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ABSTRACT

Ir classical statistical theory the bi- and multivariate discrete
distributions are largely determined by their univariate marginals
and they are characterized by a wmuch restricted correiation
structure, This study proposes o new statistical model which

overcomes these limitations.

The bew theuey Yor hivariste discrete distributions is based on
two concepts: the ascending diagonal arrays and the third sarginal
distribution, which make 1t possible to construct a wide variety

of joint discrete probabiliiy functions.

The general trivariate model is based on the same principle as the
bivariate distribution, with « additional array defined as the

"total of variables".

The multivariate case is treated by reducing it into a number of

trivariete modelis.

Some families of distributions are considered for the third
marginal and ftor the ascending diagonal arrays. The new model
enables the calculation of any moments for the marginals X, and xz

and of the correlations between the variabl!es, without the need of
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explicitly deriving the probability tunctions for the marginals.

The Compound Foisson distributions proved to be well suited for
modelling the third marginal and a general investigation into

their properties is under!aken.

The models are also investigated with respect to stochastic
processes. The dependency of the stationary mode! as a function

of time is explored and a'.“ention 18 paid t. the limiting process

t «» oo,
In particuiur the Dirichiet-Multinomial distribution is
investigated irn view of its known low correlation siructure. A

wider range of correlations is obtained by applying various

distributions to the total of variables.

Some: existiug estimation procedures are surveyed in connection
with the distributions which were applied to the third wmarginal
and the ascending diagonal arrays. Maximum likelihood estimation

methcds are proposed for the joint distributions.

Finaily, the new model is tested on four sets of data from
difterent application tielde, which had proved to be difficult to

fit by other statistical representations. The results were most

encouraging.

The last chapter summarizes the developments and suggests possible

avenues f{or further research.



To Zeev, Rimon &nd Iris



- vi -

ACKNOVLEDGEMEN''S

I am indebted to Frofessor H S Sichel trom the D2partment of
Statistics, the University of the Witwutersrand, for his
invaluable advice and guidance, the vital discussions and the

interest shown in this research.

I am grateful to my husband and my children for their help and

greal suppoirt during the preparation of this thesis.



- ¥i1 -

CONTENTS

Page
DECLABATION & ovs ot siidoccishaEiessss tonsinhebysEressypys i ii
AIEERADT ¢ cqi i BN R AAEEE s v E SR PR P U U (I it
DEBECATIRN . 55 s 05665055 bsaismens slaasaessnesseyssbarisiess v
DCEOVWIEDEEMEBNEE 5 oo ccatsoinsorssnbbis Cunstniss plrambd-opes s vi
ONEERNTE 6ot st s 00668 sebosadiondsvsadsnindehesss sty > vii
BINL-OF FIERE s ¢ s uibssveis Ead KDy inapes Chbisn Nt s Ak . Xiv
LIST OF TABLBS ....... &6 7 Lk i IR T ‘e PP R . xXvii
1 INTRODUCTION cccccccccscsesnncnsancnvosassnsncse s 1
1:3 A New Approach for Bi~ and Multivariate Discrete . 1

Distributions

1.8 Univariate Compound Poisson Distributions .......... 6
1.2.1 Negative Binomial distribution Be de e BE S RN 7
1.2.2 Poisson-Lognormal distribution .......... g . 8
1.2.3 Generalized Inverse Gaussian-Poisson distribution .. 9
1: 3 Betﬂ-aino‘iﬂl DiltributiOn oooooooooo EEEERE EEREEERE 13
1.4 Dirichlet-Multinomia! Distribution FOCEERNEEHELEN i6
1‘5 C‘.p“tin‘ work L I B R I I I D B . . LR ) . . . LI 20



2.3

2.3.1

2.3.2

2.3.3

2.4
2.4.1)
2.4.2

2.4.3

2.5

2.5.1

2.5.2

2.5-3

- viii -

Bv T‘ ........... L IO T I N R R R I I R L .
The General Model ........... PR SEG S .
TH DoV BOU8L  corcssrsrenssssnssssnssaessreassasssssd
The Symmetrical Model .........cc0000 PP

Special Distributions for the Ascending Diagonal ...
Arrays
Beta-Binomial distribution with constant parameters

a, and a2

|
Generalized Positive Hypergeometric distribution ...
Beta-Binomial distribution with @ and a, 8 .......

functions of S

Distributions for the Third Marginal ...........c0c00s
Generalized Inverse Gaussian-Puisson distribution ..
Inverse Gaussian-Poisson distribution ..........c00.

Negative Binomia) istribution .....¢ccvvvivvvscnnes

Joint Distributions .............. ES PR RS ES BAES EED
The Beta-Binomial distribution for the ascending ...

diagonal arrays and any distribution for the third

marginal
The Sinomial ¢ J‘or the ascernding diagonal
arrevs and any diw won for the third marginal

The Beta-Binomial distribution for the ascending ...

diagonal arrays and the Generalized Inverse

Gaussian-Poisson distribution for the third marginal

21

21

24

28

31

36

37

41
41

47



2.5.4

2.5.5

2.5.6

2.5.7

2.5.8

2.5.10

2.6

-ix_

The Beta-Binomial distribution for the ascending
diagonal arrays and the Inverse Gaussian-Poisson
distribution for the third marginal

The Bete-Binomial distripution for the ascending ...
diagonal arrays and the Negative Binomial distribution
for the third marginal

The Beta-Binomial distribution for the ascending
diagona' arrays and for the third marginal

The Hypergeometric distribution for the ascending
diagonal arrays and the Peta-Binomial distribution
for the third marginal

The Binomial distribution for the ascending disgonal
arrays and the Beta-Binomia! distribetion for the
third marginal

The Binomial distribution for the ascending diagonal
arrays and for the third marginal

The Beta-Bin. 4! distribution with a and a, as ...
functions of * ° the ascending diagonal arrays and

any distribution for the third marginal

RPegression ............. Y L D T LT D appapey et S
Case 1 ....icovcvvvnnes Leievsesessssnnes sesrsnuv e oo
Case 2 ......0000 ceereses ceveins sessssnnes ‘e
Cese 3 ......... sesnerse sesessssaNi st e . creee
Case & .iicieevivcncncnnnnnns 5 tesesssssesesesnnes

49

51

57

52

61



2.7

3.1

302

5.1.1
5"'2

5.1.3

- X -

The indicator of the Distribution on the Asceanding

Diagonal Arrays

The Cenarsl Model ..iccovcsovosossssancss SHE . PNy
Special Distribution for the Ascending Diagonal ....

Arrays, the Third Marginal and the Total of Variables

The General Mxdel ........coveveeun 6 B S e T

The Discrete Dirichlet-Multinomial Distribution ....

The Univariate Cas® ....c.ccovvonsovecsesssvoscsnnse
The coefficient of dispersion ....... PR oo s
The coefficient of variat'on ....... .00 PPN

The coefficients of skesness and kurtosis ..........

Yule characteristic . ......... SO N e REEELVEE SN ED
The Bivariate Case - . ... ..v0s Vde o 5LiE 0 e olb d Vs 0
THE BEHAVIOUR OF SPE. .- “MPOUND POISSON ..........

DISTRIBUTIONS AS A F'" 'O OF TIME

The Generalized Inverss Gaussian-Poieson Family ....

ar a Function of Time

77

77

100

100
105
106
107
110

i10



_xi_

6.1.1 Derivation of tne Poisson distribution ............. 126
6.1.2 Derivation of the Negative Binomial distribution ... 127
6.1.3 Derivation of the Inverse Gaussian-Poisson ......... 129

distrioution

6.2 A Discriminnting Raetio Function ....... sbswnosaand .. 130
8.2.1 QIGP ....000s seetdesenuacs ssessesenevan sesnescscasse A
B.2.8 JOP . .cccivscrsrtnrirenssiossonsoninerns cebevesiasnes A31
B.2.3 MDD ..ovvvvccnnas S PERTEIOI IS NEIENOD MRS sensses A31
6.3 Statistical Indices ....... sesssensis sessessassssnse AR
6.3.1 Mean .......... shesisvsrsssseiedseiiVevnibitsisace AU
6.3.2 Variance ........ cossas cevevecne sessssencsessase L8

6.3.3 Coefficients of dispersion and variation ........... 136

6.4.4 Coefficieats of skewness and kurtosis .............. 138

6.4 The Ratic of the Coefficient of Skewness as a ...... 141
Function of t

6.5 The Ratio of the Coefficients of Kurtosis as a ..... 148
Function of t

6.6 Relations between the IG? Model and the NBD Model .. 154

7 DEVELOPMENT OF THE BIVARIATE, TRIVARIATE AND ....... 166
MULTIVARIATE MODELS AS A FUNCTION OF TIME

49 | The Diveriate Model ..:..cesscovovssssissssssasssees WD
7.2 The Trivariatemdel ..... P T I I U R T I I I I B B B l

7.3 The Multivariate Model ....civcvesescsssssessssenneve HOR



- Rii -

B ESTIMATION ...vvvvvivannn el itele s P PUATIORVE S DRI & |

8.1 Methods of Estimation for the Beta Binomial ...... o 172
Distribution

8.1.1 Method of moments ............... s AR SRS 174

8.1.2 Method of equating the tirst sampl!e proportion ..... 174
and the sample mean

8.1.3 Method of equating the first and last observed ..... 175
provorticns

#8.1.4 Method of maximum likelihood ......... sssisassersssy IO

8.2 Methods of Estimation for the Genereclized Pozitive . 176
Hypergeometric Distribution
8.3 Method of Estimation for the Parameters of the ..... 176

Ascending Diagonal Arrays Distribulions

8.4 Methods of istimation for the Negative Binomiel .... 177
Distribution

8.4.1 Method of momENtS ....... tccovesvssssescs-sessccsss 178

8.4.2 Method of mean and zero proportion .............000. LA78B

8.4.3 Method of maximum likelihood ...........¢cevuevs oous 179

8-5 zero"Amntede R R R I U ) 179

8.6 Inverse Gaussian-Poisson Distribution .............. 181
8.6.1 mthod ot' mnt’ R I I I L I I 1&
#8.6.2 Method of zero-proportion and mean in sampie ....... 182

8.6.3 Maximum likelihood method ..... R RN IO



6.7 Generalized

- xiii ~

8.8 Methods of Estimation using Joint Distributions

8.8.1 The NBD - Binomia'! model .....

8.8.2 The NBD - BBD model

8.9 The Expected Fisher Information Matrix ...

8.9.1 The NBD -

Binomial mode}

8.9.2 The NBD - BBD model

9.1 The Data Set from the Accident Field, used by ...

Bates and Neyman (1952)

9.2 The Data Set from the Childr2n Accident Field,

used by Mellinger et al (1965)

9.3 The Data Set from the Library Circulation Field,

used by Chen (19786)

9.3.1 The NBD -~ GPHD model

9.3.2 The NBD - Binomial model .....

nverse Gaussizn-Poisson Distribution

---------------------------

9.4 The Data Set from the Library Circulation Field,

used by Cane and Burell (1982)

10 SUMMARY

e

183

184

184

187

190

191

192

194

195

211

218

220
226

236

245

252



- xi‘. -

LIST OF FIGURES

Figure

Figure

Figure

Figure

Figure

Figure

Vigure

Figure

Figure

Figure

2.1

2.2

2.3

6.1

6.2

6.3

6.4

6.5

6.6

6.7

Page

The bivariate table with x, marginal, ....... 23

1
x,, marginal and the iaird marginal
The bivariate table with symmetry along *“e .. 29

main diagonal

The indicator function ........... AR e AP 76

The coetticients of skewness ratio for IGP ... 144
with b =0,1 and c¢ = 0,4

The coetticients of sikewness ratio for IGP ... 145
with b =0,1 and ¢ = 0,04

The coefticients of skewness ratio for IGP ... 146
with b = 0,1 and ¢ = 0,004

The coetficients of skewness ratio for GIGP .. 147
with =0, bp=0,1 and c = 0,04

The coeffi:ients of kurtosis ratio for IGP ... 150
with b =0,1 and ¢ = 0,4

The coefficients of kurtosis ratio for IGP ... 151
with b =0,1 and ¢ = 0,04

The coefficients of kurtosis ratio for IGP ... 152

with b = 0,1 and c¢ = 0,004



Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

6.8 The coefticients of kurtosis ratio for GIGP .. 153
with =0, b=0,1 and c = 0,04

6.9 The NBD and the IGP with equal means and ..... 157

variances for k = 0,9, ‘nb = 0,985, ap = 10,35

and @, = 0,992

9.1 Estimates of a, as a function of 8 ....ev.cune 202

9.2 Estimates of a, ac a function of § ....cvceese 203

9.3 The X, marginal, data of Bates and Neyman .... 205
(1952)

9.4 The X, marginal, data of Bates and Neyman .... 206
(1952)

9.5 The third marginal, data of Bates and Neyman . 207
(19562)

9.6 The regression curve B(y2|xl). Bates and Neyman 208
(1952)

9.7 The X, marginal, data of Mellinger (1965) .... 214

9.8 The X, marginal, data of Mellinger (1965) .... 215

9.9 The third margina!, data of Mellinger (1965) . 216

9.10 The regression curve E(x2|xl). data of .cocsive 217
Mellinger (1965)

9.11 The X marginal, data of Chen (1976), the .... 221
NBD-GPHD model

9.12 The X, marginal, data of Chen (1976), the .... 222
NBD-GPHD mode |

9.13 The third marginal, data of Chen (1976), the . 223

NBD-GPHD model



Figure 9.

Figure 9.

Figure 9.

Figure 9.

Figure 9.

Figure 9.

Figure 9.

Figure 9.

Figure 9,

Figure 9.

Figure 9.

Figure 9.

Figure 9.

16

17

18

19

20

21

22

25

24

25

- xvi -

The regression curve E(x2|xl). data of Chen
(1976), the NBD-GPHD model

The X, marginal, data of Chen (1976), the
vnivariate NBD model

The X, marginal, data of Chen (1976), the
univariate N3D model

The means of the ascending diagonal arrays

(P = 0,505) Chen (1976)

The X, marginal, data of Chen (1976), the
NBD-Binomial model

The X, marginal, data of Chen (1976), the
NBD-Bincmial modei

The third marginal, data (1976), the
NBD-Binomial model

The regression curve l(x2|xl). data of Chen ..
(1976), the NBD-Binomial wodel

Estimates of a, and a, as a function of §, ...
data of Cane and Burrell (1982)

The x, marginal, data of Cane and Burrell

1
(1982)
The X, marginal, deta of Cane and Burrell ....
(1982)

The third marginal, data of Cane and Burrell
(1982)

The regcression curve E(x2|xl). Cane and Burrell

(1982)

225

227

228

232

233

234

235

240

241

242

243

244



Table 6.1

Table 6.2

Table 6.3

Tabie 9.)

Table 9.2

Table 9.3

Table 9.4

- XvVii -

The NBD model with parameters k(l) = 1/2 and

‘nb 1) = 1/2 and the IGP model with parameters
v ) = =172, 9,(1) = 2/3 and aI(l) = J3/2
at t = |

The NBD model with parameters k(2) = 1/2 and

.

2) = 2/3 and the 1GF mudei with

bt

v.(2) = -1/%, 01(2) = 4/5 and 01(2) = J5/2

The NBD model with parameters k(3) = 1/2 and

Onb<3) = 3/4 and the IGP model with parameters
11(3) = -1/2. 01(3) = b/7 and aI(S) = J1/2
at t = 3

The data set of Bates and Neyman (1952) with
v = 1,54, @ = 0,8136, a = 1,73 a.d "’“.z = 6,79

Estimates ot the parameters a nd a, for the

1

ascending diagonal arrays

The xz results obtained from Table 9.1 ......

The fit of the univariate NBD model to the

marginals

arameters

Page

159

160

200

201

204

209



agmuagy v

Table

Table

Table

Table

Table

Table

Table

Table

Table

.10

Ll

.13

- Xviil -

The data set cof Mellinger et al. (1965) with

vy = 3,587, ¢ = 0,406, a, = 12,27 and a

1 2
The xz results obtained tfrom Table 9.5 .

The data set of Chen (1976), the NBD-GPHD

"~

= 11,48

model with v = 3,91, 8 - 0,56, o, = -39,32
and a, © -38,867
The x° results obtained from Table 9.7 .......

The fit of the univariate N8D model to the

marginals

The data set of Chen (197€), the NBD-Binomial

medel with v = 3,91, @ = 0,56 and p = 0,505

The xL results obtained from Tablie 9.i0
The data set of Cane and Burrell (1982)

The xz results obtained from Table 9.12

212

213

219

220

224

230

231

237
239



CHAPTER |

INTRODUCTION

This study is concerned with the development of a new theory for
bi~ and multivariate discrete distributions. An attempt is made
to investigate the general properties of Compound Poisson
distributions and special attention is given to the Dirichlet

distribution as a particular case of the general model.

The multiveriate Dirichlet model was the subject of continuous
investigations for over two decades. Aitcninson (1982) mentioned
the particular interest in the model by stating: "The realization
that the Dirichlet class leans so heavily towards independence has
prompted a number of authors [Connor and Mosimann (1969), Darroch
and James (1974), Mosimann (1975), James and Mosimann (1980),
James (1961)) to search for generalizations of the Dirichlet class

with less structure”,

1.1 A New Aprroach for Bi- and Multivariate Discrete
Distributions

The existing theory for bi- and multivariate discrete data sets

deals largely with the foliowing two situations:
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(a) "+ correlations between any two random variabies are
determi 4 by the parameters nf the marginal distributions; and
(b) The coi r~elations oare zero for independent variables,
specifically if the marginals are independent, or very low

correlations exist in the Dirichlet cnase where the variables

k
P (i =1,...,k) are subject to the ccnstraint 2 Py ® 1. F¥For a
i=]

medium number of variables in the Dirichlet case we have "almost

zero" correlations between any two variables.

We note that multivariate discrete distributions are characterized
by restricted correlation structures. Taillie et al. (1979) state
that “the oproiiem of finding good families of wultivariate
distributions 1is both a challenging and vexing one. An ideal
wultivariate family should have encugh flexibility to Jdescribe
widely different patterns of covaristion". By deriving
multivariate analogues of the univariate distributions, Taillie et
al. (1979) state that "the parameters of these distributions are
completely determined by their univariate merginals. This implies
that the joint distribution is aiso determined by the marginals.
In other words, these distributions have no fiexibility whatsoever
with regard to covariation”. 1In the sawe paper Taillie et al.
determine the properties which should be the guide for any
statistician in creating an ideal multiveriste family. According
to them a multivariate family must have the following properties:

"(1) the ablility to describe wide patterns of covariation,

(2) parameters that »re easily interpreted in relation to that

covariation; and



(3) a parametric structure permitting many and relatively

simpie Inferential procedures”.

So far no existing tamily of multivariate discrete distributions
complies with »!l the taree above-mentioned properties, It is
with this in mina that we are searching for a new approach to
handling multivariate discrete data sets. In this study we are
concerned with the building of a new model, which is based on

principles that are different from the classical methodoliogy.

In the classical bivar.ate discrete distributions we discuss
horizontal and vertical arrays. The summation of these horizontal
and vertical arrays leads to the customary marginal X, and X,

distributions.

In the approach set out in this investigation we introduce a third
marginal S in addition to the first two marginais X, and Xy
The model is based alsc on a new type of arrays, name.y the
ascending diagonal arrays, which are at a right angle to the main

diagonal.

The "third marginal"” is the distribution of a variable S derined

as the summation of X and Xy i.e. S = X, + Xy«

The probability law of the ascending diagonal array is the

distribution of X given S, where X, ® U, 35 Bsssssls

The summation of the ascending diagonal arrays leads to the



probabilities in the third marginal. For the third marginal we
allow any discrete distributior 1'(S) and for the ascending

diagonal arrays we consider special families of distributions

S
¢(xl|S). where xz=o Q(xl|S) =1,

1

This new approach permits the creation of any bivariate and

and x,, mwargira.s are

1 2
derived from the inside of the table. It is not always possible

trivariate distribution. The customary x

tc express the theoretical distributions of xl and x2 in a closed
form. This doer not inhibit however the calculations of the

means, variances, correlations and regressions.

The mu.tivariate model is reduced to trivariate models.

In geueral the new model will allow more flexibility and will not
be constrained by the creation of a bivariate or multivariate

version of a specific univariate distribution.

Kewp and Papageorgiu (1982), in considering alternative forms of
the bivariate Hermite distribution, state that "various authors
hav:: discussed the problem of constructing meaningful and useful
bivariate versions of a given univariste distribution, the xv.dn
difficulty being the impossibility of producing a standard set of
criteria that can always be applied to produce & unigque
distribution which could unequivocally be called the bivariate

version”.



Marshs.l and Olkin (1985) were aware ¢f the problem stated abcve
and derived a family of bivariate distributions, which were
generated by the bivariate Bernoulli distribution as an extension
of the univariate case. They extended their work also to some
bivariate continuous distributions suck as the bivariate

exponentic ., gamma and normal distributions.

In addition to the new theory developed we wish to investigate
what happens if these models are applied to stochastic proccsses.
We are interested in the behaviour of the variables X and Xy, OF
S and X in terms ¢ ' the exposure period t. This devendency of
the stationary model as a function of time is exp'ured and

attention is paid to the limiting process t . oo,

Certain models which assume special distribuztions on the ascending

diagonal arrays and on the third marginal are considered.

On the ascending diagonal arrays we deal with the same type of
distributions and two cases are identified:
(a) distributions which are independent of §S; and

(b) digtributions which are dependent on 8.

For certain fields of applicability of the general multivariate
model, it is necessary to consider the Foisson mixtures as the

distribution of the summation of all the variables.



1.2 Univeriate Compound Poisson Distributions

The Poisson distribution was initially used to discuss rare events
and appeared in the statistical literature for the first time
describing death due to mule kicks in the Prussian army. Its
derivation was published by Poisson in 1837. Since then it was
under the investigation of many statisticians. Real datu does not
meet the stringent assumptions of the distribution in numerous
occasions, a fact which brought new attempts to relax the Poisson

model assumptions.

The Compound Poisson mode! is a specific way to create families of
distcibutions which can satisfy the real data. It is obtained
from the ordinary Poisson dis‘ribution for whi~h the psrameter A

is made *o vary in accordance with any mixing distribution as

follows:
P(X=x) = r” P(X=X|A) *(A) dr (1.2.1)
0
-t A
where P(x=x|A) el —y— forr % = Di1;.4s {1.2:%)

is the Poisson probability distribution function and *(A) is the

probability law of the mixing distribution when A & (0, ®).

Johnson and Kotz (1969) denote the above model as:

X~P(A) Av(rle) , (1.2.3)
A

whore @ is the parameter (or the vector of parameters) of the

mixing distribution.

We discuss only a few compound Poisson families by considering



some well known mixing distributions.

1.2.1 Negative Binomial distribution

The Negative Binomial distribution was developed by Montmort in
1713. 1In more modern times Greenwood and Yule (1920) wused the
compound Poisson distribution for the tirst time in statistical
literature in accident-proneness’ field. For the mixing they used

the Gama distribution given by the probability law:

[ 1-¢ ]A

r() = [ ] LAY (1.2.4)
where v > 0, 0<@® <1 and A € (0, =) ,

The solution of the convolution integral leads to the Negative

Binomial Distribution, for short called the NBD, ¢iven by

P(Xsx) = | e " [ 1-¢ ] [ ]

0

_‘_",%;;_ S Lia 2L (1.2.5)

where x = 0,1,...

The above process is just one of several possible thecretical

approaches which are known to lead to an NBD.

The general history of the Negative Binomial Distribution was

summarized in reviews by Gurland {(1954) and Bartko (1961).

The study of accident data led to an exceedingly powerful
discovery, namely the Multivariate Negative Binomial Distribution.

The basic mcthematical properties of the bivariate NBD were



established by Arbous and Kerrich /1951). An explicit treatment
of the mul‘ivariate NBD was presented by Bates and Neyman 1952)

in the accident-proneness tield.

The Negative Binomial Distribution has besn widely used for
modelling in various tieids such as:

(a) psychology by Sichel (1951);

(b) market research by Ehrenberg (1959, 1968 and 1972),
Chattield (i966), Morriscn and Schmittlein (198i) and Grahn
(1969); and

(e) accident proneness by Greenwood and Yule (1920), Bates and

Neyman (1952), Lundberg (1940) and Mellinger et al. (1965).

1.2.2 Poissoon-Lognormal distribution

An early study to create long tail distributions which are also
capable of having a mode was made by Grundy (1951). He considered
the distribution generated {rom the compounding between the
Poisson and Lognormal digtribution, i.e.

Poisson (A) A Lognormal (m,7).
A

It is assumed that the parameter A has a Logncrmal distribution,
which is a function of m and 7. Consequently In(A) has &
Normal distribution with mean ¢ and variance 02. The following
relatiins exist between the parameters of Lognormal and Normal
distribution:

= exp(¢ + 02/2) ,and (1.2.8)



r = exp(az). {1.2.7)

The probability law of the Poisson Lognormal is given by:

+00 2
X x(x-1)/2 u =
P(x) = . I axp[- —— rx 172 eu] du , (1.2.8)
x! JZ‘II In(r) Y-e 2 In(r)
where x = 0,1,2...., 0 < m<%» and r > 1.
This is a sxewed distribution. It is known however for its

intractability, because of the convolution integral which cannot

be expressed in a closed form.

Grundy (1951) also developed a |usable approximation of

Poisson-Lognormal frequency function.

This distribution was termed by Anscombe (1950) as che discrete

lognormal .

In more recent times the distribution was used by Bulmer (1974) in

the field of ecology.

In many fields the observed frequency distributions representing
discrete data display long upper tails, which are difficult to
reproduce by mathematical models. Previous attempts by Fisher

(1943) lead to the Logarithmic Series Distribution, for short LSO,

which hes only one parameter and starts at x = 1. It can only

reproduce a mode at its origin and is incapable of modal values
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for x> 1.

Patil and Shorrock (1966) developed the modified logarithmic
series distribution, which has two parameters with possible modes

at x =0 or x =1,

The NBD itself, which generally starts at x =0, cannot
reproduce a long tail as well as a mode at x ) 1| at the same

time.

In order to model discrete distributions with extremely long upper
tails, Sichel (1971) wixed the Poisson with the Generalized
Inverse Gaussian, for short GIG distribution (Jorgenson, 1982),
which lead to a new discrete distribution, called the Generalized
Inverse Gaussian-Poi. on, for short GiGP. Several contemporary

writers are now calling the GIGP the Sichel distribution.

As the mixing distribution GIG lies somewhere between Pearson
type III and type V distributions, it leads to compound Poisson

distributions which are more flexible than the other compoundings.

The probability law of the GIGP is obtained from the compounding
between the GIG given by:

2
" | 1-e A -39
¥ = (247158 /a 0} Sl 0
2 K1{aJ"T:T_)

where A € (0,), a >0, 0<9 <1, =<4y (o and K,(:) is

*(A|0,7,a ’ (1.2.9)

the modified Bessel function of the second kind of order « with

argument 2z ;
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and the Poisson distribution.

The convolution integral leads to the following probabiiity

distribution function:

¥ ar
(J Iq ) (“/Z) Kx+1(a) : (1.2-10)
K, (a/T8) x!

for %X = 0,1,8,...

P(x'a.o.v) =

As stated by Sichel (1975), "the choice of the mixing distribution
Is cructal. The analytical form of the mixing distribution

is essentially based on an empirical choice. The
Justification for its use lies in its capability of satisfactorily
representing a large body of observed data. These remarks do In
fact apply to the genesis of most compound distributions quoted in

the statistical literature”.

The GIGP aistribution is a three-paramster family. Due to the
third parameter involved the GIGP distribution enables greater
power for wodelling in comparison with the customary two
parameters distributions. A number of well known distribution
functions such es the Poisson, negative binomial, geometric,
Fisher's logarithmic series and others can be derived by a

limiting process from the GIGP.

A specific form of the GIGP is obtained for v = ~1/2. This is

called the Inverse Gaussian-Poisson, with the probability law

given as:

/4 VT _(a0/2)

x!

P(x|¢.0.1 = ‘1,12) = [—-;-'-a;—-] xx_l/z(a) '
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for x =0, 1, 2,... . (1.2.11)

The Inverse Gaussian-Poisson distribution is obtained by
compounding the Poisson with the Inverse Gaussian distribution.
The latter was introduced to statistics by Tweedie (1957) although
it was already known to eminent physicists such as Einslein and

Schroedinger.

The GIGP and IGP have been used successfuly in different data
fields such as:

(a) market research (repeat buying), Sichel (1982);

(b) linguistics, Sichel (1971, 1974, 1975), Atkinson and
Lam Yeh (1982);

(c) mining, Sichs!l (1973a, 1973h);

(d) ecology, Sichel (1985); and

(e) bibliometry, Sichel (1985).

The behaviour of "compound Poisson" distributions is studied in
this thesis in general and special attention is given to the
relation between the compound and the mixing distribution. Among
other remarkable relations, it is worth mentioning that the second
moment about the mean for the compound Poisson distribut!ion

pz(x) = pz(A) + pi(A) (1.2.12)

is expressed in terms of the variance of the mixing distribution
and the average of variances of the Poisson distributions. The
above relation can be interpreted in terms of the Sum of Squares
equation in a one-way analysis of variance as following:

pz(A ) may be looked upon as the variance between the treatments

(Poisson distributions) and
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yi(A) could be regarded as the variance within treatments

(Poisson distributions).

In what follows the moments, coefficients of variation and
dispersion and the coefficients of skewness and kurtosis are all
expressed in terms of the exposure period t. Some interesting

results are obtained in the limiting process of t o o .,

For the development of the new theory for bi- and multivariate
discrete distributions we need to discuss certain probability laws
of discrete random variables. In particular we need to specify
the ascending diagonal arrays. To start with we consider the

Beta-Binomiali disiributlion family.

1.3 Beta-Binomial Distribution

The Beta-Binomial distribution arises in various contexts. Polya
(1931) obtained this probability law by studying a particular urn
problem. Skellam (1948) derived the distribution, discussed the
moment and the meximum likelihood estimatiom and showed its use in
applications. Gart (1958) obtained the Beta -Binomial distribution

in studying survival curves. Darwin (1960) used the Beta-Binomial

in studying species-frequency data.

Ishii and Hayakawa (1960) presented a particularly clear
explanation of Beta-Binomial. They dealt also with the

multivariate aspect of Beta-Binomial distribution.
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The necessity for compounding a Binomial distribution was already
suggested by Fisher in "Statistical methods for research workers",
in his discussion about "Comparison of Sex Ratio iu Human Families
with Binomial Distribution". The following is a quotation from
Fisher, page 66:

“If a family of 8 is regarded as a random sample of 8 from the
genesal population, the number of boys in such families should be
distributed in the binowmial {qop)a where p is the proportion
of beys. If, however, rfami,; +s differ not only by chance, but by
a tendency on the part of some parents to produce males or
females, then the distribution of the mmber of boys should show
an excess of unequally divided families, and a deficiency of
equaiiy or neariy egually divided familiss *

It is assumed therefore that p 1is not a constant, but a random

variable which follows a certain probability law.

The distribution, which is obtained from the ordinary Binomial
distribution where the paremeter p is made to vary in accordance
with the Betsa distribution, was termed by Ishii and Hayakewa
(1960) the Beta-Binomial distribution, or for short EBD. Johnson
and Kotz (1969) dencted the Beta-Binomial model as follows:

Binomial (n,p) A Beta . (1.3.1)
P

In the statistical literature this model is also known as the

Polya-Eggenberger distribution.

The general compound Binomial is obtained from the convolution

integral:



1
t(x|S) = [ [i] p* (1-p)57% »(p) dp , (1.3.2)
0

where ¥(p) is the "mixing" distribution of parameter p in the

Pinomial with 0 < p < Il. If we substitute the Beta distribution
1 &,~1 az—l

?”(P) ® ——— P i (1-p) (1.3.3)
Bla,a,)
into (1.3.2) we obtain the following:
s B(x#al.s -x*az) ;
f("|s'“1'°2) = [x] , where (1.3.4)
Bla) )
x=0,1,2,...,8 8= 1,2,... and 11>0, a2>0.

The resulting BBD has two parameters a, mdcz. both greater

than zero. The shape of the distribution 1s determined by these

two parameters. With a, < | and a, > 1 the distribution has a

mode at zero (reverse J-shaped), whilst with s (1 and a, <1
the distribution has modes at zero and at S (U-shapeu). This is

considered a necessary but net = sufficient comdition.

Another form of BBD is given below:

, where (1.3.58)

x = 0.1'2..‘.'8' s = l.z..--‘ ‘1 > u. “ % ) ..

i 5, § a, and @, are taken as negative, the latter expression gives:

f(xls.al.az) s , where (1.3.6)

%8 0,0,8.6008, 88 ),8,..44 a > B, and a, > 0.
The last function is called the Generalized Positive
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