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Abstract
In this paper we study a class of split variational inclusion (SVI) and regularized split vari-
ational inclusion (RSVI) problems in real Hilbert spaces. We discuss various analytical
properties of the net generated by the RSVI and establish the existence and uniqueness of the
solution to the RSVI. Using analytical properties of this net and under certain assumptions on
the parameters and mappings associated with the SVI, we establish the strong convergence
of the sequence generated by our proposed iterative algorithm. We also deduce another iter-
ative algorithm by taking the regularization parameters to be zero in our proposed algorithm.
We establish the weak convergence of the sequence generated by our new algorithm under
certain assumptions. Moreover, we discuss two special cases of the SVI, namely the split
convexminimization and the split variational inequality problems, and give several numerical
examples.

Keywords Variational inclusion · Split variational inclusion · Iterative method ·
Regularization · Monotonicity
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1 Introduction

Let H be a real Hilbert space equipped with the inner product and the norm 〈·, ·〉 and
‖ · ‖, respectively. Let A : H → 2H be a set-valued mapping and f : H → H be a

B Soumitra Dey
deysoumitra2012@gmail.com

Chinedu Izuchukwu
chinedu.izuchukwu@wits.ac.za

Adeolu Taiwo
taiwo.adeolu@yahoo.com

Simeon Reich
sreich@technion.ac.il

1 Department of Mathematics, The Technion- Israel Institute of Technology, 3200003 Haifa, Israel

2 Department of Mathematics, University of Haifa, 3498838 Haifa, Israel

3 School of Mathematics, University of the Witwatersrand, Private Bag 3, Johannesburg 2050, South
Africa

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10898-024-01444-7&domain=pdf
http://orcid.org/0000-0001-7334-8460
http://orcid.org/0000-0002-8262-8605
http://orcid.org/0000-0001-5939-935X
http://orcid.org/0000-0003-0780-1559


588 Journal of Global Optimization (2025) 91:587–609

single-valued mapping. Given these data, the variational inclusion (VI) problem is defined
as follows: find a point x∗ ∈ H such that

0 ∈ A (x∗) + f (x∗). (1.1)

Problem (1.1) is quite ubiquitous. It provides a general and convenient framework for a
unified study of the optimal solutions of many optimization problems arising inmathematical
programming and optimal control. It also generalizes many important problems such as min-
imization problems (MP) and variational inequality problems (VIP). In view of its versatility,
problem (1.1) has been well studied by several authors, who have presented many iterative
algorithms for solving it numerically (see, for instance, [1–3] and references therein).

It is well known that when A is maximal monotone, then the VI (1.1) reduces to the
problem of finding a point x∗ ∈ H such that

x∗ = JAλ (I − λ f )x∗, (1.2)

where JAλ = (I +λA )−1 is the resolvent operator of the mappingA with parameter λ > 0.
If f = 0, then the above problem (1.1) reduces to the inclusion problem studied by

Rockafellar [4]. We have already mentioned that the VIP is a special case of problem (1.1).
Indeed, in addition, if A(·) = ∂iC (·), where iC (·) is the indicator function of a nonempty,
closed and convex subset C of H , and ∂iC is the subdifferential of iC (·) (discussed later
in detail), then problem (1.1) reduces to the classical variational inequality problem (VIP)
which has recently been studied, for example, by Thong et al. [5], that is, (1.1) reduces to
the problem of finding a point x∗ ∈ C such that

〈
f (x∗), y − x∗〉 ≥ 0 ∀y ∈ C . (1.3)

The variational inequality problem (VIP) is a useful tool in the optimization community.
It was introduced and studied by Stampacchia [6] (in Euclidean spaces). Thereafter, many
researchers have paid attention to it and have introduced several iterative algorithms for
solving it numerically (see, for instance, [7–12]).

At this point we recall that Censor et al. [13, Section 2] introduced the general split inverse
problem (SIP) in which there are given two vector spaces, X and Y , and a bounded linear
operator A : X → Y . In addition, two inverse problems are involved. The first one, denoted
by IP1, is formulated in the space X , and the second one, denoted by IP2, is formulated in
the space Y . Given these data, the Split Inverse Problem (SIP) is formulated as follows:

Find a point x∗ ∈ X that solves IP1 (1.4)

such that

the point y∗ = Ax∗ ∈ Y solves IP2. (1.5)

The SIP is quite general because it enables one to obtain various split problems by making
different choices of IP1 and IP2. One important example is the split variational inclusion
problem. LetH1 andH2 be two real Hilbert spaces. Let f1 : H1 → H1 and f2 : H2 → H2

be two single-valued mappings. LetB1 : H1 → 2H 1 andB2 : H2 → 2H 2 be two maximal
monotone set-valued mappings and let A : H1 → H2 be a bounded linear operator. With
these data, the split variational inclusion (SVI) problem is defined as follows: find a point
x∗ ∈ H1 such that

{
0 ∈ B1(x∗) + f1(x∗) and

y∗ = Ax∗ ∈ H2 solves 0 ∈ B2(y∗) + f2(y∗).
(1.6)
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The SVI (1.6) was first introduced by Moudafi [14]. Split variational inequality problems
(SVIPs), split fixed point problems (SFPPs), as well as split feasibility problems (SFPs),
can all be seen as special cases of the SVI problem. These can also be seen as well-known
examples of the SIP (see [13, 15–17]). In particular, if we take f1 = f2 = 0, then the above
problem (1.6) reduces to a class of inclusion problems studied by Byrne et al. [18]. They
introduced a CQ-type iterative algorithm (recall that the CQ algorithm is a basic algorithm
for solving the SFP) for solving such problems and established convergence theorems for
it in infinite-dimensional Hilbert spaces. Such problems have recently been also studied by
Hieu et al. [19], who have proposed a proximal-like algorithm for solving it numerically.

Moudafi [14] studied the following iterative algorithm for solving problem (1.6) in the
case where f1 and f2 are inverse strongly monotone: given z1 ∈ H1 and γ > 0, compute

zn+1 = U (I − γ A∗(I − T )A)zn ∀n ∈ N, (1.7)

where γ ∈ (0, 1
L ), L is the spectral radius of A∗A, A∗ is the adjoint of A,U = JB1

λ (I −λ f1),

and T = JB2
λ (I − λ f2). He established the weak convergence of the sequences generated

by the above algorithm under certain assumptions on the parameters involved.
However, generally speaking, in an infinite-dimensional Hilbert space setting, the strong

convergence of iterative algorithms is more desirable than weak convergence. Therefore, it is
natural to ask the following question: Is it possible to devise a simpler iterative algorithm than
the one studied in (1.7) which will generate strongly convergent approximating sequences?
In this paper we give an affirmative answer to this question.

Let � be the solution set of the SVI (1.6). In order to solve the SVI (1.6) and to select a
particular element in�, we focus our attention on solving the following variational inequality:
find a point u ∈ � such that

〈
Fu, x∗ − u

〉 ≥ 0 ∀x∗ ∈ �, (1.8)

where F : H1 → H1 is a single-valued mapping.
Problem (1.8) can be viewed as a bilevel variational inequality problem.
In this paper we study the SVI (1.6) under the following assumptions:

(A1) B1 and B2 are maximal monotone.
(A2) f1 and f2 are τ1 and τ2-inverse strongly monotone (ism), respectively.
(A3) F is γ -strongly monotone and L-Lipschitz continuous.
(A4) The solution set � of the SVI (1.6) is nonempty. That is, the SVI (1.6) is consistent.

Note that � is a subset of the Hilbert space H1. If x∗ ∈ �, then y∗ = Ax∗ satisfies the
second inclusion of (1.6).

Our algorithm is based on the regularization technique, which provides the strong con-
vergence of the approximating sequences generated by the proposed algorithm due to the
special properties of the single-valued mapping F .

This paper is organized as follows. In Sect. 2 we collect some basic definitions and results.
In Sect. 3 we establish several analytical properties of the net generated by the RSVI (3.15). In
Sect. 4 we introduce an algorithm for solving the SVI (1.6) and prove its strong convergence
under certain assumptions on the parameters involved. In Sect. 5 we discuss two special cases,
namely the split convex minimization problem (SCMP) and the split variational inequality
problem (SVIP) as applications of the SVI (1.6). In Sect. 6 we illustrate the efficiency of our
algorithms numerically.
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2 Preliminaries

In this section we collect some basic definitions and results, which we use in order to prove
our main results.

Definition 1 [20] A single-valued mapping f : H → H is said to be:

1. γ -strongly monotone if there exists γ > 0 such that

〈 f (x) − f (y), x − y〉 ≥ γ ‖x − y‖2 ∀x, y ∈ H .

2. η-inverse strongly monotone (η-ism, for short) if there exists η > 0 such that

〈 f (x) − f (y), x − y〉 ≥ η‖ f (x) − f (y)‖2 ∀x, y ∈ H .

3. firmly nonexpansive if

‖(I − f )(x) − (I − f )(y)‖2 + ‖ f (x) − f (y)‖2 ≤ ‖x − y‖2 ∀x, y ∈ H ,

or equivalently,

〈 f (x) − f (y), x − y〉 ≥ ‖ f (x) − f (y)‖2 ∀x, y ∈ H ,

or equivalently, f is 1-ism.
4. α-averaged if there exists α ∈ (0, 1) and a nonexpansive mapping S : H → H such

that

f = (1 − α)I + αS.

Definition 2 [21] A function f : H → R ∪ {+∞} is lower semi-continuous at a point
x∗ ∈ H if for any sequence {xn} ⊂ H with xn → x∗, we have

f (x∗) ≤ lim inf
n→∞ f (xn).

If the function f : H → R ∪ {+∞} is lower semi-continuous at each x∗ ∈ H , then it
is called lower semi-continuous.

Definition 3 [22] Let C be a nonempty convex subset of H . A single-valued mapping f :
C → H is said to be hemicontinuous if for any x, y ∈ C and z ∈ H , the function
t → 〈 f (x + t(y − x)), z〉 from [0, 1] into R is continuous.

Remark 1 Every Lipschitz continuous mapping is hemicontinuous.

The graph of a set-valued mapping A : H → 2H is denoted by gra(A ) and is defined
by gra(A ) := {(x, u) ∈ H × H : u ∈ A (x)} .

Definition 4 [20] Let A : H → 2H be a set-valued mapping. Then A is said to be:

1. monotone if for every x, y ∈ H , we have

〈u − v, x − y〉 ≥ 0 ∀u ∈ A (x), v ∈ A (y).

2. maximal monotone if it is monotone and there does not exist any other monotonemapping
B : H → 2H such that gra(A ) � gra(B).

Lemma 1 [20, Corollary 23.9] IfA : H → 2H is amaximalmonotone set-valuedmapping,
then the resolvent JAλ = (I + λA )−1, where λ > 0 is a constant, of A is a single-valued
and firmly nonexpansive mapping.
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Lemma 2 [23, Remark 3.2] LetA : H → 2H be a maximal monotone set-valued mapping
and let f : H → H be a monotone and Lipschitz continuous single-valued mapping. Then
B = A + f is also maximal monotone.

Lemma 3 [20, Corollary 2.15] For any x, y ∈ H and λ ∈ R, the following identity holds:

‖(1 − λ)x + λy‖2 = (1 − λ)‖x‖2 + λ‖y‖2 − λ(1 − λ)‖x − y‖2.
Although the Lemma stated below is well known, we cannot find a proper reference where

it was proved. Since we have used it in our analysis, we give a proof in this paper for the
convenience of the readers.

Lemma 4 (Young’s inequality) For any x, y ∈ H and any ε > 0, we have

〈x, y〉 ≤ ε

2
‖x‖2 + 1

2ε
‖y‖2.

Proof For all a, b ∈ H , we have

0 ≤ ‖a − b‖2 = ‖a‖2 − 2〈a, b〉 + ‖b‖2,
which implies that

〈a, b〉 ≤ 1

2
‖a‖2 + 1

2
‖b‖2. (2.1)

Substituting a = √
εx and b = y√

ε
into (2.1) for all ε > 0, we obtain

〈x, y〉 ≤ ε

2
‖x‖2 + 1

2ε
‖y‖2.

��
Lemma 5 [24, Lemma 2.1] [25, Lemma 2.2 (iii)]

1. The composition of finitely many averaged mappings is also averaged.
2. If T : H → H is β-ism, then for γ > 0, γ T is (β/γ )-ism.
3. T : H → H is averaged if and only if its complement I −T is β-ism for some β > 1/2.

Indeed, if T is averaged, then there exists α ∈ (0, 1) and a nonexpansive operator S such
that T = (1 − α)I + αS, and so I − T = α(I − S). Also, we know that I − S is 1

2 -ism
since S is nonexpansive. Hence, I − T = α(I − S) is β := 1

2α -ism.
Conversely, let I − T be β-ism for some β > 1

2 . Define S := I − 1
α
(I − T ), then

T = (1−α)I +αS. It follows that I − S = 1
α
(I −T ) is αβ-ism. Setting α := 1

2β ∈ (0, 1)

sinceβ > 1
2 , we get that I−S is 1

2 -ism, hence, S is nonexpansive. Thus, T = (1−α)I+αS
is averaged.

Lemma 6 [26, Lemma 3.3] Let H1 and H2 be two Hilbert spaces, A : H1 → H2 be
a bounded linear operator such that A �= 0, and let T : H2 → H2 be a nonexpansive
mapping. Then A∗(I − T )A is 1

2‖A‖2 -ism, where A∗ is the adjoint of A.

Lemma 7 [27, Proposition 2.7] Let C be a nonempty, closed and convex subset of H . If
F : H → H is an L-Lipschitz continuous andβ-stronglymonotone single-valuedmapping
over C, then the VIP

〈
F (x∗), y − x∗〉 ≥ 0 ∀y ∈ C

has a unique solution x∗ ∈ C.
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Lemma 8 [28, Lemma 1] [29, page 6] Let C be a nonempty, closed and convex subset ofH .
Let F : C → H be a hemicontinuous and monotone single-valued mapping. Then u ∈ C
is a solution of the variational inequality

〈Fu, y − u〉 ≥ 0 ∀y ∈ C

if and only if it is a solution of the problem

〈F y, y − u〉 ≥ 0 ∀y ∈ C .

Lemma 9 [20, Lemma 2.47] Let K be a nonempty, closed and convex subset of a Hilbert
space H . Let {xn} be a sequence in H which enjoys the following two properties:

1. lim
n→∞ ‖xn − x‖ exists for each x ∈ K.

2. Every subsequential weak limit point of {xn} lies in K .

Then {xn} converges weakly to a point in K .

Lemma 10 [30, Lemma 2.6] Let {�n} be a sequence of nonnegative real numbers, {αn} be a
sequence of real numbers in (0, 1) satisfying the condition

∑∞
n=1 αn = +∞, and let {bn} be

a sequence of real numbers. Assume that

�n+1 ≤ (1 − αn)�n + αnbn ∀n ≥ 1.

If lim supk→∞ bnk ≤ 0 for every subsequence
{
�nk

}
of {�n} satisfying

lim inf
k→∞ (�nk+1 − �nk ) ≥ 0,

then limn→∞ �n = 0.

Lemma 11 [31, Corollary 10] [32, Theorem 2.1] Let f : H → R be convex and
differentiable on H . If ∇ f is β-Lipschitz continuous for some β > 0, then ∇ f is 1/β-ism.

3 Properties of an approximating net

In this section we establish several properties of the net {xα} generated by the regularized
split variational inclusion (3.15) (see below).

Note that if f1 : H1 → H1 and f2 : H2 → H2 are τ1-ism and τ2-ism, respectively, then
f1 and f2 are τ̃ -ism, where τ̃ = min{τ1, τ2}.
It is well known that in general problem (1.8) is ill posed. However, it is evident that under

assumptions (A3) and (A4) problem (1.8) becomes well posed. That is, under assumptions
(A3) and (A4), problem (1.8) has a unique solution (by Lemma 7).

Since f2 is τ̃ -ism, we conclude, using Lemma 5, that λ f2 is τ̃ /λ-ism for λ > 0. This
implies that I − λ f2 is averaged for λ ∈ (0, 2τ̃ ). Therefore, for λ ∈ (0, 2τ̃ ), the mapping
T = JB2

λ (I − λ f2) is single-valued and averaged. Hence T is a single-valued nonexpansive
mapping for λ ∈ (0, 2τ̃ ). This implies, by Lemma 6, that S = A∗(I − T )A is 1

2‖A‖2 -ism.
Therefore, S is monotone. Furthermore, by the definition of ism,

1

2‖A‖2 ‖S(x) − S(y)‖2 ≤ 〈S(x) − S(y), x − y〉 ≤ ‖S(x) − S(y)‖‖x − y‖.

This implies that ‖S(x) − S(y)‖ ≤ 2‖A‖2‖x − y‖. Therefore, S is Lipschitz continuous

with Lipschitz constant 2‖A‖2.
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Next, we prove the following result.

Lemma 12 Suppose that Assumptions (A1)–(A4) hold and that λ ∈ (0, 2τ̃ ). Then solving
the SVI (1.6) is equivalent to solving the following inclusion:

Find x̃ ∈ H1 such that

0 ∈ B1(x̃) + f1(x̃) + A∗(I − JB2
λ (I − λ f2))A(x̃). (3.1)

Proof Let x∗ ∈ �. Then we know that

x∗ = JB1
λ (I − λ f1)x

∗ and

Ax∗ = JB2
λ (I − λ f2)A(x∗).

Using these facts, we see that x∗ ∈ H1 solves problem (3.1).
Now let us prove the converse. To this end, let x̃ ∈ H1 solve problem (3.1). This implies

that

− A∗(I − JB2
λ (I − λ f2))A(x̃) ∈ B1(x̃) + f1(x̃). (3.2)

Since � is nonempty by assumption, let x∗ ∈ �. This implies that

− A∗(I − JB2
λ (I − λ f2))A(x∗) ∈ B1(x̃) + f1(x

∗). (3.3)

Since B1 + f1 is monotone,
〈
A∗(I − T )A(x̃) − A∗(I − T )A(x∗), x̃ − x∗〉 ≤ 0, (3.4)

where T = JB2
λ (I − λ f2).

That is,
〈
(I − T )A(x̃) − (I − T )A(x∗), A(x̃) − A(x∗)

〉 ≤ 0. (3.5)

We know that S = A∗(I − T )A is 1
2‖A‖2 -ism. Therefore, using (3.5), we get

1

2‖A‖2 ‖A∗(I − T )A(x̃) − A∗(I − T )A(x∗)‖2 (3.6)

≤ 〈
(I − T )A(x̃) − (I − T )A(x∗), A(x̃) − A(x∗)

〉

≤ 0.

Therefore,

‖A∗(I − T )A(x̃) − A∗(I − T )A(x∗)‖ = 0. (3.7)

That is,

A∗(I − T )A(x̃) = A∗(I − T )A(x∗) = 0 (3.8)

because Ax∗ = T (Ax∗).
This implies that

T (Ax̃) = Ax̃ + w (3.9)

with A∗w = 0. Combining this with the fact that T (Ax∗) = Ax∗, we obtain

‖T (Ax̃) − T (Ax∗)‖2 = ‖Ax̃ − Ax∗‖2 + ‖w‖2. (3.10)
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Since T is nonexpansive, w = 0. This implies that

A(x̃) = T A(x̃). (3.11)

Hence

0 ∈ B2A(x̃) + f2A(x̃). (3.12)

Combining (3.2) and (3.11), we get

0 ∈ B1(x̃) + f1(x̃). (3.13)

Finally, using From (3.12) and (3.13), we now conclude that

x̃ ∈ �, (3.14)

as asserted. ��
In what follows, we consider a Tikhonov-type regularization technique for the class of

split variational inclusions. In particular, for each α > 0, we associate SVI with the following
regularized split variational inclusion problem: find x̃ ∈ H1 such that

0 ∈ B1(x̃) + f1(x̃) + A∗(I − JB2
λ (I − λ f2))A(x̃) + αF (x̃), (3.15)

where α > 0 is the regularization parameter. Our goal is to study the connections between
the solutions to (1.8) and (3.15).

To this end, we first note that it follows from Assumptions (A1)–(A4), Lemma 5 and
Lemma2 that the operatorB1+ f1+S is (maximal)monotone. SinceF is stronglymonotone,
B1 + f1 + S + αF is strongly monotone for each α > 0. Therefore, RSVI (3.15) has a
unique solution for each α > 0. We denote this unique solution by xα .

Now we are in a position to present various analytical properties of the net {xα}.
The following results are obtained under Assumptions (A1)–(A4) for each λ ∈ (0, 2τ̃ ).

Lemma 13 The net {xα}α>0 is bounded.

Proof Let x∗ ∈ �. That is, x∗ ∈ H1 satisfies
{
0 ∈ B1(x∗) + f1(x∗) and

y∗ = Ax∗ ∈ H2 solves 0 ∈ B2(y∗) + f2(y∗).

Using Lemma 12, we get

0 ∈ B1(x
∗) + f1(x

∗) + A∗(I − T )A(x∗). (3.16)

Since xα is a solution to the RSVI (3.15), we have

−αF (xα) ∈ B1(xα) + f1(xα) + A∗(I − T )A(xα). (3.17)

Using the monotonicity of B1 + f1 + A∗(I − T )A, (3.16) and (3.17), we find that
〈
αF (xα), x∗ − xα

〉 ≥ 0,

which is equivalent to
〈
F (xα), x∗ − xα

〉 ≥ 0. (3.18)

Using the assumption that F is γ -strongly monotone and (3.18), we conclude that
〈
F (x∗), x∗ − xα

〉 ≥ γ ‖x∗ − xα‖2. (3.19)
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Combining the Cauchy–Schwarz inequality and (3.19), we obtain

γ ‖x∗ − xα‖2 ≤ ‖F (x∗)‖‖x∗ − xα‖.
This, in its turn, implies that

‖x∗ − xα‖ ≤ ‖F (x∗)‖
γ

. (3.20)

Now, using the triangle inequality and (3.20), we see that

‖xα‖ ≤ ‖x∗ − xα‖ + ‖x∗‖ ≤ ‖F (x∗)‖
γ

+ ‖x∗‖.

Hence the net {xα} is indeed bounded, as asserted. ��

Lemma 14 For any positive α1 and α2, we have

‖xα1 − xα2‖ ≤ |α1 − α2|
α1

M (3.21)

for some positive constant M.

Proof Let xα1 , xα2 ∈ {xα}α>0 be two solutions to the RSVI (3.15). Then we have
{

−α1F (xα1) ∈ B1(xα1) + f1(xα1) + A∗(I − T )A(xα1)

−α2F (xα2) ∈ B1(xα2) + f1(xα2) + A∗(I − T )A(xα2).
(3.22)

Since B1 + f1 + A∗(I − T )A is monotone, it follows from (3.22) that
〈
α2F (xα2) − α1F (xα1), xα1 − xα2

〉 ≥ 0. (3.23)

Since F is γ -strongly monotone, we obtain

(α2 − α1)
〈
F (xα2), xα1 − xα2

〉 ≥ α1
〈
F (xα1) − F (xα2), xα1 − xα2

〉
(3.24)

≥ α1γ ‖xα1 − xα2‖2.
Applying the Cauchy-Schwarz inequality, we get

‖xα1 − xα2‖ ≤ |α1 − α2|
α1

‖F (xα2)‖
γ

. (3.25)

Since F is Lipschitz continuous and the net {xα} is bounded, so is the net {F (xα)}.
Setting M = supα>0

{ ‖F (xα)‖
γ

}
, we now see that

‖xα1 − xα2‖ ≤ |α1 − α2|
α1

M .

��

Lemma 15 (i) ω(xα) ⊂ �, where ω(xα) denotes the set of all weak cluster points of the net
{xα}.

(ii) limα→0+ xα = u, the unique solution of (1.8).
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Proof (i) Let x̃ ∈ ω(xα). Then there exists a subsequence {xαn } of {xα} such that αn → 0+
and xαn⇀x̃ as n → ∞.
Let (y, z) ∈ gra(B1 + f1 + A∗(I − T )A). Then we have

z − f1(y) − A∗(I − T )A(y) ∈ B1(y). (3.26)

On the other hand, using the definition of {xα}, we also have

−αF (xα) − f1(xα) − A∗(I − T )A(xα) ∈ B1(xα). (3.27)

Using the monotonicity of B1, (3.26) and (3.27), we obtain,
〈
z − f1(y) − A∗(I − T )A(y) + αF (xα) + f1(xα) + A∗(I − T )A(xα), y − xα

〉 ≥ 0. (3.28)

Again using the fact that A∗(I − T )A is monotone, as well as (3.28), we now get

〈z − f1(y) + αF (xα) + f1(xα), y − xα〉 ≥ 0.

That is,

〈z + αF (xα), y − xα〉 ≥ 〈 f1(y) − f1(xα), y − xα〉 . (3.29)

Since f1 is inverse strongly monotone, it is monotone. It follows from (3.29) that

〈z + αF (xα), y − xα〉 ≥ 0.

In particular, we have
〈
z + αnF (xαn ), y − xαn

〉 ≥ 0,

which is equivalent to
〈
z, y − xαn

〉 ≥ αn
〈
F (xαn ), xαn − y

〉
. (3.30)

SinceF is Lipschitz continuous and {xαn } is bounded, the real sequence {〈F (xαn ), xαn − y
〉}

is bounded too. Passing to the limit as n → ∞ in (3.30), we obtain

〈z, y − x̃〉 ≥ 0, ∀(y, z) ∈ gra(B1 + f1 + A∗(I − T )A). (3.31)

Since B1 + f1 + A∗(I − T )A is maximal monotone, it follows from (3.31) that

0 ∈ (B1 + f1 + A∗(I − T )A)(x̃). (3.32)

This implies that

− f1(x̃) − A∗(I − T )A(x̃) ∈ B1(x̃). (3.33)

Consider now an arbitrary point x∗ ∈ �. Then we have 0 ∈ B1(x∗) + f1(x∗) + A∗(I −
T )A(x∗) and therefore,

− f1(x
∗) − A∗(I − T )A(x∗) ∈ B1(x

∗). (3.34)

Again using the monotonicity of B1, it follows from (3.33) and (3.34) that
〈
f1(x

∗) + A∗(I − T )A(x∗) − f1(x̃) − A∗(I − T )A(x̃), x̃ − x∗〉 ≥ 0. (3.35)

Using the monotonicity of f1 and (3.35), we obtain
〈
A∗(I − T )A(x∗) − A∗(I − T )A(x̃), x̃ − x∗〉
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≥ 〈
f1(x̃) − f1(x

∗), x̃ − x∗〉 ≥ 0.

That is,
〈
A∗(I − T )A(x̃) − A∗(I − T )A(x∗), x̃ − x∗〉 ≤ 0. (3.36)

Since A∗(I − T )A is 1
2‖A‖2 -ism, we have

1

2‖A‖2 ‖A∗(I − T )A(x̃) − A∗(I − T )A(x∗)‖2 (3.37)

≤ 〈
A∗(I − T )A(x̃) − A∗(I − T )A(x∗), x̃ − x∗〉

≤ 0.

Therefore,

‖A∗(I − T )A(x̃) − A∗(I − T )A(x∗)‖ = 0. (3.38)

That is,

A∗(I − T )A(x̃) = A∗(I − T )A(x∗) = 0. (3.39)

This implies that

T (Ax̃) = Ax̃ + w (3.40)

with A∗w = 0. Combining this with the fact that T (Ax∗) = Ax∗, we obtain

‖T (Ax̃) − T (Ax∗)‖2 = ‖Ax̃ − Ax∗‖2 + ‖w‖2. (3.41)

Since T is nonexpansive, it follows that w = 0. This implies that

A(x̃) = T A(x̃). (3.42)

Hence

0 ∈ B2A(x̃) + f2A(x̃). (3.43)

Combining (3.32) and (3.42), we get

0 ∈ B1(x̃) + f1(x̃). (3.44)

From (3.43) and (3.44), it follows that

x̃ ∈ �. (3.45)

Since x̃ is arbitrary, we conclude that

ω(xα) ⊂ �, (3.46)

as asserted.
(ii) Let x̃ ∈ w(xα). Then there exists a subsequence {xαn } of {xα} such that αn → 0+

and xαn⇀x̃ as n → ∞. We already know that x̃ ∈ �. Using the strong monotonicity of F
and (3.18), we obtain

〈
F (x∗), x∗ − xα

〉 ≥ γ ‖x∗ − xα‖2 ∀x∗ ∈ �. (3.47)

This implies that
〈
F (x∗), x∗ − xα

〉 ≥ 0 ∀x∗ ∈ �. (3.48)
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Setting α = αn and passing to the limit as n → ∞ in (3.48), we get
〈
F (x∗), x∗ − x̃

〉 ≥ 0 ∀x∗ ∈ �. (3.49)

Using Lemma 8, we get
〈
F (x̃), x∗ − x̃

〉 ≥ 0 ∀x∗ ∈ �. (3.50)

Since the VIP (1.8) has a unique solution, we have x̃ = u. Therefore, ω(xα) = {u}, that is,
the whole net {xα} converges weakly to u. Substituting x∗ = u in (3.47), we get

〈F (u), u − xα〉 ≥ γ ‖u − xα‖2. (3.51)

This yields

‖u − xα‖2 ≤ 〈F (u), u − xα〉 /γ. (3.52)

Since {xα} converges weakly to u, passing to the limit α → 0+ in (3.52), we obtain

‖u − xα‖ → 0. (3.53)

That is,

xα → u as α → 0+,

as asserted. ��

4 Our Algorithm

In this section we present an iterative algorithm for solving the RSVI (3.15) and present its
convergence analysis.

Theorem 16 Suppose that Assumptions (A1)–(A4) hold. Let z1 ∈ H1 be arbitrary. Compute

zn+1 = JB1
λn

(zn − λn f1(zn) − λn A
∗(I − JB2

λn
(I − λn f2))A(zn) − λnαnF (zn)), (4.1)

where the parameters satisfy the following conditions:

(B1) αn ∈ (0, 1), lim
n→∞ αn = 0 and

∞∑
n=1

αn = ∞;

(B2) lim
n→∞

|αn+1−αn |
α2
n

= 0;

(B3) 0 < c < λn < 1
ρ
min

{
τ̃ , 1

‖A‖2
}
for each n ∈ N with τ̃ = min{τ1, τ2} and ρ > 2.

Then the sequence {zn} generated by the iterative algorithm (4.1) converges strongly to a
solution u ∈ � of the SVI (1.6), which solves uniquely problem (1.8).

Proof Let xαn be the solution to the RSVI with α replaced by αn and T := A∗(I − JB2
λ (I −

λ f2))A. We have

0 ∈ B1xαn + f1(xαn ) + A∗(I − JB2
λn

(I − λn f2))Axαn + αnF xαn . (4.2)

Using (4.1), we obtain

zn − λn f1(zn) − λnT (zn) − λnαnF (zn) ∈ zn+1 + λnB1(zn+1),
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or equivalently,

zn − zn+1 − λn f1(zn) − λnT (zn) − λnαnF (zn) ∈ λnB1(zn+1). (4.3)

Similarly, using (4.2), we get

−λn f1(xαn ) − λnT (xαn ) − λnαnF (xαn ) ∈ λnB1(xαn ). (4.4)

Since B1 is monotone, combining (4.3) and (4.4), we find that

〈zn− zn+1 − λn f1(zn) − λnT (zn) − λnαnF (zn) + λn f1(xαn )

+λnT (xαn ) + λnαnF (xαn ), zn+1 − xαn 〉 ≥ 0.

This implies that
〈
zn − zn+1, zn+1 − xαn

〉 ≥λn
〈
f1(zn) − f1(xαn ), zn+1 − xαn

〉
(4.5)

+ λn
〈
T (zn) − T (xαn ), zn+1 − xαn

〉

+ λnαn
〈
F (zn) − F (xαn ), zn+1 − xαn

〉
.

Next, we observe that

〈
zn − zn+1, zn+1 − xαn

〉 = 1

2
[‖zn − xαn‖2 − ‖zn − zn+1‖2 − ‖zn+1 − xαn‖2]. (4.6)

Since f1 is τ̃ -ism, we have
〈
f1(zn) − f1(xαn ), zn+1 − xαn

〉 = 〈
f1(zn) − f1(xαn ), zn+1 − zn

〉
(4.7)

+ 〈
f1(zn) − f1(xαn ), zn − xαn

〉

≥ 〈
f1(zn) − f1(xαn ), zn+1 − zn

〉

+ τ̃‖ f1(zn) − f1(xαn )‖2.
Using the fact that T is 1

2‖A‖2 -ism, we get

〈
T (zn) − T (xαn ), zn+1 − xαn

〉 = 〈
T (zn) − T (xαn ), zn+1 − zn

〉
(4.8)

+ 〈
T (zn) − T (xαn ), zn − xαn

〉

≥ 〈
T (zn) − T (xαn ), zn+1 − zn

〉

+ 1

2‖A‖2 ‖T (zn) − T (xαn )‖2.

Since F is γ -strongly monotone, we have
〈
F (zn) − F (xαn ), zn+1 − xαn

〉 = 〈
F (zn) − F (xαn ), zn+1 − zn

〉
(4.9)

+ 〈
F (zn) − F (xαn ), zn − xαn

〉

≥ 〈
F (zn) − F (xαn ), zn+1 − zn

〉 + γ ‖zn − xαn‖2.
Using (4.6)–(4.9) in (4.5), we obtain

1

2
[‖zn − xαn‖2 − ‖zn − zn+1‖2 − ‖zn+1 − xαn‖2] (4.10)

≥λn
〈
f1(zn) − f1(xαn ), zn+1 − zn

〉 + λn τ̃‖ f1(zn) − f1(xαn )‖2

+ λn
〈
T (zn) − T (xαn ), zn+1 − zn

〉 + λn

2‖A‖2 ‖T (zn) − T (xαn )‖2
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+ λnαn
〈
F (zn) − F (xαn ), zn+1 − zn

〉 + γ λnαn‖zn − xαn‖2.
This implies that

‖zn+1 − xαn‖2 ≤‖zn − xαn‖2 − ‖zn − zn+1‖2 (4.11)

− 2λn
〈
f1(zn) − f1(xαn ), zn+1 − zn

〉

− 2λn τ̃‖ f1(zn) − f1(xαn )‖2 − 2λn
〈
T (zn) − T (xαn ), zn+1 − zn

〉

− λn

‖A‖2 ‖T (zn) − T (xαn )‖2

− 2λnαn
〈
F (zn) − F (xαn ), zn+1 − zn

〉

− 2γ λnαn‖zn − xαn‖2.
Using Young’s inequality (Lemma 4) and (4.11), we have

‖zn+1 − xαn‖2 ≤(1 − 2γ λnαn)‖zn − xαn‖2 + λnε1‖ f1(zn) − f1(xαn )‖2

+ λn

ε1
‖zn − zn+1‖2 − 2λn τ̃‖ f1(zn) − f1(xαn )‖2

+ λnε2‖T (zn) − T (xαn )‖2 + λn

ε2
‖zn − zn+1‖2

− λn

‖A‖2 ‖T (zn) − T (xαn )‖2 + λnαn Lε3‖zn − xαn‖2

+ λnαn L

ε3
‖zn − zn+1‖2 − ‖zn − zn+1‖2,

where ε1, ε2, ε3 > 0. That is,

‖zn+1 − xαn‖2 ≤(1 − 2γ λnαn + λnαn Lε3)‖zn − xαn‖2 (4.12)

+ λn(ε1 − 2τ̃ )‖ f1(zn) − f1(xαn )‖2

+ λn

(
ε2 − 1

‖A‖2
)
‖T (zn) − T (xαn )‖2

−
(
1 − λn

ε1
− λn

ε2
− λnαn L

ε3

)
‖zn − zn+1‖2.

Choose ε1 = λnρ = ε2, ε3 = γ /L . Then it follows that there exists N0 ∈ N such that

‖zn+1 − xαn‖2 ≤ (1 − γ λnαn)‖zn − xαn‖2 − 1

2

(
1 − 2

ρ

)
‖zn − zn+1‖2 ∀n ≥ N0.

(4.13)

Set κn = γ λnαn . Then it follows from (4.13) that

‖zn+1 − xαn‖2 ≤ (1 − κn)‖zn − xαn‖2 − 1

2

(
1 − 2

ρ

)
‖zn − zn+1‖2 ∀n ≥ N0. (4.14)

Now, once again using Young’s inequality (Lemma 4) and Lemma 14, we obtain

‖zn+1 − xαn‖2 =‖zn+1 − xαn+1 + xαn+1 − xαn‖2 (4.15)

=‖zn+1 − xαn+1‖2 + 2
〈
zn+1 − xαn+1 , xαn+1 − xαn

〉

+ ‖xαn+1 − xαn‖2
≥‖zn+1 − xαn+1‖2 − ε4‖zn+1 − xαn+1‖2
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− ‖xαn+1 − xαn‖2
ε4

+ ‖xαn+1 − xαn‖2

=(1 − ε4)‖zn+1 − xαn+1‖2 − (1 − ε4)

ε4
‖xαn+1 − xαn‖2

≥(1 − ε4)‖zn+1 − xαn+1‖2 − (1 − ε4)

ε4

(αn+1 − αn)
2

α2
n

M2,

where ε4 > 0. From (4.14) and (4.15) it follows that

(1 − ε4)‖zn+1 − xαn+1‖2 ≤(1 − κn)‖zn − xαn‖2 − 1

2

(
1 − 2

ρ

)
‖zn − zn+1‖2 (4.16)

+ (1 − ε4)

ε4

(αn+1 − αn)
2

α2
n

M2 ∀n ≥ N0.

Choose ε4 = κn
2 and an = ε4

1−ε4
. Then it follows from (4.16) that

‖zn+1 − xαn+1‖2 ≤(1 − an)‖zn − xαn‖2 − 1

2(1 − ε4)

(
1 − 2

ρ

)
‖zn − zn+1‖2 (4.17)

+ 1

ε4

(αn+1 − αn)
2

α2
n

M2 ∀n ≥ N0.

This implies that

‖zn+1 − xαn+1‖2 ≤(1 − an)‖zn − xαn‖2 − 1

2(1 − ε4)

(
1 − 2

ρ

)
‖zn − zn+1‖2 (4.18)

+ an
(1 − ε4)

ε24

(αn+1 − αn)
2

α2
n

M2 ∀n ≥ N0.

Let �n = ‖zn − xαn‖2 and bn = (1−ε4)

ε24

(αn+1−αn)
2

α2
n

M2. Then inequality (4.18) is reduced to

the following form:

�n+1 ≤ (1 − an)�n + anbn ∀n ≥ N0. (4.19)

Since an ∈ (0, 1),
∑∞

n=1 an = +∞ and limn→∞ bn = 0, we can invoke Lemma 10 to
conclude that limn→∞ �n = 0. Thus zn − xαn → 0 as n → ∞. Combining this with Lemma
15 (ii), we find that zn → u as n → ∞, as asserted. This completes the proof. ��

Remark 2 If we put αn = 0 in (4.1) for all n ∈ N, then we obtain the following iterative
scheme: For a given z1 ∈ H , compute

zn+1 = JB1
λn

(zn − λn f1(zn) − λn A
∗(I − T )A(zn)), (4.20)

where T = JB2
λn

(I−λn f2). Note that (4.20) is different from the iterativemethod (1.7) which
was proposed by Moudafi for solving the SVI (1.6). Thus (4.20) provides a novel scheme
for solving the SVI (1.6). Next, we show that the sequence generated by (4.20) converges
weakly to a solution of (1.6) under certain assumptions.

Corollary 17 Under assumptions (A1), (A2), (A4) and (B3), the sequence {zn} generated by
(4.20) converges weakly to a solution of the SVI (1.6).
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Proof Let u ∈ �. Taking αn = 0 for all natural numbers n in the analysis (4.2)–(4.14), we
find that

‖zn+1 − u‖2 ≤ ‖zn − u‖2 − 1

2

(
1 − 2

ρ

)
‖zn − zn+1‖2 (4.21)

≤ ‖zn − u‖2. (4.22)

Thus the sequence {‖zn −u‖} is monotonically decreasing. Therefore {‖zn −u‖} is bounded
and hence {zn} is bounded. Also, the limit of the sequence {‖zn − u‖} exists. Since ρ > 2,
it follows from (4.21) that

lim
n→∞ ‖zn+1 − zn‖ = 0.

Consider a weakly convergent subsequence of the sequence {zn}, say znk⇀x̄ . We claim that
x̄ ∈ �. Indeed, let (x, y) ∈ gra(B1 + f1 + A∗(I − T )A) be arbitrary. Then we have

y − f1x − A∗(I − T )Ax ∈ B1x . (4.23)

It follows from (4.20) that

znk − znk+1 − λnk f1znk − λnk A
∗(I − T )Aznk ∈ λnkB1znk+1. (4.24)

Using (4.23) and (4.24), we infer that

〈 znk − znk+1

λnk
− f1znk − A∗(I − T )Aznk − (y − f1x − A∗(I − T )Ax), znk+1 − x〉 ≥ 0.

(4.25)

Taking the limit as k → ∞ and using (4.25), we find that

〈y, x − x̄〉 ≥ 〈 f1x + A∗(I − T )Ax − f1 x̄ − A∗(I − T )Ax̄, x − x̄〉
≥ 0. (4.26)

SinceB1 + f1 + A∗(I − T )A is maximal monotone, it follows from (4.26) that 0 ∈ (B1 +
f1 + A∗(I − T )A)x̄ and hence x̄ ∈ �, as claimed. Using Lemma 9, we now conclude that
the whole sequence {zn} converges weakly to a point in �, as asserted. This completes the
proof. ��

5 Applications

LetH be a real Hilbert space and f : H → R ∪ {+∞} be a proper lower semi-continuous
convex function. Recall that the subdifferential of f at a point x ∈ H , denoted by ∂ f (x), is
defined by

∂ f (x) = {u ∈ H : f (y) ≥ f (x) + 〈u, y − x〉 ∀y ∈ H }. (5.1)

Let C be a nonempty, closed and convex subset of H . Then the indicator function of C
is defined by

iC (x) :=
{
0, if x ∈ C

∞, otherwise.
(5.2)
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The normal cone to a set C at a point x in C , denoted by NC (x), is defined by

NC (x) :=
{

{u ∈ H : 〈u, y − x〉 ≤ 0 ∀y ∈ C}, if x ∈ C

∅, otherwise.
(5.3)

It is well known that if x ∈ int(C) �= ∅, where int(C) denotes the set of all interior points
of C , then NC (x) = {0}. The resolvent of NC is PC , the metric projection of H onto C ,
defined by the following formula:

PC (x) := argmin
y∈C ‖x − y‖ ∀x ∈ H .

Also, it is evident that ∂iC (x) = NC (x), where x is in H , is a nonempty, closed and
convex subset ofH . Furthermore, ∂iC is a maximal monotone set-valued mapping fromH
to 2H . More details on this topic can be found in [20].

5.1 Split convexminimization problem

LetH1 andH2 be real Hilbert spaces and E : H1 → R ∪ {+∞} and G : H2 → R ∪ {+∞}
be two functions that can be decomposed as sums of two functions, i.e.,

E(x) ≡ e1(x) + e2(x)

and

G(y) ≡ g1(y) + g2(y),

where e1 : H1 → R ∪ {+∞} and g1 : H2 → R ∪ {+∞} are proper lower semi-continuous
convex functions, and e2 : H1 → R and g2 : H2 → R are convex and differentiable
functions. Let A : H1 → H2 be a bounded linear operator. Then the split convexminimization
problem (SCMP) is defined as follows: find x∗ ∈ H1 such that

{
x∗ = argminx∈H 1 E(x) and

y∗ = Ax∗ such that y∗ = argminy∈H 2 G(y).
(5.4)

If we put B1 = ∂e1, B2 = ∂g1, f1 = ∇e2, and f2 = ∇g2, then the SVI (1.6) reduces to
the SCMP (5.4) (see [2, 33]).

Therefore, we deduce the following strong convergence theorem for SCMP (5.4) from
Theorem 16 under some additional assumptions on the parameters and mappings involved.

Assume that the solution set � of the problem (5.4) is nonempty.

Theorem 18 Suppose the above-mentioneddataare given.Assume that the gradients∇e2 and
∇g2 are Lipschitz continuous with constants L1 and L2, respectively. For a given z1 ∈ H1,
compute

zn+1 = J ∂e1
λn

(zn − λn∇e2(zn) − λn A
∗(I − J ∂g1

λn
(I − λn∇g2))A(zn) − λnαnF (zn)),

(5.5)

where the parameters satisfy the following conditions:

(C1) αn ∈ (0, 1), lim
n→∞ αn = 0 and

∞∑
n=1

αn = ∞;

(C2) lim
n→∞

|αn+1−αn |
α2
n

= 0;
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(C3) 0 < c < λn < 1
ρ
min

{
τ̃ , 1

‖A‖2
}
for each n ∈ N, where τ̃ = min{ 1

L1
, 1
L2

} and ρ > 2.

Then the sequence {zn} generated by the iterative algorithm (5.5) converges strongly to a
solution u ∈ � of the problem SCMP (5.4), which uniquely solves the problem

Find u ∈ � such that
〈
F (u), x∗ − u

〉 ≥ 0 ∀x∗ ∈ �.

Similarly, using Remark 2, we deduce the following weak convergence theorem for the
SCMP (5.4) from Corollary 17.

Theorem 19 Let f : H1 → R and g : H2 → R be two convex and differentiable functions.
Let A : H1 → H2 be a bounded linear operator. Assume that the gradients ∇ f and ∇g are
Lipschitz continuous with constants L1 and L2, respectively. For a given z1 ∈ H1, compute

zn+1 = PC (zn − λn∇ f (zn) − λn A
∗(I − PQ(I − λn∇g))A(zn)), (5.6)

where the parameters λn satisfy the following condition:

(D1) 0 < c < λn < 1
ρ
min

{
τ̃ , 1

‖A‖2
}
for each n ∈ N, where τ̃ = min{ 1

L1
, 1
L2

} and ρ > 2.

Then the sequence {zn} generated by the iterative algorithm (5.6) converges weakly to a
solution u ∈ � of the problem SCMP (5.4).

5.2 Split variational inequality problem

Let C and Q be two nonempty, closed and convex subsets of real Hilbert spaces H1 and
H2, respectively. Let f1 : H1 → H1 and f2 : H2 → H2 be two single-valued mappings.
Suppose A : H1 → H2 is a bounded linear operator. Then the split variational inequality
problem (SVIP) [13] is defined as follows: find x∗ ∈ C such that

{
〈 f1(x∗), x − x∗〉 ≥ 0 ∀x ∈ C and

y∗ = Ax∗ ∈ Q solves 〈 f2(y∗), y − y∗〉 ≥ 0 ∀y ∈ Q.
(5.7)

If we take B1 = ∂iC and B2 = ∂iQ , then the SVI (1.6) reduces to the SVIP (5.7).
Therefore, we can deduce the following strong convergence theorem for the SCMP (5.4)

from Theorem 16 under some additional assumptions on the parameters and mappings
involved.

We assume that the solution set � of the SVIP (5.7) is nonempty.

Theorem 20 Let f1 : H1 → H1 and f2 : H2 → H2 be two single-valued mappings and
A : H1 → H2 be a bounded linear operator. Suppose (A2) and (A3) hold. Let z1 ∈ H1 be
arbitrary. Compute

zn+1 = PC (zn − λn f1(zn) − λn A
∗(I − PQ(I − λn f2))A(zn) − λnαnF (zn)), (5.8)

where the parameters satisfy conditions (C1), (C2), and (B3).
Then the sequence {zn} generated by the iterative algorithm (5.8) converges strongly to a

solution u ∈ � of the SVIP (5.7), which uniquely solves the problem

Find u ∈ � such that
〈
F (u), x∗ − u

〉 ≥ 0 ∀x∗ ∈ �.

Similarly, using Remark 2 we deduce the following weak convergence theorem for the
SVIP (5.7) from Corollary 17.
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Table 1 Numerical results (4.1) (4.20) (1.7)

Case Ia CPU time (sec) 0.0036 0.0075 0.0013

No of Iter 16 31 32

Case Ib CPU time (sec) 0.0035 0.0093 0.0016

No. of Iter 16 30 31

Case Ic CPU time (sec) 0.0040 0.0102 0.0013

No of Iter 18 34 35

Case Id CPU time (sec) 0.0034 0.0106 0.0163

No of Iter 16 31 32

Theorem 21 Let f1 : H1 → H1 and f2 : H2 → H2 be two single-valued mappings and
let A : H1 → H2 be a bounded linear operator. Suppose (A2) and (A3) hold. Let z1 ∈ H1

be arbitrary. Compute

zn+1 = PC (zn − λn f1(zn) − λn A
∗(I − PQ(I − λn f2))A(zn)), (5.9)

where the parameters λn satisfy (B3).
Then the sequence {zn} generated by the iterative algorithm (5.9) converges strongly to a

solution u ∈ � of the SVIP (5.7).

6 Numerical experiments

We give two examples to illustrate the performance of our algorithm (4.1) and also compare
it with (4.20) and (1.7). Our computations are performed using Matlab R2022a installed on
a Desktop computer with Windows 8 and Intel(R) Core(TM) i5-3470 CPU @3.20GHZ and
8GB RAM.

Example 1 We consider H1 = H2 = (�2(R), ‖ · ‖), where �2(R) := {x =
(x1, x2, . . . , xi , . . . ), xi ∈ R :

∞∑
i=1

|xi |2 < ∞} with the associated norm ‖x‖ = (
∞∑
i=1

|xi |2) 1
2 ,

∀x ∈ �2(R). For each x ∈ �2(R), we define B1x = 3x , B2x = 7x , f1x = 2x ,
f2x = (x1,

x2
2 , x3

3 , · · · ), F x = 4x , and Ax = (x1, x1,
x2
2 , x3

3 , · · · ). We further choose
αn = 3√

n+3
, λn = n

7n+3 for algorithms (4.1) and (4.20), and λ = 0.1 for (1.7). For this
experiment, we consider the following choices of the initial value z1:

Case Ia: z1 = (16, 4, 1, 1
4 , · · · );

Case Ib: z1 = (9, 3, 1, 1
3 , · · · );

Case Ic: z1 = (100,−10, 1,−0.1, · · · );
Case Id: z1 = (−20, 4,− 4

5 ,
4
25 , · · · ).

The stopping criterion for the computations is Toln ≤ 10−6, where Toln = ‖zn − JB1
λn

(zn −
f1(zn))‖ + ‖Azn − JB2

λn
(Azn − f2(Azn))‖. Note that Toln = 0 means that zn solves the

SVI (1.6). Figure1 and Table 1 give the numerical results we obtained for the four different
choices of the initial values.

Example 2 In this experiment, we intend to illustrate the application in Sect. 5.1 numerically.
Let H1 = H2 = R

3, E : H1 → R and G : H2 → R be defined by E(x) = ‖x‖2 +
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Fig. 1 Top left: Case Ia; Top right: Case Ib; Bottom left: Case Ic; Bottom right: Case Id

(1, 1,−3)·x+2+‖x‖1 andG(x) = ‖x‖2+(1, 1,−5)·x−3+‖x‖1, respectively. Furthermore,
we define A : H1 → H2 by Ax = 2x . Note that in this case x∗ = (0, 0, 1) ∈ � �= ∅. We
define F : H1 → H1 by F x = 2x . We further choose αn = 0.01√

500n+2+2
, λn = n

14n+1 for

algorithms (4.1) and (4.20), and λ = 1/15 for (1.7). For this experiment, we consider the
following choices of the initial value z1:

Case IIa: z1 = (1,−2, 16);
Case IIb: z1 = (15, 9, 0);
Case IIc: z1 = (1, 0, 6);
Case IId: z1 = (11, 1,−3).

The stopping criterion for the computations is Toln ≤ 10−4, where Toln = ‖zn −(0, 0, 1)‖+
‖Azn − (0, 0, 2)‖. Note that Toln = 0 means that zn solves the SCMP (5.4). Figure2 and
Table 2 give the numerical results we obtained for the four different choices of the initial
values.
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Fig. 2 Top left: Case IIa; Top right: Case IIb; Bottom left: Case IIc; Bottom right: Case IId

Table 2 Numerical results

(4.1) (4.20) (1.7)

Case IIa CPU time (sec) 8.7847e−04 8.8167e−04 9.6891e−04

No of Iter 58 71 77

Case IIb CPU time (sec) 0.0011 0.0013 0.0017

No. of Iter 52 65 71

Case IIc CPU time (sec) 0.0012 0.0015 0.0075

No of Iter 52 65 71

Case IId CPU time (sec) 9.8431e−4 9.5435e−04 0.0010

No of Iter 66 78 85
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