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Because of the complexity of the algebraic manipulations required

by LCAC methods, it is sensible from the start to derive modified
Bloch sums B, which are orthogonal to each other; they do not have

this pronerty in general because of the lack of orthogonality in

the set (@z). To obtain @Zs which are orthogonal, the L¥wdin wethod

is usedAl'z); the resultant Lowdin functions (wz} have the same
symmetry properties as the atomic orbitals from which they are derived,

thus retaining the symmetry features of the atomic formalism.

Rewriting equation (Al.1) in terms of Liwdin functions, and
introducing a suitable normalization factor, we now obtain an
orthogonal set {BZ} such thats=
-t R o (-

B, (k) 7 4 e 3] “Z(E ﬁj) (A1.3)
where periodic boundary conditions are assumed, the number of unit
cells in the repeating region being N. For the fcec structure
(that ¢f Palladium metal) Slater and Koster choose a unit cell
containing only one atom. The next step is to evaluate the energy
matrix element between any given pair »f Bloch sums; if H is the

Hamiltonian then these matrix elements are given by:-
2! ik+ (R, ~B.) "
<8, [H|B,,> .ﬁjij' KRy Lw&(;{-gj)u 721% 5 LY (Al.4a)
’

Either of the summations in equation (Al.4a) can be replaced by the

number of unit cells N, so that this equation becomes:-

. R ike(Rse-R) [ a _ . - .
B, [H]B,,> - § ok RyrR; L RO ¥y (E-R; )4V (Ai.4b)

| .
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vhere §j'“§j is the vector joining the atom on whnich wl is situated

to the atom on which Wl' is located.

Slater and Koster remark at this stage on the compl~xity of equation
(Al.4b): firstly the Lowdin functions {wl} must be determined, which

is a considerable task; secondly each wl consists of a linear

combination of ¢Zs, so that the integral of equation (Al.4b) itself
breaks up into a linear combination of several integrals of the form
jv°5(¥'§3)“ 01.(E—§j.)dv; and thirdly the Hamiltonian itself consists
of a number of terms. In partic .isar, the expression for H includes

a sum of spherically~symmetric potential wells situated on all N atoms
of the system; thus <BZlHlBZ'> consists of a linear combination of

complicated energy integrals of the form:-

E; gt L“’Z(F&j) K vy (R 04V (a1.5)

where H contains terms like V(£-§j"), which is the potential well associated

with the atom at Kj"' Thus we see that equation (A1.5) describes a
so~called three-centre integral (that is the integrand has factors relating

to in general three differanr atoms), which Slater and Koster describe as being

computationally impractical because of their complexity and because : [

there are so many of them. Thus a rigorous BS calculation using

the LCAU method is not feasible; hence Slater and Koster's decision

to replace these integrals with arbitrary constants with which to

fit accurate BS calculations performed at certain special values of k-
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In order to carry out such a fitting procedure, the number of -onstants
{(and hence integrals) kept must equal the number of states for which
the energy is accurately known. To achieve this we firstly notice

that the integral of equation (Al.5) will get smaller as the overlap
between wl and *z' decreases, that is as the separation between the
atoms at Ej and Bj’ increases. It can thus be arbitrarily decided

to consider only nearest neighbours (n.n.s), or n.n.s and second-n.n.s,
or even n.n.s, second-n.n.s and third-n.n.s, depending on the number

of constants required. A second means of reducing the total number

of integrals is to make use of straightforward group-theory techniques
to show the equivalence of many integrals. Thirdly, the number of
atomic functions included in the set (¢l} can be chosen judiciously;
for example, some transition metals can be quite well modelled (by

BS techniques) using only the five valency d orbitals (the order of the
secular equation is equal to the number of atomic orbitals used);

and fourthly, the number of parameters can be changed by neglecting

three~centre integrals.

We now expand upon this fourth possibility; although three-centre
integrals are smaller than two-centre integrale, they are not
necessarily negligible. However, within the context of this model
(in which many terms have already been dropped) Slater and Koster
consider this approximation to be quite acceptable, and proceed to
apply it; hence we must explain the concept of a two-centre integral.

Such an integral is of the form:-




()= jv%q-&j) Kby (g-Ry0av (4i.6)

where H contiins terms like v(&—%i), such that i=j or j' (cf equation (Al.5)).

This is similar to the type of integral which would be used to

describe a2 diatomic molecule, and hence we express the functions

(WZ) as linear combinations of functions space~quantized with

respect to the interatomic axis Ej'-%j’ For example, a d function

would be expressed as a linear combination of do, d“: and dé_ functions, |
where ¢, v and § refer to the components of angular momentum about

the axis (we must remember that although the wzs are not atomic orbitals,

they have the same symmetry properties as their corresponding atomic

orbi_als). we choose to rewrite the two-centre integrals (equation (A).6))
in the form (mn)\), where m,n are s,p,d and A is ¢,n,8; the following are the
ten possible cases: (sso), (ppo), (ppm), (ddo), (ddm), (dds), (spv),

(8d9), (pdo), (pdm).

We next introduce the following notaticn for the states 7 and l' associated
with the integrals El,l‘ (equation (A1.5)), defined with respect to Cartesian
coordinates: s stands for an s -orbital; x,y,z for px’py’pz orbitals;

xr, yoo zx for the three d_orbitals; and x%-y2, 327-r? for the two

de orbitals. Thus for instance the interaction between an s orbital

on one atom (/=s) and a de orbital on another atom (e.g., 1' = xz—yz)

would be written ES K2yl Next, let the directional cosines of the
Ed

interatomic vector ﬁj'“%j be p,q,r (note that these will be determined

by the structure of the lattice, for example Ffcc). We can now
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Energy Integral

Two-Centre Approximation

5,8
E

s, %XV

g, x2-y?
By, 3z2-r2
E

RYs XY

E
XZ-},Z ’xZ_yz'

Eyp2-r2,352-¢2

(889)

VIpy(sdo)
1/3(p2-q?) (sdo)
[r2-1(p?+q?)] (sdo)

Ip2q?(ddo) + (p2+q?-4p2q?) (ddm) + (r2+p2q?)(ddé)
1(p2=q2)2(dde) + [pZeq2-(p?~q2)Z] (4dm) +

+ [r2+4(p?-q?) 7] (dds)
[r2-1(p2+q2V]} 2(ddo) + 3r2(pP+q?) (ddm) +

+ H(p2+q?)2(dds)

Table Al.1 A selection of energy integrals in the two-centre

Al.l)

approximation (after Slater and Koster y» Table 1).

Note that r in the first column is given by r o=

[%24y2+z?]§ whereas in the second column it refers

to the third of the directional cosines p,q,r.
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express E, 7 88 8 linear combination of two-centre integrals, the

f
weighting factors being functions of p,q,r. Table Ai.l is taken from
Table I of the Slater-Koster paper, and contains a sample of energy

integrals in the two~centre approximation.

It is further necessary to distinguish between energy inregrals EZ 1
’
for nearest-neighbour (n.n.), second-n.n.. and thirs-n.n. atoms.
This is done by expressing EZ 10 in the mmre derailed form
’
El,l'("lj'nzj’nBj)' where “1"n2j’naj are integers which describe

p]
the position of an atom in the jtM-neares: neighbour shell in terms

of the lattice constant a. For example, “he nearest neighbours in

SRy

an fcc  lattice would give energy integrals of the form KZ L (110).

We can now rewrite equation (Al.4b) in the form:-

<8,Hlz,,> = § KRy R o . (A1.7)
7 4 H 1,07
We note “hat exponents of the form i§~§j cas be eswritten m 8 more
convenient form, viz.:-
IR = in g3k, + n) ek, = o ek,
E x(nljg + ™50 + 0, L) {41.8)

In urder to expand the El 1 intagrals in egeavion (A1.7) in terms of
y

two-centre integrals, the definition of the latter must be extendsd

to allow for near-neighbour interactions; specifically, we sxpress

the two-centre integrals in the more general form (mnk)i, where m,n
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are s,p,d, ) is o0,7,6 and i is 1,2,3 (referring to nearest, second-nearest

and third-nearest neighbours respectively).

We now clarify these concepts by means of an example. Consider the
warrix element <531KIBS> (Il = 1' = s in equation (&1.7)), for the case
of an feceo lattice; if we abbreviate the notation for this matrix

element to (s/s), then by equations (Al.7) and (A1.8) we can write:-

(s/s) = Es s(000) + AE‘ ‘(IIO)(coaC cosn + cosf cosi + cosn cosy) +
» ’

+ ZEs ‘(200)(c032£ + cos2n + cos2y) (Al.9a)
’
which with reference to Table 3.1 becomes:-

(s/8) = E s(000) + 4(8s0)| (cosE cosn + cosE cosl + cosn cosy) +

+ 2(ss3)y(co82f + cos2n + cosy) (A1.9b)

where ES‘B(OOO) is the energy of the s state. The general case of
equatioas (0 :.9a) and (A1.9b), viz, thot for the matrix element

(1/1'), represents the main fruit of Koster and Slater's labour;

this is because (l/1') is equivalant to an energy level calculated

by a conventional B3 technique such as the APW method, and hence

we have a link between the LCAO parameters and detailed BS calculations
done for simpler values of k. One last step is required, viz. to
eunsure that the number of LCAO parameters is made equal :o the number

of states to be fitted so that the equations can be solved, Comparison
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of Tables II and II1 in the Slater-Koster paper reveal that in general
fewer two-centre integrals (mmd), are needed to describe a particular

interaction than the movre accurate El Z'(“Ij naj) integrals; for
’

,ﬂsz
example, their Table II reveals that six independent EZ,Z' integrals
are needed to describe the interaction between d electrons on second-
n.n, atoms, while in Table IIl this interaction is represented by only
three two-centre integrals. Thus % changing to 2 two-centre
representarion the number of paramcters can usually be reduced; other
approximations, for example neglect of certain off-diagonal matrix
elements, allow for further reduction of the number of parameters.

As discussed above, the number of these integrals can be increased

by arbitrarily increasing the number of near-neighbour interactions.

Swmary

The Slater-Koster interpolation gethod uses an LCAO approach to
generate expressions for the energy tuatrix elements of a perfect
crystalline solid. These expressions contain large numbers of
complicated integrals, which for all practical purposes are impossible
to evaluate rigorously. Consequently, these integrals are represented
by parametevs El,7" where 1 and 1' refer to a pair of interacting
atomic-like orbitals. To further siuplify matters, the two-centre
approximation is introduced, which allows the parameters Ez,z* to

be expressed in terms of simpler integrals, of the *ype whichk describe
interactions in diatomic molecules. The complete energy matrix

elements are thus expressed as linear combinations of either the
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parameters EZ v oF of the two-centre integrals (which are also taken
’

to be parameters); the coefficients depend on components of the

momentum vector k. The values - the energy matrix elements are known
at certain high-symmetry values of k (from band structure calculations),

say n in number; it is then necessary to express these energy levels

in terms of exactly n LCAO parameiers. To achieve this, the number ;«
of these parameters can be varied in several ways: the number of

near-neighbour interactions can be arbitrarily increased or decreased;

the energy magrix elements can be arbitrarily expressed either in

terms of the parameters El,l' or in terms of two~centre integrals;

and various approximations can be made, for example careful chcice

of orbitals (¢n} and the neglect of certain off-diagonal matrix

elements. Once these n LCAO parameters have been chosen, equations

like equation (Al.9a) or (Al.9b) can be solved to obtain expressions
for the parameters in terms of the components (kx, ky, kz);
substituting these into the original LCAD expressions for the energy
matrix elements, we are finally left with interpolation foraulae

in the variables (kx, k. kz), which allow continuous plois of the

y
energy bands to be drawn. We emphasize the fact that the parameters

for which expressions are obtained have some physical significance,

since they represent energy matrix e-em-nts; however they are by no

means unique, depending &s they do on the number n of band structure

'l 5 energy levels used as well as on the variation of these levels ; i

according to the BS technique employed.
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APPENDIX 2

NUMERICAL CONSIDERATIONS

A2.1 INTRODUCTION

The bulk of the calcul. tions performed in the present work have required
integration of either the Local Densities of States (for example equations
(4.13) and (4.15)) or of the LDOS multiplied by energy (for instance
equations (4.17)). We have already seen in Appendix 4.1 that the LDOS

cannoc be integrated analytically, and it can easily be inferred from

that discussion that the same applies to the LDOS times energy; hence

we have employed rumerical quadrature for these calculations. It can be
appreciated from our LDOS plots (see Figures 5.1 and 5.2) that our integrands
are highly peaked, leading us to suspect the inadequacy of simple
quadrature technigies for our purposes. In what follows we firstly

compare various quadrature procedures, leading up to a choice of one
particular procedure fo- all our calculations (Section A2.2). We proceed

in Section A2.3 to explain how we have implemented this routine in our
calculation of the Fermi energy. Then in Section A2.4 we test the
sensitivity of the routine to the chosen limits of integration, which

leads us in a natural manner to Scction A2.5 in which we discuss the methods
we have employed to fit curves co our discrete charge and energy results.

In Section A2.6 we explain our choice of (a,p) values for our two-piase
gnergy minimization procedure (Section 5.2.2) in the light of the computational
requirements of this procedure; and finally in Section A2.7 we summnrrize

the important issues discussed in this Appendix.
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A2.2 CHOJCE OF NUMERICA!L QUADRATURE PROCEDURE

A2.2.1 Simple Compoeite Quadrature Methods

In the early stages of the present work we used a number of compostite
quadrature methods to evaluate our energies and charges. Such composite
methods divide the interval of integration into several subintervals of
equal length, and then apply a standard quadrature rule (such as Simpson's
rule or S-point Gaussian quadrature) to each subinterval. For smooth,
well-behaved integrands such techniques produce good results; however, they
are less successful when dealing with integrands with sharp peaks and
singularities. This is because the subintervals are of equal length, so
that a highly~peaked region of the integrand is d;alt with in the same way
as a smooth, weli-behaved region; thus if the number of rubintervals is

too small the peaked regions will not be integrated properly, while if the
number of subintervals is sufficient to deal with the peaks, there will

be much unnecessary work done on the well-behaved parts of the integrand.
Furthermore, simple quadrature methods of this type are not equipped to deal

with singularities in the integrand.

We recall that our heat of formation expressions are important in that

they allow us to compare our electronic models directly with experiment;
because of the subtle cancellation effecte that occur in these exp. ssions
(Section 4.5.3) we appreciate the importance of a highly reliable quadrature
technique for our AH calculations. In Figure A2.1 we have plotted discrete
values of AH (one-phase model, parameter set (a.l)) versus x, for which we
have used a simple composite quadrature method. We see that the AH values

generated in this way are numerically unstable; these instabilities can be
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considerably reduced by increasing the number of subintervals by a factor
of ten, but we recall from the above discussion that this is an ‘nefficient
means of evaluating the integrals. We will therefore proceed to consider

more sophisticated approaches to numerical quadrature.

A2.8.2 Adaptive Integration Met dsdz'lj

Let us consider the integration of our Local Density of States or LDOS
times energy over an energy interval (E!,E2); because the integrands are
highly peaked over certain parts of the interval but relatively flat in
other regions, we can appreciate the attractiveness of a quadrature method
which would "work hard" on the subintervals where the function is less
well-behaved while doing less work on the better-behaved regicns. Such
techniques are available and are referred to as adaptive integration methods;
typically, such a method will divide the interval of intégration into
subintervals and apply a sequence of related quadrature rules to each
subinterval. This sequence may comsist for example of Romberg or Gaussian
quadrature iules of increasing order, in which functional values evaluated
for lower-order ruics are used again in subsequent, more accurate approxi-
mations. The sequence of rules is continued either until the difference
between successive approximations becomes less than a specified absolute

(or fractional) value, or until all the rules have been implemented.

We have employed and compared three .uch adaptive integration methwds, viz.
the DCADRE package of IMSL, IncAz‘Z), and the DOIAHF and DOIAJF packages
of the » merical Algorithms Group?:3).  All three packages have the

desired relative error in the integral as an input parameter; in addition,

r
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considerably reduced by increasing the number of subintervals by a factor
of ten, but we recall from the above discussion that this is an inefficient
means of evaluating the integrals. We will therefore proceed to consider

more sophisticated approaches to numerical quadrature.

. 1
AZ.2.2 Adaptive Integration MethadaAz' J

Let us consider the integration of our Loczal Density of States or LDOS
times eriergy over an energy interval (E!1,E2); because the integrands are
highly peaked over certain parts of the interval but relatively flat in
other regions, we can appreciate the attractiveness of a quadrature method
which would "work hard" on the subintervals where the function is less
well~behaved while doing less work on the better-behaved regions. Such
techniques are available and are referred to as adaptive integration methods;
typically, such a method will divide the interval of integration into
subintervals and apply a sequence of related quadrature rules to each
subinterval. This sequence may consist for example of Romberg or Gaussian
quadrature rules of increasing order, in which functional values evaluated
for lower-order rules are used again in subsequent, more accurate approxi-
mations. The sequence of rules is continued either until the difference
between successive approximations becomes less than a specified absclute

(or fractional) value, or until all the rules have been implemented.

We have employed and compared three such adaptive integration methods, viz.
the DCADRE package of IMSL, IncA?:?), and the DOIANF and DDIAJF packages
of the Numerical Algorithms GroupA2‘3>. All three packages have the

de _red relative error in the integral as an input parameter; in addition,
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DCADRE and DOIAJF allow the user to specify a desired absclute error

value.

cautious adaptive Rombgrg extrapolation and is based on work by de Boord?-*)

cautious adaptive Rombgrg extrapolation and is based on work by de Boord2- ),
For a user-supplied function f(x) and integration limits a and b, DCADRE

attempts to find a oumber INT which satisfies the following equation:-

) (A2.1)

b b
J f(x)dx - INT| z max (ABSERR, RELERR X ; f(x)dx
a a

where:~-
ABSERR = desired absolute error

RELERR = desircd relative error

DCADRE first uses cautious Romberg extrapoiat.-n on *l.e interval (a,b) to
attempt to find a value for INT which satisfies equation (A2.1); if

this attempt fails then the interval is divided into twu subintervale

of equal length, each of which is examined separately. This procadure

of subdivision is continued until an acceptable value of INT is obtained

or until the internal working storage allocated to the package is exhausted,
in whirh case a specific error message is generated. DCADRE is often able

2] with integrands containing Jump discomtinuitiee.

We next consider DOIAJF and DOIAHF; the former is somewhat more reilfable
than the latter, though DOIAHF tends to be more efficientA2:3). The

vackage DOIAJF employs the Gauss I0-point and Kronrod 21=-point quadrature




- Al7 -

rulesAz'a) and is based on an algorithm described by de DonckerA2'57; it

can be used for integrands with singularities, particularly when these 2 f
are algebraic or logarithmic in nature. DOIAJF attempts to satisfy an
inequality very similar to that of equation (A2.1), in other wouvds it

allows the user to specify both absolute and relative error requirements.

DO1AHF employs a sequence of interlacing high precision quadrature rules,
waking use of 1,3,7,15,31,63,127 and 255 nodes??:3) (that is 2"~1 nodes,
where n 1s the number of the rule); it is based om a technique described
by Patterson A%:6), This package allows the user to specify a relative
error only; when two successive rules in the sequence have a relative

difference less than the specified relative error, then the value given bv

the last rule is taken as the value of the integral. If all the rules are

applied without the desired result being obtained then the interval of

integration is divided into two subintervals (ot ngcessarily of equal
length) and the sequence of rules is appiied to each subinterval. This
process of subdivision continues until either the desired accuracy is

8 attained or until the work-space availlable to the package is exhausted.

DDIABF is only equipped to deal with sharp peaks and singularities at
. the end porirnts of a jiven subinterval; such peaks and singularities are
used as criteria for the selectionm of interval sizes in the process of

subdivision.

In Table A2.! we compare the results of the above three packages for the
1

integraloj 4/(14x2)dx which can be integrated analytically, giving the

value n(= 3.14159265358979). We see that for this smooth, well-behaved

integrand, all three packages are highly reliable, giving values for «

with relative errors far smaller than the user-supplied input relative errors.
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Quadrature Relative Computed Actual
Package Error (Input) value of 7 Relative Error
10-6 3.141592606 2.0 x 107°
DCADRE
ol 3.1415926537 3.5 x 1071
10-8 3.14159265 i.1ox 1079
DOIAJF
108 3.1415926536 3.2 x 10712
J
10-8 3.14159265 i.1ox 1078
DO1ARF
i0~® 3.1415926536 3.2 x 10712
Table A2.1 V?lues of 7 computed by numerical evaluation of

Ojal(lfxz)dx using three different quadrature packages.

A2.8.3 Choiee of Adaptive Integration Package

We shall choose between the above three psckages on the basis of both
efficlency and goouracy. To compare the ¢f/ilolencies we use each
package in the same quadrature-intensive computer programme and record
the CPU time required for each case. The results are displayed in

Table A2.2, frowm which we see that DCADUI is distinctly more efficient

than the other two packages.
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Quacrature Package DCADRE DOTAJF DO AHF
-3
CPU time Rel. error = [0 1.0 2.7 3.3
(arbitrary unite) Rel. error = 107% 1.4 4.6 5.5

Table A2.2 Relative efficiencies of different quadrature packages,

measured in terms of CPU time required for a given sat

of calculations.

"Rel, error" is the vrelative error

requirement and is an input parameter for each package.

We next examine the relative acouractes of the three aethods by employing

each in the same total electronic energy calculation (two-phase model,

prm.set (a.l))i we do this for two cases, viz. for relative error
requirements of both 10™% and 10™%.

Figures A2.2 and A2.3 respectively.

We see that for

The results are plotted in

a relative error

requirement of 10™3 (Figure A2.2) the package DOIAJP gives a distinctly

smoother curve than the other two packages, implying
decidedly more accurate for this fairly large choice

It is also clear that DOIAHF gives the least stable results in this

that it is

of relative error.

case; we recall that this particular package is only designed to deal

with certain limited cases of sharp peaks ari singularities, and hepce

we iufer that it is the presence of such sharp peaks (and possibly

singularities) in our LDOS that causes DOIAHF to produce unstable resulis.

|

J
v
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Figure AZ.7 Total electronic emergy (two-phase model, prm.set (a.1))
vs x for relative error requirement of 1073, Full curve:

DCADRE; broken curve: DOIAJF ; chained curve: DOIALF .,
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Figure AZ.3 Total electrunic energy (two-phase model, prum.set (a.l)})

vs x for relative error requirement of 10™%. Full curve:

DCADRE; broken curve: DOIAJF; chained curve: DUIAHF,
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From Figure A2.3 (relative error 107“) we see that the oscillations

in DCADKE and DOIAHF are considerably reduced, with the chief fluctuations
oucurring for low x. Furthermore, for x 2 0.3 the values generated by
DCADRE and DOIAJF coincide on the scale of Figure AZ.3. For the bulk

of this work 3 relative input error of 107% was emploved, and for this
error requi.ement we would expect the agreement between DUADRE and

DOIAJF to be considerably improved for x s 0.3.

In summary, we firstly have that DOIAHF is unsuitable for the integrai.
vnder consideration, from the points of view of both gfficiency (Table 42.2)
and acouracy/stabiitty. Secondly, DUADRE is seen to be significantly
more efficient than DOIAJF (Table A2.2) as well as being of comparable
accuracy for a relative error of 10”%; we furthermore expect that the
agreement between these two methods would be noticeably improved for

a relative error re uirement of 10”5 (which we have used throughbout

the present work). Recalling the considerable computational requirements
of our two-phase model (a consideration which will be more fully
appreciated in the following sections), we see that in our case the

above arguaents are strongly in favour of DCADRE; hence our choice

of this package for all our Fermi energy, charge and total electronic

energy calculations.

We now proceed to examine the implementation of DCADRE in our various

energy calculations.
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A2.3 EVALUATION OF THE FERMI ENERCY

We recall from Sectiomns 4.4.2 and 5.2.2 that the Ferwi energy was found

by solving the following equation numerically for EF:v

N BF Hon
10+x
.wj Bop(Kredde = l0¢2x_wj B¢ (X,8)de (A2.2)

We recall from our LDOS plots (for example, Figures 5.1 and 5.2) that
ntot(x,e) is only non-gzero over a fairly constant energy interval, and
hence we may replace the limits (~=, +=) in equation (A2.2) by a
convenient though arbitrary pair of finite numbers (E;, E;) so¢ tha~
equation (A2.2) becomes:-
JEF 10+x [32

ntc:(x,s)ds = ntot(x,c)de (A2.3)

£ lO+2xE1

We use the package DCADREAZ+2) o evaluate the integrals in equation

(AZ.3); for clarity we therefore write:~

El{ n_ . (xe)de = DCADRE (n, .+ Ej, Ep) (A2.4a)
and
[
Bgel¥sedde = DCADRE (n .. By, Ep) (A2.45)

E)j

so that equation (AZ.3) becomes:~

i0+x

e B Bp) * (gow » By, Ep) (A2.5)

DCADRE <nt0 ) DCADRE (ntoc
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We solve equation (AZ.5) using a bigection method, the algorithm for
which is given in Figure A2.4. Since our charge and energy calculations
require the Fermi energy as a parameter it is clear that EY must be
determined accurately, that is the total number of iterations (NMAX in
Figure A2.4) must be sufficiently large. At the same time the number

of iterations should not be excessive because of the large number of

EF calculations required by the two-phase model (see Section A2.6).

To estimate a sensible value for the number of iterations NMAX, we have
carried out a typical total electronic energy calculation using NMAX
ard the relative error as the only parameters; the results are displayed

in Table A2.3.

Rel. error No. Iterations *Eeg (x=0.1) Difference
(Taput) (NlAX) Ot (Ryd) (Ryd:
10 i 1.79102
: +0.01889
1o 14 1.80991
i -0.00001
18 £.80990
10 1.79198
0. 00040
10753 14 1.79i38
-0.00002
18 1.79136
10 §.79094
+0.00045
1078 14 1.79139
i ~0.00001
18 1.79138
Table A2,3 Convargence of total electronic energy data as a function

of the number of iterations employed to calculate the

Fermi energy; the quadrature package DCADRE was used.

+1~Phase, prm.set (a.l)
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Ep = -0.4 TOP = 10.0

E2 = +0.6 NMAX = 18
Eqg = 0.3 N=0 »
STEP = 0.1 ot = (10+x)/(10+2x)DCADRE(ntOc,El,E2)

ABS < TCP

Figure AZ.4 Algorithm and typical input data for the evaluztion of the

Fermi energy using DTADRE; energies are in Rydberg.
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We see from this table that for all three relative errors chosen, t‘he

et values for 14 and 18 iterations agree to five significant figures

Etot
(cf agreement to only two or four significant figures between E:ot values

for 10 and 14 iterations). We thus choose to use NMAX ~ 18 for all ~ur

EF calculations, both one~ and two-phase.

Having selected a suitable quadrature package and chosen an appropriate
nusber of iterations for the evaluation of EF by a bisection method, we

now counsider the effects of varying our arbitrary limits of integration.

B B R
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A2.4 LIMITS OF INTEGRATION

From a purely mathematical point of view the various charge and energy
calculations should be identical for all choices of intzgration limits

(¥,, Ep) which satisfy the following conditions:-

n (%,¢) = 0.0 for e < E;
rot (42.6)

“:oc(x’s) = 0.0 for ¢ » Ej;
However we note that nwmerical quadrature procedures evaluate the integrand
at diseree ervals determined by some step~length h. Thus if we were
for example to increase the interval of integration but keep the number
of allowed functional evaluations constant, the procedure would re-evaluate
the integrand at a differeon: set of points. This would have a nagligible
effect if we were dealing with a well-behaved integrand; it might however
make a very considerable diff-rence if the integrand s singularities

or very sharp peaks.

In order to investigate the effect of this numerical phenomencn on our
cilculations we have performed two complete two-phase ° tal electronic
energy calculations, both for parameter set (a.1); the only differecuce
between these calculations is that the firse usez a value for the arbitrary
lower limit of integearion of By = =0.. Ryd while rhe second usas

Ep = -0.5 Ryd. The recults of these caloulations ars plotted in Figure
A2.5 in which we see that for most values of x the two cucves ccincide

(as we would expect from pu.ely mathematica) congiderations); nevertheless
at certain x values the curve corvesponding to E- = ~0.5% Ryd has very

distinet kinks in it. The presence of these kinks suggests that we
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Figure AZ.5 Total electronic energy (two-phase model, prm.set (a.1)) vs x
for two different lower limits of integration (E1). Full curve:
El = - 0.4 Ryd; broken curve: El = -0,5 Ryd.
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should expect some numerical "noise" in all our energy calculations;
however we observe that the shape of the physically more correct smooth

curve (corresponding to Ey = ~0.4 Ryd) is easily discernible from the

unparturbed pointg of the E; = -0.5 Ryd curve because these unperturbed

points are in the majority.

The above observations now lead us to consider appropriate ways of
gmoothing our calculated cvrves so as to highligbt the essential physics

of these calculations.
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A2.5 CURVE FITTING AND SMOOTHING

Dur approach in plotting the various integrated quantities we have
calculated has been to exelude tndividual points which are far removed
from the trend of the data; we do this on the assumption that such
igolated deviations are purely numerical in origin. Whare there is clear
osetllatory behaviour of successive points we have chosen co dampen the
oscillations rather than smooth them out completely, thereby giving some
idea of numerical effects without obscuring the underlying physics. This
"damping” has in some cases been achieved by simply drawing a curve
through points roughly midway between consecutive pairs of discrete data
points; in other cases the gpline or combined splinme~least -gquare
interpolation facilities of the SAS/GRAPH plotting routine epLL . 227

have been used (all the LDOS plots were dome in this manner).

Isolated peaks and troughs in the data have been damped in the same way

as the oscillatory behaviour.

In summary we emphasize that we have smoothed our various integrated
quantities just sufficiently to reduce the more serious numerical

effects, so that important physical trends are nut obscured.
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A2.3 CURVE FITTING AND SMOCOTHING

Our approach in plotting the various integrated quantities we have
calculated has been t5 exclude fndividual points which are far removed
from the trend of the data; we do this on the assumption that such
isolated deviations are purely numerical im origin, Where there is clear
c8eillotory behaviour of successive points we have chosen to dampern the
oscillations rather than smooth them out completely, thereby giving some
idea of numerical effects withouat obscuring the underlying physics. This
"damping” has in some cases been achieved by simply drawing a curve
through points roughiv midway between consecutive pairs of discrete data
points; in other cases the spling or combined splineg~least-gquare

interpolation facilities of th. SAS/GRAPH plotting routine GPLOTAZ-7)

have been used {all the LDOS plots were done in this manner).

I'solated peaks and troughs in the data have been dumped in the sawe way

as the oscillatery behaviour.

In summary we emphasize that we have smoothed our various integrated
quantities just sufficiently to reduce the more serious numerical

effects, so that important physical trends are not obscured.
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A2.6 TWO-PHASE PARAMETER VALUES AND CPU TIMES

We recall from Section 5.2.1 that our two-phase model is based on the

following equation and inequalities:~

x = ap + (i~a)q {AZ.7a)
where 0«<a=< (A2.7b)
and 0 £ cone < 1 (A2.7¢)

where ia turn conc = x, p or ¢

For a _..en x we evaluate sets of parameters (a,p,q) subject to equatiouns
(A2.7bYand (A2.7¢), and for each set we evaluate the total electronic
energy, choosing the lowest value at the end of the calculation. New
squation (A2.7a) can be rewritten as q = (x-ap)/(l-a), so that for a fixed
value of x we only have two independent parameters, viz. o and p. Thus
the number of energy calculations for each x value is equal to the number
of (a,p) pairs we employ in the miuimization procedure. For this reason
we must choose a sufficiently large number of such pairs to make the
winimization statistically meaningful yet not so large as to produce

a computationally-intractable problem. We have employed the followirg

values for all our two-phase calculations:~

a = 0.1, 0.2, 0.3,......,0.9 7. values)

p= 0.0, 0.1, 0.2,......,1.0 (11 values)

giving a total of 99 (a,p) parameter sets. Although this u-p "grid"
might appear to be a rather coarse "sieve' for fin .ng the minimum energy,

we must bear in mind che considerable computational requirements of this

L e
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procedure. Specifically, for ei- .. p) set, DCADRE must be invoked

25 times (19 times to find E, 3 t.mes for the charges and 3 times

for the electronic energies). Bearing in mind that we have 99 (u,p)
sets and 41 values of x (in steps of 0.G25) we have a possible total

of 101475 integrations to perform. It will be seen below that roughly

a third of the (a,p) values are excluded by equations (A2.7), leaving

us with about 68000 non~trivial integrals to evaluate per parameter set.
In Table A2.4 we express this in terms of the CPU times required for
these calculations for various parameter sets; the computations have

all been performed on the IEM 3083 Model E8 mainframe, and the CPU times

are measured in hours.

It will be appreciated from Table A2.4 that a finer "grid" of (a,p)
values would be computationally prohibitive, at leasu for the numerical

techniques we have employed.

Because the one-phase model requires cnly one set of calculatious per x
value, we would expect the two~phase model to be a maximum of 9% times
more costly in terws of computer time. We cee from Table A2.4 that it

is in fact only about 66 rimes more costly, leading us to infer that cnly
about two thirde ~f thz poussible (a,p) pairs satisfy equations (A2.7).
Two clear trends emerge from the two-phase column of Table A2.4:

firstly for 2 given V. value (refer to Table 5.1), the CPU times vary

hh
almost inversely with Vhd' This iuplies that the LDOS associated

with smaller magnitudes of Vhd are more difficult to integrate, an
inference which is confirmed by Figures 5.1}; and secondly, we see that

for a fixed Vhd value (Table 5.1) the negative choice of th requires

the least computational effort whereas the positive Yih value

- -~




- A3 -
CPU time (hours)
PU(2~Ph. .
Parameter Set 29021—52.3 :
1~-Phase 2-Phase

a.t 0.172 - -

a.2 - - -
: a.3 - - -

b.1 - 9.55 -

. b.2 0.139 9.27 65.7

b.3 0.169 11.73 69.4
j ,‘
e - 12.77 - '
' c.2 - 12.38 -
c.3 - 13.11 -
i

d.1 0.110 7.35 66.8
4.2 0.111 7.28 65.6
! 4.3 0.121 - - ’
! i

le A2.4 CPU times for both models and various parameter sets.

Prm.sets (d.1)-(d.3) follow the same pattern as the

others, with V. , = 2 V (Tables 3.5 and 5.1 )

hd
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requires the mogt work. This in turn implies that the negacive th ¢

value causes fewer numerical instabilities in DCADRE than does the

positive one.

In summary, we have discussed some of the specific computational detaile
of the two-phase calculations and have explained our choice of (as,p)
parameters in terms of computational cost. We have also compared the
CPU times for the complete one- and two-phase calculations for various
parameter sets, and hence made inferences concerning the relative

numerical stabilities of the associated calculations.




=~ A35 -

A2.7 SUMMARY OF APPENDIX 2

We have shown that simple composite quadrature methods are too inaccurate
and inefficient for the numerical integration requirements of the present
work, and have hence examined and compared three adaptive integration
REAZ.Z) : :
me+thods. The DCAD package was found to have the best combination
of accuracy and efficiency characteristics for our raquirements, and has

therefor~ heen employed to perform all numerical quadrature in the

present work.

DCAMRE was implemented in a bigection method algorithm for evaluating the
Fermi energy, leading to the choice of a sensible number of iterations
for this algorithm. The effect of changing the (arbitrary) lower limit
of integrastion was then examined; it was found that the trend of the
calculations was unaffected, although ~ertain individual points were
highly perturbed. Consideration of such perturbations has allowed us to
estimate the amount of numerical "noise” in our calculations, =nd hence

to choose sensible strategies for the smoothing of our calculated curves.

Finally we have discussed the choice of parameters for our two-phase
energy minimization procedure in terms of computational coets incurred,
and have discerned certain numerical stability trends by comparing the

CPU times required for calculations with various parameter sets.

-
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