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1. INTRODUCTION

1.1. The matrix model approach to the sum over random surfaces

The introduclion of extended one dimensional objects (popularly called “strings™)
to replace point particles as fundamental physical objects has been met with
mixed success. The rationale behind such a replacement has no direct experi-
mental evidence,! (although the necessity of the string approach was first implied
by a relatively successlul attempt to explain resonances, due to Veneziano) and
has its roots in an attemptl to combat the pathological behaviour of a quantum
field theoretic formulation of gravity. This undesirable behaviour stems from the
ultraviolet divergences which occur when computing quantum corrections about
some leading classical confliguration. This behaviour is a feature of many quan-
tum field theories; however, in most cases renormalization schemes permit the
removal of unwanted infinities, a notable exception being a ¢quantwn field theo-
retic formulation of gravity which is non-renormalizable.

The rudiments of the string piclure are as follows. Oune introduces a one
dimensional object, which sweeps out a two dimensional worldsheet in a physical
spacetime. Excitations of the string manifest thewselves as the appearance of
particles such as photons or electrons. This is to be contrasted with the approach
of traditional quantum field theory, where the electron is described by a quantum
field distinet from that of the photon, and the Lagrangian corresponding to the
dynainies of the interacting particles would contain both quantum fields.

‘Thus one sees that some form of unification has been attempted, whereby
distinct excitations of one underlying object give rise to the spectrum of observed
particles. Apart from this aesthetically pleasing aspect of the string approach,
one finds that, by and large, the pathology encountered in traditional QIMT’s?
no longer arises. One may attempt to explain this heuristically by noting that

1t does, however, have convincing theoretical evidence; calculations within the string [rame-
work have reproduced Hawking radiation. ‘I ise original calculation was an uneasy marriage of
general relativity and quantum mechanics.

2QFT is taken to denote “quantum field theory”



string interactions are represented by topology chauges on the siring worldsheeat
manifold. As opposed to the interaction vertices of Qs the interaction does
not take place at a single spacetime poinl, and thus is not Lorentz invariant. One
may regard the interaction as ‘smeared out’. Ultraviolet divergences are found to
arise in QFT’s when two vertices are found to approach each other with arbitrary
closeness. The prescription to regulacize a QFT simply corresponds to ‘smearing
oul’ the interaction vertjces, such that the interactions no longer take place at
a single spacetime point, a feature which is naturally incorporated in the string
picture.

In addition, one finds that the spectrum ol excilations associated with strings
necessarily contains a spin 2 veclor boson, the virtual particle which is thought
to mediate the gravilational interaction. This is greally encouraging in view
of the fact that one is able to define a perfurbative expausion of string theory
asout a classical background which is finite and anomaly free al 1-loop [1], thus
avoiding the staggering techinical difficulties associated with point particle theories
ol quantum gravity.

Ilowever, the string approach is not withoul its subtleties. In particular, one
runs into dilficulties when quai tizing strings, since conformal symmetry is not
respected in an arbitrary number of spacetime dimensions. One requires confor-
mal symmeltry to eusure the diffeomorphism invariance of Lhe string worldsheet.
Dimensions in which the conformal anotnaly does nol arise are denoted “critical”
dimensions. The critical dimension depends on the number of local supersyume-
tries defined on the worldsheet, One may construct conformally invariant string
actions for N = (, 1, 2 and 4 local supersymmetries (on the worldsheet); the
critical dimension for N = 0 (the bosonic string) is d = 26. N = i supersym-
metry requires 10 dimensions, N = 2 requires 4, while N = 4 does nol seem
to make sense, requiring a negative spacetime dimension. Thus, if onc wishes
to eliminate the conforinal anomaly, the level of local supersymuetry uniquely
fixes the dimensionality of spacetime. In order to make contact with the four
physical spacetime dimensions, a reasonable mechauism of compactification must
be postulated.

In the non-critical theories, one does not have the luxury of such cancellations,
and the conformal anomaly is manifest. The siguificance of this is that the world
sheet metric and matter ficlds no lenger decouple. Oue is now no longer able to
integrale out the world sheet metric completely, and consequently one is required
to quaniize these additional degrees of freedom. Quantizing the worldsheet metric
is equivalent to a theory of two diruensional euclidean quanium gravity. Moreover,
the string co-ordinates may be reinterpreted as conformal matter fields copled




to the world sheetl gravity.

The mofivation for studying theorics of non-critical strings arose primarily
in an attempt to oblain non-perturbalive insights into siring models; formerly,
there were five consistent string theories, defined only in lerms of perturbative
expansions. In the case of non-critical string “toy models”, the double scaling
limit allows one to obtain contributions from all lopologies, and thus must be
regarded as a non-perturbative technique. Such non perturbative insights into
critical strings have been realised only recently, with the advent of M theory,
which appears to be the unique theory underlying the five “different” string the-
ories. In particular, a supersymmetric matrix model has been proposed, which
purports to describe M theory in the light cone gauge [37].

In this dissertation, our emphasis will focus mainly on the d = 0 model, which
may be interpreted as pure two dimensional quantum gravity, or equivalently, as
the propagation of a string in a zero dimensional spacetine.

1.1.1. The Correspondence between the d = 0 Hoermitian Matrix Model
- and 2d Quantam Gravity

The following discusson is a synthesis ol the approackes in refs [35], [2].
2% us consider the continuum approach. One starts with the Linstein-Hilbert

action .
: S=A f /i~ / dtar/GR (L.1)

where g is the determinant of the metric tensor corresponding lo the two di-
mengional euclidean space, and R is the Ricci curvature scalar. In two dimensions,
the Gauss~Bonnet theorem requires that

/ Qe JGR = dn(2 ~ 2h) (L2)

where & is the genus of the surface. The first term straightforwardly yields the
area of the surface. The partition function is written

Dy = fD!];w s (1.3)

At this stage a caveat should be entered regarding the definition of the integration
measure. 1L is implicit in the above writing of Zy, that the measure be defined
modulo diffeomorphisms. [formally, one is required to factor oub the volume of
the group of dilfeomorphisms, and thus one has

2 g;w oS = / 21~4)/G-AA / DGy ;
Zyg = z A dA e AT (1.4)

y=t A




where the functional integration over the metric is now confined to a surface of
fixed area and genus. In other words, one would like to climinate equivalent
reparametrisations to consider only the volume of the moduli space. This is
rather non—trivial in the continuum, and consequently onc might rather consider
the partition function defined on a lattice.

Let us consider constructing surfaces of any given genus via a “random tri-
angulation”, [3] where the triangles may be taken to be equilateral with a unit
area. Consequently, the area of a surface comprising « triangles is simply «. The
prescription implied by the measure fs‘ QJJ;‘E now becomes a suin over inequiv-
alent triangulations corresponding Lo a smhw of fixed genus, constructed fron
a triangles. Therelore, the equivalent lattice form of {1.4) is writlen

Zyy = Z Z o2(1-g)/G=Aer Gy (1.5)

y=00=0

where Gy corresponds to the discretized measure. Thus, we have restated the
problem in the hope that the computation of (7, , will prove to be more hractable
than the sum over metrics in the continuwm.

Let us consider triangulaling a compact, 2 sided genus ¢ surface without a
boundary. The topological properties of the triangulated surface are precisely
those of the underlying surflace, since the two are homeomorphic. One is easily
able to verify the genus of any such surface by means of the Euler-Poincare’
characteristic. Specifically, one has the relation

— B4 P =2-20 (1.6)

where V corresponds to the number of vertices, £ the number of edges, and I
the number of triangles comprising the surface. Furller, in the specific case of
a triangulation, one has the identity 31" = 2[5, (which is easily seeu to hold if
one considers the simplest case of an unhounded triangulated surface, the tetra-
hedron) permitting one to rewrite the above as

V——%F’-—-‘Z—-'Zh (1.7)

To proceed further, let us consider the ¢ = 0 lhermitian matrix model, with
partition function

7= / AM ¢S (1.8)




where M is 2 & x N hermitian matrix, with the action

YR Y ;
S = 2M 3\/_NM (1.9}
One may now consider traditional perturbation theory in the coupling g, in
which case one has
o . ' L2 @ _5_.7’7'(M3"‘)
J—;](HU e 2 (_r/ N~ (:j!)a'(y! ) ([10)
If one wished to evaluate the a’th term, one would lay down « three point vertices
and connect them via propagators in the usual way, bearing in mind that the
diagrammatic structure of the propagator and vertex has been allered since the
matrices carry two indices. The diagrams now require double lines to specily the
flow of the matrix indices. One notes further thal any such diagran, yields a {actor
N™% corresponding to the vertices, a factor N° for p propagators, and N' for
closed loops, as the factor N° for each propagalor arises since the propagator
is formally the inverse of the quadratic term in the matrix action, while the
perturbative expansion (1.10) demands that each vertex contribute a factor of
N~12 (o the diagram. Furthermore, each loop requires a sum over contracted
matrix indices, yielding §; = N. Now, let us consider the lattice dual to the
Feyman diagram. It is not difficult to see thal the interaction vertices correspond
to the faces of triangles, the propagators are dual to the edges, and loops dual to
the vertices. Thus, the powers of & corresponding to the Feynman diagram wmay
be rewritten in terms of the geometric compotents of the dual lattice as follows,

« r
=y .
,2+l 5 + ¥ ‘ (1.11)

which is nothing but the Euler-Poincare’ characteristic of the dual laltice, as
discussed above. If we were o rescale M — v/ VA, the action scales as § — VS,
and thus we have made the N dependence of the action explicit. It is then
clear that, considering the Feynman diagraw, one has a factor of N2 for p
propagators, N® for o interaction vertices, and a factor N' for I closed loops.
Thus, the overall powsr of N is @ — p +{, which may be writlen in terms of the
geometrical components of the dual lattice as follows

PeEB4 V=220 {1.12)
One sees that our rescaling has not aflected the topological expansion. Thus,

if one comsiders a surface of genus h or higher, any diagram carrying the factor
N21-%) may be inscribed upon it without sell intersection,



The matrix structure of the associated diagrams are crucial in the identifica-
tion of such diagramimatic expansions with surfaces. The scalar integral

Z= /rlgo cm3v Y (1.13)

admits the same diagrammadtic expansion without the double line “flow” and is
thus unable to specify the orientation of the surface.

A diagrammadtic expansion to represenl surfaces must necessarily include only
comnected diagrams. Thus it is expedient o consider the free energy, which is
defined in the usual way by

Z=cN'r (1.14)
One may now consider a perturbative expansion in the free cuergy, which gener-
ates only connected diagrams. As hefore, we have

Nege
(3«

Fy = (M3, (1.15)
where the subscript ¢ denotes the connected diagrams.

In sumumary, in order to evaluate Fly, and consequently the free energy, one is
required Lo draw all distinet connected diagrams with « vertices, and adjoin them
by meaus of propagators. In view of the fact that one wishes to consider a sum
over surfaces, one may choose to arrange contributions corresponding to specific
genuses as an expansion in the powers of N associated with cach diagram,

0g 00
NF=3%"%" NHE=Rgem (1.16)
h=0 a=0

where Fj, represents the sum of all distinct diagrams which may be inscribed on
a surface of genus b without self~crossing. Oue sces immediately that the large
N limit yields the sum of all distinct connected diagrams which may be inscribed
on a planar surface.® Furthermore, if one considers the dual lattice corresponding
to the the three point vertices, one sees thal the diagrams inscribed oun a surface
of fixed genus may be taken to represent a random triangulation in the spirit of
discretizad quantum gravity.

One now realises that the expausion (1.16) corresponds exactly to the lattice
description of 2d quantum gravity, provided that one makes the identifications

eV =N (1.17)

3The realisation that one may constrict a perturbation exparsion in N was first explored by
t'Hoolt, in the context of QCD [4].



ch=yg (1.18)

noting that the object £}, o corresponds precisely to (s . Consequently, the par-
tition function of discretized 2d quantum gravity is described by the [ree energy
of the d = 0 hermitian matrix model. In the above, we have considered ran-
dom triangulations of the surface. The above argument is perfectly geueral, and
extends to the discretization of a surface by any general n-gon, The couplings
in the mairix potential may always be chosen lo yield the correct powers of N
under the rescaling M — VN M, thus ensuring the existence of a topological
expansion, Indeed, for an arbitrary power u, the correct scaling is ensured by
the choice w=Tr(M™). Thus one can reconsider the above discussion will
the general action § = 12, frif=rTr(M™) (and thus a discretization involving
different polygons) without threatening the generality of the above arguents.
In the next section, we will discuss a mechanism of oblaining continuum re-
sults from the hermitian matrix model. In the continuum limit, the ability to
generate diagrams with an admixture of vertices can be shown to represent the
coupling of conformal matter fields to gravity. The cubic action used above yields
a continuwm limit which describes pure gravity in the absence of mattier fields.

1.1.2. The Continuum Limit of the d = 0 model

In order to make contact with continuuwm descriptions of quantum gravity (specil-
ically, the Liouville model) one would like to define a continwuwm lmit. The
outcome of any such limit must be iusensitive to the specific nalure of the dis-
cretization employed.

Heuristically, such a limit involves tuning the couplings in the mabrix action
to a critical point, such that the perturbation series defined by (1.15) diverges.
Naively, oue then expects the area of the discretized surlace Lo diverge, since the
number of vertices has become infinite. To define a continuwum surface of finite
area, ane would cousider scaling the arca of the elementary n-gons to zero.

It has been demonstrated that, for some coupling g iu lhe vicinity of the
critical coupling y., the genus & contribulion to the free energy, F)lp), scales as

Fafg)~ (g — ge)Erel0=R) (1.19)

where the critical exponent 7, labels the universality class. 1n the case of random
triangulations generated by the cubic potential (1.9), 9, = —1/2. The average area
of a surface is clearly proportional to the number of vertices « in the diagram,
and therefore one has



d<a>=6 [95%1" F},[g]] ~ 7 fgc (1.20)
where we have chosen to exhibit the unit area of the triangles explicitly as 6.
Clearly, as g — g the area diverges for fixed &. If one wishes Lo regain a conlinuum
surface of finite area, {1.20) suggests thal one Lake § — 0 in a correlated mauner,
thus keeping the product § < @ > finite. In summary, one tunes the coupling
constants to their critical values, while simultancously rescaling the arca of the
“elementary” polygons to zero, in order Lo oblain a continuum surface.

There are strong “udications that the watrix model does indeed describe con-
tinuwm gravity in the continuum, the first of which is that the scaling behaviours
of both models are found to coincide. Additionally, continuum correlation {unc-
tions computed in the matrix model scheme are found to correspond with those
obtained via the Liouville picture. (See the review [35] for a discusston.)

Unfortunately, the above considerations are relevaut only in the liit & — oo,
and consequently involves only contributions corresponding to s;herical topolo-
gies. Naturally, one would prefer to caplure confributions from all genuses. To
do sg, let us reconsider the scaling behaviowr of (1.19), which implies that

Fig) = fily — ge)t0N=1 (1.21)
Further, one knows that
N2F = EN'Z(‘- RIANE ZNZ(F-h)fh(g — ge)(Zwli=4) (1.22)
and therefore, one sees that il oue defines the string coupling constant,
5= N7y - gy (1.23)

(1.22) may be rewritlen as a genus expansion in this coupling as follows

NP =Y sty (1.24)

h=0

Oue sees that if one were to take N — oo, and g — ¢, in such a way as to
keep & constant, one would obtain coutributions to the free energy lrom all genus
surfaces. This technique of retaining contributions {rom higher genus surfaces in
the lim"s of large N is known as the double scaling limit, first implemented in
refs [32], [33] and [34]. Oue sees that such a lechunique is a way of performing the
sum over all topologies, and thus snay be regarded as yielding a non perturbative
insight into non~critical strings.



As discussed earlier, the above techniques are applicable Lo general potentials,
and not merely the cubic potential. Ifowever, the introduction of more general
potentials introduces differing scaling properties, such that the scaling exponent
7, takes on different values. To be more specific, one has the general relation

Yo = "J‘u where m is the m’th multicritical point. Such theories describe the
R . . 3(3—2m)?
coupling of conformal malter to gravity, with the central charge ¢ = 1 - =5=—L.

In general, one has the so called minimal conlormal field theories (fhe “mini-
mal’ requires a finite number of primary fields) whicl are labelled by two relatively
prime integers, (p,q). Unitary discrete theories make up a subsel of Lthis general
class, labelled by (m + 1,m). The hermitian one malrix model describes a class
of wainimal conformal field theories labelled by (2m — [,2) at its double scaling
multicritical points. Thus, the theories defined by the matrix model are generally
not unitary, although one sees thal the m = 2 multicriticality of the hermitian
one matrix model describes a unitary theory.

In this dissertation, we will mainly confine ourselves to the discussion of purce
gravity, with central charge ¢ = 0, and thus m = 2, unless stated otherwise.

10




2. Targ CONTINUUM LIMIT OF THE d =0
HERMITIAN MATRIX MODEL

The d = 0 model describes a string worldsheet embedded in zero spacetime di-
mensions, The model is defined by the partition function

7= / dM =TV (2.1)

- where M is an ¥V x N hermitian matrix, and the potential 's taken to be of the

form

_.'Z_) kf2—1 A,[k (2 2)

N i
As discussed earlier, the rescaling M — /N M will permit us to classify diagrams
corresponding to a specific genus according to Lheir powers of N.
The measure dM has the explicit form
di = ] dRe(Mij)dim(Mi;) [T dis (2.3)

i< 1

V(M) = S - (

Oue sees that in zero spacetime dimensions the path integral is merely a weighted
integral over the space of hermitian matrices M, sitice M does not depend on any
spacetime parameters.

Note that the action TrV (M) displays a manifest invariance under the group
U(N), due to the cyclic nature of the trace. The invariance under this symmetry
suggests the change of variables from the matrices M to the eigenvalues A;, in
which case one only integrates over N degrees of freedom. Performing such a
change of variables, one arrives at the well known result

N

7= / TT dxe TTh = 25)2 e T V) (2.4)
i=1 i<y

where we have discarded a numerical factor correspouding to the volue of the

group U(N). One recognises the factor [T;;(Ai = A;)? as the Jacobian of the

transfermation.

1




COue may perform a further siraightiorward rewriting of {2.4), to yield

N
Z= /H dA; ety M H= 20, V) (2.5)

izl

Let us consider recasting (2.5) in such a way as lo exploit this symmetry, by
pransforming to the collective variable

Pz = ﬁ:b’{n: ~Ai) (2.6)
i
This object obeys, by definition,
[#tays= v )
Waiting (2.5) in terms of the density variable, one has
Z = / dped 159} [ duhyInlz=yl- [ dzw)V () (2.8)

Now, in order to identify the dominant large ¥ conliguration, ane must exhibit
N explicitly. One knows that the potential depends on NV implicitly, and further
N dependence is found in the countraint. Thus, ote nast rescale such that both
the potential and the constraint no longer depend on V. To do so, oue performs
the independent rescalings

x = {2.9)
and .
#9(z) = ¢ (VBE) = Vi) (2.10)

where we have defined § = N/fg. The choice of couplings in the relation (2.2)
ensures that under such a rescaling,

V(w)=V (Vi) = BV (z) (2.11)
and
/ HEE = g (2.12)

The barred fields have no implicit dependence on f. Further, (2.8) becomes

7 = /d</’€ﬁ2(fdf:rﬁ(;ﬁ} ft,’v(g})(l‘i/!u h"—-gﬂ—f{lﬁf/l(;a‘:}l/(.i‘)) (2_13)

12



In order to compute the leading conliguration associated with this “cllective
action”, one considers the variation with respect to a single eigenvalue Ay :

d
T | o Wl =2 v | =0 (214)
if (€7} i
Oue must therefore solve the equation
T = V) (2.15)
A — /\j 2 : s

i

One sees that (2.15) may be re-writien as an integral equation for the rescaled

densily variable!
{ ay? A ’J) SVI(2) (2.16)

This is known as the saddlepoint equa.txou, which was first solved in {6]. (The
bars have been dropped for convenicnce; however, use of the coustrained fields is
implied.) The function #(y) describes the density of eigenvalues of a hermitisu
matrix. In the limit of large N, one requires that the eigenvalues of a hermitian
matrix be distributed along a finite interval on She real axis,? Thus, ¢(y) must
have compact support on the real axis. In order to solve (2.16) let us introduce

the function
/ dy ‘[’(7’? (2.17)
L3 { 4

One sees that the analytic structure of ({2} is such thal there is a cul along the

real axis from a to b,
Let us consider evaluating (2.17) at the point z = x4 de:

G+ i) = /(’I/% (2.18)

Written in this fashion, one sees that we liave displaced the pole above the real
axis. Consequently, this integral may be partitioned in the following way,

Gz 4 ic) = f(z, D)y i L)/ & (2.19)

"The dash superimpased on the integral sign implies the principal value prescription.
?The vigenvalues of hermitian matrices are real,

13



where we have parametrized the contour by taking x = y + ¢ci®. One has the
result

Cla+ic) = 7[ dy;ﬂ_ﬂy— — img(x) (2.20)
A shwmilar analyis allows us to conclude
G(wLie)= frly?%% Fing(z) (2.21)

Hence, otnie sees that the imaginary part of Lhe operator (/(2) yields the deusity
of eigenvalues. One is now able lo suggest a form for (/(z),

G(z) = %V'(z) +/5(2) (2.22)

with 72¢%(z} = —A(z), for  inside the cut.

Depending on the form of the potential, one may introduce an ausaiz lor the
function A(z). We require a oue cut solution® which posesses the symmetry of the
poteatial. Such requirements will permit us to determine the structure of A(z), up
to some unknown constants. However, one requires {urther inforination regarding
the behaviour of G(z) in order to fix the values of such unknown coustants iu ternis
of the continuum values of the *physical” couplings. Such information is supplied
by the asymptotic behaviour of G(z)

b 4 b
G(elim oo = 7 [ iy B L [y = £ (2.23)
ZJa —'\'//z ZJu z
where we have employed the constraint (2.12). One expands /A(z) asy: iploti-
cally in powers of 2, requiring that (2.22) correspond with (2.23). In such o way
one js able to express the coupling constants in terms of the interval of compact
support of ¢(x). One is then able to determine the critical value of the couplings,
following which it is possible to realise the continuum limit.
Let us specialise to the guartic poteutial, to give a clear indication of how the
continuum limit is achieved,

3The one cul strncture is equivalent to requiring the exponential falloff of loop amplitudes in
the limit of infinite looy size. [15)



2.1. The d = 0 Continuum Limit corresponding to the Quartic
Potential

We seek to solve the equation?
#(y) LY .
fdym =3 (g -z ) (2.24)

for the density, ¢{2). In the spirit of the preceding discussion, we take
) I I3 3

G(2) = V'(2) +/A(2) (2.25)

where A(z) is related to the density in Lhe simple fashion deswribed above, The
form of A{z) corresponding to a quarlic potential is, for a symmetric ansaiz,

A(s) = 30 - 0P - ) (2.26)

where the constants o,y remain to be fixed in terws of g. ® Plotting A(2) yields
a graph symmetric about the vertical axis, with four rools. The roots labelled
by &7 bracket Lhe cut interval, with the roots o exterior to it. To aclieve the
k = 2 multicritical point, one wishes incur the accumulation of an extra root at
the cut endpoint.

In order to do so, let us expand (2.25) aboul the point z = oo, to yield

4

. z 1, . 2/, 2 1.
G(2imgmeo = 3 (1 - 5’72 - 0’2) + %; <&2 - -}-) + T%:; (1 - §7l> (2.27)

Requiring agreement with the asymplotic expansion (2.23) gives rise to the fol-
lowing equations:

1=L a2 (2.28)
2 2
~74— <a2 - :/T) =y (2.29)
and
Wy = 7 (l -1 "’) (2.30)
TG ’

*We have fixed w=1 for couvenience.
51t is alsa conventional to denote V(z) = —4(z), as will be shown later in the context of the

d = 1 model.

15




Thus, we have expressed the inlerval of support of ¢(x) in terms of the physical
couplings. One may further eliminatle « lrom (2.29), and solve for 7y in terms of

Iz
. P)
7= L =1-12¢ (2.31)

33
It has been demounstrated that the critical value of the coupling is reached when
4% becomes complex, since the energy is no louger analytic there. Thus, g, for
the quartic potential is found to be

o= IIE (2.32)

The value g, corresponds to the value of the conpling which eusures the di-
vergence of the planar diagrams, as explained above. This vali e of the coupling
requires that an exira zero of the density accumulate at one of 1 ne endpoints of its
support. Quite generally, the m’th mullicritical point requirrs an accumulation
of m — 1 zeros at the endpoints of the support of the densi'y. For convenience,
(2.31) may be re~writien as

¢

72 = Z4+2/(g) (=.33)

[V N

with o sinilar expression for a:
2 2 g
o =3 F J(9) (2.34)

The cut is located in the interval (—7,7v). A plot of Vezr One would Jike to tune
a — 7, and consequently we note that as one varies ¢ from zero to g, the function
f(g) varies smootlly through the interval 3 < f(g) < 0. Therelore the choice of
signs

7 =5 -210) (2:35)
gy 2
o = 24 1(y) (2:30)

ensures consistency with figure (1.1). With the benefit of hindsight, one sees that

tuning g to its critical value g. is equivalent Lo requiring @ — «, as af =2 =42

Alternatively, one might first have deterwined the critical value of 4%,and hence

Jes by forcing the local maximuiu £ to zero, which is equivalent o requiring a0 — 7.
The scaling limit is defined by

3
g=ge— T(—imf (2.87)
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and a
T =y — TC (2.38)

where ¢ a plays the role of a short distance cui—off with dimensions of length,
which is taken to zero in the continuum limit. From (2.37) one sees thal, in the
vicinity of the critical point, equations (2.35) and (2.36) become

vt =72 - VA (2.39)
o = a'ﬁ + %\/Ka

Thus, inserting these expressions into the ansalz [or the density,

TH(s) = —(a — %) /72 ~ a? (2.40)

one obtainus
Td(() = {—'w <C + —‘{2—7\—) Vi~ VA +0(a*?) (2.41)

for ¢ > VA.
Thus, the universal fort for the densily corresponding to the m = 2 mullj-
critical point is, up to a rescaling of «,

A B/2
W)= [0 - 300~ % (242)

as given in [15].

2.2. The d = 0 Continuum Limit corresponding to the Cubic Po-
tenitial

Let us now consider extracting the continuui form of the densily by means of
the cubic potential, in order to explicitly demonstrate the equivalence between
the cubic and quartic continuum limits.

As belore, our starting point is the equation

/ ay 20 z( - #) (2.43)

T -~y
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One chooses the ansatz

JAG) = é (z . -Z‘-(a + 7)) Jo—aeo @

noting that it is no longer symmetric, The factor in {ront of the square root
is chiosen to ensure that no powers of z and z2 contribute asywptotically. As
before, one expands (i(z) = 1V*(z) + \/A(z) about the point z = co, requiring
the correct asymptotic behaviour to yield the following set of equations:

g—(u + 7)2 ~(a+y)=07y (2.45)
e~ (et )=y (2.46)

Introducing the variable ¢ = a + v, one is readily able to derive the equation
glo—1) (e -2)~8y=0 (2.47)
with the help of refations (2.45) and (2.46). One can show thal the energy picks

up o singularity where equation (2.47) acquires a double root, Thus, cue finds
the critical value of the coupling is given by®

. 1
gi= Yo (2.48)
The reader may easily verily that equation (2.47) acquires a double root {or this

value of the coupling.
In the vicinity of the critical point, one may write

9= ge — Ad? (2.48)
In what follows, we choose to take g. = [/12v/3. One then readily finds that
the critical value of ¢ for this value of the coupling is 0. = 1 — 1/v/3. Thus, to

obtain an expansion in powers of a, one noles that iterating (2.47) about the
point ¢ = g, — VAa yields

o = o, ~ VA + O(a?) (2.50)

One is interested only in powers of O(a) since, due to the structure of the ansats,
higher powers cannot yield the correct scaling of u/? at the critical point.

SChoosing the sign of g, corresponds 1o choosing which zero will accumulate at the endpoint
of support of §.



Using the equations (2.45) and (2.46) oue is able to claim series expansions
for both « and v, in terms of ¢, where we have implicitly taken @ > 4 :

V3+1 2
a= —VAa + O(a 2.51
o (@) (251)
1~ 3 .
v= 2\/_ + 0(a?) (2.52)
It is seen that + does not scale, to order O(e?). In the limit ¢ — 0, one
requires a— ., and thus o, = (ﬂ+ ])/2\/i_
To consider the continuum limit more closely, one writes

VAG) = Lz = i)fa— ) ~7) (2.53)

with p = 1— %o’, in which case one sees that, in the vicinity of the critical point,
1 scales as

]
n=ag+ 5\/Xa (2.54)

Thus, as one tunes g — ¢e,lhe densily ansalz acquires a double root at the
endpoint of its support, which is a siguature of the continuumn limit.
1a the vicinity of the critical point, we take

z2=0c—af (2.55)

The density has the form
1 .
wp(z) = 5(/1 - z)\/ (x—z)(z—17) (2.56)

noting that it is the imaginary part of G(z).
Substituting the relations (2.51), (2.52) and (2.55) in the above expression
yields

a Al/2 2
TH(() = 3 (C t+ 5+ 0(a)> \/-\73'(1. (¢ — AY2) 4+ O(a?) (2.57)

and thus one finally obtains
17 9 \1/2 1/2 o
Q) =3 (%) (C " l’z") Ve-nEro@@) (25

with ¢ > A2 This result is equivalent to the form of the density obtained by
means of the quartic potential, up to an irrelevant numerical factor which way be
absorbed into a. Thus one sees that the density has a universal form regardless of
the underlying matrix action, where we consider only potentials associated with
the m = 2 mullicritical point.



3. STABILISATION AND STOCHASTIC
QUANTIZATION

In our discussion of the previous section, the equivalence ol Lhe cubic and quar-
tic continuum limits was demonstrated. There are, however, various difliculties
associated with the cubic action, which defines a “boltaiuless™ theor, Natu-
rally, the “bottomless” nature of the action js invisible in perturbation theory,
and a signature of bottomless theories are the appearance of iustantons, which
are intrinsically non perturbative effects. These correspond to the tunueling of
eigenvalues into the infinite potential well. In gencral, critical matrix potentials
of even multicriticality & are botlomless, and will admit such nonperturbative
instabilities, [15], [14], [16], [L8].

Various attempts to “stabilise” such bottomless theories have been proposed,
in particular the method of Grecusite cf al [13].

Let us briefly review the method of stochastic quantization, which is employed
in the study of euclidean field theory, and is of key importance in Lhe understand-
ing of stabilisation mechanisms.

Stochastic quantization is generally used in the context of a d dimensional
euclidean field theory, defined by an action S{p). As usual in field theory, one
would wish to compute correlators of some observable Gfy],

(gl = [ Diptlple st (3.1)

Teo do so, lef us consider the Fokker~Planck formalism. Iu this case, correlators
are computed in the following manner,

(Glel) = iy [ DeGleltp,r] (3.2)

where ¥{ip, 7} is considered to be a probability distribution, and 7 is to be regarded
as a ‘fictitious’ time. The propagation of Y[, 7] in the ‘fictitious’ time is governed
by the equation

i, r "
——%U =~ 1L Wlp, 7] (3.3)
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where H}P is a Hamiltonian of the Fokker-Planck type. It is of the form

_ tsd 59 .
IIFI’ = 2(: Btpc a‘p (.5[)

which is clearly not hermitian. In fact, the bermitiab conjugate of (3.4) is

. g 5o\
][ ',« — ——— ,'5-—0—'5 T")
e ( 3¢ dp Uy
i Lotz Lot
) ()
2 dyo dp
_ Vo 50 & -
= 2(?976 (')gac (3.5)
Note that {2 f = —2, but in the above the overall minus sign remains un-
3y Jd¢ 14

changed, since we conjugate twice.
One readily sees {rom (3.3) that the propagator may lormally be written

U, ] = ke Wi, 0] (3.6)

1t is important to note fhal f[}t«p is related by a similarity transformation to

a hermitian Hamiltonian:
H =il ,e50 (3.7
The significance of this is that the cigenvalues of Hpp must be real, The non-
hermeticity of Hpp implies that one should be caulious when considering the
states upon which one allows the ITamiltonian to act. In particular, consider the
following inner product, where the hermitien Hamillonian acts on its cigenstates,

{nf H ju) (3.8)

which is readily rewritten with the aid of (3.7) as

(npl 1L lnr) (3.9)
where we have scaled )
(] = (0 2 (3.10)
and i
Ing) = 5% n) (3.11)
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Thus, one readily sees that the cigenstates of g and H }.F are |ng), and Ing),
repectively. It is also clear that if

{(nm) = um (3.12)

then so too one has
(nyimp) = dum (3.13)
from the above delinitions,

A key point regarding the stochastic formalism is simply that the herni-
tian form of the Fokker-Planck Hamillonian may be writlen in o pusilive, semi-
delivite form
0= —é/if/x (3.14)

where the operator .% takes the form
. 9 O o,
A=t 52 (3.15)
de

implying that the energy spectrum is not only real, but positive semi~delinite, ic
that €, > 0. If one were to asswme the existence of a ground state wavefunctional

with zero eigenvalue with respect to the hermilian Hamiltonian, one could write
wl H[0) =0 (3.106)

Inserting the explicit form of J, one oblalus an equation for the ground state
wavefunctional,

& 19S\7 0 108 ,
(5~ 255) (35 + 33,) P10 =0 (347

The above equation lias two possible solutious, namely (2]0) = ¢~/ and {p|0) =

eS/2, For a well defined (bounded) action b‘fw\ one would choose {010} = ¢=9/2
“'5/"‘ is crucial to the recovery of the correct correlators in the limit 7 — oco.

From the definitions (3,10) and (3.11) it becotes clear that {p|0) = e~ "/2:
implies ]
[0) = e (8.18),

ALIULL VIS WUILILVIVLD \ Uy LU ] bl (o). 11} o CLULHED LITWL Gt (ys (U/ -_ G

iniplies .
(o) =™ (3.18)

and
(01 ]} = 1 (3.19)
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Let us consider the object

(G () = (] e~ "The [0(0)) (3.20)

lim
T—00
Inserting a complete set of states, the above becomes

el (;—'”}‘PT Jnr) (n4, I‘l‘(f))_)

Jim (G () = lim 2; Tt ) (3.21)
Since the ket [np) is an eigenstale of II,T;,., one may further write
. ) N (e T TRV (D))
1 ¢ = Ent ﬁ , 3.
'f-l—lilgo(c, () Tl}_%\ﬂ ; ¢ (v, fnn) (3-22)

Taking the limit as 7 — oo, and assuming that there is an energy gap to the first
excited state,! one has

i (@) = {10 CL D) (3:23)

Inserting a complete set of states allows us to rewrite (0, |0s) as
/(lﬁP (0L @) {0 [0r)
_/dc,oc"s (3.24)

where we have employed the relations (3.18) and (3.19), valid for ey = 0. Similarly,
one has

i

(01,10R)

(Flor) = [ de (i) lon)
= / dp Flig)c™ (3.25)
Furthermore, a consistent notion of probability requires that
(00 %) = [ dp Oul ) |¥(0) = 1 (3.26)
Thus, one sees that the object
i (610(r) = (i) = L2 (3:27)

!That is, assume no degeneracy of the ground state.
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as claimed earlier. Thus; one notes that stochastic quantization provides an
alternative means of quantizing a theory, which is particularly appropriate in the
case of the d = 0 model. This issuc will be addressed later.

Additionally, stochastic quantization plays a key role in stabilising a theory.
When considering the case of a bottomless action in Lhe context of standard QFT,
the theory is not well defined. Ideally, what one would wisk to do is to incor-
porate some method of stabilisation, such that the eflective action su obtained
yields the same perturbative expansion as that of the original bollomless action.
Farthernore, oue might reasonably require cousistent large N and classicaf fimits.

The manner in which this is accomplished relies on the replacement of the
euclidean correlator as the defining object of the theory by the semi positive
definite Fokker-Planck Ifamiltonian,

Let us first consider the case of a bounded action, One works {romt the per-
spective of a standard quantum mechanics, In other words, one inserts Lthe action
in the Fokker-Planck action, and solves for the corresponding wavefunctionals,
As discussed above, the energy eigenvalue gy = 0 has, quite generally, the corre-
sponding wavefunctional ({0} = e=58/%, The central issue here, kowever, is the
normalisability of the Boltzmann weight. In the case of a bounded action, the
Boltzmann weight is normalisable, aud thus the wavelunctional (p[0) = ¢~5141/2
correspongs to a physical state. The ground state euergy is thus given by gy = 0.

In the case of a bottomless action, one agaiu finds the solution {]0) = ¢=Slel/2
corresponding to £g = 0. However, this wavefunctional is not sormalisable; and
consequently cannot represent a physical state, Thus the “lrue” groundstate of
the system must satisly g > 0 due to the semi positive definile nature of the
lhamiltonian.? The wavelunctional which corresponds to the first non zero energy
eigenstate may be regarded as the physical ground state. In the iuterests of
obtaining a stabilised theory, one may write this wavelunctional in the suggestive

{form .
(pll) = el (3.28)

The proposal for stabilisation is thus to replace the previous boltoniless action
with the effective action corresponding to the physical ground state. Oue may
thus rather consider the stabilised euclidean correlators

(lel) = [ldp) GlplemSeast (3.29)

as being meaningful.

2We tacitly assume that the groundstate is not degencrate,

24



In the following sections we will recast the d = 0 wodel, employing the for-
malism of stochastic quaniization. At this stage, it is not at all clear whether
the Jarge N behaviour of the original d = 0 theory is modified by this rewriling
of the theory.® In what follows, we will demonstrate that they are, in fact, con-
sistent. In general, we will not employ the full machinery of stabilisalion in this
dissertation-rather, we will use the term to imply the rew: “ug of the theory in
terms of the Fokker-Planck Hamiltonian.

For the moment, let us discuss the d = 1 model, which has greal relevance for
what follows.

3.1. Collective FField Theory and the d = | model

The d = 1 wmaodel is defined by the quantum mechanics of a N x N hermilian
madbrix,

52
T20M%
In order to facilitate the study of this wodel, it is expedienl to make a change of
variables to invariant collactive variables [28], since it is the singlel sector which
has relevance for string theory. The collective field approach to d = 1 strings was
first considered in [29). Collective field theory is based on the identilication of a
symmetry of the theory, following which a change of variables is made to a set
of collective flelds which are manifestly invariaul under this syuuuetry. For the
moment, we will consider making a change of variables to generic collective fields
¢;, which are assumed o be invariant under U(N) transformations.!

Let us first consider the kinetic term,®

19

i =Tr ( + V(M)) (3.30)

[IO=—§W (3.&1)
Invoking the chain rule permits us Lo write
i a by, &
Iy = =g | e 3.3
Lo 20M;; ((‘)M’;,‘ 0(/),,;) (3.32)

3The correspondence on the level of the splere was first demonstrated in [14] in the context
of the Marinari Parisi model.

4One may think of this as reformulating the theory in terms of “gauge invariant” quantitics.

SRepeated indices imply summation, unless cxpressly stated to the contrary,




and again

i, = "% (anff,-j(ngtﬁ (')Z,,L r)dz(»/}J gj{i’]@%_?l%) (8.33)
In what follows, it will prove convenient (o define the lollowing variablas
o = G e @)
and P,
Wy, = —m (3.35)

The O, may be considered to describe loops joining, while couversely the wy,

depict loop splitting processes, which will become clearer as one works with the

specific forts of the invariant variables. Tle kinetic piece of the Hamillonian
thus takes the form

1 J g d

I, == (w — Qe 3.36

‘ " al‘m i D, Iy, ( )

In order to canonically quantize this Ilumiltonian, one is required to tmpose the

conumnutator
[Tns pn] = ~ibum (3.37)

in which case one readily sees thal m, = —im = ~1d,. Oue is now able to
rewrite (3.36) in terms of the conjugate momentum as follows

i 1. : Y-

i, = b (fwp o+ Qe o) {3.38)
Oune notes that the above llamiltonian no longer retains Lthe preperty of explicit
hermiticity, following the change of variables to collective lields. In order to
understand why this is so, lel us consider the expectation value of an observable
computed prior to the change of variables:

(0) = / MY [M)O[M) Y[ M) (3.39)

Clearly, if one wished to rewrite the above integral in terms of the ¢);'s, one must
include the Jacobian J[¢f] of the transformation

(0) = [ b pOM A (3.40)
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One readily sees that the above may be rewritlen
(©0) = [ donlglO"d1ald) (3.41)

where we have defined O'[¢] = J[H)/20[4)J[¢)~'/2, and ®[¢] = J[]'/>W[g).
Thus, to write the inner product in the space of the new invariant variables with
respect to a trivial measure requires thal one rescale the wavelunctionals and
operalors accordingly.

As a result, one sees that the Ilamiltonian (3.38) must be transformed as

Iy = J'\ P g 2 (3.42)

in order to retain hermiticity. In principle, knowing the Jacobian would permit us
to write down a hermitian Hamilbonian. In practice, one enforces the hermilicity
requirement as a means of ohtaining a differential equation to compute J.

Let us consider transforming the conjugate momentum

al = JM g, g2 (3.43)
which ‘becomes ;
wl o= 50“ Ind + 7, (3.44)

One is able to transform (3.38) by inserting the relation (3.44), and requiring all
explicitly non-hermitian terms to vanish. Thus, one has

1. .
= 3 (fwm Ty + Qo T ) (3.45)
which, alter expanding the above, and using the identity 7y, T = — {0, Qo T+

Qpan T, Yields the hermitian kinetic piece of the Hamiltonian
1 1 , 1 1, ; aan
[[é = IZ'WH\an Tt Z-Qnm OnOmIn /S — :l"wnan InJ— g(()n ln J)Qnm (()m n '/) ('3-4(’)

on condition that J satisly

=)
!

O (Qnmt]) +wd
ol (3.47)
where we have defined the operator O,f = Uy + wy. One can now formally

eliminate all mention of the Jacobian from the Hamiltonian, by means ol the
relation (3.47), to yield

i

H!

o

1 1, ., [, i . - .
= "2'7rnQnm7rn - :I'()m()nQnm - Z‘ oy + ;;;‘(wn, + dmgmn)nml,,(wm + ()uQnm)
(3.43)
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This is the kinetic term of the hermitian ¢ = 1 Haimiltonian, in terms of generic
invariant variables. One may rewrite the above in the manifestly hermitian {orm

l - .
I = 50[;9;(',02? (3.49)
where we have defined the operator
- ) ] ; ,
Oﬁ = =8 + E(wn + ()m.Qma) (‘;’50)

The superscript h serves to emphasize the association of the above operator with
the manifestly hermitian form of the Hamiltonian. Oue should note that the
hermitian conjugate of O has the [lollowing action on the square root of the
Jacobian,

~ . ] .
oM g2 = mog./ =0 (3.51)
We have constructed the Hamillonian on the reduced invariant subspace, and
in so doing obtained a diflerential equalion specilying the Jacobian associated
with the change to invariant collective fields. Thus far, we have employed generic
invariants; however, we shall now specialise to the density description.

It proves conveunient to compute wy,, and §,, in terms of the invariant vari-
ables ¢ = Tr(e’*M), and to then transform the resull Lo  space, since

e .
o) = | g (3.52)
We consider computing wy, wlere
e
z= ~" m——— 3.5
wk (UMZ (3.53)
One oblains .
wp =k / K by b (3.54)
i
where we have made use of the identity
1
L aM _ tah A (1~-t)adM a9 r
0i; (e )ab = a/o dt (c )uc Dii M (c )db (8.55)

It is now a siwmple matier to compute the form of wy, in @ space, by simply fourier
transforining (3.54). The result is

w(z) = 20 ftyﬂ’})_ﬂg”l (3.56)
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One now computes the form of Q(z, ') in a similar fashion. In k space, one casily
finds

Q(lu,kl) = —[J]J,(/)k+kl (357)
which takes the form
Qx,2") = 0p0u (6(x — x")p(z")) (3.58)

in = space.

Further, note that
e IEN

()m Qnm - / W

which is readily shown to vanish, since
Y , "
/ ' gy 000l = W) = ~Belubomc]. (350
The Hamiltonian may now be writlen
il = /d'z:d:z:?r'z,fll 2! 2 =——w(
; (@9, () - 1 [ dogfoto)
+§/cl:vd:v'w(u:)ﬂ"‘l(:r,:u')w(u:’) (3.60)
Let us treat the term
é—/da:d:z;'w(n;)Q"I(:x:,:c’)w(n:’) (3.61)

Inserting the form of w(z), and integrating by parts twice, permits us to weite
the above as

: [ duat (7[ dy-‘li%):"'ifj”~)> 0000 (') (j/ (zf/i/’—(ﬁ—)_if’%@) (3.62)

Inspectmg the fortn of Q,(m '), one observes that £71(z,2’) must involve the
inverse operations 87 1() »'y in which case one requires the derivatives acling on
the -inverse to nulhly thc effect of such operators. Thus, the above expression
assumes the following form

%/dmdw' (f(l?lili%"ﬁ/@) 6w — w’ (/d </’(\L ‘/’(J)) (3.63)

y h()
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which, alter integrating over the delta function, yields

zfdb (7[(1 "’(J)) (3.64)

The last term whiclh requires consideration is

Jur(w) . Sz — ')
[uad)(q = 2 [dog(a /d a
__2/(l:::(/;(:c)'!ilu,dxc)mr In o ~ 2 (3.65)

1l

It is a simple matter to verily that the action § = 3, g TrM™ assumes the
form [ V{x)$(x)dz in x space. The final form of the Hawiltonian is oblained by
including a lagrange multiplier g to enforce the constraint [ dud(z) = N. The
full d = 1 Hamiltonian in z space thus reads

1
= [ da@ar)a)oem) + / d(s ( f dy ‘/'(f’)\
+/ eV (e)p(x) — (/ dud(n) — N) (3.66)
+%/du;qb(:u)miiy;:’ Tllyr I e — ') (3.67}
The well known identity
ﬁ/('/)) _Z‘f TS PO e
/dx,(/i(b) (][ dy 7] =% \/(LL¢.(.L), (3.68)
permits us to wrile
i , , n? 3
é-/dw(dxvr)(/)(:x;)(da,w) + —E/dm(/: (&) + /(l;;:V(:a:)(/)(:x:)
~pp </ dug(a) — N) + %/(l;m/)(:z;) lion s In oz — 2| (3.69)
The d = 1 Hamiltonian finally is
t . 2
i = ;Z—/da;(azn)d)(m)(dﬂr) + %—/ dud®() +/rl.7:(V(u:)-;Lp) (x)
1 Loy
+3 /qu"("“'),}‘_ﬂ, OpOp In o — | (8.70)
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In order to deterniine the leading configuration in the limit of large N, one rescales
t = fz,d = /B, — /B, and pp — Pup, lollowing which, the above

becomes

1 2 .
m = 2—‘6-?/(1:1:(3,577)(/)(:1:)(03%)-}-/52 (%/dw«/)“(m) —}»/dm(\/(m) — i) (ﬁ(:v))
-{-2/4:1:(/)(.1:) fim 8,0, In [ — & (3.71)
s—z’!
where the potential scales as (2.11), and the constraint is again given by (2.12).
One notes that the logarithmically divergent term is subleading in & in compar-

ison ‘0 the bracketed term, and thus ouly contributes at the one loop level.
The leading configuration is obtained by minimising the dominanl termn

2
?Y%-%M = (—%— (%—/tla:(/f}(:c) +/(l:::(V(:::) - pg) (/1(.7:)) =0 (3.72)
which. yields the sofution

roo(z) = /2(pr — V() (3.73)

It is well known that the d = 1 model may be regarded as the theory of non-
interacting fermions in a potential well V (i), where the eigenvalues of the hermi-
tian matrix M represent the lermionic co-ordinates, aud the collective field ¢g()
plays the role of a (classical) fermionic density. The designation of the lagrauge
multiplier pp then becomes evident, since it plays the role of the fermi ievel.
The continuum limit is approached in this instance by tuning pp to a quadratic
maximum, The designation V() in the discussion of the d = 0 nodel shounld
now becoume clear, sinice one has

mwdo(x) = 1/ -2V (a)) (3.74)

where we have set si = 0. The absence of the lagrange multiplier in this instance
will be addressed in the following section, when discussing stabilised d = U models.

3.2. The Stabilised d = 0 model

Let us consider the semi positive delinite, hermitian Fokker-Planck Hamiltonian
l 1t “' . ©
gy = 5AA; (3.75)
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with A; = e=5/2; ‘2 512, Permitiing the derivatives Lo act, the above llamiltonian
may equivalently be writlen

1 9% 19%8 1708\ ]
Hpp= 5T ("aM'z o T (aM) ) (3.76)

where we work with N X N hermitian matrices M. The semi positive definite
nature of this Hamiltonian is the key issue as regards stabilisation, since it has a
bounded energy spectrum regardless of Lhe nature of the action. Let us cousider
recasting the Hamiltonian (3.76) in terms of invariant collective variables ;.
Consider first the term

1795\
1 _LfOo q
My = (aM) (3.77)
Making use of the chain rule, one is easily able to demonstrate that the above
becomes L 08 08
I}, = 3%; = 3.7
I 110(/ ()(/)J (3.78)
We now specmhbe to the density variables
EOEDIICEPY (3.79)
i

It is easily seen that, in = space, the action becomes S = [ dad(x)V(2), in which
case (3.78) is written

m}, = /‘“/(lJ Q(J,J)M( 5 (/dl’f/'(l WV ( )) 7O (/dy’(/)(z/’)"(?/’))

(3.80)
Using the previous result
Qz,y) = 0:0,(6(x — y)d(x)) (8.81)

and inserting the above into (3.80) and performing a few partial integrations, one
ebtains

i}, = / du(x)V () (3.82)
Lel us now consider the terin
. 1 9%8
2 _ 2 2 g
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which is again easily transformed via the chain rule to the invariant collective
variables )

; 1 a5 J28
2 297 . Y0 3.8
]Ifll_' 4 (w'(‘){ll)i QYJ(‘)(/)'(')(/)J (;8[)
As before, in 2 space one has
wfa) =20, f dy ot )‘/’(") (3.85)

Writing /7, in 2 space, one finds

28 o
= 3( (/550 57~/ [ Aottt )(,(,,(,/Q (3.86)

For an action linear in ¢, (which we will consider) it is clear that the second term
above does not contribule, and one is lelt wilh

; i (/)(:1:)(/)(3/) .
L 2 V() 4 oyt 3
pr = —- /([.LV (1) f(l_(/ P (J.&?}

All that remains to consider is the kinetic term. This term was aunalysed above
and, following the restoration of hermeticity, was found to take the form

2/m(aﬂ)¢(b)(dm ;2/@/; L)( ay ) "'(/))
+2/d:uqb(:c)ml§3;’ POt In 2 ~ 2] (4.88)

The complete stochastic Hamiltonian thus reads

Hy = %/(l;l:(axw)(/)(:n)((')xw)+ %/([:1:(/)(:1:) (7[ dy~—== ‘/(J))
: #()H() .
—_ e RAMFAAL TS 3
3 /(LL\ (:L)][d,y pramps (3.89)
+-é-/dz1/;(u;)vrz(;;;) + 2/([::;(/)(:1:) 1&1;, 05 i |z — ') (3.90)
which may equivalently be written

Iy = % / du(Gpm )} () + 2 / dad(x) 25131:' Oy e It Jr — &
1 b Vi) 2 )
+§/d:v(j)(:x:) (][ (lyf—(_‘—y—zj - —751—2) (3.91)
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In this instance, atne takes pp = 0, otherwise Lhe positive definite nature of the
Fokker-Planck Hamiltonian would be lost. Consequentiy, oue finds the following
effective potential for the stabilised d = 0 model:
1 Vi) ?
Verr = 2/(11,(]5(:1,) hm 03,01.'111]!.—- a4 = ‘/dr(/)(JA ( / (l) l) é”)

(3.92)
We wish to demonstrale correspondence between the d = 0 and stabilised d = 0
results at large N. Thus, performing the rescalings & — Bz, ¢ — B to exhibit
B explicitly yiclds

1o 2
Vs = ’ () (][ lj(/) ”) /é"’)> (3.93)

with the logarithuically (hvergent; term and Lhe kmeLic piece subleading in N,
Thus, in the limit of large &, the clfective potential delermines the leading con-

figuration.
Heuristically, the above expression implies that ¢ = 8, or f{lﬂu —-—.(—2, sinee
${z} > 0. One should thus expect that d = 0 solutions at lmge N must be
reproduced by this term.
Explicitly, one requires o
(‘ff L _ v ’

for the leading configuration, with

?‘ ar = 3 ) i) (J/ dy M) 1 [t a (u«pu).i’(_ll;i’izl
4'"/ ()" (c) (3.95)

where we have symmetrized the second term, and nbcd the identity (4.68).
Let us now causider the case V/(x) = wz — 2%, Performing the functional
differentiations yields

()t + (n:')‘g + wWy + Wy - w!/) + ;i-\f'(:v)‘z =0 (3.96)

where W; = [ dwz’p(x). Since one is considering the case of a symmetric potential,
one may set Wy =
One finally obtains

dr2? + (g + Wy — wg) + wha® — 2wat 428 = 0 (3.97)
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In which case, one may solve for ¢. Note, however, that any such solution has a
sell consistency condition due to the appearance of ¢ in the definition of Wy, In
order to confirm that this stabilised solution does reproduce ¢ = 0, we cousider
mapping each of the above coeflicients of @ onto the corresponding coeflicients of

the d = 0 ansaiz, |
r(z) = —2-(;:2 — a?)y/y2 - 52 (3.98)

to ensure that they reproduce the correct equations defining the position of the
cut in terms of the couplings. Furthermore, by cousidering the definition ol G/(2)
for z large, G(2) = 2, %L,—, one is able to read off the equation defining W by
considering the coefficients 272 in the large z expansion of the o = 0 ansalz, and
conficming whether the wmapping in the two schemes corresponds,

BEquating coeflicients of z in the two sciieies yields the equalions

w= :Y,-z— + o? (3.99)
and
w? 4 dg = 2a*y* ot (3.100)

One sees that the first equation carresponds precisely with J = 0. Squaring (3.99),
inserting the result in (3.100) and performing some simple algebra yields

2 2
g=1 <a2 ~ ln) (3.101)

whicl is the correct d = 0 equation describing the position of the cul as a function
of the coupling.

The expression for the Wy in the stabilised model is

4n2
o
Wy = wy — -—F— (3.102)

which, alter inserling equations (3.99) and (3.101) is readily shown to correspond
with (2.30). Thus, in the imit N — oo, the cubic case of the d = 0 model is
equivalently described by the stabilised model.

Let us now consider the case ol the cubic poleutial, where one takes

, L.
V(s) = %:vl ~ Zj-:z:‘} (3.103)




following the usual rescalings such that the collective ficld obeys
/ ded(z) = g (3.104)

Tollowing the same procedurs as above, ope is able to obtain the d = 1
expression for Lhe density, which is given by
2,2 g3 gl
wi®  ow? w
——— 3.105
R (3.105)
As hefore, in order to make coutact with the d = 8 solution, oue maps the d = |
expression {or the deusity onto the ansalz

7% = wyg — Wy — g~

5 1 ;
T = (e~ 0 (e = 2)(z - 7) (3.106)
Doing so, yields the equations -
w= ot u {3.107)
w? = ay + Zpo +11° (3.108;}
L (PO 3,10
9=-3 <a7+ 20) (3.109)
and
Wi =wg+ ;i—,‘.t""a*;' (3.110)

One sees that the equatious (3.107) and (3.108) imply a consistency condition.
Squaring (3.107) and equating the resull with (3.108) yields

wy = %E~J/A (3.111)
This equation may be further refined by inserting the equation for p,

ay = }—(ﬁ ~ oW (3.112)

iy

This equation complies with the first of thie d = 0 resulls.
Further, inserting the relations (3.111) and (3.107) in (3.109), and performing
some manipulations yields

o(o ~ 2w)(o — w) = 8y (3.113)
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in agreement with (2.47).
All that remains is Lo verify the equivalence of the momeunts. The expression
obtained in the context of the d = 0 model is

W= (e 97 4 S T (0 4 ) 4 L () et @)
17 256 128 LT L e
Now, using the identity ! +v* = (& — 7)%0? + 20292, and performing various
wmaunipulations, yields
g 2 Ll:l e — 2 - .li. (v — 2 M 19
W = 2"6(a 1) 64 (o —7) 4 32(u Yo (3.115)
Ewmploying cquations (3.112) and (3.107), one obtains
2
W, = —6‘%(30 - 2w)(o - 2w) (3.116)
The expression for W) in the d = 1 twiodel is

W = wy + %/tzcw (3.117)

Employing the relations (3.112), (3.113) and (3.107) one regains the result (3.116).
Thus one sees that the stabilised model is in {ul! agreement with the o = 0
solution.

3.3. The Schwinger Dyson (Loop) Equations

Consider the general correlation {unction
(F@) = [ dip Flip)em) (3.118)

Let us make a variation in the field ¢ — ¢ 4 ¢, where ¢ is understood to he an
infinitesimal constant. Expanding to order ¢ yields

7 No—S(ete) i I ~Sfe] 4. . ’]'F[ ] (/.5[ ] 7 ) -5
[ derte+ 5ot = [apriglee 1 [ap (T2 - S Epy
(3.119)
If one requires the invariance of (3.119) under such a transformation, one sees
that this requirement is expressed ..*

/ dip (f (p)e™5)) (3.120)

5More Lrivially, one might note that this is siuply the integral of a tolal derivative, and thus
vanishes.
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This is known as the Schwinger-Dyson or loop equalion, which the corvelators
must obey. In full, . »
dFlp)l  dSle] |, > o
< T~ ) =0 (3.121)
If one were to consider ] as arising from the first variation of seme quantity,
say Glepl, one could rewsile Lhe above as follows

AGle]  dSe] dGlel\ @ Lo
< o e g ) =0 (3.122)

One may link the above to stochastic quantization. Previously, we demon-
strated that

’ ) it laCpleS
(61 = Jiny 1~ oty = Ll (3.123)

under the assumption g = 0, nplying that the zero eigenstate has the form

(pl0g) = =St ,
The correlator (3.123) cannot depend on the fictitious thne = in the limit

7 — 00, Thus, let us consider the obiact

i I{Ge]) = 0 (3.12¢)
which is seen to be
Jim 0:(Glep)y = Tli{go%:c‘c"r (G| .l[};,, [np) (ny [¥(0)) =0 (3.125)

where we have inserted a complele sel of stales, and assumed Lhal they are
properly normalized. In the [imit 7 — oo, one oblains

lim 0n(Glpl) = tim (G H1Fp10R) = 0 (3.126)

where we have employed (3.26). Taking the complex conjugate of the above
(where we assume real matrix elements) and inserting o complete sel of stales,

yields

£
| de0n] o) (ol Hpp |05

02 1 YT
/d(p (a G 9596 ) 5 =0 (3.127)

i

0% " Do dp
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which are seen to be the Schwinger-Dyson equations of a euclidean quantum field
theory, as derived above. It must be emphasized that this discussion of stnchastic
quantization is distinct [rom the issue of stabilisation, which is a modification of
the theory. Here we are interested only in the link between the statement (3.124)
and the Schwinger-Dyson equations of a field theory.

The stochastic quantization approach to loop equations in Yang-Mills theory
was elucidated in [{30]; [31] employed this approach in a pumerical analysis of
Schwinger-Dyson equations in the one malrix case.

The stochastic Fokker—Planck Hamiltonian is easily rewritten in terws of col-
lective fields” as

9 0

)(/ Qijm + 9.5,55(/)—‘. (3.128)

Hpp = wim—
where we liave defined Qg; = T'r ( 5",,”, g/t;) The Hamiltonian may be written
more compactly as

Hpp =070 (3.129)
with OS = —-Q;;0; + &, and @; = wi + Q(8,7). This partitioning Is not quite as
ar bltrmy as it might first appear, since the OF’s are required to close an algebra

to ensure the consistency of the collective field theory description.
Taking ¢, = PrM™ as our collective variable, the above Hamiltonian is writ-

ten
d -2
Hypp = E Z 1n¢,,+m_.~()/ + L Grhpr — \Q(S )} (3.130)
n>0 \m>0 'm0

One can easily show that the pieces independent of the action close a Virasoro
algebra, taking

érz+2 = z Mgy 5 d(,b + Z - (3-131)
m

m=0 r=U

and defining 0,,4.2 = Ly, it is casy to verily that

[Lna Lm] = (73' - 7”»)Ln+m (3.132)

for positive tnodes 1 > @, which is Lhe form of the classical Virasoro algebra. One
may make conlact with a conformal field theoretic description, by delining the

"The collective field treatment of the stochastic [Tamiltonian was first given in 5.16.
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modes

1
O = =2, a_y = —\'—/_Emrn. (3.133)
valid for n > 0. It is easy to verily that the commutation relation
[am am] = 7“5n+m.0‘ (3.134)

holds. The above expressions are reminiscent of the mode expansions of a con-
formal field theory. In particular, (3.131) may be rewrilten as8

[ne] n
2 I
P Ly = E Qg Cpan, -+ 3 ) | Wptiyy (3.445)

me=0 r=0
which are recognised to be the Virasoro generators associated with the energy
momentum tensor of a free boson in a coulormal field theory descriptlion,

()= 5 theis = Log@00) (3.136)

n==—00

where the colons are taken to imply normal ordering.
Let us consider the d = 0 partition function {ollowing a change of variables to
collective fields ¢, in the presence of sources jq,

25 = [ dps@yesBeints (3.137)

One may rewrite (3.137) rather suggestively, by defining the object Jg(p) =
J($)e=5) in which case

2(j) = /lltflet:_j“'/"' (3.138)

Thus, it would appear that the object Z(7) is nothing but the Laplace transform
of the rescaled Jacobian, Js. In the previous section, it was demonstrated that
the Jacobian must satisfy the dilferential equation

Ols=0 (3.139)

to exhibit the explicit hermiticity of the kinetic piece of the colleciive d = 1
Hamiltonian. In turn, the object Jg is required lo ensure the hermiticity of

80ne notes that we have rescaled the fields to obtain the required factor of % associated with
Virasoro; this factor ariscs naturally when considering the hermitian form of the Hamilloniau.
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the non~hermitian Fokker-Planck llamillonian, following the change to invariaut

collective variables.
In order to determine the equation which Jg must satisfy, multiply (3.139) on

the left by the factor ¢=%, to yield
Js0iQ; + Qe S0 +wids =0 (3.140)
Employing the identity
Js0:8%; + Qije 500 = 0:(QijJs) + Qi Js0iS (3.141)
one may readily rewrile (3.140) in the form
0i(Qids) + (S +wi)Jg =0 (3.142)
which is further written as
0i(Qi5ds) +oiJs =0 (3.143)

in terms of our previous definitions. This result may be expressed wore compactly

a’s - Q.
OMJs =0 (3.144)

It is simple to show that, as one expects, commutation of the operator OF, ; gives
rise to a Virasoro structure.
The above implies that one may consider

/ dg (OF1Js) o=
[ 4@ (@ 8)5) + 3(8)Js) ¢

/ A (JsSinin + G($)Js) =i (3.145)

0

where, in the last line, we have integrated by parts and allowed the derivative to
act on the exponential. The relevance of the sources now becomes clear, since
making the correspondences

Oy = =Tk br — =0, (3.146)
permits one to write
(us(=03 )+ 0(~03,)) [ dipls =5
07 2(35) (3.147)
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Thus, one sees that the operators OF are required to annibalate the partition
function. Furthermore, it should now become clear that the operators OF must
close an algebra, since (3.147) requires

[0F,0§12(j) =0 (3.148)
which implies in turn that . )
[07,07] = ;108 (3.149)

Thus, if (3.144) is to have a solution, the operators OF must close an algebra.
As stated above, the existence of a Virasoro structure in the one matrix model
ensures that such a solution may be realised. The object Jg is the Jacobian
required Lo ensure the hermiticity of the non-hermitian stochastic Hamilionian,
following the change to invariant collective variables.

The resull {3.145) may easily be rederived in the context of the stochastic
quantization formalism. Recall that the Schwinger Dyson equation may be writ-
ten in the context of a d + 1 dimensional quantum field theory as

lim 0,(GIM]) = f M (O] M) (M| Hpp |G = 0 (3.150)

where J[pp denotes the non—~hermitian Fokker-Planck llamiltonian, and
liny oo {Op MY = e is the groundsiate wavefunctional. Now, let us make
the chaunge of variables M — ¢, incurring a Jacobian J(¢) :

0= / dbid ()5 (] Hpp |C3)
Redefining Js($) = J(¢)e5, and taking the hermitian conjugale yields
0= [ dgiC() T ds(). (3.151)

Due to the above delinitions, 1]};,, = 9,051, and thus the resull (3.144) is re-

claimed, with the sources j, = 0.
In summary, the requirement that the stochastic Fokker—I"lanck IHamniltonian

exhibit explicit hermiticity yields an equation for the Jacobian Jg(¢), which may
be rewritten as a set. of constraints acling on the partition funclion. In order to
ensure the consistency of the collective field description, it is required that these
constraints close an algebra, which is ensured in the one matrix model by the

existence of a Virasoro structure.
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4. Tur CONTINUUM FORM OF THE
FOKKER-PLANCK HAMILTONIAN

4.1, The Macroscopic Loop Approach

The above discussion of the equivalence ol the expression (3.127) with that of the
Schwinger-Dyson equations of a quantum field theory suggests that one might
construct a string field theory by considering a stuchastic quantization approach
to the d = 0 model. This was accomplished independently by [10], [12], The
following discussion is a synthesis of Lhe approaches of [10, [11] and [12).

Inorder to construct a continuwin Fokker—Planck Hamiltonian, it is traditional
to choose the macroscopic loop as the collective variable, ¢(f) = Tr(c'™). As
usual, one proceeds by computing the quantities Q(L, 1) and w(!).

Proceeding by definition, it is easy to show that

QY = W + 1Y) (4.1)

and l
w(l) = —I A (YL 1) (4.2)

In order to achieve the continuum limit, it will prove convenient Lo work in the z
representation. Laplace transforming (4.1) yields
) (v i _(’1 -

Q(z,z') — 0203,_'_(;2___33_(_’1.).
where G(z) = TryYgr. Further, noting that (4.2) is a convolution, the laplace
transform is readily found:

w(z) = 8.G*(z) (4.3)
In order to proceed further, one would like to exhibit N explicitly. To this end,
one should seek the analogue of the constraint on the density variable. The
corresponding constraint in this case is given by

I' 1}
5‘;{7%(;(2’)(1& =N {4.4)
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where the contour is chosen (o enclose the cigenvalues of M. The contribution from
the contour at infinity vanishes. Thus, one need only cousider the consequences
of the residue theorem. It is then clear that, in order to rid the constraint of
N, one must perform the independent rescalings z — VN3, G(z) — VNG(3),
following which (4.4) becomes

7
—~— h G(E)E=1 4.5
— f o) (4.5)
All that remains is to delerininic the scaling of the conjugate momenium,
which is readily inferred {rom the canonical conumutator

(7(2), G()] = —— (14.6)

!

—_Z

8

Performing the abovr ... - fngs on the conunulator (4.6) yields

- L .7

“

pyr(2), VNG(z

It is thus clear that, in order to preserve the canonical commutator between the
rescaled operators, one demands v = N1 Hence, we require w{z) — N~ n(3).
The Folker~Planck Hamiltonian is

()~ Gz .
Hp = - / d' / dzfi%)-_-;f—(-—)oﬂ(z)a:m(z')Jr / dz 0,G2(2)m(z)(4.8)
+ / =8, 2)r(z) (4.9)
Rescaliug the kinetic term yields
; f 7(3") ~ G(z '
]I_l;;,u = —.-I_V%—i./ (lé’/dé%(‘kﬂ(é)ﬂzm(i’) (410)

It is straightforward to defermine that
/ dz 0.G7(2)n(2) — f A7 0:63(3)n(2) (4.11)

In order to consider the scaling ol the last term, let us recall the definilion
QUS,z)=Tr ‘7»2‘%1:2 This term may be rewritien as
05,2 = /dzﬂ(z z')——(z'i— (4.12)
! TOG(2)
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The action in z space is such that the polential resembles a source for the oper-
ators G(z),
1
S=—1¢ dzV(z)0(z 4.13
5 V)60 (4.13)

where the contour C eucloses the poles of G(2). It is then clear that
Q5,2 = /dzﬂ(ﬁ, 2YW(z) (4.14)
in which case the rescalings z —» VN and (i(z) = VNG(Z) imply
(S, z) = VNQ(S, 5) (4.15)

provided that the couplings in the potential ave chosen such that V(z) -» NV(Z).
It is then quite clear that

/ d2Q(S, 2)7(z) — / dEQ(S, )n(2) (4.16)

Hence, the Fokker—Planck Hamiltonian exhibiting & explicitly is writlen

G(E) -G
oy, = / 47 / &) =6 (( 2) e (2)0sm(2) + / A5 :C3(2)m (A7)
+ / 295, 2)n(2) a8
In order to proceed further .e take
— 2"2 — 1'3 4.1¢
5= 5% ~ 5% (4.19)

To treat the term incorporating the actiou, oue recalls that

OTrV (M) D(l)
oMy OMy;

Q8 1) = (4.20)

which may be written

Q5 1) = zv'( >,/,(1) (4.21)

In order to move to the z representation, one thus considers
- ¥ o« 1 (? —iz P
QS,3) = ~0; / av' (5) ) e (4.22)
0
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One may readily demonstrate that, integraling by parts,
oo .
/ Al ¢ Eqd(l) = 2G(2) - (D=0 (4.23)
0
Furthermore,
/0 dl e 29 g(l) = 22G(2) = 2h(D)]1=0 — Hp(Dli=0 (4.24)
where we integrated by paris, and employed the result (4.23).
Thus, one has
0(9,3) = -0 (wZG(E) — wp(D1=o = 2 G(Z) + 2¢(li=o + (?u/)(l)h:o) (4.25)
Now, we consider the quantity (fl(t)l]_,g The rescalings z — VNE, G(z) —
\/_G(~) imply that G(2) = %TrzLy. Thus, since G(Z) = [cllc"’”’l‘r(c“")
one sees that ¢({) = & Tr{e™), in which case ¢()]i=0 = 7' ‘11 =1. The object

dp(Di=g = T'rM may be regarded as an initjal c.on(lition whicl remains to be

fixed,
The Fokker—Planck Hamillonian is now written

Hpp = —-—fd"/d Gz — [ )d e (2)0pm(Z) +/(/z &,G(z)m(2)
+ / dzds (2 - Ew)G(E) = £ = (D)) (4.26)

Our poal is to compute a continuum form for the above Hamillouian, and thus
we consider the scaling relations

Z=Z +af (4.27)

and
w = w4 @A (4.28)

We further introduce the shifted field G'/(3):
Gz = -%(s'l — 5w) + AI2C(E) (4.20)

The required scaling of the conjugale momenbum wmay be obtained by analogy
with the procedure used to obtain the scaling in N, namely, by considering the
canonical commutator. One oblalus

(&) = *x(3) (4.30)
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Let us consider the potential term
GHE) + (# = 2w)G(3) + (w = 2) - Dd(Dli=0 (4.31)

which yields, fellowing the substitution of (4.29),

oo = winl)

In the above we have replaced di¢p(!)])i=o by the familiar notalion Wy. It should
be noted that the shift was made in such a way as to cancel the tern linear in
G(2), thus eliminating unphysical tadpole interactions. Comparison of the term
in curly brackets with expression (3.105) indicates thatl it is none olher than the
continuum expression for the disk awmplitude derived via the slabilised d =
model.

The potential term reads

~a’? [ dg(GP(e) - GHENen(€) (4.33)

Now, et us turn to the kinetic term. Inserting the expression for the field, (4.29)
one nobes that the shift cannot contribute, and one has

(, i
S / & [ g “6) 5 “E) g (4.34)

where the expression N~2¢~® has the correct scaling dimension [or the square of
the coupling constant, x. One takes N — oo, @ — 0 in a correlated fashion, such
that k£ is held fixed. Thus, the final form of the continuwm Hamiltonian reads

!

13, = _a1/2< * [ ae [ ae ('(56) ET(f)dtW()t:w+ JGE G (g))aﬁ-:r(g))
(4.35)

The factor @!/? may be absorbed inta the definition of the stochastic time. One

notes that in the above the specific furm of the potential used to discretize the

surfaces was absorbed into the universal forw of the disk amplitude. Furthermore,

the above hawmiltonian is cubic in the ficlds, which one requires to reproduce the

possible string interactions. One sees that, in the continuum,

e =
Q8 = 05'055-65—)_—{—(-5—) (4.36)
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may be regarded as representing Lhe merging of continuum loops, and Lhat
w£) = &*(€) (4.37)
represents continuum loop splitting. One could thus rewrite the above as

15, =~ [ ag [ agweie, nepnte) - [ der©)a(e) + [ decite)oen(e)

(4.38)

The processes encoded in the above Hamiltonian are more casily interpreted in
terms of loop fields,

s, = —A mA Uyl W+ L) (1) (L)
(e ] (=]
—/ %/ Aol + NI )G F 1) (4.39)
] 4]

_Ammmuwu) (4.40)

where one now las the field W1(’) which is the inverse laplace transform of G(£),
and (1), the inverse laplace transform of the momentum conjugale to G(€).
Additionally, po(l) is the inverse laplace transform of 9¢G/3(€). Purthermore, one
has

[w(0), W) = 61~ 1) (1.41)

which follows directly from the inverse laplace transform of the canonical com-
mutator between the field G(£) and its conjugate momentum.

We therefore interpret the operator W({) as destroying a loop of length /, and
YH(l') as creating a loop of length /. The first term in the above Hamiltonian is
then seen to represent Lhe process whereby two loops of lengthi £y and l merge Lo
form a single loop of length !y + Ly, 'The second term corresponds o the splitting
of a loop of length {; 4 Ly, into two loops of lengths 4 and ¢y. The last terw
represents a string tadpole interaction, whereby an incident string disappears.

Noting that the pre-countinuum Hamiltonian has a Virasoro structure, it is
natural to inquire whether such a structure survives the transition to the contin-
uwn, To this end, one would like to coustruct the continuwmn Schwinger-Dyson
equation, which is defined by

2(5) = lim (O 05,e™"in7 1) = 0 (4.42)
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which is simply the conjugale of (8.127), where one takes the state
|G) = ef Q) [0) (4.43)

The use of sotrces permits us to rewrite (4.40) as

e [ dlar2 (e I (L )

/0 dl,/o ARl )+ ) s s 2)
00 o0 (7

u/ Lol by (1) ()~ —— 2

+_/0 d ) (“2(')1(2)6./(1,-{-12) (N

+ fn = dp(1)I () Z(J) (4.44)

One wishes to consider connected correlators, and thus one should rather work
with In Z(J). The above then becomes

dln Z(J) 6n Z(J)
§J{l)  6J(k)
I 8% 4(J)
+/ (ul/ il + )+ B) s s

+ / dip()J (1) + / diy / dlaly LI (1) (1) 6‘3‘(‘;’; (Jl)) (4.45)

By changing variables of integration, one may lurther rewrite (4.45) as

bl A L VA0 §In Z(J) §tn Z2(J)
/o diJ (1)1/0‘” (é./(l’)é’J(l—-l')+ 51() 6./(1-—1’))

oo [o° 2
0 = / (”1_/ dlyn (1[ + lz)J(l[ + 12)
Jo 0

oo ! co dlu Z2(J)
B ' 1 N DAY T
at [Zay [ [ sy END

+ /O = Ly / () (4.46)

We took In Z(J) to be the generaling functional for loops; that is, we coupled the
sources to continuum loop vperalors, such that multiloop correlators are obtained
by repeated differentiations of Z(J). One should note that if Z(J) satisfies

0 - z/l(u' B lg(J) | 8n2(]) sl 2()
= SIS T(I -1 " TBI(l) SJ{i~1)

g, ! 00 din Z(J)
2 ! ' / ' 1 4/
& l/0 clll/n dl'J(! 16./(1+l')+l/ di'p(l) (4.47)
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then it is clearly a solution of the Schwinger Dyson equation (4.46). Furthermore,
the resemblance of Lhe above to the pre-conbinunm loop equations of the matrix
model is striking. In order o ideutify more clearly the appearance of a Virasoro
structure it will prove convenient Lo work with the £ representation.
In the continuum, the loop operator Wi(l) which creates a loop of length { may
be expressed as a sum of local operators 7, which may be thought of as inserting
“punctures” in the string worldsheet. Specifically, the continuum form of the loop
operator for the m = 2 critical point is given by Wi(/) = & an, Pé::_".}/;z)w)u This
implies that requiring the source Lo salisly

/ LI+ = -N%F(n + 3/t (4.48)
9

ensures that one may rewrite the generating functional n Z(J), and its associated
correlators, in terms of such local operators ¥, since the source term takes the

form
/ A uh) = 32 e (4.49)
n>0
We thus consider the Laplace transform of the Schwinger-Dyson equalion

| SZ() Sl Z(J) §la Z(J)
_ '
0 = ’/‘” ST T =1 " eI sIa =T
yoJ (i - 1)

9 tp S Z() TS
e 1/ AN e gy + o) (4.50)

Let us factor the partition function into a product of universal and non univeral
parls,

Z(JY = Zu(J) Znon(J) (4.51)
where Zy (Zyon) corresponds to the universal (non-universal) part of the partition
function. Thus, one has

§WZ(J) 810 Zuon(J) | 10 Zu(J) (152)
STy T eI 8J (1" v
Now, Zyon(J) takes the form
Zuon(J) = € [ QU4 [ ddiayI(ne ) (4.53)

where @(!) refers to the non-universal piece of the disk amplitude, and C({,l)
the non-universal contribution to the cylinder anplitude. For the m = 2 critical
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point, Q(!) takes the form
52 YA

Q)= eI (4.54)
while
o,y = 2 VI (1.55)

or [+ 1

is valid for all critical points.
One therefore sees that (4.52) becomes

(. -5/2 A 712 52 oo T 7
sa() | ML 2 [y VI ERALD) g

50y T T(=3) 8 I} I+7 Y )

Our choice of source permits us to rewrite ¢he above in terms of correlators of
local operators as

nt1/2 7
'\»lz { ') §in Z(J)
I‘(n + 5) Sty

§nz(J) 157 _:3._/31~1/2+51/ ag(
§J(Iy T Ir(-3 8 I 2

nz4
(4.57)
Let us consider the first term of (4.50):
5% In Zu( )
T u 4.5
1/ S O ET)) (4.58)

which, after substituting (4.57), takes the fortm

{ 5 2 poo yng
. vhr
(fa =T (m/u A () l,)

! § : 2 51y 2,(00)
! / W22 v 4.59
LA S VI ( g)r(w 5 o (14.59)
The other terms vanish due Lo the action of the Tunctional derivative. One has
1 § K2
p (5 / Lib(ly — (1= 1)
1/0 oy (T (27r didh = (1= U077 +zf>

! 6 A ez g s Z,(J)
o / L ~—~< v ) 4.60
o 6J(l~l')( gj Fn + 2) by \0J(1 = I') (4.60)
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where we have permitied the functional derivative to aclh on the source term, and
commuted the order of differentiation. This yields

{ m-1/2 nwmt1f2 62
- /‘/1'(1-1')“4; [ Y Gl 0% 1n Z.(J)

P+ 3/2)0(m +3/2) 8y 8pim,
alter integrating over the delta funclion and inserting the ansatz (4.57).
In order to evaluate the above, let us recall Lhe identity

o ! . 00 .
/ dlet€ / AR~ 1) = / T e () / A5G () (4.62)
2] 0 QO JO

which is readily proven, following a change ol integration variables. [Purther,
recalling the integral representation of the I' function

(4.61)

mu>0

o0

I'(z) = / dyeyo1 (4.63)
o
allows us to conclude that
/ dle~ i = -—-«—-—I‘(n + 1) (4.64)
0
Since (4.61) is a convolution, using (4.62) yields
38 Z () K]

) it —m=n-3 u R 4.65
¢ ( "1%06 Sttndptan 105 (4.65)

as the Laplace transform of (4.61).
We now consider the second term of (4.50),

0 [ e [0 8 Zy(J) 81n Zyu(J) P
o [ e [T AR (4.66)
Using the identity (4.62) is is readily seen thatl one must evaluate
p 0 _edin Z(J)\*
3 H é 3 .(.._-___l._—) 4,
d (_[) dle 5700) (4.67)

Hence, we consider

LI O T T W e Vit
e S R e
[) dle (I‘(—-'3-) s Ty 27r/ i )z+z'

lu+1/z d (dlu Z,(J) ‘
—E | g2 ’ 1
+/ dle ( E F(’IL + 6‘“_“ (6‘]({ — [') ) ( )-68)
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Of the above, we first evaluate

W R :2 1
L / Nt v i
/0 dle (——ZW | 1/) (4.69)

Realising that the Laplace transform inhibits the magnitude of [ through expo-
nential damping, we may consider a small [ expansion

S on(t) .

Recalling the choice of the source,
< ; B
[ asm = w2 (n. + 2}) i (.71)
0

By definition of the loop operator, only modes with positive n conlribute, and

hence the expansion (4.70) implies that the term (4.69) does not contribute to

the Laplace transform, since all powers of n in the expansion of I’ are negative.
The remaining terms are

[~5/2  3A (~1/2 2§ Z,(J)
dl —-lf = —— + ,;’2 v i 4-72
b ( I O RPN T .

The Laplace transform may then be straightlorwardly performed, Lo yield

/3/2 -2 4 2 —n-gf2 0 Zu(]) Zu() 47
\5 é PN T (4.73)
n20
Thus, the Laplace transform of (4.66) is
L) Ls, 2
~0 g3 ;3_116-1/2 + K2 Z £-n—3/25‘“ Zu(J) (4.74)
b "0 Sty
The third term of (4.50) is
§in Z,0J)
2 ! AV I\ ™ y "
z/ WA e (4.75)



which becoines, after inserting the ansalz

-] 15/ n=1/ (o]
w2 [T araeyr ((’“) RS (1) s / d I, )\/i1(1'+'l))

T(-3) 8 I hAitT

L+ 1y 81 Z (,/)
I l, 7 § : ( u ¢
Y l,/ Iy <n>0 I(n+3/2) S, ) (4.76)

Let us consider the term

K2l

T (" 5 Jo T I+ Uy (4.77)
Again, performing a small [ expansion, one has
. 2 I\®
(l+ ll)—5/l - 1/—5/2 Z tn <l_,_> (1[78)
n=4

where @, represents the n'th binomial coelficient of the expansion. One notes
that there are no contributions due to this integral, since all powers of !’ are
negative. Similarly, consider

JA;u /
dU TN+ 12 4.79
SR WOy (4.79)
One has the expansion
n
(1 + ll)-l/l 11—0/2 Z o (lll) (4.30)
n=0
Clearly, the only contribution arises from the 7 = 0 term, which yields
AR [ . JA
({1 Ty 4.81
RO AR T (4.81)
by definition of the source, J({). The Laplace transform uf this term is then
BA e e B
o /O de™t = ~ oz (4.82)
Next, we consider
kil e bl Vil + 1)
W I / . A S 4.8:
o I [ )Y (4.83)
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To this end, one expands

MRG(EY. [1/2(1 + l/))/z _ 11/2111/2 1% (1 N _[_)1/72 (] N _—l._,) -1
TEYEY I+l v 41

in which case, the only conttibutions are
Kt oo . [0 »
”I ! ln/z/ ) t/2
_27r/(, araey® [~ ang

Laplace transforming,

2 -5 _ w2 _ pmg, 1
(t)/ > 3 %

‘We now consider

A r (R 22 810 2,()
z/ I Y T T o

n>0

Writing the binomial coeflicients in terms of the ganuna {unction yields

(+0) =Syt ()

in which case,

[* 6ln Z,(J)
x 1] 1y pin—k4-3/2 u
Kl / A (1) - ,
"ZN:J @) ;Z;’ F(n+3~k)0(k+1)  bpn
Recalling our definition of the source, oue has the requirement
E<n+1
and so, altering the sum over A:
1k §tn Zu(J)
fi t ey pn—k43/2 u\ v
I / d () .
HZ;) () LZD“(n—i-—-l)l(k—i—I) djon

Ewploying the relation (4.71) permits us Lo wrile

wtl T(n+ - k)5 6lnZ,(J)
21 e i 2 .J“ k
L Tt -G T o

[}
o

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

(4.51)

(4.92)



Making use of the recursion property Iz + 1) = 2I'(z),

n-t1 k .
. an | 8tn Z,(J)
w2l E E T (n — bkt =] = — e (4.94)
11.20 k=0 2) 1 (/" + 1) b/f‘n

The Laplace transform of this object is just

n41
J
~K 05 Z Z M=kt (n —k+ 3) 7oy iﬂ(—;—-‘—‘—(-—l (4.94)
n>0 k=0 5 Hu

Choosing to set m = n — k 4+ 1, and noting that the limits of the swn remain
unaltered, yields

n41 p

1 8 Z(J)
—K%9 T (m+ - ) —_— 4,95
P3P 2) G (4.95)

Lastly, 9:G3(¢) is the laplace transform of po(l), and is thus already known to be
362 — 3 A from our previous matrix model calculations.
Ilence, the Laplace transfoem of (<.50) is

— 4 —111—11—3%- .g...—l..
0 = -0 ("' Z ¢ S bt k 16 £2

wyn20

n>0 6"""

w1 I Zy(J)
2 ) 4N
-k 0{ Z Z fm ()ll + ) {:u—m-{-l b“n

n20m=0

N(ENERNDI R

Expandiug the squared term, one notes that terms arising [rom the shift cancel
the tadpale interaction, yielding

2
~0; <€3/2 3/\6—1/2 22 Z f-n—.a/'aﬂ" Zu('f))

n . 7
_ _odn, 00 Z () 810 Z,(J)
0 = 2 (]t Z Z € 6#1:1-—“ 6/1'11

n>0m=0

n1
1 §inz,(J)
2
AP IP I (’" * ) gt g,

n20m=0
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T 11_\_)" BATN 1 K%
"a‘(«z v) o TR T

pos e A 0N 60 Z(J
"2“‘2‘)62, ({ ___gE 7 2/ ,__(_Sﬁ‘n_(_l (4.97)

u>0

In the above, terms in £ which are nob summed over constitute the remnants
of the shift. Requiring each coeflicient corresponding to a particular power of
£ to vanish as a consequence of Jinear indepeudence, one obtains an infinite se-
ries of constraints which the aniversal partition funclion must obey, Setting the
coellicient of £71 to zero readiy yields

d 1 3t po < o
(26”1—{‘2”2 ((g_ 2) )+1§ -t 2/[‘“ /J =0 (1.9(5}

which corresponds to the L_; mode of the Virasore algebra. Similarly, one obtains

for £72,
8 3a 1 & 1 P
S T ey bu (4.
(Z (8112 8 Buo) Thl Zz;, (" * 2) # ‘(),un) =0 (4.99)

N

and lastly, for £ with m > 3,

g JA 0 L 2 2 d
2 —— + 52 - (n+ )L, )ZL::O
( (aﬁ‘p-ﬁi 8 aﬂp-f-l) HZ_'}) d,‘lnd.“;wn 1;_0 ! Ld}‘n«}-p-ﬁ-l !
{4.100}

where p > 0.
One may verily that the above coustraints close a Virasoro alpebra [10],[11]

[Lm Lm] = (n - 7”‘)Ln+m (4101)

demonstrating that the Virasoro structure has indeed survived the transition to
the continuum, and implying that the consteaints may be solved consistently.




4.2, The Density Approach

In this section, we will consider the density approach lo a continuwin Fokker-
Planck Hawmiltonian, which is more desirable than the {raditional z representation
for a number of reasons, Firstly, the machinery of the Fourier translorm is more
easily deall with, as opposed to the subtletics associated with the convergence
of inverse Laplace transforms, Futhermore, in ihe previons -ection, in order to
obtain the correct conlinuum limit it was necessary to subtract a non-universal
piece Trom the one poink disk amplitude. In what follows, it will be shown that
this shift is somewhat troublesome. Additionadly, in the z representation, the
continumm Hamiltonian was found te be non-local. All of these difliculties are
resolved satisfa-torily when considering the density formalism, which has enjoyed
grent success in the study of the ¢ = 1 string.

sntral to our considerations is the existence of an algebraic structure, which
arses in a natural way when cousidering the collective field theoretic deseription
of matrix models. In particular, the existence of an algebraic struciure oheyed
by the operators O; under commutation ensures that the equation

OlJ =0 (4.102)

has a solution, at least locally. If this were not so, one could not restore the explicit
hermiticity of the Hamiltonian following the change to invariant collective fields.

Previously, we showed Lhat such an algebraic structure is realised in the ¢ = 0
matrix model in the form of a Virasoro algebra; however, the choice of collective

fields

by = TrM", >0
d(l)y = Trcd!M, 150 (4.103)

permitied us to capture a single positive frequency Virasoro algebra.
In the density formulation, one recasts the theory in terms of the collective
field
B(k) = Tr(c*M) (4.104}
where % is able to assume both positive and nepalive values. Qur first step in
studying (he density descriplion will be to verify Lhe existence of a Virasoro
structure in & space.



To this end, recall that

O; = ~Qi;0; +w; (4.105)
In k space, this operator is written as!
. oo k
ok) = —/ dE'Qk, K $)m (K1) + l.:/ di' (ke ~ E"yp(k") (4.106)
—o0 0

One would like lo verify thal the commutation of this operalor with ilself yields
the required algebraic structure; we consider

. [©0 . - 0 '
[Ic/ dE" K"k + I.:")n(l.:"),l.:/ di i Gk + /c')fr(lc')]
L J—oo o0

s [ - R -
~ Tk / A" (T 4 ) f AR = T B)r ()

~Fkk / T A K Gk + ) / K6 =~ E)w (k") (4.107)
—00 [e.v]

Integrating over the delta [unctions yields
i [ : 'Kl ) p(k + b+ K ()
- / : AR = e+ K - F) (4.108)
Changing variables in the second integral £° — &’ — &, permits oue to wrile
i — k) / T U B+ b+ B () (4.109)
The next cominutator we cousider?:

v < LERTEYIN N K k ITaR X ,11
[—k /_ k"B (), /0 Al — K )bk )J

k ks
= - /0 Ak (k= K) (R 4 ke — K (") = /0 A G 4 Pk — (). 110)

where we have integrated over the delta functious arising from the action of the
conjugate momentum, The last coyunutator we need evaluate is

P w
{/0 dk" (ke — £")p(* "), ~ /_N di I (ke + /U/)Tl'(/\:l):l

E - " k -
= 4+ / AR(% = K"YCR + ke — K" ) + / AR Rk + K)b(E — (11 11)
V] 0

!Note that we have set im(k) — (k). This is conventional, we shall introduce it later when
required.
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Making the change of variables £" = &' 4k in the second integral of {4.110),
and combining the result with the first integral of (4.111) yields

Btk _ .
j AR = KOG + = K)E") (4.112)
a

Similarly, setting k+&" = k' in the second integral of {4.111), and combining the
result with the fiest integral of (4.110), yields

o )
/) AR (K~ YUY B + o — i) (4.113)
{
Thus, combining (4.111) and {4.113) one has
~ ke .
(F— k) j AR SO+ ke — 1) (4.114)
(2]
Assembling the commutators, one obtains
- ) . h+E -
(k~&)|— / di R GO 4 b 4 B)w (k') + } diy Yl + & — & )) (4.115)
—0a O

It is thus clear that, under commutation,
[OCE), O(k)) = (ki = kYO + &) {4.116)

and thus the operator O(k) does indeed close a Virasoro algebra, without a central

extension.
In what follows, it will prove useful to rewriie the operator O(k) by means of

the following identity for w(k):

(k) = / Z Ak, k’)l-,-iq(/)(m') (4.117)

This identity is seen to yield the usual expression for w(k) by splitting the region
of integration as follows: 2

-k pt vt
w(k) = ~k/ E—,—l(/;(l\: + lc')«/:(—d.:')dlc’-—!s/k qu(ls—l—l.:’)«,b(——k’)d/;’

o K ' Nt T
—k /G Ak K (4.118)

2Without foss of generality, we consider & > 0.
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A change of variables &' — ~k — &' in the first integral yields
0 4
N I ’ N N IN 1N T
wik) = k /0 ‘ m bl Y=Yk — f T+ K Y=y
—k / ng/) (4 &) h(—H )l (4.119)
giving .
w(k) = k / Bk — K Yp(k Yok (4.120)
0

as required.
Hence, we may now rewrite the operator O(k) as follows,

. 00
Ok) = ~ / ARk, 1 ) (m(/y) - ﬁf/)pk’)) (d.121)
where we have reintroduced the factor of 7 wmentioned earlier.
Recall that the Jacobian must satisly
Otk)J =0 (4.122)

The bracketed term of (4.121) looks reminiscent of the annifation operator
corresponding to a massless boson. In [act, one can show that it is the opera-
tor OQ}L(Ic) associated with (he hermitian form of the Hamiltonian which may be
interpreted in this way. Recall that this operator satisfies

OLk)s 2 =0 (4.123)

In order to see this more clearly, let us fuctuate about a trivial background

Plw) = doyy (4.124)
and
() = ~dpm (4.125)
with the corresponding . - expansions
, rer dk mib{lmz) | 2 —ik(t4a) .
e, i) = R e (a,gc + dpe ) {4.126)
and 1 oo
pat)=~5 /_ ok (ane™=2) 4 Gy emik(e+a)) (4.127)
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The oscillators wy, Gy satisly the commutation relations

[oegs cpr} = L6(k + &)

[, Gl = k6{k + &) (4.128)
and
[y i) = 0 (4.129)
One can then verify that the fields satisfy the canonical commutation relation,
[p(w), 1)) = ~id(z — o) (4.130)
Let us now counsider taking the spatial derivative of (4.126), yielding
R ke _ = 00y —iks .
#@) = [ 5 (o6 - ) (4.131)
Defining o
ap(l —x)= j dhayc %) (4.132)
—00
and
oo thei .
a (t+2)= f dlodige () (4.133)
—co

one sees that (4.131) may be writien more succinctly as
$(x) = = (g ~ @) (4.134)
2r

The definitions (4.132), (4.133) correspond Lo right and left moving degrees of

{reedom, respectively.
Requiring the hermeticity of the field ¢(x) forces the oscillators to obey

ap = aik (4.135)
dy = al, (4.136)

One may write p(x,t) in terms of the left and right moving degrees of freedom
as follows, |
Pz, t) = ~3 (op + o) (4.137)
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Thus, one sees that the right and lefl movers may be expressed in terms of the
fields as
ey = p(a) £ wd(z) (4.138)
in z space.
In what follows, it will prove convenient Lo consider the Fokker—Planck lamil-
tonian with a rivial background,

2.2
i =3 [y + B [ aspn) (4.139)

Oue can easily verify that this may be rewritien in terms of right and left wovers
by means of (4.138) as follows

1 3 3
I = o (a+ - a_) (4.140)
which will prove useful when expressing the confinnum Hamiltonian in terms of

right and left movers.
Recalling the defiuition of ¢(&), (4.104), one sees that

$(k) = / dad()chs (4.141)
and thus one naturaily defines the & space representation as
(l”i,' —ikx
H(z) = / (ke (4.142)

One is then forced to choose the following trausforms for the conjugale momen-
tut,

() = /cll.;c”""'w(l.:) (4.143)

and ;
N ,(_:1;_ ~ika (., 4. 144
W(L)_/,‘Mc () (4.144)

since we wish to preserve the canonical commutalor belween the two fields ix

both & and & space.
It is then straightforward from (4.131) to show thal in & space, one has

(k) = o)~ @ {4.148)
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where we have suppressed the time dependence of the oscillators, and that
1
m(k) = 5o (e + @) (4.146)

recalling that p(z) = —d;n ().
In order to make conlact with Lhe interprelation of (4.123), let us consider
the operator

. Sy
(o) = o) i f fzy;-(_-—’zj (4.147)
which is readily rewritten as

L.—-iky
N

) ke o [ 4k /
I(x) = / dhikr (k)™ — i / o) | dy-

By means of contour integration arguments, one can easily show that

(4.148)

ety : —ikz
j[dy i —ine(—k)e {4.149)

L

where we have taken half of {he residues at the poles in accord with the principal
value prescription, and defiued

(k) = { 1k<0 } (4.150)

~1k<0

Ileuce, setting & — —k in the second integral of (4.148) vne obtains
2a) =~ [ dk (ilnr(l;) + %c(/;)c/)(—k)) ciks (4.151)
luserting (4.145) and (4.146) in the above, one obtains
_% [ (@it = ) + en(t+ R)) (4.152)
Thus, one sees that one has the correspondence
(a1 + (k) + (1 = (k) = k() + Sk3(—H) (4.153)
Hence, for k > 0, one has

1
ap = ik (k) + S4(=k) (4.154)
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and for & < 0,

& = ~ikm(~k) = 39(k) (4.155)
Note that, from (3.50) one has
oiw = [~ avag =2 4 Lo (4.156)
h —co TTLOd(k) T2
which is readily rewritten as
. 00
Ol(k) = -—/.:/ di gl + 1) (ik’ﬂ(ls') + ;;EUS’)(/J(—-"..'I)> (4.157)
—o0 2
The relation (4.123) requires that
k/m di' d(k + k') (ik'ﬂ'(la') + %G(/ﬁl)(/)(—"\?l)> JH?2 =9 (4.158)
—-00
which can be restated as
(ikvr(k) + éc(k)(/)(—k)) h=0 (4.159)

for all k.

In terms of the relations (4.154) and (4.155) this may be rewritien as

agl) = 0, k>0
Gy ) 0, k<0 (4.160)

which is nothing but the defining statement of the Fock vacuumn. The linearization
of the constraint points to a possible .5 L(%, R) representation.

4.2.1. The Continuum Form of the Fokker—Planck Hamiltouian in the
Density ¥Yormalism and Yoneya’s Multieritical Continuum Hamil-
tonian

In the previous section a continuum form of the Fokker~Planck Hamiltonian in
the z representation was writlen down. To accomplish this, a shift was made
to cancel the non universal contribution Lo the one point disk amplitude arising
from the potential term.



Specificaliy, we shifted
1
G(z) - Ev'(z) + (Haf)
= %v'(z) + &®PGE) + 0(a®?) (4.161)

Recall that G{z) consists entirely of negative powers of z, whilst the potential
is generically a polynomial in z. The trouble arises when considering the powers
of z in G(z) to coustitute a basis; one sees that such a basis is incapable of
constructing a shift comprising positive powers of z. To overcome this difficulty
we will consider construcling a continuum Hamiltonian in the density formalism,
where such complications do nol arise. Moreover, we will argue that such a
Hamiltonian assumes the same local form for all criticalities.
The Fokker—Plank Hamiltonian is written in the deusity lormalism as

. 2 (1 (2)\?
= 21? / dud(z) (Bs7)? + %- / ded(x) U dy;_/i_% - 3(5—)) (4.162)

Expa.ﬁtling the squared verm, and using the identity

/d:mb('v) ()[ dy:-?%)2 = -7;—2/d:u¢3(:1:) (4.163)

one may rewrite (4.162) as

2,02
Iy, = 52117/dw¢($) (Qe)® + g—g—/divtﬁs(ﬂ?)

5 [t (f 2 ) s

€~

As discussed previously, the leading configuration is given by

Vess _ .
s 0 (4.165)
which yields the following solution for ¢,
2
LY _l][ (/’0(.7/){/, ! l_/"z 4
5 Po(z) = 5 (ly;'——-m s ()~ v'(y)) + 3 (z) (4.166)

Let us perturb (4.164) about a classical background ¢p(x) by selting

P(x) = o) + ;;'zn(:v) (4.167)
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Notice that the {actor of §~! is cousistent with the naive N — oo limit, in that
¢(z) — ¢o(z) in this limit. Further, one writes

dpm(x) = —fp(x) (4.168)

Before proceeding, let us brielly consider the time of flight formalism, which plays
a large role in the continuum limit of the d = 1 model. Consider the classical
motion of a particle of unit mass in a potential »(x), which has a total cnergy

1.,
B = Ea';l + v(x) (4.169)

where i plays the role of the Fermi level. This naturally implies that the classical
velocity of the particle is given by

iz
(E; =/2(ur — v(z) (4.170;

Recall that, in the d = 1 picture, the rooted term is none other than the classical
background ¢g(z), which was found by minimising the effective potential. Thus,
one las

lw
dr = —o— (4.171)

7l'(]5()(3:)
In the continuum, approached in the case of d = 1 by adjusting u to the quadratic
maximum of the potential, it was demonstrated that the time of flight became
infinite, thus generating an extra dimension, and elevaling the d = 1 model to
the status of a two dimensional theory. In the case of d = 0, we set

;= / dx (4.172)

()

Considering the standard symumetric ansatz, and evaluating the time of ilight for
one cycle, one has

a dx T
T= 2/ = 4.173
o (a2 —z?)/y2-2?  aya®-q? ( )

Recall that, when approaching the conlinuum limit for m = 2, one requires the
accumulation of an extra root at the cut endpoint, implying b — «. Naively, it
would seem that one has the same mechaunism as found in ¢ = 1, whereby an
extra dimension is generated; however, this is not the case. Lel us scale @ — af,
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di adjj
7r</)0(:c) 32 (,/ A2 ) \/J Al/2

a2 (4.174)
()
Thus, if the stochastic tite is to survive ihe continuwn limit, one must rescale dr'
= a!/2dr when considering the 1n = 2 multicriticality. An interesting cousequence
of this observation is that, whilst = is not linibe when approaching the continumn,
the rescaled stochastic time 7/ is. Lo see this, recall Lthat

dr =

w

Inserting the scaling relalions for o and vy, one finds that
= (1 +0( L)) (4.176
T= Ta ™ 2 ¢ 176}

and hence, when considering 7 = \/ar, one notes that the rescaled time of flight
remains finite as & — 0, and no extra dimension is generated.
Expanding the kinetic term of (4.164) about ¢g,

o | et = 5 [ dodolals® + 35 [ dotouy? (1.177)
Now we consider the terms
-5 [ dot(o) (f dr 2 0) - 1oe?) (1.178)
which may be rewritten as
T [ satoiar - 2 [ otz f dy 22 £2yy)
-2 / aa(tun) f «uwgu)”( e (4.179)

with thie aid of the large NV configuration (4‘166). Note that the terms linear in
9n cancel, signifying that ¢o(z) is indeed a minimum of the effective potential,
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The Hamiltonian may now be written as
Hp = 73 / ded()(05m)? + / ded®(2)
Sy P O / o) f dy 2L ()

_— / dw(d1) f dy(d,m)° (” ;(J) (4.180)

Of particular interest arve the terms quadratic in 87, since they permit us lo
read off the spectrum of the theory, Consider the last term of (4.180)

/ dm@zn(m)( dy “’) V(@) = v(y) (4.181)

r—=y

This non-local term quadratic in 95 modifies the spectrum of the theory in a
non~trivial way. Unless it can be argued Lo vanish, the interpretation of the
theory as comprising a massless scalar is in jeapardy.

Explicitly inserling a cubic potential, one can casily demonstrate that this
term vanishes, where we invoke [ du(d;n) = 0. However, tlie insertion of a quartic
potential gives risn to terms of the form [ daw{d,y), which cannot be argued to
vanish. The only possibility which remains is that the term may not survive the
continuum limit,

In order to consider the continuum limit corresponding to the m = 2 mnlti-
critical point, let us reconsider the shift (4.167), where we rescale z — «ff and
ignore non universal contributions to the baclground,

It

I
a*Go(7) + E}Idy"(y)

- o f = 1
“3/2(/’(?7) =32 ((/)0(!7) + Wag"(?};)) (4.182)

#(ai)

il

Recall that in the previous section regarding the continuwm form of the Fokker-
Planck Hamiltonian, the product Ba%/? was held fixed, while the limits 4 — oo,
a — 0 were taken. This product is the string coupling coustant, x. Thus, we
define 1
¢(7) = bo(F) + —Ign(¥)

Let us consider the non—jocal term in the continuum limit. Following the
discussion regarding the rescaling of the stockastic time, one sees that in order
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to contribube in the continuum it must scale as a half inleger power, /¢. Naively
inspecting this term under the rescaling » — a&, one notes that powers of o in
the measure cancel those arising from the derivatives; thus the only contributions

oblained arise from the polential.
To iufer the scaling of the potential, recall that

Poly) . i,t " A e
f(ly————w mevle 5 («) (4.183)

A naive rescaling of the left hand side y — ay yields a power of ¢*/2, whercas
the right hand side, a polynomial potential, should give rise to integer powers of
«. This apparent paradox is resolved by realising that, after rescaling y — ay on
the left hand side, powers of @ must enter into the limits of integration.

Whilst it is difficult to do this computation explicitly, one might rather con-

sider
f dep(z) = g (4.184)

whiclis a simpler integral to perform, bub nevertheless in the same spirit. When
considering the m = 2 multicritical point, a naive rescaling of the left hand side
gives an overall power of a%/2, yet g scales as

g=g.—a (4.185)

signifying that further contributions of ¢ must reside in the limits of integration.
Let us employ the quartic ansatz

Plx) = %(a"" ~ 2\ [y? - a? (4.186)

with the scaling relations in the vicinity of the critical poiut given by

a? = 73 4 _—i'(t
7t = yl-a
2 . ba? ,
&t = gy — 20wt — (4.187)
[
We wish to evaluate Lo
3 -v(al —a?)y[y? — wide (4.188)
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which, after inserting the refations (4.187), becomes

{ . 1 da?

Tle dependence of the limits of integration on « may be determined by setling
the argument beneath the rooted term to zero, and solving for the roots, which
yield the limits of integration relevant to du,

(4.189)

o
fx = byl t-3

= yidq? (1—- —7I—+O(a )) (4.190)

where we have used the fact that, in the continumwm limit, ¢ — 0. Purther, we may
neglect terms of order (6z)? as yielding non-universal contributions for m = 2.
To leading order, we evaluate

r
l/ d(6x) (26:1: + ;(L) V20—« (4.191)
2 a/'l 2

where I' is an arbitrary cut off, since we are only interested in extracling the

powers of ¢.
Let us consider the rescaling §z — a€, in which case obtains

i“;ﬁ /1 ; dé (2.5 + %) VT (4.192)

To perform this integral one may partition it in the following way,

/ 5 e (25 —1+ %) VIE=T (4.193)
1/2

a8/?
2

[rom which one obtains
r
a

uﬁ/ [ (2 - l)d/‘+é(2£ 1)5”] " (4.194)

Inserting the limits of integration, one has the following
a8/ [1 /2032 a\32 1 ror\5/2 a \5/* .
2 [2() (=) +5(5) (t-50) (1.195)
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Performing a small ¢ expansion of the above, one obtains

: 2r)8/2 5 .

S 1= 0 4 22 (1 st

(evys/z 3

T 10 16T
Thus, one notes that the terms linear in ¢ cancel, and the coirect scaling for
g iz obtained. Our motivation for studying the above integral is to emphasize
that the above analysis suggests that the potential scales witl integer powers of
¢. Examining the non focal term quadratic in J, one sees that this implies an
overall integer scaling of

As a result, one sees that the non-local term quadratic in d7 cannot survive
the continuum limit, since one requires \/a for m = 2.

In fact, one can argue that this term must vanish for all criticalities, since
the stochastic time will always require rescaling by non integer powers of @, as
is easily seen by adapting the time of flight argument given earlier, noting that
the universal form of the density for the m = 3 multicritical point scales as a%/2,
implying that the stochastic time must be rescaled by 312, In general, Jor the
m’th multicritical point, one requires that we rescale 7/ = akF=325 Thus, since
the non-local term will always scale with integer powers of @ for all criticalities,
it cannot contribute in the continuum limit.

One noles that, when considering integrated quanlities in the conlinuwm limit,
the integrands must be multiplied by appropriate continuum powers of @, and/or
K, beflore driving the upper limit to infinity as @ — 0.

Similarly, the non—local term quadratic in the background cannot contribute
in the continuum since, rescaling the stochastic time by a factor v/a, one sees that
one cannol obtain the integer powers of @ required to construct #2.

In order to consider the coutinuum limit of (4.180), one scales 2 — ag, and
sets ¢(z) — a3/2¢(7), to obtain

a? 4+ 0(a®) (4.196)

p _ ; .’2 2 - ;,2 2 - -
= Jagdaw®+ 5= [ i@ - 5= [wb@Bm  @ao)

where we have absorbed the factor /u into the redefinition of the stochastic time,
and set k = Ja’/2,

The abave expression coincides with Yoneya's suggestion for a multicritical
continuum Hamiltonjan consistent with the string equation [36). One noles that,
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evaluating Vess at ¢y, the ciiective polential is no longer positive definite, im-
plying that one may no longer consider the above to be a Fokker-Planck type
Hamiltonian.

However, one still has the condition

5V, T
oVers _ 0, = ¢=do (4.198)

and thus one sees that the continuum background minimises the clfective poten-
tial, as it must.

Further, it is important to realise that the above Hamilloniau is valid for all
criticalities, For a general multicritical point m = [, one scales 2 — af, and
¢lz) — a"']f(f)(?), with the string coupling constant defined by & = fal*z, As
noted earlier, the stochastic lime requires a rescaling 7 — a!=3/27, One can casily
check thal inserting the above scalings in (4.180), one regains (4.197), recalling
that the non-local terms vanish for all criticalities.

In order to consider the connection to the string equation, it proves convenient
to reformulate the above in torms of right aud lefl movers,

: RIS
= —-—/d'y/ (p* = pi{y))dp (4.199)
4 @

where we have identified po(y) = do(y), and recalled the relation (4.138).

As stated above, Yeneya's motivatioun for introducing such a Hawmillonian rests
on the fact that one must recover the string equation in the continuum.

To this end, we consider the stationary equation,

PH(y) - pi(y) =0 (4.200)
One can compare this with the string equation,
(,Q1=1 (4.201)

which arises most naturally in the context of orthogonal polynomials.
One can show that, in the double scaling limit, @ is defined as a hermitian
differential operator of degree 2,

Q=d*-u? (4.202)

where d is a dilferential operator, and n is the specific heat.
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A P which satisfies the Heisenberg algebra is

2m—1
P=Q.® (4.203)
where the subscript indicates that, in the expansion of an;-x with respect to d,
only the positive powers of d are retained.
For the m = 2 multicritical point one expands Q%2 | bearing in mind that «
and d do not commute, and discards negative powers of d, to oblain
. 3
3 .
P=d - ‘T{u, d} {4.204)
Squaring P, and neglecting derivatives of the specific heal at tree level, one obtains

. X 9, .
P2 =d® — Bud® + Zuz(ll (4.205)

The tree approximation is classical since it excludes one loop eflects, and is thus
equivalent to large N. Rewriling £Z in terws ol Q, one obtains

PE=Q° - qu + 4lu3 {4.206)
One notes that, making the identifications
Py = 7o (4.207)
and
Q—¢ (4.208)

with v = VA, that we have directly obtained the continuum form of the density.
For m = 3, one sels
P=Q (4.209)

and expands, retaining only positive powers of &, as belore, Oue can show, by
the same method of calculation, thal one obtains the result
f f €
252802 a9 s (
Py=0Q°4 i Q ke Q+ T (4.210)

where one considers contributions frotm (ree level only.
Thus (4.206) iwplies, for the m = 2 multicritical density,

T(€) = (E - %\/K) VE+ VA (4.211)
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and sitilarly (4.210) suggests thal, for m = 3,
' IR 3
Tp(€) = ((4’2 ~ 5cﬁ+ gA) £+ VA (4.212)

In what follows, this result will be compared with that obtained by more tradi-
tional methods.

Oue sees that the stationary equation of (4,199) implies the string equation,
where one makes the above correspondences.

In summary, we have taken the continuum limit of the Fokker-Planck [Hamil-
tonian in the density formulation, lo yield a local continvum Hamiltouian valid
for all criticalities, which is consistent with the string equation. This Hamiltonian
is no longer of the Fokker-Planck type, since the ellfective potential evaluated at
the classical configuration is non zero.



5. THE MOMENTS FORMALISM AND THE m = 3
MULTICRITICAL POINT

In this section, we will coustruct the lorm of the m = 3 multicritical density, by
means of the moments formalism of Ambjgrn el of [19]. The reasons for doing
so are twofold; firstly, when considering higher criticalities, it provides a much
more expedient method of extracting the crilical values of the couplings thar.
the traditional saddiepoint analysis. Secondly, the following formalisin proves ‘o
generalise natur v in the case of a particular supersymmetric extension of {he
bosonic matrix n.udel which will be examined later; hence it will be advantageous
to develop the formalism in the context ol the bosonic matrix model.

We consider the matrix wmodel partition funclion writlen in terms of the eigen-

values,

Z(g) = f [[anai(n) (5.1)

where Lhe notation Z{g) suggests that we consider the couplings themselves as
sources for the field ¢y, = Y; AP, with § = 50, gubu, and AZ(A;) the usual Van-
dermonde delerminant. We showed earlier that the partition funciion obeys

0,4(g)=0 (5.2)

where the O,’s were found lo close a Virasore algebra under commutation, re-
quired for the consistency of the collective field approach. Specilically, in the
previous section, we demonstrated that O, could be wrillen as

[
0, = Z“—-mun+1n + ‘.z Z Qp Qe (5.3)
m r==0

where the modes may be written in terms of the couplings as follows

7]
ay = ~\/§5}7, >0 (54)

n
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and

~~
(v}
(3]

Py

1
Qg = —\7—‘27zy", n>0
Thus,

()Jn_r) 4(g)=0 (5.6)

OnZ(g) = (Z"’/Jm Z ()Jr

m Yindn

Allowing the derivatives to act, and performing some trivial rewrilings, one has

the correlator
,\1}+1 _ /\13.+1
Zv'(z\i)/\?'H -3 —-3—)\—-—(]——— =90 (5.7)
i i T
Multiplying the above correfator by z=*~2, and swuming over u yields

'(A;)
ZT—_X"Z~—,\ =0 (5.8)

7 { &= /\
One can rewrite the above as
f V() c (W) = G*(z) = 0 (5.9)
cz—

where we have chosen the contour € such that it encircles the cut,! yet excludes
the point z = w. Further, rew iting the above in terms of connected correlators,
one obtains

”(W) 2 Y r
Jaé 2 Gw) - G) + -—c,(z,h)_ 0 (5.10)

We would like to consider the planar limit of the above equation. Taking the
limit N — oo, one sees that (5.10) becomes

]4 dw v(w) L Go(w) = Cio(2)? (5.11)

iz~

One can readily verify by direct substitution in (5.11) that the solution is

dw v'(w) {(Z — &)z = ‘")}% (5.12)

o(z) = 2 c2miz—w [{w—a)w-y)

'We assume that the loop operator has a one cul struclure,

77



where, as belore, the contour C encircles the cut bounded by [z, y], but the point
z is excluded. This equation is accompanied by auxilliary conditions Lo ensure
the correct asymptotic behaviour, Gy(z) ~ 271, as z — oo,

- dw v'(w) .
f 21 Jflw — a)(w — 9) (5.13)

U

s o wvle) (5.14)

G 2mi o — a){w ~ y)
These conditions are obtained by expanding (5.12) about 2 = o0, and enflorcing
the required asympiotic z=! behaviour. At first sight, this solution bears lit-
tle resemblance to the ansatz proposed when solving the saddlepoint equation;
however, we will demonstrate that the two are equivalent.

Let us reconsider (5.12), where otie deforms the contour C' Lo infinity, picking
up the pole at w = 2z as oune does so. Thus we consider

L [ dw v'{w) [(‘, —a)z~ 1)] 7
Lo tmiz—w (w—2){w-1)
IR N v (w) [(z~:u)(z:—y)]2l
2 Jou 2wz —w {{w—2)(w—y)
1
+}. ;{_‘f_ ?’l(w) [(Z - :12)(2 - !/)} 2 (5«15)
2Jp driz—w | (w-a){w-y)
where the contour C" encircles the point w = z, and ¢ is taken to infinity.
Performing the integral over C" simply picks up the residue at w = z, and yields
Lu'(z).
In order to consider the integral over C7, note that, for fw| > |z|, where [x, 5]
< ||, one has the expansion

— (Z - .’U)" (Z - ,!j)n )
T2 Z {(w ~ gyt * (w — g+ } (5.16)

n=0

B

N

~w
Inserting the above in the integral over ¢, onc is able to write

1 dw v'(w) [(z-u:)(z~y)}%

2o 2miz—w l(w—a)w-1y)

‘/(z—-z)(g. -9) Z {@=2y=180+ (0~ )} (5.17)

n=l
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where we have delined the moments,

_ [ v v'{w) i
M= 3o = a7 P = T2 (5.18)
- dw v’(w) )

T = fa 271 (w — w)/2(0 — y)k+1/2 (5.19)

Hesnce, the planar solution of the hermitian matrix model may be written as

Go(z) = -;-v'(z) - %H(z)\/(z —z)z-y) (5.20)

where we have defined
o0
Wz)= Y (2~ o)™ My + (2= )" ) (5.21)
n=1
which is the form of Gp(z) encountered in the context of the saddlepoint analysis.
The above formalism, whilst appearing cumbersome, is useful in that it allows one
to readily extract the critical values of the couplings and cut interval. The above
form of II(z) may be seen Lo correspond Lo two series expansions, centred about
each end of the cut. As will be shown, such a rewriting enables us to control the
accumulation of roots at the endpoints with great ease.
In order to fully appreciate this, let us Taylor expand JI(z) about the endpoint
of the cut z = 2,

— Y L
M(z) = H(z) + Z (Z T) d‘iﬁ ) (5.22)
"'_1 =5
and about the endpoint 2 = g,
~ ) [P Tl
1(2) = 1(y) + Z (z ) [ H( ) (5.23)
n=1 =y

One can combine the above expansions to yield

- ld"ll(»)

1(z) = —(H(z) + I(y)) + Z Gkl = 2\ (2~ y)* |dMi(z)

Z ! P

n=1 N z=y
(5.24)
Comparing the above with (5.21), one makes the identifications
1 .
My+Jy= ) (ICe) + 1(y)) (5.25)
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1 {dkII(2) .
Mt = 53 1~ (5.26)
1 |d*Tz
T = 5y ZE. ) (5.27)
:=y

In order to specify the critical values of the couplings, recall that the m’th mul-
ticritical point calls {for the accwmulation of m —~ | zeroes al one of the endpoints
of support of the density, where the densily is of the form

nd(z) = U(2)/(x ~ z){z — ¥) (5.28)
Consider a polynomial of the form
Iz} = (z = 2)"" Yz —a)..(2—B) (5.29)

where we have enforced the accumulation of zeroes at z. For such a function, one
must have

n
E{:ggi)- =0, n=m-1 (5.30)
2=
1%
. dIiE'Z) £0, k>m (5.31)
=T

Thus, inspecting the identificalions (5.25), (5.26) and (5.27), oue sees that, for
the m’th multicritical point, we require that

1\[1(9,9, !Ec,'!/c) = 1"[2(9?, Te, .l]c) == A/[m—-l(!/?, T, yc) =0 (5.32)
Mi(gf,2e,9.) # 0, k2m (5.33)

with the Ji's generally non-zero. Using the conditions (5.32) in concert with
(5.13) and (5.14) will permit us to solve Jor the gf’s and the continuum values of
the cut interval, (., 3.). For the m = 2 multicritical point, one simply requires
that My vanish. An analogous analysis exists for Lhe accumulation of zeros at the
opposite endpoint of the cut, whereby one replaces the M’s with the J’s. We will
now extract the continuum form of the m = 3 multicrilical density, by means of
this formalisin.
We employ a symmetric potential which will support the generation of a k& = 3
multicriticality,
L t g I g .
v(z) = 5925 ~ puza + o g? (5.34)
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where we have taken g; > 0. The advantage of such a choice is Lhat (5.33) is an-
tomatically satisfied. We thus consider the second condition, which now becomes

dw  wi'(w)
=) ———
C DL | Jw? — ,Y'l
where we have set y = —=z, and identified x = +7v as the cut endpoints. The

contour C is taken aboul infinity, and thus we may expand the denominator of
the integrand (5.35) about the point w = oo, to yield

§ o lz)" 3(1)“ _5_(1)”’ /:f.)’ wy=2 (536
fOZm'(H_‘Z(w +345) TS +O\w v(w)y=2  (5.36)

Tnserting the explicit lorm of the potential, we may pick up the poles to yield

(5.35)

19272 - §yn4 + —5—(/-76 =2 (5.37)
2 g 167° )

as the condition on the couplings as ~ Tunclion of the cul endpoints. Recalling
that our G(#) is synumnetric, one may wrile

o0
G(z) = %v’(z) - i\/z‘z - 72; (G =1 Mo () (1) )
(5.38)
where we have noted that, for n symmetric potential, the moments satisly
My = (~1)F1Ji. Our next task is to construct the moments explicitly. This is
readily done from (5.18), where we expand the integrand about w = oo, and pick
up the poles appropriately to yield

&
My = grgr +kvgeez +4° (3 + —2~(k + 1)) k43

B k(h+1)(k+2 .
+7° (’2‘ + Mt L(E+2) 6)( )> 28] (5.39)

E(k 4 1)k + 2)(k + 3)
24

3 1
7§+ qrta 4 )tiss . (50)

Since we have only three couplings, the non zero momeunts are

i

" 4
91— g"f"y,: + %7%

~279s + 57°gs

M 1
My

]
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513
My = —gi+19° 5 4
My = dvygs
1\’1’5 = (5.41)
‘We may now explicitly construct the factor 1I(2),

5

1(z) = 3 (2 = 7 M (24 9P (= 1) M)

=l
— e 2 f_\, g 4 22 Boa R A
=202 =204 { 2+ 5 |+ o6 {221+ 20+ 17 (5.42)

Now, for the & = 3 mulijcritical point, one oblains the critical value of the
couplings by sething My = My = 0, M; £ 0, for ¢ > 2,
Thus, at the critical point, we have the conditions

3., 15, .
0 = g5~57e0i+ 306 (5.43)
0 = —25+5%08 (5.44)

The critical value of the cut interval is given by (5.44),
2 (93 2
2 (L) = (5.15)

Inserting the above in (5.43) gives

1
gi=\ 73(‘)‘9595 (5.46)

Now, (5.37) is valid for all couplings, including the critical point, and thus we
may write .

1, P R N
5Ve0s ~ GO + ks -2 =0 (547)

Inserting (5.45) and (5.46) i (5.47) allows us to conclude that

giy*
0" = (;;2] (5.48)

{rom which follows

o~

2
£
sy = 8L (5.49)
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Tor the sake of convenience, we fix g3 = 1, whicl will simplify what follows.? One
now finds, from (5.45), that the critical point is

72 =12 (5.50)

Thus, we have determined the critical values of the couplings. Oue can readily
verily that, taking g§ = 1/9, and ¢§ = /270, one may factor (5.47) as

1 /. 3
o (v2-12) =0 (5.51)
wlich demonstrates thal we have tuned the couplings such that, on cither side of
the symmetry axis, we have three coincident roats, which is indicative of the fact
that we have reached the & = 3 wulticritical point. The next step is to oblain
the continuum form of the density.

The k = 3 scaling limit is defined by choosing the couplings g4, gs to scale as

gi = gf — AP (5.52)
and a
- = e 5.5
r Ye 27CC (O QJ)
The approach to the continuum is controlled by setting
=gl AV (5.54)
Recalling that |
G(z) = Ev'(zz) ~ ird(z) (5.55)

the density ansatz is written

a(z) = iﬂ(z)\/'f‘ —~ 2% (5.56)

In order to obtain the continuum form of the & = 3 mullicrilical densily, all that
remains is to insert the above scaling relations into (5.42), and expand the ansatz
in powers of a.

Lengthy computation verifies the caucelling of terms lincar in a in i(z), and
thus the leading order contribution is given by the coeflicients of a5/,

?This is permitied, since only th - relative strengths of the couplings are of siguilicance, aud
are dictated by equation (5.37).
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w(af)

it

\/— /E AV/3 [ <13r ‘ l/'5€+ JGOAZ/S) + O(ad):l

5/ . . 30 e
= LoVe-an (e %A””‘f FEP) L0 ()
and hence we identify
1 3 ..
= _AYS [ g2 A3 et 1/3) 5.5¢
(€)= \JE - A (g AU+ A (5.58)
as the universal form of the density corresponding to the & = 3 multicritical

point, which is seen to correspond with that derived eaclier by meaus of the
string equation.
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6. STABILISATION AND SUPERSYMMETRIC
MATRIX MODELS

In the previous sections, we approached the issue of stabilisation via stochastic
quantization. An alternative approach might be to consider supersymmetrizing
the matrix model. The motivation for doing so may be realised by noting that,
in the formalism of supersymmetric quantumn mechanics, one can show that the
operator describing time translations of the theory is written as

15 =1i0,0 o

where @ and Q are the supercharges ol the theory. Requiring that the vacuum
be invariant under the action of the supercharges yields the coudition

Qloy=0 (62)

One notes that, if the vacuum state is to leave supersymmetry unbroken, the
action of the Hamiltonian on the vacuum is prescribed due to the above require-
ment,

s |0> =90 (6.3)
and thus one has a zero ground state energy. If the vacuum does not preserve
supersymmetry, the ground state energy will be positive, due to the positive
definite nature of the Hamiltonian, This discussion has direct parallels with that
of stabilisation by means of stochastic quantization.

In what follows, we will explore several approaches to this subject.

6.1. The Marinari Parisi Model

The following discussion is taken in part from [5], although related results were
obtained independently in [9].




We will first consider ihe supersymmelric matrix model of Marinari and Parisi
{7], with actien

stel= [ dudordorr (%D,q»ugq) + z‘W(sb)) (6.4)

where the covariant derivative D; on superspace hay the form
D = 8y, +if;0), (6.5)

and the superpotential has the generic form
W(P) =3 byTr(¢") (6.6)
n

Turthermore, the superfield @ is known to have the expansion

B = M ~ it 0; — ithyly + 10, 0o (6.7)

where M and F' are bosonic maftrices, the ;% fermionic matrices, and the 8;’s
real Grassman numbers. The Lagrangian is written

L= / by dbyTr (%DM)D;‘I’ + z'W((D)) (6.8)

It is possible to integrate out the Grassman co~ordinates. Expanding the kinetic
term yields

Dy = i M + ithy — 01043y + 0y F° (6.9)
and ) )
Da® = iy M + 90,0y + ity — iy I (6.10)

Construcling the kinelic piece,

Dy0D® = G105 M% — Gypg M + Oatpy M + oy 6102 — P1hz ~ iy
~ 0y I ~ 10, Bptbytps — Oaihp " — 6,05 (6.11)

One may now integrate over the Grassman co-ordinales, recalling that

/ 0y 05d0yd0y = 1 (6.12)

and
/ dd; = 0 (6.13)
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One thus sees that the only terms that need be considered are those quadratic in
0; and 03, hence one readily obtains

/ D& Dydydtly = A% = § (pyhy — hoipa) + 1 (6.14)

The kinetic piece of the Lagrangian is thus writlen
[ i , . I -
Ly = é-M,'ij,' -3 (1/)“j1/)|j; - 'I/)g,‘j'l/)-lj;) + El';j.l'ji (6.15)

in order to obtain an effective Lagrangian which does not depead ou the Grass-
waun co-ordinates, one must still integrate oul, the dependence of Lhe potential on
the ¢;. In order to do so, it proves convenient to exploit the fact that Grassmann
co-ordinales square to zero. Accordingly, let us cousider the formal binomial
expansion of 7'rd™ ;

LNy n o_. . n .7_1’5{‘ n(n’_i) (_(’_')2_ (ﬁ)'}
Tr(@™)=Tr(M + a)" =11 (h (1+ T\ W -0 i
. (6.16)
where we have defined « = ~ith; 8; —typofp+i 04 F, Evaluating the term quadratic

in «, one obtains
a® = 20011y (6.17)

It is thus clear that any terws of higher order in @ must vanish, and thus (6.16)
becomes

Tr{(®") = Tr (M" +aM™ a4 n(n— 1)M"20,0,9), 11)2) (6.18)
Substituting for a,

Tr(®") = Tr(M™+ M 0y — inM™ Yoty 4 inM~16,0, F
-]'7).(71, - 1)1&!"'201021/)11/)2) (6-19)

The elfective potential is now easily computed,
/ a6, / A0 i (®) = - / o) / d0,0,0an( M)
tin(n - 1) / m / 0,0, 03024y (6.20)
which, using (6.12) and (6.13) is
/ dd / A0 (®) = 3 by (To(M" F) = in(n = DYTr(po ")) (6.21)
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In the interests of brevity, lel us define

W(MY =3 b,Tr(M") (6.22)
n
in which case, ~
6”’(1"1) n—1 oy
oy = Z bun( M Y);5 (6.23)
and oW (M)
TVM) oS — (M2 6 )
gl Z; an(n = 1)(M*2) 650 (6.24)
Hence, the above may be rewritlen as
iy OW(AM) . ORI o
/d&ldé’ng((D) = 9 Fyj — iy W’/’zk! (6.25)
The [ull Lagrangian may now be written down,
‘ L. . o . IW(M)
L = -2-M,~ij; ~3 (‘/mﬂ”iji - 1/)2£j1/’zji) + El«;ij; + —’m%;-zf'ij
P*W(M) (6.26)

—%¢1ijm¢zm

Notice that the field F has no time derivatives, and lence is not a dynamical
variable. Thus, we may eliminate it via its equation of wmotion

arL

—a"m = (6.27)
which yields )
_ dW(M) -
['t] - OA’]J{ (()'28)

Iuserting (6.28) in (6.26) gives rise to the following Lagrangian,

Lo oo . : LOW(M)OW(M) .,  O*W(M)
= My Mi—~ iy = Wapitheii )~ = {13 1.
L = g#ihlji=g (bnstusi = i) =3 DMy DMy T PAT M
{6.29)
Let us compute the momenta conjugale to each field:
a1 .
Ha,, = —— = My 6.30
M, O i ( )
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and

. oL i )
Hv"m = (71/')1'3‘ = 72'1/113‘;' (6.31)
Similarly, » .
oL 2
. = = = —ifiy; 6.32
"JZ)) (.)1/’21J 2 125 () )

Belore proceeding further, lat us consider the egtiations of motion for the fermionic

fields 9 : P
l Yy

'I/)h'j = —-m’l/}g“ (()-3-3)
and
; DPW (M) .
Pakt = m?ﬁm (6.34)

One may now eliminate the lime derivatives of the fermionic fields, following
which: the Hamiltonian may be written down,

H= %HM;,I{M,»; + %["/Jujﬂ/lzu] ‘;);}:(()i[% - %()g;(]f) a‘gj‘gjﬁ/f) (6.35)
where one imposes the canonical commutator
Mg,y My} = —ibir b5l (6.36)
It is convenient to introduce the fermionic operators
i = 5 (i + i) (6.37)
and i ’
Wij = '\/—5("/)“]' - ithij) {6.38)

following which, the fermionic anti-conunutators may be concisely writlen as
{‘I'ij, q’mn} = bitn’sjn ((5»39)

while the Hamiltonian takes the form

PW(M) L IW (M) IW(M)

PR ,
= —ITpas.. [ Wy 4
1= W s+ 50V Vel g+ 3 o0 o (6:40)
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The Hamiftonian (6.40} may be wrillen as

= 4(0,0) (6.41)

where the supercharges are!

OW(M -
Qf = 0y (HM,. + L@éﬁ) (6.42)

and V()
= AW (M o
Q=¥ (xlm,-.- - t”;fﬁ;r) (6.43)

signifying that the Hamiltonian describes a supersymmetric quantum mechanics
as discussed above,

The main difficulty associated with considering the complete set of states
in this model is that the bosonic and fermionic compounents of the superfield @
may not be simultaneously diagonalised. However, a cousistent truncation of the
theory exists [27], which permits one to consider souie stales of non zero fermion
number whilst maintaining manifest supersymmetry.

Taking the matrix U which diagonalises M, let us now form the new matrix
UBU. As stated above, since the fermionic matrices cannot share a cominon
eigenbasis with M, this new matrix will not be diagonal. In what follows, we will
restrict ourselves to considering only the diagonal entries of this matrix, that is

(veut), = x+a(veut) + (veo?) o+ 0 (Urut)

i ii

(6.44)

where we have defined the complex Grassman numbers § = % (01 + i), and the

A; are the eigenvalues of M. Delining new fetiuionic operators 3; = (U L) 1') s
EH

11)} = {UdU ’f) , we consider only fermionic sbates which may be constructed by

the application of these operators on the iHilbert space.

In order to consider the dynamics of the singlet sector, one must express the
Hamiltonian in terms of the radial degrees of {reedam. Decomposing M into its
radial and angular parts, one can show that

; t ;

J 1 o Ujm UtUni 8
————— = E : i my e T 5,45
aA/IiJ m UJmU' ! DA nfm,k Av— A Ui (b l o)

'Note that for a iiermitian watrix Ay = A
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Utilising the above, the supercharges may be written explicitly in terms of radial
and angular variables,

. 7 pyt)”
ot (i 2T s O 0y,
Q“”"( ek s v B i veer wal G T (649)

t
. d dW()\) . (U‘lj u ) ( J
t o b | g 3.4
Q= ( za,\i +1 o > zkin P U"’"()U;;m) (6.47)

The singlet sector is populated with wavelunctions depending only on ()\,1/)*) .
Such a wavefunction is readily constructed,

(3, 91) = o\ [T} 10) (6.48)

It can be shown that the subspace of such wavelunctions is invariant under the
action of (6.46) and (6.47) ensuring the consislency of the truncation, and fur-
thermore that the form of the supercharges in the subspace is given by

0w
Q=1 ( Yon o ) (6:49)
a oWy 1 .
1/’.( 0\ +1i I )-zk};n/\k_,\n (6.50)

One notes that conjugaling (6.49) does not yicld (6.50); however, this is as a
result of the fact that the change of variables has incurred a non-trivial Jacobjan
in direct analogy with the d = 1 model. As belore, in order to restore explicit her-
miticity, one is required to scale the wavelunctious ¢ — J3/2p and the momenta
pi = JU2p;J=12 1t is not necessary to scale the fermionic fields, since they may
only enter linearly into the change of co-ordinates, and thus Lheir contribution
to the Jacobian is trivial.
Performing the rescalings, one oblains

.0 OW(A alnJ
Q-—)QI=1/)§<—1,'D—,\:—Z 0/‘5,)+; 02 ) (651)

d BW(/\) idlnJ
ot = KA ,
@ = ( iUy vkt e v Z ) (6.52)
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One may wow require Qt = @', and thus one finds that the Jacobiau is given by

dinJ 1
L= G.53
N Gahi— A (6.53)
Hence, in the singlet sector we have the supercharges
Q= (W. - Li)_"‘_ef_l(_’ﬁ) (6.54)
AT 0A; '
QF = 4 (m + zw) (6.55)
dA;
where

Werr(A) = W(A) = 3 In|he — M) (6.56)

1<k
The Hamiltonian describing the dynamics of the singlet sector is nuow readily
constructed, {ollowing the prescription (6.41),
P:Wepp(N) | 1 (OWers (A2

: c:(f( )+ = ( :’-ff( )) ((5.57)

()/\i(}/\j 2 O\
In order to cousider the dominant behaviour at farge A, it will prove convenient
to recast the above in the collective field theory lormalism. In order to do so, we
introduce the fields

=1 Lot ot
= gmy+ [ 45

o) = Oup= 30005 w)
do(z) = -—Zé(:;:-:z:;)vr,‘
Wz) = —ies(m—m;)v/»,»
M) = ~i6(m—=v,~>¢,-f (6.58)
The above fields have the following cominuta.tion relations,?
lo(),o(y)) = ~id(z~y),
el = i (ed0uie ~ ),
[o(a), w0 = i}j;’(m)oxa(m_y),
{h(=), 91 ()} = ¢(x)8(w ~ y). (6.59)

*These relations are readily shown with the aid of the identity, 6(z —=2,)}f(x) = 6(z~=:)f(2:)-
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One may nov' write the supercharges (6.54) and (6.55) in terms of the continuymn
fields by noting that, at the classical level, [ da i(fr—_'r,;,-—)(%i:ﬂl = §;;, and use of the

4
chain rule allows us to write 3“ &gzl{)’ in which case one has
)

Q= /{l:m/; (z) (a( ;) - épr(V)) (6.60)

and s
) (6.61)

Q' = [ dsita) (o) + 15

The Hamiltonian is now readily constructed {rom the supercharges, and is written

2
I = /‘1105(%)02("“)Jr z/'lw(n) (W( ))
. sw
-2 ¢(a)[¢(”) 1 (@))% (5 (J,))
: f2w :
+5 [ do [ dylw(@), v (m) o

As usual, one has the contraint on the collective field [ dud(x) = N

6.2. Supersymmetrized Collective Iield Theory

Another means by which one might construct a supersymmetrized matrix model,
is to consider extending the bosouic collective field theory. This was first done in

[17].
The key insight here is that the kinetic term

L[ - _/dw [ dateys (6.63)
may be rewritten as
= % [ o [ veta, 00ua,0) (6.64)
where, as belore, ¢ = d;¢ and one has the metric

dap = (/—)(%)-ﬁ(:, —9) (6.65)
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Such a theory has a standard supersymmetrization, given by the Lagrangian

I ) P o g . (IR .c
L = 5 (q"‘gabqb - g"b()ﬂ PV('?(J’V) + z?/)t"g,,m/)b - zv/)f lbc,uq‘v/’b
Fptere, g, Wt — it oWyt (6.66)

where ¢"(t) are the bosonic variables, g.t.(7) is a metric, W = W(q) the

superpotentiai and T%, are the Christoflel symbols. ‘This can be obtained by a

. . . ; { : b N
classical point transformation &' = a*(¢"), ¢ = (:—;’;)’—,) ¥ [rom the Lagrangian

L= \;( mé(agwf) i3 gt - SIf, wiloisw (6.67)

i=1 i=1 ij

In this case, the bosonic variables ¢* — @(x), and gop = foy = d) b(z, — ), in
which case one has the Lagrangian

L = lfdm "' Z/d“' <5§(¥3) /-{!-Zz/:*y H/ (,a()( )a/;

(llw) $]0, ( W > /dl,/dlﬂ/’ 5}, ¥(9)] (3;(%;%;(%?8)

‘2 ) o(ar

One is able to rewrite the above as

I = (lr o /db(ﬁ((sil(l/))' %/i{ 1/){,15_.1/;“/))
/(1'1' ( (__) o, ( )) 2/’?[(/ o (Ws:z))

~3 [ = [ 090 (55 (6:69)

by means of a partial integration. The reason for doing so, is that the above
for 1 ensures the manifest hermiticity of the momentum conjugale to ¢. It can be
demonstrated that the two lorms of the Lagrangian are equivalent al the quantum

level.
In order to canonically quantize the theory, one now computes the conjugate

motenta in the usual way, lo yield

w(z) = —/—+;[() <I/)) ptd, (3’)}
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21/)

29
i

_.2(/)

My =

My

(6.70)

Oue must perform a constrained quantization, and thus in the above we identify

the second class constraints

Xl
X = nt/}“"%”{?}'
Employing Dirac brackets, one obtains
le(z)ye(y)) = 0
fo(z),m(y)) = i6(u—~y)
{9(2), 91 ()} = $2)b(a—y)
lo(z), ¥(y)] = [‘P(ﬂ’),)dﬁ(y)h()
X i),
[7‘-("')»"/’(.7/)] = Q(P(J)ax‘s('v 9)
@) = 5L D0 -y)

Taking

o(a) = (z) - { (”d) ~via. (%))

ane is able to write the Hamiltonian in the form
2
I = /dw(w«l)caad-i- fdt, t( )
dx s
-3/ Fatote) e ()

L e Lttt o [ 8
+2,/d /d./{"/( ) 11/(./)] (6(;3(;17)690(!/))

with the commutation relations

ol )] = iHa)0at(a - 1)
Uf
(@) # @) = i@t =)

(6.71)

(6.72)

(6.73)

(6.74)

(6.75)



which follow directly from the commutators (6.72). One notes that the above
Hamiltonian and commutation relations coincide precisely with the continuum
description of the Marinari-Parisi wodel. Ience the supersymmetrization of the
bosonic collective field theory is equivalent to the Marinari-Parist mnodel, as first
shown in [5].

One should note that the above commutators indicate that the bosonic mo-
mentum does not commute with Lhe fermionic fields, which is rather undesirable.

Scaling 1 — /P, and Pt — /i, one seces that
[m(2), V()] = 0 (6.76)
(), Vbt = 0 (6.77)

as required.
Writing the Hamiltonian in terms of the rescaled fields,

1= 3 [ (-5 (@ - vi@an))

+-Z-/ due(x) (][ cl./ Gy - Wiz ))
“%/ dafy!, wlg,;<7[ dy 0'”0 =W ))

1 1 P(y) o
+s / da [@/ﬁ W) 7o d_yl-lxl_——— Vz(} (6.78)

Let us consider the large N limit of the above Hamiltonian. One would like
to exliibit &, in order o determine the planar contribution, and thus we must
scale & — VNz, ¢ = VN, o = Np. v — o N2 and ¢t — HTNI/4 in which
case one has the scaling behaviour

= 2_1in / % (‘/)7) L ((311/'*)"/’ - ’/’Jf(“)’““/’)))2

) /d.ﬂ(/) x) (][ (l_/ Iy - W' ))

oot L ,,_571_50__
dalyh, ] (][ a2 - (.,.))
1 L Wy d(x
+5 da [1/;1\/(&(3:),(;7_7[{111%2} (6.79)

gt



It is then clear that, in the limit of large N, there arc no fermionic contributions
to the Hamiltonian, and the dominant term

H N2 . (')!I(J‘J 7 4 2
Jim 1= 2 [ dag(a) (7[ dy 2 (.m)> (6.80)

is the familiar large N expression for the Fokker-Planck Hamiltonian. In this
instance, the existence of a zero energy eigeustale implies that the vacuum state
is invariant under the aclion of the supercharges, by (6.41). A vacuum state with
non vaunishing energy therefore implies supersymmetry breaking. One sees [rom
the above large N form of the Hamiltonian that unbroken supersymmetry at the
classical level requires that the density satisly

/dyf—f%% -W(z)=0 (6.81)

Hence, the Marinari-Parisi model in the limit of large N corresponds to the
stabilisation of d = 0 bosonic potentials. Oue sces that the classical backgrounds
obtained via solutions of the stabilised d = 0 models can be reinterpreted as
large NV solutions of the Marinari-Parisi model which preserve supersymmetry to
leading order.

6.3. The Supereigenvalue Model

To conclude this dissertalion, we will review some aspects of the other successful
approach to constructing a supersymmetric analogue of the one matrix model,
the supereigenvalue model, proposed by Alvarez—Gaume' el al [23],[24].

The term ‘matrix model’ is misleading, since the theory is cast in terms of
bosonic and lermionic “eigenvalues”, and a traditional formulation in terms of
the original matrix variables (if, indeed, it exists) remains elusive. A somewhat
unorthodox matrix formulation of the supereigenvalue model exists [20]; however,
its form depends on N, and is consequently difficult to exploit.

The central idea behind this model is the generalisation of the algebraic struc-
ture of the bosonic matrix model. Specifically, in the bosonic case we demon-
strated that the hermiticity requirement (i ihe stochastic llamiltonian in the
collective field description led to the equation

OftJs =0 (6.82)

Coupling the partition function lo sources j, one was able to rewrite the above
condition as a series ol constraints acting on the partition function

072(j)=0 (6.83)
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Tor the consistency of the collective field theory description it is required that the
operators OF close an algebra, realised in the case of the one matrix model by the
presence of a Virasoro structure. In the context of the supereigenvalue model,
the approach is cenired on generalising the Virasoro generalors to the ¥V = |
supersymmelric case. Reasoning by analogy with the hermitian matrix model,
one requires that these generators annihalate a suitably geueralised partition
function, following which the form of the Jacobian may be deduced. As discussed
above, it is not known if such an object originates from a change of variables and
hence we use the term provisionally.

By direct analogy with the bosonic case, one starls by choosing an action of
the form

V(A,0) = EL (k4 Gy 00F) (6.84)
k1=t

where the (., L are the fermionic couplings, and 6;, A; the fermionic and bosonic
cigenvalues, respectively. One can then write the partition function as

Z = / TT drdb:n(r, 0)e= VYO0 (6.85)

where we have introduced the measure A(A, #), whose form remains unspecified.
We now introduce the super-Virasoro generators, wrilten in terms of the bosonic
and fermionic couplings as follows,

1 m
G = ~=5 Z o Z Gig— +L wk (6.86)
noN i=1/2 OQ'OC’"‘ i=1/2 ‘)J"H" k=1 ‘)Q
n~1/2 ; ;
n N Jd 8
L = N'2 E aJI»OJn-L ,; Jk() 2NZ :Xl';) < ) 56-0 -t
d
+ ) , 6.87
+t§z ( ) T Wien o

The approach of Alvarez Gaumé el al, is to require that
Gn-—l/'lZ =0 (6-88)

for n > 0. If is sufficient to impose the relation (6.88), since L, Z = 0 will then be
satisfied automatically, since L, may be expressed in terms of anticommutbators
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of G,,. Hence, we require the consistency couditions to hold by construction, as

means of determining the measure.
Permitting G,,_1/2 o act on the partition funclion, one readily obtains

-1 N N
<N 2. ZCHI/:AH" +N iZLM Aftn-t 722}:0 Afan—t- ’~>

k=0 i=1 k=0 i=1 k=0 i=1 j=1
(6.89)

One can equivalently write the above as

<ZA(5€7 by ) Z" YT_\H>=° (6.90)

. . - - AB—An
where we have employed the identity El‘_é \L \” 1=k = '\"—\,L and it is under-

stood that the derivatives operate on the uctxon Integrating the above by parts
allows the derivatives to act on the measure, yielding

6 a /\11.
AP (-r~ ()~,—~> A(A,0) = A(MN 0 0 ——~——— 6.91
Z{: ()0‘ + '0[\{ ( ) ( ); 1 J ( )
This equation has the unique solution
AN 0) = T[(Ni = Aj ~ 0:8;) (6.92)

i<j
Thus, we have determined the Jacobian of the model.
In view of the fact thal the couplings in the bosonic potential are oftlen re-
garded as sources for loop operators in the bosonic matrix model, in the su-
pereigenvalue model it is then natural to define the connected ‘hybrid’ (n}m)’th

S\lpEI‘lOOp correla.t;or as
» o dut P
VV(A], ceey "”I‘l’ cery o"l) =

g; 0. 1 1
= Nwtm=2 [} . { o
! <‘?zl-*fx T D Zz:n—f\k.,‘> (69

in &y “1 k".

Furthermore, it will prove convenient to define V{\;) = 52, grA¥, and ¥();) =
o Ceg 2 .

As in the bosonic case, the loop equations of the supercigenvalue model are

eniceded in the statements
Gn+|/2Z = 0 (694)
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LnZ =1 (6'95)

for n > —1. Thus we reconsider (6.89) shifling the index n — n + 1, o yield

’\n.+1 /\n—H
<N > ZQH,,Q,\H"“ + N }: Z/.Jkot,\‘+" S0 —— Yoy > =0

k=0 i=1 k=0 i=1 i#3
{6.96)
Multiplying the above by 5, 272 and summiug, yields
N /\1}+1 - ,\;}ﬂ
v P A) = =5 el .
Nz ()= +N2V(A) R Ml v (6.97)

i=1

We now assume that the bosonic eigenvalues have compaet support on the real
axis. In what follows, our goal will be to consider the extension of Ambjdrn’s
formalism to the supereigenvalue model, which was developed in refs [25],[26].

To this end, it proves {ruitful to reformulate the above in terms ol contour in-
tegrals, requiring that the contour € enclose all poles of Lhe superloop operators®,
and that it incurs no contribution at infinily. One Lhen obtains

fﬁz LZJ) W(w ()*‘j( ;L,L: :(w) W(lw) = W)W (2) + 57 W(z} z) (6.98)

where we have rewritten (6.97) in terms of connected correlators. Similarly, the
condition (6.95) gives rise to the equation

o VI@W(l) + P@W(el) 1d 1 do Y@)W()
o 27wt Z—-w 2dz 27ri 2 —-w

= 5 (Waar - wehwien + 5

- (qu,z) LW, ))6.99)

These *superloop’ equations are seen (o be Grassmann odd and even, respectively.
The correlator (6.93) may be obtained by the application of supetloop inser-
tion operators, acting on the {ree energy f,
& ) ) 6
w ) Zn|2 =
(21 2l ) = FU(z) () SV () V)

(6.100)

3As in the bosonic case, we assime a one cul structure.
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where we have defined

d

é 1
= D e 6.101
6‘1’(2) ,:;__.% 2wt aEn-H/2 ( )
1
i 10 (6.102)
6V(Z) - n=0 Zt (.)f/u '

as the superloop insertion operators.

The key insight which allows for the construction of Pletka’s iterative scheme is
the knowledge that the free energy depends at most quadratically on the fermionic
couplings, a result first abtained obtained by [21],[22] . Oune then sees thal (6.100),
along with equations (6.101) and (6.102) implies the following structure for the

one superloop currelators
W{z]) = v(z) {6.103)

W(zl) = u(z) + 4(2) (6.104)

where the functions v(p), w(p) and 4(p) are first, zcroth and second order in
the fermionic couplings, respectively. In order to follow Lhe notation of Plefka it
will serve to rewrite equations (6.98) and (6.99) in terms of the above functions,
following which, we rewrite them graduated in the order of fermionic couplings.
Doing so yields four equnations, listed in ascending order in the couplings,

!

dw V(w 1 F) 1 d
_7{ 27”,._(_‘3 ( )— u( )2 zNg (5V( ) (”)—ml‘a‘,‘m (Z )l.___~ (6.105)

Nl 6\1/( )v(z) (6.106)

iz —w 2miy —~w

f o V() f o W) ) = ol)u(z) +

]gdw Vi(w) . (waO dw W'(w) o) - z(uf dw W(w) )

2miz~ w 27rzz w omi 2 —
= u(2)d(z) - -—v(z) d v(z) e 3%—511(z) (6.107)
f ;’7‘;’ P) 4(w) = o(z)alz) (6.108)
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We would like to consider the planar® limit of the above equations. Taking
the limit N — oo, one sees that (6.105) becomes

aw V'(w 1

]). ( )uo(w) = —'(LO(Z)Z {6.109)
iz —

This equation, up to a factor of .1;, has the structure of the planar loop equation

of the hermitian matrix model, which has been extensively studied. The solution

I

do VP) [ (z—=a)(z—a)]2

uplz) = f (7)[( X )] (6.110)
iz -w [(w—a){w-—y)

where, as in the bosonic case, the contour €' encircles the cut bounded by [x, ],

but the point 2 is excluded. This equation is accompanied by auxilliary conditious

to ensure the correct asymptolic behaviour, ug(z) ~ 2=, as z — oo.

These are . v
P 4 C) (6.111)
¢ 2 (w—a)}w-~-y)

!
o= f b V) __ (6.112)
G 2mif(w— ) (w ~y)
These conditions are easily obtained by expanding (6.110) about the point z = oo,
and tailoring the coeflicients of z to obtain the required beliaviour.
Let us consider the first order equation in the planar limit. Equalion {6.106)
becomes

is

and

;17: Z e, vo(w) + ]§ ;I,: M) T, (W) = w(2)u(z) (6.113)
This equation has the solution
do Y(w) [(w = z)(w=1y)]? X |
vo(2) = / iz —w [(z-— a)(z — J)] + Wﬁ (6.114)

where x is an as yet undetermined constaut, and C is the contour defined in the
bosonic case, Notice that one does not have the analogue of tlie bosonic conditions
to dictate the movement of the cul in response to tuning the couplings.

*The term ‘planar’ should be used with care in this instance; since a matrix formulation
remains elusive, the connection belween large N and a genus expansion remains obscure.
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In order to verify the above solution, consider constructing the right haud side
of (6.113) explicitly,

vo(z)uo(z)

)tz V) [<z'— a)(z' = m}%
o 21 Jo, Wm0 -7 L= D)@ 1)

dw V'('u) X .

fe} iz — (w—a)w-1y) (6.115)

Constructing the left hand side yields
jg f ds'_ V'(w)¥() [(z' —~ z)(#' — y)]%
¢, 2mi Jo, 2ni (z —w)(w — 2) L (w — z)(w — )

+-7{ dw ]{ 2 V()0 (w) [(w-—'b)(w y)];—
6, 2mi Jo, 2mi (2 — w)(w — 2) [(&' — 2)(' — y)
dw V'(w) X
G ] 6.116
* c 21tz —w \f(w— x)(w—y) (6.116)
The equivalencc of (6.115) and (G6.116) is demonstraled by considering the second
term ol (6.116),

fé‘, ;1(:1 ){o 27rlz (2 _,(:;%f,(fdll) [((w:;gg,‘ _Z))y (6.117)

Stretching the contour C, “over” C'y, one obtains the contributions
f ﬁ V()W) [<w — z)(w —9) ]
¢ 2niJoy 27 (z —w)(w ~ 2) Lz — @) (' — 9)

_‘746"1 27”‘/2 dz’ V(') (w) {(w—-c)(w )]l (6.118)

w213 (2 — w)(w — 2) L(z' = 2)(7 — 1)
Performing the integral over CY/, one picks up the pole 2’ = w, yielding
Viw)y
do V0)Iw) _ (6.119)

[ ori (z —w)
since the point z is excluded from the contour €. In the remaining term, inter-

change z' and w, to yield

fc d2! V'(w)¥(s) [(Z""”)("’"'y)f (6.120)

y 27 Joy 21 (z — 2)(z' ~w) L (@ — @) (w - y)
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One then sees that, combining the first and second terms of (6.116), yields (8.115).
Hence the solution is verified.

The next step is to identify the fermionic analogue of the busonic mowments.
Thus, we proceed in analogy with the bosonic case, considering vy(z), where the
integral over the contour is taken to inlinity. One has

dw Y(w) [(w—~a)w J)% X -
= e ooy t e

As belore, one deforms the contour C to infinity, picking up the pole al w = z as
one does so. Thus, we consider

==
S O e
J‘J dw V(W) [(w__m)(w—j?/)]% (6.122)
(&)

12tz —wl (z-a)(z—y)

Performing the integral over " simply picks up the residue at w = z, and yields
U(z). In order te consider C¥, recall that, (or w > z, where [z, y] < |z|, oue has

the expansion

z~— r)“ (z — y)n }
=~ + 6.123
2 {f e (6:129)
as in the bosonic case. Inserting the above in the integral over ¢, one is able to
write

}{ v V(w) {(w — ) (w - y)] 1 {(z =) 8+ (2~ y)" T A}
c 2

nMS

12miz—w [ (z-2)(z-y) V(z—z)(z—y)
{6.124)
where we have defined the fermionic moments,
lw ¥
o= o Yw) i) w—g) (6.125)

o ami (w — )"

I ¥
An= f{' 2(7: (w\I (w))u Ve —n)w—1) (6.126)
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for n > 1. Thus, one sees that vg(2) may be writlen as

BN SE(CEE i NS CE TN y
(@) = L)1 3 e ) Tty

n—]

To fully determine vp(z), all that remains is Lo uncover the explicit form of the
unknown x. Following Plefka, let us introduce the basis functions to facilitate
this task. The [ull machinery of these hasis functions is required for the scheme
of iterative solution developed by Ambjgrn in the bosonic case, and extended
by Plefka in the case of the supereigenvalue model. We will not be concerned
with developing the iterative scheme; however, the basis functions simplifly the
following computation somewhat.

n—1
X(z) = (Mu) > X(k)(z)Mn—kH) (6.128)
k=1
1 n—1
yi(z) = 7 <</)(" =S v (z)M,,- w) (6.129)
k=1
where
$8(2) = (2 = &) "[(z - =)z - )]/ (6.130)
$0(2) = (z = ) (2~ 2)(z — y) (6.131)
Next, we define the linear operator
dw V (w) P
J,( = rw) (6.132)
which acts on the basis functions in the followmg way,
1 () = b
(V uO(z)) X (Z) (Z _ 11})"'
. |
., (n) - . 1o
(V' = uo(z)) w(z) = e (6.133)

To convider the computation of ), we must examine equations (6.107) and
(6.188) in the planar limit, Thus, we consider

(V’—-—uu(z)) B = 1d f dw ﬂ'(w) () = / dw W/ (w)m(w)

2dz 27rz z - w 2ri z
1 .
zllg ) vu( z) (6.134)
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After a good deal of computation, one can show that

(V'—ug(z)) fip = %E%(f—l—;/—)ﬁ U)z) - éﬁ%lw(')( z) (6.135)

in which case, one may read oll' the solution [lor g,

____uz(«-‘r“',\) g 1&4&:&) () ¢ (s
ilo(2) w—p) @ -5 (6.136)

Introducing the planar order 3 equation,

f(, o W(w) 2 () = vo(2)io(2) (6.137)

iz —
one can show, after inserting (6.136) and (6.127), that

15:E -0 —x) 1AM - )E ~ ) .
2 a0 1) "2 h(z—yPo—) (6.138)

The coellicient y is thus found to be

0=

1
x=5(E + M) (6.139)
Thus, (6.121) reads
1)
_f fw Y(w) [(u - 2)(w — y)} Tl B+ A -
w(z) = ¢ 2miz—w [ (z—u)(z—y) 2G=aj{z—y) (6.140)

Re-examining (6.127), ore sees that it may now be written as

Loy L& (2= o)™ 'Eut (2 — )" A
W) = )= 2 VeaGon
L e

N CEDIEED)

where we have defined II(2) = 3=y {(z = 2)*7'E, + (2~ y)* A, ) . Nate that
vo(z) has no explicit dependence on Eq, Aq.

We have thus constructed the ‘planar’ oune luop correlator lincar in the fertnionic
couplings.

(6.141)
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6.3.1. The Continuum Limit of the Supereigenvalue Model

The analysis of the scaling limit for the bosonic quantities of the model was first
considered by Ambjgrn in the context of the hermitian matrix model [19]. The
scaling for the fermionic quantities was originally performed by Alvarez—Gaume
et al [24], although the following presentation is based on the analysis of Plefka
[25],{26]. We will discuss the continuum limit of the supereigenvalue model in a

rather general way.

The earlier discussion of the role of the moments in defining she critical sub-
space of coupling constants in the bermitian malrix model is carried through
unaltered to the bosonic sector of the supercigenvalue model, and thus, for the
m'th multicritical point, where the extra zeroes are chosen to accumulate at =,
we require that

Mi(9§s e Yoy = Ma(gf,tey) == Mop—t{gf e, yc) =0 (6.142)
Mi(gf ey} # 0, k2m (6.143)
with Jf# 0, { > 1. One direct'y generalises this in the case of the fermionic
couplings,
E'Z(ffawm yc) e = Eu-!(£;g’ Tesle) =0
Ek(fﬁ"’}m Ye) # O k2zn
with A; # 0,1 > 2. One notes that one does not set the moments Zq, Ay to zero,

since the fermionic correlator vo(z) does not depend on them.
As usual, the approach to the continuum is controlled by setting

z = 2,-—aAlm™ (6.144)

P 2o+ u€ (6.145)

fi

One may now consider the scaling of y, the cut endpoint, by assuming that the

critical coupling is reached as
o = J{a)gs (6.146)

where the form of f{a) has yet to be determined. Imposing the conditions (6.111)
and (6.112), one can deduce that

Y= Yo~ a” (6.147)

and
f~1~a™ (6.148)
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It readily follows from the above thal one has the following scaling behaviour [or

the bosonic moments,
My ~ a™F (6.149)

while the higher M moments, and J momeunls do not scale.

In the case of the fermionic couplings, the situation is slightly different. In
particular, one does not have an analogue of the relations (6.111), (6.112) enforc-
ing the aymptotic behaviour of the bosonic one loop correlator, which coustrain
the movement of the cut in response to the adjustment of the coupling constants,
gk In the above discussion, (6.411) and (6.112) were used to deduce the scaling
of the bosonic couplings gy in the approach to the continuum.

In the fermionic framework, one does not have any such relations, leaving the
issue of the scaling of the fermionic coupling constants somewhat ad fioc.

One can therefore choose®

§k+l/2 = (LI/ZEZ.‘.]/Q (6.150)

Al this stage, it is important Lo realise thal the bosonic and fermionic critical
points are labelled by the integers (m,n) respectively, which are iudependent of
each other. One can then show that the following scaling behaviours are obtained,

S -A o~ an—l/2

S v @M e 20— 1) (6.151)

It is possible to relate the two scaling sectors by imposing the sensible re-
quirement of Alvarez Gaume’ et o/ {24]; that the one bosanic superloop correlator
scale uniformly, ie that up(z) and @p(z) scale in the same way.

One is aware, from our previous calculations in the bosonic sector, that the
purely bosonic correlator scales as

ug(z) ~ a2 (6.152)
where m is an integer labelling the busonic criticality.
Requiring that the bosonic correlator quadratic in the fermionic couplings

@y(2) scale in the same way as up(z) implics that the bosonic and fermiotic
scaling behaviours are no longer independent, and must satisfy

n=m+1 {6.1563)

5In this instance, choosing the more conventional scaling as in the bosonic case leads Lo
inconsistencies, since the 1teger n labelling the lernionic mubicriticalities assumes hall integer

values,
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One may then deduce the following scaling properties,

o~ (Lm—k+3/2’ ke [2’ 1".]
e o~ et b>m
A~ a? i1 (6.154)

n fi

Armed with these results, the anthors of [8] were able to show that Lke central
charge of the superconformal field theory oblained in the continnum is

_(2m—1)

i
—— e T2 5.1565
- 0, e T2 1 (6.155)

é=1
We are unable to analyse tlie continuu limit of the superloop equalions which
describe the é = 0 theory, since the m = | criticality is not amenable to treatment
by the techrigues employed in this dissertation, as in the bosonic case. Them = 2
multicritical point corresponds Lo a central charge of ~—§, which describes a non-
unitary superconformal field theory.
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Conclusion

In this dissertation, we have reviewed wany of the techniques applicable to the
malrix model approach to non—-critical strings. The saddlepoint equation of [6]
was studied and solved for bolh cubic and quartic potentials, and the continuum
limit corresponding to the m = 2 multicritical point was taken.

The collective field theory of the d = | model was developed, with an em-
phasis on the hermiticity requirement of the collective Hamiltonian, which leads
naturafly to the realisation of an algabraic structure in the one matrix model.
The role of stochastic quantization in the mechanism ol stabilisation mechanism
was discussed. The d = 0 theory was then rewritten with the aid ol the stochastic
Hamiltonian, whereupon correspondence between the large N configurations of
the ‘d = 1’ approach and the saddlepoinl equation was demonstrated explicitly
for both cubic and quartic potentials.

The link between the stochastic Hamiltonian and the Schwinger-Dyson equa-
tions of a Buclidean quantum field theory was demonstrated. Employing the won
hermitian stochastic Hamiltonian in the z representation, the continuwum it
was taken for the & = 2 mullicriticality, Lo yield a non~Jocal continuum Hanilto-
nian, The continuum Schwinger-Dyson equations were then derived, with a view
to extracting a continuum Virasoro structure.

In the following section, the possibility of constructing a density approach was
explored. In particular, a local continuum Hamiltonian, valid for all criticalities
and consistent with the string equation was found, in agreement with Yoneya
[36].

The m = 3 multicritical density was then constructed, via the moments for-
malism of Ambjgrn, as a prelude to the discussion of supersynynebry in the con-
text of the matrix model; in particular, the supereigenvalue model.

The possibility of supersymmetrizing the mairix model as an allernative
method of stabilisation was then explored in the following sections. The Marinari-
Parisi model was studied, and alink was made to the supersymmetrized collective
field theory. The large N configurations of the Marinari-Parisi model were shown
to be equivalent, to those obtained via the stochastic quantization approach.

Lastly, the supereigenvalue model of {23] was studied in thie moments descrip-
tion, culminating in the realisation that one may unot consider the continuum
limit of the superloop equations fur é = 0, since it corresponds Lo the m = 1
multicriticality, which does not yield to traditional methods of analysis.
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