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CHAPTER I 

INTRODUCTION 

Ammonium paratungstate (APr) is one of the intermediate 

products in the production of tungsten metal powder from 

scheelite (CaW04). It is crystallized from an ammonium tungstate 

solution by evaporating off ammonia and water. The crystals have 

a rhombic structure and have the formula: 5(NH4)20,12W03'7H20. 

When obtained from a batch crystallization process they normally 

range in size from 20 to 130 microns. 

The basic process in which fl~ is involved is as follows: 

Scheelite which normally consists of approximately 60-70% by 

weight of W03 is converted to crude tungstic acid (H2W0 4) by 

the addition of concentrated hydrochloric acid, The crude 

tungstic acid, which contains most of the impurities present in 

the original ore, is disso~~ed in an ammonia solution and the 

resulting ammonium tungstate solution filtered to remove 

insoluble material. APT is generally crystallized from this 

solution in a batch crysta~lizer. As water and ammonia are driven 

off by evaporation the solution becomes more concentrated and 

nucleation takes place. APT crystals are formed and grow under 

the supersaturated conditions, The crystallization process is 

carried out until the mother liquor changes to a brownish colour 

indicating a high concentration of impurities, Crystallization 

is then stopped in order to pre vent considerable trapping of 

the impurities by the crystals. (Typical analyses of scheelite ore, 

ammonium tungstate solution and API' crystals are shown in the 

table below,) 



Impurity 'Content: % by weight of W03 ... 

Impurity Scheelite Ammonium 
APT Tungstate 

Solution 

Mo .803 .302 .031 

P .216 ,048 <.0001 

Ti .341 <.001 <.0001 

As .132 <.001 <.0001 

Fe 1.751 .003 .002 

Cu .034 .007 ,001 

Bi .070 .004 <.0001 

Pb .036 .003 <,0001 

Zn .014 ,006 <.0001 

Mn .1l2 wOll <.0001 

The APT crystals are then converted to tungsten trioxide (W0
3

) 

by calcining in air at a temperature of 6000 c. Tungsten metal 

powder is produced by reducing the tungsten trioxide in a stream 

o of hydrogen at 900 C, 

It has been established that a linear relationship exists 

between the grainsize of the tungsten trioxide and the size of 

the APT c17stals from which it was produced, It is also a 

well-known fact that the grainsize of the tungsten metal powder 

is dependent on the size of the tungsten trioxide, In tile 

hard metal industry different tungsten metal powder grainsizes 

are required for different grades of tungsten carbide. It is 

2, 



therefore important to have a fine control on the tungsten 

metal powder grainsize during production. In order to achieve 

this it is obvious that the APT crystal size has to be controlled 

during the crystallization process. 

This work was undertaken to study the growth rate of APT I 
crystals and hence to obtain some information on the nucleation, 

rate. Raving established the factors upon which the crystal 

growth rate is dependent, the crystallization process can be 

controlled to give the desired crystal product. 

This project was put forward and sponsored by Hard Metals 

Limited, who have been considering converting from a batch to 

a continuous process, in order to obtain a more uniform final 

product. It was hoped to predict the performance of a continuous 

crystallizer from tests done on a batch process, as batch runs 

are of a much shorter duration and are easier to perform. In 

this investigation therefore both batch and continuous runs were 

performed and the results compared, 

3, 
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CHAPTER II 

LITERATURE SURVEY 

The crystallization of any material from solution inyolves two 

basic processes; nucleation and growth. A number of investigators 

have studied the factors influencing the growth and nucleation rates 

of various substances. The most relevant and important findings of 

these investigations are discussed below. 

2.1. CRYST_~ GROWTH RATE DETER~INATIONS 

The factors influencing the growth rate of crystals have been 

studied using three different systems. These systems are: 

experiments with fixed crystals, experiments using fluidised bed 

crystallizers, and experiments performed in stirred tank vessels where 

the crystals are freely suspended in the liquid medium. 

2.1.1 Experiments with fixed crystals 

Garside and Mullin (4) determined the overall growth rate of 

single crystals of aluminium potassium sulphate, fixed in a moving 

stream of the aqueous supersaturated solution. 

From their results they derived the following equation for 

the overall crystal growth rate: 

0.65 n p = const. u ~c 

where p = crystal growth rate 

u = fluid yelocity 

~c = supersaturation 

(2-1) 

Different values of the power n were obtained for different 

flow-rates. 

They suggested that the yelocity effect was due to an 



increase in the diffusion rate of the solute from the bulk of the 

solution to the crystal surface. 

Hixon and Knox (7) studied the growth rates of single crystals 

of copper sulphate pentahydrate and magnesium sulphate heptahydrate. 

These single crystals were fixed in flowing streams of their 

corresponding aqueous supersaturated solutions. 

According to Hixon and Knox, the overall rate of growth of 

the copper sulphate pentahydrate crystals followed an equation 

of the form: 

p = 2 
k (c. - c ) o 1 S 

(2-2) 

For magnesium sulphate heptahydrate the equation was of the 

form: 

where: 

p = k (c. - c ) o 1 S 

k = rate coefficient 
o 

c. = interfacial solute concentration 
1 

(2-3) 

c = equilibrium saturation solute concentration 
s 

The relationship between the growth rate and the supersaturation 

for magnesium sulphate was thus a linear function, whereas for 

copper sulphate it was found to be non-linear. 

Botsaris and Denk (1) measured the growth rates of the (100), 

(110) and (Ill) faces of single seed crystals of potassium alum 

crystals. These crystals were fixed in a flowing stream of the 

supersaturated mother liquor. 

Their results showed that at low supersaturations the growth 

rates of the (Ill) faces were linear with supersaturation. In the 

same region the growth rates of the (100) faces were also linear 

with supersaturation. Beyond certain transition points, however, 



6. 

(about 1% supersaturation for the (111) faces and about 5% 

supersaturation for the (100) faces), the growth rates were no 

longer linear with supersaturation. 

To take into account this non-linearity with supersaturation, 

they proposed a new growth rate model based on a theory of mono­

nuclear two-dimensional nucleation, together with Franks' theory of 

crystal growth. The resulting expression for the growth rate of 

a crystal face was: 

where 

p = ~s +.~ exp.[-k
3

/in(s+1)] 

s, the supersaturation, is defined as: 

s = 
c- c 

s 
c 

s 

. (2-4) 

(2-5) 

They fitted the above equation (2-4) to their results, and 

the constants, k
l

, K2 and k 3 were evaluated as given in the table 

below. 

Crystal face ~ k2 k3 

(100) 5.40 3.11 0.280 

(no) 1.60 1.72 0.200 

(lll) 0.41 1.60 0.206 

Botsaris and Denk also studied the effect of the liquid 

velocity on the grovth rate of the faces of the crystals. They 

found that for liquid velocities above 3 in/sec, the velocity 

had no effect on the growth rate. It was only when the growth rate 

was bulk diffusion controlled (below 3 in/sec) that it was effected 

by changes in the liquid velocity. In this region the growth 



rate increased with increasing fluid velocity. 

2.1.2 Experiments with fluidised bed crystallizers 

Garside and Mullin (4) also determined the growth rate of 

aluminium potassium sulphate crystals in a laboratory scale 

fluidised bed crystallizer. 

They derived the following empirical equation from their 

practical results: 

p = const. 1°·63 n 
Ac 

where t = average size of the crystals. 

(2-6) 

7. 

It should be remembered that in a fluidised bed crystallizer 

the relative velocity between the crystals and the fluid is 

dependent on the crystal size. It is thus to be expected that the 

growth rate will be dependent in some way on the crystal size. 

Knapp U~ investigated the effect of certain factors on the 

growth rate of ammonium sulphate from aqueous supersaturated 

solutions in a fluidised bed crystallizer. 

He found that the overall growth rate followed the relationship: 

p = k (c - c ) 
o s 

where c = the solute concentration in the bulk fluid 

Rumford and Bain (18) determined the growth rate of sodium 

chloride crfstals from aqueous supersaturated solutions in a 

fluidised bed crystallizer. The experiments were performed at 

tempe~atures ranging from 26°c to 73°C and at supersaturations 

ranging from 0.185% to 0.925%. Their results are shown in the 

figu~e drawn below. 
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At temperatures above 50°C the relationship follows a straight 

line through the origin.,. whereas below 50°C the relationship is non-

linear and does not pass through the origin. They suggested that 

at temperatures above 50°C the crystal growth rate was diffusion 

controlled, and at temperatures below 50°C the rate of crystal growth 

was controlled by the surface reaction. 

2.1.3 

At supersaturatioILS below 0.4 gms III tre, the growth rates were 

negligible. Rmnford and Bain attributed this to some effective 

"energy barrier- or 6 temporary blocking of the active sites on the 

crystal sur:face by illpurities present in the solution. 

Experiments perforsed in stirred tar~ crystallizers 

McCabe and Stevens (12) established that in a mixed 

suspension batch crystallizer, the growth rate of copper sulphate 

pentahydrate crystals could be represented by the following empirical 

equation: 

p (2.8) 

In order to determine whether the crystal size had a direct 

influence on the crystal growth rate, cr,ystals of different sizes 

were grown on a retaining screen under similar conditions of 

temperature and supersaturation. It was established that crystals 

of the same size greY at different rates when subjected to 

different f1uid velocities, but crystals of different sizes grew 

at the same rate when subjected to the same fluid velocity. 

From this investigation McCabe and Stevens concluded that the 

crystal growth rate vas in :fact independent of the crystal size as 

such. The apparent effect of size resulted from the larger crystals 



having a higher settling velocity and hence a larger relative 

crystal-solution velocity. Since the diffusion resistance and 

the diffusion boundary layer decrease with increasing velocity, 

the growth rate of the crystals in a mixed suspension would be 

expected to increase with size, provided that the growth rate is 

not reaction controlled. 

Watts (22) performed some experiments on magnesium sulphate 

heptahydrate in a stirred tank crystallizer and arrived at the 

conclusion that the crystal growth rate was not dependent on the 

crystal size for the size range studied (73 - 211 microns). 

He also established that the growth rate for these crystals was 

linearly dependent on the supersaturation of the solution. 

Bransom, Dunning and Millard (3) precipitated cyclonite 

from nitric acid by the addition of water, in a continuous flow 

stirred tank crystallizer. Their results indicated that the 

overall rate of growth of the crystals was not a function of the 

crystal size. 

Larson, Timm and Wolff (11) and Timm and Larson (20) studied 

the variables affecting the operation of a continuous stirred 

tank crystallizer, using the following three systems: alum-ethanol­

water, ammonium sulphate-methanol-water and sodium chloride-ethanol-

water. Their results, for the three systems described, showed 

that the overall growth rate was not dependent on the crystal 

size. 

The results obtained by the various investigators may be 

summarised as follows: experiments performed with freely 

suspended particles in stirred vessels indicate that the crystal 

growth rate is not a function of the crystal size. However, 



the results obtained from experiments with fixed crystals, or 

where the relative velocity between the crystals and the fluid 

10, 

was dependent upon the crystal size, show that the overall crystal 

growth rate is a :function o:f the particle size. 

Most of the results obtained from the various investigators 

also indicate that the growth rate is approximately linearly 

dependent on the supersaturation of the solution. 

2.2 NUCLEATION RATE DETERttINATIONS 

It is generally accepted that there are two distinct forms of 

nucleation. Melia and Mof:fitt (14) suggest that when a solute 

crystallizes from an aqueous supersaturated solution, two types of 

nucleation can occur. Prilruary nucleation occurs on foreign solid 

bodies present in the solution due to atmospheric (or other) 

contamination. These prinary nuclei develop in the supersaturated 

solution and give birth to large numbers of new nuclei. 

termed secondarJ nucleation. 

This is 

Two main groups o:f experiments have been performed to ascertain 

the various factors in:fluencing the nucleation rates of various crystals 

under various conditions. These groups are: batch experiments 

performed in stirred vessels and experiments performed in continuous 

stirred tank crystallizers. 

2.2.1. Batch experiments performed in stirred vessels 

Mason and Strickland-Constable (1 3) performed a number of 

experiments by adding seed crystals of the solute to aqueous 

supersaturated solutions of magnesium sulphate heptahydrate. 

They suggest that if crystals, which are growing in a :::tirred 

vessel, are free to collide with the walls of the vessel or with 



each other, fresh nuclei are readily produced even at low super-

saturations and with relatively gentle collisions. Their results 

further indicated that the nucleation rate was dependent on both 

the degree of supersaturation of the solution and also on the 

rate of agitation. 

Melia and Moffitt (14) investigated the factors influencing 

the production of nuclei in aqueous solutions of potassium chloride. 

Their results can be summarised as follows: 

1) The nucleation rate was directly dependent on the degree 

of agitation of the solution 

2) The number of seed crystals introduced into the solution 

had little or no effect on the number of secondary 

nuclei produced. 

3) Neither the size nor the nature of the surface of the 

parent crystals had any effect on the number of secondary 

nuclei produced. 

2.2.2. Experiments performed in continuous stirred tank crystallizers 

Heeley (6) perfomed a number of experiments in a continuous flow 

stirred tank crystallizer using magnesium sulphate heptahydrate. 

He showed that the nucleation rate could be represented by the 

relationship 

N = krt(s - sN) (2.9) 

where ~ = overall rate coefficient for the nucleation process 

s 

\ 
A 

= 

= 

= 

operating level of supersaturation 

"threshold" supersaturation 

total surface area of the crystals per unit 

volume of the solution. 



According to Heeley both and were dependent on 

the hydrodynamic conditions of the system. 

Larson, Timm and Wolff (11) investigated the effect of 

suspension density; i.e. the weight of crystals per unit volume 

of solution on the size distribution of the crystal product 

obtained from a continuous flow, mixed product removal, stirred 

tank crJstallizer. They studied the systems: ammonium sulphate 

- ethanol - water and aIT~onium sulphate - methanol - water, and 

their results were correlated to the following equation: 

where 

(2.10) 

k = rate coefficient for the nucleation process 
N 

D = suspension density, i.e. mass of crystals per 

unit volume of solution 

s = Steady state, operating level of supersaturation 

The results showed that the nucleation rate was dependent 

on the suspension density and the supersaturation. 

The values of i and J for the two systems were as follows: 

ammoni~~ sulphate ethanol water : i = 1.25 J = l.0 

ammonium sulphate methanol - water : i = 4 J = l.0 

Su~arising the results of the various investigators it can 

in general be said that: the nucleation rate is dependent on 

(i) the supersaturation of the solution (ii) the suspension density 

of the crystals in the solution and (iii) the hydrodynamic conditions 

of the system i.e. stirrer speed, power input, etc .. 
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CHAPTER III 

APPARATUS AND ANALYTICAL TECHN'IQUES 

In all the batch and continuous experiments performed, 

excepting for the seed crystal investigation described in 

Chapter IV, the sa~e stock solution of ammonium tungstate was used, 

This stock solution was prepared as follows. Crude tungstic acid, 

obtained from Hard Metals, was dissolved in a 5.5% aqueous ammonia solution. 

The insoluble impurities were allowed to settle and the solution 

then filtered through a Millipore filtration apparatus which removed 

all foreign particle larger than 0,2 microns. The concentration of 

this stock solution was arranged to be approximately 90 gm W0
3
!litre 

This value was chosen because an ammonium tungstate solution of 

this concentration is reasonably stable and can be stored in sealed 

containers for an indefinite period. 

Prior to the commencement of a run, approximately 20 litres of 

the solution were transferred to a cylindrical PVC container. This 

container was fitted with a stainless steel coil through which. water 

o at a temperature of 25 C from a constant temperature bath, could be 

pumped, This ensured that the temperature of the feed solution 

o remained constant at 25 C throughout the run. A stirrer was used to 

agitate the solution in order to facilitate heat transfer between the 

coil and the liquid. 

The basic apparatus required for the batch and continuous 

crystallization runs is described below. 

3.1 APPARATUS 

3.1.1 The Crystallizer 

The cryst.allizer consisted of a jacketed, round'l"bottomed, 

cylindrical glass vessel. The dimensions of this vessel are 

given in Figure 1. 

APT crystals have a high settling velocity due to their den5ity 
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of 4.6 gros. Icc. In order to keep these crystals in suspension it 

was found necessary to place baffles along the walls of the vessel 

and to agitate the solution with a flat paddle. Four stainless 

steel baffles each of width 1 cm. and extending the full length of 

the wall were placed symmetrically in the crystallizer at right angles 

to one another. They were set 2 to 3 mm. away from the walls of the 

vessel in order to prevent entrainment of the crystals between the 

baffles and the walls of the container. 

The stainless steel paddle of width 4.5 cm. and height 2.5 cm. 

was positioned in such a way that its bottom edge was 1 cm. from 

the bottom of the crystallizer. The paddle was rotated by a flexible 

drive connected to a Multifix, constant torque, variable speed motor. 

It was found in practice that the speed of rotation of this motor 

never varied by more than 1% from the set point value during a run. 

The motor was calibrated with the use of a stroboscope. 

The Heating Circuit 

The evaporation of the ammonium tungstate solution was brought 

about by circulating glycerol at temperatures ranging from l200C 

to 170°C, from a Colora constant temperature bath through the 

outside jacket of the crystallizer. The constant temperature bath 

consisted of a closed stainless steel container having a capacity of 

15 litres. Heating was produced by three heating coils each having 

a capacity of 500 watts. An electrical contact thermometer in 

conjunction with a relay was used to control the temperature of the 

glycerol. This control mechanism was capable of controlling the 

bath temperature to ±0.2°C of the desired value. The bath was fitted 

wi th a centrifugal PU.1JlP, which circulated the glycerol at a rate of 

15 litres per minute through the outside jacket of the crystallizer. 
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3.1.3. The Flowrate Control of the Feed Solution 

In order to operate a continuous crystallizer under steady state 

conditions it is essential that the flowrates of the solution to and 

from the crystallizer remain constant throughout the duration of a run. 

The ammonium tungstate solution was continuously pumped into 

the crystallizer using a variable speed, BUhler Peristaltic Pump. 

Before entering the crystallizer the solution passed through an over-

pressure bottle and a rotameter. The purpose of the over-pressure 

bottle being to even out any fluctuations in the flow caused by the 

peristaltic pump and hence allow the rotameter to be read more 

easily. The rot&~eter was calibrated over the range of flowrates 

used in the experiments performed. It was found in practice that 

the flowrate delivered by the p~~p did not vary at any stage by more 

than 1/2% during a run. 

3.1.4. The Mixed Product Removal 

The mixed product removal from a continuous crystallizer is the 

most critical step in ensuring operation under steady state conditions. 

In order to achieve a steady state distribution of crystal sizes in 

the crystallizer the product removal must be such that (i) the 

number of crystals removed in the exit stream per unit time must 

equal the number of crystals produced per unit time by nucleation; 

and (ii) there must be no classification of crystal sizes in the 

removal stage, i.e. the distribution of crystal sizes in the exit 

stream must be identical to the size distribution present in the 

crystallizer. 

Mixed product remcval by flowing over a weir has been found by 

Murray and Larson (15) and others to be unsatisfactory. Their 
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results showed that this method of removal resulted in classification 

of the crystals; the larger ones remaining behind in the vessel. 

Rushton (19) defined some of the problems associated with 

sampling of solid material suspended in a liquid stream. According 

to Rushton, in order to obtain a representative sample, the 

sampling point must be located where the fluid flow is steady with 

no sudden changes in either velocity or direction. It is also of 

importance that the sampling point itself does not disturb the 

fluid stream. A straight tube with its longitudinal axis parallel 

to the direction of fluid flow and designed such that the aperture 

velocity is equal to that of the approaching fluid fulfils these 

conditions. If the aperture velocity is too high the larger 

particles tend to remain behind. This is because the larger 

particles find it more difficult to adapt to a change in velocity 

and hence get left behind in the fluid stream. The opposite effect 

is noticed for aperture velocities which are too low. 

Removal of the crystal product by means of a suction tube was 

tested in so~e preliminary experiments. The suction tube was 

placed vertically in a position next to one of the baffles and 

about 1/10" away from the wall of the vessel. In this position 

the tube was in line with the direction of the fluid velocity. 

In order to test the take-off mechanism the following procedure 

was adopted. A 5.5% ammoniacal solution was continuously pumped 

into the crystallizer, stirred by the paddle and removed from the 

vessel by means of a suction tube. Once steady state had been 

achieved, 40 to 50 grams of lead glass ballotini of density 

4.59 gm/cc (same as APT) and varying in size from 10 to 120 microns, 
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were introduced into the crystallizer. Samples of the ballotini 

were collected from the outlet stream at different times. At 

the completion of approximately five residence times the experiment 

was halted. The ballotini remaining in the crystallizer were 

then removed. The particle size distributions of the samples 

obtained at different times were compared with the one obtained 

for the sample remaining in the crystallizer. If the mixed 

product removal technique was operating efficiently then all the 

particle size distributions would be the same. 

Suction tubes of different internal diameters were tested and 

the optimum diameter determined. It was also established that 

a stirrer speed of 1600 r.p.m. was required to completely fluidize 

all the particles. All continuous crystallization experiments were 

thus performed at this stirrer speed. The product removal technique 

was also tested during a number of actual crystallization runs, 

and it was found to be operating successfully in all cases. 

It should be pointed out that the suction tube method of 

mixed nroduct removal has another obvious advantage. The liquid 

level in the crystallizer is automatically kept constant throughout 

the run. 

3.2. Al"'JALYTICAL TECHNIQUES 

3.2.1. Crystal Size Analysis 

Various methods of particle size analysis were considered in 

order to establish which would be most suitable for determining 

the particle size distribution curves of the APT crystals over the 

size range 20 to 150 microns. 



A PHOTOGRAPH OF THE APPARATUS 

- - -- ----------

FIGURE 2 
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Screening of the crystals using standard screens was found to 

be unsatisfactory. This was due to the fact that APT crystals, 

being rather brittle tend to break up into smaller crystals when 

subjected to harsh treatment such as the abrasive action of the wire 

mesh on the crystal surface. 

The Coulter Counter was considered, but owing to the difficulty 

of obtaining a suitable liquid capable of keeping the APT crystals 

in suspension and also satisfying the basic requirements of the 

apparatus, this method had to be discarded. 

The microscopic technique of determining the particle size 

distribution was considered to be too tedious and time consuming 

to be of any use for the present application. 

Particle size analysis, using a sedimentation technique 

seemed to be one of the more suitable methods left open. 

Preliminary work was done using a Sartorius Sedimentation Balance. 

Inert liquids of various viscosities were tested. Cyclohexanol, 

at a temperature of 40°C was found to be the most suitable. 

In order to test the reproducibility of the balance, a sample 

of APT crystals was split up into several smaller samples. Each 

of these were analysed separately on the balance. It was found 

that the curves obtained did not vary by more than 2% from one 

another. 

It should be noted that Stokes Law, on which all sedimentation 

processes are based, is only applicable for Reynold's numbers 

below 0.2. 



Considering a particle of density Ps and diameter d, 

settling in a liquid of density P
L 

and viscosity n. 

The terminal velocity of this particle is given by:-

v = 
18n 

where: g = gravitational constant = 981 cm/sec. 2 

The Reynolds number is defined as: 

NRE = 

combining the above equations: 

= 

Furthermore we have: 

Viscosity of cyclohexanol at 40°C n = 20 CP = 0.2 Poise 

Density of cyclohexanol 

Densi ty of APT = 4.6 gm/cc. 

Replacing these values in equation (3.3) gives 

= -4 
2.095 X 10 NRE (3.4) 

The maximum size of APT crystals for which Stokes Law is 

applicable is obtained by substituting the limiting condition, 

= 0.2 in equation (3.4). 

This gives: 

d = 347 microns max 



The minimum size f'or which Stokes Law is applicable is 

determined only by the onset of Brownian motion. 

below about 5 microns. 

This occurs 

20~ 

The range of applicability of Stokes Law, for APT settling is 

cyclohexanol at 40°C is between 5 and 347 microns. Since the 

crystals obtained experimentally ranged in size between 20 and 150 

microns, this is more than adequate. 

(a) Comparison between the Microscope and the Sedimentation Balance 

The sedimentation balance technique analysis was compared 

with the microscopic technique as follows. The cumulative weight 

particle size distribution curve of a sample of APT crystals was 

determined using the sedimentation balance. A number of photo-

graphs of the same sample were taken on a microscope at a 

magnification of 100 times. The length and breadth of each crystal 

was measured and the actual crystal size taken as the square root 

of the product. A total of approximately two thousand crystals 

were measured in this way. The cumulative weight distribution 

curve was calculated from the results. 

are shown in Figure 3. 

The two curves obtained 

The curve obtained from the sedimentation analysis compared 

very favourably with that obtained from the microscopic analysis, 

the shapes of the curves being practically identical. The shift 

of the curves with respect to each other, is due to the fact that 

each method measures a different characteristic size, The 

microscopic method measures the projected size of the crystal, 

whereas the sedimentation method gives the equivalent diameter of 

a sphere whose terminal velocity in the liquid is the same at that 

of a crystal. 
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In view of the fact that the sedimentation and microscopic 

techniques compared so well, it was dedded to use the Sedimentation 

Balance for all particle size analyses. 

If the microscopic size at a particular weight fraction is 

plotted against the sedimentation size of the same weight fraction 

(obtainable from Figure 3), the relationship between sedimentation 

and microscopic size can be obtained. 

in Figure 4. to be a linear one. 

This relationship is shown 

In this work all sizes obtained from the sedimentation balance 

were converted to microscopic sizes by the use of Figure 4. By 

doing this the shape factor for the volume of a crystal of micros­

copically determined size, ~, is unity, as the volume is just ~3. 

(b) Description of the Sedimentation Balance 

The Sartorius Sedimentation Balance possesses one main beam. 

A collecting pan is suspended from the right of the beam and into 

a sedimentation jar. This jar consists of a cylindrical, flat 

bottomed, jacketed glass container into which the sedimentation 

liquid is placed. Water is pumped from a constant temperature 

bath, through the outside jacket of the jar, to keep the liquid at 

a uniform temperature. 

Taring weights are suspended from the left of the balance 

beam and are used to compensate for the buoyancy of the collecting 

pan and the differences in buoyancy when using liquids of 

different densities. The main beam carries in its centre hlO 

mirrors which are illuminated by a lamp. The smaller mirror 

reflects the light onto a groundglass plate. At a deflection of 

the beam towards the side of the collecting pan, the larger mirror 
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casts the light through a diaphragm onto a photocell. Upon reaching 

a certain intensity of illumination a solenoid is activated by 

means of an amplifier and a relay. This solenoid twists a torsion 

wire by a determined angle. This wire carries in its ceutre an 

auxiliary beam which is attached to the main beam. By.torsion of the 

wire, which is extended between two bearing blocks, the auxiliary 

beam returns the main beam back to its zero position. This ends 

the illumination of the photocell and the relay ceases to activate 

the solenoid. This process is repeated automatically whenever two 

milligrams of the sample being analysed have sedimeuted onto the 

collecting pan. 

These steps of 2 mg, are transferred to a recorder pen by means 

of a recording device. At every step the pen advances horizontally 

by 0.08 cm. on the chart paper. The curve dravTn by the recorder 

pen is the increase in weight of the sediment against elapsed time. 

The cumulative weight particle size distribution function of the 

sample can be readily obtained from this curve (see Appendix A ). 

3.2.2. Determination of the Solution Concentration 

In all experiments performed in this work it was necessary to 

determine the concentration of the ammonium tungstate solution, as 

the growth rate of the crystals is dependent thereon. 'rhe method 

employed was the standard determination of tungsten trioxide in 

solution using hydrochloric acid and a cinchonine solution. 

The cinchonine solution was prepared by dissolving 125 grams 

of cinchonine in a solution consisting of 500 ml. of concentrated 

hydrochloric acid and 500 mI. of distilled water. The actual 

determination of the tungsten trioxide in solution was performed 

as follows. 
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20 ml. of the ammonium tungstate solution "Tere pipetted. into 

a glass beaker and distilled water added until the total volume of 

the solution was approxilliately 150 ml •• 35 ml. of concentrated 

hydrochloric acid and 15 ml. of the cinchonine solution were 

then added. This solution was boiled gentJy for a period of 

about 30 minutes and then filtered. The filter cake was washed 

five times with a 1% hydrochloric acid solution and then transferred 

into a porcelain crucible. The crucible was pla.ced in a calcining 

furnace at a temperature of 750°C and left there for a period of 

ten hours. The tungsten trioxide (W0
3

) remaining in the crucible 

was then determined gravimetrically. The solution concentration 

was thus determined in grams of W0
3 

per litre of solution. 



CHAPTER IV 

THE DEPENDENCE OF THE GROWTH RATE OF APT ON THE CRYSTAL SIZE 

4.1 THE PARTICLE BALANCE EQUATIONS 

4.1.1 Batch Crystallization 

The particle balance equation for a batch crystalltzer can 

be written as 

(4-1) 

where: 

4.1.2 

f(~, t) d~ = the number of crystals in the crystallizer 

p 

Q( t) 

~ o 

having sizes betveen ~ and ~ + d~ at any 

time t. 

= growth rate of a crystal of size ~ 

= number of crystals introduced per unit 

time at time t, due to nucleation 

= Dirac Delta function 

= critical nuclei size 

Continuous Crystallization· 

Doing a particle balance over a continuous, mixed product 

removal crystallizer operating under steady state conditions, 

results in the following equation: 

= - wg(~) + VNo(~ ~ ) (4-2) 
o 

where: 

24. 

= the number of crystals per unit volume of solution, 

in the crystallizer having sizes between ~ and 

~ + d~ 



v = the volume of the solution. 

w = the flowrate of the exit stream. 

N = the number of crystals nucleated per unit 

time - per unit volume of solution. 

The derivations of equations (4-1) and (4-2) can be 

found in Hulburt and Katz (8). 

The solutions of the above two differential equations 

are dependent on the relationship between the growth rate 

p and the crystal size t. It was therefore necess~ry to 

perform some growth rate experiments in order to determine 

this relationship. 

4.2 THE EFFECT OF CRYSTAL SIZE ON THE GROWTH RATE OF APT CRYSTALS . , ------~--,----~~~~ 

In preliminary crystallization experiments it was established 

that the majority of APT crystals obtained were in the size range 

30 to 100 microns. It was therefore decided to investig3.te the 

effect of crystal size on the growth rate, within these limits. 

Crystals of known sizes were placed in the stirred tank 

crystallizer and allowed to grow in a supersaturated solution of 

ammonium tungstate, the concentration of which was kept at a 

constant level. 

4.2.1 Experimental Procedure 
0, , • , 

APT crystals obtained from previous experiments were 

screened into various size ranges using Tyler Standard screens. 

The following size ranges were used in the investigation: 

<38~, 38-44 ~, 53-61 ~, and 74-88 ~ 



An ammonium tungstate solution was prepared as 

mentioned earlier by the addition of crude tungstic acid to an 

rulThonium solution. Stock solutions of three different 

concentrations in the range 130-170 gms W0
3
!litre were made 

up, each by adding approximately 300 gms of crude tungstic 

acid to 1000 ml of a 5.5% ammoniacal solution and then stirrin~ 

the mixture until the desired solution density, which is 

directly related to the solution concentration, was obtained. 

Due to the solution being unstable at these high concentrations, 

it vlaS founa necessary to store it under conditions of vacuum. 

400 ml of the ammonium tungstate solution were poured 

into the crystalliz er and glycerol circulated through the 

mxtside jacket of the vessel at a temperature of 150°C. The 

stirrer motor was s\-Ti tched on and the paddle allowed to rotate 

at 1600 rpm. A 5. 57~ aqueous ammonia solution was continuously 

pumped into the crystallizer at a rate equal to the evaporation 

rate of the solution. This meant that the solution volume 

remained constant throughout the run. The solution 

concentration also remained virtually constant due to the fact 

that only a small amount of ammonium tungstate was used for 

growth of the seed crystals. Ten grams of one of the size 

ranges of the crystals mentioned earlier were introduced into 

the crystallizer and allowed to grow under these controlled 

conditions for a definite period of time. 

At the completion of each run the crystals together with 

the solution were removed from the crystallizer by means of 

a suction tube. and iMnediately separated by filtration through 

a millipore membrane filter. The crystals were then washed 

with a small quantity of distilled water and then dried. 
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The solution concentration was determined prior to the~ 

commencement of each run and also on completion of the run. 

The average of these two concentrations was taken to be the 

solution concentration for the run. 

The cumulative weight particle size distributions of 

the crystals both before and after growth, were determined 

using the sedimentation balance. Analysis of the 

sedimentation curves after growth showed that practically no 

crystals smaller than the smallest crystal detected on the 

cumulative weight distribution before growth was obtained. 

This indicated that essentially no nuclei were being formed 

and that only grmTth on the crystals originally inj ected intu 

the crystallizer was taking place. 

The growth rate of the crystals was evaluated as follows: 

The particle balance equation for the case where no 

nucleation occurs is: 

af(l,t) + a{pf(1,t)}= 0 
at a1 (4-3) 

Since the crystals were allowed to grow by only a small 

amount (i.e approximately 10 microns), and the average growth 

rate p for the run was required, equation (4-3) can be 

approximated by: 

af(1,t) + P af(1,t) = 0 
at a1 

(4 .. 4) 

Multiplying each term of equation (4-4) by 14 and 

integrating with respect to 1 between the limits 0 and 00 

results in: 



d 
dt 

WJ ~4f(~,t)d~ + P{f(~,t)~4}: 
o 

WI - 3 - 4p ~ f(~,t)d~ = 0 
o 

(4-5) 

Substituting the boundary condition as ~ + 00 f(t,t) t 0 into 

the above equation gives: 

d 
dt 

WJ 4 t f(~,t)d~ 

o 

= 4 if'''' 00 J i 3 f ( ~ , t ) d~ 
£, 0 

The mean with respect to the weight distribution ~l' is 

defined as: 

WJ 
0 

P ~4f(~,t)d~ 
s a l 

= .-

wI 
p ~3f(i,t)d~ 

s 
0 

and the mass of the crystals at any time t is 

M(t) = wJ Psi3f(~,t)d~ 
o 

(4-6) 

(4-7) 

(4-8) 

Replacing for M(t) and al.from equations (4-7) and (4-8) 

into equation (4-6) gives: 

(4-9) 

Integrating with respect to t between the limits tl and t2 

results in: 

28, 



4.2.2 

1!2 ., 

f M(t)dt 

tl 

(4-10) 

The values of a
1 

at t = tl and t = t2 were obtained from the 

cumulative weight fraction distribution curves of the 

crystals. M(t) was known by weighing ~he crystals before 

and after each run and because the increase in mass of the 

crystals during a run was relatively small the integral under 

the M(t) versus t curve was evaluated by assuming a linear 

29, 

relationship between the crystal mass and time. The growth rate p 

could therefore be calculated directly using equation (4-10). 

Results 

The results obtained from this investigation were plotted 

on a graph in the form growth rate versus crystal size at a 

particular concentration. This is shown in F~gure 5. For 

each level of concentration it can be seen that the gro~~h 

rate is independent of the c17stal size. 

This result can be examined using a theoretical approach 

as follows. If one considers growth to take place by the 

addition of crystalline material at dislocations on the 

crystal surface, then the rate of mass increase of a crystal 

is proportional to the total number of dislocations present. 

It is a well established fact that the dislocation 

density can be considered to be relatively constant over the 

whole of the crystal surface. The rate of mass deposition 

onto a crystal is thus proportional to its surface area. 
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Considering a crystal of mass m and size ~ we have that 

m = constant ~3 

The rate of mass increase of this crystal is given by 

or 

dm = -= 
dt 

const ant ~ 2 d~ 
dt 

p = constant ~2p 
m 

where p is the growth rate of a crystal of size ~. 

(4-11) 

(4-12) 

(4-13) 

Since it has been shown that p is proportional to the 
m 

2 crystal surface area, ~ , p itself must be independent of the 

size ~; which is the result that was obtained from the 

experimental investigation. 

At the stage when this investigation was carried out the 

effect of the impurity concentration on the crystal growth 

rate was not realized and hence the impurity concentration 

in the three different solutions were not noted. For this 

reason it is not possible to use these results to establish 

the relationship between growth rate and solution concentration 

or in fact to compare the actual growth rate values with those 

obtained from the batch and continuous experiments performed 

at a latter date. The on ly information that can be derived I 

from this investigation is that at a particular concentration 

of the solution and of impurities in the solution, the 

growth rate is independent of the crystal size. 

30, 
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CHAPTER V 

THE GROWTH RATE MODEL 
... .... 

Part I. Batch C~stallization 

5.1 EXPERIMENTAL PROCEDURE 

In all the batch experiments performed the following pro~edure 

was adopted. The concentration of the ammonium tungstate solution 

was determined in duplicate before the start of each run. The 

constant temperature bath was heated to a particular temperature 

depending on the heating rate required for the run. The 

circulation pump was switched on 15 minutes prior to the co:mmencement 

of each run and glycerol allowed to flow through the outside jacl\:et 

of the crystallizer. This was done to ensure that there were no 

dead volume regions present in the circuit. 

600 ml of the ammonium tungstate solution were then poured 

into the crystallizer. The stirrer motor was immediately switched 

on and the paddle allowed to rotate at the required speed. It was 

observed that, immediately preceding the appearance of the first 

crystals, the solution suddenly became opalescent. This easily 

~etectable point was taken as time zero for crystallization. 

The crystallization was then allowed to proceed for a predetermined 

time depending on the experiment being performed. At the 

completion of each run, the solution together "Tith the crystals 

"Tere removed from the crystallizer by means of a suction tube, 

and immediately separated by filtration. The total volume of this 

solution was measured apd its concentration determined. 

The crystals were washed with distilled water and then dried. 

The total weight of these crystals was determined as "ell as their 

cumulative weight particle size distribution function. 



5.2 E~TERIMENTS PERFORMED 

Batch experiments were performed at three different heating 

rates corresponding to temperatures of 120°C, 130°C and 1400 c in 

the outside jacket of the crystallizer. Four runs, each for a 

different total crystallization time, were performed for eac.h of 

these heating rates. This was done to investigate the dependence 

of the growth rate on the supers~tuyation of the solution. A 

stirrer speed of 1600 r.p.m. was used in all these experiments. 

Further experiments were performed at three different stirrer 

speeds (250, 800 and 1600 r.p.m.) using a heating rate corresponding 

to an outside jacket temperature of 140°C. In this way the effect 

of the stirrer speed on the grov~h rate could be established. 

BATCH CRYSTALLIZATION RESULTS 
---'-""'-~-'-----"'" . -------"'---

5.3.1 The Critical Nuclei Size of APT Crystals 

In the experiments performed at the three different 

stirrer speeds, but at the same heating rate (140°C), the 

conditions in the crystallizer were identical in all cases. 

This meant that the variation of the mass of the crystals, 

the solution concentration and the solution volume, with 

crystallization time were the same for the three stirrer speeds. 

The dependence of these three variables on the 

crystallization time is shown in Figures 6, 7 and 8. It 

should be noted that these three variables are interdependent 

and that the mass versus time curve as presented in Figure 6 

is probably the least accurate due to physical losses during 

the drying and weighing procedures of the crystals, after each 

run. 

3 ') c:., 
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The mean 0.1 , of the cumulative weight distribution curve at 

a particular time, was evaluated for the three stirrer speeds 

(see Appendix B). The relationship bet.leen 0.
1 

and time, as 

shown in Figure 9 closely approximates to a linear function. 

The second moment of the weight distribution, 0.2 was also 

evaluated at different times and for each of the three 

stirrer speeds (see Appendix B). The normalized variance a was 

calculated with the use of the following equation. 

a = 1 

The results are shown in Figure 10. It is seen that a 

is not a function of time but is dependent only on the 

stirrer speed 

i.e. a = n (5-2) 

where n is a const~nt for a particular stirrer speed. 

Furthermore it was noticed by examining the cumulative 

weight distribution curves of the crystals as shown in 

Figure 11, that the smallest crystal detected by the 

sedimentation analysis was of the order of 25 microns. 

Similarly for the runs performed at 800 r.p.m. and 250 r.p.m. 

(shown in Figures 12 and 13 respectively), the smallest 

crystals detected by the sedimentation analyses were 

40 microns and 52 microns respectively. This result seems 

to indicate that the size at which crystals are nucleated is 

of the order 20-60 microns, depending on the stirrer speed. 
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In addition, the particle size distribution c~rves for 

the runs performed at 1200 C and 130 0 C and at a stirrer speed 

of 1600 r.p.m. showed that the smallest crystal size was 

24 microns in both cases. In order to substantiate this 

result even further the following experimental investigation 

was performed. 

Three runs, each at a tempera.ture of 1400 c in the 

outside jacket of the crystallizer, but each at one of the 

three above mentioned stirrer speeds were carried out as 

before. At the stage where the first crystals could be 

visually detected in the solution, the run was halted and the 

crystals together with the solution removed from the 

crystallizer and separated by filtration through a millipore 

membrane filter. After dryii1g these crystals were examined 

under a microscope at a magnification of 100 times. At a 

stirrer speed of 1600 r.p.m. these crystals were observed to 

be in the range of 25-30 ~; at 800 r.p.m. the range was 

45-50 ~ and at 250 r.p.m. 60-65 ~. 

If the straight lines obtained iR Figure 9 (a
l 

versus 

time curve) are extrapolated backwards to time t = 0 when 

crystallization has just commenced, the smallest crystal size 

(or nuclei size) obtained agrees rather well with that obtained 

from both the sedimentation analyses and the microscopic 

examination mentioned above. This comparison is shown in the 

table below. 
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Table I 

Stirrer 
Speed 

r.p.m. 

1600 

800 

250 

ComJ2arison of 

R, 
0 

Sedimentation 
Analysis 
microns 

25- 24- 24 

40 

52 

cr:;.tical nuclei size values 

R, R, 
0 0 

Microscope Extrapolation 
Examination of ell versus t 

microns microns 

25-30 29 

45-50 46 

60-65 61 

'-_______________ .". ____ ------...1 

It can therefore be concluded that the size at which the 

first crystals appear in the solution i.e. the critical 

nuclei size, is much larger than is normally the case and 

further that this size is dependent on the stirrer speed. 

This result is not as surprising as it seems at first, if one 

examines the actual situation in the crystalliser. 

Using the terminology of Turnbull and his associates (21) 

in their article on the transient nucleation in phase 

transformations in solids, where particles of the new phase 

which exceed the critical size for continuous growth are 

called nuclei, whereas particles which are of sub-critical size 

are termed embryos, the following argument can be developed. 

The concentrations at which crystallization occured in 

the batch experiments were in the range of 

128-11+4 gms \{03/li tre compared to the saturation concentration 

of 43.5 gms WO/li tre) measured at the crystallization 

temperature (see Section 5.3.3). This is somewhat exceptional 

35. 
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in itself as in most cases crystalli~ation occurs readily 

at concentrations which are 2-10% in excess of the saturation 

concentration. However, bearing in mind the exceptionally large 

size of the APT molecule {5(NH4)20'12H03'7H20 }, there is 

every likelihood that it is difficult for the various 

molecules and ions to arrange themselves correctly to form 

complete molecular structures. The result of this is that the 

concentration of the solution increases and greatly exceeds the 

range of supersaturation vThere crystallization vTOuld norma11y 

occur. At these high supersaturations it is possible that the 

\'103 groups combine in solution to form long polymer-like chains 

or embryos. Nucleation of a number of these chains followed by 

rapid growth by addition of further chains could result in 

relatively large critical nuclei sizes. This theory is 

supported by the opalescent nature of the solution which is 

observed immediately prior to the appearance of the first 

crystals. 

As seen in Table I the experimental results showed that 

the nuclei size decreased with increasing stirrer speed. If we 

postUlate that immediately before nucleation the solution 

contains embryos of 'semi-ordered solute molecules, then the 

formation of large embryos will be inhibited by the increased 

shearing action of the fluid. The embryo size distribution 

also appears to be affected as indicated by the dependence 

of the variance 0 on the stirrer speed. 



37. 

5·3.2 Solution of the Batch Particle Balance Equation 

In the previous chapter it was established that the 

growth rate of APT crystals was independent of the crystal 

size. Equation (4-1) can therefore be re-w~itten as follows: 

af(£,t) + af(£,t) = Q(t) 0(£ _ £ ) 
at p n 0 

It is impossible even to attempt to solve the above 

partial differential equ.ation analytically as the bounda,ry I 

conditions are not known with any degree of certainty. 

However, the growth rate of the crystals at any time curing 

a batch run can be evaluated using the cumulative weight 

distribution curve of the crystals at that time. 

'.j. Multiplying each term of the above equation by £ and 

integrating with respect to £ between the limits 0 and 00 

results in: 
00 

f£4 a~~£,.tl.d£ + p oof £4 Ef~£,t).d£ 
o 0 

(5-4) 

or 

- 4p oof £3f (£,t)d£ = Q(t)£~ 
o 

Substituting the boundary condition: 

as £ ~ 00, f(£,t) ~ 0 into the above equation yields: 
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(5-6) 

Similarly by multiplying each term of equation (5--3) by £.5 

and integrating with respect to' £. between the limits 0 and co) 

the following result is obtained: 

(5-7) 

Defining w(£.,t)d£. to be the weight of crystals of sizes 

between t and £. + dt at any time t, we have: 

(5-8) 

The mean with respect to the wtight distribution is: 

(5-9) 

The second moment of the weight distribution is given by: 

(5-10) 

replacing for w(t,t) from equation (5-8) into equations 

(5-9) and (5-10) results in: 

""f t4f (t,t)dt 
o 

()-ll) 
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"l~, 5 f( R., t) dR. 
<X. = ~o ____ _ 

2 ooJR. 3f(t,t)dR. 
o 

(5-12) 

The total mass of the crystals at any time t is given by: 

(5-13) 

Replacing equation (5-13) into equations (5-11) and (5-12) yields: 

(5-14) 

(5-15) 

Equations (5-6) and (5-7) can therefore be rewritten as: 

(5-16) 

By solving the above equations simultaneously, the 

nucleation rate term· Q(t) can be eliminated, The resulting 

expression is as follows: 

(5-18) 



From the experimental results presented earlier the 

normalized variance cr was found to be a constant dependent 

only on the stirrer speed. Combining equations (5-1) and 

(5-2) gives: 

Replacing this value of a
2 

in equation (5-18), and solving 

for the groi-rth rate p, the following expression is obtail".ed: 

( ) da 1 [( v.:. ] dM (:U [( +1 ) 2 
M t . d t 2 n + 1 Ill: 1 - Q, 0 + d t n a 1 

p = 
M(t)[5a

l - 4Q,0] 

- Q, a ] 
o 1 

(5-20) 

As M(t) and a
l 

are both known functions of time p can 

be evaluated. 

The growth rates for the experiments performed at. the 

same heating rate, corresponding to a terrperature of 140°C 

in the outside jacket of the crystallizer, and at the three 

40, 

different stirrer speeds were calculated using the above equation. 

The critical nuclei size Q, was taken as t.he value 
o 

obtained from the extrapolation of the mean particle size (a
l

) 

versus time curve in Figure 9, as it "laS felt that this was 

the most accurate value. 

It should be noted that in doing this the value of Q, 
o 

is based on the mean of the weight distribution, whereas in fact 

the mean based on the number distribution should be used. 

However, if the size distribution of nuclei is narrow, 

the mean based on the weight distribution will not differ much 
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from the mean based on t he number distribution. As an 

example if nucleation occurs as a Dirac Delta function there is 

no difference at all between the means of the two 

distributions. From Figures 11, 12 and 13 it is seen that 

at low values of t the size distributions are fairly narrow. 

In any event it was found subsequently (Table II) that the 

growth rate was not particularly sensi ti ve to the v~lue of t 

used. 

o 

The results are shmm in Figure 14 which is a plot of 

crystal growth rate versus time for the stirrer speeds of 

250, 800 and 1600 r.p.m. There is no significant difference 

between the growth rates at the different stirrer speeds 

showing that the growth rate of APT crystals is independent 

of the stirrer speed. 

The Dependence of the, 9.ry.stal Q.r,owth Rate on the 

Supersaturation 

In order to evaluate the solution supersaturation during e. 

batch run it was necessary to determine" the equilibrium 

concentration of the ammonium tungstate solution at the 

crystallization temperature of 930 C. A satura,ted solution 

of ammonium tungstate was made up by dissolving APT crystals 

in an ammonia solution. An ammonia solution was poured into 

a 100 ml flask which was kept at the required temperature by 

immersing it in a constant temperatlITe bath. An excess of APT 

crystals was added to the solution and the mixture 

continuously stirred for a period of about 10 hours. 
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The concentration of this so:"ution was then determined in 

the normal way. It was found that the saturation concentration 

was dependent on the pH of the solution i. e. the ammonia 

content. It was therefore necessary to determine t.he 

saturation point for solutions of different pH values. This 

was done and the variation of the equilibrium saturation 

concentration with pH is given in Figure 15. 

In order to establish how the saturation concentration 

varied throughout a batch run, the pH of the ammonium tungstate 

solution w~s measured at different times during the run. This 

was done for all runs performed under the different conditions. 

It was found that the maximum variation of the solution pH for 

all runs, during the crystallization period was from pH 7.55 

to pH 7.82. From Figure 15 it can be seen that this 'Tariation 

in pH resulted in a change of the saturation concentration 

from 44.5 to ~2.5 gm wo3/1itre. Since this change was small 

it was decided to use an average value of 43.5 gm WO/litre 

for all the runs. The change of the solution concentration 

with time had been measured for all batch runs, and hence the 

supersaturation of the solution at any time could be evaluated 

from the equation: 

s = c - c = c - 43.5 
s 

(5-21) 

It is generally accepted (1,7, 10, 22) that the crystal 

growth is linearly dependent on the supersaturation of the 

solution. 
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(5-22) 

In order to establish "lhether this relationship also 

holds for APT crystals grmving in a supersaturated solution 

in the batch crystallization experiments, the growth rate of 

the crystals at a particular time during a run Has evaluated 

using equation (5-20) and the supers~turation at the same time 

calculated using (5-21) abcve. The results for tlle experiments 

performed at 120
0

, 130
0

C and 140
0 c c..re shown in Fig'ore 16. 

It is innnediately apparent from these results th2.t the 

growth rate decreases with increasing supersaturation. As 

this was a somewhat strange and unexpected result it was 

decided to check on the basic equation used for the 

calculation of the growth rate; namely equation (5-20). i.e. 

p = (5-20) 

Let us have a look at this equation to see how sensi ti ve 

the growth rate is to the value of £ used. This was done 
o 

with three different values of £ ; the results are presented 
o 

in the Table below. 
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Table II. Sens.itivity of th~ grovrth rate p to the 
critical nuclei size £0 

Time, t 

mins 

4 

8 

12 

16 

Stirrer speed: 1600 r.p.m. 
Outside jacket temperature: 1400 c 

-, 
GROWTH RA'I'E p: microns/min 

£, = 29 £, = 20 £, = 10 
0 0 0 

2.89 2.87 2.57 

2.35 2.20 2.10 

1.96 1.89 1.83 

1. 75 1. 76 1. 71 

Examination of the above table shOl{S that the growth rate p 

is not particularly sensitive to the value of £, used. Of 
o 

greater importance is the fact that in all three cases p 

decreases with increasing crystallizatioi.l time i. e. it 

might be thought that p is a decreasing function of 

supersaturation. 

It must therefore be concluded that some termination 

process was taking place which tended to slow down the growth 

of the crystals even though the driving force for 

crystallization was increasing. Equation (5-22) must be 

modified to: 

p =--p.(t).(c - c ) 
s (5-23) 

where ~(t) is some strongly decreasing function of time and 

is a measure 0 f the termination process. This termination 

4~, 



5.4 

in the grovTth could possibly result from either one or both 

of the following two occurences: 

(i) Break up of larger crystals into smaller ones due 

to collisions with the stirrer and the walls of the vessel, 

and (ii) impurities on the surface of the crystals blocking 

various growth or addition sites and in this way reducing 

the growth rate of the crystals. 

It has been well established that crystal growth can 

be inhibited by impurities being present on the crystal 

surface at sites where growth nornally takes place. For 

example substances such as tannin, dextrin or sodium 

hexametaphosphate vThen added in small quanti ties to boiler 

feed water, prevent nucleation and growth of calcium 

carbonate crystals and therefore reduce scaling. Similarly 

the addition of 0.1% HCl and 0.1% PbC12 will prevent the 

growth of sodi~~ chloride crystals. According to 

Nabarro (16) and others, only very small quantities of 

impurities need be adsorbed at the growth step on the surface 

of a crystal in order to inhibit the growth of the whole face 

of that crystal. 

In order to establish which of the two above mentioned 

termination processes was occuring, the following 

investigation was carried out. 

CHYSTAL BREtJC-UP INVESrl'IGA'l'ION 
",""" -........... 

The clwulative weight particle size distribution curve of a 

sample of APT crystals was determined using the sedimentation 
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balance. This sample was then split up into several sillaller 

samples of 15 grams each. A saturated solution of APT in water 

at the crystallization temperature of 930 C was made up by dissolving 

APT crystals in a flask of distilled water kept in a COJ:lstant 
~ 

temperature bath. 400 ml of this saturated solution ",ere then 

poured into the crystallizer. Glycerol was circulated through 

the outside jacket of the vessel at a temperature of 1400 c and 

the paddle was then switched on and allowed to rotate at the 

required speed. One of the smaller s&'llples of the APT cryste,ls 

was' introduced into the crystallizer and allowed to remain there 

for a period of about twenty minutes. During this time the 

crystals were subjected to the same mechanical forces as was the 

case in the normal batch run. At the completion of the run the 

crystals together with the solution "Here removed from the vessel 

by means of a suction tube and separated by filtration. The 

crystals were then dried and their particle size weight distribution 

cu:('ve determined. This procedure was adopted for the three 

different stirrer speeds of 250, 800 and 1600 r.p.m. respectively. 

For each of the stirrer speeds the weight distribution curve 

of the crystals after the run vTaS compared to that before the run. 

The results are shown in Figure 17. It is seen that in all 

three cases virtually no change in the cumulative weight 

distribution curves could be detected. This therefore indicated 

that crystal break-up due to collisions was not taking place to 

any measurable extent and hence could not account for the slowing 

dOvTn of the crystal growth with increasing time in the batch 

crystallizer. 
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5.5 THE EFFECT OF IMPURITIES ON THE CRYSTAL GROWTH RATE 

As the crystals ,.;rere not breaking up in the crystalliz er, 

the only other possible explanation seems to be growth retardation 

in the presence of impurities on the crystal surface. Botsaris 

and Denk (1) in their study of the growth rates of potassium 

alum crystals found that their results were considerably lower 

than those reported earlier by Mullin and Garside (4). They, 

however, used reagent grade alum and distilled water whereas 

Mullin and Garside worked with recrystallized alum and deionized 

water. They therefore offered the explanation that the difference 

in growth rates between their study and that performed by Mullin 

and Garside was due to the presence of impurities which inhibited 

the crystal growth rate. 

It has been established by Gorshtein and Baliner (5), 

that when ammonium paratungstate is crystallized by evaporation 

of an rurnnoniacal solution of crude tungstic acid as was done in 

all experiments performed in this investigation, certain 

impurities are present in the crystals. 

Gorshtein and Baliner studied the fractionation of the 

C 2+ F 3+ C 2+ d M 2+. 't' d 'th t 11' t' u , e , 0 an n lmpurl les lITlng e crys a lza lon 

of APT from the mother liquor. Their results showed that the 

separation factor k for washed crystals in the separation of 
cr 

the copper impurity was only 3-6 as compared with an ideal 

separation factor of 800; where k was defined as the ratio of cr 

the impurity concentration (relative to W0
3

) in the original 

solution to that in the crystals. This indicated that a fairly 



consider8,ble trappine; of the copper impurity by the solid phase 

was taking place. They further shoyred t:1(:;t apprecia,hly no 

F 
3+, , 

separation of the e 1.mpur1.ty from the APT crystals takes place, 

as the experimentally determined value of k was very close 
cr 

to unity. 
2+ 2+ 

The separation factors for Co and Mn were 20 

and 70 respectively, indicating that a fairly high purification 

effect was obtained in relation to these impurities. 

, 2+ 3+ 
It is therefore apparent that e1.ther the Cu or the Fe 

ions are more likely to be the cause 0 f the termination in the 

2+ 2+ , 
growth of the APT crystals than the Co and Mn lons. It is 

only necessary that either of these ions attach themselves onto 

the surface of a growing crystal, at a site such as a growth 

step in order to retard the further growth of that crystal. 

A table of their results obtained on the fractionation of 

th C 2+, 't h' h t f th ' 't t' e u 1.mpur1. y, on w 1.C mos 0 e1.r exper1.men a- 1.on vTaS 

performed, is presented below. 

Table III. The results of Gorshtein and Baliner 

,~,~ 

Concentration of Cu2+ Concentration of Cu2+ GAPT in the solution: in the crystals --
gm/litre gm/gm APT c 

x 

c cAPT x-
--

1.46 x 10-4 
2.22 x 10-7 1.6)+ x 10-3 

2.25 x 10-3 3.40 x 10-6 
1.51 x 10-3 

1.86 x 10-3 2.41 x 10-6 
1.30 x 10-3 

2,24 x -2 
3.40 x 10-5 1.52 x 10-3 

10 

--



It is seen from the above table that the distribution 

coefficient cAP'l/c
x 

is approximately the same for the four 

. C 2+. . cases indicating that the concentratlon of the u lon In 

the APT crystals is proportional to the concentration of the 

Cu2+ ion in the armnonium tungstate solution. 

This can be written mathema.tically as: 

(5··24 ) 

This result is not unexpected as this relationship can be 

derived from thermodynamics for a dilute distribution of 

impurities between two phases. 

Unfortunately Gorshtein and Baliner performed only one 

3+ . experiment on the trapping of the Fe lon by APT crystals and 

it is thus not possible to establish whether the same conclusion 

holds for the Fe3+ ion. It is however, reasonable to suppose that 

a similar relati.onship might exist for the Fe3+ impurity. 

An analysis of the crystals obtained from two differeYlt batch 

experiments is presented in the table below. 

Table IV. Impuritx concentration in the crys~als gm/~m APT 

-
Impurity Sample 1 Sample 2 

Mo 2 x 10-4 2 x 10-4 
P <1.0 x 10-6 <1.0 x 10-6 

Ti <1.0 x 10-6 <1.0 x 10-6 

As <1.0 x 10-6 <1.0 x 10-6 

Fe 3 x 10-5 3 x 10-5 

Cu 1 x 10-5 2 x 10-5 

Bi <1.0 x 10-6 <1.0 x 10-6 

Pb <1.0 x 10-6 <1.0 x 10-6 

Zn <1.0 x 10-6 <1.0 x 10-6 

Mn <1. 0 x 10-6 <1.0 x 10-6 
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It is seen from the above table that the Mo, (;u and Fe 

impurities are present in greater quantities than the others and. 

hence are more likely to be instrumental in causing blocking of 

active sites on the crystal surface. However, as the structure 

of the molybdates and tungstates are very simj lar it is unlikely 

that Mo will inhibit crystal growth. On the other hand Cu anr'l_ 

Fe could very well block growth sites and sO lower the growth rate p, 

5 . 6 THE GRO\-lirH RATE MODEL 

Previously it was assumed that the growth rate of the crystals 

was dependent only on the supersaturation of the solution. 

However, if the growth of a crystal is being inhibited by the 

presence of impurities on the surface, this equcction can no longer 

be applied as some termination term is now necessary. Consider a 

crystal in contact ,Ii th its mother liquor in the crystalliser. 

This crystal has certain impurities present on its slITface. 

Some of these will completely stop growth on a certain part of 

the crystal surface, others will only retard the growth on a part 

of the surface and others will not affect the growth rate at all. 

It is difficult to describe this situation mathe~atically. 

However, this can be overcome by considering the retardation of 

the crystal growth as anon-off process. 

If we consider a crystal of size £ and mass m, let us define 

x to be the fraction of the surface of this crystal that is 

completely inhibited due to impurities and hence cannot grow 

further. (Alternatively x can be defined as the fraction of' 

the total number of active sites on the crystal surface that are 

completely inhibited by the presence of impurities). 
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The total area of this crys-s8,1 onto which further grovith can 

take place is thus proportional to 9,2(1 - x). 

The rate of mass transfer to this crystHl is thus: 

dID = -- = 
dt 

But from eQuation (4-12) we have: 

2 
P = constant.£ .p 

m 

Combination of eQuations (4-12) and (5-25) yields 

p = k (1 - x)(c - c ) 7 s 

k7 being a constant. 

(5-25) 

(4-12) 

(5-·20 ) 

It is to be expected that x, the fra~tion of the tot.al nmriber 

of active sites which are completely inhibited against i'uY'cher 

growth, will be dependent in some wayan the concentration of 

the impurities in the solution in which crystallization is 

taking place. 

Let us take a crystal, which has grown to a size Q, in the 

solution, and consider it at any point in time when it has 

reached an intermediate size l' between 0 and 9" It is a well 

established fact that the density of active sites on a crystal 

surface is a constant. 

Thus defining NA to be the number of active sites per unit 

surface area of the crystal, the total number of active sites 

on a crystal of size r is given by 

2 
= constant.NA·r (5-27) 
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Since NA is constant, the above equation can be reyTri ttcn as: 

(5-28) 

The total number of sites on the crystal surface which are 

completely inhibited against further growth 

(5-29) 

Consider the same crystal when it has reached a size t. 

The mass of this crystal is 

m ex: 

where p is the density 

Since p is a constant independent of the crystal size this can 

be rev.rri tten as: 

(5-30) 

The concentration of impurities in a crystal has been defined as: 

cAPT gm impurity/gm APT 

Therefore the total mass of impurities in this crystal is: 

Mr = mCAPT 

Asswning that it requires only one impurity ion to attach 

itself onto an active site on the crystal surface an1 so inhibit 

further grOlvth on that site, then the total number of sites 

which have been inhibited in the whole crystal, is given by 

N = x 

= 

(5-32) 

(5-33) 
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The total mass of these impurity ions is thus 

M = k ifxk r 2
dr I 10 8' 

o 

where k
lO 

is a constant. 

Combining equations (5-31) and (5-34) gives 

It is reasonable to assume that x, the fraction of the 

total number of sites that is completely inhibited to further 

gro',rth, will be dependent on the external environment of the 

crystals and not on the crystaJ size. 

Applying this assumption, the above equation can be 

differentiated with respect to ~ giving. 

(5-36) 

or 

x == kllcA¥f (5-37) 

Based on the results of Gorshtein and Baliner 

(5-24) 

Combining equations (5-24) and (5--37), and putting 

(5-38) 
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From the above equation it can be concluded that x, the fraction 

of the crystal surface which is inhibited is proportional to 

the concentration of the impurities in the solution, c • x 

Replacing for x from equation (5-38) into the growth rate equation 

(5-26) results in 

5.6.1 The Growth Rate Equation applied to the Batch 
CrYlitallization process 

The batch crystallization runs , .... ere started by pouring 

a volume V , of the ammonium tungstate solution into the 
o 

crystalliser. This volume of solution contained a certain 

concentration of impurities capable of bloaking growth steps 

on the crystal surface. Let this impurity concentration by Yo' 

As the- volume of the solution in the crystalliser 

decreases, due to evaporation, the impurity concentration 

increases. This impurity concentration at any time during 

a batch run is given by: 

YoVo 
c = x V 

where V is the solution volume at any time t. 

(5-40) 

Replacing this expression into equation (5-39) yields: 

(5-41) 

Since the same stock solution was used for all runs 

performed, y is a constant, and the above equation can 
o 

be simplified by putting 

(5-42) 
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5.6.2 

Hence resulting in the following growth rate equation 

k 
P = k (1 - 13)(C - c ) 7 V . s 

Test of the Model 

In order to test the growth rate model, the results 

obtained from the batch crystallization runs were plotted 

on a graph in the form: p/(c - c) against l/V. 
s 

This was done for all experiments performed. The 

result is shown in Figure 18. It is seen that a good straight 

line can be drawn through the experimentally determined 

points, indicating that the proposed growth rate model fits 

the results reasonably well. 
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Part II. Continuous Crystallization, 

Crystallization experiments in a continuous mixed product 

removal crystallizer .Tere performed in order to sUbstantiate 

the results obtained from the batch experiments. 

5.7 EXPERIMENTAL PROCEDURE 

Thirty minutes prior to the commencement of a run, the 

circulation pump was switched on and glycerol at the re~uired 

temperature circulated through the outside jacket of the 

crystalliser. 400 ml of the ammonium tungstate solution were 

poured into the vessel and the stirrer rotated at 1600 r.p.m. 

The feed solution was pumped iuto the crystallizer at a constant 

rate and the suction tube allowed to operate. The 

crystallization was carried on for a period corresponding 

to at least ten residence times in order to ensure steady state 

operation. Li~uid samples were taken from the outlet stream 

at various times and their concentration determined. The 

flow-rate of the exit stream of the crystallizer was measured 

volumetrically. 

At the completion of the run the crystals and the mother 

li~uor were removed from the vessel and separated by filtration. 

The solution concentration was determined and the cumulative 

weight distribution curve of the crystals found by means of the 

sedimentation balance. The total mass of the crysta.ls in the 

crystallizer was also determined. 

51' 
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5.8 EXPERIMENTS PERFORMED 

Experiments were performed at five different heating rates. 

These corresponded to outside jacket temperatures of 130oC, 1400 c 

150oC, 1600 c and 170oC. Different feed solution flow-rates were 

used for each of these heating rates. In this way a fairly large 

variatio~ in the residence time of the crystallizer was achieved. 

In all the experiments performed the total volume of crystals and 

solution was 400 ml. 

As mentioned in Section 3.4.1, it was not possible to use 

stirrer speeds lower than 1600 r.p.m. as the take off mechanism 

for the mixed product removal did not then operate efficiently. 

Neither was it possible to use higher stirrer speeds as the 

solution then tended to splash out of the crystallizer. For 

this reason all continuous runs were performed at a stirrer speed 

of 1600 r.p.m. 

5.9 CONTINUOUS CRYSTALLIZATION RESULTS 

It was found by examining the cumulative weight distribution 

curves of the crystals removed from the continuous crystallizer 

that no crystals smaller than 25 to 30 microns were present. 

This figure agrees very well with that obtained from the batch 

runs performed at the same stirrer speed. 

Solution of the Continuous Particle Balance Equation 

The particle balance equation as presented in 

Chapter IV is: 

(4-2) 

57. 



In order to use the continuous crystallization results 

to verify that the growth rate is independent of the crystal 

size, it is important to examine how the solution of the 

above equation changes if p is made to be a function of the 

crystal size i. 

Branson (2) suggested a relationship of the form: 

b P = k14 i (5-44) 

b Where the i term was derived from considerations of 

the relative velocity between the solution and the crystals. 

Using this relationship for the growth rate and incorporating 

it into the particle balance equation gives. 

b 
d[Vkll~ t g( i)] 
----- + wg(i) = VN6(i - i ) 

d~ 0 
(5-45) 

Since the solution volume V, is independent of i the above 

equation reduces to 

w 1 where: -- = -
V T 

Rearrangement of this equation gives: 

dg(i) + g(i){bi-l + Tik-b } 
di 14 

(5-46) 

This is a linear first order differential equation whose 

integrating factor is: 

(5-48) 
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The solution is therefore: 

l-b 
g( o) ob (R, ) = 

N N exp Tk14 ( 1 - b) 

+ constant 

N !?'O 
l-b 

= - exp{ -= } 
k14 Tk14 (1 - b) + constant 

The Boundary condition is: 

when !?, = R, , g(R,) = g(R, ) 
o 0 

Replacing this in equation (5-50) gives: 

l-b R, 
o 

(5-49 )' 

(5-50) 

N = -- exp 
k14 

+ constant 

(5-51) 

In order to evaluate the constant the following 

procedure is adopted 

In a continuous crystallizer, operating under steady 

state conditions, the total number of crystals in the 

crystallizer must be the same at all times. This means 

that the rate of nucleation of the crystals must equal the 

rate of removal of crystals in the exit stream. 

i.e. 

(5-52) 

59 
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Replacing for g(~) from equation (5-50) gives 

R, l-b 
o 

N exp{mk -} + const. 
~ 1 14(1 _ b) 

nb ~l-b 
k 4 Jfv exp 

1 Tk14(1 _ b) 

Performing the integration results in: 

_~ l-b 
o 

N = N + const. k14 exp{Tk } 
14(1 - b) 

(5-53) 

(5-54) 

The only way in which the left hand side of equation (5-54) 

can equal the right hand side is that: 

constant = 0 

Replacing this in equations (5-50) and (5-51) 

l-b n l-b 
-R, Jfv 

() N -b { } { 0 } g R, = - R, exp Tk exp Tk 
k14 l4(1 - b) 14(1 - b) 

b N g(R, )R, 
o 0 = k14 

(5-56) 

For the case b = 0, i.e. the growth rate is independent of 

the crystal size: 

and the solution becomes: 

R, 
() N (-~) (0) g R, :: - exp - exp Tp p Tp (5-57) 



Examination of the above equation shows that if 

log g(~) is plotted against ~ a straight line of slope 

- l/Tp will be obtained. However, if the growth rate is a 

function of crystal size, then from equation (5-55) it can 

be seen that a plot of log g(~) versus ~ will not yiel~ a 

straight line. The continuous results can therefore be 

used to verify that the growth rate is independent of the 

crystal size by making use of this plot. 

The Dependence of the Growth Rate on the Crystal Size 

In order to obtain g(~) and hence log g(~) from the 

cumulative weight distribution curve of the crystal product 

the following procedure was adopted 

For a continuous crystallizer operating under steady 

state conditions, the weight fraction of crystals up to 

size ~ is given by: 

= t:J,3g(~)dt 

~"'f~3g(~)d~ 
o 

The total mass of t~e crystals in the crystallizer is: 

M = P V s 

Combining equations (5-58) and (5-59) above gives 

(5-58) 

(5-59) 
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(5-60) 

Differentiating both sides of t his equation with respect 

to R,: 

M • dVl(Q,) 
=~ (5-61) 

or 

M 1 dVl(E:] 
g(Q,) = ~ · ~. dQ, 

s Q, 

g(Q,) can thus be obtained from the cumulative weight 

distribution curve using (5-62) above. 

Rearranging (5-62) 

Vp 
s 

= r::r-' · 

and replacing for g(Q,) from (5-51) we get 

For any individual run we may write 

Vp Q, 
s N (0) constant ~. - exp -- = M P "Tp 

= k15 

Therefore 

1 dVl(Q,) 
= k15 exp(~) ~. 

dQ, Q,3 

(5-63) 

(5-65) 

(5-66) 
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Taking logs on both sides of the equation 

(5-67) 

Converting to logs to the base 10 

(5-68) 

1 dW(t)· 
A plot of loglO[ 3' dt ' ] versus t should therefore 

t 
yield a straight line of slope: -1/2.303Tp 

All the continuous results were examined in this way. 

It WD.S found that for all the runs performed the plot 

mentioned above yielded a good straight line. This is 

shown in Figures 19 to 25. This confirms the result 

obtained earlier that the growth rate of APT crystals is 

independent of the crystal size. 

Growth ra~es evaluated from the Continuous Crystallizer 
4 k 

experimepts 

It was found that in all the continuous runs no matter 

how the heating rate and the inlet flow rate of the feed 

solution were adjusted, the steady state concentration of 

the fu~onium tungstate solution in the crystallizer always 

remained the same, This concentration was 

167 ~ 3 gm W0
3
/litre. The pH of this solution was found to 

be 7.7 ~ .05 in all the experiments done. This meant that 

the saturation concentration of the ammonium tungstate 

solution was the S8lne as for the batch runs, i.e. 

63. 
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43.5 gm W0
3
/1itre, The supersaturation of the solution 

was therefore the same for all the runs performed, 

The growth rate of the crystals for each run were 

evaluated from the slopes of Figures 19 to 25. The results 

are presented in the table below, 

Table VI I Growth rates obtained for the continuous 
cristal~iz~tion ~~;E,eri~e;ts 

Expt No p. microns/min 

1 ,433 

2 ,384 

3 ,242 

l~ .377 

5 ,314 

6 .257 

It is seen that p differs considerably for the 

experiments performed, although the supersaturation of the 

solution was the same in all cases, Therefore it must be 

concluded that, as in the batch case, some other mechanism 

such as growth retardation due to the presence of 

impurities on the crystal surface is occuring, 

The Gr~wth Rate .Equ.~ion applied to the.-£ontinuous 

Crlstallization Erocess 

The continuous results were used to further test the 

proposed growth rate model as follows: 



The feed solution to the continuous crystallizer was 

the same as that used for the batch runs and hence had the 

same impurity concentration y , 
o 

Letting c be the impurity concentration in the 
x 

continuous crystallizer and doing an impurity mass balance 

over the crystallizer, we get: 

Under steady state conditions, the mass rate of entry 

of the impurities is equal to the mass rate of removal of 

impurities, 

i.e, 

where 

Y w = wc o 0 x 

w = inlet flowrate of the feed solution 
o 

w = exit flowrate of the solution, 

Rearranging equation (5-69) 

c x = 

Replacing for c into equation (5-39) gives: 
x 

As mentioned earlier, the supersaturation (c - c ) was a s 

constant for all runs performed, 

Equation (5-71) can theref~re: be re",\-Tri tten as: 

k
12

y w 
{ 0 o} 

p = k16 1 - w 
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putting k17 = k12
yo (r)-73) 

results in: 

p = k16{l -
k17wo} 

(5-72a) w 

Test of the model 
"' t 

, . . -
Examination of equation (5-72a) shows that if p is 

plotted against wo/w a straight line of slope - k16k17 

should be obtained, The experimental results were plotted 

in this way (see Figure 26). It is seen that the 

experimentally determined points lie reasonably well &long 

a straight line indicating that the growth rate model fits 

the continuous crystallization results, 

The constants k16 and k17 were evaluated from the 

slope of Figure 26 and by considering any point on the graph. 

The results were as follows. 

k16 = 1.230 

k17 = .319 

Replacing for k17 into equation (5-73) gives 

k17 = k12
yo = .319 (5-73a) 

From equation (5-38) 

( 5-38) 

i.e. the fraction of the crystal surface which is completely 

inhibited by impurities is proportional to the concentration 

of the impurities in the s01uti0n. 
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If the same impurity mechanism is operating in both 

the batch and continuous crystallization processes then the 

constant k12 should be the same for both cases, 

From the slope of Figure 18 (batch results) we have: 

k7 was evaluated by considering any point on the 

straight line: 

The result was: 

k
13 

= 211 

From equation (5-42) 

and since V , the original volume of the solution was 
o 

600 ml, for all batch runs performed 

(5-74) 

(5-76) 

(5-,-42) 

Since Yo' the concentration of impurities in the starting 

solution was the same for both the batch and continuous 

experiments, it can be seen from equations (5-73a) and 

(5-77) that the two values obtained for k12 do not differ 

by more than 10%. Taking into account the experimental 

error involved these values can be regarded as being the same, 

It must therefore be concluded that the grm-rth rate 

model and in particular the proposed impurity effect on the 

growth rate is an excellent representation of what is 

actually taking place in the crystallizer. 



, 
Part III. rEhe Relationship bet"Heen the Batch and Cont:inuous Results 
;:";:;;~-'-";;~-=--~~';;';';;~;":";:;---r-"f ... l"! ---~-~ 

5.10 COMPARISON OF THE RESULTS 
., F ...-

The growth rates obtained from the batch and the continuous 

crystallization results can be compared by adopting the following 

procedure. 

The growth rate equations for the batch and continuous 

crystallization processes as derived previously, are: 

Batch: 

Continuous:p 

c ) 
s 

c ) 
s 

It is seen that the batch and continuous equations Cl,re 

analogous , with V Iv in the batch case being replaced by w Iw o 0 

in the continuous case, 

The constants k7 and k12
yo were previously evaluated from 

the batch crystallization results, the numerical values being. 

2 
k7 = 6.38 x lCf' 

k 12
y o = 0.351 

Replacing these values in equation (5-71) together with 

-2 w 
P = 6.38 x 10 {l - .351-2}(c - 43.5) 

w 

This equation should be capable of predicting the 

(5-78) 

experimentally determined continuous results. This was done for 
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various values of w /w and the curve obtained for the growth 
o 

rate p as a function of w /w was compared with the experimentally 
o 

determined curve of Figure 26. This comparison is shown in 

Figure 27. 

It is immediately apparent from Figure 27 that the results 

as predicted from equation (5-78) are completely different from 

the experimentally determined values, being much higher than the 

experimental results, for the range of w /w used. 
o 

It is of interest to note that Randolph and Rajagopal (17) 

obtained a similar result when comparing their work on the grov~h 

rate of potassium sulphate crystals with that done by Ishii (9) 

at a previous date. 

Ishii performed experiments with single crystals of 

potassium sulphate, His experiments were arranged in such a w~y 

that the growth rate of the crystals was dependent only on the 

surface rate. However, he also developed a diffusion correlation 

and Randolph and Rajagopal used this to estimate the diffusion 

resistance for the crystals obtained from a continuous crystallizer 

in their investigation. They found that by adding this 

diffusion resistance in series, to the surface limiting rate of 

Ishii, the overall rate c6nstant was lowered by 12%, whereas 

their experimentally determined rate was 54% lower than that of 

Ishii. 

The results of Randolph and Rajagopal further showed that 

the nucleation rate was dependent on the solids concentration 

in the solution and hence a secondary nucleation mechanism was 

taking place. In order to explain why their results were lower 
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than those obtained by Ishii, they proposed that nucleation 

was in fact occuring on active sites on the crystal surface and 

that it "laS inhibited at high rates of crystal growth. They 

therefore suggested that nucleation and growth were competing for 

active sites on the crystal surface. 

Based on the above conclusion drawn by Randolph and 

Rajagopal, it would appear that the difference between the batch 

and the continuous gro~~h rates, obtained in this investigation, 

could possibly be explained by the difference in nucleation 

mechanisms between the batch and continuous crystallization 

experiments. These nucleation mechanisms will now be discussed 

in more detail. 

5.11 DISCUSSION OF THE NUCLEATION PROCESSES 
4 . - II/' .. 

The nucleation rate Q(t) for the batch crystallization 

process can be evaluated directly from equation (5-16) which is: 

d - a.lM(t) 'l _ 4pM(-u. = Q(t)JI, 4 
dt { p -J P 0 

s s 
(5-16) 

as all the other terms in the equation are knowJ;l. 

Q( t) was calculated, as a function of crystallization time, 

for the runs performed at a heating rate, corresponding to an 

outside jacket. temperature of l40oc, The results for the three 

stirrer speeds are shown in Figures 28, 29 and 30. In addition 

the sensitivity of the nucleation rate as evaluated from the 

above equation "TaS tested in order to establish how much reliance 

could be placed on the shapes of these curves. This was done for 

the case of the stirrer speed of 250 r,p,m, using different values 
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of t • the critical nuclei size, in equation (5~) and calculating 
o 

the corresponding values of Q(t). The result is shown graphically 

in Figure 31. It is seen that the numerical value of the 

nucleation rate is relatively sensitive to a change in t but o 

of greater importance is the fact that the shape of the curve 

remains basically the same. 

It can be seen from Figures 28, 29 and 30 that the nucleation 

rate at time t = 0, when the crystals can first be seen in the 

crystallizer, is at its largest and thereafter decreases quite 

rapidly in a manner rather similar to an exponential decay I It 

is furthermore apparent from these graphs that the higher the 

stirrer speed, the more rapidly the nucleation rate decays with 

crystallization time l This is particularly noticeable in the 

case of the stirrer speed of 1600 rlp.m l , where after 4 minutes 

no further nucleation takes place. This means that after 4 minutes 

the total number of crystals in the crystallizer remains constant 

and all the solid material coming out of solution is used for the 

growth of these crystals. 

If we compare this to nucleation taking place in the 

continuous crystallizer. at the same stirrer speed of 1600 rlp.m l , 

we see immediately that a totally different mechanism is taking 

place. In a continuous crystallizer operating under steady state 

conditions, the total number of crystals in the vessel must remain 

constant. Crystals are continuously being removed from the 

vessel in the outlet stream, This means that in order to preserve 

the number balance an equal number must be introduced into the 
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vessel. Since the feed stream did not contain any seed crystals, 

the only way crystals can be introduced is by nucleation, 

Therefore the number of crystals leaving in the exit stream must 

equal the number produced by nucleation. Nucleation in the 

continuous crystallizer is thus taking place continuously at a 

steady rate, whereas in the batch case at the same stirrer speed 

of 1600 r,p,m, it is only occuring in the initial stages. It is 

postulated that nucleation of APT crystals takes place in the 

following way, Embryo order themselves at active sites on the 

crystal surface but do not necessarily grow there, They then 

chip off from the surface and form nuclei, 

In the batch crystallization experiments the nucleation 

rate is higher initially and then decays fairly rapidly thereafter, 

The higher the stirrer speed the higher the rate of decay. This 

effect of stirrer speed on the rate of decay can be accounted for 

as follows. 

It has been established that as the stirrer speed increases 

the critical nuclei size decreases (Table I). The same amount 

of material is being made available for nucleation at the three 

different stirrer speeds, as conditions in the crystallizer 

were identical in all three cases (Section 5.3.1), and since the 

nuclei are smaller at higher stirrer speeds more can be formed 

per unit time. Once enough of these nuclei have been formed 

to take up all the solid material coming out of solution, 

nucleation stops and only crystal growth occurs, It is therefore 

to be expected that the nucleation rate will decay more rapidly 

as the stirrer speed is increased, 
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In the continuous crystallizer the nucleation rate remains 

constant for a given set of crystallization conditions, Now 

since it has been postulated that embryo ordering takes place at 

active sites on the crystal surface, nucleation and growth are 

in fact in completion with each other for these sites, 

It should be remembered that no matter how the 

crystallization conditions in the continuous crystallizer were 

altered, the solution concentration always remained constant at 

~160 gm W0
3
/1itre, which is higher than was obtained in any of the 

batch crystallization experiments. This rather strange result 

strongly supports the propose~ theory of competition between 

nucleation and growth for the following reason, If competition 

between nucleation and growth is taking place then the rate of 

mass deposition of solid material on the crystal surface would 

be expected to decrease and hence would result in an increase in 

the supersaturation •. ~is can however, not occur indefinitely, 

Some stage is reached when a sufficiently high supersaturation 

(which is the driving force for both nucleation and growth) has 

been attained at which both nucleation and growth can occur 

simultaneously on the crystal surface under steady state conditions, 

The proposed mechanism of competition between nucleation 

and growth for active sites on the crystal surface also explains 

the low growth rates in the continuous crystallizer compared to 

the batch crystallizer, In the batch crystallizer, at a stirrer 

speed of 1600 r,p,m, the nucleation rate drops off to zero after 

a very short period and crystal growth can continue uninhibited. 

73, 
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In the continuous crystallizer, growth and nucleation take place 

simultaneously, and because of the competition the growth rate is 

thus inhibited and is f'ar lower than in the batch case. 

In order to test the proposed nucleation mechanism the following 

procedure was adopted. Since nucleation and growth are in 

direct competition, some of' the available sites will be used 

exclusively f'or nucleation others exclusively for growth. 

Defining y to be the fraction of the available sites in 

the continuous crystallization process which are used exclusively 

for growth. Then the 'true growth rate" PI as given by the batch 

results as related to the growth rate p obtained from the 

continuous results is given by: 

y was evaluated for the continuous experiments the results 

being shown in the table be1.o'W. 

Table VII. Y Values for continuous crystallizer experiments 

Expt No PI P Y = L 
PI 

{Evaluated f'rom (From experimental 
equation (5-78) results) 

1 2.300 .433 .189 

2 1.775 .384 .216 

3 1.000 .242 .242 

4 1.425 .377 .265 

5 1.275 .314 .246 

6 1. 775 .334 .188 

7 1.975 .258 .131 



The surface of the crystals used for nucleation or ordering 

of embryos is given by. 

U = V(l - y) i~Jg(i)i2di 
o 

(5-80) 

If the proposed nucleation theory is realistic it is to be 

expected that the nucleation rate will be strongly dependent on U. 

The nucleation rate N and surface area T1 were both evaluated 

for each experiment. N being obtained from the cumulative weight 

distribution curves and U from the above equation using the 

values of y given in Table VII. 

The results are presented in the table belew. 

Table VIII. Nucleativn rate .. as a function of crystal surface area 
bein~ used for embxYo, 0rd~ring 

Expt No N U 

-3 . ..1 2 em mJ.n em 

1 518 166.8 

2 668 265.8 

3 1755 486.5 

4 1072 455.2 

5 2065 594,0 

6 1053 248,0 

7 2405 661.0 
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In figure 32 the above results are plotted in the form 

N versus U. A reasonably good straight line can be drawn 

76, 

through the points, which also passes through the origin indicating that 

the nucleation rate is proportional, and hence strongly dependent 

on, the surface area of the crystals on which embryo are ordered. 

This result tends to indicate that the proposed mechanism for 

nucleation is a good representation of what is actually occuring 

in the crystallizer, 
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CHAPTER VI 

A SUMMARY OF THE MAJOR· RESULTS 

1. Batch crystallization experiments performed with seed crystals 

APT (see Chapter IV) showed that the growth rate was independent 

ofthe crystal size. 

2,· Experiments performed in the continuous, mixed product 

removal, crystallizer confirmed the result that the growth rate of 

APT crystals is independent of the crystal size 

3. The critical nuclei size of APT crystals was shown to be in 

the ra...,.ge of 25-60 microns I dependent on the stirrer speed. 

4. The growth rate of APT crystals was found to be independent 

of the stirrer speed indicating that the crystal growth was not 

a diffusion controlled process. 

5. Both the batch and continuous crystallization results 

indicated that there was some termination process in the gro~~h 

rate of APT crystals. Experimental evidence did not favour the 

mechanism of termination by the break-up of crystals due to 

collisions. It was postulated that the termination in the growth 

was caused by the presence of impurities on the crystal surface. 

Based on the work of Gorshtein and Baliner, on the impurities 

present in p~ crystals after crystallization from an ammonium 

tungstate solution, and on theoretical considerations, a growth 

rate model incorporating a termination term was developed. 

This model was of the form. 

p = k (1 - k c )(c - c ) 7 12 x s 

This model was shown to fit both the batch and continuous 

results reasonably well. 



6. The growth rate of crystals evaluated from the continuous 

crystallization experimeuts were found to be considerably lower 

than those obtained for the batch experiments under similar 

conditions. It was postulated that the difference was due to 

different nucleation mechanisms occuring in the two cases. In 

the batch case the nucleation rate at time t = 0 was at its 

highest and thereafter decayed rapidly, whereas in the continuous 

case nucleation remained constant throughout the duration of the 

run. Furthermore experimental evidence indicated that competition 

between nucleation and growth was taking place. Since nucleation 

in the batch crystallizer only had a short duration because of 

the rapid decay, the growth rate was not really affected, 

whereas in the batch case nucleation was occuring at a constant 

rate and hence, due to this competition, the growth rate was 

subsequently lowered, 

7. The nucleation rate of the crystals in the continuous 

crystallizer was shown to be proportional to the surface area of 

the crystals on which embryo "ordering" was taking place. 
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APPENDIX A 

THE DETERMINATION OF THE CUMULATIVE WEIGHT FRACTION PARTICLE SIZE 

DISTRIBUTION FROM THE SEDIMENTATION BALANCK CURVE 

The curve obtained from the sedimentation balance is a plot 

of the mass of the crystals on the scale pan versus the settling time. 

A typical curve is o.rawn below. 

Figure A.I. 

1 A 

I 

I I 

Ml 'M o ~======~ ______ ~ ________ ~~ __ ~I~g~ __ 

mass M -+ 

Consider a point A on this curve with co-ordinates (r\, t l ). 

Let a tangent drawn to the curve at the point A, cut the M axis at 

point B. 



From the above drawing, the slope of this tangent is: 

(dt) 
dMt=t 

I 

rearranging this equation: 

OB 

(A-I) 

(A-2) 

Consider now the actual seitling of the particles from a homogeneous 

suspension in a cylindrical vessel. 

Let the original height of the suspension be h. 

If particles of size 9., 
s 

h 
say, have a terminal velocity of t' 

then after time t all particles of size greater than 9..s will have 

fallen to the bottom. 

L 

9., !V(9.,).d9., 

s 

The fractional weight of these particles is: 

where: L: is the maximum particle size present in the suspensicn. 

V(9.,) : is the weight fraction of particles greater than size 9.,. 

For particles of size less than 9., , some but not all will have 
s 

fallen to the bottom. This fraction of the particles will be: 

where: Q is some fraction dependent on the particle size. 

The total fraction that has fallen to the bottom is thus: 

e = 
L 

9., fV(9.,).d9.. 

s 

(A-3) 
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In order to find Q, we consider some size i, less than 

with a terminal velocity u. 

h 

ut 

1 

i , 
s 

After a time t all particles in a column of height ut will 

have fallen out, so that 

Q = ut 
h 

(A-4) 

Replacing for Q from (A-4) above into equation (A-3) gives: 

e = 
L 

R. JV(i)dR. 
s 

Differentiating with respect to t gives: 

de 
dt 

L 

= 
o 

because ~ JV(~).d~ is independent of t. 
s 

Multiplying both sides of equation (A-6) by t we get: 

t de = 
dt 

Combining equations (A-7) and (A-5) 

L 

t :! = 8 - ~ J v( ~) • d~ 
s 

(A-5) 

(A-6) 

(A-7) 

(A-B) 
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Considering Figure A.l. 

At any time t
l

, the weight fraction of crystals that have fallen 

to the bottom is given by. 

now: 

6 = 

Dividing equation (A-2) through by M we get. 
g 

OB 
M 

g 
= 

At any particular time t
l

, equation (A-8) becomes: 

= 

From equations (A-IO) and (A-II) we have: 

OB LJ M = R. V(R.).dg. 
g s 

(A-9) 

(A-IO) 

(A-II) 

(A-12) 

R.LJV(R.)dR. is the cumulative weight fraction of the crystals 
s 

greater than size R. . 
s 

The cumulative weight fraction of the crystals up to size R. s 

is related to this as follows: 

(A-13) 

W(R.) can easily be found from the sedimentation balance curve by 

82, 

OB drawing a tangent to the curve at any point and finding the fraction M ' g 



where M is the total mass of the crystals settled. 
g 

N.B. The symbols used in this appendix have no relation to any 

symbols used previously in this dissertation. 
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APPENDIX B 

EVALUATION OF ~ 1 AND <X2 FROM THE CUMULATIVE WEIGHT DISTRIBUTION , 

CURVES OF THE CRYSTALS 

The cumulative weight fraction of crystals up to size t is 

defined as: 

Ps 
tIt3f(g,.t)dt 

W(t,t) 0 = :I t3~( t ,t )dt Ps 

(B-1) 

From equation (5-8) 

(5-8) 

therefore: 

w(t,t) = (B-2) 

Similarly the cumulative weight fraction of crystals greater than 

size t is given by 

v(t,t) 

:JW(.i1t)dR. 

= 
co J w( t, t) dt 
0 

(B-3) 

= 1 - W(t.t) (B-4) 



al and a
2 

are related to w(i.t) as follows: 

a = 1 

For convenience sake a function Z(i,t) is defined as: 

giving: 

w(i,t) 

-lw( R" t )di 
o 

W(i,t) = iJZ(R"t)dR, 
o 

Taking Laplace Transforms with respect to i in equation 

(B-lO) results in 

- 1-W(q,t) = - Z(q,t) 
q 

85, 

(B-5) 

(B-6) 

(B-7) 

(B-8) 

(B-9) 

(B-lO) 

(B-ll) 



From the definition of a Laplace Transform: 

Z(q,t) = =Je-qtz(t.t)dt 
o 

Expanding e-qt in series form 

Z(q.t) = =J (1 - qn + 1 ~2n2 + )z(n t)dn 
N 2'1N ••• N, N 

o 

1 2 =l-aq+-aq + 122 ••• 

Taking Laplace Transforms in equation (B-4) 

, 
- 1-V(q.t) = ~ - W(q,t) 

q 

Combining equations (B-15) and (B-ll) 

- 1 1-V(q t) : - - - Z(q t) • q q , 

replacing for Z(q,t) from equation (B-14) 

- 1 1 1 2 V(q,t) = -- =.(1 - a l
q + -2 a2

q + ,.,) q q 

1 =a --aq+ 122 

But V(q,t) = =Je-qtV(t,t}dt 
o 

, , , 

(B-12) 

(B-13) 

(B-14) 

(B-16) 

(B-17) 

= =JV(t,t)dt - q =JtV(t.t)dt =J 122 
+ 2 q t V(t,t)dt + ••• 

o 0 o _ 
(B-18) 
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Equating coefficients in equations (B..,19) and (B-17) gives: 

a
l = :f V(2,t)d2 (B-20) 

a
2 = 2°OJ2V(2,t)d2 

0 

(B -21) 

al and a2 can therefore be readily obtained from the cumulative 

weight distribution curve W(l,t) = 1 - V(l,t). 
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APPENDIX C 

MTCH CRrs'l'ALLI'ZATI0N RESULTS 



GROWTH RATE EXPERIMENTS WITH SEED CRYSTALS (CHAPTER IV) 

GROWTH RATE: 

PI microns/min 

.302 

.317 

.312 

.318 

.321 

,301 

.172 

.150 

.179 

.167 

.160 

.159 

.088 

.052 

.074 

.064 

,078 

.070 

AVERAGE SIZE 

OF CRYSTALS 

r 

50.70 

64,33 

84.40 

57.60 

85 00 

64,00 

35.50 

51,30 

63 80 

52.20 

' 59.90 

83.50 

48.6 

61.5 

83.9 

45.2 

58,5 

82.5 

SOLUTION 

CONCENTRATION 

gms.W0
3
/litre 

159.82 

163.92 

159.34 

162.03 

160.67 

158.96 

149.42 

146.31 

149.50 

148.71 

148.36 

149.61 

138.23 

136.08 

140.13 

138,60 

137.31 

139.69 



CUMULATIVE WEIGHT FRACTION W( t. t) AS A FUNCTION OF CRYSTAL SIZE t, FOR DIFFERENT TIMES t 

Experimental Conditions Outside jacket temperature 140°C 

Stirrer speed 250 rpm 
I 

CRYSTALLIZATION TIME 

4 mins 8 mins 12 mins 16 mins 

t w(t,4) t W(t,8) t W(t,12) t w(t,16) 

91.0 1.00 91.0 1.00 111.0 1.00 111.0 1.00 

79.5 .922 79.5 .864 91.0 .742 91.0 .454 

71.0 .525 71.0 .200 86.0 .452 79.5 .160 

65.0 .197 65.0 .119 79.5 .177 71.0 .076 

59.5 .144 59.5 .01~2 71.0 .110 65.0 .020 

56.5 .105 59.5 .032 

51.0 .050 
----L~ _ 

\0 
o 



Experimental Conditions 

Outside jacket temperature: 140°C 

Stirrer speed: 250 rpm 

Variation of a l with crystallization time: 

a 1 microns 

69.00 

74.30 

83.94 

90.24 

Variation of (c ~'c) with ~ 
s 

t 

t P (c - c ) s 

mins 

4 

8 

12 

16 

mins microns/ gms. WOi 
p 

c - c 
s 

min. litre 

4 2.880 90.5 3.18x lO 

8 2.350 91.2 2.58xl0 

12 2.085 94.5 2.20xl0 

16 1.900 100.1 1.90xl O 

91. 

1 -
V 

-2 2.64xl0-3 

-2 2.91xl0 -3 

-2 3.21xlO-3 

-2 3.48xlO-3 



CUMULATIVE WEIGHT FRACTION W( £., t) AS A FUNCTION OF CRYSTAL SIZE £., FOR DIFFERENT TIMES t 

Experimental Conditions Outside jacket temperature: 140°C 

Stirrer speed: 800 rpm 

CRYSTALLIZATION TIME 

4 mins 8 mins 12 mins 16 mins 

£. w(£.,4) £. w(£.,8) £. W(£.,12) £. w(£.,16) 

91.0 1.00 91.0 1.00 91.0 1.00 91.0 1.00 

79.5 .928 79.5 .981 86.0 .916 86.0 .893 

71.0 .876 71.0 .843 79.5 .710 79.5 .613 

65.0 .804 65.0 .587 71.0 .426 71.0 .410 

59.5 .697 59.5 .471 65.0 .271 65.0 .283 

56.5 .586 56.5 .406 59.5 .174 59.5 .206 

53.5 .472 53.5 .342 56.5 .116 56.5 .160 

51.0 .384 51.0 .284 51.0 .042 53.5 .123 

46.5 .251 46.5 .232 51.0 .103 

43.5 .163 43.5 .184 46.5 .067 

40.5 .045 40.5 .136 
',u 
I\) 



E!perimental Conditions: 

Outside jacket temperature: 140°C 

Stirrer speed: 800 rpm 

Variation of a1 with crystallization time 

al microns 

55.90 

57.90 

71.36 

71.58 

Variation of (c : c ) with ~ 
s 

t P (c - c ) s 

mins microns/ gms W0
3

/ 

min. litre 

4 2.790 90.5 

8 2.310 91.2 

12 1.995 94.5 

16 1.800 100.1 

t mins. 

4 

8 

12 

16 

12 
c - c s 

3.12xlO 

2.53xlO 

2.11xlO 

1.80xlO 

03. 

1 
V 

-2 2.64xIO-3 

-2 2.91 XIO-3 

-2 3.21XIO-3 

-2 3.48xIO-3 



'CUMULATIVE WEIGHT FRACTION W( R. , t) AS A FUNCTION OF CRYSTAL SIZE R., FOR DIFFERENT TIMES t 

Experimental Conditions: Outside jacket temperature 140°C 

Stirrer speed: 1600 rpm 

CRYSTALLIZATION TIME 

4 mins 8 mins 12 mins 16 mins 

R. W(R.,4) R. w(R.,8) R. W(R.,12) R. w(R.,16) 

56.5 1.00 91.0 1.00 91.0 1.00 111.0 1.00 

53.5 .993 79.5 .986 79.5 .937 91.0 .958 

51.0 .954 71.0 .966 71.0 .857 79.5 .846 

46.5 .864 65.0 .905 65.0 .773 71.0 .704 

43.0 .779 56.5 .748 56.5 .605 65.0 .577 

40.5 .668 51.0 .609 51.0 .477 56.5 .408 

38.0 .562 43.0 .422 43.0 .356 53.3 .346 

36.0 .507 40.5 .347 40.5 .277 46.5 .185 

32.0 .357 36.0 .1'77 36.0 .175 43.0 .123 

29.5 .202 32.0 .122 32.0 .093 36.0 .093 

26.0 .081 26.0 .085 29.5 .045 32.0 .065 

24.5 .066 24.5 .060 

\0 
-I::"" 
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Experimental Conditions 

Outside jacket temperature: 140°C 

Stirrer speed: 1600 rpm 

Variation of a l with crystallization time 

a l microns t mins. 

36.37 4 

46.46 8 

52.04 12 

60.86 16 

Variation of P with 1 
(c - c ) V s 

t P (c-c ) s 

mins microns/ gIns. W0
3 

E 1 
(c - c ) V s 

min. litre 

4 2.89 90.5 3.19xlO -2 '4 -3 2.0 xlO 

8 2.35 91.2 2.58xlO-2 2.91xlO-3 

12 1.96 94.5 2.07 X10-2 3.21xlO-3 

16 1.75 100.1 1.75xlO-2 3.48xlO-3 



CUMULATIVE WEIGHT FRACTION W(t,t) AS A FUNCTION OF CRYSTAL SIZE t, FOR DIFFERENT TIMES t 

Experimental Conditions: Outside jacket temperature 130°C 

Stirrer speed: 1600 rpm 

CRYSTALLIZATION TIME 

5 mins 10 mins 15 mins 20 mins 

t W(£,5) t W(t,10) t W(t,15) t W(t,20) 

46.5 1.00 91.0 1.00 79.5 1.00 91.0 1.00 

43.0 .848 79.5 .960 71.0 .927 79.5 .946 

40.5 .756 65.0 .889 65.0 .821 '71.0 .831 

38.0 .725 56.5 .741 59.5 .663 65.0 .703 

36.0 .664 51.0 .581 53.5 .431 56.5 .486 

32.0 .533 43.0 .385 46.5 .270 51.0 .382 

29.5 .1~28 38.0 .241 43.0 .121 43.0 .243 

26.0 .201 36.0 .170 38.0 .070 38.0 .112 

24.5 .159 32.0 .104 29.5 .051 29.5 .078 

23.0 .117 27.5 .082 I 
-- --

\Q 
~ 



Experimental Conditions 

Outside jacket temperature: 130°C 

Stirrer speed: 1600 rpm 

Variation of <11 with crystallization time 

(11 microns 

32.2 

47.5 

53.5 

54.8 

Variation of (c: c) with ~ 
s 

t mins. 

5 

10 

15 

20 

t P (c - c ) 
s 

mins microns/ gms. WO/ E 
(c - c )" 

s 
min. litre 

5 2.642 88.8 2·975 xl0 
-2 

10 2.010 89.3 2.255 xlO -2 

15 1.873 91.5 2.050xlO -2 

20 1.461 95.2 1. 535"xlO -2 

1 -
V 

6 -3 2. 3xlO 

2.89xlO-3 

3.l6xlO-3 

3.46xlO-3 



CUMULATIVE WEIGHT FRACTION W(t, t) AS A FUNCTION OF CRYSTAL SIZE t, FOR DIFFERENT TIMES t 

Experimental Conditions: Outside jacket temperature 120°C 

Stirrer speed 1600 rpm 

CRYSTALLIZATION TIME 

6 mins 12 mins 18 mins 24 mins 

t W(t ,6) t W(t ,12) t W(t ,18) t W(t ,24) 

59.5 1.00 79.5 1.00 79.5 1.00 91.0 1.00 

56.5 .968 71.0 .975 71.0 .935 79.5 ·901 

51.0 .874 59.5 .895 65.0 .768 71.0 .809 

43.0 .709 53.5 .780 56.5 .565 65.0 .646 

38.0 .569 1+6.5 .630 51.0 .410 56.5 .490 
I 
! 

36.0 .502 40.5 .481 43.0 .275 51.0 .377 

32.0 .410 36.0 .360 38.0 .131 43.0 .265 

29.5 .312 32.0 .238 27.5 .094 40.5 .184 

2'1.5 .172 26.0 .108 36.0 .112 

26.0 .123 27.5 .063 
- ---- -

\0 
CP 



Experimental conditions 

Outside jacket temperature: 120°C 

Stirrer speed: 1600 rpm 

Variation of a1 with crystallization time: 

al microns 

33.8 

47.2 

52.0 

55.2 

Variation of (c : c ) with ~ 
s 

t P 

mins microns/ 

min. 

t mins. 

6 

12 

18 

24 

(c - c s) 

gms WOi (c 

litre 

E 
- c ) 

s 

6 2.101 84.5 2.49x10-2 

12 1.890 85.1 2.22:<10 -2 

18 1.565 86.5 1.81x10 -2 

24 1.421 94.9 1.50xlO -2 

'}9, 

1 -
V 

2.75xIO-3 

3.02x10-3 

3.33XIO-3 

3.65 x10-3 
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CONTINUOUS CRYSTALLIZATION RESULTS 
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E!}2eriment No. 1. 

Outside jacket temperature 150°C 

Stirrer speed 1600 rpm 

w 
0 

w 2.022 

Residence time T 41.2 mins 

Growth rate P .433 microns/min 

CUMULATIVE WEIGHT FRACTION VERSUS CRYSTAL SIZE 

CRYSTAL SIZE : !I- w(R,) 

157.0 .935 
111.0 .822 

91.0 .723 

79.5 .637 

71.0 .582 

65.0 .513 

56.5 .424 

51.0 .356 

43.0 .267 

38,0 .158 

29.5 .075 

26.0 ~ 0 

log10 
[L· 

!l-3 
dW( !I-) ] 

d!l- versus !I-

!I- 1 [-1 . dW(!I-)] 
og10 3 d!l-

!I-

35 -6.5693 

45 -6.7145 

55 -7.1328 

65 -7.4408 

75 -7.7226 

85 -7.9450 

95 -8.2186 

105 -8.4848 

115 -8.6390 

125 -8.8440 

135 -9.0106 

145 -9.1844 



EXEeriment No.2 

Outside jacket temperature 150°C 

Stirrer speed 1600 rpm 

w 2.210 0 

w 

Residence time : T 49.4 mins 

Growth rate P .384 microns/min. 

CUMULATIVE WEIGHT FRACTION VERSUS CRYSTAL SIZE 

CRYSTAL SIZE : ~ 

157.0 

111.0 

91.0 

79.5 

71.0 

59.5 

53.5 

46.5 

40.5 

38.0 

32.0 

29.5 

45 

55 

65 

75 

85 

95 

105 

115 

125 

135 

w(~) 

1.00 

.882 

.739 

.646 

.570 

.476 

.434 

.375 

.333 

.299 

.153 

.125 

1 [1- . dW(.~,)] 
og10 3 d~ 

~ 

-7.0061 

-7.2882 

-7.5544 

-7.7042 

-7.8563 

-8.0482 

-8.2321 

-8.4828 

-8.7986 

-9.0899 
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Experiment No.3 

Outside jacket temperature 160°C 

Stirrer speed 1600 rpm 

Wo 2.490 
W 

Residence time T 

Growth rate P 

59.1 mins 

.242 microns/min 

CUMULATIVE WEIGHT FRACTION VERSUS CRYSTAL SIZE 

CRYSTAL SIZE : £ 

151.0 

111.0 

91.0 

19.5 

11.0 

59.5 

53.5 

46.5 

40.5 

38.0 

36.0 

29.5 

1 • dW( £) 
log10 [-3 d£ ] versus £ 

£ 

35 

45 

55 

65 

15 

85 

95 

105 

115 

W( R.) 

1.00 

.912 

.811 

.803 

.125 

.613 

.500 

.390 

.314 

.229 

.162 

.084 

1 [L . dW(£)] 
og10 3 d£ 

£ 

-6.4813 

-6.1380 

-6.9196 

-1.3615 

-1.6968 

-1.9111 

-8.1938 

-8.4962 

-8.8808 
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Experiment No.4. 

Outside jacket temperature 150°C 

Stirrer speed 1600 rpm 

Wo 2.335 
W 

Residence time T 51.95 mins 

Growth rate P .377 microns/min 

CUMULATIVE WEIGHT FRACTION VERSUS CRYSTAL SIZE 

CRYSTAL SIZE : £ 

157.0 

111.0 

91.0 

79.5 

71.0 

59.5 

53.5 

46.5 

43.0 

40.5 

36.0 

log [~. dW{2-)] versus 2-
10 3 dt 2-

45 

55 

65 

75 

85 

95 

105 

115 

W{2-) 

l.00 

.843 

.725 

.626 

.481 

.352 

.264 

.210 

.153 

.122 

.107 

1 dW{ t)] 
10g10r 3"' dt 

2-

-6.9605 

-7.1124 

-7.3233 

-7.5129 

-7.7911 

-8.0894 

-8.3157 

-8.5006 
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Experiment No.5_ 

Outside jacket temperature 170°C 

Stirrer speed 1600 rpm 

w o 2.39 
w 

Residence time T 

Growth rate P 

46.24 mins 

.314 

CUMULATIVE WEIGHT FRACTION VERSUS CRYSTAL SIZE 

CRYSTAL SIZE : Q, 

157.0 

111.0 

91.0 

79.5 

71.0 

65.0 

56.5 

51.0 

46.5 

43.0 

40.5 

38.0 

1 . dW(Q,) 
log10[~ dQ,] versus Q, 

Q, 

i 

45 

55 

65 

75 

85 

95 

105 

W(t) 

1.00 

1.00 

.890 

.780 

.707 

.637 

.465 

.359 

.295 

.231 

.132 

.076 

1 [1. dW(£.)] 
og10 ~ dQ, Q, 

-6.6778 

-6.9215 

·-7.2782 

-7.6189 

-7.8447 

-8.0894 

-8.5129 
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ExEeriment No. 6. 

Outside jacket temperature 170°C 

Stirrer speed 1600 rpm 

w 
0 2.21 w 

Residence time T 37.9 mins 

Growth rate P .334 microns/min 

CUMULATIVE WEIGHT FRACTION VERSUS CRYSTAL SIZE 

CRYSTAL SIZE : t 

157.0 

111.0 

91.0 

79.5 

71.0 

65.0 

56.5 

51.0 

43.0 

40.5 

36.0 

32.0 

1 • dvl( R.) 
log10[:3 dt] versus t 

R. 

37.5 

42,5 

47.5 

52.5 

57.5 

62.5 

67.5 

72.5 

77.5 

W(R.) 

1.00 

.976 

.688 

.631 

.557 

.510 

.423 

.362 

.262 

.161 

.121 

.107 

-1 • log·10L-3 - R.-

-6.5474 

-6.7399 

-6.8989 

-7.1046 

~7.2557 

-7.4647 

-7.5850 

-7.6576 

-7.8007 
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Experiment No.7 

Outside jacket temperature 

Stirrer speed 

w 
o 

w 

Residence time T 

Growth rate P 

160°C 

1600 rpm 

48.4 mins 

.258 microns/min. 

CUML~TIVE WEIGHT FRACTION VERSUS CRYSTAL SIZE 

CRYSTAL SIZE : t W(t) 

157.0 .980 

111.0 .797 

91.0 .726 

79.5 .655 

71.0 .581 

65.0 .517 

59.5 .466 

56.5 .392 

53.5 .361 

51.0 .314 

46.5 .250 

43.0 .155 

[1 • 
log10 ;r dW( t) 

dt ] versus t 

t 
1 [L . dvi(tl] 

og10 z3 dx, 

42.5 -6. 521~3 

47.5 -6.1230 

52.5 -6.9571 

57.5 -7.1163 

62.5 -:-7.3478 

67.5 -7.4884 

72.5 -7.6474 

7T .5 -7.7670 

82.5 .,.7.9310 

87.5 -8.0953 

92.5 -8.2000 

97.5 -8.3054 
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