cov(xl,xz) =2 [Z 8 pi(xl|S) A(S|n}] f(n)
n S
-z [z pé(xl|S) A(S|n)) f(n)
n S
- [: (2 yi(xl|5) A(S|n)) f(n)]
n S

[z Hi(Sln) f(n) -2 (Z Mi(xl|s) A(S|n)] f(n)] ]
n S ‘

These tormuiae are very complex because the above theory was
developed for any distributions. The expressions become much
simpler and easier to calculate for a particular model fitted with
specific distributions for the ascending diagonal arrays, the

third marginal and the total of variables.

The correlation coefficient expression follows from the covariance

formula and the variances of xl and xz.

3.2 Special Distributions ..r the Ascending Diagonal Arrays,
the Third Marginal and the Total of Variables

Let us consider the bivariate Beta-Binomia) distribution with a
fixed number of total purchases n in the whole product field
during a specified time period. In multibrand buying the
variables X, and x2 represent the number of purchase occasions
of the individual brands and X is the "rest", i.e. all the
other brands together.

The probability law of the bivariate Reta-Binomial is given by:
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n' r(aohal*a“)
p(xl,xq|n) = -
bl - - ‘ ' '
(n X xz)'xl'XZ' r(ao)r(al)r(az)
r{n-x, -x,,+a )r(x +a )r(x +a,,)
1 ¢ 0 ¢ , where (3.2.1)
r(n+ao+al*az)
xl 2 0,0,2,5.438 ,
xz 2 0,10:2500¢0 4
§ = X + Xy and S ( n .

This is a particular case of the discrete Dirichlel-Multinomial
distribution. Tae Dirich'et-Multinomial distribution is obtained
by compounding the Multinomial probability law with the

Multivariate-Beta distribution.

Supstituting (3.1.2) into (3.2.1) leads to the bivariate

distribution tor xl and S

[S ] B(x 001.S+x +02 [ ] B(s+cl+a2,n—s+uo)

p(xlos|n) -

(3:.2.4)
Consequently, the joint probability law of X and S can be
expressed as the product
p(x ,8|n) = 8(x |S) A(S|n) ,
where 6(x1|8) is the probability distribution of the ascending
diagonal arrays for a given § on the bivariate table of
x, and x, and A(S|n) is the distribution of the third marginal

on the same bivariate table.

Both di-tributibnl are univariate Beta-Binomials. The variab'e x1
tor each ascending diagonal array is tollowing the Beta-Binomial

distribution with parameters a) and a,. The variable S for the
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third marginal is also distributed according to the Beta-Binomial

+a,, and a,,.

with parameters a, ” 0

Let wus assume that the variable n which represents the total of
variables nas the probability disiribution detined by f(n) with
the tirst two moments around the origin given by pi(n) and yé(n).
In order to apply the model presented in Section 3.1 we need the

following momerts:

Sal

Px, |8) = ——— (3.2.3)
s e
Sa, [S(a +1)+a, )

(%, |8) = — (3.2.4)
(almz)(a]mz*l)
n(alwz)

pj(S|n) = ——=—  and (3.2.5)
dl*dz*do
n(a, +a,) [a(a, +a, +1)+a |

ué'\.‘.‘::‘) = 1 2 1 ¢ 0 (3.2.86)

(a(,mlmz)(aomlmrl)
By substituting the relations (3.2.3) to (3.2.6, into the
equations (3.1.5) tc (3.1.9) we chtain the following results:

|

py(x)) = py(n) (3.2.7)
B "o "y
.
lli(xz) = ——y'l(n) s (3.2.8)
Ggte) ey
@, (@, +l) |
Fz(xl) = yé(n) (3.2.9)
(agta, ta,) (ayta, ta,+l)
2
a, (a, +a, o
+ 1% Myfn) - [ - piz(n) )
(aomlwz) (ao+a1+a‘._,+l ) agta ta,



az(azﬂ)
Hy(X,) = pé(n) (3.2.10)
(aomlmz)(aumlmzu)
2
a,,la +a,) a, v
R £ 9 1 Wi(n) - [ : l,u"(n) :
(ao+al+uz)(ao*al+a2+l) a0+al 2
a a, M (n)=p’(n) (n)
cov(xl.xz) = 12 [ 2 1 (9.8:11)
aomlmz au-mlmzu o+~a +a
and
» » .2
Hz(n)—ul(n) My (n)
p(xl,xz) = (3.2.12)
. aomlmz*! aomlmz
[ a, +l a,.ta, p'z(n) ke
l ’ o Z ’ 1
Hy(n) + pl(n) -
) gt ey tl) o) (agte, teyti) b o o
[ a,tl a,ta p"!(n) Dok
Z ’ 1 ’ 1
Hy(n) + py(n) -
@, (a ta, +a,+1) a,(ayta +a,+1) a,ta, ta,
If we assume that the total of variables is distributed in

accordance with the NBD, with the first moments around the origin

defined as

10
pi(n) - and
1-0
70 (1+v0)
p,(n) = '
’ (1-9)2
then we obtain the following results:
al v9
pi(xl) - '
ao+a1+a2 1-e
a, 70
pi(xz) - z ’
aomlmz 1-e

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)
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X, e
M,y (%) = : (3.2.17)
ao*al'a/ 1-8
[ (a,+1)(i+78) ) a9 . ayta, ]
(a0+a1+az+l)(l 9) (aoml*az)(LO) cu~ul+a2+l
a,, 70
Hy(x,) = - (3.2.18)
ao+a1+uz 1-0
l (ay+1)(1+v0) _ a,7e . a,ta, J
(ao*almzﬂ)(l—u (a0+al*a.&)(1-o,‘ aowlmzﬂ
and
a,.a ¢ 2
cov(xl.xz) = 14 v l‘ ] { 1- _-._"._.__] i
(moml *az) (<xo*mx °o;,+l) 1-6 aomlmz
(3.2.19)
By substituting vy = aomlmz into the equation (3.2.19) we

conclude that the variables x, and x2 are uncorrelated. 1! can

1
be seen from the probability law of X, and X, that for
Y =au+al~az the variables X, and X, are distributed
independeptly according to the NBD with the parameters & 0

and az. # respectively.

In addit:o»,  from equation (3.2.19) ! follows that . for
v 2 aomlﬁaz we obtain negative correlations, 1.e. p(xl.xz) < 0

and for ¥y < a,ta, 1a

oty we obtain positive correlations, i.e.

p(xl.xz) > 0.

From the conventional definition of the bivariate distribution it
turns out that for v = aoﬂnlﬂxz the variables are uicorrelated,
but the mathematical development becomes cumbersome for v #

a, . ta, ta The model proves to be handy for obtaining the moments

[V R B
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tor the marginals and the correlations between the variables.

The above expressions for the covariance and the variances [ xl

and x, prove that it is possible to obtain any range of

2
correlations in the bivariate Beta-Binomial model . The
correlation coetticients depend entirely on the parameters

ao. al. 02 and on the total of variables parameters v and 0.
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CHAPTER 4

In this chapter we discuss a generalization of the models

presented in Chapters 2 and 4.

4.1 The General Model

The mathematical model developed in Section 3.1 for the trivariite

case can be extended to the multivariate case. Let us assume k

k
variables such that ; X, = n. The means, the variances of the
i=0
xi. for _al I SR and the covariances (and the respective
correlaticns) between any of the variables X and xJ. for
I8t <'I%CN; can be calculated by a reduction cof the

multivariate medel to the trivariate case., If we are interested

in the variables Xy and xJ for 1 ¢ i < ) ¢ k, we can look at

the trivariate aodel built by X xJ and x, where
X = Z x,, 8o that x. + x. . + x = n.
I#i,§ i

From this point we carry on with the procedures presented in

Section 3.1.
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4.2 The Discrete Dirichlet-Multinomial Distrivution

The Pirichlet-Multinomial distribution was used by Goodhardt,
Ehrenberg and Chattield (1984) in their multibrand purchase model.
Without loss of generality we present this distribution in

relation to the multibrand bnying model.

Let us assume the random variables Xgr Xprer Xy such that

Kk
z xi = n, where n is considered to represent the whole product
1i=0

field. The variables x cap be interpreted in terms of

e Xy
the consumptior mode! as the respective number of units purchased
by an individual household tfrom each one of the brands 1I,...,k.
The variable X0 represents the number of units purchased, which

are not from the brands l1,...,k. The X, is considered the

Mre‘t".

We shall assume that the purchasing probability of an individual
household for a brand BT AP TR T pi and the purchasing
probability for the "rest" is Py The above probabilities of an

individual household arve subject to the constraint

k
z P * 1 (4.2.1)
i=0

The Jjoint distribution «of the purchases Xpgr ¥pveeeaXy of an
individual household out of a total of n wunits for the entire
product field in a specified time span is given by the Multinomial

distribution:



P(XpiX 0000 aX, |D) = P P P, (4.2.2)
0™ X xo! xl!...xk! 0 1 k

wher: i =0,1,...,k and 0 ¢ P ¢ 1.

Over a large number of respondenis the purchase probabilities Py
for brand i will differ from household to household.
Similarly,they will differ for Py which is the probability of

not buying brands 1,2,...,k.

The . nt multivariate distribution for purchase probabilities
po.pl.....pk may be represented by the continucis Multivar
Beta distribution, also called the Dirichlei distribution. Its

prohability law is

ra,+a,+...w«a, ) -1 a,-1 -1
0% % p“o plmp“k .

h(pPysPyseeap) =
0¥y +Pi rayra)...r@) 0 1 k

where parameters a > 0. (4.2.3)

The joint multivariate distribution for Ko Xpooo Xy purchases
of the brands 1,2,...,k and the "rest” among a large number of
different hcuseholds, given a lixed number of n units bought in
the entire product field during a time period of specified length,
is given by the discrete Dirichlet-Multinomial dis‘ribution. The
compounding process of the Multinomiel distribution (Equaticn
4.2.2) with the Dirichlet distributicn (Equation 4.2.3) leads to
the following probue ility law, callad the Dirichlet-Multinomizl

distribution:



-91_

n' r(aoﬁal+...+ak)

P(x!....,xkln) =

(n~xl—...xk)!xl!...xk! r(ao)r(al)...r(ak)
rio-x,=...“x, . ) P(x,¥a,)...;'(% +.)
1 k0 171 k 'k . (4.2.4)
I'(n+d0+d1+. . .Mk)
where xi 2 0ilyeeese, VL 3 ],.00,ke

It we are interested in the correlations between any two variables

xl and xJ, we reduce our multivariate model to a trivariate

nodel. In fact, it is necessary to group all the other variables

k

into a new variable x = I x
1=0

121,

two variables xl and xJ is theretore given by:

e The joint distribution of any

n'! ria.a,+..."a. )
P(xi,x‘,ln) - e | k
(n~xi—xJ)!xi?xJ! k
»Nea,) e I'l 2 @
i J 120 1
1#i,)
k
r(ximi) r(xJ«:J) r "_"i"‘f l::0 a,
N 121, 7 (4.2.5)

r(n+¢o+al+...#ck)

Mosimann (1962) proved that the correlations in the
Dirichlet-Multinomial distribution and the correlations between
any two variables in the multivariate Beta distribution (Dirichlet

distribution) are the same.

For the k variate case we have the following moments of the

multivariate Beta distribution:

g
B(P,) * e (4.2.86)

M x
o

0

i
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Y (a +1)
E(P;‘ = and (4.2.7)

o]

E(P.P.) = . (4.2.8)

" Tl

The corresponding moments for the Dirichlet-Multinomial

distribution are:

na,
E(xi) £ cnmmmmmsas | (4.2.9)
k
Ia
1=0 i
2 nin-l) a (a +1) na,
E(x.,) = and (4.2.10)
o k
z a +1 z ai
i=0
nin-1) a
B(xi J (4.2.11)

Tl

From the above moments we calculate the variances end covariances
in terms of the moments of the multivariate Beta distribution as

follows:

var(xi) = n B(pi)[l—l(p‘)] s | (4.2.12)
L

cov(xixJ) = -n R(pi)l(pJ).——————-- . (4.2.13)
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Therefore, for a fixed n the correlations between any two

variables in the Dirichlet -Multinowia/ distribution are:

(4.2.14)

B(py )E(p,) e
SR TS TPRTTTR YOy

. i J'
The saeme formula for correlations between any two variables is
obtained in the Muit: variate Beta distribution.
In Equation (4.2.5), by substituting § = X5 + xJ we obtain the

bivariate distribution of xi and S:

k

] ‘[S*‘i*"y n-S+ Lio a -
B(x.+a., S-x.+a.)|]. 1#1,)
P(x;,S|n) = [:] — - 4 g] —— -
i B(ai. a.) J k
J B ai+a > s &
{ I =0 ‘J
1#i,J

(4.2.15)

This is the joint distribution between x the variable on the

it
ascending diagonal array of the bivariate table of xi and x‘i and
the variable S on the third marginal for the same bivariate
table. In order to calculate the means, the variances and the
correlations between any Xg0 xJ we tollow the same steps as in
the trivariate model.

Let us assume that the distribution for the whole product field is
given by the probability law F(n) with the first two momencs

around the origin ui(n) and pé(n).

We can denote our model as follows:

M(n|g/ A D(ng) A F(n|£) . (4.2.186)
p n

Applying the model from Section 3.1 we obtain the following

results:



HERE _.l_p’l(m , (A.2.17)
k
I a
m=0 -
%
yl(xJ./ = —;———pl(n) 5 (4.2.18)
b A a-
m=0
ai(ai*l)
pq(x‘) z pé(n) (4.2.19)
- Tk 1 k
z a. z a.H
m-0 | m=0
[k
- 150 Sy
| 1#1 ai 1/¢ 2
+ Hp(R) = |em— pi {n) ,
k [ k k
z a- z a +1 & a.
=0 7| -=0 m=0
(a +1)
uz(xJ) = pz(n) (4.2.20)
z a +1
hpo
@ ,’f %
1=0 ’
172
! 1#) aJ 9
+ pi(n) - p; (n) ,
k 11 k 1 I
I a Z a+l z
m=0 -' m= . ! I=0¢.
E(xixJ) = [p‘(n) p’l(n)] and (4.2.21)
t a +l
I-0
’ 97 'z
“i",j pz(n)—pl\n) (n)
COV(Xi.XJ,‘ = - . (Q02022)
k k k
I a b 4 a.+l P 4 a-
m=0 - m=0 m=0

Expressed in terms 1 the Multivaricte Beta distribution, the
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moments of Equations (4.2.17) to (4.2.22) lead to the following

expressions:
yi(xi) = E(py) u;(n) (4.2.23)
(X)) = R(p)) pi(n) (4.2.24)
py(x) = B(Y) [y (n)=p ()] + E(p,) [1-B(p, g} (n) ]} (n)  (4.2.25)
¢ { - 2 ’ -—ia? o) ’ ’ DTS
MZ\XJJ E(PJ)lﬂz(n) yl(n)l + E(pJ)[l E(pJ)pl(n)]pl(n) (4.2.26)
- B ’ "y . .2 g ¢
cov(xl.xJ) = B(plpJ)[pz(n) yl(n)l E(pi)ﬂ(pj)pl (r.) (4.2.27)
lie  correlation pij between the variables X, and xJ is
theretore given by:
r .
pi‘(n)
p,. = |Blp.p.,) - E(p )E(p,)
+ v ! J pé(n)-pi(n)
f W—l/z
v - ()
. |B(p?) + E(p,)|1-E(p )} (n)
i i i - Sl | ) ' (n)=-u’ (n)
. ”2 ”l .
> 1-1/2
2 ’ | pi(n)
R(PJ) + B(pj) l-E(pJ)ui(n) — . (4.2.28)
: Iy (n) 4 (n)

The correlations are different from the ones obtained from the
Dirichlet-Multinomial distribution Jor a fixed n. By allowing n
te follow any distribution we obtain a r~ .ge of correlations that
is wider than the correlations obtained in the Multivariate bela

distributicn.

If we assume that the distribution for thu w. .!e product tield n
is the NBD, which is a ftunction ot the parameters vy and @, t(hen

we obtain the buying bebaviour model presented by Goodhardt,
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Ehrenberg and Chettield (1984).

The advantage of the NBD-Dirichlet model presented in the above
tform iu terms of the ascending diagonal arrays and the third
marginal for each bivariate distribution ot x , xJ and the whole

product field is that it provides an easy way to calculate the

means and the variances of the marginal variables.

The  above nivdel enab les the cslculations of t'e means,
variance-covariance matrix and the correlations between any two
brands without calculating the marginal distr:bhations. As
mentioned by GoodhLardt, Ehrenberg and Chatfield (1984), it is
possible to express the marginal distributions in a closed form by
using the four-parameter hypergeometric tunction as presented by
Abramowitz and Stegun (1965). Since the marginal distributions
must be evaluated through infinite summations, it is obvious that
one will find great difticulty in calculating the means, variances

and correlations.

As shown in Section 2.5.5 one can obtain a relatively wide range
of correlations between any two brands. In the multivariate case
one car ilso obtain a relatively large range of correlations
between any two brands, by reducing the model to the trivariate

case. From Equation (4.2.22) one obtains negative correlations

¥ ¢
’ ) 12
pz(n)-pl(n) K (n)
- <0 (4.2.29)
k k
z au+l z an

m=0 . m=0
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and positive correlations if:

pé(n)‘yi(n) piz(n)
- >0 (4.2.30)

k k
b 4 a-+l z a.
m=0 m=0
It we assume the NBD-Dirichlet model then the first and second

moments around the origiv are

" e . _ v8(l+ve) &
Mi(n) - T and K = —_TIT;TZ_ (4.2.31)

and by substituting the above relations into Equation (4.2.2Z2) »ne

obtains positive correlations for

k

Za, > (4.2.32)
m=0

and negative correlations for

k
z a < v . (4.2.33)

m=0

The following examples are presented in order to emphasize the

above theory.

Example 1

Assume a symmetrical case of four brands and the "rest" with the
following parameters: a, = aj = az =ay = 04 = 1 and assume for
the whole product tield an NBD with the parameters +~ = (0,1 and

6 = 0,95. The correlation coefficient obtained between any two

brands is piJ = 0,409.

One can obtain a considerable correlation even for a higher number
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of brands as shown in Example 2.

Example 2

Assume the sae distributions as in Example | with the parameters
=1, % =0,1, and ¢ = 0,95. The correlation

coetfficient obtained is piJ = 0,371.

Example 3

One can obtain also negative correlations as seen in Equation
(4.2.18). Assume the same distributions as in Example | with the
0 TG T s vy = 16 and e =0,8. The

correlation coefficient obtained is pij = -0,135.

parameters a

The correlations between any two brands va., in absolute value as
k
z a.- v
m=0)

a function of and @.

By assuming that n is fixed in Examples 1 and 2 we deal with the
Dirichlet-Multinomia! distribution and the correlations between
any two variables are respectively -0,25 and -0,125. These are
negative correlations and are much lower in absolute value
compared to the ones cbtained by taking the NBD as F(n|v,0) in

equation (4.2.16).
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0*®) 0@, can be estimated through the third

marginal and the ascending diagonal arrays tor each bivariate

The parameters a

table of X xJ. The parameters vy and 6 for the NBDU will be
estimated from the data tor the whole product tield. The methods
of estimation for the above parameters wiil depend entirely on the

type of data.

The modr:l presented in Equation (4.2.4) assumes a fixed number of
units bought from the entire product field. One can assume any
suitable distribution for the whole product {field, not only the
NBD. In this way the above mentioned model opens new perspectives
for further work ir the multibrand purchase fiel!d and in general

in compositional data.
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CHAPTER b6

GENERAL S_OF ISSON __MIX S

In the previous chapt rs we used several Compound Poisson
distributions for the third marginal. In this chapter we
investigate the general properties of the univariate and the
bivariate case of the compound Poisson distributions. We are
concerned with the relations between the moments and the various
statistical indices such as coefficients of dispersion, variation,
skewness and kurtosis of the compsund Poisson and the mixing

distribution.

In general the compound Poisson moments will be expressed as
functions of the exposure period t and the moments of the

observational period for t = |,

5.1  The Univariate Case
Most of the distributions which are applied in the general models
dealt with in this investigation are Poisson mixtures. An

analysis of the Poisson mixtures and their properties follows.

A compound Poisscn distribution is defined as:



- 10} ~

o0
t(x|t) = J PIX|t,A) $(A) da , (5.1.1)
0
e"tA (tA)
where p(x|t,A) = —_——r for x = 0,1,2,... . (6.1.2)

The parameter A refers to the unit length of exposure and t is
a multiple of this unit. The distribution of A is given by
¥(A), which is a continuous probability function, also called the

mixing distribution,

Property 5.1

The following relations exist between the first moment around ihe
origin and the second, third and fourth central moments of the

compound Poisson and the mixing distribution:

pi(xlt) =t pi(A) - (5.1.3)
by(x|t) = tzpz(a) ), (5.1.4)
Hy(X|t) = t3p3(A) + 3:"',42“) +t pi(A) and (5.1.5)
uaxjt) = ) + 6t ) + 7,00 + @R ).

(5.1.8)
Proof

From the definition of the first moment around the origin one

obtains:

20
Mi(x|t) = 2 rx—-——.-‘-t—”_rm dA
x=0 Y0

-tra P(A) dA =t pi(A)
0
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Similarly, for the second moment around the origin we have!:

0 o0 ~taA
ﬂé(x]t) = Z I x’ _f___Tiiﬁl, P(A) dA
x=0 Y0

00 o D
. [ (EA+t9a%) »(a) dr = t pi(A) + t2 uin)
5 i 2

and from che detinition of yz(x|t)
’ .2
pz(xlt) = pz(xlt\ M) (x|t)
we conclude that
_ 4l '
uz(x|t) = t pz(A) + tpl(A) .
The same procedure applies tor the ti%ird and fourth central

moments .

oo ~tA X

~ l

z J x"’ ____,.‘..‘.:’_‘_rmda
x=0

pé(x't)

3, e, .0 ,
tpy(a) + 3t pz(A) + tpl(A)
concluding that

. W3 asl,, ¢ ,
ya(x|t) = g (A) + 370, (8) + tui(a)

and

o0
palx|t) = z 4L—,-(L“—)-?(A) da
‘ x=0

4 ’ . 3 ’ 2 ' ’
t p4(A) + b6t ps(A) + 7t pz(A) + tpl(A) .
concluding that

_ 4 » 3 2 . 2 ’ \
pq(x|t) = pg(A) + BT (M) + T Py (M) + (Bt74+t)p) -

Property 5.2

The following relations exist between the first moment around the
origin and the second, third and fourth central moments as a

tfunction of a period of length t and the respective mcemen's at
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the observational period t = |:

Mp(x|t) =t (xjl)
2
py(x|t) = T, (x|1) = t(t=-Dpp(x|l) ,
pg(x[t) = U (xf1) = 3t4(t-1)p, (x|1) + t(t-1)(2t-1)p] (x|1) and

. .44 o3 2
Ha(x|t) = i (x]1) = BLT(t=Lpg(x[1) + t7(t=1) (LLt=T)p, (x| 1)

t(t~l)(9tz—3tvl)pi(x|l) :
Proof

These relations are eesily proved based on equations (5.1.3) to

(5.1.6) above.

In equation (5.1.4) for the variance of the compound Poisson
distribution the variance of the mixing plays (he major role

when t is very large or t - e,

In the equation j,(x[t) = t'4,(A) + tw](A) the variance of the
compound Poisson consists of two components:

- pi(A). which is the avevage of the Poisson variances, and
tzpz(A). which is the variance of the mixing distribution.

The ratio of variances of the Poisson and the mixing
distribution is

iy (X[ )

t2 Hy(A)

(6.1.7)



- 104

In the limiting process of t 4 o we cbtain

yztx|t) My (A)
Lim — = i S T T
te o t pz(A) ts @ t Hy(A)

We conclude that it t o4 o, then:

(a) the variance component, which is the contribution c¢f the
mixing distribution, 1s the dominant one; and

(b) the variance component, which is the average of the Poisson

variances, can be neglecled.

Conclusion 2

The expressior for the variance of the compound Poisson resembles
the concept contained in the analysis of variance. The following
equation exists in a one-way design between the sum of squares.
SST = SSB + SSW, where

SST is the Total Sum of Square:.

SSB is the Sum f Squares Betw« .= treatments and

SSW is the Sum of Squares Within treatments.

In our case:

tzpz(a) can be looked upon as the variin e between treatments

(Poisson distributions); and

tpi(h) can be regarded as the variance within treatments (P-.>son

distributions).
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Conc Lon .

The third central moment for the compound Poisson pa(xlt) is
explained in terms of the contribution ot the Poisson and the
mixing disiributions as follows:

ps(xlt) = t3p3 (Mixing)

+ t (Average of the third central moment of the Poisson)

-

2
Bt“pz (Due to Poisson and Mixing).

5.1.1 The coefficient of dispersion

The coeftticient of dispersicn for the compound Poisson is defined

as:
Ky (x|t)

QUD(R)E) = e © (5.1.8)
pi(xlt)

The following expression for CODfv|t) is obtained by

substituting the relations (5.1.3) and ‘5.1.4) into the equation

(5.1.8):

COD(x|t) = ! + t COD(A), where (6.1.9)
Pz(k)

COD(A) = is the coefficient ! dispersion of the mixing
pi(h)

distribution.

Due to the fact that the ¢ efficient oy d.spersion for the Poisson
distribution is unity, equation (5.: 9 can be written as:

COD(x|t) = COD(Pcisson) + t COD(Mixing). (6.1.10)
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In the limiting process the coefticient ¢ dispersion tends to

for t 4 o,

5.1.2 The coefticient of variation

The coetfticient of variation for the compound Poisson is defined

(p,(x|t)]l/z
CV(x|t) = ——= . (5.1.11)
My (x|t)

The following expression for CV(x|t) is obtained by sibstituting

relations (5.1.3) and (5.1.4) into equation (5.1.11):

1/2
) I w,0) |
CV(x|t) = . . (5.1.12)

) yé
th) (A) )

The coeflicient of variation for the compound Poisson approaches

the coefficient of variation for the mixing distribution in the

limiting process for t . oo

lpzlk)ll/z
Llim CV(x|t) = CV(A), where CV(A) = —
o pi(A)

Note

It 1s possible to express the coefficient of variation for the
compound Poisson in terms of the coefficieut of variation for the
Poisson distribution and the coefficient of variation for the

mixing distribution as tollows:
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| 172
CVixIt) = ” + ¢Vé{Mixing) . (5.1.13)
t pi[CV (Poisson) | ]
) . . . =l/d
where CV(Poisson) = A and
172
(M, (A)]

CV(Mixing) = —-
pi(A)

5.1.6 rhe coefficients of skewness and kurtogis
Theorem 5..

The coetticient o! skewness tor the compound Poisson J pl(x|t)

approaches the coefticient of skewness of the mixing distribution

J PI(A) when L . oo,
Proot

The coefficient of skewness for the compound Poisson is defined

p3(x|t)
Jp x|t) = : (6.1.14)

[y (x| £) )77

By substituting the relations (5.1.4) and (5.1.5) into the

equation (5.1.14) the coefficient of skewness can be written as:

4{____1___ t3F3(A) B 3tzpz(a) + tpi(A) 18)
B (x|t) = - . (6.1.
! [ty (M) + wj(a)] ™%
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The ratio between the coefficients ot skewness for the compound

Poisson and the mixing distribution is given by:

3 ,,!i(k)
1+ M 744
. SERTE OB AT, B TR
Sk(t) = = 777 ’
J EllAi [ Hi(A) ]
L S S S
ty, (A)

M, (A)
where J/p (A) - - . (5.1.16)

3/4
(py(A) ]
By limiting this ratio for t < o we obtain

lim RSk(t) = ],
two

We conclude, therefore, that the coefficient of skewv.ess for the
compound Poisson approaches the coefficient of skewness for the

mixirg distribution if t - oo,

Theorem 5.2

The coefficient of kurtosis for the compound Poisson pz(x|t)

aspproaches the coefticient of kurtosis for the mixing distribution

Proof

The coefficient of kurtosis for tha compound Poisson is defined

as:
Ha(X|t)

Py(X|t) = o . (5.1.17)
My (x|t)

By substituting (5.1.4) and (5.1.6) into (5.1.17), the coefficient
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of kurtosis can be written as:

t4p4(:\) + b't3p3(A) + 7t2p2(A) + (3t2+t)pi()«)
pz(xlt) = Z v .. (5.1.18)
(t PZ(A) + tyi('«)]

The ratio between the coefficients of kurtosis for the compound

Poisson and the mixing distribution is given by:

5y3(A) 7y2(A) 3 1 pi(.\)
1 + + gt -
B, (x|t) tug(A)  tTu,(A) t5 ) ()
(t) = . vy ‘
L B, () pin) 1°
1 + t_z_
K, (A)
(5.1.19)
pq(A)
where pz(A) = m————
Hy (A)

By limiting this ratio for t 4 o we obtain

lim R (t) = 1.
two nx

e conclude, therefore, that the coefficient of kurtosis for the
compound Poisson approaches the coefficient of kurtosis for the

mixing distribution when t - oo,

As t 4o the compound Poisson tends towards the mixing
distribution. This result is quite surprising, because one could

expect the tendency to normality.
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5.1.4 Yule characteristic

Property

For all compound Poisson distributions the "Yule characteristic"
(1944) can be defined in terms of the first and the second moments

around the origin of the mixing distribution as follows:

a [ py(x|t) pl(A)
x* - 10 ‘ 1] = 10% 2., (5.1.20)
t pi(xlt) pi(A)

Proof

The Yule characteristic for the compound Poisson is defined as

4 [ p)(x|t)
gt e 20 8 AL 3 (5.1.21)
t pi(xlt)

By substituting (5.1.3) and (5.1.4) into (5.1.21) we obtain the
following relation:

2 ’ ’ ’
100 [t Ho(A) + tu)(A) . l] . 10 Hy(A)

t tu) (x|t) Ky (D)

5.2 The Bivariate Case

In this section we investigate some properties of the bivariate

Compound Poisson.

The uncorrelated bivariate Poisson distribution with marginal
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means E(xlltl) = t'A and E(xz|tz) z tzk.

where the parameter A refers to the unit length of exposure,

and t1 and tz are multiples of this unit, is:

=(t, +t,)A X X,
o 2 & (t)A) l(tzA) e
P(xl.xztA.tl.tz) T —rrwr , for (6.2.1)
l.xz.
xl . 0.1,..., »®
x, = 0,1,2, , and

t, >0, ta & O, A D> 0.
It the mixing distribution is ¥(A), then the resulting bivariate

Poisson mixture 1is:

00
£(x) 1%, |t t,) = Io P(X, %, [A,t),ty) #(A) dA. (5.2.2)

Lemma 5.1 deals with the shape of the marginal distributions

derived from the bivariate compound Poisson.

Lemma 5.1

The marginal distributions of the bivariate Poisson mixture are

univariate compound Poisson.
Proof

The marginal distribution of X, is:
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w X X,

o | “(t +t,)A (t)A) l(tzA) -
f(xl|tl) = 3 e P(A) dA
X,,=0 X, %!
2 Jo 172
r’ i X, Xy
tlA (tlA) oo ot | (tzA)
= e i m——— z . —— [ %
x,! x,,=0 %t
Jo 1 2 2
V‘“ xl
—tlA (tlA)
= o s P(A) dA (6.2.3)
x,!
"0 ‘l
The marginal distrioution of xl is therefore a univariate

Poisson mixture as given in definition (5.1.1).

Ia a similar way it can be proved that *he marginal distribution

of x,

2
xc
-tzk (tzA) .
t'(x2|t£) = e . —— S} ) (6.2.4)
"z'

0

is a Poisson mixture.

Lemma 5.2 deals with the expected value of the joint distribution

of xl and x2.

Lemma 5.2

The expected value of X, and x, can be expressed in terms of the
second moment around the origin of the mixing distribution as
follows:

B(xlletl’tz) = tltzpé(A) (6.2.5)
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Proot
o —(t +t, )A X X,
. = e ¥t ?
E(xlletl.tz) = xt:u xz_u X)X, o P(A) dA
1 2 0 1°'72°
o ~(t +t,)A X X,
oo 0 [ © 12 (tlA) l(tzk) :
= I b 4 Y(A) da.
= - - ' - L
xl 0 x2 0 Ju (xl l).(x2 1)!
By substituting 1 = xl~l and | = xz-l one obtains:
oo -(t +t,,)A 2 .
ww e 40T
Bix x, |t t,) = [(t,A)(L,A) Iz — ~=| ®(A)dA
i=0 =0 itJ!
Jo

S bt raz’m dA
& 3

= tlt2 pé(k).

Lewma 5.3

The covariance of X, and X, “an Le expressed in terms of the
variance of the mixing distribution as fol'ows:

cov(xlletltz) = tltzpz(h,. (5.2.86)
Proof
The definition of the covariance of X, and Xy io

cov(xl.x2|t1.t2) = E(xlletl’tz) ~ E(xl|t1)E(x2|t2) . (5.2.7)

Substitution ot (6.1.3) and (56.2.5) leads to.
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- ' _ e
cov(xl.x2|tl,tz) = tltz[pz(A) LY

"

tltz uz(A) .

Lemma 5.4

The correlation coefficient between xl and x2 can be expressed
in terms of the coefficient of dispersion of the mixing

distribution as follows:

1 -1/2 1 -1/2
pix,,x, |t ,t,) = [l + --_-.-] j QI 7 e (6.2.8)
bl t,COD(A) £,COD(A)
yz(A)
where COD(A) = .
pi(A)
Proof

The definition of the correlation coefficient is:

cov(xl.x2|tl.tv)
p(xl.letl'tz) L - . (5-2.9)
J’pz(xl]f‘) pz(ii]YET

By substituting (5.1.4) and (5.2.6) into (5.2.9) one obtains:

ot (A)
1-2He (5.2.10)

PR Xy |ty ity) =

2 ) z ’
4/t1 pz(A)+tlpl(A) 4[t2 pz(A)+t2p1(A)
The substitution of the cuefficient of dispersion for A into

(6.2.10) leads to (5.2.8).
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Lemma 5.5
For the symmetrical case where tl = tz = t we have
i
p(xl.letl.tz) N I —— (5.2.11)

1+tCOD(A)

The proot is trivial.

Lemma 5.6

For the observational period t = 1 the correlation coefficient
can be express+s ! in terms »f the ¢ afficient of dispersion tor the

mixing distribution as follows:

Ccob(a)
(5.2.12)

px, ,x,|1,1) =
ol 14COD(A)

The proo:. is obtained from Lemma 5.5.

Lemma 5.7

For the symmetrical case tl = tz =t the following relation

exists:

t plx, ,x,|1,1)
1% (5.2.13)

p(xl.x2|t.t) S
1+ (t-1) p(xl.lel.l)



Proot

From (5.1.8) one obtains:
COD(xllt)-l COD(xl|l)-l

COD(A) = = (6.2.14)
t t
and
1
p(xl,let.t) t B = mvesmes——— (6.2.15)
COD(xllt)

Substitution of (5.2.14) into (5.2.15) leads to:

1
p(xl.x2|t.t) 2 | - . (5.2.186)
L+ t(coD(x, |1)-1]

From 5.2.15) one obtains the coefficient of correlation for the

observational period

|
plam, |hy1) = 1 = e (5.2.17)
N COD(xl|t)

Substitution of (5.2.17) into (5.2.16) leads to (5.2.13).

Lemma 5.8

The regression curve 8(x2|xl) for bivariate Poisson mixtures 1is
a linear regression if and only if *(A) is the Gamma

distribution with parameters v and @.

Proof
The conditional distribution of . z|x1.t1.t2) is given by:
f(x, %, |t ,t,)
. 1'%21% 0t
f(lexj'tl'tz) - - (6.2.18)

f(xlltl)



0o xl xz
-(tIOtZ)A (tlA) (tzh)
e v(A) dA
) 0 xl' xzf
29 xl
“tA (tlA)
e ° - ¥{A) dA
0 X!

Consequently the regression curve is:

X, Xy
o r ~(t‘+tz)k (tl)) (tZA)
r x2 o *(A) dA
X, = JO xl! xz!
E(lexl.tl,tz) E
o0 xl
-tlA (tlA)
o P(A) dA
. x,!
s i
xl#l
-tlA (tlA)
e v{A) dA
t, 5 (x,+1)!
T — (xl+l) -
Y » X)
—tlA (tlA)
o Y(A) dA
'
0 . &
t, fix +l|t )
= 2 (x+1) 1 1. (5.2.19)

Let us denote the ratio function of univariate compound Poisson

as:
f(xl*lltl)
R(x |t ) = (6.2.20)
il fix,|t)
Bt & Rt |
It ¥(A) is the Gamma distribution with parameters ¥ ana @ then
f(x1|tl) is the NBD model with perameters v and .t , where
1
th
‘t D c———————— & (6.2.3%)
1 1+ (tl-l)o
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The ratio tunction of NBD with parameters v and 8

X, +v

1

xl+l

Substitution of (5.2.22) into (5.2.19) leads to:
t
. 2
itz) ¥ CEEE—— .t
'l

which is a linear regression.

ROx |t)) t,

B(lex].tl (xl+v)

1

is:
tl

(6.2.22)

(6.2.23)

It should be noted also that

(5.2.24)

ty
B(x2|xl=0.tl.tz) = v ‘t
t 1
|
The purpose of the second part of the proof is to show that if

*(A)

regression of x, on x

2 1

Equation (5.2.19) cen be written also as

is not a Gamma type probability density function then the

is not linear (Johnson, 1957).

- —tlh ul+l
e (tlA) P(A) dA
t2 Jo
tl -tlA xl
e (tlA) PY(A) dA
J0
For the regression X, on X, to be linear we must have
i —tlA xl+1
e (tlA) P*(A) dA
ty Jy
a + bxl = . or (5.4.28)
tl r‘ -tlA xl
e “1” v(A) da
Y0
P -t X +1
e (tlA) PY(A) dA
J
b ) = 9 . (5.2.27)
- —tlo\ xl
j e (tlk) P(A) da
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Equation (5.2.27) can be written as

He 1 A1t

a+ px = ,  where (6.2.28)
My (A]t))
1
Iy and ' are respectively the x ,th and (x,+l)th moments
X xl+l 1 1
about zero of the preobabi!ity density function
—tlA
© P(A)

s for A > 0 . (5.2.29)

—tlA
e PY(A) dA
0

Since pé(Altl) = 1 1t follows that
pyAlt) = a,  pi(Alt,) = ala+p), Ha(A|t,) = ala+p) (a+2p)

and in general p; = ala+tp)...[e+r(i-1)8]).

Let us denote p' - a + g and p; =a + (i-1)p. Hence we have
1/1

i My
p; < (pi) and lim
1400 i

uniquely determined by the moments (p;} and ¥(A) is uniquely

] ¢ p'. Hence distribution (5.2.29) is

detemined by (5.2.26). A tfunction v(A) of Gamma type does
satisfy (5.2.26) and is therefore the only probability density

function which leads to a linear regression of Xy On X, .

Example

We shall consider a compound Poisson distribution with the GIG as

the mixing distribution

CEam N
PiA) =
2K (a/ 1-0)

, where (5.2.28)
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o { gy < ®, 0<¢oe <1l and a> 0.

The resulting bivariate Poisson mixture is

a 2 X
1 1-0 v/E tll t22
f(xl.letl.tz) = e  (5.2,29)
- - ' '
K1(aJrT_3_7 l+(tl+tz 1)s X! Xy
X, R,
o 1 72
4 -
-1 Kx +x,+v(“" I+(tl+t2 1)e) ,
+ +t, - 1 72
1 "¢
where X, > 0 and X, 2 0.
The marginal distributions of x1 and x2 are univariate Generalized

Inverse Gaussian-Poisson distributions. The marginal distribution

of x, is therefore:

1
1 - e V45,4
f(xlltl) = - - (6.2.30)
Ky(aJ_T:F_) | l+(t1-l)a xl!
X
[ e 1
. Kx +"( = Je ) .
o] e
1 !
The conditional probability density function of X, on X, is:
X+
1 1+(tl—l)0 :
f(lexl'tl'tz) = . (5.2.31)
o/ T =T B
le+1( Y, AD) 1+(t +t, 1)e

xc
1 t,a8 .
: £ K (a/ TFCEFETE)
x,! |&/TEE D) e b

From (5.2.31) we find the regression curve of xz on xlz

(&S TITESDS)
tzao K(1+11l( * 1
E(x2|xl.tl,t”) = : (5.2.32)
- ' * 1 ¢ Kx 41(°" + 1 o) :

1

which is a non—-linear regression.
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Lemma 5.9

The ascending diagonal arvays tor the bivariate Poisson mixtures

are distributed ftollowing the Binomial distribution.

Prooft

The bivariate Poisson mixtures are defined as:

g Xl xz
St At (B)A) T(ty0)
£ %, [t ,t,) = | e —y P(A) daA
x.Ix?
0 172
Xi X.‘: B
t t, oot 4t ) X, X
=_1__L_J e 1 ¢ 12,0 4
xl!xz! 0
X s
% ! ty ’
Q. T R— t‘(s|t1,t2) ,  where (6.2.33)
%, 1x.!
172
~(t +t,)r S
rs|t,,t,) = e A P(A) dA and (5.2.34)
0
S = xl+x2.

The probability density function for the ascending disgonal arrays

is defined as:
f(x, |S,t,,t,)
N 1 1'7°2
Plxy[Sit)ty) =
z_ f(xlls.tl.tz)
xl—O

txl tS—xl
1 2

f(slt ’tc)

. ey .

xl'ls xli' 1’2
X, S-X

S tll t2 l

z . f(Sltl.tz)

x1=0 xl!(S~xl)!
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X, S-x
[S ] L & 1

x|

™ ]
(tl+t2)
- S-x
S tl 1 tl :
= X c—————— 1 L e—————e . (592-35)
1 t1+t2 tl+tz
Since the last expression is the probability deusity function of
y
the Binomial distribution with the parameter p = PR © -
t1+t2

follows that tor the symmetrical case when t1 = t2 the
distribution for the ascending {iagonal arrays wili be Binomial

with the parameter p = 1/2.
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