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Abstract

Semiconducting compounds with a clathrate hydrate-type I crystal structure are of growing interest as
potential thermoelectric materials. The need to maximize the potential of these materials has informed
increasing research to gain understanding on what is responsible for the low thermal conductivity in these
compounds. The lattice thermal conductivity of binary type-I Sn clathrates, Cs8Sn4422, Rb8Sn4422

and K8Sn4422 was investigated using ab initio calculations based on density functional theory DFT.
It is confirmed that vacancy formation in the stoichiometric compounds stabilizes the structure. In all
the compounds the guest atoms interact with the framework and cannot be treated as weakly acting
‘rattlers’. Using a fictitious Sn46 framework, it was shown that in the binary compounds the acoustic
modes are suppressed to lower frequencies. This leads to a slight (35%) reduction of phonon group
velocities in the acoustic modes compared to the framework. However the major cause of the reduction
of the lattice thermal conductivities compared to a Sn46 framework, can be traced to the increase in
the phonon-phonon scattering interactions which reduce the phonon lifetimes drastically from (175 ps
to 25 ps). The phonon life times decrease over the whole frequency range and the relative life times
decrease from Cs8Sn4422 to Rb8Sn4422 to K8Sn4422. The relative thermal conductivities scale in the
reverse order.

Despite the order of the values of the relative thermal conductivities, Cs8Sn4422 is predicted to have
the largest figure of merit, greater than 2 at room temperature.
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1

Introduction

Of interest in the past decades has been the need for a device or material that can be used to capture and
convert waste heat to useful energy. Materials that are capable of converting heat energy into electrical
energy are called thermoelectric (TE) materials. The phenomenon by which either a temperature
difference creates an electric potential or an electric potential creates a temperature difference is called
the thermoelectric effect [5]. These reversible effects were discovered separately by Seebeck [6] and
Peltier [7] respectively. These separate discoveries are called Seebeck and Peltier effects respectively
in honour of the scientists. The Seebeck effect is a phenomenon that describes how a temperature
difference creates charge flow, while the Peltier effect on the other hand, illustrates how an electrical
current can create a heat flow.

Studies also showed that for small temperature differences the voltage produced between the hot and
cold ends of a single conducting rod is proportional to the temperature difference between the two ends.
The proportionality constant S is now known as the Seebeck coefficient and is defined as [8]:

S =
δV

δT
(1.0.1)

where δT is the temperature difference between the two ends of a material and δV is the thermoelectric
voltage generated. Thus S is a measure of the magnitude of an induced thermoelectric voltage in
response to a temperature difference across the material. The magnitude is very small as stated earlier
due to the fact that the voltage generated is quite small. However, S is temperature dependent. We
know that in semiconductors the kinetic energy of the charge carriers is strongly temperature-dependent
while in metals the temperature effect is less strong [8]. The thermoelectric potential of a materisal is
captured by its figure of merit defined by Maham et al. [9, 10] as

Z =
σS2

κtot
(1.0.2)

where Z has the dimension of inverse temperature. σ is the electrical conductivity, S is the Seebeck
coefficient and κtot is the total thermal conductivity, given by the sum of lattice as well as electronic
contributions. The efficiency of the thermoelectric conversion is defined by the dimensionless figure of
merit given by

ZT =
σS2T

κtot
. (1.0.3)

The low Seebeck coefficient and large electronic contribution to thermal conductivity in metals lead
to their classification as poor thermoelectric materials, so σ and κtot will both be large. Insulators,

1



Page 2

Figure 1.1: A diagramatic illustration of Peltier effect generator and Seebeck effect generator.

however, have high Seebeck coefficients and small electronic contributions to the thermal conductivity.
Their charge densities are low and therefore their electrical conductivities are low, leading to a small
thermoelectric effect. The best thermoelectric materials are semiconductors with an electronic density
around 1019 /cm3 [11]. Semiconducting materials are used to make thermocouples which can be
used to generate electricity using the Seebeck effect or as cooling devices using the Peltier effect,
as illustrated on Figure (1.1). Since the voltage generated by the thermocouple is very small, many
coupled thermocouples will be required to make a practical thermoelectric generator. Thermolectric
devices, have therefore, unlocked a potential for another source of electricity generation. For well over a
century, thermocouples were being made from metallic conductors but having efficiencies barely above
3%. The use of semiconductors as thermoelectric generators has shot up this generator efficiencies to
about 5% and Peltier cooling from ambient to below 0 oC has also been achieved [12].

Incorporating the Carnot limit (i.e Carnot efficiency) which specifies limits on the maximum efficiency
that any heat engine can obtain, we can write the performance of thermoelectric materials as

η = ηcarnot

√
1− ZT − 1√

1 + ZT + Tc
TH

(1.0.4)

where η, ηcarnot , TC and TH represents actual efficiency, maximum efficiency, temperature of the
cold reservoir and temperature of the hot reservoir respectively. For high efficiency it is required that
η takes values above 100% at the temperature difference of 300 K. Thus, thermoelectric materials
satisfying the relation ZT > 1 are thought to be especially efficient in practical applications. The
Carnot limit, however, depends solely on the temperature difference between the reservoirs. Hence,
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the performance, ZT , of TE materials can be easily obtained from the Seebeck coefficient S(V/K),
the electrical conductivity σ(Ωm)1, and the thermal conductivity κ (W/(Km)1). For proper judgement
the usefulness of TE materials for electricity generation as well as for heating and cooling can be
characterised by ZT. The efficiency of a thermocouple depends on the fundamental properties of the
thermoelectric materials used in its construction and the only way to improve it is to develop new
materials with a higher figure of merit. Despite more than 180 years of experimenting with a myriad of
different materials, typical thermoelectric conversion efficiencies are still only around 3% and efficiencies
above 10% are yet to be achieved. The best efficiencies achieved to date in spacecraft applications are
around 7% to 8%, similar to the solar absorption efficiency of amorphous Silicon (Si) solar cells, but
inferior to the 24% achieved by solar cells using exotic materials [13].

In their investigation of metals, Wiedemann and Franz [8] discovered that in metals, thermal conductivity,
κ, and electrical conductivity, σ, are linearly proportional. Lorentz [14] summarized the findings in a law
referred to as the Wiedemann-Franz-Lorenz law:

κe = LoTσ, (1.0.5)

where the quantity L is the Lorentz number and T is the absolute temperature. The Lorentz number
was theoretically derived by Sommerfeld [15] using the Fermi-Dirac distribution function of degenerate
metals:

Lo =
π2

3

(
kB
e

)2

= 2.444× 10−8WΩK−2 (1.0.6)

where kB is the Boltzmann constant, and e is the electronic charge. This relation, (1.0.6), can be
derived from the free-electron model:

σ =
ne2τel
m∗e

(1.0.7)

where τel is the average collision time of the electrons, n is the number of electrons, per volume and
m∗e is the effective mass of an electron. The electronic thermal conductivity κe is given by the relation:

κe =
1

3
CeυF le =

πnkB
2Tτel

3m∗e
(1.0.8)

where Ce is the specific heat of the electrons, υF is their Fermi velocity and le is the mean free path of
the electron. Thus,

κe
σ

=
π2

3

(
kB
e

)2

T = LoT (1.0.9)

The mean free path le can be reduced by collisions with impurities and phonons in impure metals, in
disordered alloys or semiconductors. Equation (1.0.9) has been obtained from the average collision-time
approximation for free electrons in addition to the assumptions that only electrons carry heat. Hence the
Wiedemann-Franz law is only valid for cases in which the elastic scattering of electrons dominates. Close
examination of equations (1.0.5) and (1.0.9) suggests that the experimental observation of the thermal
conductivity κtot by Wiedemann and Franz in (1.0.9) must represent the total thermal conductivity κtot
and the phonon contribution to heat transport. We note that the thermal conductivity is related to the
transfer of heat through a material is by both electrons and quantized vibrations of the lattice called
phonons and it is given by the relation κtot = κl + κe where κl and κe are the lattice and electronic
contributions respectively. We observe also that in order to optimize the ZT value in (1.0.3), separating
the electronic contribution from the phonon part is key to obtaining a TE material of high ZT value,
which is the main objective of this work.
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1.0.1 Phonon-Glass electron-Crystal Concept

Materials under investigation as thermoelectrics by research groups around the world include clathrates
[16, 17], skutterudites [18], half-heusler alloys [19], and complex chalcogenides [20]. Thermoelectric
clathrates hold significant promise for TE applications and have over the years witnessed interest largely
driven by the development of the “phonon-glass electron-crystal” (PGEC) concept coined by Slack in
1995 [17]. The figure of merit, Eq. (1.0.6), shows that it is desirable to have a high electrical but low
thermal conductivity. The PGEC concept suggests that a good TE material should have the electronic
properties of a crystalline material, large σ, and the thermal properties of a glass material, low thermal
conductivity.

Thermal conductivity is related to the transfer of heat through a material by the electrons and the
lattice. The figure of merit, ZT , is important because the power factor, S2σ, can be optimized in TE
clathrate materials as a function of carrier concentration through doping, to give a large ZT . However,
any increase in the power factor will also lead to increase in ke, as we can see from the Weidemann-Franz
law, thereby lowering ZT . This dilemma, created by the need to increase ZT by increasing the power
factor and lowering the thermal conductivity at the same time, has led to the search for a material with
a high power factor and a low kl. Most of the research area as it relates to TE materials are focused
now on how to reduce the lattice part of the thermal conductivity to a minimum [21].

This work will investigate how the guest atom reduces the thermal conductivity in type-I Tin (Sn)
clathrates

1.0.2 Semiconducting clathrates

There are over 120 inorganic compounds with clathrate structures. Semiconducting clathrates crystalise
in three structural types, often denoted by Roman numerals: type-I, type-II and type-III. The distribution
over the structural types is however non-uniform. The type-I clathrates compounds, for example, have
almost 100 or more in existence. For a comprehensive summary of clathrate structures refer to the work
of Kaltzoglou [22]. Thermoelectric clathrates are covalently bonded open-frameworks of host atoms
interconnected by directional bonds in such a way that some volume is left empty and thus available
to incorporate guest atoms [23]. Most TE studies of clathrates have concerned the type-I clathrate
structure [24] and this study will focus on the type-I Sn structure with encaged K, Rb and Cs as guest
atoms. The clathrate type-I is composed of two types of polyhedra viz pentagonal dodecahedra (5
sided polyhedron with 12 flat surfaces) and tetrakaidecahedra (5 sided polyhedron with 14 flat surfaces)
framework atoms. The polyhedra are covalently bonded to each other by shared faces. They are
packed in a cubic arrangement, with eight polyhedra per cubic unit cell, two small dodecahedra and six
larger tetrakaidecahedra [24]. The prototypical type-I Sn clathrates have a simple cubic lattice structure
(space group Pm3̄n, No. 223) which has 46 framework atoms and 8 encapsulated guests (two in
dodecahedral and six in tetrakaidecahedral cages). Figure (1.2) shows the polyhedra forming units of
A8Sn46−x (A= K, Rb, Cs, x = 0,2). We shall be investigating specifically the three binary clathrate
compounds A8Sn46−x where (A= K, Rb, Cs,) and (x = 0,2).

The design of optimized TE clathrate materials requires an indepth understanding of the lattice dynamics
of the clathrate compounds, especially as it relates to the lowering of the thermal conductivity. However,
to date, there has not been consensus among researchers on what is responsible for the lowering of the
thermal conductivity in clathrate materials. Two schools of thought that emerge have consistently based
their arguments on both theoretical and experimental studies which usually make certain assumptions. It
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Figure 1.2: Type-I clathrates polyhedra.

is generally assumed that the guest atoms in clathrates act as rattlers and essentially induce a disordered
lattice dynamics referred to as phonon glass [17]. Koza et al. [18] in their investigation of LaFe4Sb12

and CeFe4Sb12 reported a temperature-independent lattice dynamics with well-defined phase relations
between guest and host, which they reported was indicative of a quasi-harmonic coupling between
guest and the host lattice. This is in disagreement with the phonon-glass model based on individual
rattling of the guest atoms. Also, Christensen et al. [25], related the phonon life times to the low
thermal conductivity. They reported that in a PGEC material, the electrons move through crystalline
energy bands, while the crystalline phonons are scattered by a set of loosely bound scatterers, called
rattlers, to produce a short phonon mean free path which mimics an amorphous material [26]. Their
results for Ba8Ga16Ge30 shows evidence of localized mode coupling, which agrees with the theoretically
predicted avoided crossing of the rattler modes and the acoustic-phonon branches. However in an
investigation on the concept of rattling behaviour, Hermann et al. [27] suggested that rattling behaviour
is associated with a weak bonding of the guest to the occupied nanocages, introducing the possibility
of an independent, non-correlated vibration of the guest. With this assumption, they characterized an
independent rattling mode to fit into their investigation. The purpose of this study is, to investigate
the fundamental mechanisms of thermal conductivity as these relates to the dynamics of the rattlers in
clathrate materials. Specifically, how do the rattling atoms reduce the lattice thermal conductivity in
type-I Sn clathrates?

1.1 Motivation

Demand for higher performance high temperature thermoelectric materials is on the increase due to
depleting fossil fuels and increasing effort to reduce green house gas emissions [5]. The clathrate
materials are of interest because they are semiconductors with adjustable band gaps[16]. Also, of the
group-14 elements, Si, Ge, and Sn, studies show that the larger framework cavities in Sn clathrates
compared with the others, favor the rattling of the guest atoms more, and, hence, decreases the lattice
contribution to the thermal conductivity [28, 29, 30]. These characteristics mean that they have potential
to be developed into high efficiency TE materials, primarily because of their low thermal conductivity.
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Current research effort is aimed at raising the current efficiency of TE figure of merit ZT , and have
materials that have the capacity to operate in new and broader temperature ranges [5].

There is a need for detailed analysis of the trajectories of the guest atoms inside the cages formed
by clathrate compounds, in order to asses the rattling characteristics of the compound. Calculating
simulated elemental spectra, atomic root-mean square displacements, and Pearson coefficients in order
to determine atomic dynamical correlation will enable us to asses the diffusive motion of the atoms for
proper understanding of the rattler effects. The quantitative study of the rattler effect such as phonon
life times can be achieved through molecular dynamics (MD) simulation [31], which may add significantly
to our understanding of the mechanism of thermal conductivity. Lattice dynamics calculations will be
performed and the results used to plot phonon dispersion curves as well as estimate phonon group
velocities. The phonon dispersion curves will give indications of any avoided crossing between the
localized modes of the rattler and the acoustic phonons of the cage. Such information may clarify the
nature of any dynamical interactions that may exist between the rattler and the cage, and, thus, provide
answers to our research question.

1.2 Aim and Dissertation outline

Our aim is to investigate how the guest atoms reduce the thermal conductivity in type-I Sn clathrates. A
combination of ab initio MD and lattice dynamics will be used to study the normalized phonon spectra
of type-I Sn clathrates. The tasks involved in this work are outlined below:

• We start our calculation by first carrying out a geometry optimization of structures of the com-
pounds A8Sn46−x (A= K, Rb, Cs,) and (x = 0,2), using four (DFT) exchange correlational
functionals.

• We then proceed to calculate the electronic and phonon band structures, using the most suitable
exchange functional.

• The lattice thermal conductivity calculations are performed using the Linearized Boltzmann Trans-
port Equation (LBTE) approach under the single-mode relaxation time (SMRT) method [32, 4].

• The calculations of the thermoelectric properties will follow in order to determine the suitability
of our system for thermoelectric applications.

• From the lattice dynamics calculations, the group velocity, spectrum of the phonons and, most
importantly, the phonon dispersion relation of the avoided crossing can be studied.

• Phonon dispersion curves would now be plotted and an analysis of the rattling metal obtained.

.

The dissertation is organised as follows: In chapter 2, we review clathrate materials and discuss their
classification. In chapter 3, the theoretical framework on which this work is based is discussed. In
chapter 4, we discuss the various methods employed in this work that facilitated the results presented
and, finally, we discuss the results and limitations of our work in chapter 5. Chapter 6 is the summary
of my work and expectations for future work.



2

Literature Review

This chapter provides an in-depth description of the crystal structures of clathrates. The formation
of the clathrate compound and defects in the framework are discussed. Finally, a table of the highest
thermoelectric efficiency factor ZT , for type-I clathrates so far achieved, is presented.

2.1 Clathrates as cage materials

Type I clathrates have experienced a surge in interest within recent years due to their promising ther-
moelectric properties especially caused by a very low thermal conductivity. Clathrates are classified
among a group of inorganic materials called cage compounds. The structural characteristics of this
group has been summarised in extended reviews [33, 34]. Of interest is the intermetallic clathrates
which have framework formed predominantly by four connected atoms. The arrangements of the atoms
in clathrates form three-dimensional polyhedron bearing large cavities often referred to as ‘cages’ with
20− atom dodecahedron, 24− atom tetrakaidecahedron, 26− atom pentakaidecahedron and 28− atom
hexakaidecahedron vertices. In the simple cubic structure, binary type-I clathrate general formula is
given by A8Sn46−x , where A is a metal. There are 46 framework atoms in each unit cell, two small
20-atom cages (pentagonal dodecahedra), and six large 24-atom cages (tetrakaidecahedra) Figure (2.1).
These solids are isostructural with gas hydrates such as 8Cl246(H2O) [35]. The metal atoms can be
trapped in the pentagonal dodecahedra and in the tetrakaidecahedra. In A8Sn46−x (x = 0,2), however,
the number of metal atoms (usually alkali-metal and alkaline-earth metal) in these compounds varies
depending on their size. If the metal atom is too big, only the larger cages are occupied and the
small ones are empty. When all the available cavities are occupied, the type-I clathrate has the ideal
formula A8Sn46, offering eight sites per unit cell for guest atoms. For intermetallic type-I clathrates of
A8Sn46−x, the composition results from the fact that each framework atom is shared by four polyhedral
cages. Using the formalism adopted by Reny and Horie [36, 37], the content of the unit cell is two
ASn20 and six ASn24 which gives A8Sn46. It was reported by Baitinger et al. [38] that in-spite of the
very clear structural pattern based on four-connected atoms within the frameworks, clathrates seldom
have completely ordered crystal structures. Also, it is possible to have different crystallographic disorder
and defects in the framework and in the cages.

This work, however, is limited to binary type-I clathrates, where the formation of vacancies is only
possible at certain positions where there is allowance for the adjustment of the total electronic balance-
Zintl-Klemm concept as discussed in subsection (2.1.3). Since the first report of the non-defect structure

7
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Figure 2.1: Source Myles [1]) Type-I clathrates polyhedra showing 20- and 24- atom cages with guest
atoms

K8Sn46 [39], the exact composition and structure of the type-I tin clathrates was brought into question
[40, 41].

2.1.1 Classification of semiconducting clathrates

All known hydrates crystallise in seven structural types, which differ in the type of polyhedra formed
in the framework and the mode of their arrangements in the three-dimensional structure [42]. Of
the seven structural types; semiconducting clathrates crystallise only in three, which are denoted by
Roman numerals: type-I clathrate, type-II clathrate and type-III clathrates [42]. In all cases the ratio
of the cavity size in the host framework to the size of the guest molecules or atoms is significant in
the formation of a clathrate structure. Almost 100 type-I clathrate compounds are known. About 10
compounds have the type-II clathrate structure, while only a few type-III clathrate compounds have
been synthesized. We can also classify clathrates according to the formal charge of the framework viz,
polyanionic, polycationic and neutral charge clathrates [43, 44].
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2.1.2 The PGEC Concept

The ”phonon-glass electron-crystal” concept was first coined by Slack [17] as a summary of ideas
discussed in references [45, 46]. Generally, materials that have no periodic arrangement of atoms are
glasses and amorphous materials, and are known to show the lowest thermal conductivities. Takabatake
et al. [3] stated in their review that Ioffe in the 1930s, noted that semiconductor thermoelements are
more practical than the materials employed at that time. Ioffe then proposed a design concept that
is to reduce the phonon thermal conductivity by forming semiconducting mixed crystals with narrow
band gaps composed of heavy elements [46]. One of the very first material that was designed to fit
this concept was the Skutterudite compounds [47]. The crystal structure of the Skutterudite contains
voids/fillers trapped in anharmonic potentials but capable of vibrating with large amplitudes [48]. Morelli
et al. [49] reported that guest atoms have a strong influence on the phonon thermal conductivity, while
Dong et al. [26] in their paper revealed that all the voids need not be occupied in order to achieve
a maximum reduction in phonon thermal conductivity. Type-I clathrate compounds were reported by
Nolas et al. [16] to be good candidates for high-efficiency thermoelectric material. Sales et al. [50]
introduced the term ”rattler” and ”rattling” meaning guest atoms and the anharmonic motion of the
rattlers respectively. Tse et al. [51] noted in their paper on clathrate hydrates, that some rattler
elements undergoing anharmonic motion in cages, lower the phonon thermal conductivity. However,
they opined [51] that the coupling between guest modes and acoustic phonons arising from networked
cages leads to the glass-like behaviour in the thermal conductivity of clathrate hydrates. Slack et al. [17]
first drew attention to the ”rattling” of atoms entrapped inside clathrate polyhedra as being responsible
for lowering of the thermal conductivity. Shoko et al. [52] defined rattling dynamics as a local, low-
frequency, and anharmonic thermal vibration of a guest atom that is weakly bound to its surrounding
atoms that form an oversized atomic cage and has been reported to be a factor in the lowering of
the thermal conductivity in clathrates [53]. More than a decade ago, Slack [17, 54] proposed that the
encapsulated atoms undergo displacements inside the cage, and further stated that the cage atoms
make the largest contribution to the Seebeck coefficient and the electrical conductivity. This proposal
opened a new window in the study of clathrate materials and has continued to generate interest among
researchers. It is believed that the localized vibrations of the guest metal atoms resonantly scatter lattice
phonons [55]. It is a unique feature of these clathrates, that the encapsulated metal, while effectively
donating its valence electrons to the framework, is not strongly ionic [56]. This is true because the
effective Bohr radius of the valence s electrons of the guest overlaps strongly with the framework of
the clathrate. Thus, while the thermal motion of the metal helps to lower the thermal conductivity,
it is not expected to seriously affect the electrical conductivity, which occurs through the framework.
Thus, clathrates serve as a typical example that describes the concept of a phonon glass electron crystal
[54, 17] and as such, are promising thermoelectric materials.

2.1.3 The Zintl-Klemm Concept

The Zintl-Klemm concept (ZKC), mentioned previously is a combination of a valence electron counting
rule and a set of structure- chemical considerations. A Zintl phase is the product of a reaction between
group 1 or group 2 elements, and post transition metal or metalloids from group 13, 14, 15 or 16 [57]
of the periodic table. Zintl phases were named for the German chemist Eduard Zintl who investigated
them in the 1930s [58]. The term ”Zintl Phases” was first used by Laves in 1941 [59]. Application of
the Zintl-Klemm concept has been used for understanding the structure and composition and defects
in the crystal structure of binary tin clathrates-I of alkaline metals according to the formula A8E4422

[40, 60]. Baitinger et al. in [38] described the Zintl -Klemm concept succinctly starting from the
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simplest crystal structure built of four-bonded atoms in diamond. Each carbon atom has four shortest
distances to its neighbours. Each atom has four valence electrons, which allows interpretation of all the
short contacts as two center-two electron(2c − 2e) bonds. In a similar clathrate-I compound Na8Si46,
the unit cell of the compound has 92 short contacts within the framework, comparable with the sum
of the covalent radii of the participating atoms (d(Si-Si) = 2.292 − 2.381 Å, 2rcov(Si) = 2.34 Å)
[61]. Also, 184 shortest contacts between the guest and the framework atoms are larger than the sum
of the corresponding atomic radii (d(Na-Si) = 3.269 − 3.358 Å in the pentagon dodecahedron and
(d(Na-Si) = 3.432 − 3.944 Å in the tetrakaidecahedron, rat(Si) + rat(Na) = 1.17 + 1.53 = 2.70
Å [61]). This shows that the available 92 valence electrons would not be sufficient to form (2c − 2e)
bonds between the Na and the surrounding Si atoms in the Si20 and Si24 cages. To apply this Zintl-
Klemm concept to clathrates, only the bonds within the framework are considered as (2c− 2e) bonds.
The average number of valence electrons per framework atom is four and each atom obtains a formal
charge. It should be easy to see the interaction between guest and the framework as charge transfer
from this perspective. This suggests that in the anionic clathrates, the guest cations deliver their valence
electrons to the framework; while the reverse is the case for cationic clathrates, were the guest anions
accept excess electrons from the framework. Considering a complete host framework, we can write:

Cs8Sn46 = [Cs1+]8[(4b)Sn0]46 x 8e−,

where 4b stands for four-bonded atom. For a balanced chemical equation, the excess electrons can be
compensated for by introducing two defects from the framework atoms. That is, the eight neighbouring
tin atoms will then be three-bonded:

Cs8Sn4422 = [Cs1+]8[(4b)Sn0]36[(3b)Sn1−]8 x 0e−,

where 3b stands for three-bonded atom. This gives a balanced chemical equation. Baitinger et al.
[38] showed that beside the chemical composition and structural features, the Zintl-Klemm concept
of electron balance can be connected to the electronic density of states (DOS). However, one of the
shortcomings of the Zintl-Klemm concept is that it could not sufficiently discuss the guest-framework
interactions, because, by definition it is restricted only to the coulomb forces caused by charge transfer.
Recently, the electron localizability approach based on electron density and electron localizability indica-
tor was developed for proper description of chemical bonding in intermetallic compounds [62]. With this
approach, the quantum theory of atoms in molecules (QTAIM) has been used to describe the shapes of
the electron density [63].

2.1.4 Type-I clathrate polyhedra

The type-I clathrate structure is composed of pentagonal dodecahedra 512 and larger 14-face tetrakaidec-
ahedra 51262. The unit cell contains 46 atoms in the framework and has 2 small and 6 large cavities
called “cages”. Most type-I clathrate structure compounds crystallise in a cubic structure (space group
Pm3̄n, No. 223), with 46 framework atoms occupying three Wyckoff sites, viz., 6c, 16i and 24k. Site
symmetry is used for characterization of the structure and for the study of local properties. Saiga et al.
[64] reported experimental structural, transport, and thermal properties of carrier-tuned Ba8Ga16Sn30

(n) single crystals with the type-1 clathrate structure (β) phase, demonstrating that the compound is
a unique thermoelectric clathrate material and that both the structure type and the carrier type are
tunable. Also, Saramat et al. [65] reported p-type Ba8Ga16Ge30x (x = 0.95, 1.00, 1.05, 1.10), these
type-I clathrates with different Germanium contents were synthesized by combining melt method with
spark plasma sintering (SPS). The effects of Germanium content on electrical transport properties have
been investigated, with result showing that all samples exhibit p-type conduction. A maximum power
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factor value of 0.35 × 103 W m1 K2 was obtained at 550 K. Similar theoretical calculations by Kono
et al. [66] for thermoelectric properties of type-I and type-VIII of Ba8Ga16Sn30 (n) and (p) reveals a
figure of merit 1.1 and 0.7 at 700 K and 500 K respectively. DFT calculations by Møllnitz et al. of
K8Sn44 [67] also reported ZT values of 0.08 and 0.05 at 650 K and 800 K respectively. In Table (2.1),
various type-I clathrate compounds along with their highest ZT values are presented. It is noted from
Table (2.1), that n-type materials have higher figure of merit compared to p-type of the same chemical
compositions e.g. Ba8Ga16Sn30 (n-type = 1.45, p-type = 0.7). Also compounds with Sn framework
have higher figure of merit compared to the Ge framework compounds of the same compositions e.g.
Ba8Ga16Sn30 (Sn framework = 1.45, Ge framework = 1.35), even though the temperature of the Ge
framework compound is higher. The stoichiometric compounds are observed to have a lower figure of
merit e.g. K8Sn46 = 0.05, while K8Sn4422 = 1.1. Although there is no clear trend in variation of figure
of merit with temperature on these table, it is noted in most of the works sited that the figure of merit
peaks at the the temperatures quoted and start droping afterwards.

Table 2.1: ZT values of some type-I clathrates.

Compounds (type) ZT T(K)

Ba8Ga16Sn30 (n) [64] 1.45 500
Ba8Ga16Ge30 (n) [65] 1.35 900
Ba8Ni0.31Zn0.52Ga13.06Ge32.2 (n) [68] 1.2 1000
Ba7.5Yb0.5Ga16Ge30 (n) [69] 1.09 950
Ba8Ga10In6Ge30 (n) [70] 1.03 943
Ba8Ni0.32Ga13.63Ge31.71 (n) [71] 0.94 1000
Ba8Ni0.22Zn7.22Ge37.12Sn1.44 (n) [72] 0.9 830
Ba8Ga16Si30 (n) [73] 0.87 873
Ba8Zn7.66Ge36.55Sn1.79 (n) [74] 0.82 850
Sr8Ga15.5In0.5Ge30 (n) [75] 0.72 800
Ba8Ga16Al3Ge27 (p) [76] 0.61 763
Ba8Cu5.1Ge40.2Sn0.7 (n) [77] 0.6 773
Ba8Cu5Ge41 (n) [68] 0.4 390
Ba8Cu6Si17Ge23 (n) [78] 0.31 520
Ba8Al16Ge30 (n) [79] 0.24 800
K8Sn44 [67] 0.08 650
K8Sn46 [67] 0.05 800
Ba8Ga16Sn30 (n) [66] 1.1 700
Ba8Ga16Sn30 (p) [66] 0.7 500

2.2 Thermoelectricity and Power generation in type-I Clathrates

The search for alternative energy from fossil fuel is a continuous search. Amongst the numerous materials
discovered for alternative energy, is the class of materials called thermoelectric materials that can
capture and convert waste heat to useful energy. Clathrate materials stands out within the subset
of these group of materials because of their unique features. Clathrates compounds combine low,
glass-like thermal conductivity with high electrical conductivity and Seebeck coefficient, signatures of
prospective thermoelectric materials [16]. Recent years have witnessed appreciable progress in enhancing
thermoelectric efficiency of clathrates through various strategies like, phonon engineering approaches,
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introduction of rare earth guests and formation of complex superstructures. With advances in research,
new compositions of clathrates have emerged, that allow combination of reasonably high thermoelectric
efficiency displaying high values of figure of merit, making them competitionally viable as alternate
source of electricity generation. Among the competitive new materials, one advantageous property
of clathrates is that their crystal structure, especially, the non dependence of forming host and guest
substructures, creates opportunity for tuning of the charge carrier transport almost separately from
phonon transport [80]. Clathrate thermoelctric materials are said to be useful in applications such as
imaging (magnetic resonance), space craft, study of the photo-behaviour of organic mixtures and solar
cells amongst others. The discovery of earth aboundat materials as clathrates, it is hoped, will greatly
enhance its exploration for commercial production.



3

Theoretical Framework

This chapter establishes the theoretical framework of this work. Our goal is to probe the lattice and
electronic structure of clathrate-I Sn binary compounds computationally. Ab initio or first-principles
methods have emerged in the last three decades as a powerful tool to examine the properties of matter
at the microscopic scale. These approaches are used to derive macroscopic observables under the
controlled conditions of a computational experiment, and with predictive power rooted in the quantum-
mechanical description of interacting atoms and electrons. The theoretical background describing the
structural and electronic properties of our material is centred on the popular Density Functional Theory
(DFT). Density-functional theory has become the de facto method of choice in computational materials
science, due to its combination of reasonable scaling with system size, and good accuracy in reproducing
most ground state properties. Such an electronic-structure approach can then be combined with classical
molecular dynamics to provide an accurate description of thermodynamic properties of our compounds.

In this chapter only a brief outline of some of the techniques used are given. A short description of
DFT is given on Appendix A and a description of the main DFT code, the Vienna ab initio Simulation
Program, VASP, used in the work is given in Appendix B. Boltzman transport equations are briefly
discussed in Appendix and some comments on phonon calculations appear in Appendix C and D.

Molecular dynamics is used to probe the atomic lattice in order to be able to answer part of our research
question. Hence we start our discussion with the theory governing ab initio Molecular dynamics.

3.1 Equation of state

The equation of state (EOS) of solids describes the relationship between thermodynamic variables of
compressed solids, and is applied in investigating thermodynamic properties of materials [81].
Many, semi-emperical relations have been proposed to describe the EOS [82]. In this work, we used the
Murnaghan-Birch equation of state [83]. Suppose the energy of a compressed system is described as a
Taylor series,

E(f) = a+ bf + cf2 + . . . (3.1.1)

where f is a finite strain given by

f =
1

2

[(
V0
V

)2/3

− 1

]
(3.1.2)
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The pressure and bulk modulus are respectively defined as

P = −∂E
∂f
· ∂f
∂V

, (3.1.3)

B = −V
(
∂P

∂f
· ∂f
∂V

)
(3.1.4)

The second order of (3.1.3) gives

P =
3B0

2

[(
V0
V

)7/3

−
(
V0
V

)5/2
]

(3.1.5)

In above equations V0 is the equilibrium volume of the system, and B0 is the isothermal bulk modulus.
The third order shows increased accuracy over the Murnaghan equation of state and has a relatively
simple analytical form

P =
3B0

2
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V0
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)7/3
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][
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3

4
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0 − 4)
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V0
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)2/3

− 1

)]
(3.1.6)

Here B
′
0 is the bulk modulus derivative. The energy is obtained by integration of the pressure

E = E0 +
9V0B0
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Using data from the GGA in the PBE parametrization and Thatchenko-Scheffer (vdW-TS) calculations,
we fitted the total energy versus the volume to the third order Murnaghan-Birch EOS, and, thus, deduced
the equilibrum ground state properties of the system, namely, lattice constant (a), bulk modulus B0

and pressure derivative of the bulk modulus (B
′
0), for details see reference [84].

3.2 Cage size and vacancy formation

Two preconditions for the formation of clathrate structure are, (1) the presence of a host environment
built from cross-linked tetrafunctional units, and (2) the ability of the corresponding guest types to
occupy the cavities (cages) in the framework formed. According to the results of X-ray and neutron
diffraction studies, the guest atoms show very large displacement parameters in Sn cages, compared
to other group-14 elements. Since there is no strict bond between the framework and the guest, from
the relaxed structure, the bond length of Sn-Sn and A-Sn (A= Cs, Rb and K) were determined. In a
study by Kaltzoglou et al. [85], a fine grasp of the lattice defects and phase transitions in clathrate-I
compounds play a decisive role in the understanding of the stannide clathrates structure. It has been
reported that one vacancy per six-membered ring is favoured over two such vacancies per ring [86, 67].
Crystallographic disorder and complexity of the crystal structure of clathrates has been extensively
reported in literature [38, 87]. Of interest to this work is the formation of vacancies in these compounds
which was reported allows for the adjustment of the total electronic balance -Zintl Kleim.The Zintl-
Kleim concept allows complete understanding of the composition and defect in the binary type-I Sn
clathrate, further details Section (2.1.3). The packing of the polyhendron framework creates two type
of cages, a large cage formed by the tetrakaidecahedra (12 pentagonal and 2 hexagonal faces) and a
smaller cage from the pentagonal dodecahedra rings.
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3.3 Cohesive energy

The cohesive energy of a solid is defined as the energy required for separating the condensed material
into isolated free atoms. For molybdenum chalcogenides MmXn(Mm = Mom, Xn = Sn), the cohesive
energy is given by

EMmXn
coh =

EMmXn
solid − Z × (mEMm

atom + nEXnatom)

Z × (m+ n)
, (3.3.1)

where Z is the number of MmXn per unit cell, EMm
atom and EXnatom are the energies of the spin-polarized

non-spherical isolated M and X atoms in its electronic ground state. These energies are computed by
placing a free atom in a big orthorhombic unit cell. such that every atom is surronded by at least 15%.
EMmXn
solid are the bulk cohesive energies with respect to spherical non spin-polarized reference atoms,

and m,n = 1, 2 are the stoichiometric weights. The cohesive energy will be obtained from the fit to
a Murnaghan-Birch third order equation of state and will be used to deduce the structural parameters
and to predict the stability of the structures.

3.3.1 Formation Energy

The formation energy is defined as the heat of formation per atom of the structure under consideration.
Let us consider that the solid MmXn result from the interaction between the molybdenum (solid) Mm

and the gaseouse chalcogenide X2 through the chemical reaction [88]

mM solid +
n

2
Xsolid

2 
MmX
solid
n . (3.3.2)

To compare the relative stabilities of the various structures, we define the formation energy as

Ef (MmX
solid
n ) = Ecoh(MmX

solid
n )−

mEcoh(Mm) + n
2Ecoh(Xgas

2 )

m+ n
(3.3.3)

where m,n = 1, 2 are the stoichiometric weights and Ecoh(MmX
solid
n ) is the cohesive energy per atom

as described in (3.3.1), and Ecoh(M solid) and Ecoh(Xgas
2 ) are the ground state cohesive energy of M solid

and Xgas
2 respectively.

3.4 Ab initio Molecular Dynamics

One of the important elements in an ab initio molecular dynamics (AIMD) calculation is the represen-
tation of the electronic structure. The ability of MD calculations to describe physical systems depends
on the accuracy of the inter-particle interaction potentials. In this work, we obtain the interparticle
interactives from DFT. DFT is one of the most widely used methods for ab initio calculations and
analysis of the structure and properties of material [89]. For an extensive review of the AIMD method,
see references [89, 90]. DFT formulates the many-electron problem in terms of the electron density
n(r), rather than in terms of the many-body wave function. Nevertheless, accurate expressions for the
energy in terms of the density n(r) were not available. In 1965, Kohn and Sham [91] took a major step
towards quantitative modelling of electronic structure, by introducing an orbital method by which the
energy is expressed in terms of a set of n occupied single-particle orbitals Ψ1 (r) · · ·Ψn(r) and the N
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nuclear positions, R1, · · ·RN , and takes the form:

E [(Ψ) , (R)] = −1

2

n∑
i=1

drΨ∗i (r)∇2Ψi (r) +
1

2

∫ ∫
dr′

n (r)n (r′)

| r− r′ |
+

Exc [n] +

∫
drVext (R1 · · ·RN )n(r) (3.4.1)

where the density n(r) is related to the orbitals, and the orbitals are required to be mutually orthonor-
mal. In the equation 3.4.1 above, the functional Exc[n] of the density, called the exchange-correlation
functional, is unknown and must be approximated for. The local density approximation LDA can be
employed for exchange energy:

ELDAx [n] = −3q2

4

(
3

π

) 1
3
∫
d3rn(r)

4
3 (3.4.2)

where q is charge on an electron. This approximation though it has proved useful and reasonably
accurate in many systems, could not be used for systems in which the spatial variation of the density
is too rapid. The functional was then improved by including the dependence on the density and, thus,
gradient. The exchange correlation energy can be written as:

EGGAxc [n↑, n↓] =

∫
d3rn(r)εGGAxc (n↑(r), n↓(r),∇n (r)) (3.4.3)

This approximation is known as the generalized gradient approximation (GGA). Two important works
that discusses the formulation of the projector Augmented Wave (PAW) potential method used for the
implimentation of DFT in the VASP code can be found in references [92] and [93].

3.4.1 Strategy For Combining Electronic Structure with Molecular Dynamics

The ability of MD calculations to describe physical systems depends on accuracy of the inter-particle
interaction potentials. One strategy for combining electronic structure with molecular dynamics is by
performing the following steps:

• Choose a given set of initial nuclear positions R1, · · · ,RN . Minimize the energy functional in eq.

(3.4.1) to obtain the ground state density n0(r) and corresponding orbitals Ψ
(0)
1 (r), · · · ,Ψ(0)

n (r).

• The forces between the nuclei as given by the Hellman-Feynman theorem is :

FI = − ∂

∂RI
E
[{

Ψ(0)
}
, {R}

]
(3.4.4)

• These forces are then fed into a numerical integration procedure together with a set of initial
velocities for the nuclei and a step of molecular dynamics is carried out yielding a new set of
positions and velocities.

• At the new nuclear positions, the energy functional is obtained and used to perform another step
of molecuar dynamics (MD) propagation.

• This procedure is repeated until an entire trajectory has been generated.

.
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3.5 Transport Theory

In order to obtain the transport coefficients σ, κ and S, one has to solve the transport equations (C.0.1).
Two approaches to solving the transport equation as it pertains to our clathrate system are the Green-
Kubo theory [94] and the semi-classical Boltzmann transport theory [95]. The former relates transport
coefficients to correlation functions of the current or heat flux, while the latter treats effects of various
scattering mechanisms on transport properties in terms of relaxation times. The Boltzmann transport
theory has proven its validity [96, 97] in numerous applications where calculated transport coefficients
can be readily compared with experimental results.

In this work we present thermal property calculations, with BoltzWann code [32] to evaluate electron
transport properties in a semiclassical formalism using a maximally-localized wannier function (MLWF)
basis to interpolate first-principles plane-wave (PW) results [98, 99]. The Boltzmann transport equat-
tion and derivation can be found in references [100] and [101]. In this work, the transport properties of
A8Sn46−n (n = 0,2) were studied by solving the Boltzmann transport equation (BTE) within the relax-
ation time approximation (RTA). Under this approximation, the Cartesian components of the electrical
conductivity, Seebeck coefficient and electronic thermal conductivity are obtained from:

σi,j(µ,T) = e2
∫ (
−∂f0(ε,T)

∂ε

)∑
i,j

(ε)dε (3.5.1)

(σS)i,j(µ,T) =
e

T

∫ (
−∂f0(ε, T )

∂ε

)
(ε− µ)

∑
i,j

(ε)dε (3.5.2)

(κe)i,j(µ,T) =
1

T

∫ (
−∂f0(ε,T)

∂ε

)
(ε− µ)2

∑
i,j

(ε)dε (3.5.3)

In equation (3.5.1)-(3.5.3), f0(ε,T) is the Fermi-Dirac distribution function, e and T are, respectively,
the electron charge and the temperature and

∑
i,j(ε) is the transport distribution function, defined as:∑

i,j

(ε) =
1

V

∑
n,~k

νi(n,~k)νj(n,~k)τ(n,~k)δε−ε
n,~k

(3.5.4)

where V is the volume of the solid, ε
n,~k

is the energy of an electron in the n− th band at wave vector

~k, νi(n,~k) is the i − th component of its velocity and the summation is over all bands and over the
entire Brillouin Zone (BZ). τ(n,~k) the relaxation time for electrons, depends on the electron state for
each dispersing mechanism as well as on temperature. The transport coefficients were calculated with
the BoltzWann post-processing code [32] included in the Wannier90 package [102]. For comparison
with experiments, average values of the σ̂ , Ŝ and κ̂e tensors were calculated as one third of the traces
of the corresponding matrices.

3.6 Thermodynamic Properties

Phonon transport properties

A phonon is a quantized mode of vibration occurring in a rigid crystal lattice such as atomic lattice
of a solid. Phonons play an important role in many of the physical properties of solids suchas thermal
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and electrical conductivity. In addition, vibrational properties of a crystal determine a wide range of
macroscopic behaviour i.e specific heat, sound velocity and infrared and Raman absorption [103]. The
problem of lattice dynamics is to find the normal modes of vibration of a crystal. It seeks to calculate
the energies (or frequencies, ω) of the phonons as a function of their wave vector. Even if the total
energy of a structure can be minimized, its stability cannot be assured hence phonon calculation is done
to provide a rigorous test for stability of a given structure.

Using an ab initio approach, we can calculate the vibrational frequencies of a material using either a
linear response method or a finite displacement method. The mathematical theory involved is presented
in Apendix D. A high thermal conductivity is required in order to remove any accumulated heat in
thermoeletric devices, a mechanism associated with phonon-phonon scattering [104]. Phonon-phonon
scattering is an intrinsic scattering mechanism that dominates the behaviour of the lattice thermal
conductivity, κl, for semiconductors [105].

It is well known that the application of a material is closely related to its thermal transport properties.
At equilibrium, a crystal is dynamically stable if its potential energy always increases against any com-
binations of atomic displacements. When an atom in a crystal is displaced, the forces on all atoms in
the crystal change. Analysis of the forces associated with a systematic set of displacements provides a
series of phonon frequencies. In the harmonic approximation, this is equivalent to the condition that
all phonons have real or positive frequencies. Very low-frequency modes can be associated with phase
transformations. The presence of negative or imaginary frequencies indicates dynamical instabilities,
hence phonon dispersion curves can also help us gauge dynamical stability of a material [4].

3.6.1 Electrical and Electronic transport properties

It is desirable for thermoelectric materials to have high valley degeneracy in a very sharp band structure
[106]. To calculate the Band structure, a self-consistent calculation run was performed to get the
charge density, and then fixing the charge density, thereafter a non-self consistent run at desired K-
path (see Figure (4.1)) is performed to get the band structure. For an extensive literature the reader
is directed to [107, 92, 93]. The DFT calculated bands are in many cases found to be in qualitative
agreement with experimentally measured bands, in particular, the band shape is typically well reproduced
by DFT. The bandgaps may be underestimated or overestimated depending on the exchange correlation
functional. It has been reported that DFT seems to systematically underestimate by about 30-40%
the band gap in insulators and semiconductors [108]. The central problem in DFT is how to treat the
exchange-correlation energy with a view to correctly calculating the material properties. In principle,
if the exact exchange-correlation energy is known, the exact ground state energy and density of the
particle can be found accurately. Armed with this knowledge we used different functionals, including the
modified BeckeJohnson meta-GGA exhange functional (mBJ) [109, 110]. These semi-empirical meta
GGA functional has been constructed to give accurate band structure of insulators and semiconductors
and had been used in this work to obtain accurate bandgaps for these compounds. Further insight into
the electronic structure is gained by plotting the Fermi surface of the compounds.

3.6.2 Femi Surface

The Fermi surface separates occupied electronic states from empty ones. Fermi surfaces are important
for characterizing and predicting the thermal, electrical, magnetic, and optical properties of crystalline
metals and semiconductors. They are closely related to the atomic lattice, which is the underlying
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feature of all crystalline solids, and to energy band theory, which describes how electrons are distributed
in such materials. According to band theory, electrons in a solid lie within either valence bands, where
they are bound into position, or conduction bands at higher energy, where they are free to move. Each
electron has a specific energy within a band, which can be related to its momentum [111]. At absolute
zero (-273.15 oC, or -459.67 oF), however, the energy may not exceed a value called the Fermi energy,
which therefore divides allowed electronic states from those that cannot be occupied. To represent this,
physicists imagine an abstract three-dimensional momentum space where the coordinate axes are the
x, y, and z components of momentum. Then the Fermi energy defines a volume in momentum space
whose surface (the Fermi surface) separates occupied electronic states within the volume from empty
ones without it [112]. Various experimental techniques are used to determine the Fermi surface in a
given material, for instance, measurements of electronic behaviour in a magnetic field. The shape of
the Fermi surface reflects the arrangement of atoms within a solid and is thus a guide to the properties
of the material. The Fermi surface is crucial in determining electrical, magnetic, and other properties
and how they depend on direction within the crystal because at temperatures above absolute zero these
electrons are raised above the Fermi energy and become free to move.



4

Computational Details

In this chapter, the methodology used in our calculation is explained. The Vienna Ab initio Simulation
Package (VASP) [113] has been used to perform calculations of the structural and electronic properties of
the binary compounds A8Sn46−n (n = 0,2) (A = K, Rb, Cs). The projector-augmented wave formalism
(PAW) implemented in the package was used to represent the valence electrons [93]. For all calculations
that are related to the structural and electronic properties, four separate approximations were used for the
exchange correlation functions, viz.: the local density approximation (LDA) [114], the Perdew, Burke,
and Ernzehof (GGA-PBE)[115], the modified GGA-PBE for solids (PBEsol) [116] and the modified
BeckeJohnson meta-GGA functional [109]. In order to capture the dispersion interaction between atoms,
absent from typical DFT functionals, the Thatchenko-Scheffer method (vdW-TS) [117] was used. We
have used a kinetic energy cutoff of 500 eV for the plane wave basis set, and the energy convergence
criterion was chosen to be 10−6 eV. The Hellmann-Feynman forces on each ion were less than 0.02 eV
Å−1 and the Brillouin zones of the unit cells were represented by the Monkhorst-Pack special k-point
scheme using 4 × 4 × 4 grid meshes for our compounds. The Boltzmann’s transport equations will
also be discussed as a bridge connecting calculated electronic structure to the thermoelectric transport
properties of a material. How we combine ab initio MD and lattice dynamics to study the normalized
phonon total density of state of the type-I clathrate, will also be resolved. I shall also explain how
phonon dispersion relations have been calculated from its lattice dynamics.

4.1 Geometry Optimization and Structural Properties

The exchange-correlation energy (XC) is a fundamental issue in density functional theory (DFT). It is
normally approximated in the form of local density approximation [LDA] or generalized gradient approxi-
mation [GGA] with Perdew-Burke-Ernzerhof [PBE] version of GGA being the most commonly used. The
chronic over-binding of the LDA [118] which has been shown to lead to underestimation of equilibrium
properties by about 1%, can be overcome by using the PBE functional even though it usually overesti-
mates equilibrium properties by about the same amount [119]. The structural, electronic and phonon
band structures for A8Sn46−n for (n = 0,2), have been calculated with first principles methods.These
optimized equilibrium structures are the starting points for our calculations of the vibrational modes
of these compounds. For the molecular dynamics calculation we did an equilibration test by using the
experimental structural parameters. For further details, see section (4.5).

20
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4.2 Electronic Density of States

It is possible nowadays to study the energetics and the electronic structure of many-electron systems by
performing fully ab initio computations, that is, by solving the quantum-mechanical equations for the
system under consideration without any use of empirical parameters, for a meaningful comparison with
experiment or even for accurate predictions of quantities not yet accessible experimentally. Among the
existing ab initio schemes, the local-density approximation (LDA) to density-functional theory (DFT)
[120] has proven to yield reliable results, at an acceptable computational cost, the electronic ground-
state properties of complex crystalline systems [121]. Within DFT, the many-body problem of interacting
electrons is reduced to a system of single particle Schrødinger equations [114], which must be solved self-
consistently (SCF, for self-consistent-field). Electron-electron interactions are fully included by adding
to the Hartree potential an exchange-correlation term, which is a functional of the charge density. In the
LDA, this functional [114] is reduced to a function of the local charge density which has been calculated
accurately and interpolated using a parametrized form [122]

Within the semiclassical model we assume that we know the electronic structure of metal, which de-
termines the energy band as a function of the wave vector. The aim of the model is to relate the
band structure to the transport properties. A useful concept in analyzing the band structure of solids
is the density of states as a function of the energy [123]. The density of states N(E)dE, defined as
the number of states per volume Ω of the solid in the range E and E+dE [124], was analysed for our
compounds. We used the rigid band approximation theory to describe the electronic structure. We
compared the electronic band structure of the compounds to the hypothetical pure Sn46, by looking at
the band profiles. A comparison of the total density of states (DOS) and the partial density of states
(PDOS) of the compounds was again carried out by analysing their profiles.

We extend our discussion of the electron dynamics in these compounds by looking at the electron
effective mass m∗. The mass m∗ is inversely proportional to the curvature of the band. The effective
mass of electron m∗e was calculated from the band structure near the conduction band minimum. The
diagonal elements of the effective mass tensor m∗e for the electrons near the conduction band bottom
are calculated using the following relation:

1

m∗i,j
=

∂2E(k)

~2∂(kikj)
(4.2.1)

For the diagonal elements, we have:
1

(m∗e)xx
=

∂2E(k)

~2∂(k2xx)
(4.2.2)

, similar to
1

(m∗e)yy
=

∂2E(k)

~2∂(k2yy)
(4.2.3)

and
1

(m∗e) zz
=

∂2E(k)

~2∂(k2zz)
(4.2.4)

Therefore, the effective mass of the electron is evaluated by fitting the electronic band structure near
the bottom to a parabolic function [125, 126].
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4.3 Electronic Bandgap with mBJ Functional

Bandgap is a crucial property of semiconducting materials for it is related to the optical and electronic
characteristics. However precise determination of band gaps using DFT calculations is still challenging.
The modified BeckeJohnson meta-GGA exhange functional [110] (TB09) is a semi-empirical functional
constructed for giving an accurate band structure of insulators and semiconductors. It is not possible
to generate transferable pseudo-potentials since it only works for solids and not for atoms (it is not size
consistent). In this work we used the mBJ to improve the band gaps calculated [109, 110].

4.4 Lattice Dynamics

Traditionally, phonon dispersion relations have been calculated by lattice dynamics. This involves propos-
ing an analytic model for the interactions between atoms, evaluating the force constants between atoms,
constructing the dynamical matrix at a given point in the Brillouin zone and diagonalizing it. In the ab
initio method the analytic model is replaced by a full quantum mechanical electronic structure calcula-
tion of a supercell of N atoms. A wide variety of physical properties of solids can be investigated from
their lattice-dynamical behaviour. Since the electron states around the Fermi level have an important
effect on the thermoelectric (TE) properties of the binary clathrates, we proceed to calculating the
phonon total and partial density of states for our compounds. Heat is carried by phonons and electrons
in type-I Sn clathrates, so that κtot = κl + κe , where κl and κe are the phonon and electron contri-
butions, respectively. It has been reported that in metals or degenerately-doped semiconductors, κe is
the dominant heat carrier due to large concentration of free carriers [127]. We used the phonopy code
[4] to evaluate these claims and other properties of interest. Steps in our calculation are presented in
references [100] and [101]. Further analysis of the vibrational bands were carried out, by assigning the
phonon modes to irreducible representations of their space-group type. We then analysed the phonon
eigenvector, which has information of the symmetry of the mode, and then examined the character of
the modes and details of their symmetry from the irreducible representations.

4.4.1 Transport properties

Presented in this work is thermal property calculations, with a BoltzWann code [32] to evaluate electron
transport properties in a semiclassical formalism using a maximally-localized wannier function (MLWF)
basis to interpolate first-principles plane-wave (PW) results. Thermal and electrical transport are cur-
rently being intensively studied in the literature, as their evaluation is critical to the thermoelectric
efficiency of a material [98, 99]. We first perform a self-consistent first principles calculation on the
system in order to obtain a set of Bloch energy bands [92, 93] from which maximally-localised wan-
nier functions are then constructed. Calculation of the Bloch states |unk〉, where unk is the set of
Bloch functions obtained at each k-point, is performed using density functional theory in the LDA
approximation [114]. We computed Bloch states and the overlaps from ground state density and the
maximally-localised Wannier functions (MLWF) on a 4× 4× 4 mesh [102].

MLWF’s are calculated using wannier90 program [102] and the band structure is plotted along the
Γ −X − S − Y − Γ − Z − U − R − T − Z − Y − T − U −X − S − R path. The conduction band
is separated from the valence band by an (LDA) band gap of ≈ 0.1 eV. In order to obtain wannier
functions (WFs) that are able to reproduce the lowest-energy conduction states as well as disentagling
the valence band, we proceed as follows; We note that only a few energy kBT around the Fermi energy
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Figure 4.1: Special K-path considered [2]

are relevant for transport properties, hence we carefully selected the relevant bands when calculating
the WFs. We also choose a frozen energy window Efroz roughly above the bottom of the conduction
band, which is sufficient for our calculations. We thereafter calculated the MLWFs using interactive
minimization algorithm of Wannier90 [102], employing atom-centred Gaussian-type orbitals with the
number of Wannier and bands for the calculation set at a reasonable number of bands [102]. Once
the MLWFs are obtained, we then proceed to using them as a basis set to interpolate band velocities
and calculate the transport properties using the BoltzWann code [32]. The bands were interpolated
on a 40 × 40 × 40 mesh and the transport distribution function (TDF) calculated using a relaxation
time of 10 fs for the system. (TDF is the single function that describes the interplay among the three
key thermoelectric components of electyrical conductivity, thermopower and thermal conductivity). The
relaxation time of 10 fs was chosen from experimental results of Ge-based clathrates [128]. We could
safely use this value as our system contains a group 14 element (Sn) which is common to all the binary
systems studied in this work. This simple time approximation is often adopted in all first-principles
calculations and often turns out to be a good approximation for bulk materials [129, 130].

In calculating the transport properties, the Fermi-Dirac function f0(ε,T) is required (see Equations
(3.5.1)-(3.5.3)). This function depends on the chemical potential µ. The position of chemical potential
(µ) plays an important role with regard to the transport properties. The position of µ in the band struc-
ture determines which electrons in the valence or conduction band take part in the electronic transport
(4.2), commonly used as a criterion for noting both the conductivity and the Seebeck coefficient.

4.5 Molecular Dynamics Simulation

The combination of ab initio MD and lattice dynamics will be used to study the normalized phonon
total density of state of the type-I clathrate. We start our calculation by performing an equilibration test
for the compounds, A8Sn4422) (A = Cs, Rb and K). The low temperature phase has been reported to
have high ordering of vacancies and as such we would need supercells to correctly describe the system
with the ordered vacancies. The experimental configuration of the compound was used to eliminate
any discrepancy in our simulation. Molecular dynamics (MD) simulations were then performed at the
temperatures which match those of [30] inelastic neutron scattering (INS) data, used for the validation
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of my simulations. All simulations, the NVT and NVE at 36000 steps at room temperature, were ran for
approximately 36ps with a time step of 1fs, initially and latter increased to 60ps. Most of the simulation
could not be completed up to 60ps and so my analysis was limited to 36ps. The MD spectra was then
calculated using nMOLDYN [131] a MD simulations analysis programme designed for decomposition of
neutron scattering spectra, while the magnitude spectra was obtained from the fast Fourier transform
(FFT) of the trajectories. Decomposing the spectra is necessary because, we would then be able to
asses the dynamics of the individual atoms of the compound separately. I then calculated the MD
trajectories to obtain the simulated elemental spectra and vibrational frequencies in order to determine
atomic dynamical correlations, as adopted elsewhere [90, 132]. The lattice dynamics calculations were
then finally done to obtain the spectrum of the phonons and most importantly the phonon dispersion
relation of the avoided crossing. The phonon dispersion curves were then plotted and the analysis of
the rattling metal obtained is reported in subsection (5.4.3).
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Results and Discussion

In this chapter we present the results of our calculations. Bandstructure calculations for the fully
stoichiometric cubic A8Sn46 (A = K,Rb or Cs ) compounds show that they are metallic at the DFT
level. We found that the guest atoms in the ideal cubic stoichiometric compounds Rb8Sn46 and K8Sn46

are dynamically unstable and all three stoichiometric compounds are stabilised by vacancy formation.
We used the stoichiometric compounds for reference only in our structural analysis of the vacancy
compounds.

The A8Sn4422 (A = K,Rb or Cs ) clathrates are small gap semiconductors and we investigated their
structural, dynamic and electronic properties in details. According to experimental studies by Kaltzoglou
et al. [85, 133] Cs8Sn4422 and Rb8Sn4422 have cubic symmetry (space group Ia3̄d, Z=8) at room
temperature. The structure adopts a 2 × 2 × 2 type-I clathrate superstructure with vacancies in the
Sn framework. For Cs8Sn4422 and Rb8Sn4422 there are reversible order-disorder phase transitions to a
primitive cubic structure (space group Pm3̄n, Z = 1) with a random distribution of vacancies at about
353 K and 363 K, respectively. In the low temperature phase the vacancies show long range order with
the vacancies distributed along the 41 screw axis. Earlier reports [134, 21, 135, 133] suggested that
the low and high temperature structures formed in space group Pm3̄n with a random distribution of
vacancies around the 42 screw axis. However, Kaltzoglou et al. [85, 133] argue that the low temperature
phase of Cs8Sn4422 and Rb8Sn4422 is stabilised by a higher ordering of the vacancies. In both phases
the basic underlying conventional type-I clathrate structural units are retained. Computational resources
constrained us to do our calculations for the A8Sn4422 compounds in primitive cubic structures (Z =
1) at absolute zero and not at the correct experimental temperature. A 2 × 2 × 2 superstructure
(Z = 8) requires a large unit cell with 416 atoms (and 8 vacancies), a challenge beyond our available
computational resources. The fully ordered structure that satisfies the composition of an electron precise
Zintl phase used in our calculations, as described in subsection 2.1.3, is therefore hypothetical. It was
noted that Na8Sn4422 and Li8Sn4422 compounds have not been synthesized, hence, I have restricted
the calculations to these three A8Sn4422 (A = K,Rb or Cs ) known stable compounds.

The rest of the chapter is structured as follows: We start our investigation by optimising the lattice
geometry using four separate exchange-correlation functionals, LDA, PBE, PBEsol and vdW-TS. Where
available, we compare our results with experimental data and other calculations. We find that LDA
works well for the type-I clathrates we are interested in and we use LDA for the rest of our calculations.

We then calculated the Phonon Bandstructure and Density of states. Detailed analysis of the phonon
spectra of the A8Sn46 and A8Sn4422 compounds was carried out and carefully reported. We report
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vacancy formation energies and confirm that vacancy formation stabilises the clathrate compounds.
Next we report an analysis of the vibrational properties of the compounds.

Mode Grüneisen parameters at different temperatures are also presented and analysed. We performed
lattice thermal conductivity and electronic transport properties calculations which are combined in ther-
moelectric figures of merit.

The electronic Bandstructures and densities of states of the compounds are also reported and results of
the Fermi surfaces are equally presented to gain understanding on the electronic properties.

Anisotropic behaviour and effective carrier masses of this class of materials were again investigated and
reported here. Finally, the thermoelectric properties of these compounds are reported starting with the
Seebeck coefficients, followed by the lattice thermal conductivity and the electronic thermal conductivity.
The calculated figures of merit of the three compounds, a signature of thermoelectric materials are also
reported.

5.1 Equilibrium and Structural properties

5.1.1 Result for A8Sn46

For completeness, and to evaluate the performance of different exchange-correlation functionals for the
clathrate compounds, we performed structural optimizations for the full stoichiometric type-I clathrate
compounds, A8Sn46 (A = K,Rb or Cs ). In each calculation, we chose the experimentally reported
structure [134] as our initial guess, and then minimized the total energy by allowing a full relaxation of
the ionic positions, the cell shape, and the cell volume. These compounds crystallise in a cubic structure
(space group Pm3n̄) [41, 136] with the alkali atoms residing in the polyhedral cavities formed by the
tetrahedrally bonded network of Sn atoms. The Pm3n̄ cubic system is a high symmetry system with
48 rotation operations and therefore a computationally friendly system to work with. We optimised the
ionic positions and the lattice geometry, yielding theoretical estimated lattice constants as presented in
Table (5.1). The structural parameters obtained are compared with experiment [41, 136] and theory
[67, 86] where available. Structural parameters from LDA compared well with previous studies [86].
The LDA values also compare well with experimental results for Cs8Sn46. All the considered exchange-
correlation functionals overestimate the lattice constant for Cs8Sn46 and K8Sn46 relative to experiments.
This is in agreement with previous LDA results [86] and consistent with theoretical results for other
compounds reported in the literature [137, 138]. Similarly, our result for the lattice constatnt shows
expected accuracy with the PBE functional, i.e., 0.08% and 5.5% difference, in comparison with previous
theoretical studies and experimental results for K8Sn46). PBEsol gives a better estimate than PBE as
expected [116], as, unlike other functionals, it recovers the exact condition of the gradient expansion
for solids. PBEsol, however, is not expected to give good atomization energies [119]. There were no
experimental data available to compare our results for Rb8Sn46.

The vdW-TS method takes into account variations in van der Waal’s energy contributions of atoms
due to their local chemical environment and are able to account for long range dispersion forces. From
our results vdW-TS gives a better estimate of the volume compared to PBE and its modified version
PBEsol as seen in Table 5.1. Of interest for our purpose is the cohesive energy which is negative for
all the functionals used, suggesting that the compound may be stable enough to perform molecular
dynamics calculations in order to gain insight into what may be responsible for the reported low thermal
conductivity of the vacancy systems. However, the initial configuration we used in the structural energy
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minimisation procedure is cubic (space group Pm3n̄) and the forces on the guest atoms at the centres
of the cages are zero due to symmetry. During the numerical relaxation, forces on atoms are used to
locate the minimum energy configuration. Also, the guest atoms remain at the centers of the cages for
the stoichiometric compounds. We shall examine the potentials that the ”encaged” atoms experience
in more detail in Section 5.4.3.

Table 5.1: Structural parameters for the cubic A8Sn46 compounds using different exchange-correlation
functionals.

Compound Functional a(Å) V0 (Å3 /atom) B0 (GPa) B
′
0 Ecoh(eV/atom)

Cs8Sn46 LDA 12.34 34.81 35.06 3.74 -3.56
PBE 12.75 38.28 28.49 3.88 -2.98

PBEsol 12.49 36.05 32.75 3.52 -3.34
vdW-TS 12.37 35.06 44.53 4.5 -3.57

LDA(others) [86] 12.37 34.60 29.03 3.70 -9.80
Experiment [41] 12.14 32.77 - - -

Rb8Sn46 LDA 12.28 34.28 29.07 4.00 -2.96
PBE 12.69 37.90 26.41 4.40 -2.96

PBEsol 12.44 35.69 31.21 2.92 -1.23
vdW-TS - - - - -

K8Sn46 LDA 12.26 34.11 32.33 3.95 -3.47
PBE 12.65 37.53 29.69 3.50 -2.95

PBEsol 12.41 35.39 29.50 3.34 -1.18
vdW-TS 12.11 32.89 47.41 4.63 -1.75

Experiment [67] 12.03 - - - -
PBE(others) [136] 12.03 - - - -

5.2 Result for A8Sn4422

The A8Sn4422 clathrates have been structurally characterized as temperature dependent clathrate hy-
drates [36]. As discussed in the introduction to this chapter, the low and high temperature modifications
of A8Sn4422 [85, 133, 53] crystallise in cubic structures with the alkali atoms residing in the polyhedral
cavities formed by the tetrahedrally bonded network of Sn atoms. Vacancies are formed at the Wyckoff
6c sites. Both phases have the underlying Pm3̄n symmetry of the full stoichiometric compound, but the
vacancies form a 2× 2× 2 superstructure at room temperature and at high temperatures the vacancies
are randomly distributed. Constraints on computational resources prevented us from examining the low
temperature 2× 2× 2 superstructure and the random nature of the vacancies at high temperatures.

In the A8Sn46 prototype structure the Sn atoms occupy 6c (14 , 0,
1
2), 24k (0, yk, zk) and 16i (xi, xi, xi)

while the guest atoms occupy 6d and 2a sites [86, 85, 133, 53]. Experimental data [134, 85, 133, 53]
suggest that two vacancies per unit cell are formed in the framework at the 6c sites. The 6c sites are
at the vertices shared by two hexagons which are perpendicular to each other, as can partly be seen
in Fig. (5.2). In the high temperature phase the vacancies are randomly distributed [86, 85, 133, 53]
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and the structure is not periodic. In order to make a computational study of the vacancy systems
feasible, we follow the suggestion by Myleset al. [86] and fix the vacancies at two of the 6c sites
in an ordered structure. Within the ordered structure assumption, there are only two non-equivalent
vacancy pair configurations. One configuration places the vacancy pair on the same hexagonal 6c ring,
and the second configuration places the two vacancies on different hexagonal rings. The most stable
configuration is the second, which corresponds to vacancies created by removing one Sn atom from the
lower hexagonal ring shown in Fig. (5.2 )b and one from the middle hexagonal ring.

The introduction of vacancies reduces the symmetry of the system dramatically from Pm3n̄ to Ama2̄,
and the number of symmetry operations from 48 to 4. Combined with a ’large’ volume unit cell, this is
a computationally demanding system to work with.

In order to obtain relaxed structures, we optimised the ionic positions and the lattice geometry, yielding
theoretical structural parameters similar to the experimental high temperature phase as revealed in
Table (5.2). We performed calculations on A8Sn4422 using three exchange-correlation functionals.
Results from LDA functional compared well with previous LDA studies [86] (between 0.5% and 1.4%
difference from previous LDA studies). LDA also compares well with experimental results for Cs8Sn4422.
We expect LDA to underestimate the lattice constant when compared with experiment and PBE to
overestimate it [116]. This is exactly what we found for the systems where experimental data are
available for comparison. We however note that the LDA tends to underestimate the lattice constant
of A8Sn4422 as compared to overestimation in A8Sn46 compounds. These behaviour of the LDA could
be attributed to the partial occupancies of the framework in A8Sn4422 [85, 139]. PBEsol gives lattice
constants somewhere between the LDA and PBE values. Our PBE results are comparable to other PBE
calculations [67]. The difference in values may be due to the artifacts of the calculations performed.
We note that PBEsol [116] gives a better prediction when compared to the experimental data for the
three compounds: 1775 Å3 (1789 Å3) [86] for Cs8Sn4422 , 1759 Å3 (1750 Å3) for Rb8Sn4422 [134],
and 1743 Å3 (1741 Å3) [134] for K8Sn4422.

Recall that our calculations are done at absolute zero and that comparison with experiment is not strictly
justified when we are interested in high temperature phases. In addition, we use an approximate config-
uration for the structures of interest. Our results suggest, however, that we have reasonable structural
parameters for further studies. We need energetically stable equilibrium configurations for phonon and
lattice thermal conductivity studies and our optimised structures will be used in the calculations reported
in the rest of this chapter.

Of particular interest for our purpose is the cohesive energy which is sufficiently negative for all the
functionals used, suggesting that the compounds may be stable enough to perform molecular dynamics
calculations in order to gain insight into the dynamics of the atoms in the system.

LDA gives the highest magnitude of the cohesive energy for the three approximations we tested. Based
on this, we chose LDA for the rest of our calculations.

Representative relaxed structure of the compounds are shown in Figure 5.1.
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(a) (b)

Figure 5.1: Structure showing covalently-bonded framework atoms forming a polyhedra with regular
or distorted pentagonal and hexagonal faces, housing guest atoms (a) A8Sn46 (A = Cs, Rb and K) (b)
A8Sn4422 (A = Cs, Rb and K) (Green spheres = Cs, Rb or K atoms, small silvery spheres = Sn atoms).

Table 5.2: Structural parameters for the cubic A8Sn4422 compounds using different exchange correlation
functionals.

Compound Functional a(Å) V0 (Å3 /atom) B0 (GPa) B
′
0 Ecoh(eV/atom)

Cs8Sn44 LDA 11.97 33.01 37.61 5.73 -3.57
PBE 12.40 36.68 23.90 5.65 -2.97

PBEsol 12.11 34.14 32.08 4.91 -1.27
LDA(others) [86] 12.03 33.56 32.40 5.90 -
Experiment [85] 12.14 - - -

Rb8Sn44 LDA 11.94 32.75 35.56 7.07 -3.49
PBE 12.34 36.14 26.15 6.79 -2.95

PBEsol 12.06 33.82 29.76 5.72 -1.23
Experiment [134] 12.05 - - - -

K8Sn44 LDA 11.89 32.36 32.55 8.48 -3.48
PBE 12.27 35.56 27.04 5.20 -2.95

PBEsol 12.03 33.51 32.84 7.97 -3.37
Experiment [134] 12.03 - - - -
PBE(others) [67] 12.59 - - - -

5.3 Volume and Vacancy Formation

Volume expansion is observed on the substitution of the guest atoms in binary type-I Sn clathrates in this
study, showing volume change in this order Cs > Rb > K from comparing Tables (5.1) and (5.2). The
local bonding in the stoichiometric structures is tetrahedral, similar to that in the diamond structure.
It should, however, be noted that the structures contain pentagonal rings of atoms, which makes the
way in which constituent parts are interrelated or arranged quite different from that of the diamond
structure. In the compounds studied, the guest atoms, Cs, Rb and K, occupy two sites as shown in
Figure (5.2)(b): the Wyckoff 2a sites in the dodecahedra and the 6d sites in the tetrakaidecahedrons.
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The Sn framework atoms in A8Sn4422 occupies three crystallographic sites 6c, 16i, and 24k. The 6c
sites are bound to four 24k sites; the 16i sites, to three 24k sites and one 16i site; and the 24k sites,
to one 6c site, two 16i sites,and one 24k site as shown in Figure (5.2)a. In the vacancy structures the
ideal tetrahedral bonding is distorted around the vacancies.

Our focus is on the vacancy structure which, from experiment, is a semiconductor with narrow bandgap.
Using the Zintl-Kleim concept, we summarize the concept of the two principles viz. (i) that a full charge
transfer takes place between anionic and cationic and (ii) that an electron octet is realized by each atom.
We proceed as follows: Given that the compounds A8Sn4422 (A=Cs, Rb and K) has two framework

Figure 5.2: Source: [3] (a)Tetrahedral bonds of framework atoms, and (b) guests in dodecahedral and
tetrakaidecahedral cages for type-I clathrates.

vacancies at the 6c site, each surrounded by four Sn atoms. These vacancies are located in different
hexagonal rings (one in the lower hexagonal ring in Fig. (5.2) and a second in the middle hexagonal
ring), with the separation ≈ 0.6123 Å of the lattice constant. The total energy of vacancy formation
for the clathrates is calculated as shown below. According to the Zintl concept subsection (2.1.3), the
framework atom Sn, should be electroneutral in the absence of guest atoms. In this work, the removal
of a Sn atom compensates four excess electrons. We therefore created d = 8n

4 vacancies in the Sn
framework following the order in reference [134]. The energetics of the reaction is given by

Cs8Sn46 ≡ Cs8Sn4422 + 2Snα, (5.3.1)

Taking the total energy of vacancy formation of the vacancy in A8Sn46 as Ev, we have

2Ev = (44 + 8)E0(Cs8Sn4422) + 2E0(Snα)− (46 + 8)E0(Cs8Sn46). (5.3.2)

where E0 (Cs8Sn4422), E0 (Cs8Sn46) and E0 (Snα) are, the binding energies for Cs8Sn4422, Cs8Sn46

and elemental Sn (Snα) respectively. We find that Ev is equal to -1.18, -1.26 and -1.27 eV/vacancy
for Cs8Sn4422, Rb8Sn4422 and K8Sn4422, respectively. The negative value indicates that the vacancy
formation is favourable for the compounds from A8Sn46 to A8Sn4422 (A = Cs, Rb and K) and shows that
vacancy formation stabilises the ordered vacancy structure, consistent with the experimental observation
that vacancy formation stabilises the synthesised structures [135]. The role that the vacancies play in
tuning the properties of these compounds is further investigated in our study of the vibrational dispersion
relation and is covered in the next section.
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Figure 5.3: Plots of (left) Calculated phonon band dispersion for K8Sn4422 along high symmetry
directions (refer to the Brillouin zone in Figure (4.1) (right) Guest atom (K) contribution to the total
density of states TDOS.

5.4 Phonon Bandstructure and Density of States

As noted in the introduction, Tse et al. [55] calculated the phonon band structure for Cs8Sn46, which,
in the absence of a similar calculation for Cs8Sn44, has provided the starting point for interpreting the
experimental phonon properties of Cs8Sn44 and similar compounds [30].

In this section we discuss the calculated phonon dispersion relation and the phonon partial density of
states for the vacancy structures. The unit cell of the fictitious ordered compound is cubic, but with
a low symmetry. There are 52 atoms and two vacancies per unit cell. We used a finite displacement
method to calculate the phonon band structure. The reader is refered to Appendix D and [96, 140, 141]
for details on the method used.

The phonon bandstructures of the three studied compounds are presented in Figures (5.3), (5.4) and
(5.5) for K8Sn4422, Rb8Sn4422 and Cs8Sn4422 respectively. The acoustic modes go to zero at the
Γ point, while all the other phonon dispersion curves remain positive throughout the Brillouin zone.
This confirms that the A8Sn4422 compounds are dynamically stable. Several flat bands can be clearly
identified in the low frequency region near 1 THz and 2 THz for K8Sn4422, 0.5 THz and 2 THz for
Rb8Sn4422 and 0.5 THz and 2 THz for Cs8Sn4422 often indicative of the optical phonon branches.

Also from Figures (5.3), (5.4) and (5.5) we note that, although occasionally the acoustic branches cut
across the flat, localised, bands, there are strong interactions between the phonon bands leading to the
deflection of the acoustic branches at several places. Similarly we observe two high density regions for
the three compounds. The phonon dispersion curves show several flat optical vibrational bands above
the acoustic phonon branches in the region between 1 THz and 2 THz and at the top of the optical
bands in the region between 5 THz and 6 THz for K8Sn4422, between the 1 THz and 2 THz and at the
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Figure 5.4: Plots of (left) Calculated phonon band dispersion for Rb8Sn4422 along high symmetry
directions (refer to the Brillouin zone in Figure (4.1)) (right) Guest atom (Rb) contribution to the total
density of states TDOS.

top of the optical bands in the region between 4 THz and 5 THz for Rb8Sn4422 and between the 1 THz
and 2 THz and at the top of the optical bands in the region between 4 THz and 6 THz for Cs8Sn4422.
The presence of a significant optical mode is indicative of low thermal conductivity according to heat
transport theory [8, 142, 143].

The structure of the low-energy optical modes we obtained is similar to that reported for Cs8Sn46 by
Tse et al. [55], with slight variation. In particular, Tse et al. [55] reported a lowest optical mode at
1.9 THz (at the Γ point) which was strongly dispersive in the X M R Γ direction indicative of strong
coupling to the cage modes. They predicted even stronger bonding between the Cs guest atoms and
the eight three-bonded Sn atoms sharing the two vacancy sites in the Cs8Sn4422 unit cell. Our report
shows lowest optical modes between 1 THz and 2 Thz, but more strongly dispersive for K8Sn4422.

The acoustic mode cut-off, taken as the highest frequency of the lowest phonon band at each point in
the reciprocal Brillouin zone, for K8Sn4622, Rb8Sn4422 and Cs8Sn4422 are approximately 0.61 THz,
0.34 THz and 0.55 THz, respectively. For Rb8Sn4422 and Cs8Sn4422 there is a sharp peak in the
vibrational density of states projected onto the guest atoms at the acoustic mode cut-off, with some
guest atom density of states in the lower frequency acoustic mode region. For K8Sn4622 there is no
meaningful guest atom DOS in the whole of the acoustic region. This suggests that the guest atoms
couple to the acoustic modes for Rb8Sn4422 and Cs8Sn4422, but there is negligible contribution to the
acoustic modes by the guest atom in K8Sn4422.

For all three compounds, the guest atom modes overlap in frequency with the lower peak in the optical
mode spectrum of the framework.

The acoustic mode cut-off for the pristine Sn framework only, is about 1.3 THz. The introduction of
the vacancy-guest atom complexes therefore have a significant effect on the suppression of the acoustic
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Figure 5.5: Plots of (left) Calculated phonon band dispersion for Cs8Sn4422 along high symmetry
directions (refer to the Brillouin zone in Figure (4.1).) (right) Guest atom (Cs) contribution to the total
density of states TDOS.

modes to lower frequencies.

5.4.1 Detailed analysis of the phonon spectra of the A8Sn46 and A8Sn4422 compounds

In order to develop further understanding of the effect of the introduction of vacancies on the dynamic
stability of the vacancy compounds, we did a comparative analysis of the A8Sn46 and A8Sn4422 (A
= Cs, Rb, K) phonon spectra. Our calculations show that the stoichiometric A8Sn46 compounds are
dynamically unstable. In all the phonon spectra we find imaginary eigenfrequencies which cannot be
accounted for by numerical inaccuracies of the calculations. It is not unusual in phonon calculations to
find negative eigenvalues of the dynamical matrix [4], which are a consequence of numerical errors, or
which may be associated with the limited range over which interactions between atoms are taken into
account, something we are forced to do given limited computational resources. We have already pointed
out that the introduction of vacancies stabilise the A8Sn46 compounds energetically, but, in addition,
we find that the A8Sn46 compounds are inherently unstable against small vibrations. This is especially
relevant for K8Sn46 and Rb8Sn46 and less so for Cs8Sn46. The instability seems to be driven by the
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guest atoms.

(a) (b)

Figure 5.6: Projected density of states for the stoichiometric system K8Sn46 (a) and for the vacancy
system K8Sn4422 (b). Densities of states are projected onto the atoms at the two inequivalent K guest
atom sites and onto the three inequivalent Sn sites for K8Sn46, and onto the corresponding atoms sites
for K8Sn4422.

(a) (b)

Figure 5.7: Projected density of states for the stoichiometric system Rb8Sn46 (a) and for the vacancy
system Rb8Sn4422 (b). Densities of states are projected onto the atoms at the two inequivalent Rb
guest atom sites and onto the three inequivalent Sn sites for Rb8Sn46, and onto the corresponding atoms
sites for Rb8Sn4422.

In Figs. (5.6), (5.7) and (5.8) we plot the site projected density of states (pDOS) for fictitious A8Sn46

and the A8Sn4422 vacancy compounds. In each of the figures we show representative pDOS at the
two inequivalent guest atom sites, Wyckoff a and d sites, and the three inequivalent framework atomic
sites, c, i and k-sites as shown in Fig.(5.2). For the vacancy compounds we show the projected density
of states on the equivalent atoms, which have, of course, moved relative to the original positions and
relative to each other. The vacancy system has a reduced symmetry and hence many more inequivalent
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(a) (b)

Figure 5.8: Projected density of states for the stoichiometric system Cs8Sn46 (a) and for the vacancy
system Cs8Sn4422 (b). Densities of states are projected onto the atoms at the two inequivalent Cs guest
atom sites and onto the three inequivalent Sn sites for Cs8Sn46, and onto the corresponding atoms sites
for Cs8Sn4422.

sites, but here we are interested in a representative comparison for the current discussion.

For each of the three stoichiometric systems we see a finite density of states below zero THz. This
becomes more pronounced as we go from Cs8Sn46 to Rb8Sn46 to K8Sn46. It is not visible for Cs8Sn46

on the scale of Fig. (5.8) and may be attributable to numerical errors. The Sn pDOS make marginal
contributions to the pDOS in the negative frequency range and the contribution is within numerical
error, which suggest that the framework may be dynamically stable without the introduction of the
guest atom. For comparison we calculated the phonon structure of the fictitious Sn46 framework in the
cubic type I-clathrate structure [86]. Our LDA calculation gives a dynamically stable cubic equilibrium
structure with lattice parameter of 12.026 Å, comparable to the lattice parameters for the encaged
compounds. We show the cumulated Sn projected density of states of the three vacancy compounds
and the cumulated projected density of states of the Sn46 framework in Fig. (5.9). The phonon structure
of Sn46 has two distinct regions where the density of states peak, the lower peak at ≈ 1.2 THz and
another peak at about 5.1 THz. This general structure is also found in the framework phonon spectrum
of the vacancy compounds. In the lower frequency region, the shape of the peak is almost retained
with little increase in width and some reduction of the height of the peak. In the higher frequency
region above ≈ 4.5 THz, the effect of the guest atoms and vacancies on the Sn phonon structure
is more pronounced, with a shift of the peak frequencies and a different weight distribution. In the
lower frequency region the interaction of the Sn atoms with the guest atoms and vacancies has a less
pronounced effect on the framework phonon spectrum than that in the higher frequency region.

For all three compounds, the pDOS of the guest atoms in the stoichiometric compounds show two
narrow peaks at the d-sites and a single narrow peak at the a-site. The d-sites are at the centre of
the larger tetrakaidecahedral cages and the c-sites at the centre of the smaller dodecahedral cages. All
the peaks for the guest atoms in the tetrakaidecahedral cages move to increasingly lower frequencies
as we go from Cs8Sn46 to Rb8Sn46 to K8Sn46. The lowest peak in the pDOS for K8Sn46 is near −0.4
THz while for Rb8Sn46 lies at approximately −0.2 THz. On the other hand, for Cs8Sn46 all the peaks
in the guest atom phonon-spectrum are positive. The peak at the a-site, in the smaller dodecahedral
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Figure 5.9: Cumulated projected density of states for the fictitious Sn46 framework.

cage, is at a positive frequency for all the compounds considered. The two peaks in the pDOS, Figs.
(5.6), (5.7) and (5.8), of the guest atoms at the d-sites reflect the different potentials experienced by
the guest atom for motion in the horizontal plane, perpendicular to the six-fold axis shown in Fig. (5.2)
and in the vertical direction along the six-fold axis. The lower frequency peak is dominated by motion
in the horizontal plane and the higher frequency peak by motion along the six-fold axis as can be seen
from directional projected densities of states. This is confirmed in subsection 5.4.3. The ratio of the
heights of the peaks are about 2 to 1, which reflects the contribution from two modes in the plane and
one mode perpendicular to the plane. The a-sites are in a more spherically symmetric environment and
the distinction in energy associated with motion in different directions is less pronounced.

The negative frequencies for the guest atoms suggests that for K8Sn46 and Rb8Sn46 the framework does
not provide a sufficiently strong potential to fix the guest atoms at the d-site, the centre of dodecahedral
cage. By symmetry the force at the centre of the cages is zero, but the negative frequencies indicate
that this is a labile equilibrium position. We have not investigated if it is possible to move the K and
Rb atoms to stable positions in the dodecahedral cage since experiment [144, 85], and our calculations,
suggests that the stoichiometric compounds are stabilised by the formation of vacancies.

In Figs. (5.6), (5.7) and (5.8) (b), which show the pDOS for the vacancy compounds projected onto
equivalent atoms used for the stoichiometric systems, we see no significant contributions at negative
frequencies. In other words, the pDOS show that the vacancy compounds are dynamically stable,
confirmed by the phonon dispersions shown in Figs. (5.3), (5.4) and (5.5). The framework pDOS span
ranges, decrease with increasing atomic mass of the guest atoms, which can be attributed to an increase
in the volume or the corresponding increase in the average bond length between the Sn atoms. For all
three compounds the structure of the framework pDOS is similar, though the details are different. In
each case the main features of the Sn46 framework phonon spectrum is retained with a peak in the low
frequency region with peaks at about 1.5 THz and a high density of states above about 4.5 THz. The
significant changes are in the guest atom pDOS. Here we note that the overlap of the host and guest
atom pDOS and the reduction in peak height and more diffuse distribution of the guest atom pDOS
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suggest that, in comparison with what happens in the fictitious stoichiometric system, the coupling
between the guest atom and the host has increased. This is especially pertinent for K8Sn4422.

The pDOS at the a-sites for Cs8Sn4422 and Rb8Sn4422 overlap with the lower framework peak while
the pDOS at the d-sites are concentrated below the lower Sn peak. There is little contribution from
the guest atoms to the phonon spectrum above the lower peak in the framework spectrum. In contrast,
for K8Sn4422 the lower energy mode of the d-site guest atoms spectrum overlaps with the lower peak
of the Sn framework, with an indication of splitting in this mode. The second, higher energy mode at
the d-site lies above the lower fequency feature of the Sn phonon spectrum. The a-site guest atom
contribution is a wide peak with a clear suggestion of splitting in this mode. This suggests that the
distortion of the cages, compared to the stoichiometric compounds, are more pronounced for K8Sn4422

than for the other two vacancy compounds.

We follow Shoko et al. [52] and define ‘rattlers’ as guest atoms loosely bound to the framework. If
the encaged atoms were ‘rattlers’ and resonant phonon scattering were important for the suppression of
the lattice thermal conductivity, we would expect, in the harmonic approximation, a sharp peak in the
vibrational density of states of the guest atoms [145, 146]. Resonance scattering of the acoustic phonons
would require a resonator with a low frequency in the acoustic mode frequency range. For Cs8Sn4422,
Fig. (5.8), the phonon spectrum of the guest modes at the d-site remains sharp and similar to the
corresponding modes in stoichiometric compound, with the peak positions almost identical. There is
a minor feature in the Sn spectrum which indicates interaction between the lower guest atoms mode
and the framework. The lower mode at the d-site has a peak at 0.6 THz, above the onset of the flat
optical modes. The guest mode at the c-site shows a more significant change: the sharp peak for the
stoichiometric compound, becomes a broad peak centred on the lower peak in the Sn spectrum. The
centre of the guest mode at the a-site remains at about the same position, but the Sn peak moves
upward to coincide with the peak in the guest mode. The increase in the width of a-site feature in the
guest mode suggests that there is interaction between the framework and the Cs atoms at the d-site.
The guest atoms at the d-sites may have some features of a ‘rattler’, but this is not the case for the Cs
atoms at the a-sites.

For Rb8Sn4422, Fig. (5.7), that relative change in the guest atom vibrational spectrum is more pro-
nounced for the d-site spectra. Here the two peak feature changes to a broad feature with three
peaks. Three peaks are also visible for the stoichiometric systems, suggesting that the anisotropy of
the tetrakaidecahedral cage has a more pronounced influence in this case, compared to the C8Sn46 and
K8Sn46 compounds. There is a slight increase in the width of the guest atom peak at the a-site with the
peak position moving to slightly higher frequency, consistent with a decrease in volume. The phonon
spectrum suggests that for this system it is also not possible to consider the guest atoms as ‘rattlers’.

For K8Sn4422, Fig. (5.6), that relative change in the guest atom vibrational spectrum is significant
for all three modes. The centre of the lower frequency mode at the d-sites moves from a negative
frequency to about 1.5 THz, and a width that coincides with the width of the lower frequency feature
in the framework spectrum. This suggests significant interaction between the guest atoms at the d-sites
and the framework. The upper peak for the guest atom at the d-site shifts upward by about 1.3 THz and
broadens, also suggesting interaction with the Sn atoms. The feature for the guest atoms at the centre
of the dodecahedral cages, shifts upward and broadens significantly, with clear evidence of splitting.
This also indicates interaction between the guest and framework atoms. The phonon spectra for the K
guest atoms shows significant interaction with the framework and the guest atoms cannot be considered
‘rattlers’.
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5.4.2 Vacancies

Figure 5.10: Relaxed atomic configuration around the vacancy created by removing a Sn atom from
a Wyckoff c site in the lower hexagonal ring in Figure (5.2). The small dark sphere indicates the
approximate position where the Sn framework atom was removed. All atoms within a radius of about
5 Å from the vacancy centre are shown.

In Fig. (5.10) we show a representative relaxed structure around the vacancy created in the lower
hexagonal ring shown in Fig. (5.2). In all three compounds the configuration is similar and we show
only one structure here. There are four original d-site guest atom within a radius of about 5 Å from
the ’centre’ of the vacancy. The vacancy destroys the local symmetry as can be seen from the different
positions of the peaks in the pDOS signals of the guest atoms, Figs. (5.13) (a), (5.12) (a) and (5.11)
(a). The information is summarised in Figs. (5.13) (b), (5.12) (b) and (5.11) (b). The overlap of the
pDOS dispersions for the K- and Sn- sites for K8Sn4422 below 3 THz, Fig. (5.11), suggests significant
coupling between the framework and the guest atoms. In contrast, for Cs8Sn4422 and Rb8Sn4422, the
guest atoms show peaks in their pDOS below the regions where the pDOS of the framework shows
significant contributions in the low frequency range, below 2 Hz. The peak heights relative to the
peaks heights in the pDOS of the framework atoms and the position of the peaks, suggest that the
interactions between the guest atoms and the frameworks atoms is more pronounced for K8Sn4422

than for the other two compounds. As noted before, the framework pDOS are similar for all three
compounds, with two major regions of contribution centred between 1- 2 THz and 4 - 6 THz. This
suggest that the framework atoms interact with each other in a similar manner in all three compounds.
Minor variations can be attributed to small differences in bond lengths and slightly different details of
the final configurations and interactions with the guest atoms. The main difference between the three
compounds is the interaction between the framework and guest atoms, seen in the different structures
of the guest atoms pDOS’s.

In Fig. (5.14) we show a representative relaxed structure around the second vacancy, the vacancy
created in the middle hexagonal ring shown in Fig. (5.2). In each case the guest atoms within a range
of about 5Å of the approximate centre of the vacancy, are also within the dodecahedral cages, as for
the first vacancy. A study of the projected density of states, does not provide us with more information.

Using the Zintl-Kleim concept described in subsection (2.1.3) and reference [134] we determine whether
we expect the vacancy compounds to be semi-conducting. We view the framework vacancies each, as
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Figure 5.11: K8Sn4422: Projected density of states for atoms near the first vacancy. (a) Individual
atoms. (b) Cumulative projected density of states for K and Sn atoms near the vacancy.
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Figure 5.12: Rb8Sn4422: Projected density of states for atoms near the first vacancy. (a) Individual
atoms. (b) Cumulative projected density of states for Rb and Sn atoms near the vacancy.

being surrounded by four Sn atoms Figure (5.2) (a). Hence, the total number of 3-coordinated Sn
atoms (3b-Sn) is 8, and the total number of 4-coordinated Sn atoms (4b-Sn) is 36. Applying Zintl-
Kleim concept, the 3-coordinated framework atoms require 5 electrons. Therefore the total number of
electrons required per framework unit is 8 × 5 (=40(3b-Sn)) + 36 × 4 (=144(4b-Sn)) = 184. On the
other hand, the total number of valence electrons available per framework unit is 8 × 1 (8) + 44 × 4
(176) = 184 electrons. Meaning that the compounds are electron-balanced and therefore expected to
exhibit semiconducting properties.

In summary, when we compare the fictitious stoichiometric compounds to the vacancy structures, the
stability of the guest atoms in the tetrakaidecahedral cages are increased as we can see from the
disappearance of negative eigenfrequencies associated with the guest atoms. This is most significant for
K8Sn4422. In all the compounds the creation of vacancies increases the interaction between the guest
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Figure 5.13: Cs8Sn4422: Projected density of states for atoms near the first vacancy. (a) Individual
atoms. (b) Cumulative projected density of states for Cs and Sn atoms near the vacancy.

Figure 5.14: Relaxed atomic configuration around the vacancy created by removing a Sn atom from
a Wyckoff c site in the middle hexagonal ring in Figure (5.2). The small dark sphere indicates the
approximate position where the Sn framework atom was removed. All atoms within a radius of about
5 Åfrom the vacancy centre are shown.

atoms and the framework. Once again, this is most noticeable for K8Sn4422. The guest atoms form
an integral part of the lattice, and cannot be treated as loosely bound ‘rattlers’, especially for smaller
guest atoms comparable to the cage size.

5.4.3 Molecular dynamics simulation

Molecular dynamics (MD) simulations were performed for the K8Sn4422 compound at 300 K. All the
simulations were run for approximately 36 ps with a time step of 1 fs. The main results from the MD
calculations are the following: For the K atom, three main peaks in Fig. (5.15a) located at about 4.7
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meV (1.13 THz), 7.5 meV (1.81 THz) and 11.2 meV (2.71 THz) are seen, while for the Sn atoms, two
main features at about 5.0 meV (1.21 THz) and 22.0 meV (5.3 THz) are visible.

0 5 10 15 20 25
Energy (meV)

0.0

0.2

0.4

0.6

0.8

1.0

M
a
g
n
it

u
d
e
 (

a
.u

.)

Total

K

Sn

(a) Main peaks

0 2 4 6 8 10 12 14
Energy (meV)

0.0

0.2

0.4

0.6

0.8

1.0

M
a
g
n
it

u
d
e
 (

a
.u

.)

K-2a

K-6d

(b) Site spectra

Figure 5.15: MD phonon spectra for K8Sn44. (a) Three main peaks located at about 4.7, 7.5, and 11.2
meV showing some evidence of splitting in the lower peak. (b) Site spectra of the K atoms at a- and
d-sites, showing a strong peak of 11.3 meV at the a-site and two main peaks of 4.7 and 7.5 meV at the
d-site.

This is consistent with the phonon density of states shown in Figs. (5.6) and (5.11), with the peak
positions and peak widths of the K atom and the Sn framework from the two studies coinciding well
(Figure (5.15b)). The MD simulation shows some evidence of weak splitting in the low-energy which
is found in the Sn as well as in the K spectra. This is also found in the phonon spectra, Fig. (5.11)
and is suggestive of coupling between the framework and the guest atoms. On the other hand, the
absence of any significant features in the Sn spectrum around 7.5 meV would suggest that the K mode
at this energy does not strongly couple to the cage. However, the width of the peak indicates that the
guest atom at the a-sites do couple to the framework, though not as strongly as the guest atoms at
the d-sites. As there are no spectral features in the K spectrum above about 15 meV, the framework
modes above this energy ( i.e., at 19.0 and 22 meV) are unlikely to couple to any of the K modes. The
total spectrum, except for the small peak at 11.2 meV (arising from K atoms), closely resembles that
of the Sn atoms.

A plot of the site spectra Figure (5.15b), shows two main peaks at about 4.7 and 7.5 meV, obtained in
the spectrum for the d-site K atoms. In contrast, the spectrum of the K atoms at the a-site on the same
plot, shows a strong peak at about 11.3 meV which is higher than the highest peak from the d-site.
This is consistent with the smaller size of the a cage which presents a stronger confining potential. The
two peaks at the d-sites could be a reflection of anisotropic vibration in the large cage which is not
symmetrical. In order to investigate this, we have calculated spectra along the principal axes of the
motion from a forward Fourier Transform of the respective trajectories, shown in Fig. (5.16a). Although
this is only a rough estimate of the magnitude of the spectrum, we find that the main peak for the
spectrum in the direction of least displacement is distinctly located at higher energy, about 7.5 meV,
consistent with our expectation. On the other hand, we find no similar splitting in the energies when the
same analysis is performed for the a-site, Fig. (5.16b). Thus from the point of view of the K dynamics,
the small cage is virtually isotropic. This is consistent with what we found in the phonon-projected
density of states analysis in subsection (5.4.1).
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Figure 5.16: Directional site spectra for K8Sn44.

To further characterize the structure of the confining potentials at the a- and d- sites, we calculated the
potential of mean-force (PMF) at each site. The nearest Sn atoms are about 3.8 Å from the a-sites
and about 4 Å form the d sites. The main features of the PMFs are as follows: For the atoms at the
d-sites, the range of the estimated PMF is -1.0 to 1.2 Å as shown in Fig. (5.17). The bottom of the
well in Fig. (5.17) is broad with the overall profile of the entire potential being anisotropic and highly
anharmonic.

It is important to note that in the region around 2 meV, which is relevant for the energy level splitting
discussed above, the PMF in the direction of least displacement is only about 0.03 meV above the other
directions. This seems to be too small to explain the 2.8 meV energy splitting obtained, suggesting
that the PMF approximation may not be accurate enough to provide meaningful quantitative results.
For the K atom at the Wyckoff a-site, Figure (5.16b), the range of the estimated PMF is -0.5 to 0.6 Å,
hence more strongly confining compared to the d-site, Figure (5.17). A possible double-well structure is
observed in the region below 2.5 meV, a feature that doesn’t exist at the d-site. Whether this is a real
feature of the potential at the a-site or perhaps an artefact of the simulation not being fully ergodic is
difficult to establish from the present results.

The molecular dynamics results suggest that there is strong coupling at lower energies, around 5 meV,
consistent with the phonon analysis in subsection (5.4.1). This suggests that the K atoms at the d sites
are an integral part of the lattice.
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Figure 5.17: Estimated potential mean force at the a- and d-sites.
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5.5 Grüneisen parameters

In order to resolve what may be responsible for the observed low thermal conductivity of binary type-I Sn
clathrates studied, the phonon and Grüneisen dispersions were calculated using DFT phonon calculations
within the quasi-harmonic approximation [147]. We know that strong anharmonicity in bonding is
expected to cause low thermal conductivity in ordered crystal structures [148, 149]. The magnitude of
the lattice anharmonicity can be estimated from the Grüneisen parameter γ, which portrays how the
phonon frequency is altered under a small change in the geometry of the crystallographic unit cell. The
Grüneisen parameter is related to the strength of phonon-phonon interactions. Assuming an isotropic
change in the volume

γ(q, s) = − V

ω(q, s)

(
∂ω(q, s)

∂V

)
= −

(
∂ lnω(q, s)

∂ lnV

)
(5.5.1)

The Grüneisen parameter γ is a measure of the change in pressure produced by a change in system total
energy under a constant volume given by the equation:

γ ≡ V
(
∂P

∂E

)
v

(5.5.2)

E is the internal energy = 3
2NkT , P is pressure = NkT = 2

3E , V is the volume, T the thermodynamic
temperature, k Boltzmann constant and N is that total number of particles. Figure (5.18) shows plots
of the mode Grüneisen parameters at 300 K with respect to frequency for K8Sn4422, Rb8Sn4422 and
Cs8Sn4422.The largest magnitude of the mode γ values are found at low frequencies, showing that the
acoustic modes contribute significantly to the Grüneisen parameter. The Grüneisen parameter γ was
calculated at different temperature as in equation number (5.5.2) and tabulated in Table (5.3). There
is an observed increase in the γ with temperature and a decrease with the size of the rattling atom.
The results show that the vibration is significant at low frequency, a consequence of the acoustic mode
from the plots. Such large Grüneisen parameter reflects a strong crystal anharmonicity, corresponding
to a low thermal conductivity. Zhao [148] reported anomalously high Grüneisen parameters for SnSe
and suggested that the ’soft’ bonding (strength of anharmonicity) in the compound is a key factor. It is
known that strong anharmonicity in bonding can give rise to low lattice thermal conductivity in ordered
crystal structures [149, 150, 151].

(a) (b) (c)

Figure 5.18: Plot of the Gruneisen parameter with respect to frequency for (a)K in K8Sn4422 (b) Rb
in Rb8Sn4422 and (c) Cs in Cs8Sn4422.
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Table 5.3: Calculated Grüneisen parameter at different temperatures.

Temperature (K) K8Sn4422 Rb8Sn4422 Cs8Sn4422

300 0.902 0.963 1.012
500 0.903 0.972 1.013
700 0.904 0.974 1.013
900 0.904 0.975 1.014

5.6 Electronic Structure

5.6.1 Bandstructures and densities of states

Starting with the atomic geometry given by the optimized structures (Table (5.2)), the electronic band
structure of A8Sn4422 (A = Cs, Rb and K) calculated along the high symmetry directions of the Brillouin
zone (BZ) (Figure (4.1)), is presented in Figure (5.19), (5.20) and (5.21).

The electronic structure of K8Sn4422 displayed on (Figure (5.19)), shows a mixture of heavy and light
bands near the valence band maximum (VBM) and conduction band minimum (CBM). Such combination
of light and heavy bands was shown to be beneficial for achieving a high power factor and improving
thermoelectric performance [152]. The presence of heavy bands, characterised by the almost flat bands
(S Y Γ Z) and dispersive bands (Γ X S, U R T) respectively, is attributed to the anisotropy in the
orbital interaction [153]. Heavy electron mass is present along (S Y Γ Z) as indicated by the almost flat
conduction band.

The electronic band structure of Rb8Sn44 is presented in Figure (5.20). The electronic band structure
also is characterized with a mixture of heavy and light bands near the VBM and CBM. The presence
of these heavy and light bands, characterised by the almost flat bands (X S) and dispersive bands (Γ
X, S Y) respectively, is attributed to the anisotropy in the orbital interaction for this compound. Heavy
electron mass is present between (X S) as indicated by the almost flat band in the conduction band as
shown in Figure (5.20).

Similarly the electronic band structure of Cs8Sn44 is presented in Fig. (5.21). The compound is
semiconducting with a narrow LDA ”quasidirect” band gap 0.15 eV with the valence band maxima
(VBM) at X and conduction band minima (CBM) very close to X, comparable to the results in [86].

On going from K8Sn4422 to Cs8Sn4422 in Figures (5.19),(5.20) and (5.21), the dispersion in the
conduction band increases, but the valence band becomes less dispersive. As may be seen in Figures
(5.19),(5.20) and (5.21), we find three distinct valence band maxima which are nearly degenerate and
several local conduction band minima. As already calculated, we see a gradual gap opening as the
conduction band minima recedes from the Fermi level, as we move from K8Sn4422 to Cs8Sn4422 in
Figures (5.19),(5.20) and (5.21). The electronic band structure Figure (5.21), show a mixture of heavy
and light bands near the VBM and CBM. The presence of these heavy and light bands, characterised
by the almost flat bands (Y Γ Z) and dispersive bands (Γ X, S Y, U R, R T), respectively, is again
attributed to the anisotropy in the orbital interaction. Heavy electron mass is present along (Y Γ Z) as
indicated by the almost flat band in the conduction band as shown in Figure (5.21).

A light band leads to high carrier mobility, while its combination with a heavy band leads to high
thermopower.

Since the electronic states within a range of about kBT around the Fermi level are relevant for transport
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Figure 5.19: Band structure from a conventional first-principles calculations for K8Sn4422 along dif-
ferent high-symmetry directions (refer to the Brillouin zone in Figure (4.1)).

Figure 5.20: Band structure from a conventional first-principles calculations for Rb8Sn4422 along
different high-symmetry directions (refer to the Brillouin zone in Figure (4.1)).
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Figure 5.21: Band structure from a conventional first-principles calculations for Cs8Sn4422 along
different high-symmetry directions (refer to the Brillouin zone in Figure (4.1).

properties, we show bands around the Fermi level only. The Fermi level are important for the ther-
moelectric transport properties [154] hence we calculate the total (DOS) and partial density of states
of these compounds (PDOS) and shown in Figures (5.22), (5.23) and (5.24). The compounds are
semiconductors with a narrow indirect band gap around the Fermi level. Due to the similar crystalline
structure and bonding nature, the total DOS of all the three compounds have similar shapes. As seen
from the LDA calculated band structure shown in Figures (5.19), (5.20) and (5.21), the compounds
are semiconductors with indirect band gaps of 0.03, 0.07 and 0.14 eV for K8Sn4422, Rb8Sn4422 and
Cs8Sn4422 respectively. However, the band gaps calculated with the mBJ functional [109, 110] show
a small increase in each case to 0.06, 0.10, and 0.15 eV respectively. Using the ”rigid-band” model
we have discuss albeit qualitatively the band structure. The ”rigid” band model asserts that the shape
of the Fermi surface and shape of the density of states DOS of A8Sn4422 are identical to that of the
A8Sn46, assuming the shapes of A8Sn46 are identical to the elemental Sn, based on previous report of
[86].

Since the electronic states around the Fermi level have an important effect on the thermoelectric TE
transport properties [154] of A8Sn4422 (A = Cs, Rb and K), we calculated their electronic total (DOS)
and partial density of states of these compounds (PDOS) and shown in Figures (5.22), (5.23) and (5.24).
Due to the similar crystalline structure and bonding nature, the total DOS of all the three compounds
has similar shape. We observe straight away that the valence and conduction band are equally dence
near the band edges for the three compound, which is indicative of a near metal.

The CB from the Fermi level to 8 eV in the three compounds, is composed of p and d orbital of the
guest atoms only, meaning the electrical conductivity and Seebeck coefficient are primarily determined
by the guest atoms p and d orbital electrons. A large Seebeck coefficient is usually associated with a
large width of the DOS [155], hence, from Figures (5.22), (5.23) and (5.24), Cs8Sn4422 is expected
to have the highest Seebeck coefficient. The width of the CB becomes narrower as we move from
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Cs8Sn4422 to K8Sn4422. We notice an almost equal contribution by the Snspd orbital in both the CB
and the VB between energy range -4 eV and +4 eV. This implies that the electron states around Fermi
level is balanced and can be said to be electronically neutral. This result is in agreement with Blake
[156], who suggested that the VB of type-I Sn clathrates are exclusively localized in the framework.
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Figure 5.22: The total (TDOS) and projected density of states show the contribution of guest atoms
Cs in Cs8Sn4422. The origin of energy is the Fermi energy which is shown by a thin dot line i.e top of
VB is set to zero.
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Figure 5.23: The total (TDOS) and projected density of state show the contribution of guest atoms
Rb in Rb8Sn4422. The origin of energy is the Fermi energy which is shown by a thin dot line i.e top of
VB is set to zero.
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Figure 5.24: The total (TDOS) and projected density of states show the contribution of guest atoms
K in K8Sn4422. The origin of energy is the Fermi energy which is shown by a thin dot line i.e top of
VB is set to zero.
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5.6.2 Fermi surfaces

Further insight into the electronic structure is gained by plotting the Fermi surface of these compounds,
as shown in Figures (5.25), (5.26) and (5.27). We note that there has not been any report, to the best
of our knowledge on the Fermi surface of these these compounds.

(a) Conduction band. (b) Valence band.

Figure 5.25: Fermi surface plot for K8Sn4422 at an isosurface value of 0.1 eV and 0.2 eV above (below)
conduction (valence) band edge.

Figures (5.25a), (5.26a) and (5.27a) shows electron Fermi surface plotted for K8Sn4422, Rb8Sn4422

and Cs8Sn4422. The maximum degeneracy is 3 for these compounds. This is not a particularly large
degeneracy; typically degeneracies leading to a high DOS effective mass, should be at least 6 to signifi-
cantly enhance the thermopower. The structure of the Fermi surface gives us a clearer visual impression
of the nature of the anisotropic transport properties calculated later in this work. Looking at the Fermi
surfaces, we can tell that the effective mass in the Γ X (Γ Z) direction is lower than in the Γ Y which
agrees with the calculated effective mass tabulated in Table (5.4). There are important implications of
this to thermoelectric material performance, as reported in section (5.11). The hole Fermi surface on
the other hand is a more complex Fermi surface Figures (5.25b), (5.26b) (5.27b), which would usually
result in a higher thermopower. We discuss how the n- and p-type thermopowers compare in Section
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(a) Conduction band. (b) Valence band.

Figure 5.26: Fermi surface plot for Rb8Sn4422 at an isosurface value of 0.20 eV and 0.28 eV above
(below) conduction (valence) band edge.

(5.11).
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(a) Conduction band. (b) Valence band.

Figure 5.27: Fermi surface plot for Rb8Sn4422 at an isosurface value of 0.17 eV and 0.23 eV above
(below) conduction (valence) band edge.

5.7 Anisotropic Behaviour and Effective Carrier Masses

It is well known from experiment that the transport properties of the clathrate structures show anisotropic
features, and that the electrical and thermal conductivities are larger along the basal plane than along
the trigonal axis [157]. In this study we corroborated the report by [158] and [159] that, type-I clathrates
reveal anisotropic behaviour. We observe that our compounds have low symmetry with respect to the
cubic structure symmetry we started with, and therefore would show anisotropy. We proceed therefore
to calculate the effective carrier masses.
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5.7.1 Effective carrier masses

Calculations of the electron effective masses (m∗) were done by fitting the band structure around the
conduction band minimum (CBM), and the valence band maximum (VBM) and then used the equation,

m∗s =

(
~2
d2E

dk2s

)−1
(5.7.1)

where s is a generic Cartesian direction. In its lowest approximation, using effective mass theory, the
dispersion relation near the CBM can be written as [125, 126]

Ec(~k) = Ec +
~2

2

[
k2x
me
x

+
k2y
me
y

+
k2z
me
z

]
(5.7.2)

where Ec is the energy at the CBM, Ec(~k) is the approximate conduction energy at ~k and me
x, me

y and
me
z are the principal electron effective masses in the x-, y- and z-directions. A similar expression applies

to the dispersion near the VBM with the electron effective masses me replaced by the hole effective
masses mh.

In a semiconductor, the two types of charge carrier i.e, the electron and the hole can contribute to
a current. The average number of electrons in the conduction band and the number of holes in the
valence band, gives an indication of the density of these charge carriers and a measure of the size of
current. The Seebeck coefficient is dependent on the density of states effective mass. When the density
of electrons is greater than the density of holes, the semiconductor is n-type and when the density of
holes is greater than the density of electrons it is p-type. We know that the distribution (with respect to
energy) of electrons (holes) is given by the the density of allowed quantum states times the probability
that a state is occupied by an electron (hole):

n(E) = gc(E)fF (E), p(E) = gv(E)[1− fF (E)] (5.7.3)

where gc,v(E) is the density of quantum states in the conduction (valence) band, and fF (E) is the Fermi-
Dirac probability function. Hence, the total electron concentration per unit volume in the conduction
(valence) band, can be found by integrating over the entire conduction (valence) band energy. In order
to find thermal equilibrium, we need to determine the position of the Fermi energy EF , with respect to
the bottom of the conduction band energy Ec and the top of the valence band energy Ev. The Seebeck
coefficient depends on the density of states effective mass md, which is approximately given by the
expression

md = N
2
3
v (mxmymz)

1
3 (5.7.4)

where Nv is the effective density of states function (that is number of equivalent band minima). On
the other hand the electrical conductivity can be expresed as a quantity which is inversely proportional
to the average effective mass m∗cond [125], given by:

mcond = 3(
1

m∗x
+

1

m∗y
+

1

m∗z
)−1 (5.7.5)

The diagonal elements of the effective mass tensor m∗e for the electrons near the conduction band
bottom are calculated using the relation in equation number (5.7.1), the effective mass of the electron
is evaluated by fitting the electronic band structure near the bottom to a parabolic function [125, 126],
(5.7.2).
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Table 5.4: Calculated m∗e and m∗h effective masses in electron rest-mass units in the x-, y- and z-directions
for A8Sn4422.

K8Sn44 Rb8Sn44 Cs8Sn44

x y z x y z x y z

m∗e 0.223 2.221 0.774 0.606 1.011 0.618 3.25 0.44 0.44
m∗h -0.741 -0.737 -0.205 -0.701 -0.507 -0.250 -0.86 -0.46 -0.46
m∗d 0.48(elec) 0.39(holes) 0.69(elec) 0.42(holes) 0.64(elec) 0.56(holes)

m∗cond 0.734 0.723 0.857

Table (5.4), shows the effective mass values for A8Sn4422 (A =K, Rb and Cs). The effective mass
follows the trend observed in the dispersion of band structure. The negative value for the hole effective
masses indicate that the band curves downwards as can be observed in the valence band along Γ−X
(y-direction), which leads to a large effective mass in y-direction for the A8Sn4422 (A =K, Rb and Cs).
The conductivity is inversely proportional to the effective mass [125] and our results on Table (5.4) show
differences in the x-, y- and z-directions consistent with the anisotropy in the effective masses.

5.8 Seebeck Coefficient

The Seebeck coefficient is the ratio of the potential difference ∆V that arises due to a temperature
difference ∆T . The magnitude and sign of the Seebeck coefficient are related to the electron density
of states and dispersion of the electron eigenstates near the Fermi level as we can see in Eq. (3.5.2).

Clathrates exhibit disparate types of majority carriers, and therefore, Seebeck coefficients can be pos-
itive (majority carriers are holes) or negative (majority carriers are electrons). The different values of
Seebeck coefficients in clathrates come from influences that may include one or a combination of, band
gap, concentration of charge carriers, degree of the framework disorder, and many others. For ideal
semiconductors, the higher the electrical conductivity, the lower the Seebeck coefficient is, which stems
from the opposite trend of their dependence upon the concentration of charge carriers [160, 99].

The position of the chemical potential µ is important with regards to a materials’ transport properties.
Where µ is located within the bandstructure determines which charge carriers in the valence or con-
duction band take part in the electronic transport and can influence both the conductivity and Seebeck
coefficient. Doping or substitution is used to manipulate the chemical potential and the corresonding
charge carriers that contribute to the conductivity. The chemical potential is temperature dependent
and differs from system to system depending on the distribution of the density of states of the charge
carriers. The behaviour of the chemical potential with varying temperature and doping plays a crucial
role in determining the thermoelectric performance of materials. In the rigid band approximation, as-
sumed in this study, the band structure is assumed to be independent of the amount of doping and only
the position of the chemical potential is affected by doping. By definition µ = 0 corresponds to the
top of the valence band in semiconductor [161] at 0 K for no doping. The chemical potential increases
with temperature if the doping is kept fixed [162]. The simple constant relaxation time approximation is
often adopted in first principles calculation, which may turn out to be a good approximation especially
for bulk materials [128, 130, 129]. We have used a constant relaxation time of 10 fs in our work based
on experimental result from a similar group-14 n-type polycrystalline samples of Ge clathrates of cubic
structure (space group Pm-3n) [16] .
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Figures (5.28a), (5.29a) and (5.30a) shows the Seebeck coefficient plotted against the chemical potential
at 300 K for A8Sn4422 (A = K, Rb and Cs). From Figure (5.28a), we see that at µ = 0 eV [162] the
value of the Seebeck coefficient for K8Sn4422 is -106.8 µV/K in the x-direction. This result indicates
that the majority carriers in the x-direction are electrons. A maximum value of S (-133.0 µV/K) at
300 K was obtained at a chemical potential slightly above zero. In the y-direction however, a relatively
higher value of +148.2 µ V/K at µ = 0 eV is found and the major carriers are holes. This reflects the
anisotropy in the electronic structure of the compound and the narrow bandgap.

(a) At 300 K showing uniaxial anisotropy (b) At different temperatures

Figure 5.28: Seebeck coefficient for K8Sn4422.

Similarly, in Figure (5.29a) for Rb8Sn4422, at µ = 0 eV, the value of the Seebeck coefficient is 45.43
µV/K in the x-y plane, and a maximum value of 133.28 µV/K in the y-direction, indicating that at 300
K and µ = 0 the majority carriers are holes. We however obtained a maximum value of the Seebeck
coefficient for electron majority carriers at 300 K in the x-direction to be -136.36 µV/K at a chemical
potential slightly above zero. This result indicates that the un-doped compound is a hole majority
carrier semiconductor with a maximum value of the Seebeck 133 µV/K at 300 K. We obtained similar

(a) At 300 K showing uniaxial anisotropy (b) At different temperatures

Figure 5.29: Seebeck coefficient for Rb8Sn4422.

behaviour for Cs8Sn4422. Figure (5.30a) shows the Seebeck coefficient plotted against the chemical
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potential at 300 K. From the Seebeck plot, we note that at µ = 0 eV, the value of the Seebeck coefficient
is 199.53 µV/K in the in x-z plane, and a maximum value of 202.56 µV/K for µ slightly above 0 eV,
indicating that Cs8Sn4422 behaves like a hole majority carrier semiconductor in the x-y plane. We
however obtained a maximum value of the Seebeck coefficient of 265.83 µV/K in the z-direction.

Figures (5.28b), (5.29b) and (5.30b) shows plots of Seebeck coefficient at different temperatures as a
function of chemical potential for the three compounds. As may be seen from Figures (5.28b), (5.29b)
and (5.30b), there is a gradual increase in the Seebeck as we move from the guest atom K to Cs. The
Seebeck coefficient is comparable to the experimental results of Cohn et al. [21] for Cs8Sn44 304 µV/K
. Table (5.5) shows extracted data of the Seebeck coefficient at calculated temperatures for electron
majority carrier of A8Sn4422, whilst Table (5.6) is data for p-type doping. Since the compounds show
uni-axial anisotropy, only the results for the x-y plane and x-z plane are published. Achieving ZT ≈ 1
requires a Seebeck coefficient S ≈ 200 µV/K. By combining the Wiedemann-Franz-Lorenz law equation
(1.0.5) for a material of fixed doping, if we assume the thermal conductivity to be unity, the average
Seebeck coefficient that would yield ZT ≈ 1 should be about 200 µV/K. As shown from our results,
Cs8Sn4422 satisfies this criteria for an intrinsic semiconductor. Motivated by these, we proceed to study
other thermoelectric properties of these compounds.

(a) At 300 K showing uniaxial anisotropy (b) At different temperatures

Figure 5.30: Seebeck coefficient for Cs8Sn4422.
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Table 5.5: Extracted Seebeck Coefficient (S) for chemical potential at the top of the valence band of
5.62, 5.08 and 5.33 eV for Cs8Sn4422, Rb8Sn4422 and K8Sn4422 respectively at calculated temperatures
in the x- and y-directions.

System Temperature x-direction y-direction

K8Sn4422

300 -133 -89
500 -124 -94
700 -117 -96
900 -108 -92

Rb8Sn4422

300 -136 -81
500 -126 -69
700 -120 -73
900 -111 -77

Cs8Sn4422

300 -223 -167
500 -189 -130
700 -171 -112
900 -151 -100

Table 5.6: Extracted Seebeck Coefficient (S) for a chemical potential at the bottom of the conduction
band of 5.62, 5.08 and 5.33 eV for Cs8Sn4422, Rb8Sn4422 and K8Sn4422 respectively at calculated
temperatures in the x- and y-directions.

System Temperature x-direction y-direction

K8Sn4422

300 100 148
500 82 118
700 72 105
900 56 93

Rb8Sn4422

300 77 133
500 84 112
700 82 94
900 78 79

Cs8Sn4422

300 210 225
500 133 184
700 101 153
900 82 129

5.9 Lattice Thermal Conductivity

In the Linearised Boltzmann Transport Equation (LBTE) approach under the single-mode relaxation time
(SMRT) method adopted in this study [4], the lattice thermal heat conductivity, κl, can be expressed
as

κl =
1

V0

∑
λ

Cλvλ ⊗ vλτλ, (5.9.1)

where V0 is the volume of the unit cell, vλ and τλ are the group velocity and the relaxation time of the
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phonon mode λ,respectively. Cλ is the modal heat capacity defined as

Cλ = kB

(
~ωλ
kBT

) exp
(

~ωλ
kBT

)
[
exp

(
~ωλ
kBT

)
− 1
]2 (5.9.2)

Here λ is a compound mode index (q, j), with q a wave vector in the first Brillouin zone and j is a
phonon band index.

In Fig. (5.31) we show the average cumulative heat capacity, that is Eq. (5.9.1) summed over all
modes with frequencies less or equal to a given frequency, for A8Sn4422, (A = Cs, Rb, K) and the
framework Sn46 at 300 K. We scaled the entry for Sn46 by a factor of 1

20 to get a reasonable scale
for comparison. The total thermal conductivity of the fictitious framework structure is more than an
order of magnitude larger than the total thermal conductivity of the vacancy systems. For the vacancy
systems the thermal conductivity decreases with decreasing volume of the guest atom. Contributions to
the thermal conductivity come from all frequencies, but in each case there is a major contribution from
modes with frequencies below 1 THz.

Figure 5.31: Average cumulative lattice thermal conductivity for A8Sn4422, (A = Cs, Rb, K) and the
fictitious framework Sn46 structure as a function of frequency at 300 K.

The modal heat capacity, Eq. (5.9.2), is temperature and frequency dependent, but is only indirectly
dependent on the phonon structure through ωλ. For the compounds under investigation, the frequency
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distributions are similar and this term will not account for the difference in the values of κl as determined
by Eq. (5.9.1). The two terms that are expected to show a difference between the framework and
vacancy compounds are the group velocities vλ and the relaxation times τλ

The group velocity is given by

vλ (α) =
∂ωλ
∂qα

, (5.9.3)

where α is a Cartesian coordinate. The group velocities depend on the dispersion of the eigenfrequencies
ωλ and unless these are significantly different, there may not be significant changes from compound to
compound. We have noticed from the projected densities of states that the frequency range for the
framework remains very similar for all the vacancy compounds and the framework. This suggests that
the group velocity distribution may not be significantly different for the compounds we are interested
in. In Fig. (5.32), apart from a few high valued group velocities for the framework, the distribution of
the group velocities are similar for all four systems. There is some indication that the group velocities
in the low frequency region, below about 1.8 THz, is lower on average for the vacancy compounds in
comparison to the fictitious framework system. Note that in the region 1.2 to 1.8 THz, and above 4
THz, the group velocities are small, as expected for flat bands.

Figure 5.32: The magnitude of the group velocities, vg, for A8Sn4422, (A = Cs, Rb, K) and the
framework Sn46 as a function of frequency.

The relaxation times, in the LBTE, SMRT approximation used in this study [4], depend on phonon



Section 5.9. Lattice Thermal Conductivity Page 60

scattering only. In Fig. (5.33), we show representative relaxation times for A8Sn4422, (A = Cs, Rb, K)
and the framework. We immediately see that it is the difference in relaxation time that is responsible
for the difference in thermal conductivities. The relaxation times for the Sn46 framework system is more
than an order of magnitude larger than the corresponding relaxation times for the vacancy systems
at each frequency. The relaxation times decrease, at each frequency, on average from Cs8Sn4422 to
Rb8Sn4422 to K8Sn4422. It seems that the distribution of the magnitudes of the group velocities on
their own, do not account for the difference in the behaviour of the thermal conductivities of the vacancy
systems compared to the framework. This is consistent with the observation that the lattice thermal
heat conductivities decrease in the same order and suggests that the phonon scattering increases in
the same order and is consistent with the deduction in Section (5.4) that the interaction between the
framework and vacancy-guest atom complex increases from the Cs, Rb to K vacancy compounds.

The modal life times, τλ, are given by

τλ (ω) =
1

2πΓλ (ω)
(5.9.4)

where Γλ (ω) is the imaginary part of the self-energy, calculated using many body perturbation theory.
Up to second order in the lowest an-harmonic term in the lattice Hamiltonian, Γλ (ω) is given by

Γλ (ω) =
18π

~2
∑
λ′λ′′

∣∣Φ−λλ′λ′′ ∣∣′2 {(nλ′ + nλ′′′ + 1
)
δ (ω − ωλ′ − ωλ′′)

+
(
nλ′ − nλ′′′

)
(δ (ω + ωλ′ − ωλ′′)− δ (ω − ωλ′ + ωλ′′)) (5.9.5)

Φ−λλ′λ′′ represents the strength of interaction between the three phonons labelled by −λ, λ′ and λ
′′

.

Here −λ ≡ (−q, j) and the occupation numbers nλ = 1

exp(
~ωλ
kBT

)−1
. From Eq. (5.9.5) we notice

that the line widths Γλ (ω) can have contributions from modes with different frequencies and different
wavevectors[4]. Stronger phonon scattering leads to larger line widths which in turn leads to shorter
relaxation times. Fig. (5.33) therefore suggests that the phonon scattering strength, represented by
Φ−λλ′λ′′ , is dramatically enhanced in the vacancy structure compared to the scattering strength in the
Sn46 framework. It also indicates that the scattering strength in K8Sn4422 is the strongest. This is
consistent with our conclusion that the framework-vacancy-guest-atom interaction is the most obvious
in K8Sn4422 phonon spectrum.
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Figure 5.33: Modal relaxation times, τλ, for A8Sn4422, (A = Cs, Rb, K) and the framework Sn46 as a
function of frequency at 300 K.



Section 5.9. Lattice Thermal Conductivity Page 62

5.9.1 Anisotropy in the thermal conductivity.

Figures (5.34), (5.35) and (5.36) shows the average cumulative lattice thermal conductivity κl for
K8Sn4422 and Rb8Sn4422 and Cs8Sn4422 at 300 K on the left and the temperature dependence of
the average lattice thermal conductivity on the right. The introduction of vacancies into the prototype
binary clathrate I Sn structure reduces the symmetry. This is reflected in the anisotropy of the lattice
conductivity tensor. The insets in Fig. (5.34), (5.35) and (5.36), show the graph of the calculated
lattice thermal conductivity anisotropy η, defined by: [163, 164]

η =
κly − κlx
κly

(5.9.6)

where κly and κlx are the lattice conductivities in the respective x- and y-directions. As can be seen from
Figure (5.34), lattice thermal conductivities (κlx and κly) decrease with an increase of temperature.
Our result also shows an approximate 1/T dependence, typical of crystalline insulators.

At 300 K the average thermal conductivities are 0.038, 0.077 and 0.11 W/mK for K8Sn4422 and
Rb8Sn4422 and Cs8Sn4422 respectively The calculated values are an oder of magnitude smaller than
the experimentally estimated values about 1.0 W/mK at 300 K for Cs8Sn4422 [21] and even lower than
the value for Bi2Te3 (about 1.28 W/mK at 300 K). The estimated lattice thermal conductivities were
approximated by using electrical resistivities and the Wiedemann-Franz law to estimate the electrical
thermal conductivity contribution to the total thermal conductivity for poly-crystalline samples.

Lower values of κl were found in the x-direction for K8Sn4422, and were therefore adopted for calculating
the figure of merit ZT . In addition, Figure (5.34) (b) shows that κl decreases sharply from 0.16 W/mk
at 10 K to 0.03 W/mK at 500 K, but decreases slowly to 0.02 W/mK at 1000 K for x-direction. The
same trend is observed in the y- and z-direction. Although the sharp decrease here is from 0.22 W/mK
to 0.03 W/mK between the same temperature range, while it decreases to 0.02 W/mK at 1000 K. As
already noted the lattice conductivities decreases with increase in temperature, following the universal
1
T relation. The value of κly obtained is larger than that of κlx at low temperatures between (0 K and
50 K), but no significant difference beyond this temperature. The anisotropic factor η calculated is 0.17
for K8Sn4422 at 300 K. This ratio indicates that anisotropy in this material is low, but significant in
the stability of the compound.

Figure (5.34) (b) show in the inset a graph of the anisotropic factor plotted against temperature with
a flat plateau from 500 K. This implies the material can only be synthesized around this temperature
[152]. Using the same description, Figure (5.35) (b), indicate that the κl for Rb8Sn4422, decreases
sharply from 0.4 W/mk at 0 K to 0.12 W/mK at 200 K, but decreases slowly to 0.02 W/mK at 1000
K in the x-direction. The same trend is observed in the y- and z-direction. Figure (5.36) (b), shows the
plot of lattice thermal conductivity κl as a function of temperature for Cs8Sn4422. Result indicate that
κl decreases sharply from 0.65 W/mk at 0 K to 0.15 W/mK at 200 K, but decreases slowly to 0.023
W/mK at 1000 K for x-direction. The same trend is observed in the y- and z-direction.

The lattice thermal conductivities of the three compounds were found to be very low compared to values
expected for good thermoelectric materials. For instance the average calculated room temperature κl
of 0.038, 0.077 and 0.11 W/mK for K8Sn4422 and Rb8Sn4422 and Cs8Sn4422, respectively, are all
considerably smaller than the out-of-plane and inplane values of 6.78 (0.79) W/mK for layered of SnSe2
[165], which qualifies these materials as potential thermoelectric materials.

Typically the acoustic modes make the major contribution to the the thermal conductivity and the
contribution from optical modes is relatively small [166]. For the Sn46 framework, the acoustic cut
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(a) (b)

Figure 5.34: Plots of lattice thermal conductivity κl as a function of frequency at 300 K indicating major
contribution to κl between 0 THz and 0.7 THz for (a) K8Sn4422 (b) κl as a function of temperature
with insert showing materials anisotropic factor plotted against temperature displaying the region of
stability.

(a) (b)

Figure 5.35: Plots of lattice thermal conductivity κl as a function of frequency at 300 K indicating major
contribution to κl between 0 THz and 0.5 THz for (a) Rb8Sn4422 (b) κl as a function of temperature
with insert showing materials anisotropic factor plotted against temperature displaying the region of
stability.

off, taken as the highest frequency of the lowest band, is about 1.03 THz and the acoustic mode
contribution to the total thermal conductivity is about 70%. Figures (5.34), (5.35) and (5.36) (a) show
an initial sharp increase in the cumulative superconductivity as a function of frequency. The derivative
of the cumulative values give an indication of the frequency ranges where the major contributions to
the conductivities are found. The acoustic mode cut-offs for K8Sn4622, Rb8Sn4422 and Cs8Sn4422 are
approximately 0.61 THz, 0.34 THz and 0.55 THz, respectively. The contributions to the conductivities
that can be associated with acoustic phonons are approximately 44%, 3% and 20% for the K, Rb and
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Cs compounds, respectively. This is a very low contribution, especially for Rb8Sn4422. For all three
compounds there are contributions to the thermal conductivity over the whole frequency spectrum as
can be seen from the finite values of the derivative of the cumulative thermal conductivities.

For all three vacancy compounds the vacancy-guest atom complexes have depressed the contribution to
the thermal conductivity that comes from the acoustic modes. This is very noticeable for Rb8Sn4422,
with a striking 3% only from the acoustic modes.

(a) (b)

Figure 5.36: Plots of lattice thermal conductivity κl as a function of frequency at 300 K indicating
major contribution to κl between 0 - 0.5 THz and 1 - 0.5 THz for (a) Cs8Sn4422 (b) κl as a function
of temperature with insert showing materials anisotropic factor plotted against temperature displaying
the region of stability.

Our research question was to identify specifically what may be responsible for the lower thermal con-
ductivity observed in binary type-I Sn clathrates with a view to engineering this material for better
performance as thermoelectric material. We took our investigation further by plotting the cumulative
lattice thermal conductivity at different temperatures as shown in Figures (5.34), (5.35) and (5.36) (b).
Figures (5.37) and (5.38) show the plots of the derivative of the cumulative lattice thermal conduc-
tivity superimposed on the phonon partial density of states for the three compounds. The derivative
of the cumulative κl does not follow the trends in the phonon density of states. For Rb8Sn4422 and
Cs8Sn4422, the lower frequency, acoustic mode, contributions coincide with a high density of states
in the guest atoms phonon spectra, but this is not the case for K8Sn4422, where the acoustic mode
contribution comes from a region where there is very little contribution from the guest atom phonon
spectrum. For all three compounds there are relatively large contributions from optical modes in the
2-3 THz range, whereas the framework phonon spectra show relatively low densities of states. Only
for K8Sn4422 the guest atoms in the dodecahedral sites show a relatively high pDOS. Apart from the
similarity in contributions in the 2-3 THz range, there is no obvious trend that changes as we go from
K8Sn4422 to Rb8Sn4422 to Cs8Sn4422.



Section 5.9. Lattice Thermal Conductivity Page 65

(a) (b)

Figure 5.37: Plots of derivative of lattice thermal conductivity vibrations superimposed on the pDOS
for (a)K8Sn4422 (b) Rb8Sn4422 as a function of frequency.

Figure 5.38: Plots of derivative of lattice thermal conductivity vibrations superimposed on the pDOS
for Cs8Sn4422 as a function of frequency.
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5.10 Electronic Thermal Conductivity

In the linearised Boltzman Transport equations in the constant relaxation time approximation, Eq. (3.5),
the electrical conductivity and the electronic thermal conductiviy are linear in the relaxation time. As
constant relaxation time we used 10 fs in our work, based on experimental results for similar group-14
n-type polycrystalline samples of cubic Ge clathrates structures with symmetry space group Pm3̄n [16].

In Figures (5.39a), (5.40a) and (5.41a) below, we show the results for the electronic thermal conductivity
κe as a function of the chemical potential (µ) at varying temperatures. Figure (5.39a) show that the
κe increases with temperature, e.g. at µ = 1.5 eV, κe increases from 5.60 W/mK (at 300 K) to 14.30
W/mK (at 900 K), in Figure (5.40a) κe increases with temperature at µ = 1.5 eV, from 3.50 W/mK
(at 300 K) to 9.50 W/mK (at 900 K) and in Figure (5.41a), κe increases with temperature at µ = 1.5
eV, from 3.20 W/mK (at 300 K) to 9.80 W/mK (at 900 K), for the compounds K8Sn4422, Rb8Sn4422

and Cs8Sn4422, respectively. Figures (5.39a), (5.40a) and (5.41a), also reveal a decrease in κe from
5.60 W/mK to 3.20 W/mK (at 300 K) and 14.30 W/mK to 9.20 W/mK (at 900 K), as we progress
from the compounds K8Sn4422, Rb8Sn4422 and Cs8Sn4422 respectively.

(a) κe with respect to chemical potential at the top
of the valence band for K8Sn4422.

(b) σ as a function of the chemical potential at dif-
ferent temperatures for K8Sn4422.

Figure 5.39: κe and σ plotted as functions of the chemical potential for different temperatures. The
origin of µ shifted to zero

In Figure (5.39b), we show the electrical conductivity σ, as a function of the chemical potential at
different temperatures. Results show that σ is almost independent of temperature, which may be
attributed to the compounds having equal contribution of majority hole(electron) carriers. The maximum
value of the electrical conductivity of 79 × 104 Ω−1 m−1 occurs at 300 K which is higher for reported
values (49.70 × 104 Ω−1 m−1) of a similar SnSe2 [165]. Electrical conductivity decreases from 79 ×
104 Ω−1 m−1 (at 300K) to 73 × 104 Ω−1 m−1 (at 900 K) at µ = 1.5 eV for theK8Sn4422 . Similarly,
Figure (5.40b), show maximum value of the electrical conductivity of 58.96 × 104 Ω−1 m−1 occurs at
µ = i.5 eV Rb8Sn4422. Electrical conductivity decreases from 59 × 104 Ω−1 m−1 (at 300K) to 54 ×
104 Ω−1 m−1 (at 900 K) at µ = 1.5 eV. For the Cs8Sn4422 Figure (5.41b), we observe maximum value
of the electrical conductivity of 55.83 × 104 Ω−1 m−1 occurs at µ = -1.5 eV. Electrical conductivity
decreases from 56 × 104 Ω−1 m−1 (at 300 K) to 53 × 104 Ω−1 m−1 (at 900 K)at µ = -1.5 eV.

We note that for materials p-type doping, the electrical conductivity does not show any clear trend,
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(a) κe with respect to chemical potential at the top
of the valence band for Rb8Sn4422.

(b) σ as a function of the chemical potential at dif-
ferent temperatures for Rb8Sn4422.

Figure 5.40: κe and σ plotted as functions of the chemical potential for different temperatures. The
origin of µ shifted to zero

although it decreases from from 65 × 104 Ω−1 m−1 to 55 × 104 Ω−1 m−1 (at 300 K) from K8Sn4422

to Cs8Sn4422. For materials n-type doping, the electrical conductivity does show any clear trend, as
it decreases from from 79 × 104 Ω−1 m−1 to 40 × 104 Ω−1 m−1 (at 300 K) from K8Sn4422 to
Cs8Sn4422. At different regions p- or n-type doping, the electrical conductivity can be viewed as almost
constant.

(a) κe with respect to chemical potential at the top
of the valence band for Cs8Sn4422.

(b) σ as a function of the chemical potential at dif-
ferent temperatures for Cs8Sn4422.

Figure 5.41: κe and σ plotted as functions of the chemical potential for different temperatures. The
origin of µ shifted to zero
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5.11 Thermoelectric Power Factor

The plot of the thermoelectric power factor (S2σ), Figure (5.42), (5.43) and (5.44) shows a variation
of power factor as a function of chemical potential. A full range of the plot Figure (5.42) shows that
the power factor is highest for n-type doping K8Sn44 from 81 × 10−5 W m−1K−2 at (300 K) to 180
× 10−5 W m−1K−2 at (900 K). Figure (5.43) shows two distinct regions indicating that the material
is both active as a p-type as well as an n-type semiconductor. The n-type however has a higher power
factor at higher temperatures (20 × 10−4 W/mK2) than the p-type (12 × 10−4 W/mK2). The power
factor shows a distinct upper region from the graph Figure (5.44) with a power factor of 27 × 10−4

W/mK2 n-type semiconductor within the range of a chemical potential of 5.62 eV and 6.12 eV. These
are not values that can be realistically achieved with doping.

Figure 5.42: Variation of Power factor with respect to chemical potential at the top of the valence
band as a function of temperature for K8Sn4422. The origin of µ shifted to zero
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Figure 5.43: Variation of Power factor with respect to chemical potential at the top of the valence
band as a function of temperature for Rb8Sn4422. The origin of µ shifted to zero

Figure 5.44: Variation of Power factor with respect to chemical potential at the top of the valence
band as a function of temperature for Cs8Sn4422. The origin of µ shifted to zero
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(a) ZT in the x-direction (b) ZT in the z-direction

Figure 5.45: Plots of figure of merit (ZT ) as a function of chemical potential for K8Sn4422 showing
anisotropic behaviour. The origin of µ shifted to zero

5.12 Figure of Merit

We calculated the figure of merit ZT , where κ is κe + κl, using the equation (1.0.3). A figure of
merit larger than one is an indication that the material may be a good candidate as a component in a
thermoelectric device.

A summary of our results is hereby presented for the three compounds. Figures (5.45a), (5.46a) and
(5.47a) display the figure of merit ZT for K8Sn4422, Rb8Sn4422 and Cs8Sn4422 system. The ZT
increases with temperature in K8Sn4422 (0.22 to 0.34), Rb8Sn4422 (0.34 to 0.37) and Cs8Sn4422

(0.48 to 0.52) for n-type in the x-direction. In the same manner, in Figures (5.45b), (5.46b) and
(5.47b), the ZT increases with temperature in K8Sn4422 (0.16 to 0.24), Rb8Sn4422 (0.14 to
0.18) and Cs8Sn4422 (0.25 to 0.34) for n-type in the z-direction.

From the Figures (5.45a), (5.46a) and (5.47a), the ZT increases in K8Sn4422 (0.10 to 0.22),
Rb8Sn4422 (0.18 to 0.23) and Cs8Sn4422 (0.18 to 0.45) for n-type in the x-direction. Furthermore,
in Figures (5.45b), (5.46b) and (5.47b), the ZT increases with temperature in K8Sn4422 (0.23 to
0.34), Rb8Sn4422 (0.20 to 0.35) and Cs8Sn4422 (0.38 to 0.58) for the z-direction.

Therefore, these compounds can be used in thermoelectric devices. Results from Figure (5.45a) , (5.46a)
and (5.47a), also show that the ZT in x-direction for the three compounds increases from K8Sn4422 to
Cs8Sn4422 for both n-type and p-type material. Whereas there is decrease in ZT between the n-and
p-type (0.22 to 0.10 for K8Sn4422) Figure (5.45a), we observe increase in the ZT in the y-direction
between the n- and p-type (0.16 to 0.23 forK8Sn4422) Figure (5.45b). This result further elucidate
our confirmation that the material is anisotropic. The plots of dimensionless figure of merit (ZT ) as a
function of chemical potential at varying temperature for Rb8Sn4422 is shown in Figure (5.47). Result
indicate that the ZT in out of plane direction (x-direction) is high for n-type with a value of 0.52 Figure
(5.47a) contraste with 0.57 for in-plane direction (y/z -direction) Figure (5.47b). This result further
elucidate our comfirmation that the material is anisotropic.

Figure (5.48) shows the calculated ZT for the three compounds. Cs8Sn44 exhibits larger optimal ZT s
compared to Rb8Sn44 and K8Sn44 with 2.34, 0.76 and 0.75 in the x-direction for n-type respectively.
However Cs8Sn44 and Rb8Sn44 are optimized for n-type in the x-direction whereas K8Sn44 si optimized
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(a) ZT in the x-direction (b) ZT in the y-direction

Figure 5.46: Plots of figure of merit (ZT ) as a function of chemical potential for Rb8Sn4422 showing
anisotropic behaviour. The origin of µ shifted to zero

(a) ZT in the x-direction (b) ZT in the y-direction

Figure 5.47: Plots of figure of merit (ZT ) as a function of chemical potential showing anisotropic
behaviour. The origin of µ shifted to zero

Table 5.7: Dimensionless figure of merit (ZT ) calculated at varying temperatures for n-type in the x-
and y-directions for the three compounds

K8Sn44 Rb8Sn44 Cs8Sn44

ZT ZT ZT

Temperature (K) x-direction y-direction x-direction y-direction x-direction y-direction

300.00 0.75 0.34 0.76 0.27 2.34 1.14

500.00 0.68 0.33 0.66 0.21 1.44 0.63

700.00 0.61 0.41 0.64 0.23 1.13 0.47

900.00 0.54 0.39 0.53 0.26 0.88 0.38

for p-type and in the y-direction. There is also a noticeable trend in reduction of ZT as the temperature
increases, which infer that these materials are optimized at lower temperatures.
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(a) (b)

(c) (d)

Figure 5.48: Plots of Calculated ZT for Cs8Sn44, Rb8Sn44 and K8Sn44 at varying temperatures for
(a)n-type x-direction (b)n-type y-direction (c)p-type x-direction (d)p-type y-direction
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Summary and Conclusion

In this thesis I have employed DFT first principle calculations to study the structural, electronic and
transport properties of the binary type-I Sn clathrates including its vibrational properties.

In this work, I have used several functionals apart from LDA (commonly reported) to optimize the
structure of the binary type-I Sn clathrates and included a calculation for the bandgap from a semi
local (potential) functional mBJ, which frequently gives gaps in good agreement with experiment. The
opening of the bandgap in these compounds is not significant. The optimized equilibrium structures
with the LDA gave reasonable results and the thermoelectric calculations were based on LDA.

Chapter 5 is dedicated to discussion of the various results obtained and interpretation from it. From our
results, the understanding of the effects of guest atoms on the thermal conductivity of binary type-I Sn
clathrates was elucidated. For example the role of the guest atom vibration was compared to vibration
of the entire system. Although the guest atom contribution to the lowering of the thermal conductivity
is significant, the framework atoms contribution cannot be ignored. The various method I employed to
understand the properties of these materials has helped to clarify what is responsible for the low thermal
conductivity of this class of materials. This results I believe has partly answered my research question
on what may be responsible for the low thermal conductivity in this binary type-I Sn clathrates.

We highlight the following as being significant in this thesis:

• Vacancies stabilise the stoichiometric compounds and remove the dynamical instability of K and
Rb in the stoichiometric compounds.

• We used a relative study to analyse the influence of the guest-atom-vacancy complex on the
thermal conductivity.

• The guest-atom-vacancy complex suppresses the acoustic mode frequencies.

• The guest-atom-vacancy complex marginally reduces the group velocities at low frequencies.

• The guest-atom-vacancy complex reduces the phonon life times at all frequencies and this is the
main factor for the reduction in thermal conductivity in the vacancy compounds.

• Anomalously large mode Grüneisen parameters at low frequencies were calculated.

• Cs8Sn4422 has an estimated figure of merit greater than 2 and is a potential thermoelectric
material.

73
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It is clear that there are still some outstanding questions which has not been addressed in this thesis. For
example our study was limited to the high temperature modification, which from literature is a smaller
cell. The A8Sn4422 clathrate crystal structure have been structurally characterized as temperature
dependent clathrate hydrate. Our calculation was limited to the smaller cell because of computational
cost and facility to calculate and simulate a supercell of this already large primitive compound. The
accurate modelling of phonon dispersion is required to adequately report its effect on heat suppression.
Secondly, there are additional factors including lattice disorder and point defects, which cannot be
decoupled from the rattling effect. We only focused on the rattling effect of the guest atoms in our
study.



Appendix A

Density Functional Theory

One of the most challenging problems in computational materials physics is to describe the structure
and electronic structure of a many-atom, many-electron system. The interactions between atoms and
electrons are governed by the laws of quantum mechanics. The problem is to derive the properties of
many-atom, many-electron systems from the quantum mechanical laws. Various electronic structure
methods have been developed in the past. The most widely used method for structural and electronic
structure calculations is Density Functional Theory [DFT]. In this part we introduce the concept of
density functional theory and some of its approximations. Density functional theory is the theory of
correlated many atom systems, which is based on the electronic density nr [89]. This is based on
observation made by Hohenberg and Kohn in 1964 [167], that all the properties of a system can be
obtained by the ground state charge density. It is one of the most reliable theories for predicting
useful properties of materials. DFT provides explanations of phenomena observed in atoms, molecules,
nano-structures and solids.

Many-body problem

The study and the analysis of the electronic structure of matter is done by solving the Schrödinger
equation of many-atom systems. Considering the wave function Psi of a many-atom system, the
general form of the Schrödinger equation can be written as follows (excluding spin for simplicity of
notation):

ĤΨ(R1, ...,RN ; r1, ..., rN ) = EΨ(R1, ...,RN ; r1, ..., rN ) (A.0.1)

where E is the energy of the system, Ri and ri are respectively the positions of the nuclei and the
positions of the electrons. N and n are respectively the number of nuclei and electrons of the system.
The Hamiltonian operator Ĥ is given by:

Ĥ = T̂n + V̂nn+ T̂e + V̂ee+ V̂en (A.0.2)

In (A.0.2), T̂n, T̂e, V̂nn, V̂ee, V̂en represents the kinetic energy of the nuclei, kinetic energy of electrons,
Potential energy of neutron-neutron, electron-electron, and electron-neutron interactions respectively.

T̂n =
N∑
i

− ~2

2Mi
∇2

Ri (A.0.3)
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where Ri represents the position of the atom i with mass Mi. The second term represents the interaction
energy of the nuclei with charges (Zie)

V̂nn =
N∑
i<j

ZiZje
2

|Ri − Rj |
. (A.0.4)

The remaining terms in (A.0.2) are respectively the electronic kinetic energy, the electron-electron
interaction energy and the electron-nuclei interaction energy operators:

T̂e =
N∑
i

− ~2

2m
∇2

ri (A.0.5)

V̂ee =
N∑
i<j

e2

|ri − rj |
(A.0.6)

V̂en =
N∑
i=1

N∑
j=1

Zie
2

|Ri − rj |
. (A.0.7)

The standard step to solve (A.0.1) is the Born-Oppenheimer approximation in which the wave function
of many-atom systems can be written as the product of the following form:

Ψ(Ri, rj) = Ψn(Ri)Ψe(Ri, rj), (A.0.8)

where Ψn(Ri) in (A.0.8) represents the wave function of the nuclei and Ψe(Ri, rj) is the electronic wave
function. Substituting (A.0.8) in (A.0.2) we obtain the following equations

ĤeΨe(Ri, rj) = (T̂e + V̂ee + V̂en)Ψe(Ri, rj) (A.0.9)

which gives
ĤeΨe(Ri, rj) = EeΨe(Ri, rj) (A.0.10)

and
ĤnΨn(Ri) = (T̂n + V̂nn + Ee)Ψn(Ri) (A.0.11)

from which we get
ĤnΨn(Ri) = EnΨn(Ri). (A.0.12)

If we consider the potential of the nuclei in (A.0.9) as static, and let V̂en = V̂ext, we get the time
independent electronic Hamiltonian

Ĥ = T̂ee + V̂ee + V̂ext. (A.0.13)

Let
Ĥ = F̂ + V̂ext, (A.0.14)

where F̂ is the sum of the kinetic and mutual Coulomb interaction energy operator and V̂ext the external
potential energy which describes the attraction between the electrons and nuclei.



Page 77

Electronic density

Let ri be the position of electron i, with spin coordinate σi =↑ or ↓ and N the total number of
electrons. The wave function of a many-electron system describes the quantum mechanical behaviour
of that system and depends on the position and spin coordinates Ψe(r1σ1, r2σ2, . . . , rNσN ). This wave
function satisfies two conditions: firstly it must be orthonormal

〈Ψe|Ψe〉 =
∑

σ1...σN

∫
dr1

∫
r2 . . .

∫
drN |Ψe(r1σ1, r2σ2, . . . , rNσN )|2 = 1, (A.0.15)

and secondly it must be antisymmetric,

Ψe(. . . , riσi, . . . , rjσj , . . .) = −Ψe(. . . , rjσj , . . . , riσi, . . .). (A.0.16)

In an electronic system, the electronic density n(r) for a given state is defined as the number of electrons
per unit volume at the point r for that state. The total number of electrons is given by∫

n(r)d3r = N, (A.0.17)

The density can be expressed as the expectation value of the density

n(r) =
N∑
i=1

δ(r− ri) (A.0.18)

so that the relation between n(r) and many-electron wave function is

n(r) = N
∑

σ2...σN

∫
dr2

∫
dr3 . . .

∫
drN |Ψe(r2σ2, r3σ3, . . . , rNσN )|2. (A.0.19)

The expression on the right hand side looks similar to the wave-function normalization integration
(A.0.15), but without one of the spatial integrals, and thus one coordinate is left free.
We define the electron spin density nσ(r) so that nσ(r)d3r is the probability of finding the electron with
spin σ in volume element d3 at r . Integrating over the coordinates and spin of the (N-1) other electrons
we have

nσ(r) =
1

(N − 1)!

∑
σ2...σN

∫
d3r2 . . .

∫
d3rNN !|Ψ(rσ, r2σ2, . . . , rNσN )|2. (A.0.20)

Combining (A.0.15) and (A.0.20) yields∑
σ

∫
drnσ(r) =

∫
(n↑(r) + n↓(r)) = N. (A.0.21)

Hartree-Fock Approximation

The Hartree-Fock (HF) approximation can be viewed as a variational method in which the wave functions
of many-electron system have the form of an antisymetrised product of one-electron wave functions.
This restriction leads to an effective Schrödinger equation for individual one-electron wave functions
called orbitals with a potential determined by the orbitals occupied by the other electrons [168].
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Let ΨH(r) be a many-electron wave function for non-interacting electrons called Hartree wave function
and given by

ΨH(ri) = Φ1(r1)Φ2(r2) . . .ΦN (rN ) (A.0.22)

with the index i running over all electrons and Φi(ri) are the one-electron wave functions. The total
energy of the system is given by

EH = 〈ΨH |Ĥ|ΨH〉 (A.0.23)

EH =
∑
i

〈Φi| −
~2

2m
∇2

r + V̂ext(r)|Φi〉+
e2

2

∑
ij(j 6=i)

〈Φi(ri)Φj(r
′
)| 1

|r− r′ |
|Φi(r)Φj(r

′
)〉. (A.0.24)

On using a variational argument, we arrive at the single-electron Hartree equation−~2∇2
r

2m
+ V̂ext(r) + e2

∑
j 6=i
〈Φj(r

′
)| 1

|r− r′ |
|Φj(r

′
)〉

Φi(r) = εiΦi(r) (A.0.25)

where εi are Lagrange multipliers introduced to take into account the normalization of the single-electron
wave functions Φi. We define the Hartree potential as

V H
i (r) = e2

∑
j 6=i
〈Φj(r

′
)| 1

|r− r′ |
|Φj(r

′
)〉. (A.0.26)

Since the Hartree wave function does not obey the Pauli Exclusion Principle [169], we incorporate the
Fermionic nature of electrons in the many-body wave function so that we can build a wave function
which is antisymmetrized for the Hartree wave function, this latter wave function changes sign when the
coordinates of two electrons are interchanged. This is known as the Hartree Fock (HF) approximation.
In order to describe the Hartree-Fock wave functions, we combine the Hartree version wave function to
form a properly antisymmetrized wave function for the system [123]. For simplicity we will neglect the
spin of electrons and keep only the spatial degrees of freedom. We then obtain the Hartree Fock wave
function as

ΨHF (ri) =
1√
N !

∣∣∣∣∣∣∣∣∣
Φ1(r1) Φ1(r2) · · · ΦN (rN )
Φ2(r1) Φ2(r2) · · · ΦN (rN )

...
...

...
ΦN (r1) ΦN (r2) · · · ΦN (rN )

∣∣∣∣∣∣∣∣∣ .

The total energy with the Hartree-Fock wave function is given by

EHF = 〈ΨHF |Ĥ|ΨHF 〉

=
∑
i

〈Φi| −
~2

2m
∇2

r + V̂ext(r)|Φi〉

+
e2

2

∑
ij(j 6=i)

〈ΦiΦj |
1

|r− r′ |
|ΦiΦj〉

− e2

2

∑
ij(j 6=i)

〈ΦiΦj |
1

|r− r′ |
|ΦjΦi〉 (A.0.27)
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Minimising the energy a variational calculation gives[
− ~2

2m
∇2r + Vext(r) + V H

i (r)

]
Φi(r)− e2

∑
j 6=i
〈Φj |

1

|r− r′ |
|Φi〉Φj(r) = εi(r)Φi(r). (A.0.28)

Equation (A.0.28) has an extra term in first term compare to the Hartree (A.0.25). This term describes
exchange between electrons. Now construct a single-electron exchange density as

nxi (r, r
′
) =

∑
j 6=i

Φi(r)Φ∗i (r
′
)Φj(r

′
)Φ∗j (r

′
)

Φi(r)Φ∗i (r)
. (A.0.29)

A single-electron Hartree-Fock equation can be written as[
−~2∇2

r

2m
+ Vext(r) + V H

i (r) + V x(r)

]
Φi(r) = εiΦi(r) (A.0.30)

where V x(r) is the exchange potential and given by

V x
i (r) = −e2

∫
nxi (r, r

′
)

|r− r′ |
dr
′

(A.0.31)

The Hartree and the exchange potentials give the electron-electron interaction in the Hartree-Fock
approximation

V HF
i = e2

∫
n(r

′
)

|r− r′ |
dr
′ − e2

∫
ni(r

′
) + nxi (r, r

′
)

|r− r′ |
dr
′
. (A.0.32)

It follows that the total electron-electron interaction potential

V HF
i (r) = e2

∫
n(r

′
)− nHFi (r, r

′
)

|r− r′ |
dr
′
. (A.0.33)

The Hartree-Fock is commonly used in chemistry and gives accurate results for a small number of
electrons, but is inefficient in the study of solids.

Functional for exchange and correlation

There are basically three distinct types of approximations involved in a DFT calculation. One is concep-
tual, and concerns the interpretations involved of Kohn-Sham [KS] eigenvalues and orbitals as physical
energies and wave functions. The second type of approximation is numerical, and concerns various meth-
ods for solving the KS equations, where you need to select a suitable basis function. The third type of
approximation involves constructing an expression for the unknown exchange correlation xc functional
Exc[n]. The crucial quantity in the Kohn-Sham approach is the exchange-correlation energy which
is expressed as a functional of the density Exc[n]. In this section we present relevant approximation
functionals used for our calculation,viz., local density approximation [LDA] and generalized gradient ap-
proximation [GGA]. We also described in this section the hybrid functional which is a mixture of Hatree
Fock exact exchange energy and an explicit density functional.
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Local density approximation

Local-density approximations [LDA] are a class of approximations to the exchange correlation xc energy
functional in density functional theory [DFT] that depend solely upon the value of the electronic density
at each point in space (and not, for example, derivatives of the density or the Kohn−Sham orbitals).
Many approaches can yield local approximations to the xc energy. However, overwhelmingly successful
local approximations are those that have been derived from the homogeneous electron gas [HEG] model.
In this regard, LDA is generally synonymous with functionals based on the HEG approximation, which
are then applied to molecules and solids. Within the Kohn-Sham equation the exchange correlation
energy is unknown, the greatest challenge in density functional theory is to find an accurate Exc[n].
The most commonly used and successful approximation for calculating Exc[n] is the local density ap-
proximation (LDA). This approximation assumes that the density varies slowly. It replaces the exchange
and correlation potential at each point of space by a uniform interacting electron gas. The exchange
correlation energy can be expressed as:

ELDAxc [n] =

∫
d3rn(r)εunifxc (n), (A.0.34)

where εunifxc (n) is the exchange correlation energy per particle of uniform electron gas of density n. The
corresponding exchange correlation potential to (A.0.34) is

vLDAxc (r) =
δELDAxc [n]

δn(r)
=

[
εunifxc + n

∂εunifxc

∂n

]
r

. (A.0.35)

The function εunifxc can divided into two parts so that:

εunifxc (n) = εunifx (n) + εunifc (n), (A.0.36)

where εunifx (n) is the exchange. The accurate value of the exchange part is known from the Dirac
exchange energy [170] and given by

εunifx (n) = −3

4

(
3

π

)1/3

n1/3 = −3

4

(
9

4π2

)1/3 1

rs
= −0.458

rs
a.u., (A.0.37)

where rs = (3/4πn)1/3 is the mean inter-electronic distance expressed in atomic units (a.u.).
Several approximations for correlation part are also available [171]. The most accurate results available
have been calculated by Ceperley and Alder using the quantum Monte Carlo method in 1980 [172].
This correlation part has been parameterized by Perdew and Zunger (1981) for a spin-polarized (P)
and spin-unpolarized (U) uniform electron gas. For the spin polarized electron gas the parametrized
expression is of the form

εPc (n) =

{
A ln rs +B + Crs ln rs +Drs, rs ≤ 1,
γ/(1 + β1

√
rs + β2rs), rs > 1.

For rs ≤ 1 the above expression derives from the random phase approximation, and has been calculated
by Gell-Mann and Brueckner (1957). This is valid in the limit of very dense electronic systems, and
fixes the values of the leading coefficents: AU = 0.0311.BU = −0.048. The relations given by Misawa
in 1965 allows us to obtain the values for the fully polarized gas: AP = 0.015555, BP = −0.0269 and
the remaining coefficients have been fitted to the quantum Monte Carlo results of Ceperley and Alder
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(1980): CU = 0.002, DU = −0.0116, and CP = 0.0007, DP = −0.0048. The numerical values of the
fitted coefficients of Perdew and Zunger are: γU = −0.1423, βU1 = 1.0529, βU2 = 0.3334 for unpolarized
gas, and γP = −0.0843, βP1 = 1.3981, βP2 = 0.2611 for full polarized electron gas [173].
Another parameterization is the one proposed by Vosko et al [174],

εVWN
c (rs)

A
= ln

(
rs

F (
√
rs)

)
+

2b√
4c− b2

tan−1

(√
4c− b2

2
√
rs + b

)

− bx0
F (x0)

[
ln

(√
rs − x0
F (
√
rs)

)
+

(√
4c− b2

2
√
rs + b

)
2(b− 2x0)√

4c− b2
tan−1

(√
4c− b2

2
√
rs + b

)]
(A.0.38)

where F (x) = x2 + bx + c, and A, b, c and x0 are fitting coefficients that differ for the spin polarized
and spin unpolarized cases.
The local density approximation predicts very accurately the physical properties of many systems. LDA
does not work for system where the density has strong spatial variations or for weakly interacting systems
such as van der Waals bonded molecules. It usually overestimates atomization energy, it overestimates
correlation and underestimates exchange. LDA are important in the construction of more sophisticated
approximations to the exchange-correlation energy, such as GGA or hybrid functionals, as a desirable
property of any approximate exchange-correlation functional is that it reproduce the exact results of the
HEG for non-varying densities. As such, LDA’s are often an explicit component of such functionals.

Generalized gradient approximation

When the density increases rapidly such as in molecules, the LDA does not give a good approximation.
The improvement of this approximation can be made by considering the gradient of the electron density,
and so, called the generalized gradient approximation [GGA], in which the exchange correlation energy
can be written as [115]

EGGAxc [n↑, n↓] =

∫
d3rn(r)εunifxc

(
n↑(r), n↓(r),∇n↑(r),∇n↓(r), . . .

)
(A.0.39)

=

∫
d3rn(r)εunifx Fxc

(
n↑(r), n↓(r),∇n↑(r),∇n↓(r), . . .

)
, (A.0.40)

where Fxc is dimensionless and depends on the density and εunifx is the exchange energy of the depolarize
gas. The exchange correlation potential of GGA is obtained by including the derivatives regarding the
gradient density so

vGGAxc (r) =
δEGGAxc

δn(r)
=

[
εxc + n

∂εxc
∂n
−∇

(
n
∂εxc
∂n

)]
r

. (A.0.41)

From (A.0.41), there exists different parameterizations of Fxc. The parametrization realized by Perdew,
Burke and Enzerhof (PBE) [115] is employed this work. Perdew, Burke, and Ernzerhof (PBE) defined
the enhancement factor Fx(n, ζ, s) over the local exchange in (A.0.39) depends on the density n,
magnetization density ζ (including spin), and the dimensionless density gradient
s = |∇n(r)|/(2kFn). The factor can be written as

Fx(s) = 1 + k − k

1 + µs2/k
, (A.0.42)

where µ = β(π2/3) = 0.21951, β = 0.066725 and k = 0.804. Other authors have proposed the
same form, but with values of k and µ fitted empirically to a database of atomization energies . The
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correlation energy takes the form of

EGGAc =

∫
n(r)(εunifc (n, ζ) +H[n, ζ, t])d3r (A.0.43)

with

H[n, ζ, t] = (e2/a0)γφ
3 ln

{
1 +

β

γ
t2
[

1 +At2

1 +At2 +A2t4

]}
(A.0.44)

where t = |∇(r)|/(2φksn) is the dimensionless density gradient, with ks = (4kF /πa0) being the Thomas
Fermi screening wave number, and φ(ζ) = [(1 + ζ)2/3 + (1 − ζ)2/3]/2 is a spin scaling factor. Here
β has the same value for the exchange term β = 0.066725, and γ = (1 − ln 2)/π2 = 0.031091. The
function A has the form of

A =
β

γ

[
exp{−εunif/(γφ3e2/a0)} − 1

]−1
. (A.0.45)

The correlation correction term H satisfies the following conditions:

(a) In slowing varying limit (t→ 0), H tends to the correct second order gradient expansion as

H → (e2/a0)βφ
3t2, (A.0.46)

(b) In the rapidly varying limit (t→∞), H approaches the uniform electron gas correlation so

H → −εunifc , (A.0.47)

(c) H cancels the logarithmic singularity of εunifc in the high density limit, thus forcing the correlation
energy to scale to a constant under uniform scaling of the density so that

H → − e
2

a0

∫
d3rnγφ3 ln

[
1 +

1

χs2/φ2 + (χs2/φ2)2

]
(A.0.48)

where s = |∇n|/2kfn is dimensionless density gradient, and χ = (β/γ)c2 exp(−ω/γ) ' 0.72161.
The GGA for the exchange energy will be constructed by the following conditions:

(d) Under the uniform density, Ex must satisfy the scaling condition ζ = 0, we obtain

EGGAx =

∫
d3rnεunif (n)Fx(s). (A.0.49)

From (A.0.42), it recovers the correct uniform electron gas limit when Fx(0) = 1.

(e) The exchange energy obeys the spin scaling relationship

Ex[n↑, n↓] = (Ex[2n] + Ex[2n])/2. (A.0.50)

(f) The LSDA linear response for (s→ 0) is recovered [115], thus

Fx(s)→ 1 + µs2. (A.0.51)

(g) It satisfies the local Lieb-Oxford bound [175]

Ex[n↑, n↓] ≥ Exc[n↑, n↓] (A.0.52)

≥ −1.679e2
∫
d3rn4/3. (A.0.53)
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For Fx(s) ≤ 1.804 and k = 0.804. A few success stories of GGA as reported by Ziesche et al. [?] can
be summarized as follows:

• The atomization energies of molecules are better in GGA than in LSD; for 20 simple molecules,
the mean absolute error changes from 31.4kcal/mol in LSD to 7.9kcal/mol in GGA [119].

• The binding energy curves of the rare-gas dimers are more realistic in GGA than in LSD[176, 177,
178]

• While solid Fe is an fcc non-magnet in LSD, it is correctly a bcc ferromagnet in GGA [179].

• Lattice constants of alkali metals are about 4% too small in LSD, but right in GGA [180] Smaller
corrections to LSD are found for Si and Ge.

• Lattice constants and bulk moduli of transition metals are better in GGA.

• Transition pressures from more open to more close-packed structures are often improved by GGA
[181].

• For positron states and annihilation characteristics, the generalized gradient correction method
to describe positron−electron correlation effects in solids shows systematic improvement over the
LDA results.

• GGA has been successfully applied to the ab initio calculation of a monovacancy in Si.

• Gradient-corrected spin-polarized DFT methods have been successfully applied in the ab initio
treatment of novel boron clusters and compounds of multi-layered boron clusters, nanotubes,
boron sheets [182].

• Results for the controversially discussed p−T phase diagram of BN give an example of the high
predictive power of DFT methods which include non-local corrections to the xc functional [183].
In addition to the last three points, which are related to microelectronics, Kaxiras et al and Heggie
[184] stress the importance of approximations beyond LDA in ab initio calculations for device and
process simulation.

Failures: The situations in which LSD or GGA can fail badly seem to be of three types:

• When the KS non-interacting wavefunction is not a single Slater determinant, or when the non-
interacting energies are nearly degenerate, the LSD and GGA exchangecorrelation holes can be
unrealistic even very close to or on top of the electron [185]. Symmetry breaking, which worsens
the spin densities, can improve the holes and energies in such cases. Also GGA works better for
exchange and correlation together than for either alone [186].

• In an extended system, the exact hole may display a diffuse long-range tail which is not properly
captured by either LSD or GGA. An example of a diffuse hole arises in the calculation of the
surface energy of a metal [180].

• the ground state of one electron in the presence of two protons at very large separation: Half of
the exact hole is localized on each proton, a situation which has no analog in the electron gas of
uniform or slowly-varying density, and for which LSD and GGA make large self-interaction errors.
A more subtle example is the long-range tail of the van der Waals interaction, which neither LSD
nor GGA provide. The lattice constants of Kr and Xe crystals are too small in LDA, but too large
with PBE GGA.
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• Interactions between electrons in different shells e.g., between core and valence are not very well
described.

. GGA improves on LDA for the quantities which are already successfully treated in LDA such as the
total energies and hence binding energies, bond lengths and angles but ionisation energies based on
Kohn-Sham energy eigenvalues are approximately the same as for LDA [?].

Hybrid functionals

Hybrid functionals are a class of approximations to the Exc[n] functional in DFT that incorporate a
portion of exact exchange from HartreeFock theory with exchange and correlation from other sources.
The exact Exc[n] functional is expressed in terms of the KohnSham orbitals rather than the density, so is
termed an implicit density functional. One of the most commonly used versions is B3LYP, which stands
for Becke, 3−parameter, Lee-Yang-Parr. Hybrid functionals are constructed by mixing a fraction Hartree
Fock [HF] exact exchange energy and an explicit density functional. The construction is motivated by
predicting accurate gaps and accurate total energies [187]. This mixture can be justified by the ab-initio
adiabatic connection formula in which the exchange correlation energy can be written as [188]

Exc =

∫ 1

0
Uλxcdλ, (A.0.54)

where λ is the interelectronic coupling strength parameters, Uλxc is the exchange correction potential
energy at the intermediate coupling strength λ. This integral can be approximated using the mean-value
theorem of integration as

Exc '
1

2

(
U0
xc + U1

xc

)
=

1

2

(
Ex + U1

xc

)
(A.0.55)

with U0
xc is the exchange correlation potential energies of the Kohn-Sham system and U1

xc is the exchange
correlation potential energy of the full interaction real system. U1

xc can be similarly approximated as
LDA reads

U1
xc ' ULDAxc =

∫
uxc(n(r))d3r (A.0.56)

The LDA-like functional uxc is derived as an LDA approximation of potential energy [189]. Becke
proposed the scheme as a method for incorporating exact exchange into DFT calculation called half-
and-half theory so that the exchange correlation energy is given by

Exc
1

2
Ex +

1

2
ULDAxc (A.0.57)

which approximates (A.0.54) with λ = 0 and LDA for exchange correlation potential energy at λ = 1.
The half-and-half theory is followed by three parameter of Becke such that the exchange correlation
energy becomes

Exc = ELDAxc + a0
(
Ex − ELDAx

)
+ ax

(
EGGAx − ELDAx

)
+ ac

(
EGGAc − ELDAc

)
, (A.0.58)

whith a0 , ax, and ac are empirical parameters. Perdew, Ernzerhof and Burke looked at the formula
with ax = ac = 1 for the theoretical motivation which led to the hybrid function regarding the coupling-
constant dependence for a ' 0.25. One of the most popular hybrid is the three parameters B3LYP
functionals, mixing 80% of LDA with 20% of HF exchange and adding a certain amount of Becke ’s
correction ∆EB88

x , the exchange correlation turn out to the following equation [188]

EB3LY P
xc = 0.8ELDAx + 0.2EHFx + 0.72∆EB88

x + 0.19EWN3
c + 0.81ELY Px . (A.0.59)
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Here 81% of the semi-local Lee-Yang-Parr for correlation energy is used [187], the remaining part 19%
of the local correlation energy is added from the Vosko-Wilk-Nusair correlation functional III (VWN3).
Apart from B3LYP, several forms of the hybrid method have been proposed such as PBE0 and Heyd-
Scuseria-Ernezerhof (HSE) functionals. These functionals differ on how the exact exchange energy is
mixed in the energy functional [190]. The Hartree-Fock (HF) exact exchange energy Ex is given by

EHFx = −e
2

2

∑
ij

∫ ∫
d3rd3r

′ φ
∗
i (r)φ

∗
j (r
′
)φi(r

′
)φj(r)

|r− r′ |
(A.0.60)

where φi are the occupied wave functions and i represents a quantum-number set comprising band and
k-point indexes. The PBE0 hybrid is constructed by a rational mixing of 25% Fock exchange with 75%
of well-know PBE exchange [189], and the exchange correlation energy of PBE0 takes the form of

EPBE0
xc = αEx + (1− α)EPBEx + EPBEc (A.0.61)

Besides HSE has been found to give satisfactory results of energy gap on various solid systems. This is
done by splitting the Coulomb operator into short-range (SR) and long-range (LR) parts [190]:

1

r
= Sµ(r) + Lµ(r) =

erfc(µr)

r
+
erf(µr)

r
(A.0.62)

then the HF exchange energy in (A.0.54) is calculated by the use of Sµ(r). The resulting exchange
correlation energy of HSE is given as follows

EHSExc = αESRx (µ) + (1− α)EPBE,SRx (µ) + EPBE,LR(µ) + EPBEc . (A.0.63)

In above equations, r = |r − r
′ |, and µ is the parameter that defines the range separation related to a

characteristic distance (2/µ) at which the short-range interactions become negligible.

Van der Waals approximation

The van der Waals density functional [vdW-DF] [191] has attracted much attention, as it is able to
describe the long-range van der Waals (vdW) forces in molecules and solids, which are described poorly
by LDA as well as semilocal approximation GGA in DFT. The functional plays a role that complements
well-established LDA and GGA. Furthermore, recent advances in vdW-DF methodology have shown
that it is possible to perform accurate calculations of molecules, solids, and adsorption systems [192].
In static density functional theory using LDA and GGA, we can describe physical properties of many
atoms, molecules and solids with good accuracy, but these approximations fail to describe the long
range dispersion interactions, generally denoted as van der Waals interactions. Interaction between
the layers of layered molybdenum chalcogenides are dominated by van der Waals-type interactions and
are therefore important for this study. We distinguish two directions in the approaches undertaken to
overcome this deficiency of DFT. Firstly we present the approach proposed by Grimme which leads to
a better description of these interactions [193, 194]. To begin with, there is a term EDisp added to the
DFT interaction energy to obtain the total energy as

Etot = EDFT + EDisp (A.0.64)

where EDFT is the DFT interaction energy computed with an approximate exchange correlation function,
and EDisp is the dispersion energy which is defined for periodic system as two-body interaction of the
following form

EDisp = −s6
N∑
i=1

N∑
j=i+1

Cij6
r6ij

f(rij), (A.0.65)
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where −s6 is a scaling factor and depends on the DFT used, Cij6 are coefficients of dispersion and
f(rij) is the damping function. The damping function requires the specification of an atom pairwise
cuttof radius Rr which determines in which interatomic distance region the dispersion is decreasing.
The damping function can be written as

f(rij) =
1

1 + e−d(
rij

Rr−1
)
. (A.0.66)

Here d is a damping parameter.
Secondly the groups of Lundqvist and Langreth have presented a density functional to treat the long-
range dispersion. The key is the inclusion of a long range piece of the correlation energy, Enlc [n]
[195, 196], a fully nonlocal functional of the density n. In this functional, the exchange correlation
energy takes the form of

Exc = EGGAx + ELDAc + Enl (A.0.67)

where the exchange energy EGGAx uses the PBE GGA functional, and ELDAc is the LDA to the correlation
energy. Enlc is the nonlocal energy term defined as

Enlc =

∫
d3r

∫
d3r

′
φ(r, r

′
)n(r

′
). (A.0.68)

Here φ is called Kernel and is given as a function of Rf(r) and Rf(r
′
), where R = |r− r

′ | and f(r) is a
function of n(r) and its gradient. In fact f(r) is proportional to the exchange correlation energy density
εxc of the gradient corrected LDA at the point r [197].



Appendix B

VASP

Bloch Theorem

In the self consistence Kohn-Sham approach, the large number of electrons in a system (macroscopic
crystal) prohibits a direct solution of the Schrödinger equation. However, the solid has the periodic
symmetry, and this can be accessed to reduce the size of the problem significantly using Bloch’s theorem
which allows the use of mapping the Schrödinger equation for an infinite periodic solid by solving the
Schrödinger equation in a unit cell with a set of different boundary conditions. The wave function of
one electron is symmetric, and can be written as

Ψk(r + R) = eikRΨk(r). (B.0.1)

where R is the translation vector and can be written as:

R = n1a1 + n2a2 + n3a3 (B.0.2)

with ni, i = 1, 2, 3 are integers and ai, are primitive lattice vectors and collect all equivalent points in
space. This set of points is referred to as the Bravais lattice. The primitive unit cell is defined as the
volume enclosed by the three primitive vectors:

Ω = |a1.(a2 × a3)|. (B.0.3)

The reciprocal lattice vectors are defined as:

aibj = 2πδij (B.0.4)

where bi, i = 1, 2, 3, the volume of the reciprocal space is given by

|b1.(b2 × b3)| =
(2π)3

|a1.(a2 × a3)|
=

(2π)3

Ω
. (B.0.5)

Similarly to Equation (B.0.2) the vectors which connect all equivalent points in reciprocal space can be
defined as

G = m1b1 +m2b2 +m3b3, (B.0.6)

where mi, i = 1, 2, 3. We can construct the dot product of any R vectors with G

RG = 2πl, l = n1m1 + n2m2 + n3m3. (B.0.7)
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Consequently, eiGR = 1. For all R and G in the Bravais lattice, any function that has a periodicity can
be written as

f(r) =
∑

G

eiGrf(G) (B.0.8)

with f(G) Fourier transform components. Beside, Bloch’s theorem assumes that when the potential in
the one electron Hamiltonian has the translational periodicity of the Bravais lattice reads

V (r + R) = V (r), (B.0.9)

the one electron wave function has the same symmetry, so Equation (B.0.1) can be expressed as a
product of the phase factor exp(ikr) multiplied by the function uk(r) reads

Ψk(r) = eikruk(r), uk(r + R) = uk(r). (B.0.10)

The subscript k is an index for identifying the wave function. Bloch’s theorem has two equivalent
formulations whose the proof can be found in the book of solid state physics [123].

Projector augmented wave

Projector augmented wave (PAW) has been developed by P. Blöchl in 1994 [92, 93]. Since the wave
functions for real materials in different regions of space have very different signatures, for example the
bonding region, the wave function is fairly smooth, while close to the nucleus the wave function oscillates
rapidly. The idea is to divide the wave function into parts and find a transformation on the wave functions
which uses the fictitious wave functions with less oscillations close to the nucleus. It seeks to move from
the Hilbert space of wave functions {|Ψn〉}4 solutions of kohn-Sham equations to a pseudo-space (PS)
of the wave function of Hilbert { ˜|Ψn〉} which are more softer by a linear transformation:

|Ψn〉 = T |Ψ̃n〉. (B.0.11)

The Kohn-Sham equations take the form

T †ĤsT |Ψ̃n〉 = εnT †T ˜|Ψn〉, (B.0.12)

since the wave function oscillates rapidly near the nuclei we can defined the projector T as

T = I +
∑
i

TRi (B.0.13)

where I is the identity operator, and TRi is an operator acting within the sphere SRi which surrounds

the nuclei i at the points Ri. Thus the wave functions |Ψn〉 and ˜|Ψn are identical except in the core
regions. In order to define TRi , we consider two local basis centred on the nuclei i. The first basis {|φi〉}
is related to the true wave function |Ψn〉 and the second {|φ̃i〉} to |Ψ̃n〉, therefore we are inside of SRi

and we obtain
|Ψn〉 =

∑
i

ci|φi〉 and |Ψ̃n〉 =
∑
i

c̃i|φ̃i〉 (B.0.14)

The choice of these basis is define the local transformation the following expression of |φi〉 as

|φi〉 = (I + PRi) |φ̃i〉, (B.0.15)



Page 89

therefore
TRi |φ̃i〉 = |φi〉 − |φ̃i〉. (B.0.16)

Also, there is no overlapping sphere of PAW, thus inside SRi the wave function of the global system is
given by

|φi〉 = T |φ̃i〉 =
∑
i

c̃i|φi〉. (B.0.17)

On using the unicity ci = c̃i, we notice that the wave functions |φn〉 and |̃φn〉 are the same in their
basis. In addition T needs to be linear, it is necessary that ci must also be linear to |Ψ̃〉 i.e there exists
a family of projectors {|pi〉} such as:

ci = 〈p̃i|Ψ̃n〉. (B.0.18)

These projectors respect various properties. It turns out that the spheres of PAW do not overlap, inside
of SRi we obtain

|Ψ̃n〉 =
∑
i

|φ̃n〉〈p̃i|Ψ̃n〉. (B.0.19)

Equation (B.0.19) leads to the closure relation reads∑
i

|φ̃i〉〈p̃i| = I (B.0.20)

and the orthogonality gives
〈p̃i|φ̃j〉 = δi,j . (B.0.21)

We do not have the constraint outside of the PAW sphere for the projectors and can be taken as zero
in this case the local projector can be written as

TRi =
∑
i

TRi |φ̃i〉〈p̃i| (B.0.22)

=
∑
i

(
|φi〉 − |φ̃i〉

)
〈p̃i|. (B.0.23)

In summing considering all nucleus and boundaries conditions the global projector is given by

T = I +
∑
i

(
|φi〉 − |φ̃i〉

)
〈p̃i|. (B.0.24)

In terms of wave functions and their projectors in the real space we obtain

Ψn(r) = Ψ̃n(r) +
∑
i

∑
j

φj(r− Ri)− φ̃j(r− Ri)〈p̃j |Ψ̃n〉 (B.0.25)

where Ψ̃n is obtained from Equation (B.0.12). In summary, the transformation of PAW method is given
by Equation (B.0.25). The solutions of Kohn-Sham equations Ĥs|Ψn〉 = εn|Ψn〉, are functions which
oscillate slowly far from the nuclei but rapidly close to the core, and they are decomposed as follows

• One part oscillates slowly with Ψ̃n, solution of T †ĤsT |Ψn〉 = εnT †T |Ψn〉 and requires a grid in
Fourier space much coarser therefore a low cutoff energy.

• Another part oscillates rapidly but localized near the nuclei, which is deduced by projection on a
local basis.

This method allows a gain of time for simulation and there is non loss of information on the real wave
function.
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Observable in the PAW method

We saw that PAW method calculates the wave function on a Fourier space in such a way that it
transforms the local problem of eigenvalues of Kohn-Sham. In this part we are going to show how to
obtain the observable quantities as expectation values of the pseudo-space wave functions. Let A be an
operator and Ã the associate pseudo-operator. The expectation value is independent on the basis and
can be expressed by

〈A〉 =
∑
n

fn〈Ψ̃n|Ã|Ψ̃n〉, (B.0.26)

alternatively or as:

〈A〉 =
∑
n

fn〈Ψ̃n|Ã|Ψ̃n〉 (B.0.27)

where n is the band index and fn is the occupation of the state. The PS operator takes the form

Ã = T †AT (B.0.28)

= A+
∑
i,j

|p̃i〉
(
〈φi|A|φj〉 − 〈φ̃i|A|φ̃j

)
〈p̃j |. (B.0.29)

Also we can add an additional term arbritary in Equation (B.0.28) as:

B −
∑
i,j

|p̃i〉〈φ̃i|B|φ̃j〉〈p̃j |, (B.0.30)

where B is the operator localized in the PAW spheres. This latter equation does not change 〈A〉 but
offers an additional degree of freedom to smooth pseudo-wave function. If we consider the projection
operator |r〉〈, r| we obtain the charge density which follows the description given in Equation (B.0.28),
hence the charge density is given by

n(r) = ñ(r) + n1(r)− ñ1(r), (B.0.31)

where ñ(r) is soft PS charge density given by

ñ(r) =
∑
n

fn〈Ψ̃n|r〉〈r|Ψ̃n〉. (B.0.32)

The quantities ñ(r) and ñ(r) are defined as

n1(r) =
∑
i

∑
(n,j),k

fn〈Ψ̃n|p̃j〉〈φj |r〉〈r|φk〉〈p̃k|Ψ̃n〉, (B.0.33)

and
ñ1(r) =

∑
i

∑
(n,j),k

fn〈Ψ̃n|p̃j〉〈φ̃j |r〉〈r|φ̃k〉〈p̃k|Ψ̃n〉. (B.0.34)

Equation (B.0.31) represents the charge density at point r, it is the expectation value of the real space
projection operator |r〉〈r| and described one of the physical quantity in the PAW method.
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Boltzmann’s Equation for Transport

The Boltzmann’s equation of transport is the most successful and practical approach to study thermo-
electric properties of materials. For a steady state, the Boltzmann’s equation is given by[

∂fk(r,t)

∂t

]
diff

+

[
∂fk(r,t)

∂t

]
field

+

[
∂fk(r,t)

∂t

]
scatt

= 0 (C.0.1)

where the subsripts diff , field and scatt denote the terms corresponding to diffusion, external field
and scattering respectively,fk(r,t) is the probability of having an electron (hole) with wave vector k and
position r in space at a given time t. Note that k(r,t) is not for the equilibrum but for the steady state.
At equilibrum, f0k(r is the single particle Fermi distribution,

f0k(r =
1

exp
(

εk−µ
kBT (r)

)
+ 1

, (C.0.2)

where εk is the energy corresponding to the wavevector k, µ is the chemical p[otential and kB is the
Boltzmann constant. The Boltzmann’s equation states that the net rate of change in fk(r,t) is zero for
any k at given point in space. Applying Liouville’s theorem for any r,

fk(r,t) = fk(r−tvk,0), (C.0.3)

where vk = ∂εk/∂k. The diffusion term in (C.0.1) becomes

∂fk

∂fT
=

exp( εk−µ
kBT

)[
exp( εk−µ

kBT
) + 1

]2 εk − µ
kBT 2

= (−∂fk

∂εk
)
εk − µ
T

(C.0.4)

.

By analogy we follow a similar procedure and obtain equations for the field and scattering coefficients.
Reader is directed to reference [95] for extensive information.

Band Interpolation

In solid-state physics, the band structure of a solid describes those ranges of energy, called energy
bands, that an electron within the solid may have (allowed bands) and ranges of energy called band
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gaps (forbidden bands), which it may not have. Band theory models the behavior of electrons in solids
by postulating the existence of energy bands. It successfully uses a materials band structure to explain
many physical properties of solids. Bands may also be viewed as the large-scale limit of molecular orbital
theory.

Rigid Band Approximation

In rigid band approximation we model experimental compositions by taking a reference composition, for
which full first-principles calculations can be made. The composition of this reference system should be
chosen as close as possible to the experimental conditions. According to the rigid band approximation
model the shape of the constant energy surfaces (hence the Fermi surface as well) and curve of density
of states of the alloy are the same as those of the solvent metal, provided; (1) excess charge of the
solute atoms localizes around them, (2) mean free path of the electrons is much greater than the lattice
spacing of the alloy and (3) electron states of interest in the pure solvent are all in one energy band,
which is greatly separated in energy from the other bands [198]. The only effect of the addition of
the solute, given that its valence is greater than that of the solvent, is the addition of electrons to the
valence band. This results to swelling the Fermi surface and filling the density of states curve to a higher
energy.

Steps in transport properties calculation

We first perform a self-consistent first principles calculation on the system in order to obtain a set of
Bloch energy bands from which maximally localised wannier functions are then constructed. Calculation
of the Bloch states |unk〉, where unk is the set of Bloch functions obtained at each k-point, is performed
using density-functional theory in the LDA approximation [114]. We computed Bloch states and the
overlaps from ground state density and the maximally-localised Wannier functions (MLWF) on a 4×4×4
mesh [102]. MLWFs are calculated using wannier90 program [102] and the band structure is plotted
along the special k-path as shown in Figure (4.1). In order to obtain wannier functions that are able
to reproduce the lowest energy conduction states as well as disentagling the valence band, we proceed
as follows: We note that only the energy range kBT around the Fermi level is relevant for transport
properties, hence we carefully select the relevant bands when calculating the WFs. We also chose a
frozen energy window Efroz roughly above the bottom of the conduction band, which is sufficient for our
calculations. We thereafter calculate the MLWFs using iteractive minimization algorithm of Wannier90,
employing atom-centred Gaussian-type orbitals with the number of bands for the calculation set at a
reasonable number of bands [102]. Once the MLWFs are obtained, we then proceed to use them as
a basis set to interpolate band velocities and calculate the transport properties using BoltzWann code
[32]. The bands were interpolated on a 40×40×40 mesh and the transport distribution function (TDF)
calculated using a relaxation time of 10 fs for the system. The relaxation time of 10 fs was chosen from
experimental results of Ge-based clathrates [128]. We could safely use this value as our system contains
a group 14 element (Sn) which is common to all the binary systems studied in this work. This simple
time approximation is adopted in first principles calculations which is a good approximation for bulk
materials [129, 130]. The position of chemical potential (µ) plays an important role with regard to the
transport properties. The position of µ in the band structure determines which electrons in the valence
or conduction band take part in the electronic transport, commonly used as a criterion for noting both
the conductivity and the Seebeck coefficient.
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Phonon Calculations

We present in this part the phonon calculations [4]. The methods for ab initio calculations of phonon
frequencies fall into two broad classes: the linear-response approach and the direct approach. In the
linear-response techniques, the dynamical matrix is expressed in terms of the inverse dielectric matrix
describing the response of the valence electron density to a periodic perturbation of the crystalline lattice.
For semiconductors and transition metals, the realization of the linear-response approach is much more
difficult, since the full dielectric matrix must be calculated in terms of the electronic eigenfunctions and
eigenvalues of the perfect crystal. In the direct approach the energy of a phonon, i.e. of a periodic
distortion of the crystalline lattice, is calculated as a function of the displacement amplitude in terms
of the difference in the energies of the distorted and the unperturbed lattices (frozen-phonom method)
[100]. The approach is restricted to phonons whose wavelength is compatible with the periodic boundary
conditions applied to the supercell used in the calculations. Another variant of the direct or total-energy
approach concentrates on the forces on the atoms induced by the displacements of other atoms in the
supercell. From the forces calculated via the Hellmann- Feynman theorem, certain elements of the force
constant matrix can be evaluated. By displacing entire planes of atoms, interplanar force constants may
be calculated [100, 101], allowing for the determination of the phonon dispersion relations in certain
symmetry directions. Work flow of phonopy is shown schematically on Figure (D.1).

In this method, the phonon frequencies calculation is based on the fact that the force constant matrix
expresses the proportionality between displacements and forces, when the displacements are small enough
for this relationship to be linear. All that has to be done, in principle, is to displace a single atom in celll
while all other atoms being held fixed at their equilibrium positions. If this procedure is repeated, all the
elements of the force-constant matrix can be obtained. Translational invariance implies that the number
of separate calculations required to do this is at most three times the number of atoms in the primitive
cell, but for most materials symmetry relations can be used to reduce this number substantially. This
strategy, sometimes called the small displacement method [140, 141] is what is adopted in this work.
For extensive review and procedure see [140].
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Figure D.1: Work flow of phonon calculation [4]
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