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The difference in the longitudinal displacements of the
shaft ends divided by the shaft'length gave the angle of
yaw of the wheelpair in any individual photograph, while
the average displacements of the ends indicated the dis-
tance of the centre of mass from the base line. This data
was then plotted against time, as shown in Figures 7.3 and
7.4 (using the information that the camera speed was 32
frame/s). New axes were then drawn midway between the
limits of the motion, and using these as bases, theoreti-
cal sine waves were plotted as a basis of comparison with
experimental results. As the graphs show, the difference
was so slight that the conclusion could be drawn that both
the yawing and the longitudinal displacements were effec-
tively sinusoidal and that as a consequence no coupling
existed between the motions. Since the movements could as
a consequence of this be regarded as distinct and uncon-
nected, and as the angular movement of the wheelpair was
of paramount importance the dicone yoke (the construction
of which was described in the previous chapter) was fitted
to the rig so as to eliminate the longitudinal move 22nt of
the wheelpair. The data relating to the periods of the two
movements is listed in Table 7.1.

Table 7.1: PERIODS OF THE LONGITUDINAL AND ANGULAR MOTIONS

Longitudinal Angular

Motion Motion
No of frames to complete cycle 40 27.5
Period, S 1.25 0.86
Frequency, Hz 0.80 1.16
Frequency, rad/s 5.02 7.29

Before leaving this scries of tests, it is worthy of note
that tests were run to scc.whether therc was any relationship
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between the critical speed at which hunting commenced and
the spring constants of the restraining springs. These
results, which are summarized in Table .2, showed an in-
crease in the stiffness of the restraining springs brought
about a corresponding increase in the critical rail speed;
that is, the ratio to the highest spring stiffness to the
lowest stiffness equals the ratio of the highest critical
speed to the lowest speed.

Table 7.2: TABLE OF CRITICAL SPEEDS AND SPRING CONSTANTS.

Spring Stiffness, Critical spend, Rail Speed,
KN/m : m/s km/h
6.1 6.3 22.7
8.9 6.5 23.4
11.7 6.7 24.1

7.3 SECOND TEST SERIES

When the second series of tests to be discussed in this
chapter were performed, the rig had undergone the final
modifications which were described in the previous chapter.
Whereas in the earlier tests, much of the emphasis in the
work done had been placed on procedures aimed at improving
the rig performance, these improvements had now been effec-
ted and it was functioning in a manner which made it feasi-
ble to concentrate on the principal object ot the experi-
mental work; that is, to answer the questions, why and in
what manner did the wheelpair oscillate? It was now pos-
sible to investigate the relationship between the yawing
and tilting movements. The optical measuring system des-
cribed in the previous chapter showed that these angular
movements had the same periodicity (a not too surprisinga

Ve
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result), and that the phase difference between yawing and
tilting being 90°, with the former leading.

An investigation was then made into the nature of the
hunting'pattern at belt speeds below the critical. As
defined earlier, the normal or neutral running position

was that position in which the wheelpair neither yawed nor
tilted. In this position, the wheelpair has pure rolling
motion, as was confirmed by comparing the belt and the
wheel 'spin speeds. The ability of the wheelpair to revert
to the pure rolling pattern at belt speeds below the cri-
tical was tested by what could be called an 'impulse gene-
rator'. A rawhide hammer was so arranged that the head of
the hammer was raised to a fixed height above the level of
the rails and then released in such a way that it struck
the end of the wheelpair shaft in the direction of its
major axis of symmetry. (The hammer blow intensity was

the same, since the distance through which the hammer head
fell was constant.) It was obsexrved that the effect of

the hammer blow was to push the wheelpair away from the
neutral position, but that after hunting had occurred over
several cycles, it would revert to rolling in the neutral
position. It was, of course, necessary to take care that
once the hammer blow had been struck, the subsequent move-
ment of the wheelpair was not interfered with. A stop watch
was started at the instant of impact and stopped when the
oscillations ceased so that the period of oscillation could
be found. When the wheel spin specd exceeded 4,68 Hz (or
29,41 rad/s), oscillatory motion persisted; it would also
start without outside prompting when this wheel spin speed
was exceeded. The data recorded during these transient
response tests is listed in Table 7.3 and plotted in

Figure 7.5.

J

The disparity between the actual wheelpair spin speed (as
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determined by a General Electric Strobotac) and the theo-
retical spin speed was investigated for belt speeds above
the <ritical. The theoretical spin speed was found by

Table 7.3: TRANSIENT RESPONSE TESTS

Wheelpair spin speed,n Number of - Frequency of j
/s Tad/s T/min Cycles Completed Oscillation, Hz i
3.40 21.36 204.0 2 1.25
378 23.75 226.8 3 1.3
4.10 25.76 246.0 5 | 1.2
4.42 27.77 265.2 12 1.26
4.53 28.46 271.8 21 1.23

multiplying the driving pulley spin (measured by means of

a Smith's mechanical tachometer) by the ratio of the driving
pulley radius to the wheelpair running tread radius. The
resulting information is given in Table 7.4.

Table 7.4: SLIP AS A FUNCTION OF WHEELPAIR SPIN SPEED

Rail Speed Hunting Measured Calculated  Slip 3

Frequency, Wheelpair Wheelpair Speed, S1iy

spin speed, Spin speed,

m/s m/min Hz T/1m T/Mmin r/min

2:474 148.4 1.233 281.0 281.2 0.2 0.068
2.628 157.7 1.217 299.0 299.4 0.4 0,133
2.783 16720 1.217 3315,0 316.4 1.4 0.44

2,938 176.3 1.233 333.0 334.0 1.0 0.30

3,092  185.5 11233 349.0 351.5 2.5 0.71

3.278  196.7 1.233 370.0 372.6 2,6 0.69

The information listed in Table 7.4 has been plotted in
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Figure 7.6. This shows that the percentage slip is linearly
proportioned to the rail syeed while the curve of the slip
speed indicates some falling off of the spin speed at higher
rail speeds. The cause for this could be a change in the
friction characteristic.

Table 7.5 shows the amplitudes of the yawing and tilting
motions at various belt speeds.

Table 7.5: RELATIONSHIP BETWEEN THE AMPLITUDES OF THE
B YAWING AND TILTING MOVEMENTS AT VARIOUS RAIL
SPEEDS

Wheelpair OUscillatory  Amplitude Amplitude — Ratio

Rail Speed, Spin Speed  Frequency,  of yaw, of Tilt,  Yaw:

m/s m/min r/s r/min Hz Degrees Degrees Tilt
2,47 148 4,68 280.8 1,23 1.5 0.30  5.00:1
2.63 158 4,97 298,z  1.22 2.0 0.50  4.00:1
2,78 167  5.25 3150  1.22 2.3 0.60  3.83:1
2.94 176  5.55 333.0  1.23 2.7 0.75  3.33:1
3.00 18  5.82 349.0 1,23 3.0 0.90  3.33:1

Figure 7.7 shows that over the range of speeds tested there
is a linear relationship between belt speed and the ampli-
tudes of the yawing and tilting motions. The ratio of the
amplitudes of yaw to tilt is for the most part linear and
shows a decreasing tendency. The range of speed in the
table is relatively limited, with the highest speed being
33% higher than the lowest speed. At higher speeds, the in-
creasc in amplitudes slowed down and the motion bhecame stable.

7.4 THIRD TEST SHERIES

In the previous test runs, the period of the oscillatory
motion had been measured by timing a given number of wycles
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with a stopwatch. It was then decided to investigate
methods for determining the oscillatory motion frequency
more accurately. At first, a Grif{in Digital Centisecond
Timer fitted with a light source was used where the light
beam was reflected off a mirror fixed to the side of the
dicone yoke into the photodi de which was part of the |
Griffin equipment. Because ti.e light source was powered
off the AC wmains, there was a c¢yclical variation in bright- |
ness anu in addition, it was found that the cut-off of the E
beam as the yoke turned was not sharp enough *~ trigger
the photo diode. The replacement of the power source with
a6V battery #1rd the addition of a cap with a slit on the
light source gave no better results. An argon jet light f
source, with a built-in adjustable slit powered from a
12 V battery, was then successfully used. The slit of X
light was focussed through a Leitz Wetzler Milar lens,

wi+h a focal length of 10 cm, off the mirror into the photo- g
v de, which in turn was connected to a Watanabe Multicor-~ J

A recording of the wave form is shown in Figure 6.8.
aks were recorded for each cycl® as the diccne yoke
e “orwards and then back again.)

The wave form recordings gave the frequency of the oscil-
lations in these tests as 1,8 Hz (or 11.3 rad/s). Rkead-
ings were taken over a range of wheel speeds from 200 r/min
to 500 r/min but no change in the frequency of the oscilla~
tory patterns was found over this range. The device for
measuring the amplitﬁdes of the angular movement was not
used in this series of tests since the brass bearing imposed

a load on the wheelpair which had not been allowed for in
the theory, but as far as it was possible to observe, the
amplitude of the motion did not increasc at the higher
speeds.




- 145 -

7.5 EXPERIMENTAL PARAMETER DATA

The moments of inertia of the wheelpair which were required
to test the validity of the theoretical analysis were deter-
mined experimentally by arranging that the wheelpair was
swung as a pendulum, first about the principal axis of sym-
metry (which coincide? with the direction of the wheelpair
shaft) and then about the principal axis normal to the wheel-
pair shaft. The relevant moments of inertia were then cal-
culated from the periods of the swings. This and other rele-
vant data for the wheelpair is tabulated in Appendix Al.
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CHAPTER &

A DISCUSSION AND COMPARISON OF THE THEORETICAL

AND EXPERIMENTAL RESEARCH

8.1 INTRODUCTORY COMMENTS

The problem of railway hunting has been examined both
theovetically and experimentally and, at this point,

it is necessary to consider how the two approaches com-
plement each other. For the cumparison between the two
to be effective, the basis of the comparison must be
identified. Essentially, this investigation of the
oscillatory behaviour of the wheelpair as it travels
along two parallel straight rails (represented as an
idealisation as two parallel lines) is viewed as an
enquiry into the dynamic behaviour of a rigid body which
has a given symmetyy shout its principal axis and which
is constrained to move in a particular manner in three-
dimensional space.

The necessity to velate theoretical deductions to experi-
mental performance is illustrated by the following comment
of Wickens' [8, page 51 ;

As the inertia forces increase with speed,
eventually they dominate the motion and the
system is unstahble., It follows that there

is a critical speed above which the ampli-
tude of small ascillations grows exponenti-
ally and below which small oscillations decay.

Presumably, Wickens believed that the experimental work done
at Derby confirmed this prediction. However, as explained at
the end of chapter 3, the experimental rig used here has the
advantage that it has been possible to observe how the body
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(that is, a wheelpair) beliaves when no restriction is
piaced on the amount of yaw ondfor tilt it experiences.
at various rail spceds. There was no evidence whatso-

.

ever of an exponential growth in the amplitude of
oscillatiun above the critical speed or of decaying
amplitudes below tle critical speed. Lither the wheel-
pair rolls in the central or neutral position, or it
oscillates with sinusoi. 1 harmonic motion across the
rails. Furthermore, this oscillatory motion starts with
a finite amplitude; that is, it neither starts from zero
nor does it grow exponentially as predicted by Wickens.
Hi: view of the critical speed is not confirmed in this
work, Here it is belicved that as the rail speed is
increased, the critical speed is that at which the type
of motion changes from one form into another, where the
latter movement can be determined theoretically. Since
at the instant at which the change occurs, the forces used
in the theoretical analysis are not available, it is not

clear why and how the break-away occurs.

It is strange but true that despite intensive research,

the dynamic behaviour of bodies moving in three-dimensional
space is $til1l baffling, Some of the difficulties are
commented on by Kharlamov [41] in a recent paper:

In the solutivw of ..» applied problem dealing
with a rigid bLody, the total information about
its motion is not always necessary., But if

such a problem is considered as an aspect of
theoretical mechanics one naturally desires to
get a most complete idea of all .lie peculiari-
ties of the body motion. Poinsot, highly
estimating the wresults of d'Alambert, Euler,
Lagrange mentioncd however that in all of these
researches there was nothing except calculations
and that a visual imagination of a motion could
not be reached. At best, one could define as a
result ~f a lot of work the position of the body
at ¢ given moment .. time, but one could not see
how. the body had come to such a position. We'd
like, Potinsot wrote, to have a full imagination
of all the stages of motion and to observe the
body during all th~ time of its rotation. If
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such imagination is received, we shall consider,
after roinsot, that the problem of the dynamics
of the rigid body has got a complete solution.
The bright example of a complete solution is the
famous geometrical description which Poinsot gave
to a free motinn of a body by representing it as
a rolling of the ellipsoid of inertia on a rough
immovable plane. For a long time this result has
been a singular example of a complete solution.

During the last century and at the beginning of the
present one several exact solutions in the dynamics

of a rigid body were found. Under certain conditions
restricting the parameters of the body the considered
problem usually was reduced to quadratures and some-
times the possibility of obtaining the dependences

of Euler angles on time was shown. To state any
conclusions on the character of motion based on

those quite complicated dependences seems almost
impossible. This fact gave rise to a certain sceptic-
ism in the estimation of such mechanical results.

These investigations are only of mathematical interest =
one can come across the point of view in the researches
devoted to the dynamics of a rigid body.

It is unlikely that a complete and definitive explanation of
the causes of railway hunting would ever be forthcoming within
the compass of a single work such as this. All that can be
put forward are suggestions as to how it is believed the
oscillatory behaviour is caused, to propose a feasible theory
and to devise experimental methods which make observation of
the motion possible. However, it must be made ctlear that
whereas other workers - as the quotation from Wickens given
earlier in this section shows -~ are of the opinion that the
dynamic behaviour of the wheelpair is dominated by inertia
forces, it is now believed that the gravitational potential
energy aspect is no less important and that this, in turn,
makes it unlikely that the oscillatory motion is in any way
determined by lircsrised differential equations.

8.2 THE PROBLEM OF FREQUHNCY SUPPRESSION

If the oscillatory behaviour of the wheelpair were explicable
in terms of lincarised differential equatinns, then according
to this theoretical approach, the sYstem would operate with
two natural frequencies. If the system were oscillating
freely, the motion would be a vectorial combination of each
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frequency. The effects .f only one frequency can be
observed experimentally and it is then necessary to
explain why the other frequency has been suppreséed.
Elsewhere, it is noted that the interpretation of the
theoretical results could follow a particular pattern
and an attempt will now be made to further explain one's
understanding of the arguments used.

For 1 system which has two degrees of freedom, the
substitution of one of the frequencies derived from

the characteristic or frequency equation (the 'eigen-
values') into the equations of motion would produce the
ratio for that frequency of the amplitude of the two
generalised coordinates (the 'modal ratio' or 'mode').
In the railway hunting situation, this school of thought
asserts that the physical coupling within the system is
such that at either of the frequencies, one or other of
the coordinates is dominant, that is, each of the two
modes for any spin speed contains either mostly yaw or
mostly tilt cocmponents. The lower of the frequencies
produces the tilt mode and the higher frequency is
responsible for the yaw mode. A confusing complication
is that reference is made to self-excited systems, which
as far as one is aware, do not occur in systems governed

by linear differential equations.

Whatever the merit or otherwise of this argument, the fact
remains that the experimental behaviour of the wheelpair
showed that yaw and tilt were always present and that it
was not a case of 'mostly yaw' or 'mostly tilt'. This
lack of agreement between such theoretical predictions and
practical experience would suggest that the assumption that
hunting is adequately accounted for by linear differential
equations requires to be reviewed; however, instead of
reaching such a conclusion, it has been suggested that any
results obtained should be tailored to a procrustian
solution dictated by linear theory.
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Obviously, any explanation of how the oscillatory behaviour
takes place needs to take into account the physical facts
observed during the experimental runs. The previous section
referred to the fact that the growth in amplitude did not
conform to linear theory, this section refers to the fact
that only one experimental frequency can be observed and
lastly, there is the fact that there is a constant phase
difference of 90° between the yawing and the tilting move-
ments. An explanation for the latter manifestation is
offered later in this chapter but it would seem inescapable
to conclude that the motion which has been observed is that
of an unstable focus which then approaches a limit cycle and
that, in turn, it is governed by non-linear differential
equations.

8.3 ADHESION BETWEEN THE WHEEJ]. AND THE RAIL

There is somewnat of a dichotomy in the railway literature
relating to the nature of the contact between the wheel and
the rail which appears to have escaped notice until now.
The quotations made so far have been concerned with railway
hunting, yet there is another aspect of the rail-wheel
contact which has been the concern of a different group of
engineers, namely, the need for the wheel to adhere to the
rail. It is an aspect which goes back to the beginnings

of railway operation; thus, Francis [44] points outs

For years was the fallacy established in men's
minds as fixedly as an article of faith, that

the locomotive could not draw heavy loads;

that the adhesion of the smooth wheels of the
carriage to the smooth rails of the iron must

be so slight, that the wheels would move round,
the carriage would not move with them. There

was no doubt of this in the minds of scientific
persons. It had been said by the pundit, it was
believed by the scholar. Men published treatises,
formed plans, made new discoveries, argued, wrote,
pleadad, and finally took out papers to overcome

a difficulty which had no existence save in their
own minds.
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As Collins and Pritchard [45] state:

The importance of wheel/rail adhesion to the
railways needs no emphasis; all traction and
breaking forces are in the end limited by the
available friction between wheel and rail.
Possibly the most troublesome aspect is that
adhesion varies in such an unpredictable man-
ner,

The latter authors arc concerned with traction and braking
but if adhesion is important in these aspects, it must play
an equally important part in the ordinary rolling of the
wheelpair. It is hei~ that one suspects that insufficient
emphasis has been placed on investigating the causes of

railway hunting. It is a reasonable deduction that as long
as the adherence between the wheel and the rail is adequate,
it is ; ssible for the wheel to have pure rolling motion ‘
over the rail. This condition is remarkably persistent, as
demonstrated by the transient response on the test rig which
was described in section 7.3. Once the rail speed had
exceeded a certain minimum value, adequate adherence between
the wheel and the rail was no longer possible, gross sliding
nccurred and the huntiny pattern of behaviour became apparent.
re are thus two distiict forms of behaviour and it is
ortant that this should be recognised. 1T -~ *heory of creep
» helpful in showing the mannet whereby adhe ' is lost.
Du, ‘ng an extraordinarily brief transitory periou, there is a
swift rise in the inert. 1 forces which can no longer be held
in check by the adhesion provided by the locked region, As a
consequence (since the adherence between the wheel and the
rail no long r exists) pure rolling ceases and hunting sets in.

8.4 DISPLACEMENT OF THHE CENTRE OF MASS OF THE WHEELPATR AS IT
YAWS AND/OR TILTS

8.4.1  INTRODUCTION
Doubt has been expressed above as to whether any attempt to
linearise the equations of motion would prove fruitful in
substantiating, on thu basis of the experimental results which
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have been obtained, the theoretical linearised equations

of motion presented. Nevertheless, some of the deductiouns
which can be dvawn from the general theoretical analysis

are directly useful in that they serve to explain particular
aspects of the dynamic behaviour of the wheelpair (such as,
for example, the refusal of the wheelpair with a taper angle
of 30° to hunt). It is hoped that by expanding of such
deductions, sufficient grounds will be provided for substan-
tiating the theoretical analysis.

8.4.2 Lateral displacement of the centre of mass of the
wheelpair as it yaws and/or tilts

Certain relationships were derived in Section §5.4.4 to
express the position of the centre of mass of the wheel-~
pair as a function in which the angle of yaw () and the
angle of tilt () were the variables. The lateral

displacement of the centre of mass was shown there to be
given by

bCosec2uSinZp - RCos¢Sine

For small yaw angles (that is, ¢ -+ 0), Cos¢ » 1, so that

it is not surprising that yawing (which in effect merely
causes the wheelpair to settle more deeply between the
rnils) should be shown in calculating the lateral displace-
ments for various angles of ¢ and ¢ to have practially no
effect on such displacements. If Cos ¢ is replaced by
unity, the lateral displacement is then given by

bCosec2aSinZ2e - RSine
This in. turn for 8 » O becomes
(2bCosccZa =R)O

that is, the lateral displacement is directly proportional
to the angle of tilt. The slope of the graph is dominated
by the wheelpair taper aungle, that is, the smaller the
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taper angle, the steeper the graph. This means that for

a given wheelpair tilt angle, the smaller the taper angle,
the larger would be the lateral displacement of the wheel~
pair. This information is plotted in Figure 8.1. The left-
hand ordinate in this figure shows the lateral displace-
ments as a ratio of the halftrack width while the right-hand
ordinate lists the actual displacements. (The taper angle
of 2.86° has been included in this figure, since the stan-
dard wheel taper on British Railways is 1 in 20.)

It is relevant to comment that the theory shows that the
change in the lateral position of the centre of mass is
more complex than might at first appear to be the case.
Wickens [8) conjectured that:

the displacement of the centre of mass

differs little from that occurring at

the wheel.
Inspection of Figure 8.5 shows that the two displacements
are not directly related and that such a comparison might

be misleading.

8.4.3 Vertical displacement of the centre of mass of the
wheelset as it yaws and/or tilts

Using the relationships derived in Section 5.4.4, the dis-
placement in the vertical direction of the centre of mass
is:

bTana(Secy-1) + R(1-Cose) - ZbCosec2aSec¢Sin?e

Since Secy » 1 as ¢ +0and Coso -~ 1 as 0.+ 0, the first

two terms are negligible for small o and ¢, which leaves

the third term -2bCosec2aSec$Sin?¢, and since this term

has a negative sign, this means that as the ruuslpair'tilts,
the centre of mass rises above the position wnich it occu~
pied in the neutral position when ¢ was zero; furthermore,
for small e, it is seen that the height of the centre of
mass is proportional to the square of the angle of tilt,

in addition, the relationship is directly dependent on the

" cosecant of twice the taper angle of the wheelpair so that
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the smaller the taper angle, the larger the vertical displace-
ment of the centre of mass will be. These relationships are

shown in Figure 8.2

8.5 CYCLIC CHANGES IN ENERGY 1IN THE SYSTEM

As the centre of mass of the wheelpair rises aboi~ that
position which it occupied when the tilt angle was zero,
there is a corresponding increase in its gravitational

potential energy, a change which is proportional to the
square of the angle of tilt of the wheelpair. On the

other hand, the potential energy stored in the restyain-
ing springs is dete:- ined by the square of the angle of
yaw of the wheelpair, Since the experimental test runs
showed that there was a phase difference of 90°, it can

be deduced that, apart from the cyclic changes in kinematic
energy, there is a continual interchange in the form of

the potential energy in the system. As the angle of tilt
of the wheelpair is increased, its gravitational poten-
tial energy increases at the expense of the potential
energy stored in the xestraining springs. Once the gra-
vitational potential energy has reached its maximum (because
the angle of tilt is at its maximum value), the potential
energy in the restraining springs increases from its mini-
mum value as the angle of yaw in turn chauges from zero to
its maximum when the cyclic process repeats itself.

This interpretation of the oscillation process is impor-
tant since it provides an understanding of how the oscil-
lation proceeds. That it is a reasonable hypothesis is
seen when the change of height curve for a 30° taper angle
is examined. TFirst of all, it is relevent lo suggest that
in as far as the tilting motion is concerncd, the mechanism
whereby the oscillation occurs bears some analogy to that
of a simple pendulum in a gravitational field. The restoring
force in such a pendulum is -mggSine (where m and g arc

the mass of the pendulum bob and length respectively),

that is, mago as ¢ » 0. Unless the restoring force is
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greater than the resisting force, motion will not occur.
As Figure 8.2 shows, for a cone taper angle of 300, the
change in height of the centre of mass of the dicone is
less than 0.2 mm for tilt angles of up to 2°. The restor-
ing force is thus minimal and since there is little possi-
bility that there would be much storage of gravitational

energy, one would predict on theoretical grounds that such
a dicone would not hunt. This was experimentally confirmed
(as indicated in the previous chapter) since the first ex-
periments were conducted with a dicone with a taper iungle
of 30°. This is then interesting supporting evidence

for the validity of the theoretical analysis.

As a further comment, it is important to realize that

whereas the restoring force in a simple pendulum is ~mfgo
(that is, it is a linear system), the corresponding force

in the case of the wheelpair is proportional to 62, which

is highly non~linearvf If an essential element in the
mechanism causing hunting has.this degree of non-linearity,
effecting for example, the amplitude of motion then from this,
it can be concluded that it is unlikely that the motion could
in any way be represented by a set of liuear equations. This
would serve to confirm the belief that the linearising pro-
cedures used to simplify the differential equations are of
dubious validity.

8.6 EXPERIMENTAL CONTACT CONDITION

Whereas the theory assumes that the contact between the wheels
and the rails and the two parallel straight rails can be rep-
resented as that arising from an idealisation of the latter as
occurring along two straight parallel lines, the actual rail
surface has a camber of finite radius, so that the positions
of the actual points of contact on the test rig would differ
from those postulated in the theory. It could be aryued that

AR
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there is as a consequence a periodic change in the effective
] rail gauge width during the hunting cycle and that this

would be an additional source of difficulty in comparing

the theoretical and experimental work.

The validity of such an argument is tested by examining

Figure 8.3 where thetaper angle has deliberately been taken

as 30°. The respective sides of the wheelpair dicone profile
are always tangential to the circles which now represent the
rails. For an angle of tilt 6 and arail radius p, the figure
shows that both points of contact would move along the circum-
ferences of the circles representing the rails by the same
distance p6; that is, in effect, there is little variation in
rail gauge; instead, the rail gauge has a lateral displacement
of p6Cosa, According to the previous section and assuming
that the circular arc pattern of the profile motion is un-
changed (as the figure indicates even with a steep taper angle,
this is not an unreasonable assumption since the displacement
of the points of contact is in effect small), the lateral dis-
placement of the centre of the wheelpair would be
(2bCosec2a-R)6

and since in practice

2bCosec2a~R>>p* (for o small)

so that it is possible to conclude that the supposition that
variation in rail gauge, or rather the lateral displacement of
the rail gauge, can have the supposed effect is somewhat
unjustified. Further, the distance ¢ 1is a small fraction of

| the actual distance separating the points of contact. In
addition, as discussed in a previous sectijon, the yawing and
tilting motion (although related to one another by a phase

' difference) operate in a different manner and since yawing is
unlikely to be affected by the rail gauge vuriation, the
-overall effect would in any case be minimal.

T

* Using the data given in Appendix 2, 2blosecZo-R
4 is 1.35m, which is much larger than any likely value of
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8.7 MODEL TESTS AT DERBY

Since the results of the model tests run at Derby by
Wickens [81 (already commented on cavrlier, particularly

in Chapter 6) are useful as a basis for comparison with
the results achieved here (especially in the light of the
characteristic equation derived from the linearized forms
of the equations of motion developed in Chapter &), this
section will deal with a summary of his results. Using
the equations of motion listed by him for a four-wheeled
vehicle, the equations of motion for an isolated wheelpair

would reduce to:
mq, + 2kpq; = Oy

Cqp + 2b%k1qz= Q2

where
m = mass of wheelset
C = moment uf inertia of wheelset in yaw

ky,k; = longitudinal and lateral spring stiffnesses

b = half spacing of suspension mountings for wheelset

2 = half distance between contact points in the lateral
direction

di = lateral displacement of the wheelset

4s = yaw of the wheelset

Q1,Q; = creep forces

£, f'

[}

creep coefficients.

However, Wickens subsequently lists the equations of motion
for an isolated wheelset moving along the track at speed V
as:

ve

. q W
e+ Zf'(”ﬁqu) g (E8gre)qy = 0

ay , 2 )
qu + 2£(.%&'+&‘\,§'{"1“) - W9,60q2 = ()
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The second terms represent the creep forces, while the
last terms represent 'gravitational stiffness' terms. The
spring stiffness terms have vanished and it is possihle to
conclude that the model isolated wheelset as conceived by
Wickens is a wheelpair, with its possibility for yawing
motion severely restricted, being pulled along the tr.ck
by a single central force (which by any standards must be

held to be a very unusual type of wheelset). Even stranger

is the fact that this is described as ‘an elastically res-
trained wheelset' and that the spring stiffnesses k; and k,

are listed among the parameters of the system. Since the
wheelset is so unusual, it is possible that this may have
affected the experimental results.

After listing the equations quoted above, Wickens contin-
ues:

For a free motion of the type q, = KreAt
the characteristic equation is a quartic
and typical solutions of the quartic show
that it possesses two large real Toots

and a -pair of complex roots with small
modulus. The first large root is associa-
ted with a subsidente in lateral transla-
tion, the root being approximately

Ay = -2f'/mV

The second large root ic associated with
a subsidence in yaw and in this case

A = =2£12/CV

In practical cases, both subsidences are
heavily damped, the time of half ampli-
tude being typically of the order of

0.001 sec. These motions need not, there-
fore, be considered any further. The pair
of complex roots ugtiwz corresponds to a
lightly damped oscillation in which the
yaw of the wheelset leads the lateral dis-
placement by about a quarter cycle.

In their complete form, the solutions, as suggested by
Wickens, are:
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where the coefficients Kij are generally determined by the
initial conditions. It is understood that the term 'sub-
sidence' refers to a heavily overdamped exponential motion,
but it is not al all clear why, or on what grounds, it
should be assumed that the coefficients K;p and Kp; are

equal to zero. It is the existence of these heavily damped
terms which are, in effect, the explanation given by Wickens
why the hunting process is a simple harmonic motion.

The description of how the experimental work was done is un-
happily brief, but is as follows:

According to the linear theory, stability can

be determined by examining the response to an
isolated disturbance. Above the critical speed
the amplitude of oscillation eventually grows
exponentially with time wher<as below the critical
speed the amplitude decays exponentially. A sus-
tained oscillation of constant amplitude occurs
at the critical spced. The model experiments

gave results in accordance with the theory. The
roller was run at a given speed and the response
of the model to an initial disturbance was exam-
ined. This was repeated for different initial
deflections to check that the model was behaving
in a linear manner. The figure shows the varia-
tion of frequency and damping of these responses
with speed. The measured critical speed was 22.8
ft/s compared with a value of 24.0 ft/s predicted

by theory.

I£ is assumed that the devices attached to the Dexion angles
seen behind the wheelpair in the Derby rig are linear sens-
ing devices for detecting the motion in the yawing and
lateral directions. What would have been invaluable as an
aid in appreciating the experimental work would have been
illustrations showing recordings 'of these displacements.
Nothing approaching exponentially damped motion was obser-
ved in the experimental work done here and it is not at

all clear why it should have occurred at Derby. There
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ought to be some explanation for the discrepancy in ths
behaviour of the whec«lpairs on the two rigs, but since
the necessary Derby facts are lacking, none can be offered.

A final comment is that since the Derby rig was described

as an elastically restrained wheelpair, it is surprising

that no mention was made of any oscillatory motion in the
direction of the longitudinal axis of the aluminium alloy
restraining tube. This is the only direction in which
elastic restraint is possible, and since with the wheelset
this represents a lumped parameter mass-spring linear
vibrating system with a disturbing force at the wheel-roller
contact surfaces, it would be strange if there were no oscil-
latory motion in this direction.

.
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8.8 A DISCUSSION OF THE LINEARIZED EQUATIONS OF
MOTION

PP

The matrix form of the linearized equation of motion is:

r.JML+(R~2bCosec2a)2 0 l.e |0 21-31117 !’éﬂ

_i~ubCosecm(R-2bCosec2u) %%J'L$J L;Qﬁﬂ 0 ] Léj
. g(4bCosec2a-R) ~ugSeca(R+bTana)] 8] fO]
thbgCoseca E%%i j ¢ LOJ

The leading diagonals in the matrix coefficients of the
acceleration column vectur and the undifferentiated varia-
ble column vector conform to what would be normally expec-
ted in such matrices, generally referred to as the inertia
and spring matrices respectively. However, in this case,
the remaining diagonal terms are Coulomb friction rela-
tionships, so perhaps they should be referred to as quasi-
inertia and quasi-spring matrix coefficients. The inter-
mediate matrix coefficient, that is, the matrix attached
to the velocity celumn vector, is the classic gyroscopic
matrix; thus Meirovitch [31] shows that if gyroscopic
forces occur in a dynamic system, the matrix coefficient
of the generalized velocities is always skew-symmetric.
The reason for thils is that the gyroscopic forces do no
work in the system. Meirovitch adds:

As it turns out gyroscopic stabilization

is possible only if the original system

is conservative. Indeed in the presence

of dissipative forces, this type of
stabilization is lost,

It is interesting to compare the matrices derived above
(referred to in the subsequent discussion as the derived
coefficients) with the corresponding coefficients for the
equations of motion which were developed by Wickens and

i
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Brann and which were quotéd in chapter 4. In making the
comparison, it has to be remembered that the generalised
coordinate 93 is the lateral displacement which corres-
ponds to the angle of tilt © used in this work, while the
other generalised coordinate q, is the yaw here designated
as ¢,

There is a distinct similarity in all the inertia matrices

~with regard to the leading diagonal - thus the moment of

inertia C corresponds to the term J;. Since this work uses
m
an angular displacement instead of a linear displacoment
for the other coordinate, the derived element is a moment
of inertia removed from the principal axis in the place of
the mass. The derived reverse diagonal shows a friction
dependent element in the place of the zeroes in the Wickens
and Brann matrices. The friccion dependent element is
related to the angle of tilt, which is not altogether sur-
prising since the normal forces vary with the angle of tilt
(and only marginally with the angle of yaw) and these forces
would then have a bearing on the acceleration experienced by
the wheelpair. It is, of course, possible to assert (based
solely on an intuitive analysis of the physics of the motion)
that similar inertial effects would accompany the yawing
motion and that for that reason, a corresponding coupling
term in respect of yaw should be found in the inertia matrix,
Unfortunately, intuition is not always an adequate guide nor
is it axiomatic that one's grasp of the physics of the motion
is sufficient to make such predictions possible. In this case,
the supposition that such a term should be present would not
appear to be a logical deduction.

Turning to the spring matrices, it would seem that Brann's
matrix coefficient is incomplete. The derived matrix and that
proposed by wickerns are similar in that the stiffness (both
spring and g. -itational) elements in the leading diagonal
resemlle cacn wther. There are crecp dependent elements in
the reverse diazgonal in one case and dry friction elements in
the other. The major discrepancy lies in *he velocity vector
matrix ceefficiunt where both Brann and Wickens have symmetric.
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matrices, whereas the derived matrix is skew symmetric.

What is surprising in such a discussion is that there is
sufficient resemblance between the various matrix coefficients
to make it likely that the subsequent characteristic equations
would appear to be similar and that in the case where creep
coefficients were used, a suitable adjustment of the data would
produce characteristic roots which would agree with the fre-
quencies met in practice. Indeed, the equations themselves
have doubtless been efficacious in providing a realistic and
practical basis for analysis leading to design. However, this
is not the point at issue in this work, where the aim has heen
towards an improved understanding of the mechanism responsible
for railway hunting. It is remarkable, for example, that gyro-
scopic forces should have been ignored elsewhere.

8.9 THE SOLUTION OF SIMULTANEOUS NON-LINEAR DIFFERENTIAL
EQUATIONS

Since all the evidence suggests that the hunting cycle is non-
linear, it is apparent that adequate solutions are not forth-
coming from the linearised forms of the equations set out in
section 5.9.4 and 5.11.2. By stripping these equations of
second and higher order terms, manageable equations had been
obtained, but the equations in their original form are lengthy
and complicated; thus, the equations of angular motion occupy
no less than two pages of the text. It might be possible by

a judicious elimination of some of the terms to reduce the
equations somewhat, but such an attempt could only be under-
taken by someone whose expertise lay in the solution of such
complex non~linear differential equations.

A further complication is that the weakest link in the argument
put forth is that, following Coulomb's law, there is simple
proportionality between the tractive frictional force and the
normal force. This is, however, a problem which has up to the
present frustrated all reszcarchers and if all the possible
variables are to be ircluded, it is likely to prove insoluble.
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Any attempt to improve on the Coulomb law would merely add
to the existing difficulties.

The solution of even relatively weakly non-linear differential
equations is fraught with problems, although the equivalent
linearisation methods proposed by Bogoliubov and Mitropolsky
(47 , pp 115 ~ 1431 have in certain instances proved success-
ful. Nevertheless, it is significant thav the warning should
be given on page 144:

The asymptotic methods described so far are limited
in the application to the requirement that the rele-
vant equations are to contain a small parameter.

It is pointed out by Butenin [48] that;

The study of the bahaviour of a self~excited
system with several degrees of freedom under
the intluence of an external sinusoidal force
is a very complicated problem.

He then proceeds to a study of a non-linecar system which
approximates closely to a linear, conservative system and
then imposes two further limitations so as to make analysis
possible. BEven with these simplifications the resulting
conclusions are complex and difficult to interpret. The
problem posed by Lord Kelvin [49]1 ('On the Dependence of
the Motion of a Clock on its Means of Suspension') is used
to illustrate the methods involved. Despite the simplifi-
cation and despite the choice of a problem amenable to the
methods available to him, Butenin has reservations about
the outcome, thus:

In conclusion, we note that experimental studies

of this phenomenon qualitatively varify the theory.
It would be impossible to demand a quantitative
agreement with experiment because of the assump-
tions on which the theory is based and, most of all,
because the forces of friction and the operation of
the suspension mechanism differ greatly from the way
in which a pocket watch works.,




-

These comments confirm what has been stated in the opening
paragraph to this section, that is, given enough skill, it

is likely that the differential equations could be adequately
interpreted. Nevertheless, much supporting evidence has been
obtained to justify the belief that the underlying theory is
solidly established and that the equations are represcntative

of the dynamic behaviour of the wheelpair.

i e g e st




- 169 -

CHAPTER 9

AN OVERALL REVIEW OF THE HUNTING PROBLEM

The side-to-side movement which occurs under certain
conditions (and which is often referred to as railway
hunting) of a railway wheelpair as it travels along a
strright pair of rails has interested many workers

over a long period of time. It is a problem of great
complexity so that despite efforts which have been made
to fully comprehend the phenomenon, no final solution
has yet been produced. 7n this work, an attempt has
been made to approach the problem in a manner which is
different to those which have been followed elsewhere.
The model investigated has been reduced - in so far as
this is possibie - to its basic elements, thus, it has
been limited to examining the behaviour of an unflanged
wheelpair with uniformly tapering running surfaces
caused to travel along a straight pair of rails with
spring restraint placed on its shaft bearings.

As is the case in all dynamic problems, the motion of

the wheelpair is determined by the nature of the forces
applied to it. The character of these forces is open to
different interpretations and it is at this point that
this work is at its most contentious. Whereas it has been
believed since Carter first put forward his hypothesis of
creep - which then became a paradigm or traditional
practice - that this was a form of progress intermediate
between rolling and sliding, it is claimed here that the
duration of this occurrence is extremely brief. Eitherx
the wheelpair adheres to the rail at the peints of contact
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and has pure rolling motion in the neutral pusition mid-way
between the rails, or, the adhesion is lost; the rate at
which the wheelpair rotates is diminished and it then pro-
ceeds to slide across the rails with a transverse oscilla-
tory type of motion., It is the supposition of this work
that it is the manner in which adhesion is lost which is the
phenomenon described in the literature as creep. The time
taken for adhesion to be lost is extremely brief and it is
not the case, as is generally put forward in the literature,
that it is of significance in determining the nature of the
oscillatory movement.

Since it is presumed that the wheelpair always maintains
contact with the rails, it is possiblwe, by using a geomet-
rical analysis which has reference tc a particular set of
coordinate axes, to establish the position of the centre of
mass of the wheelpair at any time as a function which has

the angles of yaw and tilt as its variables. The coordinates
of the two points of contac* between the wheels and the rails
in the given space can be found. These coordinates are used
as position vectors to determine the wheelpair surface
velocities at the points of contact as functions of the
angles of yaw and tilt. These equations show that unless the

wheelpair is in the neutral position wi‘’ zero angles of tilt

and yaw, it has to g.ide over the rails.

As a consequence of this finding, it has been assumed that

the forces at the points of contact are dry frictional tan-
gential forces acting in the direction of the rails and that
they are proportional to the normal forces at these points.

Two of the three equations of linear motion ~ one in each
coordinate axis direction - are used to find the normal forces
and the remaining equation then provides: the equation govern-
ing linear motion of the wheelpair in the direction of the rails.
Sufficient information has in this way been gained so that the
equations governing the angular motion of the wheelpair can be
found. If the assumption is made that these somewhat involved
equations can be linearised, then it can be shown that there is
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no cross-coupling between the longitudinal linear motion
and the angular movements.

"2 validity of the theoretical conclusions rested on sup-
ng evidence obtained from experimental test runs.

for practical reasons, experiments had to be conducted

in such a manner that instead of the wheelpair travelling
along a track, it was held under elastic constraints and
the 'track' made to move so as to obtain the required
relative motion between the wheelpair and itself. In all
experiments conducted elsewhere on so-called roller rigs,
the relative track movement is produced by allowing the
wheelpair to rotate by placing it on top of a pair of
driven rollers. Since the nature of the motion over the
range of contact between the wheelpair and the rollers is
held to be dissimilar to that which would occur if the
wheelpair were made to travel along a straight track, an
alternative form of testing method was sought. After
some trail-and-error approaches it was found possible to
construct @ rig in which the motion in the range of pos-
sible contacts between the wheelpair and the rail simulat-
ing surfaces was of the linear form encountered in reality.
This was achieved by using a travelling metal belt suppor-
ted on an air cushion. An aspect of the motion, which
had been overlooked in the original design, was the need
for adequate lateral guidance of the rail simulating sur-
face to oppose the inertial forces in the wheelpair as it
oscillated lateraily, but once this problem had been recog-~
nized, appropriate means were found to provide adequat:

‘lateral support for the 'yails'.

After initial test runs had confirmed the theoretically
determined conclusion th-t no coupling existed between

the linear motion of the wheelpair in the direction of

the track and its angular motion, a yoke was installed on
the rig which allowed the wheelpair to yaw and to tilt
freely but which effectively prevented the unwanted lateral
movement. A variety of methods were used to confirm that
the motion was simple harmonic with a 90° phase shift
between the yawing and tilting movements.
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Provided that the rail speed exceeded a certain critical
figure, the wheelpair would start to oscillate spontaneously
without outside interference. Within the range of speeds

at which the rig could be operated, the amplitudes of the
oscillatory motion increased somewhat with increase in rail-
speed up to a certain maximum. The behaviour of the wheel-

pair when it was disturbed from the pure rolling, or neutral,

position in the absence of yaw or tilt was investigated;
that is, at rail speeds below the critical speed. It was
found that the wheelpair after a number of oscillatory
cycles (the actual number increasing as the rail speed
increased) the wheelpair would revert abruptly to pure
rolling motion; that is, the adhesion which had formerly
been lost was recovered. A possible explanation as to why
this was more likely to occur at lower speeds was that it
was easier at these speeds for a match to be obtained
between the belt speed and the wheelpair surface speed. At
higher speeds, this matching became less easy until at the
critical speed, this facility was lost.

It is suspected that the non-linearity of the equations of -
motion is such that sophisticated methods of solution are
required to obtain solutions to the differential equations
of motion. This view is supported by the fact that the
gravitational potential energy is a significant element in
the mechanism of the oscil’=*ary motion - and this is. in
turn, dependent on the s €t the angle of Lilt. The
oscillatory motion would pear to be a form of limit
cycle. Although the linea . equations of motion show
several interesting features ~ thus the matrix coefficient
of the linear velocity vector is of the classic gyroscopic
matrix form -~ it is believed that the data derived from the
characteristic equation, which is based on the linearised
form, should not have too much emphasis placed on it. The
value of the experimental frequency was about 16% higher
than the higher of the two theoretically predicted natural
frequency. This suggests that it is likely that the
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- frequency of the limit cycle would approximate to the
experimental value. To place any reliance on the possibi-
lity that the real parts of rhv roots derived from the
frequency equation would give any guidance as to the

stability, or otherwise, of the system would not appear

to be justified. The gravitational energy exchange

element in thes oscillatory process probably determines

the maximum amplitude of the 1limit cycle. It is of interest
that the experimentsl frequency of oscillations did not vary
whereas the iincorised forms of the cquations suggest that
this would be che case. This again confirms the likelihood
that such equations provide an incomplete guide to the

response of the dynamic system.

The characteristic roots of the linecarized equations have
been listed in Appendix A3 for various spin speeds and coef-
ficients of friction. A comparison of the first harmonic
frequencies and the experimental frequency is given in Appen-
dix A4 while Appendix A8 shows how the validity of the roots
given in Appendix A3 has been verified.
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APPENDIX 1

DATA

FOR EXPERIMENTAL WHEELPAIR

R

jH

50

0.124 6 m

0.286 5 m

10.45 kg

117 N/m

Mean running radius = 0.085 75 m
0.215 kg m?

0.145 5 kg m?
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APPENDIX A2

The characteristic equation in terms of the rig data is:

2J kB2
M2

o+

M4 M

2 : ;
(Jﬁn __Zusz*Cosecza(R+bTana)}54-%§ung{RSecu+bCoseca(l+

2
Sec?a)}s + 2%?—g(2b€osec2u+R*)-P4u2g2bCosec2a(R+bTana) = 0

Using the following test rig values,

o =5° k = 117 N/m

M = 10.45 kg b =0.124 6 m
J = 0.215 kg m? B = 0.286 5 m
J = 0.145 5 kg m? R = 0.086 68 m
we have

%

R° = 2bCosec2u~-R = 1.435 056 -~ 0.08u 68 = 1.348 406
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R* +2bCosec2e = 1.435 056 + 1.348 406 = 2.783 491

]

JU = Jp + MRy

i

0.215 + 10.45 x 1.348 4062 = 19.215 166

R + bTana = 0.866 68 + 0.124 6 Tan 5° = 0.097 811
*
Jid _ 0.215% 19.21 152 _
L2 - T 0.037 831
Ja * _ 0.145 5 0
ﬁfpan Coseco = 10T x 0,124 6 % 1.348 406 Cosec 5 % un
= 0.028 404 un
g (2bCosec2a+i) = 2215« 9,81 x 2.783 491
10,45
= 0.561 799
23t B2 = (0:286 537 5 4 117 x 19.215 166
Y1 NZ T0VAS B
= 3.379 688
J3n,? o 0.145 5.2 o 2
("“‘M"“‘ (—Tm'- n 0.000 193 86 n

2 x 0,124 6 % 9.81 x 1.348 406
x 0,097 811 Cosec 10° pn2
1.852 393 u?

i

2u¢bgR*Cosec2a (P +btana)

i}

Tanug{RSecarbCoseca (1+Seca)) = li%g%gﬁ-x9.81{0.086 68 Sec 5°

+ 0.124 6 Cosec 5°(1+5ec25)}un

= 0.403 924
} 2 ;
KD o (2bCosec2asR*) = ik x 0.286 52 x 9.81 x 2.784 9

= 50.188 901

4u2g?bCosec2o (R+bTana) = 26.953 271 u?

ki
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The 1st and 3rd order terms involve the product un. The
ratio of thesc terms is:

bR"Coscca . 0.124 6 15,471 122
g{RSeco+bCoscca(I+Seczu)} 9.81 2.957 203
= 0.066 450

Hence the characteristic equations in tcrms of the system
parameters (but leaving p and n unspccified) is:

0.037 831ls% + 0.028 404 uns? + (0.561 799 + 3,379 688
+ 0,000 193 86 n? - 1,852 393 pu2)s2 - 0.403 924 uns
+ 50.188 901 + 26,953 271 p? =0

First and third order terms for three values of p and three
values of n:

Order of term | n p = 0.05 p = 0,10 p = 0.40

3rd 28.46 | 0.038 194 | 0.076 378 0.X05 551
50 0.067 101 | 0.134 202 0.536 808
100 0.134 202} 0.268 404 1.073 617

lst 28.46 | 0.574 780 | 1.149 560 4.598 241
50 1.009 804 | 2.019 607 8,078 428
100 2.019 607} 4.039 214] 16.156 857

Value of 2nd order term for various p and n, (as glven by
3.941 486 + 0.000 193 86 n? - 1.852 393 n2):
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W 0.05 0.10 0.40°
ax\\w\ﬁgg.gyzsgsuz ~0.000 046 | -0.001 852 | -0.029 634 :
n | 0.000193 86 n?
\“‘
}
28.6 0.158 570 4.100 011 4.098 205 4.070 419
%
50.0 | 0.484 650 4.426 091 4.424 285 4.396 499
100.0 | 1.933 839 5.875 301 5.856 802 5.845 688

PSS EEEF PSP S

Value of constant term for various values of q

! 4 ; 50.188 901 + 26.953 271 a2
| 0.05 50.256 284
3 0.10 50.458 433
L 0.40 ‘ 54.501 424

The characteristic equations for various values of u and

n are then as follows:

n = 28.46,

v = 0,05

0.037 831ls* + 0,038 194s? + 4,100 011s% - 0.574 780s

n = 50.0,

u = 0.05

+ 50,256 284 = 0

P

0.037 831s“ + 0.067 101s3 + 4.426 091s2 ~ 1.009 804s
+ 50.256 284 = 0O

n = 100.0, p = 0.05
0.037 831s* + 0.134 202s% + 5.875 301s2 - 2,019 607s
+ 50.256 284 = 0




Ll )

n = 28.46, y = 0.10
0.037 831s* + 0.076 378s% + 4.098 20552 - 1.149 560s
+ 50.458 433 = 0

n = 50.0, u = 0,10
0.037 831s% + 0.134 202s% + 4.424 28552 - 2,019 607s
+ 50.458 433 = 0

n = 100.0, y = 0.10
0.037 831ls" + 0.268 404s3 + 5,856 802s2 - 4.039 214s
+ 50,458 433 = 0

n = 28,46 u = 0.40
0.037 831st + 0.305 551s3 + 4.070 419s? -~ 4.598 241s
+ 54,501 424 = 0O

n = 50,0, u = 0.40
0.037 831s"“ + 0.536 808s3 + 4,396 499s2 ~ 8.078 428s
+ 54.501 424 = O

n = 100.0, u = 0.40
0.037 831st + 1.073 617s3 + 5.845 68852 - 16.156 857s
' + 54,501 424 = O

The solutions of the roots of these nine quartics are
embodied in Table 7.1.
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APPENDIX 5

The problem of the determination of the force
transmission coefficients; relative locked zone
theory and the experimental evaluation of the
locked zone theory.

by Siegfried Heinze and Hans Albrecht
(Since this appendix is concerned only with the basic con-

cepts, the mathematical development with the accompanying
figures has been omitcted.)

1. INTRODUCTION

In the past ~and even in more recent times - the oscillatory
motion (the sinusoidal path) of the wheelpair travelling
along a straight pair of rails has been approached as if

it were a kinematic problem, that is, in terms of the geo-
metric displacements of the wheelpair as a function of the
outline or profile of the wheelpair tyre. The relationship
was mathematically discussed for the single wheelpair by
Klingel and by Heumann for the multi-wheelpaired arrange-
ment. These treatments envisaged nevertheless, rolling
without slip, an assumption not substantiated by closer
investigation of the progression of the wheel, since in

the course of the motion, the wheelpair and parts of the
attached spring supported masses swing in a direction trans-
verse to the rails. The horizontal forces produced by the
attached spring-connected masses cause the wheelpair to
creep across the rails.

In addition to the transverse creep, there is for
driven wheelpair, a creep in the rail direction.
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resultant slip vector can therefore take up any position
within the contact area. It 1is therefore not possible to
determine the wheelpair motion solely by means of kinematic
considerations. A dynamic approach must therefore be

added to complement the kinematic treatment.

If the wheelpair is thought of as part of a coupled multi-
mass system, the mathemutical consequences of the system
motion as caused by the applied forces and moments can be
investigated. TFor the equations of motion, there must, in
addition to the geometrical relationships, be allowances
for the £frictional forces. This complicating addition then
leads to second order differential equations where, in
addition to the numerical evaluation of the spring and
damping constants as well as the geometrical relations, it
is necessary to determine what mathematical relationships
regulates the forces transmitted across the contact surfaces.

Since simultaneous transverse and longitudinal slip occurs
not only in driven wheelpairs but also in every curve as
well as during oscillatory motion, a precise knowledge of
the force transmitted as a function of the direction of slip
is required.

2. THE LATEST RESULTS OF THE CREEP FORCE INVESTIGATIONS
MADE BY KALKER AND FREDERICK

Ever since creep forces have been investigated, many promi-
nent researchers have occupied themselves with this problem
area wherein nevertheless the main thrust has been to '
investigate the magnitude of the limiting slip force. In

a historical review of the development of slip force inves-
tigation, one would quote names like Andrews, Cabble, Koffman
and Krettck.

N

ey

&




A comprehensive investigation into the creep force rela-
tionships has been professionally concluded by the work
of Kalker and Frederick.

2.1 THEORETICAL FUNDAMENTALS

2.1.1 Normal stress distribution

Through his investigations, H Hexrtz laid the first theo-
retical basis for creep force resvarch. The objects of

the investigation were two elastic bodies pressed together
by a normal force N so that between them a contact surface
as shown in Figure 1*would be formed. It was assumed that
1ro friction existed between the surfaces and the boundary
conditions for the bodies could be approximated by ellip-
tic paraboloids. The contact surface is as a consequence
an ellipse while the form of the stress distribution pat-
tern is elliptical.

2.1.2 The relationship between surface stresses and ;
displacements for the three dimensional problem

In his book 'A treatise on the mathematical theory of elas-
ticity', Love succeeded in finding a relationship between
the surface stresses and the three dimensional displace-
ments of two bodies of arbitrary curvature rolling over

one¢ another.

Two semi-infinite elastic bodies are considercd which move
over an elliptic contact surface.

(Here follows a mathematical analysis.)

* Not given in this translation
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2.2 LOCKED ZONE OR ADHERENCE THEORY (KALKER)

The numerical procedure set out by Kalker in his thesis
makes it possible to establish the forces entailed for any
given spin, slip and ar” .trary creep direction. Like Love,
he assumes (or approximates) that the two bodies moving
relative to one another are elastic and semi-infinite.

Using the assumption that the tangential force does not
affect the normal stress distribution (which is supported

by the work done by de Pater for bodies having the same
elastic properties), it is possible, using the theory of
Hertz to relate the semi-axis cof the elliptic contact sur-
face to the norm: 1l stress. As was assumed by Carter, Kalker
uses a constant creep coefficient and as a consequence of
the analytical procedure, the contact surface is then sepa-
rated into a lo <ed region and a slip region (as shown in
Figure 5). In addition it has to be noticed that in regard
to the tangential stress, only dry friction has been con-
sidered. The tangential stresses required for the subsequent
analytical procedure does not follow directly from the tan-
gential force, it is rather to be thought of as leading to
the stress responsc. The stresses and displacements are
thus iteratively related to one another so that, collectively,
the conditions at the boundaries are met. Working backwards,
the tangential forces are determined by integrating the tan-
gential stresses.

(A mathematical exposition intervenes.)

Since the relationship between surface stresses and surface
displacements is linear, the total stress and total displace-
ment is determined by addition. The stresses in question '
can be approximated to any desired accuracy in a finite
interval by using polynomials. The substitution of these
polynomials in the equation relating stress to displacement,

makes the evaluation of the displacement possible and hence
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overall displacement is determined by integration over all
the contact surface elements. Following Galin, this result
is then formulated as a polynomial. Between the coefficients
of the stress polynomial and the displacement differences
there is then necessarily a functional relationship.

(The mathematical development relates the boundary condi-
tions, the stresses and the resulting creep.)

2.3 CREEP THEORY (FREDERICK)

In contrast to Kalker, Frederick basis his calculations on
a velocity and pressure dependent creep coefficient. By a
method of approximations, he determines a boundary creep
of up to 1% after which no locked region exists in the con-
tact region. This fact ¢nables him to deny, in general,
the existence of a lock:! region.

Frederick calculates the cocficient p(v,p) as follows:

L}?O/‘[)n .9 1 .«\)‘08
(v,p,) 170/p2+% + 0.08

it
==

w(v,p)

where v = cre:p velocity
p
Po

i

nornal stress
6 500 kp/cm2

I

This relationsh: is shown in “igure 6. This equation en-
ables him to apj;vcciably simp’ _fy the statement for the
tangential stre. 5. To deteim e the contact region, the
normal stre:s d:strilution ar_ the creep velocity, Freder-
ick uses the spoe »t. tements s dous Kalker but however
without referer ¢ to spin, so that his equations are some-
what simpler t?an “ itker's. He then determines the local
creep vele:it, by ~ultiplying the derived coefficients by
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Figure 5 - Locked and Slip Zones with Circular

Contact Surfaces
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Figure 6 - Coefficient of Dry Friction with Different
Slip Velocities as given by Various Researchers
(a) Braked Wheel and Rails 15 My Axle Loading (Meltzgur)
(b) Braked Wheel and Rails 9 My Axle Loading (Meltzgur)
(c) Steel on Steel, Surface Pressure 4.2 kg/cm? (Seregin)
(d) Steel on Steel (Kroegelskij)
(e) Steel on Steel (Rabinovicz)
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the rolling velocity,

In contrast to Kalker, who uses the tangential stress to
initiate his calculations, Frederick proceeds from the nor-
mal stress distribution derived by Hertz and finds the
creep velocities in relatiun to the coordinate axis origin.
Using the value for u(v,p) the creep coefficient and the
normal stress distribution, it is possible to calculate the
tangential stresses. Following Love, the displacement dif-
ferences are then determined. With the related localized
creep coefficients which have been calculated, the tangen-
tial stresses can be calculated afresh. This procedure is
continued until the difference between two successive
iteration steps has been reduced to some prescribed mini-
mum. From the tangential stresses derived in this manner,
the tangential forces over the contact surface can be found.
Frederick uses a grid pattern established over the contact
area for his numerical calculations.

3. CHOICE JF METHOD FOR IZSTABLISHING THE FRICTION LAWS
WHICH SATISFY THE RESEARCH REQUIREMENTS

3.1 A Comparison between the two theories and the choice

of a theory

In addition to the neglect of spin by Frederick, the essen-
tial difference in the two theories is the hypothesis relat-
ing to the contact surface. A discussion as to which theory
corresponds suflficiently closely to reality can only be
found by examining the available experimental test results.

The question as to the existence of a locked region and a
creep region was firmly established by Ollerton. In his
experiments, he rolled a black rubber toroid over a glass
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plate coated with carbenadium. Photographs taken by him

for various values of constant spin, longitudinél and trans-
verse creep clearly demonstrate that the contact surface

is separated into two distinct regions. The basis for this
deduction is that the smudged zone in the locked region is
made evident by an increased reflection of light. Figure

7 shows that there is wide agreement between the experimen-
tal results obtained by Ollerton and the theoretical pre-
dictions made by Kalker.

Following the theory of Kalker, the limiting frictional

force occurs when the locked region vanishes. He has shown
this to be the case when the creep reaches about 1% which
agrees with the estimated calculated boundary creep as esti-
mated by Frederick. In contrast to this, according to the
calculat 'nns made by Frederick, the limiting frictional force
is reached for creep coefficients of 40% and over for creep
velocities of less than 1 Km/h. This is contradicted by
practically all the experimental evidence (as evidence for
this the results of Lipsius and Weber can be quoted).

If the curves shown in Figure 6 are examined, the following
deductions are possible:

1. All the curves show a marked decreasing tendency for
creep speeds in excess of 1 Km/h

2. No single tendency is evidenced for creep velocities
. 0f less than 1 Km/h and it would appear that a constant
friction coefficient is more likely than the average
value image proposed by Frederick.

In addition, the theory of Kalker is supported by the tests
carried out by Krause, who found *+hat the limiting friction
cnefficient was independent of the creep coefficients pro-
viding these were small. This result is explicable only

if the existence of a locked reginn is admitted.

iy s
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Figure 7 - Comparison Between Calculated and Measured

(a)
(b)
(c)
(d)
(e)

Locked and Slip Zones
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Rolling
Rolling
Rolling

Rolling
Force

with Spin

with Spin and Transverse Slip

with Spin and Longitudinal Fovc: (aitb=1)
with Spin and Longitudinal Force (a:b=0.4)
with Spin, Transverse Slip and Longitudinal
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Pure sliding in the contact area occurs not o2nly in the case
of mixed friction as well as fluid friction but is also the
case in dry friction reached after limiting friction has
been attained. In all these cases, the transmitted force
between the wheel and the rail can be made known by the
equations established by Frederick.

After comparing the two theories, it would appear desirable
to give preference to the theory developed by Kalker. For
the simulation, it is now necessary to calculate the tangen-
tial forces in the contact area for every time interval.
The time required to calculate any measured point for a
fourth order polynomial and 100 points in every revision
takes 87 seconds so that it is vreadily understood that such
a scale for the simulation is not possible. One therefore
goes to a method of calculation which, while retaining the
hypottesis made by Kalker, needs less calculating time.
This is offered by the simplified theory of Kalker which
reduces the calculating time by a factor of one hundred.

3.2 and 3.2.1 describe the simplified theory of Kalker's
and a linearized theory. In the latter case it is pointed
out that great difficulties exist in the determination of
the locked and creep regions. De Pater proposed therefore,
to meet this difficulty, that where the extent of creep was
small, its influence could be neglected and this has been
worked out by Kalker in his dissertation. This is then
explained and in section 3.2.2 the non linear theory allow-
ing for creep and spin is detailed. In the final paragraph
it is concluded that a comparison of the results produced
by calculation showed the deviation in the approximate
theory as compared with the exact theory would amount to

a maximum of 25%.
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4. RECAPITULATION AND CRITICAL EVALUATION OF THE
METHOD CHOSEN

As carried out in the previous section, both the sliding
and the locked region theory have physical justification,
For small magnitudes of creep, which are meaningful within
the framework of the rail-wheel research resources which
were theoretically available, then the force transmission
between the wheel and the rail is determined by the locked
region theory. Since the computation time required for the
simulation is a significant cost factor, it is unavoidable
that in calculating the transmitted force the simplified
theory of Kalker is resorted to even though in the non lin-
ear region an error of a maximum of 25% can occur.

4.1 PHYSICAL FACTUAL SITUATION

The simplified and the exact theory of Kalker emerge from
the same physical requirements. Because of the statement
of approximation relating displacement and stress (in which
the relationship is assumed to be linear), the simplified
form then only approximates to the real situation in which
i. is assumed that both the bodies have the same elastic
constants.

C Th Muller has however found that the hardness of both
wheel and rail increases towards the running surfaces. This
particular relationship was confirmed by Krause who found
that the metal crystal struc<ure was elongated in the direc~
tion of rolling and in the rolling surface. A laver which
has a thickness of from 0.2 mmto O.4 mm then exists in which
the physical properties change. The running surface has as
a consequence different elastic constants as compared with
the remaining material which must lead to deviations from
the thecretically derived va.ues of Kalker. This affect

is nevertheless allowed for in the modified assumptions
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made by Kalker and Krettek. If the calculated frictional
force cocfficient is related to the limiting friction, the
maximum creep coefficient is eliminated and a normalized
friction force - creep response is obtained. The creep
coefficient remains thus unknown in the caluclation of

the transmitted frictional force. It should be noticed

that the affects of the inertial forces brought about by

the acceleration of thc mass elements in the contact surface
have been neglected.

4.2 COMPARISON WITH MEASURED VALUES

The normalization described in section 4.1 is required if
the theoretically derived force transmitted curves are to

be compared with those derived by experiment. It is requi-
red in the application of the theory of Kalker to recognise
that the test bodies and the real rail-wheel system have
different geometrical shapes. If all the frictional force
coefficients are to be related to the wheel-rail system,

the radii of the test bodies have to be adjusted accordingly.
This conversion was carried out at the Institute for Mechani-
cal Conveyance and Railway Vehicles in consultation with
Krettek.

The comparison extends to the frictional force curves based
on measurements by Muller (wheels on rails) and to the tests
carried out by the institution referred to on their roll
test stand I (rolls on rolls). In order to compare the

- calculated curves, based on the theory of Kalker, allowance
has been made for the separate cross sectional area rela-
tionships as well as for the different G and E values.

(Both for the non-deformed as well as for the plastically
deformed condition.)

—pr =

s
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Figure 8 shows the satisfactory agreement between the
theoretically derived and the experimentally based curves.
According to Krettek, it is now possible to relate all the
values to the wheel-rail system of the test results obtained
on the roll test stand by using Kalker's theory. Figures
9*and 10*show the comparison of the various values where
Figure 9 is for the underformed and Figure 10 for the defor-
med material. It has again been possible to establish
satisfactory agreement between the various results. The
maximum deviation between the test results and the theore-
tically calculated values is between 11 and 12% and decreases
with smaller force transmission coefficients.

5. CONFIRMATION OF THE LOCKED AREA THEORY BY FURTHER
EXPERIMENTAT JON

5.1 OUTSTANDING TESTS

From what has been said it is apparent that the frictional
force - creep process has been satisfactorily explained to

a considerable degree. There has not been experimental
verification of the relationship between simultaneous longi-
tudinal, transverse and circular creep. Unknown is also

the relationships determining the creep coefficient. All
research so far has shown that it is dependent on a series

of parameters. These must be investigated and the functional
relationship between the creep coefficient and the related
parameters determined. Such paramcters are: creep veélocity,
rolling speed, mctallic surface properties, plastic deforma-
tion, environmental variations and conditions in the con-
tact area (dry, lubricated). Equally unknown are the elas-
tic constants for the deformed running surfaces.

* Not given in this translation
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THE DYNAMIC STABILITY OF RAILWAY VEHICLE
WHEELSETS AND BOGIES HAVING PROFILED WHEELS

A, H, WICKENS
British Rail Research Department, Derby

Abstract --The dynamic instability of rajlwuy schicle bogies and wheelsets is caused by the combined action of
the conicity of the wheels and the krecp forces ucting bevacen the wheels and rails. In this paper, the instability
is investigated in the important case where the wheels are profiled rather than purely conical. Equations of
motion are formulated and stability criteria obtmned which mdicate the effect of varying the various parameters
of the system. The nature of the motion at the critical speed is mnvestigated and the mode of energy conversion
between the forward motion of the vehicle and the lateral motion of the bogic ar wheelset 1s explamed.

NOTATION
2a length of contact drea in direction of rolling
a4, retative amplitudes of generalized coordinates $, and ¢,
b lenigth of contaet area transverse 1o direction of rolling
¢ moment of inertid in yaw of wheelset
d fength, defined in Fig. 1
dyd; suspension viscous damping cocflicients in longitudinal and lateral directions
A tongnudinal and lateral creep coeflicients

dissipatror function
G modulus of ngidity
] a ¢ mi?
) moment of inertia 7 bogie divided by mi?
Ay kg suspension elastie stiffness coefficients in longitudinal and lateral “+cctions
! fength, defined in Fig. |
m may: of wheelset
M tractive torgue
NN normal reactions al contact points
Pi coellicients in characteristic equation

tractive lorce
¢ farerat displacement of wheelset or bogle
93 yaw of wheelset or bogie
Q@ lateral force exerted by rails on wheelset
0 yawing moment exerted by rails on wheelset
to wheel tread circle tading, wheelset in central position ,
rr radi) of tread circles, wheelset displaced laterally
R tadius of curvature of wheel tread
R radius of curvature of ral head

T s s
: by dt
t time
T kinetic enerpy
[ @ by
[ non-dimensional entical speeds
v forwird speed af vehicle; potentlal energy
1% reference speed
1) axle-toad
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THE RAILWAY WHEELSET AND SUSPENSION UNIT AS A
CLOSEDR-LOOP GUIDANWCE CONTROL SYSTEM:
A METHOD FOR PERFORMANCE IMPROVEMENT

By C. K. Benington*

Using a simplified mathematical model, the conventional railway wheelset and suspension
unit is shown to behave as a closed-loop guidance control system. The centre-line of the
track corresponds to the input, and the lateral position of the centroid of the wheelset to
the output. Analysis of the system shows that, while it may be made stable at up 10 high
speeds, the performance in the stable region is unsatisfactory in certain respects. This is
attributed ro the large forces of interaction between the wheels and s4ils at the points of
contact, arising, in the case of the conventional wheelset, from creepage.
These forces may be reduced and controlled by interposing a coupling having viscous
characteristics between the wheels, in place of the rigid axle, ‘The new arrangerent is
shown to be much more flexible, and cap.tblc of fulfilling a wide range of performance
requirements.

INTRODUCTION
RECENTLY PUBLISHED WORK (x)} indicates that the dynamic
behaviour of the conventional wheelset and suspension
unit is now fairly well understood. As a result, the rail
vehicle designer can choose suspension parametets that
will ensure stable operation over the operating speed
range of a particular vehicle, at up 1o high speeds.

In addition to supporting the vehicle, the wheelsets act
in association with the suspension and track as a closed-
loop guidance control system. The performance criteria
of any control system involye more than mere stability,
and there are many reasons why the railway wheelset
should not be exempted from more specific requirements:
adequately damped transient response is important if
flange and ty.e wear and energy dissipation are to be kept
to 2 minimum, and a comfortable ride is to be achieved:
the bandwidth should cover only guiding frequendies,
and reject ‘noise’ due to track irregularities,

The transfer functions of the basic conventional wheel-
set and suspension unit show that, as a guidance controllet,
it is inflexible, and that it is difficult to adapt to meet
specific performance requirements,

The basic reason for this difficulty is that the tangential
forces ar the points of contact between wheel and rail are
large compared with the forces that can be generated in

The MS. of this paper was received at the Institution on 14th April
2967 and accepted for publicationt on 29t November 1967, 23

* Lecturery, Departinent of Mechaniz-} Bug™ T Herlot-Watt
University, Edinburgh. Associate Meriber of m.a Insmunom
4 References are given in Appendix 3.
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practical suspension components, These forces arxse. from
the inevitable creepage of the pxoﬁled tread ot > wheel
on the rail when the wheelset is disturbed from the cen-
tral position.

The main purpose of this paper is the proposal and per-~
formance analysis of an unconventional wheelset unit in
which the tangential forces of interaction with the rail
may be brought under control at a greatly reduced level,
resultxng in a much more flexible system with a potenually
superior performance,

To keep the analysis as straightforward as pesible, a
very simple linear system is used for the demonstration
of comp'\ranvc performance, Thus the figures produced
are not for immediate application to real systems. Howver,
the motion of the complete vehicle is ohvion sly torgely
dependent on that of the wheelsets, Hence it is to be
expected that the arrangement would nrove equally
beneficial in the context of a non-linear multi-degree-of-
freedom system,

Notation

c Couple,

A Damping constant of torsional damper.

cy Dampmg constant of cach fore and aft suspen-

sion unit. .
Fyy  Tangential forces of interaction’ at wheel-rail
contact points,
Creepage coefficicnts,
GA 5(8) Transfer functions.
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92 . C. K, BENINGTON
I Moment of inertia of wheelset about centroidal y P

yavy axis, N\ \ i
J Moment of inertia of wheelset about axis of Posmve\ N

rotation. " | \
Ju Moment of inertia of each wheel about axis of l \\

rotation. 73 g
K Gain factor, -\ /f/'ii’/’,\\ ) ; T
ka Stiffness of each fore and aft suspension unit. B\( 1%
M Mass of wheelset, \ \
d1.... Generalized co-ordinates, Pl
e Error signal. l ‘ '
g Qutput signal. ,
Yo Tread radius, wheelset nndisturbed. Fig. 2
r Time constant.
Uy Actual velecity of displacement of contact point. wheelcet rolling at the mean angular velocity, the datum
|4 Mean velacity of wheelset. being atbitrary.
Vgy  Velocity of displacement of point of contact The cquations of ‘motion of the wheelset, derived in

assumiug pure rclling,
« Semi-cone angle of tread profile,
4 Damping ratio,
w Angular velocity of wheelset or wheel.

CONVENTIONAL WHEELSET AND
SUSPENSION UNIT AS A CLOSED-LOOP

CONTROL SYSTEM . .
The simplest model which, it is considered, will display
the significant performanc.e characteristics is shown in
Fig. 1. It may be thought of as the wheelset at one end of a
long vehicle, To limit the number of degrees of freedom
to four, lateral coupling between the wheelset and the
vehicle body has been-assumed negligible: the body weight
has been taken into account, however, in calculating
the creepage coefficients. The wheel treads are assumed o
have a conical profile, and the vehicle is assumed to move
along parallel rails with constant velocity V.

Appropriate generalized co-ordinates with which to set
up the equations of motion are shown in Fig, 2, They are
g, the lateral displacement of the wheelset centroid from
the track centre-line; ¢, the angular position of the wheel-
set in yaw reative to a normal to the track; g, the longi-

~ tudinal displacement of the wheelset from the equilibrium

¢ e T

. -

position; and ¢, the angular position of the wheelset about
the axis of rotation relative to an imaginary coincident

Fig, 1
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Appendix 1 are:
2 2aq
R (R APRE T N P

2
MG+ G4 2f1s =0 (2)

. 2frg
Miy-i-2 (02"!‘{7) ‘23‘5‘2/3293‘*“‘[;79 da==0 (3)

2fr 2fry
T+ f,," w0 @,

Equations (3) and (4) are coupled, and relate to fore and
aft motion only of the wheelset. When combined they
yield a third-order equation which can easily be shown to
be inherently stable, Fore and aft motion of the wheelset
centroid is therefore uncoupled from the other motions,

" and is of no further inverest,

Eqguations (1) and (2) are also coupled and define the
transverse translation and yaw of the wheelset, They are
therefore of direct interest,

Ifthe unit is to be analysed as a guidance control system,
the input will be the lateral position of the track centre~
line relative to an arbitrary datum, and here denoted by
g The lateral position of the wheelset centroid relative
to the same datum will be the output variable, gq, and the
error signal will be ¢; == (g,~—¢,) and now denoted by g..

Equations (1) and (2) may now be written in transfer
function form as

Ga=Gu(s)ge . + . .+ (5)
=Glda - - e (O

“where

Ky
GO =y @

and
~ Ky
TRy 0 @
Vol 10 No 2 1968
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RAILWAY WHEELSET AND SUSPENSION UNIT AS A CLOSED-LOOP GUIDANCE CONTROL SYSTEM 23

The relationships between the gain factors and time
constants and the system parameters are:

afe
K_,( == ;‘O‘b’z’k';i .
A/,I -
L= N
e
)
L, o e
M A 20bhy
My?
Ky = —-‘zf."-
MV
TB = ""27."‘ N

The system may be represented in block diagram form
as shown in Fig. 3, G4(s) and Gu(s) being the forward
path transfer functions, Blocks A and B may be said to
correspond to the controller and metor units respectively,

ANALYSIS OF PERFORMANGE OF
LCONVENTIONAL WHEELSET .

The patameters of thestandard gauge wheelsetand suspen-
sion do not vary over a very wide range, and performance
analysis using typical values is felt to be more fruitful
than a completely general approach.

The values given below are quoted by Wickens (2) as
being typical of British Rail stock:

ro= 1756t a=25ft b=3251t

w=005rad M=0901bfs?ft~t f=23x100]bf

I = 360 1bf ft s

Thus for V = 100 ft/s, ky =t 10 000 1bf/ft and ¢, = 0,
for example,

Tq==004ls L, =215 Tpy==00015s

For a value of {4 > 1, as in this case, the factors of the

denominator of G,(s) are, to a very clese approximation,

(LT 4)(1 4T 45)
where T4 == T,/28, and T4 = 2L, T,
Rewriting equation (7) gives ,
. K, -
Gals) = (AT )T ) ©)
Both T', and T are very small aud approach zero as f
approaches infinity, The iransfer functions then give a
purely kinematic rclationship between g, g4 and gy, and

the motion becomes a quasi-stable kinematic oscillation,
It is apparent, therefore, that the actual motion of the

9, (‘@:7%) | 9 N

L/ _&»Lw_ Gy |- Gyts)  fomy
+ -
; %

N - ey .-

Fig, 3
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wheelset is very close to the kinematic motion, and conse~
quently will be of almost constant wavelength and very
lightly damped.

The poles of the open loop transfer function, ecasily
evaluated, are —1050, —0-57, —667 and 0, corresponding
to T7,4, 1", Ty (exponential time delay) and 7 (inte-
grator) respectively. This array is shown on the S-plane,

Fig. 4. . .
The simple crirerion of stability
' Y
KK L Y
A8 < AT, 4o

may be easily extracted from the chavacteristic equation
when products of small quantities are neglected, In terms
of the system parameters this criterion is

“2arghh, :
V</\/a(a“M+I) ...

Considering now the construction of root loci, it will
be noticed that «, the tread semi-cone angle, and r,, the
mean tread radius, are the physical constants which appear
only in the gain factor, Variation of gain will therefore
entail a variation ¢f, preferably, the angle &, The dominant
locus breaks from the real axis at a value of approximately
0:3, and crosses the imaginary axis at jw = 152 rad/s.
The asymptotes are very distant, and it may be inferred
that this locus is as sketched in Fig. 4. The point on the
locus for « == 0:05 rad is shown, and this bears out the
initial deduction that, while the system is r*hle below a
critical value of gain, the damping in the st 2gion is
purely nominal.

l,-, ——r Ph?e,,,......_«,r R M .......zo
3 ) | i
RTINS PUUOIN U S — 15
' i
;6005 rad.
// , \._ .
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94 C. K. BENINGTON

The performance of this conventional system may be
improved mainly by decreasing the value of T%,.  £,1is
dominated by the creepage coefficient and cannot e
decreased, (It will be noticed at this point that, whilc the
complete influence of fore and aft dampers may not be
deduced from the diagram, it is clearly not significant for
practical values,) T, may be increased by increasing the
stiffness k,, and the position of the pole corresponding to
T", is seen to be proportional to 4/k,. Once again it is
clear that, while the critical gain may be significantly
raised, practical limitations preclude the possibility of
improving the system performance at normal values of
gain.

Ront loci for different values of ¥ will display the same
characteristics, and a trajectory of « = 005 will likewise
be very close to the jw axis.

While a stable transient response is a fundamental
requirement curving, i.e, the ability of a wheelset to steer
the vehicle round bends in the track, is important, Curving
will be considered here from the purely kinematic stand-
poing, i.e, no account will be taken of inertia forces, If the
system were lincar, the curving performance would be
determined by the steady state transfer between g, and ga,
calculable from equations (5) and (7). However, the rela-
tionship between forces due to creepage, and creepage is
uon-linear, the limiting value of creepage force F being
given by

F o= uN

whezt p is the coefficient of friction and N the normal
reaction betw i the wheel and rail. This limiting value
of F in association with the stiffness %, of the longitudinal
suspension units determines the minimum radius of the
curve round which the wheelscts will stzer a vehicle, this
minimum radius being approximately pmpornonal to the
spring stiffness. -

Cleatly good curving performance and stability are
dixectly conflicting requirements.

For the case under consideration, assigning to s a value
of 01 and assuming a vehicle wheelbase of 16 ft, the
= *hum radius will be about 730 ft.

INAL APPROACH YO PERFORMANCE
IMPROVEMENT
« 1 evident from the foregoing that, if the forces due to
longitucinal creepage could be replaced by forces similar
in characcer but greatly reduced and, if porsible, variable
in magnitude, improved petformance could * . achieved.
The longitudinal creepage forces may be eliminated
by breaking the rigid coupling between the wheels, i.c.
employing Toose wheels. However, such a system, having
zero steady state forward path transfer, would not con-
stirute a guidance controi system: but the introduction of
a torsional coupling having viscous characteristics between
the wheels would restore to the system on & controlled
seale, forces of character similar to the longitudinal
creepage forces,
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ANALYSIS OF PERFORMANCE OF
DAMPER-~-COUPLED WHEELSET
The same basic model as that shown in Fig. 1 will bt used
for this analysis. Breaking of the rigid torsional coupling

between the wheels introduces an additional degree of -

freedom. The new set of generalized co-ordinates is
shown in Fig. 5. g), ¢ and gy define the same rigid body
displacements as before. ¢, and ¢z are incremental,
describing angular displazements about the axis of rota-
tion of each wheel relative to imaginary coincident wheels
which roll without slipping, the datum in each case being
arbitrary.

The equations of mation of the system, derived in

.Appendix 2, are:

Hib et 2670aq0— 50 (4e—) = 0 (12)

Mg, ""‘!91"3 -2fge =0 (13)

o N L P N
M%‘*'chfh‘*‘zkcgs““*ffg (Gatgs) =0 (14)
Jua 2e0a . Jy | ‘
| q.a Jr"“”"‘ 92'*'"% (L\ u“ 1 38
2C¢(ZV

91+Jw(14+j:““ gyFeda=-ds) = 0 (15)

Jut . 2ca N ocV
""";.o—o“f] -t Qz'i"‘xefh*(- =

ZQQV

o 91+quo+f,, gs—algs—ds) = 0 (16)

The term in (g,-+-¢§5) may be eliminated from equation
(14) by combination with equations (15) and (16) to yield
a third order equation in terms of g5, As for the conven-

tional wheelset, this may be shown to be inherently stable,
the fore and aft motion being uncoupledl from transverse

and yaw oscillations,
. Subtracting eqretion (16) from cqmuon (15) and

Y
Posilive
x
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. ' 1
flar frequeucy response, should permit a controlled From equations {24) and (25), the forces ut the points of contact 1
relaxation of track standards without adversely affecting A and B, for significant values of ¥, and neglecting small quantitics, .
the ride. are ) . f
Fringe bencfits are to be expected from the virtual v Py = __f(il}_'lg@.z) |
elimination of longitudinal creepage: these include : [
: tseing- P4 .
r;duced wheel tread and flange wear and energy dissipa astis—L8 gy —rods \,
ton, Foy = wf e :
The attraction of the ‘ideal system: which has been 4
proposed depends upon the f‘cas‘ib.ility of manufactuving Fox = =f (,;1-;. qu)
a relatively unsophisticated and reliable torsional damper. B 14
Preliming.y investigation suggests that the required ‘ v :
. N . 3 . g . ¢
performance could be obtained from a hydrostatic unit, , (—at/z+¢/a+3~ q:.+roq~)
and this possibility is currently the subject of analytical Fpy = = % |
and experimental study. . !
pet y Thus, the generalized forces on the wheefser consist of a force
i
__2.{ ((il ““ Vua‘) - l
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APPENDIX 1 i'
DERIVATION OF EQUATIONS OF MOTION OF in the horizonal plane, and a COUPIQ :
CONVENTIONAL WHEELSET - ;
. ) \ , 2 fro 3 —rods "ofl.x i
The conventional wheelset consists of a pair of wheels solidly . . :
mounted on a xigid axle, The wheels are considered in this case to . . ;
have conical treads, in the vertical plane, X )
When the motion of the wheels on, the rail is other thun pure The four independent equations of motion of the wheelsat then
rolling or slipping, the forces of interaction between the wheel and are .

rail in the tangential plane are given by

2
' 1gy -2 (b”l-‘z +g*f) Gn +252/€nq':.—% =20 . (20)
= —fx (""‘”") Coe e () d o

Myt atasa =0 . @n

Fy = wf, (‘ﬁ'.';.:ﬂ'!) A L I . )
N s [ g
where the subscript x indicates the lateral direction and y the Miz-2 (C:'Ff) Ga +2Raga =37 f = di=0 . (28) ;

longitudinal direction. The expressiou in brackets is defined by
Carter (3) as the crecpags. f is the creepage coefheient and is Ji 24re* . 2}ro 0 /29 ;
dependent on the normal reaction between the wheel and rail, et = da =0 . (26) :
In this case f, is assumed cqual to . ;

For small amplitude, low-frequency ogcillations such as oceur -
in tvpical systems, products of small quantirics may safely be APPENDIY 2 f
]

ar

neglected. Thus, at A, Fig, 2, ’
DERIVATION OF EQUATIONS OF MOTION OF
Upx &= ‘Il DAMPER-COUPLED WHEELSET

tpy =5 Vebaga-tgs Referring to Fig. 5, and neplecting the products of small quantities

Ype =t =V (1+£‘) q:) 2 Uy 53 gy
tay = Vetadatda
. . Vay =2 [V (1 ‘*“'% fh) +?‘n’i4] , Upe = =V
and at B, Yay = Vebadabda-krody
Rg,e =2 (g Upx &2 () ’ R
ttny = Ve~adad-ea tyy = Veadaddy )
Vn = =V (1~—i q;) 7 Vpx = —‘V(hz. . ‘
7o Wiy =2 Ve=agy-bda+t-rads
oo = [1 (1) v REbay i Mo
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APPENDIX A7

ARE FINITE ANGULAR DISPLACEMENTS IN THREE-

DIMENSIONAL SPACE SEQUENCE DEPENDENT

It might well be thought that too much space in this work
has been devoted to defining pure rolling. To add an
explanation why finite angular displacements in three-
dimensional space are sequence dependent might be thought

to fall into the same category; to avoid possible misunder-
standing, this appendix will endeavour to show that while
finite angular displacements in three-dimensional space are
sequence dependent, exact coordinate transformations from
one coordinate axis system to another are possible.

The initial step 1s to demonstrate why finited angular type
displacements are sequence dependent and in order to do so,
reference should be made to figures 7.1 and 7.2 where it is
shown that the final position of a rectangle in an Ox;x,xXz
orthogonal coordinate axes system after two successive
rotations about the Ox, and Ox, axes depends upon the sequence
in which the rotations are performed. (The standard conven-
tion of the right-hand corkscrew rule of angular votation is
followed, that is, rotations viewed in the direction of the
particular axis are positive if the rotatien is clockwise.)
Since rotations of 90° would merely rotate the coordinate
axes into identical systems, it is generally necessary for
coordinate transformation to adopt thr restriction that
angular rotations be less than 90%. . upose that the succ-
essive angular rotations are ¥ and & so that the O0xyx,X,
coordinate axes system is rotated into the Onyngna system and
then into the Oe1epey ax.s systom, where » and 8 are less

«




than 90°.
about the Ox, axis and then about the On;

figure 7.4 the reverse sequence is followed.

In figure 7.3, the rotation sequence is first

axis while in
Such fig-

ures are difficult to draw (and to interpret) in that

in attempting to depict in two dimensions an event which

takes place in three-dimensional space, it is not always

easy to envisage how this occurs.

Nevertheless, it ought

to be apparent that, although the end results are different,

the [inal configuration is always the same if a particular

rotation sequence is ctrictly adhered to.

An alternative approach would be to use the concept of

rotation matrices.

As was shown in Chapter 5, the cooridin-

ates in one axis system rotated from that system into
another axis system are always exnctly related to the

coordinates in the new system,
rotatinn matrices are defined:

L, = rotation matrix relating coordinates
coordinate axes system to the coordinates
axes coordinate system if rotation occurs
axis.

L, = rotation matrix relating coordinates
coordinate axes system to the coord.aates
coordinate axes system 1f rotation occurs
axis,

L, = rotation matrix ra2lating coordinates
coordinate axes system to the coordinates
coordinate axes system 1f rotation occurs
axis.

L4 = rotation matrix relating coordinates
coordinate awues system to the coordinates
cnordinate axes system if rotation occurs
axis,

Suppose that the following

in the Onynang
in the Oxlxzxs
about the Ox2

in the Oejeges
in the
about the Jn,

in the Onynans
in the Oxlxzxg
about the Oxl

in the Oegjeses
in the
about the On»
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- 2157 N ~ .
X3 N
1
,//
Xo
Figure 7.1: Rotation about the Ox) Fipure 7.2: Rotatlon ahout the Ox
followed by rotation about the Ox; axis followed by rotation about -
axis the Ox1 axis
!
O Eg
0 .

-
Nq: [51/9’/) ~ :
/ 0 ) \"13 / \ .Né/ﬁa
X, o @ﬁ,ﬁy»«/ ¥ Es
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APYRY T K y e

Figure 7.3: Rotatlonw ohouk the Ox, axis

followed by rotation nbout the Ony
axis .

M2 Ep
X2
Figure 7.4: Rotation adout the Ox; axis

followed by rocation about the On,
axis
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Supposc that X were the position vector of a given point
in the Oxyx,x; coordinate axes space. If the Oxqx,%4
coordinate axes system were rotated about “the Ox2 axis
into the Onjynyny coordinate axes system, the posicion of E
the point in the space under investigation does not
change but the coordinates in the new coordinate axes |
system would be different from those in tn: original axes i
system. Suppose that this position veccor :s denoted by
ﬁa and let the position vector after the subsequent
rotation €, In the case where the rotations take place i3
about the Ox; axis and then about the On, axis, let the
respective vectors be iy, and £y respectively. Then the
following statements can be made:
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The purpose of the successive rotations is to make it
possible to relate the coordinates in one system of i
coordinate axes with the coordinates in a different
axes system. The different scquence of rotation has 14
rotated the original set of axes into two distinct,

separate coordinate axes systems, so that what has

happened is that the original vector is now specified
in terms cof coordinates measured in thesc separate

coorgigatc axes systems. Nevertheless, since both LoLy
and L,Lg are invariable matrix products under the |
stipulated conditions, it is possible to state, without A
equivocation, that the coordinate transformation from ?
one axes system to the other system is exact providing ¢
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that the sequence of the a.is systems rotations is not
altered. 1In general, rotat.on matrices make it possible

to convert the coordinates of any given point in the body,
determined with respect to a body fixed coordinate axes
system into its corresponding coordinates in the fixed

axes system. The determination of the position vector of
the centre of mass of the wheelpair is more complex in

that the coordinates of the individual vectors in the space
fixed axes system have to be evaluated before obtaining the
final results.

The actual choice of the sequence in which the rotations

are made might appear arbitrar: vut this is, in reality,

not the case since a particular sequence generally facili-
tates the subsequent analysis. The procedure followed is
that recommended by that great mathematician of the 18th
century, Buler (showing that the method has a reputable
ancestry). Figure 7.3 is modelled on the Euler angle
procedure whereas this is not true for figure 7.4. If the
dicone is made to yaw and then to tilt, the position vector
of the centre of mass is obtained relatively easily as shown
in the discussion in chapter 5. If, however, the dicone had
been made first to tilt and then to yaw (that i1s, if the
reverse sequence of rotations had been chosen) and if the
constraint that the running surfaces were to remain in
contact with the rails is observed, the resulting analysis
would have been greatly complicated. The apparent freedom
of choice in the sequence of the rotations is for this reason
illusory.
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APPENDIX A8

VERIFICAT.ON OF THE VALIDITY OF THE ROOTS LISTED

IN APPEND.X A8

Since some questions have been raised as to the validity

of the roots derived from the characteristic equations lis-
ted in Appendix A3, the correctness of these roots have been
tested as follows:

Because the frequency equation, which is of the form
Ayst + Ags3 + Aps? + Ays + Ay = 0,

13 a fourth order equation, the roots of thesc equations
must be derived by an iteration process with some cut-off
point after which the iteration stops. It can then be
expected that when the roots thus calculated, x + iy, are
substituted back into the f{requency equation, the resulting
value of the cquation would not be zero (as required theo-
retically) but that instead, some number AU + 14V would be
obtained. The correctness, or otherwise, of the listed
roots would be judged by the magnitudes of AU and AV. In
addition, if the variations in AU and AV were determined
for some small change in x and y (say 1%), some measure
would be afforded of the effect of the terms neglected
during the iteration process,

The results of such an investigation arce listed in the
attached table. As tbe magnitudes of the coefficients A,

to Ay are rclated to the coefficient of friction, y, and

the spin speed, n, it«is reasonable to expect that AU and

AV would be larger as p and n increcase. Read in conjunction
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with the listed values of AU/ax, AV/Ax, aU/ay and AV/Ay,
the data, as listed, would appcar to confirm the belief
that the roots shown in the thesis have been correctly
derived. It should be noted that for p = 0,40 and

n = 100, there is no higher oscillatory frequency,
instead, there are two real and different roots.
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