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ABSTRACT

The aim of this thesis is to study various combinatorial problems relating to geomet-
rically distributed random variables. In particular, we study sequences of geometric
random variables with respect to the left-to-right maxima of the elements of the
sequence. Traditionally, left-to-right maxima or records have been studied for per-
mutations rather than sequences. For each of the parameters explained, we compute

the mean and the variance both explicitly and asymptotically.
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Chapter 1

Introduction

As an introduction to the thesis on the Combinatorics of Geometrically Distributed
Random Variables, let us firstly define a geometric random variable. Suppose 0 <
p < 1is fixed. A random variable X is geometric if it is supported by the positive
integers such that P(X = i) = pg ! for all i > 1, where ¢ = 1 —p. A word
w = wiws ... over the alphabet of positive integers is geometrically distributed if
the positions of w are independent and identically distributed geometric random

variables.

The study of geometrically distributed words has been a recent topic of research in
enumerative combinatorics. In fact, the combinatorics of n geometrically distributed
independent variables X ... X, is becoming of greater and greater significance [14],
especially due to its applications in ‘probabilistic counting’ [3] and the ‘skip list’
[23] in the area of computer science. In probabilistic counting [3], we let p = ¢ = 1.
We are then interested in the smallest natural number that does not appear as an
output of any of the X;’s. The skip list [23] is a data structure for searching. To
each of the n elements that are stored, there will be some pointer fields, and the
number of those is chosen according to a geometric random variable. The ‘horizontal
search costs’ of a particular element are just the number of left-to-right maxima of

the truncated and reversed sequence.

We begin with Chapter 2: an explanation of how Euler’s partition identities can be

combinatorially interpreted; that is, Euler’s partition identities can be translated in
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terms of geometric random variables. Chapter 3 reviews an asymptotic technique
called Rice’s method. To illustrate this technique, we consider the number of win-
ners in a discrete geometrically distributed sample - how often a maximum occurs
in the sample of n geometric random variables. Chapter 4 then launches into the
central topic of left-to-right maxima or records. In this chapter, we evaluate, ac-
cording to various different cases, how often we meet a number that is larger than
all the elements to the left. Continuing in this manner, Chapter 5 studies the sum
of positions of the records, using a new method of substitution. We then investi-
gate, in Chapter 6, the average value and the average position for the rth record.
Chapter 7 considers d-records. A d-record is the number of times the variable main-
taining the dth largest value changes as we go through the sample from left to right.
Thereafter, we discuss left-to-right maxima, not of geometric random variables, but
of compositions. Although compositions are different from geometric random vari-
ables, a composition behaves a lot like a geometric random variable with p = % The
final chapters analyze skip list variants and consecutive records. Chapter 9 studies
the number of weak consecutive records, while Chapter 10 considers a further new
parameter - the largest consecutive record in a random word of length n. Much of

these techniques are based on the symbolic methods in the Flajolet style [4].



Chapter 2

A Combinatorial Interpretation of

Euler’s Partition Identities

To commence our discussion of geometric random variables, we look at a relatively
simple section within Helmut Prodinger’s paper Combinatorial Problems Related to
Geometrically Distributed Random Variables and Applications in Computer Science
[19]. This chapter deals with the following identities with ¢ < 1:

[+ =3 "a(3) (2.0.1)

n>0 n>0 Qn(q)
and .
t’n.
[I—=> (2.0.2)
n>0 1= tq n>0 Q"(q)
where

Qn(g) =(1—q)(1—=¢°)...(1—¢");

that is, Euler’s partition identities can be interpreted in terms of geometric random

variables.

Now consider the probability that the geometric random variables X,..., X, are
strictly increasing (it must be said that this is quite unlikely for large n).
Consider:

P{X, < - < X,} (2.0.3)

11



12 CHAPTER 2. EULER’S PARTITION IDENTITIES
and consider its generating function

M(2) =) P{X; < < X, }2" (2.0.4)

n>0

and respectively the analogous quantities

and its generating function
Mo(z) =) P{X; <. < X, }2" (2.0.6)
n>0

Note that the case of the probability of geometric random variables weakly increasing

is quite unlikely also.

NOTE A collection of n geometric random variables is sometimes called a sample
of n of these variables; or a word where the letters of the alphabet are numbers

rather than letters.

Now, we can set up appropriate languages. First, we set up a symbolic equation for

a geometric sample that is strictly increasing:
Mo=(e+1)(e+2)(e+3)... (2.0.7)

where € represents an ‘empty letter’.

So this means that the smallest letter could be no letter (the ‘empty letter’) or a 1;
the second letter could be a 2 or just epsilon (€) (the ‘empty letter’) again.

So for our first generating function, e will correspond to a 1 in the generating func-
tion. The probability of getting a 1 is p, and we have one geometric random variable
so put a z; that is, pz is the first term in the product. The probability of getting a 2
is pq and we have one geometric random variable so mark it with a z; i.e., (14 pgz).

Hence, we can write the generating function for strictly increasing words as

M_(z) = H(l + pg"12). (2.0.8)

k>1
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Second, the symbolic decomposition of the less-than-or-equal-to case is
Mo =123 . (2.0.9)
where the star represents a sequence of zero or more items in the set.

So the sequence of 1’s is represented by 1+ pz + (pz)? + ... , where (pz)? has two

1’s. Accordingly, the generating function for the sequence of I’s would be pz

Hence, we have the

The generating function for the sequence of 2’s would be 5 pqz

generating function for the less-than-or-equal-to case:

Mc(z2) = H L (2.0.10)

1 —pgh-1z’

Equations (2.0.8) and (2.0.10) are exactly Euler’s partition identities. Therefore,
using identities (2.0.1) and (2.0.2) and a shift (replacing k — 1 by a new k), we can

further write

M_(z) = H (1+ pg*2) Zp = q (2.0.11)

k>0 n>0
and . o
Pz
Mc(z)=[[—=>_ ‘ (2.0.12)
ol T P n>0 @n(4)

If now we extract the coefficients of 2", then we get the answers we are looking for

(from Euler’s identities); that is, we have the explicit formulae

and

PIXi< S X} =5

Considering the fact that p and ¢ are percentages, these probabilities are extremely
small. In fact, it is clear from the above equations that the probability that the

geometric random variables do increase is exponentially small.
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Chapter 3

The Number of Winners in a

Discrete (Geometrically
Distributed Sample

In this chapter, we want to introduce the asymptotic technique commonly used
for the analysis of alternating sums. This is called Rice’s method. We will use
Rice’s method in many of the problems studied in this thesis. As an example of the
application of Rice’s method, we consider the following problem: how often does the

maximum occur in a sample of n geometric random variables.

Let the random variable G be geometrically distributed; that is P{G = k} = pg"~*,
with ¢ = 1—p. Also, assume that n independent copies are given. Then, let X count
the number of winners; that is, the number of random variables with highest value.
We shall consider the expectation of X and the asymptotic behaviour of P{X = 1}
(the probability of a single winner) for n — oo. Surprisingly, this probability does
not converge as n — 00, but rather has an oscillating behaviour. These oscillations
are usually small. In fact, this fluctuating behaviour in asymptotic expansions is

not at all uncommon and can be found in digital sums [2], for example.

In this paper, Kirschenhofer and Prodinger [8] outline an asymptotic technique
that successfully yields the Fourier expansions of the fluctuating functions. This

technique is called Rice’s method. To show the advantages of this technique, we will

15



16 CHAPTER 3. THE NUMBER OF WINNERS

rederive some results on the earlier mentioned problem, and thereafter obtain some

results concerning higher moments of distribution.

Let Q := % (soifg < 1,then @ > 1) and L := log @ (since the log of a number greater
than 1 must be positive and since log g would be negative, the latter abbreviation

makes sense).

Further, let p,, denote the probability p,, = P{X = m}; that is, the probability

to have m winners (or m largest values) amongst n players. Then we can derive a

n j—1)m j—1\n—m

j=1

formula for p,,:

Explanation: We say the winning value is 7, n people altogether, and m are
winners. We choose the m winners out of the n people in (:1) ways and we observe
that m out of n people have a winning value 7 and the probability that they got
this value is given by p™qU=1"™. The remaining people, of which there are n — m,
get a strictly smaller value. These n — m people either get a 1 with probability p, a

2 with probability pq, etc; that is,

j—2 i
1=0

=1—¢ " sincel—q=np.

Now set N :=n — m, expand the binomial and sum over j.
i.e., N=n—m
™ (Z;) has not changed so consider

Zq(j_l)m(l _ qj—l)n—m

j=>1

— Zq(j—l)m(l — g
j=1

Y /N

= (G-1m —1)*qU=D* by the bi ol th

Zq ;(k)( ) q y the binomia eorem

j=1 0

N
N i
= (k) (—1)F Z (qk+m)3 ' by interchanging the sums.
k=0 j>1
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: J-1. . : :
Since .5, (¢*"™)”"" is just a geometric series, we have

Zq(j—l)m(l o qj—l)n—m

Now by using @) = %, we can rewrite the previous probability to obtain

N

D = P (TZ) 3 (Z) (—1)'“%. (3.0.1)

k=0

We shall now analyze this alternating sum asymptotically using the following lemma.

Lemma 3.0.1 Let f(z) be a function that is analytic on [ng,+oo]. Assume that
f(2) is meromorphic (function whose singularities are zero’s in the denominator)
in the whole of C and analytic on ) = U;’;l ", where the v; are concentric circles
whose radius tends to infinity. Let f(z) be of polynomial growth on Q2. Then, for n

sufficiently large [5], we have the exact equation

> (Z) (=1)Ff(k) =D Res[n; 2] f(2), (3.0.2)

k=ngo

where

(=) 1n! I+ 1)I(—2)
2z—1)...(z—n) Tn+1-2)

and the sum is extended to all poles not on [ng, +0o0].

[n; 2] =

Moving the contour of integration to the left, it turns out that an asymptotic equiv-
alent of (3.0.2) can be given by the residues of [n; z]f(z) at the additional poles.
We can always apply this lemma to f(z) because the suitable growth conditions on
f(2) will be fulfilled in all our examples.

By equation (3.0.1), we need to consider only the residues of [N;z]f(z); that is, by
equation (3.0.1), replace a k by a z

1
[N;Z]W-
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We must compute residues at points that are not inside the sum. In (3.0.1), the
sum went from k& = 0 up till NV, therefore we must consider the residues to the left
of the line Rz = 0; that is, we must look for the residue when the denominator of
f(z)is 0.

We now solve the equation:

Q—m—z =1= 62‘7m.

n 27w
z2=—-m+ ——.
L

Therefore, it is now clear that the residues are at 2 = —m + x; with x; = QjL”.

Now compute the residues. Plug the value of z into [N; z]f(z).

I'(N +1)I'(m — x; 1
g WaAli ) = rEN . ifj.f N
_ '(N+DI(m—yx;) 1
I'(N+14+m—x;)logQ
DN )0(m ) 1
T(N+1+m—y,)L

after computing the residue by Mathematica or by hand.

Then, after multiplying by the factor p™ (:;) and returning to n instead of N, we

obtain

1 n! I'(n—m+1)I'(m — x;)

m

Zp ml(n—m)!T'(n —m+14+m— x;)

1 n! (n —m)Il'(m — x;)

_ m

-’ ml(n—m)! T'(n+1-x;)

where T'(n + 1) = n!, hence T'(n —m + 1) = (n — m)!

Now sum over all the j’s.

1p™ I'(n+1)

= < —— = T'(m — v,;) + smaller order terms. 3.0.3
Lm! jeZP(n+1_Xj) ( Xi) ( )

Pm

Equation (3.0.3) is the asymptotic formulae for m fixed and n — oo. In a later

equation, we will see that there will be no such smaller order terms.
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Often, it is convenient to extract the term with index j = 0 (the mean), then the

remaining periodic function (of mean zero) can be named d,,(z).

Since we know that a ratio of gamma functions (as in (3.0.3)) behaves like

nt=1tXi = nXi as n — oo, and by

. _-logn T |
ermlch _ n2]m—logQ — nXi

Equation (3.0.3) becomes

1p™m o1
S R Zf(m — x;)nY

Lm L m! 4
Jj#0
]-pm pm 24 -logn
=——+——) T'(m—y;)e?e=q
Lm + L m!; ( X;) )

Let

1 .
() = - ZF(m — x;)e?™  where ¥ = }ggg
T i#0

This §,,(x) function is a continuous, periodic function of period 1, mean zero and
small amplitude (for m not too large) and hence, we can write

1p™ p™ 1
P~ —— + f(5m(logQ n)+ O (ﬁ) m fixed, n — oo. (3.0.4)

The first term is obtained when j = 0 because when j = 0, x; = 0 so I'(m — x;)
is just T'(m) = (m — 1)! ie.,, 12°(m — 1)l = 127 The second term in (3.0.4)

L m! L m

corresponds to when j # 0, so use (3.0.3) and 0,,(x) i.e., ’%(Zn(logQ n). Plotting

a few values of m in Mathematica, with () = 2, we can note that when m = 1,
the amplitude is 0.00001; when m = 2, the amplitude equals 0.0000425; and when
m = 3, the amplitude equals 0.00014.

Considering the error term, there would be more poles if we had chosen a point
more to the left. We only looked at the poles at —m + x;. If we consider poles when
z = —1 (because the gamma function has poles at all the negative values), we would

have an extra term in (3.0.4), which would be something multiplied by +.

So we have used Rice’s method to obtain (3.0.4), which is the answer to the question:

what is the probability that we have m winners amongst n players.
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Interpreting the answer in (3.0.4), since the fluctuations (the 0 function) are tiny,

1p™

Pm = Tm

So, in particular, the probability that you have exactly one maximum would be
p1 ~ . This is a fairly large value. Letting p = 2, we have p; ~ 21n2 ~ 0.72.
The largest number is fairly likely to only occur once when you toss a fair coin; or,

approximately 72 percent of the time, only once do you get your largest number.

It is interesting to note that the alternating sum (3.0.1) can be rewritten using the

partial fraction decomposition of the meromorphic function #

Rewrite (3.0.1) as an infinite sum over j:
S S S _ i
1—q2+m_2+LZz+m+xj’ with y; = 27 (3.0.5)

Now substitute (3.0.5) into (3.0.1).

(R (s () 2R () e

e Looking at the first term above, we know that (:’1) = 1 when n = m; and that

(
(1—1)N = 0 when N > 0,

1 when N =0;
SO

ké (]IZ) (=1} = 6o

where dy o is 1 when N = 0, zero otherwise; similarly for oy .

e Looking at the second term, by replacing « by m+ x; for z € C\{—N,...,0},

we can write

> (1)eeis
(N + 1)I(z)

— NOESES) by equation 5.41 in [7]
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_ Nl(z—1)!

(N +a)!

B N(z—-1)(z—-2)...1

S (N+ o) (N+x—1).. . ()(z—1)...1

- N!
- (N+2)(N+ax—1)...(z)
B N!
- (N+2)(N+2—1)...(N+x—N—-1+1)
!
= ﬁ where(a), = (a)(a—1)...(a —n+1).

So, after letting N = n — m, we can write

" 1 m)!

P
Pm 2 n,m L m[,n_ |Z n m-}-m-}—Xj)n m+1
=5 Onm Lm!jeZ n+x)n+x;—1)...(n+x; —n+m—-1+1)
:_5n,m+__‘
2 Lm.. ~ (m+x;) .- (n+x;)
:pm 1 Z LXJ)
— (n+14x;)

This makes sense since

I'(m+ x;)
P(n+1+Xj)
. (m+xj—1)!
(n+x;)!
_mtx;—Dm+x;-2)...1
(n+x;)n+x;—-1)...1
1

(m+x;)..-(n+x5)

After letting j become —j, we obtain

pm I'(n+1)
m = —— L'(m — —. 0.
b Lm'Z Xi) I'(n+1-—yx5) (3.06)

JEZL
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If we compare (3.0.6) to Rice’s method in (3.0.3), it is clear that the smaller order

terms from (3.0.3) equal zero since (3.0.6) has no smaller terms.

Up till now, we have studied the probability of having m largest values. Now, we
want to know what is the average number of largest values; that is, consider the

expectation.

E, = Z mp,, by definition, the average is the sum of probabilities multiplied by m

m>1

— m (T G-l)ym(q _ j—1yn—m
S (1) S
m>1 7j>1

Letting 7 — 1 — j so that j > 1 changes to 7 > 0 and using m( ) = n("_l), by

n
m m—1

factorials, we have

E,=n) (;__11)19’" S @ma—g)m

m>1 j=0

Replace m — 1 by m and interchange sums to get

—1 ) .
E —n Z (nm )pm-l—l qu(m-i-l)(l _ ) m+y

m>0 >0
_np S gty (n - 1> ( g’ )m
q = o m 1—qI

Now, since

> n—1 p? \" - pd \"N (gt
m 1-¢) 1— ¢ (=gt
we have

np i+1 et (1= gt
Ey=—) ¢ " (1-¢) i
q 20 ) (1 —go)nt

J=0

_ E @ (1 —¢)" ! after replacing j + 1 by j
q <
j=21
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1
Q i>1 k=0 k
n—1
n—1 L
—n@-Y (" e
k=0 j>1
n—1
n—1 L Q7!
Z"(Q—l)Z( K ><—1> =g
k=0
n—1
—1 1
=n(Q —1) " (—l)kﬁ by multiplying numerator and denominator by Q**!.
P k QU+ —1

= p(?) nz_f (n; 1) (—1)k1 - 5_k_1 X g:i
S (7 e gl
) n”Z‘i (n; 1)(_1)k(Q’Z;+:i)l+ 1
-5 L (”;O (n ) 1) (1) + "i (n . 1>(_1)’“ﬁ>

1 n—1 9 | ) | o
-2 n (n I )(‘Ukw since Y12y (") (=1)F = 0.

Therefore, we can rewrite |E,, as

En - Q(pl - p5n,1)-

Here 0,1 equals 1 if n =1 or 0 otherwise.

If n > 1, we obtain E,, = Qp; (6,1 = 0).

If n =1, then E,, = Qp; —Qpd,, 1; that is, we have an extra term i.e., we have exactly
one geometric random variable and so exactly one maximum; so Qp; —p=E; =1

when n = 1.
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By (3.0.4), when m = 1 we can then conclude the asymptotic formula

E,=Qp forn>1 (3.0.7)
pl 1
- I (14 61(log,n)) + O <ﬁ) . (3.0.8)

Ignoring fluctuations, the average number of maxima is 23%. For the standard case

when p,q = 3, E, ~ 5 ~ 1.4 so therefore maxima are not common. Most of the

time, there is only one maximum or sometimes there are two to three maxima.

Next, compute the variance. To do so, compute the second factorial moment M,

for n > 2:
Mn:me—

m>2

The second moment is m?p,, but because we want the second factorial moment, we
have m(m — 1)pp,.

Similar to the expectation, we substitute in (3.0.1) for p, and use the fact that
m(m —1)(") = n(n—1)('~3) by factorials, to obtain

My =n(n—1)> (Z‘_Z)pm S gm(1— gy

m=>2 j>0
n(n — 1
p Z ng ~“ as before, using the binomial theorem
j>1
n_lp "2V (C1F— 2 by the binomial th
Z Q’C o vy the binomial theorem

p2
= 2Q2p2 - 2?571,2

= 2Q*(p2 — P*6n.2)-

To compute the variance, compute V,, = M,, + E, — E,,*.
Hence, by using the asymptotic formula (3.0.4) to calculate p; and p, in E,, and M,

we have

1 »pl p 1 1
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[V

where 7(z) = ”—2%52(:1:) + g%él(x) —

g £0%(2).

-x:wrﬁ

We indicate another approach using generating functions and the Poisson Transform
for finding the expected number of maxima.

Let the coefficient of z* in F},(2) denote the probability that out of n players, there

are k winners. Then consider the following recursion:

n

F.(z) = Z (Z)p"_quFk(z) +p"2", n>1, Fo(z) =1. (3.0.10)
k=1

Explanation: The term (}) is the number of ways of choosing k winners out of n
players. There are ¢ people that are winners, hence ¢*. The remaining n — k people

n—k

are not winners with probability p each, hence p The p™ in the second term

refers to the case that when everybody wrote down a 1 as their geometric random

variable, there are n winners.

When at a specific time the remaining players all fail, we label each by a z and leave

the recursion.

The expectation £, is found by F/(1); that is,

n

n A

E,=> (k>p” "¢ By +npn, > 1.
k=1

Define the exponential generating function to be

and so we have
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n

NOTE By convolution, if A(z) = Y nz0 @nrs B(z) = > 0 b, and C(2) = A(2)
xB(z), then ¢, = > 1 _, (Z’)akbn_k.

Now, use the Poisson Transform and multiply the function by e™%; that is,

E(z) = e *E(z)

I
Dj>
|

e “eP*E(qz) + pze “eP?
=e PE(qz) + pze ¥

— E(gz) + pze% by definition.

Extracting the coefficient of 2_7: (since we are dealing with exponential generating

functions) and equating coefficients, we have

En = ann + p(_Q)n_ln
En(1—q") = pn(—1)""'¢"

n

L

] — for n>1.
q —q

so E,

NOTE The exponential generating function e~% has coefficient (—q)™; but because
of the extra z we want the coefficient of (—¢)"~'. So therefore the coefficient of
pze~ 9 is given by p(—q)" 'n. The n variable comes from the fact that we will now

have (n — 1)!; so to obtain an n!, we compensate by putting a n in the numerator.

Recall that by definition E(z) = e*E(z), so then the mean is

E, = Z (Z) Ek by convolution.
k=0

Substitute in the Ej formula and switch from ¢ to Q where ¢ =

"o\ K
E.=Y (Z) Ly le_ -

k=0

i
0 to get
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"_1) and replace k — 1 by k to obtain

Use the identity k(}) = n(}"]

np -1 1
- k
En=— < i >(—1) o T

This FE,, is the same formula as found previously on the top of page 23!
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CHAPTER 3. THE NUMBER OF WINNERS



Chapter 4

Left-to-Right Maxima

4.1 Introduction

Suppose we have the sequence 13214651 1. The maximum is 6 and there is only
one maximum, as discussed in the previous chapter. Now, in this chapter, we
consider the sequence of words from left-to-right; as follows: 1 is the largest when
we start from the left, 3 is then larger, then 4 is larger, then 6 is larger and after there
are numbers that are not larger. So 4 is the number of left-to-right maximum in this
example. Following the paper by Prodinger [20], we study how many left-to-right

maxima there are on average.

Let X denote a geometrically distributed random variable, i.c., P{X = k} = pgF™!

with £ € N and ¢ = 1 — p. The combinatorics of n geometrically distributed
independent variables X, ..., X, is becoming of greater and greater significance,
especially due to its applications in ‘probabilistic counting’ in the area of computer
science. In ‘probabilistic counting’, we let p = ¢ = % We are then interested in the

smallest natural number that does not appear as an output of any of the X;’s.

Here is a particular result, the asymptotic formula of which we will use further in

this chapter.

Theorem 4.1.1 (Szpankowski and Rego) The expected value E,, of max {X1, ..., X,}

29
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s given by

1 1
E, = Z[l —(1- qk)”] = loan + % + 5" 5(10gQ n) + O (ﬁ) (4.1.1)
k>0

where () = % and L = logQ; ~y is Euler’s constant and 6(x) is a periodic function

of period 1 and mean 0 which is given by the Fourier series

1 ,
o) = 7 D T (—xp)emi, (4.1.2)
k#0
The complex numbers x; are given by X = 2’“%“’

In this paper, Prodinger [20] focuses on the number of left-to-right maxima; that is,
how often we meet a number that is larger than all the elements to the left. This
is a particularly relevant parameter in the context of random permutations. The

results for random permutations are as follows:

e The expectation equals the harmonic number H, where
n 1
H”:Z_' ~ logn + .
=17

This is the number of left-to-right maxima on average.

e The variance equals the harmonic number minus the nth harmonic number of

second order

H,— H?
where
"1 1 1
H®? — S T
n ; j2 + 4 + + n2

So the variance is close in size to the mean; they both roughly equal logn.

When defining left-to-right maxima for words, there are two cases:

e A number is a strict left-to-right maximum if it is strictly larger than the

elements to the left. This is the ‘strict’ case or the case ‘without repetitions.’



4.2. EXPECTATION IN THE STRICT CASE 31

e A number is a weak left-to-right maximum if it is larger than or equal to the
elements to the left. This is the ‘weak’ case or the case ‘with repetitions.’

To demonstrate: consider the geometric random sequence 1323465116.
For strict left-to-right maxima, ignore repeats. There are four records: 1, 3,4, 6.

For weak left-to-right maxima, there are six: 1,3, 3,4, 6, 6.

Note that random permutations never have repeats, so this distinction is irrelevant
for random permutations. For random permutations, left-to-right maxima are the
same as right-to-left minima; but this is not the case for geometric random variables.
When the variable ¢ tends to 1, the geometric random sample behaves in the limit
like a permutation. If we let ¢ tend to 0, then p tends to 1 (every time we toss a
coin, we immediately get a head), and we will get a string of all 1’s in the sample. A
string of all 1’s has one strict left-to-right maximum (at the beginning) and n weak

left-to-right maxima.

This chapter will be divided into sections. 4.2 and 4.3 deal with expectations while
4.4 and 4.5 deal with variances. In 4.6 and 4.7, we consider the uniform distribution
and use the model in which the random variable X takes the values 1,..., M each
with probability ﬁ Thereafter, we return to the original model of geometrically
distributed variables and consider left-to-right maxima. The computations for max-
ima require Mellin transforms and Rice’s method, amongst others, while the minima

calculations are quite elementary.

4.2 Expectation in the Strict Case

Set up a certain ‘language’ £ and then translate it to generating functions.

Denote the ‘letters’ by 1,2, ...

Decompose all sequences x1,x5,... in a canonical way as follows: combine each
left-to-right maximum k with the following (smaller or equal) elements. Such a part

is described by
A = k{1,... k}"; (4.2.1)
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that is, after k, we can have a sequence of numbers 1 up to k. Such a group may be
present or not.

Then we have our desired language,
L= (A +e) (Art+e)- (A3 +e)-... (4.2.2)

with € denoting the ‘empty word’ (not to be confused with the letter 0).

In the concatenation in (4.2.2), the first bracket suggests a sequence that either
starts with 1’s (i.e., \A;) or has no 1’s (¢) at the beginning; similarly for the second
and third brackets.

Now let each letter be marked by a z and each left-to-right maximum by a ¥, so that
the coefficient of z"y* is the probability that n random variables have k left-to-right

maxima. Hence, we obtain the generating function

F(zy) =] (1 + %) . (4.2.3)

k>1

Explanation: The € or ‘empty word’ in (4.2.2) corresponds to a 1+ every time, for
every Aj; while the Ay corresponds to the term %. The term pg*~! is the
probability for a letter k. The set {1,...,k} maps into 2(1 — ¢*) while {1,... ,k}*

s 1
maps mto m

If we let y = 1 in (4.2.3), we obtain a telescoping product i.e., F(z,1) = --~. Note

that if y = 1, we get all the geometric random variables.

We now wish to consider the expectation:
Let E,, = [2"]f(2), where f(z) = aFéZ’y”y:l. So differentiate (4.2.3) and let y = 1.
Note that

e 1) (59)
=1 =1 i=1

Apply this differentiation rule to (4.2.3).

k—1

1 2=
_ —=U—q
- (]_ _ Z) Z zpgh—1

k>1 1+ 1—2(1—g*)

OF(z,y)
y

y=1

zqu:—l

_ 1 1—2(1—¢*)
- (1 _ Z> Z 1—z(1—g¢*)+2zpgh—1!

k=1 1—2(1—q*)




4.2. EXPECTATION IN THE STRICT CASE 33

C\1-2 k>11—z+zqk+zqu—1

k—1
bz q .
= E since p+q = 1;
_ L gkl
1—=2 = 1—2+42q
that is,
E 1 5 after replacing k — 1 by k (4.2.4)
—4q
%z

:pzll—z_l—z(i—qk)] (4.2.5)

k>0

by partial fractions or by using Mathematica. Here f(z) is the generating function
for the expected value or average of left-to-right maxima. Now extract coefficients

from f(z). This is easy since there are only geometric series.

B, = [2"/(:) = p 31— (1= ¢)") (426)

k>0
Equation (4.2.6) is the exact formula for the average. It is almost the same as (4.1.1).
The only difference is the variable p before the sum. Therefore, we can immediately

state:

Theorem 4.2.1 The average number E, of left-to-right mazxima (in the strict case)
in the context of n independently distributed geometric random variables has the

asymptotz'c expansz'on
E, = lo n+7+1 5(10 n)+O L (421)
n p gQ 3 2 gQ n ik

with the periodic function §(x) from (4.1.2).

_ (g1
logQ log @
goes monotonically from 0 to 1 as ¢q varies between 0 and 1. When ¢ — 0, p — 1,

log

Note that logy n = Also note that the factor of the leading term

and we get the case when the word is only 1’s with only one left-to-right maximum.

Thus the logarithmic term is 0 i.e., log fosg must tend to 0 when ¢ — 0.
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4.3 Expectation in the Weak Case

Recall in the weak case, every time we repeat the largest value, we count it again.
Again, as in the strict case, for the weak case we set up an appropriate language £

and then translate it to a generating function F(z,y).

.Ak = k{]., cee ,k-l}*,

then
£I:A1*'A2*'A3*...

This language implies that we start with some 1’s (A;). The A implies we have a 2
followed by some 1’s, but if we have a 2 again, we must start with a new sequence.

Now, convert to a generating function: we are considering a sequence of numbers

therefore we have ;=5. For each number, there exists a 2 and in Ay, the probability
is pg*~1. After the number k, we already have a sequence from 1 up till k—1. The £
itself is in the numerator and {1,...,k-1}* has the generating function m.
k—1
Hence the generating function for Ay is l—zﬂ(qm Yet in this language, we have a
sequence of these things so the generating function for A" is ——i=——
T
Therefore,
1
F(Z, y) = H 1 _ _uzpgh !
k>1 1—z(1—gk—1)
1—2(1-45 T
= after simplifying. 4.3.1
Hl—z+zq (1—py) PRI ( )

k>0

We want the average number. We therefore follow the method in section 4.2 and
differentiate with respect to y and then let y = 1 with F(z,1) = 11: again; that is,
apply the same differentiation rule as in the strict case:

k
_ pz q
_1—zzl—z(l—qk+1)

P { 1 1 (
_P - 4.3.2)
—_ —_— J— k
o1 1 Z 1 /_«(1 q )

o) = 220

y=1
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by partial fractions.

Then read off the coefficients because the above is just geometric series.

EH=Vﬂﬂ@=§§ju—u—q%% (4.3.3)

k>1
Equation (4.3.3) is the exact formula for the expectation. Apart from the *;3 term,

(4.3.3) matches (4.1.1). Consequently, we can state the following:

Theorem 4.3.1 The average number E,, of left-to-right mazima (in the weak case)
in the context of n independently distributed geometric random variables has the

asymptotic expansion

_P x_ L 1
E, = . loggn + 775 6(loggn) + O <n)} (4.3.4)

with 6(x) from (4.1.2).

The function ¢ — glog @ is monotone decreasing from infinity to 0 as ¢ varies from
0 to 1. When p = 1, then ¢ = 0 and we get just a row of 1’s in the geometric

sample. The number of weak left-to-right maxima here will just be n. Hence, since

n
logn

— 00, the coefficient multiplied by log n must tend to oc.

4.4 Variance in the Strict Case

We must use (4.2.3) in the following formula for the variance V,

O*F(z,y)

Vn = [Z } ayQ

+E, - E2. (4.4.1)

y=1

Then, we must use Leibniz’s formula to differentiate a product; that is,

OPF(z,y)

S| =0+

y=1
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where ¢(z) includes all terms where different factors are differentiated once, and
h(z) includes all terms where one factor is differentiated twice. Here h(z) = 0, since
(4.2.3) is a linear function in terms of y so differentiated twice, we get zero. Hence,

we just need to compute g(z):

2 zpg'! 2pg?t
?) = ; : 4.4.2
g() 1—221—z(1—q1—1)1_2(1_qg—1) ( )

1<i<j

in which the first term is the result when you differentiate the ith term of the product
once with respect to i; and the second term is the result when you differentiate the
jth term with respect to j. The generating function g(z) has a double sum since we

are summing over ¢ and summing over j.

Then we separate using partial fractions (in Mathematica) to obtain

i 1 1 1 1 1
g(2) = 2p? { - — o ‘}.4.4.3
(2) O;j l—2z ¢7—-11-2(1—-¢") ¢gt—=11-2(1—¢) ( )

Since we know that -~ = >~ 2" and ﬁ = > (1 —¢")"2" and ——— is a constant;

q') q'-

it does not depend on z; we have

%1(1 — qj)"] . (4.4.4)

1 ,
[ _ 2 E AN

0<i<j

We must now derive asymptotic results for g,. Decompose the double sums. This
must be done with care to ensure no mistakes regarding convergence. Consider the

second sum and let h = 7 — i to eradicate the j variable. Since 7 > 1, then h starts

from 1.

1 1\ 1\ 1 n\n
(RIS BV Sr LS B DR
0<i<j q i>0 h>1 q i>0

where

1
a_h%;Qh—l'

Now consider the first and third terms in the sum and to eradicate the ¢ variable,

let j —i=h. Since 0 <i<j—1and h=j—1i, his at least one and could go up
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to J.
1 — )"
Z { Ty 1l q)]
0<i<y
Y i+ -y
A g —1
j=1 L h=1
- ; ,
-3 gt
i>1 L h=1
Consider

SOOI ETULED B Bp e (U (4.46)

§>1 §>1 h=1

Collect terms in (4.4.5) and (4.4.6), then

gn ZZQh_ 1_qz)n+z>;J[1_(1_ Z:hz_:

>0 h>1

1—q)”.

Let h be bigger than j.

=Y - @1—-g) +ZZQh_11—q) (4.4.7)

§>1 §>1 h>j
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Now to apply Rice’s method, we restate the following lemma:

Lemma 4.4.1 Let C be a curve surrounding the points 1,2,...,n in the complex

plane and let f(z) be analytic inside C. Then

S (1) vt = 5k [ dsas (a9

o1 271 c

where
(—1)" 1n!  T(n+1DI(=2)

2(z—1)...(z—=n) T(+1-2)"

[n; z] = (4.4.9)

If we extend the contour of integration, we find that the asymptotic expansion of

the alternating sum is
Z Res ([n; z]f(2)) + smaller order terms, (4.4.10)
where the sum is over all poles 2y different from 1,...,n.

Therefore, rewrite the terms in (4.4.7) as alternating sums:

e Firstly

Y -1 =)

Jj=1

= Zj [— Z (Z) qjk(—l)k] by the binomial theorem

§>1 k=0

then, after switching sums and letting £ = 1 since £ = 0 term is killed, we have

Jj=z1

Now, since

o T
qujk = -7 where z = ¢*,
j=1

then, after moving the negative inside,

Silt- -y =3 () )-0ret (44,11

§>1 k=1
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where

QZ
Z) = . 4.4.12
¢(2) (EE ( )
e Now for the other sum of (4.4.7):
1 .
Y (1—¢)"
h_
j=1 h>j @ !
IR : :
= Z o1 Z (Z) (—1)*¢’* by the binomial theorem on (1 — ¢/)™
h>j k=0

|
M:

) 1 " _ :
<Z> (=1)F Z - 1@‘“ after letting ¢ = Q and swapping sums
0 W @

(Z) (—1)kap(k). (4.4.13)

k=0

For ¢(z), expand out ) ﬁ as a geometric series and introduce a new sum
which will be m i.e., Q7" so

P(z) = Z Z Q"9 we replace the k’s by z’s by Rice’s method

m>1h>5>1

= Z Q*MIM=I%  Jetting s = h — j.

m,s,j>1

Now sum Q™ for the first term and sum Q7 for the second term by

geometric series to obtain

1 1
Ve =Y gt (4.4.14)

m>1

Now compute the residues. From (4.4.11), we see that there is a triple pole at z = 0

(one pole from the Gamma function z # 0,—1,—2,... and two poles from ¢(z)

since the denominator is squared) and a double pole at z = 2’2’”, keZ,k+#0. The

computation of the residue for the first sum and then the second sum of (4.4.12) is

as follows in the programme Mathematica:

A

4q;

pi=1-
Q=4
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Residue [G”‘m”(‘;“[""'l][’;i”ﬂ’za[_z] * (Q?_z 7 {z, 0}]

2
—6EulerGamma? —7r2—|—L0g[%] —12EulerGammaPolyGamma[0,1+n]—6PolyGamma[0,1+n]?+6PolyGammall,1+n}
12L0g[%] ?

FullSimplify|[PolyGamma[0, 1 + n] — HarmonicNumber|n]]
—EulerGamma

So replace PolyGamma|0,14n] by HarmonicNumber[n]+EulerGamma.
Now for PolyGamma[l,1+n], so

FunctionExpand [HarmonicNumber[n, 2] + PolyGamma[1, 1 + n||

so then we have

127 (—6EulerGamma® — 72 + L? — 12EulerGamma(HarmonicNumber[n] — EulerGamma)
—6 (HarmonicNumber([n]? — 2EulerGammaHarmonicNumber[n] + EulerGamma?)

+6 (—HarmonicNumber(2) [n] + %?))
which simplifies to

1 (=12 , H,2 | H,?®
F(u TS )

Now for the residue for the second sum. Consider

Residue [ CommalrttheGammalsl , oLy ot {2, -1}

This residue is insignificant since

Gammal[n+1]«Gamma[—z] _

z
Gammaln+1—2] n-.

Therefore, the contribution of the second sum is only O (;ll)

The computations for the double poles z = y; are similar and are given by the

periodic functions 6;(z) and dz(x) below.
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Replacing H,, by logn + v and looking back at (4.4.4), we have

,YQ 7T2 1
loggn+ -5+ =5 — st logg n - 81 (logg n) + da2(logg n))

L? " 6L
(4.4.15)

2y

2 2
n ™ | 1
g P (oan—l—L

with

2 / TiX
01(v) = —20(2) and dy(w) = = D T (—xw)eme,
k#£0

Using the formula for the variance given in (4.4.1); that is, from (4.4.15) and (4.2.7),

we can now state the following:

Theorem 4.4.2 The variance V,, of the number of left-to-right mazima (in the
strict sense) in the context of n independently distributed geometric random variables

has the asymptotic expansion for n — oo:

L 2 n
(4.4.16)

Here [6%]g is the mean of the square of 6*(xz), a very small quantity that can be

-5 2 1 1
V, = pqlogn + p? (— TR [52]0) +p (1 + —) 1 Sy(loggn) + O <_> |

neglected for numerical purposes. Furthermore, d3(x) is a periodic function with
mean 0; its Fourier coefficients could be described if needed. It must be noted that
delta is as defined in equation (4.1.2).

4.5 Variance in the Weak Case

We must use F(z,y) from (4.3.1) in
O*F(z,y)

VY, = [2"] +E, - E2, (4.5.1)
ayQ y=1
then 2F(z.)
67;“” = g(2) + h(z) (4.5.2)
Y y=1

where ¢(z) includes all terms where different factors are differentiated once and h(z)

includes all terms where one factor is differentiated twice.
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The method here is very similar to other sections in this chapter, so we will use

previous equations to briefly state the results.

_2_1)2 2 ¢t
=" 13 L A a == ) (4.5:3)

1<i<y

Then we write g(z) = g1(2) — ¢2(2) with

2p2 2 q’i-l-j
9(z) = — - . (4.5.4)
¢ l—zO;j (1—=2(1=¢"))(1 = 2(1 - ¢’))
and 0 2 ;
p” = q
92(2) = =5 —— > - _ (4.5.5)
¢ 1=zq1-2(1—¢)

The function g;(z) has more terms than (4.5.3) because (4.5.4) includes the extra

case when ¢ = 0. Then, go(z) contains only the extra terms that are included in
(4.5.4) so that g(z) = g1(2) — g2(2).

Note that g;(z) is very similar to (4.4.3) so we may use those results; that is, use

(4.4.15) and divide by ¢°.

Then for go(z), by partial fractions on (4.5.5)

: _ 2 A B 4 i 4.5.6
92(2) > j>1{1—qﬂ+1—z 1—¢/1—2(1-¢) ( )
Then
n 2p2 1 \n
j=1
2]?2 j\n—
SO ML

Jj=1
by substituting (n — 1) for n in (4.3.4), we have

2p? yoo1 1
= {logQ(n — 1)+ T 3" d(logg(n — 1))} + 0 <ﬁ>
and since logg(n — 1) = logyn + O(2), we obtain

2p? yoo1 1
= v {loan + T 3" d(logg n)} +0 (ﬁ) : (4.5.7)
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Thus, adding together (4.5.7) and our previous result in (4.4.15), we have

2 2 2
P 2, 2 oo 1
gn = ? <logQ n+ A logyn + 12 + 62 6 + logg n - d1(logg n) + d2(logg n))
2p? vo1 1
-7 (loan + 775" d(logg n)) +0 <ﬁ> : (4.5.8)

The function h(z) is not a linear function of y (y is in the denominator of (4.3.1))

so after differentiating one factor of F(z,y) in (4.3.1) twice, we get

2p2 2,2 qQk
M) = T L T

k>1

We get ¢* for the first derivative, so then we get ¢?* for the second derivative. We
have a z? and the denominator is squared because we have differentiated twice.
Further, the index has been shifted from &£ > 0 to £ > 1.

Using partial fractions, we obtain

h2) 2p? l 1 7" 1 +2(]"“—1 1
Z) = — —_
¢ ll-2 1=¢"(1-2(1-4¢")7 1-¢"1-2(1-¢"

} . (4.5.9)

After extracting coefficients and using geometric series,

2p2 qk X qu_l X
hy = — 1— D1 —qg")" 1—¢")"
2p? k q" k
= — 1—(1—=¢""— 1—q")" 4.5.10
" { (1—4¢") nl_qk( q") ( )

k>1

after simplifying.

J .
Consider the third term: [, : = —nz a (1 —¢)"

then use the binomial theorem and swap sums:

— _nnz_l (" ; 1) (—1)F Z g F+D

k>0 jz1
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n—1
= (k " 1) (k+1)(-1) Gy letting k+1 be &
k=0
" k
_ (Z) (_1)k_Qk — (4.5.11)
k=1

Now (4.5.11) is a typical alternating sum where Rice’s method would be used. By
Rice’s method,

1 1
with

1 A
ba(7) =+ D T(1 - xp)eme (4.5.12)
k#£0

The first two terms of (4.5.10) are similar to that of g,. Consequently we use (4.5.7)

in h,.
Collecting the expansions in (4.5.12) and (4.5.7), we get

2p2
hn — —2
q

v o1 1 1
loggn + 775" d(loggn) — T~ d4(logg n)] +0 (5) . (4.5.13)

Finally, after summing V,, = g,, + h,, + E,, — E,,%, we have

Theorem 4.5.1 The variance V,, of the number of left-to-right mazima (in the weak
case) in the context of n independently distributed geometric random variables has

the asymptotic expansion for n — oo:

2 2
p p(-5, 7 v 2 2 p(r 1 1
n=—=1 = |l—=+-—=+=-—-=-1 = | === )+ = .
V. 2 Oan+q2<12+6L2+L 7 [ ]o)+q (L 5 +05(logg n)+0O -
(4.5.14)
Here [6%]g is the mean of the square of 6*(xz), a very small quantity that can be

neglected for numerical purposes. Furthermore, 05(x) is a periodic function with

mean 0. Again, it must be noted that delta is as defined in equation (4.1.2).



4.6. UNIFORM DISTRIBUTION: STRICT LEFT-TO-RIGHT MAXIMA 45

4.6 Uniform Distribution: Left-to-Right Maxima
in the Strict Case

We now consider uniformly distributed random variables. We have a fixed alphabet

with letters 1, ..., M and each one can occur equally often, with the same probability
of 7, hence they are uniformly distributed.

Thus, let for k=1,..., M,
A = k{1,... k}". (4.6.1)

Then, we use the same language decomposition as before:
L:=(A+6) (Ar+e) (As+e)---- (A + €). (4.6.2)

The generating function is then

F(zy) =] (1 + iy”_k> . (4.6.3)

Explanation: From (4.6.2), the € translates to a 1+ in (4.6.3). Equation (4.6.1)
implies a sequence so we use the expression of ﬁ. Then, the letter k itself comes
with probability ﬁ The k£ must be multiplied by a z since for each number, there
is a z and then this product must be divided by M because of the probability of ﬁ
The y variable in the numerator counts the left-to-right maxima.

Now f(z) = %z’y) as before and since f(z, 1) is a telescoping product and equals

y=1
=, we find
M-1
1 =z 1
= — 464
RS e (16.4)

and by partial fractions

_]‘f[ 11 11 (465)
— — — - — _Q 0.
=\ M—-kl—z M-kl1-%

We want the coefficient of 2™. So expand the geometric series in (4.6.4). Therefore,
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Theorem 4.6.1 The expected number E, of left-to-right maxima (in the strict case)
where each element 1,..., M can occur with probability ﬁ s for n — oo given by,
where Hyy is the Mth harmonic number,

k=1
:ZE_ZE<1_M>
k=1 k=1

The terms in S p ;L (1 — £)"™ are becoming smaller and smaller so we want the

M_1yn

error of the largest term, which is when k = 1; so we get ( i

From the above, it is clear that it is unnecessary to determine all the terms in the par-
tial fraction decomposition explicitly; the precise expressions for the exponentially
small terms are unnecessary. We will avoid computing unnecessary expressions in

calculating the variance for uniform distribution.

Using Leibniz’ formula (where h(z) = 0 again), we get

PF(z,y)
y y:l
2 22 1 1
T M2 > TTETE
0<i<j<M M M

To find the coefficient of -, keep = and find out how everything else behaves

when z tends to 1. Let 2z = 1 and then eradicate the M’s in the denominator.

1 1
g(z) =2 Z {(M TGV +.. } by partial fractions.  (4.6.6)
0<i<j<M

NOTE Further terms in (4.6.6) would be 1_1,-~ and ——, but the coefficients of

iz 1—220
¥ 1

1 M
these terms would be so small, so therefore we choose to omit them.
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Then, since (4.6.6) is a geometric series,

1
gn = 12"]9(z) =2 { : ~+...]. (4.6.7)
OS;KM (M —)(M — )
Now consider
1
S p——
ocicrn (M = D)(M = j)
letting k=M —7and [ =M — j
1

— 2 —_—

>

1<l<k<M
1 1 1 .
= ( Z E) ( Z 7) — i (the case where | > k is taken care of by the 2)
1<k<M 1<I<M k=1
1
= (Hu)(Hu) = )15
X1
= H)% — H](é) since H](\? = Z 7 (4.6.8)
j=1

Using (4.4.1), we have the following theorem on the variance:

Theorem 4.6.2 The variance V,, of the number of left-to-right mazima (in the
strict case) where each element 1,..., M can occur with probability ﬁ s for n — oo

given by

Vn:gn+En_En2

=Hy—-H?+0 <<%)n) . (4.6.9)

By comparison, if we select a permutation at random and the mean number of left-to-

right maxima are uniformly distributed, the variance is, in this case, V,, = Hn—HT(f).
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4.7 Uniform Distribution: Left-to-Right Maxima
in the Weak Case

In the same way as before, let, for k=1,..., M,

A =k{1,... k1),

then
E = AT .A; ..... A}(\/f
and M 1 M-l oy gk
Fizy) =] ——=— =[] —% (4.7.1)
=11 — —i— k=0 -~ M M
1- M
Then
f(2) = OF (z,y)
Ay |,
i Lo
Y ~ kz

and using the fact that when k£ = m, we just have 1i—z, by partial fractions

1 z 1 1
= — R I 4.7.2
M(l—z)z—i_kz:[M—lfl—zjL ( )

M-1
E, = i k % since the coefficient of (1_%)2 is just n
=1
= % Hy -y where Hy_; is the (M-1)st harmonic number. (4.7.3)
Consequently,

Theorem 4.7.1 The expected number E,, of left-to-right mazima (in the weak case)

where each element 1,..., M can occur with probability ﬁ is for n — oo given by

n M —1\"
E,=—+Hy_ R . 4.7.4
M+M1+o<(M)) (4.7.4)
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The term 77 is a bigger term than that in the strict case because here, in section
4.7, we are counting repeats and as expected, the largest element M is repeated 7
times.

For the variance, we have by Leibniz

O’F(2,y)

where

2 22 11
9(2) = — > - :
Ml—z & 1-21-L

and h(z) is no longer a linear function of y (y is now in the denominator of (4.7.1))
so we do not get h(z) # 0, but

9 M—1 2 2
N M
h(z) = T E (1 ~ z(k+1)> ) (4.7.5)
0 M

e Now consider g(z) = g1(2) + g2(2) where we split off the case when j = M, as
follows:

2 1
ga(z)= > {(M_j)(M_i)l_er...}. (4.7.6)

1<i<j<M

Then, using the same method as for (4.6.8), we obtain

0= X | ]

1<i<j<M

= H, - HY +.. (4.7.7)

e Then, for the case when j = M:

1= is just another ;= so therefore we have

a g in g2(2); that is,

1<i<M M

= 2 1 202M —i) 1
_1<12<M [M(M—i)(1_z)2—M(M_Z.)Ql_er... (4.7.8)

2 22 1
gz(Z)ZW(l_—Z)z > &
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by partial fractions. Then using the fact that the coefficient of (1; is (n+1)

—2)2

and that i is just the usual geometric series, we obtain

2 2(2M — i)
2"go(2) = RS — 1) ——+ ...
1<i<M
Consider (for the first term)
> Sy
1<i<M M(M 1)
O - S
S = \M M-i)\M
1<i<M
M—-1 1 1
ST T Z M—i
1<i<M
Letting M — i = k, the second term becomes %

For the second term, replace M — i by a new ¢ and swap limits, so that

M—-1

3 (M —i) 3 M +i
— (M —iq)2 < 2
1<i<M =1
Hence,
. 2n—+ 1) Hy1 2 ~=M+i
[2"oa(2) = =—7 TRk

Since Y. M gives HY M and Y & = 3+ gives Hy 1,

i on+1)Hyy 2
(aa() = 20D 2 (g o)
2nHy x
= % - QHJ(\j)_l after multiplying out. (4.7.9)

Now use [2"]g1(2) in (4.7.7) and [2"]g2(2) in (4.7.9) to easily obtain

2’]?,HM_1

M
2nHpy

M

—2H

n 2
gn=["g(2) = HYy_, + H) | + L
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Thercafter, we must look at h(z) in (4.7.5). Splitting off the case when & = 0 and
using partial fractions, we have

222 = 1 1
Me) = Tpa =2y Hk; [(M—k)Ql—z *

Then, using the fact that the coefficient of ﬁ is n(n — 1), we have

—1
hn = [2"]h(2) = % +2H? | (4.7.11)

similar to the method in (4.7.9).

As usual, we now collect terms to get the variance and the theorem that follows.

Vn:gn"i_hfn"i_En_E?L

2nHy— n(n —1
Ml+ ( )

2
= HJQW—I - 3H](\4)—1 + M M2

9 n n 2
+ 2HJ(M)_1 t T Hy1 — (M + HM—1> :

(4.7.12)

Theorem 4.7.2 The variance V,, of the number of left-to-right mazima (in the weak

case) where each element 1,..., M can occur with probability ﬁ is, forn — oo, given
by
M—-1 M —1\"
V,=n e +HM_1—H](V2,)_1+O ((T) ) where Hyy—q is the (M-1)st harmonic number.
(4.7.13)

4.8 Left-to-Right Minima in the Strict Case

We return to geometric random variables and discuss left-to-right minima.
As in section 4.2, let
Ap = k{k, k+1,k+2,...}",

then
£2:...(A3+6)'(A2+6)'(A1+6). (481)



52 CHAPTER 4. LEFT-TO-RIGHT MAXIMA

In Ay, instead of a large number followed by smaller ones (as for maxima), we have
here a small number followed by larger ones. We do not include k£ again because we
are dealing with strict minima at the moment. For our language, as expected, the
product goes in the reverse order to the language for maxima.

Then,

Py =] (1 N M) “1 ¢ —py) (4.8.2)

_ k=1 _ ok
Sl 1—zq 10 1—2zq

The denominator is what differs from the generating function for maxima in section
4.2.

Therefore,
OF (z,y) 1 3 zpg" . ]
1z = dy y=1 T 1-2 k>0 1 — zght! since f(z 1) = 1=
k
P q 1 1 ]
== — 4.8.3
qk211—q’“[1—z 1— 2qF ( )

by partial fractions.

Consequently, the coefficients of the above geometric series are

By = [17() = Y g1 Q7 (4.8

k>1

The second part of the sum only produces an exponentially small contribution, so
therefore, we are only looking at ngzl ﬁ where ), -, ﬁ is called «, as it
was earlier in (4.4.5). Hence the following theorem:

Theorem 4.8.1 The average number B, of left-to-right minima (in the strict case)

is, for n — oo, given by
E, — ga +0(Q™) (4.8.5)

where

a:aQ:Zle_l.

k>1
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It is evident that calculating the average number of left-to-right minima is an easier
problem than that of maxima. We did not even need to use Rice’s method in the

above.

Now, consider the variance. Consider

9(z) = —821;(;2’ 2

op? 22 g+
_ £ : . 4.8.6
P?1l—=z Z.(l—qu)(l—zqf) (4:86)

1<i<y

y=1

like (4.5.3), by differentiating using Mathematica.

Then, we confine ourselves to the main term i in the following partial fraction de-

composition, since we are not interested in the explicit computation of exponentially

small terms.

1
-z

By substituting in z = 1 everywhere other than ;= and using the variable @
(log ¢ would be a negative number, therefore we must use capital @), we obtain the

following partial fraction decomposition

N 2_p2 1 1
AP [cEm ==t s
Thus,
g 2P 1
gn = ["]g(2) = " g;j[(@—l)(@"—l)+”l' (4.8.8)
Consider
1
2@ D@D
1 1 1 1
2 [(Z Q- 1) (Z Q- 1> T @)@ —1>]
i o9
=5 [0 -5
where
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In a? — 3, we have included the case where i > j, but we only need the case where

i < j so therefore half it; so we have azg_ 8.

_2p2a2_ﬁ
=73

and

Vn :gn_*_IEn_IE?L
2 2
= (]—j) (a® — B) + L <£a>
q q q
2
P, (2) 5.
q q
Therefore, we have the following theorem:

Theorem 4.8.2 The variance V,, of left-to-right minima (in the strict case) is, for

n— 0o, ,
V, = g& = (S) B+0(Q™). (4.8.9)
where )
a=qag=
and .
B=po= kzzl Q-2

4.9 Left-to-Right Minima in the Weak Case

Let
Ap = k{k+1,k+2,...}",

then
;C I:...A:;*‘AQ* ‘Al*
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and since the Aj’s are now a sequence, we have an extra ﬁ; that is,

I3 B 1 B 1—z2¢"
(Za y) - H 1 - yzqu—l - H 1 _ qu_l(py _'_ q) .

k>1 1—zqk k>1
Then
OF (2,y) 1 g
f(z) = F) 1— Zl_wk—l
Yy o ly= Sss =
z q*
:pl—zzl—zqk replacing k£ — 1 by k
k>0
1 1
' z)zﬂ);[c}k 11—
Therefore,

E, =[2"]f(2) =pn+pa—+...

55

(4.9.1)

(4.9.2)

(4.9.3)

Theorem 4.9.1 The average number E,, of left-to-right minima (in the weak case)

is, for n — oo, given by
E, =p(n+a)+0(Q™")

where .
a=qg= ; o1
Now for the variance: 2P (=.y)
R CRILC

where

5 ¢+

9(2) = 2p21 — Oggj (1= 2¢")(1 — 2¢9)
2 J 2 i+j
= 2p2(1 i 2)? ; 1 _qij + 2p21z_ > 1§j (1— qu)(l — 2¢))

(4.9.4)

(where the first sum is the case when ¢ = 0 and the second when i > 1)

1 1 2 1 \?) 1
:2p2Z[Qj—1(1—z)2_(Qj—l_(Qj—l) ) 1_2—1-...

j=1
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1
+2p° ) { — Qj_l) +} (4.9.5)
1<i<y
by partial fractions again,
and
, 2 ¢
h(z) =2 =j=kinh
(2) pl—zg(l—zqk)z 1= in h(z)
22 1 1
= 2p° 2p° : o] 4.9.6
pa-@ﬁp;}{(@k-w R L

Therefore, after extracting coefficients,

_ 2 2 2 1 2
In=[2 _p;Q] Qj_1_<Qj_1>
2 _
= +2p? Z =y +2p%[(n — 1) — B] + 2p2a 5 P +0(Q™)
1<z<]
(4.9.7)

and

by, = [2"]g(z) = 2p° (Z) +2p°84+0(Q"). (4.9.8)
Hence,

Theorem 4.9.2 The variance V,, of left-to-right minima (in the weak case) is, for

n — o0, given by
Vo = gn +hn +E, —E2
=p*[2(n — Da—28+a® — B+n(n—1)+26] +pn+a] — p*[n+a)?
(4.9.9)
= pgn + pa — p*(2a+ ) + 0 (Q™") (4.9.10)

after simplifying, where

a = Qg = ZQk—l

k>1

and
1

B:BQ:ZW'

k>1



Chapter 5

Records in geometrically
distributed words: sum of

positions

A ‘record’ could be defined as the largest value so far in a sample of geometric
random variables. Looking retrospectively then, from Chapter 3 the ‘number of
winners’ could be considered the ‘overall record.” In Chapter 4, we looked at left-to-
right maxima or records. In this chapter, Chapter 5, we look again at Prodinger’s
study [22] of left-to-right maxima or records but we use a different parameter to that
in Chapter 4: we are going to study here the sum of the positions of the maxima

and use a method of substitution.

The number of records was first studied by Rényi [24]. Recently, Myers and Wilf
extended the study of records to multiset permutations and words. Oliver and
Prodinger [18] discussed set partition words: a word where all the numbers from
one up to the maximum is a record (see also [15]); while Knopfmacher, Mansour,
and Wagner [10] explored records in set partitions. In the context of random permu-
tations, this problem was introduced by Kortchemski [12]. Prodinger then extended
this idea to geometric words. We summarize Kortchemski’s results for random per-
mutations [12]:

An element x; in x4,...,x, is a record if it is larger than x1,...,x;_;. The position

o7
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of the record is then ¢. For example, 58627934 has the records 5, 8, and 9 in
positions 1, 2, 6 and so the new parameter is 1 +2+ 6 = 9.

The probability generating function for random permutations is then

Frk—1

and the expectation is then

=n (5.0.1)

n£2k+k—1 nﬁ
dz k - k

k=1 k=1

where the z variable indicates the sum of position of the records.

The study of records can be applied to observations of extreme weather problems,
tests of randomness, determination of minimal failure, and stresses of electric com-

ponents [6].

We will consider this parameter for words over the alphabet {1,2,3,...}, with geo-
metric probabilities p, pq, pg?, ... with p + ¢ = 1. We will compute both explicitly
and asymptotically, only the expectation, since higher moments require huge com-
putations.

Again, as in Chapter 4, we distinguish between strong records (must be strictly
larger than elements to the left) and weak records (must be only larger than or
equal to elements to the left). This model may be considered to be a g-version;
the model of permutations is approached for ¢ — 1. This holds true, because the

positions and their sums are independent of the value.

We will find a functional relation for the bivariate generating function F'(z,u) where
the coefficient of 2"u" is the probability that a random word of length n has the

sum of the positions of the records (denoted srec) equal to k.

We abbreviate
[k] :==1— 2(1 — ¢"). (5.0.2)



5.1. STRONG RECORDS 59

5.1 Strong Records

As stated above, the coefficient of z"u! is the probability that a random word of
length n has the srec parameter equal to /. This means that this word has a record
k in its last letter. The recursion is then given by

k—1

zZupq k—1
= i . . 5.1.1
fi(z, ) 1<§j<k fi(zu, u) T (_g)m + zupq (5.1.1)

Explanation: In the first term of the recursion, j must be between 1 and k. The
previous record was j, and we have a sequence of letters < j, followed by the last
letter k. The numerator takes care of the k. Since we had an arbitrary number of
letters < j, we have a sequence of letters so therefore use 1=. The factor (1 — ¢%)
occurs because the letter was either 1,2, up to letter 5. The variable z occurs
because each letter in the sequence must be denoted by a z. The variable u occurs
because each one of the intermediate letters adds one to the sum of the positions.
Furthermore, all z’s must be replaced by zu in f;(zu, u) to keep track of the sum
of the positions of the records. The last term is the case in which there were no
previous records. The last letter has record k, but there were no previous records, so
we have a one letter word. Because the sum of positions equals 1, we have a single

w and the probability is pg*~1.

The generating function is then

Feu) =Y fk(z,u)[[%]]. (5.1.2)

k>1
This follows since any k can be the last record, and thereafter, only letters < k can

occur.
Note that -
ZpqT
1) = .
fk(27 ) [[k? _ 1]]
In (5.1.3), we replaced u by 1, hence we are counting words that have k as their last
letter.

(5.1.3)

Also, let
ag(z) = —ufk(z,u) : (5.1.4)
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Divide through the recursion by the numerator to obtain

fi(zu) _ 3 fiww) (5.1.5)

zupgh—1 5 1—(1-¢)zu

Replace k£ by £ — 1 and subtract the & — 1 recursion from the k recursion. After

subtracting, the only case left is when j =k — 1.

fr(z,u) B Je—1(zou)  fea(zu,u)u

- . 5.1.6
apg=t apgh? 1= (1= ¢ )z (515)

Using the product rule, differentiate (5.1.6) with respect to w, let © = 1 and use
(5.1.4). When we differentiate u on its own, we obtain on the RHS

fr-1(2,1)
[k —1]

When we differentiate the denominator, we obtain

fimr(z, D)1 — ")z
[k —1]?

Now, to differentiate fi_1(zu,u):

letting u = 1 gives [k — 1] in the denominator, then use the chain rule:

0 O(zu) 0 0
— fr1(zu,u) = E?u ) e fr—1(zu,w) 8—ufk_1(zu, w)

ou

~

N~

u =1 so we are really differentiating with respect to z to get

= zdisz_l(z, Dag_1(2).

Collecting terms after differentiating, we have

ap(2)  ax1(2)  fra(z1) | apa(2) z d froa(z, DA = ¢" 1)z
o e (| Nl | A e P R A Pein

We must now simplify and substitute in for f(z,1) from (5.1.3).

ag(z) ap_1(2)

qukz—l quk—2
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_ quk—Q + ak—l(z) + z qu—Q + (1 _ qk—Q)(quk—Q) quk—Q(l _ qk—l
[k—1][k—2] [k—=1] [k—1] \[k-2] [k — 2]? [k —2][k — 1] °
by the c‘lrlain rule
Now, multiply LHS by [k — 1], so
ar(2)[k —1]  ax(2) b2
LHS = PO i ([k — 1] + 2zpg"?)
_ ap(2)[k — 1] B ap—1(2)[k — 2]
2pgh1 2pgh—?
because
1= 2(1=¢" ) +2pg" > =1 — 2+ 2¢"" + 2pg*™*
=1—z+2¢""(q+p)
=1—2+4+2¢"?% sincep+q¢g=1
=1—2(1-4¢"7
= [k —2].
For the RHS:
k—2 k—2 1— k—2 —9 1— k—1 —9
RHS — P4 I el S G O e O el i i )
[E—1][k—2] [k —2]? [k —1] [k —1] [k —1]?
Multiply through by [k — 1].
_ 1 1 _ 1 (1—-q¢ 1z
RHS = k—2 1— k—2
2 g T e T O gt a1
then put the first three terms together and split up the last term into two pieces:
(2 —22(1 — ¢"2 1 —¢F? 1 1
— pgt (A=) +2(1-¢"") N
[ [k —2]? [F—2] " [k—1][k—-2]
[ 1 1

R [y Rl el

ap(2)[k—1]  ara()[E—2] zpg*? zpg*?
Bl o [y Rl ) ER

i.c.,
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Sum these relations in (5.1.8) from 2 up to k. The RHS is then straightforward.
The LHS telescopes and equals

w@l—1]
2pgh1 :
When k£ = 2, a;_; becomes a;. Then we must compute
0
a(z) = 8—uf1(z,u)

u=1

fi(z,u) is the generating function where the record has value 1 so the whole word
must be ones (1 can only be a record if there is only one 1). Each one is counted with
probability p. We must have a z for each letter in the word. The word is of random

length n and n must be > 1 because we don’t want an empty word. Therefore,
filzu) = (p2)"
n>1

= upz.

Then 9
%fl(z,u) = pz = a1(2).

al(Z)[[k 2]]

Then multiplying when £ = 2 gives

. ap(2)|k —1 b epgd 2 2pg? 2
ie., M—l:ZML Z[[jpgz]]z' (5.1.9)

Multiplying through by [[Zp_qif]]_[[lk]] and taking the second term on the LHS across the
equals sign to the RHS gives

ak(z) B quk—l k-1 k-1 quj 1 quk—l k quj—2
[k] [k~ 1]][%]] — 1 [%] ; il — 1] [[ — 1][#] ]Z -2 (5.1.10)

Note that we have also used a shift from j = 2 to j = 1 on the third term.
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Then, using (5.0.2), we can check that

k—1
zZpq 1 1
Sl (5.1.11)
[F—101k] [k [k—1]
So then,
k—1 i1 k—1
2pqg’ ( 1 1 >
ST ———— ) by (5.1.11).
ZUI-1 S\l -1
Once again, this is a telescoping sum i.e., it telescopes to
L
[k—1] ~
So, using (5.1.11) and the above telescoping sum, we obtain
k—1 k—1 1 k—1 k j—2
az) | e [ —1} N P (5.112)
[k] [k —1][k] [k —100%] L[k —1] [k =1][k] = I = 2]

Now, we wish to compute the generating functions of the expectations, that is
compute G(z). To find G(z), we must differentiate F(z,u) with respect to u, then

substitute in v = 1.

ie, G(z)= Z ax(2) by definition of F'(z,u)

k>1 [[k]]
zpg’ !
;[[k—ﬂ K] 1<Z<k[ k] [[k—lﬂ] [ —1]?

by substituting in (5.1.12) and then combining the first two terms to get the first
term and then applying (5.1.11) to the second term of (5.1.12) to get the second

term above.
If we work out the double sum, we get that

i[ﬁ_ﬂkilﬂ]zliz_ﬁ

J+1

The term j + 1 is the minimum term of telescoping and when k goes to oo, we get
T=; that is,

B R o N S B
=L E P X o G

k>1
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Then after separating the second sum into two sums, G(z) is

k—1 i—1 i—1
zpq 1 2pq’ zpq’
G(z) = ‘ + - S — O Y a1
2 - T T-s -1 2T - 0
and since the first and third sum above cancel, we obtain
k—1
<pq
5.1.13
T 1-z Z [k —1]? ( )
Substitute in for z = —*5, then
-1
pq
G 1
- § 1— 21— )]
wpq -t
- Z w 1— w(l qk D19
w—1 k>1 w—1 ]
k—1
_ wpq
o _(w - 1)’11) -1 Z (w—1—w+wgk—1)2
k>1 (w—1)2
= —p Z (5.1.14)
k:>0 1 + 'LUq

Now, use the following formula for coefficients, derived from Cauchy’s Integral For-

mula.

MG (2) = (—1)"[w"](1 — w)" " G(2(w)). (5.1.15)

So, returning to G(z) in (5.1.14) and replacing G(z) by the RHS of (5.1.14), we have

’qu

[Zn]G(Z) _ p(_l)n-l—l[wn](l . w)n+1 Z (

— wwak)2
k>0 1 —wg)
n+1 n+ 1
= p(—=1)" " —)" by the binomial theorem.
1=0 k>0
Now rearrange the sum and remove the powers of w, to get

=% (] ) S

k>0

n+1
- pz ( ) Z(qk)l_l[wl_l}% every w is with a ¢* so we have (¢%)'~!.

2
= 1 —w)
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Then use the binomial theorem on = )2, take the coefficient and sum the geometric

series over k, to get
n—+1i
n+1 1 -1
@=ry (")

In the above, we have learnt the new method of substitution that Prodinger presents

in his paper [22]. Consequently, we have the following theorem:

Theorem 5.1.1 The expected value of the sum of the positions of records, in random

words of length n, is given by
n+1

Looking back at (4.4.8) and (4.4.9) of Chapter 4, we can use those formulae in this
instance; replacing k by z in f(z) in (4.4.8) and replacing n by n+1 in (4.4.9). This

gives (5.1.16)’s representation as a contour integral:

—1)n+t 1! -1
E, = - ()" (n+1) & g (5.1.17)
21t Jo z(z—1) ... (z—=n—1)1—¢*!
where the curve C encircles the poles 2,3,...,n 4+ 1 and no others.

For an asymptotic expansion, we change the contour and take the extra residues

into account (with a negative sign). The poles are at

ozzl—l—l?gg::1+kaork€Z,Q::—

e and at z = 0 (which we ignore).

So the residue is

Z XkP 1 27rik:-loan + O(l)

log Q log Q i

Hence, we can state the following theorem:
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Theorem 5.1.2 The expected value of the sum of the positions of records, in random

words of length n, has the asymptotic expansion

_ _bpn
" log ()

where the periodic function (of small amplitude) is given by

i(z) = Z el (=1 — xp ) e ke,
k40

(1+ 6(logg(n))) + O(1) (5.1.18)

Now, letting ¢ — 1 in the explicit formula for E, in (5.1.16), we obtain:

1—q — 1
I—gh=1 7 14qtg?+-+gb—2

. 1 _
which tends to ;= when ¢ = 1.

So, we basically have the binomial theorem

n+1
1
3 (n_]: )(—1)’“ = n. (5.1.19)
k=2

When ¢ — 0, srec— 1. But when ¢ — 1, we get the case of permutations as
predicted by equation (5.0.1) in the beginning of this chapter.

5.2 Weak Records

We use the same method as for strong records, thus we will briefly review the

computations.

The recursion for weak records becomes

fr(z,u) = ij(zu,u)

i<k

2upght

k-1
. . 5.2.1
1 —zu(l—g¢i 1) e ( )

Explanation: We will explain the two differences from (5.1.1). The previous record
was j, but now we are counting weak records so the previous record could be equal
to k; hence the index j < k. Then in the denominator, we have ¢’~!: After the last
record, we have a sequence of values after the last 7 that must be < j—1. Therefore,

¢’ from before, becomes ¢/~ 1.
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Therefore, we have the generating function

kazu ]]

k>1

After our last record, we are only able to have values < k — 1.

Then, we write the recursion as

felzou)  fima(20) _ fr(zu, u)u
zpgtt apghT? 1 —au(l— gt

and apply the same method as for strong records:

ag(2)  ap-1(2) _ fu(z 1) n ax(2) n 22 fr(z,1) n Jr(z,1)2(1 — ¢

67

(5.2.2)

1).

gt apgh o k1] k-1 [F-1] [k —1]?
Then,

ap(2)[k]  ar(2)[1] i g +izqu—1
¥

zpght zp = Ul -11 7.

Here,

a =3 ("5 e =25

n>1

So then we have

ap(z)  2pg"! (pz)2q"! N zpg ! i 2pgd 2

[k—1] [k—1][k]> (1 —p2)?[k][k —1] [k — 1][¥] VIR
Summing over k, we obtain

E—1 j—1 k-1
o zpq “pq zpq
R B e 15 e (e R P 7/ P D 3 15

k—1

k>1 j=>2

o 2

zZp Pz 1 zpq -
= + + -
(1—p2)? (1—p2)2(1l—2) 1-—=z ; ﬂk:]]2

B pz 1 zpgt !
T piog 1—22 [k]*

k>2

- 2pq pz zpg? ! 1
_Z[[/f—l]][[k]]2+(1—p~ 2(1—2) t2 [51° [1—2 i —1]

|

(5.2.3)
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Compare (5.2.3) to our previous result of (5.1.13), where strong refers to the case

for strong records.

Gstrong( Z) —

Then

_ 1 strong _ <p
G(z) = 56’ (2) -

We can then state the new expectations in terms of the old

1.
E, = -Estrons _ L,
q q

To obtain the asymptotic formula, divide ES™°"¢ in (5.1.18) by ¢; that is,

pn
E, ~
qlog @

(1+ d(loggn)) -

(5.2.4)

(5.2.5)

(5.2.6)



Chapter 6

Value and Position of the rth
Left-to-Right Maximum

For words of length n, generated by independent geometric random variables, Knopf-
macher and Prodinger [11] consider the average value and the average position of

the rth left-to-right maximum, for fixed r and n — oc.

H. Wilf, in his paper On the outstanding elements of permutations [25], proved the

formula (1 — 27")n for the average value of the rth left-to-right maximum, and the

asymptotic formula (szf)lr)!_l for the average position. Motivated by Wilf’s study [25],

Knopfmacher and Prodinger [11] studied the two parameters value and position

of the rth left-to-right maximum for geometric random variables.

NOTE Note that not all words of length n have r left-to-right maxima.

6.1 The Value

The generating function is given by

h—1 i1
Value(z, u) = H{l + pq—zu.}zpqh_l. (6.1.1)
1
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Explanation: This generating function originates from the unique decomposition
of a string as a,ws ... a,_1w,_1a,w,, where aq,...,a, are the left-to-right maxima,
the w; are the strings between them, and w can be anything. If a; = [, then we
have the term pg'~'zu. Each letter in w;, comes with probability 1 — ¢* and so wy,
corresponds to the denominator ijo(l N = m Since a particular
value i does not necessarily occur as a left-to-right maxima, we have a 1+ in the

"1 we have r —1 left-to-right

product. However, when we look for the coefficient of u
maxima and the rth has value h. In the generating function, u keeps track of the

number of left-to-right maxima, but we want to study the value of the rth one.

Use the abbreviation
[{] :=1— (1 —¢")=.

From (6.1.1), we wish to compute m(f), the probability that a string of length n has

r left-to-right maxima.

(r)

The coefficients of z"u" ! in Value(z,u) in (6.1.1) above, call them 7, ,, are not

n,
probabilities, because, as stated in the NOTE, there exist words of length n with

fewer than r left-to-right maxima.

Compute 75" from Value(z,u) in (6.1.1) by summing over all values h:

h-1 -
ry . [.mn,r—1 1 pqZ 1ZU h—1 __ (r)
) = [2"u ]TZ ZH 1+ B 2pg" T = an,h' (6.1.2)

h>1 i=1 h>1

6.2 The Position

Introduce the variable v to keep track of the position. The generating function is

given by

k=1,

h—1
1 g zou -
ST bt 2

h>1 k=1

1

o Znur—lvj]

()
then % is the probability that a random string of length n has the rth left-to-right
Tn

maximum in position j.
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Explanation: This is the same decomposition as before in section 6.1. However,
here we are not interested in the value h, so we sum over it. Since the variable v
keeps track of position, we must ensure that every z that does not appear in the
factor ﬁ must be multiplied by a v; that is, every letter up to the rth left-to-right

maximum will be marked by a v, so that we have as many v’s as the position.

Computationally, it is easier to work with the parameter ‘position - r.” For this
parameter, we do not label the letters that are left-to-right maxima by a v, so that
we have as many v’s as ‘position - 7’ indicates.

The generating function is then

h—1
" 1 L -
Position(z, u,v) := T E H{l + = (1= ¢ }qu’ " (6.2.2)

This generating function is preferred since the variable v appears in fewer places,
and hence when we differentiate with respect to v to calculate the expected value,

we will have fewer terms with which to work.

Note that sometimes we will assume r > 2. This is no problem because the position

of the first left-to-right maximum is obviously 1.

6.3 Three Technical Lemmas

To read off coefficients, we will need the following formula:

(W™ aif(biw) = a;b? - [w"]f (w). (6.3.1)

i )

>, ;b can always be summed in closed form.

We state two lemmas to facilitate our future reading off of coefficients in iterated

SulIIs.

Lemma 6.3.1 Assume that we have the power series:

A9 = Yo, =1,

n>1
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then

Y AD(wg) . AP (we®)

1<iy <io<-<ig

(s) (1)
)

- 3 o _l;)' — éc;— 5 (6.3.2)

0=lp<li <+ <ls—1<ls=n

Proof 6.3.2 Without loss of generality, we prove the lemma for the case s = 3.

[w"] Y A(wg)B(wg’)C(wq")

1<i<j<h

:Z Z [w" ' A(wg") B(wg®) [w')C(wq") by convolution

1 1<i<j<h
_ Z Z w" N A(wq") B(wg’)¢" [w']C(w) by formula (6.3.1)
1 1<i<j<h

g

:Zl_ql

= Z Ql - D [ Awg) Blwg) [w']C(w)q"

1<z<]

> [ A(we') B(wg’)[w'|C(w)

1<i<j

- Z Ql Z "A(wq") B(wg’) (wg’)' since [w']C(w) = ¢

1<7,<_7

= Z Ql Z M A(wg®) [w™) B(wg?) (wg’)t by convolution again

1<z<]

- Z Ql Z "M A(wg') @™ [w™] B(w)w' by formula (6.3.1)
1<z<g
qzm—i-m G

= > Lo M A(wg') [w™ B(w)u!

_ ol —1
lm 1 q Q 1 1<i

=Y G Digr o LA e Bl
lim 1<i

- Z Q! _Cll;)?gin 1) 1%;[wn]z‘l(’wqi)(wqi)m by formula (6.3.1)

l,m

o Clmlanm
“ L@ b - D@ -1
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The second lemma to enable the reading off of coefficients in iterated sums is stated

as follows:

Lemma 6.3.2

"] Y AD(wg) . AP (wg )iy

1<y <2< <is

S 1l
s 1) 1 Q"
=Y > a? . ...al, 11 ( — et 2) .
1—lo 11;:1 QZ—l (Q’—l)

0=lo<l1 < <ls—1<ls=n

Proof 6.3.4 Without loss of generality, we will show the proof in the case s = 2.

[w" Y Awg')B(wg')j

1<i<y
S Y ) Bt
1<i<y
= 22w A’ Sl Blod' e )i+) - afte seplacing j by -+
1<i Jj>1
-3 Sl ) S B
1< Jj>1
+ Z Z n— l Z[wl]B(quq])j by multiplying out
1<q 7j>1
=2 T Sl )i o
1<q
+ lel n— l il bv L 6.3.1
Z E Z A(wg') - q y Lemma 6.3.
1<4
o by i(n— I) il
= Z T Z an—-19 g
Q 1 1<q
+ Z le Za i{n=b) since [ A(wg?) = ap_g"™ Y
2 n—1q q n—14q
1<3
Ap— lbl in - an lle in
g g 2
1<’L 1<’L

an—by 0@t 1
ZQl—l 1) G T
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The product in question is

1 o' 1 on
(@l 1 1>2) (@n— 1 - 1)2)

and the linear term in it is
1 Q" . Q! 1
Ql_1(@n_1)2 (Ql_1)2Qn_1'

6.4 The Probability That There Are r Maxima

Recall the following formula:

() = (1) (1 — ) ( v ) (6.4.1)

w—1

and use it to read off the nth coefficients of equation (6.1.2).

Write (6.1.2) as an iterated sum:

i1—1 ir_1-1
(r) — .1 pq“ < pq Z h—1
Ty =z ]—1 — E AR 2pq

1<ii<-<ir—1<h

(et B

1<i1<-<ir—1<h

substitute in z = —= and apply (6.4.1) to get

(B coia e Y VLR R

q e (1—qghw)...(1— ¢ w)

expanding using the binomial theorem gives

S () R T e

k=r 1<iy < <ip—_1<h

(6.4.2)

Now, evaluate the inner sum using Lemma 6.3.1 with k =n, r = s, A(l)(w) =
A (w) = 22 AV (w) = w.
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Therefore,

L q“w...q“—lw X
[wk] i ; wq
1§11<m§r_1<h (1 — qzlw) Ce (1 — q""‘—lw)

1
T D@ D@ D

O=lo<1=l1<la< <=k

1 .
Z Q2 —1)...(Q"—1) since ﬁ =4,

2<lp <<=k

ESAES

Then, after substituting back and replacing & — 1 by & in (6.4.2), we have

" = (=1)1 (E)H ni (";1)(—1)’7(@ (6.4.3)

k=r—1

with

1
= 2 @en.o@-n 644

Next, in order to apply Rice’s method here, we need the continuation of f(k) to
the complex plane. We can use symmetric functions, where we can always represent

such iterated summations by powersums:

k

1
O(k) = ZW'

1=2
To find an extension of this quantity ©(k) valid in the complex plane, we have
1 1
O(z) = —_—— —_—
; (Q — 1) ; (Q+= —1)d

However, we only need the values f(0),..., f(r —2).

NOTE A definite sum )., ., g(k) is defined by G (b) -G (a), with an indefinite sum
function. In particular, for a = b we get 0, and >, , g(k) = —g(0) — g(1) — g(2).

This idea can be iterated.
We have here a sum of r — 1 indices, so therefore f(1) =--- = f(r—2) =0.

For f(0), consider the following example.
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NOTE - .
-5 (3 e
j=1 \k=j+1

can be rewritten as

)= 1 za _lia‘z
’_2 ‘ 2 &

and if we substitute in for n = —2, —1,0, 1, 2, 3, we obtain the output
1 1 1 1 1 1,1 1 1
5(—a_1—a0)2+§a2_1+§a3, (1,(2), O, O, 5((1,1"—(12)2—5&?—5&%, 5(&1"‘&2"‘&3)2—5&%—5(13——

Therefore, we can see that

£(0) = (=1)" <ﬁ)H . (6.4.5)

Rice’s method and the pole at z = 0 gives us
1
™ =1+0(-). (6.4.6)
n

Asymptotically, every geometric sample has r left-to-right maxima for a fixed r.

6.5 The Average Value of the rth Maximum

We compute the average value ED.

B = Zh[z"u’“‘l]\/alue(z,u)

h>1

expand out to get an iterated sum

i1—1 Tp—1— J.

1 gz pq /!
=["— > —= . ~h
1=z 1<iq < <ip_1<h [[Zl]] [[ZT - 1]]
P\ a1 'z pgtz
= (= 2 — — = zq"h
<q) S el DR R ey

1<i1 <+ <ir—1<h
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again by (6.4.1) and substituting we get

~ -1y (9)T<—1>n[wnl<1—w>n—l ) AR ol E—

q i =) (T =g

and by the binomial theorem

- (B LI S e e

k=r 1<ii < <ir_1<h

(6.5.1)

Now, evaluate the inner sum using Lemma 6.3.2:

qtw...¢"w N
[w"] . ——wq"'h
1§i1<§r_1<h (1—q¢rw)...(1—qgt1)

=11 > f[(@z}—l“(@?jl)z)'

1=l <la< <=k i=1

Therefore, after substituting in and replacing £ — 1 by k, we get

E() = (—1)"! (g) ni (n;1>(—1)kf(k) (6.5.2)

k=r—1
with
=i Y (g=ttgem) 659
- li—1 i _1)2 )" o
1=l <lo<-<lp=k+1 i=1 Q (Q 1)
Like before, f(1) = --- = f(r — 2) = 0 and since in general
Z apay, .. .a, = (—1)"aqay ... ay,
1=l <la<-<lr=1
we find that

o1 3 gt o)

1=l <lo< - <lpr=1i=1

= (—1)[] (Q 1_1 +t(QC—21>2>T
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Q

= (VT

(6.5.4)

Substituting in (6.5.2), we have

() o (3 g

Since we are taking negative residues, we have

Er) —

n

r
.
Consequently, we have the following theorem:

Theorem 6.5.1 The average value IE,(f ) of the rth left-to-right mazximum in a ran-
dom sequence of n elements, generated by geometric random variables according to

the geometric distribution is given by

1
E" = % +0 (ﬁ) for fized r and n — oo. (6.5.5)

Taking the limit ¢ — 1 would yield the corresponding result for permutations.
Equation (6.5.5) would then yield infinity.

6.6 The Average Position of the rth Maximum

Differentiate the generating function Position(z,u,v) from equation (6.2.2) with
respect to v and let v = 1.

Therefore,

e,
[2"u" '] —Position(z, u, v)

ov

v=1

differentiate with respect to v first then expand out the product to get
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LI (R R

1<ig < <lp—_1<h j=1

then using (6.4.1) and substituting, we get

e (e S (L )

1<ig < <ip—1<h j=1

use the binomial theorem on (1 —w)" ! and replace k — 1 by k to obtain

~(&) e £ (5 ersm -

k=r—1
where
N — 1 B qzjw(l — ¢ )w
f(k) = [w*[1] 1<¢1<§ 1<h31—[1 ( — giiw (1— giw)? ) (6.6.2)
wq" = fi(k) + fa(k)

with

fi(k) = [t][w"] > H (1 —dw (1 _q:;pr) wq" (6.6.3)

1<ip < <ip_1<h j=1

and

ij\2

HORIUICI DY H (1 st (1(3 ql"lj)w)2> wg".  (6.6.4)
1<y <ol <h j=1

The numerator terms in the product; that is, ¢“w and (¢w)?, come about by

multiplying out ¢%w(1 — ¢%)w in (6.6.2). In f,(k), we take the coefficient of w*,

not w*!, because we have absorbed the second w from the term ¢%w (that is, after

multiplying out (6.6.2), we should have had the terms ¢“w? and (¢“w)?). We can

now apply Lemma 6.3.1 to fi(k) in (6.6.3) and f2(k) in (6.6.4).

For fi(k), Aj(w) == A,_ 1(w)— Y w2 a,ndA( ) = w.

w—1 ~ (1I—
Taking coefficients, we have 1 from —* and tn from ( )2, where according to the

lemma, n must be replaced by 5 — ll. Hence,

1—t(ly—1))... (1 —t(l, — L,
fl(k) = [t} Z k( ((Qll _)i) - .((er (_ 1) ))

1=l <lp< <lp=
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then since the numerator is a telescoping product, we end up with [, — [; where 7 is k

SR NP DU ey o=} (06

For fy(k), Ai(w) =--- = A1 (w) = 5 + () and A (w) = w.

w (1—w)?
Taking coefficients, we have 1 from —*5 and #(n — 1) from (it_wu)jz, where according

to the lemma, n must be replaced by [, — ;. Hence,

_ (14t — b = 1)) (Lt — by — 1))
fQ(k) [t] 1:ll<l2<z.:“<lr:k+1 (Qh _ 1) . (er _ 1)

the numerator telescopes again to give (k — r)

1
= (k=) : (6.6.6)
1=zl<12;<zr:k+1 (@ —=1)...(Q" —1)

We require the behaviour of £(0). The function f;(0) is dominant here.
Using the general rule that

r—1 r—1

Qa —Qa
Z Ay - ALy = (_1)T0—17

9<ly <ol 1 <0 do — M
we find that as z — 0
(=1)"

&~ G- e~

(6.6.7)

Next, we must look at the contribution of an rth order pole at z = 0. In their
paper, Mellin transforms and asymptotics: finite differences and Rice’s integrals, P.

Flajolet and R. Sedgewick [5] provide the following formula:

“ (n\ (=1 log"n
Z(k>(k}n) = P21 O log™ " n). (6.6.8)

m!
k=1

Therefore, substituting (6.6.7) into (6.6.1) and using (6.6.8) (where m is r — 1), we
have the following theorem:

Theorem 6.6.1 The average position of the rth left-to-right mazimum in a random

sequence of n elements, generated by geometric random variables according to the
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geometric distribution is given by

1 r—1
1) <§ logg, n) +O(log"%n)  for fivzed r > 2 and n — oc.

Letting ¢ — 1, we have, for the case of permutations,

(logn)"*
(r—1)!"

81
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Chapter 7

d-Records in Geometrically
Distributed Random Variables

Again, we consider left-to-right maxima or records; although in this chapter we
generalize the idea. Here, Prodinger [21] studies the left-to-right maxima of the
d-largest record in sequences generated by independent geometric random variables.
The explicit and asymptotic formulae for the expectations for both the strict and

weak models will be calculated.

A d-record occurs when we compute the d-largest values, and the variable maintain-
ing it changes its value while the sequence is scanned from left to right. A d-record
is the number of times the variable maintaining the dth largest value changes as one
goes through the sample from left to right. The case d = 1 is the case as studied in
Chapter 4.

For example,

if C; is the current value of the ith largest value and if we have the sample 1343375,
then

C has values 1, 3,4, 7 so there are 4 1-records; C counts all the left-to-right maxima.
C5 has values 1, 3,4, 5 so there are 4 2-records; C5 counts the second largest values
from left to right.

C5 has values 1, 3,4, so there are 3 3-records; C3 the third largest values from left

to right.

83
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The last value of Cjy is the d-largest value.

Therefore, we are counting the number of records of the d-type.

Note that the last value of the variable C; for the computation of d-records is the

d-largest value. This is clear in the example above.

We use the following usual abbreviations: @) = %, L =log@.

7.1 Expectation for the Strict Model

Consider the random variable X, number of d-records. Write
X=x1+x2+...,

where x; is one if the variable Cy will eventually change to the value k; zero oth-
erwise. The expectation E(xy) is just the probability that this happens. We must
compute E(yy). Note that Cy, at some stage, takes on the value k. This cannot
happen unless there are d values > k. Thus the d values must be > k, but not all of
them > k. Let a4, ..., aq be the actual values that are greater than k£, and wq, ..., wy
be the values smaller than k. These could be single letters or a whole sequence of
letters. Hence, we want to count the weight (probability) of all the words of length
n of the form wyay ... wgaqy with letters a; € {k,k+ 1,...} (not all of them larger
than k) and words w; € {1,...,k —1}* y € {1,2,...}*. The generating function
for the expectation E(X) for strict d-records is given by
1 1

1—2(1—¢+-H]41 -2

B(X) =[="]>_ [(¢""2)" = (¢"2)] (7.1.1)

k>1

Explanation: The generating function for any word y is just i For the word
ai,...,aq, each has the probabilities pg®*~! + pg® + ... which sums to ¢*~'. This
happens d times hence we raise to the power d. Each q; is a letter, which is counted
by the variable z. Hence the term (¢* '2)?. We must then subtract off the case
that all letters ay,...,aq are strictly greater than k i.e., pg® + pg**t' + ... which

sums to ¢*. Again there are d of them, each counted by a z, hence (¢*z)?. Next for
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wy,...,wq. These are sequences, so the generating function is ﬁ. The values of
the w’s are either 1,2, ..., k—1 so therefore the probabilities are p+pg+- - -+ pg" =2,

which sums to (1 — ¢*~1). Again there are d of them, each counted by a z, hence
1

Now, replace k — 1 by k and take out (¢*2)¢ from the first bracket to obtain

1 1
_[.n k\d(q _ d
B0 = I 6 - s (112)
k>0
Like in Chapter 5, use the substitution
w
Zz =
w—1
and the formula (as in (5.1.15))
) = ()"t = w)
B w—1)"
to get
1
E(X) = [w"](=1)"*(1 = ¢")(1 — w)" Z(qkw)dm-
k>0 q
Then, after taking w" 7 out of (1 — w)", we obtain
n & n—1q n ; 1
BOY) = (10— ) Yo = 0" 0] )
=0 k>0 q

The index j = 0 up to n are the possible powers of w" 7 that you can get out of
(1 —w)™.

Now use the binomial theorem on (1 — w)™. By the binomial theorem, we obtain
(—1)"77, which eradicates the terms (—1)"; that is,

B0 = (0= 3 (7)o Dt s
j=d k>0

We have the index j — d because inside the sum, all powers are at least w?.

Consider the k-sum:

W)Y 0

k>0
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) 1 1 q2d q3 d
= [w]w® d
bk [(1 S e e (T

=W et )
j 1 w?
:[w]l—qf(l—w)d

fen E(X) = (<11 — "3 (") (1) qj (;71 ) D (7.1.3)

j=d N

and by Rice’s method, we obtain

d a1 (—=1)"n! (z—=1)...(z=d+1) 1
= (=1 ““”%/ez(z—n...(z—n) (d—1) g

For the asymptotic evaluation, we must look at the residues outside of this curve,
taking them with a negative sign. The most significant residue is when z = 0. To
compute this by hand, first cancel the powers of (z — 1) from both the numerator
and denominator. So in the denominator, we have (z —d)(z—(d+1))...(z—

in the numerator, we have n(n —1)...d as a product. Rewrite - as ( =
of

and similarly for the rest of the terms. Hence, we will have d copies o 1), and
the (—1)¢ cancels with the (—1)? in the formula for E(X) above.

We have
1 1 1

A= H..(1-2)1-¢

Expand each of the terms above by geometric series.

1 1
1_qz ~ 1 — ezlogq
1
~ 1—(1+zlogg+...)
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1
—zlogq — %(logq)2 +...

1

Lz(1— %)

1 L
Lz 2

and the denominator becomes

(30D )

1 1
~1+z (E + m +-- 1+ 5) after multiplying out.

~y

~

This can be rewritten as

1+ Z(Hn — Hd—l)-

Therefore,

ayr,~11 1 !
I = e

~(1—- qd)[z_l} (1+2(H, —Hq1)) i,z (1 + %) é

1 L

~(1 =g (H,— Hyy + =
( q)L< d1+—2)
now divide by L and note that % behaves like loggn + 7, to get

d v Hgq 1
N(l—q)(loan—i—z— 7 +2>.

(7.1.4)
Letting d = 1 in (7.1.3), we obtain the expectation for counting ordinary records
logon + . + + (7.1.5)
p | logg 75 1.

Reassuringly, this is the exact formula we obtained in (4.2.7), where the extra terms

in (4.2.7) arc so small they are insignificant.

Theorem 7.1.1 The parameter ‘number of changes of variable Cy’ (= number of d-

records), for random strings of length n, produced by independent geometric random
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variables, has the following asymptotic equivalents for n — oo for expectation

v Hgq 1

E(X) ~ (1 —¢% (loan tr- 7t 5) + dp(loggn). (7.1.6)

The (small) periodic function 0g(x) could be determined in principle in terms of its

Fourier coefficients.

7.2 Expectation for the Weak Model

When we count weak records, we are, in fact, counting with multiplicity. If the one
that is to be compared with the variable for the d-record is equal, we also count

that as a change.

For the generating function for the expectation, we must note that m > d elements
must have been > k, but at most d — 1 of them > k. By a similar method as in

section 7.1 (using m’s instead of d’s), we obtain

E(X) _ [Z"] Z Z z_: (T) (qu)A(quk—l)m—A [1 — Z(l 1_ qk—l)]m 1 i o (7.2.1)

k>1 m>d A\=0

m
A

that are > k. For (2¢%)*: ¢* is the probability if you sum the numbers that are > k,

Explanation: The term ( ) implies that we are choosing A out of the m values

multiply by a z and raise to the power of A\, where \ counts values > k. Therefore,

there are m — A values equal to k; hence (zpgt=—1)m2.

Again, like in Chapter 5, use the substitution

and the formula




7.2. EXPECTATION FOR THE WEAK MODEL 89

to obtain

B0 = (0" 32 ST (1 o ot g~

k>1 m>d A

then by the binomial theorem on (1 — w)", we obtain
n n d—1 m 1
_ —1\I[apyd _1\m k+1\A kym—X\
=3 () e DY () S o
j=d m>d A=0 k>0
then since w’ always goes together with a (¢*)7, we obtain
n n d—1 m
= ( j)<—1>f[wﬂ Sy ( A)(wqyf(wp e @)
j=d m>d A=0 k>0
then after summing the geometric series,

:g<Z>(_1)j[wj]z(_l)md§®( w0 (wn)"

m>d A=0

and after rearranging, we have

(s s (0 () e

N J/

()

Let us now evaluate W(j). For a general a and b, consider

==Y % (T)m.

0<A<d m=>d

Consider the sum over m:

Z (m) " = L by a combinatorial identity
= A (1= b)MT

We do not want the index m > X, but rather m > d. So subtract off the sum when
Z a’ [ 1 — b)M1 o

m < d.
() ]
1ib11__(: ( ) (7.2.3)
T,

[I]

0<)\<m<
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In (7.2.3), the first term is a geometric series, where the common ratio is (). The
second term is just left as a double sum and denoted Tj.

We now try to show that there is a recurrence for T}:

d
To=0 and Ty =13+ Z ()\) a*b?  where the sum is the case when m = d

0<A<d

=Ty + (1 +a)%* by the binomial theorem.

We have a simple recursion for 7y, in terms of 7;. By iterating, we can solve for a

recursion for Tj:

Ty= > ((1+a))"
0<h<d
1= (1 +ab)

1= (1T a) by geometric series. (7.2.4)

Therefore, substitute for T (7.2.4) into (7.2.3), to get

L1 1 (o)

—_—
—

- ab
1-b 1-% 1—(1+a)b
1+ a)b)? — ()
— « 1—)()1—|—a()}’_b) after simplifying. (7.2.5)
Back to ¥(j) in (7.2.2). Let a = £, b= 5.
Then,
1
1+a=-,
p
w
1 b=
(1+ap=—"r
1_b:w—1—pw 1—qw’
w—1 1 —w
ab qu
d .
a 1—-b quw-1
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d d
= (=) [w)(1 — w) v — (- after simplifying the denominator
w—1 1 —qw

S R ) B Gy RS G

then take [w’] in both terms to obtain
(TN q sy - (i
(G0 ame- (2 ) a-e). (7:26)

Substitute (7.2.6) into (7.2.2).

~r R (e n) R Qe e

1=

> ()= (600)

(for the explanation of (—1)4 > i (")(—1) () =1,

sce the calculations leading to (7.3.3) in section 7.3)

1 (—=1)"n! 1—g= 1 (2—-2 ,
=1 (—1)4— 's meth
( )27”,/62(2_1)‘”(2_”) =g \d—1 dz by Rice’s method

v nlD(—z) 1—gt(z—2
Nl_(_1> [Z ]F(n+1_z) 1—qz <d_1>

and by Mathematica, we have

P 1 p . p P d 1
~1+d=-lo n——(H_— d—+——d—>——(1+—>. 7.2.8
q g0 I ( d—1 7) 7 q p 5 q ( )

Theorem 7.2.1 The parameter ‘number of changes of variable Cyq’ (=number of
d-records, weak model) for random strings of length n, produced by independent

geometric random variables, has the following asymptotic equivalent for n — oo for
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its expectation

P 1 P d 1
(7.2.9)

7.3 The Permutation Model

We now consider the case when the limit ¢ tends to 1 (¢ the parameter of the
geometric distribution). When ¢ — 1, the geometric random variable behaves like a
permutation; that is, when ¢ — 1, then all the n numbers will be different. Hence,

we are considering the model of random permutations.

Take the limit ¢ — 1 in (7.1.3) in the expectation for the strict model.

i.e., take
1—q¢% d
lim q' = — by L’hopital’s rule
g—11— ¢ j

E(X) = ddZ() : <;:1> (7.3.1)

Next, take the limit ¢ — 1 in (7.2.7) in the expectation for the weak model, to

E(X)=1- (- dz<> J]_IG_?). (7.3.2)

to obtain

obtain

When ¢ — 1, there are no repeats in the random permutation; so the expectation
for the strong and weak models should have the same answer. So (7.3.1) and (7.3.2)
should coincide. To show this, we take (7.3.1) and subtract off (7.3.2) to get

vt ()3 () e (e (5
o G 2L S Py Py R G

Jj=
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then by simplifying with factorials, we get

(e )]
Qo)
- {(—1>dj2;j (M (o)) m} -1

— 1\~ (n—d 1
= (—1)n (n ) Z (n )(—1)3 i 1 by rewriting binomial coefficients

1 I/ 1
:n<2_1>2(nj d>(—1)1j+d—1 by replacing j — d by j

—1-1 (7.3.3)

Therefore, the two equations commute thus the strong and weak models have the
same expectation when ¢ — 1.

We derive the probability generating function. Notice that the coefficient of z* is
the probability that the number of d-records in a permutation of n elements is equal
to k.

The probability generating function is then

f1(£%§+%g. (7.3.4)

k=d
Explanation: Consider a permutation pq,...,p,. For the first d — 1 elements,

nothing happens. Now, if k is d, then p, introduces a change (0 + z). If kis d + 1,

then pgy1 introduces no change with probability ((11+1) and a change with probability
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ﬁ. Further, p(412) introduces no change with probability ﬁ and a change with
probability ﬁ; and so on. The index is k = d up to n since n is always going to

be the first record so it cannot be the dth record.

Then, after differentiating the probability generating function and substituting in

x = 1, the expectation is
d(Hy; — Hy 1). (7.3.5)



Chapter 8

Record Statistics in a Random

Composition

Once again, this chapter discusses left-to-right maxima, but this time, instead of
geometric random variables, we consider compositions. It is well known that com-
positions of n behave asymptotically like geometric words of length § with p = %

However, the intention here is to derive the results directly.

A composition o = ajas . .. a,, of n is an ordered collection of positive integers whose
sum is n. Therefore, a composition o of n with parts in A is a restricted word over
the alphabet A. An element q; in o is a strong (weak) record if a; > a; (a; > a;)

forall j =1,2,...,7— 1. Furthermore, the position of this record is 7.

In this paper by Knopfmacher and Mansour [9], we will denote the set of all com-
positions of n with m parts in A by C4(n,m). It is well known that the number of
compositions of n > 1 with m parts in N is given by (:l__ll), and that the total num-
ber of compositions of n is 271, In this chapter, we will find generating functions
for these parameters, the number of strong records, the number of weak records,
the sum of positions of strong records, and the sum of positions of weak records in
a random composition of n with parts in A = [d] := {1,2,...,d} or A = N. This
chapter also studies the average values as n — oo in the case A = N. The final
section in this chapter presents a combinatorial explanation for the fact that the

total number of weak records in compositions of n plus 2"~ ! equal the total number

95
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of strong records in compositions of n + 1, for n > 1.

8.1 Number of Strong Records

Let NSR4(z, v, q) denote the generating function for the number of compositions of
n with m parts in A:

NSRA ~,y q Z Z 7nqunsr(o) (811)

n,m>0oeC4(n,m)

where nsr(o) is the number of strong records in composition o.

We will find an explicit formula for this generating function; that is, we will find a

generating function for the three variables: z, y, and g¢.

For the generating function NSRy(z,y,q), we are counting how many times the
number d occurs. Thus, d stands for the largest part; we cannot have parts larger
than d. The first time we encounter a d, we have a new left-to-right maximum.
Denote the number of occurrences of the part d in the composition o € Cy(n, m)
by l(0). Therefore [(¢) counts how many times part d occurs in the composition.
The contribution of the case I(0) = 0 is given by NSRj4_1(2,¥, q) because I(0) = 0
only if there are no parts equal to d. On the contrary, assume (o) > 0. Then, o
can be decomposed as o’do”, where ¢’ is a composition with parts in [d — 1], hence
we must use the subscript [d — 1], and ¢” is a composition with parts in [d]. This
means if [(0) > 0, if there is at least one d in the composition, then ¢’ is the part
before the d, thereafter we will have a d of course, and then after that we have the
rest of the composition. d contributes d to the z variable, 1 to the number of parts
and is a left-to-right maxima, represented by a g, i.e., we must have the term z%yq.

Hence, the contribution of the case l(o) > 0 is
2yaNSRig-y(2,y, ) NSRg(2,y,1)

where 2%ygNSR_1)(z,y, q) replaces o’ and NSRj4(z,y, 1) replaces o”.
For ¢”, ¢ has been replaced by a 1, which implies that we are not counting any left-
to-right maxima. This makes sense because after d, there are no more left-to-right

maxima.
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Putting both cases I(0) = 0 and (o) > 0 together, we have
NSRy(2,y,q) = NSRa-y(2,,0) + 2"ygNSRja-y (2,9, ) NSRig(2,9,1). (8.1.2)

Now let ¢ = 1, so we are now only counting compositions according to size and
number of parts. Then, by definition, a composition is a sequence so again we have
ﬁ. Each part has a y and the parts of the composition are some number j between

1 and d. Thus, by induction we have

1
—
L—y> i, &

Now we can solve for NSR|q in terms of NSR;_) using (8.1.2) and then

NSR[d](Z,y,l) = (8.1.3)

d .
yq
=1

j=1

Hence, we have the following theorem:

Theorem 8.1.1 The generating function NSRq(z,y,q) is given by

d

2yq
=1

7j=1

Substituting ¢ = 1 in (8.1.4) in the above theorem, we find that the generating
function for the number of compositions of n with m parts in [d] is given by (8.1.3);
that is,

1

NSR[d](Z$y$1) P E—
1 —?JZ?:lZJ

For the average number of strict left-to-right maxima, differentiate (8.1.4) using

Leibniz formula.

5 : Ay ~_ Ty
5 VSR (zy ) =[[ |1+ —F— 1-yyi =
9" *fialz 1) H( L—y>i, Z) <Z Ly XL

J=1 Jj=1

put the first bracket over a common denominator to obtain
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Sl d J
(i) (o
—
j=1 1—yZ 1 7 j:11_yz:g:1'zZ

then since the first product is just a telescoping product, we get

d .
1 Z 2y
= — f . (8-1-5)
1- nyzl 2t (j:l 1 - yZLf ZZ)

o n oy
Let fr, = > 00 ZUGOM” o nsr(c) denote the sum over all compositions ¢ of n of

the number of strong records in o.

Let f(z) = >_,50fn2" be the generating function of the sequence f,. Then after
letting y = 1 in the derivative and replacing d by infinity, the generating function

f(2) for the average value of maxima is

1 2
&)=y Zl_ 1

i
i=1 <

1—=2 2
— 8.1.6
1_2221_21—17;‘ ( )

>1

by geometric series.

Now to compute the average number asymptotically, first sum the finite geometric

series in (8.1.6) and use partial fractions to obtain

f(z):Z_Z2+(1_Z)2Z 2k

1—2z 1—2z2 k>21—22+zk
z— 22 1 1
= 1—2)? — . 8.1.7
T2 ¢ Z)];L—Qz 1—22+z’“} (8.L.7)
Then
S 1 n
E, = —Qn_l[z 1f(2)
1 1 - 1 1
== (1 — 2)? — . 8.1.8
3+l =) 2 {1—22 1—22—1—2”‘7] (8.18)

We will not show this asymptotic proof because we can simply use the asymptotic
evaluation for geometric random variables given in (4.2.7) with ¢ = % and 7 replacing

n.
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Theorem 8.1.2 The average number E; of strong left-to-right maxima in the con-

text of compositions of n has the asymptotic expansion

1 1
E> == |logon— =+ 1 d(logym)| + O(1). (8.1.9)
2 2 L
Here, L = log2; v is Euler’s constant; and §(z) is a periodic function of period 1

and mean 0 and small amplitude, which is given by the Fourier series

Z F 2km:c

k;éO

: _ 2kmi
where the complex numbers xy are given by xx = =7-.

8.2 Number of Weak Records

Let NWR4(z,y,q) denote the generating function for the number of compositions
of n with m parts in A:

NWRA ~,y q Z Z 2y™ an(a) (821)

n,m>0oeC4(n,m)

where nwr(o) is the number of weak records in composition 0. We will find an

explicit formula for this generating function.

Denote the number of occurrences of the part d in the composition o € Cig(n,m)
by I(o). The contribution of the case I(0) = 0 is given by NW Rq_y(2,y,q). If,
on the contrary, I(¢) =1 > 0, 0 can be decomposed as cMNdo®d. .. do*V, where
oV is a composition with parts in [d — 1]. Everytime a d occurs, it is a new weak
left-to-right maximum so the above decomposition is just a labeling of parts: o™
is the first composition then a d occurs, ¢ is the second composition then a d
occurs etc, where the parts of all the compositions are strictly less than d (because
all the d’s are written out explicitly). Therefore, for the case where there are exactly

[ occurrences of d; that is, the contribution of the case I(o) = [, equals

(Zdyq)lNWR[d—l] (27 Y, Q)(NWR[d—l] (Zv Y, 1))l
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The bracket is raised to the power of [ because d occurs [ times in the list.

Then, the generating function for o™ up to ¢+? is given by

NW Rig1(2,9,9)
1 — zlygNW Rjg1y(2,y,1)

NW R (z,v,q) = (8.2.2)
o@ up to oY all have the same generating function. For o) however, we need
to count all left-to-right maxima that came before the first part equal to d. After,
(0@, ..., 0*) we do not count left-to-right maxima because those numbers will
not be bigger than d. Then sum over [ to get (8.2.2), which is the sum of geometric

series.

When ¢ = 1 and by induction

1
NWRyg(zy,1)= ——— 8.2.3
(2,9, 1) T ST (8.2.3)
Thus,
a 1
NW R(z,9,9) = || P—rT— (8.2.4)
J=1T T Ay

Hence, we have the following theorem:

Theorem 8.2.1 The generating function NW Rig(2,y,q) is given by

d
NW Ry (= =l———

J=1

_ Zyg
1- yzj llzl

1
For an asymptotic expansion, we must differentiate with respect to ¢ and substitute
in ¢ = 1. So then the generating function for the total number of weak records in

compositions over N is then

aNWR[N](Z, 1,q)
9(2) : = 5
q —
1—=2 2k
- Z k i
122 =1 L —D i ?
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_ (1- 2)2 2 . . . E i
=, ,g; 9.4 0 after working out the geometric series ). | z*
(=2 1 1 . .

— . ; T VA v by partial fractions. (8.2.5)

This new generating function g(z) is almost the same as f(z) in (8.1.7). Therefore,

since we know the asymptotic expansion for f(z) in (8.1.9), we can say

1

EY = ("9(2)
1 “ 1 1
= (1 — z)? — . 8.2.6
e (EEDY e (5.26)
Then,
n+1 q
w o __ n—l—l,k
E”_Z<1_ 2n—1)
k=2
= QE;H -1 (8.2.7)
where
e[ (1 - 2)2
Gk = 12 ]1 — 2z + 2k

We replace gnr by ¢ni1,1 because we are taking the coefficient of 21 So, using
theorem 8.1.2, we can then obtain

Theorem 8.2.2 The average number EY of weak left-to-right mazima in the context

of compositions of n has the asymptotic expansion
8

E" — logyn — g + 2 §(logym) +0(1) (8.2.8)
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8.3 The Sum of Positions of Strong Records (ss-

rec)

Let PSR4(z,y,q) denote the generating function for the number of compositions of

n with m parts in A according to the statistic ssrec:

PSRA(z,y,q) = Z Z ZMymgssreel), (8.3.1)

n,m>0ceC4(n,m)
We will find an explicit formula for this generating function.

recall that the number of occurrences of the part d in the composition o € Cig(n, m)
by l(). So, as before, d is the largest part. The contribution of the case I(0) = 0 is
given by PSRjq_1)(2,y,q). We will assume [(c) > 0, then ¢ can be decomposed as
o'do”, where ¢’ is a composition with parts in [d — 1] and ¢” is a composition with

parts in [d]. Therefore, the contribution of the case I(o) > 0 is given by
2"yqPSRa-1)(2, 4y, a) PSRy (2,9, 1).

This is almost the same as that for strong records, except for the term qy. The
variable y gives the number of parts, so for the position of d, we must have one ¢
for each of the y’s that came before, hence qy.

Therefore,
PSRy(2,9,9) = PSRa_1(2,y,9) + 2"yaPSRa_1(2, qy, ) PSRig(z,y,1). (8.3.2)

For ¢ = 1 and by induction, we always have the same generating function for
compositions into parts, where y counts the number of parts and z counts the size

of the composition,

1
PSRg(2,y,1) = ————. 8.3.3
a1 1—y>5, 2 (8.3
Hence, after substituting (8.3.3) in (8.3.2),
2Yyq
PSR[d](Z,y,Q) = PSR[d—l](ZvyaQ) + #PSRM—I](Z’) qy,q)
I—y 2121 2t

iterate the first term to get
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21y
= PSRyy_5(z,y,q) + —&HPSR[d—m(Z, qy,q)
L—y> 12
d
+ ¢P5Rd (2,99, 9)

yZz 12Z

d .
Zyq
= PSRy3(2,9,9) + Z 4

———; - PSR;-y(2,qy.9)
j=d—2 1 —ZJZ 1’2Z

.7
Zyq
—1+§ ———————PSRj;_y(=,
Ty (2 9y, 4)-

We must now iterate d times.

01 J—1 J29102
yq 27yq
PSRy yq—l—i—g 1—|—E PSRy 1(zqu)
Jlll—yiﬂlzll -y Y o

iy 12’Z 311 Z:121]211—y 72 2
ja—1 -
23yq
X |1+ PSRy, 1(2,¢°y,q)
jgzl L—yg? R, 2
d i Jji—1 ;
2y 2y z”yq
O DT
=1 Y =g zl’“j—l —Yay i,

i—1

Ji
: E ~'Yq 3
+q° ; — PSRy, 1(2,¢°y,q).
q H 1 _ yqz—l E -171:1 Zl []3 1]( qYy (])

d>j1>j2>73>1 i=1

The pattern is clear and we can state the following theorem:

Theorem 8.3.1 The generating function PSRq(z,y,q) is given by

1+ ;qk ( Z H o 1221]1 > _ (8.3.4)

d>j1>j2>>jp>1 i=1

This generating function is analogous to equation (5.1.2) in Chapter 5, but in Chap-

ter 5 we never gave an explicit formula for F(z, u); we used recurrences instead.
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Now, we wish to find the generating function for the number of compositions of n
according to the total of the statistic ssrec. Differentiate (8.3.2) with respect to ¢

and let ¢ = 1. We must differentiate using the chain rule.

Let

0
vg(2) = %PSR[d](Zu 1,q)

q=1
then

Zd

(1= 2050 2)(1 = 30501 #9)

d 9
+———— (v 1(2) + ==PSRyg_1(z,9,1
S ( a-1(2) B9 =1 ( )

(8.3.5)

) . (8.3.6)

The first term vy_1(2) comes from differentiating the first term of (8.3.2). The second

v4(2) = va_1(2) +

term in (8.3.5) is found by differentiating only ¢ in the second term of (8.3.2). The

final term of (8.3.5) is found by differentiating the second term of (8.3.2) in terms

of the variable qy (since ¢ = 1, we are really differentiating by y hence d%)

Substituting (8.3.3) in (8.3.5); that is, differentiating

1
1— Yy Zj:l 2
with respect to y, we get that
1= Z?;i 2 24

va-1(2) + (8.3.7)

Ty (1= Y5 #9) (1= i )

va(2)

We must now iterate the recurrence relation in (8.3.7) d times. There is only one
thing to iterate because v, is on the RHS and nothing else. After iterating and

using the initial condition vg(z) = 0, we obtain the following corollary:

Corollary 8.3.2 The generating function vy(z) = B%PSR[d](z, 1,q)|4=1 is given by

valz) = — Z' Z — ZJJ . (8.3.8)
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From this corollary and letting d — oo (we are doing all compositions so we can then
sum the geometric series), we can say that the generating function for the number

of compositions of n according to the total of the statistic ssrec is given by

v(z) == 21(1__22) Z - Z;:1 Ty (8.3.9)

320

For the asymptotic expansion, we can once again let ¢ = 1 and replace n by 5 in

2
(5.1.18) to obtain the following theorem:

Theorem 8.3.3 The average sum of the positions of the strong records e in com-

positions of n has the asymptotic expansion

s __ n . .
el = TTog 2 (14 d9(logyn)) + O(1), (8.3.10)

where d5(x) is a periodic function of period 1, mean zero and small amplitude, which

1 given by the Fourier series

do(z) = Z el (=1 — xp)e2Fmie,
k£0

8.4 The Sum of Positions of Weak Records (ws-

rec)

Let PW R4(z,y,q) denote the generating function for the number of compositions

of n with m parts in A according to the statistic wsrec:

PWR4(z,y,q) = Z Z Zymgwereel), (8.4.1)

n,m>0ceC4(n,m)

We will find an explicit formula for this generating function.

Again we denote the number of occurrences of the part d in the composition o €
Cig(n, m) by l(c). Then the contribution of the case I(¢0) = 0 is given by PW Ryq_1)(2, ¥, q).
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If, on the contrary, I(o) > 0 then o can be decomposed into o’de”, where o’ is a
composition with parts in [d] and ¢” is a composition with parts in [d — 1]. Previ-
ously, when counting how many d’s, we had to count every d. Now, all the other
d’s are irrelevant, except for the d in o’do”, which is the last d. Therefore, we are
decomposing according to the last d, not the first one, so therefore we do not need

to consider what comes after the d. Thus, the contribution of the case I(o) > 0 is
2yaPW Ria (2, qy, ¢) PW Ria—1)(2,y, 1).
Therefore,

PW R (2,y,q) = PWRjq_v(2,v,q) + 2"ygPW Rig(2, qy, ¢) PW Rja—1)(z,y, 1).
(8.4.2)

Comparing (8.4.2) to (8.3.2), the only difference is that the subscripts d and d — 1

in the last term switch positions.

For ¢ = 1 and by induction,

1

PWRy(2,y,1) = ———F—.
@)(2,9, 1) o

(8.4.3)

Thus, we have the following theorem. Note that the method is similar to the previous

section, so we just briefly discuss and state the results.

Theorem 8.4.1 The generating function PW Rig(z,y, q) satisfies the following re-

currence relation

2yq
o PWRg(zqy.q).  (8.44)

PW R (2,y,q) = PW R (2,9,0) + ——=57
l—yy iz

Now, for

0
wd(Z) = %PWR[d](Za 17Q)|q=17

we use the same method as for section 8.3: by applying theorem 8.4.1,

(8.4.5)

wq(2) = wa—1(2) + d—1
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) . (8.4.6)

z 0
+ ——— | wy(2) + —PWRig(z,y,1

Then, using

1
PWR[d](Z, Yy, 1) = g
1—y Z?Zl 2
we have

11— od

— = wy(2) = wai(2) + — B (8.4.7)
1— Zj:l = (1- Zj:l 27)(1 - Zj:l 27)

1— St d
Therefore, wy(2) = Lwd_l(z) + - (8.4.8)

d i d g
1 - Zj:l ZJ (1 - Zj:l Z])3

Iterating the above recurrence d times and using the initial condition wg(z) = 0, we

obtain the following theorem:

Corollary 8.4.2 The generating function wy(z) = B%PWR[d](z, 1,q)|q=1 is given by

wa(2) - —> - (8.4.9)

1 - Zj:l “ gzl (1-2>3, Zz)z

From this corollary and letting d — co, we can see that the generating function for
the number of compositions of n according to the total of the statistic wsrec is given
by

11—z 2

w(z) = > . (8.4.10)
1 =2z §>1 (1 - 3:1 21)2

For the asymptotic expansion, we again let ¢ = % and replace n by % in (5.2.6) to

get the following theorem:

Theorem 8.4.3 The average sum of the positions of the weak records e’ in com-

positions of n has the asymptotic expansion

w o n
en - 210g2 (]‘ + 52(10g2 fn/)) + O(]‘)’
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where d5(x) is a periodic function of period 1, mean zero and small amplitude, which

15 given by the Fourier series

do(z) = Z el(—1 — xp)e2Fme,
k£0

8.5 Combinatorial Explanation

In this section, we give a combinatorial explanation for the fact that the number
(sum) of the positions of weak records in all compositions of n plus 2"! equals the
number (sum) of the positions of strong records in all compositions of n + 1, for
n > 1.

Let swy,, (or ss,,) be the sum of rth power of the positions of weak (or strong)
records in all the compositions of n, that is we are summing the rth power of i,
where ¢ is the position.

SWnp = Y > i, (8.5.1)

o€ (C, o;is a weak record of o

SSnp = Y > i, (8.5.2)

o€ C, o0;is a strong record of o

sw, , = Z Z i’ (8.5.3)

o€ Cy(A) o, is a weak record of 7,7 > 1

88y, = Z Z i, (8.5.4)

o€ Cy(A) o0;is astrong record of 0,7 > 1

where C,, = ' _, Cy.m is the set of all compositions of n.

From the definitions, the first entry is always a record. Therefore,

S = |Cp| + sw), , (8.5.5)
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and
88ny = |Cn| + 85, , (8.5.6)

where |C),| = 2"~ is the number of compositions of n.

In (8.5.1)-(8.5.4), if we want to sum the positions of records, let 7 = 1. On the
other hand, if we want to sum the number of records, let » = 0. We are really only
interested in the above two cases: when r = 0 or » = 1 but the above definitions

will work for higher numbers, such as r = 2, 3.

Now, we can see that oy ...0,, is a composition of n. g;, ¢ > 1, is a weak record if
and only if o1 ...0;_1(0; + 1)0i11 .. .0 is a composition of n + 1. o; + 1,7 > 1, is
then a strong record. Thus, the multiset of all positions 7 of the weak records in all
compositions of n is the same multiset as all positions i of the strong records in all

compositions of n + 1.

Using the definitions, this means that for all n and 7,

88,41, = SWy, (8.5.7)

Then using (8.5.5) and (8.5.6), we obtain

$p41r = 2" +55,,,, by (8.5.6)
=2"+sw,, by (85.7)
— 2n—1 + 2n—1 + SU);L’T

=2""' 4 sw,, by (855).

2" can be split up as 2" 4 2771

Therefore, we can state the following theorem:

Theorem 8.5.1 For alln >1

SSpi1y = Wy, + 2" (8.5.8)
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Chapter 9

Analysis of a New Skip List

Variant

The skip list variant was introduced by Cho and Sahni [1]. In this paper [13],
Louchard and Prodinger study the parameter K(ajas...a,), which we can call the
number of weak consecutive maxima. This K parameter is the analogue of the

combined horizontal and vertical cost in the original skip list.

A skip list structure, as introduced by Pugh [23], can be understood by the following
example. The data (3,6,7,9,12,17,19,21,25,26) have a certain level associated with
them, that follows the geometric law P(level is = k) = pg"*~!. They are linked as

indicated from the following diagram taken from [13]:

level H "
| 21 =
p —0o0 9 -~ —
. ERE NS e
2 8 G 26 =
| I\\I ] .
i S 2 7 12 [ 1o 2% =
L L P Tl T Tl T Tl [T
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We want to study the length of a path to reach a certain element. For example, to
reach 25, follow the path 9—17—19—25. We record four steps then. The values of the
data are irrelevant; we are only interested in their levels. Therefore, in the example
above, the sequence is 1213121412. We must start from the highest level that
allows us to reach the desired element (here being 3) and remain there for as long
as possible; otherwise, go down one level. We can more easily understand the skip
list process if we consider the sequence in reverse, that is 2141213121. The path
then starts at the second element of the sequence, which has level 1, and we scan
the sequence, counting elements on the same level, until we encounter an element
on a higher level. Consequently, we visit the underlined elements: 2141213121.
These underlined elements are the consecutive maxima. There are four underlined

elements, the same number as the length of our search path.

To count the number of weak consecutive maxima, we count repetitions of the
current maximum and only allow the maximum to change to the next value (=1 +

the previous value).

Assume that the levels a; are independently generated by the geometric law with
parameter ¢ with p =1 — ¢. Consider two parameters: the level I that has already
been reached; and the counter K that counts how often the current maximum [ has
been either repeated or replaced by I + 1.

If we start at level r and with K = 1 before we start to read the word, we denote
this by K (n). For a skip list analysis, we must assume that the first symbol read
defines the starting value, so we denote this by IC(n). Thus, we can say that
K(n) =Y pgd'K"(n—1).
r>1
Then
P{K(n) =k} =Y pq" '"P{K"(n—1) = k}.

r>1

We will use the following standard g-series notation:

n—1

(@) = (x50 = |1 — 2d") (9.0.1)

i=0

(2)oo = [J(1 = 24") (9.0.2)

>0
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(2)n = ( . (9.0.3)

Furthermore, as previously

Now, for the generating functions.
Consider the random variables K (n) and 1) (n).
Let

m(nyk,i) = P{K" (n) = k, I (n) = i}.

Start at level » = 1. Then

m(n; ki) = m(n—1;k—1,i—1)pg" +r(n—1; k—1,9)pg" *H+n(n—1;k,i)(1—pg" " —pq")
(9.0.4)

where 7(0;1,1) = 1.

Explanation: In the first term above, we attach a number ¢ so as to increase all

parameters by one. In the second term, we already have an i and we add another ¢

to increase the number of consecutive maxima by one. The third term is the final

case in which we do not have an ¢ or an 7 + 1, so we do not change any of the

parameters.

Translate this into a trivariate generating function

F(z,u,v) = Z m(n;k,4)2"uFo. (9.0.5)

n,k,i>0

Multiplying (9.0.1) by z"u*v', and after simplifying and using F(0,u,v) = uv, we

obtain

F(z,u,v) =

11— [“” +pz (U’U + é(u —q- 1)) F(z,u, qv)] : (9.0.6)

Iterating we get

F(z,u,v) = Z %uvcﬁ 1:[ (uvql + LH) . (9.0.7)

=0 q
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Ignore the parameter I (the level that has already been reached), which means set

v =1, to get

(pz)’ = u—q-—1
G(Z,U) :F(Z,U, 1) =Zmqun UQZ+T
>0 1=0
with F(0,u,v) = uv".

After iterating, we have the explicit form

P () = S P S s

F(z,u,v) = FV (Muﬂ))—Z(l_z)jﬂu(vqﬂ)rn uvg' + . .

>0 1=0

Therefore, the generating function relevant to the skip list is given by summing the

above equation over r:

F(z,u,v) =z qur_lFm(z, u,v)

r>1

u z)I S u—q—1
> (1(p— )z)j o g0l (uvql i +> ' (808)

j>1 =0

Since the I-parameter is not relevant, drop the v variable to obtain

G(zu) = F(zyu, 1) = =y ( b2y & ]:[ (uql + “‘Tq_l) . (9.0.9)

¢ Q=2 1-¢ ;5

Wl](li—jz)f (j - 1)

and then replacing 7 — 1 by j we note that

[ 1]G(2,u) = = i:(pq)j“ (n> - _1qj+1 ﬁ (uql + “_—q_l) . (9.0.10)

q = J

Note that

We can derive (9.0.9) combinatorially also, as follows:

There is a unique decomposition of words:

(r(N\{r, (r + D} ((r + DO + 1), (r +2)1)") " (s(N\{5,5 + 1)) "
(9.0.11)
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Explanation: The above decomposition indicates that the level starts at r. When
the level is set to r + 1, we stay at this level provided we do not hit a » + 1 or a
r + 2. The power of the plus sign means that the bracket is a nonempty sequence.

It is also clear that the level ends at s.

This symbolic form must then be summed over all possible choices of r and s, to get

i—1

Glzu)= )| H o (9.0.12)

I _1 _ .
1<r<s i=r 1—z42pg=t(14+q—u)

Explanation: The numerator above indicates that we had a part equal to ¢; while
the denominator shows that we have numbers not equal to ¢ or ¢« + 1, but if the

number is a repeat of the number ¢ we must mark it with a w.

It is necessary to show that the two forms of G(z,u) coincide; that is we will give a
direct proof of the equality between (9.0.12) and (9.0.9).

Using formal residue calculus and by substituting 2 = %5, we use the usual formula
linking coefficients, as scen in (5.1.15) in Chapter 5.

1) = e § HG) o =~ f Sl P

= (e - 0 = 3 (") e )

k=0
Therefore, after replacing the z’s by w’s in (9.0.12),

S

G(z,u) = Z (_1)s+1—rH wupq'

1<r<s il wpg (1 +q —u)

1

(9.0.13)

Now, using the formula linking coefficients just discussed, we have, after replacing
nbyn-+1,

S

[zn—H]?(Z’ u) _ (_1)n+1[wn+1](1 _ ,w)n Z (_1)s+1—r H

1<r<s i=r

wupqi_l

1 —wpg(1+q —u)

then expand out using the binomial theorem and replace s —r + 1 by h

n r+h—1 i—1
_ (_1)n—|—1 Z (Z) (_l)k[wn—l—l—k] Z (_1)h H - wp;lifit?(ql o u)

k=0 1<r,h i=r

now replace n — k by k and ¢ by i +r — 1 to get
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i+r—2

-3 () Y P

1<r,h

and after evaluating the geometric series over r,

n k+1
n _ q wupq
1 k—1 k’+1 h

h>1
— (n 1 (pg)*Ht wug'
— -1 k—1 k+1 h )
,;(k)( ) 1—qk“[ ,; Hl—wq +q—U)

What remains is to prove that

I (v + ") = o e T s

q

and after replacing w by a —w, to prove that

wug'™
w) ZHl—wa 2 1+q—u)

h>1 i=1

After multiplying through by the £ and after shifting the [, h, and ¢ variables, we

have equivalently

k :
w"
ulll ug' +u—q 1) HZHl—i-wq 1—i—q—u)

h>0 1

For this proof, with v =1+ ¢ — u, we set

wug*
ZHl—irqu

h>0 i=0

Then,
wu wu

+
l1+wv 14w

H(w) = H(wq). (9.0.14)

To show equation (9.0.14) to be true, consider that
i+1

H(wq) Z H 1 -I/Lfnffq“rlv

h>0 i=0
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So, we multiply H(wq) by the ¢ term and add the missing h = 0 term, and hence,
we obtain the above equation (9.0.14).

Simplifying (9.0.14), we have

(1 +wv)H(w) = wu + wuH (wq).
Now, set aj, = [w*™|H(w). Therefore,

ay, +vag_; = uk = 0] + uqap_,

with [P] = 1 if P is true, zero otherwise.
Simplifying,
ar = ulk = 0] + (ug® — v)ag_,

and solved by iteration, we have the desired result:
k

ap = uH(uql — ).
1=1

Consequently, it is clear from the above calculations that G(z,u) = G(z,u).

9.1 Expectation

Consider equation (9.0.10):

("G (2, u) = gi(pqwl (n> gt ﬁ ( $> '

=0

Differentiate this and let © = 1 to obtain the average,

j—1

0@+ 0 e () g [ -

j=1 J

then by the definition in (9.0.1), we have

=1+p@Q+1)) ( ) — (=17"H(@)s—



118 CHAPTER 9. A NEW SKIP LIST VARIANT

=1+p(@Q+1) Z(pq)j (?) i qj+11)(1 — (—1Y""(q); (9.1.1)
and by Rice’s method

1 1 nl(-1)" (pg)? (Do,

=1 MQ+J%ML/Z®—1%~@—4Dﬂ—q“Uﬂ—qﬂ@”Umd' (9.1.2)

Then, compute the residues:

n!(=1)" (pq)? (@)oo
2(z=1)...(¢=n) (1= ¢ (1 - ¢) (")

1+p(Q+1)[z7"]

Q+1 Q+1 (1+4q)° :
=14+—H,+ ——1 — Da — Math A
+ 7 + 7 n(p) — (Q + 1)« 500 by Mathematica (9.1.3)
with _
q7/
a:§:1_¢. (9.1.4)
i1
Hence, the average EX(n) is asymptotic to
1 +1 1+ q)?
(Q+1)loan+(Q—Z )7+QL ln(p)—(Q+1)a—( ) +0(loggn)+1. (9.1.5)

Consequently, we have the following theorem:

Theorem 9.1.1 Ezxpectation of the K(n)-parameter is asymptotic to

BK() ~ @+ )loggn+ L L2 L) (@ ppa- 1D

+d(logg n)+1,

by where the constant o is given by

qi
i1

d(z) is a small periodic function. Its Fourier coefficients could be given in principle.

Note that the computation is in fact for K(n + 1), instead of IC(n). However, that

does not change our asymptotic result above.



Chapter 10

Consecutive Records in
Geometrically Distributed Words

Clearly, the parameter K(ajas...a,), the number of weak consecutive records, is
essential in the analysis of a skip list structure [17]. However, the parameter to be
discussed in this chapter is the new parameter M - the largest consecutive record in
a random word of length n. In this paper, Oliver and Prodinger [16] consider words
aias . ..a, with independent letters a; taken from the set of natural numbers, and
a weight (probability) attached to it: the letter i € N occurs with probability pqg' ™!
(p+q=1). Again, we derive exact and asymptotic formulae for the expectation

and the variance, assuming random words of length n.

We will scan the word from left to right. Assume that the current record is value k.
So any letter that is different from k, k41 is ignored. However, if the letter scanned
is one of these, we say that this letter is a weak consecutive record and set the value
of the current maximum equal to this letter. Therefore, the value of the current
record either remains k£ or advances to the next value k 4+ 1. Essentially then, we
only have a new record if there is an increase of one; otherwise the letter is not a

record.

For example, consider the word 1311243535141234651.
Underline each consecutive maximum 1311243535141234651.

The parameter M investigates the maximum of the underlined values. The maxi-

119
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mum of the underlined values is the same as the number of strict consecutive max-

ima.

For the parameter M, it is not necessary to underline repetitions, as done above.
Rather, when our current maximum is £ — 1, we ignore all letters different from £k,

and when it occurs with probability pg*~!, we set the current maximum equal to k.

Again, we will use the following notation:

(@) = (@500 = [ J(1 — 24" (10.0.1)

i=0
(@)oo = [ J(1 = 24") (10.0.2)

i>0

_ () oo

()0 = T (10.0.3)
Furthermore, as previously
Q= 2 and L =logQ.

10.1 Expectation

Before we can calculate the expectation, we must first analyze the M-parameter.

Let bi(z) be the generating function. The coefficient of z" is then the probability

that a random word of length n has parameter M equal to k.

The recursion is

1 1

k— k—
2pq zpq
bi(2) = by
() = bi-a(2) 1 —z[1—-pg¥]  1—z[1—pgk]

, for k>1, by = 0. (10.1.1)

Explanation: Consider firstly the first term. We previously had the record set to
value (k — 1); hence by_1(z). A new consecutive record k is attached to an existing

word. So k occurs with probability pg*~'. We multiply by z since again z counts
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the letters. Therefore, we have the numerator zpg®~'. In the word, the letter & is
followed by letters different from &k + 1; thus all these letters are not consecutive
records. So we can have any sequence of numbers, none of which is a £ + 1; hence

W The second term of the right-hand side corresponds to the situation that

there was no previous record; that is, the word starts with letter k.
Simplify (10.1.1) to

br(2)[1 — 2(1 — pg®)] = br_1(2)2pg" ' + zpg" . (10.1.2)

Substitute z = —*= into (10.1.2).
bi(1 — wq®) = —bp_1wpg"™™' — wpg®™  after simplifying (10.1.3)
where b, stands for by(z).

Multiply both sides of (10.1.3) by (wpaid)e—s (GO ¢ obtain

wkpkzq 2
bi(wpg; k(=1 _ ber(wpg; i1 (D" (wpg; @)1 (=1)" (10.1.4)
wkpkq(g) w’“—lp’“‘lq(k;) wk_lpk_lq(kgl)

(On the LHS, we absorb in the (1 — wpg®) term in (10.1.3) to get (wpq; q)x.)
(On the RHS, the ¢*~! in the numerator disappears in both terms.)

We need to solve the LHS of (10.1.4) for by. We will consider (10.1.3), divide through
by (1 —wpq®) and iterate:

—wpg" ' b wpgt!
[1—wpg*]  [1—wpg"]
_ —wpg™t wpgd®t [ —wpg®? byswpgt?

1 —wpgt [1—wpg*] |1 —wpgt=t 1 —wpgh!

by =

multiplying out the brackets, we obtain

_ —wpgt! (wpg" ") (wpg*?) be—swpg*twpgh?
B k k k—1 k k—1)" (10.1.5)
1 —wpgt (1 —wpg)(1 —wpgh=1) ~ (1 —wpg*)(1 — wpgh1)
The pattern is clear and we have
k— k _ j ki
pw) ’
i 10.1.6

7=0
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To check that (10.1.5) is accurate, if we let j = &k — 1 in (10.1.6) we obtain the first
term in (10.1.5); and if we let j = k£ — 2 in (10.1.6) we obtain the second term in
(10.1.5). The subsequent terms would come from doing further iterations in (10.1.5).

Notice that

s q”w :
Z wpd ) = —pgw. (10.1.7)
k>1 pq

Therefore,

k:

J
Zbk - quwpq]+i] w

k>1 >0 k>1

== pgw by (10.1.7)

j=0
= —w

= . 10.1.
T (10.1.8)

Let us look at the combinatorial interpretation: Equation (10.1.8) tells us that the

_Z_
1-2?

is the sum of probabilities that the largest consecutive maximum parameter is k.

sum of by’s is which is a generating function where all coefficients are 1. > by

Since every geometric word must have some value k for its consecutive maximum,
this generating function therefore describes all possible words when summing over

k. Our calculations thus far have verified a combinatorial explanation.

Now compute the average of the M-parameter.

average = Z kb, by definition

k>1
[ k ) j
~ Sk Z - J+1 pw — by (10.1.6)
k>1 =0 Pq

swap the two sums and replace k by k +
k

Y S e

(wpg?*; q)k

after multiplying out the bracket and using (10.1.7)
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J
-y -

720 k>1 7>0
q qut q
=> — - Z (opd ™ q — Zw. (10.1.9)
§>0 k>0 Pq =1 P

In the first term, we replaced the inner sum by a derivative while the second term

is found by using a standard series.

Consider the inner term of (10.1.9). We will usec Heine’s transform:

3 @nlhny b)oo(a’f o Z b) )n . (10.1.10)

2 (@u(@n | (©lD)ee

In the inner sum, we must replace q(g)(—l)k by lim,_,o€"(1) since

(1) 10 (1 - q—) =TI - 91 by (1001)

1=0 =0

Taking the limit as ¢ — 0, we get
k—1 .
¢ > i(-1)" = qB)(-1)".
i=0
So we have

Z q pqﬂwt
+1
k>0 ’Lqu]

—1im > (%)k(Q)k(quwte)’“

(wpg™; @) k(q)k

e—0
k>0

then using Heine’s transform with a = 1, b = ¢, ¢ = wpg?™', and ¢ = (pg/wte)

= lim (9)os . (qu'wz'f)oo Z (quj)k(P47wte)qu
e—0 (’wqu' ) (quwte)oo = (Q)k(pq]'wt)k

(9o qutooz (0)x(wpg?)

(wpg 1 0 pqﬂwt after letting € — 0

k>0

then using Heine’s transform again with a = 0, b = wp¢, ¢ = pg/wt, and t = ¢
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 (@s(pdwt)ee  (wpg)o Z(t)k(Q)k(quj)k

(WP e (PgWt)so(9)o0 £ (@)
= (1 — wpq’) Z(t)k(wqu)k after cancelling. (10.1.11)
k>0

Next differentiate with respect to ¢t and let ¢t = 1.

d d k—1 A
(B = — [gu —tq )] by (10.0.1)
k—1 k—1 qi
= 1 —tq" 1
g( tq') Z(; =
. -
=0fort=1
d A ‘
So — (W =]J0—-d)N=¢") = (@)
et 1
So, we have
—(1 = wpg’) > (@)1 (wpg’)". (10.1.12)
k>1

Substitute in (10.1.9). We now have

Z kb, = — Z(l — wpg’) Z(q)k(wqu)]“rl — %w k — 1 was replaced by k

k>1 §>0 k>0

= Z Z k(wpg? )P 4 Z Z K (wpg? )2 Z'w after multiplying in

§>0 k>0 7>0 k>0
k+1 k+1
w _1(w
=— E M g M — gw the j sums are just geometric series
1— ght! 1 — gk+l »
k>0 k>1

we then separate out the £ = 0 term from the first term and add it to the last term:

-y (@(wp)*™ 3 (@p—a(wp)™  w

1 — ght 1 — gkt p

k>1 E>1

Then combining the two sums and using the fact that (¢)r = (¢)r_1(1 — ¢%),

~ v @pa gt wp)tw
> kb= > (10.1.13)

1 — gkt
k>1 k>1
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Extract the coefficients of the powers of w

S kg 9)j19'P " for j > 1 10.1.14
[w Z = 1—q3+1 or j > (10.1.14)
k>1
and
w'] Y kb= —~. (10.1.15)
k>1

Now use the standard formula from Chapter 5.

[zn+1] Z kby, = (_1)n+1[wn+1](1 _ w)n Z kb,

k=1 k>1
Dl Z ( ) )" [w Z kb, by the binomial theorem
=0 k>1
Z ( > ]H w]H Z kb, by replacing n — j by j
=0 k>1

then substitute in (10.1.13), to get

—— + Z ( ) J+1M. (10.1.16)

By Rice’s method, we can write

-1 n+1 | 107 z+1
n+1 Zkb _ __'__ ( ) n (Q)z 1qul ds.
pt 210 Joz2(z—1)...(z—n) 1—¢q
The curve C encircles the poles 1,2,...,n and no others.

For the asymptotic evaluation, collect the (negative) residues at 0 and at z = x; =

% to obtain

log(p) v 1
loan—oz+T+z+§+6(loan) (10.1.17)
where _
qZ
= - 10.1.1
Q T (10.1.18)
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10.2 Variance

Compute the second factorial moment:

> k(k - 1)by

k>2

quk () )i
= k(k—1 Z w by (10.1.6)

g+1
k>1 PP Qg

h

(5) (—pgiaw)
S e k- 1) (—pgw)” by
- (k+j5)(k+7—1) (wpd L s replace k by k 4+ j

7=0 k>1
YD) IUILLETELSE) S} WL S
= — 1) - —w. 10.2.1
1. PSS TSR 2
>0 k>1 (wpg’*q >0 k>1 wpq9+ 9k p
Consider the middle sum.
>y s Gt
gt )
>0 k>1 wpq9+ 9k
==Y (1 —wpg) > (@)r-1(wpg’)* by (10.1.12)
§>0 k>1
= —ZJZ( Q) r—1(wpg’)* + Z] Z q)x—1(wpg®)* after multiplying out
>0 k>1 >0 k>1

swap sums and evaluate the jth sum to obtain

_ Z (Q)k 1 LUP _|_ Z k 1(wp)H g
o (1— — gk+1)2
k>1 k>1
split off £ =1 from the first sum to get —% and then combine the remaining sums:
Y1 g2kl
Je—1(wp)**q
we Z 0= )2 ) (10.2.2)

k>1

Substituting (10.2.2) into (10.2.1), we obtain

k+1 2k+1

pg'w)® (@)r—1(wp)"*'q 2q
YDUCRTINS 3 SIS Lot A USRI

k>2 >0 k>1 PE @) k>1
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Now we consider the first double sum above:

ST k(k - # Zdt? L—wpg’) Y (O)(wpg’)"

>0 k>1 §>0 k>0

by (10.1.11).

t=1

From here, we can see that we must differentiate (¢); twice with respect to ¢ and
then let ¢ = 1.

d k—1 k—1 g
—t)e = | (1 —t¢"
QL g( Q);l—tql
By Leibniz rule,
& (~¢) (&)
2 1—tq*
=210 3 T
i=0 0<i<j<k—1
For ¢t = 1, this is zero unless ¢ = 0 in which case we get
2 k—1 i k—1 ¢
S (e =2 0(1—Q)le_ = = 2(q)eT'(k = 1).
i= j=

Hence the first double sum is as follows:

) Jw .
>N k(k UWJ—JF? 2> (1= wp¢) Y (9)erT(k —1)(wpg’)*

>0 k>1 §>0 E>2

where

k i
=y -
i=1 1—gq

Multiply out the bracket (1 —wpq’) and replace k by k + 1.

SOY kG (=pgw)" _ 3 ()T (k) (wp)™" 3 (@)s1T(k = 1)(wp)*

I. — kL — k1
>0 k>1 wpq3+ @) E>1 1—g™ k>1 1—g""
(10.2.4)

Since we know that T'(k) = —q— +T(k—1) and (q)r = (¢)r_1 x (1 — ¢*), substitute

into (10.2.4) and take out a common factor of (¢)g—1, to obtain

k+1 Kk

S S k- LRt s @t [T = D) wpet

>0 k>1 (wpg?™; q) k>1 1 =g+t
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Then substitute back into (10.2.3):

k—i—l 2k+1

1_ 1 k+1k 2
Zkk 1bk—22 i1 (k —1)] (wp) +QZ @)r—1(wp)* g _z24.,

_ k41 _ qk+1 2
k>2 k>1 1 q k>1 1 q ) p
(10.2.6)

Taking the coefficient, we have for j > 1 and = q for j =0

0] 3 (k= 1) — 212 TU = ”W MG A AT

o 1 — git! (1 — gi+1)2
Therefore, we consider
[k (k — 1)y
k>1
_ (_1)n+1[wn+1](1 _ w)nz k(k . 1)bk

k>1

= (—1)"*! ( " )(—1)”_j [w? ] Z k(k —1)b, by the binomial theorem

n— i
§=0 J k>1

n
— Z (n> 17 w1 Z k(k —1)by by symmetry

k>1

substitute in (10.2.7) to obtain

+2Z() 17+ (q);_ap g { T(jq]—+11)+(1_(1]j+1)2}' (10.2.8)

Again, by Rice’s method, there is an integral representation

[ (k= 1)by

k>1
= LD G @ [T (g
(10.2.9)
Note that
T(k) =+ gjqj —a-Y - zjqj —a-) 1 zj;lk (10.2.10)
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where _
a= 7 (10.2.11)
—~ 1-q
i1
Then ,
¢+
T(zx)=a-) e (10.2.12)
j>1

q
T(z—1)=T(z) —
(=0 =1() - 755
_ qj+z qz
= — E =g+ — 1 - by (10.2.12).
Jjz1

. Jj+z .
Consider >, T = and do the Taylor expansion around z =0

ie., f(z) = f(0)+ f(0)z+....

Let
¢
f(z) = —
( ) = 1— qj-i—z
qj
f(O)zzl_ ; = .
PR
(1—¢**)g**log q + qU9?logq
fl(z) = : ,
& ; (1 —git=)?
il
Therefore f'(0) = Z %gjqz = 8L
= (1-d)
qj
where [ = — .
; (1—¢7)?
Hence,
1 1 L
T(:=1)~BLz——+5— T (10.2.13)
Also note that
(). = (q(i)f; by definition.
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We do Taylor expansions. Let

o (@
f(N) - (qz—l—l)
f(0)=1
, B (Q)oo i1 _qz+1+i lqu - (Q)oo qz+1+i
f (Z) - (qz+1)go(q )00 iZZO 1— qz—|—1qi o L(qu)oo izzo 1— qz—|—1—|—i'

i+1

1(0) = Z ] E e, logq = —aL where a is given by (10.2.11).

N
" . (Q)oo qz+1+z
f(z) = +L(qz+1)oo <i20 1— g=ti+i
s (@)oo Z (1 — @I+ — eI (gt
(™) (1 — gz+1+i)2

>0

f"(0) = +La* + LB = (o* + B) L.

Hence,

2

Next, in Mathematica we expand everything else and compute the residue. Reading
off the negative residue at z = 0 gives

L L? L
(10.2.15)

1 l 2 2 7r_2 1 92 l
o2 (L0 _ Y g 001" L% o) 20t )

For the variance, add the expectation and subtract off the square of the expectation
to obtain )
7r 1
4L - _ 3 10.2.16
612 * 12 p ( )
Theorem 10.2.1 The average and variance of the M-parameter are asymptotically
given by
log(p)

1
EM(n) ~ loggn — a + —7 trtsgt dp(logg n) (10.2.17)

+0?—f—=

1
G
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2 1
YM(n) ~ et~ B+ dv(loggn). (10.2.18)
Here, 6(x) is an unspecified periodic function of period 1 and small amplitude. Its

Fourier coefficients could be computed in principle. The poles come from the residues
2mik

al z = xp = =}
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Chapter 11
Appendix

We recalculate the mean for the strict case from Chapter 4, using the different

method of substitution as introduced in Chapter 5.
Consider (4.2.4). Substitute in —*= and simplify.

_pw_ k

w—1 q
f(z) = 1__21__(1_q>

Then

["f(2) = (=1)" " [w"](1 — w)" " £ (2(w))

k
= ) e S
_ +1 qu
% () G
_pZ( ) D
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=) () T

=p ; lz:; (7) (—1);1q’“’
=Yg

We have therefore used the substitution method and rederived what is equivalent
to (4.2.6).

For the expectation in the weak case, consider

k

pz q
/() = l—zzl—z(l—qk“)'

k>0

Continuing as before,

T 7
f(z) = I— o5 21— 5 (1= ¢F)
k
= —pw(l —w) 2 11— Z)qku
= %(1 —w) ; 1 q:;k-;-l
= %;w(l —w) ; 1 _q:—;k-;-l
B k
= %(1 —w) ; 1 _qqu
= %;w(l—w) [gl_ql;qk - 1—1w] '

The extra term above is just a constant, which does not contribute to the coefficient
of z™. So we really have the same sum as for the strict case; and hence, we will

obtain the same answer as in (4.3.3).
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