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1. Introduction

In this paper we study two types of words. Namely Catalan words and restricted
growth functions and their representation as bargraphs or polyominoes. More specifically,
we study the number of cells at particular heights in these polyominoes. For any part in
these words, we call each square in the grid contained inside the bargraph of the Catalan
word or restricted growth functions, a cell. We define the height h of any particular cell
with top boundary at y = b, by h = b. This is illustrated in Fig. 2. In Sections 2-4
we study Catalan polyominoes and in Sections 5-7 we study restricted growth function
polyominoes. These polyominoes are defined respectively in Section 2 and Section 5.

For Catalan polyominoes, the number of cells at height 4 coincides with the first n+1
coefficients of the binomial expansion of (1 + z)2". This is proved in the theorems and
Corollaries of Section 4. For example Corollary 5, asserts that the number of cells at
height n — 4, where 0 < ¢ < n, in all Catalan polyominoes of length n is given by the
binomial coefficient (2:1) Our later analysis requires the notion of a Dyck path. A Dyck
path is a path in the first quadrant which begins at the origin, ends at (2n,0), and consists
of steps (1,1) (North-East), called rises, and (1,—1) (South-East), called falls. We also
need the associated notion of a Dyck walk which is defined just before Corollary 5. The
method of proving Corollary 5 is to show in Theorem 6 that the generating function for
Dyck walks ending at height ¢ > 0 is the same as the generating function for the number
of cells at height i < n in Catalan words with n letters. The former is counted by (21")

The analysis for restricted growth functions follows the format of that for Catalan
polyominoes and there are analogues in this case for the number of cells at height ¢. This
is presented in Theorem 9. Thereafter, we derive further results which includes a simpler
form of Theorem 9, namely Corollary 19.

2. Catalan polyominoes

A word w = wyws - - - w, of length n over the set of positive integers is called a Catalan
word whenever wy = 1 and 1 < wg < wi_1 + 1 for £ = 2,3...,n. We represent such
words as bargraphs (otherwise known as polyominoes) where the ith column contains w;
cells for 1 <4 < n and where all columns have their bottom cell on the z-axis. In Fig. 1
we illustrate polyominoes associated with Catalan words of length 4. For 1 <4 < n, the
generating functions H;(x, q) which track the number of cells of height ¢ with tracker ¢
and number of parts tracked by x are defined in Theorem 3. This generating function
yields the following series as per Equation (9):

Hy(z,q) =2+ (1+q)2* + (1+¢* +q(2+ q)) 2°
+ (1+3q+5q® +59°) x* + O (2°) . (1)

The bold coefficients count all cases of Catalan words with exactly 4 parts and cell height
of 2 (see definition in Section 3) as illustrated in Fig. 1.
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Fig. 1. All 14 Catalan words with 4 parts where those cells at height 2 are labeled with the variable which
tracks the number of cells at this height.

height 4
height 3
height 2
‘ height 1

Fig. 2. Heights labelled for Catalan words or rgfs with 4 parts.

In Theorem 2.1 of [4], the current authors obtained a generating function tracking the
number of letters of size 7 in Catalan words with n letters. The number of letters of size
> i is identical to the number of cells at height i. However, in Section 4 of the current
paper, we use a different much simpler approach to count cells at height i and establish
an interesting connection between cells at height 4 in Catalan words with n letters and
central binomial coefficients.

3. Definition of cells and cell heights in both Catalan words and restricted growth
functions

Consider any Catalan word or restricted growth function (rgf) with n parts. From the
definition of both of these, the largest possible part across all such rfgs has size k = n.
As examples set £k = n = 4 and compare two Catalan words or rgfs, 1234 and 1232.
These are illustrated in Fig. 2.

For any part in these words, we call each square in the grid contained inside the
Catalan word or rgf, a cell. We define the height h of any particular cell with top
boundary at y = b, by h = b. So the shaded cell in the left half of Fig. 2 is at height 2
and that one in the right half is at height 1.

4. Height of cells in Catalan words

In [2], the authors of that paper find a surprising connection between cells at height ¢
in Motzkin words and central trinomial coefficients. That paper is the inspiration for this
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Fig. 3. Surprising correspondence between Catalan words of size n (where the label &' marks a cell at height
n — i) and the first n terms of (1 4+ z)?" in increasing powers of .

section which finds a connection between cells at height ¢ in Catalan words and central
binomial coefficients. In fact the open question is posed in [2] about whether binomial
coefficients play a similar role in related situations. This section is an answer to that
open question.

In Fig. 3 the initial coefficients of (1 + x)?" are seen to be counting the number of
cells of height ¢ in Catalan words of length n. This surprising assertion will be proved
later in Corollary 5.

Let w be a Catalan word. We denote by h;(w) the number of cells of height ¢ in the
Catalan polyomino associated with w. We introduce the following generating functions:

Hyr,q) =1+ 3 alvlgh) 2)
welC
and
Bi(x) = L Hi(x,0) 3)
) aq 7 I q:1
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We define h(n,i) := [¢"]B;(x), where h(n,i) is the number of cells of height ¢ in all
Catalan words of length n.

Before we consider the next theorem, we remind the reader of the first return decom-
position for the generating function D of an arbitrary Dyck path where only U steps are
tracked with invariant x. This is given by

D=1+zD+x(D-1)D,

where 1 is the empty Dyck path, D is where the path before the first return consists
only of steps UD, and where (D — 1)D is where the path before the first return has
more than two steps.

Theorem 1. For i > 2 the generating function H;(x,q) defined in Equation (2) satisfies
the functional equation

Hi(x,q) = m (4)

and

1—+/1—4aq

Hl(x,q): qu

= C(zg), ()

where C(x) = 1-yl-dz VQ;_“ is the Catalan number generating function.

Proof. Catalan words of length n are in bijection with Dyck paths of length 2n. The
bijection maps the ith entry of the word w to the y coordinate of the endpoint of the
ith up-step of its corresponding Dyck path. By factorizing out the first and last steps of
the first return of any Dyck path it follows that

Above, the first term 1 on the right side is the empty case. The second term zqH;(x, q)
is where the path before the first return consists only of the steps UD followed by an
arbitrary path. The final term xq(H;(x,q) — 1)Hy(x,q) counts the case where the path
before the first return has more than two steps followed by an arbitrary path. From the
above we deduce that

1— /1 —4xq

Hl(z7q): 2(Eq

= C(zq). (7)

By analogy with Equation (6), factorizing out the first and last steps of the first return
of any Dyck path, we obtain for ¢ > 2 that
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Hi(x,q) =1+ (z+xz(H;—1(z,q) — 1)) H;(x,q). (8)

In this case, factorizing out the first step replaces xq with x because steps at height 1
do not contain cells at height ¢ > 2. O

Example 2. Using Equations (7) and (8) the series Hz(x,q) begins

Hy(z,q) =z + (1+q)2* + (1 +¢* +q(2+q)) 2° + (1 + 3q + 5¢® + 5g°)z* + O (2°) .
(9)

The bold term is illustrated in Fig. 1.

From definition (2), we obtain that for all i, H;(x,1) = C(x). From definition (3) and
by differentiating Equation (4) and setting ¢ = 1 we also obtain that

xBi,l(x)

PO T

(10)

In addition, from the definition in Equation (3) and also using Equation (5), we obtain

Bi(z) = 2C'(z) = ﬁ - C(x). (11)

Iterating Equation (10), we obtain

Theorem 3. The number of cells at height i < n in Catalan words with n letters tracked
by x is given by h(n,i) = [x"]B;(z) where B;(x) is given by

2C'(z)

P Tt

= 2C'(2)(C(z) — 1)1, (12)
The last equality in the above Theorem follows from the identity

ey~

The main result of this section is the following theorem.

Theorem 4. For 0 < i < n, the coefficient [x"|B;(x) = (2” ). In other words

n—1

This implies
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Corollary 5. The number of cells of height n —i where 0 < i < n in all Catalan polyomi-
noes of length n is given by the binomial coefficient (21")

The surprising assertion made in Fig. 3 follows from Corollary 5. The proofs of The-
orem 4 and Corollary 5 follow from Theorems 6 and 7 below.

In the introduction, we defined a Dyck path. Next, we define a Dyck walk of length
n: this is a Dyck path prefix with n steps but without the condition that it never goes
below the z-axis (see for instance [3]). A Dyck walk ending on the z-axis is also known
as a Grand Dyck path.

Theorem 6. For alli > 0, the generating functions G;(x) counting Dyck walks ending at
height 21 is given by

__@CE?)?
Cilo) = T 5020(:2)

where x tracks up and down steps. Moreover,

227Gy () = ( 2n )

n—1

Proof. Let U and D be the notation for single up and down steps respectively and let
P be a Dyck walk ending at height 2i. It can be decomposed as GUCLUCU - - - UCy;,
where G is a maximal Dyck walk ending at height zero and C; is a Dyck path for all
1 < j < 2i. Therefore, we have the generating function G;(x) = 2%Go(x)C(2%)%, where
C(2?) is the generating function for Dyck paths counted according to occurrences of U
and D steps. Notice that Go(z) = 1 + 222C(22)Go(x), because a nonempty Dyck walk
ending at height zero is either UC DG}, or DCUG), where G} is a Dyck walk ending at
height zero, C' is a Dyck path (shifted upwards by one unit) and C' is an upside-down
Dyck path (shifted downwards by one unit). So, we have Go(z) = WC(‘Q) Therefore,

1

Moreover, we can count all Dyck walks that end at coordinates (2n,2i) by Dyck walks
which have n + i up steps and n — ¢ down steps. The total number of such paths is given

by (712:) U

In order to prove Theorem 4 we now show that

1)

= 1200 = 20" (2)(C(z) — 1) = By(x) (13)

where the right hand equality above comes from Equation (12).
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Theorem 7. We have

21C(z)%

m =20 (2)(C(z) — 1)1

Proof. Our proof is by induction on ¢ > 1. Firstly, for ¢« = 1, by the formula for C(z)
that

xC(z)?

Now, we assume that

xiflc(m)Q(ifl) )
R Sl 4 C(zx) — 1) 2
o~ T @(C@ -1

From this induction step the ith case easily follows because zC(x)? = C(z) — 1. O

The proof of Theorem 4 follows immediately from Equation (13).
We use this theorem to give an alternative proof of following corollary which appears
in [5].

Corollary 8. The total area u(n) of Catalan polyominoes of length n > 1 is given by

u(n) = % <22" - (2:» . (14)

Proof. There is a simple relationship between cells at height i and the area of Catalan
polyominoes of length n, namely

u(n) = Z h(n, ). (15)

Therefore, by Theorem 5

So

2 .
L") so we obtain

=1 (- (). o

By the symmetry of binomial coefficients (QZ") = (
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5. Introduction to restricted growth functions

To explain the notion of a restricted growth function, we need the following concepts.

Firstly, a (set) partition II of set [n] = {1,2,...,n} of size j (i.e., having j blocks) is
a collection By, Bo, ..., B; that satisfies: ) # B; C [n], B;, N B;, = 0 for i; # iy and
Ug:yBi = [n]. The elements B; are called blocks and we list these blocks in increasing
order of their minimal elements, that is, min By < min By < --- < min B;. We denote
the set of all partitions of [n] with exactly j blocks by P, ; and |P, ;| := S(n,j), which
are known as the Stirling set numbers or Stirling numbers of the second kind. A set
partition II can be written as my,ms,...,m,, where m; =i if j € B; for 1 < j < n. The
latter form is called a restricted growth function, see [1] or [8]. The number of partitions
of an n element set into j blocks is in bijection with restricted growth functions of length
n using j different letters. For example, IT = {{13}, {2}, {4}} is a partition of [4] and the
restricted growth function form is II = 1213. It may already be clear that a restricted
growth function has a 1 in position 1 and any entry is a positive integer at most one
larger than the maximum of the entries in the positions to its left. For the convenience
of the reader, here is the formal definition: A restricted growth function is defined as a
word w = wyws - - - wy, of length n over the set of positive integers where w; = 1 and for
2 <k <n we have 1 < wy < max{wy,wz, - ,wr_1}+ 1.

Henceforth we will abbreviate restricted growth function(s) as rgf(s).

The structure of the relevant sections is as follows: In Section 3, we already defined
the notion of a cell and the height of a particular cell in restricted growth functions. In
Theorem 9 of Section 6 we define polynomials F},(x) of degree n in which the number of
cells of height j across all rgfs with n parts is given by [27]F,, (). In Section 7 we obtain
bivariate generating functions which track the number of cells at height s using tracker
¢s across all rgfs with number of parts n tracked by z.

Throughout these sections the letters i, j, k, £ represent integers in the range one or
larger, if unspecified.

6. A generating function for the total number of cells at each height in rgfs

In order to study the height of cells in arbitrary rgfs with n parts, we need to track
the total number of occurrences of parts of size > j, where 1 < j < n across all such rgfs.
This is equal to the total number of cells at height 7. Suppose the first occurrence of the
letter j is in column 4. Then we have ¢ < j < n. The total number of rgfs to the left of
column 3 is counted by the Stirling set partition number S(j — 1,7 — 1). This is therefore
the number of possibilities of parts left of position i; then we have a j, and after the j
are n — 4 columns. From these we choose r columns with parts less than j. This may be

n—1i

done in ("]

)( j —1)" ways. For the parts to the right of column ¢ that have not yet been
assigned sizes, we let s be the number which are equal to j. The number of choices for
the assignment of these s is chosen from the available n — i — r positions with ("7!7")

possibilities. The other parts in the remaining n — ¢ —r — s positions are all > j+ 1 and
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therefore can only increase in the mode required by the definition of restricted growth
functions. These may be thought of as rgfs placed on top of a rectangle with height j and
width n — i —r — s, and therefore in bijection with rgfs with n —i —r — s parts which are
counted by the Bell numbers B,,_;_,_s. Collecting together the generating function for
each of the parts described above, we obtain F} ,, i.e., the total number of parts greater
than or equal to j in restricted growth functions with n parts as

n n—i . ‘ n—i . Tnfifr n—i—7r .
FjanZS(jl,’Ll)( . )(]1) Z < . )Bn_i_r_s(nzrnLl).
i=j r=0 s=0

Next, we define the polynomial Fj,(x) of degree n as Fy,(z) := Z?:1 F; ,27. From
this definition it follows that [z’]F,,(z) is equal to the number of cells of height j across
all rgfs with n parts. Equivalently [2/]F,(x) is equal to the number of parts of size > j
across all rgfs with n parts.

Thus we have proved the following theorem.

Theorem 9. For each integer n > 0 and for 1 < j < n, define F}, as

F= 5 SG -1 (" )u- 1)2(” T Bt i+ )

i=j r=0 s=0

(16)

and define the polynomial F,(x) as F,(x) := Z?Zl F; ,@7. Then the number of cells of
height j across all rgfs with n parts is given by F;,, = [7])F,(z).

For different n values, here are some examples of the polynomials obtained from
Theorem 9, in which [z7] is the total number of cells at height j across all rgfs with n
parts.

Example 10. n = 2: Fy(z) = 4x + 2

n = 3: F3(z) = 15z + 62% + 23

n = 4: Fy(x) = 60x + 30x2 + 9x3 + x*

n = 5: F5(z) = 260z + 14822 + 602> + 132* + 2°

n = 6: Fs(z) = 12182 + 75522 + 36823 + 1152% + 1825 + 5.

Example 11. In the case of n = 4 above, Theorem 9 yields that across rgfs with 4 parts,
there are 60 cells at height 1; 30 cells at height 2; 9 cells at height 3 and 1 cell at height
4. This is displayed in Fig. 4 by simply counting the number of cells at each of these
heights.
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7. Bivariate generating function for number of cells at each height in rgfs

As may be found in [3] or [7], a decomposition for rgfs in which the max part size is
k is

17 (2(<2)) " (B(< )" (k(< k))T (17)

Here we have used the standard symbolic decomposition notation, where + or * reflect
respectively non-empty or possibly empty sequences as described in the preceding bracket
pair. For example, (< 2)* means a sequence of positive integers each < 2 and it may be
empty. (2(< 2)*)* means a sequence of integers of the form 2(< 2)* where the + indicates
that there is at least one 2. This is emphasized using the boldface 2. In accordance with
the definition of an rgf, it can grow from left to right by at most 1. The bold integers in
Decomposition (17) show the first occurrence of this integer.
Let’s assume s < i < k and focus on the decomposition subword

(i(< )" (18)

We write a generating function tracking the number of parts > s with tracker ¢ and
number of parts with tracker . We decompose the parts smaller than 4 into a sequence
of parts which are either smaller than s or parts > s.

Any part smaller than s does not contribute a ¢ to the generating function but each
part larger or equal to s contributes a single q.

Therefore the generating function for this sequence of parts is

1
qx - . 19
= (G-D+ei-G-D)s 1)
So the generating function for the full decomposition (17) is By (g, x) given by
min{s—1,k} . k qr
B = . 20
k(0 2) 1;[1 1—ixg1—((5—1)+q(i—(s—1)))x (20)

Thus we have proved our next theorem.

Theorem 12. For rqgfs with k blocks, the generating function By s(gs, ) where g5 tracks
the number of cells of height s and x tracks the total number of parts is given by

min{s—1,k} - k s
Bis(4s,7) = 1;[1 1—ix 1;[ L= ((s = 1) +gs(i = (s = 1))z’ 2y

Corollary 13. For rgfs with at most j blocks, let Bj(gs, ) be the generating function track-
ing the number of cells at height s with tracker qs. Then Bj(gs,x) == > 7 _; Bi.s(qs, ).
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\ [ 11 \ [] [ 1] [ ] [ ]
[ ] [ ] [ ] \ [ ] [ ] \ 1
Q23 Q23 Q23 Q22 (J23 Q23 Q22 Q22
\ \ \ [ ] \ \
SRRt i AT s
\ \ \
g? 0 ¢? g? 4 0 1

Fig. 4. All 15 rgfs with 4 parts where those cells at height 2 are labeled with the variable which tracks the
number of cells at this height.

q32 q32 q3 q3 q3 1 1 q3

[]

\
1 1 a3 1 1 1 1

Fig. 5. All 15 rgfs with 4 parts where those cells at height 3 are labeled with the variable which tracks the
number of cells at this height.

As an example we give

4
Bi(gz,z) =Y Brulgz,x) =2+ (1+q2)2” + (1+ g2° + 22 + qo)) 2
k=1

+ (1+3qz + 6q2® + 5q2°) x* + (1 + 4g2 + 12¢2% + 20¢2° + 14¢o") 2°

+ 0 (2%). (22)
The bold coefficients count all cases of rgfs with exactly 4 parts as illustrated in Fig. 4.
These bold coefficients can be compared with the bold coefficients of Equation (1) for
Catalan words. These coefficients are very similar since there is only one rgf of length 4

which is not a Catalan word. This can also be seen by comparing Fig. 4 with Fig. 1.
A second example is

Ba(gqs,x) =2+ 22° + (4 + g3)2° + (8 + 5qs + 2q3) x* + (16 + 17¢3 + 14¢3 + 4q3) 2°
L0, (23)

where the bold term is illustrated below in Fig. 5.
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Next, we want to count the total number of cells at height s. So we need to differentiate
the generating function By, s(gs,x) with respect to g5 and then set g5 = 1:

P min{s—1,k} k qsx
_B s\Ys» = .
aqs k, (q l‘) H 1_1 ];[ 8—1 +QS(Z_(S_1))) .

=1

14+x—sx
as(1=((s = 1) +q5(j — (s = 1)))z)

j=s
Therefore we have

k k
0 1+x—sx
. 2
0qs Hl zx; 1—jx (25)

=1

It now follows that

Lk

0 b 1+x—sx
an gs,7)|, _, ZHl—mJZS e (26)

k=1:=1

Thus we have proved the following theorem:

Theorem 14. For rgfs with at most £ > 1 blocks, the generating function for the total
number of cells of height s in rqfs of length n is given by

OB( )‘ _iﬁ T il—i—x—sx (27)
0qs s Tlg,=1 = 1 — iz 4 1—ja

As an example we have

Example 15.

%34(@, m)|q2:l =x? + 6x® + 30x* + 1442° + 6802° + 316827 + O (2®), (28)
2

where the bold coefficient of 302 counts the total number of cells at height 2 in Fig. 4.
All these bold coefficients were also given in Example 10 when n = 2,3,4 and j = 2.

Our final example is

Example 16.

0

iy = x? + 6x® 4 30x* + 148x5 4 7502° + 391827 + O (%), (29)
q2

B5((]271')|

q2=1
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where the bold coefficients were also counted in Example 10 when n = 2,3,4,5 and
j=2.

Now we rewrite Equation (25) as

n>k j=s

where S(n, k) are the Stirling set numbers. Extracting the coefficient of [2"], we obtain

n—1 k
Jen(s):=8n,k)(k—s+1) —i—ZSz k) Z TG — s 1). (31)
i=k Jj=s

This counts the number of cells at height s across all rgfs with n parts and & blocks.
So we have proved our next theorem.

Theorem 17. The number of cells at height s across all rgfs with n parts and k blocks is
given by

n—1

k
funle) = SR =4 DY SEHYE e @)

i=k

Corollary 18. For fized k and for all rgfs with n parts and k blocks, the average number
of cells at height s is asymptotic to

k+1—s
A n

as n — Q.

=

Proof. Let k be fixed. By singularity analysis, (see [6]), applied to Equation (25), we

obtain
Ee GKlte-se k+1—s 1
= Ol———)- 33
gl—ix; 1—jx kk!(l—km)2+ (1—kz> (33)
Hence
ny O k+1—-s .
("] gy B o 2]y oy = = k" + O (K7, (34)

Since S(n, k) is asymptotic to ’2—", as n — oo, dividing the above equation by S(n, k),
we obtain that the average number of cells at height s as n — oo is as stated in Corol-
lary 18. O
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Similarly, rewriting (26) and extracting the coefficient of [2"], we obtain

n—1 k

14 14
S S k) k—s+1)+ > Y S(i,k) D> TG - s+ 1). (35)

k=1 k=1 i=k j=s

This counts the number of cells at height s across all rgfs with n parts and at most
£ blocks. Taking ¢ = n we count the number of cells at height s across all rgfs with n
parts. This is precisely F , as defined in Theorem 9. Also Fj ,, = ZZ:1 Sren(s).

So, we have proved the following simpler formula for Fj ,, defined in Theorem 9.

Corollary 19. For each integer n > 0 and for 1 < s < n, and we have

:zn:S(n,k)(ksz +§n:

k=1 k=11

|
-

n

)
>

k
S(i Zj’”*l(j —s+1). (36)

Returning once again to Equation (21) and summing over k we obtain

min{s—1,k} k
T qsT
B,s(qs, = - : )
kz>:1 ks (s, @) kZ>1 11;[1 1—21‘2,1;[51—((3—1)+qs(z—(s—1)))x (37)

which is the generating function obtained from Theorem 12, but now we allow any
number of blocks. That is, Equation (37) is the bivariate generating function for rgfs
with any number of blocks where ¢, tracks the number of cells of height s and x tracks
the number of parts.

Thus we have proved our final theorem:

Theorem 20. The bivariate generating function for rgfs with any number of blocks where
qs tracks the number of cells of height s and x tracks the number of parts is given by

s—1 k s—1 k
B < (4s, _ X X qsT
;21 ks (45, ) kX_:_”l;[llfix—i—il;[l17ixkzzsglf((sfl)+%(if(s—l)))x

(38)

Remark 1. What the current researchers were unable to find for restricted growth func-
tions was an analogue for Theorem 6 in the restricted growth function context. We pose
this as an open question for the interested researcher as an answer may pave the way to
an analogue of Corollary 5 in the restricted growth function case.
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