Journal of Global Optimization (2025) 91:587-609
https://doi.org/10.1007/510898-024-01444-7

®

Check for
updates

New iterative algorithms for solving split variational
inclusions

1

Soumitra Dey'2(® - Chinedu lzuchukwu3@® - Adeolu Taiwo'@® - Simeon Reich’

Received: 31 July 2023 / Accepted: 20 October 2024 / Published online: 5 November 2024
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2024

Abstract

In this paper we study a class of split variational inclusion (SVI) and regularized split vari-
ational inclusion (RSVI) problems in real Hilbert spaces. We discuss various analytical
properties of the net generated by the RSVI and establish the existence and uniqueness of the
solution to the RSVI. Using analytical properties of this net and under certain assumptions on
the parameters and mappings associated with the SVI, we establish the strong convergence
of the sequence generated by our proposed iterative algorithm. We also deduce another iter-
ative algorithm by taking the regularization parameters to be zero in our proposed algorithm.
We establish the weak convergence of the sequence generated by our new algorithm under
certain assumptions. Moreover, we discuss two special cases of the SVI, namely the split
convex minimization and the split variational inequality problems, and give several numerical
examples.
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1 Introduction

Let ## be a real Hilbert space equipped with the inner product and the norm (-, -) and
Il - |I, respectively. Let o7 : # — 27 be a set-valued mapping and f : J# — ¢ be a
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single-valued mapping. Given these data, the variational inclusion (VI) problem is defined
as follows: find a point x* € . such that

0ecd(x™)+ f(x™). (1.1)

Problem (1.1) is quite ubiquitous. It provides a general and convenient framework for a
unified study of the optimal solutions of many optimization problems arising in mathematical
programming and optimal control. It also generalizes many important problems such as min-
imization problems (MP) and variational inequality problems (VIP). In view of its versatility,
problem (1.1) has been well studied by several authors, who have presented many iterative
algorithms for solving it numerically (see, for instance, [1-3] and references therein).

It is well known that when ./ is maximal monotone, then the VI (1.1) reduces to the
problem of finding a point x* € 5 such that

x* = J7 (I = 1 f)x¥, (1.2)

where Jf/ = (I +147)~! is the resolvent operator of the mapping <7 with parameter A > 0.

If f = 0, then the above problem (1.1) reduces to the inclusion problem studied by
Rockafellar [4]. We have already mentioned that the VIP is a special case of problem (1.1).
Indeed, in addition, if A(-) = dic(-), where ic(-) is the indicator function of a nonempty,
closed and convex subset C of 7#, and di¢ is the subdifferential of ic(-) (discussed later
in detail), then problem (1.1) reduces to the classical variational inequality problem (VIP)
which has recently been studied, for example, by Thong et al. [5], that is, (1.1) reduces to
the problem of finding a point x* € C such that

(fx*,y—x*)>=0 VyeC. (1.3)

The variational inequality problem (VIP) is a useful tool in the optimization community.
It was introduced and studied by Stampacchia [6] (in Euclidean spaces). Thereafter, many
researchers have paid attention to it and have introduced several iterative algorithms for
solving it numerically (see, for instance, [7—12]).

At this point we recall that Censor et al. [13, Section 2] introduced the general split inverse
problem (SIP) in which there are given two vector spaces, X and Y, and a bounded linear
operator A : X — Y. In addition, two inverse problems are involved. The first one, denoted
by IPy, is formulated in the space X, and the second one, denoted by IP,, is formulated in
the space Y. Given these data, the Split Inverse Problem (SIP) is formulated as follows:

Find a point x* € X that solves IP, (1.4)
such that
the point y* = Ax™ € Y solves IP;. (1.5)

The SIP is quite general because it enables one to obtain various split problems by making
different choices of IP; and IP;. One important example is the split variational inclusion
problem. Let 77 and 7% be two real Hilbert spaces. Let f| : 744 — 4 and f> : 766 — 6
be two single-valued mappings. Let 2 : 4 — 2741 and %, : 75 — 27?2 be two maximal
monotone set-valued mappings and let A : J#] — 5% be a bounded linear operator. With
these data, the split variational inclusion (SVI) problem is defined as follows: find a point
x* € 7 such that

0e AB1(x*)+ fi(x*) and

1.6
y* = Ax* € 54 solves 0€ Br(y*) + f(y™). (1.6)

@ Springer



Journal of Global Optimization (2025) 91:587-609 589

The SVI (1.6) was first introduced by Moudafi [14]. Split variational inequality problems
(SVIPs), split fixed point problems (SFPPs), as well as split feasibility problems (SFPs),
can all be seen as special cases of the SVI problem. These can also be seen as well-known
examples of the SIP (see [13, 15-17]). In particular, if we take f; = f» = 0, then the above
problem (1.6) reduces to a class of inclusion problems studied by Byrne et al. [18]. They
introduced a C Q-type iterative algorithm (recall that the C Q algorithm is a basic algorithm
for solving the SFP) for solving such problems and established convergence theorems for
it in infinite-dimensional Hilbert spaces. Such problems have recently been also studied by
Hieu et al. [19], who have proposed a proximal-like algorithm for solving it numerically.

Moudafi [14] studied the following iterative algorithm for solving problem (1.6) in the
case where f] and f> are inverse strongly monotone: given z; € ¢ and y > 0, compute

Zng1 = U —yA*(I = T)A)z, Vn €N, (1.7)

where y € (0, %), L is the spectral radius of A*A, A* is the adjointof A, U = Jfg‘ I—xrf1),
and T = J)Lj 2(I — A f>). He established the weak convergence of the sequences generated
by the above algorithm under certain assumptions on the parameters involved.

However, generally speaking, in an infinite-dimensional Hilbert space setting, the strong
convergence of iterative algorithms is more desirable than weak convergence. Therefore, it is
natural to ask the following question: Is it possible to devise a simpler iterative algorithm than
the one studied in (1.7) which will generate strongly convergent approximating sequences?
In this paper we give an affirmative answer to this question.

Let 2 be the solution set of the SVI (1.6). In order to solve the SVI (1.6) and to select a
particular element in €2, we focus our attention on solving the following variational inequality:
find a point u € 2 such that

(Fu,x* —u)=0 Vx*eQ, (1.8)

where .7 : s — 57 is a single-valued mapping.
Problem (1.8) can be viewed as a bilevel variational inequality problem.
In this paper we study the SVI (1.6) under the following assumptions:

(A1) %, and %, are maximal monotone.

(A2) f1 and f; are t; and 12-inverse strongly monotone (ism), respectively.

(A3) Z is y-strongly monotone and L-Lipschitz continuous.

(A4) The solution set 2 of the SVI (1.6) is nonempty. That is, the SVI (1.6) is consistent.

Note that €2 is a subset of the Hilbert space J#]. If x* € Q, then y* = Ax™ satisfies the
second inclusion of (1.6).

Our algorithm is based on the regularization technique, which provides the strong con-
vergence of the approximating sequences generated by the proposed algorithm due to the
special properties of the single-valued mapping .%.

This paper is organized as follows. In Sect. 2 we collect some basic definitions and results.
In Sect. 3 we establish several analytical properties of the net generated by the RSVI (3.15). In
Sect.4 we introduce an algorithm for solving the SVI (1.6) and prove its strong convergence
under certain assumptions on the parameters involved. In Sect. 5 we discuss two special cases,
namely the split convex minimization problem (SCMP) and the split variational inequality
problem (SVIP) as applications of the SVI (1.6). In Sect. 6 we illustrate the efficiency of our
algorithms numerically.
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2 Preliminaries

In this section we collect some basic definitions and results, which we use in order to prove
our main results.

Definition 1 [20] A single-valued mapping f : J# — S is said to be:
1. y-strongly monotone if there exists y > 0 such that
(fO) = fOx=y) zylx—yI* Vx,ye .
2. n-inverse strongly monotone (n-ism, for short) if there exists n > 0 such that
(f&) = f),x =y =l f(x) = FDI? Vx,y €.
3. firmly nonexpansive if
I =N =T = HOIP 1@ = FOIP < llx =y VYx,y e 2,
or equivalently,
(@) = f)x =y = 1f) = FOI* Vx,y €7,

or equivalently, f is 1-ism.
4. a-averaged if there exists « € (0, 1) and a nonexpansive mapping S : 5 — ¢ such
that

f=(—-a)+aS.

Definition 2 [21] A function f : 2 — R U {400} is lower semi-continuous at a point
x* € A if for any sequence {x,} C s with x, — x*, we have

fO) < liminf £ (x,).

If the function f : 5 — R U {400} is lower semi-continuous at each x* € 7, then it
is called lower semi-continuous.

Definition 3 [22] Let C be a nonempty convex subset of .Z. A single-valued mapping f :
C — J is said to be hemicontinuous if for any x,y € C and z € JZ, the function
t - (f(x +t(y — x)), z) from [0, 1] into R is continuous.

Remark 1 Every Lipschitz continuous mapping is hemicontinuous.

The graph of a set-valued mapping <7 : 5% — 27 is denoted by gra(<#) and is defined
by gra(&) :={(x,u) € # x H# :u € o/ (x)}.

Definition 4 [20] Let 7 : 5% — 27¢ be a set-valued mapping. Then ¢ is said to be:
1. monotone if for every x, y € ¢, we have
(u—v,x—y)>0 Vuedx),ved).

2. maximal monotone if it is monotone and there does not exist any other monotone mapping
B A — 27 such that gra(«) C gra(A).

Lemma 1 [20, Corollary 23.9]1If &/ : #° — 27 isa maximal monotone set-valued mapping,
then the resolvent Jf/ = (I +1a)"", where > > 0 is a constant, of </ is a single-valued
and firmly nonexpansive mapping.
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Lemma2 [23, Remark 3.2] Let o : 5 — 27 be a maximal monotone set-valued mapping
andlet f : € —  be a monotone and Lipschitz continuous single-valued mapping. Then
B = o + f is also maximal monotone.

Lemma 3 [20, Corollary 2.15] For any x,y € ¢ and A € R, the following identity holds:
I = 2)x +ay17 = (1 = W)l + 2y 17 =20 = 2)lx =yl

Although the Lemma stated below is well known, we cannot find a proper reference where
it was proved. Since we have used it in our analysis, we give a proof in this paper for the
convenience of the readers.

Lemma4 (Young’s inequality) For any x,y € 5 and any € > 0, we have
€, | 2
Xy < lxliF + —lyl*
(x, ) 2|| [ e Iyl
Proof Foralla,b € 5, we have

0 < lla — b|I* = llall* — 2{a, b) + ||b|1%,

which implies that

1 1
by < —llall> + =|1b]1%. 2.1
{a )_2||a|| +2|| I 2.0
Substituting @ = /ex and b = ﬁ into (2.1) for all € > 0, we obtain

€ 2 1 2
< - — .
(x,y) < 2IIXII + e Iyl

Lemma5 [24, Lemma 2.1] [25, Lemma 2.2 (iii)]

1. The composition of finitely many averaged mappings is also averaged.

2. If T : A — 5 is B-ism, then fory > 0, yT is (B/y)-ism.

3. T : 0 — A isaveraged if and only if its complement I — T is B-ism for some B > 1/2.

Indeed, if T is averaged, then there exists o € (0, 1) and a nonexpansive operator S such
that T = (1 —a)l +aS,andsol — T = a(l — S). Also, we know that I — S is %-ism
since S is nonexpansive. Hence, I — T = o(I — S) is B := ﬁ-ism.
Conversely, let I — T be B-ism for some B > % Define S =1 — é(l — T), then
T = (1—a)l +aS. Itfollows that  — S = L(I = T) is ap-ism. Setting o := ﬁ €0, 1)
since 8 > %, we getthat [ — S is %—ism, hence, S is nonexpansive. Thus, T = (1—a)I4oS
is averaged.

Lemma 6 [26, Lemma 3.3] Let 4] and 5 be two Hilbert spaces, A : i — 5 be
a bounded linear operator such that A # 0, and let T : 565 — 5% be a nonexpansive
mapping. Then A*(I — T)A is m-ism, where A* is the adjoint of A.

Lemma 7 [27, Proposition 2.7] Let C be a nonempty, closed and convex subset of 7. If
F 1 A — A isan L-Lipschitz continuous and (-strongly monotone single-valued mapping
over C, then the VIP

(ZGa*.,y—x*)=0 VyecC

has a unique solution x* € C.
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Lemma 8 [28, Lemma 1] [29, page 6] Let C be a nonempty, closed and convex subset of .
Let  : C — A be a hemicontinuous and monotone single-valued mapping. Then u € C
is a solution of the variational inequality

(Fu,y—u)y>0 VyeC
if and only if it is a solution of the problem
(Fy,y—u)=0 VyeC.
Lemma9 [20, Lemma 2.47] Let K be a nonempty, closed and convex subset of a Hilbert
space F. Let {x,} be a sequence in 7€ which enjoys the following two properties:
1. lim |x, — x| exists for each x € K.
n—oo
2. Every subsequential weak limit point of {x,} lies in K.
Then {x,} converges weakly to a point in K.
Lemma 10 [30, Lemma 2.6] Let {T',,} be a sequence of nonnegative real numbers, {a,} be a

sequence of real numbers in (0, 1) satisfying the condition Z;ozl o = +00, and let {b,} be
a sequence of real numbers. Assume that

Fhyi = —o)ly +ayby, Vo> 1
Iflim supy_, o, bn, < 0 for every subsequence {Fnk} of {T'} satisfying

liminf(T'y, 41 —Ty) >0,
k— 00

then limy,_, o I';, = 0.

Lemma 11 [31, Corollary 10] [32, Theorem 2.1] Let f : 5 — R be convex and
differentiable on 5. If V f is B-Lipschitz continuous for some > 0, then V f is 1/B-ism.

3 Properties of an approximating net

In this section we establish several properties of the net {x,} generated by the regularized
split variational inclusion (3.15) (see below).

Note thatif f| : 7] — 54 and f, : 3 — 5 are ty-ism and t2-ism, respectively, then
f1 and f; are T-ism, where T = min{zy, 72}

It is well known that in general problem (1.8) is ill posed. However, it is evident that under
assumptions (A3) and (A4) problem (1.8) becomes well posed. That is, under assumptions
(A3) and (A4), problem (1.8) has a unique solution (by Lemma 7).

Since f> is T-ism, we conclude, using Lemma 5, that A f> is T/A-ism for A > 0. This
implies that I — X f> is averaged for A € (0, 27). Therefore, for A € (0, 27), the mapping
T = Ji@z (I — A f2) is single-valued and averaged. Hence T is a single-valued nonexpansive
mapping for A € (0, 27). This implies, by Lemma 6, that S = A*(I — T)A is
Therefore, S is monotone. Furthermore, by the definition of ism,

2||A\|2 -ism.

1
AT ISG) = SWII* < (S(x) = S(¥). x — y) < [Sx) = SWllx = yII.
This implies that ||S(x) — S()|| < 211413 1x — y||. Therefore, S is Lipschitz continuous

with Lipschitz constant 2||A||2.
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Next, we prove the following result.

Lemma 12 Suppose that Assumptions (A1)—(A4) hold and that » € (0, 27). Then solving
the SVI (1.6) is equivalent to solving the following inclusion:
Find x € 74 such that

0e Z1(X)+ f1(¥) + A" — 11%2(1 —A2))AR). (3.1
Proof Let x* € Q. Then we know that
x* = JZN (I = i fi)x* and
Ax* = 122 (1 = A f) Ax™).

Using these facts, we see that x* € J{ solves problem (3.1).
Now let us prove the converse. To this end, let ¥ € .7 solve problem (3.1). This implies
that

— A = 12U = 2 f))AR) € B + f1(D). (3.2)
Since €2 is nonempty by assumption, let x* € Q. This implies that
— A*(I = 121 = 1) AGY) € Bi(E) + fi(x). (3.3)
Since #A; + f1 is monotone,
(A*(I = T)A(®) — A*(I = T)A(x*), ¥ —x*) <0, (3.4)

where T = J,”2(I — 1 f).
That is,

(I -=T)A®) — I = T)AGx™), AX) — A(x™)) < 0. (3.5)

We know that S = A*(I — T)A is Tfl\llz_ism' Therefore, using (3.5), we get

1 * ~ * *y 112
W”A (U =T)Ax)— A" = THAXT)| (3.6)
< (I = DA — (I = THAGXY), AR®) — A™)
<0.

Therefore,
|A*(I — T)A() — A*(I — T)A(x™)|| = 0. 3.7
That is,
A*(I —T)AF) = A*UI —T)AKx™) =0 3.8)

because Ax* = T (Ax™).
This implies that

T(AX) = AXx +w (3.9
with A*w = 0. Combining this with the fact that T (Ax*) = Ax*, we obtain

IT(AZ) — T(AxM)||* = |AF — Ax*|* + [|w]*. (3.10)
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Since T is nonexpansive, w = 0. This implies that

A(X) =TAX). (3.11)
Hence
0 e BrAX) + LA(X). (3.12)
Combining (3.2) and (3.11), we get
0e #1(x)+ fi(x). (3.13)
Finally, using From (3.12) and (3.13), we now conclude that
X e, (3.14)
as asserted. m}

In what follows, we consider a Tikhonov-type regularization technique for the class of
split variational inclusions. In particular, for each ¢ > 0, we associate SVI with the following
regularized split variational inclusion problem: find X € 7 such that

0€ B1(X)+ filR) + A — ;2 = A ) AR) + .F (), (3.15)

where o > 0 is the regularization parameter. Our goal is to study the connections between
the solutions to (1.8) and (3.15).

To this end, we first note that it follows from Assumptions (A1)—-(A4), Lemma 5 and
Lemma 2 that the operator %, + f1+ S is (maximal) monotone. Since .% is strongly monotone,
B + fi + S + a7 is strongly monotone for each > 0. Therefore, RSVI (3.15) has a
unique solution for each @ > 0. We denote this unique solution by x,.

Now we are in a position to present various analytical properties of the net {x }.

The following results are obtained under Assumptions (A1)—(A4) for each 1 € (0, 27).

Lemma 13 The net {x4}o>0 is bounded.
Proof Let x* € Q. That is, x* € 4 satisfies

0e€ Z1(x*)+ fi(x*) and
Y= Ax* € 75 solves 0e %(*) + f2(%).

Using Lemma 12, we get
0€ B1(x") + filx®) + A*(I — T)A(X™). (3.16)
Since x, is a solution to the RSVI (3.15), we have
—a 7 (xg) € B1(xa) + fi(xe) + A*(I = T)A(xq). (3.17)
Using the monotonicity of 1 + f1 + A*(I — T)A, (3.16) and (3.17), we find that
(0F (xa), x* — x4) = 0,
which is equivalent to
(Z (xa), x* = x4) = 0. (3.18)
Using the assumption that .% is y-strongly monotone and (3.18), we conclude that

(FO*), x* = x0) = yIx* — xal* (3.19)
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Combining the Cauchy—Schwarz inequality and (3.19), we obtain
ylx* = xol® < [ Z X" = xoll.

This, in its turn, implies that

y *
I — g < 12O (3.20)
v
Now, using the triangle inequality and (3.20), we see that
[EZC®ll
xall < l1x* = xell + [Ix7*[| < — + X"l
Hence the net {x,} is indeed bounded, as asserted. m]
Lemma 14 For any positive a1 and o, we have
lorg — a2
[Xe) = X Il £ ————M (3.21)
ol
for some positive constant M.
Proof Let xq,, Xo, € {Xa}a=0 be two solutions to the RSVI (3.15). Then we have
—o1.7 (xq;) € B1(xa)) + [1(xe) + AL = T)A(xe)) (3.22)
—2.F (Xa,) € B1(Xay) + [1(Xay) + AT — T)A(xq,)-
Since % + f1 + A*(I — T)A is monotone, it follows from (3.22) that
(2.7 (xa,) — 01 F (Xa))s Xary — Xy} = 0. (3.23)
Since .# is y-strongly monotone, we obtain
(a2 — a1) (F (Xay)s Xay — Xay) = @1 (F (Xay) — F (X)), Xary — Xay) (3.24)
> a1y llxe; — %ol
Applying the Cauchy-Schwarz inequality, we get
lar — ool 17 (xa)l
1%e = X Il < =, (3.25)
o y
Since .# is Lipschitz continuous and the net {x,} is bounded, so is the net {.# (x)}.
Setting M = sup,.q {W], we now see that
o — o
Xa) = Xap | £ ——— M.
aq
[m}

Lemma 15 (i) w(xy) C 2, where w(xy) denotes the set of all weak cluster points of the net
{xa}.

(ii) limy_, o+ x4 = u, the unique solution of (1.8).
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Proof (i) Let X € w(x,). Then there exists a subsequence {x,,} of {xs} such that o, — ot
and xq, —X asn — oo.
Let (v, z) € gra(%, + fi1 + A*(I — T)A). Then we have

2= fi(y) = A*(I = T)A(y) € %1(y). (3.26)

On the other hand, using the definition of {x,}, we also have
—a.F (x¢) — f1(xeg) = A*(I = T)A(xo) € HB1(xa). (3.27)

Using the monotonicity of %, (3.26) and (3.27), we obtain,

(e = 1) =AU = TAQY) + aF (xa) + fi(xa) + A*(I = T)A(xa), ¥y — Xa) = 0. (3.28)

Again using the fact that A*(I — T') A is monotone, as well as (3.28), we now get
(z— i) +aF(xa) + [1(Xa), ¥y — Xa) = 0.

That is,

(z+aF(xa),y —xa) = (/1Y) = f1(xa), y — Xa) . (3.29)
Since f is inverse strongly monotone, it is monotone. It follows from (3.29) that

(z+aF(xa), y — Xa) 2 0.
In particular, we have
(z + anF (x0,). y — Xa,) = 0,
which is equivalent to
(2. = Xa,) = 00 (Z (x0,). Xa, — ). (3.30)

Since .# is Lipschitz continuous and {x,,, } is bounded, the real sequence {<§ (Xq,)s X, — y)}
is bounded too. Passing to the limit as n — oo in (3.30), we obtain

(z,y = %) 20, Y(y,2) € gra(%i + fi + A*(I — T)A). (3.31)
Since %1 + f1 + A*(I — T)A is maximal monotone, it follows from (3.31) that
0e (B + fi+ AU —-T)A) (). (3.32)
This implies that
—f1X) — A*(I — T)AX) € B1(X). (3.33)

Consider now an arbitrary point x* € Q. Then we have 0 € % (x*) + fi(x™) + A*(I —
T)A(x*) and therefore,

—f1(x™) — A*(I = T)A(x*) € 1 (x"). (3.34)
Again using the monotonicity of 4, it follows from (3.33) and (3.34) that

(AGEH+ AT - TAG™) — f1(X) — A — T)A®F), X —x*) = 0. (3.35)

Using the monotonicity of f; and (3.35), we obtain
(A*(I = T)A(x™) — A*(I = T)A(X), % — x7)
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> (AI®) = AT, X —x*) = 0.
That is,
(A" = T)AG® = A*(I = DAG). 5 —x") < 0. (336)

Since A*(I — T)A is Ti”z—ism, we have

mllA*U —TAG) — A*(I = THACH|I? (3.37)
< (A*(I —TARX) — A*(I = T)A(x™), X — x¥)
<0.
Therefore,
IA*(I — TYA(X) — A*(I — T)A(x")|| = 0. (3.38)
That is,
A*(I — T)AR) = A*(I — T)A(x*) =0. (3.39)
This implies that
T(AX) = AT +w (3.40)

with A*w = 0. Combining this with the fact that T (Ax™) = Ax*, we obtain
IT(AZ) — T(AxM)|*> = | A% — Ax*|> + ||w]>. (3.41)

Since T is nonexpansive, it follows that w = 0. This implies that

A(F) = TA®). (3.42)
Hence
0 € BrARF) + HLAR). (3.43)
Combining (3.32) and (3.42), we get
0 € % () + fi®). (3.44)

From (3.43) and (3.44), it follows that
Xeq. (3.45)
Since X is arbitrary, we conclude that

w(xy) C 2, (3.46)

as asserted.

(ii) Let X € w(xy). Then there exists a subsequence {x,,} of {x4} such that ;;, — ot
and x, —X as n — oo. We already know that X € €. Using the strong monotonicity of .#
and (3.18), we obtain

(Z (%), x* = xo) 2 yllx* — x> Vx* e Q. (3.47)
This implies that
(F(x*),x* —x4) =0 Vx*eQ. (3.48)
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Setting @ = «,, and passing to the limit as n — oo in (3.48), we get

(Z(H,x*—%)=0 Vx*eQ. (3.49)
Using Lemma 8, we get

(Z@),x"—5)=0 Vx*eQ. (3.50)

Since the VIP (1.8) has a unique solution, we have X = u. Therefore, w (x4) = {u}, that is,
the whole net {x,} converges weakly to u. Substituting x* = u in (3.47), we get

(F ), u—xa) = yllu = xall. 3.51)
This yields
e = xa|* < (F @) u = xa) /7. (3.52)
Since {x4} converges weakly to u, passing to the limit @ — 0% in (3.52), we obtain
llu — xell — 0. (3.53)
That is,
Xy > uasa — 0,

as asserted. ]

4 Our Algorithm

In this section we present an iterative algorithm for solving the RSVI (3.15) and present its
convergence analysis.

Theorem 16 Suppose that Assumptions (A1)—(A4) hold. Let 71 € A be arbitrary. Compute
it = 50 @ = f1@n) = M AU = L2 = dn f2))AGn) = dnon F (2)), (A1)

where the parameters satisfy the following conditions:

oo
(Bl) a, € (0, 1), lim o, =0and Y a, = 00;
n—0o0 n=1
(B2) lim il —
n—00 oy
(B3) 0<c< Xy < %min[f, W}foreachn € N with T = min{t|, 1o} and p > 2.

Then the sequence {z,} generated by the iterative algorithm (4.1) converges strongly to a
solution u € Q of the SVI (1.6), which solves uniquely problem (1.8).

Proof Let xq, be the solution to the RSVI with « replaced by o, and T := A*(1 — Jfg 2(I -
Af2))A. We have

0 € Bixg, + f1(xa,) + A* — sz(l — M f2))Axg, + 0nFxq,. 4.2)
Using (4.1), we obtain

Zn = M J1@0) — M T (20) — 2n0nF (20) € Zut1 + AnPB1(Znt1),
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or equivalently,
Zn — Zn+1 — A f1(@n) — AT (20) — Aty F 7 (2n) € AP (Zn+1)- (4.3)
Similarly, using (4.2), we get
—An f1 (-xl)tn) — An T(x(x,,) - )Lnany(xa,,) € MA (xot,,)' 4.4)
Since % is monotone, combining (4.3) and (4.4), we find that
(Zn— zng1 — A f1(z0) — AT (24) — Aoty F (2n) + A fi (xa,,)
+An T(xotn) + )‘-nany(xan)s in+1 — xa,,) > 0.
This implies that
(Zn — Zn+1s Zn+1 — xan> >hn <f1 (@n) = f1(Xa,)s Znt1 — xoz,,) 4.5)
+ hn (T (20) = T (%) Znt1 — Xay,)
+ Anay (y(Zn) - vgj(xotn), in+1 — xa,,) .
Next, we observe that
_ _ _ l _ 2 _ 2 _ 2
(en = znt1s 2wt = Xay) = S1Z0 = Xa I” = 120 = 201 I° = 201 = %, 171 (46)
Since f] is 7-ism, we have
(f1@n) = [1(ay)s Znt1 — Xay) =(f1(20) — f1(Xa,): Zns1 — 2n) (4.7)
+ (f] (zn) — S (xa,,), in — xa,,)
> <fl (zn) — f1 (xa,,)a n+1 — Zn)
+ 71 fi(zn) = fixa) I
Using the fact that 7 is 2I\AII2 -ism, we get
<T(Zn) - T()Can), in+1 — xan> =<T(Zn) - T(xa,,)v in+1 — Zn) (48)
+ (T(Zn) - T(xa,,)a in — xot,,>
Z<T(Zn) — T (Xa,)s Zns1 — Zn)
1 2
T T .
+ 2||A||2 T (z) — (xa,,)”
Since .# is y-strongly monotone, we have
(Q(Zn) = T (Xq,)s Tnt1 — xan) :(ﬁ(zn) — F(Xa,)s Znt1 — Zn> 4.9)
+ (y(zn) - y(xtxn)r in — xot,,>
= (g(zn) - gz(xan)v n+1 — Zn> +vlzn — Xoy ”2
Using (4.6)—(4.9) in (4.5), we obtain
S Ulen = e, I = Nzn = 2ust 12 = lznst = %, 7] (4.10)

> (f1@n) = F1(Xay)s Zns1 = Zn) + AT f1(zn) — fi ()

An (T(Zn) — T (xa,)s Zn+1 — Z”) 2||A]

An
AL 1T () = T (x>
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+ Anay (ﬁ(zn) - f(xa,,)v in+1 — Zn> + Y Ao llzn — Xoy, ”2
This implies that
Izn41 — X I <llzn — Xap I> = 20 — znt1 I
—2A, <fl (zn) — N1 (xa,,)a in+1 — Zn)
— 20 TN f1 @) = Fra)I? = 220 (T(20) = T (Xa), Znt1 — Zn)

An

E
— 2hp0 <9(Zn) - y(xa,,)a Zn+1 — Zn>

2
- 2y)‘nan lzn — Xay, 1=

4.11)

IT (z0) — T (xe) I

Using Young’s inequality (Lemma 4) and (4.11), we have
lzn1 = %, 17 <1 = 2y An@)llzn = Xa, I? + At |l f1(zn) = fi (¥, I

An 2 ~ 2
+ ;”Zn = Zn1 17 = 22471 f1(z0) — f1(xe,) ]l

2, M 2
+hellT (zp) — T (x0,) 17 + g”zn — Zn+1|l

)\n 2 2
- ||A||2 1T (zn) — T(xot,,)” + ApayLeslz, — Xay, I
Ao, L
+ T an = znt P = Nz — 2ntt 12
where €1, €7, €3 > 0. That is,
IZn+1 = X II* <(1 = 2y Apety + AnatnLes)[1zn — Xa, |1 (4.12)

+ An(er = 29 f1(zn) — fi(xa)?

1 2
+n(€ = 3 )IT @) = T

A A Anoy L
— (1=, —
€ €3

Choose €] = A, p = €2, €3 = y /L. Then it follows that there exists Ng € N such that

1
2 2
lzn+1 — Xo, I“ < —=yian)lzn — Xay [

2 2
(1= 2)1z0 = zusa - Vn = No.
2 P
(4.13)
Set k, = Yy not,. Then it follows from (4.13) that

2 2 1
lznsr1 — X, I© < (1 = k) llzn — X, |17 —

2
(1= 2)lz =zl ¥n=No. (4.14)
2 2
Now, once again using Young’s inequality (Lemma 4) and Lemma 14, we obtain
Nzn1 = Xa 1> =Nznt1 = ey + Xy = o I’ 4.15)
=lzn+1 — Xapy, ||2 + 2(Zn+1 — Xapp Xy T xan>
I”?

+ ||xan+] - xan

2 2
>||Zn41 — Koy I — €eallzns1 — KXoy I
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2
[ %, 1 X, { 2
- H . + ||x06n+1 — Xay, I

€4
(I —eq)
€4

2 2
=1 — €)llzn+1 — Xapyy 17 — X1 — Yo,

(1 — €4) (@tns1 — tn)?

2 MZ’
€4 oy

>(1 = e)llznt1 = Xapp I” —
where €4 > 0. From (4.14) and (4.15) it follows that

1 2
(1= e)llznst = a2 <1 = sn)llzn = o 12 = 5 (1= ;)uzn —anl? @16)

2
1— _ 2
+ ( €4) (opy1 . ay) M2 Wn > No.
€4 oy
Choose €4 = "7" and a, = li—““ Then it follows from (4.16) that
2wt = Tt I <0 = @)z =5, P = 5 (1= Yz = 2l @17)
n oy = n n oy n n .
+ 20—\ p
1 _ 2
b T s N,
€4 oy
This implies that
st = Tyt I <0 = a)lzn =3, 2 = 5 (1= D)y = 2l 418)
n a, = n n oy n n .
+ 20—\ p
1— _ 2
+an( 264) (@n+1 . ap) M2 Vn > No.
€; o

2
Let Ty = |2y — X, ||> and b, = “:%“W){%MMZ. Then inequality (4.18) is reduced to
r

n

the following form:
Cht1 < (A —a)ly +anby,  Yn = No. 4.19)

Since a, € (0, 1), Zg’;l a, = +oo and lim,_ » b, = 0, we can invoke Lemma 10 to
conclude that lim,, .o I'; = 0. Thus z,, —x,, — 0 asn — oo. Combining this with Lemma
15 (ii), we find that z, — u as n — o0, as asserted. This completes the proof. O

Remark 2 1f we put o, = 0 in (4.1) for all n € N, then we obtain the following iterative
scheme: For a given z; € 5, compute

in+l = ffl (zn — An f1(zn) — M A*(I —T)A(zn)), (4.20)

where T = J f 2(I — Xy, f>). Note that (4.20) is different from the iterative method (1.7) which
was proposed by Moudafi for solving the SVI (1.6). Thus (4.20) provides a novel scheme
for solving the SVI (1.6). Next, we show that the sequence generated by (4.20) converges
weakly to a solution of (1.6) under certain assumptions.

Corollary 17 Under assumptions (Al), (A2), (A4) and (B3), the sequence {z,} generated by
(4.20) converges weakly to a solution of the SVI (1.6).
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Proof Let u € Q. Taking «, = 0 for all natural numbers 7 in the analysis (4.2)—(4.14), we
find that

1 2

et = ull? < llz = ull? = 5 (1= = )lzn = 201 I (421)
2 o

< llan —ul®. (4.22)

Thus the sequence {||z, — u||} is monotonically decreasing. Therefore {|z, — u||} is bounded
and hence {z,,} is bounded. Also, the limit of the sequence {||z,, — u||} exists. Since p > 2,
it follows from (4.21) that

lim ||zp41 — zall = 0.
n—00

Consider a weakly convergent subsequence of the sequence {z,}, say z,, —x. We claim that
X € Q. Indeed, let (x, y) € gra(%; + f1 + A*(I — T)A) be arbitrary. Then we have

y— fix — A*(I — T)Ax € Bix. (4.23)
It follows from (4.20) that
Zng — Zng+1 — )\nk flznk - )LnkA*(] - T)Aan € )\nkﬂlznk-i—b (4.24)

Using (4.23) and (4.24), we infer that

<% — fizm — A*(I = T)Azy, — (y — fix — A*(I — T)AX), Zny 41 — x) = 0.
k (4.25)
Taking the limit as k — oo and using (4.25), we find that
(y,x —x) > {fix + A*(I = T)Ax — fix — A*(I — T)AX,x — X)
> 0. (4.26)

Since %1 + fi1 + A*(I — T)A is maximal monotone, it follows from (4.26) that 0 € (%) +
fi+ A*(I — T)A)x and hence x € €, as claimed. Using Lemma 9, we now conclude that
the whole sequence {z,} converges weakly to a point in €2, as asserted. This completes the
proof. O

5 Applications

Let 7 be a real Hilbert space and f : 7Z — R U {400} be a proper lower semi-continuous
convex function. Recall that the subdifferential of f ata point x € ¢, denoted by 0 f (x), is
defined by

dfx)={ueH: f(y)=z fx)+{u,y—x) Vyed} (G.D

Let C be a nonempty, closed and convex subset of .7. Then the indicator function of C
is defined by

0, ifxecC
iclx):= 5.2
c(®) oo, otherwise. (5:2)
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The normal cone to a set C at a point x in C, denoted by .4¢ (x), is defined by

o (u,y—x) <0 V cy, if C
() = {u e (u,y—x) < y e C} 1xe. (5.3)
@, otherwise.

It is well known that if x € int(C) # @, where int(C) denotes the set of all interior points
of C, then A¢(x) = {0}. The resolvent of 4¢ is Pc, the metric projection of # onto C,
defined by the following formula:

Pc(x) ;= argmin ||x — y|| Vx e 7.
yeC

Also, it is evident that dic(x) = A¢(x), where x is in 5, is a nonempty, closed and
convex subset of 7. Furthermore, dic is a maximal monotone set-valued mapping from ¢
to 277 . More details on this topic can be found in [20].

5.1 Split convex minimization problem

Let .4 and .74 be real Hilbert spaces and E : 5] — RU{+o0}and G : 5% — RU {400}
be two functions that can be decomposed as sums of two functions, i.e.,

E(x) =e1(x) + ea(x)
and

G(y) = g1(y) + 82(y),

where e; : 544 — R U {400} and g1 : 5/ — R U {+o00} are proper lower semi-continuous
convex functions, and e; : s/ — R and gy : % — R are convex and differentiable
functions. Let A : /4 — 7% be abounded linear operator. Then the split convex minimization
problem (SCMP) is defined as follows: find x* € 4 such that

{x* = argmin, ¢ E(x) and (5.4)

y* = Ax* such that y* = argminyc», G(3).

If we put & = dey, > = dg1, f1 = Ver, and f, = Vg, then the SVI (1.6) reduces to
the SCMP (5.4) (see [2, 33]).

Therefore, we deduce the following strong convergence theorem for SCMP (5.4) from
Theorem 16 under some additional assumptions on the parameters and mappings involved.

Assume that the solution set 2 of the problem (5.4) is nonempty.

Theorem 18 Suppose the above-mentioned data are given. Assume that the gradients Ve, and
V g> are Lipschitz continuous with constants L1 and La, respectively. For a given z1 € 54,
compute

G 9
in+1 = J)?:I(Zn — A Ver(zn) — A AT — -,)\fl(l — M VENAzn) — AnanF (zn)),
5.5)

where the parameters satisfy the following conditions:
oo
(C]) Oy € (0, 1), lim oy = Oand Z o, = 00;
n—00

n=1
(C2) lim 1 —an| _ 0:
n—00 %21 ’
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(C3) 0<c< Ay < %min{f, W}foreachn e N, where T = min{Lil, L%} and p > 2.

Then the sequence {z,} generated by the iterative algorithm (5.5) converges strongly to a
solution u € Q of the problem SCMP (5.4), which uniquely solves the problem

Find u € Q such that (55(14), x*— u) >0 Vx*eQ.

Similarly, using Remark 2, we deduce the following weak convergence theorem for the
SCMP (5.4) from Corollary 17.

Theorem 19 Let f : 74 — Rand g : 5% — R be two convex and differentiable functions.
Let A : 54 — 5% be a bounded linear operator. Assume that the gradients V f and V g are
Lipschitz continuous with constants L1 and Lo, respectively. For a given 71 € 51, compute

Znt1 = Pc(zn = AV f(zn) = A" — Po(I — 2y V8) A(zn)), (5.6)
where the parameters Ay satisfy the following condition:
(DI) 0 <c< Xy < %min{f, W}foreachn e N, where T = min{Lil, L%} and p > 2.

Then the sequence {z,} generated by the iterative algorithm (5.6) converges weakly to a
solution u € Q of the problem SCMP (5.4).

5.2 Split variational inequality problem

Let C and Q be two nonempty, closed and convex subsets of real Hilbert spaces .7 and
05, respectively. Let f1 : 54 — 54 and f> : 565 — % be two single-valued mappings.
Suppose A : ] — % is a bounded linear operator. Then the split variational inequality
problem (SVIP) [13] is defined as follows: find x* € C such that

{(fl x*),x —x*y>0 Vx e Cand 5.7)

y* = Ax* € Qsolves (f2(y*),y —y*) >0 Vye Q.
If we take %) = dic and %, = di, then the SVI (1.6) reduces to the SVIP (5.7).
Therefore, we can deduce the following strong convergence theorem for the SCMP (5.4)
from Theorem 16 under some additional assumptions on the parameters and mappings

involved.
We assume that the solution set 2 of the SVIP (5.7) is nonempty.

Theorem 20 Let f| : 54 — 4 and f> : 76 — 75 be two single-valued mappings and
A 1 J4 — 5 be a bounded linear operator. Suppose (A2) and (A3) hold. Let 71 € 7 be
arbitrary. Compute

Zn1 = Po(zn — M f1(zn) = AL — Po( — Ay f2))A(zn) — hnanF (zn)),  (5.8)

where the parameters satisfy conditions (C1), (C2), and (B3).
Then the sequence {z,} generated by the iterative algorithm (5.8) converges strongly to a
solution u € Q of the SVIP (5.7), which uniquely solves the problem

Find u € Q such that (ﬁ(u), x*— u) >0 Vx*eQ.

Similarly, using Remark 2 we deduce the following weak convergence theorem for the
SVIP (5.7) from Corollary 17.
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Table 1 Numerical results @.1) (4.20) (1.7)

Case Ia CPU time (sec) 0.0036 0.0075 0.0013
No of Iter 16 31 32

Case Ib CPU time (sec) 0.0035 0.0093 0.0016
No. of Iter 16 30 31

Case Ic CPU time (sec) 0.0040 0.0102 0.0013
No of Iter 18 34 35

Case Id CPU time (sec) 0.0034 0.0106 0.0163
No of Iter 16 31 32

Theorem 21 Let f| : 74 — A and f> . 76 — 76 be two single-valued mappings and
let A : 74 — I be a bounded linear operator. Suppose (A2) and (A3) hold. Let 71 € 4
be arbitrary. Compute

Zn1 = Pc(zn — M f1(zn) — AL — Po(I — A 2) A(zn)), (5.9)

where the parameters Ay satisfy (B3).
Then the sequence {z,} generated by the iterative algorithm (5.9) converges strongly to a
solution u € Q2 of the SVIP (5.7).

6 Numerical experiments

We give two examples to illustrate the performance of our algorithm (4.1) and also compare
it with (4.20) and (1.7). Our computations are performed using Matlab R2022a installed on
a Desktop computer with Windows 8 and Intel(R) Core(TM) i5-3470 CPU @3.20GHZ and
8GB RAM.

Example1 We consider /4 = 4 = ([@),] - |), where £,(R) :: {x =

1
(x1,x2, ..., ), xi €R: Z |xi|* < oo} with the associated norm ||x|| = (Z lxi1®)2,

Vx € ¢p(R). For each x € ZQ(R) we define 1x = 3x, $rx = Tx, f1x = 2x,

fox = (x1, 3,3, ) Fx = 4x, and Ax = (x1,x1, 3, 3, --). We further choose
n = ﬁ, A = 7n+3 for algorithms (4.1) and (4.20), and A = 0.1 for (1.7). For this

experiment, we consider the following choices of the initial value z;:

Case la: 71 = (16,4, 1, 4,~-~);

Case Ib: z; = (9,3,1,%,---);

Case Ic: z; = (100, —10, 1, —=0.1, - - -);

Caseld: z1 = (— 20,4,—%,%, ).

The stopping criterion for the computations is Tol,, < 10~°, where Tol,, = llzn — Jf? "(zn

fi@a)l + 1Az, — sz (Azp — f2(Azy))|l. Note that Tol, = 0 means that z,, solves the
SVI (1.6). Figure 1 and Table 1 give the numerical results we obtained for the four different
choices of the initial values.

Example 2 In this experiment, we intend to illustrate the application in Sect. 5.1 numerically.
Let #4 = % =R3 E: 4 — Rand G : # — R be defined by E(x) = |x|? +
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[Fo—Atga1 |
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Iteration number (1) Tieration number (n)

Fig. 1 Top left: Case Ia; Top right: Case Ib; Bottom left: Case Ic; Bottom right: Case Id

(1, 1, =3)-x4+2+|x|1 and G (x) = ||x||>+(1, 1, —5)-x—3+]|x||1, respectively. Furthermore,
we define A : 74 — 5% by Ax = 2x. Note that in this case x* = (0,0, 1) € Q # . We
define . : 51 — 4 by Fx = 2x. We further choose «, = sogﬂzﬂ’ A = 14;‘“ for
algorithms (4.1) and (4.20), and A = 1/15 for (1.7). For this experiment, we consider the

following choices of the initial value z;:

Case Illa: 71 = (1, -2, 16);
Case Ilb: z1 = (15,9, 0);
Case llc: z1 = (1,0, 6);
Case Ild: 71 = (11, 1, =3).

The stopping criterion for the computations is Tol,, < 10=*, where Tol,, = ||z, — (0,0, 1)|| +
|Az, — (0,0, 2)||. Note that Tol, = 0 means that z,, solves the SCMP (5.4). Figure?2 and
Table 2 give the numerical results we obtained for the four different choices of the initial
values.
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Tteration number (n) teration number (n)

Fig.2 Top left: Case Ila; Top right: Case IIb; Bottom left: Case IIc; Bottom right: Case I1d

Table 2 Numerical results

4.1 (4.20) (1.7
Case Ila CPU time (sec) 8.7847e—04 8.8167e—04 9.6891e—04
No of Iter 58 71 77
Case IIb CPU time (sec) 0.0011 0.0013 0.0017
No. of Iter 52 65 71
Case Ilc CPU time (sec) 0.0012 0.0015 0.0075
No of Iter 52 65 71
Case IId CPU time (sec) 9.8431e—4 9.5435e—04 0.0010
No of Iter 66 78 85
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