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cov(x ,x ) = Z [Z S fj' ix |S) A (S131;) f(n) 

n S

- Z [I p ‘(x |S) A (S |n)j f(n) 

n S

- [r [Z p ’lxJS) A (S I n ) ] t'(n)

In S

. [l pj(S|n) f(n) - I [Z fjUx \S) A (S|n)) f(n)l . 

n n S J

These formulae are very complex because the above theory was 

developed for any distributions. The expressions become much 

simpler and easier to calculate for a particular model fitted with 

specific distributions for the ascending diagonal arrays, the 

third marginal and the total of variables.

The correlation coefficient expression follows from the covariance 

formula and the variances of x^ and x^.

3.2 Special D » tribat,1 ops »^r the. Aa^ncjiPA P l M QPal AlTW9» 

tfae Third Margipal and the °t Vwtefrljf

Let us consider the bivariate Beta-Binomial distribution with a 

fixed number of total purchases n in the whole product, field 

during a specified time period. In multibrand buying the 

variables Xj and x r e p r e s e n t  the number of purchase occasions 

of the individual brands and x^ is the "rest", i.e. all the 

other brands together.

The probability law of the bivariate Beta Binomial is given by:
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P(Xj,x^|n) =

n! r(a..hx. *a.,)

U 1 /«

(n-xj-x^,) :x( fx^! r(a..)r(a. )r(a.,) 

r(»-x -« ^>r(« *a )n» «a )

-----------------------------------  , where (3.2.1)

Xj — 0,1,2,...,!) ,

Xij - 0,1,2,...,n ,

S = Xj + x^ and S $ n .

This is a particular case of the discrete Dirichlev. Multinomial 

distribution. T.ie Dirich'et Multinomial distribution is obtained 

by compounding the Multinomial probability law with the 

Multlvariate-Beta distribution.

Suoutituting (3.1.2) into (3.2.1) leads to the bivariate

distribution tor Xj and S

B(x, ♦<», ,S+x, +a.t) r| , BlS+^+a.^n-S+Up)

—  ■ CJ C ]
(3 . 2 . 1 ;

Consequently, the joint probability law of Xj and S ran be 

expressed as the product 

p(xA,S|n) = O t x J S )  A(S|n) ,

where 0(Xj|S) is the probability distribution of the ascending 

diagonal arrays for a given S on the bivariate table of 

Xj and x^ and A(S|n) is the distribution of the third marginal 

on the same bivariate table.

Both distributions are univariate Beta-Binomials. The variab'e x^ 

for each ascending diagonal array is following the Bota-Binomial 

distribution with parameters aj and a^. The variable S for the
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third marginal is also distributed according to the Beta-Binomial 

with parameters a^a,, and a^.

Let us assume that the variable n which represents the total of 

variables uas the probability distribution defined by f(n) with 

the first two moments around the origin given by p|(n) and p£(n). 

In order to apply the model presented in Section 3.1 we need the

following momerts: 

Sa,

f/,(*i|S)

1

Sa!(S(a1+l)+av J

<a l+V < a j>V 1)

p|(S|n) =

n <a l + V

and

ntc^+ta.^) (ntOj>a.^+l)+a0 ]

(a(i+ai . ^ )(au+<,i V i)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.8)

By substituting the relations (3.2.3) to (3.2.6; into the 

equations (3.1.5) tc (3.1.9) we obtain the following results:

" i (V

‘I

a 04°l4a2

(3.2.7)

a..

=

W - ^

0^(0^ + !)

(a0+t,l+a2 )(a0+al4tx2+1)

a i(a o+ai>)

(a0+al+a2 ,(a0+al+Cl.'+1)

*J<«>

^j(n)

(3.2.8)

(3.2.9)
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v v l)

V W

(01 +a.+a ) (a +a +a +1)
0 1 2 0 1 2

*J(»>

^;(n) -

COV(XA,Xf,) *

a ia2

a 0 + a l+a'2

^(n)-^ij(n) (n)

and

p(xltx2 ) =

^ ’(n)-pj(n)

a  *a fa + I 

0 1 V.

V ^ i ^ V 1 “O ^ l ^

(3.2. .1.0)

fj[Z( n) ,

(3.2.11)

a^ + 1

La l(a0+al+a2+A)

V 1

a2 (V a l+a2+1)

*£(■> *

p'(n) +

V a 2

a l < V a l * V 1>

a 2 (a0+a l+a2+1)

p;(n) -

p;(n) -

p; (n)

(3.2.12) 

- 1/2

V * ! 4̂

\ 1*1/2 

(n)

a0+al+tl2

If we assume that the total of variables is distributed in 

accordance with the NBD, with the first moments around the origin

defined as

19

p[(n) - and

7«(l+7«)

-------"2 ’

(3.2.13)

(3.2.14)

( 1 - f i )

then we obtain the following results:

Pi(xA) =

^ i (X2 ) =

ll

19

a 0+ a l+°2 A‘* 

a.. i8

(3.2.15)

(3.2.16)
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and

a -*o 

0 1 *

»*>»

(3.2.1�)

(aA+ l ) ( H  *) a^yo

V * 2

< V V V l ) (1 *) )(!-•) °V<*i+a2+1

a.,

V * ! * 0 *

1-e

(3.2.J 8)

(a^+lX l+itf)

a0 ^ i

(ay+Uj+a^^Dt 1-fl) (a0 +a^a.,)(!-«,' a y + a ^ a ^ l

C O V (X � t x ^ ) = ______________IJL1'

 ,+a +1) U-#J

1- -■

V * ! 4**

(3.2.19)

By substituting y = ay*<»j*av into the equation (3.2.19) we 

conclude that the variables x^ and x^ are uncorreiated. '' can 

be seen froa the probability law of x ( and x., that for 

y ~ Oy+a^ the variables x^ and x^ are distributed

independently according to vhe NBD with the parameters a^, 9 

and a,, 9 respectively.

In addition, froa equation (3.2.19) it follows that % for 

y > Qy+tXj *xx,̂ we obtain negative correlations, i.e. p(Xj,x.,) < 0; 

and for y < ay+Oj-»ix, we obtain positive cotrelations, i.e. 

pUj.x^,) > 0.

From th« conventional definition of the bivariate distribution it 

turns out that for y = ay+0^+tx, the variables are u.icorrelated, 

but the mathematical development becomes cumbersome for y * 

Oy+Oj+a^. The model proves to be h«uidy for obtaining the moments
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for the marginals and the correlations between the variables.

The above expressions for the covariance and the variances cf x^ 

and x.. prove that it is possible to obtain any range of 

correlations in the bivariate Beta Binomial model. The

correlation coefficients depend entirely on the parameters 

dy, dj, a,, and on the total of variables parameters i and 9.
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C H A P T E R  4 

THE MULTIVARIATE CASE

In this chapter we discuss a generalization of the models 

presented in Chapters 2 and J.

4.1 The General Model

The mathematical model developed in Section 3.1 for the trivariate

case can be extended to the multivariate case. Let us assume k

k

variables such that I x. = n. The means, the variances of the

i=0 1

x^, for i = l,...k, and the covariances (and the respective 

correlations) between any of the variables x. and x., for

* J

1 i i < j £ k, can be calculated by a reduction cf the

multivariate model to the trivariate case. If we are interested

in the variables x^ and x^ for l $ i < j $ k ,  we can look at

the trivariate *odel built by x., x. and x, where

x = I x., so that x. + x . + x = n. 

l*i»j 1 J

From this point we carry on with the procedures presented in

Section 3 1 .
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4 .2 The Piscretejjiri« hlet Multinomial P U t � ).  on

The Dirichlet-Multinomial distribution was used by Goodhardt, 

Ehrenberg and Chatt'ieId (1UH4) in their multibrand purchase model. 

Without loss of generality we present this distribution in 

relation to the multibrand buying model.

Let us assume the random variables x^, x.,...^^ such that 

.k

X x. = n, where n is considered to represent the whole product 

1=0 1

field. The variables x x ^  cap be interpreted in terms of 

the consumption model as the respective number of units purchased

by an individual household from eoch one of the brands L.....k.

The variable Xy represents the number of units purchased, which 

are not from the brands l,...,k. The x^ is considered the 

"rest".

We shall assume that the purchasing probability of an individual

household for a brand i = l,...,k is p ( and the purchasing

probability for the "iest" is p^. The above probaoilities of an

individual household are subject to the constraint 

k

Z p * 1 (4.i!. 1)

? =0 1

The joint distribution n� the purchases x^, .....of &n

individual household out of a total of n units for the entire 

product field in a specified time span is given by the Multinomial 

distribution:
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P(xn ,x.,... ,x.|n) = ----------------- P ° P 1 **-P k . (4.2.2)

Xg! 0 1 k

whet j i = 0,1,...,k and 0 < < 1.

Over a large nuauer of respondents the purchase probabilities p i 

for brand i will differ froia household to household- 

Siailarly,they will differ for py which is the probability of 

not buying brands 1,2,...,k.

The ji nt aultivariate distribution for purchase probabilities 

p0 ,pi,...,pk aay be ropresented by the continuc-is Multivar 

Beta distribution, also called the Dirichlei. distribution. Its 

probability law is

r(an+a,+... »cu ) a n-l a.-l a.-l 

h(p0 ,p......p. ) * -----— -------*------ p u p 1 . . . p K ,

r(a0 )r(aJ).. .r(ak ) 0 ]. k

where paraaeters or > 0. (4.2.3)

The joint aultivariate distribution for x^.x^.....purchases

of the brands 1,2.....k and the "rest" aaong a large nuaber of

different households, given a fixed nuaber of n units bought in 

the entire product field during a tin** period of specified length, 

is given by the discrete D'richlet Multinuaial distribution. The 

conpounding process of the Multinoaiul distribution (liquation 

4.2.2) with the Dirichlet distribution (Kquatun 4.2.3) leads to 

the following probt- ility law, called the Dirichlet-Multinoai&l 

distribution:
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P(x1.... 5

(n-x^-.. ,xk) !x|!.. .xk ! r(a0 )r(at).. ■ 

H n - X j - . . .-xk>a0 ) TCX jM j ). . ,r(xk+«k ) 

r(n+a(J+’a 1 + .. •+*j()

, (4.2.4)

where x4 = 0,1,...,n. V i = l,...,k.

If we are interested in the correlations between any two variables 

x and x., we reduce our multivariate model to a trivariate

* J

model. In fact, it is necessary to group all the other variables

k

into a new variable x = I x . The joint distribution of any

1=0 1 
l*i,J

iwo variables x and x. is therefore given by: 

l j

P U ^ X j  |n)

n:

r<W - - - 4V

k

I a

1=0 1

l*»i.J

r (x . ^ i) r(x.*a.) r n-x.-x,+ I a.

1 J  1=0 
l*i,j

(4.2.5)

Ttn+ay+a^. ••♦•j,)

Mosimann (1962) proved that the correlations in the 

Dirichlet-Multinomial distribution and the correlations between 

any two variables in the multivariate Beta distribution (Dirichlet 

distribution) are the same.

For the k variate case we have tnt- following moments of the 

multivariate Beta distribution:

B(P ) = -----!—  , (4.2.6)

1 k
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E(P*t

a^a.+I)

and

k r k

I a.+l 

1=0 1

1 a i 

1=0 1

(4.2.7)

E(P P.) = 

i J

a a .

i j

(4.2.8)

k ] r k

Z a.+l 

i=0 1

Z a. 

i=0 1

The corresponding moments for the Dirichlet-Muitinonial 

distribution are:

n a.

i

Z a i

i=0

.. n(n-l) a.(a.+l) n a.

E(xf) = ----------- — ----- ♦ -----

i ' ‘ k

Z a

(4.2.9)

and (4.2.10)

k 1 ' k

Z a.+l r a

1=0 1 1=0 1 i=0

i

n(n-l) a.a .

i J
(4.2.11)

■ k ’ k

Z a +1 

1=0

I a

i=0 1

From the above moments calculate the variances and covariances 

in terms of the moments of the multivariate Bets distribution as 

follows:

var(x.) = n B(p.) [l-Btp^

k

n+ Z a 

1=0

i

cov(x.xj) = -n E(pi)E(Pj)

k

1+ r a 

i=0 1

k

n+ I a 

1=0 1

(4.2.12)

k

1+ Z a

1=0 i

(4.2.13)
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Therefore, for a fixed n the correlations between any two

variables in the Dirichlet -Multinoiuia' distribution are:

1/2

ij

{1-E(p. )) [ l-K(Pj ) ]

(4.2.14)

The sane formula for correlations between any two variables is 

obtained in the Mult.'variate Beta distribution.

In Equation (4.2.5), by substituting S = x . + x we obtain the

i J

bivariate distribution of x, and S:

l

P(x.,S|n) =

BU.M., S - t*at)]

I V  »(«,. «j) j
is]-

S+a.+a., n-S+ I a 

1 J 1=0

U i “/ J

I a

(4.2.15)

This is the joint distribution between x^, the variable on the

ascending diagonal array of the bivariate table of x and x t and

* J

the variable S on the third marginal for the same bivariate 

table. In order to calculate the means, the variances and the 

correlations between any x ^  x^ we follow the same steps as in 

the trivariate model.

Let us assume that the distribution for the whole product field is 

given by the probability law F(n) with the first two momencs 

around the origin pj(n ) Hn<l ^ ( n ) .

We can denote our model as follows:

M(n|py A D(p|a) A F ( n | 0  .

P n

(4.2.16)

Applying the model from Section 3.1 we obtain the following 

results:
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a

A*! (*4) = --- ---- •

1 k

m

£ a 

m 0

a .

= ~ T — '

X a 

■=U “

(*.2. 17)

(4.2.18)

) *

Art A

a.(a.+1) 1 1

k

X a 

. 0 1

p ’(n)
(4.2.19)

a i

k

X a

1=0

l#i

k

X a

»=0

k

X a ♦ 1 

■=0 *

p|(n)

a . 

l

k

x a

■ --0 "

1/2

^(Kj) =

W 1’

k

X a 

.=0 1

k

X a +1 

» 0 "

^(r»)

(4.2.20)

k

X a

1-0

k

X a 

■=0 "

k

x a +1

B U

^ ( n )  -

1/2

pj2 (n) ,

E< V j )  =

a i a j

’ k ' k

X a X a +1

IB 0 " IB 0 "

|p2(n) - P|(n)| and (4.2.21)

a ia j

X a

m 0

/i2(n)-pj(n) (n)

X a +1 

.= () "

k

X a 

1=0 "

(4.2.22)

Expressed in ter»tti r=i the Multivaricte Beta distribution, the
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moments of Equations (4.2.17) to (4.2.22) lead to the following 

expressions:

"i‘V

* siPj) />;

"i,xJ l * "1

i W

* «(pj)i(*i

.2,

(4.2.23)

(4.2.24)

cov(xifXj) = E(ptPj) (*>2 (n) -/i|(n) | - K(p. )B(Pj)*i| (r.) (4.2.27)

'lue correlation p , between the variables x. and x. is

ij l J

therefore given by:

ij

E (P • Pj) - Etp^'EtPj)

B(pJ) + E(Pl)

E(Pj) ♦

P2 (n'-pj(n) 

l--E(pA)^(n)

P|(n)

- i / a

l-B(Pj)^J(n)

"i(n)

p^(n) -^j(n)

- 1/2

(4 2.28)

The correlations are different froa the ones obtained froai the 

Dirichlet-Multinoaial distribution for a fixed n. By allowing n 

to follow any distribution we obtain a rr .ge of correlations that 

is wider than the correlations obtained in the Multivariate b«_la 

distribution.

If we assume: that the diutribution for the wi >ie product field n 

is the NBD, which is a function of the parameters •» and 0, then 

we obtain the buying behaviour model presented by Goodhardt,



Ehrenberg and Chetfield (1984).

form i;i terms of the ascending diagonal arrays and the third

marginal for each bivariate distribution of x , x . and the whole

* J

product field is that it provides an easy way to calculate the 

means and the variances of the marginal variables.

The above uodel enables the calculations of t’ e means, 

variance-covariance matrix and the correlations between any two 

brands without calculating the marginal distributions. As 

mentioned by Goodhardt, Ehrenberg and Chatfield (1984), it is 

possible to express the marginal distributions in a closed form by 

using the four-parameter hypergeometric function as presented by 

Abramowitz and Stegun (1985). Since the marginal distributions 

must be evaluated through infinite summations, it is obvious that 

one will find great difficulty in calculating the means, variances 

and correlations.

As shown in Section 2.5.5 one can obtain a relatively wide range 

of correlations between any two brands. In the multivariate case 

one car ilso obtain a relatively large range of correlations 

between any two brands, by reducing the model to the trivariate 

case. From Equation (4.2.22) one obtains negative correlations

The advantage of the NBD-Dirichlet model presented in the above
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and positive correlations if:

f j ' (n)-pj (n) pj2 (n)

— -----  ---  - — ----  > 0 (4.2.30)

k k

I a +i l a

m-U mi)

If we assume the NBD-Dirichlet model then the first and second 

moments around the origin ure

p (n) = ----  and /i.', = --- 1--- -1 (4.2.31)

I-® ** (1-0)

and by substituting Ine above relations into Equation (4.2.22) >ne

obtains positive correlations for 

k

l a  > y (4.2.32)

m=u "

and negative correlations for 

k

l a  < y . (4.2.33)

m=0 "

The following examples are presented in order to emphasize the 

above theory.

Example 1

Assume a symmetrical case of four brands and the "rest" with the

following parameters: = a., = = 1 and assume for

the whole product field an NBD with the parameters y ~ 0,1 and

0 = 0,95. The correlation coefficient obtained between any two 

brands is p ^  - 0,409.

One can obtain a considerable correlation even for a higher number
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Of brands as shown in Example 2.

Example 2

Assume the saie distributions as in Example 1 with the parameters

= a ( = ...= ag = 1, y = 0,1, and 0 = 0,95. The correlation

coefficient obtained is p. , * 0,371.

p ij

Example ^

One can obtain also negative correlations as seen in Equation

(4.2.18). Assume the same distributions as in Example 1 with the

parameters ol. » 1, 7 = lb and 0 = 0,8. The

correlation coefficient obtained is p . . = -0,135.

ij

The correlations between any two brands va./ in absolute value as

a function of

By assuming that n is fixed in Examples 1 and 2 we deal with the 

Dirichlet-Multinomia! distribution and the correlations between 

any two variables are respectively -0,25 and -0,125. These are 

negative correlations and are much lower in absolute value 

compared to the ones obtained by taking the NBD as F(n|7,0) in 

equation (4.2.1b).
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The parameters ay a j.....a. can be estimated through the third

marginal and the ascending diagonal arrays for «*ach bivariate 

table of x^, x.. The parameters i and 9 for the NBD will be 

estimated from the data for the whole product field. The methods 

of estimation for the above parameters will depend entirely on the 

type of data.

The modt:l presented in Equation (4.2.4) assumes a fixed number of 

units bought from the entire product field. One csr> assume any 

suitable distribution for the whole product lield, not only the 

NBD. In this way the above mentioned model opens new perspectives 

for further work in the multibrand purchase field and in general 

in compositional data.
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C H A P T E R  5

GENERAL PROOFS OF POISSON MIXTURES

In the previous chap* rs we used sev&ral Compound Poisson 

distributions for the third marginal. In this chapter we 

investigate the general properties of the univariate and the 

bivariate case of the compound Poisson distributions. We are 

concerned with the relations between the moments and the various 

statistical indices such as coefficients of dispersion, variation, 

skewness and kurtosis of the compound Poisson and the mixing 

distribution.

In general the compound Poisson moments will be expressed as 

functions of the exposure period t and the moments of the 

observational period for t = 1.

5.1 The Univariate Case

Most of the distributions which are applied in the general models 

dealt with in this investigation are Poisson mixtures. An 

analysis of the Poisson mixtures and their properties follows.

A compound Poisson distribution is defined as:
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f(x|t) = f p(x|t,A) *(A) dA , (5.1.1)

J0

-tA x

where p(x|t,A) = — — ^ ----L. for x = 0,1,2,... . (5.1.2)

The parameter A refers to the unit length of exposure and t is 

a multiple of this unit. The distribution of A is given by 

*(A), which is a continuous probability function, also called the 

mixing distribution.

'he following relations exist between the first moment nrouna the 

origin and the second, third and fourth central moments of the 

compound Poisson and the mixing distribution:

p*(x|t) = t ^iJ(A) , (5.1.3)

^(x|t) = t ^ ( A )  ♦ t fjy(A) , (5.1.4)

p3 (x |t) = t‘V 3(A) + 3t2#i2 (A) + t /ij(A) and (5.1.5)

^(xjt) = t % 4 (A) + 6tV,(A) + 7t2^2(A) + (3t*+t)^’(A).

(5.1.6)

Proof

From the definition of the first moment, around the origin one 

obtains:

oo „oo -tA ... .x

p! (x |t) = I f x • _ ! “!.* (  A) dA

1 x=0 J0

= t f A ♦(A ) dA = t pJ(A) .

J0



102 -

00 r°® y *»-tA / m *

/i’(x|t) = Z X ---- --------*(A) dA

x=0 J0 x

00

= j (tA+t^A2 ) *(A) dA = t pJ(A) + t* (A ) ,

and from che definition of p^(x|t)

^(x|t) = p£(x|t' - /^I^Cx11)

we conclude that

^ ( x | t )  = t ^ ( A )  + tpJ(A) .

The same procedure applies for the t*iird and fourth central 

moments.

,-tA ,.,.x

Similarly, tor the second moment around the origin we have:

i|

p-(x|t) = i xJ .* n A) dA

x=0 J0

= t^/iy(A) ♦ 3 t ^ ( A )  + tpJ(A) 

concluding that

py (x|t) = t3p 3 (A) + 3 t ^ ( A )  + tpJ(A) . 

and

/#^lx|t) = Z C X4 -1--„ r(l*2- »(A) dA

x=0 J0

= t4^ ( A )  + b t V ^ A )  ♦ 7t2^ ( A )  + tp’(A) . 

concluding that

/̂4 (x 11) = t4/i4 (A) + b t ^ A )  + 7t2^ ( A )  + (at2+t)#ij v'

gr.9Eer.ti 5^2

The following relations exist between the first moment around the 

origin and the 3econd, third and fourth central moments as a 

function of a period of length t and the respective momei. \a at



- 103 -

the observational period t = 1: 

f/j(x|t) = t */[(x|l) .

^ ( x | t )  = t ^ ( x | l )  - t(t-l)fij(x|l) ,

^(x|t) = t V ^ x j i )  - at2(t-l)p2(x|l) + t (t -1) (2t-i)pj (x |1) and 

/>4 (x|t) = t ^ 4 (x|l) - 6t3 (t-l)^3(x|l) ♦ t2 (t-l)(llt-7)#i2 (x|l)

- t(t-l)(9t2-3t+l)/ij(x|l) .

Proof

These rtlations are epsily proved based on equations (5.1.3) to

(5.1.6) above.

Conclusion 1

9

In equation (5.1.4) for the variance of the compound Poisson 

distribution the variance of the nixing plays ihe major role 

when t is very large or t -* •».

In the equation /i^(x|t) = t*^(A) + t/vj(A) the variance of the 

compound Poisson consists of two components:

t /vj(A), which is the average of the Poisson variances, and

2

t p^(A), which is the variance of the mixing diatribution.

The ratio of variances of the ^oisson and the mixing

distribution is

— t------ -- (5.1.7)
t / ^ U )
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In the limiting process of t. -* <® we obtain

( X 11 ) /^(A)

inn — „------- = l i m ----------- + 1  = 1 .

t-» «o t t-» «o t

We conclude that if t -» <», then:

(a) the variance component, which is the contribution cf the 

mixing distributi >n, is the dominant one; anri

(b) the variance component, which is the average of the Poisson 

variances, can be neglected.

Con U M glon 2

The expression for the variance of the compound Poisson resembles 

the concept contained in the analysis of variance. The following 

equation exists in a one-way design between the sum of squares.

SST • SSP ♦ SSW, where

SST is the Total Sum of Square*

SSB is the Sum of Squares Bet** o treatments and

SSW is the Sum of Squares Within treatments.

In our case:

2

t A^,(A) con ke looked upon ar the vari^n e between treatments 

(Poisson distributions); and

tf/|(A) can be regarded as the variance within treatments vF-.oson 

distributions).
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Conclusion J

The third central moment for the compound Poisson p.^(x|t) is 

explained in terms of the contribution of the Poisson and the 

mixing distributions as follows:

^(x|t) = t‘V 3 (Mixing)

+ t (Average of the third central moment. of the Poisson)

•J

+ lit “fj,, (Due to Poisson and Mixing).

5.1.1 The cgeflicjept of dispersion

The coefficient of dispersion for the compound Poisson is defined 

as:

/ M *  |t)

COD!x 11) = — t-----  . (5.1.8)

pj(x|t)

The following expression for C0D(v|t) is obtained by 

substituting the relations (5.1.3) and (S.1.4) into the equation 

(5.1.8):

COD(x 11) = i + t COD(A ), where (5.1.9)

Py(A)

COD(A) = ------  is the coefficient f dispersion of the mixing

P | U )

« distribution.

Due to the fact that the r efficient oi' d.jpersion for the Poisson 

distribution is unity, equation (5.i 9 can be written as:

COD(x 11) = COD(Pclsson) + t COD(Mixing). (5.1.10)
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In the limiting process the coefficient c dispersion tends to 00 

for t -* <».

5.1.2 The coefficient of variation

The coefficient of variation for the compound Poisson is defined

as

i/2

A*| (x 11)

The following expression for CV(*|t) is obtained by aibstituting 

relations (5.1.3) and (5.1.4) into equation (5.1.11):

1/2

CV(x|t) =

I

t/iJ(A)

— rsr 

* i

(A)

(5.1.12)

The coefficient of variation for the compound Poisson approaches 

the coefficient of variation for the mixing distribution in the 

limiting process for t -* «:

l/V*)]

lim CV(x|t) = CV(A), where CV(A) = --- I----

p[(A)

1/2

Note

It is possible to express the coefficient of variation for the 

compound Poisson in terms of the coefficient of variation for the 

Poispon distribution and the coefficient of variation for the 

mixing distribution us follows:
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1 / 2

C'V(xlt) =

t ju! [CV 2(Poisson) ]

+ CV2(Mixing) (5.1.13)

CV(Mixing) = -------------

5. 1. J /he - lent s_ of §kewne_ss and kurt og.ig

Theorem 5■1

The coefficient of skewness for th*» compound Poisson -✓ /Ŝ  (x 11 > 

approaches the coefficient of skewness of the mixing distribution

J~pAh) when I «>.

The coefficient of skewness for the compound Poisson is defined

By substituting the relations (5.1.4) and (5.1.5) into tht 

equation (5.1.14) the coefficient of skewness can be written as:

Proof

(5.1.14)

J  /3A(X 11)
t*Vj(A) + J t ^ U )  + tp|(A)

(5.1.15)
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The ratio between the coefficients of skewness for the compound 

Poisson and the mixing distribution is given by:

i  + ------
3 /Jj (A)

RSk(t) =

^ / y x lu

SJJ7t~
i +

t^(A)

TJT

where -

/iy(A)

W  •

(5.1.16)

By limiting this ratio for t -» °® we obtain

lim RSk(t) = 1. 

t-*0

We conclude, therefore, that the coefficient of skewi.es3 for the 

compound Poisson approaches the coefficient of skewness for the 

mixing distribution if t -♦ <».

Theorem 5 .2

The coefficient of kurtosis for the compound Poisson /J„(x|t) 

approaches the coefficient of kurtosis for the mixing distribution 

fi.AA) if t -* ».

Proof

The coefficient of kurtosis for tha compound Poisson is defined 

as:

A,(x|t) = — 5------  • (5.1.17)

H2 (*|t)

By substituting (5.1.4) and (5.1.6) into (5.1.17), the coefficient
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of kurtosis can be written as:

/B.,(x|t) =

t4^ ( A )  + bt3^ ( A )  + 7t2/i2(A) + (3t2+t)/i’(A)

. . (5.1.18)

The ratio between the coefficients of kurtosis for the compound 

Poisson and the mixing distribution is given by:

where fl.Ak) = ---n---- -

* v (A)

By Uniting this ratio for t -* «* we obtain 

lin R^t) = 1.

Je conclude, therefore, that th*» coefficient of kurtosis for the 

compound Poisson approaches the coefficient of Kurtosis for the 

nixing distribution when t -♦ ».

B*i3 (A) 7/u2 (A) 3 11 ffj (A)

(5.1.19)

As t -♦ oo the conpound Poisson tends towards the nixing

distribution. This result is quite surprising, because one could 

expect the tendency to nomality.



- 110 -

5.1.4 Yule characteristic

Property

For all compound Poisson distributions the "Yule characteristic" 

(1944) can be defined in terms of the first and the second moments 

around the origin of the mixing distribution as follows:

104 *>

t

.

- 1 = 10 (5.1.20)

Proof

The Yule characteristic for the compound Poisson is defined as

K* =

10

A^(*|t)

- i

^|(x|t)

(5.1.21)

By substituting (5.1.3) and (5.1.4) into (5.1.21) we obtain the 

following relation:

K* =

10

rt ^ ( A )  + t/iJ(A) 

tp|(x|t)

- 1

4 "2U )  

/*;(*>

5.2 The Bivariate Case

In this section we investigate some properties of the bivariate 

Compound Poisson.

The uncorrelated bivariate Poisson distribution with marginal
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means B(x^|t^) = t^A and E(x^|t^) = t.;A,

where the parameter A refers to the unit length of exposure,

and tj and t^ are multiples of this unit, is:

-(t. + t.,)A x x,.

e (t . A) (t..A) *

P(xi,x2 jA,t1,t;j} = -------------- 1------ £----  , for (5.2.1)

X * X *
1 2

X| — 0,l,J,...,°o ,

x„ = 0,1,2,... ,«> and

tA > 0, t2 > 0, A > 0.

If the mixing distribution is *(A), then the resulting bivariate 

Poisson mixture is:

f(x1,x2 |t1t2 ) = | P(x1,x2 |A,t1,t2) *(A) dA. (5.2.2)

Lemma 5.1 deals with the shape of the marginal distributions 

derived from the bivariate compound Poisson.

L<anaa 5.1

The marginal distributions of the bivariate Poisson mixture are 

univariate compound Poisson.

Proof

The marginal distribution of x^ is:
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v°

X X 

-< t A+t )A (ti) A(t A) 2 

e -----------------  *(A) dA

V * V *

xj.x,,.

x.j

<» -t.,A (t^A) 

Z e -------

v°

*(A) dA

o x

-t A (t A) 1

e ----------*(A) dA

x '

1

(5.2.3)

The marginal distribution of is therefore a univariate

Poisson mixture as given in definition (5.1.1).

I.i a similar way it can be proved that fhe marginal distribution 

of x,,

f(*2I V  =

*2

-t A It A) 

e “ ---------- *(A) dA (5.2.4)

U

x '

V

is a Poisson mixture.

Lemma 5.2 deals with the expected value of the joint distribution

of Xj and x„.

Lemma 5 .2

The expected value of Xj and x^ can be expressed in terms of the 

second moment around the origin of thr mixing distribution as 

follows:
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Proof

00 00

E(x1x^|t1,t^) = 1 1 XjXy

v° v°

r*> -(t ,+t.jA X X

e (tjA) 4(t2A>

V * X *

xi V

*(A) dA

OO

= z : f

.00 -(t.+t )A X. X.

e c (txA) *(t2A)

*(A) dA.

Xj -0 X.,-0

* J.

By substituting i = x^-l and j = x.,-1 one obtains:

B(xix2 ltl't2) =

00
-(t +t2 )» j j, 

oo oo e C (t . A ) (t,.A) 

1 1  1 2 

i=0 j=0 iij!

( t j A X y )

0 •

f* 2

*(A) dA

*(A)dA

Le>*»a 5.3

The covariance of Xj and X,, an be expressed in terms of the

variance of the nixing distribution as follows:

cov(XjX,, |tjt,,) = t j t (A >. (5.2.6)

Proof

The definition of the covariance of x^ and x., io

cov (x |, x^ 111 »t^) = EUjXjJtpt^) - e (x a 11 a )E(x^ I t̂ j) . (5.2.7)

Substitution of (5.1.3) and (5.2.5) leads to.
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COVtXj.Kjjl^,^) = ^ t .

= ^ ( A )  .

a 5.4

The correlation coefficient between Xj and x^ can be expressed 

in terms of the coefficient of dispersion of the mixing 

distribution as follows:

ptXj.XjJtptg) =

where COD(a ) =

1

-1/2

1

-1/2

•
1 *■ 1

t ,COD(A) 

k

t2C0D(A)

^; c a)

(5.2.8)

Proof

The definition of the correlation coefficient is:

cov(x1,xij|ti,tj,)

P(*l.*2 ltl*t2 ) ’■

(5.2.9)

y * 7 * i T V  *V*2llF

By substituting (5.1.4) and (5.2.6) into (5.2.9) one obtains:

p(xr x2lti,t2)

(5.2.10)

J  t2'^2(A)+t^(A)

The substitution of the coefficient of dispersion for A into 

(5.2.10) leads to (5.2.8).
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Lemma 5.5

For the symmetrical case where t. * t,, = t we have

pU^Xgjtj'tg) * 1 -

1♦tCOD(A)

(5.2.11)

The proof is trivial. 

kHMS. .*>»■£

For the observational period t = 1 the correlation coefficient 

can be express^ • in terms of the » efficient of dispersion for the 

mixing distribution as follows:

COD(A )

P(x i,x;ij|l» 1) ■

1+-COD (A )

(5.2.12)

The prooj" is obtained from Lemma 5.5.

Lsae...5f.7

For the symmetrical case tj = t^ = t the following relation

exists:
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Proof

From (5.1.8) one obtains:

COD(x . 11)-1 COD(x .11) -1

COD (A ) = ------ *------- = ------ -------- (5.2.14)

t t

and

1

p(x ,x |t,t) = 1 - ------------  . (5.2.15)

COD(x j11)

Substitution of (5.2. 14) into (5.2.15) leads to:

1

p(x. ,xf.|t,t) - 1 - ---------------------- . (5.2.16)

1 ♦ t(000(*A|1)-1]

From 5 2.15) one obtains the coefficient of correlation for the

observational period

1

p(x .jc., 11.1) = I -------------- - (5.2.1�)

COD(x j|t)

Substitution of (5.2.17) into (5.2.16) leads to (5.2.13).

AJi

The regression curve E(x2 |xj) for bivariate Poisson mixtures is 

a linear regression if. and only if t(A ) is the Q 

distribution with parameters y and 0.

Proof

The conditional distribut ion of . ^ |Xj, ̂ , t,,) is given by:

t’(x. ,x„ It. ,t„)

f(x..|x. ,t. ,t„) = ---- 1 ■■■■ = (5.2.18)

1 1 1 * f(xA |tA)
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r -<t.+t )A (tjA) 1 (t A) 2

e ---------------- +(A) dA

X X

0 xr X *
*2'

09

t N (t A)

e * — :----  *(A) dA

x,!
j0 "1 

Consequently the regression curve is:

B(x^|Xj,11,t^) -

i x

v °

X X

r  -lt,+t.,)A <t A) 1 (t„A) 2

e * * -- ---------1----  *(A) dA

U

X f*r x !

V

-t A (t A)

e ------- *(A) dA

x. !

A

-tjA (t^A) 

e -----—

t.,

x ^ i

Ix^l)

0

(x,+l)»

*(A) dA

-t A (t A)

e --- i----  *(A) dA

x.!

t.,

(xA>l)

0 "1 

n x j + n t j )

f(Xi|ti)

(5.2.19)

Let us denote the ratio function of univariate compound Poisson 

as:

f(xl^l|t1)

(5.2.20)

fixjti)

If f(A) is the Gamma distribution with parameters y ana 8 then 

t'(x1 11A) is the NBD model with pp^ameters y and 8  ̂ , where

V

(5.2.21)
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The ratio function of NBD with parameters 7 and 0 is:

1

X . + 7

R(x.|ti) * — ---- (5.2.22)

x^+1 1

Substitution of (5.2.22) into (5.2.19) leads to:

*2

Blx^jx^t^tjj) = — (x a+�) (�.2.23)

* I 1

which is a linear regression. It should be noted also that

‘2

E(x,,|x.=0,t ,,ty ) = ----  7 . (5.2.24)

t t 1

The purpose of the second part of the proof is to show that if 

if(A) is not a (inmma type probability density function tnen the 

regression of x^ on x^ is not linear (Johnson, 1957).

Equation (5.2.19) can be written also as

,♦1

~*1A * V

e (t . A )

*2 JO

*1 f  " V  *1

e (tjA)

Jo

if ( A ) dA

For the regiesoion x̂ , on x^ to be linear we must have

fm  —t . A X . + l
e ( t .A ) t(K) dA

0

a + bx, = — - — ----------------------------  , or (5.2.26)

‘i f / V  , *1
© ( t  j A )

Jqr
Jn

1* (A)  dA

-t A X . + l

e ( t  jA ) f ( A )  dA

a  + px. * ---------------------------- . (5.2.27)

1 f
e 1 (tAA)

Jo

+ (A)  dA
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Equation (5.2.27) can bo writton as

" v i (* I V

a ♦ ftx. = -------------, where (5.2.2B)

i

and p’ are respectively the x.th and (x.+i)th momentsX | X | ' I 1 X

about zero of the probability density function

t jA 

e *( A)

~t]A 

e *(A) dA

for A > 0 . (5.2.29)

J0

Since ^y(A|tj) = 1 it follows that

y|(A|t,) = a, A»£(A |tj) = a(a+/8), ^(^It,) = a(a+p) (a+2/J) 

and in general p ’ = aia+fi)... [«+(i-!)/>].

Let js denote ft' = a ♦ ft and /J’ = a + (i-i)ft. Hence we have

l/i,

< ft'. Hen^e distribution (5.2.29) is

''i

< and
i-i

uniquely determined by the moments and *(A) is uniquely

detemined by (5.2.26). A function t(A) of Gamma type does 

satisfy (5.2.26) and in therefore the only probability density 

function which leads to a linear regression of x^ on x^.

Example

We shall ronsider a compound Poisson distribution with the 010 as 

the mixing distribution

-fill* - a~‘
1 <» I * J , where (5.2.2D)

2K^(a7 1 «)

r ^ r r r

a0
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-oo<<ir<«o( 0 < 8 < 1 and a > 0 . 

The resulting bivariate Poisson mixture is

f(x],x2 11A•t2) =

1

K (a7"l-e ) 

i

1-fl

7/2 *1 X2 

2
v • v *

xr  2

(5.2.29)

aa

2yrrn;vi^-r)«

V X2

K A A (ov; l+(t:"T7T7T) ,

X . + X . , -* - 7  1 2

where x^ > 0 and xv > 0.

The marginal distributions of x^ and x^ are univariate Generalized 

Inverse Gaussian-Pnisson distributions. The marginal, distribution

of x^ is therefore:

fdijt ) =

K (ouTFiT)

1-0

l+ft^l)*

7/2

X ,  !

(5.2.JO)

* 1 *

2 y T R T p i J

kx (ou/ l+ctj-iyy ) .

The conditional probability density function of on x^ is:

X^+7

f(x2 |x1,tJL,t2 ) =

k (aj  r w i - n x )

X̂ i-7 1

1-Kt -1)#

1+(tl+t2~1)e

(5.2.31)

X * x 2 -

t^a®

From (5.2.31) we find the regression curve of on x^:

E(x |x.,t.,t.,) = - 

to ' 1 1 to r

t2<x�
K <i+7+i( a 7 T +TF--T77)

(5.2.32)

27 l+'Tl'j-l)® Kx 4i(av r+TT^TT?')

which io a non-linear regression.
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Lemma 5.9

The ascending diagonal arrays tor the bivariate Poisson mixtures 

are distributed following the Binomial distribution.

Proof

The bivariate Poisson mixtures are defined as:

oo X X

-(t.+t.jA (t . A) St.-A) 2

e --- ------- ------  ^( A ) dA

X * X *
1 2

X X

t 1 t * 

1 *2

1 2

-*(t.+t.,)A x.+x„ 

e A *(A) dA

0

x x

t t 

1 2

x • x ' 

x l *2

f(S|tA.t„) , where (5.2.33)

f(S|t

f . f "(tl+t2 

1 2

J0

) A S

A *(A) dA and (5.2.34)

S = W

The probability density function for the ascending diagonal arrays 

is defined as:

f(x1|S,t1,t2 )

I f < x , | S . ,ta )

xr°

x . S-x.

t t

1 2

*1 S-x.

s

x^=0 x {'(S-Xj)!

f(s|tA,t2)



Since the last expression is the probability density function of 

the Binomial distribution with the parameter p =

follows that for the symmetrical case when 

distribution for the ascending iiagonal arrays will 

with the parameter p = 1/2.

V t 2

t l = the 

be Binomial
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