
Stabilisation and Lower Dimensional Matrix String 
Models.

AI as Liii i' Pan I'm (Ja.i iipln'.l!

P hysics D epartm ent and C enter fo r  N onlinear S tud ies  
U niversity o f  the Wilwat.crsraud  

W its 2050, Sou th  A frica

A d isserta tion  subm iU od to  the  I 'acu ity  of Science, 
U niversity  o f th e  W iU vatersraud, Johannesburg , S ou th  Africa, 

in fulfillm ent of th e  degree of M astci o f Science.

Novcinber 20, L!)i)7

Degree awarded w ith  d is t in c t io n  on 30 June 1 9 9 8



Acknowledgements

I  would like to thank my supervisor Joao Rodrigues, for liis excellent supervi­
sion. It is often said in jest tha t an MSc is research done by the supervisor under 
particularly trying circumstances; I hope tha t this was not the case here. 1 thank 
him for his patience and enthusiasm.

I would also like to  thank my family for their constant love and support, 
w ithout which this work would not have been possible.

Further, the constant encouragement, friendship and support of my colleague 
Robert de Mello Koch has contributed in no siv'ill measure to my enrichment as 
a  physicist and a  person.

Lastly, I would like to  thank my friends, in particular Richard Lynch, Jonathan 
Crow hurst and Kay Dewhurst for their companionship and support throughout 
this MSc.



D e c la ra tio n
I declare tha t this dissertation is my own unaided work. It is being subm it­

ted for the degree of M aster of Science at the University of the W itwatersraud, 
Johannesburg, South Africa. It has not been submitted before for a degree or 
examination at any other University.

(Alastair Paulin-Campbell)



C o n t e n t s

1 Introduction 2
1.1 The m atrix model approach l,o Ihe sum over random surfaces . . .  2

1.1.1 The Correspondence between I,lie d =  0 llnnniliiwi Matrix 
Model and 2d Quantum  G r a v i t y ................................................ 4

1.1.2 The Continuum Limit of the d =  0 m o d e l ................................  8

2 The Continuum limit of the d =0 Hermitian Matrix model 11
2.1 The cZ =  0 Continuum Limit concs|)oiiding to the Quartic Potential 15
2.2 The d =  0 Continuum Limit corresponding to the Cubic Potential 17

3 Stabilisation and Stochastic Quantization 20
3.1 Collective Field Theory and the (1 = 1  model ..........................................25
3.2 The Stabilised <1 =  0 m o d e l ......................................................................  31
3.3 The Schwinger Dyson (Loop) Equations  ......................................37

4 The Continuum Form of the Fokker-PIanck Hamiltonian  43
4.1 The Macroscopic Loop A p p ro a c h .............................................................  43
4.2 The Density A p p ro a ch ................................................................................  58

4.2.1 The Continuum Form of the Fokker-PIanck Hamiltonian in 
the Density Formalism and Yoncya’s Mullicritical Contin­
uum H am ilton ian .............................................................................  65

5 The Moments formalism and the m  = 3 multicritieal point 76

6 Stabilisation and Supersymmetric Matrix Models 85
6.1 The Marinari Paris! Mod'*!  .........................................................  85
6.2 Supersymmetrized Cojlvfivi Field T h e o r y ............................................. 93
6.3 The Supereigcnvalne M o d e l ................ ...................................................  97

6.3.1 The Continuum Limit of the Supereigenvalue Model . . . .  107



1 . I n t r o d u c t i o n

1.1. T he m atrix m odel approach to the sum  over random surfaces

The introduction of extended one dimensional objects (popularly called “strings” ) 
to replace point particles as fundamental physical objccts has been met with 
mixed success. The rationale behind such a  replacement has no direct experi­
m ental evidence,1 (although the necessity of the string approach was first implied 
by a  relatively successful a ttem pt to explain resonances, due to Veneziano) and 
has its roots in an attem pt to combat the pathological behaviour of a quantum 
field theoretic formulation of gravity. This undesirable behaviour stems from the 
ultraviolet divergences which occur when computing quantum corrections about 
some leading classical configuration. This behaviour is a feature of many quan­
tum  field theories; however, in most cases renormalization schemes permit the 
removal of unwanted infinities, a  notable exception being a quantum field theo­
retic formulation of gravity which is non-renormalizable.

The rudiments of the string picture are as follows. One introduces a one 
dimensional object, which sweeps out a  two dimensional worldsheet in a physical 
spacetime. Excitations of the string manifest themselves as the appearance of 
particles such as photons or electrons. This is to be contrasted with the approach 
of traditional quantum field theory, where the electron is described by a quantum 
field distinct from th a t of the photon, and the Lagrangian corresponding to the 
dynamics of the interacting particles would contain both quantum  fields.

T hus one sees tha t some form of unification has been attem pted, whereby 
distinct excitations of one underlying object give rise to the spectrum  of observed 
particles. A part from this aesthetically pleasing aspect of the string approach, 
one finds that, by and large, the pathology encountered in traditional Q FT ’s'2 
no longer arises. One may attem pt to explain this heuristically by noting that

' I t  does, however, liave convincing Uieori’Mcal evidence; calculations within the string frame­
work have reproduced Hawking radiation. 1 nc original calculation was an uneasy m arriage of 
general relativity and quantum  mechanics.

2Q F T  is taken to denote “quantum  field theory"
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string interactions are represented by topology changes on the string wotidsheet 
manifold. As opposed to the interaction vertices of Qh'T’s the interaction does 
not take place a t a  single spacetime point, and thus is not Lorentz invariant. One 
may regard the interaction as ‘smeared ou t'. Ultraviolet divergences are found to 
arise in Q FT ’s when two vertices are found to approach each other with arbitrary 
closeness. The prescription to regularize a Q F T  simply corresponds to ‘smearing 
o u t’ the interaction vertices, such tha t the interactions no longer take place at 
a single spacetime point, a  feature which is naturally incorporated in the string 
picture.

In addition, one finds that the spectrum of excitations associated with strings 
necessarily contains a  spin 2 vector boson, the virtual particle which is thought 
to mediate the gravitational interaction. This is greatly encouraging in view 
of the fact th a t one is able to define a perlurhative expansion of string theory 
about a classical background which is finite and anomaly free a t 1 -loop [1], thus 
avoiding the staggering technical difficulties associated with point particle theories 
of quantum  gravity.

However, the string approach is not w ithout its subtleties. In particular, one 
runs in to  difficulties when qua) tiziug strings, since conformal symm etry is not 
respected in an arbitrary number of spacetime dimensions. One requires confor­
mal sym m etry to ensure the diffeomorphism invariance of the siring worldshcet. 
Dimensions in which the conformal anomaly does not arise are denoted “critical” 
dimensions. The critical dimension depends on the number of local supersymme- 
tries defined on the worldshcet. One may construct conformally invariant string 
actions for JV =  (I, 1, 2 and 4 local supersymmetries (on the worldshcet); the 
critical dimension for A  =  0 (the bosonic string) is d = 20. N  =  i supersym­
m etry requires 10 dimensions, N  = 2 requires 4, while IV =  4 docs not seem 
to make sense, requiring a negative spacetime dimension. Thus, if one wishes 
to eliminate the conformal anomaly, the level of local supersym metry uniquely 
fixes the dimensionality of spaccthne. In order to make contact with the four 
physical spacetime dimensions, a reasonable mechanism of compactilication must 
be postulated.

In the non-critical theories, one does not have the luxury of such cancellations, 
and the conformal anomaly is manifest. The significance of this is tha t the world 
sheet m etric and m atter fields no longer decouple. One is now no longer able to 
integrate out the world sheet metric completely, and consequently one is required 
to quantize these additional degrees of freedom. Quantizing the worldshcet metric 
is equivalent to a  theory of two dimensional euclidean quantum gravity. Moreover, 
the string co-ordinates may be reinterpreted as conformal m atter fields coupled
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to the world sheet gravity.
T he motivation for studying theories of non-critical strings arose primarily 

in an attem pt to obtain non-perturbalive insights into string models; formerly, 
there were five consistent string theories, defined only in terms of pcrtu rbath ti 
expansions. In  the ease of non-critical string “toy models", the double scaling 
lim it allows one to obtain contributions from all topologies, and thus must be 
regarded as a non-perturbativc technique. Such non perturbative insights into 
critical strings have been realised only recently, with the advent of M  theory, 
which appears to be the unique theory underlying the five “different” string the­
ories. In particular, a  supcrsymmetric m atrix model has been proposed, which 
purports to  describe M  theory in the light cone gauge [37].

In  this dissertation, our emphasis will focus mainly on the ci =  0 model, which 
may be interpreted as pure two dimensional quantum  gravity, or equivalently, as 
the propagation of a  string in a zero dimensional spacetime.

1 .1 .1 . T h e  C o rre sp o n d e n c e  b e tw e e n  t h e  d =  0 H e r in i t ia u  M a tr ix  M o d e l 
a n d  2d  Q u a n tu m  G ra v ity

T he following discu&sion is a  synthesis of the approaches in refs [35], [2].
L ei us consider the continuum approach. One starts with the Einstein-H ilbert

where g is the determ inant of the metric tensor corresponding to the two di­
mensional euclidean space, and R  is the Ricci curvature scalar. In  two dimensions, 
the Gauss-Bonnet theorem requires tha t

where h is the genus of the surface. The first term  straightforwardly yields the 
area  of the surface. The partition  function is w ritten

A t this stage a  caveat should be entered regarding the definition of the integration 
measure. I t is implicit in the above writing of Z,w th a t the measure bo defined 
m odulo diffeomorphisms. Formally, one is required to factor out the volume of 
the group of diffeomorphisms, and thus one has

action
( 1.1)

(1.3)
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where the functional integration over the metric is now confined to a  surface of 
fixed area and genus. In other words, one would like to eliminate equivalent 
reparametrisations to consider only the volume of the moduli space. This is 
ra ther noii-trivial in the continuum, and consequently one might rather consider 
the partition function defined on a  lattice.

Let us consider constructing surfaces of any given genus via a  “random tri- 
angulation” , [3] where the triangles may be taken to be equilateral with a unit 
area. Consequently, the area of a surface comprising a  triangles is simply a. The 
prescription implied by the measure Jg now becomes a sum over inequiv­
alent triangulations corresponding to a surface of fixed genus, constructed from 
a  triangles. Therefore, the equivalent lattice form of (l.-l) is written

where (?9)0 corresponds to the discretized measure. Thus, we have restated the 
problem in the hope tha t the computation of will prove to be more tractable 
than the sum over metrics in the continuum.

Let us consider triangulating a compact, 2 sided genus <y surface without a 
boundary. The topological properties of the triangulated surface are precisely 
those of the underlying surface, since the two arc homeomorphic. One is easily 
able to verify the genus of any such surface by means of the Euler-Poincare' 
characteristic. Specifically, one has the relation

where V  corresponds to the number of vertices, E  the number of edges, and F  
the number of triangles comprising the surface. Further, in the specific case of 
a triangulation, one has the identity ‘AF — 275, (which is easily seen to hold if 
one considers the simplest case of an unbounded triangulated surface, the te tra ­
hedron) perm itting one to rewrite the above as

OO CO

//=0 a=0

V - E + F  = 2 -  2/t (1.6)

V - - F  = 2 -  2/t (1.7)

To proceed further, let us consider the d = 0 hcrmitian m atrix model, with 
partition  function



where M  is a N  x  N  iienniliait m atnx , with the action

(1.9)

One may now consider traditional perturbation theory in the coupling g, in 
which case one has

If one wished to evaluate the cv’th term , one would lay down a  three point vertices 
and connect them via propagators in the usual way, bearing in mind tha t the 
diagrammatic structure of the propagator and vertex has been altered since the 
m atrices carry two indices. The diagrams now require double lines to specify the 
flow of the m atrix indices. One notes further tha t any such diagram yields a factor 
jV "?  corresponding to the vertices, a factor JVU for p  propagators, and N 1 for I 
closed loops, as the factor N °  for each propagator arises since the propagator 
is formally the inverse of the quadratic term in the matrix action, while the 
perturbative expansion (1.10) demands tha t each vertex contribute a factor of 
iV-1 /2 to the diagram. Furthermore, each loop requires a sum over contracted 
m atrix  indices, yielding 5;; =  jV. N iw, let us consider the lattice dual to the 
Feyman diagram. It is not difficult to see that the interactio.i vertices correspond 
to  the faces of triangles, the propagators are dual to the edges, and loops dual to 
the vertices. Thus, the powers of N  corresponding to the Feynman diagram may 
be rewritten in terms of the geometric components of the dual lattice as follows,

which is nothing bu t the Euler-Poincare' characteristic of the dual lattice, as 
discussed above. If we were to  rescale M —» ViVM, the action scales as S  —> N S ,  
and thus we have made the N  dependence of the action explicit. It is then 
clear tha t, considering the Feynman diagram, one lias a  factor of N ~ }> for p

Thus, the overall powir of N  is a  — p +  /, which may be written in term s of the 
geometrical components of the dual lattice as follows

One seen th a t our rescaling has not affected the topological expansion. Thus, 
if  one considers a  surface of genus h or higher, any diagram carrying the factor 
j y 2 (i-h) may be inscribed upon it without self intersection.

( 1.10)

( 1 1 1 )

propagators, N a for a  interaction vertices, and a  factor N 1 for I closed loops.

F - E + V  — 2 -  2h ( 1.12)
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The m atrix structure of the associated diagrams arc crucial in the identifica­
tion of such diagrammatic expansions with surfaces. The scalar integral

Z  -  J  dip (1 .1 3 )

adm its the same diagrammatic, expansion without the double line "flow" and is 
thus unable to specify the orientation of the surface.

A diagrammatic expansion to represent surfaces must necessarily include only 
connected diagrams. Thus it is expedient to consider the free energy, which is 
defined in the usual way by

Z  =  cN*F (1.14)

One may now consider a perturbative expansion in the free energy, which gener­
ates only connected diagrams. As before, we have

^  N 5 )

where the subscript c denotes the connected diagrams.
In summary, in order to evaluate Fn , and consequently the free energy, one is 

required to draw all distinct connected diagrams with a  vertices, and adjoin them 
by means of propagators. In view of the fact th a t one wishes to consider a sum 
over surfaces, one may choose to arrange contributions corresponding to specific 
genuses as an expansion in the powers of JV associated with each diagram,

=  S  E  ( W 6 )
/i=G o=0

where represents the sum of all distinct diagrams which may be inscribed on
a  surface of genus h  w ithout self-crossing. One sees immediately th a t the large
Ar limit yields the sum of all distinct connected diagrams which may be inscribed 
on a planar surface.3 Furtherm ore, if one considers the dual lattice corresponding 
to the the three point vertices, one sees tha t the diagrams inscribed on a surface
of fixed genus may be taken to represent a  random triangulation in the spirit of
discretized quantum  gravity.

One now realises tha t the expansion (1.16) corresponds exactly to the lattice 
description of 2d quantum gravity, provided th a t one makes the identifications

cxla = N  (1.17)

3T he realisation th a t one may construct a  perturbation expansion in N  was first explored by 
Vllooft, hi the context of QCD [4].
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noting tha t the object corresponds precisely to Consequently, the par­
tition function of discretized 2d quantum gravity is described by the free energy 
of the rl =  0 hermitian m atrix  model, hi the above, we have considered ran­
dom triangulations of the surface. The above argum ent is perfectly general, and 
extends to the discretization of a surface by any general 71-gon, The couplings 
in the m atrix  potential may always be chosen to yield the correct powers of N  
under the rescaling M  —> \/~NM, thus ensuring the existence of a topological 
expansion. Indeed, for an arbitrary  power m, the correct scaling is ensured by 
the choice Thus one can reconsider the above discussion with
the general action S  — (and Unis a  discretization involving
different polygons) without threatening the generality of the above arguments.

In the next section, we will discuss a mechanism of obtaining continuum re­
sults from the hermitian m atrix model. In the continuum limit, the ability to 
generate diagrams with an adm ixture of vertices can be shown to represent the 
coupling of conformal m atte r fields to gravity. The cubic action used above yields 
a  continuum limit which describes pure gravity in the absence of m atter fields.

1 .1 .2 . T h e  C o n tin u u m  L im it  o f  th e  d = 0 m o d e l

In order to make contact with continuum descriptions of quantum gravity (specif­
ically, the Liouvjlle model) one would like to define a continuum limit. The 
outcome of any such limit must be insensitive to the specific nature of the dis­
cretization employed.

Heuristically, such a  limit involves tuning the coupling's in the m atrix action 
to a critical point, such tha t the perturbation series defined by (1.15) diverges. 
Naively, one then expects the area of the discretized surface to diverge, since the 
number of vertices has become infinite. To define a  continuum surface of finite 
area, one would consider scaling the area of the elementary M-gons to zero.

It has been dem onstrated tha t, for some coupling <7 in the vicinity of the 
critical coupling <jc, the genus h  contribution to the free energy, /'/,.[//], scales as

(M 9 )

where the critical exponent 7 0 labels the universality class. In the case of random 
triangulations generated by the cubic potential (1.9), 70 =  — 1 /2 . T he average area 
of a  surface is clearly proportional to the number of vertices a  in the diagram, 
and therefore one has

8



(1.20)

where we have chosen to exhibit Lite unit area of the triangles explicitly as 8. 
Cleariy, as g gc the area diverges for fixed S. I f  one wishes to regain a  coiitinuum 
surface of finite area, (1.20) suggests tlir.J, one take 6 —> 0 in a, correlated manner,

constants to their critical values, while simultaneously rescaling I,lie area, of I,lie 
“elementary” polygons to zero, in order to obtain a  continuum surface.

There are strong ' , dications that the m atrix model does indeed describe con­
tinuum gravity in the continuum, the first of which is tha t the scaling behaviours 
of both models are found to coincide. Additionally, continuum correlation func­
tions computed in the m atrix  model scheme are found to correspond with those 
obtained via the Liouville picture. (See the review [35] for a  discussion.)

Unfortunately, the above considerations are relevant only in the limit W —> oo, 
and consequently involves only contributions corresponding to s f 11 erica] topolo­
gies. .Naturally, one would prefer to capture contributions from all genuses. To 
do so, let us reconsider the scaling behaviour of (1.19), which implies tha t

N 2F  =  JV2(u V j ' i y ]  =  N W - V f u i g  -  yc)(2->o)U-'t) ( 1/22)

(1.22) may be rewritten as a  genus expansion in this coupling as follows

One sees th a t if one were to take AT —> oo, and y —*■ gc in such a way as to 
keep k constant, one would obtain contributions to the free energy from all genus 
surfaces. This technique of retaining contributions from higher genus surfaces in 
the lin r t of large N  is known as the double scaling lim it, first implemented in 
refs [32], [33] and [34]. One sees tha t such a  technique is a  way of performing the 
sum over all topologies, and thus may be regarded as yielding a non perturbative 
insight into non-critical strings.

thus keeping the product S < a  > finite. In summary, one tunes the coupling

( 1.21)

Further, one knows tha t

and therefore, one sees th a t if one defines the string coupling constant 

(1.23)

(1.24)
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As discussed earlier, the above leclmicjtics are applicable to general potentials, 
and not merely the cubic potential. However, the introduction of more general 
potentials introduces diHering scaling properties, such tha t the scaling exponent 
7 „ takes on different values. To be more specific, one has the general relation 
7 0 =  — Jj-, where m  is the ?»'th inulticritical point. Such theories describe the 
coupling of conformal m atter to gravity, with the central charge c =  1 —

In general, one has the so called minimal confonnal field theories (the ‘mini­
mal’ requires a finite number of primary fields) which are labelled by two relatively 
prime integers, Unitary discrete theories make up a subset of this general
class, labelled by (in + l ,m ) .  The  licnmUaii one matrix model describes a class 
of minimal coivformal field theories labelled by (2m  — 1,2) at its double scaling 
inulticritical points. Thus, the theories defined by the matrix model are generally 
not unitary, although one sees that the m  =  2 mullicriticality of the hermitian 
one m atrix  model describes a unitary theory.

In this dissertation, we will mainly confine ourselves to the discussion of pure 
gravity, with central charge c —0, and thus m  =  2, unless stated otherwise.

10



2. T h e  C o n t in u u m  l i m i t  o p  t h e  d  = 0  
H e r m it ia n  M a t r i x  m o d e l

The d = 0  model describes a string woridsiicel embedded in zero spacotime di­
mensions. The model is defined by the partition function

where M  is an N  x  N  hermitian m atrix, and the potential is taken to be of the

As discussed earlier, the rescaling M  —> \ / N M  will perm it us to classify diagrams 
corresponding to a  specific genus according to their powers of N.

The measure d M  has the explicit form

One sees that in zero spacetime dimensions the path integral is merely a  weighted 
integral over the space of hermitian matrices M ,  since M  does not depend on any 
spacetime parameters.

Note tha t the action T r V ( M )  displays a manifest invariance under the. group 
U{N),  due to the cyclic nature of the trace. The. invariance, under this symmetry 
suggests the change of variables from the matrices M to the eigenvalues A;, in 
which case one only integrates over N  degrees of freedom. Performing such a 
change of variables, one arrives a t the well known result

where we have discarded a numerical factor corresponding to the volume of the 
group U(N ).  One recognises the factor A  -  Ay)2 as the Jacobi an of the 
transformation.

(2.1)

form

d M  =  ]J[ (2.U)

11



One may perform a Further straightforward rcwritijjg of (2.4), Lo yield

Z =  /  I I (Ui V M  (2.5)
' ! = ]

Let its consider recasting (2.5) in such a  way as lo exploit this symmetry, by 
transforming to the collective variable

N
# « )  =  5 3  -  •'V) (2.0)

This object obeys, by definition,

J  (p{x)dx — N  ' '  7 )

W riting (2.5) in terms of the density variable, one has

Z -  J  d<l>cJ I  c t e i ( * ) V ( * )  ( 2.8)

Now, in order to identify the dominant large tV con/iguratkm, oue must ejchibit 
N  explicitly. One knows th a t the potential depends on N  implicitly, and further
N  dependence is found in the coutraint. Thus, one mast rescale such that both
the potential and the constraint no longer depend on Ar. To do so, one performs 
the independent rescalings

a: =  \/JJx (2.9)

and
<fi(x) = 4 ( \/p x )  =  \/fi(jt{x) (2,10)

where we have defined 0  s  N fy .  The choice of couplings in the relation (2.2) 
ensures that under such a rescaling.

K(*) =  V (v% c) =  PV{x)  (2 .11)

and
j  rl>(x)dx =  y  (2 .12)

The barred fields have no implicit dependence on /i. Further, (2 .8 ) becomes

Z  = J  d < l > c ^ ( f \ i --y\ -f  dz-'RzWW) (2.13)

12



Ill order to compute the leading configuration associated with this “offectivo 
action” , one considers the variation with respect to a single eigenvalue Afc :

d
dXk

=  0 (2.14)

One must therefore solve the equation

§ 5 ^ 5 - (2'I5)

One sees th a t (2.15) may be re-written as an integral equation for the rescaled 
density variable1

/  = S '-'M  P '16)

Tliis is lemwn as the saddlepoint equation, which was first solved in [fi]. (The 
bars have been dropped for convenience; however, use of the constrained fields is 
implied.) The function -/>(?/) describes the density of eigenvalues of a hermitiau 
m atrix. In the limit of large N,  one requires th a t the eigenvalues of a hermitiau 
m atrix be distributed along a  finite interval on the real axis,2 Thus, (j>{y) must 
have compact support on the real axis. In order to solve (2.10) let us introduce 
the function

r  < K y )

' z - y

One sees th a t the analytic structure of G(z)  is such tha t there is a  cut along the 
real axis from a to b.

Let us consider evaluating (2.17) a t the point c =  ,i: +  tc :

c <*+ i‘) = / ' ,«37 c f b y  <2' ls)
W ritten in this fashion, one sees th a t we have displaced the pole above the real 
axis. Consequently, this integral may be partitioned in the following way,

G{x ic) =  - [ -I- uj){x) I dO (2.19)
J z  — y J  7t

‘Tlio dash superimposed on the integral sign implies the principal value prescription.
2T lie eigenvalues o t hermitiau matrices are real.
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where we have parametrized the contour by taking x  =  y +  ccl°. Ojig lias the 
result

G'(a; +  it)  =  -J d y - ~ - ^  -  iir(l>[x) (2.20)

A similar ana.lyls allows us to conclude

G(x  ±  « )  =  J  =F iir<l){x) (2 .21 )

Hence, one sees tha t the imaginary part of the operator G(z)  yields the density
of eigenvalues. One is now able to suggest a. form for G{z),

with 7r'2f/>'i (:t:) = —A(a'), for :i; insido tho cut.
Depending on the form of the potential, one may introduce an ansaU  for the 

function A (z). We require a  one cut solution3 which posesses the symmetry of the 
potential. Such requirements will perm it us to  determine the structure of A (z), up 
to some unknown constants. However, one requires further information regarding 
the behaviour of G(z)  in order to fix the values of such unknown constants in terms 
of the continuum values of the “physical” couplings. Such information is supplied 
by the asym ptotic behaviour of G(z)  :

G(z)ilm -_voo = -  f  d y - ~ ~ r  ~ ~ f  dy&iy) = -  (2 .23 )Z Ja i — y f Z Z J(i z

where wo have employed the constraint (2.12). One expands \/A (z )  asy: iptoti- 
cally in powers of z,  requiring th a t (2.22) correspond with (2.23). In such tt way 
one is able to express the coupling constants in terms of the interval of compact 
support o[<l>(r,). One is then able to determine the critical value of the couplings, 
following which it is possible to realise the continuum limit.

Let us specialise to the quartic potential, to give a  clear indication of how the 
continuum limit is achieved,.

3T he one cut struc tu re  is equivalent to requiring the exponential fallofl" of loop am plitudes in 
the lim it of infinite loop size. [15]
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2.1. The rZ =  0 C o n tin u u m  L im it corresponding to  the Quartic 
Potential

We seek to solve the equation '1

for the density, In the spirit, of the preceding discussion, we. take

G'(z) = y ' w  + (2.25)

wliere A (z) is related to the density in the simple fashion described above. The 
form of A (z) corresponding to a  quartic potential is, for a  symmetric ansatz,

A (z) =  -^O2 -  a 2)2(aa -  7 2) (2.2C)

where the constants a , 7  remain to he (ixed in term s of <j. 5 P lotting A (z) yields 
a graph symmetric about the vertical axis, with four roots. The roots labelled 
by ± 7  bracket the cut interval, with the roots dba exterior to it. To achieve the 
k  =  2 multicritical point, one wishes incur the accumulation of an ex tra root at 
the cut endpoint.

In order to do so, let us expand (2.25) about the point 2 =  00 , to yield

  - - K ' - M + S M l + i & O - M  <*»>

Requiring agreement with the asym ptotic expansion (2.23) gives rise to the fol­
lowing equations:

1 =  ^  +  « 2 (2.28)2

4 V~ ~  ‘I
(2.29)

and
IV., =

16 V 2

4 We have fixed w=1 for cottveaicnce.
5U is also conventional to denote K(z) =  —A (z), as will he shown Inter in the context, of the 

(f =  1 model.

15



Thus, we have expressed the interval of support of ?!>(«) in term s of the physical 
couplings. One may further eliminate a  from (2.29), and solve for 7  in terms of

. 2 2
7 2 =  -  x (2. 31)

It has been dem onstrated tha t the critical value of the coupling is reached when 
7 2 becomes complex, since the energy is no longer analytic there. Thus, gc for 
the quartic potential is found to be

He — p r  (2.32)

The value gc corresponds to the value of the coupling which ensures the di­
vergence of the planar diagrams, as explained above. This vali c of the coupling 
requires that an ex tra  zero of the density accumulate at one. of I he endpoints of its 
support. Quite generally, the jn ’th multicritical point requires an accumulation 
of in  — 1 zeros a t the endpoints of the support of the densi'y. For convenience, 
(2.31) may be re-w ritten  as

with a similar expression for a:

f2 =  p ± 2 / ( y )  (2.33)

«'2 =  p  =F/( //)  (2.34)

The cut is located in the interval (—7 , 7 ). A plot of Vc/ /  One would like to tune 
a  -* j ,  and consequently we note that as one varies g from zero to gc, the function 
f{g )  varies smoothly through the interval 5  <  /(<y) < 0. Therefore the choice of 
signs

7 2 =  ^ -  2 /(g )  (2.35)

« 2 =  ^ (23G)

ensures consistency with figure (1.1). With the benefit of hindsight, one sees that
tim ing g to its critical value gc is equivalent to requiring a  —> 7 , as a 2 =  |  =  y2.
Alternatively, one might first have determined the critical value of y2,and hence 
9 c, by forcing the local maximum £ to zero, which is equivalent to requiring a  —> 7 . 

The scaling limit is defined by

9 =  9c -  jpA a2 (2.37)
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and
u: =  7 c — ——C (2.38)

^7c
where a a  plays the role of a short distance cut-olf with dimensions of length,
which is taken to zero in the continuum limit. From (2.37) one sees that, in the
vicinity of the critical point, equations (2.35) and (2.36) become

7 2 =  7c — vA ti (2.39)

a 2 =  +  ^x/A a

Thus, inserting these expressions into the ansatz for the density,

t^ (.t) =  jj(a2 -  x i ) \ J j 2 ~ 'X1 (2.40)

one obtains

(2.41)

for (  >  \/A .
Thus, the universal form for the density corresponding to the m  = 2 multi- 

critical point is, up to a rescaling of a,

I 3
m  =  (242)

as given in [15].

2.2. T he d = 0 Continuum  Lim it corresponding to th e Cubic P o­
tential

Let us now consider extracting the continuum form of the density by means of 
the cubic potential, in order to explicitly dem onstrate the equivalence between 
the cubic and quartic continuum limits.

As before, our starting  point is the equation

17



One chooses the ansatz

\ j A M  =  ^  1 +  ^ («  +  7 ) )  \ / ^  “  -  7)  (2-44)

noting th a t it is no longer syimnetric, Tiic factor in front of the square root
is chosen to ensure tha t no powers of 2 and z2 contribute asymptotically. As
before, one expands G(z) = ^ +  \/A (z ) about the point z =  00 , requiring 
the correct asyjnptotic behaviour to yield the following set of equations:

•j
- ( u  +  y )2 -  (ft +  7 ) =  « 7  (2.45)

-  7 ) 2 ( ! - ( «  + 7 )) =  <7 (2.40)

Introducing the variable cr =  a  +  7 , one is readily able to derive the equation

<7 (0- -  1) (cr -  2) -  S</ =  0 (2.47)

with the help of relations (2.45) and (2.40). One can show tha t the energy picks 
up a  singularity where equation (2.47) acquires a double root. Thus, one finds 
the critical value of the coupling is given bye

= (248)

T he reader may easily verify th a t equation (2.47) acquires a  double root for this 
value of the coupling.

in  the vicinity of the critical point, one may write

ff =  3 c -  A«'2 (2.48)

In what follows, we choose to take gc = 1/ 12VS. One then readily finds that 
the critical value of cr for this value of the coupling is ac = I -  I/V S . Thus, to 
obtain an expansion in powers of a, one notes tha t iterating (2.47) about the 
point a  ~  oc — \fR a  yields

tr =  trc -  VvV + 0(a2) (2.50)

One is interested only in powers of 0 (a) since, due to the structure of the ansatz, 
higher powers caiuiot yield the correct scaling of a3/ 2 a t the critical point.

6Ciioosing Die sign o f {/c. corresponds to dioosijiy '.vliicli zero will accum ulate a t the endpoint 
of support of (j>.
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Using the equations (2.'15) and (2.4G) one is able to claim series expansions 
for both a  and 7 , in terms of a, where we have implicitly taken tv >  7  :

a =  ---- VXrt + 0(a2) (2.51)

7 =  2V~  +  0 ( a z) (2.52)

It is seen th a t 7  does not scale, to order 0 ( a 2). In the limit a —> 0, one
requires a —> a c, and thus a c — ( \ / 3 +  l ) / 2 v^T

To consider the continuum limit more closely, one writes

y j A(z )  z= - ( z  -  m)\/(q' -  -  7 ) (2.53)

with /;, =  1 — |(T, in which case one sees tha t, in the vicinity of the critical point, 
H scales as

/t =  qc +  -  v/Aft (2.54)

Thus, as one tunes <j —> f/c,the density ansatz acquires a double root a t the 
endpoint of its support, which is a signature of the continuum limit.

In the vicinity of the critical point, we take

z =  Qc — aC (2.55)

The density has the form

-  ^(M -  z ) ( z - 7 )  (2 -5C)

noting tha t it is the imaginary part of G(z).
Substituting the relations (2.51), (2.52) and (2.55) in the above expression 

yields

=  % ( (  +  V ^ ( ( - A V 2 ) + O M  (2.57)

and thus one finally obtains

W (( )  =  ^  (2  58)

with (  >  A1/ 2. This result is equivalent to the form of the density obtained by 
means of the quartic potential, up to an irrelevant numerical factor wliich may be 
absorbed into a. Thus one sees tha t the density has a universal form regardless of 
the underlying m atrix  action, where we consider only potentials associated with 
the m  = 2 multicritical point.
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3 . STABILISATION AND STOCHASTIC 
QUANTIZATION

In our discussion of the previous section, the equivalence of the cubic and quai- 
tic continuum lim its was dem onstrated. There are, however, various difficulties 
associated with the cubic action, which defines a “bottomless” theor,. Natu­
rally, the “bottom less” nature of the action is invisible in perturbation theory, 
and a signature of bottomless theories are the appearance of instantons, which 
are intrinsically non perturbalive effects. These correspond to the tunneling of 
eigenvalues into the infinite potential well. In general, critical m atrix potentials 
of even multicriticality k  are bottomless, and will adm it such nonpertnrbative 
instabilities. [15], [Id], [16], [18].

Various attem pts to “stabilise” such bottomless theories have been proposed, 
in particular the method of Grec usite cl al [13].

Let us briefly review the method of stochastic quantization, which is employed
in the study of euclidean field liieoiy, and is of key im portance in the understand­
ing of stabilisation mechanisms.

Stochastic quantization is generally used in the context of a  d dimensional 
euclidean field theory, defined by an action S[<p]- As usual in field theory, one
would wish to compute correlators of some observable G[<p],

To do so, let us consider the Fokker-Planck formalism. In this case, correlators 
are computed in the following manner,

where ^[(p, r j  is considered to be a probability distribution, and r  is to be regarded 
as a  ‘fictitious’ time. The propagation of il'[y7,r ]  in the ‘fictitious’ time is governed 
by the equation

(3.1)

(&[?]) =  J  V<pG'[<p]'L’[(p,r] (3.2)
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where / / ji,p is a  Hamiltonian of the Fokker-Plaitck type. If, is of tlie form 

which is clearly not hermitian. In fact, the liruniitian conjugate of (3.4) is

N ote th a t but in the above the overall minus sign remains un­
changed, since we conjugate twice.

One readily sees from (3.3) that the propagator may formally be written

*£[y, r] =  c - " ^ r [<p, 0] (3.C)

I t is im portant to note that IIp p  is related by a  similarity transformation to 
a  herm itian Hamiltonian:

I I  = est'l I l l Pc r sl'1 (3.7)

The significance of this is th a t the eigenvalues of IIpp  m ust be real. The non- 
hermeticity of IIpp  implies tha t one should be cautious when considering the 
sta tes upon which one allows the Hamiltonian to act. In particular, consider the 
following inner product, where the hermitian Hamiltonian acts on its eigenstates,

( n i l l l n )  (3.8)

which is readily rewritten with the aid of (3.7) as

{iiij\Ilj?p\iirt} (3.9)

where we have scaled
(n.L,\ -  (m-| 0s/'2 (3.10)

and
|tort) =  c~ s / 2 |?t) (3.11)
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Tims, one readily sees that the eigenstates of I! a n d  11 p p  arc |%&), ami \n / i ) , 
repectively. It is also clear th a t if

(U j7H) —

then so too one has
(3.W )

from the above definitions.
A key point regarding the stochastic formalism is simply that the hccnii- 

tian form of the Fokkcr-Plattck ihtmillviiiau may bo writtnn ij) a  positive, somi- 
defiirite form

// =  ~ ~ A f A (:s.i4)

where the operator .1 takes the form

implying tha t the energy spectrum  is not only real, but positive semi-definite, ic 
th a t en > 0. If one were to assume the existence of a  ground sta te  wavcl'unctional 
with zero eigenvalue with respect to the hcrmitian Hamiltonian, one could write

Inserting the explicit form o f  11 % one obtains an equation for the ground state, 
wavefunctional,

as a  normalisabie wavefunctional of the hcrmitian Fokker-Platick lUmiHoniuit. 
Moreover, as we shall dem onstrate in what follows, the choice of solution (<p |0) =

(3.15)

^  |0) =  0 (3.16)

The above equation has two possible solutions, namely (y> |0) =  c - 5 / 2 and (y  |0) =  
c5/ 2. For a well defined (bounded) action .S'[1/3] one would choose (tp |0) =  c- s / 2

is crucial to the recovery of the correct correlators in the limit t  —> 0 0 . 
From the definitions (3.10) and (3.11) it becomes clear that (99 |Q) =  c~ 

implies
( p N = (3 .

and
(Oz, |y) =  1 (3.19)
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Let us consider the object

j im J G  | f  ( r) )  =  (G'| e- , ,^ T |'I'(0)) (3.20)

Inserting a complete set of states, the above becomes

lim (G1*(r)) .  Urn £
T-*°° T- «  V  (rtz, \ n H)

Since the ket |nn)  is an eigenstate of //£./,, one may further write

lim ( G |* ( t)> =  lim ^ c-=-.- (3.22)
T - o o '  1 v "  t ~ . o d ^  ( t i . ; ,  | n / i )  ‘

Taking the limit as r  -> oo, and assuming tha t there is an energy gap to the first
excited s ta te , 1 one has

p m )

Inserting a complete set of states allows us to rewrite (0/, |0/<) as

(Oz, | Or) =  J  d<p (0/, | ¥>)(¥’ |0/<)

=  J  d<pc-s  (3.2'i)

where we have employed the relations (3.18) and (3.19), valid for e0 =  0 . Similarly, 
one has

(^ |0 / i)  =  J  d<p(F\ tp)(ip \0h)

—■ J  dipF[ip]c~!:! (3.25)

Furthennore, a  consistent notion of probability requires that

( O l M )  =  J  dv><0L|y>)H#(0)) =  1 (3.26) .

Thus, one sees th a t the object

l i ,» _ ( 0  I * ( r »  =  « , M  =  (3  2 7 )

'T h a t  is, assume no dcgcncracy of the ground sta te .
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as claimed earlier. Tim s, one notes tha t stochastic quantization provides an 
alternative means of quantizing a. theory, which is particularly appropriate in the 
case of the d = Q model. This issue will be addressed later.

Additionally, stochastic quantization plays a  key role in stabilising a. theory. 
When considering the case of a  bottomless action in the context of standard QFT, 
the theory is not well defined. Ideally, what one would wish to do is to incor­
porate some method of stabilisation, such tha t the edective action so obtained 
yields the same perturbative expansion as tha t of the original bottomless action. 
Furtherm ore, one might reasonably require consistent large IV and classical limits.

The. manner in which this is accomplished relies on the replacement of the 
euclidean correlator as the defining object of the theory by the semi positive 
definite Fokker-Planck Hamiltonian.

Let us first consider the,case of a  bounded action. One works front the per­
spective of a standard quantum  mechanics. In other words, one inserts the action 
in the Fokker-Planck action, and solves for I, lie corresponding wave functionals. 
As discussed above, the energy eigenvalue eq =  0 has, quite generally, the corre­
sponding wavefuncMonal (<p |0) =  The central issue here, however, is the
normalisability of the Boltzmann weight. In the case of a bounded action, the 
Boltzmann weight is normalisable, and thus the wav6functiohal (y> jO) =  e“ '¥M/ 2 
corresponds to a physical state . The ground sta te  energy is thus given by £o =  0.

In the case of a bottomless action, one again finds the solution (y>|0) =  C-S M / 2 
corresponding to £o =  0. However, this wavefunctional is not normalisable, and 
consequently cannot represent a  physical state. Thus the ‘‘true” groundstate of 
the system must satisfy Sq > 0 due to the semi positive definite nature of the 
liamiltonian .2 The wavefunctional which corresponds to the first non zero energy 
eigenstate may be regarded as the physical ground state. In the interests of 
obtaining a  stabilised theory, one may write this wavefunctional in the suggestive 
form

=  (3.28)

The proposal for stabilisation is thus to replace the previous bottomless action 
with the effective action corresponding to the. physical ground state . One may 
thus ra ther consider the stabilised euclidean correlators

(3/29)

as being meaningful.

2We tacitly assume th a t the grouiidsUlu is not duguicnilc,
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Ill the following sections wc will recast the <1 = 0 model, employing the for’ 
maiism of stochastic quantization. At this stage, it is not at all clear whether 
the large N  behaviour of the original d =  0 theory is modified by this rewriting 
of the theory .3 In what follows, we will dem onstrate tha t they are, in fact, con­
sistent. In general, we will not employ the full machinery of stabilisation in this 
d issertation-rather, we will use the term to imply the rcwi ",ug of the theory in 
terms of the Fokker-Planck Hamiltonian.

For the moment, let us discuss the d = I model, which has great relevance for 
what follows.

3,1. C ollective F ield  Theory and the d =  1 m odel

The d = 1 model is defined by the quantum mechanics of a  A  X A  hcrmitiau 
matrix,

1 O2

In order to facilitate the study of this model, it is expedient to make a  change of 
variables to invariant collective variables [28], since it is the singlet sector which 
has relevance for string theory. The collective field approach to til =  1 strings was 
first considered in [29]. Collective field theory is based on the identification of a 
sym m etry of the theory, following which a change of variables is made to a set 
of collective fields which are manifestly invariant under this symmetry. For the 
moment, we will consider making a change of variables to generic collective fields 
</j;, which are assumed to be invariant under U (N )  transform ations.'1

Let us first consider the kinetic term ,5

Invoking the chain rule permits us to write

3T1ic correspondence on the level of the sphere was first dem onstrated in [14] in the context 
of the M arinari Parisi model.

'‘O ne may think of this as reformulating the theory in term s of “gauge invariant” quantities.
5Repeated indices imply sum m ation, unless expressly s ta te d  to the contrary.
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and again

In w hat follows, it will prove convenient to define the following variables 

and

The f lnm may be considered to describe loops joining, while conversely the wm 
depict loop splitting processes, which will bccomc clearer as one works with the 
specific forms of the invariant variables. The kinetic piece of the Hamiltonian 
thus takes the form

In order to canonically quantize this Hamiltonian, one is required to impose the 
com mutator

[^Lt 0?n] — (3.37)

in which case one readily sees tha t 7Tn =  h  ~iOn. One is now able to
rewrite (3.36) in terms of the conjugate inoinciitum as follows

Ua “  “  ( ^ m7Tm _h ^um f t ) (3.38)

One notes that the above Hamiltonian no longer retains the property of explicit 
hermiticity, following the change of variables to collective fields. In order to 
understand why this is so, let us consider the expectation value of an observable 
computed prior to the change of variables:

(6 )  =  J  dM ^[M ]d[M YV[M]  (3.39)

Clearly, if one wished to rewrite the above integral in terms of the </Vs, one must
include the .lacobian J[<f>] of the transformation

(0 ) =  J  (3/10)
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One readily sees lliat the above may be rewriUen

(6) = J  d ^ i ^ d y ^ ]  (3.4i)

where we have defined 6 '(V>] =  J[<l>}'Ll 2d[<l>]J[4>)~{l2, and <l>[(!>] =  [</!>].
Thus, to write the inner product in the space of the new invariant variables with 
respect to a trivial measure requires that one rescale the wavefunclionals and 
operators accordingly.

As a result, one sees that the Hamiltonian (,'l.38) must be transformed as

JIq =  (3.42)

in order to retain hermiticity. In principle, knowing the Jacobian would permit us 
to write down a hermitian Hamiltonian. In practice, one enforces the hermiticity 
requirement as a  means of obtaining a differential equation to compute J .

Let us consider transforming the conjugate momentum

<  =  J l/2irnJ - ' / 2 (3.43)

which becomes
<  =  111 j  +  7Tn (3.44)

One is able to transform (3.38) by inserting the relation (3.44), and requiring all 
explicitly non-herm itian terms to vanish. Thus, one has

u '0 =  ^  + n n„ y „ y n) (3.45)

which, after expanding the above, and using the identity 7rnn um7rn =  —'<y,tfinm7r„t+  
0.nmirnitm, yields the hermitian kinetic piece of the Hamiltonian

//„  =  -vrnfi,tm7rn + - f i nmynd,n In J  — ~condn In J  — ~(0U In J ) f i ,lm(y„,ln </) (3.4G)

on condition tha t J  satisfy

0 — y,„ (ii„„,y) m,,./

=  6\.J  (3.47)

where we have defined the operator 0 -  =  y ,„nmn +  w„. One can now formally
eliminate all mention of the Jacobian from the Hamiltonian, by means of the
relation (3.47), to yield

1 1 I I
11 0 — -T^n^nm-n ~ ~  T  ̂(ai„, 4" dm£lmn)£lnni(idm +  On^nm)

(3.48)
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This is the kinetic term  of the hermitian d = 1 Hamiltonian, in terms of generic 
invariant variables. One may rewrite the above in the manifestly hermitian form

The superscript k  serves to emphasize tho association of the above operator with

We have constructed the Hamiltonian on the reduced invariant subspace, and 
in so doing obtained a  differential equation specifying the Jacobian associated 
with the change to invariant collective fields. Thus far, we have employed generic 
invariants; however, we shall now specialise to the density description.

It proves convenient to compute ivn , and j2„„, in terms of the Invariant vari­
ables =  T r(e 'kM), and to then transform the result to x  space, since

It is now a simple m atter to compute the form ofwfc in x, space, by simply fourier 
transforming (3.54). The result is

(3.49)

where we have defined the operator

0  a — —OkSlka + + 0„Slma) (y.so)

the manifestly hermitian form of the Hamiltonian. One should note tha t the 
herm itian conjugate of has the following action on the square root of the 
Jacobian,

(3.52)

We consider computing w&, where

(3.53)

One obtaijis

where we have m ade use of the identity
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One now computes the form of fZ(x, x') in a  similar fashion. In k  space, one easily 
finds

=  -kk'<l>k+kl (3.57)

which takes the form

ft($ ,$ ')  =  dj;Oxi (6(x — (3.58)

in x  space.
Further, note tha t

Oiji(x')

which is readily shown to vanish, since 

d
d<t>(x')

The Hamiltonian may now be written

il'0 =  ^ J  fhdx'7r(x)n,(x,x')w(xl) -  ^ J  d x ^ ~ ^ u ( x )

J  dxdx,io(x)rL'~i (:r, x')iv(x') (3.GO)

Let us treat the term

| / dxdx 'a i(x){ l~ \x ,x ')u j(r /)  (3.61)

inserting the form of w(x), and integrating by parts twice, permits us to write 
the above as

i / , w  ( / V & M d )  w r w  ( / * & ^ 4 )  c m

Inspecting the form of fi(x,:cf), one observes tha t fl""'(:c,.i/) must involve the 
inverse operations in which case one requires the derivatives acting on
the inverse to nullify the effect of such operators. Thus, the above expression 
assumes the following form
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which, after integrating over the delta function, yields 

The last term which requires consideration is

— —2 (  dx(ji{x) liiei dxdxi In |.t — a/| (;}.G5)
J  T.-*X'

I t is a simple m atte r to verify tha t the actioit S  = J2 n ^ n T rM n ;issumes llie 
form /  V(x)4>{x)dx in x  space. The final form of the Hamiltonian is obtained by
including a  lagrange multiplier /</? to enforce the constraint /  dxil>(x) — N .  The
full r/ =  1 Hamiltonian in x  space thus reads

7/' = ^ J  dx,<l>(x) ( J

+  J  (lxV(x)tj>(x) — /ip dx4>(x) — n 'J  (3.00)

+ ~  [ dx(fi(x) lim 0x0xi in |.i; -  x'j (:j.(17)
I  J x-*x'

The well known identity

| y  dx<l>(x) ( J  =  y  j  dx(ji \x) .  (3.08)

perm its us to write

1  f f f
SI' = -  J  dx(dzir)<j>(x)(dxir) + — I d x e j f ^ x ) j  dxV(x)(l>(x)

~VF  ( /  dx(j>(-x) -  ^  ^  y  dx<j>(x) Utn/ c)a;dxi lit |:e -  x 'j (J.C.9)

The d = 1  Hamiltonian finally is

// '  = ^ J  dx(Ox 7T}</j(x)(iJx 7r) -f y  I  dxrj^{:i ) + J  d x  ( V ( x )  - / i f )  </i(x)

J  dx(j)(:i:) lim ^ ^ i '  In jx  -  % '| ( 3 .7 0 )
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Iii order to determine the leading configuration in the limit of large N ,  one rescales 
% —*■ —+ V ^7ri and p p  fl^Fi  following wliicli, the above
becomes

II' =  ~  J  dx{dxir)(l>(x)(dxK) + f f  J  dx<l>3(x)  +  J  dx {V(x)  -  / i p )

4-2 [  dx<j>(x) lini dxOxi in |a: — ;t:'| (3.71)

where the potential scales as (‘2 . 11), and the constraint is again given i y (2 . 12). 
One notes that the logarithmically divergent term is subleading in N  in compar­
ison '.o the bracketed term , and thus only contributes a t the one loop level.

T he leading configuration is obtained by minimising the dominant term

~  J  d x ^ i z )  +  J  dx (V (x )  -  mf)&(z )J = 0 ( 3 . 7 2 )

which yields the solution

**,(% )=  -  /(% )) (3.73)

It is well known th a t the d =  1 model may be regarded as the theory of non­
interacting fermions in a potential well K(:c), where the eigenvalues of the hermi- 
tian m atrix M  represent the fermionic co-ordinitles, and the collective field iI>q(x ) 
plays the role of a (classical) fermionic density. The designation of the lagrauge 
multiplier jip then becomes evident, since it plays the role of the fermi level. 
The continuum limit is approached in this instance by timing ///.’ to a (ju.idratic 
maximum. The designation 1/ («) in the discussion of the d = 0 model should 
now become clear, since one has

n<l>o{x) =  • J -2 V (x ) )  (3.74)

where we have set jip = 0. The absence of the lagrauge multiplier in this instance 
will be addressed in the following section, when discussing stabilised d = 0 models.

3.2. T he Stabilised <1=0 m odel

Let us consider the semi positive defijiile, licrmiliaj) FoJilier-Planck Hamiltonian

W/P =  (^75 )
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with A; — e S^2^ : S S/2. Permit,ting the derivatives to act, the above Hamiltonian 
may equivalently be written

^ ( - A ;  -  j  ^

where we work with N  X N  hermitian matrices M. The semi positive definite 
nature of this Hamiltonian is the key issue as regards stabilisation, since it has a 
bounded energy spectrum regardless of the nature of the action. Let its consider 
recasting the Hamiltonian (3.7G) in terms of invariant collective variables </>,•. 
Consider first the term

Making use of the chain rule, one is easily able to dem onstrate tha t the above 

We now specialise to the density variables

=  (3-70)

It is easily seen th a t, in x  space, the action becomes ,5' - f  dx<l>(x)V(x), in which 
case (3.78) is written

(3.80)
Using the previous result

Sl(x, y) -  0x0y{8{x -  y)<l>{x)) (3.81)

and inserting the above into (3.80) and performing a few partial integrations, one 
obtains

/fjp =  - y ,b # % ) y " ( * )  (3.82)

Let us now consider the term
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which is again easily transformed via. the chain rule to the invariant collective 
variables

As before, in x  space one has

V

W riting JI jp in x  space, one finds

(3 .85)

II%  =  ^  (.w o)

For ait action linear in <j>, (which we will considor) it is clear tha t the second term 
above does not contribute, mid one is left with

(3.8„

All th a t remains to consider is the kinetic term. This term was analysed above 
and, following the restoration of hermeticity, was found to take the form

I I '  =  ~ J  dx(0xn)</i(:v)(0x-K) -f- -  J  dx<l>{x) ( j f  d y - — ^

+2 / dx<l>(x) lini dxdxi In |.v: -  .v/| (3.88)
J X-tX1

The compiete stochastic HamiUoitian thus reads

H Jp =  I  J  dx{dxw)ij){x){Oxw) + - J  dxcj>{x) { j
(3.89)

- f i  /  dx<!)(x)Vn {:<;) -f 2 [  dx(j>{x) iim dx d~i ui |:i; -  x'J (3.90) 
o J J x-'tX*

which may equivalently be written

I I f p =  ~ J d x { d xic)<]){x){dxft) +  2 J  dx(li{x) \mx_dxdxA n \x  -  x'\

( /  (301)
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Ill this instance, one takes (ip  =  0 , otherwise Uio positive definite nature, of the 
Fokker-Plandt Hamiltonian would be lost. Consequently, one liiicls the following 
elfective potential for the stabilised d ~ Q  model:

Vejj — 2 / l i m dxdT/h i  |:k -  .'i/l +  -  f  dx<j>(x) (~l d y ^ ^ -  -
j  :r—+3' 4 j  \ j  x  — y z  /

(0.92)
We wish to dem onstrate correspondence between the </ =  0 and stabilised (Z =  0 
results at large N.  Thus, pcrfori»i(ig the rescaiings ,1; x/Jiv, 4> —> ■*/$<!> to exhibit 
ji explicitly yields

H / /  =  y  / ( / ^ 7 1 7  ~  ^ 2 ^ )  (:5'9:i)

with the logarithmically divergent term and the kinetic piece subieading in N. 
Thus, in the limit of large TV, the effective potential determines the leading con­
figuration.
Ileuristically, the above expression implies that <l> = 0 , or / d y ^ j  =  since 
<j>{a) 2: 0. One should thus expect tha t d = 0 solutions at large N  must be 
reproduced by this term.

Explicitly, one requires

for the loading configuration, with

+ ~  J  dx<l>(x)V'2(x)  (3.95)

where we have symmetrized the seco>:d term , and used tlie identity (3.GS).
Let us now consider the case V '(x)  -- — ir}1. Performing the functional

differentiations yields

iri (j){x)'1 +  + W 2 -  wg) +  - V ' f e ) 2 =  0 (3.96)

where Wi =  /  d z x ‘<l>(x)> Since one is considering the case of a  symmetric potential, 
one may set W\ =  0 .

One finally obtains

47r2r/i2 -1- ^(a:2!/ +  -  wg) +  w2a:2 -  2tva:'1 +  a;1’ =  0 (3.97)
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In which case, one may solve for (j>. Note, however, lha.1 any such solution has a 
self consistency condition due to the appearance of </> in the definition of W?. In 
order to confirm th a t this stabilised solution docs reproduce tZ =  0 , we consider 
m apping each of the above coefficients of a: onto the corresponding coefficients of 
the d = 0 ansatz,

W;0 )  =  -- 'z1 ('j.98)

to ensure tha t they reproduce the correct equations defining the position of the 
cut in terms of the couplings. Furthermore, by considering the definition of (!{z) 
for z large, G(z)  =  Yin ^t+Vj one is able, to read oil' the equation defining Wv by 
considering the coefficients z~2 in the large z expansion of the d =  (I ansatz, and 
confirming whether the mapping in the two schemes corresponds.

Equating coefficients of z  in the two sciicmes yields the equations

-y'2

w =  -L  +  a  (3.99)

and
w- + 4ff = 2a'V + «' (3.100)

One sees tha t the first equation corresponds precisely with d =  0. Squaring (3.99), 
inserting the result in (3.100) and performing some simple algebra yields

N 01 )

which is the correct d = 0 equation describing the position of the cut as a  function 
of the coupling.

T its expression for the W2 in the stabilised model is

W2 = u> g-  L J L  (3.102)

which, after inserting equations (3.99) and (3.101) is readily shown to correspond 
w ith (2.30). Thus, in the limit N  —» 00 , the cubic case of the rf =  0 model is 
equivalently described by the stabilised model.

Let us now consider the case of the cubic potential, where one takes

K(:i:) =  —a 2 — — (3. 103)
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following the usual rescalings such that the collective field obeys

J  dx<l>{x) =  tj (3.104)

Following the same procedure as above, one is able to obtain the < 1 = 1  
expression for the density, which is given by

=  (3.10G)

As before, in order to make contact with the d — 0 solution, one maps the d = 1 
expression for the density onto the ausatz

7r2</tl (z)  =  i ( 4r -  fi)'l (o: -  s )(s  -  7 ) (3.10G)

Doing so, yields the equations
w = !  +  /r (3.107)

w2 =  0 7  +  2)io +  )i2 (3.108)

a ~ ~ 2  ( Q7 +  2 <T)  (3-109)

and

Wi = oj<j 4' ~ fil cry (3.110)

One sees th a t the equations (3.107) and (3.108) imply a  consistency condition. 
Squaring (3.107) and equating the result with (3.108) yields

« 7  = -^ crll (3.111)

This equation may be further refined by inserting the equation for p ,

3cr2
0 7  =  — ow (3.112)

This equation complies with the first of the (7 = 0  results.
Further, inserting the relations (3.111) and (3.107) in (3.100), and performing 

some m anipulations yields

cr(cr -  2w )(cr-w ) =  8r/ (3.113)
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in agreement with (2/17).
All that remains is to verify the equivalence of the moments. The expression 

obtained in the context of the c/ =  0 model is

W i =  ^ g ( a '  +  7*) +  ™  ( a '2 +  7 2) + § } ( a ~  ? ) ( « 2 -  7 2) (3.114)

Now, using the identity a '1 +  7 '1 =  (a  — 'f)'2cr2 +  2« 27 '2, and pcrfonziing various 
manipulations, yields

Hzi =  2 ^ ( a  -  7 ) V  +  ^ j ( u  -  7 ) 2 +  ^ ( «  -  7 )V  (3.115)

Employing equations (3.112) and (3.107), one obtains

HZ, =  fl(3 c r -  2tu)(o- -  2cj) (3.116)

The expression for l,l/ i in the f/ =  1 model is

14̂1 =  cvi/ +  ^fc2u y  (3.117)

Employing the relations (3.112), (3.113) and (3.107) owe regains the result (3.116).
Thus one sees th a t the stabilised model is in full agreement with the d = 0 

solution.

3 .3 , T h e  S c h w in g e r  D y s o n  (L o o p )  E q u a t io n s  

Consider the general correlation function

(H<P)) = J  d f  F ( y ) c - ^ )  (3.118)

Let us make a  variation in the field y> —> +  c, where c is understood to he an
infinitesimal constant. Expanding to order t  yields

J  d<pF(<p+c)e-s &+c) =  J  d<pF[<p}cr*M + eJ  dtp e-s
(3.119)

If one requires the invariance of (3.119) under such a transform ation, one sees 
th a t this requirement is expressed 'j

0 =  y  (Zy) ( F ( y ) e - S» )  (3.120)

6Morc trivially, one might note th a t this is simply the integral of a total derivative, aiuf thus
vanishes.
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This is known as the Schwiuger-Dyson or loop equal/ion, which the r.onclalors 
must obey. In full,

If one were to consider F[y>] as arising from the lirst variibtion of some <| nan lily, 
say G[<p], ojid could rewrite the above as follows

/(PGfo]  r/.S'Mf/f/MX

One may link the above to stochastic (inautization. Previously, we demon­
strated  that

(C M ) =  (3.123)

under the assumption So =  0 , implying that llie zero eigenstate luis the form 
(ip |0 /() =  e-'^M .

The correlator (3.123) cannot depend on the fictitious lime r  in the limit 
r —> co. Thus, let us consider the object

=  0 (3.124)

which is seen to be

dr(G[<p)) = ^  E e"C"T (G'l11FP K  I*(0)) = 0 (3.125)

where we have inserted a complete set of stales, and assumed that they are
properly normalized. In the limit r  -* oo, one obtains

j im ,9 T(G'[<p]) =  (G'l] ll,P |0 «) =  0 (3.126)

where we have employed (3.26). Taking the complex conjugate of the above 
(where we assume real matrix elements) and inserting a  complete set of states, 
yields

=  j  f A » ( 0 / i | p )  M / / / ; ’p K ' )

r t w e i r/,5 dCr \ _  v



which are seen to be the Schwingei—Dyson equations of a  euclidean (juantuni field 
theory, as derived above. It must be emphasized that this discussion of stochastic 
quantization is distinct from the issue of stabilisation, which is a  modification of 
the theory. Here we are interested only in the link between the statem ent (3.124) 
and the Schwinger-Dyson equations of a  field theory.

T he stochastic quantization approach to loop equations in Yang-Mills theory 
was elucidated in [30]; [31] employed this approach in a numerical analysis of 
Schwinger-Dyson equations in the one m atrix case.

The stochastic Fokker-Planclc Hamiltonian is easily rewritten in terms of col­
lective fields7 as

where we have defined fig,- =  T r  • The Hamiltonian may be written
more compactly as

II,? r  = Of d; (3.129)

with Of =  —Qijdj 4- w;, and ufi =  w; -f- Cl(S, i). This partitioning is not quite as 
arbitrary as it might first appear, since the Of's are required to close an algebra 
to ensure the consistency of the collective field theory description.

Taking <f>n =  T r M n as our collective variable, the above Hamiltonian is writ­
ten

H vp  =  53 ( 23 m 0 n + m -2 n 7 - +  23 4W »-r -  ^ ( 'V M  I (3.130)
n>0 \m > 0  , m 7 - 0  /  <>n

One can easily show that the pieces independent of the action close a Virasoro 
algebra, taking

oo d  ”
6 ,1+2 =  23  h ̂2<l>r<l>n-r (3.131)

,H—0 y V'"‘ r=U

and defining On+2 =  L n, it is easy to verify that

[Zi,t, Hiii] =  (71. viljbji+in (3.132)

for positive modes n >  0, which is the form of the classical Virasoro algebra. One 
may make contact with a con formal field theoretic description, by defining the

7T he collective field trea tm ent of Die stochastic Hamiltonian was first given in 5.16.
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modes
an =  — V2<<in, «_H = — y=7t7rn. (3.133)

V2
valid for n  > 0. It is easy to verify that the commutation relation

—- 7l*5ji+m,0 (3.134)

holds. The above expressions are reminiscent of the mode expansions of a con-
formal field theory. In particular, (3.131) may be rewritten as8

CO I 71

• ^  ̂  ̂ f r (3.135)
7U—0 r=U

which are recognised to be the Virasoro generators associated with the energy 
momentum tensor of a  free boson in a conformal field theory description,

T (z) =  ] ]  =  (3.13G)
U S = — CO

where the colons are taken to imply normal ordering.
Let us consider the d = 0 partition function following a  change of variables to 

collective Jields <j)a , in the presence of sources j m

Z { j)  =  J  d ( j ) J ( ( l > ) e_ J n (3. 137)

One may rewrite (3.137) rather suggestively, by defining the object Js{<l>) — 
J{(j>)e~s ^ \  in which case

Z{ j )  =  J  (3.138)

Thus, it would appear that the object Z ( j )  is nothing but the Laplace transform 
of the rescaled Jacobi an, ,/s. In the previous section, it was dem onstrated that 
the Jacobian must satisfy the differential equation

6 j j  =  0 (3.139)

to exhibit the explicit hcrmiticity of the kinetic piece of the collective d = 1
Hamiltonian. In tu rn , the object ./,<,■ is required to ensure the hcrmiticity of

8One notes th a t we have rescaled llie fields to obtain the required factor of j  associated with 
Virasoro; this factor arises naturally when considering the liermitian form of the Hamiltonian.
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the non-hcrm itiau Fokkcr-Planck HainiUoiiiati, following llie change to invariant 
collective variables.

In order to determine the equation which ,/% must satisfy, multiply (;i.l39) on 
the left by the factor e~s , to yield

JsO&ij +  il ije~s diJ + u>iJs  = 0 (3.140)

Employing the identity

Jsdi l̂ij + Q.;jc~s0iJ = -I- HijJsOiS (3.141)
one may readily rewrite (3.140) in the form

9;(ij•A s') 4- {SlijdiS +  w;)./,s' — 0 (3.142)

which is further written as

O^QijJs)  f  w,./.s =  0 (3.143)

in terms of our previous definitions. This result may be expressed more compactly 
as

Cf Vs = 0 (3.144)
It is simple to show th a t, as one expects, commutation of the operator 0;%^ gives 
rise to a  Virasoro structure.

The above implies that one may consider

0 = J  d<l> (df'./.s) e->-+

=  /  ̂ ( ^ n ,W t  +  w(,/,)./g) (3.145)

where, in the last line, we have integrated by parts and allowed the derivative to 
act on the exponential. The relevance of the sources now becomes clear, since 
making the correspondences

0$k —* —jk, <l>k —» ik (3.146)

permits one to write

0 =  ( W - % J j t  +  w ( - % J ) y  ^  c - :  *

= O fZ (j) (3.147)
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Thus, one sees tha t the operators O f  are required to aitnihalale the partition 
function. Furthermore, it should now become clear that the operators O f  must 
close an algebra, since (3.147) requires

[d ;? ,d f]2 (j)  =  0 (3.148)

which implies in turn that
=  (3.149)

Thus, if (3.144) is to have a solution, the operators O f  must close an algebra. 
As sta ted  above, the existence of a Virasoro structure in the one matrix model 
ensures tha t such a  solution may be realised. The object is the Jacobian
required to ensure the hermiticity of the nou-hcrm ilian stochastic Hamiltonian,
following the change to invariant collective variables.

The result (3.145) may easily be rederived in the context of the stochastic 
quantization formalism. Recall tha t the Schwingcr Dyson equation may be writ­
ten in the context of a  rZ +  1 dimensional quantum field theory as

dT(G'[M]) =  J  dill  (0 /c| M ) ( M \ I I FP \G) =  0 (3.150)

where I I f p  denotes the non-herm ilian Fokker-Planck Hamiltonian, and
ljmT_,ccl(0/z |M ) =  e~s  is the groundstate wavcfunclional. Now, let us make 

the change of variables M  —*■ r/>{, incurring a Jacobian «/(</>) :

0 = J  {(j)\ IIFP |<V)

Redefining </s(0) =  and taking the hermitian conjugate yields

0 =  [  dcl,iG(<(>)IIfFpJs{</>). (3.151)

Due to the above definitions, Ilfpp = dnd ^ ,  and thus the result (3.144) is re­
claimed, with the sources j a = 0 .

In summary, the requirement tha t the stochastic Fokkcr-l’lanck Hamiltonian 
exhibit explicit hermiticity yields an equation for the Jacobian J$(</>), which may 
be rew ritten as a  set of constraints acting on the partition function. In order to 
ensure the consistency of the collective field description, it is required that these 
constraints close an algebra, which is ensured in the one m atrix model by the 
existence of a  Virasoro structure.
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4 .  T h e  C o n t i n u u m  F o r m  o f  t h e  

F o k k e r - P l a n o k  H a m i l t o n i a n

4,1. The M acroscopic Loop Approach

The above discussion of the equivalence of the expression (3.127) with tha t of the 
Schwinger-Dyson equations of a quantum field theory suggests that one might 
construct a string field theory by considering a  stochastic quantization approach 
to the d =  0 model. This was accomplished independently by [10], [12], The 
following discussion is a synthesis of the approaches of [iOJ, [11] and [12].

In order to construct a  continuum Fukkcr-Planck Hamiltonian, it is traditional 
to choose the macroscopic loop as the collective variable, 4>(l) = T r (c iM). As  
usual, one proceeds by computing the quantities $1(1,1') and w(Z).

Proceeding by definition, it is easy to show that

= +  (4.1)

and t
w(Z) = ~l [  d l ' i t tM l  -  I') (4.2)

Jo
In order to achieve the continuum limit, it will prove convenient to work in the z  
representation. Laplace transforming (4.1) yields

0 (3 , / )  =

where G(z) — T r y } ^ . Further, noting that (4.2) is a  convolution, the lap lace 
transform is readily found:

w(z) =  WrG^z) (4.3)

In order to proceed further, one would like to exhibit N  explicitly. To this end,
one should seek the analogue of the constraint on the density variable. The
corresponding constraint in this case is given by

_L
2ir i ,

7ij a ( z ) d z  = N  (4.4)
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where the contour is chosen to enclose the eigenvalues of M. The contribution front 
the contour a t infinity vanishes. Tims, one need only consider the consequences 
of the residue theorem. It is then clear tha t, in order to rid the constraint of 
N ,  one must perform the independent rescalings z —» V/VS, G{z)  —> ' /W G {z) ,  
following which (4.4) becomes

~ j f 6 ' ( 2 ) r f 5 = l  (4.5)

All tha t remains is to determine the scaling of the conjugate momentum, 
which is readily inferred from the canonical com mutator

M * ), & '(/)] =  j ~ !  (4-G)

Performing the abovr , ■  lugs on the com m utator (4 0) yields

[77r(z), V77 G'(5')l =  (4-7)

It is thus clear that, in order to preserve the canonical com m utator between the 
rescaled operators, one demands 7  =  N ~ l . Hence, we require ir(z) —> Ar~17r(5 ). 

The Fokkcr-Planck Hamiltonian is

IIj p =  -  J  dz' J  — - 7- '^  dzTr{z)dzi'n{zl) +  J  dz i) ,G2(z)7r(z)(‘\.H)

+  J  dzQ,(S,z)ir(z) (4.9)

Rescaling the kinetic term yields

^  =  - ] & / ( 4 . 1 0 )

It is straightforward to determine tha t

j  dz '0zG2{z)ir{z) J  dz dsG2{z)%{z) (4.11)

In order to  consider the scaling of the last term , let us recall the definition 
$1(5,z) — This term may bo rewritten as

/ f)S
^.12)
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The action in z  space is such tha t the potential resembles a source for the oper­
ators G{z),

S = ^ l f a d z V ^ G^  (4.13)

where the contour C  encloses the poles of G(z). It is then clear that

n (6 ',z ')  =  f  d z n ( - , z ' )V { z )  (4.14)

in which case the rescalings z  —> \ f N z  ami C!(z) -* \ fN ( ! ( z )  imply

fZ(S,z)-> \/Fft(.S',5) (4.15)

provided tha t the couplings in the potential are chosen such tha t V (z)  N V {z) .
It is then quite clear that

J  d z £ l ( S , z ) T r ( z ) J  dzQ,(S,z)ir(z) (4.1G)

Hence, the Fokker-Planck Hamiltonian exhibiting N  explicitly is written

H j p  -  J d z '  J  d z ~ ^ ~  P - " - d gTr{ z )d~: w( z ' ) +  j  d z  d s G 2{ z ) ^ { A ) n )  
+ J  dzQ.{S,z)it:(z) (4.18)

Hi order to proceed further ,e take

^  ^  (4.10)

To trea t the term incorporating the action, one recalls tha t 

which may be written

In order to move to the z  representation, one thus considers

J, 5) =  - % ^  (WV ^(0 (4.2-2)
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One may readily dem onstrate th a t, integrating by parts,

(II =  zG{S) -  (6(0 l/=o (4 .23)
Jo

Furtherm ore,

=  gY /(z) -  ^ ( f )|,=0 -  M O I w  ('1.24)
Jo

where we integrated by parts, and employed the result (4.23).
Thus, one lias

0 (S , 3) = - &  (w20(3) -  wM()|,=„ -  ^G'fZ) +  g ^ )|,= o  +  <?i^)(i=o) (4.25)

Now, we consider the quantity (A(OI/=o- The rescalings z —> \ f N z ,  G{z) —> 
' /N G { z )  imply tha t G[z) -  j j T r j z j j .  Thus, since G(z) = -fa f  dtc~lsT r (c lM), 
one sees tha t <£(/) =  ^■Tr(cij'-/), in which case VKOIt-o =  =1. The object
di<l>(l)\i=a ~  T r M  may be regarded as an initial condition which remains to be 
fixed.

The Fokker-Planck Hamiltonian is now written

H f v =  —j p '  J J d z ^ —~ -~ - 0 S7((z)^^l^^(z,) + J d z  o \G 2(z)Tr(z)

T J d z d g  ^(z2 — zcn)G'(z) H- w — z — rW (!)|/=o) (4.26)

Our goal is to compute a continuum form for the above Hamiltonian, and thus 
we consider the scaling relations

z =  zc +  «£ (4.27)

and
cv =  tve +  a2 A (4.28)

We further introduce the shifted field G ( z ) :

G(z) =  - ^ (^  -  zw) +  a ^ (,'(()  (4.29)

The required scaling of the conjugate momentum may be obtained by analogy 
with the procedure used to obtain the scaling in N ,  namely, by considering the 
canonical com m utator. One obtains

r (£ )  =  a ^ 2K ( z )  (4.30)
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Let us consider the potential term

G 2{z) +  (52 — zoj)G(z) +  (iv — z) — di(/)(()\i=Q (4.31)

which yields, following the substitution of (4,29),

G'2( 0  — |  ——- —— + z  ~u> + Wj (4.32)

In the above we have replaced 9;</->(0l<=u hy the fa,miliar notation W \ . It should 
be noted tha t the shift was made in such a way as to cancel the term linear in 
G(z),  thus eliminating unphysical tadpole interactions. Comparison of the term 
in curly brackets with expression (3.105) indicates tha t it is none other than the
continuum expression for the disk amplitude derived via the stabilised ( 1 = 0
model.

The potential term  reads

- a ' / '  /  <%(G':(f) -  G'g(f))% *(() (4,33)

Now, let us turn  to the kinetic term. Inserting the expression for I,ha field, (4.2d) 
one notes that the shift cannot contribute, and one lias

! ' K («■')
where the expression N ~ 2a~& has the correct scaling dimension for the square of 
the coupling constant, k . One takes N  —> oo, a —± Q in a correlated fashion, such 
th a t k is held fixed. Thus, the final form of the continuum Hamiltonian reads

%  =  - a ' / *  ( y / -  G o (( ) ) (M O
(4.35)

T he factor a 1/ 2 may be absorbed into the definition of the stochastic lime. One 
notes tha t in the above the specilic furm of the potential used to discretize the 
surfaces was absorbed into the. universal form of the disk amplitude. Furthermore, 
the above hamiltonian is cubic in the fields, which one requires to reproduce the 
possible string interactions. One sees tha t, in the couthuium,

=  (4.36)
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may be regarded as representing the merging of coiUinuum loops, an cl that

w '# )  =  (<U7)

represents continuum loop splitting. One could thus rewrite the above as

+  ,%(()% *(() 

(4.;w)
The ])iocesses encoded in the above Hamiltonian arc more easily interpreted in 
terms of loop fields,

fO O  fO O

i i j v =  - y  d h j  +  h y n h ) y ( h )

-  -H a )  (4 .3 9 )
Jo Jo

roo
-  /  d l t o V W )  01.40) 

Jo

where one now has the field which iu the inverse laplace Iransfoni! of G(£),
and $ (/) , the inverse laplace transform of the momentum conjugate to G'(£). 
Additionally, po(0 is the inverse laplace transform of c?$6 'ij(f)* Furthermore, one 
has

$+(/')] =  ( ( ( - / ' )  (4.41)

which follows directly from the inverse laplace transform of the cauonical com­
m utator between the field G'(f) and its conjugate momentum.

We therefore interpret the operator 'l'(l) as destroying a loop of length /, and 
W*(/z) as creating a  Joop of length The Jirst term in the above Hamiltonian is 
then seen to represent the process whereby two loops of length l\ and /.j merge to 
form a single loop of length li + I f  The second term corresponds to the splitting 
of a loop of length l\ +  /j, into two loops of lengths /] and /•!. The last term 
represents a  string tadpole interaction, whereby an incident string disappears.

Noting th a t the pre-continuum  Hamiltonian has a Virasoro structure, it is 
natural to inquire whether such a structure survives the transition to the contin­
uum. To this end, one would like to construct the continuum Schwingcr-Dyson  
equation, which is defined by

Z(j) =  111" (0| 1 0  =  0 (4.42)
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which is simply the conjugate of (3.127). where one takes the sta le

=  (4.43)

The use of sources permits us to rewrite (4,40) as

1 = L  '“‘ I  + y j ( ‘i +

rod
+ /  d lp(l)J( l)Z{J)  (4.44)

Jo

One wishes to consider connected correlators, and thus one should rather work 
with In Z (J ) .  The above then becomes

0 -

r o o  r c o  r o o  ^  I n  Z(.n
+  ^  +  d/2; , i ;y( i , )J( / , )— (4 .46)

By changing variables of integration, one may further rewrite (4.45) as

°  -  +

W  f  i U W  1 ^ 1 ’! f

+ J ™ dlA l )l l  M'piO (4.46)

We took In Z( J )  to be the generating functional for loops; tha t is, we coupled the 
sources to continuum loop operators, such that mulliloop correlators arc obtained 
by repeated differentiations of Z (J ) .  One should note that if Z( J )  satisfies

0 , ['  IP (  ^ I n Zf V)  A in Z{J) In Z{J)\  
~ Jo \SJ{l')U{l  -  I') +  U{1) bJ{l -  / '))

49



/ '

then it is clearly a solution of the Scliwingcr Dyson equation (4/10). Furthermore, 
the resemblance of the above to the pre-continuum looj> equations of the matrix 
model is striking. In order to identify more clearly the appearance of a  Virasoro 
structure it will prove convenient to work with the £ representation.

In the continuum, the loop operator ^ (Z )  which creates a loop of length I may 
be expressed as a  sum of local operators ill,,, which may be thought of as inserting 
“punctures” in the string worldsheet. Specifically, the continuum form of the loop 
operator for the m  =  2 critical point is given by M/^Z) =  n'2 £ )n>o This
implies that requiring the source to satisfy

roo |
/ d l J ( l ) l n+i /'l = - 2 r ( u  +  Z / 2 ) i i n (4.48)

j!) K

ensures tha t one may rewrite the generating functional In Z(J), and its associated 
correlators, in term s of such local operators i)n, since the source term takes the 
form

u>0

We Unis consider the Laplace transform of the Scliwmgcr-Dyson equation

n -  ■ / • ' , /  PluZ(J) 8lnZ(J)6\nZ(J)\
~ Jo -  I1) 6J(l — I') J

Let us factor the partition function into a product of universal and non univeral 
parts,

Z(V) =  (4.51)

where Zu (Znon) corresponds to the universal (non-universal) part of the partition 
function. Thus, one has

51hZ(J) H\nZnon(J) , 8]nZu(J)
SJ(l>) 6 J{ V)  + iJ(Z') V '0 1

Now, Znon(J) takes the form

where Q(l)  refers to the non-universal piece of the disk amplitude, and C(l,l ')  
the non-universal contribution to the cylinder amplitude. For the m  =  2 critical

00



point, Q(l) takes the form

^ ~ r ( 4 ) - 8  r ( i )
(4.54)

while
k2 V W

is valid for all critical points.
One therefore sees that (4.52) becomes

Our choice of source perm its us to rewrite the above in terms of correlators of 
local operators as

f h iZ ( y )  M /3  3 A M / a ,K :  ^  /" + '/ :
^ ( 0  " r ( _ § )  8 r ( i ) + ^ y o  +  +

(4.G7)
Let us consider the first term of (4.50): 

whkii, after substituting (4.57), takes Lite form

The other terms vanish due to the action of the functional derivative. One has

lL ‘u‘u ( h n  { h i  )
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where we have perm itted the functional derivative to act on the source term, and 
commuted the order of differentiation. This yields

after integrating over the delta function and inserting flic ansafz (4.57).
In order to evaluate the above, let us recall the identity

roo W roo rco
/  die  ̂ /  dl'F(l ' )G{l  - 1') -  /  d lxc - l* F { h )  d t - iC -^ G fa )  (4.62) 

Jo Jo Jo Jo
which is readily proven, following a  change of integration variables. Further, 
recalling the integral representation of the F function

/<x>
r ( z ) =  /  dye - ' - ' i f - 1 (4.63)

Jo
allows us to conclude that

roo i
{  d k  <'" =  ^ ( , ( + 1 )  (4.64)

Since (4.61) is a  convolution, using (4.62) yields

as the Laplace transform of (4.61).
We now consider the second term of (4.50),

,„6 in £„(■/) din ;?»(■/) 
d /fC ) d J(( -  P)

Using the identity (4.62) is is readily seen tha t one must evaluate

_ J ) ^
;d ( 0

Hence, we consider

(  l~S/2 3A r  '/2 , f  r  ■>./ r/,>,
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Of the above, we first evaluate

Realising tha t the Laplace transform inhibits the magnitude of I through expo­
nential clamping, we may consider a small I expansion

T W g H W

Recalling the choice of the source,

j T  ,w ./(()r+ i /2  =  K - 'r  ^  (4 .7 i)

By definition of the loop operator, only inodes with positive n  contribute, and 
hence tlie expansion (4.70) implies that the term (4.G9) does not contribute to 
the Laplace transform , since all powers of n  in the expansion of I' arc negative. 

The remaining terms are

The Laplace transform may then be straightforwardly performed, to yield

f f / '  -  +%* E  ^ , ^ - 0  (4 .73 )
\  8 »>o /

Thus, the Laplace transform of (4.66) is

2

_  i ^ - 1/2 4- k2 V  

The third term of (4.50) is

too
I,-21 I ,))' Ul'W_______

gy(( +  c)

% f / 3 _  +  (4.74)
8 n>0 lln  j

( 4 ' r e )

5,1



which becomes, after inserting the aiisalz

(4-76)

i

- ? )  -/o

Let us consider Uic tenn 

k21

W l )
Again, performing a  small Z expansion, one has

CO /  /  \  71

(, +  ( _ )  (4.78)
7 1 = 0  '  '

where a n represents tlie n ’th  binomial coefficient of the expansion. One notes
th a t there are no contributions due to this integral, since all powers of I' are
negative. Similarly, consider

( " W C +  (4.79)

One has the expansion
OO J I \ n

(, +  , ' ) - ' / :  =  M / !  Z  «" ( W  (4 R0 )
7 1 = 0  ^  '

Clearly, the only contribution arises from the n =  0 term, which yields

""11# %  (4.8i)

by definition of the source, J(l) .  The Laplace transform of this term is then 

Next, we consider



To this end, one expands

/ ' F /  / \  V2 ,
1 +

/ '+ / ]

in which case, the only contributions are 

Laplace transforming,

£o
27T

We now consider

Writing the binomial coefficients in terms of the gam ma function yields 

ZY H'1/2 _  V> r(vt +  | )  f  I '
H )  - s «

in which case,

Recalling our definition of the source, one has the requirement

k  < 7 i.+  l

and so, altering the sum over

Employing the relation (4.71) permits us to write

n + 1 T(n  +  |  -  k) tk S h Z u(.I)

(4.84)

(4.85) 

(4.80)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)
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Making use of the recursion property r ( x  +  1) =  .«?(%),

The Laplace transform of this object is just

+5) ^ ^  (,M)
Choosing to set in =  n  — k +  1, and noting tha t tlie. limits of the sum remain 
imaltered, yields

- ^ a t E S (4. 95)
h>0ih=0 x  ̂ ' n

Lastly, ^<S'o((f) is the laplace transform of po(l), and is thus already known to be 
3£2 — from our previous m atrix model calculations.

Hence, the Laplace transform of ('1.50) is

0 -  - a f P E r “ - * - « i + i im,n>0
- h  ( <f3/2 -  —  <f- 1/2  +  ,.2 2 ]  ^ -n-3/a£ll,L^"(y)

\  8 n>U 6/1-1

(4.96)

Expanding the squared term, one notes that terms arising from the shift cancel 
the tadpole interaction, yielding

0 -  2 k 1/)-  V ' V ' Z„(J)
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H? 1
2 f ' IG ^+ t r )  4 + i c e

(-1.07)
, , - >n  v o /  Ojtn

In the above, term s in <f which are jjoI sununcd over cunslitule the remnants 
of the shift. Requiring each cocflidcnl conespomling to a. particular power of 
f  to vanish as a  consequence of Jiiiear indejietidcuce, one obtains ati infinite se­
ries of constraints which the universal jjartition function must obey. Setting the 
coefficient of £-1 to zero rcadiiy yields

. - L  +  - L
d n i  2 k 2

wuich corresponds to the L_i mode oi the Virasoro algebra. Similarly, one obtains
for f _2i

2 (w, - fi;)+5 +,§ (n z -=0

and lastly, for £~m with rn > 3,

 0 2  , + r i
d^p+3 8  5 /^ 4 1  J  \ rt 2 /  '"u dVn+p+i

(4.100)
where j» >  0.

One may verify that the above constraints close a  Virasoro algebra [10],[11]

[Ln , L m] = (n  -  m )L n+m (4.101)

dem onstrating th a t the Virasoro structure has indeed survived the transition to 
the continuum, and implying that the constraints may be solved consistent!}.

8 3A 8 v  ■ ' V ,  8 u ,  = o
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4.2. T he D ensity  Approach

In tills section, we will consider the density approach to a continuum Fokker- 
Planck Hamiltonian, which is more desirable than the traditional z representation 
for a number of reasons. Firstly, the machinery of the Fourier transform is more 
easily dealt with, as opposed to the subtleties associated with the convergence 
of inverse Laplace transforms. Futherinore, in the previous eclion, in order to 
obtain the correct continuum limit it was necessary to subtract a non-universal 
piece from the one point disk amplitude, in what follows, it will be shown that 
this shift is somewhat troublesome. Additionally, in the. z representation, the 
continuum Hamiltonian was found to be non-local. All of these difficulties are 
resolved sa tisfa1 torily when considering the density formalism, which has enjoyed 
gre-xt- success in the study of the c =■ 1 string.

jntral to our considerations is the existence of an algebraic structure, which 
ar.iids in a  natural way when considering the collective field theoretic description 
of m atrix models. In particular, the existence of an algebraic structure  obeyed 
by the operators Oi under commutation ensures tha t Hie equation

O j j  = 0 (4.102)

has a  solution, at least locally. If this were not so, one could not restore the explicit 
hermiticity of the Hamiltonian following the change to invariant collective fields. 
Previously, we showed that such an algebraic structure is realised in the c =  0 
m atrix model in the form of a Virasoro algebra; however, the choice of collective 
fields

r/>„ = TrMn , n > 0
4>{l) = TrcM , I > 0 (4.103)

perm itted us to capture a  single positive frequency Virasoro algebra.
In  the density formulation, one recasts the theory in terms of the collective 

field
= Tr(cikM) (4.104)

where k is able to  assume both positive, and negative values. Our first step in 
studying the density description will be to verify the existence of a Virasoro 
s tructure in Ic space.
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To this end, recall that
0 ; =  —Q-ijOj +  w;

In k  space, this operator is w ritten as1
ft

(4.105)

/ • o o  r k

o ( k )  =  -  J  ( lk 'n (k ,  </.)7r(//) +  /,: J  dh'<l>(k -  /uz)</<//) (4 .106)

One would like to verify tha t the commutation of this operator with itself yields 
the required algebraic structure; we consider

[/! r  dk"k"<l,(k +  k")-K (k"),k H  d k 'k '^ k  +  / ; > ( / / )
L J  —oo J —co

=  AA / “  dk"k" <!)(],: +  t " )  / ”  dk'k'l>{k" - I -  k ) * { k !)
7 — 0 0  7 —0 0

- t o  r  d k 'k '^ k  +  !•') Z”  dk"k"8{k' - k -  &")*(&") (4.107)
V —OO J — OQ

Integrating over the delta, functions yields

£/v /  +  fc')0(A +  /; +  //)^(/o')
J  —OO

/ OO
cZ///y(/v-' -  +  /v')7r(/y -  Zl) (4.108)

-OO

Changing variables in I he second integral / /  —»■ / /  — A, permits one to write

~ k k { k ~ k ) j  dk'k'<l>(k/ +  k +  &)%-(//) (4.109)

The next com m utator we consider is

y ”  dk"k"(j>(k +  /.•")«(/.:"),

r t  _ rA
=  -  /  d k X k - k ' ^ i k  +  k - k ’) ^ ' ) -  dk 'k '^ k  +  k')<fik -  kty. l lO)  

J o  J o
where we have integrated over the delta, functions arising from the action of the
conjugate m omentum. The last com m utator we need evaluate is

[ h dk"<i>(k -  &")#.' ■'), -  r  a ' / / #  + *> (* ')
J o  V —CO

+ a"(k  -  +  /o -  &")4(&") + [ h dk"k"<t<k +  & " ) # - ^ l l )
Vo Vo

1Note tli a I we liavc set i i r (k )  —► t(A'). Tliis is convcntioiiaJ, we sjiall introduce it later when 
required.

59



Making the change of variables k" ~~ k1 + It in the second integral of (4.110), 
and combining the result with the first integral of (4.111) yields

^  d k " { k - k " ) ^ { k - V k - k " )< j , { k " )  (4.1 !2)

Similarly, setting k  + k"  =  k' in the second integral of (4.111), and combining the 
result with the first integral of (4.110), yields

ffc+i
J  dk'{k' -  k)<l>{k')</>{k +  k  -  k’) (4.113)

Thus, combining (4.111) and (4,113) one has

(k -  k )  dk'<!>(k')<l,{k + k -  / / )  (4.114)
Jo

Assembling the com mutators, one obtains

It is thus clear th a t, under commutation,

[0(A), O (t)] =  (A -  A)()(A +  A) (4.110)

and thus the operator 0(A) does indeed close a  Virasoro algebra, w ithout a central 
extension.

In what follows, it will prove useful to rewrite the operator 0 ( k )  by means of 
the following identity for w (A ):

/oo I
dA'n(A,A')TyW(-A') (4.117)

•00 |
This identity is seen to yield the usual expression for w(A) by splitting the region 
of integration as follows: 2

2 W ithout loss of generality, we consider k  >  0.
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A change of variables k' —> —h — k' in the lirsl integral yields 

r  f t '    ,, , JX k>roo l./  /U  l.i
w (t) =  k j j j -M k  +  k ' W - k y i k ’ -  k  /  — M  +  kyi>{~k')dk'

Jo  |K I J ~ k  I'v I
roo 1J

+  k ^ ^ —k^div (4.119)

(k) = k f k (l>(k -  k')(j>(k')dk' (4.120)
Jo

giving

tv

as required.
Hence, we may now rewrite the operator O(k) us follows,

j ( t )  =  -  / ° °  ^ (6) (4.121)

where we have reintroduced the factor of i  mentioned earlier.
Recall th a t the Jacobi an must satisfy

6 t (^ )J  =  0 (4.122)

The bracketed term of (4.121) looks reminiscent of the ainiiiii.Lion operator 
corresponding to a  massless boson. In fact, one can show tha t it is the opera­
tor Oj^k)  associated with the" hermitiaii form of the Hamiltonian which may be 
interpreted in this way. Recall that this operator satisfies

g f ( t ) y ' / 2  =  Q (4.1%,)

In order to see this more clearly, let us fluctuate about a trivial background

<l>(x) =  dxi) (4.124)

and
p(x)  =  -d^-Tr (4.125)

with the corresponding expansions

t f a l )  =  -»  /  " ~  (otkC-W1-*) + a t c - W * * ) )  (4.126)

and
p (z ,() =  ^  ^  +  6te-*C+*)) (4.127)
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The oscillators ufc, d t  satisfy the commutation relations

[ttfc, a*'] =  /v6(/v +  A:')

[at, dfc/] =  M(l- +  &') (4.128)

and

[ « f c ,  & k ' ]  =  0  ( 4 . 1 2 9 )

One can then verify tha t the fields satisfy the canonical commutation relation,

[/»(*), ?/(;/)] =  ~iS{x  — x ') (4.130)

Let us now consider taking the spatial derivative of (4.120), yielding

#%) =  ^  (4.131)

Defining

a + ( t -  b) =  j ° °  d kakcik^  (4.132)

and
a _ ( t  +  x)  =  r  dkak£ik{l+x) (4.133)J— OO

one sees that (4.131) may be written more succinctly as

# (z) =  ^  («+ ~  « - )  (4.134)

T he definitions (4.132), (4.133) correspond to right and left moving degrees of
freedom, respectively.

Requiring the hermeticily of the field <l>(x) forces the oscillators to obey

a k =  « i A. (4.135)

a k =  « i t. (4.136)

One may write p(x, t) in terms of the left and right moving degrees of freedom
as follows,

p ( x , l )  =  "  (a+  +  « - )  (4.137)
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Thus, one sees th a t the right and left movers may be expressed in terms of the 
fields as

tt± =  p(x)  ±  7T(/j(z ) ('1.138)

in x  space.
In what follows, it will prove convenient to consider the Fokicer-Planck Hamil­

tonian with a trivial background,

// = ~y" d x ( d x r ) 2(// +  " -  J  d x (fp (x ) (4.139)

One can easily verify tha t this may be rewritten in terms of right and left movers
by means of (4.138) as follows

U  = (a+  -  a l )  (4.140)

which will prove useful when expressing tlie continuum Hamiltonian in terms of 
right and left movers.

Recalling the definition of </.>(&), (4,104), one secs that

<l>(k) — J  dx<l>{x)c%kx (4,141)

and thus one naturally defines the :e space representation as

(4.142)

One is then forced to choose the following transforms for the conjugate momen­
tum,

7r($) =  J  dkelkxir(k) (4.143)

and

7r(/v) =  / g c - M * )  (4.144)

since we wish to preserve the canonical com m utator between the two fields in 
both x  and k  space.

It is then straightforward from (4.131) to show tha t in k  space, one has

0(/<) =  a - k  -  S*. (4.145)
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where we have suppressed the time dependence of the oscillators, and tha t

2ik=  %Tr («/■• +  (4.146)

recalling that i>(x) = —dxir(x).
In order to make contact with the interpretation of (4 123), let us consider 

the operator

?)(&') =  p(x) -  i - j  (4.147)

which is readily rewritten as

i9(:c) =  -  J  dk ikv (k )e 'kx — i J  T ^ 'K k)  ~j dy^— — (4.148)

By means of contour integration arguments, one can easily show that

/  = (4,149)

where we have taken half of the residues at the poles in accord with the principal 
value prescription, and defined

3  { - A V o }  <‘u 5 ° )

Hence, setting k  —► —k  in the second integral of (4.148) one obtains

tf(x) = -  J  dk ( ik v (k )  +  ^i(k)cl>(-k)j cikx (4,151)

Inserting (4.145) and (4.14G) in the above, one obtains

y  (a_&(l -  c(A)) + a t( l +  ((A))) (4.152)

Thus, one sees th a t one has the correspondence

-  (<z&(l +  c(k)) T  5_/,.(l — c(A))) =  ik v (k )  +  -c(A)t6(—A) (4.153)

Hence, for A > 0, one has

a y  =  i k n ( k )  +  ^<! >(- k)  (4.154)
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and for k < 0,

&k = - i k v ( - k )  — (4.155)

Note that, from (3.50) one has

which is readily rew ritten as

( %* )  =  - t +  y )  ( 4. 107)

The relation (4.123) requires that

k f  d,k'(j>(k +  k') (ik'ir(k')  +  ^c(k')(/>(-k')^  . / 1/2 =  0 (4.158)

which can he restated as

(ikw(k)  +  ^c(k)<l>(-k)J |) =  0 (4.159)

for all k.
In terms of the relations (4.154) and (4.155) this may be rewritten as 

ak |) =  0, fe > 0
&k\)  =  0,  t < 0  (4 ,160)

which is nothing b u t the defining statem ent of the Foci; vacuum. The linearization 
of the constraint points to a possible ,S'L(2, R) representation.

4.2.1. The Continuum Form of the Fokker-Plaiick Hamiltonian in the 
Density Formalism and Yoneya’s Multicritical Continuum Hamil­
tonian

In the previous section a continuum form of the Fokker-Planck Hamiltonian in
the z  representation was w ritten down. To accomplish this, a  shift was made
to cancel the non universal contribution to tlie one point disk am plitude arising 
from the potential term.
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Specifically, we shifted

G 'M  +

=  +  +  (4.161)

Recall tha t G(z)  consists entirely of negative powers of z, whilst the potential 
is generically a polynomial in z. The trouble arises when considering the powers 
of z  in G(z)  to constitute a basis; one sees tha t such a basis is incapable of 
constructing a shift comprising positive powers of z. To overcome this diflicully 
we will consider constructing a  continuum Hamiltonian in the density formalism, 
where such complications do not arise. Moreover, vve will argue th a t such a 
Hamiltonian assumes the same local form for all criticalities.

The Fokker-Plank Hamiltonian is written in the density formalism as

11 J p  =  5^2  /  d x<t>{x) (d**?  +  y  /  ( J  dlJ ~ ~  ~  ^ 2 ^ )  ('1.162)

Expanding the squared term, and using the identity

J  dx<j>(x) (J  d y ~ ~ ^ ' = J  d'-c<l>3(x) (4.163)

one may rewrite (4.162) as

11 Jp = Qjp J  d,j:(K x ) (dxff?  4» ~ r ~  J  dx(jp(x)

- y  J  dx<l>(x) (Jdij-^~^v'(x) -  (4.164)

As discussed previously, the leading configuration is given by

~ r -  = Q (4.165)0(f)

which yields the following solution for

y<Ao(z) =  ^  ~  v'(y ^  +  g u,(a:)2 (4,166)

Let us perturb (4.164) about a  classical background r/i0(:i;) by setting

( l> {x ) =  r/>o(.'ti) +  ^ O x r i ( : v )  (4.167)
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Notice tha t the factor of ft 1 is consistent with the naive N  -* oo limit, in that 
4>(x) —> ^o(x)  in this lim it. Further, one writes

dxir(x) =  (4.108)

Before proceeding, let us briefly consider the Lime of [light formalism, which plays 
a  large role in the continuum limit of the d  — 1 model. Consider the classical 
motion of a particle of unit mass in a  potential v(x),  which has a total energy

jip — - i ' 2 +  »(:«) (4.169)

where fip  plays the role of the Fermi level. This naturally implies th a t the classical 
velocity of the particle is given by

~  =  y/2(nF  -  v(x) (4.170)

Recall that, in the d = 1 picture, the rooted term is none other than the classical 
background ^o(z), which was found by minimising the effective potential. Thus, 
one lias

In the continuum, approached in the case of rZ =  1 by adjusting )i to the quadratic 
maximum of the potential, it was demonstrated that the time of flight became 
infinite, thus generating an ex tra dimension, and elevating the cZ =  1 model to
I he sta tus of a  two dimensional theory. In the case of d = 0, we set

Considering the standard  symmetric ansatz, and evaluating the time of flight for 
one cycle, one has

r  = 2 f "  ■ —  -  ~  y  (-1.173)
Jo ( a j  -  — x l a \ / a  ~ 7

Recall tha t, when approaching the continuum limit for m  = 2, one requires the 
accumulation of an ex tra root at the cut endpoint, implying 6 —» «. Naively, it 
would seem tha t one has the same mechanism as found in d  =  1, whereby an 
ex tra  dimension is generated; however, this is not the case. Let us scale x  —> ay,
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dx adit
dr  =

Z(l>o(X ) «3/'2 ( y  +  ^ y - h U - l

a~1/277~T (4.174)

Thus, if the stochastic time is to survive the continuum limit, one must rescale dr' 
=  a1/ 2dr  when considering the in =  2 multicrilicality. Ait interesting consequence 
of this observation is tha t, whilst r  is nut Unite when approaching tlie c.ouLinuiuii, 
the rescaled stochastic time r '  is. To see this, recall that

(4.175)cx\/a2 — -y2
Inserting the scaling relations for a  and 7 , one finds that

and hence, when considering t '  — \ / a T ,  one notes that the rescaled time of flight 
remains finite as a  —>■ 0 , and no ex tra dimension is generated.

Expanding the kinetic term  of (4.164) about <j)o,

j  dx(j>{x){dx-Kf = l- J  dx(ji0(x)p2 +  ~  J  dx(()ij)p2 (4.177)

Now we consider the terms

J  <lx(l>{x) ( J  d y - ~ ~ jv ' ( x )  ~  ^y'(:i:)2J (4.178)

which may be  rew ritten as

~ ~ 2~  /  -  y  /  j  dy ~ ~ v '(y)

- i  y  ̂ 0 , 9) y  (4.179)

with the aid of the large N  configuration (4 .ICC). Note th a t the terms linear in 
drj cancel, signifying th a t <l>o{z) is indeed a minimum of the effective potential,
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The HamiUoman may now be written as

HSp = 2/ k  /  dxtK x )(d^ f  +  J  d x(j i \ x )

(4.180)

Of particular interest are the terms quadratic in di], since they perm it us to 
read off the spectrum of the theory. Consider the last term of (4.180)

This non-locai term quadratic in di) modifies the spectrum of the theory in a 
noil-trivial way. Unless it can be argued to vanish, the interpretation of the 
theory as comprising a massiess scalar is in jeopardy.

Explicitly inserting a  cubic potential, one can easily dem onstrate th a t this 
term  vanishes, where we invoke /  dx(dxi)) ~  0. However, the insertion of a qnarlic 
potential gives ) !?-■' to terms of the form /  dxx(dxy), which cannot be argued to 
vanish. The only possibility which remains is tha t the term may not survive the 
continuum limit.

In order to consider the continuum limit corresponding to the m  = 2 multi- 
critical point, le t us reconsider the shift (4.107), where we rescale x  —> ay  and 
ignore non universal contributions to the background,

Recall tha t in the previous section regarding the continuum form of the Fokker- 
Planck Hamiltonian, the product (la?!'2 was held fixed, while the limits /i —» oo, 
a —> 0 were taken. This product is the string coupling constant, Thus, we 
define

K v )  =  io{v)  +  -dyVOi)

Let us consider the non-iocal term in the continuum limit. Following the 
discussion regarding the rescaling of the slocN stic  time, one sees that in order

<f>(ay) = a3/^ o ( y )  + j^c>yV(u)

= u3/’Z<t>(y) =  a3/2 (W iO  +  (4.182)
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to contribute in the continuum it must scale as a  half integer power, sfa. Naively 
inspecting this term under the rescaling a; —> ax,  one notes th a t powers of a in 
the measure cancel those arising from the derivatives; thus the only contributions 
obtained arise from the potential.

To infer the scaling of the potential, recall that

/ =  (4.18%)

A naive rescaling of the left hand side y —> ay yields a power of a3/3, whereas 
the right hand side, a  polynomial potential, should give rise to integer powers of 
a. This apparent paradox is resolved by realising tha t, after rescaling y —> ay  on 
the left hand side, powers of a must enter into the limits of integration.

Whilst it is difficult to do this computation explicitly, one might rather con­
sider

dx<j>(x) =  y (4.184)/'
which is a simpler integral to perform, but nevertheless in the same spirit. When 
considering the m =  2 multicritical point, a naive rescaling of the left hand side 
gives an overall power of «5/ 2, yet y  scales as

<7 =  Z/c -  a 2 (4.185)

signifying th a t further contributions of a must reside in the limits o f integration. 
Let us employ the quartic ansatz

^ (z )  =  - { a 1 -  -  ®2 (4.186)

with the scaling relations in the vicinity of the critical point given by

a 2 =  7c +

7 2 =  7 2 - «

a ;2  =  7 2 - 2 <Lc - { - ^  ( 4 - 1 8 7 )
7c

We wish to evaluate
\ J  (a2 -  x2)\/y2 — x l d x  (4.188)
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which, after inserting the relations (4.187), becomes

6 a:2
25.-C -  a — (4,189)

Tlie dependence of the limits of integration on ct may be determined by setting 
the argument beneath the rooted term to zero, and solving for the roots, which 
yield the limits of integration relevant to <5:i;,

7c

=  7c ±  7c ( l  -  ^  +  0 (a2) (4.190)

where we have used the fact tha t, in the continuum limit, a —> 0. Further, we may 
neglect terms of order (Sx)2 as yielding non-universal contributions for m  =  2. 
To leading order, we evaluate

1  [  d(6x) ('J,6x + \ / ‘2()x — a
2 A /2  X 2 y

(4.191)

where F is an arbitrary  cut off, since we are only interested in extracting the 
powers of a.

Let us consider the rescaling 5:c —> at;, in which ciise obtains

2 Jl/2
1

To perform this integral one may partition it in the following way,

a 5/2 - -

J\/2
1

from which one obtains

a5/ 2

2 1 / 2

Inserting the limits of integration, one has the following

a 5/ 2

2
1 Z2 r V / 2 /  a  X3/ 2 1 Z2 r V / 2 A  ft V / 2'

W  ^ - 2 r j  + 5 l T j

(4.192)

(4.193)

(4.194)

(4.195)
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Performing a  small a expansion of the above, one obtains

i ( 2 r f ^  ( i  -  i .  +  £ ,( .» ))  +  +  0 (,.-))

-  P i F - I i r <‘, + 0(<‘,)
Thus, one notes tha t the terms linear in a cancel, and the correct scaling for 
g is obtained. Our motivation for studying the above integral is to emphasize 
th a t the above analysis suggests tha t the potential scales with integer powers of
a. Examining the non local term quadratic in cl?/, one secs tha t this implies an 
overall integer scaling of

As a result, one sees th a t the non-local term quadratic in di] cannot survive 
the continuum limit, since one requires y/a for m  =  2 .

In fact, one can argue tha t this term must vanish for all critical!lies, since 
the stochastic time will always require rescaling by non integer powers of a, as 
is easily seen by adapting the tim e of (light argument given earlier, noting that 
the universal form of the density for the m  = 3 multicrilical point scales as a5/ 2, 
implying that the stochastic time must be rescaled by rz3/ 2. In general, for the 
m ’th multicritical point, one requires tha t we rescale r '  =  uA"'3/ 2r .  Thus, since 
the non-local term  will always scale with integer powers of a for all critical!ties, 
it cannot contribute in the continuum limit.

One notes th a t, when considering integrated quantities in the continuum limit, 
tho integrands m ust be multiplied by appropriate continuum powers of a , and /o r 
K, before driving the upper limit to infinity as a —t 0 .

Similarly, the non-local term quadratic in the background cannot contribute 
in the continuum since, rescaling the stochastic time by a factor y/a, one sees tha t 
one cannot obtain the integer powers of a required to construct k'2.

In order to consider the continuum limit of (-1.180), one scales x  —> ay,  and 
sets -+ a3/25 (y), to obtain

/ /  =  |  /  cli]4>(y)p2 +  J  d y $ * ( y )  -  J  dyij>(y)$o(ij) (4.107)

where we have absorbed the factor y/a into the redefinition of the stochastic time, 
and set k  =  /3 a5/2.

The above expression coincides with Yoneya’s suggestion for a  multicrilical 
continuum Hamiltonian consistent with the string equation [36]. One notes that,
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evaluating V cj j  at fa ,  the ei'i'ective potential is no longer positive delimte, im­
plying tha t one may no longer consider the above to be a Fokker-Planck type 
Hamiltonian.

However, one still has the condition

=  0, => <i> = <l>a (4.198)o<j>

and thus one sees th a t the continuum background minimises the cfleclive poten­
tial, as it must.

Further, it is im portant to realise tiiat the above liamilloiiian is valid for all 
criticalities. For a general imilticiitical point m  ~  I, one scales x  —> aij^ and 
^ (s )  —> with the string coupling constant defined by n  =  . As
noted earlier, the stochastic lime requires a rescaling r  -» a ^ ^ r .  One can easily 
check tha t inserting the above scalings in (4.180), one regains (4.197), recalling 
tha t the non-local term s vanish for all criticalities.

In order to consider the connection to the string equation, it proves convenient 
to reformulate the above in Urms of right and left movers,

#  =  ^  (4.199)

where we have identified po{y) =  <i>u{y), and recalled the relation (4.138).
As staled  above, Yoneya’s motivation for introducing such a Hamiltonian rests 

on the fact th a t one must recover the string equation in the continuum.
To this end, we consider the stationary equation,

P2(v) ~  Po(v) = 0  (4.200)

One can compare this with the string equation,

[P, Q] = 1 (4.201)

which arises most naturally in the context of orthogonal polynomials.
One can show tha t, in the double scaling limit, Q is defined as a  hcrmitian

differential operator of degree 2 ,

Q =  d2 -  u2 (4.202)

where d is a differential operator, and u is the specific heat.
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A P  which satisfies the Heisenberg algebra is
2w—I

f  =  Q + ' (4.203)

where the subscript indicates tha t, in the expansion of Q - T"1" with respect to rZ, 
only the positive powers of d are retained.

For the m  =  2 multicritical point one expands Q '^1 , bearing in mind that u 
and d do not commute, and discards negative powers of d, to  obtain

P = ( P - ~ { u , d )  (-1.20-1)

Squaring P, and neglecting derivatives of the specific heat a t tree level, one obtains

P$ = dR -  liiut* + yv ^d 2 (4.205)

The tree approximation is classical since it excludes one loop effects, and is thus 
equivalent to large N.  Rewriting P$ in terms of Q, one obtains

/% =  Q3 _  +  1*3 (4.206)

One notes tha t, making the identifications

Fa -> 7T(j>Q (4.207)

(3 - » f  (4.208)

with u  — VA, tha t we have directly obtained the continuum form of the density.
For m  =  3, cue sets

P  =  Q l/2 (4.209)

and expands, retaining only positive powers of d, as before, One can show, by 
the sam e method of calculation, that one obtains the result

fo  =  Q ' +  (4.210)

where one considers contributions from tree level only.
Thus (4.206) implies, for the m  = 2 multicritical density.

r^(f) = f f -  .jVA Î ] / ^ + V A  (4.211)
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and similarly (4.210) suggests that, for m  =  ;i,

= ( ( ( * -  V H - ^ )  (4.212)

In w hat follows, this result will be compared with tha t obtained by more tradi­
tional methods.

One sees tha t the stationary equation of (4.199) implies the string equation, 
where one makes the above correspondences.

In summary, we have taken the continuum limit of the Fokker-Planck Hamil­
tonian in the density formulation, to yield a  local continuum Hamiltonian valid 
for all criticalities, which is consistent with the string equation. This Hamiltonian 
is no longer of the Fokker-Planck type, since the effective potential evaluated at 
the classical configuration is non zero.
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5 .  T h e  M o m e n t s  f o r m a l i s m  a n d  t h e  m  =  3

M U L T I C R I T I C A L  P O I N T

In this section, we will construct the form of the m  =  3 m ultieritkiil (lensity, by 
means of the moments formalism of Am bj0 rn el. al [19]. The reasons for doing 
so are twofold; firstly, when considering higher crilicalities, it provides a much 
more expedient method of extracting the critical values of the couplings thar 
the traditional saddlepoint analysis. Secondly, the following formalism proves 'o  
generalise natur 'V  in the case of a particular supersym metric extension of the 
bosonic m atrix  ivudel which will be examined later; hence it will be advantageous 
to develop the formalism in the context of the bosonic m atrix model.

We consider the m atrix model partition function written in term s of the eigen­
values,

where the notation Z(g)  suggests tha t we consider the couplings themselves as 
sources for the field <̂n =  £,• A” , with S  =  and A Z(A;) the usual Van-
dermonde determinant. We showed earlier tha t the partition function obeys

where the On's were found to close a  Virasoro algebra under commutation, re­
quired for the consistency of the collective field approach. Specifically, in the 
previous section, we dem onstrated that On could be written as

(5.2)

I 91On — a -rnan+m 4 "  Z

m ^ r~0
(5.3)

where the modes may be written in term s of the couplings as follows

(5.4)
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and

tt-n  =  n  > 0 (5.5)

TIvus,

O .Z W  =  Z W  =  o M

Allowing the derivalivcs to act, and performing some trivial rewritings, one lias 
the correlator

\ n + i  _  \ n + l  \

) = o (a?)i if-j A‘ /

Multiplying the above correlator by z - "- 2 , and summing over n  yields

S ^ - E r b r ^ " 0 (5'8)

One can rewrite the above as

— ^Ct'(w) -  G \ z )  =  0 (5.9)
c z - w

where we have chosen the contour C  such tha t it encircles the cu t ,1 yet excludes 
the point z = uj. Further, row iting the above in terms of connected correlators, 
one obtains

J>c  .  ~  +  JfiC’i2’ s ) = 0 (5.10)

We would like to consider the planar limit of the above equation. Taking the 
limit JV" —> oo, one sees that (5.10) becomes

/  S S N " ) = <5J1)
One can readily verify by direct substitution in (5.11) t'.iat the solution is 

_  1  1  d u  « ' ( w )  ( z  -  x - ) ( z -  : e ) '

(w -  x)(u> -  y). (5.12)

1 Wc assume th a t the loop operator has a  one cut structure.
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where, as before, the contour C  encircles the cut bounded by [x, y], but the point 
z is excluded. This equation is accompanied by auxiliiary conditions to ensure 
the correct asym ptotic behaviour, G'o(z) ~  z- 1 , as z -> oo,

J c  \/(u> — x)(w —"y j
(5.13)

du> Wi/(aJ)du> Wi/(aJ)
(5.14)

c  2iri \/(w  -  z)(w -  y)'2iri \Y((i! -  :c)(uj -  t

These conditions are obtained by expanding (5.12) about z =  oo, and enforcing 
the required asymptotic z ~ l behaviour. At first sight, this solution bears lit­
tle resemblance to  the ansatz proposed when solving the saddlepoint equation; 
however, we will dem onstrate tha t the two are equivalent.

Let us reconsider (5.12), where one deforms the contour C to infinity, picking 
up the pole a t w =  z as one does so. Thus wc consider

where the contour C"  encircles the point w =  z, and C  is taken to infinity. 
Performing the integral over C " simply picks up the residue at u> ~  z, and yields

In order to consider the integral over C7, note that, for jwj > jzj, where [:i:,y] 
<  |z |, one has the expansion

Inserting the above in the integral over G7, one is able to write



where we have defined the moments,

du «'(w)
( w - z ) t+ V 2( w - y ) '/ 2

doj y'(a>)

(5.18)

(5.19)
JC ZTTt (w — :c)1/ 2(u  — y)k+1/'2 

Hence, the planar solution of the hermilian matrix model may be written as

G0(z) -  ^ v ' ( z )  -  ~}l{z)s/ { z ~ x ) ( z - y )  

where we have defined
00

H(z) s  ^  ((« -  + ( z -  y)n~ \ l n)

(5.20)

(5.21)

which is the form of G q{z )  encountered in the context of the saddlepoint analysis. 
The above formalism, whilst appearing cumbersome, is useful in th a t it allows one 
to readily extract the critical values of the couplings and cut interval. The above 
form of n (z )  may be seen to  correspond to two series expansions, centred about 
each end of the cut. As will be shown, such a  rewriting enables us to control the 
accumulation of roots a t the endpoints with great ease.

In order to fully appreciate this, let us Taylor expand JI(z) about the endpoint 
of the cut z  = x,

i iW  =  n W + f : < i z r r
n = l  ” •

(M lfz)

and about the endpoint z  — y.

n=sl

dzn

d’‘n ( z )
dzn

(5.22)

(5.23)

One can combine the above expansions to yield

n ( j )  =  1  (D M  +  H (y)) +  g
*  7 1 = 1

2u!
dnTl(z) d'Tl(z)

d zn

Comparing the above with (5.21), one makes the identifications 

Ml +  Ji =  ^  (H(x) +  1 1 (2/))

z=.V

(5.24)

(5.25)
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M k + i  = 2k \

'4+1 = 2k\

rlMl(z)
dzk

<i.kn(z)

(5.26)

(5.27)

In order to specify the critical values of the couplings, recall tha t the w ’th mul- 
ticritical point calls for the accumulation of m  — 1 zeroes a t  one of the endpoints 
of support of the density, where the density is of the form

■K(j){z) = II(z)\/(z  -  z ) { z - y )  

Consider a  polynomial of the form

n ( z )  = ( z  — .?;)"'""'(z — a).„(jz — ft)

(5.28)

(5.29)

where we have enforced the accumulation of zeroes at x. For such a  function, one 
m ust have

dnIl{z)
dzn 

dkll(z)
dzk

— 0 , it, = in — I

^  0 , k >  in

(5.30)

(5.31)

Thus, inspecting the identifications (5.25), (5.26) and (5.27), one sees tha t, for 
the m ’th multicritical point, we require that

■^l(i7t ) ^ci Uc) =  Me) “  *** =  ^ » i—l(yi 3 *̂ C) 2/c) =  0 (o.32)
Mk(gf,  x«  Vc) t  0, k  > j/i (5.33)

with the / i ’s generally non-zero. Using the conditions (5.32) in concert with 
(5.13) and (5.14) will perm it us to solve for the g f ’s and the continuum values of 
the cut interval, (a;c,yc), For the m  =  2 multicritical point, one simply requires 
th a t M i  vanish. An analogous analysis exists for the accumulation of zeros at the 
opposite endpoint of the cut, whereby one replaces the M ’s with the ./’s. We will 
now extract the continuum form of the m  =  3 multicritical density, by means of 
this formalism.

We employ a symmetric potential which will support the generation of a /; =  3 
multicriticality,

v (z ) -  X92S2 -  + (j0~ z b (5.34)
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where we have taken <n > 0. The advantage of such a  choice is tha t (5.13) is au­
tomatically satisfied. We thus consider the second condition, which now becomes

where we have set y -- —x,  and identified * =  ± 7  as the cut endpoints. The 
contour C  is taken about infinity, and thus we may expand the denominator of 
the integrand (5.35) about the point tv =  00 , to yield

A  ^  + K 2 )  + s Q )  + B  G )  6 ) )
Inserting the explicit form of the potential, we may pick up the poles to  yield

^tf272 -  jjfl-17'1 + = 2 (5-37)

as the condition on the couplings a.= " function of the cut endpoints, llecallivtg 
tha t our G (z)  is symmetric, one may write

G(z) =  ^ ' ( z )  -  ((z  -  +  (z  +  7 ) " - ' ( - i r + 'M . )
r t= I

(5.38)
where we have noted tha t, for a  symmetric potential, the moments satisfy 

M k  =  (—1),;+1. O u r  next task is to construct the moments explicitly. This is 
readily done from (5.18), where we expand the integrand about tv =  00 , and pick 
up the poles appropriately to yield

Mk = gk+i 4- +  72 |(ft + 1)) flfc+3

(5 .3 9 )

+ 7 * ( | + + . ) + 9 t + s + ... (5 , o )

Since we have only three couplings, the non zero moments are

if  ^ 2 15 ^M i = g-i -  - 7  i/., +  —  7 ffe

M 2 =  - 27^1 +  573(7u
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, 213M z  = -i/.i +7 2"ffs
M i  =  47170

A/5  =  flo (5.41)

We may now explicitly construct the factor n (z),

n (z )  =  E  ((z  -  +  (z +
?t=l

“  2(/2 — 2 r/,) ^z2 +  ~  j f/y ^2 z'1 +  •s‘ 7  j +  ^ " 7 ( 5 . 4 2 )

Now, for the h =  3 imilticvilical point, cue obtains the critical value of the
couplings by setting M\ =  M2 =  0, M,- ^  0, Foi- i > 2 .

Thus, at </tc critical point, we have the conditions

0 =  ^  H  (5.43)

0 =  —2</J +  57c#G (5,44)

The critical value of the cut interval is given by (5.44),

2 m  _  ,

Inserting tlie above in (5,43) gives

ZZ-I -  y y ^ G  (5.46)

Now, (5.37) is valid for all couplings, including the critical point, and thus we 
may write

+  ^:!7ti7® - 2  =  0 (5,47)

Inserting (5.45) and (5.46) in (5.47) allows us to conclude that

■f, =  %  (6 - « )

from which follows

94 =  (0 49)
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For the sake of convenience, we fix <72 =  1, which will simplify wha,t follows.2 One
now finds, from (5.45), th a t the critical point is

72=1% (0.50)

Thus, we have determined the critical values of the couplings. One can readily 
verify tha t, taking <j\ — 1/9, and r/g =  1/270, one may factor (5.47) as

(5'51>

wlr.ch dem onstrates that we have tuned the couplings such tha t, on cither side of 
the symmetry axis, we have three coincident roots, which is indicative of the fact 
th a t we have reached the 6 =  3 iiiulticritical point. The next step is to obtain 
the continuum form of the density.

The & =  3 scaling limit is defined by choosing the couplings <7,1, r/c to scale as

ffi -  Ui -  A '^ 'V 3 (5.52)

and
2  =  7c -  (  (5.53)

The approach to the continuum is controlled by setting

j 2 =  rfc — A1//Ja (5.54)

Recalling that

G'(z) =  ^« '(z) -  iir<l>(z) (5.55)

the density ansatz is written

ffffiiz) — ^ r i(z )^ /7 2 -  z 2 (5.5(5)

In order to obtain the continuum form of the h = 3 nmUicritical density, all that
remains is to insert the above scaling relations into (5.-12), and expand the ansatz
in powers of a.

Lengthy com putation verifies the cancelling of terms linear in a in H(z), and 
thus the leading order contribution is given by the coefficients of a5/ 2,

2TMs is perm itted , since only tit relative strengths of Hie couplings are o f significance, ami
are dictated by equation (5.37).
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7r^(a£) =  “ 2 ( ^ 5  +  270Al/3^ +  35o A'2/3)

=  +  lA '/3 f  +  +  O ( ^ )  (5.57)

and hence we identify

r m  =  y f  -  Ai/3 ^ (5.58)

as the universal form of the density corresponding to the k  =  3 multicritical 
point, which is seen to correspond with that derived earlier by means of the 
string equation.
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6. S t a b i l is a t i o n  a n d  S u p e r s ^ m m e t r ic  
M a t r i x  M o d e l s

hi the previous sections, we approached the issue of stabilisation via stochastic 
quantization. An alternative approach might be to consider supersymmetrizing 
the m atrix model. The motivation for doing so may be realised by noting that, 
in the formalism of supersymmetric quantum mechanics, one can show tha t the 
operator describing time translations of the theory is written as

=  (G.i)

where Q and Q are the supercharges of the theory. Requiring tha t the vacuum 
be invariant under the action of the supercharges yields the condition

Q |0) =  0 (G.2)

One notes tha t, if the vacuum sta te  is to leave supersymmetry unbroken, the 
action of the Hamiltonian on the vacuum is prescribed due to the above require­
ment,

IIS |0) =  0 (6.3)

and thus one has a zero ground sta te  energy. If the vacuum does not preserve 
supersymmetry, the ground sta te  energy will be positive, due to the positive 
definite nature of the Hamiltonian. This discussion has direct parallels with tha t 
of stabilisation by means of stochastic quantization.

In what follows, we will explore several approaches to this subject.

6,1. The  Marinari  Parisi  Model

The following discussion is taken in part from [5], although related results were 
obtained independently in [9],

85



We will first consider the supersynnnetric m atrix model of M arinari and Paris!
[7], with action

=  J  (ILdOxdO-iTr * f l2*  +  i\V{<b)j (6.4)

where the covariaut derivative Dj  on superspace ha.-, the form

Dj  =  dgj -f- iOjcJi (6.5)

and the superpotential has tlie generic form

W ( $ )  = J 2 b nTr{l>u) (G.G)n
Furtherm ore, the superfield C> is known to have the expansion

<I> =  M  — i f iOi  — iil^O'i +  iOiO-iF (6.7)

where M  and F  are bosonic matrices, the i/;; ’s fermionic matrices, and the flj’s
real Grassman numbers. The Lagrangian is written

L

It is possible to integrate out the Grassman co-ordinates. Expanding the kinetic 
term  yields

D[ <l> ~  iOiM  +  ii!)i -  01()2 iO'tF (0.9)

and
Z)23> =  iByM f  j>t0t02 +  iih ~ iO,F (6.10)

Constructing the kinetic piece,

Di'bDgi' — —QiQ'iM2 — 4  O-zifiiM +  — V-1!V’2
—01ij}j F  — tO{ ~ O-iiiiF — diO^F^ (G.l 1)

One may now integrate over the Grassman co-ordinates, recalling that

j  =  1 (<J.12)

and
J  dOj =  0 (0.13)
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One thus sees tha t the only terms tha t need be considered are those quadratic in 
0\ and 02, hence one readily obtains

J  D ^ D - A ’dfhM-i = M 2 -  i ( -M , -  ■ih'h) + V-’2 (G.l'I)

The kinetic piece of the Lagrangian is thus written

L km -  ^  (VhyV'u-i -  i k ip h j i )  +  (0.15)

In order to obtain an elfective Lagrangian which does not depend on the Grass- 
tnaun co-ordinates, one must still integrate out the dependence of the potential on 
the 0;, In order to do so, it proves convenient to exploit the fact th a t Grassmann 
co-ordinates square to zero. Accordingly, let us consider the formal binomial 
expansion of Trd?” :

r,■(•>") - rx* + «)" - Tr («- (, + g + ( 5)%» (f)'
(0.10)

where we have delined a  =  itj>20-2 +i0102F. Evaluating the term quadratic
in a ,  one obtains

a 2 =  20^ 2^! V-2 (6.17)

It is thus clear th a t any terms of higher order in a  must vanish, and thus (0.10) 
becomes

T V ($n) =  T r  (A /'1 +  n M ^ a  +  n(n -  i ) M " - ' l 0l l h i M 2)  (0.18)

Substituting for a ,

2>(<I'n) =  T r ( M n +  in M n~'l i>lL6l -  in M n~l i h h  +  i n M ^ O ^ F

+ n (n  -  1 )M ,,- 20102V>i V'2) (0.19)

The elfective potential is now easily computed,

j d 0 i  J d d 2iW(t>) =  -  j d t h  jd(>2Q\02n(Mll~l)F

+m(?t -  1) J  001 /  0020| t/'2 (0.20)

which, using (0.12) and (0.13) is

J  00i J  d02iW(<l>) =  J ]  Kin (T r(M "-i /-') -  » i(n  -  l)Tr(i/HM’l- 2f 2)) (6.21)
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In the interests of brevity, Jet us define

= (0.22)

in which case,

SggP-EMW'-V (*30v ;u U U
and

QMapdMij =  ^ 6,in(n "  I )(A//'1-2)di'5i« (6-24)

Hence, tiie above may be rewritten as

/ = B- m r F« -  <6-25>

The full Lagrangian may now be written down,

A, \  , 1 , .L = -A fyM j; -  ~ ( i ’l i j i ’iji ~  i ’t ip h j i)  +  y f 'l j f j i  +  y A/, U

Notice th a t the field F  has no time derivatives, and hence is not a dynamical 
variable. Thus, we may eliminate it via its equation of motion

§ K r a <c'2?)
which yields

= - % T
Inserting (6.28) in (0.20) gives rise to the following Lagrangian, 

r 1,-r aV V /  ; ) , \  10 W { M )  0 W ( M )  . .  d2\V{M ) ,

(0.29)
Let us compute the m om enta conjugate to each field:

riw.j =  =  thfji (0.30)
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alld a i  i
R<h<} = 7 rr~  = n i’iji (831)oy>uj l

Similarly,

Mtfov =: %1 =  (6.J2)
vy -H j  l

Before proceeding further, let us consider the equations of motion for the fermioitk 
fields i>i:

d ‘2W (M )  
OMjiOMki

and

&% =  (6.33)

^ 3 4 )

One may now eliminate the time derivatives of the fennionic fields, following 
which.- the Hamiltonian may be written down,

where one imposes the canonical com m utator

[n A/u , Mi-i) =  —iSikSjl (6.36)

It is convenient to introduce the fennionic operators

^  (VJiV +  % v )  (6.37)

and

*«•/ =  ( lPi<S -  *V%) (6.38)

following which, the fermionic anti-com m utators may be concisely written as

{ i'lj, =  bimtijn (6,39)

while the Hamiltonian takes the form
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The Hamiltonian (6.40) may be written as

H = (G.41)

where the supercharges are

and

Q ' - l i j  (5-42)

q =  * «  ( i i ; , ,  -  (M O

signifying th a t the Hamiltonian describes a  supcrsymmetric quantuiu mechanics 
as discussed above.

The main difficulty associated with considering the complete set of states 
in this model is th a t the bosonic and fermionic components of the superfield <I> 
may not be simultaneously diagonalised. However, a consistent truncation of the 
theory exists [27], which permits one to consider some stales of non zero fermion 
number whilst maintaining manifest supersymmetry.

Taking the m atrix  U which diagonalises M ,  let us now form the new matrix 
U C’t/f . As sta ted  above, since the fermionic matrices cannot share a common 
eigenbasis with M ,  this new m atrix  will not be diagonal. In w hat follows, we will 
restrict ourselves to considering only the diagonal entries of this m atrix, th a t is

( c f =  A, +  S (uvu*)  +  ( t / j ' f / t ) . .0 f  00 (UFU*) (6.44)

where we have defined the complex Grassman numbers +  iO-i) , and the

A; are the eigenvalues of M .  Defining new fermionic operators >j>i = ( U ' i U ^ ,

Tpj =  , we consider only fermionic states which may be constructed by
the application of these operators on the Hilbert space.

In order to consider the dynamics of the singlet sector, one must express the 
Hamiltonian in terms of the radial degrees of freedom. Decomposing M  into its 
radial and angular parts, one can show that

‘ Note th a t for a  iiermitian m atrix  /!>, =  A],.
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Utilising the above, the supercharges may be written explicitly in terms of radial 
and angular variables,

The singlet sector is populated with wavefunctions dependijig only on ^A, iji^j . 
Such a  wavefunction is readily constructed,

< p ( \ ,  V^) =  a(A) J J ' 0 ;  |0) (G.48)

It can be shown th a t the subspace of such wavefunctions is invariant under the 
action of (6.46) and (6/17) ensuring the consistency of the truncation, and fur­
therm ore th a t the form of the supercharges in the subspace is given by

Q= -  ' nnr )  (6'49)

Ql =  *  ( " • ' & + "  ' " 5 ,  ( 6 ' 6 0 )

One notes tha t conjugating (6.49) does not yield (6.50); however, this is as a  
result of the fact th a t the change of variables has incurred a non-trivia] Jacobian
in direct analogy with the <1=1 model. As before, in order to restore explicit her-
miticity, one is required to scale the wavefunctions —» J^!2ip and the momenta 
P i  —» J l / 2p i J ' ~ 1/ 2 . It is not necessary to scale the fermionic fields, since they may 
only enter linearly into the change of co-ordinates, and thus their contribution 
to the Jacobian is trivial.

Performing the rescalingo, one obtains

« ’ -  «■’ -  *  ( ( « * )
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One may now require Q't ~  Q', and thus one funis that the Jacobiau is given by

Hence, in the singlet sector we have the supercharges

Q =  i)} ( k; -  j  (G.54)

Qt =  t i  (6.55)

where
W ,//(A) =  W(A) -  ^  In |At -  A,| (G.5G)

K k
The Hamiltonian describing the dynamics of the singlet sector is nuw readily 
constructed, following the [>rescri|>tJou (0.41),

< 6 ' 5 7 )

In order to consider the dominant behaviour a t large N ,  it will prove convenient
to  recast the above in the collective field theory formalism. In order to do so, we
introduce the fields

<KX) =  Vx<P ~  <‘)(x  ~

(lia(x) =  - ^ 2  b(x -  Xi)ir;

■>P{x) =  - ^ 2  6('T -  a: ,•)■(/>,-

ip \x )  = -  ^ 2  S(x -  (G.58)

The above fields have the following commutation relations,2 

k(a),f(y)] = - i S ( x - y ) ,

[ a { x ) , $ ( y ) ]  = -  y ) ,
[o{x),i>{y)} =  i ^ ( x ) 0 x5(x — y),

= <l>(x)5(x -  y). (6.59)

T hese relations arc readily shown with the aid of the identity, f>(x — x , ) f ( x )  — &[x—x i ) f { x t).
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One may no" w rite the supercharges (6.54) and (G.55) in terms of the contimnim 
fields by noting th a t, a t the classical level, J  d x — dij, and use of the 

chain rule allows us to write *u w*llc'1 c:use 0110 llas

Q = f  d x ^ ( r . )  ^cr(:i:) -  (6.G0)

and
Qf = J  dxij>(x) (0 01)

The Hamiltonian is now readily constructed from the supercharges, and is written

v'2

<S<P(x );

+5  /  i  « » )] (6'li2)

As usual, one has the contraint on the collective field /  dx(j>(x) — N.

6.2. Supersym m etrized Collective Field Theory

Another means by which one might construct a supersymmetrized m atrix  model, 
is to consider extending the bosonic collective field theory. This was first done in
[17].

The key insight here is that the kinetic term

L  — 7̂  J  ~  ~q f  ~  J  d x v {x ) (l> (6.63)

may be rewritten as

L = \ I dx I  l)Sxy<p(y, 0  (0 04)

where, as before, (j) =  dx<p and one has the metric
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Such a theory has a standard supe.rsymmnlvizalion, given by the Lagrangian

(6.6G)

where qa(l) are the bosonic variables, ijahi'l) is a metric, W  — l'K(iy) the 
supci'poteiiliai and F",. are. the Ghristoirei symbols. This can be obtained by a 
classical point transform ation a;' =  ir‘(qa), (/'‘ =  V,n from the Lagraiigiaii

^  =  E  ( W  -  (G.67)
, = i x /  z > i=i u

in this case, the bosonic variables r/“ -> ^(®), and <y„t -> tjxy =  -  ?/), in
which case one has the Lagrangian

*%  G S r ) - $ / * / ^
One is able to rew rite the above as

(G G9)

by means of a  partial integration. The reason for doing so, is that the above 
for n  ensures the manifest hermiticity of the momentum conjugate to tp. I t can be 
dem onstrated th a t the two forms of the Lagrangian are equivalent a t the quantum 
level.

In order to canonically quantize the theory, one now computes the conjugate 
m om enta in the usual way, to yield



*» 2 ^

One must perform a constrained quantization, and til us in the above we identify 
the second class constraints

i -'/'t
X =

x  =  " v d  - ^ 0  ( G-7 1 )

Employing Dirac brackets, one obtains

[tp(z),ip(y)] =  0 
[V3(*),7r(y)] =  i 6 { x - y )

= <l>{x)6{x -  y)
[ip(x),il>(y)] =  [¥3(a:),V%)] =  0

Mx),i>{y)] = 5 ^ y ^ 5 ( : c - 3 i )

[7r(a:), 0 f(y)] =t ~  v) (0>72)

Taking

o-(x) =  Tr(a') -  ~

one is able to write the Hamiltonian in the form

H ~  k j + ^ / dx<l>(x)

with the com mutation relations

[cr(x),il>(y)} =  i " { x ) d x6(x -  y)

(G.73)

W ( s u i ^ . y ) ]  = -  y)  (0.75)



which follow directly from the com mutators (G.7‘2). One notes th a t the above 
Hamiltonian and com mutation relations coincide precisely with the continuum 
description of the M arinavi-Parisi model. Hence the supersym metrization of the 
bosonic collective field theory is equivalent to the M arinari-Parisi model, as first 
shown in [5].

One should note that the above com mutators indicate that the bosonic mo­
m entum does not commute with the fermionic fields, which is rather undesirable. 
Scaling tj) —> and v W A  one sees that

Let us consider the large N  limit of the above Hamiltonian. One would like 
to exhibit N , in order to determine the planar contribution, and thus we must 
scale .% —» i/Nx, <j> —> —> JVy. ir —> irN"'*/2 and i/A —> in which
case one has the scaling behaviour

(0.70)

(G.77)

as required.
Writing the Hamiltonian in terms of the rescalcd fields.

I f

+ \  J  dx<l>(x) ( J  ~

A  Lt. A .J (6.78)

11 = W >  I  J '  ( j ’v  ~  5  -  ^ ^ ’) ) )

( Lt. ±  r (6.79)



It is then clear th a t, in the lim it of large N,  there are no femiionic contributions 
to the Hamiltonian, and the dominant term

is the familiar large N  expression for the Fokker-Planck Hamiltonian. In this 
instance, the existence of a zero energy eigenstate implies tha t the vacuum sta te  
is invariant under the action of the supercharges, by (G.41). A vacuum sta te  with 
non vanishing energy therefore implies supersyiumetry breaking. One sees from 
the above large N  form of the Hamiltonian tha t unbroken supersyiumetry at the 
classical level requires that the density satisfy

Hence, the M arinari-Parisi model in the limit of large A' corresponds to the 
stabilisation of tZ =  0 bosonic potentials. One sees that the classical backgrounds 
obtained via solutions of the stabilised d = 0 models can be reinterpreted as 
large N  solutions of the M arinari-Parisi model which preserve supersyiumetry to 
leading order.

6.3. T he Supereigenvalue M odel

To conclude this dissertation, we will review some aspects of the other succcssful 
approach to constructing a supersymmetric analogue of the one m atrix model, 
the supereigenvalue model, proposed by Alvarez-Gaume' cl. al [23],[24].

The term ‘m atrix  model’ is misleading, since the theory is cast in terms of 
bosonic and femiionic “eigenvalues” , and a  traditional formulation in terms of 
the original m atrix  variables (if, indeed, it exists) remains elusive. A somewhat 
unorthodox m atrix formulation of the supereigenvalue model exists [20]; however, 
its form depends on N,  and is consequently difficult to exploit.

The central idea behind this model is the generalisation of the algebraic struc­
ture of the bosonic m atrix model. Specifically, in the bosonic case we demon­
strated  tha t the hermiticity requirement i-i ‘lie stochastic Hamiltonian in the 
collective field description led to the equation

Coupling the partition function to sources j ,  one was able to rewrite the above 
condition as a series of constraints acting on the partition function

(G.81)

O f l i s  =  0 (G.82)

(0.83)
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For the consistency of the collective field theory description it is required tha t the 
operators O f  close an algebra, realised in the case of the one m atrix model by the 
presence of a Virasoro structure. In the context of the supereigenvalue model, 
the approach is centred on generalising the Virasoro generators to  the N  = I 
supersymmetric case. Reasoning by analogy with the horinitian m atrix model, 
one requires tha t these generators annihalate a suitably generalised partition 
function, following which the form of the Jacobean may be deduced. \ s  discussed 
above, it is not known if such an object originates from a  change of variables and 
hence we use the term provisionally.

By direct analogy with the bosonic case, one sta rts  by choosing an action of 
the form

y(A , *) =  E  E  (0 -M
k 1=1

where the ( k^ i  are the fermionic couplings, and 0,, A,- the fermionic and bosonic 
eigenvalues, respectively. One can then write the partition function as

Z  =  J  j j  (IXidOiMX, 0)e-NV{X'0) (6.85)

where we have introduced the measure A(A, 0), whose form remains unspecified. 
We now introduce the super-Virasoro generators, written in term s of the bosonic 
and fermionic couplings as follows,

The approach of Alvarez Gaume el al, is to require that

Gn-i/zZ ==0 (G.88)

for 71 > 0. It is sufficient to impose the relation (6.88), since LnZ  =  0 will then be 
satisfied automatically, since L n may be expressed in terms of anticoinmutal.ors
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of Gn. Hence, we require the consistency conditions to hold by construction, as 
means of determining the measure.

Perm itting G „_i/2 to act on the partition function, one readily obtains

(C.89)
One can equivalently write the above as

(G.90)

where we have employed the identity 531‘=o A*A" 1 k = xylx j ' » ;U1(' ' t is under­
stood th a t the derivatives operate on the action. Integrating the above by parts 
allows the derivatives to act on the measure, yielding

Thus, we have determined the Jacobian of the model.
In view of the fact tha t the couplings in the bosonic potential are often re­

garded as sources for loop operators in the bosonic matrix model, in the su­
pereigenvalue model it is then natural to define the connected ‘hybrid’ (?tj?M)’t]i 
superloop correlator as

Furtherm ore, it will prove convenient to define lz(A;) =  and -

x
)  A(A,0) =  A(A,0)

This equation has the unique solution

(6.92)

(6.93)

As in the bosonic case, the loop equations of the supereigeuvalue model are 
encoded in the statem ents

G n+ \/ iZ  =  0 (6.0'1)
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L nZ  =  0 (6.95)

for n  >  —1. Thus we reconsider (6.89) shifting the index n  —> n  +  1, to yield

<x> N  co N  x u+1 \n > l  \

V k=0 i=l k—\) i=l 1 J i
( 6 . 9 G )

Multiplying the above by ^3,, z~n~2 and summing, yields

1 ■   (6.9„

We now assume tha t the bosonic eigenvalues have compact support on the real 
axis. In what follows, our goal will be to consider the extension of Am bjprn’s 
formalism to the supereigenvalue model, which was developed in refs [25],[26].

To this end, it proves fruitful to reformulate the above in terms of contour in­
tegrals, requiring tha t the contour C  enclose all poles of the superloop operators3, 
and th a t it incurs no contribution a t infinity. One then obtains

I  =  H 'W W W  +  ( « >

where we have rewritten (6.97) in term s of connected correlators. Similarly, the 
condition (6.95) gives rise to the equation

/  dm y ' ( w ) W ( |w )  +  * ' ( w ) W ( w |)  1 d f  dm vj/(m )W (m |)
2x1 x — tv 2 d z  f  2xi x -  tv

=  ^  ( ^ ( 1 3 ) '  -  ( ^ ( |x , x )  -  z ') |^ ) ) [ G .9 9 )

These ‘superloop’ equations are seen to be GTussmauu odd and even, respectively.
The correlator (6.93) may be obtained by the application of superloop inser­

tion operators, acting on the free energy F,

w(z1,...,xn|x,1...4 ) = 6v ( z \ y ' ' 6V(4 j F (6J00)

3As in the hosonic case, we assume a  one cu t structure.
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where we have defined

„=0 ^ ' v^»+l/2
(6 .101)

and x i ;)
(G.102)

as the superloop insertion operators.
The key insight which allows for the construction of Piefka’s iterative scheme is 

the knowledge tha t the free energy depends at most quadratically on the fermzonic 
couplings, a  result first obtained obtained by [21],[22]. One then sees tha t (0.100), 
along with equations (G.101) and (G.102) implies the following structure for the 
one superloop correlators

where the functions v(p), u(p) and u(p) are first, zeroth and second order in 
the fennionic couplings, respectively. In order to follow the notation of Pleilca it 
will serve to rewrite equations (G.98) and (G.99) in terms of the above functions, 
following which, we rewrite them graduated in the order of fennionic couplings.

Doing so yields four equations, listed in ascending order in the couplings.

\V(z\) = v(z) (6.103)

W {z\)  =  u(z) + u(z) (6.104)

£
/  duj V '(oj) 
'a Svri 2 — w

3
u(io) = v(z)u(z)  +  -^2 g ^ v(z ) (6.106)

(0.107)
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We would like to consider the planar-1 limit of the above equations. Taking 
the limit W —> oo, one sees tha t (6.105) becomes

/ flu V '(uj) 1 2
(6.109)

This equation, up to a factor of has the structure of the planar loop equation 
of the herm itian m atrix model, which has been extensively studied. The solution 
is

dui V'{v) 
2iri z  — u;

(z  — :i:)(z — .:)
( w - z ) ( w - y ) .

(6.110)

where, as in the bosonic case, the contour C  encircles the cut bounded by y],
but the point z is excluded. This equation is accompanied by auxilliary conditions
to ensure the correct asymptotic behaviour, Uq(z) ~  z ~ l , as a —> oo.

These are ,
I _ f  dio u)K'(ui)

J C  27TI -  :c)(w  -  y )
( 6 .111)

and
/  du>

' = . W2iri y (w  -  x)(ui -  y) (0.112)

These conditions are easily obtained by expanding (6.110) about the point z  = oo, 
and tailoring the coefficients of z  to obtain the required behaviour.

Let us consider the first order equation in the planar limit. Equation (6.106) 
becomes

This equation has the solution

V o (z) =  j>c
dw $(w) 

"a 2 x iz —w
(a; -  z)(w -  y) 
{z -  x ) ( z  -  y) n /U  -  z)(2  -  y)

(6.114)

where % is an as yet undetermined constant, and C  is the contour defined in the 
bosonic case. Notice tha t one does not have the analogue of the bosonic conditions 
to dictate the movement of the cut in response to tuning the couplings.

#The term  ‘planar’ should be used with care in this instance; since a  m atrix  formulation 
remains elusive, the connection between large N  and a  genus expansion remains obscure.
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In order to verify the above solution, consider constructing the right hand side 
of (6.113) explicitly,

dz' r ( w ) 'P ( / ) '(z ' -  %)(z' - ; / ) '
27T1 (z — w)(z — z') . (w -  %)(w -  y ) .

+
Jc,

duj V'f'o) X
Jc, iiri z  -  u  — :i:)(w — y) 

Constructing the left hand side yields

(6.115)

v f  dz' V  
■i f c i  2iri (z  -C ,  2 7 r i  Jc i  2iri (z  — t v ) ( t v  —  z ' )  

du> f  dz' V 'iz 'YHuj)

(z1 -  x){z' -  y )

- l  J C i

(tv -  x ) { u - y ) .  

(w -  ®)(w -  y)
C i  2 ? r t  J c ?  2 7 r t  (2  -  w ) ( w  —  2' )  [ (  

(/oj V"'(w) x  
C i  S t t i  z  -  w  \ / ( w  -  a ; ) ( w  -  1/ )

r ( w - x)[u> —

(6.116)

The equivalence of (6.115) and (6.116) is demoiistraled by considering the second 
term of (6.116),

doj f  dz' K '(z ')» (w )
Jc, 2TVt JcJc, vni Jc2 (z  -  w)(w -  z')

~ (<*> -  :':)(w ~  V) 
(z1 -  x)[z '  -  y).

(6.117)

Stretching the contour C2 “over” C'i, one obtains the contributions

'(q> -  %)(* -  y ) 'rfw f  dz' r ( / ) » ( w)
Ic i  2ffi Ic'2 2jri (z  -  w)(w -  z')

- f c

duj r dz' y ' { z ' ) ^ { w )

,{z' -  x ) (z '  -  y). 

( t o  -  : c ) ( t v  -  ? / )

Jc, 2iri Jc" 2iri (z — w)(w -  z') ,(z ' -  a )(z ' -  j ) .

Performing the integral over C.", one picks up the pole z ' =  w, yielding

c/w yz(w) j'(w)
Jc, 2zt ( z - w )

=  0

(6.118)

(6.119)

since the point z  is excluded from the contour C'i. In the remaining term , inter­
change z' and w, to yield

£
du> f  dz' K/(w)>1'Cj/)

Ci 2™ J c ' 27ri (z -  z ')(z '  -  u )  

1 0 3

(z ' -  :ir)(z' -  y)
. (w -  z )(w  -  y ) .

(6 .120)



One then sees tha t, combining the first and second terms o f  (6.116), yields (6.115). 
Hence the solution is verified.

The next step is to  identify the fennionic. analogue of the bosonic moments. 
Thus, we proceed in analogy with the bosonic case, considering % (z), where the 
integral over the contour is taken to infinity. One has

v0(z) =
dm 'j'(w) 

c  27U z -  w
(w -  ;e)(w -  y )
(z -  x )(z  -  y) + X , 6 .121)

As before, one deforms the contour G to infinity, picking Up the pole at w =  z as 
one does so. Thus, we consider

dw $(w) (or -  :c)(w -  ?/)
Jc  2 r i  z — u

Ju ' "  z — cv 

dm $(w)
Jo> 2 jti z  — w

. (z -  *)(z -  y)

~(a> -  z)(w -  y)
. -  z )(z  -  y ) .

(w -  x)(m -  y)
, ( z - x ) ( z - y ) .

(6.122)

Performing the integral over G" simply picks up the residue a t =  z, and yields 
$ (z ) . In order to consider O', recall tha t, for m > z, where [;c, ?/] <  |z |, one has 
the expansion

J _  _  _ 1  V '  f ( ^ - . r ) ’1 ( z - y ) n 1
-  w 2 I  (w — :c)n+1 (w -  y)n+11

(6.123)

as in the bosonic case. Inserting the above in the. integral over C',  one is able to 
write

dm 'l'(m) 
c ‘ 2iri z — m

(m -  a)(w -  y)
. (« -  3)(z -  y ) .

{(z -  +  (z -  y)n~ h \ k}

2 A  \ /( ^  -  z )(a  -  y)
(6.124)

»=1

where we have defined the fennionic moments,

„  jf r/cv $(w) r  -  -

and

(6.125)

(6.126)
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for n  >  1. Thus, one sees tha t v0(z) may be written as 

^  (, i27) 

To fully determine vq( z ) ,  all that remains is to uncover the explicit form of the 
unknown %. Following Plefka, let us introduce the basis functions to facilitate 
this task. The full machinery of these basis functions is required for the scheme 
of iterative solution developed by Ajnbj0rn in the bosonic case, and extended 
by Plefka in the case of the supereigenvalue model. We will not be concerned 
with developing the iterative scheme; however, the basis functions simplify the 
following com putation somewhat.

-  E  (G.128)

where
= (  ̂-  (G 130)

(z )  =  (z  -  -  z ) ( z  -  (6 .131)

Next, we define the linear operator

which acts on the basis functions in the following way,

(* ■ -« .< * ) )  *<“>m  =

(6.133)

To consider the computation of we must examine equations (6.107) and 
(6.108) in the planar limit. Thus, we consider

( f ' -uoW )ao  =

~ 2 V° ^ d z Vu^  (G.13'1)
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After a  good deal of com putation, otic can show that

-  ' * »  *» -  ~ 

jji which case, one may read off the solution for u0)

( « . « )

Introducing the planar order 3 equation,

jC  =  (6 .1 3 7 )

one can show, after inserting (6.136) and (0.127), that

n   1 %(5, -  ,\')(Ai -  x )  1 Aa(Ai -  x)(5i -  x) ('firm's
"  -  2 -  y) 2 / i  (z  -  y P (p  -

The coellicient % is thus found to be

X =  |  ( - i  +Ai) (6.139)

Thus, (0.121) reads

Re-exam ining (6.127), o re  sees that it may now be written as 

* >  ■

= (6'1"1>

where we have defined II(z) =  ^]n=2 ( (z  -  .x)’*- l H„ -f ( z  -  y)11-"1 A »}. Note that 
vq( z ) has no explicit dependence on S i,  A).

We have thus constructed the ‘planar1 one loop correlator linear in the fermioaic 
couplizigs.
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6,3.1. The Continuum Limit of the Supereigenvalue Model

The analysis of the scaling limit for the bosonic quantities of the model was first 
considered by Am bj0rn in the context of the hermitian m atrix model [19]. The 
scaling for the fermioitic quantities was originally performed by Alvarez-Gaumo 
ct ai [24], although the following presentation is based on the analysis of Plefka
[25],[26], We will discuss the continuum limit of the supereigenvalue model in a
rather general way.

The earlier discussion of the role oi the moments in defining die critical sub- 
space of coupling constants in the lieriuilian matrix model is carried through 
unaltered to the bosonic sector of the suporeigeitvalue model, and thus, for the 
7?i’th multicritical point, where the ex tra  zeroes are chosen to accumulate at x,  
we require that

^ z/ ]  ( f / t̂ ; Xcj 7 /c) — M 'l iy i  i'ScjVc') ”  ••• ~  ] (<Ji} '{/c) ~  0  (G-142)
:kc, yc) /  0, fc > r/t {6.143)

with / f  0, Z > 1. One direct'y generalises this in the case of the fermionic 
couplings,

1 't'c', V c )  - -  .*• — ^ 71— i (^11 'J'ci U c) — 0

7  ̂ 0 , /; >  71

with A; ^  0, / >  2. One notes tha t one does not set the moments S i ,  A[ to zero,
since the fermionic correlator 110(2 ) does not depend on them.

As usual, the approach to the continuum is controlled by setting

x  =  x c -  0 A1/ ’" (G.144)

z  =  2fd +  rtf (0.145)

One may now consider the scaling of y, the cut endpoint, by assuming th a t the
critical coupling is readied as

Ok = f{a)9k (6.14G)

where the form of / ( a )  has yet to be determined. Imposing the conditions (0.111) 
and (6.112), one can deduce tha t

% -  -  (T  (6.147)

and
/  -  1 ~  «w (6.148)
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It readily follows from the above tha t one has the following sealing behaviour for 
the bosonic moments,

M k ~ a m- k (6.149)

while the higher M  moments, and J  moments do not scale.
In the case of the fermionic couplings, the situation is slightly different. In

particular, one does not have an analogue of the relations (6.111), (6.112) enforc­
ing the aym ptotic behaviour of the bosonic one loop correlator, which constrain 
the movement of the cut in response to the adjustm ent of the coupling constants, 
git- In the above discussion, (6 .i l l )  and (6.112) wore used to deduce the scaling 
of the bosonic couplings r/k in the approach to the continuum.

In the fermionic framework, one does not have any such relations, leaving the 
issue of the scaling of the fermionic coupling constants somewhat ad hoc.

One can therefore choose6

ffc+i/a — al//”^ + i/2  (6.150)

At this stage, it is im portant to realise that the bosonic and fermionic critical 
points are labelled by the integers (m , n) respectively, which are independent of 
each other. One can then show that the following scaling behaviours are obtained,

S i - A i  ~  a " - J/ 2
Ek ru an- k+l/2, k  €  [2, n -  1] (6.151)

It is possible to relate the two scaling sectors by imposing the sensible re­
quirement of Alvarez Gaume' at al [24]; tha t the one bosonic superloop correlator 
scale uniformly, ic th a t 1x0(2 ) and fto(z) scale in the same way.

One is aware, from our previous calculations in the bosonic sector, that the 
purely bosonic correlator scales as

u o ^ )  ~  rt"*-1/'2 (6.102)

where m  is an integer labelling the bosonic critical!ly.
Requiring tha t the bosonic correlator quadratic in the fermionic couplings 

U(](z) scale in the same way as Uq( z ) implies tha t the bosonic and fermionic 
scaling behaviours are no longer independent, and must satisfy

n = - r n + l  (6.153)

5ln  this instance, choosing the more conventional scaling as in the bosonic case leads to 
inconsistencies, since the integer » labelling the fermionic nm lticriticalitics assumes half integer 
values.
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One m ay then deduce the following scaling properties,

S fc ~  k a { 2 , m )
E/. ~  a 1/ 2, Is > m

A, ~  a ’/2, I >  1 (6.154)

Armed with these results, the authors of [8] were able to show tha t the central 
charge of the supercoiiformal field theory obtained in the continuum is

c =  1 -  - — ——— =  0, — ... in > 1 (0.155)

We are unable to analyse the continuum limit of the superloop equations which 
describe the c =  0 theory, since the m  = 1 criticalily is not amenable to treatm ent 
by the techniques employed in this dissertation, as in the bosonic case. The in — 2 
multicritical point corresponds to a  central charge of whicli describes a non­
uni tary  superconfonnal field theory.
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Conclusion
In this dissertation, we have reviewed many of the techniques applicable to the 

m atrix  model approach to lion-critical strings. The saddlepoint equation of [C] 
was studied and solved for both cubic and quartic potentials, and the continuum 
limit corresponding to the m  = 2 multicritical point was taken.

T he collective field theory of the d = I model was developed, with an em­
phasis on the hermiticity requirement of the collective Hamiltonian, which leads 
naturally to the realisation of an algebraic structure in the one m atrix model. 
The role of stochastic quantization in the mechanism of stabilisation mechanism 
was discussed. The d =  0 theory was then rewritten with the aid of the stochastic 
Hamiltonian, whereupon correspondence between the large JV configurations of 
the ‘cl — V approach and the saddlepoint equation was dem onstrated explicitly 
for both  cubic and quartic potentials.

The link between the stochastic Hamiltonian and the Schwinger-Dyson equa­
tions of a  Euclidean quantum field theory was dem onstrated. Employing the non 
hermitian stochastic Hamiltonian in the z  representation, the continuum limit 
was taken for the /„• — 2 mullicriticality, to yield a non-local continuum Hamilto­
nian. The continuum Schwinger-Dyson equations were then derived, with a view 
to extracting a continuum Virasoro structure.

In the following section, the possibility of constructing a density approach was 
explored. In particular, a  local continuum Hamiltonian, valid for all critical!tics 
and consistent with the string equation was found, in agreement with Yoneya 
[36].

The 'in =  3 multicritical density was then constructed, via the moments for­
malism of Ambj0rn, as a  prelude to the discussion of supersyuimetry in the con­
text of the m atrix model; in particular, the supereigenvalue model.

The possibility of suporsyinmetrizing the m atrix model as an alternative 
m ethod of stabilisation was then explored in the following sections. The M arinari- 
Parisi model was studied, and a link was made to the supersymmetrized collective 
field theory. The large N  configurations of the M arinari-Parisi model were shown 
to be equivalent to those obtained via the stochastic quantization approach.

Lastly, the supereigenvalue model of [23] was studied in the moments descrip­
tion, culminating in the realisation tha t one may not consider the continuum 
limit of the superloop equations for c =  0, since it corresponds to the m  = 1 
multicriticality, which docs not yield to traditional methods of analysis.
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