0[2,0]a67p = Ol(aﬁw) - 402(0671))’ (497)
where

Otaye = OPacPygd Py Pppe™ ™
Osaprp = Pac®Pagd Py Ppppe™ €. (498)
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We can translate the P,’s into our polynomials, replace ¢ — 1 and symmetrize over the
coordinates for the three particles. The polynomial is given by

w— %«Z DYz a®) 4 (2 e P 2@ (22D (z - 2®)?)
_g((z D)z 2@z 2@ 4 (22 ®)(z - 2@ (z - 2®) 1 (2 2OP(z - 2P) (2 - 2)).
(499)
We can change to complex coordinates using
2@ =g gl @ = g 4 (500)
and therefore,
2 = %(z(a) + 2%, xga) = —%(z(a) -z,
xéa) = %(w(“) + "), 2\ = —%(w(“) — ). (501)
The polynomial in complex coordinates is remarkably simple
U <w<3>(5<2> — 30 4@ (50 _ 568y 40 (56 _ Z<2>)>2_ (502)

Observe that polynomial is translation invariant in all three particle’s coordinates. To test
if the polynomial is harmonic, we use

0 0 9 92

503
z? i 3 i 2 * dx3’ (503)
which in complex coordinates is given by
0? 0?
4 4 . 504
9207 " Bwow (504)
Since the polynomial is independent of z and w, we find that
3
0? 0?
4 4 v = 0.
2 (gagz T A gugga) Y =0 (505)

a=1

Thus, V¥ is indeed harmonic. From the original primary we had constructed, it was difficult
to observe that it was harmonic and translation invariant.

The above polynomial also suggests a natural generalization. Consider the family of
polynomials indexed by the integer n

U = <w(3)(5(2) — 5(1)) + w@)(z(l) — 5(3)) + w(l)(g(i%) _ 5(2)))% (506)
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This polynomials is also translation invariant and, since it is independent of z and w, it
satisfies the harmonic condition above.

In conclusion, the algorithm we have developed has two advantages over the use of Gegen-
bauer polynomials, namely, it is a more general construction and the polynomials are signif-
icantly more simpler in form than the Gegenbauer polynomials. This can be easily observed
in the polynomials we have constructed by simply testing for translation invariance and
testing whether the polynomials are indeed harmonic. The task of constructing the set of
polynomials that are translation invariant and harmonic is a highly non-trivial problem and
outside of the scope of this dissertation. However, it does offer a clear problem statement
for future research.
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6 Conclusion

In this dissertation, we have presented two topics, namely, determining the spectrum of
primary operators and constructing some of these operators. To count the spectrum of pri-
maries, we used group theoretic techniques to obtain character formulas for any number of
fields as reps of SO(4,2). These character formulas can be expanded to any A. In addition,
we presented the spectrum of primaries for n = 3, 4, 5 products of fields. We improved on this
approach by deriving generating functions. These generating functions prove to be a more
efficient method of determining the spectrum of primaries. An aspect not covered in this
dissertation was to generalize the generating function approach to the case of supersymmetry.

We then developed methods to construct some of the primaries that were revealed by
our generating function. We first constructed symmetric traceless primaries that were in the
(1,1) rep of SO(4). This was performed by stating an ansatz and solving for the coefficients
under the condition that the ansatz be annihilated by the special conformal generator K,,.
In Appendix (A.2), we presented a general ansatz for the case of four scalar fields using the
subalgebra. This was followed by the construction of a mixed symmetric primary in rep
(7,2,0). We then presented a different formulation of the problem which was in terms of
Gegenbauer polynomials. This method was more efficient than our previous approach to
constructing the primaries. Finally, we generalized the polynomial algorithm by formulating
the problem as a many-body wavefunction problem. Criticially, this depended on the repre-
sentation of the conformal group given by equation (461). Here, two constraints were used
to derives the final result. In this approach, primary operators corresponded to polynomials
that are harmonic and translation invariant. An aspect not covered in this dissertation is to
show that the algorithm does indeed produce the primaries in the spectrum we had deter-
mined. Furthermore, interesting questions for future study would be to consider correlation
functions in the interacting theory at a fixed point such as the Wilson-Fisher fized point,
which is conformally invariant.
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A Appendices

A.1 The large N limit

Consider the quantum field theory defined by the following Lagrangian density
1 aqpu ia 1 2 1a la 1 a ja\2
Z = ) L9 OM Q" — §No¢ P — g/\0(¢ ¢°)7, (507)

where summation on repeated indices is implied and a = 1,..., N. Consequently, the cor-
relation function can be determined by the following generating function (which has been
expanded perturbatively in the coupling constant \g)

Z[JN TN =

— 1 i d = 0’ 2\n [ di [ ddyJ*(z)G(z,y) T (y)

Zﬁ{—g)\o d $(Zm) } € Y Y Y (508)
n=0 a=1

where integration is performed over all spacetime and G(x,y) is the Green’s function.

Following the example set out in [41], consider the scattering of two mesons of type (or
flavor) a into two mesons of type b where a # b, represented by the four-point correlation
function (¢%(z1)¢*(22)¢°(23)¢°(24)). This leads to the following first few Feynman diagrams
obtained from the perturbative expansion of Z above.

o o
o o
o
=]

Figure 4: Feynman Diagrams for Quartic Interaction [41]

The first diagram is order O()g) in the expansion. The second diagram has an internal

index ¢ that must be summed over, leading to a factor of Z(SCC = N; consequently, the
c=1
second digram is order O(A2N). In contrast, the third diagram has fixed internal indices

and is therefore on the order of O()\3).
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Observe that a large-N limit would be nonsensical due to the explicit factor of N in the
second diagram. To be more precise, note that we can expand the four-point correlation
function as an infinite series in A and N as

(006" ¢") = > AN Cpym, (500)

n,m

where C,, ,, is a function of the spacetime coordinates (but independent of Ay and N) asso-
ciated with each term. Now consider a vanishing coupling constant and large-N limit; that
is, consider \g — 0 and N — oo. From simple analysis of the series, we see that each
term in the series has a sensible limit if n > 0 and m < 0. By ’sensible’, we mean none of
the terms in the series diverge as \y — 0 and N — oc.

To ensure that we obtain a sensible limit, we simply rescale the coupling constant \g.
In particular, we define a new coupling constant gg (known as the ¢’ Hooft coupling) and
demand that it remains fized with respect to the limit of large-N and vanishing coupling
constant

go = AoN. (510)

This is often called a double scaling limit since we scale A\g and N to obtain the limit. The
four-point correlation function can now be expanded as

(046" ¢")=> NN Crom
= Z NN NTC o,

= GN" " Crm (511)

n,m

For N — o0, we see that N™™" — 0 since m — n < 0 and gy remains fixed; in other
words, through rescaling, we obtain a series that converges to a sensible limit. Using the t’
Hooft coupling, the first and second diagram are now of order O(gy/N) and O(g2/N), re-
spectively; these diagrams are the leading non-trivial order in the 1/N expansion. The next
order in 1/N is the third diagram with O(g3/N?) which will be negligible in the large-N limit.

The perturbative expansion of a correlation function can be addressed as a problem of
combinatorics. To keep track of the parameter N, we need to formulate the correct Feyn-
man rules. An insightful exercise is to consider the theory in a universe consisting of a single
spacetime event - a O-dimensional universe. The rules extracted from this exercise extend
naturally to arbitrary dimensions. In addition, the path integral formalism simplifies as fields
are represented by real numbers and integrals are reduced to domains over R.
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The 0-dimensional model. Consider then the two-point correlation function with the
0-dimensional scalar theory described by the action .S given by

S = ag"o" + g(¢"9")*. (512)

Note that the coupling constant g here is not the t” Hooft coupling constant.

We can determine the two-point function without the need for source terms. Expanding
the expectation value perturbatively in the coupling constant g (here, the fields are repre-
sented by real numbers and the integral is performed over R; we therefore drop the ¢ in the
exponential), we find that

N
<¢a(x1)¢b($2)>mt: N/Hd¢ie—a¢6¢6_g¢d¢d¢6¢e¢a¢b
Z;]. | . 1
v [ [[ae® 3 Simads'ors "'

N
:N/Hd¢ie—a¢c¢c¢a¢b
=1

N .
_gN/ H d¢ze—a¢c¢c¢a¢b¢d¢d¢e¢e
=1

9 N
H / [T aoe = 6666 6°)* + ...
=1

2
= <¢a¢b>free - g<¢a¢b¢d¢d¢e¢e>ﬁ“ee
2
+ L8 (S S prec + (513)

Here, the subscript int’ in the first line denotes the two-point correlation function in the
interacting theory defined by the action given in equation (512); similarly, the subscript
"free’ in the final line denotes the two-point correlation function in the free theory defined
by the action S = a@?¢®. Also, we used the fact that (¢?¢*)? = (¢%¢?)(¢°¢°). To summa-
rize, we are able to write the two-point correlation function in the interacting theory as the
two-point correlation function in the free theory with additional corrections given as a sum
of expectation values in infinite orders in the coupling constant g.

To determine the expansion given by equation (513), we calculate the first few correlation
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functions of the free theory. We start with the two-point function
N
(6 pree= N / [[asee“os
—N/d¢1 —af( /d¢2 —a(¢?)?

/ doe " g / dgbe= @ gb / dpNe *@")?, (514)

We emphasize here that there is no summation over the repeated indices a and b in the last
line. To determine the normalization constant N, observe that for any real field,

(1) jree = A / dme [ " dyee’

—/\/2/ dr/ dfre—or’

- 27T el —ar?
=-N /0 dr(dre )
— _NQ —ar

—e
/\/2” =N = \[ (515)

where we have taken the positive root so that (1)s... = 1. Since there are N integrals, the

o

normalization constant in equation (514) is NN = (a/7)"/2. Therefore, for any real field z,

:N/ dxe=o%" 22
(0% d & —ax?
—\/;@ /_Oo dxe
_ _\/§i\/f
N mda\ o
1

the two-point function is

(516)
The two-point function given by equation (514) becomes
(@°0) pree= N / dgpe™ @) ge / dbe—o@")? b
_ A7 / (o de—a @ —a(e")? ga b
S
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ab
:N2/d¢ad¢bea¢6¢c%¢c¢c
5% d
— N2 a j.b_ —apcpc
N / doddbe
_N25“b dm

2 da«
5
_ 2 7
=N 2 o?
5ab

" 20

(517)

where ¢¢¢¢ = (¢%)? + (¢°)?. Consider now the next term in equation (513). By Wick’s
theorem, we can break this expectation value up into contractions of its argument. For
example, a four-point correlation function in the free theory for fields ¢2, ¢°, ¢, % can be
written

a b cd _ gagc b d a b c d ba ¢ d
(9Q° D) free= 9P°P " + § 9" PD" + §" "¢
5ab 6Cd 6ac 5bd 5ad 5bc
:§%+ﬂﬁ+%z
ab scd ac sbd ad $be
G 070 3+ g5 (518)

where we have used the result of equation (517) for each respective contraction. Thus, the
four-point function is obtained by pairing the four fields in all possible combinations and
simply writing down the expression for the two-point correlation function. The approach to
this example extends easily to the six-point function in equation (513), the only difference
being more terms that have to be paired. Writing the six-point correlation function in
equation (513) immediately in terms of Kronecker deltas, we obtain

1
<¢a¢b¢d¢d¢e¢e>ﬂ’ee: (2&)3 (5ab5dd5@e + 25ab5de(5de>
1 1
25a€5b65dd 25ad5bd5€€
1 1
——(46°16707%) + ——(46"°6"6%). 519
+ o )+ oy ) (519)
This is the first order correction to the two-point correlation function in the interacting the-

ory. The second order correction is calculated in a similar manner.

We now have sufficient information to formulate the Feynman rules. Graphically, equa-
tion (517) can be represented as
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gab

a ——175p =2 (520)

2

Figure 5: Propagator

This diagram is called the propagator. That is, two points labeled a and b with a solid line
connecting the points. The first order correction given by equation (513) can be represented
by a vertex with four lines attached to it, labeled d, d, e, e, and two external points labeled
a,b. The vertex contributes a factor of —g. The four arms of the vertex and the two external
points are connected by solid lines, with each solid line represented by a Kronecker delta
function, and permuted to give all the combinatorics displayed in equation (519). As an
example, the first term in equation (519) can be represented graphically as

1
(2a)3 (5ab5dd5@e + 25ab5de(5de) — (521)
) ’ d e
+ @
) y ) d e

In effect, equation (519) can be represented by 15 Feynman diagrams since there are
(6—1)! =5 =5x3x1 =15 ways of combining the fields into pairs. The next order in the
expansion of equation (513) is represented by two vertices and two external points. As with
the first order in g, one simply connects the external points and vertices in all possible ways
to obtain all of the combinatorics given by the Wick contractions. Once all the diagrams are
written down, one simply applies the rules stated in the previous paragraph. This method
is applied to all orders of g.

Combining results, equation (513) can therefore be written as

(0 ) ani= .~

)
+<25ae(5be(sdd)
+(45ad5b65de)

[(5abéddéee 4 25ab5de(5de>

4 (26ad6bd5€6)

+ (46°¢6%5%)] + .. (522)
Any repeated indices in a loop diagram must be summed over and it is these terms that

contribute explicit orders of N. For example, 6?6995 = §J® NN = N2§% and §2¢5P¢5% =
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N§*esbe = N3, Applying the same reasoning to the other terms, we obtain

(6 (21)6" (22 ims — [% - Az N 2N AN £ 8) o (523)
Using a suitable normalization, terms such as N? and 2N can be removed from the ex-
pansion of the two-point function. In terms of Feynman diagrams, such as those shown in
equation (521), these diagrams are called vacuum diagrams; they are diagrams that connect
to no external points and fold in on themselves. In the free theory, we used the normalization
constant A to force (1) e = 1; that is, we rescaled to force the vacuum to have unit norm.
Here, we have (1);,; # 1. Normalization removes vacuum diagrams so that in the interacting
theory, we again have the vacuum normalized to unit norm. Without summing the vacuum
diagrams in the expansion of the two-point correlation function, we have

(6 (21)0" (22))ims — [% _ (2%)3(@ +8)+ .. .16, (524)

From our arguments, we can write down the form of the third order term in g in the expansion
as well as higher orders. Of course, we would need to determine the factors that are attached
to these orders and these factors can be determined using the methodology of the previous
pages in this dissertation. Since we are only interested here in N and not these factors,
we will use the symbol K; to mean some appropriate constant for each of the uncalculated
terms, so that for the expansion of the two-point correlation function, we have

()6 (1) [ — —I— 9 g N
(6" (1) (22) b= [ (2a)3<4N3+8>+(2a)5<KN

FEON + K) + éTy(Km?’ + KsN? + KN + K7) +...]0%. (525)

The expansion in equation (525) is not useful for a large-N expansion due to the factors

of N appearing in the numerators of terms; in particular, if we let N — oo and keep g¢

fixed, the limit of the series in equation (525) does not exist. To solve this problem, we
rescale the coupling constant g. More precisely, we will rescale g as

A= gN© (526)
where we fix Aand a € Z = {--- —2,—1,0,1,2,...}. Using equation (526), we can rewrite
equation (525) as

1 8 A 16 A K A2
a b P _ AN o1
(6 ()0 o= — o — s+ T
Ky, )2 K; M\

)6, 2
+(2a)5 N2a—1 + (20&)5 N2a + ]5 (5 7)

If we let @ < 1 then the large-N limit does not exist, as before. Alternatively, if we let o > 1,

then in the large-N limit

<¢a($1)¢b<1’2)>mt — 20 (528)
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which results in a trivial expansion of the two-point function. Thus we are left with o = 1
(in particular, the t’"Hooft coupling), which in the large-N limit to leading order in 1/N, is

given by
a b o L . 4 . 8 i Kl 2
W) )= 50~ Gapt ~ GaPp N T 2oy
Ky X .
+Wﬁ + .. ]5 b
= F(A 1/N). (529)

A.2 The General Primary Operator for Four Fields: Construction

The starting ansatz for the general primary operator is given by

1/2 1/2-11/2-1
0= ag(P'o)¢* + > as(PioP'0)6* + > 3 byO(i, ) (P TP 6P ¢)g
=1 i=1  j=i
i<l 1/24T(i)—i 1—(i+j+1)
*Z Z Z ciO(i, j, k) (P *P'OPIGPRY), (530)

where

Oli.j) i {1 if(l—i—j)—j>0

0 otherwise

Ol :{1 if(l—i—j—k)—k>0
0 otherwise
0 ifi=1,2
D) = 1 ifi=34
2 ifi=5,6
etc

(See equation (550) for the complete ansatz).

We explain how we reached this ansatz. Observe that we must distribute [ derivatives
over four fields. Thus, we can have four terms with at most [ derivatives acting on a single
field, two fields, three fields, or four fields. Notice that each P operator is raised to a specific
power such that we will always have [ derivatives in a given term.

Consider the second term. The highest value our index i can reach is [ — 1 (since i = [
will result in all derivatives acting on a single field, which is already accounted for by the
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first term). We need to write the summation in such a manner that prevents repetition of
terms. To see this, observe that for some arbitrary [, we will have terms of the form

PZ_I¢P¢+PI_2¢P2¢+ +Pl/2+2¢Pl/2_2¢+Pl/2+1¢Pl/2_1¢+Pl/2¢Pl/2¢
+Pl/271¢Pl/2+1¢+Pl/272¢Pl/2+2¢+ +P2¢Pl72¢+P¢Pl71¢. (531)

Thus, to avoid double counting, we need only sum to i = [/2.

Next, consider the third term. We sum here to [/2 — 1 again to avoid repetition. If we
were to sum to [/2, we obtain a term with derivatives acting only on two fields instead of
three fields. Also, if we were to sum i to [/2 — 1 and j to /2, then [ — i — j = 1 but we end
up double counting terms. For example, for i = 1, we obtain the following terms

Pl*lfl(bp(bp(é_i_Pl*l*Z(bP(éPZ(b_i_ +Pl*1*l/2+1¢P¢Pl/271¢
+Pl_1_l/2¢P¢Pl/2¢. (532)

We are therefore forced to sum to [/2 — 1 for both 7, j. Now notice that when we sum i, j
from 1 to [/2 — 1, then we still have a repetition of terms: first, observe that for a given i, j
we would have the identical terms P'=""1¢Pi¢pPi¢ and PI=I~'¢pPI¢P'¢ (for example, if [ = 6,
we have the two identical terms P5273¢pP2¢ P3¢ and P* 3 2¢pP3¢P?¢p, where i = 2,j = 3
and i = 3,7 = 2, respectively). To prevent this, we restrict the j index to start from every
incremental value of 7. One can think of this as analogous to a symmetric square n X n
matrix, where we only consider diagonal elements and elements part of the upper triangle
of the matrix, say. If x;; is some coefficient that is symmetric under exchange of indices and
we sum each index to n using our method, then we would obtain

szij: z;$zj+z;$l]++ Z ZL‘Z‘j—f—ZEnn
J= J=

i=1 j=i j=n—1
=211+ T2+ 213+ ... + T1n

—I— T29 —f- 93 + —|— Ton
+ 33 4+ ...+ T3n

oot T, (533)

where we have written the series deliberately in this manner to emphasize the matrix analogy.
We thus only have z;; appearing once for a given 4, j. Unfortunately, this does not prevent
the permutation of the P/=""7¢ part of the term. For example, consider [ = 14

6 6
Z Z P14717]¢P2¢P3¢

i=1 j=i

= P2¢PoP¢ + P ¢POP*¢ + PGPOP’¢ + P'OPHP ¢ + PP OPOP’¢ + PTPHP¢
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+P10¢P2¢P2¢—|— P9¢P2¢P3¢+P8¢P2¢P4¢+ P7¢P2¢P5¢—|—P6¢P2¢P6¢

+PYOP pP*¢ + PToP*¢P g+ P°oP o P°¢ 4+ P P’ pP°¢

+P°¢P'pPY + P°pP'¢P ¢ + P'oP P

+P'OP°pP°¢ + PP pP ¢ P ¢

+P2pPS¢pPo. (534)

We count several terms that appear more than once

Po¢P?¢P°p, P*¢P°pP%¢,
P¢P’¢P°¢, P°¢P>pP°p, P’ P P9,
PS¢P*oP o, P o P ¢ PS¢,
(535)

If one repeats these sums for various values of [, one will notice that repetition of terms
occur when (I —7 — j) — j < 0. We are thus led to the function ©(i, 7), which was defined
previously. This function plays the role of a selection function which kills off terms satisfying
the inequality (I —i — j) — j < 0 and we are left with combinations of values in each term
that appears only once in the series above. With this understanding, we can now give a
more general argument that shows that any combination of values in the sum appears once
and only once: Let a value for 7, 7 be given for some integer [. Then, by our construction of
the series, 7, j must satisfy

i1 <j, l—i—=27>0. (536)
This can be divided up into four cases
CaseI: 1<y, [—i—27>0
Casell: i=73, |—i—27>0
Case III. i<y, —1—25=0
CaseIV: i=j, [—i—25=0. (537)
The six combinations we might find are
I. P-5igpPi¢Pl¢, 1I. PoP " 1¢pPi¢
II. P"9¢pPigpP¢, 1IV. PloPi¢pP "¢
V. Pi¢P""i¢pPiy, VI PlpPi¢pP "¢, (538)
We start with Case 1. By our construction, equation I survives. Equation II will not sur-
vive since it would require that [ — i — 5 < j = [ — 1 — 25 < 0. Equation III will not

survive since it would require that j < i. For equation IV to survive, it would require that
i—(l—i—j5)>0=1-2i—j<0=1—1—25 <0 (here, we used the fact that j > i > 0);
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thus, equation IV does not survive. Equation V does not survive since it would require that
l—i—7<i1=101—1—2j5 <0. Finally, equation VI also would not survive, since it would
require that j — (Il — i —7) < 0 =1 —14i—27 < 0. Thus, only equation I survives our
construction of the series.

We next analyze case II. Since ¢ = j in this case, our six possibilities reduces to three
possibilities
I. PIi=ipPigPi¢
I. PigP'"==1pPig
III. PipPigP=79¢. (539)

Equation I survives. Equation II does not survive since [ — 35 < 0. Equation III also does
not survive since j — (I —25) > 0=1-3j <0.

We next analyze case III. In this case, | — i —2j =0=1—17—j = 7. As with case II,
the six possibilities reduces to three in this case

I. PIpP'¢P/¢
II. P/¢PipP¢
II. Pi¢PIpPi¢. (540)

Equation I survives. Equation II and equation IIT do not survive since both would imply
that 7 > 7.

Finally, we study case IV. Here, all six possibilities reduces to a single equation
PipPIpP . (541)

Thus, we have shown that any allowed combination of ¢, 7, and [ — ¢ — 7 appears once and
only once according to our construction.

We now explain the final term. In the same manner as the third term, we have restricted
the indices j, k; in particular, for every increment of 7, the summation over j will start from
J = i and for every increment of j, the summation over k will start from k£ = 5. We also
again added a selection function to prevent P'~"7=%¢ from permuting with other parts of the
fourth term. To explain the upper bounds on the sums, consider the following expressions,
where we temporarily ignore our construction of the operator (we only keep the restrictions
on j, k’s starting values- we therefore expect repetition of terms)

1=6:
i=1: P3¢P¢PpPp + P2¢PpPpP*¢ + POPOPoP>¢ + PpPdP?*¢pP*o, (542)
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i=1: P°¢P¢PpPp + P*¢PopPHP*¢ + P*¢PpPHP*¢ + P2pPpPpP*¢
+POPOPHP ¢ + PPPoP?¢P>*¢ + P*¢pPopP*¢P>¢ + POPpP*¢pP¢
+PpPpP3¢P3 ¢

i=2: +P*¢P*pP*pP%¢p + PpP pP*p P3¢, (543)

i=1: PT¢PopPoPd + PSpPpPpP*¢ + PPpPpPpP> ¢ + PoPpPpP ¢
+P}¢POPOP° ¢ + P*¢pPdPpPOp + PoPopPHP ¢ + P°pPpP pP*¢
+PYGYPOP?*¢P>¢ + PP¢PpP*¢P*¢ + P*pPopP*¢P°p + PPOP*¢pP°¢
+P3¢POP3 P3¢ + P2pPoP3 P ¢ + POPOP3 ¢ P°p + PoPpP ¢ P*p

i=2: +PYWP*pP*¢P*¢ + P3pP*¢P?*¢p P3¢ + P?*¢pP?*¢pP?¢P ¢ + POP>pP*p P
+P*¢P2pP3¢P*¢ + POP?¢pP>pP*¢

i=3: +P3pP3¢P3pPo. (544)

Here, we have included each value of the index i to see any pattern clearer. Observe that
the upper limit for the index k& changes according to the values of 7, j. For example, consider
the [ = 10 case. For + = 1,5 = 1, the index k£ sums to a maximum value of 10 — 3 = 7. For
1= 1,7 = 2, the index k sums to a maximum value of 10 —4 = 6, and so forth. Furthermore,
for ¢ = 2,5 = 2, the index k now sums to a maximum value of 10 — 5 = 5. From this, we
observe the pattern: for a given i, 7, the maximum value the index k can sum to is given by
10 — (i + j 4+ 1). This leads us to the general upper limit for k given in equation 530. We
note that this expression gives the correct upper summation limits for k for [ = 6, 8.

For the upper summation limit for j, we only need to consider the value of the index 1.
We summarize the maximum value j can obtain for a given value of ¢ as follows:

i=2j=8-6=2[—(2+4) (545)

[=10: i=1;=10—6=4, [—(1+5)
i=2j=10-7=3, [—(2+5)
i=3,j=10—7=3, [—(3+4) (546)

[=12: i=1,j=12-7=5 [—(1+6)
i=2,j=12—-8=4, [—(2+6)
i=3,j=12—-8=4, [—(3+5) (547)
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[=16: i=1j=16-9=7 1—(1+38)
i=2,j=16—10=6, [—(2+8)
i=3,j=16-10=6, [—(3+7)
i=4,j=16—11=5 [— (447
i=5j7=16—11=5 1—(5+6),

(548)

From the column on the right, we observe that the general maximum value the index j can
be summed to is given by [ — (i + ({/2—1'(7))) = 1/2+4T'(i) — i, where ['(i) was defined previ-
ously. From this information, we also infer the maximum value for 7; this value is suggested
to be the maximum value of ¢ such that 37 < [. For example, if [ = 12, then the maximum
value of 7 is given by 3¢ < 12 = ¢ = 3. Note, that we do not choose 3¢ < 12, since this would
give a value of 7 = 4; by our construction, that would imply values i = j = k = 4 for a term
with all the derivatives distributed over only three of the four fields.

We note here a caveat in our arguments thus far; we should address the possibility that
[ might be an odd integer and thus not divisible by 2. The approach to solving this problem
is to understand to which integer [/2 must change; that is, if P < [/2 < P + 1 where
P,P+1 € Nt/{0}, and [ odd, we must determine whether [ = P or [ = P + 1 for the
appropriate case. To achieve this, we can make use of the floor and ceiling functions defined
as

[x] = sup{m e N*/{0} | m <}
[z] =inf{m e N"/{0} | m >z} (549)

Thus, we see that if x is an integer, then |z| = [z] = x. We propose that the complete
general operator for positive arbitrary [ should be given by

11/2] [1/2-1] [1/2-1]
OD= qy(P'o) qb?’—i—Zaz PToPo)e* + > Y b0, ) (P 6P o P ¢)¢
= =1 7=t

i<l |1/24T(i)— zJ 1—(i+7+1)

+ Z Z Z ciikO(i, J, k) (P E PP o Prg). (550)
As an example, consider [ = 11

OU= g4 (Plg) ¢3+Zaz (P Pig)¢? +Zwa@ i, ) (PP Pl g) ¢
=1 j=t
3 |5.54+T( ZJ 11—(i+5+1)

+ Z Z Z kO (i, . k) (P * G PloPIg Prg)
= ao(P”¢)¢3 + al(P10¢P¢)¢2 +ay(P 9P 9)¢* + az(P P’ $)d” + as(P P ¢)¢”

119



+a5(P°oP°9)¢* + b1y PP o POP G + bia PO PO P> ¢ + bis P dPOP>p¢ + biy P o PP b
+bi5 P°OPop° 4 b PO P> P?p + bas PO P> P> p + by P’ P> P* pp
+b33 PP pP>pP>) + bsy P o P> P o + c111 PPOPOPY PP + c115 P PGP HP* ¢
+c113P°9POP P> § 4 c11a PPOPOPGP $ + 120 PP oPOP?* 9P + 105 P* 9 POP? 9P
+0124 P OPOP?* P ¢ + c133P* QPGP ¢ P> ) + oo PP OP* ¢ P> P* ¢ + o3 P 9 P> 9P ¢ P
+eoss PPOP?p PP, (551)

which is indeed the same result if we were to distribute derivatives as we did earlier in
this dissertation. We also note that our general operator does reproduce the form of equa-
tion (366)

1 11
OB = qy(P3¢)p> + Z a; P> P pd* + Z Z by P> OP O P ¢
i=1 =1 j=1

= ag(P*¢)¢* + a1 P*¢Pp¢* + b1y POP PP . (552)

The general ansatz we have argued is quite tedious and complicated to manipulate. In
addition, it is only valid for primaries constructed out of four scalar fields and for primaries
in the (7, j) representation of SO(4).

A.3 Spin, Representations, and Projectors

In this appendix, we will discuss and develop some of the theory behind spin which is ap-
plicable to our construction of primary operators. In addition, we will develop some useful
representation theory and projection operators.

The Hilbert space of a spin—% particle is spanned by two states |s,), with a = 1,2. Here,
we will choose the following basis

|s1) = m ;o |s2) = m : (553)

The angular momenta operators on this subspace are given by the Pauli matrices

1 1 1
JI = 50’1« Jy = §O'y Jz = QO'Z (554)

We act on each basis of state using J, to yield

1
J.|s1) = §|51>7

1
Jels2) = —5ls2), (555)
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which shows that the basis states are eigenkets of J,. We do the same for J - J = (J,)* +
(Jy)2 + (JZ)2 = %12><2 to y1€ld

S 3

J - Jls1) = 1|51>7

- o 3

J - J|sg) = —|32). (556)
Thus, the basis states are simultaneous eigenstates of J, and J-J. Now, 3 1= %(% +1), which

means that this representation has spin j = ;

Using the above eigenkets, we can construct a basis for a two spin-1/2 particle Hilbert
space by using a tensor product. Thus, a basis for the two spin-1/2 particle Hilbert space
can be given by

[Sasp) = [5a) @ |s)- (557)
Here, the angular momentum operators are given by
N=T@laxs,  Ja=1lye®J, (558)

where J are precisely given by the matrices in equation (554). The total angular momentum
operators are given by the sum J=J, +Jy In particular, J, = (J1), ® loxa + loxo ® (Jo),
(we will shorten the notation here by writing J, = (J1). + (J2).). Now, consider the basis
given above: {|s151),|s152), |s251),|s252)}. These are indeed eigenkets of J,. For example,

1 1
JZ|8181> = (5 + §)|8181> = |8181>. (559)
The other eigenvalues are 0,0 and —1. However, this basis has kets that are not eigenkets

of J2. To see this, observe that

1
Jels1) = 5’52%
7
Jyls1) = 5\32>- (560)

Thus, for J-J= (712 + (]_'22 + 2flf2, we find that |s;s2) is not an eigenket. A basis in which
the kets are eigenkets of both J, and J? is given by

1 1
{Is151), E(fslsﬁ + [s251)), ﬁ(|8182> — |s251)), [s282) }, (561)

(these are precisely the triplet and singlet states). As an example, we act with the total
spin operator on the second basis ket using the expanded expression J? = %14X4 + %14X4 +

2((11)e(J2)e + (1)y(J2)y + (J1)2(2). ), we have

P (s lsvsa) + fsasi)))= —=(Ghonsa) + Glsasa)) + —(gls15a) + gloas)

:2(

(Js1592) + [s251))). (562)

Sl s
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For J- 2 the eigenvalues for each basis ket is found to be 2,2, 0, and 2; for .J,, the eigenvalues
are 1,0,0, and —1. If we relabel the basis kets using the more convenient |jm) notation, we
get

{I11),10),100), [1 = 1)}, (563)

from which we can easily write the diagonal matrices for the two operators

1
., / . 0
> G| jm) = 0 (564)
j’m’j/m/
—1
, _
g o n7T 7 2
> | T Jlgm) = 0 | (565)
jymyj/m/
2

Notice that we found two spin irreducible representations (irreps), namely, spin 1 and
spin 0. The spin 1 irreducible representation is given by the Young diagram (1], while spin
0 is given by the Young diagram H The dimensions of these irreps follows by the usual
factors-over-hooks rule (see the discussion around equation 584)

D ———3 D=
SR HT

=1. (566)

=[] =[]

~—

The triplet is a symmetric tensor S,z = Sym(|s.) ® |sz)) with two indices, so it has three

components
Si1, S12 = So1, Sa2, (567)

which matches the number of states in the spin 1 multiplet. We call this a spin 1 tensor.
The singlet, which is antisymmetric has a single component

AH — O A12 — —A21 A22 — O, (568)

matching the number of states in a spin 0 multiplet. We call this a spin 0 tensor. The above
calculations showed that % ® % =0® 1.

We can perform the same analysis for three spin-1/2 particles, which will reveal an
interesting duality. A basis for the three particle Hilbert space can be given by

[Sa885y) = [5a) @ [58) @ |sy)- (569)
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In this case, the angluar momentum operators are now given

j1 = j® loxo @ laxa,
JQ = ].2><2 X J ® 12><27
J3 = 1axa @ laxa ® J,

(570)

where, as before, J is given by the matrices in equation (554). Here, the total angular

momentum operator is given by

J=J1+ Js+ Js.

(571)

As in the two spin-1/2 particle case, we will present a basis of eigenkets for both .J, and J-J.

The kets |s15151) and |s35282) are the only eigenkets of J - J in the above basis. With a bit
of trial and error, we find that the set of kets

{161),[02), [b3), [ba), [5), [be), [b7), |s) }

where

|b1) =

|b7) =
|bs) =

‘515131%

5 (Is15252) + Isasisa) + [sasasn),
|s18152) + |s15281) + |525151>)a
|s15281) — |828131>)>

|518282) — |S28182>)7

2|s15182) — |s18251) — |sas151)),

—— (|s18252) + |s25152) — 2|$25251)),

D

$28989),

(572)

(573)

is shared as eigenkets by both J, and J j, in addition, they form an orthonormal basis. The

two operators are diagonalized with their eigenvalues (in this basis) along their diagonals:

S (bl ) = )

%,J

3
2

DO [—
N[
N
N
N[

N =

123

N
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N[OV

(575)

Qo
Y [°M]

>

15
4

The kets {|b1), |b2), |bs), |bs)} represent spin 3/2 and are symmetric under exchange of the
Sq index values. These kets are represented by the Young diagram [TT11. The dimension of
this irrep is given by
D 4
N N

The basis kets {|b4), |b5)} and {|bg), |b7) } are spin 1/2 and mixed symmetric in their exchange

(576)

of s, indices. These states are represented by the Young diagram Bj The dimension of this
irrep is given by

— 2. (577)

Above we see a very concrete example of the Schur-Weyl duality; in particular, the space
of 3 particles has been organized using representations of SU(2) and S;. Let the Hilbert
space of a single spin particle be denoted V5. In the analysis above, we are looking at the
tensor product of three copies of this space. The Hilbert space V;*® of the three particles
has thus organized itself as follows

: SU(2 SU(2
V23 =0 o v @ VBI( o v, (578)
Now, recall the symmetric group dimensions are given by (we will use D for SU(2) dimensions
and d for S, dimensions)

3! 3!

d = — =1, dT=—— =2. 579
O == (579)

3[1]
1]

Notice the appearance of these numbers in the product

1 1 1 1 3 1
50585 =500100)=20(2); (580)
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Here, we have used bold face for irreps; and multiplicities are denoted without bold face.
Notice that as SU(2) irreps, 3 is H and 3 is (11, thus illustrating equation (578).

All Young diagrams for SU(2) have at most 2 rows. If we have a Young diagram with
boxes in the first row and ry boxes in the second row, it corresponds to a spin s of 25 = r{ —rs.
As some examples, consider the following Young diagrams

U_\‘HH UHHH HHHH' (581)
The first diagram " is the spin irrep
_Tl — T2
2
622
2
— 2 (582)
The second diagram H-""" is the spin irrep
M —T9
S =
2
s
2
- 3 (583)

The third diagram HHHH has spin s = 0.

We can verify the results of the spin irreps found above by calculating the dimension of
the SU(2) Young diagrams. We use the formula,
N(N—-1)(N+1)

D=
= Hooks
= 25+ 1, (584)

where s is the spin irrep . Furthermore, the factors N(N — 1)(/N 4 1) are taken from the
Young diagram in the following way

N |N+1

(585)

N-1

where N — 1 is the rank of SU(N). Therefore for SU(2), N = 2. Using the formula stated
above, the dimensions of the following diagrams

N |N+1IN+2|N+3|N+4|N+5

N-1| N

N |N+1|N+2|N+3|N+4{N+5|N+6

(586)
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N |N+1|{N+2|N+3|N+4|N+5|N+6 (587)
N-1| N |N+1|N+2|N+3|N+4|N+5
respectively given by
D 0 2-3-4:5-6-7-2
776 4-3202
=2s5+1
= 5 =2, (588)
D 0 2:3:4-5-6-7-8
T 86-4-3-2-2
=7
= 2s+1
= 5= 3, (589)
and
D =1
= s =0. (590)

We can consider an n-particle Hilbert space and show that the multiplicities are explained
by the dimensions of the symmetric group representations as required by Schur-Weyl duality.
The tensor product of four spin—% particles is

—25 (3)1@ (2)0. (591)

The tensor product above can be represented in terms of Young diagrams as follows

e el =LLTLTIe @)L & @)Ll (592)

The factors in front of the Young diagrams which are multiplicities, are obtained from
computing the dimensions of the symmetric group representation of the corresponding Young
diagram. They are computed as follows,

-1, (593)



A
71201

=3, (594)

and
A1

A —
H73.2.2

—9. (595)

As a further example, the tensor product of five spin—% particles is

1 1 1 1 1 5 3 1
TR =-0{)> -
S ®5058580, =20(4);80); (596)

Here, the tensor product of five spin—% particles represented with SU(2) Young diagrams is
given by

e Heldee=LLTTT]e (4)L] @ (5L . (597)

As before, the multiplicities in front of the Young diagrams are obtained from computing
the dimension of the symmetric group representations

ol
drr :a
=1, (598)
5!
P —
75032
=4, (599)
and
5!
d =
H 7132
=b. (600)
Finally, the tensor product of six spin—% particles is given by
1 1 1 1 1 1
—-R-R=-R-R-R-=3826(5)26(9)1 (5)0. 601
2®2®2®2®2®2 ®2®(5)2a (9)1 e (5) (601)
The representation of this tensor product in Young diagrams is given by
[ 111 [ ]
e UelleeUeUI=LTTTT T (k)] ® (9) & (5) (602)
The multiplicities are obtained as follows
6!
drrrrr :a
=1, (603)
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d p—
T T6.4-3-2
. 6!
75422
— (605)
and
6!
Aoy —
87 4.3.2-3-2
—5. (606)

Clearly, the symmetric group is organizing the multiplicities of the SU(2) irreps that are
appearing. Thus, we will also need to discuss more about the symmetric groups and its
irreps. Now, we know that Young diagrams with n boxes label the irreps of the symmetric
group S,. Each of these representations is given by a set of matrices I'g(0) which act on
a vector space Vg". By decorating the Young diagram of a particular irreducible represen-
tation, we can give a convenient labeling for the elements of a complete basis of V,f”. The
decorated Young diagram is called a Young tableauz or (in this specific context of labeling
a basis for an S, irreducible representation) a Young- Yamanouchi symbol. We will use kets
for Young-Yamanouchi symbols, so that if R is the Young diagram, then |R) is one of the
Young-Yamanouchi symbols that can be obtained by decorating R.

To obtain a Young-Yamanouchi symbol, we fill the boxes of each Young diagram with
the integers 1,2, 3, ...,n. Each box is assigned a unique integer so that in the end we fill in n
distinct entries. The entries in each row and each column are decreasing (of course, we could
also have required that the entries are increasing - these are just conventions) as we move to
the right or bottom of the page. As an example, the irreducible representation labeled by
Bjj leads to three distinct Young-Yamanouchi symbols

412[1] [4]3]1] [4]3]2]
13 2] 11 : (607)

Each such symbol labels a basis vector in VBSAIZD so that is a 3 dimensional representation.

As more examples, we determine the complete set of Young-Yamanouchi symbols for the
following diagrams

NN B (608)



and we check that the number of symbols do indeed match the dimension of the irrep.

1) For the diagram @, we find the following Young - Yamanouchi symbol:

(609)
where the dimension of the irrep is given by CE =5!/51 =1.
2) For the diagram [TT1111], we find the following Young - Yamanouchi symbol:
[6[5[4[3[2]1] (610)
where the dimension of the irrep is given by d117717=6!/6! = 1.
3) For the diagram BE, we find the following Young - Yamanouchi symbols:
6|54 643 653
3121 5121 4121
652 6142
41311 5|31 (611)
where the dimension of the irrep is given by d@ =6!/(4x3x3x2x2x1)=5.
[]
4) For the last diagram -+ , we find the following Young - Yamanouchi symbols:
6/5[4] 6/5/3] 6/5[2] 6/5[1] 6/4]3] 6]4]2]
312 412 413 413 52 53
1 1 1 2] 1 1
614[1] 6/3]2] 6/3]1] 6/5/4] 6/5]3] 6]5]2]
5|3 5|1 52 31 411 41
2] 4] 1] 2] 2] 13
6/5[1] 6/4]3] 614]2] 6/4]1]
412 5|1 5|1 52
13 2] 13 13 (612)

where the dimension of the irrep is given by d7=16!/(5 x3x3x1x1x1)=16.
[ ]
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Next, we will present a formula for the matrices representing the elements of the sym-
metric group; in other words, we give a matrix representation of the symmetric group.
Concretely, this amounts to giving a set of matrices that obey the equation

FR(O'l)FR(O'Q) = FR(O'la'Q). (613)

The key observation here is the following: on the right hand side of this equation, the
product is the usual group composition law for permutations while on the left hand side
it is matrix multiplication. Thus, a matrix representation is a map from the elements of
the symmetric group to some matrix algebra and this map preserves the structure (in other
words, the multiplication table) of the group. A structure preserving map between two
algebraic structures is called a homomorphism. We can say that a d-dimensional matrix
representation of the symmetric group S, is a group homomorphism from S, to GL(V,) (V'
is a vector space over field F'. The general linear group of V, called GL(V) or Aut(V), is
the group of all automorphisms of V. This is the set of all bijective linear transformations
V — V, together with function composition as the group operation. For us Vj is real d-
dimensional vector space and GL(Vj) is the set of invertible d x d matrices). From (613)
we can immediately prove that the identity element e of the group maps into the identity
matrix 1. Indeed, since e - e = e we know that

= FR(G)FR(G) — FR(B) FR(G)(FR(G) — ]_) = 0, (614)

which, since I'g(e) is invertible, implies that I'g(e) = 1. Note also that

Tr(9)Tr(g™") =Tr(g-g7") =Tr(e) =1, (615)

so that Tr(¢g™') = Tr(g)~". Finally, if the map from the group to GL(V;) is one-to-one, we
say the representation is faithful.

We will only need to construct the matrices representing adjacent transpositions, since
any other permutation can be written in terms of adjacent transpositions. Furthermore, we
specify these matrices by giving their action on the states labeled by the Young-Yamanouchi
symbols. To write the explicit expressions, we need to introduce the content of a box in a
Young diagram. A box x in row ¢ and column j of R has content j — i. Given a Young-
Yamanouchi symbol, each box in the Young diagram is labeled by a unique integer from ¢
with 1 <4 < n. The content of the box labeled ¢ is ¢;. Let |R( 1)) denote the Young-
Yamanouchi symbol that is obtained from |R) by swapping the labels of boxes k and k + 1.
We only ever swap boxes whose labels differ by 1. For example,

3[2] 3/1] 2[3]
|R) =11 |Ra) = 2] [Reg) =11 (616)
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Note that |R(23)) is not a valid Young-Yamanouchi symbol. In the end, any illegal Young-
Yamanouchi symbols will be multiplied by zero so we need not worry about this. The matrix
elements of the adjacent transpositions are now specified by

1 1
I'r((kk+1 = — e — ) 1
r (kK4 1) |R) Ck_ck+1|R>+\/ o) (@10
As a first example using this formula, we have
4]3] 4]3]
2] 2]
F@j((ﬂ)) L) =—1 ) (618)
4]2] 412] 411]
3 3 3
19 1 V3
()3 - =51y« 272 ) (619)
411 411] 4]2]
3 3 3
19 1 V3
TR LA ! (620)
Choosing
413] 42] 411]
12| 1 13 0 13 0
1)) =10 L) =1 2] )= o], (621)
0 0 1

we find the following matrix representation for the permutation (12)

—1

r@j ((12)) = | 0 (622)
0

ol ©
[SLIISY wl& (@»)

As another example, we work out the complete matrix representation for the irreducible
representation labeled by the Young diagram H}j First, we find the Young-Yamanouchi
symbols for this diagram

5[4]3] 5/3[2] 5[3[1]

2[1 411 412

504]2] 5[41]

311 312) | (623)
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(as a check, note that dHE‘j = 5!/4! = 5). The adjacent transpositions for S5 are

(12), (23), (34), (45). (624)

and the content is given by

0]1]2
-1 0

(625)

To obtain their matrix representations, we use equation 617. We start with (12):

50413] [5]4]3]

repzp 2] )= 2120, (626)
5032] 5[3]2] 5[3]1]
ey )= -y 4 Bl (627)
5[3]1] 5/3/1] 5/32]
nppzp L] )= dalel) 4 Bl (625)
504]2] 5[4]2] 5[4]1]
e R i i) (629)
5[4]1] 504]1] 504]2]
neptepsil )= Ll o A (630)
For (23):
5(4]3] 5[4]3] 504]2]
reep(esp(2) )= 2200 ) 4 B (50 (631)
513[2] [5]3]2]
reesp 4L )= 4110, (632)
504]2] 1542\ 8543\
M3 311 )= BT+ SRIT, (633)
503[1] 503]1]
rpeap 42 )= -[42]), (631)



For (34):

For (45):

ot

ot
=~

[\V]

\)

T (B9

Fp(B4)]

—_

Er(34)

=~

\)

T34l

T((45)]

T (45))

O (9)

—_

I

\)

—_

[\]

—_

ot

ot
=~

[\

(635)

(636)

(637)

(638)

(639)

(640)

(641)

(642)

(643)

(644)

(645)



We choose the basis

1
504]3] 0 513]2]
1211] y=|o 411 )=
0
_0_
o
504]2] 0 5(41]
IB11] Y= |0 B12] ) =
1
_O_
Thus, we can write the I"’s as
1 0
o 4
I((12)) = |0 %
H . .
0 0
_% 0
0 1
Irr((23)) = 0 0
— N
3
| 0 0
[1 0
0 3
Ir((34)) =10 0
H N~
2
0 0
(1 0
0 —1
Irr((45)) =0 0
H+ 0 0
0 0

o ocwmmulg o

0

— 0 00O OO0~ O

w

| Ot
\}

o wim O Ow|§ wlawlrﬂ e e <

OM|§O

|
N

o

_ o O O

0

o O O O

1

wl»~w|§© o O

ol\:@o o

_ o O O O

N =
L

O O = O O

(646)

(647)

(648)

(649)

(650)

Now, consider the following group product between two elements in Ss: (12)(21). This
product corresponds to the identity permutation in Ss: (12)(21) = (12)(12) = 1. Thus, by
our homomorphism mapping, we must find that

PB}]((H))FB}]((H)) = l5xs,
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which is indeed the case. This result also holds for the other adjacent transpositions. In
addition, we can also form more complicated permutations through products of adjacent
transpositions. For example, consider the permutation (13) = (12)(23)(12). The matrix
representation is given by

CE(18) = T2 T8N T((12) =

o0
0 -1 0 0

R R L )
o 0 0 3 —m—FT

V2 o0 0 e

5[4]3] 5(4]3] 504]2]
rran 2 )= 2l - 2ysl
2541\
+§|32 ). (653)

Next, we discuss projection operators or projectors. The equation
P?=P, (654)

defines a projection operator. To see this, we determine the eigenvalues of the projection
operator P; in particular, if ¢ is an eigenfunction of P with eigenvalue p, then

P = P(pi) = p(Py) = p*¢. (655)

But P> = P = p> = p = p = 0,1. Thus, the definition for P only allows two possible
eigenvalues for any eigenfunction . To see why this is a good definition, consider the
following: let H be a Hilbert space and let P be a projection operator defined on this space
such that

PH—Y
U P, (656)

where Y is a subspace of H. Then, for any nonzero ¢» € H projected into Y, P(Py) = 1
since P: Y — Y. For any ¢ ¢ Y, we must have 1 € Y+ (where (|0) = (0|¢) = 0 for
all ¥ € Y,0 € Y1), so that Py = 0¢p = 0 since P : Y+ — {0}. These are precisely the
eigenvalues we found previously. We therefore see that P? = P is a good definition of a
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projection operator since it captures precisely this idea.

Furthermore, a projection operator can be oblique or orthogonal. A simple illustration
of a oblique projection operator in two dimension is the matrix,

p- B ﬂ | (657)

This matrix satisfies the property P? = P

e L

- [

=P. (658)
When o = 0, the oblique operator P becomes an orthogonal projection operator
00
P = .
o 9 -

Geometrically the matrix above projects the point (x,y) to (0,y). Some examples of projec-
tion operators in three dimension are

1 00 0 00 1 00
Pp=]010 PR=l0o10 P=10o0o0l. (660)
0 00 0 01 0 0 1
Here, P, projects the point (z,y, z) into (z,y,0) (the zy plane), P, projects the point (x,y, 2)

into (0,y, z) (the yz plane) and, P3 projects the point (z,y, z) into (z,0, z) (the xz plane).

Now, let |Y) be a specific Young-Yammonouchi state, which is one of the states in the
carrier space of some irrep R. Consider the operator

Py = 3 (YITa(o)|¥) o, (61)

(the precise action of o will be demonstrated in the paragraphs that follow). We can nor-
malize Py to obtain a projection operator as follows

(Py)’= Y (YITR(@)Y)(Y[Tr(p)]Y) op

U1p€Sn

= Y (Y[Tr(@)Y)Y[Tr(o9)|Y) ¥

opESn

= Y (Y[Tr(@) YWY [Trlo™TrW)[Y) ¢

o YESK

= Y (Y]l r(@)ab)Y )oY [T (0™ ool R(¥)ap Y )50
o, pESh
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= S b RN Rl V)30
PESn

= S L)Y R)osl )

hESn
g
= S Y)Y D)V
d
YESn
g
_ > (YICr()|Y) 2, (662)
dr
PYESn
where we used the fundamental orthogonality relation
_ g
Z Tr(9™ ) abl's(9)as = %55155(15%0(- (663)
R
g€eg
Thus, if we have
d
Py = ﬁ S (V[Tr(0)Y) o, (664)
gESy

then (Py)Z = Py.

Now, we define an action on the space of states of the three particle Hilbert space, where
each particle is spin % We can define the states in this Hilbert space as

|SarSaz8as) = [Sar) @ [Sas) @ [Sas), (665)
and we define the action of the symmetric group S5 on this space as follows
T|SaSanSas) = [Say ) Sose Saus)- (666)
Using the above projection operators, we compute the states
\salsms%} P]sa15a2sa3) P11/ Sy San Sas ) - (667)

and we compute the value of the spin operators acting on these states. The Young diagram
- has two Young-Yamanouchi states

sl2] ][] (668)

1 2

The complete matrix irreducible representation for the Young diagram =, for a (12) permu-
tation is computated using the formula

1 1
Cr(k,k+1)|R) =——|R) + \/1 - ﬁ’R(k,k-&-I»v

Cr — Ck+1 kE— Ck+1

(669)
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to yield

1 V3
F1232|:——32| _31|
= )‘ : > 2‘ D) ), (670)
and
1 V3
rp2)| 2y 2]y ¢ X2 a ]2 ]y, 1
3 )‘2 > 2'2 +2 1 671)
Let
1 0
32|: 31|>:{] 672
e E-G o2
Then
_1
I'r(12) = FHj(12) = i?? i . (673)
2 2
The complete matrix irreducible representation elements for the permutation (23) is
Tr(23 32|>:‘32|>, 674
= L - (671
I (23)]12 1|>:—‘3 1|> 675
o )‘1 - (675
Since we have already chosen the basis, the matrix representation for I'(23) is
1 0
I'r(23) = .
w =) Y (676)

The irreducible matrix representation elements for the permutation (13) is first decom-
posed into (13) = (12)(23)(12), and the representation is

Tr(13) =T p(12)TR(23)T (12)

_}% @][1 OH
1
B

[ 1 _ﬁ]

oo
Who|—

w
ool
| I |

=l 3 2 (677)
2

2

Now we are left with computations involving the irreducible matrix representation for the
permutations (123) and (132). We can decompose these two permutations in the following
way

(123) = (13)(32),  (132) = (12)(23). (678)
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Therefore

[r(123) =I'r(13)T'x(32)

1

|3 —7] {1 0}
31
-5 3 |10~
[ 1 3
= \}5 2 (679)
| 2 2
and
['1(132) =I'r(12)LR(23)
S
| 7] {1 o]
31
B
(1 _\3
= \/g 1. (680)
|2 T2
We can thus use these results to compute the following states
|Sa13a230¢3> |SO<1 Sa25a3> P|Sa13a23a3>' (681)
Starting with Fsp;, we compute
P’56¥156¥256¥3> = Z(erR’Y>O-|801180&28013>' (682>
oeSs
We find that
1] 1 0] [1 1 [-L 2N
P‘Sa1$a28a3> = } |: :| ’Sa15a25013> + { } \/32 %] |: :| (12)"9&15&25&3)
0] 10 1] |0 0] [ L]0
1)1 071 |-t -¥n
tlof o 5] Jo) @z + [o] | 25 ] R
[ -2 21 17 [-2 -] n
A T R o A G =T
el 2 2 2 2
1 1
= |Sa15a25a3> - 5‘504250415043> + ’Sa18a38a2> §|Sa35a25a1> - 5’80!230!380!1>
1
_§|Sa35a18a2>- (683)

Similarly,

1 1
P|8a18a28a3> :|8a13a28a3> + §‘Sa28a13a3> - ‘30&130433042> + 5
2

2

|SasSarSas)-
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The next Young diagram we consider is [T TJ. The space of this Young diagram representation
is 1 dimensional. We let

> 1. (685)

The irreducible matrix elements are

I(12)|BRO) = BRO) =1 (686)
FD:D(23)“3|2|1|> = ]|3|2|1|> =1 (687)
FD:D(13)“3|2|1|> = ]|3|2|1|> =1 (688)
FD:D(123)||3|2|1|> = ]|3|2|1|> =1 (689)
FD]]<132)“3|2|1|> = ‘|3|2|1|> =1. (690)
Thus
P‘8a18a28a3> :‘804180428043> + (12)‘804180428063> + (23)‘8041804280¢3>
+(13)|5a15a25a3> + (123)|3a13a23a3> + (132)|3a13a23a3>
:‘504150425043> + |50¢280£150£3> + |5a15a35a2> + |Sa35a25a1>
+[SazSasSar) + [SasSarSaz)- (691)
The states
BslSarSasSas),  FamlSarSasSas)s (692)
3 3

are anti-symmetric under permutation of s,,, Sa, and s,,. The state

3131150 Sas Sas) (693)

is symmetric under permutation of s,,, Sa, and s,,.

In order to compute the total angular momentum for the states above, we express the
states explicitly

B |518181> =0 (694)
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3 3
F = — —_ —
§|315152> 2\518152> 2|513251>

3 3
F = — —_ —
§|515251> 2\818250 2|513152>

F|S18282> =0

F|525181> =0

3 3

Bsrls2s182) = =[s28182) — =|s28281)

25152 25152 25251
2 2

3 3
Barmls2s2s1) = 5|s28281) — 5[s25152)
28251 28251 25152
2 2

P\st282> = 0.

Similarly,

P\818181> =0,

1 1
F |8181$2> = —’818182> -+ —|8182$1> — |8281$1>
phisn)

1 1

1
P‘315232> = 2[$15282) — |$25251) — |S25152)
P|323131> = 2[s95151) — [s15152) — |$15251)

1 1
P |82$152> = —’828182> — |518282> + —’828251>
; z
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(696)

(697)

(698)

(699)

(700)

(701)

(702)

(703)

(704)

(705)

(706)

(707)



1 1
P |82$251> = —’828281> -+ —‘828152> — |818252>
o)

Bsslsesase) = 0.
25252
Finally,

Bsarmlsisisi) = 6]s1s151)
|813182> = 2[$15152) + 2|s15951) + 2|s95151)
‘315281> = 2[515251) + 2|525151) + 2[s15152)
Faarmlsisesz) = 2[s15282) + 2[s25182) + 2|s28951)
P\323181> = 2|s15152) + 2|s15251) + 2|s25151)
P\325132> = 2|s515252) + 2|s25152) + 2|s25251)
Faarmlsesesi) = 2[s15282) + 2[s25189) + 2|s28951)

P‘825282> = 6|82$252>.

(708)

(709)

(710)

(711)

(712)

(713)

(714)

(715)

(716)

(717)

We are now in a position where we can compute the total angular momentum of the states

explicitly stated above. We will ignore the zero states. The total angular momentum on the

first state is

J2 (P|818182>) = g(z>(|818182> - |818281>>.
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The term inside the brackets is the expectation value of the total angular momentum oper-
ator. The expectation value is 3/4, which means the spin of the operator is 1/2. Looking at

the other operators, we find a similar result

3.3

J2 (P|818281>) = 5(1)(|815281> — |815182>>,

Similarly, the following states also have spin 1/2

3
J2 (P’518182>) = ( ’518182
4

|5152S1

|525181

)
3 (i)
G

=1 ()
G
$(gghonea)

The last state to consider is

P‘ SaySas 8a3> .

Acting on these states with J? yields

15
J? (‘315151>) = 6(1)’513130
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7 (F|523132>) = 2N (Isasmsa) — Isasasi),

) 33
J (F\525231>) = 5(1)(\325251> — |s28182)).

(719)

(720)

(721)

(722)

(723)

(724)

(725)

(726)

(727)

(728)

(729)



N

15
J? (P|828282>> = 6<Z)|828282> (730)

15

J2 (P|518182>) = Q(Z)(|S13152> + |828181> + |31$281>), (731)

which implies these states have spin-3/2. All these results can be checked using MATHE-
MATICA (see Appendix A.6).

Recall the fact that the SU(2) representations decomposed as follows 1/2 ® 1/2 =

3/2 @ (2)1/2. Thus, we see the above projection operators project a state |Sq, SaySas) tO
the corresponding subspace; more precisely, the projectors PHj projected to the subspace

representing spin-1/2 and B projected to the subspace representing spin-3/2.

A.4 Mathematica Sample Code: Character Formulas

To determine the spectrum of primaries, one can make use of the following code

(* su(2) product rule for the Xsx)
XRR := Table |
X[j1 1 X[j2] —> Sum [X [I], {I , Abs[j1 — j2], j1 +j2}], {j1 . 0,
12, 1/2}, {j2 , 0, 12, 1/2 }] ;

5 FXRR := Flatten [ XRR | ;

i (% rule for the product of Ys x)

YRR:=XRR /. X —>Y

TRR := Flatten [ Append [ XRR , YRR ] ]

(* remove the scalar factors x)

Zer := { X[0] =—>1,VY[0] —> 1, X[-1] —> 0, Y[-1] —> 0, X[-1/2] —> 0,
Y[-1/2] —> 0}

TRRZ := Flatten [ Append [ TRR , Zer ] ]

s (x check the su(2) product is workingx)

Y[1/2] Y[1] X[3/2] X[3/2] //. TRRZ

i (* this is chi(s"n,x"n,y"n) x)

chi[n_] := (s"n Expand|
Sum(s”(n q) (Sum[X[q n/2 — n ], {I, 0, IntegerPart[q/2]}] —
Sum[X[q n/2 —n | —1],{l, O,
IntegerPart[(q — 1)/2]}]) (Sum][
Y[gn/2 —nl], {l, 0, IntegerPart[q/2]}] —
Sum[Y[gn/2 —nl—1],{l, O,
IntegerPart[(q — 1)/2]}]), {a. 0, 10/n}]]) //. TRRZ;
(x+ This is the inverse of P x)

S IP =145 —s (1 +5"2) X[1/2] Y[1/2] + s"2 X[1] + 2 Y[1];

The spectrum for primaries built out of three fields can be determined from the code
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1 (* Sym (V"3) %)

2 f111[n_] =

s Expand[Coefficient[s (1 — s"2) (chi[1] chi[l]), s"n]] //. TRRZ;

1+ f21[n_] := Expand[Coefficient[s (1 — s"2) (chi[2]), s"n]] //. TRRZ,
5 f3[n_] := Expand[Coefficient[chi[3] IP, s"n]] //. TRRZ;

6 sym3[n_] := (f111[n] + 3 f21[n] + 2 f3[n])/6 //. TRRZ;

7 Aa3[n_] := (f111[n] — 3 f21[n] 4+ 2 f3[n])/6 //. TRRZ;

s M3[n] := (2 f111[n] — 2 f3[n])/3 //. TRRZ;

10 (x Here, we calculate to order s"7 x)
11 n = 7;

> Expand[Simplify[f111[n]]]

s Expand[Simplify[f21[n]]]

14 Expand[Simplify[f3[n]]]

5 Expand[Simplify[sym3[n]]]

Finally, we can implement the generating function using the following code

(x ns is for Sym(V"n) and nd sets the dimension )

2 ns =3; nd =§;
3 (x build 1/det() *)
: G = Product]

5 Product[Product[l — t s"(q + 1) x"a y°b, {a, —q/2, q/2}], {b, —q/2,
6 q/2}], {a, 0, nd — ns}];

7 (x build generating function )

s H = Series|

o Coefficient|

10 Series[(1 — 1/x) (1 — 1/y) (1 — s Sqrt[x y]) (1 —

11 s Sart[x/y]) (1 — s Sartly/x]) (1 —s/Sart[xy])/G, {t, 0,

2 ns}], t*ns], {s, 0, nd}];

3 (x extract positive powers x)

i K = Sum[Coefficient[Series[X (H /. {x —> X"2, y —> Y"2}), {X, 0, 20}],
5 X*n] X*(n — 1), {n, 1, 20}];

16 Expand[Sum]

17 Coefficient[Series[Y K, {Y, 0, 20}], Y"n] Y*(n — 1), {n, 1,

18 20}] /. {X —> Sqrt[x], Y —> Sqrt[y]}]

A.5 Mathematica Sample Code: Gegenbauer Polynomials

To determine the Gegenbauer polynomials, we used the following input code

L f=1/(1 — 2 x+t + t7{2})"(\[Omega));

2 k = 4; (x since the summation starts from 0, this determines the \
first 5 polynomials x)

+ (x* In this loop, we use the formula determined earlier in this \
dissertation — note, here we added the term t™{n} x)
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V)

For[n =0, n < k + 1, n++,
Print[(1/(n!))*(t"{n})=(D[f, {t, n}] /. t —> 0)]]

and thus received the following output

{1}
{2t x \[Omega]}

3 {1/2t"2 (=2 \[Omega]—4 x"2 (—1—\[Omega]) \[Omega])}

V]

{1/6 t"3 (12 x (—1—\[Omega]) \[Omega]+8 x"3 (—2—\[Omega]) (—1—\[Omega]) \[Omega])}
5 {1/24 t°4 (=12 (—1—\[Omega]) \[Omega]—48 x"2 (—2—\[Omega]) (—1—\[Omega]) \[Omega]—16 x"4

(—3—\[Omega]) (—2—\[Omega]) (—1—\[Omega]) \[Omega])}

Finally, we tested if these polynomials do indeed correspond to primaries. As an example,

we used the following code

(x By using the substitution x = \[Beta]/\[Alpha], \[Omega] = d/2 — \
3/2, and t = \[Alpha], we obtain the polynomials for our case. To\

s test if these polynomials do lead to primary operators, we use the \

differential ~operator derived earlier in this dissertation . As an\

5 example, consider the 4th polynomial above x)

1(

11

12

13

g=1/61t"3(12x (—1 — \[Omega]) \[Omega] +
8 x"3 (—2 — \[Omega]) (—1 — \[Omega]) \[Omega]);
x = \[Beta]/\[Alpha];
t = \[Alphal:
\[Omega] = d/2 — 3/2;
d«Dl[g, \[Alpha]] — 2 D[g, \[Alpha]] + \[Alpha]«D[g, {\[Alpha], 2}] +
2 \[Beta]*xD[g, \[Alpha], \[Beta]] + \[Alpha]«D[g, {\[Beta], 2}]

Note, that the differential operator we are referring to is equation 421.

A.6 Mathematica Sample Code: Total Angular Momentum Op-

erator

(+ Basis vectors for 3 spin=1/2 particles x)

bas = {{1,0, 0, 0, 0, 0, 0, 0}, {0, 1, 0, O, O, O, O, 0O}, {0, O, 1,
0,000 0} {0,0 0,1, 0 0 0 0} {0,000 1 0,0,
0}, {0, 0,0 0,0 1, 0, 0}, {0, 0, 0, 0, 0, 0, 1, O}, {0, O, O,
0,0 0,0 1}};

slslsl = bas [[1]];
s2s2s2 = bas [[8]];

9 slsls2 = bas [[2]];

s1s2s1 = bas [[3]];
s1s2s2 = bas [[4]];
s2slsl = bas [[5]];
s2s1s2 = bas [[6]];
s2s2s1 = bas [[7]];
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16 (*+ Next, we build the total spin operator’s matrix x)
17 ident = {{1, 0}, {0, 1}};

= j1 = {1/2 {{0, 1}, {1, 0}}, 1/2 {{0, —1}, {1, O}},

oo 1/2{{1, 0}, {0, —1}}};

20 j2 ={1/2 {{0, 1}, {1, 0}}, 1/2 {{0, -1}, {1, O}},

21 1/2 {{1, 0}, {0, —1}}};

2 j3 ={1/2{{0, 1}, {1, 0}}, 1/2 {{0, -1}, {1, O}},

= 1/2{{1, 0}, {0, —1}}}

24

25 j13 = Table]

26 KroneckerProduct[KroneckerProduct[j1[[a]], ident], ident], {a, 1,

2 3

28 j23 = Table[

20 KroneckerProduct[KroneckerProduct[ident, j2[[a]]], ident], {a, 1,

30 3}];

31 j33 = Table[
KroneckerProduct[KroneckerProductlident, ident], j3[[a]]]. {a, 1.
CHE

34

35 tsop = ((9/4)*

36 KroneckerProduct[KroneckerProduct[ident, ident], ident] +
24713 (1)) 123 [[1]] + 313 [I2]]- 123 (2] + 13 (8]} 123 [B])) +

s 2¢(13 [[1]] j33 [[1] + 13 [[2]]. 33 [[2]] + 13 [[3]] j33 [[3]]) +

o 2+(j23 1] j33 [(1]] +j23 [[2]]. 33 [[2]] + j23 [[3]]- j33 [[3]]) )

147



References

[1] J. Maldacena , “The Large N Limit of Superconformal Field Theories and
Supergravity,” International ~Journal of Theoretical Physics (1999) 38: 1113.
do0i:10.1023/A:1026654312961 [arXiv:hep-th/9711200]1, 3, 2

[2] M.A.Vasiliev , “Introduction into higher-spin gauge theory,” Lecture notes which can be
found at: http://www.staff.science.uu.nl/ 3021017/higherspin.htm1, 2

[3] S. Giombi, X.Yin , “Higher Spin Gauge Theory and Holography: The Three-Point Func-
tions,” arXiv:0912.3462v4 [hep-th]1, 2.2, 2.4, 3

[4] C.Bachas, et al. , “Unity from Duality: Gravity, Gauge Theory and Strings - Les Houches
Session LXXVI,” Springer, ISBN : 9783540362456 1

[5] D. Skinner , “Quantum Field Theory II: University of Cambridge Part III Mathematical
Tripos,” http://www.damtp.cam.ac.uk/user/dbs26/AQFT /chaps1+2.pdf1

6] K. Zarembo , “Localization and AdS/CFT Correspondence,” arXiv:1608.02963v3 [hep-
th]1

[7] V. Pestun, M. Zabzine , “Introduction to localization in quantum field theory,”
arXiv:1608.02953v3 [hep-th] 1

[8] V. Pestun et al., “Localization techniques in quantum field theories,” arXiv:1608.02952
[hep-th]. 1

9] N. Beisert, et al , “Review of AdS/CFT Integrability: An Overview,” Lett. Math. Phys.
99, 3 (2012) 1

10| J. Polchinski s “String Theory Volume 1: An Introduction to Bosonic StI‘iIlg Iheory,”
(2005), Cambridge UHiVGI’Sity PI"GSS, 1

[11] D. Tong , “David Tong: Lectures on String Theory- Lecture 6 Scattering Amplitudes,”
http://www.damtp.cam.ac.uk/user /tong/string.html 1

[12] E. Witten , “Chern-Simons Gauge Theory As A String Theory,” arXiv:hep-
th/9207094v2 [hep-th] 1

[13] D.S. Freed , “Classical Chern-Simons Theory, Part 1,” arXiv: 9206021v1 [hep-th] 1

[14] D. Gross , “High-energy symmetries of string theory,” (1988), PhysRevLett.60.1229,
1229-1232 1

[15] J.C. Lee, B.A. Ovrut et al , “Zero-norm states and enlarged gauge symmetries of the
closed bosonic string with massive background fields,” Lett. Math. Phys. 99, 3 (2012)1

148



[16] S.L. Ko, J.C. Lee, Y. Yang , “Patterns of high energy massive string scatterings in the
Regge regime,” (2009), Journal of High Energy Physics, JHEP06(2009) 1

[17] J.C Lee, Y. Yang , “Review on High energy String Scattering Amplitudes and Symme-
tries of String Theory,” arXiv:1510.03297v3 [hep-th]1

[18] G. Bonelli , “On the Tensionless Limit of Bosonic Strings, Infinite Symmetries and
Higher Spins,” arXiv: 0305155v3 [hep-th] 1

[19] G. Bonelli , “On the boundary gauge dual of closed tensionless free strings in AdS,”
(2004), Journal of High Enrgy Physics, JHEP11(2004)059 1

[20] G. Bonelli, “On the covariant quantization of tensionless bosonic strings in AdS space-
time,” arXiv: 0309222v4 [hep-th] 1

[21] G.K. Savvidy , “Gauge Fields-Strings Duality and Tensionless Superstrings,” arXiv:
0304160v1 [hep-th] 1

[22] P. Di Francesco, P. Mathieu, D. Senechal , “Conformal Field Theory,” (1997), Springer-
Verlag New York, Inc., ISBN 0-387-94785-X 1

[23] S. Minwalla , “Restrictions imposed by Superconformal Invariance On Quantum Field
Theories,” arXiv:hep-th/9712074v2 [hep-th]| 1, 4.5

[24] S. Giombi , “TASI Lectures on the Higher Spin-CFT duality,” arXiv:1607.02967v2 [hep-
th]1, 2, 2.1, 2.2, 2.2, 2.2, 2.3, 2.3, 2.4

[25] E.Fradkin, M.A. Vasiliev , “On the Gravitational Interaction of Massless Higher Spin
Fields,” Phys.Lett. B189, 89-95 (1987). doi: 10.1016/0370-2693(87)91275-52, 2.2

[26] M.A.Vasiliev , “Consistent equation for interacting gauge fields of all spins in (3 + 1)-
dimensions,” Phys.Lett. B243, 378-382 (1990). doi: 10.1016/0370-2693(90)91400-62, 2.2,
9.4, 2.4

[27] M. A. Vasiliev, “More on equations of motion for interacting massless fields of all spins
in (341)-dimensions,” Phys. Lett. B 285, 225 (1992). doi:10.1016/0370-2693(92)91457-K
2,24

[28] M. A. Vasiliev, “Higher spin gauge theories in four-dimensions, three-dimensions, and
two-dimensions,” Int. J. Mod. Phys. D 5, 763 (1996) do0i:10.1142/S0218271896000473 [hep-
th/9611024]. 2, 2.4

[29] M. A. Vasiliev, “Higher spin gauge theories: Star product and AdS space,” In *Shifman,
M.A. (ed.): The many faces of the superworld* 533-610 doi:10.1142/9789812793850,030
[hep-th/9910096]. 2, 2.4

149



[30] C. Fronsdal , “Massless fields with integer spin,” (1978), Phys. Rev. D, Vol. 18-10,
3624-3629 2.1

[31] M. E. Peskin, D. V. Schroeder , “An Introduction to Quantum Field Theory,”(1995),
Westview Press, ISBN 13 978-0-201-50397-52.1

[32] S.Coleman, J.Mandula , “All Possible Symmetries of the S Matrix,” Physical Review
159.5 (1967): 1251-12562.1

[33] M. B. Green, J. H. Schwarz, E. Witten , “Superstring Theory Volume 2: Loop ampli-
tudes, anomalies and phenomenology,” (1987), Cambridge University Press, ISBN 0-521-
32999-X 2.2

[34] L.R. Klebanov, A.M. Polyakov , “AdS Dual of the Critical O(N) Vector Model,”
Phys.Lett. B550 (2002) 213-219, arXiv:hep-th/0210114v42.4

[35] J. de Boer , “Introduction to the AdS/CFT Correspondance,” DESY 3, 2

[36] E. Witten , “Anti De Sitter Space and Holography,” arXiv:hep-th/9802150v2 [hep-th]
3,3

[37] M. Ammon, J. Erdmenger , “Gauge/Gravity Duality- Foundations and Applica-
tions,” (2015), Cambridge University Press, ISBN 978-1-107-01034-53, 2

[38] P. Breitenlohner and D. Z. Freedman, “Stability in Gauged Extended Supergravity,”
Annals Phys. 144, 249 (1982). doi:10.1016/0003-4916(82)90116-6 3

[39] S.S. Gubser, L.R. Klebanov, A.M. Polykov , “Gauge Theory Correlators from Non-
Critical String Theory,” arXiv:hep-th/9802109v2 [hep-th] 3

[40] R. de Mello Koch, J.P. Rodrigues, “Systematic 1/N corrections for bosonic and
fermionic vector models without auxiliary fields,” (1996), Phys.Rev. D54 7794-7814, [arX-
ive: hep-th/9605079v2] 3, 3

[41] S. Coleman , “Aspects of Symmetry,” (1985), Cambridge University Press, ISBN 0 521
26706 43, 3, A.1,4

[42] R. de Mello Koch, A. Jevicki, K. Jin, J.P. Rodrigues, “AdS,/CFT; Construction from
Collective Fields,” arXiv:1008.0633v3 [hep-th]3

[43] S. R. Das, A. Jevicki, “Large-N Collective Fields and Holography,” arXiv:1008.0633v3
[hep-th] 3

[44] F.A. Dolan , “Character Formulae and Partition Functions in Higher Dimensional Con-
formal Field Theory,” arXiv: 0508031v2 [hep-th] 4.5, 4.6, 4.8

150



[45] R. de Mello Koch, S. Ramgoolam, “CFT4 as SO(4,2)-invariant TFT2,”
arXiv:1403.6646v2 [hep-th] 4.7

[46] T.H. Newton, M. Spradlin , “Quite a Character: The Spectrum of Yang-Mills on S3,”
arXiv: 0812.4693v1 [hep-th] 4.8

[47) R. de Mello Koch, R. Kreyfelt, N. Nokwara, “Finite N Quiver Gauge Theory,”
arXiv:1403.7592v1 [hep-th] 4.8

[48] M.S. Costa, J. Penedones, D. Poland, S. Rychkov , “Spinning Conformal Correlators,”
arXiv: 1107.3554v3 |[hep-th] 5.6

[49] S. Giombi, V. Kirilin , “Anomalous dimensions in CFT with weakly broken higher spin
symmetry,” arXiv: 1601.01310v2 [hep-th] 5.6, 8

[50] J. Avery , “Hyperspherical Harmonics: Applications in Quantum Theory,”(1989),
Kluwer Academic Publishers, ISBN-13: 978-94-010-7544-25.6

[51] E.M. Stein, G. Weiss , “Introduction to Fourier Analysis on Euclidean Spaces,”(1971),
Princeton University Press, ISBN: 0-691-08078-X 5.6, 5.7

[52] M. Eastwood , “Higher Symmetries of the Laplacian,” arXiv: 0206233v1 [hep-th] 8

[53] T.W. Brown, P.J. Heslop, S. Ramgoolam , “Diagonal free field matrix correlators,
global symmetries and giant gravitons,” arXiv:0806.1911v2 [hep-th] 8

151



	Motivation
	Higher Spin Theory
	Higher Spin Theory: Flat Spacetime
	Higher Spin Theory: AdS Spacetime
	Twistor Variables and the -Product Realization of the Higher Spin Algebra
	AdS4 Bosonic Vasiliev Theory

	Holography
	Spectrum of Primaries
	Objective
	The Conformal Group SO(4,2)
	Group Characters
	Example Using SU(2) Characters
	Group Characters of SO(4,2)
	Product of Two Operators
	Product of Many Operators
	Deriving a Generating Function for the Spectrum of Primaries

	Constructing Higher Spin Currents/ Primaries
	Spin-2 Primary Operator
	Spin-3 Primary Operator
	Spin 3 Primary: Using the Subalgebra
	Performing Checks On Our Construction
	Constructing Primaries with Mixed Symmetry
	A More Efficient Method Through Gegenbauer Polynomials
	Extracting Primaries from F(,)
	An Algorithm to Construct More General Primaries
	Constructing Polynomials Using Complex Coordinates

	Conclusion
	Appendices
	The large N limit
	The General Primary Operator for Four Fields: Construction
	Spin, Representations, and Projectors
	Mathematica Sample Code: Character Formulas
	Mathematica Sample Code: Gegenbauer Polynomials
	Mathematica Sample Code: Total Angular Momentum Operator


