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Abstract

Incomplete data sets have been a problem in most studies, however, few studies

have come to realise that imputation is a solution to this problem. Incomplete data

can have a significant effect on the conclusion drawn and decision made. To solve

the problem of incomplete data, one should use techniques to recover those missing

values, depending on how much the data is missing, how big is the data, how the

data has gone missing, etc. In this report, we aimed to compare the performance

of the EM algorithm and matrix completion when imputing the missing values for

varying degrees of missing data.

Kullback-Leibler (KL) divergence was used as an evaluation metric to observe the

performance of Expectation-Maximization (EM) algorithm and matrix completion

when estimating missing values relative to the ground-truth distribution. The find-

ings of this research shows that the EM algorithm outperformed matrix completion

in both the theoretical (the simulated scenarios of learning from varying degrees

of missing data) and the application (the application of theoretical model on real-

world data on credit card fraud) models. Few similarities of the algorithms were

observed when recovering missing values such as the increasing trend of error as

missing values increases and the impact of increasing number of variables in a data

set.

Matrix completion only performed better when missing values were beyond ap-

proximately 77%. Therefore, from our findings, we conclude that when less than

50% of the data is missing, EM algorithm produces accurate predictions. The EM
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algorithm performed better compared to the matrix completion since it first learned

the data itself and used maximum likelihood procedures to estimate the parameters

of the model while the matrix completion analysed the existing pattern from rows

and columns and imputes them using the pattern learned in the data.
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Chapter 1

Introduction
Incomplete data is a problem in many research fields because it has a significant

effect on decision making and conclusions drawn (Liu and Gopalakrishnan, 2017).

Numerous researchers often tend to avoid imputation and they discard all the rows

or variables that consist of missing values (White and Carlin, 2010). This is a risky

step to take because one may find that the observable data is not a representative of

the whole data set. Algorithms should be used to predict missing values (Bae et al.,

2016). This study aims to help people who depends on data to draw conclusions

(decision making).

The purpose of this study is to explore the importance of imputing missing values

instead of ignoring them. It shows the capability or potential of the Expectation-

Maximization (EM) and matrix completion algorithms to estimate missing data for

varying degrees of missing values in data sets. Two different kinds of data sets, a

simulation and a credit card fraud detection data sets were deployed for this pur-

pose.

Due to high rate of incomplete data sets owing to data privacy, incorrect measure-

ment and other reasons, this research may contribute to fields that rely on data or

information to make decisions by estimating the missing values in a data sets using

the models or algorithms used in this research. The study sought to answer ques-

tions such as: What is the minimum number of samples which can be missing in

the data set to get an acceptable entropy to the ground-truth distribution?

Recently, numerous studies have shown interest in solving the issue of estimating

missing values by developing, optimising and comparing algorithms that impute
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missing values. Juhola and Laurikkala (2013) presented the imputation of missing

values on a classification problem and discovered that for a two-class data set, even

if the data set consists about 20% to 30% of missing values, good results were still

produced. However, for more than two-class data sets, 10% to 20% of missing data

can badly affect the conclusion. A guide on handling missing values of counselling

psychology information presented by Schlomer et al. (2010), compared three dif-

ferent kinds of imputation techniques. Multiple imputations and full information

maximum likelihood were recommended over mean substitution.

In this research project, we aimed to observe the performance of the EM algorithm

through a generated data set that follows a Binomial distribution. Several data sets

were generated with varying degrees of missing data using a Bayesian network.

The ratio of missing data ranges from 10% to 90% with a step of 10% was hidden

(treated as missing values) and the EM algorithm in Bayesian network and the ma-

trix completion were used to recover them. The metric used to compare the learned

distribution to the ground-truth distribution was the Kullback-Leibler (KL) diver-

gence. The ground-truth distribution was compared with estimated distributions

(the distributions that consist of estimated data) after imputing the missing values.

The above model is called a theoretical model because it meant to simulate the sce-

narios of learning from varying degrees of missing data.

Different sets of variables with different data set sizes were used to train the theo-

retical model. We observed the distance between the ground-truth distribution and

the learned distribution using KL divergence. From our observation, it was noted

that the EM algorithm outperformed the matrix completion from as little as 10% of

missing values until approximately 77% for all different number of variables.

The performance of both algorithms were studied using a real-world data set (the

credit card fraud detection data set) of size 307497 with 23 variables obtained from

a public data set (Kaggle). We noted a dramatic difference between the algorithms
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when over 40% of the data is missing. The EM algorithm performed well with a

lower KL divergence value compared to the matrix completion method. The EM

algorithm is therefore better than the matrix completion in the context explored by

this research project.

1.1 Contributions

Contributions of this report to literature are outlined as follows:

• An empirical analysis between the EM model and matrix completion model

to recover various degrees of missing values over different sets of variables.

• A framework to estimate how much missing information will provide reliable

results (when comparing the learned distribution to the ground-truth distri-

bution).

• An application of this case study in the financial sector to assist in estimating

missing values in a credit card fraud detection data.

1.2 Research Aim and Objectives

This research aims to compare the most widely used techniques (the EM algorithm

and matrix completion) in the recovery of missing values.

The objectives of this research are to:

1. Evaluate the performance of the EM algorithm versus matrix completion when

recovering missing values.

2. Generate a theoretical model that will be used to recover missing values.

3. Use KL divergence to observe the error rate when imputing missing data both

on a synthetic and real-world data set.
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1.3 Research Questions

This research report has answered the following questions:

1. Does the EM algorithm or matrix completion perform better in recovering

different degrees of missing values with different numbers of variables?

2. How much data is necessary to reconstruct the ground-truth distribution?

3. In the case of the best algorithm, does the type of distribution of a data set

affect its performance?

This research report is structured as follows: the first chapter consists of an intro-

duction of study, aim and objectives, problem definition and research questions.

Related work is outlined in Chapter 2, followed by a detailed methodology (imput-

ing missing data) of the study in Chapter 3. In Chapter 4, we presented the results

of our application model. Lastly, we present the conclusion and future work in

Chapter 5.
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Chapter 2

Literature Review
The presence of missing values occurs when there is no observation for a variable

in a data set (Nelwamondo et al., 2013). The incidence of missing values may be

caused by a respondent’s failure to answer questions, incorrect calculation or hu-

man error etc. Agarwal and Tangirala (2017) indicated that there is no algorithm

that can perfectly imputes missing values. For missing data to be imputed, the na-

ture of the data set must be understood (Schafer and Graham, 2002). Replacing

missing values with plausible values is a common solution to a problem of coping

with missing values. This chapter introduces related work of this study.

2.1 Research Question 1- Comparison Between EM Al-

gorithm and Matrix Completion

A summary of the literature review is presented on the Table 2.1 based on the re-

search question of comparing the performance of EM algorithm and matrix com-

pletion when estimating missing values. Each column presents the dimension of

each paper. The author column presents author names for each paper, data is the

data set used by a particular paper, models compared present the various models

that were compared, best model is the model that performed better than the other

ones on that paper and lastly, the error column is the error for the best performing

model.
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TABLE 2.1: Comparison between EM and matrix completion

Authors Data Models compared Best models Error

Emmanuel

and Recht

(2009)

Generated

random

positive

data (841)

Matrix completion and

Minimum Mean Square

Error (MMSE)

Matrix completion 0.091

MSE

Schmitt et

al. (2015)

Iris (100),

E. coli

(129),

Breast

cancer

1(80),

Breast

cancer

2(89)

Singular Value De-

composition (SVD),

K-Nearest Neighbor

(KNN), Mean imputa-

tion, bayesian Principle

Component analysis

(bPCA), Fuzzy K-

Means, and multiple

imputations by chained

equations (MICE)

bPCA with Fuzzy K-

means

0.057

RMSE

Yu et al.

(2013)

Ailerons

(4752),

Elevators

(6344),

Bank

(2999),

Stocks

(633),

Boston

Housing

(337)

1-nearest neighbor (1-

NN) imputation, mean

imputation, Extreme

Learning Machine

(ELM)

Extreme Learning

Machine (ELM)

0.03

MSE
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Cai et al.

(2010)

geodesic

distance

(10000 and

1000)

Matrix completion and

Singular Value Thresh-

olding (SVT)

Matrix completion 1.73104

rela-

tive

error

Jerez et al.

(2010)

"El Álamo

I" breast

cancer

data set

(3679

records)

Multiple Imputation,

Mean (Mode), hot-

Deck, K-Nearest Neigh-

bour Impute (K-NNI),

Self-Organising Maps

(SOM), and Multi-layer

Perceptron (MLP)

multi-layer per-

ceptron (MLP),

self-organisation

maps (SOM) and

k-nearest neighbour

(KNN)

0.0091

MSE

Combettes

and Pes-

quet

(2011)

Netflix

(500)

Matrix completion and

nuclear norm combined

with the graph regular-

ization

Matrix completion

and nuclear norm

combined with the

graph regularization

0.0063

MSE

Demirtas

(2004)

psychiatric

data

Multiple imputation,

ANOVA and Last obser-

vation carried forward

(LOCF)

Multiple imputation 0.08

MSE

Wang

and Wang

(2010)

Home

Mortgage

Disclo-

sure Act

(HMDA)

linear discriminant

analysis, back-

propagation neural

networks (BPNN) and

Last observation carried

forward (LOCF)

back-propagation

neural networks

(BPNN)

68.5%

accu-

racy
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Fekade et

al. (2017)

data col-

lected

in IoT

systems

(sensors)

Probabilistic matrix fac-

torization (PMF), SVM

and Deep Neural Net-

work

Probabilistic matrix

factorization (PMF)

81%

accu-

racy

2.1.1 Data Used

Several data sets were used to develop the algorithms to estimate missing values in

a data set. Jerez et al. (2010) used “El Álamo I” breast cancer data set that consists

of 3 679 records from one of the biggest databases in Spain that focuses on breast

cancer. Similarly, Schmitt et al. (2015) used 4 different data sets such as the popu-

lar Iris data set with only 100 flowers (records) and 4 variables, the E.coli data set

that was obtained from UCI machine learning repository with 129 E.coli proteins

(records) and 5 variables, lastly breast cancer 1 data set represents 146 records with

4 variables.

Recently, Fekade et al. (2017) used Internet of Things (IoT) sensed data set from

different sensors deployed in the Intel Berkeley Research Laboratory. The data set

started from February 28th to April 5th, 2004 with measures or data collected every

30 seconds (2,313,682 records). Yu et al. (2013) also used 5 different data sets to

observe a best technique that imputes missing values with a small error. The data

sets are: Ailerons (7129,5), Elevators (9517,6), Bank (4499,8), Stocks (950,9) and lastly

Boston Housing (506,13).

All of the above data sets are found from the UCI machine learning repository

which are publicly available. The above data sets were used in different studies

to learn different models that can potentially estimate missing values in data sets.
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Some data sets deployed were too small to define a model that can be used to im-

pute missing values as it is known that in most cases, the real world data sets are

massive.

2.1.2 Models Compared to Compute Missing Data

Different authors compared different types of techniques to estimate missing val-

ues in a data set. Jerez et al. (2010) compared statistical techniques (Multiple Im-

putation, Mean (Mode), hot-Deck) together with machine learning techniques (K-

Nearest Neighbour Impute (K-NNI), Self-Organising Maps (SOM), and Multilayer

perceptron (MLP)) and it was found that machine learning techniques outperform

statistical techniques.

Schmitt et al. (2015) used a breast cancer data set to compare various techniques that

imputes missing values such as Singular Value Decomposition (SVD), K-Nearest

Neighbor (KNN), Mean imputation, bayesian Principle Component Analysis (bPCA)

with Fuzzy K-Means, and multiple imputations by chained equations (MICE) and

it was found that bPCA with Fuzzy K-means performs better than the other tech-

niques. Extreme Learning Machine(ELM) performed well with less Mean Square

Error (MSE) compared to 1-nearest neighbor (1-NN) imputation and mean imputa-

tion (Yu et al., 2013).

Emmanuel and Recht (2009) and Cai et al. (2010) found that matrix completion out-

performed Singular Value Thresholding (SVT) when geodesic distance data set was

used, and it outperformed Minimum Mean Square Error (MMSE) when generated

random positive data was deployed. Similarly, a small error was obtained by Com-

bettes and Pesquet (2011) when matrix completion and nuclear norm combined

with graph regularization was used.
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Demirtas (2004) compared multiple imputation, Analysis of Variance (ANOVA)

and Last Observation Carried Forward (LOCF) to impute missing values on psychi-

atric data. Multiple imputation was found to be the best model. Back-propagation

Neural Networks (BPNN) was found to be the best model with the highest accu-

racy compared to linear discriminant analysis and LOCF to estimate missing values

(Wang and Wang, 2010). Furthermore, Probabilistic Matrix Factorization (PMF),

Support Vector Machine (SVM) and Deep Neural Network were compared to es-

timate missing values by Fekade et al. (2017) and PMF outperformed other tech-

niques.

2.1.3 Literature Approved Model

BPCA with Fuzzy K-means was presented by Schmitt et al. (2015) as the best model

with 0.057 RMSE when imputing missing values. The best model was found to be

Extreme Learning Machine with an MSE of 0.003 (Yu et al., 2013). Emmanuel and

Recht (2009) and Cai et al. (2010) found that matrix completion outperformed other

models with MSE of 0.091 and 0.00017310. PMF was found to be the best model

when estimating missing values with 81% accuracy. Similarly, 65.5% accuracy was

obtained by BPNN as the best model to impute missing values (Wang and Wang,

2010). Lastly, Combettes and Pesquet (2011) presented the smallest error of 0.0063

MSE obtained by matrix completion and nuclear norm combined with the graph

regularization which makes it the best model. All the best model mentioned above

are with respect to the findings of the author of each paper.

This study investigated the performance of the EM algorithm and matrix comple-

tion when estimating missing values. Major takeaway from this section is the il-

lustration and the importance of missing value imputations. The effectiveness of

techniques that imputes missing values are presented. The behavior of each tech-

nique is observed together with the sizes of the data sets used. EM algorithm and
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matrix completion were chosen to be compared in this report since they can better

handle a large dimension of data sets when forecasting missing values.

2.2 Research Question 2- Reliability to Make Accurate

Predictions with Incomplete Data Set

Table 2.2 presents papers that have used data recovery mechanisms to forecast how

much data is needed to make reliable predictions. The author column presents

the different authors for each paper, data is the data sets that were used on that

particular research, % missing presents the ratio of data that is missing in a data

set, the models that were deployed for each research are presented in the models

and the evaluation shows the accuracy or the error of the model when predicting

missing values.

TABLE 2.2: Reliability to make accurate predictions

Authors Data % missing Models Evaluation

Geng et al.

(2010)

face images performance

on different

ratio from

10% to 90%

Multilinear subspace

analysis (MSA),

M2SA,kernel-

based PCA

(KPCA),laplacianface,

eigenface, fisherface,

KNN

M2SA

with

5.36(MAE)

(over 80%

accuracy)

Sehgal et al.

(2005)

microarray data

(time series and

non-time series)

modeled on

1 to 20% and

applied to

1.7%

KNN, LSImpute,

BPCA,and collat-

eral missing value

estimation (CMVE)

CMVE

with

0.0064

MSE
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Heijden et al.

(2006)

diagnosis of pul-

monary embolism

data

38% complete case analy-

sis, missing-indicator

method, single

imputation of un-

conditional and

conditional mean,

and multiple imputa-

tion (MI)

MI with

the re-

ceiver

operating

character-

istic curve

area of

above 0.75

Stefanakos

and Athanas-

soulis (2001)

simulation of an

incomplete non-

stationary time

series of wave

16.5% and

33%

Autoregressive–

moving-average

[ARMA(2,2)]

0.108 MSE

Purwar and

Singh (2015)

Pima Indians Di-

abetes, Wisconsin

Breast Cancer,

Hepatitis

Trained on

25%, 50%

and 75%

hybrid prediction

model with missing

value imputation

(HPM-MI)

HPM-MI

performed

well with

99.82%

for Pima,

99.39%

breast can-

cer and

99.08% for

Hepatitis

accuracies
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2.2.1 Data Used

The data set used by Geng et al. (2010) is ‘illum’, a subset of the CMU PIE database

(face image data set). The images differ by poses and illumination for each individ-

ual. The data set consists of 18 564 images, each person captured 13 different poses

and 21 illuminations. Sehgal et al. (2005) performed an analysis of imputing miss-

ing values on 4 different types of microarray data set (time series and non-time se-

ries) with 6445 and 6179 records respectively. Similarly, the diagnosis of pulmonary

embolism data with 398 patients (records) was deployed (Heijden et al., 2006).

2.2.2 Models

Purwar and Singh (2015) performed an analysis of missing values using hybrid

prediction models with missing value imputation (HPM-MI) technique on various

degrees of missing values (25%, 50% and 75%) with 4 different types of data sets.

ARMA(2,2) model performed well on simulation of an incomplete non-stationary

time series of wave data with 16.5% and 33% of missing values (Stefanakos and

Athanassoulis, 2001). Heijden et al. (2006) presented that multiple imputation (MI)

outperformed complete case analysis, missing-indicator method, and single impu-

tation of the unconditional and conditional mean. on a data set that presented 38%

of missing values.

Multilinear subspace analysis (MSA), Multilinear Subspace Analysis with Missing

values (M2SA), kernel-based PCA (KPCA), laplacianface, eigenface, fisherface and

KNN imputation models were compared to impute missing values on different de-

grees of missing values that range from 10% through 90% with a step of 10% and

M2SA outperformed other models with high accuracy (Geng et al., 2010). Collat-

eral missing value estimation (CMVE) outperformed KNN, LSImpute and BPCA

on a data set that was trained on 1% to 20% of missing values and tested on 1.7% of

missing values (Sehgal et al., 2005).
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2.2.3 Literature Approved Model

Purwar and Singh (2015) presented the performance of HPM-MI on 3 different data

sets and the accuracies were as follows: 99.82% on Pima, 99.39% Breast cancer and

lastly, 99.08% for Hepatitis data set. The ARMA(2,2) model performed well with

0.108 MSE and CMVE outperformed other techniques with 0.0064 MSE. Geng et al.

(2010) demonstrated that M2SA outperformed other models with an accuracy of

80% and MI performed well with an accuracy of 79%.

No matter how hard the missing values are prevented in a data set, missing data

occurs. Researchers are finding a way to design and optimise algorithms that can

better learn with the presence of missing values. A key takeaway from this section is

to show that the reliable conclusion can still be made with a certain ratio of missing

values (Friedman, 2013). The EM algorithm and matrix completion performs better

with the presence of missing values and hence were chosen to be compared.
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Chapter 3

Imputing Missing Data

3.1 Introduction

This report aimed to evaluate the performance of the Expectation-Maximization

(EM) algorithm and the matrix completion when imputing missing values in a data

set with varying degrees of missing data. This section explicitly explains the overall

methodology that had been used in this report together with data sets and evalua-

tion metric.

3.2 Motivation

The study was motivated by massive inadequacy of techniques that are deployed

to estimate missing data. Imputing missing values is challenging especially when

no one understands the missing mechanism (Missing at Random, Missing Not at

Random and Missing Completely at Random) and when the missing ratio is above

10% (Stuart et al., 2009).

Studies by Nigam et al. (2000) and Celeux et al. (2001) indicated that the EM algo-

rithm in a Bayesian network performs better than a lot of well-known imputation

techniques such as listwise deletion, mean (mode) imputation, regression imputa-

tion, etc. The EM algorithm unlike other techniques that are used to impute miss-

ing values, it learns the data and attributes before imputing the missing data and

it guarantees the convergence (Zhang et al., 2011). On the other hand, matrix com-

pletion recovers missing information in a data set by analysing the existing pattern
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from rows and columns and impute the missing entries with the pattern learned in

a data set.

We chose the Bayesian network because of its ability to create distributions among

variables in the data set by simply changing its structure and parameters. We chose

the EM algorithm to impute missing values since Solanki et al. (2006) highlighted

the uniqueness of the EM algorithm when imputing missing values these includes

the use of the probabilities to approximate the missing values and the preserva-

tion of the correlation with other variables. Ajoodha and Rosman (2017) have also

indicated the power of EM algorithm by learning the influence between variables

in the incomplete data set using EM algorithm. Stephens and Scheet (2005) have

shown that Kullback–Leibler (KL) divergence is useful in measuring the difference

between two distributions or comparing distributions. Lastly, Matrix completion

technique was chosen as our baseline method.

3.3 Overview of the Research Methodology

The first step was to use the Bayesian network to generate a data set that is Binomi-

ally distributed with different variables. We then hid some of the data set in order to

estimate them later on. We first removed 10% of the data, which means we were left

with 90% observed data. We then estimated that particular 10% of the incomplete

data set and observed how good or bad is the model compared to the ground-truth

distribution using KL divergence.

The second step was to hide 20% and remain with 80% of the data. We then es-

timated that 20% of the data that was hidden, we later combined it with the 80%

that was remaining and then stored the data in a Bayesian network structure and

determined its distribution. We continued with the same approach of hiding values

from 10% until 90% with the step of 10%.
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On every step of hiding values, we compared the performance of the EM algorithm

with matrix completion and stored the results. The purpose of having distribu-

tions on each step is to compare the distributions that estimate the data set with the

ground-truth distribution (the distribution that generated a data set). The process

of imputing missing values was repeated 15 times in both algorithms and an aver-

age was plotted. Standard deviation was used as the error bar. The KL divergence

was used to compare the estimated distribution with the ground-truth distribution.

We performed a simulation study of a discrete data set that follows a binomial dis-

tribution. A total of 40 000 to 100 000 data points were simulated using Bayesian

network with different number of variables and different distributions, namely 4,

6, 8, 10 using MATLAB. Bayesian network structures were used to randomly gen-

erate the data sets. At each trial we randomised the structure and parameters of

the ground-truth model to ensure that we used a randomised distribution for each

trial.

The smallest Bayesian structure consists of 4 variables and the largest structure had

10 variables. These structures are treated as ground-truth distributions because

they are the ones that are being deployed to randomly generate the data set. For-

ward sampling methods were used to generate data from the ground-truth distri-

bution. Table 3.1 represents clearly the number of variables with respect to their

data points generated.

TABLE 3.1: Different variables with respect to the data points gener-
ated

4 variables 6 variables 8 variables 10 variables
Data
Points

40 000 60 000 80 000 100 000
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3.4 Methods

Recently, Balakrishnan et al. (2017) drew special attention showing that the EM

algorithm in a Bayesian network uses maximum-likelihood estimators to impute

missing data and now researchers are learning a lot around its behaviour. The

EM algorithm learns the data itself before imputing the missing values and it uses

maximum-likelihood procedures to estimate the model parameters. The matrix

completion is one of the famous techniques that is used to recover missing records

in data sets. The Netflix problem is the famous example that the matrix comple-

tion has solved, where movies were suggested for users based on what they have

watched before (Takács et al., 2008). We will firstly explore the matrix completion

algorithm in the next section and then we will explore the EM algorithm in the next

section.

3.4.1 Matrix Completion

The matrix completion method is an alternative approach that has been deployed

to recover missing data. Given a matrix of data P ∈Rm×n and is known to have a

rank r < m, n, where m > n, let Pk,l with (k, l) ∈ D be the set of observations where

D is an observe data. Our task is to recover latent values in P given the observable

values. Let the indices of r measured entries be H ⊂ {1, . . . , m}{1, . . . , n}. One of

the steps in the matrix completion is to find the matrix with the lowest rank P that

will be equal to a matrix A, that we are looking to recover, for all entries in H. The

mathematical formula is as follows:

min
P

rank(P)

subject to Pk,l = Ak,l∀k, l ∈ H
(3.1)

Generally, missing entries cannot be recovered if one cannot assume an additional

structure of data matrix P. It is highlighted by Genes et al. (2016) that most of
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the low-rank matrix can be estimated only if the number of entries sampled obeys

l ≥ Cn1.25rlogn where r is the rank of P and C is a constant that is positive with

a probability of 1− Cn−3logn to recover missing entries. In deploying the matrix

completion method missing values are estimated by minimising the decision vari-

able subject to an orthogonal projector of a variable equal to an orthogonal projector

of a data matrix P (Genes et al., 2016).

3.4.2 Expectation-Maximization Algorithm

The EM algorithm uses maximum-likelihood estimators to impute the missing val-

ues. For EM algorithm to impute missing values, it first estimates the parameter

by maximizing the log-likelihood function. The EM algorithm iterates between the

E-step and M-step to learn the parameter of the data, whenever the likelihood starts

having a small difference it stops (Griffiths and Yuille, 2008).

The EM algorithm’s first step is where the likelihood is calculated and is called the

E-step. The formula is given by the log-likelihood function of the parameters given

the data set. The data set must be partitioned into missing values and observed

values.

Let our complete data set be Y, we then have Y = (Yobs, Ymis). The distribution of Y

depends on the unknown parameter θ, i.e.

P(Y|θ) = P(Yobs, Ymis|θ) = P(Yobs|θ)P(Ymis|Yobs, θ) (3.2)

Equation 3.2 can be written as likelihood function,

L(θ|Y) = L(θ|Yobs, Ymis)

= aL(θ|Yobs)P(Yobs|Ymis, θ)
(3.3)
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Where a represents the constant term in the missing data mechanism and under

the assumption of Missing at Random (MAR) it may be ignored. In our case a was

ignored since we work under the MAR assumption. We get the following equation

when we take the log both sides in equation 1.4.

l(θ|Y) = l(θ|Yobs) + logP(Ymis|Yobs, θ) + log(a) (3.4)

Where l(θ|Y) is defined as the log-likelihood of complete data set, l(θ|Yobs) is the

log likelihood of the observed data, log(a) is the constant and P(Ymis|Yobs, θ) is the

predictive distribution of the missing data, given θ (Schafer, 1997).

Because Ymis cannot be calculated directly since it is unknown, we have to guess θ

denoted as θ(t) to compute the expectation of l(θ|Y) with respect to P(Ymis|Yobs, θ(t))

i.e.

Q(θ|θ(t)) = E[l(θ|Y)|Yobs, θ(t)]

=
∫

l(θ|Y)P(Ymis|Yobs, θ(t))dYmis

= l(θ|Yobs) +
∫

logP(Ymis|Yobs, θ)P(Ymis|Yobs, θ(t))dYmis

(3.5)

On the M-step of the EM algorithm, we obtain θ by maximizing the expectation of

the log-likelihood of complete-data from the E-step. This can be expressed mathe-

matically as:

θ(t+1) = arg max
θ

Q(θ|θ(t)) (3.6)

When the EM algorithm finds the parameters of the estimates, it starts with the

guess of θ0 and then iterates between the E-step and M-step until it reaches its con-

vergence step. It only converges when θ estimates differ with a small probability or

nearly identical (Hershey and Olsen, 2007).
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It is highlighted by Dempster et al. (1977) that the EM algorithm is an iterative

technique that iterates between E-step and M-step. It aims to find the estimates of

maximum likelihood of models with missing values. The four steps below briefly

describe how the EM algorithms behave when it estimates unobserved values.

1. Initialization step: the step is computed by guessing the parameter estimate

of θ0.

2. Expectation step: the E-step, the assumption is made to fix the parameters

θ(t−1) from the first step, the expectation of missing values is computed.

3. Maximization step: the M-step, in this step we deploy the values obtained

from the E-step and compute new parameter θt estimates that maximizes the

variation of the likelihood function

4. Exit condition: the convergence step, if the probability of the observations is

almost similar, it breaks or else it iterates from E-step

3.4.3 Summary of Methods

In this study, we compared the performance of the EM algorithm with the matrix

completion method when recovering missing values in a data set. The performance

of the above two techniques is observed through various degrees of missing values

in a data set from 10% through 90% of missing values. We deployed a credit card

fraud detection data set from a public data set (Kaggle).

When deploying the matrix completion, the missing values were imputed via Tem-

plates for First-Order Conic Solvers (TFOCS). Keshavan et al. (2010) indicated that

one of the underlying assumptions of the matrix completion is to have the rank

that is smaller than the number of instances and variables (r << m, n), where r

is rank, m is the number of instances and n is the number of variables. The EM
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algorithm was deployed in this study due to its magnificent performance when es-

timating missing values. It uses the probabilities to imputes the missing values. It

preserve the relationship with other variables and which is vital other than most

techniques that imputes missing values (McLachlan and Krishnan, 2007). All of the

above mentioned techniques were implemented in MATLAB.

3.4.4 Evaluation

KL divergence was used in this study to measure the performance of each model.

Two distributions which are the original distribution and estimated distribution

were compared using KL divergence to assess the performance of each model. The

small value (approximately zero) of KL divergence obtained after comparing the

two distributions illustrates a good performance of the model and a very large value

presents a poor performance of the model.

KL divergence is simply the distance between observed probability p(x) and esti-

mated probability q(x), it is used in machine learning and statistics to observe the

information loss when the approximation is done. This evaluation accuracy is used

mostly in fields like machine learning and Deep Learning, to be more precise, in

image, pattern and speech recognition (Dong and Peng, 2013).

D(p||q) =
∫

p(y)log
p(y)
q(y)

dy (3.7)

Below are the properties of the KL divergence.

1. If D(p||p) = 0 then it said to be self-similar.

2. D(p||q) = 0 if and only if p = q, it simply means the distance between those

two probability functions is zero and the probability functions are identical.

3. If D(p||q) ≥ 0 for all p, q, meaning there is a difference between the two prob-

ability functions. This property is called positivity.
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A major take away from this evaluation metric is that the smaller the value of

D(p||q), the better. If a large number of KL divergence D(p||q) is obtained, this sim-

ply means there is a huge difference between the true probability distribution func-

tion and the estimated distribution function. In this evaluation, D(p||q) 6= D(q||p).

The importance of KL divergence is to quantify the error between the estimation

of distribution and the true distribution. In this research project, we check how

far does the estimated probability q(x) differ from the true probability p(x) as we

increase the ratio of missing values in the data set using two different imputation

techniques. KL divergence was used in this study because we wanted mainly to

find the difference between the ground-truth distribution and estimated distribu-

tion. KL divergence is easy to interpret as it tells how close the two distributions

are.

3.5 Simulated Data

We present a six-phased experimental design to analyse the empirical information

loss from recovering a ground-truth distribution from data sets with different de-

grees of missing values.

The six experimental phases are:

1. Construction of a ground-truth distribution with a fixed number of variables

(4,6,8, and 10) using a Bayesian network to decompose the distribution into a

set of independence assumptions;

2. Sample the data set from this distribution using forward sampling (a sampling

technique where values are generated from a set of topologically ordered vari-

ables);

3. Remove degrees of missing values from multiple copies of the original data

set;
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TABLE 3.2: An example of the data generated from a Bayesian network
with four variables modelling a Bernoulli distribution.

Col1 Col2 Col3 Col4
1 2 2 1 2
2 2 2 1 1
3 1 1 1 2
. . . . . . . . . . . . . . .
40000 2 1 1 1

4. Store modified data sets per model (EM algorithm as EM and matrix comple-

tion as MC) on each level;

5. Store the estimated data set in to a distribution so it can be easy to compare it

with ground-truth model;

6. Assess learned distribution by using the metric KL divergence to calculate the

information loss from learning the modified data sets.

Figure 3.1 indicates an overview of the six-phased experimental design with each

phase labelled respectively.

Table 3.2 provides an example of the generated data from a Bayesian network with

four variables modelling a Binomial distribution. The rows in Table 3.2 indicate

data points, and the columns indicate variables. In this case we only present four

variables as a sample.

In (c) 9 copies of each complete data set are made, and a different percentage of

values are randomly removed from each copy 10%, 20%, 30%, . . . , 90% . More

specifically, from the complete data set in (b) different percentages of observations

were randomly removed. Table 3.3 illustrates an example of a modified data set

after 50% of the samples from the complete data set (Table 3.2) were removed (NaN

indicates the missing value).
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FIGURE 3.1: A figure illustrating the six-phased experimental design
with each phase labelled respectively.

In (e) we now learn a new distribution from each of the modified data sets using

Bayesian estimation (with a prior of α = 5), the EM algorithm and matrix comple-

tion to learn the missing values and the original networks DAG. Bayesian learning

was used to learn our parameters. In (f), to assess the amount of information lost
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TABLE 3.3: An example of a modified data set after 50% of the samples
in the complete data set from Table 3.2 were removed (NaN represent

missing data).

Col1 Col2 Col3 Col4
1 1 NaN 1 2
2 2 1 NaN NaN
3 1 NaN 2 1
. . . . . . . . . . . . . . .
40000 2 1 NaN 2

learning from missing data the learned distribution is compared to the ground-truth

distribution using a KL divergence measure in both the EM algorithm and matrix

completion.

3.6 Results For Simulated Data

Figure 3.2 shows the performance of the EM algorithm and matrix completion on

a Bayesian network that consists of 4 variables. On the x-axis, the plot shows the

percentage of missing data and on the y-axis shows the relative entropy (KL Diver-

gence) of the learned distribution with the EM algorithm and matrix completion

with respect to the ground-truth distribution. As the legend shows, the blue line

with an asterisk represents the EM algorithm and the red line with squares repre-

sents the matrix completion.

The data plotted in this figure are the mean we obtained after running our experi-

ment with 15 trials and the error bars are used to indicate the standard deviation.

From Figure 3.2, we observe that when we have approximately 70% of missing data,

using the EM algorithm provides a better approximation of the ground distribution

and above 77% of missing data we better of using the matrix completion than the

EM algorithm for this ground-truth distribution. What we also observed from this

plot is that, for up to 50% of the missing values, both models produce similar results

as an approximation.
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FIGURE 3.2: Comparison of the EM algorithm and matrix completion
with 4 variables

Figure 3.3 presents the performance of the EM algorithm together with matrix com-

pletion on 6 variables. As compared to the performance of the 2 models on 4 vari-

ables, we observed that the model performed in a similar form there is not much

difference in the trends. The crucial difference is the increase in the error rate of the

matrix completion when 90% of the data is observed. The performance of the EM

algorithm and matrix completion with 8 variables is presented in Figure 3.4. After

15 trials of our experiments, only the mean and standard deviation were plotted.

Consistent performance from both models is observed as we increase the number

of variables. As we increase variables the EM algorithm produces better approxi-

mations than the matrix completion. A major difference between the performance

of the EM algorithm and matrix completion is the increase in the error rate as miss-

ing values increases. Figure 3.5 presents the estimation of missing values with 10

variables.
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FIGURE 3.3: Comparison of the EM algorithm and matrix completion
with 6 variables

FIGURE 3.4: Comparison of the EM algorithm and matrix completion
with 8 variables

3.7 Conclusion

In this method design, the execution of the EM algorithm together with matrix

completion was observed. 2 different data sets were deployed. The first data set

was binary data which follows Binomial distribution generated randomly using the
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FIGURE 3.5: Comparison of the EM algorithm and matrix completion
with 10 variables

Bayesian network structure which is regarded as a theoretical model. The second

data set is a credit card fraud detection obtained from a public data set (Kaggle).

We randomly hid a certain percentage of the data set and then later estimated them

using the EM algorithm and matrix completion. We used KL divergence to assess

the performance of both the EM algorithm and matrix completion. The KL diver-

gence in this case was used as an evaluation metric to compare 2 distributions,

which are ground-truth and estimated distributions. The ground-truth distribution

consist of the data that has been simulated, and the estimated distribution consist

of simulated data plus estimated data based on the ratio of missing data. We then

measured the difference between the two distributions using KL divergence to find

the error.

Now that we had a theoretical understanding of the performance of the EM algo-

rithm and matrix completion on a various number of variables and ratio of missing

values, we applied this theory to a practical example using credit card fraud detec-

tion with missing data in the next chapter.
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Chapter 4

Application: Imputing Missing Values

for Credit Card Fraud Detection Data

4.1 Introduction

The concern of incomplete data is relatively common in many fields. Incomplete

data introduces lack of quality into the analysis. Missing data affects the properties

of statistical estimators and descriptions. Discarding instances that consist of miss-

ing values makes the data to lose its structure. In this study, we have imputed the

missing values using the EM algorithm and matrix completion, under the missing

at random (MAR) assumption.

This section discusses the application of our theoretical model learned in the pre-

vious chapter in order to recover missing values from a real-world data set (credit

card fraud detection data) obtained from a public data set (Kaggle). The perfor-

mance of both the EM algorithm and matrix completion will be assessed using KL

divergence.

4.1.1 Application Data

One financial data set of credit card fraud detection from Kaggle is used for this

experiment. The data set had 13 rows that consists of missing values, all the rows

that had missing values were dropped using a Complete Case (CC) analysis. The

shape of the data set was 307511 × 122. We manipulated the data to get 307498
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data points and 23 variables. The selection of variables was based on the correla-

tion among other variables and the absence of missing values. Python language

was used for data manipulation. All the implementation of the EM algorithm and

matrix completion was done in MATLAB.

This credit card fraud detection data is a mixed variable (categorical and continu-

ous) data set with the following variables (mentioning only the variables that do

not appear in Figure 4.1 ): Region population relative, flag mobile, flag employ-

ment phone, flag phone, flag email, region rating client, region rating client, region

rating client work city, Hour app process start, reg city not work city, live city not

work city, amount credited, amount annuity, and amount income total. Figure 4.1

represent a sample of top 10 variables.

FIGURE 4.1: A Sample of the Credit Card Fraud Detection Data Set
with 10 Variables.

We present the principle analysis of our application model (the application of our

theoretical model on real-world data set) in Figure 4.2. The Figure 4.2 shows clearly

how the real-world data set was applied in our theoretical model and how the con-

clusion came about. We performed Complete Case (CC) analysis and variable dele-

tion on our data set deliberately, knowing well that the data set shall be reduced,

we may throw away valuable variables and biases may be introduced. However,
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FIGURE 4.2: A figure illustrating principle analysis of the application
model

the above-mentioned steps can not be avoided because we must use the complete

data set so that we can be able to observe the performance of each algorithm.

Data transformation was applied on the data set so it can be in the range of 0 and 1
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inclusively before working with it to avoid the confusion and for easy error observa-

tions. Because we used KL divergence to assess the error between the distributions,

we had to learn a distribution on our data set and since the data ranged between

0 and 1, we used a continuous distribution. We grouped our data set into 4 bins,

since we could not use only one bin (0 to 1) to observe the structure of our data.

To show how the 4 bins were created, if we let dp to be our data points, then 4

bins that were used are 0≤ dp ≤0.25, 0.25<dp≤0.5, 0.5<dp≤0.75, and 0.75<dp≤1.

We decided to go with 4 bins because we have noticed that as we increase the bins

beyond 4, some bins become empty and our distribution shall be discontinuous.

Figure 4.3 manifests clearly the performance of the EM algorithm and matrix com-

pletion method on a real-world data set, the credit card fraud detection data. The

x-axis presents the ratio of missing values in a data set from 10% through 90% and

the y-axis shows our error metric (KL Divergence). Two-line plots are shown in

Figure 4.3 in one plot, the blue line with asterisk presents the EM algorithm while

the red line with square boxes is for the matrix completion.

We performed 15 trials of estimating missing values for each missing ratio on a data

and the mean was plotted, standard deviations were used as our error bars on the

plot. Figure 4.3 presents a dramatic difference in the performance of the 2 models

from as little as 10% of missing values, especially from 40% to approximately 80%.

We can conclude from this plot that the EM algorithm provides better approxima-

tion when less than 70% of the data is missing.

The most interesting thing observed from this comparison is that the EM algorithm

only has an exponential increase in the error when more than 60% of the data is

missing. When less than 60% of the data is missing, we observe a small error. On

the other hand, the matrix completion shows a monotonic and linear increase in

error from as little as 10%. The only time when the matrix completion performs

better is when the missing ratio is above 80%.
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Another interesting observation is the gap in performance between 80% and 90%,

EM algorithm performed poorly compared to matrix completion. The exponential

performance of the EM algorithm explains the gap. The EM algorithm performed

more exponential and the matrix completion performed more linear, this happend

because of the massive amount of data used in the model. We then can conclude

that EM algorithm performs well with a huge amount of data. A trivial answer we

get from this plot is that, the increase in missing values implies the increase in the

error rate.

FIGURE 4.3: Comparison of the EM algorithm and matrix completion
on a credit card default data
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

Incomplete data sets have been a problem in many research fields that deal with

data for decision making. Researchers such as statisticians, policymakers and ana-

lysts are facing this problem on a day to day basis. If researchers fail to deal with

missing values properly, then their conclusions may be inaccurate and biased.

This research report explored the performance of the EM algorithm and the matrix

completion to impute the missing values on a data set that follows a Binomial dis-

tribution for a theoretical model and practical data set obtained from Kaggle. The

task was to find the best technique between the EM algorithm and the matrix com-

pletion when imputing missing values by observing the error estimations of each

model using KL divergence.

The main contribution of this research report was to demonstrate the importance

of imputing missing values and to rigorously represent an empirical analysis be-

tween the EM algorithm and matrix completion when recovering missing values of

different degrees in a data set. Lastly, the theoretical model was applied to recover

missing values in a financial data set that is used to detect fraud in credit cards.

Figure 3.2, Figure 3.3, Figure 3.4, and Figure 3.5 presented the performance of the

EM algorithm and matrix completion on simulated data with different variables (4,

6, 8, and 10) and various degree of missing values. The error was recorded after the

estimation of a certain ratio of missing values for each model.
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After we performed 15 trials of the experiment, we plotted the mean and standard

deviation as error bars. We noted from the plots that the EM algorithm generally

outperformed the matrix completion when 10% of the data is missing through ap-

proximately when 75% of the data is missing. From the above-mentioned plots, we

observed that the only time when the matrix completion performs better than the

EM is when more than 75% of the data is missing. Based on the findings, it was then

concluded that the EM algorithm is better for approximating missing values than

the matrix completion. Generally, we conclude that to make accurate predictions

we need to have at most 60% of missing values.

We observed from our theoretical and application models (A model that was trained

using a real world data set) that we can improve the performance of the EM algo-

rithm by increasing the training data set, decrease the number of missing values,

and run algorithm for a longer time. On the other hand, matrix completion per-

forms better with small sample and few missing values.

From both the theoretical and application model, we observe consistent perfor-

mance from both models. The EM algorithm is almost every time above the matrix

completion on all the plots. The EM algorithm is better when estimating missing

values of up to approximately 75%. We noticed that the type of distribution does

not affect the performance of the 2 algorithms since we can observe a similar pat-

tern on both discrete and continuous distributions. The KL divergence was used

to compare the 2 distributions which are ground-truth and estimated distribution.

The difference was then recorded as the error of the model.

5.2 Future Work

For future work, different kinds of data sets (at least 2 structured and unstructured

data) may be deployed. In this study, we used a matrix of rank 12, one may be curi-

ous and want to compare the EM algorithm’s efficiency with the matrix completion
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technique with a smaller rank and also use a matrix of N× N since the matrix used

in this study was 307497× 23. Cai et al. (2010) noted a great performance of matrix

completion on N× N matrices. Lastly, the computation of the EM algorithm on the

financial data set used takes about 2 to 3 days, for future work the EM algorithm

can be optimised.
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