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ABSTRACT

Ir classical statistical theory the bi and aultivariate discrete 

distributions are largely determined by their univariate Marginals 

and they are characterized by a auch restricted correlation 

structure. This study proposes a new statistical model which 

overcomes these liaitat ions.

Ti»r- rmrw i w c r /  for bivar!<s*e di*rrete distributions is based on 

two concepts: the ascending diagonal arrays and the third marginal 

distribution, which aakn it possible to construct a wide variety 

of joint discrete probability functions.

The general tnvariate aodel is baaed on the same principle as the 

b i v a n a t e  distribution, with i additional array defined as the 

"total of variables".

The aultivanate case is treated by reducing it into a number of 

t nvariate aodels.

Some faailies of distributions are considered for the third 

aarginal and for the ascending diagonal arrays. The new model 

enables the calculation of any aoaents for the marginals and 

and of the correlations between the variables, without the need of
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explicitly deriving the probability functions for the marginals.

The Compound Poisson distributions proved to ba well suited for 

■odeI. ling the third marginal and a general investigation into 

their properties is undertaken.

The models are also investigated with respect to stochastic 

processes. The dependency of the stationary model as a function 

of time is explored and at'ention is paid t>. the limiting process 

t -♦ ».

In pait’cuiar the Dirichiet --Mn 111 nomial distribution is 

investigated iri view ot its known low correlation structure. A 

wider rangr of correlations is obtained by applying various 

distributions to the total of variables.

Soar; existing estimation procedures are surveyed in connection 

with the distributions which were applied to the third marginal 

and the ascending diagonal arrays. Maximum likelihood estimation 

methods are proposed for the joint distributions.

Finally, the new model is tested on four sets of data from 

different application fields, which had proved to be difficult to 

fit by other statistical representations. The results were most 

encouraging.

The last chapter summarizes the developments and suggests possible 

avenues for further research.
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C H A P T E R  I

I N T R O D U C T I O N

This study is concerned with the developaent of a new theory for 

bi- and multivariate diacrete distributions. An atteapt is made 

to investigate the general properties of Coapound Poisson 

distributions and special attention is given to the Dirichlet 

distribution aa a particular «'aae of the general model.

The multiveriate Dirichlet model was the subject of continuous 

investigations for over two decades. Aitcninson (1982) mentioned 

the particular interest in the aodel by stating: T h e  realizatioh 

that the Dirichlet class leans so heavily towards independence has 

prompted a number of authors [Connor and Hosimann (1969), Darroch 

and James (1974), Hosimann (197If), Jaim's and Hosimann (19R0), 

James (1961)) to search for generalizat ions of the Dirichlet class 

with less structure

1.1 A New Approach for B»- and Multivariate Discrete 

Pl§t£lfry,U(?lH

The existing theory for bi- and multivariate discrete data sets

deals largely with the following two situations:
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This 3 'c u d v  is concerned with the development of a new theory for 

bi- and multivariate discrete distributions. An att*»mpt is made 

to investigate the general properties of Compound Poisson 

distributions and special attention is given to the Dirichlet 

distribution as a particular case of the general model.

The multivariate Dirichlet model was the subject of continuous 

investigations for over two decades. Aitchinson (1982) Mentioned 

the particular interest in the aodel by stating: "The real n a t i o n  

that the Dirichlet class leans so heavily towards independence has 

prompted a number of authors [Connor and Mosimann (1969), Darroch 

anti James (1974), Host mann (19 75 J, Jam's and ftnsimann (19R0), 

James (1981)) to search for generalizations of the Dirichlet class 

with less structure".

1.1 A New Approach for and Multivariate Discrete 

Distributions

The existing theory for bi- and multivariate discrete data sets

deals largely with the following two situations:
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(a) v correlations between any two random variables are 

determi rd by the p*»' tun«*ters of the marginal distributions; and

(b) The co.''elations are zero for independent variables,

specifically if the martfinals are independent, or very low

correlations exist in the Dirichlet case where the variables

k

p (i = 1,...,k) are subject to the constraint I p, * 1. For a 

1 i*l 1

medium number of variables in the Dirichlet case we have "almost 

zero" correlations between any two variables.

He note that multivariate discrete distributions are characterized 

by restricted correlation structures. Taillie et al. (1979) state 

that "the urollem of finding good families of multivariate 

distributions is both a challonging and vexing one. An ideal 

multivaria**' family should have enough flexibility to describe 

widely different patterns of covar iotion". By deriving 

multivariate analogues of the univariate distributions, Taillie et 

al. (1979) state that "the parameters of these distributions are 

completely determined by their univariate marginals. This implies 

that the Joint distribution is also determined by the marginals. 

In other words, these distributions have no flexibility whatsoever 

with regard to covariation". In the saw** paper Tuillie et al. 

determine the properties which should be the guide for any 

statistician in creating an ideal multivariate family. According 

to them a multivariate family must have the following properties: 

”(1) the ability to describe wide patterns of covariation.

(2) parameters that easily Interpreted in relation to that 

covariationi and
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(.1) n pnrnmetrlc structure pmrmitt.inq mnny nnri relatively 

simple inferential procedures".

So far no existing t.unilv of muitivariate discrete distributions 

complies with the three above-mentioned properties. It is 

with this in minu that we are searching for a new approach to 

handling multivariate discrete data sets. In this study we are 

concerned with the building of a new model, which is based on 

principles that are different from the classical methodology.

In the classical bivar.ate discrete distributions we discuss 

horizontal and vertical arrays. The summation of these horizontal 

and vertical arrays leads to the customary marginal x^ and x, 

distributions.

In the approach set out in this investigation we introduce a third 

marginal S in addition to the first two marginal* Xj and x^. 

The model is based also on a new type of arrays, namely the 

ascending diagonal arrays, which are at a right angle to the main 

diagonal.

The "third marginal" is the distribution of a variable S defined 

as the summation of x^ and x^, i.e. S - x^ ♦ Xg.

The probability law of the ascending diagonal array is the 

distribution of x^ given S, where x. * 0, 1, 2,,,.,S.

The ouncnation of the ascending diagonal arrays leads to the



- 4 -

probabilities in the third marginal. For the third marginal we 

allow any discrete distribution f(S) and for the ascending

diagonal arrays we consider special families of distributions

S

^(xJS), where Z <J>(x.|S) = 1 .

V °

This new approach permits the creation of any bivariate and 

trivariate distribution. The custoaary x f and marginals are 

derived froa the inside of the table. It is not always possible 

tc express the theoretical distributions of x^ and x^ in a closed 

fora. This doei not inhibit however the calculations of the 

means, variances, correlations and regressions.

The mu.tivariate aodel is reduced to trivariate models.

In general the new aodel will allow more flexibility and will not 

be constrained by the creation of a bivariate or multivariate 

version of a specific univariate distribution.

Kemp and Papageorgiu (1982), in considering alternative foran of 

the bivariate Hermite distribution, state that "various authors 

hav-s discussed the problem of constructlng meaningful and useful 

bivariate versions of a given unlvarlate distribution, the *f,ln 

difficulty being the lmpossiblIity of producing a standard set of 

criteria that can always be applied to produce a unique 

distribution which could unequivocally be called the bivariate 

version".
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Marsh*.I and Olkin (19H5) were 'iware cf the problem stated above 

and derived a family of bivariate distributions, which were 

generated by the bivariate Bernoulli distribution as an extension 

of the univariate rase. They extended their work also to some 

bivariate continuous distributions such as the bivariate 

exponent it ., gamma and normal distributions.

In addition to the new theory developed we wish to investigate 

what happens if these models are applied to stochastic processes. 

We are interested in the behaviour of the variables x^ and x^, or 

S and Xj, in terms c ‘ the exposure period t. This dependency of 

the stationary model as a function of time is exp'jred and 

attention is paid to the limiting process t -* «.

Certain models which assume special distributions on the ascending 

diagonal arrays and on the third marginal are considered.

On the ascending diagonal arrays we deal with the same type of 

distributions and two cases are identified:

(a) distributions which are independent of S; and

(b) distributions which are dependent on S.

For certain fields of applicability of the general multivariate 

model, it is necessary to consider the Poisson mixtures as the 

distribution of the summation of all the variables.
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1.2 Uni van  ate Comepund Po isson. .Distribut.ipng

The Poisson distribution was initially used to discuss rare events 

and appeared in the statistical literature for the first time 

describing death due to mule kicks in the Prussian army. Its 

derivation was published by Poisson in 1837. Since then it was 

under the investigation of many statisticians. Real datt> does not 

meet the stringent assumptions of the distribution in numerous 

occasions, a fact which brought new attempts to relax the Poisson 

model assumptions.

The Compound Poisson mode! is a specific way to create families of 

distributions which can satisfy the real data. It is obtained 

from the ordinary Poisson distribution for whi~h the parameter A 

is made to vary in accordance with any mixing distribution as 

follows:

P(X=x) = I P(X=x|A) *(A) dA , (1.2.1)

J0

-A AX

where P(X=x|A) = e — j t—  ^or x = 0,1,... (1.2.2)

is the Poisson probability distribution function and ?(A) is the 

probability law of the mixing distribution when A « (0, «•).

Johnson and Kotz (1969) denote the above model as:

X ~ P(A) A *(A|0) , (1.2.3)

A

whore 8 is the parameter (or the vector of parameters) of the 

mixing distribution.

We discuss only a few compound Poisson families by considering

I
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some well known mixing distributions.

1.2.1 Negative Binomial distribution

The Negative Binomial distribution was developed by Montmort in 

1713. In more modern times Greenwood and Yule (1920) used the 

compound Poisson distribution for the first time in statistical 

literature in accident-proneness“ field. For the mixing they used 

the Gama distribution given by the probability law:

1 f 1-* ]7 t-1 “f 5 1A
T T  I— 9— J A *

* U )  ~ 1 -yi^_ \—  I— *— I A e i , (1.2.4)

where i > 0, 0 < * < 1 and A « (0, «•) .

The solution of the convolution integral leads to the Negative 

Binomial Distribution, for short called the NBD, given by

P(X=x)

-A AX 1
, J r - ]~xT TJyJ

0

( l-*)7 r(x+-») g*
t (y )  r (x+i) u  9

“ 0 f 11 •  •  * •

j ’ . - P ? - ]
A

dA

(1.2.5)

The above process is just one of several possible theoretical 

approaches which .ire known to lead to an NBD.

The general history of the Negative Binomial Distribution was 

summarized in reviews by Gurland (1954) and Bartko (1961).

The study of accident data led to an exceedingly powerful 

discovery, namely the Multivariate Negative Binomial Distribution. 

The basic mcthejaatical properties of the bivariate NBD were
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established by Arbous and Kerrich (1951). An explicit treatment 

of the mul*ivariate NBD was presented by Bates and Neyman v1952) 

in the accident-proneness field.

The Negative Binomial Distribution has been wideJy used for 

modelling in various fields such as:

(a) psychology by Sichet (1951);

(b) market research by Ehrenberg (1959, 196H and 1972), 

Chatfield (1966), Morrison and Schmittlein (1961) and Grahn 

(1969); and

(c) accident proneness by Greenwood and Yule (1920), Bates and 

Neyman (1952), Lundberg (1940) and Mellinger et al. (1965).

1.2.2 Po i s s q.i - Lognorma 1 distribution

An early study to create long tail distributions which are also

capable of having a mode was made by Grundy (1951). He considered

the distribution generated from the compounding between the

Poisson and Lognormal distribution, i.e.

Poisson (A) A Lognormal (m,r).

A

It is assumed that the parameter A has a Lognormal distribution,

which is a function of m and r. Consequently ln(A) has a

2

Normal distribution with mean ( and variance a . The following 

relations exist between the parameters of Lognormal and Normal

distribution:

m = exp(( + o^/2) ,and (1.2.6)
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(1.2.7)

The probability law of the Poisson Lognormal is given Dy:

x x(x-l)/2 f** 

m r

2

P(x) exp

x-1/2 u 

m r e | du , (1.2.8)

, (7 T 7 7  1 2 ln(r)

x! J2n ln(r)

2 ln(r)

where x = 0,1,2..., 0 < m < *  and r > 1

This is a skewed distribution. Tt is known however for its

intractability, because of the convolution integral which cannot 

be expressed in a closed fora.

Grundy (1961) also developed a usable approxmat ion of 

Poisson-Lognoraal frequency function.

This diutribution was teraed by Anscombe (1950) as the discrete 

lognoraal.

In more recent tines the distribution was used by Bulmer (1974) in 

the field of ecology.

s

1.2.3 qcnerplised inverse Uauaaittn Poiaaon distribution

In many fields the observed frequency distributions representing 

discrete data display Ion? upper tails, which are difficult to 

reproduce by mathematical models. Previous attempts by Fisher 

(1943) lead to the Logarithmic Series Distribution, for short LS9, 

which has only one parameter and starts at x * 1. It can only 

reproduce a mode at its origin and is incapable of modal values
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for x > 1.

Patil and Shorrock (196t>) developed the modified logarithmic 

series distribution, which has two parameters with possible modes 

at x = 0 or x = 1.

The NBD itself, which generally starts at x = 0, cannot 

reproduce a long tail as well as a mode at x £ 1 at the same 

t iue.

In order to model discrete distributions with extremely long upper 

tails, Sichel (1971) mixed the Poisson with the Generalized 

Inverse Gaussian, for short GIG distribution (Jorgenson, 1982), 

which lead to a new discrete distribution, called the Generalized 

Inverse Gauss ian-Poi.. >on, for short GIGP. Several contemporary 

writers are now calling the GIGP the Sichel distribution.

As the mixing distribution GIG lies somewhere between Pearson 

type III and type V distributions, it leads to compound Poisson 

distributions which are more flexible than the other cospoundings.

The probability law of the OIGP is obtained from the compounding 

between the GIG given by:

where A « (0,«), a > 0 ,  0 < 0 < 1, -o# < *r < <» and K^(*) is 

the modified Bessel function of the second kind of order y with 

argument z ;

*(A|0,*,a) (1.2.9)

2 K ( a / T F )  

*
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and the Poisson distribution.

The convolution integral leads to the following probability 

distribution function:

for x = 0,1,2......

As stated by Sichel (1975), "the choice of the mixing distribution 

... Is crucial. The analytical form of the mixing distribution

Justification for Its use lies in its capability of satisfactorily 

representing a large body of observed data. These remarks do in 

fact apply to the genesis of most compound distributions quoted In 

the statistical 11terature”.

The GIGP distribution is a three-paramater family. Due to the 

third parameter involved the GIGP distribution enables greater 

power for modelling in comparison with the customary two 

parameters distributions. A number of well known distribution 

functions such as the Poisson, negative binomial, geometric, 

Fisher's logarithmic series and others can be derived by a 

limiting process from the GIGP.

A specific form of the GIGP is obtained for 7 * -1/2. This is 

called the Inverse Gausslan-Poisson, with the probability law 

given as:

K (o/T-d")

7

(1.2 .10)

is essent ially based on an empirical choice. The

P(x|a,«,7 = -1/2) = \ ~ ~  ]
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for x = (I, 1, 2 ..........  ( 1.2 . 11)

The Inverse Gaussian-Poisson distribution is obtained by 

compounding the Poisson with the Inverse Gaussian distribution. 

The latter was introduced to statistics by Tweedie (1957) although 

it was already known to eminent physicists such as Einstein and 

Schroedinger.

The GIGP and IGP have been used successt'uly in different data 

fields such as:

(a) market research (repeat buying), Sichel (1982);

(b) linguistics, Sichel (1971, 1974, 1975), Atkinson nnd 

Lam Yeh (1982);

(c) mining, Sichcl (1973a, 197'Jb);

(d) ecology, Sichel (1985); and

(e) bibliometry, Sichel (1985).

The behaviour of "compound Poisson" distributions is studied in 

this thesis in general snd special attention is given to the 

relation between the compound and the Mixing distribution. Among 

other remarkable relations, it is worth mentioning that the second 

moment about the mean for the compound Poisson distribution 

^ 2 (x) = ^.j(A) + (1.2.12)

is expressed in terms of the variance of the mixing distribution 

and the average of variances of the Poisson distributions. The 

above relation can be interpreted in terms of the Sum of Squares 

equation in a one-way analysis of variance as following:

A) may be looked upon as the variance between the treatments 

(Poisson distributions) and
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/-/J, (A ) could be regarded as the variance within treatments 

(Poisson distributions).

In what follows the aoaents, coefficients of variation and 

dispersion and the coefficients of skewness and kurtosis are all 

expressed in terns of the exposure period t. Soae interesting 

results are obtained in the liaiting process of t -* «► .

For the deveiopaent of the new theory for bi- and aultivariate 

discrete distributions we need to discuss certain probability laws 

of discrete randoa variables. In particular we need to specify 

the ascending diagonal arrays. To start with we consider the

Beta-Binoaiai distribution fssiiy.

1•3 Beta-Binoaial D istribution

The Beta-Binoaial distribution arises in various contexts. Polya 

(1931> obtained this probability law by studying a particular urn 

problem. Skeilaa (194U) derived the distribution, discussed the 

aoaent and the aaxiaua likelihood estiaatioa and showed its use in 

applications. Qart (195b) obtained the Beta Binoaial distribution 

in studying survival curves. Darwin (19t>0) used the Beta-Binoaial 

in studying species-frequency data.

Ishii and Hayakawa (I960) presented a particularly clear 

explanation of Beta-Binoaial. They dealt also with the 

aultivariate aspect of Beta Binoaial distribution.
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The necessity for compounding a Binomial distribution was already 

suggested by Fisher in "Statistical methods for research workers", 

in his discussion about "Comparison of Sex Ratio it; Human Families 

with Binomial Distribution". The following is a quotation from 

Fisher, page 66:

"If a family of H is regaixled aa a random sample of 8 from the 

general prtptilat ion, the number of boys In such fami lies should he

g

distributed in the binomial (ri*p) where p is the proportion 

of b> y s . If, however, famti. ■‘s differ not only by chance, hut by 

a tendency on the part of some parents to produce males or 

frnales, then the distribution of the number of boys should shorn 

an excess of unequally divided families, and a defIciency of 

equally or nnttt ! y trqun!! y divided ”

It is assumed therefore that p is not a constant, but a random 

variable which follows a certain probability law.

The distribution, which is obtained from the ordinary Binomial

distribution where the parameter p is made to vary in accordance

with the Beta distribution, was termed by lshii and Hayakswa

(1960) the Beta-Binomial distribution, or for short EBD. Johnson

and Kotz (1969) denoted the Beta-Binoaial model as follows:

Binoaial (n,p) A Beta . (1.3.1)

P

In the statistical literature this aodel is also known as the 

Polya-Eggenberger distribution.

The general coapound Binoaial is obtained froa the convolution 

integral:
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tCx|S) =

* *

s

X

0

PX (1-P)S * *(P) «lp , (1.3.2)

where *(p) is the "nixing" distribution of parameter p in the

Binomial with 0 < p < 1. If we substitute the Beta distribution

1

*(P) =

a r l ,, a 2_1

P C1-p)
(1.3.3)

into (1.3.2) we obtain the following:

f(x |S,aj ,<x.j) =

B(x+a(,S x+a. ) 

B(<»j ,a^)

where (1.3.4)

x = 0,1,2,...,S; S * 1,2.... and a , > 0, ou, > 0.

The resulting BBD has two parameters a ( and a^, both greater 

than zero. Th? sh.ipe of the distribution is determined by these 

two parameters. With a, and a.. > 1 the distribution has a

mode at zero (reverse J-shap^d), whilst with < 1 and < 1 

the distribution has modes at *.ero and at S shap* a). This is 

considered a necessary but no a sufficient i^madition.

Another form of BBD is g ver.

f (x |S,aj ,a.j)

f^ll

X S 4

‘1 ^ 2

x = 0,1,2,...,S, S * 1,2,..., aj > 0,

If a ( and a^ are rmtten as

(1.3.5)

and > 9. 

tive, the latter expression gives:

f(x|8.a1,ai,) =

2 
S-x

a l 2

witere (1.3.6)

x = 0,1,2,...,S, S = 1,2,..., > 0, and > 0.

The last function is called the Generalized Positive
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