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Abstract. We perform a Lie point symmetry analysis of a time-fractional potential Korteweg–de Vries (FPKdV)
equation with the Riemann–Liouville derivative. By transforming the dependent variable, we map the time-fractional
FP-KdV equation to a nonlinear ordinary differential equation (ODE) of fractional order using underlying symmetry
generators. We obtain the derivative in the Erdélyi–Kober operator. We then construct the solution of the reduced
fractional ODE by applying the power series method. The conservation laws (CLs) for the time-fractional FP-
KdV equation are determined via Ibragimov’s non-local conservation method to time-fractional partial differential
equations (FPDEs). Solutions for FPDEs via CLs have yet to be explored. Additionally, we present graphical
representations of the results obtained using the power series solution method.
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1. Introduction

The well-known Korteweg–de Vries (KdV) equation [1]
generates an infinite class of conservation laws (CLs)
and their integrability; consequently, it is well known
and documented. A large class of solutions is of the
soliton or travelling wave type. Whether such soli-
tons are obtained in what follows is yet to be seen.
Recently, it has been shown that many complex non-
linear phenomena [2–4] and dynamics in engineering,
viscoelasticity, electrochemistry, physics, electromag-
netics, inter alia, have been successfully modelled using
fractional calculus [5]. In particular, physical phenom-
ena often depend on their current and historical states,
which can be effectively modelled using the theory
of fractional-order derivatives and integrals. Conse-
quently, several analytical methods [6–12] are employed
to derive exact, explicit and numerical solutions for
nonlinear time-fractional partial differential equations
(FPDEs) [13,14]. A few studies have been conducted
on the symmetry analysis of FPDEs and their group
properties are not well understood [15–19].

CLs play an essential role in the analysis of nonlin-
ear partial differential equations (PDEs) in a physical
sense. If the examined system generates CLs, it is fea-
sible to discuss its integrability. Noether or variational
symmetries can be obtained in variational systems, in
which one studies the invariance of the action integral.
According to Noether’s theorem, Noether symmetries
admit CLs [20]. In addition, many approaches do not
require a Lagrangian to determine the CLs of nonlinear
PDEs [21,22].

We can replace the time derivative of the non-
linear PDEs with the fractional derivative to obtain
time-fractional nonlinear PDEs. In this work, we per-
form a Lie symmetry analysis to obtain reductions and
then construct explicit solutions using the power series
method and Ibragimov’s non-local CLs [23] for the
time-fractional FPKdV equation given in [24,25].

In the model

Dσ
t ψ + a(ψx )

2 + bψxxx = 0, 0 < σ ≤ 1, (1)

where a and b are real-valued constants that serve
as nonlinear models with significant physical rele-
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vance, particularly in water wave studies. In eq. (1),
the first term signifies the evolution, the second term
encapsulates nonlinearity and the last term denotes the
third-order dispersion. Here, x and t are independent
variables, representing spatial and temporal domains,
respectively, while ψ(x, t) denotes the dependent vari-
able representing the wave profile. In eq. (1),Dσ

t denotes
the RL partial derivative of order σ(0 < σ ≤ 1) of the
function ψ(x, t) which can be defined as [26]

Dσ
t ψ(x, t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1

�(m − σ)

∂m

∂tm

∫ t

0
(t − �)m−σ−1

ψ(x, �)d�, m − 1 < σ < m,
∂mψ

∂tm
, σ = m ∈ N.

(2)

Lie symmetry analysis of (1) forσ = 1 was performed in
[27]. The results are interesting and open new literature
on the invariant theory in this model. Additionally, this
study adds new CLs and soliton solutions. To further
explore this direction, we considered the fractional form
of the desired model, which explains the phenomenon
more closely.

The remainder of this paper is organised as follows.
We present some basic definitions in §2. The fractional
form of the desired model that explains the phenomena
more closely. In §3, we obtain the symmetries and sim-
ple form of (1). The possible reductions by the optimal
system are described in §4. We obtain explicit power
series solutions to reduce fractional ODEs in §5. In addi-
tion, we discuss the solutions physically using graphs
and convergence analysis. In §6, we derive the conser-
vation laws of (1) using the formal Lagrangian method.

2. Preliminaries

We consider some basic definitions that are required in
our work.

Definition 1. (Fractional derivative) The Riemann–
Liouville (RL) derivative can be described as [26]

Dσh(t) =

⎧
⎪⎨

⎪⎩

dm

dtm
Im−σh(t), 0 ≤ m − 1 < σ < m,

dmh

dtm
, σ = m ∈ N,

(3)

where m is a natural number and I ϕh(t) is the RL frac-
tional integral of order ϕ given by

I ϕh(t) = 1

�(ϕ)

∫ t

0
(t − v)ϕ−1h(v)dv, ϕ > 0,

I ϕh(t) = h(t), ϕ = 0,

where �(ϕ) represents the Gamma function.

Definition 2. (Lie group of transformations) Given a
one-parameter Lie group of transformation, we extend

ψ̂ = G(ψ; s), (4)

into its Taylor series in parameter s, in the neighbour-
hood s = 0. Then the infinitesimal transformation of
the Lie group of transformation is

ψ̂ = ψ + sθ(ψ) + O(s2), (5)

where

θ(ψ) = ∂ψ̂

∂s

∣
∣
∣
∣
s=0

. (6)

The components of the vector θ(ψ) = (θ1(ψ), θ2(ψ),

. . . , θn(ψ)) are called the infinitesimals of (4).

Definition 3. (Infinitesimal generator)
The operator

V =
n∑

l=1

θl(ψ)
∂

∂ψl
, (7)

is known as the infinitesimal generator of the one-
parameter Lie group of transformations (4), where ψ =
(ψ1, ψ2, . . . , ψn) ∈ Rn and θ(ψ) = (θ1(ψ), θ2(ψ),

. . . , θn(ψ)) are the infinitesimals of (4).

Definition 4. (Lie bracket) Let L be the one-parameter
Lie group of transformations (4) with the symmetry
generators Vd , d = 1, 2, . . . , 	 given by (7). The
commutator (Lie bracket) [., .] of the two symmetry gen-
erators Ve,Vo is the first-order operator generated by

[Ve,Vo] = VeVo − VoVe.

Definition 5. (Lie algebra) A Lie algebra L is a vector
space over a field F with a bi-linear commutation law
(the commutator) satisfying the following properties:

• Closure: For L , M ∈ L it implies that [L , M] ∈ L.

• Bilinearity: [L , yM + zN ] = y[L , M] + z[L , N ],
y, z ∈ F, and L , M, N ∈ L.

• Skew symmetry: [L , M] = −[M, L]
• Jacobi identity: [L , [M, N ]]+[M, [N , L]]+[N , [L ,

M]] = 0.

2.1 Computation of the Lie point symmetries

In this section, we discuss the general technique to find
out the Lie symmetries of (1 + 1)-dimensional FPDE
[26]

∂σ
t ψ(x, t)=E(t, x, ψ, ψx , ψxx , . . .), (0<σ≤1), (8)
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with a one-parameter symmetry group of transforma-
tions as follows:

t
 = t + sθ1(x, t, ψ) + O(s2),

x
 = x + sθ2(x, t, ψ) + O(s2),

ψ
 = ψ + sϒ(x, t, ψ) + O(s2),

∂σψ


∂t
σ
= ∂σψ

∂tσ
+ sϒ0

σ (x, t, ψ) + O(s2),

∂ψ


∂x

= ∂ψ

∂x
+ sϒ x (x, t, ψ) + O(s2),

∂2ψ


∂x
2 = ∂2ψ

∂x2 + sϒ xx(x, t, ψ) + O(s2),

∂3ψ


∂x
3 = ∂3ψ

∂x3 + sϒ xxx(x, t, ψ) + O(s2),

...,

(9)

where s is the group parameter and

ϒ x = Dx (ϒ) − ψtDx (θ
1) − ψxDx (θ

2),

ϒ xx = Dx (ϒ
x ) − ψt xDx (θ

1) − ψxx Dx (θ
2),

ϒ xxx = Dx (ϒ
xx) − ψt xxDx (θ

1) − ψxxxDx (θ
2).

(10)

Here, the total differential operator is denoted by the
symbol D j which can be defined as

D j = ∂

∂x j
+ ψ j

∂

∂ψ
+ ψ jk

∂

∂ψk
+ · · · , j, k = 1, 2, 3.

(11)

The vector fields related to the preceding transformation
groups can be defined as

V = θ1 ∂

∂t
+ θ2 ∂

∂x
+ ϒ

∂

∂ψ
· (12)

The operator given in eq. (12) is a point symmetry of
eq. (8) iff,

V[σ,3](∇)|∇=0 = 0, (13)

where 0 < σ ≤ 1 and

∇ := ∂σ
t ψ(x, t) − E(x, t, ψ, ψx , ψxx , . . .).

The invariance condition exhibits

θ1(x, t, ψ)|t=0 = 0 (14)

and the σ th extended infinitesimal related to RL frac-
tional time derivative with eq. (14) is given by [26]

ϒ0
σ = ∂σϒ

∂tσ
+ (

ϒψ − σDt (θ
1)

) ∂σψ

∂tσ
− ψ

∂σψψ

∂tσ

+
∞∑

m=1

[(
σ

m

)
∂mϒψ

∂tm
−

(
σ

m + 1

)

Dm+1
t (θ1)

]

× Dσ−m
t (ψ) −

∞∑

m=1

(
σ

m

)

Dm
t (θ2)Dσ−m

t (ψx ) + ϑ,

(15)

where

(
σ

m

)

= (−1)m−1σ�(m − σ)

�(1 − σ)�(m + 1)

and

ϑ =
∞∑

m=2

m∑

l=2

l∑

φ=2

φ−1∑

r=0

(
σ

m

)(
m

l

)(
φ

q

)
1

φ!

× tm−σ

�(m + 1 − σ)
(−1)qψq ∂ l

∂t l
[ψφ−q ] ∂m−l+φ

∂tm−l∂ψφ
·

(16)

Definition 6 . ψ = �(x, t) is known as an invariant
solution of eq. (8) related with the symmetry generator
(12) if

• ψ = �(x, t) is the invariant surface of eq. (9), math-
ematically,

V� = 0 ⇔
(

θ1 ∂�

∂t
+ θ2 ∂�

∂x
+ ϒ

∂�

∂ψ

)

= 0,

• ψ = �(x, t) satisfies eq. (8).

3. Symmetries of the FPKdV eq. (1)

Suppose that eq. (1) remains invariant under the trans-
formation equation (9). We have

Dσ
t ψ̄ + a(ψ̄x )

2 + bψ̄xxx = 0, 0 < σ ≤ 1, (17)

such that ψ = ψ(x, t) satisfies eq. (1). Then, by insert-
ing eq. (9) into eq. (17), we can get the subsequent
invariant equation

ϒ0
σ + 2aψxϒ

x + bϒ xxx = 0. (18)

By substituting the values of ϒ x , ϒ xxx and ϒ0
σ into

eq. (18) and putting all the values of the monomials
of derivatives of ψ equal to zero, we get the following
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system:

∂σ
t ϒ + bϒxxx − ψ∂σ

t ϒψ = 0,
(

σ

m

)

∂mt ϒψ−
(

σ

m+1

)

Dm+1
t (θ1) = 0, m=1, 2, 3, . . .

ϒψψ = θ1
ψ = θ2

ψ = θ2
t = θ1

x = 0,

− aϒψ + aσθ1
t + 2aϒψ − 2aθ2

x + 3bϒψψx = 0,

bσθ1
t − 3bθ2

x = 0,

2aϒx + b(3ϒψxx − θ2
xxx) = 0,

− 2aθ2
ψ + b(ϒψψψ − 3θ2

ψψx ) = 0.

(19)

Solution of the above system yields

θ1 = c1 + 3tc2,

θ2 = c3 + σ xc2,

ϒ = −σψc2 + d(t),

where 0 < σ ≤ 1, c1, c2 and c3 are constants. Using the
invariant condition (14), we get c1 = 0 and thus we have
infinite-dimensional symmetry algebra for the FPKdV
eq. (1) given by

V1 = ∂

∂x
,

V2 = 3t
∂

∂t
− σψ

∂

∂ψ
+ σ x

∂

∂x
,

V∞ = d(t)
∂

∂ψ
·

(20)

To make this finite-dimensional, we take d(t) = t and
the obtained symmetry algebra is

V1 = ∂

∂x
,

V2 = 3t
∂

∂t
− σψ

∂

∂ψ
+ σ x

∂

∂x
,

V3 = t
∂

∂ψ
·

(21)

Theorem 1. The vector fields Vi (i = 1, 2, 3) form a
three-dimensional Lie algebra.

Proof. Table 1 shows antisymmetry and zero diagonal
elements. One can easily derive the structure constants
from the commutator table and verifying the Jacobi
identity is a straightforward process. �	

4. One-dimensional system of subalgebras and
symmetry reductions

In this section, using the symmetry generators obtained
in the previous section, we determine the optimal alge-
bra and reduced forms for eq. (1). As our original PDE

Table 1. Commutator table.

[·, ·] V1 V2 V3

V1 0 σV1 0
V2 −σV1 0 (σ + 3)V3
V3 0 −(σ + 3)V3 0

Table 2. Adjoint table.

Ad(es) V1 V2 V3

V1 V1 −σ sV1 + V2 V3

V2 eσ sV1 V2 e−(σ−3)sV3
V3 V1 V2 + (σ + 3)sV3 V3

has two independent variables, after transformation or
reduction, we obtain it as an ODE.

The adjoint representation of a Lie group or alge-
bra can be determined using the Lie series, which is
expressed as

Ad (exp (sVe)Vo) = Vo − s [Ve,Vo]

+s2

2
[Ve, [Ve,Vo]] − · · · . (22)

Table 1 lists the commutator table for the Lie algebra
(21).

Theorem 2. A system of one-dimensional subalgebras
for the FP-KdV eq. (1) is given by 〈V1〉, 〈V2〉, 〈V3〉 and
〈V1 ± V3〉.

Proof. We deal with the symmetry algebra L3 of FP-
KdV eq. (1), for which the adjoint representation was
connected in table 2 and non-zero commutators are

[V1,V3] = 3V1, [V2,V3] = V2.

We start with an arbitrary element V of the symmetry
algebra L3 which is defined by

V = λ1V1 + λ2V2 + λ3V3. (23)

Case I. λ3 = 0 and λ1 �= 0. Then we get

V = λ1V1. (24)
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Then by adjoint actions we get a subalgebra

P1 = 〈V1〉.
Case II. λ1 = 0, λ2 �= 0, λ3 �= 0. Then we get

V = λ2V2 + λ3V3. (25)

We take the action of V3 from the possible actions
V1,V2,V3. This results in

Ad(esV3)V = λ2V2 + [sλ2(σ + 3) + λ3]V3. (26)

Taking

s = − λ3

λ2(σ + 3)
,

we get

P2 = 〈V2〉.
Case III. λ1 = λ2 = 0, λ3 �= 0. Then we get

V = λ3V3. (27)

Then by adjoint actions we get a subalgebra

P3 = 〈V3〉.
Case IV. λ1 �= 0, λ2 = 0, λ3 �= 0. Then we get

V = λ1V1 + λ3V3. (28)

Since V1 and V3 are not effecting, we take the action
of V2

Ad(esV2)V = λ1V1 + λ3es(−2σ−3)V3. (29)

This results in a new subalgebra

P4 = 〈V1 ± V3〉.
Thus, we have a system of one-dimensional subalgebra
for the symmetry algebra (21) given by

P1 = 〈V1〉,
P2 = 〈V2〉,
P3 = 〈V3〉,
P4 = 〈V1 ± V3〉.

(30)

4.1 Symmetry reductions

Reduction by P1 = V1:
The characteristics formula for the infinitesimal gen-

erator V1 can be expressed symbolically as

dt

0
= dx

1
= dψ

0
. (31)

To theorise this clearly, solving eq. (31) yields t =
z and ψ = g1(z) with g1(z) satisfying completely
Dσ
t g1(z) = 0, where 0 < σ ≤ 1. Therefore, the group-

invariant solution congruent withV1 can be expressed as
ψ1(x, t) = k1tσ−1, where k1 is an arbitrary parameter.

Reduction by P2 = V2: Specifically, for the symmetry
V2, we can write it as

dt

3t
= dx

σ x
= dψ

−ψσ
.

From this, we can get the similarity transformation and
similarity variables which are given by

ξ = xt−
σ
3 , ψ(x, t) = t−

σ
3 F(ξ), (32)

where F can be regarded as a function of independent
variable ξ . By substituting eq. (32) into eq. (11), we
obtain a new nonlinear fractional ODE.

Presently, we can obtain the essential theorem defined
in the following theorem.

Theorem 3. Equation (32) transforms eq. (1) to a non-
linear fractional ODE which can be written as
(

P1− 4σ
3 ,σ

3
σ

F
)

(ξ) + a(Fξ )
2 + bFξξξ = 0, 0 < σ ≤ 1

(33)

with the Erdélyi–Kober (EK) fractional operator which
can be defined by

(
Pθ1,σ

β F
)

(ξ) =
m−1∏

j=0

(

θ1 + j − 1

β

d

dξ

)

×
(
Kθ1+σ,m−σ

β F
)

(ξ), (34)

m =
{ [σ ] + 1, σ /∈ N,

σ, σ ∈ N,
(35)

such that

(
Kθ1,σ

β F
)

(ξ) =

⎧
⎪⎪⎨

⎪⎪⎩

1

�(σ)

∫ ∞
1 (ψ − 1)σ−1ψ−(θ1+σ)

F(ξψ
1
β )dψ, σ > 0

F(ξ), σ = 0,

(36)

is the EK fractional integral operator.

Proof. Assume that m − 1 < σ < 1,m = 1 and order
(m)=order (h) where h ∈ R. Using the RL definition in
view of eq. (32), one can obtain at a stage

∂σψ

∂tσ
= ∂m

∂tm

[
1

�(m − σ)

∫ t

0
(t − ν)m−σ−1

×ν
−σ
3 F

(
xν

−σ
3

)
dν

]

. (37)

Substituting ζ = t/μ ⇒ dμ = −(t/ζ 2)dζ , eq. (37)
becomes

∂σψ

∂tσ
= ∂m

∂tm

[

tm− 4σ
3

1

�(m − σ)

∫ ∞

1
(ζ − 1)m−σ−1
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×ζ−(1− σ
3 +m−σ)F

(
ξζ

σ
3

)
dζ

]

. (38)

Applying the EK fractional integration eq. (36) to eq.
(38), one can have

∂σψ

∂tσ
= ∂m

∂tm

[

tm− 4σ
3

(

K1− σ
3 ,m−σ

3
σ

F
)

(ξ)

]

,

0 < σ ≤ 1. (39)

Presently, we sort the right-hand side of eq. (39). Now,
using the relation ξ = xt− σ

3 , � ∈ (0, ∞), one can have

t
∂

∂t
�(ξ) = t x

(

− σ

3

)

t−
σ
3 −1�′(ξ)

= −σ

3
ξ

∂

∂ξ
�(ξ). (40)

Therefore, one can get

∂σψ

∂tσ
= ∂m−1

∂tm−1

[
∂

∂t

(

tm− 4σ
3

(

K1− σ
3 ,m−σ

3
σ

F
)

(ξ)

)]

,

0 < σ ≤ 1,

= ∂m−1

∂tm−1

[

tm−1− 4σ
3

(

m − 4σ

3
− σ

3
ξ

∂

∂ξ

)

×
(

K1− σ
3 ,m−σ

3
σ

F
)

(ξ)

]

. (41)

Repeat order m − 1 times yields

∂m

∂tm

[

tm− 4σ
3

(

K1− σ
3 ,m−σ

3
σ

F
)

(ξ)

]

= ∂m−1

∂tm−1

[
∂

∂t

(

tm− 4σ
3

(

K1− σ
3 ,m−σ

3
σ

F
)

(ξ)

)]

,

= ∂m−1

∂tm−1

[

tm−1− 4σ
3

(

m − 4σ

3
− σ

3
ξ
d

dξ

)

×
(

K1− σ
3 ,m−σ

3
σ

F
)

(ξ)

]

,

...

= t−
4σ
3

m−1∏

j=0

[ (

1 − 4σ

3
+ j − σ

3
ξ

∂

∂ξ

)

×
(

K1− σ
3 ,m−σ

3
σ

F
)

(ξ)

]

.

Using the EK fractional derivative eq. (34), one can have

∂m

∂tm

[

tm− 4σ
3

(

K1− σ
3 ,m−σ

3
σ

F
)

(ξ)

]

= t−
4σ
3

(

P1− 4σ
3 ,σ

3
σ

F
)

(ξ). (42)

Substituting eq. (42) into eq. (39), one can have

∂σψ

∂tσ
= t−

4σ
3

(

P1− 4σ
3 ,σ

3
σ

F
)

(ξ), 0 < σ ≤ 1. (43)

Hence, eq. (11) is transformed into the succeeding ODE
of fractional order
(

P1− 4σ
3 ,σ

3
σ

F
)

(ξ) + a(Fξ )
2 + bFξξξ = 0, 0 < σ ≤ 1.

(44)

The proof of the theorem is completed.

5. Explicit power series solutions for the FPKdV
eq. (1)

To reduce the FPDE into nonlinear FPDEs in the end-
ing assessment, we construct an exact explicit solution
of the nonlinear fractional differential equations using
the power series technique. In this section, we consider
the power series solutions of the original FDE when
obtaining the series solution of the FPDE. Suppose

F(ξ) =
∞∑

κ=0

sκξκ, (45)

so that

(Fξ )
2 =

∞∑

κ=0

κ∑

n=0

(κ + 1 − n)(n + 1)sn+1sκ+1−nξ
κ

Fξξξ =
∞∑

κ=0

(κ + 1)(κ + 2)(κ + 3)sκ+3ξ
κ . (46)

Putting eqs (45) and (46) into eq. (44), one obtains

∞∑

κ=0

�(1 − 4σ
3 + 1 − κσ

3 )

�(1 − 4σ
3 + 1 + σ − κσ

3 )
sκξκ

+ a
∞∑

κ=0

κ∑

n=0

(κ + 1 − n)(n + 1)sn+1sκ+1−nξ
κ

+ b
∞∑

κ=0

(κ + 1)(κ + 2)(κ + 3)sκ+3ξ
κ = 0. (47)

Comparing coefficients in eq. (47), when n = 0, we get

s3 = −1

6b

(

as2
1 + �(2 − 4σ

3 )

�(2 − σ
3 )

s0

)

. (48)

When κ > 1, we get

sκ+3 = −1

b(κ + 1)(κ + 2)(κ + 3)
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Figure 1. The impact of 0.1 < σ < 1 on the solitary wave
profile (51) of eq. (1) at a time t = 1, with constants s0 = 0.2,
s1 = 0.3, s2 = 0.4, b = 1 and a = 1.

Figure 2. The impact of solution (51) of eq. (1) when
σ = 0.3, m = 4 and the remaining have the same variable
values.

×
⎛

⎝a
κ∑

p=0

(κ + 1 − p)(p + 1)sp+1sκ+1−p

+�(2 − 4σ
3 − nσ

3 )

�(2 − σ
3 − nσ

3 )
sκ

)

. (49)

After that, the series solution of eq. (44) can be written
as

F(ξ) = s0 + s1ξ + s2ξ
2 +

(
−1

6b
as2

1 + �(2 − 4σ
3 )

�(2 − σ
3 )

s0

)

× ξ3 +
∞∑

κ=1

[ −1

b(κ + 1)(κ + 2)(κ + 3)

×
(

a
κ∑

p=0

(κ + 1 − p)(p + 1)sp+1sκ+1−p

+ �(2 − 4σ
3 − nσ

3 )

�(2 − σ
3 − nσ

3 )
sκ

)]

ξκ+3. (50)

Figure 3. The impact of solution (51) of eq. (1) when
σ = 0.6, m = 4 and same variable values.

Figure 4. The impact of solution (51) of eq. (1) when
σ = 0.9, m = 4 and same variable values.

As a result, we get the power series solution which
can be written as

ψ(x, t) = s0t
−σ
3 + s1xt

−2σ
3 + s2x

2t−σ

+
(

−1

6b
(as2

1 + �(2 − 4σ
3 )

�(2 − σ
3 )

s0

)

x3t
−4σ

3

+
∞∑

κ=1

[ −1

b(κ + 1)(κ + 2)(κ + 3)

×
(

a
κ∑

p=0

(κ + 1 − p)(p + 1)sp+1sκ+1−p

+ �(2 − 4σ
3 − nσ

3 )

�(2 − σ
3 − nσ

3 )
sκ

)]

xκ+3t
−σ(κ+4)

3 . (51)

In eq. (51) the parameters s0, s1 and s2 are arbitrary.
Hence all the coefficients sm with κ = 2, 3, 4, . . . can
be obtained by applying eqs (48) and (49).

5.1 Graphical representation of the explicit solutions

To facilitate the evaluation of the characteristics of the
power series solutions, we generate various measure-
ment plots of solution (51), as depicted in figures 1, 2,
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Figure 5. The 2D plot depicted in figure 1 at t = 0.5 indi-
cating that as the value of σ increases, the amplitude of the
wave diminishes. This observation suggests that solitary wave
depiction exhibits characteristics akin to a dynamical system.

3, 4, 5. This involves selecting suitable parameter values
to visualise the behaviour of the solution.

5.2 Convergence analysis

In this section, we explore the convergence properties of
the explicit solution (51) using the coefficients defined
by eqs (49) and (48). Equation (49) takes the following
form:

|sκ+3| ≤
∣
∣
∣
∣
−1

b

∣
∣
∣
∣

(

|a|
κ∑

p=0

|sp+1||sκ+1−p|

+|�(2 − 4σ
3 − nσ

3 )|
|�(2 − σ

3 − nσ
3 )| |sκ |

)

. (52)

However,

�(p)

�(q)
< 1

for any p and q values. Thereafter, eq. (52) becomes

|sκ+3| ≤ �

( κ∑

p=0

|sp+1||sκ+1−p| + |sκ |
)

(53)

in which � = max{2, a}. To proceed, we use another
power series N (ξ) as

N (ξ) =
∞∑

κ=0

nκξκ (54)

with ni = |si |, i = 0, 1, 2 . . .. So, we have

nκ+2 ≤ �

[

|nκ | +
m∑

p=0

|n p||nκ−p|
]

, (55)

where κ = 0, 1, 2 . . . and it is clear that

|nκ+2| ≤ sκ+2 ⇒ |nκ | ≤ sκ .

The series given by eq. (54) is a major series of eq. (45).
Presently, we have to demonstrate the series N = N (ξ)

whose radius of convergence is positive. Then, eq. (54)
will be given in the following manner:

N (ξ) = n0 + n1ξ +
∞∑

κ=2

nκξκ,

= n0 + n1ξ + n2ξ
2

+ �

∞∑

κ=0

nκξκ+2 + �

∞∑

κ=0

κ∑

l=0

nlnκ−lξ
κ . (56)

Presently, looking at an implicit functional system with
respect to ξ , we have

R(ξ, N ) = N (ξ) − n0 − n1ξ − n2ξ
2

−�(N − n0)ξ
2 − �(N 2 − n2

0)ξ
2 (57)

since R is an analytic function in the neighbourhood
(nhbd) of (0, n0) where

R(0, n0) = 0

and

∂R
∂N

(0, n0) �= 0.

Then, using the implicit function theorem, we reach a
convergence.

Theorem 4. [28] Suppose that h is a γ -mapping of an
open set X ⊂ Rα+ζ into Rζ , such that f(ω, υ) = 0 for
somepoint (ω, υ)∈g. Put S = f ′(ω, υ)andassume that
Sv is invertible. Then there exists an open set A ⊂ Rα+ζ ,
Y ⊂ Rα for (ω, υ) ∈ A, υ ∈ Y which may have the
subsequential characteristics

• To each u ∈ Y , keep in contact with a unique v such
that (v,u) ∈ A, f(v,u) = 0,

• If this v is described as g(u), then

h(υ) = ω,

h(h(u),u) = 0 (u ∈ Y ),

h′(υ) = −(Sv)
−1Su,

where h is the γ -mapping of Y into Rζ .
• The function h is completely given by the above
property.

We can easily see that N = N (ξ) is analytic in the
nhbd of point (0, n0) and confirm that it has a positive
radius. The above discussion clarifies that the power
series equation (48) converges at the nhbd of point
(0, n0).
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6. Conservation laws

In this section, we compute the CLs [29] of FPKdV eq.
(1) which assures the following condition:
[
Dt (Xt ) + Dx (Xx )

]

Eq.(1)
= 0, (58)

where Xt and Xx are the conserved quantities. With
regard to eq. (1), we define a ‘formal Lagrangian’ of the
form

L = v(x, t)[Dσ
t ψ + a(ψx )

2 + bψxxx ], 0 < σ ≤ 1,

(59)

where v(x, t) is the new dependent variable. Assuming
eq. (59), we can define the action integral of the form
∫ t

0

∫

�

L(x, t, ψ, v,Dσ
t ψ, ψx , ψxxx)dx dt. (60)

The respective Euler–Lagrange operator (EL operator)
can be written as
δ

δψ
= ∂

∂ψ
− (Dσ

t )∗ ∂

∂Dσ
t ψ

− Dx
∂

∂ψx
− D3

x
∂

∂ψxxx
,

0 < σ ≤ 1, (61)

where (Dσ
t )∗ is regarded as an adjoint operator of (Dσ

t )

and we can describe the adjoint equation for eq. (1) as

δL
δψ

= 0. (62)

The adjoint operator (Dσ
t )∗ with RL derivative has the

structure

(Dσ
t )∗ = (−1)c I c−σ

T (Dc
t ) = C

t Dσ
T , 0 < σ ≤ 1, (63)

where Ic−σ
T has following form:

Ic−σ
T ψ(x, t) = 1

�(c − σ)

∫ t

0

ψ(x, �)

(� − t)σ−c+1 d�. (64)

Assuming dependent variable ψ , independent variables
t and x we have

V + Dt (θ
1) Î + Dx (θ

2) Î = U
δ

δψ
+ Dt (Xt ) + Dx (Xx ),

(65)

where δ
δψ

is the EL operator and Î is the identity opera-
tor. Hence, the vector fieldV has the following structure:

V = θ1 ∂

∂t
+ θ2 ∂

∂x
+ ϒ

∂

∂ψ
+ ϒ0

σ

∂

∂Dσ
t ψ

+ϒ x ∂

∂ψx
+ ϒ xxx ∂

∂ψxxx
, 0 < σ ≤ 1 (66)

and U denotes the characteristic function given by

U = ϒ − θ1ψt − θ2ψx .

To discuss the case of Vi with x , t independent vari-
able, each symmetry which can be written in terms of
the characteristic is

U1 = −ux , U2 = −σψ − σ xψx − 3tψt , U3 = t.

(67)

By considering RL-fractional derivative, the density
component X̂t of the conserved flow is given by

X̂t = θ1L +
c−1∑

l=0

(−1)l0Dσ−1−l
t (Uγ )Dl

t
∂L

∂0Dσ
t ψ

−(−1)cJ
(

Uγ ,Dn
t

∂L
∂0Dσ

t ψ

)

, (68)

where 0 < σ ≤ 1 and J(·) is defined by

J(f, g) = 1

�(c − σ)

∫ t

0

∫ T

t

f(θ1, x)g(ν, x)

(ν − θ1)σ−c+1 dν dt (69)

and the flux component X̂x for independent variable x
yields

X̂x = θ iL + Uγ

[
∂L

∂ψ
γ

i

− D j

(
∂D

∂ψ
γ

i j

)

+ D jDk

(
∂L

∂ψ
γ

i jk

)

− · · ·
]

+ D j (Uγ )

[
∂L

∂ψ
γ

i j

− Dk

(
∂L

∂ψ
γ

i jk

)

+ · · ·
]

+ D jDk(Uγ )

[
∂L

∂ψ
γ

i jk

− · · ·
]

+ · · · , (70)

where θ i = θ2, i, j, k = 1, 2, 3 and γ = 1, 2, 3.

Case 1. To deal with V1, we have U = −ψx , θ2 = 1.
Substituting all the values in eqs (68)–(70), we have the
following result:

X̂t = Dσ−1
t (−ψx )v + J(−ψx , vt ), 0 < σ ≤ 1,

X̂x = vDσ
t (ψ) − av(ψx )

2 + b(ψxxvx − ψxvxx).

Case 2. For V2, we have U = −σψ − σ xψx − 3tψt ,
θ1 = 3t , θ2 = σ x and ϒ = −σψ . Putting all the values
in eqs (68)–(70), we have the following results:

X̂t = 3t (v(Dσ
t ψ + a(ψx )

2) + bψxxx )

+ Dσ−1
t (−σψ − σ xψx − 3tψt )v

− J(−σψ − σ xψx − 3tψt , vt ),

X̂x = σ xvDσ
t ψ − aσ xv(ψx )

2 − 2aσψvψx − σbψvxx

− σbxψxvxx−6atvψxψt−3btψtvxx + σbvxψx

+ σbxvxψxx + 3btvxψt x − σbvψxx − 3btvt xx .
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Case 3. ForV3, we haveU = t and putting all the values
in eqs (68)–(70), we have the following results:

X̂t = Dσ−1
t (tv) − J(t, vt ),

X̂x = t (2aψxvx + vψxx).

Notes. The CLs are ‘associated’ with the symmetries
through which they are constructed. For example, the
conserved vector in Case 2 is inherently linked to the
scale-invariant solution (51). Solutions for FPDEs via
CLs are yet to be explored.

7. Conclusions

In this study, we investigated the time-fractional FP-
KdV eq. (1) using the Lie symmetry analysis method
and the RL derivative was applied. We reduced the con-
cerned equation to a nonlinear ODE of fractional order
of interest and is the scale-invariant exact reduction for
which the fractional ordinary equation was solved by
applying the power series method. We used Ibragimov’s
non-local conservation theorem to construct the CLs of
the concerned equations. Graphical representations of
the solutions are also presented. Finally, no soliton or
tarvelling-wave solutions were obtained. Lie symmetry
analysis of (1) for σ = 1 was performed in [27]. The
results are interesting and open new literature on the
invariant theory in this model. Additionally, this study
adds new CLs and soliton solutions. To further explore
this direction, we considered the fractional form of the
desired model, which explains the phenomenon more
closely.

Availability of data and materials All the data generated or
analysed during in this study are included in this article.
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