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Abstract

The propagation of displacement and stress waves for a subclass of implicit
constitutive equations in a rectangular slab and a circular cylinder is inves-
tigated. The general class of implicit constitutive equations contain Cauchy
elastic materials and hyperelastic materials as subclasses. We consider a spe-
cial subclass of implicit constitutive equations where the strain is prescribed
in terms of a non-invertible function of the stress. Two constitutive equations
are studied. The first constitutive equation is called the power-law constitutive
equation due to its analogy with the constitutive equation for a power-law fluid
with exponent n in the expression for stress. This constitutive equation can
describe elastic responses where the stress and linearised strain are nonlinearly
related. Classical Cauchy elasticity and hyperelasticity cannot capture such
a phenomenon. The second constitutive equation is called the strain-limiting
constitutive equation. A feature of this constitutive equation is that it can
describe materials that exhibit limiting stretch. To derive the mathematical
models we assume a special semi-inverse solution where a specific form for both
the displacement and stress are sought. This assumption leads to a system
of nonlinear partial differential equations. The system of partial differential
equations can be reduced to a single nonlinear hyperbolic partial differential
equation which describes the propagation of solitary stress waves. The per-
turbation solutions for the system of partial differential equations describes
either travelling waves or standing waves. To find travelling wave solutions
for the displacement and stress in a rectangular slab we reduce the perturba-
tion equations at each order to canonical form and solve the resulting wave
equations. For the circular cylinder we could not obtain travelling wave so-
lutions by reduction to canonical form. We find standing wave solutions for
the displacement and stress in both the rectangular slab and circular cylinder.
For the rectangular slab the solutions to the perturbation equations contain
a secular term. However, the straightforward perturbation expansion breaks
down outside the range of interest. The standing wave solution in the circular
cylinder can only be solved at the zero and first order since the equations at
the second order could not be solved analytically. The solutions at this order
are however, sufficient to describe the physical properties of the wave. In the
standing wave solutions for the displacement and the stress at each end, at the
centre and surface of the cylinder, either the displacement or the stress vanish
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or the spatial gradients of the displacement or stress vanish. We find expres-
sions for the speed of the solitary stress wave for both constitutive equations
in both the rectangular slab and circular cylinder. The speed of propagation
decreases in parts of the wave for large stress magnitudes for the power-law
constitutive equation and increases in parts of the wave for large stress mag-
nitudes for the strain-limiting constitutive equation. The solitary stress wave
develops a shock front at the front of the wave for the strain-limiting consti-
tutive equation and at the back of the wave for the power-law constitutive
equation. The shock develops at the front for the strain-limiting constitutive
equation at a much earlier time than at the back for the power-law constitutive
equation. For the travelling wave solutions in the rectangular slab the wave
front is determined from the condition that the displacement at the wave front
is zero. The stress is non-zero at the wave front and propagates as a shock
wave with a strong discontinuity. We find that the speed of propagation of the
displacement wave and the stress wave is slower for the power-law exponent
n > 0. Further the amplitude of the displacement waves are approximately
the same for n = 0 and n > 0 while the amplitude of the stress wave is less
for n > 0. The standing waves for both constitutive equations in both the
rectangular slab and circular cylinder showed that for the power-law consti-
tutive equation the period of oscillation remained approximately the same for
n = 0 and n > 0 while it increased for n > 0 for the strain-limiting constitutive
equation. In general the elastic response is enhanced for materials described
by the power-law constitutive equation and inhibited when described by the
strain-limiting constitutive equation.
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Chapter 1

General introduction

1.1 Introduction

In this Chapter we discuss the applications and importance of solid mechanics
and provide a brief overview of the history of the development of solid me-
chanics. This thesis is concerned with a new class of constitutive equations
for elastic materials which are described by implicit relationships between the
stress and strain. We provide a review of previously conducted research for
this new class of constitutive equations.

The Chapter is organised as follows. In Section 1.2 we discuss the applica-
tions of solid mechanics. A brief history of the development of solid mechanics
is given is Section 1.3 and the literature review is presented in Section 1.4.
Finally, the objectives and outline of the thesis are given in Sections 1.5 and
1.6 respectively.

1.2 Applications of solid mechanics

Solid mechanics is a branch of continuum mechanics and is a field of study
which has attracted attention for centuries and continues to do so. Distin-
guishing between a solid and a fluid has posed some difficulty. The accepted
dissemblance between a solid and fluid lies primarily in whether the material
under study can withstand a large shearing force over time or not. Fluids
are, in a idealised situation, characterized as substances which cannot support
this shearing force over long periods of time whereas materials which can are
classified as solids.

When forces or torques are applied to solid bodies, these bodies will un-
dergo a deformation. In order to study the deformations in greater detail, the
concept of an elastic body needs to be defined. The most common definition of
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an elastic body is that when a solid material is loaded at a sufficiently low tem-
perature or short time scale, and with sufficiently limited stress magnitude, its
deformation is fully recovered upon unloading [1]. However, there are materials
which can deform permanently. This type of deformation is called a plastic
deformation or elastic-plastic deformation. This deformation results from sub-
jecting the material to large stresses that exceed the yield stress. Viscous or
creep deformation occurs when the deformation depends on the material’s ex-
posure time to the applied stress which is still below the yield stress. There
are many materials which exhibit both ’solid like’ and ’'fluid like’ properties
and these materials are developed within the context of viscoelasticity. There
are other materials like mud and gels which have properties common to vis-
coelastcity and plasticity and these materials are called viscoplastic materials.

The applications of solid mechanics are far reaching. Engineering and in-
dustry are heavily reliant on the phenomena associated with the deformations
of elastic bodies. This theory is useful in studying natural phenomena as well.
Seismologists are deeply interested in the propagation of seismic waves though
the Earth’s crust. Seismologists were able to conclude that the Earth possesses
a liquid core since shear waves do not propagate through a fluid medium. The
applications of finite elastic deformations are useful in the mining sector where
understanding the stress behaviour at crack tips and the speed of propaga-
tion of these cracks is of importance. Another application which is gaining
substantial popularity is modelling biological phenomena in terms of nonlin-
ear elasticity. For example, the growth of a malignant and benign tumour
can be modelled using thick-shell theory [2]. These varied applications have
advocated a deeper study of finite elastic deformations and as such the math-
ematical rigour of its theory cannot be underestimated.

1.3 A brief historical review

Many great scientists have been fascinated with the mechanical behaviour of
solid bodies. The roots of elasticity theory can be traced backed to Leonardo
da Vinci. He was interested in understanding the tensile stress of a wire.
However, the subject gained momentum with the advent of Newton’s Laws of
Motion. Gallileo introduced the first intuitive idea of stress. During his inves-
tigation of the behaviour of rods under tension he concluded that the load was
independent of the length and proportional to the cross-sectional area [1].

The idea of a linear relationship between force and displacement was first
developed by Robert Hooke in 1660. He found that the elongation of a ma-
terial is directly proportional to the tensile or compression force however, it
was Jakob Bernoulli who was the first to express the deformation (strain) as
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the force per unit area (stress). The contribution by the Bernoulli family and
Leonard Euler during this period was immense. The concept of an internal
tension at a given cross section along the length of a beam was one of their
achievements [1].

During the early 1800’s one of the most significant contributions to the
field of elasticity was presented by Augustin-Louis Cauchy. He developed a
framework within which the concept of stress could be generalised to three di-
mensions. He derived the equations of motion for a continuum and presented
the components of strain in terms of the derivatives of the displacement. A
key part of this contribution was that the equations transformed as tensors
and as such were valid in any coordinate system. This opened up avenues for
studying geometries not only restricted to the rectangular coordinate system,
but also to more general coordinate systems.

The theory of beams was greatly advanced by Euler and the Bernoulli
family during the 1800’s. Due to its applications in structural technology, the
appeal of their work became increasingly popular. The buckling of an initially
straight beam under compressive loading, transverse vibrations in a beam and
the proposition that the curvature of a beam was proportional to its bending
moment were some of their important contributions. The theory of elasticity
was further advanced when Euler introduced the concept of a strain energy
per unit length and considered this function to be analogous to the potential
energy of a discrete mechanical system [1].

The next phase of the development of the theory of elasticity occurred
during the late 1800’s where solutions to problems arising in real world appli-
cations were found. The two-dimensional theory of elasticity was modelled in
the context of a continuum and not in terms of a simple particle model pro-
posed by Navier as this model was considered to be too simple. The solution
of vibrations of cylindrical and spherical geometries was of interest to seismol-
ogists who wanted to understand the vibrations of the Earth. Further, in 1863,
Lord Kelvin considered the problem of a solid sphere where the solutions have
applications in calculating the deformation of the Earth due to rotation and
tidal waves.

The developments mentioned above fall under the umbrella of linear elas-
ticity, where the nonlinear terms in the strain tensor are neglected. The idea
of finite deformations, at this time, did not attract much attention due to the
fact that most of the materials used in structural production displayed brit-
tle failure and permanent deformation for small stresses. However, materials
such as natural rubber allow for finite straining and are used extensively in
the polymeric industry. It was the explosion of this industry that initiated the
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study of finite elastic deformations. Green, Piola and Kirchoff developed their
ideas under the classical framework but a concise theory for the rubbery ma-
terials which exhibit finite straining was only developed recently by Ronald S.
Rivlin during the 1940’s and 1950’s [1]. This theory included the development
for compressible and incompressible isotropic hyperelastic materials. Popu-
lar constitutive equations, like the new-Hookean and Blatz-Ko constitutive
equations, were derived from the experimental work of Rivlin and Saunders in
1951. Many important contributions have come out of the theory of nonlinear
elasticity, in particular the work by Ericksen on controllable deformations for
isotropic elastic materials and Truesdell’s problem concerning the analytical
restrictions imposed on constitutive equations.

Wave motion arises naturally out of the equations of motion for the the-
ory of elasticity, as was shown by Cauchy, Poisson and Stokes. Two types of
waves were found. The first type of wave, longitudinal or irrotational waves,
are waves which propagate through an isotropic medium much faster than the
second type of wave which is called a transverse or shear wave. The former
wave type has the property that the particle motion propagates in the same
direction as the wave whereas with the latter, the particle motion is perpen-
dicular to wave motion. The Rayleigh wave is a special type of wave which
propagates along the surface of an elastic body but decays exponentially with
distance into the medium.

Further important contributions to the field of finite elasticity involved
solving the stress distributions around circular and elliptic holes with the con-
clusion that the stress concentrations at the boundary was large in magnitude
and becomes greater as the radius of curvature decreases in relation to the size
of the hole. The contributions highlighted above merely serve to provide some
context into the importance and effectiveness of using the theory of elasticity
to model a plethora of natural and industrial phenomena.

1.4 Literature review

In order to describe the elastic response of a body, we need to firstly understand
what is meant by a body being elastic and secondly to provide a mathematical
framework which can be built around this definition. Different definitions of
elasticity would lead to different mathematical models and so the definition
that is provided is important.

The term elasticity, when being applied to the field of continuum mechan-
ics has been used inconsistently for centuries [3]. It was initially attributed to
perfect fluids and gases. The Oxford dictionary defines elasticity as a material
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substance, solid, liquid or gaseous: that spontaneously resumes (after a longer
or shorter interval) its normal bulk or shape after being contracted, dilated or
distorted by an external force [4]. Rajagopal [3] provides a detailed account
of how the definition of elasticity has evolved over time and how the pioneers
of the field have used this word in the past. Since there are many different
interpretations of the term elasticity among scientists, providing a clear def-
inition of what the term would mean in the context of continuum mechanics
is important. The definition provided by Rajagopal [3] has allowed for a far
larger class of elastic materials to be modelled. He defines the term in the
following manner:  The body under consideration is said to respond like an
elastic body if within an agreeable time scale of observation it does not dissipate
any energy in any process to which it is subject to. Consequently, we can see
from this definition that the ability of a body to resume its normal shape after
the applied loads have been removed is not the only characteristic by which
we can define an elastic body. Further these are bodies which are incapable of
dissipation. This means that the body is incapable of converting mechanical
work into thermal energy. It is this restriction on the body which allows for
thermodynamic consistency and this point cannot be overemphasised.

The development of linear and nonlinear elasticity has centred on Cauchy
elasticity and on Green elasticity also referred to as hyperelasticity. Cauchy
elastic bodies are bodies where the stress in the current configuration is de-
termined by the state of deformation in the current configuration. In other
words, to describe the state of stress we would only need to know the extent
of the deformation. Since the stress is independent of the rate at which the
material body deforms, it does not mean that such information is unneces-
sary. Rather, for a particular class of processes, the stress is independent of
how fast a body deforms [5]. For Cauchy elastic materials the stress is given
explicitly in terms of the deformation gradient. Hyperelastic materials form a
subclass of Cauchy elastic materials. These elastic bodies are bodies where the
stress is derived from a potential or stored energy associated with the body.
Hyperelastic bodies have been successful in describing the elastic response of
many rubber-like materials. A primary assumption that we make is that the
stress and stored energy depend explicitly on the deformation gradient. In
other words, as long as the body is deformed sufficiently slowly, the stress in
the material is captured by the deformation [5]. We will later see that this
is merely an idealisation and the explicit relationship between the stress and
deformation gradient in the stored energy is but a subclass of a far larger class
of elastic materials.

The credence of Cauchy elastic materials as being physically reasonable
has been a topic of debate [3]. Rivlin [6] found that if the stress is not derived
from a potential the material becomes a source of infinite energy. That is, the
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energy released during the unloading of an elastic material exceeds the work
done during the loading process. If we consider an elastic body to be a body
which does not dissipate energy during a closed cycle of deformation, then
this negative work in closed cycles of deformation would produce a perpetual
motion machine which is physically unreasonable. Carroll [7] proves this with
a suitable example. Further, the absence of a strain-energy function has led
many to question the validity of Cauchy elasticity within a thermodynamic
framework. This leads us to the conclusion that for Cauchy elastic materials
to be physically reasonable they must be hyperelastic.

As mentioned above, for Cauchy elastic and hyperelastic bodies the stress
and stored energy depend explicitly on the deformation gradient. This is a
very special assumption and restricts the study of elastic response to these
two classes of materials. Rajagopal [3, 4, 5] has questioned whether this is the
only way in which one may express the stress. An elastic material has been
defined as one which is incapable of dissipating energy in whatever motion they
undergo. There is a valid inquiry into whether one could have materials which
are thermodynamically consistent, (incapable of dissipation), where the stress
and deformation gradient are related implicitly or whether one could have a
potential that depends implicitly on both the stress and the deformation gra-
dient. As a result of this inquiry a larger class of elastic materials which are
described by implicit constitutive relations has been developed [4, 5]. Further,
this theory is thermodynamically consistent [8]. This framework, where elastic
materials are incapable of dissipation are described by a more general class of
constitutive equations and contain the classical Cauchy elastic materials and
hyperelastic materials as special subclasses. Implicit theory allows for a wider
class of elastic materials to be modelled and the significance of this theory is
evident due to two primary avenues of interest. The first pertains to constitu-
tive representation and the second relates the possibility of multiple solutions
for the equations of motion for each constitutive equation [5]. Further work
carried out on the development of implicit constitutive equations can be found
in [9]

The theory of implicit constitutive equations is not new. Stokes discussed
how the viscosity of a fluid may depend implicitly on the normal stress [10].
Suppose for example that we are considering an incompressible fluid. The
pressure is related to the normal stress as p = 1/3(tr(T)) where T is the nor-
mal stress, but the viscosity depends on the pressure. This means that the
viscosity is implicitly dependent on the stress thereby establishing an implicit
relationship between the viscosity and stress. Further, we can trace implicit
models back to the work of Maxwell for viscoelastic materials [11] and to
Prandtl for the inelastic behaviour of solids [12]. For many fluid models such
as the Euler and Navier-Stokes models the stress is given explicitly in terms
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of the kinematical variables and similarly for the classical solid models such
as the linearised elastic and Neo-Hookean models. However, the investigation
of implicit constitutive equations for solid materials has only recently gained
attention.

Within this theory the stress and stored energy is not expressed explicitly
in terms of the deformation gradient but rather these quantities, for some sub-
classes, are related implicitly and there are valid physical models that can be
best described by such a representation. Rajagopal [3, 4, 5] provides examples
where the stress and deformation gradient are implicitly related and where the
stored energy depends implicitly on the stress and deformation gradient. An-
other example where the stored energy depends implicitly on the Piola stress
and Green St. Venant strain in the context of a three dimensional thermody-
namic framework was considered by Rajagopal and Srinavasa [8, 9]. Further,
to validate thermodynamic consistency we have to ensure that a potential ex-
ists in order for a stress to be derived. Since these materials are incapable
of dissipation, the second law of thermodynamics holds which means that a
potential exists. However, in this theory, even though a potential exists the
stress does not necessarily need to be derived from that potential. One can
define a class of elastic bodies in terms of a Gibbs potential where the stored
energy plays an insignificant role.

A detailed discussion on frame-indifference and isotropy of implicit con-
stitutive equations can be found in [5] and so we will only provide a brief
overview of these concepts. In order to study invariance properties of a mate-
rial we would need to consider the invariant requirements on the constitutive
quantities and balance laws [5]. Further, these requirements will be different in
different domains of the state space. Rajagopal [5] argues that one can obtain
constitutive equations for the stress in elasticity without the requirement of
material frame-indifference and that Galilean invariance is sufficient. To jus-
tify this, consider the constitutive equation for a viscous fluid; the constitutive
theories being developed within the framework of frame-indifference. However,
if one were to consider all models as limits, then one can arrive at the Navier-
Stokes models as the limit of a viscoelastic fluid under Galilean invariance.
Another class of materials where Galilean invariance would be sufficient are
models where the body could have multiple natural stress free configurations.
Usually, we have an infinite set of configurations to describe the motion of the
body, but for bodies with multiple stress free configurations there is a mini-
mal set of configurations to describe elastic response [5]. For these types of
materials it is necessary to have information about the kinematical quantities
from a variety of configurations to describe the stress. In classical elasticity
we only have one stress free configuration. Examples of materials with mul-
tiple stress free configurations and a study of their elastic response has been
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considered in [13]-[27]. Finally, in order to describe implicit theory completely
the notion of isotropy needs to be discussed. The notion of isotropy is defined
in terms of the symmetry restrictions of the material and are connected with
certain implicit relationships. A more detailed explanation can be found in [5].

The assumptions made in linear elasticity are useful in describing materials
in which the stress and strain are linearly related. However, there are numer-
ous instances in literature where there is a nonlinear relationship between the
stress and linearised strain. Such models do exist, however there are inconsis-
tencies when such models are developed within the context of Cauchy elastic
or hyperelastic bodies. Consider the Cauchy stress o to be explicitly defined
in terms of the Green St.Venant strain tensor, E, for example. Thus the stress
can be expressed as

o =Qf(E)Q" (1.4.1)

where Q is an orthogonal tensor and f is a response function and @Q is an or-
thogonal tensor which we find in the Polar Decomposition for the deformation
gradient F. Linearising (1.4.1) by appealing to small displacement gradients
leads us to

o = Le, (1.4.2)

where € is the linearised strain tensor and L is a fourth order strain-tensor. If
we assume that £ is invertible then € = £~ !¢ is still linear. The nonlinear mod-
els, o = F(€), found in literature are inconsistent in that when approximating
(1.4.1) the nonlinear terms in € are retained, i.e. powers of [qu + (qu)T],
while the nonlinearity in the Green St.Venant strain, (Vxu)? and (Vyu) are
ignored [4]. Rajagopal [5, 4] provides a consistent manner in which the lineari-
sation of the displacement gradient will be done. This will lead to constitutive
equations where the stress and linearised strain are nonlinearly related.

In this thesis we direct our attention to a special subclass of implicit con-
stitutive equations where the strain is prescribed in terms of a non-invertible
function of the stress. In general, constitutive equations of this form cannot be
obtained by merely inverting the stress to obtain the strain as can be done for
the class of Cauchy elastic materials. It will be shown in Chapter 3 that the
general expression for the linearised strain in terms of the stretch tensor has
the same form as that of a Cauchy elastic material in that the material moduli
depend on the strain invariants. The difference is that the roles of the stretch
tensor and the stress tensor are interchanged [3]. Elastic bodies described by
these constitutive equations are neither Cauchy elastic nor hyperelastic.

The implications of this nonlinear relationship between the stress and the
linearised strain has far-reaching applications. There is significant experimen-
tal work that is being carried out by Saito et al. [28], Talling et al. [29], Withey
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et al [30] and Zhang et al. [31] on titanium alloys and gum metal which clearly
show a nonlinear relationship between the linearised strain and stress for small
displacements. Such a phenomenon cannot be captured within the framework
of classical Cauchy elasticity or hyperelasticity. Rajagopal [48] shows that
a certain subclass of these implicit models can be used to describe the one-
dimensional uniaxial experiment conducted on gum metal and titanium alloys
by Saito et al. [28]. Criscione and Rajagopal [32] have also employed implicit
theory to accurately describe the experimental work done by Penn on rubber
(33].

Since there are numerous constitutive equations that one may work with, a
larger class of elastic bodies may be studied. An interesting class of constitu-
tive equations, one of which we will consider in this thesis, are equations which
describe limiting strain responses [34]. Rajagopal [34] studied the extension,
simple shear, torsion, circumferential shear and axial shear for a particular
subclass of models exhibiting limiting strain. Such models have interesting
applications in fracture mechanics and in particular the stresses and strains
at crack-tips. Within the classical Cauchy elasticity it has been shown that
the strain at the crack-tip grows like O(%) where 7 is the radial distance of
the crack. That is, the strain becomes singular as the stress becomes very
large. This contradicts the assumptions of small displacement gradients when
linearising the constitutive equations. However, when the constitutive equa-
tions are described by implicit relations, for anti-plane strain problems it is
found that the strain at the crack tip is bounded [35]. In [49] the response
of brittle elastic materials is studied, in particular the anti-plane stress state
of a plate with a V-notch for implicit constitutive equations and it is shown
that in a neighbourhood of cracks and notches the strains remain small even
as the stresses become large. Ortiz et al. [50] have chosen another subclass
and have investigated the plane stress state of the boundary of a hole. Bulicek
et al. [51] give a detailed analysis and some analytical results for boundary
value problems with strain-limiting constitutive equations. Understanding the
stresses and strains for polymer models where the molecules are represented by
nonlinear springs and dumbells are another example where models exhibiting
limiting strain may be used as these dumbells have the property of finite exten-
sibility [8]. An interesting area of study where implicit constitutive equations
are useful is investigating the elastic response of soft matter in a biological
setting. Freed [36, 37] has developed membrane models of the brain using
implicit theory.

In order to assess the value of such models they have been tested on various
static boundary value problems. Bustamante and Rajagopal [38] considered
simple boundary value problems for homogeneous and inhomogeneous stress
distributions where the deformation is expressed as a nonlinear function of the
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stress and they found that there is a sub-domain where the gradient of the
strain is far more pronounced than that for the rest of the domain. Further,
biaxial tension for four different constitutive equations is also studied. Bus-
tamante and Rajagopal [39] derived the equations for plane strain and plane
stress for constitutive equations where the deformation gradient is expressed
as a function of the stress and found a weak formulation for the problem. In
[40] the simple shearing of an infinite slab was considered and several exact
solutions were found. Rajagopal and Saravan [41] studied the inflation of a
spherical annulus for compressible materials and they found that stress bound-
ary layers are possible. Dynamic boundary value and initial value problems for
implicit constitutive equations have not been studied in great detail. Kannan
[42] studied the propagation of shear stress waves and displacement waves in a
rectangular slab using Comsol which is a finite element software package. The
propagation of circumferential waves for the same constitutive equation was
studied by Kambapalli [43]. In both these papers it was found that a change
in the wave form occurs for the power-law exponent n > 0 in the stress. This
is interesting in that one generally associates a distortion with some kind of
dissipation, but since we have defined elastic materials as materials incapable
of dissipation, this distortion of the wave is completely described within the
framework of implicit constitutive equations. Another interesting characteris-
tic is the change in the amplitude of the cylindrical wave for n = 0 which is
unlike the behaviour for a linear wave propagating in a rectangular slab.

Rajagopal and Saccomandi [52] considered the propagation of circularly
polarized transverse stress waves, standing shear stress waves and oscillatory
shear stress waves for viscoelastic materials described by a subclass of implicit
constitutive equations. In the absence of the dissipative term in the constitu-
tive equation, general standing wave solutions are obtained and these solutions
are further generalisations of the wave solutions found in [53] for classical non-
linear isotopic elastodynamics. The mathematical reason for obtaining such
solutions is discussed and it is shown that there is a connection between the
linear degeneracy of the nonlinear hyperbolic equation and the possibility to
find global solutions to the Cauchy problem. This idea has been extended to
implicit constitutive equations and it is shown that due to the nature of the
equations the existence of global solutions are possible in this theory as well
[52].

The propagation of nonlinear waves in composite elastic bars has been in-
vestigated in [54]. The propagation of shock waves in elastic bars can result
in cracks developing. Huang et al. [54] shows how the strength of a tensile
wave can be undermined by considering material nonlinearity in an initially
stress-free two-material bar. The global stability of the solutions is studied in
[55] for the same wave-catching-up phenomena when the two-material bar is



1.5. OBJECTIVES OF THESIS 11

pre-stressed. Huang et al. [56] have extended the study on nonlinear elastic
bars by considering the wave patterns for a subclass of implicit constitutive
equations, in particular the one-dimensional power-law constitutive equation,
when solving a Riemann problem. The results given in [56] suggest that differ-
ent wave patterns occur depending on the initial data and that some of these
waves are composite waves consisting of rarefaction waves and shock waves. Of
particular importance is that fact that these wave patterns can be used to de-
scribe whether a material belongs to the class of implicit constitutive equations
or to the class of classical constitutive equations. It is found that for small
strains twelve different wave patterns occur for implicit constitutive equations
while only one wave pattern is found for classical constitutive equations.

1.5 Objectives of thesis

The objective of this thesis is to study the propagation of nonlinear displace-
ment and stress waves in a rectangular slab and a circular cylinder for a spe-
cial subclass of implicit constitutive equations. We will consider two con-
stitutive equations. The first constitutive equation that we consider is the
power-law constitutive equation and the second constitutive equation is the
strain-limiting constitutive equation. For the propagation of the nonlinear dis-
placement and stress waves in a rectangular slab we look for solitary wave
solutions, travelling wave solutions and standing wave solutions for both con-
stitutive equations. Similarly, for the propagation of axial displacement and
stress waves we look for solitary wave solutions and standing wave solutions.

1.6 Outline of thesis

The thesis will be structured as follows:

In Chapter 2 we provide a brief overview of the key concepts of finite
elasticity and linear elasticity. We discuss the kinematics of deformation and
provide definitions for the relevant strain measures. The components of the
strain tensor in all coordinate systems are given explicitly. Finally, we provide
a brief derivation of the balance laws and field equations and the equations of
motion are given in explicit form in all coordinate systems.

In Chapter 3 the constitutive equations in Cauchy elasticity and hypere-
lasticity are discussed. We elaborate on the fundamental assumptions made
for these materials in order to justify the forms of constitutive equations used
when describing the behaviour of Cauchy elastic and hyperelastic materials.
The theory of implicit constitutive equations is discussed in the final part of
Chapter 3 and we provide a detailed derivation of the constitutive equations
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that will be used in this thesis.

In Chapter 4 we investigate the propagation of nonlinear displacement and
stress waves in a rectangular slab for a special subclass of constitutive equa-
tions. The two constitutive equations that we consider are the power-law
constitutive equation and the strain-limiting constitutive equation. For both
constitutive equations we look for solitary wave solutions, travelling wave so-
lutions and standing wave solutions and provide a comparison of the results.

In Chapter 5, the propagation of axial displacement and stress waves in a
circular cylinder is studied. We consider the same two constitutive equations
as in Chapter 4 and look for solitary wave solutions and standing wave solu-
tions. The final part of the Chapter is a comparison of results between the
two constitutive equations.

In Chapter 6 we summarise the main results and conclusions of the thesis.

We have also included two appendices. In Appendix A we present a brief
overview of the main transformation laws and results used in tensor calculus
in both index notation. In Appendix B we derive travelling wave solutions
discuss standing wave solutions for the displacement and stress for the power-
law constitutive equation using the Lindstedt-Poincaré singular perturbation
method to show that the secular terms in the solutions obtained in Chapter 4
cannot be removed.



Chapter 2

Finite elasticity and linearised
elasticity

2.1 Introduction

In this Chapter we will provide an overview of the concepts of finite elasticity
and the assumptions made in linearised elasticity. We derive explicit forms of
the strain tensor and equations of motion for all coordinate systems.

The study and description of physical phenomena at an atomic and sub-
atomic level is widely investigated and has proved to be effective in describing
and predicting material behaviour. However, in many instances approximating
the internal molecular structure and behaviour by its overall response is more
useful. Such descriptions fall under the umbrella of continuum mechanics. The
field of continuum mechanics has been successfully applied to almost all fields
of engineering. In particular, the theory of continuum mechanics is applicable
to arbitrary materials undergoing large deformations [44]. In the first part
of this chapter we discuss the key concepts considered in finite elasticity and
provide derivations for the balance laws in a rectangular coordinate system as
well as in more general coordinate systems.

There are many materials that are well approximated by a linear relation-
ship between the stress and the strain. In order to provide a framework to
describe such materials the kinematic quantities developed in the first part
of the chapter will be linearised. That is, the nonlinear terms in the defor-
mation gradient, Cauchy-Green stretch tensors and the Lagrangian or Green
St. Venant strain tensor must be neglected. Linear elasticity is sometimes
called small-strain elasticity theory and materials which exhibit this property
are generally governed by Hooke’s law. The second part of this chapter will
briefly explore the important equations used in linear elasticity.

13
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The Chapter is structured as follows. In Section 2.1 we discuss the kine-
matics of deformation. The relevant strain measures are described in Section
2.3. The Polar decomposition theorem and Cauchy’s stress theorem are dis-
cussed in Section 2.4 and 2.5 respectively. The balance laws and field equations
are derived in Section 2.6. Finally, we present a brief description of the key
assumptions and definitions used in linear elasticity in Section 2.7.

2.2 Motion and deformation

2.2.1 Configurations and motion

In this section we begin with the kinematics of deformation. Consider the
diagram below [45]

Current configuration

Reference configuration

Figure 2.2.1: Configurations and motion

Suppose we have an abstract body B with some point P € B. We introduce
a fixed rectangular coordinate system with unit basis vectors {e;}, i = 1,2,3
and a fixed origin O. The continuum body B moves from f, at time ¢t = 0
to f; at time ¢ > 0. The regions that this body describes during motion from
Joeeeenn f+ are known as the configurations of the continuum body B. The region
fo is called the fixed reference or undeformed configuration and f; is called the
current or deformed configuration. The reference configuration corresponds to
time ¢t = 0 and we shall assume that the initial configuration is the reference
configuration.

We define the position vector X of point X in the reference configuration
relative to a fixed origin O. The point X is the position of a particle occupied
by P € B. If the continuum body moves from f; to f;, we define the position
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vector x of point x in the current configuration relative to a fixed origin O.
We can write the position vectors in the reference and current configurations
as

X =X;E; and x = z;e; (2.2.1)

where X7, I = 1,2,3 denote the material coordinates of X and x;, i = 1,2,3
the spatial coordinates of x. Throughout this thesis we will use the conven-
tion that uppercase letters refer to the reference configuration and lowercase
letters to the current configuration. We note that the basis vectors in the
reference configuration {E;}, I = 1,2, 3 coincides with the basis vectors {e;},
1 = 1,2,3 in the current configuration and these basis vectors are orthonor-
mal. The properties of these basis vectors can be found in Appendix A: Part 1.

We construct an invertible mapping between the two configurations through
the vector x. The one-to-one mapping is given by

x =x(X,t) or z; = xi(X1, X, X3,1). (2.2.2)
Since the mapping (2.2.2) is invertible we can write
X =x"4x,t) or X;=x;'(21,70,73,1). (2.2.3)

The vector valued function x is called the motion of a continuum body B and
describes how particles in the reference configuration move to points in the cur-
rent configuration or how points in the current configuration move to points
in the reference configuration. A property of this motion is that it induces a
deformation (change in local shape) of a continuum body B.

In elasticity theory it is sometimes necessary to describe the motion with
respect to either the reference configuration or the current configuration. If the
motion is specified with respect to the reference configuration we refer to this
description as the material description or Lagrangian description. Within this
description the observer will follow the particle during motion and observe the
deformation. Alternately, one could describe the motion in the current config-
uration. The description of motion with regard to the current configuration
is called the spatial description or the Eulerian description. This differs from
the Lagrangian description in that one observes the changes during motion at
a fixed point in space as time changes. An interesting case where the Eulerian
description proves useful is in the modelling of biological systems.

2.2.2 Displacement vector

An important concept in elasticity is the definition of a displacement field.
The motion x of a continuum body is described in terms of the displacement
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field. This holds true in both the Lagrangian description and the Eulerian
description. The displacement field in the material description is given by

U(X,t) =x(X,t) — X (2.2.4)
and in the spatial description as
u(x,t) =x — X(x,1) (2.2.5)

where U(X, ) and u(x,t) are the respective displacement vectors. It is worth
noting that since we have taken the initial configuration to coincide with the
reference configuration, the displacements in the reference configuration dis-
appear. Thus U(X,t) = u(x,1).

We can also define the velocity and acceleration fields in both the ma-
terial and spatial description. In the material description, the velocity and
acceleration is given by

ox(X,t)

V=V(Xt) = 5 (2.2.6)
0*x (X, t)
A=—""7 2.2.7
0 (2.2.7)
In the spatial description these quantities are defined as
V(X,t) = V[x 'x,1)] = v(x,t), (2.2.8)
A(X,t) = Alx '(x,t)] = a(x,t). (2.2.9)

where we denote the components of the velocity fields and acceleration fields
as Vi, Ar and v;, a; in the material and spatial descriptions respectively.

2.2.3 Material time derivative

The material time derivative can be computed with respect to both the La-
grangian field and the Fulerian field. The material time derivative of a smooth
spatial field w(x,t) which is vector valued is given by

Dw(x,t) ow(x,t)

w(x,t) = Di = Y + gradv(x,t)w(x,t). (2.2.10)

In index notation we can write (2.2.10) as

w; = = -+ Uj

Dt ot

awi

e (2.2.11)

When w; = v; this may also be viewed as the spatial velocity and acceleration
field.
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2.2.4 Deformation gradient

To characterise the local change in shape of a continuum body when it moves
from one configuration to another, we introduce a measure of the deformation
known as the deformation gradient. Consider the mapping

x = x(X, 1) (2.2.12)

which describes the motion from f to f;. The differential of equation (2.2.12)
is

dx = F(X,t)dX (2.2.13)
where the deformation gradient is defined as

ox(X,t)

F(X.1) = =

= Gradx(X,1). (2.2.14)

We can express equation (2.2.14) in index notation and explicitly in terms of
the basis vectors {e;} and {E;} as

Oxi
Fir = , 2.2.1
=X, (2.2.15)
ox ox.e; o0x;
F=—E = Y QE; = —Le: Q@E 2.2.1
ox, OF T ax, O T gx, e @b (2:2.16)
where
Grad(-) = o) ® E;. (2.2.17)
0X;

An interesting property of the deformation gradient is that it is a two point
tensor. This means that the deformation gradient F will act on a vector in one
configuration (reference configuration) and produce a vector in another con-
figuration (current configuration). In other words, we investigate the change
in spatial coordinates z; relative to the material coordinates X7.

From a physical viewpoint, the material tangent vectors (curves) are mapped
into spatial tangent vectors (curves) through the deformation gradient F. How-
ever, the unit normals N and n to the infinitesimal material surface elements
dS and ds are not mapped to each other. In order to find a relationship be-
tween the unit normals N and n consider a change in the volume between the
reference and current configuration given by

dv = J(X,t)dV (2.2.18)

where

J(X,t) = detF > 0. (2.2.19)
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The differentials dv and dV are called material volume elements. The Jacobian
J must be greater than zero. If J < 0 the material will penetrate itself which is
physically unreasonable. Further, the restriction is strict in that the Jacobian
J cannot be zero since the deformation gradient is invertible. A material is
incompressible if and only if J = 1, while a motion in which no volume change
occurs is called isochoric.

The infinitesimal volume element dv can be expressed as a dot product of
the infinitesimal surface elements ds, dS in the direction of the unit normal
vectors n and N and the material line elements dx and dX in the reference
and current configurations respectively. That is

dv = dsn-dx = JdSN -dX. (2.2.20)

Using the properties of a tensor and the definition of a differential for the
motion x = x/(X,t) we obtain

ds = JF~TdS. (2.2.21)

This equation is known as Nanson’s Formula. We note that when J = 1, we
have the following equivalent statements

J=0 and divv=0 (2.2.22)

since J = Jdivv.

2.3 Strain tensors

In this section we define strain measures relevant in the reference configuration
and the corresponding strain measures in the current configuration. We will
provide explicit forms of the linearised strain tensor in terms of the basis vectors
and expand this expression to derive the components of the strain tensor.
This will be done for rectangular Cartesian coordinates and extended to more
general coordinate systems such as the cylindrical and spherical coordinate
systems.

2.3.1 Material and spatial strain tensors

We first consider strain tensors in the reference configuration. We want to
investigate how the change between two points in the reference configuration,
say X and Y is related to its corresponding points x and y in the current or
deformed configuration during motion. In other words, how the line element
de in the reference configuration is mapped to the corresponding line element
Ade in the current configuration. The parameter X is a measure of the stretch
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of a continuum body B. For values of A > 1, the line element is said to have
stretched, for A < 1, the line element has compressed and for A = 1, the line
element is unstretched. We calculate the stretch vector A according to

C=F'F. (2.3.1)

This second order tensor is called the right Cauchy-Green tensor or Green de-
formation tensor. It has the property of being symmetric and positive definite,
le

C=FF=(FF)!=Cand u-Cu>0V u#0. (2.3.2)

Also, since the deformation gradient F is invertible
detC = (detF)* = J? > 0. (2.3.3)

We can express this second order tensor C, which is a two point tensor since
the deformation gradient tensor, F', is a two point tensor, in index notation as

8$k 8:ck

CIJ = FKIFKJ = 8787’
1 J

(2.3.4)

and explicitly in terms of the basis vectors {e;}, i =1,2,3 and {E;}, I = 1,2, 3
as

oxy, 0T, Oz, Oy
(8_XIEI ® ek) (8_X]em ® EJ) = 8_XIE9_XJ(EI ®er)(en @E))
0z, 0T, Oy, Oz,

We define another important strain tensor in the material coordinate system
known as the Green-Lagrange strain tensor. This tensor is defined as

1
E= 5(FTF 1) (2.3.6)
In index notation we write
1
Ery = E(FUHJ —017) (2.3.7)

where 075 is the Kronecker delta. In terms of the basis vectors {E;} we write

1
EIJ < &’tk al’k

— (= PR QOFE, —Exr@Ex ). 2.3.8
2\ 90X, 0X; 1@ Ry — K @ K) (2.38)

The Green-Lagrange strain tensor is derived by considering a change in squared
lengths between the line elements de and Ade.
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Similarly, we describe strain tensors in the current configuration. The first
strain tensor that we define is called the left Cauchy-Green tensor b and is
defined as

b = FF7, (2.3.9)

and in index form

We can also express the strain tensor explicitly in terms of the basis vectors
as

<6x$ e¢®E1) <EEK®ej> Oz; aij (ei®EI)(EK®ej)

X1 X i T OX; 0Xxk
B 8331 833]' . 8377, 8.73]'
= ox 09X, (e, ®@¢€)(E;-Eg) = X, 8X1ez ® e;. (2.3.11)

In the same way that the Green-Lagrange strain tensor is derived we can
define a strain tensor by considering the squared lengths between changes in
line elements when moving from the current configuration to the reference
configuration. This strain tensor is called the Euler-Almansi strain tensor and
is given by

1
e= 5(I ~FTF Y (2.3.12)

or in index notation as

1
Cij = 5(51'3‘ - FIQJFI;;) (2.3.13)

2.3.2 Displacement gradient tensor

The displacement gradient tensor is defined in the material and spatial coor-
dinate systems as

GradU = Gradx — GradX = F(X,t) -1 (2.3.14)

and
gradu = gradx — gradX = I—F!(x,1). (2.3.15)

We note that the Green-Lagrange strain tensor E and the Euler-Almansi strain
tensor e can be expressed in terms of the displacement gradient tensor as

1 1
E= §(GradTU + GradU) + EGradTUGradU (2.3.16)

and
1 1
e= §(gradTu + gradu) — §gradTugradu. (2.3.17)



2.3. STRAIN TENSORS 21

The proof of these results is simple in that we rewrite the deformation and
inverse deformation gradient from (2.3.14) and (2.3.15) in terms of the dis-
placement vectors U and u. We then substitute these expressions into the
respective strain tensors to obtain the desired results.

As mentioned earlier, we will provide explicit forms (in terms of the basis
vectors), for the linearised strain tensor in a rectangular Cartesian coordinate
system and extend this result to a cylindrical and spherical coordinate system.

The linearised strain tensor € is related to the Green-Lagrange strain tensor,
Euler-Almansi and left Cauchy-Green strain tensors as

E=€e+0(5), e=€e+0O(6*) and b =1+ 2+ O(5?) (2.3.18)

€= % (g—z + (g—DT> (2.3.19)

by appealing to small displacement gradients and ¢ is the square of the dis-
placement gradient. We defer a more detailed explanation of the above to the
Subsection 3.5 on Implicit constitutive theories.

where

2.3.3 Dyads, the gradient operator and components of
the strain tensor

We list some of the results for dyads and operators in this subsection to make
the derivation of the components of the strain tensor self-contained.

A vector field u may be written as
where {e;}, i = 1,2,3 is the set of basis vectors.

A tensor product or dyad of two vectors u and v is defined as u® v, and a

dyadic is defined as a linear combination of dyads with scalar coefficients [45].
We can express a second order tensor S as a dyad

S = Sijei ® €;. (2321)
This can be extended more generally to any tensor of order n, n > 2,
Sitiz...in€i1 @ €2 @ ... ® €. (2.3.22)

The gradient V is given by

V() = ‘Zf) _ g<> L0, 00

es (2.3.23)
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where {e;}, i = 1,2,3 is the set of basis vectors in a rectangular Cartesian
coordinate system.

For any scalar field ¢,
gradgp = V¢ = %ei. (2.3.24)
al‘i

Using the results above we define the following operators

() a() ()
() = . e D) = e )= —7Z . 2.392
V-() Bz e, Vx() ezx8$i, V() awi@)ez (2.3.25)
The gradient of a vector field u, in a rectangular Cartesian coordinate system,
is

8(ujej) Qe — an

gradu=Veu = o1, e = oz, e; X e,. (2.3.26)
For a second order tensor S, the gradient can be computed as
rad S— Vs = nei®e) oo P oo ge  (2327)
The gradient (2.3.23) can be transformed to a curvilinear coordinate system
as
o) i _ 90) 1, 900) o 90) 3
() = gt = 2.3.28
ViU = 56,8 = 50,5 90,5 T 06,8 (2.3.28)

where g!,g?,g® are the contravariant base vectors with coordinate points
(6',62,63). The proof of this result can be found in Appendix A: Part II.

For a vector field u, in curvilinear coordinates, the gradient is calculated as

ou , 0 . ,
_ _ i ol i
gradu=V®u = (E)Qi) ®g = aHi(ujg)@)g. (2.3.29)

This expression can be differentiated to obtain
Quj
00
using (A.2.28). Now the components of the linearised strain tensor € can be
found by considering the symmetric part of gradu or V ® u.

(u;8) . ®g = (uj8' +u;g)) ®g = ( ‘“krfa) gog (23.30)

2.3.4 Rectangular Cartesian coordinates

We shall first derive the strain components for a rectangular Cartesian coor-
dinate system (x,y, z).
The gradient V of a vector field u, i.e, V ® u is calculated as

)
Veou = a?;:]- e; @ e (2.3.31)
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An important result of tensor algebra is that any tensor can be uniquely de-
composed into a symmetric and skew tensor as

1 1
Vou = Vu = 5(Vu +V7Tu) + 5(vu — V7). (2.3.32)

We note that V ® u = Vu and V7 u denotes the transpose of the gradient.
The symmetric part of the tensor (2.3.32) will give the components of strain
and is given by

[ Ouy 1 O, N % 1 Ouy N ou,
ox 2\ Oy ox 2\ 0z ox
1 (Ou, Ou, Ou,, 1 (0u, Ou,
- | (= -7 — | = 2.3.
¢ 2\ Ox Jy dy 2\ 0z + dy (2:3.33)
1 Ou, + Ouy 1 % + % du.
| 2\ 0z 0Oz 2\ 9z Oy 0z ]
We note that 5 P P
. Uy Uy Uy
= = ) 2.3.34
divu = tr(V®u) pe + oy + P (2.3.34)

The components of the strain tensor are

B aux‘ B _l 8ux+% _ B _1 8ux+8uz ‘
€xx — 81" €xy — Eyz = 8y o ;o €z = € 9 Oz o )

auy auz 8uz

) _ duy ) _
€y = 8_y’ €yr = €y = (8,2 + ay), €rp = 5 (2.3.35)

2.3.5 Cylindrical polar coordinates

The gradient of a vector field u in cylindrical polar coordinates can be com-
puted by expanding the expression

Vou= (Z—Z — uka> g ®g. (2.3.36)

and since since any tensor can be written as the sum of a symmetric and skew
symmetric tensor, using (2.3.32) we obtain the strain tensor

[ u, 1 1 % _ + % l Ou, + Ou, ]
or 2 \r \ 00 Ho or 2\ 0z or
R T i ! %+ L (Oup | 10u
€= 2\r \ 0 He or r 2\ 0z r 00
1 Uy n ou, 1 8u9 1 ou, ou,
i 2\ 0z Or 2 r 00 0z

(2.3.37)
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The corresponding components of strain in cylindrical polar coordinates are

_ou _1 Oug | 10ur _ug).
r =g G0 T G = or rod r)’
(0w owN 1 (ow
€rz = € — 2 Oz or ;€0 = r o0
ou lauz 8uz
€0 = €p = —< NS ; ae) . (2.3.38)

2.3.6 Spherical polar coordinates

The gradient of a vector field in spherical polar coordinates is calculated by
expanding the expression

Vou= (% — u;IZ) g g, (2.3.39)

Thus the gradient of a vector field (??) can be written in matrix form as

[ Ou, 1 /0u, I Ou 1 i
o r\og rsinf 0¢ e
. 8ue 1 8u(; 1 8“9 1
Veous= or r \ 00 M ('r’ sinf 0 cot 9u¢)
8u¢ 1 8u¢ 1 8u¢ 1 1
o o0 (Tsme gp |yl Ty cotbuo

(2.3.40)
Since any tensor can be decomposed into a symmetric and skew symmetric
tensor, using (2.3.32) we obtain the second order tensor for the strain for
spherical polar coordinates in matrix form
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The components of strain are given by

Y

8u(9
* E)

Up
r

1 0u,

r 00

ql

ou,
= 87”’ €rg = Eor

GT‘T‘
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1 8u9+ B 1 1 8ur_1 +8u¢
% = 5 00 Ur o Cro = Cor = 5\ sing 1)) - or )’

1 1 8ue 1 cot f i 1 8%¢
€ = € = — _ — — U -
o0 o0 2 \rsinf d¢p r T
1 8u¢ 1 1
- L w4 = cot Oug | . 9.3.42
Cod (rsin@ 0o - e * P Ua) ( )

2.4 Polar decomposition and strain invariants

2.4.1 Polar decomposition

The deformation F(X,¢) can be decomposed into two types of motion-pure
stretch and pure rotation. A fundamental theorem which captures this is
called the Polar Decomposition Theorem, where for each point X € fy, the
deformation gradient can be expressed as

F = RU = vR, (2.4.1)

where R is a proper orthogonal vector, i.e, R’R =TI and detR = +1. The two
point tensor R describes the local rotation of a continuum body and is thus
called a rotation tensor. The tensors U and v are positive definite tensors
and UT = U and v = v and describes the local stretching or contraction
of a continuum body in the material and spatial descriptions respectively.
The tensors are related to the right Cauchy-Green stretch tensor C and left
Cauchy-Green stretch tensor b by the relations [45]

U’ =UU =C and v = vv = b. (2.4.2)

A rigid body rotation of a continuum body about a fixed origin is given
by F = R, where U = v = 1. In other words, a material line element dX is
mapped to a corresponding spatial line element dx through a rotation. That
is

dx = R(X, t)dX. (2.4.3)
Similarly, if R = I, the motion would be characterised by F = U = v which
describes pure stretch [45].

Suppose a line element dX is mapped to dx though
dx = RU dX. (2.4.4)

This describes the continuum body being stretched by U, followed by a pure
rotation by the rotation tensor R. Next suppose that the mapping between
the line elements dx and dX is described by

dx = vR dX. (2.4.5)
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In this case the continuum body is first rotated by a rotation tensor R, followed
by pure stretch due to tensor v [45].

2.4.2 Strain invariants

The right Cauchy-Green stretch tensor C is symmetric and positive definite
so it has positive real eigenvalues. The characteristic equation for C is

det(C—AI) =0 (2.4.6)
which can be solved to give
N — A2+ LA — I3 =0, (2.4.7)
where 1
I =trC, I,= 5((tr(})2 —tr(C?), I3 = detC, (2.4.8)

are the principal invariants of C and Ay, Ag, A3 are the eigenvalues of C. The
principal invariants I, Is, I3 can be expressed in terms of the eigenvalues

[1 = )\1 + )\2 -+ )\3, [2 - )\1)\2 -+ )\2)\3 -+ )\3)\1, 13 == )\1)\2)\3. (249)

Similarly, one can obtain the eigenvalues of the left Cauchy-Green stretch
tensor b which are the same as C, but the principal axes, which are the
normalised eigenvectors, may not coincide. These invariants are important in
constitutive theory.

2.5 Stress and Cauchy’s stress theorem

Consider an arbitrary region V' enclosed by a surface S with unit outward
normal N. Consider also an arbitrary region v with surface s bounding v with
unit outward normal n. In order for deformation to occur, forces, tempera-
ture changes, phase changes or external or internal stimuli need to act on the
boundary of the continuum body as well as on the interior of the continuum
body. This leads one to the notion of stress.

We assume the existence of vector fields T(X, ¢, N) and t(x,¢,n) defined
over S and s respectively. The stress vector T(X, ¢, N) is defined as the force
per unit area on the surface element at X, at time ¢, with unit outward normal
N and is measured in the reference configuration. If this force is applied to
the surface of the body, the vector T is called the first Piola-Kirchoff traction
vector.

Similarly, we can define the vector t(x,t,n) as the force per unit area on a
surface element at x, at time ¢ with unit outward normal n and is measured
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in the current configuration. This vector t, when applied to the surface s of
a continuum body is called the Cauchy traction vector. It is understood that
the unit normal vectors N and n point in the same direction.

2.5.1 Cauchy’s stress theorem

The Cauchy traction vector t(x,t,n) and the first Piola-Kirchoff traction vec-
tor T(X,t,IN) can be related to the Cauchy stress tensor o (x,t) and the first
Piola stress tensor P (X, ¢) respectively through Cauchy’s stress theorem. This
theorem states that there exists unique second-order tensor fields o and P
such that

t(x,t,n) =o(x,t)n, T(X,t,N)=P(X,t)N. (2.5.1)

Further,

t(x,t,n) = —t(x,t,—n) T(X,t,N)=-T(X,t,—-N) Vn,N. (2.5.2)

2.5.2 Components of stress

In order to find the components of the traction vectors we can resolve the
vector te; along ey, e;, e3. That is

te; = oe;. (2.5.3)

Thus we have in component form

tey, = o0e; = o0j1€1 +012€0 + 013€3
te; = oey = 09161 + 0226 + 023€3
te3 = oOoe3 = 031€] + 032€2 + 033€3. (254)

These nine quantities o;; characterise the state of stress in a continuum and
are called the components of the Cauchy stress vector o. We note that if
the diagonal elements 11, 092, 033 of the Cauchy stress tensor are positive, the
stress is described as a tensile stress whereas for negative values the stress is
described as a compression stress.

2.6 Balance laws and field equations

In order to relate the changes in particular physical quantities due to surface
flux and volume distributions, one makes use of balance laws. The balance
laws are expressed mathematically as partial differential equations and hold at
all points in a continuum body.
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The conservation of mass in a continuum body, i.e, mass is neither created
nor lost, is a fundamental concept in continuum theory and must be satisfied.
We can find equations to describe the conservation of mass by relating the
mass in the reference configuration to the mass in the current configuration
through the continuous scalar fields py and p. The quantity pg is the density
(reference density) in the reference configuration and p is the density in the
current configuration. Mathematically we express this relationship as

po = pJ(X,1). (2.6.1)
where J(X,t) is defined in equation (2.2.19).

In the spatial description the conservation of mass has the following equiv-
alent forms:

%’;’” + p(x, Odivv(x, £) = 0, (2.6.2)
—8p(8);, ) + gradp(x,t) - v(x,t) + p(x, t) divv(x,t) =0 (2.6.3)
@ + div(p(x,t)v(x,t)) = 0. (2.6.4)

We will state important results, without proof, in order to arrive at the equa-
tions of motion for a continuum body in both the current and reference con-
figuration.

Theorem: Reynold’s Transport Theorem

For any scalar, vector or tensor field ®, and for any material volume V'

D Do

— P (x,t)dV = —dV. 2.6.5

5 [ oo = [ o (26.5)
In order to derive the equations of motion in both the current and reference
configuration the principle of linear and angular momentum in both descrip-
tions is important.

We state the Principle of Linear Momentum as the rate of change of lin-
ear momentum of an arbitrary part P of a material body being equal to the
resultant force on that arbitrary part P. Mathematically we express this as

D
E/pvdv = /t(x,t, n)ds—l—/pb(x,t)dv (2.6.6)

where b(x,t) is the body force per unit mass, t is the Cauchy traction vector,
v is the material volume and s a closed surface bounding v.
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The Principle of Angular Momentum states that the rate of change of the
angular momentum of an arbitrary part P of a continuum is equal to the
moment about any fixed point of the forces on P. That is

D
T /x X pvdy = /x X t(x,t,n)ds + /px X bdv. (2.6.7)

We can write the corresponding equation (2.6.6) and (2.6.7) in the reference
configuration as

D
D / povdVe = / T(X, ¢, N)dS + / poB(X, 1)dVi, (2.6.8)
Dt Vo So Vo
D
— | x X% povdVj :/ X X T(X,t,N)dSo—l—/ pox X Bo(X, t)dVy, (2.6.9)
Dt Vo So Vo

where pg is the reference density, T is the first Piola-Kirchoff traction vector,
Vb is the material volume in the reference configuration and By is the reference
body force.

We are now in a position to write down the equations of motion in both
the current configuration and reference configuration. Using Cauchy’s stress
theorem and the divergence theorem, which transforms a surface integral into
a volume integral, we obtain for the Cauchy traction vector in the current
configuration

/S t(x,t,n) = / o(x,t)nds = / dive (x, t)dv. (2.6.10)

Substituting equation (2.6.10) into the balance of linear momentum (2.6.6) we
obtain

D
/ <div0' +pb — p%) dv = 0. (2.6.11)

We assume that the integrand is continuous. It follows that the integrand must
vanish. Thus

dive + pb = pv, (2.6.12)

where v = Dv/Dt. This equation is called Cauchy’s first equation of motion
and is defined with respect to the current configuration. Since a = v = 1
equation (2.6.12) can be written as

dive + pb = pii. (2.6.13)

We can write the corresponding equation with respect to the reference
configuration, following the same procedure as above, as

DivP + poBy = poV, (2.6.14)
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where P is the first Piola stress tensor and V = DV /Dt is the acceleration
in the reference configuration. We also take note of the following important
transformation

DivP = Jdivo. (2.6.15)

Since the reference configuration is taken as the initial configuration, the dis-
placement in the reference configuration vanish and U(X,t) = u(x,t). Since
A =V = U, we have A = V = 1 where A is the acceleration field in the
reference configuration.

It can be shown using the Principle of Angular Momentum that the Cauchy
stress tensor ¢ is symmetric, that is

o=o". (2.6.16)

This result is often referred to as Cauchy’s second law of motion. The second
Piola-Kirchoff stress tensor, which is defined in the reference configuraion is
also symmetric. We note that in linearised elasticity these stress tensors are
taken to be the same since we consider small displacements. Since the mo-
tion occurs in the current configuration we will provide explicit forms of the
equations of motion in terms of the basis vectors in the current configuration.
The components of the equations of motion will be derived for the rectangu-
lar Cartesian coordinate system as well as for the cylindrical and spherical
coordinate systems.

2.6.1 Rectangular Cartesian coordinates

We recall that any second order tensor o can be written as (2.3.21) and ex-
panding the gradient of a second order tensor (2.3.27) by summation over
repeated indices and by considering the trace of the gradient of this second
order tensor we obtain the divergence of the stress defined by

dive =tr(Ve® o). (2.6.17)

That is, after a double contraction of the basis vectors with the identity tensor
we have

. (004 | O0yy 004 Joy, 0Ooy, 0oy,
dive = <8x + oy + 8z)ex+<8x + Dy + 5. | &

00, 00, 00,
<3x t o+ 5 >ez. (2.6.18)

Thus we can substitute (2.6.18) into the equation of motion (2.6.13) to obtain
in component form
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x-component of momentum:

004, 00y 004,
+ =24

b, = piiy, 2.6.19
ox Jy 0z + e ( )
y-component of momentum:
0oy, 0oy, 0oy, .
b, = pii,, 2.6.20
z-component of momentum:
a zZx a z a 74 .
Tew L Doy T2 L)y, = pil. (2.6.21)

ox dy 0z

2.6.2 Cylindrical polar coordinates

In curvilinear coordinates the second order tensor may be expressed in terms
of covariant and contravariant base vectors. We will write the second order
tensor o in terms of the contravariant base vectors,

o=o0,8®g. (2.6.22)
The gradient is thus given by

80i- i .

ﬁ — Ti01j — Fgcjgil) gog og"
(2.6.23)

Following the same procedure as for the rectangular coordinate system we

obtain

0 ) .

. o 80rr 1 80r9 Orr — 000 agrz
dive = (87’ —i—;ae + " + 5. )¢
8(77«9 1 8099 2(77«9 8092
* (87“ r 90 * r * 9z )%
aazr 1 aon Ozr 8Uzz
+ (87’ ot )ez. (2.6.24)

The equations of motion in component form are, after substituting (2.6.24)
into (2.6.13), given by

Radial component of motion:

007”7" lao_’rﬂ Orr — Ogp aarz

or r 00 r 0z

+ b, = piiy, (2.6.25)
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Circumferential component of motion:

Oorg 10099 20,9 00, .
— = 2.6.2
or r 00 r 0z +be = pio, (2.6.26)

Axial component of motion:

8Uzr 1 ao_z@ Oz ao_zz

or 7’39+r 0z

+b, = pii,. (2.6.27)

2.6.3 Spherical polar coordinates

In spherical coordinates we obtain the following results

. 00, 100, 1 Oo,y 20, —0pg — Opp + Orgcot
d = - ,
e ( or * r 00 * rsing O0¢ * r ©
Joyg 10099 30,9 — 0 p¢ COL 0 + ggg cot 0 1 609¢
+ - + ; €y
or r 00 r rsinf 0¢
807«¢ 1 (90'9¢ 1 80¢¢ 30'“]5 + 20’9¢ cot 6
- . (2.6.28
* ( or r 00  rsinf 0¢ - r e | )

We can use equation (2.6.13) to deduce the equations of motion in component
form

Radial component of motion:

do,, 100, N 1 Ooyy 20, —0gg — Opp + 0rg coOt @
or r 00 rsinf 0¢ r

+b, = piiy, (2.6.29)

Circumferential component of motion:

J09 n 1 0o n 309 — Oggp COL 0 + oy cot 0 1 809(]5

(97“ T 89 r rsin @ 8¢ +b9 = Puy, (2630)

Meridian component of motion:

adrd, i 1 809¢ 1 80'¢¢ 3UT¢ + 20’9¢, cot 0
or r 00 rsinf 0¢ r
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2.7 Linearised Elasticity

In this section we provide a very brief description of the equations of linearised
elasticity.

The assumptions made in linear elasticity will allow for any solid material to
modelled within this framework provided the stresses are small. Typically, this
theory is useful to describe materials in which the stress and strain are linearly
related and where the displacement gradients are small. Further, the material
will return to its undeformed state once the forces causing the deformation
are removed. This is different from plastic materials where the deformation is
permanent and also different from viscoelastic materials which are materials
that behave as either solids or fluids. Viscoelastic fluids display a time depen-
dence as well. The theory of plasticity and viscoelasticity will not be discussed
further as it is not within the scope of this thesis. There are two types of linear
relations that can be described within the theory of linearised elasticity. The
first of these linear relations is kinematic linearity where for sufficiently small
displacement gradients, the stress and strain have a linear relationship. The
second relationship is where the constitutive equations describing a material
are linearly related. This is called material symmetry.

This leads us to one of the most important constitutive equations used in
linear elasticity and that is Hooke’s Law. It is found experimentally that in a
one-dimensional system the stress is approximately proportional to the strain
until the proportionality limit is achieved. Hooke formulated this observation

in one-dimension as
011 = EEll (271)

where 717 and FEj; is the stress and strain respectively of the one dimensional
system. In order to describe the stiffness of the material a constant of pro-
portionality was introduced. This constant E is called the Young’s modulus.
Since Hooke’s Law in linear, we can use the principle of superposition where
we can assume that each stress component 7;, is a linear combination of all
the strain components F;, and genralise his one dimensional formulation to

Oik = Cikr56r57 (272)

where Cj,s is a fourth order tensor and

where u is the displacement vector. Equation (2.7.3) is the strain tensor used
in linearised Elasticity. We note that in linearised elasticity the nonlinear terms
O(24dum)y iy the strain tensor are neglected. Equation (2.7.2) is called the

Ox; Oxp
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Generalised Hooke’s Law.

A material is said to be elastically isotropic if the elastic properties of a
material are identical in all directions. Thus for an elastically isotopic homo-
geneous material the Generalised Hooke’s Law can be written as

where A and p are the Lame constants and § = V - u is called the dilation.
The strain tensor €, is defined in (2.7.3) and d; is the unit tensor given by
(A.1.8). The parameter p is of significance in that it describes the shear mod-
ulus which is the resistance of a material to shear.

Due to the linear relationship between the stress and strain, it is possible
to write the strain in terms of the stress. This relationship is described by the
Inverse Hooke’s Law. It is usually expressed in terms of Young’s modulus F
or the Poisson ratio 0. The Poisson ration relates the lateral contraction to
the longitudinal extension. The Inverse Hooke’s Law is given by

(1+7)
FE

g
€k — _Ee)éik + Oik, (275)

where
3N+ 2p) A

(
(._.) — , E: , = . 276

2.7.1 Cauchy’s laws of motion

We will only state Cauchy’s laws of motion without proof.

For Linear elasticity the approximation is made that the equations of mo-
tion apply in the undeformed body.

e Cauchy’s first law of motion

D’UZ‘
POy = Tk + pobi (2.7.7)

where pg is the density in the undeformed body and b; is the body force.
e Cauchy’s second law of motion

e Navier’s displacement equation of motion
DQUi

where pg is the density in the undeformed body and b; is the body force
per unit mass.
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2.8 Conclusion

In this Chapter a summary of the fundamental concepts in Finite Elasticity
was discussed. Further, explicit form of the strain tensor and equations of
motion for rectangular Cartesian coordinates as well as for cylindrical and
spherical polar coordinates was presented. In the final part of the chapter key
definitions and useful formulae used in Linear Elasticity were presented.



Chapter 3

Constitutive equations in
Cauchy elasticity,
hyperelasticity and implicit
constitutive equations

3.1 Introduction

We will present a brief review of Cauchy elasticity and hyperelasticity and de-
rive a subclass of implicit constitutive equations in this Chapter. The proofs of
the results which we include here will be omitted. For a more detailed account
of Cauchy elasticity and hyperelasticity the reader is referred to the excellent
texts by Holzapfel [45] and Green and Adkins [46]. Rajagopal [5] has devel-
oped a more general framework within which a larger class of elastic materials
can be studied. In the general framework he provides implicit relationships
between the stress and deformation gradient and also cases where the stored
energy depends on both the stress and deformation gradient. A particular
subclass of these implicit constitutive equations that we consider in this thesis
are constitutive equations where the strain is prescribed as a non-invertible
function of the stress. The two constitutive equations of this type that we
consider are the power-law constitutive equation and the strain-limiting con-
stitutive equation.

The Chapter is structured as follows. In Section 3.2 we discuss the subject
of frame-indifference. Cauchy elastic materials and the constitutive equations
used to describe such materials are given in Section 3.3. Similarly, we discuss
the assumptions of hyperelasticity in Section 3.4 and provide general forms for
the constitutive equation used. Finally, the theory and derivation of a subclass
of implicit constitutive equations are presented in Section 3.5.

37
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3.2 Frame-indifference

We begin our development of the constitutive equations in Cauchy elasticity
and hyperelasticity with the topic of frame-indifference.

Suppose we consider a rigid body motion between the points (xo, to), (X, )
and (Xo, %), (X,t). Mathematically, we can express this mapping as

X — X = Q(t)(x — x9), (3.2.1)

where Q(t) is a proper orthogonal tensor since detQ = 1 and Q'(t) = Q* ().
This tensor characterises a rigid body rotation between two points. We can
write equation (3.2.1) as

% = c(t) + Q(t)x, (3.2.2)

where
c(t) = xo — Q(t)xo. (3.2.3)

In other words, the motion is now described as a rigid body rotation through
Q(t) and a translation through vector c(t) between the points (xg, ), (X,1)
and (Xo,1o), (X,%). This transformation is called a Euclidean transformation
and has important implications in the development of constitutive theories.

This leads us to the idea of objectivity or frame indifference. If a physical
quantity is unchanged for a change in observer, then that physical quantity is
frame indifferent. We do note however, that there are tensors which are not
frame indifferent. Rajagopal [5] argues that material frame indifference is not
an absolute requirement and that Galilean invariance is sufficient, especially
for elastic materials. Rajagopal [5] emphasises this point in that one can arrive
at an equation, for example the Navier-Stokes equation, by Galilean invariance
only.

For a vector field u, tensor field A and scalar field ¢ to be frame indifferent
the following requirements must be satisfied

ﬁ<§<7 tA) = Q(t)ll(X, t)’ A(f{, tA) = Q(t)A(X’ t)QT(t)7 gb(f(, f) = ¢(X’ t)‘
(3.2.4)
These relations are essential in the development of the constitutive equations
used in Cauchy elasticity and hyperelasticity.

3.3 Cauchy elasticity

A Cauchy elastic material can be defined as a material where the stress in the
current configuration f; is determined by the state of deformation of the cur-
rent configuration f;. For a Cauchy elastic material the stress does not depend
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on the deformation path or the deformation history.

In order to describe certain properties inherent in materials we can turn to
empirical data or construct mathematical generalisations to relate the macro-
scopic properties to the microscopic ones. Such descriptions are called con-
stitutive equations. For a Cauchy elastic body we will consider a constitutive
equation where the stress and deformation gradient are explicitly related. That
is

o = g(F), (3.3.1)

where o is the Cauchy stress tensor, F the deformation gradient and g the
response function. Suppose we assume that the Cauchy stress tensor o depends
on the left Cauchy-Green stretch tensor b

o = g(b). (3.3.2)

If this equation satisfies
QeQ" = g(QbQ") (3.3.3)

for all proper orthogonal tensors Q, then we say that the material is isotropic.
Physically, isotropy is characterised by the property that the material exhibits
no preferred direction, for example, rubber. Wood is not an isotropic material.
By the Rivilin-Ericksen theorem this relation can be expressed explicitly as

o =g(b) = apl + a;b + asb’, (3.3.4)

where the material moduli a4, 2 = 0, 1,2 depend on the invariants of the left
Cauchy-Green tensor. We note that only three material parameters are neces-
sary to completely describe the state of stress.

For an incompressible material, J = 1, the constitutive equation is given
by
o=—pl+g(F) (3.3.5)

where p is a pressure-like quantity and can only be determined by the boundary
conditions and equilibrium conditions.

3.4 Hyperelasticity

A brief review of some of the most popular constitutive equations used in finite
elasticity theory is presented.

A subclass of Cauchy elastic materials are materials wherein the stress is
derived from a potential, the Helmholz free-energy function ®, associated with
the material. Such materials are referred to as hyperelastic materials or Green
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elastic materials. Hyperelastic models have proved to model real materials
more accurately than Cauchy elastic models and recently Carroll [7] showed
that Cauchy elastic bodies must be hyperelastic. The function ® = ®(F) is
referred to as the strain-energy function or stored-energy function.

The first Piola-Kirchhoff stress tensor P is related to the potential ®
through

00 (F)
P=— 3.4.1
aF ) ( )
and as a result we can, by using
o=J"'"PF =57, (3.4.2)

express the Cauchy stress tensor in terms of the function ® as

LOBF) o (0R(F)\T
o= J T E = (8—F) . (3.4.3)

For isotropic hyperelastic materials we can determine constitutive equa-
tions in terms of the strain invariants. An example of this, for the right
Cauchy-Green stretch tensor we have

® = ®[[,(C), I(C), I(C)] (3.4.4)

which is valid for isotropic hyperelastic materials satisfying (3.3.3). We can
differentiate (3.4.4) with respect to the tensor C using the chain rule to find a
constitutive equation for hyperelastic materials in terms of C. That is

00(C) 0D OIL,  0DIL, 0P Ol

_020L  0®0L 0PIy 4
aC oL oC " anoc T anac (3-4.5)
where o1 oI oI
T e
ca=l S2=IT-C, Sl-IC (3.4.6)

Further, one can develop constitutive equations for the second Piola-Kirchhoff
stress tensor as well as for the Cauchy stress tensor. The second Piola-Kirchhoff
stress tensor is defined as

00 (F) 0P(C)
OF oC
The second Piola-Kirchhoff stress tensor for a hyperelastic material is given by

S=—pF 'FT4+F! = —pC! 42 (3.4.7)

93(C)

S=2
0C

(3.4.8)



3.5. IMPLICIT CONSTITUTIVE THEORY 41

where again ® is given in terms of the strain invariants (3.4.4). The constitutive
equation in terms of the strain invariants for the second Piola-Kirchhoff stress

tensor is 50 50 90 90
S=2|(—+0L-—+)I-—+C+L—C! 3.4.9
[(0[1 * 18[2) o5~ o ] (3:4.9)
and for the Cauchy stress tensor in terms of the strain invariants
0P 0P 0P 0P
=2J'" | h—+L-—)I+-—b—-L_—b'|. 4.1
o J |:( Qa[2+ 38[2) _'_8[1}3 3a[2b :| (3 0)

The constraint of incompressibility is that the Jacobian, J, of the defor-
mation gradient F must be unity, i.e, J = 1. Many materials exhibit the
property of isochoric motion under finite strain. To describe this behaviour,
various constitutive equations have been proposed. We state the general forms
of these constitutive equations for the first and second Piola-Kirchhoff stress
tensor as well as for the Cauchy stress tensor,

00 (F) 0P(C)

P= —pF_T—l—a—F, S = —pC_1+2W, o=—pl+

0(F)

(3.4.11)
For incompressible isotropic hyperelastic materials, the strain-energy function
® is either a function of the right Cauchy-Green stretch tensor C or the left
Cauchy-Green stretch tensor b and as such may also be expressed in terms of
the strain invariants. The development of constitutive equations for Cauchy
elasticity and hyperelasticity can also be extended to compressible materials
with the constraint that J > 0. This constraint ensures that the material does
not penetrate itself.

In order to study the behaviour of elastic materials within the framework
of hyperelasticity many forms of the strain-energy function have been pro-
posed and tested experimentally to assess its accuracy in describing the stress
response of various materials. Popular models include the Ogden, Mooney-
Rivilin and Neo-Hookean models for incompressible materials and the Ogden
and Blatz-Ko model for compressible materials.

3.5 Implicit constitutive theory

The aim of this section is to introduce the concept of implicit constitutive equa-
tions. We in no way intend to provide an in depth and detailed theoretical
exposition of the theory, but rather to focus on how constitutive equations can
be found under the umbrella of this rich theory. For a more detailed account
of implicit constitutive theories, the reader is referred to the comprehensive
paper by Rajagopal [5].



3.5. IMPLICIT CONSTITUTIVE THEORY 42

In this work we are considering materials which are incapable of dissipation
and materials which are described by an implicit relationship between the stress
and deformation gradient. Implicit constitutive equations have been studied,
although not extensively, in fluid mechanics however such considerations have
recently started gaining attention in solid mechanics. As alluded to earlier the
importance of such classes of constitutive equations cannot be overemphasised.
As an example to demonstrate the need for implicit relations consider Figure
3.5.1 below [8].

a) b)
/

Figure 3.5.1: Mechanical analogue of a spring system in parallel with an inex-
tensible string. (a)The unstretched spring and string. (b) Maximum extension
of spring. (c) Stress versus Strain curve.

A spring in parallel with an inextensible string. The string is longer than
the spring in the unloaded state and we say that the string is slack. Once the
spring is loaded the string will reach a critical value when it becomes taut.
This means that the extension of the spring cannot exceed a critical value.
This scenario is depicted in Figure 3.5.1 (b) and (c) [8].

In the context of the traditional theories of elasticity one can see that the
force cannot be expressed as a function of the stretch beyond the critical value
and beyond this value we would have to define a constant strain to describe the
body. Thus, in order to describe the elastic response of Figure 3.5.1 equations
of the form f(o, F) = 0 might be more useful. For a one-dimensional response,
the response of the spring is reversible but one cannot derive the stress from a
potential for the whole range of the response. Thus if we consider the potential,
¥, to depend on both the stress ¢ and strain ¢ we can describe the elastic
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response as [b]

b(e , 0 < 0 < Ogriticals
w — w(0_7 6) _ w( ) = > Ucritical (351)
wcritical = COTLSt&TLt, O > Ocriticals
and the constitutive equation is given by
_ g(a)a o S O critical (352)
€critical; 0 > Ocritical

We now derive a general form for the implicit constitutive equations. We
recall a few important definitions given by equations (2.2.2), (2.2.5), (2.2.14),
(2.3.15) and (2.3.16) to describe the motion, displacement vector, deformation
gradient and the displacement gradient tensor in both the spatial and material
descriptions. The strain tensors in both descriptions are given by equations
(2.3.9), (2.3.1), (2.3.6) and (2.3.12). We will pay special attention to the left
Cauchy-Green tensor (2.3.9). Suppose that the Cauchy stress tensor o depends
on the left Cauchy-Green stress tensor b

o = b(b), (3.5.3)

where b is the response function. If the response function b is isotropic, then
by Rivlin’s first representation theorem, [45], the Cauchy stress tensor may be
written explicitly in terms of the stretch b,

g = OéoI+Oélb+OéQb2, (354)

where «;, © = 0,1,2, are the response coefficients or material moduli. In
general, for isotropic materials only three parameters are necessary to describe
the stress. Further, the material moduli depend on the invariants of b, and
the invariants of b are defined as

I,(b) = tr(b), Mm:%wmf—mw» Iy = detb. (3.5.5)

Rajagopal [5] has introduced the implicit constitutive relation, which we will
be using,

f(o,b) =0. (3.5.6)
Since f is an isotropic function it has to satisfy
f(QeQ",QbQ") = Qf(o,b)Q" (3.5.7)

where Q is orthogonal. The isotropic nature of f is defined within the frame-
work of implicit equations and is defined in terms of the symmetry classifica-
tion of materials [4]. It has been shown in [5] that f is an isotropic function
so equation (3.5.6) can be written as [47]

ool + a0 + asb + az0? + ayb® + as(ob + bo) + as(a’b + b’o?)
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+ az(b’c + ob?) + ag(a’b® + b*0?) =0 (3.5.8)
where the material moduli o;, 2 =0, ....,8 depend on

p, tro, trb, tra?, trb* tre®, trb® tr(ob), tr(a’b), tr(b’*c),
tr(a?b?). (3.5.9)

We note that equation (3.5.4) is a subclass of the implicit representation
(3.5.8). We can define another subclass where the stretch is now given in
terms of the stress tensor o, i.e,

b = ayl + a0 + ayo?. (3.5.10)

The material moduli depend on p, tro, tre?, tra®. The representation (3.5.10)
is not always obtainable by inverting (3.5.4). It is to these models that we di-
rect our attention.

A further assumption is that we appeal to small displacement gradients
in order to study the relationship between stress and linearised strain. Using
this assumption and the relations (2.3.16), (2.3.9) and (3.5.10) we obtain the
following approximations

E=€e+0(?), e=€e+0(5), b=I1+2+0O(5), (3.5.11)

€= % (g—z + (g—z)T> (3.5.12)

is the linearised strain tensor. Since the displacements are small the gradi-
ent of the displacement vector may be computed in the reference or current
configuration. Since

where

b =1+ 2+ O(?), (3.5.13)
and using (3.5.10) we obtain the approximation
1 1 1
We can write this as
€ = 60]: + 610’ + ﬁ20'2, (3515)
where
1 1_ 1_
Bo = 5(% - I)> pr = §CY1, Bo = 5042- (3-5-16)

We have the freedom to choose a subclass of models defined by (3.5.15) as a
constitutive equation. The constitutive equations which we will work with are
given by [42, 43, 34],

€ = [(tro)I + % (1 + (tra2))n0' (3.5.17)
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and
1 1
e=p4|1- — I+5 |1+ ——=——| o (3518
e 2 (14 D (e)
(1 + ktro?) 2

where for both constitutive equations the constants 5 >0, « > 0,7 > 0,0 >0
and n > 0.

Constitutive equations of the form (3.5.15) provide a mathematical frame-
work to describe experimental observations which cannot be described when
using Cauchy elasticity or hyperelasticity. We have chosen two specific sub-
classes of equation (3.5.15) given by (3.5.17) and (3.5.18). One of the primary
reasons for choosing the two models (3.5.17) and (3.5.18) is to compare the
elastic response in materials described by these constitutive equations. For
example, the second model (3.5.18) highlights the possibility that one can
describe problems involving singularities which often lead to contradictions
when using classical elasticity theory as discussed in Section 1.4. In partic-
ular, constitutive equations of this type (3.5.18) have the interesting feature
of bounded strains regardless of how large the stresses (or non-dimensional
stresses) become. If one considers the constitutive equation (3.5.18) and cal-
culates the components of the strain, we find that as ¢ — oo the strain tends
to a finite (bounded) value. To develop the specific forms of the constitutive
equation (3.5.15) consider again (3.5.18). Since we want the body to be un-
strained when unstressed we need to ensure that the linearised strain tensor
is zero when the stress is zero. That is when & = 0,e¢ = 0. If we want to
describe the strain-limiting properties we would need to choose the material
moduli, which depend on the invariants of the strain tensor such that the
strain remains bounded as the stress becomes large. Admittedly, there are
simpler constitutive models that can be used to describe strain-limiting be-
haviour such as the models considered in [34, 51]. However, these models do
not consider the shearing parameter n and we want to investigate the effect
of this shearing parameter on the wave motion. The first part of the constitu-
tive equation (3.5.18) can be neglected for incompressible materials since the
restriction that the tr(e) = 0 must hold. The constitutive equation (3.5.15) is
quite general in that it holds for compressible materials as well. For compress-
ible materials the tr(e) # 0. For example we could consider certain compatible
stress fields and displacement fields in cylindrical polar coordinates that vary
radially with non-zero components along the diagonal of the linearised strain
matrix. We have not omitted this first part of the constitutive equation since
it is of interest (for future work) to study wave propagation for compressible
materials. The power-law constitutive equation (3.5.17) on the other hand is a
model which does not exhibit strain-limiting features but rather shows that in
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a small displacement range there is a distinct nonlinear relationship between
the linearised strain and stress. These models, unlike (3.5.18) would not be
suitable to describe the stresses and strains at crack-tips or the response for
brittle elastic solids. Models of this form can be viewed as a counterpart to the
generaised Neo-Hookean model and it is also a generalised counterpart to the
constitutive equation for a non-Newtonian power-law fluid. Equation (3.5.17)
was solved numerically in [42] and we aim to provide asymptotic and pertur-
bation methods to solve the governing equations and compare the solutions
with the results for the strain limiting model.



Chapter 4

Two-dimensional nonlinear
stress and displacement waves
for a new class of constitutive
equations

The contents of this Chapter was published in Wave Motion. The details of
the publication are as follows:
A.B. Magan, D.P. Mason and C. Harley. Two-dimensional nonlinear stress

and displacement waves for a new class of constitutive equations, Wave
Motion, 77,(2018), 156-185.

4.1 Introduction

In this Chapter we investigate the propagation of linear and nonlinear dis-
placement and stress waves in a rectangular slab for a new class of constitutive
equations. The new class of constitutive equations are a more general class of
constitutive equations and are described by implicit relationships between the
stress and strain. Classical Cauchy elasticy and hyperelastcity are subclasses
of the implicit constitutive equations as is shown in Chapter 3. The constitu-
tive equations that we consider in this Chapter are a special subclass of the
implicit constitutive equations where there is an explicit relationship between
the left Cauchy-Green stretch tensor b and the Cauchy stress tensor o which
is non-invertible. We consider two different constitutive equations. The first
constitutive equation that we study is called a power-law constitutive equa-
tion (3.5.17) due to its analogy with the constitutive equation for a power-law
fluid. The second constitutive equation is called a strain-limiting constitutive
equation (3.5.18) because it has the property that the stresses may becomes
very large while the strain does not become singular.

47
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In this Chapter we find asymptotic solutions for the nonlinear wave equa-
tions for both the power-law constitutive equation and the strain-limiting
equation. We find implicit asymptotic solutions for both constitutive equa-
tions which describe the propagation of solitary stress waves. We then find
perturbation solutions for the system of partial differential equations for the
displacement and stress for both constitutive equations and find travelling wave
solutions and standing wave solutions. To find the perturbation solutions we
consider straightforward or regular perturbation expansions for the displace-
ment and stress. We have shown in Appendix B that singular perturbation
is unsuccessful in removing the secularity however, the solutions obtained are
good approximations. There are other powerful methods to find exact so-
lutions for partial differential equations like the Lie symmetry method. We
cannot use this method for the equations under study because the boundary
conditions are not invariant.

The Chapter is organised as follows. In Section 4.2 we derive the mathe-
matical model for the power-law constitutive equation. In Section 4.3 we find
a solitary wave solution in implicit form for the stress. Perturbation solutions
for the displacement and stress are investigated in Section 4.4 and we find
travelling wave solutions and standing wave solutions. The results are dis-
cussed and analysed in Section 4.5. The second half of the Chapter for the
strain-limiting constitutive equation follows the same structure. Finally, the
conclusions drawn in Section 4.12.

4.2 Mathematical model for the power-law con-
stitutive equation

In this section we derive a system of nonlinear partial differential equations
which describes nonlinear wave propagation. The wave propagation will be
defined on a semi-infinite domain as well as on a finite domain. The domain
of interest is given by [42]

D={(X,Y,Z)]—00 < X <00,0<Y <yp,—00<Z < o0}, (4.2.1)

where 7, is the thickness of the rectangular slab. When we consider the semi-
infinite domain, yy — oo. In classical elasticity, we usually look for a semi-
inverse solution wherein we assume a specific form for the displacement field
and solve for this displacement. Within this new framework, we look for a
special semi-inverse solution where specific forms for both the stress field and
displacement field are assumed. We solve for the stress and displacement
simultaneously.



4.2. MATHEMATICAL MODEL FOR THE POWER-LAW
CONSTITUTIVE EQUATION 49

We will assume the following stress and displacement fields
oc=o0(yt)(e;, e, +e,®e,;), u=u(yt)e,. (4.2.2)

This displacement field describes transverse displacement waves The conser-
vation of mass, where we relate the mass in the reference configuration to the
mass in the current configuration through the continuous scalar fields py and
p is given by

po = pdetF. (4.2.3)

For the motion assumed in (4.2.2) we find that detF = 1. This means that
the body is undergoing isochoric deformation and by allowing for a constant
density in either configuration the balance of mass is identically satisfied.

For the first problem under investigation we will consider the constitutive
equation (3.5.17)

On using the equations of motion, the components of the strain tensor and
the constitutive relation (3.5.17), we obtain the following dimensional system
of equations

do 0%u
— = p=— 4.2.4
o P o (4.2.4)
0
8—5 = ol +~vyo?) .
We introduce the following non-dimensional variables
3 Y — t t 3 U _
y:—, t:—: R 'U,:—’ g = ’)/O' 425
Yo to Yo/ ap Yo VI ( )
This gives the non-dimensional system of equations
do V7Y 0*u
— = —— 4.2.6
oy a o2’ ( )
0
N (4.2.7)

Ay’ val
where the overhead bars have been suppressed. The non-dimensional variables
have been chosen in such a way that the effect of the shearing parameter n, for
small displacement gradients %, can be studied. It is important to remark that
for n = 0 the constitutive equation (3.5.17) reduces to the classical linearised

elasticity model
€ = f(tro)I + ao. (4.2.8)

We observe that v does not appear in the constitutive equation (3.5.17). Using
this constitutive equation we obtain the following system of equations
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o 0*u
9 - 2 4.2.
9y P o (4.2.9)
oy (4.2.10)
5 = a0 2.

If we non-dimensionalise (4.2.9) and (4.2.10) using the dimensionless quantities
(4.2.5) but with

og=0 (4.2.11)
we obtain the dimensionless system of equations

do 1 0%u
— = —— 4.2.12
oy a Ot?’ ( )
Ju
—, = ao. (4.2.13)
y

The system of equations (4.2.6) and (4.2.7) and (4.2.9) and (4.2.10) may be
written as a single nonlinear hyperbolic partial differential equation describing
shear stress waves as

o 0?

o prall
and the system (4.2.12) and (4.2.13) reduces to the classical wave equation.
We notice that when n = 0 « replaces \% The primary reason for decoupling

1+ 0%)"0] (4.2.14)

the system of partial differential equations (4.2.6) and (4.2.7) to obtain a single
partial differential equation is to highlight the fact that solitary stress waves
are possible. As a result of the higher order partial differential equation further
boundary conditions and initial conditions for the stress are required and this
is discussed in the next section. In the next section the solution of the system
of equations (4.2.6) and (4.2.7) for the stress and displacement and the second
order wave equation for the stress, (4.2.14), subject to a range of initial and
boundary conditions will be investigated.

4.3 Asymptotic solutions for the power-law con-
stitutive equation

4.3.1 Solitary wave solution

In this section we will outline the derivation of an implicit asymptotic solution
of the second order wave equation (4.2.14) for the stress subject to the initial
condition

Asin(2 0<y<l1
U(y,O)z{ sin(Zmy), 0<y<l, (4.3.1)

0, 1<y < oo,
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where the constant A is prescribed and is the amplitude of the wave and the
boundary conditions

Jo Jo
t)=0, — t) =0, ——(o0,t)=0. 4.3.2
o(oe.t) =0, G(oet) =0, F(oe.) (132)
. This solution was first derived by Kannan et al [42] and is included here for
comparison with the new solution for the strain-limiting constitutive equation
derived in Section 4.7.

Let o(y,t) = €d(y,t), where € is small. Substituting this transformation
into (4.2.14) and taking the binomial expansion of (1 + %)™ up to O(€?) we
obtain the asymptotic partial differential equation

82 A 62 A 82 A3
2 =20 e o ) (4.3.3)
oy Ot? ot?
Solving equation (4.3.3) using the method of characteristic curves we obtain
the implicit asymptotic solution for the stress

o ((1 + %az(yi)) Yy — t)
N = Asin 5 5 , t<y<1+t,
U(Qa )_ 1+§A251n2 <27r((1+7no2(y,t)>y—t>>

0, 1+t <y< o0
(4.3.4)

The physical interpretation of this result can be made clearer by writing it

approximately as

\

t
Asin{%r(y— )}, t<y<1+Ht,
o(y,t) = (14 Fo2(y,1)) (4.3.5)

Solutions (4.3.4) and (4.3.5) are exact solutions without approximation when
n = 0. An analysis and discussion of the results will be given in Section 4.5.

4.4 Perturbation solutions for the system of
partial differential equations for displace-
ment and stress

Whe n > 0 the parameter a/,/7 controls the magnitude of the displacement
gradient and in this theory we appeal to small displacement gradients. Thus
we let

— =e. (4.4.1)
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When n = 0, in order to ensure that the small displacement gradient theory
is upheld we let a = € for small €. Thus, for n = 0 and n > 0 the system of
equations (4.2.6), (4.2.7) and (4.2.12), (4.2.13) reduce to

2
Z_‘; _ %%, (4.4.2)
g—;‘ = €(1+0%) 0. (4.4.3)

We consider straightforward perturbation expansions of the form
o(y,t) = eog + 201 + a5 + O(e?), (4.4.4)
u(y,t) = ug + Euy + *uy + O(°). (4.4.5)

We note that the displacement is an order of magnitude smaller than the
stress. Substituting (4.4.4) and (4.4.5) into the system (4.21) and (4.4.3) and
approximating the term (1402)" using a binomial expansion up to order O(€?),
we obtain

800 2801 360'2 82160 282'&1 362’&2
_ , 4.4.6
9y T Ty T o T T o (4.4.6)
0 0 0
20y 3T Al 0o+ o1 + €' (o9 + nop).

dy 0y dy

Equating terms of the same order of € in each equation results in the following
systems of equations:

Zero order terms uy and oy

80'0 (‘32u0
: = 4.4.
oy a2 (4.4.7)
ou
62 : 6_; = O0p. (448)

Eliminating o from (4.4.7) and (4.4.8) gives the one-dimensional wave equa-
tion o o
Uo U
— — —5 = 0. 4.4.9
0y? ot? ( )

First order terms u; and o,

€ oy = Sr (4.4.10)
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3.8’&1

6.8—y

= o). (4.4.11)

Eliminating oy from (4.4.10) and (4.4.11) gives the wave equation

(92114 82u1

— =0. 4.4.12
Oy? ot? ( )
Second order terms u, and o,
(90'2 82u2
3.2 =2 = —= 4.4.13
0
et al; = 0y + noj. (4.4.14)

Eliminating oy from (4.4.13) and (4.4.14) gives the wave equation

02’&2 82u2 3 260’0
— — = 3nog—.
0y? ot? 0 9y

(4.4.15)

We will now consider a travelling wave solution and a standing wave solution
of the perturbation expansions. The general procedure is to solve the wave
equations (4.4.9), (4.4.12) and (4.4.15) for the displacement and then to obtain
the stress from (4.4.8), (4.4.11) and (4.4.14).

4.4.1 Travelling wave solution

We solve the wave equations for the displacement in the semi-infinte domain
0 <y < oo subject to the boundary condition

u(0,1) = {ASin(Zm)’ t20, (4.4.16)

0, t<0

and the condition that there are no incoming waves from y = +o00, that is, the
condition that the waves propagate only in the positive y-direction. Expanded
in powers of € to order €*, the boundary condition (4.4.16) is

up(0,1) + Eui(0,1) + e*ug(0,1) = (2 Ag + A, + ¢ Ay) sin(4nt)  (4.4.17)

and therefore for m = 0,1 and 2,

Apsin(dnt), t >0,
U (0, 1) = {o o (4.4.18)
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There is no boundary condition on ¢(0,t) because oo (y,t), 01(y,t) and o5(y, t)
are obtained from (4.4.8), (4.4.11) and (4.4.14) once uy(y,t), ui(y,t) and
us(y, t) have been found.

Consider the zero order quantities uo(y,t) and oo(y,t). Equation (4.4.9) is
a hyperbolic linear second order partial differential equation with solution

(4.4.19)

uo(y,t) = Foly —t) = {—Ao sinfdr(y —t)], 0<y<t,

0, y > 1.
From (4.4.8) the stress is given by

—4m Ay cos[dm(y — t <y<t
ao(y,t):%:{o m Ao cosldmly = 1)) O—i/— ’ (4.4.20)
Yy , Yy >T.

Equations (4.4.11) and (4.4.12) and the boundary conditions (4.4.18) for
the first order terms u,(y, t) and 01(y, t) are the same as equations (4.4.8) and
(4.4.9) for the zero order terms, ug(y,t) and og(y,t). Hence

(4.4.21)

—Aysinfdn(y —t)], 0<y<t,
ul(y7t>_{0 y>t

and
—4rA 4 —t <y<t
o1(y,t) = O _ mcosldn(y — )], 0<y<t, (4.4.22)
dy 0, y > t.

Finally consider the second order terms uy(y,t) and o2(y,t). Substituting
(4.4.20) into the wave equation (4.4.15) gives

oy o 0, y >t
(4.4.23)

Expressed in terms of the canonical variables £ = y —t and n = y+1t, equation
(4.4.23) reduces to

Puy  Puy {76871/18%4 cos’[drn(y — t)] sin[dn(y — )], 0<y <t,

2 3.4 002 : < f<
0%uy _ 192nAjn® cos®[4mé] sin[dné], —n <E<0, (4.4.24)
agon |0, £>0,
which can be integrated to give
—16nA3m3n cos®[4né] + Fo (&) + Ga(n), —n<E<0,
F5(§) + Ga(n), £>0,
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where I3 and G5 are functions to be determined. Transforming back to the
variables y and t we obtain

Fy(y—t)+ Ga(y +1), y >t
(4.4.26)
Since we are considering waves propagating in the positive y-direction we take
G = 0. In order to determine Fy we impose the boundary condition (4.4.18)
for m = 2. This gives

uz(y, 1) {_wmﬁﬁ@+ﬂaﬁmﬂy—ﬂHJﬂy—w+ny+m 0<y<t,
2\Y, =

—16n ATt cos®[Ant] + Fy(—t) = Apsin(4nt), t>0, (4.4.27)
Fy(—t) = 0, t<0 (4.4.28)

and therefore

— Ay sin(4mw) — 16nA3m3 3(4 <
Fy(w) = { 9 sin(4mw) — 16nAjmw cos® (drw), w <0, (4.4.29)

0, w >0

Thus

0, y > t.
(4.4.30)

—Aysinfdrn(y — t)] — 32nAim3y cos®[dn(y — t)], 0<y <0,
u2(y7 t) =

From (4.4.11) and using also (4.4.20) for oy we obtain for the stress field at
the second order

—47 Ay cos[dm(y — t)] + 32nm3 A cos®[dn (y — 1))
o2(y,t) = ¢ +384nmwt Ay cos®[4n (y — t)] sin[dm(y — )], 0<y<H,
0, y>t
(4.4.31)

By combining the zero, first and second order solutions we obtain for the
displacement the asymptotic solution correct to order €,

—€2(Ap + €Ay + 2 Ay) sin[dr(y — t)]
u(y,t) = § —32enm3 Ady cos3[4m(y — t)], 0<y<yr(t;n), (4.4.32)
0, y > yp(t;n)

where ygr is the distance travelled by the wave front, uv = 0, after time t.
Because of the secular term in y in (4.4.32), due to the nonlinearity in the
constitutive equation (3.5.17) for n > 0, yr(t;n) is not exactly to ¢. The value
of yp(t;n) will be calculated in Section 4.5 by finding the zeros of u(y,t). The
stress correct to order €3
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—dme(Ag + €Ay + €2Ay) cos[dm(y — t)]

+32e3nm3 A3 cos?[4m(y — t)](cos[4m(y — t)]

+12nmy sinfdn(y — t)]), 0 <y <uyr(tn),

0, y > yr(t;n)
(4.4.33)

U(yv t) =

The results will be analysed in Section 5.

4.4.2 Standing wave solution

We look for solutions of the perturbation equations (4.4.9), (4.4.12) and (4.4.15)
in the finite domain, 0 <y < 1, subject to the boundary conditions

y=0: u(0,t) = up(0,t)+e3ui (0, ) +e*uy(0,4)+O() =0, t >0 (4.4.34)

y=1: u(l,t) = up(l,t)+u(1,t)+e*us(1,)+0(®) =0, t>0 (4.4.35)
and to the initial conditions

t=0: u(y,0) = Asin(ry), 0<y<1, (4.4.36)
Eup(y,0)  +eui(y, 0) + tus(y, 0) + O(°) = (4.4.37)
(Ag+ A + * Ay + O(%)) sin(my), 0<y <1,

du(y,0) 6Zﬁuo(y,O) N 638u1(y,0)

t=0: — = o o (4.4.38)
64W+0( )=0, 0<y<1

Consider first the zero order equation (4.4.9) and look for a non-trivial sepa-
rable solution of the form

woy.£) = Yo(u)Tolt). (44.39)
Substituting (4.4.39) into (4.4.9) gives the eigenvalue problems

&2,
dy?

+ XoYo = 0, (4.4.40)

d*T,
dy?

+ A Tp = 0, (4.4.41)
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where —)q is the separation constant and \g is chosen to be positive to give
wave solutions. The general solutions of (4.4.40) and (4.4.41) are

Yo = ag cos(v/ Aoy) + bosin(+/ Aoy), (4.4.42)
To = cocos(/ Aot) + do sin(y/ Aot), (4.4.43)

and therefore

up(y,t) = [ao cos(v/ Aoy) + bo sin(+/ Aoy)][co cos(v/ Aot) + dp sin(+/ Aot)].
(4.4.44)
Now from (4.4.34) and (4.4.35), uo(y, t) satisfies the boundary conditions

and hence
ap=0, VX=mr, m=1223,--- (4.4.46)
Thus
Uom (Y, 1) = bo, sin(may)[com cos(mat) + do, sin(mmt)], m=1,2,3,---
(4.4.47)
and
up(y,t) = Z bom sin(may)[com cos(mmt) + do,, sin(mmt)]. (4.4.48)
m=1
But from (4.4.38), ug(y, t) satisfies the initial condition
up(y,t) = Apsin(my). (4.4.49)
Hence (4.4.48) at t = 0 is
Apsin(my) = Z bom Com Sin(mmy). (4.4.50)
m=1
Clearly,
b01001 = Ao, bOm = 0, m Z 2 (4451)
and therefore
d
uo(y, t) = Agsin(my) |:COS(7Tt) + Lsin(wt) | . (4.4.52)
Co1
From (4.4.39), ug(y, t) also satisfies the initial condition
0
20(y,0) =0 (4.4.53)

ot
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and therefore dy; = 0. Thus
uo(y,t) = Agsin(my) cos(mt). (4.4.54)
Using the identity
2sin Acos B = sin(A + B) + sin(A — B) (4.4.55)

equation (4.4.54) can be written equivalently as

A
ug(y,t) = 70[Sin(7r(y +1) +sin(r(y—1)], 0<y<1, t>0. (4.4.56)
The zero order solution (4.4.56) represents a linear superposition of two waves,

one travelling in the negative y-direction and one travelling in the positive y-
direction, both with speed unity. From (4.4.8) and (4.4.54)

0
oo(y,t) = (‘)lyo(y’ t) = mAgcos(my) cos(mt), 0 <y <1, t>0, (4.4.57)

or equivalently using (4.4.56),

oo(y,t) = 7TTAO[COS(W(y +t)) +cos(m(y—t))], 0<y<1, t>0. (4.4.58)

Consider next the first order wave equation (4.4.12) which is subject to the
boundary conditions

u(0,8) =0, wuy(1,¢)=0 (4.4.59)
and to the initial conditions
. aul
uy(y,0) = Ay sin(my), W(y, 0)=0, 0<y<L (4.4.60)

Since the partial differential equation (4.4.12) and the boundary conditions
and initial conditions are the same as for the zero order problem the first order
solution is

uy(y,t) = Ay sin(my) cos(nt) (4.4.61)

and from (4.4.11),
o1(y,t) = mA; cos(my) cos(mt). (4.4.62)

Using the identity (4.4.55) the first order solutions (4.4.61) and (4.4.62) can
be written equivalently as

uy(y,t) = %[sin(w(y +1t)) +sin(r(y—1t))], 0<y<1, t>0, (4.4.63)
o1(y,t) = 7T—Al[(:os(ﬁ(y +1t)) +cos(m(y—1t))], 0<y<1, t>0. (4.4.64)

2
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Finally, consider the second order wave equation (4.4.15) subject to the bound-
ary conditions

ug(0,t) =0, wug(l,t) =0 (4.4.65)
and to the initial conditions
. Juy
us(y,0) = Ay sin(my), E(y, 0)=0, 0<y<I. (4.4.66)

Substituting (4.4.57) into the wave equation (4.4.14) gives
62U2 82u2
0y? ot?

which with the aid of (4.4.55) can be rewritten as

= —3n7 4] cos®(7t) cos® (my) sin(my), (4.4.67)

82’&2 82'&2 3 4 43 3 . .
07 oF — T A cos®(mt) [sin(my) + sin(37y)]. (4.4.68)

Unlike the zero and first order partial differential equations, (4.4.9) and (4.4.12),
the partial differential equation (4.4.68) does not admit a separable solution
of the form

ws(y,1) = Ya(y) To(0). (4.4.60)

Guided by the boundary conditions (4.4.65) and the right hand side of (4.4.68)
we look for a solution of the form

us(y,t) = Z T (t) sin(mmy). (4.4.70)

m=1

Now, (4.4.70) is a solution of the partial differential equation (4.4.68) provided

00 2
2 {ddgm + m27r2Tm(t)} sin(my) = inwmg cos’(mt)[sin(my) + sin(37y)].
m=1

(4.4.71)
Multiplying (4.4.71) with sin(pmy) where p > 1 is an integer and integrating
with respect to y from 0 to 1 and using the identity

1
1
/ sin(pmy) sin(mmy)dy = §5pm, (4.4.72)
0
we obtain
T, | 5 5 3 a3 3
o7 +p T, (t) = i Ag cos®(mt)[0p1 + Ops). (4.4.73)

By using the identity

1
cos® A = 1(3 cos A + cos 3A), (4.4.74)
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equation (4.4.73) can be put in a suitable form for integration,

2
T
ddt2p + p* T, (t) = 1%71#4143 [3 cos(mt) + cos(3mt)]|[dp1 + Ips)- (4.4.75)

Consider now the initial conditions on 7),(t). Substituting (4.4.70) into (4.4.66)
gives

Z T (0) sin(mmy) = Agsin(my), 0<y <1 (4.4.76)
m=1
and
= dT,,
Z % sin(mrmy) =0, 0<y<1. (4.4.77)
m=1

By multiplying (4.4.76) and (4.4.77) by sin(pmy) and integrating with respect
to y from y =0 to y = 1 gives

d1,,(0)

T,(0) = Asdps, T dt

=0, p>1. (4.4.78)

From (4.4.75) and (4.4.78) we obtain the following system of ordinary differ-
ential equations and initial conditions for T,,(t), m > 1:

2
T
m=1: ddt21 + 7T = %RF4A3[3 cos(mt) + cos(37t)], (4.4.79)
dT;
Ty(0) = As, 10) _ 0; (4.4.80)
dt
d*T:
m=3: dt23 + 97Ty = %RW4A3[3 cos(mt) + cos(37t)], (4.4.81)
dT5(0
T3(0) = 0, 30 _, (4.4.82)
dt
d*T,, 9 9
m=2, m>4 s +m T, =0, (4.4.83)
dT,,,(0
T,,(0) = 0, 0 _,, (4.4.84)
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The solution of the differential equation (4.4.79) for T’ (¢) subject to the initial
conditions (4.4.80) is

Ti(t) = Ag cos(mt) + %87171'2148 [cos(mt) — cos(3nmt) + 12nt sin(nt)], (4.4.85)

while the solution of the differential equation (4.4.81) for T3 subject to the
initial conditions (4.4.82) is
9 4
T5(t) = @mrQAg [cos(mt) — cos(3nt) + §7Tt sin(37t)]. (4.4.86)

The solution of the differential equation (4.4.83) subject to the initial condi-
tions (4.4.84) is
Thn(t)=0, m=2 m2>4, (4.4.87)

and therefore from (4.4.70),
us(y, t) = T1(t) sin(my) + T3(t) sin(37y), 0<y < 1. (4.4.88)
With the aid of the identity (4.4.55) and the identity
2sin Asin B = cos(A — B) — cos(A + B), (4.4.89)

equation (4.4.88) can be written as
us(y,t) = %[Sin(ﬁ(y +1)) +sin(r(y —t))] + %nWQAgUQ(y, t), (4.4.90)
where
Us(y,t) =sin(w(y + t)) + sin(w(y — t)) — (sin(w(y + 3t)) + sin(w(y — 3t)))
+ 127t(cos(m(y — t)) — cos(m(y +t)))
+?Zl(sin(7r(3y+t)) +sin(m(3y—1t))) —3(sin(37(y+1t)) +sin(3w(y—1)))
+ §7rt(cos(37r(y —t)) — cos(3m(y +t))).
(4.4.91)

From (4.4.7) and using (4.4.58) for oy and (4.4.90) for us(y, t) it can be verified
that

ooy, t) = gAQ [cos(m(y +t)) + cos(m(y —t))] + %nﬁflg&(y, t), (4.4.92)
where
Sa(y,t) = —23(cos(m(y+t))+cos(m(y—t))) — 9(cos(m(y+3t)) 4 cos(n(y — 3t)))
+ 127t(—sin(n(y — t)) +sin(n(y + t))) + cos(7(3y + 1))
+cos(n(3y — 1)) — ?(COS(SW(y +1)) + cos(3(y — 1))
+ 4mt(—sin(37(y — t)) + sin(37(y + 1))).
(4.4.93)
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By combining the zero, first and second order solutions for the displace-
ment, given by (4.4.56), (4.4.63) and (4.4.90), we obtain from (4.4.5) correct
to order €*,

1 3
u(y,t) = 5 [62A0+63A1 +64A2] [sin(7(y+t))+sin(m(y—t))] +_256 e4n7r2A(3)U2(y, t),
(4.4.94)

where Us(y,t) is given by (4.4.91). The stress is given by (4.4.4) and using
(4.4.58) for 0y, (4.4.64) for oy and (4.4.92) for o5 we obtain correct to order €3,

3
o(y,t) = g [eAg+e® A+ Ay [cos(m(y+t) ) +cos(m(y—1))] +2—5663n7r3A352 (y, 1),
(4.4.95)

where Sy(y, t) is given by (4.4.93).
The results for the stress and displacement will be discussed in the next section.

4.5 Discussion of results for power-law consti-
tutive equation

4.5.1 Solitary wave solution for shear stress

The implicit asymptotic solution (4.3.4) for the power-law constitutive equa-
tion will now be discussed.

Figure 4.5.1 shows the stress solitary wave at time ¢ = 0 for n = 0 and
n = 0.3. A distortion in the linear sine wave for n = 0 is apparent when
compared to the nonlinear wave for n > 0. Figures 4.5.2 and 4.5.3 show the
propagation of the solitary stress wave at times ¢ = 0.1 and ¢ = 1 respectively.
We find that as time evolves, for a fixed n, the wave steepens at the back.
For a fixed value of time the steeping increases as n increases. A shock front
forms at the back of the stress wave after a sufficiently large time. From the
approximate solution (4.3.5) we see that an estimate of the speed of the stress

wave 1s ]

(1 + 37”02(@,,@) |

The wave speed decreases as both n and o increase. An estimate of the time
the shock front forms can be obtained by differentiating (4.3.5) with respect
to y. This gives

C(n,0) = (4.5.1)

do 2w A cos ¢
Ay [1—3mnAZsin2¢ C%(n,o)t]’ (4.5.2)

where

¢ =2m(y — C(n,o)t). (4.5.3)
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Thus 5
o
—| =00 as t—=t; = - , 4.5.4
oy 3mnA2C?%(n, o) sin 2¢ ( )
provided t, > 0. Nowt;, > 0for0 < ¢ < Jand form < ¢ < 37” For0 < ¢ < 7,
g—‘; > 0 while for 7 < ¢ < 37”, g—z < 0. In both cases the stress wave steepens
at the back in agreement with Figure 3 and the shock front forms at the back
of the stress wave.

We can also study the dependence of the estimate of the breaking time on

n and we find that

1

1
~ nC?%(n,o)’

When the value of n increases the time at which the shock will develop occurs
earlier than for a lower value of n. The values that are chosen for n are the
values that were used in [42] which was the first paper to provide a framework
for the propagation of stress and displacement waves experimentally. That
paper described the work by Saito [28] on titanium alloys and gum metal.
Hence we have used the same values for illustration. Other positive values of
n may also be used. The times that are chosen are again chosen to show that
after some time a distortion in the wave form will occur. If we are to consider
the same value of n for larger times a shock will develop after approximately
time (4.5.4). If we fix the time and increase the value of n a shock front will
develop earlier.

t (4.5.5)

04t o - ]
02) ]
F[w] oo
-02f .
_04 7\ | | \7
-05 0.0 0.5 1.0 1.5
w
Figure 4.5.1: Initial profile of the solitary stress wave for n =0 (— — ——) and

n=03(——) with 49 = 0.4.
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Figure 4.5.2: Propagation of the solitary stress wave for n =0 (— — ——) and
n=0.3( ) at time ¢ = 0.1 with Ag = 0.4.

0 1 2 3 4
y
Figure 4.5.3: Propagation of the solitary stress wave for n = 0 (— — ——) and

n=0.3( ) at time ¢t = 1 with Ay = 0.4.
4.6 Perturbation solutions for displacement and
shear stress

In this section we present an analysis of the asymptotic solutions for the trav-
elling wave and standing wave for the power-law constitutive equation. We
choose A; =0 and A; = 0 for both asymptotic solutions.
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4.6.1 Travelling wave solution for displacement and stress

The straightforward perturbation expansion for the displacement, (4.4.32) cor-
rect to order O(e!) and the stress, (4.4.33) correct to order O(e?) each contain
a secular term in y at the highest order in € for n > 0. The problem is therefore
a singular perturbation problem. We applied the Lindstedt-Poincaré method
but the singular perturbation method was not successful in removing the sec-
ular term. This is due to the fact that the solution for the displacement at
the third order requires the value of the stress, g, from the lowest order solu-
tion which does not contain any parameters that can be used to eliminate the
secular terms.

The position of the wave front at time ¢, yr(t;n), is found from the condi-
tions that the amplitude of the displacement vanish at the wave front. From
(4.4.32) for n = 0,

u(y,t) = —2 Agsin[dn(y — t)] + O(€), (4.6.1)

which describes a travelling wave with unit velocity. The wave front is at y = ¢
so that yp(t;n) = t. For n > 0 the position of the wave front is obtained by
using (4.4.32) to calculate, at a given time ¢, the solution for y of u(y,t) =0
closest to y = t. The results for n = 0 and n = 0.3 for times ¢ = 0.5 and
t = 0.8 are given in Table 4.6.1. These values for n and for ¢ are again chosen
for comparison with the results in [42]. Other larger values may also be used
and it can be seen that larger values of n result is slower wave speeds.

t | n=0 n=0.3
0.5 | yr=0.5 | yr=0.4828
0.8 [ yr=0.8 | yp=0.7745

Table 4.6.1: Position of the wave front for the travelling wave, yr(t;n), for
e =0.1 and Ay = 0.4.

The travelling wave solutions for the displacement and stress, (4.4.32) and
(4.4.33), are plotted in Figures 4.6.1 and 4.6.2 for n = 0 and n = 0.3 at times
t = 0.5 and t = 0.8. The speed of propagation of the nonlinear wave for n = 0.3
is less than that of the linear wave for n = 0. The maximum amplitude of the
displacement wave for n = 0 and n = 0.3 are approximately the same. For
the stress wave the maximum amplitude for n = 0.3 is greater than for n = 0
and the difference in the amplitude increases as the wave propagates. The
wave profile for positive values of the stress (tensile stress) becomes distorted.
The stress at the wave front is discontinuous because the spatial gradient of
the displacement is discontinuous at the wave front. The stress wave therefore
propagates as a shock wave with a discontinuity in the stress at the wave front.



4.6. PERTURBATION SOLUTIONS FOR DISPLACEMENT AND
SHEAR STRESS 66

Further, the value of the wave front for n > 0.3 will show that as n increases
the speed of the wave decreases.

When A; = Ay = 0 the straightforward perturbation expansion for the
displacement wave, (4.4.32), breaks down due to the secular term when the
magnitude of the order €* term exceeds €A, that is, for

1
Z———~21 4.6.2
y= 32nm3 A2e? ’ ( )
with parameter values n = 0.3, Ap = 0.4 and ¢ = 0.1 as in Figures 4.6.1

and 4.6.2. The straightforward perturbation expansion for the stress wave,
(4.4.33), breaks down for

1

Y2 G6nr A2 ~ 2.33, (4.6.3)
for the same parameter values. These values of y are outside the range,
0 <y < 0.8, considered in Figures 4.6.1 and 4.6.2. The positions y where
the perturbation expansions for the displacement (4.4.32) and stress (4.4.33)
depend on n like y 2> 1/n and 1/n? respectively which means that as n in-
creases the perturbation solutions for the displacement and stress break down
for smaller values of .

0.004 --

0.002 -

u 0.000

-0.002 -

-0.004 -
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.6.1: Travelling wave for the displacement for n = 0 (— — ——) and
n=0.3( )at ¢t =0.5 and t = 0.8 with Ag = 0.4 and ¢ = 0.1.




4.6. PERTURBATION SOLUTIONS FOR DISPLACEMENT AND
SHEAR STRESS 67

04l

02f

o 00 |
0.2

-0.41

Figure 4.6.2: Travelling wave for the stress for n = 0 (— — ——) and n =
0.3 ( )at t =0.5 and t = 0.8 with A9 = 0.4 and € = 0.1.

4.6.2 Standing wave solution for displacement and stress

The straightforward perturbation expansions for n > 0 for the displacement,
(4.4.94), and for the stress (4.4.95), contain secular terms in ¢ at order €* and
at order €3, respectively. These secular terms cannot be removed by using
singular perturbation methods such as the Linstedt-Poincaré method. When
Ay = Ay =0, the expansions (4.4.94) and (4.4.95) both break down for

32

t 2> Onr A2 ~T.17 (4.6.4)
when evaluated for n = 10, Ay = 0.4 and ¢ = 0.1. This value of ¢ is outside
the range 0 < t < 0.8 used in Figures 6 and 7. The large value, n = 10,
is considered because the distortion is small and is not clearly illustrated in
graphs with small values of n. This large value of n falls outside the range of
values of n used in experiments but is considered here for illustration.

The solutions (4.4.94) and (4.4.95) for u(y,t) and o(y,t) are in the form of
waves propagating in the positive and negative direction between y = 0 and
y = 1. Equations (4.4.94) and (4.4.95) can be rewritten in the form of standing
waves in the range 0 <y <1 as

u(y,t) = (e Ag + A + €' Ay) sin(my) cos(7t) + %e‘anQAgUQ(y, t), (4.6.5)

where
Uy = 2sin(my)[cos(nt) — cos(3nt) + 127t sin(7t)] (4.6.6)
+ 6sin(3my)[cos(mt) — cos(3mt) + 4t sin(37t)]
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and

o(y,t) = m(eAg + Ay + €2 Ay) cos(my) cos(nt) + %6371#314332(% t), (4.6.7)

where

Sy = 2 cos(my)[—23 cos(mt) — 9 cos(3nt) + 127t sin(7t)]

35 . (4.6.8)
+ 2 cos(3my) |cos(nt) — 3 cos(3mt) + 4mtsin(3wt)| .

We are considering A; = A, = 0. Consider first the displacement. When
n = 0, the solution (4.6.5) consists of a standing wave of amplitude 2 A, with
form sin(my) for 0 < y < 1 and oscillating with period 7' = 2. When n > 0
there is in addition a superposition of standing waves, with amplitude of order
¢!, of the form sin(my) and sin(3wy) and oscillating with period 7' = 2 and
T = 2/3. The displacement wave (4.6.5) is plotted in Figure 4.6.3 where the
solutions for n = 0 and n = 10 are compared for 0 < ¢t < 1 which is the first
half-cycle of the displacement wave for n = 0. We see that for the time range
considered the differences between the two oscillations is small. The difference
will be most significant when the order terms €? vanish, which occurs at t = 0.5
in Figure 4.6.3, leaving only the superposition of standing waves of order e*.
The difference between the two oscillations vanishes at ¢t =0 and ¢t = 1.

Consider next the stress wave. When n = 0 the solution (4.6.7) consists
of a standing wave of amplitude er Ay of the form cos(my) for 0 < y < 1 and
oscillating with a period 7' = 2. The stress wave for n > 0 has in addition
a linear superposition of standing waves of amplitude order € and are of the
form cos(my) and cos(37y) with periods of oscillation 7' = 2 and 7' = 2/3. The
solutions for the stress wave for n = 0 and n = 0.3 are compared for 0 < ¢ <1
in Figure 4.6.4. The differences are small and are most significant at ¢t = 1/2
when the terms of order € vanish.
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Figure 4.6.3: Standing wave for the displacement for n = 0 (— — ——) and
n =10 (——) with Ay = 0.4 and € = 0.1 at times ¢t = 0,0.25,0.5,0.5,0.75, and
1.

0.10}

0.05}

o 0.00f
-0.05f

~0.10}

Figure 4.6.4: Standing wave for the stress for n = 0 (— — ——) and n =
10 (——) with Ag = 0.4 and € = 0.1 at times ¢ = 0,0.25,0.5,0.75 and 1.
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4.7 Mathematical model for the strain limit-
ing constitutive equation

In this section we will derive a system of nonlinear partial differential equa-
tions to study wave propagation in an semi-infinite domain and in a finite
domain using the strain-limiting constitutive equation (3.5.18). This constitu-
tive equation has been studied in [34] to describe strain limiting responses for
static boundary value problems.

The domain of interest is defined by (4.2.1) and we consider the stress and
displacement fields given by (4.2.2)

Using the equations of motion, the components of the strain tensor and the
constitutive equation (3.5.18) we obtain the following dimensional system of
equations

0s _ o
ay  Porr
ou 1 "

Introducing the following non-dimensional variables

_ Y _ t t 3 U B
= —, t:—: s u:—7 g = O', 472
Y Yo to Yo/ ap Yo & ( )
we obtain the non-dimensional system of equations

do V7Y 0u
— = —— 4.7.3
Ay a Ot?’ ( )
ou o 1 "
— = — |1+ ——| o, 4.74
i ] Ty

where the overhead bars have been suppressed. The same analysis can be per-
formed for n = 0 as was done for the power-law constitutive equation.

This system of equations may be written as a single nonlinear hyperbolic
partial differential equation which describes shear stress waves

The solution of the system of equations (4.7.3) and (4.7.4) and of the second
order wave equation (4.7.5) for the same initial and boundary conditions used
for the power-law constitutive equation will be investigated in the next section.
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4.8 Asymptotic solutions for the strain limit-
ing constitutive equation

4.8.1 Solitary wave solution

In this section we will outline the derivation of an implicit asymptotic solution
of the second order wave equation (4.7.5) for the stress subject to the initial
condition (4.3.1).
Let o(y,t) = ed(y,t), where € is small. Substituting this transformation
1 n
into (?77?) and taking the binomial expansion of [1 + m} up to O(e?)
o

we obtain the following asymptotic partial differential equation

%6 %6 9263
Z— =on — _onlp2t — 4.8.1
By a2 e o (48.1)
Let c
j =22y, €= ——. 4.8.2
y y 7 (4.8.2)

Substituting (4.8.2) into (4.8.1) we obtain the partial differential equation

o*¢  9*¢ 0%

— = —— —Nné :

gy ot? ot?
The only difference between (4.8.3) and (4.3.3) is the difference in sign of the
last term. We now introduce the transformations

(4.8.3)

Y =28y, t=t—71. (4.8.4)
Now, the stress is defined in terms of the transformed variables as
o(y,t) = o (Y(),7(t,9)). (4.8.5)

Substituting (4.8.4) and (4.8.5) into the partial differential equation (4.8.3)
gives

820'* B 820'* 82(0'*)3
_287'8Y +€ vz = g (4.8.6)
Integrating (4.8.6) with respect to 7 yields
Oo* T 820_* 8(0'*)3
—2 e = — Y). 4.8.
8Y+6/ aY2d7‘ n=p- +G(Y) (4.8.7)

where G(Y') is an arbitrary function of Y. By imposing the boundary condi-
tions (4.3.2), G(Y) = 0 Neglecting terms O(€?) in (4.8.7) equation gives the
quasi-linear first order partial differential equation

do* , 00

Y + 3n(c¥)

—2 — 0. (4.8.8)

or
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The differential equations of the characteristic curves of (4.8.8) are

dY dr do*
7 = . 4.8.
2 3n(o*)? 0 (48.9)

From the last term in (4.8.9) one invariant along a characteristic curve is
o =k, (4.8.10)

where k; is a constant. We then solve the differential equations formed by the
first pair of terms in (4.8.9) to yield

37"(0*)21/ + 7 =k, (4.8.11)

where ko is a constant. The general solution of (4.8.8) is
k= F(—k) (4.8.12)

where F'is an arbitrary function and it is convenient to work with —k, instead
of ks. Hence

o (Y,7)=F [— <3?n(a*)2Y + T>:| . (4.8.13)
From (4.8.4) we find that the solution (4.8.13) can be written as
o N 5.9\
o(y,t)=F||1—- €)Yy —tl. (4.8.14)

Now, using (4.8.2) and the fact that o = e, we obtain the solution

o(yt) — €F {2 (1 - %”ﬂ(;,,t)) y— t] (4.8.15)

= F {23 (1 — %Tnaz(y,t)> Yy — t} .

The function F' can be determined from the harmonic initial condition (4.3.1).
We have,

o(y,0)=F {2’5 (1 — %02(3/, 0)) y} . (4.8.16)

Therefore, using (4.3.1)
F= {23 (1 — %”AQ sin2(27ry))> y] = Asin(2ry), 0<y<1, (4.8.17)

F22y] =0, 1<y<oo (4.8.18)
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Let

n 3n
27 [ 1 — = AZsin?(2 0<y<l1
( 5 AT sin’( ”y)> ¥ T=V=4 (4.8.19)

w =
22y, 1 <y< oo

Equation (4.8.19) has to be solved for y in terms of w. We proceed as in
Subsection 4.1. Since sin?(2ry) < 1, a first approximation is y = 27 2w.
[terating using this result the next approximation is

2,3
y = e , 0<y<l1. (4.8.20)

3 n
1-— ZnA2 sin?(21 2 rw)

We will use (4.8.20) to express y in terms of w. A similar approximation is
not required in determining the limits of the range 0 < y < 1 because the
stress o(y,0) vanishes at the wave front and at the end of the solitary wave.
Equations (4.8.17) and (4.8.18) become

21-3
5 Asin i C0<w<l,

(w) = 1-— %THAZ sin?(2' "2 rw) (4.8.21)
0, 1 <w< oo

w =23 (1 - %UQ(y,t)) y—t (4.8.22)

while to obtain the limits of the range 0 < w < 235 we set w = 2%y —t because
o(y,t) = 0 at each end of the solitary wave. Thus

21-%x (2% (1 — %02(y,t)) y— t)
1- %/ﬂ sin?2 (21—%7r (2% (1 - 37”02(1/,15)) y— t))

0, 272 (1+1¢) <y < oo.
(4.8.23)

To interpret the solution physically, we write the stress, (4.8.23), approximately

t
2 (y ~EaC %02(%”)] . (4.8.24)

An analysis and discussion of the results will be given in Section 8.

Asin
o(y,t) =

] L 27t <y<27E(1+1),

o(y,t) = Asin
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4.9 Perturbation solutions for the first order
system for displacement and stress

We require the displacement gradient to be small and so we let

«
— = €. 49.1
v (4.9.1)
Equations (4.7.3) and (4.7.4) become
oo 10%u
ou 1 "

We consider straightforward perturbation expansions of the form (4.4.5) and
(4.4.5). Substituting (4.4.4) and (4.4.4) into the system (4.9.2) and (4.9.3)

and approximating the term |1 4 using a binomial expansion up

(14 02?)
to order O(e?), we obtain

680_0 2(90'1 3802 . 662/&0 + 62 62U1 63 32u2’
By By By 12 12 12
2 8u0 n 63 8%1 4 8U2

= " 3gn 4.9.5
3y 9y +€ 5y 2"y + €2"0y ( )

(4.9.4)

€
+ €2"(oq — gog).

Equating terms of the same order of € in each equation results in the following
systems of equations:

Zero order terms uy and og:

Oop 9%ug
: = 4.9.6
0
e 6iyo = 2"0y. (4.9.7)
Eliminating o( from (4.9.6) and (4.9.7) gives the wave equation
62U0 82U0
() 1.9.8
Oy? ot? ( )
First order terms u; and o:
0 0?
R adl (4.9.9)

By o1z



4.9. PERTURBATION SOLUTIONS FOR THE FIRST ORDER SYSTEM

FOR DISPLACEMENT AND STRESS 75
0
e 8%1 = 2. (4.9.10)
Eliminating oy from (4.9.9) and (4.9.10) gives the wave equation
82U1 82u1
- 2" =0. 4.9.11
0y? ot? ( )
Second order terms u,; and os:
80'2 8211,2
.= = = 4.9.12
0
et al; = 2y — 2" Inod. (4.9.13)
Eliminating oy from (4.9.12) and (4.9.13) gives
82’&2 0211,2 1 0
— 2" =-2""1n_—(a}). 4.9.14
ayg atg nay (00) ( )

We will consider a travelling wave solution and a standing wave solution to the
perturbation equations. As with the power-law constitutive equation, the gen-
eral procedure is to solve the wave equations (4.9.8), (4.9.11) and (4.9.14) for
the displacement and then to find the corresponding stress field from equations
(4.9.7), (4.9.10) and (4.9.13).

4.9.1 Travelling wave solution

We solve the wave equations for the displacement subject to the boundary con-
dition (4.4.16) and use the condition that there are no incoming waves from
Yy = +00.

We first consider the zero order quantities ug(y,t) and o¢(y,t) first. The
hyperbolic linear partial differential equation (4.9.8) has solution for the dis-
placement

“Agsin[2 T w(y — 275)], 0<y < 275t
uo(y,t)z{ osin[27= m(y o 0sy< ’ (4.9.15)

07 Yy > 2_%t

From (4.9.7) the stress is given by

oo(y,t) =2 = .
o8 ) 0, y > 27 21.

_,, Oug {—24_2n7rA0 cos[2 2 m(y — 27%t)], 0<y<
y
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Equations (4.9.11) and (4.9.10) and the boundary conditions (4.4.18) for the
first order terms wu;(y,t) and o1(y,t) are the same as equations (4.9.8) and
(4.9.7) and the boundary conditions for the zero order terms, wug(y,t) and
oo(y,t). Hence

—Arsin[25 w(y —275¢)], 0<y<27%¢
u(y,t) = sz mly ) 0=y P ’ (4.9.17)
0, y > 272¢.
From (4.9.10) the stress is
0 —2%3" A 2% w(y —2751)], 0<y<2 5t
ou(y,t) = ot = » Avmcosf2 =y 7Bl 0< =200 (49.8)
Jy 0, y > 272t

Finally consider the second order terms wus(y,t) and o9(y,t). Substituting
(4.9.16) into the wave equation (4.9.14) gives

P Py —3- 2Tt A3 cos?[2 2 m(y — 275 t)] x
2 07U

. 44n _n _n
a2 o sin[272 w(y — 272¢)], 0<y<272t,
07 Yy > 2_%t
(4.9.19)

Expressed in terms of the canonical variables ¢ and 7, equation (4.9.19) be-
comes

P, {_3.25m4Agcos2[2“f7r€]sin[24+2"ﬂ5]7 N80y g99)

ocon — 0, §>0.
Integrating (4.9.20) with respect to £ and n and transforming back in the
original variables y and ¢ and imposing the boundary condition (4.4.18) for
m = 2 gives the second order solution for the displacement
— Ay sin[2 5" w(y — 275¢)]
uz(y,t) = ¢ +24 snnd Ady cos?2 m(y — 275¢t)), 0<y<27%t, (4.9.21)
0, y > 273t

From (4.9.13) and also using (4.9.16) for oy we obtain the stress field at the
second order

o9(y, t) (4.9.22)
—2275 71 Ay cos[27 2 w(y — 275 t)]

—3. 26t ABy cos?[27 5 w(y — 275 t)] sin[2 5 w(y — 275 )]

— 24 St A3 cos3[27 2 m(y — 275 1)), 0<y<2 3t
0, y > 272t
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By combining the zero, first and second order solutions we obtain for the
displacement the asymptotic solution correct to order O(e):

—€2(Ap + €Ay + €2A,) sin[24+Tn7T(y — 2*%25)]
u(y,t) = { +e*2 5 nad A3y cos®[2 5 m(y — 27 51)), 0 <y <yp(tn),
0, y > yr(t;n)

(4.9.23)

where yg(t;n) is the distance travelled by the wave front, u = 0, after time t.
The value of yr(t;n) will be calculated in Section 8 by investigating the zeros
of u(y,t). For the stress correct to order €3. The stress correct to order €2,

o(y,t) (4.9.24)
(624_Tn7T(A0 +€A; + €2A,) COS[24+Tn7T(y — 2—%75)]

—6324_%7171'3143 [cos3[24+7n7r(y —273¢)]

+2%5 3y cos?[2 5 m(y — 275 1)) sin[2 F w(y — 2*%)]] , 0<y <vyr(tin),
0, y > yr(t;n).

\

The results will be discussed in section 8.

4.9.2 Standing wave solution

We look for solutions of the perturbation equations (4.9.8), (4.9.11) and (4.9.14)
in the finite domain, 0 < y < 1, subject to the boundary conditions (4.4.34)
and (4.4.35) and the initial conditions (4.66) and (4.4.39). Consider first the

zero order wave equation (4.9.8). If we make the transformation

B

f=2"5¢, (4.9.25)

equation (4.9.8) reduces to the wave equation with speed unity,

82U0 _ 62UO
a2 or

(4.9.26)

The boundary and initial conditions remain satisfied when expressed in terms
of t. Therefore, using (4.4.56) for ug with ¢ replaced by ¢ we obtain for the
displacement at the zero order

up(y,t) = %[Sin(w(y +1)) +sin(r(y—1t))], 0<y<1, t>0. (4.9.27)

Using (4.9.7) and (4.9.27) the stress field at the zero order is

oo(y,t) = ;ﬁ? [cos(m(y 4+ 1)) +cos(m(y—1))], 0<y<1, ¢>0. (4.9.28)
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The first order wave equation (4.9.11) and the boundary conditions (4.4.59)
and initial conditions (4.4.60) are the same as for the zero order problem.
Hence the first order solution for the displacement and the stress field is

uy(y,t) = %[Sin(w(y +1))+sin(r(y—1t))], 0<y<1, t>0. (4.9.29)

A _

o1(y, ) = ;;1 [cos(m(y + 1) +cos(m(y — )], 0<y<1, £>0. (4.9.30)
Finally, consider the second order wave equation (4.9.14) subject to the

boundary conditions (4.4.65) and the initial conditions (4.4.66). Eliminating

09 gives the wave equation
8211,2 0

O s _ gn = —2""In—(0d) (4.9.31)
Oy? oz oy ' o

In order to make use of the results in subsection 4.2.2 we denote by u and &
the displacement and stress for a standing wave with power-law constitutive

equation. Then

1
gg = 2—n(§'0, (4932)

and using (4.9.25) equation (4.9.14) becomes

2 2
Ouz _ Ot n_9 3). (4.9.33)

Dy oz~ 9+l 3_?;(

By letting
— _22n+1u

Us
equation (4.9.33) can be rewritten as

Uy 0%u d .
8y22 - 8—522 = na—y(ag’). (4.9.35)

which has the same form as (4.4.15) with us replaced by 1y and ¢ replaced by
t. Further, the initial condition (4.4.66) can be transformed to

uy(y,0) = Aysinmy, 0<y<1, (4.9.36)
where B
Ay = =221 A, (4.9.37)
Thus, using (4.4.90), we obtain for the displacement at the second order
Ay ) 3 nm2A}
uz(y, t) = 72[51n(7r(y +1)) +sin(m(y — 1)) — %ZT_,_PU2<Z/7 t), (4.9.38)
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where Us(y, t) is given in (4.4.91) with ¢ replaced by ¢. Now o3(y, t) is obtained
from (4.9.13) and using (?7) it can be verified that

3 nmiAd

%Wsﬂya t), (4.9.39)

T
02(y, 1) = gz Azlcos(m(y +1)) + cos(m (y —1))] -
where Sy(y,t) is given in (4.4.93) with ¢ replaced by ¢.

By combining the zero, first and second order solutions for the displace-
ment, given by (4.9.27), (4.9.29) and (4.9.38), we obtain from (4.4.5) correct
to order €,

3 4 2A3
(€ Ag+€ Ay’ Aulfsin (e (y-+0)) sin(r(y—1))| — 3= 50 Uay. D),
(4.9.40)
where Us(y,t) is given by (4.4.91) and ¢ is given by (4.9.25). The stress is
given by (4.4.4) and using (4.9.28) for oy, (4.9.30) for oy and (4.9.39) for o9

we obtain correct to order €2,

u(y,t) =

N —

s 3 Enm3A}
o(y,t) = nil eAg+e? Ay +¢* Ay [COS(W(?JﬂLﬂ)‘FCOS(W(y—a)}—%2T+1052(ya t),
(4.9.41)

where Sy(y,t) is given by (4.4.93) and ¢ is given by (4.9.25).

The results for the displacement and stress will be discussed in the next
section.

4.10 Discussion of results for strain limiting
constitutive equation

4.10.1 Solitary wave solution for shear stress

The implicit asymptotic solution for the stress (4.8.23) will now be discussed.

Figure 4.10.1 shows the initial profile of the solitary stress wave for n = 0
and n = 0.2. The initial condition (4.3.1) was not exactly satisfied for n > 0
because of the approximation made in going from (4.8.19) to (4.8.20). An
expanded scale for w was used in Figure 8 to show more clearly the approxi-
mation made in the initial profile for n > 0.

Figures 4.10.2 and 4.10.3 show the propagation of the solitary stress wave
forn =0 and n = 0.2 at times t = 0.1 and ¢t = 1 respectively. The values of
n are again chosen for comparison with the results in [42]. Larger values of n
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may also be used and these values will cause the wave to steepen much faster
than for lower values of n. From the constitutive equation (3.5.18) we can see
that the shearing increases as n is increased. We see that for n > 0 the wave
speed is decreased and that as time evolves for a fixed n > 0 the wave steepens
at the front of the wave. Hence after a sufficiently large time a shock front
will form at the front of the wave. An estimate of the time that the shock will
form can be obtained by differentiating the approximate solution (4.8.24) with
respect to y:

do 2w A cos ¢
a0 = o 4.10.1
dy  [1+ 3mn22"'A%sin2¢ C2%(n,o0)t] ( )
where
¢ =2m(y — C(n,0)t) (4.10.2)
and .
C(n,o) = (4.10.3)

23 (1 - 302(y, 1))

is an approximate expression for the speed of the solitary wave. Hence

do 1

Ay _37m2%_1AQC2(n,U) sin 2¢

provided t, > 0. Now t;, > 0 for = < ¢ < 7 and for 37” < ¢ < 2m. From
(4.10.1), g—‘; <0for § <¢ <7 and 8—; > 0 for 37” < ¢ < 27. In both cases the
wave steepens at the front which is in agreement with Figure 4.10.3.

We find that the dependence of the breaking time on the shearing parameter

n is given by

— o0 as t—t, =

(4.10.4)

1
22"nC(n, o)
and so the same analyses that applies to the power-law constitutive equation
applies here as well.

t, (4.10.5)
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Figure 4.10.1: Initial profile of the solitary stress wave for n = 0 (— — ——)
and n = 0.2 (——) with Ay = 0.4.
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Figure 4.10.2: Propagation of the solitary stress wave for n = 0 (— — ——) and

n=0.2(

) at time ¢t = 0.1 with Ay = 0.4.
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Figure 4.10.3: Propagation of the solitary stress wave for n = 0 (— — ——) and
n=0.2( ) at time ¢t = 1 with Ay = 0.4.

4.11 Perturbation solutions for displacement
and shear stress

The asymptotic solution for the strain-limiting constitutive equation are anal-
ysed in this section. We choose A; = 0 and A; = 0 for both the travelling
wave solution and the standing wave solution.

4.11.1 Travelling wave solution for displacement and
stress

The straightforward perturbation expansion for the displacement, (4.9.23), cor-
rect to order ¢* and the stress (4.9.24) correct to order €® each contain a secular
term in y at the highest order in € for n > 0. The Linstedt-Poincaré method
was not successful in removing the secular term in either the displacement or
the stress fields.

The position of the wave front, y = yr(t;n), is determined by the condition
that the amplitude of the displacement vanish at the wave front. From (4.9.23)
when n = 0,

u(y,t) = —2 Agsin[dn(y — t)] + O(€), (4.11.1)

and the wave front is at y = ¢ so that yp(¢;0) =¢. For n > 0 the lowest order
approximation is yp(t;n) = 27 2¢. The position of the wave front is obtained
by calculating the zeros of u(y, t) given by (4.9.23) closest to 27 2¢. The results
for n = 0 and n = 0.3 are presented in Table 4.11.1.
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t | n=0 |23t (n=0.3)] n=0.3
0.5 | yp=0.5 0.451 yr=0.458
0.8 | yr=0.8 0.721 yr=0.732

Table 4.11.1: Position of the wave front for the travelling wave, yg(t;n), for
e =0.1 and Ay = 0.4.

The travelling wave solutions, (4.9.23) for the displacement and (4.9.24)
for the stress, are plotted in Figures 4.11.1 and 4.11.2 for n = 0 and n = 0.3
at times t = 0.5 and ¢t = 0.8 for Ay = 0.4 and € = 0.1. We see that the speed
of propagation of the nonlinear wave for n > 0 is less than the speed of propa-
gation of the linear wave for n = 0. For the displacement wave the maximum
amplitude for n = 0.3 is approximately the same as the amplitude for n = 0.
For the stress wave the maximum amplitude for n = 0.3 is less than that for the
linear wave n = 0. Since the stress at the wave front is non-zero the stress wave
propagates as a shock wave with a discontinuity in the stress at the wave front.

When A; = Ay = 0, the straightforward perturbation expansion (4.9.23)
breaks down for

n

23
> ——— &~ 4.66, 4.11.2
v~ 16nm3 AZe? ( )
evaluated for parameter values n = 0.3, Ay = 0.4 and € = 0.1. The straight-
forward perturbation expansion for the stress, (4.9.24), breaks down for

n

2
y > B2 = 1.55 (4.11.3)

for the same parameter values. These values of y are outside the range 0 <
y < 1 considered in Figures 4.11.1 and 4.11.2. Again we find that as the value
of n increase the perturbation solution will break down for smaller values of y.



4.11. PERTURBATION SOLUTIONS FOR DISPLACEMENT AND
SHEAR STRESS 84

0.004

0.002

u 0.000

-0.002

-0.004

0.0 02 04 06 08 10
y

Figure 4.11.1: Travelling wave for the displacement for n = 0 (— — ——) and
n=0.3( ) at times ¢t = 0.5 and ¢ = 0.8 with Ay = 0.4 and ¢ = 0.1.
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Figure 4.11.2: Travelling wave for the stress forn = 0 (— — ——) and n =
0.3 ( ) at times ¢t = 0.5 and ¢ = 0.8 with Ay = 0.4 and ¢ = 0.1.

4.11.2 Standing wave solution for displacement and stress

For n > 0 the straightforward perturbation expansions, (4.9.40) for the dis-
placement and (4.9.41) for the stress contain secular terms in ¢ at order €* and
order € respectively, which cannot be removed using singular perturbation
methods such as the Lindstedt-Poincaré method. When A; = A; = 0 the
expansions (4.9.40) and (4.9.41) both break down for

2" 64
—— X724 4.11.4
~ Inmd A€ ’ ( )
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evaluated for n = 0.3, Ag = 0.4 and ¢ = 0.1. This value of ¢ is well outside the
range 0 < ¢ < 1 used in Figures 13 and 14.

The solution for the displacement wave, (4.9.40), and the stress wave,
(4.9.41) can be rewritten in the form of a superposition of standing waves
as
3 etnm?A3

0Us(y, 1), (4.11.5)

2 3 4 -4
u(y,t) = (€ Ag + € Ay + €' Ay) sin(ry) cos(nt) — 256 g2l

where Us(y, t) is given by (4.6.2) with ¢ replaced by ¢ and

AL A 3 3 enmdA} enmAg o
o(y,t) = (e o€ Ar1+e’Ay) cos(my) cos(wﬂ—256 SYTES 5(y,t), (4.11.6)
where Sy(y,%) is given by (4.6.2) with ¢ replaced by # where = 273¢. We
are considering A; = Ay = 0. There are two differences between (4.11.5) and
(4.11.6) for the strain-limiting constitutive equation and (4.6.5) and (4.6.7) for
the power-law constitutive equation. The scaled time ¢ replaces t for n > 0
and the sign of the terms of order ¢! in (4.11.5) and order € in (4.11.6) are op-
posite to the sign of the corresponding terms in (4.6.5) and (4.6.7). Although
the displacement waves for n = 0 and n = 0.3 are the same for t = 0, they are
different for ¢ = 1, unlike the standing waves for the power-law constitutive
equation.

Consider first the displacement wave. When n = 0, we have ¢ = ¢ and
(4.11.5) reduces to a standing wave of amplitude €2 A, with form sin(my) and
period of oscillation T = 2 as for the power-law constitutive equation. When
n > 0 the period of oscillation of the terms of order € increases to T = 2'*2
and there is a superposition of standing waves with amplitude of order €* of the
form sin(7y) and sin(37y) with period of oscillation 7' = 2*2 and T = 21;%
In Figure 4.11.3 the displacement waves for n = 0 and n = 0.3 are compared
for 0 <t < 1. The differences are small although larger than for the power-law
constitutive equation because of the change of period for n > 0.

Consider next the stress wave. When n = 0 we again have ¢ = t and (4.11.6)
is a standing wave of amplitude er Ay of the form cos(my) for 0 <y < 1 and
period T' = 2 as for the power-law constitutive equation. For n > 0 the period
of oscillation of the terms of order € increases to T = 272 and there is a linear
superposition of standing waves of amplitude order ¢ and of the form cos(7y)
and cos(37y) with period 7' = 22 and T =
waves for n = 0 and n = 0.3 are compared for 0 < t < 1. The differences
are larger than for the power-law constitutive equation, again because of the
change of period of oscillation for n > 0.
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Figure 4.11.3: Standing wave for the displacement for n = 0 (— — ——) and
n=1(——) with Ay = 0.4 and ¢ = 0.1 at times ¢ = 0,0.25,0.5,0.75 and 1.
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Figure 4.11.4: Standing wave for the stress for n = 0 (— — ——) and n =
0.3 (——) with Ay = 0.4 and € = 0.1 at times ¢ = 0,0.25,0.5,0.75 and 1.

4.12 Conclusions and comparison of results

We investigated the propagation of shear stress waves and displacement waves
described by a new class of constitutive equations. A feature of this class of
constitutive equations is that the relationship between the stress and linearised
strain is nonlinear. Such a phenomenon cannot be captured within the classi-
cal theory of Cauchy elasticity or hyperelasticity.
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We considered two constitutive equations. The first constitutive equation
is referred to as a power-law constitutive equation because of its analogy with
the power-law constitutive equation for a non-Newtonian fluid. However, in
elasticity the kinematical variables are interchanged. The second constitutive
equation is referred to as a strain limiting constitutive equation and has ap-
plication in the study of fracture mechanics. For each constitutive equation
we found solitary wave solutions, travelling wave solutions and standing wave
solutions.

To find solitary wave solutions for each constitutive equation we reduced
the system of partial differential equations to a nonlinear second order hyper-
bolic partial differential equation which describes nonlinear shear stress waves.
For the power-law constitutive equation the speed of the solitary wave is ap-

proximately
1

=)

As the magnitude of the stress o(y, t) increases the speed of parts of the solitary
wave with larger stress magnitudes decreases, the wave steepens at the back
and a shock front forms at the back of the solitary wave. This occurs at
approximately time ¢, where

C(n,o) =

(4.12.1)

1 1 an 2
b= = 14+ =0’(y,t) ) , (4122
3mnA2C?%(n,0)sin2¢  3mnAZsin2¢ < T (v )) ( )

where sin 2¢ > 0.
For the strain-limiting constitutive equation the speed of the solitary wave is

approximately
1

(1 _ %JQ(y,t))z'

As the magnitude of the stress increases the speed of parts of the solitary wave
with larger stress magnitude increases, the wave steepens at the front and a
shock wave forms at the front of the solitary wave. The shock wave forms at
approximately time

1 23+1 3n
ts:_ n) - 2 & 1__0-(y,t)
3122 'nA2C2%(n, o) sin 2¢ 3mA? sin 2¢
(4.12.4)

where sin2¢ < 0. Comparing the times t; given by (4.12.2) and (4.12.4) we
see that the shock front will generally form earlier for the strain-limiting con-
stitutive equation.

C(n,o) =

(4.12.3)

|3

2
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Rajagopal and Saccomandi [52] have shown that even for implicit constitu-
tive equations the linear degeneracy of the equations allows for the existence
and possibility of global solutions to a Cauchy problem. We have also shown
that such solutions are possible by deriving equation (4.8.16). Specific forms
of these unknown functions are obtained in this paper.

We then considered perturbation solutions for the system of partial dif-
ferential equations for the displacement and stress, and found travelling wave
solutions and standing wave solutions for the displacement and stress.

For the travelling wave solutions, the straightforward perturbation expan-
sions for the displacement fields and stress fields for both constitutive equations
contained a secular term in y, which could not be removed by using singular
perturbation methods such as the Lindstedt-Poincaré method. Despite the
secular term in each solution, it was found that the perturbation expansion
breaks down only for values of y outside of the ranges of y considered. The
straightforward perturbation solution is therefore sufficient to investigate the
physical properties of the displacement and stress waves. The wave front of the
travelling waves was determined from the condition that the displacement van-
ish at the wave front. Since the stress is non-zero at the wave front the stress
wave propagates as a shock wave with a finite discontinuity in the stress at the
wave front. For the linear wave with n = 0 the wave propagates with unit speed
for both constitutive equations. For the nonlinear wave for n > 0 the prop-
agation speed is slower, just below unit speed, for the power-law constitutive
equation and approximately equal to 272 for the strain-limiting constitutive
equation. For both constitutive equations the amplitude of the displacement
wave is approximately the same for n = 0 and n > 0. For the stress wave for
both constitutive equations the amplitude for n = 0.3 is less than for n = 0.
The change in the stress wave for n > 0 reflects the deformation taking place
in the nonlinear wave.

For standing waves the straightforward perturbation solution for the dis-
placement and stress for both constitutive equations contained a secular term
in ¢ which could not be removed by standard singular perturbation methods.
Since the perturbation expansions break down only for values of time outside
the ranges considered they could be used to investigate the physical properties
of the waves. For n = 0 and for both constitutive equations the period of
oscillation of the standing waves for the displacement and stress was T' = 2.
For n > 0, for the power-law constitutive equation the period of oscillation of
the waves remained approximately T ~ 2, while for the strain-limiting consti-
tutive equation the period increased to T' ~ 2'*3.

The dependence of the solution on n shows that in general as we increase
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the value of n the speed of the wave decreases. The distortion in the wave
is more pronounced when compared with n = 0 and when compared with a
smaller value of n > 0. For larger values of n the steepening of the wave
increases as the wave propagates into the material, as for smaller values of n,
and the same characteristics are observed if we fix n and consider a later time.
The perturbation solutions also break down for smaller values of y and ¢ as n
increases.

The analysis of wave motion in elastic materials with power-law and strain-
limiting constitutive equations has shown that these materials have different
elastic properties. In general we found that in elastic materials described by the
power-law constitutive equation the elastic response is enhanced while in elastic
materials with the strain-limiting constitutive equation the elastic response is
restricted. For the solitary wave the shock forms at the front of the wave for
the strain-limiting constitutive equation and after a shorter time than for the
power-law constitutive equation for which it forms at the back of the wave. For
the travelling wave, the wave speed for the strain-limiting constitutive equation
is reduced to a greater extent than for the power-law constitutive equation.
The amplitude of the stress for both constitutive equations is reduced when
compared with the solution for n = 0. For the standing wave, for n > 0 the
period of oscillation of the power-law wave was approximately the same as for
the linear wave for n = 0, while for the strain-limiting material the period of
oscillation increased.



Chapter 5

Axial stress waves and
displacement waves in a circular
cylinder for a new class of
constitutive equations

5.1 Introduction

As was done in Chapter 4, we will consider a particular subclass of constitutive
equations where the strain is prescribed in terms of a non-invertible function
of the stress. The power-law constitutive equation and the strain-limiting con-
stitutive equation are the two constitutive equations that will be considered.

Non-linear wave equations described by such constitutive equations have
not been studied in much detail. The propagation of shear displacement and
stress waves in a rectangular slab for a power-law constitutive equation was first
studied by Kannan et al [42] and numerical solutions were obtained. In Chap-
ter 4 we found solitary wave solutions, travelling wave solutions and standing
wave solutions for the power-law constitutive equation and the strain-limiting
constitutive equation. The propagation of circumferential stress and displace-
ment waves in a nonlinear cylindrical annulus was studied by Kambapalli [43]
and the numerical results were obtained using the finite element software pack-
age Comsol.

In this Chapter we find solitary wave solutions and standing wave solu-
tions for both constitutive equations. To find the standing wave solutions we
consider straightforward perturbation expansions for the stress and displace-
ment. The perturbation equations at the second order for the displacement
could not be solved for either constitutive equation. Further, we looked for
travelling wave solutions by reducing the perturbation equations at each order

90
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to canonical form and used the Riemann function to solve for the displacement
however, the boundary conditions could not satisfied. Finally, methods like Lie
group analysis could not be used to solve the equations at each order exactly
as the boundary conditions are not invariant.

The Chapter is organised as follows. In Section 5.2 the mathematical model
for the power-law constitutive equation is derived. In Section 5.3 we find
an implicit asymptotic solution for the stress. Perturbation solutions for the
displacement and stress in the form of standing waves are sought in Section
5.4 and the results are discussed and analysed in Section 5.5. The second half
of the Chapter investigated the propagation of axial displacement and stress
waves for the strain-limiting constitutive equation and is structured in the
same way as the first half of the Chapter.

5.2 Mathematical model for the power-law con-
stitutive equation

In this section we derive a system of nonlinear partial differential equations
which describe the propagation of axial displacement waves and stress waves
in a circular cylinder. The domain of interest is

D={(R,0,2)[0 < R< Ry,0<0O <21, —00 <7 < o0}, (5.2.1)

where R, is the radius of the cylinder. In this work we study the propagation
of axial waves.

In this theory, a special semi-inverse solution is sought. That is, specific
forms for both the displacement and stress fields are assumed and we solve for
the displacement and stress simultaneously. As a result of this assumption,
we obtain a system of partial differential equations instead of a single partial
differential equation to describe wave propagation.

We consider the following stress and displacement fields,
oc=o(rt)e,®e, +e.,®e), u=u(rte,. (5.2.2)

From (5.2.2) we are investigating transverse displacement waves. For the the
motions assumed in (5.2.2) we find that detF = 1 and so the body is undergo-
ing an isochoric deformation. Further, if we assume that the density is constant
in both the reference and current configuration, we find that the conservation
of mass is identically satisfied.

The first constitutive equation that we study is the power-law constitu-
tive equation (3.5.17) Using the components of the strain tensor in terms of
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the displacement (2.3.38), the equations of motion in cylindrical coordinates
(2.6.25), (2.6.26) and (2.6.27) and the constitutive equation (3.5.17) we obtain
the following system of partial differential equations

do o Ou
ar "  Por
0
(9_1: = a(l +~0%)"o. (5.2.3)
We introduce the following non-dimensional quantities
r - t U
F=—, t= . U=-—, 7= /70. 5.2.4
RO R(). /OO RO ﬁ ( )

Substituting (5.2.4) into (5.2.3) we obtain the following dimensionless system
of partial differential equations for the first constitutive equation, where we
have suppressed the bars for convenience

o o V7 0%u
a Ty T e (5:2.5)
ou _ Qg 2y (5.2.6)

oA

The same analysis can be carried out when n = 0 as was done in Chapter 4.
The non-dimensional system of partial differential equations (5.2.5) and (5.2.6)
can be written as a single partial differential equation in terms of the stress as

0%c 10c 1 0?

0= 5l

— - — = 1+ o})"0]. 2.
87”2+r8r 7’20 + 0%)"0] (5.2.7)

In the sections that follow the solutions to the system of equations (5.2.5) and
(5.2.6) and the solution to the nonlinear hyperbolic partial differential equation
(5.2.7) for the stress will be investigated for a range of initial and boundary
conditions. Consider first equation (5.2.7) and the domain 0 < r < Ry.

5.3 Asymptotic solutions for the power-law con-
stitutive equation

5.3.1 Solitary wave solution

In this section we derive an asymptotic solution in implicit form for the second
order wave equation (5.2.7) for the stress subject to the initial conditions

(r,0) = Asin(27r), 0<r<1 (5.3.1)
o 0, 1 <r <Ry o
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where A is the prescribed amplitude. The boundary condition is
o(Ro,t) = 0. (5.3.2)

Let o = e (r,t), where e < 1. We substitute this approximation into (5.2.7)
and take the binomial expansion of the term (1 + ¢2)" up to the order O(e3)
to obtain the asymptotic partial differential equation

2% 106 1. 6  ,0%°

22T T—Q& =2 + ne ETER (5.3.3)
Introducing the new variables
T=t—r, R=¢r, (5.3.4)
and substituting (5.3.4) into (5.3.3) we obtain
“ton e am wo oo () e 099
where we have defined the stress in terms of the new variables
o(r,t) =o*(r(r,t), R(r)). (5.3.6)

Integrating (5.3.5) with respect to 7 and neglecting terms of order O(€?) we
obtain the following first order linear partial differential equation
do* do* 1

+ 3n(0*)? =——0". 5.3.7
R (o) or R ( )
where the arbitrary integration function of R is set to zero because we are
looking for a particular solution and not the general solution. The differential
equations of the characteristic curves of (5.3.7) are

2

@ B dr do*

(5.3.8)

Unlike the solitary wave solution in a rectangular slab, ¢* is not a constant
along a characteristic curve.

Integrating the first and the last terms gives the first integral
VRo* = k. (5.3.9)

Since k; is a constant along a characteristic curve we use (5.3.9) to rewrite o*
in terms of R. The first pair of terms become
3n ,dR
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and integrating (5.3.10) we obtain after replacing k; using (5.3.9)

3
7”(0*)2]%1111% - (5.3.11)
where ks is a constant. Expressed in terms of the original variables (5.3.4) and

using (5.3.6) and o = €d, (5.3.11) becomes

37710'27“111(627") —t+r=ko. (5.3.12)
Expanding (5.3.12) gives
37”0%111(62) + %"ﬁrlnr —t+r=k. (5.3.13)
Using (5.3.9), equation (5.3.13) can be written as
i%nk% In(€*) + 3;021“1117“ —t+r =k (5.3.14)

where k; is a constant along a characteristic curve. Thus the first term of
(5.3.14) is also a constant and can be incorporated into the constant ks. There-
fore we can write the first integral of the first pair of terms in (5.3.8) as

3
771027’1nr —t+r=kK. (5.3.15)

The general solution of (5.3.8) is
ki = F(k3) (5.3.16)

where F'is an arbitrary function. Expressing the first integral (5.3.9) in terms
of the original variables (5.3.4) and using the fact that ¢ = €6 we obtain for

the stress . 5
o(r,t) = WF {(1 + 502(7“, t) lnr> r— t} . (5.3.17)

1
Equation (5.3.17) can also be written as = TF(f) where { = (14 20%(r,t)Inr) r—
r

t. The function F' can be determined using the initial condition (5.3.1)

F {(1 + 3771142 sin?(27r) lnr) r} = rAsin(27r), 0<r<1, (5.3.18)

Flr]=0, 1<r<o0. (5.3.19)

Let

3
(1 + 7nA2 sin?(27r) lnr) r, 0<r<1
w =

(5.3.20)
T, 1 <r <o
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Equation (5.3.20) has to be solved for r in terms of w and to do that for
0 <r <ooweuser=w as a first approximation since sin*(27r)Inr is small
for 0 < r < 1 and tends to zero as r — 0. Iterating with » = w the next
approximation is

w

(1 + 3771142 sin®(27rw) In w)

T =

, 0<r<i1. (5.3.21)

We will use the approximate result (5.3.21). No approximation is needed in
the limits of the range 0 < r < 1 because the stress o(r, 0) vanishes at the front
and back of the solitary wave. Thus equations (5.3.18) and (5.3.19) become

F(w) (5.3.22)

(

N =

w 2Tw

(1 + SEnAQ sin?(27w) In w)

(1 + %AQ sin?(27w) In w)

\

To find the solution for the stress o(r,t) given by (5.3.17), we set in (5.3.22)
3
w = <1 - 77102(74’ t)In r) r—t (5.3.23)

and to obtain the end points of the range 0 < w < 1 we set w = r — t because
the stress o(r,t) = 0 at the wave front and end of the solitary wave. Thus

o(r,t) (5.3.24)

( 3n 2
(14 Fo*(r,t)Inr)r —t }

{[1 + ‘%”AQ sin?(27((1 + 37”02(7“, t)Inr)r —t))In((1 4+ 37”02(7‘, t)Inr)r —t)]

VI

X

\

To interpret the solution physically, we can write (5.3.24) approximately
as

o(rt) = {A(r — Ct)z sin[2n(r — Ct)), iir <1+t (5.3.25)

0, t<r<

o0,

where

1
1+ 262(r,t)Inr’
Since (0, t) = 0 this approximate solution will apply for » > 0 but will mainly
be of interest for r > 0 as the solitary wave forms a breaking wave. Solutions

(5.3.24) and (5.3.25) are exact solutions without approximation when n = 0.
The results will be analysed and discussed in Section 5.5.1.

C(n,o,r) =

(5.3.26)

As 21((1 + 2o?(r,t) Inr)r — )
= Asin
: [14 2242 sin® (27 ((1 + 2202(r, t) Inr)r — ¢)) In((1 + 2o(r, t) Inr)r — t)]
t<r<1+t,
0, 14+t <r<oo.

Asin , 0<w<1

0, 1 <w < oo

|
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5.4 Perturbation solutions for the first order
system for displacement and stress

Since we require the displacement gradient to be small we set

% =« (5.4.1)
Therefore, equation and (5.2.5) and (5.2.6) become
2

g—i +2 = %% (5.4.2)
% = ¢(1+0)"0. (5.4.3)

We consider straightforward perturbation expansions of the form
u(r,t) = ug(r, t) + uy (r,t) + tuy(r, t) + O(€°), (5.4.4)
o(r,t) = eoo(r,t) + €01 (r,t) + Eaa(r,t) + O(e*) (5.4.5)

Substituting (5.4.4) and (5.4.5) into the system of partial differential equations
(5.4.2) and (5.4.3) and expanding the term (1 + 02)" up to O(¢®) using the
binomial theorem we obtain the following system of equations

80'0 280’1 380'2 1 2 3 82u0 282’&1 382'&2
€5, +e€ n +€ ar+;(eao+eal+eag) = 5p +€ 52 +€ 52
0 0 0 . .

€ (;:00 +é al:al + et 81:”2 = oy + oy + oy +nop).

(5.4.6)

Equating terms of the same order of € in (5.4.6) yields a system of partial
differential equations at each order:

Zero order terms uy and og:

300 1 82u0

€ E + ;O’o = W (547)
ou
e 5’_7’0 = 0y, (5.4.8)

Eliminating o from (5.4.7) and (5.4.8) gives the cylindrical wave equation

82u0 82u0 1 8u0

_ =0. 5.4.9
or? o2 r or ( )
First order terms u; and oy:
80'1 1 82’&1
2. =4 o= 4.1
‘ or o P T o (5.4.10)
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ou
e 8_7“1 = 074, (5.4.11)

Eliminating oy from (5.4.10) and (5.4.11) gives

82114 82’&1 1 8u1
52~ am g =0 (5.4.12)

Second order terms u, and o,

doy 1 0*u

3 2 2

T =4 -0y = 5.4.13

¢ or + 7"02 ot? ( )
0

et % = oy + nog. (5.4.14)

Eliminating oy from (5.4.13) and (5.4.14) gives the nonlinear cylindrical wave
equation

Pu u 10u 1, doyg

oy - 302" 5.4.15

or?  ot? +r87" n(r00+ 70 87") ( )
We will only consider standing wave solutions. The general procedure is to
solve the wave equation (5.4.9) for the displacement and then to obtain the
stress from (5.4.8). We attempted to find travelling wave solutions by reducing
the wave equations at each order to canonical form and solved the canonical
equations using the Riemann method. However, such solutions could not be
obtained as the boundary conditions are not satisfied.

5.4.1 Standing wave solution

We look for solutions of the perturbation equation (5.4.9) subject to the bound-
ary conditions

r=1: u(l,t) = ug(1,t) + Suy(1,t) + eua(1,t) + O(°) =0, t >0,
(5.4.16)
and to the initial conditions

t=0: u(r,0) = Asin(4dnr), 0<r <1, (5.4.17)
GQUO(T, 0) + 63u1(r, 0) + e4u2(r, 0) + (9(65) =
(2Ag + €Ay + €' Ay + O(€%)) sin(4rr), 0<r<1
(5.4.18)
Ju(r,0) 2 Oug(r, 0) E Ouy(r,0) L Ous(r,0)

t=20: =

5 = <r<l.
ot ot ot o TO) =0, 0<r<l

(5.4.19)
For the standing wave solutions considered in Chapter 4, we considered the ini-
tial condition u(r,0) = Asin(nr). In this Chapter the initial condition (5.4.17)
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is used, where the argument of the sine function is 477, in order to study the
complete period of the displacement and stress waves.

Consider the zero order equations (5.4.9) subject to the boundary con-
ditions (5.4.16) and initial conditions (5.4.18) and (5.4.19). We look for a
non-trivial solution of the form

Uo(T, t) = Ro(’f’)To(t) (5420)

Substituting (5.4.20) into (5.4.9) gives the eigenvalue problems

d2R0 1dR,
2 U ARy =0 5.4.21
dr? +7’ dr + Aofto ’ ( )
d*T,
5+ Ty =0, (5.4.22)

where — )\ is the separation constant and )y is chosen to be positive to admit
wave solutions. Let

s =1/ AT (5.4.23)
Then (5.4.21) becomes

@Ry, 1dR,
Syt Ro=0 (5.4.24)

which is Bessel’s equation of order 0. Thus the general solution of equation
(5.4.21) is

RO(T’) = CL()J()(\/)\_()T’> + bo}/o(\/)\_or) (5425)

where Jy is the Bessel function of the first kind of order zero and Yj is the
Bessel function of the second kind of order zero and ag and by are constants
to be determined. For the solution (5.4.25), lim, ,o+ R(r) is finite if and only
if by = 0. Therefore the general solution (5.4.25) becomes

Ro(r) = agJo(v/Aor). (5.4.26)
Imposing the boundary condition (5.4.16) we find that
VAo =2m, m=12 - (5.4.27)
where z,, is the m'" zero of the Bessel function J,. Thus,
Ro(r) = Jo(zmr), m=1,2,--- (5.4.28)
The general solution for (5.4.22) is

To(t> = Cp COS(/\Ot) + d() Sin(/\()t) (5429)
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and using (5.4.27) we find that

o0

uo(r,t) = Z Jo(zmT)[Com coS(2mt) + dom sin(z,t)]. (5.4.30)

m=1
From (5.4.18), ug(r,t) satisfies the initial condition
ug(r,0) = Agsin(4nr). (5.4.31)

Thus putting ¢ = 0 in (5.4.30) we obtain

[e.9]

Agsin(4nr) = Z ComJo(ZmT)- (5.4.32)

m=1

Multiplying both sides by rJy(z,r) for n > 1 and integrating between the
limits 0 and 1 gives

1 % 1
AO/ rsin(4mrr)Jo(z,r)dr = Z COm/ rJo(zmr) Jo(znr)dr. (5.4.33)
0 - 0

=1

Using the identity [57]

/0 o) o () — %[Jl(zm)mm, (5.4.34)

where Ji(2,,) is the Bessel function of order 1, we find that

2A0
J12(Zm)

Com =

/1 rsin(4mwr)Jo(zm,r)dr. (5.4.35)

Also, from the derivative initial condition (5.4.19),

OJug(r,0)

S =0, (5.4.36)

But from (5.4.30)

aU()a(:7 t) (r,t) = Z ZmJo(ZmT) [—Com sin(zmt) + dom cos(zpmt)] (5.4.37)

and therefore the initial condition (5.4.36) gives

> domzmJo(zmr) = 0. (5.4.38)

m=1
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Multiplying both sides of (5.4.38) by r.Jy(z,r) for n > 1 and integrating from
0 to 1 we obtain

0 1
Z dOmzm/ rJo(znr)Jo(zmr)dr =0 (5.4.39)
m= 0

and again using the identity (5.4.34) we find that

205 (20)don = 0. (5.4.40)
Since z, # 0 and Ji(z,) # 0 it follows that

don =0, n>1. (5.4.41)

Thus, the displacement (5.4.30) at the zero order becomes

o0

up(r,t) = Z Com COS(Zmt) Jo(zmT). (5.4.42)

m=1

Using (5.4.8) for the stress oq at the zero order, we obtain

o
aU()

oo(r,t) = 5 = Z Com €OS(Zmt) zm J1 (2mT), (5.4.43)
m=1
since
Ty (zmr) = =J1(zm7). (5.4.44)

The first order cylindrical wave equation (5.4.12) has the same form as
the zero order wave equation (5.4.9) and the boundary condition and initial
conditions with Ay replaced by A; are the same. The first order solution is
therefore

r,t) = Z Crm €08(Zmt) Jo(Z2mT). (5.4.45)
m=1
oy(r,t) = % =— Z Cim €OS(2mt) zmJ1 (ZmT) (5.4.46)
m=1

where ¢y, is given by (5.4.35) with Ag replaced by A;.

We cannot find solutions for the displacement and stress at the second
order because the equations at this order could not be solved analytically but
would need to be solved numerically. Using (5.4.4) up to order € and (5.4.5)
up to order €2 we obtain for the displacement and the stress

u(r,t) = ug(r,t) + uy(r,t) = € Z Com + €C1m) €08( 2 t) Jo(2mr), (5.4.47)

m=1
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o(r,t) = eog(r,t) + o1(r,t) = —¢ Z(C[)m + €c1m) cos(2mt) Zm J1 (2mT),
m=1

(5.4.48)

where

—2(A0+6A1) 17“sin r ZmT)dr
T2 () /0 (4mr)Jo(zmr)dr (5.4.49)

The value of the constant (5.4.49) is evaluated numerically for each value of
m. It depends only on the initial condition (5.4.18).

Com + €C1m =

In Chapter 4 we found travelling wave solutions and standing wave solu-
tions to the perturbation expansions for the power-law constitutive equation
and the strain-limiting constitutive equation. For the power-law constitutive
equation for the standing wave solution it was found that for small values of
n, the effect of the nonlinearity was almost negligible when compared to the
linear wave for n = 0. Thus, we used a large value of n to clearly illustrate the
nonlinear effects. The value n = 10 however, falls outside the range of phys-
ically valid values for n. We can therefore conclude that for physically valid
values of n, the lowest order solutions are sufficient to describe the problem.

The results are discussed in Section 5.5.2.

5.5 Discussion of results

5.5.1 Solitary wave solution for stress

The implicit asymptotic solution for the stress (5.3.24) for the power-law con-
stitutive equation will now be discussed. Figure 5.5.1 shows the initial profile
of the solitary stress wave for n = 0 and n = 0.3. The values of n are again
chosen to compare with the results in [42]. There is a slight distortion in the
wave for n > 0 when compared to n = 0 for the cylindrical wave. The initial
condition (5.3.1) was not exactly satisfied for n > 0 because of the approx-
imation made in going from (5.3.20) to (5.3.23). The scale for w has been
expanded in Figure 5.5.1 to show the approximation more clearly.
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0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
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Figure 5.5.1: Initial profile of the solitary stress wave for n =0 (— — ——) and
n=0.3(——) with A =0.4.

Figures 5.5.3 and 5.5.4 show the propagation of the solitary stress wave at
time ¢ = 0.1 and ¢t = 1.8 respectively. It is apparent that as time evolves there
is a significant distortion in the wave for n > 0 when compared to the linear
cylindrical wave for n = 0.

Using (5.3.25) we can approximate the wave speed by
1

(1 + 37"02(7", t)In 7“) '

C(n,o,r) = (5.5.1)

As for the two-dimensional solitary stress wave the wave speed decreases as
n and o increase. Further, we find that for a fixed n > 0 the wave steepens
at the back. This is similar to the result for the solitary stress wave for the
power-law constitutive equation studied in Chapter 4. A shock front forms
at the back of the wave as the magnitude of the spatial gradient of the stress
approaches infinity. We can write (5.3.25) as

o(r ) = {FW tarsist, (5.5.2)
0, 1+t <r < o0,
where
o(r,t) =2n(r — C(n,o,7)t) (5.5.3)

with C'(n, o, r) given by (5.3.26) and

F(¢) = @2 sin ¢. (5.5.4)
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Thus
dF

27 1+37"02(n,0,r)F27f¢)t —
do _ | | d¢ (5.5.5)

or [1 — 6mnC?(n,o,r)In rF(qﬁ)Z—Zt]

and therefore

g—i — 00 as t—t,= ! yTal (5.5.6)
6mnC?(n,o,r)In TF(QS)%IS
Now )
F(qzﬁ)% = ;4_% |:COS¢ + 2%5 sin gb} ¢sin ¢. (5.5.7)

Figure 5.5.2 shows that o > 0, g—‘; > 0 and t5(¢) > 0 for 0 < ¢ < ¢; and that
oc>0,% <0andt(¢) >0for m < ¢ < ¢y with ¢, = 1.84 and ¢, = 4.83.
The solitary wave steepens at the back in both cases which agrees with Figure
5.5.3 and the shock front forms at the back of the solitary wave.
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Figure 5.5.2: Graphs of F(¢) and F(¢)%

given by (5.5.4) and (5.5.7) plotted against ¢. The time 5 > 0 for 0 < ¢ < ¢
and ™ < ¢ < ¢9 where ¢ = 1.84 and ¢ = 4.83.
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Figure 5.5.3: Propagation of the solitary stress wave for n =0 (— — ——) and
n=0.3( ) at time ¢t = 0.1 with A = 0.4.
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Figure 5.5.4: Propagation of the solitary stress wave for n = 0 (— — ——) and
n=0.2( ) at time ¢t = 1.8 with A = 0.4.

5.5.2 Standing wave solution

We now analyse the solutions (5.4.47) for the displacement field and (5.4.48)
for the stress field. These solutions consist of standing waves in the circular
cylinder. Solutions are only found for the zero and first order perturbation
equations because the perturbation equations at the second order could not be
solved exactly. As a result, we cannot study the effects of the nonlinear terms
for the power-law constitutive equation. However, for experimental values of
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n the zero order solutions are sufficient to describe the physical properties of
the wave.

The displacement standing waves for a range of times in the interval 0 <
t <1 are plotted in Figure 5.5.5. In the summation from m = 1 to m = oo,
only the first ten terms are used to calculate the displacement. The series
is slowly converging and if sufficiently more terms are used the graph for the
initial condition would be satisfied. The amplitude of the standing waves at
all times considered decreases to a zero displacement at the boundary in order
to satisfy the boundary condition at » = 1. The condition at r = 0 is that
the displacement is finite but not necessarily zero for ¢ > 0. Although the
displacement does not vanish at » = 0, the spatial gradient of the displace-
ment does vanish at r = 0 since Ji(z) = —Ji(2) and J;(0) = 0. Unlike the
two-dimensional standing wave solution, the displacement is not fixed at both
ends. The displacement at » = 0 is more similar to the displacement in the
two-dimensional travelling wave solution. The displacement standing wave is
an infinite superposition of waves of the form cos(z,,t).JJy which oscillate with
a period of T, = 22—7: and with a frequency of w,,, = % where z,, is the m** zero
of the Bessel function Jy(2).

Consider next the standing stress wave. The solution (5.4.48) is plotted for
a range of times in the interval 0 < ¢ <1 in Figure 5.5.6. The first ten terms
in the infinite series in (5.4.48) are used to calculate the stress. The stress
standing wave at the boundary » = 1 is non-zero because the spatial gradient
of the displacement is non-zero at » = 1. The stress is zero at r = 0 because
the spatial gradient of the displacement vanishes at » = 0 since J;(0) = 0.
This compares with the two-dimensional standing wave for which the stress is
non-zero at both ends. The stress standing wave is an infinite superposition
of waves of the form cos(z,,t)J; which oscillate with the same period and
frequency as the displacement waves.
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Figure 5.5.5: Propagation of the displacement standing wave at times t =
0,0.25,0.5,0.75 and 1 with Ay = 0.4 and € = 0.1.

Figure 5.5.6: Propagation of the stress standing wave at times ¢t =
0,0.25,0.5,0.75 and 1 with Ag = 0.4 and € = 0.1.

5.6 Mathematical model for the strain-limiting
constitutive equation

In this section we investigate the propagation of axial displacement waves and
stress waves in a circular cylindrical for the second constitutive equation under
study given by equation (3.5.18). The domain of interest is given by (5.2.1)
with stress and displacement fields given by (5.2.2) Using the components of
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the strain tensor in terms of the displacement, the equations of motion and the
constitutive equation (3.5.18) yields the system of partial differential equations

Jdo o 0u
—+- = p— 5.6.1
or - r P o ( )
ou "
— = 14— 5.6.2
5 = o] 502
Introducing the non-dimensional transformations
T - t U
77 — —, t — , ’EL — —_—, 5‘ g o 563
R[) Ro« ey Rg ﬁ ( )
we obtain the dimensionless system of partial differential equations
do o V7 0%u
42 = MIZZ 5.6.4
or r a Ot?’ ( )
ou « 1 "
— = — |14+ —- 5.6.5
o ﬁ[ +(1+<72)] 7 (569

where the overhead bars have been suppressed for convenience. The system
of partial differential equations, (5.6.4) and (5.6.5), can be written as a single
nonlinear hyperbolic partial differential equation

Poc 100 1 0? 1 "

W—l—;a—ﬁd—ﬁ{(l—i—m) U], (5.6.6)
which describes the propagation of nonlinear axial stress waves. The solu-
tions of the system of equations (5.6.4) and (5.6.5) and the solution to (5.6.6)
subject to the same initial and boundary conditions as used for the power-law
constitutive equation will be investigated in the next section. We consider first
the nonlinear hyperbolic partial differential equation (5.6.6) and the domain
0<r <Ry

5.7 Asymptotic solutions for the strain limit-
ing constitutive equation

5.7.1 Solitary wave solution

We derive an implicit asymptotic solution for the stress field for the equation
(5.6.6) subject to the initial condition (5.3.1) and boundary condition (5.3.2).
Let 0 = €5, where € < 1. Substituting this expression into (5.6.6) and

1
taking the binomial expansion of the term [1 + m] up to the order
o
O(e?) we obtain the asymptotic partial differential equation
¢ 106 1 D*c 9?63
—— - — =6 =2"—— — 2" Ipe . 5.7.1
or? * ror 2 ot? T ( )
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Let c
F=2%r, e=—. 5.7.2
7 (5.7.2)
Substituting (5.7.2) into (5.7.1) gives
9*¢ 1o 1. 0% 0%
72 + —5r " =0 = gp e gm (5.7.3)

The only difference between (5.7.3) and (5.3.3) is the difference in sign. Intro-
ducing the new variables

T=t—7, R=¢éw. (5.7.4)
The stress is defined in terms of the new variables as
o(r,t) = o*(1(r,t), R(T)). (5.7.5)

Substituting (5.7.5) into (5.7.3) yields

2 (5.7.6)

goR S orr Ror Cor\E)T " or

d?c*  ,0%* 100 0 (U*) _ 0*(0Y)?
We neglect terms € and then integrate with respect to 7. The arbitrary
integration function of R is set to zero because we are looking for a particular
solution and not the general solution. This gives the first order linear partial
differential equation

do* ,00* 1

R + 3n(c”) —o*. (5.7.7)

_2 P—
or R

Equation (5.7.7) compares with (5.3.7) for the power-law constitutive equation.
The differential equations of the characteristic curves of (5.7.7) are

AR d do*
-7 __RpY, (5.7.8)

—2 3n(0*)? o*

We integrate the first and last term of (5.7.8) and obtain the first integral
VRo* =k (5.7.9)

where k; is a constant. Next, replacing ¢* in the first pair of terms and

integrating yields
3
7”(0—*)23111 R+7 =k, (5.7.10)

where ky is a constant.
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Transform back from variables (7, R) to (,7) using (5.7.4). Then

3
&ere = ki, 7”62&2f1nf +t—F =k} (5.7.11)
where
kS =ky — 71& Iné. (5.7.12)

The general solution of the partial differential equation (5.7.7) is
ki = F(k3) (5.7.13)

and therefore

o=

1 3n72
cirinr + ¢ — . 5.7.14
e\/_ [ G FInT r] ( )

Now, using (5.7.2) and o = €4, equation (5.7.14) becomes

2—n

2\;77 F {—2 <1 - 3?0— (In2% + lnr)) r— t] . (5.7.15)

The function F' can be determined using the initial condition (5.3.1). Thus,
using (5.3.1) we have

o(r,t) =

Let

(5.7.18)

Equation (5.7.18) has to be solved for r in terms of w. We proceed as for
the power-law constitutive equation. Since sin?(277)In(227) is small a first
approximation is r = 272w for 0 < r < oco. Iterating using the result r = 272w
the next approximation for 0 <r <1 is

2t (5.7.19)
. ] 7.
1 —2A2sin*(2' 2 rw) Inw)

We will use this result. No approximation is required in the limits of the range
0 < r < 1 because the stress o(r,0) vanishes at the front and back of the
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solitary wave. Thus equations (5.7.16) and (5.7.17) become
( 1
n—2 275w :
27 3N A2 3 2(91—2
(1—22A%sin*(2' 27w) Inw)
F(w) = 275
Asin |27 3 _22?,1 , 0<w<1
(1—22A2sin*(2" 2 7rw) Inw)
\O, 1 <w< oo
(5.7.20)

To find the solution for the stress o(r,t) given by (5.7.15), we set in (5.7.20)

w=2% (1 — %Tnoz(r, t) ln(2”r)) r—t

(5.7.21)

and to obtain the end points of the range 0 < w < 1 we set w = 23r —t
because the stress o(r,t) = 0 at the wave front and end of the solitary wave.

Thus
o(r,t) (5.7.22)
e 275 (2% (1 — 3262 (r, £) In(2"7))r — t) 2
[1 — 37 A2 sin2 (21*%(2% (1— 3262(r, 1) ln(2"'r)> r—1)In (2% (1 - 3262 (r,t) In(27r)) r — t)

272 (27 (1 — %02(7‘, t) In(2"r))r — t)

273t <r <273 (141)
0, 273 (1+¢t)<r<oo

X Asin | 2w —~ — —
[1 — 37 A2 in2 (21*%(25(1 ) 1n(2”r)) r—t))In (25 (1-3ng2

(r,t)In(27r)) r — t) :| :| 7

To interpret the solution physically, the stress (5.7.22) can be written approx-

imately as
) 2°T A(r — Ot)z sin[2n(r — Ct)], 275t <r<2735(1+1)
g /rﬂ = n
, 272(14t) <r<oo
where
1

C(n,o,1) = — .
(n,0,7) 22 (1 —2202(r,t) In(227))

(5.7.23)

(5.7.24)

In order to arrive at the approximation (5.7.23) we follow the same procedure as
for (4.3.5) where in the numerator of we take out the term 22 (1 — 225%(r, ) In(22 7))
and use the fact that o?(r,t) is zero at the wave front. We do not approximate
the stress inside the bracket so that we can get some insight into the physical
properties of the wave. In the denominator we consider the equation (5.7.20)
and find that in the range 0 < w < 1 the second term in denominator tends to
zero since w Inw tends to zero for small w and also tends to zero for w = 1. It
must be stressed that this expression is just an approximation to gain physical
insight into the problem for a very complicated expression. Solutions (5.7.22)
and (5.7.23) are exact solutions without approximation when n = 0. The

results will be analysed and discussed in Section 5.9.1.
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5.8 Perturbation solutions for the first order
system for displacement and stress

Since we require the displacement gradient to be small we set

.k (5.8.1)

The system of equations (5.6.4), (5.6.5) becomes

do o 1 0%u
—~ 4 = = 8.2
or + r € Ot?’ (582)
ou "
— = 1+ ——F . 5.8.3
5 = | 053
We consider straightforward perturbation expansions of the form
o(r,t) = eog + a1 + O(%), (5.8.4)
u(r,t) = ug + Euy + O(€%). (5.8.5)

As with the power-law constitutive equation, the equations at the second order
could not be solved exactly. Despite this drawback, we can study the effects
of the nonlinearity at the zero order and the first order for this constitutive
equation. Substituting (5.8.4) agd (5.8.5) into (5.8.2) and (5.8.3) and approxi-

mating the term [1 + using the binomial theorem up to order O(e?)

(1+0?)
we obtain: 5 5 o o
00 2001 Uo 207Uy
€5, +e o = <o +e 52 (5.8.6)
62% + 63% = e?2"0p + €20 (5.8.7)
or or 0 - o

By equating terms of the same order in € in each equation the following system
of equations are obtained.

Zero order terms in uy and og:

80'0 1 82u0

€ W + ;UO = W’ (588)
ou
e 8_7“0 = 2"0y. (5.8.9)

Eliminating oy from (5.8.8) and (5.8.9) we obtain the cylindrical wave equation

82U0 naZUO 1 8u0 .
5z 2 am o5 =0 (5.8.10)
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First order terms in uy and oy:

oo 1 0%u
2 1 1
: — 4+ -0 = ——— 5.8.11
¢ or o o2’ ( )
ou

3 1 n

: — =2 . 5.8.12
€ o o1 ( )

Eliminating o( from (5.8.11) and (5.8.12) gives the cylindrical wave equation

82’&1 82U1 1 8u1

—2" - = 0. 5.8.13

or? ot2  r or ( )

The perturbation equations at the first order (5.8.11) to (5.8.13) are of the

same form as the perturbation equations at the zero order, (5.8.8) to (5.8.10)
with ug replaced with u; and o replaced with o;.

5.8.1 Standing wave solution

We look for solutions of the perturbation equation (5.8.10) subject to the
boundary condition (5.4.16) and initial conditions (5.4.18) and (5.4.19). If we
make the transformation

t=2"3t, (5.8.14)

equation (5.8.10) reduces to

82’&0 8271,0 1 8%0
_ = - — 8.1
Or? ot? r or 0, (5.8.15)

which is the linear cylindrical wave equation. The only difference between
(5.4.9) and (5.8.15) is that ug is a function of r and ¢ in equation (5.4.9)
while it is a function of r and ¢ in equation (5.8.15). The boundary condition
(5.4.16) and the initial conditions (5.4.18) and (5.4.19) remain unchanged with
t replaced by t. Therefore, using (5.4.42) for uy we obtain for the displacement
at the zero order

up(r,t) = Z Com €08(2Zmt) Jo(zmT) (5.8.16)
m=1
and using (5.8.9) and (5.8.16) the stress at the zero order is given by
oo(r,t) = 2’”% =_2" i Com €OS(Zmt) zm J1 (Z2mr) (5.8.17)
or ’

m=1
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where ¢ is given by (5.8.14) and ¢, by (5.4.35). The first order solution is

uy(r,t) = Z C1m €08(2mt) Jo(ZmT), (5.8.18)
m=1
oy(r,t) =—-27" Z C1m €08(2mt) zm J1 (ZmT), (5.8.19)
m=1

where ¢y, is given by (5.4.35) with Ag replaced by A;.

Thus, using (5.8.5) and (5.8.4) we obtain the perturbation solutions for the
displacement and stress correct to order € and €2 respectively,

u(r,t) = € Z(Com + €Cim) €08(2mt) Jo(zmT), (5.8.20)
m=1
o(r,t) =—2""¢ Z(Com + ecim) cos(zmt) zmJ1 (ZmT), (5.8.21)
m=1

where ¢ is given by (5.8.14) and ¢, by (5.4.35) and ¢y, by (5.4.35) with Ag
replaced by Aj;.

The results are discussed in Section 5.9.2.

5.9 Discussion of results

5.9.1 Solitary wave solution

In this section we discuss the implicit solution for the stress (5.7.22) for the
strain-limiting constitutive equation. Figure 5.9.1 shows the initial profile of
the solitary stress wave for n = 0 and n = 0.3. There is a significant distortion
in the wave for n > 0 when compared to n = 0. The initial condition (5.3.1)
was not exactly satisfied for n > 0 because of the approximation made in going
from (5.7.18) to (5.7.21). We expanded the scale of w in Figure 5.9.1 to show
the approximation more clearly.
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0.0 0.5 1.0 1.5

Figure 5.9.1: Initial profile of the solitary stress wave for n =0 (— — ——) and
n=0.2(—) with A =0.4.

In Figures 5.9.2 and 5.9.3 the solitary stress wave is plotted at times ¢ = 0.1
and t = 0.5 respectively for n = 0 and n = 0.2. For larger times there is a
distortion in the wave for n > 0 when compared to the wave for n = 0. The
amplitude of the wave is also affected by the nonlinearity. For positive values
of the stress the amplitude increases as n increases and similarly for negative
values of the stress. We can approximate the wave speed using (5.7.23) by

1

22 (1—2202In(2%7))

C(n,o,r) = (5.9.1)

Further, we see that for a fixed n the wave steepens at the front. As the
magnitude of the spatial gradient of the stress tends to infinity a shock front
will form at the front of the wave. This is similar to the two-dimensional
solitary stress wave for the strain-limiting constitutive equation studied in
Chapter 4. We estimate the time that a shock front forms by differentiating
the approximate solution (5.7.23) with respect to r. Equation (5.7.23) can be

written as
2"T F 275t <r <275(14t
o(r,t) = (@) Lo (1+9), (5.9.2)
0, 272(1+t) <r < oo
where
¢ =2m(r — C(n,o,r)t) (5.9.3)
with C'(n, o, r) given by (5.9.1) and
A 1
F(¢) = ¢2 sin ¢. (5.9.4)

V21
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The function F(¢) has the same form as F'(¢) defined by (5.5.4) for the power-
law constitutive equation. Thus

7[1 — 22723nC?(no, T)Fz(d’)t]d—F

N

Oo 2%+ r do
oo _ —— - (5.9.5)
or [1 + 271 723n7C%(n, o, 1) ln(?f)F(¢)%t]

and therefore

% — 00 as t— it (5.9.6)
where 1
ty= —— — (5.9.7)
21 7 23nwC?(n,o,7) In(22 ) F(¢) %

d¢

Unlike g—‘; for a power-law constitutive equation given by (5.5.5), g—‘; given by
(5.9.5) can become zero in a finite time. We have

do =0 at t=1y= !

or N T T T3 (n, 0, ) F2(9)
However, Figures 5.9.2 and 5.9.3 indicate that ¢ > ;. Since F'(¢) has the same
form for the power-law and strain-limiting constitutive equations, the graphs in
Figure 5.5.4 again apply. For the strain-limiting constitutive equation however,
Figure 5.5.4 shows that o > 0, g—j < 0 and t; > 0 for ¢ < ¢ < 7 and that
o <0, g—j > 0 and t; > 0 for ¢o < ¢ < 2m where ¢ = 1.84 and ¢ = 4.83.
This approximate calculation supports the conclusion that the solitary stress
wave steepens at the front in both cases which is in agreement with Figure
5.9.3 and that the shock wave forms at the front of the solitary stress wave for
a strain-limiting constitutive equation.

(5.9.8)
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Figure 5.9.2: Propagation of the solitary stress wave for n = 0 (— — ——) and

n=0.2(

) at time ¢t = 0.1 with A = 0.4.
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Figure 5.9.3: Propagation of the solitary stress wave for n = 0 (— — ——) and

n=0.2( ) at time ¢ = 0.5 with A = 0.4.

5.9.2 Standing wave solution

The solutions for the displacement field (5.8.20) and for the stress field (5.8.21)
will now be discussed. We only looked for solutions of the perturbation equa-
tions at the zero and first orders because the perturbation equations at the
second order cannot be solved exactly. The equations and the boundary and
initial conditions at the first order are the same as at zero order. For the
strain-limiting constitutive equation the effects of the nonlinear terms can be
studied at the zero and first order.

Consider the displacement wave. The standing displacement waves for
n = 0 and 0.3 are plotted for 0 < ¢ < 1 in Figure 5.9.4. The displacement
wave is only plotted for the m = 1 to m = 10 and this is the reason why the
curve for t = 0 does not pass through the origin. We observe a significant
distortion in the standing wave for n > 0. At time ¢ = 0 there is no distortion
in the standing wave for n = 0 and n > 0. The amplitude of the displacement
wave is zero at r = 1 for all t > 0 in order to satisfy the boundary condition
at 7 = 1. The condition for the displacement to be finite at » = 0 gave a
non-zero displacement at » = 0 but a zero displacement gradient at r = 0
since Jj(0) = —J1(0). The axial displacement standing wave is an infinite
superposition of waves of the form cos(2,,272t)Jy(z,7) which oscillate with a

. . . 1+5
period of T}, = 3—” for n = 0 which increases to T, = Zzﬁ for n > 0.
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Figure 5.9.4: Propagation of the displacement wave for n = 0 (- — ——) and
n=0.3( ) at times ¢t = 0,0.5 and 1 with Ay = 0.4 and € = 0.1.

Consider next the standing stress waves plotted in Figure 5.9.5. The stress
wave is only plotted for m = 1 to m = 10. The stress is zero at r = 0 because
the spatial gradient of the displacement is zero at » = 0. The stress is non-zero
at r = 1 because from Figure 5.9.4 the spatial gradient of the displacement is
non-zero at r = 1. However, we see that the spatial gradient of the stress is zero
at 7 = 1. The stress standing wave is an infinite superposition of waves of the
form cos(z,272t).J1(2,7) which oscillate with the same period and frequency
as the displacement waves.

1.5

10}

o 05 -
0.0f
-05 -
1 1 1 L L 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
r
Figure 5.9.5: Propagation of the stress wave for n = 0 (— — ——) and n =

0.3 (

) at times ¢t = 0,0.5 and 1 with Ay = 0.4 and € = 0.1.

For the displacement standing wave the spatial displacement gradient was
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zero at r = 0 and the displacement was zero at r = 1 while for the stress
standing wave the stress was zero at r = 0 and the spatial stress gradient was
zero at v = 1. This also applied for the displacement and stress standing waves
for the power-law constitutive equation.

5.10 Conclusions and comparison of results

In this Chapter we investigated the propagation of axial displacement and
stress waves for a new class of constitutive equations. Two different consti-
tutive equations were considered. The first constitutive equation, the power-
law constitutive equation, has the property that the relationship between the
linearised strain and stress in nonlinear. This is different from the constitu-
tive equations considered in Cauchy elasticity and hyperelasticity. In fact,
Cauchy elastic and hyperelastic materials are subclasses of this more general
framework. A feature of the second constitutive equation, the strain-limiting
equation, is that the strain will remain bounded even for very large stresses.
This has, in addition to applications in fracture mechanics, applications in the
polymeric industry where materials exhibit limiting stretch. For each consti-
tutive equation we found solitary wave solutions and standing wave solutions.
We cannot obtain travelling wave solutions in a circular cylinder for these con-
stitutive equations by reducing the perturbation equations to canonical form
as was done to obtain travelling wave solutions in a rectangular slab. In this
Chapter to obtain standing wave solutions we imposed the constraint that the
solution to the Bessel equation must be finite at » = 0 and so we set the Neu-
mann function Y,, = 0. However, any linear combination of the Bessel function
J, and Y, is also a solution to the Bessel equation. The linear combinations
can be expressed as

Hl(2) = J,(2) + 1Y, (2), (5.10.1)

H2(2) = Ju(2) —iY,(2) (5.10.2)

which are called cylindrical functions of the third kind or Hankel functions of
the first and second kind respectively. In the same way that the exponential
function is related to the sine and cosine function similarly, the Hankel func-
tions are connected to the Bessel and Neumann functions. When we consider
the real solution to the problem we obtain standing waves and when we con-
sider the imaginary solution we obtain spreading waves. This is not considered
in this thesis.

To find solitary wave solutions, the system of partial differential equations
for each constitutive equation is reduced to a nonlinear hyperbolic partial
differential equation for the stress. The speed of the solitary wave for the
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power-law constitutive equation is approximately

1
(1 + 37”02(7”, t)In r) '

C(n,o) = (5.10.3)

As the magnitude of the stress o(r,t) increases the speed of parts of the soli-
tary wave with large stress magnitude decreases and this is most apparent for
negative values of the stress. For positive values of the stress for n = 0 and
n > 0 the amplitude achieves a smaller maximum than for negative values of
the stress. Further, the wave steepens at the back of the solitary wave since
parts of the solitary wave with larger magnitude propagate slower and a shock
front forms at the back of the solitary wave. This occurs at approximately
time

— 1 (14 5e?(r,t)Inr)
" GG (n. 1) mnrF(¢)XL  6anlnrF(p)L (5-104)
where P 1
F(¢)% =5 {Coscﬁ + g Sin 4 ¢sin ¢ > 0. (5.10.5)

For the strain-limiting constitutive equation we can approximate the wave

speed by
1

22 (1—2202(r,t)In(227))

C(n,o,r) = (5.10.6)
As the magnitude of the stress o(r,t) increases the speed of the part of the
wave with larger magnitude will increase. The amplitude of the stress wave is
again larger for negative values of the stress than positive values of the stress
for n = 0 and n > 0. This is in contrast with the amplitude of the solitary
stress waves for the power-law constitutive equation and strain-limiting consti-
tutive equation in a rectangular slab where we found that the amplitude of the
solitary wave for positive and negative values of the stress are approximately
the same. We found that for the strain-limiting constitutive equation a shock
front developed at the front of the solitary wave because parts of the solitary
wave with larger magnitude propagate faster. This occurs at approximately
time

1 25 (1 - 20%(r,t) In(227))
t - — 3n p = — I —
22 13nnC2(no,r) ln(QET)F((b)‘fl—g 2% ~13nr 1n(2§r)F(¢)Z_§
(5.10.7)
where P X
F((b)% =5 [cosgzﬁ + % sin qb} ¢sing > 0. (5.10.8)
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Comparing the two times, (5.10.4) and (5.10.7), and considering the graph of
F ((ﬁ)% in Figure 5.5.4 we see that a shock front will generally form earlier
for the strain-limiting constitutive equation. This was also the conclusion for
the two-dimensional solitary waves considered in Chapter 4. We find the same

features of the n dependence on the properties of the wave as was found in
Chapter 4.

For the standing wave solutions we found solutions to the zero and first
order perturbation equations for the displacement and stress for both consti-
tutive equations. The perturbation equations could not be solved exactly at
the second order. The solutions at the lowest order for the power-law consti-
tutive equation does not contain the nonlinear parameter n > 0 which means
analysing the effects of the nonlinear term cannot be done. Nonetheless, from
Chapter 4 on the propagation of standing waves in a rectangular slab up to
the second order, for experimentally valid values of n there is a negligible dif-
ference between the standing waves for n = 0 and n > 0. Thus, the solution to
the first order is sufficient to describe the properties of the wave. We find that
the standing waves oscillate with a period of T' = ZQ—Z for the power-law consti-
tutive equation for both the displacement and stress. For the strain-limiting
constitutive equation the standing waves oscillate with a period of T' = f—; for

n = 0 and this increases to T' = 21:& for n > 0 for both the displacement and
stress waves.

As with the two-dimensional wave motion in a rectangular slab we found
that for axial stress and displacement waves in a circular cylinder the elas-
tic response is enhanced for elastic materials with a power-law constitutive
equation and inhibited (restricted) for elastic materials with a strain-limiting
constitutive equation. The solitary stress waves for a power-law constitutive
equation breaks at the back of the wave and breaks at a later time than the soli-
tary stress waves for the strain-limiting constitutive equation which develops
a shock at the front of the wave. The periods of oscillation are approximately
the same for n = 0 and n > 0 for the standing wave in an elastic material with
a power-law constitutive equation, but increases for n > 0 when compared
with n = 0 in an elastic material with a strain-limiting constitutive equation.
Similar properties for the dependence of the solution on the shearing parameter
n are also noted for axial waves.

The properties of the two-dimensional stress and displacement waves in a
rectangular slab and the axial stress and displacement waves in a circular cylin-
der are qualitatively similar. For both geometries the solitary stress wave form
a shock front at the back of the wave for the power-law constitutive equation
and at the front of the wave for the strain-limiting constitutive equation. For
standing waves the period of oscillation is approximately the same for n = 0
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and n > 0 for the power-law constitutive equation but increases for n > 0 for
the strain-limiting constitutive equation. The essential properties of the elastic
waves considered do not depend on the geometry of the elastic medium.



Chapter 6

Conclusions and remarks

In this Chapter we provide an overview of the work conducted and the con-
clusions reached.

In Chapter 2 we gave a brief discussion on finite elasticity and linear elas-
ticity. We discussed the kinematics of deformation and defined the relevant
strain measures in both the reference configuration and current configuration.
Further, the components of the strain tensor in rectangular, cylindrical polar
and spherical coordinates were derived using the dyad notation. The balance
laws and field equations were also derived and explicit forms of the equations
of motions were given. We concluded the Chapter with a brief discussion on
linear elasticity.

In Chapter 3 the development of the constitutive equations used in Cauchy
elasticity and hyperelasticity is presented. Cauchy elastic materials are mate-
rials where the stress in the current configuration is determined by the state of
deformation of the current configuration, and for these materials the stress is
independent of the path taken during deformation and the deformation history.
An important feature of these materials is that the stress is defined explicitly
in terms of the deformation gradient. Hyperelastic materials are materials
where the stress is derivable from a potential or stored energy associated with
the body. These materials form a subclass of Cauchy elastic materials. A
primary assumption made for hyperelastic materials is that the stored energy
depends explicitly on the deformation gradient. This assumption however, is
a very special assumption and restricts the study of deformation to these two
classes of materials. There has been a valid inquiry by Rajagopal [4, 5] as to
whether there are more general ways of describing the stress-strain relation-
ship. In other words, can we have materials where the stress and deformation
gradient are implicitly related and can we have materials where the stored en-
ergy depends implicitly on both the stress and the deformation gradient. This
inquiry has led to the development of a far larger class of elastic materials

123
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described by implicit constitutive equations.[4, 5]. Further, it has been shown
that constitutive equations of this type are thermodynamically consistent [8].
It is constitutive equations of this type that we study in this thesis. In the final
part of Chapter 3 we provide a derivation of the implicit constitutive equations.
The particular subclass of implicit constitutive equations that we consider are
equations where the strain is prescribed in terms of a non-invertible function
of the stress. The two constitutive equations that we consider are the power-
law constitutive equation and the strain-limiting constitutive equation. The
power-law constitutive equation is suitable to describe the nonlinear behaviour
between the linearised strain and the stress. There has been significant work
done on gum metal and titanium [28, 29, 30, 31] that clearly show-in the small
displacement range-a nonlinear relationship between the linearised strain and
stress. Such a phenomenon cannot be captured in Cauchy elasticity or hy-
perelasticity. A feature of the strain-limiting constitutive equation is that it
allows for the stress to become very large while the strain remains bounded.
Such constitutive equations have important applications in fracture mechanics
where traditionally it has been found that at crack tips the strain becomes
singular for large stresses [35].

The propagation of nonlinear displacement and stress waves in a rectangu-
lar slab for the power-law constitutive equation and strain-limiting equation is
investigated in Chapter 4. For the derivation of the mathematical model for
both constitutive equations we look for a special semi-inverse solution where
specific forms of both the stress and displacement are sought. The stress and
displacement are then solved simultaneously. This is unlike classical Cauchy
elasticity or hyperelasticity where only a specific form for the displacement
is assumed. For each constitutive equation we find solitary wave solutions,
travelling wave solutions and standing wave solutions. To find solitary wave
solutions we reduced the system of partial differential equations to a single
nonlinear hyperbolic partial differential equation to describe the propagation
of shear stress waves. We observed a significant distortion in the solitary wave
for n > 0 when compared to the linear wave for n = 0. We found an expres-
sion for the approximate wave speed and this expression along with the graphs
for the solitary stress wave show that for large stress magnitudes parts of the
solitary wave propagate at a slower speed. As time evolves and also for larger
values of n the solitary wave steepens at the back and develops a shock front
after a sufficient time which we have estimated. The behaviour of the solitary
stress wave for the strain-limiting constitutive equation is different in that for
large stress magnitudes the speed of the wave increases in parts of the wave.
A shock front also develops but develops at the front of the wave and occurs
at an earlier time than for the power-law constitutive equation.

We then considered perturbation solutions for the displacement and stress
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for both constitutive equations. We found travelling wave solutions by re-
ducing the perturbation equations at each order to canonical form and solved
the resulting wave equations. The travelling wave solutions to the pertur-
bation equations for the displacement and stress for both constitutive equa-
tions contained secular terms in y. Singular perturbation methods like the
Lindstedt-Poincaré method are unsuccessful in removing these terms. How-
ever, the perturbation expansions break down for values of y outside the range
of validity. For the travelling wave solutions the wave front is determined by
using the zero displacement boundary condition. We found that the stress
at the wave front is non-zero and propagates as a shock wave with a strong
discontinuity. The displacement and stress waves are distorted for n > 0 and
we found that the amplitude of the displacement waves for n = 0 and n > 0
are approximately the same while the amplitude of the stress wave is less for
n > 0. In Appendix B we have provided the details of the Linstedt-Poincaré
method when applied to the perturbation equations.

The standing wave solutions for both constitutive equations in the rect-
angular slab also contained a secular term in ¢ which could not be removed
using singular perturbation methods such as the Lindstedt-Poincaré method.
This is discussed in Appendix B. The perturbation expansion breaks down well
outside the range of validity of time ¢ so the solutions are sufficient to study
the physical properties of the standing waves. We found that the period of
oscillation for the displacement waves are approximately the same for n = 0
and n > 0 while the period of oscillation for the stress wave is larger for n > 0.

The reason why the singular perturbation methods could not remove the
secular terms in y and ¢ may be because the perturbation expansions are not
convergent.

In Chapter 5 the propagation of axial displacement and stress waves were
studied for both the power-law constitutive equation and the strain-limiting
constitutive equation. The method of deriving the mathematical model is
similar to the derivation in Chapter 4. For each constitutive equation we find
solitary wave solutions and standing wave solutions. For the solitary wave solu-
tions we observed similar characteristics of the physical properties of the waves
to the solitary waves studied in a rectangular slab. The speed of propagation
for large stress magnitudes for the power-law constitutive equation decreases
in parts of the wave while it increases in parts of the solitary wave for the
strain-limiting constitutive equation. A shock front develops at the front of
the solitary wave for the strain-limiting constitutive equation and occurs at
a much earlier time than in the solitary wave for the power-law constitutive
equation which develops a shock wave at the back of the wave. The axial
solitary stress wave have a distinct characteristic different from the solitary
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stress wave in a rectangular slab, and that is in the amplitude of the wave.
For positive values of the stress the amplitude of the axial stress wave has a
smaller maximum than for negative values of the stress for n = 0 and n > 0.
For the two-dimensional solitary wave the amplitude of the positive and neg-
ative stress values is approximately the same.

Finally, we found standing wave solutions for both constitutive equations.
In the standing wave solution for the displacement, the displacement was fixed
at zero at the surface of the cylinder and from the condition that the dis-
placement is finite at the centre of the cylinder, the spatial gradient of the
displacement had to be fixed at zero. As a result in the standing wave for
the stress, the stress was fixed as zero at the centre and the spatial gradient
of the stress was fixed as zero at the outer surface. The solutions were found
only for the perturbation equations at the zero order. The perturbation equa-
tions at the second order could not be solved analytically. The solutions for
the displacement and stress at the zero order for the power-law constitutive
equation are independent of the parameter n. This means that for this con-
stitutive equation we could not study the effects of the nonlinearity at that
order. However, we showed in Chapter 4 that for the standing wave solution
for the power-law constitutive equation for physically valid values of n the
effects of the nonlinearity is so small that it is negligible. Therefore, in order
to illustrate the effect of the nonlinearity we used values of n that fall outside
the range of those used in experiments. This suggests that the lowest two
order solutions are sufficient to describe the problem. For the strain-limiting
constitutive equation the effect of the nonlinearity can be studied at the zero
and first orders and we find that for negative values of the displacement and
stress the amplitude of the wave increases as n increases. We also find that
the period of oscillation for the standing waves are approximately the same for
n = 0 and n > 0 for the power-law constitutive equation while the period of
oscillation increases for n > 0.

We could not obtain travelling wave solutions for the displacement and
stress in a circular cylinder by reducing the perturbation equations to canon-
ical form because the boundary conditions could not be satisfied. However,
spreading waves or travelling waves are possible in a cylindrical annulus with
the central region removed. The solution to the Bessel equation remains finite
in the annulus. The solution would then contain the Neumann function Y,
and be expressed in terms of Hankel functions of the first and second kind.
This was not considered in this thesis.

In general, an increase in the value of n for both constitutive equations for
both the rectangular slab and cylindrical cylinder, resulted in a decrease in
the speed of the wave. The distortion is more pronounced for an increase in
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the value of n. For a fixed time, a larger value of n will cause the wave to
steepen at the front or back at a faster rate than a lower value for n. Further,
the perturbation solutions will break down much sooner for a larger value of n.

6.1 Future work

In terms of the implicit theory there are many open questions which one can
look into. An important problem is the dynamic propagation of cracks and
studying the stress-strain relationships at crack tips for different assumptions
on the stress. Currently, only anti-plane strain problems have been considered
[35]. The strain-limiting constitutive equations are suitable to studying the
stress-strain responses of brittle solids and not much attention has been given
to theses problems. Of particular interest would be the propagation of waves
in compressible materials for such constitutive equations. An interesting field
that has only recently started gaining attention is the application of implicit
constitutive equations to soft matter, in particular in a biological setting. Due
to the nature of these equations, finding exact solutions are very difficult and
even when asymptotic solutions are found one can only plot the solutions, es-
pecially for the solitary wave solutions, for a certain range of n. It might be
a better option to solve these equations numerically and I will discuss some of
the possible options below.

In future work, suitable conservative numerical schemes need to be devel-
oped. The asymptotic solutions will be useful in determining the efficacy of
the numerical results. In this thesis we deal with hyperbolic partial differential
equations and many hyperbolic equations can be written in conserved form.
Scalar hyperbolic conservation laws can be written as [58]

ou
5+ YV Fw =0, (6.1.1)

where u(x,t) is the density and F is the flux vector. We can extend this
definition to systems of homogeneous hyperbolic partial differential equations,

ou
—+V-FU) =0 (6.1.2)
ot
and for non-homogeneous hyperbolic conservation laws
ou
a0 + V- -F(U)=5(U) (6.1.3)

where S(U) is a source term. Writing the equation in conserved form is advan-
tageous as many conservative schemes tend to converge to the weak solution
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of the problem whereas non-conservative schemes do not.

We propose to use modern shock capturing schemes as opposed to the
more classical methods such as the Lax-Wendroftf and its modified counter-
parts. Classical shock capturing schemes break down when strong shocks are
present. They either admit nonlinear instability or result is oscillations around
discontinuities. Further, the classical schemes may select non-physical solu-
tions. Such a situation may arise if the entropy inequality is not satisfied.

One of the primary differences between classical shock capturing methods
and modern shock capturing methods is the behaviour of numerical dissipa-
tion. The numerical dissipation is linear for the classical methods and the
same amount of dissipation is present at each grid point. Modern methods on
the other hand have nonlinear numerical dissipation which is different at each
grid point. Further, these schemes have built in mechanisms to control the
amount of numerical dissipation at each grid point.

Modern shock capturing methods are built from basic first order upwind
schemes and Lax-Wendroff schemes. We propose to use higher order TVD
(total variation diminishing) schemes. The total variation of a function u" is
[59]

TV(") = Y |y, — uf| (6.1.4)
and a numerical scheme is said to be TVD if
TV(U?H) < TV(U?). (6.1.5)

In order to construct higher order TVD schemes we can consider approaches
such as the modified flux approach, the numerical fluctuation approach or a
second order extension of the Godunov scheme. Each one of these design prin-
ciples differ in the construction of the scheme. For example, Godunov finds
the next time step by solving the Riemann problem. The Riemann problem is
an initial value problem with piecewise constant data. To obtain the second
order extension one can replace the piecewise constant data with piecewise lin-
ear data. For the modified flux approach and numerical fluctuation approach
one will chose a modified flux and average function respectively in order to
negate oscillatory behaviour around discontinuities.

To ensure that higher order TVD methods do not result in oscillations
around shocks limiters or flux limiters are introduced. These limiters impose
constraints on the gradient or the flux function to ensure transitions around
discontinuities [59]. We propose to study upwind TVD schemes such as the



6.1. FUTURE WORK 129

MUSCL (monotonic upstream schemes for conservation laws) and higher or-
der symmetric TVD schemes. There are essentially two branches of schemes
that one can use to solve hyperbolic conservation laws; the TVD schemes as
discussed above or the WENO (weighted essentially non-oscillatory) or ENO
(essentially non-oscillatory) schemes. These schemes might be an option to
consider. The main distinction between the TVD and WENO/ENO schemes
depends on the spatial accuracy of the schemes. WENO/ENO schemes can
maintain second order accuracy at discontinuities whereas TVD schemes re-
duce to first order at these points [59]. Although these schemes seem reason-
able, they are built on the idea that the system of partial differential equations
can be written in conserved form. The equations considered in this thesis are
modelled as conservative systems. To explain this, no material is purely elas-
tic in that it does not dissipate any energy in whatever process it is subject
to however, the dissipation is small that it can be neglected allowing for the
system to be modelled as a conservative one.

Alternately, we could consider finite element schemes that have been used
successfully to solve wave equations such as the Galerkin method using B-
splines. In particular, the B-spline Galerkin method has been extensively
applied to the regularised wave equation [60, 61, 62, 63]. In [64] cubic and
quadratic B-spline finite elements were used to solve Burger’s equation. Garder
et al. [64] finds that implementing quadratic B-splines with the Galerkin
method results in a stable scheme. It is also found that the scheme possesses
good conservation properties and the physical properties of the wave are well
represented. The coupled KdV equation is also solved numerically using the
quadratic B-spline Galerkin method [65]. The accuracy of such schemes are
investigated using the Ly and L., norms and it is found that even for coupled
systems of partial differential equations the error norms are small.



Appendix A

Tensor analysis

In Part I of this appendix we provide a brief summary of the transformation
laws used in moving from one coordinate system to another. Further, many
useful operators used in continuum mechanics will be defined. A tensor is
a mathematical object which generalises the notions of vectors and matrices.
Due to the complex manner in which continuum models are defined, vectors
and matrices are not always suitable. However, tensors provide a framework
in which these models can be described. The appeal of tensors is further
strengthened in that they are independent of any coordinate system or frame
of reference. For example, if the coordinates are valid in one coordinate system
then they are valid in all coordinate systems. We will first consider a rectangu-
lar Cartesian coordinate system and generalise this to a curvilinear coordinate
system. The results of Part I are summarised from [66].

Part 1

A.1 Transformation of coordinates

Consider a rectangular Cartesian coordinate system. Let iy, is, i35 be the base
vectors with Cartesian coordinates {z,}, for n = 1,2, 3. The position vector r
is given by

r=ux,e, (A.1.1)

where e, e; and e3 are mutually orthogonal unit vectors and where the re-
peated indicies imply summation over the range of n.

The transformation laws for the coordinates {z;}, i = 1,2,3 when base
vectors e, ey, e3 are rotated about the origin to a new set of base vectors
€1, €9, €3 is

T; = PikTk,  Ti = PkiTk, (A.1.2)
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where

Pmn = cosine angle between €,, and e,, (A.1.3)

= cosine angle between e,, and e,.
Equation (A.1.2) can be represented by a matrix,
X =PX, X=P'X, (A.1.4)
where P is a proper orthogonal matrix since detP = +1 and P~! = PT.

The cosine angles can also be expressed in terms of the Kronecker delta,
PikPjk = Oij,  PriPkj = 0ijy (A.1.5)

where the Kronecker delta is defined as

by — L fori=h, (A.L6)
0 for # k.

Further, the cosine angles can be used to establish transformation laws between
two coordinate systems

€n = Pnm€m;  €n = PmnCm. (A.1.7)
We also define respectively the unit tensor and the alternating tensor as

5= fori=k (A.1.8)
0 fori#k

and

0 if any two indices are the same
eijrk =<1 if i, j, k is an even peremutation of 1, 2, 3 (A.1.9)

—1 if1i, j, k is an odd peremutation of 1, 2, 3.

These tensors are useful when deriving scalar and vector products. Consider
mutually orthogonal unit vectors e, es, e3. The dot product and cross product
between base vectors are given as

€n € =0mn, €y X€, =€l (A.1.10)

Using these properties we can establish the dot and cross product for vectors.
Suppose we have vectors

A=A,e,, B=DB.e, (A.1.11)
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where A, (m=1,2,3) and B,, (m = 1,2,3) are the components of vectors A
and B respectively, then

A-B=A,B,, A x B=e¢,,,AnBe,. (A.1.12)

We now summarise useful operators, which are defined in a rectangular
Cartesian coordinate system, that are used in continuum mechanics.

The del operator V is defined as

0 0 0 0
V=e,— =e,— +e— +e3—. A.1.13
oz, ! 0, 2 0xs 3 03 ( )
A convention that is commonly used in tensor calculus is that a partial deriva-
tive is represented by a comma. For example

o9
R A.1.14
6= 5o (AL
If ¢ = ¢(x1, w0, x3) is a scalar field then
O
gradp = Vo = e,— = ¢ €. (A.1.15)
o,
The divergence and curl of a vector A are given by
0A
divA=V - A=—"" A.1.16
A
curl A=V x A = esnr%es. (A.1.17)
T

Finally, we state the Divergence theorem without proof. Let V' be a volume
bounded by a closed surface S. Then

or
Vv al‘z

dv = / Tn,dsS, (A.1.18)
S

where T is any tensor field and n is the unit vector along the outward normal
to S.

A.2 Curvilinear coordinates

We now discuss a more general coordinate system, in which it is possible
through local transformations, to transform a point in a Cartesian rectangular
coordinate system to its curvilinear coordinates and back if required. Cartesian
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coordinates are a special case of curvilinear coordinates. Since these coordi-
nates transform as tensors they are valid in all coordinate systems.

The curvilinear coordinates 6?, where 6 = @i(x!, 22 2%), i = 1,2,3 are
differentiable up to required order and possess the property of invertibility. In
other words,

0’
8xﬂ} £0. (A.2.1)

These curvilinear coordinates have a geometric significance, in that if each of
the curvilinear coordinates are constant, 6(z!, 2%, 23) = constant for i = 1,2, 3,
then this equation defines the equation of a coordinate surface. Naturally, one
could vary the value of the constant to produce a family of coordinate surfaces.
The intersection of the three coordinates surfaces at an arbitrary point are
called coordinate curves.

det [

A.2.1 Base vectors

Consider the position vector
r=2a"e,. (A.2.2)

The position vector is a function of the curvilinear coordinates €', i.e, r =
r(0', 0% 63). The differential of the position vector is

oz™

= dxz"e, = _df'e, = g.db’ A2,
dr = dz"e, 50 db'e g,db (A.2.3)
where 9gn
x
= el A2.4
8i = gi® (A.2.4)
The differential can also be expressed as
dr = dzr,e" = i do'e" = g'db; (A.2.5)
oz
where o6
L= " A2.6
g =5e (A.2.6)

Expression (A.2.4) and (A.2.6) are called covariant and contravariant base vec-
tors respectively. These base vectors are in general not unit base vectors or
mutually orthogonal.

We can express the mutually orthogonal unit base vectors for a Cartesian
coordinate system in terms of the covariant and contravariant base vectors for
a curvilinear coordinate system by

06 ox"

B N A2
On T gen® C T g8 (4.2.7)
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For a vector A = A"e,,, we can transform the components A" from a Cartesian
basis to a curvilinear basis g;, g5, g5 using the transformation law

~i 0
A" = A"
Ox™
where A’(6',62,63) are called the contravariant components of a contravariant

vector A. Similarly, we can transform the components A,, of vector A = A, e"
from a Cartesian basis to a curvilinear basis g!, g?, g® according to the rule

- ox™
A, = WATZ (A.2.9)

where A;(0',60% 6%) are the covariant components of a covariant vector A.

(A.2.8)

A.2.2 The metric and alternating tensors

The Kronecker delta is a Cartesian tensor of order two and is defined as

| | 1 fori=k
S = 0% = 5 = oF = o (A.2.10)
0 fori#k

The metric tensors g, ¢** and gi can be defined in terms of the Kronecker
deltas as follows

ox™ Ox™ S 9x™ dr™

9 = g o = 2 g opr (A4-2.11)
i k 3 i k

ik 00" 00 s 00" 00 (A.2.12)

N B £ Oz Ox™’

, 90" dx™ 90" Ox™ a0 ,
I = Op = = = 4. (A.2.13)
dx™ 0O* dx™ 0O* 00
The tensors g, g% and gi are called the covariant, contravariant and mixed
metric tensors respectively. The covariant and contravariant metric tensors

are symmetric, i.e,

gik = gri» 9" =g" (A.2.14)
The transformations (A.2.11), (A.2.12) and (A.2.13) are invertible and it is
possible to express the Kronecker delta in terms of the metric tensors.

The discussion can be extended to transform Cartesian tensors of order
three to general curvilinear coordinates. The transformation laws for the com-
ponents of covariant and contravariant tensors of order three from Cartesian
coordinates z! to curvilinear coordinates #' are

Ox" Ox® Ozt
€ijk = %893' wersh

(A.2.15)
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00" 00 o9*
= —e"t,
ox" Ox® Oxt
The tensors €;;; and €% are the covariant and contravariant alternating ten-
st is the permutation symbol in curvilinear

ciik

(A.2.16)

sors respectively and e,y and e
coordinates and is defined as

0  if any two indices are the same

€ijk = ek = {1 if 1, j, k is an even peremutation of 1, 2, 3 (A.2.17)

—1 if1i, j, k is an odd peremutation of 1, 2, 3

The relationship between the covariant and contravariant base vectors and
the metric tensors is summarised below.

g, 8 = Grs (A218)

g g =97 (A.2.19)

g-g, =g, = 0. (A.2.20)

g =478, 8 = 98 (A.2.21)

The last property (A.2.21) allows for the metric tensors to be used in the
lowering and raising of indicies. The lowering and raising of indicies is not
restricted to the base vectors but may be used for higher order tensors.

Covariant and contravariant base vectors are useful when establishing vec-
tor identities. The covariant and contravariant base vectors possess the follow-
ing useful properties. Let g = det[g;;], then we have

g X8 = €z‘jkgk = \/Eez'jkgk, (A.2.22)

g'xg = g, = Leijkgkn (A.2.23)
V9

AxB = Ez‘jkAingk = EijkAingm <A224)
1

€iik = \/g€iik, €77 =—e"". A.2.25
J \/_ J \/§ ( )
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A.2.3 Covariant differentiation

We now investigate the differentiation of base vectors and summarise the trans-
formation laws associated with covariant differentiation. The standard nota-
tion of a comma to represent a partial derivative still holds.

The derivatives of the base vectors g; ; and gfj can be expressed in terms
of the covariant and contravariant base vectors g; and g’ as follows

O*ax™ 00k
k k
8:; = 158, where I7j; = 90:007 D’ (A.2.26)
9%z 0™
k s
8i,j :Fijk‘g where Fijk = gksFij = WW&WU (A.2.27)
gl = —Thg". (A.2.28)

The quantities I‘fj and I';;;, are called the Christoffel symbols of the first and
second kind respectively. The Christoffel symbols can be expressed in terms
of the derivatives of the metric tensor as

1
Lijr = §(gik,j + Giki — Gijk)s (A.2.29)
7 s 1 18
Ui = 9°Tiks = 59" (Gjsse + Grog = Gins): (A.2.30)
, g 1
I = Viu _ — Yk (A.2.31)

VI o2

In the special case when the coordinate curves are orthogonal,

g8 =gy =0and g'-g = g¢Y = 0if i#}, (A.2.32)
then |
Lijp =0 and Ty =0 for i#j #k#i. (A.2.33)
Covariant differentiation can be extended to vectors. Consider a vector
v =g, = g (A.2.34)
The derivative is defined by
Vi = U8 = U, (A.2.35)

where the covariant derivatives of the components of v" and v, are given by

ol = v + T, (A.2.36)
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Uyl = Upj — vy, (A.2.37)

respectively.

We now summarise some useful operators expressed in curvilinear coordi-
nates.

The del operator V in curvilinear coordinates is defined as

o,
=gl A.2.38
V=g ( )
For a scalar field ¢ = ¢(6', 62, 63), the gradient of ¢ is
.0
gradg = V¢ = g’ 82' (A.2.39)
The divergence and curl of a vector A are given by
. 1 )
divA =V-A=A4, = —(3d4) ., A.2.40
| \/g (\/_ ),z ( )

As we have mentioned before, the base vectors g, g,,g; are not unit base
vectors. In order to allow for physically meaningful components, these base
vectors need to be normalised.

The magnitudes of the base vectors g; and g’ is

N

&l = (8:-8)2 = Vu, (A.2.42)

and

i i _iyi ii
g’ = (g"-8) = V", (A.2.43)
We can define the unit base vectors for the covariant and contravariant base

vectors as )
7

g.:i gi: g )
’ gn" \/ﬁ

Finally, the physical components A* and A; of vector A are

Ai = JGAl, Ay =/giA;. (A.2.45)

(A.2.44)



Appendix B

Singular perturbation

B.1 Introduction

In this Appendix we present the perturbation solutions for the stress and
displacement for the power-law constitutive equation using the Lindstedt-
Poincaré method which is a singular perturbation method. Singular pertur-
bation methods have been successful in removing secular terms, however, we
show that this method breaks down for the nonlinear wave equations consid-
ered in this thesis. We only show the details for the power-law constitutive
equation and not for the strain-limiting equation as the details are similar.

B.2 Perturbation solutions for the first order
system for displacement and stress

We consider the non-dimensional system of equations

do /7 0%u
Ou _ @ g4 g2y (B.2.2)

oy

The derivation of this system of equations can be found in Chapter 4. Since
we require the displacement to be small, we set

— =« B.2.3
7 (B2.3)
The system of equations become
do  10%u
-2 B.2.4
oy e o’ ( )
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g—Z = e(1+0%)"0. (B.2.5)
We make the following change of variables
oy, ) = *(V,s),  uly,t) =u(Y;5), (B.2.6)
where
Y =By, s=wt. (B.2.7)

Substituting (B.2.6) and (B.2.7) into (B.2.5) gives

do* 1 ,0%u*

= - B.2.8
oy = o (B.2:8)
I — 1+ (0*))e" (B.29)
=€ o*)*)o*. 2.
)%
We consider straightforward perturbation expansions of the form
u(y,t) = Eup(Y, s) + Eur (Y, s) + ‘uy(Y, s) + O(°), (B.2.10)
o(y,t) = eog(Y,5) + E01(Y, s) + €03(Y, 5) + O(e*), (B.2.11)
Y =py=(1+eb +ehat--)y, (B.2.12)
s=wt=(1+ew; + wy+ - )t. (B.2.13)

Substituting (B.2.10), (B.2.11), (B.2.12) and (B.2.13) into the system of equa-
tions (B.2.8) and (B.2.9) and approximating the term (1+0?)" using a binomial
expansion up to order O(€*), we obtain the following system of equations after
equating the terms of the same order of € in each equation.

Zero order terms uy and op:

) 80'0 . 82’&0
€ g = (B.2.14)
ou
2 a_YO = o, (B.2.15)

Eliminating o, from (B.2.14) and (B.2.15) gives the homogeneous one-dimensional

wave equation
82u0 82 Uo

First order terms u; and o:
80'1 @0’0 82u1 @2160
2. —
€ . a—y +ﬁ18—y = 052 + 2w, D52 (B217)
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6u1 auo
3 P — _— =
€ a —|—ﬁ18 o1. (B218)

Eliminating oy from (B.2.17) and (B.2.18) gives the wave equation

02u1 82U1 (‘32u0 80’0 82u0
— = — —_— 2 . B.2.1
v g D (aw * 8Y> TR (B:2.19)
Second order terms u, and o,
do do do 0*u 0*u
3 2 1 0 2 1
: = 2 B.2.2
oy Thay Thay T e TR (8220
2 82U0
+ (Wl + 2&)2)@,
ou ou ou
et 8Y2 + (1 8Y1 + o (?YO = 09+ nop. (B.2.21)
Eliminating oy from (B.2.20) and (B.2.21) gives the wave equation
82u2 82U2 82u1 80'1 280'0
_ - _ -1 Ing2—2
ov: o (aw " 6Y) oGy (B2.2)
82’&0 60'0 82u1 2 82u0
— P (aw * 8_Y) Fhgg e ) Ha

We will now consider a travelling wave solution and a standing wave solution
to the perturbation expansions. The general procedure is to solve the wave
equations (B.2.16), (B.2.19) and (B.2.22) for the displacement and then to
obtain the stress from (B.2.15), (B.2.18) and (B.2.21).

B.2.1 Travelling wave solution
We solve the wave equations for the displacement subject to the boundary
condition
Asin(4nt), t>0
u(0,1) = 4 A, = (B.2.23)
0, t<0.

We also have the condition that there are no incoming waves from y = 400
and so waves only propagate in the positive x—direction. Expanded in powers
of € to order ¢! and using (B.2.13) for ¢, we obtain

up(0, 5) + ui (0, 5) + e*us(0,8) = (€2 Ag + A, + €' Ay) sin [47r <i>]

w
= (Ag+ EA; + ' A) sin(drs(1 — ew; + (Wi — wy)e® + O(€)).
(B.2.24)
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Consider the zero order quantities uy(Y,s) and oo(Y,s). The linear wave
equation (B.2.16) has canonical variables

E=Y —s, n=Y+s, (B.2.25)
with canonical form
Oty _ (B.2.26)
dEan =0. 2.

The general solution of (B.2.26) which when expressed in the original variables
is
up(Y,s) = Fo(Y — s) + Go(Y + s). (B.2.27)

Since we are only considering waves propagating in the positive z-direction we
take Gy = 0. Therefore
up(Y,s) = Fo(Y — s). (B.2.28)

The unknown function Fj can be determined using the initial condition (B.2.24)
for terms of order €. Therefore we obtain for the displacement at the zero

order
—Apsinfdr(Y —s)], 0<Y <s
Y.s)=EFy(Y —s) = B.2.29
w(Y,s) = FolY = 5) {07 VST (B2
From (B.2.15), the stress field is given by
—41A Am(Y — 0<Y <
oo(V,5) = { ArAocoslim(Y —s)], 0<¥ s (B.2.30)
0, Y > s.

We consider next the first order terms wuy(Y,s) and o1(Y,s). Substitut-
ing (B.2.29) and (B.2.30) into (B.2.19) we obtain the nonhomogeneous wave
equation

2 2 _ 2 i — <Y <
Puy  Puy {32(w1 fomApsinfdr (Y =)l 0S¥V <5 gy g

oYz  ds® o, Y >s

Equation (B.2.37) has canonical variables { = Y —s and n = Y + s, and
equation (B.2.37) expressed in terms of these canonical variables is

0wy - {8(w1 — f)r?Agsin(dng), -n<E<0 (B.2.32)

ocon o, £>0.
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Equation (B.2.32) can integrated twice and when transformed back to the
original variables Y and s gives

—2(wy — )T A(Y + s) cos[dn(Y — )] + Fi(Y — s)

w (Y, s) = ¢ +G1(Y + 5), 0<Y <s
07 Y > S
(B.2.33)

Since we only consider waves propagating in the positive x-direction we set
G4 = 0. The unknown function F;(Y —s) can be determined using the bound-
ary condition at the first order, which when imposed on (B.2.33) gives the
displacement field at the first order

—4(wy — B1)mAY cos[dn(Y — s)] — Ay sin[dn(Y — s)]

ui(Y,s) = § +4rAg(Y — s)w; cos[dn(Y — s)], 0<Y <s
07 Y >s
(B.2.34)

In order to remove the secular term we choose w; = 0 and 3; = 0. Therefore,
the displacement field at the first order becomes

w (Y, s) = {—A1 sinfdr(Y —s)], 0<Y <s (B.2.35)

0, Y >s

and from (B.2.18) using (B.2.29) for uy and (B.2.35) for u; we obtain the
corresponding stress field at the first order

(B.2.36)

—4rA An(Y — <Y <
oy(V.s) = mA; cos[dn( s)), 0<Y <s
0, Y >s

Finally, we consider the second order terms us(Y,s) and o9(Y,s). Substi-
tuting (B.2.29), (B.2.30), (B.2.35) and (B.2.36) into the wave equation (B.2.22)
and using w; = ; we obtain the nonhomogeneous wave equation

32(wy — Bo)m* Ag sin[4r (Y — s5)]
= < +768nmt A3 cos?[An (Y — s)]sin[dn(Y —s)], 0<Y <s
s

02u2 32u2 0
0, Y >

gY?  9s?

(B.2.37)
Expressed in terms of the canonical variables ¢ =Y —s and n =Y +s, (B.2.37)
reduces to

8(602 — ﬁg)ﬂ'2A0 Sin(471’£)
+192n7t A3 cos?[4r€] sin[dné], —n < E<0 (B.2.38)
0, E>0

62U2 .
oEon
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Integrating (B.2.38) with respect to the canonical variables and transforming
back to variables Y and s for waves propagating in the positive z-direction
only we obtain

—2(we — B2)(Y + s)mAg cos[dn(Y — s)]
us(Y, ) = ¢ —16nm3 A3(Y + s) cos®*[4n (Y — )|+ F(Y —s), 0<Y <s
0, Y >5s
(B.2.39)
The unknown function F'(Y —s) can be determined using the boundary condi-
tion at the second order, which when imposed on (B.2.39) gives the displace-
ment field at second order

—4(wy — Bo)YmAq cos[dn(Y — s)]
—32nm3 AZY cos®[4m(Y — 5)] — Agsin[dn(Y — s)|+

Y, s) =
ux(Y:5) A Agwo (Y — s) cosldn (Y — s)], 0<Y <s
0, Y > s
(B.2.40)

To remove the secular term Y from (B.2.40) we choose
62 = O, we = 0. (B241)
Therefore, the displacement field at the second order becomes

—8nm3A3Y cos[12m(Y — s)] — 24nm3 A cos[dn (Y — s)]
us(Y, s) = ¢ —Aysin[dr(Y — s)], 0<Y <s
0, Y > s
(B.2.42)
and using (B.2.29) fpr ug, (B.2.30) for o¢, (B.2.42) for uy along with 5, = 0,
the stress at the second order is

8nm3 A3 cos[127(Y — s)] + 96nmt AJY sin[127(Y — s5)]

+24nm3 A3 cos[dn (Y — s)] + 96nm* ASY sin[4r (Y — s)]

—4Agm cos[dm (Y — s)], 0<Y <s

0, Y > s
(B.2.43)

By combining the zero, first and second order solutions we obtain for the
displacement the asymptotic solution correct to order €

0'2(Y7 S) =

—€2(Ap + €Ay + 2 Ay) sinfdr (Y — 5)]
(.1 —24e*nm3 A3Y cos[dn (Y — s)) (B.2.44)
u(y,t) = , 2.
Y —8einm3 AZY cos[12n(Y — s5)], 0<Y <Yr(tn)

0, Y > Yr(t;n),
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where Yr(t;n) is the distance travelled by the wave front, u = 0, after time ¢.
and for the stress correct to order €3
o(y,t) (B.2.45)
—den(Ag + €A1 + €2Ay) cos[4m(Y — s)]
+8e3nm3 A cos[12m(Y — s)] + 96€*nm* AJY sin[127 (Y — s)]
+24e3nm3 A cos[dn (Y — )] + 96e3nmt AZY sin[dn(Y — s)], 0<Y < Yp(t;n)

0, Y > Yr(t;n)
where

Y = By = (1+ B+ Oy, (B.2.16)

s=wt=(1+€Py+ O(*))t (B.2.47)

and Y is the range of Y and depends on the time ¢ and the value of n. The
solutions for the displacement (B.2.44) and for the stress (B.2.45) both contain
the secular term Y, and the Lindstedt-Poincare method does not remove the
secularity at the second order. Therefore, we simply considered the straight-
forward perturbation expansions in Chapter 4.

The reason that we cannot remove the secular terms at the second order
is due to the fact that the second term in the wave equation (B.2.22) does
not contain any parameters which can be used to remove the secular term.
Another reason for this is that, that particular term is nonlinear and once
the solution is written in the form of multiple angles there are no other terms
which cancel with it. Since the perturbation equations for the travelling wave
solutions and the standing wave solutions at each order are the same we expect
that the secular terms in the standing wave solutions will not be removed.
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