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In advanced industrial and biomedical application combined with polymer processing, blood flow analysis, and
food processing, the Casson fluid model emerged as a crucial framework for illustrating the transportation of
non-Newtonian fluids. The proposed analysis investigates the constitutive behavior of the Darcy-Forchheimer
inertial drag considering Casson fluid flow through an extending surface packed with Darcy medium. Also,
favorable body forces like radiative and dissipative heat effects and chemical reactions are analyzed to carry out
the synergistic role in the thermal and concentration distribution. The suitable assumptions of transformation
rules are adopted to transform the governing flow phenomena into dimensionless forms. This leads to the
appearance of certain factors involved in these governing equations. Further, coupled nonlinear sets of model
problems are handled numerically employing the “spectral Quasi-linearization method”. The conformity of the
attribute of convergence of the current strategy and the validation with the earlier investigation supported the
particular cases. Further, the behaviour of the controlling factors on the flow profiles is depicted graphically. The
results reveal the effective interaction of inertial drag and radiant heat on the velocity vis-a-vis temperature
distributions. Moreover, the illustration of the enhanced chemical reaction influences the concentration profile
with stronger reactions leading to sharper gradients.

Chemical reaction
Shooting based numerical technique

electromagnetohydrodynamic. This composite nanofluid, referred to as
Ag-Cu-TiO/0il, is subjected to gravitational forces influencing free
convection. To increase the energy equation’s practical relevance, the
analysis also considers the influence of a heat release/emission, radiant
heat, thermal slip, a porous medium, and Ohmic heating. These con-
siderations lead to a mathematical model comprising PDEs which are

1. Introduction

A non-Newtonian fluid model described as the Casson fluid is
distinguished by its yield stress behaviour, which means that it only

flows when the applied shear stress surpasses a critical threshold. This
model is particularly useful in describing biological fluids such as blood
and industrial materials like chocolate and honey. In thermal engi-
neering, the study of Casson fluid dynamics under varying conditions,
such as magnetohydrodynamic effects or temperature-dependent vis-
cosity, has gained attention due to its applications in medical devices
and manufacturing processes. Investigations often focus on its heat and
mass transfer properties when subjected to external forces or complex
geometries, offering insights for optimizing cooling systems and
enhancing energy efficiency. Saleem et al.! investigated the behaviour
of a Casson tri nanoliquid via a vertically enlarging sheet, considering
Thomson and Torian slip constraints and the effects of
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simplified to ODEs via an adequate similarity variable. The resulting
system of ODEs is solved using the “Runge-Kutta-Fehlberg (RKF-45)
method”. Saleem et al.” reported a comparative analysis of Hiemenz
flow in a hybrid Carreau nanofluid, taking viscous dissipation, newto-
nian heating, and nonlinear effects into account. Lastly, Saleem et al.’
investigated the Darcy-Forchheimer Casson model numerically, incor-
porating 2nd-order momentum slip, and gained valuable insights into
the complex system’s thermal behaviour. Krishna et al.” investigate the
effect of Newtonian heating on thermal attribute in the MHD trans-
portation of Casson fluid. The standard PDEs are solved by implement-
ing the “Laplace transform method”. Presently, graphical
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Nomenclature

XY, 2 coordinate axes(m)

u, v, w velocity components

qr radiative heat flux

Pr Prandtl number

k; permeable medium

§ Casson parameter

K; chemical reaction

Da Darcy number

Fr non-inertia drag parameter
Ec Eckert number

Sc Schmidt number

Kr chemical reaction parameter

Nr radiation parameter

CfwCf,  skin friction along x, y direction
Nu, Nusselt number

Shy Sherwood number

qw heat flux

dm mass flux

Re,,Re, Reynolds number
p dynamic viscosity

p density

pCp specific heat capacity
T, wall temperature

Teo ambient temperature
Cy wall concentration

Co ambient concentration

representations illustrate the velocity, temperature, and species con-
centration. This study has significant applications in fields such as hy-
drology and crude oil purification. The Casson fluid model effectively
captures the behavior of non-Newtonian fluids. The flow is influenced by
periodic plate oscillations, with a uniform transverse magnetization
applied perpendicular to the fluid momentum. Mustafa et al.® examined
a Casson fluid’s thermal flow attributes over a moving flat plate influ-
enced by a parallel free stream. Using a “homotopic approach”, they
derived analytic solutions in series form for the system of nonlinear
PDEs. The study by Baithalu et al.® deliberates thermo-solutal trans-
portation in Casson fluid transportation over a widening surface under
the influence of Ohmic heating and Darcy dissipation packed with pores.
Using proper similarity alterations, the equations which govern in their
dimensional format are reformed into a non-dimensional framework.
Subsequently, the transformed equations are solved through numerical
simulation, employing the bvp4c features in MATLAB. UI Haq et al.”
examined the non-similar solutions for natural convection transport of
magneto-Casson fluid over a heated curved surface along Ohmic heat-
ing. Non-similar variables are applied to convert the standard equations
into dimensionless PDEs. These equations are further simplified into a
system of ODEs via the local non similarity method. Manjunatha® con-
ducted a theoretical study on trihybridized fluids using HoO as the host
liquid in a stretchy surface configuration with convective constraints.
Nazir et al.’ addressed the rheological features of tangent hyperbolic
fluid, enhanced by trihybrid nanofluids, employing a non-Newtonian
base fluid. Wahid et al.'® addressed nanofluid transportation of sub-
stantial heat generation over an exponentially stretched, packed with
pores. Ali et al.'' recently explored entropy formation in hybridized
fluid flow via a Riga plate under the involvement of strong suction ve-
locity. In another study, Ali et al.'? analyzed tri-hybrid nanofluid flow
over a suddenly moving surface, considering the mutual interaction of
Hall current, ion slip, Newtonian heating, porous substances, radiant
heat, and chemical species. They utilized a tri-nanoparticle combination
(Cu-TiO2-Al203/WEG) to achieve enhanced heat transfer efficiency.
Rehman et al.'® proposed the flow characteristics of Jeffery-Hamel
motion among non-parallel convergent-divergent channels by incorpo-
rating thermal relaxations time. The mathematical simulation of the
flow problem led to the construction of governing PDEs that incorporate
a range of different factors. Again, Baithalu and Mishra'* proposed the
role of magneto-micropolar fluid for the involvement of thermal buoy-
ancy vis-a-vis the impact of radiating heat and chemical species. Also,
the focus of the study is the involvement of applied transverse mag-
netisation, for the variation of the Peclet number influences the flow
profiles. Finally, “Differential Transform Method (DTM)” an approximate
analytical technique is presented for the solution of the flow model.
transformed model Pattnaik et al.’® focused on the 2D circulation of a
conducting polar nanofluid within a parallel channel equipped with
permeable medium. Additionally, the flow is influenced by various

physical factors, including thermal buoyancy, radiative heat, and sub-
stantial heat supplier, which enhance the flow profiles. Furthermore, the
coupled nonlinear transformuted equations are solved numerically with
the interaction of several factors. Hayat et al.'® examined MnFez04
Casson aqoues solution transportation via a rotating disk, focusing on
Buongiorno model, along with radiating energy and entropy generation.
Muhammad et al.'” analyzed two-dimensional nanofluid flow with
suspended carbon nanotubes, addressing convective boundary condi-
tions, the Darcy-Forchheimer model, and entropy generation. Alamar-
ashi et al.'® analyzed a non-Newtonian micropolar time-dependent
hybrid nanofluid, with the interaction of thermal radiation over a
radially rotating disc. The specialty of the proposed model is due to the
simultaneous involvement of Darcy and Forchheimer’s assumptions.
The impact of magnetization along Joule and Darcy dissipation. Bai-
thalu et al.'® addressed the transportation of a magneto-polar hybrid
nanomaterial on an enlarging surface. Aly et al.?® reported the convec-
tive heat transmission exploiting a hybridized nanomaterial on a surface
under the imposition of radiating energy on an elastic sheet. Bellman
and Kalaba®! described quasilinearization to linearize nonlinear prob-
lems, while Motsa®? introduced a spectral local linearization method for
improved accuracy in boundary-layer flows. Yanala et al.>® explored
heat and mass transfer in 3D MHD Casson fluid flow, emphasizing ra-
diation and chemical reaction effects, and this study extends such
methodologies by integrating novel computational approaches for
improved solution efficiency. Furthermore, Rafiq et al.?* investigated
the consequence of viscous dissipation and thermal radiation on
micropolar fluid motion induced by cilia with slip conditions, while
Mujahid et al.” examined magnetized non-Newtonian Casson fluid flow
between corrugated curved walls. Additionally, Shahzad et al.>® con-
ducted a molecular dynamics analysis on the thermal radiatively
pressure-driven motion of hybrid nanofluids through a curved pipe,
whereas Shahzad et al.?” explored the rheological behavior of viscous
and Casson fluids in a heated curved pipe. Abbas et al.?® further
extended this understanding by analyzing oscillatory movement in an
irregular porous channel with slip constraints. Bejawada and Yanala®’
investigated the Soret and Dufour effects in an unsteady MHD flow past
an inclined plate, while Reddy et al.>® explored hydromagnetic radiative
stagnation point transportation over a stretching surface. The implica-
tion of MHD free convective Casson fluid flow in the presence of Soret,
Dufour, and chemical reactions was further evaluated by Kumar et al.*!
Additionally, Shankar Goud et al.*? presented numerical insights into
thermal flow attributes of nanofluids on an inclined revolving disk with
chemical reactions, and Bejawada et al.> performed a study on radiative
electromagnetic nanofluid transportation with viscous dissipation along
a vertical plate.

Scientific deficiencies: Investigation on the flow of Casson fluid is
not new but limited analysis was presented till date.
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o Insufficient studies address the integrating role of inertial drag and
radiative heat transfer along with chemical reactions on non-
Newtonian fluids such as Casson fluid within a Darcy medium.

e Limited investigations on the interplay between the dissipative heat
i.e. the impact of viscous and Darcy dissipation in enhancing the heat
transport phenomenon.

e Minimal exploration was carried out for the imposition of chemical
reaction on the solutal transport profile of the Casson fluid model.

Targeted study: Based on the importance of unrevealed works for
the flow of the Casson model, the following are the main goals of the
study.

o To explore the constructive behavior of the inertial drag affecting the
fluid momentum and thermal behavior of the Casson fluid flow
through an extending surface.

e To explore the mutual impact of radiating energy, Darcy dissipation,
and chemical reactions on the heat and solutal transport phenomena.

e To execute a robust numerical technique in handling the coupled
nonlinear transport profiles.

e To analyze the significant and effective properties of the factors
useful in industrial and biomedical applications.

Original contributions of this research: Motivated by the above-
mentioned studies and lack of investigations the originality of the pro-
posed studies is;

e Comprehensive studies of Darcy-Forchheimer drag integrating the
impact of thermal radiation into the analysis of Casson fluid.

e Integration of Joule dissipation and chemical reaction for the flow
over an extending surface within a permeable medium shows syn-
ergetic effects.

e Contribution of advanced numerical method equipped with shooting
technique to achieve high accuracy and convergence of the problem.

Key research questions: The proposed analysis brings several
questioners those are helpful in investigation the study as well as future
prospective.

e How inertial drag due to the Darcy-forchheimer model affect the
fluid momentum of Casson fluid flow over an extending surface?

e What are the key features of the thermal radiation and the dissipative
heat on the heat transfer phenomenon?

e How chemical reaction influences the solutal profile and mass
transfer characteristic over the extending surface?

e Can the numerical methodology ensure the accurate prediction of the
behavior of the system in varying conditions?

2. Mathematical formulation

A three dimensional incompressible Casson fluid flow filled with
porous along a stretching surface. The sheet is enlarged along the xy-
plane and stretching velocities are presented by w,, = ax, v, = by in x —
and y — directions, while the fluid is placed along the z — axis. let (i, v,
w) denote the velocity component towards (x, y, 2)(Fig. 1). The mo-
mentum equations account for permeability effects, and nonlinear drag
forces in the presence of porosity. The energy equation incorporates
radiative heat flux, viscous and Darcy dissipation, reflecting the heat
transfer characteristics of the system. Additionally, the mass transport
equation considers convective and diffusive effects, including a reaction
term influencing species concentration. The boundary conditions specify
velocity variations, thermal conditions, and species concentration at the
surface, ensuring realistic constraints for the fluid system

The rheological standard equation of a Casson fluid is defined as
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z

Porosity

Fig. 1. Flow geometry of the current model.

P, P,
T; = {2(y3+ﬁ>eiﬁﬂ>ﬂg&2<u3+\/—2Lﬂ>eij,ﬂ<ﬂc} 2.1
Where n = eje;with e; is the (ij)‘h element of the fluid deformation
rate and p, = V2% i the yield stress.

B
The standards equations are expressed as (Yanala et al.>®)

U +vy+w, =0 (2.2)
1 C
uux+vuy+wuz:v(1+—>uzz—%u— b2, (2.3)
p pky /K,
1
Uy + vy +wy, = v<1 +E>vzz - ;i* — Cb*vz, 2.9
ks \/g
Ty 49T, +wT, =1y~ (g, + P () + (2.5)
y pCp *  pCp % pCp pCpk;,
uCy +vCy +wC, = DC,; — K;(C—Cs,). (2.6)
The associated surface constraints are
V=) =ar,u=u,(x) =ax,w=0,C=C,, T=T,, atz=0
v—0,u—0,T-T,,C—-C,
2.7)

gr-denoted the radiative heat flux (utilizing the Rosseland estimation) is
defined as

40*
ar = _Sk* (T4)z (2'8)

Expanding the term T*through the truncated Taylor series about T
T = T + 4T3 (T—To) + 6T2(T — To,)* + ... 2.9)

The result of Eq. (2.8) When we exclude the second- and higher-order
terms is

T* =4T3T - 3T} (2.10)
Now replacing Eq. (2.9) in Eq. (2.7) we get
1606*T3
= — o, 2.11
q e (211)

Implementing (10), Eq. (5) can be expressed as
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k 1 (16T 0"
uTx+va+sz:p7Cme+7< o0 T)+L( u)? h 2

pCp \ 3k pCp pCpks;
(2.12)
Introducing the following similarity functions are
u=axf(n),v=ayg (n),w=—vav{f(n) + g},
(2.13)

a T-Te C—-C,
—./- 0= —
1 \ﬁ r,-1.% ¢ —c.
Applying the above-mentioned similarity functions in the main
standard equations take the form of

1\ ., v .
R R A e Y LA 214)
( ﬁ)g +fg +gg —g* —Dag — Frg® =0 (2.15)
(1+Nr)0’ + Prf6 + Prg6 + PrEcf'” + PrEcDaf” = 0 (2.16)
¢ +Scf¢ +Sc'g — KrScp = 0 (2.17)
the modified surface constraints are
f(O) = 07g§0) = O»f(o) g(O 6(0) = 17¢(O) =1 } (2.18)
f(00)—0,g/(00)—0,6(c0)—0, h(c0)—
concerning the relevant physical characteristics, where
M= B8 pe _HP py K
pa’ k'’ kya
. " (2.19)
0 160°T3 E 2
Sch—M,Nrf e ,Kr = ,Ec = 7CP(TW—TOO)
The important physical aspects are presented as
TWX _ 1 7
Cfe = —uw:(\/Rex> Cfe = (1 + ﬂ) £(0) (2.20)
1,
cf, = ;%#(«/Rey)ny = (1 +E>g (0) (2.21)
-~ XQy _ [T 1
Nu, = KTy —To) whereq,, = k<0z)z:o + qr|,_o=>(Rey) 2N,
—(1+Nr)g(0) (2.22)
_ Xqw _ _(9C A
Sh, = DG, — Cm)whereqm = D(az>2:0=>(Rex) 2Sh, = —¢ (0)
(2.23)
Where Re, = g Re, = “UVare the local Reynolds number.

Method of Solution

To solve the system of nonlinear ODEs described by Eqs. (2.14)-
(2.17) along with the boundary conditions in (2.18), we utilized the
“Spectral Quasi-linearization Method (SQLM)” and implemented the
corresponding algorithm in MATLAB. This method incorporates the
“Quasi-linearization approach”, inspired by the “Newton-Raphson
method”, to linearize the nonlinear equations. Originally proposed by
Bellman and Kalaba®' in 1965, the “Quasi-linearization Method (QLM)”
achieves linearization by expanding the nonlinear terms in the govern-
ing equations using a Taylor series. This expansion assumes that the
difference between the values of the unknown function in the current
iteration m + 1 and the previous iteration m is small. For a compre-
hensive explanation of this approach, refer to the work of Motsa.?? After
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linearizing the system, the “Chebyshev spectral collocation method” is
employed to solve it, enhancing both computational efficiency and ac-
curacy. The iterative process converges rapidly, providing precise re-
sults. By applying the quasi-linearization technique to Eqs. (2.13)-
(2.15), the system is transformed into a new set of equations as follows:

4

Aomf i1 + Omf 1 + Camf mer + Wmfmit + Cam@nir = Yy, (2.24)

50.mgwm+1 + 51.mg”m+1 + 52.mg,m+1 + 53,mgm+1 + 54,mfm+l = Yga (225)

Yom® mi1 + VimOmir + Vouf min + Vamf min + Vamfnit + Vs m@nin
= Yﬂ?
(2.26)

Nom® o1 + Mm® iy + Nam@par + Asmfnir + Aam@mi1 = Yy,
(2.27)

The variable coefficients o m, Sk,m, Yk,m» andAgm, (fork =1, 2, 3, ...)
in Egs. (2.24)—(2.27) are expressed as:

1
Qom = (1 +E>7 Xm = fm +8m, Qom

= _zf/m_Da_ZFrflnv azm = f”mv X4m = f”my
1
Som = 1 J”E ) 61.m = fm + &ns azm
= -2, Da—2Fg,, am=¢ Gm= &y,

Yom = (1 J"Nr)v Vim = Prfm + Prgn, Yom = 2f"mPrEc, 73m
= 2f . PrEcDa,y,, = Pro,, ysm = Proy,

AO.m = 17 Al.m = Scfm + ch"U A2.m = - KT'SC, A3.m

= Scdl, Aam= Sc,, (2.28)

The right-hand side of Eqgs. (2.24)—(2.27) are given as:
Yy = fufy+ Gnfp— fu —Fifs
" ” ;2 ;2

Y= fu8m+ &n&m— &m —Frgn
Yo = Prfyt p + Prgn0m + PrEcf”> + PrEcDaf >,
Yy = Scfut m + SCE&me m- (2.29)

Using appropriate initial guesses, the iterative schemes in Egs.
(2.24)—(2.27) are solved repeatedly to determine f;; & 1, &n + 1, Om + 1
and¢p, + 1. The obtained initial guesses to initiate the iterative schemes
are:

fO(”) =1-ce" go(”]): 1 — e 90('7):67”7 ¢0(’7): e

(2.30)

To compute numerical solutions for Eqs. (2.24)-(2.27), the Cheby-
shev spectral collocation method is applied for discretization. This
technique operates within the interval [ — 1, 1], where calculations are
performed. Because the problem’s original domain is semi-infinite,
domain truncation is necessary before employing the spectral method.
The semi-infinite domain is approximated by a finite domain[O0, L], with
L chosen sufficiently large to capture the behavior of the solution at
infinity. To facilitate this, the transformation n = L({ + 1)/2is used,
which maps the truncated domain [0, L] onto the interval[ — 1, 1]. This
transformation enables the application of the spectral method on a finite
domain while preserving the solution’s accuracy.

Additionally, a differentiation matrix Dis employed to approximate
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the derivatives of the unknown functions f(n), g(n), 6(n)and ¢(n)at the
specified collocation points. This approximation is achieved by per-
forming a matrix-vector product, which can be expressed as:

df & do
= > Duf(¢) = DF, t=0,1,2,..Ny, —= Y D0(,) = DO,
5=0 s=0
N, d Ny
dg _ > Dyg(¢) = DG, t=0,1,2,..Ny, @ _ > Dug(C) = Do,
d}’] 5=0 d}’] 5s=0

In the above, Ny is the number of collocation points, D = 2D/L, and

F=1[f(¢o), f(C1)s - f ()], 0 = [0(C0), O(L1), - 00w,
G = [g(¢o), &(&1), ---:g(ng)]Tvq) = [¢(Lo), ¢(&), ---7¢(CNX)]T

The SQLM method for Egs. (2.24) to (2.27) can be compactly rep-
resented in matrix form as:

A A Az Aul| [ fan Yy
Az Az Axz Agy 8mi1 | _ Y, (32)
Az Az Asz Az Omi1 Yy
Ap A Ay Ay | | dpa Yy
In the above,
A= |aom)D® + diag[arm|D? + diag[oom|D + diag|asm)I, A1z
= diag[lh.m}LAw = 0,A4=0
A21 = diag[54,m}I,A22
= [Som|D®+ diag[61m|D* + diag[som|D + diag[Ssm)I,Azs
=0,A2 =0,
Table 1

1
Comparison of — (1 + ﬁ) f"(0),with previously published work of Yanala

et al.,”” for different values of M, K and f when Nr = ¢ = Kr = Sc = 0.5, and Pr =
0.71.

M K i Yanala et al.** Present Study
0.50 0.50 1.00 1.92434 1.92434448
0.70 0.50 1.00 2.04332 2.04331888
0.90 0.50 1.00 2.19271 2.19271403
1.20 0.50 1.00 2.46175 2.46175285
0.50 0.80 1.00 2.07209 2.07209030
0.50 1.20 1.00 2.25515 2.25515183
0.50 1.60 1.00 2.42508 2.42507961
0.50 0.50 1.20 1.84136 1.84136044
0.50 0.50 1.40 1.77992 1.77992486
0.50 0.50 1.60 1.73253 1.73252499
Table 2

Comparison of — 6/(0), with previously published work of Yanala et al.,** for
different values of Pr, and Nr whenK = M = ¢ = Kr = Sc = 0.5, and p = 1.

Pr Nr Yanala et al.** Present Study
0.71 0.50 0.457552 0.45755206
0.71 1.00 0.403105 0.40310529
0.71 1.50 0.371275 0.37127493
0.71 2.00 0.350116 0.35011624
1.00 0.50 0.545714 0.54571409
1.38 0.50 0.657216 0.65721638
4.00 0.50 1.25038 1.25038138
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31 =

diag[y, m|D* + diag[ys ) D + diag[yy,|1,As: = diag[ys,|I,Ass
[YO,M]DZ + diag[}ll,m}D:A?M = 05

Ay = diaglAzm)L, Az = diag[Aamll, Azs =0, Ags = [Aom]D* + diag

t=0,1,2,...N,

(2.31)
t=0,1,2,..Ny.

[A1,m]D + diag[A2m]I In the above representation, the symbol “diag”
represents a diagonal matrix with dimensions (N, + 1) x (N + 1), "I”
denotes an identity matrix of size (Ny, + 1) x (Ny + 1), O represents (N, +
1) x (Ny + 1), zero matrix and "D” signifies differentiation with respect
to 1.

3. Results and discussions

In this section, the numerical results using the Spectral Quasi-
Linearization Method (SQLM), implemented through MATLAB code is
analyzed for the problem of magnetised 3D viscous Casson fluid trans-
portation through an expanding surface. This numerical approach
effectively solves the governing equations for velocity, temperature,
concentration, and motile microorganism distributions. To verify the
accurateness and reliability of our results, we compared them with
previously published data, as shown in Tables 1, 2, 3 and found excellent
agreement with the referenced works. To demonstrate the convergence
of the SQLM, we evaluated the solution errors using infinity norms,

Table 3
Comparison of— ¢/(0), with previously published work of Yanala et al.,” for
different values of Kr, and Sc whenK =M = ¢ = Nr=0.5,Pr=0.71,and p = 1.

Kr Sc Yanala et al.”* Present Study
0.50 0.22 0.480203 0.48020335
1.00 0.22 0.579555 0.57955504
1.50 0.22 0.666537 0.66653741
2.00 0.22 0.744429 0.74442921
0.50 0.78 0.918652 0.91865230
0.50 1.25 1.192140 1.19214026
0.50 1.60 1.364910 1.36491023
10° ‘
——Residual Error
——Convergence Error
=)
" 107°
8
=
=
=
S
~ -10 [
» 10
&=
10—15 L
0 5 10 15

Iterations

Fig. 2. Solution and residual errors for f(n).
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which measure the differences in function values between successive
iterations, defined as follows:

Ef = maxfm+1p _fm-Poc’

Ey = max 6 — 0,
0<p<Ny 0 m+1p Mmpeos

0<p<Ny

Ey = Og},gx\lgmﬂ.p —&nplles, By = Oggxqﬁmﬂp — Pmpe,

To further confirm the accuracy of the SQLM, we compute the in-
finity norm of the residual error for each function. This involves
substituting the approximate solutions into the governing differential
Egs. (2.8) through (2.11). The respective norms are defined as follows:

Res (f) =] (1 +/§)f;’; ot gfy— fo - Dafy — Fify 2l

Res (g) .= (1 +ﬁ>gm + n8 + &n& — &y — Dagy, — Frg,’||u,

Res (6) ,=|(1+Nr)d., + Prfud,, + Prg.6,, + Pricf.” + PrEcDaf,’||,

m

Res ()=l + Scfmtpy + Scqnebp — KrScepp ||,

Figs. 2-5 offer a clear illustration of how both convergence and re-
sidual errors decrease as the number of iterations increases, effectively
showcasing the outstanding accuracy and efficiency of the Spectral
Quasi-linearization Method (SQLM). These figures highlight the swift
reduction in errors, demonstrating that SQLM quickly converges to an
accurate solution with just a few iterations. Specifically, both residual
and convergence errors drop significantly after approximately 6 to 7
iterations, suggesting that SQLM not only provides highly precise solu-
tions but also converges rapidly, making it a powerful tool for solving
nonlinear systems. The rapid error reduction indicates that the method
refines the approximate solutions efficiently with each iteration,
achieving high precision without demanding extensive computational
resources.

Moreover, the figures emphasize the method’s effectiveness in
minimizing errors and ensuring overall stability. The residual error,
which reflects the discrepancy between the numerical and exact solu-
tions, decreases quickly, indicating the method’s strong ability to
approximate the true solution. Likewise, the convergence error, which
measures the difference between consecutive iterations, approaches
zero after just a few iterations, confirming that the solution has stabi-
lized and that further iterations result in only minor changes.

Parametric range

The momentum, energy, and concentration distribution of the Cas-
son fluid over an expanding surface packed with Darcy medium are
obtained for the occurrence of several factors involved in these profiles.
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Fig. 3. Solution and residual errors for g(n).
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Fig. 5. Solution and residual errors for ¢(n).

However, the physical properties of these factors on the profiles are
obtained for the consideration of their numerical values within certain
ranges. The Darcy number quantifies the permeability of the porous
medium is chosen within the range of 0.5 < Da < 3whereas the non-
Newtonian Casson parameter representing the behavior of the non-
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Fig. 6. Change in Da on f().
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Newtonian fluid on the profiles by considering the numerical range
as0.5 < B < 3. The Forchheimer inertial drag Fr accounts for inertial
effects in the porous medium which is presented within the range0.5 <
Fr < 6. The behavior of aforesaid factors is depicted on the momentum,
and energy distributions. The Eckert number measures the conversion of
kinetic energy to thermal energy which is considered as 0.1 < Ec < 5and
the thermal radiation Nr representing the radiative heat transfer in the
system is illustrated as 0.5 < Nr < 2.The entire energy system is affected
by the Prandtl number which is projected by considering the numerical
values as 0.71 < Pr < 3.The chemical reaction parameter Kr quantifies
the rate of chemical reaction in the concentration distribution within the
range of 0.5 < Kr < 2and finally the Schmidt number Sc on the con-
centration profile is depicted as 0.22 < Sc < 2.

Parametric analysis

The physical behaviour of the above-mentioned factors presented
through graphs are analysed and described in this proposed section. In
particular, Figs. 6-8 depicts the pivotal role of the Darcy number on the
flow and heat transfer behavior within the porous medium. The non-
zero variation of the factor represents the impact of Da on the Casson
fluid velocity and temperature distribution. In particular, Fig. 6 dem-
onstrates the characteristic of Da on the axial velocity distribution. A low
Darcy number signifies high permeability indicates lower resistance of
the porous medium which enhances the axial fluid velocity. The more
pronounced result is presented for the low resistivity of the permeable
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medium. Further, with increasing Da the permeability decreases which
causes enhanced resistivity due to the permeability of the porous me-
dium. This ensures the retardation of the profile and consequently the
bounding surface thickness retards significantly. The transverse mo-
mentum is also affected by the behavior of the factor Da within the
proposed range which is depicted in Fig. 7. The lower Da, the velocity
distribution also exhibits maximum strength within the domain and the
effect is due to the lower resistivity impact. Further, with increasing Da
the transverse flow is minimal, constrained by the inability of the fluid to
move freely within the layers. Therefore, the enhanced Da decelerates
the transverse momentum within the entire domain and the behavior is
asymptotic throughout. The illustration of the factor Da on the fluid
temperature is shown in Fig. 8. The lower Da facilitates higher perme-
ability that depends upon the mathematical expression of the Darcy
number which performs low resistance. This contributes a low thermal
enhancement within the system. However, higher Da shows low
permeability and reduces the frictional drag as the fluid encounters less
resistance. The axial transport of heat becomes more effective resulting a
significant increase in the fluid temperature. The augmentation in the
fluid temperature distribution is presented with the increase of Darcy
number. Particularly, the yield stress characteristic of the Casson fluid
dominates with high Da further suppressing both axial and transverse
velocity. The reduced resistance allows Casson fluid to exhibit its non-
Newtonian shear thinning behavior amplifying the velocity profile and
enhancing the convective heat transfer.

Applications: The utility of the porous matrix in the fluid flow
phenomena has a significant role in various real-world applications.
Particularly, in geothermal systems the permeability of the medium
influences the efficiency of heat extraction from the reservoirs. More-
over, high permeability allows geothermal fluid water to flow easily
through rock formations, enhancing heat transfer rates and making
energy extraction more efficiently. Also, permeability is a critical
parameter in oil recovery processes.

The illustration of the non-Newtonian Casson fluid parameter
affecting the axial and transverse velocity distribution is presented
through Figs. 9, 10. For the smaller Casson fluid parameter, = 0.5, the
Casson fluid behaves more likely a highly shear thinning non-Newtonian
fluid. The velocity gradient near the boundaries is steeper indicating a
thinner boundary layer. Further, at higher fthe fluid approaches New-
tonian behavior and the axial velocity is more uniformly distributed
within the flow domain and this causes a smaller velocity gradient close
to the boundaries. The transverse velocity is typically affected by the
secondary velocity and the behavior is influence by the quantity f.
Transverse velocity exhibits more pronounced variation due to higher
non-Newtonian effects and shown for the lower p. the enhanced shear
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Fig. 9. Change in f on f(n).
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thinning properties amplify flow deviations caused by external forces.
Further, for the higher p the transverse velocity becomes less pro-
nounced indicating smoother flow behavior reflecting more Newtonian
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response. It is because of the influence of external forces is less notice-
able within the medium.

Applications: The proposed Casson fluid model is utilized to simu-
late blood flow through arteries, veins, etc. Variation in the Casson
parameter is used to show the behavior of the blood under various shear
conditions which is vital in designing medical devices like artificial heart
valves, stents, etc. In daily used product like chocolate syrup, cosmetic
creams the use of non-Newtonian fluid is vital.

Figs. 11, 12 exhibits the imposition of the Darcy-forchheimer inertial
drag on the axial as well as transverse velocity profiles of Casson fluid.
For the low values of the factor Fr, the inertial drag force became weak
and the fluid velocity is predominantly influenced by the pressure
gradient and the viscous effects. The axial velocity is presented its higher
value with a great peak within the entire domain. With minimal resis-
tance from the porous medium the axial velocity shows its greater
impact at all points. Moreover, the increasing Fr, i.e. the higher Fr, the
inertial drag starts to significantly resists the flow which leads to addi-
tional resistance from the porous matrix and the flow profile retards
significantly. the resistive forces counteracts the effects of the pressure
gradient and inertia making the flow slower within the flow domain
leading the thinner in the bounding surface thickness. For the lower Fr,
the inertial drag has minimal impact and the transverse velocity rela-
tively higher and exhibits significant variations because of weak resis-
tance. Moreover, the gradually increase in the factor Fr, the transverse
velocity become smoother and less pronounced indicating the increased
flow resistance. Therefore, for the higher Fr, the strong inertial drag
dampens transverse velocity within the entire domain and this causes
higher resistance. This lead to a thinner bounding surface and the fluid
velocity retards throughout.

Applications: The Darcy-Forchheimer model is usually beneficial in
optimizing the flow in porous structures i.e. filters, packed beds, etc. The
increasing Fr impacts in the Casson fluid for the design of efficient
filtration systems and improves the performance of industrial processes
involving non-Newtonian fluids. In enhanced oil recovery where the
Casson fluids are injected into porous rock formations.

The fluid temperature profile enriches for the involvment of certain
factors like Eckert number, thermal radiation etc. Fig. 13 portrays the
significant contribution of the Eckert number affecting the fluid tem-
perature of the Casson fluid. The quantity Ec represents the ratio of the
kinetic energy to the enthalpy difference in a fluid flow. Here, the
conservation of the kinetic energy into thermal energy is due to viscous
dissipation. Particularly, the low Ec, the kinetic energy contribution to
thermal energy is insignificant and the temperature profile is dominated
by the external thermal effects such as heat flux or the thermal boundary
conditions. The viscous dissipation has least impact resulting a lower
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Fig. 13. Change in Ec on 6(n).
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temperature rise within the fluid. For the higher Eckert number the
viscous dissipation dominates the thermal energy contributing
enhanced fluid temperature at points of the domain.

Applications: The Casson fluid are often used in industrial; systems
i.e. high-speed lubrication, viscous dissipation etc. The properties of
viscous dissipation show its efficient cooling mechanisms involving
Casson and it also prevents thermal stability and overheating. In bio-
medical applications such as blood flow through artificial organs the
Eckert number helps ion predicting the temperature rise due to dissi-
pative heat.

The factor characterized by the heat flux i.e. thermal radiation and
its impact on the fluid temperature distribution is depicted through
Fig. 14. The quantity is a measure of the emitted wave due to the
interaction of heat flux. For the low thermal radiation that records the
radiative heat transfer is minimal compare to the conduction and con-
vection. The temperature increases gradually, for the increase of thermal
radiation. Further, the higher thermal radiation enhances the thermal
state of fluid significantly.

Applications: The use of Casson fluid in nuclear reactor is vital due to
their ability to handle high temperatures. It ensures the removal of heat
from the reactor core, preventing overheating. In solar thermal systems,
Casson fluids are employed in heat exchangers.

Chemical reaction plays an important role in the concentration dis-
tribution which is presented through Fig. 15. The factor is accounts for
the effect of chemical reaction that takes plates within the fluid during

—
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Fig. 15. Change in Kr on ¢(n).

Partial Differential Equations in Applied Mathematics 14 (2025) 101210

e Sc=0.22,0.78, 1.25, 2.0 1
041 .
03F ,
02F .
01 F .

0 ,
0 1 2 3 4 5 6 7 8 9 10
n
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the flow. At low values of Kr the reaction rate is minimal and the con-
centration of the solute is largely unaffected by the reaction. The con-
centration profile is relatively uniform and the profile shows its greater
impact within the flow domain. Further increasing chemical reaction the
fluid concentration decreases greatly causing a thinner concentration
bounding surface thickness. With the higher chemical reaction param-
eter, the reaction dominates the behavior of the concentration
distribution.

Applications: In waste water treatment Casson fluids are often used
in the process involving chemical reaction for degradation of contami-
nates. it impacts the rate at which the pollutants are broke down,
influencing the concentration of contaminates throughout the system.
Moreover, in drug delivery systems particularly when using non-
Newtonian fluids, the chemical reaction parameter affects the release
rate of the drug.

Fig. 16 contributes the role of Schmidt number affecting the con-
centration distribution of the Casson fluid. The factor Sc indicates the
ratio of the momentum diffusivity to mass diffusivity and plays crucial
role in the concentration profile of the Casson fluid. The low Schmidt
number indicates the mass diffusivity is greater than that of momentum
diffusivity and this causes the concentration profile become more uni-
form and the solute helps to spread the solute more evenly within the
domain. Further, the enhanced Sc the concentration boundary layer is
thinner which decelerates the profile throughout. In this case the mo-
mentum diffusivity dominates over mass diffusivity therefore the fluid
resistance to flow is much higher than the ability of the solute diffuse.
There is greater contrast between the concentration and the bulk fluid
due to slower diffusion at the boundary which retards the fluid
concentration.

Applications: In enhanced oil recovery processes Casson fluid are
injected into oil reservoir and the Schmidt number helps in under-
standing the diffusion of injected chemicals within the porous medium.
Moreover, in biomedical applications such as blood flow, drug delivery
systems Schmidt nu8mber influences the transport of pharmaceutical
agents of oxygen within the Casson fluid.

4. Conclusion

The forced convection of Casson fluid over an extending surface
embedding within a porous substance is presented in this article. The
energy transport phenomenon incorporates the significant characteristic
of thermal radiation and the variation of the dissipative heat. Moreover,
the impact of chemical reactions is investigated by inserting in the
concentration distribution. The flow profile results for the contributing
factors variation are obtained and presented in the discussion section.
The important observations are;
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The inclusion of thermal radiation play a momentous role in
enhancing the heat transport properties of the Casson fluid.

The dissipative heat impact conducted for the involvement of the
Eckert number favors in augmenting the thermal state of fluid
significantly.

The inertial drag due to the Darcy-Forchheimer model attenuates the
fluid velocity in both the axial and transverse direction along with
the resistivity offered by the pores substance.

The chemical species along with the heavier species used as con-
trolling parameter for the fluid concentration.

The study is useful for the various applications like oil recovery
processes, in biomedical systems such as drug delivery, and in
environmental engineering for pollutant dispersion and water
treatment processes.
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